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Abstract

Algorithms for dominating sets of minimum cardinality have recently at-

tracted intense research attention due to their use in many diverse fields

such as wireless networks, information retrieval, query selection in web

databases etc.. It is well known that computing dominating sets of mini-

mum cardinality is NP-hard. Many exact and approximation (centralized

and distributed) algorithms and Polynomial-Time Approximation Schemes

(PTAS) have been proposed recently for solving the dominating set prob-

lems. There has also been a great interest in distributed algorithms that

compute dominating sets in wireless networks which optimize message com-

plexity (in terms of communication rounds needed). However, many of these

algorithms work only for polynomially bounded growth graphs such as Unit

Disk Graphs (UDGs), which are used to model wireless networks. Other

application areas cannot be modeled with such graphs and/or do not have

the need for distributed algorithms.

In this thesis, we conducted an empirical study of the Minimum Indepen-

dent Dominating Set (MIDS) problem to understand the practical signifi-

cance of the PTAS algorithm. We compared the solutions returned by the

PTAS with those of various heuristics for MIDS. For the graph instances

we studied, the solutions returned by the PTAS were, at most, only as good

as those returned by the best heuristic. In many instances, the PTAS re-

turned solutions worse than those of the best heuristic. The time taken by

the PTAS was prohibitively high even for small graphs. It is impractical for

large and high density graphs as it uses an exact algorithm to compute the

local optimal dominating set. Thus, we conclude that, while the existence

of a PTAS is of theoretical interest, it is not practical to use in reality.
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Metaheuristics are known to perform better than heuristics and approxi-

mation algorithms. However, to the best of our knowledge there have been

very few attempts to apply metaheuristics to the problem of dominating

sets so far. We study the performance of Hybrid Genetic Algorithms (HGA)

and Hybrid Ant-Colony Optimization (ACO) Algorithms for various domi-

nating set problems, i.e., the Minimum Dominating Set (MDS), Minimum

Weight Dominating Set (MWDS) and Minimum Capacitated Dominating

Set (CAPMDS) problems. The heuristics we studied for MDS and MWDS

problems are better than the only known metaheuristic algorithms for these

problems in literature. We are the first to propose metaheuristic algorithms

for the CAPMDS problem. We show that our proposed metaheuristic al-

gorithms return a better cardinality than the best known heuristics for all

instances studied. This obviously comes at a cost of more time. For exam-

ple, it takes, in the worst case, ≃ 4−6 hours for a 1000 node graph. However,

metaheuristics have a role to play where minimization of cardinality is of

utmost importance such as optical converter placement in WDM networks.

We observed that the ACO algorithms work best when combined with local

search minimization heuristic. A simple state-transition rule based simply

on the pheromone deposit on the nodes is found to be sufficient. Adding

a heuristic component to the state-transition rule increases computational

complexity without reducing the cardinality of the dominating set found.

The use of a pre-processing step helps in reducing the time required to com-

pute the solution and in improving the solution for the instances where the

search space is large.

The second part of this thesis is the novel application of dominating sets

to the problem of image analysis such as skeleton and clustering of images.

Images can be modeled as grid graphs. It is well known that computing

MIDS and MDS is NP-hard for grid graphs also. We extended the graph

morphological operators proposed recently by Cousty et al., on the complete

lattice of a grid, to use structuring elements. We use these operators to

compute the distance transform of the image and show that it is identical

to the standard algorithm using point sets. We are the first to apply graph

morphological operators to standard graph problems such as computation
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of MIDS and MDS. We show that our algorithms perform as well as the

best heuristics for these problems. A novel hierarchical clustering scheme

based on an overlay graph of the dominating nodes is proposed. In the

overlay graph, the dominating nodes form the vertices of the graph and

edges are added between dominating nodes if they or their dominated nodes

are neighbors of each other. The algorithm halts either after a fixed number

of iterations or a single cluster is formed or there are only disconnected

components in the overlay graph. We illustrated this algorithm on some

sample images as part of this thesis.

In conclusion, our empirical study of the MIDS problem demonstrated that

the PTAS is of theoretical interest but is not practical to use. Our proposed

metaheuristic algorithms for the various dominating set problems are supe-

rior to the best heuristics in all instances. We propose a novel application

of dominating sets to image analysis and propose morphological algorithms

for the MDS and MIDS problems.
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Chapter 1

Introduction

The White Rabbit put on his spectacles. “Where shall I begin, please your Majesty?”

he asked.

“Begin at the beginning,” the King said gravely, “and go on till you come to the end:

then stop.”

Alice’s Adventures in Wonderland, Lewis Carroll

Dominating Sets have been extensively studied for a long time and there is a wealth

of literature documenting the work [49, 50]. Finding a Minimum Dominating Set and

its various generalizations is known to be NP-hard [75], including for Unit Disk Graphs

(UDGs) (which are used to model wireless networks) and Grid Graphs (which are used

to model images) [17]. Here, we review some important applications to understand the

widespread use and enormous scope of applicability of various kinds of dominating sets.

Dominating sets find tremendous use in wireless networks, which leading to a great

surge of interest in them, in the recent times. Many types of dominating sets such

as Minimum Dominating Set (MDS), Minimum Independent Dominating Set (MIDS),

Minimum Connected Dominating Set (MCDS) have been used extensively in clustering

of wireless networks. Routing with the dominating set as the backbone has been used

to reduce flooding. Clustering lends a hierarchical structure to wireless networks and

makes them more manageable, especially in ad hoc and sensor networks [15, 33]. Clus-

tering and routing using dominating sets reduce the energy dissipated in the network

prolonging the network lifetime. This is extremely important for sensor networks and

wireless ad hoc networks.
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1. INTRODUCTION

In addition to routing and clustering in wireless networks, minimum weight dom-

inating set (MWDS) has been used in gateway placement in wireless mesh networks

such that the number of gateways is minimized while also satisfying any QoS require-

ments [4]. It has been used to reduce the number of full wavelength converters during

deployment of Wavelength Division Multiplexing (WDM) all-optical networks to re-

duce the cost of the deployment and overcome technological limitations [55]. Another

use of weighted dominating set is to determine the nodes which actively participate in

intrusion detection in ad hoc networks [97]. The nodes in the dominating set actively

sniff the packets traversing the ad hoc network and detect anomalous behavior. MWDS

has most recently been used in information retrieval for multi-document summarization

[87]. In this work, the sentences in the documents are represented by nodes and an edge

exists between nodes if the sentences are similar. The sentences corresponding to the

minimum dominating set of the resulting graph form a summary of all the documents.

MWDS has also been used in query selection techniques for harvesting data records

from web databases [104]. The information contained in the hidden web databases is

accessible through the various queries on the databases. In [104], the structured web

database is modeled as an attribute-value graph. The extraction of an efficient set of

queries that extract information from the hidden database is shown to be equivalent to

MWDS.

Finding Minimum Capacitated Dominating Set (CAPMDS) is the problem of allo-

cating network centers [5] such that there is a balanced load on each center. In the case

of MDS, there is no limit on the number of nodes that are serviced by a dominating

node. However, every node has finite resources such as battery power or bandwidth

in a wireless node. If too many nodes are covered by a single node, the node may die

out or communication may fail due to lack of available bandwidth. The capacity of

a node is modeled as a value associated with each node which represents the limit on

the number of nodes that can be dominated by that node. This problem has many

other applications such as facility location, distributed databases and distributed data

structures [5].

Minimization of the dominating sets leads to many advantages such as reducing

the number of nodes that form the backbone for routing and therefore the amount

of communication needed in the network, which translates into energy efficiency. In

information retrieval, the minimality leads to a more efficient search as the number of
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items to be searched against will be reduced. In full-wavelength optical converters, even

a small reduction in cardinality can lead to a huge savings in cost. Since the WDM

network design and deployment is done once, any solution that reduces cardinality while

being practical is acceptable. Thus, having seen that minimization of dominating sets

is immensely useful, we focus on the problems themselves and the various approaches

proposed in the literature for solving them.

1.1 Algorithms for Dominating Sets

Most of the algorithms in the literature for Minimum Dominating Set and its gen-

eralizations have focused on approximation algorithms. Some of the approximation

algorithms focus on the cardinality of the solution; the distributed algorithms focus

on the communication complexity of the algorithms, in addition to the cardinality.

A number of these algorithms are applicable only to UDGs or other limited types of

graphs. Many of them do not discuss the time complexity of the algorithm itself.

The distributed approximation and Polynomial Time Approximation Schemes (PTASs)

[43, 44, 56, 60, 61, 77, 84, 101, 105] have been proposed for various dominating set

problems in the context of wireless networks. The aim of the distributed approxima-

tion algorithms has been to reduce the communication complexity such that the energy

expenditure of the network is reduced, leading to a longer network lifetime.

All PTAS algorithms are applicable only to Bounded Independence Graphs (BIGs),

of which, Unit Disk Graphs (UDGs) are a special case. It was observed by us, as

part of the work for this thesis, that the PTAS for MIDS is not very practical to use

in high density graphs as it takes a prohibitively long time to run. The PTAS algo-

rithms proposed for various dominating set problems use an exact algorithm for the

local neighborhood which becomes extremely costly as the number of nodes in the

local neighborhood grows. Further, these algorithms are not useful for other applica-

tions such as optical networks or information retrieval etc., where the topology is more

likely to be a general graph. Moreover, these applications also neither need distributed

algorithms nor is it essential that the algorithms run in real-time.

We need other techniques to solve the problem of minimizing the dominating sets

which work for general graphs and complete in practical time. Metaheuristics have been

used to solve many NP-hard problems and found to be highly effective. Our literature
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1. INTRODUCTION

survey of the dominating sets made us realise that there has been hardly any attempt

to solve these problems using metaheuristics. The very few metaheuristic algorithms

for dominating sets in literature, we felt, could be improved upon significantly by better

choice of algorithms. We also felt that hybridization with the right heuristics can help

improve the solution quality.

1.2 Metaheuristics for NP-Hard Problems

Metaheuristics such as Genetic Algorithms (GA), Ant-Colony Optimization (ACO) Al-

gorithms, Aritificial Bee Colony (ABC) Algorithms, Tabu Search and others have been

proposed primarily to solve NP-Hard problems. These algorithms have the character-

istic of being applicable to any problem, independent of domain. However, it has been

proved that combining them with problem specific heuristics significantly improves the

quality of the solution returned by them. Dominating set problems are subset-selection

problems. Metaheuristics have been applied to many subset selection problems [93]

such as maximum clique [94], minimum vertex cover [89, 90], leaf-constrained mini-

mum spanning tree [91] and others. They are proved to compute solutions superior to

the best known heuristics for the respective problems.

Genetic Algorithms are based on the evolutionary processes in nature. The algo-

rithm starts off by constructing an initial population whose members are changed from

generation to generation. The concept of fitness is used to determine the quality of

the members of the population. As generations progress, the more “fit” members are

retained and others are discarded. The generation of a new member is dependent on

the parent selection policy, the way they are recombined and the mutation policy. The

member may also be optimized further by the use of a local search algorithm before it is

inserted into the population. The algorithm halts after running for a specified number

of generations or a certain number of generations without improvement in the quality

of the best solution.

Ant-Colony Optimization is based on the stygmergic behavior of ants to converge

to a single better path to the food source, if multiple different paths are available.

Ants deposit pheromone on the path they traverse and probabilistically follow a path

with more pheromone deposit. As more ants traverse a specific path, the pheromone

deposit on it increases until all ants follow the better path. This behavior has been
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modeled and improved over time and applied to many optimization problems. The basic

ACO algorithm is dependent on the state-transition rule that determines the path an

ant follows and the pheromone updation rule that determines by how much amount

the pheromone on a path is increased or decreased. By controlling the parameters

associated with these rules and combining heuristics in the state-transition rule, ACO

algorithms have been found to be highly effective in finding to optimal solutions. They

are further improved by the addition of a local search technique to improve the solution

constructed by the ant by its random walk.

In this thesis, we study the performance of the genetic algorithms and ant-colony

optimization algorithms for the dominating set problems. While the metaheuristics

improve the cardinality of the solutions at the cost of more time, we find that the time

taken is ≃ 4 − 6 hours in the worst case for 1000 node graphs. This is still practical

enough for problems such as the optical converter placement in WDM networks that are

solved only once. They are also practical for offline algorithms such as multi-document

summarization that may be run once a day or less.

1.3 Morphological Algorithms for Dominating Sets and

their Application to Image Analysis

Mathematical morphology, a non-linear, set-based approach to image processing, de-

veloped originally by Matheron and Serra[85] provides a number of powerful tools for

image analysis. Developments in morphology have taken mainly two paths. The first is

extending the morphological operations developed for binary images to a number of do-

mains such as gray scale images[95], graphs[9, 52], fuzzy sets[8, 78], color images[18, 82],

simplical complex spaces [27] etc. The second path is the development of new operations

such as opening and closing distributions[14], pattern spectra[66], area morphology[2],

watersheds[21, 72], etc.

Graph-theoretic approaches have found increasing applications in image analysis

from the turn of this century. Some notable contributions are in segmentation[34, 88]

and computer vision[35]. Classical graph problems such as minimum spanning tree

(MST), cuts and partitioning, and sub-graph isomorphism[11] have been applied to such

image analysis tasks. Though the morphological operators were extended to graphs in

5



1. INTRODUCTION

[52], recently, Cousty, et al. [22] have proposed a different set of graph morphological

operators that are shown to be dilation and erosion operators.

While dominating sets have been used for many purposes, as shown previously, they

have not been applied before to image analysis. We have taken the first steps in this

direction and shown that dominating sets can be used effectively for representing the

skeleton of images and in clustering of images. We extend and use the graph morpho-

logical operators proposed in [22] to construct algorithms for standard graph problems

such as computation of MDS and MIDS. This is, to our knowledge, the first attempt

to construct morphological algorithms for standard graph-theoretic problems. Since

morphological algorithms are highly amenable to parallel processing, these algorithms

can help in parallel computation of MDS and MIDS.

1.4 Thesis Contributions

In this thesis, we conducted the first empirical study of various exact, PTAS and heuris-

tic algorithms for MIDS. We find that the exact algorithm proposed by Liu and Song

[64] has the better asymptotic complexity, but takes more time than an intelligent enu-

meration algorithm, in practice, on small graphs. The PTAS is useful only in small and

low density graphs and even in these, returns a cardinality matched by the best heuris-

tic for MIDS, the maximum degree heuristic. The results of this study are published

in Proceedings of IC3-2011.

This thesis presents the first serious attempt to apply the metaheuristic algorithms

to the problem of dominating sets. This attempt was inspired by the fact that many of

the approximation algorithms are not applicable to general graphs and our empirical

results show that the PTAS for MIDS is not so useful in practice even for UDGs. We

find that our proposed metaheuristic algorithms for MDS and MWDS are superior to

the metaheuristic algorithms in literature. They also improve upon the results of the

best heuristics. In fact, since the heuristic for MDS is also the optimal approximation

algorithm, the improvement in results using metaheuristics is quite useful for applica-

tions where minimization of cardinality is crucial. The work on MDS is published in

Proceedings of SEMCCO-2011. The work regarding MWDS has been has been accepted

for publication in Applied Soft Computing.
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We also propose simple greedy heuristics for the problem of CAPMDS and compare

the performance of these heuristics on UDGs and general graphs with uniform and

variable capacity. We propose the first ever metaheuristic solutions for the CAPMDS

problem. These use the best proposed heuristic for the pre-processing step to guide the

solutions towards more promising search space. A well-designed minimization heuristic

is used to reduce cardinality of the solutions generated by the metaheuristics. It is seen

that the metaheuristics perform really well when the capacity and degree of graphs is

low. More work needs to be done to reduce cardinality when the degree is high and

capacity is low, by improving the coverage algorithm used to determine the neighbors

that are covered by a dominating node. We confirm that the use of a pre-processing step

works only where the search space is large and is not effective otherwise in improving

the quality of the solution. We also found that using the heuristic component in the

state-transition rule does not improve the quality of the solution in any of the problems

considered. The work regarding comparison of the greedy heuristic and its variants has

been published in Proceedings of IC3-2012 and the work relating to the metaheuristics

is under review in the journal Swarm and Evolutionary Computation.

We propose the application of dominating sets to image analysis, specifically, the

use of dominating sets as the skeleton of the image and in clustering of images. Since

images can be modeled as grid graphs and morphology plays an important part in image

analysis, we proposed novel morphological algorithms to compute MDS and MIDS. In

fact, this is the first attempt to apply graph morphological operators to standard graph

problems such as computing dominating sets. For this purpose, we extended the graph

morphological operators proposed by Cousty et al. [22] to use structuring elements.

Finally, we propose a new hierarchical clustering scheme based on the overlay graph of

dominating nodes and illustrate it on some sample images. This, to our knowledge, is

the first time dominating sets have been used in hierarchical clustering. This work has

been accepted for publication in the International Workshop on Combinatorial Image

Analysis (IWCIA-2012).

1.5 Organization of the Thesis

There are three parts to this thesis. In the first part of the thesis, we introduce the

various concepts used in the rest of the thesis. Chapter 2, Preliminaries, Foundational
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Concepts and Related Work chapter, introduces the basic concepts of independent sets,

dominating sets, matching in graphs and bounded-independence graphs. It also intro-

duces the various concepts regarding genetic and ant-colony optimization algorithms,

which are needed to explain the metaheuristic algorithms in literature and our own pro-

posed hybrid metaheuristic algorithms. We also introduce the concepts of mathematical

morphology and the algorithms for skeleton and distance transform using morphology

of point sets in this chapter. We end with the review of some of the literature regarding

the approximation algorithms and Polynomial Time Approximation Schemes (PTASs)

for various generalizations of dominating sets.

In Chapter 3, we present the results of our empirical study of PTAS and various

greedy heuristics for MIDS. This gave us an insight into the working of PTAS and exact

algorithms which resulted in our exploration of metaheuristic algorithms.

The second part of the thesis consists of two chapters: 4 and 5. The proposed

metaheuristic solutions for MDS and MWDS are presented in Chapter 4. We studied

many variants of the greedy heuristic for MWDS. The metaheuristic algorithms in

literature, against which we compared our algorithms, are also described in this chapter.

The comparison of the cardinality returned by the proposed metaheuristics with the

heuristics and other metaheuristic solutions is presented next. We propose a greedy

heuristic for the CAPMDS problem and its two variants in Chapter 5. We compare

these variants on both general graphs and UDGs to determine the better algorithm.

The metaheuristic algorithms proposed for MDS and MWDS in Chapter 4 are extended

to CAPMDS. These are, then, compared against the best heuristic for different types

of graphs with uniform and variable capacity on the nodes.

The third part of the thesis deals with the morphological algorithms to compute

dominating sets and is presented in Chapter 6. We also present the algorithms to

compute distance transform using the extended graph morphological operators, skeleton

using MIDS and the hierarchical clustering of images using dominating sets in this

chapter.

The thesis concludes with Chapter 7 that summarizes the results and presents direc-

tions for future work.

8



Chapter 2

Preliminaries, Foundational

Concepts and Related Work

“When I use a word,” Humpty Dumpty said in rather a scornful tone, “it means just

what I choose it to mean – neither more nor less.”

“The question is,” said Alice, “whether you can make words mean so many different

things.”

Through the Looking Glass, Lewis Carroll

In this chapter, we first introduce some basic definitions of various graph theoretic

concepts such as independent sets, different types of dominating sets and matching and

some known complexity results. We also define specialized types of graphs that are

encountered in this thesis.

Dominating sets have been studied for many years now and there is a wealth of

literature on dominating sets [49, 50]. Recently, many algorithms have been proposed

for clustering using different generalizations of dominating sets such as Independent

Dominating Sets, Connected Dominating Sets and so on [15, 33]. Many algorithms

that reduce communication complexity have also been proposed as it is important

that the energy dissipated for communication in wireless networks be minimal. We

review the state-of-the-art literature of approximation algorithms for dominating sets

in Section 2.3.1.

While there is a lot of literature exploring the exact and approximation algorithms

for various dominating sets, there have been very few attempts to apply metaheuristics

to this problem. In this thesis, we propose and study metaheuristic algorithms for

9
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dominating sets and evaluate their effectiveness. We review the concepts of the meta-

heursitics used viz., Genetic Algorithms (GA) and Ant-Colony Optimization (ACO)

algorithms, in Sections 2.2.1 and 2.2.2.

We use graph morphology to propose novel algorithms to compute dominating sets

and show their use in image analysis in Chapter 6. In Section 2.2.3, we introduce basic

mathematical morphology concepts and review the concepts of distance transform and

skeleton of images.

2.1 Preliminaries

In this section, we start with definitions of the basic graph theoretic concepts relating

to dominating sets and the known complexity results relating to them. We also discuss

some of the types of graphs such as Unit Disk Graphs (UDGs) which are used to model

wireless networks. Many of the approximation algorithms in literature are limited to

such graphs.

2.1.1 Definitions and Known Complexity Results

A graph G = (V,E) is a finite set of vertices (nodes) and E is the finite set of edges.

An edge is an unordered pair of vertices, (u, v), where u and v are distinct elements

of V . An example graph is given in Fig. 2.1, where circles represent vertices and lines

represent edges. We use this graph to illustrate the various concepts introduced in this

chapter.

1 2

3 4 5 6

7 8

9

10

Figure 2.1: An Example Graph.
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1 2

7 8

3 4 5 6

9

10

Figure 2.2: Nodes {1, 2, 7, 8} represent an Independent Set of the graph of Fig. 2.1.

Neighborhood: The neighborhood of a node v ∈ V is N(v) = {u : (u, v) ∈ E}, i.e.,

the set of all nodes which are adjacent to it. This is also called the open neighborhood of

a node v. The closed neighborhood of a nodeN [v] = N(v)∪v. The number of neighbors

of a node v is called the degree, d(v) =| N(v) |, of the node v. The minimum degree in

the graph is represented by δ and the maximum degree by ∆. A k-hop neighborhood

of a node Nk(v) is the set of nodes that are, at most, k hops away from the node. In

other words the open neighborhood is a special case of the k-hop neighborhood, with

k = 1, N1(v). The open neighborhood of a set S ⊂ V is N(S) = ∪s∈SN(s). Similarly,

the closed neighborhood is N [S] = {∪s∈SN(s)} ∪ S.

Independent Sets: Given a graph G = (V,E), an independent set of the graph

is a subset S ⊂ V such that no two nodes of S are adjacent to each other. The nodes

{1, 2, 7, 8} form an independent set for the example graph as shown in Fig. 2.2.

Definition 1. A maximal independent set (MIS) is an independent set that can-

not be extended without violating the independence property of the set. A maximum

independent set (MaxIS) is a maximal independent set with the maximum cardi-

nality.

A maximum independent set for the example graph is given in Fig. 2.3 and consists

of the nodes {1, 2, 3, 6, 7, 8, 10}.

Bipartite Graph: A bipartite graph is a graph in which the nodes of the graph

can be divided into two disjoint sets U ⊂ V and W ⊂ V such that for all edges

{(u,w) ∈ E | u ∈ U,w ∈W}. An example bipartite graph is given in Fig. 2.4.

11
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1 2
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Figure 2.3: Nodes {1, 2, 3, 6, 7, 8, 10} form a Maximal Independent Set of Fig. 2.1 which

also happens to have the maximum cardinality. In other words, the Maximum Independent

Set.

Figure 2.4: An example Bipartite graph.

2.1.2 Dominating Sets

A dominating set is a subset S ⊆ V such that every node v ∈ V is either a member

of S or is adjacent to a node u ∈ S. A node v ∈ S is called a dominating node whereas

a node v ∈ V \ S is called a dominated node, if it is adjacent to a dominating node.

An example of a dominating set is given in Fig. 2.5, where the dominating nodes {1,
3, 5, 7, 10} are the shaded nodes. It can be seen from the figure that all the other

nodes are adjacent to at least one of the nodes in the dominating set. Every maximal

independent set is, by definition, a dominating set. Since it also satisfies the property

of independence, it is also called an independent dominating set.

Definition 2. A dominating set of minimum cardinality is called the Minimum Dom-

inating Set (MDS). Its cardinality, γ, is called the domination number of the

graph.

Definition 3. A maximal independent set of minimum cardinality is called the Mini-

mum Independent Dominating Set (MIDS). The cardinality of MIDS, i, is called

the independent domination number of the graph.

12
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Figure 2.5: A Dominating Set of the graph in Fig. 2.1 where the dominating nodes are

{1, 3, 5, 7, 10}.

1 2

3 4 5 6

7 8

9

10

Figure 2.6: A Minimum Dominating Set of the graph of Fig. 2.1 consisting of nodes {4,

5, 10}.

The MDS and MIDS of the example graph are given in Figs. 2.6 and 2.7 respectively.

A dominating set, whose members induce a connected subgraph of G, is called a

connnected dominating set. It is also called a strongly connected dominating set.

An example of a strongly connected dominating set is given in Fig. 2.8. If all the

dominating nodes are connected to each other through a single non-dominating node

as in Fig. 2.9, it called a weakly connected dominating set.

Definition 4. A connected dominating set of minimum cardinality is called the Min-

imum Connected Dominating Set (MCDS).

A weighted graph is a graph in which a non-negative weight function w : V −→ R
+

is associated with the vertices.

Definition 5. A Minimum Weight Dominating Set (MWDS) is a dominating

set, D, such that
∑

v∈D w(v) is minimized.

13
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Figure 2.7: A Minimum Independent Dominating Set of the graph of Fig. 2.1, with nodes

{2, 4, 6, 9} forming the MIDS.

1 2

3 64 5

7 8

9

10

Figure 2.8: A Strongly Connected Dominating Set of the graph in Fig. 2.1 with the nodes

{4, 5, 7, 8, 9} forming the dominating set.

In some graphs, every node v ∈ V has a capacity denoted by cap(v) ≥ 1, which

limits the number of neighbors that the node can dominate. A capacitated dominating

set is a subset S ⊆ V such that the number of nodes dominated by a node does not

exceed its capacity. It is formally defined as follows: there is a mapping ψ : (V \S)→ S,

ψ(u) ∈ N(u),∀u ∈ (V \ S) and | {u : ψ(u) = v} | ≤ cap(v), ∀v ∈ S.

Definition 6. A Minimum Capacitated Dominating Set (CAPMDS) is a ca-

pacitated dominating set of minimum cardinality.

2.1.3 Bounded Independence Graphs

A graph G = (V,E) is said to be a Bounded-Independence Graph (BIG) if the size

of the maximum independent set of the r-hop neighborhood of a node v, Nr(v), is

bounded by a function f(r),∀r ≥ 0. If the function f(r) is a polynomial, O(rc), where

14
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4 5

1 2

3 6

7 8

10

9

Figure 2.9: A Weakly Connected Dominating Set of the graph in Fig. 2.1. The nodes

{4, 5, 9} are the dominating nodes and they are connected through the non-dominating

nodes {7, 8}.

c ≥ 1, such graphs are called as polynomially bounded growth graphs [77, 83].

Definition 7. Consider n equal-sized circles laid on a plane. Each circle represents

a node in the graph and an edge exists between nodes if the circles intersect. Such an

intersection graph is called a Unit Disk Graph (UDG) [17].

UDGs, which are one form of BIGs, are typically used to model wireless commu-

nication networks. UDGs are not planar graphs. An example UDG is given in Fig.

2.10.

Figure 2.10: An example Unit Disk Graph.

Definition 8. A grid graph is a unit disk graph in which all centers have integer

coordinates and the radius of the disk is 1/2 [17]. It can also be defined as a subset of

the complete grid graph, where the grid can be a square or a rectangle.

The intersection of the grid lines represents a node and edges are represented by

the horizontal and vertical grid lines. The grid graph is a planar graph. An example

grid graph is given in Fig. 2.11.

15
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Figure 2.11: An example Grid Graph.

Finding the Minimum Dominating Set and its various generalizations is

NP-hard [75], including on Unit Disk Graphs and Grid Graphs [17].

2.1.4 Matching in Graphs

Given a graph G = (V,E), a matching M ⊂ E of G is the set of pairwise non-adjacent

edges, i.e., no two edges of M share a vertex. A maximal matching, (Fig. 2.12) is a

matching which cannot be extended without violating the property of non-adjacency.

Definition 9. A maximal matching with the largest cardinality is called Maximum

Matching, seen in Fig. 2.13.

1 2

3 4 5 6

7 8

9

10

Figure 2.12: The thick edges represent the Maximal Matching of the graph in Fig. 2.1.

Definition 10. A perfect matching is the matching which has every vertex of the

graph covered by the edges of the matching. Every perfect matching is a maximum

matching.
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Figure 2.13: The thick edges represent the Maximum Matching of the graph in Fig. 2.1.

(a)

(b)
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Figure 2.14: (a) An example graph and (b) its Perfect Matching represented by the thick

edges.

An example graph and its perfect matching are given in Figs. 2.14(a) and 2.14(b).

The Maximum Matching of a bipartite graph is the integral max-flow of

the bipartite graph [19].
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2.2 Foundational Concepts

We introduce the basic concepts of Genetic Algorithms and Ant-Colony Optimization

Algorithms, the two metaheuristic techniques used in our study, in this section. We

end this section with the concepts of mathematical morphology and the standard mor-

phological algorithms to compute distance transform and skeleton of images.

2.2.1 Genetic Algorithms

Genetic Algorithms (GA) were introduced by Holland [54] based on the evolutionary

processes in nature. The genetic algorithms are primarily iterative algorithms that

halt after a specified number of iterations or after a time constraint is reached or if

there is no improvement in the quality of the best solution for a specified number

of consecutive iterations. Each iteration is called a generation. In each generation, a

population consisting of a specified number of individuals, N , is generated. To generate

the population of the next generation from the current generation, parents are selected

based on some criteria. New members of the population, created through recombination

of chosen parents and possible mutation, replace the older generation. Each individual

is characterised by a fitness, which determines the quality of the solution represented

by this member.

We can characterise a genetic algorithm by the representation scheme chosen for

the problem, the method by which the initial population is generated, population re-

placement scheme or survivor selection, parent selection mechanism, recombination or

crossover technique and mutation. Each of these components has many methods pro-

posed in literature. Depending on the domain of the problem, the right method for each

of these components has to be chosen. In the rest of this section, we briefly describe

the various methods proposed in literature for each of these components, with special

emphasis on those that are more appropriate to subset-selection problems such as the

dominating set.

2.2.1.1 Representation

Many problems, especialy subset selection problems, can be coded with binary repre-

sentation. In this, the chromosome, which represents a sample solution, is encoded as

a binary string. In subset selection problems, a value of ‘1’ indicates that particular
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member of the set is chosen to be part of the subset whereas a ‘0’ indicates its absence.

Binary encoding for subset selection problems results in fixed length chromosomes in

comparison to variable length chromosomes resulting from encoding a subset directly.

For other problems which deal with integer and real numbered values, other represen-

tations exist. A problem, such as the Travelling Salesman Problem (TSP), where the

order of the subset is important, uses a permutation representation.

2.2.1.2 Fitness

The fitness of a member of the population is a measure of how good a member is with

respect to the objective function of the problem. In dominating sets, minimization of

cardinality is the main objective. Fitness is, therefore, defined as the cardinality of the

member. The smaller the cardinality of the member, the better its fitness.

2.2.1.3 Initial Population Generation

The most common method for generating initial population is to generate many random

solutions for the problem. When the search space is very large, a purely random choice

for the initial population may not result in a good solution within the practical time

constraints. In such cases, we may initialize the population with members obtained

from standard greedy heuristics for the problem or some other method which gives a

better fitness for the initial population. This is called seeding the initial population.

2.2.1.4 Population Replacement

There are two major types of population replacement or survivor selection methods

proposed in literature: generational replacement and steady-state replacement [25]. In

the former, N new members are generated and replace the entire previous generation,

whereas in the latter, a few of the worst members, λ, are replaced by an equal number

of new members. There is a slight variation of generational replacement, where the k

best members generated so far are retained across generations in an attempt to ensure

they survive. This is called elitism.
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2.2.1.5 Parent Selection

Parent selection is an important part of the genetic algorithm as it plays an important

role in the generation of new members and their fitness. Some of the techniques for

parent selection as given in [32] are :

1. Fitness Proportionate Selection: This is also called the Roulette Wheel Selec-

tion. Each member of the population, i, is selected with a probability pi = fi
PN

j=1
fj

,

where fi is the fitness of i. This has some drawbacks such as premature conver-

gence where some members dominate the whole population too early and slow

improvement of performance once the fitness of most members of the population

is similar.

