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SUMMARY

Interest in the subject of quantum dots has continued uedlat the last three decades. In
the present thesis we shall investigate the effect of quamtnfinement on the energy of a two-
electron system in a quantum dot. We will be mainly inte@stea GaAs quantum dot with
Gaussian confinement.

In Chapter 1 we will present a general overview of the subjéajuantum dots. We shall
introduce three main types of low-dimensional systems as@uantum wells, quantum wires, and
guantum dots and shall briefly describe some of their impbpeoperties as have been observed
through experiments in the laboratory. In general, it hanhebserved that the electronic, optical,
magnetic and thermal properties of quantum dots are sizendigmt and this behavior is generally
known as the quantum size effect. We shall also show thatehsity of states behave differently
as one goes on reducing the dimensionality of a system asdltiange in the density of states is
really crucial for the difference in the behavior of the lolimensional systems as compared to the
bulk systems. We will present a discussion on micro-fativcamethods for preparing quantum
dots in the laboratory and their relative advantages anadgantages. Finally we will present
some of the important applications of the quantum dots.

In Chapter 2 we will introduce the very important conceptludige quantization which hardly
manifests itself in the case of bulk systems but plays a alutithe low-dimensional systems. We
shall also introduce the phenomenon of Coulomb blockadetlwhas become a very important
issue in quantum dot devices and elaborate the conditiotesrwihich it becomes experimentally
relevant. We will also discuss briefly the concept of sindgéeton transistors.

One of the important inputs that one would require to havééndase of theoretical studies of
a quantum dot is the nature of the confinement potential. thplest model for confinement may
be simulated by an infinitely deep potential well. Howeves & very unrealistic model.

In Chapter 3 we will show using the results of some cyclotresonance experiments, and
Kohn’s theorem and generalized Kohn'’s theorem that the eimigfipotential in a quantum dot is

more or less periodic. After knowing the form of the confinetnpotential, one would like to
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study the behavior several quantum mechanical systemsarsd@lic quantum dot.

In Chapter 4 we will study the behaviour of the ground statrgyof a system of two electrons
in a two-dimensional parabolic quantum dot in the presericGncexternal magnetic field. We
will investigate this problem using thB’ K B approximation method. Following the work of
S.Klama[l] in excellent agreement with the exact numeniealilts. Also we shall extend the
work to 3D spherical potential and study the effect of the size of thieashol the depth of the
confinement potential on the energy of the two electron syste

Recent experiments have shown that the confinement pdtendauantum dot is not strictly
parabolic, but rather it is anharmonic. In this context i ln@en reported in the literature that a
Gaussian potential would be a better choice for the confinematential. Several investigations
have subsequently followed using the Gaussian confinemeaéfor the quantum dot. In chapter
5 we will study the same problem of a system of two electrona quantum dot in a magnetic
field using the Gaussian confinement. We shall also compareesults with the corresponding
parabolic model. We shall study the problem in both two amdetdimensions. We shall show
that though for a large dot parabolic confinement model wéak$y well, in the case of a small

dot, the parabolic model is only a poor approximation of tleearrealistic Gaussian model.
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Chapter 1

Introduction

Semiconductor quantum dots are nano-scale materials chwihe electron motion is confined
in all the three directions. This leads to quantum sizeet$féo which the dot woes its name.
The name quantum dot is relatively recent, but the effectsoafinement have been manifested
in many observations before. In the 1920’s it was observathibating glasses containing CdS
colloids, shifts the onset of the absorption and the lunderse color to longer wavelengths. This
was correctly correlated to the growth of CdS colloids upeating .

Inthe 1960’s, researchers reported differences betwesaditborption spectra of colloidal semi-
conductor particles and the spectra of the correspondirmgaseopic material . The observed shift
in the absorption curve was unclear and was attributed tortisns of the conduction and valence
bands near the crystal surface, or to changes in the phoratrgm caused by crystal boundaries
. A major breakthrough took place at the end of 1960’s, wherMblecular Beam Epitaxy (MBE)
method was developed at the Bell Laboratories . Soon aféentiention of MBE, the experimen-
tal observation of quantized energy levels of confined ahaggriers was reported in 2D-structures
. Subsequently, researchers tried to reduce the dimensidhese systems even further.

Quantum dots were discovered in the beginning of the 198p'Albxei Ekimov in a glass

matrix and by Louis E. Brus in colloidal solutions. The ter@uantum Dot” was coined by Mark



Reed.

1.1 Properties of Quantum dots

Because of the full confinement of carriers inside the ddisir toroperties drastically differ
from those of bulk three dimensional (3D) materias. In th@sgerials one can observe discrete
quantum levels. Some of the versatile properties of quamtot®s that opened doors to a new era

in condensed matter physics are as follows.

1.1.1 Density of states

The discretization of the energy spectrum enhances th@sbss of the density of states. In
Figurel1.1, the changes in the nature of the density ofstatil the corresponding reduction in
the dimensionality are presented.

Bulk Quantum well Quantum wire Quantum
dot

.’ g =

density of states

[ 3D bulk] [2D well | [ 1D wire | [OD dot |

energy

Figure 1.1:Density of states as a function of energy in systems witlettfiit spatial dimensionality. 3D refers to a
bulk system, 2D refers to a quantum well, 1D corresponds émtpum wire and OD represents a quantum dot.



The density of states is defined B5E) = <X whereN is the number of electrons having
energy up ta&. This means that the number of electrdié lying within a narrow range of energy
dFE at E is proportional to the density of states/at The density of states in a quantum dot is given

by ¢ - function peaks.

1.1.2 Specific heat

At low temperature there is a siginificant contribution fréme conduction electrons to the spe-
cific heat and this depends on the electronic density ofstdtihe Fermilevel. Since the electronic
specific heat depends on the density of states which in tysardks on the dimensionality of the
system, one would expect that the electronic specific hdabwidifferent in a quantum dot as

compared to its value in its bulk counterpart.

1.1.3 Susceptibility

The component of the susceptibility arising from the coniduncelectrons, called the Pauli

susceptibility is directly proportional to the density tédite

Xpauli = MQBD(EF) (1.1)

wherey g is the permeability of the material.

Thus it is clear that that Pauli susceptibility will have &elient behaviour in a quantum dot.

1.1.4 Blue shift:

The band-gap in a quantum dot will always be energeticattyela therefore, we refer to the
radiation from quantum dots to be blue shifted reflectingféioe that electrons must fall a greater

distance in terms of energy and thus produce radiation ofoatesth and therefore bluer wave-



length. The quantum Dot allows us to control its band gap Ipystithg its size and hence helps in

controlling the output wavelength with extreme precision.

1.1.5 Optical Properties

An immediate optical feature of colloidal quantum dots isitltoloration. While the material
which makes up a quantum dot defines its intrinsic energyasiga, the nanocrystal’s quantum
confined size is more significant at energies near the band Hays quantum dots of the same
material, but with different sizes, can emit light of di#et colors. The physical reason is the
guantum confinement effect.

The larger the dot, the redder (lower energy) its fluoreseapectrum. Conversely, smaller
dots emit bluer (higher energy) light. The coloration isdity related to the energy levels of the
quantum dot. Quantitatively speaking, the band-gap enbi@ydetermines the energy (and hence
color) of the fluorescent light is inversely proportionathe size of the quantum dot. Larger quan-
tum dots have more energy levels which are also more clopelyesl. This allows the quantum

dot to absorb photons containing less energy, i.e., thasecto the red end of the spectrum.

1.1.6 Electronic Properties

At sufficiently low temperatures the energy of the phonon®dslow to excite the electrons
in QD and the strong quantization of energy determines téetreinic properties these systems.
In addition to affecting the electronic structure of quantdots, quantum confinement has conse-
qguences for the quantum dot charging and charge transpome $elevant electronic properties
that are size dependent are the polarization energy, thee@bucharging energy and the optical

excitation energy.



