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Abstract
The thesis is a study of Gouy phase of electromagnetic field produced by

point sources and by lasers -in particular by ring lasers. Gouy observed—

- when an electromagnetic radiation field passes through a focus there is

sudden change in the phase of the field amplitude, in that it can be observed

by a fringe shift in a field pattern obtained by superposition of the two beams-

one which went through the focus and the other which carries the phase of the

original beam without going through the focus. The thesis investigates the

possibility if the Gouy phase seen in laser can be used to tune the frequency

of a laser. It is shown by varying either the length of the ring cavity and or

the distances between the multiple lens components inside the ring tuning

the frequency of laser is possible. A use of such tuning capability is helpful

in improving the performance of a ring laser gyro. Using the concept of

accumulation of the Gouy phase to an over all nπ- by passing through n -

focal region - a study is made to increase the Gouy phase tunability to larger

values. The study reveals that with constant focal length lenses, and variable

distance between them, one meets with unstable regions of the cavity, and

thus one finds that by the Gouy phase method of tunability more than n to

n + 1
2
, mode number change can not be achieved. The thesis also elaborates

on the intriguing comparison of geometrical focus- a point - with the focal

region of a Gaussian mode function. An experiment is proposed in Chapter-

3, using which a comparison of the above two images is made. In Chapter-

7, the different regions of mode functions are examined with the procedure

of geometrical optics. It is concluded there that the Rayleigh range can be

interpreted as the expanded region of a geometrical point focus.
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1
Introduction

A cavity resonator is a conducting surface enclosing a space in which an

oscillating electromagnetic field can be maintained, the resonant frequency of

which is determined by the shape and dimensions of the cavity. It behaves like

an ordinary electronic resonant circuit that consists of a coil and a capacitor

that are connected either in series or in parallel. Such a closed resonant cavity

was considered with highly reflective walls to produce in the microwave region

of the electromagnetic spectrum a maser [1].

Schawlow and Townes [2] attempted to extend maser operation to infrared

and optical regions of the spectrum i.e., towards very short wavelengths-

considerably shorter than one centimeter. They suggested ‘open cavity res-

onators’ which consist of two parallel plates of centimeter dimensions sepa-
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rated by finite distance. This has also been suggested by Prokorov [3] and also

in his patent by Dicke [4]. The experimental realization of open resonators

has come through Maiman [5] and Collins et. al [6] using ruby crystal.

The mode configurations of open resonator can be obtained by an iterative

procedure using the Kirchhoff-Fresnel diffraction theory [7]. Open resonators

have the diffraction losses which are caused due to fraction of energy leaving

sides of the cavity. As a result, the number of oscillating modes with low loss

reduce in the open resonators. The diffraction losses of an open resonator

depend on its Fresnel number and also on the field distribution at the mirror.

Theoretical investigations towards the diffraction losses have been per-

formed by Fox and Li [8], in a Fabry - Perot interferometer which consists

of two parallel plane mirrors confining a portion in free space. They have

used the scalar formulation of Huygen’s principle to compute the electro-

magnetic field at one of the mirrors in terms of an integral over the surface

of the another. Confocal resonators have concave reflective mirrors towards

the confined volume in free space. Series, Fox and Li [8] and Lewis [9] have

suggested the confocal resonator, Lewis has recognized that it would have

lower diffraction losses than the parallel Fabry - Perot and has described the

analytic solution. The use of confocal reflectors as an interferometer has been

described by Connes [10].

With these suggestions, Boyd and Gordon [11] have realized that the

plane - parallel Fabry - Perot is not necessarily ideal as a high frequency

multi mode resonator. They have considered a resonator formed by two

spherical reflectors of equal curvature separated by their common radius of

curvature in detail. They approximated the mode of a resonator by Gaussian

Hermite function for the first time.

Later Boyd and Kogelnik [12] generalized the confocal resonator theory

to unequal curvature, showed the existence of low-loss regions and high loss

regions of the resonator as the reflector spacing is varied in a two dimensional
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diagram which is suggested by Fox and Li. Along with these foundations,

Fox and Li and many others continued the study of resonator properties

and extended to tilted mirrors [13, 14, 15], circular spherical mirrors [16].

An earlier review of the theory of laser beams and resonators is presented

extensively by Kogelnik and Li [17], and recently by Siegman [18, 19].

It is very well known that, when a mode of the resonator is approximated

by the Hermite-Gaussian function, along the z axis it acquires an additional

π phase shift across its beam waist for which Boyd and Gordon [11] gave a

convenient expression. The earliest indication of this phase shift was discov-

ered and confirmed experimentally by Gouy [20, 21] in 1890, while working

with focused and unfocussed wave fronts in an optical arrangement. He also

predicted this phase change for acoustic waves, and realized that it must be

a general property of any focused wave. Since then Gouy phase has been

discussed extensively in the literature.

A fairly large number of publications deal with the mystery of its origin

and others with the imminent Gouy phase in the optical set up of their

interest and its concomitant effect in the out put of their concern. Some of

the notable attempts to recall are the following.

This phase anomaly was predicted by Debye [22] at the focus and later

his treatment has been generalized for the case of an arbitrary diffracting

aperture by Rubinowicz [23]. He attempted to show that this sudden jump of

π is due to the incident wave and considered this as a geometrical phenomena.

Further to obtain a general picture of the phase distribution near focus a

sharpened version of Lommels classical analysis is applied [24]. An intuitive

explanation of this phase anomaly based on the analysis of Kogelnik and Li

[17] is provided by Boyd [25].

This Gouy phase has been interpreted as Berry’s phase [26], a geometric

phase associated with the underlying Lobachevskian hyperbolic geometry

[27], and topological (Berry) phase [28], a geometric quantum effect [29]. It
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has been used in controlling the non linear conversion efficiency [30], and also

to observe the polarity change of single-cycle tera hertz pulses [31, 32].

Recently, it has been shown that this well-known Gouy phase shift of

any focused beam originates from transverse spatial confinement [33]. To

understand the connection between the Gaussian beams and tilted waves,

an interpretation of the Gouy phase shift is proposed [34]. This tilted wave

representation has been extended further to study the Gouy phase shift in

the focus region under high numerical aperture illumination [35].

In addition to this, the Gouy phase is extensively studied with highly

focused radially polarized beam [36], in the optical lateral trapping of small

particles [37], for the application of ultra-short laser pulses [38], to improve

the transverse and axial resolution for high resolution imaging [39], in non

linear optical imaging for third harmonic generation (THG) [40, 41], in the

Sagnac interferometer [42].

It has been discussed that the role of the Gouy phase in the coupling

from the fundamental mode to higher order modes [43, 44](with incoher-

ent coupling [43], coherent coupling [44]), not in the context of beam quality.

Paschotta [45] gave a resonant mode coupling model, with which he explained

the beam quality deterioration with degenerate modes as a resonance phe-

nomena and the mode dependent Gouy phase plays a role in deciding the

quality of the laser beam. Kaddour et. al [46] generalized Gouy phase and

gave a new approach for the calculation of the resonance condition for the

real cavity.

The influence of the Gouy phase anomaly on the axial precision of opti-

cal coherence tomography (OCT) measurements [47], to control the photo-

induced reactions of a polyatomic molecule [48], in matter waves [49] and in

an isotropic left-handed material (LHM) slab [50] has been studied.

Kandpal et. al [51] demonstrated the intensity variation of bright and

dark fringes in Young’s double slit experiment, showed that a light beam
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propagating through the focus of a lens experienced Gouy phase shift with

respect to its plane wave counter part. It has also been verified that it

provides an imperfection in phase matching for any linearly invariant material

[52], observed by Teichman et. al [53].

But what appears to be lacking in this extensive literature is that no one

has explored the crucial role of Gouy phase in tuning or controlling actively

the frequency of laser.

In this thesis we investigate the possibility of making use of the presence

of Gouy phase in an optical set up of interest; particularly to bring out the

tuning capability suggested here for the first time in a ring laser out put,

without changing the perimeter of the ring either by the use of piezo or by

variation of either temperature or by refractive index of a medium placed in

it. As it is well known the Gouy phase determines the different resonance

frequencies of the laser cavity [54], the attempt here is to present a mechanism

by which Gouy phase may be controlled and thus tune the frequency of the

ring laser.

After Schawlow and Townes enunciated the principle of laser in 1958, in

the following year, Heer [55] proposed the use of a resonant cavity for sensing

rotation. The first actual ring laser device was built by Macek and Davis [56].

In such a ring laser, the frequency determining condition for a perimeter

L of the cavity, with the Gouy phase term φG is

2nπ = kL + φG (1.1)

where n is the mode number and k =
2π

λ
is the propagation constant. Along

with the condition in Eq. (1.1), the gain and loss for λ determine the con-

tinuous or pulse operation of the laser.

It is understood from the Eq. (1.1) that in a ring laser when there is no

rotation then the properties of set of modes traveling in the clockwise direc-

tion match with the properties of set of modes traveling in the anti-clockwise
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direction. But when there is rotation due to the path length variation, there

is a frequency difference between the clockwise and anti-clockwise which re-

sults in a beat frequency at the detector. Now the questions arise here are

when there is a variation ∆L in the path length what happens to the Gouy

phase φG? Whether it can be varied or not? If it can be varied, can we vary

it by keeping the total length of the cavity L to be fixed? If it can be done, is

it possible to control the frequency of the ring laser using this variable Gouy

phase? These exciting questions motivated us to analyze the Gouy phase as

a tuning parameter for different configurations in ring laser.

The tunability is a capability of changing wavelength λ of a laser. The fre-

quency ν of the mode of the laser can be tuned in different ways by changing

the parameters which constitute the Eq. (1.1). Rewriting Eq. (1.1) as

λ =
L

n− (φG

2π
)

(1.2)

we club variable parameters on the right hand side.

A possibility of tuning the wave length λ is by keeping n, φG fixed varying

the length of the cavity L. Another possibility is keeping L, φG fixed, and

vary the mode number n . A third possibility is keeping n, L fixed and vary

the Gouy phase φG of the cavity.

The first two methods of tuning have been discussed well [57], we aim at

looking for the possibility of tuning the frequency of the ring laser by varying

the Gouy phase.

Imaging of the optical modes with intra cavity elements has been dis-

cussed by Kogelnik [58] for the first time. Even the presence of a lens or

pair of lenses in a ring cavity - used here as well - has been analyzed in

[47, 59] with the aim of examining the possible degeneracy of a longitudinal

mode with a transverse mode to prevent or tune in the coupling between the

degenerate modes in gain medium.

Wagstaff et. al [60], analyzed the stability regions for laser cavities with
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two foci with the aim of the frequency doubling of continuous-wave dye lasers,

with no off-axis components. In practical cavities of this type Brewster-

angled surfaces [61] and other off-axis components are incorporated in order

to compensate for the aberrations of astigmatism and coma introduced by

focusing through such surfaces. A ring laser cavity with two foci in the

presence of off-axis elements has been analyzed and discussed [62]. Stability

calculations for a commercial ring dye laser with two foci are derived in [63].

Magni [64] has given a unified formulation for the analysis of linear stable

resonators containing a lens of variable focal length which represents the

effects of temperature variation of the rod of a solid-state laser. Later this

work is extended to Ring lasers [65]. we follow the same analysis given by

Magni.

In addition to Magni’s work, we present a more detailed analysis, the

role of mode dependent Gouy phase is exploited fully in different ring cavity

systems, which results in the wanted or unwanted modification of the im-

portant characteristics of the laser beam. We vary this accumulated Gouy

phase shift which is defined by Fatih Erden and Ozaktas [66] by varying the

distance between the lenses in the system.

We show that by placing a single lens-which is made up of three lenses

combined together-in a ring cavity and moving them in side, one can modify,

one Gaussian mode to two Gaussian modes, two Gaussian modes to three

Gaussian modes, thus one can vary phase by π and thus tune the laser within

this range, which amounts to one half of the free spectral range of the cavity.

Generalizing to insertion of n lenses of suitable focal length one may be

able to go from one mode to multiple modes thus creating a capability of

introducing two; three; or n modes in the ring cavity by moving the lenses

suitably - and hence tunability by n free spectral ranges can be possible by

this method.

Very recently it is shown that the origin of the Gouy phase anomaly is

7



CHAPTER 1. INTRODUCTION

from elementary properties of normal congruences of light rays by the princi-

ple of stationary phase [67]. This thesis brings out an important connection

between the geometrical approximation and paraxial (Gaussian) approxima-

tion which in a sense reveals the connection between stable and unstable

resonators.

We have examined the role of Gouy phase in controlling mode hopping;

the help this tuning capability renders to ring laser gyro is analyzed.

The thesis is organized as the following.

Contents of the thesis:

2 Mathematical Basis and Linear versus Ring Cavity

3 Single Lens Ring Cavity

4 Two Lens Ring Cavity

5 Three Lens Ring Cavity

6 Four Lens Ring Cavity

7 The structured point and its equivalence to Huygen’s point source for

secondary wavelets

Appendix A

Appendix B

Chapter-wise discussion:

Chapter 2: In this chapter we reanalyze the elementary concepts of optical

resonators, and the mathematical basis to analyze the propagation of

the Gaussian mode, which follows the matrix approach, to derive the
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properties of the Gaussian beam in the considered systems. It also

includes a detailed study of the mode characteristics of the linear cavity

and at the end a ring cavity resonator is considered which further is

used to understand the complex ring cavity systems.

Next chapter considers Gouy phase of converging diverging wave fronts

and comparison of two types of point sources.

Chapter 3: In this chapter a single mode is discussed when the resonator

contains only one single lens. In this chapter a single lens in a ring

cavity, henceforth given the generic name, SCURC-Single Converging

Unit Ring Cavity, is discussed to analyze the concepts of: (1) Huygen’s

point-source used in his celebrated wave front construction method;

(2) the structured point source associated with a Gaussian mode. An

experiment is described to compare the two point sources. The experi-

ment reveals the filtering action of the concerned - SCURC and discuses

the quick change of Gouy phase across a Huygen’s point source com-

pared to the gradual variation of the Gouy phase across the point source

associated with the mode. The chapter ends by raising two questions:

(a) can variable Gouy phase be used to tune a ring laser cavity output

- which is of use in ring laser gyro employed for sensing rotation? (b)

Are the Gouy phases across the two point sources considered in this

Chapter similar or equivalent? We take the first question in next three

chapters.

Chapter 4: We first analyze a two-lens-ring-cavity with focal lengths f1, f2

separated by a distance d. This setup is called 2CURC-viz the two

converging unit ring cavity. It is demonstrated here that the concept

of accumulation of Gouy phases of consecutive Gaussian modes and

its variation by the distance between the two converging units leads

to π-2π-π; and hence changes the longitudinal mode order from n to

9
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n +
1

2
. In this case we give the stability analysis with respect to foci

of lenses and distance between the lenses. We get two stable regions

which contribute a variable Gouy phase of π. For several cases we study

the mode properties, and bring out important features. This chapter

establishes how Gouy phase can be used to control the vanishing of the

resonant mode at a specific frequency due to the change in the phase

over the length of the RC from 2nπ to 2nπ+π, caused by temperature

or pressure variation on the ring length. This is the crucial result of

the thesis.

In the next chapter we take up three-lens ring cavity to consider accu-

mulation up to 3π Gouy phase.

Chapter 5: This chapter discusses three-lenses-ring cavity (3CURC) with

focal lengths f1, f2 and f3 separated by a distances d1, d2 and L−d1−d2,

L being the perimeter length of the RC. It is noticed that for the chosen

cavity parameters, there exist three stable patches in the parameter

space, which give a variable Gouy phase by as much as π within each

patch. These three stable patches are separated from one another by an

unstable region. The variation of Gouy phase is π to 2π, 2π to 3π and

2π to π respectively. The failure to get variation of the accumulation

of more than π in a single patch comes as a surprise.

In order to search for the reasons of this failure another study is per-

formed for the 4CURC in the next chapter.

Chapter 6: A four lens ring cavity - the 4CURC - is considered in this

chapter. By introducing four lenses in a ring cavity, four Gaussian

modes can be created. The three patches in the three lenses can be

modified here by the insertion of one more lens in the system. This

system is similar to the two reflecting mirrors ring cavity containing He-

10
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Ne discharge region in one arm of the square cavity, with two hundred-

percent reflecting plane mirrors making the opposite corners of the four

arm cavity, the two lenses suggested here are placed in the other two

opposite arms - for example. We discuss the properties of the modes

of such a cavity. Here again each patch in the parameter space gives a

maximum variation of π amount of Gouy phase situated around π, 2π,

3π and 4π. The reasons for such behaviour are analyzed and discussed

in this chapter.

In the next chapter we take the second question which is raised in the

Chapter-3.

Chapter 7: This chapter discusses the second question about the two point

sources raised in Chapter 3. We discuss two aspects here, one, the Gouy

phase like jump in the focal region of Gaussian mode, and, second its

connection to a real physical source - like a dipole oscillator. The thesis

then records the conclusions.

Appendix A: In this appendix we show the Gouy phase variation for some

of the cases of chapter-4.

Appendix B: In this appendix we display the equivalent circle diagrams or

Gaussian beam charts for the two considered systems of the thesis.
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2
Mathematical Basis and Linear versus

Ring Cavity

The word LASER is an acronym for Light Amplification by Stimulated

Emission of Radiation. A Laser consists of essentially three components.

(i) The active medium, which can amplify electromagnetic waves;

(ii) The energy pump, which achieves population inversion by selectively

pumping energy into the active levels of the medium;

(iii) The optical resonator, which stores part of the spontaneous and induced

emission that is to further enhance and concentrate energy within a few

resonator modes.
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RING CAVITY

Since the optical resonators provide the optical structure of the laser

radiation, a study of the theory of laser resonators is required to analyze the

spatial beam characteristics and temporal coherence properties of the light

out put of the laser. Therefore, optimization of the design of a laser system

requires resonator analysis.

An optical resonator (or resonant optical cavity) is an arrangement of a

set of two or more optical components, allows a beam of light to circulate in

a closed path. Thus the resonator confines and stores the light at resonance

frequencies determined by its configuration.

This chapter deals with the theory of passive optical resonators i.e.,

where no active medium is present within the cavity. In this chapter we

discuss the following.

1 Basic types of Resonators

2 Matrix Formalism

2.1 Basic types of Resonators

There are two basic types of resonators. (1) Linear resonator (2) Ring

resonator.

2.1.1 Linear (or Standing-wave) Resonator

Linear (or standing-wave) resonators are the ones, where light bounces

back and forth between two end mirrors. Fig. (2.1) shows a linear cavity res-

onator with two spherical mirrors having radii of curvature R1, R2, separated

by a distance L.

This linear cavity consists of a double pass of the distance between the

mirrors. Since the beam must replicate itself for successive passes over the

cavity length, there will be nodes at the two mirrors and the two oppositely
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Figure 2.1: Representation of Linear Cavity Resonator

directed beams with equal amplitudes and frequencies comprise a standing

wave.

2.1.2 Ring (or Traveling-wave) Resonator

Ring (or Traveling-wave ) cavities are the ones where the light can do

round trips in both the clock-wise and counter clock-wise directions.

Figure 2.2: Representation of Ring Cavity Resonator

Fig. (2.2) shows a schematic representation of a square ring configuration,
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with two spherical mirrors of radii R1 and R2 and two plane mirrors with

radii R3 and R4. The two oppositely directed beams are traveling waves,

and the node constraint at the mirrors no longer exists, thus they can be

independent of each other and each can oscillate at a different frequency and

different amplitude. In the absence of rotation, the set of modes traveling

in the clockwise direction has a corresponding mode of the same frequency

traveling in the counter clockwise direction, and then these matching modes

are said to be degenerate. The oscillation frequency of each is determined by

the optical path length. Thus any physical mechanism that causes the optical

paths to be different for the two beams, results in the oscillation frequencies

being different.

Therefore, the basic requirement for maintaining the steady state laser

oscillation in either of the configurations is the round trip constancy of the

amplitude and phase of the field in the cavity. The former is achieved by

equilibrium of gain and loss while the later is a closure condition, which

requires that the round trip phase shift must be a half integer
n

2
multiple of

2π for linear cavity where as for ring cavity it must be an integer n multiple

of 2π. This phase condition determines the frequency ν at which the laser

can oscillate. The integer n is called the axial mode order. For visible region

n is very high number.

The resonance frequencies are separated by a gap called free spectral

range FSR = δν =
c

2L
is for linear cavity, where L is the distance between

the mirrors, FSR = δν =
c

L
is for ring cavity, where L is the perimeter of

the ring cavity with c being the speed of the light in vacuum.

Even though an understanding of resonator requires the knowledge of

Fresnel diffraction theory [1-3], we use the simple form of bilinear transfor-

mation known as the ‘ABCD law’ which is proposed by Kogelnik [4, 5] to

understand the propagation of optical rays through the optical elements con-

tained in the resonator. The basic matrix formalism of the optical resonators
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is presented in the following section.

2.2 Matrix Formalism

An optical resonator system is characterized by the 2 × 2 ray-transfer

matrix relating the position and inclination of the transmitted ray to the

incident ray in the paraxial ray-optics approximation. Let rin and r′in be

the position and inclination of an optical input ray. For a given rin and r′in,

we determine rout and r′out of the output ray by tracing the ray through the

system. For paraxial rays, which are rays that make small angles with the

optic axis z, the relation between (rout, r′out) and (rin, r′in) is linear and can

be written in matrix form as
(

rout

r′out

)

=

(

A B

C D

)(

rin

r′in

)

(2.1)

This analysis is restricted to the fundamental mode described by the Gaussian

intensity profile.

In general, the solution of Maxwell equations for the scalar electric field

E(x, y, z) of the fundamental Gaussian beam can be written as

E(x, y, z) = E0
ω0

ω(z)

×exp [−i [kz − φG(z)]]

×exp

[

−r2
[

1

ω2(z)
+

ik

2R(z)

]]

(2.2)

The expression Eq. (2.2) describes the behavior of the laser beam amplitude

and phase as a function of the transverse coordinates x, y and the axial

coordinate z. Here q(z) is the complex beam parameter related to the radius

of curvature R(z) and spot size ω(z) of the beam at any plane z by

1

q(z)
=

1

R(z)
− i

λ

πω2(z)
(2.3)
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and φG(z) is the Gouy phase shift which deserves a special attention through

out the thesis. The change or transformation of the q parameter as the beam

traverses through optical systems can also be obtained using the ABCD

matrices as in the case of ray optics as given below.

qout =
Aqin + B

Cqin + D
(2.4)

where

(

A B

C D

)

is the product matrix of the individual matrices of lens like

components occupying the space between the ‘output’ plane and the ‘input’

plane.

Now consider the self consistent treatment i.e., the beam should reproduce

itself in shape, amplitude, and phase, after each round trip. This requires

that the condition qout = qin = q to be satisfied.

Solving Eq. (2.4) for q gives

q =
(A−D) ±

√

(D − A)2 + 4BC

2C
(2.5)

The ray matrix is uni modular, that is using AD − BC = 1, Eq. (2.5) can

be written as

q(±) =
A−D

2C
±
√

(A + D)2 − 4

2C
(2.6)

For the mode to stable,
√

(A + D)2 − 4 should be imaginary. Simplifying

the above Eq. (2.7)

q(±) =
A−D

2C
± i

√

1 − (A+D
2

)2

C
(2.7)

It is known that in free space the complex beam parameter q obeys the

propagation law

q = z + iz0 (2.8)
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where z0 is the half Rayleigh range. We find by comparing the Eqs. (2.7),

(2.8), the position of the spot size and the Rayleigh range in terms of the

round trip matrix elements as

z =
A−D

2C
(2.9)

z0 =

√

1 − (A+D
2

)2

C
(2.10)

From Eq. (2.10), the condition for a confined Gaussian beam is satisfied by

either q(+) or q(−) provided
∣

∣

∣

∣

A + D

2

∣

∣

∣

∣

≤ 1 (2.11)

The condition in Eq. (2.11) is a generalized confinement condition to any

arbitrary resonator. The spot size ω0 at the reference plane is then given in

terms of z0, λ as

ω0 =

√

λz0
π

(2.12)

All the properties of the Gaussian beam are related to the beam waist radius

ω0 and the ratio
z

z0
as

ω2(z) = ω2
0

[

1 +

(

z

z0

)2
]

(2.13)

R(z) = z

[

1 +

(

πω2
0

λz

)2
]

(2.14)

φG = arctan

(

z

zo

)

(2.15)

By using the conditions which are given in Eqs. (2.12), (2.13), (2.14) and

(2.15) one can check the stability criteria required for an optical cavity res-

onator and the corresponding Gaussian beam properties of the cavity. We

study these conditions in detail for the considered resonators in the remaining

chapters of the thesis.
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3
Single Lens Ring Cavity

In this chapter a single-converging-unit ring cavity with acronym SCURC

is considered. It consists of a lens L1 of focal length F placed as shown in

the Fig. (3.1) in a ring cavity of length L. This system can have under

suitable condition Gaussian modes in it. Let fundamental Gaussian mode

with half Rayleigh range z01 exist in it. The properties of the existing mode

are analyzed in the following section.

