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Preface

Recent years have witnessed a flurry of investigations in the area of low-
dimensional systems such as nano tubes, nano wires, quantum rings and
guantum dots. Because of their nanoscale extensions in space, these systems
have quantized energy spectra and exhibit many novel physical effects which
are quite different from their bulk counterparts and are extremely interesting
from the point of view of both fundamental physics and microelectronic device
applications. The electron-phonon interaction has the same energy scale as the
other relevant interactions in low-dimensional systems and it is therefore
important to study the polaronic effects in these systems. Much effort has been
directed towards exploring the polaronic properties of several low-dimensional
systems and it has been observed in this connection that the polaronic effects
can be very large if the sizes of these systems are reduced to a few nanometers.
This thesis is an attempt to understand the effects of electron-phonon

interactions in Luttinger liquid, correlated quantum ring and GaAs quantum dot.

First, we consider a one-dimensional (1D) electron system incorporating
the electron-electron and electron-phonon interactions using the Luttinger
model. We explicitly consider both the electron-optical-phonon interaction and
the electron-acoustic-phonon interaction together with the electron-electron
interaction. This system can be referred to as the Frohlich-Toyozawa-Luttinger
(FTL) liquid. We calculate the momentum distribution function of an FTL
liquid exactly and examine how the momentum distribution function is affected
by the electron-phonon interactions. Our results will be significant in the
context of nanotubes and other systems where researchers have observed the

Luttinger liquid behaviour experimentally.

viii



Next we focus on a correlated quantum ring (QR) threaded by an
Aharonov-Bohm (AB) flux where we study the effect of electron-phonon and
Rashba spin-orbit (RSO) interactions on persistent current (PC). We use the
Holstein-Hubbard-Rashba Hamiltonian for our calculations and also study the
effect of temperature on PC. This work would be important in the emerging

field of spintronics where RSO interaction is the key point.

We finally take up the problem of polaronic effect in a quantum dot (QD). It
would be interesting in this context to study a polaronic effect which could be
verified in the laboratory and the existence or otherwise of the polaronic effect
can be tested experimentally. One of the polaronic effects that can be
experimentally verified is the well-known pinning effect. We therefore study the
pinning effect in a GaAs QD with Gaussian confining potential using the

improved Wigner-Brillouin perturbation theory (IWBPT).

The thesis is based on the following publications.

1. Monisha P.J, S. Mukhopadhyay and A. Chatterjee, “Exact distribution
function of a one-dimensional Frohlich-Toyozawa-Luttinger Liquid”, Solid
State Communications 166, 83-86 (2013);

2. Monisha P.J and S. Mukhopadhyay, “The Pinning effect in a Gaussian
guantum dot: A study using the Improved Wigner-Brillouin Perturbation
theory”, Physica B 464, 38-43 (2015);

3. Monisha P.J, I.V. Sankar, S. Sil and A. Chatterjee, “Persistent Current in a
Holstein-Hubbard Ring in the Presence of Rashba Spin Orbit Interaction”,
Scientific Reports 6, 20056 (2016).
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Chapter 1

Introduction

With the advent of modern sophisticated micro-fabrication techniques
such as molecular beam epitaxy, nano-lithographic and etching techniques,
organic chemical vapor deposition method, selective ion implantation and
S0 on, it is now possible to realize ultra-low—dimensional structures such as
thin films, quantum wells, nano tubes, quantum wires and polar
semiconductor quantum dots in the laboratory. Naturally, extensive
investigations [1] have been carried out both theoretically and
experimentally in the last three decades on the low-dimensional systems.
These studies are important to understand quite a few properties of matter
which are exciting from the point of view of fundamental physics. It is
possible to fabricate these nanosystems in different shapes and sizes which
allow the researchers to manipulate their properties just by tuning the
geometry of these systems. This design flexibility has given nano-materials
an additional advantage for their application in micro-electronic devices
such as single-electron transistors, quantum-dot lasers, quantum computers
and so on. Because of the nanoscale dimension, the quantum characters
dominate in low-dimensional systems and as a result they exhibit many
physical properties which are quite different from those of their bulk

counterparts.

In this thesis, we mainly focus on the effects of electron-phonon
interaction on the electronic properties of low-dimensional systems like

one-dimensional Luttinger liquids, Hubbard rings and quantum dots. It has
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become, by now, well-known that the effects of electron-phonon
interactions become more and more pronounced with the reduction in the
dimensionality of the systems. Since we are interested in the one-
dimensional (1D) and zero-dimensional (0D) systems here, let us look into

the special features of those systems separately.

1.1 One-dimensional systems

The one-dimensional (1D) many-electron problem generated a lot
interest after the discovery of quasi-one-dimensional organic solids like
TTF-TCNQ in which the conductivity is thought to be largely 1D. In recent
years the 1D systems attracted some renewed attention because of the
possibility of realization of 1D nano-systems like carbon nanotubes and
guantum wires. These correlated Fermi systems constitute an important area
of research in solid state physics. The low-lying excited states of a strongly
correlated system can be portrayed in terms of Bosonic collective
excitations which are weakly interacting. Experiments on different materials
have given the evidence that strong correlation functions are the key points

to understand their physical properties.

The momentum distribution function is one of the best quantities to
understand the many-body system. We know that a sharp discontinuity
exists in the momentum distribution function of a non-interacting system. In
the interacting systems also, one can define a Fermi surface in k-space as
the locus of points where the momentum distribution is discontinuous. The
Luttinger theorem states that the k-space volume enclosed by the Fermi

surface defined by the discontinuity is unaffected by the interaction. The
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systems which obey these assumptions are known as the normal Fermi
systems and the interactions in these systems can be treated by the
perturbation theory. But there are systems, in which the perturbative
approach is not valid to study the interactions. i.e, the adiabatic continuity
does not exist between the ground states of non-interacting and interacting
systems. One of the examples is the 1D systems where the second order
perturbative correction diverges logarithmically [2] and Landau’s theory of

Fermi liquid fails.

1.1.1 Fermi liquid theory

Landau’s Fermi liquid theory describes an interacting Fermi system in
terms of the fermionic quasiparticle. If we add an extra electron to an
interacting Fermi system its mass and energy get modified. So the initially-
bare electron is now dressed by the interaction and this dressed electron is
an example of a fermionic quasiparticle. The main contribution of the
interaction is taken into account by the mass renormalization. The low-lying
states of the interacting system can be described as superpositions of
guasiparticle excitations. We can talk about the quasiparticles only when a
few of them are excited, otherwise the interaction among them also has to
be considered. Hence the Fermi liquid theory will help us to understand the
low-lying excited states near the Fermi surface. The quasiparticles possess
the same quantum numbers as the original particles in the non-interacting
case, but their dynamical properties are renormalized by the interactions
and the corresponding operators commute with the Hamiltonian. We can
treat the quasiparticle in the one-particle approximation. The energy of the

quasiparticles in an unpolarized system is given by
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(ke — k). (LD

S =u+

where, kg is the Fermi momentum and m™ is the effective mass. If we turn
on the interaction in a non-interacting system after adding some electrons to
the ground state, the same number of quasiparticles will be created. We
define a smooth function &n; by averaging over the neighboring k values
and this function characterizes the excited states of both the free and the
interacting system. The numbers én; are positive for k values lying outside
the Fermi sphere and give the number of quasiparticles. The number of

quasiparticle can be written as the difference,
Snyg = ny —ny 1.2)

where n, and nY are the occupation number in the excited state and the
ground state of the Fermi sea respectively and n} = 6(u — €,), where u
is the chemical potential. The Landau theory is phenomenological which is
based on the assumptions that the number of quasiparticles is small
compared to the total number of particles. Assuming that there is no
interaction between the quasiparticles the total energy of the system can be

written as
E = EO + z (3% (Snk (13)
k

where, E, is the ground state energy. We have to consider a grand canonical
ensemble if the particle number is not conserved and the energy must be

replaced by E — uN,. Then, at finite temperature we write the free energy as
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F=F+ Z(ek — ) bny . (1.4)
k

where, F, is the free energy of the ground state. Till now, the explanation
has been identical to that of a free Fermi system except for the effective
mass. Eqn. (1.4) is linear in ény, but Landau has considered the weak
interaction between the quasiparticles by taking the higher-order terms and
suggested that we can terminate the expansion series in én, at the second

order term, at low temperature

1
F=F+ Z(ek — ) by + ﬁz £k, k") nybnyr (1.5)
k kk'

where f(k,k')'s are the Fermi liquid parameters or Landau parameters
which characterize the interaction between quasiparticles. The quasiparticle
concept is useful only if the life time is long enough and hence the idea of
guasiparticle is valid only at low temperature and near Fermi surface and is
appropriate to get the thermal and transport properties. The renormalized
energy of the quasiparticle is the change in the free energy. We can
determine the momentum distribution function of the quasiparticle using
statistical mechanics and it is found that the usual Fermi-Dirac distribution
function is restored with the renormalized energy states. These renormalized
energies itself depend on the distribution function and hence we will have to

calculate it self-consistently.

In normal metals, usually the electrons which are lying closer to the
Fermi surface participate in most of the processes. So, the idea of

quasiparticles and hence the Landau theory of Fermi
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liquid is valid in metals [2]. In some systems where adiabatic continuity
was absent initially, we can achieve it by reformulating the Hamiltonian and
then can apply the Landau theory of Fermi liquids. If there is a finite gap in
the excitation spectrum above the ground state of a quasiparticle, the system

cannot be treated as a normal Fermi liquid.

1.1.2 Failure of Fermi liquid theory in one-dimension

In a 1D system the low-energy excitations are the electron-hole pairs
which are bosonic elementary excitations and we do not have the fermionic
quasiparticle in the system as such. The usual Fermi liquid theory based on
quasiparticle picture breaks down in one-dimension because of the Peierls

instability and spin-charge separation.

Peierls instability

The energy of the phonons gets modified by the electron-phonon
interaction and the most interesting effects appear in the vicinity of 2kp.
The derivative of the energy correction for general three-dimensional (3D)
system exhibits a singularity at 2kr at zero temperature. Therefore
anomalous dispersion relation appears in the phonon energy at this wave
number and is called Kohn anomaly. In 1D systems the energy correction
itself shows a logarithmic singularity at 2k at low temperature and hence
the anomaly is clearly visible here. Due to the 2k distortion of the lattice
caused by the electron-phonon interaction, the unit cell gets doubled and the
initially half filled band becomes completely filled in one-dimension. A gap
forms at the zone boundary and the material becomes an insulator. This is

known as the Peierls instability [3].
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Spin-charge separation

In a 1D Fermi system the interactions involving spin and charge are
different and a complete separation of the dynamics of the spin and charge
degrees of freedom takes place and thus the charge and spin oscillations
propagate with different velocities. So two distinctive excitations appear
and this phenomenon is known as the spin-charge separation. Only for a
non-interacting gas the two velocities are the same and equal to the Fermi

velocity.

In a 1D chain, instead of the Fermi surface, we have just two Fermi
points. Perfect nesting is possible in this case since one Fermi point can be
translated into the other by a wavevector +2k. This singular particle-hole
type response is finite in Fermi liquid theory, but in one-dimension it is
divergent and hence the Fermi liquid theory breaks down. Exact solutions
are almost impossible for strongly interacting electron systems in higher
dimensions, but there exist some models like Luttinger model and Hubbard

model which are exactly soluble in one- dimension.

1.1.3 Luttinger Model

To study the spinless fermions in one dimension, Luttinger [4] proposed
his model which is exactly solvable. The basic feature of the Luttinger
model is that the system has two types of fermions which obey the linear

dispersion relation as follows

Type - 1: €, = kvg ; Type - 2: €, = —kvp,
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and the two energy bands are independent. Consider the single-particle

energy:
h2k?
€ = om . (16)
Let k = kr + k', where k' is very small. Then we have
h2k?  h2(kp + k')
e o . 1.7)
When measured from the Fermi energy, we can write the energy as
A2(kp + k)2 h2kZ  h2kpk'
€yl = om — om = m . (18)
Writing kg in terms of the Fermi velocity vg, we get
Ek’ = hk,UF . (19)

We shall work in the Rydberg units and therefore we put 2 = 1. Thus we
get
€x = kvp (1.10)

which implies that the low-lying excitations in the case of the Luttinger
model obey a linearized dispersion relation. It is assumed that the energy
levels with negative energy are all filled up. Thus number of each type of
particles is infinity. The Fermi surface for type - 1 particles is at wave
vector +k and for type - 2 particles it is at the negative wave vector —kp.

The energy spectrum of Luttinger model is given in Fig 1.1.
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€k

type-2 type-1

Fig 1.1: Linearized Dispersion curve of Luttinger model and the shaded portion is
the filled negative energy states: Type—1: €, = +kvp; Type—2: €, = —kvp.