1.2 Methods of Preperation

Unlike quantum wells, where the motion of carriers is restd to a plane through the crystal-
lization of thin epitaxial layers, the creation of quantuimnes or dots, which confine the carriers in
a space with at least two of the three dimensions limitedeéodhnge of the de Broglie wavelength,

requires far more advanced technology.

1.2.1 Etching

The earliest method of manufacturing quantum dots was im@feed by Reed et all[2] , who
etched them in a structure containing a two-dimensionaitela gas. Subsequent steps of this

process are shown in Figure:1.2(a).

-glectron beam

active ions-__

! \-°U|‘ e

=~ <)

quantum dot -/

Figure 1.2:(a) Process of quantum dot etching .(b) Etched quantum det&SiaAs/AlGaAs well, electron scanning
microscope picture.



1. The surface of a sample containing one or more quantuns \etlovered with a polymer

mask, and then partly exposed.

2. The exposed pattern corresponds to the shape of the @meat@structure. Owing to the
required high resolution, the mask is not exposed to vidighg, but to the electron or ion

beam (electron/ion-beam lithography). In the exposedsaiteamask is removed.
3. Later, the entire surface is covered with a thin metaldaye

4. Using a special solution, the polymer film and the proweatnetal layer are removed, and a
clean surface of the sample is obtained, except for the qusly exposed areas, where the

metal layer remains.
5. Next the areas not protected by the metal mask are chéynetahed.

6. Slim pillars are created, containing the cut-out fragteeh quantum wells.

In this way, the motion of electrons, which is initially caméd in the plane of the quantum
well, is further restricted to a small pillar with a diametdrthe order ofl0 — 100nm. Owing to
the simplicity of the production of thin, homogeneous quamtvells, GaAs is the most commonly
used material for creating dots by means of etching. [Fifp)p2esents a picture of real dots

obtained using this method.

1.2.2 Modulated electric field

Another method involves the creation of small electrodes thve surface of a quantum well by
means of lithographic techniques. Application of an appedp voltage to the electrodes produces
a spatially modulated electric field, which localizes thections within a small area. The lateral
confinement created in this way has no edge defects, whiatharacteristic of etched structures.
The process of spreading a thin electrode over the surfaeegointum well may produce both

single quantum dots [3] and large arrays (matrices) of @S]
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AlGaAs GaAs
Sio,

(111) B GaAs

Figure 1.3:(a) Quantum dots produced on InSb in which the electrons arereahfiy the electric field (electron
scanning microscope picture). Bottom: Shape of the eldetand the configuration of band edges (valence and
conduction bands)») Quantum dots created on the surface of GaAs in the select&talNDrganic Chemical Vapour
Deposition (MOCVD) growth (scanning electron microscopeyres). The configuration of layers in a single dot is
shown. The width of the electron localization area at theoioihe pyramid of the order dfo0nm.

Modulation of the electric potential, produced by applymgoltage to an electrode, can be
realized by the previous preparation (using a lithograpéatinique) of a regular array of islets
of non-metallic material (e.g. of the barrier material) bwe surface of the sample. As a result,
the distance between the electrode (overlaying the suxféitethe islets) and the plane of the
quantum well is modulated, and the electrons are bound il aneas under the prepared islets. A
photograph of a matrix of such dots, together with the prafilthe confining potential, is shown
in Figure[1.3(a).Instead of modulating the distance betwihe electrode and the well, it is also
possible to build a pair of parallel, thin electrodes abdnvevtell. The lower one can have regularly
placed holes which is where quantum dots are to be created .

A voltage applied to the pair of electrodes results in a ckangboth the dot size and the
depth of the confining potential. The potential depth infeesnthe number of confined electrons.

However, when an additional electrode is introduced betwtbe quantum-well layer and the



doped layer, the number of electrons and the potential degitbe changed independently. Even

more complicated systems of micro-electrodes are appbedandays|([6].

1.2.3 Selective growth

The next method is the selective growth of a semiconductimgpound with a narrower band
gap (e.g.GaAs) on the surface of another compound with a wider band gap @@GaAs) [7] .
Restriction of growth to chosen areas is obtained by cogehia surface of the sample with a mask
(Si02) and etching miniature triangles on it. On the surfaotcovered by the mask the growth
is then carried out with the metal-organic chemical vapapasition method M/ OCV D), at a
temperature of00 — 800°C. The crystals created have the shape of tetrahedral pysaritide
first crystallized layers are the layers of the substratepmmd( AlGaAs), and only the top of the
pyramid is created of GaAs. Thus itis possible to obtain andiht an effective size unddi00nm.

Pictures of such dots, and the configuration of GaAs/AlGa4sils, are shown in fig:1.3(b).

1.3 Applications

Quantum dots are particularly significant for optical apgiions due to their high extinction
co-efficient [8] . In electronic applications they have bgeoven to operate like a single-electron
transistor and show the Coulomb blockade effect. Quantuts klave also been suggested as
implementations of qubits for quantum information proaegs

The ability to tune the size of quantum dots is advantageousiny applications. For in-
stance, larger quantum dots have a greater spectrum-@hdrds red compared to smaller dots,
and exhibit less pronounced quantum properties. Conwerbel smaller particles allow one to
take advantage of more subtle quantum effects.

Being zero dimensional, quantum dots have a sharper deristgtes than higher-dimensional

structures. As a result, they have superior transport andabproperties, and are being researched



for use in diode lasers, amplifiers, and biological sensQ@antum dots may be excited within
the locally enhanced electromagnetic field produced by tiid ganoparticles, which can then
be observed from the surface Plasmon resonance in the photascent excitation spectrum of
(CdSe)ZnS nanocrystals. High-quality quantum dots arésuéked for optical encoding and mul-
tiplexing applications due to their broad excitation pesgind narrow/symmetric emission spectra.
The new generations of quantum dots have far-reaching faitéor the study of intracellular pro-
cesses at the single-molecule level, high-resolutiomtzgllmaging, long-term in-vivo observation

of cell trafficking, tumor targeting, and diagnostics.

1.3.1 Computing

Quantum dot technology is one of the most promising candgifatr use in solid-state quantum
computation. By applying small voltages to the leads, the 6 electrons through the quantum
dot can be controlled and thereby precise measurement afpih and other properties therein
can be made. With several entangled quantum dots, or gphitsa way of performing operations,

guantum calculations and the computers that would perfaemtmight be possible.

1.3.2 Biology

In modern biological analysis, various kinds of organic slgee used. However, with each
passing year, more flexibility is being required of thesesggmd the traditional dyes are often un-
able to meet the expectations. To this end, quantum dotsthaekly filled in the role, being found
to be superior to traditional organic dyes on several cqouamts of the most immediately obvious
being brightness (owing to the high extinction co-efficieambined with a comparable quantum
yield to fluorescent dyes [9]) as well as their stability galing much less photobleaching). It
has been estimated that quantum dots are 20 times brighdetGfhtimes more stable than tra-
ditional fluorescent reporters. For single-particle tragkthe irregular blinking of quantum dots

is a minor drawback. The improved photostability of quantlmts, for example, allows the ac-
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quisition of many consecutive focal-plane images that earebonstructed into a high-resolution
three-dimensional image. Researchers were able to obgeaveum dots in lymph nodes of mice
for more than 4 months$.[10]

Semiconductor quantum dots have also been employed foitrmimaging of pre-labeled
cells. The ability to image single-cell migration in reaht is expected to be important to several
research areas such as embryogenesis, cancer metaséasiseli therapeutics, and lymphocyte

immunology.