3.1 Single Converging Unit Ring Cavity(SCURC)

As shown in the schematic Fig. (3.1), the considered SCURC configura-

tion consists of four 100% plane mirrors M1, M2, M3, M4 in addition to the

31



Chapter 3: Single Lens Ring Cavity

lens L1.

In order to analyze the modes inside the SCURC, round trip matrix has

to be evaluated. To obtain the round trip matrix, assume that the starting

point of the Gaussian mode is just before the mirror M1. The beam gets

reflected from mirror M1, travels a distance of x before it strikes the thin

lens L1. It refracts through the lens, travels the remaining distance (L− x),

encountering the mirrors M2, M3, M4 in the order, completes the round trip

just before the mirror M1 where it started its journey in the ring. This defines

the coordinate xp in the clockwise sense in the ring with M1 at xp = 0 and

lens at xp = x. For the Gaussian mode with half Rayleigh range z01, the

point x0 (xp = x0) determines the position of the beam waist ω0. The thin

Figure 3.1: A Single-Converging-Unit Ring Cavity (SCURC)

lens L1 is at Z+
L1 = x0 − x. Z+

L1 is positive in anticlockwise direction of the

ring, with z > 0 in the same direction with z = 0 at the beam waist. In

the Gaussian mode (frame of reference) the thin lens L1 is also placed at

Z−

L1 = −
(

L− (Z+
L1)
)

. Minus sign implies clockwise direction from z = 0, in

32



Chapter 3: Single Lens Ring Cavity

the frame of reference of the Gaussian mode.

The round trip ABCD-matrix at M1, when lens is at a point x in the

ring, is represented by

(

A B

C D

)

=

(

1 L− x

0 1

)(

1 0

− 1
F

1

)(

1 x

0 1

)

(3.1)

(

A B

C D

)

=







1 − L− x

F
x + (L− x)

(

1 − x

F

)

− 1

F
1 − x

F






(3.2)

As discussed in the chapter-2 the self consistency requires

(A + D)2 − 4 ≤ 0 (3.3)

Therefore, for the considered SCURC the marginal stability condition given

by the equality sign in Eq. (3.3) gives

(A + D)2 − 4 =
L (L− 4F )

F 2
= 0 (3.4)

Solving for the stable L for a given F , one gets

L = 0 (3.5)

or

L = 4F (3.6)

Recall that in terms of the matrix elements the complex parameter qM1 [1] is

given by

qM1 =
L

2
− x± i

√

L(4F − L)

2
(3.7)

Equation (3.7) implies that the beam waist is at the position of the mirror

M1 if lens is placed at x =
L

2
from it. For an arbitrary position x of the lens

with respect to the mirror M1 the beam waist is at x0. The beam waist is
L

2
away from the lens on each direction. It is also realized from the ABCD
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matrix analysis, that to have a confined Gaussian mode L ≤ 4F . Then only

the half Rayleigh range z01 will be real and the stable mode can exist inside

the ring.

The beam waist is obtained as

ω0 =

√

λ

2π
[L(4F − L)](1/4) (3.8)

The beam aperture at any value of z can be estimated by using

ω2(z) = ω2
0

[

1 +

(

z

z01

)2
]

(3.9)

The Gouy phase is φG(z) = arctan

(

z

z01

)

at a point z(z is the distance from

the beam waist position i.e., z = 0).

Accumulated Gouy phase φG(RT ) for one round trip in the cavity is

φG(RT ) = φG

(

z + L

z01

)

− φG

(

z

z01

)

= 2 arctan

(

L

2z01

)

(3.10)

for all values of z in the cavity. The round trip Gouy phase φG(RT ) is a

variable using (3.10) and (3.11) below.

There can be two methods of varying z01 based on L and F . The first

method chosen here is to keep F constant and vary L. In the plot which is

shown in Fig. (3.2) L is varied from 0 to 4F , for a fixed F=100cm. For this

range of L, the parameters z01, x0 and φG(RT ) are plotted in Fig. (3.2).

Eq. (3.7) of the half Rayleigh range z01 can be written as

z201 +

(

L

2
− F

)2

= F 2 (3.11)

which represents a circle(x, y, a) = (L, 2z01, F ), with center at (2F, 0) and

radius a = 2F . Note that the position of the beam waist lies always at

xp =
L

2
, for all values of L. The half Rayleigh range z01 however varies from

0 to F as L is varied from 0 to 2F ; and reverts back from F to 0 as L goes
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Figure 3.2: Variation of x0, z01, φG (RT ) as a function of length L for

an example of F=100cm

from 2F to 4F . φG (RT ) varies from 0 to π as L varies from 0 to 4F . In the

next section we use these data to design an experiment to characterize what

may be called a structured point source.

3.2 A Consideration of two point Sources (i)

A structured Point Source (ii) The Huy-

gens’ Point Source

It is proposed to consider here onwards the Gaussian mode - focal region

- lying in between −z0 to +z0 with the beam waist ω0 at z = 0 - as a

structured point - of longitudinal dimension 2z0 and transverse dimension of

2ω0. The solution of the wave equation inside the structured point is that

of a fundamental Gaussian mode inside these dimensions. Interestingly size

of the so-defined structured point is variable as depicted in Fig. (3.2). In

order to compare the structured point with a real point source and also with
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a Huygens point source (i.e., the point with secondary wavelets on a wave

front) we presume that the mirror M3 is partially transmitting such that a

fraction of light that is enclosed inside the ring created with the help of a

gain medium placed suitably in the ring, leaks out of the ring and interacts

with another lens L2 having the focal length and aperture exactly same as

that of the lens L1. The lens L2 is supposed to be always at
L

2
away from

the centre of the structured point source. The just described improvisation

is depicted in Fig. (3.3). The ABCD transformation for the mode inside the

cavity will be repeated by the lens L2(for the transmitted portion as well)

to recreate the Gaussian mode outside the ring. For exactly the distances

depicted in the Fig. (3.3), the arrangement matches the plane of the beam

waist after the lens L2 with the plane of the waist of the beam inside the

ring due to lens L1 as shown. Thus for the improvised system we have - two

structured points for the ring of length L < 4F , one inside the ring and the

other outside the ring - created by exactly the same ABCD matrix.

On the other hand if at the beam waist inside the cavity we place a real

point source(a self luminous object of size less than 2ω0), then, by the laws

of geometrical optics, its image position v, for the object position of u =
L

2
,

with respect to the lens L2 is given by v =
LF

L− 2F
> (2F ), which is way

beyond the matching plane of the two beam waists, if L < 4F . On varying

L in the Fig. (3.3) - for the ring and for the lens L2 simultaneously; for

L < 2F , one has the image on the same side as the object with respect to

the lens L2 - the image being virtual; and for L > 2F , the image is real

and farther than
L

2
on the other side of the lens L2(See Fig. (3.4)). At

L = 4F the beam waist becomes zero and the structured point becomes a

zero point-thus- there is creation of a real zero-size point source inside the

ring and the image of this point then coincides with the point image created

by the lens L2, at u = v = 2F =
L

2
, exactly at the matching plane of the

zero-beam-waist - inside and outside the ring in Fig. (3.3). Since, the beam
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Figure 3.3: An experiment set up to analyse the distinction between

Huygens point source and a structured point source of a Gaussian

beam. The black dot inside the ring can be a self illuminated point

source while outside dots depict images of the inside dot

waist has also been reduced from a surface (radius ω0) to a point (ω0 = 0)

it may be assumed that it can be compared with the supposed point source

of Huygens. The ω0 = 0 point now has the entire intensity of the wave front

picked up from the gain medium, it is concentrated on the point of the wave

front. This point now represents the entire wave front- this is not like a

point source created by a variable aperture placed ahead of the wave front

as a diffracting point gate. In that case the intensity on the gate is reduced
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Figure 3.4: The positions u(−) of the object and v(−−) of the image

with respect to lens L2 are plotted as a function of length L of the

ring

in proportion, by the fraction given by the ratio of the area of the aperture

to the area of the wave front on which the entire intensity is spread.

It is interesting to compare the point source obtained at L = 4F , and

the properties of the structured point behaviour as (4F − L) → +0, with

the Huygens point source. This is due to a lively debate in the literature

on three counts. Firstly, the Huygens point source itself[2]; secondly the

mysterious phase it must have[3], and thirdly the Gouy phase being poorly

understood[4].

We come back to this comparison later in the thesis- here we digress and

note (a) that the wave front at z = 0 is a perfect plane wave, (b) that at

z = ∞ it has the same behaviour of the amplitude as that of an out going

spherical wave at large distance from point source i.e., similar to a plane wave
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but reduced in intensity by the inverse square law rule(check lim z ≫ z0 on

Eq. 2.2), and (c) that the field at ∞ (z ≫ z0) is ahead in phase compared to

that field that one has at z = 0, by
(

exp
iπ
2

)

. These properties arise due to

Fresnel-Stokes-Kirchhoff integral representation of the solution of the scalar

wave equation. Just as it does in the Fresnel zone plate analysis presented

on pages 371-375 in the book by Born and Wolf. Note further that this

difference in phase occurs naturally as a limit of Gouy phase. We note that

the Gouy phase of the round trip in SCURC can be varied and that this

is a consequence of the diffraction theory by Huygens[5]-Fresnel[6]-Stokes[7]-

Kirchhoff[8].

While all that is noted above, besides the improvised experimental ar-

rangement shown in Fig. (3.3), is well known in literature, it is important

to attempt in this thesis, with respect to the optics inside and outside the

ring, to have a relook at the assumption of Huygens and the analysis that fol-

lowed due to Fresnel, Stokes, Kirchhoff, and the modern analysis in terms of

Gaussian beams - strongly driven - initially on the basis of numerical analy-

sis (Fox-Li[9], Goubau-Schwering[10], Boyd-Gordon[11], Boyd-Kogelnik[12])

and later analytically too (Kogelnik[13], Yariv[1])- based on the formalism

due to the Huygens-Fresnel-Stokes-Kirchhoff-Fraunhoffer. The analysis of

the experiment inspired by the formalism of images of optical modes pre-

sented by Kogelnik[14] is also discussed in chapter VII.

We discuss next an alternative way of varying Gouy phase in a ring cavity.

The second method of creating the variable Gouy phase is to keep L constant

vary F . From the stability condition of the cavity, it is learned that L ≤ 4F .

Therefore for a fixed L, the focal length has to be F ≥ L

4
. The parameters z01,

x0 and φG (RT ) are plotted as shown in the Fig. (3.5) for a fixed L=400cm,

varying F .

The half Rayleigh range z01 increases with F and increases linearly for

large values of F . This method also shows that the position of the beam
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Figure 3.5: Variation of x0, z01, φG (RT ) as a function of focal length

F for an example of L=400cm

waist lies at xp =
L

2
, for all values of F . As F varies from

L

4
to 10

L

4
, the

accumulated Gouy phase is varying from π to 0.645.

On noting the existence and variability of Gouy phase the questions that

emerge are� (a) Can variable Gouy phase be used to tune a ring laser cavity output?

And what may the uses of it be, if possible?� (b) Are the phases, (i) the mysterious phase of Huygens point source

and (ii) the variable Gouy phase of the structured point source-similar

or equivalent?

We take up the questions in (a) on variability and its uses in the chapters

4, 5, and 6. We discuss some important conclusions which are drawn from the

above improvisation in the 7th chapter of the thesis, to discuss the answers

to the questions in (b).

In the next chapter we consider two converging unit ring cavity - in an

attempt to vary the effective focal length inside the ring by keeping two lenses
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separated by a variable distance between the two.
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4
Two Lens Ring Cavity

It is understood from the analysis of a single converging unit ring cavity

(SCURC) that, the Gouy phase of the single Gaussian mode which exists

inside the cavity can be varied by using two methods. The first method is

to keep the focal length F constant and vary the length of the ring L. The

second method is to keep the length L constant and vary the focal length

F . It is possible to vary the focal length F in the cavity for a SCURC,

by using the variation in the refractive index of the lens electro optically,

which is too small to vary focal length in a range of interest in this chapter.

In the present chapter we consider a two converging unit ring cavity with

acronym 2CURC. It consist of two lenses L1 and L2 as shown in Fig. (4.1),

which can accommodate two Gaussian modes in the cavity, when the lenses
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CHAPTER 4. TWO LENS RING CAVITY

are separated by a finite distance. If the separation distance is zero, i.e.,

when the two lenses are joined together, this 2CURC behaves like a SCURC

with an effective focal length Feff =
f1f2

f1 + f2
, under the stability condition

L < Leff = 4Feff . One could imagine the variation of focal length of the

two lenses in the manner considered in Fig. (3.1) of the last chapter, for a

given length L. However we choose to vary the effective focal length inside

the ring by varying the separation distance between the two lenses. In this

case variation of accumulated Gouy phase per round trip φG (RT ) becomes

possible in a new way without changing the length of cavity. However before

we discuss the φG (RT ) behavior we need to study the different cases of the

stable mode that can exist for 2CURC. The stability and properties of such

2CURC are discussed in the sections 4.1 to 4.4. We return to the discussion

of φG (RT ) in 4.5.

4.1 2 Converging Unit Ring Cavity (2CURC)

A schematic of the two converging unit ring cavity (2CURC) of the length

L, consisting of two lenses L1 and L2 of focal lengths f1 and f2, which are

separated by a distance d1, is shown in Fig. (4.1). Here the mirrors M1, M2,

M3 and M4 are 100% plane mirrors. There exist two Gaussian modes, one in

the arm of length d1 in between the lenses L1 and L2 and the second mode

in the arm of length L − d1 on the other side in between the lenses L2 and

L1. The Gaussian beams in the respective sections constitute a part of stable

configuration of radiation-travel in the ring, with half Rayleigh ranges z0s in

d1 arm and z0b in the L− d1 arm; with waist locations x0s, x0b respectively.

Each Gaussian mode contributes its Gouy phase to the round trip Gouy

phase in the ring. To vary φG (RT ) the sum of the Gouy phases of the two

parts of the 2CURC by varying the effective focal length, we vary the distance

d1 between the two lenses L1 and L2.
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Figure 4.1: 2 Converging Unit Ring Cavity(2CURC)

For consideration of stability of this configuration let the radiation just

enter before the lens L1 of focal length f1 and refract through the lens L1

in the clockwise direction, travel through a distance d1 from the lens L1, as

it strikes another lens L2 of the focal length f2, refract through the lens L2,

reflecting off the mirrors M2, M3, M4, M1 in that order, travel through the

distance (L− d1) to complete the round trip just before the lens L1 where it

started its journey in the ring.

We define here the coordinate xp in the clockwise sense in the ring with

L1 at xp = 0 and lens L2 at xp = d1. For the two Gaussian modes with half

Rayleigh ranges z0s, z0b, the points x0s (xp = d1 − x0s) and x0b (xp = L− d1 − x0b)

determine the positions of the beam waists ω0s and ω0b.

The round trip ABCD-matrix at the entrance to the lens L1 in the ring

for this case is represented by

(

A B

C D

)

=

(

1 L− d1

0 1

)(

1 0

− 1
f2

1

)(

1 d1

0 1

)(

1 0

− 1
f1

1

)

(4.1)
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after simplification

(

A B

C D

)

=





1 − d1
f1

+ (L− d1)
{

− 1
f2

+ d1
f1f2

− 1
f1

}

d1 + (L− d1)
{

−d1
f2

+ 1
}

− 1
f2

+ d1
f1f2

− 1
f1

1 − d1
f2





(4.2)

The self consistency requires that

(A + D)2 − 4 ≤ 0 (4.3)

Taking the marginal stability case of Eq. (4.3), we have two alternatives

(A + D) + 2 = 0 (4.4)

(A + D) − 2 = 0 (4.5)

For the considered system the first marginal stability function (4.4) in terms

of the system parameters d1, L, f1 and f2 is obtained as

−d21 − 4f1f2 − d1L + f1L + f2L

f1f2
= 0 (4.6)

which can be written as

− 1

f1f2

[

(

d1 −
L

2

)2

−
(p

2

)2
]

= 0 (4.7)

where p2 = (L− 4f1)(L− 4f2).

The second marginal stability condition (4.5) becomes

−d21 − d1L + (f1 + f2)L

f1f2
= 0 (4.8)

and it can be written as

− 1

f1f2

[

(

d1 −
L

2

)2

−
(m

2

)2
]

= 0 (4.9)
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where m2 = L(L − 4f1 − 4f2). The Eqs. (4.6) and (4.8) are parabolic in

nature with respect to d1. With respect to the common axis of symmetry

d1 =
L

2
, the two parabolas are

(

d1 −
L

2

)2

=

(

L

2

)2

+ 4f1f2 − (f1 + f2)L (4.10)

(

d1 −
L

2

)2

=

(

L

2

)2

− (f1 + f2)L (4.11)

We use (4.10) and (4.11) to analyse the stability condition (4.3) which sim-

plifies to

(A + D)2 − 4 =
(d21 − d1L + (f1 + f2)L) (d21 − d1L + f2L + f1(−4f2 + L))

f 2
1 f

2
2

(4.12)

Consider the case when d1 = 0. Then the stability function (4.10) becomes

(A + D)2 − 4 = −4 +

(

1 +
f1 (f2 − L) − f2L

f1f2

)2

(4.13)

Solving for marginal stability case one gets solutions of L as

L = 0 (4.14)

or

L =
4f1f2
f1 + f2

= Leff (4.15)

The stable L given by (4.14) and (4.15) for the case of d1 = 0 of 2CURC

exactly match with the stable L of SCURC which are given by (3.5) and

(3.6), with Leff =
4f1f2
f1 + f2

, which has been already shown in the Fig. (3.2).

For f1 = 50cm, f2 = 100cm, for the cases of L = 0cm and L = Leff =

133.3333cm, the function (4.12) is plotted in the Fig. (4.2). It is noted that

there is a common solution of d1 i.e., d1 = 0cm, for (4.14) as well as (4.15), for

which the considered 2CURC behaves as a SCURC. However, for L = Leff
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Figure 4.2: For f1 = 50cm, f2 = 100cm, the stability function (A +

D)2 − 4(4.12) is plotted with d1 for L = 0cm, and L = 133.3333cm.

there is a range of d1 available 0 < d1 < Leff . This raises several questions.

What happens when the two lenses are separated by a finite distance d1?

What are the conditions on L, to get the real values of d1, for which the

considered 2CURC is to be stable? For finite d1, can we have L to be larger

than Leff? To answer these questions we analyze the condition (4.12) for

finite d1, in the following way.

4.1.1 Stable solutions for a range of d1 for a given L,

f1 and f2

For a given cavity length L, and for fixed f1 and f2 we look for the

solutions of d1 satisfying the stability function (4.12). It is noted that the

stability function is quartic polynomial in d1. If we look for the marginal

stability of (4.12) with respect to d1, then we get four solutions of d1, two of
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which are from (4.4) and the other two are from (4.5). From (4.4) one has

d
(1,2)
1+

=
L

2
± p

2
(4.16)

For d
(1,2)
1+

to be real one requires (i) L ≤ 4f1 and (ii) L ≤ 4f2. Similarly from

(4.5) one has

d
(1,2)
1
−

=
L

2
± m

2
(4.17)

Here L ≥ 4f1 + 4f2, for d
(1,2)
1
−

to be real. From the above it is clear that,

for 2CURC to become stable for real d1 > 0, one can have (unlike SCURC)

L to be greater than Leff . Specifically for an illustration, for f1 = 50cm,

f2 = 100cm, L = 700cm, the stability function (4.12), and the two parabolas

(4.10), (4.11) with respect to d1 =
L

2
are plotted in the Fig. (4.3). The

stability function i.e., the product of (A + D + 2) and (A + D − 2) is an

inverted parabola, inverted with respect to individual parabolas of A+D±2.

It changes sign with the signs of these two parabolas as shown. The above

four solutions d
(1)
1+ , d

(2)
1+ , d

(1)
1
−

, d
(2)
1
−

are identified in the Fig. (4.3). To know the

behaviour of the function (4.12) further, we determine its extremum points

by taking the partial derivative with respect to d1,

∂

∂d1

[

(A + D)2 − 4
]

=
2
(

d1 − L
2

)

f 2
1 f

2
2

{

2

(

d1 −
L

2

)2

−
(m

2

)2

−
(p

2

)2
}

= 0 (4.18)

The solutions of d1 obtained from (4.18) are

d1 =
L

2
(4.19)

d1 =
L

2
± 1

2

√

m2 + p2

2
(4.20)
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Figure 4.3: For f1 = 50cm, f2 = 100cm, L = 700cm, the stability

functions (A + D)2 − 4(4.12), A + D + 2(4.8), A + D − 2(4.9) with

respect to d1 =
L

2
.

The three extremas of (4.12) are displayed in Figs. (4.4), (4.6), (4.9) for

different cases to be considered below. To analyse further systematically we

note that the value of (4.12) at d1 =
L

2
determines the height H1 from axis

d1 of the central extremum. We have

H1 =
p2m2

16f 2
1 f

2
2

(4.21)

which in terms of the positions of the extremas can be written as

H1 =
L(L− LM )(L− LM1)(L− LM2)

16f 2
1 f

2
2

(4.22)

where LM1 = 4f1, LM2 = 4f2 and LM = (LM1 + LM2). One can look also

for the values of L, at which the three extremas (4.19& 4.20) become one,

which happens at p2 + m2 = 0, which occurs at L= LHmin1
; LHmin2

where,

LHmin1,2
=

(LM) ∓
√

L2
M1 + L2

M1

2
(4.23)

52



CHAPTER 4. TWO LENS RING CAVITY

At these values of L, H1 is minimum, (H1 = −4). These lengths are useful

in distinguishing between two behaviours of the curve (4.12) as a function

of d1 discussed below. Carrying the analysis further with the help of H1 one

observes that H1 R 0. We classify cases using H1.

f1 = 50 cm, f2 = 100 cm, L = 700 cm,

L > LM

H1 > 0

100 200 300 400 500 600
d1

-10

10

20

30

IA+DM2 -4

Figure 4.4: For f1 = 50cm, f2 = 100cm, L > LM = 700cm, the stability

function (A + D)2 − 4(4.12) is plotted which H1 > 0.

1. H1 can be positive for two cases.

1(a). The first case 1 is for L > LM , for which there are two unconnected

stable regions as shown in the Fig. (4.4). In this case there exist

four solutions of d1.

1(b). The second case is for LM1 < L < LM2. Interestingly, there is no

stable region of d1 at all in this region(as no portion of the curve

lies below the d1- axis.) and of no use to us because it does not

contribute any Gouy phase to φG (RT ). It is plotted in the Fig.

(4.5) and marked as forbidden zone in Fig. (4.16).

1Specific cases appear in the summary of different cases prepared and presented in Fig.

(4.16).
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f1 = 50 cm, f2 = 100 cm, L = 300 cm

LM1 < L < LM2

H1 > 0

50 100 150 200 250 300
d1

-10

10

20

30

IA+DM2 -4

Figure 4.5: For f1 = 50cm, f2 = 100cm, L = 300 (LM1 < L < LM2)cm,

the stability function (A+D)2 − 4(4.12) is plotted for which H1 > 0.

f1 = 50 cm, f2 = 100 cm, L = 0 cm

H1 = 0

-200 -100 100 200
d1

-10

-5

5

10

IA+DM2 -4

Figure 4.6: For f1 = 50cm, f2 = 100cm, L = 0cm, the stability function

(A + D)2 − 4(4.12) is plotted for which H1 = 0.

2. H1 can be zero for the cases when L = 0 or L = LM1 or L = LM2 or

L = LM .

2(a). As it is not possible to have a cavity of zero length, we do not

consider the case L = 0cm but for demonstration we show in Fig.
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f1 = 50 cm, f2 = 100 cm, L = 200 cm

L = LM1

H1 = 0

50 100 150 200
d1

-10

-5

5

10

IA+DM2 -4

Figure 4.7: For f1 = 50cm, f2 = 100cm, L = LM1 = 200cm, the stability

function (A + D)2 − 4(4.12) is plotted for which H1 = 0.

f1 = 50 cm, f2 = 100 cm, L = 400 cm

L = LM2

H1 = 0

100 200 300 400
d1

-10

-5

5

10

IA+DM2 -4

Figure 4.8: For f1 = 50cm, f2 = 100cm, L = LM2 = 400cm, the stability

function (A + D)2 − 4(4.12) is plotted for which H1 = 0.

