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Abstract

Over the last few decades, combinatorial optimization problems have been

attracting massive attention from the research community due to their prac-

tical and theoretical importance. Most of combinatorial optimization prob-

lems are NP-Hard. NP-Hardness of a problem means that the execution

time of any known exact algorithm for the problem will grow exponen-

tially with the size of problem instance and no polynomial time algorithm

is known even to verify the optimality of a proposed solution. Under these

circumstances, one has to abandon the search for provably optimal solutions

and look towards other methods such as heuristics and metaheuristics which

can find high quality solutions in a reasonable amount of time. This thesis

is focused primarily on solving some NP-Hard combinatorial optimization

problems using two metaheuristics techniques – artificial bee colony (ABC)

algorithm and ant colony optimization (ACO) algorithm – which belong

to the broad class of swarm intelligence techniques. Both techniques are

inspired by intelligent foraging behavior of social insects, i.e., honey bees

in case of ABC algorithm and ants in case of ACO algorithm. ABC al-

gorithm, which was originally designed for optimization in continuous do-

mains, is under-explored in case of combinatorial optimization problems,

whereas ACO algorithm is one among most successful techniques for solv-

ing combinatorial optimization problems.

In this thesis, we have considered 8 problems which are as follows: min-

imum routing cost spanning tree problem, quadratic minimum spanning

tree problem, set covering problem, dominating tree problem, two bounded-

degree spanning tree problems, early/tardy scheduling problem and block-

model problem. Out of these 8 problems, first 6 problems are subset se-

lection problems, next problem is a permutation problem, whereas the last



one is a grouping problem. Apart from being theoretically challenging, these

problems have many practical applications in diverse fields such as networks,

computational biology, transportation, scheduling, production, social net-

work analysis etc. We have developed ABC algorithm based approaches for

all the aforementioned problems except two bounded-degree spanning tree

problems. We have also developed ACO approaches for dominating tree

problem and two bounded-degree spanning tree problems. Computational

results show the effectiveness of our proposed approaches. Ideas presented

in this thesis can be applied to a wide range of problems.
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Chapter 1

Introduction

Since time immemorial, Nature has offered itself as a matrix of infinite mysteries for

observers, especially with regard to its elements and their functions. Researchers have

always looked up to Nature as an inexhaustible source of inspiration that allows them to

understand its elements, a perspective that has afforded them various models through

which one can seek to solve many complex problems of the real world. It goes without

saying that to a certain extent researchers have been successful in addressing and an-

swering some of these problems. To take an example, the foraging behaviors of swarms

such as honey bees and ants have inspired researchers to develop swarm intelligence

techniques for the solution of combinatorial optimization problems.

Combinatorial optimization problems, over the last few decades, have been attract-

ing massive attention from the research community owing to the practical and theo-

retical importance they entail. A combinatorial optimization problem, having discrete

and finite nature, seeks an optimal solution among its large, nevertheless, finite set of

feasible solutions. Characteristics of such problems lie in their combinatorial structures

and computational aspects. The beauty of such problems and their results is easy to

state and explain. In spite of these characteristics, the most intriguing part of many

such problems lies in their inherent combinatorial explosion properties. This explosion

property describes an explosive growth of the number of possible feasible solutions to

such a problem with the increase in the size of instance. Because of this inherent prop-

erty, it has been observed in many combinatorial optimization problems that searching

an optimal solution to such a problem, in practice, is really hard.
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Existing literature on combinatorial optimization reveals the fact that combina-

torial optimization might not be a very old discipline but its trajectories cannot be

traced to the point of provenance. The elementary combinatorial concepts related to

manipulating finite discrete objects have been known to the world since time immemo-

rial. A problem of finding a shortest path from source to destination, problems arising

from practical experiences such as traveling salesman problem, which crops up while

finding a shortest route through a given set of cities for a salesman that starts from

salesman’s home city and visits each city exactly once and then back to his home

city, are some of the well-known combinatorial optimization problems. Earlier, these

problems were considered in isolation and ad hoc solutions were offered in particular

mathematical context. There was an age when many disciplines of Mathematics were

used for the purposes of generality and abstraction. However, nowadays, there is a lot

of appreciation for and emphasis on problems that are practical, concrete and complex.

The first scientific breakthrough took place in 1735 when Euler’s paper on the Seven

Bridges of Königsberg was published. It is considered to be the first scientific paper

that laid the foundation of graph theory which eventually helped in pushing combina-

torial optimization to the capacity of an independent discipline of Mathematics. The

contributions of Kantorovich [5] and Dantzig [6] to the development of mathematical

linear programming further gave the required impetus to combinatorial optimization.

Since the mid-20th century, evolution and continuous improvement in computers

have done, more often than not, a great deal to reduce the effort that is required on part

of the researchers to solve these computational problems. Towards the late 1960s, it

was observed that while many combinatorial optimization problems, such as minimum

spanning tree problem, were solvable in polynomial time, a wide range of other com-

binatorial optimization problems still continue to escape solutions in polynomial time.

Problems that could not be solved in polynomial time are intriguing in nature and pose

inherent difficulties to any approach attempting to solve them. The main difficulty with

such a problem is that the number of possible solutions grows exponentially as the size

of its instance increases and there is no definitive approach to obtain an optimal solu-

tion in polynomial time. Such problems are widely recognized as difficult to solve, and

the number of such complex problems, like those arising in networks due to the advent

of computers, is increasing day-by-day in real world. Researchers find themselves in

a confounding situation in the wake of such problems. Solving such difficult problems
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remains a formidable challenge for researchers even after the enormous advancement

in computing technology.

1.1 Combinatorial Optimization

Combinatorial optimization - a subfield of optimization - is concerned with finding an

optimal solution to problems which are of combinatorial nature, i.e., problems having

a large, but finite set of feasible solutions. Such problems are called combinatorial

optimization problems and they involve both maximization and minimization problems.

Each problem, having computational aspects, consists of an infinite set of instances.

Typically, a problem refers to an abstract question to be answered and an instance of

a particular problem refers to an input for this problem. Such problem can be regarded

as an infinite set of instances together with a solution for each and every instance. For

example, the task in traveling salesman problem is to find a minimum cost Hamiltonian

circuit in a connected and weighted graph, while a particular instance as an input for

this problem is a specified number of vertices and specified edge weights.

A formal definition of a combinatorial optimization problem is as follows: a combi-

natorial optimization problem Π, on a given instance, is a triple (S,Ω, f) where

• S is the set of feasible solutions,

• Ω is the set of constraints, and

• f is the objective function which assigns a value f(s) to each feasible solution

s ∈ S.

The objective of Π is to find an optimal solution s∗ ∈ S. The term feasible solution

refers to a solution that satisfies all the constraints in Ω. In Π, variables, which take part

in constructing solutions, are discrete quantities whose values are used in optimizing

an objective function. Note that an optimal feasible solution to a particular problem

may not be unique for a given instance to that problem, and any minimization problem

can be transformed into a maximization problem simply by changing the sign of the

objective function, and vice versa.

There is no denying that combinatorial optimization problems have been drawing

a tremendous amount of research, as these problems, arising in network, scheduling,
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production, planning, transportation, and so on, are of practical and theoretical im-

portance and occur in various walks of life.

The combinatorial optimization problems can be broadly divided into following

three classes:

1. Subset selection problems: The objective of these types of problems is to select

a subset of items from a set of items under certain constraints in such a way

that optimizes a given cost function. Knapsack problem, maximum clique prob-

lem, minimum spanning tree problem are common examples of subset selection

problems.

2. Permutation problems: The objective of these types of problems is to arrange

a given set of items in a particular order which optimizes a given cost function

without violating any constraint. Traveling salesman problem, single processor

scheduling are common examples of permutation problems.

3. Grouping problems: The objective of these types of problems is to find an optimal

assignment of objects according to a given cost function into different groups

subject to some constraint. Bin packing problem, graph coloring problem are

common examples of grouping problems.

These classes are not disjoint, i.e., there exist problems which possess characteristics

of more than one class. For example, consider multiple traveling salesman problem

(MTSP) which is an extension of traveling salesman problem. Given m > 1 salesmen

and n > m cities to visit, MTSP seeks a partition of cities into m groups as well as an

ordering among cities in each group so that each group of cities is visited by exactly

one salesman in their specified order in such a way that each city is visited exactly once

and sum of total distance traveled by all the salesmen is minimized. Clearly, MTSP

involves aspects of grouping as well as permutation problem.

As already mentioned, only some combinatorial optimization problems can be opti-

mally solved in polynomial time. On the other hand, most combinatorial optimization

problems are NP-Hard. NP-Hardness of a problem means that the execution time of

any known exact algorithm for the problem will grow exponentially with the size of

problem instance and no polynomial time algorithm is known even to verify the opti-

mality of a proposed solution. Hence, exact algorithms cannot be used for solving every
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arbitrary instance of arbitrary size of a NP-Hard problem and their use is restricted

to solving only instances of small size. Here, it is pertinent to mention that we may

find an exact algorithm fast enough to produce the solution in a reasonable amount

of time for arbitrary sized instance of a specific type. For example, several NP-Hard

graph problems, such as maximum clique problem, are known to be solvable in poly-

nomial time on planar graphs. However, in many real world problems, the nature and

the size of the instances make the use of exact algorithms impractical. Under these

circumstances, one has to abandon the search for provably optimal solutions and look

towards those methods which can find high quality solutions in a reasonable amount

of time. Approximate algorithms [7] is the umbrella term for such methods.

1.2 Approximate Algorithms

Approximate algorithms, though do not provide guarantee of returning an optimal

solution, are nevertheless good enough in most of the cases to return near-optimal

solutions. These algorithms usually take polynomial time. It is to be noted that the

solutions obtained by these algorithms are near to the optimal solution in terms of cost

function, but may be far away from the optimal solution in the search space. Generally,

the search space in NP-Hard problems is rugged and consists of a large number of locally

optimal solutions, many of which are of quality comparable to the optimal solutions.

Approximate algorithms can be broadly divided into following three categories:

• Heuristic simply refers to rules originated from an intelligent guesswork based on

the structure of a particular problem under consideration. It usually incorporates

problem-specific knowledge of the problem under consideration. Heuristic gen-

erally finds a good solution quickly, but there is no proof that the solutions can

never be arbitrarily bad.

• Metaheuristic is a set of algorithmic concepts that can be used to define heuristic

methods for a wide range of problems. In other words, metaheuristic can be seen

as a general algorithmic framework which can be adapted to different optimiza-

tion problems without much modifications [7]. However, many metaheuristics

require that the problem be represented in a form which is suitable for their ap-

plications. Some prominent examples of metaheuristics are genetic algorithms
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[8, 9], simulated annealing [10, 11], ant colony optimization [7, 12], artificial bee

colony algorithm [13], tabu search [14, 15] etc.

• Approximation algorithm is a heuristic with proven solution quality. By proven

solution quality, we mean that solution returned by an approximation algorithm

is guaranteed to be always within a certain factor of optimal solution.

It is to be noted that many combinatorial optimization problems are so hard that

it is impossible to obtain good polynomial time approximation algorithms for them. In

these situations, heuristics and metaheuristics are the only available options. In many

such cases, a hybrid approach, where a metaheuristic is combined with a problem-

specific heuristic, is used to obtain a good approximate solution. This thesis is par-

ticularly concerned with two metaheuristics - artificial bee colony algorithm and ant

colony optimization - which fall under the broad class of techniques based on swarm

intelligence.

1.3 Swarm Intelligence

Swarm intelligence inspired metaheuristic techniques have become an active area of

research in the field of optimization over the last two decades. These techniques are

based on modeling the behavior of the self-organizing individuals showing collective

intelligence. Swarm refers to a collection of natural agents, such as honey bees and

ants, or artificial agents that perform collective behavior. All agents perform stochastic

behavior in order to interact locally with one another and with their environment. They

follow simple local rules without any relation to the global pattern in parallel (all agents

perform tasks simultaneously) and distributed (no centralized control) manner that

exploit only local information that the individual agents exchange. Interactions between

such self-organized agents lead to the emergence of intelligent global behavior unknown

to the individual agents. Such a collective intelligence is termed swarm intelligence.

Beni and Wang [16] coined the term swarm intelligence in the context of cellular robotic

systems.

Self-organization and division of labor are the important characteristics of swarm in

Nature. Self-organization is a characteristic of a coherent global behavior that emerges

from the local interaction of the agents of a swarm system. Bonabeau et al. [17]

explained self-organization through four characteristics:
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1. Positive feedback promotes the purposeful formation of structures composed of

many individual agents. Recruitment and reinforcement, which can be respec-

tively seen in dances in bees and pheromone trail laying and following in ants,

are the examples of positive feedback.

2. Negative feedback is required in order to avoid the saturation, such as food source

exhaustion during bee foraging, pheromone evaporation in ants. It counterbal-

ances positive feedback and helps to stabilize the collective pattern.

3. Fluctuations refer to random fluctuations in behavior of swarm individuals which

often helps in finding new solutions.

4. Opportunities for multiple interactions must exist in a swarm. Actually, in a

single interaction, exchange of information takes place between two or among at

most a few individuals. Therefore, multiple interactions are required to spread

the information globally.

Division of labor is another important characteristic of a swarm that helps in per-

forming a variety of tasks simultaneously by specialized agents. It can be seen clearly

in honey bees and ants.

1.3.1 The Behavior of Honey Bees

In Nature, the behavior of honey bees is one among the most widely studied social

organisms behaviors. They are social as they live in colonies and work together in

cooperation. They are industrious (working to death) and selfless (producing honey

and dying to defend their hive). They are intelligent creatures. They are assumed to

be insightful enough to participate in collective decision making process when faced

with the problems of selecting new sites for nesting. They are equipped with eidetic

memories, navigation systems and so many things. They show division of labor as

they specialize in multiple tasks, such as storing, retrieving and distributing honey,

communication and foraging, and so on to fulfill their needs simultaneously.

At the centre of all activities in the hive, it is the queen who is the only egg-

laying female. The queen is bound to lay eggs, as she lays around 2000 eggs a day.

She produces fertilized and unfertilized eggs. Workers are female bees produced from

fertilized eggs, whereas drones are male bees produced from unfertilized eggs. The

7



1. INTRODUCTION

queen stops laying eggs when the size of the colony becomes large. An egg becomes

an adult bee after going through several phases, such as larva and pupate. The queen

usually mates only once in her life. She goes on mating flight, away from the hive

and mates with many drones before returning back to the hive. She remains fertile for

two or more years by the sperm she collects during mating flight. When sperm are

exhausted, she begins to produce unfertilized eggs, and then one of her daughters is

selected (by worker bees) as a queen who succeeds her in the function of laying eggs.

Worker bees help in developing a new queen bee by feeding her royal jelly exclusively.

In order to decide a new nest site, the queen bee with a large group of worker bees move

to the new nest site scouted by worker bees beforehand. Information about new sites

of nesting already explored by scout bees is communicated to each other by dancing.

The intensity of dance, which is proportional to the quality of nest site, attracts more

scout bees that helps in making group decision during selection of the most suitable

new nest site [18].

In a typical hive of 30,000 bees, only about hundreds of bees are males called drones.

They mate with the queen bee, and then they die. These drones are responsible for

fertilizing the queen.

Worker bees are female bees who literally work themselves to death. Worker bees

live for 4-9 months during winter, but only 6 weeks during summer. They build wax

honeycomb cells for the colony in which the queen lays eggs, and honey is stored.

They feed the larvae, drones, and the queen. They maintain the hive neat and clean,

ventilate the hive, guard the hive from intruders among other things. When a worker

bee is 3 weeks old, she becomes a forager and spends the rest of her life in collecting

nectar which is regarded to as the most important task in the hive. [19, 20, 21] have

investigated the foraging behavior of the individual bee. A worker bee flies up to 3

miles away from her hive in search of food sources and amazingly returns to the same

hive with the help of her spatial memory [22]. After discovering a food source, i.e., a

flower, she stores the nectar in her honey stomach. Honey making process starts with

the secretion of an enzyme on the nectar in her honey stomach. When she returns

to the hive, she unloads the nectar to empty honeycomb cells. After unloading the

nectar, she recruits other worker bees through most amusing form of communication -

a dance called waggle dance. She informs other worker bees about the richness of the

food source, its direction and distance from the hive through dancing. These pieces
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of information are encoded symbolically in movements and sounds that she produces

[23, 24].

A good survey on the behaviors of honey bee swarm can be found in [25].

1.3.2 Swarm Intelligence Techniques Based on the Behaviors of Honey

Bee Swarm

As described above, honey bee swarm exhibit a variety of intelligent behaviors such

as dance and communication, role of queen bee, mating flights, nest site selection,

navigation, task selection, foraging and so on that can be used as models for intelligent

systems to solve complex problems [25]. A series of approaches based on these behaviors

has been developed. For example, approaches based on simulating the role of queen bee

are addressed in [26, 27, 28, 29, 30, 31]; frameworks based on dance and communication

of honey bees are introduced in [32, 33, 34, 35, 36]; frameworks based on task allocation

of honey bee foragers are modeled in [37, 38, 39, 40]; the works on the principles of

collective decisions and nest site selection of honey bees are presented in [41, 42, 43]; the

works on simulating the behaviors of mating, marriage and reproduction are addressed

in [44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54]; a study about floral constancy is addressed

in [55]; necrophoric bee behavior in a robot swarm by pheromone communication is

introduced in [56]; paradigms based on the navigation behavior of bees are proposed

in [57, 58, 59]; various models based on the intelligent foraging behavior of honey bee

swarm are introduced in [13, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74,

75, 76, 77, 78, 79], and so on.

A major portion of this thesis is devoted to artificial bee colony algorithm [13] which

is based on the the intelligent foraging behavior of honey bee swarm.

1.3.3 Overview of Artificial Bee Colony Algorithm

Artificial bee colony (ABC) algorithm is a population-based new metaheuristic tech-

nique motivated by the intelligent foraging behavior of honey bee swarm. Usually, the

foraging bees are divided into three classes – employed, onlookers and scouts. “Em-

ployed” bees are those bees that are presently exploiting the food sources. Employed

bees are responsible for bringing loads of nectar from the food sources to the hive and

sharing the information about the food sources with onlooker bees. “Onlookers” are

those bees that are waiting in the hive for the information to be shared by the employed
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bees about their food sources and “scouts” are those bees that are presently searching

new food sources in the vicinity of the hive. Employed bees share information about

the food sources by dancing in a common area in the hive called dance area. The nature

and duration of a dance depends on the nectar content of the food source currently

being exploited by the dancing bee. Onlooker bees observe numerous dances before

choosing a food source. The onlookers have a tendency to choose a food source with

a probability proportional to the nectar content of that food source. Therefore, good

food sources attract more onlookers than the bad ones. Whenever a bee, whether it is

scout or onlooker, finds a food source it becomes employed. Whenever a food source is

completely exhausted, all the employed bees associated with it leave, and again become

scouts or onlookers. So in a way, scout bees can be perceived as performing the job of

exploration, whereas employed bees and onlooker bees can be perceived as performing

the job of exploitation. This foraging behavior of honey bee swarm can be illustrated

through Figure 1.1, where employed bee, onlooker bee and scout bee are denoted by

E, O and S respectively, while F represents a food source. In this figure, a dancing

employed bee is marked by a solid red point and those onlooker bees who are watching

the dance are marked by solid black points.

Inspired by this foraging behavior of honey bee swarm, Karaboga [13] introduced

the ABC algorithm which has been extended further by [80, 81, 82, 83, 84, 85, 86,

87, 88, 89, 90]. Like real bees, in ABC algorithm, artificial bees are also classified into

scout, employed and onlooker bees with similar functions. In ABC algorithm, each food

source represents a possible solution to the problem being investigated and the nectar

content of a food source corresponds to the fitness of the solution being represented

by that food source. ABC algorithm assumes that there is only one employed bee for

every food source, i.e., the number of employed bees is same as the number of food

sources. Usually, the number of onlooker bees is also taken to be equal to the number of

employed bees. The employed bee of an exhausted food source becomes a scout and as

soon as it finds a new food source it again becomes employed. The action of a scout bee

is simulated by generating a new food source (solution) randomly and associating the

scout bee in consideration with this newly generated food source to make it employed

again. We will use food source and solution interchangeably throughout this thesis in

the context of ABC algorithm.
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Figure 1.1: Foraging behavior of honey bee swarm

ABC algorithm follows an iterative process. It begins by generating a certain num-

ber of food sources randomly and associating each of these food sources with an em-

ployed bee. Then at each iteration, each employed bee determines a new food source

in the neighborhood of its currently associated food source and evaluates its nectar

content (fitness). If the nectar content of this new food source is higher than that of

its currently associated food source, this employed bee associates itself with this new

food source abandoning the old one, otherwise it continues with the old one. The ac-

tual process of determining a new food source in the neighborhood of a particular food

source depends on the problem under consideration. This phase, where every employed
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bee determines a neighboring food source, can be termed as employed bee phase. Once

this phase is over, onlooker bee phase begins.

At the beginning of onlooker bee phase, each onlooker bee selects a food source using

some probabilistic selection criterion. Usually, the selection criterion prefers good food

sources over bad ones so that more onlooker bees will be assigned to good food sources

which in turn results in more exploration in the vicinity of these food sources. After

all onlookers have selected their food sources, each of them determines a food source

in the neighborhood of their selected food source in a manner similar to employed bee

phase and computes its fitness. Among all the neighboring food sources determined by

the onlooker bees associated with a particular food source i and the food source i itself,

the best food source is determined. This best food source becomes the new location

for the food source i in the next iteration. Once the new locations of all food sources

are determined, the onlooker bee phase ends and the next iteration of ABC algorithm

begins. The whole process is repeated until the termination condition is satisfied.

Hence, each iteration of ABC algorithm consists of two phases viz. employed bee phase

and onlooker bee phase. If a solution corresponding to a particular food source does

not improve for a predetermined number of iterations limit, then that food source is

assumed to be exhausted and its associated employed bee abandons it to become a

scout. A new food source is randomly generated to handle this scout. This scout bee is

associated with the newly generated food source and its status is again changed from

scout to employed. Note that the parameter limit is an important control parameter

of ABC algorithm, as it is responsible for maintaining the delicate balance between

exploration and exploitation. A small value of limit parameter favors exploration over

exploitation, whereas reverse is true for large value.

In essence, ABC algorithm is based on the fact that in the neighborhood of a

good solution, chances of finding even better solutions are high. That is why, more

onlookers are deputed for good solutions so that their neighborhood can be explored

more thoroughly in comparison to worse solutions. Though in the employed bee phase,

every solution is given a chance to improve itself, the onlooker bee phase is biased

towards good solutions which get more chances to improve themselves. However, if a

solution is locally optimal with respect to the whole neighborhood then it cannot be

improved. Therefore, any attempt to improve it is futile. This is where the concept of

scout bee comes to our rescue. As it is computationally expensive to determine whether
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a solution is locally optimal or not, ABC algorithm assumes that if a solution does

not improve for certain number of iterations, then it is locally optimal and therefore,

replaces this solution with a randomly generated solution.

The actual process for determination of a food source in the neighborhood of

a particular food source depends on the nature of the problem under investigation.

Karaboga’s original ABC algorithm was proposed for continuous optimization. In this

model, the food source in the neighborhood of a particular food source is determined by

altering the value of one randomly chosen solution parameter and keeping other param-

eters unchanged. This is done by adding to the current value of the chosen parameter

the product of a uniform variate in [-1, 1] and the difference in values of this parameter

for this food source and some other randomly chosen food source. This method cannot

be applied for combinatorial optimization problems for which it produces at best a

random effect.

In the domain of combinatorial optimization problems, Singh [85] was the first to

present a variant of ABC algorithm that is applicable for subset selection problems.

To generate a neighboring solution, in this method, an object is randomly removed

from the solution and in its place another object, which is not already present in the

solution, is inserted. The object to be inserted is selected from another randomly

chosen solution. If there are more than one candidate objects for insertion, then ties

are broken arbitrarily. This method is based on the idea that if an object is present

in one good solution, then it is highly likely that this object is present in many good

solutions. Another advantage of this method is that it helps in keeping a check on the

number of duplicate solutions. If, during the employed bee phase, the method fails

to find an object in the randomly chosen solution different from the objects in the

original solution, then that means that the two solutions are identical. Such a situation

was called collision and it is resolved by making the employed bee associated with the

original solution scout. This eliminates one duplicate solution. Therefore, here there is

another way through which a bee can become a scout. However, if, during the onlooker

bee phase, a collision happens while generating a neighboring solution for an onlooker

bee, then another solution is chosen randomly for selecting an object from it to insert

in the original solution. This process is repeated till the neighborhood procedure finds

a solution that is different from the original solution. Here, it is to be noted that in

case of a collision it is worthless to generate a random solution for an onlooker bee.
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The reason is that for survival this randomly generated solution has to compete with

the original solution as well as with the solution of all other onlooker bees which are

also associated with the same original solution. Hence, it is highly unlikely that such a

randomly generated solution survives.

Later, Pan et al. [86] proposed another variant of ABC algorithm which is suitable

for permutation problems. In this approach, generating a neighboring solution depends

on insert and swap operators. Moreover, this approach, in case of scout bee, always

generates a solution in the neighborhood of the best solution in the population instead

of generating a solution randomly.

For grouping problems, Sundar and Singh [87] introduced one more variant of ABC

algorithm which was the first extension of ABC algorithm for a grouping problem. This

method was applied for quadratic multiple knapsack problem that has a fixed number of

groups. In this approach, generating a neighboring solution depends on two procedures,

i.e., knapsack replacement and perturbation which are applied in a mutually exclusive

manner. knapsack replacement strategy tries to preserve grouping information as far

as possible, while perturbation strategy helps in providing diversity in the population

and also prevents the algorithm from converging prematurely.

The roulette wheel selection method [9] and the binary tournament selection method

[91] are the two most commonly used methods for selecting a food source for an onlooker

bee. In roulette wheel selection method, a candidate food source is selected randomly

from among all candidate food sources in such a way that the probability of selecting a

food source is proportional to its relative fitness in the population, i.e., the probability

pi of selecting a food source i is as follows:

pi = fi

N∑
j=1

fj

where fi is the fitness of the candidate solution represented by the food source i and

N is the total number of food sources. In the original ABC model, Karaboga [13]

suggested the use of this selection method.
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Algorithm 1: Pseudo-code of ABC Algorithm
Generate ne random solutions E1, E2, ..., Ene ;
best sol← best solution among E1, E2, ..., Ene ;
while (termination criteria is not satisfied) do

for (i← 1 to ne) do
E′ ← Generate Neighboring Solution(Ei);
if (E′ = ∅) then

Scout bee processing;

else if (E′ is better than Ei) then
Ei ← E′;

else if (Ei has not changed over last limit iterations) then
Scout bee processing;

if (Ei is better than best sol) then
best sol← Ei;

for (i← 1 to no) do
pi ← Select and Return Index(E1, E2, ..., Ene);
Oni ← Generate Neighboring Solution(Epi);
if (Oni = ∅) then

Apply a procedure, which depends on the problem under
consideration, for Oni;

if (Oni is better than best sol) then
best sol← Oni;

for (i← 1 to no) do
if (Oni is better than Epi) then

Epi ← Oni;

In binary tournament selection method, two different food sources are picked uni-

formly at random and the better of the two candidate food sources (according to their

fitness) is selected with fixed probability pbt, otherwise the worse of the two candidate

solutions is selected.

The pseudo-code of ABC algorithm is given in Algorithm 1, where ne and no are

respectively the number of employed and onlooker bees. Generate Neighboring Solution

(X) is a function that returns either a solution in the neighborhood of the solution X

or ∅, if it fails to find a neighboring solution. Exact implementation of this function

depends on the problem under consideration. If this function returns ∅ in the employed

bee phase, then the employed bee associated with the solution Ei becomes a scout and
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how this scout is dealt with depends on the problem under consideration. However,

if this function returns ∅ in the onlooker bee phase, then again a problem-specific

procedure is applied. Select and Return Index(X1, X2,. . . ,Xne) is another function

that selects a solution from solutions X1, X2,. . . ,Xne for an onlooker and returns the

index of the solution selected. Exact implementation of this function depends on the

selection policy used.

An excellent survey on the ABC algorithm can be found in [25].

1.3.4 The Behavior of Ants

In Nature, ants are also social insects as they live in colonies and their behavior for

the weal survival of the colony is collective rather than individualistic. They exhibit

division of labor. As a whole, the colony of ants presents a highly structured social

organization that helps in accomplishing complex tasks such as foraging and transport

which are beyond the capability of an individual ant. In all these tasks, ants coordinate

their tasks via stigmergy - a form of indirect communication mediated by modifications

of the environment.

The colony of ants is divided into three types of ants - queen, male and worker.

The queen does the job of laying eggs. The males are responsible for mating with the

queen, whereas female ants are workers. For the survival of the colony, workers perform

a variety of tasks such as foraging, defending, food preparing, attending to the safety

of the queen and nest construction among many other things [92].

Foraging, which is based on self-organization and division of labor, is one of the

most important and crucial tasks performed by the colony of worker ants (in short

ants) especially about the manner in which ants find the shortest path from their

nest to food source and vice versa. While walking from their nest to food sources

and vice versa, ants lay down on the ground a chemical substance called pheromone,

forming in this way, a pheromone trail which is used for stigmergetic communication.

Other ants are able to smell this pheromone, and its presence influences the choice of

their paths, i.e., ants choose probabilistically the paths marked by strong pheromone

concentrations. Pheromone is a volatile chemical substance and evaporates over time,

thereby decreasing the intensity of pheromone trails and favoring path exploration.

While searching for a path from the nest to the food source, ants tracing the shortest

path will return sooner, hence immediately after their return, the concentration of
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Figure 1.2: Foraging behavior of ants

pheromone will be more on this path influencing other ants to follow this path which

in turn leads to accumulation of more pheromones. After some time, this will result

in almost the whole colony of ants following the same path. Thus, pheromone trails

allow the ants to find the shortest paths between their nest and food source and the

formation of pheromone trails is the result of the cooperation among individuals of the

whole colony.

Foraging behavior of ants can be illustrated through Figure 1.2. Initially, there is no

pheromone on the path and ants walk stochastically without any bias for a particular

path between nest and food source and vice versa (see Figure 1.2 (a)). Due to stochastic

walk without any bias, it is expected that, on an average, half of the ants will pass

through the shortest path and half of the ants will pass through the longest path (see

Figure 1.2 (b)). Since ants lay down pheromone on the path while walking and ants

selecting the shortest paths are the first to reach the food and to start their return

to the nest, therefore, it results in a large amount of pheromone on this shortest path

compared to the largest path. It can be seen in Figure 1.2 (c) that the pheromone trail
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in the shortest path between nest and food source is in solid line while the longest path

in thin line. This large amount of pheromone starts influencing other ants to select the

shortest path again. After some time, almost the whole colony of ants converges to this

shortest path (see Figure 1.2 (c)).

Gross et al. [93] and Deneubourg et al. [94] thoroughly examined the pheromone

trail behavior of foraging ants with the help of double-bridge experiments. They have

concluded from their controlled experiments that pheromones on the ground, deposited

by foraging ants, are used for marking paths in search of a food source and foraging ants

are capable of finding the shortest path between their nest and food source through

indirect and mutual interaction aided by pheromone trails.

1.3.5 Overview of Ant Colony Optimization

Ant colony optimization (ACO) is a generic name given to a family of swarm intelligence

techniques based on the cooperative foraging behavior of real ants. The basic idea

behind these techniques is same. These techniques have been successfully applied to

solve many hard combinatorial optimization problems. The basic idea behind ACO is

to model the problem under consideration as a graph. The ACO algorithm iteratively

distributes a set of artificial ants (ants for short) on this graph to perform randomized

walks in search of high quality solutions. Generally, individual ants do not find high

quality solutions on their own. High quality solutions emerge from the cooperative

interaction among ants which are achieved by using and updating pheromone values

associated with components of the graph. The components can be vertices or edges or

both. What constitutes a component varies from problem to problem. The cooperative

interaction among ants through pheromones is governed by following two rules:

1. Probabilistic decision rule: In order to construct a solution, each ant follows an

incremental procedure. At each step of this incremental procedure, a component

is selected from among all candidate components using a probabilistic decision

rule and added to the solution. This rule is biased by pheromone values and

heuristic information values. Heuristic information value is known a priori. So

we can say that the pheromone value associated with a component is a measure of

dynamic or learned desirability of that component, whereas heuristic information

value is a measure of the static desirability of a component. The probabilistic
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decision rule favors the components with the higher pheromone and heuristic

values. Such components have higher probability of selection.

2. Pheromone Update Rule: Pheromone update rule changes the degree of pref-

erence of a component by changing its associated pheromone value, depending

on the quality of the solutions containing that component. Pheromone update

rule inserts both positive and negative feedback in ACO. Pheromone values on

those components, which are part of a solution constructed by an ant, are en-

hanced. This is done to encourage ants in future iterations to construct solutions

containing these components. So this is a positive feedback mechanism. While

pheromone evaporation, which can be considered as a negative feedback mecha-

nism, is used to prevent the search process from trapping in local optima. During

pheromone evaporation, pheromone values on some or all components are reduced

by a constant factor. Pheromone evaporation on components helps in forgetting

the bad choices made in the past, thereby facilitating a better exploration of the

search space.

Variations in these two rules lead to different ACO algorithms.

In short, ACO is an iterative, stochastic and incremental approach for finding high

quality solutions to combinatorial optimization problems. Initially, the pheromone

value on each component is set to some value. At each iteration, a colony of (artificial)

ants constructs solutions to a particular problem under consideration with the help

of pheromone model. Construction of a solution starts from an empty solution. At

each step, the selection of a component from all candidate components is done by

applying a probabilistic decision rule that makes use of pheromone trails and heuristic

information. When a component is selected, it is added to the current partial solution.

Once an ant has constructed a solution, the ant evaluates the solution that will be used

for pheromone update. In pheromone update, artificial pheromone trails are modified.

The pheromone trails value can either increase, as the ants lay down pheromones on

the components they use, or decrease due to pheromone evaporation.

Since the development of the first ACO algorithm called Ant System by Dorigo

and colleagues [12, 95, 96], many different ACO algorithms have been reported in the

literature, some of which are explained subsequently. For a comprehensive survey on

different ACO algorithms and their applications, see [7].
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1.3.5.1 Ant System

Ant System (AS) [12, 95, 96] was the first ACO algorithm. In AS, the pheromone value

on each component is initialized with a value slightly higher than the expected amount

of pheromone laid down by the ants in one iteration. The reason behind this policy is

that if the pheromone values are initialized with a low value, then the search becomes

biased by the first solutions constructed by the ants and as a result, the search space

cannot be explored fully. On the other hand, if the pheromone values are initialized

with a high value, then the biased search by ants will not start until enough pheromone

values are decreased by pheromone evaporation, thereby wasting many iterations.

All ants construct solutions in a concurrent and asynchronous manner. The roulette

wheel selection method is used as probabilistic decision rule in AS.

Once all ants have constructed their solutions, pheromone values are updated. First

pheromone evaporation is performed where pheromone values on all components are re-

duced by a constant factor. After pheromone evaporation, all ants augment pheromone

values associated with components present in the solution constructed by them. Com-

ponents that are selected by more than one ant receive more pheromone and therefore,

it is highly likely that these components will be selected by ants in future iterations of

the algorithm.

1.3.5.2 Elitist Ant System

Elitist Ant System (EAS) [12, 95] was the first improved version of the original AS

algorithm. EAS is similar to AS except for the fact that in each iteration, the compo-

nents of the best solution found since the beginning of the algorithm receive additional

pheromone reinforcement.