2. Ranking Selection: Ranking selection was put forth to overcome some of the

issues with fitness proportionate selection. In this method, the members are

ranked according to their fitness. The selection is based on the roulette wheel of

rank rather than on the fitness value itself. In Linear Rank Selection, the worst

fitness is usually given a rank of 1 and the best fitness a rank of N , where N

is the population size. The expected value of a member, pi = min + (max −
min) rank(i)−1

N−1 . The values normally used for min and max are 1 ≤ max ≤ 2 and

min = 2−max [73].

3. Tournament Selection: In tournament selection, k individuals of a population

are picked randomly to participate in a tournament. The winner is the member

which has the highest fitness. This becomes one of the parents used for recom-

bination. Another tournament selects the second parent. The recombination of

these results in a new member of the next generation. This process is repeated

until N or λ members are generated for a generational GA or steady-state GA

respectively.

If k = 2, it is called a binary tournament. In this, two individuals are chosen at

random. The better of the two individuals is chosen as a parent with a probability

pbetter, where 0.5 < pbetter ≤ 1. This is proven to have the same properties as the

linear ranking selection [45]. It is one of the most popular selection techniques in

genetic algorithms as it is easy to use.
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2.2.1.6 Recombination or Crossover

Recombination or crossover is the reproduction of new members by combining char-

acteristics of two parents. This is expected to lead to an improvement in the quality

of the solution from one generation to the next. There are many possible crossover

techniques based on the representation scheme chosen. For binary representation, the

following are the most commonly used crossover techniques:

1. Single-point Crossover: A random position, r, in the binary string is taken

and the parents are split at this point. The bits 1 to r of parent p1 are combined

with the bits r + 1 to l of parent p2, where l represents the length of the string

and vice versa, creating two new children.

2. Multi-point Crossover: In this the binary string is broken into more than two

parts and the parts from the two parents are interspliced to form the children.

3. Uniform Crossover: In uniform crossover, the bits are chosen from each parent

with a defined probability. Thus, if the probability for parent pi is pri and parent

pj is prj = 1− pri, if the generated probability p < pri, the bit is chosen from pi.

Otherwise, it is chosen from pj. This is the more popular crossover technique in

use.

There are many other types of crossover for the integer, floating point and permu-

tation representations.

2.2.1.7 Mutation

Mutation schemes depend on the representation chosen for the problem. In binary

representations, the standard mutation method is the bit-flip method. Each bit is

allowed to “flip” with the probability defined for mutation, pm. The mutation operators

defined are different for the other representations: random resetting and creep mutation

for integer representations, uniform mutation and non-uniform mutation with a fixed

distribution for floating point representations and swap mutation, insert mutation,

scramble mutation and inversion mutation for permutation representations [32].
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2.2.2 Ant-Colony Optimization Algorithms

The Ant-Colony Optimization (ACO) algorithm [28, 29, 30] is based on the intelligent

foraging behavior of ants and is one of the swarm intelligence techniques proposed for

solving combinatorial optimization problems. In real life, ants deposit a chemical called

pheromone on paths and an ant tends to probabilistically choose a path that has more

pheromone deposited on it. A path with less pheromone is still followed by a few ants

to facilitate path exploration. The pheromone evaporates with time which helps in

path exploration. Experiments with ants using a double bridge path to the food source

have shown that, initially, the ants follow both paths to the food source equally. But,

after a point of time, they converge to a single path due to stochastic differences in

the number of ants that follow a particular path [26, 47]. As the pheromone deposit

on one path increases due to the small difference in the number of ants following a

path, more and more ants follow this path and eventually converge on to this path.

In other experiments with ants, it was discovered that once the ants start following a

longer path, even if a shorter path is introduced, they do not change the path as the

pheromone evaporation is too slow to help discover the new path [47]. This shows that

ants can get trapped into bad paths by following only the pheromone trail.

This stygmergic behavior of the ants, to converge to a path, was modeled to solve

combinatorial optimization problems in an algorithm called the Ant System [28]. This

was further developed into the Ant-Colony Optimization algorithm. The ACO algo-

rithm has been applied to many subset selection problems ([10, 36, 53, 62, 89, 93, 94]),

bounded capacity problems such as Capacitated Arc Routing Problem (CARP) [81]

and Capacitated Minimum Spanning Tree Problem (CMST) [79] and multi-objective

optimization problems [1].

The Ant System was first applied to the Travelling Salesman Problem [28, 29]. The

basic ACO algorithm for any problem is given in Algorithm 1. The algorithm iterates

for a certain number of times or until there is no improvement in the quality of the

solution for a given number of successive iterations. In each iteration, a maximum

number of ants are used to explore the solution space through a random walk of the

graph. The next node/edge to be added to the solution is based on a probabilistic

state-transition rule. This state-transition rule is based on the pheromone deposit of

the nodes/edges in the given graph. It may also, optionally, include other heuristic
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Algorithm 1: General ACO Algorithm

for I := 1→MAX − ITER do

for A := 1→MAX −ANTS do

Choose the next node/edge to add to the solution using the probabilistic

state-transition rule.

Add node/edge chosen to the solution

end for

Enhance Solution using Local Search (Optional)

Update Pheromone

end for

information specific to a problem. At the end of exploration by all ants, the pheromone

deposit on the nodes and/or edges in the graph is updated. During updation, the

pheromone is evaporated on all nodes/edges. In addition, pheromone is deposited on

the nodes/edges that are part of a solution so that these nodes/edges are preferred by

ants in future.

There are many variations of the ACO algorithm based on the state-transition and

pheromone updation rules used [30]. We will describe each of these variations briefly,

using the Travelling Salesman Problem (TSP), in the rest of this section. The objective

in TSP is to construct a tour of the graph such that each city in the tour is visited

exactly once and the cost of the tour is minimized.

2.2.2.1 Ant System

In the Ant System algorithm [29], the state-transition rule is based on the pheromone

trail on the edges and heuristic information. The heuristic information used is ηij =

1/dij where dij represents the distance between cities i and j. The probability with

which ant k at city i chooses the next city j to visit is given by:

pk
ij =

τα
ijη

β
ij

∑

l∈Nk
i
τα
il η

β
il

, if j ∈ Nk
i (2.1)

where Nk
i is the set of neighbors of i that have not already been visited by the ant k.

The parameters α and β determine the relative importance of pheromone and heuristic

in the selection of the next city. As pointed out earlier, too much importance to the

pheromone trail can trap the algorithm in a local optimum. The fine tuning of these
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parameters can help in improving the quality of the solution returned by the ACO

algorithm.

The pheromone evaporation is given by

τij = (1− ρ)τij (2.2)

where ρ is the pheromone evaporation rate. This is done for all the edges of the graph.

Each ant, k, deposits pheromone on the edges that constitute the tour constructed by

it, T k, using the formula:

τij = τij + ∆τk
ij (2.3)

where ∆τk
ij is the amount of pheromone deposited which is defined based on the cost

of the solution, Ck, found by the ant k:

∆τk
ij =

{

1/Ck if edge (i, j) belongs to T k

0 otherwise
(2.4)

2.2.2.2 Elitist Ant System

The only difference between the Ant System and Elitist Ant System (EAS) [28] is that,

in addition to the ants of each iteration, the best-so-far ant also deposits additional

pheromone on the edges of its tour, T bs. EAS also uses an additional parameter, e, that

is the weight given to the best-so-far ant. The pheromone update rule now changes

from Eqn. 2.3 to the following:

τij = τij +

m
∑

k=1

∆τk
ij + e∆τ bs

ij (2.5)

where ∆τk
ij is as defined in 2.4 and ∆τ bs

ij is defined as:

∆τ bs
ij =

{

1/Cbs if edge (i, j) belongs to T bs

0 otherwise
(2.6)

2.2.2.3 Rank-Based Ant System

The Rank-Based Ant System was proposed by Bullnheimer et al. in 1999 [13]. In this,

the ants are ranked based on the length of the tours constructed by them. Unlike in the

Ant System, only w − 1 ants are allowed to deposit pheromone on the edges based on

their tours. The best ant, ranked 1, is given a weight of w and its deposit is multiplied
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by w. The pheromone deposited by an ant ranked r is given a weight of w − r. The

pheromone deposited is given by:

τij = τij +

w−1
∑

r=1

(w − r)∆τ r
ij + w∆τ bs

ij (2.7)

2.2.2.4 Ant Colony System

The Ant Colony System (ACS), which is the most commonly used form of ACO al-

gorithms, differs from the Ant System in three ways. Firstly, when an ant k on node

i wants to move to the next node j, the node j is chosen using a pseudorandom pro-

portional rule. It defines a random variable, q, uniformly distributed in [0, 1] and a

parameter q0, 0 ≤ q0 ≤ 1 such that if q ≤ q0, it always chooses the node with the max-

imum pheromone-heuristic value. Otherwise, it chooses a node based on the standard

probabilistic rule. The state-transition rule is therefore given as:

pk
ij =































1 if q < q0 and j = argmax
l∈Nk

i

τilη
β
il

0 if q < q0 and j 6= argmax
l∈Nk

i

τilη
β
il

τilη
β
il

P

l∈Nk
i

τilη
β
il

if q ≥ q0

(2.8)

This allows the system to select the best edges more often. Fine-tuning q0 allows more

exploration of other paths by the ant.

Secondly, it has two pheromone update rules: a global update rule and a local

update rule. The global update rule is followed only by the best-so-far ant and is

used to deposit additional pheromone only on the edges that constitute the tour of the

best-so-far ant. Further, the pheromone deposited is weighted by the evaporation rate

leading to a weighted average of the new and old pheromone values. The global update

rule is defined as:

τij = (1− ρ)τij + ρτ bs
ij (2.9)

Thirdly, the ACS defines a local update rule that reduces the pheromone deposit on

an edge that an ant crosses as it constructs the tour. This is done to encourage more

exploration of new paths. The local update rule is given below:

τij = (1− ξ)τij + ξτ0 (2.10)
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where τ0 is the initial pheromone on all the edges and ξ, 0 < ξ < 1 is a parameter that

controls the relative importance of current versus the initial pheromone on an edge.

2.2.2.5 MAX−MIN Ant System

Another very popular variant of the ACO algorithms is the MAX−MIN Ant System

(MMAS) [96]. As in the ACS, only the best ants deposit pheromone on the edges that

are part of their tours. Here, the best ant may be the best of an iteration or best-so-

far as defined in other variants. If the same edges appear in the tours of many ants,

the pheromone deposit on these edges may increase without limit. This may result

in loss of exploration and the solution returned may be a local minimum. Hence, to

encourage exploration, the MMAS limits the maximum value of pheromone, τmax on

any node. Since any edge that is never used will drop down to a pheromone value of

0 as the pheromone evaporates, MMAS also sets a minimum on the pheromone value,

τmin. This ensures that every edge has a non-zero probability of being selected for

exploration by an ant. The edges are initialized with the maximum pheromone in the

beginning and re-initialized if there is no improvement in the solution over a specified

number of consecutive iterations.

2.2.2.6 Other Enhancements to the ACO Algorithm

ACO algorithms have been enhanced by combining them with local search [94] or

with other metaheuristic techniques like the tabu search [31, 59], tournament selection

of genetic algorithms [53] or using multi-pheromone based solutions [1, 98]. A pre-

processing step has also been used to improve the solution and reduce the time taken

[92].

In [94], Solnon and Fenet study ACO for solving the maximum clique problem.

They use the MMAS system with pheromone deposit on both edges and nodes to

study which is the better option. They found that in most of the instances, adding a

local search component to the edge based pheromone resulted in improving the average

solution in many instances. The local search component used was the (2, 1)-exchange

procedure where, given certain properties of three vertices vi, vj and vk, it replaces one

vertex with the other two, thus increasing the size of the clique. This local search is

repeated until no such exchanges are possible.
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Solnon, in [92], uses a pre-processing step to enhance both the quality of the solution

as well as reduce the time taken to arrive at the solution. In this paper, a set of solutions

which are expected to represent the “sample search space” are generated using a local

search heuristic. A pre-defined number of “best” solutions from this set are used to

initialize the pheromone trails. It is shown that doing so allows the ACO algorithm

to achieve the diversification without the expensive operations related to pheromone

updation. This helps reduce the time taken while ensuring that it has no detrimental

effect on the quality of the solution. In some cases, it is actually seen that this improves

the solution.

In [53], the ACO algorithm for computing MDS is enhanced with the use of a

tournament selection to select the next node to be added to the dominating set. The

tournament selection is used with a certain probability. At other times, it uses the

standard state-transition rule. Only a certain number of admissible nodes, wsize, par-

ticipate in the tournament. If the number of eligible nodes is less than wsize, all of them

participate. A measure is devised to determine the desirability of a node to be added

to the dominating set. This is based on the pheromone content of the nodes and the

number of additional uncovered nodes that will be covered by selecting a node. The

node with the best such measure is treated as the winner of the tournament and added

to the dominating set. This, however, seems similar to the ACS where the best node

is picked with probability q0.

In [74], a specialized pheromone trail has been devised for the car-sequencing prob-

lem, which is basically the order of the cars on an assembly line. The pheromone is

dependent not just on the neighbors in the graph but on multiple neighbors. Thus,

the global and local pheromone update rules are modified to take into consideration

the pheromone trail on these smax neighbors. In [31], three local search improvement

operators are defined with new evaluation functions to reduce the number of colors

needed for the graph coloring problem. One of the local improvement operators uses

the tabu search method.

Recent advances in hybridization are combining exact algorithms with the ACO

algorithms to obtain more optimal solutions. One of the earliest algorithms using

this technique of hybridization is the problem of Capacitated Minimum Spanning Tree

(CMST) problem [79]. The authors use the solution for the Capacitated Vehicle Routing

Problem (CVRP) to form clusters. Within each cluster, they apply a standard local
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search algorithm that gives the upper bound on the CMST solution. Then, they apply

the Prim’s algorithm to find the optimal CMST.

The algorithm in [59] combines Prim’s, ACO and tabu search for the problem of

finding k-minimum spanning tree (k-MST), i.e., a spanning tree that has k or less edges

and whose weight is minimal. They observe that the tabu search method is quite good

at finding local solutions but poor at exploration whereas ACO is good at exploration

but not as good at minimizing in the local context. On the basis of this observation,

they combine the two methods to use the strengths of both to obtain a solution better

than either method. The three steps in the algorithm are: a) find an initial solution

by using Prim’s algorithm until a k-subtree is found; b) use tabu search to explore the

local search space and construct a k-MST and terminate when the tabu tenure is longer

than the allowed maximum; c) apply the ACO to diversify the search. The algorithm

is repeated until the limit on the computational time is reached.

2.2.3 Mathematical Morphology

In this section, we describe the basic concepts of mathematical morphology with images

represented as sets of points. We also introduce the image analysis tasks of distance

transform, medial axis and skeleton.

Recently, Cousty et al. have introduced graph morphological operators [22] that

are easily applied to graph problems. These are explained in detail in 6.1.

2.2.3.1 Notion of Lattice

To define the basic operations of mathematical morphology, we need a notion of a

complete lattice. A lattice (L,≤) is a set L with an ordering relationship, ≤, on its

elements which is reflexive, ∀x ∈ L, x ≤ x, anti-symmetric, x ≤ y and y ≤ x ⇒ x = y

and transitive, x ≤ y and y ≤ z ⇒ x ≤ z.

Some Properties of Morphological Operations: Many morphological operators

preserve the ordering structure of the lattice. Some of the basic properties of morpho-

logical operations are [76, 86]:

1. An operator, Φ, is increasing if ∀x, y ∈ (L,≤), x ≤ y ⇒ Φ(x) ≤ Φ(y).

2. An operator, ψ is idempotent if ∀x ∈ (L,≤), ψ(ψ(x)) = ψ(x).
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3. An operator, γ, is anti-extensive if ∀x ∈ (L,≤), γ(x) ≤ x.

4. An operator, φ, is extensive if ∀x ∈ (L,≤), φ(x) ≥ x.

Two basic operations of mathematical morphology are erosion which is anti-extensive

and dilation which is extensive.

2.2.3.2 Dilation and Erosion

Given an image, the shape and structure of the image can be probed using smaller sets

of different size, shape and orientation. These smaller sets, B, are called structur-

ing elements (SE) and are fundamental to mathematical morphology. Dilation and

Erosion are typically defined with respect to structuring elements.

The dilation, δ, of the given image X by the SE B is:

δB(X) = X ⊕B = {x | B̂x ∩X 6= φ} (2.11)

where B̂x = {−x | x ∈ B} is the reflection of B.

The erosion, ǫ, of X by B is:

ǫB(X) = X ⊖B = {x |Bx ⊆ X} (2.12)

A more fundamental operation of morphology is the Hit-or-Miss Transform

(HMT). Given B, a set of two structuring elements, B1 and B2, the HMT is :

X ⊛B = (X ⊖B1) ∩ (Xc ⊖B2) (2.13)

where Xc is the complement of X. If X is taken as the foreground and Xc as the

background, in HMT, one SE fits completely in the foreground and the other completely

in the background.

2.2.3.3 Morphological Filters

The dilation and erosion operators can be composed to define morphological filters. A

Morphological filter is an operator that is increasing and idempotent. This is unlike the

filters in signal processing where a filter can be defined arbitrarily. Two of the most

important morphological filters are the operations of opening which is anti-extensive

and closing which is extensive.
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Opening is erosion followed by dilation :

γB(X) = X ◦B = (X ⊖B)⊕B (2.14)

Closing is dilation followed by erosion:

φB(X) = X •B = (X ⊕B)⊖B (2.15)

2.2.3.4 Distance Transform and Skeleton

Image analysis relating to size and shape uses tranformations such as distance trans-

form, medial axis and skeleton to represent and reconstruct original images. We look at

these three operations in more detail in this section. We need the concepts of ultimate

erosion and maximal balls to understand the notions of distance transform, medial axis

and skeleton.

Ultimate Erosion operator is defined as iterative erosion until a further erosion

either achieves idempotence, i.e., there is no change in the residual image, or results in

an empty set.

Maximal balls are defined as balls that have a maximum radius rmax such that the

ball fits within the given image boundaries. For every point x ∈ X of an image, we can

define the maximal ball at that point Brmax(x).

Distance Transform: The Distance Transform of an image, X, is defined as the

distance of every pixel x ∈ X to the nearest point y ∈ Xc. The distance of a pixel

x ∈ X from y is d(x, y) with the value being∞ for all y to which there is no path from

x. There are many concepts of distance in images such as the Euclidean distance, the

Manhattan distance and the chessboard distance. The distance transform is normally

computed for binary images. A simple algorithm to compute distance transform is to

iteratively perform erosion using a structuring element and label pixels of the image

with an iteration number of erosion that removed them [39].

Skeleton in Discrete Spaces: The skeleton of an image was described by Serra [85]

as:

1. If x is a point of the skeleton, S(X), of a set X and Brmax(x) is the maximal ball

centered at x, then, there does not exist a larger disk centered at any other point

in X that also contains Brmax(x) and included completely in X.
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2. The maximal ball Brmax(x) hits the boundary of X at two or more places.

From this, we understand that the Skeleton of an imageX, as the center points of the

maximal balls contained in the image. The Skeleton also has the additional properties

of being ‘thin’ such that one more erosion will result in an empty set (ultimate erosion).

It is central to the image X, i.e., it consists of pixels which are equidistant from the

boundaries of the image. A skeleton that is equidistant is also termed as the medial

axis of the image. While there is no requirement that the skeleton of an image be

continuous, a medial axis has the property that it is continuous.

The definition of the skeleton above is for continuous spaces and is computationally

complex. The requirement of a continuous skeleton for arbitrary shapes cannot even be

calculated. When it comes to discrete spaces, the algorithms become simpler through

the notion of ultimate erosion and opening [46, 85]. Using these notions, the skeleton

of a set A, S(A) is:

S(A) =

K
⋃

k=0

Sk(A) (2.16)

where

Sk(A) =

K
⋃

k=0

{(A⊖ kB) \ [(A⊖B) ◦B]} (2.17)

B is the structuring element and kB represents k successive erosions of set A with

B. K represents the ultimate erosion iteration value.

The reconstruction of the set A using the skeleton is given by:

A =

K
⋃

k=0

(Sk(A)⊕ kB) (2.18)

Sk(A)⊕B represents dilation with the structuring element B.

Since the image can be reconstructed given the skeleton and the structuring element,

it is applied to image coding and compression. Storing the distance of each skeleton

point from the boundary of the image can be used as a representation of the shape of

the image.
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2.3 Related Work

The time you enjoy wasting is not wasted time.

Bertrand Russell

Most of the recent work on MDS and its generalizations focuses on exact, ap-

proximation, distributed approximation and Polynomial Time Approximation Schemes

(PTAS). Tremendous interest from the theoretical community has seen the development

of many exact algorithms that reduce the complexity to less than O(2n), the brute-force

algorithmic complexity for computing dominating sets. Some of the exact algorithms

proposed for dominating set problems are for Minimum Independent Dominating Set

[12, 41, 64], Minimum Dominating Set for general graphs in [99] and for certain classes

of graphs in [40] and for Minimum Capacitated Dominating Set [23].

This section reviews some of the latest approximation, distributed approximation

and PTAS algorithms. The few metaheuristic algorithms in literature are reviewed in

the chapter corresponding to that particular problem.

2.3.1 Approximation and Distributed Approximation Algorithms for

Dominating Sets

There have been many approximation algorithms proposed for different dominating

set problems [5, 58] (for capacitated domination), [3] (for independent domination),

[24, 101, 106] (for weighted domination). The greedy algorithm for computing Minimum

Dominating Set is also proven to be the optimal approximation algorithm [102] and is

described in detail in Section 4.1. Distributed approximation algorithms, that have

minimal communication complexity, have been proposed for various dominating set

problems, [60, 61, 84]. In fact, the distributed algorithm in [84] is proven to have

optimal communication complexity of O(log∗n) communication rounds to compute the

Maximal Independent Set, where n is the number of nodes in the graph.

A Polynomial-Time Approximation Scheme (PTAS) has been proposed for the first

time for the Minimum Dominating Set by Nieberg and Hurink [77] for polynomially

bounded growth graphs such as Unit Disk Graphs (UDGs), quasi disk graphs and so

on. This has later been adapted for the Minimum Independent Dominating Set (MIDS)

problem [56], Minimum Weight Dominating Set (MWDS) problem for UDGs with
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smooth weights [105] and the Minimum Connected Dominating Set (MCDS) problem

[43].

In the rest of this section, we will describe some of these schemes in more detail.

The algorithms which have been implemented and compared against other heuristics

and metaheuristics are described in the respective chapters later in this thesis.

2.3.1.1 Approximation Algorithm for Minimum Independent Dominating

Set

An approximation algorithm for Minimum Independent Dominating Set (MIDS) is

defined for bounded degree graphs in [3]. We call this algorithm Alimonti-MIDS in the

rest of this section. A graph is said to have a bounded degree B, if every node in the

graph has at most degree B. If every node in the graph has degree exactly B, it is

called a B-regular graph. A 3-regular graph is called a cubic graph and a graph which

has nodes with degree 3 or less is called an at-most cubic graph.

Results of Alimonti-MIDS algorithm: The approximation ratios achieved by the

algorithms in this paper are 1.923 for cubic graphs, 2 for at-most cubic and 4-regular

graphs, (B2
−2B+2)(B+1)

B2+1
for B-regular graphs whereB ≥ 5 and (B2

−B+1)(B+1)
B2+1

for graphs

of bounded degree B ≥ 4.

Algorithm Description: The algorithm for at-most cubic graphs, which we call

Alimonti-cubic-MIDS, starts off by selecting a node with degree 3, adding it to MIDS

and removing its neighborhood from the graph. Then, it selects the next node with

degree 3 and so on. When there are no degree 3 nodes left, the algorithm computes

the optimal MIDS for the residual graph. MIDS for a graph with at most degree 2 can

be found in polynomial time. It is seen, sometimes, that when a node with degree 3

is added into MIDS, it can leave a lot of isolated nodes. This is because the neighbors

of the 3-degree node may all have neighbors which are not connected to any other

node as shown in Fig. 2.15. All such nodes become isolated and have to be added to

MIDS. This increases the cardinality of MIDS. To overcome this issue, the Alimonti-

cubic-MIDS algorithm applies a local search to check whether replacing a node with

its independent neighborhood actually reduces the cardinality of MIDS. If it does, it

removes the node and adds its independent neighborhood into the MIDS. After this
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Figure 2.15: Example of an at-most cubic graph illustrating that the selection of the 3-

degree node may result in many isolated nodes that need to be added to MIDS, increasing

the cardinality. In the figure, choosing the black node to be a dominating node, results in

the non-shaded nodes becoming isolated.

swapping step is performed, the graph has at most degree 2. The optimal MIDS of this

graph is computed and its union with the previously computed MIDS gives the final

MIDS of the at-most cubic graph.

The algorithm for a general bounded degree graph of degree B follows a similar pro-

cedure. All nodes with degree B are added to the dominating set as in the algorithm

for at-most cubic graphs. If, after removing the dominating nodes and their neighbor-

hood, the resultant graph is an at-most cubic graph, then the Alimonti-cubic-MIDS

algorithm described earlier is directly applied. Otherwise, the graph is a bounded de-

gree graph with degree at most B − 1. The algorithm iterates by choosing nodes with

degree B−1 and so on until the residual graph is an at-most cubic graph. The union of

the dominating sets found in all iterations forms the final dominating set of the original

bounded degree graph.

2.3.1.2 Distributed Algorithm for Maximal Independent Set

The distributed algorithm for Maximal Independent Set (MIS) plays a very important

role in distributed algorithms for all generalizations of dominating sets. Algorithms

for distributed capacitated dominating set [60], distributed connected dominating set

[43] etc. construct an MIS as part of the algorithm and the communication complexity
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of these algorithms is limited by that of MIS. If an efficient MIS algorithm is used,

all of these algorithms become efficient. We describe the distributed algorithm for

constructing MIS in [61] in the rest of this section. We call this algorithm Kuhn-Dist-

MIS.

Kuhn-Dist-MIS algorithm has three phases: the first phase consists of constructing

a r-hop independent set, which is called a sparse independent set. For a polynomially

bounded growth graph, r = log ∆, where ∆ represents the maximum degree of the

graph. The steps in the first phase are as follows:

1. Set state of all nodes to active.

2. Each node, v, selects an active neighbor with the minimum ID, u, represented by

d(v) = u.

3. Similarly, for all neighboring nodes w for which d(w) = v, the node v selects the

node with the minimum ID, called p(v) = w′.

4. If a node v does not have d(v) or p(v), it becomes passive.

5. A subgraph induced by v, d(v) and p(v) is constructed with edges from v to d(v)

and p(v). This graph, therefore, has at most 2 edges and algorithms that return

the MIS, I, of such graphs in O(log∗n) rounds are used to calculate it.

6. Any node that does not belong to I becomes passive.

7. Any node that has no active neighbors joins the MIS being constructed, S.

8. Repeat steps 2-7 until there are no active nodes left.

In the paper, the authors prove that running this algorithm for O(log ∆) iterations

results in an independent set where every node is at most O(log ∆) hops away from a

node in the independent set for polynomially bounded growth graphs.

In the second phase, the set, S, constructed in the first phase, is reduced to a

3-hop independent set. This is done as follows:
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1. Repeat until S is a 3-hop MIS

(a) Each node in S adds nodes from its 4-hop neighborhood, Ŝu, such that every

node in its 3-hop neighborhood has a neighbor in S ∪ Ŝu without violating

the independence property of S.

(b) The graph induced by the union of all Ŝu, G, is constructed.

(c) Since each node u adds nodes independent of other nodes, the union may

not preserve the independence property. Hence, the MIS of the graph G

is calculated and this is added to S to give the final 3-hop MIS, i.e., S =

MIS(G) ∪ S.

The third phase consists of constructing the cluster graph induced by the clusters

formed by the nodes of S. This graph, GS
′ is constructed by having edges between the

nodes of S if the nodes covered by them are adjacent to each other.

1. The nodes in the cluster graph are now colored. Each node in the original graph

v is colored using its cluster’s color.

2. A lexicographic ordering is defined based on an ordering of the colors and for

nodes of the same color, based on the ID of the nodes.

3. Any node which has the smallest lexicographic order can join the MIS and sends

a JOIN message. On reception of this message, all its neighbors simply mark

themselves COVERED.

4. A node which received a COVERED message from all neighbors with a lower

lexicographic order can declare itself part of MIS without waiting for other nodes’

messages.

The entire algorithm composed of all three phases is proven by the authors to take

a total of O(log ∆ · log∗ n) time to compute a maximal independent set.

2.3.1.3 Approximation Algorithms for Capacitated Dominating Set

Bar-Ilan et al. [5] present many approximation algorithms for the problems of network

center allocation such that the allocation does not exceed a uniform capacity L on the

nodes. The centers are nothing but the dominating nodes. In particular, they consider
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two types of center allocation problems with load balancing: first, where the number of

centers is fixed, say k, and the problem is to minimize the maximum distance between

any center and an assigned node. The second problem is to fix a bound ρ on the

maximum distance of a node from a dominating node and minimizing the number of

centers, given the capacity. The latter is called the ρ-dominating set by Bar-Ilan et al.

A greedy algorithm is presented by them for this problem where the capacity on all the

nodes is uniform. They prove that this is an approximation algorithm with a ratio of

⌈ln N⌉ where N is the total number of nodes in the graph.

Approximation Algorithm for ρ-dominating set: The algorithm constructs a

flow graph with dominating nodes forming one partition and the rest of the nodes,

called unassigned nodes, in the second partition. Now, two new vertices s and t are

added to the graph. s is connected to every dominating node and t to the rest of the

nodes. If the uniform capacity of each node is c, the edge from s is given a weight

of c − 1 and every edge from dominating nodes to other nodes as well as every edge

coming into t have a weight of 1. This is, in essence, a bipartite graph.

In each iteration, an unassigned node, v is chosen and added to the dominating

partition. The integral max-flow algorithm is run on the flow graph. Every node w,

whose flow f(u,w) > 0, chooses u as its dominating node. The max-flow algorithm

returns the maximum matching in a bipartite graph. Hence, the unassigned nodes,

X(C), represent the minimum number of nodes that will remain unassigned if this

node v is added to the dominating set. This is repeated for every unassigned node

v ∈ V \ C. The node, vmin, that results in the least number of unassigned members

is added to the dominating set. This whole process is then iterated until there are no

more unassigned nodes in the graph (X(C) = 0). As stated earlier, this algorithm is

proven to return a cardinality not more than OPT × lnN where OPT is the cardinality

of the optimal solution. This is given in Algorithm 2.

We now analyze the computational complexity of the algorithm in the worst case.

In the worst case, in the while loop, only one neighbor is assigned to the new dominating

node. Thus, in every iteration, X(C) := X(C)−2. This gives a total of O(V ) iterations.

Since in each iteration, we loop for every v ∈ V \ C, this has a complexity of O(V ). For

each iteration in the for loop, we construct the max-flow algorithm whose complexity

is given as O(V 3) or O(V 2E) or O(V E2) depending on the algorithm used. If E = V 2,
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Algorithm 2: Algorithm ρ-dominating set(G = (V,E), ρ, c)

C := φ

X(C) := |V |
while X(C) > 0 do

Umin := |V \ C|
vmin := −1

for all v ∈ V \ C do

C := C ∪ v
G

′
= ConstructF lowGraph(C, V \ C, ρ, c − 1, 1, 1)

MaxFlow(G
′
)

U := unassigned nodes after max-flow assigns nodes

if |U | < Umin then

Umin := |U |
vmin := v

end if

C := C \ v
end for

C := C ∪ vmin

X(C) := Umin

end while

the best case algorithm is O(V 3). We assume a complexity of O(V 3). Thus, the worst

case complexity of this algorithm comes to O(V 5).

Distributed Approximation Algorithm: Distributed approximation algorithms

have been presented by Kuhn and Moscibroda [60] for the same problem, where they

prove that, in general graphs, even with uniform capacity, the problem is non-local in

nature. They present a local approximation algorithm for the case where the capacity

may be violated by some parameter ǫ > 0. They also present a constant factor dis-

tributed approximation algorithm for the special case of Bounded-Independence Graphs

(BIGs) with uniform capacity. This is done in two phases: in the first phase, a Max-

imal Independent Set (MIS) is found. It is assumed that this MIS algorithm returns

clusters of the form (ui, Ci) where ui is the center and Ci is the cluster associated with

it, i.e., it is the set of all neighbors of ui which have been assigned to this cluster.