The basic model Hamiltonian for the Luttinger model is given by

H= HO + H’ = Z ka(a]Tkalk - a;kazk) + H’ (111)
k

where af,(ay) and a3, (a,,) are the creation (annihilation) operators for
the type - 1 and type - 2 fermions respectively and they satisfy the anti-
commutation relations. H' is the interaction term. To solve the Hamiltonian,
we define the density operators which can be expressed in terms of boson
creation and annihilation operators. The Hamiltonian in terms of these
bosonic operators becomes exactly solvable. Thus by using the bosonization

technique the Luttinger Hamiltonian can be solved exactly. The Luttinger
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model including the electron-electron interaction in one dimension is known

as a Luttinger liquid.

Lieb and Mattis [5] have found that in a Luttinger liquid the Coulomb
interaction removes the discontinuity but there still exists a residual Fermi
surface at k = kr. The electron-electron interaction term can be written in
terms of the two density operators and the energy spectrum of the system is

finally given by

1/2
e(k) = vylk| (1 + i) , (1.12)

TVE
where V, is the Fourier transform of the electron-electron interaction

potential i.e., the interaction in the momentum space.

The Luttinger model could be a suitable model for impurity problems or
X-ray absorption problems in which the response of the electron gas to the
central impulse can be factored into spherical harmonics associated with
different angular momentum states I. Each angular momentum channel then
becomes a 1D electron gas to which this model can be applied. The
Luttinger liquid behaviour has indeed been observed experimentally in

carbon nanotubes and other quasi-one-dimensional conductors [6].

1.1.4 Hubbard Model

The Hubbard model is one of the simplest models for the interacting
electrons. In the Hubbard model the hopping term gets its maximum
contribution from the nearest neighbour (NN) lattice points and the
interaction between the electrons on the same site is taken into account. The

Hubbard model is exactly solvable only in one-dimension. With the

10
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assumption that the electrons can hop only to the NN sites, the Hubbard
Hamiltonian can be written as

H=¢, Z CIgCi,a -t Z [CZng,a + h. c] + UZ npngy (1.13)
i

io (ij)o

where the first term represents is the site energy, &, being the onsite energy
and cgg(ci,g) the creation (annihilation) operator for an electron at site i

with spin ¢ . The second term is the kinetic energy term, t giving the
hopping amplitude and the notation (ij) implying that the summation is to
be performed over the NN sites i and j. The third term describes the onsite
coulomb repulsion term with U as the strength of the interaction and
Nig = c;fgcia the number operator for the electrons at site i with spina. In
the absence of the onsite Coulomb repulsion, the unperturbed energy is

given by

Ne
E= —ZtZ cos(kja) (1.14)
j=1

where the summation is over the occupied one-particle states. For simplicity
we take a = 1 and the number of electrons less than or equal to the number
of lattice sites. Also, we assume that the system can be at most half filled
and the energy takes the same form as that of the non-interacting system
provided the values of the wave numbers are modified. Lieb and Wu [7]
have exactly solved the 1D Hubbard Hamiltonian for the first time, using
the Bethe ansatz. In the extended Hubbard model we include also the
interaction between the electrons at the nearest neighbor sites. Adding the
electron-phonon interaction to this Hamiltonian one gets the so called the
Holstein-Hubbard [8] Hamiltonian, a detailed discussion of which is given

in Section 1.3. To study the effects of spin-orbit interaction [9] in quantum

11
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rings, one has to add the spin-orbit interaction term to the Holstein-Hubbard
Hamiltonian. In the present thesis we are interested in a quantum ring with a
finite number of sites in the presence of both electron-phonon and electron-
electron and spin-orbit interactions. Thus the Holstein-Hubbard model with

a spin-orbit interaction term is the most suitable model for this system.

1.2 Zero-dimensional systems (Quantum dots)

Quantum dots (QD’s) are ultrasmall structures in which the motion of
the charge carriers is confined in all spatial directions. A QD contains a
finite number of electrons and the energy levels are discrete. When the
electrons are confined to length scales smaller than the electron wavelength,
the quantum mechanical effects dominate in the system. Interest in the
subject of QD has continued unabated for the last three decades mainly for
two reasons. First and foremost, quantum dots provide an excellent
laboratory where the predictions of gquantum mechanics can be tested.
Secondly and probably more importantly, QD’s exhibit very many novel
physical properties which are quite different from those of their bulk
counterparts [10] and have tremendous potentiality for applications [11] in
nano-electronic technology, opto-electronic devices, quantum transport at

nano-scale, spintronics and biological systems.

To study the properties of a QD theoretically, it is required to prescribe
an attractive model potential to describe the quantum confinement. Initial
studies have considered square well potential models to simulate a QD [12].
However, some magneto-optical experiments [13, 14] have shown that the

resonance frequencies of QD’s are independent of the number of electrons

12
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in the dot. These observations together with the generalized Kohn theorem
[15] suggest that the confining potential in a QD is more or less parabolic.
This has led to a host of investigations on parabolic QD’s [16]. Later
experiments have suggested that the confining potential in a QD is
anharmonic in nature and Adamowsky et al. [17] have used an attractive
Gaussian confining potential (GCP) to successfully explain some QD
properties. We would like to mention in passing that the Gaussian potential
has proved to be a useful potential in various branches of physics and has
been solved approximately for a single-particle problem by several authors
[18].

1.3 Effects of electron-phonon interactions

The electron-phonon interaction in polar materials produces quasi-
particles called polarons. The Frohlich single polaron model [19] which
totally neglects the electron-electron interaction works well for systems in
which the carrier density is low. However if the carrier concentration is
large, we cannot ignore the interaction between the electrons. In the tight-
binding model, the polarons are best described by the Holstein model [20].
The observation of high-temperature superconductivity in 1D systems has
motivated the researchers to study the electron-phonon interaction in these
systems. There have been many investigations [21] to study the effect of
electron-phonon interaction in the Luttinger model. These studies can also
shed light on the interplay between the electron-phonon and electron-
electron interactions. In this thesis, we are interested in the polaronic
effects in a correlated 1D system in the continuum model where we include

interaction of the electrons with both optical and acoustic phonons.
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The most suitable model to study the interplay between the electron-
phonon interaction and the Coulomb repulsion in narrow-band systems is
the Holstein-Hubbard (HH) model [8]. Cabib and Callen [22] have shown
that the spin order and the charge order do not co-exist. However, a deeper
and more careful look suggests that there could be yet another effect arising
due to the competition between the phonon induced attractive interaction
between electrons and the direct Coulomb repulsion which might lead to
some kind of a compromise at the crossover region so much so that the
transition from one insulating state to the other may not be direct as
normally believed but may go through an intermediate phase and it is this
phase which will be the subject of our interest. Several studies [23] on the
HH model have revealed that it can afford interesting phase diagrams due to
the competition among charge-density wave (CDW), spin-density wave
(SDW), and superconductivity as we change the parameters involved in the
system. Recently, Takada and Chatterjee [24] have shown for the first time
within the framework of 1D HH model at half-filling that there may exist an
intervening phase at the CDW-SDW crossover region and, interestingly
enough, this phase is metallic. This theoretical observation is of great
importance because such a metallic state, if exists, would be just ideal for
high-temperature superconductivity. We study in this thesis the electron-
phonon, electron-electron and the spin-orbit interaction effects in a quantum

ring using the Holstein-Hubbard model with a spin-orbit interaction term.

In QD’s, the electron—phonon interaction energy scale is almost
comparable to the confinement energy and electron correlation energy. So,
it is essential to study the effect of electron-phonon interaction on the

electronic properties of a QD. Most of the QD’s available today are made of
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polar semiconductors, in which the electron-phonon interaction will lead to
the formation of polarons. A number of studies [25] have predicted several
polaronic effects in polar semiconductor QD’s and these effects will
influence the transport and optical properties of a QD. Schmitt-Rink et al.
[26] have predicted a weak phonon broadening of the linear spectrum lines
in the limit of QD. Later, Bockelmann and Bastard [27] have studied the
same in a QD. Zhu and Gu [28] have calculated certain polaronic properties
using the second order perturbation theory. Mukhopadhyay and Chatterjee
[29] have calculated the polaronic correction to the ground and first excited
states of an electron in a QD using perturbation theory. They have also
calculated the polaron self-energy by a variational method [30] and studied
the formation and stability of bipolarons in QD’s [31]. They have
furthermore studied the magnetopolaron problem in which they have
predicted the suppression of Zeeman splitting in a GaAs QD [32]. Koch et
al. [33] have performed a Green’s function-based calculation to study the
effects of electron-phonon coupling on transport through a molecular QD in
the quantum limit. These polaronic effects are size dependent and hence we
can control them. In the present thesis we shall study the well-known
polaronic effect called the pinning effect in a quantum dot with Gaussian
confinement. This is an observable effect and can be used to verify the

existence or otherwise of the polaronic effect in a QD.

1.4 Organization of the thesis

In the chapter immediately following i.e., in Chapter 2, we obtain
an exact analytical expression for the electron momentum distribution

function of a 1D interacting electron problem within the framework of
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Luttinger model incorporating both the electron-optical-phonon
interaction and the electron-acoustic-phonon interaction along with the
electron-electron interaction. We refer this system as the Frghlich-
Toyozawa-Luttinger (FTL) liquid. It is explicitly shown that the residual
Fermi surface disappears when the electron-electron interaction is
increased and the electron-phonon interactions also flatten the
distribution function. However, it is found that the nature of the
distribution function of an FTL liquid is qualitatively different from that

of the corresponding Luttinger liquid above k.

In Chapter 3, the persistent current in a correlated guantum ring
threaded by an Aharonov-Bohm flux is studied in the presence of
electron-phonon interactions and Rashba spin-orbit coupling. The
guantum ring is modeled by the Holstein-Hubbard-Rashba Hamiltonian
and the energy is calculated. The effects of Aharonov- Bohm flux,
temperature, chemical potential spin-orbit interaction and electron-
phonon interaction on the persistent current are investigated. It is shown
that the electron-phonon interactions reduce the persistent current, while
the Rashba coupling enhances it. It is also shown that temperature

smoothens the persistent current curve.

Chapter 4 describes the pinning of the excited energy levels to the
ground state plus one phonon energy in a Gaussian quantum dot in the
presence of electron-phonon interaction. The calculation is performed
using the improved Wigner-Brillouin perturbation theory (IWBPT). The
electron-phonon interaction lifts the degeneracy present in the
unperturbed problem and consequently, the excited energy levels bend

and get pinned to the ground state plus one phonon state as we increase
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the confinement frequency. The effect of different confining potentials

are also been discussed.

Finally, in Chapter 5 we summarize the important results of this thesis

and present our conclusions.
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Chapter 2

Exact distribution function of a
Luttinger Liquid in the presence of
electron-phonon interaction

2.1 Introduction

The Luttinger model is an exactly solvable model proposed by Luttinger
[1] to study the one-dimensional (1D) many-fermion systems. This problem
has achieved its importance in recent years after the discovery of carbon
nanotubes, quantum wires and other quasi-one-dimensional organic solids
such as TTF-TCNQ and the experimental observation of Luttinger liquid
(LL) behavior in these systems [2]. The edge excitation states of a quantum

Hall conductor are also an example of a LL.

The concept of Luttinger liquids became more popular after Anderson’s
observation that the normal state properties of the two-dimensional (2D)
high-temperature superconductors are more similar to that of a LL [3].
Anderson proposed that the essential physics of these new superconductors
is contained in the 2D Hubbard model and suggested a tomographic LL
picture for the ground state and the low-energy excitations of this model.
This proposal was based on the assumption that the Hubbard model in one
and two dimensions has a somewhat similar behavior and shows the LL
behavior for a certain range of the parameters. The 1D electron-phonon

systems or metals with impurities can also be LL’s.



Exact distribution function of a LL in the presence of electron-phonon interaction

Bloch [4] suggested in his paper that 1D non-interacting fermions have
the same type of low-energy excitations as a harmonic chain. Tomonaga [5]
used Bloch’s method to study the interacting fermions and solved the 1D
interacting fermion problem exactly for the first time, using bosonization
and certain approximations regarding the commutator of the density
operators. The key point in this model is the recognition that the low-energy
excitations of the 1D electron gas are electron-hole pairs which are
approximate bosons, though the elementary particles are fermions. Since the
excitations involve two-fermion states, the wave function will have the
bosonic properties. And the bosonization technique allows us to solve the
interacting problem and to extract a certain number of properties such as

power law behavior of the correlation functions.