1.3.3 Photovoltaic devices

Quantum dots may be able to increase the efficiency and retleceost of today’s typical
silicon photovoltaic cells. According to an experimentabgf, quantum dots of lead selenide
can produce as many as seven excitons from one high energgrpbbsunlight (7.8 times the
bandgap energy). This compares favourably to today’s pltitc cells which can only manage
one exciton per high-energy photon, with high kinetic egergrriers losing their energy as heat.
This would not result in a 7-fold increase in final output hgem but could boost the maximum
theoretical efficiency fron81% to 42%. Quantum dot photovoltaic cell would theoretically be
cheaper to manufacture, as they can be made "using simpi@cdleeactions.” The generation of
more than one exciton by a single photon is called multipgter generation (MEG) or carrier

multiplication.

1.3.4 Light emitting devices

There are several inquiries into using quantum dots as-&gfitting diodes (LED) to make dis-
plays and other light sources, such as Quantum dot L&D = L E D" displays, and "QD-WLED”
(White LED). In June, 2006, QD Vision announced technicatess in making a proof-of-concept
quantum dot display and showed a bright emission in the ieisibd near infra-red region of the

spectrum. Quantum dots are valued for displays, becaugesthi light in very specific gaussian
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distributions. This can resultin a display that more ac@lyaenders the colors that the human eye
can perceive. Quantum dots also require very little powssesthey are not color filtered. Addi-
tionally, since the discovery of "white-light emitting” Q@eneral solid-state lighting applications
appear closer than ever. A color liquid crystal displéy ' D), for example, is usually powered
by a single fluorescent lamp (or occasionally, conventioviate LEDS) that is color filtered to
produce red, green, and blue pixels. Displays that intaii produce monochromatic light can

be more efficient, since more of the light produced reachesyke.
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Chapter 2

Charge quantization and Coulomb blockade

2.1 Charge Quantization

There are two kinds of charge, positive and negative. Like@s repel, unlike charges at-
tract. Positive charge comes from having more protons tleantrens; negative charge comes from
having more electrons than protons. Charge is quantizednimg that charge comes in integer
multiples of the elementary charge

Probably everyone is familiar with the first three concepig,what does it mean for charge to
be quantized? Charge comes in multiples of an indivisibleafrcharge, represented leywhich
has the magnitude.6 x 1071°C. In other words, charge comes in multiples of the charge @f th
electron or the proton. A proton has a charge-ef while an electron has a charge-e¢. Charge
quantization is a natural phenomenon, but it is hardly olzd#e at the lab scale. Thus it does not
have much significance for bulk materials. One example aliity this point.

Consider an electric bulb of voltags0V/, with power601W. Then the flow of charge per

second is given by
_ powerA  60A/s

~ woltageV 230V

= 0.2¢/s. (2.2)
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Then the flow of electrons per second is of the ordet®@f electrons/sec. This rate is similar
to that of a usual fluid flow. Therefore the charge quantizatioes not manifest itself in a bulk
case. However in the case of a nanosystem, for example, ia@twmu dot, the rate of electron
flow is only a few electrons per second. So charge quantizag&ally becomes observable in a
nanomaterial.

Moreover in case of nanosystems, addition or subtractianfefv number of charge carriers
(electrons) causes observable change in the energy. @om@sgpherical capacitor with charge Q

and capacitance C. The energy of the capacitor is given by

_@
E= Yok (2.2)
On adding one electron,the energy of the capacitor becomes
P Chdis (2.3)

If the radius of the capacitor is R, the capacitance in CG&umill be R. So we can write

o @

=55 (2.4)
and ,
(Q+e)
E, = ) 2.
T (2.5)
Thus, the change in the energy of the quantum dot will be
Qe
AFE~ . 2.6
= (2.6)

and the relative change in energy is given by

13



AE e
— = —. 2.7
oaaks (2.7)
For bulk systems the number of electrons is very high, sodlagive energy is approximately
zero. In the case of nanosystems the relative energy isyngaitly. So the change in energy of a
quantum dot due to the addition of a single electron is of #raesorder as the energy of the dot
itself. Thus the effect of a single electron can be obseevaiahe case of a quantum dot and so the

charge quantization becomes apparent in a quantum doe Qiren(—e), energy can be written

as,
n2e?
E = Yok (2.8)
therefore the Hamiltonian can be written as
62
H— %ﬁ? (2.9)

wheren is the number operator. The Hamiltonian H commutes with fri.é/| = 0. Therefore
we cannot have transport in such systems. We must have alinmfector in Hamiltonian and

then transport occurs through the system.

2.2 Coulomb Blockade in Nanocapacitor

When a single electron tunnels through the insulating l&ypen the negative plate to the posi-

tive plate of a tunnel capacitor, it results in a decreashempbsitive charge on the top plate,

Q—Q+e=0Q —|e (2.10)

14



and an increase in the positive charge on the bottom plate,

CQ 5 -Q-e=—-0Q+]¢ (2.11)
The change in energy stored is

ANE=FE —FE/ = (2.12)

—e(@Q+3)
—
It must be energetically favorable for the tunneling everadcur , and if we requird\ £/ > 0, we
find that

Q>12E (2.13)

for tunneling to occur. In terms of the condition on voltagethe capaciter, we have

V> (2.14)

or,
le]

V>%

(2.15)

Energy is conserved , and since the stored energy decrepsagunneling, the electron is

excited above the Fermi level resulting in an increase ietitnenergy on the other side of the

junction. So upon tunneling, the voltage over the junctidlhdecrease b)%‘ so that

% _ & f:Q_|€‘:_ﬂ
V c =30 and V c 50 (2.16)
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Repeating for opposite polarity, we find that in order forrtaling to occur, we must have

ﬂ<V< €]

o Tel (2.17)

. Thus, tunneling current will only flow when a sufficientlyde voltage|(\/| > ) exists across
the capacitor. This effect is calléithe Coulomb Blockade. So there should be some minimum

voltage called the threshold voltage for the tunneling d®dcbrresponding energy

B= (2.18)

is called thecharging energy of the capacitor This is the energy required to add an electron
to the capacitor. This is because of the repulsion from teetedn which already exists. For a
macroscopic capacitor whetgé = 1.1 = 10713F, we need onlyV| > 0.73uV for tunneling to
occur. So we can't observe Coulomb blockade in macrosc@peaator. But for a nanocapacitor
with C = 1.1 x 1079F , |[V| > 0.73V is required. Thus, Coulomb blockade is not evident in

macro-sized circuits, but will be observed in nanometelesciacuits.

The |-V characteristics in a macro and nano capacitors aKTar@ shown in Figurg:2|1.

sl

-

s v
’

Figure 2.1:7 — V characteristics of nano and macro capacitorg at 0K .Dashed curve represents the macro
capacitor and the solid curve represents the nanoscaleit@pa
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2.2.1 Temperature effect in Coulomb Blockade

Temperature plays an important role in Coulomb blockad@phenon. The preceding devel-
opment is only strictly valid at T=0K. To observe the Coulobibckade the charging energy in

Eq.(2.18) should be larger than the thermal energy i.e.,

¢ s L (2.19)
20 9 "B '
or
¢ 2.20
Tew S .
<<@C, (2.20)

whereky is the Boltzmann’s constant. For the nanoscale capagifor= 1.1 * 1071), T <<
16.19K, which is obviously the typical situation. Therefore , wegl be able to observe coulomb
blockade for this capacitor in the laboratory. However tfigrmacro capacitor{ = 1.1x10713F),

T << 0.017K, which may be difficult to achieve.

2.2.2 Heisenberg uncertainty relation

From uncertainty principle between energy and time

AENt > g (2.21)
The time constant for an RC ciruit is given by
T=RC. (2.22)

T is the characteristic time associated with tunneling eszeftis is not the time to tunnel through

the junction, but, rather, the time between two tunnelingnés i.e.,7 is considered to be the

17



approximate lifetime of the energy state of the electron @ side of the barrier. Thus, we have

an uncertainty in the energy value given by

h
AE > .
- 2R,C

(2.23)

To observe the Coulomb blockade effect, the charging energgt be much larger than the uncer-
tainty AFE, this yiels
Ry > EZ ~ 4.1KQQ. (2.24)
(&

Thus the tunneling resistance of the capacitor circuit rhadarger tham.1 K.

