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Preface

Molecular organization and ordering behavior in thermotropic biaxial liquid crystals has

been the subject of many experimental as well as theoreticalinvestigations, including com-
puter simulations. Though macroscopic biaxial phase is an expected consequence of the

shape anisotropy of many realistic liquid crystal molecules, their non -cylindrical symme-
try of the molecular distribution is effectively averaged out due to thermal motions. As
a consequence, this manifestation of molecular biaxialityis more often not evident in ex-

periments, and theoretical models employing uniaxial constituents are profitably used to
compare with experiments.

Introduction of biaxial tensor components in the model Hamiltonians leads to theoreti-

cal predictions regarding the existence of a biaxial nematic phase, under suitable choices of
the model parameters. Analysis of these models based on molecular field theories as well

as on phenomenological considerations, captures the essential features of the phase dia-
gram. Predicted condensation of thermally driven spontaneous biaxial order is an important
attraction of this effort, due its perceived technologicalimplications. However the exper-

imental scenario has not been that encouraging, with very few unambiguously accepted
biaxial phases in realistic systems being reported to date.In this context, computer simu-

lation of the phase sequences of a general Hamiltonian model, especially focusing on the
relevant parameter space holding promise for a direct formation of a biaxial nematic from

isotropic phase, seems to be topical as well as academicallyinteresting. This thesis sum-
marizes such an effort employing the state-of-the-art Markov Chain Monte Carlo (MCMC)

methods, reporting on the macroscopic equilibrium behavior of a general quadratic biax-
ial Hamiltonian model (and its dispersion-approximation variant). The entropic sampling
technique employed enables one to compute density of statesand hence examine the free

energy profiles of the system under differing experimental conditions, - besides of course
yielding equilibrium properties with desired temperatureresolution, from the canonical en-

sembles constructed through suitable reweighting procedures.

Biaxial nematics are often modeled, partly for its simplicity, within the so-called dis-
persion approximation (with one model parameter, sayλZ). Here, each molecule is as-

sociated with a single fluctuating dipole (oscillator), which in turn interacts with those of

xix



xx

the surrounding neighbouring molecules. The mean field phase diagram of this model

predicts a sequence which includes a low temperature biaxial phase (I − NU − NB), and
suggests a specific value ofλZ where the isotropic phase is slated to make a direct transi-

tion to the biaxial phase, called the Landau point (LP). A more general model endows each
molecule with two distinct oscillators, leading to a Hamiltonian with two adjustable param-
eters (γ, λ), allowing for a richer parameter space and presumably morecloser to realistic

systems. Analysis of this model within mean-field approximation is of recent origin, and
such investigations employing bifurcation methods and mini-max principle provide useful

insights into the role of the various interactions in different regions of the parameter space.
One unsavory feature of this analysis, as was noted in the literature, is the unsatisfactory

asymptotic behavior of the phase sequence in the limit of vanishing coupling between the
intermolecular biaxial-biaxial tensor components, i.e. as λ → 0. The mini-max analysis

in this partly repulsive region (where the Hamiltonian is indefinite) maintains that a direct
I −NB transition is to be expected to continue in this limit, even though the biaxial phase
stability is known to be assured only ifλ > 0. One of the objectives of the present work

is to analyze the simulation data in this regime of intriguing analytical result. Further, the
studies are extended to revisit the extensively investigated dispersion model, and examine

the spatial correlation functions of the three molecular axes at different values ofλZ as a
function of temperature. Finally the thesis reports simulation results on two confined bi-

axial systems (hybrid planar films with variable anchoring conditions, and a micro-droplet
with homeotropic boundary conditions at the interface), toprovide interesting comparisons
with similar work with uniaxial constituents. The presentation of this work is spread over

eight chapters in the thesis.

The first chapter presents model Hamiltonians developed to account for interactions

among the biaxial constituents in the liquid crystal system, and a brief summary of the
mean field theories proposed to describe bulk biaxial nematic systems, as well as the de-

tails of predicted phase diagrams. The second chapter summarizes principles of different
sampling techniques (canonical and entropic) based on MCMC, used for simulations on

these liquid crystal systems.

The third chapter is concerned with simulation results, andthe phase diagram so ob-

tained, of a bulk biaxial nematic system based on a general quadrupolar interaction Hamil-
tonian, which permits two variable interaction parametersdescribing the uniaxial-biaxial
(γ) and biaxial-biaxial (λ) coupling between the molecular tensor components of neigh-

bouring molecules, after setting the temperature scale. Predictions regarding the phase
behavior were made earlier based on mean-field theoretic arguments, along a chosen trajec-

tory in (γ, λ) space (the so-called essential triangle) and a direct transition from the isotropic
to a biaxial phase is expected over a major portion of the perimeter of this triangle. One

open question in this analysis seems to be the predicted condensation of a low temperature
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biaxial phasevis− a− vis the limit of biaxial nematic stability, asλ→ 0 and particularly

in the presence of appreciableγ. The work reported in this chapter focuses on simulations
carried out along the same trajectory as that of the mean-field analysis (the perimeter of the

essential triangle, referred to as the arcλ∗), so as to enable a direct comparison of the simu-
lational predictions with expectations from bifurcation methods. Briefly stated, the Monte
Carlo results progressively differ qualitatively from theearlier predictions in the regime of

large and vanishingλ. Based on the micro-canonical data in this interesting region (i.e.
in the regime of vanishing attractive coupling of one molecular minor axes compared to

the other axes couplings), it is argued that the onset of macroscopically observable biaxial
order is inhibited due to inherent barriers to fluctuations of energy components comprising

the total energy. The lack of concomitant development of long range order of the molecular
axes (inhomogeneity), which gives rise to these barriers, can be overcome only on further

cooling to very low temperatures. The chapter in this respect makes an attempt to possibly
explain the difficulty in experimentally realizing the biaxial phase in a direct second order
transition from the isotropic phase of a biaxial liquid, as predicted by mean-field treatments.

The fourth chapter presents the simulation results inside the essential triangle along

two chosen trajectories, in order to examine the relative interplay betweenγ andλ terms.
The first trajectory is chosen such that a path in (γ, λ) space is traversed which could make

a connection to experimentally realizable systems. It alsocovers the partly repulsive re-
gions of the mean field Hamiltonian. The second chosen trajectory is along the dispersion

parabola, which is embedded in the essential triangle as a boundary separating the fully
attractive regime from partly repulsive region in the (γ, λ) space. The examination of free
energy profiles obtained in these simulation experiments provides a pointer to the possible

barriers to macroscopic biaxial order, which could developin real systems.

The fifth chapter focuses on the computation of the correlation lengths associated with
the three molecular axes and critical exponents associatedwith the phase transitions. The

dispersion parabola is chosen as the trajectory of study fora systematic variation of the
parameters, with the two parameters being replaced by single variable, sayλZ . Such data

was collected as a function of temperature bracketing the two transitions, for various val-
ues of molecular biaxialityλZ. The results show strong influence of the biaxiality on
the correlation lengths, and the exponents. The case ofλZ = 0.2 seems to be curious and

perhaps is a manifestation of the fact that a minimum degree of biaxiality is needed in prac-
tical terms before the biaxial model could differ qualitatively from the uniaxial (Lebwohl-

Lasher) model (represented by the origin of the (γ, λ) space.

The sixth chapter presents the simulation study of planar films of a biaxial liquid crys-
tal embedded between substrates which induce hybrid anchoring conditions. Extending the

earlier work on one such film (which yielded rather curious behavior with temperature) two
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such films with same anchoring conditions, but with differing interactions at the surface,

were studied based on canonical sampling methods. In order to obtain a better appreciation
of the different director structures in different phases, different order parameters are com-

puted layer-wise, as also their director directions. A detailed analysis of the data in these
films shows that the onset of the low temperature transition to the biaxial phase makes
the order parameter of one of the minor axes dominant (over that of the molecular long

axis) and the corresponding direction of the dominant director is perpendicular to the plane
containing the bent director structure. This seems to be an interesting result since we find

that in the biaxial phase, one can generate an in-plane orderof high degree involving one
of the minor axes of the molecules, while the bent director from the long axis alignment

is locked within the plane due to influence from the substrates. The effect of varying the
relative anchoring strengths of the substrates, as well as the thickness of the films, on the

development of this in-plane order, is also probed.

The seventh chapter is concerned with the simulation results for another confined sys-

tem within the dispersion approximation, a biaxial nematicdroplet. Canonical sampling
methods are employed to compute the equilibrium order parameters and their susceptibili-

ties in the uniaxial and biaxial regime, and based on this data the sizes of the bulk-like core
at the centre of the droplet are estimated. The results indicate that uniaxial phases formed at

high temperatures for differentλZ values are quantitatively different in their elastic behav-
ior. For example, it is known that for a uniaxial medium the core size increases as the order
increases, owing to an increase in elastic energy density. However in the case of a biaxial

nematic droplet, the biaxial core size seems to decrease with increasing biaxial order.

The last chapter summarizes the salient features of the workindicated above, and
stresses on the relative advantages of employing entropic sampling methods over the con-

ventional canonical techniques, while constructing equilibrium ensembles. It is demon-
strated that the former seeks out some of the (rare) microstates missed by the latter, and in

our present context, that seems to have made a qualitative difference in assigning the nature
of a given phase, as well as in predicting the onset of a new transition. Also, the advantage
of examining the free energy profiles as a function of temperature, energy, as well as order

parameters, - afforded by the estimation of the density of states -, is clearly brought out
through this study. In summary, the thesis makes a modest attempt at exploring biaxial

liquid crystals, both in bulk as well as in confined geometries, with a detailed Monte Carlo
study.



Chapter 1

Introduction- Biaxial Nematics

1.1 Introduction

Thermodynamic phases of condensed matter which exhibit unique ordering properties in-

termediate between a crystalline solid and an isotropic liquid are called liquid crystals

(LCs) or mesophases. They possess many of the mechanical properties of a liquid like

fluidity, formation and coalescence into droplets and exhibit simultaneously anisotropy in

their physical properties, like a crystal. The characteristic feature of liquid crystals is the

presence of long range orientational order in the arrangement of their constituent molecules

while having quasi long-range translational or positionaldegrees of freedom.

The discovery of liquid crystalline state is credited to Friedrich Reintzer, a botanist,

who described his experiments with cholestryl ester in a paper published in 1888. The term

liquid crystal was coined by the physicist Otto Lehmann. Georges Friedel [1] classified the

liquid crystals, according to their structural properties, into nematic, smectic and cholestric

phases. However, liquid crystals remained as pure scientific curiosity till the 1960’s till the

advent of their possible usage in flat panel displays, owing to their elctro-optical properties.

The response of phases to external stimuli such as electric,magnetic and chemical environ-

ments lead to many technological application of liquid crystals in display devices [2] - [7].

Recent technological advances include their usage in photonics [8] and biochemical sen-

sors [9].

Liquid crystals can be broadly classified in two categories namely thermotropic and

lyotropic liquid crystals. Single component systems that show mesomorphic behaviour as
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a function of temperature are called thermotropic. A lyotropic liquid crystal consists of

two or more components that exhibit liquid-crystalline properties in certain concentration

ranges. This Thesis is mainly concerned with the study of thermotropic liquid crystal

phases.

Thermotropic phases are exhibited by a) elongated (calamitic) molecules, b) disk-like

(discotic) molecules, and c) banana shaped molecules or bent-core molecules. The cen-

tral part of such molecules comprises typically a rigid core(phenyl groups) connected to

flexible (aliphatic) chains. The phase sequences of these materials are strongly correlated

to the structure of the constituent (groups of) molecules. The calamitic molecules usually

form nematic, smectic and cholestric phases whereas the discotic molecules form columnar

phases. Excellent introductions to the typical molecular structure and their role in condens-

ing into a variety of rich mesomorphic phases are available [10,11].

Nematic phase is the simplest mesophase into which the an isotropic liquid could con-

dense, and differs from it by the presence of unique direction along which the anisotropic

molecules tend to develop an orientational order. The preferred direction of orientation is

called the ’director’ and is denoted by a (headless) unit vector n̂. If the molecules of the

LC phase lack inversion symmetry, then the nematic phase develops chirality (cholestric

phase), in which the director rotates in a helical fashion about an axis perpendicular to the

director. A smectic phase is formed when the phase has orientational order and the centre

of mass of molecules are arranged in layers giving rise to positional order. When smectic

and nematic phases are found in one compound, the nematic phase nearly always exists at

a higher temperature than the smectic (except in reentrant nematic phases).

1.1.1 Nematic Phases

The two interesting orientationally ordered liquid crystalline phases are the uniaxial and

biaxial nematics [12], which possess long range orientational order, but no positional or-

der. The uniaxial nematic phase has theD∞h symmetry, where as the biaxial nematic

phase exhibitsD2h symmetry. Both thermotropic and lyotropic liquid crystalsexhibit these

2
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phases.

Uniaxial nematic phase

The name, uniaxial nematic phase, derives from the propertythat the system possesses

a single axis along which a plane polarized light beam can travel without undergoing a

change in the state of polarization. When liquid crystal molecules which are rod-like with

an elongated appearance are cooled from the isotropic phase, a uniaxial nematic phase (NU )

is typically obtained. It is customary, for theoretical description, to treat the molecules as

ellipsoids of revolution possessing cylindrical symmetryabout the long axis. The director

n̂ is now defined as the average direction along which the symmetry axes of the molecules

tend to point, representing the axis of symmetry of the phase. Obviously the isotropic

symmetry of the medium is lost in this process. Hence any observable tensorial property of

the nematic phase, such as dielectric constant, has two distinct principal components and

the difference between them is a measure of anisotropy of themedium. This macroscopic

anisotropy is a manifestation of the microscopic anisotropic interactions at the molecular

level.

Two Uniaxial liquid crystal phases can be identified, calledtheNU+ andNU− phases.

NU+ is formed from prolate (rod) shaped molecules andNU− is formed from oblate (disc)

shaped molecules. In a rod-shaped molecule the director is along the the long-axis, whereas

in disc-shaped molecules the director is normal to the disc.

The symmetry of a simple nematic liquid crystal can be best described in terms of

the order parameter, which is defined to non-zero in the ordered phase and zero in the

disordered phase. The main difference between the isotropic and nematic phases is the the

presence of long-range orientational order in the nematic phase, while positional order is

absent in both the phases. Macroscopically the amount of orientational order in the nematic

phase is described by two scalar order parametersS andD. S signifies the contributions

to the order from orienting the long molecular axes along thedirector. A finite D means

that there is a difference in tendency of the two transeversemolecular axes to project on the

3



4

director.

The onset of the nematic phase in anisotropic liquids can be accounted for based on

two methodologies: molecular statistical theory and phemenological Landau-de Gennes

theory. In the molecular statistical approach, the physical behaviour of these materials is

explained at the molecular level. Anisotropic interactionforces between the molecules are

responsible for the development of long range order at the phase transition to the nematic

phase. In a mean field approach, a single molecule is assumed to be in an average field

produced by surrounding molecules. Long range order in the nematic phase occurs due to

contributions from the anisotropic part of the pair potential between two molecules. The

Onsagar approach [13] ascribes the nematic ordering as arising due to short range inter-

molecular repulsive force between molecules in the shape ofhard rods. Another approach

due to Cotter and Gelbart [14,15] assumes a Van der Waals typeof interaction between the

molecules. The Maier-Saupe approach [2] assumes that anisotropic dispersion forces are

responsible for nematic order among the molecules. The attractive interaction arises from

electrostatic interaction between induced dipoles of the molecules. The theory predicts a

first order transition from a isotropic state to uniaxial nematic state and is successful in

explaining the observed pretransitional effects in a qualitative manner.

Phenomenological Landau theory of second order phase transitions [16] was success-

fully applied to study the first order isotropic-uniaxial nematic phase transition by de

Gennes [17]. In this formalism, the free energy is expanded in terms of order parame-

ters and its gradients, compatible with the system under consideration. The coefficients of

the expansion generally depend on the temperature and otherthermodynamic parameters.

The signs of the coefficients are chosen such that expansion is stable against an unlimited

growth of order parameter. Depending on the symmetry of the phases involved, a suitable

parametrisation of the order tensor is employed. The absolute minima of resultant free

energy are explored to obtain the possible topologies of thephase diagrams.

4
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Biaxial Nematic Phase

In all above theories of the nematic phase, the constituent nematogenic molecules are

assumed to possess cylindrical symmetry. However in reality all molecules are intrinsi-

cally biaxial and flexible and very rarely have true cylindrical symmetry. The macroscop-

ically observed uniaxial phase is a result of rotational disorder around the long molecular

axis [18]. A biaxial nematic phase strictly implies that there are two axes along which a

plane polarized light beam can travel without the state of polarization being altered. The

two orthogonal directions are denoted by the principal director n̂ and minor director̂m. It

implies that at the macroscopic level the three principal components of a observable prop-

erty like refractive index, which is a second rank tensor, will have three different values.

Conventionally the biaxial nematic molecule is represented as a rectangular parallelepiped

withD2hsymmetry [19]. The point symmetry group consists of an identity, a two fold rota-

tion axis (principal axis) with a perpendicular mirror plane, and two two-fold rotation axes

perpendicular to the principal axis. The molecular(x, y, z) axes are taken to coincide with

these rotation axes. The molecularz axis is assumed to be the long axis of the molecule

with dimensionL and they, z are identified with the the breadthB and widthW respec-

tively. For both cases of flat plates(L = B > W ) and long rods(L > B = W ) an

ordering of Maier-Saupe type is expected to occur. However in the case of flat plates theW

axes tend to align parallel whereas in the case of rods the ordering is due to theL axes. A

complete mutual alignment of the respective axes corresponds to the biaxial ground state.

The biaxial nematic phase was predicted theoretically by Freiser [20] using a molecular

field approximation. He generalised the Maier-Saupe interaction potential to include the

interaction between asymmetrical molecules which constitute a real nematic. By assuming

that each molecule interacts with its z nearest neighbours,the minimisation of the resulting

free energy lead to the prediction of a first order transitionfrom a isotropic state to a uniaxial

nematic. However the uniaxial state is not the ground state of the system. Further cooling

leads to second order transition from a uniaxial to a biaxialstate where the molecules are

5
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completely aligned. He proposed a biaxial order parameter in addition to the uniaxial order

parameters S. However the possibility of a intervening crystalline or smectic phase is not

ruled out in reality.

Subsequently the Landau-de Gennes formalism was employed by Alben [21] to study

the phase transitions in a fluid of biaxial particles.The predicted phase diagram contained

a special critical point where two second order lines meet the first order phase boundary in

a sharp cusp. An ’accidental’ second order transition between the isotropic-biaxial phases

takes place at that point, denoted as Landau point in later literature.

A mean field phase diagram for such a fluid of interacting particles was obtained by

Straley [19] by assuming the biaxial particles to rectangular blocks. He identified the four

order parameters necessary to describe the resulting uniaxial and biaxial phases. The phase

diagram obtained was similar to the one predicted by Alben [21] using the phenomenolog-

ical Landau theory.

Although the biaxial phase resulting from non-cylindricalsymmetry of the molecules

was yet to be discovered, the effect of the deviation from cylindrical symmetry on the uni-

axial phase was investigated by Luckhurst et al [22]. A molecular field theory was proposed

for uniaxial liquid crystals formed by non-cylindrically symmetric molecules assuming that

only dispersive forces contribute to the intermolecular potential. Subsequently an extension

of the Maier-Saupe theory for biaxial nematics was proposedby Bocaraet al [23] who us-

ing a system of asymmetric ellipsoids, obtained a phase diagram for biaxial nematic phase.

This phase diagram was similar to phase diagram obtained by Straley. Subsequently Rem-

ler and Haymet [24] solved Freiser’s model exactly within the mean field approximation

over the full range of biaxiality. It confirmed the order of transitionsI − NU = NB over

a range of biaxiality and a singleI = NB transition at a value of biaxiality equal to
1√
6

.

However it was concluded that mean-field theory does not provide an adequate description

of the biaxial phase transition even in realistic models which incorporate actual nemato-

genic behaviour. The phase diagram predicted in all the above studies was qualitatively

confirmed in a simulation of the lattice model of a Biaxial Hamiltonian in the dispersion

6
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approximation [25].

The phase diagram for the biaxial liquid crystal was also reconfirmed using phenomeno-

logical Landau-de Gennes formalism [26–28] and theory was also suitably modified to in-

clude local fluctuations of the order parameter and applied to explain the experimentally

observed critical opalescence within the nematic phase [27,29,30].

The number of order parameters required, to describe uniaxial and biaxial phases re-

sulting from interacting biaxial particles, can be obtained by considering the orientational

distribution function.

1.2 Microscopic Origin of Order Parameters

From the molecular point of view, phase transitions are described by the modifications

produced by the order parameters in the singlet distribution functions [10]. The order

parameters form the expansion coefficients of the singlet distribution in a suitable basis set.

The order of an ensemble of molecules is specified by a distribution functionP (r,Ω) which

gives the probability of finding a molecule at a particular position r and with a particular

orientationΩ, whereΩ denotes the set of three Euler anglesα, β, γ which describe the

molecular orientation with respect to the Laboratory-frame.

For a nematic phase only orientational degrees of freedom are important and the distri-

bution function can be written as

P (r,Ω) = ρf(Ω)

whereρ = uniform mass density andf(Ω) is the orientational distribution function which

is normalized i.e
∫
f(Ω)dΩ = 1.

Any well behaved function of the three Euler anglesf(Ω) can be expanded in a basis

of Wigner rotation matrices [31]. A complete expansion of the orientational distribution

function is

f(Ω) =
∑

L,m,n

〈DL
m,n(Ω)〉DL

m,n(Ω) (1.2.1)

7
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whereDL
m,n(Ω) are Wigner matrices or generalized spherical harmonics. The expansion

coefficients〈DL
m,n(Ω)〉 which are the averages ofDL

m,n(Ω) are the required orientational

order parameters. In principle there are(2L+ 1)2 order parameters. These can be reduced

depending on the symmetry of the molecules and the mesophase.

A uniaxial phase formed by cylindrically symmetric molecules

This is the simplest example of the nematic phase which is formed by molecules having

shape of rigid rods, prolate spheroids, cylinders or spherocylinders. Both the phase and

the constituent molecules haveD∞h symmetry. Due to head tail symmetry of the nematic

phase (̂n and−n̂ are equivalent), it immediately implies that only terms with even L are

allowed in the expansion of the orientational distributionfunction in Eqn.1.2.1.

Assuming the axis of cylindrical symmetry, the director, tobe along laboratory Z-axis,

no observable property will change on rotation around the Z-axis. Thenf(Ω)(=f(α, β, γ))

is independent of the angleα, since it describes a rotation about laboratoty Z-axis. This

implies thatm = 0 in DL
m,n. Further since the molecules are cylindrically symmetric,

the distribution is independent of angleγ, which describes the rotation around molecular

z-axis. Hencen = 0 in DL
m,n. Therefore

f(Ω) = f(β) =

∞∑

L=0

2L+ 1

2
〈DL

00〉DL
00; L = even; (1.2.2)

where

DL
00 = PL(cosβ)

Therefore

f(Ω) = f(β) =
1

2
< D0

00 > +
5

2
< D2

00 > D2
00 +

9

4
< D4200 > D4

00 +−− (1.2.3)

The first three expansion coefficients are

〈D0
00〉 = 1; 〈D2

00〉 =
1

2
〈3cos2β − 1〉; 〈D4

00〉 =
1

8
〈35cos4β − 30cos2β + 3〉; (1.2.4)

< D0
00 > being a constant is unsuitable as an order parameter. The first nontrivial term

< D2
00 > = S (by convention) can be taken as the scalar order parameter which describes

8
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the degree of order of the molecules about the average orientation. This is also confirmed

by experimental evidence that second rank interactions aredominant in a nematic LC.

It can be seen from the definition in eqn (1.2.4) that when all molecules point in the

same direction as the director in the nematic phase i.e whenθ = 0, S = 1. S = 0 in

isotropic phase andS is minimum when all molecules lie perpendicular to the director and

there is no preferred direction in this plane. Thus value ofS lies in interval[−1

2
, 1]. In

tensorial notation the order parameter can be expressed as

Q =
1

2
S(3n̂⊗ n̂)− I)

which is a symmetric, traceless second rank spherical tensor. It represents the quadrupolar

moment of the distribution .

Alternatively if the orientational distribution functionis expanded in terms of the direction

cosines of the director with a molecule fixed frame, then the Saupe ordering matrix is

obtained. It is a symmetric traceless cartesian tensor of rank 2 and contains 5 independent

elements. It is called the ordering supertensor and is defined as

SAB
ab =

< 3lAalBb − δABδab >

2
(1.2.5)

where the superscriptsA andB can be any one of the principal axesX, Y orZ of the phase

and the subscriptsa andb can be any of the principal axes,x, y, or z of the molecules.lAa

denotes the cosine of the angle between axesA anda while δAB denotes the kronecker

delta.

Applying the symmetry conditions of the uniaxial mesophase, the matrixSZZ
zz becomes

diagonal with only one independent componentSZZ
zz = S, the nematic order parameter,

introduced by Tsvetkov [32]. The co-ordinate system in which SZZ
zz becomes diagonal is

called the Principal axis system ofS or the ordering matrix frame.

Uniaxial and Biaxial phases formed by non cylindrical molecules

When the constituent molecules of the phase are noncylindrical (like prolate ellipsoid,rectangular

parallelepiped) the other axes of the molecules may have tendency to mutually align along

9
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with the calamitic axis of the molecule.The cylindrical symmetry of the phase is then bro-

ken and the next lower point group symmetry is theD2h symmetry.

Uniaxial phase Here since the phase is uniaxial, the resulting distribution function is

independent of angleα.

f(Ω) =
∑

L,n

〈DL
0,n(Ω)〉DL

0,n(β, γ).

Applying the orthogonality condition of Wigner matrices wehave

f(β, γ) =
1

4Π

∞∑

0

L∑

n=−L

(2L+ 1)〈DL
0,n〉DL

0,n(β, γ). (1.2.6)

There are(2L+1) order parameters for each L given by〈DL
0,n〉. Since the molecules are

non cylindrical, a molecular frame with axes along the threeC2 axes, can be chosen. Such

a choice gives rise to three mutually perpendicular mirror planes which are perpendicular

to the x, y, z axes of the molecule. Using this symmetry condition and the fact that the

spherical harmonicsDL
0,n(β, γ) are multiplied by(−1)L under the same operation, we only

need to expand in Wigner matrices of even rank L. The first few are

D0
00(β, γ) = 1; (1.2.7a)

D2
00(β, γ) = P2(cos β); (1.2.7b)

D2
0,±2(β, γ) =

√
3

8
sin2 β exp(∓i2γ). (1.2.7c)

Hence at the second rank level there are 2 order parameters< D2
00 > andRe < D2

02 >.

< D2
00 >, the uniaxial order parameter S, gives the degree of alignment of the z-molecular

axis with the director. The order parameterRe < D2
02 > is denoted conventionally asD.

The phase is not biaxial.

In the Principal axis system of the Saupe ordering matrix, this corresponds toS = SZZ
zz

andD = SZZ
xx − SZZ

yy . These two order parameters are sufficient to describe the uniaxial

phase formed by non cylindrical molecules.

10
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Biaxial phase The orientational distribution function depends on the three Euler an-

glesα, β, γ and can be expanded in terms of the Wigner matrices as

f(Ω) = f(α, β, γ) =
∑

L,m,n

〈DL
m,n〉DL

m,m(α, β, γ). (1.2.8)

where〈DL
m,n〉 are the required order parameters, which can be obtained by applying the

symmetry conditions of the molecule and phase, as done above. This results in four second

rank order parameters< RL
mn > which are Wigner functions< Dmn

L > symmetry adapted

for theD2h group of particles and phase [25,33]. For the even terms theyare ,

RL
mn(Ω) ≡

1

2
Re(DL

mn +DL
m−n).

These are called symmetry adapted basis functions and the only functions whose thermo-

dynamic averages do not vanish. They are expressed explicitly as

R2
00(Ω) =

3

2
cos2 β − 1

2
; (1.2.9a)

R2
02(Ω) =

√
3

8
sin2 β cos 2γ; (1.2.9b)

R2
20(Ω) =

√
3

8
sin2 β cos 2α; (1.2.9c)

R2
22(Ω) =

1

4
(cos2 β + 1) cos 2α cos 2γ − 1

2
cos β sin 2α. (1.2.9d)

The order parameters are defined in terms of these composite functions as

S =< R2
00 >, D =< R2

02 >, P =< R2
20 >, C =< R2

22 >

The four order parameters expressed in terms of the cartesian form are [34]

S =< R2
00 > = SZZ

zz ; (1.2.10a)

D =< R2
02 > = SZZ

xx − SZZ
yy ; (1.2.10b)

P =< R2
20 > =

SXX
zz − SY Y

zz√
6

; (1.2.10c)

C =< R2
22 > =

(SXX
xx − SXX

yy )− (SY Y
xx − SY Y

yy )

3
. (1.2.10d)

(1.2.10e)

11
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As can be seen from above definitions,S andD measure the ordering of the major and

minor molecular axes with respect to the major phase axis whereasP andC measure the

ordering of the major and minor molecular axes with respect to the minor axes of the phase.

Thus the biaxial phase formed by non-cylindrical moleculesis described by four order

parametersS,D, P, C. This notation is usually employed by experimentalists by conven-

tion. However we shall be using the notation of the symmetry adapted basis functions as our

order parameters. The various notations of the order parameters and the relations between

different notations adapted in literature on biaxial nematics is discussed by Rosso [35].

1.3 Mean field Theories of Biaxial Nematic Phase

Two mean field treatments have been proposed at the molecularlevel to understand the

physical properties of the biaxial nematic. The earlier one, due to Luckhurst [22], takes

only the dispersion forces between the molecules into account while calculating the inter-

molecular pair potential. A recent mean field model proposedby Sonnetet al [18], on the

other hand, takes shape dispersion of the biaxial dielectric susceptibility into account while

proposing a mean field model for biaxial liquid crystals. We discuss below both the mean

field theories in detail.

1.3.1 Molecular Potential for Biaxial Phase formed by Non-Cylindrically
Symmetric Molecules

This model, called the dispersion model, extends the Maier-Saupe theory for uniaxial

molecules, to include lathe-like molecules. Starting froma intermolecular potential for

particles of a general shape, the potential of mean torque experienced by a given molecule

is obtained after averaging over the intermolecular distance, all possible orientations of the

second molecule with respect to the first and over all intermolecular separations. Limiting

12
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the summation to those terms with L=2 we have

U(βγ) = −kT (a d200(β) + b d202(β) cos 2γ); (1.3.1)

where

a = −(c200 d
2
00 + 2c220 d

2
02 cos 2γ)/kT ;

b = −(2c220 d
2
00 + 4c222 d

2
02 cos 2γ)/kT ;

andcLmn are expansion coefficients.