Later, Luttinger proposed a better model [1] for spinless 1D interacting
fermions introducing some new states and this model is also exactly soluble.
The model shows certain extraordinary properties viz. there is no low-
energy fermionic quasiparticle in the system, the usual definition of the
Fermi surface fails and the correlation functions decay asymptotically at
large distance. The 1D Hubbard model and the 1D XXZ model also behave
in the same way. The concept of LL encompasses most of the physics of
simple 1D systems and is the starting point to study more complex

situations.
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2.1.1 Dispersion relation

The basic feature of the Luttinger model is that the system has two

types of fermions which obey the linear dispersion relation as follows:

Type - 1: €, = kvg and type - 2: €, = — kvp 2.1

and the two energy bands are independent. The ground state of the Luttinger
model was not bounded from below and Lieb and Mattis [6] rectified this
error and again solved the problem exactly. Luther and Peschel [7]
calculated the electron spectral density, susceptibility and pair propagation
of an interacting electron system within the framework of the Luttinger
model. Haldane [8] used the Luttinger model for the description of the
general interacting Fermi gas in one-dimension and called it a LL. Yoshioka
and Ogata [9] obtained the asymptotically exact ground state for 1D
electrons and studied the transition from a LL behaviour to a non-Luttinger
liquid behaviour as a function of some parameter which appears in the

electron-electron interaction coefficient.

Photoluminescence experiments from real quantum wires show the
existence of a sharp Fermi surface [10]. Hu and Das [11] suggested that
virtual plasmon emissions that are present in systems would be inhibited in
dirty systems leading to the restoration of the Fermi surface. Adding to the
Luttinger Hamiltonian a parametrized term that accounts for the scattering
of plasmons by the impurities existing in real systems, Melgarejo and
Vericat [12] showed that Fermi surface was indeed restored in the presence
of the impurities. Wonneberger [13] have investigated the density and the
electron distribution function of a LL confined to a harmonic trap. Wang et

al. [14] presented accurate expressions for the effect of the long-range
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electron-electron interaction on momentum distribution, density of states,
electron spectral function etc. of a 1D LL. Schonhammer [15] also obtained
the momentum distribution function of electrons and the spectral function of
a LL. Sen and Chakrabarti [16] employed density functional theory to
establish the LL behavior of a sodium-doped quasi-one-dimensional trans-
polyacetylene chain. Many theoretical works have been done on carbon
nonotubes to understand the effects of the electron-electron interactions

using the celebrated Luttinger-liquid theory [17].

All these investigations, however, neglected the lattice excitations like
phonons and their interactions with electrons, which actually play an
important role in the transport phenomena and are relevant in polar
semiconductors. Also the experimental observation of superconductivity in
ropes of nanotubes has motivated theoretical studies of the electron-phonon
interactions. Several investigations [18] were however made on 1D many-
polaron problem using the quadratic electron dispersion. It is been shown
that with the reduction in the dimensionality of the systems, the effects of
electron-phonon interactions become more predominant. Baldea [19] was
probably the first to study an interacting electron system including phonons
using the linear electron dispersion. He considered the interaction of
electrons with long-wavelength acoustic-phonons within the framework of
Tomonaga model and calculated the momentum distribution function.
Marino [20] considered a 1D acoustic many-polaron Hamiltonian within the
framework of the Luttinger model and showed that for a certain range of the
coupling constants the system would exhibit a metallic behavior since the
spectrum contains gapless collective excitations of polaronic plasmons.

Later, Martins [21] considered a problem with both electron-optical-phonon
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interaction and the electron-acoustic-phonon interaction but neglected the

electron-electron interaction.

Recently, Rao et al. [22] have exactly solved the 1D interacting electron
problem within the framework of Luttinger model incorporating both the
electron-optical-phonon interaction and the electron-acoustic-phonon
interaction along with the electron-electron interaction, to obtain the energy
spectrum. This system can be referred to as the Frohlich-Toyozawa-
Luttinger (FTL) liquid. It seems that metallicity of the system depends
crucially on the nature of the electron-electron interaction in one-dimension.
To our knowledge, however, no investigation has so far been made to obtain
the momentum distribution function of electrons in a LL in the presence of
the electron-phonon interactions. So, in this chapter our aim is to make an

attempt in this direction.

2.2 Theoretical Formalism and calculation of energy

The total Hamiltonian for the fully interacting 1D electron can be

written as
H=H +H0p+HaC+H0p+HaC+ H (2.1)
el ph ph ep ep el—el

where, H,; is the free electron Hamiltonian, H;,f is the free optical-
phonon Hamiltonian, Hyy, is the free acoustic-phonon Hamiltonian, H;’;’
is the electron-optical-phonon interaction term, Hgg is the electron-

acoustic-phonon interaction term and H,,_,; is the electron-electron
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interaction term. Let us look into each term carefully. The free-electron

Hamiltonian is,

H, = Z khvp(airkalk — a;rkaZk) (2.2)
k

where v is the Fermi velocity, al,(ay,) and al, (a,,) are the creation

(annihilation) operators for the type-1 and type-2 fermions respectively and
they satisfy the canonical anti-commutation relations, {ai,k,a]fk,}z

8ij0yx'»1,j = 1,2. The optical-phonon Hamiltonian is,
HOP = Z hwobiby | 2.3)

where, b,‘; (by) is the creation (annihilation) operator for an optical-phonon

of frequency w,. The acoustic-phonon Hamiltonian is,

HaE = Z A (2.4)
k

where, v is the velocity of sound and E;{(Bk) is the creation (annihilation)
operator for an acoustic-phonon. Degani et al. [23] have used the Feynman
path integral formalism to calculate the energy and the effective mass of 1D
optical and acoustic polarons. They have observed that the optical-polarons
yield a continuous change as the interaction strength goes from weak to
strong limit while the acoustic-polaron state shows an abrupt change for
certain value of the coupling constant. Keeping these points in mind we can

write the Hamiltonian for electron-optical-phonon interaction as
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Hey = \/gT_L Zk: Jhwo [p1(k) + p,(K)1(by + bY,) (2.5)

with g’ = \/8mhag x (hw,/2m)'/*, gbeing the dimensionless electron-
optical-phonon coupling constant, L is the length of the system and p; (k) is

the electron density operator and is given by

pi(k) = z ol g, i=12. (2.6)
q

The Hamiltonian for electron-acoustic-phonon interaction is given by

A - -
Hgs = i\/T_LZ Jivglkl [py (k) + p,()1(By + BT,) + H.C,  (2.7)
k>0
with 1A'= —i,/8mhAv,A , A being the dimensionless electron-acoustic-

phonon coupling constant. Now, let us write the electron-electron

Hamiltonian as

1
Hoer =5 [ WGV O V= YDy dady,  (28)

where V(|x —y|) represents the electron-electron interaction potential
which is a function of |x — y| and y(x) is the two-component field operator

P1(x)
Yo (x)

given by vy = ( ) , Where,
Pi) = %Z e ay 29

Now we write the total Hamiltonian in terms of these field operators as
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H=—ihvg f vi () o3 0,y (x)dx + %f[(i)z(x) + h2w3¢?(x)]dx
+ 2 [ [8200 + 1202 (0.800) | + gha [ Wi wIp G
+ 2w, [ W EVE0P@

1
+5 [[Vi@w eI vax - yD wodve axay, (210)

where g5 is the Pauli matrix,

1 .
$(x) = Z (b + bT, )tk
— \/2Lhw,

is the optical-phonon field operator and

b + Ejk)eikx

~ 1
x)= ) ———(b
¢ Z,/zms|k|( ¥
is the acoustic-phonon field operator.

We have to eliminate both optical and acoustic phonon fields to describe
the dynamics of the system in terms of polaron. In order to accomplish that
we introduce the Lagrangian density corresponding to the Hamiltonian, #

as

1 .
£ = iyt ()00 + ithvpyt (D030, () + 5 [$2() — h2wfd? ()]
— g'hwo yH WP () — ARyt (D) (X)0,P(X) + dx + ¢ 7

1 - - 2
+ 21620 — 1202 (96(0) ]
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1
- 5 [[ v @veIix - yvove dxay, (211)

where ¢y and qS X are the two additional terms we have introduced which
will not affect the Lagrangian equation of motion and Hamiltonian density.
And now we need to choose y and ¥ in such a way that we can eliminate
the phonon fields from the problem. In Lagrange’s equations of motion we
will take,

x=—-¢ and F=-¢,

which yields
9() =~ 2y @ye) and 0.$() = —TvTov,  (212)
To proceed further we perform the following transformations,

y(x) = y'(x) = e y(x),
and

v(x) = y'(x) = e y(),

under which the Lagrangian density remains invariant and we get two
conservation laws. These conservation equations along with the Lagrange’s

equations of motion show that the two phonon fields are decoupled.

With this knowledge we can write the Hamiltonian as

1 g v? 0 2
H=-— iprf\v*(x)ag axw(x)dx+§g 2Ff (-w*(x)cfgw(x)> dx
w§ ox
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30"+ [ (v @vw)’ ax

1
+ 5 [[ v eont oW = ylvIve) dxdy

12702 2
45— [ (v o) dx

S

We can write

1 o i)
vy (0)a30,y(x) = ZZ ike'tkk )x(aIk’alk - azkr%k) ,
kk'

0 .
SV @) = %Z e [y (=) = po (K1,

1 .
HOMOE ZZ pu—l)e i,

1 .
HOATOE ZZ ey (—k) = pa(=10)]

The electron-electron Hamiltonian can be rewritten using the

operators as

1
Horoer = 52 Y Vi [0200p1 (=) + po (=) p, ()]

k>0

4o > Vi pa(R)pa(—h),

all k

where,

Vlk = Vk + V_k,

34
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and Vy is the Fourier transform of V(|x — y|)

Ve = ﬂ Vix — y|le*=Ydxdy (2.19)

It may be noted that our calculation includes the Coulomb interaction
between the two types of electrons too. Now, with all these results the
Hamiltonian can be written as

H=H,+H

el—el

= Z khvp(aIkalk — a;rkaZk)
k

2
1 2 (VEk? A7 (vE Vik
£ z{ZQ <wg “Hitr\e Yt
k>0
X [p1(K)p1(=k) + py(=k)p, (k)]

1 , 22 1,2 2 4}
-y [E{Zg § (ng + 1)} + (% + 1) - Z—L"l p1(K)pa(—k). (2.20)

all k 0 s

For further simplifications, we use the commutation relations of the density
operator p; (k) which are bosonic in nature
, _ kL ,
[ (=K, p; (k)] = (~1)I*1 8, 6, (ﬂ) (with k,k'>0, ij=12)
(2.21)
and then we replace the free-electron Hamiltonian H,; by an operator T

given by

2
7= 20 ) [ Rpr (=) + pa(—I0p, (0] (2.22)

k>0
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which has the same commutation relations with p as H,;. So we could write

the Hamiltonian as

2
1 2 (VEK? A7 (vE Vik
H=)Y =12 — 1)+ amhvp |+ (2 -1 )+ 2K
2L{g<wg H A S R

X [p1(k)p1(=k) + p(—k)p, (k)]
1 (. 2 (vEk? A% (02 Vi
_i{zg ( w? +1)}_7<?+1>+_

Now, the above Hamiltonian can be diagonalized by the unitary

p1(k)p,(—k).

all k
(2.23)

transformation using the generator,

2mi ¢ (k)

=7 _pl(k)/)z( k), (2.24)

allk
where ¢ (k) is a real and even function of k and the conditions for

diagonalization gives,

P(k) = %tanh‘l ( gjgg) (2.25)

with

21,2

1 2 (vik 2 (VE
Dl(k)=i 2g " — 1|+ 4nhvp ¢ + 21 17_52_1 + Vik (2.26)

0

and

1 2 (VEk? 2 (V3
Dz(k)zi[—{2g2< (’;2 +1>}—2/12<v—’;+ 1>+V1k] (2.27)
0 S
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2.2.1 The energy spectrum

After the unitary transformation the Hamiltonian can mapped on to a

Harmonic oscillator and the energy spectrum can be obtained as

2 +/1,2 v 1/2
e(k) = hplk| (1 _9 Lk )

Thvg 2mhvg
, , 1/2

o (148K X 2.28
thwi — mhv? ' (2.28)

From the energy expression it is very clear that the whole calculation is

valid only if the coupling parameters satisfy the following condition:
' 2 ' 2 Vlk
gl et < (nth + 7) . (2.29)

From Eqn. (2.28) it is clear that for a certain range of coupling constant
the energy spectrum of the system is gapless and we would then have a
polaronic metal. To plot the energy spectrum e (k) we need an explicit form
for V;, . We choose the form of the potential by following Wang
etal. [14] as

Vik = 4mpe?ln (1 + kg /k) (2.30)
where u is the electron-electron coupling constant.

In Fig. 2.1 we plot the dimensionless excitation energy e(k) (in units of

Rydberg), for various interactions. We define the effective electron-optical-
phonon coupling constant as a,, = (47rgw{)3/ Z/L')l/2 and the effective

electron-acoustic-phonon coupling constant as a,. = (16nlvs'2/L')1/2,
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where the primed quantities are dimensionless in Rydberg units.

