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Preface

Liquid crystals are soft materials that continue to excite technologists and sci-

entists due to their easy-to-manipulate features arising from their susceptibility

(sensitivity) to external influences. They exhibit notable anisotropy in their mag-

netic, electrical and optical properties due to the crystal-like behaviour originating

from long range orientational order. On the other hand partial or no positional

order endows them with liquid-like flow properties. The simplest of the various

phases in this class is the nematic phase where the constituent molecules align ori-

entationally on an average along an apolar director n = (−n), with an isotropic

distribution of their centers of masses. Such phases are typically formed in me-

dia hosting molecules with highly anisotropic polarizabilities, interacting primarily

through van der Waals-type and steric interactions.

Liquid crystals forming uniaxial nematic phase (from rod-like or disk-like molecules)

with cylindrical symmetry about their director are found to be extremely feasible

for display devices. For most of the practical purposes such as the measurement of

their properties for characterization, or for technological applications, liquid crys-

tals are confined to limiting surfaces. Nematic films are the most common amongst

confined liquid crystal systems because of their simpler geometry for experiments

and applicability in the display devices. They are suitable for studying anchoring

effects of the confining substrates and the elasticity of the medium. Films with

agreeable, hybrid or conflicting anchoring influences at both the substrates come

handy for many different applications.

Biaxial nematics formed by constituents (lath-like molecules) of similar symmetry

(wherein the phase no more has a cylindrical symmetry), was conceived and pre-

dicted both by molecular mean-field and Landau theory-based approaches, as well

as by computer simulations. To date, the phase remains unarguably realized only

in lyotropic systems where the solute concentration determines the phase proper-

ties. Since such a control parameter is practically inconvenient for applications,

an irrefutable experimental realization of a biaxial phase in thermotropic liquid

crystals, stable over a reasonable temperature range, can set a breakthrough in liq-

uid crystal research and in technology-based applications, such as energy-efficient

display devices with in-plane switching.

v
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Another class of materials which is gaining momentum is the colloidal nematics

where surfactant coated colloidal particles of nano- to micrometer range are dis-

persed in a nematic liquid crystal host. The particles are observed to self-assemble

to form robust colloidal crystalline structures with binding energies which are 100-

1000 kBT times larger than those with particles or nematic droplets in an isotropic

host like water. Here the van der Waals interactions of the particles are typically

screened out within distances of the order of molecular length scales, and the dom-

inant interactions of the particles with the anisotropic medium is via the surface

forces brought in by the orientational anchoring on their surfaces. The particle

inclusions produce director deformations in the host liquid crystal, giving rise to

defects in the orientational field called disclinations. These curvature elasticity-

mediated interactions thus result in fascinating metamaterials that are of interest

from a topological point of view, as well as for applications such as in photonic de-

vices, due to their larger interstitial spacing comparable to that of the wavelength

of light.

Computer-based simulation experiments with appropriate Hamiltonian models

have emerged as a powerful branch in scientific research to substantiate and com-

plement laboratory-based experimental observations, validate proposed theoretical

models, as well as to predict in favourable circumstances new physical phenomena.

The choice of the simulation technique of course depends on the actual physical

process of interest, based on the time and length scales of the system under study.

In this thesis we employ Monte Carlo simulation methods based on Boltzmann

and non-Boltzmann sampling methods to study various liquid crystalline systems.

Alongside their impressive success in extracting physical features of the systems,

these methods could also pose limitations with respect to the manipulation of

different control parameters, or when pressed into service to deal with complex

systems. This urges for the need to extend or adapt the current computational

techniques suitably, so as to provide means to handle such cases reasonably satis-

factorily.

In this context, the present work attempts to investigate some of these interesting

liquid crystalline systems using Monte Carlo simulation methods. This includes
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a detailed investigation of the stable and permissible director structures in a ne-

matic film using canonical Boltzmann sampling method as well as entropic sam-

pling method. This study necessitated development of a new sampling method,

guiding a uniformly distributed random walk along another reaction coordinate,

the order parameter. This turned out to be successful in visiting rare regions of the

microstate space which are compatible with the imposed experimental conditions,

but inaccessible by other methods. This sampling method is further extended to

study bulk uniaxial and biaxial nematic systems to examine qualitatively different

and rare fluctuations of the equilibrium states. Another problem of interest is the

study of the effect of an external field on the isotropic-nematic transition in a uni-

axial system with special interest in the low field regime, using entropic sampling

method to achieve the required very high resolution with respect to high temper-

ature. The study is subsequently extended to a biaxial nematic system keeping

in view the curious effects of the external field on the phase transition tempera-

tures depending on the choice of the interaction parameters. Lastly, we simulate

a colloidal nematic system to understand the behaviour of a colloidal particle in

the vicinity of a nematic disclination using Boltzmann simulation method. This

study, involving distinct time and length scales, required adaptation of the single

spin-flip algorithm to encompass local director equilibration process. Presentation

of the results of these investigations in the thesis is organized in seven chapters.

The first chapter introduces liquid crystal physics relevant for the work. This in-

cludes the description of uniaxial and biaxial nematic phases and a brief review

of the important theories associated with the phase transitions involved. Elas-

tic distortions in the nematic medium and the effect of external influences due

to surface anchoring and bulk fields are discussed. Discussion on nematic discli-

nations and topological effects in colloidal nematic systems are briefly presented.

The chapter concludes by introducing the model Hamiltonians used in the simula-

tions, describing these phases and associated phenomena. We use Lebwohl-Lasher

model which is a lattice discretized form of Maier-Saupe potential for the in-

teraction between uniaxial constituents. While studying the biaxial systems, a

three-parameter Hamiltonian based on the interactions between the uniaxial and

biaxial orientational tensor components of the constituents with D2h symmetry is
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used. The second chapter describes various Monte Carlo techniques employed to

study the statistical physics of our systems. In particular, conventional Metropolis

algorithm-based Boltzmann sampling method, and the newer non-Boltzmann en-

tropic sampling-based Wang-Landau sampling method are discussed. Simulational

procedure for determining the various properties of liquid crystalline systems is

also presented.

The third chapter deals with the different director structures observed in a pla-

nar liquid crystal film confined between substrates inducing homeotropic (perpen-

dicular to the substrate surface) anchoring. In addition to the ‘trivial’ solution

predicted by continuum-based theories, we observe that at lower temperatures

the system can condense (depending on its thickness) into a qualitatively different

director structure that is stable over a wide temperature range below the isotropic-

nematic phase transition temperature. The microstate spaces of these two struc-

tures are found to be disconnected in that they remain nontraversible from one to

the other in the course of Markov chain Monte Carlo dynamics. Boltzmann sam-

pling and energy-based entropic sampling are used to investigate the system in

this respect. An order parameter-based entropic sampling method (OP-sampling)

is proposed and successfully applied to this system, to extract microstates of the

system belonging to the two different director structures, with comparable macro-

scopic parameters such as energy and order parameter. Further investigations

reveal that the two director structures are topologically distinct apparently for-

bidding a continuous transformation from one to the other.

In the fourth chapter we apply OP-sampling method to bulk nematic systems of

uniaxial and biaxial liquid crystals. Rather impressively, the method could de-

tect the presence of rare microstates, which are practically inaccessible by any

other techniques. Orientational correlations of these states are studied as a func-

tion of the order parameter, and are observed to behave distinctly from those of

the expected bulk-like behaviour. In the case of biaxial liquid crystals where the

Hamiltonian has more control parameters, correlation studies disclose the fasci-

nating qualitative diversity of microstates available within the given energy sheet.
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The fifth chapter deals with the study of the effect of an externally applied field, Ea

in bulk nematic systems. Initially a uniaxial system is subjected to Ea and its ef-

fect on the isotropic-nematic (IN) transition temperature is investigated using the

entropic sampling method. The field induces very fine shifts in the paranematic-

nematic transition temperature, TPN . This shift is seen to be linear with respect

to Ea for very small values of the field, contrary to the expectations based on the

form of the field-dependent interaction term in the Hamiltonian. These findings

are in accord with the earlier experiments, which attributed this linearity to the

quenching of director fluctuations due to the interaction of the field with the LC

molecules. Confirmation of the consequences based on phenomenological theory

with simulations involving microscopic interactions with only nearest neighbour

interactions is very satisfactory and noteworthy. We extended this work to carry

out a systematic study of the effect of an external field on a bulk biaxial system

for various sets of interaction parameters. Variation of the transition tempera-

ture to the biaxial phase is observed to be of non-universal nature with respect

to Ea, and is seen to depend on the choice of the Hamiltonian parameters. Refer-

encing this discussion to the delineation of the parameter space based on biaxial

stability criteria, the transition temperature is affected differently depending on

the uniaxial torque axis of the system vis-à-vis the direction of the applied field.

The contribution to the enhancement of the transition temperature (to the biaxial

phase) are seen to arise from the quenching of the fluctuations of the secondary

directors, associated with the corresponding minor molecular axes.

In the sixth chapter we study the interaction between a colloidal nanoparticle

and a nematic disclination, which forms the basis of a nematic colloidal crystal,

understanding of which remains rather elusive to date. Large scale simulations

with the Lebwohl-Lasher interaction are performed aiming at extracting detailed

behaviour at a nanoscale. It may be noted that simulations on such large systems

based on off-lattice, coarse-grained or atomistic model are less practical due to

computational costs. Treatment of this problem by continuum-based phenomeno-

logical approaches also faces certain difficulties due to the constraints on the lower

limit of length scales they can probe into. The conventional single spin-flip simula-

tion procedure is adapted to accommodate multiscales entering into the problem
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taking advantage of the relatively slow translational motion of a larger particle

in equilibrium in relation to the dynamics of the liquid-crystalline medium. The

disclination line is stretched by moving the colloid, as in the laser-tweezing experi-

ments, and this results in a restoring force attempting to minimize the disclination

length. From the constant-force simulations we extract the corresponding discli-

nation line-tension, and observe its decrease with increasing temperature. The

seventh chapter summarizes relevant results and conclusions arising from the re-

ported work in the thesis, and points to its plausible extensions, and ensuing open

problems, for possible future investigations.
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Chapter 1

Introduction to liquid crystalline

systems

Liquid crystals (LCs) exist in a variety of phases with a degree of molecular or-

der intermediate between the isotropic liquid and the crystalline solid. These

properties are reflected in their macroscopic behaviour, and these can easily be

manipulated by external influences, thereby imparting to them characteristics of

a representative soft matter. The interaction between molecules forming such

phases tend to align them parallel to each other thus defining an average direc-

tion for the preferred orientation of the molecules, called the director n [1, 2].

Consequently the ordered phases of LCs exhibit optical, electrical and magnetic

anisotropy. The phases are classified according to the kind of orientational order

which exists among the constituent molecules, and to the degree to which they lack

their positional order. In thermotropic LCs for which temperature is the control

parameter for the phase behaviour, orientational order is governed by the shape

of the molecule (rod, disc, lath, banana, etc.). On the other hand, the properties

of lyotropic LCs are governed by the relative concentration of the solute in the

solvent. The distinction between these two types is not complete and the materials

that exhibit both the properties are called amphotropic.

Due to their high birefringence leading to a clear manifestation of optical proper-

ties, and convenient working temperature range, LCs continue to excite scientists

and technologists for different complementing reasons. It is then not very surpris-

ing that they find versatile applications in a wide range of electro-optical devices

such as displays, temperature indicators, photonic crystals, wave guiding of light,

lasers, lenses etc. LC-polymer systems have found further use in switchable win-

dows, high modulus fibres and artificial muscles [3]. LC-colloidal systems are

becoming promising candidates for photonic crystals [4].

1



2 Chapter 1 Introduction to liquid crystalline systems

(a) (b)

Figure 1.1: (a) Two dimensional chemical structure of 5CB and (b) its three
dimensional space-filling model where white, grey and blue represent hydrogen,
carbon and nitrogen atoms respectively. The molecule is ∼ 2 nm in length, and
∼ 0.5 nm in width. It exhibits a nematic phase between 24 ◦C and 35 ◦C.

Studies towards this thesis are concentrated on LCs exhibiting nematic phase,

both uniaxial and biaxial. Nematic phases are formed by anisotropic molecules

and are characterized by long range orientational order, while retaining continuous

translational symmetry of molecular positions reminiscent of the isotropic fluid.

They lack correlation of centres of mass of molecules, but for the very short-range

molecular organization. The phase is uniaxial if only one of the axes (longest for

rod-like and shortest for disc-like molecules) of the molecules tend to be parallel,

and is biaxial if all the faces are parallel to each other leading to secondary director

axes. Most of the rod-shaped nematic materials currently in vogue consist of two

(or more) benzene rings associated with different functional groups, besides short

flexible exterior chains [3]. An example is the molecule 4-Cyano-4′-pentylbiphenyl

(5CB) which exhibits a room temperature nematic phase (Figure 1.1) is a proto-

type system, widely used due to its colourless nature and stability to moisture.

Studies on biaxial nematic systems have been gaining importance due to the con-

tinuing progress in discovering new system with exciting properties, and their

prospected use in faster switchable display devices [5, 6].
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1.1 Description of nematic phases

Thermodynamic phases are described by an order parameter field (scalar, vector

or tensor) defined at each point of the system. In a homogeneous medium the

value of order parameter is the same at all points. Nematic phase is character-

ized by a non-zero orientational order parameter which vanishes in the isotropic

phase. Such a phase is exhibited by elongated (prolate) or flat-shaped (oblate)

molecules. This anisotropy at molecular level reflects at the macroscopic phase

level also. While defining nematic order from the microscopic level, each con-

stituent molecule is assumed to be rigid and is endowed with some symmetry

depending on its structure. Even if the constituents are polar (lack of head-tail

symmetry), the liquid crystal medium is observed to be macroscopically apolar,

indicating an equal number of molecules pointing up and down with respect to

the ordering director; i.e., n = −n . Thus the assumption of reflection symmetry

about a plane perpendicular to the long axis holds even at the molecular level.

The molecules usually have flexible chains or rings that can rotate with respect to

each other, but the assumption of a rigid model allows a convenient representa-

tion of each of them by a simple unit vector. With respect to a fixed laboratory

frame {eX , eY , eZ}, any rigid molecule can be described by the three position

co-ordinates of its center of mass r , and three Euler angles (φ, θ, ψ) ≡ Ω repre-

senting its orientation, thereby defining the origin and orientation of a coordinate

frame {e , e⊥, m} fixed on the molecule. Here m represents the long axis of the

molecule. Let us choose the laboratory eZ to coincide with the nematic director

direction. Due to thermal fluctuations individual molecular orientations deviate

from that of the director. For a uniform system, the distribution of centers of

mass of molecules in a nematic phase is isotropic in space and hence their posi-

tion coordinates are irrelevant. If the individual molecules are assumed to have a

head-tail symmetry, it is not possible to introduce a vector order parameter anal-

ogous to magnetization in ferromagnets. A natural order parameter to describe

ordering in nematics thus turns out to be a second rank tensor, which is the next

order tensor. The description of the order parameter in the nematic phases is

based on the singlet orientational distribution function, f(Ω) of the constituent
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molecules. The probability of finding a molecule having an orientation within the

solid angle dΩ is given by f(Ω)dΩ/(8π2), which follows the normalization condi-

tion,
∫

f(Ω)dΩ =
∫ 2π

0
dφ

∫ π

0
sin θ dθ

∫ 2π

0
dψf(φ, θ, ψ) = 8π2. Depending on the

molecular symmetry properties of the constituents which is responsible for the

interactions among them, and the given system parameters, a variety of nematic

phases are formed.

(a) (b)

Figure 1.2: Schematic representation of (a) uniaxial (D∞h) and (b) biaxial
(D2h) molecule. m represents the long axis while e and e⊥ represent the short
axes of the molecule.

System of D∞h symmetric molecules

Molecules forming the uniaxial nematic phase have symmetry of ellipsoids of rev-

olution due to fast rotations along their axes of symmetry. Based on whether this

axis of rotation is the long or short one, the molecules are distinguished as cylindri-

cal or discotic. A vast majority of molecules forming liquid crystalline phases are

approximated to rigid rods with D∞h symmetry (invariance group of a cylinder)

as shown schematically in Figure 1.2 (a), characterized by: (i) an ∞-fold rotation

axis C∞ (long axis of the rod), (ii) infinite number of 2-fold rotation axes C2 per-

pendicular to C∞ and (iii) a mirror plane σh perpendicular to C∞ containing the

C2 axes. C∞ symmetry implies cylindrical symmetry along the long axis, and this

holds due to the fast isotropic rotation of molecules about their long axis. This

makes ψ irrelevant, and as the phase is uniaxial, the orientational distribution of

molecules is independent of φ. Hence, f(φ, θ, ψ) = f(θ), which can be expanded
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in terms of the complete set of Legendre polynomials which reflect the symmetry

of both the molecules and the phase as,

f(θ) =
∞
∑

L=0

aLPL(cos θ) . (1.1)

Here we have assumed that the nematic director n coincides with the laboratory

eZ axis. Using the orthogonality relations among PL(cos θ),

aL =
2L+ 1

2

∫ π

0

f(θ)PL(cos θ) sin θdθ = (2L+ 1) 〈PL(cos θ)〉 , (1.2)

where 〈PL(cos θ)〉 =
∫

f(Ω)PL(cos θ)/(8π2)dΩ.

The coefficients aL are identified with the order parameters to various degrees

but for a possible scale factor. The apolar nature of nematic phase implies that

f(π − θ) = f(θ). Since cos(π − θ) = − cos(θ), aL = 0 for all odd values of L. The

first term, a0 = 1 is independent of the orientations of molecules. The next higher

term is a2 = 5 〈P2(cos θ)〉 = 5S. The scalar S defines the degree of nematic order,

and the average is over all molecular orientations (equilibrium ensemble average).

The value of S is in the range [−1
2
, 1]. Its value being 1, 0 and −1

2
implies a nematic

phase with perfect order, isotropic phase and a state where all the molecules lie

perpendicular to the director n , respectively. For a nematic liquid crystal like

5CB, typical range of S varies between 0.35 – 0.65 at room temperature [7].

A tensorial order parameter Q can be defined which includes the information on

the nematic director and the scalar order parameter. Expanding the orientational

distribution function f(θ) upto the first non-trivial term,

f(θ) = 1 +
5S

2
[3(n ·m)2 − 1] = 1 +

5S

2
[3(ninj) − δij]mimj

= 1 + 5Qij mimj ,
(1.3)

where δij is the Kronecker delta and the summation is carried over repeated indices.

Q =
S

2
[3n ⊗ n − I] , (1.4)
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where I is the identity tensor.

Under external influences such as electric and magnetic fields or due to the presence

of bounding surfaces, cylindrical symmetry of the phase about the primary director

n may be lost. Now f(φ, θ, ψ) = f(φ, θ), which can be expanded in terms of the

complete set of spherical harmonics as,

f(φ, θ) =

∞
∑

L=0

L
∑

m=−L

bLmYLm(θ, φ) . (1.5)

Orthogonality relation among the spherical harmonics gives,

bLm =
2L+ 1

4π

2π
∫

0

dφ

π
∫

0

sin θ dθ YLm
∗(θ, φ)f(φ, θ) = (2L+ 1) 〈YLm∗(θ, φ)〉 . (1.6)

This leaves 2L+1 order parameters for each L. Distribution of long molecular axes

is described by order parameters with m = 0: bL0 = aL = (2L + 1) 〈PL(cos θ)〉.
First non-trivial order parameter occurs at L = 2. b20 = a2 = 5S. Considering a

different symmetry of the phase, namely the two mutually perpendicular mirror

planes containing the primary director n , f(π−φ, θ) = f(φ, θ) = f(π+φ, θ), the

system requires one more order parameter,

b2−2 = b22 =

√

3

8

〈

sin2 θ cos 2φ
〉

=

√

1

6
P , (1.7)

where P is called the phase biaxiality. It quantifies the lack of rotational symmetry

in the distribution of the long molecular axes. The ordering tensor now becomes,

Q =
S

2
[3n ⊗ n − I] +

P

2
[e1 ⊗ e1 − e2 ⊗ e2] , (1.8)

where e1 represents the secondary director such that {e1, e2, n} forms an or-

thonormal triad, and P = (3/2)
〈

sin2 θ cos 2φ
〉

. It is to be noted that the e1-e2

plane coincides with the eX -eY plane of the laboratory-fixed frame, even though

these axes themselves need not necessarily coincide.
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Under the rigid-rod approximation of the molecules, another representation of the

microscopic Q tensor is by Saupe ordering matrix:

Q =
1

2
[3 〈m ⊗m〉 − I] , (1.9)

where the averaging is over all the molecules. Q is traceless and symmetric and

can be diagonalized so as to be represented in its principal eigen frame. The eigen

values turn out to be S, −(S + P )/2 and −(S − P )/2, the corresponding eigen

vectors being n , e1 and e2, respectively. P = 0 for a uniaxial phase, and it takes

a nonzero value when the phase is not cylindrically symmetric with respect to the

principal director.

System of D2h symmetric molecules

Here the molecules have a reduced symmetry relative to the previous case. They

have an inversion symmetry through the center, a 2-fold principal symmetry axis

C2, two 2-fold C2 symmetry axes orthogonal to the principal axis, a horizontal

mirror plane σh intersecting the principal symmetry axis, and two vertical mirror

planes σv aligned with the principal symmetry axis. Such molecules are typically

visualized to be lath-like or book-shaped as in Figure 1.2 (b), having a principal

long axis and two minor axes which themselves are distinguishable. Despite the

asymmetry of molecules, it is possible that the phase is macroscopically uniax-

ial. Then the orientational distribution function is independent of φ and hence

f(φ, θ, ψ) = f(θ, ψ). In analogy with equations 1.5 and 1.6, and considering the

symmetry of the molecule, f(θ, π − ψ) = f(θ, ψ) = f(θ, π + ψ) we have,

f(θ, ψ) =

∞
∑

L=0

L
∑

n=−L

cLnYLn(θ, ψ) ; cLn = (2L + 1) 〈YLn∗(θ, ψ)〉 and (1.10)

c2−2 = c22 =

√

3

8

〈

sin2 θ cos 2ψ
〉

=

√

1

6
D . (1.11)

The order parameter D is related to the flatness of the molecules. A finite D

corresponds to a difference in the tendency of the two transverse molecular axes to

project on the director, even when the phase is not biaxial. This need not however
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imply preference for the minor axes of molecules to be parallel. D vanishes when

S = 1 as the projections are zero in that case, as well as in the isotropic phase

where average projections are similar.

The general and complete expansion of f(Ω) = f(φ, θ, ψ) is given by,

f(Ω) =

∞
∑

L=0

L
∑

m=−L

L
∑

n=−L

fLmnDL
mn(Ω) , (1.12)

where DL
mn is the Wigner matrix element of the unitary rotation operatorR(φ, θ, ψ)

on its eigen-subspace with respect to the angular momentum basis {|L, n〉} such

that,

DL
mn(Ω) = 〈L, m |R(φ, θ, ψ) |L, n〉 . (1.13)

They satisfy the orthogonality relation,

fLmn =
2L+ 1

8π2

∫

dΩDL
mn

∗
(Ω)f(Ω) = (2L + 1)

〈

DL
mn

∗
(Ω)

〉

. (1.14)

This leaves (2L+ 1)2 order parameters for each L. The smallest subspace which

accommodates the biaxial, uniaxial and isotropic phases is the one with L = 2.

The head-tail symmetry of molecules, as well as the reflection symmetry of the

phase and the molecules, leave behind the following relevant orientational order

parameters:

〈D2
00〉 = S = 〈R2

00〉 =
1

2
〈3 cos2 θ − 1〉

Re
〈

D2
0±2

〉

=
D√

6
= 〈R2

02〉 =

√

3

8

〈

sin2 θ cos 2ψ
〉

Re
〈

D2
±20

〉

=
P√

6
= 〈R2

20〉 =

√

3

8

〈

sin2 θ cos 2φ
〉

Re[〈D2
22〉 +

〈

D2
−22

〉

] = C = 〈2R2
22〉 = <

1

2
(1 + cos2 θ) cos 2φ cos 2ψ

− cos θ sin 2θ sin 2ψ > .

(1.15)

Here RL
mn are the symmetry adapted combinations of Wigner matrices for D2h

group [8] where the orientations are represented with respect to the director frame.
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The meaning of first three order parameters are evident from the previous dis-

cussion. R2
22 or C quantifies the macroscopic biaxial symmetry arising from the

molecular biaxiality.

Another representation lending a clearer physical description of these order pa-

rameters is accomplished by defining a supertensor [9, 10],

SAA′

aa′ =
1

2
(3a ⊗ a ′ − I)AA′ . (1.16)

Here the uppercase letters in the superscript and the lowercase letters in the sub-

script correspond to the laboratory and molecular axes, respectively. Then,

S = SZZ
zz

P = SXX
zz − SY Y

zz

D = SZZ
xx − SZZ

yy

C = (SXX
xx − SXX

yy ) − (SY Y
xx − SY Y

yy ) .

(1.17)

Figure 1.3 shows the snapshots from a lattice-based simulation of isotropic, uni-

axial and biaxial nematic phases formed by D2h constituents. The distribution of

molecular axes with respect to the laboratory frame is also shown. Orientational

order of nematic LCs are experimentally obtained from the manifestations of the

non-zero orientational order (S) on the inferences from the birefringence, nuclear

magnetic resonance, fluorescence, Raman scattering, small angle x-ray scattering,

infrared spectroscopy and infrared dichroism measurements [11, 12].

1.2 Phase transitions in nematics

Detection of a phase transition implies that at least one specific physical quantity

differs qualitatively in the two phases, the identification of which is an important

step in the description and understanding of the phase transition. Defining the

symmetry of a phase as the set of geometrical transformations which leaves the

equilibrium configuration of the particles constituting the system unchanged, a
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(a)

(b)

(c)

Figure 1.3: Snapshots from the simulation of a system of interacting D2h

constituents in (a) isotropic, (b) uniaxial nematic and (c) biaxial nematic phases.
Distribution of molecular axes e (red), e⊥ (green) and m (blue) are also shown
alongside. In the nematic phases, primary director is along the laboratory axis
eZ . Please note the apolar nature of the nematic spins.
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phase transition typically, but not necessarily involve a change in the symmetry

of the system. An order parameter defined to characterize a given transition

either could change discontinuously at a first order phase transition (as in the case

of a solid to liquid transition), or continuously near a second order one (as for

ferromagnetic to paramagnetic transition). A nematic to isotropic (NI) transition

is associated with a very small change in the latent heat (∼ 1.56 × 103 J/kg [13])

as compared to ∼ 3.34 × 105 J/kg for a first order transition of ice to water; the

NI transition is identified as weakly first order in its nature. It is associated with

pretransitional effects on either side of the transition.

