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Preface

Molecular organization and ordering behavior in thermpicdiaxial liquid crystals has
been the subject of many experimental as well as theor@tdtigations, including com-
puter simulations. Though macroscopic biaxial phase isxpeaed consequence of the
shape anisotropy of many realistic liquid crystal molesutleir non -cylindrical symme-
try of the molecular distribution is effectively averagedt @ue to thermal motions. As
a consequence, this manifestation of molecular biaxiaityore often not evident in ex-
periments, and theoretical models employing uniaxial ttuents are profitably used to
compare with experiments.

Introduction of biaxial tensor components in the model Heonians leads to theoreti-
cal predictions regarding the existence of a biaxial nesytase, under suitable choices of
the model parameters. Analysis of these models based orcutadield theories as well
as on phenomenological considerations, captures theteddeatures of the phase dia-
gram. Predicted condensation of thermally driven spormasibiaxial order is an important
attraction of this effort, due its perceived technologicaplications. However the exper-
imental scenario has not been that encouraging, with vevyuilgambiguously accepted
biaxial phases in realistic systems being reported to datthis context, computer simu-
lation of the phase sequences of a general Hamiltonian mesieécially focusing on the
relevant parameter space holding promise for a direct foomaf a biaxial nematic from
isotropic phase, seems to be topical as well as academiogdhesting. This thesis sum-
marizes such an effort employing the state-of-the-art a®hain Monte Carlo (MCMC)
methods, reporting on the macroscopic equilibrium behavi@ general quadratic biax-
ial Hamiltonian model (and its dispersion-approximati@miant). The entropic sampling
technique employed enables one to compute density of statkhence examine the free
energy profiles of the system under differing experimentalditions, - besides of course
yielding equilibrium properties with desired temperattggolution, from the canonical en-
sembles constructed through suitable reweighting praesdu

Biaxial nematics are often modeled, partly for its simpjicwithin the so-called dis-
persion approximation (with one model parameter, 5ay Here, each molecule is as-
sociated with a single fluctuating dipole (oscillator), alinin turn interacts with those of

XiX
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the surrounding neighbouring molecules. The mean field eligegram of this model
predicts a sequence which includes a low temperature biphése ( — Ny — Npg), and
suggests a specific value df where the isotropic phase is slated to make a direct transi-
tion to the biaxial phase, called the Landau point (LP). Aegeneral model endows each
molecule with two distinct oscillators, leading to a Hamiltan with two adjustable param-
eters €, \), allowing for a richer parameter space and presumably mioger to realistic
systems. Analysis of this model within mean-field approxiorais of recent origin, and
such investigations employing bifurcation methods andi-miax principle provide useful
insights into the role of the various interactions in diffiet regions of the parameter space.
One unsavory feature of this analysis, as was noted in thlire, is the unsatisfactory
asymptotic behavior of the phase sequence in the limit ofstamg coupling between the
intermolecular biaxial-biaxial tensor components, i.e.Aa— 0. The mini-max analysis
in this partly repulsive region (where the Hamiltonian idefinite) maintains that a direct
I — Np transition is to be expected to continue in this limit, eveough the biaxial phase
stability is known to be assured only if > 0. One of the objectives of the present work
is to analyze the simulation data in this regime of intriguanalytical result. Further, the
studies are extended to revisit the extensively invest@dispersion model, and examine
the spatial correlation functions of the three moleculasaat different values of; as a
function of temperature. Finally the thesis reports sirmafaresults on two confined bi-
axial systems (hybrid planar films with variable anchoringditions, and a micro-droplet
with homeotropic boundary conditions at the interfaceprtavide interesting comparisons
with similar work with uniaxial constituents. The presdida of this work is spread over
eight chapters in the thesis.

The first chapter presents model Hamiltonians developedadoumt for interactions
among the biaxial constituents in the liquid crystal systamd a brief summary of the
mean field theories proposed to describe bulk biaxial nensggtems, as well as the de-
tails of predicted phase diagrams. The second chapter stpam@rinciples of different
sampling techniques (canonical and entropic) based on MQMEd for simulations on
these liquid crystal systems.

The third chapter is concerned with simulation results, gnedphase diagram so ob-
tained, of a bulk biaxial nematic system based on a geneealrgpolar interaction Hamil-
tonian, which permits two variable interaction parametiscribing the uniaxial-biaxial
(v) and biaxial-biaxial §) coupling between the molecular tensor components of reigh
bouring molecules, after setting the temperature scaledi€rons regarding the phase
behavior were made earlier based on mean-field theoreticreagts, along a chosen trajec-
tory in (v, A) space (the so-called essential triangle) and a direcgitran from the isotropic
to a biaxial phase is expected over a major portion of thenpssgr of this triangle. One
open question in this analysis seems to be the predictedeosation of a low temperature
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biaxial phaseris — a — vis the limit of biaxial nematic stability, a8 — 0 and particularly

in the presence of appreciabje The work reported in this chapter focuses on simulations
carried out along the same trajectory as that of the meashdi@lysis (the perimeter of the
essential triangle, referred to as the &ff; so as to enable a direct comparison of the simu-
lational predictions with expectations from bifurcatiortinods. Briefly stated, the Monte
Carlo results progressively differ qualitatively from tbarlier predictions in the regime of
large and vanishing. Based on the micro-canonical data in this interestingoregi.e.

in the regime of vanishing attractive coupling of one molacminor axes compared to
the other axes couplings), it is argued that the onset of msaopically observable biaxial
order is inhibited due to inherent barriers to fluctuatiohereergy components comprising
the total energy. The lack of concomitant development of liamge order of the molecular
axes (inhomogeneity), which gives rise to these barriens,be overcome only on further
cooling to very low temperatures. The chapter in this respedkes an attempt to possibly
explain the difficulty in experimentally realizing the biakphase in a direct second order
transition from the isotropic phase of a biaxial liquid, asgcted by mean-field treatments.

The fourth chapter presents the simulation results indideessential triangle along
two chosen trajectories, in order to examine the relatiterpiay betweeny and )\ terms.
The first trajectory is chosen such that a pathin\) space is traversed which could make
a connection to experimentally realizable systems. It atsgers the partly repulsive re-
gions of the mean field Hamiltonian. The second chosen tajecs along the dispersion
parabola, which is embedded in the essential triangle asuadawy separating the fully
attractive regime from partly repulsive region in the X) space. The examination of free
energy profiles obtained in these simulation experimeragiges a pointer to the possible
barriers to macroscopic biaxial order, which could devétopeal systems.

The fifth chapter focuses on the computation of the coreldengths associated with
the three molecular axes and critical exponents assoaondtedhe phase transitions. The
dispersion parabola is chosen as the trajectory of studg ®ystematic variation of the
parameters, with the two parameters being replaced byesuaglable, say\,. Such data
was collected as a function of temperature bracketing tloettansitions, for various val-
ues of molecular biaxiality\;. The results show strong influence of the biaxiality on
the correlation lengths, and the exponents. The casg 6f 0.2 seems to be curious and
perhaps is a manifestation of the fact that a minimum degrbewiality is needed in prac-
tical terms before the biaxial model could differ qualiaty from the uniaxial (Lebwohl-
Lasher) model (represented by the origin of theX) space.

The sixth chapter presents the simulation study of planasféf a biaxial liquid crys-
tal embedded between substrates which induce hybrid anghaynditions. Extending the
earlier work on one such film (which yielded rather curiousdeor with temperature) two
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such films with same anchoring conditions, but with diffgrinteractions at the surface,
were studied based on canonical sampling methods. In aradatain a better appreciation
of the different director structures in different phasafecent order parameters are com-
puted layer-wise, as also their director directions. A ikdieanalysis of the data in these
films shows that the onset of the low temperature transitiothé biaxial phase makes
the order parameter of one of the minor axes dominant (oarahthe molecular long
axis) and the corresponding direction of the dominant tlareis perpendicular to the plane
containing the bent director structure. This seems to batanesting result since we find
that in the biaxial phase, one can generate an in-plane ofdegh degree involving one
of the minor axes of the molecules, while the bent directomfthe long axis alignment
is locked within the plane due to influence from the substraléhe effect of varying the
relative anchoring strengths of the substrates, as welathickness of the films, on the
development of this in-plane order, is also probed.

The seventh chapter is concerned with the simulation i=foitanother confined sys-
tem within the dispersion approximation, a biaxial nemdtigplet. Canonical sampling
methods are employed to compute the equilibrium order patensiand their susceptibili-
ties in the uniaxial and biaxial regime, and based on thia thed sizes of the bulk-like core
at the centre of the droplet are estimated. The resultsateltbat uniaxial phases formed at
high temperatures for different; values are quantitatively different in their elastic behav
ior. For example, it is known that for a uniaxial medium theecsize increases as the order
increases, owing to an increase in elastic energy densdweMer in the case of a biaxial
nematic droplet, the biaxial core size seems to decreabdveiteasing biaxial order.

The last chapter summarizes the salient features of the wolikated above, and
stresses on the relative advantages of employing entrapipkng methods over the con-
ventional canonical techniques, while constructing eidm ensembles. It is demon-
strated that the former seeks out some of the (rare) mid¢esstaissed by the latter, and in
our present context, that seems to have made a qualitatigestice in assigning the nature
of a given phase, as well as in predicting the onset of a newitran. Also, the advantage
of examining the free energy profiles as a function of tempeeaenergy, as well as order
parameters, - afforded by the estimation of the density atest-, is clearly brought out
through this study. In summary, the thesis makes a modesnpttat exploring biaxial
liquid crystals, both in bulk as well as in confined geometrgith a detailed Monte Carlo
study.



Chapter 1

Introduction- Biaxial Nematics

1.1 Introduction

Thermodynamic phases of condensed matter which exhiliuenordering properties in-
termediate between a crystalline solid and an isotropigidicare called liquid crystals
(LCs) or mesophases. They possess many of the mechanigarpes of a liquid like
fluidity, formation and coalescence into droplets and exisimultaneously anisotropy in
their physical properties, like a crystal. The characterigature of liquid crystals is the
presence of long range orientational order in the arrangéeai¢heir constituent molecules
while having quasi long-range translational or positiaredrees of freedom.

The discovery of liquid crystalline state is credited toelich Reintzer, a botanist,
who described his experiments with cholestryl ester in @pppblished in 1888. The term
liquid crystal was coined by the physicist Otto Lehmann. @es Friedel [1] classified the
liquid crystals, according to their structural propertieso nematic, smectic and cholestric
phases. However, liquid crystals remained as pure sceatifiosity till the 1960’s till the
advent of their possible usage in flat panel displays, owortgeir elctro-optical properties.
The response of phases to external stimuli such as elecagnetic and chemical environ-
ments lead to many technological application of liquid taisin display devices [2] - [7].
Recent technological advances include their usage in plest¢8] and biochemical sen-
sors [9].

Liquid crystals can be broadly classified in two categoriasealy thermotropic and

lyotropic liquid crystals. Single component systems tletve mesomorphic behaviour as
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a function of temperature are called thermotropic. A lypicdiquid crystal consists of
two or more components that exhibit liquid-crystalline pedies in certain concentration
ranges. This Thesis is mainly concerned with the study afmtbbé&opic liquid crystal
phases.

Thermotropic phases are exhibited by a) elongated (cagmiblecules, b) disk-like
(discotic) molecules, and c) banana shaped molecules a+cbesm molecules. The cen-
tral part of such molecules comprises typically a rigid c@leenyl groups) connected to
flexible (aliphatic) chains. The phase sequences of theseriaa are strongly correlated
to the structure of the constituent (groups of) moleculdse Galamitic molecules usually
form nematic, smectic and cholestric phases whereas tbetaisnolecules form columnar
phases. Excellent introductions to the typical molecuiarcsure and their role in condens-
ing into a variety of rich mesomorphic phases are availalle11].

Nematic phase is the simplest mesophase into which the aiogsoliquid could con-
dense, and differs from it by the presence of unique diraaiong which the anisotropic
molecules tend to develop an orientational order. The mededirection of orientation is
called the 'director’ and is denoted by a (headless) unitoree. If the molecules of the
LC phase lack inversion symmetry, then the nematic phaselalev chirality (cholestric
phase), in which the director rotates in a helical fashiooualan axis perpendicular to the
director. A smectic phase is formed when the phase has atienal order and the centre
of mass of molecules are arranged in layers giving rise tadipoal order. When smectic
and nematic phases are found in one compound, the nemasie pkarly always exists at

a higher temperature than the smectic (except in reenteamatic phases).

1.1.1 Nematic Phases

The two interesting orientationally ordered liquid cryttee phases are the uniaxial and
biaxial nematics [12], which possess long range oriematiorder, but no positional or-
der. The uniaxial nematic phase has thg,; symmetry, where as the biaxial nematic

phase exhibit®,;, symmetry. Both thermotropic and lyotropic liquid crystakhibit these
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Introduction 3

phases.

Uniaxial nematic phase

The name, uniaxial nematic phase, derives from the propbdtlythe system possesses
a single axis along which a plane polarized light beam caretraithout undergoing a
change in the state of polarization. When liquid crystaleoales which are rod-like with
an elongated appearance are cooled from the isotropic jdnasexial nematic phaséy;)

is typically obtained. It is customary, for theoretical destion, to treat the molecules as
ellipsoids of revolution possessing cylindrical symmetbput the long axis. The director
n is now defined as the average direction along which the synyragés of the molecules
tend to point, representing the axis of symmetry of the pha3bviously the isotropic
symmetry of the medium is lost in this process. Hence anyrohbée tensorial property of
the nematic phase, such as dielectric constant, has twadiptincipal components and
the difference between them is a measure of anisotropy ahtrdium. This macroscopic
anisotropy is a manifestation of the microscopic anisatragteractions at the molecular
level.

Two Uniaxial liquid crystal phases can be identified, calleel NV, , and NV, phases.
Ny is formed from prolate (rod) shaped molecules aid is formed from oblate (disc)
shaped molecules. In arod-shaped molecule the directmmg ¢he the long-axis, whereas
in disc-shaped molecules the director is normal to the disc.

The symmetry of a simple nematic liquid crystal can be bestuleed in terms of
the order parameter, which is defined to non-zero in the etdphase and zero in the
disordered phase. The main difference between the isoteopl nematic phases is the the
presence of long-range orientational order in the nemdiise, while positional order is
absent in both the phases. Macroscopically the amountefi@tional order in the nematic
phase is described by two scalar order parameteand D. S signifies the contributions
to the order from orienting the long molecular axes alongdinector. A finite D means

that there is a difference in tendency of the two transevaxdecular axes to project on the
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director.

The onset of the nematic phase in anisotropic liquids cancbeumted for based on
two methodologies: molecular statistical theory and phestagical Landau-de Gennes
theory. In the molecular statistical approach, the phydiedaviour of these materials is
explained at the molecular level. Anisotropic interactiorces between the molecules are
responsible for the development of long range order at tlsglkransition to the nematic
phase. In a mean field approach, a single molecule is assuntsglih an average field
produced by surrounding molecules. Long range order in émeatic phase occurs due to
contributions from the anisotropic part of the pair potahtietween two molecules. The
Onsagar approach [13] ascribes the nematic ordering asgadsie to short range inter-
molecular repulsive force between molecules in the shapamf rods. Another approach
due to Cotter and Gelbart [14,15] assumes a Van der Waalofypteraction between the
molecules. The Maier-Saupe approach [2] assumes thattaypgodispersion forces are
responsible for nematic order among the molecules. Thacaite interaction arises from
electrostatic interaction between induced dipoles of tldeoules. The theory predicts a
first order transition from a isotropic state to uniaxial reim state and is successful in

explaining the observed pretransitional effects in a ¢ai@he manner.

Phenomenological Landau theory of second order phasatioausy16] was success-
fully applied to study the first order isotropic-uniaxialmatic phase transition by de
Gennes [17]. In this formalism, the free energy is expandettims of order parame-
ters and its gradients, compatible with the system undesideration. The coefficients of
the expansion generally depend on the temperature andtbdrenodynamic parameters.
The signs of the coefficients are chosen such that exparsgiable against an unlimited
growth of order parameter. Depending on the symmetry of bases involved, a suitable
parametrisation of the order tensor is employed. The abesohinima of resultant free

energy are explored to obtain the possible topologies ogplizse diagrams.
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Introduction 5

Biaxial Nematic Phase

In all above theories of the nematic phase, the constituentatogenic molecules are
assumed to possess cylindrical symmetry. However in yealitmolecules are intrinsi-
cally biaxial and flexible and very rarely have true cylirmddisymmetry. The macroscop-
ically observed uniaxial phase is a result of rotationabdisr around the long molecular
axis [18]. A biaxial nematic phase strictly implies thatthare two axes along which a
plane polarized light beam can travel without the state ¢tdnmation being altered. The
two orthogonal directions are denoted by the principaladoen and minor directoin. It
implies that at the macroscopic level the three principahgonents of a observable prop-

erty like refractive index, which is a second rank tensol, ave three different values.

Conventionally the biaxial nematic molecule is represgakea rectangular parallelepiped
with D,y,symmetry [19]. The point symmetry group consists of an igrd two fold rota-
tion axis (principal axis) with a perpendicular mirror péa@nd two two-fold rotation axes
perpendicular to the principal axis. The moleculary, z) axes are taken to coincide with
these rotation axes. The moleculaaxis is assumed to be the long axis of the molecule
with dimensionZ and they, > are identified with the the bread# and widthIV respec-
tively. For both cases of flat platéd, = B > W) and long rodSL > B = W) an
ordering of Maier-Saupe type is expected to occur. Howevtre case of flat plates th&
axes tend to align parallel whereas in the case of rods trexiagdis due to thd. axes. A

complete mutual alignment of the respective axes corredgptmthe biaxial ground state.

The biaxial nematic phase was predicted theoretically Byser [20] using a molecular
field approximation. He generalised the Maier-Saupe iotema potential to include the
interaction between asymmetrical molecules which cautsté real nematic. By assuming
that each molecule interacts with its z nearest neighbthesninimisation of the resulting
free energy lead to the prediction of a first order transifiom a isotropic state to a uniaxial
nematic. However the uniaxial state is not the ground stitieeosystem. Further cooling

leads to second order transition from a uniaxial to a bisstiale where the molecules are
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completely aligned. He proposed a biaxial order parametaddition to the uniaxial order
parameters S. However the possibility of a interveningtatiise or smectic phase is not
ruled out in reality.

Subsequently the Landau-de Gennes formalism was emplgyéatben [21] to study
the phase transitions in a fluid of biaxial particles.Thedpreed phase diagram contained
a special critical point where two second order lines meefitst order phase boundary in
a sharp cusp. An 'accidental’ second order transition betwibe isotropic-biaxial phases
takes place at that point, denoted as Landau point in laézature.

A mean field phase diagram for such a fluid of interacting plgiwas obtained by
Straley [19] by assuming the biaxial particles to rectaagblocks. He identified the four
order parameters necessary to describe the resultingiaigax! biaxial phases. The phase
diagram obtained was similar to the one predicted by Albé&h|®ing the phenomenolog-
ical Landau theory.

Although the biaxial phase resulting from non-cylindrisgimmetry of the molecules
was yet to be discovered, the effect of the deviation fronmdyical symmetry on the uni-
axial phase was investigated by Luckhurst et al [22]. A malcfield theory was proposed
for uniaxial liquid crystals formed by non-cylindricallysymetric molecules assuming that
only dispersive forces contribute to the intermoleculdeptal. Subsequently an extension
of the Maier-Saupe theory for biaxial nematics was propdseBocaraet al [23] who us-
ing a system of asymmetric ellipsoids, obtained a phasealhafpr biaxial nematic phase.
This phase diagram was similar to phase diagram obtainedralef Subsequently Rem-
ler and Haymet [24] solved Freiser's model exactly withia thean field approximation
over the full range of biaxiality. It confirmed the order ohnsitions/ — Ny = Np over
a range of biaxiality and a single= Np transition at a value of biaxiality equal tel\/E
However it was concluded that mean-field theory does notigecan adequate description
of the biaxial phase transition even in realistic modelsaohincorporate actual nemato-
genic behaviour. The phase diagram predicted in all the altidies was qualitatively

confirmed in a simulation of the lattice model of a Biaxial Hihamian in the dispersion
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approximation [25].

The phase diagram for the biaxial liquid crystal was alsoméicmed using phenomeno-
logical Landau-de Gennes formalism [26—28] and theory uss suitably modified to in-
clude local fluctuations of the order parameter and appbeeiplain the experimentally
observed critical opalescence within the nematic phas@P30].

The number of order parameters required, to describe wiard biaxial phases re-
sulting from interacting biaxial particles, can be obtaifgy considering the orientational

distribution function.

1.2 Microscopic Origin of Order Parameters

From the molecular point of view, phase transitions are mesd by the modifications
produced by the order parameters in the singlet distribufimctions [10]. The order
parameters form the expansion coefficients of the singd#tidution in a suitable basis set.
The order of an ensemble of molecules is specified by a digiwifunctionP(r, 2) which
gives the probability of finding a molecule at a particulasipon r and with a particular
orientation(2, where(2 denotes the set of three Euler angtess, v which describe the
molecular orientation with respect to the Laboratory-feam

For a nematic phase only orientational degrees of freedermgrortant and the distri-

bution function can be written as

P(r,Q) = pf(Q)
wherep = uniform mass density anfl(2) is the orientational distribution function which
is normalized i.ef f(Q)dQ = 1.
Any well behaved function of the three Euler angjé$)) can be expanded in a basis
of Wigner rotation matrices [31]. A complete expansion af trientational distribution

function is

FQ) = (DL ()DL () (1.2.1)

Lmn



where D/ (Q) are Wigner matrices or generalized spherical harmonic® éXpansion
coefficients(D/ (€2)) which are the averages @1}, ,(Q?) are the required orientational
order parameters. In principle there &2d. + 1)? order parameters. These can be reduced

depending on the symmetry of the molecules and the mesophase
A uniaxial phase formed by cylindrically symmetric molecules

This is the simplest example of the nematic phase which médrby molecules having
shape of rigid rods, prolate spheroids, cylinders or sptydiralers. Both the phase and
the constituent molecules ha¥g,;, symmetry. Due to head tail symmetry of the nematic
phase § and —n are equivalent), it immediately implies that only termshnéven L are
allowed in the expansion of the orientational distributionction in Eqn.1.2.1.

Assuming the axis of cylindrical symmetry, the directorpalong laboratory Z-axis,
no observable property will change on rotation around ttaxi&- Thenf (Q)(=f(«a, 8,7))
is independent of the angle since it describes a rotation about laboratoty Z-axis.sThi
implies thatm = 0 in Dﬁw. Further since the molecules are cylindrically symmetric,
the distribution is independent of angle which describes the rotation around molecular

z-axis. Hence, = 0 in D . Therefore

2L +1
f(Q) = f(B) = 5 (DEVDE: L = even; (1.2.2)
L=0
where
Déo = Pr(cosp)
Therefore
1 0 o 2 s 9 4 4
f(Q) :f(ﬁ)zi < Dy >+§ < Dy >D00+Z < D209 > Doy + —— (1.2.3)

The first three expansion coefficients are
1 1
(DY) = 1;(Dg,) = 5(300325 —1);(Dj,) = §(35cos4ﬁ — 30c0s*3 + 3); (1.2.4)

< D§, > being a constant is unsuitable as an order parameter. Thadingrivial term

< D3, > = S (by convention) can be taken as the scalar order parameteh dbscribes
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the degree of order of the molecules about the average atiemt This is also confirmed
by experimental evidence that second rank interactiond@renant in a nematic LC.

It can be seen from the definition in egn (1.2.4) that when alletules point in the
same direction as the director in the nematic phase i.e when0, S = 1. S = 01in
isotropic phase anfl is minimum when all molecules lie perpendicular to the dweand
there is no preferred direction in this plane. Thus valu& dies in interval[—%, 1]. In

tensorial notation the order parameter can be expressed as
1 ~ o~

which is a symmetric, traceless second rank spherical tehsepresents the quadrupolar
moment of the distribution .

Alternatively if the orientational distribution functiaa expanded in terms of the direction
cosines of the director with a molecule fixed frame, then thap® ordering matrix is
obtained. It is a symmetric traceless cartesian tensomséf 2sand contains 5 independent
elements. It is called the ordering supertensor and is deéise

< 3laglpy — 0a0a >
2

SAP = (1.2.5)

where the superscripts and B can be any one of the principal ax&sY or Z of the phase
and the subscripts andb can be any of the principal axes,y, or z of the moleculesi 4,
denotes the cosine of the angle between akesda while § 45 denotes the kronecker
delta.

Applying the symmetry conditions of the uniaxial mesophése matrixSZZ becomes
diagonal with only one independent componé&f = S, the nematic order parameter,
introduced by Tsvetkov [32]. The co-ordinate system in WhZ? becomes diagonal is

called the Principal axis system 8for the ordering matrix frame.
Uniaxial and Biaxial phases formed by non cylindrical molecles

When the constituent molecules of the phase are noncydialdtike prolate ellipsoid,rectangular

parallelepiped) the other axes of the molecules may hawvketery to mutually align along
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with the calamitic axis of the molecule.The cylindrical ayeetry of the phase is then bro-

ken and the next lower point group symmetry is fhg symmetry.

Uniaxial phase Here since the phase is uniaxial, the resulting distrilouftimction is
independent of angle.

F(Q) = (D§,()Dg,.(8,7)-

Ln

Applying the orthogonality condition of Wigner matrices wave

9] L
FB.A) = 55 D0 D7 (2L + 1)(DE,) D, (5,7). (1.26)

0 n=-L

There arg2L+1) order parameters for each L givenfy ). Since the molecules are
non cylindrical, a molecular frame with axes along the tirg@xes, can be chosen. Such
a choice gives rise to three mutually perpendicular mirtanes which are perpendicular
to the X, y, z axes of the molecule. Using this symmetry camadliand the fact that the
spherical harmonic®{,,(3,~) are multiplied by(—1)" under the same operation, we only

need to expand in Wigner matrices of even rank L. The first feav a

Dgo(B,7) = 1; (1.2.7a)
Dio(8,7) = Py(cos B); (1.2.7b)
DG 1o(B,7) = \/g sin® 3 exp(Fi27). (1.2.7¢c)

Hence at the second rank level there are 2 order parametély, > and Re < D3, >.
< D%, >, the uniaxial order parameter S, gives the degree of alighofehe z-molecular
axis with the director. The order paramefér < D2, > is denoted conventionally &3.
The phase is not biaxial.

In the Principal axis system of the Saupe ordering matrig,dbrresponds t6 = S%%
andD = S77 — S/7. These two order parameters are sufficient to describe tiaeiah

phase formed by non cylindrical molecules.

10
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Biaxial phase The orientational distribution function depends on the¢hEuler an-
glesa, 3, and can be expanded in terms of the Wigner matrices as
F() = fla,8.9) = YDy ) Dy, 8,7). (1.2.8)
Lmn
where(D,Ew) are the required order parameters, which can be obtaineggdlyiag the
symmetry conditions of the molecule and phase, as done abbigresults in four second
rank order parameteks RZ > which are Wigner functions: D7 > symmetry adapted

for the Dy, group of particles and phase [25, 33]. For the even termsdhey

Rpn(Q) = SRe(Dyy + Dy ).

DN | —

These are called symmetry adapted basis functions and théumations whose thermo-

dynamic averages do not vanish. They are expressed ekpdisit

1
R3,(Q) = 20082 B - 5 (1.2.9a)
R%,(Q) = \/g sin? 8 cos 27; (1.2.9b)
2 3 9
R5,(Q) = \/g sin” (3 cos 2q; (1.2.9¢)
1 1
R5,(Q) = Z(COSQ B+ 1) cos2a cos 2y — 5 cos 3 sin 2a. (1.2.9d)

The order parameters are defined in terms of these compositgdns as
S=< Ry > D=<R},> P=<Ry> C=<R;>

The four order parameters expressed in terms of the cartesia are [34]

S =< Ry, > =877, (1.2.10a)
D =< R}, >=877—-8/7; (1.2.10b)
XX _ QYY
P=< R >= % (1.2.10c)
SXX o SXX o SYY o SYY
C =< R3,>= Sz L1 )3 Sz L1 ). (1.2.10d)
(1.2.10e)

11
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As can be seen from above definitiotsand D measure the ordering of the major and
minor molecular axes with respect to the major phase axisealsé” andC' measure the

ordering of the major and minor molecular axes with respettié minor axes of the phase.

Thus the biaxial phase formed by non-cylindrical molecusdedescribed by four order
parametersS, D, P, C. This notation is usually employed by experimentalists byven-
tion. However we shall be using the notation of the symmetapéed basis functions as our
order parameters. The various notations of the order paeasn@nd the relations between

different notations adapted in literature on biaxial naosat discussed by Rosso [35].

1.3 Mean field Theories of Biaxial Nematic Phase

Two mean field treatments have been proposed at the moldeutdrto understand the
physical properties of the biaxial nematic. The earlier,ahe to Luckhurst [22], takes
only the dispersion forces between the molecules into adashile calculating the inter-
molecular pair potential. A recent mean field model propdse8onnett al [18], on the
other hand, takes shape dispersion of the biaxial dietestisceptibility into account while
proposing a mean field model for biaxial liquid crystals. Vii&cdss below both the mean

field theories in detalil.

1.3.1 Molecular Potential for Biaxial Phase formed by Non-@lindrically
Symmetric Molecules

This model, called the dispersion model, extends the Masrpe theory for uniaxial
molecules, to include lathe-like molecules. Starting frarmtermolecular potential for
particles of a general shape, the potential of mean torgpere2nced by a given molecule
is obtained after averaging over the intermolecular dstaall possible orientations of the

second molecule with respect to the first and over all intéemdar separations. Limiting

12
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the summation to those terms with L=2 we have

U(B7) = —kT(a dg(8) + b dgy(B) cos 2v); (1.3.1)
where
a = —(capo dag + 2¢220 iy cos 27) /KT;
b= —(2cg90 d5y + 4oy diy cos 27) /KT

andcy,,, are expansion coefficients.
A simple case results when the molecules are interactingis@ersion forces:,y is then

given by the geometric mean approximation

C220 = +/C222C200

Defining \ = 220 \vhich is a measure of deviation from cylindrical symmetryg aabsti-

C200
tuting in above equations farandb we get

a = —a[(djy) + 2 dgy cos 27]
b=2\a

wherea = —cy00/kT; On substituting for, b, A and« in Eqn.(1.3.1) and expressing in
terms of aboveRZ = we get the simplest rotationally invariant attractive gaitential in the

dispersion approximation as [22]
U = —eij{ Pa(cos(By)) + 2A[Rgz (wij) + Rao(wiy)] + 4N Ry (wig)} (1.3.2)

This A will be referred to as\; in our subsequent discussion of dispersion model, in order
to introduce consistency of notation with reference to trseubssion on the generalized

mean filed model, which has a interaction paramgter

1.3.2 A Generalized Mean Field Model

This model is proposed by Sonn#tal [18] and developed in a series of papers by various
authors [34, 36—40]. It is a model which builds on a more galngeory, originally pro-

posed by Straley [19]. He proposed a mean field model forantarg particles lacking an

13
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Figure 1.1: Schematic of a biaxial molecule
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Figure 1.2: Schematic of a biaxial phase

axis of rotational symmetry using four order parametersteiad of the conventional two
order parameters.

