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Chapter 1

Introduction

According to the standard Big Bang nucleosynthesis framework [1, 2] the LiH

molecule and its radical cation are considered among few molecules to play an

important role in the chemistry of early universe. It was proposed that the recom-

bination of Li took place just after helium and hydrogen. In this recombination

epoch the lithium chemistry started with the radiative association processes lead-

ing to the formation of LiH and LiH+ [3–6].

Li+ + e− → Li+ ν

Li+ +H− → Li+H

Li+H → LiH + ν

Li+ +H → LiH+ + ν

Li+H+ → LiH+ + ν (1.1)

These molecules, after formation get destroyed or retained by collision with

atomic hydrogen, proton etc. and the resulting products undergo ro-vibrational

1
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relaxations,

LiH +H → Li+H2 + ν

LiH +H+ + ν → Li+ +H2

LiH +H+ → Li+H2
+ + ν

LiH +H+ + ν → LiH+ +H

LiH + ν → Li+H (1.2)

LiH+ +H → Li+ +H2 + ν

LiH+ +H + ν → Li+ +H +H

LiH+ +H + ν → LiH +H+

LiH+ +H + ν → Li+H2
+,

and thus reduces the abundance of LiH and LiH+ species in the cosmic environ-

ment. Large abundance of H atoms in the exotic interstellar medium naturally

qualifies it as a most important partner for the three-body H + LiH/LiH+ col-

lision process. The abundance of LiH+ in cosmic environment is expected to be

relatively more than the neutral species because of the low ionization potential of

LiH molecule [5]. The formation and depletion of LiH/LiH+ species apparently

play crucial role in stellar evolution and galactic lithium production. Because of

high dipole moment, low excitation threshold and closely spaced rotational and

vibrational energy levels, these molecules can radiate excess energy during the

gravitational collapse process and because of this property they are considered

to be more likely molecules in the formation of condensed structure in early uni-

verse. Low excitation threshold and fast radiative decay of LiH/LiH+ are the

additional qualifications favouring their role as coolants as they can absorb en-
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ergies, undergo ro-vibrational excitations then emit lower frequency radiation by

undergoing rotational/ vibrational relaxation and thus can work as an effective

heat pump [7] . The origin of cosmic background radiation (CBR) and anomalous

microwave emission along the line of sight of young stars was proposed [8–13] to

have contribution from this molecule and its radical cation, LiH+. But the very

low abundance of these species (LiH/LiH+) in the cosmic environment raised sev-

eral doubts on the claim of it’s importance in the colling process and background

radiations [14–18]. Nevertheless, the formation and depletion of LiH/ LiH+ seems

to be among some of the basic chemical reactions in the primordial gas cloud [4].

In order to have a better understanding on Li-chemistry it is important to have

a detail knowledge about the collisional dynamics of LiH and LiH+ with H.

1.1 Molecular Collision: At thermal and ultra-

cold conditions

In molecular reaction dynamics, a single chemical event is treated as a collision

in which the reactants change their chemical identity through breakage and for-

mation of atomic connectivity (bonds). In other word, in reaction dynamics, the

microscopic details in molecular level during the collisional event are studied and

thereby, the reactivity and mechanism of the reaction can be predicted correctly.

An insight into an assemble of collisional events give an impression that each of

these processes has their own unique mechanism embodied in the relative ori-

entation, angular distribution, relative kinetic energy, rotational and vibrational

motion of the reactants and so on [19,20].
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Temperature of the collisional system, in other word the relative kinetic energy

of the colliding particle affects the dynamical processes by changing the condition

of the collisions. Based on the reaction temperature (relative collision energy) the

collisions are classified as ultracold, cold and thermal collisions. If the collisional

temperature is more than 1 K then it is considered as thermal collision whereas

ultracold collision has temperature less then 10−3 K [20].

With the availability of advance technology, the study of molecular dynam-

ics becomes possible both experimentally and theoretically. The major problem

in the experimental study is of detecting the collisional outcomes before they

get lost through a secondary collision. The bottleneck of making such type of

‘isolated conditions ’ or ‘single-collision conditions ’ has been overcome with the

development of cross molecular beam experiment and various type of laser pump-

probe techniques like femtosecond laser spectroscopy etc. [20]. Theoretically, the

molecular reaction dynamics, at thermal conditions, is studied by either classi-

cal mechanics (CM) or by quantum mechanics (QM), and also by a combination

of these two (quassi classical mechanics). In classical mechanics the Lagrangian

and/or Hamiltonian equations are solved for a given initial position and momen-

tum of the reactant. After calculating a large number of trajectories, the total

reaction probability is determined by the fractions of trajectories leads to the

products [20,21].

In classical mechanics the energy is continuous, quantization of the energy lev-

els do not arise in this calculations. To get some quantum feature in the classical

trajectory (CT) calculations some short of binning are done by sampling the tra-

jectories to a certain rotational and vibrational quantum levels of the reactants

and products and is known as ‘quasi-classical trajectory’ (QCT) calculation. This
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QCT calculation is found to be very effective as it drastically reduces the com-

putational cost compared to exact quantum mechanical calculations. But this

QCT methods still have some shortcomings e.g. i. it can not describe the pure

quantum mechanical phenomena like tunneling, ii. zero poing energy is also not

conserved properly and it can be converted into translational energy. [19, 20]

A quantum mechanical (QM) calculation, on the other hand, gives the best

description of the dynamics study. In QM calculations the Schrödinger equation

can be solved both in time-dependent as well as time-independent way. Both the

methods have some advantages and limitations. In a time-dependent method, the

movement of the wavepacket with time can be visualized by recording the wave

packet (WP) snapshots and hence the mechanistic details of the dynamics can be

understood. But the time-independent methods become more effective for colli-

sional systems which support fairly long-lived resonances. Because in such cases

the WP has to propagate for sufficiently long time in time-dependent method and

hence it needs a lot of computational overheads. The time-independent methods

also works better for the ultracold dynamics where the de Broglie wave length of

the reagents are sufficiently large.

In the recent past achievement of creating Bose-Einstein condensates (BECs)

[22–24] and Fermi degeneracy [25] by cooling, trapping and manipulating the en-

sembles of atoms and molecules in some sub Kelvin temperature had opened up

the interesting field of study i.e. chemistry at cold and ultracold temperature.

The molecular dynamics processes take place in such exotic condition of ultra-

cold temperature are someway different with that in thermal conditions. The

extremely low collision energy of the interacting particles make the de Broglie

wavelength very large and even larger than the molecules themselves. Hence,
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in such cases, molecular reaction cannot be considered as the collision of two

‘hard spheres’ but as an interaction between two waves. In the cold temperature

conditions the internal energy of the reactants is primarily responsible for the

reactant to product transformation. In such conditions the long-range part of the

interaction potential plays the key role in the dynamics. Slow reagent approach

and the large de Broglie wavelength of the collision partners makes the quantum

effects predominant. In such conditions the external electric/magnetic fields also

sometime controls the scattering processes. The external fields may open up new

channels or may close some channels compared to field free environment. It is also

known that in such conditions the quasi bound states of van der waals potentials,

which may not be in the vicinity of transition state may undergo prereaction and

change the nature of the dynamical outcomes [26].

Consequently a theoretical study of the ultracold dynamics is not possible

by CT or QCT calculations but by quantum mechanical calculations only. A

time-dependent wave packet propagation approach that is robust at thermal con-

ditions, in principle can be used but is ill-suited for the description of collision

dynamics at ultracold temperature conditions because of technical reasons. As

the collision energy becomes vanishingly small in the latter situation, large de

Broglie wavelength of the collision partners and the long-range part of the in-

teraction potential becomes crucially important. Understandably, a grid based

time-dependent wave packet approach is not a method of choice in such con-

ditions as the wave packet would lack adequate translational kinetic energy to

move on the discrete coordinate grid. One needs a very large spatial grid to avoid

wave packet reflections and wraparound at the grid boundaries. In addition, the

slowly moving wave packet needs to be propagated for a very long time. A time-
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independent quantum mechanical treatment on the other hand, has been quite

successful in such circumstances and also to capture the dominant quantum ef-

fects such as tunnelling. Time-independent quantum mechanical calculations are

therefore commonly performed to calculate the dynamical properties at the ultra-

cold temperature conditions. In the present thesis the collisional dynamics at the

ultracold conditions is studied by using a time-independent quantum mechanical

method and the collisions at thermal conditions are treated in a time-dependent

quantum mechanical framework.

1.2 Potential Energy Surface

The very first step for an understanding of the molecular dynamics is to under-

stand the potential energy surfaces(s) (PES(s)) of the colliding system. Basically

it describes the potential energy which is an electrostatic interaction between

nuclei and electrons involved in the reaction as a function of nuclear coordinate.

The one asymptote of the PES describes the reactants and the other asymptote

to products. The gradient at any point on the PES describes the force felt by

the atom and/or molecule in that point during chemical transformation from

reactants to products.

The understanding of PES starts with the famous Born-Oppenheimer approx-

imation [27] by decoupling the electronic motion from the nuclear motion. The

nuclei are assumed to be stationary during the electronic movements. The PES,

thus generated, if remains well separated from the PESs of other electronic states,

is an adiabatic PES. But when two PESs of two different electronic state are close

enough (separated in one quantum of nuclear energy) or overlaps at some point,

the coupling between electronic and nuclear motion (termed as nonadiabatic cou-
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pling) become considerably large and cannot be neglected.

If the electronic state under investigation does not interact with other elec-

tronic state then only one adiabatic PES is sufficient to understand the reaction

dynamics. But when they interact a nonadiabatic dynamical calculation consid-

ering all the PES of the interacting electronic states are mandatory to describe

the correct nature of the dynamics.

1.2.1 PES for H + LiH reaction

The LiH2 is the simplest alkali metal-dihydrogen partner having only five elec-

trons. Among these five electrons two are core electrons. Due to the osten-

sible astrophysical importance and computational easiness, the dynamics of H

with LiH and LiH+ got an unprecedented attention from various research group

[16–18, 28–54]. Several PESs for the electronic ground state of the H + LiH col-

lisional system have been developed by leading experts in this field in the past

decades [28–36]. Each of these PESs were calculated with improved electronic

structure methods and they differ in terms of crucial stationary points that are

important for the mechanistic details of the dynamics. The PES developed by

Clarke et al. [28] for the collinear H + LiH configurations using the spin-coupled

valence bond ab initio method predicted the existence of an early barrier of ∼

0.036 eV. Subsequent to this work, two new PESs appeared in the literature in

2001 [29, 30] . The one developed by Bodo et al. [29] employing the coupled-

cluster singles doubles triples (CCSD(T)) method, to study nonreactive dynam-

ics, predicted the barrier leading to H2 formation may be small or non-existent.

The other one developed by Dunne, Murrel and Jemmer (DMJ) by flitting many

body potential to the electronic energies calculated by ab initio configuration in-
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teraction (CI) method also disagreed to the presence of any early barrier [30]. A

nonreactive PES was also developed in an attempt to calculate state-to-state ro-

tational cross section of astrophysical interest [33,34]. This PES was found to be

in excellent agreement with the one developed in Ref. [29].

The DMJ PES [30] was the first full three dimensional surface constructed for

this reactive system. This PES is semi-empirical in the sense that, the available

spectroscopic data were utilized to fit the two-body terms in it. The rest of the

surface was fit to the calculated ab initio potential energies. As stated above, this

surface did not yield any early barrier in the H + LiH reagent valley. Presence of

a large energy minimum in the Li + H2 product valley on this PES appeared to be

an artifact in relation to subsequent developments. Wernli et al. [35] carried out

large scale complete active space self consistent field (CASSCF)-multireference

configuration interaction (MRCI) calculations employing correlation consistent

polarized valence quadruple zeta (cc-pVQZ) basis set for the electronic ground

state of the H + LiH collisional system. The calculated energy data were subse-

quently fitted by them to develop a global three-dimensional PES in an analytic

form. A reaction exothermicity of ∼ 2.258 eV [35] as compared to 2.23 eV [30] on

the DMJ PES was obtained for the LiH depletion path on this PES. The barrier

to the reaction was also found to be absent on the PES of Wernli et al. [35]. The

van der Waals well found in the Li + H2 product valley on the DMJ PES was

found to be absent on the new PES by Wernli et al. [35].

Lee et al. [36] have carried out CI calculations for various nuclear arrangements

of H + LiH collisional system and have pointed out the importance of electronic

surface coupling on the reactivity of this system. From a topographical analysis

these authors found that, Li(3s) + H2 −→ LiH + H, reaction is highly improbable
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in accordance with the failure in detecting any LiH in a recent experiment [37,38].

It is established also by Wernli et al. [35] that the highly exoergic, H + LiH −→

Li + H2, reaction can produce the Li atom either in its ground 2s or excited

2p electronic state. These two electronic states were shown to undergo avoided

crossing around 1.6 Å and 0.9Å, respectively, along the LiH and H2 bond distances

and at ∼ 1000 along the H-Li-H bond angle [35]. A detailed comparative account

of the topographical features of the low-lying electronic states of the H + LiH

system with the findings of Lee et al. [36] was given by Wernli et al. [35].

Prudente et al. [31] also developed a new PES for the H + LiH reaction and

performed quantum wave packet (WP) calculations on it. This PES was gener-

ated by ab initio full CI calculation of electronic energies followed by fitting them

to a modified version of the analytic functions of DMJ [30]. It was shown that

the DMJ PES contains unphysical wells at the H-LiH and Li-H2 valleys which

are not found on the new surface of Prudente et al. [31] and the latter surface

appears to be smoother than the DMJ PES. Although these authors did not find

any barrier on the surface, employing this PES existence of a small barrier (∼

2.14 kcal/ mole) at the collinear arrangements was found by Liu et al. [39] in a

subsequent quasi classical trajectory (QCT) study. Kim et al. [32] have developed

yet another PES of H + LiH collisional system by performing CASSCF-MRCI

calculations of electronic energies followed by a Shepard interpolation. This PES

also confirmed the absence of any barrier along the reaction path.

It is clear from the discussion presented above that the early PESs developed

on this important reactive system suffer from several shortcomings. The recent

PESs developed from high level ab initio calculations seem to be more accurate.

Considering the fact that the crucial stationary points of a given PES (viz., the
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barriers and wells) govern the microscopic mechanism of a reaction, it is desirable

to examine the detailed dynamics of this reactive chemical process on the recent

and more accurate PESs in order to add to the understanding of the H + LiH

collision processes in relation to astrophysical speculations.

The state-of-the art PES of Wernli et al. [35] is employed for the present H +

LiH dynamical calculations. On the ground electronic PES the H + LiH collision

proceeds as follows:

H + LiH −→ H2 + Li (2s) (R1)

H + LiH −→ LiH + H (R2)

H + LiH −→ H + LiH (NR)

The LiH depletion process through the R1 path is highly exoergic (∼ 2.258 eV).

The minimum energy path on this PES for the LiH depletion and H-exchange

channel in collinear configuration are shown in figure 1.1 and 1.2 along with the

same on the DMJ PES.