1.3.5.3 Ant Colony System

Ant Colony System (ACS) [97, 98] introduces new mechanisms for better performance

which are not in AS. The probabilistic decision rule, which is called pseudo-random-

proportional rule in ACS, is governed by a parameter q0 ∈ [0, 1]. With probability q0,

the best component is selected from all the candidate components, otherwise a compo-

nent is selected using the roulette wheel selection method. There are two pheromone
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update rules in ACS viz. global pheromone update rule and local pheromone update

rule.

The global pheromone update rule is used at the end of an iteration when all ants

have constructed their solutions. In this rule, the best solution found since the beginning

of the algorithm is used for updating the pheromone. Pheromone evaporation and

augmentation both take place only on the components belonging to this best solution.

The local pheromone update rule is used by each ant while constructing a solu-

tion. According to this rule, each time an ant selects a component for the solution

construction, the pheromone value associated with this component is reduced so that

the probability of selecting this component becomes less for the following ants. This

rule promotes exploration as it prefers components that have not yet been visited.

In addition, ACS uses a restricted candidate list to restrict the number of available

components at each step of solution construction. The restricted candidate list consists

of a number of preferred components according to some heuristic criterion. Only the

components belonging to restricted candidate list can take part in selection at each

construction step. If restricted candidate list is empty at any step, then all candidate

components take part in selection.

1.3.5.4 MAX-MIN Ant System

MAX-MIN Ant System (MMAS) proposed by Stützle and Hoos [99, 100] is among the

most successful ACO variants. Stützle and Hoos [99, 100] modified AS for MMAS by

introducing some important additional features. The important features of MMAS are

following:

1. In MMAS, the best solution found is strongly exploited. The best solution found

can either be current iteration’s best solution or best-so-far solution (global best

solution). In general, the pheromone augmentation is performed only on com-

ponents present in iteration best solution or global best solution or both (in an

alternate way).

2. In order to avoid search stagnation due to excessive growth of pheromone values

associated with the components of a good suboptimal solution, MMAS explicitly

restricts all pheromone values between minimum and maximum values.
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Algorithm 2: Pseudo-code of a general ACO algorithm
Initialize pheromones;
while (termination criteria is not satisfied) do

for (i← 1 to na) do
Iteratively construct a solution for ant i where at each iteration,
a component is selected from all candidate components using
probabilistic decision rule;

Update pheromones using pheromone update rules;

3. In MMAS, pheromone values are initialized to maximum, which, along with a

small pheromone evaporation rate, helps in achieving better exploration of the

search space at the beginning of the algorithm.

4. Pheromone trails are reinitialized each time when the best solution does not

improve over a certain number of consecutive iterations.

It should be noted that in AS and ACS, pheromone values are restricted implicitly,

whereas in MMAS, all pheromone values are explicitly constrained between minimum

and maximum values.

Since there are so many variants of ACO algorithm, it is not possible to give a generic

pseudo-code for all variants. The pseudo-code of a representative ACO algorithm is

given below in Algorithm 2, where na is the number of ants. All ACO algorithms

described in this thesis follow this pseudo-code.

1.4 Scope of the Thesis

This thesis is focused primarily on solving some NP-Hard combinatorial optimization

problems through two swarm intelligence techniques viz. artificial bee colony algo-

rithm and ant colony optimization algorithm. Actually, artificial bee colony (ABC)

algorithm was originally designed for continuous optimization and was under-explored

in the domain of combinatorial optimization at the time when the work was started

on this thesis. [85] was the only reference available in the literature that described the

application of ABC algorithm to the leaf constrained minimum spanning tree problem
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which is a subset selection problem. With the intention of further exploring the capa-

bilities of ABC algorithm for combinatorial optimization, we chose to work on ABC

algorithm. The choice of ant colony optimization (ACO) was more straightforward as

it is one among the most successful techniques for solving combinatorial optimization

problems.

This thesis is divided into 9 chapters beginning with this introductory chapter. We

have considered 8 problems in this thesis. Out of these 8 problems, first 6 problems

are subset selection problems, next problem is a permutation based problem, whereas

the last one is a grouping problem. Apart from being theoretically challenging, these

problems have many practical applications in diverse fields such as networks, computa-

tional biology, transportation, scheduling, production, social network analysis, and so

on. Chapters 2 to 8 describe the approaches that we have developed for these problems,

whereas chapter 9, which is the last chapter, provides some concluding remarks and

directions for future research. In the following, we outline the content of each of these

chapters.

In chapter 2, we have proposed an ABC algorithm for minimum routing cost span-

ning tree problem (MRCST), where the best solution obtained through ABC algorithm

is improved further by a local search. Given a connected, weighted and undirected

graph, MRCST seeks a spanning tree of minimum routing cost on this graph where

routing cost of a spanning tree is defined as the sum of the costs of the paths con-

necting all possible pairs of distinct vertices in that spanning tree. We have compared

our approach with the best heuristic approaches reported in the literature for MRCST.

On the benchmark instances considered, our approach outperforms other approaches in

terms of solution quality. Except for two previously proposed approaches, our approach

is also faster than other approaches.

Chapter 3 deals with quadratic minimum spanning tree problem (Q-MST). Q-MST

is an extension of well-known minimum spanning tree problem in graphs. In Q-MST,

costs are associated not only with edges of the graph, but also with ordered pairs of

distinct edges and the objective is to find a spanning tree that minimizes the sumtotal

of the costs associated with individual edges and the costs resulting from ordered pairs

consisting of those edges present in the spanning tree. Our approach to this problem

is an extension of the artificial bee colony algorithm based approach developed in the

previous chapter for MRCST problem. We have compared our approach with the best
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approaches known so far. Our approach obtains better quality solutions than all the

other approaches. Barring one previously proposed approach, our approach is also

faster than all the previously proposed approaches.

Chapter 4 presents a hybrid approach combining an artificial bee colony algorithm

with a local search to solve non-unicost set covering problem (SCP). Given an m×n 0-1

matrix A = (aij) and non-negative n-dimensional vector C = (cj) where each element

cj of C gives the cost of selecting the column j of matrix A. If aij is equal to 1, then it

indicates that row i is covered by column j, otherwise it is not. The objective of SCP

is to find a minimum cost subset of columns of A such that each row of A is covered

by at least one column in the subset. We have extended an already existing greedy

local search and used the extended version in our hybrid approach effectively. We have

compared our approach with the best population-based approaches and the overall

best approaches. Its results are comparable with all these methods in terms of solution

quality, though the overall best methods are much faster. As far as comparison with

other population-based methods is concerned, except for one method, it outperforms

all the other population-based methods in terms of solution quality. However, it is

slower than some population-based methods.

Chapter 5 is concerned with dominating tree problem (DTP). Given an undirected,

connected and weighted graph, DTP seeks on this graph a tree with the minimum total

edge weight such that each vertex of the graph is either in this tree or adjacent to a

vertex in this tree. This chapter describes three approaches for this problem. First,

a problem-specific heuristic has been proposed which produces much better results in

comparison with existing problem-specific heuristics for this problem. With the intent

of improving the solution quality even further, two swarm intelligence techniques viz.

an artificial bee colony algorithm and an ant colony optimization algorithm have been

proposed. These two techniques have obtained much better results at the expense of

increased computation time. Performance of these two techniques are comparable to

each other in terms of solution quality. Though ant colony optimization algorithm

produces slightly better results, it is several times slower than artificial bee colony

algorithm on large instances for this problem.

Chapter 6 deals with two bounded-degree spanning tree problems. Given a con-

nected graph, a vertex of this graph is called a branch vertex, if its degree is greater

than two. Pertaining to branch vertices, we have studied two bounded-degree spanning
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tree problems – first problem seeks a spanning tree of this graph with the minimum

number of branch vertices (MBV), whereas the second problem seeks a spanning tree

of this graph with the minimum degree sum of branch vertices (MDS). MBV and MDS

are related problems, but not the same. Two heuristics approaches are presented for

each problem. The first approach is a problem-specific heuristic, whereas the latter ap-

proach is a hybrid ant colony optimization algorithm. A significant feature of our ACO

approaches is the use of two pheromones. Our problem-specific heuristic approaches

outperform the previously proposed best problem-specific heuristic approaches for these

problems. As the results obtained by all these problem-specific heuristics are inferior to

exact approaches and the difference in solution quality grows with instance size, we have

proposed the hybrid ACO approaches. Computational results show the effectiveness of

our hybrid ACO approaches.

Chapter 7 addresses a single machine scheduling problem with earliness and tar-

diness costs and no unforced machine idle time. We have proposed an artificial bee

colony (ABC) algorithm for this permutation-based problem. A local search is used

inside ABC algorithm to further improve the schedules obtained through it. A variant

of this basic ABC approach, referred to as ABC-MNAI, is also considered in this chap-

ter, where the best solution obtained through ABC algorithm is improved further via

an exhaustive local search. We have compared these two approaches with 16 heuristic

approaches reported in the literature on existing set of benchmark instances as well as

on a new set of large instances. The basic ABC approach performs better than all the

16 approaches on existing set of instances, but it performs worse in comparison to one

approach on two largest groups of instances containing 750 and 1000 jobs. ABC-MNAI

outperforms all other approaches in terms of solution quality on both existing as well as

on new groups of large instances. It also requires less execution time in comparison to

other best performing approaches on most group of instances. We have shown that for

all groups of instances, even if we compare the results of ABC-MNAI approach against

the best results among all the approaches, our results are still better.

Chapter 8 describes two approaches viz. a steady-state grouping genetic algorithm

(SSGGA) and a grouping-based artificial bee colony (GABC) algorithm for blockmodel

problem. The objective of this problem is to find small number of large blocks contain-

ing structural similarities or equivalences among entities in a given graph representing

a complex network. We have compared our approaches against the best approaches
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reported in the literature. Computational results clearly demonstrate the superiority of

our approaches. Our approaches have obtained better quality solutions in shorter time.

To our knowledge, GABC is the first approach for a grouping problem with variable

number of groups. Therefore, the success of GABC in solving the blockmodel problem

demonstrates the applicability of ABC approach in a new domain.

Chapter 9 concludes the thesis by summarizing the contribution made in different

chapters of the thesis. It also outlines some directions for future research.
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Chapter 2

Minimum Routing Cost

Spanning Tree Problem

2.1 Introduction

Given a connected, weighted, and undirected graph, the routing cost of any of its

spanning tree is defined as the sum of the costs of the paths connecting all possible pairs

of distinct vertices in that spanning tree. Minimum routing cost spanning tree problem

(MRCST) consists in finding a spanning tree with minimum routing cost among all

spanning trees of the graph. It is an NP-Hard problem [101]. To find the routing

cost of a spanning tree, it is not necessary to enumerate every possible path in that

spanning tree. Instead, routing cost can be computed more easily by first determining

for each edge of the spanning tree, the count of the paths containing that edge, and

then summing the product of this count and edge weight for every edge [102]. Formally,

let G = (V,E) be a connected undirected graph where V denotes the set of vertices

and E denotes the set of edges. Given a non-negative weight function w : E → R+

associated with its edges, MRCST seeks on this graph a spanning tree T ⊆ E that

minimizes

W =
∑
e∈T

ce.w(e) (2.1)

where ce is the count of those paths in T which contains edge e. ce can be determined

by calculating the product of the number of vertices in the two components arising as

a result of temporarily removing e from the spanning tree. This is due to the fact that

any path connecting a vertex in one component to a vertex in another has to contain e.
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Therefore, the total number of paths containing e is simply the product of the number

of vertices in one component with the number of vertices in other component. Here, it is

to be noted that in a spanning tree, exactly one path exists between any pair of distinct

vertices. Also note that we have used vertex and node interchangeably throughout this

thesis.

MRCST has several important applications in communication network design, where

the cost of an edge may represent the cost incurred in routing messages between its

endpoints. For example, consider a situation [103], where the cost of an edge represents

the delay in routing a message between its endpoints and one has to find a spanning

tree that minimizes the average delay of communicating between any two vertices via

the spanning tree. The delay between any two vertices is the sum of the delays of the

edges lying on the unique tree path connecting the two vertices. Clearly, this is an in-

stance of MRCST as minimizing the average delay is equivalent to minimizing the total

delay between all pair of vertices [103]. The problem gains importance in heterogeneous

computer networks, where different subnetworks are connected through bridges [104].

Bridging mandates that the active network topology should be a spanning tree. In

such a situation, a MRCST is always an optimal spanning tree from the routing cost

point of view provided the probability of communication between any pair of nodes is

the same. MRCST also finds application in multiple sequence alignment problems in

computational biology [103].

Most of the work on MRCST is focused on designing approximation algorithms for

it. Wong [105] proposed an approximation scheme that computes n shortest path trees,

where n is the number of vertices in the graph, and returns the tree with smallest routing

cost among these trees. Wu et al. [106] proposed an approximation algorithm that is

applicable to metric graphs only. Grout [107] described an algorithm that gives better

results in shorter time on homogeneous graphs in comparison to the approach of Wong,

but performs poorly on non-homogeneous graphs. Campos and Ricardo [104] proposed

another algorithm that gives results comparable to Wong’s algorithm in lesser time for

practical cases. Fischetti et al. [108] presented an exact branch-and-price algorithm

for MRCST.

Though the approximation algorithms provide solutions that are guaranteed to

be within a certain factor of optimum, solutions obtained through these algorithms
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on many problems cannot compete with the solutions provided by the state-of-the-

art metaheuristics. Therefore, on many problems, the use of these approximation

algorithms is limited mainly to either dynamic environment where a quick solution is

desired or providing an initial solution to a metaheuristic technique.

Among the metaheuristic techniques, Julstrom [102] proposed two genetic algo-

rithms and a stochastic hill climber for the problem. One genetic algorithm uses Blob

code [109] to represent a spanning tree, whereas other is edge-set-coded, i.e., it repre-

sents a spanning tree by the set of its edges [110]. Edge-set-coded genetic algorithm

uses a crossover operator that is derived from Kruskal’s algorithm [111] for finding the

minimum spanning tree. The mutation operator for this genetic algorithm replaces,

with small probability, each edge with some randomly chosen edge connecting the two

components resulting from deletion of the original edge. Blob-coded genetic algorithm

uses two-point crossover and position-by-position mutation operator. However, Blob-

code requires a decoder to convert the code into an equivalent spanning tree. Starting

from a random initial solution, stochastic hill climber repeatedly generates a new so-

lution that differs from the current solution on exactly one edge. If this new solution

is better than the current solution, then it becomes the current solution, otherwise,

it is discarded, and the whole process is repeated again and again. On the test in-

stances considered, stochastic hill climber performed best in terms of solution quality

followed by edge-set-coded genetic algorithm, though Blob-coded genetic algorithm is

fastest among the three followed by stochastic hill climber. Earlier versions of edge-set-

coded genetic algorithm and stochastic hill climber are appeared in [112] along with an

exhaustive hill climber.

Singh [113] proposed a perturbation based local search PB-LS that also encodes

a spanning tree by the set of its edges. Starting from an initial solution to MRCST,

PB-LS repeatedly generates a new solution by applying a local search. This local

search randomly deletes an edge and tries all edges in G connecting the two resulting

components. The edge that yields the routing cost spanning tree of least cost is included

into the tree. If the resulting solution is better than the current solution, it becomes

the new current solution. After this, the local search is again applied to the current

solution. The newly included edge is prohibited from deletion in the next iteration

of the local search because this edge represents the best possible edge connecting the

two components at that iteration. If this procedure fails to improve the best solution
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for a specific number of iterations, then the current solution is perturbed by randomly

removing and inserting some edges. The whole process is repeated for a fixed number

of iterations.

In this chapter, we have proposed an ABC algorithm based approach for MRCST.

The best solution obtained by ABC algorithm is improved further through a local

search. We have compared our approach against PB-LS [113] and the three methods

proposed by Julstrom [102] which are the best methods known so far for the problem.

Our approach have obtained better quality solutions in comparison to these approaches.

The remainder of this chapter is organized as follows: Section 2.2 describes our ap-

proach for MRCST, whereas Section 2.3 presents the performance of our ABC approach

on a set of 35 benchmark instances and compares it with other approaches. Finally,

Section 2.4 provides some concluding remarks.

2.2 ABC Approach for MRCST

Our approach (referred to as ABC+LS) is a combination of an ABC algorithm and a

local search heuristic. The best solution obtained through ABC algorithm is improved

further by using the local search. The main features of ABC+LS are as follows:

2.2.1 Solution Encoding

We have used edge-set encoding [110] to represent a spanning tree. Edge-set encoding

represents a spanning tree by the set of its n−1 edges, where n is the number of vertices

in the graph. Approaches proposed in [102, 113] for MRCST also used this encoding.

Advantage of using this encoding lies in the fact that it offers high locality, and the

problem-specific heuristics can be easily incorporated within the metaheuristic.

2.2.2 Initial Employed Bee Solutions

The algorithm is initialized by assigning a randomly generated solution to every em-

ployed bee. Starting from a random start vertex, each initial solution is generated in a

manner similar to Prim’s algorithm [114] for generating a spanning tree. However, at

each stage, instead of selecting a least cost edge among all edges connecting a vertex in

the partially constructed tree to a vertex not in the partially constructed tree, it selects

an edge using the roulette wheel selection method from all candidate edges where the
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probability of selecting an edge is inversely proportional to either its weight or square

of its weight. With probability psq, we generate the entire spanning tree by setting the

probability of selecting an edge inversely proportional to square of its weight and with

probability (1− psq), we generate the entire spanning tree by setting the probability of

selecting an edge inversely proportional to its weight.

2.2.3 Probability of Selecting a Food Source

Instead of using the usual roulette wheel selection method, we have used the binary

tournament selection for selecting a food source for an onlooker. In the binary tourna-

ment selection method, two food sources are randomly chosen and the better of the two

food sources are selected with probability pbt and the worse of the two with probability

(1− pbt). We have tried the roulette wheel selection method also, but the binary tour-

nament selection method gives better results. Besides, the binary tournament selection

method is computationally more efficient than the roulette wheel selection method.

2.2.4 Determination of a Food Source in the Neighborhood of a Food

Source

The method used here is derived from the method used in [85]. It is based on the

concept that if an edge is present in one good solution, then it is highly likely that

the same edge is present in many good solutions. In order to generate a solution in

the neighborhood of a particular solution, say solution i, first we create a copy i′ of

solution i. An edge e is randomly deleted from i′, thereby creating two components.

Another employed bee solution is chosen randomly and all edges from this solution

connecting the two components, which are different from the deleted edge e, are tried

one-by-one for insertion. The edge that results in routing cost spanning tree (RCST) of

least cost is selected for insertion. If we are not able to find any edge in the randomly

chosen solution different from e connecting the two components, then the deleted edge

is reinserted into the solution i′ and the method starts afresh. Note that there exist

O(n2) edges connecting the two components and our method tries at the maximum

only n − 1 edges. Normally, the number of edges that are tried for insertion is much

less than n− 1. Therefore, our method, in effect, curtails the search space from O(n2)

to O(n).
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Algorithm 3: Method for Determining a Neighboring Food Source
Create a copy E′ of food source E;
i← 0;
nosolution← True;
while (nosolution = False or i = tk) do

Randomly delete an edge e of E′;
Randomly select another food source F different from E′;
C ← Find Candidate Edges (E′, e, F );
if (C = ∅) then

i← i+ 1;
Reinsert the deleted edge e to E′;

else
nosolution← False;
Find the edge e′ in C that will result in the RCST of least cost;
Add e′ to E′;

if (nosolution = True) then
E′ ← ∅;

return E′;

If the method fails for consecutive tk trials while generating a neighboring solution

for an employed bee, then instead of again starting afresh, we simply make the corre-

sponding employed bee a scout. Actually, repeated failures of the method to find an

edge, different from the one deleted, indicates the lack of diversity in the employed bee

solutions, and therefore, the employed bee associated with the food source i′ is made a

scout to increase the diversity. However, we keep on trying in case we are generating a

neighboring solution for an onlooker, because there is no point in generating a solution

for the onlooker randomly as for the survival this randomly generated solution has to

compete with the original solution as well as with the solutions of all those onlookers

which are associated with the same original solution. Hence, it is highly likely that

such a randomly generated solution dies immediately. This is analogous to the concept

of “collision” introduced in [85]. The pseudo-code for determining a neighboring food

source is given in Algorithm 3, where Find Candidate Edges(X,Y, Z) is a function

that returns all the edges of the solution Z which can connect the two components of

the solution X resulting from the deletion of the edge Y and are different from the edge

Y .
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2.2 ABC Approach for MRCST

2.2.5 Cost Evaluation

As described in Section 2.1, the routing cost of a spanning tree can be computed by first

determining for each edge e of the spanning tree the count ce of the paths containing

e, and then summing the product of this count and edge weight for every edge. The

computation of these ce values has to be efficient because every time a new solution is

created, we have to recompute ce values from scratch. Even a change of one edge can

drastically change ce values. This is true in case of neighboring solutions which differ

on only one edge from an already existing solution. It was suggested in [102] that these

ce values, and hence, the routing cost can be determined by doing a traversal of the

spanning tree beginning at any node and keeping track of the number of nodes in each

subtree. If the number of nodes in a subtree is known, then the number of nodes in the

rest of the spanning tree is also known, and the product of these two values gives the

value of ce for the edge joining that particular subtree to the rest of the spanning tree.

Therefore, the routing cost of a spanning tree can be computed in O(n) time provided

adjacency list representation is used [115], as there are only n− 1 edges in a spanning

tree.

2.2.6 Other Features

Unlike the usual practice, we have used different number of employed bees and onlooker

bees. If the solution associated with an employed bee does not improve for limit number

of iterations, then it becomes a scout. Like [85], here also there is a second possibility

in which an employed bee can become a scout as described previously while discussing

the method for generating a neighboring solution. This second possibility is introduced

as an auto-correction measure, as it forces ABC algorithm to move towards exploration

whenever there is a lack of diversity in the population. Also, there is no upper limit

on the number of scouts in a single iteration. The number of scouts in a particular

iteration depends on the number of times the aforementioned two conditions hold. The

solution for a scout is generated in the same manner as the initial solutions.

2.2.7 Local Search

The best routing cost spanning tree obtained through ABC algorithm is further im-

proved by applying a local search. It is an iterative approach. At each iteration, local
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2.3 Computational Results

search deletes each edge of the spanning tree one-by-one and examines all graph edges

connecting the two resulting components for a possible inclusion. The edge that results

in a spanning tree of least routing cost will be selected for inclusion. The local search is

applied repeatedly until a complete iteration fails to improve the solution. We have also

tried this local search inside ABC algorithm, but it had made the resulting approach

too slow to be of any practical use.

2.3 Computational Results

ABC+LS has been implemented in C and has been executed on a Pentium 4 system

with 512 MB RAM running at 3.0 GHz under Red Hat Linux 9.0. We have used a colony

of 200 bees. 50 of these bees are employed, whereas remaining bees are onlookers, i.e.,

ne = 50 and no = 150. In all our experiments with ABC+LS, we have used pbt = 0.95,

psq = 0.25, limit = 5n and tk = 5. On a problem instance of size n, ABC component

of ABC+LS terminates when the best solution does not improve over 20n iterations.

All these parameter values are chosen empirically after a large number of trials, though

they are in no way optimal for all instances. To test the effectiveness of ABC algorithm

alone, we have also implemented a version of our approach where local search is not

used. We call this approach ABC. Except for the use of local search, ABC is same as

ABC+LS.

To test ABC+LS and ABC, we have used the same 35 test instances as used in

[102, 113]. Out of these 35 instances, 21 are Euclidean, whereas the rest are ran-

domly generated. The Euclidean instances were originally designed for the Euclidean

Steiner tree problem. These instances consist of points in the unit square. These

points can be considered as the vertices of a complete graph, whose edge-weights are

the Euclidean distances between them. These instances are available from Beasley’s

OR-library(http://people.brunel.ac.uk/~mastjjb/jeb/info.html). There are 15

Euclidean instances for each of 50, 100 and 250 vertices and first 7 instances of each

size were used in [102, 113]. The random instances were generated by Julstrom [102].

There are 7 random instances for each of 100 and 300 vertices. The edge-weights of

these random instances are uniformly distributed in [0.01, 0.99]. Each Euclidean in-

stance has the name of the form en.i, where n is the number of vertices in the instance

and i is its number. Similarly, each random instance has the name of the form rn.i.

35
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2.3 Computational Results

ABC+LS and ABC were executed 30 times on each instance.

We have compared ABC+LS and ABC with edge-set-coded genetic algorithm [102],

Blob-coded genetic algorithm [102], stochastic hill climber [102] and PB-LS [113]. Here-

after, edge-set-coded genetic algorithm, Blob-coded genetic algorithm, stochastic hill

climber will be respectively referred as ESCGA, BCGA and SHC. Table 2.1 reports the

results of ABC+LS and ABC along with those of ESCGA, BCGA, SHC and PB-LS

on 21 Euclidean instances, whereas Table 2.2 does the same for 14 random instances.

Data for ESCGA, BCGA and SHC are taken from [102], whereas data for PB-LS are

taken from [113]. These tables report for each instance the best and average solution

obtained by each of the 6 methods as well as standard deviation of their solution val-

ues. On Euclidean instances, except for 4 instances of size 50 where average solution

quality of PB-LS is better, ABC+LS always obtains solutions of same or better average

quality than other methods. The best solution found by ABC+LS is always as good

as or better than the other methods. On larger instances of size 250, it performs much

better than other methods. As far as the performance on 14 random instances is con-

cerned, ABC+LS, ABC, SHC and PB-LS all obtained the same best solution on every

instance, but the average solution quality of ABC+LS is as good as or better than

the other methods. On instances of size 300, though PB-LS and SHC also obtained

the same best solution, they performed much worse than ABC+LS in terms of average

solution quality. Standard deviation of solution values for ABC+LS is also less for most

of the instances.

As far as the performance of ABC is concerned, barring ABC+LS, it outperforms

the remaining 4 methods in terms of both best as well as average solution quality except

for 5 Euclidean instances where average solution quality of PB-LS is better than ABC.

This shows that ABC is an effective heuristic in itself. ABC+LS, anyway, will perform

as good as or better than ABC, because the best solution obtained by ABC algorithm

is serving as the input to the local search.

To test the statistical significance of the results of ABC+LS vis-à-vis other ap-

proaches, we have performed t-tests on ABC+LS in conjunction with each of the other

approaches except ABC. Actually, ABC+LS is nothing but ABC with a local search

that improves the best solution obtained through ABC. Therefore, improvements, if

any, in results of ABC+LS over ABC can never be due to random fluctuations and

hence t-test does not have any significance here. Table 2.3 shows the t-test results of
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Table 2.3: t-test Results of ESCGA, BCGA, SHC, PB-LS in Conjunction with ABC+LS
Instance ESCGA BCGA SHC PB-LS

t value p value t value p value t value p value t value p value

e50.1 4.644352 0.000020 8.601876 0.000000 4.560495 0.000027 0.000000 1.000000
e50.2 5.313726 0.000002 4.776141 70.000013 4.653583 0.000019 11.254629 0.000000
e50.3 6.129441 0.000000 8.085607 0.000000 5.952100 0.000000 -3.104930 0.003588
e50.4 4.923676 0.000007 6.421575 0.000000 4.618633 0.000022 1.406829 0.167613
e50.5 3.736121 0.000429 4.698600 0.000017 2.321473 0.023800 —* —
e50.6 6.554713 0.000000 3.996464 0.000184 2.605905 0.011625 —* —
e50.7 5.696026 0.000000 7.585487 0.000000 6.622180 0.000000 -2.447880 0.019104
e100.1 7.468424 0.000000 7.153075 0.000000 5.301346 0.000002 4.205791 0.000153
e100.2 10.330666 0.000000 11.660952 0.000000 5.289354 0.000002 2.602924 0.013111
e100.3 7.273263 0.000000 7.132235 0.000000 6.303147 0.000000 3.984496 0.000296
e100.4 8.670623 0.000000 9.521148 0.000000 7.264478 0.000000 0.285538 0.776812
e100.5 8.171198 0.000000 8.551017 0.000000 5.936033 0.000000 3.026252 0.004428
e100.6 13.391462 0.000000 9.221685 0.000000 6.719321 0.000000 4.195810 0.000157
e100.7 7.057558 0.000000 8.256123 0.000000 7.009309 0.000000 2.285097 0.027984
e250.1 10.623538 0.000000 15.416553 0.000000 6.423523 0.000000 3.148515 0.003190
e250.2 13.592007 0.000000 9.636974 0.000000 6.956299 0.000000 4.864401 0.000020
e250.3 12.287793 0.000000 11.629183 0.000000 9.611706 0.000000 4.865150 0.000020
e250.4 9.984873 0.000000 10.634776 0.000000 8.102196 0.000000 5.961882 0.000001
e250.5 11.158941 0.000000 14.967060 0.000000 9.693668 0.000000 5.257341 0.000006
e250.6 12.340264 0.000000 10.583677 0.000000 7.780299 0.000000 4.895672 0.000018
e250.7 9.009311 0.000000 13.531039 0.000000 7.401949 0.000000 3.231070 0.002548
r100.1 4.877648 0.000009 7.973176 0.000000 3.542336 0.000791 —* —
r100.2 8.075586 0.000000 14.877051 0.000000 3.212207 0.002151 —* —
r100.3 6.849298 0.000000 17.023809 0.000000 2.974192 0.004276 —* —
r100.4 10.412152 0.000000 9.706999 0.000000 4.051202 0.000153 6.940354 0.000000
r100.5 6.905385 0.000000 9.716950 0.000000 5.362519 0.000001 —* —
r100.6 7.182057 0.000000 11.702706 0.000000 —* — —* —
r100.7 5.388526 0.000001 10.896709 0.000000 5.477226 0.000001 —* —
r300.1 22.703956 0.000000 16.974441 0.000000 5.903844 0.000000 4.006303 0.000277
r300.2 25.229754 0.000000 26.188688 0.000000 5.968266 0.000000 3.685036 0.000710
r300.3 23.991996 0.000000 24.635767 0.000000 7.823712 0.000000 5.852407 0.000001
r300.4 22.351828 0.000000 22.076844 0.000000 5.610980 0.000001 7.710845 0.000000
r300.5 22.367980 0.000000 26.614378 0.000000 5.569851 0.000001 7.231663 0.000000
r300.6 32.688417 0.000000 26.887646 0.000000 13.870630 0.000000 15.350122 0.000000
r300.7 22.008168 0.000000 23.451034 0.000000 6.599887 0.000000 7.241159 0.000000

∗t-test cannot analyze perfect data
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2.3 Computational Results

Table 2.4: Average Execution Times for ESCGA, BCGA, SHC, PB-LS, ABC, and
ABC+LS

Instance Execution time (Seconds)

ESCGA1 BCGA1 SHC1 PB-LS ABC ABC+LS

e50.1 – – – 7.5 4.7 4.7

e50.2 – – – 7.9 3.6 3.6

e50.3 – – – 7.6 4.4 4.4

e50.4 – – – 8.2 3.2 3.2

e50.5 – – – 8.7 3.2 3.2

e50.6 – – – 8.2 4.1 4.1

e50.7 – – – 8.0 4.1 4.1

Typical time 21.2 9.2 9.6 – – –

e100.1 – – – 54.7 29.5 29.7

e100.2 – – – 53.9 28.7 28.9

e100.3 – – – 60.6 25.0 25.1

e100.4 – – – 53.5 24.8 25.1

e100.5 – – – 50.5 29.3 29.5

e100.6 – – – 56.5 28.6 28.9

e100.7 – – – 55.4 28.3 28.5

Typical time 91.3 36.6 40.0 – – –

e250.1 – – – 590.5 253.3 266.9

e250.2 – – – 573.3 265.6 277.2

e250.3 – – – 590.7 291.1 303.0

e250.4 – – – 573.0 296.5 309.5

e250.5 – – – 563.3 283.9 296.5

e250.6 – – – 605.0 363.8 377.0

e250.7 – – – 585.4 307.7 321.0

Typical time 618.2 231.1 258.4 – – –

r100.1 – – – 52.9 16.1 16.3

r100.2 – – – 54.5 16.2 16.3

r100.3 – – – 52.6 11.0 11.1

r100.4 – – – 51.6 16.4 16.5

r100.5 – – – 54.9 16.3 16.5

r100.6 – – – 54.4 15.9 16.0

r100.7 – – – 53.1 14.6 14.8

Typical time 92.6 37.4 40.1 – – –

r300.1 – – – 709.1 465.1 472.4

r300.2 – – – 674.3 302.0 307.9

r300.3 – – – 697.1 460.3 467.8

r300.4 – – – 668.2 359.0 364.7

r300.5 – – – 681.1 267.8 272.6

r300.6 – – – 681.3 587.9 600.0

r300.7 – – – 689.4 377.9 383.5

Typical time 905.5 351.7 377.8 – – –

1Execution time on Pentium 4, 2.53 GHz
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ESCGA, BCGA, SHC, PB-LS in conjunction with ABC+LS. For each instance and for

each method in conjunction with ABC+LS, this table reports the t value and the (two-

tailed) p value. Data for ESCGA, BCGA and SHC are taken from [102], whereas data

for PB-LS are taken from [113]. Even if we use the 1% significance criterion (p value ≤
0.01), except for two instances in case of SHC and six instances in case of PB-LS, the

results of ABC+LS are statistically significant. In most cases, p values are quite small

showing the statistical significance of the results obtained through ABC+LS.

Table 2.4 shows the execution time in seconds for all the 6 methods. Instead of

reporting the execution time on each instance, Julstrom [102] reported only the typical

execution times on instances of each size and type for ESCGA, BCGA and SHC. More-

over, ESCGA, BCGA and SHC were executed on a Pentium 4 processor with 256MB

RAM, running at 2.53 GHz under Red Hat Linux 9.0, which is different from the one

used to execute ABC+LS and ABC. Because of these two reasons, it is not possible

to exactly compare the execution time of ABC+LS and ABC with those of ESCGA,

BCGA and SHC. However, it can be safely concluded that ABC+LS and ABC are

faster than BCGA, ESCGA and SHC on instances of size 50 and 100, whereas on in-

stances of size 250 and 300, ABC and ABC+LS are slower than BCGA and SHC, but

faster than ESCGA. PB-LS [113] was executed on the same system as ABC+LS and

ABC. ABC+LS and ABC are faster than PB-LS on all instances.

2.4 Conclusions

In this chapter, we have proposed a new approach ABC+LS combining an artificial bee

colony algorithm with a local search heuristic for MRCST and compared it with best

heuristic approaches reported in the literature. On the benchmark instances considered,

our approach have outperformed other approaches in terms of solution quality. Except

for two previously proposed approaches, our approach is faster than other approaches.

We have also shown that artificial bee colony algorithm without local search is able to

outperform the existing heuristics, thereby establishing artificial bee colony algorithm

to be an effective approach for MRCST.
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Chapter 3

Quadratic Minimum Spanning

Tree Problem

3.1 Introduction

Quadratic minimum spanning tree problem (Q-MST) is an extension of the well-known

minimum spanning tree problem (MST) in graphs. In Q-MST, costs are associated

not only with edges of the graph, but also with ordered pairs of distinct edges and the

objective is to find a spanning tree that minimizes the sumtotal of the costs associated

with individual edges of the spanning tree and the costs resulting from ordered pairs

consisting of those edges present in the spanning tree. Formally, let G = (V , E) be a

connected undirected graph where V denotes the set of nodes and E denotes the set

of edges. Given a non-negative cost function w : E → R+ associated with edges of G

and a non-negative cost function c : (E × E − {(e, e), ∀e ∈ E}) → R+ associated with

ordered pairs of distinct edges, the Q-MST seeks a spanning tree T ⊆ E that minimizes

∑
e1∈T

∑
e2∈T
e2 6=e1

c(e1, e2) +
∑
e∈T

w(e) (3.1)

Q-MST has several practical applications. It occurs when transferring oil from one

pipe to another in a situation, where the cost depends on the type of interface between

two pipes. This quadratic cost structure also arises in the connection of overground

and underground cables or in a transportation or road network with turn penalties.