2.3 Coulomb Blockade in a Quantum Dot Circuit

If we place a quantum dot in between two leads , the transpohiange occurs due to tunneling
l.e., current can flow from lead to lead through the quantumn dio this type of situation the
quantum dot which is merely a very small material region ,I$® a&alled a quantum island or

a coulomb island. The following figure represents the quantland connected to the external

Vs

Figure 2.2:Equivalent circuit of a quantum dot connected to a voltage@®via tunnel junctions

voltage sourcé/; , and its equivalent circuit. In this figure the tunnel junas represent the
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insulating regions isolating the island(dot) from the kadnnected to an external souiice The
tunnel junctions can be modeled by leaky capacitors. Thezefor one junction we have,,
and R;,, and for the other junctioty, Ry, whereR,; is the tunneling resistance of junction i.

Associated with each tunnel junction , we have

Q=Q—Qu. (2.25)

Electron tunneling allows a discrete number of electrorecttumulate in the island, and so

Q = ne (2.26)

wheren is an integer. Assume that initially there areelectrons in the island. Let one electron
tunnel onto the island through junction b.
This tunneling occurs when

—e 1

Vi> 5(nt ). (2.27)

In a similar manner, an electron tunnels form the islandughgunction a if

V,>—(n—>). (2.28)

As a special case , if we I€t, = C, = C andn = 0, then [2.2V) and_(Z.28) both reduce to

—€

. 2.2
Vs > 50 (2.29)
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Now consider the opposite situation, where an electrondlsnon to the island through junctian

, and off the island through junctian ForC, = C}, = C andn = 0, we would find

— 2.30
Vi < 50 (2.30)
Thus, under these conditions, we have
—e€ e
or
Vil > —— (2.32)
S 20 .

i.e., the same Coulomb blockade as encountered for theestaghcitor .
Now assume that one electron has already tunneled ontolémel ithrough junctiord. If a
second electron tunnels onto the dot through jundijome would find that
—e 3

Vi > EOHE)' (2.33)

For the cas€’, = C, = C' andn = 0, and considering different tunneling directions , we aftai

3e]
Vsl > —. 2.34
Vil > 55 (2.34)
Considering a third tunneling event, we would obtain
5[gel
2.
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and, in general, we have
me

Vi > —.
Vil > 57

(2.36)

wherem = 1,3,5,...,for1,2,3... electron tunneling events respectively. Thus, electranél:
ing, giving rise to currents, will occur at discrete voltageps. The resulting — V' Characteristic
curve, known as theCoulomb staircase, is depicted in the figure below. whevg = ¢/2C, and
L = e/R,C.

2.4 Single Electron Devices

The term single electron devices in fact , is a bit of a misnpraed in literature, the term
“single-electron precision” device has been suggestedrasra descriptive name. This is due
to the fact that usually much more than one electron is ireahalthough the number may be
relatively small. It is important to note that these deviaes typically sensitive to the transfer of
single electronic charge and therefore they can operatedoypulating an extremely small number

of electrons.

Figure 2.3:Coulomb stair case in a double junction system
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2.4.1 Advantages

1. They offer potential benefits of ultra large scale intégrawith devices which have dimen-

sions of the order of nanometers.

2. They also exhibit very low power dissipation and high spee

2.4.2 Disadvantages

1. If a device is sensitive to the movement of a single eledtroharge, then the presence of a

single charge impurity, may drastically influence the deaperation.

2. Device fabrication is very difficult.
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Chapter 3

Confinement Potential

In guantum dots one of the challenging issues is to find thereatf the attractive confining
potential for the electrons in the quantum dot. In generalsiimplest way to describe a quantum
dot is to consider the model of an electron confined in an ifipotential well. But the force
experienced by the electron according to such a model is inetile quantum dot and so this

model of potential is not correct.

3.1 Cyclotron Resonance Experiments:

Sirkosky and Merkt[13] have found experimentally that teeanance frequency in a quantum
dot does not depend on the number of electrons in the dot. Adependence of the excitation
energy on the number of electrons indicates that the eianitapectrum of a quantum dot is not
influenced by the electron-electron interaction. This isantrast to the situation in real atoms.
Later, Meurer et al. [14] have studied the few-electron quieindot energy using the far infrared
spectroscopy on GaAs quantum dot and have observed thatresofrequency has only a weak

dependence on the electron number. Independence of tHe tligasitions on the electron number
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was also approximately observed in GaAs- GaAlAs quanturs bgtAshoori [15] and in the
InGaAs-GaAs-AlAs system by Drexler [16]. All these reswdtgygest an interesting feature about

the quantum dot which is reminiscent of the celebrated Kbeorem.

3.2 Kohn’'s Theorem

Kohn's theorem states that ” For an electron gas placed irxeamreal magnetic field, the cy-
clotron frequency is independent of the electron-elecinveraction”. This theorem is a conse-
quence of the fact that the electric dipole of the radiatiefdfcouples only to the centre of mass

of the electrons and does not affect the relative motion.

3.2.1 Proof of the theorem:

The Hamiltonian of an interacting many electron system ofddteons is given by

N

N
1 , 1 L
H:%igl b; +§ E (J(|TZ—TJ|) (31)

i.j=1,i#j

Herep; is the momentum operator for tié electron;n its mass and (|r;—r7|) is the potential

due to the electron-electron interaction. In the preserfiGgermagnetic field Bp; is replaced by

(7 — “4), whereA; is the vector potential satisfying the conditign< A = 5. So the Hamiltonian

changes to

—

1Y ed 1 &
2 N e A = ). 2
PG by 3 U= 2

The equation of motion in the Heisenberg picture is given by
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P 1

= %[P, H]. (3.3)

The Lorentz force is given by
F= S(vxB)= - " (PxB), (3.4)
whereB is the uniform magnetic field in the z direction. From Eq8s3) and(3.4) we get
F— - (PxB)= L[p,H], (3.5)
mc g

whereP is the new momentum given by

N
P=) P, (3.6)
i=1
with
eBx;
P; = (pzm7 pz'y - pzz) = (P1j7 Pij PZk) (37)

We choose the Landau gauge for the vector potentiald(@., Bz, 0). From Eqgn [(3.b), we get

> (PixB) - %[P, H, (3.8)

Construct ladder operators as follows.

Py = (P, +iP). (3.9)

Then we can write
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[P, H| =[P, +iP, H| = [P,, H| +i[P,, H].

Also, we have
dP d
— =—(iP,+|P,+kP,).

42) = 4 sothat we have

For the x component;; T

1 e
_PazaH - T
ih[ ] me

(P xB),.

Therefore

[Py, H] = [P, £ iP,, H] = [Py, H] +i[P,, H], = ih(—%

which reduces to
) e 1e
Pt =it (=S (PB) 4 () ).

Thus we have

eBh
[P, H] = ——P,
mc
Since the cyclotron frequency is given by
eB
We = —,
mc

[P+, H] = —hwcP+.

Similarly we can show that

[P, H] = hw,P-.
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(PxB),

e

mc

(PxB),),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



So that we can write
[Hv P—i—] = hwcp-i—) (319)

and
[H,P_] = —hw.P_. (3.20)

Let us consider the ground state wave functigyso that we have

HU, = B, (3.21)

From Eq[(3.19) and E@.(3.20) we have

[H7P+] :<HP+—P+H):FLCUCP+,
HPy =P H + hw.Py,

So, we get

(HP,)U, = (PyH)U, + (hw.P,)V,,

H(P-i—\llo) = (Eo + hwc) (P-l-\llo)' (322)

Therefore we can say that ¥, is an eigenstate of H with energy,, then P, ¥, is also an
eigenstate of H belonging to the enefdy+ hw,.). This means that the first excited level is greater
than the ground state energy hy. and in fact the energy levels are equidistant with the energy
separation equal thw...