1.2.2 PES for H + LiH+ reaction

Like neutral LiH2 species, the ionic complex, LiH+
2 , got the attention of the re-

searcher. A number of attempts were made to develop its PES. The first three

dimensional PES for the electronic ground state was proposed by Searles et al. [40]

employing moderate size gaussian atomic basis set and including energy correc-

tion. Subsequent to this Martinazzo et al. [41] developed a three dimensional

reactive PES for the ground and first excited electronic states of the LiH2
+ sys-

tem using MRCI approach. The ab initio points, thus calculated were then fitted

to a functional form to get the global 3D PES of the reactive system. The

quadrupole-charge and polarizability-charge interactions of the H2-Li
+ are in-
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cluded in the long-range part of this PES. The root mean square deviation of the

analytic fit of the long range part from the computed ab initio points is reported

to be ∼ 7.0 cm−1. The energetic separation between the ground and first excited

electronic state is found to be quite large [42]. Therefore, the nuclear dynamics

on the electronic ground state can be treated adiabatically. This PES seems to

be reasonably accurate till date despite the fact that its fittings were globally

optimized in the configuration space and the ab initio calculations lack the basis

set superposition error corrections. More recent theoretical study, on this system,

both in CASSCF - MRCI [43] and Full-CI [44] levels essentially agree with the

result of the Martinazzo et al. [41].

In the present calculations the ground state PES of the Martinazzo et al. [41]

are employed to study the nuclear dynamics. In contrast to LiH2, the topography

of LiH+
2 PESs seems to be more complex [45–47]. The H + LiH+ scattering on

its electronic ground state may proceed through the following paths.

(i) H + LiH+ −→ H2 + Li+ (depletion, R1),

(ii) H + LiH+ −→ LiH+ + H (exchange, R2),

(iii)H + LiH+ −→ H + LiH+ (non-reactive, NR),

(iv) H + LiH+ −→ H + H + Li+ (collision-induced-dissociation, CID),

(v) H + LiH+ −→ Li + H+
2 (charge-exchange depletion, CED) and

(vi) H + LiH+ −→ LiH + H+ (charge transfer, CT).

Among these the first two are reactive channels. While the channel R1 is highly

exoergic (by ∼ 4.4 eV) and follow a steep downhill path, the channel R2 follow a

potential well of∼ 0.063 eV. The minimum energy paths of these reactive channels

are shown in figures 1.3 and 1.4, respectively. It can be seen that both the reactive

processes proceed via barrierless paths. The channel NR is nonreactive and the
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channel CID is the collision induced dissociation channel. Due to low binding

energy of the LiH+ molecular ion (D0 ≈ 0.112 eV) the CID channel seems to make

the primary contribution in the H + LiH+ dynamics on the ground electronic

state at the thermal conditions where the available energy is sufficient for the

molecular dissociation. The contribution of this channel (iv) is insignificant at

cold temperature conditions as the available energy is much below the dissociation

energy. The (v) and (vi) channels are sufficiently endothermic [41, 46] (by ∼

5.48 eV and 5.77 eV, respectively) and the absence of any nonadiabatic coupling

between the two low-lying singlet electronic PESs of LiH+
2 have suggested the

charge exchange processes forbidden [42]. The steep downhill path (cf. figure

1.3) on the ground state arises from the large binding energy difference of LiH+

and H2 molecule. This PES has a shallow well (∼ 0.286 eV below the Li+ + H2

asymptote) at the C2v configuration.

1.3 Dynamics of H + LiH/LiH+ collision : Early

attempts and motivations

The dynamics of H + LiH collisions was examined on some of the developed

PESs by the QCT and quantum dynamical methods [16,18,30–32,39,48–54]. In

the recent past, Padmanaban et al. utilized the DMJ PES [30] and examined

the dynamics of this reaction in detail [48–52]. The study revealed that the H

exchange reaction leading to LiH formation dominates over the LiH depletion

reaction leading to Li + H2 products on this surface [48, 49]. Similar findings

were also reported by Defazio et al. [53] by performing dynamical studies em-

ploying the same PES. In addition to the reactive dynamics study, Padmanaban

et al. examined the resonances found on the DMJ PES [50] and the effect of
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coriolis coupling [51, 52] on the reaction dynamics. It was found that the reso-

nances can survive as long as ∼250 fs, which gives rise to an indirect mechanism

to the reactive dynamics. Inclusion of coriolis interactions was found to cause a

broadening of the resonances [51,52].

As mentioned earlier this DMJ PES [30] is found to have some artifact in the

subsequent studies. Existence of a barrier along the reaction path in the H +

LiH reagent valley and a well in the Li + H2 product valley at the collinear

geometry is not found on the new ab initio PESs. The PES of Wernli et al. [35]

has been developed with the aid of fairly high level ab initio electronic structure

calculations. This PES, neither supports a barrier nor a well as mentioned above.

It appears that this is the most accurate PES available till date for the H + LiH

collisional system. As the accuracy of a theoretical calculation depends largly

on the detailed topography of the PES and crucial stationary points on them, it

would therefore be worthwhile and interesting to compare the results of quantum

dynamics study on the Wernli et al. [35] PES with those obtained on the DMJ

PES [48–52]. This motivated us to investigate the H + LiH reaction dynamics

on the PES developed by Wernli et al. [35].

The collisional dynamics of H + LiH+ reaction on its electronic ground state has

been studied by Bodo et al. at collinear geometries [47]. The findings show that

the CID is the major competing channel. A quasi classical trajectory calculation

for this collision was also done by Pino et al. [54]. Using a quasi-classical capture

model the author found that both the rotational and vibrational excitation of

the reagent (LiH+) increases the reactivity of the H-exchange channel (R2) but

decreases the LiH+ depletion processes (R1). They found that CID probability

increases with rotational and vibrational excitation of the reagent. This author
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claim that the effect of reagent rotational excitation is more prominent than

vibrational excitation in promoting the CID process.

As no three dimensional quantum mechanical calculation was available in liter-

ature for this dynamics processes, we tempted to examine the collisional dynamics

for this astrophysically important collisional system.

1.4 Overview of the Thesis

In chapter 2 we discuss the theoretical methods used to study the quantum dy-

namics. As stated earlier we did a time-dependent quantum mechanical (TDQM)

calculation to study the dynamics at thermal conditions and a time-independent

quantum mechanical (TIQM) methodology is used to calculate the dynamics at

ultracold conditions.

In chapter 3, the initial state selected reaction dynamics of the H + LiH collision

within the collision energy range ∼ 0.012 eV to ∼ 1.0 eV has been discussed on

its ground electronic PES developed by Wernli et al. [35]. The effect of reagent

rotational and vibrational excitation is discussed. The kinematic effects due to

deuterium atom substitution on the reaction dynamics are also discussed. Finally

the results obtained here are compared with the available literature data.

In chapter 4, we present the TDQM results of the H + LiH+ collision proceed-

ing through LiH+ depletion (R1) and H-exchange (R2) path, within the collision

energy range ∼ 0.02 eV to ∼ 1.0 eV. Three dimensional quantum dynamical

study is carried out within the centrifugal sudden (or coupled states) (CS) ap-

proximation. Efforts have been made to minimize the contribution of dissociative
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flux into the reactive ones. The channel specific integral reaction cross-section

and thermal rate constants are reported.

The collisional dynamics at the ultracold and cold temperature conditions for

the H + LiH and H + LiH+ reactions are discussed in chapter 5 and 6, respec-

tively. In these chapters, the collisional dynamics within the collisional energy

range 10−9 eV to 0.01 eV are discussed. Time-independent quantum mechanical

calculations are carried out by employing the coupled-channel hyperspherical co-

ordinate method as implemented by Skouteris et al. [55] in the reactive scattering

programme ‘ABC’. The wave function of the atom-diatom arrangement channels

are simultaneously expanded in Delves hyperspherical coordinates [56–58] in this

implementation and it allows to calculate state-to-state scattering matrix ele-

ments.

The main findings are summarized in chapter 7 along with some outlook.



Chapter 2

Theoretical and computational

methods

2.1 Introduction

The theoretical methods employed to study the collision dynamics on a single adi-

abatic PES is discussed in this chapter. Within a quantum mechanical framework

both time dependent and time independent calculations can be done. Due to the

inherent and technical advantages an wave packet (WP) based time-dependent

quantum mechanical (TDQM) method known as time-dependent wave packet

(TDWP) method is used to solve the dynamics at thermal conditions whereas

time-independent quantum mechanical (TIQM) approach is used to deal with the

dynamics at cold and ultracold conditions.

19
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2.2 Time dependent wave packet approach to

reactive scattering dynamics

In the TDWP approach the time dependent Schrödinger equation (TDSE), i~
∂Ψ(t)

∂t
=

ĤΨ(t) is solved numerically by constructing a grid in the mass scaled Jacobi co-

ordinate space. For the A + BC type of reaction, R (A to centre of mass of BC

distance), r (BC internuclear distance) and γ (the angle between ~R and ~r) refer

to the Jacobi coordinates in the body fixed (BF) frame of the reagent channel.

A schematic diagram of the reagent Jacobi coordinates is shown in figure 2.1

To solve the nuclear dynamics we prepare an initial wave packet (WP), which

resembles the reagent and put this WP in the reagent asymptote. Then the WP

is allowed to move over the potential energy surface (PES). After reaching the

interaction region a part of the WP is found to go to the product channel. The

amount of product formed is then measured by keeping an analysis line along

a dividing surface in the product channel. In figure 2.2 we present a pictorial

diagram of the position of initial WP, analysis line, damping region etc. with a

reference PES of H + LiH+ collisional system.

Study of nuclear dynamics consists of the following steps.

1. Construction of the Hamiltonian,

2. Preparation of a Spatial Grid,

3. Preparation of the initial WP in the reagent asymptote,

4. Evolution of the WP,

5. Analysis of the final WP in the product asymptote to calculate the dynam-

ical observables.
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A

C Br

R

γ

Figure 2.1: Schematic diagram of the reagent Jacobi coordinate. At R → ∞, A is
well separated from BC molecule. Hence this condition represent reagents. Similarly r
→ ∞ represent products.
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Figure 2.2: A pictorial diagram to study the collision dynamics in TDWP approach.
The location of initial WP, analysis line, damping region and interaction region on the
PES are shown.
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2.2.1 Hamiltonian

Three dimensional adiabatic Hamiltonian of the A + BC collisional system in the

mass-scaled reagent Jacobi coordinate can be written as

Ĥ = − ~2

2µ

[
∂2

∂R2
+

∂2

∂r2

]
+

ĵ2

2µr2
+

l̂2

2µR2
+ V (R, r, γ). (2.1)

In Eq.2.1, ĵ is the rotational angular momentum operator of the BC molecule

and is expressed as

j2 = − ~
sin2γ

[
sinγ

∂

∂γ

(
sinγ

∂

∂γ

)
+

∂2

∂γ2

]
. (2.2)

l̂ is the orbital angular momentum operator and, µ =
√
mAmBmC/(mA +mB +mC),

is the three-body (scaled) reduced mass. The BF z axis is defined along the Ja-

cobi vector R̂ while the diatom is kept in the (x,z) plane. The operator l̂2 can be

expressed as

l̂2 ≡ (Ĵ2 − ĵ2) = Ĵ2 + ĵ2 − 2Ĵz ĵz − Ĵ+ĵ− − Ĵ−ĵ+, (2.3)

where Ĵ is the total angular momentum operator. Ĵz and ĵz are the BF -z compo-

nents of Ĵ and ĵ respectively. Ĵ+, Ĵ−and ĵ+, ĵ− are the corresponding raising and

lowering operators. In the centrifugal sudden or coupled states (CS) approxima-

tion [59, 60] (as employed here) the last two terms of Eq.2.3 are neglected. This

implies conservation of both Ĵz and ĵz and Ω (the projection of both Ĵ and ĵ on

the BF-z axis) becomes a good quantum number. This approximation simplifies

the J 6= 0 calculations by effectively reducing the dimensionality to three without

seriously affecting the dynamical results generally [52]. V (R, r, γ) represents the

interaction potential of the collisional system.
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2.2.2 Spatial Grid

The coordinate space, (x), is divided into a set of N discrete points with a spacing

of ∆x between two successive points. The eigenvalue of the position operator x̂

at each grid point is given by [61,62]

xi = (i− 1)∆x, i = 1, ..., N (2.4)

The corresponding eigenvectors |xi〉, are given by the orthogonality and com-

pleteness relations. The wavefunctions for an arbitrary physical state at the grid

point is given by φ(xi) = 〈xi|φ〉. Wavefunctions are normalized on the grid and

the normalization integral becomes 〈φ(x)|φ(x)〉 = 1. The spacing between two

successive points in the momentum space (k) is expressed as

∆k =
2π

N∆x
. (2.5)

In the momentum space, the grid is centered at zero and all other points

are distributed symmetrically on either side of it. If the maximum momen-

tum is represented by pmax (=~kmax) in the k space, then the total momentum

ranges from −pmax to +pmax. And the total volume of the phase space becomes,

2L|pmax| = Nh.

The maximum energy on the discretized grid is given by [63]

Emax = Tmax + Vmax

=
π2~2

2m(∆x)2
+ Vmax
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The minimum energy Emin = Vmin is the minimum value of potential energy on

the grid.

In the present construction, along the Jacobi distanceR and r an equally spaced

coordinate points of NR and Nr, respectively, are used. The spacing between two

points along R and r are ∆R and ∆r, respectively. We construct a γ grid for each

value of Ω by diagonalising the cosγ operator in the basis of associate Legendre

polynomials. The resulting diagonal elements represent the node of the Nγ-point

Gauss Legendre quadrature.

2.2.3 Initial wave packet

The initial WP, |Ψ(t = 0)〉, is prepared in the asymptotic reagent channel where

interaction between the atom and diatom is negligible. It is taken as a product

of translational wave function F (R) for the motion along R̂, the rovibrational

wave function φvj(r) of the diatom and the associated Legendre polynomials to

represent the motion along γ.

|Ψ(t = 0)〉 = F (R)φvj(r)P̂
Ω
J (cosγ). (2.6)

The function F (R) is taken as a minimum uncertainty Gaussian wave packet

(GWP)

F (R) =

(
1

2πδ

) 1
4

exp

[
−(R−R0)

2

4δ2
− ik0(R−R0)

]
, (2.7)

where δ is the width parameter of the GWP, R0 is the location of the GWP

in the coordinate space. The diatomic eigenfunction is obtained by solving the
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eigenvalue equation

[
− ~2

2µ′

d2

dr2
+ V (r

′
) +

j(j + 1)~2

2µ′r2

]
φvj(r

′
) = εvjφvj(r

′
). (2.8)

Here µ
′
is the diatom reduced mass. εvj is the eigenvalue corresponding to vth

vibrational and jth rotational state, r′ = r(µ/µ
′
)1/2 is the internuclear distance

of the diatom BC. V (r
′
) is the diatomic potential energy obtained from the PES

by setting R → ∞. Sine Discrete Variable Representation (Sine-DVR) method

of Cobert and Miller [64] is used to solve this eigenvalue equation.

2.2.4 Evolution of the WP

The general solution of the TDSE is given by

Ψ(t) = P̂ e[−i~
∫ T
0 Ĥ(t′)dt′]Ψ(0)

where Ψ(t) and Ψ(0) represents the wavefunction at time t and 0, respectively.