The presence of quadratic costs in all these cases leads to the minimum spanning
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tree problem with quadratic cost instead of the usual linear cost [116]. Q-MST was

introduced and proved NP-Hard by Asad and Xu [117, 118].

Assad and Xu [117, 118] proposed a branch-and-bound based exact method and

two heuristics for Q-MST and applied them on graph instances with number of nodes

between 6 and 15. Even on these small instances, the solutions obtained by the two

heuristics were far from optimal. Zhou and Gen [116] proposed a genetic algorithm

based on Prüfer encoding [119] for Q-MST and observed that this genetic algorithm

is superior to two heuristic algorithms of [117, 118] on random instances with number

of nodes between 6 and 50. Soak et al. [120] proposed edge-window-decoder encoding

and showed that a genetic algorithm based on this encoding performs much better

than genetic algorithms based on other encodings on Q-MST and other problems. All

algorithms were tested by Soak et al. [120] on Euclidean instances with number of

nodes between 50 and 100.

In this chapter, we have proposed an ABC algorithm based approach to solve Q-

MST. Our approach is an extension of the approach described in the previous chapter.

Like the previous chapter, here also the best solution obtained through ABC algorithm

is improved further by a local search. We have compared our ABC approach with the

best approaches. Computational results demonstrate the effectiveness of our approach.

The rest of this chapter is organized as follows: Section 3.2 describes our ABC ap-

proach for Q-MST. Computational results are reported in Section 3.3, whereas Section

3.4 contains some concluding remarks.

3.2 ABC Algorithm for Q-MST

The main features of our ABC algorithm for Q-MST are described below:

3.2.1 Solution Encoding

Like the approach described in the previous chapter, edge-set encoding [110] has also

been used here to represent a spanning tree.

3.2.2 Initial Employed Bee Solutions

The algorithm is initialized by associating a randomly generated solution to each em-

ployed bee. For the purpose of initialization phase, we have defined a special cost, called
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3.2 ABC Algorithm for Q-MST

potential cost, which is associated with each edge. The potential cost of an edge e is the

sum of all costs that can be attributed to e, i.e., w(e) +
∑
e1∈E
e1 6=e

(c(e, e1) + c(e1, e)). Each

initial random solution is generated by an iterative process that is similar to Prim’s

algorithm [114]. However, instead of picking a least cost edge connecting a node in the

partially constructed tree to a node not in the tree, an edge is picked at random from

all the candidate edges using the roulette wheel selection method where the probability

of selecting an edge is inversely proportional to the potential cost of that edge.

3.2.3 Probability of Selecting a Food Source

Like the approach described in the previous chapter, we have also used the binary

tournament selection method for selecting a food source for an onlooker bee where

the candidate with better fitness is selected with probability pbt. The roulette wheel

selection method was also tried, but computational experiments showed that the per-

formance of the binary tournament selection method is better than the roulette wheel

selection method in terms of solution quality.

3.2.4 Determination of a Food Source in the Neighborhood of a Food

Source

The method used here for determining a neighboring food source is an extension of the

method used in previous chapter. In order to generate a solution in the neighborhood

of a particular solution say solution i, first we create a copy i′ of solution i. An edge

e is randomly deleted from i′. This delete operation results into partitioning of the

spanning tree into two components and makes solution i′ infeasible. To make i′ feasible

again, we randomly select another solution j different from the solution i′. An edge

e′, different from edge e is searched in j, which can connect the two components of i′

and has the minimum cost among all such candidate edges in solution j. Here the cost

of the edge e′ means the sum of the cost of the edge e′ itself and the intercost with

remaining edges of i′. If there is no edge e′ in solution j different from the edge e,

which can connect the two components of solution i′, then the solution i′ is restored by

adding the deleted edge e into it. The edge e is placed in a tabu list so that it cannot

be selected again in subsequent trials and another edge is deleted randomly and the

whole procedure is repeated. If the above procedure fails even after tt trials, then it
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Algorithm 4: Method for Determining a Neighboring Food Source
input : A food source Fi
output: A neighboring food source F ′i or ∅ if the procedure fails to generate a

neighboring food source even after tt trials

Create a copy F ′i of food source Fi;
trial ← 0;
Clear the tabu list;
while (trial < tt) do

Delete an edge e not belonging to tabu list from the food source F ′i ;
Add e to tabu list;
Randomly select another food source Fj different from F ′i ;
Find the least cost candidate edge e′ in Fj different from e;
// see Section 3.2.4

if (no candidate edge exists) then
Restore F ′i by adding back the deleted edge e;
trial ← trial+1;

else
Add e′ to F ′i ;
break;

if (trial = tt) then
F ′i ← ∅;

shows a lack of diversity in the population. If such a situation arises while determining

a new neighboring solution for an employed bee, then the employed bee associated with

this food source i′ abandons it to become a scout so that the population can be made

more diversified. This scout is immediately made employed by associating it with a new

randomly generated food source. However, if such a situation arises while determining a

new neighboring solution for an onlooker bee, then this onlooker bee is associated with

a dummy solution which is discarded by artificially assigning it an objective function

value higher than the associated employed bee solution so that it cannot be selected

for next iteration.

Algorithm 4 gives the pseudo-code of the aforementioned procedure for determining

a neighboring food source. The algorithm returns the newly determined neighboring
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 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 84 7 18 16 14 16 7 13 10 2 3 8 11 20 4 
2 7 41 7 13 17 12 9 8 10 3 11 3 4 8 16 
3 10 3 23 19 10 8 14 17 12 3 10 14 2 20 5 
4 18 19 5 16 11 14 7 12 1 17 14 3 11 17 2 
5 6 6 5 8 37 6 7 10 14 18 5 16 3 6 15 
6 8 15 5 4 11 88 9 17 19 9 5 4 12 15 20 
7 13 1 17 9 20 13 27 7 17 20 16 11 15 19 8 
8 2 18 3 18 13 13 17 2 1 7 2 6 10 5 20 
9 1 10 12 18 18 12 2 16 10 8 8 17 18 14 7 

10 6 7 4 20 5 9 12 13 10 4 20 11 9 9 16 
11 1 10 17 4 19 6 7 12 2 16 80 9 5 9 2 
12 11 14 1 15 5 5 15 8 17 4 12 28 6 20 17 
13 13 12 18 9 16 8 15 2 19 16 10 18 36 14 19 
14 9 4 12 9 10 17 5 4 4 14 19 7 1 5 19 
15 9 9 10 18 18 17 5 4 11 4 11 20 13 6 45 
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Figure 3.1: An example illustrating the determination of a neighboring food source

food source if it succeeds in finding one within tt trials, otherwise it returns ∅.

Figure 3.1 explains the procedure for determining a neighboring food source with

the help of an example. Suppose we have a complete graph with 6 nodes. Figures 3.1(a)

and 3.1(b) respectively show the intercost matrix and the graph itself. The diagonal
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3. QUADRATIC MINIMUM SPANNING TREE PROBLEM

elements of this intercost matrix represent the costs of individual edges, whereas off

diagonal elements represent the intercosts among edges. Consider the spanning tree

shown in Figure 3.1(c). It has a cost of 374. In order to generate a solution in the

neighborhood of this solution, we first delete an edge, say e15 (as shown in Figure

3.1(d) by dashed line). This creates two components. The one component contains

nodes 1, 2, 6, whereas the other contains nodes 3, 4, 5. Now, another solution is chosen

randomly, say the solution shown in Figure 3.1(e). This solution contains 3 candidate

edges e6, e8 and e12, which can be inserted in place of e15. The total costs of e6,

e8, e12 are 172 (88+16+12+9+6+8+19+9+5), 68 (2+13+16+13+12+2+1+7+2), 117

(28+8+17+11+9+11+17+4+12) respectively. Among these three candidate edges, the

edge e8 has the least cost. Therefore, the edge e8 is selected for insertion in place of

e15. This leads to a tree shown in Figure 3.1(f), which has a total cost of 333.

3.2.5 Other Features

Rules governing the scout bees are same as described in the previous chapter.

3.2.6 Local Search

Except for fitness function, the local search and the manner in which it is coupled with

ABC algorithm are same as described in the previous chapter.

3.3 Computational Results

Our ABC algorithm for Q-MST has been implemented in C and executed on a Linux

based 3.0 GHz Core 2 Duo system with 2 GB RAM. In all our computational exper-

iments with our ABC algorithm, we have used a population of 400 bees, 200 of these

bees are employed and the remaining 200 are onlookers, i.e., ne = 200 and no = 200.

We have set limit = 150, tt = 5 and pbt = 0.8. All these parameter values are set

empirically after a large number of trials. These parameter values provide good re-

sults though they may not be optimal for all instances. In subsequent subsections, we

compare the performance of our ABC approach with genetic algorithms proposed in

[116, 120] which are the best heuristics known for Q-MST.
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Table 3.1: Results of ABC Algorithm without Local Search and ZG-GA without Local
Search on 18 Random Instances

Instance ZG-GA ABC
Min Avg SD TET Min Avg SD TET

25.1 5301 5460.05 81.37 1.14 5085 5085.85 3.71 0.91
25.2 5293 5431.10 73.57 1.00 5081 5101.50 6.81 1.02
25.3 5273 5389.50 63.58 1.16 4962 4962.00 0.00 1.05

50.1 22737 23042.70 197.05 3.89 21126 21160.60 35.05 8.68
50.2 22520 22987.10 188.91 3.53 21123 21187.55 38.91 8.83
50.3 22522 22924.10 187.30 3.92 21059 21095.10 60.29 9.51

100.1 94436 95269.90 460.75 28.17 89098 89430.30 175.02 116.52
100.2 93901 95134.55 486.44 20.51 89202 89550.00 224.87 115.80
100.3 94582 95264.10 382.27 35.58 89007 89272.55 186.83 98.71

150.1 216274 217621.65 632.34 106.62 205638 206470.30 549.31 444.13
150.2 216499 217807.55 758.47 106.70 205874 206311.65 241.59 373.85
150.3 216440 217633.30 569.42 110.11 205634 206168.55 316.51 432.44

200.1 390370 391159.85 833.92 392.66 371797 372558.45 389.85 1139.51
200.2 388929 390574.50 905.05 400.40 371951 372339.90 317.48 1153.35
200.3 388664 390690.50 1103.59 361.57 372156 373029.90 1425.28 1274.43

250.1 612520 614215.20 1118.04 1915.19 587928 588809.60 589.13 2557.50
250.2 611079 614537.65 1402.57 1767.05 588068 588781.70 386.55 2834.89
250.3 611826 614209.00 1219.67 1819.58 587927 588584.10 483.73 2322.16

3.3.1 Comparison of Our ABC Approach with Genetic Algorithm of

Zhou and Gen

First, we will compare ABC approach with genetic algorithm of Zhou and Gen [116].

As the test instances used in [116] were not available, therefore, to compare our ABC

algorithm with genetic algorithm proposed in [116], we have reimplemented this genetic

algorithm. This also facilitated comparison on larger instances, as Zhou and Gen [116]

originally tested their genetic algorithm on smaller instances with the number of nodes

between 6 and 50. Hereafter, genetic algorithm of Zhou and Gen [116] will be referred

to as ZG-GA. All parameter settings for ZG-GA are same as used in [116] except the

termination condition.

We have compared our ABC approach with ZG-GA on a set of 18 instances that

were generated exactly in the manner as in [116]. All instances represent complete

graphs with integer edge-costs uniformly distributed in [1, 100]. The intercosts between
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Table 3.2: Results of ABC Algorithm with Local Search and ZG-GA with Local Search
on 18 Random Instances

Instance ZG-GA ABC
Min Avg SD TET Min Avg SD TET

25.1 5085 5219.40 76.57 1.14 5085 5085.85 3.71 0.91
25.2 5121 5217.80 59.72 1.00 5081 5101.20 6.64 1.02
25.3 4962 5078.80 83.35 1.16 4962 4962.00 0.00 1.05

50.1 21363 21699.30 165.83 3.90 21126 21157.25 34.40 8.68
50.2 21311 21721.85 136.93 3.54 21123 21179.85 32.47 8.84
50.3 21393 21681.90 177.81 3.92 21059 21091.95 59.67 9.51

100.1 90051 90530.60 273.26 28.93 89098 89404.60 167.87 116.66
100.2 90248 90820.95 332.93 21.17 89202 89520.45 190.05 115.95
100.3 90132 90645.70 260.72 36.36 89007 89242.60 138.59 98.88

150.1 208174 208713.05 436.44 111.50 205619 206404.30 405.97 444.87
150.2 207907 208623.70 414.48 112.32 205874 206300.55 243.36 374.33
150.3 207622 208601.55 421.41 114.54 205634 206160.10 316.07 432.93

200.1 375468 376233.55 650.49 409.82 371797 372527.60 381.44 1141.42
200.2 375119 376205.70 486.18 420.46 371864 372306.60 311.74 1155.60
200.3 375181 376347.15 577.42 381.04 372156 372842.90 735.21 1276.71

250.1 592265 593658.70 929.13 1970.74 587924 588785.10 578.65 2563.41
250.2 592084 593539.45 837.63 1822.70 588068 588731.45 368.08 2840.91
250.3 591841 593443.30 704.45 1870.19 587883 588534.95 463.20 2328.29

edges are also integers and uniformly distributed in [1, 20]. For each value of n ∈
{25, 50, 100, 150, 200, 250}, there are 3 instances leading to a total of 18 instances. We

have experimented only upto instances with n = 250 due to the prohibitive size of

intercost matrix at higher values of n.

We have allowed our ABC approach to execute till the best solution fails to improve

over max(10n, 1000) iterations. To allow a fair comparison, ZG-GA terminates when

the best solution does not improve over an equivalent number of solution generated.

ZG-GA uses a population of 300, therefore, it terminates when the best solution does

not improve over max(13.33n, 1333) iterations. Each approach is executed 20 times on

each instance. The local search described in Section 3.2.6 can be used to improve the

best solution of ZG-GA also. Therefore, to compare ABC algorithm with local search,

we have incorporated local search with ZG-GA also.

Tables 3.1 and 3.2 compare the performance of ZG-GA with ABC. Table 3.1 reports
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3.3 Computational Results

the performance of two approaches without using the local search, whereas Table 3.2

reports the same when the local search described in Section 3.2.6 is used to improve the

best solution obtained by the two approaches. For each instance, these tables report

the best and average solution obtained by each of the two methods, standard deviation

of solution values and average execution time in seconds. These tables clearly show

the superiority of ABC over ZG-GA in terms of solution quality. Best and average

solutions obtained by ABC are always better than ZG-GA. Moreover, standard devi-

ations of solution values are also less for ABC. This shows its robustness. Except for

small instances, ZG-GA is faster than ABC approach. This is due to the premature

convergence of ZG-GA at suboptimal solutions in many cases.

3.3.2 Comparison of Our ABC Approach with the Two Best Genetic

Algorithms of Soak et al.

We have used the same set of Euclidean instances as used in [120]. This set contains 6

instances each representing a complete graph with the number of nodes between 50 and

100. In all these instances, nodes are distributed uniformly at random on a 500× 500

grid. The edge costs are the integer Euclidean distance between these points. The

intercost between edges are uniformly distributed between [1, 20]. Soak et al. [120]

presented a number of genetic algorithms and we have taken the two best performing

genetic algorithms (EWD+CGPX with dK-TCR and EWD+ANX with dK-TCR) for

comparison with our ABC approach. We have also included ZG-GA in this comparison.

To allow a fair comparison we have not used the local search of Section 3.2.6 with our

ABC approach or with ZG-GA. Genetic algorithms in Soak et al. [120] generates a total

of 1000000 solutions, therefore, we have also allowed our ABC approach and ZG-GA to

generate only 1000000 solutions. Like EWD+CGPX with dK-TCR and EWD+ANX

with dK-TCR, we have also executed our ABC approach and ZG-GA 20 times on each

instance.

Performance of ZG-GA, EWD+CGPX with dK-TCR, EWD+ANX with dK-TCR

along with our ABC approach are reported in Table 3.3. The results reported for

EWD+CGPX with dK-TCR, EWD+ANX with dK-TCR are taken from the results

presented in Table IX of [120]. As Table IX of [120] presents the results in terms of

gap, we have converted the results presented there to our format before reporting. As
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3.3 Computational Results

Table 3.4: Results of ABC Algorithm without Local Search and ZG-GA without Local
Search on 6 Euclidean Instances using the Termination Criterion of Section 3.3.1

Instance ZG-GA ABC
Min Avg SD TET Min Avg SD TET

50 27229 27821.15 391.84 2.87 25200 25201.30 2.37 4.35
60 37921 38698.10 456.02 4.41 35487 35615.35 42.91 8.44
70 51760 52556.15 515.70 7.04 48125 48173.10 31.28 16.84
80 67732 68751.25 496.28 10.53 63057 63150.85 46.24 20.83
90 84154 85886.20 797.53 16.02 78879 79090.15 129.69 37.49
100 103976 105257.60 645.33 19.37 96750 97038.70 154.05 76.92

Table 3.5: Results of ABC Algorithm with Local Search and ZG-GA with Local Search
on 6 Euclidean Instances using the Termination Criterion of Section 3.3.1

Instance ZG-GA ABC
Min Avg SD TET Min Avg SD TET

50 25262 25414.30 99.48 2.87 25200 25201.30 2.37 4.35
60 35447 35860.55 129.93 4.43 35466 35603.10 48.31 8.45
70 48365 48609.95 195.97 7.12 48125 48166.20 27.71 16.86
80 63248 63664.60 215.92 10.72 63022 63130.30 47.55 20.89
90 79361 79828.60 282.68 16.40 78879 79076.65 122.44 37.59
100 97414 98021.35 397.91 20.07 96750 97018.75 139.48 77.12

shown by this table, ABC approach has performed best in terms of solution quality

followed by EWD+ANX with dK-TCR and EWD+CGPX with dK-TCR. ZG-GA has

performed the worst. Best and average solution quality of our approach are always

better than other approaches. Moreover, its standard deviation of solution values is

also the smallest among all the four approaches. EWD+CGPX with dK-TCR and

EWD+ANX with dK-TCR were executed on Pentium 4, 1.6 GHz, therefore, it is

not possible to compare their execution times with our ABC approach and ZG-GA.

However, we can safely say that even after compensating for processing speed, ABC

approach and ZG-GA are faster than the two genetic algorithms. Though ZG-GA is

fastest, it has performed the worst.

We have also executed our ABC approach and ZG-GA on these 6 Euclidean in-

stances with the same termination condition as used in Section 3.3.1. Table 3.4 reports
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the results obtained without using the local search, whereas Table 3.5 reports the re-

sults obtained while using the local search. Best and average solutions obtained by our

ABC approach improved slightly in comparison to Table 3.3 at the expense of increased

computation times. Except for one instance where the best solution obtained by ZG-

GA with local search is better than ABC with local search, solution quality of our ABC

approach is always better. However, on the same instance ABC without local search

have obtained the better best solution than ZG-GA without local search. Therefore,

even on this instance the superiority of ZG-GA with local search over ABC with local

search is purely due to the local search.

3.4 Conclusions

In this chapter, we have developed an artificial bee colony (ABC) algorithm for Q-MST.

We have compared our approach against genetic algorithms proposed in [116, 120]. Our

approach have obtained better quality solutions than other approaches. Though genetic

algorithm of [116] is faster than our ABC approach, it has performed worst in terms of

solution quality among all the approaches considered in this chapter.

52



Chapter 4

Set Covering Problem

4.1 Introduction

Set Covering Problem (SCP) is an important combinatorial optimization problem. SCP

is defined as follows: Given an m × n 0 − 1 matrix A = (aij) and non-negative n-

dimensional vector C = (cj), where each element cj of C gives the cost of selecting the

column j of matrix A. If aij is equal to 1, then it indicates that row i is covered by

column j, otherwise it is not. The objective of SCP is to find a minimum cost subset of

columns of A such that each row of A is covered by at least one column in the subset.

Mathematically, SCP can be formulated as follows:

minimize
n∑
j=1

cjxj (4.1)

subject to

n∑
j=1

aijxj ≥ 1, i = 1, 2, ...,m (4.2)

xj ∈ {0, 1}, j = 1, 2, ..., n (4.3)

where xj is 1 if column j is in the solution, 0 otherwise. Constraint (4.2) ensures that

each row i is covered by at least one column. In addition to the notational convention

already introduced, the following notational conventions have been used throughout

this chapter:

I = set of all rows, i.e., {1, 2, ...,m}
J = set of all columns, i.e., {1, 2, ..., n}
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4. SET COVERING PROBLEM

αi = set of columns covering row i, i ∈ I

βj = set of rows covered by column j, j ∈ J

S = set of columns in a solution

ui = number of columns in S covering row i

SCP is an NP-Hard problem in the strong sense [121] and it has many practical

applications such as airline and bus crew scheduling [122, 123], location of emergency

facilities [124], logical analysis of numerical data [125], steel production [126], vehicle

routing [127], ship scheduling [128] etc.

Many exact and heuristic algorithms have been proposed in the literature for solving

SCP. Among exact algorithms, Fisher and Kedia [129] presented a branch and bound

technique based on a dual heuristic which can solve SCP instances with up to 200

rows and 2000 columns, Beasley and JØrnsten [130] used Lagrangian heuristic, feasi-

ble solution exclusion constraints, Gomory f-cuts and an improved branching strategy

to improve the previous algorithms proposed in [131, 132] and solved SCP instances

with up to 400 rows and 4000 columns. Balas and Carrera [133] presented a dynamic

subgradient-based branch-and-bound procedure for SCP.

Among the metaheuristic techniques, a number of population-based metaheuristics

such as genetic algorithm [134], an indirect genetic algorithm [135], and ant colony

optimization algorithms [1, 136] have been developed for solving SCP.

There are also non-population-based methods such as simulated annealing algorithm

[137], Lagrangian relaxation based heuristic [138], a combination of Lagrangian relax-

ation based heuristic and a greedy algorithm [123], a 3-flip neighborhood local search

using Lagrangian relaxation approach [139], and a new metaheuristic based method

Meta-RaPS [140] have been developed for solving SCP. Haouari and Chaouachi [141]

proposed a probabilistic greedy search algorithm for SCP. Caserata [142] developed

an efficient algorithm based on tabu search. For a good survey of SCP, the reader is

referred to [143, 144, 145].

In this chapter, we have proposed a hybrid artificial bee colony algorithm ABC SCP

to solve the non-unicost SCP. We have compared ABC SCP with the best population-

based approaches and the overall best approaches. Computational results show that it

is competitive in terms of solution quality with all these approaches.
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The rest of this chapter is organized as follows: Section 4.2 describes our hybrid

approach for SCP. Computational results are presented in Section 4.3, whereas Section

4.4 outlines some concluding remarks.

4.2 Hybrid ABC Algorithm for SCP

We have adopted the ideas of ABC algorithm as presented in [81, 85]. We have in-

corporated a problem-specific heuristic for SCP with suitable randomness and a local

search in our ABC algorithm. While designing our algorithm, like [134], we have also

assumed that the columns of SCP are arranged in increasing order of their costs and

columns of equal cost are arranged in decreasing order of the number of rows that they

cover. By assuming so, no generality has been lost, as it is always possible to rearrange

columns of a matrix in the above mentioned order. The main features of our hybrid

ABC algorithm (ABC SCP) for SCP are described below.

4.2.1 Initialization

ABC SCP is initialized by associating each employed bee with a randomly generated

solution. Each solution is generated by following the procedure described by the pseudo-

code in Algorithm 5. To generate a feasible candidate solution, for each row i, a column

is selected randomly from the restricted candidate list rc that contains the least cost

columns of αi (step 3). The size of the restricted candidate list rc is chosen such that

it should not exclude any column occurring in an optimal or a near-optimal solutions.

The idea of a restricted candidate list is first used in [134]. The feasible solution

obtained after step 3 may contain redundant columns. Therefore, some redundant

columns are removed randomly as described in step 5. It should be noted that step

5 may not remove all redundant columns in the solution. We learned from our initial

experiments that removing all redundant columns in the initial solution makes our

program not only computationally expensive, but the solution quality also deteriorates

for some instances. This is due to the fact that the presence of some redundant columns

provides additional options in the search process and reduces the cost of repair operator

described in Section 4.2.3.
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Algorithm 5: Initial Solution Generation

1 Initialize S ← φ;
2 Initialize ui ← 0, ∀i ∈ I;
3 for (each row i in I) do

Randomly select a column j from the set rc of row i;
S ← S ∪ {j};
ui ← ui + 1, ∀i ∈ βj ;

4 t← |S|;
5 while (t > 0) do

Randomly select a column j from first t columns of S;
if (ui ≥ 2,∀i ∈ βj) then

S ← S − {j}; ui ← ui − 1, ∀i ∈ βj ;

t← t− 1;

6 return S;

4.2.2 Probability of Selecting a Food Source

In ABC SCP, we have used the roulette wheel selection method for selecting a food

source for onlookers. We have also tried the binary tournament selection method, but

the roulette wheel selection method gave better results.

4.2.3 Determination of a Food Source in the Neighborhood of a Food

Source

It is based on the fact that if a column is present in one good solution, then the

likelihood that this column is present in many other good solutions is high. In order to

determine a food source in the neighborhood of a particular food source, say i, first we

create a copy i′ of food source i. Another food source j (different from i′) is selected

randomly. Then we randomly select a maximum of col add distinct columns from j,

which are not present in i′ and add them to the food source i′. If this procedure fails

to find even one column in j different from the columns of i′, then it testifies that i′

and j are the same and a “collision” occurs [85]. If a collision occurs while determining

a new neighboring food source for an employed bee, then the employed bee abandons

its associated food source to become a scout. This scout is again made employed by
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4.2 Hybrid ABC Algorithm for SCP

associating it with a new randomly generated food source. However, if a collision occurs

while determining a new neighboring food source for an onlooker, then another food

source j is selected randomly. This process is continued until we find a food source j

which is different from the food source i′.

If there is no collision, then we proceed to the next phase which drops col drop

columns randomly from the food source. We have also experimented with the greedy

approach, i.e., dropping columns having maximum ratio of its cost to the number of

rows covered by it from the food source. The empirical observation suggested that for

ABC SCP, randomness always gives better results than the greedy approach and is

computationally more efficient. After drop phase, if the resulting solution is found to

be infeasible, i.e., some rows are not covered, then a repair operator is used to convert

this infeasible solution into a feasible one. The repair operator begins by computing the

set of uncovered rows. Then it considers one-by-one row from this set in their natural

order. With probability pa, it selects a column, which covers the row in consideration

and has the minimum ratio of its cost to the number of yet uncovered rows covered by

it and add it to the solution. Otherwise, a column covering the row in consideration

is selected randomly from a restricted candidate list rc of columns of that uncovered

row (as described in Section 4.2.1) and added to the solution. After this the set of

uncovered rows are updated to reflect the addition of the new column. This process

is repeated till the set of uncovered rows becomes empty. The concept of selecting

a column based on minimum ratio is first used in the heuristic feasibility operator of

[134]. The repaired feasible solution may contain some redundant columns which are

removed by iteratively deleting the redundant column having the maximum ratio of its

cost to the number of rows covered by it. A somewhat similar idea of first dropping

and then adding columns was used in simulated annealing method of [137]. Once all

redundant columns are removed, we try to further improve the quality of solution by

using a local search that is described in the next subsection.

4.2.4 Local Search

Our local search is an extension of the greedy local search proposed by Ren et al. [1].

The pseudo-code for the local search is given in Algorithm 6. This local search begins

by computing for each row i, the number of columns ui in the current solution covering

it. Next it considers each column j in the solution one-by-one in non-increasing order
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Algorithm 6: Pseudo-code of Local Search Procedure
1 Initialize ui ← |S ∩ αi|, ∀i ∈ I;
2 Improvement ← 1;

3 while (Improvement) do

4 Improvement ← 0;

5 for (each column j in S in non-increasing order of cost of columns) do

6 Pj ← {i ∈ βj | ui = 1 };
7 if (|Pj | = 0) then

8 S ← S \{j}; ui ← ui − 1, ∀i ∈ βj ; Improvement ← 1;

9 else if (|Pj | = 1 and Pj = {i1} and j 6= li1) then

10 S ← (S \{j}) ∪ {li1}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; Improvement

← 1;

11 else if (|Pj | = 2 and Pj = {i1, i2} and li1 6= li2 and Cli1 + Cli2 < Cj) then

12 S ← (S \{j}) ∪ {li1, li2}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; ui ← ui + 1,

∀i ∈ βli2; Improvement ← 1;

13 else if (|Pj | = 2 and Pj = {i1, i2} and li1 = li2 6= j) then

14 S ← (S \{j}) ∪ {li1}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; Improvement

← 1;

15 else if (|Pj | = 3 and Pj = {i1, i2, i3} and li1 6= li2 6= li3 and Cli1 + Cli2 + Cli3 < Cj)

then

16 S ← (S \{j}) ∪ {li1, li2, li3}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1;

ui ← ui + 1, ∀i ∈ βli2; ui ← ui + 1, ∀i ∈ βli3; Improvement ← 1;

17 else if (|Pj | = 3 and Pj = {i1, i2, i3} and li1 = li2 = li3 6= j) then

18 S ← (S \{j}) ∪ {li1}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; Improvement

← 1;

19 else if (|Pj | = 3 and Pj = {i1, i2, i3} and li1 = li2 and li1 6= li3 and Cli1 + Cli3 < Cj)

then

20 S ← (S \{j}) ∪ {li1, li3}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; ui ← ui + 1,

∀i ∈ βli3; Improvement ← 1;

21 else if (|Pj | = 3 and Pj = {i1, i2, i3} and li1 = li3 and li1 6= li2 and Cli1 + Cli2 < Cj)

then

22 S ← (S \{j}) ∪ {li1, li2}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; ui ← ui + 1,

∀i ∈ βli2; Improvement ← 1;

23 else if (|Pj | = 3 and Pj = {i1, i2, i3} and li2 = li3 and li1 6= li2 and Cli1 + Cli2 < Cj)

then

24 S ← (S \{j}) ∪ {li1, li2}; ui ← ui − 1, ∀i ∈ βj ; ui ← ui + 1, ∀i ∈ βli1; ui ← ui + 1,

∀i ∈ βli2; Improvement ← 1;

25

26

27 return S;
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of its cost and computes the set of rows Pj solely covered by the column j. If the

cardinality of Pj is 0, i.e., |Pj | = 0, then the column j is deleted from the solution

and the next column is considered (Note that the case |Pj | = 0 will never occur in

the very first iteration of our local search as there is no redundant columns initially,

but it may occur in later iterations after column replacement). If |Pj | = 1, then it

checks whether column j is the least cost column covering the only row i1 of Pj . If yes,

then the column j is retained in the solution, otherwise it is replaced by the least cost

column li1 covering row i1. If |Pj | = 2, then that means there are two rows, say i1

and i2, solely covered by the column j. Now we find the least cost column li1 covering

i1 and the least cost column li2 covering i2. If li1 and li2 are distinct and the sum of

the costs of li1 and li2 is less than or equal to the cost of column j, then column j is

replaced by li1 and li2 in the solution. If li1 and li2 represent the same column that

is different from j (see line (13) of pseudo-code), then the column j is replaced by the

least cost column li1 (or li2). The ui values are updated after each local search step

before considering the next column.

Ren et al. [1] do not consider the case with |Pj | ≥ 3. On the basis of limited

computational experiments, they concluded that the case with |Pj | ≥ 3 do not occur

often and it is computationally too expensive to incorporate in the program. Inside our

local search, we have considered the |Pj | = 3 case also, as we found that it occurs often

and can be handled within reasonable computation time. If |Pj | = 3, then that means

there exist three rows, say i1, i2 and i3, solely covered by the column j. Now, we find

the least cost column li1 covering i1, the least cost column li2 covering i2 and the least

cost column li3 covering i3. If li1, li2 and li3 are all distinct and the sum of the costs

of li1, li2 and li3 is less than the cost of the column j, then the column j is replaced

by li1, li2 and li3 in the solution. If li1, li2 and li3 represent the same column that

is different from j, then the column j is replaced by the least cost column li1 (or li2

or li3). There are three more cases where any two of three columns are same, but the

third column is different from the other two, i.e., we have only two distinct columns.

In all these cases, we have to simply sum the costs of the two distinct columns, and if

this sum is less than the cost of column j, then the column j is replaced with these two

columns.

Unlike Ren et al. [1], which use the local search only once, we are using the local

search repeatedly till it fails to improve the solution. Actually, the local search considers
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Figure 4.1: An example explaining the possibility of a further improvement that is ignored
by Ren et al. [1]
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columns in non-increasing order of their costs and it may happen that when a column

is considered it could not be replaced, but later such a replacement may be possible

due to the replacement of other columns in the solution. Therefore, we have taken care

of this possibility by applying the local search repeatedly.

Figure 4.1 explains the situation described in the previous paragraph with the help

of an example. Consider a simple 8 × 12 SCP instance, where cost of a column j is

j itself. A ‘X′ or ‘×′ at the position (i, j) denotes that the row i is covered by the

column j, but ‘X′ means that the column j is in the current solution and ‘×′ means it

is not. Suppose, we have an initial feasible solution S0 = {4, 6, 9, 10, 12} with cost 41.

After applying the local search once, we get the solution S1 = 2, 3, 5, 9 with cost 19.

This solution will be returned as the final solution, if we use the local search only once.

However, as Figure 4.1 shows, we can improve this solution further, if we apply the

local search once again. Actually, the local search considers columns in the solution in

non-increasing order of their costs. Therefore, when column 9 was considered during

the first application of the local search, it has |P9| = 4, and therefore, could not be

replaced. But if we apply the local search once again, then |P9| = 2, and therefore,

column 9 can be replaced with column 1 as the cost of column 1 is less than the cost

of column 9. This leads to an improved solution S2 = {1, 2, 3, 5} with total cost 11.

Bigger instances will offer many such possibilities of improvements. Therefore, it is

always better to apply local search repeatedly as long as it improves the solution.

Another difference with Ren et al. [1] is that we have performed all replacements

only when the cost of the solution reduces, whereas in Ren et al. [1], replacements are

performed even when the cost remains the same.

4.2.5 Fitness

We have used two fitness functions to evaluate the quality of a solution. The primary

fitness function is same as the objective function, whereas the secondary fitness function

is equal to the number of rows in the solution which are covered by a single column only.

The secondary fitness function is used to distinguish between the two solutions having

the same value of the primary fitness function. A solution is better than the other, if

either its cost according to equation 4.1 is less or the two solutions have equal cost, but

the secondary fitness function value of the first solution is less than the other. Actually,

the secondary fitness function is required because there can be many solutions with the
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same cost. Clearly, among all these solutions, the solution having the least value of the

secondary objective function offers the maximum possibility of further improvements.

4.2.6 Other Features

Rules governing the scout bees are same as described in previous chapters.

4.3 Computational Results

ABC SCP has been implemented in C and executed on a Linux based 3.0 GHz Core 2

Duo system with 2 GB RAM. In all our computational experiments, we have allowed

ABC SCP to execute for 500 iterations. We have used a population of 200 bees. 50 of

these bees are employed and remaining 150 are onlookers, i.e., ne = 50 and no = 150.