We can therefore conclude that the excitation spectrum afitenacting electron system con-

sists of equi - distant energy levels with separation enkxgy So the electron - electron interaction
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does not alter the separation between the energy levels.

3.2.2 Generalized Kohn's Theorem

This theorem states that "The cyclotron frequency of theskesy of electrons in a magnetic
field and confined by a parabolic potential is also independethe electron - electron interac-

tion”.

3.2.3 Proof of the theorem:

Let us first consider a system of N non - interacting electy@ased in two dimensions and

confined by a parabolic potential. The Hamiltonian is givgn b

1 N 1 N
— 2 2
S omet Y (3.23)

J=1 J=1

Whereﬁj = (pxjapyjapzj)'
Let us define dimensionless variables

o Pj
T, = .
! vmwh
Qj = Tj —h . (324)
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The Hamiltonian then simplifies to

where

2 2 2 _ 2
Ty = § ik q; = E dj-

k=z,y k=z,y
One can easily see that

mw 1

[k i) = m[rﬂﬁpj | = ﬁZh =1.

Let us now introduce the following operators:

1 . mw P
sk = 75 ik i) = Ao (1 1),

1 mw P
+ S Sl
p = 5\ T ) = G e =)

which obey the commutation relatidm, a},| = 1
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(3.26)

(3.27)

(3.28)
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The Hamiltonian in E(.3.26 can be written as

N N
hw
= S (e + ) (3.30)
k=z,y j=1
Zi L - ) —— L et im) + ~| (3.31)
e \/_ ik sqrt2 J 2

Z Z ( a s + ) hew. (3.32)

1 1 mw P
+:—E JT:—E — L 3.33
o N = ok N = 2h (Tjk me) ’ ( )
N N
1 1 mw Py,

The Hamiltonian is finally given by

1
Hy = Z ((a:ak + 5) hw (3.35)
k=x,y
+ 1 1
= (afaje + 5 | hw + | af,a, + 5 Tw. (3.36)

And the energy assumes the following expressions

1 1
Ey = (nm + 5) hw + (ny + 5) hw. (3.37)

So far we have ignored the Coulomb repulsion between thé&refex Let us switch on the electron
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- electron interaction so that the total Hamiltonian beceme

H=H,+U, (3.38)
where
N N o2
_ 7 — ) = E— 3.39
1<j=1 1<j=1
It is easy to prove that
U (175 = 750) , ax ] = [U (|7 = 751), ax] = 0. (3.40)

This is true for any potential which depends only on the netadistance between electrons.Now

[H, a;] = [Ho + U(|75 — 75]), aj.] = [Ho, a;] (3.41)
1
= Z <a,jak - 5) ,a;] = hw(a; ak, a})]. (3.42)
k
Since

[a’lm a’ngr] = 17 (343)

we have
[H, a;:] = hwa;:, (3.44)
[H, ak] = —hwak. (345)
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Supposed(r) is an eigen function of H with eigenvalue E. Then

Ho(r) = EdP(r). (3.46)

Now according to E§.3.44 we can write

[H, af1®(r) = hw* (1), (3.47)
so that,
Haf®(r) — af H®(r) = hwa} ®(r), (3.48)
or,
Haf®(r) = (E + hw)a; ®(r). (3.49)
Similarly we can show that
Ha®(r) = (E — hw)ap®(r). (3.50)

Thus if &(r) is an eigen function of H with an eigen value E and thgf(r) is also an eigen
function of H with eigenvalué £ + hw). Therefore the excitation spectrum of the interacting
system consists of equidistant levels with separation letguthe bare resonance energy of the
parabolic potentialfw). Thus electron-electron interaction does not alter theusgjpn between
the energy levels and hence the cyclotron frequency if tinéimement potential is parabolic.

Peeters[17] has shown that the positions of the resonanes iln the magneto - optical ab-
sorption of a quantum dot with a system of electrons with alpalic confinement potential is
independent of the electron - electron interaction and timalrer of electrons in a quantum dot.
We shall now discuss about this result which is knowgeaseralized Kohn’s Theorem

eA

In the presence of a magnetic field is in the z - directjgns to be replaced b(ﬁj — —). In

[
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the symmetric gauge we choose

—

B
Aj - (yj,IL’j,O);. (3.51)

It is easy to see that the Hamiltoniah can still be diagonalized and one gets

1 1
where
1
wiQ =3 [(2w2 +w?) £ \/(2w2 + w?)? — 4w4] ,
and,
N
de = Zcit,Q(j)a
j=1
with
gy =uradx; | —wi, +w?+ 1@02 Fi Piz (—w?, + W) Fiy——(wi, + w?) Piy .
1,2 , j 1,2 5We —_—_ 1,2 I 9 s 1,2 o ;
(3.53)
where
Uy = m;;’Q [( 2, —wh? + wzwﬂ )
One can easily verify that
e (4), ¢ (7)] = 0, (3.54)
[c?(j),ci(j)] =1 for S=1,2. (3.55)

Thus one would conclude that the excitation spectrum ofesysif electrons in a magnetic field
and confined by a parabolic potential consists of two setgjafdéstant levels with separations

equal tow; andws.
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Now again one can show that

U, di5] =0, (3.56)

so that we can get

[H, diy] = thw 2di . (3.57)

Thus also for an interacting electron gas in a magnetic fietbc@nfined by a parabolic poten-
tial the separation of the energy levels is identical to thahe absence of the electron - electron
interaction. This is known as generalized Kohn’s Theoreris Theorem along with the results
of cyclotron resonance experiments suggest that the coménepotential in a quantum dot is
parabolic.

After one comes to know about the form of the confining pos#néipplying quantum mechan-
ics to a quantum dot problem becomes rather straight-fah&ad consequently a large number
of theoretical investigations [18, 19,120,121 2] 123,124, 2527, 28, 29, 30, 31, 32, 33,34, 35,
36,137,38| 30, 40] were performed in the last twenty yearsntavel the electronic and optical

properties of quantum dots.
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Chapter 4

Two electron system in a parabolic quantum
dot in a magnetic field

The electronic properties of two-dimensional quantum dogsof considerable current inter-
est. The theoretical studies are based on the model elextrdmement, usually described by a
parabolic potential. All the results provided by this moaled in good agreement with experimental
methods|([41, 42, 43, 44], the main problem is that of how te fako account the electronelectron
interaction. Here, we obtain the solution of the Schrodiregpiation of a two-electron parabolic

dot in an external magnetic field, making use of the WKB apjpnation.

4.1 The Model

The Hamiltonian for an interacting pair of electrons contiiie a quantumdot by a parabolic
potential of the forn(%m*wgﬁ) in a magnetic field applied parallel to the z-axis(and pedpzrar

to the plane where the electrons are restricted to movegisymmetric gauge is written as

€ - 2 *, 2 -2 1 € - 2 *, 2 -2 62 1
H = [p1+ =A(r1)] + =mwiri™ + ——[p2 + —A(r2)] + =m'wry" + ————— (4.1)
C m c € |’f’1 —7’2|
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where the two-dimensional vectafsandr; describes the positions the first and the second elec-
. . Be \ . ,
tron in the (x,y) plane respectively,and <: —6) is the cyclotron frequency, is the charac-
m*c
tristic confinement frequency,* is the effective mass of electron ands the dielectric constant

of the medium.

4.2 The transformation into a One-Body problem

The following transformations are used for this problem:

P = 5(191 + p3) R = 5(7’14‘7’2) (4.2)
— 1 — — — —
p=§(p1—pz) 7= (r1 —13)

whereR, P are the center-of-mass coordinates ancdare the relative coordinates and takeri.

