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Chapter 1

An account of the basic results

The motion of solid bodies in a viscous fluid was first studied by Stokes [103] in 1850.

He discussed the motion of a sphere moving in a straight line with uniform velocity

and the motion of cylindrical pendulums performing small oscillations in a straight

line. The remarkable formula given by Stokes [103] for the resistance experienced by

a slowly moving sphere has proved to be vital in the research related to the field of

Fluid Dynamics. The appearance of the sixth edition of Lamb’s [50] ‘Hydrodynamics’

may be taken as a reference point of our discussion which is related to low Reynolds

number flows (Stokes flows). For the most part of pre-1932, research in the area of

low Reynolds number flows was carried out in solving boundary value problems based

on Stokes and Oseen [74] equations for simple and tractable geometries (like cylinder

and sphere). The celebrated solution of Lamb [50] in spherical polar coordinates
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CHAPTER 1. AN ACCOUNT OF THE BASIC RESULTS 2

gave the much needed push to the investigations of viscous, incompressible flows

past particles which have many applications in science and engineering. A testimony

of all the concepts discovered during that period can be found in the two volume

set of ‘Modern Developments in Fluid Dynamics’ [26]. Other notable contributions

which helped in the growth of the subject of viscous, incompressible flows were by

Lorentz [57, 58], Oseen [74], Happel and Brenner [32], Proudman and Pearson [87],

G.I.Taylor [107], Batchelor [3], Lighthill [55], Lagerstrom [49] to name a few. The

theory of low Reynolds number flows has always generated a lot of attention amongst

mathematicians, physicists and engineers due to its manifold applications to subjects

like lubrication [50, 101], chemical engineering [32], manufacture of colour film and

magnetic recording tape [101, 94], flagellar propulsion of micro organisms [55] etc.

The literature pertaining to low Reynolds number flows is vast and keeps growing

continuously. Hence covering all the aspects of the theory of low Reynolds number

flows is a tough task. However, we shall briefly review some of the topics of Stokes

flows in the forthcoming sections of this chapter.

In Section 1.1, we give a brief account of the steady and unsteady Stokes equations.

We discuss some solutions of Stokes equations proposed by Basset [5], Lorentz [57, 58],

Lamb [50], Ranger [91, 92]. We also give an account of Faxén’s laws [21] for drag and

torque acting on a sphere in an unbounded, arbitrary Stokes flow. We then discuss

the solution of steady Stokes equations proposed by Palaniappan et al. [79] and its

advantages over other solutions. The solution of the unsteady Stokes equations by
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Venkatlaxmi et al. [113, 114] is also presented. We define a ‘complete general solution’

of Stokes equations. We also discuss some applications of ‘complete general solutions’

of the steady and unsteady Stokes equations. In particular, we describe the problems

discussed and the main results obtained in this thesis using these solutions.

1.1 Stokes equations

The Navier-Stokes equations governing the motion of a viscous incompressible fluid

are given as follows.

ρ
∂~q

∂t
+ ρ~q.∇~q = −∇p + µ∇2~q + ρ~f, (1.1.1)

∇.~q = 0, (1.1.2)

where ~q is the velocity, p the pressure, ρ the density, µ the coefficient of dynamic

viscosity of the fluid and ~f the body force per unit mass. Due to the presence of the

inertial term ρ~q.∇~q, equation (1.1.1) is nonlinear which makes solving the boundary

value problems involving these equations difficult. It is known that every fluid flow

past an object has a characteristic length L which characterizes the size of the object

and speed U which characterizes the mean speed of the object relative to the fluid

based on which one can define the ‘Reynolds number’ which is equal to LUρ
µ

. It

is essentially the ratio of the inertial to the viscous forces. If the viscous forces are

dominant compared to the inertial forces, we can linearize the Navier-Stokes equations

by dropping the inertial terms which are nonlinear. The resulting linear equations
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are called Stokes equations which are the governing equations of motion for the flow

of a viscous, incompressible fluid at low Reynolds numbers. Throughout the thesis

we will deal only with flows at low Reynolds numbers. The Stokes equations for the

steady flow of a viscous, incompressible fluid are as follows.