(4.6). Only positive values of d1 make sensible solution. However

these solutions are not of any practical use since L = 0.

2(b). For both the cases L = LM1 and L = LM2, there exists only one

real solution of d1 i.e., d
(1)
1+ = d

(2)
1+ =

L

2
and the other two solutions
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d
(1)
1− = d

(2)
1− are complex as shown in the Figs. (4.7), (4.8). These

solutions are of no use to us being positive unstable regions.

2(c). For L = LM there exit three solutions of d1, and are given by

d
(1,2)
1+ =

LM

2
±

√
LM1LM2

2
(4.24)

d
(1,2)
1− =

LM

2
(4.25)

These three solutions are shown in the Fig. (4.9). Entire d
(1)
1+ <

d1 < d
(2)
1+ is of relevance and realizable in practice.

f1 = 50 cm, f2 = 100 cm, L = 600 cm

L = LM

H1 = 0

100 200 300 400 500 600
d1

-10

-5

5

10

IA+DM2 -4

Figure 4.9: For f1 = 50cm, f2 = 100cm, L = LM = 600cm, the stability

function (A + D)2 − 4(4.12) is plotted for which H1 = 0.

3. H1 can be negative for the following six cases, shown in respective

figures indicated below.

3(a). LHmin2
< L < LM (see Fig. (4.10)).

3(b). 0 < L < Leff (see Fig. (4.11)).

3(c). L = Leff (see Fig. (4.12)).

3(d). LHmin1 < L < Leff (see Fig. (4.13)).
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f1 = 50 cm, f2 = 100 cm, L = 580 cm

LHmin2 < L < LM

H1 < 0

100 200 300 400 500
d1

-10

-5

5

10

IA+DM2 -4

Figure 4.10: For f1 = 50cm, f2 = 100cm, L = 580cm, where LHMin2
<

L < LM , the stability function (A+D)2−4(4.12) is plotted for which

H1 < 0.

f1 = 50 cm, f2 = 100 cm, L = 150 cm

Leff < L < LM1

H1 < 0

20 40 60 80 100 120 140
d1

-4

-2

2

4

IA+DM2 -4

Figure 4.11: For f1 = 50cm, f2 = 100cm, L = 150cm, where Leff < L <

LM1, the stability function (A + D)2 − 4(4.12) is plotted for which

H1 < 0.

3(e). L = LHmin1
(see Fig. (4.14)).

3(f). L = LHmin2
(See Fig. (4.15)).

For the above six cases there exist a stable region d
(1)
1+ < d1 < d

(2)
1+ of

d1, for which a continuous variation of round trip Gouy phase φG (RT )

is possible and for the last two of them one can have nearly linear

variation of round trip Gouy phase φG (RT ).
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f1 = 50 cm, f2 = 100 cm, L = 133.333333 cm

L = Leff

H1 < 0

50 100 150
d1

-4

-2

2

4

IA+DM2 -4

Figure 4.12: For f1 = 50cm, f2 = 100cm, L = 133.33333 (Leff )cm, the

stability function (A + D)2 − 4(4.12) is plotted for which H1 < 0.

f1 = 50 cm, f2 = 100 cm, L = 100 cm

LHmin1 < L < Leff

H1 < 0

-50 50 100 150
d1

-4

-2

2

4

IA+DM2 -4

Figure 4.13: For f1 = 50cm, f2 = 100cm, L = 100(LHmin1 < L < Leff)cm,

the stability function (A+D)2 − 4(4.12) is plotted for which H1 < 0.

The value of the stability function (4.12) at d1 =
L

2
± 1

2

√

m2 + p2

2
,

(4.20) gives the height from the axis of d1 to the local minimum of the

function. It is estimated as H1 = −4 at both the values of d1(4.20) and

it is fixed only for the cases satisfying L > 4f1 and L > 4f2 of chart in

the Fig. (4.16) (see Figs. (4.4), (4.6), (4.9), (4.10)).

In summary the cases Fig. (4.4)-(4.15) are consolidated in Fig. (4.16), with

appropriate specifications. For the first three cases of L from the top L <
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f1 = 50 cm, f2 = 100 cm, L = LHmin1 = 76.3932 cm

H1 < 0

-100 -50 50 100 150 200
d1

-4

-2

2

4

IA+DM2 -4

Figure 4.14: For f1 = 50cm, f2 = 100cm, L = LHmin1 = 76.3932cm, the

stability function (A + D)2 − 4(4.12) is plotted, for which H1 < 0.

f1 = 50 cm, f2 = 100 cm, L = LHmin2 = 523.607 cm

H1 < 0

100 200 300 400 500
d1

-4

-2

2

4

IA+DM2 -4

Figure 4.15: For f1 = 50cm, f2 = 100cm, L = LHmin2 = 523.607cm, the

stability function (A + D)2 − 4(4.12) is plotted, for which H1 < 0.

Leff for which 2CURC behaves as a SCURC, and for the remaining cases

L ≥ Leff . This is the new result of 2CURC. It is also noted that the region

of L, i.e., LM1 < L < LM2 is a forbidden zone where one can not have any

stable range of d1, for f1 < f2.

Before we discuss the Gouy phase behavior in each of these cases we first

consider symmetric case i.e., f1 = f2 = f case below and analyse its stability

and modes in the d1 and L− d1 arms.
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Figure 4.16: The possible cases of L with respect to f1 and f2 for the

case f1 < f2.
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4.1.2 Symmetric case of focal lengths f1 = f2 = f

For the symmetric case f1=f2=f , the four solutions of d1 (4.16-4.17)

become

d
(1)
1+ = 2f (4.26)

d
(2)
1+

= L− 2f (4.27)

d
(1)
1
−

=
1

2

(

L−
√

L2 − 8fL
)

(4.28)

d
(2)
1
−

=
1

2

(

L +
√

L2 − 8fL
)

(4.29)

Therefore for the reality of the roots the conditions on L for this symmetric

case are L ≥ 2f and L ≥ 8f . For a given f , one has to look for the stable

domain of d1 and L. We construct the three dimensional stability diagram

in Fig. (4.17), where [(A + D)2 − 4](4.12) is along z axis, while d1 and L are

respectively along x and y axes, for a fixed f = 30cm. It is observed from the

0

100

200

300

d1

0

100

200

300

L

-4

-2

0

IA+DM2 -4

(a) Side view of the plot

0

100

200

300

d1

0

100

200

300

L

-4
-2

0

IA+DM2 -4

(b) Top view of the plot(a)

Figure 4.17: Stability diagram -ve region of (4.12) as a function of

d1 and L for a fixed f = 30cm in the side view and top view. See

text for description.
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Fig. (4.17a) that initially for small values of L, there is a very small stable

region of d1 > 0; as L increases there exist one continuous stable region of

d1. At L = 120cm, i.e., at 4f there exists only one solution of d1. Again

from L = 121cm onwards there is one stable continuous region of d1 and at

L = 240cm, it gives three stable solutions of d1. As L increases beyond this,

there will be two unconnected stable regions. The Fig. (4.17a) is rotated in

the Fig. (4.17b) for additional clarity. These diagrams are indicative of the

type of stability surface one encounters in the analysis of such cases.

4.1.3 Stable solutions of f1 and f2 for a given L and d1

The stable solutions of the focal lengths f1 and f2 for a given L and d1

are discussed as the following. Solving (4.4) for f2 in terms of d1, L and f1

f
(+)
2 =

d21 − d1L + f1L

4f1 − L
(4.30)

Solving (4.5) for f2

f
(−)
2 =

−d21 + d1L− f1L

L
(4.31)

In terms of radius of curvatures R1, R2 i.e., f1 =
R1

2
, and f2 =

R2

2

R
(+)
2 =

−2d21 + 2d1L− LR1

L− 2R1
(4.32)

R
(−)
2 =

−2d21 + 2d1L− LR1

L
(4.33)

For the symmetric f , the solutions of f are obtained as

f (+) =
d1
2
,
L− d1

2
(4.34)

f (−) =
d1(L− d1)

2L
(4.35)

In terms of radius of curvature R

R(+) = d1, L− d1 (4.36)
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R(−) =
d1(L− d1)

L
(4.37)

Therefore, for a given L and d1 one can choose the range of the focal lengths

or radius of curvature of mirrors to get a stable cavity configuration. It is

also important to look at the stable domain of f and d1 for a given L. Here

we construct a 3D plot where (4.12) i.e., (A + D)2−4 is along z axis, while d1

and f are respectively along x and y axes, for a fixed L = 240cm. It is noted

0

100

200f

0

100

200

d1

-4
-2

0

IA+DM2 -4

Figure 4.18: A graph between f and d1 for a fixed cavity of length

L = 240cm.

that initially for small values of f there is a long continuous range of d1, for

the range of f = 20cm to f = 40cm, there are two unconnected stable regions

of d1, and as f increases again one stable region of d1 exists and the allowed

stable range of f is up to
L

2
as shown in Fig. (4.18). This is important to

note here that for the symmetric f , one can convert the forbidden zone of L

i.e., 4f1 < L < 4f2 in the chart of Fig. (4.16) to a stable zone as shown in

Fig. (4.18).

Therefore the stability of the 2CURC is analyzed for a given f , in terms

of L and d1 and for a given L, in terms of f and d1. Next we keep the length
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of the cavity L constant, and for a given f , we study the behaviour of the

mode structures and the corresponding round trip Gouy phase.

In order to know the mode structures and other properties of the two

portions of existing modes in the cavity, we consider the round trip propaga-

tion of the corresponding stable configuration of the Gaussian beam in the

arm d1 and as well as in the arm L − d1 separately. By making use of the

corresponding ray matrices one can calculate the half Rayleigh range and the

position of the beam waist using the following conditions.

z0i = ± 1

C

√

1 −
(

A + D

2

)2

(4.38)

x0i =
A−D

2C
(4.39)

Here the index i = s corresponds to the arm d1 and i = b corresponds to

the arm L− d1 of the cavity. We take up these calculations in the following

sections.

4.2 Calculations in the arm d1

To calculate the spot size and the position of the beam waist in the arm

d1, let the radiation start at a distance x0s from the lens L2, strike and refract

through the lens L2 of the focal length f2, reflecting off the plane mirrors in

the order M2, M3, M4, M1, travel through a distance (L − d1), hit the lens

L1 and travel through a distance of (d1 − x0s) to reach the starting point to

cover one full round trip.

The round trip ABCD-matrix at x0s in the ring for this case is represented

by
(

A B

C D

)

=

(

1 d1 − x0s

0 1

)(

1 0

− 1
f1

1

)(

1 L− d1

0 1

)(

1 0

− 1
f2

1

)(

1 x0s

0 1

)

(4.40)
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The final matrix elements turn out to be

A = 1 − L− d1
f2

+ (d1 − x0s)

{

− 1

f1
+

(L− d1)

f1f2
− 1

f2

}

(4.41)

B = x0s+(L− d1)

{

−x0s

f2
+ 1

}

+(d1 − x0s)

{

−x0s

f1
− (L− d1)

f1

{

−x0s

f2
+ 1

}

− x0s

f2
+ 1

}

(4.42)

C = − 1

f1
+

(L− d1)

f1f2
− 1

f2
(4.43)

D = −x0s

f1
− (L− d1)

f1

{

−x0s

f2
+ 1

}

− x0s

f2
+ 1 (4.44)

The half Rayleigh range and the position of the beam waist in the arm d1

can be obtained directly by the substitution of the ABCD matrix elements

in Eqs. (4.38) and (4.39), one gets

z0s = ± f1f2
(−f2 − f1 + (L− d1))

√

1 − 1

4

[

2 − L

f1f2
(f1 + f2) +

d1(L− d1)

f1f2

]2

(4.45)

x0s =
d1
2

+
(L− d1)(f1 − f2)

2(f2 + f1 − (L− d1))
(4.46)

For the case of symmetric resonator i.e., f1 = f2 = f ,

z0s = ± f 2

(−2f + L− d1)

√

1 − 1

4

[

2 − 2L

f
+

d1(L− d1)

f 2

]2

(4.47)

x0s =
d1
2

(4.48)

The beam waist ω0s can be obtained by using

ω0s =

√

λzos
πnref

(4.49)

The beam aperture ω1x0s on the lens L2 can be estimated using

ω2
1(x0s) = ω2

0s

[

1 +

(

x0s

z0s

)2
]

(4.50)
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The beam aperture ω2x0s on the lens L1 can be estimated using

ω2
2(x0s) = ω2

0s

[

1 +

(

d1 − x0s

z0s

)2
]

(4.51)

Using (4.46) and (4.49) one can calculate the position of the beam waist and

the size of beam waist in the arm d1 of the cavity. The contribution to the

round trip Gouy phase φG (RT ) from the arm d1 is given by

φG1 (RT ) = arctan

(

x0s

z0s

)

− arctan

(−d1 + x0s

z0s

)

(4.52)

In section 4.4 above equation (4.50) is discuussed in detail. In sections 4.3,

4.3.1 we consider the arm L − d1 and the special case where the ring at

d1 = L− d1, leads one to a linear cavity.

4.3 Calculations in the arm L− d1

To perform the same calculations in the arm L− d1 of the cavity, let the

radiation start at a distance x0b from the lens L1, strike and refract through

the lens L1 of the focal length f1, travel through a distance d1, hit the lens

L2, reflecting off the plane mirrors in the order M2, M3, M4, M1, travel

through a distance (L−d1−x0b) to reach the starting point to cover one full

round trip. The round trip ABCD-matrix at x0s in the ring for this case is

represented by

(

A B

C D

)

=

(

1 L− d1 − x0b

0 1

)(

1 0

− 1
f2

1

)(

1 d1

0 1

)(

1 0

− 1
f1

1

)(

1 x0b

0 1

)

(4.53)

After simplification, the matrix elements turn out to be

A = 1 − d1
f1

+ (L− d1 − x0b)

{

− 1

f2
+

d1
f1f2

− 1

f1

}

(4.54)

66



Chapter 4: Two Lens Ring Cavity

B = x0b+d1{−
x0b

f1
+1}+(L− d1 − x0b)

{

−x0b

f2
− d1

f2

{

−x0b

f1
+ 1

}

− x0b

f1
+ 1

}

(4.55)

C = − 1

f2
+

d1
f1f2

− 1

f1
(4.56)

D = −x0b

f2
− d1

f2

{

−x0b

f1
+ 1

}

− x0b

f1
+ 1 (4.57)

Using the ABCD matrix elements the half Rayleigh range z0b and the posi-

tion of the beam waist x0b can be obtained as

z0b = ± f1f2
(−f2 − f1 + d1)

√

1 − 1

4

[

2 − L

f1f2
(f1 + f2) +

d1(L− d1)

f1f2

]2

(4.58)

x0b =
(L− d1)

2
+

d1(f2 − f1)

2(f2 + f1 − d1)
(4.59)

For the case of symmetric resonator i.e., f1 = f2 = f , these quantities become

z0b = ± f 2

(−2f + d1)

√

1 − 1

4

[

2 − 2L

f
+

d1(L− d1)

f 2

]2

(4.60)

x0b =
L− d1

2
(4.61)

It is realized that from the equations of x0s and x0b that for a 2CURC con-

sisting the two lenses of symmetric focal lengths the beam waists of the two

arms lie always at the center. The beam waist ω0b can be obtained by using

ω0b =

√

λzob
πnref

(4.62)

The beam aperture ω1x0b
on the lens L1 can be estimated using

ω2
1(x0b) = ω2

0s

[

1 +

(

x0b

z0b

)2
]

(4.63)

The beam aperture ω2x0b
on the lens L2 can be estimated using

ω2
2(x0b) = ω2

0b

[

1 +

(

L− d1 − x0b

z0b

)2
]

(4.64)
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Using (4.59) and (4.62) one can calculate the position of the beam waist and

the size of beam waist in the arm of length (L−d1). The contribution to the

round trip Gouy phase φG (RT ) from the arm L− d1 is given by

φG2 (RT ) = arctan

(

x0b

z0b

)

− arctan

(−L + d1 + x0b

z0b

)

(4.65)

The accumulated round trip Gouy phase φG (RT ) for the considered system

can be written as the sum of φG1 (RT ) and φG2 (RT ) and is given by

φG (RT ) = arctan

(

x0s

z0s

)

− arctan

(−d1 + x0s

z0s

)

+ arctan

(

x0b

z0b

)

− arctan

(−L + d1 + x0b

z0b

)

(4.66)

Study of equation (4.66) for variety of cases for which H1 < 0 is presented

in the appendix A. A few results shown with simple cases are considered in

the sections 4.4 and 4.5 below;

4.4 A Special case of 2CURC

It is known that by adjusting the length of the arm d1 to be d1 =
L

2
, then

the 2CURC because of physical overlapping of arms for two mirror situation

behaves as a linear (standing) cavity. For this case the solutions of focal

length become as

f (+) =
L

4
,
L

4
(4.67)

f (−) =
L

8
(4.68)

L = 4f case, i.e., L = 120cm, the solutions of f are f (+) = 30, 30cm and

f (−) = 15cm which coincide with the solutions of the linear cavity. Having

equipped ourselves with the detailed knowledge about various stable regions

of the 2CURC, we proceed below to study the Gouy phase in these cases and

record the conclusion in section 4.6.
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4.5 The variable Gouy phase of 2CURC

In the case of SCURC we have seen that the Gouy phase variation 0 − π

for fixed a F and varying L, π− 0 for a fixed L and varying F . Even though

the total Gouy phase amounts to π, the existing mode structure of SCURC

corresponding to these two cases are different.

The considered 2CURC behaves as SCURC for L < Leff , in this case one

can have the Gouy phase variation 0 − π and π − 0. In addition to this, one

can have variety of cases of L, for L > Leff which can give different variable

Gouy phases as will be presented in the Appendix A. Here we discuss a

special case of L i.e, L = LM , where one gets the Gouy phase variation of

π − 2π − π.

For the given f = 30cm, L = 240cm the marginal stable solutions of d1

are d1 = 60cm, 120cm, 120cm, 180cm. Therefore the region of d1 from 60cm

to 180cm is a continuous stable region. For this range of parameters the half

Rayleigh ranges z0s and z0b are plotted in the Fig. (4.19)(see 4.47 and 4.60).

At d1 = 60cm, z0s is 0, and it increases further as d1 increases. z0s is large

and the mode is almost parallel at d1 = 180cm. However, the half Rayleigh

range z0b in the arm L − d1, just behaves reverse to the beam in the arm

d1, i.e., initially z0b is large at d1 = 60cm, which means that the mode is

almost parallel and it decreases further as d1 increases, and it becomes zero

at d1 = 180cm. In the Fig. (4.20) the positions of the beam waists x0s and

x0b varying d1 are plotted. These beam waists always lie at the middle of

corresponding arms of the cavity as d1 increases. The beam apertures on the

lenses are plotted in the Fig. (4.21) varying d1. The aperture ω1x0s before

the lens L2 matches with the aperture ω2x0b
after the lens L2. Similarly ω1x0b

matches with ω2x0s which are the apertures before and after the lens L1 for

the stable range of d1 of the considered case.

Fig. (4.22) shows the variation of the round trip Gouy phases φG1 (RT )
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Figure 4.19: Half Rayleigh ranges z0s, z0b with varying d1
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Figure 4.20: The positions of beam spot sizes x0s, x0b varying d1

and φG2 (RT ) in the arm d1 and in the arm L − d1, also the accumulated

Gouy phase φG (RT ) of the cavity. It is observed that as d1 increases the sum

of Gouy phases φG (RT ) shows the variation as π−2π−π, and hence changes

the longitudinal mode order from n −
(

n +
1

2

)

− n. Therefore one has to

check whether this Gouy phase variation is useful for RLG applications or

not? In the next chapter we take up the above question.

70



Chapter 4: Two Lens Ring Cavity

60 80 100 120 140 160 180
0.0

0.1

0.2

0.3

0.4

0.5

0.6

1x
0s

, 
x0

s, 
1x

0b
, 

2x
0b

d1

Figure 4.21: The spot sizes on the mirrors ω1x0s = ω2x0b
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= ω2x0s,

varying d1
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Figure 4.22: The Gouy phases φG1 (RT ), φG2 (RT ) and the accumu-

lated Gouy phase φG (RT ) varying d1

4.6 Conclusion

The important variant of controlling the φG (RT ) by varying only the

distance d1 for varying the mode structures inside the ring cavity has been

analyzed above. This is an important variant from the application point of
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view, wherein changing the position of lens in a ring cavity leads to variation

of mode structure and the φG (RT ) without changing the focal lengths of

each lens and/or the total length of the ring cavity. In the next chapter we

consider the application of the control of Gouy phase by displacing a lens in

a ring cavity to tune the frequency of the ring laser and there by that of a

ring laser gyro.
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5
Three Lens Ring cavity

The important conclusions drawn from the analysis of the two converging

unit ring cavity(2CURC) are (i) It behaves as a SCURC if the distance

between the lenses d1 = 0, with 0 < L < Leff(see the discussion of Eq.

(4.13)); (ii) This 2CURC can accommodate two Gaussian modes in it if d1

is finite, and in such a case the stability zone exceeds beyond Leff , where

Leff < LM < L is possible as shown in the Fig. (4.16)); (iii) We have seen

that for L = LM , there is a Gouy phase variation of π − 2π − π(see Fig.

(4.22)), where as π −
(

π + 1
2

)

− π for Leff < L < LM (see Appendix of

2CURC).

These phase variations are for different values of cavity length L. But, our

aim is to keep the length L of the cavity constant and yet create a mechanism
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for controlling the Gouy phase so that one can tune the frequency of the ring

laser.

Therefore, the questions emerge out of the analysis of 2CURC are (i) Is

it possible to get the same stability behaviour of 2CURC for a fixed L, i.e.,

without changing the length (L) of the cavity? (ii) Can we tune or change

the mode order of the oscillating mode of the ring laser using this Gouy

phase? To answer, in this chapter, we analyze the three converging unit ring

cavity (3CURC) consisting of three lenses L1, L2 and L3 with the separation

distances d1, d2 and L − d1 − d2 as shown in Fig. (5.1). Specifically, for

Figure 5.1: 3 Converging Unit Ring Cavity (3CURC)

the purpose of ring laser gyro(RLG), we consider 3CURC with a particular

configuration shown in Fig. (5.2) i.e., with two spherical mirrors of focal

lengths f1, f2 and a lens of focal length F . This type of configurations are

useful for RLG applications because it is necessary to have a ring cavity with

minimum three mirrors for RLGs. We move further with this configuration

and the details are given in the following.
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5.1 3 Converging Unit Ring Cavity (3CURC)

A schematic of the 3CURC of the length L, consisting of two spherical

mirrors M1 and M2 of focal lengths f1 and f2, and a lens L1 of focal length F

is shown in Fig. (5.2). The two spherical mirrors M1 and M2 are separated by

a distance ls, where as the lens L1 is kept at a distance y1 from the spherical

mirror M2. Here the mirrors M3 and M4 are plane mirrors. All mirrors are

100% reflecting. In general for this configuration there exist three modes,

Figure 5.2: 3 Converging Unit Ring Cavity (3CURC)

one in the arm of ls in between the two spherical mirrors M1 and M2, the

second mode in the arm of length y1, in between the mirror M2 and lens L1

and the third mode in the arm of length L−ls−y1 in between the lens L1 and

the mirror M1. The Gaussian beams in the respective sections constitute a

part of stable configuration of radiation-travel in the ring, with half Rayleigh
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ranges z0s in the ls arm, z0y in the y1 arm, and z0b in the L − ls − y1 arm;

with waist locations x0s, x0y, and x0b respectively. Here also each Gaussian

mode contributes its Gouy phase to the round trip Gouy phase in the ring.

One can fix any one of the parameters ls or y1 and vary the distances y1 or

ls, to vary the effective focal length of the combination M2 and L1 or M1 and

M2, to vary φG (RT ) which is the sum of the Gouy phases of the three parts

of the 3CURC.

We define here the coordinate xp in the clockwise sense in the ring with M1

at xp = 0, M2 at xp = ls and L1 at xp = ls+y1. For the three Gaussian modes

with half Rayleigh ranges z0s, z0y and z0b, the points x0s (xp = ls − x0s),

x0y (xp = y1 − x0y) and x0b (xp = L− ls − y1 − x0b) determine the positions

of the beam waists ω0s, ω0y and ω0b respectively. We study and analyze the

stability of the 3CURC in the section 5.2.