In this model, a biaxial molecule is schematically représeémas a platelet, in an eigen
frame(e, e ,m) wherem is the major axise ande are the minor axege, e, ,m) can
be thought of as the eigen vectors of any molecular polaitigatensor.

A schematic of the molecule and the biaxial phase is showngs. A.1 and 1.2. Each
molecule can be described in terms of two orthogonal trasdknsorg andb defined as

® d
=mm — —;
q 3
b=e®e—e ®e,;

14
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The tensog is uniaxial aroundn and has two equal eigen values. The tertsirbiaxial
and has three unequal eigen valuesmifis assumed to be the long molecular axis, then
q represents a uniaxial tensor describing the dominant gemnfieature of the molecules,
while tensorb represents their biaxiality. A biaxial molecule can therfldey described

by the pair g, b), representing the uniaxial and biaxial components. Thentational
interaction energy between any two biaxial molecules sgreed by(q, b) and (q',b")

can be written as

U=Uoléq-q¢ +7(q-b +q -b)+\b-b] (1.3.3)

where Uy= scaling energy¢ = +1, and~ and A are dimensionless interaction parame-
ters, whose values determine the relative importance ofitiexial-biaxial coupling and
biaxial-biaxial coupling interactions between the molesu

The above interaction can be understood in terms of an e&tatic model for the
biaxial molecule. The anisotropic part of dielctric potapility tensor can be assumed
to be composed of uniaxial and biaxial components with obffié polarisabilities. The
fluctuating dipole on one molecule interacts with the cqroesling dipole on the other
molecule, resulting in more than one molecular absorptieguency. In other words a bi-
axial molecule can be thought of as composed of three indigrgrorthogonal oscillators.

It can be noted that the interaction reduces to that of M&arpe when both=A=0,
representing a uniaxial coupling between the moleculesem#ithery or \ differ from
zero, the biaxial components contribute to the total irtgoa. When\=+? Egn.(1.3.3)

reduces to

U=—-Us(gq+7b)-(q +b) (1.3.4)

which can be interpreted in terms of the London dispersigm@pmation. Eqn.(1.3.4) is
the interaction energy as proposed by Luckhutsil [22] for the case of dispersion in-
teractions. Thus the interaction energy in Eqn.(1.3.3)chncludes a uniaxial-biaxial
coupling and a biaxial-biaxial coupling in addition to theiaxial-uniaxial coupling rep-

resents a generalized interaction Hamiltonian. It attésmsbsolute minimum when the

15



16

¢=1

o, 0,

Figure 1.3: The domain of stability for the interaction H#onian in the plang=1: G. De
Matteiset al, Continuum Mech. Thermodyh9 1-23 (2007)

\

Figure 1.4: Essential triangle OI\;; andC} are tricritical points(Cs is a triple point. The
dispersion parabola meets the side IV at the point T, the Aamdint: F. Bisiet al, Phys.
Rev. E73051709 (2006).
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molecular vectorge, e, m) and(e’, e|,m’) coincide i.e wherg = q’ andb = b’. This

ground stability condition restricts the admissible valoéthe parameterg, A to
A>0; E= 29[+ A >0

which is a fan shaped region fgr = +1 and an angular region fgr = —1 in the (v, \)
plane. Due to the repulsive nature of gy’ interaction, the angular region is included
in the fan shaped region, shown in Figl.3. The correspondsipring torque is uniaxial
aboute, e, ,,n along three straight line®,V, O;V3 andO1 respectively inside the fan

shaped region.These are defined by
1-2y=32=0; 1+2y—-3Xx=0; v=0

respectively. These lines intersect at the pédint (0, %).

On extending the local stability analysis to other critipaints of H and further ap-
plying permutation symmetries it is concluded that theristexa triangular regio® V'
in the (v, \) plane which represents the whole domain of stabilityof All choices of
model parameters can be reproduced by suitable permut#ttbe molecular axes within
the triangular region, which is aptly called the Essentré&igle [39,40], shown in Fig.1.4.
The sidesD I and/V form part of the uniaxial torque lines and thus exhibit, invariance
of the pair-wise interaction in addition to the,, invariance exhibited by? everywhere
inside the triangle. The dispersion parabdla: 2 intersects the Essential Triangle at the
pointT.

In the mean field treatment, an ensemble of biaxial moledsle®nsidered, within
which the orientationw = («, 3, ) of each molecule is specified with respect to a fixed

reference framéE,, E,, E.) such that

m = cos asin SE, + sinasin BE, + cos SE; (1.3.5a)

e = (cosycosacos f —sinysina)E, + (cos~ysinacos 6 + siny cosa) E, — cosysin SE,;

(1.3.5b)

e; = —(sinycosacos S+ cosysina)E, — (sinysinacos f — cosycosa)E, + sinysin SE.;
(1.3.5¢)
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Macroscopically the liquid crystal phase is described leydhder parameters introduced
by Straley [19] which are represented by two independerdrskcank tensor§) and B
defined as the ensemble averageg ahdb. Assuming that they have a same eigen frame

(E., E,, E.) in the absence of any external distorting cause, they caedresented as

I

Q=1(q)=S(E.0 E.— )+ T(E,® E, - E,® E); (1.3.63)
! I !

B = (b) :S(EZ®EZ—§)+T(Ex®Ex—Ey®Ey); (1.3.6b)

whereS, T, S', T' are the order parameters of the syst€mepresents the average quadrupo-
lar distribution of the long molecular axis. Its degree abbality measured by’ reflects
the lack of axial symmetry of the orientational distributitunction. B represents the
macroscopic manifestation of the intrinsic molecular bty of the molecules and the
role it plays in the molecular interaction. Its uniaxial amdxial components are described
by the scalar order parametefsand7”. When these two tensors are employed, a uniaxial
phase occurs whenever bathand B are uniaxial i.e whefl” = T'=0. A general biaxial
state is described by all four scalar order parameters. Aimsic biaxial phase exhibited
by cylindrically symmetric molecules is represented bykriensorQ.

In the notation employed in the above section,the relateiwben the order parameters

s-pr=tp1-lc
3 3

the uniaxial parametef being the same. In the mean field approximation adopted in

ref [18] a single molecule experiences a pseudo potential
U(g,b) =-Uh[Q -q+v(Q-b+B-q)+ A\B - b]. (1.3.7)
The partition functiorZ [37] given by

Z(Q,B,B,\7) = /Texp(ﬁ[éQ -q+7(Q-b+B-q)+ \B-b)). (1.3.8)

and the free energly is

AB.B-LiimZ (1.3.9)

F(Q73767>‘7’7):UO{%QQ+7QB+§ 6 872
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where T is the manifold described by all possible molecutarations(e, e, m), § =
k%i&’ kg is the Boltzmann constant and t is the absolute temperature.

The analysis of this free energy function for tricriticgl{B7] predicts a second tricrit-
ical point in addition to the tricritical point already piieted for the case when=0 by
Sonnett al [18]. Application of bifurcation analysis [38] to the cossncy conditions for
the order parameters confirmed the presence of the secontidal point.

The quadratic Hamiltonian in Egn(1.3.3) can be diagondl{39] and can be written

as the superposition of two quadratic components as

!/

H=-Ul'q" q" +aq -q

)

whereq™ andq~ orthogonal molecular tensors are represented as

g =q+7°b
with
WiZS)\—li\/(%)\—l)Qleny?
Y
+_ 0=
i
and
e 1
=t
For

7 =0,g" =q.q =b =\

a

Whenevern\ > ~? the quadratic components are attractive and when~? one of them
turns repulsive. Thus it can be concluded tHais fully attractive whem\ > ~2 and partly
repulsive when

A>0; A<y A— (29| +1>0;

The dispersion parabola thus forms the boundary betweereghens where the Hamilto-
nian is eitheer fully attractive or partly repulsive. Foettully attractive Hamiltonian,the

associated free energy is minimised with respect to fouascader parameters, whereas
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Figure 1.5: Mean field phase diagram along the upper bour@ddfyf the essential trian-
gle. The scaled transition temperatuyes* is plotted as function of the interaction param-
eter \*. Solid lines represent first order transitions. Brokendinepresent second order
transitions: G. De Matteist al, Continuum Mech. Thermodyh9 1-23 (2007).

for the partly repulsive Hamiltonian the stationary poiotshe free energy are calculated
which are in fact its saddle points. There the free energynteema with respect to two
scalar variables and minima with respect to two others. These sequences predicted
by the associated free energy using numerical bifurcatwhcantinuation analysis of the
stationary points of free energy lead to the prediction oh&ersal mean field phase di-
agram [39], as function of arclength OIV of the essentiarigle. A further constrained
stability analysis of the mean field free energy in the reiduatlasses for the order param-
eters revealed a sequence of triple points in the repulsty@n [40]. The phase diagram

obtained from the above mean field analysis is shown in F5g.1.

1.4 Phenomenological Theories of Biaxial Nematic Phase

Recent experimental interest in the thermotropic biax@ahatic phase after its discovery in
bent-core systems and tetrapodes has led to the renewedttbabinterest in the biaxial
phase. The topological properties of the phase diagramgjatllcrystals with achiral
molecules were studied for transitions from isotropic teaxial and biaxial phases using
LDG theory [41].The stability of the biaxial nematic phasaswyeexamined and analytical

solutions for all the distinct classes of the allowed phasgrdams were presented [42].
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In view of the generalized mean field theory (described inghevious section) which
considered the two major order tensors, a phenomenologicalau potential in the two
macroscopic order tensors has been proposed by the aud3jr® [describe the various
phases predicted by the universal mean field phase diagramvéry recent paper [44],
a molecular field theory approach has been adopted to theauath@ory of uniaxial and
biaxial nematics. The magnitude of the coefficients in thedaai expansion was related to

the molecular biaxial parameters which occur in molecu&dfiheories.

1.5 Models Studied

Computer simulation studies of liquid crystals have plagexucial role in confirming the
theoretical predictions concerning the phase transitb@hmsviour, bulk physical properties
and response to external stimuli. Molecular level simoladicomplement the observed ex-
perimental behaviour and act as bridge between the theaketiedictions and the macro-
scopic world of the Laboratory [45, 46]. Generic models hiagen developed to simulate
liquid crystal bulk behaviour based on mean field and phemmhogical theories. Nematic
phases can be simulated using lattice spin models [25]atifté hard particle models [47]
and soft particle models where Gay-Berne potential is U$eGay-Berne model is a more
realistic model since translational degrees of freedomram@ porated along with orienta-
tional degrees of freedom. However the computational @stsigh and hence only small
systems can be simulated. This restriction can be overcathdaitice spin models where
the (classical)spins are fixed on lattice sites and poss#g®nentational degrees of free-
dom. These are highly configurable and suitable choice ef-gite potential led to the
simulation of biaxial liquid crystals, LC dimers, LC mixes ,and LC ordering in aerogels

etc [48,49].

In this thesis lattice spin models have been employed to latelulk uniaxial and

biaxial nematic phases and also the effect of confinemerti@nhehaviour.
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1.5.1 Lebwohl-Lasher Model

The earliest and most widely used lattice spin model forystfdiniaxial nematics is the
Lebowhl-Lasher model [50]. The molecules (or a cluster ofauoles) are represented by
vectors (or 3 dimensional spins) on a cubic lattice of din@msl x L x L and are assumed
to have uniaxial symmetry. Interactions are restricte¢y émlthe nearest neighbours, and

the potential between two such spins located at i and j isxgwe
Ui' = —EPQ(COSQZ‘]'). (151)

wheree;; is a positive constant={ ¢) for nearest neighbours and zero otherwie,is
the angle between the spins afg(cos §;;) is the Legendre Polynomial. The energy is
minimised when the angle between the sping°isr 180°. Starting from a random con-
figuration of spins which indicate the isotropic phase oflipeid crystal, the spins orient
parallel or antiparallel to each other as the temperatul@nsred. A sudden jump in the
ordering occurs at a weak first order transition at a critiealperaturd’;; and the amount
of order can be measured by the order paramgter P,(cos ) in the nematic phase. The

transition temperature can be estimated accurately wishtlodel.

1.5.2 Dispersion Model

This lattice model is used to simulate a biaxial liquid caysind is based on the inter-
action potential proposed by Luckhuestal [22, 51-53] for biaxiality exhibited by non-
cylindrically symmetric molecules, in the dispersion appmation. The biaxial particles

on a three dimensional lattice interact through an attragiair potential of the form

H = —€;{ Py(cos(Bi;)) + 2Az[ Ry (wij) + Rag(wi;)] + 4N5 R5,(wij) }- (1.5.2)

Here,w(a, 3, 7) is the set of Euler angles specifying the orientation of tledetule, and
w;; represents the relative orientation of thieh pair of moleculesR%, are combinations
of Wigner functions, symmetry-adapted for thg;, group of the two interacting particles.

€;; 1S the strength of interaction between the molecules, wiéth the scale of the energy.
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Figure 1.6: Phase diagram obtained from canonical MontéoGamulations along the
dispersion parabola of the essential triangle. The scededition temperaturé* is plotted

as function of the interaction parametef) ;). Solid lines represent mean-field results and
symbols represent MC results: F. Biscarhiu/,Phys. rev. Let?5, 1803 (1995)
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The biaxiality parametek; measures the amount of deviation from cylindrical sym-
metry. When\;=0, the potential reduces to the well known Lebhowl-Laslwgeptial for
uniaxial molecules [50] while fon; # 0 the molecules not only align their major axis

. 1
but also their faces. The vallg;, = — forms the boundary between a system of prolate

V6

1 1
Az < —=) and oblate Xy > —=) molecules.
(Az \/6) Xz %)

The above expression is conveniently recast as a functiamef products of differ-
ent vectors specifying the orientations of different males (z;, y;, z;) with those of the

chosen laboratory frame, and is expressed as [54]

3 1
Uy = —6{5‘/33 — V6Az (Vi1 — Vao) + A% (Vg + Vag — Vig — Vi) — 5} (1.5.3)

HereV,, = (u,.v;)?, and the unit vectors,, v, [a,b = 1,2, 3], are the three axes of the
two interacting neighbouring molecules.

Monte Carlo simulations of this biaxial lattice model forriaus values of biaxiality
parameter\; [25, 54], shown in Fig.1.6, confirmed the predicted mean fpdse dia-
gram [19, 21]. On cooling from a isotropic phase, a biaxialdflundergoes a first order

isotropic-uniaxial nematic phase transition at a highergerature followed by a second
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order uniaxial-biaxial transition at a lower temperatudepending on the biaxility param-

. o 1
eter, prolate or oblate uniaxial phases are formed. Howatardimiting value o\, = —

V6
a direct second order isotropic-biaxial phase transites$ place. This value of; marks
the cross-over region between the prolate and oblate @hijplxases. This point is denoted
as a Landau bicritical point or a Landau triple point. The Msfirate of the uniaxial-

biaxial transition temperature is found to be lower thangtedlicted mean field value.

1.5.3 General Hamiltonian in Cartesian Coordinates

The two parameter general lattice model can be describedirstof Legendre polynomials
involving the three angles between the corresponding mtdeeaxes, as proposed in [55].
Simple geometric identities are used to specify the intevadetween identical particles
of Dy, symmetry associated with a three-dimensional simple daltice. The orientation
of each particle is specified by an orthonormal triplet ofoBaponent vectorgw,,, where
wx= (¢a, 05, 1)) are an ordered triplet of Euler angles [56]. Here the oagons be defined
with respect to an arbitrary Cartesian frame. The two imtmg particles on neighbouring
sitesj andk are labelled as(using simpler notatian)andu,. Let the set of Euler angles

1 = Q,, define the rotation transforming into v,. A transformationf;; is defined as

fir = (vjug), G, = Pa(fir)

where P;(...) denotes second Legendre polynomial. The continuous ttterapotential
proposed by Sonnet et al [18] can be reset using appropiregarlcombinations of the

termsG;, as
U = —6{G33 — 2’7(011 — Ggg) -+ )\[2(011 + GQQ) — G33]}. (154)

where G are defined with respect to the director framds a positive quantity setting
the reduced temperature scdle=K3T'/¢ in the simulation /| and|)| are dimensionless
guantities, which are smaller than one. Since a simple clatiice with coordination

number 6 has been used here, the above pair potential diffensthe generalised mean

24



Introduction 25

field potential in eqn(1.3.3) by a factor %f The reduced temperature then differs from the
mean field reduced temperature by a factor of 9 [57].

when|y| = 0 and|A] = 0, Eqn.(1.5.4) reduces to the well known and extensively
studied Lewbowhl-Lasher (LL) model. Simulation resultggest that whetfry| # 0 and
|A| = 0, biaxial order disappears in the system [51]. Whenc )\? the special case of
dispersion model can be obtained from the above equatiomp&tametek ; appearing in
the dispersion model and the preserdppearing in this model are related as

3
)\Z: 5'}/

This model has been extensively used in our simulation esudli the universal mean field

phase diagram.

1.6 Review of Experiments

The ongoing quest for a stable thermotropic biaxial nemaltigse has been aptly named
'the holy grail’ of liquid crystal research [58] since theegiiction of the phase nearly 40
years ago by Freiser [20]. The intense search has led to dopevent of experimental,
theoretical and computational techniques in order to 8sie and characterise the phase.
The experimental detection of biaxial phase is based onaétethat three principal
components of any second rank tensorial property of the tieraege different. Several
experimental techniques were developed in the last fewsyteatetect biaxial order arising
from molecular biaxiality in liquid crystalline phases. |&ozed optical microscopy and
conoscopy readily provide indications of biaxial ordennghe system. A uniaxial nematic
is identified by Schliern texture showing four-brush disations whereas a biaxial nematic
has two-brush disclinations. A conoscopic observatiohefiample detects birefringence.
In this method, an interference pattern is obtained givwwdark lines called isogyres. The
isogyres form a cross for a uniaxial nematic whereas they apdor a biaxial nematic.
Deuterium NMR methods involving either directly deutesdtnhematic molecules or

deuteriated probe molecules are widely used for the detation of biaxiality in bulk
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nematic samples, the main advantage being that biaxialgytal surface alignmentis ruled
out. However,the possibility of induced biaxiality due toosig applied magnetic field or
sample spinning is present. The small amount of transversaitational ordering is hard
to detect as effects due to surface anchoring cannot be outed

Experimentally the biaxial phase was first obtained in arbyat, ternary mixture of
potassium laurate, 1-Decanol andO in 1980 [59]. Initial approaches to the design of
biaxial molecules were based on high shape biaxiality ie lwith the theoretical pre-
dictions, which predict a biaxial phase in broadest tentpeearange when the shape bi-
axiality Az ~ (1/+/6) [21, 23], supported by simulations [25]. This correspotals
length breadth width ratio of5 : 3 : 1. Assuming the average width of molecules to be
W = 0.45nm, the molecular length and breadth shoul®m and1.3nm respectively,
which translates to a significant size of molecule. A smadircde from this optimal ra-
tio leads to the formation of uniaxial phase of rdd§;, ) or discs(Ny_). Conoscopy and
optical texture were used for characterisation of molecsymthesized with the above crite-
ria [60—62]. However these claims were questioned with NMe&csroscopy [63]. Another
problem associated with large rigid molecules which do n@ictly fit the A\, = 1/v/6
criterion is crystallization into a smectic phase before iy phase is formed.

Mixtures of rods and disk-like LC molecules were consideasdcandidates for the
formation of the Ny phase [21], in which the molecular symmetries would perimé t
individual self alignment of rods and discs in mutually peErdicular directions. However
experimentally such mixtures tended to demix into two uigibghases, one rich in rods
and other rich in discs [64]. Though recent experiments §6% point to low transition
enthalpies for such rod-disc systems, an unambiguousabipltase has not been reported
in such systems.

According to theoretical predictions [63, 67, 68], macaysc biaxiality could also be
achieved through a bend in the molecular shape through de angA direct / — N
transition is predicted when the bending anglis close (1 — 2°) to the tetrahedral angle

109°. Most of the known bent-core mesogens prefer formation cfcdim or modulated
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smectic phases rather than a nematic phase [69]. However maoently the thermotropic
biaxial nematic phase was discovered in rigid bent core ges®based on mesogenic
oxidiazole core with apex angle 140° [70], which was further characterised by X-ray
diffraction [71], polarized microscopy, conoscopy andtgeum NMR spectroscopy [72].
The biaxial nematic phase was found to occur at a high teryreraange of~ 200°.
Subsequently, polarized Raman spectroscopy was usedraesthe order parameters in
the uniaxial and biaxial phases of bent-core ODBP mesog&hg4]. Polarising optical
microscopy found evidence of a reversiVg — Ny transition in a quiscent melt of bent-
core mesogens [75].

The evidence of thermotropic biaxial nematic phase hasksdsa found in liquid crys-
talline organosiloxane tetrapodes using infrared absmédaneasurements [76], deuterium
NMR [77], dynamic light scattering methods [78]. Biaxigldvas also confirmed in LC
polymers [79], after the prediction of the phase in polymetams [80] The biaxial ne-
matic and biaxial smectic phases were found recently irowtdl systems of Goethic par-
ticles with simple board like shape and short range repaiisiteraction [81].

Among the various type of molecules which exhibit the biaxiematic phase, bent-
core molecules appear to the contenders for use in fastrsngtoptical devices. A major
setback in the experimental field appears to be the lack ofistamcy in experimental
findings. A recent report suggests that application of ebegptic techniques to a the com-
pound A131 (reported to be biaxial based on small angle Xdrifsaction and Deuterium
NMR method) has proved that the compound is uniaxial in the#eenematic range [82].
Application of the same technique to another bent-core cam@Cs- BAN [83] has shown
that the macroscopic biaxiality exhibited is induced by etectric field and points to the
presence of biaxial clusters in a macroscopically uniaxehatic phase. Another recent
structure study of bent-core compounds suggests thatwangle X-ray diffraction pat-
tern used to characterise a biaxial phase is due to Smediice@ations (‘cybotactic’
groups) in the uniaxial nematic phase. As per more recediysturface effects and an-

choring transitions sometimes lead to a false positivetitieation of a uniaxial-biaxial
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phase transition [84]. A summary of the existing experiraktéchniques and design of
materials [85, 86] can be found in a recent review [69]. Aeimig spontaneous, observable
macroscopic biaxiality in nematic liquid crystal phase®betransition to higher ordered

phases or crystallization seems to be rather difficult.

The ongoing quest for a thermodynamically stable biaxial@igc phase is also fuelled
by the possibility of potential application in liquid crgdtdisplay devices. Recently it was
found that [87] on the application of an electric field, thdatshing of a minor director is
faster compared to the major director. The possible ing$avitching of the minor director

is hoped to lead to faster response times.
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Chapter 2

Introduction to Monte Carlo Simulation
Methods

2.1 Introduction

Computer simulation studies of physical phenomena can bsidered as an independent
tool in their own right, complementing the other two estsiidid methodologies, namely ex-
perimental investigations in the laboratory and theoattnalysis based on physical laws.
The advent of fast and affordable computers has led to amexpial increase in scientific
investigations using various novel simulation technignesontemporary research. There
are many situations where exact solution of a theoreticalehis not feasible, or a partic-
ular experimental situation where a necessary spatigieahresolution is not achievable.
Itis in such scenarios that a computer simulation helps dewstanding the complex phys-
ical system and provide a useful perspective. A simulatemm loe viewed as a computer
based experiment on a generic model, which helps one tosa8sesange of validity of
any approximate analytic work based on the model. On the bidwed, it can also bridge
the gap in interpreting experiments involving real systevith typically complicated in-
teractions. In general, a computer simulation approachradpaith problems of statistical
physics requires the setting up of appropriate moleculatetsoof interest and determina-
tion of the equilibrium state of a sufficiently large systefitleese particles at the chosen
external (thermodynamic), like conditions of temperatpressure etc. by numerical sim-
ulation methods [1-5].

The role of computer simulations in liquid crystal researstwell established [6].
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Simulations enable one to relate the microscopic moleqirlgperties to macroscopic be-
haviour, to study the spontaneous formation of liquid aliste phases, and to determine
their response to external fields. The many body correlatwmich exist in a condensed
phase, are automatically taken into consideration in alsition experiment. The advances
in the field using hard and soft particle models, moleculdratomistic models is well doc-
umented [7-9].

The purpose of a simulation experiment is to measure theaseapically observed
properties which are exhibited by the system under studgsélare the expectation values
of the physical observables. The average or expectatiarev@n be regarded as a time
average over the states that the system passes throughhgla average over a large num-
ber of microstates in equilibrium. According to probatitissiew employed in statistical
mechanics, the phase space probability density can be assgtdrmine the equilibrium
properties which emerge as the averages of physical vasathlthe stationary probability
density. A crucial part of a simulation is the generation efailibrium ensemble for the
given Hamiltonian of a system, under the chosen equilibrconmditions.

Accordingly, let the probability of a system to be in a statbew,(t). Defining the
transition probability (per unit time) for the system torts# from a state: to a state’ to be
R(pn — v), the evolution of the probabilities is defined by the follagiMaster equation [1]

as

—L = W (OR( = p) —wu(t)R(n — v)]. (2.1.1)

v

The probabilities must naturally obey the rule

D wut) =1.

When the system reaches equilibrium, the left hand side af(Ed.1) becomes zero and
the evolution of microstates is stationary with time. Anyt®m in equilibrium is gov-
erned by transition probabilities obeying Eqn (2.1.1) eleterised by a (unique) transition
probability matrixR. Development of appropriate microstates for a given Hamiéin and

generation of equilibrium ensembles can be done using tweegdal techniques namely,
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Monte Carlo technique and Molecular Dynamics method [1y6{he molecular dynamics
method the net force and/or torque acting on each interastie are used to determine the
consequent accelerations. By applying Newton’s laws ofonaiver short and discretized
intervals, the evolution of the many-body system can be mizaléy tracked and conse-
guently the dynamic properties can be calculated along stétic equilibrium properties.
Monte Carlo methods, on the other hand, use stochastic oethayenerate new config-
urations using importance sampling techniques. In thissiBhee adopt the Monte Carlo

technique to simulate biaxial liquid crystal behaviour uikand confinement.

2.2 Canonical Monte Carlo Methods

The goal of Monte Carlo simulations is to estimate the e)xgient value

>_c O(C)exp(—BE(C))
<0 >= 2.2.1
Z(9) @23
. . . . 1
of an observabl® defined by the Hamiltonia®/ at inverse temperature = T (kg
B

is the Boltzmann constant, T is the absolute temperaturé€].) is the energy of the mi-
crostate (configuratiorty. The factorexp(—SE(C)) is the Boltzmann weight for the mi-
crostate”' at temperaturéd’. The normalization constant is the canonical partitiorcfion

given by

Z(B) =" exp(—BE(C)). (2.2.2)
C
The sum runs over all possible microstates of the system.

Importance sampling is used to sample the microstates fristarkov chain generated

according to the given equilibrium distribution

_ enpl=BE(C)]

P(C) -

(2.2.3)

This constitutes a canonical ensemble governed by the ahlm weightexp(—FE(C)).

A Markov chain is defined by the transition probability
P(Cys1 = Ci|Cy = C)) = Wy Yk (2.2.4)
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wherelV;; is the probability for transition from microsta{g to C; in a single step. This
implies that the transition probability’;; for a given microstat€’; to evolve into another
microstateC; depends only on the present stateand not on the history of the trajectory
in whole state space. To ensure that after an initial eqaifibn period, the microstates
occur with the given probability Eqn.(2.2.3), the trarwitiprobability should satisfy the

three conditions:

Wi, >0V, j: (2.2.5a)
> Wi =1Vi; (2.2.5b)
J
VVZ‘j’ﬂ'j = sz"ﬂ'i; (2250)

wherer; is the equilibrium probability of the microstate i.e
m; = exp|BE(C))]/Z.

Eqn.(2.2.5c) is the detailed balance condition, which iegpthat

Wi = I expl~B{(E(C) — E(C). (2.26)

It may be noted that only the ratios of the equilibrium prabaés appear in the above
equation. The ratio can be computed since it involves a oditioe Boltzmann weights. The
knowledge of the partition function is not necessary towale the transition probabilities.

The canonical partition function in eqn(2.2.2) can also keressed in terms of the

density of state§)(F) as

Z(B) = /Q(E)exp(—BE) dE (2.2.7)

where the density of staté¥ £) is a measure of the states contributing to a given energy

E. Here the probability density for a closed system to haverangyF is given by

Pg(E) = Q(E)exp(—LE) (2.2.8)
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where the the suffix B indicates that it is a Boltzmann-Giblssridution. The function
Q(FE) is an increasing function of energy whereas the Boltzmantofalecreases expo-
nentially with energy. For a given temperatutée £), their product yields a probability
distribution peaked in a narrow region centred around thammalue of £ appropriate
to that temperature. The microstates which have the prbtyadhistribution in eqn(2.2.8)
comprise the canonical ensemble and the method of sampleadled canonical sampling.
The average of any macroscopic variable can be obtained énaging over these sam-
pled microstates in the canonical ensemble. Monte Carltiodebased on Eqn.(2.2.5) is
referred to as the Boltzmann sampling method.The sampliethod Eqn.(2.2.5) imple-
mented very elegantly, without requiring the prior knovgedf the partition function, is

the Metropolis algorithm [10].

2.2.1 Metropolis Algorithm

The Metropolis algorithm gives a simple prescription foe tieneration of Markov chain

of microstates, starting from a initial statg, as shown:
CO—)Cl—)CQ—) ..... Ck—>Ck+1% .....

It uses the principle of importance sampling and asymptyigenerates equilibrium con-
figurations of the canonical ensemble. Assume a latticezeflsix L x L( =V) on which
spins are placed at each lattice site. Start with a randorigemation of spins, called the
initial microstateC;. Select a spin in the current configuration at random and egmal
probability. Flip the spin and get a trial configuratiof. Calculate the energy difference
between the configurationSE = E(C;) — E(C;). Accept the trial state according to the

acceptance probability given by
p = min(1, exp(—BAE))

or in other words,

o If AFE < 0 accept the trial configuration;
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e If AFE > 0, generate a random numkgein the interval (0,1).

a)lf ¢ < exp(—PBAE), accept the trial state;

b)If ¢ > exp(—FAE),reject the trial state and include the current microstatthe
ensemble.