For an explicitly time independent Hamiltonian the solution reduces to

|Ψ(t)〉 = e−
iĤt
~ |Ψ(0)〉 (2.9)

The exponential operator in the right side is known as time-evolution opera-

tor. This exponential operator contains kinetic energy (T̂ ) and potential energy

operator (V̂ ). Since T̂ and V̂ do not commute with each other one needs to

approximate the operator in an efficient way to minimize the commutating error.

This time-evolution operator is approximated in the literature in a number of

ways. For example, split operator (SO) [65–67] scheme, second order differencing

scheme [68,69], chebyshev polynomial scheme [70], short iterative Lanczos (SIL)
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scheme [71] etc. In the present calculations the split operator method is used for

the time evolution due to its computational efficiency.

The non commutating property of the T̂ and V̂ operators leads to a com-

mutation error which is of first order of time O(∆t), when the time evolution

operator, containing the T̂ and V̂ in the exponential position, is split in simple

straight forward way.

e−iĤt/~ = e−i(T̂+V̂ )t/~ = e−iT̂ t/~ × e−iV̂ t/~ +O(∆t) (2.10)

To reduces this commutation error Fleck et al. proposed a scheme known as split

operator method [65]. In this scheme the the kinetic energy part of the time

evolution operator is split symmetrically. The error arising in this way is reduced

to third order in time O(∆t3)

e−i(T̂+V̂ )t/~ = e−iT̂ t/2~e−iV̂ t/~e−iT̂ t/2~ +O(∆t3) (2.11)

Now the time evolution of the WP is given by

Ψ(t+∆t) = e−iT̂∆t/2~e−iV̂∆t/~e−iT̂∆t/2~Ψ(t)

= QΨ(t) (2.12)

where, Q Q† = 1, in local representation. Though the norm is strictly conserved

in this scheme, the energy conservation fails. To obtain comparatively accurate

results, an optimum time step is selected based on the maximum potential energy
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on the grid [65–67].

∆t <
π

3∆Vmax

, ∆Vmax = Vmax − Vmin. (2.13)

Here it is noted that, like Eq. 2.11, the V̂ can be split symmetrically keeping T̂

in between. This kinetic reference SO scheme gives an identical result as that of

Eq. 2.11.

After approximating with SO method, the exponential operator of E.q. 2.9

looks like

e−
iĤ∆t

~ = e−
iV ∆t
2~ e−

iT (γ)∆t
2~ e−

iT (R,r)∆t
~ e−

iT (γ)∆t
2~ e−

iV ∆t
2~ +O(∆t)3, (2.14)

where, T (R, r) and T (γ) represent the radial and angular kinetic energy operators,

respectively. To have a numerical solution of the Eq. 2.14, we evaluate the

action of the kinetic (T̂ ) and potential (V̂ ) energy operators on the Hamiltonian

separately. The operators T̂ and V̂ do not commute with each other as T̂ is a

function of the momentum (p), where as V̂ is a function of position (x). The

operation of V̂ on Ψ is just a multiplication of its magnitude with the value of Ψ

at each grid point xi:

V̂ (x)Ψ(xi) = V (xi)Ψ(xi) (2.15)

But the kinetic energy operator (T̂ ) is non local in the coordinate space and can

not be evaluated by a simple multiplication.

To evaluate the radial part T (R, r) of the kinetic energy operator we use the

fast Fourier transformation method (FFT) [72].
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In this method, the wave function Ψ(x) is transformed to momentum space

from the coordinate space by forward FFT (FT) followed by multiplication with

the eigenvalue of the kinetic energy T (k) operator, and then transforming it back

to the coordinate space by an inverse FFT (FT−1). In general, the continuous

FFT can be represented as:

FT [Ψ(x)] = Ψ(k) =
1√
2π

∫ ∞
−∞

Ψ(x)e−ikxdx. (2.16)

FT−1[Ψ(k)] = Ψ(x) =
1√
2π

∫ ∞
−∞

Ψ(k)eikxdk (2.17)

In this method the wave function must satisfy periodic boundary conditions and

for band-limited functions this transformation is exact [72]. The amplitude of

the function must be zero at the boundary of the phase space box. Otherwise,

with progresses of time the WP gradually reaches the grid boundary and under-

goes spurious reflections. The interference between the outgoing and reflected

components of the WP introduces causes error. But wave functions (except the

semilocalized wave functions) are not band-limited with finite support as they

are not confined simultaneously both in coordinate and momentum spaces. How-

ever, this boundary conditions for the WPs can be met by multiplying with a

suitable damping function. The unphysical reflection or wraparound of the time

evolved WP at the grid boundaries is minimized in our calculations, by activating

a sine-type damping function along R and r of the following form [73]

f(Xi) = sin

[
π

2

(Xmask +∆Xmask −Xi)

∆Xmask

]
, Xi ≥ Xmask. (2.18)

In this equation, Xmask is the point at which the damping function is initiated
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and ∆Xmask(= Xmax −Xmask) is the width of X over which the function decays

from 1 to 0, with Xmax being the maximum value of X in that direction. One

more attractive feature of the FFT method is that it scales as O(N logN) with

the number of grid points N [74]. Thus this method becomes especially suitable

for large-scale problems as the computational effort increases slowly with the grid

size.

But this FFT scheme fails to evaluate the rotational part of the kinetic energy

operator (Tγ) as Tγ contains a (1/sin2 γ) term which leads to singularity in the

discrete angle where γ = 0 and π. The evaluation of Tγ is performed by trans-

forming the grid WP to angular momentum basis by using a discrete variable

representation (DVR) - finite basis representation (FBR) transformation, multi-

plying by the diagonal value of the operator and then transforming it back to the

grid representation [75,76]. Numerically all these are done in a single step

e−
iT (γ)∆t

2~ |Ψ(γ′)〉 =
∑
n

{∑
j

U †n′,jexp

[
−i~∆t

4

{
1

µR2
[J(J + 1)− 2K2]

+
1

I
j(j + 1)

}]
Uj,n

}
|Ψ(γ)〉. (2.19)

Here U is the DVR -FBR transformation matrix and is obtained by diagonalising

the cos(γ) operator on the basis of associate Legendre polynomial function by

using the recursion relation,

cl+1P̃
Ω
l+1(cos γ)− cosγP̃Ω

l (cos γ) + clP̃
Ω
l−1(cos γ) = 0 (2.20)
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where [77],

cl =

√
l2 − Ω2

4l2 − 1
P̃Ω
l (cos γ) = (−1)Ω

√
2l + 1

2

(l − Ω)!

(l + Ω)!
PΩ
l (cos γ)

Colbert and Miller [64] have proposed an novel DVR technique to calculate the

eigenvalue problem. This DVR technique uses the particle-in-a-box eigenfunction

as a basis and is known as sine-DVR method. For a box of length L = b− a (a, b

are the boundary of the box) the coordinate grid points are given by

xi = a+ iL/N, i = 1, ..., N − 1, (2.21)

and the basis functions are given by

φn(x) =

√
2

L
sin

(
nπ(x− a)

L

)
n = 1, ..., N − 1. (2.22)

The DVR representation of the kinetic energy is given by

Tii′ = − ~2

2m
∆x

N−1∑
n=1

φn(xi)φ
′′
n(xi′) where, ∆x =

L

N
is the grid spacing.

= − ~2

2m

(π
L

)2 2

N

N−1∑
n=1

n2sin

(
nπi

N

)
sin

(
nπi′

N

)
(2.23)

The analytical solution of this equation is given by [64]

Tii′ =
~2

2m

(−1)i−i
′

∆x2
A (2.24)
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where, A =
π

3
when i = i′

=
2

(i− i′)2
when i 6= i′.

We used this sine-DVR method to prepare the initial wavefunction of the diatom.

The time evolution of the WP is done by dividing the total propagation time

t into Nt segments with step length ∆t. Assuming that the Hamiltonian is not

explicitly dependent on time, the r.h.s of the Eq. 2.9 forms a continuous dynami-

cal group and is known as time-evolution operator denoted by Û(t, t0). Now, the

time evolution is given by :

Û(t, t0) = e−iĤt/~ for t0 = 0

Û(t) = ΠNt−1
n=0 Û((n+ 1)∆t, n∆t) (2.25)

Û(t, t0) is a linear operator and is unitary:

Û Û † = Û †Û = 1 (2.26)

2.2.5 Analysis at the product asymptotes

After solving the TDSE the initial state selected energy resolved reaction proba-

bility is calculated from the expectation value of the flux operator F̂ at a dividing

surface along product channel (at r = rd). The flux operator F̂ is given by [78–80]

F̂ = − i~
2µ

[
∂

∂r
δ(r − rd) + δ(r − rd)

∂

∂r

]
. (2.27)
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The energy normalized scattering function is obtained at the dividing surface as

|Φ(R, rd.γ, E)〉 = |ψ(R, rd.γ, E)〉/κE. (2.28)

The function ψ(R, rd.γ, E) is obtained at the dividing surface through Fourier

transformation of the time-dependent WP as

ψ(R, rd, γ, E) =
1√
2π

∫ ∞
−∞

ψ(R, rd, γ, t)e
iEt/~dt|r=rd . (2.29)

The quantity κE in Eq.2.28 is the weight of the translational energy component

of the initial WP of total energy (relative translational + rovibrational) E, and

is given by

κE =

√(
µ

2π~|kvj|

)∫ ∞
−∞

F (R)exp(ikR)dR, (2.30)

where kvj is the initial wave vector corresponding to the approach of reagents

and its magnitude is given by, |kvj| =
√
2µE

~
, where E is the relative collision

energy of the reagent.

The reaction probability of the two channels (A + BC → AB + C and A

+ BC → AC + B) are separated by comparing the internuclear distances of

the respective product diatoms. The WP flux is considered to represent the R1

channel if dAB < dAC (d stands for internuclear distance) and to represent the

R2 in the reverse case.

2.3 Time independent approach

Time-independent quantum mechanical calculations are performed here by em-

ploying the standard ‘ABC : a quantum reactive scattering program’ of Sk-
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outeris et al. [55]. In this implementation a coupled-channel hyperspherical co-

ordinate method is used to solve the time independent Schrödinger equation,

(Ĥ − E)Ψ = 0, for the motion of three nuclei on a single adiabatic PES. The

Delves hyperspherical coordinates [56–58] are used in this implementation and

the total propagation length (ρ) is symmetrically divided into N sector of length

∆ρ. The hyperspherical basis functions (BJ,Ω
αvαjαΩα

) are computed for each sector

by taking the diatomic potential of each arrangement as a reference potential and

is given by

BJM
αvαjαΩα

=
DJ

MΩα
(φα, θα, 0)YjαΩα(λα, ψα)Φα(ηα)

ρ5/2sinηαcosηα
. (2.31)

Here α is the arrangement channel (α= 1, 2, 3), φα, θα, ψα are the Euler angles, λα

and ηα are the internal hyperspherical angles, vα and jα indicates the vibrational

and rotational quantum number for the arrangement α. Here, ρ , D, Y and Φ

represents hyperspherical radius, a Wigner function, spherical harmonics and a

rovibrational function, respectively. The rovibrational functions (φ) is defined

by solving a one-dimensional Schrödinger equation associated with the reference

potential in that arrangement channel with the aid of finite difference method.

The problems of over completeness in the small-ρ exchange region are overcome

by canonical orthogonalization of the resulting multiple-arrangement basis set [81]

This is done by monitoring the maximum overlaps as well as the full dimensional

overlaps, which are relatively more time consuming.

For each value of total energy (E), the wave function of the atom-diatom ar-

rangement channels (ΨJΩ) are simultaneously expanded in Delves hyperspherical



2.3. Time independent approach 35

coordinates in terms of hyperspherical basis function ( BJ,Ω
αvαjαΩα

) [82]

ΨJM =
∑
αvαjα

BJM
αvαjαΩα

.gαvαjαΩα(ρ). (2.32)

Here g(ρ) is the coefficient of expansion. The number of basis function, B(ρ),

considered to generate Ψ are sufficiently large to make the set complete.

The time-independent adiabatic Hamiltonian of the A + BC collisional system

is expressed in the Delves hyperspherical coordinate in the following way [58]

Ĥ = − ~2

2µρ5
∂

∂ρ
ρ5
∂

∂ρ
+

∆2

2µρ2
+ V (ρλαηα) , (2.33)

where ∆2 is the Smith’s grand angular momentum operator [83, 84] and is given

by

∆2 = − ~2

sin22ηα

∂

∂ηα
sin22ηα

∂

∂ηα
+

l̂2

cos2ηα
+

ĵ2

sin2ηα
. (2.34)

In the ‘ABC program’, the angular momentum basis functions are made in

helicity (k) representation not in angular momentum representation (l) and the

helicity quantum number is restricted such that |k| ≤ min(J, j, kmax). Here kmax

is the suitably chosen truncation value of k. Thus the helicity representation

becomes incomplete for large value of j and J . The relationship between orbital

angular momentum and helicity representation takes the following form.

|JMjl〉 =

min(J,j,kmax)∑
−min(J,j,kmax)

|JMjk〉DJj
kl (2.35)
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where DJj
kl is the component of an eigenvector of the matrix representation of

the operator l2 in the truncated helicity basis. The diagonal and off-diagonal

elements of the l2 matrix are given by

〈JMjk|l2|JMjk〉 = J(J + 1) + j(j + 1)− 2k2 and

〈JMjk′|l2|JMjk〉 = [J(J + 1)− k′k]1/2[j(j + 1)− k′k]1/2δ|k′−k|,1,

respectively.

Substitution of equation 2.32 into Schrödinger equation leads to the second

order coupled matrix equations:

d2g(ρ)

dρ2
= O−1Ug(ρ). (2.36)

Here O and U are the overlap matrix elements and potential energy - kinetic

energy coupling matrix elements, respectively, and are expressed in the following

way

O
α′v′

α′j
′
α′Ω

′
α′

αvαjαΩα
=

〈
BJM

αvαjαΩα
|BJM

α′v′
α′j

′
α′Ω

′
α′

〉
and

U
α′v′

α′j
′
α′Ω

′
α′

αvαjαΩα
=

〈
BJM

αvαjαΩα
|2µ
~2

(H̄ − E)− 1

4ρ2
|BJM

α′v′
α′j

′
α′Ω

′
α′

〉
. (2.37)

In the above equation H̄ contains all the term of full Hamiltonian other than the

ρ dependent derivative terms.

The evaluation of the O and U matrices are done by using Gauss-Legendre

quadrature, trapezoidal rule and analytical integration for the λα angles, ηα and

Euler angles (φα, θα and φα), respectively. The most difficult integrals involve
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inter channel (α 6= α′) matrix elements, as these require evaluation of the basis

for one channel at the grid points of the other. This is usually the most time-

consuming part of the calculation.

The solution matrix of the expansion coefficients are propagated through all the

sectors starting from a small value of ρ = ρmin, where the interaction potential

is very high, to the asymptotes (ρ = ρmax), where the interaction potential is

negligible. This is done by solving the coupled channel equation first within

the sector and then chaining its value at the end of the sector with that at the

beginning of the next one.