5.2 Stability Analysis

For consideration of the stability let the radiation just enter before the

mirror M1 of focal length f1 and reflects off it, in the clockwise direction

travel through a distance ls from the mirror M1, as it hits another mirror M2

of focal length f2, it reflects off it, and strike the lens L1 of focal length F ,

reflecting off the mirrors M3 and M4, travel through the distance (L− ls−y1)

complete the round trip just before the mirror M1 where it starts its journey.

The round trip ABCD-matrix at M1 in the ring for this case is

(

A B

C D

)

=

(

1 L− ls − y1

0 1

)(

1 0

− 1
F

1

)(

1 y1

0 1

)(

1 0

− 1
f2

1

)(

1 ls

0 1

)(

1 0

− 1
f1

1

)

(5.1)
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After simplification, the matrix elements A, B, C and D can be obtained as

A =
1

Ff1f2

{

F (−f2L + Lls − l2s + f1 (f2 − L + ls))

− (L− ls − y1) (f1 (f2 − y1) + lsy1 − f2 (ls + y1))

}

(5.2)

B =
1

Ff2

{

F (f2L + ls (−L + ls))

+ (L− ls − y1) (lsy1 − f2 (ls + y1))

}

(5.3)

C =
1

Ff1f2
{−F (f1 + f2 − ls) + f2ls + f2y1 − lsy1 + f1(−f2 + y1)} (5.4)

D =
1

Ff2
{F (f2 − ls) + lsy1 − f2(ls + y1)} (5.5)

The self consistency requires that

(A + D)2 − 4 ≤ 0 (5.6)

For this case

A + D =
1

Ff1f2











F (2f1f2 − f1L− f2L + Lls − l2s)

−f1 (f2L + y1 (−L + y1))

+(L− ls − y1) (−lsy1 + f2 (ls + y1))











(5.7)

The two alternatives for the marginal stability case of (5.6)

A + D + 2 =
1

Ff1f2











F (4f1f2 − f1L− f2L + Lls − l2s)

−f1 (f2L + y1 (−L + y1))

+(L− ls − y1) (−lsy1 + f2 (ls + y1))











(5.8)

A + D − 2 =
1

Ff1f2











F (−f1L− f2L + Lls − l2s)

−f1 (f2L + y1 (−L + y1))

+(L− ls − y1) (−lsy1 + f2 (ls + y1))











(5.9)

For this case the marginal stability of the condition (5.6) becomes

(A + D)2 − 4 = −4 +
1

F 2f 2
1 f

2
2

[(−2Ff1f2 + l2s(−y1 + F + f2) + y21(f1 + f2)

+Ff1L + Ff2L + f1f2L− y1L (f1 + f2)

−ls
(

y21 + (F + f2)L− y1(2f2 + L)
)

)2] (5.10)
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This stability function (5.10) is same for both the configurations shown in

Fig. (5.1) and Fig. (5.2), with the change in the system parameters d1 → ls

and d2 → y1. For the configuration of Fig. (5.1), 3CURC can get converted

to 2CURC and as well as a SCURC. These cases may not be possible with

the configuration in Fig. (5.2) since it is not possible to combine the chosen

mirrors. In the following we discuss these cases in detail.

5.2.1 Conversion from 3CURC to 2CURC

The three possible configurations where one can convert 3CURC to 2CURC

are shown in the Fig. (5.3).

1(a). Consider the case when d1 = 0, then (5.10) becomes (4.12), with the

effective focal length

(

f1f2
f1 + f2

)

3CURC

of the combination of lenses L1

and L2 now behaves as a lens L1 of 2CURC as shown in the first

configuration of the Fig. (5.3). For this case of 2CURC the value of

LM(1,2),3
is given by

LM(1,2),3
= 4

(

f1f2
f1 + f2

)

+ 4F (5.11)

1(b). Consider the case when d2 = 0, then (5.10) becomes (4.12), with the

effective focal length

(

f2F

f2 + F

)

3CURC

of the combination of lenses L2

and L3 now behaves as a lens L2 of 2CURC as shown in the second

configuration of the Fig. (5.3). Here the value of LM1,(2,3)
is given by

LM1,(2,3)
= 4f1 + 4

(

f2F

f2 + F

)

(5.12)

1(c). For the case of L = d1+d2 also (5.10) becomes (4.12), with the effective

focal length

(

Ff1
F + f1

)

3CURC

of the combination of lenses L3 and L1
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Figure 5.3: Conversion of 3CURC to different forms of 2CURC

now behaves as a lens L1 of 2CURC as shown in the third configuration

of the Fig. (5.3). In this case the value of LM(3,1),2
is given by

LM(3,1),2
= 4

(

Ff1
F + f1

)

+ 4f2 (5.13)

For the case of f1 < f2 < F , the value of LM(1,2),3
(5.11) is greater than the

remaining two which are given by (5.12) and (5.13). In the following we look

for the possibility of converting 3CURC to SCURC.

5.2.2 Conversion from 3CURC to SCURC

The one and only possibility where the 3CURC can behave as a SCURC

is shown in the Fig. (5.4), that is when all the lenses L1, L2 and L3 are joined
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Figure 5.4: Conversion of 3CURC to SCURC

together with d1 = 0 and d2 = 0. In this case Leff123
is given by

Leff123
= 4

f1f2F

f1f2 + f2F + Ff1
(5.14)

It is understood from the above analysis that in 3CURC one can create one

mode (Fig. (5.4)), two modes (Fig. (5.3)) and three modes (Fig. (5.1)). We

have seen that the Gouy phase variation in the case of SCURC is 0 − π or

π − 0 and in 2CURC is π − 2π − π or π − 2π or 2π − π. Therefore, what

happens when all the three modes of 3CURC are present? Whether these

regions of different phases merge or not? To go into the details, we study the

stability of 3CURC in the following section.

5.2.3 Stability of 3CURC

The stability function (5.10) of the considered 3CURC is quartic in y1 and

ls. First, we study (5.10) with respect to ls, keeping the rest of the system

parameters fixed as the following.

80



CHAPTER 5. THREE LENS RING CAVITY

5.2.4 Stable solutions of ls for a given L, f1, f2, F and

y1

We look for the stable solutions of ls for fixed L, f1, f2, F and y1.

The marginal stability of (5.8) gives

l(1,2)s+ =
1

2(−F − f2 + y1)
[
(

−FL− f2L + 2f2y1 + Ly1 − y21
)

±
√

−4Ff2 + FL + f2L− Ly1 + y21
√

−4Ff1 − 4f1f2 + FL + f2L + 4f1y1 − Ly1 + y21 ] (5.15)

which can be written as

l(1,2)s+ =
1

2(−F − f2 + y1)

{

(

y1 −
(

L + 2f2
2

))2

± n2
1

4

}

± 1

2(−F − f2 + y1)

√

√

√

√

{

(

y1 −
(

L

2

))2

± p21
4

}{

(

y1 −
(

L− 4f1
2

))2

± r21
4

}

(5.16)

where

n2
1 = L(L− 4F ) − 4f 2

2 (5.17)

p21 = (L− 4F )(L− 4f2) (5.18)

r21 = (4f1 − L)(4F + 4f1 + 4f2 − L) (5.19)

For l
(1,2)
s+ to be real, there are four conditions on y1 for the marginal stability

of the discriminant of (5.16), which are given by

y1 =
L

2
∓ p1

2
(5.20)

y1 =
L− 4f1

2
∓ r1

2
(5.21)
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Similarly from (5.9)

l(1,2)s
−

=
1

2(−F − f2 + y1)
[
(

−FL− f2L + 2f2y1 + Ly1 − y21
)

±
√

(−4f1f2 + f2L + F (−4f1 − 4f2 + L) + 4f1y1 − Ly1 + y21)
√

(FL + f2L + y1(−L + y1))] (5.22)

and can be written as

l(1,2)s
−

=
1

2(−F − f2 + y1)

{

(

y1 −
(

L + 2f2
2

))2

± n2
1

4

}

± 1

2(−F − f2 + y1)

√

√

√

√

{

(

y1 −
(

L

2

))2

± s21
4

}{

(

y1 −
(

L− 4f1
2

))2

± m2
1

4

}

(5.23)

Here for l
(1,2)
s
−

to be real, there are four conditions on y1 for marginal stability

of the discriminant of (5.23) and are given by

y1 =
L− 4f1

2
∓ s1

2
(5.24)

and

y1 =
L

2
∓ m1

2
(5.25)

where

s21 = (4F + 4f1 − L)(4f1 + 4f2 − L) (5.26)

m2
1 = L(L− 4F − 4f2) (5.27)

It is clear from the solutions of ls, (5.15) and (5.22) that there will be no real

solution of ls exist at y1 = F + f2. From the coefficients p1, r1(5.18-5.19)

and s1, m1(5.26-5.27), it is noticed that there are some new lengths have

generated and the maximum limit of L i.e., LM of 3CURC exceeds beyond

the stable zone of 2CURC. Therefore one has to check the stability of ls and

y1 at these new lengths too.
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Before going to that, for f1 = 50cm, f2 = 75cm, F = 100cm, L =

700cm, y1 = 50cm, we demonstrate the stability function (5.10), and the

two parabolas (5.8), (5.9) with respect to ls =
L

2
and are shown in the Fig.

(5.5). The stability function i.e., the product of (A+D+ 2) and (A+D−2)

is an inverted parabola as in the case of 2CURC, inverted with respect to

individual parabolas of A + D ± 2, but for a given y1. The above four

solutions l
(1,2)
s+ , l

(1,2)
s
−

are identified in the Fig. (5.5). To know the behaviour

A+D+2 A+D-2

HA+DL ^ 2-4

ls+
H1L

ls+
H2L

ls-
H1L

ls-
H2L

100 200 300 400 500 600 700
ls

50

100

150

200

250

300

350
HA+DL^2-4

Figure 5.5: For f1 = 50cm, f2 = 75cm, F = 100cm, L = 700cm, y1 =

50cm, the stability functions (A + D)2 − 4(5.10), A + D + 2(5.8),

A + D − 2(5.9) with respect to ls =
(L− y1)

2

of the function (5.10) further, we determine its extremum points by taking
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the partial derivative with respect to ls,

∂

∂ls

[

(A + D)2 − 4
]

= − 1

F 2f 2
1 f

2
2































2 ((F + f2)(L− 2ls) − (2f2 + L− 2ls)y1 + y21)






F (f2L + f1(−2f2 + L) − Lls + l2s)

+f1(f2L + y1(−L + y1))

+(L− ls − y1)(lsy1 − f2(ls + y1))





































= 0

(5.28)

The solutions of ls obtained from (5.28)

ls =
FL + f2L− 2f2y1 − Ly1 + y21

2(F + f2 − y1)
(5.29)

l(1,2)s
−

=
1

2(−F − f2 + y1)



















(−FL− f2L + 2f2y1 + Ly1 − y21)

±
√

(FL + f2L + y1(−L + y1))2 − 4(−F − f2 + y1)
(

−Ff1L− Ff2L− f1f2L + f1Ly1 + f2Ly1 − f1y
2
1 − f2y

2
1

)



















(5.30)

To analyse further systematically we note that the value of (5.10) at ls given

by (5.29) determines the height H1 from axis ls of the central extremum.

We have

H1 =
[
(

y1 − L
2

)2 − p21
4

][
(

y1 − L−4f1
2

)2 − r21
4

][
(

y1 − L−4f1
2

)2 − s21
4

][
(

y1 − L
2

)2 − m2
1

4
]

16F 2f 2
1 f

2
2 (F + f2 − y1)

2

(5.31)

H1 R 0 depending on the values of y1 for a given L, f1, f2 and F , also decide

the stable zones of ls. H1 > 0 when the considered system is unstable i.e.,

(A + D)2 − 4 > 0, H1 = 0 when the stability function (5.10) is zero, the

regions of which are shown in the Fig. (5.6), for stable zones of ls and y1

for a given f1 = 50cm, f2 = 75cm, F = 100cm, L > LM=1000cm. For the

same set of parameters, the regions of H1 < 0 i.e., when the system lies in

the stable domain for which (A + D)2 − 4 < 0, and are shown in the Fig.

(5.7).
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Figure 5.6: The regions of H1 ≥ 0, for stable range of ls and y1 for a

given f1 = 50cm, f2 = 75cm, F = 100cm, L > LM=1000cm

Figure 5.7: The regions of H1 < 0, for stable range of ls and y1 for a

given f1 = 50cm, f2 = 75cm, F = 100cm, L > LM=1000cm
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One can look for the values of L, at which the three extremum (5.29&

5.30) become one, which happens only when

(FL+f2L+y1(−L+y1))
2 = 4(−F−f2+y1)

(

(f1 + f2)(Ly1 − FL− y21) − f1f2L
)

(5.32)

i.e., at L= LHmin1
; LHmin2

given by

LHmin1,2 =
1

2 (y1 − F − f2)







[(y1 + f1)
2 − (2Ff1 + f 2

1 + 2Ff2 + 2f1f2)]

±4

√

[F 2 (f 2
1 + f 2

2 ) + 2Ff 2
1 (f2 − y1) + f 2

1 (f2 − y1)
2]







(5.33)

At these values of L, H1 is minimum, (H1 = −4). One has to know under

what conditions of p1, r1, s1 and m1 and for what L one can have a wider

and continuous stable region of ls or y1 for a fixed y1 or ls. For this, Next

we study the stability condition (5.10) for different cases of p1, r1, s1 and m1

corresponding to different L which are consolidated in the Fig. (5.8).

5.2.5 The Length-Chart of 3CURC

For the case of f1 < f2 < F , the length chart of 3CURC which covers L

from L > LM to L = 0(from bottom to top) is shown in the Fig. (5.8).

We construct 3D plots for different cases of L of 3CURC, when all three

modes present, where (A + D)2 − 4(5.10) is along z axis, while ls and y1 are

respectively along x and y axes as noted in Fig. (5.8). But for the cases of

L, where 3CURC can get converted to 2CURC and SCURC, we construct

2D plots to show the behaviour of stability function with the corresponding

variation of the length of the arms which also noted in Fig. (5.8).

Note that the considered L for the length chart of the 3CURC are the

marginal L of the coefficients p1, r1, s1 and m1. It is also interesting to note

that a few new marginal L have generated for 3CURC compare to 2CURC.
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Figure 5.8: Length chart for 3CURC for the case of f1 < f2 < F

Now the question is, is this 3CURC stable for the entire range of ls and y1,
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at all the possible new lengths?

Let us consider f1 = 50cm, f2 = 75cm, and F = 100cm satisfying f1 <

f2 < F .

(a). L > LM . For a given L > LM = 1000cm, the stable zones of ls and

Figure 5.9: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L > LM=1000cm

y1, which satisfies (5.10) are shown in the Fig. (5.9). There exist

four disconnected stable contours which are surrounded completely in

side and out side by an unstable region. Out of these four, there are

three contours showing the Gouy phase variation of π − 2π, 2π − π

are identified and marked in the Fig. (5.9), which have already been

existed for the case of 2CURC. In addition there exist one new central

contour, the inner contour of which corresponds to 3π phase region

where as the outer contour corresponds to 2π phase region.

(b). L = LM . For the considered LM = 900cm, the stable zones of ls

and y1 are shown in the Fig. (5.10). For this case also there exist

four disconnected stable contours but the middle stable contour has

become stable inside. The expanded version of the central contour

has a central peak which corresponds to the phase 3π and the outer
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Figure 5.10: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM = 900cm

contour corresponds to the Gouy phase variation of 2π as shown in the

Fig. (5.11).

Figure 5.11: The expanded central contour of the case L = LM =

900cm

(c). L = LM2 + LM3. Surprisingly, the middle stable contour disappears at

L = 700cm as shown in the Fig. (5.12). Only the three stable contours

exist, which are of π − 2π and 2π − π.
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Figure 5.12: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM2 + LM3 = 700cm

(d). L = LM1+LM3. As shown in the Fig. (5.13), for the case of L = 600cm,

Figure 5.13: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM1 + LM3 = 600cm

two of the stable contours of y1 are now connected for the range of ls

around 100cm, even though there exist two unconnected stable contours

of y1 for smaller values of ls i.e., for ls < 100cm. The corresponding

phase regions are identified in the Fig. (5.13).

It is excited us to check for the other cases of L, to see the possibilities
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where all of the stable contours can get connected. Here onwards the

region of L where 3CURC can behave as 2CURC will come into the

picture and the corresponding 2D plots are shown in the following.

(e). L = LM(1,2),3
. For this case of LM(1,2),3

= 520cm, there exist three

Figure 5.14: Stability diagram as a function of y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, ls = 0, L = LM(1,2),3
= 520cm

marginal stable solutions of y1 as shown the Fig. (5.14). The region of

y1, i.e., y
(1)
1+

< y1 < y
(2)
1
−

is a stable region, y
(1)
1+

− y1 corresponds to the

Gouy phase region of π− 2π, where as the region y1− y
(2)
1
−

corresponds

to 2π − π region.

This is the highest value of LM of 2CURC for which 3CURC can become

2CURC.

(f). L = LM1 +LM2. For the case of L = 500cm now there exist two stable

contours only as shown in the Fig. (5.15). This is unlike the case when

L = LM1 + LM3, because the unstable zone for smaller values of ls has

been removed and a stable zone of y1 for a range of ls from 0 to 210cm

is possible. The second stable contour of y1 starts when ls is around

250cm and continues up to ls = 500cm.
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Figure 5.15: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM1 + LM2 = 500cm

(g). L = LM(3,1),2
. For LM(3,1),2

= 433.333cm, there is stable region of y1,

Figure 5.16: Stability diagram as a function of y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM(3,1),2
= 433.333cm

i.e., y
(1)
1+

< y1 < y
(2)
1
−

exists, which shows a phase variation of π−2π−π

as shown in the Fig. (5.16),

(h). L = LM3. For L = 400cm, we found that there exists an interesting

and continuous stable contour which has not been seen for the earlier

cases of L as shown in the Fig. (5.17). For this case of L all the stable
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Figure 5.17: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM3 = 400cm

contours are merged and finally a single stable contour is achieved.

(i). L = LM1,(2,3)
. This value of L is lowest value of LM of the cases of

Figure 5.18: Stability diagram as a function of ls for f1 = 50cm,

f2 = 75cm, F = 100cm, y1=0cm, L = LM1,(2,3)
= 371.4285cm

2CURC. For this case of LM1,(2,3)
= 371.4285cm also there is a stable

region of y1, i.e., y
(1)
1+

< y1 < y
(2)
1
−

exists as shown in the Fig. (5.18).

(j). L = LM2. For L = 300cm, from ls = 0 to 100cm, there is no stable

93



CHAPTER 5. THREE LENS RING CAVITY

Figure 5.19: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM2 = 300cm

region of y1 exists. However, for ls = 100 to 300cm there exists a

continuous stable range of y1 as shown in Fig. (5.19).

(k). L = LM1. For L = 200cm, there is a very small stable region of y1

Figure 5.20: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = LM1 = 200cm

when ls approaches L i.e., from ls = 185cm onwards as shown in the

Fig. (5.20).

(l). L = Leff123 . For this value of L, the stable range of L is 0 < L <

Leff123 exists which corresponds to the Gouy phase variation of 0 − π
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as shown in the Fig. (5.21). For the considered f1, f2 and F , Leff123 =

92.3077cm.

Figure 5.21: Stability diagram as a function of L for f1 = 50cm,

f2 = 75cm, F = 100cm

(m). L = 0. As L = 0 is of no use to us, but for the demonstration we show

the 3D plot for this case and is shown in the Fig. (5.22).

To summarize, the stability analysis for distinct focal lengths f1, f2 and F

suggested that, the new lengths which are generated, are creating the new

forbidden regions. This occurs as a result of the coefficients p1, r1, s1 and m1

which are forcing the length L to satisfy certain conditions simultaneously

which is really impossible. Therefore we are forced to do the same analysis for

symmetric f , as we are hoping that these forbidden zones can be eliminated

if we choose symmetric f . We discuss the stability for the symmetric case of

focal lengths in the following section.
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Figure 5.22: Stability diagram as a function of ls and y1 for f1 = 50cm,

f2 = 75cm, F = 100cm, L = 0cm

5.2.6 For the case of symmetric focal lengths f1 = f2 =

F = f

We look for the stable solutions of ls for a given L, y1 for a symmetric f

where f1 = f2 = F = f .

For marginal stability (5.8) gives

l(1,2)s+
=

L− y1
2

±
√

(2f − y1)(2f − L + y1) (8f 2 + (L− y1)y1 − 2f(L + 2y1))

4f − 2y1
(5.34)

For marginal stability (5.9) gives

l(1,2)s
−

=
L− y1

2
±
√

(−2f + y1)(6f − L + y1)(2fL + y1(−L + y1))

−4f + 2y1
(5.35)

For this case we will not present the discussion of the length chart of

3CURC, but we discuss two important cases of L, for which all stable zones

are merged. For the case of L = 5f , for a given f = 100cm, a 3D plot is

constructed as shown in the Fig. (5.23). There exists a single and continuous
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stable contour but there are the regions at the corners where the instability

lies even for symmetric f . Similar unstable regions can be seen in the Fig.

(5.24) for the case of L = 6f . The Gouy phase regions are identified in each

of these plots. So far we have analyzed the stability function with respect

Figure 5.23: Stability diagram as a function of ls and y1 for f1 = f2 =

F = f = 100cm, L = 5fcm

Figure 5.24: Stability diagram as a function of ls and y1 for f1 = f2 =

F = f = 100cm, L = 6fcm

to ls, for distinct f1, f2, F and for the symmetric f for a fixed y1. It is

understood that it is impossible to get rid off the forbidden zones for the

case of 3CURC. One of the reasons could be the creation of the odd number
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of modes. There are other options like where one can fix the focal length F

of the lens inserted, for a given L, f1, f2, ls and y1.

We discuss the stable solutions of F for a given L, f1, f2, ls and y1 in the

following.

5.2.7 Stable solutions of F for a given L, f1, f2, ls and

y1

Here we look for the marginal stability with respect to the focal length

of the lens F for a given L, f1, f2, ls and y1.

Solving (5.8) for marginal stability for F gives

F (+) =
1

(l2s − 4f1f2 − lsL + f1L + f2L)
[l2sy1 + lsy

2
1 − y21f1 − l2sf2

−2lsy1f2 − y21f2 − lsy1L + y1f1L + lsf2L + y1f2L− f1f2L]

(5.36)

Similarly (5.9) for marginal stability for F gives

F (−) =
1

(l2s − lsL + f1L + f2L)
[l2sy1 + lsy

2
1 − y21f1 − l2sf2

−2lsy1f2 − y21f2 − lsy1L + y1f1L + lsf2L + y1f2L− f1f2L]

(5.37)

For a symmetric resonator f1 = f2 = f , the above solutions turn out to be

F (+) =
l2sy1 + lsy

2
1 − l2sf − 2lsy1f − 2y21f − lsy1L + lsfL + 2y1fL− f 2L

(ls − 2f)(ls + 2f − L)
(5.38)

F (−) =
l2sy1 + lsy

2
1 − l2sf − 2lsy1f − 2y21f − lsy1L + lsfL + 2y1fL− f 2L

l2s − lsL + 2fL
(5.39)

Instead of choosing the focal length of the lens F randomly, one can choose

any stable F , from the range F (+) < F < F (−).
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In the following sections we consider the round trip propagation of the

corresponding stable configuration of the Gaussian beam in each of the arms

ls , y1 and L − ls − y1 separately to calculate the beam waist and the other

mode properties. By making use of the corresponding ray matrices we cal-

culate the half Rayleigh ranges and the positions of the beam waists in each

of these arms using

z0i = ± 1

C

√

1 −
(

A + D

2

)2

(5.40)

x0i =
A−D

2C
(5.41)

Here the index i = s corresponds to the arm ls, i = y corresponds to the arm

y1 and i = b corresponds to the arm L− ls − y1 of the cavity. First we take

up the calculations in the arm ls of the cavity.

5.3 Calculations in the arm ls

To calculate the spot size and the position of the beam waist in the arm

ls, let the radiation start at a distance x0s from the mirror M2, strike and

reflects off from the mirror M2 of the focal length f2, travel through the arm

of length y1, hit the lens L1 of focal length F , refract through it, reflecting

off the plane mirrors M3, M4 while traveling through a distance (L− ls−y1),

strike the mirror M1 of focal length f1, reflects off it and finally travel through

a distance of (ls−x0s) to reach the starting point to cover one full round trip.