We have set limit = 50, |rc| = 6, pa = 0.9, col add = 5 if n > 35, otherwise col add = 3,

col drop = 12 if n > 35, otherwise col drop = 5. All these parameter values are chosen

empirically after a large number of trials. These parameter values provide good results

though they may not be optimal for all instances.

ABC SCP has been tested on 65 standard non-unicost SCP instances available from

OR-Library (http://people.brunel.ac.uk/{~}mastjjb/jeb/info.html). All these

instances have column costs in the range [1, 100]. These instances are divided into

11 sets. Table 4.1 summarizes the characteristics of each of these sets where column

labeled Density shows the percentage of non-zero entries in the matrix of each instance

belonging to that particular set. The optimal solution values for each instance in the

first seven sets are known. ABC SCP was executed 10 independent times on each

instance, each time with a different random seed.

Table 4.2 reports the solution quality of ABC SCP along with 9 other heuristic

methods viz. BeCh [134], IGA [135], BJT [137], RFKZ [1], CFT [123], BJ [130], CNS

[138], Meta-RaPS [140] and YKI [139]. Among these 9 methods, BeCh, IGA and

RFKZ are population-based metaheuristic approaches. CFT, BJ and Meta-RaPS were

executed only once on each instance and that is why, their average solution quality is

not reported. All other methods were executed 10 times on each instance. Though IGA

was executed 10 times on each instance, Aickelin [135] reported only the best solution

found over 10 trials, and therefore, no average solution quality is reported for IGA also.

For each instance, this table reports their optimal/best known solution values (BKS),
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4.3 Computational Results

Table 4.1: Characteristics of 11 Different Sets of Non-Unicost SCP Instances

Set name No. of instances Rows (m) Column (n) Density

4 10 200 1,000 2
5 10 200 2,000 2
6 5 200 1,000 5
A 5 300 3,000 2
B 5 300 3,000 5
C 5 400 4,000 2
D 5 400 4,000 5

NRE 5 500 5,000 10
NRF 5 500 5,000 20
NRG 5 1,000 10,000 2
NRH 5 1,000 10,000 5

the best solution found by each of these 9 methods. Except for IGA, CFT, BJ, and

Meta-RaPS, the average solution quality of each method is also reported. Data for all

the 9 methods are taken from their respective papers. Average solution quality of BeCh

and YKI is computed by us based on the data provided in their respective papers. Some

of these papers have not reported the results on all 65 instances as indicated by ‘—’

in the table. Table 4.3 reports for different methods the number of instances solved

to their optimal/best known solution values. We have included only those methods

which were executed on all 65 instances. In addition to CFT, BeCh, IGA, Meta-RaPS,

YKI, RFKZ and ABC SCP, we have also reported the value for PROGRESS [141] and

ANTS+LB [136]. Detailed results for PROGRESS are not provided, as its solution

quality is inferior to other methods and Lessing et al. [136] did not report the detailed

results for ANTS+LB.

ABC SCP is able to find optimal/best known solution values for all but one instance.

For 60 instances, it finds optimal/best known solution values in all 10 trials. Only CFT,

Meta-RaPS, ANTS+LB and YKI are slightly better than our method as these methods
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4.3 Computational Results

Table 4.3: Comparison of Different Methods in terms of Number of Instances Solved to
Optimal/Best Known Solution Values
CFT BeCh IGA PROGRESS Meta-RaPS ANTS+LB YKI RFKZ ABC SCP

65/65 61/65 61/65 20/65 65/65 65/65 65/65 64/65 64/65

find optimal/best known solution values for all 65 instances. YKI finds optimal/best

known solutions in all 10 trials in 62 instances.

As far as comparison with other population-based metaheuristic approaches is con-

cerned, ABC SCP is clearly better than BeCh and IGA in terms of solution quality.

BeCh and IGA are able to find optimal/best known solution values for 61 instances.

There are only 27 instances on which BeCh finds optimal/best known solution in all 10

trials. Though RFKZ and ABC SCP find the optimal/best known solution values for

64 out of 65 instances, there are only 55 instances on which RFKZ finds optimal/best

known solution values in all 10 trials against 60 such instances of ABC SCP. Only,

ANTS+LB is better than ABC SCP as it finds optimal solution in all 10 trials. How-

ever, the strength of ANTS+LB comes from the use of r-flip local search of Yagiura

et al. [139]. Without r-flip local search of [139], it was not able to find optimal so-

lutions even in 30% trials [136]. If we look into the earlier version of RFKZ [146], we

find that the major strength of RFKZ comes from using Lagrangian relaxation of SCP

to guide ACO. Moreover, from Figure 5 of [1], it is quite clear that the local search

also contributes a lot to the success of their method. Unlike these swarm intelligence

methods which depend heavily on other techniques for their strength, performance of

ABC SCP is affected only slightly by the local search as shown later in this section.

Table 4.4 reports the average time till best (ATTB) and average execution time

(AET) of ABC SCP on all 65 instances. ATTB of our method is much smaller than

AET on most of the instances, therefore, we may reduce the iterations of our algorithm

without affecting much the number of instances solved to their optimal/best known

solution values.

To get an idea about the effect of local search on solution quality and execution

time, we have also implemented another version of ABC SCP without local search.

This version of ABC SCP will be referred to as ABC SCP-NLS. Table 4.5 reports the

results of ABC SCP-NLS. Even ABC SCP-NLS was able to find optimal/best known

solution
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4. SET COVERING PROBLEM

Table 4.4: Average Time Till Best (ATTB) and Average Execution Time (AET) in
Seconds of ABC SCP on Each of the 65 Instances

Instance ATTB AET Instance ATTB AET Instance ATTB AET
4.1 0.84 5.03 6.3 0.09 10.26 D.5 1.11 67.42
4.2 0.05 4.82 6.4 0.04 9.10 NRE.1 1.64 89.05
4.3 0.06 4.87 6.5 0.11 13.11 NRE.2 3.47 98.92
4.4 0.12 5.40 A.1 0.51 11.85 NRE.3 7.46 104.09
4.5 0.30 5.57 A.2 0.71 11.14 NRE.4 3.15 93.18
4.6 0.08 5.07 A.3 2.65 10.73 NRE.5 1.74 97.71
4.7 0.13 4.97 A.4 0.29 11.61 NRF.1 3.45 330.41
4.8 0.25 5.40 A.5 0.31 10.72 NRF.2 3.32 282.54
4.9 0.34 4.30 B.1 0.41 39.41 NRF.3 3.96 308.46
4.10 0.08 5.55 B.2 0.28 37.63 NRF.4 6.00 325.11
5.1 0.15 6.99 B.3 0.21 34.80 NRF.5 66.47 324.23
5.2 0.73 6.06 B.4 0.32 41.69 NRG.1 13.62 97.54
5.3 3.65 7.41 B.5 0.18 35.94 NRG.2 10.23 96.89
5.4 0.04 6.16 C.1 0.56 17.18 NRG.3 50.81 94.41
5.5 0.04 6.56 C.2 0.51 17.27 NRG.4 26.27 92.51
5.6 0.05 6.67 C.3 6.21 18.77 NRG.5 5.01 92.80
5.7 0.10 7.29 C.4 0.38 17.54 NRH.1 52.62 532.36
5.8 0.07 6.12 C.5 0.28 17.63 NRH.2 41.18 533.91
5.9 0.27 6.12 D.1 0.80 78.57 NRH.3 91.13 557.13
5.10 0.09 6.13 D.2 1.99 74.27 NRH.4 171.79 565.78
6.1 0.15 11.60 D.3 2.11 74.56 NRH.5 13.97 539.07
6.2 0.05 10.69 D.4 0.95 66.14

values for 63 instances. There are 57 instances on which ABC SC-NLS finds opti-

mal/best known solution values in all 10 trials. Therefore, ABC SCP is only slightly

better than ABC SCP-NLS. However, if we compare AET of two methods, the we

can see that in many cases ABC SCP-NLS takes roughly the same or more time than

ABC SCP. This seems to be counterintuitive. Actually, we found that ABC SCP gener-

ates more number of random solutions because of bees becoming scouts than ABC SCP-

NLS. As generating a random solution consumes less time than generating a solution

by adding and deleting columns followed by the repair operator, ABC SCP-NLS takes

roughly the same or more time than ABC SCP. The reason for more bees becoming

scout in case of ABC SCP is that the local search reduces the diversity of the popu-

lation which leads to increased collisions. However, ABC SCP converges faster than

ABC SCP-NLS on majority of instances as indicated by their ATTB values. As the
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4.3 Computational Results

Table 4.5: Performance of ABC SCP-NLS

Instance Best Avg ATTB AET Instance Best Avg ATTB AET
4.1 429 429.0 0.53 4.02 B.4 79 79.0 0.78 41.44
4.2 512 512.0 0.12 4.00 B.5 72 72.0 0.47 36.10
4.3 516 516.0 0.59 4.03 C.1 227 227.0 2.29 15.73
4.4 494 494.0 0.38 4.03 C.2 219 219.0 1.25 16.27
4.5 512 512.0 0.13 4.05 C.3 243 243.4 8.04 16.57
4.6 560 560.0 0.32 4.03 C.4 219 219.0 0.80 16.20
4.7 430 430.0 0.12 4.00 C.5 215 215.0 0.75 16.40
4.8 492 492.0 0.17 3.96 D.1 60 60.0 1.78 82.06
4.9 641 641.0 0.46 3.93 D.2 66 66.0 2.72 73.65
4.10 514 514.0 0.12 4.02 D.3 72 72.0 5.09 73.97
5.1 253 253.0 0.40 5.55 D.4 62 62.0 1.59 67.40
5.2 302 302.0 0.67 5.23 D.5 61 61.0 1.78 68.47
5.3 226 226.0 0.56 6.08 NRE.1 29 29.0 1.91 85.66
5.4 242 242.0 0.20 5.87 NRE.2 30 30.0 6.13 94.41
5.5 211 211.0 0.26 6.28 NRE.3 27 27.0 6.38 101.26
5.6 213 213.0 0.13 5.55 NRE.4 28 28.0 3.70 91.20
5.7 293 293.0 0.36 6.06 NRE.5 28 28.0 2.05 97.55
5.8 288 288.0 0.22 6.19 NRF.1 14 14.0 3.88 352.4
5.9 279 279.9 0.45 6.16 NRF.2 15 15.0 3.54 289.53
5.10 265 265.0 0.59 6.05 NRF.3 14 14.0 5.35 328.14
6.1 138 138.0 1.22 12.64 NRF.4 14 14.0 4.97 318.2
6.2 146 146.0 0.31 10.22 NRF.5 13 13.3 129.31 349.98
6.3 145 145.0 0.28 11.86 NRG.1 176 176.0 18.18 95.34
6.4 131 131.0 0.30 12.24 NRG.2 155 155.0 19.02 96.31
6.5 161 161.0 0.24 10.81 NRG.3 166 166.5 46.28 87.69
A.1 253 253.0 4.30 9.89 NRG.4 168 169.1 33.09 88.76
A.2 252 252.0 1.11 9.84 NRG.5 168 168.0 10.13 90.57
A.3 232 232.0 1.86 10.31 NRH.1 64 64.0 38.24 531.43
A.4 234 234.0 0.57 9.80 NRH.2 63 63.5 164.55 520.47
A.5 236 236.0 3.13 9.41 NRH.3 59 59.0 57.80 561.13
B.1 69 69.0 0.70 40.37 NRH.4 58 58.0 153.56 559.54
B.2 76 76.0 0.78 40.84 NRH.5 55 55.0 20.17 526.51
B.3 80 80.0 0.65 36.24

execution times of ABC SCP and ABC SCP-NLS are comparable and ABC SCP gives

slightly better results, we decided to use it as the primary approach of our chapter

instead of ABC SCP-NLS.

The usual practice for comparing the times of different approaches for SCP is to
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4. SET COVERING PROBLEM

report the expected time taken by each method to reach the best solution for the first

time on DECstation 5000/240 [123, 135, 140]. Caprara et al. [123] calculated the time

in the following way: suppose the best solution is first found in the trial number X,

then the time taken to reach the best solution for the first time is the sum of AET

×(X − 1) and the time taken to reach the best solution in the trial X. Though this

is not the fairest way to compare the times, we have followed this method because

of the past precedences. To get the expected time of ABC SCP and ABC SCP-NLS

on DECstation 5000/240 we managed to execute ABC SCP and ABC SCP-NLS on

a small set of instances on a Pentium 4, 1.7 GHz system which is the same system

as used for executing Meta-RaPS [140]. We chose two instances from each class, one

with smallest execution time and the other with largest execution time, for execution

on Pentium 4, 1.7 GHz system and found that our system is 2.6 times faster on an

average than Pentium 4, 1.7 GHz system. Once we got an estimate of ABC SCP and

ABC SCP-NLS times on Pentium 4, 1.7 GHz, we have converted them to times on

DECstation 5000/240 using the data provided in Table 8 of Lan et al. [140]. There

are 3 instances in ABC SCP and 4 instances in ABC SCP-NLS on which best solution

is found in second or subsequent trials. For ABC SCP, these instances are NRF.5,

NRH.1, NRH.2 where it finds the best solution in respectively 5th, 7th and 9th trials.

For ABC SCP-NLS, these instances are 5.3, NRG.3, NRG.4, and NRH.2 where it finds

the best solution in respectively 2nd, 3rd, 6th and 2nd trials. Table 4.6 reports the time

on DECstation 5000/240 of ABC SCP, ABC SCP-NLS along with CFT, Meta-RaPS

and BeCh for all 65 instances. CFT is clearly the fastest among all the techniques.

ABC SCP is faster than Meta-RaPS and BeCh on 32 and 31 instances respectively,

whereas it is slower on the remaining instances. Here it is to be noted that this method

of computing time disregards solution quality. If a method finds the same inferior

solution in all trials, then its time may be less than an otherwise faster method that

finds a better solution in second or subsequent trials. This is exactly the case when we

compare our ABC SCP with BeCh. Though we have not reported the times of IGA

and YKI, they are faster than our approaches.
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4.3 Computational Results

Table 4.6: Expected Average Time/Average Time TILL Best in Seconds of Different
Methods on DECstation 5000/240

Instance ABC SCP ABC SCP-NLS Meta-RaPS BeCh CFT
4.1 149.59 94.38 93.15 294.80 2.3
4.2 8.90 21.37 16.44 9.00 1.1
4.3 10.68 105.07 19.86 16.40 2.1
4.4 21.37 67.67 26.71 142.00 9.8
4.5 53.42 23.15 61.64 44.10 2.1
4.6 14.25 56.99 6.85 16.10 19.3
4.7 23.15 21.37 2.74 138.60 2.7
4.8 44.52 30.27 99.99 818.70 22.2
4.9 60.55 81.92 237.66 136.10 1.8
4.10 14.25 21.37 5.48 13.50 1.8
5.1 26.71 71.23 106.16 42.10 3.3
5.2 130.00 119.31 40.41 1,332.60 2.3
5.3 650.00 99.72 78.08 11.00 2.1
5.4 7.12 35.62 21.92 10.10 1.9
5.5 7.12 46.30 22.60 14.90 1.2
5.6 8.90 23.15 9.59 29.90 0.9
5.7 17.81 64.11 70.54 194.90 15.0
5.8 12.47 39.18 5.48 3,733.30 1.6
5.9 48.08 1,177.18 2.74 13.50 2.6
5.10 16.03 105.07 2.05 19.20 1.3
6.1 26.71 217.26 17.12 46.10 22.6
6.2 8.90 55.20 1.37 210.50 17.8
6.3 16.03 49.86 1.37 11.80 2.3
6.4 7.12 53.42 23.29 4.80 1.8
6.5 19.59 42.74 69.86 12.10 2.2
A.1 90.82 765.74 426.01 222.40 82.0
A.2 126.44 197.67 19.18 327.90 116.2
A.3 471.91 331.23 1,160.22 127.00 249.9
A.4 51.64 101.51 2.74 45.50 4.7
A.5 55.20 557.39 641.75 23.70 80.0
B.1 73.01 124.66 9.59 20.00 4.0
B.2 49.86 138.90 36.30 11.60 6.1
B.3 37.40 115.75 42.46 709.70 18.0
B.4 56.99 138.90 154.10 29.90 6.3
B.5 32.05 83.70 0.00 5.30 3.3
C.1 99.72 407.80 29.45 187.90 74.0
C.2 90.82 222.60 882.84 40.70 64.2
C.3 1,105.90 1,431.76 1,797.18 541.30 70.2

Continued on next page
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4. SET COVERING PROBLEM

Table 4.6 – continued from previous page
Instance ABC SCP ABC SCP-NLS Meta-RaPS BeCh CFT

C.4 67.67 142.46 1,663.62 144.60 61.6
C.5 49.86 133.56 122.60 80.60 60.3
D.1 142.50 316.98 214.37 13.80 23.1
D.2 354.38 484.38 930.78 198.60 22.0
D.3 375.75 906.43 89.72 785.30 22.6
D.4 169.18 283.15 13.70 73.50 8.3
D.5 197.67 316.98 19.86 79.80 10.3

NRE.1 292.05 340.13 50.00 38.20 26.0
NRE.2 617.94 1,091.63 3,162.18 14,647.70 408.0
NRE.3 1,328.48 1,136.15 407.52 28,360.20 94.2
NRE.4 560.95 658.90 2,714.94 539.90 26.3
NRE.5 309.86 365.06 55.48 35.00 36.6
NRF.1 614.38 690.95 293.82 76.40 33.2
NRF.2 591.23 630.40 260.26 78.10 31.2
NRF.3 705.20 952.73 126.02 266.80 248.5
NRF.4 1,068.48 885.06 372.59 209.70 31.0
NRF.5 242,792.49 23,027.52 2,278.66 13,192.60 201.1
NRG.1 2,425.45 3,237.49 20,476.46 30,200.00 147.0
NRG.2 1,821.76 3,387.08 15,228.07 360.50 783.4
NRG.3 9,048.25 39,508.83 1,476.64 7,841.60 978.0
NRG.4 4,678.16 84,924.57 13,301.44 25,304.70 378.5
NRG.5 892.18 1,803.95 3,258.07 549.30 237.2
NRH.1 578,186.58 6,809.78 268,280.80 1,682.10 1,451.1
NRH.2 767,962.88 121,988.36 16,331.44 530.30 887.0
NRH.3 16,228.43 10,293.02 53,641.37 1,803.50 1,560.3
NRH.4 30,592.36 27,345.96 93,028.60 27,241.8 237.6
NRH.5 2,487.78 3,591.87 384.91 449.60 155.4

As far as comparison of times of ABC SCP with RFKZ and ANTS+LB is concerned,

we can compare them directly. RFKZ was executed on a 2.0 GHz Pentium 4 system

with 1 GB RAM, whereas ANTS+LB was executed on a 2.4 GHz Xeon Processor based

system with 2 GB RAM. As RFKZ and ANTS+LB are executed on different systems,

it is not possible to exactly compare the speed of these algorithms with ABC SCP,

however, a rough comparison can always be made. If we compare ATTB and AET of

ABC SCP with those of RFKZ reported in [1] after compensating for the difference

in processing speeds, RFKZ is clearly faster than ABC SCP in terms of both ATTB

and AET. Regarding the time comparison with ANTS+LB of [136], ANTS+LB was

allowed during each trial to execute for 100s. Therefore, AET of ANTS+LB on each
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instance is 100s. Even after compensating for processing speeds, ABC SCP is faster

than ANTS+LB on majority of instances in terms of AET. No ATTB values were

reported in [136], therefore, comparison of ATTB values of ABC SCP with ANTS+LB

are not possible.

4.4 Conclusions

In this chapter, we have presented a hybrid artificial bee colony algorithm (ABC SCP)

for the non-unicost set covering problem. ABC SCP has been compared with the best

population-based methods and the overall best methods. Its results are comparable

with all these methods in terms of solution quality though the overall best methods are

much faster. As far as comparison with other population-based methods is concerned,

except for one method, it has outperformed all the other population-based methods in

terms of solution quality. However, it is slower than some population-based methods.
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Chapter 5

Dominating Tree Problem

5.1 Introduction

The recent years have seen a rapid growth in the area of wireless sensor networks

(WSNs) that have attracted attention of many researchers. Dominating tree problem

(DTP) is one among several new problems in WSNs that have wide applicability. DTP

is defined as follows: let G = (V,E) be an undirected, connected graph representing

WSNs, where V denotes the set of vertices and E denotes the set of edges. Given a

non-negative weight function w : E → <+ associated with the edges of G, DTP seeks

on G a tree DT with minimum total edge weight such that for each vertex v ∈ V , v

is either in DT or adjacent to a vertex in DT . Vertices in DT are called dominating

vertices, whereas vertices not in DT are called non-dominating vertices.

A solution to DTP provides a virtual backbone for routing. Actually, when we

compute a dominating tree, routing information need to be kept only on the dominat-

ing nodes. Non-dominating nodes are anyway one hop away from dominating nodes.

Therefore, a message sent from one node to another can always be routed by forwarding

the message to the nearest dominating node of the sender and then using the dominat-

ing tree to route the message to the nearest dominating node of the receiver and finally

from this node to the receiver. Non-dominating nodes only need to remember the near-

est dominating node. Advantage of this scheme is that routing information need to be

stored only in dominating nodes which are few in numbers in comparison to total nodes

[147]. Therefore, the size of the routing table is reduced significantly. Moreover, there

is no need to recalculate these tables as long as topological changes in the network do
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5.2 Heuristic for DTP

not affect any of the dominating nodes [147]. In literature, connected dominating set

concept have been used in [148, 149, 150, 151, 152] for building a routing backbone in

wireless networks with minimum energy consumption. But these papers only consider

the nodes and not the edges to minimize energy consumption. In most of these algo-

rithms, a weight is associated with each node and not with each edge. Actually, energy

consumed by each edge directly affects the energy consumption of routing. Therefore,

to minimize energy consumption of routing, we have to consider the energy consumed

by each edge. With this intent Shin et al. [153] introduced DTP. They proved inap-

proximability result and presented an approximation algorithm to solve DTP. As the

time complexity of this approximation algorithm is quasi-polynomial (|V |O(lg|V |)), they

also proposed a polynomial time heuristic for DTP. This heuristic will be referred to as

Shin DT. Tree cover problem is a related problem that has been studied in literature

[154, 155, 156], but this problem is different from DTP. A tree in the tree cover prob-

lem is defined as an edge dominating set, whereas a tree in DTP is defined as a node

dominating set.

In this chapter, we have presented a problem-specific heuristic, an ABC algorithm

and an ACO algorithm to solve DTP. We have compared our approaches with those in

[153]. Computational results demonstrate the effectiveness of our approaches.

The rest of this chapter is organized as follows: Section 5.2 describes a heuristic

approach to DTP. Section 5.3 describes an ABC approach for DTP, whereas Section

5.4 describes an ACO approach. Computational results are reported in Section 5.5.

Finally, Section 5.6 contains some concluding remarks.

5.2 Heuristic for DTP

Like Shin et al. [153], we also propose a problem-specific heuristic called Heu DT for

DTP. It is clear that DTP seeks a minimum weight dominating tree DT which does not

include all vertices of G. This characteristic of DTP is kept in mind while designing

Heu DT. Heu DT follows a greedy approach which is based on the concept of Kruskal’s

algorithm [111] and the shortest paths between all pairs of vertices in G.

Heu DT consists of two phases: an initialization phase and an iterative phase. The

initialization phase begins by computing the shortest paths between all pairs of vertices

in G = (V,E). All edges in E are sorted into non-decreasing order according to their
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weights. Each vertex is assigned an unmarked label. The set DT is initialized to φ.

Then the iterative phase begins by adding a minimum weight edge eij to DT and

continues till all vertices in G are labeled marked. Vertices i and j along with their

all adjacent unmarked vertices are now labeled marked. After that, at each iteration,

a minimum weight unselected edge eij , whose at least one endpoint is unmarked, is

selected. All unmarked vertices among i, j and their adjacent vertices are labeled

marked. After that a check is done to determine whether eij is adjacent to an edge

in DT or not. If it is not, then a shortest path, say ST , connecting DT and vertices

{i, j} is determined to establish a connection between DT and the edge eij . All edges

in ST along with the edge eij are added to DT . Each unmarked vertex in ST along

with their unmarked adjacent vertices are labeled marked now and the next iteration

begins. It is to be noted that while selecting a shortest path, some or all vertices which

are part of this path, may be marked already, but we consider them in constructing a

DT . Heu DT stops when all vertices in G are labeled marked.

Since there is a possibility that there can be more than one shortest path which

have same cost. So a tie breaking rule is used here. According to this rule, among

same cost shortest paths, we select a shortest path that has maximum number of

unmarked vertices. If still, there is more than one shortest path having same number

of unmarked vertices, then we go one step deeper for using another tie breaking rule,

i.e., select a shortest path that contains maximum number of vertices from all shortest

paths having the same number of unmarked vertices. If still, there is more than one

candidate shortest path, then ties are broken arbitrarily.

Hereafter, a pruning procedure is applied to check whether dominating vertices

with degree one in DT can be pruned without violating the feasibility of DT . If a

vertex with degree one in DT can be pruned, then the edge incident to this dominating

vertex can also be deleted from DT , thereby reducing the total edge weight of DT . In

pruning procedure, we check all dominating vertices in DT one-by-one. If the degree

of a dominating vertex, say v, in DT is one , then it is checked whether all non-

dominating vertices, which are adjacent to v, are also adjacent to other dominating

vertices in DT . If it is so, then the edge incident to v is deleted from DT . Vertex

v, which is a dominating vertex, now becomes a non-dominating vertex. This is quite

different from the pruning procedure used in Shin DT [153], where first a spanning tree

is constructed, and
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Algorithm 7: A Heuristic Approach to DTP
input : A connected graph G = (V,E)
output: A dominating tree DT ⊆ E

1 Initialize DT ← ∅;
2 for (each vertex i in V ) do
3 Mark[i]← 0;

4 Compute shortest paths between all pairs of vertices in G;
5 Sort all edges in E into non-decreasing order according to their weights;
6 while (all vertices in V are not marked) do
7 Select an unselected edge eij of minimum cost, whose at least one endpoint is

unmarked;
8 if (Mark[i] 6= 0) then Mark[i]← 1;
9 for (each vertex v adjacent to i) do

10 if (Mark[v] 6= 0) then Mark[v]← 1;

11 for (each vertex v adjacent to j) do
12 if (Mark[v] 6= 0) then Mark[v]← 1;

13 if (DT = ∅) then DT ← DT ∪ {eij};
14 else if (eij is not adjacent to an edge in DT ) then
15 Find a shortest path ST connecting DT and {i, j}; // Use tie

breaking rule if needed

16 DT ← DT ∪ ST ∪ {eij};
17 for (each vertex v in ST ) do
18 if (Mark[v] 6= 0) then Mark[v]← 1;

19 for (each vertex v in ST ) do
20 for (each vertex k adjacent to v) do
21 if (Mark[k] 6= 0) then Mark[k]← 1;

22 Apply pruning procedure on DT ;
23 Return DT ;

then all leaf vertices are pruned without any further checks. The pseudo-code of

Heu DT is given in Algorithm 7.

It is to be noted that the idea of marking vertices is based on common sense and

avoids as far as possible placing both a vertex and its neighbors in DT . A similar

marking procedure is used in [147] for finding connected dominating set. The motivation

behind considering a shortest path between a vertex in DT and a vertex of the selected

edge is also based on common-sense as doing so will increase the cost of DT by minimum

amount at each iteration. The first tie breaking rule considers maximum number of
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Figure 5.1: Execution of Heu DT

unmarked vertices in the path to break the tie. This helps in maximizing the number of

non-dominating vertices as far as possible by making not only unmarked vertices on the

path marked, but also all their adjacent unmarked vertices. The second tie breaking

rule also helps in maximizing the number of non-dominating vertices. Actually, these

tie breaking rules are based on the fact that in the neighborhood of unmarked vertices,

in general, we can find more unmarked vertices than in the neighborhood of marked

vertices.

The pseudo-code of Heu DT clearly shows that the running time of Heu DT is
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mainly dominated by computing the shortest paths between all pairs of vertices in G.

Figure 5.1 illustrates Heu DT with the help of an example: Figures 5.1 (b)-5.1 (f)

represent the various stages in execution of Heu DT. Figure 5.1 (a) shows an undirected,

connected and weighted graph G = (V,E), where |V | = 15 and |E| = 27. Initially, each

vertex in V is unmarked (such vertices are shown in white in these figures). Initially,

DT is empty. As all vertices are unmarked at this juncture, therefore, a minimum

cost edge (1, 2) is added to DT . Vertices 1, 2 and all of their adjacent vertices are

marked now (such vertices are shown in grey in these figures). This is shown in Figure

5.1 (b). Then, in next iteration, an unselected minimum cost edge (6, 7) (neither of

its endpoints are marked) is selected. Vertices 6, 7 and all of their adjacent vertices

are marked next. This is shown in Figure 5.1 (c). As edge (6, 7) is not connected to

DT , therefore a shortest path connecting these two components is determined. There

are two candidate shortest paths with cost 12, i.e., first path with edges (2, 3), (3, 15),

(15, 14), (14, 6) and another path with edges (1, 10), (10, 9), (9, 8), (8, 7). As the first

path has more number of unmarked vertices, therefore, as per first tie breaking rule,

it is selected. Let this selected path be called ST . All edges in ST and the edge

(6, 7) itself are added to DT . Next, vertices 3, 15 and 14, and their adjacent vertices

are marked. This is shown in Figure 5.1 (d). In next two iterations of Heu DT, we

reach the situations shown in Figure 5.1 (e) and Figure 5.1 (f). At this juncture, all

vertices are marked and Heu DT stops. Hereafter, the pruning procedure is applied.

It can be seen that only dominating vertex 11 with degree one in DT has two non-

dominating vertices 8 and 10 as its neighbors. Vertices 8 and 10 both are adjacent

to other dominating vertices. Therefore, the edge (11, 12), incident to the dominating

vertex 11, can be pruned. The resulting final DT with cost 17 is shown in Figure 5.1

(g).

5.3 ABC Algorithm for DTP

As a second approach for DTP, we present an ABC algorithm. This algorithm is referred

to as ABC DT in this chapter. The important features of ABC DT are described below:
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5.3.1 Initial Solution Generation

Each initial solution is generated by an iterative process. Initially, S, U and DT are

the three empty sets. A vertex v1 is selected randomly and added to S. All vertices,

which are adjacent to v1, are added to U . At each step, an edge is selected by one of

the two procedures in order to maintain a balance between quality and diversity of the

solution. With probability q0, an edge with minimum weight, connecting a vertex v1 in

S to a vertex v2 in U , is selected. Otherwise, an edge, connecting a vertex v1 in S to a

vertex v2 in U , is selected randomly from all candidate edges using the roulette wheel

selection method where the probability of the selecting an edge is inversely proportional

to its weight. After that vertex v2 is deleted from U and added to S. Vertices, which

are adjacent to v2 and neither a member of U nor S, are added to U . This selected

edge is added to DT . This whole process is repeated again and again until the sum of

cardinalities of S and U becomes equal to the total number of vertices in G. At this

juncture, we have a dominating tree DT .

Now, we check whether dominating vertices with degree one in DT can be pruned

without disturbing the feasibility of the solution. If a vertex with degree one in DT

can be pruned, then the edge incident to this dominating vertex can also be deleted

from DT , resulting in further reduction of the total edge weight of DT . In pruning

procedure, we check all dominating vertices in DT one-by-one. If the degree of a

dominating vertex, say vp, in DT is one , then it is checked whether all non-dominating

vertices, which are adjacent to vp, are also adjacent to other dominating vertices in

DT . If it is so, then the edge incident to vp, is deleted from DT . Vertex vp, which is a

dominating vertex, now becomes a non-dominating vertex. This pruning procedure is

repeated again and again until no dominating vertex with degree one can be pruned.

Thereafter, a minimum spanning tree is constructed on the subgraph of G induced

by the set of dominating vertices of the solution with the help of Prim’s algorithm [114].

This way total weight of DT can be reduced further. The reason behind this is that

even after pruning, the total weight of DT may not be minimum due to the selection of

incorrect edges while constructing DT . On a given a set of dominating vertices, many

dominating trees can be constructed in G. Obviously, a dominating tree obtained using

Prim’s algorithm will be of minimum cost among all such dominating trees.
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Each solution is uniquely associated with an employed bee and the fitness of each

solution is computed.

5.3.2 Probability of Selecting a Food Source

In our ABC approach, an onlooker selects a food source with the help of binary tour-

nament selection method where the better food source is selected with probability pbt.

5.3.3 Determination of a Food Source in the Neighborhood of a Food

Source

In order to determine a neighboring food source, we follow two procedures which are

mutually exclusive. Initially, a copy s′ of a solution (food source) s is created. Then,

with probability q1, the first procedure (referred to as PDE) is called for deleting an

edge randomly from s′, otherwise the second procedure (referred to as PANDV ) is

called for adding a non-dominating vertex randomly to s′. The reason behind choosing

two procedures, which are mutually exclusive, is that it is experimentally observed that

better solutions are obtained this way than using only one of the two procedures. The

two procedures are described below:

PDE procedure: an edge eij , whose at least one endpoint has at least one non-

dominating adjacent vertex, is randomly deleted from s′. This delete operation causes

the partitioning of s′ into two components, say L1 and L2, and makes s′ infeasible.

To make s′ feasible again, a shortest path (excluding eij) between L1 and L2 in G is

determined and L1 and L2 are reconnected through this path.

It is to be noted that if this procedure is not able to find even a single edge (different

from deleted edge eij) connecting these two components, then deleted edge eij is added

back to s′ and the whole procedure is applied again by randomly selecting another edge.

This continues until we find an edge different from the deleted edge.

PANDV procedure: a non-dominating vertex v, whose degree is greater than one in

G, is randomly selected from the set of current non-dominating vertices. A shortest

path is determined between v and the set of dominating vertices of s′. All edges on

this path are added to s′.

Hereafter, a pruning procedure is applied on s′. This pruning procedure is simi-

lar to the one used in initial solution generation except for one small difference. This
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procedure does not consider those vertices which lie on the newly added shortest path

(This is done to avoid loosing immediately the newly added vertices in pruning). Then

a minimum spanning tree is constructed on the subgraph of G induced by the set of

dominating vertices of the solution with the help of Prim’s algorithm. Then prun-

ing procedure is applied again for all dominating vertices (including those excluded

previously). After this pruning, again a minimum spanning tree is constructed on the

subgraph of G induced by the set of dominating vertices of the solution with the help of

Prim’s algorithm. We tried further pruning, but experimental observations suggested

that it is not needed.

5.3.4 Other Features

If a solution (food source) does not improve for a predetermined number of iterations,

called limit, then this solution is replaced with a newly generated solution. This new

solution is generated in the same way as an initial solution.

5.4 ACO for DTP

We also present another swarm-based approach, i.e., ACO approach for DTP. This

algorithm is referred to as ACO DT in this chapter. In ACO DT, pheromone is laid

on the vertices of the graph. This is due to the fact that the choice of vertices plays a

more important role than the choice of edges in construction of good solutions . Once

we have a dominating tree containing certain vertices, we can always find a dominating

tree of minimum cost comprising only these vertices by running Prim’s algorithm on

the subgraph of G induced by these vertices. Moreover, laying pheromones on edges,

which are more in numbers than vertices, will slow down the algorithm substantially.

In ACO DT, we have incorporated iteration best pheromone trail update strategy.