1.2.1 Phenomenological Landau-de Gennes theory

Uniaxial constituents

Landau theory of phase transitions is a phenomenological treatment, which as-

sumes that the phase transition in the system, is accompanied by a symmetry

change across the transition point, and predicts the consequences through an

analysis of the system free energy expanded in terms of its order parameters.

The change from the disordered state to an ordered state is thought to be brought

about by varying a suitable thermodynamic variable like temperature or pressure

(control parameter). Landau theory tries to phenomenologically explain the oc-

currence of the transition by examining the behaviour of the free energy close to

the transition temperature. Phase transition from an isotropic liquid to the ne-

matic LC phase within the framework of the Landau theory was first described

by de Gennes, and is usually referred to as Landau-de Gennes theory. Here it is

assumed that the order parameter which is spatially invariant and dimensionless

has a very small value closer to the transition point. Hence the free energy density

can be Taylor-expanded in powers of the order parameter.

f(Q, T ) = f0 +
1

2
a(T − Tc)QαβQβα − 1

3
BQαβQβγQγα +

1

4
C(QαβQαβ)2 , (1.18)

where f0 is the free energy of the isotropic phase, T is the absolute temperature,

Tc is the temperature of the theoretical second order phase transition. Positive
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constants a, B and C representing material properties of the nematic medium are

assumed to be independent of the temperature. For a typical nematic liquid crystal

like 5CB, the range of values for these constants at room temperature are [14]:

a ∼ 105 Jm−3K−1 and B ∼ C ∼ 106 Jm−3. All the terms in equation 1.18 are

invariant with respect to arbitrary rotation of the laboratory frame. The second

and third order invariants are given by,

QαβQαβ =
3S2 + P 2

2
, QαβQβγQγα =

3S

4
(S2 − P 2) . (1.19)

As Tr(Q) = Qαα = 0 there is no linear invariant, implying that the state of

minimum f is that of zero Q which is the isotropic phase. For uniaxial phase,

P = 0 and hence equations 1.18 and 1.19 result in,

f = f0 +
3

4
a(T − Tc)S

2 − 1

4
BS3 +

9

16
CS4 . (1.20)

Absence of the linear term in S ensures that S = 0 is a solution in the high

temperature isotropic phase. The term quadratic in S, which is temperature

dependent, drives the transition, the cubic term (or any odd powered terms if

present) introduces the asymmetry of S and −S states (as opposed to the case

in magnetic systems where B = 0), and imparts the first order nature to the NI

transition. A consequence of this is that the actual phase transition takes place

at a temperature TNI , which is (slightly) higher than its (second order) estimate

Tc. The first order nature of the free energy pre-empts the progression of the

pretransitional phenomena and condenses the system into a nematic phase on

cooling the system. The term quartic in S is required to bound the value of f

from below in the ordered phase. At equilibrium the free energy density of the

system is minimized such that,

∂f

∂S
= 0,

∂2f

∂S2
> 0 . (1.21)
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Figure 1.4: (a) Dependence of free energy density on order parameter over a
range of temperatures enveloping NI transition. (b) Temperature dependence of
equilibrium order parameter. Temperature corresponding to the supercooling
(Tc) and superheating (T ∗∗) limits are marked.

This leads to,

S =



















0 if T > TNI ,

1

2





B

3C
+

√

(

B

3C

)2

− 8a(T − Tc)

3C



 if T < TNI .
(1.22)

As free energies of both the phases are to be equal at the NI transition,

SNI =
2B

9C
, TNI = Tc +

B2

27aC
, T ∗∗ = Tc +

B2

24aC
. (1.23)

where T ∗∗ is the absolute limit of superheating of nematic phase where the barrier

height in free energy between the ordered and disordered phases vanish, such that

Tc < TNI < T ∗∗. SNI ∼ 0.3 – 0.4 [7]. Latent heat per unit volume associated

with the NI transition is given by,

∆H = −T ∂(f − f0)

∂T

∣

∣

∣

∣

∣

T=TNI

=
3

4
TNIaS

2
NI =

aB2TNI

27C2
. (1.24)
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Biaxial constituents

Theories on biaxial nematics are still evolving and continuum theory incorporating

all the four order parameters defined in section 1.1 describing a biaxial phase is yet

to be appreciated. However a two-parameter extension of the Landau theory was

given by Gramsbergen et al. [15] wherein for the possibility of a biaxial nematic

phase, a sixth order term in the order parameter, of the form Tr(Q3)2 with a

positive coefficient, is introduced in equation 1.18. The minimization of free energy

is carried out with respect to both S and P . The theory predicts a biaxial phase

NB sandwiched between positive (N+
U with B > 0 for prolate molecules) and

negative (N−
U with B < 0 for oblate molecules) uniaxial phases, with a unique

point, called the Landau point, where all the four phases (I, N+
U , N

−
U , NB) meet.

The transitions to NB phase could be of either type (first or second order), whereas

the NI transition line remains first order. Extended studies along these lines have

also been reported [16, 17]. Studies based on the two-order parameter tensors [18]

and a single biaxial parameter [19] were also reported.

1.2.2 Molecular statistical theories

These theories are based on molecular mean field approach, which assume that

each molecule is embedded in a sea of many other molecules, and that each of

them experiences the same average potential. In nematics this potential origi-

nates from an average orienting field. Initial attempt based on such an approach

for uniaxial nematics was due to M. Born [3], where an assembly of liquid crystals

interacting via their permanent dipole moments was considered. Though it could

predict a transition from a high temperature isotropic phase to a low temperature

nematic one, its prediction that the ordered phase would be ferroelectric does not

agree with the fact that such a phase is apolar even if the constituent molecules are

polar. One of the successful theories which describes orientational order and NI

phase transition is the Onsager theory based fully on entropic considerations [1].

This assumes the origin of orientational order to be the short range steric inter-

actions. Molecules are considered to be asymmetric with rod shapes where the
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only force acting between is steric repulsion that prevents interpenetration. On-

sager’s approach is based on an exact density expansion of the free energy, and it

predicts the formation of an ordered nematic phase, as the density of the rods is

increased. The volume fraction Φ occupied by the rods at the transition is 4.5D/L

and 3.3D/L for the isotropic and nematic phases, respectively, which evidently are

independent of temperature. The predicted order parameter in the nematic phase

at the transition is ∼ 0.84 which is rather high. Hence with only excluded volume

effects playing a role in the ordering phenomena, the model is athermal and is ex-

act in the limit of infinitely long molecules at extremely low concentrations, and is

found applicable in the cases of lyotropic liquid crystals like tobacco mosaic virus,

DNA, etc.

Maier-Saupe theory for uniaxial nematics

The theory by Maier and Saupe (MS) [20] is the most widely used, based on

molecular field approximation and is entirely formulated in terms of anisotropic

long-range attractive interactions, with temperature serving as the control param-

eter. It is based on the following assumptions: (i) each molecule is subjected to an

average internal field independent of any local variations or short-range ordering;

(ii) unlike the model proposed by Born, here it is assumed that the interactions

between permanent dipoles are not particularly important for the orientational

order. The interaction is based purely on anisotropic van der Waals forces, or

the attractive anisotropic dispersion forces which are second-order perturbation

terms of Coulomb interactions, originating from the interaction between momen-

tary induced dipoles of the neighbouring molecules; (iii) further, consistent with

the apolar nature and symmetry of the nematic phase which has a cylindrical

distribution of oriented molecules about the preferred direction n , the constituent

molecules are also considered to be apolar and cylindrically symmetric about their

long axes; and (iv) the degree of order enters into the potential in a linear way.

With these assumptions, the orientation dependent part of the potential energy of

the ith molecule is,

ui = −Am

V 2
S

(

3 cos2 θi − 1

2

)

, (1.25)
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where θi is the angle between the long axis of the molecule and the director, V is

the molar volume and Am is a constant. The internal energy per mole is,

U =
NA

2

π
∫

0

ui exp(−ui/kBT ) sin θi dθi

π
∫

0

exp(−ui/kBT ) sin θi dθi

= −1

2
NAkBTBmS

2 , (1.26)

where Bm = Am/kBTV
2 and NA is the Avogadro number. The integral in the

denominator of equation 1.26 is the partition function, Zi for a single molecule.

Using the expression, Σ = T∂(logZi)/∂T for entropy, and F = U − TΣ for free

energy of the system,

F = NAkBT

[

BmS(S + 1)

2
− log

π
∫

0

exp

(

3

2
BmS cos2 θi

)

sin θidθi

]

. (1.27)

Dependence of free energy on S at various temperatures obtained from equa-

tion 1.27 is shown in Figure 1.5(a). At the transition temperature which is given

by A/kBTNIV
2 = 4.541, there occur two minima with equal free energies, sig-

nalling a first order phase transition. The temperature dependence of S is shown

in Figure 1.5(b), and can be obtained from S = 〈(3 cos2 θi − 1)/2〉 using the

partition function Zi, along with the substitutions, t = cos θi, y = t
√
m and

m = 3AmS/2kBTV
2 as,

S =
3

4m









em
√
m

m
∫

0

ey2dy

− 1









− 1

2
. (1.28)

At the transition, SNI ∼ 0.43 and the order increases continuously as the temper-

ature is further decreased. For S . 0.43 (shown as dashed lines in Figure 1.5(b)

which do not correspond to the minimum of free energy) isotropic phase is sta-

ble. The theory gives a universal value of SNI for all nematic liquid crystals as

there are no parameters in this model that map to any of the material properties.

Predictions of this theory are in fair agreement with the experiments, showing

that the model captures the most important form of the molecular interactions.
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Figure 1.5: (a) Dependence of free energy density on order parameter at
different temperatures, obtained from Maier-Saupe theory. (b) Temperature
dependence of equilibrium order parameter.

However the theory is exact in the limit of infinitely long-ranged molecular in-

teractions. It does not consider long wave length orientational fluctuations that

diminish the effective order in the system. Minor deviations from the universal

behaviour observed in experiments indicate that short-range steric interactions are

also important.

Biaxial nematics

In the biaxial nematic phase, orientational correlations between molecules exist

not only between their long axes but also among their short axes. The molec-

ular field theory by Maier and Saupe, where the interactions are derived from

the lowest order London approximation (considering the multipolar interactions),

assumes the molecules to be entities with axial symmetry. A generalization of

this approach for elongated, but and flat molecules is given by Freiser [21, 22],

by introducing an interaction of a more general angular form, consistent with the

pronounced asymmetric structure of the nematogenic molecules. Here two order

parameters are used to distinguish the phases and the approach predicts a first

order NI transition followed, at a lower temperature, by a second order (or first

order with an alternate possibility) transition to a biaxial state. At this second

transition the rotation of the molecules along their long molecular axes gets hin-

dered and the mesogens achieve a planar alignment. Shih and Alben [23] studied
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a lattice based discrete orientational model of rectangular plates where the mecha-

nism of interactions is steric repulsion which keeps them from overlapping. Plates

which are sufficiently asymmetrical (neither square-like nor rod-like) are found to

form a phase, characterizing biaxial long range order at high pressure, followed

subsequently by uniaxial and isotropic phases at lower pressures. Here the phases

are distinguished based on the fraction of molecules with each permissible orien-

tation, which minimizes the free energy. Though the model is a variation of the

molecular mean field approximation and hence is prone to an overestimation of the

long range order, it is expected to describe some of the features of these ordered

phases. The model also predicts a smaller discontinuity in the order parameter at

the NI transition for systems with large biaxial steric interactions (and hence large

biaxial multipolar interactions). Further calculations based on a mean-field model

were carried out, and a comparison with Landau theory was made for a fluid of

elongated wide biaxial molecules as a function of effective molecular asymmetry

and effective pressure [24], and for a mixture of rod-like and plate-like particles

as a function of effective temperature and concentration of the plates [25]. A new

subsidiary order parameter (equivalent to D in section 1.1) was also proposed [26]

for uniaxial liquid crystals, which was determined and compared with the exper-

imental value obtained from the quadrupole splitting of the magnetic resonance

spectrum of partially deuterated samples [27].

A molecular field approximation generalizing the MS theory was proposed by Stra-

ley [28], considering an orientational dependent inter-particle potential which has

a symmetry appropriate to the interaction between a pair of rectangular blocks.

A phase diagram with temperature and shape dependence is obtained alongwith

the temperature dependence of the four order parameters identified to describe

the ordered phase. Luckhurst et al. [29] proposed a theory based on deviations

from cylindrical symmetry treated within mean field approximation, using a gen-

eral expansion of pairwise intermolecular potential for non-cylindrically symmetric

molecules, assuming the anisotropic potential to originate solely from dispersion

forces. With the deviation from cylindrical symmetry being a parameter at hand,

the model predicts improved values for changes in entropy and order parameter at

the transition, in accord with the observed values, unlike the case of MS model.
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The order parameter D is determined and compared with the experimental val-

ues [26] over more data points.

Monte Carlo simulations of lattice system of biaxial particles also predicted the

existence of biaxial phases [30–33]. Within the dispersion approximation (a single

dipole approximation), Biscarini et al. [8] obtained a phase diagram of a collection

of interacting biaxial particles as a function of temperature and biaxiality parame-

ter, predicting the temperature dependence of the various order parameters. This

study was later followed by a detailed investigation near the tricritical region [34].

Sonnet et al. [35] studied a general quadrupolar orientational Hamiltonian for biax-

ial particles, based on the pair potential proposed by Straley [28] which represents

the general nematogenic interaction between molecules with frequency dependent

biaxiality. The molecular distribution is assumed to be homogeneous in space and

isotropic with respect to the intermolecular vector, for any given relative orienta-

tion of the interacting molecules. Each molecule is represented by a parallelopiped

with major axis m and minor axes e and e⊥. Any symmetric and traceless ten-

sors with D2h symmetry about the molecular axes {e , e⊥, m}, such as molecular

polarizability tensor, can be written as linear combinations of traceless orthogonal

tensors, (please note a scale factor of 2/3 compared to the definition in section 1.1)

q = m ⊗m − 1

3
I , (1.29)

b = e ⊗ e − e⊥ ⊗ e⊥ , (1.30)

where I is the identity tensor. q is uniaxial about the unit vector m in the direction

of the long molecular axis, representing dominant geometric feature of molecules,

while b is biaxial representing the molecular biaxiality. These two tensors rep-

resent the anisotropic dielectric susceptibilities. The molecules are considered to

have been composed of independent oscillators whose fluctuating dipoles resonate

at different frequencies. A general quadrupolar orientational interaction energy

between two molecules described by a pair of tensors (q, b) and (q′, b′), linear in
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each pair of tensors and invariant under their exchange, is given by,

H = −U0{ξq · q′ + γ(q · b′ + b · q′) + λb · b′} . (1.31)

U0 > 0 is a scaling interaction energy, whereas ξ, γ and λ are dimensionless

parameters. γ = λ = 0 corresponds to the Maier-Saupe potential depending only

on the uniaxial molecular components. In the special case of λ = γ2 the above

equation reduces to,

V = −U0(q + γb) · (q′ + γb′) , (1.32)

which corresponds to the dispersion approximation [8, 29], where the uniaxial and

biaxial polarizabilities are proportional at all frequencies of an applied polarizing

field; i.e., the molecules have a single absorption frequency. Hence each fluctuating

dipole of a molecule interacts with all induced dipoles of another molecule. The

restriction on the ground state of V to be at (q,b) = (q′,b′) and on the torque

tending to restore the misaligned long axes is larger in comparison to that of

the shorter axes, requires γ and λ to satisfy λ > 0 and λ− |2γ| + 1 > 0. Further

symmetries induced by the permutations of the molecular axes and an appropriate

rescaling of U0 implies that all inequivalent interactions are represented by points

in the essential triangle [36] shown in Figure 1.6 which is represented by ξ = 1 in

the (γ, λ) space bounded by the lines,

γ = 0, λ = 0, 1 − 2γ − 3λ = 0 . (1.33)

The point C1 ≃ (0, 0.20) is a tricritical point for the uniaxial to biaxial transition,

C2 ≃ (0, 0.22) is a triple point between isotropic, uniaxial and biaxial phases. C3

is a tricritical point for the isotropic to biaxial transition. Within the triangle,

there is a line of tricritical points joining C1 and C3 and a line of triple points

joining C2 and C3. When γ = 0 the potential is invariant under the π/2 rotations

about m and m ′ in the individual molecular frame, hence characterizing D4h

symmetry. Two independent order tensors Q and B are defined as the ensemble

averages 〈q〉 and 〈b〉, respectively. Let the Euler angles {φ, θ, ψ} represent the

rotation of an individual molecule with respect to the laboratory common eigen
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T

Figure 1.6: Essential triangle with vertices O, I and V having the coordinates
(0, 0), (0, 1

3) and (12 , 0) in the (γ, λ) space. At point T (13 ,
1
9 ), the dispersion

parabola (dashed lines) meets the section IV of the triangle.

frame {eX , eY , eZ} of Q and B. Then,

m = cosφ sin θ eX + sinφ sin θ eY + cos θ eZ , (1.34)

e = (cosψ cosφ cos θ − sinψ sinφ) eX

+(cosψ sinφ cos θ + sinψ cosφ) eY − cosψ sin θ eZ ,
(1.35)

e⊥ = −(sinψ cosφ cos θ + cosψ sin φ) eX

−(sinψ sinφ cos θ − cosψ cosφ) eY + sinψ sin θ eZ .
(1.36)

Q and B are symmetric traceless tensors; the former representing the contribution

to the macroscopic nematic order from molecular long axis,

Q = S

(

eZ ⊗ eZ − 1

3
I

)

+ P (eX ⊗ eX − eY ⊗ eY ) . (1.37)

The tensor B describes the macroscopic manifestation of the intrinsic biaxiality of

the molecules and is given by,

B = D

(

eZ ⊗ eZ − 1

3
I

)

+ C(eX ⊗ eX − eY ⊗ eY ) . (1.38)

The order parameters S, P, D and C are the order parameters defined in sec-

tion 1.1, (please note a change in the scale by a factor of 3/2). S and D are
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measures of uniaxial order whereas P and C are those of biaxial. When P and C

vanish, the above tensors and the phase they describe, are uniaxial without collec-

tively revealing the presence of the intrinsic molecular biaxiality. D corresponds

to an anisotropy in the distribution of the short molecular axes. It measures the

difference in the degree of alignment of the short molecular axes along the uni-

axial director. In a similar way, P represents the lack of cylindrical symmetry in

the distribution of the long axis m , whereas C represents the contribution to the

biaxiality originating from the alignment of the minor axes.

The pseudo potential U of a molecule in the mean field approximation is given by,

U = −U0{q ·Q + γ(q ·B + b ·Q) + λb ·B} . (1.39)

The model predicts a range of parameters where a direct first-order transition

occurs between biaxial and isotropic phases, and also a tricritical point in the

transition from uniaxial to biaxial phase, where the transition changes from first

order to second order. The dependence of this model potential on λ was further

investigated to observe another tricritical point by minimizing the free energy min-

imization with respect to the order parameters [37] and bifurcation analysis [38].

A universal phase diagram was proposed within the mean-field approximation us-

ing minimax principle to determine the minimum of the free energy, based on the

general Hamiltonian encompassing the model parameter space spanned by the es-

sential triangle [39, 40]. Within the triangle all partly repulsive interactions fall

below the dispersion parabola λ < γ2 whereas the Hamiltonian is fully attractive

above it: λ > γ2. The phase diagram was depicted as a function of parameters

λ∗ and β∗. Here λ∗ parametrizes the arc length along the folded line OIT of the

essential triangle (Figure 1.6) in the γ, λ space.

λ∗ =







λ ∈
[

0, 1
3

]

if γ = 0,

1
3

(

1 +
√

13γ
)

if γ = 1
2

(1 − 3λ) ∈
[

0, 1
3

]

.
(1.40)

The dimensionless temperature 1/β∗ = kBT/U
∗ (where U∗ = 2

3
U(1 + 3λ) is deter-

mined by the ground state energy of the ordered biaxial phase, where use has been
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made of the equalities, q ·q = tr(q2) = 2
3

and b ·b = tr(b2) = 2. An experimental

realization is predicted for the molecules with fully attractive interactions and the

highest transition temperature is attained at the point T in the essential triangle

(or its counterparts via permutation of axes). The symmetry properties of the

Hamiltonian also showed a reduction in the number of order parameters sufficient

to describe the stable phases, and studies based on constrained stability analysis

within these reduction classes extended the phase diagram along the section TV

of the essential triangle, where all the points along this section are found to be

Landau triple points facilitating a second order isotropic-biaxial transition [41].

Here it was also noted that this direct transition to the biaxial phase at V is

counterintuitive, as the biaxial state is not stable on the γ-axis (λ = 0) for the

interaction Haimiltonian.

Monte Carlo simulations were been performed using the Cartesian representation

of the potential in equation 1.39 [42], and in mixtures of rods and discs [43] which

reported the possibility of exhibiting a biaxial phase [25]. Here the rods and discs

are considered to be of cylindrical symmetry, with their interactions favouring

mutually parallel orientation of rods and discs among themselves, and mutually

perpendicular orientations between rods and discs. Further studies involved the

investigation in the dispersion approximation [44] and on the dependence of the

model on the parameter λ [38, 42]. In these calculations, the nature of the or-

der of the transition is inferred to be first order if the observable such as energy

and order parameters show a pronounced jump in their values near the transi-

tion, with no appreciable size dependence of the system. On the other hand, the

second order transitions are characterized by gradual temperature dependence of

these observables, along with a pronounced decrease in the order parameters as

the system size increases. Increasing number of simulations were also reported

on biaxial systems using off-lattice potentials based on Gay-Berne model [45–48]

or steric interactions [49, 50]. Bent-core molecules which are prospected candi-

tates for biaxial nematics have been also the subject of recent simulation stud-

ies [51–53]. The consistent challenges in realizing spontaneous condensation of

these systems in the laboratory, despite many theoretically favourable predictions,
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have recently prompted more detailed investigation of the general (lattice) Hamil-

tonian model with versatile Monte Carlo simulations, attempting to appreciate

the role of different interaction terms in mediating the transition to a macroscopic

biaxial phase [54].

On the experimental side, the first proof of observation of biaxial phases was

reported in a lyotropic ternary system [55] which was followed by studies in nematic

liquid crystalline side chain polymers with mesogenic groups laterally attached to

the polymer backbone [56, 57]. The occurrence of biaxial nematic phase in single-

component thermotropic liquid crystals seem to remain elusive. There have been

however recent reports on biaxiality in systems composed of non-linear V-shaped

molecules (bent-core) [5, 58–60] and molecular tetrapodes [61–63] are reported

using experimental methods such as small angle X-ray scattering, birefringence

measurements, conoscopy, dueterium nuclear magnetic resonance and polarizing

optical microscopy [64].

In general difficulty in realizing readily biaxial states is attributed to various rea-

sons. It could be due to the thermal fluctuations which prevents the microscopic

symmetry from emerging at the macroscopic scale. Such a situation arises when

the rotation of a molecule about its long axis is efficient enough to create a ro-

tationally symmetric molecule in effect which replaces the actual flat molecule in

its interactions with the neighbours. The non-observance of biaxial phase could

also be due to a very narrow temperature range of their stability or due to the

possibility of preemption of smectic or crystalline phases or an intervening glassy

state in polymers.

1.3 Elasticity and static director deformations

In most practical applications an ideal conformation, where the nematic organizes

as a single domain with the molecules aligned along one common director n , may

not be compatible with the constraints due to surface interactions, influence of

external fields etc. Deformations to the orientations can occur over space. The
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distance over which such deformations occur are much larger (∼ 1 µm) compared

to the molecular dimensions (∼ 2 nm), and hence are usually described by a con-

tinuum theory. Within the nematic phase, away from the transition temperature,

the order parameter variations do not play an important role and hence only the

deformations of the director field, n(r) needs to be considered, which itself is

assumed to vary slowly and smoothly over distance. Oseen [65], Zocher [66] and

Frank [67] introduced a distortion free energy density fd of a deformed liquid crys-

tal relative to that of uniform orientations, by expanding it in powers of ∇n [1].

The requirement of apolar nature of the nematic director allows only terms even

in n . Also, invariance of fd under rotations implies no terms linear in ∇n . The

general form of bulk distortion energy density based on the continuum theory of

nematics is,

fd =
1

2
K1(∇ · n)2 +

1

2
K2 [n · (∇× n)]2 +

1

2
K3 [n × (∇× n)]2 . (1.41)

The constants Ki > 0 are known as Frank elastic constants associated with the

three basic modes of deformations in nematic liquid crystals as shown in Figure 1.7:

splay (K1), twist (K2) and bend (K3). In 5CB their values are found to be of the

order of ∼ pN [68] such that K3 > K1 > K2, and this relative variation can be

qualitatively inferred from the rigid rod models for uniaxial nematics. Twist de-

formation is always smaller and therefore is favoured, if allowed by the boundary

conditions. Ki’s decrease with increasing temperature and are taken to be pro-

portional to S2. The magnitude of distortion energy per molecule is estimated to

be much less than the typical interaction energy between the molecules [1], and

hence it is inferred that distortions do not modify significantly the phase sequences

and order parameter. Usually equation 1.41 is used within the one-constant ap-

proximation for elastic constants, such that, K1 = K2 = K3 = K. In addition to

the afore mentioned contributions to fd, two more terms which can influence the

equilibrium director near the surfaces through boundary conditions are identified

as,

f13 = K13∇ · [n(∇ · n)] , (1.42)

f24 = −K24∇ · [n(∇ · n) + n × (∇× n)] . (1.43)
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(a) (b) (c)

Figure 1.7: Modes of elastic deformation in nematic liquid crystals: (a) splay,
(b) twist and (c) bend.

The contribution f13 proposed by Nehring and Saupe [69], which is linear in the

second gradient of n , is called second order or mixed splay-bend term. The second

surface term f24 corresponds to saddle-splay deformations and K24 is called the

saddle-splay constant. By Gauss theorem the volume integrals of these terms

become surface integrals and can often be neglected.

1.4 Effect of external fields

1.4.1 Surface fields from external anchoring

For most of the practical applications — scientific or technological — nematic liq-

uid crystals are deliberately confined within boundaries, more often sandwiched

between two plates. Due to long range orientational order in nematic liquid crys-

tals, the macroscopic behaviour of such systems is greatly dependent on the ori-

entational alignment of the nematic director imposed by these limiting surfaces,

called surface anchoring. This anchoring imparts easy directions (θ0, φ0) at the

interfaces, characterized by surface polar angle θs and surface azimuthal angle

φs, by minimizing the surface free energy. With a free boundary or a substrate

which is an isotropic medium, all directions in the plane are preferred equally and

hence θ0 alone can define the easy axis. On the other hand, with an anisotropic

substrate like a crystal, surfaces rubbed along one direction, or substrates treated
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with polyamides, φ0 is also required to define the easy axis. Based on the values

of θ0 the surface alignment of director is termed as homeotropic (θ0 = 0), tilted

(0 < θ < π/2) or planar (θ0 = π/2) [70]. In addition to the orientational anchor-

ing effect, variations of the order parameter and the director can also occur near

the bounding surface, and the molecules could lose their translational symmetry.