Since, in a capacitated dominating set, we also need to ensure that capacity constraints
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are not violated, for every ui whose capacity is violated, the algorithm executes the

second phase. The second phase of the algorithm recursively computes an MIS on the

subgraph induced by this cluster such that a capacitated dominating set of size at most

O(| Ci | /cap) is computed.

2.3.2 PTAS for Minimum Dominating Set and other generalizations

Nieberg and Hurink proposed a PTAS for Minimum Dominating Set (MDS) for the first

time without the use of any geometric information for polynomially bounded growth

graphs [77]. In this algorithm, the graph is divided into subsets of graphs that are

2-separated, i.e., if node ni belongs to subset i and nj belongs to subset j, the distance

between these nodes | d(ni, nj) | > 2. The optimal dominating set, Di, is calculated

for each subset Si.
⋃k

i=1Di gives the dominating set of the whole graph.

The efficient division of the graph into subsets is the most important part of the

algorithm. This is achieved as follows: the optimal minimum dominating sets of r-hop

(Dr[v]) and (r+2)-hop (Dr+2[v]) closed neighborhood of a node v are computed. If the

cardinality of the dominating sets satisfies the inequality, | Dr+2[v] | > (1+ǫ) · | Dr[v] |,
the neighborhood is expanded. The expansion stops whenever this inequality is violated

and the subset of the graph represented by the closed (r+ 2)-hop neighborhood of v is

removed from the graph.

Given a graph G = (V,E), the algorithm works as follows:

1. Set D = φ

2. Choose a vertex v ∈ V .

3. The radius of the neighborhood under consideration r = 0.

4. Repeat until V = φ

(a) While | Dr+2[v] | > (1 + ǫ) · | Dr[v] |, increment r. | Dr[v] | and | Dr+2[v] |
represent the cardinality of the optimal dominating set of the r and (r+ 2)-

hop neighborhood of node v.

(b) D = D ∪Dr+2[v]

(c) Remove the (r + 2)-hop neighborhood of (v) from the graph.
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Note that the dominating nodes of a r-hop neighborhood of a node v can be from

the r + 1-hop neighborhood, i.e., Dr[v] ⊂ Nr+1[v].

The algorithm works in polynomial time as the time taken to compute the opti-

mal solution of r-hop neighborhood of a node v is given by nO(p(r)), where p(r) is a

polynomial in r and the property of bounded growth graphs such as unit disk graphs.

The PTAS for MIDS is very similar except that it has an additional step added to

preserve the independence property. This is described in more detail in Chapter 3.

PTAS for Minimum Connected Dominating Set: The algorithm for Minimum

Connected Dominating Set (MCDS) [43] is, once again, quite similar to the PTAS

for MDS. In this, however, the halting condition for expansion of neighborhood is

given by | MaxIS(N [Nr[V ]] \ Nr[v]) |≤ ǫ· | MaxIS(Nr[v]) |, where MaxIS is the

Maximum Independent Set. Whenever this condition becomes true, the MCDS of the

(r + 4)-hop neighborhood of v is calculated and added to the MCDS of the graph,

D, being computed. Then, the (r + 2)-hop neighborhood is removed from the graph.

Unlike in MDS, in this algorithm, only a subset of neighborhood is removed so that the

MCDS computed is on overlapping areas which ensures the connected property of the

dominating set.

A distributed algorithm is also presented in this paper for MCDS that initially

constructs the Maximal Independent Set of the graph to divide the graph into clusters.

The cluster graph induced by these clusters is constructed and colored. For each unique

color, the centralized algorithm is run in parallel on all clusters of that color. The

algorithm is iterated for all the colors in the cluster graph. The union of the MCDS of

all these clusters gives the final MCDS of the graph.

PTAS for Minimum Weighted Dominating Set with Smooth Weights: Given

a graph G = (V,E), where the nodes have weights w(v) associated with each node v.

The weights are said to be smooth if the ratio of the weights of adjacent nodes never

exceeds a given constant C, i.e., max(u,v)∈E
w(u)
w(v) ≤ C. In [105], the algorithm begins

by choosing a node u ∈ V such that w(u) > w(v),∀v ∈ V . The stopping criterion for

the expansion of neighborhood is w(D(Nr+2[u])) ≤ (1+ ǫ) ·w(D(Nr [u])). At this point,

the weight of the dominating set W is updated as W = W + w(D(Nr+2[u])) and the
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neighborhood Nr+2[u] is removed from the graph. This is repeated until there are no

nodes left in the graph.

2.3.3 Summary

In the recent times, there have been many attempts to reduce the computational com-

plexity of the exact algorithms for dominating sets of minimum cardinality. There have

also been many approximation and PTAS algorithms proposed for different generaliza-

tions of minimum dominating set. While these are of great theoretical interest, many

of these algorithms are difficult to implement in practice. No empirical study had ever

been done to verify how practical a PTAS is or the quality of the solution returned by

it, as compared to the heuristics. Our first step was to implement and experiment with

algorithms for one dominating set problem to understand the practical issues. In the

next chapter, we describe the various algorithms studied, the experimental results and

conclusions drawn from our empirical study of the Minimum Independent Dominating

Set (MIDS) problem.

41



Chapter 3

An Empirical Study of

Algorithms for MIDS

I never guess. It is a capital mistake to theorize before one has data.

Sir Arthur Conan Doyle

A survey of the clustering algorithms for wireless networks [15, 33] shows that the

initial clustering schemes for wireless networks were primarily independent dominating

set (IDS) schemes such as in [6, 37, 63] etc. There is a renewed interest in IDS based

schemes in the recent times, in the context of wireless sensor networks (WSNs) [80]

and wireless sensor and actor networks (WSANs) [69]. These are useful in determining

where to place actors or design topologies that lead to energy-efficiency.

A clustering scheme that leads to a minimum independent dominating set (MIDS)

would minimize the number of clusters such that the cluster heads do not interfere with

each other. It is proven that computing a MIDS is an NP-hard problem [75], including

on Unit Disk Graphs (UDGs) [17]. It is also proven that it is very hard to approximate

it for general graphs [48]. Exact algorithms that improve the running time for MIDS are

still being proposed in literature [12, 41, 64]. So far, only one PTAS has been proposed

for computing MIDS [56] and that too for polynomially bounded growth graphs such

as unit disk graphs, quasi-disk graphs and coverage-area graphs. An approximation

algorithm for MIDS was discussed in Section 2.3.1.1.

A simple result on approximation for UDGs is that, any maximal independent set

is a constant approximation of MIDS [67]. This is easily derived since the maximum

number of mutually independent nodes in the neighborhood of a node is 5 for a UDG.
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If, each node v of the optimal MIDS, D, is replaced by the maximum independent set

of its neighborhood, the resultant dominating set D = 5×D.

While a lot of IDS-based schemes have been proposed, no attempt has been made by

anyone so far to determine the quality of the solution returned by the heuristics. To the

best of our knowledge, we are also the first to implement the exact algorithms for MIDS

and compare the actual run time of the two algorithms. We also compare the cardinality

of MIDS and the time taken to compute it by the PTAS with that of heuristics. This

study has led us to gain valuable insights into these algorithms and their validity for

real-life situations. For example, we studied the intelligent enumeration algorithm and

the algorithm using graph matching proposed in [64] for computing the exact MIDS.

While the asymptotic complexity of the enumeration algorithm may be worse than

that of [64], in practice, it works better for small graphs. So, we use the intelligent

enumeration exact algorithm for computing the local exact MIDS required as part of

PTAS implementation.

The rest of this chapter is organized as follows: we review three of the more impor-

tant and general heuristics for MIDS in Section 3.1, the exact algorithm proposed in

[64] in Section 3.2, the PTAS for MIDS in Section 3.3, comparison of the exact algo-

rithms in Section 3.4, comparison of PTAS and heuristics in Section 3.5 and conclude

with some observations and recommendations in Section 3.6.

3.1 IDS based Clustering Schemes

The lowest ID clustering algorithm for IDS, described in [63] works as follows: every

node in the graph is aware of all its 1-hop neighbors. A node which has the lowest ID

amongst all its 1-hop neighbors declares itself as a dominating node. All its neighbors

then join this cluster and become dominated. If a node finds that its lowest ID neighbor

has actually joined another cluster as a member and it has the lowest ID amongst the

rest of the neighbors, it declares itself as a dominating node.

In k-hop clustering [37], as the name indicates, the nodes of a cluster are at most k

hops away from their dominating node rather than one hop away. In k-hop clustering,

the lowest ID algorithm is generalized to k hops. They also propose an algorithm based

on the connectivity of a node. The node with higher connectivity or, in other words,
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degree, in its k-hop neighborhood becomes the dominating node. If two neighbors have

the same degree, the lowest ID node becomes the dominating node.

In [69], the authors propose positioning of mobile actors of a wireless sensor and

actor network (WSAN) such that the number of sensors within the range of an actor is

maximized. The paper proposes a heuristic that returns a k-hop IDS. The dominating

nodes of the IDS represent the positions where the actors must be placed to achieve

maximum coverage. A node is called a border node if it is k hops away from a dominator

node. A node is chosen as a dominator in the following way: every node computes a

suitability value, Si, based on its degree and its distance to the nearest border node

of another dominator. This suitability value is then compared to a random value, R.

If R < Si, then, the node becomes a dominator and advertises this fact to its k-hop

neighbors, which declare themselves as dominated.

3.2 Exact Algorithm for Computing MIDS

We implemented the exact MIDS algorithm proposed by Liu and Song [64]. In this

algorithm, a maximal matching, M , has to be found in the given graph. Vm ⊆ V

is the set of nodes that are covered by M . The set I = V \ Vm is an independent

set. The minimum independent dominating set, D, satisfies the relationship D ∩ I =

I \ N(D ∩ Vm). We can obtain a candidate for an independent dominating set by

using the formula Ds = S ∪ (I \ N(S)), where S ⊆ Vm is a subset enumeration of

nodes in Vm. We enumerate all possible subsets of Vm. The Ds, which is an IDS with

the minimum cardinality, is the MIDS. This is shown in Algorithm 3.

In the worst case, M is a perfect matching and | M |= V
2 . When enumerating all

possible subsets of Vm, for every edge, e = (u, v) ∈M , we exclude the combination that

contains both nodes of an edge as we are looking for an independent dominating set.

Thus, for every edge, e ∈ M , there are, at most, 3 possible enumerations. Therefore,

the running time of this algorithm, in the worst case, is 3
|V |
2 .

3.3 PTAS for MIDS

There is, so far, only one PTAS proposed for finding MIDS [56]. The primary idea

behind this scheme is to divide the given graph into sub-graphs which are separated by

44



3.3 PTAS for MIDS

Algorithm 3: Exact-MIDS(G = (V,E),D)

D := φ

| D |:=| V |
Find a maximal matching M of G

Vm ⊆ V is the set of nodes covered by M

I := V \ Vm

for all enumerated S ⊆ Vm do

Ds := S ∪ (I \N(S)) where N(S) is the open neighborhood of S

if (Independent(Ds) and Dominating(Ds) and (| D |>| Ds |)) then

| D |:=| Ds |
D := Ds

end if

end for

at least 2 hops and find locally optimal solutions that satisfy a bound on the cardinality.

The algorithm finds a local MIDS which satisfies the following property :| Di+3 | ≤

(1 + ǫ)· | Di |, where i is initialized to 0. Di represents the exact MIDS of the closed i-

hop neighborhood, Ni[v], of a node v and Di+3 represents the exact MIDS of the closed

(i+ 3)-hop neighborhood, Ni+3[v], of the given node, v. These are the locally optimal

dominating sets. The nodes that dominate Ni[v] can be from the closed neighborhood

of the set, i.e., N [Ni[v]]. As long as the bound on the cardinality of the dominating sets,

is not satisfied, the neighborhood is expanded by incrementing i. When the inequality,

given above, is satisfied, the neighborhood Ni+3[v] is removed from the graph and

the algorithm is repeated on the rest of the graph. The union of Di+3(v) of each

iteration constitutes the dominating set of the graph. Since the dominating nodes can

be from the neighborhood of the subgraph for which the dominating set is computed,

the final union of the local dominating sets may violate the independence property

of the dominating set. The second phase of the algorithm repairs the independence

property of the dominating set. This yields the global MIDS such that it is at most

(1 + ǫ) times the optimal solution.
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3.4 Comparison of Exact Algorithms for Computing MIDS

Since the PTAS algorithm requires computing the exact MIDS of the local neighbor-

hood of nodes, we explored the literature for exact exponential algorithms that compute

MIDS. We implemented their scheme [64] as well as an intelligent subset enumeration

algorithm. We found that the latter works well in practice for small graphs.

The underlying principle of the intelligent enumeration algorithm is efficient subset

enumeration as given in [65] where all possible subsets are enumerated in increasing

order of cardinality. It generates a bitmap B = {b0b1...bN−1} where if bit bi is set,

the ith element of the set is present in the subset and absent otherwise. We use this

bitmap to construct a subset of nodes, D ∈ V , where D is a candidate for an IDS. If

the subset so constructed is, indeed, an IDS, the algorithm terminates since the first

such set found will be the IDS with minimum cardinality. In fact, this algorithm can

be made more efficient by starting enumeration from the lower bound on MIDS, if the

graph has a proven lower bound. The algorithm is given in Algorithm 4.

Algorithm 4: Intelligent-Enumeration-MIDS(G = (V,E),D)

for i = 1 to | V | do

D = φ

for all bitmap with i bits set do

Construct D ⊆ V such that node uj ∈ D if jth bit is set

if (Independent(D) and Dominating(D)) then

return D

end if

end for

end for

3.4.1 Experimentation and Analysis

The intelligent enumeration algorithm has the advantage of simplicity of implementa-

tion. To examine how it performs as compared to [64], we ran the two algorithms on

grid topologies of sizes ranging from 3×3 to 7×7 (we could not get the results of [64] for

grid of size 7×7 as it was taking prohibitively long time). We found that the intelligent

enumeration algorithm works well in practice for these graphs as shown in the running
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Table 3.1: Time taken and Worst-case Enumerations for the Exact Algorithm by Liu and

Song and Intelligent Enumeration. i is the Independence Domination Number of the given

graph.

Grid Size i Liu and Song[64] Intelligent Enumeration[65]

Time (sec) 3
|V |
2 Time (sec)

(

N
r

)

, r =| D |
3× 3 3 0 140 0 125

4× 4 4 0 6560 0 2380

5× 5 7 11 920500 1 710930

6× 6 10 39225 3.8742e + 08 254 3.87e + 08

7× 7 12 Unknown 4.892e + 11 141242 1.3167e + 11

time of the two algorithms in Table 3.1. We also show the number of enumerations

that need to be tested for the two algorithms in the table. The value
(

n
r

)

given for

intelligent enumeration includes only the highest four
(

n
k

)

terms as these overwhelm

the other terms. For [64], we show the value 3
|V |
2 because we found that for all grid

topologies, the maximal matching includes all nodes for a graph with even number of

nodes and one less for graphs with odd number of nodes. Thus, for grid topologies,

this algorithm always has the worst-case running time. We found the time taken to

run, even for sizes as small as 49 nodes, is quite prohibitive for exact algorithms. So,

we did not try for higher grid sizes. While the number of combinations tested seems

almost equal for the two algorithms, intelligent enumeration exits as soon as a solution

is found. Hence, it does not go through all the enumerations listed. For [64], however,

all enumerations have to be tested before we can declare the MIDS. The other reason

for the superior performance of intelligent enumeration is as follows: as can be seen

from the Algorithms in 3 and 4, while both of them check candidate sets for domination

and independence, Algorithm 3 of [64] has to do a lot more computation. Specifically,

once it forms the subset S, it has to union it with {I \ N(S)}. If this is an independent

and dominating set, it also has to check whether this has a smaller cardinality than

the one encountered so far and update, if necessary. At the same time, unless it goes

through all 3
|Vm|

2 enumerations, it cannot determine the MIDS. If Vm is a much smaller

set of nodes than V , then, the number of enumerations is drastically reduced and the

algorithm will run fast. We also found that intelligent enumeration worked better than

[64] for a UDG of 50 nodes.
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Based on these results, we went ahead with the implementation of the PTAS al-

gorithm by using intelligent enumeration for finding the exact local MIDS. Since we

expect that the number of nodes on which the local MIDS needs to be calculated will

be small, it makes more sense to use this than the one in [64].

3.5 Comparison of PTAS and Heuristics for Computing

MIDS

The most popular clustering schemes in literature that produce an independent dom-

inating set are the lowest ID clustering and the highest degree node clustering. The

algorithm proposed in [69] is similar to the heuristic explained in the next section.

We implemented all three heuristics to compare the performance with respect to the

cardinality returned by them. The results of the centralized algorithms in our imple-

mentation are the best case results for the distributed algorithms. If the distributed

algorithms do not implement a time out, then, they will arrive at the same solution as

the centralized algorithm after O(n) communication rounds, in the worst case.

Algorithm 5: Greedy Heuristic for Computing MIDS(G = (V,E),D)

D := φ

while V 6= φ do

Pick v ∈ V
while ∃u such that ((v, x) ∈ E and (x, y) ∈ E and (y, u) ∈ E) and u 6= v

and (v, u) /∈ E do

find u with the highest degree

D := D ∪ {v}
V := V \N [v]

v := u

end while

D := D ∪ {v}
V := V \N [v]

end while
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3.5.1 Inter-Dominator 3-hop Distance Heuristic

In this algorithm, we always pick dominators that are 3-hops apart. This allows the

neighbors of both nodes to be disjoint and hence result in maximum coverage with

minimum number of dominators. We call this 3HD heuristic in the rest of the chapter.

The algorithm can be described as follows: we pick any node v ∈ V of the graph

G = (V,E) and add it to the dominating set D and remove the closed neighborhood of

v, N [v], from the graph. We, then, find u, a 3-hop neighbor of v with the highest degree

and add it to the dominating set. We repeat this algorithm until either V is empty

or we cannot find the next candidate node. If no candidate node is found because

the current candidate node has no neighbors, we arbitrarily pick any node from the

remaining nodes of the graph and repeat the algorithm stated above. The pseudo-code

of this scheme is given in Algorithm 5.

3.5.2 Experimental Design

All the programs were written in C and executed on a server having Intel(R) Xeon(TM)

CPU 3.00GHz dual processor quad core with 8GB RAM running Linux version 2.6.9-

22.ELsmp. We downloaded the unit disk graph topologies of 50 and 100 nodes included

in [68]. There are 300 topologies for each graph size. We calculated the average of the

cardinality returned by PTAS and the heuristics on all the instances for both 50 and

100 node graphs. We also used the topology generator included in this software to

generate 300 instances of graphs with 200-1000 nodes. We used these for comparing

cardinaltiy returned by the heuristics.

In addition, we also use the BRITE topology generator [71] to generate general

graphs, specifically, the Waxman Router model topologies. Since the PTAS is applicable

only to UDGs, we compared only the heuristics for general graphs. We generated graphs

with 50, 100, 250, 500, 800 and 1000 nodes, each having 20 instances. The results were

averaged over the 20 instances for each heuristic for all graph sizes.

We developed a Grid Graph generator software that generates incomplete grid

graphs with the specified number of edges. We used this software to generate grid

graphs having 50, 100, 250, 500, 750 and 1000 edges. Each of these had 20 instances

generated.
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Grid Topologies: The results are averaged over the 20 instances for the heuristics

and the PTAS with ǫ = 4. With a smaller ǫ value of 2, the PTAS was taking pro-

hibitively large time for completion. For example, some topologies of 250 nodes did not

complete in 4 hours. Hence, we did not run the PTAS with smaller ǫ values on these

graph sizes. We present the results of PTAS with ǫ = 2 for 50 and 100 edge graphs.

Unit Disk Graph Topologies: We ran the PTAS along with heuristics on UDG

instances of 50 and 100 nodes each. We found that for small graphs, the heuristics

return a cardinality similar to or better than the PTAS while taking less time. For

larger graphs, we were unable to run the PTAS because it uses exact algorithm until

the condition | Di+3 |≤| Di | is met to stop expanding the neighborhood. We found

that the 5-hop or the 6-hop neighborhood of a node has nearly 60 nodes which becomes

too large for the exact algorithm to finish in practical time. Hence, for larger graphs of

200-1000 nodes and general graphs, we only compared the heuristics and present those

results here.

3.5.3 Discussion of Results
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Figure 3.1: Average size of the MIDS returned by PTAS with ǫ = 4, Lowest ID, Highest

Degree and 3HD on Grid topologies for each graph size.
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Grid Topologies: In these topologies the 3HD heuristic performs slightly better

than the highest degree heuristic as observed in figure 3.1. This is because when the

highest degree node is chosen in grid topologies, we found that it leaves many other

nodes isolated, all of which have to be added to the IDS increasing its cardinality.

This was also the observation that was used in the approximation algorithm for MIDS

described in Section 2.3.1.1. The lowest ID does not work well at all because it neither

separates the dominators nor does it cover as many neighbors as possible when selecting

dominators.

The PTAS performance is better than only lowest ID heuristic with ǫ = 4. When we

compare the performance of PTAS with ǫ = 2 for 50 and 100 edge grid graphs, we get

the average MIDS size of 15 for 50 edge graphs and 29 for 100 edge graphs as compared

to 17.05 and 30.85 with ǫ = 4. The time taken with ǫ = 4 is in milliseconds whereas

it is 1s and 56s respectively for 50 and 100 edge graphs with ǫ = 2. Considering that

the highest degree and 3HD heuristics return an average cardinality of 15.35 and 15.4

respectively for 50 edges and 26.5 and 27.4 for 100 edges, we can see that the PTAS

does not improve upon the heuristics as the graph size increases but takes much more

time. Thus, we conclude that PTAS is not practical to use.

Unit Disk Graph Topologies: We ran the PTAS and heuristics for the unit disk

graph topologies with 50 and 100 nodes. The cardinality returned by the algorithms

is shown in Figure 3.2. We used ǫ = 6 for 100 node graphs as even with ǫ = 4, the

PTAS was taking a lot of time to terminate. As seen later in this section, we observed

that the quality of the solution is not affected by increasing ǫ, whereas the time taken

is reduced quite drastically.

We can observe from figure 3.2 that the highest degree node heuristic performs best

amongst all the algorithms studied, including the PTAS. The 3HD heuristic is better

than the lowest ID which is the worst heuristic for minimizing cardinality. The 3HD

heuristic gives results comparable to PTAS and maximum degree for 50 nodes. The

comparison of the time taken by the PTAS and heuristics is given in Figure 3.3. The

time taken by the PTAS is approximately 160s, with ǫ = 2. The time taken by the

heuristics, which is in the order of milliseconds. As with grid graphs, the maximum

degree heuristic and 3HD heuristic return cardinality better than or comparable to the
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Figure 3.2: Average size of the MIDS of 300 UDG topologies, each of size 50 and 100,

returned by PTAS with ǫ = 2 and ǫ = 6 respectively, Lowest ID, Highest Degree and 3HD.
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Figure 3.3: Average time taken to compute MIDS returned by PTAS with ǫ = 2 for a

UDG of 50 nodes and ǫ = 6 for a UDG of 100 nodes, Lowest ID, Highest Degree and 3HD

on 300 topologies for each graph size. Note: Heuristics takes an average time in the order

of milli/microseconds.

PTAS in much less time. Therefore, we conclude that PTAS is not practical to use

with UDGs also.

In figure 3.4, we can, once again, see that the highest degree heuristic is consistently

better than 3HD and lowest ID for all graph sizes. As stated earlier, the results are

averaged over 300 instances for each graph size. So, we can conclude that using highest
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degree heuristic is best for minimizing the cardinality of the MIDS. Lowest ID and

highest degree heuristics are both highly amenable for a distributed algorithm. The

lowest ID heuristic results in a high cardinality and therefore is not recommended for

MIDS.
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Figure 3.4: Average size of the MIDS returned by Lowest ID, Highest Degree and 3HD

on 300 UDG topologies each for graph sizes of 50-1000 nodes.

Waxman Router Model Topologies: In figure 3.5, we present the cardinality of

MIDS returned by the three heuristics. We cannot use PTAS for these graphs as these

are not polynomially bounded growth graphs. Once again, we see that the highest

degree heuristic returns the best cardinality, followed by 3HD heuristic and the worst

is lowest ID. In fact, we can observe that the difference in cardinality between these

three heuristics is quite large for general graphs such as the Waxman Router model

topologies. This is easily explained by the fact that a node with the highest degree

covers the maximum number of uncovered nodes. Thus, we need fewer nodes to cover

all the nodes in the graph. In 3HD heuristic, we start at some arbitrary point and

proceed to choose nodes which are 3 hops away from the previously chosen node. This

ensures that we do not choose 2-hop neighbors to ensure maximum independence but

does not take into account the degree of the remaining nodes in the graph. Lowest ID
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does not result in either a hop separation between the dominators nor is it guaranteed

to cover the maximum number of nodes amongst the remaining nodes, both of which

try to minimize the cardinality. Hence, it performs really badly.
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Figure 3.5: Average size of the MIDS returned by Lowest ID, Highest Degree and 3HD

on 20 BRITE topologies for each graph size.

3.6 Some Important Observations and Recommendations

Exact Algorithms: The asymptotic complexity of the intelligent enumeration algo-

rithm is, in the worst case, O(2n) compared to that of [64] which is O(
√

3
n
). However,

in practice, for small graphs, the former works better than the latter. For large graphs,

neither is practical. Thus, it is better to use intelligent enumeration over other exact

algorithms, in practice, when an exact algorithm for small graphs is needed.

PTAS: We found that in many instances there was no change at all in the cardinality

of the IDS returned by the PTAS when the value of ǫ is changed from 2 all the way

to 20. In fact, surprisingly, we found that in some instances, the cardinality returned

for ǫ = 6 is less than that for ǫ = 4. The time taken is significantly reduced when ǫ is

increased. This is because the stopping criterion for dividing the graph into 2-separated
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sub-graphs is more easily reached with a higher value of ǫ. As the number of nodes

in a neighborhood increases, the exact solution for the neighborhood takes a long time

to complete and so the PTAS also takes a prohibitively long time. In fact, with high

density graphs, the PTAS is no longer practical. We recommend the use of PTAS in

low degree graphs with higher values of ǫ.

Heuristics: As we can see from the results on various topologies, the maximum

degree heuristic performs best except for grid topologies where 3HD performs slightly

better. When we look at the distributed solutions based on these heuristics, it is easy

to see that lowest ID and highest degree are much more easily adapted to be distributed

algorithms compared to 3HD. In fact, the algorithm presented in [69], which is similar

to 3HD, will under certain circumstances, result in a dominating set that is not even an

IDS. Thus, we recommend that the maximum degree heuristic be used for computing

MIDS for general graphs and UDGs and 3HD for grid topologies.

3.6.1 Summary

It can be seen from our study of MIDS that the PTAS is not very practical when it

comes to large graphs. We also found that it does not improve upon the best heuristic

for the graphs we studied.

Metaheuristic techniques are known to improve upon the results of heuristics and

approximation algorithms. Our survey of literature for dominating sets shows that

there has been hardly any work in applying metaheuristic techniques to the problem of

computing dominating sets ([51, 53] for MDS and [57] for MWDS). This led us to pro-

pose metaheuristic algorithms for computing dominating sets of minimum cardinality.

These are presented in the next two chapters, 4 and 5.
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Chapter 4

Metaheuristic Algorithms for

MDS and MWDS

I have never met a man so ignorant that I couldn’t learn something from him.

Galileo Galilei

In this chapter, we describe our proposed Hybrid Genetic Algorithm (HGA) and

Hybrid Ant-Colony Optimization algorithms. We also describe the optimal approxima-

tion algorithm for computing MDS first. We, then, present the hybrid genetic algorithm

for MDS of Hedar et al., Hedar-MDS [51], which is one of the two metaheuristic algo-

rithms for MDS available in literature. The other is the ACO algorithm by Ho et al.

[53] presented in Section 2.2.2.6. We implemented the algorithm Hedar-MDS and com-

pare the cardinality returned by our proposed hybrid GA and hybrid ACO algorithms

with this scheme and the optimal approximation algorithm in Section 4.7.

We investigated many variations of the heuristic for MWDS, which are given in

Section 4.3, to determine which of them performs well. The results of these experiments

are presented in 4.8. We review the ACO algorithm for MWDS proposed by Raka

Jovanovic et al. [57], which we call Raka-ACO, in Section 4.4. Our proposed hybrid

metaheuristic algorithms, discussed in Sections 4.5 and 4.6, and the heuristics were run

on the same data set used in Raka-ACO. The results, presented in Section 4.8, show

that our algorithms and in fact, most of the heuristic variations experimented with, are

all superior to the Raka-ACO algorithm.

56



4.1 Optimal Approximation Algorithm for MDS

4.1 Optimal Approximation Algorithm for MDS

The greedy heuristic [102] for finding a minimum dominating set (MDS) returns a

solution at most (ln∆×Opt) where ∆ is the maximum degree of a node in the graph.

It is proven to be the optimal approximate solution unless P = NP [102].

Initially, the nodes are all colored WHITE. A node which is in the dominating set

is colored BLACK and all dominated nodes are colored GREY. The algorithm works

by selecting a non-BLACK node with the maximum WHITE degree and including it in

the dominating set. The node is then colored BLACK and all its neighbors are colored

GREY. This is repeated until there are no WHITE nodes in the graph.

4.2 Hedar-MDS: Hybrid Genetic Algorithm for Minimum

Dominating Set

Recently, the problem of MDS has been solved using a hybrid genetic algorithm [51]. In

this paper, the authors use a generational GA with a linear rank selection algorithm to

select parents for the standard one-point crossover and uniform mutation to generate

members of the new population.

It uses three procedures to reduce the cardinality of the solution computed.

1. Filtering: which basically checks if a node can be removed from the dominating

set without affecting the domination property.

2. Local Search: tries to randomly add nodes to the dominating set proportional

to its degree if the generated population member is not a DS; it deletes a node

randomly in inverse proportion to its degree if it is a DS. In both cases, if the

fitness value increases, it retains the change to the chromosome. However, it does

not repeat this procedure until the generated member is a dominating set or the

cardinality is reduced to the minimum possible. Instead, it iterates only for a

fixed number of iterations.

3. EliteInspiration: constructs the intersection of the three best DS solutions

found so far and then tries to minimize the cardinality. This is a variation of the

elitism strategy.
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

In our experimentation, we found that in some cases, this algorithm does not even

find a DS. We modified the algorithm such that it always returns a DS as output. We

changed it as follows: after finding the intersection of the best ncore members of the DS

population, if the resultant solution is not a DS, we keep adding nodes to it using the

greedy heuristic until the member is a DS. We, then, applied Filtering to reduce the

cardinality of this solution. We found that with these changes, the solution returned

by their algorithm is better than a straighforward implementation of their paper. The

results presented in this thesis are with these changes incorporated.

4.3 Greedy Heuristics for Minimum Weight Dominating

Set

We experimented with four different variations of a greedy heuristic to determine the

minimum weight dominating set. Just as in the greedy heuristic for MDS in Section

4.1, initially all nodes are colored WHITE. A node that is included in the dominating

set is colored BLACK, whereas all nodes adjacent to the dominating node are colored

GREY. We halt the algorithm when there are no WHITE nodes in the graph.
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Figure 4.1: Example Graph to illustrate the Heuristics for MWDS.

An example graph is given in Fig. 4.1. Each node is numbered within the circle with

its ID and outside the circle with its weight. We use this graph to illustrate the general

working of the heuristic. We show how the dominating set is constructed step-by-step

using Eqn. 4.1.
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4.3 Greedy Heuristics for Minimum Weight Dominating Set
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Figure 4.2: Node 2 is selected as the

first dominating node as per Eqn. 4.1.

It is colored BLACK and all its neigh-

bors GREY.
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Figure 4.3: Node 0 is selected as the

next dominating node as per Eqn. 4.1.
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Figure 4.4: Node 1 is selected as the

third dominating node as per Eqn. 4.1.
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Figure 4.5: Finally, Node 6 is selected

as the dominating node as per Eqn. 4.1.

