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Abstract

The success of technology is mostly dependent on how well the real world appli-
cations or problems are formulated, controlled and optimized. The complexities
associated with real world problems are increasing day by day. The real world
problems are often characterized by noisy, incomplete data or multimodality due
to their inflexible construction. This demands a robust and efficient optimization
or computational paradigm. Since the conventional optimization algorithms do
not provide good solutions while optimizing nondifferentiable, nonseparable, dis-
continuous, discrete and multimodal problems, nature inspired algorithms are the
most sorted out paradigms for handling such real world problems. The nature
inspired algorithms have evolved over decades and often contain many simple in-
dividuals which when work together, produce complex emergent behavior and can
be used to solve complex optimization problems. Among many nature inspired
algorithms, the Swarm Intelligence (SI) is widely used over decades. SI is an in-
novative, distributed and intelligent paradigm for solving optimization problems,
developed from the inspiration of biological phenomena such as swarming, flocking
and herding of different entities. One of the very simple SI based computational
algorithm is Particle Swarm Optimization (PSO). It is a decade old concept in
the optimization domain introduced in 1995 by Kennedy and Eberhart. Being
a stochastic algorithm it exhibits many similarities with the other evolutionary
algorithms. PSO essentially imitates the food foraging behavior of swarm of birds
or school of fish. The main source of swarm’s search capability is the interaction
among the individuals and the reaction to others experience in reaching the goal.

Almost all the real world optimization problems can be modeled as any of the
four types of optimization problems; i) Single Objective Unconstrained, ii) Single
Objective Constrained, iii) Multi Objective Unconstrained and iv) Multi Objective
Constrained problem. Though many variants of PSO are being developed to

solve these kind of problems, it still suffers with major problems like premature
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convergence, poor quality of solution and uncertainty in solution.

e Premature convergence: PSO ends up searching on early best solutions. This

is predominant in multimodal functions.

e Convergence speed: PSO explores the good solution in its early stage of

search but get stagnated for exploiting the global solution.

e Quality of solution. PSO produces low quality solution due to inherent

complexity, discontinuity and multimodality of the problem.

e Uncertainty in solution. Due to stochastic nature, PSO produces different

solutions in different runs.

e Instability: Instability caused by particles accelerating out of the solution

space.

e PSO neither internally nor externally has the mechanism to handle con-

straints.

e The associated constraints may be linear and or non-linear; this makes the

problem more complex.

e Due to complex solution space of the problems, PSO gets stuck in local

optima.

e PSO again neither internally nor externally has the mechanism to handle

multiple objectives and multiple objectives with associated constraints.

The work presented in this thesis concentrates on developing efficient and robust
PSO variants for solving complex optimization problems. The thesis is presented
in the following manner: Chapter 1 presents introduction to optimization. Single
Objective Unconstrained Optimization concept, challenges and research contri-
bution are presented in chapter 2. Single Objective Constrained Optimization
concept, challenges and research contribution are presented in chapter 3. Multi
Objective Unconstrained Optimization concept, challenges and research contri-
bution are presented in chapter 4. Multi Objective Constrained Optimization

concept, challenges and research contribution are presented in chapter 5. The
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chapter 6 presents the graphical user interface tool developed for solving differ-
ent types of optimization problems. The thesis is concluded with future research
possibilities.
Chapter 1: Introduction
This chapter presents an introduction and theoretical background of optimization
and swarm intelligence techniques. It also deals with detailed description of Par-
ticle Swarm Optimization. Further this chapter also presents the mathematical
model of PSO.
Chapter 2: Single Objective Unconstrained Optimization

In Single Objective Unconstrained Optimization problems, there will be only one
objective function without any constraints for optimization. The characteristics of
the problems in this domain were investigated. It was observed that the objective
functions with multiple optima, discontinuity in curvature and non separability
of variables leads to divergence and were responsible for poor quality of solu-
tion. Further the experiments were conducted on the PSO dynamics and it was
found that the basic PSO was inefficient in handling complex multimodal prob-
lems. The major problems with basic PSO were 1) Premature convergence (PSO
ends up searching on early best solutions), 2) Convergence speed (PSO explores
the good solution in its early stage of search but gets stagnated in the process
of exploiting the global solution), 3) Poor quality of solution (PSO produced low
quality of solution) and 4) Uncertainty in solutions (Due to stochastic nature,
PSO produces different solutions in different runs). The PSO state of the art was
implemented and tested on the standard benchmark problems. It was observed
that the same problems persist with different popular PSO variants, though lit-
tle bit improved but not completely resolved. In this thesis the research work
was carried out to address the problems persisting with PSO. The first enhance-
ment made to PSO was to overcome the premature convergence and to produce
good quality of solutions. It was found that some of the particles in PSO were
stuck in local optima during the search process and these were the particles that
causes premature convergence and results into poor solution. To address these
problems, Accelerated Exploration Particle Swarm Optimizer (AEPSO) was pro-
posed, where the particles responsible for premature convergence are identified
and accelerated as diverged particles. The diverged particles were selected based
on their fitness value and the Euclidian distance from the global solution. For

minimization problems, lower the fitness value better is the particle and hence
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particles which shows higher fitness value were selected as diverged particles. The
particles that were far away from the global solution are also selected as diverged
particles (based on their Euclidean distance). These diverged particles were then
accelerated in the direction of best solution. Only twenty percent of the diverged
particles were selected for acceleration. Experiments were conducted, by select-
ing diverged particles from one percent to ninety nine percent for acceleration
and not much noticeable improvement was seen. Twenty percent of the diverged
particles were selected for acceleration and rest of the particles were allowed to
search randomly in the solution space. During acceleration, it was determined
that complete swarm collapses if diverged particles are re-initialized with best so-
lution. Hence in AEPSO the diverged particles were forced to search around the
best solution with a search patch of fixed size instead of re-initializing to the best
solution. The diverged particles are accelerated at the end of every 10" itera-
tion (ex. in 1000 iterations and 10 refresh rate, acceleration will be only for 100
times). The experiments were conducted on different values of refresh rate, and
we observed that refresh rate of ten was optimum for getting good solution. The
comprehensive analysis of AEPSO was carried out on complex and multimodal
CEC 2005 numerical functions of dimension 10, 30, 50 and 100. The objective
functions were further rotated and shifted to test the effectiveness of the algo-
rithm. The comprehensive analysis of the developed algorithm and with the state
of the art was carried out using two different kinds of metrices, i) conventional
(convergence, mean results and standard deviation) and ii) statistical significance
tests (Friedman’s test followed by Dunn’s multiple comparison test). The statisti-
cal results reveal that the proposed algorithm was competitive and in some cases
outperforms the state of the art. The proposed algorithm produced prominent
results on normal and rotated problems of dimensions 10, 30, 50 and 100. The
performance of AEPSO does not degrade with increased or higher dimension of
the problems. Further experiments were conducted on PSO tuning parameter and
update strategy with respect to coordinate system. In literature almost all the
tuning parameters of PSO are updated in cartesian coordinate system, and it was
found that we can have better control over these parameters if they are updated in
hyperspherical coordinate system. The premature convergence in PSO is mainly
caused due to particles stuck in local minima. This problem can be resolved if
the particles are sufficiently intelligent to make the variation in their coordinates

minutely. Small changes can be made efficiently with information about angle.
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Since hyperspherical coordinate system gives information about the angle, the
particles position and velocity are updated in hyperspherical coordinates. Due to
this, the magnitudes and the directions of the particles are changed in a controlled
manner and hence particles come out of the deep local minima to search for better
solution. Thus the concept of AEPSO was further integrated with hyperspherical
updates and proposed a new algorithm namely Hyperspherical Acceleration Ef-
fect Particle Swarm Optimization (HAEPSO). The comprehensive analysis of this
algorithm was also carried out on the same set of CEC 2005 benchmark functions
(dimension 10, 30, 50 and 100) and two different kinds of metrices, i) conventional
(convergence, mean results and standard deviation) and ii) statistical significance
tests (Friedman’s test followed by Dunn’s multiple comparison test). HAEPSO
showed superior performance over its counterparts in terms of quality of solu-
tion on normal and rotated problems with increased dimensions. We also studied
learning strategy of PSO and Comprehensive Learning Particle Swarm Optimizer
(CLPSO). In comprehensive learning the particles learn and update their position
based on other particles of different dimension and at different time. This learning
strategy was integrated with our proposed HAEPSO, to evolve Integrated Learn-
ing Particle Swarm Optimizer (ILPSO). The ILPSO also has shown the superior
performance over the other algorithms including HAEPSO. The performance of
ILPSO was not effected with the increase in the dimensions of the problems (evi-
dent from statistical results), especially on normal and rotated problems. Further
the research was conducted on search patch size of AEPSO and we found that the
fixed and unit radius search patch was not an efficient method for better search-
ing and hence proposed an adaptive search patch. Thus AEPSO was extended
with adaptive search patch and we called it as Adaptive Accelerated Exploration
Particle Swarm Optimizer (AAEPSO). In AAEPSO, the search patch around best
solution was adapted with iterations. In the beginning of the search process, size
of the search patch was kept as per search range of solution space. With iterations
the size of this search patch was decreased exponentially. This strategy helped the
PSO for more exploration during the initial stage and more exploitation during
final search stage. Further in AEPSO, number of diverged particles selected for
acceleration were fixed (twenty percent of the diverged particles) and this was
investigated again. This strategy of considering fixed number of particles has re-
stricted the population diversity. Thus in AAEPSO, we used random number of

particles from the pool of identified diverged particles to search around the best
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solution and remaining diverged particles were initialized randomly in the search
space. These above two strategies has elevated the performance to a great ex-
tent. The comprehensive analysis of AAEPSO was carried out on complex test
suite. The effectiveness of the developed algorithm AAEPSO was established by
the statistical results with its counterparts. The AAEPSO has shown excellent
convergence and quality of solution on lower dimension of normal and rotated
problems, but as dimensions of the problem increases, the AAEPSO failed to
achieve good results. The major feature of AAEPSO has been proved on shifted
and shifted rotated problems.
Chapter 3: Single Objective Constrained Optimization

Further research was carried on Single Objective Constrained Optimization prob-
lems, that has only one objective function having one or more constraints asso-
ciated with it. It was found that the presence of constraints had prevented the
PSO from reaching the global solution. The PSO does not have either internal
or external mechanism to handle constraints. We conducted many experiments
on different constraint handling mechanism with PSO. Though penalty method is
a popular approach, quality of solution mainly depends on the choice of penalty
factor. It was found that PSO along with Stochastic Ranking (SR) method pro-
duced acceptable results. The SR mechanism is computationally efficient, does
not depend on any external tuning parameters and also independent of problem
characteristics. This motivated us to integrate SR with AEPSO for a constrained
optimization problem. The developed algorithm is named Stochastic Ranking
Particle Swarm Optimization (SRPSO). The SR mechanism uses a simple bub-
ble sort algorithm to rank the individuals based on the constraints violations. In
SR, a probability Py was introduced to rank the individuals. The two adjacent
individuals were used for ranking. If both were in feasible space, the individual
with smaller objective values gets higher rank. If both adjacent individuals were
in infeasible space, the individual with smaller objective value occupies the rank
with the probability Pg. If one particle is in feasible space and the other one
in infeasible space, then the particle in feasible space gets the higher rank. The
lower ranked particles were treated as diverged particles and they were accelerated
towards higher ranked particles. The performance comparison of developed algo-
rithm SRPSO was carried out on standard CEC 2006 numerical benchmark and
engineering design problems with two performance indicators viz. conventional

and statistically significance metrices. The results have shown that the SRPSO
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performed well on most of the numerical benchmark problems and has shown
superior performance on complex engineering design problems.

Chapter 4: Multi Objective Unconstrained Optimization
Further we addressed Multi Objective Unconstrained Optimization problems. These
problems will have multiple objectives to be optimized simultaneously without
any constraints. PSO has neither internal nor external mechanisms to optimize
multiple objectives simultaneously, and the conflicting objectives deteriorate the
performance of the optimizing algorithms. Multi objective unconstrained opti-
mization problems have multiple objectives and multiple solutions, thus they are
explained using Pareto optimality concept. The Pareto optimality denote a set
of trade off solutions. AAEPSO algorithm proposed for single objective uncon-
strained optimization exhibited noticeable performance improvement which be-
came the main motivation for applying it to the multiobjective problems. Thus
we proposed Multiobjective Adaptive Accelerated Exploration Particle Swarm Op-
timizer (MOAAEPSO) as a variant of AAEPSO. While solving multi objective
unconstrained optimization problems there are multiple solutions produced by
the particles, and the desired ones are called nondominated and undesired ones
are called dominated. The dominated set of particles causes stagnation and poor
quality of solution. Identification and strategic updates of these dominated so-
lutions are required to improve quality of solution. Thus in MOAAEPSO the
dominated particles were identified and accelerated towards the nondominated
particles. Similar to AAEPSO, the adaptive search patch around the nondom-
inated particle was maintained. Since PSO does not have an internal memory
to store the nondominated solutions produced, a bounded external archive was
maintained. If the nondominated solutions produced were more than the size
of the archive, then crowding distance was used to eliminate the members from
the archive. The proposed algorithm was validated on a set of complex multi
objective benchmark problems chosen from CEC 2009. Different performance
indicators such as conventional, statistical and graphical (pareto front) used for
performance comparison of the algorithms. Conventional performance indicators
include convergence metric, diversity metric, spacing and inverted generational
distance (IGD), similarly statistically significant indicators include hypervolume
indicator and ANOVA followed by Pareto front graphs. The statistical results
revealed that proposed MOAAEPSO algorithm gives competitive results.
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Chapter 5: Multi Objective Constrained Optimization
Many science and engineering design optimization problems can be converted to
multiobjective constrained optimization problem. Thus we have further extended
our work to multiobjective constrained optimization problems. These problems
have multiple objectives to be simultaneously optimized along with one or more
constraints. PSO does not have the mechanism to handle multiple objectives
and their associated constraints. To address these problems we have divided the
solution space into four categories. Based on constraints, the solution will be ei-
ther feasible or infeasible. The feasible solutions are always desired. Based on
multiple objectives, the solution will be either dominated or nondominated and
nondominated are desired. In constrained multiple objective (MOCQO) problem,
the solutions will be either of the four types a) feasible — dominated, b) feasible
— nondominated, c) infeasible — dominated and d) infeasible — nondominated.
In case of MOCO feasible — nondominated solutions are the desired solutions
and rest are undesired solutions. The particles having undesired solutions are
called as diverged particles. To solve MOCO problems, we have proposed a new
algorithm namely Constrained Multiobjective Adaptive Accelerated Exploration
Particle Swarm Optimizer (CMOAAEPSO). In this algorithm the process of se-
lection and acceleration of diverged particles are same as MOAAEPSO, where the
undesired particles are accelerated in the direction of feasible — nondominated
particles. To maintain the diversity and to prevent the swam from collapse, the
diverged particles neither made independent nor allowed to clone the feasible —
nondominated, but are accelerated adaptively around the feasible — nondomi-
nated particles. Further this adaptive acceleration is done for every 10 iteration
(refreshing rate) instead of every iteration. This strategy helped the particles to
search other places for finding better Pareto optimal solutions. CMOAAEPSO
maintained a bounded external archive to retain feasible — nondominated parti-
cles that were produced during search process. If the number of feasible — non-
dominated solutions exceed the limit of the archive, crowding distance was used
to delete the less feasible and less nondominated particles from the archive. We
have used two different set of performance metrics; conventional (igd, convergence
and robustness), statistically significant (hypervolume indicator and Wilcoxon)
and Pareto front graphs for validation of proposed algorithm with current state of
the art. The results have revealed that proposed CMOAAEPSO algorithm gives

competitive results on benchmark functions and engineering design problems.
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Chapter 6: Particle Swarm Optimization Universal Solver
Since the work has been carried out on all the possible domains of the optimization
and reported a good algorithm in every domain, we are motivated to develop a
universal PSO tool. This is called Particle Swarm Optimization Universal Solver
(PSOUS) with user friendly interface. The PSOUS is a Graphical User Interface
(GUI) developed in MATLAB environment and possesses the essential attributes
of being interactive. PSOUS has the option for selecting type of problem, to enter
problem specific parameters. After taking user inputs, the particular solver will be
invoked for optimization. To the best of our knowledge this tool is the first of its
kind in the optimization domain. There are tools based on different algorithms,
but they are either for single objective unconstrained and constrained or multi
objective unconstrained and constrained. There hardly exist tools that can span
all the four types of optimization domain. This tool will give the researchers across
the globe to carry out further research and validate the results. This tool will be
helpful even to industrialist and design engineers.

Chapter 7: Conclusions and Future scopes
This chapter presents the over all conclusions of research carried out on all the
possible domains of optimization. The chapter is concluded with future scopes of

research.



Contents

Acknowledgements iii
Abstract \%
Abbrevations xxiii
1 INTRODUCTION 1
1.1  What is Optimization . . . . . . . .. .. ... ... ... ... .. 1
1.1.1 Global Optimization . . . .. .. ... ... ... ...... 5

1.1.2  Types of Optimization . . . .. . .. .. ... ... ..... 5

1.1.2.1  Single Objective Unconstrained Optimization 6

1.1.2.2  Single Objective Constrained Optimization 6

1.1.2.3  Multi Objective Unconstrained Optimization 6

1.1.2.4  Multi Objective Constrained Optimization . . . . . 7

1.2 Swarm Intelligence . . . . . . . . .. ... Lo 7
1.2.1  Why Swarm Intelligence? . . . . . .. ... ... ... ... 8

1.3 Particle Swarm Optimization . . . . .. ... ... ... ... ... 9
1.3.1 PSO terminology . . . . . ... ... ... ... 10

1.3.2 PSO Foundation . . . ... ... ... ... ......... 12

1.3.2.1 PSO Model: A Newtonian Mechanical Model 12

1.4 No Free Lunch Theorem . . . . .. .. ... ... .. .. ...... 13

2 Single Objective Unconstrained Optimization 15
2.1 Introduction . . . . . . .. 16
2.2 Literature Survey . . . . . . ... 16
2.3 Challenges in PSO for solving SOUO problems . . . . . . ... ... 19
2.4 Research Contribution . . . . . .. ... ... ... .. ... ... 20

Xiv



CONTENTS XV

2.4.1 Accelerated Effect Particle Swarm Optimizer . . . . . . . . . 20
2.4.1.1 Identification of diverged particles . . . . .. . .. 21
2.4.1.2  Accelerating diverged particles . . . . . ... ... 21
2.4.1.3 Implementation details of AEPSO Algorithm . . . 23

2.4.2 Hyperspherical Acceleration Effect Particle Swarm Optimiza-
tion . . . .. 26
2.4.2.1 Hyperspherical manipulations . . . . . .. ... .. 26
2.4.2.2 Implementation details of HAEPSO Algorithm . . 28
2.4.3 Integrated Learning Particle Swarm Optimizer . . . . . . . . 29
2.4.3.1 Comprehensive Learning . . . . . . . .. ... ... 29
2.4.3.2 Implementation details of ILPSO Algorithm . . . . 31
2.4.4 Adaptive Accelerated Exploration Particle Swarm Optimizer 31
2.4.4.1 Adaptive Accelerated Exploration. . . . . . . . .. 31
2.4.4.2 Implementation details of AAEPSO Algorithm . . 33
2.5 Simulation . . . . ... 33
2.5.1 Conventional metrices . . . . . .. .. ... ... ... ... 36
2.5.1.1 Convergence . . . . . . . . .. ... 36
2.5.1.2 Average Results . . . ... ... ... ... ... 36
2.5.1.3 Robustness . . . .. ... ... 36
2.5.2 Statistical metrices . . . . . ... 37
2.5.2.1 Friedman’stest . . . .. .. ... ... ... ... 37
2.5.2.2 Dunn's post hoctest . . . . .. .. ... ... ... 37
2.6 Results and Discussions . . . . . . ... ... .. ... ... 39
2.6.1 Convergence Graphs . . . . . .. .. ... .. ... ..... 39
2.6.2 Average Results . . . . . .. .. ... oL 41
2.6.3 Robustness . . . . . .. ... 52
2.7 Conclusions . . . . .. .. L 60
3 Single Objective Constrained Optimization 62
3.1 Introduction . . . . . . . . . ... 62
3.2 Challenges in Single Objective Constrained Optimization . . . . . 64
3.3 Literature Survey . . . . . . ... 64
3.4 Research Contribution . . . . ... . ... ... ... ... ..... 68
3.4.1 Stochastic Ranking Particle Swarm Optimization . . . . . . 69

3.4.2 Implementation details of SRPSO Algorithm . . . . . . . .. 69



CONTENTS xVi

3.5 Simulation . . . ... 72
3.6 Results and Discussions . . . . . . . ... ... .. 72
3.6.1 Numerical benchmark functions . . . . ... ... ... ... 73
3.6.2 Engineering design problems . . . . . . ... ..o 75
3.7 Conclusions . . . . . . . . . . . .. 78
4 Multi Objective Unconstrained Optimization 79
4.1 Introduction . . . . . . . ... 79
4.1.1 Pareto optimality . . . . . . ... ... ... 80
4.2 Literature Survey . . . . . . . ... 81
4.3 Challenges in Multi Objective Unconstrained Optimization . . . . 87
4.4 Research Contribution . . . . . . . . ... ... . ... ....... 88
4.4.1 Multiobjective Adaptive Accelerated Exploration Particle
Swarm Optimizer . . . . . . . . . . . . ... ... ... ... 88
4.4.2 Implementation details of MOAAEPSO Algorithm . . . . . 89
4.5 Simulation . . . . . ... 91
4.5.1 Performance metrices . . . . . . ... ... L. 92
4.5.1.1 Conventional metrices . . . . .. .. .. ... ... 92
4.5.1.2 Statistical metrices . . . . . . .. ... ... ... 94
4.6 Results and Discussions . . . . . . . ... .. L 95
4.6.1 Pareto front graphs . . . . . ... ... oL 95
4.6.2 Average numerical results . . . . ... 105
4.6.3 Statistical metrices . . . . ... ... oL 108
4.7 Conclusions . . . . . . . .. 110
5 Multi Objective Constrained Optimization 111
5.1 Introduction . . . . . . ... ... 112
5.2 Literature Survey . . . . . . . .. ... 112
5.3 Challenges in Multi Objective Constrained Optimization . . . . . . 116
5.4 Research Contribution . . . ... ... . ... ... ... ...... 117
5.4.1 Constrained Multiobjective Adaptive Accelerated Exploration
Particle Swarm Optimizer . . . . . . . .. .. .. ... ... 118
5.4.2 Particle probing . . . . . ... 119
5.4.3 External Archive . . . . . . . ... ... L. 121

5.4.4 Implementation details of CMOAAEPSO Algorithm . . . . . 122



CONTENTS

5.5 Simulation . . . ... ..o
5.5.1 Performance metrices . . . . . . .. ... .. ... ... ...
5.5.1.1 Conventional metrices . . . . . . ... ... . ...

5.5.1.2  Statistical metrices . . . . . .. ...

5.6 Results and Discussions . . . . . . . ... ... L.
5.6.1 Numerical benchmark functions . . . . . ... .. ... ...
5.6.1.1 Pareto front graphs . . . . . .. ... ...

5.6.1.2  Average numerical results . . . . .. ...

5.6.1.3 Statistical metrices . . . . . . ... ...

5.6.2 Engineering design problems . . . . . . ... ...
5.6.2.1 Paretofront . . . . . .. ... L.

5.6.2.2  Welded beam design problem: . . . . . ... .. ..

5.6.2.3 Two-bar truss design problem: . . . .. .. .. ..

5.6.2.4  Speed reducer design problem: . .. ... ... ..

5.6.2.5  Gear train design: . . . .. ... oL

5.7 Conclusions . . . . . . .

6 Particle Swarm Optimization Universal Solver
6.1 Introduction . . . . . . . . . ... ...
6.2 Literature Survey . . . . . . .. ..o
6.3 Optimization domains . . . . . . . . . ... .. ...,
6.4 Particle Swarm Optimizer Universal Solver . . . . . . . .. ... ..
6.4.1 Architecture of PSOUS . . . . . . . . ... ... ... ....
6.4.2 PSOUSoptions . . . . .. ... .. ... ... . ... ...

6.5 Conclusions . . . . . . . .

7 Conclusions and Future scopes
7.1 Conclusions . . . . . .. ...

7.2 Futurescopes . . . . . . ..

A Single Objective Unconstrained Benchmark Functions
A.1 Normal Benchmark functions . . . . ... ... .. ... .. ....
A.2 Rotated Benchmark functions . . . . . .. ... ... ... .....
A.3 Shifted Benchmark functions . . . . . . .. ... ... ... ... ..
A.4 Shifted and Rotated Benchmark functions . . . . ... .. ... ..

XVil

123
124
124
124
125
125
125
128
129
131
132
133
134
135
136
137

138
138
139
141
141
143
144
149

150
150
155



CONTENTS

B

Single Objective Constrained Benchmark Functions
B.1 Numerical Benchmark functions . . . . . . ... ... ... .....

B.2 Engineering design problems . . . . . .. ... o000
Multi Objective Unconstrained Benchmark Functions

Multi Objective Constrained Benchmark Functions
D.1 Numerical Benchmark functions . . . . . . . .. .. ... ... ...

D.2 Engineering design problems . . . . . . ... ..o 0oL L

XVvili

166
166
175

179



List of Figures

1.1
1.2
1.3
1.4

2.1
2.2
2.3
24

2.5

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15

Diagram illustrating Optimization methods . . . . . . . . . . . . .. 3
Diagram illustrating global and local optima . . . . . .. ... ... 4
Diagram illustrating Optimization Types . . . . . . . . . . . .. .. )

Diagram illustrating the influence of cognitive and social component 11

Diagram illustrating Exploration region around desired solution . . 23
Diagram illustrating exponential decrease of exploration region . . . 32
Diagram illustrating Exploration region around desired solution . . 32

Convergence Graphs for Ackley, Griewank, Powell and Rastrigin of
10 dimension . . . . ... L 38

Convergence Graphs for Rosenbrock and Zakharov of 10 dimension 39

Pareto Front . . . . . . . . ... 80
MOUO Acceleration process . . . . . . . . . .. ... ... .. 91
Pareto fronts on KUR . . . . . .. ... ... ... ... ...... 96
Pareto frontson FON . . . . . . . ... . ... ... ... ... ... 97
Pareto frontson SCH . . . . . . . . ... ... ... ... .. ... 97
Pareto fronts on ZDT1 . . . . . . . .. . ... ... ... ... ... 98
Pareto fronts on ZDT2 . . . . . . . .. ... ... .. 98
Pareto fronts on ZDT3 . . . . . . . .. .. ... .. 99
Pareto fronts on ZDT4 . . . . . . . . ... 99
Pareto frontson UF1 . . . . . . . . ... ... ... .. ... ..., 100
Pareto frontson UF2 . . . . . . . . ... ... ... .. ... ... 100
Pareto frontson UF3 . . . . . . . . .. ... ... 101
Pareto frontson UF4 . . . . . . . ... .. ... .. 101
Pareto frontson UF5 . . . . . . . ... .. ... L 102
Pareto frontson UF6 . . . . . . . . ... ... ... .. ... . ... 102

Xix



LIST OF FIGURES XX

4.16
4.17
4.18
4.19

5.1
5.2
5.3
5.4
5.9
5.6
5.7
5.8
5.9
5.10

6.1
6.2
6.3
6.4
6.5
6.6

Pareto fronts on UF7 . . . . . . . . ... ... 103
Pareto frontson UF8 . . . . . . . . ... ... ... .. ... ... 103
Pareto fronts on UF9 . . . . . . .. .. ..o 104
Pareto fronts on UF10 . . . .. .. .. .. ... ... 104
Diagram illustrating MOCO Solution Space . . . . .. ... .. .. 119
CMOAAEPSO Acceleration process . . . . . . . . .. .. .. .... 120
Particle probing for AAEPSO . . . ... .. ... ... ... ... 121
Pareto fronts on CF1 to CF5 by CMOAAEPSO . . .. ... .. .. 126
Pareto fronts on CF6 to CF10 by CMOAAEPSO . . ... ... .. 127
Pareto fronts on BNH, SRN and OSY . . . . . ... ... ...... 132
Pareto front on Welded beam design . . . . . ... ... ... ... 133
Pareto front on Two-bar truss design . . . . . . .. ... ... ... 134
Pareto front on Speed reducer design . . . . . ... ... ... ... 135
Pareto front on Gear train design . . . . . . .. ... ... .. ... 136
PSOUS Architecture . . . . . . .. ... 142
PSOUS Tool options . . . . .. .. .. ... .. 144
Snapshot for single objective unconstrained optimization problem . 147
Snapshot for single objective constrained optimization problem . . . 147
Snapshot for multi objective unconstrained optimization . . . . . . 148
Snapshot for multi objective constrained optimization problem . . . 148



List of Tables

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
29
2.10
2.11
2.12

3.1

3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5

Average results obtained with 10 D problems . . . . ... ... .. 40
Friedman test on 10D problems (P < 0.0001) . . .. ... ... .. 42
Average results obtained with 30 D problems . . . . ... ... .. 43
Friedman test on 30D problems (P < 0.0001) . . ... .. .. ... 45
Average results obtained with 50 D problems . . . .. .. ... .. 46
Friedman test on 50D problems (P < 0.0001) . . ... ... .... 48
Average results obtained with 100 D problems . . . .. ... ... 49
Friedman test on 100D problems (P < 0.0001) . . ... ... ... 51
standard deviation obtained with 10 D problems . . . . . .. . .. 53
standard deviation obtained with 30 D problems . . .. ... . .. 55
standard deviation obtained with 50 D problems . . . . . ... .. o7
standard deviation obtained with 100 D problems . . . . . . . . .. 59
Optimum results, standard deviation, number and mean value of

the constrained violations at the median solution obtained by SRPSO 73

Comparison of best results of SRPSO with state of art . . . . . .. 74
Comparison of worst results of SRPSO with state of art . . . . . . . 75
Comparison of mean results of SRPSO with state of art . . . . . . . 75
Comparison of engineering design problem results of SRPSO with

stateofart . . . . . . ... 7
Results for MOUO functions: mean(std) . . . ... ... ... ... 105
Results for MOUO functions: mean(std) . . . ... ... ... ... 106
Conclusion of mean results from Table 4.1 and 4.2 . . .. ... .. 107
Hypervolume indicator . . . . . . . .. ... ... ... ... ..., 109
ANOVA test . . . . . . . 109

xx1



LIST OF TABLES

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9

B.1
B.2

C.1

Average IGD values obtained on (CF1 to CF10) . ... ... ..
Average Convergence Metric values on (CF1 to CF10) . . . . ..
Comparative results of average IGD obtained on CF1 to CF10 . .
Hypervolume indicator . . . . . . . .. ... ... ... ......
Wilcoxon matched-pairs signed rank test . . . . . . ... ... ..
Parameter values obtained on Welded beam design . . . . . . ..
Parameter values obtained on Two-bar truss design . . . . .. ..
Parameter values obtained for Speed reducer design . . . . . . ..

Parameter values obtained on Gear train design . . . . . . . . ..

Characteristics of single objective constrained functions . . . . . .

Summary of single objective constrained benchmark functions

Summary of multiobjective unconstrained benchmark functions

xxi1

128
129

. 130

131
131
133
134
135
136

166

. 167

. 179



Abbrevations

AAEPSO - Adaptive Accelerated Exploration Particle Swarm Optimizer
AEPSO - Accelerated Effect Particle Swarm Optimizer

CCEA - Cooperative Co-Evolutionary Algorithm

CDE - Co-evolutionary Differential Evolution

CEC - Congress on Evolutionary Computation

CM - Convergence Metric

CMOAAEPSO - Constrained Multiobjective Adaptive Accelerated Exploration
Particle Swarm Optimizer

CPSA - Constrained Pareto Simulated Annealing

CPSO - Cooperative Approach to Particle Swarm Optimization

CRGA - Changing Range Genetic Algorithm

DM - Diversity Metric

DMOEA - Dynamic Multi Objective Evolutionary Algorithm

DMOEADD - MultiObjective Evolutionary Algorithm with Domain Decomposi-
tion

EDWA - Evolutionary Dynamic Weighted Aggregation

EMMOPSO - Elitist Mutated MultiObjective Particle Swarm Optimization
FDRPSO - Fitness-Distance Ratio Based Particle Swarm Optimization
FIPSO - Fully Informed Particle Swarm Optimization

GA - Genetic Algorithm

GDE3 - Generalized Differential Evolution 3

GEATDbx - Genetic and Evolutionary Algorithm Toolbox

GPSO - Gregarious Particle Swarm Optimization

GUI - Graphical User Interface

HAEPSO - Hyperspherical Acceleration Effect Particle Swarm Optimization
HPSO —Hierarchical Particle Swarm Optimizer

IEMO - Interactive Evolutionary Multi-objective Optimization tool

xxiii



Abbrevations XxX1v

IGD - Inverted Generational Distance

ILPSO - Integrated Learning Particle Swarm Optimizer

ITCEMOP - ITerative Co-Evolutionary Multiojective Optimization
KEA - kit for evolutionary algorithms LE - Linear Equality constrained
LI - Linear Inequality constrained

MOAAEPSO - Multiobjective Adaptive Accelerated Exploration Particle Swarm
Optimizer

MOCO - Multi Objective Constrained Optimization

MOEA - Multi Objective Evolutionary Algorithms

MOES - MultiObjective Evolution Strategy

MOGA - Multi-Objective Genetic Algorithms

MOSaDE - MultiObjective Self adaptive Differential Evolution

MOUO - Multi Objective Unconstrained Optimization

MTS - Multiple Trajectory Search

NE - Nonlinear Equality constrained

NFL - No Free Lunch theorem

NI - Nonlinear Inequality constrained

NNIA - Nondominated Neighbor Immune Algorithm

NSGA - Nondominated Sorting Genetic Algorithm

OEGADO - objective exchange genetic algorithm for design optimization
PSO - Particle Swarm Optimization

PSOUS - Particle Swarm Optimizer Universal Solver

S - Spacing

SAPF - Self Adaptive Penalty Function

SI - Swarm Intelligence

SMES - Simple Multi-membered Evolution Strategy

SOCO - Single objective Constrained Optimization

SOUO - Single Objective Unconstrained Optimization

SPEA - Strength Pareto Evolutionary Algorithm

SR - Stochastic Ranking

SRPSO - Stochastic Ranking Particle Swarm Optimization

TVAC - Time Varying Acceleration Coefficients

VIDEO - Visually Interactive Decision-making Evolutionary Optimization



Chapter 1

INTRODUCTION

This is an introductory chapter of the thesis. It presents basics of optimization,
different types of optimization problem and techniques for solving the problems.
It also introduces Swarm Intelligence and Particle Swarm Optimization algorithm

in detail.

1.1 What is Optimization

Optimization is the branch of computational science that deals with methods to
obtain best possible answer for a given set of problem. The quality of solution
can be expressed in terms of a numerical value and is problem dependant. Thus
the aim of optimization is to select the best possible decision for a given set of
circumstances. In recent years the subject of computational science has matured
and is widely used in innumerable scientific and engineering applications. The ap-
plications include and are not limited to the following domains; optimal petroleum
refining, aircrafts designs with minimum weight, optimal missile trajectories, prof-
itable business activities, physical, chemical and biological sciences, engineering,
architecture, economics and management. There are many algorithms or tech-
niques available to solve optimization problems. The history of optimization goes
back many centuries; Euclid (300 B.C.) and Heron (100 B.C.) solved the prob-
lem of light traveling between two points and found the shortest path between
the points. The real valued non-linear unconstrained or constrained functions
were optimized by Gottfried Leibniz, Isaac Newton, Leonhard Euler and Joseph

Lagrange. They assumed that the objective and constraint functions are differen-
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tiable. The constrained nonlinear function optimization was addressed by Harold
Kuhn(1951), Albert Tucker (1951) and Karush. The optimization was basically
based on Leibniz—Newton principles and therefore could not easily escape local
optima. The Monte Carlo method of simulation was studied and implemented in
around 1940. The evolutionary method for nonlinear optimization was first intro-
duced by George Box in 1957. Box et. al. in 1965 developed a complex method by
exploiting the entire search space for generating random numbers. This method
had a great potential to escape local optima and locate the global optima while
optimizing nonlinear functions. The John Nelder and Roger Mead in 1964 has in-
troduced simplex method. They incorporated the ability to learn from its earlier
search experience and the algorithm was adapted to the topography of the surface
of the optima and function. The major break through in evolutionary compu-
tational science was seen by the noticeable work of John Holland in 1975. He
introduced and implemented the popular algorithm namely Genetic Algorithm
(GA). The Simulated Annealing method was proposed to mimic the annealing
process in metallurgy by Kirkpatrick et al., in 1983 and Cerny in 1985. In 1992
Marco Dorigo introduced Ant Colony Optimization (ACO) that mimics the social
behavior of ant. James Kennedy and Russell Eberhart introduced Particle Swarm
Optimization (PSO) in 1995. PSO mimics the food foraging behavior of swarm of
birds or insects or a school of fish etc.

Mathematically an optimization problem can be formulated as

Find @ = (x1,22,...,2p)
That optimizes fi(T), fo(T),..., fr(T)
subject to: ¢;(7)<0,i=1,2,...,q (1.1)

hi(Z)=0,i=q+1,q+2,....m
Where [; <xz; <wuj,i=1,2,...,D

Here 7 is a solution vector, D is the dimension of problem, k refers to the number
of objective functions need to be simultaneously optimized. The f;, Vi € k is
termed as fitness of objective function to be optimized. The g¢;, and h; are the
inequality and equality constraints respectively. The values ; and u;, Vi € D are

the lower and upper bounds defining the search space.
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Optimization Methods

m Direct search m
Hooke- Nelder-
Jeeves Mead

ABC

v
Evolutionary

v 2 4 v A4
OO .

Figure 1.1: Diagram illustrating Optimization methods

Swarm
Intelligence

The optimization process addresses the problem of determining the values of
the independent variables that do not violate the constraints and at the same time
give an optimal value for the set of objective functions that are being optimized.
Thus, optimization techniques can be either a mathematical idea, an algorithm or
a tool that find extreme values of an objective function. The broad classification of
optimization techniques is shown in Figure 1.1. The oldest technique for solving
optimization problem is the Graphical method. In this method, optimization is
found by means of graphs. The major shortcomings of this technique are 1) limited
to only two variables (2D), 2) less accurate, 3) time consuming and 4) difficult for
non-linear problems.

The most commonly used technique is Gradient Method, this uses the gra-
dient information of the objective function to find optimal solution. The major
drawbacks of this method are; 1) it is best used on well behaved systems where
there is one clear optima, 2) in case of multimodal problems global optima can
not be found, 3) it takes many iterations to converge to local optima if curvature
in different directions is very different and 4) this is applicable only for differen-
tiable and continuous funtion. Another commonly used technique is Direct search

method. This method does not need the gradient information of the problem.



CHAPTER 1. INTRODUCTION 4

0’0/(,,:."‘\“\\ () '; 1505
‘/‘I,"":\,\\A.A,_‘:’,:Q’Q’,/ X
N

2
<

Local optima. ~—Local optima
Local optima : \Local optima

Figure 1.2: Diagram illustrating global and local optima

This include many iterative methods including Hooke-Jeeves, Nelder-Mead and
Heuristic techniques. The Heuristic method for optimization has dominated the
optimization domain very recently and is most sorted method for optimization.
In Heuristic method optimum solution is found by means of Exploitation and
Exploration. Exploitation: examines nearby space and moves towards the local
optima. Exploration: causes deviation from local minima to other regions where
improved solutions are possible. Among all the Heuristic methods Swarm Intel-
ligence (SI) based methods have evolved as a popular method for optimization.
Particle Swarm Optimization (PSO) is one of the SI based method, which is very
simple to implement and produce equally good results. Since optimization plays a
vital role in almost all scientific and engineering applications, hence there is a ever
growing demand to develop efficient and robust optimization techniques. Several
books, based on mathematical concepts of optimization are available in literature
1], [2], [3], [4] and [3].