One can express its round trip propagation in terms of the ABCD matrices
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as
(

A B

C D

)

=

(

1 ls − x0s

0 1

)(

1 0

− 1
f1

1

)(

1 L− ls − y1

0 1

)(

1 0

− 1
F

1

)

(

1 y1

0 1

)(

1 0

− 1
f2

1

)(

1 x0s

0 1

)

(5.42)

On simplification the round trip matrix elements can be obtained as

A =
1

Ff1f2
{(ls − x0s)

(

FL− Ly1 + y21 + ls (−F + y1) − f2 (F − L + ls + y1)
)

+f1
(

−FL + x0s (F − y1) + Ly1 − y21 + f2 (F − L + x0s + y1)
)

} (5.43)

B =
1

Ff1f2
{F (f1(f2L + x0s(−L + x0s)) − (ls − x0s)((−L + ls)x0s + f2(L− ls + x0s)))

+(−x0sy1 + f2(x0s + y1))(−(ls − x0s)(−L + ls + y1) + f1(−L + x0s + y1))}
(5.44)

C = −F (f1 + f2 − L + ls) + (f2 − y1)(f1 − L + ls + y1)

Ff1f2
(5.45)

D =
Ff2(f1 − L + ls) − F (f1 + f2 − L + ls)x0s − (f1 − L + ls + y1)(−x0sy1 + f2(x0s + y1))

Ff1f2
(5.46)

The half Rayleigh range z0s using (5.40) is obtained as

z0s = ∓

√

−4F 2f 2
1 f

2
2 +

(

F (2f1f2 − f1L− f2L + Lls − l2s) − f1(f2L + y1(−L + y1))

+(L− ls − y1)(−lsy1 + f2(ls + y1))

)2

2(F (f1 + f2 − L + ls) + (f2 − y1)(f1 − L + ls + y1))
(5.47)

The position of the beam waist x0s using (5.41)

x0s =

Ff1L− Ff2L + f1f2L + 2Ff2ls − FLls − f2Lls + F l2s + f2l
2
s − 2f1f2y1 − f1Ly1

+f2Ly1 + Llsy1 − l2sy1 + f1y
2
1 − f2y

2
1 − lsy

2
1

2 (Ff1 + Ff2 + f1f2 − FL− f2L + F ls + f2ls − f1y1 + f2y1 + Ly1 − lsy1 − y21)
(5.48)
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The beam waist ω0s can be obtained using

ω0s =

√

λz0s
πnref

(5.49)

The beam aperture ω1x0s on the mirror M2 can be estimated using

ω2
1(x0s) = ω2

0s

[

1 +

(

x0s

z0s

)2
]

(5.50)

The beam aperture ω2x0s on the mirror M1 can be estimated using

ω2
2(x0s) = ω2

0s

[

1 +

(

ls − x0s

z0s

)2
]

(5.51)

The contribution of the Gouy phase from the arm ls is given by

φG1(RT ) = arctan

(

x0s

z0s

)

− arctan

(−ls + x0s

z0s

)

(5.52)

We go through the calculations of other arms y1 and (L− ls − y1) before we

study the Gouy phase variation in each of the arms.

5.4 Calculations in the arm y1

To perform the same calculations, here in the arm y1 of the cavity, let the

radiation start at a distance x0y from the lens L1, strike and refract through

the lens L1 of the focal length F , reflecting off the plane mirrors M3, M4

while traveling through a distance (L− ls − y1), strike the mirror M1 of focal

length f1, reflects off it, travel through the arm of length ls, hit the mirror

M2 of focal length f2, reflect off it and finally travel through a distance of

(y1 − x0y) to reach the starting point to cover one full round trip. One can
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express its round trip propagation in terms of the ABCD matrices as

(

A B

C D

)

=

(

1 y1 − x0y

0 1

)(

1 0

− 1
f2

1

)(

1 ls

0 1

)(

1 0

− 1
f1

1

)

(

1 L− ls − y1

0 1

)(

1 0

− 1
F

1

)(

1 x0y

0 1

)

(5.53)

On simplification the matrix elements can be written as

A =

f1(f2(−L + x0y) + (L− y1)(−x0y + y1)) + F (f1(f2 + x0y − y1) + ls(−x0y + y1))

−Ff2(ls − x0y + y1) + (L− ls − y1)(ls(x0y − y1) + f2(ls − x0y + y1))

Ff1f2

B =

x0y (f1 (f2 (−L + x0y) + (L− y1) (−x0y + y1)))

+x0y ((L− ls − y1) (ls (x0y − y1) + f2 (ls − x0y + y1)))

+F (f1 (f2L + (x0y − y1) (L + x0y − y1)))

−F (L− ls + x0y − y1) (ls (x0y − y1) + f2 (ls − x0y + y1))

Ff1f2
(5.54)

C =
1

Ff1f2
(l2s−Ff1−Ff2−f1f2−y1(f1+f2)+ls(y1+F−f2−L)+f1L+f2L)

(5.55)

D =
1

Ff1f2







Ff1f2 − Ff1L− Ff2L + y1(f1 + f2)(F − x0y) − Ff1x0y

−Ff2x0y − f1f2x0y + f1Lx0y + f2Lx0y + l2s(−F + x0y)

+ls(−(f2 + L)x0y + y1(−F + x0y) + F (f2 + L + x0y))







(5.56)

We determine the half Rayleigh range z0y as

z0y = ∓

√

√

√

√

√

√

−4F 2f 2
1 f

2
2 +







−2Ff1f2 + l2s(y1 + F + f2) + y21(f1 + f2)

+Ff1L + Ff2L + f1f2L− y1(f1 + f2)L

−ls(y
2
1 + (F + f2)L− y1(2f2 + L))







2

2

(−l2s + Ff1 + Ff2 + f1f2 + y1(f1 + f2)

−(f1 + f2)L + ls(−y1 − F + f2 + L)

)

(5.57)
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The position of the beam waist x0y is obtained as

x0y =

−l2sy1 − lsy
2
1 − l2sF − 2lsy1F + y21f1 + 2y1Ff1

+l2sf2 + 2lsy1f2 + y21f2 + 2lsFf2 + 2y1Ff2 + lsy1L

+lsFL + y1f1L− Ff1L− lsf2L− y1f2L− Ff2L + f1f2L

2

(

l2s + lsy1 + lsF − y1f1 − Ff1 − lsf2
−y1f2 − Ff2 − f1f2 − lsL + f1L + f2L

)
(5.58)

The beam waist ω0y can be obtained using

ω0y =

√

λz0y
πnref

(5.59)

The beam aperture ω1x0y on the lens L1 can be estimated using

ω2
1(x0y) = ω2

0y

[

1 +

(

x0y

z0y

)2
]

(5.60)

The beam aperture ω2x0y on the mirror M2 can be estimated using

ω2
2(x0y) = ω2

0y

[

1 +

(

y1 − x0y

z0y

)2
]

(5.61)

The contribution of the Gouy phase from this section is given by

φG2(RT ) = arctan

(

x0y

z0y

)

− arctan

(−y1 + x0y

z0y

)

(5.62)

Next we consider the beam propagation in the arm (L− ls−y1) of the cavity.

5.5 Calculations in the arm (L− ls − y1)

We perform once again the same calculations in the arm (L − ls − y1)

of the cavity. To do this, let the radiation start at a distance x0b from the

mirror M1, strike and reflect off the mirror M1 of the focal length f1, travel

through the arm of length ls, strike the mirror M2 of focal length f2, reflect
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off it, travel through the arm of length y1, hit the lens L1 of focal length F

and refract through it, reflecting off the plane mirrors M3, M4 while traveling

through a distance (L− ls−y1−x0b) to reach the starting point to cover one

full round trip. One can express its round trip propagation in terms of the

ABCD matrices as
(

A B

C D

)

=

(

1 L− ls − y1 − x0b

0 1

)(

1 0

− 1
F

1

)(

1 y1

0 1

)(

1 0

− 1
f2

1

)

(

1 ls

0 1

)(

1 0

− 1
f1

1

)(

1 x0b

0 1

)

(5.63)

On simplification the matrix elements can be written as

A =















l2s(y1 − F − f2) + Ff1f2 − y21(f1 + f2) − Ff1L− Ff2L− f1f2L

+y1(f2(L− x0b) + f1(f2 + L− x0b))

+ls (y21 + (F + f2)(f1 + L− x0b) − d2(f1 + 2f2 + L− x0b))

+Ff1x0b + Ff2x0b + f1f2x0b















Ff1f2
(5.64)

B =
1

Ff1f2











































Ff1f2L− l2s(y1 − F − f2)(f1 − x0b)

−Ff1Lx0b − Ff2Lx0b − f1f2Lx0b + Ff1x
2
0b + y21(f1(f2 − x0b) − f2x0b)

+y1(f2(L− x0b)x0b − f1(f2L− 2f2x0b − Lx0b + x2
0b))

+Ff2x
2
0b + f1f2x

2
0b + d1(y

2
1(−f1 + x0b) − (F + f2)(f1(L− 2x0b)

+x0b(−L + x0b) + y1(f1(2f2 + L− 2x0b) + x0b(−2f2 − L + x0b))))











































(5.65)

C =
1

Ff1f2
(−Ff1 − Ff2 − f1f2 + ls(−y1 + F + f2) + y1(f1 + f2)) (5.66)

D =
1

Ff1f2

(

Ff1f2 + ls(y1 − F − f2)(f1 − x0b) − Ff1x0b

−Ff2x0b − f1f2x0b + y1(−f1f2 + f1x0b + f2x0b)

)

(5.67)
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We determine the half Rayleigh range z0b as

z0b = ∓

√

√

√

√

√

√

−4F 2f 2
1 f

2
2 +







−2Ff1f2 + l2s(−y1 + F + f2) + y21(f1 + f2)

+Ff1L + Ff2L + f1f2L− y1(f1 + f2)L

−ls(y
2
1 + (F + f2)L− y1(2f2 + L))







2

2 ((y1 − F )(ls − f1) + 2(−ls − y1 + F + f1)f2)
(5.68)

The position of the beam waist x0b is obtained as

x0b =

−l2sy1 − lsy
2
1 + l2sF + 2lsy1f1 + y21f1 − 2lsFf1 + l2sf2 + 2lsy1f2

+y21f2 − 2lsf1f2 − 2y1f1f2 + lsy1L

−lsFL− y1f1L + Ff1L− lsf2L− y1f2L + Ff2L + f1f2L

(2 (lsy1 − lsF − y1f1 + Ff1 − lsf2 − y1f2 + Ff2 + f1f2))
(5.69)

The beam waist ω0b can be obtained using

ω0b =

√

λzob
πnref

(5.70)

The beam aperture ω1x0b
on the mirror M1 can be estimated using

ω2
1(x0b) = ω2

0b

[

1 +

(

x0b

z0b

)2
]

(5.71)

The beam aperture ω2x0s on the lens L1 can be estimated using

ω2
2(x0b) = ω2

0b

[

1 +

(

L− ls − y1 − x0b

z0b

)2
]

(5.72)

The contribution of the Gouy phase from this section is given by

φG3(RT ) = arctan

(

x0b

z0b

)

− arctan

(−L + ls + y1 + x0b

z0b

)

(5.73)

Using the above calculations, we study the behaviour of beam waists, the

positions of them, the spot sizes on the mirrors in each of the arms of 3CURC.
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Therefore the accumulated round trip Gouy phase φG(RT ) for the chosen

cavity is the sum of φG1(RT ), φG2(RT ) and φG3(RT ) which is given by

φG(RT ) = arctan

(

x0s

z0s

)

− arctan

(−ls + x0s

z0s

)

+ arctan

(

x0y

z0y

)

− arctan

(−y1 + x0y

z0y

)

+ arctan

(

x0b

z0b

)

− arctan

(−L + ls + y1 + x0b

z0b

)

(5.74)

We now proceed to study the Gouy phase in specific cases of 3CURC and

discuss in the following section.

5.6 Variable Gouy phase in 3CURC

From the section 5.2.5, it is analyzed that there exist different stable

contours for different combinations of ls and y1 for a fixed L. Even though we

have identified different Gouy phase regions in each of the stability diagrams,

in this section we consider three specific cases, in each of these cases we give

attention to the system parameters for which at least the merging of two

distinct stable regions takes place. We study the behaviour of half Rayleigh

ranges, the positions of the beam waists, the spot sizes on the mirrors and

the corresponding variable Gouy phase in each of the cases in the following.

5.6.1 Case(i): For a given f1 = f2 = f , F , ls and L

Here in this case we consider the first combination of focal lengths of the

mirrors M1 and M2 to be symmetric with the aim to remove the forbidden

zone associated with them, as we have seen in the case of 2CURC. For the

considered f1 = f2 = 50cm, F = 100cm, the merging of the stable regions

is occurring for the value of cavity length L = 400cm and for ls = 120cm,

for which a long continuous stable region of y1 from 7.33501cm to 272.665cm
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is available. For this case the half Rayleigh ranges in each of the arms for
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Figure 5.25: Half Rayleigh ranges z0s, z0y, and z0b as a function of y1

for f1 = f2 = 50cm, F = 100cm, ls = 120cm, L = 400cm

varying y1 are plotted in Fig. (5.25). It is observed that the half Rayleigh

range z0s in the arm of length ls is varying very slowly, where as z0y is raising

suddenly at small values of y1 on the other hand z0b is raising at larger y1.

The positions x0s, x0y, and x0b of the beam waists are plotted in the Fig.

(5.26). The negative sign shows that beam spot size is positioned at the

other side of beam waist. The spot sizes on the mirrors M1, M2 and the

lens L1 as a function of y1 are plotted in the Fig. (5.27). It is noticed that

initially for smaller stable y1, the spot sizes are large and for the rest of the

stable y1, they are varying linearly. The Fig. (5.28) shows the Gouy phase

variation in the arms ls, y1 and (L− ls − y1) which are φG1 (RT ), φG2 (RT ),

φG3 (RT ) and the accumulated Gouy phase φG (RT ). It is found that there

is a very small variation of Gouy phase around
2π

3
is obtained for this case

as shown. We move now to the case that is for a given f1, f2 = F = f , ls

and L and study the same parameters in the following.
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Figure 5.26: The positions x0s, x0y, and x0b of the beam waists as a

function of y1 for f1 = f2 = 50cm, F = 100cm, ls = 120cm, L = 400cm
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Figure 5.27: The spot sizes on the mirrors M1, M2, and the lens L1 as

a function of y1 for f1 = f2 = 50cm, F = 100cm, ls = 120cm, L = 400cm

5.6.2 Case(ii): For a given f1, f2 = F = f , ls and L

Here in this case we consider the second combination of focal lengths of

the mirrors M2 and lens L1 to be symmetric with the same aim to remove
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Figure 5.28: Variable Gouy phases φG1 (RT ), φG2 (RT ), φG3 (RT ) and

φG (RT ) as a function of y1 for f1 = f2 = 50cm, F = 100cm, ls = 120cm,

L = 400cm

the forbidden zone associated with them. For the considered f1 = 50cm,

f2 = F = 100cm, the merging of the stable regions is happening for the

value of cavity length L = 600cm and for ls = 200cm, for which the stable

region of y1 from 200cm to 400cm is available. For this case the behaviour

of half Rayleigh ranges for varying y1 is plotted in Fig. (5.29). Here the half

Rayleigh ranges z0y and z0b are behaving opposite to each other where as z0s

is very much confined within the arm of length ls. The positions x0s, x0y

and x0b of the beam waists as a function of y1 are shown in the Fig. (5.30).

The spot sizes on the mirrors M1, M2 and the lens L1 as a function of y1 are

plotted in Fig. (5.31). They are higher at the edges of the stable region and

varying linearly in between these end points of the stable region. The Fig.

(5.32) shows the Gouy phase variation in the arms ls, y1 and (L − ls − y1)

which are φG1 (RT ), φG2 (RT ), φG3 (RT ) and the accumulated Gouy phase

φG (RT ). Here also there is a very small variation of Gouy phase around
2π

3
is achieved.
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Figure 5.29: Half Rayleigh ranges z0s, z0y and z0b as a function of y1

for f1 = 50cm, f2 = F = 100cm, ls = 200cm, L = 600cm
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Figure 5.30: The positions x0s, x0y and x0b of the beam waists as a

function of y1 for f1 = 50cm, f2 = F = 100cm, ls = 200cm, L = 600cm

For the above two cases with two of the focal lengths to be symmetric, we

have achieved a very small amount of Gouy phase, a variation of
2π

3
. Now

what happens if all of the focal lengths of the 3CURC to be symmetric? Is it
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Figure 5.31: The spot sizes on the mirrors M1, M2 and the lens L1 as

a function of y1 for f1 = 50cm, f2 = F = 100cm, ls = 200cm, L = 600cm
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Figure 5.32: Variable Gouy phases φG1 (RT ), φG2 (RT ), φG3 (RT ) and

φG (RT ) as a function of y1 for f1 = 50cm, f2 = F = 100cm, ls = 200cm,

L = 600cm

possible to achieve more variable Gouy phase? We take up this in the next
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section.

5.6.3 Case(iii): For a given f1 = f2 = F = f , ls and L

Consider the case when symmetric f = 30cm, ls = 120cm, L = 360cm.

For this set of parameters the marginal stable solutions of y1 are 80, 120, 120, 160cm.

Therefore y1 = 80cm to 120cm is a continuous stable region. For this range
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Figure 5.33: Half Rayleigh ranges z0s, z0y and z0b as a function of y1

for f1 = f2 = F = 30cm, ls = 120cm, L = 360cm

of parameters, the Fig. (5.33) shows the half rayleigh ranges z0s, z0y and

z0b in the corresponding arms ls, y1 and (L − ls − y1) of the cavity. All the

half Rayleigh ranges are coinciding at y1 = 120cm. z0s increases varying y1

then becomes 0 at y1 = 120cm, as y1 increases further z0s increases again

and it becomes zero at y1 = 160cm. The other two half Rayleigh ranges in

the arms y1 and (L − ls − y1) are behaving opposite to one another. z0y is

starting at lower values initially for small values of y1 then it reaches 0 when

y1 = 120cm, as y1 increases further, z0y reaches the higher values, where as

z0b starts from higher values for small values of y1 then decreases and as it
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reaches y1 = 120cm it becomes 0, after that it increases slightly and will

be back to 0 as y1 reaches to y1 = 160cm. The corresponding positions of

spot sizes are shown in the Fig. (5.34). All the positions of the spot sizes

meet at a common point that is at 60cm at y1 = 120cm, i.e., ls = 120cm,

(L− ls−y1) = 120cm for a given L = 360cm. Fig. (5.35) shows the variation
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Figure 5.34: The positions x0s, x0y and x0b of the beam waists as a

function of y1 for f1 = f2 = F = 30cm, ls = 120cm, L = 360cm

of spot sizes on the lenses as the distance y1 varies. From this figure it is

seen that the spot sizes are higher at the starting point of the stable region

that is around y1 = 80cm and they are minimum at y1 = 160cm. The Fig.

(5.36) shows the variable Gouy phases φG1 (RT ), φG2 (RT ), φG3 (RT ) in the

corresponding three arms ls, y1 and (L− ls − y1) and the accumulated Gouy

phase variation φG (RT ). It is noticed that the variation of the accumulated

Gouy phase as 2π − 3π − 2π with varying y1. In the next section we under-

stand the situations where mod hops[2] can occur before we demonstrate the

tuning capability of the Gouy phase variation in the ring laser.
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Figure 5.35: The spot sizes on the mirrors M1, M2 and the lens L1 as

a function of y1 for f1 = f2 = F = 30cm, ls = 120cm, L = 360cm
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Figure 5.36: Variable Gouy phases φG1 (RT ), φG2 (RT ), φG3 (RT ) and

φG (RT ) as a function of y1 for f1 = f2 = F = 30cm, ls = 120cm,

L = 360cm

5.7 Mode hop and stability regions

A mode hop is an indication of shift of stability from one region to another.

To bring out the mode hop region the stability function is studied with y1
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for different ls, shown in Fig. (5.37) for values of f1 = 100cm, f2 = F =

50cm, L = 350cm and ls is varied from 5cm to 100cm. It is observed from

the Fig. (5.37) that, for curves (1), (2), (3) instability exists((A+D
2

)2−1 > 0)

for three respective ranges of y1. In an unstable region the beam spots on

the mirror diverge off the mirror. This represents unstable mode and due

to heavy losses for it, leads to small field amplitude in the cavity. Another

region of vanishingly small field amplitude in the cavity occurs for the mode

for which the total number of half wave lengths in the cavity length becomes

odd, then the destructive interference occurs between the return beam and

original beam propagating in the same direction. The unstable or mode hop

demanding regions can be altered and thus can be controlled(see below).

Figure 5.37: Stability parameter variation as a function of y1, for

different ls and L = 350cm. Here curves numbered 1, 2, 3, 4, 5, 6

are respectively for ls = 5, 10, 15, 20, 25, 100cm
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5.7.1 Control of stability

The instability of the cavity can be eliminated as is seen from Fig. (5.37).

One can have the middle unstable region converted to continuous stable

region by a choice of ls e.g. consider transition of curves like (1), (2), (3)

to those like (4), (5), (6) in Fig. (5.37). There is one continuous region of

stability for a wide range of y1 in each of the (4), (5) and (6). In Fig. (5.38a),

(a) ls versus stable y1 (b) y1 versus φG

Figure 5.38: All parameters and numberings are same as in Fig. 5.37

we show the stable (unhatched) region of y1, as a function of ls(5 < ls < 25).

Initially for small values of ls, two stable regions marked S1 and S2 are seen

bound by three unstable regions shown as hatched. No mode oscillates in the

hatched regions. The vanishing/emergence of the middle hatched region is

the source of mode hop discussed above. This region can be seen to vanish for

ls ≥ 20 in Fig. (5.38a). The variation of Gouy phase for the cases discussed

in Fig. (5.38a) is shown in Fig. (5.38b). It is observed that stable region

S1 contributes a variation in the Gouy phase from π to 2π and the stable

region S2 gives the variation in reverse that is from 2π to π. On elimination

of unstable region for ls ≥ 20, i.e., in the region marked S, one may shift

origin of the Gouy phase(on line 4&5) and see it as varying from −π

2
to

π

2
. The continuous variability of the Gouy phase dependent tuning without
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encountering a mode hop in the region of interest is the important result of

the 3CURC. In the following we use Gouy phase for path length control in a

ring laser gyro.

5.8 Gouy Phase for Path Length Control in

Ring Laser Gyroscopes

One possible application where this result can be useful is Ring laser

gyroscopes (RLGs). Ring laser gyroscopes are used to determine angular

displacement or angular rates of the platform on which they are fixed. Ring

laser gyros have two laser beams counter propagating inside a ring cavity.

These devices work on the principle of Sagnac effect. When RLG rotates a

path length difference is created between the two beams. This difference is

detected as the frequency difference between the two beams since the two

beams pass through different cavity path lengths and hence have different

frequencies. The beat frequency is given by the relation

∆ν =
4A

λL
.Ω (5.75)

where ‘L’ is optical path length of the cavity along which the laser beams

traverse, ‘A’ is the area enclosed by the path ‘L’, ‘λ’ is the wavelength of the

laser beams in the absence of rotation and ‘Ω’ is the rotation rate.

If for any reason, other than rotation, path length changes, then the

beat frequency will be different for the same rotation rate. Therefore it is

essential to maintain the path length and frequency of the laser beams to have

a useful result from the RLG. The main reason for path length variation is

temperature change. This is unavoidable and hence a control mechanism is

required to keep the frequency constant. This control is in general done by

moving one or two mirrors forming the ring cavity.
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Consider the case of increasing path length. To keep the path length same

and hence the frequency, at least one mirror has to be moved to compensate

the increase. The mirror cannot be moved for large distances i.e., involving

multiple λ change of length. Assume that mirror movement can control the

length only for one λ variation in path length. Note that at the end of such a

control the change in the cavity length has become such as to accommodate

at the gain peak frequency (n + 1)th longitudinal configuration if the mirror

is reset to its unshifted position of nth longitudinal configuration at the gain

peak. The laser could lase at the peak of the gain function. Thus, once the

limit for control is reached, resetting the position of the mirrors is a good

option. During a reset the beams may go through a zero intensity point if

gain is not adjusted properly. This can lead to an unwarranted output.

An unexplored mechanism, to the authors’ knowledge, to control fre-

quency using Gouy phase during a reset is proposed.

By modifying the Gouy phase of the laser beam inside the ring resonator,

the frequency of the laser can be changed, as has been learned in the last

section. Change in frequency, when Gouy phase is varied by ∆φG, is given

by

∆ν = c.
∆φG

2πL
(5.76)

Fig. 5.39 shows the frequency variation due to Gouy phase alone. Also, any

change in length results not only in frequency change but Gouy phase change

too. However the change in Gouy phase due to change in physical length by

one wave length is negligible. Thus to keep the frequency constant on a small

physical change of length an alternative is by changing Gouy phase. However

Gouy phase can be varied by an amount of π for a ring resonator with one

lens. This is equivalent to a length variation of
λ

2
. It only implies that Gouy

phase can be used to control the frequency for a path length variation up to
λ

2
.