However, these variations happen within a very thin layer (∼ 2 nm), which is

much smaller than the characteristic length associated with bulk distortions. The

energy associated with the distortion is given by [71],

fs =
W ′

2
(Qαβ −Q0αβ)2 , (1.44)

which is the generalization of Rapini-Papoular form [72]. Here W ′ is the an-

choring strength, and Q0αβ is the surface ordering field with a preferred surface

order S0 and orientation n0. In the limit of non-varying scalar order parameter

equation 1.44 becomes,

fs =
9S2W ′

4

[

1 − (nαn0α)2
]

=
W

2

[

1 − (n · n0)
2] , (1.45)

whose angular dependence is of the Rapini-Papoular form, with W = 9S2W ′/2

being the surface anchoring coefficient. W can also be characterized in terms of

the extapolation length b = K/W [1], where K is the effective elastic constant.

This is done by considering a planar nematic film with a large thickness, d along z

direction, with the easy direction at z = 0 set by θ0 = 0. Let the other surface have

an infinite anchoring set by an easy direction with non-zero value of θ, thereby

introducing a director distortion in the bulk. The total free energy from the bulk

and surface contributions is given by,

f =

d
∫

0

K

2

(

∂θ

∂z

)2

dz +
W

2
sin2 θ(0) . (1.46)

Here K is the relevant elastic constant depending on the type of deformation. For

small deviations from easy direction, sin θ ∼ θ holds. At equilibrium f should be

a minimum with respect to the profile θ(z), implying (∂θ/∂z) to be a constant
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Figure 1.8: Profile of θ(z) near a surface of the nematic film in the geometrical
arrangement set to determine the extrapolation length b.

(giving a uniform distortion of the director in the bulk). Further minimization with

respect to θ(0) yields θ(0) = (∂θ/∂z)(K/W ). From Figure 1.8 the geometrical

interpretation of extrapolation length yields b = K/W , which ignores the small

deviation from the linear behaviour, of the director near the surface. For strong

anchoring, where the orientational interaction energy between the liquid crystal

molecules and the substrate is comparable to that of the interaction between the

liquid crystal molecules, b is of the order of molecular dimension (∼ a few nm).

In the case of weak anchoring b can be comparable to the characteristic length of

the bulk distortion (∼ a few µm).

1.4.2 Bulk fields

Liquid crystalline materials are mostly made of organic molecules with one or

more aromatic rings, and hence are diamagnetic. A magnetic field normal to

the plane of the ring builds up a current inside the ring tending to distort and

expel the magnetic lines of force thereby increasing the energy. When the field

is parallel to the ring no currents are induced and hence the lines of force are

least distorted giving rise to a minimum energy configuration. Thus χ‖ and χ⊥

are themselves negative and small (∼ 10−6 in SI unit convention) whereas ∆χ =

χ‖ − χ⊥ is positive. Here χ‖ and χ⊥ are the the eigen values of the susceptibility

tensor representing its parallel and perpendicular components respectively, along

the symmetric axis (nematic director). When the magnetic field H makes an
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arbitrary angle with the nematic director n , the magnetization is given by,

M = χ⊥H + ∆χ(H · n)n , (1.47)

and the associated magnetization energy contribution to the free energy is given

by

fm = −µ0

∫ H

0

M · dH = −µ0

2

[

χ⊥H
2 + ∆χ(n ·H )2

]

. (1.48)

The first term on the right hand side of the above equation is independent of

the molecular orientation and hence it is the second term that is of interest here

(i.e., −µ0∆χ0S(n ·H )2/2, where ∆χ0 = ∆χ/S is the maximum anisotropy that

would be observed for a nematic phase with S = 1). It is seen that for ∆χ > 0

the effect of the H is to align the nematic director along with it thereby reducing

the energy. The competing effects of the magnetic field and any other perturbing

force on the orientational alignment of a nematic sample can be considered by

introducing a length ξ(H) =
√

K
µ0∆χ

/|H|, the magnetic coherence length which is

defined as the distance of a region from perturbing center, at which n is completely

reoriented by H . ξ(H) is inversely proportional to the applied field. Here K

corresponds to the elastic constant representing the director deformation. For a

magnetic field of 1 Tesla, ξ(H) ∼ a few µm and hence in the usual cells (thickness

d = 5 − 100µm) used to study the properties of liquid crystals, d ≫ ξ(H). The

angle between n and H is seen to decrease at large distances r from the perturbing

center, as 1
r
exp[−r/ξ(H)]. A special case of such an effect is seen by considering

a nematic sample between two aligning substrates. For cells with thickness d ≫
ξ(H), the application of a field in a direction unfavoured by substrate-aligning

direction distorts the nematic medium if H ≥ H c, the critical value of field. At

this field a phase transition (Fréedericksz) occurs between the unperturbed original

configuration and the distorted configuration where the molecules are aligned along

H in most of the cell except for the two thin transition regions of thickness ξ(H)

near the cell walls. The critical field Hc is inversely proportional to the sample

thickness.

An analogous treatment has been used in the electrical properties of the LCs. The

measured values of static dielectric constants along (ǫ‖) and normal (ǫ⊥) to the
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nematic director are different. The dielectric anisotropy (∆ǫ = ǫ‖ − ǫ⊥, ∆ǫ0 =

∆ǫ/S, where ∆ǫ0 is the maximal delectric anisotropy) of a rod-like liquid crystal

depends on molecular polarizabilities and the angle between the molecular dipole

moment and the long axis of the molecule. When this angle is small the material

has ∆ǫ > 0, and ∆ǫ is negative when the dipoles are normal to the molecular axis.

Such molecular dipoles have their origin from polar groups such as cyano radicals

(−C≡N). The orientational part of the free energy associated with the electric

field applied to a uniaxial dielectric material is fel = − ǫ0
2

∆ǫ0S(n ·E f)2, where ǫ0

is the permittivity of vacuum and E f is the electric field. Hence for materials with

∆ǫ > 0 the effect of E f is to align the director parallel to it. Similarly, for ∆ǫ < 0

the free energy is minimized when the director is aligned perpendicular to the field.

For a typical liquid crystal material like 5CB, ∆ǫ ∼ 11.5 [73] and can be larger for

the ones with stronger dipoles. Akin to the case of magnetic field, the application

of an electric field in a direction disfavoured by the substrates of a nematic cell,

induces a torque within the sample tending to align the sample director along E f .

On the removal of the field the director relaxes to the original direction, which

is the working principle of most of the LC-based electro-optic display devices.

Again, an electric coherence length is defined by ξ(Ef) =
√

K
ǫ0∆ǫ

/|Ef |. An electric

Fréedericksz transition is induced when E f is greater than the threshold field.

Comparing the contribution to the free energy by electric and magnetic fields,

it can be estimated that a magnetic induction of 10 Tesla (which is harder to

be achieved continuously in a laboratory) gives the same effect as by an electric

field of 10
√

∆χ/∆ǫ/
√
µ0ǫ0 ∼ 106 V/m which can readily be realized to thin films

of thickness ∼ µm. Hence electric fields are more practical in such films to cause

reorientations. However, it may be noted that higher electric fields can induce ionic

currents, electrohydrodynamic instabilities or flexoelectric effects in the medium

while, magnetic fields are free from such effects.

The Landau theory for NI transition in the presence of an external field is presented

by Gramsbergen et al. [15] where a term linear in the order parameter, of the

form, −Sh/2 is included in the free energy given in equation 1.18. This term

gives the ordering energy of field as mentioned above, and here h = µ0∆χ0H
2 (or

ǫ0∆ǫ0E
2
f as the case may be). The linearity in S inhibits S = 0 as a solution which
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minimizes the free energy. Hence for h > 0 the isotropic phase no more exists and

it becomes a paranematic phase with a non-zero degree of order. The transition

weakens with an increasing value of h until it vanishes at a critical value of the

field where it becomes second order. The transition temperature shifts to higher

values and is given by (for the magnetic case) ,

∆TPN =
3Cµ0∆χ0H

2

aB
, (1.49)

and the critical field is given by Hc =
√

B3/(162µ0∆χ0C2), where a, B and C are

the Landau coefficients. Thus the shift is predicted to be quadratic in field. Ex-

perimental observations show that these field induced effects are better manifested

in rod-like molecules through electric fields [74–77] than magnetic fields [78]. The

critical electric field is estimated to be of the order of ∼ 107-108 V/m, which are

realizable compared to 103 T in the case of magnetic field. However more recent

works report increased sensitivity to both the fields exhibited by unconventional

LC molecules such as bent-core molecules [79–81]. The reason for this behaviour

is attributed to the presence of cybotactic clusters of short range positional and

orientational order, and the decrease in the value of the Landau coefficient B with

a reduced jump in order or latent heat at the transition.

In the case of biaxial nematics the effect of field on the transition to the N+
U phase

is similar to that of the uniaxial systems [15]. On the other hand, for B < 0 the

zero field isotropic and N−
U phases transform under field respectively to a negative

paranematic phase (N−
p ) and an induced biaxial phase with a small amount of

biaxiality compared to the spontaneously biaxial NB phase. With increasing field,

the first order transition from N−
U to the induced biaxial phase reaches a tricriti-

cal point, the transition remaining second order thereafter. Though the induced

and spontaneously biaxial phases remain distinguishable, a sharp transition line

between them was not observed. An extended study of this formalism was carried

out by Trojanowski et al. [17] where it was observed that for positively anisotropic

materials the shift in the transition temperature to the biaxial phase could either

be positive or negative, being sensitive to the coefficients of the Landau expansion.

They had also used a single parameter (dispersion approximation) molecular mean
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field approach, and Monte Carlo simulations to study the field effect. An extended

study based on molecular mean field theory and Landau free energy analysis was

performed on such systems by To et al. [19].

1.5 Disclinations in nematics

Other than the possible distortions mentioned in section 1.3 there can be physical

situations where n is not a smooth function of space co-ordinates. Often in fairly

thick cells of nematic liquid crystal, thread-like flexible structures floating freely

or attached to the wall are observed under polarizing optical microscope, with

or without crossed polarizers. These are due to singularities in the molecular

alignment and hence of order parameter, called disclinations [1, 82, 83], around

which a symmetry of rotation is broken. When these defects cannot be eliminated

by continuous variations of the order parameter, they are called topologically stable

or topological defects. The general texture resulting from these singular points is

called schlieren texture with dark brushes, which is a signature of a nematic phase.

As for most of the condensed matter systems, behaviour of these defects affect the

kinetics of phase transitions, the properties of the medium in the ordered phase

and its behaviour under external fields. Defects can also arise from constrained

geometries. Every defect can be assigned a topological charge which is conserved

for a system, analogous to electric charges. The law of conservation of these

topological charges controls the creation, annihilation, merging and transformation

of these defects. The relatively easier experimental access to study the defects in

liquid crystals enables the testing of the theories of topology in physics. Also, the

use of these systems as models to study other less accessible systems such as those

in the areas of quantum physics, elementary particle physics, cosmology etc. is

becoming popular and informative [84].

Consider the nematic director to lie in (xy) plane with r being the distance between

the singularity and the observation point. Let φ(r) be the angle between r and

x−axis so that tan(φ) = y/x, and let the angle between n and x axis be θ(r) (see



Chapter 1 Introduction to liquid crystalline systems 33

φ

θn

(a)

m = −1 m = −1/2

m = +1 m = +1/2

(b)

Figure 1.9: (a) Determination of defect strength by traversing along a closed
loop encircling the defect core. (b) Director profile near defects of various
strengths m generated using equation 1.50.

Figure 1.9(a)). Then the singularity can be quantized as,

θ(r) = mφ(r) + const . (1.50)

Following a closed loop around the singular point such that ∆φ = 2π the director

rotates by an amount ∆θ = 2πm, where m can be an integer or a half-integer.

m is called the strength of the defect which is a characteristic of each line, and

is conserved all along its length. Conventionally a disclination is assigned a sign

positive or negative depending on the direction of rotation of the director as one

passes in a particular direction along the closed loop enveloping the singularity. In

a three dimensional system, these defects can be one-dimensional (points), two-

dimensional (lines) or three-dimensional (walls), the latter only possible under

strong confinement [85]. Disclination walls are unstable and hence usually line

and point disclinations exist in nematics. Defects of half-integer are always lines,

and integer ones can be lines or points. In one-constant approximation, the energy



34 Chapter 1 Introduction to liquid crystalline systems

per unit length of line (when the distortion is in a plane perpendicular to the length

of the line), also known as the line tension, is given by,

Fd = πKm2 ln

(

R

rc

)

, (1.51)

where K is the elastic constant in one-constant approximation, R is the distance

between the line and the boundary (of the order of system size), and rc is the core

radius of the disclination which is of the order of molecular dimensions. Thus most

stable planar rotation disclinations are of low strength (m = ±1/2). Distortions

around a line of integral strength may always be continuously transformed into a

smooth structure with no singular line. When lateral dimension of the container

(R) is sufficiently large, splay-bend deformations with escape into the third dimen-

sion are favourable. On the other hand, lines of half-integer strength are stable

as there is no way for them to escape into a smooth structure while retaining the

same m. The energy of a pair of defects lying at a distance d from one another

is Fd = −2πKm1m2 ln (d/rc). Hence defects with opposite signs of strengths tend

to attract and annihilate. The orientational Burger’s vector characterizing the

disclination, is locally always parallel or anti-parallel to the line in the case of

wedge disclinations, and perpendicular in the case of twist disclinations. One of

the most common experimental methods used to study defects in liquid crystals is

polarizing microscopy, which is simple and reliable. Usually a thin layer of liquid

crystal sandwiched between two transparent plates in parallel or wedge geometry

is used. Defects are associated with dark extinction bands that cover the regions

in which the local optic axis lies in the plane of polarization of either the polar-

izer or the analyser. As the distribution of the optic axes is associated with that

of the axes of molecules (and hence of the order parameter field), distribution of

molecules can be determined from the texture observed. In schlieren textures two

types of centres from which two or four extinction bands emerge, are observed.

The centres with two bands have a singular core corresponding to disclinations

of strength m = ±1/2. The centres with four extinction bands are usually dif-

fusive over distances ∼ 1 µm, and correspond to strength m = ±1. Different
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microscopic techniques based on dark-field, phase-contrast, interference and elec-

tron microscopy are also used. Dynamic light scattering is a preferred method to

measure the mean velocity of the disclinations in the regions of electrohydrody-

namic instabilities, derived from the magnitude of Doppler shift in the frequency

of reflected light from moving scatterers, the disclinations [83].

1.5.1 Colloidal particles in nematics

Colloidal dispersions with particles ranging from micrometer to nanometer sizes

are widespread in the form of emulsions, gels, foams, etc. Liquid crystal-colloidal

systems are gaining importance in view of their topological interest and photonic

applications due to the interesting hierarchical structures formed by them [4, 86,

87]. In a different scenario, liquid crystal nanoparticles are found to be employable

in directional drug delivery where monitoring is aided by dye-doped particles [88].

Spatial aggregation of colloids in an isotropic solvent is mediated by interactions of

various origins such as electrostatic, dispersive, steric, entropic etc. On the other

hand a nematic medium has long range orientational order and hence the inclu-

sion of colloidal particles introduces distortion of director field over distances of

the order of particle size, due to the interaction with the surfaces of the inclusions.

Topological defects can arise under those conditions, or due to constrained geome-

tries imposed by the boundaries. In such cases the ground state of the system can

have defect structures in compliance with the topological charge conservation.

When a spherical colloidal particle with rigid homeotropic surface anchoring cor-

responding to a radial hedgehog of +1 point defect (in three dimensions) is in-

troduced to a nematic cell whose substrates induce a parallel orientation, another

compensating defect of the opposite charge is created in the vicinity of the parti-

cle [89]. With such a particle in a thick nematic cell, the director deformation cor-

responds to a hyperbolic hedgehog point defect (also called satellite defect) with a

charge of -1, having a symmetry corresponding to that of an electric dipole [89], as

shown in Figure 1.10(a). Another compatible defect configuration having higher

energy corresponds to a -1/2 wedge disclination loop around the particle (also
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(a) (b) (c)

Figure 1.10: Director profile around a colloidal particle in an otherwise uni-
form nematic. Thick black regions mark the defect region. (a) and (b) respec-
tively show elastic dipolar and quadrupolar configurations formed by a colloid
with homeotropic surface anchoring. (c) shows two surface boojum defects
formed by a colloid with tangential surface anchoring.

called a Saturn ring) with the symmetry of an electric quadupole [86, 89, 90], as

seen in Figure 1.10(b). This can be realized with a stronger confinement and/or a

weaker surface anchoring of the particle. A tangential boundary condition on the

surface of the colloidal particle, results in a pair of surface defects called boojums

with bipolar structure at the poles [90] as shown in Figure 1.10(c).

Macroscopic particles immersed in liquid crystal medium exert long-range forces

on each other by distorting order parameter field around them, thereby increasing

the orientational elastic energy. Interaction between two such particles originate

from the overlap of their director fields, arising from the broken-symmetry nature

of nematic elasticity. Interaction between them can be attractive or repulsive

depending on the separation of the particles, and angle made by the inter-particle

vector with the far field director [89, 91]. This leads to the arrangement of particles

into chains, and in favourable circumstances to form colloidal crystals [86].

1.6 Interaction models used in simulations

Computer simulations (described in Chapter 2) using appropriate interacting po-

tentials given by differing microscopic models are of great interest to study the
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macroscopic behaviour of the system. In addition to obtaining information on

different physical observables, such models are advantageous in extracting a more

realistic temperature dependence of the underlying physical phenomenon, through

fluctuations which are usually neglected in mean-field or continuum-based ap-

proaches. Simulation studies on liquid crystalline systems were initiated by the

seminal works of Lebwohl and Lasher [92, 93] (described below) and has been

since then used widely to study bulk or confined systems, phase transitions and

pretransitional effects [94–104]. More generalized potentials incorporating the un-

equal nature of elastic constants [105–107] or elongation parameters [108, 109] were

also suggested. Simulations using off-lattice [110, 111] and atomistic models [112]

are more informative in that they are progressively closer to real LC systems due to

the detailed nature of the interactions, leading to their ability to reproduce various

phases. Despite their simplicity, lattice-based interaction models are successfully

used to capture the orientational phase transitions and other phase properties in

uniaxial and biaxial systems. They are also attractive due to lower computational

cost, and the relative ease with which they handle larger system sizes. In our

studies we use lattice-based models where the nearest neighbour sites on a simple

cubic lattice interact via orientation-dependent potentials.

Uniaxial interaction

To study systems with uniaxial constituents Lebwohl-Lasher [93] model (which is

a lattice discretized version of the Maier-Saupe anisotropic dispersion interaction)

is used. Here the nearest neighbour sites interact via a second rank pair potential

given by,

E = −ǫ
∑

〈ij〉

P2(cosθij) (1.52)

where ǫ is the positive coupling constant, P2 is the second rank Legendre polyno-

mial and θij is the angle between the spins at ith and jth sites. Here each lattice

site is associated with a headless spin which could represent a microcluster of rigid

rod-shaped molecules. ǫ (∼ 0.023 eV) sets the energy scale and the temperature in

reduced units is given by T ∗ = kBT/ǫ where T is the actual sample temperature.

The model predicts a weakly first order transition from the isotropic to a nematic
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phase at T ∗ = 1.1232 [94] for a bulk system. Correlation and pretransitional

studies using this model [94, 98, 113] indicate that the lattice parameter is in the

range of a few nm. In the presence of an external field tending to align the long

axes of the molecules with the field (positive dielectric anisotropy), the interaction

becomes,

E = −ǫ
∑

〈ij〉

P2(cosθij) − ǫE2
a

∑

i

P2(cosθi) , (1.53)

where, θi is the angle between the local director at ith site and the field direction.

Comparing the orientational part of the electric field contribution to the free energy

density (section 1.4.2), the quantity E2
a = [ǫ0∆ǫ0a

3/(3ǫ)]E2
f where, Ef is the

magnitude of electric field in V/m. Taking ∆ǫ ∼ 10 and a ∼ 3 nm, a value of

Ea = 0.1 corresponds to Ef ∼ 7 × 106 V/m (or equivalently to ∼ 70 Tesla of

magnetic induction).

Biaxial interaction

Systems with biaxial constituents are studied using the Cartesian representation

of the potential given in equation 1.39 [42],

E ′ = ǫ{−G33 + 2γ(G11 −G22) − λ[2(G11 +G22) −G33]} . (1.54)

Here {1, 2, 3} ⇒ {e, e⊥, m} and Gjk = P2(〈j | k〉). ǫ > 0 sets the temperature

and energy scales. |γ| and |λ| are often taken to be smaller than 1. When γ = λ = 0

the potential reduces to Lebwohl-Lasher model. λ = 0 and γ 6= 0 is shown to imply

an absence of the biaxial order [30]. This model is equivalent to the dispersion

approximation [8] with a single parameter λd when the parameters are chosen such

that (γ, λ) = (
√

2
3
λd,

2
3
λ2d). Numerous simulation studies have been carried out

using this model [40, 42–44, 54, 114]. Details of these lattice models are further

developed in the subsequent chapters.
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Monte Carlo techniques for statis-

tical physics

For problems in Physics, exact analytic solutions are impractical whenever one

deals with more than two interacting bodies. It becomes very readily quite complex

if one were to calculate physical properties of a system of very many particles,

equilibrated to the surrounding via energy exchanges. One gets around this issue

by determining the thermal average properties (using expectation values) of large

many-body systems in a probabilistic approach via the machinery of statistical

mechanics. As coined by Gibbs, at thermodynamic equilibrium, the expectation

of a quantity O is,

〈O〉 =

∑

i

Oie
−βEi

∑

i

e−βEi
, (2.1)

where the summation is over all possible microstates of the system, and the quan-

tity in the denominator is the partition function, Z. Here Ei is the energy of the

system in microstate i and β = 1/kBT , where T is the temperature and kB is

the Boltzmann constant. Various physical observables of a system can be derived

directly from Z. Except for small systems whose constituents have a simple inter-

action model with discrete energy spectra, determination of the sum leading to Z

becomes difficult as the number of possible available microstates turns out to be

enormous. An exact analytic determination of Z is also not practical for most of

the models. Simulations based on numerical methods come as an excellent resort

under these circumstances, in an attempt to provide closer-to-accurate solutions

to problems. Advent of computers and advances in integrated circuit technology

in fact stimulated a breakthrough in numerical solutions to problems in diverse

areas, within reasonable cost and time. Advantages of such methods are many

fold: they act as virtual experiments designed to test a proposed theory, can be

performed under various extreme conditions unlike in a real experiment and can

39
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act purely as an exploratory tool. They provide means to determine the macro-

scopic properties of a system from its microscopic details. Molecular dynamics

(MD) and Monte Carlo (MC) techniques [115–119] are two of the widely used

computational methods in statistical physics problems. While MD is based on

solving Newton’s equations of motion, MC is a prescription of sampling configura-

tions from a statistical ensemble. As the name suggests, MC technique extensively

uses random numbers and is known to have been employed in its early stages for

neutron scattering studies during the second world war. MC methods are also

used in diverse fields such as computational biology, weather forecasting, finance

and artificial intelligence to name a few. Monte Carlo is a numerical integration

tool and uses the law of large numbers according to which the determination of a

quantity becomes more accurate with the increase in the sample size. According

to the central limit theorem the error in measurement is proportional to 1/
√
N ,

where N is the number of sampled data points, provided the variance of the data

set finite. In MC, an effective way of computing accurate results faster and with

reduced variance is by importance sampling.

2.1 Metropolis Importance sampling

The objective of important sampling method is to guide the system to sample

microstates from a chosen probability distribution. If N microstates are sampled

from a probability distribution p then equation 2.1 approximates to,

〈O〉 =

N
∑

i=1

Oi p
−1
i e−βEi

N
∑

i=1

p−1
i e−βEi

, (2.2)

where pi is the probability of sampling a microstate i. If a particular microstate

is chosen with a Boltzmann probability e−βEi/Z then the above equation becomes

a simple arithmetic mean,

〈O〉 =
1

N

N
∑

i=1

Oi . (2.3)
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Hence determination of physical observables are made easier, provided the sam-

pling criterion is adequate. Generation of new states in a Monte Carlo procedure

is performed via a Markov process, wherein a given system in a state i transits

to a new state in j without reference to its earlier states. This transition proba-

bility π(i → j) which is an element of the stochastic matrix (or Markov matrix)

π, depends only on the properties of the states i and j, and is time independent

(homogeneous process). It is chosen such that a long enough Markov chain so

generated leads to collection of states with Boltzmann probability, guiding the

system to equilibrium. Let wi(t) be an element of the vector w(t), representing

the probability that the system is in a state i at time t, assuming a continuous

time Monte Carlo, such that
∑

i wi(t) = 1. Evolution of wi(t) is then given by the

Master equation,

dwi(t)

dt
=

∑

j

[wj(t)π(j → i) − wi(t)π(i→ j)] . (2.4)

As the system reaches a steady state, the right-hand side of equation 2.4 vanishes

leading to constant values of weights thereafter, which represent the equilibrium.

If the time steps are measured along the Markov chain, the probability of being

in a state j at a time t + 1 is given by,

wj(t+ 1) =
∑

i

wi(t) π(i→ j) . (2.5)

w(t) can be expressed in terms of a basis set comprising the eigen vectors of

π with appropriate weight coefficients. Repeated application of π on w(t) thus

asymptotically tends the Markov chain to equilibration, resulting in the eigen

vector of π corresponding to its largest eigen value (which is 1), satisfying,

w(∞) = π ·w(∞) . (2.6)

Hence as t → ∞ the probability pi of choosing a state in i corresponds to the

desired equilibrium probability,

pi = lim
t→∞

wi(t) . (2.7)
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For set parameters of the system, this requires that the Markov processes satisfy

the conditions of detailed balance and ergodicity. Detailed balance demands that

in equilibrium the average number of transitions from a state i to any other state

j and that of the reverse transitions are equal. i.e.,

piπ(i→ j) = pjπ(j → i) , (2.8)

where pi is the probability of being in a state i. As equilibrium distribution needs

to follow Boltzmann probability,

π(i→ j)

π(j → i)
=
pj
pi

= e−β(Ej−Ei) . (2.9)

Transition probability π(i → j) is a product of two factors namely: the selection

probability α(i→ j), which is the probability of performing a trial move from state

i to j, and the acceptance probability acc(i→ j) of this attempted move. Selection

probability is usually symmetric and hence the evolution of Markov chain depends

on the choice of the acceptance probability. In compliance with the condition of

detailed balance, Metropolis et al. [120] proposed,

acc(i→ j) =







e−β(Ej−Ei) if Ei < Ej ,

1 otherwise .
(2.10)

The algorithm is implemented as follows:
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Metropolis algorithm:

• From an initial state i generate a new trial state j.