A simple case results when the molecules are interacting viadispersion forces.c220 is then

given by the geometric mean approximation

c220 =
√
c222c200

Definingλ =
c220
c200

which is a measure of deviation from cylindrical symmetry and substi-

tuting in above equations fora andb we get

a = −α[〈d200〉+ 2λ d202 cos 2γ]

b = 2λa

whereα = −c200/kT ; On substituting fora, b, λ andα in Eqn.(1.3.1) and expressing in

terms of aboveRL
mn we get the simplest rotationally invariant attractive pairpotential in the

dispersion approximation as [22]

U = −ǫij{P2(cos(βij)) + 2λ[R2
02(ωij) +R2

20(ωij)] + 4λ2R2
22(ωij)} (1.3.2)

Thisλ will be referred to asλZ in our subsequent discussion of dispersion model, in order

to introduce consistency of notation with reference to the discussion on the generalized

mean filed model, which has a interaction parameterλ.

1.3.2 A Generalized Mean Field Model

This model is proposed by Sonnetet al [18] and developed in a series of papers by various

authors [34, 36–40]. It is a model which builds on a more general theory, originally pro-

posed by Straley [19]. He proposed a mean field model for interacting particles lacking an

13
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Figure 1.1: Schematic of a biaxial molecule

Figure 1.2: Schematic of a biaxial phase

axis of rotational symmetry using four order parameters, instead of the conventional two

order parameters.

In this model, a biaxial molecule is schematically represented as a platelet, in an eigen

frame(e, e⊥,m) wherem is the major axis,e ande⊥ are the minor axes.(e, e⊥,m) can

be thought of as the eigen vectors of any molecular polarizability tensor.

A schematic of the molecule and the biaxial phase is shown in Figs. 1.1 and 1.2. Each

molecule can be described in terms of two orthogonal traceless tensorsq andb defined as

q = m⊗m− I

3
;

b = e⊗ e− e⊥ ⊗ e⊥;

14
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The tensorq is uniaxial aroundm and has two equal eigen values. The tensorb is biaxial

and has three unequal eigen values. Ifm is assumed to be the long molecular axis, then

q represents a uniaxial tensor describing the dominant geometric feature of the molecules,

while tensorb represents their biaxiality. A biaxial molecule can then befully described

by the pair (q, b), representing the uniaxial and biaxial components. The orientational

interaction energy between any two biaxial molecules represented by(q, b) and (q
′

, b
′

)

can be written as

U = U0[ξq · q′

+ γ(q · b′

+ q
′ · b) + λ(b · b′

] (1.3.3)

whereU0= scaling energy,ξ = ±1, andγ andλ are dimensionless interaction parame-

ters, whose values determine the relative importance of theuniaxial-biaxial coupling and

biaxial-biaxial coupling interactions between the molecules.

The above interaction can be understood in terms of an electrostatic model for the

biaxial molecule. The anisotropic part of dielctric polarizability tensor can be assumed

to be composed of uniaxial and biaxial components with different polarisabilities. The

fluctuating dipole on one molecule interacts with the corresponding dipole on the other

molecule, resulting in more than one molecular absorption frequency. In other words a bi-

axial molecule can be thought of as composed of three independent orthogonal oscillators.

It can be noted that the interaction reduces to that of Maier-Saupe when bothγ=λ=0,

representing a uniaxial coupling between the molecules. When eitherγ or λ differ from

zero, the biaxial components contribute to the total interaction. Whenλ=γ2 Eqn.(1.3.3)

reduces to

U = −U0(q + γb) · (q′

+ γb
′

) (1.3.4)

which can be interpreted in terms of the London dispersion approximation. Eqn.(1.3.4) is

the interaction energy as proposed by Luckhurstet al [22] for the case of dispersion in-

teractions. Thus the interaction energy in Eqn.(1.3.3) which includes a uniaxial-biaxial

coupling and a biaxial-biaxial coupling in addition to the uniaxial-uniaxial coupling rep-

resents a generalized interaction Hamiltonian. It attainsits absolute minimum when the
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Figure 1.3: The domain of stability for the interaction Hamiltonian in the planeξ=1: G. De
Matteiset al, Continuum Mech. Thermodyn.191-23 (2007)

Figure 1.4: Essential triangle OIV:C1 andC3 are tricritical points.C2 is a triple point. The
dispersion parabola meets the side IV at the point T, the Landau point: F. Bisiet al, Phys.
Rev. E73 051709 (2006).
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molecular vectors(e, e⊥,m) and(e ′, e ′

⊥
,m ′) coincide i.e whenq = q ′ andb = b ′. This

ground stability condition restricts the admissible values of the parametersγ, λ to

λ > 0; ξ − |2γ|+ λ > 0

which is a fan shaped region forξ = +1 and an angular region forξ = −1 in the(γ, λ)

plane. Due to the repulsive nature of theq-q ′ interaction, the angular region is included

in the fan shaped region, shown in Fig1.3. The correspondingrestoring torque is uniaxial

aboute, e⊥,m along three straight linesO2V , O1V3 andOI respectively inside the fan

shaped region.These are defined by

1− 2γ − 3λ = 0; 1 + 2γ − 3λ = 0; γ = 0

respectively. These lines intersect at the pointI = (0,
1

3
).

On extending the local stability analysis to other criticalpoints ofH and further ap-

plying permutation symmetries it is concluded that there exists a triangular regionOIV

in the (γ, λ) plane which represents the whole domain of stability ofH. All choices of

model parameters can be reproduced by suitable permutationof the molecular axes within

the triangular region, which is aptly called the Essential Triangle [39,40], shown in Fig.1.4.

The sidesOI andIV form part of the uniaxial torque lines and thus exhibitD4h invariance

of the pair-wise interaction in addition to theD2h invariance exhibited byH everywhere

inside the triangle. The dispersion parabolaλ = γ2 intersects the Essential Triangle at the

pointT .

In the mean field treatment, an ensemble of biaxial moleculesis considered, within

which the orientationω = (α, β, γ) of each molecule is specified with respect to a fixed

reference frame(Ex,Ey,Ez) such that

m = cosα sin βEx + sinα sin βEy + cos βEz; (1.3.5a)

e = (cos γ cosα cos β − sin γ sinα)Ex + (cos γ sinα cos ββ + sin γ cosα)Ey − cos γ sin βEz;

(1.3.5b)

e⊥ = −(sin γ cosα cos β + cos γ sinα)Ex − (sin γ sinα cos β − cos γ cosα)Ey + sin γ sin βEz;

(1.3.5c)
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Macroscopically the liquid crystal phase is described by the order parameters introduced

by Straley [19] which are represented by two independent second rank tensorsQ andB

defined as the ensemble averages ofq andb. Assuming that they have a same eigen frame

(Ex,Ey,Ez) in the absence of any external distorting cause, they can be represented as

Q = 〈q〉 = S(Ez ⊗Ez −
I

3
) + T (Ex ⊗Ex −Ey ⊗Ey); (1.3.6a)

B = 〈b〉 = S
′

(Ez ⊗Ez −
I

3
) + T

′

(Ex ⊗Ex −Ey ⊗Ey); (1.3.6b)

whereS, T, S
′

, T
′

are the order parameters of the system.Q represents the average quadrupo-

lar distribution of the long molecular axis. Its degree of biaxiality measured byT reflects

the lack of axial symmetry of the orientational distribution function. B represents the

macroscopic manifestation of the intrinsic molecular biaxiality of the molecules and the

role it plays in the molecular interaction. Its uniaxial andbiaxial components are described

by the scalar order parametersS
′

andT
′

. When these two tensors are employed, a uniaxial

phase occurs whenever bothQ andB are uniaxial i.e whenT = T
′

=0. A general biaxial

state is described by all four scalar order parameters. An extrinsic biaxial phase exhibited

by cylindrically symmetric molecules is represented by single tensorQ.

In the notation employed in the above section,the relation between the order parameters

is

S
′

= D, T =
1

3
P, T

′

=
1

3
C

the uniaxial parameterS being the same. In the mean field approximation adopted in

ref [18] a single molecule experiences a pseudo potential

U(q, b) = −U0[ξQ · q + γ(Q · b+B · q) + λB · b]. (1.3.7)

The partition functionZ [37] given by

Z(Q,B, β, λ, γ) =

∫

T

exp(β[ξQ · q + γ(Q · b+B · q) + λB · b]). (1.3.8)

and the free energyF is

F (Q,B, β, λ, γ) = U0{
1

2
Q ·Q+ γQ ·B +

λ

2
B ·B − 1

β
ln(

Z

8π2
) (1.3.9)
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where T is the manifold described by all possible molecular orientations(e, e⊥,m), β =

U0

kBt
, kB is the Boltzmann constant and t is the absolute temperature.

The analysis of this free energy function for tricriticality [37] predicts a second tricrit-

ical point in addition to the tricritical point already predicted for the case whenγ=0 by

Sonnetet al [18]. Application of bifurcation analysis [38] to the consistency conditions for

the order parameters confirmed the presence of the second tricritical point.

The quadratic Hamiltonian in Eqn(1.3.3) can be diagonalized [39] and can be written

as the superposition of two quadratic components as

H = −U(a+q+ · q+′

+ a−q− · q−′

)

whereq+ andq− orthogonal molecular tensors are represented as

q± = q + γ±b

with

γ± =
3λ− 1±

√
(3λ− 1)2 + 12γ2

6γ

a+ =
γ− − γ

γ− − γ+

and

a− =
γ − γ+

γ− − γ+

For

γ = 0, q+ = q, q− = b;
a−

a+
= λ

Wheneverλ > γ2 the quadratic components are attractive and whenλ < γ2 one of them

turns repulsive. Thus it can be concluded thatH is fully attractive whenλ > γ2 and partly

repulsive when

λ > 0; λ < γ2; λ− |2γ|+ 1 > 0;

The dispersion parabola thus forms the boundary between theregions where the Hamilto-

nian is eitheer fully attractive or partly repulsive. For the fully attractive Hamiltonian,the

associated free energy is minimised with respect to four scalar order parameters, whereas
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Figure 1.5: Mean field phase diagram along the upper boundaryOIV of the essential trian-
gle. The scaled transition temperature1/β∗ is plotted as function of the interaction param-
eterλ∗. Solid lines represent first order transitions. Broken lines represent second order
transitions: G. De Matteiset al, Continuum Mech. Thermodyn.191-23 (2007).

for the partly repulsive Hamiltonian the stationary pointsof the free energy are calculated

which are in fact its saddle points. There the free energy hasmaxima with respect to two

scalar variables and minima with respect to two others. The phase sequences predicted

by the associated free energy using numerical bifurcation and continuation analysis of the

stationary points of free energy lead to the prediction of a universal mean field phase di-

agram [39], as function of arclength OIV of the essential triangle. A further constrained

stability analysis of the mean field free energy in the reduction classes for the order param-

eters revealed a sequence of triple points in the repulsive region [40]. The phase diagram

obtained from the above mean field analysis is shown in Fig.1.5.

1.4 Phenomenological Theories of Biaxial Nematic Phase

Recent experimental interest in the thermotropic biaxial nematic phase after its discovery in

bent-core systems and tetrapodes has led to the renewed theoretical interest in the biaxial

phase. The topological properties of the phase diagrams of liquid crystals with achiral

molecules were studied for transitions from isotropic to uniaxial and biaxial phases using

LDG theory [41].The stability of the biaxial nematic phase was reexamined and analytical

solutions for all the distinct classes of the allowed phase diagrams were presented [42].

20



Introduction 21

In view of the generalized mean field theory (described in theprevious section) which

considered the two major order tensors, a phenomenologicalLandau potential in the two

macroscopic order tensors has been proposed by the authors [43] to describe the various

phases predicted by the universal mean field phase diagram. In a very recent paper [44],

a molecular field theory approach has been adopted to the Landau theory of uniaxial and

biaxial nematics. The magnitude of the coefficients in the Landau expansion was related to

the molecular biaxial parameters which occur in molecular field theories.

1.5 Models Studied

Computer simulation studies of liquid crystals have playeda crucial role in confirming the

theoretical predictions concerning the phase transitionsbehaviour, bulk physical properties

and response to external stimuli. Molecular level simulations complement the observed ex-

perimental behaviour and act as bridge between the theoretical predictions and the macro-

scopic world of the Laboratory [45, 46]. Generic models havebeen developed to simulate

liquid crystal bulk behaviour based on mean field and phenomenological theories. Nematic

phases can be simulated using lattice spin models [25], off lattice hard particle models [47]

and soft particle models where Gay-Berne potential is used.The Gay-Berne model is a more

realistic model since translational degrees of freedom areincorporated along with orienta-

tional degrees of freedom. However the computational costsare high and hence only small

systems can be simulated. This restriction can be overcome with lattice spin models where

the (classical)spins are fixed on lattice sites and possess only orientational degrees of free-

dom. These are highly configurable and suitable choice of inter-site potential led to the

simulation of biaxial liquid crystals, LC dimers, LC mixtures ,and LC ordering in aerogels

etc [48,49].

In this thesis lattice spin models have been employed to simulate bulk uniaxial and

biaxial nematic phases and also the effect of confinement on their behaviour.
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1.5.1 Lebwohl-Lasher Model

The earliest and most widely used lattice spin model for study of uniaxial nematics is the

Lebowhl-Lasher model [50]. The molecules (or a cluster of molecules) are represented by

vectors (or 3 dimensional spins) on a cubic lattice of dimensionsL×L×L and are assumed

to have uniaxial symmetry. Interactions are restricted only to the nearest neighbours, and

the potential between two such spins located at i and j is given by

Uij = −ǫP2(cosθij). (1.5.1)

whereǫij is a positive constant (= ǫ) for nearest neighbours and zero otherwise,θij is

the angle between the spins andP2(cos θij) is the Legendre Polynomial. The energy is

minimised when the angle between the spins is0◦ or 180◦. Starting from a random con-

figuration of spins which indicate the isotropic phase of theliquid crystal, the spins orient

parallel or antiparallel to each other as the temperature islowered. A sudden jump in the

ordering occurs at a weak first order transition at a criticaltemperatureT ∗

NI and the amount

of order can be measured by the order parameterS = P2(cos θ) in the nematic phase. The

transition temperature can be estimated accurately with this model.

1.5.2 Dispersion Model

This lattice model is used to simulate a biaxial liquid crystal and is based on the inter-

action potential proposed by Luckhurstet al [22, 51–53] for biaxiality exhibited by non-

cylindrically symmetric molecules, in the dispersion approximation. The biaxial particles

on a three dimensional lattice interact through an attractive pair potential of the form

H = −ǫij{P2(cos(βij)) + 2λZ [R
2
02(ωij) +R2

20(ωij)] + 4λ2ZR
2
22(ωij)}. (1.5.2)

Here,ω(α, β, γ) is the set of Euler angles specifying the orientation of the molecule, and

ωij represents the relative orientation of theijth pair of molecules.RL
mn are combinations

of Wigner functions, symmetry-adapted for theD2h group of the two interacting particles.

ǫij is the strength of interaction between the molecules, whichsets the scale of the energy.
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Figure 1.6: Phase diagram obtained from canonical Monte Carlo simulations along the
dispersion parabola of the essential triangle. The scaled transition temperatureT ∗ is plotted
as function of the interaction parameterλ (λZ). Solid lines represent mean-field results and
symbols represent MC results: F. Biscariniet al,Phys. rev. Lett.75, 1803 (1995)

The biaxiality parameterλZ measures the amount of deviation from cylindrical sym-

metry. WhenλZ=0, the potential reduces to the well known Lebhowl-Lasher potential for

uniaxial molecules [50] while forλZ 6= 0 the molecules not only align their major axis

but also their faces. The valueλZ =
1√
6

forms the boundary between a system of prolate

(λZ <
1√
6

) and oblate (λZ >
1√
6

) molecules.

The above expression is conveniently recast as a function ofinner products of differ-

ent vectors specifying the orientations of different molecules(xi, yi, zi) with those of the

chosen laboratory frame, and is expressed as [54]

Uij = −ǫ{3
2
V33 −

√
6λZ(V11 − V22) + λ2Z(V11 + V22 − V12 − V21)−

1

2
} (1.5.3)

HereVab = (ua.vb)
2, and the unit vectorsua, vb, [a, b = 1, 2, 3], are the three axes of the

two interacting neighbouring molecules.

Monte Carlo simulations of this biaxial lattice model for various values of biaxiality

parameterλZ [25, 54], shown in Fig.1.6, confirmed the predicted mean fieldphase dia-

gram [19, 21]. On cooling from a isotropic phase, a biaxial fluid undergoes a first order

isotropic-uniaxial nematic phase transition at a higher temperature followed by a second
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order uniaxial-biaxial transition at a lower temperature.Depending on the biaxility param-

eter, prolate or oblate uniaxial phases are formed. However, at a limiting value ofλZ =
1√
6

a direct second order isotropic-biaxial phase transition takes place. This value ofλZ marks

the cross-over region between the prolate and oblate uniaxial phases. This point is denoted

as a Landau bicritical point or a Landau triple point. The MC estimate of the uniaxial-

biaxial transition temperature is found to be lower than thepredicted mean field value.

1.5.3 General Hamiltonian in Cartesian Coordinates

The two parameter general lattice model can be described in terms of Legendre polynomials

involving the three angles between the corresponding molecular axes, as proposed in [55].

Simple geometric identities are used to specify the interaction between identical particles

of D2h symmetry associated with a three-dimensional simple cubiclattice. The orientation

of each particle is specified by an orthonormal triplet of 3-component vectors(ωλµ where

ωλ= (φλ, θλ, ψλ) are an ordered triplet of Euler angles [56]. Here the orientations be defined

with respect to an arbitrary Cartesian frame. The two interacting particles on neighbouring

sitesj andk are labelled as(using simpler notation)vj anduk. Let the set of Euler angles

Ω = Ωµν define the rotation transforminguj into vj . A transformationfjk is defined as

fjk = (vj.uk), Gjk = P2(fjk)

whereP2(...) denotes second Legendre polynomial. The continuous interaction potential

proposed by Sonnet et al [18] can be reset using appropriate linear combinations of the

termsGjk as

U = −ǫ{G33 − 2γ(G11 −G22) + λ[2(G11 +G22)−G33]}. (1.5.4)

whereGllare defined with respect to the director frame,ǫ is a positive quantity setting

the reduced temperature scaleT
′

=KBT/ǫ in the simulation.|γ| and|λ| are dimensionless

quantities, which are smaller than one. Since a simple cubiclattice with coordination

number 6 has been used here, the above pair potential differsfrom the generalised mean
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field potential in eqn(1.3.3) by a factor of
3

2
. The reduced temperature then differs from the

mean field reduced temperature by a factor of 9 [57].

when |γ| = 0 and |λ| = 0, Eqn.(1.5.4) reduces to the well known and extensively

studied Lewbowhl-Lasher (LL) model. Simulation results suggest that when|γ| 6= 0 and

|λ| = 0, biaxial order disappears in the system [51]. Whenγ ∝ λ2 the special case of

dispersion model can be obtained from the above equation. The parameterλZ appearing in

the dispersion model and the presentγ appearing in this model are related as

λZ =

√
3

2
γ.

This model has been extensively used in our simulation studies of the universal mean field

phase diagram.

1.6 Review of Experiments

The ongoing quest for a stable thermotropic biaxial nematicphase has been aptly named

’the holy grail’ of liquid crystal research [58] since the prediction of the phase nearly 40

years ago by Freiser [20]. The intense search has led to a development of experimental,

theoretical and computational techniques in order to synthesize and characterise the phase.

The experimental detection of biaxial phase is based on the fact that three principal

components of any second rank tensorial property of the nematic are different. Several

experimental techniques were developed in the last few years to detect biaxial order arising

from molecular biaxiality in liquid crystalline phases. Polarized optical microscopy and

conoscopy readily provide indications of biaxial orderingin the system. A uniaxial nematic

is identified by Schliern texture showing four-brush disclinations whereas a biaxial nematic

has two-brush disclinations. A conoscopic observation of the sample detects birefringence.

In this method, an interference pattern is obtained giving two dark lines called isogyres. The

isogyres form a cross for a uniaxial nematic whereas they open up for a biaxial nematic.

Deuterium NMR methods involving either directly deuteriated nematic molecules or

deuteriated probe molecules are widely used for the determination of biaxiality in bulk
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nematic samples, the main advantage being that biaxiality due to surface alignment is ruled

out. However,the possibility of induced biaxiality due to strong applied magnetic field or

sample spinning is present. The small amount of transversalorientational ordering is hard

to detect as effects due to surface anchoring cannot be ruledout.

Experimentally the biaxial phase was first obtained in a lyotropic, ternary mixture of

potassium laurate, 1-Decanol andD2O in 1980 [59]. Initial approaches to the design of

biaxial molecules were based on high shape biaxiality in line with the theoretical pre-

dictions, which predict a biaxial phase in broadest temperature range when the shape bi-

axiality λZ ≃ (1/
√
6) [21, 23], supported by simulations [25]. This correspondsto a

length: breadth: width ratio of5 : 3 : 1 . Assuming the average width of molecules to be

W = 0.45nm, the molecular length and breadth should be2.2nm and1.3nm respectively,

which translates to a significant size of molecule. A small change from this optimal ra-

tio leads to the formation of uniaxial phase of rods(NU+) or discs(NU−). Conoscopy and

optical texture were used for characterisation of molecules synthesized with the above crite-

ria [60–62]. However these claims were questioned with NMR spectroscopy [63]. Another

problem associated with large rigid molecules which do not exactly fit theλZ = 1/
√
6

criterion is crystallization into a smectic phase before theNB phase is formed.

Mixtures of rods and disk-like LC molecules were consideredas candidates for the

formation of theNB phase [21], in which the molecular symmetries would permit the

individual self alignment of rods and discs in mutually perpendicular directions. However

experimentally such mixtures tended to demix into two uniaxial phases, one rich in rods

and other rich in discs [64]. Though recent experiments [65,66] point to low transition

enthalpies for such rod-disc systems, an unambiguous biaxial phase has not been reported

in such systems.

According to theoretical predictions [63, 67, 68], macroscopic biaxiality could also be

achieved through a bend in the molecular shape through an angle α. A direct I − NB

transition is predicted when the bending angleα is close (±1− 2◦) to the tetrahedral angle

109◦. Most of the known bent-core mesogens prefer formation of smectic or modulated

26



Introduction 27

smectic phases rather than a nematic phase [69]. However more recently the thermotropic

biaxial nematic phase was discovered in rigid bent core mesogens based on mesogenic

oxidiazole core with apex angle∼ 140◦ [70], which was further characterised by X-ray

diffraction [71], polarized microscopy, conoscopy and deuterium NMR spectroscopy [72].

The biaxial nematic phase was found to occur at a high temperature range of∼ 200◦.

Subsequently, polarized Raman spectroscopy was used to estimate the order parameters in

the uniaxial and biaxial phases of bent-core ODBP mesogens [73, 74]. Polarising optical

microscopy found evidence of a reversibleNU −NB transition in a quiscent melt of bent-

core mesogens [75].

The evidence of thermotropic biaxial nematic phase has alsobeen found in liquid crys-

talline organosiloxane tetrapodes using infrared absorbance measurements [76], deuterium

NMR [77], dynamic light scattering methods [78]. Biaxiality was also confirmed in LC

polymers [79], after the prediction of the phase in polymer systems [80] The biaxial ne-

matic and biaxial smectic phases were found recently in colloidal systems of Goethic par-

ticles with simple board like shape and short range repulsive interaction [81].

Among the various type of molecules which exhibit the biaxial nematic phase, bent-

core molecules appear to the contenders for use in fast switching optical devices. A major

setback in the experimental field appears to be the lack of consistency in experimental

findings. A recent report suggests that application of electro-optic techniques to a the com-

pound A131 (reported to be biaxial based on small angle X-raydiifraction and Deuterium

NMR method) has proved that the compound is uniaxial in the entire nematic range [82].

Application of the same technique to another bent-core compoundC6- BAN [83] has shown

that the macroscopic biaxiality exhibited is induced by theelectric field and points to the

presence of biaxial clusters in a macroscopically uniaxialnematic phase. Another recent

structure study of bent-core compounds suggests that the low-angle X-ray diffraction pat-

tern used to characterise a biaxial phase is due to Smectic-Cfluctuations (’cybotactic’

groups) in the uniaxial nematic phase. As per more recent study, surface effects and an-

choring transitions sometimes lead to a false positive identification of a uniaxial-biaxial
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phase transition [84]. A summary of the existing experimental techniques and design of

materials [85,86] can be found in a recent review [69]. Achieving spontaneous, observable

macroscopic biaxiality in nematic liquid crystal phases before transition to higher ordered

phases or crystallization seems to be rather difficult.

The ongoing quest for a thermodynamically stable biaxial nematic phase is also fuelled

by the possibility of potential application in liquid crystal display devices. Recently it was

found that [87] on the application of an electric field, the switching of a minor director is

faster compared to the major director. The possible in-plane switching of the minor director

is hoped to lead to faster response times.
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Chapter 2

Introduction to Monte Carlo Simulation
Methods

2.1 Introduction

Computer simulation studies of physical phenomena can be considered as an independent

tool in their own right, complementing the other two established methodologies, namely ex-

perimental investigations in the laboratory and theoretical analysis based on physical laws.

The advent of fast and affordable computers has led to an exponential increase in scientific

investigations using various novel simulation techniquesin contemporary research. There

are many situations where exact solution of a theoretical model is not feasible, or a partic-

ular experimental situation where a necessary spatial/temporal resolution is not achievable.

It is in such scenarios that a computer simulation helps in understanding the complex phys-

ical system and provide a useful perspective. A simulation can be viewed as a computer

based experiment on a generic model, which helps one to assess the range of validity of

any approximate analytic work based on the model. On the other hand, it can also bridge

the gap in interpreting experiments involving real systemswith typically complicated in-

teractions. In general, a computer simulation approach dealing with problems of statistical

physics requires the setting up of appropriate molecular models of interest and determina-

tion of the equilibrium state of a sufficiently large system of these particles at the chosen

external (thermodynamic), like conditions of temperature, pressure etc. by numerical sim-

ulation methods [1–5].

The role of computer simulations in liquid crystal researchis well established [6].
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Simulations enable one to relate the microscopic molecularproperties to macroscopic be-

haviour, to study the spontaneous formation of liquid crystalline phases, and to determine

their response to external fields. The many body correlations which exist in a condensed

phase, are automatically taken into consideration in a simulation experiment. The advances

in the field using hard and soft particle models, molecular and atomistic models is well doc-

umented [7–9].

The purpose of a simulation experiment is to measure the macroscopically observed

properties which are exhibited by the system under study. These are the expectation values

of the physical observables. The average or expectation value can be regarded as a time

average over the states that the system passes through or a simple average over a large num-

ber of microstates in equilibrium. According to probabilistic view employed in statistical

mechanics, the phase space probability density can be used to determine the equilibrium

properties which emerge as the averages of physical variables of the stationary probability

density. A crucial part of a simulation is the generation of aequilibrium ensemble for the

given Hamiltonian of a system, under the chosen equilibriumconditions.

Accordingly, let the probability of a system to be in a stateµ beωµ(t). Defining the

transition probability (per unit time) for the system to transit from a stateµ to a stateν to be

R(µ→ ν), the evolution of the probabilities is defined by the following Master equation [1]

as
dωµ

dt
=

∑

ν

[ων(t)R(ν → µ)− ωµ(t)R(µ→ ν)]. (2.1.1)

The probabilities must naturally obey the rule

∑

µ

ωµ(t) = 1.

When the system reaches equilibrium, the left hand side of Eqn.(2.1.1) becomes zero and

the evolution of microstates is stationary with time. Any system in equilibrium is gov-

erned by transition probabilities obeying Eqn (2.1.1) characterised by a (unique) transition

probability matrixR. Development of appropriate microstates for a given Hamiltonian and

generation of equilibrium ensembles can be done using two powerful techniques namely,
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Monte Carlo technique and Molecular Dynamics method [1,6].In the molecular dynamics

method the net force and/or torque acting on each interaction site are used to determine the

consequent accelerations. By applying Newton’s laws of motion over short and discretized

intervals, the evolution of the many-body system can be numerically tracked and conse-

quently the dynamic properties can be calculated along withstatic equilibrium properties.

Monte Carlo methods, on the other hand, use stochastic methods to generate new config-

urations using importance sampling techniques. In this Thesis we adopt the Monte Carlo

technique to simulate biaxial liquid crystal behaviour in bulk and confinement.

2.2 Canonical Monte Carlo Methods

The goal of Monte Carlo simulations is to estimate the expectation value

< O >=

∑
C O(C)exp(−βE(C))

Z(β)
(2.2.1)

of an observableO defined by the HamiltonianH at inverse temperatureβ =
1

kBT
(kB

is the Boltzmann constant, T is the absolute temperature).E(C) is the energy of the mi-

crostate (configuration)C. The factorexp(−βE(C)) is the Boltzmann weight for the mi-

crostateC at temperatureT . The normalization constant is the canonical partition function

given by

Z(β) =
∑

C

exp(−βE(C)). (2.2.2)

The sum runs over all possible microstates of the system.

Importance sampling is used to sample the microstates from aMarkov chain generated

according to the given equilibrium distribution

P (C) =
exp[−βE(C)]

Z
. (2.2.3)

This constitutes a canonical ensemble governed by the Boltzmann weightexp(−βE(C)).

A Markov chain is defined by the transition probability

P (Ck+1 = Ci|Ck = Cj) = Wij ∀k (2.2.4)
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whereWij is the probability for transition from microstateCi to Cj in a single step. This

implies that the transition probabilityWij for a given microstateCi to evolve into another

microstateCj depends only on the present stateCi and not on the history of the trajectory

in whole state space. To ensure that after an initial equilibration period, the microstates

occur with the given probability Eqn.(2.2.3), the transition probability should satisfy the

three conditions:

Wij ≥ 0 ∀ i, j; (2.2.5a)
∑

j

Wij = 1 ∀ i; (2.2.5b)

Wijπj =Wjiπi; (2.2.5c)

whereπi is the equilibrium probability of the microstateCi i.e

πi = exp[βE(Ci)]/Z.

Eqn.(2.2.5c) is the detailed balance condition, which implies that

Wij

Wji

=
πi
πj

= exp[−β{(E(Ci)− E(Cj)}]. (2.2.6)

It may be noted that only the ratios of the equilibrium probabilities appear in the above

equation. The ratio can be computed since it involves a ratioof the Boltzmann weights. The

knowledge of the partition function is not necessary to calculate the transition probabilities.

The canonical partition function in eqn(2.2.2) can also be expressed in terms of the

density of statesΩ(E) as

Z(β) =

∫
Ω(E)exp(−βE) dE (2.2.7)

where the density of statesΩ(E) is a measure of the states contributing to a given energy

E. Here the probability density for a closed system to have anenergyE is given by

PB(E) = Ω(E)exp(−βE) (2.2.8)
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where the the suffix B indicates that it is a Boltzmann-Gibbs distribution. The function

Ω(E) is an increasing function of energy whereas the Boltzmann factor decreases expo-

nentially with energy. For a given temperature (1/β), their product yields a probability

distribution peaked in a narrow region centred around the mean value ofE appropriate

to that temperature. The microstates which have the probability distribution in eqn(2.2.8)

comprise the canonical ensemble and the method of sampling is called canonical sampling.