Then

We also have

V,1xA(r) = B,
V,2xA(rs) = B,
andA = LBx7
using the transformationis (4.2) we get,
L 1 Q 1 ’
e . e ., = q
“A “A = —|P+<A —|p+24 4.3
Gy p1+c (1) +2m* p2+c (72) Y +c (R) +2M P+C (M| (4.3)




and

1 29 1 22, €1 Loroape 1 22, €1
—m” -m” —— =-MwR*+ -Muw, — 4.4
2mw0r1+2mwor2—|—€|ﬂ s Muwy I+ 5 wr+€|ﬂ (4.4)

The Hamiltonian in equatior (4.1) can be written as sum of $@perable hamiltonians, one

representing the centre-of-mass motion and given by

2

1
Hp = —

1
= 37 + ~Mw?R? (4.5)

P+ QA(ﬁ) 5

C

and the other representing the relative motion and is giyen b

1 q 1 e? 1
Hr - A — 2,2 _—— 4.6
o [P PAD |+ g’ (4.6)
whereM = 2m*, Q) =2e,pu = %m* andqg = %e.
Thus the total Hamiltonian is given by
H=Hp+ H, 4.7)

In experimentally realized dots, the motion in the z-dii@tis always frozen, and we can treat
the dots as two-dimensional discs using a parabolic congnépotential, as usual.

The total wavefunction for the above hamiltonian can betemitis

U = O(R)p(7) (4.8)

where®d(R) and¢() satisfy the following equations:
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Hp®(R) = E,(R) (4.9)

H,$(F) = () (4.10)

We choose the gauge ds = 1 Br, 4, = A, =0.

Then in the polar coordinates, the Hamiltonidntakes the form

1 0 2
+ MQQTQ — —wc— + e_ (4.11)

1110, 0 1 0
By == [ 2 “0p

2 | ror E)Jr 2 92

with the cyclotron frequency given by, = 2

given byQ? = w? + “C . The dielectric constantconcerns the host semiconductor. After making

the substitutiony(r) = r—2 x(r)exp (imy) , we obtain

d*x(r)
dr?

r

m* — 2ue* 1
+ <2ME7~ — MW = — L A% — %—) x(r)=0 (4.12)

where m=0+41, £2,.... denotes the azimuthal quantum number
The centre-of-mass wave functidri R) can be exactly solved in terms of the confluent hyper-

geometric function. The spectrum is

1
Ee.= (2N + M|+ 1) + M, (4.13)

where N=0, 1,2, 3,... and M=&1,+2, ...
In the following we concentrate on the relative motion onBfter making the substitution

r = V/2lz, wherel? = —1-, we get from Eqf(4.12)
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Cx(@) <6 2 B l)x(;,;) —0 (4.14)

4.3 WKB Method for 2D PQD

We solve [(4.14) using the WKB approximation following[1]hd WKB approximation is the
most familiar example of a semiclassical calculation inlquen mechanics in which the wavefunc-
tion is recast as an exponential function, semiclassi@dpanded, and then either the amplitude
or the phase is taken to be slowly changing.The importantriarion of Wentzel, Kramers and
Brillouin to the Jeffreys method was the inclusion of theatmeent of turning points, connecting
the evanescent and oscillatory solutions at either sideeofurning point. For example, this may
occur in the Schrdinger equation, due to a potential eneigy h

Equation[(4.14) contains the irregular singularity at xA@cording to the general WKB the-
ory for equations with irregularities one needs repladey v + ;. Thereafter, the semiclassical

spectrum of the system can be obtained from the Bohr—Soreldexdndition

b
/a (e—xQ—g—ZL—;>dx:7r(n+%), (4.15)

where the turning points a, b are determined by the positigesrof the algebraic equation
ot —ex? + Br+m? =0. (4.16)

The solution of equatio (4.16) can be easily carried outenigally by using MATLAB. From
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this equatiork value can be calculated and substituted in the energy equgitren by

Q) + mw,

E, =
2

(4.17)

The total energy thus becomes

Q) + mw,

1
E:(2N+\M\+1)Q+§ch+ 5

(4.18)

4.4 Results and Discussions

For noninteracting electrons,= 0, the numerical WKB solution coincides precisely with the
exact numerical solutions repeatedlin [1].We present thesdts in Figurel(4]1). The energy as a
function of the magnetic field shows a minimum at some valub®fmagnetic field. This minimum

becomes deeper and deeper with increasirand also shifts to the high magnetic field.

1 T

10 —m=0

o

Energy(® /2) ——=

2 g
Magneliciield(wclwo) -—>

Figure 4.1:The spectrum of a two-electron quantumdot(parabolic i@t} the WKB approximation for n=0 and
m=0,-1,-2,-3,-4 and in the absence of electron-electrtardiction 5 = 0
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o

Energy{wm _/2)

1 2 3 4
Magneticfield(o /o ) ---»
Figure 4.2:The spectrum of a two-electron quantumdot(parabolic i@l the WKB approximation for n=0 and

m=0,-1,-2,-3,-4 and in the presence of electron-elecimtaraction3 = 3. The ground state shifts to the states with
higher angular momentum as the magnetic field increases.

As the magnetic field strength increases the energy of thiessta = 0 increases while the
energy of the states with non-vanishing quantum numbelecreases. This leads to a sequence
of different ground states withh = 0, —1, —2 ... with an increase in magnetic field. Similar
behaviour is observed for higher excited states also, bugaer magnetic fields. These give raise
to an interesting phenomenon of energy level corssing. Aidgpens because the coulomb energy
gets smaller and smaller when the angular momentupalong with the average distance between
the electrons.

In Figuref4.8 we compare the energy of two electron systeanragnetic field fos = 0 and
B = 3. One can easily observe that for= 3 the energy is higher. This is understandable because
the electron-electron interaction is supposed to incrdaseotal energy.

In Figure[4.4 we plot the ground state energy of the systemfasctionm of dot size. fof = 0
and forg = 3. ltis clearly evident that other parameters remaining sateeelectron-electron

interaction increases the energy of the two-electron syste
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Figure 4.3:Comparison of total energy of two electron system in a quartdat with parabolic confinement includ-
ing electron-electron interaction (dashed curve) andautlincluding electron-electron interaction (solid cyras a
function of magnetic field fo¥, = 100
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Figure 4.4:Comparison of total energy of two electron system in a quardat with parabolic confinement includ-
ing electron-electron interaction (dashed curve) andauitlincluding electron-electron interaction (solid cyras a
function of dot size foi, = 100
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In order to compare the effect of confinement geometry on aked £nergy, we present in
Fig{4.5 the behaviour of the ground state energy of the twotedn systen2D disc-like and3D

spherical quantum dots .

-40

¥

140

Energvy E{(R* )} ——M—=
1

-160

-180

-200
0

1 15 2
Dot Radius Ro(a B) —=

Figure 4.5:Comparison of total energy of two electron system in a quardat with parabolic confinement in two
dimensions(dashed curves) and three dimension (solicesyi@s a function of quantum dot size for three values of
Vo.

The energy increases very rapidly with decreasing quantoimadiuis below a certain value
of the dot size foR D and3D systems, of course, with a quantitative difference. In otherds,
for smaller values of the dot radius, the energy of a QD is nsergsitive to the size of the dot.
In the case of small dot size, spatial overlap between theetetrons incerases, which leads to
the enhancement of Coulumb binding energy. As the dot sizerbes very large, the confinement
becomes weak and energy of the system approaches to thalkafdunterpart. Again one can
easily see that the total energy is lower i2/a dot as compared to tHD structure. The reason
for this situation is the contribution coming from the extiegree of freedom in the third direction.