5.4.1 Solution Construction

In order to construct a solution by an ant, a slightly modified version of problem-

specific heuristic used to generate an initial solution for ABC DT (as described in

Section 5.3.1) is used in ACO DT. The only difference lies in the process of selecting

an edge connecting a vertex in S to an unselected vertex in U . At each step, an ant k

selects an edge eij , connecting a vertex i in S to an unselected vertex j in U from all
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candidate edges, probabilistically with the help of pheromones on vertices and heuristic

information. The probability pkeij
of selecting an edge eij by an ant k is determined as

follows:

pkeij
=

[τj ]α[ηeij ]β∑
l∈Nk

i

[τl]α[ηeil
]β

(5.1)

where τj is the pheromone value on the vertex j and ηeij is the heuristic term which is

equal to 1
wij

. Here wij is the weight of the edge eij . α and β are two parameters which

determine the relative influence of the pheromone trail and the heuristic information

in the solution construction process. Nk
i is the set of unselected vertices which are

adjacent to the vertex i. This probabilistic decision rule is influenced by pheromone

values on vertices and heuristic information both and helps in finding good solutions

in the search space.

Once a solution is constructed, a pruning procedure is called for all dominating

vertices in the solution, and then a minimum spanning tree is constructed on the set

of dominating vertices of the solution (as explained in Section 5.3.1).

5.4.2 Pheromone Update

Pheromone update rule plays a vital role in finding good solutions. It is used to increase

the pheromone values on solution components, i.e., vertices that have been present in

high quality solutions and helps in directing ants in future iterations towards better

solutions. In our approach, pheromone is updated once at the end of each iteration,

say t, of ACO algorithm when all ants have constructed their dominating trees. The

ant that constructed the best solution of the iteration updates the pheromone trails on

the vertices of the graph in the following way:

τi(t+ 1) = ρ τi(t) + ∆τ ibi (5.2)

where ρ is the persistence rate and ∆τ ibi is the amount of reinforcement on vertex i due

to the iteration best solution Sib. ∆τ ibi is computed using following expression:

∆τ ibi =

{
P, if i is present in Sib;
0, otherwise.

(5.3)

where P is a parameter to be determined empirically.
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As described above, pheromone evaporation, which can be seen as an exploratory

mechanism, takes place on all vertices of the graph at a fixed rate (1-ρ), then the

dominating vertices of the iteration best solution Sib receive reinforcement.

We have explicitly imposed a lower bound τmin on the pheromone concentrations.

However, no upper bound was imposed.

5.5 Computational Results

Our approaches for solving DTP have been implemented in C and executed on a Linux

based 3.0 GHz Core 2 Duo system with 2 GB RAM. For ABC DT, we have used a

population of 250 bees, out of which 100 are employed bees and remaining 150 are

onlooker bees, i.e., ne = 100 and no = 150. We have used limit = 50, pbt = 0.85,

q0 = 0.80 and q1 = 0.4. For ACO DT, we have used a population of 20 ants, i.e.,

na = 20. We have used α = 1, β = 1, ρ = 0.97, P = 0.1, τmin = 0.005. All pheromone

values are initialized to 13. Such a pheromone initialization leads to a wider exploration

of the search space during initial iterations. Note that the maximum pheromone value

that can be sustained with our value of ρ = 0.97 and P = 0.1 is about 3.333. We have

allowed ABC DT to execute for 5000 generations, whereas 2500 generations are allowed

for ACO DT. All these parameter values are chosen empirically. These parameter values

give good results though they may not be optimal for all test instances. ABC DT and

ACO DT have been executed on each test instance 20 independent times.

As the sizes of test instances used in Shin et al. [153] were too small for any real

scenario, therefore, we have generated a set of 18 test instances of bigger size. Like

Shin et al. [153], we also consider a disk graph G = (V,E) where each disk represents

the transmission range of each node. The weight of each edge eij in E is defined as

w(i, j) = Cj × d2
ij where dij is the Euclidean distance between two nodes i and j,

and Cj is a random constant. We have taken Cj to be 1. We assume that |V | nodes

are randomly deployed in a 500m × 500m area and the transmission range of each

node is 100m. For each value of |V | ∈ {50, 100, 200, 300, 400, 500}, three different test

instances are generated leading to a total of 18 test instances. In addition, for the sake

of comparison, we have implemented the problem-specific heuristic (Shin DT) of Shin

et al. [153] and an algorithm to compute the minimum spanning tree without leaf edges

(MST-L). Note that a minimum spanning tree of G after removing its leaf edges is also
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Table 5.1: Results of MST-L, Shin DT, and Heu DT for DTP
Instance MST-L Shin DT Heu DT

Value NDV Value NDV Value NDV

50 1 1860.67 38 1819.91 35 1430.82 23
50 2 1780.66 37 1795.89 35 1619.90 29
50 3 1860.12 39 1863.01 35 1648.55 27

100 1 2491.23 76 2290.28 61 1856.98 28
100 2 2515.82 78 2265.68 62 1591.36 25
100 3 2670.84 77 2488.15 59 1763.91 30

200 1 3652.20 154 3093.01 115 2009.59 33
200 2 3597.99 150 3437.79 125 2002.20 34
200 3 3592.74 152 3132.56 112 1588.98 27

300 1 4445.38 231 3653.64 165 1934.97 34
300 2 4498.58 233 4136.57 183 1898.96 33
300 3 4673.49 239 3990.55 170 1793.97 33

400 1 5110.49 311 4524.29 228 2237.95 35
400 2 5225.01 310 4744.41 248 2094.81 38
400 3 5227.94 314 4394.95 218 1957.95 30

500 1 5761.72 390 4534.93 257 1930.14 29
500 2 5953.15 398 5251.35 309 1897.32 36
500 3 5840.50 390 4944.21 269 1954.76 30

a dominating tree of G. Shin et al. [153] compared the performance of Shin DT with

MST-L. Next three subsections present our results. In the first subsection, we report

the performance of Heu DT along with Shin DT and MST-L. In the second subsection,

we report the performance of ABC DT and ACO DT. Finally, in the last subsection

we present the overall picture.

5.5.1 Comparison of our Heu DT with Shin DT and MST-L

We have compared the performance of Heu DT with Shin DT and MST-L in terms of

solution quality (value) and the number of dominating vertices (NDV). The number

of dominating vertices also plays a crucial role since the performance of any routing

protocols based on virtual backbone depends on the the number of dominating vertices.

Table 5.1 reports for each test instance the results obtained by MST-L, Shin DT and

Heu DT respectively. Table 5.1 clearly shows the superiority of Heu DT over MST-L

and Shin DT in terms of solution quality as well as the number of dominating vertices

on all test instances. On both parameters Heu DT performs much better than the other

two heuristics on all test instances. We have not reported running times of MST-L,

Shin DT and Heu DT as all are less than a second. However, it is to be noted that
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Table 5.2: Results of ABC DT and ACO DT for DTP
Instance ABC DT ACO DT

Value Avg SD ANDV TTB TET Value Avg SD ANDV TTB TET

50 1 1204.41 1204.41 0.00 19.00 1.38 25.57 1204.41 1204.41 0.00 19.00 0.34 2.41
50 2 1340.44 1340.44 0.00 21.00 0.36 21.46 1340.44 1340.44 0.00 21.00 0.49 4.18
50 3 1316.39 1316.39 0.00 19.00 0.29 22.99 1316.39 1316.39 0.00 19.00 0.29 2.50

100 1 1217.47 1218.15 0.69 18.45 9.26 28.64 1217.47 1217.47 0.00 19.00 5.43 12.71
100 2 1128.40 1128.42 0.09 17.90 6.85 27.58 1152.85 1152.85 0.00 17.00 4.45 10.86
100 3 1252.99 1253.14 0.23 19.70 8.39 28.39 1253.49 1253.49 0.00 19.00 4.51 8.96

200 1 1206.79 1209.52 2.69 18.25 42.60 84.10 1206.79 1207.61 3.58 18.05 73.45 81.13
200 2 1216.41 1219.74 2.15 18.90 45.22 87.78 1216.23 1217.73 2.61 17.65 65.04 78.72
200 3 1253.02 1258.06 3.42 22.15 48.38 90.44 1247.25 1248.94 2.99 20.90 87.60 97.93

300 1 1229.97 1237.47 2.89 21.75 87.40 145.17 1228.24 1243.70 9.71 22.85 333.65 352.89
300 2 1182.52 1200.79 7.82 19.60 89.26 162.59 1176.45 1193.95 10.51 21.10 246.52 260.30
300 3 1257.21 1271.20 6.74 20.50 66.05 145.75 1261.18 1276.75 9.27 24.60 234.55 251.91

400 1 1223.61 1241.75 7.88 21.90 113.82 263.13 1220.62 1237.45 9.50 26.05 558.00 600.74
400 2 1220.54 1235.29 6.97 22.45 114.71 249.39 1209.69 1246.14 21.41 24.40 548.39 591.44
400 3 1266.41 1276.80 4.59 22.30 123.56 216.95 1254.10 1270.34 9.42 25.85 503.12 530.58

500 1 1233.14 1241.60 4.56 21.40 193.83 379.72 1219.66 1240.05 9.17 26.50 1079.34 1163.20
500 2 1245.59 1258.33 5.40 22.35 176.37 364.04 1273.86 1295.51 13.39 28.65 960.24 1031.81
500 3 1249.17 1278.67 11.96 21.60 190.57 338.25 1232.71 1259.08 20.03 24.35 871.53 917.73

Heu DT is slightly slower than MST-L and Shin DT. The running time of Heu DT is

mainly dominated by precomputing shortest paths between all pairs of vertices in G.

But its better performance in terms of solution quality and the number of dominating

vertices for each test instance compensates for its running time. MST-L is the fastest

among all three heuristics, but it performs the worst.

5.5.2 Comparison between ABC DT and ACO DT Approaches

Table 5.2 reports for each test instance the best solution (value), average solution

quality (Avg), standard deviation (SD) of solutions, average number of dominating

vertices (ANDV), average time till best (TTB) and average total execution time (TET)

obtained through ABC DT and ACO DT. This table shows that ACO DT is better

than ABC DT in finding best solutions on 14 test instances out of 18 test instances.

In terms of average solution quality, again ACO DT is better than ABC DT on 12 test

instances out of 18 instances. However, it should be noted that the best as well as

the average solution quality of each test instance obtained by ABC DT are very close

to that of ACO DT. It is clear from the Table 5.2 that ABC DT is much faster than

ACO DT especially on larger test instances. In terms of average number of dominating

vertices, ABC DT is better than ACO DT on 13 test instances out of 18 test instances.
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5.6 Conclusions

5.5.3 The Overall Picture

This subsection presents the overall picture with respect to all the approaches consid-

ered in this chapter viz. MST-L, Shin DT, Heu DT, ABC DT and ACO DT for DTP.

Figures 5.2 (a), 5.2 (b), 5.2 (c) graphically compare the average solution quality of all the

approaches. As Heu DT, Shin DT and MST-L have been executed only once on each

instance, therefore, their average solution quality is same as the solution obtained. In

these figures, the y-axis represents the solution quality and the x-axis represents various

instances. These figures show that the relative performance of Shin DT and MST-L de-

teriorates sharply with the increase in instance size in comparison to Heu DT, ABC DT

and ACO DT. On larger instances, solution obtained by these heuristics are 2-3 times

higher than Heu DT and 4-5 times higher than ABC DT and ACO DT. Therefore,

applicability of Shin DT and MST-L is limited to only small instances. ABC DT and

ACO DT have obtained solutions of best quality, but with a large execution time. If

a solution to DTP is desired in a very short time, then Heu DT is a good option as

the solution, obtained by it, is always within a factor of two with respect to the corre-

sponding solution obtained through ABC DT and ACO DT. Figures 5.3 (a), 5.3 (b),

5.3 (c) graphically compare the average number of dominating vertices in the solution

obtained by all the approaches. Conclusions similar to Figures 5.2 (a), 5.2 (b), 5.2 (c)

can be drawn here also.

It is to be noted that for our approaches, the number of dominating vertices in

the solution and the solution quality do not vary significantly with instance size. This

is also expected theoretically as all instances consist of vertices randomly distributed

in a 500m × 500m area. Therefore, with increase in instance size, the average degree

of vertices also increases, and as a result, the number of dominating vertices in the

solution and the solution quality do not vary significantly with the instance size.

5.6 Conclusions

In this chapter, we have proposed three approaches viz. Heu DT, ABC DT and

ACO DT for DTP. Heu DT is a problem-specific heuristic and produces much bet-

ter results in comparison with other problem-specific heuristics for DTP. With the in-

tent of improving the solution quality even further, we have also presented two swarm

intelligence based metaheuristic techniques viz. ABC DT and ACO DT which are
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respectively based on artificial bee colony algorithm and ant colony optimization al-

gorithm. Performance of these metaheuristic techniques are comparable in terms of

solution quality. Though ACO DT produces slightly better results, it is several times

slower than ABC DT on large instances.
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Chapter 6

Two Bounded-Degree Spanning

Tree Problems

6.1 Introduction

Given a connected graph G = (V,E), a vertex v of G is called a branch vertex if its

degree is greater than two. Finding a spanning tree T of G with the minimum number

of branch vertices (MBV) and finding a spanning tree T of G with the minimum

degree sum of branch vertices (MDS) are among the several variants of the spanning

tree problems which find applications in communication networks. This chapter is

concerned with MBV and MDS, both of which have roots in optical networks.

In an optical network, Wavelength Division Multiplexing (WDM) technology allows

the transmission of multiple light beams of different wavelength concurrently through

the same optical fibre cable. Multicasting in these networks is implemented using a

light splitting switch that replicates the input optical signal on multiple paths. A

lightpath is an optical path (data channel) that connects two nodes in the network

and is created by the allocation of the same wavelength throughout the path [157]. A

light-tree [158], an extension of the light path, is capable of optical multicasting, i.e., it

transmits a signal from a single source node to a set of destination nodes in an optical

WDM network. Multicasting is required for efficient implementations of many services

such as worldwide web browsing, video conferencing and video-on-demand services.

Zhang et al. [159] showed that multicasting can be supported at the WDM layer by

letting WDM switches make copies of data packets in the optical domain via light
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splitting. Thus, light-tree enables all optical communications from a source node to a

set of destination nodes. Switches with splitting ability are placed on the branch nodes.

Each node with splitting ability is capable to transmit a number of copies of the optical

signal equal to its neighbors, while other nodes only transmit a copy of it. However, a

WDM optical network can have only a limited number of these sophisticated switches

due to cost considerations. Therefore, the problem reduces to finding a spanning tree of

the optical network with the minimum number of branch nodes, where switches can be

placed so that all possible multicast connections can be ensured in the optical network.

Gargano et al. [160] were the first to study the computational complexity of MBV.

Let s(G) be the smallest number of branch vertices in any spanning tree of G, then

finding a spanning tree T of G with s(G) = 0 is same as finding a Hamiltonian path

(a well known NP-Complete problem) of G. A spanning tree T of G with s(G) ≤ 1

is called a spanning spider. It is NP-Complete to decide whether a graph G admits

a spanning spider. More generally, the problem of deciding whether a given graph

satisfies s(G) ≤ k is NP-Complete problem, where k is a fixed non-negative integer.

Therefore, unless P = NP, there is no polynomial time algorithms for such type of

problems. Therefore, any exact method is not practical even for moderately large

instances. However, Gargano et al. [160] proposed a polynomial time algorithm for

MBV on a class of graphs satisfying certain density conditions. But in real scenarios,

it seldom happens that the network satisfies these density conditions. Therefore, such

an algorithm cannot be used in real situations and heuristics are the only available

options.

Cerulli et al. [161] proposed three heuristics for MBV. They also introduced and

studied MDS in the same paper. Actually, many optical devices are capable of only

duplicating an optical signal. Therefore, in order to replicate the optical signal on each

edge, the number of devices to be placed on a branch node depends on the number of

edges incident to it, i.e., one has to place C[v] − 2 different devices on a branch node

v, where C[v] is the degree of v in the spanning tree. Therefore, in order to minimize

the number of devices, one has to minimize the degree sum of branch vertices. This

was the motivation behind introducing MDS by Cerulli et al. [161]. Let q(G) be the

minimum degree sum of branch vertices of an optimal solution of MDS. Cerulli et al.

[161] proved that if P 6= NP, then there is no polynomial time algorithm to check

whether q(G) ≤ k, where k is a fixed positive number. They also showed that MBV
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and MDS are related, but not the same. The optimal solution value q(G) of MDS

cannot always be directly derived from the optimal solution value s(G) of MBV. They

also proposed three heuristics for MDS.

In this chapter, we propose a problem-specific heuristic and a hybrid ant colony

optimization approach to solve MBV and also a heuristic and a hybrid ant colony

optimization approach to solve MDS. A special feature of our ant colony optimization

approaches is the use of two pheromones (one for vertices and another for edges). We

have compared our approaches with those presented in [161]. Computational results

demonstrate the effectiveness of our approaches.

The remainder of this chapter is organized as follows: Section 6.2 describes our

problem-specific heuristic approach for MBV, whereas Section 6.3 describes our ant

colony optimization (ACO) approach for MBV. Sections 6.4 and 6.5 respectively de-

scribe our problem-specific heuristic and ACO approach for MDS. Computational re-

sults are reported in Section 6.6. Finally, Section 6.7 contains some concluding remarks.

6.2 Heuristic for MBV

Our proposed heuristic for MBV (referred to as Heu MBV) consists of two phases. It

begins by selecting a vertex, say v1, randomly and then it proceeds as follows:

Phase 1: It tries to repeatedly add an edge of G that can connect the last selected

vertex to one of its adjacent unselected vertices of minimum degree into the partially

constructed tree. If there are more than one such edges, then ties are broken arbitrarily.

If there exists no such edge and if local degree of v1 in the partially constructed tree

is still one, then again it tries to find an edge using v1 in place of last selected vertex.

Note that this is a one time measure, because once this measure is used the degree of

v1 will become two. This procedure is repeated again and again till it fails to find an

edge. Upon failure we enter phase 2.

Phase 2: If the set of unselected vertices is nonempty, then a branch vertex needs

to be created from among the selected non-branch vertices. Among all the selected

non-branch vertices, a vertex having maximum number of adjacent unselected vertices

(ties are broken arbitrarily) is chosen to become a branch vertex. All edges connecting

this newly created branch vertex to its set S of unselected adjacent vertices are added
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into the partially constructed tree. All vertices in S are now sorted according to non-

decreasing order of their degrees in G, and then, phase 1 is applied (without going into

phase 2 upon failure) by setting each vertex in S as the last selected vertex one-by-

one. Once phase 1 has been applied to all vertices in S, then phase 2 restarts. This

procedure is repeated again and again till the set of unselected vertices becomes empty.

Here, it is to be noted that by a selected vertex, we mean, a vertex one of whose

incident edge has been included in the partially constructed tree, and by an unselected

vertex, we mean, a vertex none of whose incident edges have been included in the

partially constructed tree. Also note that if the spanning tree T of G is constructed

without using phase 2, then this spanning tree T of G has no branch vertex and is

actually a Hamiltonian path of G. In phase 1, instead of selecting a vertex randomly,

we always select a vertex of minimum degree. This is based on the fact that such a

selection will direct the search process to a spanning tree with longer diameter which

is expected to have lesser number of branch vertices. Same is the motivation behind

ordering the vertices in S according to non-decreasing order of their degrees in phase 2.

Similarly, in phase 2, a selected non-branch vertex with maximum number of adjacent

unselected vertices is always chosen to become a branch vertex. Such a choice decreases

the number of unselected vertices by maximum amount and gives phase 1 the maximum

number of starting vertices to explore from. Both of these factors help in reducing the

number of restarts of phase 2, thereby reducing the number of branch vertices. The

idea of connecting all unselected vertices adjacent to the newly created branch vertex

is based on commonsense. MBV heuristics of [161] also used this idea.

Algorithm 8 gives the pseudo-code of aforementioned heuristic for MBV (Heu MBV),

where for each vertex i, C[i] represents the local degree of i in the tree. C[i] should not

be confused with the degree deg[i] of i in G.

Figures 6.1 and 6.2 explain the proposed heuristic for MBV (Heu MBV) with the

help of an example. The input graph containing 20 vertices and 28 edges is shown in

Figure 6.1 and the spanning tree obtained through MBV heuristic is given in Figure

6.2(a), where branch vertices are shown in light shade and edges are named according

to the order in which they are added to the spanning tree, i.e., edge ei is the ith edge

added to the tree. Heu MBV begins by selecting a vertex randomly. Let us assume

that it begins by selecting a vertex 15. Vertices 3, 4, 5, 7 are adjacent to the vertex 15

in the graph. Out of these adjacent vertices, vertex 7 has minimum degree 2 so edge
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Algorithm 8: Heuristic for MBV
input : A connected graph G = (V,E)
output: A spanning tree T

begin
1 Initialize T ← ∅;
2 for (each vertex i ∈ V ) do
3 C[i]← 0;

4 Select a starting vertex r ∈ V randomly;
5 v1 ← r; us← |V | − 1;
6 Find an unselected vertex v2 of minimum degree adjacent to the vertex v1;
7 if (v2 exists) then
8 T ← T ∪ {v1, v2}; C[v1]++; C[v2]++; v1 ← v2, us−−;
9 goto step 6;

10 else
11 Find an unselected vertex v2 of minimum degree adjacent to the vertex r;
12 if (v2 exists) then
13 T ← T ∪ {r, v2}; C[r]++; C[v2]++; r ← v2; us−−;
14 goto step 11;

15 while (us 6= 0) do
16 Select a vertex v3 as a branch vertex among all selected vertices having

maximum unselected vertices;
17 S ← ∅;
18 for (each unselected vertex i adjacent to v3) do
19 S ← S ∪ i;

20 for (each vertex i ∈ S) do
21 T ← T ∪ {v3, i}; C[v3]++; C[i]++; us−−;

22 sort all vertices ∈ S into non decreasing order based on their degrees in G;
23 for (each vertex i ∈ S) do
24 v1 ← i;
25 Find an unselected vertex v2 of minimum degree adjacent to the vertex v1;
26 if (v2 exists) then
27 T ← T ∪ {v1, v2}; C[v1]++; C[v2]++; v1 ← v2; us−−;
28 goto step 25;
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Figure 6.1: Input graph

(15, 7) is the first edge that is added to the tree (this is shown by e1 in the Figure

6.2(a)). Now, vertex 7 is the vertex that is selected last so we have to look into its

adjacent unselected vertices. Vertex 4 is only such vertex, and therefore, the edge (7,

4) is added to the tree (this is shown by e2 in the Figure 6.2(a)). Continuing in this

way, edges (4, 6), (6, 18), (18, 11), (11, 2) are added to the tree. Now, vertex 2 does

not have any unselected adjacent vertices, so Heu MBV restarts from the first selected

vertex, i.e., vertex 15. Now vertex 5 is the lowest degree unselected adjacent vertex, so

edge (15, 5) is added to the tree. Then edges (5, 13), (13, 3), (3, 16) are added into

the tree. At this stage, we cannot proceed further using phase 1 of Heu MBV, so we

enter phase 2.

Among all the selected vertices, vertex 3 has the maximum number of unselected

adjacent vertices, so vertex 3 is made a branch vertex and edges (3, 1), (3, 12), (3, 14),

(3, 20) are added to the tree. Newly selected vertices 1, 12, 14 and 20 (set S) are sorted

according to non-decreasing order of their degrees in G leading to order 12, 14, 20, 1.
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Figure 6.2: Output of MBV heuristic

Now, phase 1 of Heu MBV is restarted by setting vertex 12 as the last selected vertex,

but it cannot go further because there is no unselected vertex adjacent to the vertex

12. Same happens with vertex 14. Now, vertex 20 becomes the last selected vertex

and phase 1 adds edges (20, 9) and (9, 8) to the tree. Once again, phase 1 starts with

vertex 1 as the last selected vertex and only one edge (1, 17) is added to the tree. At

this juncture, all vertices in S have been explored using phase 1, and therefore, phase

2 restarts again. This time vertex 9 is selected as a branch vertex and the edge (9, 10)

is added to the tree. Again, we switch to phase 1 with vertex 10 as the last selected

vertex. Now, phase 1 adds the edge (10, 19) to the tree and phase 2 restarts. Since

there is no unselected vertex now, phase 2 ends and Heu MBV stops. So, we get a

spanning tree with two branch vertices which also happens to be the optimal number

of branch vertices for this particular example. For the sake of clarity, the spanning tree

of Figure 6.2(a) is redrawn in Figure 6.2(b).

6.3 ACO for MBV

It can be observed from the computational results (Section 6.6) that merely giving a

heuristic approach to solve MBV is not enough to find even good solutions. To overcome
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this limitation, we attack MBV with an ant colony optimization (ACO) algorithm which

is referred to as ACO MBV subsequently in this chapter. It is in essence a MMAS

algorithm [99, 100]. As MBV seeks a spanning tree with the minimum number of

branch vertices, therefore, while solving this problem two factors play crucial roles in

finding good solutions. First one which edge should be selected and second one which

vertex should be selected as a branch vertex, if there exists any, while constructing a

spanning tree. Our ACO MBV takes care of these two factors by incorporating them

in the search process. For this, our ACO MBV is empowered through the use of two

different pheromone laying procedures, i.e., one for the edges and other for the vertices

of the graph. The motivation behind using two pheromones is that pheromone laid

on the edges helps in identifying good edges in constructing a spanning tree, whereas

pheromone laid on the vertices helps in choosing promising vertices as branch vertices.

We have incorporated iteration best pheromone trail update strategy as well as global

best pheromone trail update strategy. We have coupled ACO MBV with a local search

to further improve the solution quality.

6.3.1 Solution Construction

In our ACO MBV approach, we have incorporated major ideas of heuristic of Section

6.2 in solution construction. During each iteration t, each ant k constructs a solution in

a manner which is similar to heuristic of Section 6.2 except for the selection of an edge

connecting the last selected vertex i to an unselected adjacent vertex and the selection

of a branch vertex which are done probabilistically with the help of pheromones and

heuristic information. The probability pkeij
(t) of selecting an edge eij is determined as

follows:

pkeij
(t) =

[τeij (t)]αe [ηeij ]βe∑
l∈Nk

i

[τeil
(t)]αe [ηeil

]βe
(6.1)

where ηeij = 1
deg[j] is a heuristic term that is available a priori and τeij is the pheromone

trail on the edge eij . αe and βe are two parameters which determine the relative

influence of the pheromone trail and the heuristic information, and Nk
i is the set of

unselected vertices which are adjacent to the last selected vertex i.
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Similarly, the probability pkvi
(t) of the selection of a vertex vi to become a branch

vertex is determined as follows:

pkvi
(t) =

[τvi(t)]
αv [ηvi ]

βv∑
s∈Sk

[τvs(t)]αv [ηvs ]βv
(6.2)

where ηvi is a heuristic term that is set equal to the number of unselected vertices ad-

jacent to vi and τvi is the pheromone trail on vertex vi. αv and βv are two parameters

which determine the relative influence of the pheromone trail and the heuristic infor-

mation, and Sk is the set of those non-branch selected vertices which are candidates to

become a branch vertex.

6.3.2 Pheromone Update

Pheromone update rule is used to augment the pheromone values on components that

are present in high quality solutions and helps in guiding ants in future iterations

towards better solutions. Once all ants have constructed their solutions in a particular

iteration, say t, only the ant, which has constructed the iteration’s best solution Sib, is

allowed to update the pheromone trails in the following way:

τeij (t+ 1) = ρ τeij (t) + ∆τ ibeij
(6.3)

∆τ ibeij
=

{
P, if eij ∈ Sib;
0, otherwise.

(6.4)

τvi(t+ 1) = ρ τvi(t) + ∆τ ibvi
(6.5)

∆τ ibvi
=

{
P, if vi is a branch vertex in Sib;
0, otherwise.

(6.6)

where ρ is persistence rate which is taken to be same for both edges and vertices of

the graph G, τeij (t) is the pheromone value of the edge ei,j at iteration t, τvi(t) is

the pheromone value of the vertex vi at iteration t. ∆τ ibeij
and ∆τ ibvi

are pheromone

augmentation terms. P is a parameter to be determined empirically.

Moreover, we augment pheromone on components of the global best solution (i.e.,

the overall best solution since the beginning of the ACO algorithm) Sgb once every

GBit iterations in the following way:
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τeij =

{
τeij +Q, if eij ∈ Sgb and either i or j is a branch vertex;
0, otherwise.

(6.7)

τvi =

{
τvi +Q, if vi is a branch vertex in Sgb;
0, otherwise.

(6.8)

According to equation (6.7), a constant amount of pheromone Q is deposited on those

edges of the global best solution Sgb whose at least one end point is a branch vertex,

and according to the equation (6.8), the same amount of pheromone Q is deposited

on the branch vertices of the global best solution Sgb. We have also tried with the

strategy of augmenting the pheromone on every edge of the global best solution, but

this strategy is always outperformed by the strategy of depositing pheromone on only

those edges whose at least one end point is a branch vertex.

6.3.3 Local Search

The literature on the variants of ACO algorithms to optimization problems suggests

that a high quality solution is usually obtained by coupling a local search with a proba-

bilistic solution construction by an ant. In our algorithm, we also couple a local search,

which is a greedy approach, with ACO MBV to obtain high quality solutions. This

algorithm is referred to as ACO MBV+LS. The description of ACO MBV+LS is as

follows: once each ant has constructed a solution as per the procedure described in

Section 6.3.1, then a local search is applied to further improve the quality of solution.

The pheromone trail is updated with this improved solution.

The purpose of this local search is to reduce the number of branch vertices as much

as possible. Once an ant has constructed a solution, we have complete information

about the local degree C[i] for each vertex i in the spanning tree. The local search

begins by sorting the branch vertices of the spanning tree according to non-decreasing

order of their local degrees. Each branch vertex i with C[i] = 3 or C[i] = 4 or C[i] = 5

is of concern to the local search. The local search contains three separate cases to

handle these three classes of branch vertices. All these cases begin by deleting an edge

eir of the spanning tree, where i is a branch vertex, thereby creating two components.

Then an attempt is made to find an edge that can connect these components and is

different from eir, so that the degree of i can be reduced by one. Obviously, endpoints

v1 and v2 of an edge (v1, v2) in G that can connect these two components must satisfy
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C[v1] < deg[v1] and C[v2] < deg[v2]. This property is used to reduce the search space

in all the three cases. Details of each of these cases are given below.

Case 1: This case tries to transform each branch vertex i with C[i] = 3 into a non-

branch vertex. It consists of two procedures. If the first procedure (called Procedure(1a))

is not successful in transforming a branch vertex i into a non-branch vertex, then we

move to the second procedure (called Procedure(1b)). In Procedure(1a), an edge eir

connecting the branch vertex i and the vertex r is deleted, thereby creating the parti-

tion of the spanning tree into two components and making the solution infeasible. Let

L1 be the set of vertices belonging to the component containing i and L2 be the set

of vertices belonging to the component containing r. The values of C[i] and C[r] are

updated to C[i]− 1 and C[r]− 1. To make this solution feasible again, an edge which

can connect these two components and is different from eir is searched in G using the

following rules:

1. Find an edge connecting a vertex v1 ∈ L1 with ((C[v1] = 1) or (C[v1] > 3)) to a

vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 3)).

2. If first rule fails and if (C[r] = 2), then find an edge connecting a vertex v1 ∈ L1

with ((C[v1] = 1) or (C[v1] > 3)) to the vertex r ∈ L2.

If any one of these rules is satisfied, then an edge is found, which can connect these

two components, and one branch vertex, i.e., vertex i is transformed into a non-branch

vertex and the next branch vertex is considered. If both of these rules fail, then the

spanning tree is restored by adding the deleted edge eir into the tree. C[i] and C[r] get

their previous values and the next edge incident to the branch vertex i is chosen for

deletion and Procedure(1a) is applied again.

If Procedure(1a) is not successful even after trying all edges incident to i, i.e.,

vertex i is still a branch vertex, then we move to Procedure(1b). Like Procedure(1a),

Procedure(1b) deletes an edge eir. Then a search for another edge in G, which can

make the solution feasible, is performed using the following rules:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with (C[v2] = 3).
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2. If first rule fails, then find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 3)

to a vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] = 3)).

If the search is successful, then the branch vertex i becomes a non-branch vertex

and the next branch vertex is considered, otherwise the spanning tree is restored like

Procedure(1a) and the next edge incident to i is chosen for deletion. If Procedure(1b)

fails on all edges incident to i, then i cannot be transformed into a non-branch vertex

and the next branch vertex is considered.

Case 2: This case tries to transform each branch vertex i with C[i] = 4 into a non-

branch vertex. It consists of a single procedure called Procedure(2). Like Procedure(1a),

Procedure(2) deletes an edge eir. Then a search for another edge in G, which can make

the solution feasible, is performed using the following rules:

1. Find an edge connecting a vertex v1 ∈ L1 with ((C[v1] = 1) or (C[v1] > 3)) to a

vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 3 )).

2. If first rule fails and if (C[r] = 2), then find an edge connecting a vertex v1 ∈ L1

with ((C[v1] = 1) or (C[v1] > 3)) to the vertex r ∈ L2.

If the search is successful, then the searched edge is added to the partial spanning

tree of the solution, which makes C[i] = 3, and subsequently the procedures of Case 1

are called for vertex i, otherwise the spanning tree is restored, and the next edge of the

branch vertex i is tried like Procedure(1a). If Procedure(2) fails on all edges incident

to i, then the degree of i cannot be reduced and the next branch vertex is considered.

Case 3: This case considers each branch vertex i with C[i] = 5 and tries to transform

it into a non-branch vertex. It consists of a single procedure called Procedure(3).

Procedure(3) also deletes an edge eir and then searches for another edge in G, which

can make the solution feasible, using the following two rules:

1. Find an edge connecting a vertex v1 ∈ L1 with ((C[v1] = 1) or (C[v1] > 4)) to a

vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 4)).

2. If first rule fails and if (C[r] = 4), then find an edge connecting a vertex v1 ∈ L1

with ((C[v1] = 1) or (C[v1] > 4)) to the vertex r ∈ L2.
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If the search is successful, then the searched edge is added to the partial spanning

tree of the solution, which makes C[i] = 4, and subsequently Procedure(2) of Case 2 is

called for vertex i, otherwise the spanning tree of the solution is restored and the next

edge is considered. If Procedure(3) fails on all edges incident to i, then the degree of

i cannot be reduced and the next branch vertex is considered.

We do not consider the branch vertices with local degree greater than 5, as limited

computational experiments showed no significant improvements in results. Besides,

computational cost of considering the branch vertices with local degree greater than 5

is relatively high.

6.4 Heuristic for MDS

It is known that MBV and MDS are related problems, but not the same. Therefore, our

proposed heuristic for MDS (referred to as Heu MDS) is similar to heuristic for MBV

(Heu MBV) and begins by selecting a vertex randomly. Phase 1 of Heu MDS is exactly

same as the phase 1 of Heu MBV, however, phase 2 differs in the manner the set S of

unselected vertices adjacent to the newly created branch vertex is processed. In phase

2 of Heu MBV, whenever a vertex is made a branch vertex vb, then all edges connecting

vb to vertices in set S are added to the partially constructed spanning tree. But this

policy is not used in Heu MDS. Instead, a vertex vu having minimum degree (ties are

broken arbitrarily) is selected from among the vertices in S and the edge connecting

vb and vu is added into the partially constructed tree. After this, phase 1 is applied

(without going into phase 2 upon failure) by setting vu as the last selected vertex. S

is re-computed to account for any change introduced due to the application of phase

1. Now, another vertex with minimum degree is chosen from S and processed in the

same manner as vu. Phase 2 restarts when S becomes empty. This new policy avoids

unnecessary increasing the degree of branch vertices. However, when it has to choose

between increasing the degree by one of a branch vertex and creating a new branch

vertex, it prefers the former. MDS heuristics of [161] also avoid as far as possible

increasing the degree of branch vertices.