The average of any macroscopic variable can be obtained by averaging over these sam-

pled microstates in the canonical ensemble. Monte Carlo method based on Eqn.(2.2.5) is

referred to as the Boltzmann sampling method.The sampling method Eqn.(2.2.5) imple-

mented very elegantly, without requiring the prior knowledge of the partition function, is

the Metropolis algorithm [10].

2.2.1 Metropolis Algorithm

The Metropolis algorithm gives a simple prescription for the generation of Markov chain

of microstates, starting from a initial stateC0, as shown:

C0 → C1 → C2 → .....Ck → Ck+1 → .....

It uses the principle of importance sampling and asymptotically generates equilibrium con-

figurations of the canonical ensemble. Assume a lattice of sizeL× L× L( =V ) on which

spins are placed at each lattice site. Start with a random configuration of spins, called the

initial microstateCi. Select a spin in the current configuration at random and withequal

probability. Flip the spin and get a trial configurationCt. Calculate the energy difference

between the configurations∆E = E(Ct) − E(Ci). Accept the trial state according to the

acceptance probability given by

p = min(1, exp(−β∆E))

or in other words,

• If ∆E 6 0 accept the trial configuration;
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• If ∆E > 0, generate a random numberξ in the interval (0,1).

a)If ξ 6 exp(−β∆E), accept the trial state;

b)If ξ > exp(−β∆E),reject the trial state and include the current microstate in the

ensemble.

This is called a single Monte Carlo step (MCS). The system switches from a stateCk

to a stateCk+1 at the end of each MCS. A consecutive set of V number of MCS constitute

a Monte Carlo step per spin (MCSS) (lattice sweep, in our parlance). Microstates are

colected at the end of each MCSS. Iterating the above procedure we get a Markov chain

of microstates. The microstates at the beginning of the chain are discarded (during the

process of equilibration) and the microstates in the asymptotic part of the chain constitute

the canonical ensemble. The required properties can then computed for each microstate and

the average over the canonical ensemble over a large number of equilibrated states) yields

the expectation value of an observable quantity of the system. The associated statistical

error is inversely proportional to the sample size and fairly accurate measurements can be

made on increasing sample size.

The Metropolis algorithm has been very successful in simulating a wide range of phe-

nomena in condensed matter physics. However it is not very effective near phase transitions

since the statistical error in measurements increases in the vicinity of a phase transition, due

to critical fluctuations. An attempt made to decrease the errors by increasing the sample

size results in an increase of the correlation time. It is observed [11] that if successive

microstates in the sampled Markov chain are correlated, thestatistical errors increase by a

factor of
√
1 + 2τ ∗ whereτ ∗ is the integrated auto-correlation time. The increase in correla-

tion time is called critical slowing down. It is observed, inglassy systems and spin glasses,

the configuration space consists of certain low energy regions occur surrounded by high

energy regions. Since the algorithm samples states according to their Boltzmann weights,

the probability of reaching a high energy region becomes exponentially low. Hence at low

temperatures the algorithm gets stranded in these low energy basins (or metastable states)

for a long time leading to larger computational times [1]. The single flip dynamics of the
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algorithm leads to critical slowing down near second order phase transitions where domain

formation hinders the dynamics. Cluster flipping algorithms like Swendsen and Wang al-

gorithm [12], Wolff algorithm [13] have been used to reduce the critical slowing down near

continuous phase transitions.

The applicability of the above algorithms is limited in systems exhibiting first order

transitions where super critical slowing down occurs in thecritical region. This is due

to the fact that microstates which represent the interface between ordered and disordered

states have a low probability of occurrence in a closed system and are consequently sam-

pled less. Hence free energy interface between the ordered and disordered states develops

a barrier which cannot be easily overcome with canonical sampling methods. The tunnel-

ing time between the metastable regions increases with the system size, leading to critical

slowing down. Hence non-Boltzmann sampling methods like umbrella sampling [14–16],

multicanonical method [12, 17–19], entropic sampling method [20] have been proposed to

overcome the barriers between coexisting phases at first order transitions. The basic idea

behind these methods is to sample regions of configuration space which have low probabil-

ity of occurrence with relative ease, along with the most probable ones.

2.3 Non-Boltzmann Sampling

The canonical partition function in Eqn. (2.2.2) can be expressed in terms of microcanoni-

cal entropy as

Z(β) =
∑

E

exp(
S(E)

kB
− βE). (2.3.1)

The probability for the macroscopic system to have an energyE in the canonical ensemble

is given by

P (E) ∝ exp(
S(E)

kB
− βE). (2.3.2)

The above is a Boltzmann distribution the sampling from which enables us to obtain

microstates at a particular energy. However, if sampling from an arbitrary distribution
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exp(−α(E)) is desired then the probability density is

Pα(E)(E) ∝ exp(
S(E)

KB

− α(E)). (2.3.3)

Apart from ergodicity, the detailed balance condition which has to be imposed now is given

by

W (µ→ ν)

W (ν → µ)
=
pν
pµ

= exp[−(α(Eν)− α(Eµ))]. (2.3.4)

The acceptance probability for a trial stateCt obtained on updating from a current state

Ciis then given by

p = min[1, exp[−(α(E(Ct)− α(E(Ci))]. (2.3.5)

The sampling with the above acceptance probability with an arbitrary chosen distribution

is called non-Boltzmann sampling. Whenα(E) = βE in eqn(2.3.3) the conventional

Boltzmann sampling is recovered.

2.3.1 Entropic Sampling

Entropic sampling [20] is obtained whenα(E) is chosen such thatα(E) =
S(E)

KB

in

Eqn.(2.3.3). Then the resultant probability density is constant for allE. Consequently

the system performs a random walk in one dimensional energy space and visits all energies

with equal probabilities. All microstates which connect ordered and disordered states, (for

e.g.near a first order transition) are sampled equally. The histogram of energy obtained

would then be a flat in the entire energy range. In order to implement this algorithm, infor-

mation of the density of states is needed, which is howeverapriori unknown. So, the basic

strategy of entropic sampling is first to estimate it during the simulation process using an

iterative method until a flat histogram of energy is obtained.

Reweighting Canonical ensemble average of any observable quantityO(C) is ob-

tained by unweighting and reweighting ofO(C) for each microstateC sampled from the

entropic ensemble(Ci, i = 1, n). For unweighting we divide by the factorexp[α(E(Ci)]
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and for reweighting we multiply with a factorexp(−βE(Ci)). The weight factor associated

with each microstate C belonging to the entropic ensemble isthus

W (C, β) = [exp(αE(C)− βE(C))] (2.3.6)

Therefore the equilibrium value of any observable< O > is given by

< O >=

∑
C O(C)W (C, β)∑

C W (C, β)
(2.3.7)

where the summation overC indicates that the sum runs over all the available microstates

in the ensemble.

2.3.2 Wang-Landau Algorithm

Wang-Landau algorithm [21] is a powerful, flexible and iterative algorithm to estimate

α(E) directly such that the estimate is very close to the true value of density of states
S(E)

kB
.

This method is a variant of the entropic sampling technique and is related in spirit to the

mulicanonical Monte Carlo and umbrella sampling techniques and their variations [22,23].

This algorithm has been applied to systems with a discrete energy spectrum [24, 25] and

also continuous energy spectrum [26, 27] with certain modifications on application to off-

lattice simulations [28], protein folding [29]. However for continuous systems, i.e systems

in which the random walk is performed with continuous step sizes, it is observed that this

technique requires modifications to overcome the problem ofslow dynamics. In particular,

the WL algorithm has been suitably modified to study liquid crystal behaviour [30]. A

further modified version of the algorithm using entropic frontier sampling techniques [31]

has been successfully employed to study the isotropic-nematic transition in liquid crystals

and liquid crystal elastomers. We describe this modified algorithm below, as applicable to

our biaxial liquid crystal system.

The energy range of interest is divided into a large number ifbins of equal widthgi(i =

1,ME) whereME is the maximum number of bins depending on the system size. Initialise

gi to an arraygi = e2(i = 1,ME). LetCc be the initial microstate with energyEc and let
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the energy belong to theµth energy bin. LetCt denote the trial microstate with energyEt

and let its energy belong to theνth bin. If gν ≤ gµ then accept trial state and setC
′

1 = Ct;

If gν > gµ then calculategµ/gν = p. Generate a random numberr in the range(0, 1). If

r 0 p accept the trial microstateC
′

1 = Ct, otherwise reject the microstate andC
′

1 = C0.

This constitutes a single step.L3 such steps constitute one Monte Carlo sweep (MCS). In

the first MCS every move gets accepted becausegi is the same for alli. The acceptance

probability in terms of the entropyαi = log g(Ei) is given by

p = 1 if αt ≤ αc; p = exp[−(αt − αc)] if αc < αt. (2.3.8)

To avoid overflow errors all computations are done on a logarithmic scale. The logarithm

of entropy is denoted asξi = log(αi) and the acceptance probability in terms ofξ is given

by [32]

p = min{1, exp[−exp[ξt + log(1− exp(−(ξt − ξc)))]]}. (2.3.9)

After oneMCS, ξi is updated with a Gaussian Kernel function

ξi = ξi + γ0exp(
|x− x0|

δ
)2 (2.3.10)

where|x− x0| is the difference in energy in current state and the previousenergy values in

each bin.γ andδ denote the height and width of the Gaussian respectively. For example in

some of the simulations, initial values of(γ0, δ) are chosen to be 0.1 and 640(0.002∗nbins)

respectively. After every 10,00 MCS,γ0 is reduced toγ0 → 0.95γ0. This is continued till

γ0 reaches a preset value of 0.001. This entire computation constitutes one iteration.

Frontier sampling technique is an algorthmic guidance, provided in addition to the WL

routine, by which the system is forced to sample from low entropic regions. The basic idea

is to set a cut-offξT (x) on the energy axis whereξT (x) ≥ k and allξ(x) to the higher

energy side (T region) are boosted with a positive value. Thecut-off bin is called the

frontier. Initially a cut-off bin number is chosen corresponding to0.95% of the difference

ξki − ξk−1
i , wherek is the iteration index andi is the bin index at the highest energy which

is typically close to zero in our system. This cut-off bin acts as the frontier for the next two
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iterations. After two successive iterations, the cutoff bin is calculated again, by checking

if there is any other binj in the lower energy range at which the difference is greater than

the cut-off. If it exists, then the cut-off is reset to0.95% of ξkj − ξk−1
j . The binj then acts

as the frontier above which there is an uniform growth ofξT (x) ∀ x = j, N . Theξ values

of all the bins to the right ofj are then boosted with a value such that a entropic barrier

is set. The system is then unable to cross the barrier and consequently samples the lower

energy regions leading to an accumulation of states near thefrontier which are otherwise

not visited. The number of iterations are continued till theξT (x) covers the entire energy

range.

After ξT (x) covers the entire energy range, a long smoothing run is performed to re-

move any discontinuities in the density of states (DOS)ξ and it converges to its true asymp-

totic value within computational limits. The smoothing runstarts with initial values of

(γ0, δ) set to (0.001, 640) and the value ofγ0 is progressively decreased during this part

until it reaches a value of≃ 10−9. A production run is then performed using the com-

puted density of states and a large entropic ensemble of microstatesCi is collected. The

relevant thermodynamic quantities are computed at each temperature by computing appro-

priate canonical ensemble of states using the reweighting technique described previously.

2.4 Periodic Boundary Conditions

Computer simulations are performed typically on a relatively limited number of particles

N of the order of103 − 106 which is a very small number in comparison to the actual

number of molecules in a bulk system which is of the order of Avagadro’s number [4].

Applying boundary conditions helps in minimising the finitesize effect and the effect of

the surface and the edges on the bulk system. A most widely used condition is the periodic

boundary condition where a spin in theith row at the edge of the lattice sees a spin at

the beginning of theith row as it’s neighbour, or equivalently a lattice is assumed to be

surrounded by identical lattices on all sides. However one drawback is that the transition
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temperatures tend to get overestimated due to correlation between sites. Applying free

boundaries, on the other hand,leads to underestimation of the transition temperature. We

used such boundary conditions for studies on bulk samples.

2.5 Calculation of Observables

The macroscopic observables which are calculated in a simulation are the average energy

E, specific heatCv, the four order parameters which quantify the biaxial phaseand their

susceptibilities as well as fourth order energy cumulant, measuring the kurtosis of the distri-

bution [33]. We briefly describe the procedure used to compute these variables as averages

over canonical ensembles.

Average energy and specific heat The average energy is calculated by taking the

average over a large number of microstates in a canonocal ensemble extracted from the

entropic ensemble by reweighting procedure. The average energy is obtained from the

entropic ensemble of states as

< E >=

∑n
i=1Eiexp(−βE + αE)∑n
i=1 exp(−βE + αE)

. (2.5.1)

The specific heat at constant volume is obtained from the meansquare fluctuations of en-

ergy given by

Cv =
(< E2 > − < E >2)

kBT 2
(2.5.2)

wherekB is the Boltzmann constant. The temperature is always represented in reduced

units as

T
′

=
kBT

ǫ

whereǫ represents the coupling between neighbouring spins in the Hamiltonian model and

sets the scale of computation andT is the actual temperature.

Order Parameters Four order parameters are necessary to describe the liquid crystal

phases obtained in a system comprising of molecules withD2h symmetry. These are the
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uniaxial order< R2
00 >, the phase biaxiality parameter< R2

20 >, the biaxial order parame-

ters< R2
02 > and< R2

22 > arising due to molecular biaxiality. The uniaxial nematic phase

is characterised by two orientational order parameters< R2
00 > and< R2

02 > whereas the

biaxial symmetry requires inclusion of other two orientational parameters as well. These

are computed using the method proposed by Robert Low [34] andAllen [35].

Consider a system ofN liquid crystal molecules. Let an orthonormal triad of unit

vectors{e(i)x , e
(i)
y , e

(i)
z } be associated with each of the the molecules(i = 1, N). These may

refer to the semi-axes of an ellipsoid which models the shapeof the molecule or its moment

of inertia tensor. The laboratory frame of reference is denoted by(Ex, Ey, Ez). The order

parameters are calculated from ordering tensorsQxx, Qyy andQzz constructed from the

unit vectors{e(i)x , e
(i)
y , e

(i)
z } . They are defined as

Qxx =
1

N

N∑

i=1




e
(i)
xxe

(i)
xx − 1/3 e

(i)
xxe

(i)
xy e

(i)
xxe

(i)
xz

e
(i)
xye

(i)
xx e

(i)
xye

(i)
xy − 1/3 e

(i)
xye

(i)
xz

e
(i)
xze

(i)
xx e

(i)
xze

(i)
xy e

(i)
xze

(i)
xz − 1/3


 .

Qyy =
1

N

N∑

i=1




e
(i)
yxe

(i)
yx − 1/3 e

(i)
yxe

(i)
yy e

(i)
yxe

(i)
yz

e
(i)
yye

(i)
yx e

(i)
yye

(i)
yy − 1/3 e

(i)
yye

(i)
yz

e
(i)
yze

(i)
yx e

(i)
yze

(i)
yy e

(i)
yz e

(i)
yz − 1/3


 .

Qzz =
1

N

N∑

i=1




e
(i)
zxe

(i)
zx − 1/3 e

(i)
zxe

(i)
zy e

(i)
zxe

(i)
zz

e
(i)
zye

(i)
zx e

(i)
zye

(i)
zy − 1/3 e

(i)
zye

(i)
zz

e
(i)
zz e

(i)
zx e

(i)
zz e

(i)
zy e

(i)
zz e

(i)
zz − 1/3


 .

We note from the definitions of theQ dyadics that they are symmetric and traceless, since

the sum of diagonal elements of theQ tensors are zero. Hence the eigen values of these

matrices are real and the eigen vectors are mutually orthogonal. It is known from Linear

algebra that if a symmetric matrixM has eigen vectorv associated with a eigen valueλ

thenvTMv = λ. The order parameters of a liquid crystal system, which signify the amount

of order in preferred directions of orientation, can be obtained using the above property.

We find the eigen values of each of the tensorsQxx,Qyy andQzz and the associated

eigen vectors. By comparing the eigen values of the three tensors we identify the tensor
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with the maximum eigen value asQmax, with minimum eigen values asQmin and the

third one asQmid. The eigen vector associated with the maximum eigen value ofall the

eigen values is the system director labelled asZ axis, which corresponds to the laboratory

Z-direction (Ez). To complete the orthonormal triad of the laboratory axes,we pick the

largest positive eigen value from among the eigen values ofQmid andQmin and project it’s

eigen vector in a plane perpendicular to the system director. The projection forms theY

direction and the eigenvector is labeled asY (laboratoryEy). The remaining X-direction

(laboratoryEx) of the orthonormal triad can be computed using theY andZ unit vectors.

This orthonormal triad forms the principal axis system in which measurements are made.

Taking the molecularz axis to be the long axis for the molecules, the most dominant

eigen valueλmaxis a measure of the molecular long axis to be oriented along the system

director. The uniaxial order parameter is defined as

R2
00 =

3

2
λmax =

3

2
ZTQmaxZ.

The phase biaxiality parameterR2
20 is a measure of the difference in ordering of thex and

y molecular axes along the system director and is given as the difference between the other

two eigen values ofQmax i.e

R2
20 =

√
3

8
(fT

2 Qmaxf2 − fT
3 Qmaxf3).

. wheref2 andf3 are the other two eigen vectors ofQmax.

If value of< R2
20 >= 0 then the system is unchanged by a rotation about theZ axis; A

nonzero< R2
20 > indicates that even in a system of uniaxial molecules, therecould be an

orienational order without cylindrical symmetry.

The ordering along the primary director arising from the noncylindrical shape of the

molecules is the molecular biaxiality parameter< R2
02 >. It is given by

R2
02 =

√
3

8
(Y TQmidY −XTQminX).

. whereY TQmidY denotes how the moleculary axes is aligned with respect to the lab-

oratoryEy direction and so on. A measure of the ordering in theX andY directions
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originating from the molecular biaxiality is given by the biaxiality parameterR2
22 defined

as

R2
22 =

1

4
(Y TQmidY +XTQminX −XTQmidX − Y TQminY )

which is normally taken as an effective monitoring parameter of the biaxial transition.

The averages of the above quantities are computed using the same method as for en-

ergy as in eqn(2.5.1) during reweighting. The fluctuations in the order parameter values is

measured by the susceptibilityχ defined as

χ =
1

kBT
(< R2 > − < R >2)

whereR is any the above order parameter.

Both specific heatCV andχ show divergence near transition temperatures. The location

of the peaks is used to determine the transition temperature. The peak in theR2
00 suscepti-

bility indicates the isotropic-nematic transition temperature whereas the peak in theR2
22 is

indicative of uniaxial nematic - biaxial nematic phase transition.

Energy Cumulant The fourth order cumulant of the energy gives a measure of the

kurtosis of its probability distribution [33]. It is used asa measure of the order of the

transition. It is defined as

V4 = 1− < E4 >

3 < E2 >2

For first order transitions

V4 =
2

3
for T < TC ; (2.5.3a)

= 0 for T > TC ; (2.5.3b)

wheras for second order transitions the cumulant always vanishes regardless of the size of

lattice. The scaling behaviour of these quntities with system size is often used to estimate

the transition temperatures.

49



50

2.6 Review of Simulations of Biaxial Nematics

In the last few decades, computer simulations of liquid crystals has emerged as a power-

ful tool to investigate the mesogenic behaviour which is a result of interplay of various

competing mechanisms which operate over a wide range of length and time scales [7, 9]

. Nematic phases have been simulated using continuous attractive potentials, hard core

potentials and Gay-Berne potential models. The simplest model to describe the biaxial ne-

matic phase is the lattice model based on attractive potential with a single parameter used

to describe biaxiality [36,37]. Monte Carlo methods were successfully employed to inves-

tigate and confirm the theoretical predictions of spontaneous thermotropic biaxial ordering

for a value of biaxiaity parameter [37]. The complete phase diagram for this dispersion

model and the associated order parameters were obtained [38, 39]. A two parameter lat-

tice model [40] was developed to study the interaction between two molecules withD2h

symmetry interacting through pair potential [41], which confirmed the predictions quali-

tatively. Lattice models were also used to simulate biaxialphases produced by V-shaped

molecules [42].

The effect of changing the molecular shape and interaction parameters on the phase

behaviour and structure of liquid crystalline phases was studied by Allen [35] using hard

ellipsoids of revolution with translational and rotational degrees of freedom. The result-

ing phase diagram from the off-lattice simulation providedevidence for isotropic,nematic,

discotic and biaxial liquid crystal phases. A subsequent detailed study of the phase di-

agram [43] reported a narrow range of shape anisotropies which give rise to the biaxial

nematic phase. MC simulations of biaxial ellipsoids modelled with generalised Gay-Berne

potential [44] hint at the competition between shape and interaction anisotropies for a biax-

ial GB particle. The molecular dynamics simulation of a Gay Berne fluid under the influ-

ence of an electric field [45] confirmed the experimental observation of the fast switching

times associated with the secondary director as compared tothe primary director.
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The phase behaviour of bent-core mesogens was also studied concurrent to their predic-

tion by Campet al and Lansacet al [46,47]. These were modelled using rigid rods joined

at one end, and the resulting phase diagrams revealedNU ordering for large apex angles.

The phase behaviour of a fluid made of a realNB molecules [48,49] was simulated using a

full-atomistic potential with electrostatic interactions by Palaezet al [50]. A spontaneous

ordering to aNB phase was observed on cooling from the isotropic state. An excellent

review of the progress made in the simulations of biaxial nematics can be found in a recent

review by Berardiet al [9]. As noted by these the field of computer simulations of biaxial

nematics has kept pace with the theoretical predictions, and presents a peculiar case where

design and syntehesis of molecules follow the theoretical and simulation results.
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Chapter 3

A Wang-Landau Monte Carlo Investigation of
the Mean Field Phase Diagram of Biaxial Liquid
Crystals

In this chapter we investigate the phase sequence of biaxialliquid crystals, based on the

general quadratic model Hamiltonian introduced in chapter1, using a simulation tech-

nique which combines entropic and frontier sampling techniques. We review the necessary

background and the recent developments in the field in section 3.1. The WL-simulation

technique is introduced in section 3.2. The simulation results are discussed in section 3.3.

Conclusions drawn from the novel simulation techniques arepresented in section 3.4.

3.1 Introduction

The biaxial nematic phase has attracted considerable attention recently for various reasons,

starting from a fundamental question about the conducive experimental conditions for its

existence to its envisaged applications in display devices. Though predictions made by

various mean-field (MF) theoretic treatments [1]- [7], Landau free energy based analyses

[8] - [12] and computer simulations [13] - [20] support the feasibility of such a phase, the

progress on the experimental front [21,22] has been rather modest. Questions regarding the

existence and subsequent experimental identification of a biaxial phase in the synthesized

compounds persist in the literature [23] - [26].
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Figure 3.1: Essential triangle : Region of biaxial stability

The recent generalised MF analysis, as outlined in chapter 1, identifies a triangular re-

gion of biaxial stability in the Hamiltonian parameter space, denoted as the ’Essential Tri-

angle’, OIV, shown in Fig.(3.1). All realizable biaxial nematic systems can be represented

as appropriate points in this triangle, by suitable choice of symmetry axes and consequent

rescaling of the temperature. All possible phase sequencespredicted by the Hamiltonian

model can be obtained by choosing a corresponding point on the triangle. In particular, a

mean field phase diagram was predicted [7] as a function of thearc length OIV, denoted by

λ∗, defined asλ∗ = λ on the segment OI, and

λ∗ =
(1 +

√
13γ)

3
,

with

γ =
(1− 3λ)

2

covering the segment IV. The MF phase diagram predicts forλ∗ . 0.22 (γ = 0, λ . 0.22)

a two stage transition from the isotropic to a biaxial phase,with an intervening uniaxial

nematic phase. The uniaxial-biaxial transition is second order(NB = NU−I) upto pointC1

(γ = 0, λ ≃ 0.2) and then changes to first order(NB−NU −I) uptoC2 (γ = 0, λ ≃ 0.22).

For the rest of the range ofλ∗, a direct transition is expected, extending upto V in Fig. (3.1).

This transition is predicted to be first order(NB − I) for λ∗ ≤ 0.54 (γ = 5/29, λ = 19/27)

and second order(NB = I) upto the point V(γ = 0.5, λ = 0.0). HenceC1 andC3 are

tricritical points andC2 is a triple point.
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The above scenario from MF analysis implies that a biaxial nematic phase should be

condensing over a significant region of the parameter space [7]. The biaxial phase should

occur as a rule and not as an exception raising experimental expectations, contrary to the

laboratory observations. The recent example of readily observable deviation between mean

field predictions [7] and the experimental observations is the tetrapode system [22] inves-

tigated by Bisi et al [27]. Taking the ratioρ = (NB − NU)/(NU − I) as the quantitative

criterion to identify the Hamiltonian parameters corresponding to the data of the tetrapode,

it is found the tetrapode data corresponds to the value(γ = 0.174, λ = 0.193), a point

which falls below the tricritical lineC1C3 in the essential triangle. The experimental ob-

servation deviates from MF expectations in this system in that after the onset to the biaxial

phase, the macroscopic biaxiality order parameter of the the real system tapers off to about

∼ 7% of the MF predicted value. In other words, in real system development of significant

macroscopic biaxial order is for some reason, inhibited.

It is also interesting to observe that the asymptotic behaviour in the limit of vanishing

value of the biaxial - biaxial tensorial interaction strength, λ → 0, leads to a conflicting

result at the point V in the phase diagram, as was noted in [7].The mini-max analysis in

this ’partly repulsive region’ predicts a direct isotropic- biaxial transition to occur at this

point, whereas the biaxial phase stability criterion requiresλ > 0 for the onset of a biaxial

phase.

An attempt was made by De Matteiset al [28] to resolve this discrepancy in the partly

repulsive region by using minimax principle. Taking into consideration theD4h symmetry

of the Hamiltonian along uniaxial torque lines, theµ-model was proposed (in the repulsive

region in the essential triangle). The parameterµ is defined such thatµ ≤ 0 corresponds to

the attractive interactions and0 < µ ≤ 1 corresponds to the partly repulsive interactions.

Theµ model predicts a directI − NB transition for uptoµ= 0.43, after which a series of

first orderI − NU − NB transitions and biaxial - biaxial transitions are predicted in the

region for0.43 < µ ≤ 1 (a region close to the point V in the essential triangle). An isolated

tricritical point is predicted in the limitµ→ 1 corresponding to the point ’V’ in mean field
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phase diagram (see Fig.3.1). It may also be noted that these predictions were only partly

confirmed by the conventional Monte Carlo simulations [28].

Keeping in view these issues between the mean field results and experiments and also

the unsatisfactory mean field predictions in the asymptoticlimit of biaxial stability (λ →

0), we have attempted to carry out a systematic simulation study along the sides of the

essential triangle OIV to facilitate a direct comparison between simulations and mean field

results. We note that the earlier simulation studies which largely support the mean field

theoretical predictions (but do not necessarily answer theabsence of macroscopic biaxial

order) were all carried out using conventional Boltzmann sampling based on metropolis

algorithm (see chapter 2). This procedure however has knownlimitations with systems

possibly encountering free energy barriers. In this context, we felt the need to apply a

different sampling technique and look for possible new features.

We combine both entropic sampling and frontier sampling techniques (which can effec-

tively overcome free energy barriers) to study the phases predicted by the general quadratic

Hamiltonian model. We employ Wang-Landau algorithm [29] suitably modified for liquid

crystal simulations [30], and augment it with frontier sampling.

3.2 Hamiltonian Model

The general quadrupolar orientational Hamiltonian was originally suggested by Straley

[2], subsequently phrased in tensorial formalism [5]. Accordingly, the interacting biax-

ial molecules can be represented by two pairs of symmetric, traceless tensors (q, b) and

(q
′

, b
′

). The tensorsq andq
′

are uniaxial around the unit molecular vectorsm andm
′

,

whereas bothb andb
′

, orthogonal toq andq
′

, respectively, are biaxial.q andb are the

irreducible components of the anisotropic parts of any molecular susceptibility tensor and

can be represented in the eigen frame(e, e⊥,m) of the tensor as

q := m⊗m− I

3
I (3.2.1)
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b := e⊗ e− e⊥ ⊗ e⊥ (3.2.2)

whereI is the identity tensor. Similar representations hold forq
′

andb
′

in the eigen

frame(e
′

, e
′

⊥
,m

′

). The interaction energy can now be written as

H = −U0[ξ q · q ′ + γ(q · b ′ + q ′ · b) + λ b · b ′] (3.2.3)

whereU0 is the scale of the energy,ξ = ±1, γ andλ are dimensionless interaction pa-

rameters, whose values determine the relative importance of the uniaxial-biaxial coupling

and biaxial-biaxial coupling interactions between the molecules. We focus on the region

of biaxial stability with the long molecular axes providingthe definition of the primary

director. Accordingly, we choseξ = +1 in Eqn. (3.2.3).

For simulation purposes, the above Hamiltonian in Eqn. (3.2.3) is conveniently recast

as a biaxial mesogenic lattice model, where particles ofD2h symmetry, represented by unit

vectorsua, vb on lattice sites a and b interact through a nearest neighbourpair potential [31]

U = −ǫ{G33 − 2γ(G11 −G22) + λ[2(G11 +G22)−G33]}. (3.2.4)

Herefab= (va.uk), Gab=P2(fab), ξ = +1 andǫ (set to unity in simulations) is a positive

quantity setting the reduced temperatureT
′

=KBT/ǫ.

The pair-wise interaction in Eqn. (3.2.3) is particularly transparent when expressed in

terms of tensors appropriate to the symmetry of the diagonalIV (uniaxial torque alonge)

as [7,28]

H = U
′

[µ(e⊗ e− I

3
) · (e′ ⊗ e

′ − I

3
)− (e⊥ ⊗ e⊥ −m⊗m) · (e′

⊥
⊗ e

′

⊥
−m′ ⊗m

′

)]

(3.2.5)

where

U ′ = U(1− λ)/2
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and

µ =
(1− 9λ)

(1− λ)

In this format,µ = −3 corresponds to the point I (0, 1/3) in Fig. 3.1,µ = 0 to the

Landau point T (1/3, 1/9) (LP), andµ = +1 to V (0.5, 0.0). In particular we observe that

µ = −1 corresponds toλ∗ ⋍ 0.57 located at K in Fig. 3.1.

3.3 Details of Simulation

3.3.1 Sampling Technique

Wang-Landau sampling is a Monte Carlo technique initially developed for discrete models

as a temperature independent, iterative method with the ability to sample rough energy

landscapes. In order to perform simulations of a continuousmodel like the Lebwohl -

Lasher model which describes the isotropic - nematic transition, a modified Wang - Landau

algorithm was developed [30], in order to sample rare microstates in the phase space, as

the span of the total energy increases with size. This modified algorithm (JSM) augmented

with frontier sampling [32] is used to simulate the biaxial model.

The Wang-Landau sampling is based on calculating the density of states g(E) where E is

the energy of the system. To avoid numerical problems like overflow truncation errors, the

simulation is done using a log-log scale i.egi is calculated asξ = log(α) = log(log(gi)).

The acceptance probability, updation ofξi, unweighting and reweighting are done on the

same scale as suggested by Berg [33].