Before going into further discussion about frequency control using Gouy
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Figure 5.39: Change in frequency versus Gouy phase

phase, one should understand what happens during the resets. It is assumed

that a reset is required for every λ change in path length. During reset option,

the position of the mirror(s) is brought to its original position. As a result,

the length of the cavity is increased by about one wavelength. During this,

changes occur: first, the frequency of the mode under operation can drift

away from the gain center and can get out of the gain width, and second,

another mode can take birth on the other side of the gain peak which can

reach the gain center when the path length has increased exactly by one

wavelength. This brings the laser back to the same frequency as before the

reset but for the next order mode. This result if put into Eq. (1.1) will give

the following result. Before the reset

2nπ = kL + φG (5.77)
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After reset

2(n + 1)π = k(L + λ) + φG′ (5.78)

φ′G − φG = 2π − kλ = 2π − 2π = 0 (5.79)

Therefore, Gouy phase before and after reset has to be same. Here, ‘k’ is

same, before and after reset as the wavelength is same at the gain peak(λ = λc).

During mirror reset, the path length will vary by one wavelength (here it is

Figure 5.40: Frequency variations during reset

assumed that path length variation due to temperature during the reset pe-

riod is negligible). Reset is considered to have two parts: first, till the path

length varies by
λc

2
and the second from

λc

2
to λc.

Fig. 5.40 represents how Gouy phase can be used to modify the fre-

quency of oscillating mode during mirror reset. On x-axis, path length vari-

ation normalized to one wavelength i.e.,
∆L

λ
is shown. While the y-axis
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depicts the difference between the operating frequency(ν) and frequency at

gain center(νc) normalized to the FSR ( c
L

) of the resonator, i.e.,
ν − νc
c/L

.

Let curves ‘a’ and ‘b’ represent the change in frequency of two adjacent

modes (0&1) during the mirror reset done at constant rate without exploiting

Gouy phase effect. On the other hand c1 and d1 represent the constancy of

the frequency of oscillating mode kept so by compensation of the change due

to the mirror reset by using simultaneously and suitably the Gouy phase.

This acts for half period of the reset. c2 and d2 represent, during the second

half of the reset, the faster variation of the frequency of the oscillating modes

due to the simultaneous reversal of the Gouy phase, and mirror position.

Thus, using Gouy phase has definite advantages. First, the frequency

control could be extended in to half the mirror reset period. Second, the rate

at which the reset takes place during the second part of the reset is faster.

To conclude major role of Gouy phase in the performance of RLGs, is

anticipated.

5.9 Conclusion

The crucial role of Gouy phase in the selection of modes of the laser has

been explained. This gives additional guidance for designing the tunable

lasers with the inclusion of the Gouy phase effect. It is useful to have the

option of variation of Gouy phase for tuning in situations where other tuning

mechanisms have reached a restricted region of applicability. In the next

chapter, to see the maximum variation of Gouy phase we consider the four

converging unit ring cavity.
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6
Four Lens Ring Cavity

In the previous chapters 3, 4, and 5, it has been emphasized that one can

create ‘N ’ number of converging units, correspondingly ‘N ’ Gaussian modes

by inserting ‘N ’ lenses in a cavity. The aim of achieving the accumulated

Gouy phase variation of Nπ is existing repeatedly.

Note again the overall conclusions of the analysis of SCURC, 2CURC and

3CURC in the following.

(a) SCURC for which N = 1, shows the Gouy phase variation of 0 − π or

π − 0.

(b) The case of N = 2 corresponds to 2CURC, which can behave as

SCURC(N = 1) under the conditions of L, one can have the accu-
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mulated Gouy phase variation either 0 − π or π − 0 in the limit of

SCURC and π − 2π or 2π − π or π − 2π − π where two modes are

present in 2CURC.

(c) The 3CURC for which N = 3, can be converted to SCURC and

2CURC, shows the accumulated Gouy phase variation discussed in the

above two cases (a) and (b), in addition it also shows the accumulated

Gouy phase variation of 2π − 3π or 3π − 2π or 2π − 3π − 2π when all

the three modes are present in 3CURC.

From the analysis of 3CURC, it is noticed that there exist four disjointed

stable regions, for L > LM = 4f1 + 4f2 + 4F and realized that each of them

corresponds to a different phase variation. As a result, one can not be able to

achieve an accumulation of the variable Gouy phase up to 3π, even though

different phase regions are present. As length L varies from LM to lower

values of L, it is noticed that the merging of these distinct stable regions

starts taking place. In such a case the amount of accumulated Gouy phase

variation is turning out to be π and even less than π for some cases.

One of the reasons for the existence of disjointed regions could be the

creation of an odd number of modes in between the three lenses in the cavity.

Therefore as a final attempt here in this chapter we consider 4CURC, to

create an even number of modes i.e., four converging gaussian modes and

also symmetry between the optical elements of the cavity, to see whether

it is possible to get an accumulation of Gouy phase up to Nπ or not. We

describe the configuration of 4CURC in the following.

6.1 4 Converging Unit Ring Cavity (4CURC)

A schematic of the 4CURC is shown in the Fig. (6.1). This ring con-

figuration consists four lenses L1, L2, L3 and L4 of focal lengths f1, f2, f3

126



CHAPTER 6. FOUR LENS RING CAVITY

Figure 6.1: The 4 Converging Unit Ring Cavity (4CURC)

and f4 which are separated from one another by a distances of d1, d2, d3 and

L− d1 − d2 − d3 respectively, where L is the length of the cavity. In addition

to these four lenses, it also contains four 100% plane mirrors M1, M2, M3

and M4.

For this configuration there exist four modes, one in the arm of d1 in

between the lenses L1 and L2, the second mode in the arm of length d2, in

between the lenses L2 and L3, the third mode in the arm of length d3 in

between the lenses L3 and the lens L4 and the fourth mode in the arm of

length (L − d1 − d2 − d3) in between the lenses L4 and L1. The Gaussian

beams in the respective sections constitute a part of stable configuration of

radiation-travel in the ring, with half Rayleigh ranges z0s in the d1 arm, z0y

in the d2 arm, z0d in the d3 arm and z0b in the L − d1 − d2 − d3 arm; with
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waist locations x0s, x0y, x0d and x0b respectively.

Here also each Gaussian mode contributes its Gouy phase to the round

trip Gouy phase in the ring. One can fix the gain medium in any one of the

three separation distances d1, d2, d3 and vary the remaining two distances,

to vary the effective focal length of the combinations, to vary φG (RT ) which

is the sum of the Gouy phases of the four parts of the 4CURC.

We define here the coordinate xp in the clockwise sense in the ring with

L1 at xp = 0, L2 at xp = d1, L3 at xp = d1 + d2 and L4 at xp = d1 + d2 + d3.

For the four Gaussian modes with half Rayleigh ranges z0s, z0y, z0d and z0b,

the points x0s (xp = d1 − x0s), x0y (xp = d2 − x0y), x0d (xp = d3 − x0d), and

x0b (xp = L− d1 − d2 − d3 − x0b) determine the positions of the beam waists

ω0s, ω0y, ω0d and ω0b respectively. Next we study and analyze the stability

of the 4CURC in detail in the following section.

6.2 Stability Analysis:

For consideration of the stability let the radiation just enter before the

lens L1 of focal length f1 and refracts off it, in the clockwise direction travel

through a distance d1 from the lens L1, as it hits another lens L2 of focal

length f2, travel through a distance d2 from the lens L2, strikes the lens L3

of focal length f3, travel through a distance d3 from the lens L3, hits the lens

L4 of focal length f4, it refracts off it, reflecting off the mirrors M2, M3, M4

and M1 in the order, travel through the distance (L−d1−d2−d3), complete

the round trip just before the lens L1 where it starts its journey. The round

trip ABCD-matrix at the lens L1 in the ring is
(

A B

C D

)

=

(

1 L− d1 − d2 − d3

0 1

)(

1 0

− 1
f4

1

)(

1 d3

0 1

)

(

1 0

− 1
f3

1

)(

1 d2

0 1

)(

1 0

− 1
f2

1

)(

1 d1

0 1

)(

1 0

− 1
f1

1

)

(6.1)
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The complete round trip matrix elements can be calculated using matrix

multiplication. The self consistency requires that

(A + D)2 − 4 ≤ 0 (6.2)

The two alternatives for the marginal stability case of (6.2)

A + D + 2 =
1

f1f2f3f4
[−d23 (f1f2 − f1f3 − f2f3) + d22(f1 + f2)(d3 − f3 − f4) + 4f1f2f3f4

+d21 (−f2f3 + d3(f2 + f3) − (f2 + f3)f4 + d2(−d3 + f3 + f4))

d3f1f2L + d3f1f3L + d3f2f3L− f1f2f3L− f1f2f4L− f1f3f4L− f2f3f4L

+d2(f1 + f2)
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

+ d1d
2
3(f2 + f3)

+d1d
2
2(−d3 + f3 + f4) + d1(f2f3 + (f2 + f3)f4)L− d1d3(2f2f3 + (f2 + f3)L)

−d1d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)

] (6.3)

A + D − 2 =
1

f1f2f3f4
[−d23 (f2f3 + f1(f2 + f3)) + d22(f1 + f2)(d3 − f3 − f4)

+d21 (−f2f3 + d3(f2 + f3) − (f2 + f3)f4 + d2(−d3 + f3 + f4))

+ (d3f1f2 + d3f1f3 + d3f2f3 − f1f2f3 − (f2f3 + f1(f2 + f3)) f4)L

+d2(f1 + f2)
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

+ d1d
2
3(f2 + f3)

+d1
(

+d22(−d3 + f3 + f4) + (f2f3 + (f2 + f3)f4)L
)

− 2d1d3f2f3

+d1d3(f2 + f3)L− d1d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)

]

(6.4)

For this case the marginal stability of the condition (6.2) becomes

(A + D)2 − 4 = −4 +
1

f 2
1 f

2
2 f

2
3 f

2
4

[d23(f1f2 + f1f3 + f2f3) − d22(f1 + f2)(d3 − f3 − f4)

−2f1f2f3f4 + d21 (f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)

−d3f1f2L− d3f1f3L− d3f2f3L + f1f2f3L + f1f2f4L + f1f3f4L

+f2f3f4L− d2(f1 + f2)
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

+d1d3(f2 + f3)L− d1 (f2f3 + (f2 + f3)f4)L

+d1d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)

]2 (6.5)
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The configuration of 4CURC in the Fig. (6.1) can behave equivalent to

3CURC, 2CURC and as well as SCURC, by making the separation distances

go to zero as required. Before going to the analysis of the 4CURC, let us

look at various possibilities, where these conversions are being taking place.

First, we start with the conversion from 4CURC to 3CURC in the following

section.

6.2.1 Conversion from 4CURC to 3CURC

There are four different possibilities where the configuration of the 4CURC

can be converted to 3CURC as shown in the Fig. (6.2).

1(a). Consider the case when d1 = 0, then (6.5) becomes (5.10), with the

effective focal length

(

f1f2
f1 + f2

)

4CURC

of the combination of lenses L1

and L2 now behaves as a lens L1 of 3CURC as shown in the first

configuration of the Fig. (6.2).

For this case of 3CURC, we denote the value of LM of 3CURC by

LM(1,2),3,4
, and is given by

LM(1,2),3,4
= 4

(

f1f2
f1 + f2

)

+ 4f3 + 4f4 (6.6)

1(b). Consider the case when d2 = 0, then (6.5) becomes (5.10), with the

effective focal length

(

f2f3
f2 + f3

)

4CURC

of the combination of lenses L2

and L3 now behaves as a lens L2 of 3CURC as shown in the second

configuration of the Fig. (6.2).

The value of LM1,(2,3),4
is given by

LM1,(2,3),4
= 4f1 + 4

(

f2f3
f2 + f3

)

+ 4f4 (6.7)
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Figure 6.2: Conversion from 4CURC to 3CURC

1(c). Consider the case when d3 = 0, then (6.5) becomes (5.10), with the

effective focal length

(

f3f4
f3 + f4

)

4CURC

of the combination of lenses L3

and L4 now behaves as a lens L3 of 3CURC as shown in the third

configuration of the Fig. (6.2). For this case

LM1,2,(3,4)
= 4f1 + 4f2 + 4

(

f3f4
f3 + f4

)

(6.8)

1(d). Consider the case when L−d1−d2−d3 = 0, then (6.5) becomes (5.10),

with the effective focal length

(

f4f1
f4 + f1

)

4CURC

of the combination of
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lenses L4 and L1 now behaves as a lens L1 of 3CURC as shown in the

fourth configuration of the Fig. (6.2).

The value of LM1,2,(3,4)
is given by

LM(4,1),2,3)
= 4

(

f4f1
f4 + f1

)

+ 4f2 + 4f3 (6.9)

For the case of f1 < f2 < f3 < f4, the value of LM(1,2),3,4
(6.6) is the largest

length among the four values. In the following we look for the possibilities

of converting 4CURC to 2CURC.

6.2.2 Conversion from 4CURC to 2CURC

There are two possible configurations for which the 4CURC can be con-

verted to 2CURC as shown in the Fig. (6.3). To do this, we make any two

of the separation distances go to zero.

Figure 6.3: Conversion from 4CURC to 2CURC
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1(a). Consider the case d1 = 0 and d3 = 0, for which the lenses L1, L2 and L3,

L4 are combined to create only two modes in the cavity. Then the con-

dition (6.5) becomes (4.12), the effective focal lengths

(

f1f2
f1 + f2

)

4CURC
of the combination of lenses L1 and L2 of 4CURC now behaves as a lens

L1 of 2CURC and

(

f3f4
f3 + f4

)

4CURC

of the combination of lenses L3 and

L4 behaves as a lens L2 of 2CURC as shown in the first configuration

of the Fig. (6.3).

For this case of 2CURC, we denote LM of 2CURC by LM(1,2),(3,4)
, which

is given by

LM(1,2),(3,4)
= 4

(

f1f2
f1 + f2

)

+ 4

(

f3f4
f3 + f4

)

(6.10)

1(b). Similarly consider the case d2 = 0 and L = d1 + d3, for which the

lenses L4, L1 and L2, L3 are combined to create only two modes in

the cavity. Then the condition(6.5) becomes (4.12), with the effective

focal lengths

(

f4f1
f4 + f1

)

4CURC

of the combination of lenses L4 and L1

of 4CURC behaves as a lens L1 of 2CURC and

(

f2f3
f2 + f3

)

4CURC

of the

combination of lenses L2 and L3 of 4CURC behaves as a lens L2 of

2CURC as shown in the second configuration of the Fig. (6.3). Here

LM(4,1),(2,3)
is given by

LM(4,1),(2,3)
= 4

(

f4f1
f4 + f1

)

+ 4

(

f2f3
f2 + f3

)

(6.11)

Finally, we discuss the possibility where the 4CURC can become SCURC in

the following.

6.2.3 Conversion from 4CURC to SCURC

The one and only possibility where the 4CURC can behave as a SCURC

is shown in the Fig. (6.4), that is when all the lenses L1, L2, L3 and L4 are
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Figure 6.4: Conversion from 4CURC to SCURC

joined together with d1 = d2 = d3 = 0. In this case Leff1234
is given by

Leff1234
= 4

f1f2f3f4
f1f2f3 + f1f2f4 + f2f3f4 + f3f4f1

(6.12)

So far we have understood that the 4CURC contains all the features of

3CURC, 2CURC and SCURC. As a result, the expectations on 4CURC are

high, as it is possible for the 4CURC to contain the different phase regions

of 3CURC, 2CURC and SCURC and one may get rid off the forbidden zones

just as it done for the 2CURC. Therefore, it is motivating further and giving

assurance that one can achieve the accumulated Gouy phase variation more

than π using 4CURC. Before going to the analysis of the Gouy phase, we

study the stability analysis of 4CURC.

6.2.4 Stability of 4CURC

It is noticed that the stability function (6.5) of the considered 4CURC is

quartic in d1, d2 and d3. For a given L, the parameters of the system which

can be varied to create a variable Gouy phase are d1, d2 and d3. Varying

any of the distances d1, d2 and d3 is equivalent to varying the effective focal

length of the combined systems comprising the focal lengths (f1, f2), (f2, f3)
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and (f3, f4). First, we study (6.5) with respect to d1, keeping the rest of the

system parameters fixed in the following.

6.2.5 Stable solutions of d1 for a given L, f1, f2, f3, f4,

d2 and d3

We look for the stable solutions of d1 in terms of the system parameters

L, f1, f2, f3, f4, d2 and d3. The marginal stability of (A + D + 2)(6.3) gives

the stable solutions of d1 as

d
(1,2)
1+

=
[D0 ±

√
D1D2 ]

(2(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4))

(6.13)

where D0, D1 and D2 are given by

D0 = d23(f2 + f3) + d22(−d3 + f3 + f4) + (f3f4 + f2(f3 + f4))L

− d3(2f2f3 + (f2 + f3)L) − d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)

(6.14)

D1 = −d23(f2 + f3) + d22(d3 − f3 − f4) − d3(f2 + f3)(4f1 − L) + f2f3(4f1 − L)

+ ((f2 + f3)f4)(4f1 − L) + d2
(

d23 + d3(4f1 − 2f3 − L) + (f3 + f4)(−4f1 + L)
)

(6.15)

D2 = −d23(f2 + f3) + d22(d3 − f3 − f4) + 4f2f3f4 + d3(f2 + f3)L

− (f2f3 + (f2 + f3)f4)L + d2
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

(6.16)

The parameters D0, D1 and D2 are again quadratic in d2 and as well as in

d3. Solving D1 for marginal stability of d2

d
(1,2)
2+ =

1

2(d3 − f3 − f4)
[
(

−d23 − d3(4f1 − 2f3 − L) − (f3 + f4)(−4f1 + L)
)

±
√

d23 + 4d3f1 − 4f1f3 − 4f1f4 − d3L + f3L + f4L
√

d23 + 4d3f1 − 4f1f3 − 4f1f4 − d3L + f3L + f4L ] (6.17)
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(6.17) is again quartic in d3, first quadratic of the discriminant gives

d
(1,2)
3+

=
1

2

(

L− 4f1 ±
√

4f1 − L
√

4f1 + 4f3 + 4f4 − L
)

(6.18)

The second quadratic in d3 of the discriminant gives

d
(3,4)
3+ =

1

2

(

L− 4f1 − 4f2 ±
√

4f1 + 4f2 + 4f3 − L
√

4f1 + 4f2 + 4f4 − L
)

(6.19)

Similarly solving D2 for marginal stability

d
(3,4)
2+

=
1

2(d3 − f3 − f4)
[
(

−d23 − (f3 + f4)L + d3(2f3 + L)
)

±
√

d23 + 4d3f2 − 4f2f3 − 4f2f4 − d3L + f3L + f4L
√

d23 − 4f3f4 − d3L + f3L + f4L ] (6.20)

The above condition (6.20) is quartic in d3, first quadratic of the discriminant

gives

d
(1,2)
3+ =

1

2

(

L− 4f2 ±
√

4f2 − L
√

4f2 + 4f3 + 4f4 − L
)

(6.21)

The second quadratic in d3 of the discriminant gives

d
(3,4)
3+ =

1

2

(

L±
√

−4f3 + L
√

−4f4 + L
)

(6.22)

Finally, for d1 to be real, there are four pairs of conditions in d3 which are

given by the conditions (6.18), (6.19), (6.21) and (6.22) and can be written

as

d
(1,2)
3+ =

L− 4f1
2

± r11
2

(6.23)

d
(3,4)
3+

=
L− 4f1 − 4f2

2
± k11

2
(6.24)

d
(1,2)
3+ =

L− 4f2
2

± t11
2

(6.25)

d
(3,4)
3+ =

L

2
± p11

2
(6.26)
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where

r211 = (4f1 − L)(4f1 + 4f3 + 4f4 − L) (6.27)

k2
11 = (4f1 + 4f2 + 4f3 − L)(4f1 + 4f2 + 4f4 − L) (6.28)

t211 = (4f2 − L)(4f2 + 4f3 + 4f4 − L) (6.29)

p211 = (L− 4f3)(L− 4f4) (6.30)

The second alternative of the marginal stability (6.4) gives

d
(1,2)
1
−

=
[D1 ±

√
D11D21 ]

(2(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4))

(6.31)

where

D0 = d23(f2 + f3) + d22(−d3 + f3 + f4) + (f3f4 + f2(f3 + f4))L− 2d3f2f3

− (d3(f2 + f3)L) − d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)

(6.32)

D11 = −d23(f2 + f3) + d22(d3 − f3 − f4) + 4(f1f2f3 + f2f3f4 + f1(f2 + f3)f4)

− d3(f2 + f3)(4f1 − L) − (f3f4 + f2(f3 + f4))L

+ d2
(

d23 + d3(4f1 − 2f3 − L) + (f3 + f4)(−4f1 + L)
)

(6.33)

D21 = −d23(f2 + f3) + d22(d3 − f3 − f4) + d3(f2 + f3)L

−(f2f3 + (f2 + f3)f4)L + d2
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

(6.34)

D11 and D21 are quadratic in d2 and as well as in d3. Solving D11 for marginal

stability of d2

d
(1,2)
2
−

=
1

2(d3 − f3 − f4)
[
(

−d23 − d3(4f1 − 2f3 − L) − (f3 + f4)(−4f1 + L)
)

±
√

d23 + 4d3f1 + 4d3f2 − 4f1f3 − 4f2f3 − 4f1f4 − 4f2f4 − d3L + f3L + f4L
√

d23 + 4d3f1 − 4f1f3 − 4f1f4 − 4f3f4 − d3L + f3L + f4L ] (6.35)
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From the first quadratic of the discriminant, the marginal stability for d3

gives

d
(1,2)
3
−

=
1

2

(

L− 4f1 − 4f2 ±
√

4f1 + 4f2 − L
√

4f1 + 4f2 + 4f3 + 4f4 − L
)

(6.36)

The second quadratic in d3 of the discriminant gives

d
(3,4)
3
−

=
1

2

(

L− 4f1 ±
√

4f1 + 4f3 − L
√

4f1 + 4f4 − L
)

(6.37)

Similarly solving D21 for marginal stability of d2

d
(3,4)
2
−

=
1

2(d3 − f3 − f4)
[
(

−d23 + 2d3f3 + d3L− f3L− f4L
)

±
√

d23 − d3L + f3L + f4L
√

d23 + 4d3f2 − 4f2f3 − 4f2f4 − 4f3f4 − d3L + f3L + f4L ]

(6.38)

Again the above equation is quartic in d3, first quadratic of the discriminant

gives

d
(1,2)
3
−

=
1

2

(

L±
√

−4f3L− 4f4L + L2
)

(6.39)

The second quadratic in d3 of the discriminant gives

d
(3,4)
3
−

=
1

2

(

L− 4f2 −
√

4f2 + 4f3 − L
√

4f2 + 4f4 − L
)

(6.40)

Finally, for d1 to be real, there are four pairs of conditions in d3 which are

given by the conditions (6.36), (6.37), (6.39) and (6.40) can be written as

d
(1,2)
3
−

=
L− 4f1 − 4f2

2
± s11

2
(6.41)

d
(3,4)
3
−

=
L− 4f1

2
± q11

2
(6.42)

d
(1,2)
3
−

=
L

2
± m11

2
(6.43)
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d
(3,4)
3
−

=
L− 4f2

2
± i11

2
(6.44)

where

s211 = (4f1 + 4f2 − L)(4f1 + 4f2 + 4f3 + 4f4 − L) (6.45)

q211 = (4f1 + 4f3 − L)(4f1 + 4f4 − L) (6.46)

m2
11 = (−4f3L− 4f4L + L2) (6.47)

i211 = (4f2 + 4f3 − L)(4f2 + 4f4 − L) (6.48)

For f1 = f2 = 50cm, f3 = f4 = 100cm, L = 700cm, d1 = 120cm, d3 = 201cm,

A+D+2

A+D-2

HA+DL2 -4

d1-
H1L d1-

H2L

d1+
H1,2L

f1 = f2 = 50 cm, f3 = f4 = 100 cm

100 200 300 400
d1

-4

-2

2

4

6

8

10
HA+DL2-4

Figure 6.5: For f1 = f2 = 50cm, f3 = f4 = 100cm, L = 700cm, d2 =

200cm, d3 = 100cm, the stability functions (A+D)2− 4(6.5), A+D +

2(6.3), A + D − 2(6.4) with respect to d1 =
L− d2 − d3

2

the stability function (6.5) and the two parabolas (6.3), (6.4) with respect

to d1 are plotted in the Fig. (6.5). The stability function i.e., the product

of (A + D + 2) and (A + D − 2) is a parabola, but not inverted as in the

earlier cases. For this case it is in the direction of the individual parabolas of