Figure 6.3(a) shows the spanning tree obtained through Heu MDS on the input

graph of Figure 6.1. Heu MDS also begins by selecting a vertex randomly. To under-

stand the difference between heuristics for MBV and MDS, let us assume that Heu MDS
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Figure 6.3: Output of MDS heuristic

also begins by selecting vertex 15. Exactly like Heu MBV, edges (15, 7), (7, 4) (4, 6),

(6, 18), (18, 11) , (11, 2), (15, 5), (5, 13), (13, 3) and (3, 16) are added to the tree. At

this stage, we cannot proceed further using phase 1 of the heuristic, so we enter phase

2. Among all the selected vertices, vertex 3 has the maximum number of unselected

adjacent vertices, so the vertex 3 is made a branch vertex. Beginning at this juncture,

Heu MDS proceeds in a way different from Heu MBV. Vertices 1, 12, 14 and 20 are

unselected vertices adjacent to the vertex 3. Of these vertices 12, 14 and 20 have the

minimum degree 2. Breaking the tie arbitrarily and selecting a vertex 12 will add an

edge (3, 12) to the tree. Now, phase 1 is restarted by setting vertex 12 as the last

selected vertex. This leads to edges (12, 1), (1, 17) added to the tree and we return to

phase 2. Next we break the tie between vertex 14 and vertex 20 by selecting the vertex

14 which leads to the addition of an edge (3, 14) to the tree. Now, phase 1 is called

with vertex 14 as the last selected vertex, but there is no unselected vertex adjacent to

the vertex 14, so we again return to phase 2. Next edge (3, 20) is added to the tree and

phase 1 is called with vertex 20 as the last selected vertex. Now, edges (20, 9) and (9,

8) are added to the tree. Then phase 2 restarts again. This time vertex 9 is selected as

a branch vertex and an edge (9, 10) is added to the tree. Again we call phase 1 with

vertex 10 as the last selected vertex. Now, phase 1 adds an edge (10, 19) to the tree
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and phase 2 restarts. This time, since there is no unselected vertex, so the spanning

tree is complete and heuristic stops. Note that Heu MDS obtains a spanning tree with

degree sum of branch vertices equal to 8, whereas the degree sum of branch vertices is

9 in the spanning tree obtained through Heu MBV (see Figure 6.2(a)). Incidentally, in

this particular example, the tree obtained through Heu MDS is optimal. For the sake

of clarity, the spanning tree of Figure 6.3(a) is redrawn in Figure 6.3(b).

6.5 ACO for MDS

Like ACO MBV, we also attack MDS with MMAS algorithm [99, 100]. This algo-

rithm is referred to as ACO MDS in this chapter. ACO MDS uses the same ideas as

ACO MBV, but only after suitable modifications. Therefore, in this section, we will

describe only the differences and similarities between ACO MDS and ACO MBV. Like

ACO MBV, ACO MDS also uses two types of pheromones and pheromones are up-

dated using both iteration best and global best solutions. ACO MDS is also coupled

with a local search that is derived from the local search used in ACO MBV.

6.5.1 Solution Construction

During each iteration t, each ant k constructs a solution in a manner which is similar

to Heu MDS of Section 6.4 except for the selection of an edge connecting the last

selected vertex i to an unselected vertex and the selection of a branch vertex which

are done probabilistically with the help of pheromones and heuristic information. The

probability of selecting an edge and the probability of selecting a branch vertex are still

determined using equations (6.1) and (6.2) respectively.

6.5.2 Pheromone Update

Pheromone update rules for ACO MDS are exactly same as ACO MBV.

6.5.3 Local Search

Local search tries to reduce the degree sum of branch vertices of the solution as much

as possible. ACO MDS with local search will be referred to as ACO MDS+LS. Like

the local search for MBV, here also branch vertices of the spanning tree are sorted

according to non-decreasing order of their local degrees. Also branch vertices with
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C[i] = 3 or C[i] = 4 or C[i] = 5 are considered one-by-one. Cases to handle each of

these three classes of branch vertices are similar to respective cases of the local search

for MBV, only the number of procedures and rules to select new edges differ to account

for different structure of MDS. In addition, we have one more case to handle each

branch vertex i with C[i] > 5. If a case has more than one procedure, then they are

coupled in the same manner as in the case of the local search for MBV.

Case 1: This case is similar to Case 1 of the local search for MBV. Only the rules gov-

erning the selection of edges differ. This case consists of three procedures – Procedure(1a),

Procedure(1b) and Procedure(1c). These procedures are applied one after the other

till one of them finds a suitable edge or all of them fail to find a suitable edge.

Procedure(1a) is similar to Procedure(1a) of the local search for MBV except it uses

the following two rules for edge selection:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with ((C[v2] = 1) or (C[v2] = 0)).

2. If rule 1 fails and if (C[r] = 2), then find an edge connecting a vertex v1 ∈ L1

with (C[v1] = 1) to the vertex r ∈ L2.

Procedure(1b) is similar to Procedure(1b) of the local search for MBV except on fol-

lowing two points: first, upon failure of Procedure(1b) to find a suitable edge, here

Procedure(1c) is called. Second, it uses the following rules for edge selection.

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with (C[v2] > 2).

2. If first rule fails, then find an edge connecting a vertex v1 ∈ L1 with (C[v1] > 2)

to a vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 2)).

Procedure(1c) is similar to Procedure(1b) of the local search for MBV except the

rule for edge selection is as follows.

1. If (C[r] > 1), then find an edge connecting a vertex v2 ∈ L2 with (C[v2] = 1) to

the vertex i ∈ L1.
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Case 2: This case considers each branch vertex i with C[i] = 4. It consists of

two procedures viz. Procedure(2a) and Procedure(2b). Procedure(2a) is similar

to Procedure(2) of the local search for MBV except on the following points: first,

upon finding a new edge, it calls procedures of Case 1 of MDS. Second, upon failure,

procedure(2b) is called here. Third, following rules are used for edge selection:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with ((C[v2] = 1) or (C[v2] = 0)).

2. If rule 1 fails and if (C[r] > 1), then find an edge connecting a vertex v1 ∈ L1

with (C[v1] = 1) to the vertex r ∈ L2.

3. If rules 1 and 2 both fail and if (C[r] > 1), then find an edge connecting a vertex

v2 ∈ L2 with (C[v2] = 1) to the vertex i ∈ L1.

Procedure(2b) is similar to Procedure(2a) except on two counts. First, upon failure,

the degree of vertex i cannot be reduced. Second, it uses the following rules for edge

selection:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with (C[v2] > 3).

2. If rule 1 fails, then find an edge connecting a vertex v1 ∈ L1 with (C[v1] > 3) to

a vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 3)).

Case 3: This case considers each branch vertex i with C[i] = 5. It also consists of

two procedures viz. Procedure(3a) and Procedure(3b). Procedure(3a) is similar to

Procedure(3) of MBV except on the following points: first, upon finding a new edge it

calls procedures of Case 2 of MDS. Second, upon failure, procedure(3b) is called here.

Third, following rules are used for edge selection:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1 ) to a vertex v2 ∈ L2

with ((C[v2] = 1) or (C[v2] = 0)).

2. If rule 1 fails and if (C[r] > 1), then find an edge connecting a vertex v1 ∈ L1

with (C[v1] = 1) to the vertex r ∈ L2.
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3. If rules 1 and 2 both fail and if (C[r] > 1), then find an edge connecting a vertex

v2 ∈ L2 with (C[v2] = 1) to the vertex i ∈ L1.

Procedure(3b) is similar to Procedure(3a) except on two counts. First, upon failure,

the degree of vertex i cannot be reduced. Second, it uses the following rules for edge

selection:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with (C[v2] > 4).

2. If rule 1 fails, then find an edge connecting a vertex v1 ∈ L1 with (C[v1] > 4) to

a vertex v2 ∈ L2 with ((C[v2] = 1) or (C[v2] = 0) or (C[v2] > 4)).

Case 4: This case has only one procedure viz. Procedure(4), which considers each

branch vertex i with C[i] > 5. Like other procedures, Procedure(4) deletes an edge eir
which makes the solution infeasible. To make this solution feasible again, an edge is

searched in G, which can connect these two components, in the following way:

1. Find an edge connecting a vertex v1 ∈ L1 with (C[v1] = 1) to a vertex v2 ∈ L2

with ((C[v2] = 1) or (C[v2] = 0)).

2. If rule 1 fails and if (C[r] > 1), then find an edge connecting a vertex v1 ∈ L1

with (C[v1] = 1) to the vertex r ∈ L2.

3. If rules 1 and 2 both fail and if (C[r] > 1), then find an edge connecting a vertex

v2 ∈ L2 with (C[v2] = 1) to the vertex i ∈ L1.

If the search is successful, then the searched edge is added to the partial spanning

tree of the solution and the local degree of the branch vertex i or the branch vertex r

(if r also happens to be a branch vertex) or both in the spanning tree is reduced by

one, otherwise the spanning tree of the solution is restored by inserting edge eir and

the search proceeds like other procedures.

6.6 Computational Results

Our approaches for MBV and MDS have been implemented in C and executed on a

Linux based 3.2 GHz Pentium 4 system with 1 GB RAM. In all our computational
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experiments with ACO MBV+LS and ACO MDS+LS, we have used a colony of 25

ants, i.e., na = 25. We have set αe = 2, βe = 2, αv = 1, βv = 2, ρ = 0.98, P = 0.1,

Q = 0.1 and GBit = 20. All pheromone values are constrained in the interval [0.01,

5] and are initialized to 5 at the beginning. We have allowed ACO MBV+LS and

ACO MDS+LS to execute for 3000 iterations. These approaches may terminate before

3000 iterations, if a solution without a branch vertex is found. All these parameter

values are chosen empirically after a large number of trials. These parameter values

provide good results though they may not be optimal for all instances.

As the instances that were used in [161] are unavailable, therefore, to compare

our approaches with the heuristics of [161], we have generated problem instances by

using the same three graph instance generators viz., Netgen, Genmax and Random

as used in [161]. All these generators are available from DIMACS (http://dimacs.

rutgers.edu/). Netgen and Genmax are network flow problem instance generators

which generates problem instances with random edges and uniform capacity. Like

[161], we have discarded the edge capacity and transformed the network from directed

to undirected. For each generator, we have also taken 8 different values of |V | into

account, i.e., |V | = 20, 30, 40, 50, 100, 300, 500, 1000. For each value of |V |, we have

taken 5 different values of density (the ratio of the number of edges to the number of

vertices) into account, i.e., d = 1.5, 2, 4, 10, 15. However, we are not able to generate

instances with |V | = 20, d = 10; |V | = 20, d = 15; |V | = 30, d = 15 using Random

instance generator due to some internal restrictions in the generator program. Thus, we

have 40 different combinations of V and d for each generator except Random for which

we have 37 combinations. For each combination, a set of 5 instances were generated

leading to overall 117 sets. Similar to [161], for each set we report the average of these

5 instances.

In addition to generating instances, for the purpose of comparison, we have reim-

plemented the best heuristics for MBV and MDS presented in [161] viz. Heuristic C.A.

(combined approach of edge weighting and node coloring) for MBV and heuristic E.W.

(edge weighting approach) for MDS. Moreover, in order to get exact solution or lower

bound for each instance, the mathematical formulations presented in [161] for MBV and

MDS are solved using Xpress-MP solver (http://www.dashoptimization.com/). Results

of different approaches for MBV are reported in Tables 6.1, 6.2,6.3, whereas for MDS

they are reported in Tables 6.4, 6.5, 6.6. For each instance set and each method, these
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tables report the average solution quality and the average execution time (AET) in

seconds.

We have allowed Xpress-MP solver to execute for at most one hour time on each

instance. When Xpress-MP solver cannot find a solution in one hour, we will get a

lower bound on the solution. Such cases are reported in the tables with a ‘*’ in the

Value column and dnf (did not finish) in AET column.

In subsequent subsections, we compare the performance of different approaches for

MBV and MDS.

6.6.1 Comparison of Our Approaches with C.A. Heuristic for MBV

We first compare Heu MBV with C.A. heuristic [161]. Tables 6.1, 6.2, 6.3 clearly show

the superiority of our Heu MBV over C.A. heuristic in terms of both solution quality

as well as execution time. Heu MBV always performs as good as or better than C.A.

heuristic in terms of both these parameters. Solutions obtained by Heu MBV are better

than C.A. heuristic on 113 instance sets and equal on 4 remaining sets. Heu MBV is

much faster than C.A. heuristic on larger instances.

However, comparing the results obtained by Heu MBV with those of Xpress-MP

solver, clearly show that Heu MBV, in itself, is not so robust. Moreover, the difference

in solution quality grows with increase in instances size. Therefore, to get good solutions

even on larger instances, we have proposed ACO MBV+LS as described in Section 6.3.

ACO MBV+LS is able to find 94 optimal solutions out of a total of 100 instance sets

for which we know the optimal solutions. We have idea about the optimal solution

values of only 100 instance sets, since Xpress-MP solver is able to find 100 optimal

solutions out of 117 instance sets, therefore, results of ACO MBV+LS are quite good.

To see the effect of local search, we also run our ACO approach without local search

(referred to as ACO MBV), while keeping all ACO parameters unchanged. ACO MBV

is able to find optimal solutions for 90 sets in comparison to 94 sets for ACO MBV+LS.

Overall, on all 117 sets, the results of ACO MBV+LS is better than ACO MBV on

26 sets, whereas it is worse on one set. As expected, ACO MBV is much faster than

ACO MBV+LS.

Since we have used two types of pheromone (pheromone on edges and pheromone

on vertices) which is different from the traditional way of using only one pheromone.

To our knowledge, [162] is the only work where the concept of multiple pheromones was
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Table 6.1: Results of MBV on Genmax Instances
Instance XPress MP C.A. Heu MBV ACO MBV-EP ACO MBV ACO MBV+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 1.40 0.09 3.00 0.00 2.20 0.00 1.40 0.25 1.40 0.26 1.40 0.65
20 2 0.60 0.10 2.20 0.00 1.00 0.00 0.60 0.13 0.60 0.22 0.60 0.30
20 4 0.00 0.10 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 10 0.00 0.13 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 15 0.00 0.27 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 2.40 0.18 5.20 0.00 3.40 0.00 2.40 0.49 2.40 0.56 2.40 1.47
30 2 0.60 0.40 3.60 0.00 1.60 0.00 0.60 0.33 0.60 0.32 0.60 0.65
30 4 0.40 0.41 2.80 0.00 1.40 0.00 0.40 0.19 0.40 0.20 0.40 0.39
30 10 0.00 0.83 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 15 0.00 0.51 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 2.00 0.31 5.60 0.00 3.00 0.00 2.20 0.72 2.00 0.63 2.00 1.98
40 2 0.60 0.47 4.20 0.00 1.60 0.00 0.60 0.34 0.60 0.43 0.60 1.71
40 4 0.00 0.59 1.80 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 0.88 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 1.60 0.80 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 3.20 0.70 8.00 0.00 5.00 0.00 3.40 0.96 3.20 1.07 3.20 2.67
50 2 0.80 0.71 6.00 0.00 2.20 0.00 1.00 0.93 0.80 0.83 0.80 1.07
50 4 0.00 0.83 3.20 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 1.51 1.40 0.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 1.68 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 5.80 12.11 15.20 0.00 9.80 0.00 6.40 3.00 6.20 2.66 6.00 9.51
100 2 2.00 11.22 12.60 0.00 4.80 0.00 2.20 2.87 2.00 2.72 2.00 4.43
100 4 0.00 4.78 6.00 0.00 1.80 0.00 0.00 0.01 0.00 0.05 0.00 0.01
100 10 0.00 14.42 2.40 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 13.66 1.20 0.01 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 18.20∗ dnf 47.80 0.00 32.80 0.00 25.00 24.91 21.20 19.08 20.40 74.15
300 2 4.80∗ dnf 34.80 0.01 17.00 0.00 11.80 22.49 7.40 15.59 6.80 38.94
300 4 0.00 92.09 18.00 0.03 4.80 0.00 1.20 14.80 0.40 10.73 0.20 12.71
300 10 0.00 554.34 8.40 0.11 2.20 0.00 0.40 8.57 0.00 3.49 0.00 0.58
300 15 0.00 1345.46 5.80 0.13 1.60 0.00 0.00 0.07 0.00 0.29 0.00 0.03

500 1.5 28.80∗ dnf 79.40 0.02 53.40 0.00 45.00 59.58 35.00 58.64 33.40 251.31
500 2 7.60∗ dnf 58.60 0.05 26.20 0.00 21.40 58.48 11.80 47.57 10.60 99.51
500 4 0.20 1162.97 28.60 0.09 9.00 0.00 4.20 45.46 0.60 26.80 0.60 49.57
500 10 0.00 2537.12 14.40 0.24 3.20 0.00 1.20 33.30 0.00 12.91 0.00 15.02
500 15 0.00 2728.29 7.60 0.37 2.20 0.00 0.40 23.03 0.00 10.28 0.00 5.87

1000 1.5 59.00∗ dnf 159.80 0.13 106.40 0.00 95.20 291.69 78.20 270.74 72.20 1289.14
1000 2 16.60∗ dnf 115.20 0.18 56.80 0.00 50.20 245.81 28.40 175.24 24.60 485.64
1000 4 0.60 3410.95 60.60 0.40 16.60 0.00 12.20 145.52 1.20 102.42 1.00 203.92
1000 10 0.00∗ dnf 22.20 1.02 6.60 0.00 3.40 122.06 0.00 53.21 0.00 88.37
1000 15 0.00∗ dnf 15.00 1.66 4.80 0.00 2.40 113.32 0.00 55.89 0.00 57.95
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Table 6.2: Results of MBV on Netgen Instances
Instance XPress MP C.A. Heu MBV ACO MBV-EP ACO MBV ACO MBV+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 0.00 0.05 2.40 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 2 0.00 0.11 1.40 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 4 0.00 0.16 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 10 0.00 0.20 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 15 0.00 0.32 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 0.00 0.09 3.20 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 2 0.00 0.17 2.60 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 4 0.00 0.42 1.20 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 10 0.00 0.67 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 15 0.00 0.70 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 0.00 0.20 4.40 0.00 1.60 0.00 0.20 0.09 0.00 0.00 0.00 0.00
40 2 0.00 0.40 3.00 0.00 1.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 4 0.00 0.68 2.40 0.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 1.03 1.00 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 1.22 1.00 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 0.00 0.19 4.00 0.00 1.20 0.00 0.00 0.01 0.00 0.00 0.00 0.00
50 2 0.00 0.56 4.40 0.00 2.20 0.00 0.00 0.02 0.00 0.00 0.00 0.00
50 4 0.00 1.09 2.40 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 1.47 1.40 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 1.24 1.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 0.00 1.09 10.00 0.00 3.80 0.00 0.40 0.67 0.00 0.06 0.00 0.18
100 2 0.00 2.75 9.20 0.00 4.40 0.00 0.20 0.80 0.00 0.18 0.00 0.36
100 4 0.00 4.19 5.20 0.00 2.00 0.00 0.20 0.77 0.00 0.05 0.00 0.02
100 10 0.00 8.95 2.60 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 11.53 2.00 0.01 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 0.00 8.24 26.20 0.00 8.80 0.00 3.80 12.28 0.20 2.17 0.00 5.01
300 2 0.00 21.96 24.40 0.00 11.20 0.00 4.40 18.56 0.20 3.97 0.00 10.63
300 4 0.00 104.53 17.80 0.03 4.80 0.00 1.60 16.56 0.00 3.78 0.00 9.66
300 10 0.00 504.14 7.80 0.10 1.80 0.00 0.00 0.94 0.00 2.45 0.00 0.36
300 15 0.00 1675.10 7.00 0.14 1.20 0.00 0.00 0.06 0.00 0.04 0.00 0.01

500 1.5 0.00 22.10 45.80 0.03 18.40 0.00 9.00 27.51 1.00 15.25 0.40 25.07
500 2 0.00 100.59 43.40 0.06 19.20 0.00 11.20 48.86 0.60 19.24 0.20 43.24
500 4 0.00 646.94 26.40 0.11 9.40 0.00 4.60 44.12 0.20 18.90 0.00 29.48
500 10 0.00 2101.29 15.00 0.23 3.20 0.00 0.80 26.67 0.00 11.69 0.00 11.47
500 15 0.00 3376.00 12.00 0.38 2.20 0.00 0.20 10.17 0.00 9.56 0.00 2.11

1000 1.5 0.00 121.11 96.80 0.10 36.00 0.00 23.60 133.90 2.20 58.10 1.40 155.71
1000 2 0.00 934.20 85.60 0.17 34.20 0.01 27.40 167.79 1.60 86.61 0.60 213.57
1000 4 0.00 3375.60 50.40 0.39 17.40 0.01 13.00 156.24 0.40 85.30 0.00 160.54
1000 10 0.00∗ dnf 30.60 1.06 5.20 0.00 2.80 110.05 0.00 56.06 0.00 86.81
1000 15 0.00∗ dnf 22.80 1.57 4.40 0.00 1.60 117.65 0.00 60.81 0.00 57.13
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Table 6.3: Results of MBV on Random Instances
Instance XPress MP C.A. Heu MBV ACO MBV-EP ACO MBV ACO MBV+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 1.00 0.12 2.40 0.00 1.80 0.00 1.00 0.19 1.00 0.21 1.00 0.55
20 2 0.00 0.13 2.00 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 4 0.00 0.16 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 2.60 0.32 5.00 0.00 3.20 0.00 2.60 0.48 2.60 0.62 2.60 1.72
30 2 0.20 0.13 3.20 0.00 1.00 0.00 0.20 0.08 0.20 0.10 0.20 0.21
30 4 0.00 0.48 1.40 0.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 10 0.00 1.05 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 3.20 0.45 6.00 0.00 4.60 0.00 3.20 0.78 3.20 0.81 3.20 2.48
40 2 1.20 0.76 4.40 0.00 2.20 0.00 1.40 0.76 1.20 0.84 1.20 1.45
40 4 0.00 0.70 2.40 0.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 0.99 0.40 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 2.59 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 3.00 0.60 7.60 0.00 5.20 0.00 3.60 1.08 3.00 0.97 3.00 2.64
50 2 1.00 1.26 4.80 0.00 2.00 0.00 1.00 0.90 1.00 0.97 1.00 1.57
50 4 0.00 0.09 2.80 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 2.27 0.80 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 3.11 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 6.60 11.41 16.20 0.00 11.00 0.00 7.20 3.25 6.80 2.97 6.60 10.38
100 2 2.00 69.32 11.00 0.00 5.00 0.00 2.40 2.82 2.00 2.62 2.20 4.11
100 4 0.00 7.03 5.00 0.00 1.40 0.00 0.00 0.01 0.00 0.04 0.00 0.01
100 10 0.00 13.60 2.00 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 25.65 1.00 0.01 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 18.00∗ dnf 49.00 0.00 31.80 0.00 25.00 22.79 21.00 21.40 20.20 89.76
300 2 5.20 3424.07 35.60 0.01 17.00 0.00 11.80 22.56 7.40 18.15 6.60 46.09
300 4 0.00 99.72 16.60 0.03 4.60 0.00 1.20 15.79 0.00 4.43 0.00 6.58
300 10 0.00 1104.37 7.40 0.08 2.80 0.00 0.60 10.63 0.00 3.17 0.00 0.71
300 15 0.00 1307.45 5.80 0.14 1.40 0.00 0.20 3.43 0.00 0.80 0.00 0.05

500 1.5 28.00∗ dnf 78.20 0.02 51.60 0.00 43.20 71.81 34.60 60.86 32.60 250.44
500 2 8.60∗ dnf 57.80 0.03 28.80 0.00 23.20 52.17 13.80 42.68 11.80 124.08
500 4 0.20 1549.24 28.80 0.11 7.60 0.00 4.20 45.90 0.80 30.11 0.60 50.43
500 10 0.00 3216.41 11.80 0.27 4.20 0.00 1.40 36.55 0.00 10.73 0.00 16.12
500 15 0.00 2900.89 8.40 0.42 2.60 0.00 1.00 38.12 0.00 10.55 0.00 3.78

1000 1.5 58.00∗ dnf 151.20 0.11 104.40 0.00 94.60 265.30 76.00 222.84 70.20 1371.29
1000 2 15.40∗ dnf 115.00 0.17 55.20 0.01 50.00 235.61 27.40 186.69 23.20 509.28
1000 4 0.20 3446.78 60.40 0.37 14.40 0.00 12.80 171.65 0.80 100.47 0.60 206.81
1000 10 0.00∗ dnf 23.20 1.24 7.20 0.00 4.00 113.99 0.00 47.05 0.00 75.68
1000 15 0.00∗ dnf 16.60 2.09 5.00 0.00 2.00 106.29 0.00 52.47 0.00 71.28
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used. To support our approach, we have also experimented with a single pheromone

version of our ACO algorithm where we have deposited pheromone only on vertices. In

this situation, instead of selecting an edge eij connecting the last selected vertex i in

the partially constructed tree to an unselected adjacent vertex j based on pheromone

concentration on edges, an edge eij is selected exactly like phase 1 of Heu MBV. The

resulting approach is referred to as ACO MBV-EP. It is clear from Tables 6.1 6.2 6.3

that the results obtained by ACO MBV-EP are worse or equal to ACO MBV on all in-

stances. There are 55 instances where ACO MBV-EP performs worse than ACO MBV.

Most of these instances are large instances. Even AETs of ACO MBV-EP on most of

the instance sets are higher than ACO MBV. Hence, this experimentation provides the

justification for using two pheromones instead of one in our ACO approach for MBV.

As far as comparison of solution quality of different ACO variants with Heu MBV

and C.W. heuristic is concerned, all ACO variants obtain better results except on few

smaller instances where results are same.

6.6.2 Comparison of Our Approaches with E.W. Heuristic for MDS

We first compare Heu MDS with E.W. heuristic [161]. Tables 6.4, 6.5, 6.6 clearly show

the superiority of our Heu MDS over E.W. heuristic in terms of solution quality as well

as execution time. Solutions obtained by Heu MDS are better than E.W. heuristic on

98 sets, worse on 18 sets and equal on 1 set. AET for Heu MDS is as good as or better

than E.W. heuristic. On larger instances Heu MDS is much faster than E.W. heuristic.

Similar to ACO MBV+LS, ACO MBV and ACO MBV-EP, here also we have three

ACO variants viz. ACO MDS+LS, ACO MDS and ACO MDS-EP. ACO MDS+LS

and ACO MDS are able to find 94 and 91 optimal results respectively. There are

102 instance sets for which Xpress-MP solver is able to find optimal results, so again

ACO MDS+LS and ACO MDS perform quite well. Overall, there are 24 instances on

which ACO MDS+LS is better than ACO MDS. Here also single pheromone version

ACO MDS-EP performs worse both in terms of solution quality and execution time,

thereby justifying once again the use of two pheromones. There are 61 instances where

ACO MDS-EP performs worse than ACO MDS. Similar to MBV, here also all ACO

variants obtain as good as or better quality solutions in comparison to Heu MDS and

E.W. heuristic.
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Table 6.4: Results of MDS on Genmax Instances
Instance XPress MP E.W. Heu MDS ACO MDS-EP ACO MDS ACO MDS+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 5.20 0.06 9.60 0.00 9.60 0.00 5.40 0.26 5.20 0.28 5.20 0.98
20 2 2.00 0.20 4.80 0.00 4.00 0.00 2.00 0.15 2.00 0.20 2.00 0.52
20 4 0.00 0.16 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 10 0.00 0.21 5.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 15 0.00 0.32 5.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 9.20 0.27 15.80 0.00 14.00 0.00 9.40 0.48 9.20 0.53 9.20 2.31
30 2 2.60 0.35 9.00 0.00 7.80 0.00 2.80 0.23 2.60 0.37 2.60 0.77
30 4 1.80 0.23 7.80 0.00 5.60 0.00 1.80 0.16 1.80 0.24 1.80 0.48
30 10 0.00 0.64 9.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 15 0.00 0.65 7.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 8.20 0.25 18.60 0.00 18.20 0.00 8.60 0.67 8.20 0.66 8.20 2.27
40 2 1.80 25.73 9.60 0.00 7.60 0.00 1.80 0.36 1.80 0.41 1.80 0.97
40 4 0.00 0.56 9.00 0.00 1.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 1.05 13.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 1.68 12.00 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 14.20 0.87 25.60 0.00 27.00 0.00 14.40 1.00 14.40 1.11 14.20 5.05
50 2 4.00 19.17 15.00 0.00 16.20 0.00 5.20 0.95 4.00 0.74 4.00 1.60
50 4 0.00 0.80 7.20 0.00 2.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 1.77 15.00 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 1.79 14.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 28.60 27.25 55.00 0.00 54.00 0.00 30.20 2.96 29.60 2.81 28.80 15.58
100 2 10.80 738.78 29.40 0.00 34.40 0.00 13.20 2.60 11.20 2.68 11.20 8.25
100 4 0.00 3.33 21.00 0.00 10.40 0.00 0.00 0.00 0.00 0.05 0.00 0.02
100 10 0.00 9.05 22.20 0.01 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 6.60 25.80 0.03 1.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 94.40∗ dnf 174.60 0.01 180.60 0.00 114.80 21.70 104.40 18.82 99.20 172.70
300 2 35.80∗ dnf 103.20 0.01 107.80 0.00 59.20 19.81 41.60 19.02 40.20 83.19
300 4 0.00 23.91 58.20 0.05 24.80 0.00 7.00 9.07 0.00 5.59 0.00 13.15
300 10 0.00 110.05 76.40 0.15 14.80 0.00 0.60 5.04 0.00 2.56 0.00 0.74
300 15 0.00 276.30 88.20 0.22 9.40 0.00 0.00 0.16 0.00 0.93 0.00 0.04

500 1.5 153.80∗ dnf 292.40 0.03 297.40 0.00 200.40 67.56 172.20 55.69 164.80 533.67
500 2 59.60∗ dnf 169.40 0.06 185.20 0.00 104.80 52.48 72.00 42.74 66.80 210.87
500 4 0.80 910.99 88.80 0.14 58.00 0.00 19.80 34.67 1.00 20.80 1.00 45.98
500 10 0.00 1573.46 146.60 0.39 27.00 0.00 5.80 30.61 0.00 10.82 0.00 16.18
500 15 0.00 1198.72 130.00 0.65 16.60 0.00 1.20 24.89 0.00 11.58 0.00 4.00

1000 1.5 320.60∗ dnf 606.40 0.15 603.20 0.01 427.40 253.48 375.00 250.94 352.80 2810.33
1000 2 128.00∗ dnf 353.60 0.22 386.80 0.03 236.20 234.31 167.00 188.31 151.20 1116.61
1000 4 2.00∗ dnf 183.60 0.49 118.60 0.01 54.20 160.32 3.20 97.76 2.60 273.84
1000 10 0.00 2027.56 272.20 1.78 51.40 0.01 20.00 121.72 0.00 44.99 0.00 109.59
1000 15 0.00∗ dnf 297.40 2.92 39.20 0.01 12.60 102.66 0.00 51.94 0.00 90.03
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Table 6.5: Results of MDS on Netgen Instances
Instance XPress MP E.W. Heu MDS ACO MDS-EP ACO MDS ACO MDS+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 0.00 0.02 1.80 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 2 0.00 0.09 2.40 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 4 0.00 0.06 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 10 0.00 0.29 3.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 15 0.00 0.25 5.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 0.00 0.10 5.40 0.00 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 2 0.00 0.20 8.40 0.00 4.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 4 0.00 0.28 3.00 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 10 0.00 0.75 7.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 15 0.00 0.39 8.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 0.00 0.12 9.60 0.00 5.00 0.00 0.60 0.11 0.00 0.00 0.00 0.00
40 2 0.00 0.42 9.00 0.00 6.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 4 0.00 0.44 6.60 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 1.07 10.20 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 1.78 11.40 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 0.00 0.15 9.00 0.00 4.20 0.00 0.00 0.00 0.00 0.00 0.00 0.01
50 2 0.00 0.46 10.20 0.00 8.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 4 0.00 0.89 11.40 0.00 2.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 2.22 12.00 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 1.13 11.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 0.00 0.85 15.00 0.00 13.60 0.00 0.60 0.43 0.00 0.06 0.00 0.18
100 2 0.00 1.79 22.20 0.00 15.20 0.00 0.60 0.60 0.00 0.15 0.00 0.32
100 4 0.00 3.37 19.20 0.00 13.00 0.00 0.60 0.78 0.00 0.06 0.00 0.01
100 10 0.00 9.00 27.00 0.00 2.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 22.35 27.60 0.02 2.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 0.00 9.35 52.80 0.00 44.20 0.00 14.00 10.82 0.60 2.32 0.00 7.18
300 2 0.00 39.55 54.60 0.01 52.80 0.00 17.80 15.09 0.00 3.43 0.00 12.72
300 4 0.00 73.84 66.00 0.03 32.00 0.00 6.80 16.34 0.00 3.89 0.00 10.04
300 10 0.00 47.79 82.80 0.15 13.20 0.01 0.60 2.62 0.00 3.14 0.00 0.42
300 15 0.00 187.73 53.40 0.20 7.20 0.00 0.00 0.12 0.00 0.27 0.00 0.02

500 1.5 0.00 18.55 82.20 0.03 80.00 0.00 30.40 30.08 2.20 12.55 0.60 24.18
500 2 0.00 252.68 96.60 0.06 88.40 0.00 42.60 44.12 0.00 13.61 0.00 45.12
500 4 0.00 210.41 97.20 0.14 62.20 0.00 20.40 38.80 0.00 14.09 0.00 44.46
500 10 0.00 1539.98 131.80 0.39 24.80 0.00 3.20 28.68 0.00 10.83 0.00 14.49
500 15 0.00 882.76 129.40 0.56 14.00 0.00 0.80 12.19 0.00 9.79 0.00 2.14

1000 1.5 0.00 233.06 168.00 0.13 151.00 0.01 80.60 115.17 6.40 63.35 3.00 151.71
1000 2 0.00 2021.92 180.60 0.22 187.20 0.03 101.40 180.67 2.00 71.09 0.60 223.90
1000 4 0.00 2764.78 204.60 0.52 119.60 0.02 53.80 159.24 0.00 63.20 0.00 182.61
1000 10 0.00 905.48 274.80 1.72 40.60 0.01 13.20 92.35 0.00 57.91 0.00 96.96
1000 15 0.00 3140.60 282.00 2.82 33.60 0.01 8.60 103.33 0.00 45.86 0.00 68.12
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Table 6.6: Results of MDS on Random Instances
Instance XPress MP E.W. Heu MDS ACO MDS-EP ACO MBV ACO MDS+LS
V d Value AET Value AET Value AET Value AET Value AET Value AET

20 1.5 3.40 0.10 6.60 0.00 6.20 0.00 3.40 0.19 3.40 0.22 3.40 0.66
20 2 0.00 0.07 1.80 0.00 2.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20 4 0.00 0.06 3.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

30 1.5 10.20 0.32 16.00 0.00 15.60 0.00 10.40 0.48 10.20 0.59 10.20 2.33
30 2 0.60 0.54 6.60 0.00 3.80 0.00 0.60 0.08 0.60 0.10 0.60 0.29
30 4 0.00 0.22 5.40 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
30 10 0.00 0.93 8.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

40 1.5 13.20 0.68 23.60 0.00 23.80 0.00 13.40 0.71 13.20 0.88 13.20 4.05
40 2 4.80 36.44 14.40 0.00 11.60 0.00 5.00 0.76 4.80 0.73 4.80 2.08
40 4 0.00 0.60 7.20 0.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 10 0.00 1.00 14.40 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
40 15 0.00 2.73 14.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

50 1.5 13.40 1.31 25.80 0.00 26.00 0.00 15.40 0.99 13.60 1.03 13.40 4.20
50 2 3.60 2.13 15.60 0.00 12.00 0.00 4.20 0.85 3.60 0.89 3.60 2.08
50 4 0.00 0.60 9.60 0.00 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 10 0.00 2.05 12.00 0.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 15 0.00 2.38 10.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

100 1.5 30.60 110.73 59.40 0.00 59.20 0.00 32.40 3.15 31.40 3.14 30.80 18.94
100 2 11.20 842.16 36.60 0.00 29.80 0.00 13.00 2.36 11.80 2.56 11.40 6.97
100 4 0.00 3.67 19.20 0.00 8.40 0.00 0.00 0.01 0.00 0.04 0.00 0.01
100 10 0.00 7.76 27.00 0.01 2.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00
100 15 0.00 13.12 34.80 0.03 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00

300 1.5 91.00∗ dnf 171.20 0.01 181.80 0.00 111.80 23.52 98.80 22.32 96.20 171.48
300 2 33.20∗ dnf 92.40 0.02 114.40 0.00 55.00 19.62 39.80 16.24 37.20 76.63
300 4 0.00 37.83 51.60 0.06 29.60 0.00 5.60 12.91 0.00 3.57 0.00 10.56
300 10 0.00 50.23 77.20 0.15 18.00 0.00 1.80 9.89 0.00 3.27 0.00 0.67
300 15 0.00 471.79 90.80 0.23 8.20 0.00 0.60 5.31 0.00 1.06 0.00 0.06

500 1.5 151.80∗ dnf 291.60 0.03 306.00 0.00 197.60 60.72 169.20 56.56 161.60 558.23
500 2 63.60∗ dnf 174.60 0.04 190.80 0.00 111.60 60.12 76.00 47.30 73.00 248.26
500 4 0.40 1057.76 88.80 0.14 49.20 0.00 20.20 36.72 1.20 23.14 0.60 52.61
500 10 0.00 1817.40 133.20 0.40 29.80 0.00 5.80 30.98 0.00 12.26 0.00 19.61
500 15 0.00 1161.14 144.80 0.61 22.80 0.00 4.00 41.96 0.00 14.38 0.00 3.79

1000 1.5 309.80∗ dnf 581.40 0.15 585.60 0.01 418.80 250.74 367.20 244.13 337.80 2762.58
1000 2 118.80∗ dnf 334.80 0.22 370.60 0.03 233.00 245.86 158.20 173.53 142.40 1096.66
1000 4 0.40∗ dnf 186.00 0.49 110.60 0.02 53.60 137.00 1.20 85.42 0.60 232.04
1000 10 0.00 2550.20 257.40 1.80 52.80 0.01 18.80 121.37 0.00 56.52 0.00 95.26
1000 15 0.00 2226.30 296.00 3.19 38.60 0.01 11.00 107.05 0.00 46.12 0.00 69.85
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6.7 Conclusions

In this chapter, we have developed heuristic approaches for two spanning tree problems

viz. MBV and MDS having relevance in optical network design. For each of these

two problems, our first approach is a problem-specific heuristic, whereas the second

approach is based on ACO. Our problem-specific heuristic approaches outperform the

previously proposed best heuristic approaches for these problems. As the results ob-

tained by these heuristics are inferior to exact approaches and this difference in solution

quality grows with instance size, we have proposed the hybrid ACO approaches. A sig-

nificant feature of our ACO approaches is the use of two two types of pheromones.