Initially the cubic lattice (of size L) of the biaxial liquidcrystal with random configura-

tion of headless spins is initialised. The energy range(Emin, Emax) is divided into40 ∗ L3

(=nbins)bins. Let the current microstate belong to an energy bin c. Orientation of a chosen

spin is changed randomly and the trial microstate obtained belong to a bin t. The acceptance

probability of the trial microsatet is calculated using theEqn.

p = min{1, exp[−exp[ξt + log(1− exp(−(ξt − ξc)))]]}.
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This constitutes a Monte Carlo step. A Monte Carlo sweep (MCS) consists ofL3 such

steps. Once a MCS is completed the value ofξi is updated with a Gaussian kernel function

ξ(i) → ξi + γ0exp(−
|x − x0|

δ
)2

The valuesγ0 andδ are the scaling parameters to adjust the height and width of the Gaus-

sian kernel, respectively. The initial values of(γ0, δ) are taken as(0.1, 0.002 ∗ nbins).

After every 10000 MCS, the value ofγ0 is reduced toγ0 → 0.95γ0. This updation ofγ0

is continued till it reaches a predetermined minimum value of typically, 0.001. This en-

tire procedure is called an iteration. After every two successive iterations, the difference

between the updated values ofξ is calculated at each bin.

The cut off bin number is chosen as that corresponding to95% of the difference of

ξk(i)− ξk−1(i),

wherek is the iteration index and the bin indexi corresponds to the highest energy of

interest.The cut off bin acts as the frontier, and the algorithm continues the iterations. The

frontier is the bin j above which allξ(x) to the higher energy side (T region) are boosted

with a positive value and there is an uniform growth ofξT (x) ∀ x = j, N . A boost = 0.5

is added to the values ofξT (x) which are at the right of j. Thus a high entropic barrier is

created for the random walker to enter the high energy regions.

Consequently, an accumulation of states occurs near the frontier till the height becomes

equal to the boosted area. This pushes the explored region towards the lower energy region.

In other words, as more higher entropic regions are adequately sampled, the frontier is

pushed to lower energy regions, so as to make the system sample beyond the frontier. The

simulation is performed untilξT (x) covers the entire energy range. This takes typically

about 200 iterations. Then a long smoothing run is performedwith initial values of(γ0, δ)

set to(0.001, 0.002 ∗ nbins), so as to remove any discontinuities in the density of states

(DoS) profile. In this run, the values ofγ0 are progressively reduced till it reaches a value

10−9. This ensures that the finalξ converges to its asymptotic value and is as close to the

representative density of states of the system as possible.within computing errors.
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The final DoS is then used in a long production run to collect anentropic ensemble

of 4 × 107 microstates. Once the DoS and physical parameter values of the microstates

belonging to the entropic ensemble are available, reweighting can be done at any desired

temperature resolution. The macroscopic value of any physical property O, in thermal

equilibrium at temperature T (β= 1
kBT) is then computed from the collection of microstates

in the entropic ensembleCi by a reweighting procedure as

〈O〉 =
∑
O(Ci)g(Ei)exp[−βE(Ci)]∑
g(Ei)exp[−βE(Ci)]

(3.3.1)

3.3.2 Simulation Details

Simulations were carried out on a cubic lattice (L=20) with periodic boundary conditions.

The biaxial molecules on each lattice site interact with thenearest neighbours based on

the potential in Eqn.(3.2.4). The parametersγ andλ were chosen such that we traverse

along the boundary of the essential triangle ’OIV’ (encompassing line segmentsOI and

IV ) which amounts to varying the arclengthλ∗ from 0 to 1( 0.933). Simulations were

carried out at closely spaced values ofλ∗ for nearly 60 points on this arc.

Initially, conventional Monte Carlo sampling techniques (Boltzmann ensembles) were

employed to study the phase behaviour on the essential triangle at select values ofλ∗. In

each simulation, the reduced temperature is varied from 2.0to 0.04 in steps of 0.002 units

and at each temperature, the sample is equilibrated for6.5×105 MC runs before collecting

the canonical averages of all relevant physical parametersin a production run of6.5× 105

MC runs. Thus the averaging is done over6.5× 105 microstates at each temperature. The

canonical ensembles collected at a given temperature with this sampling will henceforth be

denoted as B-ensembles.

The simulations were then carried out using modified Wang-Landau (WL) algorithm

augmented by frontier sampling, at each of the above value ofλ∗ (0 < λ∗ < 1). At

each value, the g(E) which is the estimate of the density of states was obtained and an en-

tropic ensemble of107 microstates (Ci) was generated, by making an effectively uniform
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random walk in energy space guided by the DoS. Equilibrium ensembles at any desired

(reduced) temperature (T
′

) are consequently extracted by a suitable reweighting procedure

(RW-ensembles) [32,34]. These encompass all permissible microstates consistent with the

equilibrium conditions, overcoming any inherent free energy barriers, unlike their Boltz-

mann counterparts (B-ensembles). The average value of physical properties at any desired

temperature were calculated using Eqn.(3.3.1).

The physical parameters of interest in this system which were calculated at eachλ∗ are

average energy< E >, specific heat< Cv >, Binder’s energy cumulantV4 (= 1− < E4 >

/(3 < E2 >2)) which is a measure of the kurtosis [35], the four order parameters of the

phase calculated according to the method in ref [36]. They are the uniaxial order< R2
00 >

(along the primary director), the phase biaxiality< R2
02 >, and the molecular contribution

to the biaxiality of the medium< R2
22 > , < R2

20 >, and their susceptibilities. All the

physical parameters are collected at a high temperature resolution of 0.002 units.

In the case of WL simulation, representative free energy profiles are also computed

making use of the DoS data as a function of the two order parametersR2
00 andR2

22 at

various temperatures.

The reduced temperature scale (T
′

) used in the simulations differs from mean field tem-

perature scale(T
′′

) by a factor of 9 [19]. A further scaling was done to obtain compatibility

with mean field temperature1/β∗ [7] by dividing T
′′

with the condensation energyU∗ of

the biaxial phase,which is the minimum of H, i.e

T
′′

=
T

′

9
, T ∗ =

T
′′

U∗

where

U∗ =
2U(1 + 3λ)

3
and U = ǫ = 1.

3.4 Simulation Results

Eachλ∗ value represents a biaxial system represented by the Hamiltonian parametersγ

andλ, which are closely related to the molecular anisotropy and hence to the shape of the
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molecules comprising the biaxial liquid crystal. The WL simulation carried out for each

such point provides rich information about the phase sequence and nature of the orienta-

tional ordering in the system, and data can be extracted at the desired temperature resolu-

tion, once the entropic ensemble is constructed. Taking into account theD4h invariance of

the Hamiltonian alongOI andIV , two scalar order parametersR2
00 andR2

22 suffice to de-

scribe the condensed phases. The simulation results are presented, for purposes of clarity,

by dividing the arcOIV (λ∗-axis ) into three convenient parts:OI,IC3 andC3TV .

3.4.1 SegmentOI

This region corresponds to the segment of theλ axis defining the essential triangle, and

the value ofλ∗ is tha same as the value ofλ, i.e λ∗ = λ. The interaction between the

intermolecular uniaxial tensors involving the ’m’ axis is decoupled from that between bi-

axial tensors involving the other two minor axese ande⊥. The Hamiltonian is totally

attractive and admits free energy solutions which attain global minima. The biaxial sys-

tems represented have a special dispersion of the dielectric shape susceptibility and are an

extreme case of the real molecules represented by the general Straley interaction. Initially

we present the data obtained from a typical WL simulation at say,λ∗ = 0.1 as an example

to introduce notation and relevant parameters, referring to Figs. 3.2- 3.4.

Fig.3.2(a) depicts the density of states (DOS)g(E) plotted as a function of energy per

particle E. It is a smooth function of energy monotonically increasing in the relevant en-

ergy region. The energy histogram shown in Fig.3.2(b) is approximately flat in the energy

range relevant to the temperature range of interest. The energy per particle E shown in

Fig.3.3(a) shows two sharp kinks which are the indications of two transitions. The fluc-

tuations in energy at these transitions show up as peaks atTC1 andTC2 in specific heat

profile shown in Fig.3.3(b)(i). TheCV profile shows that as the liquid crystal is cooled

from high temperature isotropic state (I) a uniaxial (NU ) phase is formed at the transition

at temperatureTC1 = 1.146. On further cooling from the uniaxial phase, a transition toa

biaxial (NB) phase occurs at temperatureTC2 = 0.706. The significant dip in the energy
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Figure 3.2: Experimental parameters from the present simulation at λ∗ = 0.1
(a)Representative density of states (b)Energy histogram of the entropic ensemble
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Figure 3.4: Experimental parameters from the present simulation atλ∗ = 0.1. Temperature
variation of (a) uniaxial and biaxial orders along with their susceptibilitiesχ. (b) phase
biaxiality parameter and molecular biaxiality parameterswith their susceptibilitiesχ

cumulantV4 in Fig.3.3(b) (ii) atTC1 indicates the first order nature of the I-NU transition.

TheNU −NB transition atTC2 is expected to be of second order, andV4 does not show any

first order signature. The order parameter and susceptibility profiles shown in Fig.3.4(a)

confirm the nature of the phases obtained. The growth of the uniaxial order parameterR2
00

at TC1 (Fig.3.4(a)(i)) and the associated susceptibility peak confirms theI − NU transi-

tion, whereas the subsequent growth of biaxial order parameterR2
22 and the corresponding

susceptibility peak, point to the low temperature transition from uniaxial to the biaxial

phase.The phase biaxiality parameterR2
20 and molecular biaxiality parameterR2

02 are also

shown along with the respective susceptibilities in Fig.3.4(b) for completeness of the pre-

sented data.Their susceptibilities also show the signatures of the two transitions. A compar-

ison of the results from entropic sampling with those from the standard Metropolis-based

Boltzmann sampling is shown in Fig.(3.5) under identical conditions of lattice size, and

averages over comparable ensemble sizes. It is observed that the ensemble averages of the
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Figure 3.6: Temperature variation of: (a) Specific heat; (b)Uniaxial order; and (c) Biaxial
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temperatures (≤ 0.25), common to all plots, have their origin from inadvertent inadequate
sampling of microstates comprising the entropic ensemble,at these very low energy values.
As these deviations do not interfere with the interesting nature of the graphs, recomputa-
tions were not attempted to correct for this, to save computing time)

observables obtained from averaging over the microstates present in the B-ensembles coin-

cide exactly with averages over the microstates in RW-ensembles in the entire temperature

range forλ∗=0.12.

A similar comparison at two otherλ∗ values (0.20 and 0.33) which are shown in

Figs.(3.6) and (3.7)) confirms this observation. This implies the sampled states in both

type of sampling procedures are similar along theλ - axis in the essential triangle.

The results obtained from entropic sampling (WL simulation) along OI are now pre-

sented for convenience in two segments. The results forλ∗ values ranging from 0.1 to 0.25

are presented first, followed by data covering the rest of values 0.26-0.33.
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.

3.4.2 SegmentOI : Range ofλ∗ = (0.1-0.25)

The specific heat and order profiles for nine values ofλ∗ in this range are grouped together

for comparison purposes and shown in Fig.3.8. The temperature variations of specific heat

CV , uniaxial orderR2
00, biaxial orderR2

22 and energy cumulantV4 obtained from RW-

ensembles are depicted in Figs.3.8(a)-(c). It may be noted from Fig.3.8(a) that for all

values ofλ∗, two transition peaks are observed in the specific heat. As the biaxial system

is cooled from the high temperature isotropic phase, aI − NU transition occurs at a high

temperatureTC1 followed by a second transitionNU −NB at lower temperatureTC2. The

I − NU transition temperature remains fairly constant with the variation in λ∗, whereas

NU − NB transition shifts towards higher temperatures asλ∗ increases from 0.1 to 0.25.

This behaviour is also reflected in the order parameter profiles shown in Figs.3.8(b) and (c).

This implies that on increasingλ∗(=λ in this segment) the biaxial phase is more favoured,

which is as expected from the mean field predictions.

Supplementing the results onCV and order parameters to determine the transition tem-

peratures and symmetries of the phases so condensed, we focus on the temperature varia-

tions of the fourth order cumulant (V4) representing the kurtosis of the ensemble distribu-

tion to look at the nature of the transitions. It is known that[35] the stronger the shape of

the transition, the more significant will be the dip ofV4 at that transition, By examining the

Figs. 3.9(a) - 3.9(c), depictingV4 variation withT
′

atλ∗ = 0.18, 0.19 and 0.20, respectively,
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Figure 3.8: Temperature variation of experimental parameters for different values ofλ∗

(0.1 to 0.25)

with specific reference to its variation atλ∗ = 0.1 (3.3(b)), we find evidences of the nature

of NB − NU transition becoming weakly first order atλ∗ = 0.18. The mean field predic-

tion for this cross-over tricritical point (pointC1 in the essential triangle on theλ axis) is at

λ∗ = 0.2, Such quantitative differences between the MF predictionsand simulations based

on hamiltonian models are not uncommon. A similar difference also seems to exist with re-

spect to the second interesting pointC2 on the triangle, where the two transitions coalesce,

and a triple point results. MF predictions suggestλ∗ = 0.22 as the point of such merger,

whereas the present simulations put this value at a slightlylarger value , atλ∗ = 0.26. The

corresponding transition temperaturesT
′

in reduced units are given in Table.5.1 along with

the mean field temperaturesT
′′

1 , T
′′

2 , T ∗

1 andT ∗

2 .

Secondly, mean field predicts a triple point designatedC2 at

λ∗=0.22 at inverse temperatureβc = 6.81. The simulation results, shown in Figs.(3.10) and

(3.11), show that the triple point exists atλ∗ = 0.26.

Within the caveat that simulation results pertaining to phase transitions are subject to

finite size effects - like the known limitations on MF predictions -, these comparisons sim-

ply show that the general behaviour of the phase sequences inthis interesting Hamiltonian
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Table 3.1: Comparison of transition temperatures at some points alongOI

λ∗ T
′

1 T
′

2 T
′′

1 T
′′

2 T ∗

1 T ∗

2

0.18 1.1753 0.9919 0.1305 0.1102 0.1272 0.1074

0.2 1.1937 1.077 0.1326 0.1196 0.1243 0.1122

0.22 1.211 1.149 0.1346 0.1276 0.1216 0.1153

0.26 1.2516 0.13917 0.1172
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Figure 3.9: Energy cumulant forλ∗ = (a) 0.18 (b) 0.19 and (c) 0.2
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Figure 3.12: Variation of free energy at theI − NU transition as a function of (a) Energy
per particle (b)R2

00 (c)R2
22 for λ∗=0.12

parameter region are on the expected lines of MF theory qualitatively, though certain quan-

titative differences could be clearly seen.

Figs.3.12(a) - 3.12(c) depict the variation of free energy as the temperature is decreased

from T=1.224 in the isotropic phase through the transition temperatureTC1=1.144 to the

uniaxial phase at T=1.064,forλ∗ = 0.12. The free energy is plotted as a function of energy

in Fig.3.12(a) and as a function of order parameters in Figs.3.12(b) and 3.12(c). It can be

observed that at any given temperature the free energy attains a minimum value for a small

energy range. As the temperature is lowered, this free energy minimum shifts towards

lower energies and also broadens. While the shifting to lower energy regions is expected,

the broadening is due to contributions from more number of states in the specified energy

range. The free energy curves w.r.tR2
00 in fig3.10(b) for the same temperatures show the
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shifting of free energy minimum fromR2
00 ∼ 0.05 to R2

00 ∼ 0.58 as the temperature is

lowered through the transition. This implies that more uniaxially ordered states contribute

to the broad minimum of free energy. The free energy w.r.tR2
22 in fig3.10(c) shows that the

free energy minimum resides atR2
22 ∼ 0.0 in the neighbourhood of theI − NU transition.

Thus the free energy minimisation at the I-NU transition arises entirely from development

of uniaxial order.

Similar free energy curves plotted in the neighbourhood of theNU − NB transition

are shown in Figs.(3.13). It can be observed from Fig.3.13(a) that the free energy mini-

mum shifts towards lower energies as the temperature is lowered fromT . = 0.808 toT
′

=

0.688 passing through the uniaxial - biaxial transition temperatureT
′

= 0.708. The free
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Figure 3.14: Variation of the free energy as a function of (a)Energy per particle (b)R2
00 (c)

R2
22 for λ∗=0.22

energy curves with respect toR2
00 (Fig.3.13(b))have deep minima throughout this temper-

ature range indicating that long axis ordering continues toincrease as the temperature is

lowered. The free energy curves w.r.t.R2
22 (Fig.3.13(c)) on the other hand are relatively

shallow and the minimum shifts to higher values ofR2
22 as the temperature is lowered into

the biaxial phase. The free energy curves reflect the building of biaxial order in both phases

at these temperatures close to the transition atTC2. The gradual increase of biaxial ordering

at theNU −NB transition comes from contributions from large number of microstates with

a range of biaxial ordering.

The free energy plots forλ∗ = 0.22 encompassing both the transition temperatures are

shown in Figs.3.14(a) - 3.14(c). These display essentiallythe same features as described

for λ∗ = 0.12.

75



76

0.5 1.0 1.5 2.0

0

20

40

0.27
0.29

0.31

*

 0.26
 0.27
 0.28
 0.29
 0.3
 0.31
 0.33

T'

C
v

*
(a) 0.5 1.0 1.5 2.0

0.0

0.5

1.0

0.5 1.0 1.5 2.0
0.0

0.2

0.4

R
2 00

 L026
 L027
 L028
 L029
 L030
 L031
 L033

(b)

R
2 22

T'

(c)

Figure 3.15: Temperature variation of experimental parameters for different values ofλ∗ in
the range (0.26,1/3)

3.4.3 Segment OI: Range ofλ∗= (0.26 - 0.33)

The simulation results for values ofλ∗ from 0.26 to 0.33 are shown in Figs.3.15 (a) - (c).

These results point to directI − NB transition in this region in accordance with the mean

field predictions. Asλ∗ value increases the first order nature of the transition stronger.

The results obtained atλ∗ = 0.26 were already shown in Fig.(3.11). Fig.(3.16) shows the

simulation results atλ∗ = 0.33, located at the apex point I in the triangle. Accordingto MF,

this point is the intersection of three self conjugated lines in the essential triangle and the

phase sequence is described by a single scalar order parameter. The symmetry requires a

single first order isotropic - biaxial phase transition to occur at this point.

The simulation results agree with these predictions as evident from the strongCV peak

in Fig.(3.16). The energy cumulant shown in the inset suggests unambiguously this expec-

tation. The sharp and concurrent increase of the biaxial order along with the uniaxial order

indicates the onset of the biaxial phase from the isotropic phase, and the susceptibilities

(inset) is also indicative of the nature of this transition.The free energy profile plotted as

a function of the biaxial orderR2
22 is shown in Fig.(3.17). It may be observed that two

free energy minima exist at the transition which substantiates the first order nature of the
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transition. Similar minima exist in the free energy profile plotted with respect to uniaxial

orderR2
00. The strong nature of the transition is clearly brought out by the explicit features

of the free energy profile at the transition with respect to the order parameters: the large

free energy barrier separating the two states, their coexistence at the transition temporary.

It is to be noted that this feature is explicitly evident evenat the modest lattice size L= 15.

The point I is special in the sense that it is the intersectionof three uniaxial torque axes

- each around the each of the molecular axes -, and at this point the interaction is purely

biaxial [7].

3.4.4 SegmentIV

This line segment is the self conjugated line IV in the essential triangle, wherein the Hamil-

tonian is globally attractive till the point T and then becomes partly repulsive along seg-

ment TV. The value ofλ∗ increases from1/3 to 0.933 as we traverse from I to V on the

triangle. According to mean field model, IV is a uniaxial torque line, along which the

restoring torque is uniaxial around the moleculare-axis. Mean field predicts a first order

isotropic-biaxial transition along this line segment tilla tricritical pointC3 (5/29, 19/27)

corresponding toλ∗ = 0.54, at which nature of the isotropic-biaxial transitionchanges to

second order.C3V is a line of Landau triple points where a biaxial phase continuously

branches off from the uniaxial phase. Point T on the segmentC3V is special: on one

hand it is a bounding point where the fully attractive Hamiltonian turns partly repulsive:

and it is also on the dispersion parabola defining a unique point where a single transition

from isotropic to the biaxial phase predicted by MF [6] and confirmed by earlier Monte

Carlo simulations [15]. Discusiion of the results in this section is again divided into three

subsections for convenience.

3.4.5 SegmentIV : Range ofλ∗ = (1/3,0.53)

The specific heat, uniaxial order and biaxial order profiles for values ofλ∗=1/3 to 0.53 are

presented in Figs.3.18 (a)-(c). It may be seen that our results confirm with the mean field
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Figure 3.18: Temperature variation of order parameters forvalues ofλ∗ in the range (1/3,
0.53)

results along this line segment. It is to be noted from fig. 3.18(a) that theI −NB transition

temperature remains fairly constant in this region. In addition we present the results at

one of the values ofλ∗(= 0.47) included in this region, separately for bringing out salient

features of this transition, in Fig.3.19.

3.4.6 Segment IV: Range ofλ∗ = (0.54 - 0.733)

The specific heat profiles obtained forλ∗ values ranging from 0.53 to 0.733 are presented

in Fig.(3.20). We find that these clearly show the evidence oftwo transitions starting from

λ∗=0.54, deviating qualitatively from men field prediction ofa singleI = NB transition.

The transition peaks split gradually on increasingλ∗, and within this range, have a maxi-

mum temperature difference between the transitions atλ∗ = 0.733 ( T on the triangle). This

is the landau point on the dispersion parabola with coordeinates (1/3, 1/9) .Mean field the-

ory predicts that the Landau point should host a direct isotropic - biaxial transition. We also

find that the simulations based on Metropolis sampling ( constituting the B-ensembles) in

this region differ qualitatively from the current results from the entropic sampling data.

A comparative study of the specific heat profiles derived fromthe B- and RW-ensembles
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the signatures of both transitions whereas the susceptibility of R2

22 shows a single peak at
TC2. Clear signature of the second transition, and its first order nature, may also be inferred
from theV4 data.
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is depicted in Fig. 3.21(a), along withV4 as an inset atλ∗= 0.65 (0.264, 0.158). The

corresponding order parameters, and their susceptibilities are shown in Fig. 3.21(b). It may

be observed from Fig. 3.21(a) that specific heat profile derived from the RW-ensembles

exhibits two transitions whereas that derived from the B-ensembles in contrast exhibits a

broad hump below the high-temperatureCv peak. The two order parameters obtained from

RW-ensembles exhibit a jump in their values coincident withthe second low - temperature

Cv peak, whereas the orders obtained from the B - ensembles showa monotonic increase, as

shown in Fig.3.21(b). The susceptibility ofR2
00 (from RW-ensembles) shows the signatures

of both the transitions whereas the susceptibility ofR2
22 shows a single peak atTC2. The WL

simulation results for specificλ∗ values(0.54, 0.58, 0.62, 0.66, 0.69 and 0.72) are shown

in Figs.(3.22) - (3.27). These depict the specific heat with energy cumulantV4 (inset) and

order parameter profiles along with respective susceptibilitiesχ (inset) .

The data presented in Figs.(3.22) - (3.27) have some common features. The energy

cumulantV4 shown in the inset of each of the figures indicates the onset ofa second dip at

a lower temperature indicating the progression of first order nature of the second transition.

It may be observed that the dip in the cumulant at the second transition is maximum atλ∗=
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Figure 3.23: (a) Specific heat profile with (inset) energy cumulantV4 (b) Order parameters
with (inset) susceptibility profiles atλ∗=0.58
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Figure 3.24: (a) Specific heat profile with (inset) Binder’s cumulantV4 (b) Order parameters
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with (inset) susceptibility profiles atλ∗=0.66
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Figure 3.27: (a) Specific heat profile with (inset) energy cumulantV4 (b) Order parameters
with (inset) susceptibility profiles atλ∗=0.72

0.66 and it decreases for higher values ofλ∗.

The nature of the phases underlying below the isotropic phase is obtained from the or-

der parameter profiles and the susceptibility peaks. The order profiles indicate the onset

of a biaxial phase atTC1 itself in which the growth of the biaxial order is only marginal,

as compared to uniaxial order. However, both the uniaxial and biaxial order parameters

display a sudden jump signalling the low temperature transition atTC2, and subsequently

increase rapidly (particularlyR2
22) as the temperature is lowered further. This behaviour

is prominent forλ∗ in the neighbourhood ofλ∗ 0.66. The susceptibility of the order pa-

rameters shows two peaks forR2
00 at both the transitions, whereas the susceptibility ofR2

22

shows only a single peak atTC2, for all values ofλ∗.

We conclude from the above observations that an initial biaxial phaseNB1 is formed on

cooling from the isotropic phase in this range ofλ∗ values. It appears to be a weak biaxial

phase sustaining only low intrinsic biaxial order. On cooling further a second biaxial phase

NB appears to form atTC2, and this phase supports development of significant , and normal

(as per expectations of MF theory), biaxial orderR2
22 as evident from the figures above.

Since the symmetry of both phases is the same, the transitionis expected to be first order,
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and the energy cumulant data corroborate this argument convincingly.

Representative free energy profiles computed making use of the DoS data as a func-

tion of energy and two order parameters at the isotropic - biaxial phase (NB1) transition

temperature(TC1) are shown in Figs.3.28 (a)-(c). It is observed that these profiles with

respect toR2
00 show the presence of a slight kink whose height seems to increase asλ∗

value increases from 0.54 to 0.733. Similar behaviour is also observed in the free energy

curves with respect toR2
22. These kinks perhaps are pointers to the presence of free en-

ergy barriers inherent in the system inhibiting the growth of the biaxial ordering in theNB1

phase. Interestingly, and perhaps satisfactorily, such graphs with respect to the energy of

the system are however devoid of such curiosities. Similar free energy curves were plotted

at theNB1 − NB transition and are shown in Figs 3.29(a) - (c). It can be observed that

these curves do not show any kinks with respect to order parameters. These curves indicate

that onset of ordering takes place rapidly and smoothly at the low temperature transition.

3.4.7 SegmentIV : Range ofλ∗ = (0.733 - 0.93)

The partly repulsive region, TV in Fig.3.1) proved to be prohibitively expensive compu-

tationally for purposes of entropic sampling, and even for smaller systems (like L=10),

satisfactory convergence of the population histogram to qualify to be theDoS could not be

achieved in realistic time frames. Thus no data could be extracted in this region from WL

sampling procedure. Failure of this algorithm, even assisted by frontier sampling, normally

points to the preponderance of microstates in the higher energy region, at the exclusion of

low energy (highly ordered states). Perhaps we could conjuncture at this point that the pres-

ence of partly repulsive contributions to the Hamiltonian (which also demands mini-max

principle in carrying out mean field analysis in this region)is not allowing the algorithm

to exhaust (in the sense of sampling) the high energy regionsregions adequately thereby

inhibiting the normal development of DoS.

We therefore rely on the data obtained from conventional Metropolis sampling in this

region. It is interesting to note that the broad hump observed in the specific heat profiles
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Figure 3.28: Variation of representative free energy as a function of (a) Energy (b)R2
00 (c)

R2
22 at I -NB1 transition (TC1), for variousλ∗ values in regionC3T of the essential triangle.
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Figure 3.29: Variation of Landau Free energy as a function of(a) Energy (b)R2
00 (c)R2

22 at
NB1 −NB transition (TC2), for variousλ∗ values in regionC3T of the essential triangle.
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Figure 3.30: Temperature variation of order parameters forvalues ofλ∗ in the range (0.733,
0.93), based on B-ensembles

at λ∗ . 0.733 decreases as theλ∗ → 0.933. We also observe that the phase underlying

the isotropic phase is biaxial as indicated by the growth of biaxial order. Forλ∗ 1 0.9

the degree of this order starts decreasing in this phase. Thefact that the biaxial order

tends to be low asλ∗ → 0.933, and corresponding transition temperature is suppressed

towards zero progressively are rather satisfactory, in thesense that in this asymptotic limit

biaxial stability terminates at V, and these simulations need to consistent with that require-

ment. These observations are consistent with the earlier Monte Carlo data (the so calledµ

- model(0 < µ < 1) [28]).

3.5 Phase Diagram from MC Simulations

We plotted the phase diagram from the above data by choosing 56 values ofλ∗ distributed

over the arc OIV (Fig.(3.1)). Temperature location of the peaks ofCv profiles and of energy

cumulantV4 at differentλ∗ values, and identification of the liquid crystal phases fromthe

corresponding order parameter variations (assisted by their susceptibilities), result in the

phase diagram shown in Fig. 3.31 [37]. The temperatureT
′

of the simulation is scaled to

conform to the values1/β∗ used in the mean field treatment as discussed in section 3. We
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Figure 3.31: Phase diagram as a function ofλ∗ from RW-ensembles. The transition tem-
perature1/β∗ is scaled to conform to mean - field values as indicated in the text. Points
along OIV in Fig. 3.1 are mapped onto theλ∗ - axis for reference. An additional biaxial -
biaxial transition is observed in the region KTV in place of asingle transition (to the biaxial
phase) predicted by the mean-field theory.

present the MF predicted phase diagram in Fig.3.36, for ready comparison.

We find that these two phase diagrams differ qualitatively inthe regionC3TV of the

essential triangle. We observe that the direct transition from the isotropic to biaxial phase

is replaced by two transitions in which an intermediate biaxial phase occurs between these

two phases. Also we observe that Monte Carlo simulations based on Metropolis algorithm

(constituting B-ensembles) largely support the mean-fieldobservations in the region IT.

The MF and the current MC phase diagrams differ qualitatively beyondλ∗ & 0.54, very

close to the point K (Fig. (3.1). Apart from the isotropic to biaxial transition atTC1, the ap-

pearance of a secondCv peak atTC2 indicates a second biaxial-biaxial first-order transition,

as mentioned above.
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Figure 3.32: MF phase diagram along the upper boundary of theessential triangle. (Gio-
vanni De matteiset al Continuum. Mech. Thermodyn.19, 1-23 (2007)

3.6 Discussion of Results

In order to determine the origin of the additional low temperature specific heat peak ob-

served in the regionC3TV, we examined the microstates obtained from the B- and RW-

ensembles at representativeλ∗ values. The Landau triple point (LP) T which, according to

the mean field analysis, hosts a directI = NB transition, is a point of great interest. It also

lies on the dispersion parabola which forms a boundary between attractive and repulsive

Hamiltonians.

A comparative study of the averages calculated from B- and RW- ensembles at the

Landau point (λ∗=0.733) is shown in Fig 3.33. The specific heat profile obtained from the

RW-ensemble exihibits an additional peak atTC2 (= 0.801) in addition to a high temperature

transition peak atTC1 (= 1.121), for size L=20.

We depict the contours of the distribution of microstates inthe entropic ensemble col-

lected at the Landau point T, plotted as a function of their energy (per site) and order

parameters in Figs. 3.31 (a) and (b). Fig. 3.34(a) depicts the entropic ensemble for uniaxial

order on which the thermal averages ofR2
00 obtained from WL simulation (RW-ensemble)

and the Boltzmann simulation (B-ensemble) are superposed.The traversal path of the

B-ensemble average is seen to be encompassing regions corresponding to contour peak

positions, whereas the RW- ensemble average traverses a path which encompasses a larger
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Figure 3.33: (a) Temperature variation of (a)Specific heatCv (with energy cumulantV4 as
an inset), and (b) order parameters (with their susceptibilities (χ′s) as an inset), obtained
from RW- and B-ensembles atλ∗ = 0.733 (1/3, 1/9). The results obtained from RW- and
B-ensembles are indicated by black and lines respectively.