Since none of the nodes is WHITE at

this point, the algorithm halts.
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

In the first heuristic, we use an algorithm based on the standard greedy algorithm

for the weighted set-cover problem [16]. The dominating set being constructed, D, is

initialized to a NULL set in the beginning. The WHITE degree of a node, dw(u), is the

number of WHITE neighbors of a given node u. For computing the minimum weight

dominating set, we divide the WHITE degree of the node, dw(u), by the weight of the

node w(u) and add the node with the maximum ratio to the dominating set D. If

S represents V − D, where D is the set of dominating nodes, then the next node to

include in D is selected as follows:

v ← argmax
u∈S

dw(u)

w(u)
(4.1)

In the example graph of Fig. 4.1, the node which has the maximum ratio initially

is 2 and is colored BLACK. All its adjacent nodes are marked GREY as shown in Fig.

4.2. This process of finding the node with maximum ratio and coloring its neighbors

GREY is repeated until there are no WHITE nodes in the graph. For the graph of Fig.

4.1, nodes 0, 1 and 6 are selected in that order after 2. This is illustrated in Figures

4.3-4.5.

In the second heuristic, we divide the sum of the weights of the WHITE neighbors

of a node by the weight of the node. The node with the maximum ratio is taken as the

node to be included in the dominating set. The weight of the WHITE neighbors of a

node u is represented as W (u) =
∑

s∈N(u) w(s), where color(s) = WHITE.

v ← argmax
u∈S

W (u)

w(u)
(4.2)

In the third heuristic we calculate the difference of the weight of the WHITE neigh-

bors of a node and its own weight. The node with the maximum difference is chosen

as the node to be included in the dominating set.

v ← argmax
u∈S

(W (u)− w(u)) (4.3)

In the fourth heuristic, we divide the product of the WHITE degree of a node and

the sum of the weights of the WHITE neighbors of a node by the weight of the node.

The node with the maximum ratio is taken as the node to be included in the dominating

set.

v ← argmax
u∈S

dw(u)×W (u)

w(u)
(4.4)
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4.4 Raka-ACO: ACO Algorithm for Minimum Weighted Dominating Set

The first two heuristics differ from the ones presented in [57] in that the latter does

not consider nodes colored GREY when choosing a new node to add to the dominating

set. This eliminates a large number of promising candidates leading to worse results

than our heuristics.

The results of applying these heuristics on the data sets used in [57] are given in

Section 4.8. Those data sets consist of two types of graphs, Type I and Type II, which

are also described in Section 4.8. We also applied these heuristics on UDG instances we

generated using the UDG generator [68]. It can be readily seen from these tables that

the first, second and fourth heuristics give similar results. In some cases, one heuristic

is better and in others another. The third heuristic is worse than the others in all

instances. For Type II instances, the difference in cardinality returned by the third

heuristic and the other three is larger.

4.4 Raka-ACO: ACO Algorithm for Minimum Weighted

Dominating Set

The only metaheuristic algorithm proposed so far in the literature for the MWDS

problem [57] uses an ant-colony system (ACS) algorithm. This algorithm is similar to

the solution proposed for minimum weight vertex cover problem by Shyu et al. [89].

The algorithm initially generates a solution which is used to initialize the pheromone

values of the nodes in the ACO algorithm. To compute this solution, the given graph is

converted into a complete graph with edges having a weight 0, if they are not present in

the original graph and 1, otherwise. A value of 1 also represents an uncovered neighbor

whereas 0 represents a covered neighbor. Every time a node is added to the MWDS,

the weight of all edges incident on it and its neighbors is set to 0, i.e., marking the node

and its neighbors as covered. In each iteration, the node with the maximum ratio of

the sum of weights of its uncovered neighbors to its weight, ηr, is added to the MWDS.

The state-transition rule determines the probability with which the next node i is

chosen by an ant k and is represented by pk
i . In Raka-ACO, it is calculated by the

formula pk
i =

τiη
β
i

P

r∈Ak
τrη

β
r

, where Ak represents the set of nodes that are not in the

dominating set and ηβ
r represents the heuristic component. In addition, if a random

variable q ∈ (0, 1) is greater than a certain threshold q0, the node with the maximum

product of the pheromone and heuristic is always chosen. If q < q0, the nodes are
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

selected based on the probability calculated using the equation for pk
i . The algorithm

uses the global pheromone updating rule of τi = (1 − ω)τi + ω∆τi at the end of one

iteration, where ω represents the pheromone evaporation rate and ∆τi = 1
P

j∈D w(j) , D

being the best dominating set constructed by an ant in that iteration. For all other

nodes, the pheromone is simply evaporated. The algorithm also uses a local pheromone

updation rule which is applied after selection of a node i by an ant. The pheromone on

node i is updated by τi = (1−φ)τi +φτ0 where φ ∈ (0, 1) is a parameter used to adjust

the pheromone laid previously on the node and τ0 is the same as the initial pheromone

laid on all the nodes.

4.5 Proposed Hybrid Genetic Algorithm for Dominating

Sets

We have used a steady-state genetic algorithm [25] to solve the dominating set

problems. It is generally found that the steady-state genetic algorithm is better in such

problems as can be seen in the hybrid genetic algorithm for the minimum weight vertex

cover problem [90]. We use a similar strategy for the MDS and MWDS problems.

Our hybrid genetic algortihm can be summarised as follows: we start off with an

initial population of 100 members generated randomly. To generate a new population

member, we do a crossover of two parents which are chosen using the binary tournament

selection method. To ensure that there is enough randomness in the population, we

generate a random member instead of using crossover with a probability of 1 − pc,

where pc is the probability of crossover. We replace the worst member of the previous

generation with the new member so generated. If the new member is not a dominating

set, we use a greedy heuristic for the specific dominating set problem to repair it. This

is done with a probability ph. In other cases, we repair it by adding nodes randomly

until it is a dominating set. Once the new member is a dominating set, we use a

minimization heuristic and check for duplication before inserting it into the population.

p is a uniform variant in the interval [0, 1] in the pseudo code for the genetic algorithm

given in Algorithm 6. In the rest of this section, we describe the proposed hybrid

genetic algorithm in detail.
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4.5 Proposed Hybrid Genetic Algorithm for Dominating Sets

Algorithm 6: Hybrid Genetic Algorithm for WMDS

Generate Initial Population, I

F := fitness of best member of I

b := Best member of I

while gen < MAXGEN do

if (p < pc) then

Select parents p1 and p2 using binary tournament selection

C := crossover(p1, p2)

C := mutate(C)

else

Generate C randomly

end if

C := Repair(C)

C := Minimize(C)

if unique(C) then

Replace worst member of the population with C

if f(C) < F then

F := f(C)

b := C

end if

gen := gen + 1

end if

end while

return b

4.5.1 Chromosome Representation

We use the binary representation for the chromosome with a bit vector of length n,

where n is the number of nodes in the graph. The bit corresponding to a node is set

to 1 if the node is a member of the dominating set and 0 otherwise.

4.5.2 Fitness

Fitness function is the cardinality of the dominating set for MDS and the sum of

weights of all the nodes in the dominating set for MWDS. The aim is to minimize this

cardinality for MDS and sum for MWDS.
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

4.5.3 Crossover

Binary tournament is used to select two parents for crossover where the member with

a better fitness is selected with probability pbetter. We, then, use the fitness-based

crossover method proposed by Beasley and Chu [7] to create the child member. Let

the parents be p1 and p2 and their respective fitness values f(p1) and f(p2). The bits

in the child are inherited from parent p1 with probability f(p2)
f(p1)+f(p2) and from parent

p2 with probability f(p1)
f(p1)+f(p2) . This ensures that bits are more often inherited from

a parent with a better fitness. As stated earlier, crossover is not applied always, but

only with probability pc. In the remaining cases, a new member is generated randomly

to diversify the population in order to prevent the algorithm from being trapped in a

local minimum.

4.5.4 Mutation

A simple bit flip mutation scheme is applied. With probability pm, for every bit in the

child generated by crossover, if the bit is 0, we flip it to 1 and if it is 1, we flip it to 0.

4.5.5 Repair

We use the repair function whenever we find that a member is not dominating. For

MWDS, we use the heuristic of adding nodes with the maximum W (u)
w(u) ratio to the

member until it is a dominating set. This ensures that fewer nodes with relatively less

weight are added to the dominating set, thus improving the fitness of the member.

The corresponding heuristic for MDS is to use a member with the maximum WHITE

degree. The heuristic is used with a probability ph. With probability (1 − ph), we

repair the member by adding nodes randomly to the member. This helps to diversify

the population.

The member generated and repaired in this fashion may consist of redundant nodes

in the final solution. We remove this redundancy using the minimization heuristic which

is described in the next section. The pseudo-code of the repair function for MWDS is

given in Algorithm 7.
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Algorithm 7: Repair(C)

S := V \ C
if (p < ph) then

while (C is not a dominating set) do

max := 0

for (s ∈ S) do

if (max < W (s)
w(s) ) then

max := W (s)
w(s)

v := s

end if

end for

C := C ∪ v
S := S \ v

end while

else

while (C is not a dominating set) do

v := random(S)

C := C ∪ v
S := S \ v

end while

end if

return C

4.5.6 Minimization Heuristic

We first define redundant nodes. A redundant node, v, is one whose closed neighbor-

hood, N [v], is dominated by other nodes of the dominating set. In other words, if D is

the dominating set and N [v] ⊂ N [D\v], then v is a redundant node. Let R be the set of

such redundant nodes in D. In MWDS, we delete a node which has the maximum ratio

of its weight to its degree from the redundant set with probability pr. This helps to

minimize the dominating set as far as possible by taking into consideration the weight

contributed by a node against the number of nodes which are affected by its removal.

We delete a node randomly from R with probability 1− pr, to increase the diversity of

the population. We repeat this operation until there are no more redundant nodes in

the member. The minimization function for MWDS is presented in Algorithm 8.
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Algorithm 8: Minimize(C)

R := {v : v ∈ D∧

N [v] ⊂ N [D \ v]}
while (R 6= φ) do

if (p < pr) then

v := argmax
u∈R

w(u)
dw(u)

else

v := random(R)

end if

C := C \ v
recalculate R

end while

return C

The minimization heuristic is same for MDS except that, with probability pr, the

node with the smallest degree is removed from the dominating set.

4.5.7 Initial Population Generation

The first member of the initial population is generated using the respective greedy

heuristic for MDS or MWDS. Specifically, the heuristic corresponding to Eqn. 4.2 is

used for MWDS. The remaining members of the initial population are generated as

follows: each node of the graph is included with probability 0.3. The subset, thus

generated, is checked for domination. If it is not dominating, the repair procedure is

applied to make it dominating. Then, the minimization heuristic is applied to reduce the

weight/cardinality of the dominating set. At the end of the minimization, the resultant

dominating set is checked for duplication in the population members generated so far. If

it is unique, it is added to the population. Otherwise, it is discarded and the procedure

is repeated. If a unique member cannot be generated after a given maximum number

of trials, the number of members in the initial population is updated to the actual

number generated. This needs to be done in small graphs where all possibilities have

been exhausted when generating the initial population.
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Dominating Sets

4.6 Proposed Hybrid Ant-Colony Optimization with Lo-

cal Search for Dominating Sets

Our proposed ACO algorithm is primarily based on the MAX−MIN Ant System [96].

It starts off with an initial pheromone value of τ0 = 10.0 on each node. All the nodes in

the graph are colored WHITE initially. An ant performs a random walk of the graph

using the state-transition rule to determine which node is to be visited next. Each time

a node, u, is selected, it is added to the dominating set and colored BLACK. All the

neighbors of this node are colored GREY. The walk stops when there are no WHITE

nodes in the graph.

As discussed in Section 2.2.2, two rules define the behavior of ants in the ACO

algorithm - the state-transition rule and the pheromone updation rule. The state-

transition rule may be based only on the pheromone value [91, 94] or it may be based

on both the heuristic and pheromone values [89]. When we experimented using both

these methods, we found that neither works really well. We then added the local search

component of minimization of the dominating set through removal of the redundant

nodes. This yielded better results with both the methods, though, using the heuristic

along with the pheromone made the algorithm slower without improving the quality

of the solution. Therefore, we did not use the heuristic in our ACO algorithm. In this

respect, our algorithm is similar to the maximum clique ACO algorithm proposed in

[94].

In the beginning, each node has an initial pheromone value of τ0. This pheromone

is evaporated with time, based on the pheromone persistence rate, 0 ≤ ρ ≤ 1. If the

pheromone value falls below a pre-specified threshold, τmin, the value is set to τmin.

This is to ensure that there is sufficient exploration of the search space. The state

transition rule for an ant in our algorithm is given by:

p(v) =
τv

∑

u∈S τu
(4.5)

where S = V \ D, V is the set of nodes in the graph and D is the dominating set

constructed so far. The ant stops its walk once it has constructed a dominating set.

The minimization heuristic described in Section 4.5.6 is applied to the dominating set

constructed. This is the local search mechanism that is used to reduce the cardinal-

ity/weight of the dominating set by removing any redundant nodes from the solution
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Algorithm 9: ACO-LS(G,D)

Initialize Pheromone trails

D := φ

f := MAXWT

F := MAXWT

if PP then

ACO PP(G,M)

end if

for iter = 1 to N do

for i = 1 to NumAnts do

Ai = RandomWalk(G)

if fitness(Ai) < f then

bestAnt := Ai

f := fitness(Ai)

end if

end for

if f < F then

F := f

D := bestAnt

end if

UpdatePheromone(G, f, F )

end for

return D

generated by an ant. At the end of each iteration, after all the ants have generated

their solutions, the best solution of that iteration is determined. Then, the pheromone

value of every node v that forms part of this solution is updated as per equation 4.6

for MWDS and 4.7 for MDS:

τv = τvρ+
2.0

5.0 + f − F (4.6)

τv = τvρ+
1.0

10.0 + f − F (4.7)

where f represents the fitness of the best solution in the given iteration and F represents

the fitness of the best-so-far ant. For all the nodes that are not part of the best solution,
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the pheromone value is simply evaporated as follows:

τv = τvρ (4.8)

We also experimented by adding a pre-processing step as proposed in [92] to the

ACO algorithm for MWDS. In the pre-processing step, we generate M = 100 solutions

using different maximal independent sets (MIS), as it is well-known that any MIS is

a dominating set. For generating an MIS, we select a node in the graph randomly.

We add this node to the dominating set, change its color to BLACK and color all

its neighbors GREY. We then choose a WHITE node to add to the dominating set

and repeat the procedure until there are no more WHITE nodes in the graph. The

pheromone value of the nodes that are part of these independent sets is updated using

the pheromone updation rule given in equation 4.6. The advantage of using a pre-

processing step, in general, is that it reduces time for convergence while retaining the

quality of the solution.

We call the proposed hybrid genetic algorithm as HGA, the ACO as ACO-LS and

the ACO with pre-processing as ACO-PP-LS. The results for MWDS consist of the

weight returned by the various heuristics, HGA, ACO-LS and ACO-LS-PP on the

same data set as used in [57]. For MDS, the metaheuristic algorithms are run on unit

disk graph instances and Router Waxman model instances generated by us. They are

compared against the greedy heuristic and the algorithm presented in [51].

4.7 Experimental Results for MDS

The experiments were done on two different types of graphs - unit disk graphs generated

using the UDG topology generator [68] and Waxman Router Topologies [103] using

BRITE [71]. The data set consists of 50, 100, 250, 500, 750 and 1000 node graphs.

For UDG topologies, we used ranges of 150, 200 and 250 units to study the effect of

different degrees of connectivity on the performance of the algorithms. Graphs with

nodes 50, 100 and 250 are generated using an area of 1000 × 1000 units whereas those

with nodes 500, 750 and 1000 are generated using an area of 2000 × 2000 units. In

the case of Router Waxman topologies, we used random and heavy-tailed placement

[70] which is considered more common for Internet topologies. We varied the degree of

connectivity by using 2×N , 4×N and 8×N edges for graphs, where N is the number

of nodes in the graph. In all cases, the results presented are averaged over 10 instances.
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HGA Parameters: HGA has an initial population of 100 members and we ran it

for 10,000 generations. This would mean that a total of 10,000 solutions are created as

we create one new member of the population in each generation. We use the following

values for the various probabilities: when generating random population members both

in initial population and a new member in later generations, we use a probability of

0.3 for adding a node into the dominating set. We use the value of pc = 0.9 for

crossover, pm = 0.02 for mutation, pbetter = 0.8 to choose a better parent during binary

tournament selection, ph = 0.2 for using the heuristic to repair a member. We use

random removal of a redundant node with probability pr = 0.6. All of these values

were arrived at after extensive experimentation with different values.

ACO Parameters: The hybrid ACO algorithm has 20 ants and is run for 1000

iterations which is a total of 20,000 solutions. We use an initial pheromone value

of 10.0 and a minimum threshold on the pheromone value of 0.08. The pheromone

persistence rate is ρ = 0.985.

Parameters for Hedar-MDS : We used 100 generations and 100 members in each

generation for a total of 10,000 solutions, as it uses generational GA, the same as in

our hybrid GA. The rest of the parameters are as specified in their paper.

4.7.1 Discussion of Results

It can readily be seen from Tables 4.1, 4.2 and 4.3 that the performance of Hedar-MDs

is worse than even the greedy heuristic in all the graph instances studied. This can be

explained by the fact that there is no attempt to force each member of the population

to be a dominating set and no attempt to minimize cardinality. The final EliteInspi-

ration process seems flawed because in standard elitism, the best ncore members are

always retained across generations. In their method, they retain them to compute the

intersection of the best ncore members which is not even guaranteed to be a dominating

set.

We observe from Table 4.1 that our hybrid ACO and our HGA perform similarly

for most instances in terms of cardinality of the solution. We observe that the time

taken by ACO-LS and HGA are similar up to 250 nodes for UDG instances. But, as

the number of nodes increases, the ACO-LS algorithm takes twice the time taken by
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Table 4.1: Cardinality (γ) of MDS and Time taken in seconds using Heuristic, Hedar-

MDS, HGA and ACO-LS for UDG Instances

N Range Heuristic Hedar-MDS HGA ACO-LS

γ Time (s) γ Time (s) γ Time (s)

50 150 13.9 15.4 0.1 12.9 0.7 12.9 1.1

50 200 10.5 11.3 0.0 9.4 0.6 9.4 1.0

50 250 8 8.6 0.1 6.9 0.5 6.9 0.7

100 150 19.4 20.8 0.2 17 2.2 17 2.9

100 200 12.8 13.5 0.2 10.4 1.6 10.4 2.0

100 250 9.1 10.2 0.3 7.5 1.1 7.6 1.6

250 150 22.7 24.8 0.5 18.7 6.0 18.1 9.4

250 200 14.6 15.5 0.8 11.4 3.5 11 5.8

250 250 10.1 11.2 1.0 8 3.0 8 4.4

500 150 75.3 84.7 1.7 67.3 95.4 64.5 83.5

500 200 48.2 55.4 1.5 41.4 43.8 39.8 51.9

500 250 34.6 36.9 1.0 27.9 17.6 26.8 33.3

750 150 82.9 90.4 3.2 72.9 152.8 68.7 170.2

750 200 51.4 59 2.4 43.9 54.8 41.3 91.6

750 250 35.9 39.2 2.5 28.7 24.6 27.3 57.0

1000 150 85.9 94.2 4.4 74.8 215.1 70.3 264.3

1000 200 53 60 3.4 44.8 65.9 42.5 135

1000 250 36.7 39.8 4.0 29.8 35.5 28.2 83.9

HGA. However, we note that the solutions generated by ACO-LS are also twice those

generated by the GA. Since the cardinality returned by HGA is comparable to the

ACO-LS, it is better to use it for UDG instances.

When it comes to the results on Router Waxman topologies in Tables 4.2 and 4.3,

the cardinality returned by HGA and ACO-LS are, once again, comparable. We also

observe that for large Router Waxman graphs with higher degree of connectivity, the

HGA performs slightly better than the ACO-LS algorithm both in terms of cardinality

as well as time. For large Router Waxman instances with smaller degree of connectivity,

ACO-LS takes significantly lesser time than HGA. Based on these observations, we can

say that the ACO-LS algorithm is the better option for these types of graphs.
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Table 4.2: Cardinality (γ) of MDS and Time taken in seconds using Heuristic, Hedar-MDS, HGA and ACO-LS for Small Router

Waxman Instances with random and heavy-tailed (ht) placement of nodes

N Range Placement Heuristic Hedar-MDS HGA ACO-LS

γ Time (s) γ Time (s) γ Time (s)

50 100 ht 13.5 15.1 0.1 12.1 0.6 12.1 1.0

50 100 random 12.4 14.4 0.0 11.6 0.7 11.6 1.0

50 200 ht 7.7 10.9 0.1 7 0.5 7 0.6

50 200 random 7.3 10.3 0.0 6.8 0.5 6.8 0.8

50 400 ht 4.7 6.7 0.2 4.2 0.4 4.2 0.5

50 400 random 4.1 6.6 0.1 3.8 0.3 3.8 0.4

100 200 ht 26.7 31.8 0.1 23.6 2.4 23.7 3.4

100 200 random 25.8 32.1 0.2 23.4 2.7 23.4 3.3

100 400 ht 16.5 21.5 0.2 14.8 1.8 14.5 2.4

100 400 random 16.1 22.1 0.2 14.7 1.9 14.4 2.4

100 800 ht 9.6 15 0.1 8.7 1.1 8.7 1.6

100 800 random 9.2 15.5 0.2 8.7 1.2 8.4 1.6

250 500 ht 64.7 77.1 0.6 59.4 24.6 58.5 23.3

250 500 random 67.2 78.4 0.6 60.8 25.1 59.8 23.5

250 1000 ht 42.2 56.4 0.7 38.2 15.2 37.2 17.4

250 1000 random 41.8 57.9 0.6 38.5 16.2 37.1 17.4

250 1000 ht 26.1 39.6 0.5 23.7 7.4 23.1 11.1

250 1000 random 25.3 40.2 0.6 23.2 8.2 22.4 10.9
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Table 4.3: Cardinality (γ) of MDS and Time taken in seconds using Heuristic, Hedar-MDS, HGA and ACO-LS for Large Router

Waxman Instances with random and heavy-tailed (ht) placement of nodes

N Range Placement Heuristic Hedar-MDS HGA ACO-LS

γ Time (s) γ Time (s) γ Time (s)

500 1000 ht 131.4 152.7 2.0 122.2 161.7 117.3 129.4

500 1000 random 131 157.7 2.0 121.7 162.2 117.9 127.2

500 2000 ht 83.9 113.5 2.3 78.4 94.5 75.8 97.9

500 2000 random 84.1 116.7 2.3 79.5 100.7 76.5 99.6

500 4000 ht 52.3 81.1 1.7 50.3 43.9 49 61

500 4000 random 50.1 83.8 1.7 48.7 49.1 47.2 60

750 1500 ht 196.6 230.8 4.2 183.7 520.5 176.9 375

750 1500 random 195.7 241.5 4.3 185.1 527.3 178.7 372.4

750 3000 ht 125.6 169.2 4.8 119.2 302.7 119.6 288.2

750 3000 random 127.3 176.4 4.6 120.8 319.2 119 290.4

750 6000 ht 78.2 120.5 4.1 76.6 134.9 77.7 171.2

750 6000 random 77.7 128.9 4.2 76.4 140.1 75.6 169.5

1000 2000 ht 268 317 7.5 251.3 1211.4 244.8 853.7

1000 2000 random 259.8 313.5 7.4 247.6 1212.3 239.1 824.7

1000 4000 ht 168.5 231.5 7.5 161.1 720.9 163.3 635.7

1000 4000 random 168 236.9 7.7 160.7 735.6 161.3 638.2

1000 8000 ht 104.1 166.3 8.5 103 300.7 106.5 359.7

1000 8000 random 104 171.4 8.2 102.5 311.1 106.7 367.8
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

4.8 Experimental Results for MWDS

4.8.1 Experimentation

The experiments were done on the same data set as that used in Raka-ACO. This

data set consists of two types of instances. Type I instances are connected undirected

graphs with the vertex weights randomly distributed in the interval [20, 70]. For Type

II instances, the weights of the vertices are chosen to be a function of the degree of

the node and randomly distributed in the interval [1, d(v)2]. The number of nodes in

the graphs varies from 50 to 1000 nodes. The number of edges in the graphs is varied

to observe the effect of the degree of connectivity on the results. For each graph of a

specific number of nodes and edges, there are 10 instances. The results presented in

the tables are the average of running the algorithms on these 10 instances per node

and degree combination. For algorithms proposed by us, we also report the standard

deviation. Data for Raka-ACO is taken from their paper, where no standard deviation

is reported. Therefore, it is not included here. The best results are shown in bold in

all the tables. Since we run our algorithms once on each of the ten instances and the

value of the solution varies from instance to instance, the standard deviation is high

for all approaches.

We also generated UDG instances using the topology generator of [68]. The UDG

graphs have nodes ranging from 50-1000 nodes with a node’s transmission range of

150 and 200 units. The range is changed to change the degree of connectivity for a

single graph size. The nodes are distributed randomly in an area of 1000× 1000 units.

Since the area is limited and constant, as the number of nodes in the graph increases,

the average degree of a graph increases. For each graph size and range, we have 10

instances over which the results are averaged.

Proposed HGA Parameters: The hybrid genetic algorithm that we implemented

has an initial population of 100 members and we ran it for 20,000 generations. This

would mean that a total of 20,000 solutions are created as we create one new member

of the population in each generation. We use the following values for the various

probabilities: when generating random population members both in initial population

and a new member in later generations, we use a probability of 0.3 for adding a node

into the dominating set. We use the value of pc = 0.9 for crossover, pm = 0.005 for
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4.8 Experimental Results for MWDS

mutation, pbetter = 0.8 to choose a better candidate during binary tournament selection,

ph = 0.7 for using the heuristic to repair a member and finally a value of pr = 0.6 for

improving the fitness of a member through minimization. All of these values were

arrived at after extensive experimentation with different values.

Proposed ACO-LS parameters: The pheromone value of all the nodes is initialized

to 10.0. We use 20 ants and 1000 iterations in our ACO algorithm and always generate

20,000 solutions before terminating. The pheromone persistent rate ρ = 0.985. When

deleting redundant nodes in the minimization heuristic, we remove the nodes with

maximum weight to its absolute degree ratio with probability pr = 0.6 and the rest of

the time, we delete the node randomly. When we use pre-processing, we use 100 MIS

solutions to update the initial pheromone. We also use one ant per iteration from the

heuristic. If this is the best ant found in the iteration, it enhances the pheromone on the

nodes that form the solution of the heuristic so these nodes have much higher chance of

being part of the final solution. Since the heuristic is deterministic, the pheromone on

the same set of nodes can be repeatedly enhanced if it is the best ant of the iteration.

4.8.2 Discussion of Results

Heuristic Results: The results obtained by running the various heuristics described

in Section 4.3 are given in tables 4.4–4.6 for Type I instances. The results for Type

II instances are presented in tables 4.7–4.9 and those for UDG instances in table 4.16.

We can see that the first, second and fourth heuristics give similar results with no clear

pattern of a particular heuristic being better for the general graph instances. On the

other hand, for UDG instances, the fourth heuristic is found to be best in all instances

except for 50 nodes and 150 range. Thus, we can conclude that for UDG instances,

this is the best heuristic. Hence, we compare the results of this heuristic with the

metaheuristic algorithms for UDGs. For general graph instances, however, we use the

second heuristic for comparison with the metaheuristics.

Comparison with Raka-ACO [57]: As can be readily observed from tables 4.10–

4.12 for Type I instances, for all instances except for 1000 nodes with 1000 edges, one

or both of our metaheuristic algorithms does better than Raka-ACO. This is despite

the fact that 10 ants were used in the Raka-ACO with 10,000 iterations which implies
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

a total of 100,000 solutions. We, on the other hand, generate only 20,000 solutions in

HGA and ACO-LS. Interestingly, the heuristic itself performs better than Raka-ACO in

many instances except those with very low degree of connectivity. When the degree of

connectivity or the number of nodes in the graph increases, the heuristic performs better

than Raka-ACO. The Raka-ACO algorithm improves upon the heuristics described in

[57], but does not perform as well as three out of the four heuristics we have chosen to

work with. When it comes to results of Type II instances shown in tables 4.13–4.15, the

difference in the performance of Raka-ACO on the one hand and the heuristic and our

metaheuristic algorithms on the other hand is quite large. In this case, our algorithms

give consistently better results than the Raka-ACO without exceptions. In fact, since

the weight of a node is dependent on the degree of the node, as the degree increases,

the performance of the Raka-ACO algorithm is much worse than the heuristic and our

algorithms. This is exacerbated when the number of nodes in the graph itself is high.

Comparison of Proposed HGA and ACO-LS algorithms: The results of run-

ning our algorithms on the UDG instances generated are given in tables 4.16 and 4.17.

The results returned by our proposed HGA and ACO-LS algorithms are 7-14% better

than the heuristic solution for UDGs.

The following are the highlights of the results when comparing our proposed HGA

and ACO-LS/ACO-PP-LS algorithms:

1. For UDG instances, all the proposed metaheuristic algorithms perform in a similar

fashion and they are better than the best heuristic for all instances. However,

the difference becomes smaller as the degree of connectivity increases. This could

be due to the fact that the solution of both the heuristic and the metaheuristics

approaches the optimal solution. The standard deviation of our metaheuristic

algorithms is also found to be similar.

2. For Type I instances, the ACO-LS and ACO-PP-LS algorithms perform better

than the HGA whenever the average degree of the graph is less. As the number

of nodes in the graph increases, the ACO-LS variants perform better than the

HGA until the average degree becomes really high. While in a 250-node graph,

the HGA performs better than the ACO-LS variants when the number of edges

is 2000, giving an average degree of 8, for a 500-node graph, it is better than the
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4.8 Experimental Results for MWDS

ACO-LS variants only for the 10,000 edge instances with an average degree of 20.

The difference in solution is not statistically significant. On the other hand, the

time taken by ACO-LS and ACO-PP-LS algorithms is half the time taken by the

HGA algorithm. So, for Type I instances, we can get better or similar quality

solutions as the HGA using ACO-LS algorithm in a much shorter time.

3. For Type II instances, as for Type I instances, ACO-LS algorithms work better

than the HGA for a low average degree of a graph. However, unlike in Type I

instances, as the number of nodes in the graph and average degree increases, the

ACO-LS solutions are worse than the HGA solution. The time taken by ACO

variants to compute solutions for Type II instances is very less compared to HGA.

Thus, it is better to use the ACO-LS algorithms whenever the solution difference

is not statistically significant.

4. Using the pre-processing step in the ACO algorithm does not really help in terms

of improving the quality of the solution. In fact, in many instances the results

returned by ACO-LS are better than ACO-PP-LS. However, when it comes to

the time taken, the pre-processing step helps speed up the algorithm in almost

all cases.

5. In the majority of instances, the metaheuristic approach which yielded the best

mean also has the least standard deviation. This is especially true for large Type

I instances. On the other hand, for large Type II instances, this observation does

not hold.