The solution of this coupled channel equations is carried out by using a constant

potential log derivative method [85]. The log-derivative matrix is defined by

Y (ρ) = g′(ρ)g−1(ρ) (2.38)

In matrix notation, the coupled channel equation can be written as

g′′(ρ) = W (ρ)g(ρ) (2.39)

The matrix Ricatti [86] equation is obtained from Eq. 2.38 and 2.39

Y ′(ρ) = W (ρ)− Y 2ρ. (2.40)

The log derivative matrix becomes undefined whenever the determinant of the

wavefunction vanishes. These singularities prohibit the use of standard numerical

integration techniques for the solution of Eq.2.40. However the log derivative

matrix may be safely propagated using a special form of invariant imbedding.
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We define an imbedding-type propagator,ς on an interval [ρ1, ρ2] by g′(ρ1)

g′(ρ2)

 =

 ς1(ρ1, ρ2) ς2(ρ1, ρ2)

ς3(ρ1, ρ2) ς4(ρ1, ρ2)

 g(ρ1)

g(ρ2)

 . (2.41)

The blocks of this propagator are obtained by solving appropriate boundary value

problems on the interval [ρ1, ρ2] [87]. The stability of the matrix ς is independent

of whether or not the log derivative matrix has a singularity at some point within

the interval. The solution of the equation 2.41 gives the recursion relation for the

log derivative matrix and is expressed as

Y (ρ2) = ς4(ρ1, ρ2)− ς3(ρ1, ρ2)× [Y (ρ1) + ς1(ρ1, ρ2)]
−1ς2(ρ1, ρ2) (2.42)

This recursion relation forms the basis of the log derivative method. The integra-

tion range is partitioned into a series of small intervals or sectors, the propagator

matrix ς is constructed for each sector, and the log derivative matrix is propagated

by recursive application of Eq. 2.42.

At the asymptotes, the final log-derivative matrices Y (ρ = ∞) are matched to

both the reactant and product states by applying the reactive scattering boundary

conditions [58] to extract the related S-matrix elements.

The solution of scrödinger equation using the ‘ABC reactive scattering pro-

gram’ yields parity-adapted S-matrix elements (SJ,P
n′k′,nk(E)). The latter are com-

bined and converted into a parity independent S-matrix (SJ
n′k′,nk(E)) elements in

the following way [55]

SJ
n′k′,nk(E) = SJ

n′−k′,n−k(E) =

√
(1 + δk′0)(1 + δk′0)

2

[
SJ,+1
n′k′,nk + SJ,−1

n′k′,nk

]
,
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and SJ
n′k′,n−k(E) = SJ

n′−k′,nk(E) = (−1)J
√

(1 + δk′0)(1 + δk′0)

2

[
SJ,+1
n′k′,nk − SJ,−1

n′k′,nk

]
.

In the above equations αvj and α′v′j′ are collectively expressed by n and n′,

respectively. From this parity independent state-to-state S-matrix we can get

the state-to-state reaction probability by the following relation.

P J
α′v′j′k′←αvjk(E) = |SJ

α′v′j′k′←αvjk(E)|2. (2.44)

In the above equation, α and α′ are the channel indices, with α representing the

reagent, A + BC, and α′ the product (elastic, inelastic and reactive collisional

outcome). The quantities v (v′) and j (j′) represent the vibrational and rotational

quantum levels of reagent (product) diatom, respectively. The projection of J

and j (j′) on the body-fixed z axis is given by k (k′). These helicity quantum

numbers are limited to 0 ≤ k(k′) ≤ min[J, j(j′)] within the centrifugal sudden

approximation.

The state-selected total reaction probability of any channel is obtained by sum-

ming up the contribution to the probability from all open j′ and v′ levels of the

product molecule at a given collision energy (E)

P J
vj(E) =

∑
v′j′k′k

P J
α′v′j′k′←αvjk(E). (2.45)

The initial state-selected integral cross section for elastic, inelastic and reactive

processes for total angular momentum J = 0 is calculated by

σJ=0 =
π

|kvj|2
|T |2 (2.46)
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where, T = δn′n−Sn′n. n and n′ are the composite index of reactant and product,

respectively. Consequently, the J = 0 cross sections for elastic (σJ=0
el ) inelastic

(σJ=0
in ) and reactive (σJ=0

re ) processes are given as

σJ=0
el =

π

|kvj|2
|1− SJ=0

αvj←αvj|2, (2.47a)

σJ=0
in =

π

|kvj|2
∑
α=α′

|SJ=0
v′j′( 6=vj)←vj|2, (2.47b)

σJ=0
re =

π

|kvj|2
∑
α 6=α′

|SJ=0|2, (2.47c)

where, kvj is the initial wave vector.

The energy dependent elastic and reactive rate constant for the s-wave scatter-

ing can be obtained by multiplying the respective cross section with the velocity

vector (v), where |v| =
√
2E/µ.

In the limit of ultracold temperature or vanishing collision energy (kvj → 0)

Wigner law [88] holds. The Wigner law states the the elastic, inelastic and

reactive cross section will obey the following relations

σel ∝ E2l, (2.48a)

σin ∝ El− 1
2 , (2.48b)

σre ∝ El− 1
2 . (2.48c)
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For the s-wave scattering the above relation reduces to

σel ∝ E0, (2.49a)

σin ∝ E−1/2, (2.49b)

σre ∝ E−1/2. (2.49c)

In the Wigner limit [88], the scattering can not resolve the structure of the object

as the de Broglie wavelength associated with them are very long and in general

much longer then the molecule. At this condition, it is not important at what

potential the colliding particle scatters off but it is more important to know how

the potential look at long length. The concept of scattering length is introduced

here. In the Wigner limit, the scattering cross section is conveniently expressed

in terms of scattering length, which is defined as [26,89]

avj = − lim
kvj→0

δ(kvj)

kvj

, (2.50)

where δ represents the phase shift in the limit kvj → 0. Basically it describes the

s-wave scattering amplitude at low collision energy. For multichannel scattering,

avj = αvj − iβvj, is a complex number. In this case the poles of S-matrix can be

located on either the positive or negative energy axis of the Riemann surface. [26]

Bound and quasi-bound states correspond to the poles appearing on the physical

and non-physical energy sheet of this surface with Im(kvj) > 0 and Im(kvj) < 0,

respectively [26]. In terms of elastic component of the S-matrix the parameters
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α and β are given by [26]

αvj = − lim
kvj→0

Im(Sel)

2|kvj|
; (2.51a)

βvj = lim
kvj→0

1−Re(Sel)

2|kvj|
. (2.51b)

2.4 Calculation of integral reaction cross section

and Thermal rate constant

Initial state selected energy resolved integral reaction cross section, σvj(E), is

calculated by [90,91]

σvj(E) =
π

k2
Nvj(E), (2.52)

where Nvj(E) represents the reaction probability summed over the partial waves

of the total angular momentum, J , and the rotational degeneracy. This is defined

as “initial state selected cumulative reaction probability” in the literature and is

expressed as [90]

Nvj(E) =

j∑
Ω=0

gΩ
2j + 1

JMax∑
J≥Ω

(2J + 1)P JΩ
vj (E), (2.53)

where gΩ represents the degeneracy factor, gΩ = 1 when Ω = 0 and gΩ = 2 when

Ω 6= 0.

The quantity P JΩ
vj (E) is the reaction probability obtained from the expectation

value of the flux operator in the basis of the reactive scattering wave function at

a given energy.
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An averaging of σvj(E) over the Boltzmann distribution of collision energies

gives rise to initial state selected temperature dependent rate constant, kvj(T ),

[92]

kvj(T ) =

(
8KBT

πµ

)1/2
1

(KBT )
2

∫ ∞
0

Eσvj(E)exp(−E/KBT )dE, (2.54)

where KB is the Boltzmann constant.

Now the temperature dependent rate constant for a particular initial vibrational

level is obtained by averaging over Boltzmann distribution of population of its

rotational levels.

kv(T ) =
∑
j

kvj(T )

Qrot

(2j + 1)exp(−Bj(j + 1)hc/KBT ), (2.55)

where B is the rotational constant of the LiH molecule and the rotational partition

function Qrot is given by

Qrot =
∑
j

(2j + 1)exp(−Bj(j + 1)hc/KBT ) (2.56)



Chapter 3

Quantum dynamics of H + LiH

reaction and its isotopic variants

3.1 Introduction

In this chapter, we present and discuss the initial state selected reaction proba-

bility, cross section and the thermal rate constant for the H + LiH reaction on

the ground state PES developed by Wernli et al. [35] within the centrifugal sud-

den (CS) approximation [59] using the theoretical and computational procedure

presented in the previous chapter (chapter 2). The collision dynamics is treated

here in a time dependent quantum mechanical framework. The effect of reagent

rotational and vibrational excitation are examined. The kinematic effect on deu-

terium substitution on the dynamics is also discussed. The results are compared

with the literature data, whenever available. The results are found to have a

considerable differences with the previous time-dependent quantum mechanical

(TDQM) results of Padmanaban et al. [48, 49] on the DMJ [30] PES. The devi-

ations of the new results with that of Padmanaban et al. are attributed to the

44
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nature of the PES.

3.2 Results and discussion

3.2.1 H + LiH reaction dynamics

In the following, the probabilities of the H + LiH (v, j) reaction are calculated

up to a collision energy of 1.0 eV from a lowest collision energy of ∼ 0.015 eV.

The probabilities of the H + LiH (v=0, j=0) reaction are plotted in figure 3.1 for

a few representative values of the total angular momentum J = 0, 10, 20, 30, 40,

50, 60 and 65. The solid, dashed and dotted curves in this figure represent the

depletion (R1), exchange (R2) and total (R1+ R2) reaction probability, respec-

tively. The channel specific reaction probabilities are calculated by comparing

the internuclear distance (d) of the product H2 and LiH molecules. If dH2 < dLiH

then the corresponding flux is considered to represent LiH depletion processes

(R1), and in reverse case it represent the R2 processes. The reaction probabili-

ties are converged with respect to the numerical grid parameters given in Table

3.1. Analogous to the observations by Padmanaban et al. on the DMJ PES, the

reaction probability in figure 3.1 exhibits resonance structures at low energies.

However, the detailed structure of these resonances appears to be quite different

in the two cases. These resonances disappear and the scattering becomes more

direct at higher collision energies and with increasing total angular momentum.

It can be seen from figure 3.1 that the LiH depletion path is preferred over the

H-exchange path. This is in contrast to the earlier observations [49] on the DMJ

PES, in which the exchange path was found to be generally favoured. It is also

found from the figure 3.1 that beyond J > 40, the contribution of H-exchange

path (R2) is minimal.



3.2. Results and discussion 46

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

R1
R2
Total(R1+R2)

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

J=0 J=10 J=20 J=30

J=40 J=50 J=60 J=65

Collision Energy [eV]

R
e
a
c
t
i
o
n
 
P
r
o
b
a
b
i
l
i
t
y

Figure 3.1: Energy resolved probability of the H + LiH (v = 0, j = 0) reaction.
The probabilities of the LiH depletion (R1) and H-exchange (R2) channels are shown
by solid and dashed curves, respectively. The dotted curve represents the total (R1 +
R2) reaction probability.
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Table 3.1: Numerical grid parameters and properties of the initial wave function used
in the present study

Parameter Value Description
NR/Nr/Nγ 256/64/50 Number of grid points
Rmin/Rmax (a0 ) 1.0/34.15 Extension of the grid along R
rmin/rmax (a0 ) 0.50/7.43 Extension of the grid along r
∆R/∆r (a0 ) 0.13/0.11 Grid spacings along R and r
rd (a0 ) 4.79 Location of the dividing surface in the prod-

uct channel
Rmask/rmask (a0 ) 26.48/5.56 Starting point of the masking function
R0 (a0 ) 22.50 Initial location of the center of the GWP in

the coordinate space
Etrans (eV) 0.6 Initial translational kinetic energy
δ (a0 ) 0.23 Initial width parameter of the GWP
∆t (fs) 0.135 Length of the time step used in the WP prop-

agation
t (fs) 675 Total propagation time

In order to access the partial wave contribution to the cross section at a given

collision energy (E), degeneracy weighted reaction probability as a function of J

for R1 and R2 channel are calculated and are plotted in figure 3.2. Inclusion of

partial wave contribution for total angular momentum upto J = 70 and J = 42

is found to be necessary to obtain the converged cross sections for the R1 and R2

reactive channels, respectively, in the given energy range.

The integral cross sections of the H + LiH (v =0, j) reaction for the R1 and

R2 channels are presented in the panel a and b of figure 3.3, respectively. The

reaction cross sections are plotted as a function of collision energies, and for

various rotational quantum state of the LiH molecule (j = 0 - 4). As stated

before that there is no barrier found on the Wernli et al. [35] PES, therefore the

reaction has no threshold and cross section decreases with increasing collision
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Figure 3.2: Weighted partial wave contribution to the integral cross section of the
R1 and R2 channels at 1.0 eV collision energy for the H + LiH collision.
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energy. It can be seen from the plots that the rotational excitation of the reagent

decreases the reactivity of both the channels. The extent of decrease of reactivity

of the depletion channel is quite significant between j = 0 and j 6= 0. For j 6= 0

the depletion cross sections are close to each other. This can be contrasted with

the findings of Padmanaban et al. on the DMJ PES [figure 6 of Ref. 27], where

it was found that the reactivity of the LiH depletion channel (R1) grows with

the rotationally hot reagent LiH at low collision energies and approaches similar

values at higher collision energies. The reactivity of the H-exchange channel (R2)

showed a mild decrease with increasing rotational excitation. The present results

are clearly in favour of the earlier TDQM findings of Padmanaban et al. for the

R2 channel (despite the extent of decrease is large in the present case) but in

contradiction with the results for the R1 channel on the DMJ PES [49]. The

results reported by Liu et al. [39] and Kim et al. [32] are included for the LiH (v

= 0, j = 0) depletion channel in panel a of figure 3.3. It can be seen that the

present results reproduce them fairly well as regard to their trend of variation

with collision energies. Most importantly, it is clear from figure 3.3 that the LiH

depletion channel is favored over the H-exchange channel, in sharp contrast with

the results obtained on the DMJ PES [49]. In the inset of panel a and b of figure

3.3 the present cross sections results for LiH (v =0, j =0) are compared with the

earlier quantum calculations results obtained on the DMJ PES [49]. It can be

seen that the two results differ significantly from each other. It is seen that the

LiH depletion reactivity dominates for all j values and it is at least ten times of

the H-exchange (LiH retention) reactivity.

A detailed examination of the reactivity of the H + LiH system is attempted

in this chapter. We therefore tried to calculate the NR cross section in H + LiH
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Figure 3.3: Integral cross section of the H + LiH (v =0 ,j) reaction as a function
of collision energy. The cross sections for the R1 and R2 channels are plotted in panel
a and b, respectively, for different j values indicated in panel a. The results of Liu et
al. [39] and Kim et al. [32] for the H + LiH (v = 0, j = 0) are shown by the circle and
asterisk, respectively, in panel a. In the inset of both the panels the present results
for H + LiH (v = 0, j = 0) are compared with the previous findings [49] on the DMJ
PES [30].
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Figure 3.4: Non reactive cross section for the H + LiH (v = 0, j = 0) reaction as a
function of collision energy.