92



Phase Diagram from simulations 93

Energy per site

U
ni

ax
ia

l o
rd

er
 

Distribution of Microstates

 

 

−3.5 −3 −2.5 −2 −1.5 −1 −0.5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 microstates contour
RW
B

1

2

3

4

5

6

7x 10
4

(a)

Energy per site

B
ia

xi
al

 o
rd

er
 

Distribution of Microstates

 

 

−3.5 −3 −2.5 −2 −1.5 −1 −0.5

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

microstates contour
RW
B

1

2

3

4

5

6

7

8x 10
4

(b)

Figure 3.34: Contour plots of the distribution of microstates in the entropic ensemble at
λ∗ ≃ 0.73: (a) Microstate energy versus its uniaxial order and (b) microstate energy versus
its biaxial order. The superimposed red and black lines are thermal averages from RW- and
B-ensembles respectively.
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equilibrated at temperature close toTC2 are superposed. The thick red and black lines are
corresponding plots of thermal averages obtained from these ensembles respectively.

collection of microstates even from sparse regions. This isa manifestation of the process of

collection of microstates of the entropic ensembled in accordance with the estimated DoS,

and subsequent reweighting which now permits within the equilibrium (canonical) ensem-

ble even very rare states which are normally missed by Metropolis sampling. Subsequently,

the averages from RW and B ensembles differ in this region, asthey should. A similar sce-

nario is observed in Fig. 3.34(b) which depicts the entropicensemble and thermal averages

for R2
22. It is observed that the reweighted average starts differing starting at a point in

higher energy region, and traverses a path which is qualitatively different, extending even

into the region of deep biaxial phase.

We collected the microstates from B- and RW-ensembles equilibrated at the same tem-

perature very close toTC2 . The contours of these canonical ensembles were plotted as

a function of energy (per site) and order parameters. These were then superposed on the
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entropic ensemble (see Figs. 3.31(a) and (b)). The resulting composite contour plots are

shown in Figs. 3.33 (a) and (b). While the average values and widths of the energy dis-

tributions from the two canonical ensembles are seen to be comparable, distributions of

the microstates with respect to the order parameters are very different. Relative to the

B-ensemble, the microstates belonging to the RW-ensemble have different contour peak

positions with larger fluctuations, withR2
00 visiting much higher values andR2

22 corre-

spondingly much lower values. The observed differences in the thermal behaviour of their

respective averages are also shown (black and red solid lines in Figs. 3.35(a) and (b)).

We examined the decomposition of the total energy of an approximate micro-canonical

ensemble into its components in the neighbourhood of the second transition. For purposes

of analysis, we now rewrite the Hamiltonian in terms of contributions from pair-wise inter-

actions between corresponding molecular axes [28], as

H = ǫ[µG11 + (−2G33 − 2G22 +G11)] (3.6.1)

Here, the indicesN = 1, 2 and 3 represent the molecular axese, e⊥,m respectively, and

Gjk = P2(fjk) whereP2(.) denotes the second Legendre polynomial. In a lattice model,

fjk represents the inner product of thejth axis of a molecule with thekth axis of a nearest

neighbouring molecule. We present our analysis of this ensemble in Figs. 3.34(a)-(f).

The distribution of the total energy (per site) of the microstates within a narrow range

(−2.25 ± 0.0015) is shown in Fig. 3.34(a), while distributions of energy components

G11 (0.37 ± 0.01), G22 (0.60 ± 0.07) andG33 (0.60 ± 0.07) are successively shown in

Figs. 3.36(b)-(d). Clearly the fluctuations of these components occur so as to conserve

the total energy within its width. The interaction energiesof the two molecular axes,e⊥

andm, with the corresponding axes of the neighbouring moleculesare seen to fluctuate

more widely relative to thee - axes coupling energies. Fig. 3.36(e) shows the variation of

uniaxial and biaxial order parameter values of the microstates with respect toG22 (simi-

lar plots result with respect toG33 as well). Interestingly, the fluctuations on either side

of G22 about its average lead to an increase in the uniaxial order ofthe microstates, with
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crostates,∆.

simultaneous decrease in their biaxial order. This observation led to an examination of

the ordering tensors(Qee,Qe⊥e⊥
,Qmm) of the three molecular axes, determining their

respective maximum eigen values [15]. The eigen vector corresponding to the maximum

of these maxima is then taken as the primary order direction (calamitic axis). Indexing

its direction as∆ (∆ = 1, 2 and 3) for the three possibilities of the ordering tensors of

(e, e⊥,m) defining the calamitic axis of the sample, respectively, we show the variation

of ∆ with G22 in Fig. 3.36(f) (a complimentary plot obtains withG33). In a small central

region ofG22 (0.60± 0.01) a degeneracy of the top two eigen values (corresponding to the

ordering tensors ofe⊥ andm axes) is observed, and hence the calamitic direction seems

to fluctuate with equal probabilities within this narrow band between the corresponding

eigen vectors (as an artefact of the inevitable rounding offerrors during computation). For

fluctuations outside this region, Fig. 3.36(f) shows that this degeneracy is lifted, and one

of the eigen vectors (of tensors ofe⊥ or m) remains the unique calamitic axis depending

on the sign of the fluctuation, indicating that the corresponding eigen value determines the

dominant order, which is mapped toR2
00 by definition. Observed decrease of the biaxial
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Figure 3.37: The long range order of the three molecular axes(e, e⊥,m) at λ∗ = 0.65,
as a function of temperature. Thee-axes show a dramatic increase in their ordering at the
second transition.

order on both sides of the fluctuation (Fig. 3.36(e)) is a result of this circumstance.

Further insight into the nature of the second transition could be gained by plotting the

temperature variation of the long range order of the three axes, represented by square of the

maximum eigen values of the corresponding ordering tensors(Fig. 3.37). As expected on

this diagonal, these values match well fore⊥ andm axes, and progressively increase on

cooling. The long-range order of thee-axes on the other hand increases significantly only

at the onset of the second low temperature transition. It is this enhancement that seems to

be promoting the onset of the second biaxial phase with observable macroscopic biaxiality.

3.7 Conclusions

In conclusion, we argue that, starting from the point K in Fig. (3.1), the initial biaxial phase

condensing from the isotropic phase is the manifestation ofthe cooperative modes induced

by the biaxial coupling of thee⊥ −m axes (second term in Eqn. (3.2.5)). The subsequent

biaxial-biaxial transition is mediated by the stabilizingeffect of the long-range order of the
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moleculare-axes (first term in Eqn. (3.2.5)) brought into play at a lowertemperature. In

this context K(µ = −1) appears to be a unique point where the strength of the effective

attractive coupling ofe-axes becomes lower than the attractive biaxial coupling ofthe other

two molecular axes, a phenomenon which continues asλ∗ progresses on the diagonal. As

the LP is reached, the former interaction progressively disappears, thereby pushing the cor-

responding transition temperature to lower values and weakening the first-order transition.

The existence and description of the intermediate phase with no long-range order of the

e-axes seem naturally to be out of the valid regime of the MF theory. The absence of the

signature of the second transition from the B-ensembles andlimited fluctuations of the or-

der parameters (Fig. 3.35(a) and 3.35(b)), seem to be correlated. The observed trajectory

in the configuration space derived from RW-ensembles is qualitatively different beyond K

and is not accessible to the standard Metropolis sampling apparently due to the onset of

barriers to the energy component fluctuations, originatingfrom the lack of concomitant

onset of long-range order of the three axes (inhomogeneity).

The interesting discussions on antinematic interactions,covering the curious parameter

region TV [28, 38, 39] provide complementary arguments as the Landau point is reached

from the opposite side. Finally, the existence of an in-principle intermediate biaxial phase

of inherently low order (inhibited by inhomogeneities) seems to be a pointer to the diffi-

culties in experimentally realizing a stable, macroscopicbiaxial nematic phase. The MF

treatment also predicts the phase sequences expected alongthe trajectory interior to the

triangle as well, - at least in the fully attractive region bounded by the dispersion parabola.

In view of the observation in this chapter pointing to deviations beyond point ’K’ on the

essential triangle (which translates to increase ofγ beyond a specified value, that too at the

expense ofλ), we carried out similar simulational analysis along two trajectories inside the

triangle. These results are presented in next chapter.
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Chapter 4

A Wang-Landau Monte Carlo Investigation of
the Essential Triangle

4.1 Introduction

The results reported in the previous chapter bring out certain interesting aspects of the

phase sequences predicted by mean field theory and WL-based simulations, as a function

of the arc lengthλ∗ (along OIV of the essential triangle). The simulated phase sequence in-

volving I,NU andNB phases is qualitatively confirming with the mean-field phasediagram

proposed earlier, and the averages over equilibrium ensembles of microstates from the two

sampling procedures (B- and RW- ensembles) are comparable within computational errors

upto a certain value ofλ∗. The deviations of the present results from the proposed mean-

field phase diagram [1] are qualitative for values ofλ∗ ≥ 0.57 (point K on the diagonal). A

detailed analysis of this deviation, argued to be the consequence of increasingγ (at the ex-

pense ofλ) in the interaction Hamiltonian, was possible thanks to theMF analysis already

carried out on the trajectory.

However the Hamiltonian parameters corresponding to real systems are more likely to

be in the interior of the triangle: the arc OIV serving as a very interesting boundary of

this space hosting pair-wise interactions supportingD4h symmetry. It may also be pointed

out that qualitative picture of the phase sequences expected within the MF approximation

can be gleaned in the interior of the essential triangle [2].In view of this information

for ready qualitative comparison, and because of the relevance of the interior trajectory

to actual experiments, we carried out simulations, and similar detailed analysis as in the
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earlier chapter, along two trajectories: (i) segment IW where W is the midpoint of OV and

(ii) segment of the parabola OZT (see Fig. 4.1).

4.2 Segment IW

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.1

0.2

0.3

T

VO

I

W

Z

C3

C2

C1

Figure 4.1: The essential triangle, depicting the two interior trajectories along which de-
tailed simulations have been carried out. (i) IZW (b) OZT

The path IW inside the essential triangle at which simulations were done are shown in

the schematic in Fig 4.1. The uniaxial - biaxial coupling coefficient γ on IW is half of the

the value on the diagonal IV, for identicalλ values. We denote the arclength of the path

OIW asλ
′

, given byλ
′

= λ on segment OI, and

λ
′

=
1

3
(1 + 5γ)

where

γ =
(1− 3λ)

4

on the segment IW.

Initially Monte Carlo simulations (for L=20) were performed at chosen points B1, B2,

B3, B4, Z and B5 along the trajectory IW (Fig. 4.2) and the results from the two different

sampling procedures (B- and RW- ensembles) were compared. The Table 5.1 lists the

values of (γ, λ) and corresponding arc lengthsλ
′

at these points for ready reference. Fig. 4.2
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0.0 0.1 0.2 0.3 0.4 0.5
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Figure 4.2: Essential triangle, depicting typical values of (γ, λ) along IW (also see
Table.(5.1))

shows the location of these designated points schematically inside the essential triangle.

The comparisons of the average values of observables obtained from B- and RW-ensembles

at some of these points are shown in Figs.4.3-4.6. To keep thediscussion somewhat simple,

and more tractable, we present the data on the two major orderparameters (R2
00 andR2

22 )

only, even though the corresponding variations of theR2
20 andR2

02 and their susceptibilities

are also computed and examined. It may be observed from Figs.4.3 - 4.6 that the specific

heat peaks and the order profiles obtained from the both ensembles coincide exactly (within

computational errors) for values ofλ
′

(e.g. at points B1, B2) which fall well within the

attractive region for the Hamiltonian (above the parabola). A slight difference is observed

in the low temperature transition peak positions forλ
′

values 0.6105 (B3 in Fig.4.2). The

order parameter profiles also betray this disparity ( Fig.4.5(b)). It may be noted thatB3

has the sameλ-coordinate as the Landau point T, but half the value of itsγ-coordinate. To

complete this preliminary examination of the ensembles, wepresent the results forλ
′

=

0.709 (B5 in Fig.4.2), which is in the partly repulsive region of the triangle, as shown in

Figs.4.6(a) and 4.6(b). The disparities between the predictions based on the two differently

sampled equilibrium ensembles are even more prominent for this value ofλ
′

.

In the light of above observations, we carried out a systematic simulation study using

the entropic sampling technique (WL algorithm) along the segment IW in order to obtain a
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Figure 4.3: Comparison of (a) specific heat (b) order parameter profiles obtained from
B- and RW- ensembles forλ

′

= 0.477 (B1 in Fig.4.2): Deviations observed at very low
temperatures (≤ 0.25), common to all plots, have their origin from inadvertent inadequate
sampling of microstates comprising the entropic ensemble,at these very low energy values.
As these deviations do not interfere with the interesting nature of the graphs, recomputa-
tions were not attempted to correct for this, to save computing time.
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Figure 4.4: Comparison of (a) specific heat (b) order parameter profiles obtained from B-
and RW- ensembles forλ

′

= 0.5666 (B2 in Fig.4.2)
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Figure 4.5: Comparison of (a) specific heat (b) order parameter profiles obtained from B-
and RW- ensembles forλ

′

= 0.6105 (B3 in Fig.4.2)
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Figure 4.6: Comparison of (a) specific heat (b) order parameter profiles obtained from B-
and RW- ensembles forλ

′

= 0.709 (B5 in Fig.4.2, in the partly repulsive region of the
triangle.)
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Table 4.1: Coordinates of points B1-B7 and Z along the segment IW of the essential triangle
(Fig.2)

Point γ λ λ
′

B1 0.0859 0.1719 0.4766

B2 0.1405 0.14658 0.5666

B3 0.1663 0.1116 0.6105

B4 0.2045 0.0606 0.674

Z 0.2149 0.0467 0.691

B5 0.2253 0.0328 0.709

B6 0.2440 0.0079 0.740

B7 0.2482 0.0024 0.747

generic phase diagram inside the essential triangle.

4.2.1 Segment IZ: Range ofλ
′

= (0.33 - 0.691)

WL simulations were carried out at 30 values ofλ
′

on the segment IW, where the arc

lengthλ
′

ranges from 0.33 to 0.75. Temperature variation of the specific heat, and the two

order parameters (R2
00 andR2

22) in different ranges ofλ
′

, covering the segment IW, are

presented in Figs. 4.7 - 4.9. It may be observed from Figs. 4.7(a) and 4.7(b) that forλ
′

values in the range 0.33 - 0.456, a single isotropic-biaxialtransition takes place on cooling

from the isotropic phase. This transition splits into two for higher values ofλ
′

, (e.g. see

Fig.4.8(a) coveringλ
′

range from 0.462 t0 0.610), with the low temperature transition peak

point being progressively depressed with increase inλ
′

value. The variation of the order

profiles in this region, shown in Fig. 4.8(b), reveals an intervening phase which is not

strictly uniaxial since the system exhibits a low value ofR2
22 at the onset of the transition.

By performing simulations at different sizes (L=10, 15, 20), the possibility that this could
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Figure 4.7: Comparison of (a) specific heat (b) order profilesfor values ofλ
′

from 0.33 to
0.455
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Figure 4.8: Comparison of (a) Specific heat (b) order parameter profiles for values ofλ
′

from 0.463 to 0.610
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be a finite size effect is ruled out. (It may be noted that for these system sizes a pure

uniaxial phase condenses on theλ-axis). The notable difference in the case of path IW,

relative to IV, is that the degree of biaxiality (value ofR2
22) remains fairly independent

of temperature, and the degree is the same for all subsequentvalues ofλ
′

beyond this

threshold, until interrupted by a second low temperature transition leading to an onset of

appreciable biaxial order (Fig.4.8). The results of simulation for λ
′

values in the range
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'
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Figure 4.9: Comparison of (a) specific heat (b) order parameter profiles for values ofλ
′

from 0.639 to 0.691

0.639 - 0.691 are depicted in Fig. 4.9. Though these points lie very close to the parabola,

they are still in the attractive region for the interaction Hamiltonian. It is observed from

Fig. 4.9(a) that the second specific heat peak shifts progressively to lower temperatures

as the value ofλ
′

increases. Corresponding variations in the order parameters, shown in

Fig.4.9(b) confirm the shift of the second transition temperature to lower values. However

it is observed that the equilibrium averages of order parameters in this region ofλ
′

are not

as smooth, and show discernible fluctuations in the low temperature biaxial phase.

It is interesting to note that the intermediate phase persists to have a small degree of

biaxial order (∼ 0.05) which (a) is not a finite size effect; (b) is fairly independent of
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temperatures within the liquid crystal phase; and (c) does not depend on the values ofλ
′

.

This phase with temperature dependence typical of uniaxialorder, but having a small and

constant biaxial symmetry (≤ 0.05)) , is designated asNU
′ phase in our notation. On sub-

sequent lowering of temperature from this phase, the biaxial order increases rapidly at the

second transition atTC2 and the lower temperature phase has macroscopically observable

biaxial order, for all values ofλ
′

. The susceptibility profiles of the order parameter in this

0.5 1.0 1.5 2.0
0.000

0.001

0.002

0.003

0.004

 

R2
00

0.462

0.610

0.5 1.0 1.5 2.0
0.0000

0.0005

0.0010

0.0015

0.610

0.462

 

T'

R2
22

Figure 4.10: Susceptibilities (χ
′

s) of the order parameters for values ofλ
′

from 0.462 to
0.610

region are depicted in Fig. 4.10. It may be observed that theR2
22 susceptibility starts in-

creasing in the intermediate phase before showing a peak at the low temperature transition

atTC2. The fourth order energy cumulant (V4) data obtained along the path OIW are shown

in Figs. 4.11 - 4.13. It is observed that theI − NB transition remains strongly first order

for values ofλ
′

from 0.345 to 0.45. In the range ofλ
′

from 0.463 to 0.691 ( i,e upto the

point Z in Fig.4.1), the high temperature transition atTC1 from the isotropic phase (I) to the

orderedNU
′ phase shows a first order nature. Subsequently, the low temperatureNU

′ −NB

transition seems to change gradually from first order to continuous nature, as seen fromV4

profiles in Figs.4.11 and 4.13.

An analysis of the above simulation data leads to the proposal of a phase diagram along

110



Phase sequences inside the Essential Triangle 111

0.60

0.65

0.65

0.66

0.0 0.5 1.0 1.5 2.0

0.664

0.666

V
4  0.345

V
4

 0.414

V
4

T'

 0.45

Figure 4.11: energy cumulantV4 for values ofλ
′

from 0.345 to 0.45
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Figure 4.12: Energy cumulantV4 for values ofλ
′

from 0.463 to 0.610
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Figure 4.13: energy cumulantV4 for values ofλ
′

from 0.64 to 0.691

the path OIW, shown in Fig.4.14. We could report the data onlyupto the valueλ
′

= 0.709,

as beyond this value (which falls into the partly repulsive region under the parabola) the

computational times for the convergence of DoS are impractical. We observe from the

temperature variation of order parameters that the growth of biaxial order appears to be

progressively inhibited asλ
′

value increases within the attractive region, and enters the

party repulsive region on crossing the parabola at the pointZ. The free energy profiles,

plotted as a function of energy and order parameters (computed from the DOS data), re-

flect the rationale for the impediments for the growth of the biaxial order as the base of the

triangle OIW is reached. The free energy curves obtained forλ
′

= 0.610 (B3in the attractive

region) are shown in Fig. 4.15. These curves depict the smooth variation of free energy

as a function of energy and uniaxial order parameter. However, its variation with respect

to R2
22 shows a small sharp well, (the edge being located atR2

22 ≃ 0.02), and the family

of curves in Fig.4.15(c), as a function of temperature, shows that it required significant

variation of temperature before the system could shift its free energy minimum away from

this restricted region. It appears that during this temperature range, the system accesses

microstates with rather small but nonzero degree of biaxiality, constrained however by free

energy barriers to attain higher degree of biaxiality for considerable range of temperature.
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Figure 4.14: Phase diagram inside the essential triangle along path OIW

This circumstance seems to be manifesting as a corresponding curious variation ofR2
22 at

λ
′

= 0.610, as in Fig.4.5(b). We find that the development of suchfree energy barriers (with

respect toR2
22 at low values) and the requirement of the system to cool sufficiently to over-

come them before accessing higher macroscopically observable values, is generic. All the

data collected in this region supports and corroborates thesimulated order parameter pro-

files reported in the previous figures. It is very interestingthat such barriers are exhibited

only along the path of biaxial order, but not along energy or uniaxial order. This implies

a complex free energy surface in the 2-d space of order parameter, offering initial barriers

to a significant development of biaxial order, until the system is sufficiently cooled. Figs.

4.16 - 4.18 demonstrate this view point.

4.2.2 Segment ZW: Range ofλ
′

= (0.691 - 0.747)

We now present data obtained at B5, B6 and B7 (Fig.4.2), beyond the point Z. In this

region, the biaxial-biaxial tensorial coupling termλ → 0 asymptotically, leading to a spe-

cial case of the interaction Hamiltonian. The case forλ = 0 was studied earlier through
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Figure 4.15: Representative free energy plotted as a function of (a) energy (b)R2
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at the point B3 (λ
′

= 0.610, Fig. 4.2)
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Figure 4.16: Representative free energy plotted as a function of (a) energy (b)R2
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at the point B4 (λ
′

= 0.674, Fig.4.2)
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Figure 4.19: Comparison of (a) specific heat (b) order parameter profiles for values ofλ
′

in
the range 0.709 - 0.747 (L=15)

simulations [3]. It was found that in the absence of the biaxial-biaxial interaction term,

only a uniaxial phase could be obtained on condensation fromthe isotropic phase. We

present here the simulation results in the case ofλ → 0. The mean field analysis predicts

that the Hamiltonian is partly repulsive in this region and excluded volume effects play a

major role [4]. Due to the constraints imposed by computational time, we could obtain

data in this range ofλ
′

only for a smaller system, with L=15. (instead of L=20, as in the

earlier case). The specific heat and order parameter profilesare depicted in Figs. 4.19(a)

and 4.19(b). The energy cumulantsV4 are shown in Fig. 4.20. It may be observed that

the specific heat profiles show evidences of two transitions.The order parameter profiles

depict the onset and growth of uniaxial order atTC1 for all values ofλ
′

. The biaxial order

parameter increases atTC2 (in the biaxial phase) forλ
′

= 0.709, but remains close to zero

for λ
′

= 0.740 and 0.747. This behaviour is as expected from mean field considerations at

such values ofλ
′

, very close to the base OW. The free energy plots forλ = 0.740 are shown

in Figs. 4.21(a) - 4.21(c). The free energy variation with respect toR2
22 for λ

′

= 0.740 again

confirms the presence of barriers for the growth of biaxial order at points close to the base
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Table 4.2: (γ, λ) values corresponding toλZ

λZ γ λ

0.15 0.12247 0.015

0.2 0.1633 0.0266

0.25 0.2041 0.0416

0.3 0.2449 0.06

0.35 0.2657 0.0816

0.375 0.3062 0.0937

0.4085 0.3335 0.1113

OW. The biaxial state is obviously not stable at such parameter points of the Hamiltonian.

4.3 Dispersion Parabola OT

In this section we focus on a trajectory inside the essentialtriangle which corresponds to

dispersion approximation. In terms of the general quadrupolar Hamiltonian, the molecule

supports a single oscillator, and the corresponding interaction (which was studied [5]), is

written in terms of the single interaction parameterλZ as:

H = −ǫij{P2(cos(βij)) + 2λZ(R
2
02(ωij) +R2

20(ωij)) + 4λ2ZR
2
22(ωij)} (4.3.1)

where the symbols have the usual meanings as described in chapter 1. The parameterλZ is

related to theγ used in this chapter as:

λZ =

√
3

2
γ

.

Table. (5.2) lists for convenience the values ofγ and λ for different points on the

parabola, represented by representative values ofλZ, upto the Landau point T. A cubic
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lattice of size15 × 15 × 15 units with periodic boundary conditions was used to perform

these simulations. The Metropolis sampling was used for collecting the data to constitute

a canonical ensemble of6× 105 microstates, after equilibration over6× 105 Monte Carlo

steps. The WL simulation was then carried out (as per the details of the previous chapter)

extensively for fifteen values ofλZ varying from 0.15 to 0.7. We present the results below.
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Figure 4.22: Comparison of (a) specific heat (b) order parameter profiles from B- and RW-
ensembles forλZ = 0.2

These results are compared in Figs. (4.22) and (4.23) for twovalues ofλZ = 0.2 and

0.35. It may be observed from Fig. 4.21 that for the lower value of λZ = 0.2, the average

values of observables from the two ensembles show good agreement. However, forλZ

= 0.35, it is seen that though the uniaxial order parameter profiles agree qualitatively, the

biaxial order obtained from the RW-ensemble (from WL simulation) shows large deviation

from that of the Boltzmann ensemble. Noting from the Table.5.2 that this value ofλZ is

close to the Landau point T on the diagonal IV of the triangle (Fig.4.1), this result is not

perhaps surprising. Such deviations should be expected to develop, as the point on the

parabola approaches the diagonal, consistent with the findings of the previous chapter at
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Figure 4.23: Comparison of (a) specific heat (b) order parameter profiles from B- and RW-
ensembles forλZ = 0.35

the Landau point T.
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Figure 4.24: Specific heat forλZ values (a) Range: (0.15, 0.4085) (b) Range: (0.42, 0.65)
(L=15, RW-ensembles)

We now present specific heat profiles from RW-ensembles, forλZ values from 0.15

to 0.65 in Figs. 4.24(a) and 4.24(b). These profiles clearly show the evidence of two

transitions in the entire range ofλZ . Of particular interest is the specific heat profile at

λZ=0.4085 which nearly coincides with the Landau point at T. Weobserve two transition

peaks in Fig. 4.24(a) at this value. The transition atTC1 signifies aI − NB1 transition,
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whereas the low temperature transition atTC2 signifiesNB1 −NB transition, as concluded

in the previous chapter.
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Figure 4.25: Order parameter profiles forλZ values (a) Range: (0.15, 0.4085) (b) Range:
(0.42, 0.65) (L=15, RW-ensembles)

For all the other values ofλZ, the nature of the intermediate phase can be gauged from

the order profiles shown in Fig. 4.25(a), forλZ values in the range 0.15 - 0.4085. It may be

observed that biaxial order increases in the intermediate phase asλZ value increases from

0.15 to 0.4085. The increase is maximum forλZ=0.4085, after which it starts decreasing

again as shown in the Fig:4.25(b).

It may be observed that theR2
22 susceptibility shows a finite and constant increase start-

ing at the transition atTC1 for all values ofλZ , except forλZ = 0.2. The susceptibility

profiles for the order parameters are shown in Figs. 4.26 - 4.28. Variation of the fourth or-

der energy cumulantV4 with temperature at different values ofλZ is depicted in Fig. 4.29.

It appears that asλZ approaches the Landau point, the low temperature transition shows

weak signature of a first order transition. Based on the specific heat and order parameter

profiles, we construct the phase diagram along the dispersion parabola, which is shown in

Fig. 4.30. This diagram is largely comparable to the mean field phase diagram extensively
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Figure 4.26: Susceptibilities (χs) of the order parameters forλZ values: (a)0.2 (b) 0.25

0.5 1.0 1.5 2.0
0.000

0.002

0.004

0.5 1.0 1.5 2.0
0.000

0.005

 R2
00

 R2
22

T'

(a)

0.0 0.5 1.0 1.5 2.0
0.000

0.002

0.0 0.5 1.0 1.5 2.0
0.000

0.002

0.004

0.006

 R2
00

A

 R2
22

A

(b)

Figure 4.27: Susceptibilities (χs) of the order parameters forλZ values : (a)0.3 (b) 0.35

124



Phase sequences inside the Essential Triangle 125

0.0 0.5 1.0 1.5 2.0
0.000

0.001

0.0 0.5 1.0 1.5 2.0
0.000

0.001

 R2
00

 R2
22

T'

Figure 4.28: Susceptibilities (χs) of the order parameters forλZ value 0.4085
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studied in literature [6] [7] [8] and which was confirmed withMetropolis Monte Carlo sim-

ulations [9]. However two major differences are brought outby the present RW-ensembles.

Firstly, as was pointed out in the previous chapter, the Landau point now seems to host two

transitions in place of a single directI −NB transition: it now has an intermediate biaxial

phase of low order. Secondly, the symmetry of the intervening phase as one approaches

the Landau point T is not clear. Mean field prediction supported by earlier Monte Carlo

results suggest a simple and pure uniaxial intermediate phase. Our results indicate that

the symmetry of this phase near T is not purely uniaxial, but it does acquire a small but

non-zero biaxial character. This discrepancy however vanishes asymptotically as we move

away from T, towards the origin O ( or to higher values ofλZ towards 0.7). The curious

changes in the symmetry of the intermediate phase (fromNU to NU
′ in our notation) as

one progresses along the parabola towards T prompted a detailed examination of the spa-

tial variation of the orientational correlations of the molecular axes along this path, to be

discussed in the next chapter.
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4.4 Conclusions

In this chapter, two trajectories inside the essential triangle are explored with entropic

sampling method, and compared with MF predictions as well asearlier results base on

Metropolis sampling procedure. The first trajectory is a line drawn from apex I of the tri-

angle to the mid point W of the base OV (Fig. 4.1). We refer to the arc length OIW as

λ
′

, for purposes of discussion. As per MF treatment this line cuts both the trajectories of

C2C3 andC1C3. Thus the phase sequences along this line IW should be qualitatively sim-

ilar to that on theλ-axis. In particular the direct transition from isotropic to biaxial phase

is expected to be interrupted by a uniaxial nematic phase beyond a value asγ increases,

and the temperature range of the uniaxial phase should progressively increase, suppressing

the second transition temperature, till the line cuts the parabola, at Z (Fig.4.1). Results

from mean field treatment in the partly repulsive region on this line IW are not available

for direct comparison, even though it is established that biaxial phase would not be stable

at the point W [1, 10]. The phase sequences in the present workqualitatively follow this

scenario, but with a curious deviation. The intervening ”uniaxial ” phaseNU is not strictly

devoid of biaxial symmetry. Indeed all along the line, beyondK
′

(Fig.4.1), and upto point

Z, the onset of the uniaxial order is invariably accompaniedby a small, but unmistakable,

development of biaxial symmetry. We thus refer to this phaseasNU
′ , to make this subtle

distinction. This small degree of biaxiality of theNU
′ phase is temperature independent

within that phase, and is also fairly independent of its location in the trajectory beyondK
′

.