CHAPTER 1. INTRODUCTION )

1.1.1 Global Optimization

In case of multimodal, functions there are multiple optima and one global optima
as shown in Figure 1.2. In general, there can be solutions that are locally optimal
but not globally optimal. Consequently, global optimization problems are typically
quite difficult to solve exactly. The primary aim of global optimization is to find the
best solution of decision models, in presence of the multiple local solutions. Global
optimization problems fall within the broader class of Non-Linear Programming
(NLP).

Optimization Types

Single Objective Multi Objective

Unconstrained Constrained Unconstrained Constrained

Figure 1.3: Diagram illustrating Optimization Types

1.1.2 Types of Optimization

The global optimization can broadly be categorized in to four major domain based
on the number of objectives and or constraints involved. Figure 1.3 shows the

different types of optimization problems that are discussed below.
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1.1.2.1 Single Objective Unconstrained Optimization

The equation ( 1.1) states the generic optimization problem. In equation ( 1.1),
if g=0,m = 0 and k£ = 1, then this equation reduces to Single Objective Un-
constrained Optimization (SOUO). This class of optimization problem involves
only one objective function without any constraints. The simplified mathematical

equation is given below.

Find © = (z1,22,...,2p)
That optimizes f(T)
Where l; <z; <wu;,i=1,2,...,D (1.2)

1.1.2.2 Single Objective Constrained Optimization

In equation ( 1.1), if ¢ > 0 and or m > 0 and k = 1, then this equation reduces
to Single Objective Constrained Optimization (SOCQO). This class of optimization
problem involves only one objective function with atleast one constraint. The
constraints may be either inequality ( ¢ > 0), or equality ( m > 0), or both (

g >0, m > 0). The simplified mathematical equation is given below.

Find @ = (x1,%,...,2p)
That optimizes f(7)
subject to: ¢;(7)<0,i=1,2,...,q (1.3)

hi(Z)=0i=q+1,q+2,....,m
Where [; <xz; <wui,i=1,2,...,D

1.1.2.3 Multi Objective Unconstrained Optimization

In equation ( 1.1), if ¢ = 0,,m = 0 and k£ > 1, then this equation reduces to Multi
Objective Unconstrained Optimization (MOUO). This kind of optimization prob-

lem involves multiple objective functions without any constraints to be optimized
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simultaneously. The simplified mathematical equation is given below.

Find @ = (x1,%2,...,2Zp)
That optimizes fi(T), fo(T),..., fr(T)
Where l; <x; <w,i=1,2,...,D (1.4)

1.1.2.4 Multi Objective Constrained Optimization

In equation ( 1.1), if ¢ > 1,m > 1 and k > 1, then this equation reduces to
Multi Objective Constrained Optimization (MOCO). This kind of optimization
problem involve multiple objective functions with constraints. The constraints
may be either inequality ( ¢ > 0), or equality ( m > 0), or both ( ¢ > 0, m > 0).

The simplified mathematical equation is given below.

Find @ = (x1,72,...,2Zp)
That optimizes fi(T), fo(T),..., fr(T)
subject to: ¢;(7)<0,i=1,2,...,q (1.5)

hi(Z)=0,i=q+1,q+2,....m
Where l[; <xz; <wu;,i=1,2,...,D

1.2 Swarm Intelligence

Swarm Intelligence (SI) is an innovative, distributed and intelligent system for
solving optimization problems, these are developed from the inspiration of bio-
logical examples by swarming, flocking and herding phenomena. Conventional
computing paradigms show difficulty in optimizing the real world problems. The
real world problems often are characterized by noisy, incomplete data or multi-
modality due to their inflexible construction. Natural systems have evolved since
decades to solve the optimization problems. These natural systems often contain
many simple elements that, when working together, produces complex emergent
behavior. The natural computing paradigms can be used, where conventional

computing paradigm perform unsatisfactorily. Swarm Intelligence (SI) belongs to
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one such natural computing paradigm.

Since more than five decades, the biologists have shown great interest in study-
ing collective behavior of social animals such as insects, fish, birds and mammals.
The first ever theoretical explanation of the collective behaviors in social insects
was provided by French biologist Pierre-Paul Grasse. In 1984 Grasse [6] reported
the collective behavior of African termites. The first flocking model was developed
in 1987 by Craig Reynolds [7]. This was a bio-inspired computational model for
simulating the animation of a flock of entities called boid [7]. Collective patterns
and decision making was presented in 1989 by Deneubourg, Jean-Louis and Goss,
Simon [8]. In 1991 the food foraging and the shortest path between the food
sources and the nest in ants was studied by Deneubourg and Goss [9]. Beni and
Wang [10] first introduced the term Swarm Intelligence in the context of cellular
robotic systems in 1991. In 1992 Marco Dorigo introduced Ant Colony Optimiza-
tion (ACO) algorithm. The ACO is a heuristic algorithm that is inspired by the
food foraging behavior of ants. Particle Swarm Optimization (PSO) is developed
by the inspiration of the social behavior of bird flocking or a school of fish, by
Eberhart and Kennedy [11] in 1995. In 2005 Artificial Bee Colony (ABC) algo-
rithm was introduced by Karaboga. Essentially ABC algorithm simulates the food
foraging behavior of honey bees. The detailed algorithmic explanations of ABC
and ACO algorithms are out of scope of the thesis.

1.2.1 Why Swarm Intelligence?

Swarm Intelligence (SI) is a growing research field in natural computing paradigm.
It deals with natural and artificial systems composed of many simple individual.
Each of them coordinate using decentralized control and self-organization. SI is
the outcome of collective behaviors of simple individuals that interacts with each
other and with their environment. It has the potential to solve complex, non-
differentiable, discontinuous, multimodal and distributed problems. It offers an
alternative way to design the systems that are either impossible or near impossible
by conventional optimization algorithms. A typical SI algorithm has the following

properties.
e [t is composed of many simple individuals.

e The individuals are relatively homogeneous.
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e The interactions among the individuals are based on simple behavioral rules.
e Individuals exchange information directly or via the environment.

e The overall behavior of the system results from the interactions of individuals

with each other and with their environment

e Individuals have the division of labor and distributed task allocation system

among them

e Individuals act in a coordinated way without the presence of a coordinator

or of an external controller.

e FEach individual has a stochastic behavior that depends on its local percep-

tion of the neighborhood.

Because of the above properties, SI has captured the prominent place in compu-

tational research domain.

1.3 Particle Swarm Optimization

Particle Swarm Optimization (PSO) is one kind of the SI algorithm and is only a
decade old in the optimization domain. PSO was introduced in 1995 by Kennedy
and Eberhart [11],[12]. PSO being a stochastic algorithm exhibits many similar-
ities with evolutionary algorithm for solving optimization problems. PSO essen-
tially imitates the food foraging behavior of social life, such as a swarm of birds
or school of fish [13]. The main source of swarm’s search capability is the interac-
tion among the members and the reaction to one another’s findings to reach the
goal. In PSO terminology each member of the swarm is called a particle. The
word swarm comes from the irregular movement of the particles in the problem
space. Every particle in the search space represents a potential solution. During
search process every particle remembers its current position and self best position
found so far called as personal best (pbest). All the particles explore the search
space and the information collected by them is sorted to find the best particle in
the swarm called the global best (gbest). The location of this member is com-
municated to all the particles and hence the flying trajectory of the particles is
altered in the direction of the swarm’s gbest and it’s own pbest. Since the par-

ticle’s position in a swarm represents the potential solution, hence each particle
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is evaluated based on the fitness function to be optimized. The value of fitness
function extrapolates the quality of solution. As the particle fly randomly in D-
dimensional search space, the position and velocity of i*" particle are represented
as X; = (i1, Ti0, i3, - ,x;p) and V; = (v;1,0i2,0i3, -+ ,v;p) respectively. In
real life applications D refers to the number of variables present in the objective
function to be optimized. With increased iteration, particles of the swarm will
move towards the global best position by keeping track of their (pbest) and with
the influence of (gbest).

Figure 1.4 shows the details of cognitive and social component influence on
the particle. In a D dimensional search space the pbest of the " particle is
represented as pbest; = (pi1,Di2,Dis, - ,Pip) and the gbest of the whole swarm
is represented as gbest = (g1,92,93, - ,9p). The PSO algorithm updates the
velocity and position of each particle by the following equations ( 1.6) and ( 1.7)

respectively.
Vifjl = V,fd + c1 * rand; * (pbest;d — vad)
+ ¢y xrandy * (gbesty — X[ ) (1.6)
Xz‘t:gl = Xf,d + Vii;rl (1-7)

where, ¢; and ¢y are the learning factors which determines the relative influence
of cognitive and social component respectively. rand; and rands are uniformly
distributed random numbers in the range [0,1]. V{;, X, and pbest;, are the
velocity, position and the personal best of i particle in d* dimension for the %
iteration respectively. The gbest!, is the global best of the swarm in d* dimension

for the # iteration.

1.3.1 PSO terminology

The terminologies used to describe PSO are discussed below

1) Particle:- An individual in the swarm (analogous to a bird in flock) is referred
as a particle. All the particles in the swarm act independently and accelerate
towards the solution.

2) Position:- Position refers to a particles’s place in the search space. This is
represented by coordinates on the x—y plane. In general, however, we can extend

this idea to any N—dimensional space according the problem at hand. This N—
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Figure 1.4: Diagram illustrating the influence of cognitive and social component

dimensional space is the solution space for the problem being optimized, where
any set of coordinate represents a solution to the problem.

3) Fitness:- Fitness refers to the function or method to evaluate the goodness
of a position in search space. It takes the coordinates in the solution space and
returns a numerical value (goodness). The fitness function provides an interface
between the physical problem and the optimization algorithm.

4) pbest:- This is the information of best location that the particle has found
during search process. Each particle has its own pbest determined by the path
that it has flown. At each point along its path, the particle compares the fitness
value of its current location to that of pbest. If the current location has a better
fitness, pbest is replaced with its current location.

5) gbest:- This is the information of best position in the whole swarm. For entire
swarm there is one gbest to which each particle is attracted. At each point along
their path every particle compares the fitness of their current location to that of
gbest. If any particle is at a location of better fitness then gbest is replaced by that
particle’s current position.

6) Cognitive factor:- It is a relative pull on the velocity of the particle by the

best memory (pbest) of the same particle. This is the major factor that alters the
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trajectory of the particle fly during due course of search.
7) Social factor:- It is a relative pull on the velocity of the particles by the best
memory of the swarm (gbest). This is also the major factor to alters the trajectory

of the particle fly.

1.3.2 PSO Foundation

PSO algorithm is based on the collective behaviors of the simple agents that
interact locally with their environment to create global functional patterns and
the intelligence in PSO results from social interaction. Evaluation, comparison
and imitation of others, as well as learning from experience allow individuals to
adapt to the environment and determine optimal pattern of behavior. Since the
exact behavior of PSO can not be explained clearly and is not understood yet,

hence an attempt is made with the following explanation.

1.3.2.1 PSO Model: A Newtonian Mechanical Model

The Newtonian mechanical model explains how iterative (velocity and position)
equations of Particle Swarm Optimization are deduced from mechanics. Figure
1.4 depicts the relative impact of social and cognitive component on the flying
trajectory of the particle. The position and velocity of each particle with mass m

can be expressed according to the Newton’s second law of motion as

o U

iz _ dv _, F
m

(1.8)

H
Where, F denotes the force on the particles, @ and o are the acceleration and
velocity. The forward differentiation of equation ( 1.8) converts it to iterative

process as follows

T — T
Sl W e T =T+ U A (1.9)
At
— — = =
— Vs Fi_ Fi_
Ut Ut 1 _ t—1 :>Ft>:v—>t_1+ t 1At (110)
At m m

Considering m and At to be unity in above equations ( 1.9) and ( 1.10) we get
the following.

Ty =T+ vf (1.11)



CHAPTER 1. INTRODUCTION 13

T =+ Fa (1.12)

All the terms in equations ( 1.9) and ( 1.10) are known except force ﬁ at
(t — 1) iteration. To model this (E: ), the swarm characteristics are considered.
The important feature of swarm is; any particle is influenced by the relative pull
of pbest and gbest. This relative pull on swarm is equivalent to two spring like

attraction and hence can be expressed as
— _— - =
Fy_y = ci(pbest_y — T_1) + ca(gbest,—1 — T1_1) (1.13)

where ¢; and ¢y are Hook’s constants of two springs. The ¢; and ¢y are considered
as cognitive and social parts respectively. The behavior of the entire swarm can
be expressed by writing the equations above in a matrix form. To inject the
randomness into the swarm behavior, Hooke’s constants ¢; and ¢, are multiplied

by random number generators. Thus the final equation can be expressed as below
Xt - thl + ‘/;5 (114)

and
V;t - ‘/t_1 + ClTCLndl(Pt_l - Xt—l) + czrcmdg(Gt_l - Xt—l) (115)

The equations ( 1.14) and ( 1.15) are the position and velocity update equations
for PSO.

1.4 No Free Lunch Theorem

One of the most interesting development in optimization theory is No Free Lunch
(NFL) theorem [14]. This theorem states that the performance of all optimization
(search) algorithms, amortized over the set of all possible functions, is equivalent.
The implications of this theorem are far reaching, since it implies that no algo-
rithm can be designed so that it will be superior to a linear enumeration of the
search space, or even a purely random search. The theorem is only defined over
finite search spaces, however, and it is as yet not clear whether the result applies
to infinite search spaces. All computer implementations of search algorithms will
effectively operate on finite search spaces, though, so the theorem is directly ap-
plicable to all existing algorithms. Although the NFL [14] theorem states that all
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algorithms perform equally well over the set of all functions, it does not necessar-
ily hold for all subsets of this set. The set of all functions over a finite domain

includes the set of all the permutations of this domain.



Chapter 2

Single Objective Unconstrained

Optimization

This chapter introduces the concept of Single Objective Unconstrained Optimiza-
tion (SOUO). The detailed literature survey for solving SOUO problems using
Swarm Intelligence (SI), Particle Swarm Optimization (PSO) and other competi-
tive algorithms are presented. It also addresses the major challenges of applying
PSO in solving SOUO problems. This chapter is extended with research contri-
butions made in the SOUO domain. The algorithmic and implementation details
of developed PSO variants, i.e. i) Accelerated Effect Particle Swarm Optimizer
(AEPSO), ii) Hyperspherical Acceleration Effect Particle Swarm Optimization
(HAEPSO), iii) Integrated Learning Particle Swarm Optimizer (ILPSO) vi) Adap-
tive Accelerated Exploration Particle Swarm Optimizer (AAEPSO) are presented.
The performance of developed algorithms are tested on complex numerical bench-
mark functions and evaluated on different statistical performance indicator such
as mean, standard deviation and convergence graphs. The statistical significance
of the algorithms are analyzed using Friedman's test followed by Dunn’s multiple
comparison test. These indicators are used for performance comparison of devel-
oped PSO variant with state of the art. The chapter is concluded with results and

discussions.

15
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2.1 Introduction

In Single Objective Unconstrained Optimization (SOUQO) domain the objective
is to minimize or maximize a single objective function without any constraints,
except boundary conditions. The simplified mathematical representation of SOUO

problems can be expressed as

Find ? = (.1'1,1’2,...,.1'D)
That optimizes f(T)
Where l; <xz; <wu,i=1,2,...,D (2.1)

Where 7 is the solution, f is the objective function to be optimized, [; and u; are

the lower and upper bounds V i € D of the search space.

2.2 Literature Survey

Particle Swarm Optimization (PSO) is a simple population based optimization
algorithm introduced in 1995 by Kennedy and Eberhart [12, 11]. It is relatively
recent (a decade old) addition to the field of natural computing (Swarm Intelli-
gence). PSO has found widespread application in complex optimization domains
and is currently a major research topic offering an alternative to the more estab-
lished evolutionary computation techniques. There are many enhancements made
to the original PSO, some resemble the original PSO and some deviate. The major
and noticeable enhancements that have been made to the PSO in the last decade
is arranged in chronological order as follows.

The original PSO [11, 12] was found to suffer from instability and premature
convergence since particles move out of the solution space during search. In 1996
this was addressed by Eberhart et al. by restricting the velocity to a proportion
of the initial search range [15]. The major problem prevailing with PSO is its
premature convergence on early best solutions. Many strategies were developed
to handle this issue. The first strategy to attempt this problem was introduced by
Shi and Eberhart [16] in 1998. The algorithm [16] introduced the inertia weight
with velocity factor to avoid premature convergence. The inertia weight influences

the searching behavior of particles and hence it became another tuning parameter
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in PSO. The larger inertia weight encourages global exploration while a smaller
helps for local exploration by fine-tuning the current search space. Suitable selec-
tion of the inertia weight provides a balance between global and local exploration
and thus requires less iteration to find the optimum solution. Initially the iner-
tia weight was kept static during the entire search process for every particle in
each dimension. However, with the due course of time dynamic inertia weights
were introduced. Later in 2000 Shi and Eberhart [17] carried out research on
the effect of inertia weight and they proposed linear decrease in inertia weight
from 0.9 to 0.4 with iteration. This linear decrease of inertia weight allows ini-
tial exploration followed by acceleration towards global optima. In 2002 Clerc
and Kennedy [18] introduced the constriction factor which restricts the velocity
for improving convergence speed. The value of constriction factor was decided
based on cognitive and social factors. The cognitive and social factors were given
equal importance and they used the value to be 2.05 in their experiments. In
2002 Maurice and Kennedy [19] presented the detailed dynamics of the particles
and proposed a generalized PSO model with a set of coefficients to control the
convergence tendency. In 2003 Peram, Veeramachaneni and Mohan [20] devel-
oped Fitness-Distance Ratio Based Particle Swarm Optimization (FDRPSO) to
avoid premature convergence. In FDRPSO [20] the particles move towards nearby
particles of higher fitness, instead of attracting each particle towards global best
position. They accomplished this objective by using the ratio of the relative fit-
ness and the distance of other particles to determine the direction for changing
the particle position. The premature convergence of PSO was further addressed
in 2004 by Ratnaweera and Halgamuge [21]. In [21], a time-varying accelera-
tion coefficients (TVAC) was introduced in addition to the time-varying inertia
weight factor with PSO. In 2004 Bergh, Andries and Engelbrecht [22] developed
Cooperative Approach to Particle Swarm Optimization (CPSO). In this approach
[22], multiple swarms optimize different components of the solution vectors co-
operatively and show remarkable enhancements to PSO performance in terms of
quality of solution. In 2004 Mendes, Kennedy and Neves [23] proposed Fully In-
formed Particle Swarm (FIPSO). In FIPSO [23] each particle is influenced by the
information of all particles rather than just with one best performer as in basic
PSO. In 2005 Stefan Janson, and Martin Middendorf [24] developed a Hierarchical
Particle Swarm Optimizer (HPSO). Where the particles are arranged in a dynamic

hierarchical structure and the particles with best solutions move up or down in the
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hierarchy. This hierarchical structure facilitates the larger influence of good parti-
cles on the swarm. The effect of weighting coefficients of particles on optimization
process was investigated in Particle Swarm with Exponential Distribution (PSOE)
by Renato, Krohling and Leandro in 2006. In PSOE [25], weighting coefficients
were in exponential probability distribution instead of uniform distribution. An-
other modification to overcome the premature convergence was introduced in 2006
by Srinivas Pasupuleti and Roberto Batti is called Gregarious PSO (GPSO) [26].
In GPSO [26] algorithm, the re-initialization mechanism was used if the particles
stuck close to the local minima. In every iteration either particles were accelerated
towards the goal or be re-initialized. If the distance between the current particle
and the global best is comparable then the particle velocity was re-initialized and
clamped between (V,,in, Vinaz) €lse the particle will move in the direction of global
best. A novel PSO variant called as modified particle swarm optimizer with dy-
namic adaptation [27] was introduced by Yang et. al. in 2007. This variant adjusts
the inertia weight dynamically, based on evolution speed factor and aggregation
degree factor. Sabat et. al developed Combined Effect Comprehensive Learning
Particle Swarm Optimizer (CECLPSO) [28] in 2007. The CECLPSO algorithm
[28] makes use of two best elite particles (gbest) to alter the particles dynamics,
instead of one elite particles (gbest) as in basic PSO [11]. The effect of second best
particle has shown improvements in the results as compared to the only one best
particle. PSO has proved its presence in discrete optimization problems also. In
2008 A hybrid particle swarm branch-and-bound (HPB) [29] optimizer for mixed
discrete nonlinear programming was developed. The work has been done on tun-
ing the social and cognitive factors of original PSO. During 2008 global best and
local best model of PSO was combined and called GLBest-PSO [30]. GLBest-PSO
[30] algorithm uses time varying inertia weight and acceleration coefficient to ad-
dress premature convergence. The problem of premature convergence was further
addressed with a novel idea called Accelerated Effect by Sabat et al. and pro-
posed an Accelerated Exploration Particle Swarm Optimizer (AEPSO) algorithm
[31]. The AEPSO [31] algorithm identifies the particle trapped in local optima,
that are mainly responsible for premature convergence and accelerate them in the
direction of best solution. This strategy helps the stagnated particles to come out
the local optima and search the solution again. Further Sabat et al. integrated
AEPSO algorithm with hyperspherical coordinate manipulation concept and pro-
posed Hyperspherical Acceleration Effect Particle Swarm Optimizer (HAEPSO)
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[32]. In HAEPSO algorithm [32], the particles position and velocity are updated in
hyperspherical coordinate system instead of cartesian coordinate system and this
was combined with AEPSO algorithm [31]. The advantage of hyperspherical coor-
dinate system is, this coordinate system gives better control of particles’s direction
(as information is available in angle) and fine tunes the solution. This strategy
[32] was very helpful when particles got stuck in local minima. In 2009 PSO with
extrapolation (ePSO) [33] was introduced. In this algorithm, the current particle
position was updated by extrapolating the global best particle position and the
current particle positions in the search space. Apart from cognitive, social factor
and inertia weight, research has been carried out on the size of the population also
and thus an efficient population unitization technique called Efficient population
utilization strategy for particle swarm optimizer was presented in [34]. Sabat et
al. proposed Adaptive Accelerated Exploration Particle Swarm Optimizer [35].
Essentially AAEPSO [35] algorithm was an enhancement to AEPSO [31] with an
adaptive acceleration and exploration. In AEPSO [31], the search patch of unit
radius was maintained and hence restricted the scope of searching the solution
around the global solution (gbest). Thus in AAEPSO, patch size was adjusted
dynamically with iteration, and this in turn balances the exploration and ex-
ploitation. Further Sabat et. al. addressed the problem of premature convergence
and quality of solution with higher dimensional problems and reported Integrated
Learning Particle Swarm Optimizer (ILPSO) [36, 37]. The ILPSO [36, 37] algo-
rithm essentially uses the concept of Hyperspherical Acceleration Effect Particle
Swarm Optimizer (HAEPSO) [32] together with comprehensive learning approach
38].

2.3 Challenges in PSO for solving SOUQO prob-

lems

Particle Swarm Optimization (PSO) follows very simple social model. Due to its
simplicity and ease of implementation PSO has attracted many researchers across
the globe since its inception in 1995. Though PSO has seen many advancements
in its development, it still suffers with following major problems. The below
mentioned inevitable problems persisting with PSO has given a scope for further

research.
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e Premature convergence: PSO ends up searching early best solutions. This

is predominant in multimodal functions.

e Convergence speed: PSO explores the good solution in its early stage of

search but get stagnated in the process of exploiting the global solution.

e Quality of solution. PSO produces low quality solutions due to inherent

complexity, discontinuity and multimodality of the problems.

e Uncertainty in solutions. Due to stochastic nature, PSO produces different

solutions in different runs.

e Instability: Instability caused by particles accelerating out of the solution

space.

e Update strategy: PSO has simple solution update strategy and hence is not

adequate to get the better solution in complex environment.

2.4 Research Contribution

As stated in the above section, lots of research work has been done since the incep-
tion of PSO. Due the problems prevailing with PSO; it has given further research
direction for improving PSO. The following are the enhancements (algorithmic de-
velopments) that are carried out to address the above stated problems. The major
enhancements are 1) Accelerated Effect Particle Swarm Optimizer (AEPSO) [31],
2) Hyperspherical Acceleration Effect Particle Swarm Optimization (HAEPSO)
[32], 3) Integrated Learning Particle Swarm Optimizer (ILPSO) [36, 37] and 4)
Adaptive Accelerated Exploration Particle Swarm Optimizer (AAEPSO) [35]. The

detailed presentation of these algorithms is given in the following subsections.

2.4.1 Accelerated Effect Particle Swarm Optimizer

The major prevailing problem of basic PSO is premature convergence and poor
quality of solutions. During due course of experiments it was found that some of
the particles did not show any improvement in the solution with iterations. This
is more pronounced in case of multimodal problems. Due to multiple local optima

the particles may get stuck and stay in local optima for longer and may not come
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out of it. This results to premature convergence of the swarm with low quality of
solutions. The major motivational factor here is, to find out such problem causing
particles and force them to come out of local optima.

The problem of premature convergence and poor quality of solution is ad-
dressed with a novel idea called Accelerated Effect. The Accelerated Effect is
combined with Particle Swarm Optimization and is called as Accelerated Effect
Particle Swarm Optimizer (AEPSO). The major part of AEPSO is to deal with
the identification of the particles which are trapped in deep local optima, respon-
sible for premature convergence (worst or diverged particles) and accelerate them
in the direction of best solution. The detailed algorithm is explained in the follow-
ing sections: 1) Identification of diverged particles and 2) Accelerating diverged

particles in the direction of best solution.

2.4.1.1 Identification of diverged particles

During the search process, some of the particles get trapped in the local optima and
may not be available for searching for good solutions there after. This is especially
quite dominant in the case of higher dimensional objective functions having many
local optima. These trapped particles are responsible for premature convergence
and also for poor quality of solutions. AEPSO deals with the identification of
the particles which are trapped in deep local optima, responsible for premature
convergence. The diverged particles are selected based on the fitness of the particle
and the Euclidean distance of the particles from the gbest particle. The farther
the particle from the goal, the poorer result it gives and said to be diverged.
These diverged particles will not participate in searching for a better solution
there after. Similarly the particle which gives worst fitness are also treated to be
diverged. Since the diverged particles are the major culprits and contribute to the
premature convergence and hence special care need be taken for these particles.
Only 20% of the population was selected as diverged particles. Experiments were

conducted and found that the 20% of the population was a good choice.

2.4.1.2 Accelerating diverged particles

The diverged particles (identified in above subsection) will not participate in the
search process. If these particles are not taken care of then they cause the solution

to deteriorate and hence converge prematurely. There are two possibilities that can
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be done with the selected diverged particles; they can be either be initialized to the
gbest particle or to some other new position in the search range. Both the methods
have their own limitations. If particles are initialized to gbest (i.e. making exact
replica), the whole swarm may collapse and get completely stagnated. This is due
to the fact that gbest of the current iteration is global solution or not is not known
priori. There are chances that the gbest particle might also be stagnated and
resulting into collapse of entire swarm. If the particles are regenerated randomly
to new position in the search range, it takes lot of computational resources to
converge the swarm to global solution. Thus in AEPSO, neither of the above is
considered, but the diverged particles are accelerated near the particle with global
solution. It is assumed that already the gbest particle has found the better solution
and hence there could be some better solution nearby. The fixed sized search patch
of unit radius was maintained around the gbest particle. The diverged particles
are randomly placed in that patch. This helps the particles to come out of the
deep local optima and take part in the search process.

The velocity and position update equation for AEPSO are

Vif;{l = thifd + ¢t x rand; * (pbestid - Xit,d)
+ ¢« randy « (ghestly — X ) (2.2)
Xigh = X+ Vi (2.3)

Where w', ¢} and ¢, are linearly decreasing inertia & learning factors.

Wnaz — Wi
b Wy — e Tmin oy 2.4
v Maxiter (2:4)
Waw — Wi
t_ Wmax _ max min w1 2.5
“ Mazxiter (2:5)
Wnaz — Wi
to_ Woaw — mar TR oy 2.6
@ Maxiter (2:6)

with Wiee = 0.9 and W,,;, = 0.2. Figure 2.1 illustrates acceleration of the
diverged particles towards global solution. In Figure 2.1 the particles are rep-
resented by small bold circles. The process of acceleration effect is explained by
considering the population size of ten and number of diverged particles to be two
(shown in red color). The normal particles are shown with blue circle and global
best particles with green. The process is explained in four steps, initially in the

first step diverged particles are far away from global solution and hence they will
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Figure 2.1: Diagram illustrating Exploration region around desired solution

be accelerated towards the best solution inside the black dotted bigger circle. The

black dotted bigger circle is of unit radius and is the probable search region for

diverged particles. The dotted small red circle shows the probable region that

diverged particle may occupy. With increased iteration all the diverged particles

will tend towards better solution as is seen from subsequent steps in Figure 2.1.

2.4.1.3 Implementation details of AEPSO Algorithm

Algorithm 2.4.1 show the detailed steps of AEPSO algorithm. In the initialization

phase, the search range (Xaz, Xmin) is initialized and is problem dependant.

The dimension (D) and population size (NP) are also initialized. The velocity

is clamped to 20 percent of the search range i.e. Vj,0p < 0.20 % (X,p00 —

The position X! and velocity V° of the population is randomly initialized in

the search range. The initial personal best pbest! and global best gbest’ is set

after evaluating fitness f2 of the all the particles. In the optimization phase t
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and 7 are set as counters for iterations and population respectively. The velocity
and position of the whole population are evaluated as per equations ( 2.3) and
( 2.2) respectively. The personal best pbest:™' and global best gbestit! of all
the particles are calculated after evaluating fitness /! with new positions. This

process continues till the stopping criteria is met or iteration counter reaches the

Algorithm 2.4.1 Pseudo code for AEPSO

Initialize

: Set «— Xmaz, Xmin, D, NP

: Vinaz < 0.20 % (Xmaz — Xmin)

1 t— 0,10 > ¢ for iterations and ¢ for particles
: Randomly initialize particle’s position XZO €D > D is dimension of the problem

: Randomly initialize particle’s velocity ViO < Vimaz
. Evaluate fitness function values fiO

N O UL W N

: pbest? — f?, gbest? — fgest
Optimize
8: while t < MazimumGeneration do
9: while i < NP do
10: Update velocity and position as per equation ( 2.2) and ( 2.3) respectively.
11: Evaluate fitness function values ff+1
12: Find pbest§+1

13: if fﬁl < pbestﬁ then > for minimization problem
14: pbestlf+1 — ff+1

15: end if

16: Find gbestf;rl

17: if gbestf;rl < gbestﬁl then > for minimization problem
18: gbesttdJrl — gbest!,

19: end if

20: i+—i+1, goto step9.

21: end while

22: if stop criteria not met then

23: t«—t+1, go to step 8.

24: end if

25: Identification and acceleration of diverged particles as per Algorithm 2.4.2

26: end while
Report results

Terminate

maximum limit. The identification and acceleration of diverged particles are
done as per Algorithm 2.4.2. In Algorithm 2.4.2 the selection factor S; for
selecting diverged particles is set to 0.2 i.e 20% of the total population, m is the
number of trapped particles to be selected (m = Sy * NP). The Acceleration
and Exploration factor AEy is initialized to 1.0, this maintains the search patch
of unit radius around gbest particle. The diverged particles are categorized based
on fitness and Euclidean distance from gbest. All the particles are arranged in

ascending order based on the fitness measure and stored in sortedyimmess. The
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identification of diverged particles are carried out by comparing the fitness of the
said particle from the sorted fiiness, this essentially gives the index of the intended

particle.

Algorithm 2.4.2 Pseudo code for identification & acceleration of diverged par-

ticles
Select — S¢ > Selection factor for diverged particles
m « Sy x NP > No. of diverged particles to be selected
Select — AEy > Acceleration and Exploration factor
flag — 0 > to flip between two acceleration strategies
sortedgistance < sort(distance) > Sort the distances
sortedgiiness < sort(ft) > Sort the fitness
if mod(t,10) = 0 then > 10 Refresh interval,t Current Iteration

a= gbesttd — AE¢, b= gbestzl + AEy
for £k — 1, m do
for — 1, NP do
if flag == 0 then
A=sortedfiness(NP —m) — ft(1)

if A ==0 then > index of diverged particle based on fitness
X(I) =AEj x rand * gbest
end if
flag — 1
else
p=sortedg;stance (NP —m) — distance(l)
if == 0 then > index of diverged particle based on distance
X() =a+ (b—a)*rand
end if
flag — 0
end if
end for [
end for k

end if

The current fitness of the particle is denoted as f and sorted fitness is the current
fitness in ascending order, sort arranges the the fitness values of f in ascending
order and stores in sorteditness. The A = 0 condition finds out the exact particle
which has poor fitness. This is achieved by subtracting f from sorted fiiness and the
particles index is captured for zero difference. The captured particles are termed
as diverged particles. Similarly all the particles are arranged in ascending order
based on distance of particles from gbest and stored in sortedg;siance. The diverged
particles based on Euclidean distance are similarly identified. For acceleration, the
diverged particles are selected alternatively from sortedyiimess and sortedg;siance to
achieve this, a flag is maintained and updated as in Algorithm 2.4.2. To maintain
the diversity in the population and not to monopolize the search process with only

gbest, a refresh rate is maintained. The process of identification and acceleration
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is carried out at refresh rate of 10 (at the end of every 10% iteration; ex. in
1000 iterations and 10 refresh rate, acceleration will be only for 100 times). The
experiments were conducted on different values of refresh rate, and we observed

that refresh rate of 10 was optimum for getting good solution.

2.4.2 Hyperspherical Acceleration Effect Particle Swarm
Optimization

Although previous work [22, 38, 19, 23, 20, 25, 24] on PSO has provided better
solutions over different benchmark functions, the PSO world still aims to opti-
mize the objective functions that have deep multiple local optima. Almost all the
previous work on PSO used cartesian coordinates system for updating particle’s
position and velocity. The major difficulty with cartesian coordinate system is
fine tuning of the solution. In the beginning of the search process PSO finds the
solution by exploration where coarse tuning is sufficient, but as the search process
proceeds and PSO enters into exploitation of solution, fine tuning is essential. In
this stage premature convergence is seen due to multiple optima. For fine tuning
the solution, a hyperspherical coordinate system is better than cartesian coordi-
nates system, as in hyperspherical system a small change in particle coordinate
results in large change in angles i.e. direction, and, that helps the particles to
come out from deep local optima.

Thus to address the premature convergence, poor quality of solution and un-
certainty in solution HAEPSO is proposed. Essentially HAEPSO [32] is an im-
provement over AEPSO [31] with major improvement of integrating hyperspherical
coordinate systems update strategy. The selection of diverged particles and ac-
celerating these towards global solution is similar to AEPSO algorithm explained
in above section. The HAEPSO carries out hyperspherical manipulations with
AEPSO as explained below.

2.4.2.1 Hyperspherical manipulations

The hyperspherical coordinate system is a generalization of spherical coordinates
for higher dimensions. In the hyperspherical coordinate system of n-dimensional
Euclidean space, the coordinates consist of a radial coordinate r, and n—1 angular

coordinates ¢q, ¢g, - - - ¢,_1. The relation between n-dimensional Euclidean space
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and hyperspherical space can be defined as

ry = rcos(¢r)
Ty = rsin(¢r)cos(pz)
x3 = rsin(¢r)sin(pa)cos(¢s)

Tpo1 = rsin(¢r)sin(gy) - --
sin(¢n_2)cos(¢n_1)
T, = rsin(¢r)sin(os)---

sin(pp_o)sin(pn_1)

The premature convergence in PSO is mainly caused due to particles trapped in
local optima. This problem can be resolved if the particles are sufficiently intel-
ligent to make the variation in their coordinates minutely. Small changes can be
made efficiently with the angle information. Since hyperspherical coordinates give
information about the angle, HAEPSO uses this coordinate system. HAEPSO up-
dates all the information of the particles by means of hyperspherical coordinates.
Due to this the magnitude and the directions of the particles can be changed in a
controlled manner and hence particles come out of the deep local minima to search
for the better solution. Each particle will update its velocity and position accord-

ing to the following equations ( 2.7) and ( 2.8) after converting into hyperspherical

coordinates.
Vif:lrl = w'x Vifd + cﬁ * rand; * (pbestid - vad)
+ ¢« randy * (gbesty — X ) (2.7)
X;,Jc?l = Xf,d + ijl (2-8)

Where V', X{,, gbesty and pbest; ; are as stated above . The inertia weight (w")
and acceleration coefficients (¢! and c}) are decreased with iteration from 0.9 to
0.2 according to the equations ( 2.4), ( 2.5) and ( 2.6) respectively. The linear
variation of inertia weight and acceleration coefficients used in this algorithm will

further enhance the local search capability.
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2.4.2.2 Implementation details of HAEPSO Algorithm

The practical implementation of HAEPSO involves the steps as shown in Algo-
rithm 2.4.3. The implementation steps of HAEPSO are almost similar to AEPSO
(Algorithm 2.4.1) with major difference of hyperspherical manipulation. The par-
ticles position and velocity is updated in hyperspherical coordinate system as per
Algorithm 2.4.4. The Algorithm 2.4.4 shows the pseudo code for hyperspherical
manipulation. In this algorithm z is the D-dimensional cartesian coordinate and
(r, ¢) is hyperspherical counter part of z. The origin of hyperspherical coordinate
system ((r, ¢)) is same as cartesian coordinate system x. The rand is the uniformly
distributed random number in the range of [0,1]. This algorithm takes the input
in cartesian system, converts it into hyperspherical and implements the necessary

manipulation i.e. updates and then converts it back into cartesian system.

Algorithm 2.4.3 Pseudo code for HAEPSO

Initialize

1: Initialize — Winaz, Winin, Xmawzs Xmin, D, NP

2! Vinaz — 0.20 % (Xmaz — Xmin)

3: Initialize — m ; No. of diverged particles to be selected.

4: t—0,i0

5: Decrease w, c1,cz as per ( 2.4), (2.5) and ( 2.6) with iterations respectively
6: Randomly initialize position X? € D;Vie NP.

7: Randomly initialize velocity VZ.O < Vinaz; V1 € NP.

8: Evaluate fitness fio using particle positions.

9: pbest? — f?

10: gbest? — f&st

Optimize
11: Update velocity and position as per ( 2.7) and ( 2.8).
12: Evaluate fitness ff+1 using particle positions.
13: Find pbestlf+1
14: if f:+1 < pbestzl-t then > for minimization problem
15: pbest?rl — ff+1
16: else
17: pbest’frl — pbest§
18: end if
19: Find gbestﬁﬁl
20: if gbestfi+1 < gbest!, then > for minimization problem
21: gbest?—l «— gbest!,
22: end if
23: Identification and acceleration of diverged particles as per Algorithm 2.4.2
24: If stop criteria not met, increment t and go to step 11.
Report results

Terminate
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Algorithm 2.4.4 Pseudo code for Hyperspherical manipulation
e T ?)

. ¢ «— (180/pi) x acos(x/r)

3 r—randx*r

4: ¢ «— ¢+ rand

5. x « 1% cos((¢ * pi)/180)

[N R

2.4.3 Integrated Learning Particle Swarm Optimizer

The unsolved problems of PSO (premature convergence, poor quality of solution
and instability in solution ) are further addressed by Integrated Learning Par-
ticle Swarm Optimizer (ILPSO) [37, 36]. This algorithm is essentially a hybrid
algorithm that has the components of AEPSO and HAEPSO integrated with well
known comprehensive learning strategy [38]. Identification and acceleration of
diverged particles in ILPSO are similar to AEPSO [31] discussed in the above
section. The hyperspherical update is also similar to HAEPSO [32]. The concepts
from these two algorithms are hybridized with well known comprehensive learning

strategy [38]. The Comprehensive Learning strategy is discussed as below.

2.4.3.1 Comprehensive Learning

In Comprehensive Learning (CL) [38], the particles learn from different exemplar
with different dimension and time. Comprehensive Learning (CL) has major dif-
ferences compared to basic PSO [11, 12]. In basic PSO particles learn from pbest
and gbest in every generation and dimension, where as in CL [38] a particle learns
from either its own pbest or gbest or pbest of some other particles for a few itera-
tions. And each dimension of a particle learns from a different exemplars (its own
pbest or gbest or pbest of some other particles) for different dimensions for a few
iterations. The comprehensive learning concept is integrated with stated proposal
with the refreshing rate of 10 (explained in above section 2.4.1.3). The particle’s

velocity and position are updated by selecting either of the following velocity and
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position update equation.