A + D ± 2 only, for a given d2 and d3. The above four solutions d
(1,2)
1+ , d

(3,4)
1
−
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are identified in the Fig. (6.5). To know the behaviour of the function (6.5)

further, we determine its extremum points by taking the partial derivative

with respect to d1 and equating it to zero, i.e.,

∂

∂d1

[

(A + D)2 − 4
]

=
2

f 2
1 f

2
2 f

2
3 f

2
4

[

2d3f2f3 − d23(f2 + f3) + d22(d3 − f3 − f4)

+ 2d1(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4) + d3(f2 + f3)L

− (f2f3 + (f2 + f3)f4)L + d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
)]

[

d23f1f2 + d23f1f3 + d23f2f3 − d22(f1 + f2)(d3 − f3 − f4) − 2f1f2f3f4

+ d21 (f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)

− d3f1f2L− d3f1f3L− d3f2f3L + f1f2f3L + f1f2f4L + f1f3f4L + f2f3f4L

− d2(f1 + f2)
(

d23 + (f3 + f4)L (−d3(2f3 + L))
)

+ d1
(

2d3f2f3 − d23(f2 + f3) + d22(d3 − f3 − f4) + d3(f2 + f3)L

−(f2f3 + (f2 + f3)f4)L + d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
))]

= 0

(6.49)

One can get three solutions of d1, which are obtained as

d1C =







−2d3f2f3 + d23(f2 + f3) − d22(d3 − f3 − f4)

−d3(f2 + f3)L + (f2f3 + (f2 + f3)f4)L

−d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2f2 + f3) + L
)







2(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)
(6.50)
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d
(1,2)
1 = d1C ± 1

2(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)
√

(−4(f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)
(

d23f1f2 + d23f1f3 + d23f2f3 − d22(f1 + f2)(d3 − f3 − f4) − 2f1f2f3f4 − d3f1f2L

− d3f1f3L− d3f2f3L + f1f2f3L + f1f2f4L + f1f3f4L + f2f3f4L

−d2(f1 + f2)
(

d23 + (f3 + f4)L− d3(2f3 + L)
)

+
(

2d3f2f3 − d23(f2 + f3) + d22(d3 − f3 − f4) + d3(f2 + f3)L

−(f2f3 + (f2 + f3)f4)L + d2
(

d23 + (f3 + f4)(2f2 + L) − d3(2(f2 + f3) + L)
))2
)

(6.51)

The determination of height H1 from axis d1 of the central extremum can

be done by the substitution of d1 given by (6.50) in the condition (6.5). We

have

H1 =

(

d2 − d
(1,2)
2+

)(

d2 − d
(3,4)
2+

)(

d2 − d
(1,2)
2−

)(

d2 − d
(3,4)
2−

)

(16f 2
1 f

2
2 f

2
3 f

2
4 (f2f3 − d3(f2 + f3) + d2(d3 − f3 − f4) + (f2 + f3)f4)

2)
(6.52)

where d
(1,2)
2+ , d

(3,4)
2+ , d

(1,2)
2− and d

(3,4)
2− are related to the coefficients r11, k11, t11,

p11, s11, q11, m11 and i11 which are given by the conditions (6.23-6.26), and

(6.45-6.48). H1 R 0 depending on the values of d2 for a given L, d3, f1, f2,

f3 and f4 which also decide the stable zones of d1. One can also look for

the values of L numerically, where H1 becomes −4. In the next section we

construct the length chart of 4CURC, in which all the possible cases of L

will be consolidated, for the case of f1 < f2 < f3 < f4.

6.3 The Length Chart of 4CURC

The parameters r11, k11, t11, p11, s11, q11, m11 and i11 which are given

in the Fig. (6.6) show that the maximum length LM for the 4CURC is

now extended up to 4f1 + 4f2 + 4f3 + 4f4 and also additional new marginal
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lengths are generated in between, compare to the case of 3CURC. It can

Figure 6.6: Description of length parameters in terms of focal lengths

of 4CURC

be generalized that adding an additional lens in the cavity is allowing one

to extend the stable length of the corresponding cavity and also generating

new additional lengths as it has been realized earlier for the cases 2CURC,

3CURC and now for 4CURC. If we consider the focal lengths f1, f2, f3 and

f4 to be prime numbers then twenty three distinct and finite values of length

L are possible for 4CURC as shown in the Fig. (6.7). But for the case of

non primed focal lengths, the coincidence of marginal stable lengths L takes

place.

Therefore for a fixed d1, at the marginal stable L we study the behaviour

of the stability between the separation distances d2 and d3.

To analyze the stability condition(6.5), we construct 3D plots for differ-

ent cases of L of 4CURC, when all the four modes present, where (6.5)i.e.,

(A + D)2 − 4 is along z axis, while d2 and d3 are respectively along x and y

axes. We also construct plots for the cases of L, where 4CURC can get con-

verted to 3CURC, 2CURC and SCURC, to show the behaviour of stability
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Figure 6.7: Length chart for 4CURC for the case of f1 < f2 < f3 < f4
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function with the corresponding variation of the length of the arms which

also noted in Fig. (6.7).

For the considered case of f1 < f2 < f3 < f4, we choose f1 = 50cm,

f2 = 75cm, f3 = 100cm, f4 = 125cm and d1 = 160cm.

(a). L > LM . For a fixed L > LM = 1500cm the stable contours of d2

Figure 6.8: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L > LM=1500cm

and d3 are plotted in the Fig. (6.8). There exist four stable zones

of different Gouy phase variations of 2π − 3π, 3π − 2π and 3π − 4π.

Out of these four the central contour is completely stable inside and

surrounded outside by an unstable region, where as the other three

contours are surrounded inside and outside by an unstable region.

(b). L = LM . For L = LM = 1400cm, one can see that the central contour

with the Gouy phase variation 3π−4π starts decreasing as shown in the

Fig. (6.9). But the remaining three stable contours are still existing in

the same manner as in the previous case L > LM .

(c). L = LM2+LM3+LM4. For the case of L = LM2+LM3+LM4 = 1200cm,

144



CHAPTER 6. FOUR LENS RING CAVITY

Figure 6.9: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM=1400cm

Figure 6.10: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM2 + LM3 + LM4 = 1200cm

the central contour is completely vanished and the other three stable

contours are giving an impression that, they are coming closely to merge

which is shown in the Fig. (6.10).

(d). L = LM1 + LM3 + LM4. Interestingly, one can see here in this Fig.

(6.11) that for L = LM1 + LM3 + LM4 = 1100cm, all the three stable

contours are merged.
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Figure 6.11: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1 + LM3 + LM4 = 1100cm

The length region of 4CURC where the 4CURC can act as a 3CURC

will come into the length chart from here onwards.

(e). L = LM(1,2),3,4
. For L = LM(1,2),3,4

= 1020cm, the merging is taking

Figure 6.12: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM(1,2),3,4
= 1020cm

place and it is wider compare to the previous case even though the

instabilities are existing as shown in the Fig. (6.12).
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(f). L = LM1 + LM2 + LM4. As this L = LM1 + LM2 + LM4 = 1000cm

Figure 6.13: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1 + LM2 + LM4 = 1000cm

is close to the previous L, there is no much difference in the stability

compare to Fig. (6.12) which is shown in the Fig. (6.13).

(g). L = LM1 +LM2 +LM3. The stability for this case of L = LM1 +LM2 +

Figure 6.14: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm,d1 = 160cm and

L = LM1 + LM2 + LM3 = LM3 + LM4 = 900cm

LM3 = 900cm is plotted in the Fig. (6.14). It is observed that the un
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stable region of d2 around 400cm to 600cm for smaller d3 is eliminated

and the un stable region of d3 around 300cm to 500cm for smaller d2 is

reduced for smaller d2.

(h). L = LM1,(2,3),4
. As we change L further to L = LM1,(2,3),4

= 871.4285cm,

Figure 6.15: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1,(2,3),4
= 871.4285cm

the un stable region of d3 for smaller d2 is completely removed as shown

in the Fig. (6.15).

Here onwards the length region of 4CURC where it cam behave as

2CURC will start.

(i). L = LM(4,1),2,3
. For the case of L = LM(4,1),2,3

= 842.8571cm, the stable

contour is started becoming narrower with respect to d3 as shown in

the Fig. (6.16).

(j). L = LM2 + LM4. For this case of L = LM2 + LM4 = 800cm, the stable

contours of d2 and d3 are plotted in the Fig. (6.17). It is noted that just

as in the case of 2CURC, there exist two disconnected stable contours.

(k). L = LM1,2,(3,4)
. For this very L = LM1,2,(3,4)

= 722.22cm, it is shown in
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Figure 6.16: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1,(2,3),4
= 842.8571cm

Figure 6.17: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM2 + LM4 = 800cm

the Fig. (6.18) that the stable zone is reduced further even though it

is merged again.

(l). L = LM1+LM4 = LM2+LM3. For this L = LM1+LM4 = LM2+LM3 =

700cm, again there exist two un connected stable contours as shown in

the Fig. (6.19).

(m). L = LM1 + LM3.
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Figure 6.18: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1,2,(3,4)
= 722.22cm

Figure 6.19: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1 + LM4 = LM2 + LM3 = 700cm

(n). L = LM4. For the cases (m) and (n) there is very small stable contours

as shown in the Fig. (6.20) and Fig. (6.21).

(o). L = LM3.

(p). L = LM(1,2),(3,4)
.

(q). L = LM(4,1),(2,3)
.
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Figure 6.20: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM1 + LM3 = 600cm

Figure 6.21: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM4 = 500cm

(r). L = LM2. For the cases (o), (p), (q) and (r) there are stability contours

but they are linear with the Gouy phase variation less than π. See Fig.

(6.22)-Fig. (6.25).

(s). L = LM1. For the considered d1 = 160cm, the minimum length of L

which can be used is up to L = LM1, even for this there is no stable

region of d2 and d3 exist as shown in the Fig. (6.26).

151



CHAPTER 6. FOUR LENS RING CAVITY

Figure 6.22: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM3 = 400cm

Figure 6.23: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM(1,2),(3,4)
= 342.222cm

(t). L = Leff1234. For the considered f1, f2, f3 and f4, the range of L,

from 0 to Leff1234 as shown in the Fig. (6.27) is available for which

the 4CURC behaves as a SCURC for which the Gouy phase variation

is from 0 to π.

From the stability of 4CURC it is analyzed that for distinct f1 < f2 < f3 <

f4, the unstable regions are still present. In fact, it is continuing to have
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Figure 6.24: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM(4,1),(2,3)
= 314.286cm

Figure 6.25: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM2 = 300cm

the accumulated Gouy phase equivalent to π, but not more than π. As a

final attempt, we check the stability of 4CURC for symmetric f . We will not

present the analytical solutions but we discuss some of the numerical results

in the following section.
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Figure 6.26: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = 160cm and

L = LM2 = 200cm

Figure 6.27: Stability diagram as a function of d2 and d3 for fixed

f1 = 50cm, f2 = 75cm, f3 = 100cm, f4 = 125cm, d1 = d2 = d3 = 0cm

and L = Leff1234 = 77.9221cm

6.3.1 Stable solutions of d1 for a given L, d2, d3 and for

symmetric f

For a given f = 100cm, d1 = 100cm, at L = 6fcm onwards the merging

of the stable contours starts taking place. For L = 600, the stability is

154



CHAPTER 6. FOUR LENS RING CAVITY

plotted between d2 and d3 is shown in the Fig. (6.28). It is realized that

even with the symmetric f , the unstable zones are occurring in between the

stable zones. The corresponding Gouy phase regions are identified for this

and for the following cases too. For the cases of L = 5fcm and L = 4fcm

Figure 6.28: Stability diagram as a function of d2 and d3 for fixed

f = 100cm, d1 = 100cm and L = 6fcm

the stability is plotted in Fig. (6.29) and Fig. (6.30). It is again made it

clear that it is not possible to achieve the accumulated Gouy phase variation

beyond 4π. We calculate the half rayleigh ranges and the positions of the

beam waists in each of the arms of the 4CURC by using

z0i = ± 1

C

√

1 −
(

A + D

2

)2

(6.53)

x0i =
A−D

2C
(6.54)

Here the index i = s corresponds to the arm d1, i = y corresponds to the

arm d2, i = d corresponds to the arm d3 and i = b corresponds to the arm

L−d1−d2−d3 of the cavity. Having calculated the half Rayleigh ranges and
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Figure 6.29: Stability diagram as a function of d2 and d3 for fixed

f = 100cm, d1 = 100cm and L = 5fcm

Figure 6.30: Stability diagram as a function of d2 and d3 for fixed

f = 100cm, d1 = 100cm and L = 4fcm

their positions, one can proceed to calculate the accumulated Gouy phase
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φG(RT ) for the chosen cavity and is given by

φG(RT ) = arctan

(

x0s

z0s

)

− arctan

(−d1 + x0s

z0s

)

+ arctan

(

x0y

z0y

)

− arctan

(−d2 + x0y

z0y

)

+ arctan

(

x0d

z0d

)

− arctan

(−d3 + x0d

z0d

)

+ arctan

(

x0b

z0b

)

− arctan

(−L + d1 + d2 + d3 + x0b

z0b

)

(6.55)

We discuss the Gouy phase variation for some peculiar cases and other mode

properties as well in the following section.

6.4 Variable Gouy phase of 4CURC

In this section we analyze different cases of 4CURC to study the Gouy

phase variation.

6.4.1 Case(i): For a given f1 = f2 = f , f3, f4, d1 and L

First we start with the case, when the focal lengths f1 and f2 of the

lenses L1 and L2 are symmetric. For a given d1, d3 and L, we vary the

distance d2. For a given f1 = f2 = 50cm, f3 = 75cm, f4 = 100cm, and for

fixed d1 = 200cm, d3 = 150cm, L = 650cm, the stable range of d2, which

can be varied to create variable Gouy phase is from 105.104cm-344.896cm.

For this range of d2, we plot all the mode properties in the following Fig.

(6.31)-(6.34).

The half Rayleigh ranges z0s, z0y, z0d and z0b are plotted in the Fig. (6.31).

It is observed that z0y and z0b are linear through out the stable range of d2

where as z0s is showing a rapid increase at the edges of stable d2. The Half
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Figure 6.31: Half Rayleigh ranges z0s, z0y, z0d and z0b as a function of

d2 for f1 = f2 = 50cm, f3 = 75cm, f4 = 100cm, d1 = 200cm, d3 = 150cm,

L = 650cm

Rayleigh range between the lenses L3 and L4, i.e., z0d reached a maximum

value of 340cm around d2 = 130cm. The corresponding positions of the beam

waists x0s, x0y, x0d and x0b are plotted with d2 in the Fig. (6.32). The spot

sizes before and after the lenses L1, L2, L3 and L4 are equal and given by

ω1x1, ω2x1, ω3x1 and ω4x1 are plotted with d2 in the Fig. (6.33). At the edges

they are increasing rapidly but varying linearly through out the stable range

of d2. The variable Gouy phases for full round trip in each of the arms of

lengths d1, d2, d3 and L−d1−d2−d3 are correspondingly φG1(RT ), φG2(RT ),

φG3(RT ), φG4(RT ) and the accumulated Gouy phase φG(RT ) as a function

of d2 is plotted in the Fig. (6.34). The Gouy phase variation for this case

amounts to be
2π

3
which is less than π. In the next section we consider the

second and third lenses to be symmetric and analyze the mode properties in

the same manner.
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Figure 6.32: The positions of the beam spot sizes x0s, x0y, x0d and x0b

as a function of d2 for f1 = f2 = f = 50cm, f3 = 75cm, f4 = 100cm,

d1 = 200cm, d3 = 150cm, L = 650cm
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Figure 6.33: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d2 for f1 = f2 = 50cm, f3 = 75cm, f4 = 100cm, d1 = 200cm,

d3 = 150cm, L = 650cm
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Figure 6.34: Variable Gouy phases φG1(RT ), φG2(RT ), φG3(RT ),

φG4(RT ) and φG(RT ) as a function of d2 for f1 = f2 = 50cm, f3 = 75cm,

f4 = 100cm, d1 = 200cm, d3 = 150cm, L = 650cm

6.4.2 Case(ii): For a given f1, f2 = f3 = f , f4, d1 and L

Consider the focal lengths f2, f3 of the lenses L2 and L3 to be symmetric.

For f1 = 50cm, f2 = f3 = 75cm, f4 = 100cm and d1 = 200cm, d3 = 100cm,

L = 700cm, the stable range of d2 which is available is from 163.397cm-

336.603cm. For this range of d2, the half Rayleigh ranges z0s, z0y, z0d and

z0b are plotted in the Fig. (6.35). The corresponding positions of the beam

waists x0s, x0y, x0d and x0b are plotted with d2 in the Fig. (6.32). The spot

sizes before and after the lenses L1, L2, L3 and L4 are equal and given by

ω1x1, ω2x1, ω3x1 and ω4x1 are plotted with d2 in the Fig. (6.37). The variable

Gouy phases for full round trip in each of the arms of lengths d1, d2, d3 and

L− d1 − d2 − d3 are correspondingly φG1(RT ), φG2(RT ), φG3(RT ), φG4(RT )

and the accumulated Gouy phase φG(RT ) as a function of d2 is plotted in

the Fig. (6.38). The Gouy phase variation observed for this case is
2π

3
.
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Figure 6.35: Half Rayleigh ranges z0s, z0y, z0d and z0b as a function of

d2 for f1 = 50cm, f2 = f3 = 75cm, f4 = 100cm, d1 = 200cm, d3 = 100cm,

L = 700cm
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Figure 6.36: The positions of the beam spot sizes x0s, x0y, x0d and

x0b as a function of d2 for f1 = 50cm, f2 = f3 = 75cm, f4 = 100cm,

d1 = 200cm, d3 = 100cm, L = 700cm
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Figure 6.37: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d2 for f1 = 50cm, f2 = f3 = 75cm, f4 = 100cm, d1 = 200cm,

d3 = 100cm, L = 700cm

6.4.3 Case(iii): For a given f1, f2, f3 = f4 = f , d1 and L

Consider the focal lengths f3, f4 of the lenses L3 and L4 to be symmetric.

For f1 = 50cm, f2 = 75cm, f3 = f4 = 100cm and d1 = 200cm, d3 = 180cm,

L = 800cm, the stable range of d2 which is available is from 41.1508cm-

445.516cm. For this long range of d2, the half Rayleigh ranges z0s, z0y, z0d

and z0b are plotted in the Fig. (6.39). The corresponding positions of the

beam waists x0s, x0y, x0d and x0b are plotted with d2 in the Fig. (6.40).

The variable Gouy phases for full round trip in each of the arms of lengths

d1, d2, d3 and L − d1 − d2 − d3 are correspondingly φG1(RT ), φG2(RT ),

φG3(RT ), φG4(RT ) and the accumulated Gouy phase φG(RT ) as a function

of d2 is plotted in the Fig. (6.42). For this case the Gouy phase variation

is turning out to be
2π

3
. It is realized that even if we make any two of the

lenses of the 4CURC to be symmetric the accumulated Gouy phase variation
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Figure 6.38: Variable Gouy phases φG1(RT ), φG2(RT ), φG3(RT ),

φG4(RT ) and φG(RT ) as a function of d2 for f1 = 50cm, f2 = f3 = 75cm,

f4 = 100cm, d1 = 200cm, d3 = 100cm, L = 700cm

which one can get is of the order of
2π

3
. Therefore, what happens to the

Gouy phase variation when all of the lenses are symmetric? In the following

section we study different cases leading to different Gouy phase variations

with the symmetric focal lengths.

6.5 For a symmetric f1 = f2 = f3 = f4 = f

Consider all the focal lengths of the 4CURC to be symmetric i.e., f1 =

f2 = f3 = f4 = f . At different values of L, d1, d2 and d3 we check the Gouy

phase variation as in the following.
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Figure 6.39: Half Rayleigh ranges z0s, z0y, z0d and z0b as a function of

d2 for f1 = 50cm, f2 = 75cm, f3 = f4 = 100cm, d1 = 200cm, d3 = 180cm,

L = 800cm

6.5.1 Case(i): 3π − 4π − 3π

For the given values of f = 30cm, L = 480cm, d2 = 120cm, d3 = 120cm,

the stable range of d1 which satisfies the stability function is from 85.359cm

to 154.641cm. Therefore for this range of d1, we plot all the beam properties

which are shown in the Figs. (6.43)-(6.46). The Fig. (6.43) shows the

behaviour of half Rayleigh ranges z0s, z0y, z0d and z0b in between the lens

combinations (L1, L2), (L2, L3), (L3, L4) and (L4, L1) respectively. It is

noticed that all of them are becoming zero at d1 = 120cm. The corresponding

positions of the beam waists are plotted in the Fig. (6.44). The spot sizes

on the lenses ω1x1, ω2x1, ω3x1 and ω4x1 are plotted in the Fig. (6.45). The

Gouy phase variation in all the four sections φG1(RT ), φG2(RT ), φG3(RT ),

φG4(RT ) and the accumulated Gouy phase φG(RT ) is plotted in the Fig.

(6.46). It is noticed that the accumulated Gouy phase shows the variation
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Figure 6.40: The positions of the beam spot sizes x0s, x0y, x0d and

x0b as a function of d2 for f1 = 50cm, f2 = 75cm, f3 = f4 = 100cm,

d1 = 200cm, d3 = 180cm, L = 800cm

The spot sizes before and after the lenses L1, L2, L3 and L4 are equal and

given by ω1x1, ω2x1, ω3x1 and ω4x1 are plotted with d2 in the Fig. (6.41).

3π − 4π − 3π.

6.5.2 Case(ii): 3π − 2π, 2π − 3π

For the chosen f = 30cm, L = 470cm, d2 = 120cm and d3 = 274cm,

there are two stable regions of d1 available, in between 24cm to 75cm. First

region of d1 is from 27cm to 41cm and the second region of d1 is from 46cm

to 75cm which are separated by an unstable region. For this case the half

Rayleigh ranges zos, z0y, z0d and zob are plotted in the Fig. (6.47). The

corresponding positions of the beam waists are plotted in the Fig. (6.48).

The corresponding spot sizes on the lenses ω1x1, ω2x1, ω3x1 and ω4x1 are

plotted in the Fig. (6.49). The Gouy phase variation in all the four sections

φG1(RT ), φG2(RT ), φG3(RT ), φG4(RT ) and the accumulated Gouy phase
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Figure 6.41: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d2 for f1 = 50cm, f2 = 75cm, f3 = f4 = 100cm, d1 = 200cm,

d3 = 180cm, L = 800cm

φG(RT ) is plotted for two regions and is shown in Fig. (6.50). In the first

region of d1 the accumulated Gouy phase is varying from 3π − 2π where as

in the second region of d1 it is varying from 2π − 3π.

6.5.3 Case(iii): π − 2π, 2π − π

As it is discussed, the Gouy phase variations π−2π and 2π−π correspond

to the length region of 2CURC. For this case we make d2 = d3 = 0cm. For

the chosen f = 30cm, L = 470cm there exist two small stable regions of

d1. First stable region of d1 is from 41.0284cm to 44.1284cm and the second

stable region is from 425.8535cm to 428.9535cm. For this set of parameters

the half Rayleigh ranges are plotted for the two stable regions separately

which are shown in the Figs. (6.51a) and (6.51b).