An examination of the free energy profiles, drawn as a function of both the major order pa-

rameters, show interesting features: while the free energycurves show smooth variation of

the minima with respect toR2
00 as the temperature is varied, the case ofR2

22 is qualitatively

different. These profiles exhibit free energy barriers at low values ofR2
22, which could be

overcome (thereby pushing the system to access regions of higher and discernible order),

only after these initial barriers could be overcome on considerable cooling. Thus these

results show a complex free energy surface that develops with decrease of temperature on
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a typical trajectory inside the triangle. It appears that development of aNU
′ phase with a

small biaxial order (≤ 0.05) is expected, and the degree of this symmetry is restricted by

the free energy barriers till the system is permitted to access these regions of biaxial order.

Given that such barriers are strongly dependent on the size of the system, it is a plausible

conjecture to suggest that in real systems these barriers are not readily overcome (or equiv-

alently, requires significant cooling of the medium), and hence their biaxial order appears

to be restricted inherently. Under such circumstances requiring wider temperature ranges to

overcome barriers, real systems may have other competing interactions (like translational

degrees, influencing the phase sequence qualitatively differently , e.g layer formation). De-

viations of real systems from MF predictions [11] could perhaps be understood in these

terms.

The second trajectory, the segment of the dispersion parabola OZT within the triangle,

is a curiosity. At the origin of the triangle the model collapses to the Lebwohl-Lasher

interaction. As the conclusions of the earlier chapter indicated, it appears that the Landau

point T hosts the sequencesNB − NB1 − I, alluding to the presence of a non-uniaxial

intermediate phase. Thus, as the set of interaction parameters (γ, λ) are varied to traverse

the parabola (through a single parameterλZ), the scenario should change qualitatively as

to reach the observed phase sequence at the Landau point T asymptotically. It is with this

objective that the phase sequences are investigated. We findthat for lower values ofλZ

(≤ 0.25), the intervening phase is purely uniaxial (within computational errors), thus the

biaxial interaction acting only as a perturbation on the LL coupling. We find that the nature

of the intermediate phase changes (NU → NU
′ ) asλZ increases. We conclude that in

the intermediate neighbourhood of T, the phase sequence is :NB − NU
′ − I. While the

simulated phase diagram( Fig.4.30) is similar to the well known data on the parabola, this

subtle distinction regarding the nature of the intervening”uniaxial” phase perhaps need to

be made, besides ofcourse the qualitatively different phase sequence at the Landau point.
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Chapter 5

A Study of Pretransitional Behaviour of Biaxial
Nematics

5.1 Introduction

The nematic - isotropic (NI) transition is a weak first order transition, a fact which is ex-

perimentally corroborated by the observed small changes inlatent heat and volume at the

clearing transition, as compared to the melting transitionfrom the crystal to nematic phase.

Its features are well accounted for by the Landau-de Gennes theory [1]. As a consequence,

large pretransitional effects, reminiscent of second order behaviour are expected to be ob-

served in the region very close to the transition. Physical observables like the intensity

of scattered light and birefringence in the isotropic phasenear the clearing point vary es-

sentially as(T − T ∗)−1 whereT ∗ is the second order transition temperature [2]. These

quantities are observed to diverge at the isotropic-nematic transition temperature T =TNI .

In principleT ∗ is not observable because it is preceded by a first order transition at TNI .

Thus critical behaviour is observed very close toTNI , which cannot be satisfactorily ex-

plained by Landau theory which essentially considers the free energy as a function of the

mean order parameter.

A nematic liquid crystal is characterised by the orientational order which develops at the

NI phase transition as the uniaxial nematic is cooled from the isotropic phase. The amount

of orientational order, which develops in thermal equilibrium, is given by the mean value

of the order parameter. However, any disturbance of the system, such as a thermal fluctu-

ation, produces spatial variations of the order parameter.Spatial correlations between the
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local fluctuations of the order parameter from its mean valueinfluence the thermodynamic

functions near a phase transition. The generalized Landau-de Gennes theory (GLGT) of

the nematic-isotropic transition assumes these fluctuations to be small, and the generalized

free energy density at each temperature is written in terms of the order parameter and its

spatial derivatives. The analysis of the the resulting Landau free energy in the Gaussian

approximation leads to the calculation of correlation functions of the order parameter ten-

sor [3]. The pair correlation function has an Ornstein-Zernike form [4] and away from

the critical point the spatial correlations decay exponentially, whereas nearer to the critical

point the correlations become extremely long-ranged, mimicking a power law behaviour

, like (1/r). The correlation lengthξ is a measure of the distance over which the local

fluctuations are correlated, and can be estimated from the asymptotic behaviour of the pair

correlation function. The correlation length is practically zero at infinitely high tempera-

ture, and diverges asT → T ∗ with a a critical exponentν = 0.5. This divergent behaviour

of ξ gives rise to the pretransitional phenomena mentioned above in the isotropic phase of

uniaxial nematics.

A Monte Carlo study of the uniaxial nematic using the Lebowhl- Lasher model [5] as

the prototype was instrumental in extracting the isotropic- nematic transition temperature

and also the correct order of magnitude of the deviation ofTNI fromT ∗, which is 1◦K. The

transitional and pretransitional behaviour of the order parameters and pair correlations were

studied and found to be in compliance with Landau-de Gennes theory of phase transitions

in liquid crystals [6]. This study assumed the uniaxial nematic to be made up molecules

with D∞h symmetry.

In the light of the recent experimental realisations of the thermotropic biaxial nematic

phase, in tetrapodes [7] and bent-core mesogens [8], the aimof this chapter is to explore,

as a preliminary exercise, the pretransitional orientational ordering effects exhibited by a

biaxial nematic as it is cooled from the isotropic phase through an intervening uniaxial

nematic phase to the low temperature biaxial phase, and to estimate correlation lengths and

the critical exponents associated with bothI −NU andNU −NB transitions.
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Theoretically, the critical and multicritical fluctuations in nematic liquid crystals were

studied within a mean field approach [9] by considering the order parameter fluctuation

modes near the isotropic-uniaxial nematic and uniaxial-biaxial nematic transitions, after the

experimental realization of the critical points [10] and critical opalescence in the nematic

phase [11]. The critical exponents associated with the uniaxial-biaxial nematic transition

in a model made of rod-like and disc-like molecules were estimated within the frame work

of Landau - de Gennes theory, and renormalization theory to the first order in the expan-

sion coefficientǫ. On the experimental front, a recent dynamic light cattering study from

orientational order fluctuations in a liquid crystalline tetrapode [12] revealed distinct re-

laxational modes associated with the uniaxial and biaxial order parameters. The measured

linear pretransitional temperature dependence of the measured parameters associated with

biaxiality is explained by Landau-de Gennes theory.

For the present simulation in this context, we consider a bulk biaxial nematic made up of

molecules ofD2h symmetry and the interaction between the molecules is assumed to be in

the dispersion approximation for simplicity and convenience. The interaction Hamiltonian

is parameterised in the (γ, λ) space, by the dispersion parabola OT of the essential triangle

(Chapter3, fig 1) [13]. The Phase diagram for this Hamiltonian [14] predicts a first order

isotropic-uniaxial nematic transition at a higher temperature followed by a second order

uniaxial-to-biaxial nematic transition at a lower temperature. The biaxial nematic phase at

a given temperature and asλz is varied, is sandwiched between two uniaxial nematic phases

NU+ andNU− and a Landau triple point exists where the two second order lines meet the

first order line. At that point, a direct second order transition is predicted between the

isotropic-biaxial nematic phases [15]. The Landau triple point occurs for large biaxiality

parameterλZ =
1√
6

which corresponds to a switching of the molecular shape froma

distorted prolate to distorted oblate ellipsoid. It is observed from the phase diagram that

the transition temperature is highest at the triple point. This Landau triple point corresponds

to the point ’T’ in the essential triangle referred to earlier.
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The pretransitional effects associated with the above mentioned transitions is particu-

larly interesting in view of the phase behaviour exhibited by the biaxial nematic on cooling

from the isotropic state. The phase diagram of the dispersion Hamiltonian has been dis-

cussed in detail in chapter 3 and we note that forλZ > 0.2 the uniaxial state is characterised

by a small amount of biaxial order which starts developing atthe isotropic - uniaxial ne-

matic transition itself. Thus the uniaxial phase exhibitedby the biaxial molecules ofD2h

symmetry does not appear at the mesoscopic level to be necessarily identical to the conven-

tional uniaxial phase formed due to the alignment of rod likemolecules ofD2h symmetry.

We expect that the pretransitional behaviour in the isotropic phase and uniaxial nematic

phase could show possible signatures of this development.

We adopt a lattice-based biaxial Hamiltonian in the dispersion approximation for the

study the behaviour of a bulk biaxial nematic sample. We employ Markov chain Monte

Carlo methods based on Metropolis algorithm to compute the second rank angular pair

correlation coefficients in the three distinguishing directions of the biaxial molecules as

a function of distance (in lattice units). The variations ofthese parameters, at various

temperatures bracketing the transitions, quantify the critical behaviour of the system near

the transitions. The characterisation of pretransitionalsignatures is done with chosen values

of the intrinsic molecular biaxialityλZ of the molecules, spanning the relevant part of the

phase diagram for this model [14]. The critical fluctuationsin the close proximity of the

transitions at various points in the phase diagram are thus obtained and the results are

compared. In the following, section 2 briefly introduces thelattice model for the biaxial

system and provides details of our simulations. The resultsare presented and discussed in

section 3 and conclusions are presented in section 4.

5.2 Model used and System studied

The lattice model within the dispersion approximation is characterized by the biaxiality

parameterλZ (chapter 1). The resulting phase diagram predicts, on cooling the sample
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from the isotropic phase, successive formation of uniaxialand biaxial nematic phases for

non-zero values ofλZ, with the isotropic-nematic transition temperature (all reported in

appropriate reduced units) being essentially independentof the parameterλZ . Focussing

on the selection of the parabola within the essential triangle, the spread of the intermediate

uniaxial nematic phase however is diminished gradually with increase inλZ, finally culmi-

nating in a direct transition to biaxial phase from the isotropic fluid at(λZ ∼ 0.4) as per

mean-field predictions and Metropolis based Monte Carlo simulations. The Hamiltonian is

given by (Chapter 1, eqn.(1.4.2))

H = −ǫij{P2(cos(βij)) + 2λZ [R
2
02(ωij) +R2

20(ωij)] + 4λ2ZR
2
22(ωij)} (5.2.1)

whereǫij is the coupling constant which determines the reduced temperature,ω(α, β, γ)

are the set of Euler angles,RL
mn are symmetrized Wigner functions,P2(cos(βij)) is Legen-

dre polynomial andλZ is the shape biaxiality parameter, which determines the amount of

molecular biaxiality.

The phase diagram of this Hamiltonian has a Landau triple point atλZ =
1√
6

. It is

known from earlier Monte Carlo simulations [14,15]that themolecules are prolate in shape

for values ofλZ <
1√
6

and oblate otherwise. The above expression is convenientlyrecast

as a function of inner products of different vectors specifying the orientations of different

molecules(xi, yi, zi) with respect to those of the chosen laboratory frame(X, Y, Z), and is

expressed as [15]

Uij = −ǫ{3
2
V33 −

√
6λZ(V11 − V22) + λ2Z(V11 + V22 − V12 − V21)−

1

2
} (5.2.2)

HereVab = (ua.vb)
2, and the unit vectorsua, vb, [a, b = 1, 2, 3], are the three axes

of the two interacting neighbouring molecules.λZ sets the relative importance of the bi-

axial interaction in the Hamiltonian, whileǫ (set to unity in the simulations) defines the

temperature scale(T
′

=
kBT

∗

ǫ
) , whereT ∗ is the laboratory temperature.
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5.3 Simulation Details

A cubic lattice (L=31 in lattice units) with periodic conditions is considered as the bulk

sample for simulation. The molecules on the lattice sites are treated as liquid crystal

constituents which interact through the nearest neighbourinteraction potential given in

Eqn.5.2.2. In order to compute the spatial correlations of the molecular axes, a molecule is

selected at a random site and the number of neighbours at distances ranging from 1 to 15

lattice units are identified and arranged in successive shells of increasing radius. Markov

chain Monte Carlo simulations were used to equilibrate the sample for different experi-

mental conditions, the experimental parameters for each experiment being the biaxiality

parameterλZ and a given temperatureT
′

(in reduced units) chosen very close to the tran-

sition temperature. By adopting this sampling procedure, we conform to the established

phase sequence as a function ofλZ [14]. Simulations were done for 3 sets ofλZ (0.2,

0.275. 0.35). The isotropic-uniaxial transition temperatureTNI is approximately constant

( 1.1, in reduced units) for all values ofλZ, but the uniaxial-biaxial transition temperature

varies from about 0.15 to about 0.5 asλZ changes from 0.2 to 0.35.

A simulation experiment for a givenλZ consists of cooling the sample from the isotropic

phase to the biaxial phase and collecting the relevant data at various temperatures very close

to theI−NU andNU−NB transitions. A total of 11 million microstates are sampled at each

temperature, out of which 1 million are used for equilibration of the sample at that temper-

ature. At each temperature the correlation between the orientation of the chosen molecule

i at a given random site and its neighborj separated by a distancerij , having a relative

orientationβij is calculated using the second rank angular pair correlation coefficient

G2(rij) = 〈P2(cos(βij))〉 (5.3.1)

The averaging is done over various shells surrounding 15 such random sites at each

temperature. The angular correlations are computed for thethree molecular axes using

Eqn.(5.3.1) in the isotropic state as theI − NU transition is approached from the high
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temperature side, at a temperature resolution of0.001 (in reduced units) very close to the

observed transition temperatureTC1. the same procedure is repeated at the uniaxial-biaxial

transition as the transition is approached from the high temperature uniaxial phase at the

same temperature resolution mentioned above. The spatial variation of the correlation func-

tionG2(r) is fitted to the classical Ornstein-Zernike (OZ)form [6]

G2(r) = (
A

r
)exp(−r

ξ
) (5.3.2)

whereξ is the correlation length in lattice units. This length varies with temperature at the

transition as

ξ = A(T − TC)
−ν (5.3.3)

where the exponentν refers to the divergent behaviour of the correlation lengthin the

critical region.

The simulations are done for various values of the biaxiality parameter (λZ = 0.0, 0.2,

0.275, 0.35) so as to examine the effect of the degree of molecular biaxiality on the forma-

tion of nematic clusters at theI −NU andNU −NB transitions.

5.4 Results and Discussions

For a givenλZ , as the sample is cooled from the isotropic phase, the spatial correlations

G2(r) for the molecularx,y, z axes are calculated at various temperatures, below and

above the isotropic nematic transition temperature. In thefollowing discussion, these are

denoted asGX(r), GY (r), GZ(r), respectively. At each temperature, the decay of the

correlation function is fitted to the OZ relation in Eqn. (5.3.2) and correlation length at that

temperature is extracted, for each molecular axes. These correlation lengths(ξx, ξy, ξz) for

(x,y, z) molecular axes are then fitted to the power law behaviour in Eqn. (5.3.3) and the

exponentν is estimated. This procedure is repeated covering theNU − NB transition as

well. The results and the analysis atI −NU andNU −NB transitions are presented in the

following subsections.
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5.4.1 I −NU transition

Since the same methodology is applied for collection and analysis of the data at each value

of λZ, we show a representative analysis of the data forλZ=0.35 at theI −NU transition.
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Figure 5.1: Spatial variation of angular correlations of different molecular axes near the
I −NU transition temperature (T

′

= 1.12) forλZ=0.35

Figs.5.1(a) - 5.1(c) depict the spatial variation of the correlation function at various

temperatures in the vicinity of theI − NU transition, which are fitted to the Ornstein-

Zernike equation in Eqn.(5.3.2) forλZ = 0.35. The extracted correlation lengths at each

temperature are plotted as a function of temperature.
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Figure 5.2: Fits of correlation lengths of different molecular axes to the power law be-
haviour (Eqn.5.3.3 near theI −NU transition (λZ=0.35)

Figs. 5.2(a)-5.2(c) show temperature fit of the correlationlengths to a power law be-

havior yielding the values of the exponents associated withdifferent molecular axes.

Similar analysis is done atλZ = 0.2 and 0.275. The values of the extracted exponents,

are tabulated in Tables. 5.1 - 5.3. A comparison of the correlation lengths of the three

molecular axes at theI −NU transition for various values ofλZ is presented in Table 5.4.

5.4.2 NU −NB transition

The fit of the spatial correlations to the Orenstein-Zernikerelation at theNU − NB tran-

sition for λZ = 0.35 is depicted in Figs.5.3(a) - 5.3(c). The plots (not shown here) forλZ

= 0.275 exhibit similar behaviour. However, similar study for λZ=0.2 at theNU − NB
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Table 5.1: Critical exponents and estimatedTC1 values from angular correlations of differ-
ent molecular axes (λZ=0.35)

Molecular axis ν TC1

x 0.569± 0.022 1.090± 0.00148

y 0.656± 0.02454 1.090± 0.00187

z 0.676± 0.01854 1.100± 6.44E-04

Table 5.2: Critical exponents and estimatedTC1 values from angular correlations of differ-
ent molecular axes (λZ=0.275)

Molecular axis ν TC1

x 0.588± 0.01532 1.104± 3.86E-04

y 0.595± 0.0188 1.090± 8.5E-04

z 0.621± 0.013 1.105± 2.4E-04

Table 5.3: Critical exponents and estimatedTC1 values from angular correlations of differ-
ent molecular axes (λZ=0.2)

Molecular axis ν TC1

x 0.552± 0.0048 1.112± 5.0E-05

y 0.534± 0.00325 1.107± 7.12E-05

z 0.483± 0.0181 1.115± 1.85E-04
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Table 5.4: Correlation lengths for variousλZ at theI −NU transition

λz x− axis y − axis z − axis

ξx TC1 ξy TC1 ξz TC1

0.2 7.5 1.118 6.43 1.12 7.9 1.12

0.275 5.79 1.117 6.0 1.117 8.77 1.114

0.35 2.3 1.12 5.8 1.12 8.87 1.12

transition, shown in Figs. 5.4(a) - 5.4(c), shows a very interesting scenario. Large fluc-

tuations are observed in the correlation functionsGX(r) andGY (r) near theNU − NB

transition, whereasGZ(r) is unaffected by the transition. Correlation lengths are extracted

(as described previously) forλZ = 0.35 and 0.275. However, it was not possible to extract

the correlation lengths forλZ = 0.2 as they could not be fit to OZ equation. Further, a

power law fit of the correlation lengths (that could be extracted forλZ = 0.35 andλZ =

0.275) could not be made satisfactorily for this value ofλZ , indicating deviations from the

expected temperature variation near this transition.

Summing up these observations, it appears that a power law fit, reminiscent of mean-

field expectation, could not be made forλZ = 0.35 andλZ = 0.275 near theNU − NB

transition. AndλZ = 0.2 seems to be corresponding to a cross-over region from a perturbed

LL model to an established biaxial Hamiltonian. The strong deviation from OZ relation, of

the spatial variations of the angular correlations atλZ=0.2, in the case of all three molecular

axes, seems to be a strong pointer to the manifestations of the crossover.

5.4.3 Temperature Variation of Correlation Lengths

The variation of the angular correlation lengths of all the three molecular axes as a function

of temperature at bothI−NU andNU−NB transitions forλZ = 0.275 are depicted in Figs.

5.5(a) - 5.5(c) and forλZ = 0.35 in Figs. 5.6(a) - 5.6(c) respectively. It may be seen that

the correlation lengths of the short molecular axes double at the low temperatureNU −NB
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Figure 5.3: Spatial variation of angular correlations of different molecular axes near the
NU −NB transition temperature (T

′

= 0.51) forλZ=0.35

transition for both values of the biaxiality parameterλZ (relative to their values atI −NU

transition), whereas the correlation length scale of the long molecular axis decreases com-

pared to its value atI −NU transition. These observations are in line with the expectations

regarding the effect of condensation of different phases onthe ordering of the different

molecular axes. This behaviour indicates that the orderingof the molecular long axis (z

axis) is achieved initially at theI − NU transition. As the temperature of the bulk biaxial

liquid crystal is further cooled, the short molecular axes are ordered at theNU − NB tran-

sition. The long molecular axis appears to be unaffected by the low temperatureNU −NB

transition.
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Figure 5.4: Spatial variation of angular correlations of different molecular axes near the
NU −NB transition temperature (T

′

= 0.15) forλZ=0.2

5.4.4 Effect of the Biaxiality ParameterλZ

The above discussion near theI−NU transition and the results in Table. 5.4 are summarised

in Figs.5.7(a) - 5.7(d). A comparative study of the correlation lengths for molecular axes

(x,y, z) at various temperatures near theI −NU transition with variation of the biaxiality

parameterλZ are shown in Figs.5.7(a) - 5.7(d). Referring to Fig. 5.7(a) we find that on

comparison with a uniaxial nematic (λZ=0.0) which exhibits correlation length scales of 4-

5 lattice units near the transition temperature, these results indicate that for a biaxial system,

nematic clusters of larger size are formed in the isotropic phase at the transition point. The

correlation length scales of thex axes decrease steadily asλZ increases from 0.2 to 0.35, as

shown in Fig. 5.7(b). The correlation lengths fory andz axes remain relatively the same
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Figure 5.5: Variation with temperature of correlation lengths of different molecular axes
covering both transitions forλZ = 0.275

for all values ofλZ .

5.5 conclusions

The characteristic lengths associated with angular correlations of the three molecular axes

of a biaxial liquid crystal were estimated in this Chapter using Metropolis based Monte

Carlo sampling method. We find that average correlation length of the molecular long axis

(z-axes) to be 8 lattice units, at theI − NU transition. This value is approximately twice

that of a uniaxial liquid crystal ( 4-5 lattice units) reported based on the LL model under

identical conditions of lattice size and simulation conditions. The correlation lengths of

y- and z-axes are independent of the value ofλZ at theI − NU transition. The length

associated with the molecular x-axes however is different :It is comparable forλZ = 0.2

and 0,275, but significantly decreases forλZ - 0.35. The critical exponents for all the three
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Figure 5.6: Variation with temperature of correlation lengths of different molecular axes
covering both transitions forλZ = 0.35

axes remain approximately in the range 0.55-0.6 at theI −NU transition.

The critical exponents could not be calculated at theNU−NB transition, since a temper-

ature fit to a power law behaviour was not found possible. Finally, the deviation (from OZ

behaviour) atNU −NB transition atλZ = 0.2 seems to be a manifestation of the cross over

region between the perturbed LL model and a strong biaxial Hamiltonian. As this point

lies very close to theγ-axis, the biaxial-biaxial coupling term (third term in eqn.5.2.1) and

the uniaxial-biaxial coupling term (second term in eqn.5.2.1) have competing effects on the

ordering of all the molecular axes, and it appears that unique assignment of corresponding

correlation lengths is not feasible.
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Figure 5.7: comparison of correlation lengths atI −NU transition for differentλZ
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Chapter 6

Structures and Transitions in a Hybrid Biaxial
Nematic Film

6.1 Introduction

The topic of liquid crystals in confined systems continues tobe of great interest due to

the innumerable applications in the fields of liquid crystaldisplays (LCDs) [1], colloidal

dispersions in nematic matrix [2], photonics [3], LC biosensors [4], to name a few. Liquid

crystals are increasingly being used as host materials for colloidal and nanoscopic particles

to form ordered structures at micro and nano scales which areused as photonic crystals

and metamaterials [5–7]. The tendency of the anisotropic liquid crystal molecules to align

parallel to one another aids in developing structural forces between the particles. The un-

derstanding of the interfacial properties of a liquid crystal is crucial for the control and

improvement of optical devices which employ these soft materials. The surfaces impose

boundary conditions on the bulk director resulting in compatible director structures. Usu-

ally electric fields are applied to induce textural transitions, providing convenient method

of estimating the nematic-surface interaction strengths.

A liquid crystal cell is formed by confining the medium between two surfaces, called

substrates. The substrates are typically Indium Tin oxide (ITO) coated glass plates which

are pre-treated to obtain the required liquid crystal alignment. This type of surface induced

alignment is called anchoring. When the liquid crystal molecules are aligned such that the

long axes of the molecules lie parallel to the substrate plane, a planar boundary condition
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Hybrid Biaxial Film 149

is obtained. On the other hand, if the molecular long axes areperpendicular to the sub-

strate plane, a homeotropic boundary condition is realized. A liquid crystal film confined

between two planar substrates which enforce a planar anchoring of the long axis (say, along

the laboratory Y-axis) at one surface and a homeotropic anchoring (say, along the labora-

tory Z-axis) at the other is called a hybrid film. The equilibrium director structures obtained

in such films are a result of the various competing mechanismspresent due to the antag-

onistic boundary conditions, the strength of interaction with the substrates, the ordering

interactions within the bulk liquid crystal, and the disordering effects due to temperature.

Hybrid films of uniaxial liquid crystals were extensively studied theoretically using

Frank elastic theory and Landau-de Gennes formalism [8]. Within the frame work of the

elastic theory the director is bent continuously from one substrate to the other. It was

shown by Barberoetal [9] that in such films the bent-director configuration occursonly if

the film thickness is greater than a critical thickness determined by the elastic constant (in

one- elastic-constant approximation) and the surface interaction strength. In thinner cells

the director field is uniform with the director aligned alongthe easy axis of the substrate

with stronger anchoring. Pallfy-Muhorayetal [10] showed that that in highly constrained

hybrid cells the boundary conditions can also be satisfied bya biaxial configuration, apart

from uniform bending of the director field. A structural transition is predicted between the

two ordered configurations. Galabovaetal [11] obtained the phase diagrams depicting the

dependence of the nematic order on the thickness of the cell and the anchoring strength.

The stability of different structures in a thin hybrid nematic film was examined within a

Gaussian description of order fluctuations by Sarlahet al [12]. In a very thin film the

director field is not bent smoothly but exhibits a step like change if the anchoring at the

surface are strong and comparable in magnitude. A discontinuous structural transition to

the bent-director state is predicted with increasing film thickness or decreasing temperature.

Experimental investigations were undertaken to study the effect of confinement on the

isotropic-nematic transition temperature, orientational order enhancement and relaxation

times [13–16]. Surface force measurement [17,18] is a recent technique employed to study
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the effects of confinement.The first evidence of a hybrid to planar anchoring in NLC films

(thinner than 100 nm) using externally applicable mechanical constraint was obtained re-

cently using a surface force apparatus [19].

Simulations of confined systems of uniaxial liquid crystalsin various geometries [20–

23] have played a vital role in verifying the theoretical predictions. Detailed computer sim-

ulations were carried out using off-lattice Gay-Berne potentials [24,25] and lattice models

like Lebowhl-Lasher potential [26] to understand the behaviour of such systems. A Monte

Carlo simulation study of structures and transitions in a thin hybrid film confirmed the

existence of the structural transition between the bent-director state and biaxially ordered

non-bent structure [22]. More recently hybrid films of uniaxial nematic were investigated

using the conventional canonical Monte Carlo methods [26] and also non-Boltzmann sam-

pling techniques [27]. Based on these simulation results, two transitions are predicted in

the film, as a function of temperature. With decrease in the temperature, the first transition

occurs from a disordered phase to a phase-biaxial phase at a temperature higher than the

isotropic-nematic transition. The second occurs at a temperature lower than this transition

temperature, from a phase-biaxial phase to a bent-directornematic phase.

With several recent attempts to realize biaxial nematic materials [28–30], long after

their theoretical prediction by Freiser [31, 32], new avenues for their possible use as fast

responding bistable devices are now being examined. Thermotropic biaxial nematic phase

found in liquid crystalline organo-siloxane tetrapodes [29] and achiral bent-core mesogens

[33] has prompted a search for suitability of these materials for fast switching. In the biaxial

nematic phase, fast switching between different birefringent states may be possible because

the birefringence can be changed by a rotation of the short axes, while the orientation of the

long axes could be kept fixed [34]. Recently, it has been confirmed experimentally [35] that

the short axis and long axis of bent-core liquid crystal ODBP-Ph-C7 and ODBP-Ph-C12

could be independently switched on the application of an electric field in the biaxial phase.

The switching time of the short axis was much faster than the long axis in response to the

applied field, as well as during its relaxation. These electro-optical experiments were done

150



Hybrid Biaxial Film 151

on thin cells of thickness 2µm and suitably enclosed within substrates having a pretilt angle

of 20. The substrates are rubbed such that the long axes are in antiparallel directions. The

thin cell gap and the low pretilt angle ensure that the long axis orientation is strongly held

and thus promote a surface stabilized biaxial nematic phase. The short axis is randomly

distributed around the director in zero field and switches inthe same plane as the long axis

when the field is switched on. A subsequent molecular dynamics (MD) simulation of the

bulk biaxial Gay-Berne fluid under the action of an electric field [36] has shown that the

switching of the secondary axis director is an order of magnitude faster than the switching

of the primary axis director. Of course, this simulation wasdone as demonstration on a

bulk biaxial fluid.

In a more recent Monte Carlo simulation study [37] of biaxialhybrid films, a medium

of biaxial molecules was enclosed within planar substratespercolating hybrid anchoring

influences from both sides. The anchoring is such that the orientation of long molecular

axis is fixed as planar anchoring on one substrate and homeotropic anchoring on the other.

The short molecular axes directions are chosen such that they follow the z-axis rotation

from one substrate to the other without introducing any additional twist around the z-axis

(see Fig.(6.1)). This arrangement is denoted as type A film for convenience. The simula-

tion study, using Boltzmann sampling techniques, revealeda bent director structure for the

primary director in the uniaxial nematic phase, as expected. However the growth of the pri-

mary order of the system in the biaxial nematic phase, and thefluctuations of the relevant

order parameters in the biaxial phase turned out to vary curiously and needed further study.

In the light of the above observations we investigated this system from different per-

spectives, and report our findings in this chapter. For example, we investigated the effect of

removing anchoring restrictions on the molecular minor axes at both the substrates. Such

a film is denoted as Type C film. (’B’ has already been reserved to denote a biaxial phase

and hence avoided). We investigated in detail with Markov chain Monte Carlo methods the

thermal evolution of the above hybrid films for different relative anchoring influences at the

151



152

substrates. The relevant order parameters and their fluctuations (quantified as their suscep-

tibilities) are measured both as bulk and layer wise properties, as a function of temperature.

The effect of variation of the film thickness on the observed parameters is also investigated.

Boltzmann sampling is preferred, since its results with a dispersion Hamiltonian model are

extensively studied, interpreted and readily understood [38], and are reported to conform

to MF expectations in terms of the phase symmetries. In the light of earlier observations on

the outcome of employing Boltzmann samplingvis−a−visWL sampling, the Boltzmann

sampling procedure on the dispersion parabola leads to the establishedI−NU −NB phase

sequences in the bulk medium, and provides a convenient reference to examine the relative

effects of a geometric confinement on its director structures.

6.2 System under study

The system studied here is a planar hybrid film of biaxial molecules. We assign{X, Y, Z}

axes to represent the laboratory-fixed frame and{x, y, z} axes to represent the molecular-

fixed frame. We further assignz direction to represent the molecular long axis, while

the other two molecular minor axes are represented byy andx. The film is obtained by

confining the biaxial molecules between two planar substrates taken to be in the X-Y plane.