(v = 0, j = 0) collisions by constructing a dividing surface at large R value. The

NR flux of the WP collected on this surface and integrated over r and γ value

to calculate the NR probability. The latter are then converted to the integral

cross sections. Contribution of partial waves for the total angular momentum

up to, J = 50, is included in the NR cross sections. The results are plotted in

figure 3.4. The NR probability dominates for higher values of J . At this point we

add a caution that, calculation of NR probabilities is numerically cumbersome.

This is because of the closeness of the initial WP, dividing surface and absorbing

boundary in the reagent channel. This may cause some unavoidable interference

effects. The NR probability can not be equated to, 1.0 - total reaction probability,

in this case particularly for higher J values. The latter issue is also discussed by

Bodo et al. [29].

Let us now examine the effect of reagent vibrational excitation on the reactivity

of this system. In figure 3.5, the reactivity of the LiH depletion (panel a) and H-

exchange (panel b) channel is presented for the H + LiH (v = 0-3, j = 0) reaction.
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It can be seen from figure 3.5(a) that the vibrational excitation of the reagent

LiH molecule causes a substantial reduction of its depletion cross section whereas,

the same causes a substantial increase of its exchange reactivity [cf.,figure 3.5(b)].

These trends are in order with the earlier findings [49] on the DMJ PES, however,

the extent of decrease or increase and the overall magnitude of reaction cross

sections is dramatically different in the two cases. At this point it is worthwhile

to compare the above findings with those available in the literature. Bovino

et al. [16] have carried out quantum dynamics study of the H + LiH reaction

by the coupled channel hyperspherical method employing the PES of Wernli et

al. [35]. The reaction cross sections are calculated by a J-shifting method [93]

in their study. These authors found that the H-exchange channel dominates at

low temperature conditions whereas, the LiH depletion channel dominates at

thermal conditions. The cross section results obtained at thermal conditions and

presented above are in perfect accord with the observations of Bovino et al. [16].

A very rapid destruction of LiH in collision with ubiquitous H atom in the

interstellar dust clouds has been proposed to be very likely in the recombination

era [16]. Now, our finding of substantial decrease of LiH depletion cross sections

with the rotational [cf., figure,3.3(a)] and vibrational [cf., figure 3.5(a)] excitation

strongly asserts that this depletion path forms the most dominant mechanism in

H + LiH collisions in the ‘astrophysical conditions’.

The dynamical results on the Wernli et al. PES are discussed and compared

with those of time-dependent quantum calculation results obtained by Padman-

aban et al. on the DMJ PES [49] in the preceding paragraphs. Understandably

the difference in two sets of results arises from a difference of the underlying
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Figure 3.5: Effect of reagent vibration on the H + LiH (v =0-3, j) = 0 reaction
dynamics.
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PESs. It is already stated in the chapter 1 (Introduction) that the DMJ PES [30]

is semiempirical whereas, the Wernli PES [35] is ab initio . The latter PES is

highly attractive in nature along the collinear minimum energy path of the LiH

depletion channel. The DMJ PES is also attractive along this path but supports

two unphysical wells, one in the reagent valley (of ∼ 0.068 eV depth) and the

another in the product valley (of ∼ 0.045 eV depth) relative to the asymptotes

of the Wernli PES (see figure 1.1). As a result of these unphysical wells small

barriers appear in the reagent and product channels along the minimum energy

path on the DMJ PES. Wells of depth ∼ 0.28 eV and ∼ 0.038 eV are found on the

DMJ [30] and Wernli et al. [35] PES, respectively, along the collinear minimum

energy path of the H-exchange channel (see figure 1.2). The difference in the dy-

namical outcomes on the two PESs can therefore be attributed to the differences

in the accuracy of the energy points and the topography of the minimum energy

paths as described above.

The reactivity of a given chemical system is governed by several factors. There

is no unique set of rules by which the outcome of a given microscopic chemical

event can be interpreted. Statistical concepts based on the observations were

developed over the past decades. These concepts and the related correlations

mostly relied on the phase space theory [94], kinematic considerations and the

dynamical factors [95]. The phase space theory [94] predicts an increase of re-

activity with an increase in the rotational excitation of reagent molecule owing

to the availability of many product states. In practice, such an interpretation

could not be generalized. The kinematic considerations also played important

role in the collisional outcome in many cases. Different mass combination modi-

fies the skewing angle of the underlying PES. The dynamical factors are related
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to the detailed topography of the PES, most importantly the minimum energy

path [96]. It appears to be still premature to uniquely relate the dynamical out-

come of a given chemical event to the specific feature of the underlying PES.

Close correlations can however be made.

The reagent rotation generally decreases the reactivity of a system occurring

through a preferred orientation of reagents. Rotational excitation of reagent

disrupts this orientation. The present H + LiH system appears to be collinearly

dominated and a decrease of reactivity with the reagent rotational excitation for

lower j values supports this interpretation. A decline of reactivity with increase

in the reagent rotation is also predicted for both L + LL and L + HL (L : light

and H : heavy) mass combinations [95]. The present mass combination is closer

to the former category. The contradictory variation of the reactivity of the R1

channel with reagent rotational excitation on the DMJ PES clearly stems from

the artifacts (discussed above) present on it.

The effect of reagent vibration on the reactivity of a chemical system has been

extensively studied by Polanyi and coworkers [96]. The collinear minimum energy

path for the LiH depletion channel is of attractive type and there is no barrier

found either in the reagent or product channel. Because of this reagent vibration is

ineffective in promoting the reactivity of the depletion channel. Reagent vibration

generally promotes the reactivity on a PES with a late barrier [96].

The dynamics of the H-exchange channel appears to be more complex. Exis-

tence of potential basin is found along the collinear minimum energy path of this

channel [cf figure 1.2 on page 12]. Such a feature of the PES was also discussed

in the early literature [97]. The basin appears at the distance of closest approach
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of the reagents and is much deeper (vide supra) on the DMJ PES. The reagent

therefore approach and cling together at the distance of closest approach. Per-

haps it allows an effective transfer of translational and vibrational energies to the

reactive channel on both the PESs [96].

Initial state selected temperature dependent rate constants of the H + LiH (v

= 0, j) reaction calculated using Eq.(2.54) are plotted in panel a (LiH depletion

rate) and b (H-exchange rate) of figure 3.6. It can be seen that the rate constant

for both the channels increases with increasing temperature and then decreases

at higher temperature. The increase of the reaction rate at lower temperature

is much rapid for the LiH depletion channel. The LiH depletion rates are much

larger than H-exchange rates at a given temperature. Analogous to the cross

sections results of figure 3.3, the reaction rates also decrease with rotational

excitation of the reagent LiH molecule. This is in contrast to the earlier findings

on the H + LiH system on the DMJ PES [49]. In the latter, although the trend

of variation of the rate constant results with temperature is analogous to the

present findings, significant differences exist in their magnitude. Furthermore,

LiH depletion rates revealed an opposite variation with the reagent rotational

excitation as compared to the present findings. Also, in the present case the

rate constant curves for both the channels [cf., figures 3.6(a-b)] peak at higher

temperature [> 2500 K] as compared to the same found at ∼ 1000 K [49] on the

DMJ PES.

Bovino et al. [16] have reported the LiH depletion rates over a wide temperature

range. In their study, they calculated the rate of formation of o-H2 and p-H2

separately through the LiH depletion path. Except at lower temperature (< ∼

1000 K) the rate of formation of o-H2 was found to be preferred over the formation
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Figure 3.6: State selected thermal rate constant of the LiH depletion (panel a) and
H-exchange (panel b) channels of the H + LiH (v = 0, j) reaction. The rate constant
curves for different j values are identified by different line types and indicated in panel
a.
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of p-H2. At thermal conditions the LiH destruction rate was found to dominate

over the H-exchange rate. We note that the rate constant results presented by us

in figure 3.6(a) represent initial state selected and averaged over all possible (at

the given temperature) rotational and vibrational states of the product H2. Our

rate constant results therefore represent the statistically combined results of the

rates of formation of o-H2 and p-H2 calculated by Bovino et al. [16].

To this end, we present in figure 3.7 the rate constant results averaged over

thermal population of reagent rotational levels, j = 0-4 of the LiH depletion (panel

a) and H-exchange (panel b) reactions. It can be seen that the LiH depletion rates

are much larger than the H-exchange rates. Same conclusions are drawn in the

recent study of Bovino et al. [16] on the Wernli PES [35]. For, comparison, we

include the rate constant results of Bovino et al. [16] in panel a of figure 3.6.

In this figure the stars and filled circles represent the rate of o-H2 and p-H2

formation, respectively, and reproduced from Bovino et al. [16]. It can be seen

that the trend of variation of the overall depletion rate is in accord with the

results of Bovino et al. [16]. The overall depletion rate of figure 3.7 (a) above 200

K is fit to the functional form, k(T ) = a1(T/300K)a2exp(−T/a3), as suggested

by Stancil [14] in their kinetic model of lithium reactions in the primordial gas

clouds. A value of temperature independent rate coefficient, a1 = 2.0 × 10−11

cm3 s−1, was conjectured for the LiH depletion reaction by Stancil et al. [14]. A

fit to the present rate constant results of figure 3.7(a) yields, a1 = 1.627 × 10−10

cm3 s−1, a2 = 0.502, a3 = 5367 K. The rate constant data derived from this fit are

superimposed on the quantum dynamics results and shown by the dotted line in

figure 3.7 (a). It can be seen that the quantum dynamics results are reproduced

extremely well by the fit. The rate constant results obtained by Padmanaban
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et al. on the DMJ PES [49] were fit to a functional form, k(T ) = aT× exp(-

bT ), a modified version of the equation of Stancil et al. [14]. This equation was

used in the DMJ paper [30] to fit the rate constants derived by them from QCT

calculations. Using this equation, a = 9.03 × 10−15 cm3molecule−1 s−1K−1 and

b = 0.0011 K−1 was derived by fitting the rate constants obtained on the DMJ

PES [49].

Bovino et al. [16] have used the latter equation and derived, a = 2.05 × 10−12

cm3 s−1K−1, b = 0.00058 for o-H2 formation and a = 2.18 × 10−12 cm3 s−1K−1, b

= 0.00084 for p-H2 formation through the LiH depletion path. We also used this

equation to fit the overall LiH depletion rate given in figure 3.7(a) and obtained,

a = 1.03575 × 10−12 cm3 s−1K−1 and b = 0.0004. These results are very similar

to those of Bovino et al. [16]. The rate constant results obtained from this fit

are also superimposed in figure 3.7(a) and are shown by the dashed line. From

a comparison of various results presented above, it appears that the original fit

equation of Stancil et al. [14] is far superior to meaningfully represent the present

rate constant data. This equation with the present fit parameters may be utilized

for astrophysical applications with greater confidence.

3.2.2 Kinematic effects on the H + LiH reaction dynamics

The kinematic effect due to replacement of H by D atom in the H + LiH reaction

dynamics is discussed in the following. Apart from the H + LiH, three other

collisional systems viz., H + LiD, D + LiH and D + LiD are relevant for the

discussion. All three latter collision processes proceed through similar pathways

[viz., depletion (R1) and exchange (R2)] as in the case of H + LiH system.
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Figure 3.7: Boltzmann averaged (over j = 0-4) thermal rate constant (solid curve)
of the LiH depletion (panel a) and H-exchange (panel b) channel of H + LiH (v =
0) reaction. The rate constants of LiH depletion reaction are fitted to the original
functional form as well as a modified form proposed by Stancil et al. [14]. These fit
results are superimposed in panel a and shown by the dotted line and dashed line,
respectively. The rates of formation of oH2 (asterisks) and pH2 (filled circles) through
the LiH depletion path calculated by Bovino et al. [16] are also included in panel a.
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Figure 3.8: Probability as a function of collision energy for the H + LiH (v = 0, j
= 0) reaction and its isotopic variants shown by different line types indicated in the
panel a.

The channel specific (R1 and R2) and the total (R1 + R2) probability of the

H + LiH (v =0, j =0) reaction and its isotopic variants is plotted as a function

of collision energy in figure 3.8. It can be seen that the overall variation of the

reaction probability for both the channels is similar. In all cases, the depletion

reaction dominates over the exchange reaction. The resonances appear to be

more pronounced at lower collision energies in the isotopic reactions.

Integral cross sections of the H + LiH (v =0, j =0) reaction and its isotopic

analogues are plotted in panel a (R1 channel) and b (R2 channel) of figure 3.9.

The resonance oscillations seen in the reaction probability curves disappear upon
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averaging over many partial wave contributions of the total angular momentum

J= 70 for the depletion reaction and J= 42 for the exchange reaction in the reac-

tion cross sections. The depletion reaction dominates over the exchange reaction

in each case. While the cross section values of the H + LiH, H + LiD and D

+ LiD reactions are very similar, the cross sections of the D + LiH reaction are

significantly different from the rest. In the latter case, the cross sections of both

the R1 and R2 channel are larger than those of the other three reaction. Because

of larger mass of the incoming D atom, its translational velocity is lower than that

of incoming H atom at a given energy. Therefore, a relatively slower approach of

the D atom allows an effective transfer of its translational kinetic energy to the

internal degrees of freedom of the reagent LiH molecule and causes an increase

in the reaction cross sections. A steric crowding perhaps causes a decrease in the

reactivity of the D + LiD reaction.

The cross section results of Liu et al. [39] obtained by the QCT calculations

on the Prudente et al. PES [31] for the isotopic reactions are superimposed in

panel a of figure 3.9 and shown by the open circle (H + LiH), filled circle (D

+ LiH), open triangle (H + LiD) and filled triangle (D + LiD). It can be seen

that the trajectory results also support larger cross sections for the D + LiH

reaction. They found that the product forward scattering intensity increases

with increasing mass factor values defined as, cos2β =
mAmC

(mA +mB)(mB +mC)
,

for A +BC −→ AB + C reaction [98]. This mass factor is largest (= 0.528) for

the D + LiH reaction [39].

Finally in figure 3.10 the initial state selected rate constant values of the H +

LiH (v = 0, j = 0) reaction and its isotopic variants are plotted as a function

of temperature. The rates of the depletion and exchange reactions are plotted
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Figure 3.9: Cross Section as a function of collision energy of the H + LiH (v = 0,
j = 0) reaction and its isotopic variants shown by the different line types indicated
in panel a. The cross sections of the R1 and R2 channel are shown in panel a and b,
respectively. The QCT results of Liu et al. [39] are superimposed in panel a and shown
by the open circle (H + LiH), filled circle (D + LiH), open triangle (H + LiD) and
filled triangle (D + LiD).
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in panel a and b, respectively. Analogous to the cross section results, the D +

LiH reaction rate constants are much larger for both the channels as compared

to other three reactions. The rate constant of the D + LiD reaction is smallest

owing to a larger reduced mass of this system.

3.3 Summary

We presented a detailed theoretical account of the H + LiH reaction dynamics on a

new improved ab initio PES [35]. The early barrier in the reagent (H + LiH) valley

and late well in the product (Li + H2) valley are found to be absent on this PES.