VITh = w'x V! + rand,  (gbest1)
Vit = w'x V! + randy = (pbest} ,
Vitj{l = w'x Vi’fd + rand, * (pbestfy

t+1 _ t t+1
Xig = Xig+V

— X g) +randy x (gbest2y — X ) (2.
— X g) + randy x (gbest2y — X 4)2.10

9)

)

— X g) + randy x (gbest2y — X| ;J2.11)
(2.12)

Algorithm 2.4.5 Pseudo code for ILPSO

0~ D U W

9:

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:

Initialize

. SetHXmazaX'nLirwNPvD
. Select — Sy m <« Sy x NP
. Select +— AEy

t«— 0,20

: Initialize position X? € D in R and velocity V? < Vinae
. Evaluate fitness function values fzo

: pbest? — f?, gbest? — fl?est

. flag — 0

Optimize
while t < MazximumGeneration do
while i < NP do

> t for iterations and 4 for particles

Update velocity by select either of the velocity equation ( 2.9), ( 2.10), ( 2.11) as per Algorithm 2.4.4; >

Comprehensive Learning
Update position ( 2.12) as per Algorithm 2.4.4
Evaluate function fitness wvalues ftJrl
Find pbestf’l
if fIT1 < pbestt then
1 1
pbestfJr — fitJr
else
pbestt‘H — pbestﬁ
end if
i«— 1+ 1, goto step 10.
. t+1
Find gbest
if gbest:‘;'l < gbest!, then
t41
gbest
end if

end while

— gbest!)

> for minimization problem

> Minimum of pbestﬁ'1

> for minimization problem

Identification and acceleration of diverged particles as per Algorithm 2.4.2

if stop criteria not met then
t«—t+1, go to step 9.
end if
end while
Report results

Terminate
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2.4.3.2 Implementation details of ILPSO Algorithm

Algorithm 2.4.5 shows all the necessary steps for practical implementation of
ILPSO. Identification and acceleration of diverged particles is almost similar to
Algorithm 2.4.2 and the hyperspherical updates is similar to Algorithm 2.4.4.
The velocity and position update equation for ILPSO are as in equations ( 2.9),
(2.10), ( 2.11) and ( 2.12).

2.4.4 Adaptive Accelerated Exploration Particle Swarm
Optimizer

The prevailing premature convergence problem of PSO is further addressed by
Adaptive Accelerated Exploration Particle Swarm Optimizer (AAEPSO) [35]. Es-
sentially AAEPSO [35] is an enhancement to AEPSO with an adaptive acceleration
and exploration. The problem with AEPSO was, it maintained a constant search
patch of unit radius. This restricts the scope of searching the solution around the
global solution (gbest). Thus in AAEPSO [35] the patch size is adjusted dynam-
ically with iteration, and this in turn balances the exploration and exploitation.
The selection and acceleration process of particles in AAEPSO is almost similar

to AEPSO explained in above subsection with following additions.

2.4.4.1 Adaptive Accelerated Exploration

To preserve the diversity among the swarm, discourage premature convergence and
to avoid the swarm from collapsing, the following strategies are implemented. The
diverged particles in the population are allowed to search the surrounding space
of global solution, but not re-initialized to global solution. The acceleration and
exploration power are imparted to the diverged particles is based on distance and
fitness of the particles alternately for every 10 iterations (a refresh rate similar
to AEPSO [31]). The farther the particle from the goal, the poorer solution it
gives and said to be diverged. These diverged particles will not participate for
searching the better solution there after. Similarly the particle which gives worst
fitness are also treated to be diverged here. These particles are then accelerated
in the direction of best particle in the swarm (i.e. the global solution) with more
exploration power to search the space around the global solution. Here the number

of diverged particles selected for further processing is 20% of the population.
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Figure 2.2: Diagram illustrating exponential decrease of exploration region
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Figure 2.3: Diagram illustrating Exploration region around desired solution
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ABEY = Rypgg ¥ €@ (2.13)

Experiments were conducted and 20% was found to be the suitable percentage for
an optimum result. Again from these diverged particles (20% of the population),
we select randomly between 10% to 90% of the particles for acceleration. The
exploration power imparted to the diverged particle follows exponential decay. In
the beginning of search process the search range for the selected particles is same
as problem search range around the global solution. With increase in iteration the
search range decrease exponentially according to equation ( 2.13) and as shown in
Figure 2.2. Where u is a arbitrary constant and is set to 10. We have conducted
the experiments to estimate the value of u. The chosen value of u decreases expo-
nentially from R,,.. to zero. R,,.. is the maximum search range of the problem.
Thus, this strategy gives the complete freedom for the particles to explore the
space around the global solution. The complete search process is depicted in Fig-
ure 2.3. The Figure 2.3 is almost similar to Figure 2.1, a notable difference is
the size of the patch. The patch size decreases with iteration adaptively as per

equation ( 2.13).

2.4.4.2 Implementation details of AAEPSO Algorithm

The practical implementation of AAEPSO involves the steps as shown in Algo-
rithm 2.5.1. The implementation steps of AAEPSO are almost similar to AEPSO
(Algorithm 2.4.1) with the major difference being adaptive acceleration and ex-
ploration. The selection factor Sy in AAEPSO is the random permutation in the
range [10 - 90] % of the diverged population. The acceleration-exploration factor
AFEy is decreased as per equation 2.13. The process of diverged particles selection
and adaptive acceleration exploration is carried in Algorithm 2.5.2. The detailed
implementation steps of diverged particles selection and adaptive acceleration ex-

ploration is shown in Algorithm 2.5.1.

2.5 Simulation

The simulations were carried out in Windows XP Operating System, on Pentium
IV 2.6GHz with 512MB of RAM. The coding is done in Matlab 7.2 programming

language. The population size and the maximum iterations considered for all
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the algorithms are 25 and 10000 respectively. The population is initialized in
the search range [X,in, Xmaz). Where X, and X,,;, are the maximum and
minimum value in search range. All the PSO variants used here are initialized
asymmetrically. The velocity is initialized with 20 percent of the search range i.e.,
Vinaz = 0.20 * (X,nae — Xomin)- The stopping criteria is set to 1072%Y. The results

obtained are the average of 25 trials.

Algorithm 2.5.1 Pseudo code for AAEPSO
Initialize
. Set — Xmax, Xmin, D, NP
: Vinaz < 0.20 * (Xmaz — Xmin)
tt+—0,0+0 > ¢ for iterations and ¢ for particles

: Randomly initialize particle’s position XﬂbQ € D in R;
. Randomly initialize particle’s velocity ViO < Vimaz
. Evaluate fitness function values fz0

0 0
7 — fbest

~N O U= W~

: pbest,? — fLO, gbes
Optimize

8: while t < MazimumGeneration do

9: Decrease AE; Acceleration and Exploration factor exponentially as per equation 2.13.

10: while i < NP do

11: Update velocity (equation ( 2.2)) and position (equation ( 2.3))

t4+1

12: Evaluate fitness function values f;

13: Find pbestf’l

14: if fit+1 < pbestt then > for minimization problem
15: pbest§+1 — fit'H

16: end if

17: i«— 1+ 1, goto step 10.

18: end while
19: Find gbestf{"l

20: if gbest?’l < gbestfl then > for minimization problem
21: gbestfi+1 — gbest!,

22: end if

23: if stop criteria not met then

24: t«—t+1, go to step 8.

25: end if

26: Identification & acceleration of diverged particles as per Algorithm 2.5.2

27: end while
Report results
Terminate

The performance comparisons of proposed algorithms AEPSO [31], HAEPSO
[32], ILPSO [37, 36] and AAEPSO [35] are carried out with the state of the art
PSOw [16], EPSO [25], FDRPSO [20], GPSO [26], FIPSO [23] and CLPSO [38].
The algorithmic parameters of these algorithms are given below. We have used
¢1 = ¢; = 2 for PSOw [16] and linearly decreasing inertia weight from 0.9 to 0.2

with iterations. For EPSO the value of ¢ and b are chosen to be 0.3 and 1.0 as in
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25], and for FDRPSO [20] ¢y, ¢9, ¢3 are set to 1. For GPSO [26] the parameters
are Ymin = 2, Ymaz =4, 0 = 0.5, Vinitia = 3.0 and ¢ = 107® [26]. For FIPSO
the parameters C; = Cy = 2.05 ¢ = C] 4+ (5 and the velocity update equation as
in [23].

Algorithm 2.5.2 Pseudo code for identification & acceleration of diverged par-
ticles for AAEPSO

Select — Sy randomly between 10% to 90% of diverged particles > Selection factor for diverged particles
m « Sy x NP > No. of diverged particles to be selected
Select — AEj at particular iteration (follows equation 2.13) > Acceleration and Exploration factor
flag — 0 > to flip between two acceleration strategies
sortedgistance < sort(distance) > Sort the distances
sortedyiiness < sort(ft+1h) > Sort the fitness
if mod(t,10) = 0 then > 10 Refresh interval,t Current Iteration

a= gbestf;rl — AEf(t),b= gbestf;rl + AE4(t)
for £k — 1, m do
forl +— 1, NP do
if flag == 0 then
A=sortedyiness(NP —m) — fi1(1)
if A == 0 then
X(I) =AE;(t) x rand * gbest
end if
flag — 1
else
p=sortedg;stance (NP —m) — distance(l)
if == 0 then
X() =a+ (b—a)*rand
end if
flag — 0
end if
end for [
end for k
end if

Since the PSO algorithm experience difficulty to optimize functions with mul-
tiple optima, therefore we focus on well-known standard benchmark functions [39]
which have many local optima. The chosen functions have different degree of
complexity including discontinuity, nondifferentiability, convexity, scalability and
multimodality. The algorithms are validated and compared with a set of bench-
mark functions of dimensions of 10, 30, 50 and 100. The benchmark functions are
further rotated and shifted for validation. The detailed definitions and charac-
teristics of the functions are given in Appendix A. The performance comparisons
are done based on conventional tests like average results, standard deviations and
convergence graphs. Further to validate the test results, statistical significant test

using Friedman's test followed by Dunn’s multiple comparison test were performed.
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The detailed definitions of performance metrices are given below.

2.5.1 Conventional metrices

The Conventional metrices include convergence graphs, average results and ro-

bustness (standard deviation).

2.5.1.1 Convergence

The convergence graphs are drawn in terms of mean fitness value achieved by each
of the algorithms. This test is done to verify, how fast the algorithm converges.
In other words this is carried out to determine the speed of convergence of the
algorithms in terms of number of iterations and the quality of solution they have

achieved.

2.5.1.2 Average Results

Swarm Intelligence and Evolutionary Algorithms are stochastic in nature and the
solution produced by these algorithms vary form run to run, hence average results
give better measure of the correctness. Average results give the complete statistical
information ever achieved by the algorithms over 25 trials, where each algorithm
is run for 10000 iterations in each trial. The best mean result achieved by the

algorithms are tabulated in table and shown in bold.

2.5.1.3 Robustness

The robustness or stability of the algorithms are represented by the standard de-
viation. This verifies the deviation of algorithm from run to run. Due to the
randomness involved in heuristic algorithms, the performance can not be con-
cluded using the result of a single run. Therefore, different number of trials with
different parameter initialization are required to conclude the effectiveness and ef-
ficiency of heuristic algorithm. An algorithm can be termed as a robust algorithm
if it gives consistent results during different trials i.e. with low standard deviation.
A 0.0 value of standard deviation indicate very stable nature of the algorithm, any

other value indicates a variation.
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2.5.2 Statistical metrices

The statistical metrices are widely used to confirm, whether a new proposed al-
gorithm offers a significant improvement, or not, over the existing algorithm for
a given problem [40]. These metrices are categorized into parametric and non-
parametric classes. The nonparametric tests can perform pairwise and multiple
comparisons. Pairwise statistical procedures perform individual comparisons be-
tween two algorithms. In order to carry out a comparison which involves more
than two algorithms, multiple comparisons tests are used. For multiple compar-
isons between algorithms we used Friedman’s test followed by Dunn’s multiple

comparison test for post hoc analysis [41].

2.5.2.1 Friedman’s test

The Friedman test is a nonparametric test that compares three or more paired
groups. Since it is a multiple comparisons test, it is used to detect significant
differences between the behaviors of two or more algorithms. The Friedman test
converts original results to ranks. The Friedman test first ranks the values in each
matched set (each row) from low to high. Each row is ranked separately. It then
sums the ranks in each group (column). If the sums are very different, the P value
will be small. The Friedman statistic is calculated from the sums of ranks and the

sample sizes [41].

2.5.2.2 Dunn’s post hoc test

Dunn’s post hoc test compares the difference in the sum of ranks between two
columns with the expected average difference. For each pair of columns, the P
value is listed as > 0.05, < 0.05, < 0.01, or < 0.001. The calculation of the P value
takes into account the number of comparisons that are made. If the null hypothesis
is true (all data are sampled from populations with identical distributions, so all
differences between groups are due to random sampling), then there is a 5% chance
that at least one of the post tests will have P < 0.05. The 5% chance does not
apply to each comparison but rather to the entire family of comparisons. Once the
proper statistics have been computed using Friedman test, a p-value is computed.
If the null hypothesis is rejected and there is a significant difference found between
two algorithms then a post-hoc procedure to characterize these differences is used.

We used Dunn’s test for post hoc analysis [41].
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Figure 2.4: Convergence Graphs for Ackley, Griewank, Powell and Rastrigin of 10
dimension
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Figure 2.5: Convergence Graphs for Rosenbrock and Zakharov of 10 dimension

2.6 Results and Discussions

The results obtained by each of the algorithms are presented in the following

categories.

2.6.1 Convergence Graphs

The Figure 2.4 and Figure 2.5 shows the convergence graphs obtained by the algo-
rithms. The Figure 2.4 show the convergence characteristics on Ackley, Griewank,
Powell and Rastrigin. And Figure 2.5 show the convergence on Rosenbrock and
Zakharov functions. The convergence graphs presented are for basic functions
of dimension 10. Since the convergence characteristics of respective rotated and
shifted function does not show remarkable variation (hold the same degree of
convergence) they are not presented here. From the convergence graphs it can
be concluded that AAEPSO obtains good quality of solution and converges very
quickly on functions Griewank, Powell, Rastrigin and Zakharov. ILPSO converges
equally well on Ackley function. AEPSO shows good convergence on Rosenbrock
function. The remarkable convergence of AAEPSO is observed on almost all the
mentioned functions except Rosenbrock. AAEPSO achieves very good quality of
solutions with very few iteration. The quick convergence of AAEPSO with good
quality of solution shows that it can be an alternative choice where computational

efforts are the major criteria.
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2.6.2 Average Results

1) 10 Dimension: The average results archived by different algorithms on
benchmark functions with dimension 10 are presented in Table 2.1. From Table
2.1 it can be observed that AAEPSO gives good quality of solutions on Griewank,
Powell, Rastrigin, Zakharov, rotated Griewank, rotated Powell, rotated Rastri-
gin and rotated Zakharov. On shifted functions it shows good results on shifted
Griewank, shifted Zakharov and shifted — rotated Griewank. ILPSO algorithm
performs better compared to other PSO variants on the functions Ackley, rotated
Ackley and rotated Rastrigin. PSOw achieves good results on shifted Ackley,
shifted Powell, shifted — rotated Powel and shifted — rotated Zakharov. The
FDRPSO also shows good result on shifted Rosenbrock, shifted — rotated Ackley
and shifted — rotated Rosenbrock. AEPSO shows good result on only Rosenbrock
and rotated Rosenbrock. GPSO achieves good result on shifted Rastrigin and
CLPSO on shifted — rotated Rastrigin. Table 2.1 concludes that the AAEPSO
algorithm is a good choice for normal objective functions. Similarly PSOw is
the good choice for shifted functions. Table 2.2 presents the detailed Fried-
man test results on 10D problems. The results of Table 2.2 are calculated with
Friedman statistic to be 45.88 and 84.67 for non shifted and shifted benchmark
problems respectively. There is a statistically significant difference between the
results obtained with FIPSO vs ILPSO, very significant difference between EPSO
vs ILPSO on non shifted benchmark problems as seen from Table 2.2. The Table
2.1 concludes that ILPSO outperforms FIPSO and EPSO. Similarly significant,
very significant and extremely significant statistical difference between the results
obtained with GPSO, EPSO and FIPSO vs AAEPSO is found on non shifted
benchmark problems. Again from Table 2.1 it can be concluded that AAEPSO
perform well compared to GPSO, EPSO and FIPSO. AEPSO and HAEPSO has
not shown any statistically significant difference on results compared to other state
of the art. From Table 2.1, it can be verified that both AEPSO and HAEPSO
algorithms perform equally well on non shifted benchmark problems compared to
other state of art. On shifted problems following are the significant differences
in the results. Statistically significant difference on the results between AEPSO
and PSOw shows that PSOw perform well. ILPSO and PSOw shows significant
results and PSOw perform well. There is again a statistically significant difference
between AAEPSO vs HAEPSO and ILPSO, here AAEPSO perform well.
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2) 30 Dimension: The average results archived by different algorithms on
benchmark functions with dimension 30 are presented in Table 2.3. From Table
2.3 it is observed that; the mean results of ILPSO over all other PSO variants
surpasses on the functions Ackley, Griewank, Powel, Rastrigin, Zakharov, rotated
Ackley, rotated Griewank, rotated Rastrigin and rotated Zakharov. AAEPSO
shows good results on shifted environment. It shows comparatively good result
on rotated Rosenbrock, shifted Griewank, shifted Rosenbrock, shifted — rotated
Griewank, shifted — rotated Powel and shifted — rotated Rosenbrock. PSOw
shows good result on shifted Powel, shifted Zakharov. FDRPSO shows good
result on shifted Ackley and shifted — rotated Ackley. GPSO shows good result
on shifted Rastrigin and shifted — rotated Zakharov. HAEPSO and CLPSO shows
good results on rotated Powel and shifted — rotated Rastrigin respectively.

The results of Table 2.4 are calculated with Friedman statistic to be 83.89
and 94.79 for non shifted and shifted problems respectively. On non shifted prob-
lems a extremely statistical significant difference between the results of EPSO
and FIPSO vs AEPSO is found, and significant difference found between GPSO
and AEPSO. The Table 2.3 concludes that AEPSO outperforms well. HAEPSO
shows extremely statistical significant and very significant difference with EPSO
and FIPSO respectively, here HAEPSO is found to perform well. ILPSO shows
extremely statistical significant difference with EPSO, FDRPSO and FIPSO, and
very significant difference with GPSO and CLPSO, here ILPSO is found to per-
form well. ILPSO also shows statistical significant difference in results with PSOw.
AAEPSO shows extremely statistical significant and significant difference with
EPSO and FIPSO, here also AAEPSO is found to do well. On shifted problems,
extremely significant difference is found between PSOw and EPSO and PSOw is
found to perform well. FDRPSO and EPSO shows extremely significant difference
and FDRPSO performs well. Extremely statistical significant difference between
FDRPSO and GPSO, GPSO performs well compared to FDRPSO. Extremely
statistical significant difference between PSOw, GPSO and FIPSO, here FIPSO
shows the worst performance. FDRPSO performs well compared to FIPSO as the
difference is statistically very significant. CLPSO shows extremely and only signif-
icant difference with EPSO and FIPSO. Here CLPSO performs well compared to
FIPSO and worst compared to GPSO. The significant difference is found between
AEPSO and PSOw, the PSOw performs well. Extremely and very significant

statistical difference of HAEPSO shows the worst performance.
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3) 50 Dimension: The average results archived by different algorithms on
benchmark functions with dimension 50 are presented in Table 2.5. The Table
2.5 also indicate that once again ILPSO and AAEPSO surpasses all other PSO
variants in achieving good results. ILPSO surpasses all other PSO variants on the
functions Ackley, Griewank, Powel, Rastrigin, Zakharov, rotated Ackley, rotated
Griewank, rotated Powel, rotated Rastrigin and rotated Zakharov. AAEPSO
shows good results on shifted environment. It shows comparatively good result on
shifted Griewank, shifted Powel, shifted Rosenbrock, shifted Zakharov, shifted —
rotated Griewank, shifted — rotated Powel, shifted — rotated Rastrigin, shifted —
rotated Rosenbrock and shifted — rotated Zakharov. AEPSO shows good result
on Rosenbrock, rotated Rosenbrock and rotated Griewank. GPSO shows good
result only on shifted Ackley.

The statistically significant results analysis on 50 dimension problems are pre-
sented in Table 2.6. The results of Table 2.6 are calculated with Friedman statis-
tic to be 88.55 and 97.76 for non shifted and shifted problems respectively. On
non shifted problems PSOw shows statistically significant difference with EPSO
and here PSOw does well. AEPSO shows extremely statistical significant differ-
ence with EPSO and FDRPSO, similarly it shows very significant difference with
FIPSO. From Table 2.5 it can be concluded that AEPSO performs extremely well
compared to EPSO, FDRPSO and FIPSO. Extremely statistical significant dif-
ference of HAEPSO is found over EPSO and very significant difference FDRPSO
and FIPSO. This confirms that HAEPSO performs very well compared to these
algorithms (Table 2.5). ILPSO show extremely significant difference and very sig-
nificant difference compared PSOw, EPSO, FDRPSO, GPSO, FIPSO and CLPSO.
From Table 2.5 it can be concluded that ILPSO performs extremely well compared
to these algorithms. AAEPSO shows statistically very significant difference only
with EPSO and from the Table 2.5 it can be concluded that AAEPSO perform
very well compared EPSO and equally well with other algorithms.

On shifted set of problems PSOw, CLPSO and FDRPSO perform well com-
pared to EPSO and HAEPSO. From Table 2.6 and Table 2.5 it can be concluded
that FIPSO gives worst performance compared to its counterparts. The extremely
statistical significant difference of AAEPSO with EPSO, FIPSO, HAEPSO and
ILPSO shows that AAEPSO perform very well on shifted problems.
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4) 100 Dimension: The average results archived by different algorithms on
benchmark functions with dimension 100 are presented in Table 2.7. The Table
2.7 also indicate that once again ILPSO and AAEPSO surpasses all other PSO
variants in achieving good results. ILPSO surpass all other PSO variants on the
functions Ackley, Griewank, Powel, Rastrigin, Zakharov, rotated Ackley, rotated
Griewank, rotated Powel, rotated Rastrigin and rotated Zakharov. AAEPSO
shows good results on shifted environment. It shows comparatively good result
on shifted Ackley, shifted Griewank, shifted Powel, shifted Rosenbrock, shifted
Zakharov, shifted — rotated Griewank, shifted — rotated Powel, shifted — rotated
Rastrigin, shifted — rotated Rosenbrock and shifted — rotated Zakharov. AEPSO
shows good result on Griewank, Rosenbrock, rotated Griewank, rotated Rastrigin
and rotated Rosenbrock. FDRPSO and PSOw show good result only on shifted
— rotated Ackley and shifted Rastrigin.

The statistically significant results analysis on 100 dimension problems are
presented in Table 2.8. The results of Table 2.8 are calculated with Friedman
statistic to be 101.1 and 91.20 for non shifted and shifted problems respectively. On
non shifted problems GPSO and FIPSO show significant difference with FDRPSO
and here GPSO does well. AEPSO shows extremely significant difference with al-
most all the algorithms as seen from Table 2.8 and after referring to Table 2.7
it can be concluded that AEPSO does extremely well compared to other algo-
rithms. Similarly ILPSO also shows extremely significant difference with all other
algorithms and this also confirms the extremely good performance of ILPSO over
other algorithms as is evident from Table 2.7 also. HAEPSO also shows better
performance over other algorithms. AAEPSO perform extremely well compared
to EPSO, FDRPSO, and FIPSO evident from Table 2.7 and Table 2.8.

On shifted set of problems PSOw, CLPSO and FDRPSO perform well com-
pared to EPSO and HAEPSO. From Table 2.8 and Table 2.7 it can be concluded
that FIPSO gives the worst performance among the whole set. The extremely
significant difference of AAEPSO with EPSO, FIPSO, AEPSO, HAEPSO and
ILPSO shows that AAEPSO performs very well on shifted problems.
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2.6.3 Robustness

The results related to robustness are presented from Table 2.9 to 2.12 as standard
deviation. The best standard deviation is shown with bold.

1) 10 Dimension: The standard deviation achieved by different algorithms
on benchmark function with dimension 10 are presented in Table 2.9. From
Table 2.9 it can be observed that AAEPSO shows excellent robustness on Ack-
ley, Griewank, Powell, Rastrigin, Zakharov, rotated Ackley, rotated Griewank,
rotated Powell, rotated Rastrigin, rotated Zakharov, shifted Zakharov and shifted
— rotated Rastrigin. ILPSO algorithm performs better compared to other PSO
variants on the functions Griewank, Rastrigin, Zakharov, rotated Rastrigin and
rotated Zakharov. The robustness of PSOw is also seen on shifted Powell, shifted
— rotated Powel and shifted — rotated Zakharov. FDRPSO is robust on Ackley,
shifted Ackley, shifted — rotated Ackley and shifted — rotated Rosenbrock. The
robustness of CLPSO is seen on functions Ackley, rotated Ackley, shifted Griewank
and shifted — rotated Griewank. GPSO shows good robustness on Rastrigin and
rotated Rosenbrock. EPSO, AEPSO and HAEPSO shows good robustness on
Ackley, rotated Rosenbrock and Rosenbrock respectively.
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2) 30 Dimension: The standard deviation archived by different algorithms
on function with dimension 30 are presented in Table 2.10. From Table 2.10
it can be observed that ILPSO shows excellent robustness on Ackley, Griewank,
Rastrigin, Zakharov, rotated Ackley, rotated Griewank, rotated Rastrigin, rotated
Zakharov. AAEPSO algorithm performs better compared to other PSO variants
on the functions shifted Powell, shifted Rosenbrock, shifted — rotated Powell.
HAEPSO shows its good stability on Powell, Rosenbrock, rotated Powell and
rotated Rosenbrock. The robustness of PSOw is also seen on shifted Griewank
and shifted Zakharov. FDRPSO is robust on shifted Ackley and shifted — rotated
Rosenbrock. The robustness of CLPSO is seen on functions shifted — rotated Ras-
trigin and shifted — rotated Griewank. GPSO shows superior stability on shifted
Powel and shifted — rotated Zakharov. Ackley, rotated Ackley, shifted Griewank
and shifted — rotated Griewank. GPSO shows robustness on Rastrigin and ro-
tated Rosenbrock. EPSO, AEPSO and HAEPSO shows robustness on Ackley,
rotated Rosenbrock and Rosenbrock respectively. AEPSO and FIPSO show good

results on functions rotated Griewank and shifted — rotated Ackley respectively.
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3) 50 Dimension: The standard deviations achieved by different algo-
rithms on benchmark function with dimension 50 are presented in Table 2.11.
From Table 2.11 it can be observed that ILPSO shows excellent robustness on
Ackley, Griewank, Rastrigin, rotated Ackley, rotated Griewank, rotated Rastrigin
and rotated Zakharov. AAEPSO algorithm performs better compared to other
PSO variants on the functions shifted Powell, shifted Rastrigin, shifted Rosen-
brock, shifted — rotated Powell. HAEPSO shows its good stability on Powell,
Rosenbrock, rotated Powell and rotated Rosenbrock, shifted Zakharov, shifted —
rotated Powell and shifted — rotated Griewank. The robustness of HAEPSO is
seen on Powell, Rosenbrock, rotated Powell, rotated Rosenbrock and hifted —
rotated Ackley. GPSO shows good robustness on shifted Ackley, shifted — ro-
tated Rosenbrock and shifted — rotated Zakharov. AEPSO good robustness on
Zakharov and rotated Griewank. CLPSO and FDRPSO show their stability on

functions shifted — rotated Rastrigin and rotated Griewank respectively.
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4) 100 Dimension: The standard deviation achieved by different algorithms
on function with dimension 100 are presented in Table 2.12. From Table 2.12
it can be observed that ILPSO shows excellent robustness on Ackley, Griewank,
Powell, Rastrigin, Zakharov, rotated Ackley, rotated Griewank, rotated Powell, ro-
tated Rastrigin, rotated Zakharov, shifted Griewank, shifted Rastrigin and shifted
— rotated Griewank. AAEPSO algorithm performs better compared to other PSO
variants on the functions namely shifted Powell, shifted Rosenbrock, shifted Za-
kharov, shifted — rotated Powell, shifted — rotated Rastrigin and shifted — rotated
Rosenbrock. HAEPSO shows good stability on Rosenbrock, rotated Rosenbrock,
shifted Ackley, shifted — rotated Ackley and shifted — rotated Rastrigin. AEPSO
shows good robustness on Griewank, rotated Griewank and rotated Rastrigin.
GPSO is stable on shifted — rotated Zakharov.
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2.7 Conclusions

This chapter introduced Single Objective Unconstrained Optimization concept
(SOUO). This chapter also presented the detailed challenges that PSO suffers
while solving SOUO problems. It was found that the major challenges of PSO are
premature convergence, poor quality of solution and uncertainty in solution, this
is especially dominant on complex multimodal functions. To address the prob-
lem of premature convergence and poor quality of solution, the AEPSO algorithm
was proposed. AEPSO first separates the particles responsible for premature con-
vergence (diverged) that give poor quality of solution. This occurs due to the
fact that the particles are stuck in local minima. AEPSO then accelerates these
particles under the guidance of global best solution, essentially these particles
were forced to leave their current position and search the solution space around
global solution. The stagnated particles were further processed by the introduc-
tion of hyperspherical coordinate updates along with acceleration and was called
as HAEPSO. In HAEPSO the information of the particles were first converted
from cartesian coordinate system into hyperspherical coordinate system, then all
the updates were carried out. This strategy helps in gaining the greater control
of the particles flying trajectory. Further all the strategies developed were inte-
grated together with well known comprehensive learning and the new algorithm
was called as ILPSO. AEPSO has solved the prevailing problem of PSO to some
extent and again this also gives scopes for further research. AEPSO accelerated
the diverged particles with constant size search patch of unit radius around global
solution. This strategy helped more in exploitation of the solution than explo-
ration. This is addressed in AAEPSO where the search patch of dynamic size
was maintained. In AAEPSO the acceleration of diverged particles towards global
solution was carried out adaptively. The size of the search patch was more in the
beginning of search process and it decreases exponentially with the iteration. This
strategy in particular helped for more exploration of search space around global
solution in the beginning and more exploitation as the search process proceeds.
The comprehensive analysis of these developed algorithms were carried out on set
of complex multimodal functions. These functions were further rotated and shifted
for thorough validation of proposed algorithms. The dimensions of the problems
was chosen to be 10, 30, 50 and 100. The results were analyzed using well known

performance metrices; Conventional and Statistical. The conventional metrices



CHAPTER 2. SINGLE OBJECTIVE UNCONSTRAINED OPTIMIZATIONG1

include convergence graphs, average of the results and robustness (standard devia-
tion). The statistical metrices include Friedman'’s test followed by Dunn’s multiple
comparison test. The statistical results in terms of convergence, average results
and robustness clearly proves that the developed algorithms shows remarkable im-
provements in the quality of solution and hence addresses the prevailing problems
of PSO, this was further supported by statistical metrices (Friedman’s and Dunn’s
test). The ILPSO also has shown the superior performance over other algorithms
including HAEPSO. The performance of ILPSO was not affected with the increase
in the dimensions of the problems (evident from statistical results), specially on
normal and rotated problems. The AAEPSO has shown excellent convergence
and quality of solutions on lower dimension of normal and rotated problems, but
as dimensions of the problem increased the AAEPSO failed to achieve good re-
sults. The major feature of AAEPSO has also been proved on shifted and shifted
rotated problems for higher dimension. Among the four developed PSO variants

ILPSO and AAEPSO have shown competitive performance among themselves and
outperform other two (AEPSO and HAEPSO).



Chapter 3

Single Objective Constrained

Optimization

This chapter introduces the concept of Single Objective Constrained Optimiza-
tion (SOCO) problems along with the detailed literature survey for solving SOCO
problems using PSO and other competitive algorithms. It presents the algorith-
mic and implementation details of proposed Stochastic Ranking PSO (SRPSO)
for solving SOCO numerical benchmark and engineering design problems. The
performance of developed algorithm is validated using different performance in-
dicators such as average results (mean) and robustness (standard deviation) are
presented. These indicators are further used for performance comparison of de-
veloped algorithm with the current state of art. The chapter is concluded with

results and discussions.

3.1 Introduction

Most of the real world science and engineering optimization problems are com-
plex and nonlinear. They have a number of linear and or nonlinear constraints
associated with them. Thus it became necessary for an optimization algorithm to
handle constraints while optimizing objective function. The Single Objective Con-
strained Optimization (SOCO) problems are the problems to either to minimize
or maximize a single objective function under given constraints such as inequal-
ity, equality, upper bound and lower bound. The SOCO usually involves multiple

constraints, these could be nonlinear, discontinuous, nondifferentiable and this
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increases the difficulty while optimization. In addition to these difficulties the
objective and constraints may be multimodal and have multiple optima. The
major challenging issues of the SOCO is to obtain the optimum solution for an
objective function while satisfying the constraints simultaneously. The simplified

mathematical representation of SOCO problems can be expressed as

Find @ = (x1,29,...,2p)
That optimizes f(7)
subject to: gi(7)<0,i=1,2,...,q (3.1)

hi(Z)=0i=q+1,q+2,....m
Where l[; <xz; <wui,i=1,2,...,D

Where f is the objective function, g; and h; are the inequality and equality con-
straints respectively. The values [; and u; Vi € D are the lower and upper bounds
of the solution defining the search space.

The common method to handle the constraints is to convert constrained op-
timization problem into an unconstrained problem and apply unconstrained op-
timization algorithms. Mathematically this conversion is implemented with the

introduction of penalty function for constraints as

() = f(x) + md(gix);i = 1,2,...,m)

where ¢ > 0 is a real valued function that imposes a penalty. The penalty on
each constraint (g;Vi € m) is imposed by the penalty factor r,. The aim is to
decrease the fitness of infeasible solutions in order to favor the selection of feasible
solutions. The feasible solution has less or no constraints violation and satisfy all
the constraints. Similarly infeasible solution has constraints violation and does

not satisfy all the constraints.
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3.2 Challenges in Single Objective Constrained
Optimization

Most of the real world science and engineering design problems are associated with
constraints. The presence of complex nonlinear constraints poses challenges to the

algorithms. The major challenges in solving these are as follows.

1. The SOCO problems are associated with multiple constraints; these con-

straints will diverge the solution.

2. The associated constraints may be linear and or non-linear; this makes the

problem more complex.

3. Often the search space available for these kind of problems may be complex,
and the the feasible (physically realizable) region in the search space can be

very small.

4. Generally the objectives and constraints are nondifferentiable and or non-
continuous. Hence it will be impossible for point based algorithms to find

the solution.

5. Due to the complex solution space the problems could be multimodal, and
the algorithms based on initial solution may get stuck local optima leading

to premature convergence.

3.3 Literature Survey

Due to the multimodal nature of found in objective function and constraints,
the conventional optimization algorithms tend to get trapped local optima while
solving complex non-linear functions. Hence conventional methods will not solve
such problems to the desired accuracy level. During the last few decades, Swarm
Intelligence (SI) and Evolutionary Algorithms (EA) have emerged as an alternative
for such complex science and engineering design problems.

Constraint-handling algorithm are mainly based on three different methods
i.e.,repair method, tournament selection method and penalty method [42, 43]. In
repair method an infeasible solution maps into a feasible one. The repair is made

for evaluation purpose and the repaired individual replaces the original one in
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the population. The tournament selection method gives simple strategy to select
feasible solution. If the two solutions are feasible then one with the best objective
function value will be selected. If one is feasible and the other is infeasible, then
the feasible one is chosen. If both are infeasible, then the one that less violates the
constraints is chosen. The penalty method [44] converts constrained problems into
unconstrained problem with the introduction of penalty factor. This method is
used to penalize the infeasible solutions by adding a penalty term to the objective
function value. The major problem with this approach is the selection of the
penalty factor itself. Improper selection of penalty factor leads to the premature
convergence.

In 1995 Michalewicz et al. [45] proposed an approach to handle the constraints.
In this work both infeasible and feasible solutions were generated and constraints
were satisfied while evaluating solutions. The violation of constraints for each solu-
tion was considered separately, and the relationship between infeasible and feasible
solutions were exploited to guide the search. The disadvantage with this work was,
the lack of proper metrices to measure the relationship between feasible and infea-
sible solutions. The most common method for constraints handling is the penalty
method, but the major problem is the selection of penalty factor. The improper
selection of penalty factor leads to either overpenalization or underpenalization.
This over and underpenalization problem was addressed by Runarsson and Yao
in 2000 and proposed Stochastic Ranking (SR) [46]. In this approach the individ-
uals were assigned the ranks based on the feasibility and constraints violations.
This approach does not introduce any new factors for adjustments but relies on a
simple bubble sort mechanism to rank the individuals. This approach has proved
to be very effective in solving under constraints [46]. In 2002 Parsopoulos and
Vrahatis [47] introduced a multi-stage non-stationary penalty function with PSO
to handle constraints. The non-stationary penalty function adjusts penalty values
dynamically. This approach gives good results only to some kind of problems. Hu
and Eberhart [48] proposed a feasibility preservation strategy for determining the
best particle. In this approach the particles fly through the problem space during
optimization and explore new solutions. This new solution was used to check if the
new explored solutions satisfy all the constraints to be preserved for future utiliza-
tion. This algorithm has proved to be efficient for solving nonlinear optimization
problems with nonlinear inequality constraints. The strategies proposed in [48, 47|

of non-stationary multistage penalty and feasibility preservation for handling con-



CHAPTER 3. SINGLE OBJECTIVE CONSTRAINED OPTIMIZATION 66

straints were analyzed in details by Coath and Halgamuge [49] in 2003. In [49] the
comparative performance assessment of each method was carried out in terms of
accuracy and rate of convergence. Hu et al. in 2003 [50], proposed an algorithm
based on Particle Swarm Paradigm for nonlinear constrained optimization. The
algorithm finds initial feasible population and ensures feasibility during the entire
optimization process. The algorithm [50] proved to be efficient for solving nonlin-
ear optimization problems with inequity constraints. Ray and Liew proposed an
algorithm [51] based on social behavior of human and insect societies in 2003. Al-
gorithm [51] show that the social interactions are better and faster than biological
evolution. In this algorithm every society had a leader and society gets influenced
by the leader, leaders improve through inter society information exchange and
migrations. In 2004, He et al. introduced fly-back mechanism [52], this method
returns an infeasible particle to its previous feasible position. The major drawback
of this algorithm was the requirement of an all feasible initial population. In 2005
Montes et al., presented a simple multi-membered evolution strategy (SMES) [53]
to solve constrained nonlinear optimization problems. In [53], a simple diversity
mechanism is used, this improved the algorithm’s exploitation capabilities and
computational cost. In 2006 Amirjanov et al., proposed a Changing Range Ge-
netic Algorithm (CRGA) [54] in which the size of the search space of feasible
region adaptively shifts and shrinks by employing feasible and infeasible solutions
in the population to reach the global optimum [54]. This algorithm has many
control parameters and efficiency of this method mainly depends on proper selec-
tion of these parameters. Krohling et al. proposed co-evolutionary particle swarm
optimization with Gaussian distribution (CPSO-GD) [55] to solve constrained op-
timization. In [55], the Gaussian probability distribution was used to generate the
acceleration coefficients of PSO instead of uniform probability distribution. This
approach [55] has proved to be effective and robust. Tessema et al. proposed a
Self Adaptive Penalty Function (SAPF) [56] technique with Genetic Algorithm
(GA) for solving constrained optimization problems. It uses self adaptive penalty
function which encourages infeasible individuals with low objective function val-
ues and low constraint violations [56]. The feasible individuals in [56] were used
to guide the population towards finding feasible solutions. This technique was
simple to implement and did not introduce any new parameter for tuning. During
2007 Huang et al., proposed a Co-evolutionary Differential Evolution (CDE) [57]

algorithm to solve the constrained optimization problems. In this algorithm [57]
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a special penalty function was designed to handle the constraints and then CDE
was employed to perform the search in spaces for both, solutions and penalty
factors [57]. This facilitates the solutions and penalty factors to evolve interac-
tively and self-adaptively resulting to satisfactory solutions and suitable penalty
factor simultaneously. In order to tackle the problem of fine-tuning of penalty
functions and to balance objective function against the degree of constraint viola-
tion, Shimizu et al. proposed an algorithm [58] in 2007. They [58] used a ranking
technique and a percentage-based tolerance adjustment scheme with evolution-
ary strategy. This algorithm does not require a user-specified penalty coefficient
or any other tuning parameters. He and Wang proposed co-evolutionary parti-
cle swarm optimization approach (CPSO) [59] in 2007. In CPSO [59] algorithm
co-evolution was used to adapt penalty factors and was integrated with particle
swarm optimization for handling constraint problems. In 2008 Jiao and Tang [60]
proposed Constrained Engineering Optimization via Particle Swarm Optimization
(CEOPSO). The constraint handling mechanism in CEOPSO [60] preserves some
of the infeasible individuals in the population during search process. Zhang et al.
in 2008 proposed dynamic stochastic selection multimember differential evolution
(DSS-MDE) [61]. In 2009 Wang et al. [62], introduced multiobjective way of
handling constraints and proposed Constrained optimization based on hybrid evo-
lutionary algorithm and adaptive constraint-handling technique. In 2009 Mezura
et al. [63], proposed a variant of PSO for constraints handling and was called
Improved Particle Swarm Optimization (IPSO). Zahara et al. in 2009 proposed
hybrid Nelder-Mead simplex method and Particle Swarm Optimization (NM-PSO)
[64]. The NM-PSO [64] algorithm includes gradient repair method and constraint
fitness priority-based ranking method. Majid et al. in 2010 proposed two new har-
mony search (HS) [65] algorithms for engineering optimization design problems.
The first algorithm is called proposed harmony search (PHS) and this introduces
a new definition of bandwidth. The second algorithm is called improving proposed
harmony search (IPHS) used non-uniform mutation to enhance accuracy and con-
vergence rate of PHS algorithm. Leandro Coelho proposed quantum-behaved
particle swarm optimization (QPSO) [66]. In QPSO [66] algorithm harnesses the
quantum mechanics theories and used with PSO, essentially mutation operator
with Gaussian probability distribution was incorporated. Sabat et al. proposed
Stochastic Ranking Particle Swarm Optimization (SRPSO) [67, 68] for handling
the constraints in 2010. The SRPSO algorithm integrates the well known stochas-
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tic ranking [46] along with AEPSO [31] algorithm for handling the constraints
while solving SOCO problems. In this algorithm particles were ranked as per
stochastic ranking [46] and the lower ranked particles were accelerated towards
the feasible solution (global solution) using AEPSO algorithm [31].

