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ABSTRACT

The advanced trends in nanofabrication techniques enabled
us to manufacture low dimensional structures with electron
confinement in all the three dimensions. The study of spin-orbit
interactions in these novel structures lead to the realization of
innovative devises like spin filter, spin transistor, quantum computer
etc. The aim of this work is to study the spin-orbit interaction effects
in these nanostructures. Here we have considered a multi-electron
quantum dot developed on a two dimensional electron gas in a
perpendicular magnetic field. The confinement potential is considered
to be parabolic as it is the only compliable one with the generalized
Kohn’s theorem. The electron-electron interaction has been taken into
account by Johnson-Payne model potential as it makes the
Hamiltonian of the system of interest exactly solvable. The Rashba
and Dresselhaus spin-orbit interaction terms have been treated by
suitable unitary transformations. Further, the effect of spin-orbit
interaction on the energy spectrum, addition energy, spin splitting
energy, magnetic and thermodynamic properties of a parabolic
quantum dot in a perpendicular magnetic field have been studied.
Besides, the problem of binding energy of a D center in a Gaussian
quantum dot, the problem of barrier transmission across a metal

semiconductor junction with spin-orbit interaction have been studied.
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Chapter 1.Quantum Dots

1.1 Introduction

The research in semiconductor technology took a
big leap with the discovery of the semiconducting nature
of InSb by Blum et al. [1] and Goryunova & Obukov [2].
Besides a systematic study by Welker [3] introduced a
new class of semiconductors namely I/l —V compounds
into the arena of semiconductor research. The crystal
structure of these compounds was studied a long back
by Huggins [4] and Goldschmidt [5]. Further research in
this area led to the discovery of quasi-binary alloys of the
type A,B,_,C where A and B are Ill; group elements and

C is a Vz group element.

On the other hand, theoretical research on
dissimilar semiconductor junctions started with
Gubanov [6], Shockley [7] and Kroemer [8] and took a
proper shape with the schemes proposed by Anderson
[9,10] in 1960 for the construction of their band
diagrams. This pioneering work is an extension of the

theories of Mott [11] and Schottky [12] for metal-




semiconductor junctions [13] and is considered as the
foundation for the heterojunction semiconductor
research. According to Anderson, when two dissimilar
band-gapped semiconductors are joined together,
electrons will be trapped at the junction [14-16]. The
band diagram for such a heterojunction is shown in Fig.

1.1.

Fig. 1.1 Heterojunction band diagram.

Here the electron motion is restricted to the
surface of the junction. The resultant configuration is
called a two-dimensional electron gas (2DEG). This
opened up a new area of “mesoscopic physics” in the

condensed matter physics. The word meso in Greek




means “middle” or “intermediate” [17]. Mesoscopic physics
studies the properties of the systems that lie between
microscopic systems such as atoms and macroscopic
systems such as bulk matter. The term mesoscopic was
introduced by Kampen [18] in 1976 and also mentioned
by Thouless [19] in 1977 and further utilized by Ya Azbel

[20], Altshuler [21,22] in various contexts.

When a thin layer of lower bandgap material like
GaAs is sandwiched between two layers of a wider
bandgap material like AlGaAs, electrons are forced to
move in a quasi-two dimensional (quasi-2D) planar
region and the resulting structure is referred to as a
Quantum well [16]. The quantum confinement effects
will be clearly seen if the thickness of the lower bandgap
material is of the order of the De Broglie wavelength of
the charge carriers. If the confinement of the carriers
further extends to one and zero dimensions (1D and 0D),
one gets a quantum wire and quantum dot (QD)
respectively. The effects of quantum confinement may be
observed by studying the density of states. The
dependence of density of states on energy for various
dimensions [23,24] is given by: D0S;, x £/2, DOS,, «
O(e—¢), DOS,pxe 2 and DOS,, x&(s—¢;). The




variation of density of states as a function of energy in

various dimensions is shown in Fig. 1.2 [25].
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Fig. 1.2 The density of states vs. E in 3D, 2D,
1D, OD systems.

The experimental evidence of 3D confinement was
first demonstrated by Ekimov in 1981 in CuCl
microcrystal lattice [26]. They observed a blue shift in the
absorption spectra with a reduction in the size of the QD.
The theoretical explanation for that has been given by
Efros & Efros [27] in 1982 and by Brus [28] in 1983
independently which is the starting point of the new Era
of QDs in condensed matter physics. Here they have
modeled the QD confinement as an infinite square well
potential. The first study of electronic structure and
discrete energy levels of a QD was conducted in 1987 by
Bryant who clearly demonstrated the quantum size

effects [29].




With the advent of micro-fabrication techniques
like lithography and epitaxial growth techniques in the
last two decades of 20th century, a variety of QDs have
been prepared using different techniques of quantum
confinement. One way to achieve the 3Dconfinement is
by using metallic gates over a 2DEG developed in a
heterostructure. It was first reported by Cibert et al. [30]
in 1986. These are called lateral QDs as the electrons in
the well are laterally confined by external lateral
electrostatic field. An alternative method is to use
chemical etching which develops QDs in vertical
columns. It was first reported by Allen et al. [31] in 1983
in a single quantum well and by Reed et al. [32] in 1986
in a multiple quantum well super-lattice. However it was
Reed who introduced the word “Quantum dot”. Earlier, a
quasi — 0D structure would be addressed as a
quantum box [31], quantum bubble [24], quantum point
[33], semiconductor crystallite [34] etc. Another way of
obtaining 3D quantum confinement is by using strained
layer super-lattices. Here the lattice mismatch between
the layers of a super-lattice makes the 2D layered
structure to organize into small islands and so they are
called self —assembled quantum dots. This was first

achieved by Goldstein in 1985 and further confirmed by




Leonardo in 1993. Various types of QDs developed on

11l —V heterostructures are shown in Fig. 1.3.
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Fig. 1.3 QDs developed on III — V heterostructures. a)

Lateral, b) Vertical, c) Self-assembled.

1.2 Confinement potential

The fundamental magneto-optical experiments
[35-40] along with generalized Kohn theorem [33,41-43]
emphasized that the observed experimental facts in QDs
are independent of number of electrons in the QD or in
other words, independent of electron-electron (e-e)
interaction in the QD. The only confinement potential
which could fit into this experimentally observed fact is
the parabolic potential. Likewise, any other model
potential can be approximated as the enharmonic
perturbative correction to the parabolic (harmonic)
potential [44,45]. The parabolic potential model
encompasses all the major physics of the QD and also
makes the Hamiltonian of an electron in QD exactly

solvable even in the presence of a perpendicular




magnetic field. Therefore throughout this thesis, the
parabolic potential is considered as a model for
confinement potential except for one problem where the
binding energies are calculated. A QD with a parabolic
confinement potential will be referred to a parabolic

quantum dot (PQD).

1.3 Single electron quantum dot

Hamiltonian

The Hamiltonian of a system of an electron moving
in a 2D parabolic QD in the z=0 plane and
perpendicular magnetic field B = (0,0, B) is given by

H= ! (p+ﬂ)2+1m*w§r2—1g*,u33.a (1)
Zm* c 2 2

where r(x,y) is the 2D position vector of the electron and

p(px,py) is the corresponding momentum operator, —e is

the charge of the electron (e being positive) and m” its

effective mass, A is the vector potential which is chosen

in the symmetric gauge as 4 = B(y/2,—x/2,0), w, is the

frequency of the confining parabolic potential, g* is the




effective gyromagnetic factor of the electron, g (= 2::) is

the Bohr magneton and o’s are the Pauli spin matrices.

The above Hamiltonian can be re-written as

2 1 w? 1
H=2 +—m*<w§+—c>r2+—wclz

2m* 2 4 2
1 *m* 1.2
59 m_owcsz' (1.2)

eB .
1S
m*c.

*

where m, is the bare mass of the electron, w, (=

the cyclotron frequency, S, (= %fwz) is the projection of

the spin angular momentum along the field direction and
lz(= xpy — ypx) is the projection of the orbital angular

momentum along the field direction.

The solution for this Hamiltonian has been given

long back in 1931 by Fock and Darwin independently as

1 1
E(NA’NB'SZ) = (NA +§) hw+ + <NB+E) h(l)_

*

m

1
—zg*;wcSz, (13)




2
w 1
_cizwc-

where N, and Ny are integers and w; = |wZ +

The above energy spectrum is also known as
Fock-Darwin energy spectrum [46-48]. Due to the
discrete and quantized nature of energy levels, QDs are
also called as Artificial atoms. This word was coined by

Kastner [49] and Chakraborty [50] independently.

1.4 Electron-electron interaction

The failure of the experimental techniques to take
into account the effect of e-e interaction in QDs was
explained by Chakraborty et al. [50] and Li et al. [43]
independently. The reason is that when the confining
potential is parabolic, the center of mass and relative
motions get separated and the e-e interaction entirely
goes into the relative part of the motion; whereas the long
wavelength radiation couples only with the center of
mass part of the motion. This revolutionary discovery
grabbed the attention of contemporary researchers and
directed them to quest for alternative experimental,
analytical and numerical techniques that could take into

account the actual e-e interaction effect in a QD.




Several analytical methods have been developed to
deal with the e-e interaction in QDs. These include the
constant interaction (CI) model [51,52], the Hartree [53]
, Hartree-Fock [54] , unrestricted Hartree-Fock [55], and
the Brueckner-Hartree-Fock [56] methods, the quantum
Monte Carlo technique [57,58], the density functional
theory [59-61], Green’s function approaches [62,63], the
WKB method [64], variational and perturbation theories
[65-69], exact diagonalization [70-73] procedures and a
few other numerical iterative methods [36-42]. The
constant interaction method is however too simplistic
and missed even some essential physics. The Hartree
and other Hartree-Fock methods could not take into
account the exact exchange-correlation effects. The
quantum Monte Carlo method failed to explain the
situations at larger magnetic fields due to computational
restrictions on the configuration space that could be
taken into account. Density functional methods like
LSDA are suitable only for systems with low electron
densities like QDs developed by etching and lithography
and could not explain the properties of systems with high
electron densities like self-assembled QDs. The WKB,
variational and perturbation techniques are difficult to
apply to higher excited states. Exact diagonalization and

other numerical methods are plagued with convergence




problems for systems with more than four to eight

electrons.

The coulomb potential due to a charge e in 2D is

given by [81]

(1.4)

However. in QDs developed on heterostructures, field
lines are not confined to 2D but pass through the
surrounding material, which is often a material with a
very similar dielectric constant [82]. Thus, electrons in a
2DEG or in a QD developed on a 2DEG will still feel the
1/r — type interaction.[83] This interesting fact was first
predicted by Chaplik [84] In 1972 and revolutionized the
further research in the area of low dimensional systems.
The prediction of Chaplik [84] was also verified in QDs
experimentally in Ref. [85,86] and theoretically in Ref.
[87] and this confirmed that the Coulomb interaction in
a QD is more are less 3-dimensional. It was also
predicted based on experimental facts that the Coulomb
interaction is screened due to a finite extension of
electronic wave function perpendicular to the plane of

confinement i. e., two electrons could have finite




repulsion, rather than infinite repulsion, even when the
separation between them on the plane of confinement is
zero as they can have finite separation along the direction
perpendicular to the plane of confinement. This is due to
the interaction of electrons in the 2DEG with the image
charges in the adjacent layers of the semiconductor [88].
Thus the Coulomb interaction in QDs developed on

2DEG can be written as

Vo) = e (1.5)

1
4me [lr —v'[7 +62

Since analytical and numerical models have their own
drawbacks, an alternative way is to look for a model
potential which could mimic the Coulomb interaction
and make the QD Hamiltonian exactly soluble so that all
the many- body effects are included properly. The

Johnson-Payne model [89] serves exactly this purpose.

1.4.1Johnson-Payne model

Models are of critical importance in various fields
of science and especially in Physics. Models are essential

to cut down and avoid the unnecessary complications in




understanding a phenomenon and are used to catch the
essential facts that govern the phenomenon. Sometimes
models may be over- simplified but can be further
improved depending on its applicability and accuracy in

predicting the experimental observations.

One of the simplest model potentials proposed to
explain the observed experimental facts in the first
magneto-optical experiments is the constant interaction
model [51,52]. But it is an over-simplified model and
failed to explain the scenario in the higher excited states
as it overestimated the Coulomb interaction. There were
some exactly soluble models in 2D [90-92] and 1D [93-
96] with quadratic and inverse quadratic [97] potentials
whose applicability to QDs has not been studied [98]
extensively. But one such exactly solvable model in 2D
QDs is the Johnson-Payne model [89] proposed in 1991.
The validity of this model has been well established [99-
102] for parabolic QDs by various authors in the recent
past. Also, it is an exactly solvable model for the general
case of an N-electron PQD. Hence, Johnson - Payne
model has been adopted for the investigations presented
in this thesis. The Johnson-Payne model potential for e-

e interaction is given by




1 2 1.6
V(ri,rj) = ZVO—Em .Qzlri—rj| . ( )
The Hamiltonian of an N-electron QD with e-e

interaction in a perpendicular magnetic field is given by

o1 edn? 1
1= (g (o )+ gmeadind
=1
1 *
+59usBoi,

? (1.7)

’

i
+ZZI{,—EmQ |ri—rj

i<j

The advantage of this Hamiltonian (Eq. 1.7) is that it can
be exactly solvable [89] for an arbitrary number of

particles.

1.5 Spin-orbit interaction

The study of spin-orbit interaction (SOI) in QDs
and other low-dimensional structures made a major
breakthrough in the semiconductor research and opened
up a new branch called spintronics which is an acronym

for “Spin Transport Electronics” introduced by Wolf in




1996. The study of SOI in quantum mechanics started
with the revolutionary proposal of spin of electron by
Uhlembeck and Goud Smit [103,104] which made a
major breakthrough in understanding basic quantum
mechanics and brought in a giant leap from old quantum
theory to new quantum theory. Although the empirical
theory of Uhlembeck and Goud Smit has explained the
Zeeman Effect and anomalous Zeeman Effect, there was
a quantitative discrepancy by a factor of 2. This
discrepancy was identified and resoled by Llewellyn
Thomas [105,106] in 1926. The SOI Hamiltonian as given
by Thomas .[107-111] and also by Dirac [112] is

1 1dVv

_ 11 (1.8)
T 2m2c?rdr

(L.S)

HSO

Thus the factor 2 in the denominator of the SOI
Hamiltonian is named as Thomas — factor. This SOI term
plays an important role in atomic physics especially in
explaining the fine and the hyper-fine structures of
atoms [113]. But in the case of solids, SOI utmost be

treated as a perturbation.