The dynamics calculations are carried out with the aid of a time-dependent WP

method. The results are compared with the time-dependent quantum mechanical

results of Padmanaban et al. obtained on a semi-empirical PES (DMJ PES) and

also with the available recent literature data. While the present results are in very

good accord with the available results from the recent literature, they deviate

significantly from the earlier quantum mechanical findings on the DMJ PES. The

major findings of the present investigations are the following.

1. The reactivity of the LiH depletion channel is far greater than that of the

H-exchange (LiH formation) channel. This is in accord with the findings in

the current literature.

2. Reactivity of both the LiH depletion and the LiH formation (H-exchange)

channel decreases with rotationally hot reagent LiH. The exchange reactiv-

ity is at least ten times lower than the depletion reactivity.

3. While the vibrational excitation of the reagent LiH decreases the reactivity

of the depletion channel, the same increases the reactivity of the H-exchange
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Figure 3.10: Rate constant as a function of temperature of the H + LiH (v = 0, j
= 0) reaction and its isotopic variants shown by the different line types indicated in
panel a. The rate constant values of the depletion and exchange channel are shown in
panel a and b, respectively.
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channel.

4. The rates of the depletion channel is much larger than that of the ex-

change channel. The present reaction rates calculated employing the most

accurate PES available on this system elegantly fit to a formula, k(T ) =

1.627×10−10cm3s−1×(T/300K)0.502exp[−T/5367K], for the depletion chan-

nel. Considering the high accuracy of the present rate constant data, the

above analytical equation is expected to be valuable for important astro-

physical applications.

5. Isotopic substitution revealed that the reactivity of the D + LiH reaction

is largest. This is in accord with recent quasi-classical trajectory results.

Lower translational kinetic energy of the D atom (compared to the H atom)

at a given energy causes an efficient transfer of energy to the internal degrees

of freedom of the LiH molecule and increase the reactivity.

Finally it is gratifying to note that the above findings are in accord with the

conjecture that the LiH molecules are efficiently destroyed by collision with ubiq-

uitous H atoms in the astrophysical environments.



Chapter 4

Quantum dynamics of H + LiH+

reaction on its electronic ground

state

4.1 Introduction

The initial state selected reaction dynamics for the H + LiH+ reaction on its

electronic ground PES is studied by a time dependent wave packet (TDWP)

method described in chapter 2. The initial state selected and energy resolved

reaction probabilities, integral reaction cross sections and thermal rate constants

of the H + LiH+ reaction are presented and discussed in this Chapter. The effect

of reagent rotational excitation (v = 0, j = 0 - 4) is also discussed. As discussed

in the chapter 1 [page 14], the collision dynamics in the thermal conditions on

the ground electronic PES may proceed through the following four paths

(i) H2 + Li+ (depletion, R1),

(ii) LiH+ + H (exchange, R2),

67
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(iii) H + LiH+ (non-reactive, NR) and

(iv) H + H + Li+ (collision-induced-dissociation, CID).

The first two paths (R1 and R2) are the reactive paths and because of low binding

energy of the reactant LiH+ molecule (D0 ≈ 0.112eV ), the reagent has a high

possibility to dissociate. In fact, in thermal collision CID is the major competing

channel [47,54].

The channel specific reactive probability is calculated by comparing the in-

ternuclear distance of the product diatom. The H2 formation channel R1 is pop-

ulated when dH2 < dHLi+ (where d is the internuclear distance), otherwise the H

exchange channel R2 is populated. Since the CID channel is a major competing

channel in the dynamics and since both the reactive and dissociative flux proceed

through the same dividing surface, we minimize the contribution of CID flux into

the reactive one by discarding the WP flux having dH2 > 4.2 a0 from R1 and

dLiH+ > 9.1 a0 from R2. These are the distances which represent approximately

the dissociation threshold of the respective diatomic potential energy function

estimated from the employed PES in this study. Admittedly, this is the only

strategy than can be adopted in the Jacobi coordinate framework. This may

however appears crude, but nevertheless this strategy does discards considerably

the CID flux flowing into both the reactive channels. Despite the best efforts

made to prevent the flow of the dissociative WP flux into the reactive channels,

there may still remain some minor contribution as the CID seems to be a major

channel in this reaction.
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4.2 Results and discussion

The reaction probabilities are calculated up to a collision energy of 1.0 eV. The

convergence of the result is checked with respect to the numerical grid parameters

listed in Table 4.1. It is found that the reaction dynamics is quite sensitive

to the choice of the location of the dividing surface in the asymptotic product

channel. We tried with several choices and finally fixed the dividing surface at

r=10.5 a0 which yields the best converged results along with the other numerical

parameters given in Table 4.1.

The channel specific total reaction probabilities as a function of collision en-

ergy are plotted in figure 4.1 for a few representative values of the total angular

momentum, J = 0, 10, 20, 40, 60 and 90. The probabilities of the LiH+ depletion

channel (R1) and the hydrogen exchange channel (R2) are shown by the solid

and dotted lines, respectively whereas, the total reaction probability (R1 + R2)

are shown by the dashed lines. Since the reaction is intrinsically barrierless it

proceeds without any threshold as can be clearly seen from the J=0 reaction

probability curves. For higher J values the reaction develops a threshold orig-

inating from an increase in the height of the centrifugal barrier and hence the

onset of the reaction probability curve shift towards the higher collision energy.

The centrifugal potential term (Vcent =
~2[J(J+1)]−2K2

2µR2 ) adds a barrier to the PES

and the height of the barrier increases with J . Sharp resonance structures at

low energies for both R1 and R2 channels are found in figure 4.1 which implies

the formation of metastable complex during the course of the reaction. The res-

onances are less prominent at higher energies, revealing a more direct nature of

the collision dynamics. The LiH+ depletion channel (as can be seen from figure

4.1) is preferred over the hydrogen exchange channel for the H + LiH+ reaction.
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Figure 4.1: The probability of H + LiH+ (v = 0, j = 0,) reaction as a function of
collision energy. The probabilities of R1 and R2 channel are shown by the solid and
dotted lines, respectively. The dashed line indicate the total probability of the H +
LiH+ reaction.
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Table 4.1: Numerical grid parameters and properties of the initial wave function used
in the present study.

Parameter Value Description
NR/Nr/Nγ 256/128/48 Number of grid points
Rmin/Rmax (a0 ) 1.0/26.50 Extension of the grid along R
rmin/rmax (a0 ) 1.0/13.70 Extension of the grid along r
∆R/∆r (a0 ) 0.10/0.10 Grid spacings along R and r
rd (a0 ) 10.50 Location of the dividing surface

in the product channel
Rmask/rmask (a0 ) 21.30/11.00 Starting point of the masking function
R0 (a0 ) 18.10 Initial location of the center of the GWP

in the coordinate space
Etrans (eV) 0.5 Initial translational kinetic energy
δ (a0 ) 0.25 Initial width parameter of the GWP
∆t (fs) 0.135 Length of the time step used in the WP

propagation
T (fs) 540 Total propagation time

Reaction probabilities of both R1 and R2 channels decrease with increasing

J . It can be seen from figure 4.1 that within the given collision energy range of

∼ 0.02 eV - 1.0 eV, the exchange channel makes negligible contribution beyond

J=40. Therefore, for higher angular momentum the reactivity of the H + LiH+

system is governed by the depletion path. Resonances also become less prominent

for higher J values.

The J-dependence of the degeneracy (2J +1) weighted reaction probability for

the R1 and R2 channels at a collision energy of 1.0 eV are plotted in figure 4.2.

Partial wave contributions up to J = 95 and J = 36 were found to be necessary to

obtain converged reaction cross section for the R1 and R2 channels, respectively.

It can be from the figure 4.2 that the weighted probability value initially increases

with J and then decreases at higher values of J . The initial increment here is
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Figure 4.2: Weighted partial wave contribution to the integral cross section of the
R1 and R2 channels at 1.0 eV collision energy for the H + LiH+ reaction.

due to the (2J + 1) degeneracy factor and the diminution in the later part (large

J value) is due to the shift of the reaction threshold caused by the centrifugal

barrier. The initial state selected and channel specific cross section as a function of

collision energy of the H +LiH+ reaction are shown in the figure 4.3 (a-b). These

are integral cross sections represent a weighted sum of the reaction probabilities

over different partial wave contributions [-min(j, J)6 Ω 6+min(j, J)] calculated

by using the Eq. 2.52 [chapter 2, page 42]. The reaction cross sections are

calculated for v = 0 and j = 0−4 of the reagent LiH+ and are shown by different

line types indicated in panel a. The reaction cross sections are converged for

the lowest collision energy of ∼ 0.02 eV. Analogous to the observations made for

the neutral H + LiH reaction , the cross sections for the H + LiH+ reaction for
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the R1 channel generally decrease with increasing collision energy. For hydrogen

exchange channel (cf. figure 4.3(b)) the cross section show some increase for

the intermediate collision energies (∼ 0.2-0.4 eV), then decreases with further

increase in collision energy. With reagent rotational excitation the cross sections

decreases for both the channels. The disruption of the preferred geometry with

reagent rotation probably causes this diminution of reactivity [95]. The resonance

oscillations seen in the reaction probability curves of figure 4.1 average out with

different partial wave contributions in the reaction cross sections. The reaction

cross sections of the LiH+ depletion channel are much larger than the hydrogen

exchange channel for any given initial state (v = 0, j = 0 - 4) of the reactant.

This is in accordance to the findings on the H + LiH reaction presented in the

previous chapter (Chapter 3). The reaction cross sections obtained by a three-

dimensional QCT calculations are extracted from Ref. [54] and compared with

our v = 0, j = 0 results in the inset of figure 4.3(a-b). The QCT and the present

quantum mechanical results are shown by the dashed and solid lines, respectively.

It can be seen that the overall trend of variation of cross section with energy is

similar in both cases, although their magnitude differs.

Thermal rate constants for the H + LiH+(v = 0, j = 0−4) are calculated up to

10000 K within the CS approximation. The state selected thermal rate constant,

kvj(T), calculated with the aid of Eq. 2.54 are shown in figure 4.4(a-b). Rate

is found to increase with temperature, reaches a maximum and then decrease

with further increase of temperature. Similar to the trend of cross section, kvj(T)

shows a decrease with increasing j for both the R1 and R2 channels.

The Boltzmann averaged (over j = 0−4) thermal rate constants of the depletion

and exchange channel are shown in figure 4.5. It can be seen that the depletion
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LiH+ reaction. The rate constant for the depletion channel is fitted to the empirical
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rates are higher than the exchange rates for any given temperature.

The depletion rate constants for the reagent LiH+ are fitted to the functional

form, k(T ) = a1
(

T
300

)a2 exp(− T
a3

)
as proposed by Stancil et al. [14] in their

kinetic model of primordial lithium reaction. Rate constant values obtained from

the fit are included in panel a of figure 4.5 and shown as dotted lines. We obtained

values a1=4.16106×10−10cm3s−1, a2=0.397502, a3=6953.43 K as compared with

the corresponding value a1=3.0×10−10cm3s−1 estimated by Stancil et al. [14].

4.3 Summary

Quantum dynamics of H + LiH+ reaction is studied employing the ab initio PES

developed by Martinazzo et al. [41]. A time dependent wave packet approach

within the CS approximation is undertaken and state selected reaction probabil-

ity, integral reaction cross section and thermal rate constant are reported. Effect

of reagent rotational excitation is also discussed. Effort is made to minimize the

contribution of low energy CID channel into the reactive dynamics. The prime

observation of this study are follows

1. The LiH+ depletion reaction is found to be more favoured over the H ex-

change path.

2. Rotational excitation of the reagent causes a demotion of reactivity for both

LiH+ depletion and H-exchange processes.

3. The LiH+ molecule is destroyed by collision with H and this LiH+ depletion

processes proceed through a fairly high rate.



Chapter 5

H + LiH collision dynamics at

ultracold temperature conditions

5.1 Introduction

Interaction of atoms and molecules at low collision energy has drawn consider-

able attention of researchers in chemical reaction dynamics during the past several

years [89, 99–128]. In fact, with the emergence of modern techniques it is now

possible to study the molecular interactions and chemical reactions, experimen-

tally, at mili Kelvin temperature range [99–101]. In such situations the dynamics

is solely controlled by quantum effects and any tiny perturbation can influence

the scattering processes resulting changes in the dynamical outcome. In this ul-

tracold temperature conditions, the de Broglie wavelength associated with the

colliding particles is extremely large and the long-range part of the interaction

potential play the crucial role in the dynamics. In such exotic temperature con-

ditions the internal energy of the reactants is the driving force for the reaction

to proceed. Because of the slow movement of the reagents they interact with

78



5.1. Introduction 79

each other for a sufficiently long time which leads to an efficient transfer of en-

ergy among reagents and products. In fact, the dynamics at ultracold conditions

is constrained by the internal energy and the internal angular momentum con-

version effect. It is found that quasi-resonant vibration-rotation (QRVR) trans-

fers in atom-diatom systems [102] and quasi-resonant rotation-rotation (QRRR)

transfers and quasi-resonant vibration-vibration (QRVV) transfers in molecule-

molecule systems [103–106] occur with high efficiency at ultracold temperature

regime. It was found that the cross section and rate of elastic, inelastic and

reactive collisions are by and large insensitive to the finer details of the interac-

tion potentials and follow the Wigner threshold law in the limit of zero collision

energy [88].

In this chapter, the H + LiH collision dynamics on the electronic ground PES

constructed by Wernli et al. [35] is studied, at cold and ultracold temperature

condition by utilizing the ‘ABC quantum scattering program’ of Skouteris et

al. [55]. The lowest and highest collision energy considered here are 10−9 eV

and 0.01 eV, respectively. Initial state selected probability as well as state-to-

state probability, integral cross section and rate constant are calculated for the

various mechanistic paths of the H + LiH collision processes. The effect of reagent

vibrational excitation at this exotic temperature condition is also discussed along

with a comparison with the same studied at thermal conditions (cf. Chapter 3).

The possible scattering path for the H + LiH reaction on its electronic ground

state includes R1, R2, NR processes [page 11]. This NR and R2 channels lead to

the same product diatom (LiH) and in the present quantum mechanical calcula-

tions they can not be distinguished clearly rather they are collectively attributed

to two processes - elastic and inelastic.
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Therefore, the H + LiH collision dynamics is studied here for the following

three mechanistic pathways:

1. H + LiH(v j) → Li + H2(v
′ j′) (LiH depletion)

2. H + LiH(v j) → H + LiH(v j) (Elastic collisions)

3. H + LiH(v j) → H + LiH(v′ j′) (Inelastic collisions).

At this point it is noteworthy that special care must be taken to study the

dynamics at ultracold temperature conditions. The interaction potential at the

asymptomatic region of the PES must be negligibly small compared to the col-

lisional energy, which itself is very small. Hence any tiny contribution from the

long range part of the interaction potential can not be ignored in the ultracold

condition.