This is called a single Monte Carlo step (MCS). The systemches from a staté’s,
to a state”, | at the end of each MCS. A consecutive set of V number of MCStitates
a Monte Carlo step per spin (MCSS) (lattice sweep, in ourgpad). Microstates are
colected at the end of each MCSS. Iterating the above proeede get a Markov chain
of microstates. The microstates at the beginning of thenchee discarded (during the
process of equilibration) and the microstates in the asgtiggpart of the chain constitute
the canonical ensemble. The required properties can threputed for each microstate and
the average over the canonical ensemble over a large nurhbguitibrated states) yields
the expectation value of an observable quantity of the systéhe associated statistical
error is inversely proportional to the sample size andyadcurate measurements can be
made on increasing sample size.

The Metropolis algorithm has been very successful in sitmdaa wide range of phe-
nomenain condensed matter physics. However it is not véegtefe near phase transitions
since the statistical error in measurements increases withity of a phase transition, due
to critical fluctuations. An attempt made to decrease thergioy increasing the sample
size results in an increase of the correlation time. It iseolesd [11] that if successive
microstates in the sampled Markov chain are correlatedsttitestical errors increase by a
factor of\/1 + 27* wherer* is the integrated auto-correlation time. The increase iireta-
tion time is called critical slowing down. It is observed giassy systems and spin glasses,
the configuration space consists of certain low energy nsgazcur surrounded by high
energy regions. Since the algorithm samples states aocptalitheir Boltzmann weights,
the probability of reaching a high energy region becomesegptially low. Hence at low
temperatures the algorithm gets stranded in these low gibagjns (or metastable states)

for a long time leading to larger computational times [1].eTdingle flip dynamics of the
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algorithm leads to critical slowing down near second orderge transitions where domain
formation hinders the dynamics. Cluster flipping algorithilke Swendsen and Wang al-
gorithm [12], Wolff algorithm [13] have been used to reduoe tritical slowing down near
continuous phase transitions.

The applicability of the above algorithms is limited in sysis exhibiting first order
transitions where super critical slowing down occurs in ¢thécal region. This is due
to the fact that microstates which represent the interfateden ordered and disordered
states have a low probability of occurrence in a closed systed are consequently sam-
pled less. Hence free energy interface between the ordaecedisordered states develops
a barrier which cannot be easily overcome with canonicalpsiaign methods. The tunnel-
ing time between the metastable regions increases withytera size, leading to critical
slowing down. Hence non-Boltzmann sampling methods likbnatha sampling [14-16],
multicanonical method [12, 17-19], entropic sampling rodtf20] have been proposed to
overcome the barriers between coexisting phases at first tn@hsitions. The basic idea
behind these methods is to sample regions of configuratiacesphich have low probabil-

ity of occurrence with relative ease, along with the mosbptie ones.

2.3 Non-Boltzmann Sampling

The canonical partition function in Eqn. (2.2.2) can be esped in terms of microcanoni-

cal entropy as

S(f) — BE). (2.3.1)

2(8) =Y eap(>

The probability for the macroscopic system to have an engrgythe canonical ensemble

is given by
S(E)
kp

P(E) o exp( — BE). (2.3.2)

The above is a Boltzmann distribution the sampling from \Wwhémables us to obtain

microstates at a particular energy. However, if samplirmgnfran arbitrary distribution
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exp(—a(F)) is desired then the probability density is

Poyp)(E) o exp( S]((i)

—a(E)). (2.3.3)

Apart from ergodicity, the detailed balance condition whias to be imposed now is given

by

W(,u—)y)_p_y_ex (o o
W p) ~p, ol (@lf) —alB))) (2.3.4)

The acceptance probability for a trial state obtained on updating from a current state
Cjis then given by

p = min[l, exp|—(a(E(C;) — a(E(C)))]. (2.3.5)

The sampling with the above acceptance probability withraitrary chosen distribution
is called non-Boltzmann sampling. Wher{Z) = SE in eqn(2.3.3) the conventional

Boltzmann sampling is recovered.

2.3.1 Entropic Sampling
S(E)

B
Eqn.(2.3.3). Then the resultant probability density isstant for all £. Consequently

Entropic sampling [20] is obtained when £) is chosen such that(£) = in

the system performs a random walk in one dimensional eng@agesand visits all energies
with equal probabilities. All microstates which conneal@red and disordered states, (for
e.g.near a first order transition) are sampled equally. Tis@dram of energy obtained
would then be a flat in the entire energy range. In order to@mgint this algorithm, infor-
mation of the density of states is needed, which is howeweilori unknown. So, the basic
strategy of entropic sampling is first to estimate it during simulation process using an

iterative method until a flat histogram of energy is obtained

Reweighting Canonical ensemble average of any observable quadtity) is ob-
tained by unweighting and reweighting 6f C') for each microstaté’ sampled from the

entropic ensembléC;, i = 1,n). For unweighting we divide by the facterp|a(E(C;)]
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and for reweighting we multiply with a facter:p(—5E(C;)). The weight factor associated

with each microstate C belonging to the entropic ensemhlaiis
W(C,B) = [exp(aE(C) — BE(C))] (2.3.6)

Therefore the equilibrium value of any observakl® > is given by

_ 2 0(@O)W(C,B)
<0 >= SS_W(C,5)

(2.3.7)

where the summation ovér indicates that the sum runs over all the available micrestat

in the ensemble.

2.3.2 Wang-Landau Algorithm

Wang-Landau algorithm [21] is a powerful, flexible and itera algorithm to estimate
a(F) directly such that the estimate is very close to the trueevafensity of stateksgg.
This method is a variant of the entropic sampling techniquebia related in spirit tg the
mulicanonical Monte Carlo and umbrella sampling technscared their variations [22,23].
This algorithm has been applied to systems with a discreteggrspectrum [24, 25] and
also continuous energy spectrum [26, 27] with certain modalifons on application to off-
lattice simulations [28], protein folding [29]. Howevenrfoontinuous systems, i.e systems
in which the random walk is performed with continuous stees; it is observed that this
technique requires modifications to overcome the probleshosi dynamics. In particular,
the WL algorithm has been suitably modified to study liquigstal behaviour [30]. A
further modified version of the algorithm using entropiaifier sampling techniques [31]
has been successfully employed to study the isotropic-nemnansition in liquid crystals
and liquid crystal elastomers. We describe this modifiedradlgn below, as applicable to
our biaxial liquid crystal system.

The energy range of interest is divided into a large numbeing of equal widthy; (i =
1, Mg) whereMy is the maximum number of bins depending on the system sii@lise

g; to an arrayg; = e?(i = 1, Mg). Let C, be the initial microstate with energy. and let
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the energy belong to the® energy bin. LeC; denote the trial microstate with energy

and let its energy belong to thé" bin. If g, < g, then accept trial state and €t = Cy;

If g, > g, then calculatgy,/g, = p. Generate a random numbein the range(0, 1). If

r € p accept the trial microstaké‘{ = (}, otherwise reject the microstate aﬁ@l = Cy.
This constitutes a single step? such steps constitute one Monte Carlo sweep (MCS). In
the first MCS every move gets accepted because the same for all. The acceptance

probability in terms of the entropy; = log g(L;) is given by
p=1lif ax < ag; p=exp|—(a: —a.)]if a. < a. (2.3.8)

To avoid overflow errors all computations are done on a Itiganic scale. The logarithm
of entropy is denoted &5 = log(«;) and the acceptance probability in termsfa$ given
by [32]

p = min{l, exp|—exp[& + log(1 — exp(—(& — &)))]]}- (2.3.9)
After oneMC'S, &; is updated with a Gaussian Kernel function

|z — x|

)’ (2.3.10)

& = & + voexp(

where|z — x| is the difference in energy in current state and the prewemesgy values in
each biny andj denote the height and width of the Gaussian respectivelyeXxample in
some of the simulations, initial values@f,, §) are chosen to be 0.1 and 640002xnbins)
respectively. After every 10,00 MCS; is reduced toy, — 0.95v,. This is continued till
~o reaches a preset value of 0.001. This entire computatiostitoi@s one iteration.
Frontier sampling technique is an algorthmic guidancevipiexd in addition to the WL
routine, by which the system is forced to sample from lowa@pitr regions. The basic idea
is to set a cut-offr(x) on the energy axis wherg-(z) > k and all¢(z) to the higher
energy side (T region) are boosted with a positive value. duteoff bin is called the
frontier. Initially a cut-off bin number is chosen correspling t00.95% of the difference
¢ — ¢k=1 wherek is the iteration index andis the bin index at the highest energy which

(2 (2

is typically close to zero in our system. This cut-off binsaas the frontier for the next two
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iterations. After two successive iterations, the cutoff isi calculated again, by checking

if there is any other bin in the lower energy range at which the difference is greduan t
the cut-off. If it exists, then the cut-off is reset@®5% of ¢¥ — ¢¥~'. The bin; then acts

as the frontier above which there is an uniform growtl§efr) v « = j, N. The¢ values

of all the bins to the right of are then boosted with a value such that a entropic barrier
is set. The system is then unable to cross the barrier anegoastly samples the lower
energy regions leading to an accumulation of states nedrahger which are otherwise
not visited. The number of iterations are continued till §héx) covers the entire energy

range.

After {7 (x) covers the entire energy range, a long smoothing run is peeo to re-
move any discontinuities in the density of states (D©8&hd it converges to its true asymp-
totic value within computational limits. The smoothing rstarts with initial values of
(70,0) set to (0.001, 640) and the value @f is progressively decreased during this part
until it reaches a value of 107°. A production run is then performed using the com-
puted density of states and a large entropic ensemble obstates”; is collected. The
relevant thermodynamic quantities are computed at eacherature by computing appro-

priate canonical ensemble of states using the reweighgctgique described previously.

2.4 Periodic Boundary Conditions

Computer simulations are performed typically on a reldgivienited number of particles

N of the order ofl0® — 10° which is a very small number in comparison to the actual
number of molecules in a bulk system which is of the order chgadro’s number [4].
Applying boundary conditions helps in minimising the fingize effect and the effect of
the surface and the edges on the bulk system. A most widetyaggition is the periodic
boundary condition where a spin in tl#é row at the edge of the lattice sees a spin at
the beginning of theé'” row as it's neighbour, or equivalently a lattice is assuneteé

surrounded by identical lattices on all sides. However aiaevback is that the transition
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temperatures tend to get overestimated due to correlagbmeen sites. Applying free
boundaries, on the other hand,leads to underestimatidmedfansition temperature. We

used such boundary conditions for studies on bulk samples.

2.5 Calculation of Observables

The macroscopic observables which are calculated in a atronlare the average energy
E, specific heat”,, the four order parameters which quantify the biaxial prease their
susceptibilities as well as fourth order energy cumulaeiasuring the kurtosis of the distri-
bution [33]. We briefly describe the procedure used to comphese variables as averages

over canonical ensembles.

Average energy and specific heat The average energy is calculated by taking the
average over a large number of microstates in a canonocairdis extracted from the
entropic ensemble by reweighting procedure. The averageggns obtained from the

entropic ensemble of states as

Yoy Eiexp(—BE + oF)

< B >= = .
Yo exp(—BE + ak)

(2.5.1)

The specific heat at constant volume is obtained from the ragaare fluctuations of en-

ergy given by
(< E? > — < E >?)

Co = kT2

(2.5.2)

wherekg is the Boltzmann constant. The temperature is always repted in reduced

units as
kT

€

T

wheree represents the coupling between neighbouring spins in #mikkbnian model and

sets the scale of computation ahds the actual temperature.

Order Parameters Four order parameters are necessary to describe the liystht

phases obtained in a system comprising of molecules ithsymmetry. These are the
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uniaxial order< R%, >, the phase biaxiality parameter R3, >, the biaxial order parame-
ters< R%, > and< R%, > arising due to molecular biaxiality. The uniaxial nematape

is characterised by two orientational order parameterg?, > and< R2, > whereas the
biaxial symmetry requires inclusion of other two orierdatl parameters as well. These
are computed using the method proposed by Robert Low [34Adied [35].

Consider a system aW liquid crystal molecules. Let an orthonormal triad of unit
vectors{e(j), e, eii)} be associated with each of the the moleciiles 1, N). These may
refer to the semi-axes of an ellipsoid which models the sloatie2 molecule or its moment
of inertia tensor. The laboratory frame of reference is tethby(E,, £,, E.). The order
parameters are calculated from ordering tenggtg, QvY and Q** constructed from the

unit vectors{egg el el } They are defined as

(s

QY=+ ell)ell) el —1/3 65556552
T el eel)  eflel) —1/3

L eyieyi —1/3 eflely eyiey]

SRR I I P
T\ -

L 622622 - 1/3 el)el) el

Q= N Z el elel) —1/3 el ell)
= Well) el ellel) —1/3

We note from the definitions of th@ dyadics that they are symmetric and traceless, since
the sum of diagonal elements of thketensors are zero. Hence the eigen values of these
matrices are real and the eigen vectors are mutually ortredgdt is known from Linear
algebra that if a symmetric matrix/ has eigen vector associated with a eigen value
thenv” Mv = \. The order parameters of a liquid crystal system, whichisighe amount
of order in preferred directions of orientation, can be oi#d using the above property.

We find the eigen values of each of the tens@rs, Q%Y and@Q** and the associated

eigen vectors. By comparing the eigen values of the thresoterwe identify the tensor
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with the maximum eigen value a3,,,.., with minimum eigen values af,,;, and the
third one aq),,.;4. The eigen vector associated with the maximum eigen valu! the
eigen values is the system director labelledZaaxis, which corresponds to the laboratory
Z-direction (£,). To complete the orthonormal triad of the laboratory axes,pick the
largest positive eigen value from among the eigen valuég,gf and@,,.;, and project it’s
eigen vector in a plane perpendicular to the system diredtoe projection forms thé”
direction and the eigenvector is labeledYaglaboratoryE,). The remaining X-direction
(laboratoryFE,) of the orthonormal triad can be computed usingthand Z unit vectors.
This orthonormal triad forms the principal axis system inahhmeasurements are made.
Taking the moleculat axis to be the long axis for the molecules, the most dominant
eigen value\,,..is a measure of the molecular long axis to be oriented aloagystem

director. The uniaxial order parameter is defined as

3 3
R(2)0 = 5)\ma$ = §ZTQmazZ-

The phase biaxiality paramet&, is a measure of the difference in ordering of thand
y molecular axes along the system director and is given adffieesthce between the other

two eigen values of),,,.. i.e

Rgo = \/g(szQmaxﬁ - fsTQmaxf:s)'
. wheref; and f; are the other two eigen vectors@f,,...

If value of < R3, >= 0 then the system is unchanged by a rotation aboufthgis; A
nonzero< R, > indicates that even in a system of uniaxial molecules, theud be an
orienational order without cylindrical symmetry.

The ordering along the primary director arising from the eydimdrical shape of the

molecules is the molecular biaxiality paramete?3, >. Itis given by

3
R(2)2 - g(YTQmZdY - XTsznX)

. whereY”Q,,,;Y denotes how the moleculgraxes is aligned with respect to the lab-

oratory F, direction and so on. A measure of the ordering in fheandY” directions
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originating from the molecular biaxiality is given by theagiality parameterz3, defined

as

1
R%Q = Z(YTszdY + XTsznX - XTQmidX - YTsznY)

which is normally taken as an effective monitoring paramefeéhe biaxial transition.

The averages of the above quantities are computed usingthe siethod as for en-
ergy as in eqn(2.5.1) during reweighting. The fluctuationthe order parameter values is
measured by the susceptibilitydefined as

1

:ﬁ(<R2>—<R>2)
B

X

whereR is any the above order parameter.

Both specific heat’;, andy show divergence near transition temperatures. The latatio
of the peaks is used to determine the transition tempetrafine peak in the??, suscepti-
bility indicates the isotropic-nematic transition temgteire whereas the peak in thg, is

indicative of uniaxial nematic - biaxial nematic phase sigon.

Energy Cumulant The fourth order cumulant of the energy gives a measure of the
kurtosis of its probability distribution [33]. It is used asmeasure of the order of the

transition. It is defined as

4
For first order transitions
Vy= g forT < Tg; (2.5.3a)
=0 forT >1T¢; (2.5.3b)

wheras for second order transitions the cumulant alwayskasa regardless of the size of
lattice. The scaling behaviour of these quntities withsyssize is often used to estimate

the transition temperatures.
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2.6 Review of Simulations of Biaxial Nematics

In the last few decades, computer simulations of liquid tatgshas emerged as a power-
ful tool to investigate the mesogenic behaviour which is @ulteof interplay of various
competing mechanisms which operate over a wide range ofHexgl time scales [7, 9]

. Nematic phases have been simulated using continuoustatrgotentials, hard core
potentials and Gay-Berne potential models. The simplestainto describe the biaxial ne-
matic phase is the lattice model based on attractive palemiih a single parameter used
to describe biaxiality [36, 37]. Monte Carlo methods werecassfully employed to inves-
tigate and confirm the theoretical predictions of spontasebermotropic biaxial ordering
for a value of biaxiaity parameter [37]. The complete phasgrdm for this dispersion
model and the associated order parameters were obtaing89[J38A two parameter lat-
tice model [40] was developed to study the interaction betwtvo molecules withD,),
symmetry interacting through pair potential [41], whicm@iomed the predictions quali-
tatively. Lattice models were also used to simulate biaplases produced by V-shaped

molecules [42].

The effect of changing the molecular shape and interactavarpeters on the phase
behaviour and structure of liquid crystalline phases wadist by Allen [35] using hard
ellipsoids of revolution with translational and rotatibizgrees of freedom. The result-
ing phase diagram from the off-lattice simulation providstence for isotropic,nematic,
discotic and biaxial liquid crystal phases. A subsequetsildel study of the phase di-
agram [43] reported a narrow range of shape anisotropieshadive rise to the biaxial
nematic phase. MC simulations of biaxial ellipsoids maeteivith generalised Gay-Berne
potential [44] hint at the competition between shape aretattion anisotropies for a biax-
ial GB particle. The molecular dynamics simulation of a Gagrrige fluid under the influ-
ence of an electric field [45] confirmed the experimental ole@n of the fast switching

times associated with the secondary director as compatbe farimary director.
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The phase behaviour of bent-core mesogens was also stustiedreent to their predic-
tion by Campet al and Lansaet al [46,47]. These were modelled using rigid rods joined
at one end, and the resulting phase diagrams reveégledrdering for large apex angles.
The phase behaviour of a fluid made of a r&al molecules [48,49] was simulated using a
full-atomistic potential with electrostatic interact®by Palaezt al [50]. A spontaneous
ordering to alNp phase was observed on cooling from the isotropic state. Aelknt
review of the progress made in the simulations of biaxial @rs can be found in a recent
review by Berardet al[9]. As noted by these the field of computer simulations okiaia
nematics has kept pace with the theoretical predictiorts pagsents a peculiar case where

design and syntehesis of molecules follow the theoretizdlssamulation results.
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Chapter 3

A Wang-Landau Monte Carlo Investigation of
the Mean Field Phase Diagram of Biaxial Liquid
Crystals

In this chapter we investigate the phase sequence of bikcyiadl crystals, based on the
general quadratic model Hamiltonian introduced in chagiteusing a simulation tech-
nique which combines entropic and frontier sampling teghes. We review the necessary
background and the recent developments in the field in seétib. The WL-simulation
technique is introduced in section 3.2. The simulationltesure discussed in section 3.3.

Conclusions drawn from the novel simulation techniquegagsented in section 3.4.

3.1 Introduction

The biaxial nematic phase has attracted considerabldiatiencently for various reasons,
starting from a fundamental question about the conducipermental conditions for its
existence to its envisaged applications in display devicHsough predictions made by
various mean-field (MF) theoretic treatments [1]- [7], Landree energy based analyses
[8] - [12] and computer simulations [13] - [20] support thasaility of such a phase, the
progress on the experimental front [21,22] has been ratbdest. Questions regarding the
existence and subsequent experimental identification eadb phase in the synthesized

compounds persist in the literature [23] - [26].

56



Phase Diagram from simulations 57

Figure 3.1: Essential triangle : Region of biaxial stapilit

The recent generalised MF analysis, as outlined in chapidefitifies a triangular re-
gion of biaxial stability in the Hamiltonian parameter spadenoted as the 'Essential Tri-
angle’, OIV, shown in Fig.(3.1). All realizable biaxial natic systems can be represented
as appropriate points in this triangle, by suitable choicgyonmetry axes and consequent
rescaling of the temperature. All possible phase sequesreelicted by the Hamiltonian
model can be obtained by choosing a corresponding pointetriingle. In particular, a
mean field phase diagram was predicted [7] as a function arthiength OIV, denoted by

¥, defined as\* = )\ on the segment OlI, and

- (1+v13y)
-

with
(1—3X)
2

v =
covering the segment IV. The MF phase diagram predict3fog 0.22 (v = 0, A < 0.22)
a two stage transition from the isotropic to a biaxial phagi#gh an intervening uniaxial
nematic phase. The uniaxial-biaxial transition is secadeéd Nz = Ny —1) upto pointC}
(v =0, ~ 0.2) and then changes to first ordeYs — Ny —I) uptoCs (v = 0, A =~ 0.22).
For the rest of the range af, a direct transition is expected, extending upto V in FiglL)3
This transition is predicted to be first orde¥s — I) for A* < 0.54 (v = 5/29, A = 19/27)
and second orddiNg = I) upto the point V(v = 0.5, A = 0.0). HenceC, andC; are

tricritical points and”;, is a triple point.
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The above scenario from MF analysis implies that a biaxiahat&c phase should be
condensing over a significant region of the parameter spgcé he biaxial phase should
occur as a rule and not as an exception raising experimexgaktations, contrary to the
laboratory observations. The recent example of readilgoladle deviation between mean
field predictions [7] and the experimental observationfiestetrapode system [22] inves-
tigated by Bisi et al [27]. Taking the ratio = (Ng — Ny)/(Ny — I) as the quantitative
criterion to identify the Hamiltonian parameters corragiog to the data of the tetrapode,
it is found the tetrapode data corresponds to the vajue- 0.174, A = 0.193), a point
which falls below the tricritical line”;C5 in the essential triangle. The experimental ob-
servation deviates from MF expectations in this systemai @ffter the onset to the biaxial
phase, the macroscopic biaxiality order parameter of taegll system tapers off to about
~ 7% of the MF predicted value. In other words, in real system tgaent of significant
macroscopic biaxial order is for some reason, inhibited.

It is also interesting to observe that the asymptotic behavin the limit of vanishing
value of the biaxial - biaxial tensorial interaction strémg\ — 0, leads to a conflicting
result at the point V in the phase diagram, as was noted inT[ii¢ mini-max analysis in
this 'partly repulsive region’ predicts a direct isotropibiaxial transition to occur at this
point, whereas the biaxial phase stability criterion reggih > 0 for the onset of a biaxial
phase.

An attempt was made by De Mattegsal [28] to resolve this discrepancy in the partly
repulsive region by using minimax principle. Taking intaxsaeration theD,, symmetry
of the Hamiltonian along uniaxial torque lines, thranodel was proposed (in the repulsive
region in the essential triangle). The parametes defined such that < 0 corresponds to
the attractive interactions arid< p < 1 corresponds to the partly repulsive interactions.
The 1 model predicts a diredt — Np transition for uptou= 0.43, after which a series of
first order/ — Ny — Np transitions and biaxial - biaxial transitions are predicie the
region for0.43 < . < 1 (aregion close to the point V in the essential triangle). golated

tricritical point is predicted in the limit. — 1 corresponding to the point 'V’ in mean field
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phase diagram (see Fig.3.1). It may also be noted that thredécpions were only partly

confirmed by the conventional Monte Carlo simulations [28].

Keeping in view these issues between the mean field resudisxperiments and also
the unsatisfactory mean field predictions in the asymptuotit of biaxial stability (A —
0), we have attempted to carry out a systematic simulatiodysélong the sides of the
essential triangle OIV to facilitate a direct comparisotween simulations and mean field
results. We note that the earlier simulation studies whachdly support the mean field
theoretical predictions (but do not necessarily answeatisnce of macroscopic biaxial
order) were all carried out using conventional Boltzmanmgiang based on metropolis
algorithm (see chapter 2). This procedure however has krimatations with systems
possibly encountering free energy barriers. In this cdnter felt the need to apply a

different sampling technique and look for possible newfszg.

We combine both entropic sampling and frontier samplingnegues (which can effec-
tively overcome free energy barriers) to study the phassdigied by the general quadratic
Hamiltonian model. We employ Wang-Landau algorithm [29%ahly modified for liquid

crystal simulations [30], and augment it with frontier samgp.

3.2 Hamiltonian Model

The general quadrupolar orientational Hamiltonian wagioally suggested by Straley
[2], subsequently phrased in tensorial formalism [5]. Adwagly, the interacting biax-
ial molecules can be represented by two pairs of symmetaceless tensorg( b) and
(¢’, b). The tensorgy andq’ are uniaxial around the unit molecular vectansandm’,
whereas botlb andb’, orthogonal tog andq’, respectively, are biaxialg andb are the
irreducible components of the anisotropic parts of any mdbe susceptibility tensor and
can be represented in the eigen frafage, , m) of the tensor as

g =mem — gl (3.2.1)
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b=e®e—e, ®e, (3.2.2)

whereT is the identity tensor. Similar representations holdgoandbd’ in the eigen

frame(e’, e’ , m’). The interaction energy can now be written as

H=-Uéq-q"+~v(q-b"+q"-b)+)b-b| (3.2.3)

wherel, is the scale of the energy,= +1, v and\ are dimensionless interaction pa-
rameters, whose values determine the relative importahiteeainiaxial-biaxial coupling
and biaxial-biaxial coupling interactions between the esales. We focus on the region
of biaxial stability with the long molecular axes providitige definition of the primary
director. Accordingly, we chosg¢= +1 in Eqn. (3.2.3).

For simulation purposes, the above Hamiltonian in Eqn..83.8 conveniently recast
as a biaxial mesogenic lattice model, where particleBgfsymmetry, represented by unit

vectorsu,, v, on lattice sites a and b interact through a nearest neighg@upotential [31]

U = —€e{Gs3 — 27(G11 — Ga2) + \[2(G11 + Gaa) — G3]}. (3.2.4)

Here fu,= (vo.ur), Gao=Pao(fan), € = +1 ande (set to unity in simulations) is a positive
quantity setting the reduced temperatiite K 3 7'/e.

The pair-wise interaction in Eqn. (3.2.3) is particulangrtsparent when expressed in
terms of tensors appropriate to the symmetry of the diagdh@lniaxial torque along:)

as [7,28]

where
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and
C(1-9))
SN

In this format,x = —3 corresponds to the point | (0, 1/3) in Fig. 3/1,= 0 to the
Landau point T{/3,1/9) (LP), andi = +1 to V (0.5, 0.0). In particular we observe that

1 = —1 corresponds ta* = 0.57 located at K in Fig. 3.1.

3.3 Details of Simulation

3.3.1 Sampling Technique

Wang-Landau sampling is a Monte Carlo technique initialyeloped for discrete models
as a temperature independent, iterative method with thayats sample rough energy
landscapes. In order to perform simulations of a continunosgel like the Lebwohl -
Lasher model which describes the isotropic - nematic ttemmsia modified Wang - Landau
algorithm was developed [30], in order to sample rare miettes in the phase space, as
the span of the total energy increases with size. This maldifigorithm (JSM) augmented
with frontier sampling [32] is used to simulate the biaxiadae!.

The Wang-Landau sampling is based on calculating the desfsstates g(E) where E is
the energy of the system. To avoid numerical problems lilexftaw truncation errors, the
simulation is done using a log-log scale j,&s calculated ag = log(«) = log(log(g;))-
The acceptance probability, updation&f unweighting and reweighting are done on the
same scale as suggested by Berg [33].

Initially the cubic lattice (of size L) of the biaxial liquidrystal with random configura-
tion of headless spins is initialised. The energy raf¥gg;,., Ey...) is divided into40 = L3
(=nbins)bins. Let the current microstate belong to an gnkng c. Orientation of a chosen
spinis changed randomly and the trial microstate obtaieénhgy to a bin t. The acceptance

probability of the trial microsatet is calculated using Eemn.

p = min{1, exp[—exp[§ + log(1 — exp(—(& — &)))I]}-
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This constitutes a Monte Carlo step. A Monte Carlo sweep (M&8sists ofZ.? such
steps. Once a MCS is completed the valu€¢; a$ updated with a Gaussian kernel function

€0i) = & + roeap(—=T0lye

The valuesy, andé are the scaling parameters to adjust the height and widtheoGaus-
sian kernel, respectively. The initial values (@f, ¢) are taken ag0.1,0.002 % nbins).
After every 10000 MCS, the value of is reduced toy, — 0.95v,. This updation ofy,
is continued till it reaches a predetermined minimum valtigypically, 0.001. This en-
tire procedure is called an iteration. After every two s@gsoee iterations, the difference
between the updated valuessok calculated at each bin.

The cut off bin number is chosen as that correspondir$ $6 of the difference of

&8(i) — €"1(1),

wherek is the iteration index and the bin indéxcorresponds to the highest energy of
interest.The cut off bin acts as the frontier, and the atgoricontinues the iterations. The
frontier is the bin j above which alj(z) to the higher energy side (T region) are boosted
with a positive value and there is an uniform growthéefz) V « = 5, N. A boost = 0.5
is added to the values @f-(x) which are at the right of j. Thus a high entropic barrier is
created for the random walker to enter the high energy region

Consequently, an accumulation of states occurs near thidrdaill the height becomes
equal to the boosted area. This pushes the explored reguainds the lower energy region.
In other words, as more higher entropic regions are adelyusaenpled, the frontier is
pushed to lower energy regions, so as to make the systemeaeydnd the frontier. The
simulation is performed untf;(x) covers the entire energy range. This takes typically
about 200 iterations. Then a long smoothing run is performigid initial values of(~o, §)
set t0(0.001, 0.002 * nbins), SO as to remove any discontinuities in the density of states
(DoS) profile. In this run, the values of are progressively reduced till it reaches a value
1072, This ensures that the finglconverges to its asymptotic value and is as close to the

representative density of states of the system as possiltken computing errors.

62



Phase Diagram from simulations 63

The final DoS is then used in a long production run to colleceatropic ensemble
of 4 x 10" microstates. Once the DoS and physical parameter valudwahicrostates
belonging to the entropic ensemble are available, remeigltian be done at any desired
temperature resolution. The macroscopic value of any phygiroperty O, in thermal
equilibrium at temperature Tﬁ(:k'%T) is then computed from the collection of microstates
in the entropic ensembl€; by a reweighting procedure as

(0) = > O(Cy)g(E;)exp[—BE(C;)]
> 9(Eyexp|—=BE(C))

(3.3.1)

3.3.2 Simulation Details

Simulations were carried out on a cubic lattice (L=20) widripdic boundary conditions.
The biaxial molecules on each lattice site interact with ribarest neighbours based on
the potential in Eqn.(3.2.4). The parameterand A were chosen such that we traverse
along the boundary of the essential triangle 'OIV’ (encosgag line segment®] and
IV) which amounts to varying the arclengif from 0 to 1( 0.933). Simulations were
carried out at closely spaced values\offor nearly 60 points on this arc.