• if Ej ≤ Ei, then accept the new state;

else



















Generate a random number r such that 0 < r < 1.

if r < e−β(Ej−Ei), accept the new state.

else reject the new state, and set i as the next state j.

• Set the accepted new state, j as the initial state for the next

iteration (or the same state i if the move is rejected), and repeat

the entire process.

Random number sequence used in these computations should not be correlated

and are usually sampled from a uniform distribution. In interaction models for

liquid crystals (LCs) each lattice site accommodates a freely rotating headless unit

vector (LC spin) u denoting the orientation of the local director, and is represented

by the polar angle θ and azimuthal angle φ with respect to the laboratory frame.

A configuration with random orientations of these vectors can be generated by

sampling cos(θi) and φi from uniform distributions within ranges [-1, 1] and [0,

2π], respectively. The trial move to generate a new state then involves reorienta-

tion of these spins using Barker-Watts technique [121]:

Trial move procedure:

• Select an LC spin (this may be done at random or in sequence).

• Randomly select cos δ from the interval [-1, 1].

• Select x, y or z axis at random.

• Rotate the selected spin through δ about the chosen axis.

The Markov chain is continued by performing a trial move on the next lattice site.

This is repeated till all the Ns lattice sites have participated in a trial move, and is

called an MC lattice sweep. With the set parameters of the system, a large number

of MC sweeps are done while monitoring energy or other relevant properties of the

system, until equilibration is reached. This is followed by a long production run
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generating a canonical ensemble of N states, at a given temperature, from whose

statistics average properties of system are computed using equation 2.3. Estimate

of observables become accurate with more statistics.

Ergodicity demands at least one path of non-zero transition probability between

every pair of accessible microstates, as the Markov chain progresses. Metropolis

method updates a single spin at a time and hence a state can in principle be reached

from any other state after a finite number of successive moves, thus ensuring

ergodicity, provided that the transition matrix is irreducible. Another parameter

of concern is the acceptance ratio, i.e., the ratio of number of accepted moves to

the total number of MC trial moves. A very low value for this means an inefficient

and slow sampling in the configuration space, while a value close to one means that

all trial states are in the immediate neighbourhood of the initial energy, and hence

the sampling is not effective in accessing useful new states, commensurate with

the computational effort. We regulate the acceptance ratio dynamically during

the simulations to keep it close to 0.5, by controlling the amplitude of the trial

reorientational step, δ.

Metropolis sampling method has been used in the area of liquid crystals to study

phase transitions [93, 94], films [122, 123], droplets [124, 125], nematic elastomers [126–

128], topological defects in nematics [102, 122, 129], biaxial phases [8, 114, 130],

etc. Even though the algorithm is very elegant, powerful and simple to implement,

Metropolis sampling has its disadvantages too. The entire simulation needs to be

repeated for any change in the system parameters such as temperature, which is

time consuming. Also, the method becomes inefficient near the phase transition

regions or while dealing with systems with multiple metastable states.

2.2 Improvements and further evolution of sam-

pling methods

Cluster flipping algorithms

Cluster flipping algorithms were proposed to overcome the disadvantages of single
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Figure 2.1: Schematic of energy histograms (solid lines) corresponding to the
ensemble of states collected during (a) Boltzmann sampling at a given temper-
ature, (b) histogram reweighting method extended to different temperatures,
and (c) entropic sampling.

spin flip Boltzmann sampling methods. A major issue near critical regions is the

increase in the correlation time resulting in critical slowing down. Single spin flip

methods cannot flip over at once, large regions of correlated spins forming domains

within the system. Also there is an increased probability of rejecting these moves.

Fortuin and Kasteleyn [131, 132] showed that this can be tackled by generating

trial states in uncorrelated fashion. The idea was first applied in Monte Carlo

methods by Swendsen and Wang [133], known as Swendsen-Wang method. Here

bonds are created between lattice sites with certain probability, and clusters are

identified and systematically flipped. This was improved in Wolff method [134]

which accelerates the process by creating a single cluster and flipping it.

First order transitions show notable hysteresis due to the barrier height which is

proportional to the interfacial area between the coexisting phases. The system

switches from one to other via a rare interface event. The correlation time here is

proportional to the residence time in these phases. This results in super-critical

slowing down. The important sampling methods based on Boltzmann probability

cannot handle this and urges one to go beyond such methods.

Reweighting methods

Canonical simulations based on Boltzmann probability need to be repeated with

every changing parameter of the system such as temperature. It was realized that

the distribution of states at a set of state variables can be used to get the system

properties at another. Reweighting methods emerged with this idea of determining
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system properties from a distribution function in an appropriate ensemble, such

as the density of states in the case of canonical ensemble.

Umbrella sampling suggested by Torrie and Valleau [135] is an improvement of

overlapping distribution method by Bennet [136]. The method enables determi-

nation of free energy difference between two systems which differ by a certain

parameter, usually referred to as a reaction coordinate. Configuration space ac-

cessible to both the systems is sampled by modifying the Markov chain through

a replacement of the Boltzmann weight factor with a non-negative weight factor

which is not known a priori. This in fact is constructed from Boltzmann weights

and have an overlap with the equilibrium regions sampled by both the systems.

The name of the method comes from this bridging between the configuration

spaces, and usually several umbrellas with partially overlapping regions are used.

The accuracy of the method is independent of the choice of the umbrella potential,

though the efficiency depends on it.

Single histogram method has been successfully applied in the study of critical

phenomena [109, 137, 138]. Here a long enough run of Boltzmann simulation per-

formed at a single temperature T◦ generates a histogram which gives an estimate

of the equilibrium probability distribution. The density of states which is indepen-

dent of temperature can be estimated, for an energy window near the equilibrium

energy value corresponding T◦. Hence the data from a single run can be used to

get probability distribution or properties at another temperatures by appropriate

reweighting (Figure 2.1 (b)). At sufficiently far away temperatures from T◦ re-

sults become unreliable and also the reliable temperature range gets limited as the

system size increases. Multi-histogram method which deals with data from more

than one value of parameter were efficiently used [139] over a much larger range

of temperatures.

The applicable range of temperatures is extended by the introduction of multi-

canonical methods [140, 141]. These were successfully applied in the cases where

the probability distributions have multiple maxima (or correspondingly free en-

ergy minima) such as Potts model having first order transition [142] and spin
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glasses [143]. Using temperature as a dynamical variable expanded ensemble meth-

ods [144] like simulated tempering [145] and its parallel form, parallel temper-

ing [146] were successfully employed to study the complicated energy landscapes

of spin glasses. Here concurrent simulations are performed to get the properties

of the system at a finite number of temperatures. More recent multicanonical

methods like entropic sampling, where the basic idea is to estimate the density

of states, are becoming popular as they can yield system properties at practically

any temperature.

2.3 Entropic sampling

Entropic sampling methods [147] evolved with the basic idea of sampling from a

distribution other than Boltzmann. The method is being widely accepted due to

its simplicity, straightforwardness and potential. Here sampling is done with a

probability which biases the random walk according to the inverse of density of

states g(E), which itself is not known a priori. If the states are sampled such that

p(E) ∝ g(E)−1 then the chances of picking a state within certain energy range is

independent of the value of the energy itself. This results in a flat histogram of

the energy states visited (Figure 2.1 (c)). Now the condition for detailed balance

becomes,
π(i→ j)

π(j → i)
=
pj
pi

=
g(Ei)

g(Ej)
. (2.11)

The acceptance probability is,

acc(i→ j) =







g(Ei)
g(Ej)

if g(Ei) < g(Ej),

1 otherwise .
(2.12)

As any energy state is equally likely to be selected as any other, the algorithm

can cross energy barriers easily, overcoming the problem of quasi-ergodicity expe-

rienced by simpler sampling procedures. Here density of states is determined in an

adaptive way as follows: g(E) is initially assumed to be of a simple form (usually
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a constant) and is computed in an iterative manner as the simulation proceeds.

The energy range to be spanned is divided into Nb number of bins and an energy

histogram hk (k = 1, 2, ... , Nb) is maintained with its entries being the number of

visits to states with energy Ek. The corresponding density of states, gk, which is

initially assumed to be a constant, is updated based on the energy histogram at

the end of each iterative run, which consists of certain number of MC sweeps. For

the (n+ 1)th run,

gn+1
k =







gnk if hk = 0,

gnk hk otherwise .
(2.13)

The process is repeated until a flat energy histogram is obtained, which is a confir-

matory check for the convergence of g(E). This constitutes the ‘preliminary run’.

As the values of g(E) are usually large and cannot be handled well by computers,

often it is preferable to work with its logarithm, S(E) = kB ln g(E), in order

to avoid numerical inaccuracies. Here S(E) is the microcanonical entropy and it

plays an important role here as energy does in Boltzmann sampling. In its initial

form the algorithm was expressed in terms of entropy and hence the name. Once

we are left with a good estimate of g(E), another long run is performed called the

‘production run’ collecting an entropic ensemble of N states, of course with an

expected flat energy histogram. Now following equation 2.2 determination of any

physical observable is rather straight forward,

〈O〉 =

N
∑

i=1

Oi g(Ei)e
−βEi

N
∑

i=1

g(Ei)e−βEi

. (2.14)

Hence the two stages of single simulation leaves behind a good estimate of g(E)

and a large set of sample states, from which any useful quantity could be extracted

at a later stage, without the need for repeating the entire long simulation. The

method permits forthright determination of entropy and free energy of the system

(to within an additive constant of course), which are not directly computable

using canonical methods. It may be noted that detailed balance is not satisfied

in the early stages of the algorithm, but it is recovered as the density of states
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converges. Entropic sampling has been successfully employed in the study of

Ising systems [148–151], spin glasses [152], natural selection based algorithms for

biological evolution [153, 154], etc. Despite its triumphs, this method proceeds

rather slowly towards the convergence of density of states, and becomes time

consuming and less efficient for larger and complex systems, particularly involving

continuous variables of the configuration space. This led to further amendments

of the method.

2.3.1 Wang-Landau sampling

Wang and Landau [155] ameliorated the above discussed entropic sampling method

making it more powerful and efficient. The idea is to update the density of states

after each MC step based on a convergence (or modification) factor, f . Here

the energy histogram does not actively involve in the updation of g(E), though its

flatness is monitored in order to ensure the convergence of g(E). Flatness of energy

histogram leads to next iterative run with a modified value of f . This is repeated

till f → 1, i.e., when g(E) gets modified no more. Once g(E) estimation is done,

the standard procedure follows. Wang-Landau (WL) method is widely employed in

the study of 2 and 3 dimensional Ising model and Potts spin models [155–159], 3d

lattice and continuous chains of polymers [160–163], quantum systems [164, 165],

glassy systems [166], protein folding [167], liquid crystal systems [54, 103, 168–170],

off lattice models [171] and generalized reaction coordinates [172].

For interaction models like Heisenberg model or the ones used for liquid crystals,

the orientational configuration a single spin can take is continuous in its coordinate

space, unlike the discrete ones like Ising spins. The energy spectrum associated

with such models is also continuous and this puts forward some concerns, especially

for larger system sizes. Spanning the entire range of this continuous energy space

for collection of equitably distributed microstates, especially the lower energy ones

which are entropically restricted, becomes tedious, if not near impossible within

practical timescales of computations. As there are now larger number of accessible

energy states, accessing each of these energy bins and updating the corresponding
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density of states becomes slower. WL method with further modifications were

successfully employed to study LC systems [103], enabling a faster convergence of

g(E) and efficient spanning of energy states. The system sizes were still restricted

to Ns . 2000. Zhou et al. [173] addressed these issues by defining dynamic

frontiers which distinguishes the energy range over which g(E) has already reached

convergence, and those that are away from convergence. A global updation to g(E)

is given in the former range, forcing the algorithm to visit states belonging to the

latter range. They also proposed a Gaussian kernel-based local updation scheme,

wherein g(E) belonging to the nearby bins of the currently accessed one are also

updated with appropriate weights, thus enhancing the updation process. This

improved method was then applied to obtain 2 dimensional joint density of states

g(E, η) for Heisenberg model of lattice size 10× 10× 10 and protein model with a

chain of 30 atoms, where the second reaction coordinate η is magnetization in the

former case and end-to-end distance in the latter.

In our simulations of liquid crystal models, in order to go beyond system sizes

larger than 12× 12× 12, the above mentioned schemes are employed with further

modification [174]. Initially the system is prone to access high energy states of

lower order due to the larger availability of such states. The initial frontier is

thus set in this region where the energy value is typically zero. This frontier is

successively shifted towards lower energy regions based on the difference in the

values of density of states obtained after successive iterations. It is expected

that this difference is nearly uniform for the region where the density of states has

already approached convergence, as further updations cannot alter it qualitatively.

In order to avoid numerical overflow problems, estimation of density of states is

exercised at logarithmic scales in terms of αk = log gk and ξk = log αk [103, 175],

where k represents bin index. Now the acceptance probability of a trial state j

generated from an initial state i becomes,

acc(i→ j) =







1 if ξj ≤ ξi,

exp [−exp (ξj + log {1 − exp [− (ξj − ξi)]})] otherwise ,
(2.15)
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where ξi and ξj are the bin entries of ξ(E) corresponding to the energies of states

i and j. After each MC step local updation to ξ is performed as,

ξk → ξk + γ exp

[

−
(

k − k0
δ

)2
]

, (2.16)

where k0 is the bin number corresponding to the current state in the Markov chain

after the MC step. Here γ sets the amplitude of increment to the bin entry during

updation and δ sets the spread of updation to the nearby bins. Their optimum

values depend on the system size, number of energy bins and the desired temper-

ature precision. δ is kept constant whereas γ is systematically varied through the

simulation from an initially set γ0.

The simulation procedure is as follows. An initial reference energy bin Bref is

chosen in a higher energy region (at energy close to high temperature value, close

to zero). Starting from an initial state, a Markov chain of NLS number of MC

lattice sweeps, long enough to adequately span the entire energy range involved,

are performed following the acceptance criterion in equation 2.15. At the end of

each MC lattice sweep, ξ is locally updated as per equation 2.16 and an updation

of the histogram is done. After NLS MC sweeps, γ is reduced and the entire

process is repeated till the value of γ reaches a preset minimum value. This

completes one iteration. For instance, while simulating a Lebwohl-Lasher (LL) [93]

system of size 20 × 20 × 20, typical values used are: number of energy bins,

Nb = 10Ns, NLS = 3000, δ = 16, γ = 30 initially and reduced successively as

γ → (0.95)γ till it reaches a value of 10−4. After one iteration, γ is reset to its

initial value and a similar second iteration is performed. Now we determine the

difference in values of ξ after these iterations. It is assumed that within an energy

window of certain width, if ξ has approached convergence, this difference will be

fairly constant, as further updations to ξ would increase it only by a constant.

Scanning down from the reference bin, an energy frontier is identified at the bin

where the difference in ξ is no more within 95% of that of the reference bin, and

is set as the next reference bin. This is the flatness criteria to be satisfied to

define a new frontier. No new frontier would mean a non-convergence of ξ and

hence two more iterations are performed and the flatness criteria is checked again.
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Figure 2.2: Monte Carlo time evolution of the energy (per LC spin) of mi-
crostates visited during the frontier sampling stage. Star symbols mark the
minimum value of E∗ during the introduction of each fresh frontier. The results
are for a bulk Lebwohl-Lasher system of size 15× 15× 15.

This is repeated till a new frontier is defined. Now ξ values of all the bins above

the frontier bin is boosted by a constant. This in effect limits sampling states

belonging to the converged ξ region and hence promotes more visits to the lower

energy region. Further iterations are done to find a new frontier towards the lower

energy region, and the procedure is repeated till the entire admissible energy range

is covered. In liquid crystal systems visiting the lowest possible energy region is

tedious and hence one is satisfied with a good estimate of ξ up till a lower energy

cut-off bin Bcut−off , if it envelopes the region of interest of the problem studied.

Thus one is left with a fairly good estimate to ξ. Figure 2.2 shows the evolution

of the energy of microstates visited during the frontier sampling stage, where the

MC time at which each new frontier is defined is marked.

In order to further refine ξ, long smoothening iterations are performed with smaller

initial value of γ until it is successively reduced to a very small value ∼ 10−8. This

step removes possible discontinuities in ξ resulting in a very good estimate of the

density of states. This can also be confirmed by a flat energy histogram during

the final stage. Even though a flatness of (80-90)% (meaning that the height of
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each bin fluctuates within that amount of the mean height of the histogram) is

preferable, this may not be practical, and hence often it suffices that the histogram

is reasonable if all its entries are larger than a minimum value. After this confir-

mation follows a production run. In this step, a long Markov chain is generated

using the converged value of ξ, thus performing a uniform walk in energy space.

It is to be noted that no updations to ξ are done in this stage. During this walk,

an entropic ensemble of typically & 4 × 107 states is collected, and then their

desired properties are recorded. In the following reweighting step, the average of

any macroscopic quantity is obtained using a transformed form of equation 2.14

as,

〈O〉 =

N
∑

i=1

OiWi

N
∑

i=1

Wi

, (2.17)

where,

Wi =







exp (exp [ξi + log {1 − exp (−∆1)}]) , where ∆1 = ξi − log (βE) ≥ 0,

exp (−exp [log (βE) + log {1 − exp (−∆2)}]) , where ∆2 = log (βE) − ξi ≥ 0 .

(2.18)

The entire procedure can be summarized as follows:
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Modified WL procedure:

Preliminary estimate of the density of states

1. Initialize: ξ, h, γ, δ, Bref , Bcut−off .

2. Perform an MC step with initial state i and trial state j using the acceptance

probability as in equation 2.15.

3. Locally update ξ as in equation 2.16 and h.

4. Repeat steps 2 and 3 to perform NLS number of MC lattice sweeps.

5. Reduce γ: γ → (0.95)γ.

6. Repeat steps 4 and 5 till γ → 0.0001. This constitutes an iteration. Store

the current value of ξ as ξ1.

7. Perform a second iteration and store the resulting ξ as ξ2

8. Calculate the ∆ξ = ξ2 − ξ1 for all bins.

9. Going down from Bref , look for the lowest bin number with ∆ξ within 95%

of that of Bref and set this as the new Bref .

10. If a new Bref is set, globally update ξ by boosting it by a constant for all

bins > Bref , and proceed to the next step. Otherwise repeat steps 2 - 9.

11. Repeat steps 1 - 10 till Bref ≤ Bcut−off .

Smoothening density of states

1. Set γ to a lower value.

2. Repeat long iterations till γ . 10−8.

3. Confirm convergence of ξ by monitoring flatness of histogram, h (or by

ensuring minimum entries in it).

Generating entropic ensemble

• Generate a long Markov chain using converged value of ξ in equation 2.15

(without doing any updations), collecting the states by recording all its

required properties.

Reweighting

• Extract the values of equilibrium physical quantities by reweighting at re-

quired temperatures using equation 2.18.
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(a) (b)

Figure 2.3: (a) Evolution of the density of states (inner dashed lines) until
its final best estimation (thick solid line), (b) Histogram of energy (per LC
spin) of the states collected in an entropic ensemble. The results are for a bulk
Lebwohl-Lasher system of size 20× 20× 20.

Figure 2.3 shows the evolution of log g(E) and the energy histogram of states from

an entropic ensemble, performed on a Lebwohl-Lasher system of size 20× 20× 20.

The modified WL method has been successfuly employed in studying various liquid

crystalline systems [54, 169, 170].

2.4 Simulating liquid crystal systems

The lattice models we employ to study liquid crystal systems have characteristic

length scales of a few lattice units which translate to a few nanometers. This

puts a restriction in simulating systems of sizes proportionate to real ones. The

issue gets aggravated when the interactions become complex, or as the sample

space become larger. There are however several ways to speed up the computing

process itself. Using computing facilities with parallel architectures, jobs may be

divided among the processors or each subsystem could be assigned to each pro-

cessor. This purely depends on the nature of the problem. For instance, in lattice

models non-interacting spins can be flipped simultaneously using checkerboard

decomposition [117]. Such methods enable easier handling of systems with larger
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sizes, or those with more involved calculations, provide faster results and reduce

the waiting time to a large extent. In our simulations we employ appropriate

parallelization techniques to Boltzmann sampling while simulating systems with

complex biaxial interactions (as in Chapter 5) and while dealing with large lattice

size used in the colloidal nematic system (as in Chapter 6).

Finite size effects

While simulating bulk systems, it still stays a challenge to obtain accurate mea-

surements at par with the real systems. As opposed to the large numbers of inter-

acting particles in a real system at thermodynamic limit (∼ 1023), the maximum

number of particles that can be dealt with in simulations using the computational

resources so far is of the order of 106, which corresponds to nano or submicron

regime depending on the characteristic length scales involved. It is still manage-

able as far as the simulation box is much larger than the correlation length of the

interaction model used. But the finite size effects become inevitable and more

pronounced near phase transitions as the correlation lengths diverge near critical

regions [117]. For a second order phase transition this can be dealt with finite size

scaling laws where the system behaviour in thermodynamic limit can be extrap-

olated from finite sized systems. This is applicable to liquid crystalline systems

too as the NI transition is weakly first order in nature and that the transition is

driven by pretransitional fluctuations while cooling the system.

Boundary conditions Another matter of concern is the larger surface effects due

to small system size, and this raises the issue of the type of boundary conditions

that need to be imposed to the simulation box. Periodic boundary condition [117]

is a widely accepted one in order to approximate an infinite lattice with a finite

lattice, wherein the boundaries of the lattice are effectively eliminated by wrap-

ping them in the form of a torus. This often develops more correlations between

the lattice sites, enhances order of the system, decreases the entropy and hence

overestimates the transition temperature. Cluster algorithm where the lattice is

surrounded by frequently updated ghost environment [176] was proposed to get

results from smaller systems, that are comparable to those obtained from larger

systems. On the other hand, free boundaries decrease the correlations and hence
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has a reverse effect of the periodic ones. We use periodic boundaries for simulating

the bulk systems as they are simpler to implement, are quite efficient to mimic

an infinite system, and are well accepted. In the case of confined systems the

boundaries along one or more directions are represented by fixed ghost LC sites

with appropriate anchoring conditions [177].

2.4.1 In silico measurement of observables

Energy

Average of energy per spin is represented in its reduced dimensionless form as

〈E∗〉 = 〈E〉 /(Nsǫ), where averaging is performed over the corresponding ensem-

ble. ǫ is the nearest neighbouring coupling constant and Ns is the total number

of spins in the system. In canonical simulations, microstates contributing to the

above statistics are considered only after the system is allowed to equilibrate for

a sufficiently long time.

Specific heat

Specific heat at constant volume is related to energy as, CV = ∂ 〈E〉 /∂T . Near a

first order phase transition of an infinitely large system, this derivative has a dis-

continuity and hence specific heat diverges, helping to locate the phase transition.

By fluctuation-dissipation theorem, this can be expressed in terms of the variance

of energy,

CV =
1

kBT 2

[〈

E2
〉

− 〈E〉2
]

. (2.19)

In dimensionless form,

C∗
V =

CV

kB
=

1

T ∗2

[〈

E∗2
〉

− 〈E∗〉2
]

. (2.20)

Binder cumulant

Fourth order energy cumulant, introduced by Binder [178, 179] is also used to
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identify the phase transition temperature. It is given by,

U4 = 1 − 〈E4〉
3〈E2〉2

. (2.21)

U4 is related to kurtosis, which measures the flatness of a bell-shaped distri-

bution. At the thermodynamic limit, U4 → 2/3 for the ordered and disordered

phases, and tends to a non-trivial value at the first order phase transition temper-

ature. On the other hand, U4 → 2/3 at all temperatures, for a system with second

order phase transition [137, 179].

Order parameter

Nematic order parameter in its tensor form is represented as,

Q =
1

2Ns

Ns
∑

i=1

(3u i ⊗ u i − I) , (2.22)

where u i is the unit vector representing the spin at ith lattice site. (Please refer

to section 1.1 of Chapter 1 for the definition of all the relevant order parameters.)

This gives Q with respect to the laboratory reference frame. In bulk systems with-

out external influences, there exists a degeneracy in the direction of the nematic

director and hence Q is diagonalized and represented in its principal eigen frame,

with eigen vectors {v 1, v 2, v 3} and corresponding eigen values {e1, e2, e3}, such

that e1 ≥ e2 ≥ e3. Now, scalar order parameter representing the degree of orien-

tational order with uniaxial symmetry is calculated as,

S = e1 . (2.23)

Eigen vector v 1 represents the orientation of nematic director. Phase biaxiality

parameter which measures the extent of deviation from the uniaxial symmetry of

the orientational order (along the director) is,

P = e2 − e3 . (2.24)
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Order Susceptibility

Order susceptibility χ is related to the S as χ = ∂ 〈S〉 /∂H where H is an externally

applied ordering field. As in the case of specific heat, zero-field χ can be expressed

in dimensionless form in terms of the fluctuations in scalar order parameter as,

χ∗ =
1

T ∗

[〈

S2
〉

− 〈S〉2
]

. (2.25)

Near first order transitions, where the order parameter exhibits a sharp jump,

susceptibility shows a notable divergence and hence can locate the transition.

Orientational correlation

The second rank orientational correlation function G2(r) which gives the correla-

tion between the orientations of two particles separated by a distance r is [94],

G2(r) =
1

2Nsr

[

3(u c · u ir)
2 − 1

]

, (2.26)

where Nsr is the number of lattice spins falling within a spherical shell of certain

thickness centered at a chosen lattice site with spin u c, at a distance r/a. u ir rep-

resents all the spins within this shell. Usually the procedure repeated by choosing

various random sites as center, and by performing yet another average over them.

The value of G2(r) starts from one and decays to 〈S2〉 when the system has a long

range order.

Nematic disclination

Disclinations in nematics are regions where nematic director cannot be defined,

due to discontinuous orientations of nematic spins. This results in a reduced order

in its vicinity. Such regions can be identified by determining an order parameter

field Si(r) from an MC averaged local ordering tensor at every lattice site, 〈3u i ⊗
u i − I〉/2, where u i represents spin unit vectors at each lattice point.

Figure 2.4 shows the above mentioned observables computed for a system with

spins of uniaxial symmetry, using LL interaction model.