1.6 Spin-Orbit interactions in solids

In solids, the quasi-free electrons in the
conduction band may not experience strong nuclear
attraction as seen in the case of atoms. However in those
systems, SOI can arise due to internal fields. This SOI
may not have a significant effect at any general point in
the Brillouin zone. But at the symmetry points, it can lift
the degeneracy and have a significant effect. In QDs
developed on 2DEG of heterojunctions, SOI may arise
due to two major effects. One is called the Rashba effect

and the other is called the Dresselhaus effect.

1.6.1 Rashba spin-orbit interaction

This is one of the two zero-field spin splittings
observed in IIl — V heterostructures which arises due to
structure inversion asymmetry (SIA) of the
heterojunction. Due to the difference in the bandgap,
there would be an asymmetry in the space charge
accumulated on the either side of the heterojunction
which creates an electric field perpendicular to the

2DEG. This leads to a SOI as described by Thomas and




is called the Rashba spin-orbit interaction (RSOI) [114—
116] named after its inventor.
A

2DEG T

conduction band
fermi level

(

Energy

z-direction
Fig. 1.5 Rashba spin-orbit interaction.

The RSOI can be enhanced by applying an
external electric field across the junction and therefore it
can have many experimental applications. The RSOI
Hamiltonian that arises due to space charge field or due
to any external electric field applied perpendicular to the

2DEG (along z direction) is given by

oo — 1 (SL)ldV _ 1 5.(r x )1dV
R=om2c2™ " rdrl,  2m2c2™ rxp rdrl,
~ 4m2c?

(1.9)

= a(axpy - Gypx)'

where a(= AVV/4m?c?) is the RSOI constant.
There has been a lot of discussion on the strength of
RSOI constant in the literature [117]. Ando et al. [118]
have argued that RSOI strength must be very small,




because for a bound state, Ehrenfest’s theorem says
(E;) = 0. Lassing [119] in 1985 has proved using the k.p
method that the major contribution to RSOI of a
conduction electron comes from the electric field in the
valence band. Thus the RSOI term (~0.1 — 10meV) has an
extra contribution from the core electrons in addition to
the Thomas term (~5 x 107° — 5 X 10™>meV/) that exists in

the Dirac equation.

1.6.2 Dresselhaus spin-orbit interaction

This is the other zero-field SOI observed in II] =V
heterostructures which arises due to bulk inversion
asymmetry (BIA). Diamond structure has inversion
symmetry with inversion symmetry point as there will be
two different atoms across every bond and inversion
point chosen at the mid-point joining any two carbon
atoms [120]. But Gads and AlGads allow no such
operation to bring atom on another type at every lattice
point. An electrostatic potential will develop in the QD
due to this inversion asymmetry in a given direction in
the crystal. For the [100] crystal direction, the
Dresselhaus spin-orbit interaction (DSOI) Hamiltonian is

given by [121,122]




Fig. 1.6 Diamond and GaA

s crystal structures.

— 1

HD = Y({O-xkx; k32; - k;} + {O'yky, k; - kac}
+ {0k, k2 — k2}) (1.10)

Since the quantum well is confined along the
z —direction, (k,) =0 and (k2) =~ Const. So the above

equation becomes [123]

Hp = —ykZ(ock, — ayky) + HE"P*
= B(ock, — ayk,) (1.11)

where (= —yk2) is the DSOI constant. From the final
expressions of Hy and Hp, one can see that the two terms
transform into each other under the spin rotation

operation given by [124]: o, © 0,, 0, © —0,. The QD




Hamiltonian with either RSOI or DSOI cannot be solved
exactly analytically. Therefore one has to resort to some
approximate technique [125-127] to deal with them. In
the presence of external magnetic field, the momentum
of the electron transforms [108] from p to (p+eA/c)
where A is the magnetic vector potential as already

mentioned above.

The electronic, magnetic and thermodynamic
properties of interacting electrons in PQDs with RSOI
and DSOI in a perpendicular magnetic field constitute

the main subject-matter of study in this thesis.

1.7 Overview of the Thesis

In the chapter immediately following, the ground
state properties of a PQD with RSOI and e-e interaction
in a perpendicular magnetic field is studied. The effect of
RSOI and e-e interaction on chemical potential is also
investigated. Then in the next chapter, we study the
effect of RSOI, DSOI and e-e interaction on the energy
spectrum, chemical potential, addition energy and spin-

splitting energy of PQD.

In Chapter 4, the effect of RSOI, DSOI and the e-e

interaction on the magnetization, susceptibility, heat




capacity and the entropy of a PQD is studied in the
presence of a perpendicular magnetic field. We use the
canonical ensemble approach to calculate the

thermodynamic averages.

In Chapter 5, we report the results of our study
on the effect of RSOI on the binding energy of a neutral
hydrogenic donor [128] in a QD with Gaussian
confinement [129]. We also present in this chapter our
investigation on the effect of RSOI and DSOI on the
tunneling conductance across a barrier separating a

metal-semiconductor junction.

Finally in Chapter 6, we present our concluding

remarks.
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Chapter 2.  Ground state properties
of parabolic quantum dot with
Rashba spin-orbit interaction in a
2 magnetic field

2.1 Introduction

The study of spin-orbit interaction (SOI) in zero-
dimensional (0OD) structures started long back in 1986 by
Brus et al. [1,2] and the effect of Rashba spin-orbit
interaction (RSOI) has been studied in parabolic
quantum dot (PQD) with interacting electrons in a
magnetic field was first studied by Darnhofer et al. [3] in
1993 using the k:-p method. Later several numerical,
analytical, exact and semi-exact methods have been
proposed [4-9] to solve the Hamiltonian of PQD with
RSOI and electron-electron (e-e) interaction. The study of
RSOI has more practical applications [10,11] as its
strength can be controlled very easily by using an
external electrostatic field [12]. The dipole transition
energy or the resonance tunneling energy [13-17] also
has much practical importance and has therefore
received a lot of theoretical attention and led to the

proposal of generalized Kohn’s theorem [18-21]. In the




present chapter we study the effect of RSOI on the
ground state energy of one-electron and few-electron
quantum dots (QDs) and also on the resonance tunneling
energy of the QD. For our numerical investigations, we
consider a GaAs QD which has a small value of g7, i.e.,
g" =—0.44. Because of small value of g*, the spin
Zeeman effects are negligible in a GaAs QD, and hence

SOI effects can be observed more clearly.

2.2 The Hamiltonian

We consider a system of N electrons in a QD
developed on a heterojunction, grown along the z-
direction and confined by a lateral isotropic parabolic
potential in the x-y plane, with an applied perpendicular
magnetic field along the growth direction. The
Hamiltonian for such a system with e-e interaction and

RSOI can be written as
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1 *
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a e
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i<j

where i refers to the i—th electron with the spatial
coordinate r; , momentum p; , effective mass m* and
effective g factor g*. A; is the vector potential for the i —th
electron, a is the RSOI coupling constant and ¢’s are the

Pauli spin matrices.

2.3 Analytical solution

To proceed further we choose for the vector
potential A the symmetric gauge, i.e., we take A; =

AB(—y;/2,x;/2,0), so that the total Hamiltonian becomes
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where w2(B) = [0} + w?/4], w.=[eB/m'c] and L, (=
[xipiy — yl-pl-,x]) is the z component of the angular
momentum of the i*" particle. We now perform a unitary
transformation [8] on H by the operator: U=
expli(am*/h?) ¥i(¥i0;x — X;01)] and expand the
transformed Hamiltonian in powers of a (assuming H, >

Hz > H, ) to obtain H (= eVHe V) as

2 ~
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where @;(B) = [wg(B) — (a’*m’/h*)w.0,], &, = [w, —
(a?m*/h%)0,]. Since H is independent of SOI, it can be
separated into space part and spin part as [22]: H =
Hgpace + Hopin » With

*

2 ~ *
p? m'_ » m
Hspace = Z [27;1* + 7(03(3)'7}'2 + _CLiz - _az]

2 7 n?

1

1
+Z(2V; —Em*ﬂz|ri —rj|2); (2.4)

i<j

1
Hspin = Z Eg*ﬂBBo-i,z .
i (2.5)

Hgpqce can be further separated into center of mass
coordinates and relative coordinates (H., and H,,

respectively) using the transformations [22]

r.
R=(X’Y)=Zﬁl' P=(Px;PY)=Zpi;
i i
Ty = (X, ¥) = (ri — 1)),

Pij = Pijo Pijy) = 0i — Pj)- (2.6)




One can introduce the corresponding raising and
lowering operators for center-of-mass mode and the

relative mode as follows:

AT = F(B)INm'&,(B)(X Fi¥) Fi(Py F P,)],
B* = F(B)INm*@,(B)(X +iY) F i(Px £ Py)],

F =1/ /4ANm*h&,(B); (2.7)

aiij = G[m" Qo (xij F iyi) ¥ i(ijx F 0ij )]

bii; = G[m'Q, (xy; + iyy) F i(pijx £ 0ijy)],

2.8
G =1/,/4m*hQ,, (2:8)
with 0,2 = [@2(B) — NQ?], [A-,4%] =1, [A%,df] =

[Ai,Bi] = 0, [ai_j,a;l] = [bljt bljl] = Cijklt where Cijkl =2 if
l=kand]=l, Cijkl=_2 1fl=land]=k,cukl=1lfl=k
and];tl, Cijkl =—-1ifi=1 and];tkand Cijkl =0ifi ;tk,l

and j # L k.
Then H., and H,,.; are given by
H., = (h@,(B) — Eth)A A™ + (hiy(B)

1
+5h@)B*B™ + hiso(B), (2.9)




Hee = 5= [(2hQ, — hao) T ajiag; + (2RO, +

(2.10)

h@e) Yicjbiibij] + (N — D[RO, + NV,] —

*

Nm* o
e

The ground state energy of the system can be obtained

in the limit of large magnetic field as

N-1
E = h[@6(B) +—;—2(N +2)Q, — N@ + 4NV,}

mt Nm*
_4mag wc]—?a (211)
with  Q,% = [@2(B) — NQ?]. In the absence of e-e

interaction [16,22], we have

h m*
E=—[2N(N + 1)@&,(B) —N(N — )&, — —g"w,]
4 m,
N *
_ ;’21 o2 (2.12)

2.4 Numerical results and discussion

In our numerical investigations, we have considered

a GaAs QD with parameters m*/m, =0.063, € =12.9,




g =—0.44, parabolic confinement strength w,=
7.5meV and RSOI constant equal to 20 meV.nm. In Fig.
2.1, we plot the total ground state (GS) energy of a one-
electron system as a function of the applied magnetic
field B with and without the RSOI. One can see that the
RSOI reduces the energy of the system. We have shown
the exact numerical results of Pietilainen et. al.[23] for
the sake of comparison. In the absence of SOI, the
problem can of course be solved exactly and hence our
results are in complete agreement with the numerical
results of Pietilainen et. al. [23].
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Fig: 2.1 Total GS energy vs B for N = 1 with and
without RSOI




In the presence of SOI, the total GS energy estimated by
our method turns out to be a little larger than the exact
numerical result. Also the disagreement becomes more
with higher magnetic fields. This is probably because of
our neglecting the higher order terms in a in our

calculation.

The variation of the GS energy of a two-electron
system as a function of the applied magnetic field is
shown in Fig. 2.2 (a). As the number of electrons in the
system becomes more than one, the e-e interaction
comes into play. Following Johnson and Payne [22], we
have used the parabolic interaction as the model for the
e-e interaction which contains two parameters V, and (2,
whose values have been fixed by fitting our GS energy vs.
magnetic field curve with the exact numerical result of
Pietilainen et al. [23] in the absence of RSOI (i. e., for a =
0). For N = 2, and w, = 7.5 meV, fairly exact agreement is
obtained between our results and the exact numerical
results of Pietilainen et al. [23] with V, = 6.4 meV and Q =
5.1meV in the magnetic field range of 2T to 5T. We have
therefore performed our calculation for the two-electron
system in the presence of RSOI in the range 2T to 5T with
the above values of I, and 2 so that we can compare our

results with those of Pietilainen et al. [23] for non-zero «a.
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One can notice from the figure that in the presence of
SOI, though at a low magnetic field, our energy results
are slightly lower than the exact numerical results of
Pietilainen et al. [23], there is an excellent agreement at
higher magnetic fields. Inclusion of higher-order terms
in a is expected to improve the results even at low B. The
difference between the energy with e-e interaction and
that without e-e interaction, i. e., AE = [Ey,,+o — Ey,,=ol,
which may be referred to the effective Coulomb
correlation energy, is plotted as a function of the
magnetic field B in Fig. 2.2 (b). It may be observed that
the effective Coulomb interaction energy AE (= [Ey,, 0 —
Ey,,=o]) increases more or less linearly with B. The
increase in the e-e interaction energy with the magnetic
field is an expected behaviour, because the magnetic field
reduces the effective e-e separation which in turn
increases the e-e interaction energy.

The variation of the total GS energy with B for a
three-electron system is shown in Fig. 2.3(a) for a =0
and a = 20 meV- nm. The corresponding e-e interaction
energy (AE = [Ey,, »0 — Ev,,=0]) is shown in Fig. 2.3(b). The
values of V; and 2 have been chosen in this case to be
5.13meV and 4.01meV as obtained by fitting the N =3

Johnson-Payne results with the corresponding
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results of Pietilainen et al. [23] for a = 0in the
range, B=1T - 4T. It is clearly evident that our results
are in very good agreement with the exact numerical
results of Pietilainen et al. [23]. Similar results are
presented for a four-electron system in Fig. 2.4 (a) and
2.4 (b). Again the agreement is found to be fairly good.
Comparison of Figs. 2.2(b), 2.3(b) and 2.4(b) shows that
the variation of the effective Coulomb interaction energy
AE as a function of B in the presence of RSOI is
qualitatively similar to that in the absence of it. Also, in
both cases, the curves (¢ =0 and a # 0) are essentially
linear and parallel to each other throughout the range of
the applied magnetic field. Thus the effects of the e-e
interaction and the RSOI seem to be independent of each

other.

The variation of the GS energy of the system with
RSOI constant «a is presented in Fig. 2.5 for N = 1,2,3 and
4. The curves show that as a function of a, the GS energy
decreases in a nonlinear way and the dependence is
slightly more complex than just being quadratic. In fact,
one can observe that the energy decreases with
increasing a much faster if the electron number is larger

and also at larger values of a.
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Fig. 2.5 GS energy as a function of SOI constant.
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The figure also shows, as expected, that the
energy increases with the increase in the number of
electrons but interestingly the dependence of the energy
on N is also nonlinear. The explicit dependence of RSOI
contribution to the energy on the number of electrons is

plotted in Fig. 2.6.