Initially, conventional Monte Carlo sampling techniqu@&vltzmann ensembles) were
employed to study the phase behaviour on the essentiagleiat select values of*. In
each simulation, the reduced temperature is varied fronio20004 in steps of 0.002 units
and at each temperature, the sample is equilibrateglJor 10° MC runs before collecting
the canonical averages of all relevant physical parametergroduction run 06.5 x 10°
MC runs. Thus the averaging is done o%e¥ x 10° microstates at each temperature. The
canonical ensembles collected at a given temperature vglsampling will henceforth be
denoted as B-ensembles.

The simulations were then carried out using modified Wangeiaa (WL) algorithm
augmented by frontier sampling, at each of the above valug'dqh < \* < 1). At
each value, the g(E) which is the estimate of the densityatéstwas obtained and an en-

tropic ensemble of0” microstates ;) was generated, by making an effectively uniform
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random walk in energy space guided by the DoS. Equilibriusearbles at any desired
(reduced) temperaturé () are consequently extracted by a suitable reweightingguioe
(RW-ensembles) [32,34]. These encompass all permissilcl®states consistent with the
equilibrium conditions, overcoming any inherent free gydvarriers, unlike their Boltz-
mann counterparts (B-ensembles). The average value oigahpsoperties at any desired
temperature were calculated using Eqn.(3.3.1).

The physical parameters of interest in this system whiclewalculated at eack are
average energy. F >, specific heak C, >, Binder's energy cumulant; (=1— < E* >
/(3 < E? >?)) which is a measure of the kurtosis [35], the four order patans of the
phase calculated according to the method in ref [36]. Theytes uniaxial ordex R3, >
(along the primary director), the phase biaxiaktyR3, >, and the molecular contribution
to the biaxiality of the mediunx R3, >, < R3, >, and their susceptibilities. All the
physical parameters are collected at a high temperatusitas of 0.002 units.

In the case of WL simulation, representative free energyilpsoare also computed
making use of the DoS data as a function of the two order pammag3, and R, at
various temperatures.

The reduced temperature scalg)(used in the simulations differs from mean field tem-
perature scalé(') by a factor of 9 [19]. A further scaling was done to obtain g@atibility
with mean field temperature/ 5* [7] by dividing 7" with the condensation enerdy* of

the biaxial phase,which is the minimum of H, i.e

! 1

. T T
A
9’ L
where
9U(1 + 3\
U*:U(f—i_g)andU:ezl.

3.4 Simulation Results

Each \* value represents a biaxial system represented by the Hemaift parameters

and\, which are closely related to the molecular anisotropy atth to the shape of the

64



Phase Diagram from simulations 65

molecules comprising the biaxial liquid crystal. The WL siation carried out for each
such point provides rich information about the phase segpiand nature of the orienta-
tional ordering in the system, and data can be extractecealdhired temperature resolu-
tion, once the entropic ensemble is constructed. Takirgantount the),,, invariance of
the Hamiltonian alon@ 1 and IV, two scalar order parameteR$, and RZ, suffice to de-
scribe the condensed phases. The simulation results aenpeel, for purposes of clarity,

by dividing the araD IV (A\*-axis ) into three convenient parte:/,/C3; andC5T'V .

3.41 SegmenOI

This region corresponds to the segment of thaxis defining the essential triangle, and
the value of\* is tha same as the value af i.e \* = \. The interaction between the
intermolecular uniaxial tensors involving the:’ axis is decoupled from that between bi-
axial tensors involving the other two minor axesande, . The Hamiltonian is totally
attractive and admits free energy solutions which attaobgl minima. The biaxial sys-
tems represented have a special dispersion of the dielstiape susceptibility and are an
extreme case of the real molecules represented by the §&texi@y interaction. Initially
we present the data obtained from a typical WL simulatioragt 5" = 0.1 as an example
to introduce notation and relevant parameters, referortgds. 3.2- 3.4.

Fig.3.2(a) depicts the density of states (DQ8Y) plotted as a function of energy per
particle E. It is a smooth function of energy monotonicafigreasing in the relevant en-
ergy region. The energy histogram shown in Fig.3.2(b) is@gdmately flat in the energy
range relevant to the temperature range of interest. Theyemer particle E shown in
Fig.3.3(a) shows two sharp kinks which are the indicatioinsvo transitions. The fluc-
tuations in energy at these transitions show up as peaks,adnd T, in specific heat
profile shown in Fig.3.3(b)(i). Th€',, profile shows that as the liquid crystal is cooled
from high temperature isotropic state (I) a uniaxi&l() phase is formed at the transition
at temperatur; = 1.146. On further cooling from the uniaxial phase, a transitiomato

biaxial (Np) phase occurs at temperatufig, = 0.706. The significant dip in the energy
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Figure 3.2: Experimental parameters from the present sitioml at \* = 0.1
(a)Representative density of states (b)Energy histogifahrecentropic ensemble
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Figure 3.3: Experimental parameters from the present sitiom at\* = 0.1. Tempera-
ture variation of (a)Average energy per particle (b) spedigat (per particle)and energy
cumulantV,
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Figure 3.4: Experimental parameters from the present sitiom at\* = 0.1. Temperature
variation of (a) uniaxial and biaxial orders along with theusceptibilitiesy. (b) phase
biaxiality parameter and molecular biaxiality parameteith their susceptibilitieg

cumulantV} in Fig.3.3(b) (ii) at7¢; indicates the first order nature of thé\l; transition.
The Ny — N transition atl 5 is expected to be of second order, anadloes not show any
first order signature. The order parameter and susceptipilofiles shown in Fig.3.4(a)
confirm the nature of the phases obtained. The growth of thexiah order parametek?,

at T (Fig.3.4(a)(i)) and the associated susceptibility peakfioms the/ — Ny transi-
tion, whereas the subsequent growth of biaxial order paemi, and the corresponding
susceptibility peak, point to the low temperature transitirom uniaxial to the biaxial
phase.The phase biaxiality parame®&; and molecular biaxiality parameté, are also
shown along with the respective susceptibilities in F@(18) for completeness of the pre-
sented data.Their susceptibilities also show the sigesatfrthe two transitions. A compar-
ison of the results from entropic sampling with those from standard Metropolis-based
Boltzmann sampling is shown in Fig.(3.5) under identicatdiGons of lattice size, and

averages over comparable ensemble sizes. It is observati¢hensemble averages of the
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Figure 3.5: Comparison of data obtained from RW- and B- eldesilemperature varia-
tion of: (a) Specific heat (b) Uniaxial order and (c) Biaxiadler, atA\*=0.12
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Figure 3.6: Temperature variation of: (a) Specific heat{Ubiexial order; and (c) Biaxial
order, obtained from RW- and B-ensembles\&t0.20 (Deviations observed at very low
temperatures< 0.25), common to all plots, have their origin from inadvatt®adequate
sampling of microstates comprising the entropic ensenabtbese very low energy values.
As these deviations do not interfere with the interestingirgaof the graphs, recomputa-
tions were not attempted to correct for this, to save compgitme)

observables obtained from averaging over the microstaésept in the B-ensembles coin-
cide exactly with averages over the microstates in RW-eb#siin the entire temperature

range for\*=0.12.

A similar comparison at two othek* values (0.20 and 0.33) which are shown in
Figs.(3.6) and (3.7)) confirms this observation. This implthe sampled states in both

type of sampling procedures are similar along dheaxis in the essential triangle.

The results obtained from entropic sampling (WL simulatialong Ol are now pre-
sented for convenience in two segments. The results*fgalues ranging from 0.1 to 0.25

are presented first, followed by data covering the rest afesD.26-0.33.
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Figure 3.7: Temperature variation of (a)Specific heat(b)akial order (c) Biaxial or-
der, obtained from RW- and B-ensembles\&t0.33 (please see the explanatory note of
Fig.(3.4), for low temperature variations.

3.4.2 SegmenOI : Range of \* = (0.1-0.25)

The specific heat and order profiles for nine values*ah this range are grouped together
for comparison purposes and shown in Fig.3.8. The temperatuiations of specific heat
Cy, uniaxial orderR3,, biaxial orderR3, and energy cumularit; obtained from RW-
ensembles are depicted in Figs.3.8(a)-(c). It may be notad Fig.3.8(a) that for all
values of\*, two transition peaks are observed in the specific heat. Abidxial system
is cooled from the high temperature isotropic phasé,-aNy transition occurs at a high
temperaturd -, followed by a second transitioN;; — Ny at lower temperaturéz,. The

I — Ny transition temperature remains fairly constant with theateon in \*, whereas
Ny — Np transition shifts towards higher temperatures\asncreases from 0.1 to 0.25.
This behaviour is also reflected in the order parameter peaihown in Figs.3.8(b) and (c).
This implies that on increasing*(=\ in this segment) the biaxial phase is more favoured,
which is as expected from the mean field predictions.

Supplementing the results @y and order parameters to determine the transition tem-
peratures and symmetries of the phases so condensed, vgeoiotiie temperature varia-
tions of the fourth order cumulanty) representing the kurtosis of the ensemble distribu-
tion to look at the nature of the transitions. It is known tf8] the stronger the shape of
the transition, the more significant will be the diplafat that transition, By examining the

Figs. 3.9(a) - 3.9(c), depicting, variation with7" at\* = 0.18, 0.19 and 0.20, respectively,
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Figure 3.8: Temperature variation of experimental paransefor different values oh*
(0.1t0 0.25)

with specific reference to its variation &t = 0.1 (3.3(b)), we find evidences of the nature
of Ngp — Ny transition becoming weakly first order &t = 0.18. The mean field predic-
tion for this cross-over tricritical point (poirdt; in the essential triangle on theaxis) is at
A* = 0.2, Such quantitative differences between the MF predictantssimulations based
on hamiltonian models are not uncommon. A similar diffeesalso seems to exist with re-
spect to the second interesting paiiton the triangle, where the two transitions coalesce,
and a triple point results. MF predictions sugggst= 0.22 as the point of such merger,
whereas the present simulations put this value at a sli¢ggntier value , ah* = 0.26. The
corresponding transition temperatufi@i reduced units are given in Table.5.1 along with
the mean field temperatur@$, 7, , T; andT;.
Secondly, mean field predicts a triple point designdtgeet

A*=0.22 at inverse temperatufe = 6.81. The simulation results, shown in Figs.(3.10) and
(3.11), show that the triple point existsdt= 0.26.

Within the caveat that simulation results pertaining togghftansitions are subject to
finite size effects - like the known limitations on MF predlicts -, these comparisons sim-

ply show that the general behaviour of the phase sequentias interesting Hamiltonian
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Table 3.1: Comparison of transition temperatures at sonmgalongO/

7

7 77

T, T T, Iy T

0.18| 1.1753| 0.9919| 0.1305| 0.1102| 0.1272| 0.1074

0.2 | 1.1937| 1.077 | 0.1326 | 0.1196| 0.1243| 0.1122

0.22]| 1.211 | 1.149 | 0.1346 | 0.1276| 0.1216| 0.1153

0.26| 1.2516 0.13917 0.1172
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Figure 3.9: Energy cumulant for* = (a) 0.18 (b) 0.19 and (c) 0.2
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Figure 3.12: Variation of free energy at tlhe- Ny transition as a function of (a) Energy
per particle (b)R2, (c) R, for \*=0.12

parameter region are on the expected lines of MF theorytatiggly, though certain quan-
titative differences could be clearly seen.

Figs.3.12(a) - 3.12(c) depict the variation of free energtha& temperature is decreased
from T=1.224 in the isotropic phase through the transitemperaturél;;=1.144 to the
uniaxial phase at T=1.064,for = 0.12. The free energy is plotted as a function of energy
in Fig.3.12(a) and as a function of order parameters in Bigj2(b) and 3.12(c). It can be
observed that at any given temperature the free energpstianinimum value for a small
energy range. As the temperature is lowered, this free grmargimum shifts towards
lower energies and also broadens. While the shifting to t@mergy regions is expected,
the broadening is due to contributions from more numberatestin the specified energy

range. The free energy curves wir}, in fig3.10(b) for the same temperatures show the
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Figure 3.13: Variation of the free energy at thge — N transition as a function of (a)
Energy per particle (b}, (c) R3, for A\*=0.12

shifting of free energy minimum fronk3, ~ 0.05 to R2, ~ 0.58 as the temperature is
lowered through the transition. This implies that more i@y ordered states contribute
to the broad minimum of free energy. The free energy i3,tin fig3.10(c) shows that the
free energy minimum resides BE, ~ 0.0 in the neighbourhood of the— Ny, transition.
Thus the free energy minimisation at thév}; transition arises entirely from development

of uniaxial order.

Similar free energy curves plotted in the neighbourhoodhefX;; — Np transition
are shown in Figs.(3.13). It can be observed from Fig.3)1iB(@ the free energy mini-
mum shifts towards lower energies as the temperature isémivieom7- = 0.808 toT” =

0.688 passing through the uniaxial - biaxial transition penaturel” = 0.708. The free
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Figure 3.14: Variation of the free energy as a function dE(@rgy per particle (b}, (c)
R3, for \*=0.22

energy curves with respect €, (Fig.3.13(b))have deep minima throughout this temper-
ature range indicating that long axis ordering continueitoease as the temperature is
lowered. The free energy curves w.rk2, (Fig.3.13(c)) on the other hand are relatively
shallow and the minimum shifts to higher values/tsf, as the temperature is lowered into
the biaxial phase. The free energy curves reflect the bgjldiiliaxial order in both phases
at these temperatures close to the transitidfyat The gradual increase of biaxial ordering
at theNy — Np transition comes from contributions from large number ofnostates with

a range of biaxial ordering.

The free energy plots fox* = 0.22 encompassing both the transition temperatures are
shown in Figs.3.14(a) - 3.14(c). These display essentialysame features as described

for \* =0.12.
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Figure 3.15: Temperature variation of experimental patarsdor different values of* in
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3.4.3 Segment Ol: Range ohA*=(0.26 - 0.33)

The simulation results for values af from 0.26 to 0.33 are shown in Figs.3.15 (a) - (c).
These results point to direét— Ny transition in this region in accordance with the mean
field predictions. As\* value increases the first order nature of the transitiomgen
The results obtained at* = 0.26 were already shown in Fig.(3.11). Fig.(3.16) shoves th
simulation results at* = 0.33, located at the apex point | in the triangle. AccordmiylF,
this point is the intersection of three self conjugateddimethe essential triangle and the
phase sequence is described by a single scalar order paramié symmetry requires a
single first order isotropic - biaxial phase transition towrcat this point.

The simulation results agree with these predictions aseviilom the strong’y peak
in Fig.(3.16). The energy cumulant shown in the inset suggesambiguously this expec-
tation. The sharp and concurrent increase of the biaxi@ralbng with the uniaxial order
indicates the onset of the biaxial phase from the isotropesp, and the susceptibilities
(inset) is also indicative of the nature of this transitidine free energy profile plotted as
a function of the biaxial ordeR3, is shown in Fig.(3.17). It may be observed that two

free energy minima exist at the transition which substéesgighe first order nature of the
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transition. Similar minima exist in the free energy profiletged with respect to uniaxial
order R?,. The strong nature of the transition is clearly brought quthe explicit features
of the free energy profile at the transition with respect ® @hder parameters: the large
free energy barrier separating the two states, their ctesde at the transition temporary.
It is to be noted that this feature is explicitly evident eatithe modest lattice size L= 15.
The point | is special in the sense that it is the interseatibthree uniaxial torque axes
- each around the each of the molecular axes -, and at this th@nnteraction is purely

biaxial [7].

3.4.4 SegmenfV

This line segment is the self conjugated line 1V in the esaktiangle, wherein the Hamil-
tonian is globally attractive till the point T and then becgspartly repulsive along seg-
ment TV. The value of\* increases froni /3 to 0.933 as we traverse from | to V on the
triangle. According to mean field model, IV is a uniaxial toegline, along which the
restoring torque is uniaxial around the molecwaaxis. Mean field predicts a first order
isotropic-biaxial transition along this line segment &ltricritical pointC; (5/29,19/27)
corresponding ta\* = 0.54, at which nature of the isotropic-biaxial transitdmanges to
second order.C5V is a line of Landau triple points where a biaxial phase cardusly
branches off from the uniaxial phase. Point T on the segroght is special: on one
hand it is a bounding point where the fully attractive Haomi&an turns partly repulsive:
and it is also on the dispersion parabola defining a uniquet pdiere a single transition
from isotropic to the biaxial phase predicted by MF [6] andifooned by earlier Monte
Carlo simulations [15]. Discusiion of the results in thigten is again divided into three

subsections for convenience.

3.4.5 SegmeniV: Range of \* = (1/3,0.53)

The specific heat, uniaxial order and biaxial order profites/alues of\*=1/3 to 0.53 are

presented in Figs.3.18 (a)-(c). It may be seen that ourtsesahfirm with the mean field
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Figure 3.18: Temperature variation of order parametersdbares of\* in the range 1/3,
0.53)

results along this line segment. It is to be noted from fig8@&J} that thel — N transition
temperature remains fairly constant in this region. In addiwe present the results at
one of the values ok*(= 0.47) included in this region, separately for bringingd salient

features of this transition, in Fig.3.19.

3.4.6 Segment IV: Range oA* = (0.54 - 0.733)

The specific heat profiles obtained for values ranging from 0.53 to 0.733 are presented
in Fig.(3.20). We find that these clearly show the evidendsvoftransitions starting from
A*=0.54, deviating qualitatively from men field predictionasingle/ = Np transition.
The transition peaks split gradually on increasiigand within this range, have a maxi-
mum temperature difference between the transitions &t0.733 ( T on the triangle). This

is the landau point on the dispersion parabola with cooedes{ /3, 1/9) .Mean field the-
ory predicts that the Landau point should host a directagotr- biaxial transition. We also
find that the simulations based on Metropolis sampling ( ttwigg the B-ensembles) in
this region differ qualitatively from the current resultsrin the entropic sampling data.

A comparative study of the specific heat profiles derived ftbeB- and RW-ensembles
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Figure 3.19: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles fox*=0.47
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Figure 3.20: Temperature variation of the specific heat &ues of\* in the range (0.53,
0.733)
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Figure 3.21: (a) Temperature variation of (a) Specific &atwith energy cumulant/
as an inset), and (b) order parameters (with their susdkgu (') as an inset), obtained
from RW- and B-ensembles at = 0.65 (0.264, 0.158). The susceptibility Bf, shows
the signatures of both transitions whereas the susceptibfl 23, shows a single peak at
Tc». Clear signature of the second transition, and its firstrandéure, may also be inferred

from theV, data.

81



82

@ 0.6665 W\
0

Figure 3.22: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles at*=0.54

is depicted in Fig. 3.21(a), along withi; as an inset af*= 0.65 (0.264, 0.158). The
corresponding order parameters, and their suscepgibiie shown in Fig. 3.21(b). It may
be observed from Fig. 3.21(a) that specific heat profile ddrivom the RW-ensembles
exhibits two transitions whereas that derived from the Besnbles in contrast exhibits a
broad hump below the high-temperatdrgpeak. The two order parameters obtained from
RW-ensembles exhibit a jump in their values coincident whihsecond low - temperature
C, peak, whereas the orders obtained from the B - ensemblessimmotonic increase, as
shown in Fig.3.21(b). The susceptibility &f, (from RW-ensembles) shows the signatures
of both the transitions whereas the susceptibilitjgef shows a single peak @t,. The WL
simulation results for specifis* values(0.54, 0.58, 0.62, 0.66, 0.69 and 0.72) are shown
in Figs.(3.22) - (3.27). These depict the specific heat wigergy cumulant/; (inset) and
order parameter profiles along with respective suscepigsil (inset) .

The data presented in Figs.(3.22) - (3.27) have some comeainres. The energy
cumulantV, shown in the inset of each of the figures indicates the onsesetond dip at
a lower temperature indicating the progression of first ondgure of the second transition.

It may be observed that the dip in the cumulant at the secanditron is maximum akt*=
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Figure 3.23: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles at*=0.58

Figure 3.24: (a) Specific heat profile with (inset) BindetsmulantV, (b) Order parameters
with (inset)susceptibility profiles fox*=0.62
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Figure 3.25: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles at*=0.66

05 10 15 20

Figure 3.26: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles at*=0.69
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Figure 3.27: (a) Specific heat profile with (inset) energy alantV; (b) Order parameters
with (inset) susceptibility profiles at*=0.72

0.66 and it decreases for higher values\of

The nature of the phases underlying below the isotropicelsasbtained from the or-
der parameter profiles and the susceptibility peaks. Thergybfiles indicate the onset
of a biaxial phase di¢; itself in which the growth of the biaxial order is only margin
as compared to uniaxial order. However, both the uniaxidl laiaxial order parameters
display a sudden jump signalling the low temperature tteomsat 7>, and subsequently
increase rapidly (particularlyz3,) as the temperature is lowered further. This behaviour
is prominent for\* in the neighbourhood of* 0.66. The susceptibility of the order pa-
rameters shows two peaks f8f, at both the transitions, whereas the susceptibilitRgf

shows only a single peak @t-, for all values of\*.

We conclude from the above observations that an initialiblgphaseV g, is formed on
cooling from the isotropic phase in this range\dfvalues. It appears to be a weak biaxial
phase sustaining only low intrinsic biaxial order. On coglfurther a second biaxial phase
Ng appears to form af,, and this phase supports development of significant , andalor
(as per expectations of MF theory), biaxial orde}, as evident from the figures above.

Since the symmetry of both phases is the same, the transtexpected to be first order,
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and the energy cumulant data corroborate this argumentraongly.

Representative free energy profiles computed making useeoDbS data as a func-
tion of energy and two order parameters at the isotropic xihligghase (V) transition
temperaturg7¢,) are shown in Figs.3.28 (a)-(c). It is observed that thesélesowith
respect toR3, show the presence of a slight kink whose height seems toaseras\*
value increases from 0.54 to 0.733. Similar behaviour is alsserved in the free energy
curves with respect t&2,. These kinks perhaps are pointers to the presence of free en-
ergy barriers inherent in the system inhibiting the growitthe biaxial ordering in théVg,
phase. Interestingly, and perhaps satisfactorily, suaphgg with respect to the energy of
the system are however devoid of such curiosities. Sinmiée €nergy curves were plotted
at the N, — Np transition and are shown in Figs 3.29(a) - (c). It can be oleskthat
these curves do not show any kinks with respect to order peteas) These curves indicate

that onset of ordering takes place rapidly and smoothlyeatdw temperature transition.

3.4.7 SegmenfV: Range of \* =(0.733 - 0.93)

The partly repulsive region, TV in Fig.3.1) proved to be phbatvely expensive compu-
tationally for purposes of entropic sampling, and even foaker systems (like L=10),
satisfactory convergence of the population histogram &difyuto be theDoS could not be
achieved in realistic time frames. Thus no data could beaetdd in this region from WL
sampling procedure. Failure of this algorithm, even asdiby frontier sampling, normally
points to the preponderance of microstates in the higheggmegion, at the exclusion of
low energy (highly ordered states). Perhaps we could cetjue at this point that the pres-
ence of partly repulsive contributions to the Hamiltoniarnich also demands mini-max
principle in carrying out mean field analysis in this regiaot allowing the algorithm
to exhaust (in the sense of sampling) the high energy regegisns adequately thereby
inhibiting the normal development of DoS.

We therefore rely on the data obtained from conventionakdpetlis sampling in this

region. It is interesting to note that the broad hump obskmehe specific heat profiles
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Figure 3.28: Variation of representative free energy asatfan of (a) Energy (b}?3, (c)
R2, at| - N, transition (), for various\* values in regiorCs T of the essential triangle.
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Figure 3.30: Temperature variation of order parametergdiues of\* in the range (0.733,
0.93), based on B-ensembles

at \* < 0.733 decreases as the — 0.933. We also observe that the phase underlying
the isotropic phase is biaxial as indicated by the growthiakial order. For\* > 0.9

the degree of this order starts decreasing in this phase. fathéhat the biaxial order
tends to be low as* — 0.933, and corresponding transition temperature is suppressed
towards zero progressively are rather satisfactory, irsémse that in this asymptotic limit
biaxial stability terminates at V, and these simulationschi consistent with that require-
ment. These observations are consistent with the earlient®Barlo data (the so called

- model( < p < 1) [28]).

3.5 Phase Diagram from MC Simulations

We plotted the phase diagram from the above data by chooS§inglGes of\* distributed
over the arc OIV (Fig.(3.1)). Temperature location of thekseofC', profiles and of energy
cumulantV; at different\* values, and identification of the liquid crystal phases fitbm
corresponding order parameter variations (assisted by ghsceptibilities), result in the
phase diagram shown in Fig. 3.31 [37]. The temperaltiref the simulation is scaled to

conform to the value$/5* used in the mean field treatment as discussed in section 3. We
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Figure 3.31: Phase diagram as a functiombfrom RW-ensembles. The transition tem-
peraturel /5* is scaled to conform to mean - field values as indicated ingke tPoints
along OIV in Fig. 3.1 are mapped onto thé - axis for reference. An additional biaxial -
biaxial transition is observed in the region KTV in place @liagle transition (to the biaxial
phase) predicted by the mean-field theory.

present the MF predicted phase diagram in Fig.3.36, foryreathparison.

We find that these two phase diagrams differ qualitativelshm regionC5TV of the
essential triangle. We observe that the direct transitiomfthe isotropic to biaxial phase
is replaced by two transitions in which an intermediate laiphase occurs between these
two phases. Also we observe that Monte Carlo simulationsdas Metropolis algorithm
(constituting B-ensembles) largely support the mean-ididgervations in the region IT.
The MF and the current MC phase diagrams differ qualitagibelyond\* > 0.54, very
close to the point K (Fig. (3.1). Apart from the isotropic texXal transition atZ ¢, the ap-
pearance of a secordd, peak atl -, indicates a second biaxial-biaxial first-order transition

as mentioned above.

90



Phase Diagram from simulations 91

0.3+

ISOTROPIC

/
/ BIAXIAL
’

0 0.1 02 03 04 05 06 07 08 09

Figure 3.32: MF phase diagram along the upper boundary céskential triangle. (Gio-
vanni De matteigt al Continuum. Mech. Thermodyi®, 1-23 (2007)

3.6 Discussion of Results

In order to determine the origin of the additional low tengiare specific heat peak ob-
served in the regioWs TV, we examined the microstates obtained from the B- and RW-
ensembles at representativVevalues. The Landau triple point (LP) T which, according to
the mean field analysis, hosts a diréet N transition, is a point of great interest. It also
lies on the dispersion parabola which forms a boundary betvedtractive and repulsive
Hamiltonians.

A comparative study of the averages calculated from B- and Bgembles at the
Landau point £*=0.733) is shown in Fig 3.33. The specific heat profile obthiinem the
RW-ensemble exihibits an additional peaklat (= 0.801) in addition to a high temperature
transition peak al; (= 1.121), for size L=20.

We depict the contours of the distribution of microstatethmentropic ensemble col-
lected at the Landau point T, plotted as a function of thegrgy (per site) and order
parameters in Figs. 3.31 (a) and (b). Fig. 3.34(a) depietethropic ensemble for uniaxial
order on which the thermal averagesR¥, obtained from WL simulation (RW-ensemble)
and the Boltzmann simulation (B-ensemble) are superpodéx traversal path of the
B-ensemble average is seen to be encompassing regionspmdeng to contour peak

positions, whereas the RW- ensemble average traverseb ap@h encompasses a larger
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Figure 3.33: (a) Temperature variation of (a)Specific lieafwith energy cumulant;, as
an inset), and (b) order parameters (with their suscepitdsl(y’s) as an inset), obtained
from RW- and B-ensembles at = 0.733 (1/3, 1/9). The results obtained from RW- and

B-ensembles are indicated by black and lines respectively.
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Figure 3.34: Contour plots of the distribution of micros&in the entropic ensemble at
A* ~ 0.73: (a) Microstate energy versus its uniaxial order and (byastate energy versus
its biaxial order. The superimposed red and black lineshaetal averages from RW- and
B-ensembles respectively.
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Figure 3.35: Contour plots of the distribution of micros&in the entropic ensemble at
A* ~ (.73: (a) Microstate energy versus its uniaxial order and (b)rositate energy ver-
sus its biaxial order . The contour maps of the distributivosmn RW- and B-ensembles
equilibrated at temperature closeTfg, are superposed. The thick red and black lines are
corresponding plots of thermal averages obtained frometeasembles respectively.

collection of microstates even from sparse regions. Thasmanifestation of the process of
collection of microstates of the entropic ensembled in etaace with the estimated DoS,
and subsequent reweighting which now permits within theldggwm (canonical) ensem-
ble even very rare states which are normally missed by Meti®pampling. Subsequently,
the averages from RW and B ensembles differ in this regiothesshould. A similar sce-
nario is observed in Fig. 3.34(b) which depicts the entrepisemble and thermal averages
for R2,. It is observed that the reweighted average starts diffestarting at a point in
higher energy region, and traverses a path which is quaétgtdifferent, extending even

into the region of deep biaxial phase.

We collected the microstates from B- and RW-ensemblesibeaiiéd at the same tem-
perature very close té, . The contours of these canonical ensembles were plotted as

a function of energy (per site) and order parameters. These then superposed on the
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entropic ensemble (see Figs. 3.31(a) and (b)). The reguibmposite contour plots are
shown in Figs. 3.33 (a) and (b). While the average values adths/of the energy dis-
tributions from the two canonical ensembles are seen to bgamble, distributions of
the microstates with respect to the order parameters ayeditberent. Relative to the
B-ensemble, the microstates belonging to the RW-ensenaie different contour peak
positions with larger fluctuations, witk?, visiting much higher values an#t3, corre-
spondingly much lower values. The observed differencekartliermal behaviour of their
respective averages are also shown (black and red sol&lifirfeégs. 3.35(a) and (b)).

We examined the decomposition of the total energy of an aqpiatie micro-canonical
ensemble into its components in the neighbourhood of thensketransition. For purposes
of analysis, we now rewrite the Hamiltonian in terms of cimttions from pair-wise inter-

actions between corresponding molecular axes [28], as
H = E[MGH + (—2G33 — 2G22 + GH)] (361)

Here, the indicesl = 1, 2 and 3 represent the molecular axes, , m respectively, and
G,r = Pa(f;x) whereP,(.) denotes the second Legendre polynomial. In a lattice model,
fix represents the inner product of t}i& axis of a molecule with thé' axis of a nearest
neighbouring molecule. We present our analysis of thisrabsein Figs. 3.34(a)-().