Orders for systems with biaxially symmetric molecules

For systems where the constituents have biaxial symmetry, each spin is represented
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Figure 2.4: Results from canonical simulations of a Lebwohl-Lasher system.
(a) Temperature dependence of various observables for a 100×100×100 system.
(b) Orientational correlations at different temperatures from a 31× 31× 31 sys-
tem. (c) Order parameter profile at different temperatures showing a depression
in its value near an m = −1/2 disclination in a nematic medium.
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by a molecular triad, {exi , eyi , ezi }. Apart from the primary director and its

associated order parameter, the system can have two other preferred orientations

of the remaining two (minor) axes lying in a plane perpendicular to the global

director, with significant ordering along them. Different order parameters can be

computed as follows: Corresponding to each vector of the orthonormal triad, three

diagonalized ordering tensors Qxx, Qyy and Qzz are computed. These tensors are

then sorted as Qmax, Qmid and Qmin such that the dominant eigen values of each

one of them satisfy wmax
1 ≥ wmid

1 ≥ wmin
1 , whose eigen vectors are vmax

1 , vmid
1

and vmin
1 respectively. Now vmax

1 is the principal director and uniaxial order is

obtained from the corresponding eigen value.

In order to define the other two axes of the system, from vmax
1 , vmid

1 and vmin
1

a right handed orthonormal triad {umax, umid, umin} is constructed via Gram-

Schmidt Orthonormalization procedure. This is done starting from umax (which is

the unit vector along vmax
1 ), then constructing umid orthonormal to it, and finally

umin orthonormal to both of them. This defines the other two axes of the system,

umid being the next relevant one. Computing various order parameters of the

system follows. Primary order is given by,

R2
00 = S =

3

2
wmax

1 ≡ 3

2
〈vmax

1 |Qmax | vmax
1 〉 . (2.27)

Phase biaxiality is given by,

R2
20 =

P√
6

=

√

3

8
(wmax

2 − wmax
3 )

≡
√

3

8

[

〈vmax
2 |Qmax | vmax

2 〉 − 〈vmax
3 |Qmax | vmax

3 〉
]

.

(2.28)

where wmax
2 and wmax

3 are the other two eigen values of Qmax with respective eigen

vectors vmax
2 and vmax

3 such that wmax
2 ≥ wmax

3 . Molecular biaxiality of the system

is given by,

R2
02 =

D√
6

=

√

3

8

∣

∣

∣

〈

umin
∣

∣Qmin
∣

∣umin
〉

−
〈

umid
∣

∣Qmid
∣

∣umid
〉

∣

∣

∣
. (2.29)
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Figure 2.5: Temperature dependence of various observables from canonical
simulations performed on a system with biaxial interactions between spins for
a 40× 40× 40 system.

Macroscopic biaxiality of the system is given by,

R2
22 =

C

2
=

1

4

[

〈

umin
∣

∣Qmin
∣

∣umin
〉

+
〈

umid
∣

∣Qmid
∣

∣umid
〉

−
〈

umin
∣

∣Qmid
∣

∣umin
〉

−
〈

umid
∣

∣Qmin
∣

∣umid
〉

]

.
(2.30)

R2
22 is scaled to fall in the range [0, 0.5], a value of 0.5 denoting maximum biaxiality

in the system. Order susceptibilities can be computed in a similar manner as that

for the uniaxial case. Figure 2.5 shows some of the observables obtained from

canonical simulations for a system with biaxially symmetric spins [35] at chosen

biaxial Hamiltonian parameters. As the system is cooled from the isotropic phase,

initially a transition to uniaxial nematic phase NU and then to a biaxial phase NB

is seen.
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Nematic films and order parameter-

based sampling

Nematic films are the most studied amongst confined liquid crystal systems [180]

because of their simpler geometry for experiments and applicability in the display

devices. They are suitable for studying anchoring effects of substrates and elastic-

ity of the medium. Films with agreeable, hybrid or conflicting anchoring at both

the substrates come into use for different applications. Experimental and numeri-

cal studies with appropriate models and simulation techniques have been employed

widely to study planar nematic films [100, 181–194] and nematic medium confined

to cylindrical [195–201], spherical [124, 125, 202–206] or porous [109, 207–209] sur-

faces. Amongst the Monte Carlo methods used for LC systems, widest employed is

the Metropolis importance sampling [120]. For its simple use to construct canon-

ical ensembles, the size of system is not a constraint, and the algorithm can be

optimized catering to the size of the system and nature of the interaction, which

typically is the case with systems having continuous degrees of freedom, such

as Lebwohl-Lasher (LL) [93] model. Such continuous configuration variables of

course place severe restrictions on the sizes of the systems that need to be stud-

ied when one has to carry out entropic sampling procedure. Confined systems in

this respect are more amenable for detailed study based on these more informa-

tive simulations. In this chapter we report our studies on an interesting director

structure observed in a simple planar nematic film anchored homeotropically at

both the substrates. This is in addition to the stable homogeneous one expected,

corresponding to the absolute free energy minimum. A detailed investigation of

these structures using canonical sampling method is initially discussed, followed

by an energy-based entropic sampling study. The nature of the unusual director

structure necessitated the exploration of the configuration space of the system

based on its order parameter, which resulted in the development of a new sam-

pling method, facilitating a uniform random walk along the order parameter axis

63
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− OP-sampling. The method is an algorithmic adaptation of the energy-based

entropic sampling method, providing a representative distribution of microstates

with respect to the order parameter within a thin energy sheet (a good approxi-

mation to a microcanonical ensemble). We report some interesting manifestations

of this simple homeotropic film based on this sampling procedure.

3.1 Canonical sampling

The simulation box is simple cubic having l lattice units along either of the lateral

directions (say, x- and y- directions) with periodic boundaries, and a thickness of d

lattice units along the z-direction, resulting in Ns = l× l×d number of interacting

LC molecules represented by headless “spins”. This is exclusive of the additional

layers with fixed LC spins, each beyond z = 0 and z = d of the film, representing

substrates favouring strong homeotropic alignment. They are realized by fixed unit

vectors at their sites oriented along the z-direction. In most of our simulations l =

8 and d = 40, unless specified otherwise. We have also varied l and d to study the

system size dependence on the observed phenomena. Canonical simulations based

on Metropolis sampling [120] is performed assuming the LL interaction. It may be

noted that a 3-d LL model has a reported clearing temperature (in reduced units)

at T ∗
NI ∼ 1.1232 [94] and lattice parameter a ∼ a few nm [98, 113]. Initially the

spins are chosen to be randomly oriented. The temperature is then set to a very

low value of T ∗ = 0.01 and the system is allowed to evolve towards an equilibrium

state, guided by the Metropolis algorithm. We repeated this experiment with

several random seeds for the choice of the initial random configuration, trying

to examine if the system anneals to different topologically different structures.

The most probable configuration corresponds to the absolute minimum of the free

energy, resulting in a uniform homeotropic alignment of the LC spins. Contrary

to this expectation, with a lesser probability the system indeed condenses into yet

another configuration, qualitatively different from the more familiar one. We call

the homeotropically aligned film with bulk value of a high uniaxial order (≈ 0.99

consistent with the low temperature) as film A. The second director structure inti
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which we find this film to be condensing is associated with a low bulk value of

the order (≈ 0.26), resulting from the tilted director structure of the film. The

tilt occurs normal to the substrate into the xy-plane. We refer to this as film B.

Snapshots of the microstates of these films, with 3d ellipsoids mimicking the LL

spins are shown in Figure 3.1.

We carried out MC simulations starting with these two distinct structures (at

T ∗ = 0.01), and obtained observable physical properties as averages over equi-

librated ensembles, constructed through the Metropolis algorithm. The equili-

bration and production runs are carried out over 5 × 106 MC sweeps, and the

temperature is varied in steps of 0.01.

(a)

(b)
z

Figure 3.1: Snapshots of the system at T ∗ = 0.01 for film A with S = 0.9974
(a) and film B with S = 0.2648 (b). Right most and left most grey layers
represent the substrates. Colour map is a guide to the relative orientation of
the LC spins with respect to the z - axis (polar/zenithal angle). Due to the
reduced fluctuations at this temperature, orientation of LC sites of other lateral
layers are not visible in the figure, viewed along one of the edges of the simulation
box.

Director structure similar to film B is experimentally observed in homeotropic
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LC films [210] as a metastable state during the initial cell filling, the reason be-

ing the flow influenced rearrangement of aligning monolayers near the substrates,

which later transforms to the more stable homeotropic one over the period of

time. Such metastable structures are also predicted by continuum-based studies

on flow phenomena in liquid crystals [211]. Theoretical calculations predict other

forms of director deformations in very thin nematic cells when splay-bend elastic

constant is strong [212, 213]. This indeed is not the case in this study as the

interaction model used here has an isotropic elastic constant [96, 98]. Director

distortions can arise also due to the collective behaviour of the nematic medium

resulting in electric, magnetic [1, 214–218] or optical [219–221] Fréedericksz tran-

sition, wherein a corresponding external field of sufficient strength opposing the

substrate anchoring is applied. This phenomenon is widely used for controlling

the birefringence of the nematic films, providing the ON/OFF states required for

the display devices. However such director distortions are topologically distinct

from that in Figure 3.1(b) as will be discussed later in Discussion section. Field-

induced transient [222, 223] or ground states [224] with periodic stripes are also

seen in nematic systems. Simulations on confined systems using the LL interaction

have shown the occurrence of different possible director configurations (which are

predicted and allowed by continuum-based elastic theory) depending on the rate

at which the system is cooled [225]. In all the above cases the distorted direc-

tor structure arises from an external stimuli, whereas in our case the structure

B forms apparently spontaneously. At the same time, we take cognizance of the

dependence on the initial random configuration which could set in the nucleation

of the director structure of film B.

On heating, a system evolving through the set of microstates compatible with the

film B suddenly merges with that of film A at a temperature T ∗
m = 0.97 < T ∗

NI ,

where T ∗
NI is the nematic-isotropic transition temperature. The film B appears to

be stable through the production run until the merging happens. The temperature

dependence of various observables of the film are shown in Figure 3.2. The average

energy per LC spin (〈E∗〉) and specific heat (CV ) of film B are seen to be slightly

higher than that of A until they merge (as is discussed below), though it is not

so much evident from Figure 3.2. A clearly distinct order parameter profile shows



Chapter 3 Nematic films and order parameter-based sampling 67

-3.0
-2.5
-2.0
-1.5
-1.0
-0.5

0.0
0.2
0.4
0.6
0.8
1.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.2

0.4

0.6

0

2

4

6

8

10

0

2

4

6

8

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0

1

2

3

4

 

 

<E
* >

(a)

(b)

 

<S
>

(c)

 A
 B

 <P
>

T*

(d)

 

 

C
v*

(e)

 

S
* (1

0-3
)

(f)

 

P* (1
0-3

)

T*

Figure 3.2: Temperature dependence of various macroscopic observables ob-
tained from Boltzmann sampling. Filled circles represent the data for film A
and the empty ones for film B.

that the film B has a lower value of S, which is a consequence of the tilt in its layers

(geometrical average over the entire film). This is supported by the complementary

behaviour of the phase biaxiality, P . A relatively higher susceptibility of order,

χS for film B points to larger fluctuations in S indicating a larger range of S

values accessed by these configurations, this is also deducible from the fluctuations

in P . Unequal energies of the structures is more evident in Figure 3.3 where

the difference in their total average energies, ∆E∗
AB = 〈E∗

B〉 − 〈E∗
A〉, is shown.

(Please note that 〈E∗
A〉 or 〈E∗

B〉 represents the total mean energy from all the Ns

LC spins.) This difference is ∼ 20 units (i.e., ∼ 0.0078 per particle) at lower

temperatures and increases as the merging temperature T ∗
m ∼ 0.97 is approached,

and thereafter vanishes through T ∗
NI . It can be seen that at lower temperatures

the energy fluctuations (σA/2 or σB/2) are smaller than ∆E∗
AB thereby restricting

a transition from one to the other. For T ∗ > 0.81 the fluctuations are relatively

higher and one can expect a transition from film B to film A to occur (merging)

above this temperature value. The inset of Figure 3.3 shows that σB − σA (which

is related to the specific heat by fluctuation dissipation theorem as, σ2 = CV T
∗2)
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increases as T ∗
m is approached, but its value is seen to be relatively much small

(less than 2% of σA/2 at T ∗
m).

Figure 3.4(a) shows the average orientation of the nematic director within each of

the layers, θl(z), with respect to the z-axis, at T ∗ = 0.01 and 0.9 for both the film

structures. The corresponding fluctuations (σl) are shown in Figure 3.4(b). The

tilting of the director through the layers is in accordance with the director structure

shown in Figure 3.1. The average values at higher temperature are seen to deviate

from that of the lower temperature one due to the increased fluctuations. For film

A, σl is seen to increase towards the middle of the film due to the anchoring effect

at the boundaries. On the other hand, σl for film B increases as we move away

from the substrate, reaching a maximum and then decreasing towards the middle

of the film. This indicates a relatively stable orientation of the middle layers with

director parallel to the substrate. Figure 3.5(a) shows the average order within

each layer, Sl(z), at different values of T ∗. The corresponding fluctuations (σSl) are
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Figure 3.5: Variation of order within each layer Sl (a) and its fluctuations σSl

(b) along the thickness of the sample for film A (filled triangles) and B (open
circles) at different temperatures as labelled, computed as MC averages. It may
be noted that at all the temperatures Sl for both the films are almost identical.

shown in Figure 3.5(b). It is seen that despite the notable difference in the value

of S of the two structures, their individual layers are ordered almost identically.

The variation of average the order within each layer with reference to the z-

direction, Slz(z) is shown in Figure 3.6(a) and 3.6(b) respectively for films A and

B. The behaviour is as expected such that in both the films Slz decreases towards

the middle layers. For film B, its value reaches a minimum of ∼ −0.5 at T ∗ = 0.1
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l NA NB

8 5 5

10 4 6

16 5 5

24 7 3

32 8 2

36 9 1

40 10 0

Table 3.1: Number of occurrence of film A (NA) and film B (NB) as the lateral
area of the film (l × l) is varied, out of ten simulations with different random
initial configurations.

due to the orientation of these layers orthogonal to the z-direction. At T ∗ = 1.1

and 1.2, Slz varies in an identical manner in both the cases as the merging of the

two sets of microstates has already taken place.

A rough estimate of the film’s lateral size (l) dependence of the probability of

spontaneous occurrence of film B is determined by performing 10 simulations with

different initial random configurations, by varying l at d = 40. From an initially

isotropic state the system is quenched to a low temperature. The site orientations

and order parameter values are monitored to classify the director structure into
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which the system condenses to. The findings are listed in Table 3.1. It is seen that

the probability of spontaneous occurrence of director structure of film B reduces

as the lateral area (l× l) of the film increases. Dependence on the film thickness d

of the temperature range over which film B remains stable (before merging with

the film A) is also studied. For this we considered a film with larger lateral area

(l = 24), and the initial director structure is chosen to correspond to that of film

B. Temperature scans are performed (with a resolution of 0.1) for various values

of d. Results are shown in Figure 3.7. It is seen that except for very thin films

(d < 6), film B is feasible, and the temperature range over which this structure

remains stable increases with increasing film thickness. This is understandable as

the anchoring field effects are dominant in thinner films (d < 6) setting a critical

value for the film thickness [100, 185].

A closer inspection of the merging of film B with film A is effected by monitoring S

and keeping track of the microstates during the canonical evolution. As discussed

earlier, a merging could occur at any temperature T ∗ > 0.81. Snapshots of mi-

crostates of the system at high enough temperatures, (T ∗ = 0.99 and 1.04) as the

film B merges with film A, are presented in Figures 3.8 and 3.9. The interesting

circumstance at these temperatures is that the fluctuation in the energies of the
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two structures become comparable to the differences between their average ener-

gies (refer to Figure 3.3). Thermal fluctuations in this temperature region seem

to be driving the film B towards the (global) free energy minimum corresponding

to the homeotropic arrangement of film A. The snapshots depict these interest-

ing changes as the system transits from the (bulk-wise) low ordered state to the

more probable state with compatible orientational order. Concomitant qualitative

changes in the topology of the structures (particularly is evident at T ∗ = 1.04)

may also be noted.

3.2 Entropic sampling

An entropic sampling (random walk in the configurational space resulting in a

distribution uniform with respect to its energy) is performed on the film, with an

initial configuration corresponding to film B at a low temperature. The resulting

energy-order (E∗-S) microstate space is shown in Figure 3.10. From the initial

state corresponding to the leftmost region of the lower branch in the figure (marked

by the arrow), the system accesses regions of the microstate space by swiftly

moving towards the right. This is because an increase in energy is favoured by

entropy. The microstates belonging to the lower narrow branch in the figure are

compatible with the film B. As the system starts sampling higher energy regions

(or equivalently higher temperature regions), it then traverses along the broader

Figure 3.8: (following page): (a) Canonical MC evolution of macroscopic
order parameter S near the region of merging of film B with film A captured at
T ∗ = 0.99. (b)-(h) Snapshots from the marked regions of (a) as the transition
happens from B → A. Microstate in (b) and (h) have director structures of films
B and A respectively. It can be seen that the director profile remains similar
on the left hand side whereas major orientational rearrangements happen on
the other half of the film, as is more evident from (d), (e) and (f) cases. (Due
to thermal fluctuations, the actual LC spin orientations at this temperature
are found to give less visual information. Hence for the purpose of a clearer
depiction of the director profile, each represented spin in the figure correspond
to a local director (apolar) computed over the nearest neighbouring bulk LC
sites.) Reference axis and colour map are same as that of Figure 3.1.
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(a)
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Please see the previous page for caption.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3.9: Same as Figure 3.8 but at T ∗ = 1.04.
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region where the microstates are compatible with the film A, and once film B

transits to this region, it does not visit the microstates of the lower branch again.

This points to the relative abundance of states corresponding to that of film A and

also to the inaccessibility of microstates connecting both the structures, alluding

to the presence of potential entropic barriers.

Figure 3.10: E∗-S microstate space obtained during the production run of
the entropic sampling. The initial configuration is marked by an arrow in the
lower narrow branch corresponding to film B. This is the result of putting the
coordinate of the microstates collected during the respective random walks.

We studied the regions of the E∗-S space, where the microstates are sparse by con-

centrating on the lower energy region of the branch in Figure 3.10 corresponding

to film B. The initial configuration is chosen to correspond to film B (indicated

by the arrow in the figure) and the maximum value for the admissible energy of

the system is set as E∗
cut. (Please note that E∗

cut represents total energy from all

the Ns LC spins.) Strictly for the purposes of reference, we tag this energy with

a corresponding temperature T ∗
cut by making a correspondence of E∗

cut with the

average energy of the system under Boltzmann sampling. Thus for E∗
cut = −5700,

T ∗
cut ∼ 0.69. It is observed that the system quickly reaches, in the process of

random walk, this highest permissible value of energy, and remains in the lower

branch throughout the length of the simulation. When an external field, Ea of ad-

equate strength, which tends to orient the LC sites along the z-direction (through
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Ea = 0.0

Ea = 0.1

Ea = 0.2

Ea = 0.3

Figure 3.11: E∗-S microstate space spanned during entropic sampling at
higher (right) and lower (left) values of set E∗

cut (corresponding to energies well
below the merging temperature in Figure 3.3), for various strengths of external
field, Ea. Merging from film B → A is aided by Ea, which occurs at lower values
of Ea for higher E∗

cut. Initial configuration is same as that in Figure 3.10.
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an additional interaction term of the form -E2
aP2(cosθi), where θi is the angle be-

tween ith LC spin and the z-axis), is applied, the system is assisted to traverse

from the microstate space of film B to that of film A. Figure 3.11 shows the E∗-S

space spanned by the system for various values of applied Ea. Strength of the

field required to merge B with A increases as E∗
cut is lowered. In the spirit of aid-

ing a reverse transformation, where an initial configuration belonging to structure

A at low energy is subjected to an external field tending to orient the LC spins

perpendicular to the z-direction (Fréedericksz transition), structures with different

director profiles are expected. We refer to the set of such microstates topologically

connected with film A as {A′}. However there are qualitative differences between

the director structures of the microstates {A′} and those of film B, as discussed

later in Discussion section.

3.3 Order parameter-based sampling (OP-sampling)

So far it remains that both the structures appear disconnected in the lower energy

region with the energy-based uniform (entropic) sampling procedure, unless aided

by an external field. This suggests a novel possibility of guiding the random

walk in the configuration space based on another reaction coordinate, say the

order parameter, keeping the energy of the system confined to a very narrow

range of a chosen fixed value (approximating to a microcanonical ensemble). This

appears appropriate as the bulk order S is the distinguishing characteristic of the

two apparently disconnected structures. In this perspective, we propose an order

parameter-based entropic-like sampling (OP-sampling), analogous to its energy-

based counterpart, in order to determine the distribution of states in a chosen

film (at a fixed energy value) with respect to S, g(S). Here the random walk is

performed along the order parameter S axis which is guided by an acceptance

probability for a move from state i with order Si to j with Sj by,

acc(i→ j) =







g(Si)
g(Sj)

if g(Si) < g(Sj),

1 otherwise.
(3.1)
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This procedure is further augmented by a corresponding frontier sampling protocol

(along S-axis) to significantly improve its efficacy to sample extremely rare states,

more readily. The simulation is restricted to a narrow energy range as the objective

is to seek all the accessible director structures of microstates compatible with a

given energy, of course without the (canonical) fluctuations. The energy region

to be spanned is accordingly restricted by denying the system access the states of

higher energy beyond the set E∗
cut. Due to the inherent tendency of the system

to reach out the high energy states (higher entropy) the only deviations from

this set energy mark to lower values are due to canonical fluctuations, and these

excursions are found to be be less than 0.05% of the set value. The distribution of

states with respect to energy visited during such runs are shown in Figure 3.12(a)

for a typical value of E∗
cut. The initial configuration of the microstate for OP-

sampling simulation is chosen to belong to film A with a very low chosen energy,

and a correspondingly high order. Figure 3.12(b) shows the evolution of the order

parameter of the system as the Monte Carlo time progresses, with markers placed

at each frontier sampling stage (discussed in section 2.3.1).

-5708 -5706 -5704 -5702 -5700
0

10000

20000

30000

40000

  

 

E*

(a) (b)

Figure 3.12: (a) Distribution of energy states sampled during OP-sampling
at E∗

cut = −5700. (b) Evolution of S with Monte Carlo time during frontier
sampling stage at E∗

cut = −5700. Dashed lines mark the time at which a fresh
frontier is introduced, and the minimum value of S corresponding to the follow-
ing boost in the updation of g(S) is marked by star symbols.

As the simulation begins, the energy of the system initially increases rapidly to

E∗
cut value due to entropic reasons, and thereafter fluctuates within a narrow range.
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But for the restriction not to cross E∗
cut to higher values, there are no other con-

straints on the system. Under these conditions, the recipe of OP-sampling results

in visiting states compatible energetically, but encompassing a wide range of S. A

successful sampling, satisfying certain flatness criterion (see section 2.3) leads to

an estimation of g(S) appropriate to the chosen energy E∗
cut. Figure 3.13(a) shows

the normalized distribution of states with respect to S, obtained at E∗
cut = −5700

(∼ −2.2265 energy per particle). It is seen that the distribution peaks near

S ∼ 0.78 which corresponds to the canonical average value of order of film A

at T ∗
cut ∼ 0.69. This is evident also from a more peaked distribution obtained in

the presence of an external field Ea applied along the z-direction. Plots depicting

the variation of g(S) at different values of E∗
cut for the field value Ea = 0.3 are

shown in Figure 3.13(b). A similar experiment is performed with an initial mi-

crostate belonging to film B with a low energy (E∗ ∼ −7700, S ∼ 0.26). Profiles

of g(S) thus obtained are shown in Figure 3.13(c) where the range of S values

accessed is seen to increase as E∗
cut is decreased. It is seen that the peak posi-

tion of these profiles obtained in this case occur progressively at lower values of

S, in contrast to that seen in Figure 3.13(a). For comparison, the snapshots of

microstates with comparable energy and macroscopic order parameter obtained

from OP-sampling performed with films A and B, are shown in Figure 3.14. Here

a low value of E∗
cut = −7000 (or ∼ −2.7343 energy per particle) is chosen to depict

the qualitative differences in the director structures with minimal orientational

fluctuations obscuring them. It may be noted that these are not the equilibrium

structures and hence are only representative microstates belonging to the corre-

sponding ensembles. It is seen that the director structures obtained in both cases

differ qualitatively. Tilt of the director from the substrate to the planar region

towards the middle of the film occurs symmetrically along one of the lateral di-

rections (downwards here) in the case of film B in Figure 3.14(b). On the other

hand, the bend occurs along opposite directions in each half-plane of the film in

Figure 3.14(a). As we discuss later, these differences are profound, and correspond

to different topologies.

To investigate the relaxation paths of the rare states thus obtained from each

of these films, canonical simulations are performed at T ∗ = 0.69, starting with
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Figure 3.13: Normalized distribution of available microstates obtained from
OP-sampling as a function of S (a) of film A for different values of Ea at
E∗

cut = −5700 (∼ −2.2265 energy per particle) and (b) of film A for different
values of E∗

cut at Ea = 0.3. (c) of film B for different values of E∗
cut without a

field.

different initial microstates chosen at different values of S, obtained through the

OP-sampling of the film A at E∗
cut = −5700. At this temperature, the degree

of fluctuations in the energy of the system is lower than the difference in their

canonical average values for both the structures (see Figure 3.2). The Monte Carlo

time evolutions of S for these cases are shown in Figure 3.15. It is seen that in all

the cases, S values relax to the canonical equilibrium value of ∼ 0.77 corresponding

to film A. A similar simulation with the initial configuration belonging to film B

at T ∗ = 0.69 with its S at the mean value of at ∼ 0.27 is attempted. It has

been found to be stable, and retains the structure of film B over a fairly long
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(a)

(b)

Figure 3.14: Snapshots of microstates obtained from OP-sampling at E∗
cut =

−7000 with initial configurations chosen to belong to (a) film A and (b) film
B. In both the cases S ∼ 0.2. It may be noted that the tilt spin orientations
on the right half is in opposite directions for (a) and (b). Reference axis and
colour map are same as that of Figure 3.1.

evolution period. These observations indicate that the rare microstates obtained

from the OP-sampling of film A are distinct, and do not “mix” with those of film

B. The microstates of film A with diverse values of S are thus transient states

spanning distinct regions of configuration space, not accessible to film B, and

they are topologically distinct as is elaborated below. Hence though this sampling

method explores microstates with agreeable E∗ and S belonging to films A and B,

the structures seem to be disconnected in the sense of Markov chain Monte Carlo

(MCMC) dynamics, in a large region of the microstate space. Thus the general

transition matrix of the MCMC dynamics in the total configuration space (in the

low temperature region) is reducible.