Run-Time Comparison: The time taken to compute the results for our proposed

HGA, ACO-LS and ACO-PP-LS algorithms is given in tables 4.18 and 4.19 for Type I

instances and in tables 4.20 and 4.21 for Type II instances. As noted above, the time

taken by the ACO algorithms is, in some cases, as much as half or 1/3 the time taken

by HGA. This makes the ACO a better option to use as the difference in cardinality is

not statistically significant in most cases.
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Table 4.4: WMDS using Different Heuristics for Small Type I Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

50 50 578.3 35.57 588 41.48 598.4 52.33 583.9 41.82

50 100 410.5 36.34 407.4 40.17 413.2 23.13 405.9 19.89

50 250 197.2 20.42 198.8 15.28 208.8 21.22 195.2 12.54

50 500 105.5 9.89 103.3 11.07 122.4 18.06 99.9 5.88

50 750 72.9 9.35 72 8.65 82.5 12.52 67.9 5.15

50 1000 48.1 9.72 47.9 9.63 55.9 9.09 44.8 5.79

100 100 1168 55.6 1176.5 66.9 1178.8 72.9 1165.7 56.06

100 250 676.7 36.96 673 33.95 708.4 50.95 668.7 24.57

100 500 397.3 36.09 396.6 36.64 415.7 24.23 406.8 39.83

100 750 294.9 13.54 286.1 21.53 312 23.99 293.4 16.87

100 1000 235.1 7.59 234 11.07 258.4 27.44 230.2 14.82

100 2000 122.3 8.37 119.6 10.42 146.1 13.79 115.3 7.63

150 150 1727.6 84.34 1725.2 74.79 1748 95.68 1717.9 84.56

150 250 1340.5 67.32 1353 67.65 1389.4 40.05 1318.3 65.14

150 500 830.4 58.44 826 54.08 890.5 65.17 846.7 65.54

150 750 611.4 41.6 617.5 55.94 673 41.16 609.8 43.97

150 1000 488.7 28.48 496.1 22.91 547 33.08 493.1 28.64

150 2000 271.5 10.18 266.5 14.63 311.4 21.67 276.6 17.63

150 3000 191.1 12.59 186.1 13.19 225.2 21.62 187 19.6
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Table 4.5: WMDS using Different Heuristics for Medium Type I Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

200 250 2095.1 75.6 2112.6 70.82 2158.8 79.4 2108.7 76.34

200 500 1380.8 56.27 1403.5 57.88 1429.4 56.65 1390.7 43.38

200 750 1020.5 61.08 1019.1 65.51 1087.5 84.96 1039.4 75.69

200 1000 809.6 27.04 813.4 27.04 889 52.99 819.8 37.95

200 2000 467.5 21 473.9 20.67 562.7 25.36 485.6 22.45

200 3000 334.8 19.06 331.8 16.7 368.6 21.96 334.9 14.5

250 250 2906 89.12 2931.6 96.5 2900.7 89.7 2891.3 94.22

250 500 2040.9 114.18 2014.6 89.38 2058.2 79.87 2012.1 106.87

250 750 1533.8 72.9 1542.3 61.71 1607.4 64.95 1510.5 48.37

250 1000 1238.8 51.52 1232.4 69.94 1309.3 43.79 1225.8 56.54

250 2000 715.8 29.45 706.4 35.81 778.6 32.23 705.4 26.35

250 3000 500.4 18.72 500.2 20.78 572.7 32.08 521.1 23.25

250 5000 328.4 13.44 323.6 17.28 392.1 22.01 325.9 16.54

300 300 3481.5 118.14 3504.9 83.26 3506.7 105.85 3465.7 116.99

300 500 2697.9 92.03 2709.7 109.48 2772.8 95.99 2707.3 85.07

300 750 2104.3 88.5 2106.3 89.63 2146 84.8 2073.3 96.55

300 1000 1688 60.42 1674.4 55.68 1758.1 53.63 1692.2 71.29

300 2000 965.6 51.4 949.5 27.81 1060.7 49.84 988.2 42.34

300 3000 701 30.61 693.7 31.01 773.4 32.75 707.3 24.17

300 5000 459.8 21.74 457.2 17.25 554.5 29.01 472.6 19.73
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Table 4.6: WMDS using Different Heuristics for Large Type I Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

500 500 5820.5 133.1 5840.4 124.91 5872.3 125.05 5798.1 126.7

500 1000 4039.8 121.86 4038.9 123 4141.4 118.88 4032.6 95.44

500 2000 2484.9 79.59 2478.7 92.24 2585.6 80.38 2452.2 73.56

500 5000 1177.1 32.25 1171.3 33.45 1354.6 69.83 1193.5 54.68

500 10000 670.5 10.65 656.1 25.68 798.7 48.63 666.3 24.24

800 1000 8472.1 157.12 8512.6 151.07 8536.3 157.9 8402.6 208.45

800 2000 5641.4 165.59 5625.7 85.19 5810.3 92.1 5602.4 109.62

800 5000 2739.9 71.15 2735.5 61.18 3060.3 52.4 2798.1 69.17

800 10000 1590.6 36.76 1553 40.35 1823.9 60.04 1593.5 28.76

1000 1000 11666.3 162.07 11701.4 185.26 11673.9 196.46 11635.5 153.42

1000 5000 4168.5 98.69 4114.4 68.47 4492.1 132.82 4187.8 58.09

1000 10000 2379.8 68.02 2368.1 63.41 2702.5 79.08 2410.8 71.6

1000 15000 1704 27.07 1704.3 39.21 1998.8 40.95 1711.1 32.31

1000 20000 1351.3 26.86 1322.9 22.94 1593.6 50.12 1367.8 28.68
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Table 4.7: WMDS using Different Heuristics for Small Type II Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

50 50 64.9 7.58 65 8.22 71.1 11.87 65.8 7.45

50 100 100.1 21.11 99.4 22.52 124.8 26.55 97 17.06

50 250 165.4 52.33 166.5 47.64 273.6 48.53 167.9 54.84

50 500 205.5 88.26 201.1 75.5 732.2 337.15 205 81.8

50 750 178.1 93.8 178.1 93.8 919.8 581.66 175.3 90.62

50 1000 162.8 108.66 167.5 106.73 847.8 653.35 162.8 108.66

100 100 133 17.22 133.7 16.69 138 20.55 131 17.92

100 250 229.2 24.22 232.7 25.34 319.1 42.67 235.8 30.86

100 500 340.8 63.64 343.2 60.47 639.9 100.06 355.8 68.94

100 750 437.8 104.62 438.2 98.59 902.7 243.06 459.5 118.66

100 1000 470.3 84.91 480.1 83.57 1708 503.28 486.2 137.3

100 2000 615.4 197.06 632.4 223.03 3099 1124.12 635.4 222.77

150 150 198 19.06 197.9 17.65 208.4 22.87 198.8 18.76

150 250 255.4 28.7 254.9 26.1 331.4 44.53 263.4 30.86

150 500 376.8 39.97 378.9 35.03 642.9 116.03 388.2 46.66

150 750 513.5 97.18 502 87.82 1024.5 206.14 529.2 91.32

150 1000 622.8 109.74 613.6 93.9 1422.1 369.14 620.3 102.25

150 2000 833.4 233.91 804.1 253.94 2988.8 789.67 776.8 226.88

150 3000 888.5 268.37 880.4 248.24 4329.5 1324.29 908.4 291.82
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Table 4.8: WMDS using Different Heuristics for Medium Type II Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

200 250 297.4 26.78 297 23.62 345.3 28.25 291.6 29.59

200 500 427 62.33 426.6 54.83 673 48.91 435.2 56.09

200 750 560.5 74.4 561.7 66.64 1038 97.26 567.9 84.21

200 1000 668.1 48.15 673 66.46 1413.5 149.06 677.5 64.34

200 2000 1004.7 162.63 959.4 156.86 3008.8 610.62 995.7 141.75

200 3000 1140.8 176.53 1164.2 166.26 5445.9 708.58 1126.3 163.97

250 250 327.2 23 331.6 22.24 339.7 26.11 325.4 22.25

250 500 485.7 44.09 485.2 39.6 679.7 61.25 495.3 43.85

250 750 635.4 50.61 632.9 48.34 1013.1 121.53 661.2 46.53

250 1000 749.7 73.98 753 61.65 1297.8 203.01 788.5 78.44

250 2000 1154.3 185.42 1154.8 173.51 3051.5 438.6 1187.4 196.69

250 3000 1438.8 225.95 1433.9 295.33 5054.5 1127.1 1467.1 226.64

250 5000 1741.1 448.61 1628.7 366.79 8994.6 1486.89 1656.1 290.92

300 300 397.9 27.98 401.4 25.61 413.4 28.85 393.2 27.53

300 500 516 40.73 512.9 42.04 680.8 81.98 538.2 49.51

300 750 680.7 57.89 675.4 65.26 989.6 84.9 697.6 80.76

300 1000 828.7 90.36 817.8 92.48 1365.2 120.86 844.5 97.06

300 2000 1240.6 128.54 1207.6 127.13 2687.6 523.75 1248.9 114.48

300 3000 1555.3 163.37 1510.1 141.32 4668.2 791.36 1576.1 167.66

300 5000 1941.1 361.41 1862.5 302.84 8027.4 1776.97 1869.2 278.07
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Table 4.9: WMDS using Different Heuristics for Large Type II Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

500 500 668.6 31.39 678.5 26.83 699.7 36.96 659.2 31.98

500 1000 987.5 45.8 985.2 50.42 1329.9 127.81 1012.1 60.73

500 2000 1508.1 132.91 1526.7 122.58 2712.6 264.76 1554.1 140.33

500 5000 2668.1 283.36 2652.5 258.04 8300.6 1051.59 2729.9 325.67

500 10000 3723.3 452.27 3630.6 439.89 18447.9 2526.29 3704 452.2

800 1000 1193.1 52.12 1197 54.93 1403.3 71.6 1198 47.13

800 2000 1813 97.39 1804.5 108.64 2720.4 119.9 1853.5 108.68

800 5000 3321.5 231.13 3225.9 212.11 7439.3 350.99 3343.2 308.24

800 10000 4725.3 431.67 4657 396.56 17790 1941.18 4810.9 420.11

1000 1000 1338.5 39.15 1346.7 38.76 1383.5 46.59 1324.5 35.22

1000 5000 3596.4 230.69 3553.2 273.23 6911.8 478.41 3674.6 284.24

1000 10000 5432.6 286.66 5368 363.5 16196.5 1520.76 5541.9 366.72

1000 15000 6857 461.14 6734.3 497.71 27251.8 3464.45 7030.1 703.76

1000 20000 7785.6 697.26 7602 576.8 36355.7 3286.4 7824.7 643.22
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Table 4.10: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Small Type I Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

50 50 578.3 539.8 531.3 26.86 531.3 26.86 532.6 26.26

50 100 410.5 391.9 371.2 22.63 371.2 22.63 371.5 22.6

50 250 197.2 195.3 175.7 8.38 176 8.41 175.7 8.38

50 500 105.5 112.8 94.9 6.3 94.9 6.3 95.2 6.58

50 750 72.9 69.0 63.1 6.15 63.1 6.15 63.2 6.12

50 1000 48.1 44.7 41.5 1.78 41.5 1.78 41.5 1.78

100 100 1168 1087.2 1081.3 52.4 1066.9 47.85 1065.4 47.85

100 250 676.7 698.7 626.2 36.17 627.2 30.7 627.4 30.84

100 500 397.3 442.8 358.3 19.98 362.5 19.23 363.2 18.47

100 750 294.9 313.7 261.2 13.85 263.5 15.12 265 12.8

100 1000 235.1 247.8 205.6 8.1 209.2 8.61 208.8 9.24

100 2000 122.3 125.9 108.2 3.12 108.1 3.07 108.4 3.47

150 150 1727.6 1630.1 1607 64.49 1582.8 57.9 1585.2 59.21

150 250 1340.5 1317.7 1238.6 48.56 1237.2 45.48 1238.3 44.26

150 500 830.4 899.9 763 43.02 767.7 45.69 768.6 42.79

150 750 611.4 674.4 558.5 27.83 565 31.16 562.8 33.39

150 1000 488.7 540.7 438.7 23.02 446.8 22.46 448.3 21.31

150 2000 271.5 293.1 245.7 13.94 259.4 9.34 255.6 9.05

150 3000 191.1 204.7 169.2 10.39 173.4 10.86 175.2 7.89
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Table 4.11: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Medium Type I Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

200 250 2095.1 2039.2 1962.1 52.3 1934.3 52.62 1927 54.6

200 500 1380.8 1389.4 1266.3 40.07 1259.7 45.8 1260.8 50.59

200 750 1020.5 1096.2 939.8 49.22 938.7 44.79 940.1 44.97

200 1000 809.6 869.9 747.8 16.41 751.2 16.4 753.7 19.3

200 2000 467.5 524.1 432.9 17.46 440.2 16.52 444.7 16.61

200 3000 334.8 385.7 308.5 12.28 309.9 11.86 315.2 17.44

250 250 2906 NA 2703.4 80.7 2655.4 72.91 2655.4 74.63

250 500 2040.9 NA 1878.8 77.85 1850.3 55.49 1847.9 68.49

250 750 1533.8 NA 1421.1 40.16 1405.2 36.56 1405.5 34.09

250 1000 1238.8 NA 1143.4 43.43 1127.1 43.03 1122.9 26.48

250 2000 715.8 NA 656.6 30.73 672.8 29.18 676.4 30.88

250 3000 500.4 NA 469.3 22.09 474.1 20.02 476.3 21.77

250 5000 328.4 NA 300.5 9.65 310.4 12.18 308.7 11.56

300 300 3481.5 NA 3255.2 74.13 3198.5 63.82 3205.9 70.39

300 500 2697.9 NA 2509.8 69.21 2479.2 80.75 2473.3 84.44

300 750 2104.3 NA 1933.9 81.23 1903.3 55.08 1913.9 64.69

300 1000 1688 NA 1560.1 35.27 1552.5 32.51 1555.8 36.19

300 2000 965.6 NA 909.6 22.85 916.8 25.61 916.5 23.08

300 3000 701 NA 654.9 24.44 667.8 30 670.7 28

300 5000 459.8 NA 428.3 15.07 437.4 16.59 435.9 16.22
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Table 4.12: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Large Type I Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

500 500 5820.5 5476.3 5498.3 113.45 5398.3 100.57 5387.7 99.53

500 1000 4039.8 4069.8 3798.6 92.08 3714.8 103.77 3698.3 85.61

500 2000 2484.9 2627.5 2338.2 77.75 2277.6 60.2 2275.9 65.12

500 5000 1177.1 1398.5 1122.7 30.96 1115.3 35.79 1110.2 41.94

500 10000 670.5 825.7 641.1 22.18 652.8 11.81 650.9 11.39

800 1000 8472.1 8098.9 8017.7 141.01 8117.6 162.03 8068 178.6

800 2000 5641.4 5739.9 5318.7 130.02 5389.9 151.14 5389.6 144.43

800 5000 2739.9 3116.5 2633.4 69.07 2616 66.49 2607.9 62.02

800 10000 1590.6 1923.0 1547.7 45.66 1525.7 32.4 1535.3 31

1000 1000 11666.3 10924.4 11095.2 147.38 11035.5 174.92 11022.9 129.43

1000 5000 4168.5 4662.7 3996.6 73.73 4012 81.91 4029.8 85.9

1000 10000 2379.8 2890.3 2334.7 64.51 2314.9 64.03 2306.6 56.03

1000 15000 1704 2164.3 1687.5 28.29 1656.3 44.23 1657.4 40.05

1000 20000 1351.3 1734.3 1337.2 30.97 1312.8 22.52 1315.8 24.1
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Table 4.13: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Small Type II Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

50 50 64.9 62.3 60.8 5.71 60.8 5.71 60.8 5.71

50 100 100.1 98.4 90.3 17.21 90.3 17.21 90.3 17.21

50 250 165.4 202.4 146.7 40.54 146.7 40.54 146.7 40.54

50 500 205.5 312.9 179.9 63.14 179.9 63.14 179.9 63.14

50 750 178.1 386.3 171.1 91.33 171.1 91.33 171.1 91.33

50 1000 162.8 NA 146.5 97.3 146.5 97.3 146.5 97.3

100 100 133 126.5 124.5 15.26 123.6 14.77 123.5 14.74

100 250 229.2 236.6 211.4 21.76 210.2 21.95 210.4 22.43

100 500 340.8 404.8 306 45.17 307.8 44.7 308.4 44.46

100 750 437.8 615.1 385.3 82.76 385.7 83.08 386.3 82.64

100 1000 470.3 697.3 429.1 76.13 430.3 79.43 430.3 79.43

100 2000 615.4 1193.9 550.6 171.77 558.8 169.7 559.8 171.82

150 150 198 190.1 186 18.24 184.7 17.99 184.9 18.21

150 250 255.4 253.9 234.9 21.47 233.2 21.02 233.4 20.84

150 500 376.8 443.2 350 36.99 351.9 38.66 351.9 38.66

150 750 513.5 623.3 455.8 77.8 456.9 77.96 454.7 78.06

150 1000 622.8 825.3 547.5 82.12 551.4 83.67 549 81.68

150 2000 833.4 1436.4 720.1 180.32 725.7 179.45 725.7 179.45

150 3000 888.5 1751.9 792.6 218.03 794 220.1 806.2 245.43
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Table 4.14: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Medium Type II Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

200 250 297.4 293.2 275.1 21.55 272.6 20.12 272.6 20.31

200 500 427 456.5 390.7 55.66 388.6 56.42 388.4 56.64

200 750 560.5 657.9 507 60.41 501.7 50.44 501.4 50.1

200 1000 668.1 829.2 601.1 52.84 605.9 47.97 605.8 49.16

200 2000 1004.7 1626.0 893.5 150.64 891 136.47 892.9 133.15

200 3000 1140.8 2210.3 1021.3 162.54 1027 164.38 1034.4 167.73

250 250 327.2 NA 310.1 19.6 306.5 17.89 306.7 17.98

250 500 485.7 NA 444 30.35 443.8 32.84 443.2 32.47

250 750 635.4 NA 578.2 42.33 573.1 40.82 575.9 42.7

250 1000 749.7 NA 672.8 59.42 671.8 58.56 675.1 60.79

250 2000 1154.3 NA 1030.8 139.83 1033.9 131.02 1031.5 129.71

250 3000 1438.8 NA 1262 216.63 1288.5 212.74 1277 228.16

250 5000 1741.1 NA 1480.9 307.17 1493.6 306.43 1520.1 349.3

300 300 397.9 NA 375.6 24.79 371.1 23.14 371.1 23.44

300 500 516 NA 484.2 39.19 480.8 40.13 481.2 40.05

300 750 680.7 NA 623.8 52.76 621.6 48.76 618.3 48.9

300 1000 828.7 NA 751.1 75.91 744.9 77.8 743.5 74.2

300 2000 1240.6 NA 1106.7 116.09 1111.6 114.61 1107.5 112.03

300 3000 1555.3 NA 1382.1 125.93 1422.8 153.78 1415.3 167.5

300 5000 1941.1 NA 1686.3 294.44 1712.1 291.41 1698.6 300.02
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Table 4.15: WMDS using Heuristic, Raka-ACO, HGA, ACO-LS and ACO-PP-LS for Large Type II Instances

N Edges (M) Heuristic Raka-ACO HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

500 500 668.6 651.2 632.9 29.54 627.5 30.06 627.3 30.13

500 1000 987.5 1018.1 919.2 41.71 913 35.69 912.6 36.56

500 2000 1508.1 1871.8 1398.2 131.9 1384.9 121.03 1383.9 121.77

500 5000 2668.1 4299.8 2393.2 222.03 2459.1 272.38 2468.8 260.35

500 10000 3723.3 8543.5 3264.9 421.38 3377.9 470.35 3369.4 482.89

800 1000 1193.1 1171.2 1128.2 48.22 1126.4 51.56 1125.1 50.79

800 2000 1813 1938.7 1679.2 74.7 1693.7 80.25 1697.9 80.26

800 5000 3321.5 4439.0 3003.6 204.03 3121.9 227.35 3120.9 229.21

800 10000 4725.3 8951.1 4268.1 379.71 4404.1 380.67 4447.9 371.23

1000 1000 1338.5 1289.3 1265.2 30.99 1259.3 33.44 1258.6 34.35

1000 5000 3596.4 4720.1 3320.1 221.66 3411.6 228.22 3415.1 209.28

1000 10000 5432.6 9407.7 4947.5 330.77 5129.1 308.66 5101.9 306.17

1000 15000 6857 14433.5 6267.6 463.09 6454.6 445.76 6470.6 467.53

1000 20000 7785.6 19172.6 7088.5 659.71 7297.4 598.98 7340.8 604.06
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

Table 4.16: WMDS using Different Heuristics for Unit Disk Graph Instances

N Edges (M) W (u)
w(u)

dw(u)
w(u) W (u)− w(u) dw(u)×W (u)

w(u)

Mean SD Mean SD Mean SD Mean SD

50 150 425.4 72.09 428.2 71.52 463.2 48.4 429.6 73.84

50 200 276.8 55.86 271 53.58 323.6 66.49 264.5 46.98

100 150 496.1 73.2 494.5 79.43 598.6 117.38 484.4 90.04

100 200 247.9 27.29 246.1 24.37 348.2 46.59 237.5 25.95

250 150 335.1 63.91 336 66.85 584.7 94.67 323.8 56.41

250 200 143.5 29.06 142.1 28.12 399.5 71.8 135.1 25.77

500 150 195.1 50.79 196.1 51.67 656.8 115.04 183.8 47.38

500 200 77.5 13.21 78 12.94 374.9 71.72 77.4 15.66

800 150 135.4 22.45 133.7 22.24 709.8 160.15 129.5 24.66

800 200 53.4 13.01 53 12.33 359.4 56.68 48.2 9

1000 150 139.8 14.09 139.3 16.52 639.3 140.73 136.3 14.05

1000 200 53.9 9.31 54.1 10.26 399.4 59.55 53.4 8.58

Table 4.17: WMDS using Heuristic, HGA, ACO-LS and ACO-PP-LS for Unit Disk Graph

Instances

N Edges (M) Heuristic HGA ACO-LS ACO-PP-LS

Mean SD Mean SD Mean SD

50 150 429.6 394.3 59.42 393.9 58.89 393.9 58.89

50 200 264.5 247.8 48.06 247.8 48.06 247.8 48.06

100 150 484.4 450.4 73.23 449.7 73.71 449.7 73.71

100 200 237.5 217.3 18.56 216 18.34 216 18.34

250 150 323.8 294.2 53.42 294.6 52.92 294.5 52.92

250 200 135.1 119.1 17.8 118.9 17.95 118.9 17.95

500 150 183.8 172.7 36.91 170.8 35.88 170.9 35.45

500 200 77.4 68.1 11.29 68 11.37 68 11.37

800 150 129.5 115.9 18.33 114.1 16.58 114 16.45

800 200 48.2 42.6 8.04 41 7.6 40.8 7.47

1000 150 136.3 125 16.17 121.9 14.12 121.9 13.64

1000 200 53.4 47.2 6.12 46 5.72 46.2 5.55
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4.8 Experimental Results for MWDS

Table 4.18: Time taken in seconds to compute WMDS using HGA, ACO-LS and ACO-

PP-LS for Small and Medium Type I Instances

N Edges (M) HGA ACO-LS ACO-PP-LS

50 50 2.7 1.2 1.1

50 100 2.6 1 0.9

50 250 2.3 0.6 0.6

50 500 2 0.5 0.5

50 750 2.1 0.3 0.3

50 1000 2.1 0.3 0.3

100 100 9.6 4.3 3.9

100 250 8.4 3.1 2.8

100 500 5.8 2.3 2

100 750 4.8 2 1.9

100 1000 4.9 1.7 1.7

100 2000 4.9 1.2 1.2

150 150 23.4 9.9 8.8

150 250 20.8 8.6 7.5

150 500 15.3 6.1 5.5

150 750 12.2 5 4.5

150 1000 11.8 4.5 4

150 2000 9.2 3.3 3.3

150 3000 8.3 3 2.8

200 250 41.7 17.7 15.3

200 500 33.4 13.2 11.5

200 750 28.1 10.6 9.2

200 1000 24.9 9 8

200 2000 15.2 6.5 6

200 3000 14.4 5.7 5.4

250 250 72.7 32.5 28.4

250 500 59.9 25.1 21.9

250 750 55 20 17.4

250 1000 47.3 17.3 15.2

250 2000 26.1 11.6 10.7

250 3000 23 9.5 9

250 5000 21.8 8.4 8.1
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

Table 4.19: Time taken in seconds to compute WMDS using HGA, ACO-LS and ACO-

PP-LS for Large Type I Instances

N Edges (M) HGA ACO-LS ACO-PP-LS

300 300 116.3 49.2 42.2

300 500 109 41 35.7

300 750 93.2 34 30

300 1000 80.1 28.2 24.5

300 2000 47.6 18.8 17

300 3000 37.3 15.4 14.3

300 5000 27.4 12.5 12

500 500 412.3 180.3 156

500 1000 359.8 143.7 116.4

500 2000 219.2 90.3 81.7

500 5000 114.4 51.3 45.7

500 10000 64 36.9 35.8

800 1000 1459.5 769.8 709.6

800 2000 1094.3 572.6 554.8

800 5000 551.5 263.5 237.3

800 10000 246.1 147.5 145.4

1000 1000 2829.6 1320.7 1189.9

1000 5000 1152.1 627.7 600.8

1000 10000 566.2 308.8 289.9

1000 15000 356.3 227.7 211

1000 20000 251.1 204.9 200.3
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4.8 Experimental Results for MWDS

Table 4.20: Time taken in seconds to compute WMDS using HGA, ACO-LS and ACO-

PP-LS for Small and Medium Type II Instances

N Edges (M) HGA ACO-LS ACO-PP-LS

50 50 3.8 1.2 1.2

50 100 3.8 1.1 1.1

50 250 3.4 0.8 0.7

50 500 2.8 0.6 0.6

50 750 2.5 0.5 0.4

50 1000 1.9 0.3 0.2

100 100 11 4.2 4

100 250 11 3.5 3.2

100 500 10.2 2.7 2.5

100 750 8.6 2.4 2.3

100 1000 8.5 2 1.9

100 2000 7.8 1.6 1.5

150 150 29.5 9.1 8.6

150 250 29.1 8.6 7.8

150 500 24.5 7 6.2

150 750 21.8 5.9 5.6

150 1000 19.7 5.5 5.1

150 2000 17.5 4.4 4.1

150 3000 15.4 3.6 3.6

200 250 53.9 17.1 15.6

200 500 49.9 14.6 12.8

200 750 45.9 12.5 11.1

200 1000 37.3 11.2 10.2

200 2000 31.9 8.9 8.1

200 3000 29.9 7.2 7

250 250 88 28 25.5

250 500 89.1 25.4 22.8

250 750 77.1 23 20.6

250 1000 74.2 20.8 19

250 2000 56.8 15.9 15.1

250 3000 49 14 13.5

250 5000 46.9 11.2 10.9
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4. METAHEURISTIC ALGORITHMS FOR MDS AND MWDS

Table 4.21: Time taken in seconds to compute WMDS using HGA, ACO-LS and ACO-

PP-LS for Large Type II Instances

N Edges (M) HGA ACO-LS ACO-PP-LS

300 300 142.3 43 39.2

300 500 143.4 40 35.8

300 750 124.5 36.9 32.9

300 1000 113 33.7 30.5

300 2000 87.7 24.3 22.7

300 3000 70.9 23.9 20.9

300 5000 66.7 18.2 17.4

500 500 522 149.1 135.4

500 1000 478.8 137.8 122.1

500 2000 354.3 109.9 98.7

500 5000 217.5 91.3 90.7

500 10000 191.1 60.1 60.4

800 1000 1810.5 498.8 444.9

800 2000 1560.5 516.6 474.7

800 5000 955.7 413.7 407.5

800 10000 653.6 249.9 249.7

1000 1000 3481.4 931.2 832.8

1000 5000 1995.4 832.6 827.4

1000 10000 1250.5 546.5 548.6

1000 15000 977.7 398.7 398.9

1000 20000 817.3 322.8 325.5
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4.9 Summary

4.9 Summary

There have been very few attempts to apply metaheuristic algorithms to dominating set

problems of minimum cardinality. We have implemented a Hybrid steady-state Genetic

Algorithm (HGA) with binary tournament selection and fitness-based crossover and bit-

flip mutation for both MDS and MWDS problems. Each member generated is improved

by applying a minimization procedure to reduce cardinality/weight by removing any

redundant nodes in the member. We also implemented an ACO algorithm that uses

a state-transition rule based on pheromone concentration on the nodes and combines

it with a local search step of minimization used by the HGA. A pre-processing step

introduced in ACO for MWDS did not improve the solution but reduced the time taken

to compute solutions.

Our algorithms and the greedy heuristics outperform the only metaheuristic algo-

rithms proposed in literature. Our metaheuristics perform ≃ 5 − 15% better than the

heuristics in most instances. The fact that the greedy heuristic for MDS is also the

optimal approximation algorithm shows that the metaheuristics are superior to any

algorithm that may be proposed for MDS. Therefore, where minimization of cardinal-

ity is crucial, the metaheuristics can play a significant role. We found that there is

no statistically significant difference between the solutions returned by both our meta-

heuristic algorithms. The ACO algorithm runs twice as fast as the HGA for large

graphs. Therefore it is the better algorithm for practical applications involving large

graphs.
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Chapter 5

Greedy Heuristics and

Metaheuristic Algorithms for

CAPMDS

“Well, in our country,” said Alice, still panting a little, “you’d generally get to

somewhere else – if you ran very fast for a long time, as we’ve been doing.”

“A slow sort of country!” said the Queen. “Now, here, you see, it takes all the

running you can do, to keep in the same place. If you want to get somewhere else, you

must run at least twice as fast as that!”

Through the Looking Glass by Lewis Carroll

Minimum Capacitated Dominating Set (CAPMDS) problem is nothing but what

Bar-Ilan et al. call the ρ-dominating set in [5]. As reviewed in Section 2.3.1.3, they

propose an approximation algorithm with an approximation ratio of lnn for graphs with

uniform capacity. A distributed approximation algorithm has also been defined for this

problem [60] and is also reviewed in Section 2.3.1.3. There have been no metaheuristic

algorithms proposed for the CAPMDS problem in literature.

In this chapter, we propose a greedy heuristic and a couple of variants for the CAP-

MDS problem. The variants are similar to the algorithm proposed in [60]. We also

propose metaheuristic algorithms for computing CAPMDS. We experimented exten-

sively with both UDG and general graph instances using both uniform and variable

capacity on the nodes.
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5.1 Proposed Greedy Heuristic and its variants

The chapter is organized as follows: we present the greedy heuristic and its variants

in Section 5.1. The metaheuristic algorithms are described in Sections 5.2 and 5.3. We

describe our experimental set up and discussion of results in Section 5.4 and end with

the summary.

5.1 Proposed Greedy Heuristic and its variants

In this section, we describe three variants of a heuristic for the computation of a ca-

pacitated dominating set. These heuristics work for both uniform as well as variable

capacity graphs.

5.1.1 Maximum Coverage-Lowest Degree Heuristic

2 5

1

A B

4

3

6

Figure 5.1: Example Topology to illustrate the advantage of choosing a node with lower

absolute degree as the dominating node when two nodes have the same min(cu, du) value,

where cu and du are the capacity and WHITE degree of node u respectively.

This heuristic is based on the standard heuristic used for the Minimum Dominating

Set problem, which is also the optimal approximation algorithm as described in Section

4.1. Our algorithm works as follows: the node, v, with the maximum number of WHITE

neighboring nodes that can be covered, dv, given its capacity, cv, is determined. This

node is added to the dominating set. The min(dv, cv) nodes that are covered by this

dominating node are chosen randomly from its set of neighbors and colored GREY.

This process is repeated until there are no WHITE nodes in the graph.

v ← argmax
u∈V

min(cu, du) (5.1)

If two nodes have the same number of WHITE nodes that can be covered given their

capacities, we can break the tie in many ways: choosing the first node found or choosing

the node with the absolute lower degree are two such methods. We experimented with
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Figure 5.2: Example Topology with the CapMDS formed by the MC-LDEG algorithm.

both these methods on various graphs. We found that in general graphs, as the size of

the graph increases, the difference in cardinality between these two schemes becomes as

large as 50-150 nodes with the latter giving better results. The reason for this difference

can be explained as follows: consider the following scenario given in Fig. 5.1. Let each

node have a uniform capacity of 3 (excluding itself) and all nodes are WHITE. Nodes

A and B have the maximum number of WHITE nodes that can be covered given the

capacity. If we choose A as the dominating node, we have a choice of covering nodes 4

and 5 or excluding them. If nodes 4 and 5 are included in the cluster of node A, then,

we will need to include 3 more nodes in the dominating set – either B or 6, and the

remaining two neighbors of A, say, 1 and 2. On the other hand, if B is chosen as the

dominating node, it covers nodes 4, 5 and 6. Now, A will cover nodes 1, 2 and 3. Thus,

the cardinality of the dominating set is two, whereas in the other case, it would have

been four. We break the tie in the heuristic presented here by selecting the node with

the lower absolute degree.

An example topology with the solution returned by this algorithm is given in Fig.

5.2 when the nodes have a uniform capacity = 2. Nodes 2, 3, 4, 6, 7, 8, 10, 11, 12

all have 2 WHITE neighbors in the beginning and the capacity = 2. Thus, any of

them can be included in the dominating set. However, of these the nodes with lowest

absolute degree are 3, 4, 8, 10. Let us assume that it is the node with the lowest ID

that is chosen as the dominating node to break the tie this time. Thus, 3 becomes

part of the dominating set. Its neighbors, 2 and 8 are colored GREY. At this point
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Algorithm 10: Maximum-Coverage Lowest-Degree Heuristic (MC-

LDEG)(G = (V,E))

D := φ

maxCap := 0

maxDegree := 0

s := −1

while V 6= φ do

v := argmax
u∈V

min(cu, du)

if

((maxCap < min(cv , dv)) or ((maxCap = min(cv, dv)) and (dv < maxDegree)))

then

maxCap := min(cv , dv)

maxDegree := dv

s := v

end if

D := D ∪ {v}
V := V \ s

end while

return D

of time, the nodes which have ≥ 2 WHITE neighbors are 2, 6, 7, 10, 11, 12. The

algorithm is repeated in this fashion until there are no WHITE nodes in the graph.