Computational results show the effectiveness of ACO approaches.
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Chapter 7

Early/Tardy Scheduling Problem

7.1 Introduction

This chapter addresses a single machine scheduling problem with earliness and tardiness

costs and no machine idle time. Using the same notational conventions as used in

[163, 164], the problem can be formulated as follows: Given n independent jobs J1,

J2,...,Jn, each of which has to be sequentially processed without preemption on a single

machine. The machine and the jobs are supposed to be continuously available. Each job

Jj needs a processing time pj on this machine and, ideally, should be finished exactly

on its due date dj . Earliness Ej and tardiness Tj of a job Jj in a schedule can be

defined as Ej = max(0, dj−Cj) and Tj = max(Cj−dj , 0) respectively, where Cj is the

time at which job Jj finishes in this schedule. The objective of early/tardy scheduling

problem (ETSP) considered in this chapter is to find a schedule that minimizes

n∑
j=1

(hjEj + wjTj) (7.1)

where hj and wj are the earliness and tardiness penalties of job Jj .

ETSP is an NP-Hard problem, as it is a generalization of weighted tardiness schedul-

ing problem which is NP-Hard [165].

Scheduling models, which penalize both earliness and tardiness, are based on the

philosophy of just-in-time production, i.e., producing something just at the instant

it is needed. This is indeed desirable in many real life production environments. For

example, producing goods early invariably incurs the holding cost. Additional problems

occur with perishable goods which may spoil by the time they are needed. Similarly,
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producing goods late may lead to loss of sales, loss of goodwill and increased shipping

cost due to rush shipping [163].

No unforced machine idle time is allowed in the scheduling model discussed here,

i.e., a machine can be idle only when no jobs are available for processing. This suits

those production environments where either machine has to be operated continuously

to meet the demands or operating and startup costs of the machine exceed the cost of

producing some jobs early. Some specific examples, which can be found in [166] and

[167], show the importance of these kind of scheduling models in real life scenarios.

For ETSP, many exact and heuristic approaches have been proposed. Among exact

approaches, Abdul-Rajaq and Potts [168] presented a branch-and-bound method in

which lower bounding procedure was based on subgradient optimization and dynamic

programming state-space relaxation method, while Li [169] and Liaw [170] used La-

grangian relaxation and multiplier adjustment methods for lower bounding procedure

in their branch-and-bound methods. Valente and Alves [171] further improved the lower

bounds proposed by Li [169] and Liaw [170]. Tanaka [172] proposed an exact method

based on successive sublimation dynamic programming. This method begins with a

very basic relaxation of the original problem and then successively solves relaxations

with more and more detailed information through dynamic programming.

As far as heuristics approaches for ETSP are concerned, Ow and Morton [173]

proposed several early/tardy dispatch rules and a filtered beam search procedure for

ETSP. Though filtered beam search procedure was better than early/tardy dispatch

rules, but found to be too slow for large instances with more than 100 jobs. Li [169]

proposed a heuristic procedure based on neighborhood search that is better than filtered

beam search procedure of [173] in terms of both solution quality and running time.

Valente and Alves [174] presented some more dispatch rules and greedy heuristics.

They also used improvement procedures to further reduce the cost of the schedules

obtained by the heuristics.

Valente et al. [163] proposed twelve variants of a hybrid generational genetic algo-

rithm. All twelve genetic algorithms (GAs) were elitists, i.e., from the current genera-

tion, these GAs copy the best 10% of the population unaltered to the next generation.

All these GAs employs random-key encoding [175] and parameterized unifom crossover

[176]. No mutation operator was used by any of these genetic algorithms, and therefore,
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some solutions are generated randomly every generation for the sake of maintaining di-

versity in the population. The basic version of genetic algorithm with only above

mentioned features was named GA. Genetic algorithms, which employ as local search

a single pass or up to eight passes (no further passes are performed if no improvement

is achieved during a pass) of an adjacent interchange procedure, were named GA-SAI

and GA-MAI respectively. During each pass, the adjacent interchange procedure starts

with the first job in the schedule and interchanges two adjacent jobs whenever doing

so reduces the cost of the schedule. For each of these three versions, another variant

is created that further reduces the cost of the best solution obtained by the genetic

algorithm through successive application of a non-adjacent pairwise interchange pro-

cedure till no further reduction in the cost of the solution is possible. This resulted

in three more versions GA-MNAI, GA-SAI-MNAI and GA-MAI-MNAI. During each

pass, starting from the first job in the schedule, the non-adjacent pairwise interchange

procedure tries to interchange the concerned job with all the other jobs. The inter-

change that leads to a schedule of minimum cost is carried out, and then the next job

in the schedule is considered. Initial population in all these six versions consist of ran-

domly generated solutions. For each of these six versions, one more variant is created,

where initial population is seeded with one solution obtained through the EXP-ET

dispatching procedure [173] and one solution obtained through the NSearch neighbor-

hood search algorithm [169]. Remaining members of initial population were generated

randomly. This yielded the six more versions viz. GA-INI, GA-SAI-INI, GA-MAI-INI,

GA-MNAI-INI, GA-SAI-MNAI-INI, GA-MAI-MNAI-INI. These 12 genetic algorithms

were compared against the EXP-ET dispatching procedure and the NSearch neighbor-

hood search algorithm. These two methods were chosen for comparison because of the

fact that the NSearch was the best heuristic approach known at that time and the EXP-

ET dispatching procedure was the best among all the dispatching procedures. All the

genetic algorithm variants outperformed the EXP-ET dispatching procedure in terms

of solution quality by a large margin. All variants except GA, GA-INI and GA-SAI,

obtained better quality solution in comparison to the NSearch algorithm. However, all

the genetic algorithm variants were slower than the NSearch algorithm and the EXP-

ET dispatching procedure. The EXP-ET dispatching procedure was even faster than

NSearch algorithm.
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Singh [164] proposed a hybrid permutation-coded steady-state genetic algorithm for

ETSP. This genetic algorithm uses uniform order-based crossover and multiple swap

mutations. Like [163], it also employs the multiple passes of adjacent interchange

procedure as local search. This genetic algorithm was named SS-GA. Like MNAI

variants of [163], another version of SS-GA was also considered where the best solution

obtained by the SS-GA was improved through successive applications of non-adjacent

pairwise interchange procedure. This latter version was called SS-GA-MNAI. Both

these versions outperformed the 14 approaches (12 genetic algorithms, the EXP-ET

dispatching procedure and the NSearch neighborhood search algorithm) considered in

[163].

In this chapter, we have proposed an artificial bee colony algorithm (ABC) to solve

ETSP. To our knowledge, only [177, 178] describe ABC algorithms for permutation

problems. [177] describes an application of ABC algorithm for solving the lot-streaming

flowshop scheduling problem, whereas [178] applies ABC algorithm for minimizing the

total flowtime in permutation flow shops. Therefore, the domain of permutation prob-

lems are under-investigated as far as ABC algorithm is concerned. This has motivated

us to develop an approach based on ABC algorithm for ETSP which is a permuta-

tion problem. Similar to [163, 164], a variant of the basic approach is also presented,

where the best solution obtained through ABC approach is improved further by suc-

cessive passes of non-adjacent pairwise interchange procedure. We have compared our

approaches with those presented in [163, 164] which are the best heuristic approaches

known so far for the problem. Computational results show the effectiveness of our

approaches.

The remainder of this chapter is organized as follows: Section 7.2 describes our ap-

proaches for ETSP. Computational results are reported in Section 7.3, whereas Section

7.4 contains some concluding remarks.

7.2 ABC Algorithm for ETSP

The main features of our ABC algorithm for ETSP are described below:
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7.2.1 Solution Encoding

Since, ETSP is inherently a linear permutation problem, therefore, we have encoded

each solution by a linear permutation of jobs that denotes the ordering of execution of

the jobs in that solution.

7.2.2 Initialization

Each initial solution, which is essentially a random permutation of n jobs, is generated

by following an iterative process. Initially, let U be the set containing all n jobs and

let S be an empty schedule. A job Ji is selected uniformly at random from U . This

job is added to S at the first position and deleted from U . Next, iteratively a job Jj

is selected from U using the roulette wheel selection method, where the probability of

selecting a job is inversely proportional to its earliness or tardiness cost as the case may

be with respect to the jobs already in S. The selected job Jj is deleted from U and

added to S. It is to be noted that if during the beginning of an iteration a job is found

to have zero cost, then that job is selected immediately and the roulette wheel selection

method is not used in that iteration. This whole process is repeated again and again

until U becomes empty.

Each initial solution is uniquely associated with an employed bee and the fitness of

each solution is computed.

7.2.3 Probability of Selecting a Food Source

We have used the binary tournament selection method where the candidate with better

fitness is selected with probability pbt.

7.2.4 Determination of a Food Source in the Neighborhood of a Food

Source

In order to find a high quality solution, the problem structure should be exploited

effectively so that the search process leads towards the optimal. As the problem-

structure of ETSP is based on the permutation of n jobs, we apply two operators, i.e.,

multi-point insert operator and 3-point swap operator in a mutually exclusive way for

determining a neighboring solution in the search space of n!, where n is the number of

jobs. Insert operator is applied with probability pq, otherwise swap operator is applied.
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7.2.4.1 Multi-Point Insert Operator

Like traditional ABC algorithms, this method for determining a neighboring solution

also utilizes components from another solution. It is based on a simple observation that

in case of a scheduling problem like ETSP, if a job is present at a particular position

in one good schedule (solution), then the likelihood that this job is present exactly at

the same position or around the same position in many other good schedules is high.

To generate a solution s′ in the neighborhood of a solution s, another solution t is

randomly selected from employed bee population. If t is different from s, then we have

used the following procedure. Initially, s′ is an empty schedule, i.e., all positions in s′

are marked empty. nbr different positions in t are randomly chosen and jobs in these

positions are inserted into the corresponding positions in s′. The remaining n − nbr
empty positions in s′ are filled with the jobs not yet inserted. These not yet inserted

jobs are sorted in ascending order according to the positions they occupy in s. Then

beginning at the first empty position, these jobs are inserted one-by-one in their sort

order at the empty positions in s′. nbr is a parameter to be determined empirically. Its

value should be small in comparison to total number of jobs n, otherwise the generated

solution s′ may be far off from s in the search space. We have taken nbr to be equal to
n
10 .

If t is same as s, then there is no point in using the multi-point insert operator and

the 3-point swap operator, which is described next, is applied on s in an attempt to

diversify the population.

7.2.4.2 3-Point Swap Operator

A swap operation is like a perturbation strategy which not only explores the search

space, but also prevents the solution, as far as possible, from trapping in a local optima.

We have used 3-point swap (3PS) which was introduced in [179]. To generate a solution

s′ in the neighborhood of a solution s through 3PS, the following procedure is used.

Initially, s′ is a copy of s. Then three positions i, j and k are selected randomly in s′,

then two swap operations are applied among the jobs at these three selected positions,

i.e., the job at position i is swapped with the job at position j, and then the new job

at position i is swapped with the job at position k. The 3PS leads to a schedule that

is at a distance (number of swaps required to convert a schedule to another) of 2 from
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Algorithm 9: Method for Determining a Neighboring Food Source
input : A food source s
output: A neighboring food source s′

Select another food source t randomly from the employed bee population;
if ((u01 < pq) ∧ (t is different from s)) then

Generate s′ from s and t using the multi-point insert operator;

else
Create a copy s′ of s;
Apply 3-point swap operator on s′;

return s′;

the original schedule. This may accelerate the search towards global optimum [179] in

comparison to using only a single swap.

The pseudo-code of the aforementioned procedure for determining a neighboring

food source is given in Algorithm 9, where u01 is a uniform variate in [0, 1].

Figure 7.1 explains our multi-point insert and 3-point swap operators with the help

of an example. Figure 7.1(a) shows 20 input jobs along with their processing times,

due dates, and earliness and tardiness penalties. Figures 7.1(b) and 7.1(c) show the

schedules s and t as defined in Section 7.2.4.1. nbr = 2 and hence two positions,

say positions 8 and 15, are chosen randomly. Positions 8 and 15 in the schedule t

respectively contain jobs J13 and J6. These jobs are inserted into the exactly same

positions in the schedule s′ as shown in Figure 7.1(d). The remaining 18 jobs are

sorted in ascending order according to the position they occupy in s. Therefore, the

order is J9, J1, J19, J18, J17, J16, J15, J14, J12, J11, J10, J20, J8, J7, J5, J4, J3, J2.

Beginning at the first empty position in the schedule s′, one-by-one these jobs are

inserted in this order to the empty positions in s′. This leads to a schedule shown

in Figure 7.1(d). Figures 7.1(e) and 7.1(f) respectively show the schedules before and

after 3PS. In this example, i = 8, j = 18 and k = 19. The job at position 8 (J14) is

swapped with the job at position 18 (J4), and then the new job at position 8 (J4) is

swapped with the job at position 19 (J3) to get the schedule shown in Figure 7.1(f).
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Figure 7.1: An illustrative example for determining a neighboring food source

7.2.5 Local Search

To further improve the solution quality, we have used multiple passes of 3-swap proce-

dure [180] as local search. A pass of 3-swap procedure starts with the first job in the

schedule and considers in succession all n − 2 triples of consecutive jobs. All possible

permutations of the jobs in a triple are considered, and then the best permutation is

selected as the new ordering of the three consecutive jobs in that triple. The param-

eter npass controls the number of passes used. However, if one complete pass fails to

improve the solution quality, then that means that the solution cannot be improved

further through 3-swap procedure, therefore, in this situation local search terminates

before npass passes.

It is to be noted that in order to keep the running time manageable, we have applied

the local search only on those solutions where the difference between its fitness and the

fitness of the best solution found so far is less than range% of the fitness of the best

solution found so far.
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7.2.6 Other Features

If a food source (solution) does not improve for a predetermined number of iterations

limit, then the employed bee associated with that food source abandons it and becomes

a scout. Instead of generating a new food source randomly from scratch (as described in

Section 7.2.2) for making this new scout employed again, we have generated a random

solution in the neighborhood of the just abandoned solution via 3-point swap operator

(as described in Section 7.2.4.2). The reason behind using such an strategy is that

the efficiency of the search increases as the random solution generated from scratch

is expected to have much worse fitness than the solution obtained from an existing

solution through 3-point swap operator. Besides, generating a food source from scratch

requires more effort in comparison to generating it through 3-point swap operator. For

an scout bee, Pan et al. [177] always generates a solution in the neighborhood of the

best solution in the population. We have also tried this strategy, but we got better

results with our strategy.

7.2.7 ABC-MNAI Approach

Similar to MNAI variants of [163] and [164], we have also implemented another variant

of our ABC approach, where the best schedule obtained through it is improved further

by repeatedly applying passes of non-adjacent pairwise interchange procedure till a

complete pass fails to improve the schedule. We call this variant ABC-MNAI.

7.3 Computational Results

This section reports the computational results of ABC and ABC-MNAI approaches

for ETSP and compare them with other 16 approaches described in [163, 164]. Our

approaches have been implemented in C and executed on a Linux based 3.0 GHz Core

2 Duo system with 2 GB RAM. In all our computational experiments with ABC and

ABC-MNAI, we have used a population of 100 bees consisting of 50 employed and 50

onlooker bees, i.e., ne = 50 and no = 50. We have taken limit = 50, pbt = 0.8, pq = 0.4,

range = 10, nbr = n
10 , and npass = 2. On each instance with n jobs, we have allowed

our approaches to execute for 1000 iterations if n ≤ 250, otherwise for 1500 iterations.

We have chosen these parameters empirically after a large number of trials. Though

these parameter values provide good results, they may not be optimal for all instances.
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Table 7.1: Comparisons of ABC with 16 Approaches in terms of Number of Instances on
which ABC Performs Better, Same or Worse

ABC
n=15 n=50 n=75 n=100 n=250 n=500 n=750 n=1000

B E W B E W B E W B E W B E W B E W B E W B E W

EXP-ET 100 0 0 100 0 0 100 0 0 100 0 0 - - - - - - - - - - - -
Nsearch 38 62 0 97 3 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA 53 47 0 100 0 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-MNAI 28 72 0 88 12 0 97 3 0 100 0 0 - - - - - - - - - - - -
GA-INI 34 66 0 95 5 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-MNAI-INI 29 71 0 92 8 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-SAI 1 99 0 75 25 0 99 1 0 100 0 0 - - - - - - - - - - - -
GA-SAI-MNAI 1 99 0 63 37 0 92 8 0 99 1 0 - - - - - - - - - - - -
GA-SAI-INI 3 97 0 69 31 0 97 3 0 97 2 1 - - - - - - - - - - - -
GA-SAI-MNAI-INI 3 97 0 64 36 0 90 9 1 95 4 1 - - - - - - - - - - - -
GA-MAI 0 100 0 39 61 0 79 20 1 97 3 0 - - - - - - - - - - - -
GA-MAI-MNAI 0 100 0 37 63 0 70 29 1 92 7 1 - - - - - - - - - - - -
GA-MAI-INI 0 100 0 33 67 0 79 20 1 81 17 2 - - - - - - - - - - - -
GA-MAI-MNAI-INI 0 100 0 32 68 0 72 27 1 74 24 2 - - - - - - - - - - - -
SS-GA 0 100 0 16 84 0 31 64 5 57 38 5 85 6 9 88 2 10 89 1 10 89 0 11
SS-GA-MNAI 0 100 0 16 84 0 29 66 5 55 40 5 77 6 17 59 3 38 34 1 65 28 1 71
Overall 0 100 0 7 93 0 19 75 6 44 51 5 77 6 17 59 3 38 34 1 65 28 1 71

Our approaches are tested on the same instances as used in Valente et al. [163]

and Singh [164]. These instances were generated by Valente et al. [163] in a manner

similar to those used in [168, 169, 170]. Based on the number of jobs, these instances

are categorized into four groups viz. instances with 15, 50, 75 and 100 jobs. Each

group consists of 100 instances. Each job Jj in these instances consists of an integer

processing time pj , earliness penalty hj and tardiness penalty wj drawn uniformly at

random from the interval [1, 10]. An integer due date dj for each job Jj is drawn

uniformly at random from the interval [T (1 − LF − RDD/2), T (1 − LF + RDD/2)],

where T is the sum of the processing times of all jobs, LF is the lateness factor and

RDD is the range of due dates. LF is set to 0.2 and 0.4, whereas RDD is set to 0.2,

0.4, 0.6, 0.8 and 1.0. Ten instances were generated for each of the 10 combinations of

these two parameters. Therefore, each group consists of 100 instances. In order to test

our approaches on large instances, we have generated 4 additional groups of instances

with 250, 500, 750 and 1000 jobs using the same procedure as described above.

Tables 7.1 and 7.2 compare the results of our ABC approach with each of the 16

approaches presented in [163, 164]. In Table 7.1, comparison is done on the basis of

number of instances out of 100 in each of the 8 groups where ABC performs better

(B), equal (E) or worse (W) in terms of solution quality. Exact solution values of 14

approaches reported in [163] were obtained through personal communication. These
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Table 7.2: Average Percentage Deviation and Average Computation Times for 16 Ap-
proaches and ABC

n=15 n=50 n=75 n=100 n=250 n=500 n=750 n=1000
APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT

EXP-ET 18.59 0.0 15.20 0.0 12.99 0.0 14.68 0.0 - - - - - - - -
Nsearch 1.15 0.0 2.66 1.8 2.32 9.9 2.52 25.5 - - - - - - - -
GA 1.91 1.7 6.47 15.2 7.31 39.4 9.64 75.4 - - - - - - - -
GA-MNAI 0.69 1.7 1.29 15.5 1.01 40.7 0.87 78.8 - - - - - - - -
GA-INI 0.84 2.0 1.92 16.7 2.40 44.0 2.63 91.8 - - - - - - - -
GA-MNAI-INI 0.64 2.0 1.15 16.9 1.26 44.9 1.16 94.1 - - - - - - - -
GA-SAI 0.00 2.3 1.37 21.9 2.24 63.4 3.13 114.5 - - - - - - - -
GA-SAI-MNAI 0.00 2.3 0.55 22.1 0.90 64.4 1.02 117.1 - - - - - - - -
GA-SAI-INI 0.02 2.8 0.67 26.7 1.21 74.5 1.30 148.1 - - - - - - - -
GA-SAI-MNAI-INI 0.02 2.8 0.48 26.9 0.72 75.1 0.71 149.9 - - - - - - - -
GA-MAI 0.00 3.6 0.26 46.6 0.68 130.0 0.98 267.7 - - - - - - - -
GA-MAI-MNAI 0.00 3.6 0.21 46.7 0.43 130.6 0.53 269.6 - - - - - - - -
GA-MAI-INI 0.00 3.9 0.26 50.8 0.58 130.5 0.64 260.2 - - - - - - - -
GA-MAI-MNAI-INI 0.00 3.9 0.25 50.9 0.53 130.9 0.46 261.5 - - - - - - - -
SS-GA 0.00 0.4 0.04 0.9 0.09 1.2 0.16 1.8 0.05 6.7 0.09 26.6 0.17 64.7 0.27 117.6
SS-GA-MNAI 0.00 0.4 0.04 0.9 0.08 1.2 0.09 1.8 0.02 7.0 0.01 28.8 0.00 66.2 0.00 121.0
ABC 0.00 0.1 0.00 0.3 0.01 0.7 0.01 1.2 0.01 7.0 0.01 31.8 0.03 56.5 0.04 90.8

14 approaches were executed only on instances with up to 100 jobs. [164] also reports

the results of SS-GA and SS-GA-MNAI on instances with up to 100 jobs only. As

the source codes for these two approaches were available, we have executed these two

approaches along with ABC and ABC-MNAI on 4 new groups of large instances. In

addition, SS-GA and SS-GA-MNAI have been re-executed on older instances with 15,

50, 75 and 100 jobs so that their execution times can be compared exactly with those of

ABC and ABC-MNAI. The last row in Table 7.1 compare the solution obtained through

ABC approach with the best solution among all the 16 approaches for instances up to

100 jobs and with the best solution among SS-GA and SS-GA-MNAI for the remaining

instances. Table 7.2 compares ABC approach with other approaches in terms of average

percentage deviation (APD) and average computation time (ACT) in seconds on each of

the eight groups of instances. On a particular instance, let A be the solution obtained

by an approach and let B be the best known or optimal solution (if known), then

the percentage deviation of this approach on this instance is defined as (A−B)
B × 100.

Reported APD values are average of percentage deviations over 100 instances of each

group. Only on instances with 15 jobs, we know the optimum solutions [163]. For the

remaining groups, we have taken the best solution among all the approaches applied

to instances of that group as the best known solution and computed APD values with

respect to it. As ABC approach improved the best known solution values on instances
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Table 7.3: Comparisons of ABC-MNAI with 16 Approaches in terms of Number of In-
stances on which ABC-MNAI Performs Better, Same or Worse

ABC-MNAI
n=15 n=50 n=75 n=100 n=250 n=500 n=750 n=1000

B E W B E W B E W B E W B E W B E W B E W B E W

EXP-ET 100 0 0 100 0 0 100 0 0 100 0 0 - - - - - - - - - - - -
Nsearch 38 62 0 97 3 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA 53 47 0 100 0 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-MNAI 28 72 0 88 12 0 97 3 0 100 0 0 - - - - - - - - - - - -
GA-INI 34 66 0 95 5 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-MNAI-INI 29 71 0 92 8 0 100 0 0 100 0 0 - - - - - - - - - - - -
GA-SAI 1 99 0 75 25 0 99 1 0 100 0 0 - - - - - - - - - - - -
GA-SAI-MNAI 1 99 0 63 37 0 92 8 0 99 1 0 - - - - - - - - - - - -
GA-SAI-INI 3 97 0 69 31 0 97 3 0 97 2 1 - - - - - - - - - - - -
GA-SAI-MNAI-INI 3 97 0 64 36 0 90 9 1 95 4 1 - - - - - - - - - - - -
GA-MAI 0 100 0 39 61 0 80 20 0 97 3 0 - - - - - - - - - - - -
GA-MAI-MNAI 0 100 0 37 63 0 71 29 0 92 7 1 - - - - - - - - - - - -
GA-MAI-INI 0 100 0 33 67 0 79 21 0 81 17 2 - - - - - - - - - - - -
GA-MAI-MNAI-INI 0 100 0 32 68 0 72 28 0 74 24 2 - - - - - - - - - - - -
SS-GA 0 100 0 16 84 0 31 65 4 57 38 5 87 7 6 94 2 4 98 0 2 97 0 3
SS-GA-MNAI 0 100 0 16 84 0 29 67 4 55 40 5 84 9 7 81 3 16 84 0 16 83 0 17
Overall 0 100 0 7 93 0 19 76 5 44 51 5 84 9 7 81 3 16 84 0 16 83 0 17

with 50, 75 and 100 jobs, therefore, APD values reported for these groups of instances

differ from those in [163, 164].

As can be seen from the Tables 7.1 and 7.2, ABC is clearly better than all the other

approaches on instances of Valente et al. [163] in terms of solution quality. As shown

by the last row of table 7.1, for these instances even the 16 approaches taken together

cannot compete with ABC approach. Our approach improves the best known solution

values of 7, 19 and 44 instances respectively belonging to groups with 50, 75 and 100

jobs. APD values for our ABC approach are also least among all the approaches for

these instances. As far as the performance of ABC on large instances is concerned, SS-

GA-MNAI performs better than ABC on instances of size 750 and 1000, whereas ABC

performs better on instances with 250 and 500 jobs. For instances of size 750 and 1000,

respective APD values are 0.03 and 0.04 for ABC indicating that solutions obtained

through ABC approach are only slightly inferior to the best solutions for these instances.

ABC anyway is better than SS-GA on all 4 groups of large instances. Therefore, the

superior performance of SS-GA-MNAI on large instances can be attributed to repeated

application of passes of non-adjacent pairwise interchange procedure. This fact has

motivated us to consider ABC-MNAI.

Our ABC approach along with SS-GA and SS-GA-MNAI have been executed on

a Linux based 3.0 GHz Core 2 Duo system with 2 GB RAM. As shown in Table 7.2,
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Table 7.4: Average Percentage Deviation and Average Computation Times for 16 Ap-
proaches and ABC-MNAI

n=15 n=50 n=75 n=100 n=250 n=500 n=750 n=1000
APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT APD ACT

EXP-ET 18.59 0.0 15.20 0.0 12.99 0.0 14.69 0.0 - - - - - - - -
Nsearch 1.15 0.0 2.66 1.8 2.32 9.9 2.53 25.5 - - - - - - - -
GA 1.91 1.7 6.47 15.2 7.31 39.4 9.64 75.4 - - - - - - - -
GA-MNAI 0.69 1.7 1.29 15.5 1.01 40.7 0.88 78.8 - - - - - - - -
GA-INI 0.84 2.0 1.92 16.7 2.40 44.0 2.63 91.8 - - - - - - - -
GA-MNAI-INI 0.64 2.0 1.15 16.9 1.26 44.9 1.16 94.1 - - - - - - - -
GA-SAI 0.00 2.3 1.37 21.9 2.24 63.4 3.14 114.5 - - - - - - - -
GA-SAI-MNAI 0.00 2.3 0.55 22.1 0.90 64.4 1.02 117.1 - - - - - - - -
GA-SAI-INI 0.02 2.8 0.67 26.7 1.21 74.5 1.31 148.1 - - - - - - - -
GA-SAI-MNAI-INI 0.02 2.8 0.48 26.9 0.72 75.1 0.71 149.9 - - - - - - - -
GA-MAI 0.00 3.6 0.26 46.6 0.68 130.0 0.99 267.7 - - - - - - - -
GA-MAI-MNAI 0.00 3.6 0.21 46.7 0.43 130.6 0.53 269.6 - - - - - - - -
GA-MAI-INI 0.00 3.9 0.26 50.8 0.58 130.5 0.65 260.2 - - - - - - - -
GA-MAI-MNAI-INI 0.00 3.9 0.25 50.9 0.53 130.9 0.47 261.5 - - - - - - - -
SS-GA 0.00 0.4 0.04 0.9 0.09 1.2 0.16 1.8 0.05 6.7 0.10 26.6 0.18 64.7 0.28 117.6
SS-GA-MNAI 0.00 0.4 0.04 0.9 0.08 1.2 0.09 1.8 0.02 7.0 0.02 28.8 0.01 66.2 0.01 121.0
ABC-MNAI 0.00 0.1 0.00 0.3 0.01 0.7 0.01 1.2 0.00 7.1 0.00 32.5 0.00 59.4 0.00 98.6

ABC is clearly faster than SS-GA and SS-GA-MNAI except for instances of size 250

and 500 where it is slightly slower. Approaches of Valente et. al. [163] were executed

on a Pentium II, 350 MHz system. As these approaches were executed on a different

system, therefore it is not possible to exactly compare the execution times of these

approaches with ABC. However, we can safely say that our ABC approach is faster

than the 12 GA variants of [163] on instances with 50, 75 and 100 jobs.

Tables 7.3 and 7.4 compare our ABC-MNAI approach with each of the 16 ap-

proaches presented in [163, 164]. Tables 7.3 and 7.4 are respectively similar in content

to Tables 7.1 and 7.2 except for the fact that best solution values obtained through

ABC-MNAI are used in APD computations wherever these values are better than all

other 16 approaches. These tables clearly show the superiority of ABC-MNAI in terms

of solution quality over all other approaches on all groups of instances. In particular,

ABC-MNAI is better than SS-GA-MNAI on all 4 groups of large instances in terms

of solution quality. As shown by the last row of Table 7.3, for each of the 8 groups of

instances, ABC-MNAI performs even better than all other approaches applied to that

group taken together. ABC-MNAI also has the smallest APD values for all groups

of instances. These two facts taken together show the robustness of ABC-MNAI. Re-

garding comparison of execution times, conclusions on the lines similar to ABC can be

drawn here also.
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As far as comparison between ABC-MNAI and ABC is concerned, ABC-MNAI

improves 2, 1, 49, 90, 97, 98 solutions obtained through ABC on each group of 100

instances with 75, 100, 250, 500, 750, 1000 jobs respectively. As ABC-MNAI is nothing,

but ABC followed by multiple passes of MNAI procedure. Execution time of ABC-

MNAI is always slightly more than ABC.

7.4 Conclusions

In this chapter, we have developed two artificial bee colony based hybrid approaches viz.

ABC and ABC-MNAI. We have tested our approaches against 16 previously proposed

approaches [163, 164] not only on existing set of instances, but also on large instances.

ABC approach has performed better than all the 16 methods on existing set of instances,

but it has performed worse on two largest group of instances with 750 and 1000 jobs

in comparison to SS-GA-MNAI approach of [164]. This motivated the development of

ABC-MNAI which is same as ABC except for the fact that the best solution obtained

through ABC approach is improved further through successive application of passes

of non-adjacent pairwise interchange procedure. ABC-MNAI has outperformed all

other approaches in terms of solution quality. It also requires less execution time in

comparison to other best performing approaches on most group of instances. We have

shown that for all 8 groups of instances, even if we compare the results of ABC-MNAI

approach against the best results among all the approaches applied to that group, our

results are still better.
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Chapter 8

Blockmodel Problem

8.1 Introduction

Social network analysis has emerged as an indispensable technique for getting insight

into the structure of complex social networks. It finds the relationships among interact-

ing entities which in turn provides many interesting facts necessary for understanding

the structures or patterns of interacting entities in social networks. In order to ana-

lyze the relational aspects of the structures of a social network, social network analysis

methods often visualize social relationships in terms of graphs consisting of vertices

and edges. It is always possible to represent a social network as a graph, where vertices

are the individual entities and edges show the interdependency or relationship between

vertices. The interdependency among vertices varies from one social network to another

and can represent common interest, dislike, knowledge etc. Usually, a social network

graph is represented by an adjacency matrix whose individual entries show the presence

or absence of the relationship between entities. In order to detect structures or patterns

in the graph, the adjacency matrix is provided as an input to a social network analysis

tool.

Pertaining to social network analysis, a blockmodel [181] is a representation of

structural relationships among entities. The objective of this model is to find groups

of entities that exhibit a high degree of interconnectedness. In the literature of social

network analysis, cliques and blocks are the two ways that have been commonly used

to group the entities or vertices based on their structural relationships. A clique is a

cluster (group) of vertices in which every pair of vertices is connected to each other and
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vertices are allowed to be members of more than one clique, i.e., cliques may overlap.