The resonance tunneling energy or the addition
energy, AE =[E(N+1)—E(N)] as a function of the
applied magnetic field is presented in Fig. 2.7. Fig. 2.7 (a)
gives the results for N = 2 and Fig. 2.7 (b) for N = 3. We
have shown results for both @ = 0 and a = 20 meV - nmm for
the sake of comparison. As expected, for both N = 2 and
N = 3, RSOI reduces the addition energy. For N = 2, the
addition energy AE = [E(3) — E(2)] as a function of the
magnetic field B exhibits a minimum which is found to
shift towards right as the RSOI is switched on. For N = 3,
however, there exists no such minimum structure and
the addition energy, AE =[E(4) —E@)] shows a
monotonic increase in B. This stark difference between
the behavior of the addition energy for N = 2 and that for

N = 3is not clearly understood.
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2.5 Conclusions

We have studied the ground state energy of a
parabolically confined QD in the presence of an external
magnetic field incorporating both the e-e interaction and
the RSOI. We have considered systems with the electron
number equal to 1, 2, 3 and 4. For the e-e interaction, a
simple, exactly soluble and physically reasonable model
potential as suggested by Johnson and Payne is used. A
unitary transformation is performed to eliminate the
effect of the RSOI beyond quadratic in RSOI constant a.
The transformed haniltonian is then solved exactly for
the GS energy following Johnson and Payne. We have
observed that the GS energy increases with increasing
magnetic field and in general the RSOI reduces the total
energy of the system. The dependence of the GS energy
on the RSOI constant a is slightly more complex than
just quadratic. RSOI energy is found to decrease with the
increase in the number of electrons in the system. This
decrease looks more or less quadratic. The total energy
however increases with the number of electrons as
expected. The e-e interaction energy is found to increase
almost linearly with the magnetic field. It also increases

with the electron number but decreases with the RSOI.




Our results are found to be in very good agreement with

the numerical results[23] available in the literature.
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Chapter 3.  Effect of Rashba and
Dresselhaus spin-orbit interactions
on the energy spectrum, chemical
potential, addition energy and spin-

. splitting energy in a parabolic GaAs
3 guantum dot in the presence of an
external magnetic field.

3.1 Introduction

The study of Dresselhaus spin-orbit interaction
(DSOI) has been kept aside for a long time after the
discovery of quantum dots (QDs) as it could not be tuned
as easily as Rashba spin orbit interaction (RSOI). It was
Voskaboynikov et al. [1] who studied, a decade after the
invention of QD, the effect of DSOI and RSOI together on
the zero-field spin splitting in a parabolic quantum dot
(PQD). Before Voskaboynikov et al., it was Pikus et al. [2,
3] who studied the effect of DSOI on the spin-splitting in
11l —V heterojunctions. Later in 2004, Lipparini et al. [4]
have studied the effect of DSOI alone on the spin-
splitting of cyclotron resonances in GaAs QD. Later

several studies [5-8] were made on a PQD incorporating




the effect of DSOI and RSOI. In this chapter we study the
effect of both RSOI and DSOI on the energy spectrum,
chemical potential, addition energy and spin-splitting

energy in a GaAs PQD.

3.1.1Chemical potential

Chemical potential was first introduced by Gibbs [9]
through his pioneering publications “A Method of
Geometrical Representation of the Thermodynamic
Properties of Substances by Means of Surfaces” in 1873
and “On the Equilibrium of Heterogeneous Substances”
In 1876. In solid state physics chemical potential or
electrochemical potential is used to define the Fermi
energy at T = 0 K. The study of chemical potential in QDs
has attracted attention in the recent past both from the
point of view of theory [10-12] and experiments [13-16].
Chemical potential u(N) is defined as the energy required
to add an Nt electron to an (N —1) electron system:

u(N) = E(N) —E(N - 1).

3.1.2Addition energy




Addition energy studies have made an important
breakthrough in the theoretical understanding and
experimental applications of QDs [17]. The addition
energy for Nt electron is defined as the difference
between Ionization potential (Iy) and the electron affinity
(Ay) of the Nth electron i. e, Exqq = Iy — Ay, Where the
ionization energy which is the energy required to remove
an electron from an N-electron system is given by: I(N) =
E(N —1) —E(N) and the electron affinity which is the
energy released when an electron is added to an N-
electron system is given by: A(N) =E(N)—E(N + 1).
Thus, Epgq =EWN+1)—-2E(N)+E(N—-1) and so the
addition energy is just the energy required to overcome
the Coulomb barrier and can also be defined as [18, 19]:
Epga(N) = u(N +1) — u(N). Here u(N + 1) represents the
energy corresponding to an average (N + 1/2) electron
system and u(N) corresponds to the energy of an average
(N —1/2) electron system. Hence, the addition energy

E,qq(N) represents the energy of the N** electron.

3.1.3 Spin splitting energy

The effect of SOI reflects directly in the spin-splitting
energy. The interest in the study of spin-splitting energy

has continued unabated from the inception of QD




research [20-25]. In recent years the study of spin-
spilling energy has also found applications in the fields
of quantum information and quantum computing [26].
The spin splitting energy [27-30] is defined as the
difference between the energies of two oppositely
spinning electrons in a given spatial and orbital angular
momentum (OAM) state. For a single-electron QD in an
external field, the spin-splitting energy without spin
polarization is given by: Ess = E(Ng, Ny, +S,) —
E(Ng, Ny, —S,). Our results are valid for any parabolic QD
with a small value of g*. But for the sake of concreteness,

we have applied our theory to a Gads QD.

3.2 The Hamiltonian

Our model consists of a system of N electrons, each
with effective mass m*, charge “-e” and spin s, moving in
a radially symmetric two-dimensional (2D) PQD grown
on a heterojunction, in the presence of an external
magnetic field applied perpendicular to the QD (i.e.,
along z-axis). We also take into account the RSOI and the
DSOI and for the electron-electron (e-e) interaction we
use the prescription of Johnson and Payne [31]. The

relevant Hamiltonian is given by




2

o1 edn> 1
1= g (pe )+ gmeadind

1
+ Eg*“BBo-i,z)

1
+ Z ZVO —Em*[22|‘ri —rj|2

i<j
+ %Z [(pi,y + ;Ai,y) Oix
L
- (pi,x + ;Ai,x) Gi.y]
+EZ["' (e +2402) (3.1)
h . i,x i,x c ix
L

e
— Ui,y (pi,y + EAi'y)] )
where all the symbols have been introduced earlier.

3.3 Analytical solution

To make progress, we choose the gauge of A as:
A; =B(—y;/2,x/2,0). In the limit, H, » Hy = H, > H,,
one can now diagonalize the Hamiltonian by a unitary

transformation [32] with a generator: S= im*[a Zi(yiai,x -




x;0;y) + B Xi(x;0:, — y;0:,)] /h*. Neglecting terms of order
higher than quadratic in « and B, the transformed
Hamiltonian can now be separated [31, 33] into a space

part H, and a spin part H; where

2 * ~ *

p?  m* _ > m
Hy= ) |+ S GBI + 5 L = (a4 )
14
1 ,
+Z(2VO —Sm @~ )| ) (3.2)
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L, 3.3
H; zzzg HBBO-i,z ( )

where @2 = [w? — r:—;(az - BHw.0,], w.=[eB/m"c], w?=
[w5 + wZ/4], &, = . — 5 (@® = pHo, and L, = [xpiy—
YiDix] is the z-component of the OAM of the it" particle.
H, can be further separated into center of mass and
relative coordinates using the transformations given in

[31, 33] to obtain the energy spectrum of the system at

large magnetic field as
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(3.4)

where Ny, Ng, a;j, f;j can take any positive integer values,
0,%=[®2 - NQ?] and E,(S;) is the ground state (GS)

energy given by

Ey = h@y + (N — 1)[hQy + NV, ] — %wcb’z.
0 (3.5)
The second term in the total energy expression
represents the excitation energy corresponding to the
electron with orbital OAM along the field direction. The
third term gives the excitation energy corresponding to
the electron with OAM opposite to the magnetic field. The
fourth term denotes the excitation energy corresponding
to the electrons with parallel OAM whereas the last term
is that with antiparallel OAM. The space part of the total
wave function is symmetric if the sum of all the quantum

numbers Ny, Ng, a;j, f;j is even and is anti-symmetric if the




sum is odd. The spin part of wave function and the
corresponding total spin has been considered in such a
way as to preserve the anti-symmetry of the total wave
function. In the case of a spin-polarized system, since the
spin part of the wave function is symmetric, the space
part of the wave function must be anti-symmetric to
preserve the anti-symmetric nature of the fermionic
system. Furthermore, since the center of mass part of
wave function is always symmetric, N, and Ny can take
any positive integer values. Hence the relative part of the
wave function must be anti-symmetric for a spin-
polarized system. For this to happen, the sum of a;; and

Bij should take odd positive integer values.

3.4 Numerical results and discussion

In our numerical investigation we have considered a
GaAs QD with parameters [34] m*/m, =0.063, € =12.9,
g =—-0.44, V,=75meV, a=20meV-nm and B =

20 meV - nm.




3.4.10ne electron system

We have the exact analytical expression for the energy
spectrum of a one-electron system as a function of the
magnetic field in the absence of SOI. This energy
spectrum is presented in Fig. 3. 1 and and obviously the
results are identical with those available in the literature

[34].
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Fig. 3.1 Energy spectrum of a one-electron system with

and without RSOI.




In the presence of the magnetic field, first, the orbital
Zeeman splitting occurs leading to two branches, one
increasing with the magnetic field and the other
decreasing with it. The spin-degeneracy of these energies
is further split by the spin-Zeeman interaction leading to
two energy curves from each one. The effect of RSOI is
to shift the spin-split energies downward. At zero
magnetic field, the states with the same value of (N, +
Np) are degenerate. As the strength of the magnetic field
increases, at B = 1.65T, the states (3,0) and (0,2) which
have the same value of (N, + 1.5N;) become degenerate.
As the field strength increases further, at B = 2.85T, the
states (2,0) and (0,1) which have the same value of (N, +
2Np) become degenerate. As the magnetic field is further
increased to B = 4.75T, the states (3,0) and (0,1) which
have the same value of (N, + 3Np) become degenerate.
Finally at very large magnetic fields, the states with same
value of Ny group together i.e, the states (0,0), (1,0),
(2,0), (3,0) etc. group together and states (0,1), (1,1), etc.
group together. This happens because in the presence of
the magnetic field, the energy of the electrons with OAM
antiparallel to the field increases while that parallel to
the field decreases. Finally when the field strength is
made very large, complete polarization takes place and

all the electron states with the same OAM opposite to the




applied field are grouped together. The figure also depicts
the energy spectrum with RSOI. For a spin-up electron,
the plot shows that the RSOI reduces the total energy of
the system and the reduction is larger for a stronger
magnetic field. Also, RSOI has a negligible effect on the
electrons with OAM parallel to the applied field. This is
due to the fact that the energy of an electron with OAM
parallel to the magnetic field is reduced by the Zeeman
Effect which in turn is reduced by RSOI. So, indirectly
through Zeeman effect RSOI increases the energy of the
electron with OAM parallel to the magnetic field. At the
same time RSOI directly reduces the energy of the

system.

These two effects combine to nullify the overall effect of
RSOI on the electron with OAM parallel to the applied
field. Exactly the opposite effect is observed in the case
of a spin-down electron. The energy spectrum of a one-
electron system with and without DSOI is presented in
Fig. 3.2. In the case of a spin-up electron, DSOI has a
very little effect on an electron with OAM antiparallel to
the applied field. This is due to the fact that the energy
of such an electron is increased by the Zeeman

interaction which in turn is enhanced by DSOI. Thus




through the Zeeman Effect, DSOI increases the energy of

an electron with OAM antiparallel to the magnetic field.
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Fig. 3.2 Energy spectrum of a one-electron system with

and without DSOI.

On the other hand, DSOI, in general, reduces the energy
of the electron. Thus the resultant effect of DSOI on an
electron with OAM antiparallel to the external field is
negligible. So the effects of RSOI and DSOI with equal
strengths on an electron’s energy with a given spin are
equal and opposite. Hence without any loss of generality,
one can consider either a spin-up or a spin-down

electron system for simplicity. The plots of a spin




polarized single-electron system with and without RSOI
and DSOI are shown in Fig. 3.3. In this work we consider
only spin-polarized systems (unless mentioned
otherwise) to distinguish the effects of RSOI and DSOI.
Here the reduction effect of RSOI and the enhancement
effect of DSOI on Zeeman interaction get cancelled for
equal strengths of Rashba and Dresselhaus terms and
only the over-all reduction effect of SOI on the total

electron energy persists.
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Fig. 3.3 Energy spectrum of a one-electron system

with and without both SOI’s.




Thus one can see that the spectrum obtained taking
into account both SOI’s shifts down by a constant value

from that obtained without SOI’s.

To examine the effect of SOI explicitly, we calculate the
electron energy with SOI’'s and also without them and
subtract the latter from the former. The results are
presented in Fig. 3.4 as a function of the applied
magnetic field. Here the levels are labeled by two
quantum numbers (N4, Np), since the spin-Zeeman term

(having negligible effect on SOI terms) can be neglected.
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Fig. 3.4 Effect of RSOI, DSOI and the both on the

energy of a one- electron system as a function of B.