The final dominating set is shown with each cluster in a different color (shade) and the

dominating nodes in a larger font in Fig. 5.2.

The pseudo-code for this heuristic is given in Algorithm 10. In the rest of the thesis,

we refer to this heuristic as MC-LDEG heuristic. The worst-case time complexity of

the MC-LDEG algorithm is O(V 2) since in each while loop, we need to find the node

which covers the maximum number of {min(du, cu), u ∈ V } nodes. This takes O(V )

time and the number of iterations in the worst case is O(V ). This algorithm has a

better time complexity compared to the algorithm in [5], which we show to have a

complexity of O(V 5) in Section 2.3.1.3.
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Figure 5.3: Example Topology with disjoint clusters formed using MIS. The MIS nodes

are numbered in a bigger font.

5.1.2 Cluster-Subdivision Heuristic

This heuristic is based on the distributed approximation algorithm proposed for Bounded-

Independence Graphs (BIGs) with uniform capacity in [60] and described in Section

2.3.1.3. In this heuristic, we first calculate the Maximal Independent Set (MIS) of the

given graph which is nothing but a dominating set of the graph exactly as in [60]. The

non-dominating nodes in the graph are assigned to different dominating nodes to form

clusters, (ui, Cui
), that are mutually disjoint. ui is the center of the cluster and Cui

is

the set of neighbors of ui which are part of its cluster. The clusters for the example

topology are shown in Fig. 5.3, with the clusters being {2, {1, 3, 4}}, {6, {5, 9, 10,

11}} and {7, {8, 12, 13, 14}}. If the capacity of a dominating node is not exceeded, the

cluster is retained as it is and the dominating node is retained in the final capacitated

dominating set. If the capacity of the dominating node is exceeded, the MC-LDEG

algorithm is run on the cluster, i.e., on the subgraph induced by the dominating node

and the nodes covered by it. Thus, we sub-divide the cluster into further clusters such

that the capacity is not exceeded for any dominating node in the sub-clusters. We call

this the C-SUBD heuristic in the rest of this thesis. The pseudo-code for this heuristic

is given in Algorithm 11. The result of running this heuristic on the topology of Fig.

5.3 is shown in Fig. 5.4. Since the nodes in each cluster are not connected to each

other except through the cluster head, we end up with a large capacitated dominating

set in this case.
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Figure 5.4: Running algorithm of C-SUBD now gives a dominating set whose members

are numbered in a bigger font.

Analysis: The MIS has a time complexity of O(V 2). If |I| = |V |, each cluster has

only one node and therefore the for loop takes O(V ) time. If |I| = 1, all nodes of the

graph form a single cluster. The time complexity of the for loop in this case is O(V 2)

as MC-LDEG runs on the given graph. Therefore, in the worst case the running time

for this algorithm is O(V 2).

Algorithm 11: Cluster-Subdivision Heuristic (C-SUBD)(G = (V,E))

D := φ

Compute MIS, I of G and form disjoint Clusters (v,Cv) where v is the

dominating node and Cv is the set of nodes that are dominated by v.

for all v ∈ I do

if | Cv | > cap(v) then

D := D ∪ MC-LDEG(Cv)

else

D := D ∪ v

end if

end for

5.1.3 Relax MIS Heuristic

This heuristic is similar to the C-SUBD heuristic, but differs in the sub-division of a

cluster when the capacity of the dominating node is exceeded. As in C-SUBD heuristic,
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Figure 5.5: The excess nodes of the members of MIS are deleted from the clusters formed

and colored WHITE.

we find the MIS of the graph initially. Then, unlike in C-SUBD where each cluster is

further sub-divided, we remove the excess nodes covered by any dominating node from

its cluster by changing their color back to WHITE as shown in Fig. 5.5. The nodes

to be removed from the cluster are selected randomly. We, now, run the MC-LDEG

algorithm on the entire graph until there are no WHITE nodes in the graph. We call

this heuristic the DS-RELAX heuristic in the rest of the thesis. The pseudo-code for

this is given in Algorithm 12.

Algorithm 12: Relax MIS Heuristic (DS-RELAX)(G = (V,E))

I := φ

Compute MIS, I of G and form Clusters (v,Cv) where v is the dominating

node and Cv is the set of nodes that are dominated by v.

for all v ∈ I do

if | Cv | > cap(v) then

Mark excess nodes of v WHITE

end if

end for

I := I ∪ MC-LDEG(G)

This heuristic differs from C-SUBD heuristic in that, if there are excess nodes in two

adjacent clusters which are neighbors of each other, they will be able to form a cluster

together. In C-SUBD, such nodes could not combine to form a single cluster. This can
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Figure 5.6: Running algorithm DS-RELAX now gives a dominating set whose members

are numbered in a bigger font.

be seen in Fig. 5.6. Nodes 10, 11, 12 are removed from their respective clusters whose

centers are 6, 7. These are adjacent to each other and can form a single cluster of their

own without violating the capacity constraint. This is what happens in DS-RELAX.

However, in C-SUBD, since they are part of different clusters, they cannot combine

into a single cluster. The same is true for nodes 3, 8.

Analysis: The MIS of the graph takes O(V 2) time. If |I| = |V |, then, each cluster

has only one node. The for loop is executed |V | times and it has O(1) complexity.

If |I| = 1, all nodes in the same cluster. Thus, marking excess nodes WHITE takes

O(V ) time. The final step where we run MC-LDEG(G) has a complexity of O(V 2).

Therefore, the total time complexity of this algorithm is O(V 2).

It can be readily seen from the experimental results of these three heuristics, in

Sections 5.4.1 and 5.4.2 that MC-LDEG is superior to the other two variants for most

instances of graphs studied. The metaheuristics can be improved with a heuristic

but this needs to be done without a prohibitively high computational cost. Secondly,

a deterministic algorithm cannot be used for pre-processing. Thirdly, the algorithm

needs to work for graphs with uniform and variable capacity. None of these properties

are satisfied by the algorithm in [5]. Thus, we use MC-LDEG for the pre-processing

step in the metaheuristic algorithms to improve the cardinality returned by them.
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5.2 Hybrid Genetic Algorithm (HGA-CAPMDS)

The hybrid genetic algorithm proposed for CAPMDS is very similar to the algorithm for

MDS and MWDS described in Section 4.5 and uses steady-state population replacement

with fitness based crossover of parents selected via the binary tournament. There are

some slight differences in the way the initial population is generated. In addition, due

to capacity constraints on the dominating nodes, the algorithm to determine the nodes

covered by the dominating node, redundant node definition and minimization algorithm

are all different for CAPMDS. We discuss only these algorithms in this chapter.

Table 5.1: Comparison of the cardinality returned by HGA-CAPMDS algorithm with

no seeding (Seed=0.0), with Seeding of 20% (Seed=0.2) and Seeding of 100% (Seed=1.0)

and MC-LDEG for some of the general graph instances. The capacity of each node is

represented by cap and the values compared are 2 and average degree = α

N Edges cap Seed=0.0 Seed=0.2 Seed=1.0 MC-LDEG

250 250 2 92 91 91 109

250 500 2 94 94 93 96

250 500 α 70 70 69 77

500 500 2 185 186 187 218

500 2000 2 191 188 186 197

500 2000 α 90 86 86 89

5.2.1 Initial Population Generation

We create the initial population in two ways. We use the concept of seeding 20% of the

initial population with the solutions generated by the heuristic MC-LDEG described

in Section 5.1.1. As seen from Table 5.1, for large graphs with higher average degree

and large capacity, the solution generated using the GA does not even match that

returned by the MC-LDEG heuristic unless we use seeding. We can explain this by the

fact that as the degree increases without increase in capacity, there are many ways of

selecting the neighbors that are covered. Since there are many feasible solutions to the

CAPMDS problem, if we create initial population only by random selection of nodes,

the cardinality of the initial population may be large. Thus, the crossover is done over

parents which are not good candidates. By using seeding, we are creating population
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members which are better than randomly generated members in terms of cardinality

in most cases. Using such solutions for crossover will help us in minimization since the

initial solutions are themselves quite good. Hence, seeding leads to improvement in final

solution using the GA. The MC-LDEG algorithm returns a different dominating set

each time it runs because we are selecting the neighbors covered by a dominating node

randomly. Thus, even if the same node is part of the dominating set, a different set

of neighbors may be dominated in different calls to the same algorithm. Therefore, we

get many unique solutions using the same algorithm. We use this property of the MC-

LDEG algorithm to seed the HGA-CAPMDS. The remaining 80% of the population is

created by randomly selecting nodes with a probability of 0.5. If the random bit vector

so created is not a dominating set, we add more nodes to the dominating set using the

MC-LDEG heuristic over the remaining WHITE nodes of the graph with probability

ph. In other cases, we keep adding nodes randomly to the bit vector until the member

is a dominating set.

Algorithm 13: CoverAdjacentNodes(G = (V,E), u)

W := {w : (u,w) ∈ E and color(w) = WHITE)}
GB := {v : (u, v) ∈ E and (color(v) = GREY or color(v) = BLACK)}
while (cu 6= 0) and W 6= φ) do

color(w ∈W ) := GREY

cu := cu − 1

rw := rw + 1

W := W \ w
end while

while (cu 6= 0) and GB 6= φ) do

cu := cu − 1

rv := rv + 1 /* (v ∈ GB) */

GB := GB \ v
end while

return

5.2.2 Neighborhood Coverage Algorithm

Whenever a node, u, is chosen to be part of the dominating set, it can cover min(du, cu)

nodes, where du is the WHITE degree of the node and cu is the capacity of the node.
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If du > cu, the actual nodes to be covered are chosen randomly in our metaheuristic

algorithms. If du < cu, the node u has excess capacity which remains unutilized. In

such cases, we utilize the residual capacity of node u to cover other already covered

neighbors redundantly.

We represent this by using a reference count for each node v, rv. If rv > 1, then,

this node is redundantly covered. This is shown in Algorithm 13. The purpose of this

redundant coverage is that we will be able to minimize the cardinality by removing

redundant dominating nodes after the construction of the dominating set is complete.

Algorithm 14: Minimize(G,C)

R := {v : (v ∈ D) and (A[v] ⊂ A[D \ v])}
while (R 6= φ) do

if (p < pr) then

v := random(R)

else

U := φ

U := U ∪ argmax
u∈R

rcu

if | U |≥ 1 then

v := argmin
u∈U

du

else

v := argmin
u∈R

du

end if

end if

C := C \ v
recalculate R

end while

return C

5.2.3 Minimization Heuristic

We define a dominating node to be redundant if the node and all its covered neighbors,

A[u] ⊆ N [u], are covered by other dominating nodes with their given capacity. This

is different from MDS and MWDS where we look for the entire neighborhood to be

covered by other dominating nodes. The minimization heuristic, as usual, calculates
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the set of redundant nodes, if any.

When removing redundant nodes from the generated member, the node to be re-

moved is chosen randomly with a probability of pr. In other cases, we use a heuristic

that determines the redundant node with the maximum residual capacity even after

covering all its neighbors. Such a node has a very small degree and an excess capacity

and hence should be removed first. If the residual capacity of two nodes is the same,

then it is better to remove the node with the lower absolute degree from the dominating

set. If there is no node with any residual capacity, then, we remove the node with the

lowest absolute degree. After the removal of a redundant node, we re-calculate the

set of redundant nodes once again. We repeat this until there are no more redundant

dominating nodes. This is shown in Algorithm 14. The variable rcu in this algorithm

is the residual capacity of the node.

5.3 Hybrid Ant Colony Optimization Algorithm (ACO-

LS-CAPMDS)

The ACO-LS-CAPMDS algorithm for CAPMDS is similar to that used in computing

MDS and MWDS. For CAPMDS, we experimented to see which state-transition rule

would be more effective for the minimization of the capacitated dominating set. In

the next section, we describe the various state-transition rules considered and present

results of these experiments. We also studied the effect of using the pre-processing

step and found that this is essential in CAPMDS in some of the instances where the

search space is large. The discussion regarding use of pre-processing for improvement

of cardinality is given in Section 5.3.3. In Section 5.3.2, the pheromone updation rule

is specified. The final ACO-LS-CAPMDS algorithm is given in Section 5.3.4.

5.3.1 State Transition Rule

The probabilistic state-transition rule in ACO assigns the probability pk
i , with which an

ant k chooses a node i out of all the nodes Ak accessible to that ant. There are many

state-transition rules that have been proposed in the literature and reviewed in Section

2.2.2. We give below some of the methods we have tested and the results thereof are

presented in Table 5.2.
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In equation 5.2 we use only the pheromone deposit, τi of node i, to determine which

node is to be added next to the dominating set. In equation 5.3, we use a probability q0

with which we always select the node with the maximum pheromone deposit, as done

in the Ant Colony System. For the rest of the cases, we choose the node based on the

proportional contribution of this node to the total pheromone deposit in the system.

pk
i =

τi
∑

i∈Ak
τi

(5.2)

pk
i =











1 if q < q0 and i = argmaxj∈Ak
τj

0 if q < q0 and i 6= argmaxj∈Ak
τj

τi
P

i∈Ak
τi

if q ≥ q0
(5.3)

Equation 5.4 is similar to equation 5.2 except that it adds a heuristic component,

ηi for node i, to the transition rule. The heuristic component used by us for the

computation of capacitated dominating set is min(ci, di) where ci is the capacity and

di is the WHITE degree of the node i. The node with the maximum such value is

more likely to be selected to be part of the dominating set than a node with a smaller

value. The parameters α and β in equation 5.4 control the relative significance of

the pheromone and heuristic components. Similar to the equation 5.3, we select the

node with the maximum value in equation 5.5 with a probability of q0. In other cases,

the node is chosen based on the proportional contribution of the node to the total

pheromone and heuristic components of the system.

pk
i =

τα
i η

β
i

∑

i∈Ak
τα
i η

β
i

(5.4)

pk
i =















1 if q < q0 and i = argmaxj∈Ak
(τα

j η
β
j )

0 if q < q0 and i 6= argmaxj∈Ak
(τα

j η
β
j )

τα
i η

β
i

P

i∈Ak
τα
i η

β
i

if q ≥ q0
(5.5)

The results of using each of these state-transition rules for computing the CAPMDS

of the graphs are presented in Table 5.2. The column titled PP − ITER represents

a pre-processing step that has been applied to improve the solution returned by the

proposed ACO-LS-CAPMDS algorithm and is described in detail in Section 5.3.3. Here,

we only discuss the results of using each of the equations 5.2-5.5.
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Table 5.2: Cardinality (γ) and Time taken in seconds for computing CAPMDS using

different state-transition rules. When η = F and q0 = 0, it is as per Eqn. 5.2, whereas

with η = T and q0 = 0, it as per Eqn. 5.4. When η = F and q0 > 0, it is as per Eqn. 5.3

whereas η = T and q0 > 0, it is as per Eqn. 5.5

N Edges η PP-ITER q0 γ Time(s)

250 250 F 0 0.8 89 22.75

F 0 0.3 88.25 35

F 250 0.8 91.75 27.5

F 250 0.3 88.75 34.5

F 250 0.0 88.5 39.25

T 0 0.8 90.25 23

T 0 0.3 89.75 32

T 0 0.0 91.75 50.25

T 250 0.8 99 27.75

T 250 0.3 96.75 33.75

T 250 0.0 92.5 80.25

500 500 F 0 0.8 180.5 81.75

F 0 0.3 178.25 127

F 250 0.8 188 106

F 250 0.3 178.25 140.75

F 250 0.0 176 172

T 0 0.8 184 84.5

T 0 0.3 181.5 112

T 0 0.0 191.5 211.75

T 250 0.8 198.25 110.25

T 250 0.3 194.25 131

T 250 0.0 190 372.25

We use values of α = β = 1 in equations 5.4 and 5.5. We experimented with

different values such as α = 2, β = 1, α = 1, β = 2 and α = 4, β = 2. The results did

not vary significantly or were worse than those presented here. The column η in Table

5.2 has value F to represent that the heuristic was not used in the state-transition rule,

corresponding to the equations 5.2 and 5.3. When the value in this column is T , it

represents the usage of the heuristic component as in equations 5.4 and 5.5. We can see

from Table 5.2 that the algorithm works best when using only the pheromone rather
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than when using the heuristic along with the pheromone. We can also see that using

q0 probability for selecting the node with the maximum τ or ταηβ value is actually

leading to a worse solution many times. It gets worse with the increase in the value of

q0. Therefore, we chose to use the simple state-transition rule of equation 5.2 in our

proposed hybrid ACO-LS-CAPMDS algorithm.

5.3.2 Pheromone Updating Rule

The dominating set with the best cardinality in an iteration is used to update the

pheromone values of the nodes in the dominating set. The formula used to update the

pheromone for nodes which are part of the best solution is given below:

τi = τi × ρ+
2.0

1.0 + f − F (5.6)

τi is the pheromone deposit on node i, ρ represents the pheromone persistence factor,

f is the fitness of the best solution in the current iteration and F is the fitness of the

best solution so far. For nodes which are not part of the solution, we just evaporate

the pheromone value on that node by using the persistence factor as follows:

τi = τi × ρ (5.7)

If the pheromone value of any node reduces below a specified minimum pheromone

value, τmin, the pheromone value is set to τmin to ensure that this node still has a

small probability of getting selected. We do not use any explicit maximum value on

the pheromone value.

5.3.3 Improvement using Pre-processing

With the above algorithm, the solutions returned were still not good enough for those

cases where the degree is large and capacity is low. There are too many feasible

solutions, depending on which neighbors are covered by a dominating node. Secondly,

the time taken to compute the solution was also high. We felt that, unlike in MWDS,

the solution can be improved by using a pre-processing step. The pre-processing step

is to generate solutions using the MC-LDEG algorithm and use these to initialize the

pheromone trails to bias the ants towards nodes selected by this heuristic.

Therefore, we tested the ACO-LS-CAPMDS algorithm with and without the pre-

processing step. Some of the results are presented in Table 5.3 as well as in Table
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Table 5.3: Comparison of the cardinality returned by ACO-LS-CAPMDS algorithm with

no pre-procesing (PP-ITER=0), with pre-processing (PP-ITER=250) and MC-LDEG for

some of the general graph instances. Capacity of the node is represented by cap and values

compared are 2 and average degree = α

N Edges cap PP-ITER=0 PP-ITER=250 MC-LDEG

250 250 2 88 89 109

250 500 2 96 94 96

250 500 α 68 66 77

500 500 2 180 176 218

500 2000 2 199 191 197

500 2000 α 91 86 89

5.2. The column called PP − ITER in Table 5.2 shows whether pre-processing was

used or not. If it is 0, it was not used and in the other case, we used a total of 250

solutions generated using the MC-LDEG heuristic for pre-processing. We can observe

from Table 5.3, that without pre-processing, the solution returned by the ACO-LS-

CAPMDS is worse than that returned by MC-LDEG for large graphs with higher

degree of connectivity. In general, the solution is improved by using pre-processing

as can readily be observed from Tables 5.3 and 5.2. Based on these observations,

we introduced the pre-processing step in the ACO-LS-CAPMDS with 250 solutions

generated using MC-LDEG. These solutions are used to update the pheromone on the

nodes of the solution using the updation formula in Eqn. 5.6. We also found that with

the introduction of pre-processing, the time taken for finding the solution is reduced

as also reported in [92]. Thus, all results reported for ACO-LS-CAPMDS are with

pre-processing included.

5.3.4 Proposed Hybrid ACO-LS-CAPMDS Algorithm

The final ACO-LS-CAPMDS algorithm is given in Algorithm 15. It uses the same

node coverage algorithm of Section 5.2.2. The local search component used is the

minimization heuristic described in Section 5.2.3. As was the case with MDS and

MWDS problems, the local search component was very critical to reduce the cardinality

of the solution returned.
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Algorithm 15: ACO-LS-CAPMDS(G = (V,E),D)

Initialize Pheromone levels τ0 on all nodes

F :=| V |
for i = 1 to PP ITER do

S := MC LDEG(G)

UpdatePheromone(S)

if | S |< F then

F :=| S |
D := S

end if

end for

for iter = 1 to ITER do

f :=| V |
D := φ

for j = 1 to Nants do

S := φ

while S 6= DominatingSet do

For each node n, calculate pn = τn
P

n∈Aj
τn

Generate p

if p < pn for some node n then

S := S ∪ n
CoverAdjacentNodes(G,n)

end if

end while

Minimize(G,S)

if | S |< f then

f :=| S |
D := S

end if

end for

if (f < F ) then

F := f

D := D

end if

UpdatePheromone(D)

end for

return D
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5.4 Experimentation and Discussion of Results

We have done extensive experimentation with both Unit Disk Graphs (UDGs) gener-

ated using the topology generator provided in [68] and general graph instances which

have been taken from the Type I instances in [57]. Both have been modified to have

capacity for nodes. We experimented with six different graph sizes - 50, 100, 250, 500,

800 and 1000 nodes. In the case of UDGs, we used two different ranges - 150 and 200

units - in an area of 1000 × 1000 units to study the effect of degree of connectivity on

the solutions. In the case of general graph instances, we experimented with different

number of edges for each graph size. For every nodes/range combination in UDGs and

nodes/edges combination in general graphs, the results presented are an average of the

runs of the algorithm over 10 different instances.

Capacitated dominating set finds use in wireless networks where the bandwidth

may be the capacity of a node. The ratio of bandwidth of 802.11 (WiFi) interface to

that of 802.16 (WiMAX) interface or a 3G/4G mobile interface is approximately 2:5.

In addition, many of the instances have a maximum degree of 2 or 5. Hence, we have

chosen the ratio of 2:5 for variable capacity of nodes in a graph. We use (2, 5) or

(α/5, α/2) as the capacities of the nodes, where α is the average degree of the graph.

We also tested our algorithms assuming that the capacity can be a value in the interval

[1..α] as an additional test case. In the case of uniform capacity, we generated three

different uniform capacities, viz., 2, 5 and average degree reperesented by α. If the

capacity exceeds maximum degree, the CAPMDS problem reduces to MDS. This is

another reason for the capacities chosen in our experiments.

HGA-CAPMDS Parameters: For the HGA-CAPMDS, we used the following pa-

rameters: the probability used for random selection of a node during initial population

generation is 0.5, crossover probability pc = 0.9, probability of selecting the better par-

ent after binary tournament selection pbetter = 0.8, probability of using the heuristic to

repair a random population member to be a dominating set is ph = 0.6, the probability

with which we minimize the dominating set by removing redundant nodes randomly

is pr = 0.6. In all other cases, we use a heuristic to remove the redundant nodes as

described in Section 5.2.3. Seeding of the initial population with the solutions from
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the heuristic is 20%. The mutation probability, pm = 0.01 for uniform capacity exper-

iments and pm = 0.002 for variable capacity experiments. We ran the HGA-CAPMDS

for 10,000 generations.

ACO-LS-CAPMDS parameters: For the ACO-LS-CAPMDS, we use 20 ants and

1000 iterations, for a total of 20,000 solutions. We use pre-processing with 250 solutions

from the MC-LDEG heuristic. Pheromone persistence factor is set to ρ = 0.985 for uni-

form capacity experiments and ρ = 0.995 for variable capacity experiments. Minimum

pheromone value for every node is set to τmin = 0.08. The minimization procedure uses

random removal of redundant nodes with pr = 0.4 in variable capacity experiments and

pr = 0.6 for uniform capacity experiments. We also use one ant solution in every iter-

ation to be the MC-LDEG solution for variable capacity experiments. No such ant is

used in uniform capacity experiments.

We present the results of applying all the heuristics, described in this chapter, in

tables 5.4 – 5.7. The comparison of the best heuristic (MC-LDEG) with the HGA-

CAPMDS and ACO-LS-CAPMDS algorithms is given in tables 5.8 – 5.11.

5.4.1 Uniform Capacity Results for Heuristics

Table 5.4 lists the results of the heuristics for uniform capacity of 2, 5 and average

degree (α) on UDG graphs. Table 5.5 lists the results for similar experimentation

on general graph instances. Given below are some of the observations on the results

obtained.

1. In UDGs with node capacity = 2, the C-SUBD heuristic performs better than

both the DS-RELAX and MC-LDEG heuristics as the graph size increases. Also,

the difference in the cardinality increases as the degree of connectivity increases.

DS-RELAX heuristic is the worst of the three for UDG instances for this capacity.

For capacity = 5, MC-LDEG performs best of all three except for range=200

and nodes=800, 1000. Thus, when the degree of connectivity is very high, C-

SUBD does slightly better than MC-LDEG for this capacity. DS-RELAX is also

better than C-SUBD up to graphs of size 250 nodes. Beyond this size C-SUBD

performs better than DS-RELAX.
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For capacity = α, the C-SUBD heuristic performs worse than the other two

heuristics in all cases. MC-LDEG is the best heuristic in this case.

2. For general graphs, all the three heuristics return the same solution when the

average degree is equal to the capacity. MC-LDEG performs better than the

other two heuristics for all other instances. It becomes significantly better as the

graph size, degree of connectivity and capacity increase. DS-RELAX is always

better than C-SUBD for general graphs. C-SUBD heuristic is significantly worse

than the other two heuristics for general graphs as the size of the graph and

degree of connectivity increase.

Table 5.4: Cardinality (γ) of CAPMDS using C-SUBD, DS-RELAX and MC-LDEG for

UDG Instances with a uniform capacity of 2, 5, average degree=α for every node.

N Range C-SUBD DS-RELAX MC-LDEG

2 5 α 2 5 α 2 5 α

50 150 25 17.8 21.2 23.5 17.8 20.6 21.1 15.6 17.9

50 200 22.6 15.1 15.1 22.5 14.8 14.8 20.4 12.7 12.7

100 150 45.8 30.6 30.6 44.8 28.9 28.9 41.2 23.3 23.3

100 200 42.1 26.3 19.5 44.6 24.4 18.2 41.4 21 14.1

250 150 99.7 60.7 33.8 111.4 54.4 31.9 104 48.4 25.1

250 200 94.2 53.8 21.4 110.8 51 20 106.4 47.8 15.3

500 150 184.5 104.8 37.6 223.5 102.5 35 212.7 95.7 26.3

500 200 178.1 96.7 23 219.5 99 21.1 213.5 95.4 15.7

800 150 286.1 155.8 37.8 352.9 159.7 35.9 343.4 152.7 27.4

800 200 278.1 146.3 24.6 350.4 157.4 22.7 344.3 152 16.3

1000 150 352.3 190.4 39.2 438.2 199.4 36.6 428.4 190.8 27.2

1000 200 343.9 180.3 24 437.3 196.4 22.5 430.5 190.6 17

5.4.2 Variable Capacity Results for Heuristics

Table 5.6 lists the results obtained by the heuristics for UDGs with variable capacity of

(2, 5), (α/5, α/2) and in the range [1..α]. Table 5.7 compares the cardinality returned

by the various heuristics with variable capacity on general graph instances. Given below

are some of the observations on the results obtained.
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1. The MC-LDEG heuristic performs best among the three for all variable capacity

instances in both UDG and general graphs.

2. When the variable capacity of nodes is (2, 5) in UDG graphs, the DS-RELAX

heuristic does better than C-SUBD for graphs of sizes up to 250 nodes. With

higher capacities such as α/2 and α/5, DS-RELAX does better for all sizes of

graphs. For capacity in the closed interval [1..α], DS-RELAX and C-SUBD per-

form similarly.

3. For general graphs, with all variable capacities experimented with, the DS-RELAX

heuristic performs better than C-SUBD heuristic. The difference becomes signifi-

cant as the size of the graph as well as the average degree of connectivity increase.

Analysis: In C-SUBD algorithm, we run MC-LDEG in the subgraph induced by the

cluster whenever the capacity, c, of the cluster center is exceeded. The cluster center,

ui, may be one of the candidates selected by the MC-LDEG algorithm. c neighbors of

ui will be part of this new cluster. If most of the other nodes in the old cluster, which

are not part of this new cluster, are independent of each other, each of them becomes

a cluster of its own. This can be seen in Fig.5.4. Thus, when there is no bound on the

maximum independent set of the neighborhood of a node, the number of clusters can

become quite high in this algorithm. Since UDGs are polynomially bounded growth

graphs, whereas, general graphs are not, this algorithm works very well for UDGs and

not for general graphs.
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Table 5.5: Cardinality (γ) of CAPMDS using C-SUBD, DS-RELAX and MC-LDEG for General Graph Instances with a uniform

capacity of 2, 5 and average degree=α for every node.

N Edges C-SUBD DS-RELAX MC-LDEG

2 5 α 2 5 α 2 5 α

50 100 26.7 17.9 18.6 23.2 17.9 18.6 20.3 14.2 15.2

50 250 26.8 18.4 11.2 22.3 13.8 11.2 19.9 10.1 7

50 500 22.3 14.1 7.4 21.7 11.6 7.1 19.3 9.5 4.2

100 100 43.8 43.4 43.8 43.8 43.4 43.8 43.6 39.5 43.6

100 250 56.3 35.6 35.6 46.3 34.9 34.9 39.3 26.1 26.1

100 500 60.6 36.3 24.1 44.4 27.8 23.7 39.6 21.1 15.3

250 250 109 108.6 109 109 108.6 109 108.8 100 108.8

250 500 133.5 91.4 95.6 116.8 91.3 94.8 99.4 71.1 77.7

250 1000 155.9 93 71.1 112.8 76.9 69.1 98.3 55.8 45.4

500 500 216.4 216.2 216.4 216.4 216.2 216.4 216.5 201.2 216.5

500 1000 271.1 185.7 195.5 237.2 185.5 192.5 199.2 141.2 153.4

500 2000 316.1 185.2 141.7 225.7 153.5 138.2 197 109.4 91.2

800 1000 380 332.5 380 374.5 332.5 374.5 330.8 281.3 330.8

800 2000 460.8 286.6 286.6 370.5 280.9 280.9 317.1 209.4 209.4

800 5000 550.4 354.9 182.4 358.4 214.7 173.9 313 156.8 104.3

1000 1000 431.8 431.4 431.8 431.8 431.4 431.8 431.7 399.5 431.7

1000 5000 670.5 412.5 255.4 450.7 287 245.5 391.6 205.7 152.6

1000 10000 722.4 513.3 164 444.2 238.9 157.9 391.3 187.7 88.7
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Table 5.6: Cardinality (γ) of CAPMDS using C-SUBD, DS-RELAX and MC-LDEG for UDG Instances with a VARIABLE capacity

of (2, 5), (α/5, α/2) and [1..α] for every node.

N Range C-SUBD DS-RELAX MC-LDEG

(2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α]

50 150 20.8 31.2 23.6 20.6 33.4 24.6 16.1 31 19.1

50 200 16.6 23.4 17.6 17.1 24.2 18.9 12.7 21.1 13.7

100 150 35 43 33.3 35 41.9 34 25.8 37.4 25.6

100 200 28.5 28 21.9 26.9 26.7 22.2 21.3 21 15.2

250 150 63.8 53.5 40 59.9 48.1 40.5 49.7 37.6 26.8

250 200 56.4 32.5 26 55.1 30.2 26.1 47.6 22.6 16.9

500 150 107.5 56.6 45.5 108 52.5 46.4 95.8 39.2 30

500 200 99.1 34.6 27.4 102.7 32.4 27.8 95.2 24.2 17.6

800 150 159.6 60.2 47.4 164.2 55.7 48.3 151.7 40.4 29.7

800 200 151.2 37 28.8 158.6 33.9 29.5 151.7 24.3 18

1000 150 194.6 62.8 48.1 201.3 57.6 49.7 189.2 41 29.8

1000 200 185.2 35.3 29.6 196.9 33.4 28.5 189 25.1 18.4
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Table 5.7: Cardinality (γ) of CAPMDS using C-SUBD, DS-RELAX and MC-LDEG for General Graph Instances with a VARIABLE

capacity of (2, 5), (α/5, α/2) and [1..α] for the nodes.