The distribution of the total energy (per site) of the mitabss within a narrow range
(—2.25 £+ 0.0015) is shown in Fig. 3.34(a), while distributions of energy caments
G11 (0.37 £ 0.01), G (0.60 £ 0.07) andG33 (0.60 + 0.07) are successively shown in
Figs. 3.36(b)-(d). Clearly the fluctuations of these congis occur so as to conserve
the total energy within its width. The interaction energaséshe two molecular axes,
andm, with the corresponding axes of the neighbouring molecatesseen to fluctuate
more widely relative to the - axes coupling energies. Fig. 3.36(e) shows the variation o
uniaxial and biaxial order parameter values of the mictestavith respect t6+5, (Simi-
lar plots result with respect t6'33 as well). Interestingly, the fluctuations on either side

of Go9 about its average lead to an increase in the uniaxial orddreoiicrostates, with
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Figure 3.36: Micro-canonical data at = 0.65 as a function of energy per site (a) Mi-
crostate energy distribution (l8),,-distribution (c) Ga-distribution (d) GG33-distribution
(e) order parameters versas; (f) index of the eigenvector of maximum order of the mi-
crostatesA.

simultaneous decrease in their biaxial order. This observded to an examination of
the ordering tensorQee, Qe e, , @mm) Of the three molecular axes, determining their
respective maximum eigen values [15]. The eigen vectoresponding to the maximum
of these maxima is then taken as the primary order directatafnitic axis). Indexing

its direction asA (A = 1, 2 and 3) for the three possibilities of the ordering tessu

(e, e, m) defining the calamitic axis of the sample, respectively, masthe variation

of A with G, in Fig. 3.36(f) (a complimentary plot obtains witks;). In a small central
region ofGy, (0.60 + 0.01) a degeneracy of the top two eigen values (correspondinggto th
ordering tensors o, andm axes) is observed, and hence the calamitic direction seems
to fluctuate with equal probabilities within this narrow llalnetween the corresponding
eigen vectors (as an artefact of the inevitable roundingwirs during computation). For
fluctuations outside this region, Fig. 3.36(f) shows that ttegeneracy is lifted, and one
of the eigen vectors (of tensors ef or m) remains the unique calamitic axis depending
on the sign of the fluctuation, indicating that the corresjpog eigen value determines the

dominant order, which is mapped &, by definition. Observed decrease of the biaxial
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T

Figure 3.37: The long range order of the three molecular éxgs, , m) at \* = 0.65,

as a function of temperature. Tleeaxes show a dramatic increase in their ordering at the
second transition.

order on both sides of the fluctuation (Fig. 3.36(e)) is altesuhis circumstance.

Further insight into the nature of the second transitioric¢cte gained by plotting the
temperature variation of the long range order of the thres aepresented by square of the
maximum eigen values of the corresponding ordering ter(§ags 3.37). As expected on
this diagonal, these values match well tor andm axes, and progressively increase on
cooling. The long-range order of tleeaxes on the other hand increases significantly only
at the onset of the second low temperature transition. Hisseanhancement that seems to

be promoting the onset of the second biaxial phase with gablr macroscopic biaxiality.

3.7 Conclusions

In conclusion, we argue that, starting from the point K in.k81), the initial biaxial phase
condensing from the isotropic phase is the manifestatidgheotooperative modes induced
by the biaxial coupling of the , — m axes (second term in Eqn. (3.2.5)). The subsequent

biaxial-biaxial transition is mediated by the stabiliziefject of the long-range order of the
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moleculare-axes (first term in Eqn. (3.2.5)) brought into play at a lodsemperature. In
this context K(u = —1) appears to be a unique point where the strength of the eféecti
attractive coupling oé-axes becomes lower than the attractive biaxial couplirig@bther
two molecular axes, a phenomenon which continues‘ggogresses on the diagonal. As
the LP is reached, the former interaction progressivelgmgpears, thereby pushing the cor-
responding transition temperature to lower values and amal the first-order transition.
The existence and description of the intermediate phade matlong-range order of the
e-axes seem naturally to be out of the valid regime of the MBiheThe absence of the
signature of the second transition from the B-ensembledianiieéd fluctuations of the or-
der parameters (Fig. 3.35(a) and 3.35(b)), seem to be atecel The observed trajectory
in the configuration space derived from RW-ensembles istatiaely different beyond K
and is not accessible to the standard Metropolis samplipgraptly due to the onset of
barriers to the energy component fluctuations, originatiogh the lack of concomitant
onset of long-range order of the three axes (inhomogeneity)

The interesting discussions on antinematic interactiomggring the curious parameter
region TV [28, 38, 39] provide complementary arguments aslLi@ndau point is reached
from the opposite side. Finally, the existence of an in-gigle intermediate biaxial phase
of inherently low order (inhibited by inhomogeneities) seeto be a pointer to the diffi-
culties in experimentally realizing a stable, macroscdpaxial nematic phase. The MF
treatment also predicts the phase sequences expectedth®imgjectory interior to the
triangle as well, - at least in the fully attractive regiorubded by the dispersion parabola.
In view of the observation in this chapter pointing to deraas beyond point 'K’ on the
essential triangle (which translates to increase béyond a specified value, that too at the
expense of), we carried out similar simulational analysis along twajectories inside the

triangle. These results are presented in next chapter.

98



Bibliography

[1] M. J. FreiserPhys. Rev. Let24, 1041 (1970).

[2] J. P. StraleyPhys. Rev. ALQ, 1881 (1974).

[3] D. K. Remler and A. D. J. Haymed, Phy. Chem90, 5426 (1986).

[4] G. R. Luckhurst, C. Zannoni, P. L. Nordio and U. Segval. Phys.30, 1345 (1975).
[5] A. M. Sonnet, E. G. Virga and G. E. Durandhys. Rev. B567, 061701 ( 2003).

[6] F. Bisi, E. G. Virga, E. C. Gartland Jr., G. De Matteis, A. Bbonnet, and G. E. Durand,
Phys. Rev. EZ3, 051709 (2006).

[7] G. De Matteis, F. Bisi, and E. G. Virg&ontinuum. Mech. Thermodynamid®, 1
(2007).

[8] R. Alben,Phys. Rev. LetB0, 778 (1973).

[9] N. Bocara, R. Mejdani and L. De Sezk,Phys (ParisB8, 149 (1976).

[10] E. F. Gramsbergen, L. Longa and W. H. de Jelys. Repl35 195 (1986).
[11] P. K. Mukherjee,). Chem. Physl09 2941 (1998).

[12] David Allender and L. Longa?hy. Rev. E/8, 011704 (2008).

[13] G. R. Luckhurst and S. Romanidol. Phys.40, 129 (1980).

[14] M. P. Allen.Lig. Cryst.8 499(1990).

99



100

[15] F. Biscarini, C. Chiccoli, P. Pasini, F. Semeria and @noni, Phys. Rev. Let{5,
1803 (1995).

[16] C. Chiccoli, P. Pasini, F. Semeria and C. Zannom{. J. Mod. Phys. C10, 469
(1999).

[17] R. Berardi and C. Zannonjol. Cryst. Liq. Cryst396177 (2003).

[18] R. Berardi, L. Muccioli, S. Orlandi, M. Ricci and C. Zaomi, J. Phys.: Condens.
Matter. 20, 463101 (2008).

[19] Giovanni De Matteis, S. Romano and E.G.Virgay. Rev. E72, 041706 (2005).

[20] G. Sai Preeti, K. P. N. Murthy, V. S. S. Sastry, C. Chi¢cBl Pasini, R. Berardi and
C. ZannoniSoft Matter7, 11483 (2011).

[21] K. Severing, K. Saalwachter, Phy. Rev. L&®, 125501 (2004); L. A. Madsen, T.
J. Dingemans, M. Nakata, E. T. Samulski, Phy. Rev. [92f.145505 (2004); B. R.
Acharya, A. Primak and S. Kumar, Phy. Rev. Lé&, 145506 (2004); J. L. Figueirinhas,
C. Cruz, D. Filip, G. Feio, A. C. Ribeiro, Y. Frere, T. Meyer, 8. Mehl, Phys. Rev.
Lett. 94, 107802 (2005)

[22] K. Merkel, A. Kocot, J. K. Vi, R. Korlacki, G. H. Mehl and. Meyer,Phys. Rev. Lett.
93, 237801 (2004).

[23] N. Vaupotic, J. Szydlowska, M. Salamonczyk, A. Kovapy. Svoboda, M. Osipov,
D. Pociecha and E. Goreck&hy. Rev. E80, 030701 (R) (2009).

[24] K. Van Le, M. Mathews, M. Chambers, J. Harden, Quan LiTekezoe and A. Jakli,
Phys. Rev. E79, 030701 (R) (2009).

[25] T. Ostapenko, C. Zhang, S. N. Sprunt, A. Jakli and J. EeSbnPhy. Rev. E84,
021705 (2011).

100



Phase Diagram from simulations 101

[26] Mamatha Nagaraj, Y. P. Panarin, U. Manna, J. K. Vij, CitKend C. Tschierske,
Appl. Phys. Lett96, 0111106 (2010).

[27] F. Bisi, G. R. Luckhurst, E. G. Virg&hy. Rev. E78, 021710 (2008)
[28] G. De Matteis and S. Romano, Phys. ReVv7g.021702 (2008).

[29] F. Wang and D. P. Landa®hys. Rev. Let86, 2050 (2001); F. Wang and D. P. Lan-
dauPhy. Rev. B64, 056101 (2001).

[30] D.Jayasri, V. S. S. Sastry and K. P. N. MurtRyys. Rev. E72, 036702 (2006).

[31] S. RomanoPhysica A337, 505 (2004).

[32] C.Zhou, T. C. Schulthess, S. Torbrugge and D. P. Lanlays. Rev. Lett96, 120201
(2006).

[33] B.A. Berg,cond-mat0206333.

[34] R. H. Swendsen and J. S. Waith)ys. Rev. Let68, 86 (1987).

[35] K. Binder,Z. Physik. B43, 119 (1981); K. Binder, Phys. Rev. Le#7, 693 (1981).

[36] Robert J Lowkur. J. Phys23, 111 ( 2002).

[37] B. Kamala latha, Regina Jose, K. P. N. Murthy, V. S. S.ti§ga®hys. Rev. B9,
050501(R) (2014) .

[38] G. De Matteis and S. Romano, Phys. Rev8&.031702 (2009).

[39] S. Romano and G. De Matteis, Phys. Re\B8&.011703 (2011).

101



Chapter 4

A Wang-Landau Monte Carlo Investigation of
the Essential Triangle

4.1 Introduction

The results reported in the previous chapter bring out icerntderesting aspects of the
phase sequences predicted by mean field theory and WL-bimselhtsons, as a function
of the arc length\* (along OIV of the essential triangle). The simulated phasgience in-
volving I, Ny and N phases is qualitatively confirming with the mean-field phdiagram
proposed earlier, and the averages over equilibrium enssrobmicrostates from the two
sampling procedures (B- and RW- ensembles) are comparatbiie womputational errors
upto a certain value of*. The deviations of the present results from the proposedmea
field phase diagram [1] are qualitative for values\bf> 0.57 (point K on the diagonal). A
detailed analysis of this deviation, argued to be the camsece of increasing (at the ex-
pense of}\) in the interaction Hamiltonian, was possible thanks toNfteanalysis already
carried out on the trajectory.

However the Hamiltonian parameters corresponding to sesaéms are more likely to
be in the interior of the triangle: the arc OIV serving as ayveteresting boundary of
this space hosting pair-wise interactions supporfing symmetry. It may also be pointed
out that qualitative picture of the phase sequences exp&gthin the MF approximation
can be gleaned in the interior of the essential triangle [2].view of this information
for ready qualitative comparison, and because of the retsvaf the interior trajectory

to actual experiments, we carried out simulations, andlamdietailed analysis as in the
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Phase sequences inside the Essential Triangle 103

earlier chapter, along two trajectories: (i) segment IW reh& is the midpoint of OV and

(i) segment of the parabola OZT (see Fig. 4.1).

4.2 Segment IW

Figure 4.1: The essential triangle, depicting the two iotetrajectories along which de-
tailed simulations have been carried out. (i) IZW (b) OZT

The path IW inside the essential triangle at which simutegtivere done are shown in
the schematic in Fig 4.1. The uniaxial - biaxial couplingfGognt v on IW is half of the
the value on the diagonal 1V, for identicalvalues. We denote the arclength of the path

OIW as )\, given by\” = ) on segment Ol, and
r 1
A =-(1457)
3
where

(1—3))
4

")/ e
on the segment IW.
Initially Monte Carlo simulations (for L=20) were perforigh@t chosen points B1, B2,
B3, B4, Z and B5 along the trajectory IW (Fig. 4.2) and the hssiwom the two different
sampling procedures (B- and RW- ensembles) were comparéd. Téble 5.1 lists the

values of {/, \) and corresponding arc lengthsat these points for ready reference. Fig. 4.2
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Figure 4.2: Essential triangle, depicting typical valuds(g \) along IW (also see
Table.(5.1))

shows the location of these designated points schematicaslide the essential triangle.
The comparisons of the average values of observables edtaiom B- and RW-ensembles
at some of these points are shown in Figs.4.3-4.6. To keafishassion somewhat simple,
and more tractable, we present the data on the two major pedemetersi?, and 123, )
only, even though the corresponding variations of #gand 2, and their susceptibilities
are also computed and examined. It may be observed from&Rs4.6 that the specific
heat peaks and the order profiles obtained from the both dslespincide exactly (within
computational errors) for values af (e.g. at points B1, B2) which fall well within the
attractive region for the Hamiltonian (above the parabofajlight difference is observed
in the low temperature transition peak positions fovalues 0.6105R8; in Fig.4.2). The
order parameter profiles also betray this disparity ( Ff®)). It may be noted thaBs
has the sama-coordinate as the Landau point T, but half the value ofit®ordinate. To
complete this preliminary examination of the ensemblespvesent the results fox =
0.709 (B; in Fig.4.2), which is in the partly repulsive region of theatrgle, as shown in
Figs.4.6(a) and 4.6(b). The disparities between the pliedgbased on the two differently
sampled equilibrium ensembles are even more prominerti®walue of)\'.

In the light of above observations, we carried out a systensanulation study using

the entropic sampling technique (WL algorithm) along thgnsent IW in order to obtain a
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20 —RW
—B

5 A L

0 T T T T

05 10 _ 15 20
T

(a) (b)

Figure 4.3: Comparison of (a) specific heat (b) order paramatofiles obtained from
B- and RW- ensembles foY' = 0.477 (B, in Fig.4.2): Deviations observed at very low
temperatures< 0.25), common to all plots, have their origin from inadvatt®adequate
sampling of microstates comprising the entropic ensenabkese very low energy values.
As these deviations do not interfere with the interestingirgaof the graphs, recomputa-
tions were not attempted to correct for this, to save compgutme.

12.5 —RW 1.0 —RW
— B —B
10.04 0.8 2
~ 00
NmN
> 7.5 0.6
o 3 ’
T R
5.0 & 044 22
2.5 L 0.2
0.0 o S - M 0.0 . ; : 7
i ot . 0.0 0.5 10 o 15 2.0

(a) (b)

Figure 4.4: Comparison of (a) specific heat (b) order paranbfiles obtained from B-
and RW- ensembles for = 0.5666 (3, in Fig.4.2)
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0.5 1.0 T 1.5 2.0

(@)

Figure 4.5: Comparison of (a) specific heat (b) order paranbfiles obtained from B-

and RW- ensembles for = 0.6105 (35 in Fig.4.2)

(b)

12.5
1.01
10.0 ——RW, R, — B
J ° W
N
7.54 N
>
© 0
30.5
5.0 Tr RS,
”] g
0.0 T T T T 0.0 ¢ T T T
0.5 1.0 , 15 2.0 0.0 0.5 1.0 | 15 2.0
T T
(a) (b)

Figure 4.6: Comparison of (a) specific heat (b) order paranbfiles obtained from B-
and RW- ensembles fox' = 0.709 (B; in Fig.4.2, in the partly repulsive region of the

triangle.)
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Table 4.1: Coordinates of points B1-B7 and Z along the segii¢nf the essential triangle
(Fig.2)

Point v A A
B1 | 0.0859| 0.1719 | 0.4766

B2 | 0.1405| 0.14658| 0.5666

B3 | 0.1663| 0.1116 | 0.6105

B4 | 0.2045| 0.0606 | 0.674

Z | 0.2149| 0.0467 | 0.691

B5 | 0.2253| 0.0328 | 0.709

B6 | 0.2440| 0.0079 | 0.740

B7 | 0.2482| 0.0024 | 0.747

generic phase diagram inside the essential triangle.

4.2.1 Segment|Z: Range o' = (0.33 - 0.691)

WL simulations were carried out at 30 values ofon the segment IW, where the arc
length\’ ranges from 0.33 to 0.75. Temperature variation of the §ipdwat, and the two
order parametersi?, and R2,) in different ranges of\’, covering the segment IW, are
presented in Figs. 4.7 - 4.9. It may be observed from Figgajtand 4.7(b) that fon’
values in the range 0.33 - 0.456, a single isotropic-bigraasition takes place on cooling
from the isotropic phase. This transition splits into two liigher values of\’, (e.g. see
Fig.4.8(a) covering' range from 0.462 t0 0.610), with the low temperature tramsipeak
point being progressively depressed with increask ivalue. The variation of the order
profiles in this region, shown in Fig. 4.8(b), reveals an mwe@ing phase which is not
strictly uniaxial since the system exhibits a low valueRjf, at the onset of the transition.

By performing simulations at different sizes (L=10, 15, ,20r possibility that this could
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Figure 4.7: Comparison of (a) specific heat (b) order profiesalues of\ from 0.33 to
0.455

10 (b) \
——0.462
0.84 —0.476
8 ——0.504
% 064 ——0.539
——0.566
0.4+ ——0.588
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0.24 ——0.610
15 20
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(b)

Figure 4.8: Comparison of (a) Specific heat (b) order paran@bfiles for values of’
from 0.463 to 0.610
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be a finite size effect is ruled out. (It may be noted that fasthsystem sizes a pure
uniaxial phase condenses on thxis). The notable difference in the case of path IW,
relative to 1V, is that the degree of biaxiality (value &£,) remains fairly independent
of temperature, and the degree is the same for all subsegakms of " beyond this
threshold, until interrupted by a second low temperatuagdition leading to an onset of

appreciable biaxial order (Fig.4.8). The results of sirtiakafor X" values in the range

1.0 s
Y ——0.639
——0.657
< So06d —— 0674
4 ——0.691
0.4
0.2
0.0 .
‘ 0.5 1.0 15 2.0
(@)
0.5
‘ 0.41
o 03
~ ~N
W X 4o
0.1
- 0.0 . ; , .
0.5 1.0 1.5 2.0
: 0.5 10 _ 15 2.0
T T

(a) (b)

Figure 4.9: Comparison of (a) specific heat (b) order paramatfiles for values of’
from 0.639 to 0.691

0.639 - 0.691 are depicted in Fig. 4.9. Though these poiatgdry close to the parabola,
they are still in the attractive region for the interactioarhiltonian. It is observed from
Fig. 4.9(a) that the second specific heat peak shifts preigedg to lower temperatures
as the value of\" increases. Corresponding variations in the order paras)etBown in
Fig.4.9(b) confirm the shift of the second transition terap@re to lower values. However
it is observed that the equilibrium averages of order patarsén this region of\" are not
as smooth, and show discernible fluctuations in the low teatpee biaxial phase.

It is interesting to note that the intermediate phase psrtishave a small degree of

biaxial order ¢ 0.05) which (a) is not a finite size effect; (b) is fairly indepentd®f
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temperatures within the liquid crystal phase; and (c) dagsiapend on the values af.

This phase with temperature dependence typical of uniaxddr, but having a small and
constant biaxial symmetry{ 0.05)) , is designated ad,,» phase in our notation. On sub-
sequent lowering of temperature from this phase, the Hiaxter increases rapidly at the
second transition &f, and the lower temperature phase has macroscopically @iserv

biaxial order, for all values ok . The susceptibility profiles of the order parameter in this

2
0.004 + R 00
0.003 |
0.462
= o002} %
|
0001} _—2 ] k
610
0.000 . : . .
05 1.0 1.5 2.0
0.0015 |
2
R 22
0.0010 0.462
=
0.0005 4 o
e
0.0000 610

05 10 T 15 20

Figure 4.10: Susceptibilities(('s) of the order parameters for values)offrom 0.462 to
0.610

region are depicted in Fig. 4.10. It may be observed thaf#fjesusceptibility starts in-
creasing in the intermediate phase before showing a pelk &iw temperature transition
atT,. The fourth order energy cumulant,) data obtained along the path OIW are shown
in Figs. 4.11 - 4.13. It is observed that the- Ny transition remains strongly first order
for values of\" from 0.345 to 0.45. In the range af from 0.463 to 0.691 (i,e upto the
point Z in Fig.4.1), the high temperature transitiol gt from the isotropic phase (1) to the
orderedV, phase shows a first order nature. Subsequently, the low tetapeN,,, — N
transition seems to change gradually from first order toinapus nature, as seen fram
profiles in Figs.4.11 and 4.13.

An analysis of the above simulation data leads to the prdpdsaphase diagram along
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0.657
~ ——0.345
0.607
0.66 _|
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0.65 _|
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0.0 0.5 1.0 , 15 2.0

Figure 4.11: energy cumulaij for values of\” from 0.345 to 0.45
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Figure 4.12: Energy cumulai; for values of\" from 0.463 to 0.610
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Figure 4.13: energy cumulahi, for values of\" from 0.64 to 0.691

the path OIW, shown in Fig.4.14. We could report the data aply the value\' = 0.709,

as beyond this value (which falls into the partly repulsiggion under the parabola) the
computational times for the convergence of DoS are impraktiWe observe from the
temperature variation of order parameters that the groftiiaxial order appears to be
progressively inhibited ag’ value increases within the attractive region, and entegs th
party repulsive region on crossing the parabola at the pifithe free energy profiles,
plotted as a function of energy and order parameters (caddudm the DOS data), re-
flect the rationale for the impediments for the growth of tiexial order as the base of the
triangle OIW is reached. The free energy curves obtained f00.610 (Bsin the attractive
region) are shown in Fig. 4.15. These curves depict the dmaariation of free energy
as a function of energy and uniaxial order parameter. Hovyégevariation with respect
to R%, shows a small sharp well, (the edge being locate®t?at~ 0.02), and the family

of curves in Fig.4.15(c), as a function of temperature, shtivat it required significant
variation of temperature before the system could shifrée £nergy minimum away from
this restricted region. It appears that during this tenijpeearange, the system accesses
microstates with rather small but nonzero degree of bidgyjaonstrained however by free

energy barriers to attain higher degree of biaxiality fongiderable range of temperature.
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Figure 4.14: Phase diagram inside the essential triangfeggglath OIW

This circumstance seems to be manifesting as a corresgpodiious variation of?%, at
\'=0.610, as in Fig.4.5(b). We find that the development of $teghenergy barriers (with
respect tak3, at low values) and the requirement of the system to cool seffily to over-
come them before accessing higher macroscopically oldglervalues, is generic. All the
data collected in this region supports and corroboratesithalated order parameter pro-
files reported in the previous figures. It is very interestimat such barriers are exhibited
only along the path of biaxial order, but not along energy mexial order. This implies
a complex free energy surface in the 2-d space of order paeanoéfering initial barriers
to a significant development of biaxial order, until the systis sufficiently cooled. Figs.

4.16 - 4.18 demonstrate this view point.

4.2.2 Segment ZW: Range of' = (0.691 - 0.747)

We now present data obtained at B5, B6 and B7 (Fig.4.2), lyoe point Z. In this
region, the biaxial-biaxial tensorial coupling tevm— 0 asymptotically, leading to a spe-

cial case of the interaction Hamiltonian. The case Xor 0 was studied earlier through
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Figure 4.15: Representative free energy plotted as a fumcti (a) energy (%2, (c) R3,
at the point B3 §’ = 0.610, Fig. 4.2)
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Figure 4.16: Representative free energy plotted as a fumctii (a) energy (%2, (c) R3,

at the point B4 §’ = 0.674, Fig.4.2)
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Figure 4.17: Representative free energy plotted as a fumcfi (a) energy (b3, (c) R,
at the point Z §’ = 0.692, Fig.4.2)
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Figure 4.18: Representative free energy plotted as a fumcfi (a) energy (b3, (c) R,
at the point B5 §’ = 0.709, Fig.4.2)
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Figure 4.19: Comparison of (a) specific heat (b) order patanpeofiles for values ok’ in
the range 0.709 - 0.747 (L=15)

simulations [3]. It was found that in the absence of the laiakiaxial interaction term,
only a uniaxial phase could be obtained on condensation fr@risotropic phase. We
present here the simulation results in the casg et 0. The mean field analysis predicts
that the Hamiltonian is partly repulsive in this region axdladed volume effects play a
major role [4]. Due to the constraints imposed by computetidime, we could obtain
data in this range ok’ only for a smaller system, with L=15. (instead of L=20, asha t
earlier case). The specific heat and order parameter praféedepicted in Figs. 4.19(a)
and 4.19(b). The energy cumulants are shown in Fig. 4.20. It may be observed that
the specific heat profiles show evidences of two transitidime order parameter profiles
depict the onset and growth of uniaxial ordeflat for all values of)\’. The biaxial order
parameter increases At (in the biaxial phase) fok' = 0.709, but remains close to zero
for \' = 0.740 and 0.747. This behaviour is as expected from meahdigisiderations at
such values of’, very close to the base OW. The free energy plots\fer0.740 are shown
in Figs. 4.21(a) - 4.21(c). The free energy variation witsprect toR2, for A" = 0.740 again

confirms the presence of barriers for the growth of biaxideorat points close to the base
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Figure 4.20: Energy cumulaif, for values of)’ in the range 0.709 - 0.747 (L=15)
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Figure 4.21: Representative free energy plotted as a fumcti (a) energy (%2, (c) R3,
at point B6 (" = 0.740, Fig.4.2)
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Table 4.2: ¢, \) values corresponding tb,

>\Z Y A
0.15 | 0.12247| 0.015

0.2 0.1633 | 0.0266

0.25 | 0.2041 | 0.0416

0.3 0.2449 | 0.06

0.35 | 0.2657 | 0.0816

0.375 | 0.3062 | 0.0937

0.4085| 0.3335| 0.1113

OW. The biaxial state is obviously not stable at such paranpints of the Hamiltonian.

4.3 Dispersion Parabola OT

In this section we focus on a trajectory inside the essetrta@igle which corresponds to
dispersion approximation. In terms of the general quaderggamiltonian, the molecule
supports a single oscillator, and the corresponding iotena (which was studied [5]), is

written in terms of the single interaction parameXgras:
H = —e;{Pay(cos(B)) + 2Az(Rga(wij) + Rig(wig)) + 4N5 Ria (wi)} (4.3.1)
where the symbols have the usual meanings as describedatecia The parametex; is

related to they used in this chapter as:

3
Az = 57

Table. (5.2) lists for convenience the values~ofind A\ for different points on the

parabola, represented by representative values;pfupto the Landau point T. A cubic
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lattice of sizel5 x 15 x 15 units with periodic boundary conditions was used to perform
these simulations. The Metropolis sampling was used fdecthg the data to constitute
a canonical ensemble 6fx 10° microstates, after equilibration ovér< 10> Monte Carlo
steps. The WL simulation was then carried out (as per thelslefathe previous chapter)

extensively for fifteen values of; varying from 0.15 to 0.7. We present the results below.
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1.0+

0.8
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00
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— RW 0.5
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T T
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Figure 4.22: Comparison of (a) specific heat (b) order patanpeofiles from B- and RW-
ensembles foh, = 0.2

These results are compared in Figs. (4.22) and (4.23) forvales ofA; = 0.2 and
0.35. It may be observed from Fig. 4.21 that for the lower @&\, = 0.2, the average
values of observables from the two ensembles show goodragrée However, for\,
= 0.35, it is seen that though the uniaxial order paramet#ilps agree qualitatively, the
biaxial order obtained from the RW-ensemble (from WL siniola shows large deviation
from that of the Boltzmann ensemble. Noting from the TabRtBat this value of\; is
close to the Landau point T on the diagonal IV of the triandlig.@.1), this result is not
perhaps surprising. Such deviations should be expectedvelap, as the point on the

parabola approaches the diagonal, consistent with thenfisddf the previous chapter at
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Figure 4.23: Comparison of (a) specific heat (b) order patanpeofiles from B- and RW-
ensembles fok, = 0.35

the Landau point T.
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Figure 4.24: Specific heat fov; values (a) Range: (0.15, 0.4085) (b) Range: (0.42, 0.65)
(L=15, RW-ensembles)

We now present specific heat profiles from RW-ensembles) fovalues from 0.15
to 0.65 in Figs. 4.24(a) and 4.24(b). These profiles cledniywsthe evidence of two
transitions in the entire range of;. Of particular interest is the specific heat profile at
Az=0.4085 which nearly coincides with the Landau point at T.Mserve two transition

peaks in Fig. 4.24(a) at this value. The transitior¥at signifies al — Np; transition,
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whereas the low temperature transitioff gt signifiesNg; — N transition, as concluded

in the previous chapter.
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(@) (b)

Figure 4.25: Order parameter profiles fof values (a) Range: (0.15, 0.4085) (b) Range:
(0.42, 0.65) (L=15, RW-ensembles)

For all the other values of, the nature of the intermediate phase can be gauged from
the order profiles shown in Fig. 4.25(a), fof values in the range 0.15 - 0.4085. It may be
observed that biaxial order increases in the intermediaés@as\; value increases from
0.15 to 0.4085. The increase is maximum f1=0.4085, after which it starts decreasing
again as shown in the Fig:4.25(b).

It may be observed that th&%, susceptibility shows a finite and constant increase start-
ing at the transition af; for all values of)\;, except for\; = 0.2. The susceptibility
profiles for the order parameters are shown in Figs. 4.268. 4\&riation of the fourth or-
der energy cumulanit; with temperature at different values df is depicted in Fig. 4.29.