As

expected, the electron-electron interaction increases the energy, while the

polaron formation decreases it.

20
s
s
18 u=2, o =0, oo =0 s
op ac y
s
6r p=1, a =0, o =0 «£
op ac 7/
2/
o 4t y N
= /
=1 s
=] 12_ -
7
= 10} e
=) P P
R~ ¥,
—  &f e
= -
T 6F /
— — -2
al n=1 Op_OSS. =2
2 »u=0 a =0 otHC:O
0 1 2 4 5 6 7 8

Fig. 2.1 Energy spectrum of a Luttinger liquid for various interactions and

interaction strengths.

k ( Rydberg units )

2.3 Evaluation of the Momentum Distribution Function

Here we -calculate for the first time the electron distribution

function ny, , for the FTL liquid. This calculation is important since most

of the interesting applications of the Luttinger model are concerned with the

single-particle properties of the interacting electron system. The momentum

distribution function mn; is an even function of k, hence we need to

consider only k > 0 and it will also suffice to calculate 7, only for particle
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type-1. We know that aIk (aqk) is the creation (annihilation) operators for

the type-1 fermions and for k > 0 we have defined ay;, = ¢y .

ny = (aIkalk) = (C;Ck) (2.31)

where c,I (cx) for k>0 creates (destroys) a particle of type-1 with

positive energy. From Egn. (2.9) we know that c;(r, c are related to the

field operator 1 ‘s through Fourier transformations

c;(r = %f w;r(x)eik"dx , (2.32)
and
1 )
Cx = ﬁf Py (x)e H*¥dx . (2.33)
Then
L
1 s - ,
= fo I(x,x) e*=*)dxdx’, (2.34)
0
where
1(x,x) = (P[] Q). (x)|¥) (2.35)

is the correlation function, |¥) being the ground state of the interacting
system. Using the transformations: e’ He™* = H and e*|¥) = |¥,) , the

Hamiltonian becomes diagonal and we can write the correlation function as
1(x,x") = (PoleSpf ()e~SeSy,; (x)e 5| W) (2.36)
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where |¥,) is the new ground state of the non-interacting system. To
calculate the correlation function we introduce as usual an auxiliary

operator
fs(0) = "7y (x)e7® (2.37)

sothat f,(x) = ¥,(x) and f;(x) = ey, (x)e™S. Also

af _ pios 21
oo L Z
k

k . .
2 )Pz(—k)e”‘xl ef00.  (238)

By solving the above differential equation we get,

fo(x) = W (0)R; ()1 (x), (2.39)
where
W, (x) = exp{z (i—:) 1. (k, ) (cosha (k) — 1)}, (2.40)
=
R,(x) = exp{z (i—:) 1, (K, x)sinhad)(k)} , (2.41)
=
and
Y1) = cCdexp { > () me x)} , (242)
=
with
(e, x) = [pi(=k)e™™ — p;(k)e ] . (2.43)

Now we will set ¢ =1 and call W;(x) = W(x) and R;(x) = R(x). Then
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fi(x) = W()R(X),(x) . (2.44)
Thus the correlation function becomes
106, x") = (Fo | CORTCOWTOW (XR(x) P, (x)|[¥o) . (245)

Since pf(k) = p;(=k) and pl(k) = p,(—k), we can immediately show
that R(x) and W (x) are unitary and also they commute with each other.
Since there are two types of electrons in our system, the ground state is a

product state,
|lpo> = |lp1> |lpz>- (2-46)

Now we can write Eqgn. (2.45) as

1, x) =1L, x)L(x,x), (2.47)
where
L0x) = (P[] COw LW (D, ()|¥,), (2.48)
and
L(x,x") = (P,| R )R () |¥,) . (2.49)

Using the Becker-Hausdroff identity

A ,B

ede A+B

1
= eA+B gz [4.8] (2.50)

and the properties of p(k) we can show that,

W)W (x) = W_(x, x YW, (x,x)Z;(x,x), (2.51)

where
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WG x) = exp {ZL—"Z o) [%] (e —emix) |, (252)

k>0

W+<xx)—exp{ WA [%]( ' _eitr)l (253)

k>0

and
, 2O (coshgp(k) — 1?2, .. .
Zi(x,x") = exp {— (etk(x—x) — 1)} . (2.54)
! L kZO k
Similarly,
R™Y(x)R(x") = R_(x,x )R, (x,x)Z,(x, x") (2.55)
where
, 21 sinhgp(k)|, ., .
R_(x,x") = exp {— po(=k) [7] (et~ — e”‘x)} , (2.56)
) :

ﬂ 2,31 [smhq[)(k)]( —ikx _ p—ikx )} (2.57)
>0

, 2
R,(x,x) = exp{
k

and

Zy(x,x") = exp {an M(e”‘(""") - 1)} : (2.58)

k>0

From the definition of the density operators, it is very clear that for k > 0,

p1(—k)|¥1) =0 and (¥y]pi(k) =0, (2.59)

p2(k)|¥2) =0 and (¥;|p,(—k) =0. (2.60)
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This will lead us to write
L(x,x) =Z,(x,x). (2.61)

Using Egn. (2.51) we can write
LGex) = Zy0ox W T GOWL (x, x YW, (e, x Yoy D |P1) . (2.62)
Also, we can show that
W x)|Wy) = |w,) and (W Wi (x, x) = |¥,). (2.63)
With this the above equation can be written as

L (2, x7) = Zy (o, x )W Wt (e, Y] )WL (e, 2 YW, (x, x ey (e YW (o, ) |#1)
(2.64)
Now we will define,

hy(y) = 2771 Z [%] (eikx’ _ eikx)e—iky ‘ (2.65)

k>0

h_(y) = ZT" > [—C‘”hqbg‘) - 1] (e7thr — e=thx)eiky | (2,66)

k>0

Combining the above equations with p,(y) = %Za”k p1(=k)e* ¥  we can

get

L

W_(x,x) = exp {— f pl(y)h_(y)dy} ) (2.67)
0

and
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L

W, (x,x) = exp { f pl(y)h+(y)dy} , (2.68)
0

Also, we have
[¥1(x), p1(Y)] = 6(x — y)¥,(y) and
[, o] = -8 —YfG). (269

With these equations and using the identity
1
efhe™ = A+[S, Al + [S,[S, A]] + -+ (2.70)

we can find that

WL, x )] COW_(x, x) = f ()exp{h_(x)}, (2.71)
and
W, (x, x )y (OW(x, x) = iy (xDexp{—h, (x)}. (2.72)

Finally, the correlation function can be written as
106, x) = Zo(x,x)Z1 (%, x)Z5 (%, x ) Z3(x, x) (2.73)

where

Zo(x,x) = exp {—37‘[2 (COSh(,'blik) - 1) [1 _ eik(x—x’)]} (2.74)
k>0

and
: : 1 (%'
2306x) = (B [p] QI COfwn) = 7 ) el (2.75)

L
pP<kp
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where Z; (x,x") and Z,(x, x) have already been defined above. All
these Z;’s above are functions of (x — x"). Put (x —x") = r and define a

function Q(r) as
e M = 72, (1N Z,(rZ,(r) . (2.76)

Then the distribution function can be written as

1 L .
Me=1 z f dr eilk=p)r g=Q(1) (2.77)
pskp"~ L

Substituting the values of Z;’s we can get,

0(r) = f w 2sinh2 (k) dk . (2.78)

0
In the previous section we have gotten tanh2 ¢(k) = —% and this
result will help us to write 2sinh?¢ (k) which will be denoted as |u(k)|?,
so that the expression for Q(r) will look similar to that of Lieb-Mattis and

Luttinger.

So let us write

00 = [ T ugo ar, 279)

0

where
D, (k) —/Df (k) — D3 (k)

v Dz (k) — D3 (k)

lu(i)]? =

(2.80)
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Now take the bulk limit L — « and define
F(k) = (i) f ) dr e=@(M gikr (2.81)
2n) J)_, ' '
Then the distribution function will take up the following form

2
A, = Tﬂ Z F(k—p) . (2.82)

Now by changing the summation to integration and by putting (k —p) =

k", we can write
0
iy =f F(k)dk' +d. (2.83)
k—kp

where d is a constant. The above expression for 71, is similar to that of
Lieb-Mattis, except for the fact that |u(k)|? which contains the interactions
is different. Lieb-Mattis contains only one type of electron-electron
interaction while we have considered two types of electron-electron
interactions and the interaction between these two types of electrons along
with the electron-phonon interaction terms. It can be easily shown that
when there is no interaction we get the usual Fermi-Dirac distribution with a

sharp Fermi surface.

To check whether a sharp Fermi surface exists even when we include
interactions, we have done the following calculation. First of all we have
turned off the electron-phonon interactions and included only the electron-

electron interaction V;, which we kept as a constant so that in co-ordinate
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space it is a §- function interaction, then after some algebraic exercise we

could get an expression for e ~@(") as:

1
e M = lim ———— (2.84)

a—0 2\4/2 "’
<1+%>

where A contains the electron-electron interaction and is a constant.
Substitute for e=2™ in ng and then set A = 0, which will be the case
when there is no interaction and we get,

kr

A= | 6k —p)dp (2.85)

which shows the existence of a sharp Fermi surface.

Now, to check the case when A — 0 we had to perform a change the

variable: r/a = y and then by putting y = tanf we get,

4,1
iy = % F(Z—Jrfl) . (2.86)
272 F(l +7)

In the limit A — 0, the distribution function 7, = 1/2. So, for A = 0 and
A — 0 the results are not at all the same, which indicates that the Fermi

surface may break down.

Lieb and Mattis have shown that near the Fermi surface, with proper
assumption of the electron-electron interaction term, the distribution

function behaves like,
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. =d—elk —kp|?Po(k — kg) , (2.87)
where
(1, k>kp
ok — kp) = {_ U ke (2.88)

with d, e and D being positive constants given by
d= [ F(odk , e= %ru —2D)sin(xD) and D = (lu(0)[?).

Lieb and Mattis have concluded that for 2D < 1, the interactions

removes the discontinuity but, still there exists a residual Fermi surface at

k = kg since lim,HkF% diverges. But for 2D > 1, there is no infinite

slope and 1, is a smooth function. Hence they have concluded that a
strong Coulomb interaction would destroy the Fermi surface completely. In
our calculation, to get the Lieb-Mattis expression for 71, , we have to take
Vi = 1/k?. But the form: 1/k? does not give the proper description of the
excitation spectrum. So we choose the form which is discussed earlier in
Egn. (2.30).

Here, we wish to study how 71, [Eqn. (2.83)] is particularly modified by
the electron-phonon interactions. Using the expressions  for
lu(k)|?> [Eqn.(2.80)] , Q(r) [Eqn.(2.79)] and F(k) [Eqn.(2.81)] , we
can obtain the exact momentum distribution function 7, numerically. Again

we choose for V;, the prescription of Wang et al. [13].
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2.4 Numerical Results

In Fig. 2.2 we plot 7, for several values of u with a,, = a,. = 0. For
u = 0, the usual Fermi-Dirac distribution with a sharp Fermi surface is

clearly visible. And as p increases the Fermi surface begins to disappear.

-1 -0.5 0 0.5 1

k- kF ( Rydberg units )

Fig. 2.2 Momentum distribution function of electrons in a Luttinger liquid for
various values of the electron-electron interaction coefficient.

Wang et al. [13] have studied the behavior of (0.5 — 7)) vs. (k — kg)
for k = kr. To compare our results qualitatively with theirs we plot

(0.5 — 71;,) in Fig. 2.3. Our results clearly show the same behavior as those
of Wang et al.

49



Exact distribution function of a LL in the presence of electron-phonon interaction

0.5
0.45
0.4
0.35

03} :

( Rydberg units )

025

;e G =05

02f [

-n
k

015} 7

0.5

- = =2
0.1
- == =3
0.05

0 01 02 03 04 05 06 07 08 09 1
k- kF ( Rydberg units )

Fig. 2.3 Variation of (0.5 — 71},) as a function of (k — kg).

In Fig. 2.4 we plot the derivative of the momentum distribution
function i.e., [—(dn,/dk)] as a function of k. It is evident from the
behavior of [—(dn,/dk)] that for u = 1, the distribution function has a
singularity at the Fermi surface and thus there still exists a residual Fermi
surface for weak Coulomb correlations. However for u =3, the residual
Fermi surface disappears completely. This result is in agreement with the

analytical observation of Lieb and Mattis.
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—u=1

- ==pn=3

/dk

—dn,

-05-04 03 -02-01 0 01 02 03 04 05
k- kF ( Rydberg units )

dny

Fig. 2.4 Variation of [— -

as a function of (k — kg).