3.4 Research Contribution

Particle Swarm Optimization (PSO) is a population-based simple SI algorithm and
is very popular in single objective unconstrained optimization [69, 35, 32]. How-
ever the basic PSO, like other evolutionary algorithms, lacks an explicit mechanism
to handle constraints which are often found in science and engineering optimiza-
tion problems. These prevailing problems and necessity of SOCO has been the
motivation for development of an efficient and robust optimization algorithm for
SOCO. One of the famous and common method to handle the constraints is by
converting constraint optimization problem in to an unconstrained problem with
the introduction of penalty factor [44]. The penalty factor is mainly an exterior
and the main aim is to decrease the fitness of infeasible solutions so that the se-
lection of feasible solution is favored. Mathematically the constrained problem
(equation ( 3.1)) can equivalently be converted in to an unconstrained problem

with the introductions of penalty factor as

() = fx) + md(gi(x);i=1,2,...,m)

where ¢ > 0 is a real valued function that imposes a penalty. The penalty on each
constraint is imposed by the penalty factor r,. Although the above penalty method
works well for certain constrained optimization problems, selecting the penalty
factor r; remains to a challenge. If the penalty factor is chosen to be too small,
an infeasible solution may not be penalized enough (underpenalization), resulting
a final infeasible solution. If the penalty factor is too large, a feasible solution is
very likely to be found (overpenalization), but could be of poor quality [46]. Thus
underpenalization and overpenalization are not good for handling constraints.
Despite its simplicity, a penalty function requires the definition of penalty
factors to determine the severity of the penalization, and these values depend on
the problem being solved [46]. Due to this major disadvantage, several alternative

constraint-handling algorithms have been proposed. Stochastic ranking technique
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has been proposed [46] to maintain the required balance between objective function
and penalty function. This technique uses stochastic bubble-sort algorithm to
rank the individuals for generating offsprings for the next generation. In order to
solve complex constrained problems, PSO algorithm is hybridized with stochastic
ranking [46] along with accelerated exploration technique. The proposed algorithm
hence is named as Stochastic Ranking Particle Swarm Optimization (SRPSO)
(67, 68].

3.4.1 Stochastic Ranking Particle Swarm Optimization

Many studies have been done for solving constrained optimization problems using
EA [43, 44, 46, 45, 70, 71] and PSO [72, 73]|. However, it still remains a challenge
to devise more efficient and effective techniques for handling constraints. PSO
shows better performance on unconstrained optimization problems and is popular
for its fast convergence [35, 32]. However, PSO neither explicitly nor implicitly
has the mechanism to handle constraints. Due to its faster convergence and effec-
tiveness of stochastic ranking [46] for constrained handling, SRPSO is proposed by
integrating both stochastic ranking and AEPSO for solving constrained optimiza-
tion problems. The stochastic ranking [46] technique uses a simple bubble-sort
algorithm to rank the individuals producing offsprings for the next generation. In
stochastic ranking, a probability Py is introduced to rank the individuals. Gen-
erally two adjacent individuals are used for comparison and ranking. If both are
in feasible space, an individual with smaller objective values will get higher rank.
If both adjacent individuals are in infeasible space, Py is used to compare and
rank. The individual with smaller objective value will occupy the rank with the
probability P;. If one particle is in feasible space and the other one is in infea-
sible space, then the particle in feasible space gets the higher rank. Similarly all

individuals are ranked.

3.4.2 Implementation details of SRPSO Algorithm

Algorithm 3.4.1 shows all the necessary steps for practical implementation of
SRPSO algorithm. In the initialization phase, the search range (X2, Ximin) 1S
initialized depending on the problem. The population size (NP) is initialized
randomly in the search range and velocity is restricted to 20% of the search range

ie. Ve < 0.20 % (X;nae — Xinin). The cognitive and social factors initialized
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to 1.479 i.e. ¢; = 1.479,¢5 = 1.479. The objective function f(z) and penalty
function ¢(g(x)) of all particles are evaluated. The initial personal best pbest and
global best gbest is set after evaluating fitness f and constraints of the all the
particles. In the optimization phase t is set as counter for iterations and ¢ for
particles. The velocity and position of the whole population is evaluated as per
equations ( 2.3) and ( 2.2) respectively. Algorithm 3.4.2 shows simple bubble-sort
algorithm for ranking the particles. In Algorithm 3.4.2, s, represents number of
swaps, NP is population size, ¢(X;) is constraint violation for X; particle, f(Xj)
represents fitness calculation for X particle, swap(X;, X;41) exchanges particle
X; with X1 and rand gives a uniformly distributed random number in the range
[0,1]. The particles are compared based on constrained violation and fitness of
the particles, detailed steps are shown in Algorithm 3.4.2. All the particles
are categorized as either feasible or infeasible, and are ranked using Algorithm
3.4.2. The balance between underpenalization and overpenalization is achieved
by setting the probability Pr to be less than % [46]. The highest ranked particle
is treated as global best (gbest) for the current iteration and is compared with
previous gbest, and the one with minimum objective is considered as gbest for
next generation. The personal best pbest of the particles are also decided based
on the acquired rank. The highest ranked p individuals out of N P are selected for
the next generation (u is set as #) In the next generation rest of the particles
(NP — p) are regenerated from the highest-ranked p particles as per AEPSO
(Algorithm 2.4.1). Regeneration in SRPSO is done at a refresh rate of 10 similar
to AEPSO. This process continues till the stopping criteria is met or the iteration

counter reaches the maximum count.
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Algorithm 3.4.1 Pseudo code for SRPSO
Initialize
. Set — Xma.:m Xmin7 D: NP

: Vimaz < 0.20 * (Xmaz - X’mzn)
Pt 0,00 > ¢ for iterations and ¢ for particles

: Randomly initialize particle’s position X? € D in R;
: Randomly initialize particle’s velocity Vio < Vinaz

. Evaluate fitness function values ff)

~N O U W N

: pbest? — fio, gbest? — fl?est
Optimize
8: while t < MazimumGeneration do
9: while i < NP do
10: Update velocity and position as per equation ( 2.2) and ( 2.3) respectively.
11: Evaluate fitness function values fit"'1
12: Find pbest§+1

13: if I < pbest! then
14: pbestz'H — ff"'l

15: end if

16: Find gbestffl

17: if gbestffl < gbest!, then
18: gbestfﬁl — gbest!,

19: end if

20: 1«1+ 1, goto step 9.
21: end while

22: if stop criteria not met then
23: t—t+1, go to step 8.
24: end if

25: Rank the individuals according to Stochastic Ranking as per Algorithm 3.4.2
26: Select the highest ranked p particles as per Algorithm 2.4.2.
27: Generate NP particles from p individuals as per Algorithm 2.4.2.
28: end while
Report results

Terminate

Algorithm 3.4.2 Pseudo code for Stochastic Ranking using bubble sort procedure

1: for i — 1, S, do

2 for j «— 1, NP —1do

3 if (¢(X;) = ¢(Xj41) =0) or (rand < Py) then
4: if (f(X;) > f(X;j+1)) then
5: swap(X;, Xj41)

6: end if

7 else

8 if (#(X;) > ¢(X;j41)) then
9: swap(X;, Xj41)

10: end if

11: end if

12: end for j

13: if no swaps done break

14: end for i
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3.5 Simulation

The simulations were carried out in Windows XP Operating System, on Pentium
IV 2.6GHz with 512MB of RAM. The coding is done in Matlab 7.2 programming
language. The population size and the maximum iterations considered for all the
algorithms are 25 and 1000 respectively. The population is initialized in the search
range [Xomin, Xmaz]- Where X, and X,,;, are the maximum value and minimum
value of search range. The value of control parameters for SRPSO algorithm are
c1= ¢y = 1.479 and Py =0.45.

The performance comparisons of proposed algorithm SRPSO is carried out
with the state of the art CRGA [54], SAPF [56], CDE [57], CPSO-GD [55], SMES
[53], Ray and Liew [51], NM-PSO [64], CPSO [59], IHS [65], DSS-MDE [61] and
QPSO [66]. The simulations were conducted separately on fifteen constrained nu-
merical functions and five engineering design problems. The best results obtained
by SRPSO algorithm on fifteen constrained numerical functions are compared with
the CRGA, SAPF, CDE, CPSO-GD and SMES algorithms [54, 56, 57, 55, 53, 51].
For engineering design problems, performance of SRPSO is compared with CDE,
Ray and Liew, NMPSO, CPSO, HS and DSS-MDE algorithms.

Since PSO algorithms experience difficulty in optimizing functions associated
with constraints, the focus is on well-known standard benchmark functions CEC
2006 [74]. Furthermore, the efficiency of SPRSO is validated on five engineering
design problems viz., 1) Welded beam design problem, 2) Pressure vessel design
problem, 3) Three-bar truss design problem 4) Speed reducer design problem
and 5) Spring design [43, 51]. The chosen test problems are characterized by
different difficulties in linear, nonlinear, quadratic, different-dimensionality and
with different difficult constraints. The detailed definition of benchmark problems

and engineering design problems can be found in Appendix B.

3.6 Results and Discussions

This section present the discussions on the results obtained by SRPSO on fifteen
benchmark functions. The discussion is extended with the comparison of SRPSO
to the current state-of-the-art techniques [54, 56, 57, 55, 53|. The performance of
proposed SRPSO algorithm is also validated on five engineering design problems
1) Welded beam design problem, 2) Pressure vessel design problem, 3) Three-



CHAPTER 3. SINGLE OBJECTIVE CONSTRAINED OPTIMIZATION 73

bar truss design problem 4) Speed reducer design problem and 5) Himmelblau

Nonlinear problem [43, 51].

3.6.1 Numerical benchmark functions

The complete statistical results obtained by proposed SRPSO on 15 standard
benchmark function are tabulated in Table 3.1. The first two columns of Table
3.1 show the constrained functions and their corresponding optima. This table
summarizes the best, worst, median and mean results over 25 independent runs.
The robustness of the algorithm is tested with standard deviation which is also
tabulated in Table 3.1 along with Feasible Rate (FR). The FR denotes the per-
centage of the solutions which are in the feasible space. The number of violated
constraints at the median solution is represented as ¢ in Table 3.1 where the
sequence of three numbers indicate the number of violations (including inequality
and equalities) by more than 1.0, more than 0.01 and more than 0.0001 respec-
tively. The mean value of violations of all constraints at the median solution is
It can be concluded from Table 3.1 that the
proposed SRPSO algorithm consistently found global optima for all benchmark

represented as v in Table 3.1.

functions except g07 and gl0 functions. SRPSO also seems to be a robust tech-
nique for constrained optimization problems as the standard deviation of solutions

obtained in multiple runs is very low except g05, g06 and g10.

Table 3.1: Optimum results, standard deviation, number and mean value of the

constrained violations at the median solution obtained by SRPSO

Func optimum best median worst c v mean std FR
g01 -15 -15.00 -15.00 -15.00 0,0,0 0 -15.00 5.27e-12 | 100
202 -0.8036191 | -0.8034681 | -0.7933138 | -0.7572932 | 0,1,1 | 0.16 | -0.7886154 1.31e-3 100
203 -1.0005001 | -0.9996365 | -0.9986063 | -0.9965328 | 0,0,0 0 -0.9984904 8.18e-5 100
g04 -30665.539 | -30665.539 | -30665.539 | -30665.364 | 0,0,0 0 -30665.526 4.05e-3 100
205 5126.4967 5126.4985 5127.6362 5145.9263 | 0,0,0 0 5129.9011 5.11 100
206 -6961.8139 | -6961.81397 | -6961.8139 | -6323.3140 | 0,0,0 0 -6916.1371 138.331 | 100
g07 24.306209 24.312803 24.360653 24.885038 | 0,1,1 0 24.38 1.13e-2 100
208 -0.0958250 | -0.0958250 | -0.0958250 | -0.0958250 | 0,0,0 0 -0.0958250 | 2.80e-11 | 100
209 680.63006 680.63043 680.65104 680.76645 | 0,0,0 0 680.66052 3.33e-3 | 100
gl0 7049.248 7076.397 7262.878 8075.923 1,2,2 | 522 | 7340.69640 255.37 100
gll 0.75 0.75 0.75 0.75 0,1,1 0 0.75 9.44e-5 | 100
gl2 -1 -1 -1 -1 0,0,0 0 -1 2.62e-11 | 100
gl5 961.71502 961.71517 961.71710 961.77126 | 0,0,0 0 961.72076 1.12e-2 | 100
gl6 -1.9051553 | -1.9051553 | -1.9051553 | -1.9051553 | 0,0,0 0 -1.9051553 | 1.12e-11 | 100
g24 -5.5080133 | -5.5080133 | -5.5080133 | -5.5080133 | 0,0,0 0 -5.5080133 | 2.69e-11 | 100
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SRPSO is compared with five recent approaches; CRGA[54], SAPF[56], CDE[57],
CPSO-GD[55] and SMES[53].

Table 3.2: Comparison of best results of SRPSO with state of art

Func SRPSO CRGA[54] SAPF[56] CDE[57] CPSO-GD[55] SMES[53]
201 -15.00 -14.9977 -15.00 -15.00 -15.00 -15.00
g02  -0.80346805  -0.802959  -0.803202  -0.794669 NA -0.803601
203 -0.9997 -0.9997 -1.000 NA NA -1.000
204 -30665.539  -30665.520 -30665.401 -30665.539  -30665.539  -30665.539
205 5126.4985 NA NA NA NA NA
206 -6961.8139  -6956.251  -6961.046  -6961.814 NA -6961.814
207 24.312803 24.882 24.838 NA 24.711 24.327
g08  -0.095825041  -0.095825  -0.095825 NA NA -0.095825
209 680.63004 680.726 680.773 680.771 680.678 680.632
g10 7076.397 7114.743  7069.981 NA 7055.6 7051.903
gll 0.75 0.750 0.749 NA NA 0.75
g12 -1 -1.000000  -1.000000  -1.000000 NA -1.000
gl5 961.7151 NA NA NA NA NA
216 -1.9051553 NA NA NA NA NA
224 -5.5080133 NA NA NA NA NA

Best result comparison: Table 3.2 shows the best result obtained by SRPSO
for all the considered benchmark functions along with other technique. SRPSO
gives comparatively good results on almost all the benchmark functions except
g03.

Worst result comparison: The worst results obtained by SRPSO and other
techniques are tabulated in Table 3.3. SRPSO shows comparatively good results
for g01, g05, g07, g08, g12, g15, gl6, g24 benchmark functions on worst results.
Mean result comparison: Table 3.4 shows the mean result obtained by SRPSO
along with other techniques. SRPSO shows comparatively good results on most
of the benchmark functions except g03, g04, g06, g09, and g10. As shown in Table
3.2 - Table 3.4, the proposed SRPSO method gives better result as compared to
CRGA, SAPF, CDE, CPSO-GD, SMES in terms of the quality of solution and

robustness as a measure of best and standard deviation values respectively.
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Table 3.3: Comparison of worst results of SRPSO with state of art

Func SRPSO CRGA[54] SAPF[56] CDE[57] CPSO-GD[55] SMES[53]
201 ~15.000000 -14.9467 -13.097 ~15.0000 -14.994 -15.000
202 -0.757293 -0.722109  -0.745712  -0.779837 NA -0.751322
203 -0.9965328 -0.9931 -0.887 NA NA -1.000
204 -30665.3644038 -30660.313  -30656.471  -30665.509 NA -30665.539
205  5145.9262874086544 NA NA NA NA NA
206 -6323.3140341 -6077.123  -6943.304  -6901.285 NA -6952.482
207 24.885038 27.381 33.095 NA 27.166 24.843
208 -0.095825041 -0.095808  -0.092697 NA NA -0.095825
209 680.76645813 682.965 682.081 685.144 681.371 680.719
g10 8075.923755 10826.09  7489.406 NA 11458 7638.366
gll 0.750364 0.757 0.757 NA NA 0.75
gl2 -1.000000 -1.000000  -0.999548  -1.000000 NA -1.000
gl5  961.77126304593492 NA NA NA NA NA
gl6  -1.9051552584358129 NA NA NA NA

g24  -5.508013271495793 NA NA NA NA NA

Table 3.4: Comparison of mean results of SRPSO with state of art

Func SRPSO CRGA[54] SAPF[56] CDE[57] CPSO-GD[55] SMES[53]
01 -15.000000 -14.9850 -14.552 -15.0000 -14.997 -15.000
02 -0.788615 -0.764494  -0.755798  -0.785480 NA -0.785238
03 -0.9985 -0.9972 -0.964 NA NA -1.000
g04 -30665.526026 -30664.398  -30665.922  -30665.536 NA -30665.539
05 5129.9010819813429 NA NA NA NA NA
206 -6916.1370274885467  -6740.288  -6953.061  -6960.603 NA -6961.284
207 24.38 25.746 27.328 NA 25.709 24.475
g08  -0.095825041366072852  -0.095819  -0.095635 NA NA -0.095825
209 680.66052250760072 681.347 681.246 681.503 680.7810 680.643
g10 7340.6964029884484 8785.149  7238.964 NA 8464.2 7253.047
gll 0.75 0.752 0.751 NA NA 0.75
g12 ~1.000000 -1.000000  -0.99994  -1.000000 NA -1.000
gl5 961.72076523564249 NA NA NA NA NA
216 -1.9051552584503268 NA NA NA NA NA
824 -5.508013271537056 NA NA NA NA NA

3.6.2 Engineering design problems

The complete design solutions obtained by proposed SRPSO on five engineering
design problems are tabulated in Table 3.5. The first column of Table 3.5 show

the algorithms. This table also summarizes the statistical results i.e., best, mean,
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worst, function evaluations (FEs) and standard deviation obtained for each design
problem.
Welded beam design problem
This problem aims to minimize the cost of beam subject to constraints on shear
stress, bending stress, bucking load, and the end deflection. Four continuous
design variables are the thickness of the beam, width of the bean, length of the
weld, and the weld thickness. The best feasible solution found by SRPSO is
£(0.22104332, 5.8282757, 6.6883208, 0.22104332) = 1.7248665802025513. This
problem has also been solved in the recent past [57, 51, 66, 59, 64, 65, 61]. A
comparison of simulation result statistics is presented in Table 3.5. The proposed
SRPSO gives better performance with regard to quality of solution (mean of all
runs), speed (number of function evaluations), and robustness in terms of standard
deviation as compared to other standard and recently reported approaches.
Pressure vessel design problem
This problem aims to minimize the fabrication cost of cylindrical pressure vessel
subjects to constraints on thickness of pressure vessel, thickness of the head, inner
radius of the vessel and length of the vessel. The best solution obtained by pro-
posed SRPSO is £(0.80866029, 0.3997212, 41.899497, 180.39996) = 5886.19835373.
This solution is far better than all the existing schemes in terms of all considered
statistical parameters. It also demonstrates the superiority of proposed SRPSO
algorithm for finding the global minima as compared to other techniques with
regard to number of function evaluations.
Speed reducer design problem
In this constrained optimization problem, the weight of speed reducer is to be min-
imized subject to constraints on bending stress of the gear teeth, surface stress,
transverse deflections of the shafts, and stresses in the shafts. As shown in Table
3.5, the best solution obtained by SRPSO is f(2.7540737, 0.72184566, 17.571564,
7.8446617, 7.7938804, 3.2070532, 5.1558205 ) =2506.9424074072431 in compari-
sion to the available methods for this problem. The total number of evaluations is
20,000 in SRPSO, while 54,456 number of function evaluations in Ray and Liew
[51]. Although the proposed method gives a better solution, the standard devia-
tion is quite high.
Three-bar truss design problem
This problem deals with the design of a three-bar truss structure where the volume

is to minimized subject to stress constraints. The best feasible solution found by
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Table 3.5: Comparison of engineering design problem results of SRPSO with state
of art

best mean worst std FEs
WELDED BEAM [51]
SRPSO 1.72486658 1.72489934 1.72542212 1.12e-6 20,000
CDE [57] 1.733461 1.768158 1.824105 2.2e-02 240,000
Ray and Liew [51] 2.3854347 3.0025883 6.3996785 9.6e-01 33,095
NM-PSO [64] 1.724717 1.726373 1.733339 0.3e-02 200,000
CPSO [59] 1.728024 1.748831 1.782143 0.129e-01 80.000
HS [65] 1.7248 NA NA NA 65,300
DSS-MDE[61] 2.3809 2.38095 2.38095 2.1e-10 24,000
PRESSURE VESSEL [43]
SRPSO 5886.1984 5942.8353 6315.0147 80.4459 20,000
CDE [57] 6059.7340 6085.2303 6371.0455 4.3e+01 240,000
GQPSO[66] 6059.7208 6440.3786 7544.4925 448.4711 NA
CPSO [59] 6061.0777 6147.1332 6363.8041 86.4545 200,000
NM-PSO [64] 5930.3137 5946.7901 5960.0557 9.16 80,000
HS [65] 7197.730 NA NA NA 100,000
THREE-BAR STRUSS [51]
SRPSO 263.895844 263.897780 263.907955 3.02e-03 20,000
Ray and Liew [51]  263.89584654 263.90335672 263.96975638 1.3e-02 17,610
DSS-MDE [61] 263.89584 263.89584 263.89584 9.2e-7 15000
SPEED REDUCER |[51]
SRPSO 2506.942407 2756.525088 2947.825502 91.766319 20,000
Ray and Liew [51] 2994.744241 3001.758264 3009.964736 4.0 54,456
HS [65] 2994.4 NA NA NA 20,000
DSS-MDE[61] 2994.47106 2994.47106 2994.47106 3.5e-12 30000
HIMMELBLAU [43]

SRPSO -31025.554042 -31019.990288 -31005.091619 5.990052 20,000
CPSO [59] -31025.600 NA NA NA NA
HS [65] -31025.565 NA NA NA 20,100

SRPSO is f(0.7887701, 0.40799905 )=263.8958, matches with the reported best-
known result for this problem. A comparison of results presented in Table 3.5
shows that SRPSO perform equally well to Ray Liew [51] and DSS-MDE [61], in
terms of quality of solution and robustness.

Himmelblau Nonlinear problem

The best feasible solution found for this problem by SRPSO is f(78, 33.049666,
27.133319,45, 44.776691)=-31025.554041580137. The obtained objective function
value is comparable and even better than then existing methods. To summarize
the result statistics reported in Table 3.5, the proposed SRPSO algorithm has
substantial capability to handle various constrained engineering optimization prob-
lems efficiently with regard to quality of solution, robustness and speed (number

of function evaluations).
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3.7 Conclusions

This chapter introduced the concept of Single Objective Constrained Optimiza-
tion (SOCO) along with the detailed literature survey on constraints handling
techniques. This chapter also presented the detailed challenges that PSO faces in
handling constraints. The most common and popular way of handling constraints
is the penalty method. This method essentially converts constrained optimiza-
tion problems to unconstrained optimization problems with the introduction of
a penalty factor to penalize the constraints. The major problem with this ap-
proach was the value of penalty factor; greater value results into overpenalization
and lesser leads to underpenalization. It was found from the literature that the
Stochastic Ranking (SR) was the simple method to find a balance between over
and underpenalization. The SR mechanism has proved its strength in handling the
constraints. This has motivated for further research on PSO with SR integration.
To address the problem of premature convergence and poor quality of solution,
and incorporating the constrained handling method in PSO; Stochastic Ranking
Particle Swarm Optimization Ranking (SRPSO) was proposed. SRPSO essen-
tially a hybrid algorithm of AEPSO and stochastic ranking. This algorithm rank
the particles based on stochastic ranking and accelerates the infeasible particles
in the direction of feasible particles by maintaining the diversity in the popula-
tion. The comprehensive experimental analysis of SRPSO was carried out with
present state of the art on varied standard constrained benchmark problems with
different complexities. Further SRPSO was applied on constrained engineering
design problems and was compared with state of art algorithms. The comprehen-
sive analysis was carried out using metrices like average of the results, robustness
(standard deviation) and function evaluations (FEs). The SRPSO has shown com-
petitive performance on par with state of art on numerical benchmark problems

and superior performance on engineering design problems.



Chapter 4

Multi Objective Unconstrained

Optimization

This chapter introduces the concept of Multiobjective Unconstrained Optimiza-
tion (MOUO). It also presents a detailed literature survey for solving MOUO
problems using Particle Swarm Optimization (PSO) and other competitive tech-
niques including Swarm Intelligence (SI) techniques. The major challenges faced
by PSO while solving MOUO problems are also addressed in this chapter. The
chapter is extended with research contribution made in MOUO by developing a
novel PSO variant namely Multiobjective Adaptive Accelerated Exploration Par-
ticle Swarm Optimizer (MOAAEPSO). The algorithmic and implementation de-
tails of MOAAEPSO is also presented. The performance of developed algorithm
is illustrated in terms of Non Pareto compliant performance indicators such as
pareto front graphs, inverted generational distance, spacing, diversity and con-
vergence metrices while solving benchmark functions. The statistical significance
of the algorithms are also analyzed using Pareto compliant hypervolume indica-
tor and nonparametric ANOVA comparison test. These indicators are used for
performance comparison of MOAAEPSO with state of the art. The chapter is

concluded with results and discussions.

4.1 Introduction

Multiobjective Unconstrained Optimization (MOUOQ) is an important and chal-

lenging topic in science and engineering domain. The main objective of MOUO

79
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——--- Pareto Front

f,(x)

f2(x)

Figure 4.1: Pareto Front

is to minimize or maximize a set of objective functions (some times conflicting)
simultaneously without any constraints. The multiple objectives may be non-
linear, nondifferentiable, discontinuous and multimodal with many local optima.
Mathematically the MOUO problem is defined as

Find ¥ = (x1,2,...,2p)
That optimizes f1(T), fo(T),..., fo(T)
Where l; <z; <wuji=1,2,...,D (4.1)

In the above equation k is the number of objectives to be optimized simultaneously.
The values [; and u; Vi € D are the lower and upper bounds defining the search
space. Since multi-objective problem consists of multiple objectives. Hence there
can be a set of optimal solutions to the given problem. The tradeoff amongst them

is defined in terms of Pareto optimality (shown in Figure 4.1).

4.1.1 Pareto optimality

The vector u € R is said to dominate the vector v € R, denoted by u < v, iff
Viel,2...k : filuy<fi(v)jand3j € 1,2...k : fj(u) < f;(v). A decision
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vector x € R is said to be Pareto optimal with respect to R if f there is no other
decision vector that dominates x in R. The set of all Pareto optimal solutions in
the decision space is termed as Pareto optimal set and the corresponding set of
objective vector is termed as Pareto optimal front as shown in the Figure 4.1.
The aim of mutiobjective optimization algorithm is to obtain Pareto optimal front

accurately.

4.2 Literature Survey

Multiobjective Unconstrained Optimization (MOUQO) has emerged as a key re-
search area in the field of science and engineering in the last few decades. Real
world optimization problem demands efficient algorithms for solving multiple and
often conflicting objectives simultaneously [75, 76, 77, 78, 79]. Evolutionary and
Swarm Intelligence based algorithms have contributed a lot in this filed, compre-
hensive surveys of which can be found in [80, 81, 82]. A lot more literature of
Particle Swarm Optimization on MOUO problems can be found in [83, 84, 85, 86].

The work on MOUO proposed by Fonseca and Fleming [87] and Tanino et al.
[88] in 1993, involves evaluating rank of the members of a population by using
both the Pareto dominance and preference information. In 1994 Horn et al. pre-
sented a Pareto based algorithm called as niched pareto genetic algorithm [89] for
solving multiobjective optimization problems. In [89] the Genetic Algorithm (GA)
was modified to deal with multiple objectives with the integration of Pareto dom-
inance and niching pressure. This helps to spread its population along the pareto
optimal surface. The strength of this algorithm was shown only on few and simple
problems. In 1999 Zitzler and Thiele [90] presented a detail study on Multiobjec-
tive evolutionary algorithms and strength of the pareto approach. Furthermore
they introduced an algorithm named as Strength Pareto Evolutionary Algorithm
(SPEA) for multiobjective problems. This algorithm [90] maintains an external
memory to store nondominated solutions and incorporates clustering approach to
maintain the size of external memory. In [90], the concepts of non-domination and
a secondary population of non-dominated points were used. With every iteration
the secondary population was updated with the non-dominated offspring, and all
dominated elements were discarded. If the archive size exceeds its maximum limit
then the clustering mechanism groups all currently non-dominated solutions into

a pre-defined number of clusters and picks a representative solution from each
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cluster, thereby ensuring population diversity. This algorithm has shown supe-
rior performance only on 0/1 knapsack problem. In 2000, Knowles and Corne
proposed a memetic Pareto archived evolution strategy to solve MOUO problems
[91]. This algorithm [91] introduces a Pareto ranking-based selection method and
couples it with a partition scheme in objective space. It used two different archives
to save non-dominated solutions. Knowles and Corne proposed Pareto archived
evolution strategy (PAES) [92]. This algorithm [92] concentrates mainly on lo-
cal search and uses external archive to store the Pareto optimal solutions. The
archive was updated with the following strategy; if a new solution is non domi-
nated to any member of the archive then it enters into the archive by discarding
the members of archive it dominates. If the archive reaches maximum size, then
the new nondominated solution acceptance will be decided by a histogram-like
density measure over a hyper-grid division of the objective space. This has shown
very good spread of non-dominated solutions in a fixed-size archive. The PAES
proved to be efficient but on limited test problems. Leung and Wang [93] proposed
uniform design and GA for solving multiobjective problems. This algorithm [93]
used multiple fitness functions for guiding the search process. In [93], each fitness
function was the weighted sum of the normalized objective function. This strategy
helped in spreading the solution on the Pareto frontier in the objective space. In
this strategy uniform design was used to select weights and generate good initial
population for searching efficiently. The nondominated sorting genetic algorithm
(NSGA) [94] was proposed by Deb et al. in 2001. In NSGA [94], a simple sorting
algorithm was used for sorting nondominated solutions to obtain Pareto fronts of
MOUO problems. To maintain the population diversity, a distance metric was
chosen to calculate the proximity measure between two solutions. Though this
was the fist of its kind and popular; it has problems like large computational com-
plexity. This was because nondominated sorting procedure was invoked in every
generation. Further the mechanism lacks the ability to retain the good solutions
found during search process and lacks even the diversity-preservation mechanism.
In the year 2001, Jin et al. integrated dynamic weights with evolutionary algo-
rithm and proposed Evolutionary Dynamic Weighted Aggregation (EDWA) [95]
for solving MOUO problems. The weighted sum approach was efficient in multiob-
jective optimization, but it generated one Pareto solution in one run and could not
find the concave part of the Pareto front. Thus EDWA [95] introduced dynamic

weighted aggregation and was able to obtain the Pareto set in one run irrespective



CHAPTER 4. MULTI OBJECTIVE UNCONSTRAINED OPTIMIZATION 83

of whether Pareto was convex or concave. In 2002, Zitzler et al. developed SPEA2
(96, 97] using non dominated sorting to optimize multiple objectives simultane-
ously. Essentially SPEA2 [96, 97] was an improved version of SPEA [90] with
major differences of a well defined fitness assignment technique, a density estima-
tion technique and an improved external archive truncation method. In SPEA2
(96, 97] fitness assignment was modified with integration of density information,
and the size of the external archive was fixed and did not vary as in SPEA [90].
When the number of nondominated solutions exceed maximum and the archive is
full, then a clustering technique was used to eliminate the less dominated members
from the archive to maintain a fixed size. In SPEA2 [96, 97] only the members
from the archive participate in the mating process. These techniques incorporated
with SPEA have shown greater improvements in solving multiobjective problems.
Laumanns et al. [98] combined the convergence and diversity in evolutionary
algorithms to solve multiobjective optimization problems. Laumanns et al. in
[98] pointed out the major problems that occur with multi-objective evolutionary
algorithms (MOEAs) when trying to obtain true Pareto-optimal solutions. To
overcome the drawback persisting with major MOEAs, Laumanns et al. in [98]
proposed strategies for e-dominance archiving. The € is a positive integer and the
value is application specific, and it further determines the maximal size of the
archive. The update strategy in e-dominance archive is as follows; the new solu-
tions are accepted only if they are not e-dominated by any other solution of the
current archive. If a solution is accepted, all dominated solutions are removed.
Parsopoulos and Vrahatis applied Particle Swarm Optimization (PSO) method
on Multiobjective Optimization [99] in 2002. In [99] the weighted aggregation
technique, fixed and adaptive weights were considered for solving MOUQO prob-
lems. Furthermore PSO was hybridized with Genetic Algorithms to develop a
multi-swarm PSO that can cope effectively with MO problems [99]. A Fast and
Elitist Multiobjective Genetic Algorithm (NSGA-II) [100] was developed in 2002
by Deb et al. This algorithm [100] has become very popular and is widely used
for solving MOUO problems. Essentially this [100] algorithm overcame the ma-
jor drawback in NSGA [94], with the introduction of fast sorting method. The
sorting method had a simple bubble sort mechanism and this was not called or
invoked in every iteration as in NSGA. In NSGA-II, two entities were calculated
viz. domination count (number of solutions which dominate the new solution) and

a set of solutions that the solution dominates. This requires lesser comparisons
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and the computational complexity is reduced by a great extent. NSGA-II [100]
has used crowded-distance to maintain the diversity instead of a simple distance
metric [94].

Yen and Lu developed dynamic multiobjective evolutionary algorithm (DMOEA)
[101] in 2003. In DMOEA [101] a cell-based rank and density estimation strat-
egy was incorporated for computing dominance and diversity of the dynamically
varying population. Due to the dynamic strategy, the population could grow or
shrink and this was decided by whether an individual would survive or be elimi-
nated. In 2004, Coello et al. applied PSO for multiobjective optimization [102]. In
this algorithm [102] an archive was used to maintain the non-dominated solutions
found, and a mutation operator was used to maintain the population diversity.
The members of the external archive were also used to guide the swarm further
to find the solution and therefore increase the convergence speed. In [102] the
faster convergence of PSO proved to be fatal in some cases while solving MOUO
problems and hence a mutation operator was introduced. The mutation opera-
tor tries to explore all the particles in the beginning of the search process and it
decreases with iteration. A Pareto-frontier differential evolution (PDE) algorithm
was proposed by Sarker and Abbass [103] in 2004. In [103] Gaussian distribution
was used for initializing population. In [103] reproduction in each generation was
only among non-dominated solutions and only the dominating individuals were
kept in the population. Though this approach seems to be simple and efficient, it
has been tested only on simple MOUO problems.