On the other hand a block is a group of vertices which are highly interconnected among

themselves and vertices are not allowed to be members of more than one block, i.e.,

blocks are disjoint [182].

Blockmodel is primarily based on the concept of structural equivalence and struc-

tural similarity. Two entities are said to be structurally equivalent, if they have exactly

same pattern of interaction with all entities. Two entities are said to be structurally

similar, if they have nearly the same pattern of interaction with all entities. Such struc-

turally equivalent or similar entities can be grouped into a block. The goal of block-

modeling is to partition a social network graph into blocks, i.e., groups of structurally

equivalent or similar entities. However, there may exist multiple ways of partitioning

a graph into blocks, and therefore, some criterion is required to guide the partition-

ing process. Jessop [182] proposed one such criterion. According to Jessop’s criteria

called maximum concentration, blockmodeling should find small number of large, dense

blocks, i.e., blocks of size as large as possible and for which the intra-block edge density

is close to 1. The motivation for this criterion is to maximize the number of edges

within the blocks and consequently minimize the inter-block interactions.

Apart from several practical applications of blockmodeling in social network analysis

[183, 184, 185, 186], recent research has been witnessed to the potential applications

of blockmodeling to analyze multi-attribute measures of performance in airlines [187],

airports [188], and universities [182]. Besides, blockmodeling also provides an attractive

alternative for well-established technique of data envelopment analysis [189].

Jessop is the most potent contributor to the field of blockmodeling [3, 182, 187,

188, 190, 191]. Proll [2] developed an integer linear programming (ILP) formulation of

blockmodel problem (BMP) after linearizing the quadratic programming formulation

of [182]. Proll’s ILP is able to find feasible solutions for each of the seven problems

tested and on four of the problems the results are superior to those of Jessop [190].

Later, Jessop et al. [3] presented two ILP formulations and a heuristic approach to

BMP. These two ILP formulations are known as the vertex formulation and the clique

formulation. Both ILP formulations are improved versions of Proll’s ILP formulation

[2]. The heuristic approach first decomposes the input graph into subgraphs with non-

overlapping vertices and finds the optimal clique for each of these subgraphs. These

cliques are combined to form a solution for the input graph. This solution is enhanced
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further by shifting vertices from the smallest clique to the biggest clique until no such

shifts are possible.

As far as metaheuristic techniques are concerned, only Tabitha et al. [4] proposed a

generational grouping genetic algorithm (GGGA) for BMP. Actually, BMP is a group-

ing problem, i.e., a problem whose objective is to find an optimal assignment of entities

according to a given fitness function into different groups subject to some constraints.

Grouping genetic algorithms [192] are specially designed to handle grouping problems

as traditional genetic algorithm suffers from the problem of redundancy, context insen-

sitivity and schema disruption while handling grouping problems.

In this chapter, we have proposed two metaheuristic techniques for BMP. The first

one is a steady-state grouping genetic algorithm (SSGGA), whereas the latter one is

an ABC algorithm. Hereafter, our ABC algorithm will be referred to as GABC. To

our knowledge, this is the first time an ABC algorithm is applied to a problem with

variable number of groups. Previously, we have extended ABC algorithm to a problem

with fixed number of groups [87]. Both SSGGA and GABC are population-based

approaches. However, underlying principles for both the approaches are quite different.

SSGGA is an evolutionary algorithm based on survival of the fittest [8], whereas GABC

is a swarm intelligence technique based on intelligent foraging behavior of honey bee

swarm [13]. We have compared our approaches against those proposed in [2, 3, 4].

Computational results show the effectiveness of our approaches.

Note that it is obvious from computational results reported in [4] that GGGA for

BMP is not so good in finding high quality solutions. We strongly felt that even

another version of grouping genetic algorithm can easily beat GGGA [4] in terms of

solution quality. Therefore, we have proposed a steady-state grouping genetic algorithm

(SSGGA) which is entirely different from the one proposed in [4]. In fact, SSGGA for

BMP is not directly within the scope of our thesis, but it is needed to test the capability

of GABC in finding high quality solutions and its robustness. Comparing GABC solely

with GGGA would not have served this purpose.

The remainder of this chapter is organized as follows: Section 8.2 provides the

mathematical formulation for BMP. SSGGA is described in Section 8.3. Section 8.4

describes our GABC approach. Computational results are reported in Section 8.5.

Finally, Section 8.6 presents some concluding remarks.
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8.2 Problem Definition

Following the notational conventions used in [182] and [2], blockmodel problem (BMP)

can be formulated as follows:

max HHI =
b∑

k=1

(
n∑
i=1

λik)2 (8.1)

subject to
b∑

k=1

λik = 1 ∀i ∈ {1, 2, ..., n} (8.2)

n∑
i=1

n∑
j=1

xijλikλjk − β(
n∑
i=1

λik)2 ≥ 0∀k (8.3)

λik ∈ {0, 1} (8.4)

where n is the number of vertices, b is the maximum number of blocks, λik and xij

are binary variables. If vertex i belongs to block k, then λik = 1, otherwise λik = 0.

If there is an edge between vertices i and j, then xij = 1, otherwise xij = 0. β is a

parameter which represents the minimum acceptable block density. Typically, a value

of β is chosen to be close to 1.

The objective of BMP is to maximize the sum of the squares of block sizes (see

equation (8.1)). In economic parlance, this objective function is called Herfindahl-

Hirshman Index (HHI) [193, 194], and is a popular measure of industrial concentration.

In case of BMP, HHI is a measure of concentration of vertices into blocks, and it favors

the solutions with small number of large blocks. Constraint (8.2) restricts that each

vertex is a member of one block only. Constraint (8.3) can be rewritten as follows:
n∑
i=1

n∑
j=1

xijλikλjk/(
n∑
i=1

λik)2 ≥ β

where
n∑
i=1

n∑
j=1

xijλikλjk is the number of intra-block edges in block k. Therefore, con-

straint (8.3) ensures that the edge density of each block should be greater than or equal

to a given threshold β. If β = 1, then all vertices in a block are directly connected to

each other, i.e., a block in this case is precisely a clique. Therefore, one can solve BMP

in this case by iteratively solving the maximum clique problem and removing the ver-

tices forming the clique before beginning the next iteration. However, It is well-known

that finding a maximum clique in a graph is an NP-Hard combinatorial optimization
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problem [195]. Therefore, BMP is also an NP-Hard problem. In order to compare our

approaches with those proposed in [2, 3, 4], we have also used β = 1 in this chapter.

8.3 Steady-State Grouping Genetic Algorithm

We present a steady-state grouping genetic algorithm (SSGGA) for BMP that uses

steady-state population replacement method [196]. In this method, genetic algorithm

iteratively selects two parents, performs crossover and mutation to generate an off-

spring that replaces a worse member of the population. This differs from the genera-

tional method, where the whole parent population is replaced with an equal number

of newly generated offsprings every generation. The steady-state population replace-

ment method generally finds better solutions faster in comparison to the generational

method. This is due to retaining the best solutions in the population permanently and

the instant availability of the generated offspring for selection and reproduction. The

steady-state population replacement method has one more advantage. It can easily

avoid multiple copies of the same individuals in the population. In the generational

method, multiple copies of highly fit individuals may exist in the population. Within

few generations, these highly fit individuals can dominate the whole population. The

crossover becomes totally ineffective in such a situation, and the only possible way to

improve solution quality is through the mutation. When this happens, improvement,

if any, in solution quality is quite slow. This situation is known as the premature

convergence. In the steady-state method, we can easily prevent this situation by sim-

ply comparing each newly generated offspring with present population members and

discarding the newly generated offspring in case it is identical to any member.

Subsequent subsections describe other salient features of SSGGA.

8.3.1 Encoding

We have represented a chromosome as a set of blocks. Therefore, no ordering exists

among blocks. With such a representation there is no redundancy. The GGGA [4] uses

the same chromosome representation as proposed by Falkenauer [192], which divides the

chromosome into two parts viz. a group part and an entity part. The first part simply

enumerates the number of groups, i.e., blocks present in the chromosome, whereas

the entity part associates each entity with a group present in the chromosome. This
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representation suffers from the problem of redundancy because we can always rename

the groups in the group part and can change accordingly the corresponding association

in the entity part. However, as this representation is used with a grouping genetic

algorithm, so if two chromosomes representing the same solution are ever crossed then

they produce a child that also represent the same solution.

The result of crossover operator used in GGGA depends on the ordering among

blocks. To reduce the effect of ordering, Falkenauer [192] describes an inversion opera-

tor, but this operator is not used in [4]. On the other hand, our genetic operators are

designed in such a way that their results do not depend on the ordering among blocks.

Therefore, inversion operator is not at all required in our approach.

8.3.2 Initial Population Generation

Each solution of the initial population consists of a set of blocks. In order to maintain

diversity, each solution of the initial population is generated randomly by the following

procedure: initially, all vertices belong to a set, say U . Then, blocks are constructed

one-by-one and added to the solution. In order to construct a block, say B, first a

vertex, say v, is deleted randomly from U and added to B. Then, iteratively a vertex ∈
U that is adjacent to all vertices currently in B is deleted randomly from U and added

to B. This process is repeated till no vertex ∈ U can be added to B. If U is not yet

empty, then a new block is constructed from U in an analogous manner. We keep on

adding new blocks to the solution until U becomes empty.

Uniqueness of each generated individual (solution) is checked against the individuals

of the population generated so far and if it is unique, it is included in the initial

population, otherwise it is discarded.

8.3.3 Fitness

Fitness of each solution is taken to be equal to its HHI value, i.e., fitness function is

same as the objective function.

8.3.4 Selection

In order to select two different chromosomes as parents for crossover, the binary tour-

nament selection method is used consecutively two times. In this method, two chromo-
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somes are picked uniformly at random from the current population and with probability

pb, the chromosome with better fitness is selected, otherwise worse one is selected (with

probability 1− pb). In case of mutation also, the binary tournament selection method

is used to select a chromosome for mutation.

8.3.5 Crossover

Our crossover operator is inspired by the crossover operator proposed in [197]. Suppose

that p1 and p2 are two parents selected for crossover, and nb1 and nb2 are the number

of blocks in p1 and p2 respectively. Let nb = min(nb1, nb2) − sub, where sub is a

parameter to be determined empirically. The crossover operator consists of a maximum

of nb iterations. During each iteration, one of the two parents is selected uniformly at

random and a largest block (ties are broken arbitrarily) from the selected parent is

copied in the child. All vertices belonging to the block just copied are deleted from

both the parents.

It is to be noted that while selecting a largest block from the selected parent, if

it is found that the largest block is a singleton block, then iterative procedure for

the crossover is stopped immediately without copying this singleton block to the child

solution. Here, a singleton block means a block containing only one vertex. Moreover,

iterative procedure for the crossover is also stopped prematurely, if parents become

empty.

There is a high possibility that some vertices may be left unassigned in the child

solution produced by the crossover. If this happens, then a repair procedure, which is

described next, is used to assign these vertices to blocks.

8.3.6 Repair Procedure

Repair procedure consists of two stages. The first stage considers each unassigned vertex

one-by-one and tries to assign it to the first block where it can be assigned without

violating the feasibility. The blocks are checked according to non-increasing order of

their sizes. The reason behind this policy lies in the objective function of the problem

which increases by a larger amount, if we add a vertex to a larger block in comparison

to adding the same vertex to a smaller block. To facilitate efficient implementation of

this policy, blocks are kept continuously sorted according to non-increasing order.
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If some vertices are left unassigned even after the completion of the first stage,

then the second stage is used. This stage is responsible for iteratively constructing

new blocks from unassigned vertices in a manner analogous to Section 8.3.2 and adding

these to the child solution till no unassigned vertices are left. However, instead of

selecting an unassigned vertex randomly from candidate unassigned vertices, we select

an unassigned vertex of maximum degree (ties are broken arbitrarily).

8.3.7 Mutation

Our mutation operator deletes at most nbm non-singleton blocks randomly along with

all singleton blocks from the solution selected for mutation. All vertices belonging to

these deleted blocks is added to a list of unassigned vertices. These unassigned vertices

are again added to the solution by using the two stage procedure described in the

previous section.

Like [197], here also a child is generated either by crossover or by mutation, but

never by both, i.e., crossover and mutation are used mutually exclusively. Actually,

our crossover operator greedily builds the child by copying the best blocks from two

parents. If we use the mutation after the crossover, then the mutation can destroy some

of these blocks, thereby reducing the benefits of using a greedy strategy in crossover.

The parameter pc governs the decision to use crossover or mutation in each generation.

Crossover is used with probability pc, otherwise mutation is used.

8.3.8 Replacement Policy

In our replacement policy, uniqueness of the newly generated child solution is tested

against the existing solutions of the population. If it is found to be different from all

population members, then it replaces the worst solution of the population, irrespective

of its own fitness, otherwise it is discarded.

8.4 Grouping-based Artificial Bee Colony Algorithm

Our ABC algorithm is designed in such a way that it tries to preserve grouping in-

formation as far as possible. To our knowledge this is the first application of ABC

algorithm for a problem with variable number of groups. The main components of

grouping-based artificial bee colony algorithm (GABC) are described below:
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8.4.1 Encoding

Each solution is encoded as a set of blocks, which is similar to the encoding scheme of

SSGGA explained in Section 8.3.1. Like SSGGA, the results obtained by GABC do

not depend on the ordering among the blocks.

8.4.2 Initialization

Each initial solution is generated in a way exactly similar to the initial solutions of

SSGGA as explained in Section 8.3.2. Each initial solution is uniquely associated with

an employed bee and the fitness of each solution is computed.

8.4.3 Probability of Selecting a Food Source

In GABC, an onlooker bee chooses a food source with the help of binary tournament

selection method where the candidate with better fitness is selected with probability

pbt. Also note that SSGGA also uses the binary tournament selection method to select

the parents for crossover and mutation.

8.4.4 Determination of a Food Source in the Neighborhood of a Food

Source

In order to search a high quality solution, the problem-structure should be exploited

effectively so that it leads the search process towards the optimal. As the problem-

structure of BMP is grouping-based, therefore, in order to search a neighboring food

source, our GABC for BMP is designed in such a way that it can exploit the grouping

aspects of BMP as far as possible. In order to determine a food source in the neighbor-

hood of a food source s, we follow two procedures, viz. Block Copy and Perturbation

in a mutually exclusive way. With probability pnbr, Block Copy is used, otherwise

Perturbation is used. Both procedures begin by creating a copy sc of solution s.

Block Copy: In order to determine a neighboring food source, a solution s1, which is

different from s, is selected randomly. A block bl of maximum size and different from

the blocks currently in sc is selected from s1. If there are more than one such blocks,

then ties are broken arbitrarily. However, if this procedure fails to find even one block

in solution s1 different from the blocks in sc, then solutions sc and s1 are identical and

a “collision” occurs. If a collision takes place while determining a new neighboring food

141



8. BLOCKMODEL PROBLEM

source for an employed bee, then in order to maintain diversity of the population, this

employed bee is converted into a scout bee by discarding its associated food source.

This scout bee is again made employed by associating it with a new randomly generated

solution. However, if a collision takes place in case of an onlooker bee, then we discard

this procedure and use Perturbation procedure instead.

If no collision occurs, then all blocks of sc, which contain at least one vertex be-

longing to bl are identified. All such identified blocks along with all singleton blocks

are deleted from sc. All vertices associated with these deleted blocks is added to the

list of unassigned vertices. Then, the block bl of s1 is added to sc. All vertices in bl

are deleted from the list of unassigned vertices as these vertices are now assigned to

sc. The repair procedure, described in Section 8.3.6, is used to reassign the remaining

unassigned vertices to sc,

Perturbation: This method is similar to mutation operator of SSGGA as described

in Section 8.3.7. Only difference is that here parameter nbp controls the number of

non-singleton blocks deleted instead of nbm.

8.4.5 Other Features

Regarding the scout bees, same rules as used in Chapters 2, 3 and 4 are used here.

8.5 Computational Results

We have implemented our approaches in C and executed these approaches on a Linux

based 3.0 GHz Core 2 Duo system with 2 GB RAM. In all computational experiments

with SSGGA, we have taken a population of 200 solutions. We have set pb = 0.7, pc
= 0.8, sub = 2 and nbm = 3. While in case of GABC, we have used a population

of 40 bees, i.e., ne = 10 and no = 30. We have set limit = 100, pbt = 0.8, pnbr =

0.6 and nbp = 4. All parameter values for both the approaches are chosen empirically

after a large number of trials. These parameter values provide good results though

they may not be optimal for all instances. Both the approaches have been executed

10 independent times on each instance like GGGA [4]. In subsequent subsections, we

provide a brief description of problem instances used, and the performance comparison

of our GABC and SSGGA with the three best approaches – two ILP approaches [2, 3]

and GGGA [4]. The comparison with GGGA is specially important because it is a
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metaheuristic technique like our approaches. As Tabitha et al. [4] compared GGGA

with aforementioned ILP approaches, we have also compared our approaches with these

approaches.

8.5.1 Problem Instances

In order to compare our approaches with other approaches, we have used a set of 13

problem instances presented in [3, 182, 188, 190, 191]. These problem instances are

taken from diverse domains. Problem 1 arises from the study of competitiveness in

the English Soccer Premier League [191]. Problem 2 was used by [182] for studying

the pattern of elective choices by MBA students. Problem 3, used in [190], is related

to the attachment of a group of dwellings to a city. Problems 4-7 arise from the

airport performance assessment discussed in [188]. Problems 8 and 9 are related to the

performance evaluation of MBA programs [3]. Problem 10 is about partitioning design

problems of an Indian village [3]. Problem 11, used in [3], is related to the architectural

and urban design pattern language . Problem 12 is a social network analysis problem

concerned with the relationship among the board of directors of companies [3]. Last

problem, i.e., problem 13 is about the performance of 500 universities worldwide in the

year 2005 [3].

8.5.2 Comparisons of our GABC and SSGGA Approaches with ILP

Approaches and GGGA

We compare our GABC and SSGGA approaches with two ILP approaches [2, 3] and

GGGA [4]. We have reported our results under two different termination conditions.

First of all, since GGGA [4] uses a population of 100 solutions and was executed for 20

generations on each instance. Therefore, including initial population, GGGA generates

2100 solutions which is unusually low for an evolutionary algorithm. However, to allow

a fair comparison with GGGA, we have also generated roughly the same number of

solutions in our approaches for BMP. We have executed GABC for 50 iterations leading

to generation of 2010 solutions (10 solutions as initial population, 2000 solutions from

50 iterations). In a similar way for SSGGA, we have used 1900 generations resulting

into 2100 solutions (200 solutions as initial population and 1900 solution from 1900

generations).
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8.5 Computational Results

Table 8.1 reports the results of our approaches under the aforementioned termi-

nation conditions along with ILP approaches [2, 3] and GGGA [4]. The descriptions

of various columns of this table are as follows: Columns 1 and 2 respectively list the

number and the name of each instance. Columns 3-5 provide information about each

instance, i.e., the number of vertices (V), the number of edges (E), and the density (D).

Columns 6-7 present the solution value (HHI) and the total execution time (TET) on

each instance obtained by ILP of [2]. Columns 8-10 present the solution value (HHI), the

number of blocks (NB) and the total execution time (TET) of each instance obtained

by ILP of [3]. Each set of columns 11-15, 16-20 and 21-25 presents the best solution

value (HHI), the number of blocks in the best solution (NB), the average solution value

(AHHI), the average number of blocks (ANB), and the average total execution time

(ATET) on each instance obtained by GGGA [4], GABC and SSGGA approaches re-

spectively. Data for ILP approaches and GGGA are taken from their respective papers.

ILP approach of [2] was executed only on first seven problem instances and it was able

to find the feasible solutions for all seven problems out of which for first 4 problems it

was able to find proven optimal solutions. ILP approach of [3] was executed on all 13

instances and it was able to find a feasible solution for first 12 instances only. It was

able to find optimal solutions for all instances except problems 8, 9 and 13. For these

two ILP approaches, unavailable information is indicated by ‘-’ in the corresponding

column.

Table 8.1 clearly shows that our GABC and SSGGA are much better than GGGA

in terms of solution quality and computational time. Considering all 13 instances,

comparing with GGGA, our both approaches are better on 10 problem instances, equal

on 2 instance and worse on 1 problem instance in terms of HHI and AHHI. Only on

problem instance 3 (Dwellings) our approaches have performed worse. On this problem

instance, our approaches have obtained a HHI of 125, whereas Tabitha et al. [4] reported

a HHI value of 137. However, our personal communication with Proll (author of [2])

confirmed that 125 is indeed the optimal value. Proll further confirmed that the HHI

value of problem instance 11 (Pattern Language) is 977 instead of the reported value

797 [3] which is possibly a misprint. Though Tabitha et al. [4] used a 2.40 GHz

Intel Core 2 Duo for executing the GGGA which is different from the system used for

executing GABC and SSGGA. Still, we can safely say that even after compensating for

processing speeds, both of our approaches are many times faster than GGGA for BMP.
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8.5 Computational Results

For example, the maximum ATET of GGGA is 220.63 seconds on FTSE350 instance,

whereas the maximum ATET of GABC is 0.07 seconds and the maximum ATET of

SSGGA is 0.25 seconds on the same instance. In comparison to ILP approach of [2], our

approaches obtained better solutions on 3 instances and same solutions on 4 instances

out of a total of 7 instances on which ILP approach of [2] was executed. In comparison

to ILP approach of [3], the results of our approaches are better on 2 instances, worse

on 3 instances, and same on remaining instances. These ILP approaches were executed

on a 2.8 GHz processor which is different from the system used to execute GABC

and SSGGA, therefore, no exact comparison of running times is possible. However,

our approaches are relatively faster than ILP approach of [2] on all instances and ILP

approach of [3] on majority of instances.

To explore the full potential of our approaches, we have executed them under an-

other set of termination conditions. SSGGA is allowed to execute till the best solution

fails to improve over 20000 iterations, whereas GABC is allowed to execute till the best

solution fails to improve over 2000 generations. Results of our approaches obtained

under these termination conditions are reported in Table 8.2 along with those of ILP

approaches [2, 3] and GGGA [4]. This table has the same format as Table 8.1. These

results clearly demonstrate the superiority of our approaches. With new termination

conditions both GABC and SSGGA have improved the results of 3 instances viz. prob-

lems 10, 11 and 12. There is no change in statistics from Table 8.1 as far as comparison

of solution quality of our approaches with GGGA and ILP of [2] is concerned. In com-

parison to ILP approach of [3], our approaches have obtained better solutions on 2

instances, worse solution on 1 instance and same solution on remaining instances. The

execution time of our approaches increases with new termination conditions. However,

even with increased computation times our approaches are faster than all the other

approaches on majority of instances.

As far as comparison between SSGGA and GABC is concerned, average solution

quality of GABC is slightly better than SSGGA though both have obtained the same

best solutions. However, GABC is a bit slower than SSGGA on majority of instances.
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8. BLOCKMODEL PROBLEM

8.6 Conclusions

In this chapter, we have presented two metaheuristic approaches viz. a steady-state

grouping genetic algorithm (SSGGA) and a grouping-based artificial bee colony (GABC)

algorithm for the block model problem. We have compared our approaches against the

best approaches reported in the literature. Computational results clearly demonstrate

the superiority of our approaches. Our approaches have obtained better quality solu-

tions in shorter time. The superiority of our approaches over GGGA [4] is specially

important as all these approaches are metaheuristic approaches. As BMP is an NP-

Hard problem, ILP approaches may not be able to find even feasible solutions on larger

instances. This is exactly the case with ILP approach of [3] on problem 13 (WUAR).

Our approaches provide an attractive alternative in these situations.
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Chapter 9

Conclusions and Directions for

Future Research

Combinatorial optimization problems have been witnessing a tremendous amount of

research due to their practical and theoretical importance. In particular, a number of

metaheuristics based on swarm intelligence has been proposed in the last two decades.

While some metaheuristics have been proposed originally for optimization in continuous

domain and later they have been extended for combinatorial optimization problems, the

reverse is true for others. ABC algorithm belongs to the former class of metaheuristics,

whereas ACO algorithm belongs to the latter. In fact, ABC algorithm is still under-

explored in the domain of combinatorial optimization problems. Through our work, we

have explored the potential of ABC algorithm in solving some NP-Hard combinatorial

optimization problems. Our research work revolved around designing ABC algorithms

for six different NP-Hard combinatorial optimization problems and making them robust

and competitive with respect to the other state-of-the-art metaheuristic approaches as

far as possible. We have also developed variants of ACO algorithms for three NP-

Hard combinatorial optimization problems. These are the major contributions of this

thesis. In addition, we have developed new problem-specific heuristics and local search

procedures for some problems and extended the already existing local search procedures

for some others. A genetic algorithm is also developed for blockmodel problem.

In the following, we describe the contributions made by various chapters along with

possible directions for future research.

In chapter 2, we have proposed an ABC algorithm based approach for minimum
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9. CONCLUSIONS AND DIRECTIONS FOR FUTURE RESEARCH

routing cost spanning tree problem (MRCST) and compared it with the best heuristic

approaches reported in the literature. On the benchmark instances considered, our

approach has outperformed other approaches in terms of solution quality. Except for

two previously proposed approaches, our approach is faster than other approaches.

The method that we have used in this chapter for determining the neighboring

solutions extends the method used in [85]. Like [85], it is based on the concept that if

a solution component is present in one good solution, then it is highly likely that the

same component is present in many good solutions. However, unlike [85], which selects

a solution component randomly for insertion from all candidate components, it uses a

greedy criterion and selects a solution component which leads to a solution of least cost

from all candidate components. Similar greedy methods can be developed in case of

other subset selection problems, where fitness can be evaluated quickly. ABC approach

developed in this chapter can be easily extended for optimal communication spanning

tree problem (OCST) which is a generalization of MRCST.

Chapter 3 described an ABC algorithm based approach for quadratic minimum

spanning tree problem (Q-MST) which is similar to the ABC approach for MRCST.

We have compared our approach with the best approaches known so far. Our approach

obtains better quality solutions than other approaches. Though one among proposed

approaches in the literature is faster than our approach, this approach performs worst

in terms of solution quality among all the approaches.

Ideas presented in Chapters 2 and 3 can be easily adapted for developing ABC

approaches to other NP-Hard constrained spanning tree problems such as degree-

constrained minimum spanning tree problem (DCMST), bounded-diameter minimum

spanning tree problem (BDMST) etc.

Chapter 4 addressed set covering problem (SCP) through a hybrid approach com-

prising an ABC algorithm and a local search. We have extended an already existing

greedy local search for SCP and used it within ABC algorithm to improve the neigh-

boring solutions in both employed and onlooker bee phases. Our hybrid approach is

competitive with other best approaches in terms of solution quality though it is slower

than most. Except for one population-based approach, our approach is better than all

population-based approaches in terms of solution quality.

For determining a neighboring solution, we first add some columns from another

randomly chosen solution and then delete some columns. This is followed by procedures
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for repairing the solution and removing the redundant columns. This is computationally

much more expensive in comparison to the methods used in previous two chapters.

Actually, the nature of SCP is such that good neighboring solutions cannot be generated

simply by deleting a column and inserting in its place another column. Columns interact

with each other in a more complex way in SCP than edges in case of first two problems.

The hybrid approach developed in this chapter can be modified easily for target coverage

problems in wireless sensor networks and set packing problem.

Chapter 5 describes three approaches for dominating tree problem (DTP). First

a problem-specific heuristic has been proposed which produces much better results in

comparison with existing problem-specific heuristics for this problem. With the intent

of improving the solution quality even further, two swarm intelligence techniques viz.

an ABC algorithm and an ACO algorithm have been proposed. These two techniques

obtain much better results at the expense of increased computation time. Performance

of these two techniques are comparable to each other in terms of solution quality.

Though ACO algorithm produces slightly better results, it is several times slower than

ABC algorithm on large instances for this problem. Solutions obtained through our

approaches also contain fewer number of dominating vertices which is a secondary

quality criterion and is desirable for many applications.

In ABC algorithm, determining a neighboring solution for DTP is based on two

procedures, i.e., PDE procedure and PANDV procedure which are applied in a mu-

tually exclusive way. Note that it is quite different from the methods of determining

neighboring solutions for MRCST, Q-MST and SCP. In order to generate a solution

in the neighborhood of a given solution, the concept of utilizing solution components

from another solution, which is applied in case of MRCST, Q-MST and SCP, is not

applied for DTP. The reason behind this is that a dominating tree consists of a subset

of vertices of the graph rather than the complete set of vertices of the graph, and sets

of dominating vertices of two different dominating trees may be quite different. In

such cases, there may not be even a single candidate edge in another dominating tree

different from the deleted edge of a given dominating tree, and therefore, we cannot use

a method similar to MRCST and Q-MST for DTP. Similar methods for determining a

neighboring solution can be designed for other related NP-Hard problems.

Chapter 6 is concerned with finding two special spanning trees on a connected graph

– one with minimum number of branch vertices (MBV) and the other with minimum
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9. CONCLUSIONS AND DIRECTIONS FOR FUTURE RESEARCH

degree sum of branch vertices (MDS), where a branch vertex is defined as a vertex with

degree greater than two. For each problem, we have presented two approaches viz. a

problem-specific heuristic and a hybrid ACO algorithm. Our problem-specific heuristic

approaches have outperformed the existing problem-specific heuristic approaches for

these problems. As the results obtained by all these problem-specific heuristics are

inferior in comparison to exact approaches and the gap in solution quality increases

with increase in instance size, we have developed the hybrid ACO approaches. Com-

putational results show the effectiveness of our hybrid ACO approaches.

Our ACO approaches use the same framework as used in the problem-specific heuris-

tics. The only difference is that edges and branch vertices are chosen using pheromones.

A novel feature of our hybrid ACO approaches is the use of two types of pheromones.

The first type of pheromone is associated with edges of the graph, whereas the sec-

ond type of pheromone is associated with vertices of the graph. Actually, two factors

play a crucial role while constructing a solution to these problems. First one which

edge should be selected and second one which vertex should be selected as a branch

vertex, if there exists any, while constructing a spanning tree. The pheromone values

associated with edges help in identifying good edges in constructing a spanning tree,

whereas pheromone values associated with vertices help in choosing promising vertices

as branch vertices. To our knowledge, [162] is the only other work, where the concept

of multiple pheromones was used for a single objective problem. Cordone et al. [162]

described a problem of partitioning the vertices of a graph into p trees, where p different

pheromone values are associated with each vertex. Each of these p pheromone values

associated with a vertex indicates the desirability of that vertex to a particular tree.

This is quite different from the way multiple pheromones are used in our approaches.

Approaches similar to our ACO approaches can be designed for other problems also,

where more than one factor is responsible for constructing a good solution. In particu-

lar, such approaches can be beneficial for other graph problems also, where the choice

of vertices and choice of edges are equally important in construction of good solutions.

Chapter 7 presented a hybrid ABC algorithm for a single machine early/tardy

scheduling problem where no unforced machine idle time is allowed. A local search is

used inside ABC algorithm to improve the schedules obtained through it. A variant

of this basic hybrid ABC approach, referred to as ABC-MNAI, is also presented in

this chapter, where the best solution obtained by hybrid ABC approach is improved
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further by using an exhaustive local search. Performance of these two approaches are

evaluated by comparing them with 16 previously proposed approaches on existing set of

benchmark instances as well as on a new set of large instances. Though the basic ABC

approach has performed better than all the 16 approaches on existing set of instances,

it has performed worse on two largest groups of instances containing 750 and 1000

jobs in comparison to one approach. ABC-MNAI, on the other hand, is superior to

all other approaches in terms of solution quality on both existing as well as on new

groups of instances. In comparison to other best performing approaches, ABC-MNAI

also requires less execution time on most group of instances. Our approaches can be

easily extended for other versions of early/tardy scheduling problem.

For this permutation problem, we have generated the neighboring solutions in two

ways, i.e., through multi-point insert operator and through 3-point swap operator.

While multi-point insert operator is responsible for exploitation, 3-point swap opera-

tor, which can be seen as a perturbation strategy, is responsible for exploration. These

operators are used in a mutually exclusive manner. The multi-point insert operator

utilizes solution components from another solution to generate a solution in the neigh-

borhood of a given solution. This operator is based on the fact that if a job is present

at a particular position in one good solution, then it is highly likely that the same

job is present exactly at the same position or around the same position in many good

solutions. The previously proposed methods [177, 178] for generating a neighboring

solution for permutation problems have not utilized components from another solu-

tion and relied on perturbing a solution via insert and swap operators to generate its

neighboring solutions. Our approach provides an attractive alternative to these meth-

ods. Different variations of multi-point insert operators can be designed depending on

the nature of permutation problem under investigation, i.e., whether it is an absolute

permutation problem or a relative permutation problem or a mixture of both.

Chapter 8 described two approaches viz. a steady-state grouping genetic algorithm

(SSGGA) and a grouping based artificial bee colony (GABC) algorithm for blockmodel

problem. The objective of this problem is to find small number of large blocks contain-

ing structural similarities or equivalences among entities in a given graph representing

a complex network. We have compared our approaches against the existing best ap-

proaches on 13 standard benchmark instances for this problem. Computational results

have shown the superiority of our approaches in terms of solution quality and execution

153



9. CONCLUSIONS AND DIRECTIONS FOR FUTURE RESEARCH

time both. Though both GABC and SSGGA have obtained the same best solutions,

GABC is better in terms of average solution quality at the expense of slightly more

computation times.

The method that we have used for determining the neighboring solutions in GABC

is designed by keeping in mind the grouping structure of BMP. This method tries to

preserve grouping information as far as possible. To our knowledge, GABC is the first

approach based on ABC algorithm for a grouping problem with variable number of

groups. Therefore, the success of GABC in solving blockmodel problem demonstrates

the applicability of ABC algorithm in a new domain. Similar ABC approaches can be

designed for other grouping problems also.

In all, 8 problems have been considered in this thesis. Chapters 2 to 6 deal with

subset selection problems, chapter 7 addresses a permutation problem and chapter 8 fo-

cuses on a grouping problem. We have developed ABC algorithm based approaches for 5

subset selection problems, 1 permutation problem and 1 grouping problem. In essence,

based on the work reported in this thesis, we can say that a properly designed ABC

algorithm based approach can compete with any other state-of-the-art metaheuristic

approaches for any category of NP-Hard combinatorial optimization problems. While

designing ABC algorithm for a problem, particular attention should be given to the

method for determining neighboring solutions as it plays a crucial role in finding high

quality solutions.

It is well-known that ACO is one among most successful metaheuristic approaches.

Our work on ACO approaches for three different NP-Hard combinatorial optimization

problems – DTP, MBV and MDS – support this basis, as ACO approaches are able

to find high quality solutions for these problems. Moreover, our ACO approaches are

also the first metaheuristic approaches for these problems. Therefore, these approaches

along with ABC algorithm for DTP will serve as the baseline for any future meta-

heuristic approaches for these problems. All our ACO approaches are incorporated

into frameworks provided by problem-specific constructive heuristics (see Section 5.3.1

for DTP, and Section 6.2 for MBV and Section 6.4 MDS). This again stresses the

importance of incorporating ACO approaches into the framework provided by good

constructive heuristic. In the absence of a good constructive heuristic, probabilistic

decision rule and pheromone update rule alone cannot generate good solutions.
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Succinctly, it would be apt to say that despite the work presented in this thesis, there

might be many unexplored territories, particularly in ABC algorithm, that need to be

unearthed and studied further. These cases, in turn, will provide us with innumerable

opportunities to further improve ABC algorithm and other techniques.
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