It appears that as; approaches the Landau point, the low temperature transtiows
weak signature of a first order transition. Based on the fipdwat and order parameter
profiles, we construct the phase diagram along the dispepsicabola, which is shown in

Fig. 4.30. This diagram is largely comparable to the mead pekse diagram extensively
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Figure 4.28: Susceptibilitieg§) of the order parameters fag, value 0.4085
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Figure 4.30: Phase diagram along the dispersion paralmtaRW-ensembles (L=15)

studied in literature [6] [7] [8] and which was confirmed whtetropolis Monte Carlo sim-
ulations [9]. However two major differences are broughtlmuthe present RW-ensembles.
Firstly, as was pointed out in the previous chapter, the harmbint now seems to host two
transitions in place of a single dirett— N transition: it now has an intermediate biaxial
phase of low order. Secondly, the symmetry of the internvgmpinase as one approaches
the Landau point T is not clear. Mean field prediction supgbtty earlier Monte Carlo
results suggest a simple and pure uniaxial intermediategoh®ur results indicate that
the symmetry of this phase near T is not purely uniaxial, bdbes acquire a small but
non-zero biaxial character. This discrepancy howevershas asymptotically as we move
away from T, towards the origin O ( or to higher values\gftowards 0.7). The curious
changes in the symmetry of the intermediate phase (f\gnto N+ in our notation) as
one progresses along the parabola towards T prompted dedetaamination of the spa-
tial variation of the orientational correlations of the malilar axes along this path, to be

discussed in the next chapter.
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4.4 Conclusions

In this chapter, two trajectories inside the essentiahgia are explored with entropic
sampling method, and compared with MF predictions as wedasfer results base on
Metropolis sampling procedure. The first trajectory is & ldrawn from apex | of the tri-
angle to the mid point W of the base OV (Fig. 4.1). We refer ® d&inc length OIW as
X', for purposes of discussion. As per MF treatment this lints both the trajectories of
C,C3 andC1Cs. Thus the phase sequences along this line IW should be afixadily sim-
ilar to that on the\-axis. In particular the direct transition from isotropachiiaxial phase
is expected to be interrupted by a uniaxial nematic phasertzbg value as increases,
and the temperature range of the uniaxial phase shouldgs®gely increase, suppressing
the second transition temperature, till the line cuts thealpala, at Z (Fig.4.1). Results
from mean field treatment in the partly repulsive region as lime IW are not available
for direct comparison, even though it is established thatibl phase would not be stable
at the point W [1, 10]. The phase sequences in the present quaktatively follow this
scenario, but with a curious deviation. The interveningdxial ” phaseN is not strictly
devoid of biaxial symmetry. Indeed all along the line, beydn (Fig.4.1), and upto point
Z, the onset of the uniaxial order is invariably accomparugé small, but unmistakable,
development of biaxial symmetry. We thus refer to this phes#, -, to make this subtle
distinction. This small degree of biaxiality of th€,, phase is temperature independent
within that phase, and is also fairly independent of its fimcain the trajectory beyond™ .
An examination of the free energy profiles, drawn as a funatidboth the major order pa-
rameters, show interesting features: while the free enaugyes show smooth variation of
the minima with respect t&%, as the temperature is varied, the cas&dfis qualitatively
different. These profiles exhibit free energy barriers at Values ofR?3,, which could be
overcome (thereby pushing the system to access regiongleéhand discernible order),
only after these initial barriers could be overcome on adersible cooling. Thus these

results show a complex free energy surface that developsdeitrease of temperature on
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a typical trajectory inside the triangle. It appears thatettgpment of aV,» phase with a
small biaxial order € 0.05) is expected, and the degree of this symmetry is restricted by
the free energy barriers till the system is permitted to s&€tieese regions of biaxial order.
Given that such barriers are strongly dependent on the §itee®ystem, it is a plausible
conjecture to suggest that in real systems these barrersareadily overcome (or equiv-
alently, requires significant cooling of the medium), anddeetheir biaxial order appears
to be restricted inherently. Under such circumstancesnegwider temperature ranges to
overcome barriers, real systems may have other competiagaations (like translational
degrees, influencing the phase sequence qualitativebreiftly , e.g layer formation). De-
viations of real systems from MF predictions [11] could @g® be understood in these
terms.

The second trajectory, the segment of the dispersion pear&o6T within the triangle,
is a curiosity. At the origin of the triangle the model cokas to the Lebwohl-Lasher
interaction. As the conclusions of the earlier chapteraatéid, it appears that the Landau
point T hosts the sequenc@sy — Ng; — I, alluding to the presence of a non-uniaxial
intermediate phase. Thus, as the set of interaction paeasgt \) are varied to traverse
the parabola (through a single parametg}, the scenario should change qualitatively as
to reach the observed phase sequence at the Landau pointptasigally. It is with this
objective that the phase sequences are investigated. Weéhanhdor lower values of\;
(< 0.25), the intervening phase is purely uniaxial (within compitaal errors), thus the
biaxial interaction acting only as a perturbation on the bugling. We find that the nature
of the intermediate phase changég,(— N,/) as\; increases. We conclude that in
the intermediate neighbourhood of T, the phase sequencé&’js+ N,» — I. While the
simulated phase diagram( Fig.4.30) is similar to the wetikn data on the parabola, this
subtle distinction regarding the nature of the interveriingaxial” phase perhaps need to

be made, besides ofcourse the qualitatively different@laguence at the Landau point.
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Chapter 5

A Study of Pretransitional Behaviour of Biaxial
Nematics

5.1 Introduction

The nematic - isotropic (NI) transition is a weak first ordamssition, a fact which is ex-
perimentally corroborated by the observed small chang&gent heat and volume at the
clearing transition, as compared to the melting transifiom the crystal to nematic phase.
Its features are well accounted for by the Landau-de Gemeesyt [1]. As a consequence,
large pretransitional effects, reminiscent of second ob@&aviour are expected to be ob-
served in the region very close to the transition. Physitaleovables like the intensity
of scattered light and birefringence in the isotropic phasar the clearing point vary es-
sentially as(T’ — T*)~! whereT* is the second order transition temperature [2]. These
guantities are observed to diverge at the isotropic-nemiansition temperature T Ey;.
In principle T* is not observable because it is preceded by a first ordernticanat 7y;.
Thus critical behaviour is observed very closeltg;, which cannot be satisfactorily ex-
plained by Landau theory which essentially considers tbe &nergy as a function of the
mean order parameter.

A nematic liquid crystal is characterised by the orientagimrder which develops at the
NI phase transition as the uniaxial nematic is cooled froenisbtropic phase. The amount
of orientational order, which develops in thermal equilibn, is given by the mean value
of the order parameter. However, any disturbance of thesystuch as a thermal fluctu-

ation, produces spatial variations of the order param&patial correlations between the
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local fluctuations of the order parameter from its mean vadfleence the thermodynamic
functions near a phase transition. The generalized Ladda@ennes theory (GLGT) of
the nematic-isotropic transition assumes these fluctosito be small, and the generalized
free energy density at each temperature is written in terfiniiseoorder parameter and its
spatial derivatives. The analysis of the the resulting laanftee energy in the Gaussian
approximation leads to the calculation of correlation tiots of the order parameter ten-
sor [3]. The pair correlation function has an Ornstein-derrform [4] and away from
the critical point the spatial correlations decay expoiadgi whereas nearer to the critical
point the correlations become extremely long-ranged, oking a power law behaviour

, like (1/r). The correlation lengtl§ is a measure of the distance over which the local
fluctuations are correlated, and can be estimated from §he@stic behaviour of the pair
correlation function. The correlation length is practigalero at infinitely high tempera-
ture, and diverges a8 — 7™ with a a critical exponent = 0.5. This divergent behaviour
of £ gives rise to the pretransitional phenomena mentionedeainathe isotropic phase of
uniaxial nematics.

A Monte Carlo study of the uniaxial nematic using the Lebowbhésher model [5] as
the prototype was instrumental in extracting the isotremiematic transition temperature
and also the correct order of magnitude of the deviatich\gffrom 7%, which is 1° K. The
transitional and pretransitional behaviour of the ordeapeeters and pair correlations were
studied and found to be in compliance with Landau-de Gerlmesy of phase transitions
in liquid crystals [6]. This study assumed the uniaxial néomt be made up molecules
with D, symmetry.

In the light of the recent experimental realisations of tiermotropic biaxial nematic
phase, in tetrapodes [7] and bent-core mesogens [8], thefdinis chapter is to explore,
as a preliminary exercise, the pretransitional orientati@rdering effects exhibited by a
biaxial nematic as it is cooled from the isotropic phase ugtoan intervening uniaxial
nematic phase to the low temperature biaxial phase, andiioate correlation lengths and

the critical exponents associated with béth N, and Ny — N transitions.
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Theoretically, the critical and multicritical fluctuatismn nematic liquid crystals were
studied within a mean field approach [9] by considering theeepparameter fluctuation
modes near the isotropic-uniaxial nematic and uniaxiakiai nematic transitions, after the
experimental realization of the critical points [10] andical opalescence in the nematic
phase [11]. The critical exponents associated with thexiadiiaxial nematic transition
in a model made of rod-like and disc-like molecules werenestied within the frame work
of Landau - de Gennes theory, and renormalization theorlgaditst order in the expan-
sion coefficient. On the experimental front, a recent dynamic light catgestudy from
orientational order fluctuations in a liquid crystallingrégode [12] revealed distinct re-
laxational modes associated with the uniaxial and biaxidoparameters. The measured
linear pretransitional temperature dependence of theunedparameters associated with

biaxiality is explained by Landau-de Gennes theory.

For the present simulation in this context, we consider & bialxial nematic made up of
molecules ofD,;, symmetry and the interaction between the molecules is asgtorbe in
the dispersion approximation for simplicity and convecmnThe interaction Hamiltonian
is parameterised in the (\) space, by the dispersion parabola OT of the essential tdang
(Chapter3, fig 1) [13]. The Phase diagram for this Hamiltorjied] predicts a first order
isotropic-uniaxial nematic transition at a higher tempane followed by a second order
uniaxial-to-biaxial nematic transition at a lower temgara. The biaxial nematic phase at
a given temperature and asis varied, is sandwiched between two uniaxial nematic phase
Ny, and Ny and a Landau triple point exists where the two second ordes Imeet the
first order line. At that point, a direct second order traositis predicted between the
isotropic-biaxial nematic phases [15]. The Landau trippenpoccurs for large biaxiality
parameter\; = % which corresponds to a switching of the molecular shape faom
distorted prolate to distorted oblate ellipsoid. It is alveel from the phase diagram that

the transition temperature is highest at the triple poihisTandau triple point corresponds

to the point ‘T’ in the essential triangle referred to earlie
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The pretransitional effects associated with the above ioesd transitions is particu-
larly interesting in view of the phase behaviour exhibitgdhe biaxial nematic on cooling
from the isotropic state. The phase diagram of the dispetdemiltonian has been dis-
cussed in detail in chapter 3 and we note thaiMpr> 0.2 the uniaxial state is characterised
by a small amount of biaxial order which starts developinthatisotropic - uniaxial ne-
matic transition itself. Thus the uniaxial phase exhibibydhe biaxial molecules ab,;,
symmetry does not appear at the mesoscopic level to be reitggtentical to the conven-
tional uniaxial phase formed due to the alignment of rod tik@ecules ofD,;, symmetry.
We expect that the pretransitional behaviour in the isatrphbase and uniaxial nematic

phase could show possible signatures of this development.

We adopt a lattice-based biaxial Hamiltonian in the disperapproximation for the
study the behaviour of a bulk biaxial nematic sample. We esnMarkov chain Monte
Carlo methods based on Metropolis algorithm to compute goversd rank angular pair
correlation coefficients in the three distinguishing dii@ts of the biaxial molecules as
a function of distance (in lattice units). The variationstbése parameters, at various
temperatures bracketing the transitions, quantify thecatibehaviour of the system near
the transitions. The characterisation of pretransitisigalatures is done with chosen values
of the intrinsic molecular biaxialitp; of the molecules, spanning the relevant part of the
phase diagram for this model [14]. The critical fluctuatiamshe close proximity of the
transitions at various points in the phase diagram are thtsireed and the results are
compared. In the following, section 2 briefly introduces katice model for the biaxial
system and provides details of our simulations. The resum#tpresented and discussed in

section 3 and conclusions are presented in section 4.

5.2 Model used and System studied

The lattice model within the dispersion approximation isu@tterized by the biaxiality

parameter\; (chapter 1). The resulting phase diagram predicts, on mgdhe sample
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from the isotropic phase, successive formation of uniaexml biaxial nematic phases for
non-zero values ol ,, with the isotropic-nematic transition temperature (efported in
appropriate reduced units) being essentially indepenafetfite parameteh ;. Focussing
on the selection of the parabola within the essential ttgrige spread of the intermediate
uniaxial nematic phase however is diminished gradually wicrease im\ 2, finally culmi-
nating in a direct transition to biaxial phase from the ispic fluid at(\; ~ 0.4) as per
mean-field predictions and Metropolis based Monte Carlaktions. The Hamiltonian is

given by (Chapter 1, eqn.(1.4.2))

H = —e;{Py(cos(B5)) + 2Az[Roy(wij) + Rag(wi)] + 4NZ Ry (wis) } (5.2.1)

whereg;; is the coupling constant which determines the reduced teatyre . (o, 3, )
are the set of Euler angleB’, are symmetrized Wigner function;(cos(f;;)) is Legen-
dre polynomial and\; is the shape biaxiality parameter, which determines theustnaf
molecular biaxiality.

The phase diagram of this Hamiltonian has a Landau triplatpi\; = % It is
known from earlier Monte Carlo simulations [14, 15]that thelecules are prolate in shape
for values of\; < % and oblate otherwise. The above expression is convenierust
as a function of inner products of different vectors speodythe orientations of different
moleculeqz;, y;, z;) With respect to those of the chosen laboratory fréaieY, ), and is

expressed as [15]

3 1
Usj = —6{51/33 — V6Az(Vi1 — Vaz) + A5 (Vi + Vaz — Via — Vi) — 5} (5.2.2)

Here V,, = (uq.vp)?, and the unit vectors,, vy, [a,b = 1,2,3], are the three axes
of the two interacting neighbouring molecules; sets the relative importance of the bi-

axial interaction in the Hamiltonian, while (set to unity in the simulations) defines the

*

kT

temperature scal@” =
€

), whereT™ is the laboratory temperature.
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5.3 Simulation Details

A cubic lattice (L=31 in lattice units) with periodic contdihs is considered as the bulk
sample for simulation. The molecules on the lattice sitestezated as liquid crystal
constituents which interact through the nearest neighbueraction potential given in
Eqgn.5.2.2. In order to compute the spatial correlationteibolecular axes, a molecule is
selected at a random site and the number of neighbours ahdest ranging from 1 to 15
lattice units are identified and arranged in successivdssbkincreasing radius. Markov
chain Monte Carlo simulations were used to equilibrate tra@e for different experi-
mental conditions, the experimental parameters for eaplererent being the biaxiality
parameter, and a given temperatuf® (in reduced units) chosen very close to the tran-
sition temperature. By adopting this sampling procedure canform to the established
phase sequence as a function)of [14]. Simulations were done for 3 sets & (0.2,
0.275. 0.35). The isotropic-uniaxial transition temperaf y; is approximately constant
(1.1, in reduced units) for all values af;, but the uniaxial-biaxial transition temperature
varies from about 0.15 to about 0.5 &g changes from 0.2 to 0.35.

A simulation experiment for a giveXy, consists of cooling the sample from the isotropic
phase to the biaxial phase and collecting the relevant dataiaus temperatures very close
to thel — Ny and Ny — N transitions. A total of 11 million microstates are sampleeach
temperature, out of which 1 million are used for equilibvatof the sample at that temper-
ature. At each temperature the correlation between thatatien of the chosen molecule
i at a given random site and its neighoseparated by a distaneg , having a relative

orientationg;; is calculated using the second rank angular pair correl@iefficient

Ga(rij) = (Pa(cos(By5))) (5.3.1)

The averaging is done over various shells surrounding 1B saredom sites at each
temperature. The angular correlations are computed fothitee molecular axes using

Egn.(5.3.1) in the isotropic state as the- N transition is approached from the high
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temperature side, at a temperature resolution@f1 (in reduced units) very close to the
observed transition temperatufe;. the same procedure is repeated at the uniaxial-biaxial
transition as the transition is approached from the highpemature uniaxial phase at the
same temperature resolution mentioned above. The spatiation of the correlation func-

tion G»(r) is fitted to the classical Ornstein-Zernike (OZ)form [6]

Galr) = <§>ea:p<—§> (5.3.2)

where¢ is the correlation length in lattice units. This length earvith temperature at the

transition as

E=AT-1Tp)™" (5.3.3)

where the exponent refers to the divergent behaviour of the correlation lengttthe
critical region.

The simulations are done for various values of the biayiglgrameter X, = 0.0, 0.2,
0.275, 0.35) so as to examine the effect of the degree of mialebiaxiality on the forma-

tion of nematic clusters at the— N;; and N;; — Np transitions.

5.4 Results and Discussions

For a given)\z, as the sample is cooled from the isotropic phase, the $gatigelations
Go(r) for the molecularr, y, z axes are calculated at various temperatures, below and
above the isotropic nematic transition temperature. InfaHewing discussion, these are
denoted as7 X (r), GY (r), GZ(r), respectively. At each temperature, the decay of the
correlation function is fitted to the OZ relation in Eqn. (2)Band correlation length at that
temperature is extracted, for each molecular axes. Thessaion lengths¢,, £, €.) for
(x,y, z) molecular axes are then fitted to the power law behaviour m 5 3.3) and the
exponent is estimated. This procedure is repeated coveringMhe- N transition as
well. The results and the analysisiat- N; and N, — Np transitions are presented in the

following subsections.
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5.4.1 I — Ny transition

Since the same methodology is applied for collection andlyaiseof the data at each value

of Az, we show a representative analysis of the data for0.35 at thel — NV, transition.
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Figure 5.1: Spatial variation of angular correlations dfestent molecular axes near the
I — Ny transition temperaturd/{ = 1.12) for\,=0.35

Figs.5.1(a) - 5.1(c) depict the spatial variation of therelation function at various
temperatures in the vicinity of thé — Ny transition, which are fitted to the Ornstein-
Zernike equation in Eqn.(5.3.2) for; = 0.35. The extracted correlation lengths at each

temperature are plotted as a function of temperature.

137



138

Equation |y =a*(x-Tc)* (-nu) 6 Equation  y = a*(xTc)*(-nu)
2.5 ]
Adj. R-Squa 0.99687 Adj. R-Squ 0.99768
Value  Standard err 5+ Value Standard Er
2.0+ 1k a 0.2659 0.01262 11k a 0.565  0.02626
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Figure 5.2: Fits of correlation lengths of different molkguaxes to the power law be-
haviour (Eqn.5.3.3 near the— Ny transition A ;=0.35)

Figs. 5.2(a)-5.2(c) show temperature fit of the correlatemgths to a power law be-

havior yielding the values of the exponents associated dviterent molecular axes.

Similar analysis is done at; = 0.2 and 0.275. The values of the extracted exponents,
are tabulated in Tables. 5.1 - 5.3. A comparison of the catigl lengths of the three

molecular axes at the— Ny, transition for various values of; is presented in Table 5.4.

5.4.2 Ny — Np transition

The fit of the spatial correlations to the Orenstein-Zermidation at theN;, — Np tran-
sition for A; = 0.35 is depicted in Figs.5.3(a) - 5.3(c). The plots (nowvahbere) for)\;

= 0.275 exhibit similar behaviour. However, similar study #,=0.2 at theNy;, — Np
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Table 5.1: Critical exponents and estimaigd values from angular correlations of differ-

ent molecular axes\(z=0.35)

Molecular axis v Tca
T 0.569+ 0.022 | 1.090+ 0.00148
Y 0.656+ 0.02454| 1.090+ 0.00187
z 0.676+ 0.01854| 1.100+ 6.44E-04

Table 5.2: Critical exponents and estimafed values from angular correlations of differ-

ent molecular axes\(z=0.275)

Molecular axis

v

Tcq

T 0.588-+ 0.01532| 1.104-+ 3.86E-04
Y 0.595£ 0.0188 | 1.090+ 8.5E-04
z 0.621+ 0.013 | 1.105+ 2.4E-04

Table 5.3: Critical exponents and estimafed values from angular correlations of differ-

ent molecular axes\(;=0.2)

Molecular axis

v

Tcq

xTr

0.552+ 0.0048

1.112+ 5.0E-05

Yy

0.534-+ 0.00325

1.107+ 7.12E-05

0.483+ 0.0181

1.115+ 1.85E-04
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Table 5.4: Correlation lengths for variodg at thel — Ny transition

A T — axis Y — axis zZ — axts
& Ter | &y Ter | & Tea

0.2 | 75 1118/ 643 112 79 1.12

0.275(5.79 1.117} 6.0 1.117/8.77 1.114

035] 23 112| 58 112|887 1.12

transition, shown in Figs. 5.4(a) - 5.4(c), shows a veryrggéng scenario. Large fluc-
tuations are observed in the correlation functiéhs (r) and GY (r) near theNy — Np
transition, wherea&'Z(r) is unaffected by the transition. Correlation lengths ateaexed

(as described previously) for; = 0.35 and 0.275. However, it was not possible to extract
the correlation lengths fok; = 0.2 as they could not be fit to OZ equation. Further, a
power law fit of the correlation lengths (that could be exidcfor A\; = 0.35 and\; =
0.275) could not be made satisfactorily for this value\gf indicating deviations from the
expected temperature variation near this transition.

Summing up these observations, it appears that a power langrfiiniscent of mean-
field expectation, could not be made foy = 0.35 and\; = 0.275 near theVy, — Np
transition. And\; = 0.2 seems to be corresponding to a cross-over region frararped
LL model to an established biaxial Hamiltonian. The stroegidtion from OZ relation, of
the spatial variations of the angular correlations at0.2, in the case of all three molecular

axes, seems to be a strong pointer to the manifestations aftissover.

5.4.3 Temperature Variation of Correlation Lengths

The variation of the angular correlation lengths of all tineee molecular axes as a function
of temperature at both— Ny and Ny — N transitions for\; = 0.275 are depicted in Figs.
5.5(a) - 5.5(c) and foaz = 0.35 in Figs. 5.6(a) - 5.6(c) respectively. It may be seen that

the correlation lengths of the short molecular axes douttleedow temperaturé/;; — Ng
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Figure 5.3: Spatial variation of angular correlations dfetent molecular axes near the
Ny — N transition temperaturd{ = 0.51) for\,=0.35

transition for both values of the biaxiality parameler (relative to their values at — Ny
transition), whereas the correlation length scale of theg lmolecular axis decreases com-
pared to its value at — Ny, transition. These observations are in line with the expiecta
regarding the effect of condensation of different phaseshenordering of the different
molecular axes. This behaviour indicates that the ordesiripe molecular long axisz(
axis) is achieved initially at thé — Ny transition. As the temperature of the bulk biaxial
liquid crystal is further cooled, the short molecular axes@dered at thé/;; — N tran-
sition. The long molecular axis appears to be unaffectedveéyaw temperaturéd’;, — Ng

transition.
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Figure 5.4: Spatial variation of angular correlations dfetent molecular axes near the
Ny — N transition temperaturd{ = 0.15) for\,=0.2

5.4.4 Effect of the Biaxiality Parameter)\y

The above discussion near the Ny transition and the results in Table. 5.4 are summarised
in Figs.5.7(a) - 5.7(d). A comparative study of the corielaiengths for molecular axes
(x,y, z) at various temperatures near the N, transition with variation of the biaxiality
parameter\, are shown in Figs.5.7(a) - 5.7(d). Referring to Fig. 5.7(&)fmd that on
comparison with a uniaxial nematis £=0.0) which exhibits correlation length scales of 4-
5 lattice units near the transition temperature, thesdtsdadicate that for a biaxial system,
nematic clusters of larger size are formed in the isotropase at the transition point. The
correlation length scales of theaxes decrease steadilygsincreases from 0.2 to 0.35, as

shown in Fig. 5.7(b). The correlation lengths #pandz axes remain relatively the same
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Figure 5.5: Variation with temperature of correlation lémgof different molecular axes
covering both transitions fox; = 0.275

for all values of\ ;.

5.5 conclusions

The characteristic lengths associated with angular atrogls of the three molecular axes
of a biaxial liquid crystal were estimated in this ChapteingsMetropolis based Monte
Carlo sampling method. We find that average correlationtteafithe molecular long axis
(z-axes) to be 8 lattice units, at tlhe- Ny transition. This value is approximately twice
that of a uniaxial liquid crystal ( 4-5 lattice units) repeditbased on the LL model under
identical conditions of lattice size and simulation cormmis. The correlation lengths of
y- and z-axes are independent of the value\gfat the/ — N transition. The length
associated with the molecular x-axes however is differdhts comparable for\; = 0.2

and 0,275, but significantly decreases Xgr- 0.35. The critical exponents for all the three
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Figure 5.6: Variation with temperature of correlation lérgof different molecular axes
covering both transitions fox; = 0.35
axes remain approximately in the range 0.55-0.6 af the/V;; transition.

The critical exponents could not be calculated atte- NV transition, since a temper-
ature fit to a power law behaviour was not found possible. IFinthe deviation (from OZ
behaviour) atVy; — N transition at\;, = 0.2 seems to be a manifestation of the cross over
region between the perturbed LL model and a strong biaxiahianian. As this point
lies very close to the-axis, the biaxial-biaxial coupling term (third term in egr2.1) and
the uniaxial-biaxial coupling term (second term in eqn.b).Bave competing effects on the
ordering of all the molecular axes, and it appears that assignment of corresponding

correlation lengths is not feasible.
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Chapter 6

Structures and Transitions in a Hybrid Biaxial
Nematic Film

6.1 Introduction

The topic of liquid crystals in confined systems continuedéoof great interest due to
the innumerable applications in the fields of liquid crysteplays (LCDs) [1], colloidal
dispersions in nematic matrix [2], photonics [3], LC biosers [4], to name a few. Liquid
crystals are increasingly being used as host materialoftmidal and nanoscopic particles
to form ordered structures at micro and nano scales whiclused as photonic crystals
and metamaterials [5—7]. The tendency of the anisotroguadicrystal molecules to align
parallel to one another aids in developing structural fetoetween the particles. The un-
derstanding of the interfacial properties of a liquid cayss crucial for the control and
improvement of optical devices which employ these soft nte The surfaces impose
boundary conditions on the bulk director resulting in cotiiga director structures. Usu-
ally electric fields are applied to induce textural tramsii, providing convenient method

of estimating the nematic-surface interaction strengths.

A liquid crystal cell is formed by confining the medium betwe®vo surfaces, called
substrates. The substrates are typically Indium Tin oxil®) coated glass plates which
are pre-treated to obtain the required liquid crystal atignt. This type of surface induced
alignment is called anchoring. When the liquid crystal noales are aligned such that the

long axes of the molecules lie parallel to the substrategylarplanar boundary condition
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Hybrid Biaxial Film 149

is obtained. On the other hand, if the molecular long axegparpendicular to the sub-
strate plane, a homeotropic boundary condition is realiZetiquid crystal film confined
between two planar substrates which enforce a planar anghairthe long axis (say, along
the laboratory Y-axis) at one surface and a homeotropicanul (say, along the labora-
tory Z-axis) at the other is called a hybrid film. The equiliton director structures obtained
in such films are a result of the various competing mechanmesent due to the antag-
onistic boundary conditions, the strength of interactiathvthe substrates, the ordering
interactions within the bulk liquid crystal, and the diseriethg effects due to temperature.
Hybrid films of uniaxial liquid crystals were extensivelyudied theoretically using
Frank elastic theory and Landau-de Gennes formalism [8thiwihe frame work of the
elastic theory the director is bent continuously from onbsstate to the other. It was
shown by Barberetal [9] that in such films the bent-director configuration ocooindy if
the film thickness is greater than a critical thickness aeiteed by the elastic constant (in
one- elastic-constant approximation) and the surfaceaoten strength. In thinner cells
the director field is uniform with the director aligned aloting easy axis of the substrate
with stronger anchoring. Pallfy-Muhorayal [10] showed that that in highly constrained
hybrid cells the boundary conditions can also be satisfied biyaxial configuration, apart
from uniform bending of the director field. A structural tegtion is predicted between the
two ordered configurations. Galaboxal [11] obtained the phase diagrams depicting the
dependence of the nematic order on the thickness of the meltree anchoring strength.
The stability of different structures in a thin hybrid nemé&tim was examined within a
Gaussian description of order fluctuations by Sarlkahal [12]. In a very thin film the
director field is not bent smoothly but exhibits a step likarmge if the anchoring at the
surface are strong and comparable in magnitude. A disasmtis structural transition to
the bent-director state is predicted with increasing filrokhess or decreasing temperature.
Experimental investigations were undertaken to study tleeteof confinement on the
isotropic-nematic transition temperature, orientatiarder enhancement and relaxation

times [13-16]. Surface force measurement [17,18] is a tdeehnique employed to study
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the effects of confinement.The first evidence of a hybrid &mat anchoring in NLC films
(thinner than 100 nm) using externally applicable mechadrgonstraint was obtained re-
cently using a surface force apparatus [19].

Simulations of confined systems of uniaxial liquid crysialsarious geometries [20—
23] have played a vital role in verifying the theoreticalgictions. Detailed computer sim-
ulations were carried out using off-lattice Gay-Berne pta#ds [24, 25] and lattice models
like Lebowhl-Lasher potential [26] to understand the bétawof such systems. A Monte
Carlo simulation study of structures and transitions inia tiybrid film confirmed the
existence of the structural transition between the bemiethr state and biaxially ordered
non-bent structure [22]. More recently hybrid films of unaxematic were investigated
using the conventional canonical Monte Carlo methods [B6]aso non-Boltzmann sam-
pling techniques [27]. Based on these simulation resudts,ttansitions are predicted in
the film, as a function of temperature. With decrease in thpegature, the first transition
occurs from a disordered phase to a phase-biaxial phasesatpetature higher than the
isotropic-nematic transition. The second occurs at a teatpe2 lower than this transition
temperature, from a phase-biaxial phase to a bent-diraetoatic phase.

With several recent attempts to realize biaxial nematicenmas [28—30], long after
their theoretical prediction by Freiser [31, 32], new avenior their possible use as fast
responding bistable devices are now being examined. Thespio biaxial nematic phase
found in liquid crystalline organo-siloxane tetrapodes][@nd achiral bent-core mesogens
[33] has prompted a search for suitability of these matef@lfast switching. In the biaxial
nematic phase, fast switching between different biremgtates may be possible because
the birefringence can be changed by a rotation of the shes, avhile the orientation of the
long axes could be kept fixed [34]. Recently, it has been aoefirexperimentally [35] that
the short axis and long axis of bent-core liquid crystal OBEBRC7 and ODBP-Ph-C12
could be independently switched on the application of acteéefield in the biaxial phase.
The switching time of the short axis was much faster thandhg bxis in response to the

applied field, as well as during its relaxation. These eteoptical experiments were done
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on thin cells of thickness;anm and suitably enclosed within substrates having a pretgtea
of 2°. The substrates are rubbed such that the long axes are jra@ilel directions. The
thin cell gap and the low pretilt angle ensure that the long axentation is strongly held
and thus promote a surface stabilized biaxial nematic ph@ke short axis is randomly
distributed around the director in zero field and switchef@same plane as the long axis
when the field is switched on. A subsequent molecular dynaiMid®) simulation of the
bulk biaxial Gay-Berne fluid under the action of an electr&di[36] has shown that the
switching of the secondary axis director is an order of miagia faster than the switching
of the primary axis director. Of course, this simulation vdasie as demonstration on a

bulk biaxial fluid.