Further more as the depth of the potential increases, ebegymes lower and lower.
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Chapter 5

Two electron system in a gaussian guantum
dot in a magnetic field

5.1 Introduction

In Chapter 3 we have shown that the confinement potential imaatgm dot is more or less
parabolic. We have therefore considered in Chapter 4 a goadot with parabolic confinement
and studied the energy of a system of two electrons in suchaatgon dot in the presence of a
magnetic field. The parabolic confinement potential has la¢sm used by several other authors
during the last two decades to study some of the electromioptical properties of quantum dots.
However some recent experiments have revealed that theneardnt potential in a quantum dot is
not really parabolic but is rather anharmonic. Adamowsky fiegently suggested that a Gaussian
potential can work as a confinement potential for a quantunwitb a good amount of accuracy.
Quite a few investigations have followed after this suggestn the present chapter we shall take
up the same problem of a system of two electrons and studyniigye of a such a system in a

Gaussian quantum dot (GQD).
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5.2 The Model

The Hamiltonian of a system of two electrons confined in a wardot with Gaussian poten-

tial and placed in a magneticfield is given by

2 2

1 e 1 % 1 e 1 .
H = o P1 + EA(Tl) —+ 5771 wg'r% -+ 2—771* P2 -+ EA(TQ) —+ §m wgrg
,i ,i 62 1
Ve 2RZ __ Ve 2R3 4 — - — (51)
€ |ri — 73

whereV,(V, > 0) denotes the depth of the potential well; is the effective mass of each electron,
R is the range of the confinement potential which may be idextidis the size of the QD; and

5 are the position vectors of the first and the second electespectivelys is dielectric constant
of the medium, and"; — 3| separation between the two electrons.

Forr/R << 1, The gaussian potential can be approximated by the pacghatiential as

V(r) = =Vo+7%r7, (5.2)

wherey? = V,/2R?. This can be called as harmonic approximation.

5.3 Harmonic Approximation

We shall make a harmonic approximation which is differeotrf{5.2). Adding;mw?r?,smw?2r;

and2V,, to Equatior:5.]1 and subtacting the same terms, we obtain

2 2

e 1 e 1
H= o | Pt + EA('/’l) + §mw§rf + 5 | P2 + 2A<T2) + §mw3r§
r? 1
+ Vo — Voe 2m2 — §mw§7’f +V, (5.3)
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Ve e — —mw?rs + < — — 2V,
° € |r1 — 73
which can be written as
. )
H=o"|n+ %A(Tl) + %mngf - % P2 + ZA(TQ) + L

V. e 2R? 1
A | = = Vo—5— — = | 17
ry r{ 2
V. 5
e 2R
o 2
+A | =5 — Vo —§mwo 5
) 2
2
e 1
+——=——> —2V..
€ ‘Tl—'f’2|

(5.4)

Where\ = 0 gives the two-electron problem in PQD, whie= 1 corresponds to the problem

in GQD. Now we shall make an approximation and write the Hamian [5.4) as

2 2
e 1 e 1
H: —A - 2.2 —A - 2.2
Sy p1+c (r1) +2mw0r1+2m* p2+c (rg) +2mwor2
r?
Vv, e 2r? 1
+ A 5 —V0< 22>——mw§ r?
<ry> <ry> 2
r3
v, T 1
+ A 5 —VO<6 22R>——mw3 r2
<ryg> <r;> 2
2
1
e_ﬁ_Q%-
E‘T’l—'f’2|

where the averaging has to be suitably done. We can writebiheaHamiltonian as
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H=H +Hy+h+hy+——— —2V, (5.6)
€ ‘Tl — 7’2|
where
1 I
e
H, = 5o | P + EA(Tl) + amwgrf, (5.7)
1| I
(&
Hy = o | P2 + EA(TQ) + §mw§r§, (5.8)
V. <€72TT1%> 1
hi =\ ° -V, — = 2 2 59
! <r?> <r?> "M% | T (5.9)
v, E I
hy = A -V te ) — —mw? | r3, (5.10)

<ri> ’<ri> 2 7°

2

i
Now the averaging state in r? > and(e 273 ) is choosen to be the ground state wave function
_ 3
of H; and that in< r2 > and(e 2#3) to be the ground state wavefunction/ds.

Since< r} >= < r2 >, we have

2
r 2
1 2

vV, e 2R3 1 9 V, v e 2Rr? 1
— — —mw = — — —Mw
<r2> C<ris> 277 <r:> ’<ri> 2

Il
(S
’jl\?

so that the Hamiltoniam_(5.4) becomes

2

1 1 A
+ ém (wg + 2wa) T%

2m*

e
H = p1+ EA(Tl)

a7
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1 A
+ +5m <w§ + 2wa) 5 (5.11)

e
-A
2m* P2t c (r2)

e2 1
B
or,
e i e S 1 21
H = o [P1 T EA(rl) TPt EA(TQ) + ém*wz,,% n ém*MQTS n S - oV

(5.12)
wherew? = w?+22w?. The above Hamiltonian is similar to the earlier HamiltonEquatiori:411)

except—2V, term which is just a constant.

5.3.1 The transformation into a One-Body problem

As in[4.2 we perform the following transformations :

1

P=ci+m),  R=5(7+m)
N L.
p= 5(2?1 — P2), 7= (ri —73) (5.13)

We then havg= —iV,, P = —iV », where we have take=1.
whereR, P are the center-of-mass variables ahdare the relative variables.
Using the transformations (5]13) the Hamiltonian can besspd into the center-of-mass and

relative-motion parts as follows:

H = Hp + H, (5.14)
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Where

2
1 Q 1
Hp=—|P+2A S MAPR? 1
; 2M< i <R>> + MR (5.15)
1 'y 2
H—-—(P+ qA( D T e ) 79 (5.16)
2% 2 € |r|

with M = 2m*, Q = 2e, p = 3m* ,q = e andy is the renormalized confinement frequency
given by
(5.17)

wherew., is the cyclotron frequency given by, =

m*c

We choose the gauge for the vector potentialdas = %Br, A, = A, = 0. In the polar
coordinates, the Hamiltonian of the relative motion takesform
1 z' 0 e?

— 4+ 9V, 1
+ m B 880+67, Vo (5.18)

1110, 0 1 o
Hr == 2,u[7’8r< E)jL 8

The total wave function for the problem described by H (ed4Hcan be written as
U = O (R)¢y () (5.19)
where®,(R) and¢, () satisfy the equations
H.®.(R) = E.®,(R) (5.20)

H,¢,(T) = Er¢r(7) (5.21)

Eq.(5.20)can be solved exactly and the energy spectrures gy
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1
E.= (2N + |M| +1)7+§ch (5.22)

Where N=0, 1, 2, 3, ...M=01, £2, ... we shall now concentrate on the relative motion.

After making the substitution,.(7) = r*%X(r)exp (tm) in Eq(), we obtain

2

d2 m 2 2 1
xr) <2uE — g+ ApVy — b = Py = 2 —) x(r) =0 (5.23)

dr?

AN

where m denotes the azimuthal quantum number which can tddes/0+1, +2, ...