Thus effectively, SOI’s have the same effect on spin-up
and spin-down electrons. The difference between the
energy of an electron without RSOI and that with RSOI
monotonically increases with the applied field and
eventually saturates to a constant positive value.
Obviously, RSOI always reduces the energy of the
electron. The effect of the external field on DSOI is
opposite to that on RSOI. In the absence of an external
field, the states with the same value of (AN)%g = (N§ —
Ng), where a denotes a particular state, have the same
energy. For example the pairs (0,0) & (1,1) and (1,0) &
(2,1) have same energies. Also the states with larger
magnitude of OAM have lesser RSOI energy. For
example, the (6,0) state (I = —6) has a lower energy than
the (0,0) state (I = 0). The scenario changes if an external
field is applied and if it becomes large enough to
dominate over the confinement potential. In the presence
of the magnetic field, the direction of OAM also matters
and the state with a larger OAM vector corresponds to a
lesser energy, i.e., the RSOI energy of the (0,0) state
becomes less than that of the state (6,0). We observe an
interesting behavior for states a,b,c etc. for which
(AN)Y5; — (AN)4g = (AN)Ss — (AN)S,. We call this
difference as (A?N),5. The figure shows that states with

even N,’s and with (A2N),; = 1 attain the same energy at




B = 1.4T. Thus, for example, the energy levels for the
states (0,0), (2,1) & (4,2) which satisfy the condition
(A’N),5 =1 show a crossing behavior at B = 14T.
Interestingly, the energy levels for the states with odd
N,’s and (AN)S2 = 1 also show the crossing phenomenon
at the same magnetic field, but at a different energy
value. Thus, the energy levels for the states (1,0), (3,1) &
(5,2) also undergo crossing at B = 1.4T. The energy levels
with (A?N),; =2 exhibit the crossing behavior at a
higher magnetic field and this crossing behavior
continues to occur for states with even higher values
of(A?N) 4. For example, at B = 2.1T, the states (0,0), (3,1),
(6,2) have the same energy and the states (0,0), (4,1),
(8,2) have the same energy at B = 4.65T. At B =4.75T,
the states (N4, 0), (N,,1) with N, =0,1,2,3, etc undergo
crossing (though at different energies) for both RSOI and
DSOI. Crossing of states also occurs for states with
negative values of (A?N),p. Furthermore, pairs of states
with the same value of (A%2N),; also cross at certain
magnetic field. For example, at B = 9T, the pairs of states
(6,0) & (1,1) and (5,0) & (0,1) have the same energy and
at B = 12T, the pairs of states (5,0) & (1,1) and (4,0) &
(0,1) have same energy. We find that at very large
magnetic fields, the states with same N, + 3Ny obtain the

same energy.
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Fig. 3.5 Effect of RSOI, DSOI and the both on the 2-
electron QD energy as a function of B with e-e

interaction.

Once the complete polarization occurs, RSOI has no
effect on the energy of the states. Similar observations
are also made for the DSOI energies but in this case
energies become negative if the magnetic field is
sufficiently large. When both the interactions are
considered, terms containing the orbital Zeeman
interaction get cancelled leaving a constant term that
leads to a straight horizontal line independent of the

magnetic field. The RSOI energy for (0,0) state coincide




with the straight line corresponding to both the
interactions at large magnetic fields. This is due to the
fact that at large magnetic fields, the RSOI and DSOI
contributions approach — N(m*/h?)a? and — N(m*/h?)p?
respectively and become equal for ¢ = . The separations
between two consecutive RSOI and DSOI energy levels in
the asymptotic limit are found to be (m*/2A?)a? and

(m*/2h?)B? respectively.

3.4.2 Two-electron system

(a) The SOI energy

The variation of the SOI energy as a function of the
magnetic field for a two-electron system is presented in
Fig. 3.5. In this case, the e-e interaction comes into
picture. Here we consider for the e-e interaction the
exactly soluble Johnson- Payne model potential (Eq. 1.1)
and fix the values of V, and Q appearing in it by fitting
the GS energy of the system without SOI with that of the

numerical result [34]. As evident from the analytic

expression, the states with the same value of (AN)Z; =




[(Ny + a;;) — (Ns + B;;)] are degenerate at zero field. For
example, at B =0, the states (0,0,1,0), (2,0,0,1) and
(0,0,2,1) have the same SOI energy. Also, at a certain
strength of the magnetic field, the SOI energy curves for
states with the same (Np + f;;) and (AN),z =1,2,3, etc
cross one another. Thus the SOI energy curves for the
states (0,0,01), (1,0,0,1) and (2,0,0,1) cross one another
at B = 5Tand at the same magnetic field, the states
(0,0,1,0), (1,0,1,0) and (2,0,1,0) also cross one another
but at a different SOI energy. Beyond a certain magnetic
field, the states with N, = 0= Ny have a smaller SOI
energy than those having finite values for both N4, Ny or
a finite value for one of them. For example, the state
(0,0,0,1) has a lower energy than the state (1,0,0,1) and
(0,0.1,0) has a smaller energy than (0,1,10). At very large
magnetic fields, the states with the same value of
[(N, + a;;) + 3(Ns + B;j) | merge together. We also observe
that the magnitude of both RSOI and DSOI energies are
only slightly enhanced in the presence of the e-e

interaction (not shown here).

(b) Electron-electron interaction




The difference between the energy with e-e interaction
and that without it for two and three-electron QD’s is
presented in Figs. 3.6 and 3.7 as a function of magnetic
field. Fig. 3.6 gives the results for a 2-electron system,
while Fig. 3.7 for a 3- electron system. In this case, only
the quantum numbers corresponding to e-e interaction,
namely «;;, f;;, matter. One can observe that the e-e
interaction energy is same for states with the same value
of (a;; + B;j). This is because we have considered a spin-

polarized system.
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Fig. 3.6 Electron-electron interaction energy as a

function of B for a 2-electron system.




Also one can see that the e-e interaction energy is lower
for higher excited states. Also, RSOI marginally enhances
the effect of e-e interaction and DSOI reduces it. When
both interactions are present, SOI has no effect on the e-
e interaction. Also the e-e interaction varies linearly for
low-lying excited states and almost quadratically for the
higher excited states. At larger magnetic fields, the e-e
interaction energy saturates. This is because the
magnetic field leads to localization which becomes

maximum at a certain magnetic field.
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Fig. 3.7 Electron-electron interaction energy as a

function of B for a 3-electron system.




Comparison of Fig. 3.6 with Fig. 3.7 clearly shows that e-
e interaction contribution is larger for a three-electron
system than a two-electron system. This reason is of

course understandable.

(c) Effect of SOI

The total variational energy is presented as a function
of RSOI in Fig. 3.8 and as a function of DSOI in Fig. 3.9.
Fig. 3.8 shows that RSOI reduces the total energy and
the reduction increases for the higher excited states.
However, Fig. 3.9 shows that while DSOI also reduces
the total energy, the reduction decreases for the higher
excited states. As one can see, the additional reduction
in energy due to the inclusion of DSOI increases for
states with OAM parallel to the external field, namely
(0,0), (1,0), (2,0) whereas it decreases and also changes
sign if we consider the states with OAM antiparallel to
the applied field i.e., as we go from (0,0) to (0,1) and (0,2)
states. The opposite effect is observed while considering

RSOI in addition to DSOI (Fig. 3.9).
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Fig. 3.8. Energy spectrum as a function of a.
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Thus, in the presence of DSOI, additional inclusion of
RSOI increases the energy of the system. This increase
in energy becomes larger for electrons with OAM
antiparallel to the applied field and becomes smaller for
the states with OAM parallel to the field. Thus the
increase in energy for (0, 1) is larger than (0, 0) and that
in (0, 2) is larger than (O, 1), while the increase in (1,0) is

smaller than (1,0) and that in (2, 0) is smaller than (1, 0).

(d) Chemical potential

The variation of the chemical potential as a function
of the applied magnetic field B for N = 2 is presented in
Fig. 3.10. When we add a second electron to a single-
electron system, the separation between the incoming
electron and the existing electron increases if the existing
electron lies in a higher excited state since the incoming
electron enters the lower-most state (0,0). Thus the
chemical potential u(2) will be smaller if the system is
initially in a higher excited state. We say u(2) is larger for
higher excited states to describe this situation. Also there
is a uniform spacing between the chemical potential
levels for the higher excited states. This is because the
model potential introduces equal spacing in energy levels

as it is parabolic in nature.
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Fig. 3.10 Chemical potential as a function of magnetic

field for N = 2.

If the incoming electron enters some excited state
keeping the existing electron in the GS (0,0) itself, the
chemical potential behaves in the same way as that of
the total energy spectrum as a function of magnetic field
since a constant energy for a given magnetic field will be
subtracted from the entire spectrum i. e., the energy of
the single electron in the GS. The effect of SOI on
chemical potential is same as that on the total energy i.e.,
RSOI reduces the chemical potential and the reduction

increases with applied field. Dresselhaus interaction also




88

reduces the chemical potential at lower magnetic fields

but tends to increase it at higher applied fields.
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Fig. 3.11 Comparison of our chemical potential results

for N = 2 with the exact diagonalization results.

When both the interactions are present, there is a
uniform reduction in energy independent of applied
magnetic field. To examine the accuracy of our results,
we have compared our chemical potential plot for N = 2
with that obtained by exact numerical diagonalization in
the Fock-Darwin basis. The results are presented in Fig.

3.11. The (0,0) to (0,0,0,0) transition results match




exactly as we have fixed our model parameters by fitting
with the corresponding numerical results. For the
excited states, at lower magnetic fields, our results are in
very good agreement with the numerical results but at
larger magnetic fields, our results are little lower as we
have neglected the higher order terms. For very high
excited states, our results are not so close to the
numerical results and so the present theory is valid for
low-energy excitations. This has already been

emphasized in the literature [35].

In the case of N = 3 and N = 4, the chemical potential
becomes larger for higher excited states. We plot the
chemical potential as a function of the magnetic field in
Fig. 3.12. Consider the case in which the two-electron
system is in the spin-polarized (0,0,1,0) state i.e., there is
one electron in (0,0) state and another electron in (1,0)
state. Hence the incoming electron must go to the (2,0)
state as it is the lowest accessible spin-polarized state.
Thus the new configuration for the 3-electron system
becomes (0,0,3,0). It is easy to visualize that the chemical
potential in the case (0,0,2,0) — (0,0,3,0) is smaller than
that in (0,0,1,0) - (0,0,3,0). We now consider a two-
electron system in the state (0,0,3,0) i. e., one electron in
the state (0,0) and the other in (3,0 ). On adding a third

electron to the state (2,0), the state of the three-electron




system becomes (0,0,5,0). The chemical potential in this
case is higher than that in the case (0,0,1,0) to (0,0,3,0).
In fact, one can easily show that p(3)0mn0)-0n+1,0)

depends on n i. e., on the state of the second electron.
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Fig. 3.12 Chemical potential as a function of magnetic

field for N = 3.

If the second electron lies in a higher state, then the third
electron experiences a stronger repulsion from the (0,0)
electron because of the weaker screening. Thus the
chemical potential results clearly show the effect of the
electron-electron interaction. A similar behavior is also
observed in the chemical potential spectrum for N = 4

(Fig. 3.13). In this case, if the GS of a spin-polarized




three-electron system is (0,0,3,0) i.e, if initially the
electrons are in (0,0), (1,0) and (2,0) states, the incoming
fourth electron goes into the (3,0) state and the GS of the

four-electron system is given by (0,0,6,0).
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Fig. 3.13 Chemical potential as a function of magnetic

field for N = 4.

The separation between the chemical potential levels
in the N =4 case reduces considerably as compared to
the N = 3 case due to the shielding effect of the second

electron in the (1,0) state.

To see the effect of SOI explicitly on the chemical

potential we calculate the difference in g with and




without SOI i. e., u(S0I = 0) — u(SOI # 0). The results for
N =2 and N =3 are presented in Figs. 3.14 and 3.15

respectively.
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Fig. 3.14 Effect of RSOI, DSOI and both SOI’s on

chemical potential as a function of B for N = 2.

The curves show a behavior similar to the energy
spectrum. Also, as the strength of the magnetic field
increases, the SOI effect depends only on the state into
which the incoming electron enters and is independent
of the initial configuration of the system. Thus the
chemical potential for the transitions (0,0,1,0) — (0,0,3,0)




and (0,0,7,0) = (0,0,9,0) have the same strength of SOI

contribution at larger magnetic fields in the case of N =

3. When the additional electron goes into some excited

state keeping the original system in the GS, contribution

of RSOI to chemical potential increases in both the cases
for N=2 and N = 3.
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Fig. 3.15 Effect of RSOI, DSOI and both SOI’s on

chemical potential as a function of B for N = 3.

This is quite obvious as in this case the chemical

potential

includes excitation energy also and the

behavior will be similar to the effect of RSOI on the total

energy. DSOI also has a similar contribution to chemical




potential as that of RSOI except for a sign change, as

happens in case of its effect on the total energy spectrum.

(e) Addition energy

The variation of addition energy as a function of the
applied magnetic field is shown in Fig. 3.16 for three
values of N. At low magnetic fields, RSOI enhances the
addition energy whereas DSOI reduces it. As the
magnetic field exceeds a certain critical value, DSOI
enhances the addition energy and RSOI reduces it. This
is shown in the inset of Fig. 3.16. For N =1 and N = 3,
the addition energy goes through a minimum as a
function of B, whereas for N = 2, it shows a monotonically
decreasing behavior. In fact, above a certain value of B,
the addition energy for N = 3 becomes even larger than
that for N = 2. In all cases, however, the variation is much
stronger at low magnetic field. As the magnetic field
increases and attains a large value, RSOI reduces the
addition energy and DSOI increases it, thus leading to an
overall reduction in the effect of SOI on the addition
energy. For all the N values considered, the addition
energy as a function of B seems to saturate

asymptotically.
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Fig. 3.16 variation of addition energy as a function of

magnetic field for three values of N (N = 1,2,3).

The variation of addition energy as a function of
number of electrons in the presence of V,, is shown in
Fig. 3.17 and that for V,, = 0 is shown in Fig. 3.18. Fig.
3.17 shows that as N increases, the addition energy in

general decreases, if the magnetic field is not too strong.
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Fig. 3.17 E,;; vs. N with and without RSOI, DSOI for

various B values for V,, # 0.

In the zero applied field case, RSOI enhances the addition
energy whereas DSOI reduces it. As the magnetic field is
increased beyond a certain value, the effects of RSOI and
DSOI switch their sign i. e., DSOI enhances the addition
energy while RSOI reduces it. Fig. 3.18 shows that in the
absence of the electron-electron interaction, the addition
energy remains essentially unaffected by the number of
electrons at low magnetic field. However at large
magnetic fields, the electron number may have a small

effect on the addition energy.
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(f) Spin-splitting energy

The variation of Eg as a function of the magnetic field
is presented in Fig. 3.19. The figure shows that in the
absence of SOI, the spin-splitting energy decreases with
increasing magnetic field in a linear way. However, in the
presence of RSOI, the spin-splitting energy initially
increases quadratically with the magnetic field and once
complete polarization occurs, it saturates and then starts

decreasing linearly. A similar behavior is observed in the




case of DSOI except for a sign change. At low magnetic
fields, the spin-splitting energies of an up-OAM electron
and a down-OAM electron are of opposite sign and the
sign becomes same above a certain value of the magnetic
field. The effect of SOI on the spin-splitting energy turns
out to be greater in the case of electrons with parallel

OAM i. e for larger N,.
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Fig. 3.19. Spin splitting energy as a function of B.