5.2 Results and discussion

To calculate the dynamical observables by using ‘ABC program’ one needs to

ensure the convergence of the various numerical parameters involved in the cal-

culations. Extensive test calculations are performed to obtain the convergence

in this study. The maximum value of the internal energy (Emax) and the maxi-

mum value of the diatomic rotational quantum number (jmax) controls the size

of the basis set. At a collision energy ∼ 10−9 eV, convergence is achieved for the

state-to-state probability within 1% by using Emax = 2.0 eV and jmax = 25. For

collision energies higher than 10−4 eV, convergence is achieved for a maximum

hyper radius, ρmax = 50 a0 and integration step size ∆ρ = 0.01 a0 . However, for

collision energies below 10−4 eV increasingly large ρmax values were required for
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the convergence. At this point we mention that reactive and inelastic components

converge much rapidly than elastic component and the convergence of the elastic

component turns out to be computationally very expensive. It is found that for

collision energies of ∼ 10−9 eV, ρmax = 227 a0 and ∆ρ = 0.005 a0 are required to

obtain converged results. These lead to a convergence of the elastic component

within a deviation of ∼ 5%. The basis set corresponding to these parameters

involves 925 rovibrational functions.

Initial state selected energy dependent total probabilities of the reactive (LiH

depletion), elastic and inelastic processes for the H + LiH (v = 0 - 1, j = 0)

scattering at total angular momentum J = 0, calculated by using the TIQM

framework described in chapter 2 are presented in figure 5.1. Here the reactive,

elastic and inelastic probabilities are shown by black, blue and red colour lines,

respectively. The solid and dotted lines represent the probabilities for the initial

vibrational state (v) as 0 and 1, respectively. From figure 5.1, it is clearly seen that

the dynamics at ultracold conditions for the H + LiH(v = 0-1, j = 0) collisions is

dominated by the elastic collision processes. It can also be seen from this figure

that with increasing collision energy the elastic collision probability decreases

whereas, the reactive and inelastic (for v = 1) collision probability increases and

becomes dominant at thermal conditions. The inelastic process for the H + LiH(v

= 0,j = 0) collision is purely endothermic and hence, do not occur at ultracold

conditions. This inelastic channel is found to open only beyond the collision

energy ∼ 0.0018 eV. This is because the minimum energy required to rotationally

excite the reagent (from v = 0,j = 0 to v = 0,j = 1 level of LiH) is ∼ 0.0018 eV.

This type of constraint in energy conservation is absent for the inelastic processes

to occur in case of H + LiH(v = 1,j = 0) scattering as the lower vibrational level (v
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= 0) is energetically accessible for this case. The H + LiH(v = 1,j = 0) scattering

leads to a vibrationally cold LiH molecule at low collision energy via inelastic

collision processes. It is also seen from the figure 5.1 that elastic probability

decreases a little with vibrational excitation of the reagent LiH from v = 0 to v =

1 state at ultracold conditions. Contrary to the observation at thermal conditions

[presented in chapter 3, page 52], the LiH depletion probability is found to increase

with vibrational excitation of the reagent at ultracold conditions. It can also be

seen from the figure 5.1 that at relatively higher collisional energy (∼ 0.0017

eV), which is in the thermal range, the vibrational excitation causes a diminution

of reactivity. The enhanced reactivity with reagent vibrational excitation may

be attributed to the fact that the excitation of reagent vibration increases the

number of accessible product states and the slowly moving reagent can therefore

efficiently move into the product channel. With increasing collision energy, the

velocity of the reagent increases. In such conditions the presence of late barrier

in the PES (which is absent in this system) enhances the reactivity [96].

Vibrational and rotational populations of the product H2 molecule formed via

LiH(v = 0-1, j = 0) depletion path at the collision energy of 10−9 eV and 0.01 eV

are presented in figure 5.2 to figure 5.5. State-to-state probabilities of the H +

LiH(v = 0 , j = 0) depletion reaction, calculated at the collision energy of 10−9

eV and 0.01 eV, are shown in figure 5.2(a-b) and figure 5.3(a-b), respectively,

whereas, the same for the H + LiH(v = 1, j = 0) are plotted in figure 5.4(a-b)

and figure 5.5(a-b), respectively. In these figures, the vibrational populations are

shown in panel (a) and the rotational populations in each of the energetically

open vibrational levels of product H2 are presented in panel (b). It can be seen

from figure 5.2(a), that even at collision energy as low as 10−9 eV the yield of the
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Figure 5.2: State-to-state probability of H + LiH(v = 0, j = 0) −→ Li + H2

(v′, j′) reaction at a collision energy 10−9 eV. The product vibrational and rotational
excitations are shown in panel a and b, respectively.
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Figure 5.3: Same as figure 5.2, at a collision energy 0.01 eV.
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Figure 5.5: Same as figure 5.4 but at the collision energy 0.01 eV.

product H2 molecules in excited vibrational levels is significant. The population

of H2 molecules is predominant in the v′ = 3 vibrational level. Formation of

vibrationally and rotationally hot H2, reduces the energy gap between reactant

and product. Thus exothermicity of the reaction is partially utilised to excite the

product ro-vibrational levels.

From panel b of figure 5.2, it can be seen that a wide range of rotational levels

of H2 are populated at this ultracold conditions. Formation of H2 at various

rotationally excited levels are determined by the anisotropic interaction between
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H and LiH along with a competition between rotational angular momentum and

internal energy. Conservation of internal energy requires the product to be formed

in a rotational level which has the internal energy closest to that of reactants.

This means, for an exothermic reaction, like the one studied here, conservation of

internal energy leads to the formation of rotationally hot product. This causes a

large deviation of energy due to orbital angular momentum. On the other hand,

conservation of orbital angular momentum requires the product to be formed in

the same rotational level as that of reactant. A compromise between the two

factors cause the maximum population of H2 at modest rotationally excited level

at 10−9 eV collision energy for the H + LiH (v = 0, j =0) reaction.

The pattern of ro-vibrational distribution of product is qualitatively different

for the reagent in the v = 1 level compared to v = 0 level. Vibrational excitation of

the reagent (LiH) increases the exothermicity of the reactions and also increases

the number of energetically accessible ro-vibrational product channels for the

reagents to transform to product. From figure 5.4(a), it can be see that the

H2 molecules are forming in the vibrational levels v′ = 0 - 4, with dominant

population in the v′ = 1 and v′ = 3. It can also be seen from figure 5.4(b) that

the tendency to form rotationally hot H2 is relatively more for reagent at v = 1

level than the reagent at v = 0 level.

The initial state selected elastic, inelastic and reactive (LiH depletion) cross-

sections and non thermal rates for the H + LiH(v = 0 - 1,j = 0) collisions for

the total angular momentum J = 0 are plotted as a function of collision energy

in figure 5.6(a) and 5.6(b), respectively. Similar to figure 5.1 the LiH depletion,

elastic and inelastic processes are identified by black, blue and red colour lines,

respectively, and the reagent vibrational states 0 and 1 are distinguished by solid
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Figure 5.6: The initial state-selected energy dependent cross sections (panel a) and
rate constant (panel b) for the elastic, inelastic and LiH depletion process for H + LiH
(v = 0 - 1, j = 0) collisions at the total angular momentum J = 0.
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Table 5.1: The value of the real part (α) and imaginary part (β) of the scattering
length for the initial vibration level v = 0 and 1 for H + LiH(v,j = 0) scattering.

v α (Å) β (Å)
0 -0.68 49.57
1 -0.19 47.87

and dashes line types, respectively. The J = 0 cross sections are calculated by

using the equations 2.47(a-c) [see page 40]. The non-thermal rate constants are

then obtained by multiplying the J = 0 cross sections by the magnitude of velocity

of the reagents. From figure 5.6(a-b), it can be seen that the Wigner threshold

starts at ∼ 10−7 eV. Below this energy elastic cross section as well as reactive

and inelastic rate become invariant with collision energy. It can also be seen from

the figure 5.6 that the energy dependent cross sections for inelastic (for v = 1)

and reactive processes vary linearly in the logarithmic scale with a slope of, −1

2
Å2/eV. Here it is noteworthy that for any vibrational level (v) of the reagent with

j = 0 and total angular momentum J = 0, one always have l = 0. This means,

for j = J = 0, the collision leads to purely s-wave scattering. For the s-wave

scattering the inelastic and reactive cross section varies as inverse square root of

collision energy whereas rate of the elastic process changes as the square root of

energy [88].

The scattering lengths of the H + LiH(v = 0 - 1, j = 0) collisions are calculated

by using the relations 2.51(a-b) and are presented in table 5.1. A negative value

of α is obtained for both v = 0 and 1 reactant states. This indicates nonexistence

of bound or quasi bound state near the threshold as the the existence of bound

or quasi bound state near the threshold leads to a large positive value of α [26].
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Figure 5.7: The effect of total angular momentum J on the probability of H + LiH(v
=0, j=0) → Li + H2 process (panel a). The initial state selected LiH depletion cross
section, calculated by considering the contribution from partial waves J upto 16, is
shown in panel b.



5.2. Results and discussion 92

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
110

-11

10
-10

T/K

R
at

e(
k 00

) [
cm

3 s-1
m

ol
ec

ul
e-1

]

Figure 5.8: Initial state selected rate constant for the H + LiH (v =0, j=0) → Li
+ H2 reaction plotted as a function of temperature in a logarithmic scale. The rate is
found to have a constant value of ∼ 1.84 × 10−11 cm3s−1molecule−1 below ∼ 1.0 K.

The energy dependent probability of LiH depletion processes for J > 0 is cal-

culated for the H + LiH(v= 0, j=0) collision and are shown in figure 5.7(a).

The probability curve develops a barrier with increasing J originating from the

increase in angular momentum barrier. It can also be seen that at ultracold condi-

tions only J = 0 partial wave contributes to the dynamics of H + LiH(v= 0, j=0)

collision. These findings confirms that s-wave scattering is the only mechanism

at ultracold conditions.

The initial state selected integral cross section is then calculated by averaging

all the partial wave contributions necessary within the calculated range of collision

energy and is shown in figure 5.7(b). It is found that consideration of partial wave

contributions upto J = 16 is sufficient for the present calculation. As expected,
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the integral cross section is found to follow the Wigner law in the lower part of

the energy diagram where only s-wave contributes, and the slope of cross section

vs. collision energy curve is −1

2
Å2/eV.

The initial state selected thermal rate constant for the reactive processes of the

H + LiH(v = 0,j = 0) collision is then calculated with the aid of equation 2.54

and by utilizing the cross section data presented above. The results are shown in

figure 5.8 in a logarithmic scale. Below ∼ 1.0 K temperature, the rate constant

becomes invariant with temperature. At the low temperature LiH(v = 0,j = 0)

depletes with a rate of ∼ 1.84 × 10−11 cm−3s−1molecule−1 in collision with H.

5.3 Summary and outlook

H + LiH(v = 0 -1,j = 0) collision dynamics is studied at the cold and ultracold

temperature conditions by utilizing the ‘ABC reactive scattering programme’ [55].

The collision dynamics is examined here within the collision energy range of 10−9

eV to 0.01 eV. The probability, integral cross section and energy dependent rate

constant of the elastic, inelastic and reactive (LiH depletion) processes are re-

ported for s-wave scattering (J = 0). The initial state-selected reaction cross

sections and thermal rate constants are also calculated for the reactive LiH deple-

tion path by including the partial wave contribution for total angular momentum

upto J = 16. The major findings of this chapter are the following.

1. Contrary to the observation at thermal conditions, the LiH depletion pro-

cess is dominated by elastic collision.

2. Vibrational excitation of the reagent increases the depletion probability.

The reverse effect was observed at thermal conditions.
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3. Vibrationally and rotationally excited H2 are found to form through the

LiH depletion processes. Even at the lowest collision energy of 10−9 eV

rotationally hot product (H2) forms. Population of product H2 at higher

rotational levels, as large as j′ = 17 with v′ = 0, was observed.

4. The real part of the scattering length has a small negative value. This

indicates the absence of any bound or quasi bound state near threshold.



Chapter 6

H + LiH+ collision dynamics at

ultracold temperature conditions

6.1 Introduction

In this chapter we attempt to understand the H + LiH+(v = 0, j) collision dy-

namics at the cold and ultracold temperature conditions on its electronic ground

PES [41], employing a time-independent quantum mechanical methodology as

implemented in the ABC scattering program module by Skouteries et al. [55].

State-to-state probability, integral cross section and energy dependent rate con-

stant (for s-wave scattering) for the LiH+ depletion/retention processes are cal-

culated. Integral cross sections and thermal rates are also reported for the LiH+

depletion channel by including the contributions of all partial waves of the total

angular momentum upto J = 18. Large vibrational and rotational excitation of

the product H2 molecules via LiH+ depletion path is found at the lowest colli-

sion energy of 10−9 eV considered in this work. At such low energies validity of

Wigner threshold law [88] in the collision dynamics is also established. The prob-
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able paths for the H + LiH+ scattering on its electronic ground state includes R1,

R2, NR and CID processes [page 14]. But, at the cold temperature conditions,

the contribution of the CID channel is insignificant because of the unavailability

of sufficient energy necessary for three body dissociation. Now, the NR and R2

channels can be distinguished, in principle, based on the arrangement of the nu-

clei, but in some sense these two channels are identical as they leads to the same

products and in this quantum mechanical calculations they can not be cleanly

separated. These two channels collectively yield the LiH+ retention probability

and are associated with two processes - elastic and inelastic.

Therefore, in this study of the H + LiH+ collision dynamics we focus on the

following processes:

1. H + LiH+(v j) → H2(v
′ j′) + Li+ (LiH+ depletion)

2. H + LiH+(v j) → H + LiH+(v j) (Elastic collisions)

3. H + LiH+(v j) → H + LiH+(v′ j′) (Inelastic collisions)

In order to ensure the convergence of the results with respect to various parame-

ters for the total angular momentum J = 0, extensive test calculations are carried

out. As state-to-state probabilities, cross sections and rates are of primary inter-

est in the present study we tried to optimize the individual S-matrix elements.

For collision energies higher than 10−4 eV, convergence is achieved for a maximum

hyper radius, ρmax = 50 a0 and integration step size ∆ρ = 0.01 a0 . However,

for collision energies below 10−4 eV increasingly large ρmax values are required

for the convergence of the results and it turns out to be computationally very

expensive. We find that for collision energies of ∼ 10−9 eV, ρmax = 300 a0 and

∆ρ = 0.001 a0 are required to obtain converged results. The maximum value
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of the internal energy in any channel also plays important role in the conver-

gence behaviour. We find that, Emax = 0.13 eV yields the best converged results.

This Emax value is very close to the LiH+ dissociation energy (De), of ∼ 0.13869

eV [47]. The use of Emax = 0.13 eV opens up 31 rotational channels and all of

them are included in the present calculations. Considering all three paths (R1,

R2 and NR) a total of 384 channels are included altogether in the calculations in

order to obtain converged results.

6.2 Results and discussion

The total probabilities [calculated using Eq. 2.45] of reactive, elastic and inelastic

scattering as a function of collision energy of the H + LiH+ (v = 0, j = 0) colli-

sional system for J = 0 are presented in figure 6.1 and distinguished by different

line types indicated in the panel. It is interesting to note from figure 6.1 that the

elastic collision probability (leading to LiH+ retention) dominates at the ultracold

temperature regime. However, with increasing collision energy the LiH+ deple-

tion probability increases and becomes the dominant event at cold and thermal

conditions. It can be seen from figure 6.1 that the inelastic channel leading to

internally excited LiH+ remains closed at the ultracold temperature conditions.