After making the substitution = /2{z, wherel> = 1 we get from Eq[(5.23)

d*x(x) s B
e +le—a°— el x(z) =0 (5.24)
with
2E, — mw, + 4Vp , 1 V21 1
€= ,’)/:(m——), = ap = — 5
y 4 €ap m*e

5.3.2 WAKB Solution:

As before we shall solve equatidn_(5.24) within the framdwairthe WKB approximation.
Equation[(5.24) contains the irregular singularity at xA0cording to the general WKB theory for
equations with irregular singularities one needs to repiday v + i Thereatfter, the semiclassical

spectrum of the system can be obtained from the Bohr-Sonefdezbndition
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where the turning points a, b are determined by the positigesrof the algebraic equation

ot —ex? + Br+m? =0. (5.26)

The solution of Eql(5.25) can be easily carried out num#yitsy using MATLAB and MATHE-

MATICA. From thise value can be calculated and substituted in the energy equgitien by:

—4
g, = S tmwe = 4 (5.27)
2
The total energy is given by sum ofy, andE,.. Thus we get
1 . — 4V
E:(2N+|M|+1)7+§ch+”+mg 0 (5.28)

5.4 Results and Discussions:

For noninteracting electrons = 0, the corresponding numerical WKB solutions for the ener-
gies are presented in Figurel.1 as a function of the fatio

As in the case of PQD, here also the minimum structure islgleaible. As the magnetic field
strength increases the energy of the states 0 increases while the energy of the states with non-
vanishing quantum numbet decreases. This leads to a sequence of different groures stéh
m =0, —1, —2 ... with an increase in magnetic field. Similar behaviour is obseé for higher
excited states also, but at higher magnetic fields. Thegergise to an interesting phenomenon of
energy level corssing. This happens because the coulomgyegets smaller and smaller when
the angular momentum:| along with the average distance between the electrons.

In Figuref5.8 we compare the energy of two electron systeanragnetic field fos = 0 and

B = 3. One can easily observe that for= 3 the energy is higher. This is understandable because
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Energy(w /2) ———>

1 L2 3 “‘ 4
Magneticfield( w_ /o) —-—>

Figure 5.1: The spectrum of a two-electron quantumdot@aagpotential) in the WKB approxi-
mation for n=0 and m=0,-1,-2,-3,-4 and in the absence otmleelectron interactiorns. = 0

[o}

Energy(w /2) ———>

2 3 4 5 3
Magneticfield( wc/wo) -—>
Figure 5.2: The spectrum of a two-electron quantumdot@aagpotential) in the WKB approxi-

mation for n=0 and m=0,-1,-2,-3,-4 and in the absence otmleelectron interactiof.= 3. The
ground state shifts to the states with higher angular monmeiats the magnetic field increases.

the electron-electron interaction is supposed to incréaséotal energy. This result is similar to

that obtained in the case of parabolic confinement potential

In Figurel4.4 we plot the ground state energy of the systeafasctionm of dot size. fof = 0
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and forg = 3. ltis clearly evident that other parameters remaining saheeelectron-electron

interaction increases the energy of the two-electron syste

A p=s
| = =-p=0
} 88 P
§
o
3
>
o
0]
C
w

2 3 4 5 3
Magneticfield( w /w ) --—>

Figure 5.3:Comparison of total energy of two electron system in a quardat with parabolic confinement includ-
ing electron-electron interaction (dashed curve) andouttincluding electron-electron interaction (solid curas a

function of magnetic field fo¥,, = 100

The spectra of the interacting electrons are shown in figu@gfor 5 = 3. As the magnetic
field increases, the ground state= 0, m = 0 shifts to the levels with higher angular momentum
n=0m=-1,-2-3,... This happens because the Coulomb energy gets smaller Wwaen t

angular momentunn| increases along with the average distance between elsctiidre same

thing one can observe in Hig:4.3 also far= —4, 5 =0,3
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0

Figure 5.4:Comparison of total energy of two electron system in a quartdat with parabolic confinement includ-
ing electron-electron interaction (dashed curve) andautlincluding electron-electron interaction (solid cyras a
function of quantum dot size fdr, = 100

In order to compare the effect of confinement geometry on aked £nergy, we present in
Fig{4.5 the behaviour of ground state energy of two elecsystem in a parabolic quantum dot
in presence of magnetic field f@D disc-like and3 D spherical quantum dots as a function of the
dot size. This is similar to the results with parabolic coafirent qualitatively, but quantutatively
a little higher.

The energy increases very rapidly with decreasing quantoimadiuis below a certain value
of radius both for2D and3D systems, of course, with a quantitative difference. In otioeds,
for smaller values of radius, the energy of the system is merssitive to the size of the dot. in
the case of small dot size, spatial overlap between the teairehs incerases, which leads to the
enhancement of Coulumb binding energy. As the dot size besarery large, the confinement
becomes weak and energy of the system approaches to thdkafdunterpart. The total energy

of two electron system in @D disc-like quantum dot is lowewr than that in tB® spherical
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Figure 5.5:Comparison of total energy of two electron system in a quardat with parabolic confinement in two

dimensions(dashed curves) and three dimension (soliceshi@s a function of quantum dot size for three values of
Vo.

guantum dot for the same radius. The reason for this sitwéithe contribution coming from the
extra degree of freedom in the third direction. Furthermasahe depth of the potential increases,
energy becomes lower and lower.

Figure[5.6) shows the total energy as a function of dot siza fwo-dimensional gaussian(solid
curves) and parabolic (dashed curve) quantum dot for @ifidr,. The qualitative properties of
energy levels for the gaussian potential and the parabotenpial are similar. However, the quan-
titative differences are also obvious. In the strong comfi@et case the energies in the gaussian
potential are obviously lower than those in the parabolieptal. Thus parabolic potential over-
estimates the energy compared to the Gaussian potentakdrgy difference between the gaus-
sian potential and the parabolic potential fast increaséiseadot radius decreases. When quantum
dot size is larger, the calculation values of both the gaumsgotential and the parabolic potential

are reaching consistent, i.e. only for a larger quantum dottbe parabolic be regarded as a fairly
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Figure 5.6: Comparison of total energy of two electron system in a 2Drtua dot with Gaussian confinement
(dashed curves) and Parabolic confinement (solid cuevesjuarction of quantum dot size for three valued/pf

good approximation of the nonparabolic gaussian potential
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Chapter 6

Conclusion

In this dissertation we have first given an overview of thejetibof the quantum dots in a
modest way. We have described several fabrication techaithat are commonly used in the lab-
oratory. We have discussed the concept of the charge gatiatizn quantum dots and introduced
the phenomena of Coulomb blocked which is expected to plagnportant role in single electron
transistors.

One of the important issues that one has to worry about wieiddirtg with a quantum dot is
the nature of the confinement potential. In fact, cyclotresonance experiments together with
what is known as the generalized Kohn theorem have suggtbsteithe confinement potential in a
quantum dot is more or less parabolic in nature. We haveftirerérst considered the two-electron
problem in a quantum dot in a magnetic field with parabolidic@ment in 2D. The problem could
be separated into a center of mass part and a relative catedpart. The center of mass part is
found to be exactly soluble, but the relative motion partsdoet admit an analytic solution. We
have solved it by using WKB approximation to obtain the grbstate energy.

Following S.Klamé][1], these results are in excellent agreset with the exact numerical results.

We have therefore extended the work3tb and studied the effect of size of the dot and depth of
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the confinement potential and the magnetic field on the totaigy of the two electron system.
Here we have shown that the total energy is, in general, highgD than in2D for fixed dot
parameters. This is due to the extra contribution comingpftiee motion in the third dimension in
a3D dot. Furthermore, as the depth of the potential increasesgg becomes lower and lower.
Some recent experiments have revealed that the confinerotmitial in a quantum dot is not
really parabolic but is actually anharmonic with a minimutrusture and it has been suggested
in this context that a Gaussian potential is a much betteicend/NVe have therefore next taken
up the same problem of the two-electron system in a magnetatiith Gaussian confinement.
We have also compared our results with those of a correspgnairabolic quantum dot. The
results obtained for a Gaussian quantum dot are qualibgsimailar to those obtained for parabolic
guantum dot. However, Our calculations show that thoughdi@e quantum dots, the parabolic
potential model works fairly well, for a small dot it is only@or approximation of the more
realistic Gaussian confinement potential model. In gentdralparabolic model overestimates the
energy. We have performed calculations for both two ancttmmensional quantum dots and have
shown that the ground state energy is lower in a two-dimegiGaussian dot as in a parabolic

dot.
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