The substrate planes are positioned at Z=0 and Z=d (in lattice units)in the laboratory Z-

direction. The influence of the substrates is simulated by introducing two bounding layers

of molecules with the designated, but fixed orientations, referred to in the literature as ghost

molecules [39]. We consider the two types of films A and C (as described earlier) which are

depicted in Fig. 6.1. The boundary conditions are such that the long axis of the molecules

are hybrid-aligned (planar orientation at one substrate and homeotropic at the other), but

differ with respect to the x- and y-axes of molecules. The bent primary director structure is

retained in both films, which are examined below.

TYPE A FILM In this film, the long molecular axis is anchored so as to experience

hybrid boundary conditions at the two substrates (planar orientation at one substrate and
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Figure 6.1: (a)Type A Film (b) Type C Film

homeotropic at the other). With biaxial molecules we however still have to choose whether

the relative (x, y) directions of the molecules are unchanged while the molecular z-axis

undergoes aπ/2 turn. One configuration could be that(x, y) axes follow thez-axis rotation

without a twist around thez-axis. We refer to this configuration as type A film, as shown

in Fig.6.1. The orientations of the ghost molecules at the two substrates (defining the

anchoring directions) are specified by the following:

Substrate 1 :z ‖ Z, y ‖ Y, x ‖ X

Substrate 2 :z ‖ Y, y ‖ Z, x ‖ X

TYPE C FILM The molecular alignment at the two substrates is the same as for a

type A film, but the substrate molecules are allowed to interact only with the long axes of

the LC molecules, thereby effecting free boundary conditions at the two substrates as far

as thex-y axes of the LC molecules are concerned.

Of the two films, type C film appears to be the easiest to realizesince it involves only

anchoring of the long molecularz axes at the two ends. The other variant (Type A) has

153



154

boundary conditions which require special preparation of the substrates with appropriately

oriented biaxial molecules.

6.2.1 Model Hamiltonian

The biaxial LC molecules are assumed to interact through a pairwise additive lattice Hamil-

tonian [38] within the dispersion approximation, and is expressed in terms of generalised

Wigner rotation matrices as:

H = −ǫij{P2(cos(βij)) + 2λZ(R
2
02(ωij) +R2

20(ωij)) + 4λ2ZR
2
22(ωij)} (6.2.1)

whereǫij = ǫ is the coupling constant used to define the reduced temperature,ω(α, β, γ)

are the set of Euler angles which specify the rotations to be performed in order to bring

the laboratory frame of reference in coincidence with the molecular frame,RL
mn are sym-

metrized Wigner functions,P2(cos(βij)) is the second Legendre polynomial andλZ is the

shape biaxiality parameter quantifying the degree of molecular biaxiality.

The phase diagram of this Hamiltonian has a Landau triple point atλZ =
1√
6

. It is

known from earlier Monte Carlo simulations [38] that the molecules are prolate in shape

for values ofλZ <
1√
6

and oblate forλZ >
1√
6

. The value of the biaxiality parameter is

chosen atλZ=0.35 in this study, as it on one hand corresponds to a high degree of molecular

biaxiality, and on the other leads to a wide temperature range of the biaxial phase, on

condensation due to cooling [38].

6.2.2 Simulation Details

A planar hybrid film of dimensions15 × 15 × d (d = 6, 8, 10, 12 ) layers is considered in

the present work. Periodic boundary conditions are appliedalong the laboratory X and Y

directions, so as to minimize finite size effects. The anchoring conditions applied at the two

substrates (contained in the X-Y plane) depend on the specific choice of the film (Type A or

C), and their relative strengths can be chosen as required. Referring to Fig 6.1, the lower LC

layer experiencing homeotropic boundary condition on the long molecular axis is indexed
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ask=1 and the upper LC layer experiencing hybrid boundary condition of the same axis is

indexed ask=d. The LC ghost molecules in the substrate layers (which are adjacent to the

two bounding layers of the LC medium) do not participate in the Monte Carlo dynamics.

The interaction strength of the long molecular axis at the two substrates are represented by

ǫ1 andǫnz, andǫnz can be varied relative toǫ1 (which is set equal to 1). The temperatureT
′

in dimensionless units is set by the coupling strengthǫ in the Hamiltonian (Eqn.6.2.1).

In each simulation on a particular film, the reduced temperature is varied from 2 to

0.05 in steps of 0.005, and at each temperature the film is equilibrated for5 × 105 lattice

sweeps (runs) while the data are collected over a productionrun of5× 105 lattice sweeps.

The quantities computed are the average energyE, the specific heatCV , the order param-

etersR2
00, R

2
02, R

2
20, R

2
22 as well as their susceptibilities, and layer-wise orientation of the

local directors (average orientation over the layer) with respect to the laboratory Z-axis

(layer-wiseθ) and the azimuthal angle made by the local layer-wise director with respect

to laboratory X-axis (layer-wiseφ). We computed both layer-wise properties (to examine

the director structure and its relative changes) as well as bulk properties (averaged over the

film) as a function of temperature for a fixed relative anchoring strength and layer thickness.

The simulations are then repeated by varying the thickness effecting length scale of the sys-

tem, and also varying the anchoring strength (ǫnz) to look for possible anchoring-induced

transitions among the different director structures.

6.3 Results and Discussion

For convenience, initially simulation results for films of type C and A under strong anchor-

ing conditions (ǫ1 = ǫnz = 1) are discussed under subsections: (a) Type of the film (b)

effect of variation of film thickness. The effect of varying the anchoring strengthǫnz at the

second substrate is discussed under a different subsection: Anchoring transitions.
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6.3.1 Type of Film

In this section, the results for a fixed film thickness of 8 layers are presented under strong

anchoring conditions. Figs.(6.2) and (6.3) depict the system order parameters of Type C

film and their layer-wise variation and corresponding director angles. Figs.(6.4) and (6.5)

display similar data for Type A film. The interpretation of the data turned out to be on

similar lines in all these films. Hence we discuss the type C film in some detail to provide

bench marks for comparison of information from the other film. It may be noted that

whenever layer-wise angles of the local directors (with respect to laboratory X or Z axis)

are plotted, the data in the isotropic phase, which are automatically generated and plotted

during the course of the computation, should be obviously ignored. We henceforth treat any

such display of data in the isotropic phase as inconsequential and ignore them for purpose

of discussion.

TYPE C FILM

As mentioned earlier, this film corresponds to a hybrid boundary condition on the long axis

(z of the biaxial liquid crystal molecules (Fig.6.1), while the molecular minor axes do not

interact with the substrate, and experience free boundary conditions. Fig (6.2) depicts the

specific heat profile, the system order parameters and their susceptibilities as a function

of temperature. It is found from Fig. 6.2(a) that as the temperature is decreased from the

isotropic state, two transition peaks are observed in theCV profile - first atTC1 = 1.021,

and the second atTC2 = 0.522, which signify theI − NU andNU − NB transitions, re-

spectively. The transition temperatures are lowered in comparison with the bulk transition

temperatures atTC1 = 1.117 andTC2 = 0.5601, as a result of confinement. Fig. 6.2(b) de-

picts a comparative study of the growth of uniaxial orderR2
00 at theI−NU (TC1) transition

as well as atNU − NB transition (TC2) and the biaxial orderR2
22 at theNU − NB transi-

tion, plotted as a function of temperature. Figs. 6.2(c)-6.2(f) show temperature variation

of the four order parameters and their susceptibilities. The uniaxial order parameterR2
00

in Fig.6.2(c) starts increasing atTC1 and displays a bent-director structure in the uniaxial
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Figure 6.2:Variation with temperature of system properties in Type C film (a) Specific heatCV
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nematic phase. The maximum value attained by the uniaxial order is 0.6 in this phase. The

slope of theR2
00 curve however increases abruptly at theNU −NB transition, below which

it steadily increases to a maximum value of unity.

The phase biaxiality parameter arising from the non-cylindrical distribution of the molec-

ular long axes,R2
20 and the ordering along the primary director originating from molecular

minor axesR2
02, are shown in Figs. 6.2(d) and 6.2(e). As compared to their values in a

bulk system (without confinement), we observe that these parameters have non-zero values

in the uniaxial nematic phase between theI − NU andNU − NB transitions, obviously

a clear manifestation of finite confinement. Fig. 6.2(f) shows the biaxial order parameter

R2
22. The non-zero value at the onset of theI −NU transition has been found to be a finite

size effect in a bulk system. A significant biaxial ordering is observed only atNU − NB

transition (TC2), as is also evident from its susceptibility profile, which shows a peak atTC2

at this temperature. The layer-wise variations ( for the layer indexk=1 to d) of some of the

useful properties, plotted along with their counterparts corresponding to the total system

are shown in Figs.6.3(a)- 6.3(f). It is observed from Fig.6.3(a) that layer-wiseR2
00 values

vary smoothly and do not show the abrupt jump atTC2 exhibited by the system value (i.e.

average over the film) and the order in all the layers asymptotically reaches the maximum

value of 1.0 at the lowest temperature. Layer-wise variation of R2
00 also shows that the

middle layers (k = 4 and 5), being least influenced by the substrate boundaries, are most

effective in contributing to the critical onset of the orderat the transition.

The layer-wiseR2
02 andR2

20 are shown in Figs.6.3(b) and 6.3(c). It is observed that they

have small, but non-zero values in the uniaxial nematic phase in the middle layers of the

film. Fig.6.3(d) depicts the system and layer-wise behaviour of biaxial order. It is observed

that in the middle layersR2
22 starts increasing from theI − NU transition itself, but shows

a significant increase only at theNU −NB transition.

The plots of the layer-wiseθ (Z-angle) (angle made by the layer-wise director with

the laboratory Z-axis) and layer-wiseφ (angle made by the layer-wise director with the

laboratory X-axis) are shown in Figs. 6.3(e) and 6.3(f). Focusing on the data only below
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Figure 6.3:Layerwise variation of different properties of the Type C film, with tempertaure: (a)
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the clearing point, it is observed from Fig.6.3(e) that as the temperature is lowered from

the isotropic phase, layer-wiseθ values stabilise to certain fixed values after theI − NU

transition. The value of this angle increases monotonically from k = 1 layer to thek =

d layer, clearly indicating that the layer-wise primary director bends gradually from the

lower substrate to the upper substrate, exhibiting a bent-director structure. The layer-wise

φ angles depicted in Fig.6.3(f) show a sudden flip by approximately 900 at theI − NU

transition, particularly in the region of middle layers. This signals the onset of a long range

order, essentially confining the primary director to the laboratory YZ plane, as the system

is cooled. The layer-wise angle profile also suggests that the bending of primary director

takes place confining it to the YZ plane, and is not affected bytheNU − NB transition. It

also confirms the fact that the bent-director structure in the uniaxial nematic phase is purely

due to the restrictions on the geometry of the film, under the anchoring conditions imposed.

TYPE A FILM

In this film a biaxial interaction is introduced between the LC molecules and substrate

(ghost) molecules, unlike the case of a Type C film. The anchoring orientations of the

molecules (with respect to the laboratory axis) are shown inFig.6.1. Referring to Fig.6.4 it

is observed that all order parameter susceptibilities except that ofR2
22 display fluctuations

in the biaxial phase, which are reflected on their (average) order profiles as well. It may be

noted that the onset of biaxial order in Type A film occurs onlyat theNU − NB transition

unlike in the Type C film. The system and layer-wise variationof the order parameters are

shown in Figs. 6.5(a) - 6.5(d). The layer-wiseR2
00 values in Fig.6.5(a) do not fluctuate in the

biaxial phase and attain maximum ordering, unlike the system order parameter. The layer-

wiseR2
02 andR2

20 have small, nonzero values in the uniaxial nematic phase, but fluctuate

significantly in the biaxial phase, showing the same behaviour as the system values ofR2
02

andR2
20. Fig 6.5(d) depicts the system and layer-wise biaxial order. It may be observed

that the layer-wise biaxial order shows a non zero value at theI −NU transition and grows

gradually, whereas the system biaxial order develops only at theNU −NB transition. Both
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Figure 6.6: Variation of maximum eigen values associated with each of the ordering tensors
of the three molecular axes (x, y, z), as a function of temperature for (a) Type C film (b) Type
A film

develop fluctuations in the biaxial phase similar to the other order parameters.

The layer-wiseθ and layer-wiseφ values shown in Figs. 6.5(e) and 6.5(f) depict a

similar gross behaviour as for a Type C film, but fluctuate significantly at theNU − NB

transition, indicating that while the degree of layer-wiseorder is relatively stable, its direc-

tion however is not.

A discussion on these two films (Type C and Type A, withλZ=0.35) seems interesting

when the system as well as layer-wise evolutions ofR2
00 on cooling are examined, as de-

picted in Figs.6.2(b), 6.3(a), 6.4(b) and 6.5(a). Their system uniaxial order parametersR2
00

develop at the high temperatureI−NU transition, and show a sharp increase at theNU−NB

transition. They tend to a saturation value close to unity atlow temperatures, much like the

case in a bulk system which does not have geometric constraints from boundary anchoring

effects. The layer-wiseR2
00 values on the other hand (particularly theirθ values (Figs.6.3(e)

and 6.5(e)), vary smoothly across the second transition pointing to the bent-director struc-

ture. This puzzling result regards temperature variation of R2
00 atTC2, in conjunction with

smooth layer-wise director properties points to a distinctpossibility that the order terms

contributing to the primary director may be changing atTC2 and system-wiseR2
00 corre-

sponding to the maximum eigen value direction (by operativedefinition) may simply be
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reporting this qualitative change in its direction. This clue led to the computation of av-

eraged (over MC steps), maximum eigen values (qx, qy andqz) associated with the three

molecular axes (derived from the three system ordering tensorsQxx, Qyy andQzz respec-

tively), and the directions of their eigen vectors with respect to the laboratory frame, as a

function of temperature. The temperature variation of the three eigen values (scaled by 1.5)

was accordingly investigated, to resolve this puzzle.

Noting that the standard procedure of computing theR2
00 values is to identify the max-

imum eigen value among all the eigen values of the individualordering tensors (scaled by

1.5) to get the degree of the uniaxial order, and the associated eigen vector denoting the

direction of the primary director, we plotted the temperature evolution of the eigen values

for Type C and A films in Fig.6.6. Referring to Fig.6.6(a) for Type C film, it is very in-

teresting to note that the onset of the second transition (atTC2=0.51) leads to a dramatic

increase ofqy (maximum eigen value of the molecular y-axis), surpassing the value ofqz

(maximum eigen value of the molecular z-axis). This impliesthat in reality the assignment

of the direction of primary director itself changes atTC2. For temperatures above, it is the

geometrically averaged bent-director structure arising from the ordering of the molecular

z-axes (long axes) with the eigen vector lying in the plane with θ = 45◦ (with respect to

laboratory Z direction) andφ = 90◦ (with respect to laboratory X direction). The primary

director is contained wholly in the YZ plane of the bent-director. But the onset of the bi-

axial phase coincides with the crossing of theqz andqy values and what has been observed

below TC2 as the development ofR2
00 to unity, unhindered by geometric constraints, is

the near perfect ordering of the molecular y-axes. Its eigenvector makes anglesθ ∼ 90◦

(with respect to laboratory Z direction) andφ ∼ 0◦ (with respect to laboratory X direction),

which implies that the molecular y-axis is ordered along thelaboratory X-direction. Cor-

respondingly, the eigen vectors of molecular x and z axes arecontained in the laboratory

YZ plane, mutually perpendicular to each other. Evolution of the anglesθ andφ of these

eigen vectors, at different temperatures and observed as a function of Monte Carlo steps af-

ter equilibration, bring out this curious development. We conjuncture that this observation
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could be of potential use in applications, and will comment further later.

In contrast, Type-A film which imposes boundary conditions on the minor axes of

molecules as well at both ends presents a very different scenario. We refer to Fig.6.6(b)

showingqx, qy andqz as a function of temperature in this film. At the onset of the second

transition (TC2 ∼ 0.5) qz (∼ 0.617) is higher than theqx andqy which have values∼ 0.536

and∼ 0.447 respectively. But on further cooling,qx crosses the value ofqz (∼ 0.632 at a

(reduced) temperatureT
′

= 0.433), whileqy remains less thanqz. At very low temperature

qx saturates at≈ 0.87, whileqy andqz reach a value of≤ 0.72. Eigen vector ofqz makes

angle (θ ∼ 450 with the laboratory Z-direction andφ ∼ 900 with laboratory X-direction,

thereby indicating that the bent-director structure fromz-axis term is contained in the YZ

plane, as is the case in the high temperature nematic phase. Curiously the eigen vector of

qy makes anglesθ ∼ 450 andφ varying between00 to 900 as we cool from the uniaxial

nematic phase. This appears to be the effect of geometric confinement of the molecular y-

axis, imposed by the anchoring on boundary. The molecular y-axis is thus in principle, bent

within the laboratory YZ plane, but its direction does fluctuate sibnificantly. The observed

fluctuations in the thermal averages ofR2
00, R

2
20 andR2

02 order parameters at the onset of

the biaxial phase (Figs. 6.4(c) - 6.4(d)) are to be seen as a result of this circumstance.

R2
22 does not show significant fluctuation since contribution to its ordering is mainly due to

the highly ordered molecular x-axis in the perpendicular plane. Our further observation in

the next section seems to indicate that this is due to the simultaneous presence of bound-

ary conditions on the molecular x and y axes, as well as the influence of cross coupling

term between the uniaxial terms (associated with the molecular z axis) and the biaxial term

(associated with the molecular x and y axes) at this high coupling value ofλZ = 0.35.

Case of vanishing cross-coupling term

In the light of the above contrasting results between the Type C and Type A films, we now

investigate their counterparts, say, Type-CY and Type-AY.These correspond to setting the

coefficient of the cross-coupling term,λZ (2nd term in Eqn.6.2.1) to zero, but otherwise
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retaining the same boundary conditions respectively. Obviously, this corresponds to choos-

ing a point on theλ-axis on the (γ, λ) plane of the general quadrupolar Hamiltonian at the

ordinate value of the dispersion point atλZ=0.35. Details of the computations and presen-

tation of observable properties derived are similar to the earlier section, and hence are not

reported here.

The variation of the system order parameters along with their susceptibilities are pre-

sented in Figs. 6.7(a) - 6.7(d) for the Type-CY film, while Figs.6.8(a) - 6.8(d) depict sim-

ilar data of Type-AY film. Temperature variation of theθ andφ angles (with respect to

the the laboratory frame) for each of of the layers are presented in Figs.6.7(e) - 6.7(f) and

Figs.6.8(e) - 6.8(f), respectively.

Interestingly it is the Type-CY film that shows effect of frustration on the onset of

biaxial phase atT
′ ∼ 0.5 (Figs.6.7(a) and 6.7(d) for example). To recall, this film employs

a model where there is a uniaxial-uniaxial coupling term anda biaxial-biaxial coupling

term, without a cross-coupling interaction. And, the film isanchored at the both ends in

a hybrid condition only in so far as the long molecular axes isconcerned, with the minor

axes experiencing free boundary conditions. In such a film the onset of biaxiality curiously

leads to significant fluctuations of all orders, as evidencedby their average values and their

variances. Thus neglect of the cross-coupling interactions between the two types of tensor

components in the absence of (stabilising) anchoring of theminor axes leads to unstable

director structures.

On the other hand, Figs.6.8(a)-6.8(d) (corresponding TypeAY film) show that the full

dispersion model without the cross-coupling interaction,coupled with compatible anchor-

ing of the minor axes at both the ends, leads to a stable, noise-free director structure in the

biaxial phase. It may be noted that a similar smooth variation of the two order parameters,

R2
00 andR2

22, with temperature is observed in Type C film (presence of cross-coupling term

in the Hamiltonian, and only long axes of molecules anchoredat the substrate).

To investigate further, we computed the correspondingqx, qy andqz as a function of

temperature for types CY and AY films, depicted in Fig.6.9. Asin the case of Type C
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Figure 6.7: Variation with temperature of system properties in CY film (a)- (d) The four order
parameters along with their susceptibilities (e) Angleθ (f) Angle φ
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Figure 6.8: Variation with temperature of system properties in AY film (a)- (d) The four order
parameters along with their susceptibilities (e) Angleθ (f) Angle φ

168



Hybrid Biaxial Film 169

and Type A films, the sharp increase in the value ofR2
00 at the second transition is indeed

a signature of one of the eigen values of the minor axes exceeding that of the long axis,

and thus qualifying as the primary order parameter. In practical terms, the direction of the

primary director relocates itself from the bent-director plane, (normal to the plane) after the

onset of the biaxial phase.
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Figure 6.9: Variation of maximum eigen values asociated with each of the ordering tensors
of the three molecular axes (x, y, z), as a function of temperature for (a) CY film (b) AY
film

Obviously in both the CY and AY films, the hybrid nature of anchoring imposed on

the molecular z-axis pins the two ordering eigenvectors to the laboratory YZ plane, while

the third director axis (x-axis) coincides with the laboratory X-axis permitting unhindered

growth of its order in the low temperature phase.

The variation of these eigen values for the films CY bring out clearly the smooth vari-

ation ofqz throughout, the gradual development of noise in the other two eigen values and

the very significant fluctuations at the onset of the second transition. This seems to signal

that in the absence of anchoring of the minor axes at the substrates, and when the uniaxial

and biaxial tensor components of the interaction are decoupled, the long axis ordering de-

velops as a bent-core structure, while the ordering of the other two molecular axes becomes

spatially unstable since there is no term either in Hamiltonian or in the surface interaction

to fix the orientation of either of these axes bringing stability to their orders. The observed
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order parameter variation (and their susceptibilities) ofthis film (Figs.6.7(a)-6.7(d)), in

conjunction with their eigen values, support this scenario. The film seems to be charac-

terised by a stable long range order contained in the YZ plane, but fluctuating components

qxx andqyy (max eigen values ofQxx andQyy) as they move in and out of the plane. In

this process their system averages suffer varying degree ofgeometric averaging, leading to

rather wildly fluctuating associated molecular orders.

6.3.2 Effect of variation of thickness

In this subsection we present the results obtained as the thickness of the liquid crystal film

’d’ is varied. Typical dimensions of the films considered are15 × 15 × d where ’d’ is set

to have values 6, 8, 10, 12 lattice units. These studies are done, under strong anchoring

conditions at both the substrates, on two types of films: FilmC and film A. Figs 6.10 -

6.11 depict a comparative study of the simulation results obtained as the thickness of the

biaxial film is varied as above, for each type of the film. Figs.6.10(a) - 6.10(e) show the

effect of varying ’d’ on the experimental parameters likeCV , R2
00, R

2
02, R

2
20 andR2

22 in

the type C film. The specific heat profiles become sharper as shown in Fig. 6.10(a) as

the thickness increases (size effect). The uniaxial order parameterR2
00 slightly increases in

value in the uniaxial phase as the thickness increases, retaining the bent director structure

for all thicknesses. TheR2
02 andR2

20 values decrease as the thickness increases (possible

size effect). The biaxial orderR2
22 shows a slight decrease as the thickness is increased and

shows a marked increase in the nematic phase itself for a thinner film of thickness 6 lattice

units. Figs.6.11(a) - 6.11(e) depict the effect of varying the thickness of the Type A film on

the specific heat and the order parameters. The behaviour is similar to a type C film. From

the discussion of the earlier section, the measure ofR2
00 in a film C (all thicknesses) in the

biaxial phase reflects the degree of ordering of the molecular y-axis along the laboratory

X-axis. However, in film A, the measure ofR2
00 is due to the ordering of molecular x-axis

along laboratory X-axis. In both cases, the onset of biaxiality leads to a re-assignment of

the eigen value toR2
00 qualifying as its primary director order. Accordingly, thedirection

170



Hybrid Biaxial Film 171

0.0 0.5 1.0 1.5 2.0
0

5000

10000 Film width in layers
C
V

T'

 6
 8
 10
 12

(a)

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0 Film width in layers

R
2 00

T'

 6
 8
 10
 12

(b)

0.0 0.5 1.0 1.5 2.0
0.00

0.02

0.04

0.06

0.08

0.10
Film width in layers

R
2 02

T'

 6
 8
 10
 12

(c)

0.0 0.5 1.0 1.5 2.0
0.00

0.05

0.10

Film width in layers

R
2 20

T'

 6
 8
 10
 12

(d)

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

R
2 22

T'

 6
 8
 10
 12

(e)

Figure 6.10:Variation with temperature of system for different thickness of Type C film (a)CV ;
(b) R2

00; (c) R2
02; (d) R2

20 (e)R2
22

171



172

of the primary director gets relocated.

6.3.3 Effect of variation of anchoring strength

In this section we present the results obtained when the anchoring strengthǫnz, at the second

substrate (imposing planar anchoring along laboratory Y-axis for the long molecular axis),

is varied from 0 to 0.6, in steps of 0.1. Each type of film is simulated at these anchoring

values (ǫnz) and the experimental parameters are collected as the film iscooled from the

isotropic phase to the biaxial phase. The resulting differing temperature variation of the

system order parameters for a given type of film are compared to investigate the influence of

ǫnz on the equilibrium director structures. The plots depicting this study are shown in Figs.

(6.12) and (6.13) for Type C and Type A films, respectively. Weobserve from Figs.6.12(a)

and 6.12(d) that for anchoring strengthsǫnz=0.0, corresponding to a free surface and for

a low value ofǫnz=0.1, the uniaxial orderR2
00 and the biaxial orderR2

22 attain maximum

values of 1.0 and 0.5, respectively. The model is similar to abulk sample with free boundary

conditions in one direction, and periodic boundary conditions in the other two. Forǫnz ≥

0.2 the primary director assumes a bent structure and the primary order attains a value with

an upper bound of 0.8 forǫnz = 0.2. A similar sharp difference is exhibited byR2
22 as

well (Fig.6.12(d)) where the temperature variation qualitatively changes fromǫnz = 0.2

upwards. The order parametersR2
02 andR2

20, shown in Figs. 6.12(b) and 6.12(c), have very

low values at anchoring strengths 0.0 and 0.1, and they also start increasing for anchoring

strengthǫnz ≥ 0.2. Thus it appears that the film needs a minimum threshold anchoring

strength (ǫnz ≥ 0.2) before director structures and its associated manifestations, transit

to the bent geometry. The progressive development of this bent-director structure with the

increase ofǫnz is evident from the gradual decrease of the system primary order (Fig.6.12(a)

for example) in the uniaxial phase at any temperature.

We observe from Fig. (6.13) that similar effects occur atǫnz=0.2 in Type A film as well.

Fig.6.13(a), for example, indicates again the influence ofǫnz on the equilibrium director

structures in this film, culminating in a noisy low temperatureR2
00. As was pointed out in
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the last section, at the strong anchoring limit (ǫnz=1.0) theR2
00 in the biaxial phase of these

two films is determined by the ordering of the minor axes. So asǫnz is progressively varied,

at some defined value the calmitic axis should be changing over from the eigen vector of

QZZ to that ofQXX (or QY Y ). This results in these systems as development of a cusp at

TC2 asǫnz increases.

6.4 Conclusions

Equilibrium director structures in thin planar films, imposing hybrid boundary conditions at

the two substrates on the molecular long axes (z-axes), are investigated based on a Hamil-

tonian model under dispersion approxiamation (atλZ = 0.35). Boltzmann sampling is

adopted so as to correspond to the established phase sequence involving uniaxial and bi-

axial phases (NB − NU − I) in bulk samples. Two different films were considered: Type

A which imposes anchoring influences on the minor axes as wellas at the substrates; and

Type C which does not. Very interestingly, Type C film leads toa stable, noise free, high

order parameter value forR2
00 deep in the biaxial phase region, and this order is due to the

near perfect alignment of the molecular y-axes in a direction perpendicular to the plane

hosting the bent director structure associated with the long molecular axes. This scenario is

appealing for two reasons: the Hamiltonian model is realistic as it accommodates both the

perturbing interactions (last two terms in Eqn.6.2.1), andsecondly the substrates are needed

to influence suitably only the long molecular axes, which is practical. Under these conve-

nient conditions we find that in the biaxial phase, one can generate an in-plane order of

high degree involving one of the minor axes of the molecules,while the bent director from

the long axis alignment is locked within the plane due to influence from the substrates. It

appears to be a good candidate for further studies of switching with external in-plane fields.

Type A film on the other hand is frustrated on entering into thebiaxial phase, perhaps due

to competing energetic demands of the Hamiltonian and of thesurface anchoring involving

minor axes.
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The second set of films investigated are the counterparts of the above: they retain the

corresponding boundary conditions as in Type A and Type C, but the Hamiltonian model is

modified though perhaps making it unrealistic. The cross coupling strength in the second

term of Eqn.6.2.1 is set to zero, thereby choosing a system ontheλ-axis of the quadrupo-

lar Hamiltonian, resulting in these films AY and CY. In this case a stable low temperature

director structure (without noise) is obtained in the biaxial phase, and the high degree of

ordering (qualifying asR2
00 ) is again in the direction perpendicular to the plane hosting

the bent director structure (of the molecular long axes). The differnce however is that this

orientational order belongs to molecular x-axis, unlike the order (from molecular y-axis)

in the Type C film. In principle Type C and Type AY films have identical evolution of the

director structures, but for this difference. It may be noted that Type AY film is somewhat

impractical: the chosen point in the Hamiltonian parameterspace rules out any interac-

tion between molecules involving cross coupling of the molecular tensors; and secondly

it also requires the substrates be suitably treated so as to enable them to impose specified

anchoring influences on all the three axes of the surface LC molecules.

The interesting point from an academic view point however isthat a high degree of

order, eventually free from the director structure of the other molecular axes, develops in

the biaxial phase when any of the following conditions are met: The Hamiltonian permits

intermolecular cross coupling of molecular uniaxial and biaxial tensors, but the surfaces do

not influence the minor axes (Type C), or the Hamiltonian restricts the interaction only to

intermolecular biaxial - biaxial coupling, but imposes suitable (and comparable) anchoring

influences on the minor axes (Type AY). Finally the case of Type CY film is curious:

here the tensor interactions are decoupled in the Hamiltonian and there are no boundary

conditions on the axes involved in the defining of biaxial terms. The result is a relatively

free evolution of the orientation of the alignment axes of theQXX andQY Y terms, resulting

in very unstable director configurations.

The effect of the variation of the thickness is marginal and is the same in all the three types

of films. It is also found that the sharpness of theCV peak increases as the thickness is
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increased (due to size effect). It is found that both the filmsseem to undergo a transition

in their director structures, as the anchoring strength at the planar bounding surfacesǫnz

crosses the value of 0.2.

In summary, we conclude that the Type C film, involving realistic LC biaxial molec-

ular system with simple hybrid anchoring conditions imposed only on the long axes is a

potential candidate to generate a high degree of in-plane order in the biaxial phase. This

arises from the long range orientational correlations of the molecular minor axes along the

laboratory X-direction, while the film is pinned to a bent director structure(of the other two

axes) in the laboratory YZ-plane.
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Chapter 7

Anchoring Transitions in Biaxial Nematic
Droplets

7.1 Introduction

Nematic droplets are formed by the dispersion of nematic droplets of low molar mass in

a solid polymer matrix. This arrangement, called a Polymer Dispersed Liquid Crystal

(PDLC), has been found to be very interesting case to study, from a fundamental research

point of view as well as applications. The PDLC system realized decades ago [1–4] have

several application in elctro-optic displays in the LCD industry and are used in advanced

optical applications like large flexible displays, switchable windows, paper-like displays

for electronic books, etc. The electro-optical performance of the PDLCs depend on the

elastic properties of the liquid crystal used, the size of the droplet and its shape anisotropy,

the anchoring energy at the surface and the orientational structure of the liquid crystal in the

droplet. Mean field analysis [5,6] is employed to study the light scattering from a nematic

droplet which enables their use as optical shutters in several opto-electronic applications.