The sum of the three probabilities presented in figure 6.1 at cold and ultracold

temperatures equals to ∼ 1.0. This unitarity reveals that the CID channel that

dominates at the thermal condition (as discussed in chapter 4) remains closed

at the cold and ultracold conditions. This is expected result as in the limit of

zero collision energy the contribution from the CID process should be vanishingly

small.
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In order to assess the contribution of the open vibrational and rotational levels

of the product molecules to the reactive LiH+(v = 0, j = 0) depletion probability

presented in figure 6.1, state-to-state probability values of the LiH+(v = 0, j = 0)

depletion reaction are plotted in figure 6.2(a-b) and figure 6.3(a-b) calculated at

the collision energy of 10−9 eV and 0.01 eV, respectively. In figure 6.2 contribution

to the probability from vibrationally and rotationally (within a given vibrational

level) excited product H2 is shown in panel a and b, respectively. It can be

seen from panel a that the most efficient energy transfer occurs to the v′ = 9

vibrational level of H2. The excitation to the energy levels lower than v′ = 3 and

higher than v′ = 12 is minimal. A possible explanation of this observation can

perhaps be given based on energetic considerations in the following way.

The LiH+ depletion path is collinearly dominated as obvious from the topog-

raphy of the PES shown in Ref. [47]. The reaction exoergicity is ∼ 4.36 eV along

this path. The H2 molecule supports about fifteen bound vibrational levels on this

PES (the reference zero of energy on the PES is considered to be the asymptoti-

cally separated H + LiH+ reagents) [47]. The reagents (H + LiH+) quickly slide

down the steep depletion path and cling in the shallow potential well at ultracold

temperature conditions. The large exoergicity released is efficiently transferred

to the product vibration in this situation. It can be seen from panel b of figure

6.2 that rotationally hot H2 molecules are produced for the lower vibrational ex-

citation in the limit of zero collision energy. This result is in perfect accord with

the conservation of total energy during the entire collision event. Comparison of

results of figure 6.2(a-b) with those obtained at the highest collision energy of

0.01 eV considered in this paper and presented in 6.3(a-b) reveals the following.

The product vibrational and rotational distribution remains similar in the two
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Figure 6.1: Initial state-selected probabilities (averaged over all open vibrational and
rotational states of products at the given collision energy) of the H + LiH+(v = 0, j =
0) collisions for J = 0. The probabilities of the LiH+ depletion and elastic and inelastic
components of LiH+ retention channels are shown in the figure by solid, dashed and
dotted lines respectively.



6.2. Results and discussion 100

0 1 2 3 4 5 6 7 8 9 10 11 12
0.0

0.0002

0.0004

0.0006

0.0008

0.0

1×10
-4

2×10
-4

0.0

5×10
-5

1×10
-4

0.0

5×10
-6

1×10
-5

2×10
-5

0.0

3×10
-6

6×10
-6

0 10 20 30
0.0

5×10
-8

1×10
-7

2×10
-7

v´ j´
(a) (b)

v  ́= 9

v  ́= 4

v  ́= 2

v  ́= 0

v  ́= 12

Pr
ob

ab
ili

ty

Figure 6.2: State-to-state probability of H + LiH+ (v = 0, j = 0) −→ Li+ + H2

(v′, j′) reaction at a collision energy 10−9 eV. The product vibrational and rotational
excitations are shown in panel a and b, respectively.

cases. In the latter case the probability of excitation to the v′ = 12 level of H2 is

maximum and both vibrational and rotational excitation probabilities are larger

compared to those obtained at the lowest collision energy of 10−9 eV [cf. 6.2(a-

b)]. This is in accordance with the results of figure 6.1, that the total reactive

probability increases with increasing collision energy.

For the LiH+ retention processes it is observed that the initial vibrational state

of LiH+ (v = 0) is not altered by collision with H within the observed collision
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Figure 6.3: Same as figure 6.2 but at the collision energy 0.01 eV.
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energy range. The rotational states of LiH+ on the other hand alters. At very

low collision energy only the ground, j′ = 0, rotational level of product LiH+ is

populated and the collision is essentially elastic. With increasing collision energy

the rotationally excited (upto j′ = 6 within the calculated energy range) LiH+

molecules are also formed. This is consistent with the results plotted in figure

6.1. It can be seen that the LiH+ retention process is elastic at very low collision

energies. In the limit of ultracold temperature conditions the available energy

is inadequate for any further higher internal excitation of product LiH+. It can

be seen from figure 6.1 that the inelastic component of LiH+ retention appears

beyond ∼ 10−3 eV only.

The effect of rotational excitation of the reagent molecule on the depletion,

elastic and inelastic probabilities in H + LiH+(v = 0, j) collision for J = 0 and

for J = j are shown in panel a, b and c of figure 6.4 and figure 6.5, respectively. It

is noteworthy to mention at this point that for J = 0 and j = 0, the dynamics is

purely governed by s-wave scattering. It can be seen from figure 6.4 that both the

depletion and inelastic probability becomes vanishingly small for, J = 0, collisions

at the ultracold temperatures with increase in the reagent rotational excitation.

In such situations, the collision dynamics becomes purely elastic as can be seen

from panel b of figure 6.4. The increase in the height of angular momentum

barrier with rotational excitation primarily contributes to the decrease of the

depletion and inelastic probabilities. As can be seen from figure 6.1 that the

threshold of inelastic scattering occurs at higher collision energy for LiH+(j =

0). This threshold shifts to the lower collision energy with rotationally excited

reagent [cf. figure 4(c)]. For LiH+ (j = 1) this threshold occurs below ∼ 10−7

eV collision energy. This is due to the availability of lower rotational states and
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Figure 6.4: Initial state selected depletion, elastic and inelastic probabilities in H +
LiH+(v = 0, j) collisions for J = 0 shown in panel a, b and c, respectively.

enough energy to populate them in such collisions.

The initial state selected reaction probability for J = j are shown in figure 6.5.

From figure 6.5, it is clear that both the depletion and inelastic processes con-

tribute to the scattering with rotationally excited reagent LiH+ at the ultracold

temperature conditions and the dynamics no longer remains elastic as found in

figure 6.4 for J = 0. While the depletion probability decreases with increasing

rotational excitation the inelastic probability increases. With reagent rotational

excitation the availability of lower rotational levels mainly causes the increment

of inelastic scattering probability. The decrease in depletion probability with

reagent rotational excitation is a combined effect of reagent orientation effect

and competition between inelastic and reactive scattering. It is notworthy that

both s-wave and non-s-wave scattering contributes to the dynamics for j = J

and j > 0. For example for j = J = 1 the results include contribution from l =
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Figure 6.5: Same as figure 6.4 for s-wave scattering j = J .

0, 1 and 2.

The s-wave scattering cross sections calculated by using Eqs. 2.47(a-c) are

shown as a function of collision energy in figure 6.6(a). The LiH+(v = 0, j =

0) depletion cross section is shown by the solid line. The elastic and inelastic

components of the LiH+ retention cross sections are shown by the dashed and

dotted lines, respectively. It can be seen from figure 6.6(a) that the Wigner

limit [88] is reached at the ultracold temperature conditions below∼ 10−8 eV. The

elastic component of LiH
+
retention cross section exhibits the expected behaviour,

viz., σJ=0
el ∝ E0, in the limit of vanishing collision energy. In the latter energy

limit, σJ=0
re ∝ E−

1
2 , and the slope of the LiH+ depletion cross section curve is ∼

-0.50 Å2/eV.

The energy dependent rate constants (for J = 0) are plotted in figure 6.6(b).

As in figure 6.6(a), the LiH+ depletion, elastic and inelastic rates are shown by
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for the total angular momentum J = 0 plotted as a function of collision energy. Both
the elastic and depletion processes are found to follow the Wigner law [88] below ∼
10−8 eV collision energy.
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solid, dashed and dotted lines, respectively, in figure 6.6(b). The rate constants

can also be seen to exhibit the Wigner behaviour viz., σJ=0
el .v ∝ E

1
2 and σJ=0

re .v

∝ E0 in the limit of vanishing collision energy. The rate of the inelastic processes

is negligible in this energy range.

The real part of the scattering length is found to be positive and has a large

value. A value of α = 91.69 Å and β = 11.21 Å is obtained in the Wigner

regime. A large positive value of α may be an indication of the existence of a

bound or a quasi-bound state close to a channel threshold.

The LiH+ (v = 0 , j = 0) depletion probability calculated for J 6= 0 is plotted

in panel a of figure 6.7 for some selected values of J indicated in the panel. It

can be seen from this figure that the J-dependence of the probability is similar

to the ones shown in panel a of figure 6.4. In contrast to the latter, the thresh-

old of the probability curves of figure 6.7(a) shifts more rapidly to the higher

collision energy because of an increase of the height of the centrifugal barrier

with increasing J . This finding is consistent with the variation of reactive and

inelastic probabilities shown in figure 6.4. The probability curves of figure 6.7(a)

reveal that contribution of partial wave components of J > 2 is insignificant to

the collision dynamics at ultracold temperatures. In fact it can be seen that for

collision energy as low as ∼ 10−8 eV, it becomes purely s-wave scattering.

As stated before within the studied collision energy range partial wave con-

tribution for J upto 18 is found to be important. The corresponding depletion

probabilities are calculated and the integral cross sections are obtained with the

aid of Eq. 2.53. These results are plotted in panel b of figure 6.7. The slope of

this cross section curve is ∼ -0.5 Å2/eV in this limit of lowest collision energy is
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in accord with the Wigner behaviour illustrated above.

Using the cross section data presented above, the initial state-selected (v = 0, j

= 0) rate constant of the reactive processes is calculated within the temperature

range 10−5 K to 10 K with the aid of Eq. 2.54. The results are plotted in figure

6.8 in the logarithmic scale. It can be seen that the LiH+ depletion rate constant

attains a nearly constant value of ∼ 1.7376 × 10−10 cm3.s−1.molecule−1 below

the temperature of ∼ 10−4 K.

6.3 Summary and outlook

Dynamics of H + LiH+ collisions is studied at the cold and ultracold temperature

conditions by a time-independent quantum mechanical method. The collision

dynamics is examined for collision energy as low as ∼ 10−9 eV. The dynamics of

this system is proposed to have intimate connection with the Li chemistry of early

universe model. At ultracold temperature conditions LiH+ depletion and elastic

scattering mainly contributes to the collisional outcome. The probability, integral

cross section and energy dependent rate of product formation via. elastic, inelastic

and reactive (LiH+ depletion) processes are reported for s-wave scattering (J =

0). The initial state-selected reaction cross sections and thermal rate constants

are also calculated for the reactive LiH+ depletion path by including the partial

wave contribution for total angular momentum upto J = 18. The major findings

of this paper are the following.

1. The elastic scattering dominates over the reactive scattering at ultracold

temperature conditions. This means that the probability of LiH+ reten-

tion is more than LiH+ depletion at this temperature condition which is in
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contrast to the result obtained at cold and thermal conditions of temper-

ature. A similar conclusion was drawn by Bovino et al. [16] by examining

the system at low (10−4 eV) collision energy.

2. The reactive LiH+ (v = 0 , j = 0) depletion dynamics leads to the for-

mation of vibrationally and rotationally excited product H2. Vibrational

and rotational excitations as large as v′ = 12 and j′ = 30, are found at the

lowest collision energy of 10−9 eV considered in this study.

3. Rotational excitation of the reagent decreases the depletion probability.

Inelastic process increases slowly for the H + LiH+(v = 0, j) collisions at

ultracold temperature conditions with rotational excitation of the reagent

for J = j case. But for J = 0, it quenches.

4. It is found that the higher J values (> 2) do not contribute to the reaction

cross section and thermal rate constant at very low collision energy for

H + LiH+(v = 0 , j = 0) collision. This finding reconfirms that the s-

wave scattering is the only mechanism that governs the H + LiH+ collision

dynamics at the ultracold temperature conditions.



Chapter 7

Summary and outlook

The theoretical study of the collisional dynamics of LiH and LiH+ with H at

thermal and ultracold conditions is presented in this thesis. The dynamical cal-

culations are performed using ab initio state-of-the-art PESs developed by Mar-

tinazzo et al. [41] and Wernli et al. [35] for the H + LiH collision and H +

LiH+ collision, respectively. A grid based time dependent wave packet (TDWP)

method is utilised to carry out the dynamics at thermal conditions, whereas, the

dynamics studies at ultracold condition are carried out by utilizing the ‘ABC : a

reactive scattering program’ of Skouteris et al. [55], which is a time-independent

formalism. The major findings of the present work are the followings:

1. The elastic process leading to LiH/LiH+ retention dominates at ultracold

conditions. The depletion processes increases with collision energy and

at some higher collision energy, becomes the dominant path. In fact at

thermal conditions, the LiH/LiH+ depletion leading to the formation of H2

dominates the other channel.

2. The vibrational excitation of the reagent (LiH) increases the reactivity of

111
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LiH depletion channel at ultracold conditions but diminishes the same at

thermal condition. At thermal conditions , the vibrational excitation of the

reagents reduces the reactivity of the LiH depletion channel but enhances

the reactivity of H-exchange channel.

3. Rotational excitation of reagents is found to reduce the reactivity for both

H + LiH and H + LiH+ collisions.

4. At very low collision energy, as low as ∼ 10−9 eV, the formation of product

H2 molecules through the depletion of LiH/ LiH+, is found to have a dis-

tribution over a large range of vibrational and rotational levels.

For v = 0 and j = 0 state of the reactant, vibrational and rotational exci-

tation of the product H2 as high as v′ = 9 and j′ = 12 are found for LiH

depletion process whereas v′ = 12 and j′ = 30 are found for LiH+ depletion

process.

The distribution of H2 at relatively higher ro-vibrational levels for the LiH+

depletion processes compared to LiH depletion process is attributed to the

fact that the exothermicity of the H + LiH+ → Li+ + H2 processes is very

high (4 E ∼ 4.2 eV) compared to H + LiH → Li + H2 processes (4 E ∼

2.8 eV).

5. Both LiH and LiH+ depleted efficiently by the collision with abundant H.

6. The rates of the depletion channel is much larger than that of the ex-

change channel. The present reaction rates calculated employing the most

accurate PES available on this system elegantly fit to a formula, k(T ) =

a(T/300K)bexp[−T/c], for the depletion channel. Considering the high ac-

curacy of the present rate constant data, the above analytical equation is

expected to be valuable for important astrophysical applications.
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To this point we conclude by saying that the present study points to some

interesting topic which may be investigated in the near future.

1. The qualitative idea of dynamical outcome from the nature of underlying

PES may be revisited. A detail study is required to have a generalised

qualitative prediction about the effect of reagent vibrational and rotational

excitations on the dynamics of atom-diatom collisions.

2. Constructions of PES and necessary dynamics calculations may be at-

tempted for a few excited PES of H + LiH and H + LiH+ collisional systems

to have a better and details understanding of the Li chemistry in early uni-

verse.
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