Tan et al. proposed a distributed cooperative co-evolutionary algorithm (CCEA)
[104] for multiobjective optimization in 2006. In CCEA a divide-and-conquer ap-
proach was used to decompose the solution into smaller components and this
evolves multiple solutions in the form of cooperative sub populations. The CCEA
maintains an external archive for Pareto fronts. Further it was extended with a
distributed concept and proposed a distributed cooperative coevolutionary algo-
rithm (DCCEA). The DCCEA [104] allows inter-communication of subpopulation
that increases the computational speed. It was proved that DCCEA reduces the
execution time without sacrificing the performance of CCEA [104]. Emmerich
et al. proposed Gaussian Random Field Metamodels (GRFM) [105] an efficient
search method for evolutionary algorithms (EA). The GRFM [105] predicts new
solution by exploiting the previously recorded information and estimates the con-

fidence of this prediction. This algorithm selects only the promising members
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in every iteration and evaluations are carried out only for the selected members.
This reduces the computational cost to a greater extent. In classical compre-
hensive learning PSO (CLPSO) [106] the velocity of a particle is updated on the
basis of gbest of the swarm, pbest of the concerned particle, and the pbests of
another particle chosen at random. Suganthan et al. in 2006 extended CLPSO
to multiobjective optimization and called it the Multiobjective Comprehensive
Learning PSO (MOCLPSO) [107]. MOCLPSO [107] incorporates non-dominated
sorting, bounded external archive and updates particle positions and velocities as
in CLPSO. The MOCLPSO uses a learning strategy whereby the historical best
information of all other particles is used to update the particles velocity. This par-
ticular strategy enables the diversity of the swarm to be preserved and discourage
premature convergence. This algorithm performs better than NSGA II for some
testbench functions [107]. A remarkable work in EA with decomposition named
as MultiObjective Evolutionary Algorithm based on Decomposition(MOEA /D)
[108] was proposed by Zhang and Li in 2007. It was based on conventional aggre-
gation approaches in which a MOUO problem was decomposed into a number of
scalar objective optimization problems (SOPs). The objective of each SOP called
a subproblem, was a weighted aggregation of the individual objectives. Neigh-
borhood relations among these subproblems were defined based on the distances
between their aggregation weight vectors. This has produced remarkable results
in MOUO domain. A Time Variant Multi-Objective Particle Swarm Optimiza-
tion (TV-MOPSO) [84] to solve MOUO problems was developed by Tripathi et
al. in 2007. In TV-MOPSO [84] important parameters of PSO (inertia weight
and acceleration coefficients) were made adaptive i.e. it changes with iteration.
This adaptive nature of the parameters help the algorithm to explore the search
space more efficiently. Further to improve the diversity in the Pareto-optimal solu-
tions, two well known approaches; the hyper-grid (TV-MOPSO-H) and clustering
(TV-MOPSO-C) were integrated with PSO. Sanchis et al. in 2008, proposed an
integrated multiobjective optimization with priori preferences using genetic algo-
rithms [109]. In this algorithm [109] user preferences (about the solution) are
also taken into consideration in the search process. The preference functions were
built to reflect the decision-makers (DM) interest with meaningful parameters for
each objective. The preference functions are further solved by GA. A multiple
swam algorithm was proposed in 2008 by Leong and Yen [110]. In this algorithm

cell-based rank density estimation, population growing and declining strategies,



CHAPTER 4. MULTI OBJECTIVE UNCONSTRAINED OPTIMIZATION 86

and adaptive local search, were incorporated. The dynamic population strategy
within the multiple-swarm MOPSO was proposed instead of fixed population. Ad-
ditionally this algorithm [110] includes an adaptive local archive to improve the
diversity within each swarm. This algorithm has shown competitive results with
improved diversity and convergence at less computational cost. Gong et al. in
2008 proposed a non-dominated neighbor immune algorithm (NNIA) for multi-
objective optimization [111]. The selection strategy emphasizes on less crowded
solutions. The NNIA [111] uses an external archive to store nondominated individ-
uals. Some of the individuals from the archive that was less-crowded were used for
further cloning, recombination, and mutation. This algorithm [111] paid more at-
tention to the less-crowded regions and used proportional cloning, recombination
and hyper-mutation operators it generate new solutions. An efficient nondomi-
nated sorting method was incorporated with evolutionary algorithms for multiob-
jective optimization by Fang et al. in 2008 [112]. Essentially this [112] improves
the sorting method found in NSGA-II [100]. In order to reduce the time complex-
ity to generate non-dominated fronts, [112] uses a new data structure called the
dominance tree and a divide-and-conquer mechanism. The non-dominated sorting
method presented in [112] claims to be faster than NSGA-II [100]. In 2009 Rach-
mawati and Srinivasan proposed a preference based MOEA to find the knee region
in the Pareto Front. In this algorithm a preference based focus was achieved by
optimizing a set of linear weighted sums of the original objectives and the weights
were carefully selected based on a user-specified parameter. Differential Evolution
(DE) is one of the popular evolutionary algorithms for the optimization oof a prob-
lem. In DE, a trial vector is generated using a predefined strategy; the parameters
of the vector are tuned by a trial and error method [113]. Self adaptive DE avoids
tuning of parameters by trial and error method [114] and thus MultiObjective
Self adaptive Differential Evolution (MOSaDE) was proposed as an extension of
self adaptive DE for multiobjective optimization problems [115] in 2009 by Huang
et al. Zhao and Suganthan [116] in 2010 proposed Multi-objective evolutionary
algorithm with an ensemble of external archives. This algorithm [116] essentially
removes the tuning difficultly of € parameter in € - dominance sorting. The well
proven sorting method in the literature of MOUO is € - dominance sorting, but
the major drawback lies in the selection of the e parameter. Choosing the opti-
mum value of € to maintain diversity in a population is difficult, as it is problem

dependant. This difficulty was removed in [116] with the integration of the en-
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semble of external archives and the ensemble of € parameter with PSO. Wang et
al. proposed a self-adaptive differential evolution with elitist archive and crowding
entropy based diversity measure for MOUO problems [117]. In this approach, a
crowding entropy based diversity measure is applied to maintain an elitist archive.
There is plenty of literature available and interested readers can refer the works
proposed in [118; 119, 120, 121, 122, 77, 123, 124, 125, 126, 127, 128, 129, 130,
75, 131, 83, 132, 133]. Though several algorithms have been reported, there are

persisting issues with MOUO problems, as discussed in following section.

4.3 Challenges in Multi Objective Unconstrained
Optimization

The presence of multiple (often conflicting) objectives pose challenges to the op-
timization algorithms. The major challenges in solving Multi Objective Uncon-

strained Optimization problems are as follows:

1. MOUO problems have multiple objectives; the objectives could be conflicting

with each other and hence difficult to optimize.

2. The multiple objectives may be linear or non-linear; this makes the problem

more complex.

3. Often the search space available for these kind of problems may be complex,
and the the feasible (physically realizable) region in the search space may

be small.

4. Since in most of the cases the objectives are non differentiable and non-

continuous, it is impossible to solve by point based algorithms.

5. Due to complex solution space the problems could be multimodal, and the
algorithms based on initial solution may be stuck up local minima and get

stagnated.

6. PSO neither internally nor externally have the mechanism to optimize mul-
tiple objectives of MOUO.

7. PSO has the perennial problem of premature convergence and is more pro-

nounced in complex, multimodal and conflicting problems.
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4.4 Research Contribution

MOUO problems usually generate multiple solutions, the conventional optimizing
algorithms fail to optimize MOUO problems but population based stochastic algo-
rithms (evolutionary algorithms and swarm intelligence) are well suited for solving
MOUO problems. The population based algorithms have their own limitations,
as these algorithms don’t have built in mechanisms to handle multiple objectives
simultaneously. Many of these algorithms focus on the tuning and ordering of the
Pareto optimal fronts. The PSO is no exception, as it also does not have internal
or external mechanism to handle MOUO problems. Basic PSO suffers with the
perennial problem of premature convergence while solving complex objectives and
thus is a more serious concern for MOUO problems. Not much attention has been
paid towards applying improved variants of PSO for MOUO problems [131]. Sabat
et al. proposed an Accelerated Exploration Particle Swarm Optimizer (AAEPSO)
[35] for complex single objective problems. The key feature of this algorithm is
to identify the particles which are responsible for premature convergence and ac-
celerate them in the direction of the best particle in the swarm (i.e. the global
solution). This helps the particles to come out of the deep local optima and become
available to search for better solution again. The successful and promising results
of AAEPSO [35] motivated to apply this on MOUO problems. Hence Multiobjec-
tive Adaptive Accelerated Exploration Particle Swarm Optimizer (MOAAEPSO)

is proposed.

4.4.1 Multiobjective Adaptive Accelerated Exploration Par-

ticle Swarm Optimizer

The Multiobjective Adaptive Accelerated Exploration Particle Swarm Optimizer
(MOAAEPSO) is an improved variant of AAEPSO [35] for solving MOUO prob-
lems. MOAAEPSO applies the adaptive acceleration and exploration found in
[35] along with non dominated sorting and external archive for solving MOUO
problems. The implementation concept of the proposed algorithm i.e. Selection,
Acceleration, Exploration and Adaptive Acceleration and Ezploration are almost
similar to the AAEPSO [35] as explained in the Chapter 2 with the major ad-
dition of Pareto optimality and external archive. The MOUQO problems can not

be explained with a single solution as these involve multiple objectives and hence
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need multiple solutions. The multiple solutions are the tradeoffs and can best
be explained with Pareto optimality. The multiple solutions (Pareto optimal)
produced during search process are stored in the external archive. The detailed
MOAAEPSO steps are explained in Algorithm 4.4.1.

Algorithm 4.4.1 Pseudo code of MOAAEPSO

Initialization
Initialize the swarm of size NP:
Initialize position ' X’ and velocity 'V’ of the particles randomly in D -dimensional search range (Xmaz, Xmin)-
Initialize Selection factor Sy for dominated particles with random permutation in [10-90].
Evaluate the fitness values of all particles.
Set the current position as pbest and the particle with most nondominated as gbest.
Initialize the bounded Archive to size of population
Set countp, = 0
Optimize
for t < 1, Maxgen do
wh, e, eh = wmae — (Wmaz — Wmin)/Mazgen) *t Where wmaz = 0.9, Wmin = 0.2
Decrease AEy exponentially as per equation ( 2.13)
Update velocity (equation 2.2) and position (equation 2.3)
Evaluate fitness function for each particle.
Update pbest: If current fitness dominates the previous then set current position as pbest else retain pbest.
Update gbest: If best of all the current pbest dominates the previous gbest then set best pbest as gbest else
retain gbest.
Find the Pareto-optimal solutions.
Check the domination status of new solution with the solutions in the archive.
if X dominates any member of Archive then
Delete the dominated member and insert X in the Archive
else if X is neither dominated by the members of Archive or the members by X then
Insert X in the Archive
else if X is dominated by the members of Archive then
reject X
end if
if Size of Archive exceeds maximum size then
use crowding distance to eliminate less dominated particles.
end if
if Mod(t,10)=1 then
Find distance of each particle from gbest.
Sort the particles based on their dominance and distance from gbest.
Select Sy number of diverged particles from sorted particles.
Accelerate these selected particles around nondominated using AEy as
countAf = countAf +1
a=gbest - Ay(counta ) and b=gbest + Ay (counta,)
for i — 1, Sy do
for d — 1, D do
Xi,d = aq + (bg — aq) * rand
end for
end for
end if
end for t
continue optimizing until stopping criteria or exceeding maximum iteration
Report results
Terminate

4.4.2 Implementation details of MOAAEPSO Algorithm

The Algorithm 4.4.1 shows all necessary steps for the practical implementa-
tion of MOAAEPSO algorithm. The steps of MOAAEPSO are almost similar to
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AAEPSO algorithm [35], with major additions of Pareto optimality and bounded
archive for multiobjective optimization. The process of diverged particle selection
and adaptive acceleration exploration is similar to AAEPSO except with minor
difference relating to MOUO concept. The difference is, while solving MOUO
problem, there will be multiple points produced, all may be equally good and
hence can be explained well with help of Pareto optimality (a trade off) as is
evident from the Figure 4.1. Thus selection and updating of pbest and gbest in
MOAAEPSO is not the same as in AAEPSO. In MOAAEPSO, pbest and gbest
are selected and updated based on dominance nature. The most nondominated
solution at a particular iteration is treated as gbest and similarly pbest. Here after
whenever pbest and gbest are referred in MOUO, they refer to nondominated so-
lutions. In Algorithm 4.4.1 the population of size NP is initialized in the search
space. The fitness of whole population is evaluated and the current position is
set as pbest and best nondominated particle in swarm is set as gbest. The selec-
tion factor Sy is initialized, this factor is responsible for selecting the dominated
(diverged) particles. The acceleration factor AE is decreased exponentially with
iterations linearly. The velocity and position of all the particles are evaluated and
the fitness of the new solution is evaluated. Based on the dominance of the solu-
tion, the pbest and gbest are updated. If current fitness dominates the previous
then the current position is set as pbest else the previous pbest is retained. Sim-
ilarly if the best of all the current pbest dominates the previous gbest then best
of pbest is set as gbest else previous gbest is retained. MOAAEPSO implements
bounded external archive for storing nondominated solutions [107]. The update
strategy of the archive is as follows. If new solution dominates the member of the
archive then dominated member from the archive is deleted and the new solution
is inserted in the archive. The new solution will enter the archive if neither this
dominates members of the archive nor members of the archive dominates the new
solution. The new solution will be rejected if it is dominated by all the members of
the archive. If the archive size exceeds the predefined limit (here size of the archive
is same as the population size) then crowding distance is used to eliminate the
less dominated members from the archive. The adaptive acceleration and explo-
ration of diverged (dominated) particles are carried out around the nondominated
solution. This process is carried out for every 10 iterations (refresh rate). This
refresh rate of 10 prevents particles from collapse and stagnation. The process of

acceleration can best be explained with the help of Figure 4.2. This figure shows
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Dominated

f,(x)

Figure 4.2: MOUO Acceleration process

the Nondominated and Dominated points (particles); the light blue circle shows
all the dominated points and light yellow circle show only selected (dominated)
points for further acceleration. The few selected (dominated) points are forced to

come closer and search for a better solution near the nondominated solutions.

4.5 Simulation

The simulations were carried out in Windows XP Operating System, on Pentium
IV 2.6GHz with 512MB of RAM. The algorithm is implemented using Matlab 7.2
programming language. The population size and the maximum iterations con-
sidered for all the algorithms are 100 and 1000 respectively. The population is
initialized in the search range [X,in, Xmaz|, where X4, and X, are the maxi-
mum value and minimum value in the search range. The velocity is initialized with
20 percent of the search range i.e. Vi = 0.20 % (X e — Xinin). Simulation re-
sults are for an average of 25 runs. The performance comparisons of the proposed
algorithm MOAAEPSO is carried out with MOSaDE [115] and MOCLPSO [107]
over seventeen different benchmark functions such as KUR, FON, SCH, ZDT1,
ZDT2, ZDT3, ZDT4 and UF1 to UF10 [134]. These functions have different

characteristics in terms of convexity, discontinuity and nonuniformity [134]. The
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detailed definition of these functions are available in Appendix C. The algorithmic
parameters of the MOSaDE considered are [115]. The algorithmic parameters for
MOCLPSO are: Population size (NP) = 100, archive size (A) = 100, learning
probability (P.) = 0.1, and elitism probability (F,,) = 0.4 [107]. The parame-
ters used in the proposed algorithm are selected carefully after several trials to
obtain satisfactory results. Further the algorithms are validated using different
performance metrices namely pareto front graphs, inverted generational distance,
spacing, diversity and convergence metrics while solving benchmark functions.
The statistical significance of the algorithms are also analyzed using hypervolume

indicator and ANOVA comparison test.

4.5.1 Performance metrices

For measuring the performance of multiobjective optimization algorithms, visual
comparisons were common in the infancy of evolutionary algorithms. In case of
multiobjective optimization, we aim at approximating a set of Pareto-optima so-
lutions which are a set of trade-offs instead of a single solution. There are mainly
two techniques being used for performance measurement of multiobjective opti-
mization algorithms; 1) attainment function approach which models the set of
trade off solutions as a probability density functions in the objective space, and
2) other is indicator approach which summarizes the outcome of the algorithm as
a quantitative performance and performs statistical analysis on the corresponding
measures. There are two sets of performance assessment metrices: one is Non
Pareto compliant and other is Pareto compliant. The most commonly used Non
Pareto compliant metrices include inverted generational distance, spacing, diver-
sity and convergence metrics [107]. The Pareto compliant indicator includes Hy-
pervolume indicator. Further the comparisons are done with nonparametric test
namely ANOVA test. The detailed descriptions of these metrices are presented
in below subsections. Non Pareto compliant metrices are described under com-
mon name as conventional metrices and Pareto compliant metrices as statistical

metrices..

4.5.1.1 Conventional metrices

The most commonly used conventional performance metrices often called Non

Pareto compliant metrices are discussed here.
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Inverted Generational Distance Metric (IGD:) IGD [107] is used to
estimate the closeness of elements in an approximated Pareto front with respect

to the elements of true Pareto front. It is defined as

n 2
1Gp = Y2 & (4.2)
n*|

where |n*| is set of uniformly distributed points along the true Pareto front and
d; is the Euclidean distance between the elements in Pareto front found so far by
the algorithm (approximated Pareto front) and its nearest neighbor in the known
true Pareto front. A smaller IGD value indicates better performance.

Spacing (S): Spacing [107] measures the range variance of the neighboring

solutions in the Pareto front obtained from the algorithm. It is defined as:

n

1 g 2
S = Y ;(d—di)

where n is the number of non dominated solutions generated by the algorithm and
b= (A - BTN 60 = e
k=1

and d is the mean distance of all d;. m is the number of objectives. A zero value
for this metric indicates that all elements of Pareto fronts are equi-spaced.
Convergence Metric (CM): CM [107] measures the extent of convergence

of Pareto solutions to the known optimal Pareto front. It is defined as

1 n
CM = — d; 4.
> s

where n is the number of non dominated solutions obtained by the algorithm and
d; is the Euclidean distance (in objective space) between the i** non dominated
solution and the nearest member of the known Pareto optimal front. A smaller
value of CM denotes a better convergence performance.

Spread or Diversity Metric (DM): DM [107] measures the extent of
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spread among the solutions. It is defined as

DM = Z%:l d’in + Z?;ll |dl _ a| (44)
Some1 &+ (n = 1)d

where df, is the FEuclidean distance between the two extreme solutions of Pareto
optimal front and the boundary solutions of the nondominated solutions corre-
sponding to m!" objective function. d; is the Euclidean distance between " non-
dominated solution and corresponding true Pareto front. d is the mean value of
all d;. Zero value indicates an ideal distribution. Smaller DM indicates better
diversity of the non dominated set.

Pareto front graphs: Pareto front graphs are pictorial way of analyzing
how well the algorithms obtain Pareto optimal solutions. Since MOUQO problems
usually consists of multiple solutions and hence trade off solutions are obtained.

These trade off solutions can visually be seen by means of Pareto front graphs.

4.5.1.2 Statistical metrices

Following are the two performance metrices used for statistical comparisons. Hy-
pervolume indicator is a performance measure under the category of Pareto com-
pliance and ANOVA test under the category of nonparametric statistical test.

Hypervolume Indicator (/y): Hypervolume indicator is one of the indica-
tor based approaches for performance assessment of multiobjective optimization
algorithms [135]. This indicator measures the hypervolume of that portion of
objective space which is weakly dominated by an approximation set A and is
to be maximized. In order to measure this quantity, the objective space must be
bounded if it is not, then a bounding reference point that is dominated by all point
should be used. The hypervolume indicator has a desirable property : whenever
A dominates B the Iy(A) > Iy (B) provided that the bounding point is strictly
dominated by all the points in A and B. In this work hypervolume indicator is
evaluated using the tool [136].

ANOVA test: Parametric tests have been commonly used in the analysis of
experiments in computational intelligence. For example, a common way to test
whether the difference between the results of two algorithms is non-random is to
compute a paired t-test, which checks whether the average difference in their per-

formance over the problems is significantly different from zero. When comparing
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a set of multiple algorithms, the common statistical method for testing the dif-
ferences between more than two related sample average is the repeated-measures
ANalysis Of VAriance (ANOVA). The ANOVA is a collection of statistical models,
and their associated procedures, that provides a statistical test of whether or not
the average results of several groups are all equal, and therefore generalizes t—test

to more than two groups [41].

4.6 Results and Discussions

Comprehensive analysis of proposed algorithm with the state of the art is carried

out with different metrices separately for each metric as follows.

4.6.1 Pareto front graphs

Figure 4.3 - Figure 4.19 presents the approximated Pareto fronts obtained using
the algorithm for seventeen benchmark functions which includes ten benchmark
functions UF1-UF10 of CEC 2009 [134]. Each figure has three parts demonstrat-
ing the results of MOSaDE, MOCLPSO and the proposed MOAAEPSO algorithm
respectively. Symbol ‘o’ represents the true Pareto front obtained analytically; '’
denotes approximated Pareto front obtained by the algorithm. Figure 4.3 presents
the Pareto fronts obtained from three algorithms for KUR function. KUR function
is characterized by a tradeoff between convexity and discontinuity. The values of
decision variables are difficult to find in the solution space as the optimal Pareto
front is not continuous. Figure 4.3 clearly shows that proposed algorithm is able to
find Pareto solutions accurately. Figure 4.4 compares the Pareto fronts obtained
from the three algorithms on FON function. FON function is characterized by a
tradeoff between nonconvexity and nonlinearity. From the plot, it is clearly evi-
dent that MOAAEPSO performance is comparable to MOCLPSO and MOSaDE.
Figure 4.5 presents the comparative Pareto fronts obtained for SCH function.
SCH function is a single variable bi-objective function having convex Pareto front.
For this function, all three algorithms give equally good and similar to analytical
Pareto front. Figure 4.6 presents the Pareto fronts on ZDT1 function which is
a convex problem. It can be observed that both MOCLPSO and MOAAEPSO
are able to find solutions same as analytical Pareto front. Figure 4.7 and Figure
4.8 present the Pareto fronts of ZDT2 and ZDT3 functions respectively. ZDT2
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is a non convex continuous function whereas ZDT3 is a discontinuous function.
For both these functions, MOAAEPSO gives better front compared to other algo-
rithms. Figure 4.9 presents the Pareto front obtained from MOSaDE, MOCLPSO
and MOAAEPSO algorithm on ZDT4 function. This function deal with multi-
modal landscape and it has 219 local fronts. MOSaDE fails to find global Pareto
front while MOAAEPSO and MOCLPSO are able to provide global Pareto front.
The approximated Pareto fronts on UF1 - UF9 CEC 2009 benchmark functions
using MOSaDE, MOCLPSO and MOAAEPSO are shown in figures from Figure
4.10 to Figure 4.19. From these figures it is evident that MOAAEPSO finds
approximated front close to true Pareto front as compared to MOCLPSO and
MOSaDE.
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Figure 4.3: Pareto fronts on KUR
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Figure 4.13: Pareto fronts on UF4
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Figure 4.16: Pareto fronts on UF7
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4.6.2 Average numerical results

The average of numerical results in terms of IGD, Spacing (S), Diversity (DM)
and Convergence metrics (CM) are presented in Table 4.1 and Table 4.2. The
mean and standard deviations (inside parenthesis) of IGD, Spacing, CM and DM
on KUR, FON, SCH and ZDT1 - ZDT4 functions are tabulated in Table 4.1.
Similarly Table 4.2 presents the mean and standard deviations (inside parenthesis)
of IGD, Spacing, CM and DM on UF'1 to UF10 functions. The proposed algorithm
MOAAEPSO is better in terms of IGD, CM, Spacing, DM and robustness as
compared to MOSaDE and MOCLPSO algorithms on KUR function, as evident
from Table 4.1.

Table 4.1: Results for MOUO functions: mean(std)

KUR IGD Convergence Metric Spacing Diversity Metric
MOAAEPSO 1.09e-3(2.19e-4) 1.63e-2(1.33e-3) 3.75e-2 4.87e-3) 1.32(3.73e-4)
MOCLPSO 2.89e-3(1.81e-3) 4.08e-2(1.95e-2) 4.14e-2(9.74e-3) 1.33(1.83e-4)
MOSaDE 2.09e-3(2.17e-3) 4.98e-2(5.79e-3) 8.85e-2(1.31e-2) 1.32(2.30e-5)
FON

MOAAEPSO 1.96e-3(1.63e-4) 1.10e-2(8.70e-4) 1.28e-2(1.09e-3) 7.94e-1(2.36e-4)
MOCLPSO 2.08e-3(1.97e-4) 1.13e-2(1.24e-3) 1.36e-2(1.75e-3) 7.94e-1(6.94e-5)
MOSaDE 2.09¢-3(1.09e-005) | 1.24e-2(8.49e-005) | 9.77e-2(5.84e-005) 2.61(1.48e-002)
SCH

MOAAEPSO 8.67e-4(4.96e-5) 9.71e-4(3.35e-4) 1.28e-3(1.10e-3) 3.70e-1(2.26e-4)
MOCLPSO 9.05e-4(5.07e-5) 1.01e-2(5.99e-4) 1.31e-2(5.77e-4) 3.73e-1(1.44e-4)
MOSaDE 6.35e-3(1.39¢-4) 2.84e-3(3.06e-4) 3.71e-3(5.90e-4) 2.46(4.33e-2)
ZDT1

MOAAEPSO 4.69e-5(8.83e-7) 8.62e-4(2.10e-5) 1.24e-3(3.68e-5) 2.74e-1(2.67e-4)
MOCLPSO 5.37e-5(9.02e-7) 1.07e-3(1.99e-5) 1.14e-3(6.56e-5) 2.78e-1(4.22e-4)
MOSaDE 2.30e-2(2.19e-3) 5.12e-1(4.85e-2) 1.27e-1(9.86e-2) 7.51e-1(4.21e-2)
ZDT2

MOAAEPSO 7.71e-2(1.08e-1) 1.72(2.41) 8.21e-3(4.71e-4) 8.80e-1(5.41e-2)
MOCLPSO 5.20e-5(1.79e-6) 1.00e-3(3.63e-5) 1.21e-3(4.69e-5) 2.26e-1(8.20e-6)
MOSaDE 4.77e-2(3.33e-3) 1.05(7.38e-2) 1.28e-1(9.91e-2) 7.53e-1(2.80e-2)
ZDT3

MOAAEPSO 3.92e-4(2.71e-5) 3.64e-3(2.97¢e-4) 5.17e-3(8.06e-4) 6.89e-1(9.89e-5)
MOCLPSO 4.00e-4(1.88e-5) 3.88e-3(1.51e-4) 4.84e-3(4.05e-4) 6.88e-1(4.86e-5)
MOSaDE 5.77e-2(3.30e-3) 6.51e-1(3.39¢-2) 9.45e-2(3.52¢-2) 8.62¢-1(1.06e-2)
ZDT4

MOAAEPSO 6.63e-3(2.03e-2) 8.59e-2(2.64e-2) 2.73e-1(8.51e-1) 1.22(5.26e-2)
MOCLPSO 4.15e-2(5.24e-2) 5.54e-1(7.26e-1) 8.93e-1(8.54e-1) 1.22(1.65e-2)
MOSaDE 6.58e-2(9.10e-3) 9.23e-1(1.26e-1) 2.21(2.47) 1.15(4.38¢-2)

Only MOSaDE shows robustness for DM. Table 4.1 also reveals that the MOAAEPSO
algorithm is better than other two algorithm in terms of IGD, CM, Spacing, DM
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metrices and robustenss on FON and SCH functions. MOSaDE shows robustness
for achieving CM and Spacing on FON functions, where as MOCLPSO shows

robustness for achieving Spacing and DM on SCH function.

Table 4.2: Results for MOUO functions: mean(std)

UF1 IGD Convergence Metric Spacing Diversity Metric
MOAAEPSO | 9.73e-3(9.22¢-3) 2.69e-1(2.66e-1) 1.46e-2(2.86¢-2) 4.11e-1(1.38¢-1)
MOCLPSO 4.82e-3(2.20e-3) 1.35e-1(5.63e-2) 3.42e-2(1.58e-2) 4.40e-1(8.91e-2)

MOSaDE 1.12e-2(3.02e-4) 8.41e-1(9.23e-2) 7.05e-2(1.69e-2) 5.01e-1(6.73e-2)
UF2

MOAAEPSO | 2.10e-3(7.30e-5) 6.54e-2(2.41e-3) 1.52e-2(8.62e-3) 3.98e-1(4.87e-2)
MOCLPSO 5.10e-3(3.09e-4) 1.54e-1(1.01e-2) 9.46e-2(3.62¢-2) 4.49e-1(2.39e-2)
MOSaDE 1.21e-2(4.23e-3) 3.02e-1(1.08e-1) 1.19e-2(1.25¢e-2) 5.59¢-1(5.98e-2)

UF3

MOAAEPSO 1.62 e-2(5.1e-3) 4.67e-1(1.6e-1) 1.0(0.23) 9.07ee-1(1.02¢e-1)
MOCLPSO 1.81e-2(4.23e-4) 5.70e-1(1.33e-2) 1.25e-1(8.08¢-2) 6.64e-1(4.13e-2)

MOSaDE 1.42e-2(1.70e-4) 4.47e-1(5.0e-3) 3.63e-2(1.75e-2) | 5.96e-1(3.43e-2)
UF4

MOAAEPSO 9.14e-1(5.87e-1) 2.89e+1(1.86e+1) 9.27e-1(7.03e-2) 9.88e-1(7.45¢-3)

MOCLPSO 6.63e-3(4.29¢-4) 2.06e-1(1.35e-2) 9.26e-2(1.90e-2) 3.79e-1(1.77e-2)

MOSaDE 3.08e-3(5.52e-5) 9.67e-2(1.88e-3) 6.95e-3(1.19e-3) | 3.44e-1(9.47e-3)
UF5

MOAAEPSO 1.43e-1(5.15¢-2) 6.37e-1(2.27e-1) 2.60e-2(5.48e-2) 1.37e-1(2.69¢-1)
MOCLPSO 3.64e-1(1.28e-1) 1.66(5.89¢-1) 2.05e-1(8.70e-2) 7.37e-1(6.84¢e-2)

MOSaDE 3.84e-1(1.70e-2) 1.76(7.88e-2) 1.91e-1(1.26e-1) 7.69¢-1(3.26e-2)
UF6

MOAAEPSO | 4.56e-3(5.42e-4) 1.18e-1(2.72e-2) 1.02e-1(1.63e-1) 9.96e-1(2.33e-4)

MOCLPSO 2.25¢-2(4.81e-3) 6.82¢-1(1.26e-1) 5.33¢-2(9.37e-2) 9.98¢-1(1.67e-4)
MOSaDE 2.73e-2(1.47e-3) 6.59¢-1(4.48e-2) 1.84e-1(1.44e-1) 9.99¢e-1(2.52¢-4)

UF7

MOAAEPSO | 1.10e-2(2.34e-3) 2.67e-1(5.41e-2) 2.85e-2(3.25e-2) 2.15e-1(5.75e-2)
MOCLPSO 9.15e-2(7.43e-2) 3.40e-1(1.87e-1) 5.10e-2(3.70e-2) 2.71e-1(1.70e-1)

MOSaDE 7.21e-2(9.89¢-3) 7.07e-1(2.57e-2) 5.18¢-2(2.45e-2) 3.55e-1(6.09¢-2)

UF8

MOAAEPSO | 3.85e-3(8.93e-4) 3.23e-1(7.50e-2) 9.10e-2(6.47e-2) 9.16e-1(5.79¢-4)
MOCLPSO 5.07e-3(1.19e-3) 4.35e-1(9.16e-2) 1.14e-1(3.94e-2) 9.25e-1(1.74e-4)
MOSaDE 4.39¢-3(3.96e-4) 4.17e-1(4.23e-2) 9.63e-2(3.21e-2) 9.26e-1(4.47e-4)

UF9

MOAAEPSO | 2.33e-3(4.15e-4) 2.13e-1(3.78e-2) 1.26e-1(2.65¢e-1) 9.68e-1(2.84e-3)
MOCLPSO 6.08e-2(5.63e-4) 5.63e-1(5.69¢-2) 2.04e-1(1.09e-1) 9.75e-1('7.83e-5)
MOSaDE 4.83e-2(3.17e-4) 4.65e-1(2.72e-2) 1.69e-1(5.29e-2) 9.75e-1(1.45e-4)

UF10

MOAAEPSO | 9.02e-3(1.47e-3) 8.49e-1(1.50e-1) 1.81e-3(2.07e-3) | 9.25e-1(1.14e-4)
MOCLPSO 3.23e-1(3.03e-3) 3.22(3.03e-1) 4.65e-1(1.e-1) 9.28e-1(3.25e-4)

MOSaDE 3.92e-1(2.60e-3) 3.92e+0(2.61e-1) 5.37e-1(1.91e-1) 9.31e-1(8.87e-4)
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For ZDT1 function, MOAAEPSO is better in terms of IGD and convergence metric
compared to other two algorithms, where as in terms of spacing, diversity metric
and robustness, it is competitive with others as in Table 4.1. Table 4.1 also reveals
that on ZDT2 function, MOCLPSO is better in terms all four indicative metrices
and robustness while MOAAEPSO is competitive on ZDT3. For the ZDT4 func-
tion, MOAAEPSO is better in terms of IGD, Convergence metric and spacing.
For the diversity metric, it is competitive with MOCLPSO. In summary we can
conclude that the quality of solution of the proposed MOAAEPSO algorithm is
better than other two algorithms for all the functions except ZDT2. The diver-
sity for the proposed algorithm is as good and sometimes better than the other
algorithms except for ZDT2 function. Table 4.2 presents the mean and standard
deviations (inside parenthesis) of the performance metrices on CEC 2009 bench-
mark functions. MOAAEPSO performs better than the other two algorithms in
terms of IGD, spacing, CM, DM and robustness on all the CEC 2009 benchmark
functions except UF3 and UF4. On UF3 and UF4, MOSaDE dominates all the
metrices including robustness.

The summary of performances of all the three algorithms on all benchmark
functions are consolidated in Table 4.3. This table indicates the best algorithm
for a function in terms of all four performance evaluation parameters. From this
table we find that MOAAEPSO algorithm performs almost better than other two
algorithms on all the benchmark functions except ZDT2, UF3 and UF4. In case
of the UF3 and UF4 functions, MOSaDE algorithm is found to perform the best.

4.6.3 Statistical metrices

The statistical significance of the algorithms is analyzed using the hypervolume
indicator followed by ANOVA comparison test. Table 4.4 presents the hypervol-
ume indicator for all the numerical benchmark functions considered above and
Table 4.5 presents the ANOVA test results on the hypervolume indicator. Table
4.4 presents the Hypervolume data on the approximation pareto fronts obtained
by MOAAEPSO, MOCLPSO and MOSaDE algorithms. The Table 4.5 shows the
results after ANOVA test on the hypervolume data in Table 4.4 with « (confi-
dence level) to be 0.05. In Table 4.5’SS" is Sums of Squares, 'DF” is Degrees of
Freedom, "M S’ is Mean Squares and 'F” is Test Statistic. The test statistic value
F is 4.249. Using an « of 0.05, we have Fj 5015 = 3.555 (from F distribution
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table). Since the test statistic is much larger than the critical value, we conclude
that there is a (statistically) significant difference among the average values. The
p—value for F' =4.249 is 0.0898, so the test statistic is significant at that level. This
statistically significant difference in the average results show that, MOAAEPSO

fails on Pareto compliance metrices.

Table 4.4: Hypervolume indicator

Funtion | MOAAEPSO | MOCLPSO | MOSaDE
FON 0.30917 0.30676 0.31584
KUR 0 0 0
SCH 0.82546 0.82769 0.82838
UF1 0.32723 0.33166 0.6189
UF2 0.21067 0.53614 0.63385
UF3 0.5 0.32752 0.33511
UF4 0.30152 0.20317 0.32088
UF5 0.087749 0.21283 0.2594
UF6 0.21772 0.025388 0.46604
UET7 0.094189 0.2251 0.4064
UE8 0.58721 0.19626 0.70702
UF9 0.9751 0.27155 0.71322
UF10 0.002768 0.16959 0.48569
ZDT1 0.59174 0.6578 0.64471
7ZDT2 0.32558 -1 0.27237
7ZDT3 0.62696 0.6277 0.50842
7ZDT4 0.3016 0.33584 0.72769
7ZDT6 0 0.38037 0.029946

Table 4.5: ANOVA test

Source SS  DF MS F
Treatment (between columns) 0.1512 2 0.07560 4.249
Individual (between rows) 2242 18  0.1246
Residual (random) 1.055 36 0.02932

Total 3.449 56
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4.7 Conclusions

This chapter introduced the concept of Multi Objective Constrained Optimization
(MOCQO) along with a detailed literature survey on multiple objective handling
algorithms. This chapter also presents in detail the challenges that PSO faces in
handling multiple objectives in optimization. It was found that, the major chal-
lenges of PSO are premature convergence, uncertainty and poor quality solution,
this is especially dominant while solving complex multimodal conflicting objective
problems. To address the problem of premature convergence and poor quality so-
lution in PSO while solving multiple (often conflicting) objectives, the Multiobjec-
tive Adaptive Accelerated Exploration Particle Swarm Optimizer (MOAAEPSO)
was proposed. While solving multiple objectives PSO produces nondominated
and dominated particles, and MOAAEPSO first separates the dominated par-
ticles (diverged) that gives less nondominated solution and are responsible for
premature convergence. MOAAEPSO then accelerates these particles under the
guidance of nondominated solutions. Essentially these particles were forced to
leave their current position and search the solution space around nondominated
solution. In MOAAEPSO the acceleration of diverged particles towards nondom-
inated solution was done adaptively. A search patch was maintained around the
nondominated solution of the current iteration. The size of the search patch was
decreased exponentially in a controlled manner. The size of the search patch was
kept to be more in the beginning of search process and was decreased with the iter-
ation. This strategy, in particular, helped more exploration of search space around
nondominated solutions in the beginning and more exploitation as search process
proceeds. The comprehensive analysis of the proposed algorithms was carried out
on set of complex MOUO problems with the present state of art. The results in
terms of pareto front graphs and various parametric measures clearly shows that
the proposed algorithm shows remarkable improvements in the solution and hence
addresses the prevailing problems of PSO. Further the analysis was carried out
using Pareto compliant indicator (hypervolume), and it confirms that proposed

algorithm on this.



Chapter 5

Multi Objective Constrained

Optimization

This chapter presents the concept of Multi Objective Constrained Optimization
(MOCO). It also presents a detailed literature survey for solving MOCO problems
using Particle Swarm Optimization (PSO) and other competitive algorithms in-
cluding Swarm Intelligence (SI). The major challenges faced by PSO while solving
MOCO problems are also addressed in this chapter. The chapter is extended with
research contribution made in MOCO with a novel PSO variant. The novel PSO
variant namely Constrained Multiobjective Adaptive Accelerated Exploration Par-
ticle Swarm Optimizer (CMOAAEPSO) is developed for solving MOCO problems.
The algorithmic and implementation details of CMOAAEPSO is presented in de-
tails. The performance of the developed algorithm is illustrated in terms of Non
Pareto compliant performance indicators such as pareto front graphs, inverted
generational distance and convergence metrices while solving benchmark functions
and engineering design problems. The statistical significance of the algorithms are
also analyzed using Pareto compliant hypervolume indicator and nonparametric
Wilcoxon signed rank test test. These indicators are used for a performance com-
parison of CMOAAEPSO with state of the art. The chapter is concluded with

results and discussions.
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5.1 Introduction

Multiobjective Constrained Optimization (MOCO) is an important, difficult and
challenging topic in engineering and computation domain [137]. The MOCO
usually involves multiple (some times conflicting) objectives and associated con-
straints (often complex). The complex constraints together with conflicting ob-
jective increase the difficulty in optimization. The major challenging issues of the
MOCO problems is to handle multiple objectives and their associated constraints.
Mathematically the MOCO problems are the problems involving minimization
or maximization of multiple objective functions under given constraints such as
inequality, equality, upper and lower bound. The simplified mathematical repre-

sentation of MOCO problem is as follows

Find ? = (l’l,mg,...,l’D)
That optimizes f1(T), fo(T),..., fu(T)
subject to: ¢;(7)<0,i=1,2,...,q (5.1)

hi(Z)=0i=q+1,q+2,....m
Where l; <xz; <wu;,i=1,2,...,D

Where £ is the number of objectives to be optimized simultaneously, g;, and h;
are the inequality and equality constraints respectively. The values of [; and u; V
i € D are the lower and upper bounds defining the search space respectively, and
D is the dimension of the problem. The multiple objectives in MOCO usually
consist of conflicting objectives. In this case, a single solution does not describe
the optimal decision. Hence there can be a set of optimal solutions to the given
problem. The tradeoffs amongst them is defined in terms of Pareto optimality as

explained in Figure 4.1 of Chapter 4.

5.2 Literature Survey

Most of the real world optimization applications usually consist of multiple objec-
tives and associated constraints. Hence Multiobjective Constraint Optimization

(MOCQO) deals with solving a set of conflicting objectives function while satisfy-
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ing a set of constraints. Although different algorithms are available in literature
for solving multiobjective constraint optimization problems [138], there is still de-
mand for an efficient algorithm for solving MOCO problems. A detailed review
of different algorithms for solving MOCO problems can be found in [138]. There
are lots of algorithm available to solve the problems involving multiple objectives
and problems with constraints separately.