µ∇2~q = ∇p, (1.1.3)

∇.~q = 0. (1.1.4)

The fundamental solution of (1.1.3)-(1.1.4), which represents a point force, was given

by Oseen [74] and was named as ‘Stokeslet ’ by Hancock [30]. The ‘curl ’ of a Stokeslet

is called a ‘rotlet ’ or a ‘couplet ’ or a rotational Stokeslet. Other higher order singular-

ities can be obtained by taking the directional derivatives of these singular solutions.

A brief note on harmonic and biharmonic functions: A function f(x, y, z) is said to

be harmonic in a domain Ω if

∇2f = 0 in Ω, (1.1.5)

where ∇2 = ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
. As the name suggests, a function g(x, y, z) is said to be

biharmonic in Ω if

∇4g = 0 in Ω. (1.1.6)

A well known result due to Almansi [1] is that, any biharmonic function, say φ, can

be represented as φ = φ1 + r2φ2, where φ1 and φ2 are harmonic functions. If φ1 = 0
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and φ2 6= 0, then we say that φ is purely biharmonic.

An immediate consequence of (1.1.3)-(1.1.4) is that the velocity ~q is biharmonic and

the pressure p and the vorticity ∇× ~q are harmonic.

1.1.1 Some solutions of Stokes equations

Many techniques were developed and several solutions were proposed to solve bound-

ary value problems in Stokes flows. The method of singularities was used indepen-

dently by Lorentz [57, 58], Oseen [74] and Burgers [10] to solve some problems of

Stokes flows. Oseen [74] proposed the method of images adopting the Green’s function

technique. The self-propulsion of micro organisms was studied by Sir G.I.Taylor [107]

and Sir James Grey [102]. The biological and fluid mechanical aspects were stud-

ied later by Hancock [30], Hancock and Grey [31], Cox [16], Batchelor [3], Blake

and Chwang [6], Chwang and Wu [13] using the method of singularities. The cele-

brated book by Sir M.J.Lighthill [55] gives a comparative account of aquatic animal

locomotion at low Reynolds numbers. Some solutions of Stokes equations which are

comparatively simpler to use have also been proposed which make use of scalar func-

tions that satisfy partial differential equations whose solutions are known.

Axisymmetric flows: When the flow quantities are the same at all points in any

plane passing through a fixed line, we call such a flow as an axisymmetric flow. In

any axisymmetric flow, the velocity can be expressed in terms of a scalar function ψ
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called the ‘Stokes stream function’ as

~q = ∇× (ψêφ),

where êφ is the unit vector corresponding to the azimuthal angle φ.

Further, if ~q satisfies Stokes equations (1.1.3)-(1.1.4), then ψ satisfies D4ψ = 0, where

D2 = ∂2

∂r2
+ sin θ

r2
∂
∂θ

(

1
sin θ

∂
∂θ

)

. In a similar way, in the case of general, not necessarily

axisymmetric, Stokes flows there have been several solutions proposed in terms of

scalar functions which satisfy simple partial differential equations like Laplace or

biharmonic equations which can be solved easily. To solve the equations (1.1.3)-

(1.1.4) we need to determine four unknowns, namely, the three components of the

velocity vector ~q and the pressure p. Using Almansi’s [1] result, we observe that the

vector equation (1.1.3) consists of three equations in a scalar form and so together

with equation (1.1.4), the four equations of motion involve seven harmonics because

~q is biharmonic and p is harmonic.

Naghdi and Hsu’s solution: A solution of Stokes equations was given by Naghdi and

Hsu [71] as

~q =
1

4π
∇
∫ ∫ ∫

Ω

∇.~F
ρ
dξdηdς + ~F, (1.1.7)

p = −µ∇.~F, (1.1.8)
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where

∇2~F = ~0, (1.1.9)

ρ = [(x− ξ)2 + (y − η)2 + (z − ς)2]1/2, (1.1.10)

and Ω ⊂ R
3 is the region occupied by the fluid.

We define a solution (~q, p) of Stokes equations (1.1.3)-(1.1.4) to be a ‘complete general

solution’, if every other solution of Stokes equations can be obtained from (~q, p). The

solution proposed by Naghdi and Hsu [71] was shown to be complete by Xu and

Wang [116] in the sense that for any given solution (~q, p), we can find ~F such that ~q

and p can be expressed in terms of ~F as in (1.1.7) and (1.1.8). But due to its integral

form, it is not considered suitable for boundary value problems in Stokes flows.