In Fig. 2.5 we show the behavior of the momentum distribution of the
electrons in a FTL liquid i.e., when both the acoustic and optical electron-
phonon interactions are present in the LL. For the sake of comparison, we
plot the distribution function for the electrons for three cases, namely, for
p=1a,=0, a5, =0, p=1, ag. =22, a,, =0, and u=1, a, =
2.2, a,, = 0.35. Itis clear that like electron-electron interaction, electron-
phonon interactions also flatten the distribution function, the optical-
phonons, of course, having a larger effect than the acoustic-phonons. It is
also evident that the nature of the residual Fermi surface of a FTL liquid is
more or less the same as that of the corresponding LL. It is important to
note that in the presence of electron-phonon interactions, the distribution
function has a rather long tail which remains more or less unaffected by the

coupling constants, particularly for low-lying excitations. Thus the behavior
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of the distribution function of a FTL liquid is qualitatively different from
that of a LL above kp.

=1, =0, =0
op ac

H
1.______ ,'1
N

et N

09 =1, otup =0, o = 2.2

0.8
0.7
0.6
1= 0.5
0.4
0.3

0.2

0.1
ofu=1,a =035 a =22
op ac

-1 -08 -06 <04 -02 0 02 04 06 08 1
k- kF ( Rydberg units )

Fig. 2.5 Momentum distribution function of the FTL liquid.

2.5 Conclusions

In conclusion, we have studied the momentum distribution function for
the electrons in a LL in the presence of both electron-acoustic- phonon and
electron-optical-phonon interactions. Such a system can be referred to as an
FTL liquid. We have shown that in the case of a LL strong Coulomb
interactions destroy the residual Fermi surface completely. We find that in
the case of an FTL liquid, the residual Fermi system is also destroyed by the
electron-phonon interactions. Furthermore, the optical-phonon interaction is

observed to have a larger effect on the distribution function than the

52



Chapter 2

acoustic-phonon interaction. Interestingly enough, the distribution function
has a very long tail above kg in an FTL liquid, which is apparently
unaffected by the strengths of the electron-phonon interactions. Thus the
momentum distribution function an FTL liquid shows a qualitatively
different behavior from that of a LL above k particularly for low-lying

excitations.
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Chapter 3

Persistent current in a Holstein-
Hubbard ring in the presence of
Rashba spin-orbit interaction

3.1 Introduction

When a charged particle moves along a closed path around a flux tube
its wave function picks up a phase even though the magnetic field is zero.
This is called the Aharonov-Bohm (AB) effect. Here we consider the
magnetic flux going through the quantum ring (QR) in such a way that the
magnetic field is zero at the radius of the ring. It is a quantum mechanical
phenomenon which can be observed in small metallic rings whose size is
comparable to the electron coherence length. The energy spectrum is
periodic in flux and consequently, the persistent current (PC) which is the
change in ground state (GS) energy with respect to the magnetic flux is also
periodic in flux. Actually, the AB effect illustrates the physicality of
electromagnetic potentials ¢ and A. In Feynman’s path integral view of
dynamics the potential field directly changes the phase of an electron wave

function and these changes in the phase leads to measurable quantities.

The existence of PC in a normal metal ring was first proposed by
Buttiker, Imry and Landauer [1]. Cheung et al. [2] have studied the effects

of temperature, chemical potential and randomness on PC in strictly one-
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dimensional (1D) normal rings. Several theoretical studies [3] have been
subsequently carried out on PC in mesoscopic systems. With the advent of
nano-fabrication techniques, several experimental investigations have been
made to confirm the existence [4] and the periodicity [5] of PC in
semiconductor quantum rings (QR’s). The periodicity of PC in a finite ring
can be shown using continuum or discrete models [6]. The period is found
to be ®, = hc/e for non-interacting spinless electrons. The most useful
model to study PC is the Hubbard model in which the ring consists of
discrete lattice sites and the electrons can hop from one site to another.
Several works [7] have been carried out on the Hubbard ring to understand
the magnetic response and the behaviour of PC. But most of them have
neglected the electron-phonon interaction which can actually play quite an
important role in the low-dimensional systems. The effect of electron-
phonon interaction on PC can be captured by considering the Holstein-
Hubbard (HH) model [8].

3.1.1 Spin-orbit interaction

Another important interaction that has come to light in the context of
nanosystems in recent years is the spin-orbit (SO) interaction which is at the
heart of the emerging field of spintronics. New devices are being
contemplated based purely on the spin degrees freedom instead of charge.
The effects of SO interaction [9] are found to be pronounced in QR’s. There
are two microscopic origins for the SO interactions. One originates due to
the structural inversion asymmetry which is known as the Rashba spin-orbit
(RSO) interaction and the other is due to the bulk inversion asymmetry
which is known as the Dresselhaus spin-orbit (DSO) interaction. The

Rashba effect makes it possible to control the electron spin by the external
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electric field which is precisely the idea behind spintronics [10]. In the
present paper we shall study the effects of RSO interaction on PC in a 1D
HH ring threaded by an AB flux.

Since the number of electrons in a QR also changes the magnitude and
phase of PC [2], the chemical potential is expected to have an interesting
effect on PC. As the temperature increases, the electrons may occupy higher
energy levels which are close and can have opposite currents and therefore,
as a net result, the higher positive and negative contributions to PC may
cancel out. Buttiker has indeed observed a decrease in the amplitude of the
PC with temperature [11]. We shall therefore study the effects of chemical
potential and temperature as well on PC in a 1D HH ring in the presence of

RSO interaction.

3.2 Theoretical Formalism

The Hamiltonian for a HH ring threaded by a magnetic flux @ can be

written in the presence of RSO interaction as:

H=Hy + H,+ Hyp + Hgo (3.1)

where

H, = & Zc;rci—teiBZ[cchj+h.c]+UZniTnu, (3.2)
i

i (i)

Hy, = hwo Z(b; bit+1/5). (3.3)

L
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H,, = g, z ng (b; +b1) + g z n; (b + b)), (3.4)
i (i)

HSO:—Z [c;rtsoewc]-+h.c]. (3.5)
(i))

Eqn. (3.2) represents the electronic Hamiltonian H,; which consists of three

terms. The first term represents the site energy, ¢, being the onsite energy,

¢ = (ZI ) c]:, (c;;) being the creation (annihilation) operator for an
electron at site i with spin o, and i = 1,2,3,...N, N being the total number
of sites in the system. The second term describes the hopping term, where t
is the hopping integral between the nearest-neighbour (NN) sites, (i)
denotes that the summation is to be performed over NN sites i and j and
0 = (2r®/N) is the AB phase due to the magnetic flux @, which is an
integral multiple of the elementary flux quantum ®, = hc/e. The third term
is the onsite repulsive electron-electron Coulomb interaction where U
measures the strength of the interaction and n;, = ci‘; iy 1S the number
operator for the electrons at site i with spin o. Eqgn. (3.3) gives the
unperturbed phonon Hamiltonian, where blT (b;) is the creation
(annihilation) operator for a phonon with dispersionless frequency w, at
site i. Egn. (3.4) represents the on-site and NN electron-phonon interactions
with g, and g, measuring the respective coupling constants. Thus g,
measures the strength of the interaction of an electron with the phonons at
the i-th site, whereas g, gives the strength of the interaction of an electron
at the i-th site with the phonons at the (i + 1)-th site. The value of g, isin
general expected to be smaller than that of g, and typically for a real
material one may take the value of g, about one order less than that of g,.

In general, an electron is supposed to interact with phonons at all sites. But
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we restrict our study of electron-phonon interaction up to NN terms
assuming that beyond NN’s, interactions will so small that they can be
ignored. [If the onsite electron-phonon interaction is so strong that the
electron gets trapped in a deep potential well created at the i-th site, then its
interaction with the NN phonons will be very small. In such cases the
effective NN electron-phonon interaction can be neglected]. In real systems
the effects of g, and g, manifest themselves through the localization-
delocalization transition. Finally, Egn. (3.5) describes the SO interaction
with

tso = /ia(ax cos @;j + 0, sin (pij) - /iﬁ(oy cos @;j + oy sin goij) , (3.6)

. . 1
where ¢; = 2m(i —1)/N so that ¢;; = (p; + <p]-)/2 =27 (l _E) /N, 0y
and oy, are the Pauli spin matrices, and i(= 1,2, ..., N) is the site index along

the azimuthal direction ¢ of the ring. In the present problem we are

interested in the RSO interaction only and so we take g = 0.

First we perform the Lang-Firsov transformation (LFT) [12] which
works well in the strong-coupling limit. We carry out LFT with the

generator

1
R=ro glznio(b;r —b)+ g Z nig (b7 - b)) 3.7)

ic (tj)o
followed by the zero-phonon averaging to get an effective Hamiltonian
H,rr = (0leRHe R|0) (3.8)

Now let us write our Hamiltonian as
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H=H1+H2+H3+H4+H5+H6+H7.
with

— +
Hy = Zci €oCi »

i

H,=—t Z citcioe® +hoc,

(ij)o

0 P ) . .
(ij)o

Hy + Hs = glznia(bi +b)+ g, Z nia(bj + b1'+) )

io (ij)o

Hg

thZ(b{“bi +1/)),

i

H7 = UETL”YL” .
i

We recall,

H=eRHe R = H + [R,H] +1[R (R, H]| + -
) 2! ) ) .

Thus we obtain
Hl =eRH1€_R =H1,

o — oR -R _ i Yi-Y;).+
H, = eR Hye ™R = —te*? e(vi J)cl-(,cj,,,

(ij)o
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with

g1 g2 +
Vo= g (0f —b) + h_wog:(b”‘s' —bis) (3.19)
Hy = eR Hze ™R = —je®® Z [8 g] e(yi_yf)cif,cja ) (3.20)

(ij)o

i:i4 + HS = eR(H4 + Hs)e_R

2
= glznia(bi +b)+ g, Z nia(bj + bj+) - h_a)o(‘glz + Zgzz)znia

io (ij)o io
4 2 g,°
- m(%z +29,%) z ity = 5 = Z NigNiya o’
0 i 0 iAo’
2
- m(éhgz + 9291) Z NigNjg' » (3.21)
0 (ijyoo’

H6 = eR H6 e_R

= hw, E(b;rbi +1/,) - glznia(bi +b1) — g, Z nig(bj + b')
7

ic (ij)o

1 2 4
+ = {—(912+2922) E Nig +_h (9:% + 2 9.%) E ninyy
0 - Wy -
o L

2! | hw
29,° 4919,
+ ” Z NigNjip g T o Z Nig Njg' ( (3.22)
0 iAoo’ 0 (ijyoo’
H,=eRH,e R =H,. (3.23)

Thus the transformed Hamiltonian H is given by
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=)

1 ,
= [_m(glz + 2922)] Znio — te® Z e(yi_yj)citfcja
0

io (ij)o

w 0 Pl (v _y. 2
—jet® Z [Q 0] e(Vi YJ)C;-G-CJ'J + [U_h_a)o(‘glz +2922)] Znimil
(i) :

2

29 91 9> 1
~ho, Z Mgy ~ s Z NigNisn o T hwoz (b;’bi +§) (3.24)

(ijyoo’ iAoo’ i

The zero-phonon averaging of H gives the effective electronic Hamiltonian
Hesr ie.,
H,sr = (0|H|0) . (3.25)

We can easily see that [Y;,Y;] = 0 and

(2N im0+ (2-1102
(OleYi—le()) —e (ha)o) [(g1-92)°+(z-1)g, ]. (326)

Using the above results, the effective electronic Hamiltonian can be written

in a simplified form:

_ L, e i0 + ij i0 +
Herr = €9 Zni” —t.e z CigCic — tso_e € Z CigCio

ic (ij)o (ij)o
+ U Z AT (3.27)
i
where
24, g2
€ = _(gi+z93) , (z = number of NNs) (3.28)
hw,
t, =t 6’_[ (91~ 92)*+(2-1) g2* |/ (hw)? , (3.29)
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td = iAe1W0im02"+-1) 9% /(hwo)* (3.30)
[0 P]_ 0 a e‘”“”if]
a=lo ol=lgan “5% "] -
2 2 2

0

Now we perform a unitary transformation on H,r with the matrix

1 1 -1
Um:ﬁ ez%i(m_l) eZni( ;) (3.33)

2

to eliminate the index dependence on the SO term té’;,_e . This transforms
the old operators c; to a new set of operators & = U;*¢; and the

transformed Hamiltonian H, reads

1
H, = eSan -5 et? z &l [, +¢ae]]Bcjg+UeZ fiip iy
i

io (ij)o

N aleh e +el e el e+l e

, 3.34
Z 2 (3.34)
where,
a, = e—[(g1—gz)2+(2—1) 9221/ (hw)? , (335)
1 2mi 1 2mi
_ +e N —1+eN
B = o i (3.36)