In 1997, Binh and Korn [139] proposed an algorithm called MultiObjective
Evolution Strategy for MOCO problems (MOES). This algorithm considers a de-
gree of violation of constraints for infeasible solutions and objective function vec-
tor to select the potential parents. The infeasible individuals were ranked based
on their degree of constraints violation. Jimenez et al. in 1998 proposed Con-
strained multiobjective optimization by an evolutionary algorithm [140]. In this
algorithm [140], nondominated sorting method was used to find Pareto-optimal
solution, the ranking selection and crowding factor model was used to maintain
diversity in the population. Kurpati et al. in 2002 suggested four constraint
handling improvements for Multi-Objective Genetic Algorithms (MOGA) [141].
These improvements were made in the fitness assignment stage of MOGA and
were all based upon a Constraint — First — Objective — Next model. In the first
strategy only objective function for whole population was evaluated and inferior
individuals were identified, the constraint function was evaluated only for inferior
individuals in the population. This reduces the computational cost involved in
evaluating constraints. In the second strategy, the amount of infeasibility was
taken into account while handling constraints and penalizes the infeasible indi-
viduals depending on average constraint violation. In the third strategy instead
of considering the amount of constraint violation into account, it considered the
number of violated constraints, and penalized the infeasible individuals depending
on the number of constraints that the individual violates. The fourth strategy was
essentially the combination of second and third. In 2003 Chafekar et al. proposed
two methods for solving MOCO problems using steady state GAs [142]. First
method was called objective exchange genetic algorithm for design optimization
(OEGADO). The OEGADO runs several GAs concurrently where each GA opti-
mizes one objective and exchanges information about its objective with the others.
The second method was called objective switching genetic algorithm for design op-
timization (OSGADO). The OSGADO optimize each objective sequentially with a

common population for all objectives. In 2004, Ji et al. presented a divided range
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multi-objective PSO for distributed computing [143]. Here symbiosis mechanism
was used for constrained handling. In symbiosis mechanism, the feasible particles
evolve towards the Pareto front and infeasible particles toward feasibility guided
by a non-feasibility function. Ji et al. [143], claimed that the Pareto fronts were
achieved but it was not supported with experimental results. The non-feasibility
function used to guide the infeasible particles was also not clear. Osman et al. in
2006 proposed an An iterative co-evolutionary algorithm (IT-CEMOP) for a mul-
tiobjective optimization problem with nonlinear constraints [144]. This algorithm
was based on the concept of co-evolution and repair algorithm for handling non-
linear constraints and maintains a finite-sized archive for nondominated solutions.
This algorithm also makes use of e-dominance and this has guaranteed convergence
and diversity. In 2007, Reddy et al. presented Elitist-Mutated Multi-Objective
Particle Swarm Optimization (EM-MOPSO) [145] based on Pareto dominance and
constraint dominance concept. The gbest particle was selected randomly from an
external repository, where all the non-dominated solutions were stored. The pbest
particle was determined by the Pareto-dominance concept. This approach how-
ever was well tested only on four MOCO problems and may well fail on other.
Since this approach uses the external repository concept, computation cost of the
algorithm increases while implementation [146]. Zhuhong Zhang [147] in 2007 de-
veloped Immune optimization algorithm for constrained nonlinear multiobjective
optimization problems. This algorithm was based on Pareto optimality and simple
interactive metaphors between antibody population and multiple antigens. The
algorithm in [147] devised two mechanisms; one for constraints and the other for
multiple objectives. This algorithm proved to do well on high dimensional com-
plex optimization problems with multiple constraints. In 2008, Singh et al. applied
Simulated Annealing (SA) on constrained multi-objective optimization problems
[148]. The algorithm [148] minimizes constraint violation by moving along ap-
proximate descent direction while operating on infeasible solutions. It maintains
an external archive for non-dominated solutions and the acceptance probability of
a new solution was determined by its feasibility status, and its domination status
as compared to the current solution and the solutions in the archive. Yonas et al.
in 2009 proposed constraint handling in multiobjective evolutionary optimization
[149]. In this algorithm adaptive penalty function and a distance measure was
used, here objective space was modified for better performance and less constraint

violation of an individual. The modified objective functions were used in nondom-
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inated sorting to facilitate the search of optimal solutions not only in the feasible
space but also in the infeasible regions. The search in the infeasible space was
designed to exploit those individuals with better objective values and lower con-
straint violations. The number of feasible individuals in the population was used to
guide the search process either towards finding more feasible solutions or in search
for Pareto optimal solutions. This method was simple to implement and does not
need any parameter tuning. In 2009 many algorithms were developed for solving
MOCO problems specially CEC 2009 problems found in [134]. Minzhong Liu at.
al. proposed Multi-Objective Evolutionary Algorithm with Domain Decomposi-
tion (DMOEA-DD) algorithm [150]. In this algorithm the domain decomposition
technique was used to divide the feasible domain of decision variables into several
sub domains. In each sub domain, the DMOEA was used to search the Pareto opti-
mal solutions and each sub domain exchanges the information by genetic operators.
Hai lin Liu and Xueqiang Li proposed multiobjective evolutionary algorithm based
on determined weight and sub-regional search [151]. This algorithm divides the
multiobjective optimization space into small regions and individuals in same region
operated with evolutionary operator. The information between the individuals of
other regions was exchanged through their offsprings and again re-divided into
regions. Kukkonen et al. proposed Generalized Differential Evolution 3 (GDE3)
for constrained multi-objective problems [152]. This algorithm implements three
different methods for diversity maintenance. The first methods was based on selec-
tion; weakly constraint-dominated previous solution solution was replaced with the
current solution. Here no nondominated sorting and external repository was used.
In the second methods the selection was based on crowdedness; current solution
replace the previous solution if it is feasible and non-dominating. With the third
method, the size of the population is reduced using non-dominated sorting and
crowding distance for diversity preservation. Zamuda et al. proposed Differential
Evolution with Self-adaptation and Local Search for Constrained Multiobjective
Optimization (DECMOSA-SQP)[153] which uses the self-adaptation mechanism
for solving MOCO problems. Tseng et al. proposed Multiple Trajectory Search
for Unconstrained/Constrained Multi-Objective (MTS) [154] Optimization, with
local search methods for solving MOCO problems. In the beginning of search
process, this algorithm [154] uses very large sized neighborhood, and size of neigh-
borhood decreases with iteration. Karthik Sindhya et al. proposed Local Search
Based Evolutionary Algorithm [155] for solving MOCO problems. This algorithm
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has used a clustering technique for searching better Pareto optimal solutions.
Chih-Ming et al. has enhanced MOEA/D[108] with Guided Mutation and Pri-
ority Update for solving MOCO problems [156]. This algorithm [156], uses a
guided mutation operator as a replacement for the differential evolution operator
found in MOEA/DJ[108], additionally it as used priority update for maintaining
uniformly distributed Pareto font. In 2010, Layak Ali et al. proposed Constrained
Multi Objective Adaptive and Accelerated Exploration Particle Swarm Optimizer
(CMOAAEPSO) [157] for handling MOCO problems. The CMOAAEPSO algo-
rithm [157] was an extension of AAEPSO [35] with the integration of a bounded
archive, crowding distance and pareto optimality for solving MOCO problems. In
this algorithm nondominated particles were separated from dominated and feasi-
ble particles from nonfeasible. The nondominated-feasible particles were desirable
and other set of particles were undesirable, Hence these particles were accelerated
in the direction of desired particles, the acceleration was similar to [35]. Hemant
Kumar et al. in 2010 developed Constrained Pareto Simulated Annealing (C-
PSA) [138] for constrained multi-objective optimization. Essentially C-PSA was
an extended version of [148], specifically considers constraints handling effectively.
However the standard versions of PSO, like other evolutionary algorithms, lack
an explicit mechanism to handle constraints that are often found in science and
engineering optimization problems. This necessitates the development of efficient

and robust optimization algorithms for solving MOCO problems.

5.3 Challenges in Multi Objective Constrained
Optimization

Most of the real world science and engineering design problems can be framed as
Multi Objective Constrained Optimization (MOCO). The presence of conflicting
objectives and complex nonlinear constraints poses challenges to the optimization

algorithms. The major challenges in solving MOCO problems are as follows.

1. MOCO problems have multiple objectives; some time these objectives could

be conflicting each other and hence make optimization difficult.

2. The multiple objectives are again associated with multiple constraints; these

constraints may cause the solution to diverge.
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3. The associated constraints may be linear and or nonlinear; this makes the

problem more complex.

4. Often the search space available for these kind of problems may be very
complex, and the the feasible (physically realizable) region in the search

space can be very small.

5. Due to the complex solution space the problems could be multimodal, and
the algorithms based on initial solution startup may fail and get stuck in

local optima.

6. PSO neither internally nor externally has the ability to handle either multiple

objectives or constraints.

7. PSO itself has the perennial problem of premature convergence especially

on multimodal problems.

5.4 Research Contribution

In MOCO, more than one conflicting objectives needs to be optimized simultane-
ously while satisfying a set of constraints. In single objective optimization using
PSO, a single gbest of the swarm directs all the particles to obtain global solution.
In the other way single gbest guides the particles to find global solution. In case
of multiobjective optimization (MO), the number of non dominated solutions are
more than one in the Pareto front. So each solution in the pareto front is a poten-
tial gbest solution of the problem. In the original PSO, gbest guides the swarm and
in some cases it fails to find global solution. In some situations, the solutions are
stuck in local optima in search of global minima. In subsequent generation, the
stuck particle will search around the local optima only. To solve this issue Sabat et
al. proposed an improved PSO variant, namely Adaptive Accelerated Exploration
PSO (AAEPSO) [35] for solving single objective optimization problems.

The successful and promising results of AAEPSO [35] is the major motivation
to apply it on MOCO problems. To solve MOCO problems, AAEPSO is extended
with the concept of Pareto optimality, bounded archive and particle probing to
solve MOCO problems. Thus Constrained Multiobjective Adaptive Accelerated
Exploration Particle Swarm Optimizer (CMOAAEPSO) for solving MOCO prob-

lems is developed. The diverged particles selection and acceleration is almost
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similar to AAEPSO [35] with MOCO requirements. Additionally particle probing

is incorporated and explained in section 5.4.2.

5.4.1 Constrained Multiobjective Adaptive Accelerated Ex-

ploration Particle Swarm Optimizer

The CMOAAEPSO separates the problem causing particles and forces them to-
wards the best possible solution. Since it deals with MOCO problems, the selection
of problem causing particles is a tricky issue. Based on constraint violations the
particles are categorized as either feasible (that satisfies all the given constraints)
or infeasible (that violates all or at least one constraints). Similarly based on
the principle of Pareto optimality, the particles are categorized as dominated and
nondominated. By combining above two principles, a particle may belong to
either of four categories a) Nondominated-Feasible, b) Dominnated-Feasible, c)
Nondominated-Infeasible and d) Dominated-Infeasible as shown in Figure 5.1.
As a fact, the Nondominated-Feasible particles possess the desired solution and
the particles that belong to either of the other three categories are treated as
undesired or diverged particles. Proposed algorithm presents a novel strategy to
identify the diverged particles and accelerate them towards the nondominated fea-
sible solution [35]. The detailed implementation steps for the proposed algorithm
is presented in Algorithm 5.4.1. The proposed algorithm is divided and explained
under the heading; selection, acceleration and exploration, particle probing, exter-
nal archive. The selection, adaptive acceleration and exploration steps are almost
similar to the MOAAEPSO algorithm as discussed in Chapter 4 with the differ-
ence of diverged particle selection and acceleration. Here the diverged particles are
selected based on the feasibility and dominance of the particles. The nonfeasible
dominant, feasible dominant and nonfeasible nondominant particles are termed as
diverged particles. These diverged particles are then accelerated towards feasible

nondominated solution. This process is best be explained with help of Figure 5.2.
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Feasible

Figure 5.1: Diagram illustrating MOCO Solution Space

Figure 5.2 shows the Nondominated — Feasible, Nondominated — Infeasible,
Dominated — Feasible and Dominated — Infeasible solutions (particles); the light
blue circle shows Nondominated — Infeasible, Dominated — Feasible and Domi-
nated — Infeasible solutions and they are called as diverged. Few among them
are selected for further acceleration, one solution from Nondominated — Infeasible
and Dominated — Feasible are selected for acceleration. Two solutions are selected
from Dominated — Infeasible group for acceleration. The few selected solutions
are forced to come closer and search for the better solution nearby nondominated

— feasible.

5.4.2 Particle probing

Particle probing concept is an extension of acceleration and exploration of search
range around elite particle found in [35] to all pbest particles. In accelerated and

exploration [35]; the search range is restricted to only around the elite particle.
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Figure 5.2: CMOAAEPSO Acceleration process

As far as the unconstrained single objective is concerned the single best solution
is expected and hence a single elite particle exists, but when solving constrained
multiobjective problems, there will be multiple solutions and all will be equally
good. The acceleration and exploration of the region around single elite particle
found in [35] is extended to the multiple solutions. The best solutions in the history
of PSO iterations will be in the form of pbest particles. Thus to solve constrained
multiobjective problems the diverged particles are accelerated towards the multiple
nondominated-feasible solution spaces (the pbest). The random number of selected
diverged particles are accelerated towards respective pbest particles. This gives
more freedom to search the solution space in a controlled manner. The process of
particle probing is best explained with the help of Figure 5.3. In Figure 5.3, the
red circles represents all the pbest particles; the three big circles denote the search
range around the pbest. The black circle inside the big circle denotes the probable
solution that are generated. The yellow circle at the bottom of the Figure 5.3
denote the best of the pbest solution after contention period. The pbest particles
(red circles) are selected and the random solutions are generated (black circle) as
per patch size (big circle) around the pbest. These new solutions are evaluated for
their fitness and the best among them are selected (yellow circles). To preserve
the population the number of newly generated particles (yellow circles) will be

same as initially selected diverged particles (red circles).
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Figure 5.3: Particle probing for AAEPSO

5.4.3 External Archive

While solving constrained multiobjective problems multiple solutions are gener-
ated and hence the size of internal archive (in the form of pbest) is not sufficient to
store all these solutions and hence an external archive is maintained. The external
archive preserves the pareto optimal solutions that are produced during due course
of the search. We have used bounded archive to preserve the good solutions and
the size of archive is same as that of population. Initially, the archive is empty
and as the generation progresses, good (nondominated-feasible) solutions enter
the archive. The good solutions obtained in each generation are compared one by
one with the solutions in the current archive. The archive is updated with fol-
lowing four strategies. (1) If the current solution does not dominate the members
of archive, the new solution is rejected. (2) If the current solution dominates the
members of the archive, then new solution enters the archive. (3) If the archive
exceeds maximum predefined size then, the dominated members are reject. (4) If
the archive size exceeds the predefined limit (here size of the archive is same as the
population size) then crowding distance is used to eliminate the less dominated

members from the archive.
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5.4.4 Implementation details of CMOAAEPSO Algorithm

Algorithm 5.4.1 shows all the necessary steps for practical implementation of
CMOAAEPSO algorithm. The implementation steps of CMOAAEPSO are al-
most similar to MOAAEPSO with particle probing and feasibility of solution as
an added component. The process of diverged particles selection and adaptive
acceleration exploration is similar to MOAAEPSO. In Algorithm 5.4.1 the pop-
ulation of size NP is initialized in the search space. The fitness value of whole

population is evaluated and the current position is set as the pbest and best

Algorithm 5.4.1 Pseudo code of CMOAAEPSO

Initialization

Initialize the swarm of size NP:

Initialize position ' X’ and velocity 'V’

randomly in the search range (Xmaz, Xmin)-
Initialize Selection (Sy) and Acceleration Exploration (AEy) factor as in [35] .
Evaluate the fitness values of all particles.
Set the current position as pbest and the particle with the best position as gbest.
Initialize the bounded Archive to the size of population
Optimize
for t < 1, Maxgen do
wt, ctl, cg = Wmaz — (Wmaz — Wmin)/Maxgen) xt Where wmaz = 0.9, Wyin = 0.2
Decrease AEy exponentially as per equation ( 2.13)
Update velocity (equation 2.2) and position (equation 2.3)
Evaluate fitness and constraints violations for each particle.
Find the Feasible solutions.
Find the Pareto-optimal of feasible solutions.
Update pbest: If current fitness dominates the previous then set current position as pbest else retain pbest.
Update gbest: If best of all the current pbest dominates the previous gbest then set best pbest as gbest else
retain gbest.
Check the dominating status of new solution (X) with the solutions in the archive.
if X dominates any member of Archive then
Delete the dominated member and insert X in the Archive
else if X is neither dominated by the members of Archive or the members by X then
Insert X in the Archive
else if X is dominated by the members of Archive then
reject X
end if
if Size of Archive exceeds maximum size then
use crowding distance to eliminate less dominated particles.
end if
Apply Algorithm 2.5.2 to diverged particles.
end for t
continue optimizing until stopping criteria or exceeding maximum iteration
Report results

Terminate

feasible nondominated particle is set as gbest. The selection factor Sy is initial-

ized, this factor is responsible for selecting the diverged particles. The acceleration
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factor AE; is decreased exponentially with iterations. Velocity and position of all
the particles are evaluated as per equations ( 2.2) and ( 2.3) respectively. The
fitness of the new solution is evaluated based on the updated position. Based
on the dominance and feasibility of solution the pbest and gbest are updated. If
current fitness dominates the previous then the current position is set as pbest
else the previous pbest is retained. Similarly if the best of all the current pbest
dominates the previous gbest then best pbest is set as gbest else previous gbest
is retained. CMOAAEPSO also implements bounded external archive for storing
feasible nondominated solutions. The archive is updated as as explained in section
5.4.3.

5.5 Simulation

The simulations were carried out in Windows XP Operating System, on Pentium
IV 2.6GHz with 512MB of RAM. The coding is done in Matlab 7.2 programming
language. The population size and the maximum iterations considered for all the
algorithms are 100 and 1000 respectively. The population is initialized in the
search range [Xmin, Ximaz]- Xmaz and X, are the maximum and minimum value
in search range. The velocity is initialized with 20 percent of the search range i.e.,
Vinaz = 0.20 % (X402 — Xmin)- The results obtained are the average of 25 trials.
The performance of the proposed algorithm is compared on standard benchmark
functions CF1 to CF10 from CEC 2009 [158] and numerical functions chosen from
(159, 144]. These functions have different characteristics in terms of convexity,
discontinuity and non uniformity in objective and constrained functions. The
detailed definition and characteristics of these functions are given in Appendix D.

Further the effectiveness of algorithm is validated on four engineering design
problems [159, 144]; a) Welded beam design problem [159], b) Two-bar truss
design problem [159], c¢) Speed reducer design problem [144] and d) Gear train
design problem [159]. The discussion is extended with the comparison of proposed
CMOAAEPSO algorithm with the current state of art [153, 154, 155, 156, 138,
151, 150, 152].

Two different set of performance metrics such as I) Conventional metrices; that
includes a) Inverted Generational Distance (IGD) [158], b) Convergence Metric
(CM) [107], ¢) Robustness and d) Pareto fronts and II) Statistical metrices; that

include Hypervolume indicator followed by Wilcoxon signed rank test. Conven-
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tional metrices are under the category of non Pareto compliant where as statistical

metrices are under the category of Pareto compliant.

5.5.1 Performance metrices

For measuring the performance of constrained multiobjective optimization algo-
rithms, two sets of performance assessment metrices are used: one is Non Pareto
compliant and other is Pareto compliant. The most commonly used Non Pareto
compliant metrices include Pareto front graphs, inverted generational distance
and convergence metrics [107]. The Pareto compliant indicator such as Hyper-
volume indicator is used. Further the comparisons are done with nonparametric
test namely Wilcoxon signed rank test. The details of these metrices are defined
in Chapter 4 and the brief descriptions of these metrices are presented in below
subsections. Non Pareto compliant metrices are described under common name

as conventional metrices and Pareto compliant metrices as statistical metrices..

5.5.1.1 Conventional metrices

The most commonly used conventional performance metrices often called Non
Pareto compliant metrices are discussed here.

Inverted Generational Distance Metric (IGD:) IGD [107] is used to
estimate the closeness of elements in approximated Pareto front with respect to the
elements of true Pareto front. A smaller IGD value indicates better performance.
The detailed definition is given in Chapter 4.

Convergence Metric (CM): CM [107] measures the extent of convergence
of Pareto solutions to the known optimal Pareto front. A smaller value of CM
denotes a better convergence performance. The detailed definition is given in
Chapter 4.

Pareto front graphs: Pareto front graphs are pictorial way of analyzing how

well the algorithms obtain Pareto optimal solutions. Explained in Chapter 4.

5.5.1.2 Statistical metrices

Following are the two performance metrices used for statistical comparisons. Hy-
pervolume indicator is a performance measure under the category of Pareto com-
pliance and Wilcoxon signed rank test falls under the category of nonparametric

statistical test.
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Hypervolume Indicator (/y): Hypervolume indicator is one of the indica-
tor based approaches for performance assessment of multiobjective optimization
algorithms [135]. In this work hypervolume indicator is evaluated using the tool
[136]. Detailed definition of Hypervolume Indicator is given in Chapter 4.

Wilcoxon signed rank test: Pairwise comparisons are the simplest kind of
statistical tests that a researcher can apply within the framework of an experimen-
tal study. Such tests are directed to compare the performance of two algorithms
when applied to a common set of problems. Wilcoxon’s test is one test for this
kind of a pair test. Wilcoxon’s signed rank test is a nonparametric test that
compares two paired groups. This test compares two matched groups, without
assuming that the distribution of the before-after differences follows a Gaussian
distribution. Essentially it compares the median of a column of numbers against

a hypothetical median [41].

5.6 Results and Discussions

The performance of proposed CMOAAEPSO algorithm is compared with present
state of art algorithms on functions CF1 to CF10 [134] and functions chosen
from [159, 144]. Further algorithms are validated on engineering design problems
[159, 144]. The results are discussed separately for numerical benchmark functions

and engineering design problems.

5.6.1 Numerical benchmark functions

Comprehensive analysis of proposed algorithm with the state of the art is carried

out on numerical benchmark functions with different metrices separately as follows.

5.6.1.1 Pareto front graphs

The Pareto fronts obtained by CMOAAEPSO are presented from Figure 5.4 to
Figure 5.5. Figure 5.4 show the Pareto fronts obtained by proposed CMOAAEPSO
algorithm on 5 benchmark functions CF1 to CF5. And Figure 5.4 show the Pareto
fronts obtained by proposed CMOAAEPSO algorithm on 5 benchmark functions
CF6 to CF10. From Figure 5.4 and Figure 5.5 it is evident that the proposed
algorithm gives good front on functions CF1, CF2, CF6 and CF8, where as it
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gives competitive fronts with respect to true front on functions except CF3, CF5
and CF7.
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Figure 5.4: Pareto fronts on CF1 to CF5 by CMOAAEPSO
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5.6.1.2 Average numerical results

The detailed results obtained by CMOAAEPSO on benchmark function chosen
from CEC 2009 are presented in Table 5.1 and Table 5.2. The Table 5.1
presents complete statistical results (mean, best, worst and standard deviation)
of IGD values obtained by CMOAAEPSO and similarly Table 5.2 presents con-
vergence metrics. Both of these tables reveal the efficiency and effectiveness of
the proposed algorithm. The proposed algorithm also shows its appreciable sta-
bility as is evident from the Tables 5.1 and 5.2. The comprehensive analysis of
CMOAAEPSO on numerical benchmark functions with present state-of-the art are
presented in Table 5.3. The results of algorithms used for comparison are taken
from their respective literature [153, 154, 155, 156, 138, 151, 150, 152]. From the
results presented in Table 5.3 it is evident that the CMOAAEPSO algorithm
meets or beats most of the other competitor algorithms. The CMOAAEPSO
ranks third on CF1 beating all presented algorithm except [151] and [138]. On
CF2 CMOAAEPSO achieves 6™ rank and shows better result compared to [154],
[138] and [153], similarly on CF3 it shows better result compared to [155], [156]
and [153]. CMOAAEPSO ranks 4 on CF4 and is better than all except [154],
[152] and [150]. On CF5 CMOAAEPSO shows a poorer rank (8*) and shows
better results only with [156].

Table 5.1: Average IGD values obtained on (CF1 to CF10)

Function mean std best worst

CF1 5.0817e-3 | 1.3204e-3 | 1.0559e-3 | 1.2887e-2
CF2 2.5834e-2 | 2.6217e-2 | 1.0105e-2 | 1.2015e-1
CF3 2.0869e-1 | 3.0248e-1 | 9.0680e-3 | 7.8984e-1
CF4 1.3049e-2 | 6.3370e-3 | 8.1638e-3 | 1.0379e-1
CF5 5.1238e-1 | 1.1501e-1 | 2.6996e-1 | 7.4508e-1
CF6 3.7513e-2 | 3.9970e-3 | 1.3111e-2 | 4.6228e-2
CFE7 2.3216e-1 | 2.0389¢-1 | 1.1003e-1 | 6.1970e-1
CF8 1.0521e-1 | 1.5672e-2 | 9.6538e-2 | 1.4982e-1
CF9 1.0201e-1 | 1.4273e-2 | 6.1348e-2 | 1.6336e-1
CF10 3.8588e-1 | 6.5988e-2 | 1.0458e-1 | 8.1108e-1
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The 5 rank on CF6 shows CMOAAEPSO is better than [138], [152], [153] and
[156]. The 6 rank on CF7 shows CMOAAEPSO is better than [155], [153]
and [156]. CMOAAEPSO shows comparatively good performance on CF8 and
ranks third along with [150], [151] and next to [151], [154] on CF9. Finally
CMOAAEPSO ranks 6 on CF10 and is better than [152], [153] and [138].

Table 5.2: Average Convergence Metric values on (CF1 to CF10)

Function mean std best worst

CF1 1.0817e-2 | 1.3204e-3 | 8.8559e-3 | 1.2887e-2
CF2 5.5834e-2 | 2.6217e-2 | 3.1095e-2 | 1.2015e-1
CF3 2.9869e-1 | 3.0248e-1 | 7.9680e-2 | 7.8984e-1
CF4 9.0049e-2 | 6.3370e-3 | 8.0638e-2 | 1.0379e-1
CF5 6.1238e-1 | 1.1501e-1 | 3.6996e-1 | 7.4508e-1
CF6 3.7513e-2 | 3.9970e-3 | 3.3111e-2 | 4.6228e-2
CF7 4.3416e-1 | 2.0389¢e-1 | 1.3003e-1 | 6.1970e-1
CF8 1.1521e-1 | 1.5672e-2 | 9.6538e-2 | 1.4982e-1
CF9 1.3201e-1 | 1.4273e-2 | 1.1348e-1 | 1.6336e-1
CF10 6.8588e-1 | 6.5988e-2 | 6.5458e-1 | 8.1108e-1

5.6.1.3 Statistical metrices

The statistical significance of the algorithms are analyzed using hypervolume indi-
cator followed by Wilcoxon comparison test. Table 5.4 presents the hypervolume
indicator for all the numerical benchmark functions considered above and Table
5.5 presents the Wilcoxon matched-pairs signed rank test on hypervolume indi-
cator. Table 5.4 presents the Hypervolume data on approximation Pareto fronts
obtained by CMOAAEPSO and True pareto fronts. The Table 5.5 shows the
results after Wilcoxon matched-pairs signed rank test on hypervolume data in
Table 5.4. Since the difference between the medians of approximated pareto
front obtained by CMOAAEPSO and True pareto front is not significant, hence
it can be concluded that the results obtained by CMOAAEPSO are valid and the

explanation made using conventional metrices holds good.
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Table 5.4: Hypervolume indicator
Funtion | TRUE | CMOAAEPSO

CF1 0.47317 0.48087
CF2 0.61297 0.57419
CF3 0.27198 0.26765
CF4 0.45436 0.35911

CF5 0.45226 0.1378
CF6 0.64354 0.69081
CF7 0.6405 0.10553

CF8 0.42678 0.95701
CF9 0.45002 0.86734
CF10 0.448 0

Table 5.5: Wilcoxon matched-pairs signed rank test

Source Results

P value 0.6250

P value summary ns

Are medians signif. different? (P < 0.05) No
Sum of positive, negative ranks 33.00 , -22.00
Sum of signed ranks (W) 11.00
Was the pairing significantly effective? No

5.6.2 Engineering design problems

The effectiveness of proposed CMOAAEPSO [157] algorithm is further validated
on four engineering design problems chosen from [159, 144]. The engineering
design problems are; a) Welded beam design problem [159], b) Two-bar truss
design problem [159], ¢) Speed reducer design problem [144] and d) Gear train
design [159]. The Pareto front graphs obtained by CMOAAEPSO on numerical
functions BHN, OSY and SRK chosen from [159, 144] are presented in Figure 5.6.

Similarly Pareto fronts on the engineering design problems chosen from [159, 144]
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are presented from Figure 5.7 to Figure 5.10. The numerical results obtained
by the CMOAAEPSO on the engineering design problems are presented from
Table 5.6 to Table 5.9. Since these engineering design problems are MOCO
problems, they are characterized by multiple solutions and all the solutions are
equally important. Presenting all the possible numerical values of these problems
is difficult and hence only extreme values are reported. The extreme values are,
where one functions attains the maximum and other the minimum and vice versa.

The solutions pertaining to these extreme objective values are also reported.

5.6.2.1 Pareto front

Pareto fronts obtained by CMOAAEPSO on BHN, OSY, SRK Figure 5.6. From
Figure 5.6 it can be clearly concluded that proposed algorithm obtains excellent

Pareto fronts.
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Figure 5.6: Pareto fronts on BNH, SRN and OSY
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5.6.2.2 Welded beam design problem:

The objective of the welded beam design is to minimize the cost of fabrication
and the end deflection [159]. The desired parameters are thickness of the beam
(b), width of the beam (t), length of weld (1), and weld thickness (h) for which
the cost of the beam and the deflection at the open end are minimum. The values
are tabulated in Table 5.6. For minimum cost of (3.80711749689925), the set
of parameter obtained are (h,l;t,b)=(0.801013, 7.009815, 0.09031,0.09100). For
this minimum cost, the deflection is found to be 0.00795636796864. Similarly the
minimum deflection of 4.447337842544898e-4 is obtained by the set of parameter
(h,1,t,b)=(4.93598660079272, 10.0000, 0.1250, 0.1000). For this minimum deflec-
tion the cost is found to be 33.54406293268443. This is evident from Figure 5.7.

Table 5.6: Parameter values obtained on Welded beam design

Parameters Values cost deflection
(h,L,t,b) (0.801013, 7.009815, 0.09031,0.09100) (3.80711749689925) 0.00795636796864
(h,1,t,b) (4.93598660079272, 10.0000, 0.1250, 0.1000) 33.54406293268443 4.447337842544898e-4
0.01 ‘ ‘ ‘
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0.008}
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Figure 5.7: Pareto front on Welded beam design
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5.6.2.3 Two-bar truss design problem:

This problem is aimed at designing the truss for minimum volume (minimum cost
of fabrication) and minimizing stresses [159]. The values are tabulated in Table
5.7.

The minimum volume of (0.00312823966649) is obtained with inter bar dis-
tances (di,ds,ds) being (0.00065884461377, 0.000100, 1.88908672578715). With
this set of parameters the stress in the bars is 9.051737919401531e+5. Similarly the
minimum stress obtained with inter bar distances (0.00395438056030, 0.0100000,
3.000000) is (8.432740427115679¢+3). With this stress the volume obtained is
0.05139467940320. This is evident from Figure 5.8.

Table 5.7: Parameter values obtained on Two-bar truss design

Parameters Values stress volume
(d1,d2,d3) (0.00065884461377, 0.000100, 1.88908672578715) | 9.051737919401531e+5 | 0.00312823966649
(d1,d2,ds3) (0.00395438056030, 0.0100000, 3.000000) 8.432740427115679e+3 | 0.05139467940320
4
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Figure 5.8: Pareto front on T'wo-bar truss design
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5.6.2.4 Speed reducer design problem:

The objective of speed reducer design problem is to find the minimum volume
of a gear box (the weight) and minimize the stress in gear shafts [144]. There
are seven design variables x;=Width of the gear face (cm), xo=Teeth module
(cm), zg=Number of pinion teeth (Integer), z4=Shaft 1 length between bearings
(cm), zs=Shaft 2 length between bearings (cm), xg=Diameter of shaft 1 (cm)
and z7;= Diameter of shaft 2 (cm). The values are tabulated in Table 5.8. The
minimum gear box volume of (2.3524e+3) is obtained with design parameters
(21, T2, T3, 4, T5, g, 7)=(2.6000, 0.7000, 17.0000, 7.3000, 7.3000, 2.9000, 5.0000).
With this set of parameters the stress in gear shafts is obtained 1.6960e-+3.
Similarly the minimum stress in gear shafts obtained (694.2336) with the de-
sign parameters to be (z1, xq, 3, T4, x5, Tg, z7)= (2.6000, 0.8000, 28.0000, 7.3000,
7.3000, 3.9000, 5.0000). With these parameters the gear box volume obtained is
5.3567e+3. This is evident from Figure 5.9.

Table 5.8: Parameter values obtained for Speed reducer design

Parameters Values stress volume (the weight)
(z1,...,27) | (2.6000, 0.7000, 17.0000, 7.3000, 7.3000, 2.9000, 5.0000) | 1.6960e+3 2.3524e+3
(z1,..., z7) | (2.6000, 0.8000, 28.0000, 7.3000, 7.3000, 3.9000, 5.0000) 694.2336 5.3567e+3
1800 w ‘ :
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Figure 5.9: Pareto front on Speed reducer design
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5.6.2.5 Gear train design:

The objective of the gear train design is to find the number of teeth in each of
the four gears so as to minimize (i) the error between the obtained gear ratio
and a required gear ratio of 1/6.931 and (ii) the maximum size of any of the
four gears [159]. The values are tabulated in Table 5.9. This problem has four
variables and they are number of teeth (t1,%s,%3,%4). Since the number of teeth
must be integral the four variables are considered as integers. The minimum error
obtained with design parameters (12, 12, 31, 31) is 3.096463758747167e-5. With
these parameters the maximum size of four gears is 31. Similarly the maximum
size of four gears of 12 is obtained with design parameters of (12, 12, 12, 12) and
the error is 0.73225787401136. The solution of this may be in range as depicted
from the Figure 5.10.

Table 5.9: Parameter values obtained on Gear train design

Parameters Values error maximum size
(t1,-.., ta) (12, 12, 31, 31) | 3.096463758747167e-5 31
(t1,y- .., ta) (12, 12, 12, 12) 0.73225787401136 12
35 , : :
Grear Train e CMOAAEPSO

10 ‘ ‘ ‘
0 0.2 0.4 0.6 0.8
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Figure 5.10: Pareto front on Gear train design
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5.7 Conclusions

This chapter introduced the concept of Multi Objective Constrained Optimiza-
tion (MOCO) along with a detailed literature survey. This chapter presented
the challenges that PSO faces in handling multiple objectives and their associ-
ated constraints in detail. To address the problem of premature convergence and
poor quality solution in PSO while solving multiple (often conflicting) objectives
and constraints, the Constrained Multiobjective Adaptive Accelerated Exploration
Particle Swarm Optimizer (CMOAAEPSO) was proposed. CMOAAEPSO divides
the solution space in to four regions; a) Nondominated-Feasible, b) Dominnated-
Feasible, ¢) Nondominated-Infeasible and d) Dominated-Infeasible. Among these
four, only Nondominated-Feasible solution is the desired set and the others are
undesired. The particles that belong to the undesired solution space were termed
as diverged particles and special care was taken. CMOAAEPSO then accelerated
these particles under the guidance of the desired solution (feasible-nondominated
solution). Essentially these particles were forced to leave their current position
and search the solution space around desired solution. In CMOAAEPSO the ac-
celeration of diverged particles towards global solution was also done adaptively.
The size of the search patch was more in the beginning of search process and
it decreases exponentially with the iteration. This strategy in particular helps
more exploration of search space around global solution in the beginning and
more exploitation as search process proceeds. Further CMOAAEPSO has intro-
duced particles probing concept. The particle probing concept was an extension of
AAEPSO with single elite particles to all the feasible-nondominated particles. The
comprehensive analysis of the developed algorithm was carried out on set of com-
plex numerical benchmark and engineering design problems with the present state
of the art. The analysis was carried out using conventional metrices (igd, conver-
gence metrics and robustness), statistical (hypervolume and Wilcoxon tests) and
graphical measures with the help of pareto fronts. The CMOAAEPSO has shown
competitive performance comparable to the state of art on numerical benchmark

problems and superior performance on engineering design problems.



Chapter 6

Particle Swarm Optimization

Universal Solver

This chapter presents a user friendly Graphical User Interface (GUI) for solv-
ing optimization problems called Particle Swarm Optimization Universal Solver
(PSOUS). The detailed literature survey on different GUI tools are presented. It
also presents different optimization domains in brief. This chapter further dis-
cusses the developed algorithms in brief that are integrated together in PSOUS.
The detailed architecture of PSOUS and different options available in PSOUS are
discussed. The chapter is concluded with remarks on PSOUS.

6.1 Introduction

Particles Swarm Optimization (PSO) is a population based stochastic optimiza-
tion algorithm, that simulates food foraging behavior of a swarm. PSO is highly
effective for solving optimization problems, writing a computer program for im-
plementing the PSO algorithms as per users need requires certain programming
expertise along with considerable amount of time and effort. Since this task can
be tedious and time consuming, the use of a PSO toolbox is more advantageous.
There are toolboxes that are often developed for a specific problem [161] or for
a specific optimization domain, but there is no single generic tool that can solve
all the four types of optimization problem. Here the universal PSO solver tool
is presented that encompasses all the domains of the optimization. There are

mainly four types of optimization domains; they are unconstrained single objec-
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tive, unconstrained multi objective, constrained single objective and constrained
multi objective. Since the work has been carried out on all the possible domains
of the optimization and has reported good algorithms in every domain, this has
motivated us to develop an universal PSO tool, namely Particle Swarm Optimizer
Universal Solver (PSOUS). All the reported algorithms are integrated in this solver
to solve any kind of optimization problem. PSOUS is an interactive, graphically
oriented and has all the attributes to be user friendly, developed in MATLAB

environment.

6.2 Literature Survey

There are different optimization tools presented in literature. In 1999, Ulungu
et al. [162] presented a tool called MOSA (MultiObjective Simulated Anneal-
ing) for solving multiobjective combinatorial optimization problems. This tool
[162] is not modular and contains limited functionalities. In 2000 Erin Maneri
and Wodek Gawronski developed a Graphical User Interface (GUI) to design Lin-
ear Quadratic Gaussian (LQG) [161] controllers applicable to antennas and radio
telescopes. LQG algorithm has been used to control beam wave-guide and small
antennas. The GUI in [161], was developed to simplify the design process and
has user-friendly interface. In 2001, Tan et al. [163] developed an interactive
graphical user interface (GUI) based on multiobjective evolutionary algorithm for
computer-aided multiobjective optimization. This tool has used the concept of
Pareto optimality for nondominated solutions distributing along the tradeoffs uni-
formly. It has features like goal and priority settings for better decision-making in
multiobjective optimization, dynamic population size, settings for constraint han-
dling, multiple goals specification for logical operation, adaptive niching scheme
for uniform population distribution. In 2002, Luisa et al. proposed a generative
and goal-oriented design tool [164]. The tool focuses on the aspects related to
the environmental performance of buildings. It used Genetic Algorithms (GAs)
as search procedure to look for optimized design solutions in terms of thermal
and lighting performance in a building. It also helps in design problems like the
choice of construction materials, design of shading elements, sizing of lighting and
mechanical systems for buildings. In 2003, Johannes et al. proposed a Software
Pipeline Optimization Tool (SPOT) [165]. The SPOT was based on visualiza-

tion of the scheduled assembly code by a two-dimensional interactive schedule
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editor. This has been equipped with feedback mechanisms of data dependencies
and resource allocation conflicts. In 2004, Bartz et al. [166] developed a software
package for development, analysis and application of multiobjective evolutionary
algorithms and called as kit for evolutionary algorithms (KEA). The KEA tool
[166] was written in Java and offers an object-oriented design to evaluate multi-
objective fitness functions and display the progress of optimization in a dynamic
display or results of optimization in a static visualization mode. In 2005, Deb and
Chaudhuri [167] suggested an interactive procedure called an Interactive Evolu-
tionary Multi-objective Optimization tool (I-EMO) which provides selecting one
solution from the front and it helps to focus to on a single preferred solution. The
[-EMO incorporated a decision-maker in the evolutionary optimization process
and it provides a single solution at the end. In 2006, Hakanen et al. developed
a tool [168], for chemical process that combines the rigorous process calculations
of the BALAS process simulator and the interactive multiobjective optimization
method NIMBUS. With this design tool, the designer can consider several con-
flicting performance criteria simultaneously. The interactive nature of this tool
allows the designer to learn about the behavior of the problem. This tool [168]
was validated on two applications viz. paper making and power plants. In 2007,
Kollat and Reed [169] developed Visually Interactive Decision-making and design
using Evolutionary multiobjective Optimization (VIDEO). In VIDEO users can
navigate visually over large multiobjective solution sets and identify one or more
optimal designs. This was demonstrated for a long-term groundwater monitoring
(LTM) application. In 2008, the Genetic and Evolutionary Algorithm Toolbox
(GEATbx) [170] was developed by Pohlheim. This tool was developed in Mat-
lab and provided global optimization capabilities. It solves problems that are
multimodal, discontinuous, stochastic, nonlinear and nondifferentiable. In 2009,
Tahir et al. proposed a tool for multiobjective evolutionary algorithms [171]. The
software tool in [171] was written in C'# and gives the facility for the develop-
ment, analysis and application of multiobjective evolutionary algorithms. It has
features like visualizing of the progress and the results of optimization in a dy-
namic or static mode. This has been developed and well tested for multiobjective
benchmark problems and two engineering design problems. In 2010, Boschetti et
al. developed a tool for management decisions on ecological problems [172]. This
method allows the goal of the management strategies as a result of the interaction

between the user and the model, rather than being defined a priori.
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6.3 Optimization domains

There are mainly four types of optimization domains; they are unconstrained
single objective, unconstrained multi objective, constrained single objective and
constrained multi objective. Most of the real world optimization problems can
be converted into any of these domains. The simplified and generic mathematical

representation is

Find @ = (x1,%,...,2p)
That optimizes f1(T), fo(T),..., fo(T)
subject to: ¢i(7)<0,i=1,2,...,q (6.1)

hi(Z)=0,i=q+1,q+2,....m
Where I; < x; <wu;,i=1,2,...,D

Where 7 is the solution, k is the number of objectives that are to be simultane-
ously optimized, g;, and h; are the inequality and equality constraints respectively.
D is the dimension of the problem, [; and u; are the lower and upper bounds V
1 € D of the search space. In unconstrained single objective optimization there
will be only one objective (k = 1) and no constraints (¢ = m = 0) and in case of
constrained single objective (k = 1) optimization there will be constraints (¢ > 0
or m > 0) along with single objective. Similarly in unconstrained multi objective
there will more than one objective (k > 1) for optimization without any constraints
(¢ = m = 0) and in case of constrained multi objective there will be constraints

(¢ > 0 or m > 0) along with multiple objectives (k > 1) for optimization.