In the first region of d1, the half Rayleigh ranges z0s, z0y and z0d are
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Figure 6.43: Half Rayleigh ranges z0s, z0y, z0d and z0b as a function of

d1 for f = 30cm, d2 = 120cm, d3 = 120cm, L = 480cm
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Figure 6.44: The positions of the beam spot sizes x0s, x0y, x0d and x0b

as a function of d1 for f = 30cm, d2 = 120cm, d3 = 120cm, L = 480cm
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Figure 6.45: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d1 for f = 30cm, d2 = 120cm, d3 = 120cm, L = 480cm

very small compare to z0b. For the second region, z0s reaches higher values,

where as the other three half Rayleigh ranges zoy, z0d and zob are very much

confined and they are small in the size.
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Figure 6.46: Variable Gouy phases φG1(RT ), φG2(RT ), φG3(RT ),

φG4(RT ) and φG(RT ) as a function of d1 for f = 30cm, d2 = 120cm,

d3 = 120cm, L = 480cm
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Figure 6.47: Half Rayleigh ranges z0s, z0y, z0d, z0b as a function of d1

for fixed f = 30cm, d2 = 120cm, d3 = 120cm, L = 470cm
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Figure 6.48: The positions of the beam spot sizes x0s, x0y, x0d and

x0b as a function of d1 for fixed f = 30cm, d2 = 120cm, d3 = 120cm,

L = 470cm
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Figure 6.49: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d1 for fixed f = 30cm, d2 = 120cm, d3 = 120cm, L = 470cm
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Figure 6.50: Variable Gouy phases φG1, φG2 , φG3, φG4 and φG(RT ) as

a function of d1 for fixed f = 30cm, d2 = 120cm, d3 = 120cm and

L = 470cm
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Figure 6.51: Half Rayleigh ranges z0s, z0y, z0d, z0b as a function of d1

for fixed f = 30cm, d2 = d3 = 0cm, L = 470cm
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Figure 6.52: The positions of the beam spot sizes x0s, x0y, x0d and x0b

as a function of d1 for fixed f = 30cm, d2 = d3 = 0cm, L = 470cm

The corresponding positions x0s, x0y, x0d and x0b of the beam waists are

plotted in the Fig. (6.52a) for the first stable region of d1 and in Fig. (6.52b)

for the second stable region of d1.

The corresponding spot sizes on the lenses ω1x1, ω2x1, ω3x1 and ω4x1 are

plotted in the Figs. (6.53a) and (6.53b). The Gouy phase variation in all the

four sections φG1(RT ), φG2(RT ), φG3(RT ), φG4(RT ) and the accumulated

Gouy phase φG(RT ) is plotted for two regions in Figs. (6.54b). In the first

stable region of d1 the accumulated Gouy phase is varying from π−2π where

as in the second stable region of d1 it is varying from 2π − π.

To summarize, we have analyzed the Gouy phase variation for different

cases of 4CURC. By the insertion of ‘N ’ lenses into the cavity, one can

generate N regions showing different phases, but with the accumulated Gouy

phase variation to be π.
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Figure 6.53: The spot sizes on the lenses L1, L2, L3 and L4 as a

function of d1 for fixed f = 30cm, d2 = d3 = 0cm, L = 470cm
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Figure 6.54: φG1(RT ), φG2(RT ), φG3(RT ), φG4(RT ) and φG(RT ) as a

function of d1 for fixed f = 30cm, d2 = d3 = 0cm, L = 470cm
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6.6 Conclusion

The stability analysis of SCURC, 2CURC, 3CURC and 4CURC is pre-

sented in the chapters 3, 4, 5 and 6 in detail. This study suggests that it

is not possible to get the accumulated Gouy phase variation more than π.

But the advantage of this very amount of π in the Ring laser gyros has been

explained in the chapter 5. Chapter-7 deals with the question (b) raised at

the end of Chapter-3.
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7
The structured point and its

equivalence to Huygen’s point source

for secondary wavelets

We pick the thread left at the end of the Chapter-3. Recall that the

structured point source proposed there is the Rayleigh zone - the focal region

lying between −z0 to +z0 with the beam waist ω0 at z = 0 in the fundamental

Gaussian mode. It was observed in Chapter-3 that by varying the perimeter

L of the ring cavity, in Fig. 3.3 one could examine the image focal spot ω0′
and the image point O′ after the lens L2, for the object beam waist(ω0) and a

superimposed object point O - kept inside the ring-cavity. The location of ω0′
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i.e., the image of the beam waist remains fixed, in the same plane as that of

the object beam waist ω0; on the other hand the position of the point-image

O′ shows variation expected from the geometrical optics (u, v, F ) formalism.

Besides the locations, it is interesting to compare the variation in the size

of the Rayleigh zone, with the size of the point image O′ as a function of

the perimeter L, for a given F . The Rayleigh zone size outside and inside

the cavity for a given L, F are exactly same(z0 = z0′); the image-point ω0′
however obeys the geometrical magnification m =

v

u
- in transverse direction

and
dv

du
= −m2 in longitudinal direction. At L = 4F , note that Rayleigh

zone shrinks also to the size of the point image(z0 = z0′ → 0).

The feature, dramatized in this experiment is related to the two images of

the two distinct objects viz. (1) that of Rayleigh zone(−z0,+z0) and (2) that

of the point object O. This feature has not been discussed and compared in

this way. However it is well known. For example the variation is implied in

the parameter w, discussed in connection with metaplectic group analysis of

the Gouy phase in the corresponding hyperbolic geometry[1]. This variation

also emerges physically as a result of varying the focal length or combination

of focal lengths - as discussed in Chapters 4-6. The experiment of Chapter-

3, under discussion here is distinct as it varies L for a given F . This in

principle permits one to achieve ω0 = 0 limit which cannot be achieved by

varying alone the focal length F of lens for a fixed L. Thus the experiments of

Chapter-3 help compare the Cavity-mode-Rayleigh-zone with the point focus

of geometrical optics. The point focus gets achieved naturally for L ≥ 4F ,

in a graphic way. The cavity mode of finite size z0 helps one to see the inside

region of the geometrical point image(z0′ → 0).

We will conclude below that the Rayleigh region is the expanded/enlarged

point of geometrical optics. That is the point of geometrical optics, which is

the point to which the focused geometrical rays advancing from infinitely dis-

tant spherical wave front congregate(converge to), has an internal structure
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like that of the Rayleigh zone of a Gaussian mode - this internal structure

lies inside the surfaces of minimum radii of curvature on the boundaries at

z = −z0,+z0.

The location of the point of congregation for an infinitely distant (|z| →
∞) wavefront can be located at z ≃ 0. For wave fronts at distance |z| > z0,

the points of congregation are seen to lie in the volume with boundaries

at −z0 and +z0 along the z axis. All rays outside the Rayleigh zone are

well known to have normal congruence and intensity given by the number of

rays per unit area normal to the ray direction of propagation, and that they

have their congregation points (meaning their centers of curvature) inside

the Rayleigh zone.

The above picture of the Rayleigh zone is as characterized by the rays

outside the Rayleigh zone. The entire inside of the Rayleigh zone is being

referred to as the structured point of geometrical optics - i.e., the entire

voluminous-point is simply called a structured point. The internal struc-

ture of the structured point is dependent on the Gaussian mode and can be

elaborated as follows.

The volume occupied inside the surface of minimum radius of curvature

is the volume of interest now. The principles of geometric optics (i.e, normal

congruence, and intensity equal to the number of rays per unit area normal

to axis of propagation) are obeyed inside the Rayleigh zone as well. We may

call the inside volume as the congregation volume of the outside region. The

rays of the inside region do the reversal.

The tangents to every location on rays inside the Rayleigh zone congregate

to/de-congregate from (i.e., have convergence/divergence at) points lying in

the region outside the Rayleigh zone: that is they do not congregate inside

but outside the Rayleigh zone. This is the reversal mentioned above.

As the location on the rays inside moves in the positive direction from

the first surface of congregation (i.e, the wave front surface with minimum
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radius of curvature existing at z = −z0 on the left of z = 0 and reaches the

middle (z = 0) the associated wave fronts grow in radius of curvature with

the centre of curvature out side the Rayleigh zone (at z > +z0) - and acquire

the infinite radius of curvature, when at z = 0, with centre of curvature at

positive infinity. This is a sign of no congregation(convergence at positive

infinity). Further down the inside region i.e., for 0 < z < z0 they congregate

away (have centre of divergence at negative infinity) outside the Rayleigh

zone. At the exiting surface of Rayleigh zone at z = z0 the congregation

point lies at −z0 at the left boundary of Rayleigh zone, and vice versa.

These properties of the rays in the Rayleigh zone define the structure of

the point of geometrical optics in the premise of the structured point.

The concept of such a structured point invites one to re-examine the phase

anomaly near z = 0, the focus of the Gaussian mode[2, 3]. While arbitrary

phase value may be assigned to any one of the location in a volume filled

with electromagnetic field, the relative value of phases of all other locations

are determined by the Maxwell’s equations and corresponding solution for a

coherent field. For example the phase value assigned to focus has been +π
2

or −π
2

in different contexts by different authors([3] see page 445 foot note).

In that respect the internal structure of the structured point suggests to take

the phase at focus at z = 0 to be with zero value. The relative values of

the phase of the infinitely distant(z = −∞) spherical wave front converging

towards the focal point at z = 0, and that of infinitely distant(at (z = +∞))

spherical wave front diverging away from the focal point at z = 0 are −π
2

and

+π
2
(given by the Gouy phase) respectively for a Gaussian mode propagating

in positive z-direction.

Question that is raised now is: Is this consistent with the Huygens point

source for secondary wavelets?

Note that Huygen’s point source of secondary wavelets needs to send

disturbance only in the forward direction like a specific Gaussian mode. On
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attaching a Gaussian mode of infinitely small z0 with it this condition gets

satisfied automatically. Consequently the phase at any other location from

such a Huygens point source is also automatically given by the corresponding

Gouy phase as a function of the distance z along direction of propagation,

along with its transverse spread in direction r normal to the direction of

propagation.

Two more points are required to be paid attention to: 1. distinction has

to be made due to the curvature of the wave front as to what phase would

one assign to the point source of Huygens being assumed on it; 2. The mode

function eikr

r
usually assigned to an atomic spontaneous emitter according to

the quantum mechanical probability distribution is not to be confused with

the forward propagating mode like the Gaussian mode; while the quantum

mechanical probability to emit radiation in any direction is an integral over

uniformly distributed modes in all directions, once a photon is emitted it

must conform to a forward propagating mode in the direction of emission.

The question is: will that mode be with a plane wave front or a Gaussian

mode of a chosen z0 with a plane wave front at its point of location?

Is this, then, consistent with the requirement of Huygens construction of

the secondary wavelets? Wherein the point source-on the infinitely distant

spherical wave front is taken customarily to be with phase −π
2

and the point

to which it advances is obtained with the phase 0(after an integral over the

intermediate wave front); then the field at the final point of arrival turns out

to be with the right phase; assumed to be the one obtained by the ultimate

wave front at the point of arrival should the wave propagate directly from

the point source from which it physically originated in the first instance.

Alternatively assigning to the Huygens point source the initial phase value

to be the value of the (Gouy) phase of the spherical wave from its previous

history will obviate this difficulty. Indeed one may place at a location on the

intermediate wave front a fundamental Gaussian mode of beam waist of size
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πω2
0 tangential to the wave front, with direction of propagation given by the

normal to the wave front.

Thus one gets a consistent mathematical expression for the Huygens

source of secondary wavelets - satisfying the properties assigned to it in the

original suggestion. It also determines the right relative phase of any wave

front created at distance z front the location of the point source. This way of

sequencing the wave fronts including that of different foci connected through

lens transformations and accumulating the relative phases is consistent with

the phase accumulations considered in Chapters 4-6 in this thesis.

The Huygens point source is then identifiable literally, with the Rayleigh

zone of the fundamental Gaussian mode with the infinite radius of curvature

plane at the beam waist coincident with the point given the phase of the

wave front history.

It is interesting also to ask, what is the origin of the Gouy phase? The

Gouy phase in this thesis is taken to coincide with the phase of any wave front

in a sequence of transformations involving lenses and propagations, given on

the basis of the fundamental Gaussian mode.

Finally for the demonstration of above analysis, note the expression for

the fundamental Gaussian mode incorporating the amplitude determined by

the energy density it carries is represented as

ex =

√

16π < we >

ǫ

(

z0
z0 − iz

)

e
−ikz−ik r2

2q(z) (7.1)

hy =

√

ǫ

µ
.ex (7.2)

ω2(z) = ω2
0

[

1 +

(

z

z0

)2
]

(7.3)

z0 =
πω2

0

λ
(7.4)

q(z) = z + iz0 (7.5)
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Examining the expressions(7.1-7.5) reveals an interesting result that the ge-

ometric optics limit of the expression(7.1) obtained by the normal procedure

of taking limit k → ∞1 is achieved from the expression (7.1) by going to

limit z0 → ∞. This implies ω0 goes to infinity is independent of λ. This is

the domain with z < z0 i.e., inside of the Rayleigh zone. Eq. (7.1) inside

Rayleigh zone is replaced by

ex =

√

16π < we >

ǫ
e
−k r2

2z0
−

ikr2

2z2
0 e

−ikz−itan−1 z
z0 (7.6)

Note that a control on z0 is available without resorting to the conditions of

ω0 finite with λ → 0. When z0 is large then the amplitude is nearly unity

unless r is sufficiently large, usually not considered in that range; similarly

the phase term that appears in addition to the eikonal of geometrical optics,

is nearly zero for all z ≪ z0. This observation is not only surprising but also

revealing. Note that all what is said about geometric optics viz.1. Constant

amplitude; 2. No phase other than eikonal; 3. Hydrodynamics like tubular

flow systems of optical rays with variable cross sections; 4. Local orthogonal

nature of wave front with respect to the geometric rays, all are applicable in

z ≪ z0 region.

The other region where z0 ≪ z, has the Eq. (7.1) replaced by

ex =

√

16π < we >

ǫ

(

z0
z
e
itan−1

(

z
z0

)

e
−

πr2

z0λ

)

e
−ikz−ik zr2

2z20 (7.7)

Here depending on the sign of z, to the left or to the right of z = 0, the

phase term is ∓π
2

respectively; for large z the inverse square law of intensity

is evident; the wave front at every z is spherical with respective sign for

different positions; note the k dependence of amplitude. This function shows

that the field produced at point on the axis at the focal point is similar to

the contribution from the first Fresnel zones as required by the discussion

1See Born and Wolf solution ex =
√

16π<we>

ǫ
e+ikze−iωt where < we >= ǫ

16π
e.e⋆.
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in [3], and also the value it must have according to the Kirchoff’s integral

equation, provided we take the phase at the focal point to be zero.

Since the mode functions are realizable (which was not so before they were

discovered during the considerations on optical cavity) in practice by putting

in the constraints of a lens in ring cavity, or by a pair of mirrors, they have

come to stay and reveal a domain of mathematical analysis for the solution

of Maxwell’s equations. That is the amplitude function of the Maxwell’s

equations can be a function in terms of positive powers of k, in addition

to the negative powers of k which emerge as corrections to the Geometrical

optics results, which are obtained from  L, M components as discussed in

reference [3].

Thus the domain z < z0(Eq. (7.6)), i.e., inside the structured point

belongs to the geometrical optics, where as the domain z > z0(Eq. (7.7))

behaves according to Kirchoff’s integral equation, provided we take the phase

at focal point to be zero.
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Conclusion

In this thesis, we have investigated the possibility of using the Gouy

phase to bring out the tuning capability. This is suggested here for the first

time. The case of a single lens in a ring cavity has been used to compare

the Gaussian mode optics with geometric optics - as is shown in chapter-3.

A systematic way of increasing the Gouy phase accumulation is presented.

The variability of Gouy phase for a stable branch is turning out to be 0− π.

Accumulated Gouy phase is the phase a wavefront acquires in a sequence

of transformations involving lenses and propagations and it is given on the

basis of the Gaussian mode. The numerical results which are presented in

the thesis are verified with the analytical solutions. Finally, the concept of

structured point at various limits of z0 is discussed and it is concluded that

the Rayleigh range can be considered as the expanded picture of a point

focus of geometrical optics.
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Appendix A

It is investigated that only the for the cases of H1 < 0 of Fig. (4.16),

one can have the continuous variation of the Gouy phase. The Gouy phases

φG1 (RT ), φG2 (RT ) in the arms d1, L− d1 respectively and the accumulated

Gouy phase φG (RT ) varying d1 is shown for the respective cases as the

following.
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Figure 1: The Gouy phases φG1 (RT ), φG2 (RT ) in the arms d1, (L−d1)

and φG (RT ) = φG1 (RT ) + φG2 (RT ) varying d1 corresponding to Fig.

(4.10)
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Figure 2: The Gouy phases φG1 (RT ), φG2 (RT ) in the arms d1, (L−d1)

and φG (RT ) = φG1 (RT ) + φG2 (RT ) varying d1 corresponding to Fig.

(4.11)
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Figure 3: The Gouy phases φG1 (RT ), φG2 (RT ) in the arms d1, (L−d1)

and φG (RT ) = φG1 (RT ) + φG2 (RT ) varying d1 corresponding to Fig.

(4.12)
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Figure 4: The Gouy phases φG1 (RT ), φG2 (RT ) in the arms d1, (L−d1)

and φG (RT ) = φG1 (RT ) + φG2 (RT ) varying d1 corresponding to Fig.

(4.13)
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The circle diagram representation of Gaussian mode was proposed for the

first time by Collins[1]. A dual form of this Gaussian beam chart was given

by Li[2]. Later, the logarithmic version of this chart which covers a much

wider region has been discussed[3]. These diagrams can help one to analyze

the propagation of Gaussian beam in free space and through lenses, to meet

a common requirement in laser optical systems i.e., Gaussian beam mode

matching. The purpose of this appendix is to display the equivalent circle

diagrams or Gaussian beam charts for the considered systems of the thesis.

In the Collins chart representation, a Gaussian beam is recognized as a cir-

cle in two dimensional complex (x, y) plane, with the variables

(

λ

πω2(z)
,

1

R(z)

)

,

where λ is the wave length, ω(z) is the spot size and R(z) is the radius of

curvature of the phase front at location z. So, the trajectory of a freely

propagating Gaussian mode is represented by the circle, and is given by
(

x− 1

2z0

)2

+ y2 =
1

4z20
(8)

Here the radius of the circle is (2z0)
−1 and the center is at

(

1

2z0
, 0

)

, where

z0 is the half Rayleigh range of the Gaussian mode2. The entire x > 0 side

is fully covered by the family of circles with 0 < z0 < ∞. Thus the entire

2In terms of z and z0, x and y are x =
z0

z2 + z20
; y =

z

z2 + z20
.
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x, y plane is spanned by all possible freely propagating modes. A point on a

circle relates the angle φz to the distance z from the beam waist of Gaussian

mode by

tanφz =
y

x
=

z

z0
(9)

φz being the angle the vector-(x+ iy) makes with the x-axis (Refer chapter-2

for other properties of the Gaussian beam).

Before going to the cases discussed in the thesis, consider first the linear

resonator shown in figure (6.63), formed by two mirrors of radii R1 and R2

which are separated by a distance L. The corresponding graphical represen-

tation of this cavity is shown for the two cases:(i)R1 = R2 and (ii) R1 6= R2.

Since there exists only one Gaussian mode in such a linear cavity, only one

Figure 5: Linear Cavity

circle is present, corresponding to a unique half Rayleigh range z0.
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To know the center of the circle through an arbitrary point (x, y) in the

complex plane obtain the point of intersection of the perpendicular bisector

of the line segment formed by the points (0, 0), (x, y) with the positive x-axis,

which determines the center (xc, 0) of the circle. Note that larger the radius

of the circle, smaller is the value of the z0 and vice versa. The positions of

the mirrors along the propagation direction z is related to the points on the

x-axis, which get fixed by the beam spot sizes on the mirrors.

The z0 in terms of the parameters of the Gaussian mode for the case of

symmetrical mirror resonatori.e, when R2 = −R1 = R3 is given by[4]

z20 =
(2R− L)L

4
(10)

and for R1 6= R2

z20 =
L(−R1 − L)(R2 − L)(R2 − R1 − L)

(R2 − R1 − 2L)2
(11)

Let us look at the circle diagrams for the cases (i)&(ii) in detail. In both

the cases the transformation of a Gaussian beam in a free-space section from

point 1 to 2, corresponds to a transformation around a circular arc in the

complex i
q

plane as shown in figure (6.63) by the arc segment 1 → 2 implying

that the Gaussian beam propagation 1 → 2 corresponds to the propagation

from −z to +z through z = 0. The beam traverses twice through the vertical

line of length 2
R

for the case(i), once for 2 → 3 and second for 4 → 5. Thus,

the Gaussian beam covers the propagation of the beam in the order from

1(z0, z < 0) → 2(z0, z > 0) → 3(z0, z < 0) → 4(z0, z > 0) → 5(z0, z < 0),

reaches the starting point.

For the case(ii) when R1 6= R2 the effect of a mirror R2 is a vertical line

of distance
2

R2
, shown by a line segment 2 → 3, which converts +z to −z

3Convention used here is R < 0 for z < 0, R > 0 for z > 0. Propagation of Gaussian

mode is always in −ve → 0 → +ve.
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on reflection. Now it travels further from 3 to 4, which is from −z to +z

and is represented by the arc segment 3 → 4, finally on reflection from the

mirror R1, it is shown by another vertical line corresponding to the distance
2

R1

, it converts +z to −z and finishes one complete round trip propagation.

The effect of a mirror can be a vertical line dropping down(↓) or a vertical

line going up(↑), depending on the direction of propagation of the Gaussian

beam.

The above described graphical representation is different from the repre-

sentation in fig(8) and fig(9) of Collins[1] because one has to give attention

to the full round trip propagation and also the reflection from the curved

mirrors which has not been shown there in the way it is represented above.

The accumulated Gouy phase for the round trip is given by

φG(RT ) = 2 (arctan(φz) − arctan(φ′z)) (12)

With this knowledge, we consider now Collins charts for the cases of ring

resonator. Consider a single-converging-unit ring cavity which is discussed

in the Chapter-3. It consists of a lens L1 of focal length F placed as shown

in the Fig. (6.64) in a ring cavity of length L. The mirrors M1, M2, M3 and

M4 are 100% plane mirrors. Let the fundamental Gaussian mode with half

Rayleigh range z01 exist in it. Assume a point at 2 be (x1, y1). Then one can

write the corresponding radius of the circle associated with this point as

1

z01
=

x2
1 + y21
x1

(13)

The corresponding z1 is given by

z1 = z01tanφ1 (14)

The transformation through lens L1 changes (x1, y1) to (x1, y1′) where y1′ =

y1 − 1
F

. This transformation shifts it to another z02 defined in terms of the
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Figure 6: Single lens Converging unit ring cavity(SCURC)

parameters z1, z01 and F by

1

z02
=

1

z01
+

z21 + z201
F 2z01

− 2z1
Fz01

(15)

To get the stable solution of the cavity, the condition to be imposed along

with the round trip propagation is that z01 = z02(since there exists only one

mode). By applying these conditions, one can determine the position of the

beam waist and spot size which are the same as shown in the Chapter-3.

In the Collins representation of figure(6.64), the beam propagation from

the point 1 to 2 corresponds to the propagation from −z to +z, and is shown

by the arc segment 1 → 2. The lens L1 transforms this beam from +z to −z

shifting to the new radius of curvature by a vertical line, with out changing

the spot size. Finally the Gaussian mode reaches point 3 which is equivalent

to that at point 1.

The accumulated Gouy phase for the round trip is given by

φG(RT ) = arctan(φ2) − arctan(φ1) (16)

We discuss the case of 2CURC next. A schematic of 2CURC of the length

L, consisting of two lenses L1 and L2 of focal lengths f1 and f2, which are

separated by a distance is shown in Fig. (6.65). Here the mirrors M1, M2, M3
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and M4 are 100% plane mirrors. The corresponding Collins chart is drawn by

the side. We get the similar conditions for 2CURC as in SCURC; but there

Figure 7: Two lens Converging unit ring cavity(2CURC)

exist two modes in this cavity. So the number of conditions are doubled as

given below.

We approach the problem by taking two vertical lines i.e., two lenses n1,

and n2 on the chart and trying to look for the circular arcs formed by the

gaussian modes.

For a given lens n1 one must have two coordinates (x2, y2), (x3, y3) which

are the end points of the vertical line with the value inverse of focal length

and maintaining the same beam spot size given by

y2 − y3 =
1

f1
(17)

x2 = x3 = m1 (18)

Similarly for the second lens n2, the points connecting the vertical line are

assumed to be (x4, y4), (x5, y5) relating the inverse of focal length of lens 2,
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and maintaining the same spot size across the lens, as

y4 − y5 =
1

f2
(19)

x4 = x5 = m2 (20)

There are four points associated with these two lenses, correspondingly there

have to be four circles. For the resonator to be stable, it is required to satisfy

the following mode matching conditions:

(1) The points (x4, y4), (x3, y3) and (0, 0) should lie on the same circle i.e.,

R4 = R3 and

(ii) The points (x2, y2), (x5, y5) and (0, 0) should lie on the same circle i.e.,

R2 = R5.

Using the above conditions we can calculate the half Rayleigh ranges z01

and z02. The corresponding positions of the beam waist and the accumu-

lated round trip Gouy phase for the considered system are reported in the

numerical results of the Chapter-4.
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