—14+eN 14e N

We use the mean-field approximation (MFA) to linearize the quadratic
terms in H,. In 1D systems, for a half filled band the electron-phonon

interaction can cause distortion of the lattice leading to the dimerization
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with the unit cell getting doubled. We divide the lattice into two sublattices:
even numbered sites-A and odd numbered sites-B. Then, some algebraic

simplifications following Cabib and Callen [13] gives,

N N
. 7 T[
HY =Y e+ 0] - W) Y o (6B + e Fley, + K,
i=1 (ij)o
(3.37)
where,
+ 0
c=|"r |, (3.38)
0 &g
e+ € &1+ €
ey = % and £y, = % , (3.39)
&4 0
]D):[ABT _], 3.40
0 €aBl ( )
g — e __(ear—ep1)
EABT = T and SABl - T )] (341)
with
Uy(c—s Ue(c—s
a1 = Eg + % and Epr = Eg - % , (342)
Us(c+s Ue(c+s
sAl=e§+—6(2 ) and eBlzeg——e(Z ) , (3.43)
_ [ cos(m/N) 4 sin(z/N)
- [i sin(m/N)  cos(m/N) [’ (344
[ cos(m/N) 4 sin(m/N)
F= [_,,; sin(m/N) —cos(m/N) 1’ (3.45)
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and
NU,(n? —c? + s2)
K= , (3.46)
4
"= [(ar + nay) '|2' (npr + ng,)] ’ (3.47)
c= [(ar + 1a0) ; (ngr + npy)] ’ (3.48)
<= [(nar — nay) — (g — npy)] , (3.49)

2

where n- electron concentration, c- charge density wave (CDW) order
parameter and s- spin density wave (SDW) order parameter. Using the

Fourier transform:

6m0 = iz eikma 5](0' , (350)
VN £

where a is the lattice constant and redefining ¢;, (ELTG) as Cig (c;fg) and

Eka(é,io) as Cyg (c,‘;,) and separating the Hamiltonian into even and odd

sited terms using the following identities,

N/2
1 1
Z Ch Com = EZ cre + Ez c,jck% , for even sites,  (3.51)
K K

m=1
N/2

1 1
z Cr i Come1 = EZ cre — EZ c,jck% ,for odd sites, (3.52)
[ K

m=1
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we get the effective mean-field Hamiltonian after some rearrangement of
the terms as:

n/a m/a
HY = Z ctGep + Z HH iy + K, (353)
k=-m/a k=—-m/a
where,
G = [EXBT +ag . a1z ] ’ (3.54)
2%} E4pL T A2z
N 0
H = [ 4t ] 3.55
0 &yp ( )
ay, = —2t, cos(n/N) cos(ka+ 60 +m/N)
+ 2 a, cos(w/N) sin(ka+ 60 +m/N) , (3.56)
ayy =2t, sin(n/N) sin(ka+ 6 +mn/N)
+ 2 a, sin(w/N) cos(ka+ 6 +mw/N) , (3.57)
ay; = 2t, sin(m/N) sin(ka+ 0 + w/N)
— 2a, sin(n/N) cos(ka+ 6 +m/N), (3.58)
ay, = —2t, cos(m/N) cos(ka+ 0 + /N)
— 2a, cos(m/N) sin(ka+ 6 + n/N) . (3.59)

We shall work in the reduced zone scheme i.e., we choose k to lie in the
range: —m/2a < k < m/2a. In this scheme, the matrix elements a's can be

written as:
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aij(k + T[/a) = —al](k) . (360)

The effective mean-field Hamiltonian can now be written as:

- Ckr
c
M _ tot ot t Jel
He = Z(CM Cri Cram Ck+71:,l) W Creamt | (3.61)
k=0 Ck+7t,l
where
+ —
[€4pt T @11 aq2 €4B1 0
N _
W= 1 EpL T Az 0 €aBl (3.62)
= B . .
€aBT 0 €4t — %11 —a2
0 €4BL % Erpy — 22

The exact numerical diagonalization of HY yields four
energies E,, E,, E5, E, and the four distribution functions

f(Ey), f(Ey), f(Es), f(E,), where

1
f(E) = PG 1] ° (3.63)
The GS energy is now given by,
i

The PC ( I,.) and the Drude weight (DW) can be calculated from the

following relations:

L.= 1<6E“) 3.65
pe— 27\ o0/’ (3.65)
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N s

DwWw =
Am? 90? | _

, (3.66)
D

where @,, is the location of the minimum of E.¢ and can take values either
0 or 1/2 depends on the parity of the number of electrons. DW is a good
parameter to understand the conducting nature of the system which was first
observed by Kohn [14].

3.3 Numerical results and Discussions

We set t = 1 and measure all energies in units of Aw,. In Fig. 3.1, we plot

-1.2725

N
=1.2731 o=0

-1.2735
—2.844

& —2.845 a=2
[8a]

-2.846
—4.022

—4023f

—4.024
-1 —0.5 0 0.5 1
D/ @0

Fig. 3.1 The GS energy as a function of the flux @ for different a.

the GS energy E;s as a function of the flux @ for various values of « in the
absence of all other interactions. We can see that the GS energy increases

with a. The periodicity of the energy with @ is also clearly evident.
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In Fig. 3.2 we plot PC vs. ® for different values of a. The RSO

interaction clearly enhances I,.. Also, the phase of the PC changes when

a exceeds a critical value (a.). In the present case, a, > 1.

0 0.5 1
D/ CDO

Fig. 3.2 Persistent current I as a function of @ for different a.

The variation of the PC (Ip.) as a function of the RSO interaction constant

(a) is explicitly shown in Fig. 3.3. The increase of Iy, with «a is

monotonic, though its derivative can have an interesting behaviour.
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Fig. 3.3 Variation of I as a function of a.
In Fig. 3.4, we plot the DW as a function of the flux @ for various values
of a inthe absence of all other interactions. The finite value of the DW

t=1, KBT:O
0.0127 =

00127} 7 — / N
L a=0 \
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Fig. 3.4 Drude weight (DW) as a function of @ for different .

70



Chapter 3

indicates that the system is in the metallic phase. We can see that the DW
increases with a. The periodicity of DW with @ also changes with the

change in a.

3.3.1 Effect of electron-electron interaction

In Fig. 3.5 we plot PC as a function of @ for different values of U in the
presence of RSO interaction. It is clear that the PC decreases as U

increases.

) —U=0
t=1a=2 — U=14
01} g=g= —U=18
U=22
KgT=0 —U=24
0.05 ‘ ¥ ]
_E Y
0
~0.05
-1 -05 0 0.5 1

fIthDO

Fig. 3.5 Ip; vs. @ for different values of U with a = 2

The explicit form and the comparison of the behaviour of PC as a
function of U with and without RSO interaction is shown in Fig. 3.6. The
solid line describes the behaviour for « =0 and the dashed-dotted line

for « = 2. One can easily notice that PC decreases as U increases. The
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explanation is quite simple. As U increases, the electrons experience a
larger onsite repulsion and thus find it more difficult to go from one site to
another. This reduces PC. In the absence of RSO interaction, there seems to
exist some critical value of U (U,) below which PC remains constant and
unaffected by U. This implies that the effective hopping parameter t,
remains predominant over U below U.. Above U,, PC dies out extremely
sharply. The behaviour is almost discontinuous. In the presence of RSO
interaction, however, there is a qualitative difference in the behaviour of PC
as a function of U. The a = 2 curve in the figure shows that though, even
now, the decrease of PC with increasing U is quite rapid, it is continuous

and smooth and there is no indication of existence of any critical value of U.

0.07 ==

P
2 R
I

o 2

Fig. 3.6 Ipc asafunctionof Ufora=2and a=0.
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3.3.2 Effect of electron-phonon interaction

Next, we look into the effects of on-site and NN electron-phonon
interactions on PC. For that we have first switched off all other interactions
and kept only the on-site electron-phonon interaction. The variation of PC
as a function of @ for different values of g, is shown in Fig. 3.7. It is clear
that PC decreases as g, increases. This happens because increasing g, will
lead to deepening of the self-trapping polarization potential causing
localization which will inhibit conduction.

L1j=]

]
1
]
g
1l

s o o o

O h

1
I
=]

-0.02

-1 -0.5 0 0.5 1
(bftbo

Fig 3.7: Ipc vs. @ for different values of g; with @ =0

To see the effects of g; on PC with and without RSO interaction we
plot PC as a function of g, for « = 2 and a = 0 which is given in Fig. 3.8.
It is evident that PC decreases as g, increases. Explanation for the reduction

in PC with increasing g, is already given. The gradient of the curve is
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however not monotonic which may have some interesting physical
implications. One may also notice that the resistive effect of the electron-
phonon interaction is more pronounced than that of the electron-electron

interaction.

0.08

0.06

0.04

MAX (L,.)

0.02

0 02 04 06 08 1 12
gl

Fig.3.8 Ipc vs. gy fora=2and a =0 (withU =0 = g,).

In Fig. 3.9, we wish to study the effect of NN electron-phonon
interaction on PC keeping a = 0. So we plot I, vs. @ for several values of
g». To see the sole effect of g, we first study the case with U =0 = g,. We
find that the effect of g, on PC is stronger than that of g,, which is clearly
suggested by Eqgn. (3.29). According to Eqn. (3.29), t., contains an
additional Hoslstein reduction factor solely dependent on g,. Fig 3.9 also
shows that the periodicity of PC decreases with increasing g,. The
behaviour is qualitatively similar (not shown here) even with g,, but again

the effect of g, is stronger.
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-1 -0.5 0 0.5 1
¢/,

Fig. 3.9 I, vs. @ for different values of g, with a = 0.

In Fig. 3.10, we show PC vs. @ for g, = 0 and 0.1 in the presence of

on-site electron-phonon interaction (g, = 0.9). Of course, the reduction in

t=1, U=0 -
0.05| g,=0

0.04 1
0.031
0.02
0.01
0
-0.01

gl:0.9,a:2 ———gZ:U.l
KBT:O

-0.02
-0.03
-1

-0.5 0 0.5 1
D/P,

Fig. 3.10 [, vs. @ for g, = 0 and 0.1 with g, = 0.9.
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PC is now more pronounced and furthermore the periodicity also decreases.
We do not plot PC vs. g, because the behaviour is infested with a lot of

fluctuations.

3.3.3 Temperature effects

Next we are interested to study the effects of temperature on PC. So we
have turn off all the interactions and plot the variation of PC as a function of
® for different values of temperature in Fig. 3.11 for a = 0. In Fig. 3.12,
we plot PC vs. @ for @« = 2. From both the figures we find that the PC
decreases as temperature increases. As we have mentioned in the
introduction, when the temperature increases the electrons may occupy
higher energy levels which are close and can have opposite currents. As a
net result, the higher positive and negative contributions to PC may cancel
out. Hence the PC reduces.

0.1 : :
t=1,U=0 —— K T=0
0.08} e _K.T=024
g[:g'J: B
0,061 : L K T =046
a=0 == K T=071
0.04
¥
= 0.02}
OL
-0.02}
—0.04}
-1 -05 0 0.5 1
(TN(I"D

Fig. 3.11 [, vs. @ for different values of KT with a = 0.
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0.2

0.15f g =g =0 —— K T=024 4

-1 -0.5 0 0.5 1

Fig. 3.12 I,. vs. @ for different values of KzT with a = 2.
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Fig 3.13: I, as a function of temperature for « = 0 and « = 2.
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The effect of temperature on PC is plotted in Fig. 3.13 for both « = 0
and a = 2 and it is clear that as the temperature increases, PC decreases in
both cases as our commonplace notion would justify. The exact numerical
behaviour is however a little more complicated eluding any simple
explanation. As established earlier, PC is larger in the presence of the RSO
interaction. Interestingly enough, PC develops a peak at very low

temperature.

In Fig. 3.14 we plot PC vs. temperature in the presence of RSO
interaction for g, = 0.5 and compare with the graph for g, = 0. It is
evidently clear that in the presence the electron-phonon interaction, the peak

in PC becomes sharper and acquires a larger value.

0 0.24 0.46 0.71

KBT

Fig. 3.14 I,. as a function of temperature for different values of g; with a = 2.
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3.3.4 Effect of chemical potential

Finally, we wish to study the effect of chemical potential ¢ on PC. We
put all the interactions equal to zero and for convenience, we all keep
KT = 0 in all the four cases. In Fig. 3.15, we plot PC as a function of ®
for different values of u. As expected, the magnitude and the phase of PC
change with u. The direct dependence of PC on u is shown in Fig. 3.16
both in the presence and absence of the RSO interaction. In both cases, PC
decreases with increasing u, the values of PC being greater for the a = 2

case.