The variation of the spin-splitting energy as a function of

RSOI strength is explicitly shown in Fig. 3.20. The figure




shows that the spin-splitting energy of a state with +wve

OAM quantum number decreases with increasing @ and

—ve OAM increases. The effect of DSOI on the

that with

spin-splitting energy, in this case, is to reduce it for —ve

OAM and to increase it for +ve OAM.
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Fig. 3.20 Variation of spin-splitting energy as a

function of RSOI strength.

In Fig. 3.21, we show the behavior of the spin-

splitting energy as a function of DSOI strength . Again

the spin-splitting energy of a state with +ve OAM

quantum number is found to decrease with increasing




and that with —wve OAM is found to increase. The effect
of RSOI on this spin-splitting energy is to enhance it for
+ve OAM and to reduce it for —ve OAM. For zero-OAM
state, the spin-splitting energy remains unaltered by any

change in a or § or both.
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Fig. 3.21 Variation of spin-splitting energy as a
function of DSOI strength.

3.5 Conclusions

We have studied the GS energy of a parabolically
confined N-electron QD in the presence of an external

magnetic field incorporating electron-electron




interaction, RSOI and DSOI. We have considered one,
two and three-electron systems. For the e-e interaction,
a simple, exactly soluble and physically reasonable
model potential as suggested by Johnson and Payne is
used. A unitary transformation is performed to eliminate
the effect of the SOI beyond quadratic term. The
transformed Hamiltonian is then solved exactly for the
GS energy following Johnson and Payne. Our results
show that both RSOI and DSOI reduce the total energy
of the system. In the case of RSOI, the reduction is more
for higher excited states, whereas in the case of DSOI, it
is less and changes sign at a certain level and then it
increases the total energy of the system. We also observe
that RSOI reduces the effect of Zeeman interaction, while
DSOI enhances it. It turns out that the states with the
same value of (AN)HB = [(NA + aij) - (NB + ﬁij)] are
degenerate at zero field. In the presence of a magnetic
field, the SOI energy curves cross one another at a
certain magnetic field for states with the same (Ng + f3;;)
and (AN),5 =1,2,3, etc. At very large magnetic fields,
the states with the same value of [(NA + ai]-) + 3(Ng + ﬁij)]
merge together. We furthermore observe that the
magnitude of both RSOI and DSOI energies are only

slightly enhanced in the presence of the e-e interaction.




For a spin-polarized system, the e-e interaction
energy is found to be the same for states with the same
value of (a;; + f;j). Also we have shown that the e-e
interaction energy is lower for higher excited states. RSOI
marginally enhances the effect of e-e interaction and
DSOI reduces it. When both interactions are present, SOI
has no effect on the e-e interaction. Also the e-e
interaction varies linearly for lower excited states and
almost quadratically for the higher excited states. At
larger magnetic fields, the e-e interaction energy
saturates. This is because the magnetic field leads to
localization and localization becomes maximum at a

certain magnetic field.

The chemical potential is found to be smaller if
the system is initially in a higher excited state. Also there
is a uniform spacing between the chemical potential
levels for the excited states. The effect of SOI on chemical
potential is same as that on the total energy. The addition
energy follows the Pauli principle i. e., addition of an
electron to an odd-electron system reduces the energy of
the system whereas in the case of an even-electron
system it increases the total energy. If the magnetic field
is not very large, the addition energy decreases with
increasing N. In the absence of a magnetic field, RSOI

enhances the addition energy whereas DSOI reduces it.




As the magnetic field is increased beyond a certain value,
the effects of RSOI and DSOI become opposite i. e., DSOI
enhances the addition energy while RSOI reduces it. In
the absence of the e-e interaction, the addition energy is
not much affected by the number of electrons at low
magnetic field, though at large fields, the addition energy

may develop a weak dependence on the electron number.

In the presence of RSOI, the spin-splitting energy
initially increases quadratically with the magnetic field
and once complete polarization occurs, it saturates and
then starts decreasing linearly. A similar behavior is
observed in the case of DSOI except for a sign change.
The spin-splitting energy of a state with a +ve OAM
decreases with increasing a and that with —ve OAM
increases. The effect of DSOI on the spin-splitting energy
is to reduce it for —ve OAM and to increase it for +ve
OAM. Again the spin-splitting energy of a state with +wve
OAM quantum number is found to decrease with RSOI
and that of a state with —ve OAM quantum number is
found to increase with RSOI. For zero-angular
momentum state, the spin-splitting energy remains

unaltered by any change in a or § or both.
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Chapter 4 Thermodynamic
and magnetic properties of a

parabolic guantum dot with
spin-orbit interaction in the
presence of an external
‘ magnetic field

4.1 Introduction

The pioneering work of Chakraborthy at al. [1] and Li
et al. [2] highlighted that the results of the magneto-
optical experiments do not depend on the electron-
electron (e-e) interaction. The reason is that the IR
radiation used in those experiments couples only with
the center of mass motion while the e-e interaction goes
entirely into the relative motion part and therefore could
not be probed by IR magneto-optical experiments. In the
same paper Chakraborthy et al. [1] suggested that the
effect of e-e interaction in parabolic quantum dots would
show up in thermodynamic quantities. In the present

chapter we shall investigate some of the thermodynamic




and temperature-dependent magnetic properties of a
quantum dot. To be specific, we shall study
magnetization, susceptibility, heat capacity and entropy
of a parabolic quantum dot. We investigate all these
quantities incorporating the effect of e-e interaction,
RSOI and DSOI in the presence of a perpendicular
magnetic field. As usual, for the e-e interaction we choose
the model prescribed by Johnson and Payne. Though
there have been several theoretical investigations on
magnetization and susceptibility of a parabolic quantum
dot, only a very few studies have reported on the heat
capacity and entropy. Especially, to our knowledge, no
work on the effect of SOI on heat capacity and entropy of

a quantum dot has been reported so far.

The theoretical study on the magnetization of a
quantum dot started with the work of Yigal Meir at al. [3]
who have studied the magnetization, persistent current
and the spin-orbit interaction effects using some solvable
models in a quantum dot developed on a two dimensional
electron gas (2DEG) with non-interacting electrons.
Maksym and chakraborthy [4] studied the magnetization
of a parabolic quantum dot with interacting electrons
numerically. Chaplik et al. [5,6] have studied the
thermodynamic properties of quantum dots in a

magnetic field with Coulomb interaction numerically.




Voskaboynikov et al. [7] have studied the magnetization
and susceptibility of a few-electron quantum dot in the
presence of spin-orbit interaction neglecting the electron-
electron interaction. Sheng and Xu [8] studied the
magnetization of a quantum dot with interacting
electrons using a numerical diagonalization method.
Dias Da Silva et al. [9,10] have studied the effect of
electron-electron interaction on the orbital magnetic
properties of quantum dots. Chatterjee and collaborators
[11-13] have studied the magnetic properties of
Gaussian quantum dots. So far, to our knowledge, no
studies have been conducted on the magnetic properties
of quantum dots with both RSOI and DSOI in the
presence of e-e interaction. The purpose of the present

chapter is to make an attempt in this direction.

In the case of heat capacity calculations, Maksym
and Chakraborthy [1] studied the effect of magnetic field
on the heat capacity of a parabolic quantum dot without
the Zeeman interaction. Boyacioglu and Chatterjee have
[14] studied the heat capacity and entropy of a Gaussian
quantum dot. Oh et al. [15] have studied the
magnetization and heat capacity of a 3D quantum dot
with e-e interaction. De Groote et al. [6] have studied the
magnetization, susceptibility and specific heat of a

helium-like confined quantum dot with spin-Zeeman




interaction. Muller et al. [16] have studied the heat
capacity of a electron quantum dot using the Hartree-
Fock approximation for the e-e interaction. Zhai et al.
[17] have studied the heat capacity of 2D Boltzmann gas
in an elliptical parabolic quantum dot. Gao et al. [18]
have studied the effect of spin-orbit interaction on the
thermodynamic properties of a 2D quantum well. Lee et
al. [19,20] have studied the heat capacity of a quantum
dot super lattice with Zeeman interaction. So far no
investigation has been made on the effects of spin-orbit
interaction (SOI) on the heat capacity and entropy of
quantum dots. In the present chapter we shall present
our results on the heat capacity and specific heat of a

quantum incorporating the SOI.

4.2 Thermodynamic properties

We use the canonical ensemble approach to calculate
the thermodynamic averages of various physical
quantities. As already mentioned, we are interested in a
parabolic quantum dot with RSOI, DSOI and e-e
interaction in the presence of a perpendicular magnetic
field. The partition function, average energy,

magnetization, susceptibility, heat capacity and entropy




of the system are calculated using the following

formulae.

7 = e E(Na, Np, aij, Bij)/kpT ; E,

Ny, N, aij, Bij
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where Kz is the Boltzmann constant and E(N,, N,

a;j, Pij) is given by Eq. (3.1).




4.3 Numerical results and discussion

4.3.1 Energy spectrum and Average

Thermodynamic Energy

For the sake of concreteness, we apply our theory to
an Inds QD with m*/m, =0.042, e =14.6, g* =— 14, a =
20meV —nm, B =20meV —nm and wy=7.5meV. The
energy spectra of a two-electron InAs QD with and
without e-e interaction are presented in Fig. 4.1. The
values of V, and Q are obtained by matching our ground
state energy with the numerical results of Pietilainen and
Chakraborty [21]. Here the energy levels are labeled by
two quantum numbers (L, S), where L is the total orbital
angular momentum and S is the total spin angular
momentum of the two electron system. In the absence of
applied magnetic field (B), the first excited state is six-
fold degenerate. This is due to three possible spin
angular momenta and two possible orbital angular
momenta which can be lifted by external magnetic field
due to Zeeman interaction. One can see that the
magnetic field B at which the energy-level crossing
occurs giving rise to singlet-triplet (s-t) transition is lower
in the presence of e-e interaction than in the absence of

it.
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Fig. 4.1 Energy spectrum of InAs QD vs. magnetic field
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This transition occurs due to the interplay between
confinement potential and the applied magnetic field for
a finite value of g*. The first transition occurs between
states with the same value of total angular momentum
J=J,+J,=0 [21]. This s-t transition occurs at lower
magnetic fields in the presence of e-e interaction as it is
a repulsive interaction and acts against the confinement
potential. If the finite width of the quantum dot along z
direction is considered, the transition point shifts
towards larger magnetic fields as in that case, the
Coulomb interaction gets screened at smaller electron
separations. Thus the effect of the third dimension can
be incorporated by considering a screened Coulomb
interaction. This has been observed and studied by
several authors [22-24]. The effect of the third dimension
for s-t transitions in two-electron quantum dots at zero
temperature has been discussed first by Dineykhan and
Nazmitdinov [25] where the Coulomb interaction has
been treated quite accurately. Later, the effects of the
third dimension and the exact electron-electron
interaction on the position of the s-t transitions have
been thoroughly analyzed in [26,27]. Many issues related
to two-electron quantum dots have been recently
reviewed by Birman et al. [28] In the present work, we

take into account the effect of extension of the quantum




dot along the z-direction by choosing to work with the

Johnson-Payne model [29].

The average thermodynamic energy (E,) vs. magnetic
field is plotted at different temperatures (T) in Fig. 4.2
both in the absence and presence of the e-e interaction
(V). In the case of V,, =0, the s-t transition shows a
peak structure. It is also evident that the s-t transition
occurs at a lower value of B for V,, # 0 and is also sharper.

As T increases, the sharpness of the peak decreases.
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Fig. 4.2 Average thermodynamic energy as a function of

the magnetic field with and without e-e interaction.




4.3.2 Magnetization and Susceptibility

The variation of the magnetization (M) as a function
of B at various values of T is shown in Fig. 4.3(a) with
and without e-e interaction. In the case of B = 0, since
the electrons pair up in the ground state, M = 0. As B
increases, M decreases (or |M| increases) till B reaches a
critical value at which the s-t transition takes places. At
this critical field, M undergoes a rapid increase in its
value and after that it decreases monotonically as B is
further increased. At T = 0K, the change in M at the
critical B is discontinuous, while at T # 0, though the
change is still rapid but it is continuous. The jump in M
at the s-t transition is smaller for 1, # 0. At very large B,
M is larger for the case V,, =0 than for V,, # 0. In Fig.
4.3(b), we plot the corresponding susceptibility (y) as a
function of B at different T values for V,, = 0 and V,, # 0.
At low B, y is negative i. e., the system is diamagnetic. As
B increases, at a certain B, the system turns
paramagnetic. At T = 0, this transition is accompanied
with the s-t transition and it occurs at a particular value
of B. At higher T, first the diamagnetism-paramagnetism

(d-p) transition
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takes place at a lower B at which the s-t transition also
starts and as B is increased further, the s-t transition
becomes complete. Once the system enters into the fully
triplet state, a further increase in B increases only the
diamagnetic susceptibility and consequently, above this
field the total susceptibility decreases with increasing B
and subsequently at another critical field a re-entrant
paramagnetic-diamagnetic (p-d) transition occurs. The
width and height of the paramagnetic peaks decrease

with both T and V..

The variation of y with T at different B is presented
in Fig. 4.4(a) for V,, = 0 and in Fig. 4.4(b) for V,, # 0. Let
us first discuss the case for 1, = 0. At small values of B,
the paramagnetic contribution is negligible while the
diamagnetic effect dominates and therefore the system
will be in a diamagnetic state. As B increases, the
paramagnetic effect sets in and y increases as the same
T unless T is very large. In general, as T increases,

thermodynamic fluctuations increase and the




diamagnetism starts dominating and so at higher T, x

decreases with increasing T.
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Thus one can see that there exists a range of values of B
for which the system will be in a paramagnetic state
within certain temperature windows. As T becomes very
large, y seems to saturate to a negative constant
irrespective of the value of B implying that the system
becomes diamagnetic at large T as would ordinarily be
expected. The situation is qualitatively similar for I, # 0.
Again for a certain range of B, as T increases, y increases
and turns positive i. e., the system turns paramagnetic.
However, the d-p transition is faster in the case of V,, #

0.

To understand the effects of RSOI and DSOI on M and
X, it is more convenient to consider a spin-polarized
system because RSOI and DSOI have similar effect on
electrons with opposite spins or opposite effect on
electrons with same spin. Here we consider a two-
electron QD with spin-polarized states. The variation of
M of the spin-polarized system as a function of B at
various T is shown in Fig. 4.5(a) with and without e-e
interaction. Since the system is polarized, there is a non-
zero value of M at T=0 and B =0. In this case, the
system is completely in a paramagnetic state with
maximum possible M. As T increases, there will be a
drop in the paramagnetic part of M due to the

fluctuations in the polarized state by thermal agitations.
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and without V,, for a spin-polarized system.