N Edges C-SUBD DS-RELAX MC-LDEG

(2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α]

50 100 19.8 30.1 23.4 19.5 26.1 21.5 15.1 21.7 16.3

50 250 20.4 21.7 16.1 14.8 16 13.2 10.3 10.5 8.6

50 500 15.9 12.9 8 12.2 9.9 7.4 9.8 6 4.5

100 100 43.5 64.4 52 43.5 62.9 51.5 41.6 63.9 47.6

100 250 45.3 63.8 50.3 39.4 51.9 41.7 26.8 42.6 28.5

100 500 49.1 49.2 42 31.1 31.6 29.2 21.4 21.4 16.2

250 250 108.7 161.4 132.6 108.7 156.4 131.6 103.3 156.4 113.4

250 500 115.8 155.8 127.7 106.3 130.7 114.6 75.4 107.6 82.2

250 1000 125.7 150.7 107 87.3 97.2 82.5 57.6 65.6 49.5

500 500 216.3 324.6 274.3 216.3 316.4 272.4 209.4 314 231.2

500 1000 234.4 310.1 268.9 215.9 264.5 237 153.1 214 166.2

500 2000 260.3 290.4 231.4 175.3 190.7 168.7 115 131.1 98.6

800 1000 357.5 543 461.1 355.8 510 441.1 298.7 496.7 356.6

800 2000 371.9 527.5 409.5 324.1 413.2 340.3 222.4 339.6 228.7

800 5000 469.6 434.8 341.4 244.1 230.6 211.1 162.8 146.6 109.3

1000 1000 431.7 647.3 543.1 431.7 630.5 538.5 413 628.7 457.5

1000 5000 540.3 539.6 444.6 320.3 319.8 297.5 213.1 213.2 164.7

1000 10000 615.2 440.4 354.7 261.2 203 192.3 191.4 118.4 92.9
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5.4.3 Uniform Capacity Results for Metaheuristics

Table 5.8 lists the results of the MC-LDEG heuristic, HGA-CAPMDS and ACO-LS-

CAPMDS algorithms for uniform capacity of 2, 5 and average degree (α) on UDG

graphs. Table 5.9 lists the results on general graph instances. The difference in the

performance between the two metaheuristics is not statistically significant. Given below

are some of the observations on the results obtained.

Unit Disk Graphs Since we kept the area constant while increasing the number of

nodes from 50 to 1000 nodes, when generating UDG instances, this has the effect of

increasing average degree as the number of nodes increases. We also experiment with

a range of 200 to increase average degree for a specific graph size and understand the

effect of increasing connectivity on the solutions generated by the various algorithms.

We observed that the percentage improvement of the metaheuristics over the greedy

heuristic remains constant across all graph sizes. It is ≃ 15−18% with uniform capacity

of 2 and average degree (α). With capacity 5, however, the improvement drops to 3-5%

for all graph sizes from 250 nodes onwards.

The constant improvement seems to be related to the fixed cardinality of the maxi-

mum independent set of the neighborhood of a node in UDGs. Every MIS is a constant

approximation of the MDS in UDGs. Similarly, Kuhn and Moscibroda in [60] show

that their algorithm is a constant approximation algorithm for capacitated dominat-

ing set for bounded independence graphs with uniform capacity. We can observe from

table 5.8 that the cardinality of the dominating set doubles for every doubling of the

graph size. Thus, for capacity 2 and range=150, the heuristic returns a cardinality of

21.1 for 50 nodes and 41.2 for 100 nodes and so on. The cardinality returned by the

metaheuristics similarly doubles and therefore results in constant improvement over the

heuristic.

General Graphs Interestingly, as in UDGs, the improvement of cardinality over the

heuristic remains constant for all graph sizes. The average degree of a node remains

constant in the instances studied. This seems to be the reason for the constant improve-

ment in these instances. In low degree graphs, the metaheuristics once again return an

improvement of ≃ 18% over the greedy heuristic as in UDGs for capacity = 2. When

capacity = 5, in these graphs, the problem reduces to finding a minimum dominating
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set as capacity 5 is larger than the maximum degree. Thus, the greedy heuristic reduces

to the optimal approximation algorithm and the improvement is only ≃ 10% in this

case.

When the degree of connectivity increases, the percentage improvement over the

heuristic drops to ≃ 5 − 10%. This is true for all the capacities tested. When the

capacity remains small but degree of connectivity increases, not only do we need to

explore different nodes being part of the dominating set but also which neighbors are

dominated by these nodes. In other words, it seems that the choice of which neighbors

are dominated by the dominating node has an impact on the cardinality. Thus, we

conclude that randomly choosing the neighbors that are dominated may not be the

best coverage algorithm for such instances.

5.4.4 Variable Capacity Results for Metaheuristics

Table 5.10 compares the results obtained by the MC-LDEG heuristic, HGA-CAPMDS

and ACO-LS-CAPMDS algorithms for UDG instances with variable capacity of (2, 5),

(α/5, α/2) and in the range [1..α]. Table 5.11 compares the cardinality returned by

these algorithms on general graph instances. As with uniform capacity instances, there

is no statistically significant difference between the two metaheuristics.

Unit Disk Graphs We can see from the table 5.10 that the improvement in cardi-

nality returned by the metaheuristic algorithms for variable capacity graph instances

is less than in the case of uniform capacity graph instances and is ≃ 8− 12% over the

greedy heuristic. When using variable capacities (2, 5) for the nodes, the improvement

of cardinality drops from ≃ 12% to ≃ 2% as the graph size increases.

General Graphs For low degree graphs, as in uniform capacity, the improvement

in cardinality is ≃ 15% for the metaheuristic algorithms when using variable capacity

of (2, 5) or (α/5, α/2). The improvement is constant across all graph sizes. When

using capacities in the closed interval [1..α], the improvement drops as the graph size

increases, from ≃ 15% to ≃ 10%. As with uniform capacity, as the average degree

increases, the percentage improvement over the heuristic drops to between ≃ 2− 5%.
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STable 5.8: Cardinality (γ) of CAPMDS using MC-LDEG, ACO and HGA for UDG Instances with a uniform capacity of 2, 5,

average degree=α for every node.

N Range MC-LDEG ACO HGA

2 5 α 2 5 α 2 5 α

50 150 21.1 15.6 17.9 17.7 13 14.7 18.1 13 14.7

50 200 20.4 12.7 12.7 17.5 10.4 10.4 17.7 10.5 10.5

100 150 41.2 23.3 23.3 36.6 19.9 19.9 36.4 20.6 20.6

100 200 41.4 21 14.1 36 18.8 11.9 35.8 18.7 11.8

250 150 104 48.4 25.1 93.2 46.5 20.6 92.5 46.4 21.8

250 200 106.4 47.8 15.3 92.2 45.9 12.7 91.9 44.9 13

500 150 212.7 95.7 26.3 188.6 93.3 21.3 187.4 91.2 22.7

500 200 213.5 95.4 15.7 187.3 91.8 13 186.5 90.4 13.8

800 150 343.4 152.7 27.4 303.4 149.5 22.1 301.1 145.4 24

800 200 344.3 152 16.3 301.6 146.2 13.3 301.1 144 14.5

1000 150 428.4 190.8 27.2 379.5 186.4 22.5 377.6 181.5 23.9

1000 200 430.5 190.6 17 377.6 182 13.1 377.3 179.8 14.5
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Table 5.9: Cardinality (γ) of CAPMDS using MC-LDEG, ACO and HGA for General Graph Instances. The nodes have uniform

capacity of 2, 5, average degree=α.

N Edges MC-LDEG ACO HGA

2 5 α 2 5 α 2 5 α

50 100 20.3 14.2 15.2 17.2 12.5 12.9 17.5 12.1 12.7

50 250 19.9 10.1 7 17.1 9 6.7 17.2 9.1 6.5

50 500 19.3 9.5 4.2 17 9 4 17 9 6.5

100 100 43.6 39.5 43.6 35.5 35.4 35.5 35.5 35 35.5

100 250 39.3 26.1 26.1 36.6 21.6 21.6 36 22.4 22.4

100 500 39.6 21.1 15.3 36.2 19.5 14.1 35.3 19.1 14.1

250 250 108.8 100 108.8 88.8 88.3 88.8 91 89.5 91

250 500 99.4 71.1 77.7 95.5 62.7 65.8 93.5 64.4 68.5

250 1000 98.3 55.8 45.4 93.3 54.2 41.3 92.2 52.7 42.4

500 500 216.5 201.2 216.5 176.4 176.3 176.4 185.9 181.5 185.9

500 1000 199.2 141.2 153.4 194.8 126 137.4 191.2 131.9 140.2

500 2000 197 109.4 91.2 189.3 107.7 87.7 186.9 107.3 88.6

800 1000 330.8 281.3 330.8 303.6 254.4 303.6 303.3 264.9 303.3

800 2000 317.1 209.4 209.4 308.7 200.7 200.7 307 200.8 200.8

800 5000 313 156.8 104.3 301.9 152.5 101.6 298 154.2 101.9

1000 1000 431.7 399.5 431.7 355.2 353 355.2 377.5 370.3 377.5

1000 5000 391.6 205.7 152.6 380 200.8 149.6 375.6 202.3 150.8

1000 10000 391.3 187.7 88.7 378.3 183.4 85.6 372.1 184.1 86.4
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STable 5.10: Cardinality (γ) of CAPMDS using MC-LDEG, ACO and HGA for UDG Instances with a VARIABLE capacity of (2,

5), (α/5, α/2) and [1..α] for the nodes.

N Range MC-LDEG ACO HGA

(2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α]

50 150 16.1 31 19.1 15.1 25.4 17 14.7 25.6 17.2

50 200 12.7 21.1 13.7 11.4 17.9 12.4 11.4 18.1 12.5

100 150 25.8 37.4 25.6 22.7 33.1 23 23.4 33.2 23.3

100 200 21.3 21 15.2 19.3 19.3 13.7 19.2 19.4 13.8

250 150 49.7 37.6 26.8 46.3 34.9 24.6 47 35.7 24.3

250 200 47.6 22.6 16.9 45.4 20.7 15.2 45.1 21.4 15

500 150 95.8 39.2 30 92.1 35.8 26.6 92.2 37 26.8

500 200 95.2 24.2 17.6 91.9 21.4 16 90.3 22.3 15.8

800 150 151.7 40.4 29.7 148.2 36.8 26.9 146.1 38 27.7

800 200 151.7 24.3 18 148.4 21.9 16.6 144.7 23.1 16.6

1000 150 189.2 41 29.8 185.6 37.5 27.3 183 38.6 28.4

1000 200 189 25.1 18.4 185.8 22.4 16.6 180.9 23.1 16.5
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Table 5.11: Cardinality (γ) of CAPMDS using MC-LDEG, ACO and HGA for General Graph Instances with a VARIABLE

capacity of (2, 5), (α/5, α/2) and [1..α] for the nodes.

N Edges MC-LDEG ACO HGA

(2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α] (2,5) (α/5,α/2) [1..α]

50 100 15.1 21.7 16.3 13.6 18.5 14.3 13.2 18.9 14.5

50 250 10.3 10.5 8.6 9.6 9.4 8.1 9.2 9.6 7.8

50 500 9.8 6 4.5 9 5.2 4.2 9 5.1 3.9

100 100 41.6 63.9 47.6 35.2 51.4 40.2 35.4 51.7 40.7

100 250 26.8 42.6 28.5 25.2 38.2 26.1 24.7 38.4 26

100 500 21.4 21.4 16.2 19.9 20 15.6 20 19.6 15.5

250 250 103.3 156.4 113.4 87.7 132.7 99.1 90.7 132.9 102.6

250 500 75.4 107.6 82.2 71.3 101.6 78.3 72.1 102 77.7

250 1000 57.6 65.6 49.5 55.7 61.9 46.8 56.1 63.1 47.4

500 500 209.4 314 231.2 176.9 270.3 208.2 185.3 270 212.3

500 1000 153.1 214 166.2 146.3 205.5 162.7 146.8 206.1 162

500 2000 115 131.1 98.6 111 125.1 94.3 112.4 127.2 96.2

800 1000 298.7 496.7 356.6 274.4 437.9 343 279.4 437.4 339.2

800 2000 222.4 339.6 228.7 219.9 328.6 222.8 219 329.6 225.3

800 5000 162.8 146.6 109.3 157.2 140.4 105.5 159 142.7 107.1

1000 1000 413 628.7 457.5 362.4 546 421.4 374 545.25 428.3

1000 5000 213.1 213.2 164.7 206.3 206.7 157.6 209.5 208.3 160.3

1000 10000 191.4 118.4 92.9 186.4 114 88.4 188 115.5 90.3
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5. GREEDY HEURISTICS AND METAHEURISTIC ALGORITHMS
FOR CAPMDS

5.4.5 Comparison of Time Taken by the Metaheuristics

The execution time of the metaheuristics is given in tables 5.12-5.15. The HGA runs for

10,000 iterations for a total of 10,000 solutions and the ACO-LS for 1000 iterations. In

each iteration, 20 ants are used for a total of 20,000 solutions. Thus, ACO-LS generates

twice as many solutions as HGA. The following are the observations about the time

taken by the two algorithms:

Uniform Capacity: The HGA takes less time than ACO-LS in all cases for unit disk

graphs. For general graphs, the HGA takes less time than ACO-LS only for smaller

graphs. As the graph size increases, ACO-LS is faster than HGA. In some instances,

ACO-LS is twice as fast as HGA. The pre-processing step in ACO-LS certainly con-

tributes towards its faster running time.

Variable Capacity: For UDGs, unlike in uniform capacity, HGA takes more time

than ACO-LS as the graph size increases. For general graphs, the HGA is faster

than ACO-LS except for 800 and 1000 node graphs with higher degree of connectivity.

Overall, the ACO-LS algorithm seems to perform better as it generates slightly better

solutions than the HGA in less time for many instances. This is despite the fact that

it generates twice as many solutions as HGA.
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5.4 Experimentation and Discussion of Results

Table 5.12: Time Taken (s) to compute CAPMDS for ACO and HGA for UDG Instances

with a uniform capacity of 2, 5, average degree=α for every node.

N Range Capacity = 2 Capacity = 5 Capacity = α

ACO HGA ACO HGA ACO HGA

50 150 3.5 1.6 2 1.5 3.3 1.1

50 200 3.7 1.3 2.4 1.1 2.5 1

100 150 13 4.4 7.1 3.2 6.9 3.4

100 200 11.5 3.9 7.8 4 4.9 3

250 150 56 25.2 40.6 31 19.2 10.4

250 200 49 23.8 31.8 25.9 14.4 10

500 150 194.1 112.6 129.5 132.2 58 30.7

500 200 177.6 112.3 111.2 96.3 47.9 23.9

800 150 464 315.2 303.1 322.1 126.3 68.5

800 200 442.9 309.1 275.7 207.8 105.4 59.1

1000 150 704.1 520.4 454 461.6 174.6 102.9

1000 200 682.3 511.7 421.9 330.5 150.4 68.6
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Table 5.13: Time Taken (s) to compute CAPMDS for ACO and HGA for General Graph

Instances with a uniform capacity of 2, 5, average degree=α for every node.

N Range Capacity = 2 Capacity = 5 Capacity = α

ACO HGA ACO HGA ACO HGA

50 100 3.5 1.4 2 1.5 2.6 1.3

50 250 3.2 1.5 2.4 1.1 1.9 1

50 500 3 1.4 2.1 1.3 1.3 1.2

100 100 7.6 5 7.1 5 7.4 5.2

100 250 12.8 5.1 8 3.7 8 3.8

100 500 11 4.6 7.8 3.9 5.4 3.6

250 250 39.1 45.2 38.6 41.7 39.1 45.4

250 500 87.1 51.2 47.5 34.6 54.8 32

250 1000 73.7 42.3 47.2 37.1 35.7 32.7

500 500 174.4 306.1 180.7 288 174.4 305.8

500 1000 458.8 354.2 246.7 258.9 281.1 219

500 2000 353.8 280.1 244.8 270.2 182.7 242.6

800 1000 1107.3 1169.6 506.6 1300 1109 1167.4

800 2000 1446.3 1397.6 852.5 1066.7 853.1 1071.4

800 5000 780.2 903.7 594.4 832.2 444.4 712.3

1000 1000 888.7 2075.8 922.6 2049 888.6 2069

1000 5000 1628.3 1906.8 1205.9 1821.5 920.1 1674.9

1000 10000 933.5 1349.4 710.4 1305.7 535.7 964.8
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5.4 Experimentation and Discussion of Results

Table 5.14: Time Taken (s) to compute CAPMDS for ACO and HGA for UDG Instances

with a variable capacity of (2, 5), (α/5,α/2) and [1..α].

N Range Capacity = (2, 5) Capacity = (α/5,α/2) Capacity = [1..α]

ACO HGA ACO HGA ACO HGA

50 150 3 1.3 4.4 1.7 3.8 1.3

50 200 3 1.2 3.6 1.6 3 1.3

100 150 9.7 5.6 11.5 5.7 9.9 4.6

100 200 8.7 4.8 9 4.5 7.7 4.2

250 150 44.9 38.8 44.8 30.7 39.6 23

250 200 38 36.9 31.8 23.1 29.5 17.2

500 150 175.6 190.9 135.9 129.8 144.9 95

500 200 162 170.2 101.5 103.5 95.5 64.4

800 150 477 622.3 312.6 351.4 290.7 256.4

800 200 454.7 557 242.8 278.5 229.4 105.7

1000 150 780.2 1108.7 465.1 529.1 434.6 347.5

1000 200 745.8 1039.7 355.4 430.8 343.2 203.8
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Table 5.15: Time Taken (s) to compute CAPMDS for ACO and HGA for General Graph

Instances with a variable capacity of (2, 5), (α/5,α/2) and [1..α].

N Edges Capacity = (2, 5) Capacity = (α/5,α/2) Capacity = [1..α]

ACO HGA ACO HGA ACO HGA

50 100 3.3 1.2 3.7 1.6 3.2 1.3

50 250 2.1 1.8 2.4 1.5 2.7 1

50 500 2.1 1.4 2 1.2 1.8 1

100 100 9.8 4.8 17.2 5.3 12.2 5.5

100 250 11 5 13 6 10.8 5.5

100 500 8.7 4.4 8.7 5.1 8.4 4.1

250 250 72.5 43.1 110.5 49.8 81.6 50.7

250 500 84.9 61.6 91 57 86.2 55.3

250 1000 63.7 49 63.4 48.9 63.7 43

500 500 422.3 286.6 546.5 331.7 455.5 349.5

500 1000 485.1 358.6 467.6 394.8 509.1 391.8

500 2000 341.2 319.9 332.4 318.1 332 297.3

800 1000 1586.7 1352.9 1625.7 1229.9 1731.5 1469.4

800 2000 1645.5 1510.6 1377 1380.1 1577.4 1484.6

800 5000 804.2 964.9 793.1 924.8 770.9 824.4

1000 1000 2650 2010 3065.29 2428.88 2848.7 2567.7

1000 5000 1703.4 2060.3 1681.8 1962.9 1708.2 1877.6

1000 10000 1038.2 1506.8 997.9 1183.1 959 1077.6
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5.5 Summary

5.5 Summary

While there have been some approximation algorithms proposed for CAPMDS, so far,

there has been no study of it using metaheuristics. Since the approximation algorithms

have high computational complexity, we have proposed a greedy heuristic, MC-LDEG,

for use in the hybrid metaheuristic algorithms. We have proposed variants of our

heuristic, C-SUBD and DS-RELAX, along the lines of the distributed approximation

algorithm proposed in [60]. A comparison of the performance of the three variants

shows that the algorithm we call MC-LDEG is superior to the other two for general

graph instances and UDGs with medium and high node capacities. C-SUBD is the

best algorithm for UDGs when capacity is low. It is also the worst for general graph

instances. This behavior can be explained based on the bounded independence property

of UDGs.

We have proposed two metaheuristics for computing minimum capacitated dom-

inating set. We use MC-LDEG to seed the GA and introduce a pre-processing step

for the ACO. We find that the proposed hybrid GA and hybrid ACO algorithms ben-

efit from this additional step. The percentage improvement of metaheuristics over

MC-LDEG is constant for both uniform and variable capacity graphs across all graph

sizes. The metaheuristics return a cardinality which is approximately 18% better than

MC-LDEG for low degree graphs and approximately 10% for high degree graphs. As

capacity increases, the problem tends to be more of finding MDS. Since the MC-LDEG

heuristic is derived from the optimal approximation algorithm for MDS, it performs

quite well in these instances and the metaheuristics do not improve too much on the

heuristic. For the instances where the degree is large and capacity is small, the choice

of the neighboring nodes that are dominated by a dominating node has a significant

impact on the cardinality of the CAPMDS returned. The metaheuristics are not doing

as well as expected here. We conclude that we may need to direct the search by also

considering the information about coverage of the neighbors to improve the solutions.

The time taken by ACO-LS is less than that for HGA in some instances despite the

fact that it generates twice as many solutions as HGA.

In future, we wish to explore methods to improve the performance of the meta-

heuristic algorithms for the instances where they have not reduced the cardinality

significantly from that returned by the greedy heuristic.
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Chapter 6

Morphological Algorithms for

Dominating Sets with

Applications to Image Analysis

Do not fear to be eccentric in opinion, for every opinion now accepted was once

eccentric.

Bertrand Russell

Images are modeled as grid graphs which are a special subset of unit disk graphs.

Dominating set problems are an active area of work on UDGs, as already shown in

Chapter 2. In this chapter, we explore, for the first time, the application of math-

ematical morphology to dominating set problems on grid graphs. We propose novel

morphological algorithms for Minimum Dominating Sets (MDS) and Minimum Inde-

pendent Dominating Sets (MIDS). We also show that dominating set problems on

graphs may be used to advantage in image analysis tasks such as skeletons and clus-

tering. We propose a new hierarchical clustering scheme based on an overlay graph of

dominating sets.

The chapter is organized as follows: the graph morphological operators proposed by

Cousty et al. are discussed in Section 6.1. We extend these operators to use structuring

elements and define dilations and erosions using these extended operators in Section 6.2.

The algorithms for MDS and MIDS are described in Section 6.3. The MDS and MIDS

algorithms presented here are compared with the best heuristics on grid graphs which

were generated using our grid graph topology generator. These results are presented in
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6.1 Graph Morphological Operators by Cousty et al.

Section 6.4. The application of the extended operators to distance transform is given

in Section 6.5. The application of dominating sets to image analysis is discussed in

Section 6.6.

6.1 Graph Morphological Operators by Cousty et al.

Cousty et al. [22] have recently defined basic operators which are used to derive a set

of edges from a given set of vertices and vice versa. These are shown to be dilations

and erosions. The workspace considered in this thesis, as in [22], is the complete grid

graph shown in Fig. 6.1. The powerset of the vertices, edges and subgraphs of this

workspace are represented by G•, G× and G respectively. G forms the complete lattice.

Briefly, two operators are defined from G× → G• which return vertices given a set

of edges and two operators are defined from G• → G× which return edges given a set

of vertices. Given a graph X = (X•,X×):

1. δ•(X×) : G× → G•, returns the set of all vertices that belong to the edges of the

given graph.

δ•(X×) = {x ∈ G
• | ∃ex,y ∈ X×} (6.1)

2. ǫ×(X•) : G• → G×, returns the set of all edges for which both ends are in X•

ǫ×(X•) = {ex,y ∈ G
× | x ∈ X• and y ∈ X•} (6.2)

3. ǫ•(X×) : G× → G• returns those vertices for which all the edges of the workspace

are in X×

ǫ•(X×) = {x ∈ G
• | ∀ex,y ∈ G

×, ex,y ∈ X×} (6.3)

4. δ×(X•) : G• → G×, returns all the edges for which at least one end is in X•

δ×(X•) = {ex,y ∈ G
× | x ∈ X• or y ∈ X•} (6.4)

These can then be combined to form vertex dilation and erosion as well as edge

dilation and erosion operators. Combining the vertex and edge operations leads to

graph dilation and erosion. In addition, they define opening and closing, filters and

granulometries as in classical mathematical morphology using these operators.
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6. MORPHOLOGICAL ALGORITHMS FOR DOMINATING SETS
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Vertex Dilation and Erosion: Vertex dilation is defined as δ = δ• ◦ δ×, where ◦
represents the composition of the operators and not opening. Similarly, vertex erosion

is given by ǫ = ǫ• ◦ ǫ×.

Edge Dilation and Erosion: Edge dilation is given by ∆ = δ× ◦δ• and edge erosion

by ε = ǫ× ◦ ǫ•.

Graph Dilation and Erosion: Graph dilation is obtained by composition of the

vertex and edge dilation operators (δ > ∆(X)) and graph erosion by combining the

vertex and edge erosion operators (ǫ> ε(X)).

Opening and Closing: The opening on vertices is defined as γ1 = δ ◦ ǫ and closing

as φ1 = ǫ ◦ δ. Similarly the opening on edges is given by Γ1 = ∆ ◦ ε and closing by

Φ1 = ε ◦ ∆. Composing these operators gives the opening and closing on any given

graph: γ1 > Γ1(X) = (γ1(X
•),Γ1(X

×)) and φ1 > Φ1(X) = (φ1(X
•),Φ1(X

×)).

6.2 Dilations and Erosions with Structuring Elements

In this section, we extend the operators defined in the previous section to incorporate

structuring elements and then, in later sections, apply them to MDS and MIDS prob-

lems. We define graph morphological operators with structuring elements on the same

workspace and lattice as in [22]. Following the conventional definition, a structuring

element on graphs is a small graph B = (B•, B×). It may be used to identify, isolate

or operate on graphs and sub-graphs that are isomorphic to the structuring element.

We define B to be the set of all possible 1-hop structuring elements of G. By 1-hop,

we mean that a structuring element is composed of a node and the nodes adjacent to it in

the grid. Thus, there are a total of 15 1-hop structuring elements – one with four edges, 4

with three edges, 6 with two edges and 4 with a single edge. These are shown in Fig. 6.3.

B is an ordered set of structuring elements where the structuring elements are ordered

in descending order of the number of edges in them. Thus, B1 < B2 ⇒ |B×

1 | < |B×

2 |.
As in the case of morphological operators defined on binary images, we translate

the origin of the structuring element to each node in G
• when defining the erosion and

dilation operators. Given a structuring element, B ∈ B and a graph X = (X•,X×),

Bx = (B•

x, B
×

x ) is B translated to x ∈ G
•.
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0 1 2 3 4 5 6

7 8 9 10 11 12 13

14 15 16 17 18 19 20

21 22 23 24 25 26 27

28 29 30 31 32 33 34

35 36 37 38 39 40 41

42 43 44 45 46 47 48

Figure 6.1: The Complete Grid,

which forms the workspace, G. The

subgraphs of this grid graph form the

input topologies for the algorithms pre-

sented in this thesis.

0 1 2 3 4 5 6

7 8 9 10 11 12 13

14 15 16 17 19 20

21 22 23 24 25 26 27

28 29 30 31 32 33 34

35 36 37 38 39 40 41

42 43 44 45 46 47 48

18

Figure 6.2: Topology to illustrate the

results of application of extended mor-

phological operators that use structur-

ing elements of Fig. 6.3.

(a) (c)(b) (d) (e)

(k)

(l) (m) (n)

(f) (g)

(o)

(h) (j)(i)

Figure 6.3: The 15 structuring elements of a grid graph in descending order of the number

of edges in the structuring element. The black node represents the origin of the structuring

element.

1. δ•B : G× → G• is such that:

δ•B(X×) = {x ∈ G
• | ∃ex,y ∈ (X× ∩B×

x )} (6.5)

2. δ×B : G• → G× is such that:

δ×B(X•) = {ex,y ∈ B×

x | x ∈ (X• ∩B•

x) OR y ∈ (X• ∩B•

x)} (6.6)

3. ǫ•B : G× → G• is such that:

ǫ•B(X×) = {x ∈ G
• | ∀ex,y ∈ B×

x , ex,y ∈ (X× ∩B×

x )} (6.7)
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4. ǫ×B : G• → G× is such that:

ǫ×B(X•) = {ex,y ∈ G
× | x ∈ (X• ∩B•

x) AND y ∈ (X• ∩B•

x)} (6.8)

Operator δ•B returns the set of all vertices that belong to the intersection of the

edges of the given graph with those of the structuring element. The result of applying

the structuring element given in Fig. 6.3(i) on the topology in Fig. 6.2 is shown in

Fig. 6.4(b). We use the same structuring element with the other operators to illustrate

the results of applying them on a given graph. The operator δ×B returns the set of all

edges, at least one end point of which is a member of the intersection of the vertices

of the given graph and the vertices of the structuring element. The result is shown in

Fig. 6.4(d). Operator ǫ•B returns only those vertices where all the edges of the vertex

in the graph are also the edges of the structuring element. ǫ×B returns the set of edges

where both the end points of the edge are in the intersection of the vertices of the given

graph with those of the structuring element. The results for ǫ•B and ǫ×B are shown in

Figs. 6.4(f) and 6.4(h).

As shown in [22], the operators δ•B and δ×B are dilations, ǫ•B and ǫ×B are erosions, when

using structuring elements that comprise of both horizontal and vertical edges. If we

compose the dilation and erosion operators to act on G• and G× with these structuring

elements, we get the vertex and edge dilations and erosions using structuring elements.

In fact, the operators defined in equations 6.5–6.8 are identical to the equations 6.1–6.4,

when the structuring element is the 4-edge SE of Fig. 6.3(a). Thus, these equations

are generalizations of the operators defined by Cousty et al..

Vertex Dilation and Erosion : We define Vertex Dilation, δB and Vertex Erosion,

ǫB that act on G• (i.e., G• → G•) by δB = δ•B ◦ δ×B and ǫB = ǫ•B ◦ ǫ×B .

Edge Dilation and Erosion : We define Edge Dilation, ∆B and Edge Erosion, εB

that act on G× (i.e., G× → G×) by ∆B = δ×B ◦ δ•B and εB = ǫ×B ◦ ǫ•B.

Graph Dilation and Erosion : We can now define the graph dilation and erosion

operators using structuring elements by composing the dilation and erosion operators

of vertices and edges together. Thus, the graph dilation operator, X⊕B or δ⊕∆B(X)

is defined as (δB(X•),∆B(X×)). Similarly, the graph erosion operator, X ⊖ B or
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6.2 Dilations and Erosions with Structuring Elements
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×
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(g) ǫ
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(h) ǫ
×
B

Figure 6.4: Result of applying Graph Morphological Operators on the graph in Fig. 6.2

without structuring elements (SEs) and with the SE of Fig. 6.3(i).

137

6_morph/figs/se-demo-csddot.eps
6_morph/figs/se-demo-ddot.eps
6_morph/figs/se-demo-dx.eps
6_morph/figs/se-demo-dx.eps
6_morph/figs/se-demo-csedot.eps
6_morph/figs/se-demo-edot.eps
6_morph/figs/se-demo-epx.eps
6_morph/figs/se-demo-epx.eps


6. MORPHOLOGICAL ALGORITHMS FOR DOMINATING SETS
WITH APPLICATIONS TO IMAGE ANALYSIS

0 1 3 4 5 6

7 8 9 10 11 12 13

14 15 16 17 19 20

21 22 23 24 25 26 27

28 29 30 31 32 33 34

35 36 37 38 39 40 41

42 43 44 45 46 47 48

18

2

(a) δ > ∆(X)
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2

(b) δ ⊕ ∆B(X)
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(c) ǫ > ε(X)

0 1 2 3 4 5 6

7 8 10 11 12 13

14 15 16 17 18 19 20

21 22 23 24 25 26 27

28 29 30 31 32 33 34

35 36 37 38 39 40 41

42 43 44 45 46 47 48

9

(d) ǫ ⊖ εB(X)

Figure 6.5: Graph dilation and erosion for the graph in Fig. 6.2 without SEs and with

SE of Fig. 6.3(i).

ǫ⊖εB(X) is defined as (ǫB(X•), εB(X×)). For the graph given in Fig. 6.2 we computed

the dilation and erosion with and without structuring elements. The results are shown

in Fig. 6.5.

We applied our operators to compute the distance transform on images, which is

presented in Section 6.4. We apply these operators, as well as those defined by Cousty,

et al. to compute dominating sets. These algorithms are described in the next section.

6.3 Algorithms for MIDS and MDS using Graph Morpho-

logical Operators

As pointed out in Chapter 2, computing MDS and MIDS on grid graphs is NP-hard.