Snapshots of the system during the OP-sampling of films A and B captured at

various values of order parameters, for E∗
cut = −7000, are shown in Figure 3.16 and

Figure 3.17 respectively. It is informative to examine the director structures of

these transient states. Referring to Figure 3.2 it is seen that its equilibrium state
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Figure 3.15: Evolution of microstates with MC time during a canonical sam-
pling at T ∗ = 0.69 with initial microstates chosen from a S based entropic
sampling at E∗

cut = −5700. Legend shows the approximate values initial order
Sinitial of the microstates. For the case of lower green line below, the initial
microstate belong to film B at the same temperature.

corresponds to S ≈ 0.92 at E∗
cut = −7000 (film A) exhibiting a simple homeotropic

arrangement corresponding to the (global) free energy minimum. Now as OP-

sampling tries to see lower ordered states, extending upto S = 0.2, with the caveat

that the energy of the system is essentially kept constant, the system exhibits

fascinating transient structures. Since these are random snapshots taken during

evolution, they are only representative. It may be seen that initially film A tries to

accommodate the bulk-wise less ordered states by introducing compensating bent

structures at either ends till S ≈ 0.6. Further demand to seek microstates with

lower values of S makes the film adopt a different strategy, viz, encompass a slab-

like structure (parallel to the substrate), but with an interfacing bent segments

to match the substrate boundary conditions. Thus till about S ≈ 0.6 the eigen

Figure 3.16: (following page): Director structures of the film at different
values of S obtained from OP-sampling for film A at E∗

cut = −7000. Here the
viewing direction is along one of the lateral axes, and therefore show at each
lattice site a superposition of the orientations of the spin along the line of sight.
Reference axis and colour map are same as that of Figure 3.1.
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Please see the previous page for caption.
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S=0.2
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Figure 3.17: Same as Figure 3.16 for film B at E∗
cut = −7000.

vector corresponding to the maximum value of the ordering tensor of the molecular

axes, remains essentially aligned more along the normal to the substrate. Much

lower values of S require geometrical averaging be brought into play to meet

simultaneous demand on S and constraint on (constant) E∗
cut. Thus the lower

order (S ≈ 0.2-0.3), compatible with the equilibrium value of film B, is achieved
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z

Figure 3.18: Schematic showing the various director profiles for the films (a)
A, (b) its transient states A′ and (c) film B within a film with homeotropic
surface anchoring. Note the difference in orientations in the lower half plane of
A′ and B.

by progressively increasing the degree of geometrical averaging process. From this

perspective, the rotation of the eigen vector of the long axis of Q by π/2, as

we reach the middle of the film is common to both the films A and B (see the

snapshots for S = 0.3 in Figures 3.16 and 3.17). However these two structures are

topologically distinct: equilibrium states of film A could be reached by continuous

(bulk) deformation of its transient structures {A′}., whereas none of the structures

of film B can be mapped to those of film A. This is more evident from the transient

structures of B shown in Figure 3.17. The system here, under algorithmic pressure

to seek higher ordered states but at same energy, achieves this again by reducing

the degree of geometrical averaging by including more coherently ordered layers in

the middle, while paying its energy cost at the interface. The important difference

to note is that in all its transient states film B retains the same protocol of the

tilt of the director. In the light of these observations, the results of Figure 3.15

showing non-intersection of these microstates should not be surprising.

Discussion



86 Chapter 3 Nematic films and order parameter-based sampling

Focussing on the low-ordered director structures that the film A could exhibit un-

der OP-sampling (Figure 3.16 - microstates {A′}), we notice that these correspond

to the distortions that a homeotropic film would undergo in a Fréedericksz transi-

tion, as the applied field (in the plane of the film) crosses a threshold value. Thus

A and A′ structures are topologically equivalent, and there is no energy barrier be-

tween them: withdrawal of the field results in the film relaxing towards zero-field

equilibrium structure. Schematic representations of the director profiles for these

various structures are shown in Figure 3.18. We thus observe that the OP-sampling

seeks such topologically equivalent, but geometrically deviating, configurations in

detecting low-ordered structures at a given energy. It may be noted that in general

all such structures which differ in the rotation of the uniaxial director across the

cell by a multiple of 2π are equivalent from this perspective [190]. Referring to the

film A as monostable in this sense, film B is topologically distinct, and hence could

be transformed to film-A structure only with the application of an external field.

These two films thus form a pair of bistable states, differing in energy and hence

a barrier preventing their inter-conversion. The rotation angle of the main eigen

value of the layer-wise ordering tensor of the medium undergoes zero degree shift

in the film A (or multiples of 2π in its rare (no field) but topologically connected

A′ structure), and π in film B. Such topologically distinct, but stable director

structures are indeed of great interest for bistable display devices [190, 226, 227].

Once this is noted, the outcome of the present work can be summarized.

Attempts to look for a topologically differing film structures under homeotropic

anchoring condition in a film of uniaxial liquid crystal medium have been suc-

cessful. These are separated by an energy barrier and can be connected only

through the application of an external field where film B transforms to film A.

At high enough temperatures, when the energy fluctuations of these structures

match the energy difference, the energy barrier is observed to disappear facilitat-

ing the merger of the structures of the two films. In the process of investigating

these structures compatible with film A, at a given energy in the nematic phase,

we developed an algorithm to carry out uniform random walk along the order

parameter axis. Being guided by essentially Metropolis algorithm at the level of

acceptance of the trial states, this walk encompasses only topologically equivalent



Chapter 3 Nematic films and order parameter-based sampling 87

states. In the present case this walk results in structures which are reminiscent of

microstates resulting after the Fréedericksz transition. Attempts to force film B

to such higher order states under OP-sampling yields rare microstates which are

topologically consistent. Finally, the development of the OP-sampling procedure

seems to hold a promise to investigate the order-wise distribution of microstates

(within a thin energy slice) in bulk systems as well. This forms the subject matter

of the next chapter.





Chapter 4

Order parameter-based sampling:

bulk nematic systems

In this chapter we apply the OP-sampling method to bulk liquid crystal systems,

both uniaxial and biaxial. These studies demonstrate the efficacy of the method

to reach out to very rare regions of the microstate space, starting from canonical

equilibrium regions. The microstate space is visited giving importance to sampling

all possible microstates resulting from a uniform walk along the OP axis, within a

given energy slice. Different regions of this spanned microstate space correspond-

ing to varying values of the OP are analyzed, a useful handle being the spatial

dependence of the orientational pair correlations. While the implementation of

the method itself proved to be demanding in terms of computational effort, our

preliminary investigations allude to the prospects of adopting this method to study

many interesting physical systems, like sampling the non-equilibrium fluctuations

of the system, detection of transient states, possible enumeration of director struc-

tures after a deep quench from a higher temperature phases etc. Another scenario

is the possibility of determining joint density of states, g(E, S) which stands chal-

lenging as of today for a continuous system like liquid crystals. The OP-sampling

method combined with the energy based entropic sampling can in this context be

a plausible computing technique to estimate g(E, S), following an efficient stitch-

ing together of g(S) and g(E), both estimated to a good accuracy. Such studies

attempting to compute g(E, S) are so far concerned with Heisenberg magnetic

spin system [173], and LC systems in one dimension [228, 229].

4.1 Uniaxial system

We consider here a (cubic) lattice model (15×15×15) of uniaxial LC medium, with

nearest neighbours interacting via Lebwohl-Lasher potential [93]. Simulations are

89
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performed at chosen values of energy, E∗
cut (the upper limit of energy permitted for

the system), and the initial configuration is chosen from the canonical ensemble

at the corresponding temperature, T ∗
cut (at this temperature the average energy of

the system obtained from a canonical Boltzmann distribution is equal to E∗
cut, and

the initial microstate is chosen from the corresponding canonical ensemble with

its microstate’s energy closest to E∗
cut). The sampling procedure (as discussed in

section 3.3) enables the sampling of the microstate space spanning over a wide

range of order parameters while maintaining the energy of the system to within a

narrow window close to the set E∗
cut.
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Figure 4.1: Normalized distribution (log scale) of states with respect to the
uniaxial order S, obtained from OP-sampling at T ∗

cut = 0.8. The corresponding
canonical average value of S at this temperature is 0.75.

Figure 4.1 shows the distribution of states, g(S) in a normalized scale, obtained

from OP-sampling at T ∗
cut=0.8. The distribution is seen to peak near the canonical

average value of order (〈S〉) at this temperature. While g(S) extends to some

degree towards higher values of S, it encompasses significantly towards the lower

ordered regions. Obviously the microstates corresponding to their extensions in

g(S) are very rare transient fluctuations, essentially of the canonical ensemble.

It is to be noted that all these states have essentially the same energy, but for

fluctuations restricted to within 0.2%. Excursion of the order parameter to higher

values (than 〈S〉) would require necessarily lowering of energy (corresponding to

more order), which is inhibited consequent lowering of its entropy. Its variations
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induced by OP-sampling to lower ordered states are more extensive, till about

S ≈ 0.2. These microstates corresponds to internal director structures which

produce the required (low) value by geometrical averaging of the ordering tensor,

while preserving the total energy by the formation of locally ordered domains.

Thus, in a sense, the OP-sampling is facilitating a systematic collection of all

transient states (of essentially same energy) but very different bulk-wise order.

It is observed that the estimation of g(S) requires increasing computational ef-

fort as E∗
cut is decreased. This is due to the increased rarity of such bulk-wise

low ordered states consistent with very low energies, or equivalently for systems

equilibrated at lower temperatures. The system size also contributes to this by re-

stricting the possible number of locally aligned domains, but randomly distributed

with respect to their orientations, within the sample.

We attempted quantifying the characteristics of these microstates by collecting,

during the evolution of g(S), 2×105 microstates, each belonging to one or the other

of the windows of order parameter centered at differing values, Sw with a width

of 0.02. From the ensemble of microstates within each Sw-window, the average

second rank orientational pair correlation, G2(r) (equation 2.26) is determined up

to a cut-off distance of r/a = 7 (where a is the lattice spacing), by constructing

spherical shells of varying radii centered at the LC site. A further averaging

is effected by choosing 130 such random LC sites. Figure 4.2 (a) shows G2(r)

determined at T ∗
cut = 0.55 for different values of Sw. At this temperature the

canonical average value of orientational order is 〈S〉 = 〈Scut〉 = 0.85. For a

homogeneous nematic phase, the orientational correlations begin from one at r =

0, decay as r increases and eventually saturate to a value ∼ 〈S〉2. Such decays are

satisfactorily fitted to Ornstein-Zernike form (A
r
exp(−kcr)) [94]. This behaviour is

seen for G2(r) obtained from the canonical Boltzmann distribution shown in black

open circles. A similar behaviour is seen for the case where Sw > 〈Scut〉 at the

set T ∗
cut. On the other hand, G2(r) for the microstates belonging to Sw < 〈Scut〉

continue to decay with distance and do not saturate even at higher values of r.

This is a clear evidence of the formation of domains within the sample, which

are locally ordered by aligning the LC spins along a local director, while the
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domains themselves are misaligned with respect to each other. At lower Sw, G2(r)

is seen to develop undulations with r. These indicate a periodic development of

similarly ordered regions distributed within the sample. A quantitative estimation

of the components of wavenumbers, kw associated with these director structures is

made using discrete Fourier transform, and the corresponding magnitude spectrum

obtained as a function of kw is shown in Figure 4.2 (b). The black open circles

represent the homogeneous nematic states from a Boltzmann distribution is seen

to peak at kw = 0 and tail off at higher values of r. It is also seen that for the

cases of lower Sw, apart from the prominent mode at zero wavenumber, the curve

shows a noticeable spike at kw = 7 and smaller spikes near kw = 10 and 13. These

correspond to wavelengths of 1, 0.7, and 0.53 respectively in units of lattice spacing

a, indicating the presence of short wavelength undulations within the sample.

Snapshots of the system at T ∗
cut = 0.55 for different Sw are shown in Figure 4.2

(c)-(k). (Please refer to figure caption for more details). The undulations in G2(r)

are observed to decrease as T ∗
cut is increased, and consequently the contributions

from secondary spikes are also found to decrease, as is evident from Figures 4.3-4.8.

Figure 4.9 shows the collection of curves corresponding to Sw = 0.1 obtained at

different values of E∗
cut and hence T ∗

cut. These provide a more comprehensive view

of the effect of temperature on G2(r) (Figure 4.9 (a)) while the system is forced

to seek very low bulk value for its order, and its discrete Fourier transform in

Figure 4.2: (following page): (a) Spatial dependence of orientational pair
correlations for the LL system of lattice size 15 × 15 × 15, obtained from mi-
crostates sampled at various order parameter windows, Sw (as indicated by the
legend), for T ∗

cut = 0.55. For comparison, G2(r) obtained from a canonical
simulation performed at the same temperature (i.e., equilibrium structures) is
shown in black circles, and the corresponding canonical average value of S is
also indicated. (b) The discrete Fourier transform of the data in (a) as a func-
tion of kw, the wave number in scaled inverse lattice units. In (a) and (b) lines
are guide to eye. (c)-(k) show representative snapshots of the system belonging
to different values of Sw as indicated in the sub-caption. The color coding is
dark blue for the LC spins oriented along the director, and red for the ones in
the plane perpendicular to it. Please note the increasing number of blue sites
as Sw increases. In each case the viewing axis is chosen to be either x, y or z
for convenience of visualization.
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Figure 4.3: Same as Figure 4.2 at T ∗
cut = 0.60.
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Figure 4.4: Same as Figure 4.2 at T ∗
cut = 0.65.
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Figure 4.5: Same as Figure 4.2 at T ∗
cut = 0.70.
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Figure 4.6: Same as Figure 4.2 at T ∗
cut = 0.80.
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Figure 4.7: Same as Figure 4.2 at T ∗
cut = 0.90.
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Figure 4.8: Same as Figure 4.2 at T ∗
cut = 1.00.
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Figure 4.9: (a) G2(r) as a function of r and (b) the magnitude of discrete
Fourier transform of G2(r) in the wavevector space, kw for the case of Sw=0.1,
at different values of T ∗

cut.

the kw space (Figure 4.9 (b)). An estimation of the size of orientationally aligned

domains within the sample has the potential to give qualitative information on

the temperature dependence on such rare microstates [230].

Discussion

In this section, we demonstrated that one could obtain a representative distribution

of microstates, g(E), with respect to the order parameter of the uniaxial LC

system, at any chosen energy (of course, within a narrow range). We find that

the system, while respecting the energy constraint, seeks very curious director

structures which yield progressively lower order as the uniform random walk along

the OP-axis pushes it away from the equilibrium value.

While repeating OP-sampling at various temperatures, our interest was to ex-

amine possible differences in the director structures, on the allowed energy (and

hence the equilibrium value of its order) is progressively changed. We captured

systematically representative microstates at different bin values of the order, in

each case, and analyzed them in terms of spatial dependence of orientational pair

correlation functions, and their Fourier representations. The common feature is

the progressive loss of long-range correlations as the random walk encompasses

lower order parameter values. While this observation in itself is not very surpris-

ing, even though perhaps for the first time quantitatively analyzed, the change
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in these correlation functions as the system is constrained at much higher orders

(and hence lower energies) are very curious and illustrative. It is seen that at low

enough energies (low temperatures and highly ordered equilibrium states), the

OP-sampling captures rather fascinating structures which at once geometrically

average the bulk value to the desired low value, while being consistent with the es-

sentially constrained low energy. The sample develops periodic director structures

in order to satisfy the competing conditions, resulting in periodic undulations on

the spatial correlation functions. We estimate its k-space spectrum by performing

a Fourier analysis. The amplitude spectra obtained are indicative of these coherent

structures.

There has been considerable interest in the microscopic states that are obtained

from deep temperature quenching in several condensed matter systems including

liquid crystals [231, 232]. One of the interesting aspects is the growth of the

quenched state into expectedly ordered medium consistent with the equilibrium

conditions that the system is subjected. In this context, we conjecture that the

realization of such (rare) microscopic structures (systematically with a well-defined

algorithm) corresponding to different low energies (within the nematic medium),

and at different OP value at a given energy, could be useful in exploring the kinetics

of the growth of the order. These microstates, chosen for a specific objective for

such investigations, could be used as initial configurations to carry out appropriate

Monte Carlo simulations. One such modest attempt in the case of film with

structure A (Figure 3.14) indicated qualitative difference in time scales to regain

equilibrium. We now try to extend this procedure to a 2-d order parameter space,

and for this purpose we study a biaxial nematic model, reported in the following

section.

4.2 Biaxial system

Another system of interest is one with biaxial constituents interacting via a quadratic

Hamiltonian (equations 1.39, 1.54) where the phases can be described using two

order parameters, uniaxial (R2
00 = S) and biaxial (R2

22 = C/2). We wish to choose
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a convenient set of model parameters (γ, λ), and carry out the OP-sampling pro-

cedure along R2
00 (uniaxial order along the calamitic axis). As this random walk

proceeds trying to capture all microstates representing a wide range of R2
00 values,

we monitor its R2
22 values. We wish to analyze the director structures of these

representative microstates. The interest in doing this study is two fold: one is to

extend the OP-sampling to two dimensions, and the second is to look for support-

ive evidences, if any, for the curious extra biaxial phase that we recently reported

from this group [54].

The system studied has a size of 10×10×10 lattice units with periodic boundaries

on all the sides. Here we demonstrate a case simulated at a biaxial parameter value

of λ∗ = 0.58 which is equivalent to (γ, λ) ∼ (0.21, 0.12) (section 1.2.2) at the

reduced temperature T ′
cut = 0.65, which corresponds to a phase with considerable

amount of order (both R2
00 and R2

22) developed (please note the usage of primed

symbols in the case of biaxial systems). Figure 4.10 (a) and (b) show respectively

the region studied in the biaxial parameter space (γ, λ) and the temperature

dependence of the order parameters in that region. With these set parameters,

OP-sampling along R2
00 is initiated from a microstate belonging to the canonical

equilibrium ensemble belonging to the region indicated in (Figure 4.11 (a)). The

algorithm is then seen to sample diverse regions in the R2
00-R

2
22 parameter space,

as is observed from the subsequent evolutions in Figure 4.11. Deviations in energy

from E ′
cut, corresponding to the set value of T ′

cut is seen to be less than 0.55%. As

was observed in the case of uniaxial systems described in the previous section, here

too the excursions of R2
00 from its equilibrium value, occur slightly towards higher

regions of order and to a considerable extent towards lower ordered regions, as set

by the lower limit in the program. It is to be noted that in these biaxial systems,

the total energy is distributed among three terms: the first term tending to align

the long axes of LC constituents (uniaxial-uniaxial tensor interaction), the second

term tending to align the long axis of a constituent perpendicular to the one of

its neighbour (uniaxial-biaxial tensor interaction), and the third term tending to

align their short axes (biaxial-biaxial interaction). Hence an increase in the value

of R2
00 can only be allowed at the cost of a reduced R2

22, explaining the pathway

for R2
00 excursions above its equilibrium value. The decrease in the value of both
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Figure 4.10: (a) The black open circle corresponds to the region of essential
triangle in the biaxial parameter space (γ, λ) at λ∗ = 0.58, subjected to OP-
sampling (please refer to section 1.2.2 for details on essential triangle). (b) The
temperature dependence of the uniaxial (R2

00) and biaxial (R2
22) order parame-

ters for the point marked in (a), with a dashed vertical line drawn at reduced
temperature, T ′ = 0.65. Filled and open symbols represent data obtained from
energy-based entropic sampling and Boltzmann sampling, respectively.

the orders are possible by the formation of local domains. Thus the system is seen

to loop around a region of the microstate space. It is worthwhile to note here that

the sampling method was successful in spanning the R2
00-R

2
22 space in a reasonably

exhaustive manner, though it is adequate to guide the system along the R2
00 space

alone. A movie showing the evolution of these microstates as the OP-sampling

along R2
00 axis proceeds is included (file: Chapter4 OP Evolution 058.wmv) in the

soft copy for further elucidation of this point.

In order to investigate the R2
00-R

2
22 microstate space sampled, nine distinct regions

were chosen from Figure 4.11 (d), from which microstates are collected and G2(r)

is determined along the directions of each of the three molecular axes {e, e⊥, m}.

Here m represents the major axis (calamitic) and the other two are the minor axes.

The averaging of G2(r) was done over ten microstates in each region and over

ten random centers for each microstate. The results are depicted in Figure 4.12

which shows that the system can exist in qualitatively different forms within a

very narrow band of chosen energy. Region 1 represents the canonical equilibrium

configuration of the system where all the molecular axes are ordered with respect
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(b)

(c)

(a)

(d)

Figure 4.11: Evolution of the R2
00-R

2
22 microstate space of the biaxial system

at λ∗ = 0.58 and T ′
cut = 0.65 during OP-sampling. (a) the initial region sampled

by the algorithm which belongs to the canonical equilibrium ensemble at the
set temperature. (b)-(d) show the subsequent evolution. (Here only 10% of the
total data points collected is displayed.)

to each other, the calamitic axis m being the most ordered one implying a prolate

biaxial state. As we move along the subsequent regions 2-5, the correlations are

seen to continuously decay with distance along all the molecular axes, indicating

the presence of local domains within the sample. In the regions 6-8 correlations

resume to develop along one of the minor axes, e⊥, while they continue to decay

along the other axes, indicating alignment of e⊥ axes alongside the existence of

randomly oriented domains with respect to the other axes. Region 9 indicates all
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Figure 4.12: Spatial dependence of orientational pair correlations along the
three molecular axes {e , e⊥, m} for the microstates belonging to different re-
gions of the R2

00-R
2
22 microstate space at λ∗ = 0.58 and T ′

cut = 0.65. Region 1
belongs to the canonical equilibrium at the set temperature.

the molecular axes ordered with respect to each other, with e⊥ having a higher

degree of order thereby implying an oblate biaxial state.

The effect of the Hamiltonian parameter γ is examined by considering two more

cases (apart from case A described above), case B and case C where the value of γ

is reduced to half of that of case A and to zero, respectively. This trajectory corre-

sponds to progressive decrease of uniaxial-biaxial coupling between neighbouring

molecules, while leaving the other ordering terms undisturbed. The R2
00-R

2
22 mi-

crostate space sampled by the three cases are shown in Figure 4.13. It is observed

that for γ 6= 0, the system revisits the initial microstates through a region of higher
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(a) (b) (c)

Figure 4.13: R2
00-R

2
22 microstate space spanned by the OP-sampling algorithm

for the cases A (a), B (b) and C (c) at (γ, λ) ∼ (0.21, 0.12), (0.10, 0.12) and
(0, 0.12) respectively at T ′

cut=0.65.

R2
00, while at γ = 0 (no cross-coupling term) under the same sampling conditions

we could not observe a connecting return path to its equilibrium structure. For a

system of even smaller size, regions of lower values of both the order parameters

are seen to be rarely visited, pointing to the difficulty in the formation of ran-

domly oriented domains due to the size restriction. Attempts to carry out similar

simulation on a system of larger size proves to be prohibitive from computational

point of view, and could not be successfully completed.

Discussion

While discussing the implication of the interesting collection of microstates spanned

by OP-sampling in the R2
00-R

2
22 parameter space of the system confined to a very

narrow region of energy, one enters two caveats. The first is that the correlation

function graphs plotted in Figure 4.12 are from a representative set of limited num-

ber of microstates captured transiently as the system evolves under OP-sampling.

The second is that the size of the system (10×10×10) is not satisfactory from the

point of understanding these, even representative results: there could be finite-

size effects inducing spurious k-space components. The collection of this data on

the present system size proved to be computationally expensive, taking about six

months on a contemporary processor.

Starting from location 1 in Figure 4.12, which corresponds to the equilibrium

location of the system at the chosen low temperature (and hence low energy), we
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find that the three axes show long-range correlations, as evidenced by the three

plateau regions. It may be noted that the model parameters (γ, λ) of this system

reside on the diagonal at λ∗ = 0.58. The pair-wise interaction on the diagonal

exhibits D4h symmetry about the molecular e [54], and the large values of R2
00

and R2
22 corresponding to the region (∼ 0.85 and 0.40, respectively) indicate a

well-ordered biaxial phase, consistent with this data.

As the OP-sampling is initiated starting from a microstate corresponding to this

equilibrium point, the system somewhat readily visits regions in the R-space cor-

responding to lower R2
00 values (Figure 4.11 (b)). From Figure 4.12, correlation

function graphs of region 9, we see that these results are qualitatively different

from the microstates of region 1. In this higher value region of R2
00, we see rather

dramatically, that the molecular e⊥ axis has emerged as a clear calamitic axis,

while the correlation of the other to axes are looking identical. The fact that the

OP-sampling procedure is needed to push the system to this state indicates that

this is not the equilibrium director structure, even though somewhat more readily

accessible. Keeping in view the permutation symmetry of the Hamiltonian with

respect to the indices of the molecular axis [39], and the hypothesis that all such

choices of (γ, λ) can always be mapped suitably with the interior of the essential

triangle, we conjecture that this could correspond to a plausible equilibrium state

of another coordinate point within the region of biaxial stability. We suggest that

this could be a point on the diagonal of the image of the triangle in the 2nd quad-

rant (1 + 2γ−3λ = 0). On this diagonal the Hamiltonian exhibits a pair-wise D4h

symmetry along the molecular e⊥ axis.

The progression of microstates towards the lower regions of R2
00 and R2

22 are ac-

companied by the loss of long-range order of all the molecular axes (Figure 4.12,

regions 2–6). We conjecture that the irreversible transition from region 3 into the

low R2
22 regions, corresponds to the system accessing states which are predomi-

nantly uniaxial. The progression of OP-sampling indicates a build up of long range

order of molecular e⊥ axis, relative to the other two, alluding to the development

of a uniaxial phase with ordering director being associated with e⊥ axis. The

progression of the system from region 7 to 9 via isolated region like 8, appears
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to be corresponding to a transition triggering the onset of biaxial ordering of the

system with the major eigen vector of the ordering tensor associated with the e⊥

axis defining the calamitic director.

The above plausible mapping of different regions of R2
00-R

2
22 microstates space to

different types of macroscopic symmetries of the director structure is very inter-

esting, and indicates the variety of in-principle accessible states to the system,

commensurate with the set energy. In Figure 4.13, we show similar microstate

maps for two more points in the Hamiltonian parameter space, as the value of γ

(strength of the cross-coupling term in the model) is reduced to zero in two equal

steps. Figure 4.13 (b) shows a very similar progression of microstates takes place

as in Figure 4.13 (a), but for the difference that the development of the initial order

(lower branch of the map) proceeds to a higher value, before the system is driven

(under OP-sampling) to assume biaxially symmetric states. Figure 4.13 (c) does

not exhibit a similar return path (through isolated islands), but it could as well

be due to the maximum limit on R2
00 that has been set during the OP-sampling.

In view of the efficiency of this sampling procedure to look at closely the distribu-

tion of the microstates in the R2
00-R

2
22 plane in a biaxial nematic system (at chosen

energy), we envisage its applicability in throwing perhaps some useful light in re-

solving issues connected with director distribution in systems with partly repulsive

Hamiltonian [39, 54, 233].