The system still paramagnetic below a certain magnetic
depending on T. In the paramagnetic phase, M increases

with B up to a certain critical value at which the d-p




transition takes place. After this M decreases with B. As
T increases, the height of the paramagnetic peak reduces
and its position shifts towards larger B. One can also
observe that the paramagnetic peaks are lowered by the
e-e interaction. As B becomes very large, M becomes
independent of the T and at very low B, M becomes
independent of the e-e interaction. In Fig. 4.5(b), we plot
the corresponding y as a function of B at different T
values for V,, =0 and V,, #0. Since the system is
completely polarized, an increase in B increases only the
diamagnetic susceptibility and consequently, total x
decreases with increasing B. At T increases, the
paramagnetic part of y decreases due to thermal
agitations and so the overall y decreases. At a finite T and
B, there would be competition between diamagnetic and
paramagnetic effects. Thus, for a certain range finite of
B, x increases with T as the system still remains in the
paramagnetic phase. Finally at very large B, y saturates

to a negative value and the system becomes diamagnetic.

In Fig. 4.6(a), we show the variation of M as a function
of B for nonzero «, f and with and without V,,. The plot
shows that in the diamagnetic region, while V,, reduces
M, both RSOI and DSOI enhance it, DSOI having a
stronger effect. In the paramagnetic region, RSOI shifts

the curve towards higher B and DSOI shifts it to lower B.
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This implies that DSOI lowers the critical B for the p-d
transition and RSOl increases it. The e-e interaction does
not have much effect in the paramagnetic region. Both
RSOI and DSOI increase the height of the paramagnetic
peak. In the diamagnetic region, the e-e interaction
reduces M. The variation of y of a two-electron spin-
polarized system with RSOI, DSOI and V,, is presented in
Fig. 4.6 (b). The figure shows that DSOI shifts the p-d
transition towards lower B, while RSOI shifts it towards
higher B. Apart from that both the curves are

qualitatively identical.

The variation of M as a function of T at B=0
with RSOI, DSOI and V,, is presented in Fig. 4.7 (a). The
figure shows that at T =0 and B = 0, RSOI lowers the
magnetization and DSOI increases it. In the absence of
SOI, there is a finite M at T = 0 and B = 0 as the system
is spin-polarized. As the T increases more and more, M
reaches a saturation value in all the cases. M with V,, #
0 is found to be little higher compared to the case with
V.. =0 at very large T. The variation of y as a function
of T for a system with RSOI, DSOI and V,, is presented in
Fig. 4.7 (b). The figure shows that the T-dependence of
the paramagnetic peaks is same for RSOI and DSOI. At
B =0, the paramagnetic peak in the presence of SOI is

lower than that in the absence of it.
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As T increases, y turns —ve. In the diamagnetic
regime, the magnetization with RSOI and DSOI
approaches to that without V,,. In the diamagnetic
regime, the system with V,, #0 has even lower y
compared to the other cases. As T — 0, the y of the
system without SOI approaches infinity and falls to zero

atT =0.

4.3.3 Heat capacity and Entropy

To study the nature of heat capacity and entropy we
first plot of energy spectrum with and without e-e
interaction as shown in Figs. 4.8 (a, b). Here the ground
state of electron at zero applied field is a singlet and the
first excited state is a triplet. As the applied magnetic
field strength increases from zero, the singlet state
energy increases and the triplet state energy decreases
and at a critical field, the ground state shifts from singlet
to triplet. Ie; there will be a transition from singlet state
to triplet state. This occurs due to the interplay between
the confinement potential and the applied magnetic field
for a finite value of g. The plots clearly show that the e-e
interaction makes the singlet triplet transition to occur

at lower magnetic field strength.
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The thermodynamic average energy E, as a function of
magnetic field for various temperatures is presented in
Figure 4.9. This shows that the singlet-triplet transition
occurs at lower magnetic field strength in the presence
of e-e interaction and the peak is sharper in the absence

of it. The sharpness of the peak decreases with

temperature.
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Fig. 4.9 Average thermodynamic energy Vs. magnetic

field with and without e-e interaction.

The heat capacity of a two-electron quantum dot with
and without e-e interaction is presented in Fig. 4.10 for
various temperatures. The heat capacity as a function of
magnetic field shows a peak structure wherever the two
energy levels are close enough to show Schottky
anomaly. A sudden rise in heat capacity is observed

when the thermal energy is comparable to the energy




level separation. At the transition point, heat capacity
falls as the energy level separation is zero which causes

no state change.
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Fig. 4.10 Heat capacity Vs. magnetic field with and

without e-e interaction.

Therefore, both before the singlet-triplet transition
point and immediately after the transition point, a peak
in the heat capacity is observed. At T = 0.001K a double
peak structure with negligibly small width is observed.
At T = 5K, one more peak is observed in the heat capacity
at larger magnetic fields, where the separation between
the energy levels again becomes comparable to the

thermal energy. The e-e interaction shifts the double




peak structure in the heat capacity towards lower
magnetic fields and also makes the peak shorter and
wider. At very large magnetic fields, there is no apparent
difference in the heat capacity with and without e-e
interactions. At low temperatures, the e-e interaction in
general raises the heat capacity while at very high
temperatures, it reduces the heat capacity. As
temperature increases, the first peak becomes wider and
shorter and at a sufficiently high temperature it
disappears. i. e., the system becomes more triplet like as
temperature increases. Beyond this temperature the
heat capacity gradually falls to =zero. At larger
temperatures and large magnetic fields, a peak is always
observed as at the large field regime, some energy level
separation will be equal to the thermal energy resulting

in the transition similar to Schottky anomaly.

A study of behavior of entropy with and without e-e
interaction as a function of magnetic field for various
temperatures is shown in Fig 4.11. At zero temperature
and zero applied field, entropy is found to be zero. At the
transition point of singlet-triplet transition, entropy
increases and after the transition, entropy again falls
back to zero. This is an obvious consequence of Schottky
anomaly in the heat capacity behavior as a function of

magnetic field. Finally, at very large magnetic fields,




entropy approaches Nk, In(3/2) which is same as the

entropy of a diatomic molecule.
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Fig. 4.11 Entropy Vs. magnetic field a) with and b)

without e-e interaction.

As temperature increases, entropy increases. However,
at a large magnetic field, the entropy saturates as the
system becomes fully ordered. The e-e interaction raises
the entropy peak in the low temperature regime while at
the higher temperatures it reduces the value of the
entropy in general. However, in the high field regime, the
entropy curves with and without e-e interaction merge

with each other.




A study of the variation of heat capacity with and
without e-e interaction as a function of temperature for

various magnetic field strengths is presented in Fig. 4.12.
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Fig. 4.12 Heat capacity Vs Temperature, with and

without e-e interaction.

At zero applied field and low temperatures, heat capacity
remains zero up to certain critical temperature, beyond
which the system absorbs heat resulting in a Schottky
peak. With e-e interaction on, the peak shifts to lower
temperatures in the low field regime as the magnetic field
brings the singlet, triplet energy levels closer which
results in a Schottky peak at lower temperatures. Similar
effect is observed with an increment in the applied
magnetic field. In the high field regime, e-e interaction

has no effect on the heat capacity at high temperature.




Also at high temperature and high applied field, heat
capacity falls to zero as system will be mostly in triplet

like state.

A plot of entropy with and without e-e interaction as a
function of temperature for various magnetic field
strengths is presented in Fig. 4.13. Entropy remains zero
up to certain temperature and then starts increasing and
at very large temperatures, saturates to a value
Nk, In(3/2). The height of the peak decreases and the
width of the peak increases with both applied magnetic
field and e-e interaction. Also entropy increases from zero

in the T — 0 case with the applied magnetic field.
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To understand the effect of SOI on the heat
capacity and entropy of two electron quantum dot, it is
quite convenient to consider the spin-polarized system
because both RSOI and DSOI have similar effect on
electrons with opposite spins and opposite effect on the
electrons with same spin. In the rest of the paper, we

consider a two-electron PQD with spin polarized states.

The energy spectrum of spin-polarized system with and
without e-e interaction is presented in Fig. 4.14 a and
Fig. 4.14 b respectively. This shows that the ground state
is doubly degenerate at B = 0. This can be explained as
follows. If the first electron is in the single-electron state
(0,0) where the state is labled as (N,L), N standing for
principle quantum number and L for orbital angular
momentum quantum number, then the second electron
has to enter either (0,+1) or (0,—1) state as it cannot
enter (0,0) state due to Pauli’s exclusion principle if the
system is spin-polarized. This explains the degeneracy of

the ground state at zero field.
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Fig. 4.14 Energy spectrum of spin polarized system a)

with and b) without e-e interaction.

The heat capacity of such a system with and without e-e

interaction as a function of magnetic field for various




temperatures is presented in Fig. 4.15. The plot shows a
sharp peak at B=0 for the T =0.001K case. As
temperature lifts degeneracy of the ground state even at
zero field. The height of the peak reduces and the width

increases as the temperature increases.
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Fig. 4.15 Heat capacity vs. magnetic field with and
without e-e interaction.
Also the peak shifts to larger applied fields with increase
in temperature. At a very large magnetic field, one more
peak is observed in the heat capacity plot which is due
to the closely packed energy levels prevailing at large
fields. With an increase in temperature, the height of the
second peak increases and shifts to lower applied fields.

At very low temperature and small applied field, the heat




capacity with e-e interaction and that without it have
same value. Furthermore, at very low temperatures and
low applied fields, the e-e interaction lowers the heat
capacity while at very large temperatures, it enhances

the heat capacity.
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Fig. 4.16 Entropy Vs. magnetic field with and without
e-e interaction.

The variation of entropy of a spin-polarized system
with and without e-e interaction as a function of
magnetic field for various temperatures is presented in
Fig. 4.16. The plot shows that there is a sharp peak in
entropy at zero applied field and T = 0.001K. With
increasing temperature, the height of the peak reduces

and the width increases and beyond a certain




temperature, the peak disappears. However, the entropy
increases with temperature. As the applied magnetic field
increases, the entropy asymptotically saturates to
2Nk, In(3/2) approximately. The factor 2 arises as we

have considered the spin-polarized system.

The variation of heat capacity without SOI, with
RSOI and with DSOI as a function of magnetic field with
e-e interaction is presented in Fig. 4.17. At very low
magnetic fields and at very high magnetic fields, the heat
capacity reduces with RSOI and increases with DSOI as
compared to the case without both SOI. In the
intermediate field strengths, the effect of RSOI and DSOI
changes sign at every field strength where Schottky peak
occurs. As T = 0, both RSOI and DSOI have negligible
effects on heat capacity. The variation of entropy with
RSOI, with DSOI and without the SOI’s has been
compared as a function of applied magnetic field in Fig.
4.18. The plot shows that DSOI reduces the entropy and
RSOI enhances the entropy of the system. As T — 0, the
effect of RSOI and DSOI on the entropy reduces to zero.
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Fig. 4.17 Heat capacity Vs. magnetic field with RSOI,
DSOI and without SOT’s.
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The results for the variation of heat capacity and
entropy of a spin-polarized system with RSOI, with DSOI
and without SOI’s, in the presence and absence of an e-
e interaction are presented as a function of temperature
in Fig. 4.19 and 4.20. In the zero applied field case, and
in the absence of SOI, the entropy remains zero up to
certain range of temperature and then starts increasing.
Finally at very large temperatures, heat capacity falls to
zero. Similar behavior is observed both in the presence
and absence of e-e interaction. In the presence of SOI,
heat capacity shows a peak structure due to the zero field
spin splitting. Both RSOI and DSOI have similar effect on
heat capacity in the absence of applied field. In the
presence of the applied field, RSOI reduces the height of
the peak and shifts it to lower temperatures whereas
DSOI enhances the heat capacity and shifts the peak to
higher temperatures. At very large temperatures, e-e

interaction has no effect on the heat capacity.

In the presence of RSOI and DSOI and the zero
applied field case, entropy starts from zero and merges
with that without SOI after certain temperature limit. In
the presence of applied field, RSOI enhances the entropy
and DSOI reduces the entropy in the low temperature

regime. Finally at large temperatures, entropy with and




without e-e interaction match with each other and again

that with and without SOI also match with each other.

4.4 Conclusions

The magnetization, susceptibility, heat capacity
and entropy of a two-electron quantum dot with e-e
interaction and with and without RSOI and DSOI have
been studied as a function of B and T. It has been
observed that the e-e interaction V,, reduces the field
required to cause the s-t transition in the magnetization
plot. Furthermore, the height and width of the s-t
transition peak in the magnetization plot are found to
decrease with temperature. We have shown that V,, has
no effect in the paramagnetic region whereas it reduces
both M and y in the diamagnetic region. M and y are
unaffected by temperature in the diamagnetic region
whereas the temperature reduces the height of the d-p
transition peak. The RSOI shifts the d-p transition peak
towards a higher value of B, whereas the DSOI shifts it
towards a lower value of B. In the diamagnetic region,
both RSOI and DSOI enhance the B-dependence of M.
Similar behavior is also observed in the behavior of y as
a function of B. At B=0, as T—-> 0, M is +ve in the
presence of RSOI and is - ve in the presence of DSOI. But




at larger T, SOI seems to have no effect on M. On the
other hand, at B =0 and small T, V,, has no effect on M
but at larger T, it enhances M. The height of the
paramagnetic peak of y as a function of T is finite In the
presence of SOI, while it is infinite in the absence of SOIL.

x seems to be independent of SOI at large values of T.