The stable phases in these sub-micron sized droplets have been investigated using Landau-

de Gennes theory and the dependence on the surface anchoringenergy, droplet radius and

the sample temperature have been demonstrated [7,8]. Experimentally the PDLC was stud-

ied using Deuterium NMR experiments and polarisation microscopy [9, 10]. Anisotropic

diffusion of light in these systems [11] and orientational multiplicity and transitions in these

droplets [12] lead to several applications in photonic devices [13], random lasers [14, 15].

Possible use in optically engineered diffractive structures and devices [16] has led to a
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renewed interest in the PDLC devices.

Studies on topological defects of nematic droplets are interesting from the point of view

of mesophases in a confined environment [17]. A topological defect is a configuration of the

order parameter that cannot be transformed continuously into a uniform state. It can occur

during a symmetry breaking phase transition, under an external field or simply be a neces-

sary aspect of an equilibrium state. PDLC droplets represent practical examples of systems

exhibiting topological defects which are of interest in many areas of physics [18–21]. The

molecular organisation in a droplet depends on the elastic constants of the liquid crystal

used, the interfacial interactions at the nematic-polymerinterface, the temperature and ap-

plied external electric or magnetic field. It is characterised by the spatial dependence of the

director field and the scalar order parameter. The director distributions are very sensitive

to the nature of the boundary conditions which in turn dependon the preparation methods

used. It is observed in uniaxial nematics that if the molecules are strongly anchored par-

allel to the surface and the elastic constants for splay, twist and bend deformations do not

differ significantly, a bipolar structure results with two point defects on the cylindrical axis

of symmetry. However, if the bend elastic constant is smaller than the splay elastic con-

stant, a toroidal structure results. On the other hand, if the molecules are strongly anchored

perpendicular to the surface, a radial director distribution is obtained with a point defect

in the centre of the drop [8]. Nematic droplets suspended in aisotropic matrix, such as

polymer, water, glycerin or nucleating at the isotropic -nematic first order phase transition

are examples of systems where surface anchoring results in equilibrium defect structures.

The ratio of the bulk elastic energy to the surface anchoringenergy determines the shape

of the liquid crystal droplet which is formed. Assuming a spherical droplet of radius R, the

elastic energy scales as|k|R (wherek is an elastic constant of the nematic medium) whereas

the anchoring energy scales as|w|R2 wherew is the anchoring coefficient. Usually for a

uniaxial nematic the ratiok/|w| is of the order of 1-10 nm, any macroscopic LC nematic

droplet is spherical in shape. When the radius R of the drop issmall such thatR << k/|w|,

the elastic energy contributes more to the total free energyof the drop, there by inhibiting
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any spatial variations in the director distribution in the bulk. Hence smaller droplets behave

like a bulk nematic at the expense of violated boundary conditions.On the other hand, for

large drops such thatR >> k/|W |, the boundary conditions are satisfied at the surface,

leading to a surface induced distortion of the director fieldin the bulk, resulting in the

formation of hedgehog point defect at the centre of the drop.Hence the drop should have

a critical radiusR = k/|w| (in microns) to observe the formation of this point defect, also

called a core in recent literature, in such systems.

Computer simulations have played a very important role in the study of such confined

systems in the presence of complex geometries and boundary conditions where analytic

solutions are difficult to achieve. Monte Carlo simulationsof polymer dispersed liquid

crystals composed of uniaxial nematic medium were performed earlier based on Lebwohl-

Lasher model [22]. These studies establish that the dropletin its nematic phase and under

strong anchoring conditions, is essentially radially ordered except for a small spherical re-

gion at the core, which has uniaxial nematic phase [23]. The size of the core region was

found to be independent of the size of the actual droplet [24]. Recently,a droplet of uniaxial

molecules confined to a radially anchoring boundary was simulated using a Hamiltonian

model which explicitly incorporates the elastic properties of the medium as parameters in

the Hamiltonian [25] using Monte Carlo techniques [26]. A structural transition in the

director field, induced by tuning the anchoring strength at the spherical boundary was re-

ported. It was found that the splay elasticity of the medium mediates the characteristics of

the core.

It is expected that the topological defect structure of biaxial nematics will be different

from uniaxial nematics in view of the lower symmetry of the biaxial nematics. An earlier

theoretical study [27] predicts that a point hedgehog defect should not be stable in a biaxial

nematic . It is also hypothesised [28, 29] predicts the formation of a defect core region as

in uniaxial case, but the defect would tend to move to the surface.

More recently such a micro-droplet comprising of biaxial molecules was investigated

based on Monte Carlo simulations using a lattice model [30],reporting interesting optical
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textures generated for different molecular biaxiality parameter valuesλZ and qualitatively

different boundary conditions under strong anchoring conditions. The interest in the present

work is to complement this study with detailed information on director configurations in

such a biaxial droplet under radial boundary conditions, asa function of biaxiality param-

eterλZ and temperature, as the anchoring strength at the bounding surface is varied. We

adopt the Hamiltonian model used earlier [31] for this purpose, and observe the formation

of the droplet (parametrized by the uniaxial and biaxial order parameters) as the sample is

cooled from the isotropic phase to the biaxial phase via the intermediate uniaxial phase. We

report our results for four differentλZ values representatively spanning the relevant part of

the phase diagram reported for this model [32].

In the second set of computations we investigate the effect of the surface (radial) anchor-

ing strength on the droplet formation at different temperatures in the biaxial phase. These

studies also compare the elastic response of the uniaxial phases formed by the inherently

biaxial constituents at differentλZ values (at appropriately high temperatures), with the

results on the pure uniaxial system (Lebwohl-Lasher model)providing the reference points

for such purposes [26]. In the following, Section 2 briefly introduces the lattice model for

the biaxial system and provides details of our simulations.The results are presented and

discussed in Section 3, while the main conclusions are presented in Section 4.

7.2 Model and details of simulations

The present lattice model assumes the dispersion approximation, as has been the case with

the earlier work [30], thus requiring one parameterλZ to assign the biaxiality at molecu-

lar level. The resulting phase diagram predicts, on coolingthe sample from the isotropic

phase, successive formation of uniaxial and biaxial nematic phases for non-zeroλZ val-

ues, with the isotropic - uniaxial nematic transition temperature (all reported in appropriate

reduced units) being essentially found to be independent ofthe molecular biaxiality. The
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temperature range of the intermediate uniaxial nematic phase however is diminished grad-

ually with increase inλZ , finally culminating in the asymptotic limit of a direct transition

to the biaxial phase from the isotropic fluid as(λZ → 1/
√
6). The Hamiltonian is given by

H = −ǫij{P2(cos(βij)) + 2λZ(R
2
02(ωij) +R2

20(ωij)) + 4λ2ZR
2
22(ωij)} (7.2.1)

Here,ω(λ, β, γ) is the set of Euler angles specifying the orientation of the molecule, andωij

represents the relative orientation of theijth pair of molecules.RL
mn are combinations of

Wigner functions, symmetry-adapted for theD2h group of the two interacting particles [31,

33]. ǫij is the strength of interaction between the molecules. We take it to be independent

of the choice of the specific pairǫij = ǫ and set its value to this constant for nearest

neighbours on the lattice, and zero otherwise. The reduced temperature is thus measured

in units ofǫ. The above expression is conveniently recast as a function of inner products of

different vectors specifying the orientations of different molecules(xi, yi, zi) with those of

the chosen laboratory frame(X, Y, Z), and is expressed as [32]

Uij = −ǫ(3
2
V33 −

√
6λZ(V11 − V22) + λ2Z(V11 + V22 − V12 − V21)−

1

2
). (7.2.2)

HereVab= (ua.vb)
2, and the unit vectorsua,vb [a, b = 1, 2, 3], are the three axes of the two

interacting neighbouring molecules. The value ofλZ sets the relative importance of the

biaxial interaction in the Hamiltonian, whileǫ (set to unity in the simulations) defines the

temperature scale(T =
kBT

∗

ǫ
) , whereT ∗ is the laboratory temperature.

Simulations on confined systems, based on lattice models, start by carving out the de-

sired geometry from a sufficiently big cubic lattice. One treats the lattice sites within this

geometry as liquid crystal constituents participating in the Monte Carlo simulation (namely

performing a Markov chain Monte Carlo random walk), while the others are treated as sub-

strate molecules with fixed orientations appropriate to theboundary conditions, referred

to in literature as the ghost molecules [34]. The value ofǫij involving liquid crystal and

substrate molecules (on the condition of being nearest neighbours), relative to that between

nearest neighbour liquid crystal molecules (set to unity inthe present case), represents
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the degree of influence of the surrounding medium imposing boundary conditions on the

droplet. We focus on the effect of a medium which enforces variable degree of such an-

choring in the radial direction towards the centre of the droplet. In the first set of the

computations, where we investigate the equilibrium director structures across the phase

diagram (by varying temperatures over the liquid crystalline phases at different biaxiality

parameter values), we assume strong anchoring, and set the correspondingǫij(= ǫs) also to

be unity. In the second part, we focus on the effect of the variation of this coupling on the

director structures in the biaxial phase, at a few temperatures.

A droplet of radius 20 (in lattice units) was considered, carved out of a cube of sufficient

dimension, to allow for the ghost molecules. The equilibrium ensembles were constructed

following the Metropolis algorithm [35] for different combinations of temperature and bi-

axiality parameter (in the strong anchoring limit), with typically 4× 105 microstates being

collected to constitute a representative equilibrium ensemble after ensuring equilibration.

In the first set of simulations with strong anchoring condition, λZ was chosen at four

values (0.20, 0.25, 0.30, and 0.35); this provides essentially constant isotropic-uniaxial

nematic transition temperature(TINU
∼ 1.1), while the transition temperature from the

uniaxial to the biaxial nematic phase(T(NUNB
) varied from about0.15 to about0.5 asλZ

changed from0.2 to 0.35 [31]. The temperatureT at each of theseλZ values is varied

from 1.2 to 0.1 in steps of 0.1. The physical parameters of interest in this system are the

four order parameters which essentially quantify the uniaxial order< R2
00 > (along the

primary director), the phase biaxiality< R2
02 > (originating from the lack of azimuthal

symmetry of the long axes of the molecules), and the molecular contribution to the biaxi-

ality of the medium,< R2
20 > and< R2

22 >. From the data we find that only< R2
00 > and

< R2
22 > have appreciable values and reflect effectively the changesin the configuration of

the droplet. For examining the formation of the core closely, we extract from the equilib-

rium ensembles the values of these parameters (and their variances) for different concentric

spheres within the droplet , as the radius of this sphere is varied by a lattice unit starting

with an initial sphere of radius 2 lattice units. This helps in the identification of the core
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region, and its exclusive characteristics, once formed.

The second set of simulations are carried out primarily under the conditions of high

molecular biaxiality (λZ = 0.35), and in the biaxial region (belowT(NUNB
), for differing

values ofǫs involving the liquid crystal and substrate molecules. These are varied from

zero (free boundary condition on the droplet surface) in steps of 0.05, upto the strong limit

value of unity. These form the latter part of the results presented below.

7.3 Results and discussion

Figs 7.1 - 7.4 summarize the variation of different interesting parameters in the limit of

ǫs=1. Figs. 7.1(a) 7.1(c) depict the temperature variation atλZ = 0.35 of the uniaxial order

< R2
00 >, biaxial order due to molecular origin< R2

22 > and its susceptibility, all shown

as a function of the radius of concentric spheres built within the droplet, while Figs. 7.2(a)

- 7.2(c) present in the same format the results forλZ = 0.30, 7.3(a)-7.3(c) forλZ=0.25 and

7.4(a)-7.4(c) forλZ=0.2.

We now focus on the competition between the intermolecular aligning interactions and

the disordering surface coupling for moderate anchoring values. We depict in Figs.7.5(a)

and 7.5(b), the variation of< R2
22 > and< R2

00 > across the droplet (averages over

spheres of increasing radius) in the biaxial phase (atT = 0.1) at an intermediate value of

the anchoring strengthǫs=0.25. The variation of susceptibility of< R2
00 > across the

droplet in the strong anchoring limit, (ǫs=0.1) at two representative temperatures within the

uniaxial phase, is shown in Figs 7.6(a) and 7.6(b), as the molecular biaxiality parameter is

varied spanning the phase diagram of interest.

Finally, the effect of variable anchoring leading to a configuration transition in the biax-

ial phase is presented in Figs. 7.7-7.8 forλZ=0.35. The variation across the droplet of the

two order parameters< R2
00 > and< R2

22 > as well as susceptibility of< R2
22 > asǫs is

varied between 0 and 0.25 is studied. These represent a subset of the data collected on or-

der parameters and their susceptibility, of different director configurations, under differing
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conditions of temperature, molecular biaxiality, and anchoring strength.

Focussing on Figs. 7.1(a) (λZ = 0.35) and 7.2(a) (λZ = 0.30) representing the evolution

of the droplet director structure as a function of temperature, we observe that in the temper-

ature region corresponding to the uniaxial nematic phase a core with appreciable uniaxial

order but of variable size forms, its size decreasing asλZ decreases (from about 10 lattice

units in Fig7.1(a) to 7 in Fig7.2(a)).

Figs. 7.3(a) and 7.4(a) show that this value asymptoticallyreduces to about 4-5 lattice

units asλZ is decreased to 0.2, and is very close to the value observed inthe case of

uniaxial molecules (Lebwohl-Lasher (LL) potential) [24].Thus the uniaxial phases arising

from models of different degrees of molecular biaxialityλZ seem to enforce significantly

different core sizes (all other experimental conditions being the same). These signal subtle

changes in the appropriate elastic property of the medium, thus alluding to changes in the

elastic properties of uniaxial bulk phases found at different λZ values. For example, for

a medium of uniaxial molecules such core changes are attributed to changes in the splay

elastic energy [26].

Figs. 7.1(b) and 7.2(b) show differing resistances of the medium, as proved by the

average biaxiality parameter< R2
22 >, (within biaxial regime of temperature) to allow

the surface induced disorder to percolate to the centre, forthe twoλZ values. AtλZ =

0.35, for example, a biaxial core forms once a biaxial phase sets in (size estimated to

be about 8 lattice units, see Fig.7.1(b)), while a slight decrease of its value to 0.3 shows

that this scenario changes qualitatively and only a uniaxial core is possible under these

conditions. The results atλZ=0.25 and 0.2, shown in figs 7.3(b) and 7.4(b) only confirm

this observation.

Figs. 7.1(c) and 7.2(c) show susceptibilities of< R2
22 > across the droplet, exhibiting

a peak at the interfacial regions between the central core and the surrounding medium. The

evidence for the formation of the biaxial core (under stronganchoring limit,ǫs = 1.0) atλZ

= 0.35 relative to 0.30, was further borne out by a comparisonof its susceptibility profiles

at these two values, depicted in these figures.
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Figure 7.1:Spatial dependence of order parameters and susceptibilities atλZ = 0.35, at different
temperatures
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Figure 7.2:Spatial dependence of order parameters and susceptibilities atλZ = 0.3, at different
temperatures
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Figure 7.3:Spatial dependence of order parameters and susceptibilities atλZ = 0.25, at different
temperatures

192



Biaxial Droplet 193

5 10 15 20
0.0

0.5

1.0

 

R
2 00

r

 1.2
 1.1
 1.0
 0.9
 0.8
 0.7
 0.6
 0.5
 0.4
 0.3
 0.2
 0.1

Temp

(a) R2

00

5 10 15 20
0.0

0.2

0.4

 

 

R
2 22

r

 1.2
 1.1
 1.0
 0.9
 0.8
 0.7
 0.6
 0.5
 0.4
 0.3
 0.2
 0.1

Temp

(b) R2

22

5 10 15 20
0.00

0.05

0.10

 

 

r

 1.2
 1.1
 1.0
 0.9
 0.8
 0.7
 0.6
 0.5
 0.4
 0.3
 0.2
 0.1

Temp

(c) Susceptibility ofR2

22

Figure 7.4:Spatial dependence of order parameters and susceptibilities atλZ = 0.2, at different
temperatures
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An interesting contrast is provided in Figs 7.5(a) and 7.5(b), where< R2
00 > and<

R2
22 > are plotted for different concentric spheres atT = 0.1 (lowest temperature simulated

in the biaxial region) for differentλZ values, but for a reduced anchoring strength ofǫs

=0.25. We immediately see from Fig.7.5(a) that at this reduced degree of surface-induced

disorder, the biaxial medium atλZ = 0.3 has enough elastic resistance to sustain a biaxial

core of a magnitude comparable to that at 0.35. On the other hand, fig 7.5(b) shows that

the droplet manages to have a uniaxial core of high order and perceptible dimension for all

value ofλZ, but for the lowest value ofλZ = 0.2. At this value it tends to the asymptotic

LL limit.

In Figs 7.6(a) and 7.6(b) we present a similar comparison of data in the uniaxial phase of
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Figure 7.7:Variation of (a) order parameters and (b) susceptibility in< R2
22 >, bracketing the

anchoring transition for various values ofǫs atλZ = 0.35, T = 0.4

the medium at two different temperatures (T = 0.7 and 0.6), the relevant parameters being

the susceptibilities in< R2
00 >, for differentλZ values. The location of the interfacial

region between the uniaxial core and the rest of the droplet in this high temperature uniaxial

nematic phase, and its progressive shift towards outer regions as the inherent molecular

biaxiality is increased in the model, are again supportive of the observations made earlier

based on Figs.7.1(a) and 7.2(a).

Anchoring Transition We study the formation of the core region in the biaxial phase

at two temperatures (T = 0.4 and 0.2) atλZ = 0.35, as a function ofǫs (varying between0.0

and0.25, in steps of0.05). We present the variation of< R2
00 > and< R2

22 > for different
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anchoring strengths, and the corresponding variation of the susceptibility of< R2
22 >, at

T = 0.4 in Fig.7.7, and atT = 0.2 in Fig.7.8. From Fig. 7.7(a) we notice that both the

order parameters show a qualitative change in their spatialdistribution asǫs changes from

0.1 to 0.15. Fig7.7(b), depicting the spatial variation of the susceptibility in< R2
22 >,

interestingly indicates that the interfacial region formsonly whenǫs increases beyond 0.1,

below which it monotonically increases as the size of the sphere under consideration in-

creases, reaching the edge of the droplet. This is the scenario typically expected in a simple

bulk-like medium with weak antagonistic boundary conditions at the boundaries of this ge-

ometry. Both these results together indicate that the droplet undergoes a configuration

transition at some threshold value lying in between these two values, at this high value of

λZ . The evidence suggests that at this anchoring induced transition, the droplet splits into

a biaxial core region with a size of about 10 lattice units (see Fig.7.7(b)), and the core is

characterized by typical value of order parameters:< R2
00 >≈ 0.85 and< R2

22 >≈ 0.35,

atT = 0.4.

Figs. 7.8(a) and 7.8(b) depict such variations at a lower temperatureT = 0.2 (at the same

biaxiality parameter). We notice that at this temperature qualitative changes have taken

place even at a low value ofǫs= 0.05 itself. As may be seen from Fig.7.8(b),< R2
22 >

shows a dramatic decrease from a nearly uniform biaxial distribution (at a higher value of

< R2
22 >≈ 0.45) of an unperturbed system (ǫs= 0), at the slightest of perturbation from

the surface. The uniaxial order of the core (with< R2
00 >≈ 0.95) also shows a qualitative

change with this slightest increase inǫs (from 0.0 to 0.05). Further, the profiles of< R2
00 >

(Fig.7.8(a) also seem to betray the possibility of a second anchoring driven transition also,

between 0.15 and 0.20, with such accompanying changes in< R2
22 > as well. Fig.7.8(b)

brings out the qualitative difference between the same droplet at the two different tempera-

tures more clearly. Unlike atT = 0.4, the susceptibility in< R2
22 > shows evidences of an

interfacial region (dividing the droplet into two distinctparts) even atǫs = 0.05, supporting

the results of Fig.7.8(a).

These observations, coupled with data at this value of biaxiality but at ǫs = 1.0 (see
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Fig.7.1(b)), suggest that as the biaxiality assumes highervalues (at a given biaxiality pa-

rameter, say), the droplet is less compatible, from energetic considerations obviously, to

even the slightest antagonistic perturbation of the mediumfrom the bounding surface, forc-

ing the medium to undergo anchoring driven transition(s). And the droplet size seems to

shrink (though nominally, see Fig.7.1(b), at the strong anchoring limit) as the biaxial order

firms up more at low temperatures. This makes an interesting and contrasting comparison

with a medium comprising of uniaxial molecules, wherein fora given anchoring strength

and big enough droplet, the core grows in size with the decrease of temperature since the

corresponding< R2
00 > increases, and so does its elastic resistance.

7.4 Conclusions

We studied a spherical droplet of a liquid crystal comprising of biaxial molecules whose

phase diagram includes a low temperature biaxial nematic phase. the extent of which can

be varied by a single parameter(λZ) in the interaction terms. We investigated the for-

mation of different director configurations, quantifying them with spatial variations of the

relevant order parameters and their susceptibilities. We in particular focus on the forma-

tion of a central core region bearing the characteristics ofthe nematic region compatible

with the corresponding experimental conditions, spanningthe phase diagram (i.e. as a

function ofλZ andT ). We examined the spatial variation of the uniaxial (< R2
00 >) and

biaxial (< R2
22 >) order parameters (and their susceptibilities) to infer about interesting

subtle changes in its structure. We supplement this effort by varying the anchoring strength

at chosen values ofλZ (we present results forλZ = 0.35 here), and make an attempt to

correlate its behaviour under different experimental conditions. We find that the uniaxial

phases formed at high temperatures at differentλZ values are quantitatively different in

their elastic behaviour, and tend to the Lebwohl-Lasher behaviour asλZ tends to zero. It is

also known in the uniaxial regime that a higher inherent order (by, say, lowering the tem-

perature) leads to bigger core (other conditions of anchoring being the same) owing to an
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increase in the relevant elastic energy density. In the biaxial regime, this does not seem to

be true, and if at all it seems to be the opposite [36].
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Chapter 8

Conclusions

The work reported in this thesis is directed towards an investigation of the biaxial liquid

crystal system with Markov chain Monte Carlo techniques. A general quadrupolar lat-

tice Hamiltonian model is chosen for examining the phase diagram in bulk systems, and

its simplified variant under dispersion approximation is used to investigate the effects of

geometric confinement in the biaxial phase. Both these Hamiltonian models have been

studied earlier in some detail with molecular field theory aswell as conventional Monte

Carlo simulations. Monte Carlo strategies for the present work are chosen depending on

the requirement. Phase diagrams of bulk systems are examined via entropic sampling pro-

cedure, which is geared to obtain the density of states of thesystem though an elaborate

scheme of asymptotically vanishing guided random walk in the configuration space of the

variables of the Hamiltonian. The entropic ensemble (ES) ofmicrostates collected dur-

ing a long random walk guided by the computed density of states, (which are reasonably

uniformly distributed with respect to the system energy), are then utilized to extract equilib-

rium ensembles and hence their average physical properties. The confined systems, simu-

lated with a dispersion model (chosen for its simplicity andestablished bulk behavior ), are

investigated employing Metropolis algorithm, which provides algorithmic guidance so as

to achieve asymptotically a Markov sequence of microstatesrepresenting the equilibrium

Boltzmann distribution. The conclusions from these studies are summarized below.

The investigation of the bulk biaxial system along the boundary of the so-called essen-

tial triangle, employing entropic sampling technique (Wang-Landau algorithm combined
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with frontier sampling) has lead to the detection of an intermediate biaxial phase of an in-

herently low order in certain regions of the parameter spacewhere a direct isotropic-biaxial

phase transition has been predicted based on mean-field treatment of the model. The tem-

perature range of the intermediate phase increases gradually along the lambda-star axis,

thereby pushing the second transition (whose onset is foundto lead to a second biaxial

phase with measurable degree of biaxial order) to progressively lower temperatures. An in-

teresting outcome of this work is the observation of two transitions at the Landau point (T

on the diagonal), which traditionally is expected to host a direct isotropic-biaxial transition.

The origin of this additional phase is attributed to the lackof concomitant development of

long range order of the three molecular axes (manifesting asinherent inhomogeneity within

the system), arising from the vanishing attractive coupling of short molecular axes at this

point. The detection of the low temperature transition peakwas made possible with the

entropic sampling procedure. This methodology appears to be particularly successful in

accessing all microstates associated with the system at a given total energy (within a narrow

band of course, approximating to a micro-canonical ensemble of states). In this process,

the rare fluctuations of the individual energy components, (while retaining their sum to

correspond to the fixed total value) could be captured. It is the presence of these rare states

at each such total energy value (particularly in the energy regions corresponding to the

intermediate biaxial state reported), that seem to contribute qualitatively differently to the

canonical averages, thus manifesting as deviations both from the mean-field expectations

and simulation results from the Boltzmann sampling methods.

These studies are extended to encompass more realistic systems by choosing two tra-

jectories in the interior of the essential triangle. The first trajectory drawn from the apex

bisects the base of the triangle (line IW depicted in the triangle), whereas the second tra-

jectory is a segment of the dispersion parabola (OZT). The simulation results along the two

trajectories confirm qualitatively with the mean field predictions inside the triangle, but

with a deviation. Starting from a pointK
′

on the first trajectory, the intervening uniaxial

phase in the predicted sequenceNB − NU − I seems to possess a detectable degree of
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biaxial symmetry, though very small. We differentiate thisphase (which is not in principle

uniaxially symmetric anymore) asNU ′. The free energy profiles obtained in these regions

point to the existence of barriers, exclusively to the development of biaxial order, neces-

sitating further cooling in order to access higher (biaxial) order regions. The traversal on

this trajectory led to the exploration of the partly repulsive regions of the Hamiltonian pa-

rameter space as well. The free energy profiles obtained in this region offer evidences for

the origin of the disappearance of the biaxial phase as the biaxial-biaxial coupling strength

(λ) tends to zero. The simulations on the second trajectory point to the possible changes in

the nature of the intervening uniaxial phase fromNU toN
′

U toNB1, as we traverse on the

parabola from the origin O of the triangle (case of pure uniaxial coupling among molecu-

lar z-axes : Lebwohl-Lasher model) to the Landau point T (case of pure biaxial coupling

among molecular y- and z-axes :µ-model atµ = 0).

In order to investigate further these curious observationson the dispersion parabola, we

have studied the pre-transitional behavior of the bulk biaxial nematic near the isotropic-

uniaxial and uniaxial-biaxial phase transitions at three values of the interaction parame-

ter λZ, using the conventional Monte Carlo sampling. The average correlation length of

the long molecular z-axes was found to be of the order of 8 lattice units at the isotropic-

uniaxial nematic transition. The correlation length for the molecular y-axes was found to

progressively increase (and become comparable to that of the molecular z-axes), whereas

the correlation length for the molecular x-axes was found tocorrespondingly decrease, as

λZ value increases along the parabola. These correlation lengths could not be estimated

at the uniaxial-biaxial nematic transition for lower values ofλZ, as the corresponding spa-

tial functions fail to follow Ornstein-Zernike behavior. In this respect,λZ ≃ 0.2 seems to

indicate the cross over region from a perturbed LL model to a strong biaxial interaction

Hamiltonian model.

From the above results on bulk systems, it appears that the detection of an intermediate

biaxial state but with a very low inherent biaxial order, in certain regions of the Hamilto-

nian parameter space, could offer a plausible rationale forthe experimental difficulties in
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realizing the biaxial nematic systems. The inference that emerges is that large enough val-

ues ofγ (promoting cross-coupling between the uniaxial and biaxial tensor components of

the neighbouring molecules) could interfere, by suppressing long range orientational cor-

relations of molecular axes, with the process of development of significant onset of biaxial

order. That consequent inhomogeneity in the system at a mesoscopic level could be contra-

vening the provisions of the mean-field treatment (and thus accounting for the deviations

found in the present work) is at this stage a plausible argument. We feel that further work

is needed to investigate this aspect of the problem. From thepoint of view of entropic sam-

pling technique per se, the demonstration of the power of thealgorithm, to seek out rare

fluctuations among the different energy components overcoming their internal barriers (at

a given total energy within a small band) leading to qualitatively different canonical aver-

ages, is noteworthy and new, and seems to be conceptually different from what is generally

appreciated hither to from its application to other systems.

The behaviour under confinement was studied by considering ahybrid planar film of

biaxial nematic. Two types of films have been simulated employing Metropolis sampling

technique based on the dispersion Hamiltonian. The first filmis a biaxial nematic confined

at planar substrates exerting hybrid boundary conditions such that it imposes anchoring

influences on the three molecular axes (Type A film), whereas the second film imposes an-

choring only on the long molecular axis (Type C film). The boundary conditions for both

films for the long axis promote a bent-director structure forthe primary director (of molec-

ular z-axes). Under these conditions we find that in the biaxial phase we can generate an

in-plane order of high degree involving one of the minor axesof the molecules, while the

bent-director from the long axis alignment is locked withina plane due to the anchoring

influence of the substrates. Type C film with free boundary conditions for the short molec-

ular axes (and which seems to be more readily realizable experimentally) promises to be a

good candidate for switching experiments with in-plane external fields. Type A film on the

other hand is frustrated on entering the biaxial phase. The effects of varying the thickness

and the anchoring strength have also been studied in some detail for both the types of films.
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A droplet comprising of biaxial liquid crystal molecules, subjected to radial boundary

conditions imposed on the molecular z-axes at the sphericalboundary, was also simulated

employing the Metropolis sampling technique, based on the dispersion Hamiltonian. The

formation of different director configurations were studied in this spherical droplet of bi-

axial nematic for various values of the biaxiality parameter (λZ). We find that the uni-

axial core regions formed at different values of interaction parameter vary in their elastic

behavior. The onset of the biaxial phase leads to the formation of a small biaxial core re-

gion (much like in the uniaxial phase), but it exhibits qualitatively different behavior with

changes inλZ. These results are compared with the earlier findings in similarly confined

systems of uniaxial liquid crystal systems. The qualitative differences exhibited by the

biaxial droplets with respect to the formation of the core, in relation to their uniaxial coun-

terparts, are obviously linked to the different elastic distortions promoted and sustained by

the two different media.

In summary, the thesis presents certain new results on the phase behaviour of biaxial

liquid crystal systems, obtained from Monte Carlo simulations guided by entropic sampling

procedures. The conclusions thereof seem to have possible bearing on the difficulties in a

ready realization of biaxial systems of appreciable order in the laboratory. The study of

confined systems, based on conventional sampling methods, is more directed towards po-

tential applications. In the process of these simulations,we also find that the Wang-Landau

algorithm (augmented with frontier sampling protocol) exhibits a promising potential in

dealing with systems described by multiple order parameters, and modelled by Hamiltoni-

ans promoting competing interactions among the microscopic constituents. In this context,

the present work is a modest attempt to explore the consequences in one such system.
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