We propose heuristics for these two problems using the extended graph morphological

operators. These are described in the next two sub-sections.
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6.3 Algorithms for MIDS and MDS using Graph Morphological Operators

6.3.1 MIDS Algorithm

The MIDS algorithm MIDS(X,Y •), for a given graph X = (X•,X×) with the domi-

nating set returned Y • is as follows:

1. For each structuring element B ∈ B do the following:

(a) ZB = ǫ•B(X×)

(b) For each node v ∈ ZB do the following:

i. If Bv 6⊂ X where Bv is the structuring element B translated to the node

v, then remove v from ZB and go to Step 1b

ii. Construct the set of the dominating node, v, and its dominated nodes.

This can be given as δ• ◦ αBv(X
×) where, αBv (X×) = δ×Bv

◦ ǫ•Bv
, where

the subscript v indicates that all the operations are performed only at

node v. The result is the set of edges that are incident on the node v.

δ• operator from [22] returns all nodes incident on these edges, which

are nothing but the dominating and the dominated nodes.

iii. The set of all edges incident on the dominating and dominated nodes is

given by ∆ ◦ αBv (X), where ∆ is the edge dilation operator from [22].

We define βBv (X) = (δ• ◦ αBv(X),∆ ◦ αBv (X)) to be the subgraph of

the dominating and dominated nodes and all edges incident on them.

iv. We need to remove the subgraph represented by βBv (X) from the given

graph X by defining the operator X = ψBv (X) = (X \ βBv (X) =

(X• \ δ• ◦ αBv(X),X× \∆ ◦ αBv (X)).

v. Update ZB by removing all nodes that are not in ψBv(X)

(c) Y • = Y • ∪ ZB

2. This leaves isolated nodes, if any. These are added to the dominating set to get

the final dominating set: Y • = Y • ∪X•.

This is given in algorithmic format in Algorithm 16. The entire algorithm is illus-

trated in Figs. 6.6–6.17. An example topology is given in Fig. 6.6. Applying step 1a

using the structuring element of Fig.6.3(a) results in ZB = {23, 31}. Let us assume

that the first element in ZB = 31. Since Bv ⊂ X, step 1(b)ii is applied to get the
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Algorithm 16: MIDS(X = (X•,X×), Y •)

Y • := φ

for B ∈ B do

ZB := ǫ•B(X×)

for v ∈ ZB do

if Bv 6⊂ X then

continue

end if

Y • := Y • ∪ v
αBv(X

×) = δ×Bv
◦ ǫ•Bv

βBv (X) = (δ• ◦ αBv(X),∆ ◦ αBv (X))

X = ψBv (X) = (X \ βBv (X) = (X• \ δ• ◦ αBv(X),X× \∆ ◦ αBv(X))

ZB := ZB ∩X•

end for

end for

Y • := Y • ∪X•

return

dominating and its dominated nodes shown in Fig. 6.8. We now get all edges incident

on these nodes using step 1(b)iii and the results is shown in Fig. 6.9. We remove this

subgraph from the given graph in step 1(b)iv giving the graph of Fig. 6.10. At this

point, we go back to step 1b and the next node in ZB = 23. However, at this point,

Bv 6⊂ X. Since there are no more elements in ZB, we go to the next structuring element

in step 1, i.e., Fig. 6.3(b). Applying step 1a results in ZB = {44, 46}. The process

described above is repeated and shown in Figs. 6.12–6.13. The algorithm is repeated

using other structuring elements until only an isolated node is left. Since it does not

match any of the structuring elements, the algorithm eventually executes step 2 and

adds this isolated node to MIDS.
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Figure 6.6: Topology to illustrate the

working of MIDS algorithm
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Figure 6.7: Applying ǫ•
B

(X×) with

the structuring element of Fig.6.3(a) re-

sults in nodes 23, 31.
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Figure 6.8: The dominating node

31 and its dominated nodes after step

1(b)ii of MIDS algorithm.

0 1 2 3 4 5 6

7 8 9 10 11 12 13

14 15 16 17 18 19 20

21 22 23 24 25 26 27

28 29 30 31 32 33 34

35 36 37 38 39 40 41

42 43 44 45 46 47 48

Figure 6.9: The dominating node 31,

its dominated nodes and all edges inci-

dent on them after step 1(b)iii of MIDS

algorithm.
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Figure 6.10: Result of removal of the

subgraph constructed in Fig. 6.9 from

the graph in Fig. 6.6 - Step 1(b)iv of

MIDS algorithm.
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Figure 6.11: Applying ǫ•
B

(X×) with

the structuring element of Fig.6.3(b)

results in nodes 44, 46.
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Figure 6.12: Result of executing steps

1(b)ii–1(b)iii of MIDS algorithm.
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Figure 6.13: Residual graph after ex-

ecuting step 1(b)iv of MIDS algorithm.
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Figure 6.14: Result of applying

ǫ•
B

(X×) with SE in Fig.6.3(d) and ex-

ecuting steps 1(b)ii–1(b)iii of MIDS al-

gorithm.
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Figure 6.15: Residual graph after ex-

ecuting step 1(b)iv of MIDS algorithm.
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Figure 6.16: Result of applying

ǫ•
B

(X×) with SE in Fig.6.3(f) and re-

sult of executing steps 1(b)ii–1(b)iii of

MIDS algorithm.
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Figure 6.17: Residual graph after ex-

ecuting step 1(b)iv of MIDS algorithm

which has only an isolated node. Exe-

cuting step 2 will add this to MIDS.
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6.3 Algorithms for MIDS and MDS using Graph Morphological Operators

6.3.2 MDS Algorithm

The Minimum Dominating Set(MDS), MDS(Y •,X) is very similar to MIDS. Note,

however, that we are not iterating for the construction of MDS unlike in MIDS. We

apply the operators using each structuring element on the whole graph.

1. For each structuring element B ∈ B do the following:

(a) Use the erosion operator ǫ•B with the structuring element B on X×. Let us

say that this results in a set of nodes E•.

(b) If E• = φ go to the next structuring element B.

(c) Otherwise, Y • = Y • ∪ E•.

(d) We apply the operator ψB(X) = (X \ βB(X) = (X• \ δ• ◦ αB(X),X× \
∆ ◦ αB(X)) to remove the dominating and dominated nodes and the edges

incident on them from the given graph X. Note that this removes many

dominating nodes and their neighborhood in one iteration unlike in MIDS.

2. Add isolated nodes, if any, to the dominating set to get the final dominating set:

Y • = Y • ∪X•.

3. We, now, apply a post-processing step to remove all redundant nodes from Y •. We

call a dominating node redundant, if the node and all its neighbors are covered by

other dominating nodes. Π(A) is the set of dominated nodes of set A. Redundant

node removal is expressed as Y • = Y • \ {x ∈ Y • | x ∈ Π(Y • \ x) and ∀ex,y ∈
X×, y ∈ Π(Y • \ x)}.

This is given in algorithmic format in Algorithm 17. The algorithm is illustrated in

Figs. 6.18–6.23. When step 1a is executed on the graph in Fig. 6.18 with the SE of Fig.

6.3(a), the resulting nodes are 23 and 33. The subgraphs induced by these nodes along

with their dominated nodes and the edges incident on all these nodes is given in Fig.

6.19. The residual graph on removing this induced graph from the original graph is

given in Fig. 1d. On applying ǫ•B using the SE of Fig. 6.3(b) to the residual graph, the

nodes 44, 45 and 46 are selected. The subgraph induced by these nodes along with their

dominated nodes and the edges incident on them is given in Fig. 6.21. Removing this

from the graph of Fig. 1d gives the graph in Fig. 6.22. Since all of these are isolated
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Algorithm 17: MDS(X = (X•,X×), Y •)

Y • := φ

for B ∈ B do

E• := ǫ•B(X×)

if E• = φ then

continue

end if

Y • := Y • ∪ E•

αBv (X×) = δ×Bv
◦ ǫ•Bv

βBv (X) = (δ• ◦ αBv(X),∆ ◦ αBv (X))

X = ψBv(X) = (X \ βBv (X) = (X• \ δ• ◦ αBv(X),X× \∆ ◦ αBv(X))

end for

Y • := Y • ∪X•

Y • = Y • \ {x ∈ Y • | x ∈ Π(Y • \ x) and ∀ex,y ∈ X×, y ∈ Π(Y • \ x)}
return

nodes, they will be added to the dominating set in step 2. Now, the post-processing

step 3 is applied to this set. The result is removal of the node 45 from the dominating

set as 45 and its neighbors, 44, 46 are dominated by 44 and 46, which are themselves

members of the dominating set. Neighbor 38 of 45 is dominated by dominating set

member 31. The final dominating set is shown in Fig. 6.23 with the dominating nodes

in blue, dominated nodes in yellow and the redundant dominating node in red.
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Figure 6.18: Example Topology to il-

lustrate the MDS algorithm.
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Figure 6.19: Subgraph induced by

the dominating and dominated nodes

after executing step 1a with SE in

Fig.6.3(a).
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Figure 6.20: Residual graph after re-

moving graph of Fig.6.19 from that in

Fig. 6.18 (step 1d).

0 1 2 3 4 5 6

7 8 9 10 11 12 13

14 15 17 19 20

21 22 23 25 26 27

28 29 30 31 33 34

35 36 37 38 39 40 41

42 43 44 45 46 48

16

24

32

47

18

Figure 6.21: Result of executing step

1a with SE in Fig.6.3(b).
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Figure 6.22: Residual graph after re-

moving graph of Fig. 6.21 from that in

Fig. 6.20.
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Figure 6.23: Dominating set found

after the post-processing step with re-

dundant nodes (marked in red) re-

moved.
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6. MORPHOLOGICAL ALGORITHMS FOR DOMINATING SETS
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Limitations of the MDS Algorithm: One of the limitations is the question of

whether we should remove the neighborhood of the nodes returned by the ǫ•B opera-

tor. We look at two different topologies to understand the effect of this decision on

the cardinality of the dominating set. In one, the cardinality increases if we remove

neighborhood whereas it reduces in the other.

Consider the graph in Fig. 6.24. Here, when we apply the 4-edge structuring

element erosion operator, the result is node 24. If we remove the neighborhood of this

node from the graph, we have two isolated nodes as shown in Fig. 6.25, both of which

need to be added to the dominating set. If we had not removed the neighborhood, we

could add node 25 as part of the 2-edge structuring element erosion. This node covers

both 18 and 32 and so the resultant cardinality of the dominating set is two, which is

optimal.

When we consider the graph in Fig. 6.26, the result of the first erosion with the

2-edge structuring element of Fig. 6.3(g), is that nodes 23 and 32 are added to the

dominating set. After removing their neighborhood, another 2-edge structuring element

(Fig. 6.3(i)) matches at node 30 of the resultant graph and this becomes part of the

dominating set. When its neighborhood is removed, a single edge structuring element

erosion leads to 17 being part of the dominating set. Thus, the final dominating set is

23, 32, 30, 17 for a cardinality of four.

If we remove only the dominating nodes but not the neighborhood in this example

graph, we end up with 23, 32 being added in the first round as earlier. However, erosion

with other 2-edge structuring elements results in 24, 29 and 30 being part of the eroded

set. Thus, the dominating set will be 23, 32, 24, 29, 30. This is one more than the

cardinality obtained if we remove the neighborhood of the dominating nodes. Thus, it

can be seen that removing the neighborhood of a node can increase cardinality in some

instances and reduce in others.
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Figure 6.24: Example topology to il-

lustrate removal of neighborhood of a

dominating node results in increase in

cardinality. Node 24 is the dominating

node after step 1a.
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Figure 6.25: Removal of the neigh-

borhood of the dominating node 24 re-

sults in isolated nodes 18 and 32 being

added to the dominating set.
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Figure 6.26: Example Topology to

illustrate the advantage of removing

the neighborhood of dominating nodes.

Nodes 23 and 32 are the result of ap-

plying ǫ•
B

using SE of 6.3(g).
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Figure 6.27: Erosion with the 2-edge

structuring element Fig.6.3(i) and 1-

edge structuring element of Fig.6.3(o)

adds nodes 30 and 17 to the dominat-

ing set.
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6.4 Experimentation and Results

Table 6.1: Cardinality (i) of MIDS returned by the Maximum Degree Heuristic, 3HD

Heuristic and Morphology Algorithms for Incomplete Grid Graph Instances

Edges Max.Deg. Heuristic 3HD Heuristic Morphology

i t (ms) i t (ms) i t (ms)

50 15.35 0.138 15.4 0.10025 15.3 352.042

100 26.5 0.2688 27.4 0.16305 26.8 700.504

250 53.9 0.59785 53.1 0.3078 54.05 1729.8

500 100.3 1.1482 98.05 0.5583 100.05 4331.52

750 140.6 1.66625 134.3 0.8351 140 6701.06

1000 181.1 2.3031 175.8 1.1548 181.35 10687.9

Table 6.2: Cardinality (γ) of MDS returned by the Optimal Approximation Algorithm

and Morphology Algorithms for Incomplete Grid Graph Instances

Edges Heuristic Morphology

γ t (ms) γ t (ms)

50 14.25 0.7296 14.95 168.047

100 24.45 2.17165 25.85 247.804

250 50.2 10.9223 56 399.16

500 92.85 33.0356 98.65 644.136

750 127.85 74.8657 143.4 787.486

1000 168.9 123.271 182.25 989.726

As part of the experimentation, we used the incomplete grid graph generator soft-

ware from Section 3.5.2. We computed the average of the dominating set cardinality

using our morphological algorithms and compared them to the results of the standard

heuristics. These results are presented in Tables 6.1 and 6.2. We find that our algo-

rithm for MIDS performs as well as the maximum degree and 3HD heuristics, which

were found to be the best heuristics for grid graphs as seen in Section 3.5.3. The worst

case cardinality is for 1000 edges which is 3% higher than the 3HD heuristic. It can be

seen that the morphological algorithm matches the maximum degree heuristic for all

instances. It is worse than 3HD because the morphological algorithm also suffers from
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the same issue of isolated nodes as the maximum degree heuristic discussed in Sections

3.5.3 and 2.3.1.1.

We also find that our MDS algorithm performs on the average about 8% worse

than the optimal approximation algorithm [102]. This can be explained by the fact

that, before applying the next structuring element, we are removing the neighborhood

of nodes selected by the erosion operator. Sometimes, this can lead to an increase in

cardinality. On the other hand, not removing the neighborhood leads to an increase in

cardinality in other cases.

The time taken to compute MDS and MIDS using morphological operators is much

more than the heuristics as we have not optimized the implementation for performance.

Efficient implementations, both sequential and parallel, have been proposed by Vincent

[100] and by Géraud et al. [42] which suggest that these running times may be reduced

considerably making them comparable to the other approaches.

6.5 Distance Transform Computation using the Extended

Graph Morphology Operators

We applied our extended graph morphological operators to compute the distance trans-

form of an image and show that they are exactly identical in operation to standard

morphological operators on sets of points. The extended operators defined by us can

be directly used on all images modeled as graphs. As yet, our operators are defined for

binary images and so we illustrate the distance transform on binary images only.

The algorithm for computation of distance transform works as follows: we initially

mark the distance of all nodes in the graph as 1 to indicate they are at a minimum

distance of 1 from the background pixels. We apply the ǫ•B operator with the structuring

element of Fig. 6.3(a) on the edge set of the given graph. The nodes returned by this

operator, S, are marked to be distance 2 from the background pixels. We, now, apply

the same operator on the subgraph induced on S. Any nodes returned are marked to

be at a distance 3 from the background pixels. This operation is repeated until S = φ.

This is nothing but ultimate erosion with the structuring element given. We give an

example image in Fig. 6.28 and its corresponding distance transform computed by our

algorithm in Fig. 6.29.

149



6. MORPHOLOGICAL ALGORITHMS FOR DOMINATING SETS
WITH APPLICATIONS TO IMAGE ANALYSIS

Figure 6.28: Image to illustrate dis-

tance transform using ultimate erosion

with structuring elements.
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Figure 6.29: Distance transform of

the image, with nodes in the given

graph labeled with the distance com-

puted by the ultimate erosion using ǫ•
B

with SE of Fig.6.3(a).

6.6 Applications of Dominating Sets to Image Analysis

Figure 6.30: Image from Gonzalez

and Woods [46], with the nodes in black

representing the skeleton obtained us-

ing a 3× 3 structuring element.

Figure 6.31: Skeleton of the same im-

age with the MIDS nodes (in black)

representing the skeleton.

In this section, we apply dominating sets, for the first time, to the problem of

image analysis. Specifically, we illustrate two uses of dominating sets in image analysis,

i.e., the dominating set as the skeleton of the image and in clustering of the image.

Clustering is a very natural application of dominating sets and has been used for this

purpose in wireless networks and document clustering. We propose a novel hierarchical

clustering scheme using an overlay of dominating sets for image clustering.
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6.6 Applications of Dominating Sets to Image Analysis

6.6.1 MIDS Skeleton

In this section, we demonstrate the use of dominating sets, and in particular, MIDS, to

represent the skeleton of an image [20]. We define the skeleton as the nodes returned by

the MIDS algorithm. In Fig. 6.30, we reproduce the image used by Gonzalez and Woods

[46] to illustrate the computation of a skeleton using ultimate erosion with structuring

elements. The skeleton of the image using a standard 3 × 3 structuring element of

pixels is represented by the black nodes in the figure. The skeleton represented by the

MIDS of the image is shown in Fig. 6.31. By also storing the structuring element that

caused a node to be selected as the dominating node, we can reconstruct the image by

applying dilation operations. A second example is taken from [38] and is shown in Fig.

6.32. We reproduce the skeleton (from the same source) obtained using the standard

3×3 structuring elements. The skeleton is represented by the black nodes in the figure.

The skeleton represented by the MIDS of the image is given in Figure 6.33, with the

MIDS nodes shown in black.

The MIDS Skeleton is an interesting alternative to the skeletons based on distance

transforms, Medial Axis transform and others. The other skeletons generally tend

to capture the centrality of the object while the MIDS Skeleton is more uniformly

distributed. The potential advantage of the MIDS Skeleton is that it may be possible

to reconstruct the original graph with relatively fewer operations as the independence

property ensures that any node is reconstructed from only one dominating node (i.e.,

from the skeleton). Further, from the examples shown, it appears that the size of the

MIDS Skeleton is comparable to the other skeletons.

6.6.2 Hierarchical Clustering using Dominating Sets

We present a hierarchical clustering scheme which uses an overlay of dominating sets

and illustrate the scheme with a couple of examples. The algorithm is given in algo-

rithmic format in Algorithm 18 and is as follows:

1. Repeat the following on the given graph X until MIDS constructed has only one

node or there are only disconnected components.

(a) Using the 4-node structuring element in Fig.6.36(b) at each node y, com-

pute ǫ•By
(X×). Add the node y, if it satisfies the erosion property, to the
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Figure 6.32: Example Image [38] used

to illustrate construction of a skeleton

using ultimate erosion with structuring

elements. The skeleton nodes are in

black.

Figure 6.33: Skeleton of the image

with the MIDS nodes (in black) repre-

senting the skeleton of the image.

Figure 6.34: Skeleton of the image

with the optimal approximation MDS

algorithm. Nodes in black are the MDS

nodes representing the skeleton of the

image.

dominating set Y •. Calculate the residual graph ψBy(X). Repeat this step

until there are no nodes that are part of the eroded set using this structuring

element.

(b) Repeat Step 1a using the structuring elements of Fig. 6.36(c) and 6.36(d)

on the residual graph obtained at the end of step 1a. Note that these two

structuring elements are applied in parallel to the residual graph of step 1a

and not in sequence. Any isolated nodes left at the end of applying each
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6.6 Applications of Dominating Sets to Image Analysis

structuring element are also added to the dominating set.

(c) We, now, construct the overlay graph, X, of the dominating nodes. For this,

we add an edge eu,v between dominating nodes u and v, if they or their

dominated nodes are adjacent to each other along the grid.

Algorithm 18: Hierarchical Clustering(X = X•,X×)

D := φ

while (|D| 6= 1) and (|X×| 6= 0) do

Y := X

while (z := ǫ•By
(Y ×)) 6= φ do

D := D ∪ z where B is the 4-node structuring element in Fig.6.36(b).

Y := ψBy(Y )

end while

Y
′
:= Y

while (z := ǫ•By
(Y

′×

)) 6= φ do

D := D ∪ z where By is the 2-node structuring element in Fig.6.36(c)

Y
′
:= ψBy(Y

′
)

end while

D := D ∪ Y ′•

Y
′
:= Y

while (z := ǫ•By
(Y

′×

)) 6= φ do

D := D ∪ z where Bx is the 2-node structuring element in Fig.6.36(d)

Y
′
:= ψBy(Y

′
)

end while

D := D ∪ Y ′•

X := Construct Overlay Graph(X,D)

end while

return D

An example image is given in Fig. 6.35(a). The dominating nodes of the graph

representing this image, after the first iteration, are shown in the darker shade. The

overlay graph induced by the dominating nodes is shown in Fig. 6.35(b). The dominat-

ing set of this graph is shown in a lighter shade. The overlay graph of the dominating

nodes of Fig.6.35(b) is shown in Fig.6.35(c). Finally, only the top node of the graph in

Fig.6.35(c) is the dominating node and the clustering algorithm halts. As the MIDS at
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6. MORPHOLOGICAL ALGORITHMS FOR DOMINATING SETS
WITH APPLICATIONS TO IMAGE ANALYSIS

(a) (b) (c)

Figure 6.35: An example of an image

which results in a single cluster after

three iterations of clustering on over-

lays of dominating sets. Iteration 1 is

shown in (a), iteration 2 in (b) and it-

eration 3 in (c).

(a)

(b)

(c)

(d)

Figure 6.36: Hierarchical clustering

of the image shown in Fig. 6.30. We get

two clusters shown in different shades

in (a). The 4-node SE is shown in (b),

the 2-node SEs are shown in (c) and

(d).

the last overlay has only one node, it implies that the entire graph is a single cluster.

Another example is shown in Fig. 6.36 which shows the clusters formed for the image

in Fig.6.30 using this algorithm. In this case, there are two disjoint dominating nodes

after four iterations leading to two clusters in the given image. These are represented

by different shades for the two clusters.

It may be seen that the MIDS clustering algorithm requires neither the number

of clusters nor seed points as input. It starts by operating on 1-hop nodes and then

proceeds to more and more distant nodes as it travels up the overlay graphs. In this

sense, it is analogous to the algorithms that use a distance threshold for clustering.

6.7 Summary

We extended the dilation and erosion operators defined on graphs in [22] to use struc-

turing elements. Using the ordered set of structuring elements, we have designed al-

gorithms to compute Minimum Dominating Set (MDS) and Minimum Independent

Dominating Set (MIDS). We find that the cardinality returned by our algorithms is

similar to the best heuristics in the literature. Our distance transform algorithm using

graph morphological operators returns similar results to those defined using morpholog-

ical operators on point sets. We also proposed the application of dominating set as the
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6.7 Summary

skeleton of images and show that they provide a sufficiently interesting alternative to

the methods proposed in literature. We propose a novel hierarchical clustering scheme

using an overlay graph of dominating sets for clustering of images. While dominat-

ing sets have been used for clustering in many domains, this is the first time, to our

knowledge, it has been applied to clustering of images. In future, we plan to explore

the use of dominating sets in other aspects of image analysis. We also wish to define

granulometries for more intuitive approaches to hierarchical clustering.
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Chapter 7

Conclusions and Future Work

“Tut, tut, child!” said the Duchess, “Everything’s got a moral, if only you can find it.”

Alice’s Adventures in Wonderland, Lewis Carroll

Dominating sets find many uses in diverse domains such as wireless networks, in-

formation retrieval, optical networks, query selection in databases, facility location and

so on. Minimizing the dominating sets leads directly to savings in terms of energy

dissipation in wireless networks, cost savings in optical networks, search efficiency in

information retrieval etc.. Algorithms that result in better minimization of dominating

sets can be used for such applications with great effect. Our empirical study of exact

algorithms, PTAS and heuristics for MIDS showed that while PTAS is of theoretical in-

terest, it is not practical for large graphs or high density graphs. Further, we found that

most of the approximation algorithms proposed are limited to bounded independence

graphs such as UDGs or have other limitations.

Metaheuristic algorithms have been proven to be a good alternative for practical

solutions to many NP-hard problems. In this thesis, we proposed metaheuristic al-

gorithms for the dominating set problems and showed that these algorithms result in

superior solutions compared to the heuristics. For MDS particularly, the metaheuris-

tics give better solutions than the optimal approximation algorithm, making them the

algorithm of choice when minimization of cardinality is crucial.

We also provide completely novel algorithms for dominating sets using graph mor-

phological operators. This is the first time that these operators have been applied to

standard graph theoretic problems such as the computation of MIDS and MDS. We

also proposed a new application of dominating sets by using them for image analysis.

156



7.1 Empirical Study of MIDS Algorithms

We have shown that dominating sets present a sufficiently interesting alternative to

represent the skeleton of the image. We present a novel hierarchical clustering scheme

using an overlay graph of dominating nodes and illustrate its use in clustering of images.

The rest of the sections of this chapter elaborate on these conclusions. The final

section indicates the future directions of research derived from our work.

7.1 Empirical Study of MIDS Algorithms

We performed an empirical study of two exact algorithms for MIDS, viz., the algorithm

due to Liu and Song [64] and an intelligent enumeration algorithm. We find that

while the former has better asymptotic complexity, the latter takes less time for small

graphs. PTAS algorithms for various dominating sets use exact algorithms on local

neighborhood of nodes. In such cases, we conclude that it is better to use intelligent

enumeration.

We compared the cardinality of the only PTAS for MIDS [56] with that returned

by the heuristics for UDGs and Grid Graphs. We find that the PTAS returns, at best,

the cardinality returned by the maximum degree and 3HD heuristics. This comes at

the cost of high computational time for small graphs or low density graphs. For high

density and large graphs, it is not practical, as it uses an exact algorithm for local

optimal MIDS computation.

The 3HD heuristic is the best for Grid Graphs as choosing the maximum degree

node leaves many isolated nodes in grid graphs. The maximum degree heuristic is the

best for all other types of graphs studied.

7.2 Metaheuristic Algorithms for Dominating Sets

The conclusions we draw from our metaheuristic algorithms for the Minimum Domi-

nating Set, Minimum Weight Dominating Set and Minimum Capacitated Dominating

Set problems are as follows:

1. The Hybrid Genetic and Hybrid Ant-Colony Optimization Algorithms that we

proposed perform similarly for the problems we studied. Either of them can

be used for computing dominating sets. The ACO algorithms, however, take less

time to arrive at the same solution as the hybrid genetic algorithm in many cases.
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2. The local-search component, i.e., the heuristic designed for the minimization of

cardinality of the solution constructed by basic metaheuristic algorithms, is cru-

cial for the performance of these metaheuristic algorithms.

3. For the ACO algorithm, using a combination of pheromone and heuristic compo-

nents to determine the probability of selecting the next node adds to the compu-

tational cost but does not help in reducing cardinality. Thus, we conclude that for

these problems, a simple state-transition rule that uses only the pheromone de-

posit on the nodes, in combination with the local search, is sufficient for reducing

cardinality.

4. Use of a pre-processing step in the ACO algorithms does not improve cardinality

in MWDS whereas, in CAPMDS, this step is essential to reduce cardinality for

some instances. We conclude from our experimentation, that a pre-processing step

is only useful when, because of constraints, metaheuristics are not able to reach

some parts of search space which, the greedy heuristic, used in preprocessing, is

able to reach.

5. The heuristics we worked with are all superior to the metaheuristic algorithms

proposed earlier in the literature. Our proposed metaheuristic algorithms are

superior to the heuristics without exception. However, for some instances in

CAPMDS, we believe that an improvement of the coverage algorithm will reduce

cardinality even further.

7.3 Morphological Algorithms for Dominating Sets

We extended the graph morphological operators to use structuring elements. We used

these operators to construct algorithms for MIDS and MDS. We applied the extended

operators and the dominating sets to image analysis problems such as distance trans-

form and skeleton. We have proposed a novel hierarchical clustering scheme that uses

an overlay graph of dominating nodes.

We can conclude the following from our algorithms:

1. The cardinality returned by the MIDS algorithm is as good as the maximum

degree heuristic, and slightly worse than the 3HD heuristic, which is the best for
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grid graphs. The cardinality returned by the MDS algorithm is worse by about

8% than the optimal approximation algorithm for MDS.

2. The time taken by the morphological algorithms is worse than the heuristics as

it involves more operations.

3. The distance transform computed using ultimate erosion with the ǫ•B operator,

where B is the 4-edge structuring element of Fig. 6.3(a), gives equivalent results

as that using point sets.

4. We use the dominating set to represent the skeleton of the image. By associating

the structuring element that resulted in the node being part of the dominating

set, we will be able to reconstruct the original image. This has the advantage of

reconstruction with fewer operations as each pixel is reconstructed exactly once

in MIDS.

5. The hierarchical clustering scheme gives intuitive results with the sample images

tested.

7.4 Future Work

The following constitutes the future work of this thesis:

Improvement of Coverage Algorithm in CAPMDS: As seen in Sections 5.4.3

and 5.4.4, the improvement achieved by metaheuristics over the heuristics for CAPMDS

drop down to 3-5% from 15-20% for high degree of connectivity. We believe that, in

these cases, the choice of which neighbors are dominated by a dominating node has an

effect on the cardinality of CAPMDS. We propose that pheromone can be added on

the edges also, i.e., a multi-pheromone solution to the problem. Whenever a node is

selected, we update the pheromone on it as well as the pheromone on the edges that

connect it to the neighbors which are dominated by it. If a certain subset of neighbors

leads to a better minimization of cardinality, the edges to these neighbors will have a

higher pheromone and so these neighbors will be chosen more often in future. Further,

we can improve the pre-processing step by generating more solutions and choosing

those which have the best cardinality. The pre-processing will also update the edge
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pheromone that will lead to certain neighbors being preferred from the beginning of

the actual ACO algorithm. We can combine the edge pheromone concept with the

hybrid genetic algorithm also.

Improvement of Morphological MIDS and MDS Algorithms: In Section 6.3.2,

we identified the limitations of the morphological algorithm for MDS. It is possible

that this algorithm can be improved using conditional dilation. We will need to define

conditional dilation with respect to graphs and then apply it to the MDS algorithm.

The running times of these algorithms can also be improved upon by an efficient im-

plementation. Efficient implementation of morphological algorithms is a thrust area

of research in morphology. Morphological algorithms are highly amenable to parallel

implementation and this will also be explored in the future.

Reconstruction of Original Image using MIDS Skeleton: As identified in Sec-

tion 6.6.1, the MIDS can be used to represent the skeleton of the image. We identified a

potential advantage of the MIDS skeleton as the reconstruction of the original image in

fewer operations. This requires storing additional state information with each dominat-

ing node such as the SE, the erosion with which, added the node to the dominating set.

Then, the reconstruction algorithm has to be developed to use this state information.

This needs to be compared against other reconstruction algorithms in terms of fidelity

achieved and the time takne on different image data sets. If found to be better in space

and time complexity, this can be used for image compression also.

Hierarchical Clustering Algorithm for General Graphs: The hierarchical clus-

tering algorithm proposed for images can be extended to general graphs. In grid graphs,

we had the restriction that the dominating and/or dominated nodes had to be neigh-

bors along the grid. Hence, we needed to use specialized structuring elements for the

clustering.

The hierarchical clustering algorithms for general graphs is as follows.

1. Given the graph G = (V,E), we compute the MDS, D, of the graph.

2. Construct overlay graph G
′
as follows:

(a) All the dominating nodes are vertices in the overlay graph.
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(b) Add an edge between two dominating nodes u, v if:

• the dominating nodes u and v are neighbors

• if a dominating node is a neighbor of a dominated node of the other

• if the dominated nodes of u and v are neighbors of each other

3. Repeat step 1 with G
′
as G until fixed number of iterations or | D |= 1 or G

′
is

a disconnected graph.

The MDS can be computed using either the optimal approximation algorithm or

our proposed metaheuristics. For example, if the given original graph is large, running

the optimal approximation algorithm will be fast. Once the size of the nodes in the

overlay graph has become manageable, we can apply the metaheuristics to reduce the

cardinality of the MDS obtained.

We plan to apply this algorithm to Document Clustering and Chemoinformatics

data. It can also be used in consensus clustering as one of the clustering schemes.
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