6.4 Particle Swarm Optimizer Universal Solver

The Particle Swarm Optimizer Universal Solver (PSOUS) is a software tool that
possesses the essential attributes of being interactive and graphically oriented,
developed in MATLAB. Particle Swarm Optimizer (PSO) is highly effective at
solving optimization problems, but writing a computer program for implementing
the PSO algorithms as per the user’s need requires certain programming expertise

along with considerable amount of time and effort. Since this task of implemen-
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tation can be tedious and time consuming, the use of a PSO toolbox is more
advantageous. There are toolboxes that are often developed for specific problem
[161] or for specific type of optimization domain, but there is no single generic tool
that can solve any of the four type of optimization problem. Here the universal
PSO solver tool namely Particle Swarm Optimizer Universal Solver (PSOUS) is
presented. It encompasses all the four domains of the optimization. The research
work was carried out on all the said four optimization domains and reported the
best performing algorithms in each of the domain. In unconstrained single objec-
tive optimization an Adaptive Accelerated Exploration Particle Swarm Optimizer
(AAEPSO) was developed. The AAEPSO essentially identifies the particles re-
sponsible for premature convergence and accelerate them towards global solution.
In constrained single objective optimization domain the Stochastic Ranking Par-
ticle Swarm Optimization (SRPSO) was developed. SRPSO is an integration of
well known Stochastic Ranking along with AEPSO for handling constraints. Simi-
larly Multi objective Adaptive Accelerated Exploration Particle Swarm Optimizer
(MOAAEPSO) was developed for unconstrained multi objective optimization.
MOAAEPSO also an extended version of AAEPSO was developed for optimiz-
ing multiple objective to generate Pareto optimal solution. Further AAEPSO was

extended to handle constrained multi objective optimization problems and hence
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reported Constrained Multi objective Adaptive Accelerated Exploration Particle
Swarm Optimizer (CMOAAEPSO).

6.4.1 Architecture of PSOUS

The detailed architecture PSOUS is shown in Figure 6.1. PSOUS architecture
shows the interconnections of inputs, algorithms and outputs. The input subsec-
tion of PSOUS architecture consists of 1) Objective, 2) Problems specific, 3) PSO
specific and 4) Optima or front. The Objective input subsection of PSOUS gives
the facility of specifying a type of problem. The type of problem may belong to
either of four above mentioned optimization domain. The Problem specific sub-
section of POSUS accepts the problem related details like fitness function written
in matlab, search range of the problem and number of objective. The PSO spe-
cific subsection accepts the PSO algorithmic related parameters like population
size and maximum number of generations. Similarly Optima or front subsec-
tion of PSOUS accepts the known optima (single objective optimization) or true
Pareto front (multi objective optimization) incase of standard benchmark prob-
lems. While solving problem of unknown optima or front, this should be left blank.
The output subsection of PSOUS provides the output depending upon the type of
the problem. The visual outputs are provided in two different format; 1) numerical
and 2) graphical. The numerical results are problem dependant, for unconstrained
and constrained single objective optimization the outputs are, optima achieved by
the algorithm and solution to the problem. In case of known benchmark func-
tions an error (absolute difference of known and achieved optima) will also be
displayed. Similarly for unconstrained and constrained multi objective optimiza-
tion the numerical outputs are, inverted generational distance, spacing, diversity
and convergence metrics. The graphical output is also problem dependant, for
unconstrained and constrained single objective optimization, it is an error graph
(in case of standard benchmark functions) or fitness convergence graph (in case
of normal function). Similarly for unconstrained and constrained multi objective
optimization the graph is pareto front. The heart of the PSOUS is the algorithm
integration with input and output subsection through GUI. This subsection con-
sists of algorithms for specific type of optimization. Depending upon the type of
the problem, a specific algorithm is made active; for unconstrained single objective

optimization an AAEPSO is invoked, for unconstrained multi objective optimiza-
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tion MOAAEPSO is invoked, for constrained single objective optimization SRPSO
is invoked and for constrained multi objective optimization CMOAAEPSO is in-
voked.

J Particle Swarm Optimization Tool  { University of Hyderabad )

<Select Problem Type> [

Figure 6.2: PSOUS Tool options

6.4.2 PSOUS options

PSOUS is a graphical tool that provides many user interactive options shown in
Figure 6.2. The PSOUS has the facility of selecting types of optimization prob-
lem and accepts objective functions as matlab (".m’) file. It also gives the facility
to enter problem specific parameters like number of objectives, variables, search
range (upper and lower limit) and stopping criteria. The algorithms terminates
when it reaches the maximum number of iterations or stopping criteria value.
For single objective unconstrained and constrained benchmark problems stopping
criteria is the known optima value. For multi objective unconstrained and con-
strained benchmark problems true pareto front is the stopping criteria. It means
the algorithm will run till the approximated pareto front is same as the true pareto
front or it reaches maximum iterations, whichever is earlier. The option available
in PSOUS to accepts optima or front as single value or set of values in (".dat’)
file format. The PSOUS accepts PSO specific parameters like population size and

maximum number of iterations. It calls the appropriate algorithm (AAEPSO,
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SRPSO, MOAAEPSO or CMOAAEPSO) and produces the output. The output
from PSOUS can be seen in two different format, statistical and graphical. The
statistical results are problem dependant; for single objective unconstrained and
constrained problems, the output are; achieved optima, difference of true and
achieved optima as an error, and the solution vector. In case of multi objective
unconstrained and constrained problems, the statistical results are in the form of
inverted generational distance, spacing, diversity and convergence metrics. The
PSOUS also has an option for providing graphical output. For single objective
unconstrained and constrained, it is an error convergence graph over iterations.
For multi objective unconstrained and constrained it is a true pareto front and an
approximated pareto front obtained by the algorithm. PSOUS has the following

options:

1. Nature of problem: Here user can select the type of optimization problem.

2. Fitness function It accepts the objective function as (".m’) matlab file. For
example in case of
a) Single Objective Unconstrained Optimization:

functionf = Griewank(z)

[ps, n] = size(x)

fr =4000;s =0;p = 1;

forj=1:n;s=s +z(j)2;end

forj =1:n;p = p * cos(a(3)/sart(§)); end
f=s/fr—p+1;

b) Single Objective Constrained Optimization:
function[f, g] = g08(x)

F=((sin(2 % pi * z(:,1)).3). % sin(2 * pi * z(:,2)))./((x(:,1).2). x (2(:, 1) + z(:, 2)));
9, 1) = x(:,1).2 — 2(:,2) + 1;

9(:,2) =1 —2(:,1) + (z(:,2) — 4).%;

c¢) Multi Objective Unconstrained Optimization:

functionfit = UF1(x)

z = a’; [dim, num] = size(z);tmp = zeros(dim, num);

tmp(2 : dim,:) = (z(2 : dim,:) — sin(6.0 % pi * repmat(z(1,:), [dim — 1,1]) + pi/dim * repmat((2 : dim)’, [1, num]))).?;
tmpl = sum(tmp(3 : 2 : dim,:)); tmp2 = sum(tmp(2: 2 : dim,:));

fit(1,:) = z(1,:) + 2.0 x tmpl/size(3 : 2 : dim, 2);

fit(2,:) = 1.0 — sqrt(xz(1,:)) + 2.0 * tmp2/size(2 : 2 : dim, 2);

fit(3,:) = 0;

fit = fit';

cleartmp;

d) Multi Objective Constrained Optimization:
function[y, phi] = CF1(x)

z =150 =1.0; N =10.0;

[dim, num] = size(z); Y = zeros(dim, num);

Y (2:dim,:) = (z(2: dim,:)—repmat(z(1,:), [dim—1, 1])4(045+1.5*(r5pmat((2 : dim)’, [1, num])—2.0)/(dim—2.0))).2;
tmpl = sum (Y (3 :2:dim,:));

tmp2 = sum(Y (2 :2:dim,:));

y(1,:) = x(1,:) + 2.0 x tmpl/size(3 : 2 : dim, 2);

y(2,:) = 1.0 — z(1,:) + 2.0 * tmp2/size(2 : 2 : dim, 2);

c(l,:) = y(1,:) + y(2,:) — a*x abs(sin(N * pi x (y(1,:) — y(2,:) + 1.0))) — 1.0;
y(3,:) = 0.0; clearY;y = y'; phi = ¢’
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10.

11.

12.

Number of variables: It accepts the number of variables of problem.
Number of objectives: It accepts the number of objectives of the problem.

Search Range: It accepts the upper and lower limit of the search space.
User need to enter the ranges in the form of array. For example in case of
3 dimensional problem, the upper limit (treated '1") search range is given as
[111], and lower limit (treated '0’) is given as [0 0 0].

Population Size: It accepts size of the population.
Maximum generation: It accepts maximum number of iterations.

Optima / True Front: For known problems like benchmark functions the
known optima can be given here. For unknown optima the algorithm will
run for maximum number of iterations. For single objective, only one value
is given and for multiobjective, true pareto front should given as (".dat’) file.

The (".dat’) file should be a in column format.

Help: This gives the appropriate guidelines to user about the tool.
START: PSOUS will start the process after clicking this.

RESET: This will reset the PSOUS options selected earlier.

PSO demo: This option shows the working of basic PSO graphically.



CHAPTER 6. PARTICLE SWARM OPTIMIZATION UNIVERSAL SOLVER147

The below figures from Figure 6.3 to Figure 6.6 show typical snapshots of
PSOUS while solving different kind of problems.

2} Particle Swarm Optimization Tool [ University of Hyderabad )
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Figure 6.3: Snapshot for single objective unconstrained optimization problem

) Particle Swarm Optimization Tool  ( University of Hyderabad )

Constrained Single Objecti... v
Optima=0.10546 Error=0.0096345

0

=]

Solution=1.2278 3.7449

Errar corvergence graph of =g08 i

0.0958260414180369

Figure 6.4: Snapshot for single objective constrained optimization problem
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) Particle Swarm Optimization Tool  ( University of Hyderabad )

1G0=0.11031 Convergence=0.11031

Spacing=0.022332 Diversity=0.74441

) Particle Swarm Optimization Tool  ( University of Hyderabad )

Constrained Multi Objective ¥
IGD=0.010825 Convergence=0.010825
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Figure 6.6: Snapshot for multi objective constrained optimization problem



CHAPTER 6. PARTICLE SWARM OPTIMIZATION UNIVERSAL SOLVER149

6.5 Conclusions

Particles Swarm Optimization (PSO) is a population based stochastic optimiza-
tion algorithm. Due to the simplicity of PSO, it has attracted many researchers
across the globe. This chapter presented a detailed architecture of Particles Swarm
Optimization Universal Solver (PSOUS) that encompasses all the domains of the
optimization. The PSOUS is a software tool developed in MATALB with user
friendly interfaces and possesses the essential attributes of being interactive and
graphically oriented. PSOUS provides the necessary facilities to solve any kind of
optimization problem. Rigorous experimental testing was carried out and found
that the PSOUS tool works well on any kind of optimization problem. To the
best of the author’s knowledge this tool is first generic tool of its kind in the op-
timization domain. This tool will give the researchers across the globe to carry
out further research and validate the results. This tool will be helpful even to

industrialists and design engineers.



Chapter 7
Conclusions and Future scopes

This chapter presents the over all conclusions of research carried out on all the
possible domains of optimization. The chapter is concluded with future scopes of

research.

7.1 Conclusions

This thesis presented the basics of optimization, details of Swarm Intelligence and
Particles Swarm Optimization (PSO). The detailed literature survey and research
contribution on each of the four possible domains of optimization such as Sin-
gle Objective Unconstrained Optimization (SOUQ), Single Objective Constrained
Optimization (SOCO), Multi Objective Unconstrained Optimization (MOUO)
and Multi Objective Constrained Optimization (MOUO) are presented.

The major problems encountered by Particles Swarm Optimization (PSO)
while solving four optimization domains were discussed. It was found that PSO
shows premature convergence, poor quality of solution and uncertainty in solution
while soving SOUQO problems. To address the problem of premature convergence
and poor quality of solution, the AEPSO algorithm was proposed. AEPSO first
finds the particles responsible for premature convergence (diverged) that gives
poor quality of solution. This occurs because the particles get stuck in deep local
minima. AEPSO then accelerates these particles under the guidance of global
best solution. Essentially these particles were forced to leave their current posi-
tion and search the solution space around global solution. The stagnated particles

were further manipulated by the introduction of hyperspherical coordinate updates
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along with acceleration. This strategy is incorporated in proposed HAEPSO. In
HAEPSO the information of the particles were first converted from cartesian co-
ordinate system into hyperspherical coordinate system, then all the updates were
carried out. This strategy helps in gaining the greater control of the particles
flying trajectory. Further all the strategies developed were integrated together
with well known comprehensive learning strategy and the new hybrid algorithm
was called as ILPSO. AEPSO has elevated the prevailing problem of PSO to some
extent. AEPSO accelerated the diverged particles with constant size search patch
of unit radius (constant size) around global solution. This strategy helped more
in exploitation of the solution than exploration. This is addressed in AAEPSO
where the search patch size was adjusted dynamically. In AAEPSO the accel-
eration of diverged particles towards global solution was carried out adaptively.
The size of the search patch was more at the beginning of search process and
it decreases exponentially with the iteration. This strategy in particular helped
for more exploration of search space around global solution in the beginning and
more exploitation as search process proceeds. The comprehensive analysis of these
developed algorithms were carried out on a set of complex multimodal functions.
These functions were further rotated and shifted for thorough validation of pro-
posed algorithms. The dimensions of the problems were chosen to be 10, 30, 50
and 100. The results were analyzed using well known performance metrices; Con-
ventional and Statistical. The conventional metrices include convergence graphs,
average of the results and robustness (standard deviation). The statistical metrices
include Friedman's test followed by Dunn’s multiple comparison test. The statis-
tical results in terms of convergence, average results and robustness clearly proved
that the developed algorithms shows remarkable improvements in the quality of
solution and hence addresses the prevailing problems of PSO, this was further sup-
ported by statistical significant tests (Friedman’s and Dunn’s test). The ILPSO
has shown superior performance over other algorithms including HAEPSO. The
performance of ILPSO was not effected with the increase in the dimensions of the
problems (evident from statistical results), specially on normal and rotated prob-
lems. ILPSO has shown excellent performance on normal and rotated problems of
higher dimension. The AAEPSO has shown excellent convergence and quality of
solutions on lower dimension of normal and rotated problems, but as dimensions
of the problem increases, the AAEPSO failed to achieve good results. The major
feature of AAEPSO has also been proved on shifted and shifted rotated prob-
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lems for higher dimension. Among the four developed PSO variants ILPSO and
AAEPSO has shown competitive performance among themselves and outperform
other two (AEPSO and HAEPSO) algorithms.

PSO has neither internally nor externally has the mechanisms to handle con-
straints while solving SOCO problems. To incorporate the constrained handling
method in PSO, Stochastic Ranking (SR) was integrated and hence proposed
Stochastic Ranking Particle Swarm Optimization Ranking (SRPSO). Stochastic
Ranking (SR) was the simple method to balance between over and underpenal-
ization, additionally it is not dependant on nature of problem. SRPSO essentially
a hybrid algorithm of AEPSO and stochastic ranking. This algorithm rank the
particles based on stochastic ranking and accelerates the infeasible particles in
the direction of feasible particles by maintaining the diversity in the population.
The comprehensive experimental analysis of SRPSO was carried out with present
state of the art on varied standard constrained benchmark problems with different
complexities and on constrained engineering design problems and was compared
with state of the art. The comprehensive analysis was carried out using metrices
like average of the results, robustness (standard deviation) and function evalua-
tions (FEs). The SRPSO has shown competitive performance with the state of art
algorithms on numerical benchmark problems. The remarkable feature of SRPSO
was seen in robustness test, i.e., SRPSO produced consistent results from run to
run. It shows superior performance on engineering design problems compared to
the current state of art algorithms. The SRPSO achieved good quality of solu-
tion with less number of functions evaluations with respect to current state of art.
This algorithm serves to be an alternative option for solving engineering design
problems where computational cost is the major constraint.

PSO finds difficulty while solving MOUO problems as it lack the mechanism to
handle multiple objectives simultaneously. To address the problems of PSO and
incorporate the multiple objective optimization Multiobjective Adaptive Acceler-
ated Exploration Particle Swarm Optimizer (MOAAEPSO) was proposed. While
solving multiple objectives PSO produces nondominated and dominated parti-
cles, and MOAAEPSO first separates the dominated particles (diverged) that
gives less nondominated solution and are responsible for premature convergence.
MOAAEPSO then accelerates these particles under the guidance of nondominated
solutions. Essentially these particles were forced to leave their current position

and search the solution space around nondominated solution. In MOAAEPSO
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the acceleration of diverged particles towards nondominated solution was done
adaptively. A search patch was maintained around the nondominated solution of
the current iteration. The size of the search patch was decreased exponentially
in a controlled manner and was kept to be more in the beginning of search pro-
cess and decreased exponentially with the iteration. This strategy, in particular,
helped more exploration of search space around nondominated solutions in the
beginning and more exploitation as search process proceeds. The comprehensive
analysis of the proposed algorithm was carried out on a set of complex CEC 2009
MOUO problems with the present state of the art techniques. The results in
terms of pareto front graphs and various parametric measures clearly shows that
the proposed algorithm shows remarkable improvements in the solution and hence
addresses the prevailing problems of PSO. Further the analysis was carried out
using Pareto compliant indicator (hypervolume). However the proposed algorithm
is not superior to other algorithms in terms of hypervolume indicator.

Similarly PSO, neither has the mechanisms to handle constraints nor multi-
ple objectives, while solving MOCO problems. To address the problem of pre-
mature convergence and poor quality solution while solving multiple (often con-
flicting) objectives and constraints, the Constrained Multiobjective Adaptive Ac-
celerated Exploration Particle Swarm Optimizer (CMOAAEPSO) was proposed.
CMOAAEPSO divides the solution space in to four regions; a) Nondominated-
Feasible, b) Dominnated-Feasible, ¢) Nondominated-Infeasible and d) Dominated-
Infeasible. Among these four, only Nondominated-Feasible solution is the desired
and others are undesired solutions. The particles that belong to the undesired solu-
tion space were termed as diverged particles. CMOAAEPSO selects and accelerate
these particles under the guidance of desired solution (feasible-nondominated so-
lution). Essentially these particles were forced to leave their current position and
search the solution space around the desired solution. In the proposed algorithm
CMOAAEPSO, the acceleration of diverged particles towards global solution was
carried out adaptively. The size of the search patch was more in the beginning of
search process and it decreases exponentially with the iteration. This strategy in
particular helps more exploration of search space around global solution in the be-
ginning and more exploitation as search process proceeds. Further CMOAAEPSO
has introduced particles probing concept. The particle probing concept was an
extension of AAEPSO with single elite particles to all the feasible-nondominated

particles. The comprehensive analysis of the developed algorithm was carried out
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on set of complex numerical benchmark and engineering design problems with the
present state of the art techniques. The analysis was carried out using conven-
tional metrices (IGD, convergence metrics and robustness), statistical (hypervol-
ume and Wilcoxon tests) and graphical measures with the help of pareto fronts.
The CMOAAEPSO has shown competitive performance with state of the art on
numerical benchmark problems chosen from CEC 2009. It has shown the superior
performance on engineering deign problems such as; welded beam design, two-bar
truss design, speed reducer design and gear train design problems.

Finally Particles Swarm Optimization Universal Solver (PSOUS) tool was de-
veloped. The PSOUS is a software tool developed in MATALB with user friendly
interfaces and possesses the essential attributes of being interactive and graphi-
cally oriented. The PSOUS provides the necessary facilities to solve any class of
optimization problems. Rigorous experimental testing was carried out and found
that the PSOUS tool works well on any kind of optimization problem. To the best
of authors knowledge this tool is first generic tool of its kind in the optimization
domain. This tool will give the researchers across the globe to carry out further
research and validate the results. This tool will be helpful even to industrialists

and design engineers.



CHAPTER 7. CONCLUSIONS AND FUTURE SCOPES 155

7.2 Future scopes

Research is a continuous and iterative process. The work presented in the thesis
is not an exception. There are several interesting directions for further research

and development based on the work in this research thesis.
1. On SOUO

e PSO has major problem of premature convergence and produce poor
quality of solutions. ILPSO and AAEPSO algorithms can be extended

by hybridizing with other evolutionary or swarm techniques.

e Can develop an intelligent algorithm that can sense and escape local

optima and for this HAEPSO and AAEPSO can be hybridized together
and tested.

e ILPSO can be extended and tested for higher dimensions (say more
than 100).

e The search patch of AAEPSO can be made adaptive to nature of prob-

lem instead of decreasing exponentially with iterations.

e PSO is very good algorithm for exploration (finding solutions though
of poor quality in early stages), but has poor exploitation capability.
PSO and its variants like AAEPSO can be hybridized with algorithms
with good exploitation capability.

e AAEPSO can be extended further for solving real-world dynamic prob-
lems.

2. On SOCO

e PSO neither internally nor externally has the mechanism to handle
constraints, thus more efficient constraint handling techniques can be

integrated.
e PSO update equations can be modified to accommodate the constraints.

e Search patch of AAEPSO can be made adaptive based on constraint

violations instead of decreasing with iterations.

3. On MOUO
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e PSO neither internally nor externally has the mechanism to handle

multiple objectives, thus more efficient techniques can be integrated.

e Multiple sub swarms can be maintained in MOAAEPSO, where each
sub swarm optimize one objective and inter sub swarm information can

be exchanged.

e The major problem with PSO is selecting gbest particle, more efficient

method of selection can be used.
e MOAAEPSO can be run parallel with other bio-inspired algorithms for
solving each objective, with certain information exchange.

4. On MOCO

e PSO neither internally nor externally has the mechanism to handle
multiple objectives and constraints, thus more efficient techniques can

be integrated.

e Two different swarms can be maintained in CMOAAEPSO, one for

multiple objectives and other for constraints.

e CMOAAEPSO can be hybridized with other bio-inspired algorithms.
5. On tool box

e Comprehensive GUI tool can be developed for researchers to test state
of the art with different options for tuning parameters of the algorithms.

e A common platform for all bio-inspired algorithms can be developed.

e User interactions can be made as part of search process.



Appendix A

Single Objective Unconstrained

Benchmark Functions

Particle Swarm Optimization (PSO) like other evolutionary algorithms experience
difficulty in optimizing functions with multiple optima, therefore the focus is on

well-known standard benchmark functions [18] which have many local optima

A.1 Normal Benchmark functions

Ackley
The Ackley function can be unimodal or multimodal. At a low resolution the
landscape of this is unimodal; however, the second exponential term covers the

landscape with many small peaks and valleys.

Definition: fi = 20+ 75V 7 =" — =2 N cos(27a;)

Search Space: —30<uz;<30,i=1,2,...,n
Global optima: z* = (0,...,0); fi(z*) =0

Griewank
Griewank function is a multimodal with multiple optima. It has a product term,
introducing interdependency between the variables. This is intended to disrupt

optimization techniques that work on one variable at a time. The term of the
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summation produces a parabola, while the local optima are above the parabola.

D 2

N

Definition: f5 = Z 43)0 — H cos (%) +1
i=1 i=1

Search Space: — 600 < z; <600, =1,2,...,n

Global optima: z* = (0,...,0); fo(z*) =0

Powel
The Powel function is also highly multimodal and has several optima which are

non-symmetrical and are randomly distributed.

n/4

Definition: f3 = Z (1’42‘_3 + 101‘41‘_2)2 + 5(5[]42'_1 - ZL‘4Z‘)2 +
i=1

(412 — 4i—1)" + 10(24i-3 — 247)"

Search Space: —5<uz;<5,1=1,2,....,n
Global optima: z* = (0,...,0); f3(z*) =0

Rastrigin

It is also multimodal function, where the value of multiple peaks increase as the
distance from the global optimum point increases. The function is constructed
from sphere, by adding a modulator term '« cos(2Ilx;)’. It is a nonlinear multi-
modal, however, the location of the optima are regularly distributed. It is fairly

difficult problem due large search space and large number of local optima.

D
Definition: f, = Z (27 — 10cos(27z;) 4 10)

i=1
Search Space: —5.12<ux; <5.12,:=1,2,...,n

Global optima: z* = (0,...,0); fu(z") =0

Rosenbrock

The Rosenbrock function is characterized by an extremely deep valley along the
parabola that leads to the global optima. Due to the non-linearity of the valley,
many algorithms converge slowly because they change the direction of the search

repeatedly. The function has a long gully with very steep walls and almost flat
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bottom.
D—1
Definition: f; = Z [100 (a:f — xiH)Q + ( 2]
=1
Search Space: — 100 <z; <100,i=1,2,...,n
Global optima: z* = (1,...,1); f5(x ) 0
Zakharov

Zakharov function is simple, strongly convex and can be considered as unimodal

or multimodal.

Definition: fo =) a7 + (Z 0.52’@») + (Z 0.5m)
=1 =1 =1

Search Space: —10<uz;<10,2=1,2,...,n
Global optima: z* = (0,...,0); fe(z*) =

A.2 Rotated Benchmark functions

The functions are rotated by left multiplying the orthogonal matrix ‘M’ to the
original value x to obtain the new rotated variable y = M x x. This variable y is

used to calculate the fitness value. If ‘M’ is a D dimensional rotation matrix

miyy Mig -+ Mup
mo1 Mo -+ Ma2p

M = , then
mp1 Mp2 -+ Mpp

Yk = Mp1T1 + MpaXo + Mi3T3 + - -+ + MppTp

Where k=1,2,3,---,D.
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Rotated Ackley

Definition: f; =20+ e 5Vn Zilwi)® _ g7 Z cos(2my;),

Where y; = M x x;
Search Space: —30<y; <30,i=1,2,...,n
Global optima: y* = (0,...,0); fz(y*) =0

Rotated Griewank

D N '
Definition: fs = Yi Hcos (&) +1
i=1 i=1

Search Space: — 600 <y; <600,2=1,2,...,n
Global optima: y* = (0,...,0); fs(y*) =0

Rotated Powel

n/4
Definition: f9 = Z (y4i_3 -+ 10y4i_2)2 + 5(y4i_1 — y4,~)2 +

i=1
(yai—2 — yai—1)* + 10(yai—3 — yai)*

Where y; = M x x;

Search Space: —5<y; <5,i=1,2,....,n
Global optima: y* = (0,...,0); fo(y*) =0

Rotated Rastrigin

D

Definition: fig = Z (y7 — 10cos(2my;) + 10)
i=1

Where y; = M x x;

Search Space: —5.12<y; <5.12,:=1,2,...,n

Global optima: y* = (0,...,0); fio(y*) =0
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Rotated Rosenbrock

D-1

Definition: fi; = Y [100 (02 = yid)’ + (v — 1)2}
i=1

Where y; = M * x;

Search Space: — 100 <y; <100, =1,2,...,n

Global optima: y* = (1,...,1); fi1(y*) =0

Rotated Zakharov

Definition: f» = Z y? + (Z O.Siyi> + (Z 0.5iyi)
i=1 i=1 i=1
Where y; = M x x;

Search Space: —10<y; <10,2=1,2,...,n
Global optima: y* = (0,...,0); fi2(y*) =0

A.3 Shifted Benchmark functions

The functions are shifted by adding dynamic optima in the search range to the
original value x to obtain the new shifted variable y = x + O. This variable y is
used to calculate the fitness value. The dynamic shift is calculated as

O = Ryin+2%Ryaexrand(1, D), Where R4, and Ry, is maximum and minimum
of search range. The rand is the uniform random number in [0,1], and D is the

dimension of the problem.
Shifted Ackley

Definition: fi;3 =20+ e sV L) _ o7y Z cos(2mz;),

Where z;=x — O and O = Ryin + 2 % Rypap * rand(1, D)
Search Space: —30< 2 <30,i=1,2,...,n
Global optima: z* = Dynamic; fi3(z*) =0
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Shifted Griewank

D, N
2 2
Definition: fi, = E _ Hcos (—1) +1
i=1 4000 i=1 Vi

Where zi =2 —0 and O = Ry + 2 % Rypae *x rand(1, D)
Search Space: — 600 < z; <600,i=1,2,...,n
Global optima: z* = Dynamic; fi4(z*) =0

Shifted Powel

n/4

Definition: f15 = Z (2’41‘_3 + ]-0241'—2)2 + 5(2’41'_1 — Z4i)2 +
=1

(24i—2 — Z4¢—1)4 + 10(245-3 — Z4i)4
Where zi=x— 0O and O = Ryin + 2 % Rypar x rand(1, D)
Search Space: —5<2, <5,i=1,2,..

n
Global optima: z* = Dynamic; fi5(z") =0

Shifted Rastrigin

D

Definition: fiq = Z (27 — 10cos(2mz;) + 10)
i=1

Where zi =2 —0 and O = Ry + 2 % Rypas *x rand(1, D)
Search Space: —5.12 <2z, <5.12,i=1,2,...,n
Global optima: z* = Dynamic; fi6(z*) =0

Shifted Rosenbrock

D-1

Definition: f17 = Z [100 (ZZQ - Zi+1)2 + (Zz — 1)2]
i=1

Where zi=x— 0O and O = Rpn + 2 % Rypaq * rand(1, D)
Search Space: — 100 < z; <100,i=1,2,...,n
Global optima: z* = Dynamic; fi7(z*) =0
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Shifted Zakharov

Definition: figz = Z zf + <Z 0.5izi) + (Z 0.522;

=1

Where zi=x— 0O and O = Rpyn + 2 % Rypas *x rand(1, D)
Search Space: —10< 2 <10,i=1,2,...,n
Global optima: z* = Dynamic; fig(z*) =0

A.4 Shifted and Rotated Benchmark functions

The function is Shifted by above (as in A.3) procedure and then rotated (as in A.2).

Shifted and Rotated Ackley

Definition: fig =20+ ¢ 5V a2i%)® _ ¢x Z cos(2mz;),

Where y; =x — O, O = Ryin + 2% Rpypap x rand(1, D)
zp =M *y;
Search Space: —30<2 <30,i=1,2,...,n

Global optima: z* = Dynamic; fi9(z*) =0

Shifted and Rotated Griewank

D N
2 2
Definition: fy = E . — H cos (—Z) +1
i 4000 o Vi

Where y; =x — O, O = Ryin + 2% Ry x rand(1, D)

zi =M xy;
Search Space: — 600 < z; <600,7=1,2,...,n
Global optima: z* = Dynamic; foo(z*) =0
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Shifted and Rotated Powel

n/4

Definition: fy = Z (24i—3 + 10241‘—2)2 + 5(24i-1 — 241')2 +
i=1

(24i—2 — 24-1)* + 10(24-3 — 245)*

Where y; =x — O, O = Ryin + 2% Rpae x rand(1, D)
zi = M xy;

Search Space: —5<2z <5,i=1,2,...,n

Global optima: z* = Dynamic; fo1(z") =0
Shifted and Rotated Rastrigin

D
Definition: fo = Z (27 — 10cos(2mz;) + 10)

i=1
Where y; =x — O, O = Ryin, + 2 % Rpypar x rand(1, D)
zip =My,

Search Space: —5.12 <2, <5.12,:=1,2,....n

Global optima: z* = Dynamic; foo(2*) =0
Shifted and Rotated Rosenbrock

D—-1

Definition: fo3 = > [100 (2% = 2i41)" + (2 — 1)?
i=1

Where y; =x — O, O = Ryin + 2% Rpypap x rand(1, D)

zi = M *y;
Search Space: — 100 <2z <100,i=1,2,...,n

Global optima: z* = Dynamic; fo3(2") =0
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Shifted and Rotated Zakharov

Definition: foy = Z zzz + <Z 0.5izi) + (Z 0.52'23)
i=1 i=1 i=1
Where y; =x — O, O = Ryin + 2% Rpap x rand(1, D)
zp =My,
Search Space: —10< 2 <10,i=1,2,...,n

Global optima: z* = Dynamic; fos(2*) =0



Appendix B

Single Objective Constrained

Benchmark Functions

Particle Swarm Optimization (PSO) like any other population based algorithm,

does not have internal or external mechanism to handle constraints.

itself difficult to optimize constraint problems.

PSO finds

We have considered here well

known numerical benchmark [74] and engineering design [43, 51] problems with

varied complexity.

B.1 Numerical Benchmark functions

Table B.1: Characteristics of single objective constrained functions

Problem n  Type of Function p LI NI LE NE a
g01 13 quadratic 0.0111 % 9 0 0 0 6
g02 20 nonlinear 99.9971 % 0 2 0 0 1
g03 10 polynomial 0.0000% 0 0 0 1 1
g04 5 quadratic 52.1230 % 0 6 0 0 2
g05 4 cubic 0.0000 % 2 0 0 3 3
g06 2 cubic 0.0066 % 0 2 0 0 2
g07 10 quadratic 0.0003 % 3 5 0 0 6
g08 2 nonlinear 0.8560% 0 2 0 0 0
g09 7 polynomial 0.5121% 0 4 0 0 2
gl0 8 linear 0.0010% 3 3 0 0 6
gll 2 quadratic 0.0000 % 0 0 0 1 1
gl2 3 quadratic 4.7713% 0 1 0 0 0
glb 3 quadratic 0.0000 % 0 0 1 1 2
gl6 5 nonlinear 0.0204 % 4 34 0 0 4
224 2 linear 79.6556% 0 2 0 0 2

166
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Table B.2: Summary of single objective constrained benchmark functions

Fun

n

[(Z)

Bounds

g01

g02
g03
g04

g05

g06
g07
g08
g09
g10

gll
gl2
glb
gl6

g24

13

20
10

—
0NN SN

Tt W W N

-15.0000000000

-0.8036191042
-1.0005001000
-30665.5386717834

5126.4967140071

-6961.8138755802
24.3062090681
-0.0958250415

680.6300573745
7049.2480205286

0.7499000000
-1.0000000000
961.7150222899
-1.9051552586

-5.5080132716

0 <x; <100 (¢ =10,11,12) and
0<z13<1
0<z;<10(:=1,...,n)
0<z;<1(t=1,...,n)

78 < x1 <102,33 < 29 < 45 and
27 < m; <45 (i = 3,4,5)

0 < z1 < 1200,0 < zo < 1200,

—0.55 < z3 < 0.55 and —0.55 < z4 < 0.55
13 <1 €100 and 0 < z2 < 100
-10<2z; <10 (¢ =1,...,10)
0<z1 <10and 0 <z <10
-10<z; <10 (e =1,...,7)

100 < z1 < 10000, 1000 < z; < 10000 (¢ = 2,3)
and 10 < z; <1000 (i =4,...,8)
—1<z;<land —-1<z2<1
0<z; <10(:=1,2,3) and p,q,r =1,2,...,9
0<z; <100t =1,2,3)

704.4148 < x1 < 906.3855,68.6 < 29 < 288.88,
0 < xz3 <134.75,193 < x4 < 287.0966,

25 < x5 < 84.1988
0<zy<3and 0<z2 <4

g01

4 4 1
Definition: f(x) =5 Z xi—5 Z x? + Z 3x;
i=1 i=1 i=5

Subject to: gl(ZE) = 21’1 + 21’2 + 10 + 211 — 10 S 0

g1(x) =2z 4+ 209 + 210+ 211 — 10 <0
93(%) = 229 + 223 + 211 + 712 — 10 <0
94(Z) = —8x1 + 210 <0
95(7) = =8y + 211 <0
96(T) = —8x3 + 12 < 0

G7(Z%) = —2w4 — x5+ 210 < 0
gs(f) = —2x6 —x7+x11 <0
9o(Z) = =228 — 29 + 212 <0

Search Space: 0 <uz; <1 (i=1,...,9),0 <x; <100( = 10,11,12),0 < x13 < 1
Global optima: z* =(1,1,1,1,1,1,1,1,1,3,3,3,1); f(z") = —15
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g02

— | >y cost(x;) — 217, cos® ()
D i i

Subject to: gy(z) = 0.75 — 1_[:13Z <0

=1

Deinition: f(x)

g2(x) = le —7.5m <0
i=1

Search Space: 0 <x; <10 (i =1,... ,n),_ where n = 20

Global optima: z* = (3.16246061572185, 3.12833142812967, 3.09479212988791,
3.06145059523469, 3.02792915885555, 2.99382606701730, 2.95866871765285,
2.92184227312450, 0.49482511456933, 0.48835711005490, 0.48231642711865,
0.47664475092742, 0.47129550835493, 0.46623099264167, 0.46142004984199,
0.45683664767217,0.45245876903267, 0.44826762241853, 0.44424700958760,
0.44038285956317); f(z*) = —0.80361910412559

g03

n

Definition: f(z) = —(v/n)" H.ﬁEl

i=1
Subject to: hy(z) = fo -1<0
i=1

Search Space: 0 <ux; <1 (i =1,...,n), where n=10

Global optima: z* = (0.31624357647283069, 0.316243577414338339,
0.316243578012345927,0.316243575664017895, 0.316243578205526066,
0.31624357738855069, 0.316243575472949512, 0.316243577164883938,
0.316243578155920302, 0.316243576147374916);

f(z*) = —1.00050010001000
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g04

Definition: f(z) = 5.357854723 + 0.835689121 x5 + 37.2932392; — 40792.141
Subject to:
g1(z) = 85.334407 + 0.0056858 525 + 0.0006262x1 x4 — 0.0022053z325 — 92 < 0
g2(x) = —85.334407 — 0.0056858x9x5 — 0.0006262x1 x4 + 0.0022053z325 < 0
g3(z) = 80.51249 + 0.0071317zox5 + 0.0029955x1 x5 + 0.0021813$§ —110 <0
gs4(x) = —80.51249 — 0.0071317z5z5 — 0.0029955x1 x5 — 0.00218131‘% +90<0
g5(x) = 9.300961 + 0.0047026x3x5 + 0.0012547x1 25 + 0.0019085x324 — 25 < 0
gs(x) = —9.300961 — 0.0047026x3x5 — 0.0012547x1 23 — 0.00190852324 + 20 < 0
Search Space: 78 < x; < 102,33 < x9 <45 and 27 < x; <45 (i = 3,4,5)
Global optima: z* = (78,33,29.9952560256815985, 45, 36.7758129057882073);
f(z") = —3.066553867178332¢ + 4

g05

Definition: f(x) = 3x; + 0.000001z} + 2z, + (0.000002/3)z3

Subject to: ¢(xr) = —z4+ 23— 0.55 <0

g2(x) = —x3+ 14 —0.55 <0

hs(z) = 1000sin(—x3 — 0.25) + 1000sin(—x4 — 0.25) + 894.8 — 21 = 0

hy(x) = 1000sin(zs — 0.25) + 1000sin(xs — x4 — 0.25) + 894.8 — x5 =0

hs(x) = 1000sin(zs — 0.25) + 1000sin(xy — x3 — 0.25) + 1294.8 = 0

Search Space: 0 < x; <1200,0 < x5 < 1200, —-0.55 < 23 < 0.55 and — 0.55 < x4 < 0.55
Global optima: z* = (679.945148297028709, 1026.06697600004691,
0.118876369094410433, —0.39623348521517826);

F(z*) = 5126.4967140071
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g06

Definition: f(z) = (z; — 10)® + (25 — 20)?