It has been observed that the e-e interaction shifts
the peak in the magnetic behavior of heat capacity
towards lower field strengths. Also it increases the width
of the peak and reduces its height. But at very high
magnetic fields, e-e interaction has no effect on the heat
capacity. In the low field regime, e-e interaction increases
with increasing temperature up to a certain temperature.
Once the heat capacity reaches its maximum, thereafter,
the heat capacity with e-e interaction is lower to that
without e-e interaction. Heat capacity shows a peak due
to Schottky anomaly as a function of temperature whose
height reduces and width increases with both e-e
interaction and the applied magnetic field. Entropy as a
function of temperature starts from zero and saturates.
RSOI and DSOI have no effect on the heat capacity at
zero applied field and at any temperature. But in the
nonzero field case, RSOI reduces the heat capacity and
DSOI enhances the heat capacity and they have exactly

the opposite effect on the entropy as a function of




magnetic field. Similar effect is observed in the case of

heat capacity and entropy as a function of temperature

also. In the low field regime, and as T — 0, the heat

capacity as a function of temperature shows Schottky

anomaly due to zero-field spin splitting in the presence
of RSOI and DSOI which is not observed in the absence

of SOI. Thus the effect of zero-field spin splitting can be

easily demonstrated by measuring heat capacity and

entropy.
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Chapter 5.Some Applications

5 As a part of application, we study the

effect of Rashba spin-orbit interaction (RSOI)

and Dresselhaus spin-orbit interaction (DSOI)
in two different systems. First we study of effect of RSOI
on the binding energy of D° center in a Gads Gaussian
quantum dot (GQD) (see Section 5.1) and next we study
the transmission and reflection coefficients and
tunneling conductance across a metal-semiconductor
barrier, where semiconducting material possesses non-
zero values of Rashba and Dresselhaus spin-orbit

interaction constant (see Section 5.2).

5.1 RSOl on the binding energy of D center in a
Gaussian quantum dot

5.1.1 Introduction

The impurity states are known to have much
importance in determining the electrical properties of
semiconductors [1]. There are two kinds of these states,
the so called donor and acceptor states. Neutral
electronic energy states associated with donor impurity

levels in semiconductors can sometimes be understood




by means of a hydrogen model of the impurity [2,3]. In
such a case, the impurity wave function can be
considered as hydrogenic wave function where the
electron will have mass m" and experience a nuclear
charge of e/, where ¢ is the dielectric constant of the
medium[4]. The study of donor impurity levels in
quantum wells started [5] soon after the invention of
semiconductor heterostructures. The first study of donor
states in quantum dots (QDs) was started by Zhu [6] in
1989.

Last three decades have witnessed some extensive
investigations on the subject of impurity states in
semiconductor QDs [7-12]. Impurity being a rule rather
than an exception, as such studies are extremely useful
for their importance in the nanotechnology [13]. J.
Bruning et al. [14] have studied the existence of infinitely
many bound states below the continuous spectrum for
short-range perturbations of a much larger class of the
Rashba and Dresselhaus spin-orbit Hamiltonians. Li et
al. [15] have studied the electronic states of a hydrogen
donor impurity in a Gads/GaAlAs Quantum Well (QW)
including the Rashba spin-orbit coupling. However, to
our knowledge, no investigation has been reported so far
on the effect of RSOI on a donor complex in a QD with

Gaussian confinement. Since we are interested in




studying the binding energy of a donor impurity in QD,
we need to consider a finite well and here we choose to

work with a Gaussian confinement potential [16-18].

5.1.2 Model and Formulation

According to the effective-mass theory, the
Hamiltonian of a hydrogenic donor in a three—
dimensional GaAds QD with Gaussian confinement in the

presence of RSOI can be written as

H = H]_ + H2 (5.1)

with

p?  e? 2 (5.2)

a
H, = FR(O' XDz, (5-3)




where the first term in Eq. (5.2) represents the electron
kinetic energy, p being the electron momentum operator
canonically conjugate to the electron position r (x, y, 2)
and m* the effective electron mass, the second term
denotes the Coulomb interaction between the electron
with the donor nucleus, ¢ being the dielectric constant of
the medium, the third term describes the Gaussian
confining potential, V, being the depth of the potential
and R the range and [ is a 2 X 2 unit matrix. The range R
may be considered to give a measure of the effective size
of the QD. ayp is the RSO coupling constant and
o (0y,0y,0,) are the Pauli spin matrices. To proceed
further we perform a unitary transformation on H [19]
with the generator S = (iaym*/h?)(yo, — x0,) and expand

the transformed Hamiltonian in powers of

ar and retain terms up to quadratic in ap to obtain the
Eq. (5.4); where L; = (xp, — yp,) is the z-component of
the angular momentum. One can immediately see that
the second term involving L, commutes with the first

term and since we are interested in the ground state (GS)




of the system, we can drop the second term. We seek a
variational solution for the GS of D° in the presence of

the RSOI and choose a simple trial function: Y(r) =

Ne“”z‘ﬁr, which we expect to describe the GS of the
Hamiltonian well (see Eq. 5.4). An explanation for such a
choice may be in order. The potential in the Hamiltonian
shown Eq. 5.4 has two pieces: one is a Gaussian
potential and the other is an attractive Coulomb
potential and therefore it makes sense to choose a trial
wave function which is a product of a Gaussian function
and an exponential function. The chosen wave function
will describe the GS because it is nodeless. The
variational parameters a and f will be finally obtained
by minimizing the GS energy with respect to them.

Throughout this chapter, we use the donor Rydberg R;, =
(m*e*/e?h?) as the unit of energy, and the donor Bohr

radius aj = (¢h?/m*e?) as the unit of length. Finally,
however, the integrations and minimizations are done
numerically. The binding energy of the D° centre ((Ez(D°))
is defined as: Ez(D°) = E(e™) — E(D®), where E(D°) is the
GS energy of the D° complex in the QD, and E(e™) is the
GS energy of the QD with an electron detached from the

donor complex.




5.1.3 Numerical results and discussion

We apply our theory to a GaAs QD for which we take
e =124 and m* = 0.06m,, where m, is the bare electron
mass. Thus the energy is expressed in units of R; =
12meV and the length in units of ag = 9.8 nm. In Fig. 5.1,
we plot the GS energy of an electron in a Gaussian GaAs

QD as a function of the QD size R for a few values of V

and ag.

Fig. 5.1 Variation of GS energy of an electron in a

Gaussian QD as a function of QD size R.
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Fig. 5.2 Variation of GS energy of a D° complex in a

GaAs QD as a function of QD size R.

In Fig. 5.2 we plot that of the D° complex for the
same set of parameter values. To obtain the explicit ag —
dependence we present in Figs. 5.3 and 5.4, the GS
energies of two systems as a function of ay for different
values of R. Figs. 5.3 and 5.4 show the GS energy
decreases in a nonlinearly with ay for both the systems.
However, quantitatively the GS energy of a D° complex is
lower than that of an electron for the same set of

parameter values.
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Gaussian QD as a function of ag.




The GS binding energies of a D° complex system
are shown in Fig. 5.5 as a function of the QD radius for
two different values of the confinement potentials in the
absence of RSOI. Fig. 5.5 shows that the binding energy
of a D° complex is positive which implies that a D° system
is a stable system. This is of course a well-known fact

and arises due to the Coulomb interaction effect.

Fig. 5.5 BE of a D° complex in a GaAs QD
4
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as a function of R for ap = 0 and az = 1.

One can see that the binding energy decreases as

the size of the quantum dot increases, and we find that




it finally saturates to a limiting value which is the bulk
result. Since the binding energy increases as the dot size
decreases from the bulk value, one can conclude that
quantum confinement enhances the stability of the D°
system. However, there seems to exist a critical
confinement length (L) at which the stability becomes
maximum and below this length the binding starts
weakening very fast. The reduction in binding below L. is
purely a quantum mechanical effect. As the QD size
becomes very small, the uncertainty in position also
becomes very small and then the uncertainty in the
momentum must become very large and concomitantly
the momentum as well as the kinetic energy become very
large. It then becomes difficult to keep the electron
bound to the D° centre and as a result the binding energy
falls sharply. This gives a peak in the binding energy
graph. This happens when the size of the QD becomes
comparable to the size of the D° complex. Though the
peak structure is understandable from the argument of
uncertainty principle, the sharpness of the peak may as
well be an artefact of the approximation employed in the
analysis. About the effect of the RSOI on the energies we
make an interesting observation. It is evident from Figs.
5.1 and 5.3 that the spin-orbit interaction reduces the

GS energies of both the electron and the D° centre.




Interestingly, however, the binding energy of a D° centre
is not affected by the RSOI. This assertion remains valid
even when higher-order terms of ag are included. This
can be understood in the following way: the approximate
(transformed) Hamiltonian commutes with the operator
L, and therefore the energy shift due to RSOI happens to
be the same for the quantum dot with and without the
donor centre for the fact that the variational wave
function assumes L, =0. Thus, though RSOI has an
impact on the GS energies of the electron and the D°
centre; however, it does not imply any dissociation

process.

Finally we are interested in donor electron
distribution which gives the probability of finding the
electron at a distance r from the centre of the QD. In Fig.
5.6, we plot the donor electron distribution as a function
of r for dots with different confinement lengths and a
given confinement strength. It is clear that an electron
becomes more and more localized with decreasing size of
the QD. We furthermore find that the electron becomes
more and more localized with increasing depth of the

potential V.




e
)

e
=)

N
>~

Donor Distribution [a.u]
=]
o

0 0.5 1 1.5 2
*
r [aB]
Fig. 5.6 Donor distribution in a GaAs QD with

Vo = 10Rj and for various values of R.

One would have expected a peak structure in the donor
electron distribution too, as observed in the binding
energy. The donor electron distribution however shows
only a maximum that saturates at r = 0, but no peak. It
is not clear why our variational method could not capture

this behaviour.

5.1.4 Conclusion

In this work, we have considered the problem of a
D° centre in a GQD and calculated the GS energy of the
electron and the D° centre as function of the QD radius

and RSOI constant. We have shown that the GS energies




of the electron and the D° complex increase as the
effective quantum dot size decreases and decrease as the
confinement strength increases. It is also shown that
with increasing RSOI constant GS energies of both the
electron and the D° system decrease. However, the GS
binding energy of the D° system turns out to be
independent of the RSOI. Finally, we have shown the
variation of the donor electron distributions as a function
of the distance of the electron from the centre of the

quantum dot for various QD sizes.

5.2 Tunnelling conductance across metal-
semiconductor junction with SOI

5.2.1 Introduction

After the proposal of spin field effect transistor by
Datta and Das [20], a new area of research evolved in the
field of magneto-electronics and quantum computation
[21]. The major requirement for all these experiments is
a reliable source of spin-polarized electron generator.
These spin-polarized electrons have majority of their
applications in the field of elementary particle physics,
astrophysics, nuclear physics, atomic, ionic, molecular

physics, optics, condensed matter physics and surface




studies of magnetic materials [22-27]. There are different
ways to achieve this spin polarization, the most general
methods include ferromagnetic-metal interfaces [28] and
dilute magnetic semiconductors [29]. There are also
other methods that use ferromagnetic-superconducting
interfaces [30,31] to achieve the same. Studies on
grapheme-based [32-34] spin filters are still in their
infancy; nevertheless, spin filters developed using
hetero- structures have their own advantages. High
quality hetero-structures can be easily prepared with the
currently available fabrication techniques. Besides, in
semiconductor hetero-structures there are no stray
magnetic fields which may cause undesirable effects on
the spin-polarized electrons. The theoretical study to
exploit the SOI effects in spin-filtering applications
started with the works of Koga et al. [35] and further
extended by several authors to apply it to the
transmission and reflection of electrons across
ferromagnetic/semiconductor/ferromagnetic interfaces

[36-40].

In our study we have extended the proposal of
Khodas et al. [41], Zhang and Dargys [42-45] for the
transmission and reflection of electrons across a metal-
semiconductor junction [46-51] where the

semiconductor material is a semi-infinite two




dimensional electron gas (2DEG) with a non-zero RSOI

and DSOI.

5.2.2 The model

We consider an infinite 2D system in an XY-

plane, where the metallic 2D lead and a semiconductor

system with spin-orbit interactions occupy the x < 0 and

x > 0 regions respectively. The two regions are separated

by a flat interface at x =0 . The Hamiltonian of the

system is given by

H:H[+H[I

where

pi _I_Py

H
IZm 2m

for —0o<x <0

p:i Dy B
Hy = m + ﬁ 7 (prx pry) + 7 (Jypy

+V, for 0<x<o0,.

(5.4)

(5.5)

- prx)

(5.6)




The corresponding Schrodinger equation is written as

Hiyy =EY; ;  Hyy = EPy (5.7)

where the wave functions y; and Y, are chosen

such that

Y1(0,y) = y¥u(0,y) (5-8)
3 0
gll’l(x'y) o alp"(x’y) x=0 (5.9)

Let the wave function in region II be

Yy = AHei(kxx"’kyY) + Blle—i(kxx—ky}’) (5.10)

This leads to

hZ
2 — —
Sk + a(oyky, — ayky) + B(oyky — arky)| Al 5.11)

+ VoAn = EAy




hZ
— k% —
5 k2 = aloyky + axky) + B(ayky + arky)| B 5.12

+ VoBy = EByy

Eq. (5.11) can be written in a matrix form as

€x (—ak, — Bk,) — i(ak, + Bky)] [A(l)]
—(aky + Bky) + i(ak, + Bk,) €x AP

4D
E’ [A(Z)] (5.13)

where E'=FE —V,. With the definitions y, = ak, + fk, =
(asin 6y, + B cos 0, )k, 8 = ak, + Bk, = (a cos b + [ sin )k,

we obtain

Y2 + 62 = k*[(asin 8y, + B cos 0;)? + (a cos 0y, + B sin 6;)?]
= k%[a® + B% + 4ap sin 6, cos 6],

so that Eq. (5.11) becomes

E' — € Vk+i5k] [Ag)]_

Ye—i0k E'—é Aglz)_ (5.14)




The eigenvalues E' are given by

5.15
Ep+ = g+ + k+\[a2 + B% + 4af sin 6+ cos b+ ( )
Ej- = - — k™\/a? + B2 + 4af sin ;- cos 6, (5.16)
Using the definitions
by = tan_lﬁ B acos @y, + Bsin 9,
g Yk asinf; + B cos 6,

A(6;) =\ a? + B2 + 4ap sin 6, cos 6,

one can write

Vi +i6, = ’y,f +82e Pty =il = ’y,f + 62 e~k

and thus we may rewrite Eq.(5.15) and Eq.(5.16) as




k+

, A(00:)) 2
=_%A(9k+)+j<%> +h—T(Ek+—Vo) (5.17)

for k* >0

om mA(6;-)\*  2m
k =ﬁ/1(9k—)+ <T> +F(Ek—‘V0) (5.18)

Since there is no reflection in semiconductor

region, one can write
1) _ p@ _
BII - BII =0

and

1 ot
Ynlx,y) = [AEID _e—i¢k+] elkxx

@ [eP%] Linzx] i
+An | ]e"‘ "]e”‘yy (5.19)

The energy eigenvalue in region | is given by




h2 h2k? (5.20)
—— (12 2) —
E= ZT (k2 +k2) T

and the wave function in region I is given by

1,01 — [Aleikxx + Ble—ikxx]eikyy

i(kxx+kyy)

AL
V2l (5.21)

n bT] o ilexx—kyy)
b,

Here the first term corresponds to the incoming wave
with equally probable up-spin and down-spin electrons
and the second term corresponds to the reflected wave
with b; and b, representing the spin-up and spin-down
probability amplitudes, respectively. Since the system is

translationally symmetric along y direction, kj =k, and

k; = k. Let us define tanf = © At the boundary between
k

X
the two media (i.e., at x = 0), the projection of the wave
vector on to the boundary should be conserved i.e.,
k*  sin6

ksinf = k*sinf,+ = ng+=—=——— = sinf,+
k sin 6,4

= sin @
nk+




and

ksinf =k~ sinf;- = ko _ sind = sin6,
sin@ = k~ sin 6,,- Ny- =—=—7 sin 0~
k § k  sing,- k

= —-sin@
Ny-

where n,+ and n,- are the refractive indices of the two
transmitted waves. In the region II, since the incoming
beam splits into two, there will be two critical angles
corresponding to each of the transmitted wave. Thus we

have




=(%a<§>+ (&) v (%)—m) [

Using boundary conditions given in Eq.(5.7) and Eq.(5.8)

one can obtain

Jo V2 (e 1)
i+ i
(1+ ) (e7Prr + i) (5.22)
ke
o V2 (P t1)
D (1) (e rett) (5.23)
X
vz (1— ei®i)

bT=(1+ )(1+e (o)

\/7 (1+e'%e)
(1 n )(1+el(¢k+ )

(5.24)

L
vz




V2 (1—e™x)
(1+ ) (1 + e!(®i+=1))

V2 (14 e %)
(1+ kx) (1 +e7Crr=0w))

1

V2

bl=

(5.25)

Using Eq.(5.22) - Eq.(5.25), one can write the reflection

and transmission coefficients as

Ry =2|by|*
R, =2|b* ,
ki
0?
T, =2-214 B
+ k |
ky )2
T.= Zk_lAu
X

Here pre-factor 2 corresponds to the spin degrees of

freedom of the incident unpolarized electron.