In a more recent Monte Carlo simulation study [37] of biaxigbrid films, a medium
of biaxial molecules was enclosed within planar substrp&solating hybrid anchoring
influences from both sides. The anchoring is such that trentaiion of long molecular
axis is fixed as planar anchoring on one substrate and hoopgoanchoring on the other.
The short molecular axes directions are chosen such thatfelew the z-axis rotation
from one substrate to the other without introducing any @altl twist around the z-axis
(see Fig.(6.1)). This arrangement is denoted as type A fimcdavenience. The simula-
tion study, using Boltzmann sampling techniques, revealeent director structure for the
primary director in the uniaxial nematic phase, as expedteavever the growth of the pri-
mary order of the system in the biaxial nematic phase, anflubtiations of the relevant

order parameters in the biaxial phase turned out to varpuasly and needed further study.

In the light of the above observations we investigated tigtesn from different per-
spectives, and report our findings in this chapter. For exame investigated the effect of
removing anchoring restrictions on the molecular minorsaaieboth the substrates. Such
a film is denoted as Type C film. ('B’ has already been resergatbénhote a biaxial phase
and hence avoided). We investigated in detail with Markaircivonte Carlo methods the

thermal evolution of the above hybrid films for differentate anchoring influences at the
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substrates. The relevant order parameters and their fliasgquantified as their suscep-
tibilities) are measured both as bulk and layer wise proggras a function of temperature.
The effect of variation of the film thickness on the observahmeters is also investigated.
Boltzmann sampling is preferred, since its results withspeision Hamiltonian model are
extensively studied, interpreted and readily underst@&j, [and are reported to conform
to MF expectations in terms of the phase symmetries. In ¢fine tif earlier observations on
the outcome of employing Boltzmann sampling — a — vis WL sampling, the Boltzmann
sampling procedure on the dispersion parabola leads tsthblshed — Ny — N phase
sequences in the bulk medium, and provides a convenieméerefe to examine the relative

effects of a geometric confinement on its director structure

6.2 System under study

The system studied here is a planar hybrid film of biaxial rooles. We assigh.X, Y, Z}
axes to represent the laboratory-fixed frame &xdy, Z axes to represent the molecular-
fixed frame. We further assigndirection to represent the molecular long axis, while
the other two molecular minor axes are representegt &gdx. The film is obtained by
confining the biaxial molecules between two planar subesritken to be in the X-Y plane.
The substrate planes are positioned at Z=0 and Z=d (in datinsts)in the laboratory Z-
direction. The influence of the substrates is simulated tpducing two bounding layers
of molecules with the designated, but fixed orientatiorferred to in the literature as ghost
molecules [39]. We consider the two types of films A and C (axdbed earlier) which are
depicted in Fig. 6.1. The boundary conditions are such tletdng axis of the molecules
are hybrid-aligned (planar orientation at one substratehammeotropic at the other), but
differ with respect to the x- and y-axes of molecules. The pemary director structure is

retained in both films, which are examined below.

TYPE A FILM In this film, the long molecular axis is anchored so as to erpee

hybrid boundary conditions at the two substrates (plani&@ntation at one substrate and
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LL- Interaction

e L

Figure 6.1: (a)Type A Film (b) Type C Film

homeotropic at the other). With biaxial molecules we howestdl have to choose whether
the relative X, y) directions of the molecules are unchanged while the modeaéxis
undergoes & /2 turn. One configuration could be that y) axes follow thez-axis rotation
without a twist around the-axis. We refer to this configuration as type A film, as shown
in Fig.6.1. The orientations of the ghost molecules at the swbstrates (defining the
anchoring directions) are specified by the following:

Substrate 1z || Z,y || Y, x || X

Substrate 2z || Y,y || Z, x || X

TYPE C FILM  The molecular alignment at the two substrates is the samer as f
type A film, but the substrate molecules are allowed to imtevaly with the long axes of
the LC molecules, thereby effecting free boundary condgiat the two substrates as far
as thex-y axes of the LC molecules are concerned.

Of the two films, type C film appears to be the easiest to realizee it involves only

anchoring of the long molecularaxes at the two ends. The other variant (Type A) has
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boundary conditions which require special preparatiomefdubstrates with appropriately

oriented biaxial molecules.

6.2.1 Model Hamiltonian

The biaxial LC molecules are assumed to interact througlravisa additive lattice Hamil-
tonian [38] within the dispersion approximation, and is regsed in terms of generalised

Wigner rotation matrices as:
H = —ei;{ Pa(cos(By)) + 2Az (R, (wig) + Rig(wij)) +4A5 Ry (wi) } (6.2.1)

wheree;; = € is the coupling constant used to define the reduced temperatia, 5, v)
are the set of Euler angles which specify the rotations tody&pmed in order to bring
the laboratory frame of reference in coincidence with théemdar frame,R- = are sym-
metrized Wigner functions?(cos(5;;)) is the second Legendre polynomial akglis the
shape biaxiality parameter quantifying the degree of ma&diaxiality.

The phase diagram of this Hamiltonian has a Landau triplatpadi);, = % Itis
known from earlier Monte Carlo simulations [38] that the emlles are prolate in shape
for values of\; < % and oblate for\; > % The value of the biaxiality parameter is
chosen af ;=0.35 in this study, as it on one hand corresponds to a higtedex molecular
biaxiality, and on the other leads to a wide temperature gasfgthe biaxial phase, on

condensation due to cooling [38].

6.2.2 Simulation Details

A planar hybrid film of dimension$5 x 15 x d (d = 6, 8, 10, 12 ) layers is considered in
the present work. Periodic boundary conditions are appliedg the laboratory X and Y
directions, so as to minimize finite size effects. The anicigozonditions applied at the two
substrates (contained in the X-Y plane) depend on the spebidice of the film (Type A or
C), and their relative strengths can be chosen as requiedfdrrithg to Fig 6.1, the lower LC

layer experiencing homeotropic boundary condition on dmglmolecular axis is indexed
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ask=1 and the upper LC layer experiencing hybrid boundary damof the same axis is
indexed ak=d. The LC ghost molecules in the substrate layers (which gexeadt to the
two bounding layers of the LC medium) do not participate ia konte Carlo dynamics.
The interaction strength of the long molecular axis at the $uwbstrates are represented by
e, ande,,., ande,,. can be varied relative tq (which is set equal to 1). The temperatie

in dimensionless units is set by the coupling strergththe Hamiltonian (Egn.6.2.1).

In each simulation on a particular film, the reduced tempeeais varied from 2 to
0.05 in steps of 0.005, and at each temperature the film idileeuéed for5 x 10° lattice
sweeps (runs) while the data are collected over a produationf5 x 10° lattice sweeps.
The quantities computed are the average enéigye specific heat’,, the order param-
etersi?,, R2,, R3,, i3, as well as their susceptibilities, and layer-wise origataof the
local directors (average orientation over the layer) webpect to the laboratory Z-axis
(layer-wised)) and the azimuthal angle made by the local layer-wise diragith respect
to laboratory X-axis (layer-wise). We computed both layer-wise properties (to examine
the director structure and its relative changes) as welufisgyoperties (averaged over the
film) as a function of temperature for a fixed relative anahgstrength and layer thickness.
The simulations are then repeated by varying the thickrfésstimg length scale of the sys-
tem, and also varying the anchoring strength X to look for possible anchoring-induced

transitions among the different director structures.

6.3 Results and Discussion

For convenience, initially simulation results for films gpe C and A under strong anchor-
ing conditions §; = ¢,, = 1) are discussed under subsections: (a) Type of the film (b)
effect of variation of film thickness. The effect of varyirfgetanchoring strengt,. at the

second substrate is discussed under a different subse&tichoring transitions.
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6.3.1 Type of Film

In this section, the results for a fixed film thickness of 8 laya&re presented under strong
anchoring conditions. Figs.(6.2) and (6.3) depict theeysbrder parameters of Type C
film and their layer-wise variation and corresponding diseangles. Figs.(6.4) and (6.5)
display similar data for Type A film. The interpretation oktkdata turned out to be on
similar lines in all these films. Hence we discuss the typer@ iiil some detail to provide

bench marks for comparison of information from the other fililh may be noted that

whenever layer-wise angles of the local directors (witlpees to laboratory X or Z axis)

are plotted, the data in the isotropic phase, which are aatioally generated and plotted
during the course of the computation, should be obviouslgigd. We henceforth treat any
such display of data in the isotropic phase as inconselamtd ignore them for purpose

of discussion.

TYPE C FILM

As mentioned earlier, this film corresponds to a hybrid b@mpdondition on the long axis
(z of the biaxial liquid crystal molecules (Fig.6.1), whileetimolecular minor axes do not
interact with the substrate, and experience free boundarglitons. Fig (6.2) depicts the
specific heat profile, the system order parameters and theteptibilities as a function
of temperature. It is found from Fig. 6.2(a) that as the terafee is decreased from the
isotropic state, two transition peaks are observed inCtherofile - first at7; = 1.021,
and the second &, = 0.522, which signify thel — Ny and Ny — Np transitions, re-
spectively. The transition temperatures are lowered ingarmeon with the bulk transition
temperatures aft-; = 1.117 and7, = 0.5601, as a result of confinement. Fig. 6.2(b) de-
picts a comparative study of the growth of uniaxial or@y at thel — Ny, (T¢4) transition
as well as atVy; — Np transition ((») and the biaxial ordef2, at the Ny — Np transi-
tion, plotted as a function of temperature. Figs. 6.2(@{%.show temperature variation
of the four order parameters and their susceptibilitiese Whiaxial order parametdt3,

in Fig.6.2(c) starts increasing at; and displays a bent-director structure in the uniaxial
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nematic phase. The maximum value attained by the uniaxdalras 0.6 in this phase. The
slope of theR?, curve however increases abruptly at fiig — Np transition, below which
it steadily increases to a maximum value of unity.

The phase biaxiality parameter arising from the non-cylead distribution of the molec-
ular long axesR3, and the ordering along the primary director originatingrirmolecular
minor axesk?,, are shown in Figs. 6.2(d) and 6.2(e). As compared to théiregain a
bulk system (without confinement), we observe that thesanpeiers have non-zero values
in the uniaxial nematic phase between the Ny and Ny — Np transitions, obviously
a clear manifestation of finite confinement. Fig. 6.2(f) shale biaxial order parameter
R3,. The non-zero value at the onset of the N transition has been found to be a finite
size effect in a bulk system. A significant biaxial orderisgobserved only alv;, — Np
transition (-2), as is also evident from its susceptibility profile, whi¢tow/s a peak af-
at this temperature. The layer-wise variations ( for thefagdext=1 to d) of some of the
useful properties, plotted along with their counterpadgesponding to the total system
are shown in Figs.6.3(a)- 6.3(f). It is observed from Fig(8) that layer-wis&?3, values
vary smoothly and do not show the abrupt jum@at exhibited by the system value (i.e.
average over the film) and the order in all the layers asynugaibt reaches the maximum
value of 1.0 at the lowest temperature. Layer-wise vamatbR?3, also shows that the
middle layers k = 4 and 5), being least influenced by the substrate boundaresnost
effective in contributing to the critical onset of the or@ethe transition.

The layer-wiseR?2, and R, are shown in Figs.6.3(b) and 6.3(c). It is observed that they
have small, but non-zero values in the uniaxial nematic @limshe middle layers of the
film. Fig.6.3(d) depicts the system and layer-wise behavidbiaxial order. It is observed
that in the middle layer&3, starts increasing from the— Ny, transition itself, but shows
a significant increase only at thg, — Np transition.

The plots of the layer-wisé (Z-angle) (angle made by the layer-wise director with
the laboratory Z-axis) and layer-wige(angle made by the layer-wise director with the

laboratory X-axis) are shown in Figs. 6.3(e) and 6.3(f). Usmeg on the data only below
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the clearing point, it is observed from Fig.6.3(e) that astdmperature is lowered from
the isotropic phase, layer-wisevalues stabilise to certain fixed values after the Ny
transition. The value of this angle increases monotonidatim & = 1 layer to thek =

d layer, clearly indicating that the layer-wise primary di@ bends gradually from the
lower substrate to the upper substrate, exhibiting a beatir structure. The layer-wise
¢ angles depicted in Fig.6.3(f) show a sudden flip by approtetg)0° at thel — Ny
transition, particularly in the region of middle layers.i3kignals the onset of a long range
order, essentially confining the primary director to theolabory YZ plane, as the system
is cooled. The layer-wise angle profile also suggests tleabémding of primary director
takes place confining it to the YZ plane, and is not affectethieyV;; — N transition. It
also confirms the fact that the bent-director structureéuhiaxial nematic phase is purely

due to the restrictions on the geometry of the film, under tiodaring conditions imposed.

TYPE A FILM

In this film a biaxial interaction is introduced between th& Iolecules and substrate
(ghost) molecules, unlike the case of a Type C film. The ancgasrientations of the
molecules (with respect to the laboratory axis) are showngr6.1. Referring to Fig.6.4 it
is observed that all order parameter susceptibilities gt of 23, display fluctuations
in the biaxial phase, which are reflected on their (averaggrgrofiles as well. It may be
noted that the onset of biaxial order in Type A film occurs aatlyhe Ny — Np transition
unlike in the Type C film. The system and layer-wise variabbthe order parameters are
shown in Figs. 6.5(a) - 6.5(d). The layer-wiBg, values in Fig.6.5(a) do not fluctuate in the
biaxial phase and attain maximum ordering, unlike the sysisder parameter. The layer-
wise R%, and R3, have small, nonzero values in the uniaxial nematic phagdumiuate
significantly in the biaxial phase, showing the same behaas the system values &§,
and R3,. Fig 6.5(d) depicts the system and layer-wise biaxial ordtemay be observed
that the layer-wise biaxial order shows a non zero valueeat th N, transition and grows

gradually, whereas the system biaxial order develops drhedV;; — N transition. Both
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develop fluctuations in the biaxial phase similar to the othider parameters.

The layer-wisef and layer-wisep values shown in Figs. 6.5(e) and 6.5(f) depict a
similar gross behaviour as for a Type C film, but fluctuate isicantly at the Ny — Np
transition, indicating that while the degree of layer-wisder is relatively stable, its direc-

tion however is not.

A discussion on these two films (Type C and Type A, with=0.35) seems interesting
when the system as well as layer-wise evolutionggf on cooling are examined, as de-
picted in Figs.6.2(b), 6.3(a), 6.4(b) and 6.5(a). Theitaysuniaxial order parametef,
develop at the high temperature Ny, transition, and show a sharp increase attpe- Ng
transition. They tend to a saturation value close to unitgp\attemperatures, much like the
case in a bulk system which does not have geometric contstfaom boundary anchoring
effects. The layer-wis&2, values on the other hand (particularly theéiralues (Figs.6.3(e)
and 6.5(e)), vary smoothly across the second transitiontipgi to the bent-director struc-
ture. This puzzling result regards temperature variatioR’g at 7¢-, in conjunction with
smooth layer-wise director properties points to a distpussibility that the order terms
contributing to the primary director may be changindg/’at and system-wisét?%, corre-

sponding to the maximum eigen value direction (by operad@®nition) may simply be
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reporting this qualitative change in its direction. Thiseled to the computation of av-
eraged (over MC steps), maximum eigen valugsq, andg.) associated with the three
molecular axes (derived from the three system orderingpteidg, ., ), and(@).. respec-

tively), and the directions of their eigen vectors with resipto the laboratory frame, as a
function of temperature. The temperature variation of kined eigen values (scaled by 1.5)

was accordingly investigated, to resolve this puzzle.

Noting that the standard procedure of computing&fgvalues is to identify the max-
imum eigen value among all the eigen values of the individudéring tensors (scaled by
1.5) to get the degree of the uniaxial order, and the assateigen vector denoting the
direction of the primary director, we plotted the temperatevolution of the eigen values
for Type C and A films in Fig.6.6. Referring to Fig.6.6(a) foype C film, it is very in-
teresting to note that the onset of the second transitioi{#t0.51) leads to a dramatic
increase ofy, (maximum eigen value of the molecular y-axis), surpasdiegvalue ofg,
(maximum eigen value of the molecular z-axis). This impliex in reality the assignment
of the direction of primary director itself changesiat,. For temperatures above, it is the
geometrically averaged bent-director structure arisroghfthe ordering of the molecular
z-axes (long axes) with the eigen vector lying in the plangWi= 45° (with respect to
laboratory Z direction) ané = 90° (with respect to laboratory X direction). The primary
director is contained wholly in the YZ plane of the bent-dige. But the onset of the bi-
axial phase coincides with the crossing of thendg, values and what has been observed
below T, as the development ak?, to unity, unhindered by geometric constraints, is
the near perfect ordering of the molecular y-axes. Its eigeor makes angles ~ 90°
(with respect to laboratory Z direction) apd~ 0° (with respect to laboratory X direction),
which implies that the molecular y-axis is ordered alongléimratory X-direction. Cor-
respondingly, the eigen vectors of molecular x and z axes@mn&ined in the laboratory
YZ plane, mutually perpendicular to each other. Evolutibthe angles) and¢ of these
eigen vectors, at different temperatures and observedusadn of Monte Carlo steps af-

ter equilibration, bring out this curious development. Vajancture that this observation
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could be of potential use in applications, and will commentifer later.

In contrast, Type-A film which imposes boundary conditiomstbe minor axes of
molecules as well at both ends presents a very differentasicenWe refer to Fig.6.6(b)
showingg., ¢, andg, as a function of temperature in this film. At the onset of theosel
transition (o2 ~ 0.5) ¢, (~ 0.617) is higher than thg, andg, which have values- 0.536
and~ 0.447 respectively. But on further cooling, crosses the value qf (~ 0.632 at a
(reduced) temperatufE = 0.433), whileg, remains less thaiq,. At very low temperature
q. Saturates at= 0.87, whileg, andgq. reach a value ok 0.72. Eigen vector of, makes
angle ¢ ~ 45° with the laboratory Z-direction and ~ 90° with laboratory X-direction,
thereby indicating that the bent-director structure frowxis term is contained in the YZ
plane, as is the case in the high temperature nematic phaseu€ly the eigen vector of
q, makes angles ~ 45° and¢ varying betweeri)® to 90° as we cool from the uniaxial
nematic phase. This appears to be the effect of geometrimeoment of the molecular y-
axis, imposed by the anchoring on boundary. The molecuéatiyis thus in principle, bent
within the laboratory YZ plane, but its direction does fluadisibnificantly. The observed
fluctuations in the thermal averages®yj,, R, and 2, order parameters at the onset of
the biaxial phase (Figs. 6.4(c) - 6.4(d)) are to be seen asudtref this circumstance.
R2, does not show significant fluctuation since contributiortg@idering is mainly due to
the highly ordered molecular x-axis in the perpendiculanpl Our further observation in
the next section seems to indicate that this is due to thelsimaeous presence of bound-
ary conditions on the molecular x and y axes, as well as theenfle of cross coupling
term between the uniaxial terms (associated with the mtdeezwaxis) and the biaxial term

(associated with the molecular x and y axes) at this high loogipalue of A, = 0.35.

Case of vanishing cross-coupling term

In the light of the above contrasting results between theeTy@mnd Type A films, we now
investigate their counterparts, say, Type-CY and Typed&¥ése correspond to setting the

coefficient of the cross-coupling termy (2nd term in Eqn.6.2.1) to zero, but otherwise
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retaining the same boundary conditions respectively. @isly, this corresponds to choos-
ing a point on the\-axis on the {, \) plane of the general quadrupolar Hamiltonian at the
ordinate value of the dispersion pointigt=0.35. Details of the computations and presen-
tation of observable properties derived are similar to #rdier section, and hence are not
reported here.

The variation of the system order parameters along withr gwesceptibilities are pre-
sented in Figs. 6.7(a) - 6.7(d) for the Type-CY film, while &i§8(a) - 6.8(d) depict sim-
ilar data of Type-AY film. Temperature variation of tlleand ¢ angles (with respect to
the the laboratory frame) for each of of the layers are prteskin Figs.6.7(e) - 6.7(f) and
Figs.6.8(e) - 6.8(f), respectively.

Interestingly it is the Type-CY film that shows effect of ftregion on the onset of
biaxial phase al”’ ~ 0.5 (Figs.6.7(a) and 6.7(d) for example). To recall, this filmpdoys
a model where there is a uniaxial-uniaxial coupling term arlgiaxial-biaxial coupling
term, without a cross-coupling interaction. And, the filmarschored at the both ends in
a hybrid condition only in so far as the long molecular axesoiscerned, with the minor
axes experiencing free boundary conditions. In such a figrotiset of biaxiality curiously
leads to significant fluctuations of all orders, as evidermetheir average values and their
variances. Thus neglect of the cross-coupling interastimiween the two types of tensor
components in the absence of (stabilising) anchoring ohther axes leads to unstable
director structures.

On the other hand, Figs.6.8(a)-6.8(d) (corresponding Ap&lm) show that the full
dispersion model without the cross-coupling interactmypled with compatible anchor-
ing of the minor axes at both the ends, leads to a stable,-fr@isalirector structure in the
biaxial phase. It may be noted that a similar smooth vamaticthe two order parameters,
R2%, and R3,, with temperature is observed in Type C film (presence ofszomaipling term
in the Hamiltonian, and only long axes of molecules anchatdtlie substrate).

To investigate further, we computed the corresponding, andg. as a function of

temperature for types CY and AY films, depicted in Fig.6.9. iAthe case of Type C
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and Type A films, the sharp increase in the valugigf at the second transition is indeed
a signature of one of the eigen values of the minor axes exugdldat of the long axis,
and thus qualifying as the primary order parameter. In pralcterms, the direction of the
primary director relocates itself from the bent-directlane, (normal to the plane) after the

onset of the biaxial phase.
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Figure 6.9: Variation of maximum eigen values asociateti eéch of the ordering tensors
of the three molecular axeg, {/, 2), as a function of temperature for (a) CY film (b) AY
film

Obviously in both the CY and AY films, the hybrid nature of aadhg imposed on
the molecular z-axis pins the two ordering eigenvectorfi¢dl@boratory YZ plane, while
the third director axis (x-axis) coincides with the laborgtX-axis permitting unhindered
growth of its order in the low temperature phase.

The variation of these eigen values for the films CY bring deady the smooth vari-
ation of¢, throughout, the gradual development of noise in the otherdigen values and
the very significant fluctuations at the onset of the secamuktition. This seems to signal
that in the absence of anchoring of the minor axes at the sbst and when the uniaxial
and biaxial tensor components of the interaction are ddedyfhe long axis ordering de-
velops as a bent-core structure, while the ordering of theratvo molecular axes becomes
spatially unstable since there is no term either in Hami¢toror in the surface interaction

to fix the orientation of either of these axes bringing stghib their orders. The observed
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order parameter variation (and their susceptibilitiesjyho$ film (Figs.6.7(a)-6.7(d)), in

conjunction with their eigen values, support this scenatfibe film seems to be charac-
terised by a stable long range order contained in the YZ plaumdluctuating components
¢.. andg,, (max eigen values aof),, and@,,) as they move in and out of the plane. In
this process their system averages suffer varying degrgeashetric averaging, leading to

rather wildly fluctuating associated molecular orders.

6.3.2 Effect of variation of thickness

In this subsection we present the results obtained as ttlenss of the liquid crystal film

'd’ is varied. Typical dimensions of the films considered &bex 15 x d where 'd’ is set

to have values 6, 8, 10, 12 lattice units. These studies are,dmder strong anchoring
conditions at both the substrates, on two types of films: Flrand film A. Figs 6.10 -
6.11 depict a comparative study of the simulation resultaiobd as the thickness of the
biaxial film is varied as above, for each type of the film. FegkO(a) - 6.10(e) show the
effect of varying 'd’ on the experimental parameters like, R3,, R3,, R3, and R3, in

the type C film. The specific heat profiles become sharper agrshoFig. 6.10(a) as

the thickness increases (size effect). The uniaxial orderpeter??, slightly increases in
value in the uniaxial phase as the thickness increasefirggdhe bent director structure

for all thicknesses. Th&2, and R3, values decrease as the thickness increases (possible
size effect). The biaxial ordet, shows a slight decrease as the thickness is increased and
shows a marked increase in the nematic phase itself for aghiiim of thickness 6 lattice
units. Figs.6.11(a) - 6.11(e) depict the effect of varyimg thickness of the Type A film on

the specific heat and the order parameters. The behaviauamilarsto a type C film. From

the discussion of the earlier section, the measu2gfn a film C (all thicknesses) in the
biaxial phase reflects the degree of ordering of the molegubxis along the laboratory
X-axis. However, in film A, the measure &, is due to the ordering of molecular x-axis
along laboratory X-axis. In both cases, the onset of bidyifdads to a re-assignment of

the eigen value td3, qualifying as its primary director order. Accordingly, tHection
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of the primary director gets relocated.

6.3.3 Effect of variation of anchoring strength

In this section we present the results obtained when theoaimgjstrength,, ., at the second
substrate (imposing planar anchoring along laboratoryi¥-®r the long molecular axis),
is varied from 0O to 0.6, in steps of 0.1. Each type of film is damted at these anchoring
values €,.) and the experimental parameters are collected as the fitmoked from the
isotropic phase to the biaxial phase. The resulting difiptiemperature variation of the
system order parameters for a given type of film are comparenéstigate the influence of
€, on the equilibrium director structures. The plots depgtims study are shown in Figs.
(6.12) and (6.13) for Type C and Type A films, respectively. Miserve from Figs.6.12(a)
and 6.12(d) that for anchoring streng#)s=0.0, corresponding to a free surface and for
a low value ofe,,,=0.1, the uniaxial ordeR?, and the biaxial ordef, attain maximum
values of 1.0 and 0.5, respectively. The model is similartiolk sample with free boundary
conditions in one direction, and periodic boundary coodsiin the other two. Faor,, >
0.2 the primary director assumes a bent structure and the priarder attains a value with
an upper bound of 0.8 far,, = 0.2. A similar sharp difference is exhibited by2, as
well (Fig.6.12(d)) where the temperature variation qadliely changes from,, = 0.2
upwards. The order parametdt$, and 3, shown in Figs. 6.12(b) and 6.12(c), have very
low values at anchoring strengths 0.0 and 0.1, and they tdsbiiscreasing for anchoring
strengthe,,, > 0.2. Thus it appears that the film needs a minimum threshold amzho
strength §,. > 0.2) before director structures and its associated manifessttransit
to the bent geometry. The progressive development of tmsdieector structure with the
increase ot,,. is evident from the gradual decrease of the system primaisrqFig.6.12(a)
for example) in the uniaxial phase at any temperature.

We observe from Fig. (6.13) that similar effects occut,@£0.2 in Type A film as well.
Fig.6.13(a), for example, indicates again the influence,ofon the equilibrium director

structures in this film, culminating in a noisy low temperat&?,. As was pointed out in
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the last section, at the strong anchoring limjt.€1.0) theR%, in the biaxial phase of these
two films is determined by the ordering of the minor axes. Sg ams progressively varied,
at some defined value the calmitic axis should be changingfowe the eigen vector of
Q7 to that of Qxx (or Qyy). This results in these systems as development of a cusp at

Tco aSe,,, INCreases.

6.4 Conclusions

Equilibrium director structures in thin planar films, impaghybrid boundary conditions at
the two substrates on the molecular long axes (z-axes)neestigated based on a Hamil-
tonian model under dispersion approxiamation Xat= 0.35). Boltzmann sampling is
adopted so as to correspond to the established phase seqoeolging uniaxial and bi-
axial phasesp — Ny — I) in bulk samples. Two different films were considered: Type
A which imposes anchoring influences on the minor axes asasedit the substrates; and
Type C which does not. Very interestingly, Type C film leadsitstable, noise free, high
order parameter value fdeZ, deep in the biaxial phase region, and this order is due to the
near perfect alignment of the molecular y-axes in a direcperpendicular to the plane
hosting the bent director structure associated with thg foalecular axes. This scenario is
appealing for two reasons: the Hamiltonian model is raales it accommodates both the
perturbing interactions (last two terms in Eqn.6.2.1), sexcbndly the substrates are needed
to influence suitably only the long molecular axes, whichracfical. Under these conve-
nient conditions we find that in the biaxial phase, one caregga an in-plane order of
high degree involving one of the minor axes of the molecwiésle the bent director from
the long axis alignment is locked within the plane due to erfice from the substrates. It
appears to be a good candidate for further studies of swijchith external in-plane fields.
Type A film on the other hand is frustrated on entering intolitaxial phase, perhaps due
to competing energetic demands of the Hamiltonian and afuinkace anchoring involving

minor axes.
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The second set of films investigated are the counterpartsechbove: they retain the
corresponding boundary conditions as in Type A and Type ChauHamiltonian model is
modified though perhaps making it unrealistic. The crospliog strength in the second
term of Eqn.6.2.1 is set to zero, thereby choosing a systetheokraxis of the quadrupo-
lar Hamiltonian, resulting in these films AY and CY. In thissesa stable low temperature
director structure (without noise) is obtained in the badphase, and the high degree of
ordering (qualifying ask?, ) is again in the direction perpendicular to the plane hgstin
the bent director structure (of the molecular long axesk differnce however is that this
orientational order belongs to molecular x-axis, unlike drder (from molecular y-axis)
in the Type C film. In principle Type C and Type AY films have idieal evolution of the
director structures, but for this difference. It may be ddteat Type AY film is somewhat
impractical: the chosen point in the Hamiltonian paramspece rules out any interac-
tion between molecules involving cross coupling of the roolar tensors; and secondly
it also requires the substrates be suitably treated so asatdeethem to impose specified

anchoring influences on all the three axes of the surface LIigoules.

The interesting point from an academic view point howeveha a high degree of
order, eventually free from the director structure of theeotmolecular axes, develops in
the biaxial phase when any of the following conditions aré: riiae Hamiltonian permits
intermolecular cross coupling of molecular uniaxial araki|l tensors, but the surfaces do
not influence the minor axes (Type C), or the Hamiltonianrietstthe interaction only to
intermolecular biaxial - biaxial coupling, but imposestabie (and comparable) anchoring
influences on the minor axes (Type AY). Finally the case ofelgy film is curious:
here the tensor interactions are decoupled in the Hamgitoand there are no boundary
conditions on the axes involved in the defining of biaxiatrter The result is a relatively
free evolution of the orientation of the alignment axes ef@h y andQyy terms, resulting
in very unstable director configurations.

The effect of the variation of the thickness is marginal athhe same in all the three types

of films. It is also found that the sharpness of tfig peak increases as the thickness is
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increased (due to size effect). It is found that both the fd@sm to undergo a transition
in their director structures, as the anchoring strengtihatlanar bounding surfaces.
crosses the value of 0.2.