Chapter 5

Effect of external field in bulk ne-

matic systems

This chapter investigates the effect of an external field on the phase transition

temperatures in uniaxial and biaxial nematic systems. Our studies on uniaxial

nematics are motivated by earlier experiments which indicated an initial linear

regime followed by a quadratic dependence of the NI transition on an external

field, (assuming for example, positive dielectric anisotropy). The phenomenologi-

cal explanation offered appeals to the quenching of director modes by the applied

field, initially in a linear way. The resultant loss of entropic contribution leading

to the corresponding increase in the free energy is argued to be the reason for the

experimental observations. In this context, it is thought to be a worthwhile task

to generate the experimental data through MC simulations, and examine if the

computer-based experiments based on a simple and well accepted model (like the

LL interaction) could support real experiments. This is particularly interesting

that simulations, which are based on microscopic interactions with only nearest

neighbours, are expected to mimic mesoscopic manifestations (alluded to in the

phenomenological arguments) to account for the actual observations. Such an ex-

ercise of course would require very high precision in temperature to be able to

detect very subtle changes in the NI transition temperatures on the application of

very small fields (∼ one part in 104). We employed entropic sampling method to

achieve this resolution, and this chapter reports on findings in the uniaxial system.

Such studies on biaxial nematics, with intrinsic molecular level biaxiality, are rare;

and there are two transitions (I-NU and NU -NB) to be examined. Further con-

sideration of biaxial molecules requires additional Hamiltonian parameter space,

accommodating the resulting extra terms in the model. It will be worthwhile to

investigate the dependence of the transition temperatures from the uniaxial to

the biaxial phase in systems with differing couplings between the two molecular

109
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tensor components. These are to be clearly distinguished from the biaxial symme-

tries induced in the uniaxial systems with negative dielectric anisotropy, under the

influence of external fields. We report in this chapter such simulational studies,

with different choices of interaction parameters in the general quadrupolar biaxial

Hamiltonian.

5.1 Uniaxial system

Coupling of an electric field to the anisotropic LC medium leads to controllable

molecular orientation. Its manifestation is two fold as far as the NI transition is

concerned. Firstly the isotropic phase acquires a small orientational order in the

presence of the field, and we refer to it as paranematic phase to distinguish it from

the isotropic phase. Secondly, the transition from this higher temperature phase

to the nematic phase is affected. At low enough fields, the transition temperature

is enhanced proportional with field. And, beyond a threshold value a critical point

is reached where the first order transition disappears. The consequent changes in

the (dis)order show up as observable variation in different physical properties, in-

dicating new phases, and other field induced critical effects [234]. The effect of the

applied electric field on the paranematic-nematic transition temperature (TPN)

was investigated experimentally in LCs with both positive and negative dielectric

anisotropies [74–77, 217, 234–239]. The nature of the transition is affected differ-

ently owing to the qualitative difference between the ordering directions induced

by intermolecular interactions on one hand and the coupling of the molecules with

the field on the other [15]. However, in both the cases it was experimentally

observed that TPN increases linearly for small applied fields contrary to the ex-

pectation based on the Landau-de Gennes energy considerations, which in fact

predicts a quadratic dependence, i.e., TPN(Ef) − TNI(0) ∝ E2
f , where Ef is the

applied field (please refer to section 1.4.2). Such a quadratic dependence is pre-

dicted also by the thermodynamic relations near a first order transition through

Clausius-Clapeyron-type dependence [74]. The origin for this unexpected result

(at low fields) is attributed to the quenching of director fluctuation modes by the
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applied field, leading to additional initial dependence on the field which turns

out to be linear. Of course experimental detection of this subtle effect needs ap-

plication of very low fields and hence require experimental facilities to measure

rather very small shifts (typically one part in 104) [5]. The enhancement in the

free energy, ∆F due to the loss of entropy resulting from the quenching of long

wavelength director modes was calculated phenomenologically by introducing two

length scales: the electric coherence length ξ(Ef) ∝ 1/|Ef | (section 1.4.2) and

the cut-off wave vector qc ∝ 1/l (l is of the order of the molecular dimension).

The enumeration of the modes in the presence of these two bounding cut-off wave

vector amplitudes, needed to compute the decrease in the entropy at an applied

field Ef , leads to an increase in the free energy [5]

∆F = α|Ef | + δE2
f . (5.1)

Here δ << α, leading to prominent linear dependence on Ef in the low field regime.

The experimentally observed linear shift in TPN , in the field range up to 107 V/m,

is within 0.6 K for medium with positive dielectric anisotropy and within 0.2 for

that with negative dielectric anisotropy.

In this context, the present work reports Monte Carlo simulation results on the

variation of the paranematic-nematic transition temperature with applied field [169].

The motivation is to see if the experimental observations bearing the signatures of

hydrodynamic length scales, could be simulated based on microscopic interactions

taking place on molecular length scales. A possible success in this attempt would

signal an important, and qualitatively significant step forward in the applicability

of such models. We used the well studied lattice-model (Lebwohl-Lasher) potential

to simulate the results, augmented with a dielectric energy density contribution

with the usual quadratic dependence on the field. The interest is to investigate if

a linear dependence emerges from such a model at low enough fields. The chal-

lenge of achieving a high precision in the temperature variation during simulation

was met by employing the entropic sampling method [155, 156] (see Chapter 2),

thereby achieving temperature resolution of the simulated results comparable to

the experiments.
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Since the nematic-isotropic transition is primarily connected with the orientational

degrees of freedom, and in view of the wide acceptance of the simple lattice model

based on the Lebwohl-Lasher interaction [93] to capture the essential features of

the NI transition, we adopt this model here. Accordingly we consider a cubic

lattice of size 20 × 20 × 20 imposing periodic boundary conditions to minimize

the finite size effects, and the interactions among the lattice sites are restricted

to only the nearest neighbours as usual. We use this model for the present work,

supplemented by the interaction term (assuming a positive dielectric anisotropy

of the medium) with the applied electric field (please refer equation 1.53). Due to

the assumed positive dielectric anisotropy of the system, the applied field favours

parallel alignment of the long axes with the field. After obtaining the density of

states (DoS) with respect to E at a given field value as described above, several

independent energy-uniform random walks were performed to collect a number

of entropic ensembles, each consisting of 3 × 107 microstates. This extensive col-

lection of microstates comprising of entropic ensemble was found necessary to

improve the statistical confidence interval of the data to meet the experimental

conditions. Computation of the different physical quantities, averaged over several

canonical ensembles constructed under identical conditions yielded accuracies in

the location of the CV peaks determining the transition temperature, compatible

with the experimental errors in the temperature measurement. Canonical ensem-

bles so extracted have at least 7 × 105 microstates near the transition. Transition

temperatures are determined from the peak position of specific heat CV plotted

as a function of temperature at each field value. T ∗
PN values obtained from several

such canonical simulations (at a given T ∗ and Ea) are further averaged so as to

yield an error not exceeding 3 × 10−4.

The shift in the temperature on the application of the field, ∆T ∗
PN = T ∗

PN(Ea) −
T ∗
PN(0), determined from the positions of the CV peak, is shown as a function of

Ea in Figure 5.1. As may be observed, there are two distinct regions of variation of

this shift with the field. For low values of the field (≤ 0.04 in simulation units), the

temperature shift is linear, tending to become quadratically dependent at higher

values. As is shown in the inset of the figure, a linear fit seems to be appropriate
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in the low field region. The high-field regime fits very well to a polynomial in Ea of

order 2, in line with confirming the expected variation from the dielectric energy.
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Figure 5.1: Variation of ∆T ∗
PN with field (solid line is a linear fit and dashed

line is a quadratic fit to the data in the low and high field regimes respectively).
The inset focuses on the variation in the low field regime.

The variation of CV with temperature at various fields is shown in Figure 5.2(a).

It is observed that near and above Ea ∼ 0.15, the CV peak flattens considerably

indicating softening of the transition in the presence of high enough fields. Of

course this also makes the determination of the TPN (at those high values) rela-

tively more prone to errors. In fact in a positive dielectric liquid crystal medium,

the trajectory of the transition with field is expected to end in a critical point.

Our results are in agreement with reports on a system of 1000 particles with sim-

ilar interactions wherein the critical value of E2
a was reported to be well below

0.2 [238]. The experimentally observed critical electric field for 5CB is 1.41 × 107

V/m [75] which gives an estimate of the corresponding value in simulation units

to be at Ea ∼ 0.23. The detection of transition temperatures from the simulation

data at this high value of field remains difficult due to the above mentioned reason.
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Figure 5.2: (a) Temperature variation of specific heat at various fields. (b)
Variation of the widths of nematic susceptibility (FWHM) with applied field.

The softening of the transition with the increase of the applied field is also seen

from the variation of the width i.e., full width at half maximum (FWHM) of the

nematic susceptibility (χ) (computed from reweighting results of a single entropic

ensemble) and is shown in Figure 5.2(b). This width remains almost constant in

the lower field regime (consistent with linear temperature shift) and increases at

the higher field values. This seems to indicate that the thermally driven fluctu-

ations in the order near the PN transition are effectively quenched at the lower

values of Ea.

The field dependence of energy at a temperature just below the PN transition is

shown in Figure 5.3 (solid circles). The corresponding values of entropy computed

from the DoS data i.e., log(g(E)) is also shown in this figure (open triangles).

It may be noted that the values of the entropy shown are representative being

accurate to within an additive constant, and are obtained by appropriate normal-

ization of the DoS over the chosen energy range. It is remarkable that despite

the quadratic dependence of the energy on the applied field introduced through

the Hamiltonian, the macroscopic energy and consequently the associated entropy,

show striking linear behaviour at low fields conforming both the experimental ob-

servations, as well as lending support to the phenomenological view point of partial

quenching of director modes over a length scale determined by the interplay of the

applied field strength and the elastic constant.
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Figure 5.3: Energy per lattice site (solid circles) and the corresponding rep-
resentative entropy (open triangles) versus applied field at T ∗ = 1.1239 (just
below T ∗

PN corresponding to Ea = 0).

5.2 Biaxial system

Effect of an external field on the phase transitions in biaxial systems has been

subject of earlier studies based on Landau-de Gennes expansion of the free energy,

with terms upto sixth order in order parameter [17]. Typical phase sequence in

such systems on cooling is: I-NU -NB. The prediction from this analysis is that,

for materials with positive dielectric anisotropy, the high temperature transition

(IN≡INU ) is enhanced on the application of the external field, coupling to the

major long molecular axes. The case of the second transition between is curious:

depending on the choice of the parameters in the Landau expansion, the transition

temperatures with the application of the field, could be enhanced, or suppressed,

or may be even independent of the field. These predictions were also verified

by carrying out lattice-based MC simulations on a quadrupolar Hamiltonian [17]

within the dispersion approximation [8]. Under this simplification, only a simple

model parameter (λd) is needed to specify the Hamiltonian. MC simulation at

λ = 0.3 have been carried out earlier [17], and the results are in partial confir-

mity with the free energy based predictions. With this choice of λd, the system
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exhibits an enhancement of the temperature, T ′
PN with the increase of the ap-

plied field. The T ′
UB (uniaxial to biaxial transition temperature) however is very

weakly field-dependent, and in fact is suppressed slightly with increase in the field

strength. From these studies it is clear that the NUNB transition, characterized

by the appearance of a biaxial symmetry of the medium (even without field), is

affected by the field qualitatively differently, and the prediction that its variation

could go either way depending on the Landau free energy parameters is curious.

They also observed that molecular mean field approach and lattice-based computer

simulations using a dispersion Hamiltonian [8], where a single relative biaxiality

parameter (λd) determines the intermolecular interaction, shows an agreeing be-

haviour of shift in T ′
PN whereas (T ′

UB) decreases with Ea (for λd = 0.3) as against

its non-universal shift predicted by phenomenological approach. To et al. [19] stud-

ied the effect of external magnetic field on T ′
PN and on the degree of order induced

in the paranematic phase (Cotton-Mouton effect) using the dispersion Hamilto-

nian over a range of λd values, and also by using a Landau-de Gennes-type free

energy expansion based on a single composite order parameter. In their study, a

comparison was made with one of the first observations of substantial magnetic

field effects on the isotropic to nematic phase transition temperature [79]. The

reason for this achievement is being stated to be the ability to use high magnetic

fields of upto 31 Tesla, and the properties of the bent core material used (indicat-

ing an implied biaxiality due to the bent-structure and the observed decrease in

the difference between TNI and the supercooling temperature) which had a better

coupling with the field unlike the conventional rod-shaped LC molecules. Goshal

et al. [240] have also studied the shift in T ′
PN under the external field using the

dispersion Hamiltonian via lattice-based Monte Carlo simulations. Molecular dy-

namics studies based on biaxial Gay-Berne particles were done on bulk systems

to find the effect of switching in bulk systems under an external field applied

transverse to the calamitic axes of molecules [6].

In this context, we take up a study of the biaxial system in its generality (employ-

ing two model parameters) (see equation 1.54), and examine the dependence of

the biaxial transition temperature with field on the coupling parameter γ, which
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Figure 5.4: (a) Open circles mark the region under study in the biaxial pa-
rameter space (γ, λ). A1 ≈ (0.245, 0.06) corresponding to λd = 0.3 on the
dispersion parabola; C1 ≈ (0, 0.06). (b) shows the field dependence on the
transition temperatures T ′

PN (open circles) and T ′
UB (filled circles) for the cases

A1 (top) and C1 (bottom) respectively. Discretization of the data points is due
to the low resolution of temperature. Please note the break on the temperature
axis.

determines the extend of coupling of uniaxial and biaxial components of the neigh-

bouring molecules. Before proceeding with this objective we carried out MC sim-

ulation on the dispersion model itself at λd = 0.3 and reproduced the result of the

earlier work [17] with a much bigger lattice size.

The simulation box studied has a size of 40×40×40 with periodic boundary condi-

tions on all the sides. It is seen that for all the chosen Hamiltonian parameters T ′
PN

increases with external field until a critical point is reached where the transition

vanishes. The point chosen on the parabola (A1 in Figure 5.4(a)), represents the

Hamiltonian with (γ, λ) = (0.245, 0.06), and corresponds to λd = 0.3 [8]. From

Boltzmann sampling studies it is seen that the effect of the application of the field

is to shift T ′
UB to lower values, as shown in Figure 5.4(b) (top), in agreement with

earlier studies [17]. This means that the field introduces more disorder into the

system and requires a further cooling of the system to set in the biaxial order.

While such a behaviour appears to be unusual in an ordering transition, here one
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needs to consider the fact that the Hamiltonian hosts a term with parameter γ

(equation 1.54), which provides a cross coupling between the uniaxial and biaxial

tensor components. To clarify this matter further, we now choose another point

C1, which is a projection of this point (on the parabola) on to the λ axis. Thus we

retain the same biaxial-biaxial coupling, but eliminate the cross-coupling term. It

is seen that for this case C1, the effect of the field is relatively weak, and if at all

it shifts T ′
UB to higher values, as is shown in Figure 5.4(b) (bottom). This shows

tellingly the effect of the parameter γ in influencing the slope of the shift in T ′
UB

with applied field. The variation of T ′
PN for both the cases is shown in the inset.

It can be observed that a considerably large field is required to induce notable

shifts in T ′
UB as compared to that of T ′

PN .

The second study focuses on two points in the (γ, λ) space: A2= (0.26, 0.16),

and C2= (0.0, 0.16) as shown in Figure 5.5. A2 is a point on the diagonal of

the essential triangle, and envisages two close transitions: I-NU -NB. It also is on

the line of uniaxial torque about the molecular minor axis, e [41]. As such, the

pair-wise interaction in a lattice model, at this point of the Hamiltonian, exhibits

a D4h symmetry [41]. It may be interesting, under the circumstances to couple

the field to the molecular long axes, m , thereby breaking this D4h symmetry. The

point C2 is on the λ axis corresponding to the projection of A2. We now discuss

the results of our simulations on systems corresponding to these points, with two

perspectives. The first is the examination of the effect of coupling of the field on

the ordering tensors of the three molecular axes, as a function of temperature. The

second is the effect of the field on the phase transition temperature, in particular

of NUNB transition.

We monitor the maximum eigen values in each of the ordering tensors of the three

molecular axes (say δe, δe⊥ , δm), averaged over the MC runs after equilibration,

as a function of temperature at different values of the applied field in the range

(0, 1.0) in steps of 0.1 (in the simulational units). We assign the ordering of

one of these molecular axes as defining the primary director, depending on the

maximum of the set (δe, δe⊥, δm) at each temperature, and the corresponding

ordering direction is designated as 1, 2 or 3 (k-index), corresponding to e , e⊥ or
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Figure 5.5: Open circles mark the region under study in the biaxial parameter
space (γ, λ). A2 ≈ (0.26, 0.16) corresponding to λ∗ = 0.65 on the diagonal of
essential triangle; C2 ≡ (0, 0.16).

m , respectively. We also compute the order parameters R2
00 and R2

22. We depict

these in a series of plots shown in Figure 5.6. For example, Figure 5.6(a) shows

these results for the point A2, with no external field. The eigen value plots clearly

show the equivalence of molecular e⊥ and m axes in terms of their maximum

values: they are coincident, and higher than the maximum eigen value associated

with the e axes. The R2
00 and R2

22 values track the order parameters as determined

by the degree of ordering of the three tensors (section 2.4.1). The last plot in this

figure shows the variation of k-index with temperature, which essentially indicates

which ordering among the three axes, is providing the highest eigen value among

all three tensors. Here the data plotted (× symbols) are the instantaneous values of

k-index obtained at 200 instances, during the production run. It may be observed

that for the case of zero field, with the equivalence of e⊥ and m axes (in terms of

their maximum eigen values) in evidence, it is not surprising that there is really

no well defined primary director in the sense of maximum eigen value direction.

The k-index randomly fluctuates between 2 and 3 (discretely) depending on the

two instantaneous maximum value between the two eigen values. This represents

a dynamic equilibrium, reflecting the D4h symmetry, at this point A2.

The subsequent plots in the Figure 5.6 depict progressively, variation in these

properties with field. It may be seen that with the application of the field, (Fig-

ure 5.6(b) for Ea = 0.1), the e⊥ and m axes are no more equivalent in terms

of their ordering, and k-index is tagged to m axes, at a lower temperature. As

the field increases to 0.2 and beyond, the m axes are coupled to the field string
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(a) (b)

(c) (d)

Figure 5.6: Temperature dependence of maximum eigen values of the order-
ing tensors (δ′s), uniaxial and biaxial orders, and k-index (see text for more
description), for the case A2, at various values of applied field.

enough, that k-index remains tagged to value 3 in the NB phase. In contrast, the

point C2 on the λ-axis corresponds to γ = 0, and is the uniaxial torque direction

along the molecular m axes. Application of the external field coupling to the m

axes themselves, thus do not lift this symmetry between e and e⊥ axes. This may

be noted from the field dependent graph shown in Figure 5.7. Equally comple-

mentary is the observation of the variation of the k-index values. On the onset of

transition to NB phase, it gets tagged to the m axes, as the application of a field

under above conditions, strengthens the order along that direction further. It is

useful to note that the external field affects the molecular ordering qualitatively
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(a) (b)
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Figure 5.7: Temperature dependence of maximum eigen values of the order-
ing tensors (δs), uniaxial and biaxial orders, and k-index (see text for more
description), for the case C2, at various values of applied field.

differently in these two cases.

We now focus on the dependence of transition temperatures of NB transitions in

C2 and A2 systems, in the back drop of the information we have on the evolution

of the ordering tensors of the molecular axes (Figures 5.6 and 5.7). System C2,

with γ = 0, is hosted on the λ-axis, and hence experiences uniaxial torque about

the molecular m axis [41]. The pair-wise interaction between such D2h molecules

exhibit D4h symmetry. (see δe and δe⊥ values in Figure 5.7, at different field values).

The field coupling to this axis of symmetry (molecular m axes), and the transition

is from the uniaxial to biaxial phase. The quenching of fluctuations associated
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Figure 5.8: Field dependence on the transition temperatures T ′
PN (open cir-

cles) and T ′
UB (filled circles) for the cases A2 (top) and C2 (bottom) respectively.

with the primary director n3 ≡ n (of the ordering m axes) is already in effect

before the onset of biaxial transition, in the uniaxial phase itself. The dependence

of T ′
UB with field is thus expected to arise primarily from the quenching of the

secondary directors n1 and n2, associated with the ordering of the molecular e

and e⊥ axes, and could be evident at the onset of the biaxial phase. It may also be

noted that under the coupling of the field with the long axes m of the molecules,

the quenching of the fluctuation of the two secondary directors could only be

partial: only components of such fluctuations within the plane of the field and the

respective director could be affected. Thus we could expect a somewhat subdued,

but qualitatively similar, effect of the field on T ′
UB. The observation presented in

Figure 5.8 (bottom) indicate that the T ′
UB of C2 system is in principle enhanced

with field, relatively slowly initially,– in keeping with the similar behaviour as in

the case of the primary director.

The symmetry of the system A2 is distinctly different, leading to a qualitative

difference in the response to the applied field. It lies on a uniaxial torque axis [41],

and has D4h symmetry of the pair-wise interaction among D2h molecules about

that director. Therefore in the absence of a field, molecular e⊥ and m directors

(n2 and n3) are equivalent in the ordering characteristics, as is evident from

Figure 5.6. (δe⊥ and δm variation at Ea = 0). Application of the field however
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Figure 5.9: Field dependence of (a) R2
00 and (b) R2

22 at various values of
temperatures.

breaks this symmetry: the applied field promotes nematic order of the molecular

m axes (long axes), and the equivalence of the two ordering tensors (of δe⊥ and

m axes) no more exists. The progressive changes in the (maximum) eigen value

associated with the ordering of the δe⊥ axes with field in Figure 5.6 are indicative

of this. The uniaxial phase is thus progressively stabilized with increasing field,

suppressing the onset of the biaxial phase, as is seen in Figure 5.8 (top). This

seems to continue until, at some high enough field, the ordering tensors of the

molecular minor axes (e and e⊥) are eventually equivalent. This corresponds to

approximately Ea ≈ 0.8. Beyond this field value, we conjecture that the effect of

the field on the NUNB transition mimics essentially the manifestations discussed for

case C2. Essentially application of strong enough fields appears to have transferred

the D4h symmetry axes from e to m (A2 to C2), and the consequent temperature

dependence of this transition is due to the partial quenching of the fluctuations of

the secondary director due to the field.

In Figure 5.9, we show variation of the bulk order parameters R2
00 and R2

22 with

the application of field at certain chosen temperatures, which were initially (at

Ea = 0) in the biaxial phase. The effect of this field on R2
00 at all temperatures

is a monotonic enhancement, as is to be expected with the field coupling with
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the corresponding molecular axes. The variation of R2
22 with field at these tem-

peratures is different. In the high temperature region, adjacent to the zero field

NUNB transition (T ′ = 1.1 to 1.0) the effect of the field is to suppress the biaxial

order, thereby satisfying uniaxial symmetry against temperature decrements. The

two temperatures, showing marginal increase of R2
22 with field (T ′ = 0.3 and 0.7)

correspond to regimes of the field where the system is now like C2, and the partial

suppression of the fluctuations of the secondary directors due to quenching could

only lead to the enhancement of the corresponding (biaxial) order.

It may be pointed that the analysis based on Landau free energy of these systems

alludes to the possibility that the slope of this transition temperature variation

with field could vary all the way from positive to negative, depending on the choice

of Landau coefficients. In this study we find, based on a microscopic model, that

such qualitative changes in the slope are feasible, and are explained in terms of

the symmetry of the system vis-à-vis the axis to which the applied field couples

to. While this scenario is illustrative of the role of the choice of parameters of the

Hamiltonian model, and perhaps throws some useful light on the mechanism, we

envisage promising future work, covering the other representative model param-

eters which might mimic real systems, as well as biaxial systems with negative

dielectric anisotropy. It is known that [17] even with simple uniaxial nematics,

such an anisotropy leads to very curious possibilities.



Chapter 6

Colloidal nanoparticle trapped by

nematic defect line

This chapter deals with the study of the interaction of a colloidal nanoparticle with

a topological disclination line in a nematic medium. Curvature elasticity-mediated

interactions in confined nematic liquid crystals (LCs) have turned out to be a

powerful tool for colloidal particle assembly both in two- and three-dimensional

systems [87, 241–243]. This mechanism is typically externally assisted by the

use of laser tweezers allowing for a direct manipulation of colloidal particles in a

refractive index-mismatched nematic medium [244, 245]. The resulting colloidal

crystals show promise for use in various photonic applications [246]. A most rel-

evant aspect in colloidal crystal assembly is the interaction of colloidal particles

with nematic topological defect lines (disclinations): colloidal particles are known

to be attracted towards disclinations if they are well within the influence of the cor-

responding distortion field [247–249]. Another important feature is the response

of disclination-trapped particles to the application of an external force as provided

in an experiment, e.g., through a laser tweezer in a disclination line tension mea-

surement [244, 250]. Moreover, when a colloidal particle is moved, this affects the

surrounding nematic medium, including the disclination lines [243, 251].

Here we present a simple microscopic lattice Monte Carlo (MC) simulation study

of a small spherical colloidal nanoparticle trapped by a nematic disclination line,

with a typical particle size around, or even below, 100 nm [252–254]. While there

have been a number of experimental investigations in such systems, microscopic

simulation studies are still rare. We focus on the particle force-displacement be-

haviour when an external (e.g., laser tweezer) force is applied in an attempt to

move the particle. To provide a controlled disclination line environment, a ne-

matic liquid crystal sample confined to a prismatic nanochannel is considered.

Nanochannel-confined colloidal particles have been studied in the past using phe-

nomenological simulations [255], while our approach here is microscopic and based

125
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on simple pairwise interactions. Recently, off-lattice molecular simulations have

also been used to study small nanoparticles in LCs, focusing on particle diffusivity

and interaction, gel formation, and particle positioning inside LC droplets [256–

258]. We perform lattice-based Monte Carlo simulations to study a confined liquid

crystal system with a topological disclination line entangling a nanoparticle [259].

In our microscopic study the disclination line is stretched by moving the colloid,

as in the laser tweezing experiments, which results in a restoring force attempting

to minimize the disclination length. From constant-force simulations we extract

the corresponding disclination line tension, estimated as ∼ 50 pN, and observe its

decrease with increasing temperature.