Basset’s solution: Basset’s [5] representation of a solution of Stokes equations (1.1.3)-

(1.1.4) is given as follows.

~q = ∇×∇× ~F + ∇φ, (1.1.11)

p = P0 + µ∇.∇2~F, (1.1.12)

where P0 is a constant and the four unknowns φ and ~F satisfy

∇2φ = 0, (1.1.13)

∇4~F = 0. (1.1.14)

All the solutions of Stokes equations (1.1.3)-(1.1.4) cannot be expressed in this form,

i.e., for a given (~q, p) we cannot always find suitable ~F and φ such that (~q, p) are
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given by (1.1.11) and (1.1.12). For example, it is known that this represenation is

not adequate to represent a rotlet located at the origin with its axis in the positive

direction of y-axis.

Lorentz’s solution: Lorentz [57, 58] proposed a representation of velocity and pressure

of Stokes equations as follows.

~q = ∇×∇× ~A + ∇× ~B, (1.1.15)

p = P0 + µ∇.∇2~A, (1.1.16)

where P0 is a constant and

∇4 ~A = 0, ∇2~B = 0. (1.1.17)

Although this solution is a complete general solution, there are too many harmonics

to be determined than required for this solution. In fact, it involves nine harmonics

whereas the solution (1.1.7)-(1.1.8) due to Naghdi and Hsu [71] requires only three

scalar harmonic functions.

Lamb’s solution: Horace Lamb [50] gave a general solution of the Stokes equations

(1.1.3)-(1.1.4) in his book ‘Hydrodynamics’ in 1932. The motivation behind formu-

lating this solution was the fact that the velocity is biharmonic and the pressure and

the vorticity are both harmonic. The solution is given as follows.

~q =
∞
∑

−∞

[

∇× (~rχn) + ∇φn +
(n+ 3)

2µ(n+ 1)(2n+ 3)
r2∇pn −

npn~r

µ(n+ 1)(2n+ 3)

]

,

p =

∞
∑

−∞

pn, (1.1.18)
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where pn, φn and χn are solid harmonics of order n. It has been used to study many

problems of Stokes flow past spherical boundaries.

Usha [110] used Lamb’s [50] solution to find axisymmetric and asymmetric (non-

axisymmetric) flows generated due to singularities like Stokeslet and rotlet located

both exterior and interior to a sphere.

The drag force ~D and torque ~T on a sphere were given by Happel and Brenner [32]

using Lamb’s solution as

~D = −4π∇(r3p−2), (1.1.19)

~T = −8πµ∇(r3χ−2). (1.1.20)

Ranger’s solution: One drawback of Lamb’s [50] solution is that it is given as a double

infinite series. It is not always possible that the infinite series can be approximated

by a function in a closed form barring in a few simple cases like uniform flow where

only a finite number of terms survive. Ranger [91] suggested a closed form solution of

velocity and pressure for flows whose velocity is linear in cosφ and sinφ. It is given

as follows.

~q = ∇×∇×
(

ψ

r sin θ
~r cosφ

)

+ ∇
( χ

r sin θ
~r sinφ

)

, (1.1.21)

p = P0 +
µ

r sin θ

∂

∂r
(D2ψ) cosφ, (1.1.22)

where D4ψ = 0, D2χ = 0 and P0 is a constant. This solution was used by Shail [99]

to study the axisymmetric Stokes flow due to a Stokeslet within a sphere. It was also
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used by Shail and Onslow [100] to analyze some Stokes flows past spherical boundaries

and also by Hackborn and O’Neill [27] for studying the structure of asymmetric or

non-axisymmetric Stokes flows. Even though Ranger’s [91] solution (1.1.21)-(1.1.22)

is adequate to represent the velocity and pressure for the motion of a viscous, in-

compressible fluid due to a Stokeslet or a rotlet, it fails to represent the same due to

higher order singularities.

Palaniappan et al.’s [79] solution: Due to the limitations of Ranger’s [91] solution,

the hunt for a complete, general representation of the velocity and pressure continued

for a while. Later Palaniappan et al. [79] proposed a representation of velocity and

pressure (~q, p) in terms of scalar functions A and B given as follows.