The differential conductance at zero temperature can be

obtained as [50,52]




0,
eV
GW) =G, f d9 cos 9 /1 (M +T) (5.06)
F
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where G, = e?Ak;/2nh and A is the area of the metal, 8,

is the maximum possible angle of incidence.

One can define polarizability for transmitted and

reflected electrons as

T, —T_
Pirans = T. +T ’
+ -

Ry — R,
e SRR,

5.2.3 Numerical results and discussion

In our numerical calculations we consider the energy
of the incident electron as 20meV and the height of the
potential barrier as V, = 12meV. The variation of the
refracted angle as a function of the incident angle is

shown in Fig. 5.7. Here we have considered the strengths




of RSOI and DSOI as @ = 5meV —nm and f = 5meV — nm.
For normal incidence (6 = 0), angle of refraction is also

Zero.
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Fig. 5.7 Angle of refraction as a function of angle of

incidence.

In the absence of both the SOI's in the region II, the angle
of refraction remains the same as the angle of incidence.
But in the presence of it, the electron with energy Ej+,
has a larger refraction angle and the electron with energy
E,-, has a smaller angle of refraction compared to angle
of incidence. With the increment in the strength of RSOI
and DSOI, the splitting between the curves increases
more and more. Also the critical angle at which the angle

of refraction becomes m/2, shifts towards the lower




values for an electron with energy E,+ (+ mode), and
towards higher values for an electron with energy E,- (—

mode).

Fig. 5.8 represents the variation of transmission
and reflection coefficients as a function of angle of
incidence. The figure shows that R; is almost zero and it
further reduces with the incident angle. Similar stable
behavior is observed in the case of T, as well; but, it
increases with incident angle with an additional shift up
in the numerical value. R, falls off as a function of

incident angle and T_ increases as a function

« = 5meV-nm
= 5meV-nm
E =20meV
VQ= 12meV

0.5

Transmission /Reflection Coefficient

0 01 0.2 0.3 04 05 ¢

Fig. 5.8: The variation of transmission and reflection
coefficients vs. angle of incidence.




of the incident angle. Both the R, and T_ have opposite
behavior as is shown in the Fig. 5.8. This also shows that
the sum Ry + R, + T, + T_ # 1. This is due to the fact that
the environment on either side of the barrier is different
and we did not take into account the effective mass of the
electron in the region II. We would like to emphasize that
similar qualitative behavior can be obtained by
considering the effective mass of electron or by fixing the

height of the step potential V, [47].

The variation of polarizability of incident and
reflected electrons is shown if Fig. 5.9 as a function of

incident angle.
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Fig. 5.9: Reflected and transmitted polarizability vs.

incident angle.




The figure shows that the polarization in the reflected
electrons falls gradually as a function of the incident
angle while that of transmitted electrons increases. At
the critical angle, there is a steep rise in polarizability of
transmitted electron and a steep fall in that of the
reflected electron. Also the sum of the transmitted
electron polarizability and the reflected electron
polarizability is finite positive throughout the range of the
angle of incidence; however, at the critical angle, the
respective polarizabilities change their sign.

Fig. 5.10 shows the variation of differential conductivity
as a function of the Fermi energy and applied voltage for
various incident energies. To calculate differential
conductivity, we consider Ep = 15meV and the applied
voltage V = 25meV. In both the cases, we observe an
obvious functional dependence as given in Eq. 5.22. i. e.,
the differential conductivity varies as the inverse square
root of Fermi energy and as the square root of applied
voltage. This shows that the differential conductivity
decreases with an increase in the incident angle. It falls
very rapidly to some negative values as the angle of
incident approaches the critical angle. The variation of
differential conductivity as a function of strength of SOI
is shown in Fig. 5.11 for various incident energies. The

figure shows that the differential conductivity decreases




quadratically with the SOI strength. One can also

observe that the differential conductivity increases with
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Fig. 5.10 The variation of differential conductivity vs. a)

Fermi energy b) Applied voltage.
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The variation of reflection and transmission
coefficients as a function of SOI strength is shown in Fig.
5.12 for various incident energies. The figures show that
both the R, and R, increase quadratically with an
increase in the SOI strength. Likewise, both of them
decrease with increasing incident energy. T, increases as
the square root of SOI strength whereas T_ decreases
quadratically with an increase in the SOI strength. Both
the transmission coefficients increase with an increment

in the incident energy.
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The variation of polarizability as a function of SOI

strength is shown in Fig. 5.13 for various incident

energies.
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The figures show that the polarizability of reflected
electrons decreases quadratically with SOI strength and
that of transmitted electrons increases quadratically.
Also, polarizability of the reflected electrons increases
with incident energy and decreases in the case of

transmitted electrons.

5.2.4 Conclusions

The spin polarization effects due to the
transmission and reflection of electrons across a barrier
separating a metal and a semiconductor with RSOI and
DSOI have been studied in this work. The transmission
and reflection coefficients have been calculated and
experimentally measurable quantities like differential
conductance, polarizability have been obtained. The
effects of the incident angle, incident energy, applied
voltage, and the SOI strength on the differential
conductance and spin polarizability have been studied.
It has been observed that the incident electron energy
enhances the transmission coefficient and reflection
polarizability, while opposite effects are observed in case
of their counter parts. The SOI is found to reduce the

transmission coefficient and reflection polarizability




while it is found to enhance their counterparts. The
transmission coefficient corresponding to the +ve mode
has an interesting behavior, it increases as a square root
of the SOI strength. The polarizability of the reflected
electron is found to be positive and that of the
transmitted electron turns out be negative. Both change
sign at the critical angle of + mode. The present work has
potential applications in spin filtering and spin polarizing

devices.
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& Chapter 6 conclusions

In this thesis entitled “Spin —
orbit interactions in parabolic quantum dots" we  have
studied the effect of Rashba spin-orbit interaction (RSOI)
and Dresselhaus spin-orbit (DSOI) interaction in a
parabolic quantum dot (PQD) with interacting electrons.
We have investigated various experimentally measurable
quantities related to quantum dots (QDs) and
investigated the effect of both RSOI and DSOI on them.
We have also applied some of our results to a couple of

realistic quantum dots.

We began the thesis with an introductory chapter
on quantum dots where we have first presented a brief
description of the chronological development in
semiconductor technology that led to the discovery and
developments in QDs research. Then we have introduced
a few theoretical models that have been very useful for
the understanding of the physics of QDs. In this context
we have discussed the role of confining potential in a
quantum dot and gave reasons for choosing the parabolic
potential as the model confinement potential for our

work. We have also introduced here the exactly soluble




Johnson-Payne model potential as a reasonable model
for the electron-electron interaction potential in an
interacting N — electron QD. Finally we have given a
short description about the Rashba and Dresselhaus
spin-orbit interactions and introduced the unitary
transformations required to solve the QD Hamiltonian

with RSOI and DSOI.

In the next chapter we have studied the effect of
RSOI and e-e interaction on the ground state energy of a
parabolic QD with N interacting electrons in a
perpendicular magnetic field. We have also studied the
effect of these interactions on the resonance tunneling
energy. We have observed that RSOI reduces the GS
energy and the reduction effect increases as we go to the
higher magnetic field regime. Also the dependence of GS
energy on the RSOI term is slightly more complex than
just quadratic. We have observed that RSOI and the e-e
interaction are independent of each other. The e-e
interaction energy increases with number of electrons
and also increases linearly with applied magnetic field.
Resonant tunneling energy also increases almost linearly
with applied magnetic field. Sometimes with a change in
number of electrons on the dot, a valley structure is also
observed. RSOI has a constant reduction effect on

resonant tunneling energy also. Our results are found to




be in good agreement with the numerical results reported

in the literature.

Next we have taken up for study in In Chapter 3,
the effect of RSOI, DSOI and the e-e interaction on the
entire energy spectrum of an N — electron PQD in a
perpendicular magnetic field. We have also studied the
effect of these interactions on the chemical potential,
addition energy and spin splitting energy. It is shown
that both the SOI’s reduce the energy of the system. As
we go to higher excited states, the reduction effect of
DSOI decreases and after a certain excited state, DSOI
increases the energy of the system, whereas RSOI
reduces the energy of the system and the reduction effect
increases as we go to higher excited states. It is also
shown that RSOI enhances the effect of Zeeman term,
whereas DSOI reduces it. The e-e interaction energy as a
function of applied field increases linearly for low-lying
excited states and almost quadratically for higher excited
states and at larger applied fields it saturates. It is
furthermore shown that RSOI marginally enhances the
e-e interaction effect and DSOI reduces it slightly. The
effect of SOI on the chemical potential is found to be
same as that on the total energy. It is observed that in
the absence of any external field, RSOI enhances the

addition energy and DSOI reduces it. But with the




application of an external field, the effect reduces and
beyond a certain critical field, the effect of the SOI’s on
the addition energy reverses. It is shown that in the
presence of RSOI, the spin-splitting energy initially
increases quadratically with the magnetic field and once
complete polarization occurs, it becomes flat and
eventually decreasing linearly. A similar behavior is also
observed in the case of DSOI except for a sign change.
For a zero angular momentum state, neither RSOI nor
DSOI has any effect on the spin-splitting energy whereas
RSOI enhances the spin splitting for a negative orbital
angular momentum state and DSOI enhances it for a

positive orbital angular momentum state.

In Chapter 4, we have the studied the effect of
RSOI, DSOI and e-e interaction on some thermodynamic
and magnetic properties namely, the magnetization,
susceptibility, heat capacity and entropy of an N —
electron parabolic quantum dot in a perpendicular
magnetic field and explicit numerical results have been
obtain and graphs plotted a two-electron QD system.
Both magnetization and susceptibility show a
paramagnetic peak wherever a singlet-triplet transition
occurs in the energy spectrum. RSOI shifts the
paramagnetic peak to the higher magnetic field side

while DSOI shifts it to the lower magnetic field regime.




The e-e interaction reduces the magnetization in the
diamagnetic region and has no effect in the paramagnetic
region. The height of the paramagnetic peak of
susceptibility as a function of T is finite In the presence
of SOI, while it is infinite in the absence of SOI. The
susceptibility seems to be independent of SOI at large
values of T. The heat capacity curve shows a Schottky
anomaly kind of peak just before and after the singlet-
triplet transition and also at very large magnetic fields
where the energy levels are close enough to resemble a
two level system. It is shown that temperature increases
the width and reduces the height of the peak and at a
very high temperature only one peak is observed at a very
high magnetic field. At very low and high magnetic fields,
the heat capacity reduces with RSOI and increases with
DSOI as compared to the case without any SOI. In the
intermediate field regime, the effect of RSOI and DSOI
changes sign for every peak transition in the heat
capacity curve. As T — 0, both RSOI and DSOI have
negligible effects on heat capacity. The e-e interaction
has no effect on heat capacity at very large magnetic
fields. But at low magnetic field strengths, the e-e
interaction enhances the heat capacity at lower
temperatures and reduces it at high temperatures. In the

absence of the applied field, the heat capacity as a




function of temperature shows a sharp peak at a low
temperature in the presence of both RSOI and DSOI
whereas no peak is observed in the absence of SOI which
is a direct consequence of zero-field spin splitting. As
temperature increases, the entropy increases and
saturates to a constant value for a larger magnetic field.
It is shown that RSOI enhances the entropy and DSOI
reduces it. The e-e interaction is found to enhance the

entropy.

Finally we have extended our study of the effect of
SOI on the binding energy of a D° complex in a Gaussian
quantum dot D° complex in a Gaussian quantum dot and
on the tunneling conductance of an electron across a
barrier separating a metal and a semiconductor where
the semiconducting medium imposes RSOI and DSOIL. It
is shown that RSOI reduces the energy of the electron in
D° complex quadratically, but It has no effect on the
binding energy of the electron. The barrier transmission
problem has been studied at for zero temperature in the
absence of an applied magnetic field. Therefore, both
RSOI and DSOI show a similar effect without even a sign
change. The effects of incident electron energy and the
strength of SOI on reflection and transmission
coefficients, reflected and transmitted electron

polarizabilities and differential conductivity are studied.




It is observed that the increase in the incident electron
energy enhances the transmission coefficient, and the
reflection polarizability. Opposite effect is observed on
their counter parts i.e, reflection coefficient and
transmission polarizability. We also show that SOI
reduces the transmission coefficient and reflection
polarizability and enhances their counterparts. It is
further more shown that SOI reduces the differential
conductivity quadratically. This work has potential

applications in spin filtering and spin polarizing devices.
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