Subject to: gi(z) = — (11 — 5)* — (72 — 5)*+100 < 0

g2(z) = (1 — 6)* + (22 — 5)* — 82.81 <0

Search Space: 13 < z; < 100 and 0 < x5 < 100

Global optima: z* = (14.09500000000000064, 0.8429607892154795668);
f(z") = —6961.81387558015

g07

Definition: f(z) = 27 + 23 + 2125 — 14y — 1625 + (23 — 10)* + 4(z4 — 5)?
(w5 — 3)% 4+ 2(wg — 1)* + 522 + T(zg — 11)2 + 2(wg — 10)? + (210 — 7)* + 45
Subject to: ¢;(x) = —105 + 4x; + bzy — 3x7 + 925 < 0

go(z) = 102y — 8x9 — 1727 + 225 < 0

g3(x) = —8x1 4+ 2w9 + bxg — 2210 — 12 <0

ga(z) = 3(zy — 2)® +4(x9 — 3)* + 225 — Toy — 120 <0

g5(z) = 5x31 + 879 + (w3 — 6)* — 224 — 40 < 0

g6(2) = o1 + 2(z9 — 2)? — 22129 + 1425 — 626 < 0

gr(z) = 0.5(x; — 8)? +2(z9 —4)* + 322 — 26 —30 <0

gs(x) = =32 + 61y + 12(19 — 8)2 — 7110 < 0

Search Space: —10<uz; <10(i=1,...,10)

Global optima: z* = (2.17199634142692, 2.3636830416034,
8.77392573913157,5.09598443745173, 0.990654756560493,
1.43057392853463, 1.32164415364306, 9.82872576524495,

8.2800915887356, 8.3759266477347);

f(x*) = 24.30620906818
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g08
in®(2[1z;) sin(211
Definition: f(x)= sin( 3 71) sin(21Lr)
x5 (x1 + )
Subject to: gi(z) =27 — 2, +1<0
gg(x):1—$1+($2—4)2 SO
Search Space: 0 <z; < 10(: = 1,2)
Global optima: z* = (1.22797135260752599, 4.24537336612274885);
f(x*) = —0.0958250414180359

g09

Definition: f(z) = (v; — 10)* + 5(z9 — 12)* + 25 + 3(z4 — 11)?
+10xg + 795(25 + m‘% —4dxex7y — 1026 — 827

Subject to: gi(z) = —127 4 222 + 325 + 23 + 422 + 525 < 0

g2(x) = =282 + Tay + 3w9 + 1025 + 24 — 25 < 0

g3() = =196 + 23z + 25 + 615 — 827 < 0

ga(z) = 42% + 25 — 37129 + 223 + S — 11a7 <0

Search Space: —10<uz; <10(i=1,...,7)

Global optima: x* = (2.33049935147405174,1.95137236847114592,
—0.477541399510615805, 4.36572624923625874, —0.624486959100388983,
1.03813099410962173, 1.5942266780671519);

f(z™) = 680.630057374402
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gl0

Definition: f(z) = 21 + 29 + 23

Subject to: g;(z) = —1+ 0.0025(x4 + z6) < 0

g2(x) = =14 0.0025(z5 + x7 — x4) <0

g3(z) = =14 0.01(zg — x5) <0

g4(x) = —x126 + 833.3325224 + 10027 — 83333.333 < 0

g5(x) = —xox7 + 1250x5 + oy — 125024 < 0

ge(x) = —x3x8 + 1250000 + 375 — 250025 < 0

Search Space: 100 < x; < 10000, 1000 < z; < 10000(i = 2, 3)
and 10 < x; < 1000(: = 4,...,8)

Global optima: z* = (579.306685017979589, 1359.97067807935605,
5109.97065743133317, 182.01769963061534, 295.601173702746792,
217.982300369384632, 286.41652592786852, 395.601173702746735);
F(2*) = 7049.24802052867

gll

Definition: f(z) = 2?2 + (25 — 1)

Subject to: hi(z) = 2o — 27 =0

Search Space: —1<uz; <1(i=1,2)

Global optima: z* = (—0.707036070037170616, 0.500000004333606807);
f(z*) =0.7499

gl2

Definition: f(z) = (100 — (v; — 5)% — (v2 — 5)* — (23 — 5)?)/100
Subject to: ¢i(z) = (x1 —p)2+ (22 — ¢)2+ (x5 — )2 — 0.0625 < 0
Search Space: 0 <z; <10 (:1=1,2,3) p,q,r=1,...,9.

Global optima: z* = (5,5,5); f(z*) = —1
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glh

Definition: f(r) = 1000 — 2?2 — 222 — .CE?J) — X1Xy — T1X3
Subject to: hi(z) = 2] + 25+ +23 — 25 =0
ho(z) = 8z + 14x9 4+ Tx3 — 56 =0
Search Space: 0 < z; <10 (i =1,2,3)
Global optima: z* = (3.51212812611795133,0.216987510429556135,
3.55217854929179921) f(z*) = 961.715022289961
(B.1)

gl6

Definition: f(z) = 0.000117y:4 + 0.1365 + 0.00002358y:5 + 0.000001502y
10.0321y15 + 0.004324y5 + 0.0001c15¢16 + 37.48ysc10 — 0.0000005843y17

0.28
Subject to: g;(z) = QgYs ~ ¥ <0, go(x) = 23 — 1.5y <0
' 62212
g3(z) = 3496 %2 — 21 < 0, gu(2) = 110.6 + ¢, — <0
C12 Ci7

g5(x) =213.1 —y; <0, ge(x) =11 —405.23 <0

g7(z) = 17.505 — yo <0, gs(x) = y2 — 1053.6667 < 0

go(w) = 11.275 — y3 < 0, gio(z) = y3 — 35.03 < 0

gri(z) = 214.228 — y, <0, gi2(x) = y4 — 665.585 < 0

g13(x) = 7.458 — y5 < 0, g1a(x) = y5 — 584.463 < 0

g15(2) = 0.961 — ys <0, g16(z) = y¢ — 265.916 < 0

gi7(x) = 1.612 —y7 <0, g15(x) = y7; — 7.046 <0

Gio(z) = 0.146 — ys < 0, gap(z) = ys — 0.222 < 0

go1(z) = 107.99 — yo < 0, goo () = yo — 273.366 < 0

go3(x) = 922.693 — y10 < 0, gos(x) = y10 — 1286.105 < 0

gos(2) = 926.832 — y11 < 0, gos(7) = y11 — 1444.046 < 0

Gor(z) = 18.766 — y12 < 0, gog() = y12 — H37.141 < 0

gao(7) = 1072.163 — 113 < 0, go(@) = y13 — 3247.039 < 0

g31(2) = 8961.448 — y14 < 0, gga(x) = y1a — 26844.086 < 0
(B.2)
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933(r) = 0.063 — y15 < 0, g34(7) = y15 — 0.386 < 0
g3s(x) = 71084.33 — y16 < 0, g3(x) = —140000 + y16 < 0
937(1') = 2802713 — Y17 S O, ggg(l’) = Y17 — 12146108 S 0

W here,
Y1 = T +x3+ 416, CcCl = 00241134 —4.62
12.5
Yo = —— + 12, co = 0.0003535221 4 0.5311x; 4 0.08705y221

@]
c3 = 0.05221 + 78 4+ 0.00237Tyoa1, y3 = 2—2 ys = 19y
3

01956(1’1 — y3)2

Cq = 004782(551 — yg) + T
2

+ 0.6376y4 + 1.594y;
¢s = 100x2, cg = v1 — Y3 — Y1, cr = 0.950 — 2—47 Ys = CeCr
5

Yo = T1 — Y5 — Ya — Y3, Cs = (Y5 + 44)0.995
0.0663 96.82
Y7 +0.321y,

Y=, ys = 53798, ¢g = yr — ———" — 0.3153, yy =
n Ys Co
Y10 = 1.29ys + 1.258y4 + 2.29y3 + 1.71ys, y11 = 1.71z1 — 0.452y, + 0.580y5
12.3
-, C11 = (175y2>(0995$1), Cio = 0995y10 + 1998, Y12 = C1071 + Cj
752.3 C12

146312

Yo + T5
c13 = 0.995y19 + 60.8x9 4+ 4824 — 0.1121y14 — 5095

Y15 = %, y16 = 148000 — 331000y15 + 40y13 — 61y15413

€13
Clg = 2324y10 — 28740000y2, Y17 = 14130000 — 1328y10 - 531y11 + Zﬁ
12

C15 = Y13Y1s — y130.52, Cig = 1.104 — 0.72y15

Ci0 =

Y13 = C12 — 175y2, Y14 = 3623 + 644.T2 + 584ZL’3 +

Cir =Yg + Ts

Search Space: 704.4148 < 7 < 906.3855,68.6 < x5 < 288.88,0 < x5 < 134.75,
193 < 2y < 287.0966 and 25 < x5 < 84.1988

Global optima: z* = (705.174537070090537, 68.5999999999999943,
102.899999999999991, 282.324931593660324, 37.5841164258054832)

f(z*) = —1.90515525853479
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g24

Definition: f(z) = —z1 — a9

Subject to: gi(z) = —22] +82% — 8z + 1, -2 <0

g2(z) = —4at 4 3223 — 8822 + 962, + 25 — 36 <0

Search Space: 0 < z; < 3and0 < x, <4

Global optima: z* = (2.32952019747762, 3.17849307411774
f(z") = 5.50801327159536

B.2 Engineering design problems

Welded Beam Design

The problem is to design a welded beam for minimum cost of fabrication, subject
to some constraints. The objective is to find the minimum fabrication cost, consid-
ering four design variables: xy, s, x3, 4 and constraints of shear stress, bending

stress in the beam, buckling load on the bar and end deflection on the beam.

Definition: f(z) = 1.104712]zy + 0.04811z324(14.0 + x5)
Subject to: gi(z) = — (13000 — 7(7)) <0

ga(z) = — (30000 — (7)) <0

93(r) =21 — 24 <0

ga(z) = 0.104712° + 0.0481 12324 (14.0 + 25) — 5.0 < 0
g5(z) =0.125 — 21 <0

g6(z) =6(7')—025<0

g7(x) = —(Pe(x) — 6000) < 0

W here

27_/7_//
— !/ 2 1 2
T \/ (1)2 + R + (")
/ 6000

7' =
\/§$19€2
nw MR

T =—

J
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M = 6000(14 + %)

2
] L1+ T3,
R_\/4+( 2 )
T+
#)2”

2
504000

IL‘%ZL’4

2.1952

$§$4

P, = 64746.022(1 — 0.0282346x3) 37
Search Space: 0.1 < zy,24 <2, 0.1 < 29,23 <10

2
J = 2AqV2mml T + (

o(7) =

3(T) =

Dimnesion: n=4

Pressure Vessel Design

The main aim of Pressure Vessel Design problem is to minimize the total cost
(f(x)), including the cost of the material, forming and welding. It is a four variable
design problem; x; thickness of the shell, x5 thickness of the head, x5 inner radius
and x4 length of the cylindrical section of the vessel, not including the head.
Among the four variables, z; and z, are integer multiples of 0.0625in that are the
available thicknesses of rolled steel plates, and x5 and z4 are continuous variables.

The problem can be formulated as follows

Definition: f(z) = 0.6224x 7374 + 1.7781x923 + 3.166125 14 + 19.847773.
Subject to: ¢g;(z) = —z; + 0.019323 <0

g2(x) = —x9 +0.0095423 < 0

g3(z) = —Tx3zy — gﬂxg + 1296000 < 0

ga(x) = x4 —240 <0

Search Space: 1 < x1,29 <99, 10 < 23,24 < 200

Dimnesion: n=4

Speed Reducer design

The well known speed reducer test problem represents the design of a simple gear
box such as might be used in a light airplane between the engine and propeller to
allow each to rotate at its most efficient speed. The objective is to minimize the

speed reducer weight while satisfying a number of constraints imposed by gear and
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shaft design practices. There are seven design variables, (x1, z2, 3, T4, T5, T¢, T7).
x1 Width of the gear face (cm), x5 Shaft 2 length between bearings (cm), x5 Teeth
module (cm) x6 Diameter of shaft 1 (cm), 3 Number of pinion teeth (Integer),

x7 Diameter of shaft 2 (cm), x4 Shaft 1 length between bearings (cm).

Definition: f;(z) = 0.7854x,23(1023/3 + 14.933x3 — 43.0934)
—1.508% (v§ + x2) + 7.477(x} + 23) + 0.7854(x4f + 2577)

27
Subject to: ¢,(z) = s——1<0
T1T5T3
397.5
=270 <
92(7) r1x303 -
1.93x3
= —-1<0
93(x) xgsvgx‘é =
1.9323
= —-1<0
94(7) ToT3Td -
(7451’4/1’21‘3)2 +1.69 x 107
@) = ¥ i
110.023
V(74525 /xow3)2 + 15.75 x 107
gﬁ(‘r) = 3
85.0x3
Lol
gr(x) = 103 —1=<0
5
gs(x) = 2%y <0
T
T
= —-1<0
@) = 5o —1s
1.5 1.9
gw(@zL—lSO
Ty
1.1 1.9
gn(m):L—lgO

Ts
Search Space: 2.6 < z; <3.6, 0.7 <z <0.8,

17 <23 <28,7.3< 14,75 <83,29<15<3950<z,<55

Dimension: n=="7

Three-bar Truss Design
The truss has to carry a certain load without elastic failure. Thus, in addition
to the objective of designing the truss for minimum volume (which is equivalent

to designing for minimum cost of fabrication), there are additional constraints of
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minimizing stresses in each of the two members.

Definition: fi(z) = (2v/221 + x,)]

2
Subject to: ¢,(z) = mP —0<0
V222 + 2229
T2
)= ———-——P—0<0
92() V22?4 22129 -
1
g3(t) = ——P —0<0
#(2) V2x5 + 13
W here

| =100cm, P = 2kN/em? and o = 2kN/cm?
Search Space: 0 <z, <1

Dimnesion: n=2

Himmelblau Nonlinear problem
This problem was proposed by Himmelblau and similar to problem g04 of the
benchmark except for the second coefficient of the first constraint. There are five

design variables

Definition: f(z) = 5.35785471’% + 0.8356891 x5 + 37.2932392, — 40792.141
Subject to:
g1(x) = 85.334407 + 0.0056858x9x5 + 0.0006262x; x4 — 0.00220532325 — 92 < 0
g2(x) = —85.334407 — 0.0056858x9x5 — 0.000626221 24 + 0.00220532325 < 0
g3(x) = 80.51249 + 0.007131 7255 + 0.00299552, 5 + 0.00218132% — 110 < 0
g4(x) = —80.51249 — 0.007131 72925 — 0.002995521 22 — 0.0021813113 +90<0
gs5(x) = 9.300961 + 0.0047026x3x5 + 0.0012547z 25 + 0.0019085x324 — 25 < 0
gs(x) = —9.300961 — 0.0047026z325 — 0.0012547x123 — 0.0019085x324 + 20 < 0
Search Space: 78 < x; < 102,33 < 9 <45 and 27 < x; <45 (i = 3,4,5)

Dimnesion: n=2=5



Appendix C

Multi Objective Unconstrained

Benchmark Functions

Multi Objective Unconstrained Function are those function in which multiple ob-
jective functions are solved simultaneously with no additional constraints, and

vary in levels of complexity. The well known benchmark functions are described

below.

Table C.1: Summary of multiobjective

unconstrained benchmark functions

Problem | Objective Modality Convexity Connectivity

SCH fi Unimodal Convex Connected
f2 Unimodal

FON f1 Unimodal Non Convex Connected
f2 Unimodal

POL fi Multimodal | Non Convex | Disconnected
fa Unimodal

KUR f1 Unimodal Non Convex | Disconnected
f2 Multimodal

ZDT1 fi Unimodal Convex Connected
fa Unimodal

ZDT2 f1 Unimodal Non Convex Connected
f Unimodal

ZDT3 f1 Unimodal Convex Disconnected
fa Multimodal

7ZDT4 fi Unimodal Non Convex Connected
f2 Multimodal

ZDT4 f1 Multimodal | Non Convex Connected
f2 Multimodal

179
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KUR

The KUR (Kursawe) function has the Pareto optimal set that is nonconvex as well
as discontinuous, and, thus, the values of the decision variables that correspond to
the true Pareto optimal solutions are difficult to obtain. The KUR problem has
three disconnected Pareto-optimal regions, which may cause difficulty in finding
nondominated solutions in all regions. It is a multimodal problem and has three

disconnected curves in its Pareto front.

—_

n—

Definition: fi(z) =) (—10exp(—0.2(y/z? + z2.,))

n

Fa@) = D (sl + 5 sin(a)

Search Space: —5<uz;<5,:1=1,2,....,n

Dimension: n=3

FON

FON is a complex problem and has convex Pareto front.

n

Definition: fi(z) =1 — exp(— Z(l’z — ﬁ)%

n

fo(x) =1 — exp(— ;(SKZ + ﬁ)z)

Search Space: —4 <z, <4,i=1,2,...,n

Dimension: n=3

SCH

FON is also a complex problem and has convex Pareto front.

Definition: fi(z) = z?
folz) = (x = 2)*
Search Space: —10° <z, <10%:i=1,2,...,n

Dimension: n=1

POL

It is multimodal problem with many local optima. It has nonconvex and discon-
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nected Pareto front. There are two disconnected curves in its Pareto front.

Definition: fi(z) = [1+ (g1 — h1)* + (g2 — ho)’]
fo(@) = [(@1 4 3)" + (22 + 1)°]

g1 =0.5sinl —2cos1+sin2 —1.5cos2

go =1.5sinl —cos1+ 2sin2 — 0.5 cos 2

hi =0.5sinx; —2cosxy +sinxy — 1.5 cos za

hy = 1.5sinx; — cosxy + 2sinxy — 0.5 cos za
Search Space: — 7 <ux; <mi1=1,2,...,n

Dimension: n=2

ZDT1
The Pareto front of ZDT1 is convex and there is no dependency among the design

variables. It has got the large number of variables.

Definition: fi(z) =z

fa(x) = g(2)[1 — m]
Where g(x) =1 +92 nai 1

Search Space: 0 < x; <1,1=1,2,...,n

Dimension: n =30

ZDT2

The Pareto front of ZDT2 is concave (nonconvex) and there is no dependency

among the design variables.

Definition: fi(z) =z
fa(x) = g(@)[1 = (= )]

Where g(z) =1+9

Il
\.H ~.
N

Search Space: 0 < x; < 1,1

Dimension: n =30
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ZDT3
The Pareto front of ZDT3 is discontinuous and there is no dependency among
the design variables. The Pareto front of this problem is made up of four disjoint

curves and is considered to be multimodal.

Definition: fi(z) = 2,

T I .
folx) =g(x)[l — | —= — sin(107z
() = g1 - [ <<g($)> (1072,))]
h =1
Where g(z + 92 — 1
Search Space: 0 < x; < 1,1 = 1,2, B 1)
Dimension: n =30

ZDT4

This is also a complex multimodal and has nonconvex Pareto front.

Definition: fi(z) =z

Where g(x) =1+10(n —1) + Z x; — 10 cos(4mz;)]

Search Space: O<£L‘Z <l,i=1,2,...,n

Dimension: n =30

ZDTe6

ZDT6 problem has nonconvex and nonuniformly spaced Pareto-optimal fronts,
their images crowd in a corner of the Pareto front in the objective space. The ad-
verse density of solutions across the Pareto-optimal front, together with the non-
convex nature of the front, makes it difficult for many multiobjective optimization
algorithms to maintain a well-distributed nondominated set and converge to the

true Pareto-optimal front. It is treated to be multimodal and has five disconnected
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curves in Pareto front.

Definition: fi(z) =1 — exp(—4x,)sin®(47z;)

fi(x) o
fo(x) = g(x)|1 —
2(7) = g(z)] (g(x))]
Where g(z) =1+ 9[; —n% 1]0'25
Search Space: 0 <z, <1 —5<x;<5,1=2,3,...,n
Dimension: n =10
UF1
Definition: fi(z) 5 Z — sin(6mzy + jﬂ)}Q
| 1|]€Jl n
JT 1o
fa(z) = \/_+|J2|Z Sln67m:1+n)}
JEJ2

Where J; ={jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 <j <n}
Search Space: 0 <z, <1 1<z, <1,1=2,3,...,n

Dimension: n = 30

UF2

Definition: fi(z) =z + m]; Y;

hle) = 1= A + o S
JEJ2
Where J; = {jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 < j <n} and

497
y; = x; — [0.32% cos(24mz; + T 0.621)] cos(6mzy + ‘7—) Jj€eh
n
1 .
y; = x; — [0.373 cos(24mz, + Ty 0.621)] sin(67zy + I ) JjEJo
n
Search Space: 0 < x; <1 —1<x;<1,i= 2,3,...,n

Dimension: n = 30
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UF3
Definition: fi(z) =z —|—— Zy —2 Hcos 20% )+ 2)
FIS Jje€N
QOyJ
fo(z) = |J|Zy]—2HCOS )+2)
JEJ2 JjEJ2
Where Jy = {jlj is odd and 2 <j <n} and Jy = {jlj is even and 2 < j < n} and
3(J 2)
yj:vrj_x[l)5(10+ 2 j:2737"'an
Search Space: 0 <zx; <1,i=1,2,...,n
Dimension: n = 30
UF4

2
Definition: fi(r) = a1+ (2 > h(yy)
1

2
folw) =1 —a] + |J—2|2 > h(y))
Where J; ={jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 < j <n} and

yj:xj—sin((iﬂx1+‘ﬂ) j=2,3,...,n
n

_
and h(t) = T
Search Space: 0 <z; <1 —2<x;<2,i=2,3,...,n
Dimension: n = 30

UF5

1 2
Definition: fi(z) = 21 + (== + €)|sin(2N7zy)| + |J_1|(2 Z h(y;)

2N ,
JjeJ
1 :
f2(x):1—x1+(ﬁ+6)|sm(2]\77m;1 |J|2]€ZJh )

Where J; = {jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 < j <n} and
(C.1)



APPENDIX C. MULTI OBJECTIVE UNCONSTRAINED BENCHMARK FUNCTIONS185

yj:a:j—sin(67rx1+]—7r) j=2,3,....n
n

and h(t) = 2t* — cos(4nt) + 1
Search Space: 0 <z, <1 —1<x<1,i=2,3,....n
Dimension: n =30

UF6

Definition:
fi(@) = 21+ maz{0,2(= + )] sin@Nma) [} + (43 g2 = 2 [ cos(2LT) 4 2)
) =11 + mazx —— +¢)|sin(2N7x — e cos
1 1 ) IN 1 ’Jl‘ ‘ y] ' \/j
jeS1 jed1
1 20 i
folr)=1—m4 —i—m&x{O,Q(ﬁ + €)|sin(2N7xq)|} + — |J | Zy] -2 H cos( y )+2)

JE€J2 JE€J2
Where J; ={jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 < j Sn} and

yj:xj—sin(Gﬂx1+‘E) ji=23,...,n
n
Search Space: 0 <z; <1 —1<z;<1,2=2,3,...,n

Dimension: n =30

UF7

2
Definition: fi(x) = /x1 + Tl Z Z/Jz'

jeN
o) =1 =+ o Y0
JE€J2

Where Jy = {jlj is odd and 2 <j <n} and Jy = {j|j is even and 2 < j <n} and
yj:xj—sin(67rx1+‘7—7T) ji=23,...,n

n
Search Space: 0 < x; <1 —1<x<1,i1=2,3,....n

Dimension: n = 30
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UF8

9 .
Definition: f;(z) = cos(0.52;7) cos(0.5x9m) + — Z( x; — 2xysin(2mzy + ‘7—7T))2
|J1| n

fo(z) = cos(0.5217) sin(0.5xem) + |J2| Z — 2wy sin(2mxy + %))2

JjEJ2

f3(x) = sin(0.5xy7) + |J3| Z — 2o sin(2mxy + %))2

Jj€J3

Where
={j|I3 <j<nand j—1 is a multiplication of 3},
={j|I3 <j<nand j—2is a multiplication of 3},
J3={jl3 <j<n and j is a multiplication of 3},

Search Space: 0 <z, <1, 0<2, <1, -2<ux;,<21=3,4,...,n
Dimension: n =30
UF9
Definition:

fi(z) = 0.5[max{0, (1 + e)(1 — 4221 — 1))} + 221 )w9 +
JT\\2
|J1| Z — 29 sin(2mzy + - —))

jeN
fa(z) = 0.5[maz{0, (1 + e)(l — 4221 — 1)*)} — 221 + 2)wy +

U | Z r; — 2xysin(2mzy + Jn ))

jE€J2

_ JT\\2
f( ) 1—$2+m; 2$281H27T111+n>)
3

W here
J={jl3 <j<nand j—1 is a multiplication of 3},
(C.2)
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Jo={jl3 <j<n and j—2 is a multiplication of 3},

J3={jl3 <j<n and j is a multiplication of 3},

and € = 0.1; € can take any other positive value

Search Space: 0 <z, <1, 0<2, <1, -2<ux;,<21=3,4,...,n

Dimension: n =30

UF10

2
Definition: fi(z) = cos(0.5z17) cos(0.5zam) + A Z[4y]2- — cos(8my;) + 1]
1

JjEJ1

2
fa(x) = cos(0.5217) cos(0.5x9m) + — Z[4y2~ — cos(8my;) + 1]
’JQ‘ JjEJ2 ’

) 2
f3(x) = sin(0.5x17) + A 2[43/]2- — cos(8my;) + 1]
JEJ3

W here

Ji={jl3 <j<nand j—1 is a multiplication of 3},

Jo={jl3 <j<nand j—2 is a multiplication of 3},

J3={jl3 <j<n and j is a multiplication of 3},
yj:xj—2:cgsin(27rx1+‘%) j=3,...,n

Search Space: 0 <2 <1, 0<zy,<1, —-2<ux;<2,i1=3,4,...,n

Dimension: n = 30



Appendix D

Multi Objective Constrained

Benchmark Functions

Constrained Multi Objective problems involves optimization of multiple objectives
simultaneously along with their associated constraints. Often this kind of prob-
lems has conflicting objectives and complex constraints, due to which optimizing
algorithms finds it difficult to optimize. Here we have chosen the well known stan-
dard numerical benchmark functions from CEC 2009 [134] and engineering design
problems from [159, 144].

D.1 Numerical Benchmark functions

BNH

The BNH function has a continuous convex Pareto-optimal set.

Definition: fi(z) = 42? + 422

fa(z) = (w1 = 5)* + (z2 — 5)°

Subject to: gi(z) = (71 — 5)* + 25 —25 <0
go(z) = (11 — 8)? + (22 +3)2 = 7.7<0
Search Space: 0 <17 <5,0<1xy<3

Dimension: n=2

SRN

This function has continuous linear (can be considered convex or nonconvex)

188
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Pareto-optimal sets.

Definition: fi(z) =2+ (z; — 2)* + (22 — 2)*
fo(z) = 921 — (19 — 1)?

Subject to: gi(z) =27 + 25 — 225 <0

g2(x) =21 — 322+ 10 <0

Search Space: — 20 < z; <20, —20 < 9 <20

Dimension: n=2

OSY

This function has continuous linear (can be considered convex or nonconvex)
Pareto-optimal sets. It is considered to be the difficult problem since it has a
discontinuous Pareto-front and has high dimensional and a highly constrained

problem.

Definition: fi(z) = —[25(x1 — 2)* + (23 — 2)* + (73 — 1)? + (14 — 4)* + (25 — 1)?]
fa(x) =x%+x§+m§+wi+m§+wé
Subject to: gi(z) = — (21 + 29 — 2
g2(x) = —(6 — 21 — 22
(

) <
)S 0
g3(x) = =2 -2+ 1) <0
g1(x) = —(2—21 +313) <0
g5(x) = —(4 = (23 = 3) —24) <0
gs(z) = —((z5 —3)* —26 —4) <0

Search Space: 0 < x5 < 10,1 <235 <5,0<24 <6

Dimension: n==~6
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CF1

3(]
Definition: fi(x) |J | E 05 o ))2
1
je
R 0+36=2)

f()_1—1'1+’J2|Z

2)
7 )
)2
Jj€J2
Where J; ={jlj is odd and 2 < j<n} and Jy = {j|j is even and 2 <j <n}
Subject to: ¢i(x) = f1 + fo —a|sin[N7(f1— f2+1)]| —1>0

Where N is an integer and a > N

* 7

Search Space: 0 <zx; <1,i=1,2,..

N =10, a=1
Dimension: n =10
CF2

JT\\2
Definition: f;(z) 7 Z — sin(6mrx; + —))

| 1\ jen n

gm
fo(z) = ]J ‘ Z — sin(67zy + — " 27Y)2

JE€J2

Where J; ={jlj is odd and 2 < j<n} and Jy ={j|j is even and 2 < j <n}
Subject to: ¢;(z) = T ot >0
t=fi+ fo—asin[Nn(fl—f2+1)]—1
Where N is an integer and a > IN

Search Space: 0 <z, <1, -1 <x;<1,i=2,3,...,n
N =10, a=1

Dimension: n =10
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CF3

2 20y,

Definition: fi(z) :x1+J_(4Zyﬂz_2HCOS( Oy]ﬁ)—|—2)
] jed jen Vi
2 20y,m

)=1—22+-"(4 2_9 cos ) 42

Jj€J2 JjeN
Where Jy = {jlj is odd and 2 <j<n} and Jy = {j|j is even and 2 < j <n} and

y]-:xj—sin(67mc1+‘%),j:2,...,n

Subject to: gi(z) = fo + ff —asin[Na(ff — fo+1)]-1>0
Search Space: 0 <x; <1, —2<2;<2,1=2,3,...,n
N=2 a=1

Dimension: n =10

CF4

Definition: fi(x) =z, + Z h;(y;)

j€N
falw) =1—z+ > hy(yy)
JjEJ2
Where Jy = {jlj is odd and 2 <j <n} and Jy = {j|j is even and 2 < j <n} and
y]-:a:j—sin(6wx1+‘%),j:2,...,n
. 3., V2
hy = 0.125 + (t — 1) otherwise

hj:t2 for j=3,4,....n
. t
Subject to: ¢i(x) = oo >0
) 2m
t = x9 —sin(6mx; + —) — 0.521 +0.25
n
Search Space: 0 <x; <1, —2<;<2,1=2,3,...,n

Dimension: n =10
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CF5

Definition: fi(z) =z + Z h;(y;)

M

falw) = T—z1 4+ hi(y))

JEJ2
Where J; = {jlj is odd and 2 < j<n} and Jo = {j|j is even and 2<j <n} and

yj—x]—08x1008(67m1+ ) of 7€

y; = x; — 0.8z sin(6ma4 +? ) if jeJ
3 2
hy = |t| if t<§(1—§)

hy = 0.125 + (t — 1)* otherwise

hj = 2t> —cos(4nmt) + 1 for j=3,4,...,n

Subject to: ¢;(x) = x5 — 0.8z sin(67z; + 2—7T) —0.521 +0.25
Search Space: 0 <z, <1, —2<u; 2 2,1 =2,3,...,n

Dimension: n =10

CF6

Definition: fi(z) =z + Z Y;

je€N

folr) = (=2} + Yy}

JEJ2
Where J; ={jlj is odd and 2 < j<n} and Jy = {j|j is even and 2<j <n} and

Yj —x]—08xlcos(67m1+ )ijEJl

y; = x; — 0.8z sin(6ma4 +? ) if jeJ
n
(D.1)
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2
Subject to: gi(x) = 2o — 0.8z sin(67rx; + —W)

n
—sign(0.5(1 — z1) — (1 — 21))/[0.5(1 — 1) — (1 — 21)2| > 0

4
g2(x) = x4 — 0.8z sin(6wzy + %)

—sign(0.254/(1 — 1) — 0.5(1 — xl)Q)\/|O.25 (1—21)—05(1—z1) >0
Search Space: 0 <ux; <1, —2<x;<2,1=23,...,n

Dimension: n = 10
CF7
Definition: fi(z) =1+ Y hi(y))
JjES1
fala) = (L= 21"+ > hy(y;)
JEJ2
Where Jy = {jlj is odd and 2 <j <n} and Jy = {jlj is even and 2 <j <n} and

SN .
y; = x; — cos(6mry + ‘%),Zf jeh

y; = x; — sin(6mx; + %),if jE Jy

ho(t) = hy(t) = 2,

hj(t) = 2t* — cos(4nt) + 1 for j=3,5,6,...,n

Subject to: ¢i(z) = xo — sin(67z; + 2%)

—sign(0.5(1 — 1) — (1 — 21)*)V/]0.5(1 —21) — (1 — 21)?| > 0

) A7
go(x) = x4 — sin(6mxy + 7)

—sign(0.25y/(1 — 1) — 0.5(1 — x1)2)\/|0.25\/(1 — 1) —0.5(1 —21)| >0

Search Space: 0 <z <1, -2<2;<2,1=2,3,...,n

Dimension: n =10
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CF8

5 .
Definition: fi(z) = cos(0.5z17) cos(0.5xem) + — Z(mj — 2wy sin(2mxy + E))Q
|1 n
. 2 . JT\\2
fa(x) = cos(0.5z17) sin(0.5zqm) + Al Z(IJ — 2x98in(2mxy + =—))
| 2| jeds "
. 2 . JT\\2
fs(z) = sin(0.5x17) + A Z(:cj — 2wy sin(2mxy + —))
| 5] it n
Where
J={jl3<j<n, and j—1 is a multiplication of 3}
Jo={jl3<j<n, and j—2 is a multiplication of 3}

J3={jl3<j <n, and j is a multiplication of 3}

2 2 2 2
Subject to: g,(r) = 12  af sin[Nr(LL L2
1= f3 1— f2

Search Space: 0 <2, <1, ,0<2,<1, 4<z;<4,:=3,4,....n

F1)l-120

Dimension: n =10

CF9

5 :
Definition: fi(x) = cos(0.5z17) cos(0.5z9m) + — Z(xj — 2% sin(2mwy + ‘E))2
| /1] n

NS

_ . 2 . I\ \2
fo(z) = cos(0.5z17) sin(0.5xem) + A Z(a:'j 2xq sin(2mxy + - )

JjEJ2

2 .

fs(z) = sin(0.5xm) + m Z(x] — 2wy sin(2mxy + %))2
JjeJ3

W here

J={jl3<j<n, and j—1 is a multiplication of 3}

Jo={jl3<j<n, and j—2 is a multiplication of 3}

Js={j|13<j <n, and j is a multiplication of 3}

_ i+ 5 f2 4 f2

1-f3 1-f3

Search Space: 0 <2, <1, ,0<2, <1, 2<2;<2,:=3,4,....n

Subject to: g;(z) — a| sin[ N ( +1)]|-1>0

Dimension: n =10
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CF10

Definition: fi(z) = cos(0.5x17) cos(0.5x97m) + — Z 4y] — cos(8my;) + 1]

|J | =
fa(z) = cos(0.5217) cos(0.5x97) + T Z 4y? — cos(8my;) + 1]
| 2\ =
f3(x) = sin(0.5x17) + ]J | Z 4y? — cos(8my;) + 1]
3
J€J3

W here

Ji={j|I3<j<n, and j—1 is a multiplication of 3}
Jo={jl3<j<n, and j—2 is a multiplication of 3}
J3={jl3<j<n, and j is a multiplication of 3}

and
y; = x; — 29 sin(2ma4 + ) for j=23,.
Subject to: g,(z) = s +]{2 - a|sim[N7T(];1 +]{22 +1]|—-1>0
3 —J3

Search Space: 0 < x; < 1, 0< 2, <1, —2<2;,<2,9=3,4,...,n

Dimension: n =10

D.2 Engineering design problems

Speed Reducer design

The well known speed reducer test problem represents the design of a simple gear
box such as might be used in a light airplane between the engine and propeller
to allow each to rotate at its most efficient speed. The objective is to minimize
the speed reducer weight while satisfying a number of constraints imposed by gear
and shaft design. There are seven design variables, (z1,x2, z3, x4, X5, T6, T7). X1
Width of the gear face (cm), x5 Shaft 2 length between bearings (cm), x5 Teeth
module (cm) x6 Diameter of shaft 1 (cm), 3 Number of pinion teeth (Integer),
x7 Diameter of shaft 2 (cm), x4 Shaft 1 length between bearings (cm). The first
objective of speed reducer problem is to find the minimum of a gear box volume
f1, (and, hence, its minimum weight). The second objective, fa, is to minimize the

stress in one of the two gear shafts. The design is subject to constraints imposed
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by gear and shaft design practices. An upper and lower limit is imposed on each

of the seven design variables There are 11 inequality constraints.

Definition: f;(z) = 0.7854x,23(1022/3 + 14.933x3 — 43.0934)
—1.508z 1 (wf + x2) + 7.477(x + 23) + 0.7854(x47f + 2577)
V(74524 /2973)2 + 1.69 x 107

fa) = 0.1z
Subject to: gi(z) = — = — — <0
ubject to: ¢i(z) = - =
. & rxdry 27 T
1 1
_ _ <0
92(x) xlx%xg 3975 —
3
Ty 1
- — <
93() Toxsxry  1.93 ~ 0
3
x5 1
— — <
91() Toxsry  1.93 7 0

g5(x) = x93 —40 <0
go(z) =L —12<0
T2

xXr
gr(z) =5 — x—: <0
gs(x) =19 — 24+ 1.526 <0
go(r) = 1.9 — x5+ 1.127, < 0
gro(z) = folx) < 1100

745 24+ 1.575 x 108
gu(e) = VAT 220 + < 850
0.1zz

Search Space: 2.6 < z; < 3.6, 0.7 < x5 < 0.8,
17<23 <18,73 <w3,14 83,29 <25 <3.9,5.0<2;,<55

Dimension: n==17

Two-bar Truss Design
The truss has to carry a certain load without elastic failure. Thus, in addition
to the objective of designing the truss for minimum volume (which is equivalent
to designing for minimum cost of fabrication), there are additional objectives of

minimizing stresses in each of the two members.
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Definition: fi(z) = x14/16 + 23 + 234/1 + 22

fo(z) = max(oy, 09)
Subject to: g,(z) = max(oy,05) — 10° <0
Where

o1 = 20\/ 16 +ZE§/ZE11’3

oy = 804/1 + 23 /2913
Search Space: 0 <z, <0.01, 0 <x3 <3

Dimension: n=23

Welded Beam Design
A beam needs to be welded on another beam and must carry a certain load F.
The overhang portion of the beam has a length of 14 inch and F=60001b force is
applied at the end of the beam. The objective of the design is to minimize the

cost of fabrication and minimize the end deflection.

Definition: fi(z) = 1.10471h% 4+ 0.04811tb(14 + 1)
fo(x) = 2.1952/t°b

Subject to: g;(z) = —(13600 — 7(x)) <0

g2(x) = —(30000 — o(x)) <0
g3(x) = =(b—h) <0

g4(x) = —(P.() — 6000) < 0

Where

T = \/(T')2+( 24177 /\/0.25(12 + (h + 1)2)
7 = 6000/v/2hl

v 6000(14 + 0.5[)\/0.25(l2 + (h+1)?)

2v/2h1(12/12 + 0.25(h + t)2)
o = 504000/t%b

P, = 64746.022(1 — 0.0282346t )b
Search Space: 0.125 < h,b <5, 0.1 <[t <10

Dimension: n=4
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Gear train design
A compound gear train is to be designed to achieve a specific gear ratio between
the driver and driven shafts. The objective of the gear train design is to find the
number of teeth in each of the four gears so as to minimize (i) the error between
the obtained gear ratio and a required gear ratio of 1/6.931 and (ii) the maximum
size of any of the four gears. Since the number of teeth must be integers, all four

variables are strictly integers.

1 L1T249
6.931 T3T4
fo(z) = max (1, xe, 3, 74)

Subject to: g1 (ZL’) =12 S 21,2,3,4 S 60
Search Space: 12 < x534 <60

Definition: fi(z) =

Dimension: n=4
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