0.08

0.06

0.04

0
-0.02
-0.04 ) . .
-1 -0.5 0 0.5 1
D/ CDU

Fig. 3.15 Ip; vs. @ for different values of pu.
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Fig.3.16 PCvs ufora =2anda = 0.

3.4 Conclusions

In this chapter, the effect of RSO interaction on PC is studied in a 1D
HH ring threaded by an AB flux. First, the phonon degrees of freedom are
eliminated by performing the conventional LFT and then the spin-
dependence is removed by performing another unitary transformation. The
effective electronic Hamiltonian is finally diagonalized by using a mean-
field Hartree-Fock approximation and PC is calculated by differentiating the
GS energy with respect to the flux. We show that the magnitude of PC is
enhanced as we switch on the RSO interaction a. Also, for large values of
a (a > 1), the phase of PC is observed to change. We notice that both the
electron-electron and electron-phonon interactions reduce the value of PC.

We also observe that the NN electron-phonon interaction has a stronger
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effect on PC than the on-site electron-phonon interaction has. We
furthermore show that PC decreases with temperature and in the presence of
electron-phonon interaction develops a sharp peak at low temperature. We
finally show that the magnitude of PC decreases with increasing chemical

potential and its phase also changes (as the number of particles change).
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Chapter 4

The pinning effect in a Gaussian
guantum dot: An improved
Wigner-Brillouin perturbation
theory approach

4.1 Introduction

Quantum dots (QD’s) are ultra-low-dimensional structures with
quantum confinement in all the spatial directions. As mentioned in Chapter
1, early experiments together with the generalized Kohn theorem predicted
the nature of the confining potential in a QD to be parabolic. Consequently,
extensive investigations have been carried out on QD’s during the last three
decades using the parabolic confinement potential (PCP) model. A huge
amount of literature [1] has indeed piled up on this subject. However, we
have also pointed out in Chapter 1 that more recent experiments have
suggested that the confining potential in a QD to be anharmonic and in this
context, the Gaussian confinement potential (GCP) model has turned out to
be a particularly useful model [2]. We shall refer to a QD with GCP as a
Gaussian QD (GQD) and that with PCP as a parabolic QD (PQD). Because
of the realistic nature of the Gaussian potential, a good number of
investigations have been reported in recent years on GQD’s [3]. Of course,
one can also use power law anharmonic potentials, but these potentials

suffer from divergence syndrome at large distances, while the Gaussian
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potential is by construction bound to give convergent results. One may,
however, argue that in a QD the spatial coordinates never extend to a very
large value to lead to any divergence problem, nevertheless, it is always
appealing to work with a prescription that is mathematically sound and

works in all limits.

The interaction of an electron with longitudinal optical (LO) phonons is
known to play an important role on the electronic properties of
semiconductor QD’s [4] since the electron-phonon interaction energy scale
is comparable to the other energies scales in such QD’s. Many works have
predicted the polaronic effects in polar semiconductor QD’s [5]. One of the
challenges in this context has been to suggest polaronic properties that could
be measured so that the existence or otherwise of the polaronic effect in a
QD can be verified experimentally. In an endeavor to achieve this goal,
Mukhopadhyay and Chatterjee have studied the phonon-induced Zeeman
splitting in a polar semiconductor QD [6]. Krishna et al. [7] have studied the
optical absorption and oscillator strength of a QD. The polaronic effect has
been studied in general by Yanar et al. [8] in GQD. One of the effects of
polaronic interactions that can be observed experimentally is the pinning
effect. Mukhopadhyay and Peeters have studied the so called “pinning
effect” in a parabolic QD (PQD) [9].

4.1.1 Pinning Effect

In bulk polar semiconductors in a magnetic field, the first excited state
(ES) Landau level plus a zero-phonon state is degenerate with the ground
state (GS) Landau level plus one LO-phonon state at wy, = w., where wy is

the LO-phonon frequency and w. is the cyclotron frequency. In the
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presence of electron-phonon interaction, this degeneracy is lifted and if the
magnetic field is sufficiently large, the first ES Landau level bends
downward and asymptotically approaches the GS Landau level plus one
LO-phonon energy. This is known as the pinning effect. In bulk polar
systems, the splitting and pinning of the Landau levels in the presence of a
magnetic field had been observed experimentally in the sixties [10]. Since a
magnetic field provides an effective parabolic potential for the electron, a
PQD is expected to show the pinning effect even in the absence of a
magnetic field. This has been precisely shown by Mukhopadhyay and
Peeters [9]. Since the Gaussian potential is a more realistic confining
potential, it would be more appropriate to study the pinning effect in a
GQD. Thus the study of pinning effect in a QD would be important both for
the determination of the confinement potential and for the direct observation
of the polaronic effect in QD’s. The purpose of the present chapter is to
investigate the pinning effect in a GQD in two-dimensions using the
improved Wigner-Brillouin perturbation theory (IWBPT). Since GQD has
two parameters to play with, namely the depth and the range, one would
expect much richer pinning behavior in the case of a GQD. We finally apply
our calculations to GaAs and InSb QD’s.

4.2 The Model Hamiltonian and its Solution

The Hamiltonian of an electron moving in a GQD and interacting with
the LO phonons of frequency wy, is given by
2

! p ' r ’ ey
H=J—+V(p)+ thZb;rbqr +Z (6 em2b} + h.c) 4.1)
q q
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where all the vectors are two-dimensional (2D). In Eqgn. (4.1), the first term
is the electron kinetic energy with p’ as the momentum operator the electron
and m* its effective mass, the second term is the confinement potential

which we take as

’ N — ’ _p’Z/ZR'Z
Vip)=-Vye , (4.2)

where p’ is the position vector of the electron, V, the depth and R’ the

range of the potential, the third term is the phonon Hamiltonian, b;’r(bqr)

being the creation (annihilation) operator of a phonon of wave vector q’
with dispersionless frequency w, and the fourth term is the electron-phonon

interaction with f(;, as the electron-phonon interaction coefficient. We shall
work in the Feynman units [8] in which the energy is scaled by the phonon
energy hw,, length by the weak-coupling polaron radius, 17, =
(h/m*wy)Y/? and the wave vector by g, = 1/r,. This is equivalent to
putting A =m* = w, = 1. In these units, the dimensionless Hamiltonian
reads as:

H p? |
hw p? — Voe A 4 z bgbg + Z(sﬂ, e@P b} 4 h.c), (4.3)
0
q q

where everything is dimensionless, p=p'/ro, a=4q'/q9,, P =Dp/hq0,
Vo = Vo/hwo, R=R'/ry and &, = f‘;,/hwo = (V2 na/vq)l/z, where v is
the dimensionless volume in two-dimensions and « is the dimensionless

electron-phonon coupling constant.

To make progress, we consider the Gaussian potential as a parabolic

potential plus a perturbation. It is reasonable to make such an assumption
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since the deviation of the Gaussian potential from the parabolic potential
would be very small for small values of r. So we rewrite the Hamiltonian
Eqn.(4.3) as

H=H0+H1+H2 ) (44)
where
p? Lo, s
Hy= o + [Ewhp - VO] +qu by (4.5)
q
1 2.2 —p?/2R?
H=-2 [Ewhp +V(e - 1)] , (4.6)
H, = Z(Eq e~49 b} + h.c), (4.7
q

where 2 = 0 for PQD, A = 1 for GQD, w? = V¢/R?, and H, and H, are the
perturbations. We include the contribution from H; within the mean-field
approximation (MFA) as:
v, 1 (e=P*/2R%)
H =A|—— w2 —Vy———| p?, 4.8
I P v @9
where the expectation values are calculated with respect to the GS wave
function (¥;s) of the space part of the unperturbed harmonic oscillator
Hamiltonian with frequency w;, ie., W5 = (w,/m)"? exp(— wypp?/2).
With this ¥, we obtain,

1
(b =— (49)

and
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(e P*/2R*y = 200, R2(1 + 2w, R?)™1 | (4.10)

The total Hamiltonian then reads
pz 1 2,2 + —iq.p p+
H=t 1 wp-v, +qubq +Z(5qe PbF+hc),  (411)
q

with the effective harmonic confinement frequency
= [(1 — Dw? + 2AWVwp{l — 20,R?(1 + 20,R?)" 2,  (4.12)

which is actually :’— , Where w’ is the effective confinement frequency in
0

actual units. The effective unperturbed energy (in Feynman units) is thus
given by:

]1 Ja (]1 +]2 + 1)0) VO (413)

and we write the total energy corresponding to H as : E, = E,, /hw, , Where
E,, is the energy in actual units and E,, is the energy in Feynman units. We
shall study the effect of H, using the perturbation theory and calculate the
correction AE,, to the effective unperturbed electronic energy. Because of
the presence of degeneracy in our problem, we need to use a degenerate
perturbation theory and we shall employ the IWBPT [11]. The advantage
with IWBPT is that it gives the correct pinning behaviour for weak electron-
phonon interaction. The second-order correction to the unperturbed energy

due to the electron-phonon interaction is given by

—ig.p| .0 2
ZZ| (p)lfq ‘2|2 (p))] ' i

A+ 1
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with A,= AE, — AERSPT, where AEERSPT is the Rayleigh-Schrodinger
perturbation theory (RSPT) correction to the GS for the electron-phonon
interaction and w}’(?) is the wave function of a harmonic oscillator with
frequency w. Since AE, is present on the right hand side, we need to
calculate the energy self-consistently. Eqn. (4.14) with A,= 0 gives the
RSPT result which works well for the GS when w « 1. In Egn. (4.14), if we
put A,= AE, , that will be the case for Wigner-Brillouin Perturbation theory
(WBPT) which can actually take care of the splitting of the degenerate
energy levels. Eqn. (4.14) with A,= AE, — AEESPT is the case for IWBPT

which gives the correct pinning effect.

To perform the summation in Eqn. (4.14), we use the following relation

1
EP—Ep—Ay+1

f e~ (E/~ER-tu+1)t gy (4.15)
0

After simplifications, Eqn. (4.14) yields the energy corrections to the GS
and the first two ES’s as

Aes _ 3(1 1) 416
16y \w’'2/) "’ (4.16)
AE].ES (1 _Al 1) (1 _Al 1)
- - B -1,-)+3B 5) 4.17
4y W 2 + w 2 ( )

AEZES 1_A2 1 1_A2 1 1_A2 1
——=53( —2,—)+6B( —1,—)+ 133( ,—),(4.18)
y ) 2 w 2 w 2

where y = [avm/32Vw] and B(x,y) is the beta function. In general, for

an N-dimensional case the expressions are as follows:
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AEQ’SD_B<1 1) 419
88 \w’'2) (4.19)
AEND, 1-4, 1 1-4A, 1
- =B —-1,=)+ (2N -1)B — 4.2
W (FS2-1g)+ev-nB(==22) (4.20)
AEND 1-A 1 1-A 1
——2ES _ (2N2—4N+5)B( 2—2,—)+ (4N—2)B( 2—1,—)
B W 2 W 2
1-A, 1
+(2N2+4N—3)B< Z’E)’ (4.21)
where
N-1
o« [rCz)
B =- (4.22)

2
g re)

In the present problem, the region of interest is: 1—A,= nw and we
consider the term which makes the maximum contribution to the energy in

this region for each state (n = 1,2, ...) and we obtain,

w5
MEvss =~~~ T=3 —& (4.23)
5

32 1-A, — 2w

To see the pinning of the energy levels E;gg and E,pg to [EQ +1
phonon state], we have to consider the large w limit. In this limiting case, a

self-consistent calculation leads us to the following results:

avrvo
8(w—1— AEgg)

N
ElES = 5(1) +1+ AEGS - (4.25)
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S5avmVw
32w —1—AEg)

N
EZES = E(L) + 1 + AEGS - (426)

4.3 Numerical Details and Discussions

Our calculation is valid for any polar semiconductor QD. However, we
shall apply our theory to GaAs and InSb QD’s for the sake of concreteness.
For GaAs, we take a = 0.07, wy, =5.5%1013/sec and m* =0.6x
10728gm so that we have hw, = 36.25 meV and r, = 5.63 nm. Thus for
GaAs, V,=0.4 means: 0.4 X hwy = 14.5meV and R =3 means: 3 X
1o = 16.9nm. For InSh, we take  a = 0.02, w, = 3.7 x 10'3/sec and
m* = 0.1279 x 10~28gm so that for InSb we have Aw, = 24.38 meV and
15 = 14.93 nm.

First of all, we notice that the relationship between the effective
confinement frequency w and the range of the Gaussian potential R is not so
simple. In Fig 4.1, we plot w vs. 1/+/R for a GaAs QD and interestingly
enough, the behaviour is almost linear unless R is extremely large. In this
section, we shall always mean the confinement potential to be GCP unless

otherwise mentioned.
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@ (Feynman units)

1/V/R (Feynman units)
Fig. 4.1 wvs. 1/vVR for a GaAs QD for three values of V, .