In summary, we conclude that the Type C film, involving raadi€ C biaxial molec-
ular system with simple hybrid anchoring conditions immbsaly on the long axes is a
potential candidate to generate a high degree of in-placieron the biaxial phase. This
arises from the long range orientational correlations efrtiolecular minor axes along the
laboratory X-direction, while the film is pinned to a bentetitor structure(of the other two

axes) in the laboratory YZ-plane.
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Chapter 7

Anchoring Transitions in Biaxial Nematic
Droplets

7.1 Introduction

Nematic droplets are formed by the dispersion of nematipldte of low molar mass in
a solid polymer matrix. This arrangement, called a Polymep€rsed Liquid Crystal
(PDLC), has been found to be very interesting case to stuoly) & fundamental research
point of view as well as applications. The PDLC system realidecades ago [1-4] have
several application in elctro-optic displays in the LCD uistty and are used in advanced
optical applications like large flexible displays, switblfawindows, paper-like displays
for electronic books, etc. The electro-optical performean€ the PDLCs depend on the
elastic properties of the liquid crystal used, the size efdloplet and its shape anisotropy,
the anchoring energy at the surface and the orientationgitate of the liquid crystal in the
droplet. Mean field analysis [5, 6] is employed to study thgétliscattering from a nematic
droplet which enables their use as optical shutters in abepto-electronic applications.
The stable phases in these sub-micron sized droplets havarestigated using Landau-
de Gennes theory and the dependence on the surface anchoeryy, droplet radius and
the sample temperature have been demonstrated [7, 8]. iEhgeally the PDLC was stud-
ied using Deuterium NMR experiments and polarisation nscopy [9, 10]. Anisotropic
diffusion of light in these systems [11] and orientationailtiplicity and transitions in these
droplets [12] lead to several applications in photonic desi[13], random lasers [14, 15].

Possible use in optically engineered diffractive struesuand devices [16] has led to a
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renewed interest in the PDLC devices.

Studies on topological defects of nematic droplets areesteng from the point of view
of mesophases in a confined environment [17]. A topologiegdat is a configuration of the
order parameter that cannot be transformed continuouaininiform state. It can occur
during a symmetry breaking phase transition, under anmextéeld or simply be a neces-
sary aspect of an equilibrium state. PDLC droplets reptgs@actical examples of systems
exhibiting topological defects which are of interest in maneas of physics [18-21]. The
molecular organisation in a droplet depends on the elastistants of the liquid crystal
used, the interfacial interactions at the nematic-polymierface, the temperature and ap-
plied external electric or magnetic field. It is charactediy the spatial dependence of the
director field and the scalar order parameter. The direastrilbutions are very sensitive
to the nature of the boundary conditions which in turn depamthe preparation methods
used. It is observed in uniaxial nematics that if the moleswre strongly anchored par-
allel to the surface and the elastic constants for splagttand bend deformations do not
differ significantly, a bipolar structure results with twoipt defects on the cylindrical axis
of symmetry. However, if the bend elastic constant is sma#flan the splay elastic con-
stant, a toroidal structure results. On the other handeifttblecules are strongly anchored
perpendicular to the surface, a radial director distrdouis obtained with a point defect
in the centre of the drop [8]. Nematic droplets suspendedigo@opic matrix, such as
polymer, water, glycerin or nucleating at the isotropicraagic first order phase transition
are examples of systems where surface anchoring resulgilioeium defect structures.

The ratio of the bulk elastic energy to the surface anchameggy determines the shape
of the liquid crystal droplet which is formed. Assuming aepbal droplet of radius R, the
elastic energy scales gg R (wherek is an elastic constant of the nematic medium) whereas
the anchoring energy scales|ag R*> wherew is the anchoring coefficient. Usually for a
uniaxial nematic the ratié/|w| is of the order of 1-10 nm, any macroscopic LC nematic
droplet is spherical in shape. When the radius R of the drema| such thak << k/|w|,

the elastic energy contributes more to the total free enefdgiye drop, there by inhibiting
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any spatial variations in the director distribution in thakb Hence smaller droplets behave
like a bulk nematic at the expense of violated boundary d¢m.On the other hand, for
large drops such that >> k/|IW|, the boundary conditions are satisfied at the surface,
leading to a surface induced distortion of the director fieldhe bulk, resulting in the
formation of hedgehog point defect at the centre of the dkHgnce the drop should have

a critical radiusk = k/|w| (in microns) to observe the formation of this point defetdpa
called a core in recent literature, in such systems.

Computer simulations have played a very important role enstudy of such confined
systems in the presence of complex geometries and boundadjtions where analytic
solutions are difficult to achieve. Monte Carlo simulatiaispolymer dispersed liquid
crystals composed of uniaxial nematic medium were perfdrezlier based on Lebwohl-
Lasher model [22]. These studies establish that the droplet nematic phase and under
strong anchoring conditions, is essentially radially oedeexcept for a small spherical re-
gion at the core, which has uniaxial nematic phase [23]. Thred the core region was
found to be independent of the size of the actual droplet [Rétently,a droplet of uniaxial
molecules confined to a radially anchoring boundary was lsitad using a Hamiltonian
model which explicitly incorporates the elastic propestod the medium as parameters in
the Hamiltonian [25] using Monte Carlo techniques [26]. Austural transition in the
director field, induced by tuning the anchoring strengtthatdpherical boundary was re-
ported. It was found that the splay elasticity of the mediuedrates the characteristics of
the core.

It is expected that the topological defect structure of failbxematics will be different
from uniaxial nematics in view of the lower symmetry of thevhal nematics. An earlier
theoretical study [27] predicts that a point hedgehog deflesuld not be stable in a biaxial
nematic . Itis also hypothesised [28, 29] predicts the faioneof a defect core region as
in uniaxial case, but the defect would tend to move to theasetf

More recently such a micro-droplet comprising of biaxialleonles was investigated

based on Monte Carlo simulations using a lattice model [Eorting interesting optical
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textures generated for different molecular biaxialitygraeter values ; and qualitatively
different boundary conditions under strong anchoring domts. The interest in the present
work is to complement this study with detailed informatiam director configurations in
such a biaxial droplet under radial boundary conditions asction of biaxiality param-
eter \; and temperature, as the anchoring strength at the boundifags is varied. We
adopt the Hamiltonian model used earlier [31] for this pwgand observe the formation
of the droplet (parametrized by the uniaxial and biaxialonarameters) as the sample is
cooled from the isotropic phase to the biaxial phase viarttexmediate uniaxial phase. We
report our results for four differenit; values representatively spanning the relevant part of

the phase diagram reported for this model [32].

In the second set of computations we investigate the effébesurface (radial) anchor-
ing strength on the droplet formation at different tempaes in the biaxial phase. These
studies also compare the elastic response of the uniaxéagshformed by the inherently
biaxial constituents at different; values (at appropriately high temperatures), with the
results on the pure uniaxial system (Lebwohl-Lasher mqueliding the reference points
for such purposes [26]. In the following, Section 2 brieflyraduces the lattice model for
the biaxial system and provides details of our simulatiofise results are presented and

discussed in Section 3, while the main conclusions are pteden Section 4.

7.2 Model and details of simulations

The present lattice model assumes the dispersion apprbaimas has been the case with
the earlier work [30], thus requiring one parametgrto assign the biaxiality at molecu-
lar level. The resulting phase diagram predicts, on codlegsample from the isotropic
phase, successive formation of uniaxial and biaxial neam@iases for non-zerd, val-
ues, with the isotropic - uniaxial nematic transition temgpere (all reported in appropriate

reduced units) being essentially found to be independetiteomolecular biaxiality. The
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temperature range of the intermediate uniaxial nematisghawever is diminished grad-
ually with increase in\z, finally culminating in the asymptotic limit of a direct trsition

to the biaxial phase from the isotropic fluid @s; — 1/1/6). The Hamiltonian is given by
H = —e;{ Py(cos(B5)) + 2Xz(Rgy(wij) + Ryg(wiy)) + A7 R55(wig)} (7.2.1)

Here,w(A, 5,~) is the set of Euler angles specifying the orientation of tidezule, andy;;
represents the relative orientation of th& pair of molecules.RZ = are combinations of
Wigner functions, symmetry-adapted for thg,, group of the two interacting particles [31,
33]. ¢ is the strength of interaction between the molecules. We itato be independent
of the choice of the specific pa#; = ¢ and set its value to this constant for nearest
neighbours on the lattice, and zero otherwise. The redwaagdrature is thus measured
in units ofe. The above expression is conveniently recast as a functiomer products of
different vectors specifying the orientations of differemoleculed z;, y;, z;) with those of

the chosen laboratory frami&, Y, Z), and is expressed as [32]

3

1
U = —6(5V33 —V6Az(Viy — Vag) + A5 (Vig + Vag — Vi — Vi) — 5) (7.2.2)

HereV,,= (uq.v5)?, and the unit vectors,,v, [a,b = 1,2, 3], are the three axes of the two
interacting neighbouring molecules. The value\gf sets the relative importance of the

biaxial interaction in the Hamiltonian, while(set to unity in the simulations) defines the

*

kT
€
Simulations on confined systems, based on lattice modals, st carving out the de-

temperature scal@’ =

), whereT™ is the laboratory temperature.

sired geometry from a sufficiently big cubic lattice. Oneateethe lattice sites within this
geometry as liquid crystal constituents participatingi@Monte Carlo simulation (namely
performing a Markov chain Monte Carlo random walk), while tithers are treated as sub-
strate molecules with fixed orientations appropriate toldbendary conditions, referred
to in literature as the ghost molecules [34]. The value;pfnvolving liquid crystal and
substrate molecules (on the condition of being neareshbeigrs), relative to that between

nearest neighbour liquid crystal molecules (set to unityhi& present case), represents
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the degree of influence of the surrounding medium imposinghdary conditions on the
droplet. We focus on the effect of a medium which enforcesabée degree of such an-
choring in the radial direction towards the centre of theptib In the first set of the
computations, where we investigate the equilibrium doestructures across the phase
diagram (by varying temperatures over the liquid crystallphases at different biaxiality
parameter values), we assume strong anchoring, and seirtiesponding ; (= ¢;) also to
be unity. In the second part, we focus on the effect of theatian of this coupling on the
director structures in the biaxial phase, at a few tempezatu

Adroplet of radius 20 (in lattice units) was consideredyedrout of a cube of sufficient
dimension, to allow for the ghost molecules. The equilibriensembles were constructed
following the Metropolis algorithm [35] for different conmations of temperature and bi-
axiality parameter (in the strong anchoring limit), witlpigally 4 x 10> microstates being
collected to constitute a representative equilibrium erigde after ensuring equilibration.

In the first set of simulations with strong anchoring coratiti\ ; was chosen at four
values (0.20, 0.25, 0.30, and 0.35); this provides esdbntanstant isotropic-uniaxial
nematic transition temperatuféjy, ~ 1.1), while the transition temperature from the
uniaxial to the biaxial nematic phas$é|y, n,) varied from about.15 to about0.5 as A
changed fron.2 to 0.35 [31]. The temperaturd’ at each of these , values is varied
from 1.2 to 0.1 in steps of 0.1. The physical parameters eir@st in this system are the
four order parameters which essentially quantify the ualaorder < R2, > (along the
primary director), the phase biaxiality R2, > (originating from the lack of azimuthal
symmetry of the long axes of the molecules), and the molecalatribution to the biaxi-
ality of the medium< R3, > and< R3, >. From the data we find that only R%, > and
< R32, > have appreciable values and reflect effectively the chaimgee configuration of
the droplet. For examining the formation of the core closelky extract from the equilib-
rium ensembles the values of these parameters (and thigingas) for different concentric
spheres within the droplet , as the radius of this sphererieddy a lattice unit starting

with an initial sphere of radius 2 lattice units. This helpghe identification of the core
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region, and its exclusive characteristics, once formed.

The second set of simulations are carried out primarily unlde conditions of high
molecular biaxiality 4 ; = 0.35), and in the biaxial region (beloWy,, ~,,), for differing
values ofe, involving the liquid crystal and substrate molecules. Enare varied from
zero (free boundary condition on the droplet surface) ipstdé 0.05, upto the strong limit

value of unity. These form the latter part of the results enésd below.

7.3 Results and discussion

Figs 7.1 - 7.4 summarize the variation of different intaregiparameters in the limit of
es=1. Figs. 7.1(a) 7.1(c) depict the temperature variatioxyat 0.35 of the uniaxial order
< R?, >, biaxial order due to molecular origin R3, > and its susceptibility, all shown
as a function of the radius of concentric spheres built withe droplet, while Figs. 7.2(a)
- 7.2(c) present in the same format the results\ge 0.30, 7.3(a)-7.3(c) fohz=0.25 and
7.4(a)-7.4(c) for\z=0.2.

We now focus on the competition between the intermolectuigniag interactions and
the disordering surface coupling for moderate anchoringesa We depict in Figs.7.5(a)
and 7.5(b), the variation o& R3, > and < R3, > across the droplet (averages over
spheres of increasing radius) in the biaxial phasd’(at0.1) at an intermediate value of
the anchoring strength,=0.25. The variation of susceptibility of R3, > across the
droplet in the strong anchoring limit; £0.1) at two representative temperatures within the
uniaxial phase, is shown in Figs 7.6(a) and 7.6(b), as theoutdr biaxiality parameter is
varied spanning the phase diagram of interest.

Finally, the effect of variable anchoring leading to a comfagion transition in the biax-
ial phase is presented in Figs. 7.7-7.8 ’gi=0.35. The variation across the droplet of the
two order parameters R3, > and< R3, > as well as susceptibility of R3, > ase, is
varied between 0 and 0.25 is studied. These represent at sifilbise data collected on or-

der parameters and their susceptibility, of different clive configurations, under differing
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conditions of temperature, molecular biaxiality, and amwaig strength.

Focussing on Figs. 7.1(a)£ = 0.35) and 7.2(a)X; = 0.30) representing the evolution
of the droplet director structure as a function of tempemtwe observe that in the temper-
ature region corresponding to the uniaxial nematic phaseewith appreciable uniaxial
order but of variable size forms, its size decreasingasgecreases (from about 10 lattice
units in Fig7.1(a) to 7 in Fig7.2(a)).

Figs. 7.3(a) and 7.4(a) show that this value asymptoticeliizices to about 4-5 lattice
units as\y is decreased to 0.2, and is very close to the value observétkicase of
uniaxial molecules (Lebwohl-Lasher (LL) potential) [2Zhus the uniaxial phases arising
from models of different degrees of molecular biaxiality seem to enforce significantly
different core sizes (all other experimental conditionmfehe same). These signal subtle
changes in the appropriate elastic property of the medibus &lluding to changes in the
elastic properties of uniaxial bulk phases found at difiére, values. For example, for
a medium of uniaxial molecules such core changes are atdlo changes in the splay
elastic energy [26].

Figs. 7.1(b) and 7.2(b) show differing resistances of thelioma, as proved by the
average biaxiality parameter R, >, (within biaxial regime of temperature) to allow
the surface induced disorder to percolate to the centrethfotwo \; values. At\; =
0.35, for example, a biaxial core forms once a biaxial phate ® (size estimated to
be about 8 lattice units, see Fig.7.1(b)), while a slightrelase of its value to 0.3 shows
that this scenario changes qualitatively and only a uniacoge is possible under these
conditions. The results &t;=0.25 and 0.2, shown in figs 7.3(b) and 7.4(b) only confirm
this observation.

Figs. 7.1(c) and 7.2(c) show susceptibilities<ofR?3, > across the droplet, exhibiting
a peak at the interfacial regions between the central cat¢remsurrounding medium. The
evidence for the formation of the biaxial core (under stranghoring limit,e, = 1.0) at\;
= 0.35 relative to 0.30, was further borne out by a compargfats susceptibility profiles

at these two values, depicted in these figures.
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Figure 7.1:Spatial dependence of order parameters and suscepmibidith ; = 0.35, at different
temperatures
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Figure 7.2:Spatial dependence of order parameters and suscemibiitih , = 0.3, at different
temperatures
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Figure 7.3:Spatial dependence of order parameters and suscepmibidith ; = 0.25, at different
temperatures
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Figure 7.4:Spatial dependence of order parameters and suscemibiditih , = 0.2, at different
temperatures
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Figure 7.6:Spatial dependence of fluctuations/tj, for different\, at (@) T=0.7 and (b) T=0.6

An interesting contrast is provided in Figs 7.5(a) and ?.5{here< R%, > and<
R2, > are plotted for different concentric sphere§at 0.1 (lowest temperature simulated
in the biaxial region) for differenf, values, but for a reduced anchoring strength ,of
=0.25. We immediately see from Fig.7.5(a) that at this reduegree of surface-induced
disorder, the biaxial medium at; = 0.3 has enough elastic resistance to sustain a biaxial
core of a magnitude comparable to that at 0.35. On the othet, @y 7.5(b) shows that
the droplet manages to have a uniaxial core of high order anteptible dimension for all
value of Az, but for the lowest value ok, = 0.2. At this value it tends to the asymptotic
LL limit.

In Figs 7.6(a) and 7.6(b) we present a similar comparisoratd th the uniaxial phase of
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Figure 7.7: Variation of (a) order parameters and (b) susceptibility<in?3, >, bracketing the
anchoring transition for various valuesqfat Az =0.35, T=0.4

the medium at two different temperaturds<£ 0.7 and 0.6), the relevant parameters being
the susceptibilities in<c R3, >, for different )\, values. The location of the interfacial
region between the uniaxial core and the rest of the dropl&is high temperature uniaxial
nematic phase, and its progressive shift towards outeomsgas the inherent molecular
biaxiality is increased in the model, are again supportivine observations made earlier

based on Figs.7.1(a) and 7.2(a).

Anchoring Transition We study the formation of the core region in the biaxial phase
at two temperatured(= 0.4 and 0.2) ak; = 0.35, as a function of, (varying betweeit.0

and0.25, in steps 0f).05). We present the variation ef B2, > and< R3, > for different
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anchoring strengths, and the corresponding variationefttisceptibility of< R3, >, at

T =0.4in Fig.7.7, and a" = 0.2 in Fig.7.8. From Fig. 7.7(a) we notice that both the
order parameters show a qualitative change in their spgisaibution as, changes from
0.1 to 0.15. Fig7.7(b), depicting the spatial variation lvdé susceptibility in< RZ, >,
interestingly indicates that the interfacial region foramy whene, increases beyond 0.1,
below which it monotonically increases as the size of theesplunder consideration in-
creases, reaching the edge of the droplet. This is the sodppically expected in a simple
bulk-like medium with weak antagonistic boundary condis@t the boundaries of this ge-
ometry. Both these results together indicate that the dtaphdergoes a configuration
transition at some threshold value lying in between thesevaues, at this high value of
Az. The evidence suggests that at this anchoring inducedticanghe droplet splits into
a biaxial core region with a size of about 10 lattice unite(5e&y.7.7(b)), and the core is
characterized by typical value of order parametersik?, >~ 0.85 and< R3, >~ 0.35,
at7 =0.4.

Figs. 7.8(a) and 7.8(b) depict such variations at a loweptraturel’ = 0.2 (at the same
biaxiality parameter). We notice that at this temperaturalitptive changes have taken
place even at a low value ef= 0.05 itself. As may be seen from Fig.7.8(k), R3, >
shows a dramatic decrease from a nearly uniform biaxiafibigton (at a higher value of
< R2, >~ 0.45) of an unperturbed system, £ 0), at the slightest of perturbation from
the surface. The uniaxial order of the core (withR?, >~ 0.95) also shows a qualitative
change with this slightest increaserin(from 0.0 to 0.05). Further, the profiles af R3, >
(Fig.7.8(a) also seem to betray the possibility of a secowtharing driven transition also,
between 0.15 and 0.20, with such accompanying changesiy, > as well. Fig.7.8(b)
brings out the qualitative difference between the sameletrapthe two different tempera-
tures more clearly. Unlike & = 0.4, the susceptibility irc R3, > shows evidences of an
interfacial region (dividing the droplet into two distingarts) even at¢, = 0.05, supporting
the results of Fig.7.8(a).

These observations, coupled with data at this value of &ligxibut ate, = 1.0 (see
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Figure 7.8: Variation of (a) order parameters and (b) susceptibility<ink3, >, bracketing the
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Fig.7.1(b)), suggest that as the biaxiality assumes highleles (at a given biaxiality pa-

rameter, say), the droplet is less compatible, from energensiderations obviously, to
even the slightest antagonistic perturbation of the medrom the bounding surface, forc-
ing the medium to undergo anchoring driven transition(s)d Ahe droplet size seems to
shrink (though nominally, see Fig.7.1(b), at the stronghanig limit) as the biaxial order

firms up more at low temperatures. This makes an interestidgantrasting comparison
with a medium comprising of uniaxial molecules, whereindogiven anchoring strength
and big enough droplet, the core grows in size with the deereAtemperature since the

corresponding< R30 > increases, and so does its elastic resistance.

7.4 Conclusions

We studied a spherical droplet of a liquid crystal compgsai biaxial molecules whose
phase diagram includes a low temperature biaxial nematisghthe extent of which can
be varied by a single parametgx,) in the interaction terms. We investigated the for-
mation of different director configurations, quantifyirgetn with spatial variations of the
relevant order parameters and their susceptibilities. Mf@articular focus on the forma-
tion of a central core region bearing the characteristichefnematic region compatible
with the corresponding experimental conditions, spantimgphase diagram (i.e. as a
function of \; andT). We examined the spatial variation of the uniaxial 23, >) and
biaxial (< RZ%, >) order parameters (and their susceptibilities) to infesuabinteresting
subtle changes in its structure. We supplement this effovilying the anchoring strength
at chosen values of; (we present results fax; = 0.35 here), and make an attempt to
correlate its behaviour under different experimental domas. We find that the uniaxial
phases formed at high temperatures at diffeventvalues are quantitatively different in
their elastic behaviour, and tend to the Lebwohl-Lashenbielur as\; tends to zero. Itis
also known in the uniaxial regime that a higher inherent o(dg, say, lowering the tem-

perature) leads to bigger core (other conditions of analgdoeing the same) owing to an

199



200

increase in the relevant elastic energy density. In thei&iaggime, this does not seem to

be true, and if at all it seems to be the opposite [36].
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Chapter 8

Conclusions

The work reported in this thesis is directed towards an imyason of the biaxial liquid
crystal system with Markov chain Monte Carlo techniques. eheral quadrupolar lat-
tice Hamiltonian model is chosen for examining the phasgrdia in bulk systems, and
its simplified variant under dispersion approximation isdiso investigate the effects of
geometric confinement in the biaxial phase. Both these Hanmi@n models have been
studied earlier in some detail with molecular field theorynasl as conventional Monte
Carlo simulations. Monte Carlo strategies for the presemkvare chosen depending on
the requirement. Phase diagrams of bulk systems are exdwisentropic sampling pro-
cedure, which is geared to obtain the density of states o$ystem though an elaborate
scheme of asymptotically vanishing guided random walk enabnfiguration space of the
variables of the Hamiltonian. The entropic ensemble (EShmfrostates collected dur-
ing a long random walk guided by the computed density of sidtehich are reasonably
uniformly distributed with respect to the system energgg,then utilized to extract equilib-
rium ensembles and hence their average physical propefiesconfined systems, simu-
lated with a dispersion model (chosen for its simplicity asthblished bulk behavior ), are
investigated employing Metropolis algorithm, which pra®s algorithmic guidance so as
to achieve asymptotically a Markov sequence of microstapsesenting the equilibrium

Boltzmann distribution. The conclusions from these stsidi® summarized below.

The investigation of the bulk biaxial system along the bargaf the so-called essen-

tial triangle, employing entropic sampling technique (Wdrandau algorithm combined
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with frontier sampling) has lead to the detection of an imediate biaxial phase of an in-
herently low order in certain regions of the parameter spdeae a direct isotropic-biaxial
phase transition has been predicted based on mean-fielchéneizof the model. The tem-
perature range of the intermediate phase increases ghadi@ig the lambda-star axis,
thereby pushing the second transition (whose onset is foeaihelad to a second biaxial
phase with measurable degree of biaxial order) to progrelgdower temperatures. An in-
teresting outcome of this work is the observation of twosraons at the Landau point (T
on the diagonal), which traditionally is expected to hosirad isotropic-biaxial transition.
The origin of this additional phase is attributed to the latkoncomitant development of
long range order of the three molecular axes (manifestimghesent inhomogeneity within
the system), arising from the vanishing attractive coupbhshort molecular axes at this
point. The detection of the low temperature transition p@ak made possible with the
entropic sampling procedure. This methodology appear® tpdsticularly successful in
accessing all microstates associated with the system ae¢a wital energy (within a narrow
band of course, approximating to a micro-canonical enserobktates). In this process,
the rare fluctuations of the individual energy componeniilé retaining their sum to
correspond to the fixed total value) could be captured. hegaresence of these rare states
at each such total energy value (particularly in the eneegyons corresponding to the
intermediate biaxial state reported), that seem to canteiualitatively differently to the
canonical averages, thus manifesting as deviations both fhe mean-field expectations

and simulation results from the Boltzmann sampling methods

These studies are extended to encompass more realis&rs/bly choosing two tra-
jectories in the interior of the essential triangle. Thetfirgjectory drawn from the apex
bisects the base of the triangle (line IW depicted in thengri@), whereas the second tra-
jectory is a segment of the dispersion parabola (OZT). Timelsition results along the two
trajectories confirm qualitatively with the mean field piatins inside the triangle, but
with a deviation. Starting from a poirdt " on the first trajectory, the intervening uniaxial

phase in the predicted sequentg — Ny — I seems to possess a detectable degree of
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biaxial symmetry, though very small. We differentiate tpiese (which is not in principle
uniaxially symmetric anymore) as;.. The free energy profiles obtained in these regions
point to the existence of barriers, exclusively to the depeient of biaxial order, neces-
sitating further cooling in order to access higher (bigxater regions. The traversal on
this trajectory led to the exploration of the partly repuésiegions of the Hamiltonian pa-
rameter space as well. The free energy profiles obtainedsmefion offer evidences for
the origin of the disappearance of the biaxial phase as thedbibiaxial coupling strength
(A) tends to zero. The simulations on the second trajectoryt pmihe possible changes in
the nature of the intervening uniaxial phase froi to Ng, to Np;, as we traverse on the
parabola from the origin O of the triangle (case of pure uilecoupling among molecu-
lar z-axes : Lebwohl-Lasher model) to the Landau point T&aafspure biaxial coupling
among molecular y- and z-axeg-model aty = 0).

In order to investigate further these curious observatomibhe dispersion parabola, we
have studied the pre-transitional behavior of the bulk lalaxematic near the isotropic-
uniaxial and uniaxial-biaxial phase transitions at thratigs of the interaction parame-
ter Az, using the conventional Monte Carlo sampling. The averageetation length of
the long molecular z-axes was found to be of the order of &é&atinits at the isotropic-
uniaxial nematic transition. The correlation length foe tholecular y-axes was found to
progressively increase (and become comparable to thaeahtilecular z-axes), whereas
the correlation length for the molecular x-axes was foundawwespondingly decrease, as
Az value increases along the parabola. These correlatiothigrguld not be estimated
at the uniaxial-biaxial nematic transition for lower vaduaf )\ 7, as the corresponding spa-
tial functions fail to follow Ornstein-Zernike behaviom this respect); ~ 0.2 seems to
indicate the cross over region from a perturbed LL model ttr@eng biaxial interaction
Hamiltonian model.

From the above results on bulk systems, it appears that teetas of an intermediate
biaxial state but with a very low inherent biaxial order, grtain regions of the Hamilto-

nian parameter space, could offer a plausible rational¢himexperimental difficulties in
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realizing the biaxial nematic systems. The inference thadrges is that large enough val-
ues ofy (promoting cross-coupling between the uniaxial and bidri@sor components of
the neighbouring molecules) could interfere, by suppresking range orientational cor-
relations of molecular axes, with the process of develogroesignificant onset of biaxial
order. That consequent inhomogeneity in the system at asoegit level could be contra-
vening the provisions of the mean-field treatment (and tlwesanting for the deviations
found in the present work) is at this stage a plausible argun\e feel that further work
is needed to investigate this aspect of the problem. Fromdh of view of entropic sam-
pling technique per se, the demonstration of the power oatberithm, to seek out rare
fluctuations among the different energy components oveireggtheir internal barriers (at
a given total energy within a small band) leading to qualitdy different canonical aver-
ages, is noteworthy and new, and seems to be conceptuddyedtit from what is generally

appreciated hither to from its application to other systems

The behaviour under confinement was studied by considerimghad planar film of
biaxial nematic. Two types of films have been simulated egiptpMetropolis sampling
technique based on the dispersion Hamiltonian. The firstifilanbiaxial nematic confined
at planar substrates exerting hybrid boundary conditiaich ghat it imposes anchoring
influences on the three molecular axes (Type A film), whereasécond film imposes an-
choring only on the long molecular axis (Type C film). The bdary conditions for both
films for the long axis promote a bent-director structuretf@ primary director (of molec-
ular z-axes). Under these conditions we find that in the bigpfhase we can generate an
in-plane order of high degree involving one of the minor aakthe molecules, while the
bent-director from the long axis alignment is locked withiplane due to the anchoring
influence of the substrates. Type C film with free boundaryd@gns for the short molec-
ular axes (and which seems to be more readily realizableriexpetally) promises to be a
good candidate for switching experiments with in-planemdl fields. Type A film on the
other hand is frustrated on entering the biaxial phase. Tkets of varying the thickness

and the anchoring strength have also been studied in soriéfdeboth the types of films.
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A droplet comprising of biaxial liquid crystal moleculesigected to radial boundary
conditions imposed on the molecular z-axes at the sphdyaatdary, was also simulated
employing the Metropolis sampling technique, based on itgetision Hamiltonian. The
formation of different director configurations were stutlia this spherical droplet of bi-
axial nematic for various values of the biaxiality paramdte;). We find that the uni-
axial core regions formed at different values of interacfi@rameter vary in their elastic
behavior. The onset of the biaxial phase leads to the foamati a small biaxial core re-
gion (much like in the uniaxial phase), but it exhibits qtatlvely different behavior with
changes in\;. These results are compared with the earlier findings inlaifiyiconfined
systems of uniaxial liquid crystal systems. The qualimtilifferences exhibited by the
biaxial droplets with respect to the formation of the coneralation to their uniaxial coun-
terparts, are obviously linked to the different elastidalisons promoted and sustained by
the two different media.

In summary, the thesis presents certain new results on tasegbehaviour of biaxial
liquid crystal systems, obtained from Monte Carlo simalasiguided by entropic sampling
procedures. The conclusions thereof seem to have possateng on the difficulties in a
ready realization of biaxial systems of appreciable ordethe laboratory. The study of
confined systems, based on conventional sampling mettodmre directed towards po-
tential applications. In the process of these simulatisesalso find that the Wang-Landau
algorithm (augmented with frontier sampling protocol) #xis a promising potential in
dealing with systems described by multiple order paramsegerd modelled by Hamiltoni-
ans promoting competing interactions among the microsaogmstituents. In this context,

the present work is a modest attempt to explore the consegs@mone such system.
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