6.1 Model, geometry, and method

Our approach is based on the Lebwohl-Lasher (LL) lattice model [93, 94], where

elongated liquid crystal molecules are represented by a system of freely rotating

unit vectors (spins) u i arranged into a simple cubic lattice of spacing a. The col-

loidal particle, as well as the confining nanochannel walls, are carved from the cubic

lattice, with the corresponding interfacial spin orientations fixed according to the

desired boundary conditions (anchoring). The total interaction energy is given

by E = −ǫ∑<ij> [3(u i · u j)
2 − 1] /2, where the sum is taken over the nearest-

neighbour lattice sites i and j, while ǫ > 0 is the orientational interaction strength

promoting parallel spin alignment. The nematic-nematic, nematic-colloidal parti-

cle and nematic-wall interaction strengths are assumed equal, which implies strong

surface anchoring with an extrapolation length [1] approaching ∼ a. Temperature

T is represented in reduced units as T ∗ = kBT/ǫ, with bulk nematic-isotropic (NI)

transition occurring at T ∗
NI ∼ 1.1232 [94].
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Figure 6.1: Schematic of the simulated nanochannel: dashed lines at the top
and bottom surfaces represent the director field. The colloidal particle under
study (white) is at the center and the smaller pinning particle (black) is at
the channel top and bottom (note the periodic boundary conditions). The
disclination (dark grey line) runs along the channel axis. The particle in a
shifted position along with the stretched disclination is also shown in lighter
shades. The defect structure around the particles is not explicitly shown.

The simulation box is simple cubic and periodic along the z-direction, accommo-

dating a prismatic nanochannel. The channel is directed along z and has a length

h = 100a; its lateral (xy) cross section is an equilateral triangle of side length

l = 200a. This leaves more than 1.73×106 lattice sites inside the channel, actively

taking part in the simulation and constituting the bulk of our nematic medium (see

Figure 6.1). Bounding sites along the nanochannel surface are anchored planarly

within the xy-plane so as to create a stable disclination line of strength m = −1/2,

running along the channel symmetry axis, z. Through such boundary conditions

we have explicitly avoided less stable integer-strength disclinations characterized

by a higher free-energy cost per unit length, Fd ∝ m2, that, in addition, are also

prone to escape along z [1, 260].

A spherical colloidal particle with strong homeotropic (normal) surface anchoring

and 5a radius is fixed at the channel symmetry axis, serving to pin the edges
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of the disclination. Another similar colloidal particle with 10a radius is initially

placed at the mid-point of the nanochannel axis, i.e., h/2 = 50a away from the

pinning particle (Figure 6.1). In our study, we focus on the interplay between

the disclination line and this second colloidal particle (which is either kept fixed

in position or could be mobile), taking its initial position (channel center) as

the origin of our reference frame, r c = (0, 0, 0), and denoting its instantaneous

position (with respect to the MC “time”) with r c = a(xc, yc, zc). Inclusion of

the movable particle makes an otherwise straight disclination line loop around it,

entangling it in the process. In this way a particle inclusion and a disclination are

mutually affined, and hence the disclination can be stretched by pulling the particle

away from the channel center. Excess pulling can cause the disclination to detach

from the particle, and relax by retracing to its initial unstretched configuration.

Figure 6.2(a) shows the cross section of the triangular nanochannel with a few

layers in the xy plane near zc = 0, obtained from a snapshot of the system at

equilibrium at T ∗ = 0.1, with the colloidal particle fixed at r c = (0, 0, 0). A

magnified view near the colloidal particle is also shown in Figure 6.2(b) where the

defect regions near the colloid are marked.

We explore the behaviour of our model system using Markov chain MC simulations.

The underlying phase space consists of nematic spin orientations u i and positions,

as well as of the moving particle coordinates r c. In simulations where the particle

is fixed, the MC evolution affects exclusively the nematic spin orientations and

follows the standard Metropolis procedure [94, 120, 261]. Here single-spin reori-

entational trial moves are generated using the Barker-Watts technique [121] and

are accepted with a probability min[1, exp(−∆U/kBT )], where ∆U is the corre-

sponding interaction energy change. The acceptance ratio is kept close to 0.5 by

dynamically adjusting the spin reorientation amplitude. A standard MC sweep is

defined as an attempted reorientation of all nematic spins in the sample.

In simulations where the particle is mobile, on the other hand, composite particle

moves are performed in addition: first, the particle is shifted randomly by a lat-

tice unit and the nematic spins annihilated in this way are recreated in the newly

established void on the other side of the particle. The recreated spins are given
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Figure 6.2: (a) Snapshot of the system from an equilibrium microstate at
T ∗ = 0.1 showing the cross section of the triangular nanochannel with a few
layers in the xy plane near zc = 0. The colloidal particle with radius 10a shown
in green is fixed at r c = 0. The LC spins are coloured blue to green to red as
their orientations changes from a direction parallel to perpendicular with respect
to the z direction. The predominant red colour of the bulk LC sites indicates
their orientation being almost parallel to the xy plane. (b) A magnified view
of the sites near the colloidal particle with the defect regions marked in black
circles.

orientations compliant with the particle-imposed boundary conditions, which are

refined by 1000 relaxation sweeps (see below) involving additional LC spins in the

particle vicinity. The acceptance or otherwise of this composite particle move is,

as above, guided by the Metropolis criterion, ∆U here denoting the total inter-

action energy difference between states before and after the attempted composite

move. The relaxation sweeps performed prior to this acceptance/rejection are es-

sential to facilitate the insertion of the displaced particle well equilibrated with

respect to the existing nematic director field. They are carried out according to

the Metropolis scheme used in fixed-particle runs, but involve, for the optimization

of computational time and realize trial move acceptance ratios, only spins within a

thin shell of 3a thickness surrounding the particle. (The immediate reorienting in-

fluence of the moving particle is expected to be stronger only in its vicinity.) After

every such attempted composite move, additional 1000 standard MC sweeps are

performed without moving the particle, to relax the entire director field, and this
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sets a unit for the MC simulation “time” tc. This algorithm is intended to reflect,

and account for, the difference between the slower translational time scale associ-

ated with the larger and massive particle, compared to the faster reorientations of

the LC spins constituting the surrounding nematic medium.

Note that, once the system has reached equilibrium and detailed balance is obeyed,

the above Metropolis acceptance criterion generates the desired (canonical) dis-

tribution in phase space only if a given trial move and its reverse are attempted

with equal probabilities [261]. While this is certainly the case for individual spin

reorientations [121], it is much less obvious for our composite moves where the

probability of attempting a particle displacement (together with a specific orien-

tational configuration of the surrounding nematic spins) may, at least in principle,

depend on the particle position. This arises due to the instinctual inadequacy

of the procedure to sample the available phase space (for the geometry consid-

ered here) in a perfectly unbiased way. In the cases considered in this work, i.e.,

for small particle displacements along the x-axis far enough from the confining

walls, we expect this dependence to be negligible; therefore, forward and reverse

move attempts should eventually be equally probable, and result in the canonical

asymptotic distribution.

In analogy with the tweezing experiments wherein an adequately intense laser is

used to pull the particle, in our simulations an external constant force F is ap-

plied. In such a case the Metropolis criterion for the acceptance probability of

the particle move is modified to min{1, exp [−∆(U − F · r c)/kBT ]} [261, 262]. In

the following, external force is given in dimensionless units F ∗ = |F |a/ǫ. Taking

ǫ ∼ 0.023 eV, which yields a bulk nematic-isotropic (NI) transition at room tem-

perature [94], and a ∼ 1 nm, which roughly assumes one spin to represent a single

LC molecule [93, 98], a unit of F ∗ corresponds to ∼ 3.7 pN.

To identify and visualize topological defects, Westin metrics [263] are calculated

for each lattice site i from the eigenvalues λi1 ≥ λi2 ≥ λi3 of the the averaged local

ordering matrix 〈u i ⊗ u i〉: cil = λi1 − λi2, c
i
p = 2(λi2 − λi3), and cis = 3λi3, with

0 ≤ cil, c
i
p, c

i
s ≤ 1. cil, c

i
p, and cis approaching ∼ 1 correspond to prominent uniaxial,

planar, and isotropic ordering, respectively. Since the defect core is characterized
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by a depressed uniaxial order, compared to the rest of the medium, its structure

can be visualized by constructing isosurfaces of cil obtained from the u i field, at

an appropriately chosen (temperature-dependent) threshold. The averaging of

the local ordering matrix is performed over the six nearest neighbour lattice sites,

apart from the test site, from an instantaneous configuration or, alternatively, over

a large number of MC sweeps. A so-called “instantaneous defect structure” (IDS)

is obtained in the first case, and a “mean defect structure” (MDS) in the second.

In our figures, IDS and MDS are typically shown for lower and higher values of

T ∗, respectively.

Along the length of simulation nanochannel, the nematic director field surround-

ing the disclination line is nearly identical except near the particle, and hence

translations of the particle along the z-axis are energetically largely inconsequen-

tial. In our simulations we set zc = 0, and translation moves of the particle are

restricted along the x-axis, without loss of generality. This is to scale down the

computational time to manageable limits, given the size of the three-dimensional

sample space within the channel. The broad objective is to capture the essential

qualitative behaviour of the system with multiple scales.

6.2 Equilibrium defect structures with fixed par-

ticle positions

Initially we look at the equilibrium defect structures in the system as a function

of colloidal particle position, along the x-axis. The particle, initially positioned

at the origin xc = 0, is shifted off-center step-by-step to the adjacent sites, after

equilibrating the medium with 2×105 MC sweeps during each step. Figure 6.3(a)

shows the defect structure obtained by averaging the local ordering matrix over the

latter 105 MC sweeps (production run) with particle at xc = 0 and T ∗ = 1.0. Fig-

ures 6.3(b)-(f) show the IDS structure sequence obtained after each translational

step at T ∗ = 0.1. It may be noted that during the equilibration sweeps in each

of these steps, the particle position remains fixed. As the particle is shifted away
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Figure 6.3: Top row shows defect structures (yellow) entangling a colloidal
particle (red) of radius 10a, obtained with (a) the particle positioned at the ori-
gin with T ∗ = 1.0, averaged over MC sweeps (MDS) and, (b)-(f) with xc = 0, 10,
20, 30, and 40 with T ∗ = 0.1 from an equilibrated instantaneous configuration
(IDS). Bottom row displays similar structures for a smaller particle of radius
5a. Disclinations are visualized as cil isosurfaces for threshold values of 0.85 and
0.28 at the lower and higher temperatures, respectively. (The corresponding
bulk values are approximately 0.98 and 0.6.) Note the apparent variation in the
looping of the disclination line around the colloid, and in the thickness of the
line away from the particle, at both the temperatures. See the text for more
details. The small particles seen at the top/bottom in each plate serve to pin
the disclination line.

from center, the disclination line stretches itself, still entangling the particle, up to

a threshold distance above which a detachment occurs. This threshold is observed

at xc ∼ 35 for T ∗ = 0.1, and occurs at a smaller value of xc at higher temperatures.

For comparison, similar data for a smaller particle of radius 5a are shown in the

bottom row of Figure 6.3. Figure 6.4 shows the mean defect structures obtained at

T ∗ = 1.0 at different values of xc. Here a second isosurface at a higher threshold of

cil is also superposed (please refer to the movies named Chapter6-instantaneous-

low-temp.wmv and Chapter6-average-high-temp.wmv included in the soft copy,

for further elucidation of this point).
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(e)(c) (d)(a) (b)

Figure 6.4: (a)-(e) Mean defect structures of the system at T ∗ = 1.0, with the
position of the particle (red), xc = 0, 10, 20, 30, and 40. Isosurfaces are drawn
at cil = 0.28 (yellow) and 0.53 (green).

At T ∗ = 1.0 the defect structure appears to have a threefold symmetry wherein

it forks into three branches around the particle and then rejoins to form a single

disclination. In the present lattice simulations, this structure apparently gets

modified as the temperature is lowered. This can be attributed to a reduced defect

line bending near the particle in accordance with larger line tensions under these

conditions. Note that sometimes transformations between different entangling

structures occur also during the course of simulations at fixed external parameter

values [for instance, see the difference between the entangling of the displaced

colloid by the disclination line in Figures 6.3 (i) and (j)]. It is seen that when the

large (10a radius) moving particle is considered, it is the disclination that detaches

from the pinning particle, on shifting the particle far away from the center. For

the small (5a radius) particle, the opposite is true: the disclination detaches from

the moving particle instead, relaxing back to the center, while leaving the moving

particle with a Saturn ring defect [90]. This seems to be due to a more pronounced

anchoring effect by the larger particle at this temperature. Another effect of

temperature is on the fluctuations of the disclination line itself. A manifestation of

its spatial fluctuations over the MC “time” is seen as an increase in the disclination

line thickness in regions far away from the particles as in Figures 6.3(a) and (g),

at T ∗ = 1.0. Figure 6.4 shows the mean defect structures obtained at T ∗ = 1.0 at

different values of xc. Here a superimposed second isosurface at a higher threshold
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of cil = 0.53 enveloping the one with a lower cil, alludes to the fact that the

defect structures formed for different system parameters in our simulations are all

qualitatively similar.

6.3 Unstretching of disclination line with mobile

particle

Now we extend our simulations by allowing colloidal particle translation as the

system evolves during MC “time”, tc, in order to explore the ability of a stretched

disclination to move an entangled particle. In this case we take an initial config-

uration of the system where the particle is at xc > 0, entangled by a stretched

disclination. In an experiment this is achieved by pulling the disclination affined

either to an isotropic laser-created region, or to a particle tweezed by a laser, and

then withdrawing the laser intensity. This corresponds to a state similar to that

depicted in Figure 6.3(d) where the particle is at xc = 20 units away from the

origin. The trail of the moving particle is monitored over tc and is shown in Fig-

ure 6.5. In all cases the particle is found to be drawn, approximately, back to the

origin at xc ∼ 0, adducing the presence of a restoring force which drives the relax-

ation of the disclination to its equilibrium. This indeed should be expected, since

a shorter disclination corresponds to lesser volume occupied by the defect region,

thereby reducing the total free energy. Note that in some cases the equilibrated

particle position is slightly off-centered, with typically slightly negative equilib-

rium xc values; this is understood as due to the asymmetric particle entanglement

(see Figure 6.3). Note also that very large fluctuations in the particle position

occur at higher temperatures, and so most of our simulations are performed at

relatively low T ∗ to facilitate the analysis.
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Figure 6.5: Trail of the particle as the system evolves from an initially
stretched entangled disclination with particle at xc = 20, along x at T ∗ = 0.1
(black) and 0.15 (grey).

6.4 Constant-force simulations with mobile par-

ticle

Finally, we perform constant-force simulations wherein a constant force F ∗ is ap-

plied on the particle, initially positioned at the origin. The force is applied along

the positive x-axis and, for simplicity, the particle motion is also restricted along

the same axis. Initially, the force shifts the particle away from the origin and

after a transient time this distance is seen to equilibrate over a mean value, when

the system assumes a nearly steady state. This occurs when the restoring force,

manifested through the disclination line tension, balances with the external force

F ∗. Larger F ∗ values result in an equilibration farther from the origin. Beyond

a threshold value of the force, a detachment occurs. It is ensured that such sim-

ulations are discarded, by monitoring the defect structures at regular intervals as

the simulation proceeds. We observe in all the cases that the particle position

xc equilibrates within first 2000tc; then, its average is determined over the next

8000tc. These simulations are carried out at various temperatures. Figure 6.6

shows the trail of the particle for various values of F ∗ at T ∗ = 0.1. Here also the
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Figure 6.6: Trail of the particle as the system evolves from an initial equi-
librated configuration with the colloidal particle placed at xc = 0, for various
values of the constant force, F ∗ at T ∗ = 0.1.

slightly off-centered positions of the particle is seen even at zero value of force due

to the asymmetric particle entanglement at this temperature, as indicated earlier.

The dependence of the average equilibrated distance 〈xc〉 on the applied force F ∗

at different temperatures is shown in Figure 6.7(a). The reasonably good linear

fits (with Pearson’s correlation coefficients ≥ 0.95) suggest Hookean behaviour,

permitting the comparison of disclination with an elastic string. (Again, at zero

force, slightly negative 〈xc〉 are observed, consistent with our above reasoning.)

Slopes obtained from the fits are inverse values of Hookean force constants, k∗,

with their temperature dependence shown in Figure 6.7(b). These values translate

to real units as ǫk∗/a2 and are, for the a and ǫ estimates given in section. 6.1, in

the range of ∼ 1.5× 10−3 N/m. In the temperature range considered here, typical

line tension values just before detachment at xc ∼ 20 (tanφ = h/2xc ∼ 2.5, see

Figure 6.1) and F ∗ ∼ 10 are estimated as Fd = F ∗ǫ/2a cosφ ∼ 50 pN, which agrees

well with experiments yielding values between 20 and 120 pN [244, 250, 264]. Note

that this estimate of Fd is sensitive to the choice of the lattice spacing parameter

value, a. (Sometimes, a nematic spin in the LL model is taken to represent a

close-packed cluster of up to ∼ 102 molecules rather than a single molecule [113],
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Figure 6.7: (a) Equilibrium colloidal particle position versus applied force for
different temperatures. Straight lines represent Hookean linear fits. (b) Tem-
perature dependence of the force constant inverse 1/k∗.

yielding a somewhat larger a and, in turn, a smaller Fd.) Moreover, like in ex-

periments [264], our data displayed in Figure 6.7(b) suggest a decrease of the line

tension with increasing temperature. This also agrees with the phenomenological

prediction Fd ∝ K, where K, the Frank elastic constant of the nematic LC in

one-constant approximation, decreases with increasing temperature [1, 260]. Fi-

nally, Fd is a liquid-crystalline material property and should be independent from
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the specific geometrical setup of our simulated experiment, i.e., nanochannel size

parameters h and l, as well as the external force pulling direction.

In summary, a simple microscopic spin model is employed to study a nematic

liquid-crystalline system containing a spherical particle entangled by a disclination

line, using lattice-based Monte Carlo simulations. The conventional single-spin-flip

Markov Chain Monte Carlo procedure is adapted to incorporate the multiscales

entering into the problem via the relatively slow translational motion of a larger

particle in equilibrium with the surrounding liquid-crystalline medium. It is seen

that our simulations qualitatively capture the physical behaviour of a real system,

including an estimate for the disclination line tension in the range of ∼ 50 pN and

its decrease with increasing temperature. Simulation methods adopted here enable

a study of a reasonably large system, allowing for an examination of the detailed

nanoscale behaviour. Currently, this would have been less practicable using an

off-lattice model, coarse-grained or atomistic, for reasons of unacceptable compu-

tational cost. On the other hand, continuum-based phenomenological approaches

have their own constraints in the lower limit of the length scales that they need

to probe into.



Chapter 7

Conclusions

In this chapter we recapitulate the generic conclusions drawn from the simulational

studies on different liquid crystal (LC) systems reported in this thesis, and spec-

ulate on the potential pathways of future research. The underlying protocol for

these computations is the Markov chain Monte Carlo (MC) dynamics implemented

to achieve a specific stationary state in the configurational space, identified as per

the chosen constraining (experimental) conditions. All the models employed are

lattice-based, benefiting from the circumstance that these investigations are pri-

marily concerned with changes in the orientational properties of the liquid crystal

medium, under the application of a set of suitable control parameters, encom-

passing temperature, external fields, and substrate anchoring conditions. These

studies, besides exploring the phenomena characteristic of the system under con-

sideration, also propose certain MC strategies to tackle potentially interesting new

problems.

The work on simple planar films of a uniaxial nematic medium with strong anchor-

ing influence requiring the molecules to be normal to the surfaces, has led to the

detection of a relatively rare director structure (film B) (at low enough tempera-

tures) which deviates from the trivial arrangement (film A) of all molecules being

compatibly normal to the surface. Director structures hosted by film B turned out

to be topologically different from those of film A, and these two configurational

spaces have been found to be disjoint from the point of view of Markov chain MC

dynamics (till moderately high temperatures in the nematic phase), - satisfyingly.

This investigation prompted the development of a protocol for the random walk

of the system, similar to entropic sampling, but along the order parameter coordi-

nate, while keeping the energy of the system essentially constant (OP-sampling).

The exploration of compatible microstates (through their director structures) of

these two films with OP-sampling has provided an insight into the very interest-

ing organisation of these films, conforming to the requirements of conservation

of respective topological symmetry on one hand, and on the other compliance of

139
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bounds imposed on the (low) energy values while algorithmically guided to access

very low ordered states.

A systematic access provided by this new sampling procedure (to such rare states

corresponding to structures far away from equilibrium structures), prompted its

application to bulk systems, with both uniaxial and biaxial symmetry. Uniaxial

bulk samples (Lebwohl-Lasher model) equilibrated at different temperatures in

the nematic phase were subjected to OP-sampling procedure, yielding a spectrum

of microstates spanning upto a low bulk order value of ∼ 0.1. We find that, as

the allowed energies of the system is kept lower (corresponding to a higher or-

der equilibrium state reminiscent of low temperature), the system has to develop

very curious structures hosting macroscopic periodicity in order to be compatible

with the simultaneous requirement of very low energy and very low order. Such

structures become more evident as the OP-sampling is carried out at progressively

lower (fixed) energies. Biaxial nematic phases facilitated, somewhat unexpectedly,

a very illustrative random walk of an equilibrated biaxial system (prolate) in the

two dimensional space of its dominant order parameters. An analysis of the sym-

metries of these transient states showed that the system, under the algorithmic

pressure to execute a uniform random walk along uniaxial order parameter axis,

visits a rich variety of transient (very rare) nematic states. The availability of

these structures through this procedure perhaps could be a handy tool to generate

deeply quenched states by design from a high temperature (low ordered) phase,

to carry out kinematic studies.

Effect of an external field on the phase transition phenomena in LC systems is

rather subtle; it introduces an additional length scale (field coherence length),

and contributions to the free energy arising from different (Fourier) modes are

governed by the bounding limits on the wave vector values. Thus, though the

dependence of the interaction energy of the medium with the field is quadratic,

leading to a predictable quadratic field-dependence of the transition temperature,

delicate experiments in uniaxial nematics showed that the shift in the transition

temperatures is initially linear with the applied field, crossing over to a quadratic

regime only at higher fields. An intuitively appealing argument is forwarded based
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on continuum model of the medium: the applied field, in conjunction with the

curvature elasticity of the medium introduces a mesoscopic length scale limiting

the upper cut-off wave lengths of the fluctuation modes of the director. The

resulting quenching of these degrees of freedom reduces the entropy of the system

linearly with field, manifesting in the experimental observations reported. In this

context, the present work examined the efficacy of the microscopic models (based

on nearest neighbour interactions) in predicting the experimental observations: its

such application, if proved successful, would rather dramatically demonstrate the

capability of a toy model to measure unto an experimental result, thought to be a

consequence of the manifestation of a mesoscopic length scale. In order to measure

very small shifts in the transition temperatures (one part in about 104) in the linear

regime of the field, the simulations have to be geared to achieve such resolutions

with acceptable statistics. The first study on uniaxial nematics strives to achieve

this through the construction of canonical ensembles by reweighing procedures

on entropic (energy uniform) ensemble of microstates. We report that the MC

simulations on a microscopic model (Lebwohl-Lasher interaction) yield an initial

linear field-dependence of the isotropic-to-nematic (IN) transition temperature,

consistent with the recent experiments.

The second study in this direction is to examine the effect of an external field on a

biaxial nematic system, with focus on the changes in the uniaxial-to-biaxial tran-

sition temperature on cooling. The motivation comes from the prediction from

the Landau theory that the slope of the variation of this transition temperature

with field could be either positive or negative (including zero), depending on the

choice of the free-energy model parameters, the implication (in view of the above

explanation in uniaxial nematics) being that quenching of director fluctuations

need not be the only mechanism in these systems. We chose two systems with

different coordinates in the Hamiltonian parameter space, hosting biaxial media

with different symmetries: for system C2 the long axis of the molecule is the sym-

metry axis while for the second system A2 one of the minor axes is the symmetric

axis. In both the cases the field is coupled to the long axis of the molecule. Under

the circumstances, the field, besides quenching the different director modes (of the

biaxial system), breaks the symmetry of the A2 system, while it still preserves the
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symmetry of C2 system. Our results show that application of the field along the

symmetry axis leads to a marginal enhancement of the transition temperature,

- manifestation of the quenching of the modes of the secondary directors. The

effect of the field when it breaks the inherent symmetry of the Hamiltonian seems

to be qualitatively different. It corresponds in A2 system, to a preferential align-

ment of the long axes aided by the field, and this leads to relative stabilisation

of the uniaxial phase, delaying the onset of the biaxial symmetry. Thus there is

a suppression of this transition temperature in the initial stages. At sufficiently

high fields this trend reverses signalling a change into the regime of quenching

of the directors. This work thus presents a microscopic basis for the mean-field

prediction of a non-universal variation of this transition temperature with the

applied field. We feel that, since the biaxial phase diagram (with two parame-

ters controlling competing interactions) is known to be complex and somewhat

intriguing, further exploration with an external field, with both positive and neg-

ative dielectric anisotropies, would be helpful in appreciating the relative roles

of these microscopic interactions. Another area of future investigation could be

the application of entropic sampling methods in the presence of external fields, in

view of the fact that in certain regions of the model parameter space this sampling

procedure points to mesoscopic inhomogeneities, leading to qualitatively different

phase diagrams.

The last application of the MC technique is concerned with the presence of mul-

tiple length scales in a confined nematic medium hosting a disclination line and a

spherical colloidal particle entangled to it. Such systems form a building block of a

nematic colloidal crystal. Treating this system at continuum level poses difficulties

in dealing with lower length scales. Similarly simulations of the same with more

realistic continuous models, like Gay-Berne interaction, would be prohibitive from

computational point in view of the large number of particles involved (typically

∼ 2 × 106). In this context we attempted to explore this system with a simple

lattice model and employ a single-spin flip protocol for implementing the Markov

chain dynamics. The length-scale, and hence time-scale, separation of the dynam-

ics of the colloidal particle from the faster relaxing LC medium requires certain
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improvisations. We essentially split the composite system walk in the direct prod-

uct space of the translational coordinates of the colloidal and the orientational

space of the LC molecules. The implementation of this strategy to locally equi-

librate the LC medium in the immediate neighbourhood of the colloidal particle

before attempting its random walk, could be effected successfully, though this

still required extensive computation over prolonged periods of time, engaging a

cluster of machines in the parallel mode. We could make contact with real exper-

iments by simulating constant-force experiments in order to extract disclination

line tension and its temperature dependence. We envisage future improvements

in this methodology, particularly in implementing the local equilibration protocol,

so as to enable this simulation to mimic topical laser-tweezing experiments in the

laboratories.

In summary, this thesis embodies the results of modest attempts to apply Markov

chain Monte Carlo sampling techniques, and its improvised variants, in order to

investigate a variety of physical phenomena in both confined and bulk LC systems.
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[241] I. Muševič, M. Škarabot, U. Tkalec, M. Ravnik, and S. Žumer, Science 313,
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