En (Feynman units)

0 1 2 3 4 5 6 7
R (Feynman units)

Fig. 4.2 GS and first two ES energies (E,, E; and E,) of a GaAs QD
as a function of R for two values of V,.
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In Fig 4.2, we plot the GS and the first two ES energies (E,, E; and E,)
of an electron confined in a GaAs QD as a function of the effective QD size
R for two values of the depth of the Gaussian potential, V. For a particular
value of V, and the electron-phonon coupling constant «, as R increases,
energies decrease monotonically. However, at small values of R, as R
increases, the energies decrease very rapidly for all the states and at large
values of R, the energies decrease very slowly, ultimately saturating to the
bulk limits.

When the QD size is small, the uncertainty in the momentum is
expected to be large and as a result the kinetic energy itself will be large and
hence the total energy increases as R decreases. Thus the polaronic effect is
extremely significant for small QD’s as has been predicted by a host of
investigations [5]. It is also interesting to note that at small R, energies
increase with increasing V,, while above a certain QD size (which is
different for different states), energies decrease with increasing V,. This
behavior can be roughly understood from the results of the finite square
potential well problem. If the depth of the potential is ¥, and width of the
well is R, then the GS energy can be written as E, = Vycos?(m*R?E,/2h?).
When R is small, the kinetic energy is large and therefore E, can be
approximated by the Kinetic energy on the right hand side of the above
equation and then as V, in increased, E, increases almost linearly. On the
other hand, when R is large, the kinetic energy may be neglected and the
particle can be expected to lie at the bottom of the potential well and so E|,
can be approximated by [—V,] on the right hand side of the above
equation. In this case, as V, increases, E, decreases, at least for the

parameter values considered in this work.
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In Fig 4.3, we compare the energies of a GaAs QD obtained from the
GCP and PCP models. It is clearly evident that the PCP model, in general,
overestimates the energy. At large values of R, however, the results, as
expected, become independent of the confinement potential models and
consequently both the models give the same results which are, of course, the
bulk limits.

En (Feynman units)

02 1 2 3 4 5 6 7
R (Feynman units)

Fig. 4.3 Variation of E,, E; and E, of a GaAs QD with GCP and PCP as a
function of R for V, = 0.4.

In Fig. 4.4, we plot the energies of an electron confined in a GaAs QD
as a function of w both in the presence and absence of the electron-phonon
interaction. The dashed-dotted lines represent the unperturbed energies and
the solid lines indicate the energies of the electron when the electron-
phonon interaction is taken into account. The unperturbed first and second
electronic ES’s plus zero-phonon are degenerate with the electronic GS plus

one-phonon state at w = 1 and w = 0.5 respectively. In the presence of the
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electron-phonon interaction, these degeneracies are lifted and the energy
values are lowered. One can see from the figure that as w approaches 1, the

first ES energy (the solid curve) starts bending downward and with further

3 7
n=2 7/ n=1 ,
2.5 / ’
— = =00 / Ka
/ ‘/ -
72
2
=
5 15
E
g
X
<
me |
0.5

0 0.4 0.8 1.2 1.6
® (Feynman units)

Fig. 4.4 E,, E; and E, vs. w for a GaAs QD with and without electron-phonon
coupling for V; = 0.4

increase in w gets pinned to the GS plus one-phonon energy. The removal
of degeneracy by the electron-phonon interaction and the subsequent
lowering of energy values are clear indications of the polaronic effects in a
QD. Experimentally one should be able to observe the splitting and the
pinning behavior of the energy levels and verify the existence of the

polaronic effect in a QD.
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Fig4.5: AE, 1 Vs. w for n = 1and n = 2 for a GaAs QD with V, = 0.4.

In Fig 4.5, we plot AE,, ;= (E,—E,—1) forn=1and n=2 as a
function of w. AE;, seems to approach the one phonon energy as w is
increased, while AE,, initially increases, reaches a maximum and then
decreases to zero under the same condition. This happens because in this

limit, both the ES energies get pinned to the GS plus one-phonon energy.

In Fig 4.6, we plot E, , E; and E, of a GaAs QD as a function of
1/VR for V, = 0.4 and V, = 0.2 to see the effect of V, on the pinning
effect. One can see that the degeneracies at two different values of R (for
the two ES energies) are lifted and the energies are lowered in the presence
of electron-phonon coupling. The pinning effect is also clearly visible.
Experimentally, this might be a more direct and useful way of observing the
pinning effect as compared to Fig. 4.3. It is interesting to observe that the

pinning occurs for a lower value of w as we increase V.
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(Feynman units)
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1/V'R (Feynmann units)

Fig. 4.6 E; and E,as a function of 1/+/R for a GaAs QD for V, = 0.4 and 0. 2.

In Fig. 4.7, we plot (E, — E,_,) as a function of 1/VR, for V, =
0.2 and V, = 0.4. The behavior is more or less similar to that of Fig. 4.5. As

1 1

..... Vv, =04 n=1
~ os V0=02 e
.E ‘/'
z 7
2 06 .
= /
u)>~. / o=0.07
9 v
~. 04 !
- e
I L AN
w02 / N

/ N n=2
\.
\'-.

05 1 15 2 25 3 35 4
1/VR (Feynman units)

Fig. 4.7 (E, — E,) of a GaAs QD as a function of 1/vR for V, = 0.2 and 0.4.
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R is reduced, (E, — E;) saturates to a constant which is expected to be a LO
phonon energy in an ideal case and (E; — E,) goes through a maximum and
finally reduces to zero. The reason for this behavior has already been

explained earlier.

Fig. 4.8 shows the comparison of electronic energies as a function of
w' for GaAs and InSb QD’s. For GaAs, the energy levels bend more and
consequently the reduction in the energy values becomes more pronounced.
Also the pinning occurs at a higher value of w’. This becomes even more
evident from Fig. 4.9 where we have plotted (E;, — E,_;) as a function of

!

w .

0.14
n=2 .
0.12
....... unperturbed i .
0.1 GaAs o=l
0.08}~ — — InSb
-
£ 006
5
0.04
0.02
0 VO =14.5 meV
-0.02 3 13 13
0 2%10™ 6+10° 10%10™
w'(sec™)

Fig. 48 E,, E; andE, vs. w for GaAs and InSb QD’s.
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Fig. 4.9 (E, — E,_,) as afunction of «'for GaAs and InSb QD’s.

In Fig. 4.10, we have compared the pinning behavior in a GaAs QD as a
function of 1/+/R with both GCP and PCP models. As we can see from the

figure, the pinning occurs at a larger w value for the GCP model.

081

0.61

(Feynman units)

E -E

n n—1
= =
Y .

0.5 1 1.5 2
1/VR (Feynman units)

Fig. 4.10 The energy difference as a function of 1/vR for PQD and GQD of GaAs.
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4.4 Conclusions

We have studied the effect of electron-phonon interaction on a few low-
lying energy levels in a QD with GCP model and applied our results to
GaAs and InSb QD’s. We have particularly addressed ourselves to one of
the most important polaronic effects called the pinning effect. We have
shown that as the effective size, R of the QD is decreased, at certain R the
degeneracies in the energy levels are lifted because of the electron-phonon
interaction giving rise to splitting in the energy levels and the energy levels
are shifted down. With the further reduction in the QD size, bending of the
energies causes the ES levels to get pinned to the GS plus one-phonon
energy. As the electron-phonon interaction is increased, the bending of the
energy levels becomes more pronounced and the energy levels are further
shifted down and pinning occurs at a larger value of the QD size. This
splitting and pinning can be observed in the laboratory and the existence or
otherwise of the polaronic effect in a polar QD can be tested experimentally.
We have also studied the effect of the strength of the GCP, V, on the
pinning effect. We find that as V,, increases, pinning occurs at larger values
of R. Also it turns out that the pinning takes place at a smaller confinement

length in the case of a GQD as compared to that in a PQD.
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Conclusions

In this thesis we have investigated the effects of electron-phonon
interaction in low-dimensional systems such as Luttinger liquids, Hubbard
rings and quantum dots. We have begun the dissertation with an
introductory chapter (Chapter 1) where we have presented a general

introduction to the various systems we have studied in this thesis.

In Chapter 2, we have considered the celebrated Luttinger model which
is an exactly solvable model and is important from the point of view of
understanding the electronic properties of one dimensional (1D) systems.
The Luttinger-liquid behaviour has indeed been observed experimentally in
carbon nanotubes and other quasi-one-dimensional organic solids such as
TTF-TCNQ in which the conductivity is thought to be largely 1D. We have
studied the fully interacting many electron-phonon problem within the
framework of Luttinger model which we have termed as the Frdéhlich-
Toyozawa-Luttinger (FTL) liquid. The calculation of momentum
distribution function can prove to be very important in understanding many
interesting properties of one-dimensional strongly correlated systems. We
have obtained an exact analytical expression for the electron momentum
distribution function of the Frghlich-Toyozawa-Luttinger (FTL) liquid. It is
well-known that if there is no interaction, a sharp Fermi surface exists and
as we turn on the interaction it starts disappearing. Lieb and Mattis have
found that in a Luttinger liquid the Coulomb interactions removes the

discontinuity but, there still exists a residual Fermi surface at k = kp. We
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have shown that strong Coulomb interactions completely destroy the
residual Fermi surface of a Luttinger liquid. We have also shown that in the
case of an FTL liquid, the residual Fermi surface is also destroyed by the
electron-phonon interactions. Furthermore, the optical-phonon interaction is
observed to have a larger effect on the distribution function than the
acoustic-phonon interaction. It has also been observed that the distribution
function has a very long tail above kg in an FTL liquid, which is in fact
unaffected by the strengths of the electron-electron and electron-phonon
interactions. Thus the momentum distribution function of an FTL liquid
shows a qualitatively different behaviour from that of a Luttinger liquid

above kg particularly for low-lying excitations.

Next, we have considered a correlated quantum ring (QR) threaded by
an Aharonov-Bohm (AB) flux and looked into the effects of Rashba spin-
orbit (RSO) interactions on the persistent current (PC) in this ring in the
presence of electron-phonon interaction. The Rashba interaction is
important because it can be controlled by tuning the external electric field
which is exactly the idea behind spintronics. We have modeled the quantum
ring by the Holstein-Hubbard-Rashba Hamiltonian and calculated the
energy. First, we have eliminated the phonon degrees of freedom by
performing the conventional Lang-Firsov transformation and then the spin-
dependence has been eliminated by using another unitary transformation.
The effective electronic Hamiltonian is finally diagonalized by using a
mean-field Hartree-Fock approximation and PC has been calculated by
differentiating the ground state (GS) energy with respect to the flux. We
have shown that the magnitude of PC is enhanced as we switch on the RSO
interaction (measured by the strength «). Also, for large values of a (a >

1), the phase of PC is observed to change. We have shown that both the
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electron-electron and electron-phonon interactions reduce the value of PC.
We have also shown that the nearest-neighbour electron-phonon interaction
has a stronger effect on PC than the onsite electron-phonon interaction has.
In addition to this, we have shown that PC decreases with temperature and
the PC curve becomes smoother with temperature. It is found that in the
presence of electron-phonon interaction PC develops a sharp peak at low
temperature. We have furthermore observed that the number of electrons in
a QR can also change the magnitude and phase of the PC and therefore the
chemical potential is expected to have a significant effect on PC. We have
shown that the magnitude of PC decreases with increasing chemical

potential and its phase also changes as the number of particles change.

Finally, we have studied the effect of electron-phonon interaction on a
few low-lying energy levels in a QD with Gaussian confinement. We have
particularly studied the pinning effect using the improved Wigner-Brillouin
perturbation theory (IWBPT). We have shown that as the effective size, R
of the QD is decreased, at certain R the degeneracies in the energy levels are
lifted because of the electron-phonon interaction giving rise to splitting in
the energy levels and the energy levels are shifted down. With the further
reduction in the QD size, bending of the energies causes the ES’s to get
pinned to the GS plus one-phonon energy. As the electron-phonon
interaction is increased, the bending of the energy levels becomes more
pronounced and the energy levels are further shifted down and pinning
occurs at a larger value of the QD size. This splitting and pinning can be
observed in the laboratory and the existence of the polaronic effect in a
polar QD can be tested experimentally. We have also studied the effect of
the strength of the Gaussian confining potential, V;, on the pinning effect.

We find that as V, increases, pinning occurs at larger values of R. We have
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compared the pinning effect in a GQD with that in a PQD. It turns out that
the pinning takes place at a smaller confinement length in the case of a
GQD as compared to that in a PQD. Finally, we have applied our results to
GaAs and InSb QD’s.
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