~q = ∇×∇× (~rA) + ∇× (~rB), (1.1.23)

p = P0 + µ
∂

∂r
(r∇2A), (1.1.24)

where P0 is a constant and ∇4A = 0 and ∇2B = 0. Hence this solution is expressed

in terms of three independent harmonic functions.

This solution proposed by Palaniappan et al. [79] is a complete general solution which

was proved to be so later by Padmavathi et al. [77]. Hence all other solutions of Stokes

equations can be derived from it. For instance, Ranger’s solution can be obtained by

the following choice of A and B.

A =
ψ

r sin θ
cosφ,B =

χ

r sin θ
sinφ. (1.1.25)
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Lamb’s [50] solution also can be obtained by taking A and B as follows.

A =

∞
∑

−∞

[

φn
n+ 1

+
r2pn

2µ(n+ 1)(2n+ 3)

]

, (1.1.26)

B =
∞
∑

−∞

χn. (1.1.27)

Using the solution of Palaniappan et al. [79], the solutions of the problems of non-

axisymmetric Stokes flow past a sphere with rigid and shear-free boundary condi-

tions were obtained by Palaniappan et al. [78, 79] in a closed form in the form of

sphere theorems. Another advantage of this representation is the ease with which the

boundary conditions can be written using the scalar functions A and B in a simple

form. If B ≡ 0, A(r, θ, φ) ≡ A(r, θ), ∂A
∂θ

= ψ
r sin θ

, where ψ is the Stokes stream func-

tion, then we can retrieve the formulae for velocity and pressure in the axisymmetric

case. The velocity components are given for axisymmetric flows as follows.

qr = − 1

r2 sin θ

∂ψ

∂θ
, (1.1.28)

qθ =
1

r sin θ

∂ψ

∂r
, (1.1.29)

qφ = 0, (1.1.30)

where qr, qθ and qφ are the radial, tangential and azimuthal velocity components in

spherical polar coordinates (r, θ, φ).

Unsteady Stokes equations: The equations of motion governing the motion of an
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unsteady Stokes flow of a viscous, incompressible fluid are given by

ρ
∂~q

∂t
= −∇p + µ∇2~q, (1.1.31)

∇.~q = 0. (1.1.32)

When the velocity and pressure distribution are of oscillatory nature which are given

by ~q = ~̂qe−iωt and p = P + p̂e−iωt respectively, P being a constant, then the equations

of motion (1.1.31)-(1.1.32) can be rewritten as

µ(∇2 − λ2)~̂q = ∇p̂, (1.1.33)

∇.~̂q = 0, (1.1.34)

where λ2 = − iω
ν
, ω is the frequency of oscillation,

√
−1 = i and ν = µ

ρ
is the kinematic

viscosity. We drop the hats for convenience in our subsequent discussion.

The ‘complete general solution’ of unsteady Stokes equations (1.1.31)-(1.1.32) and

(1.1.33)-(1.1.34) can be defined in a similar manner as in the case of steady Stokes

equations. A complete general solution of equations (1.1.33)-(1.1.34) was proposed

by Venkatlaxmi et al. [113, 114] which is as follows.

~q = ∇×∇× (~rA) + ∇× (~rB), (1.1.35)

p = P0 + µ
∂

∂r
(r(∇2 − λ2)B), (1.1.36)

where P0 is a constant and

∇2(∇2 − λ2)A = 0, (1.1.37)

(∇2 − λ2)B = 0. (1.1.38)
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The general solution of (1.1.37)-(1.1.38) is

A =

∞
∑

n=1

(

αnr
n + α′

nfn(λr) +
βn
rn+1

+ β ′
ngn(λr)

)

Sn(θ, φ), (1.1.39)

B =

∞
∑

n=1

(ǫnfn(λr) + ǫ′ngn(λr))Tn(θ, φ), (1.1.40)

where

Sn(θ, φ) =
n
∑

m=0

Pm
n (ζ)(Anm cosmφ+Bnm sinmφ),

Tn(θ, φ) =
n
∑

m=0

Pm
n (ζ)(Cnm cosmφ+Dnm sinmφ),

where αn, α
′
n, βn, β

′
n, Anm, Bnm, Cnm, Dnm are constants and Re(λ2) ≤ 0. The

functions fn(R) =
√

π
2R
In+ 1

2

(R) and gn(R) =
√

π
2R
Kn+ 1

2

(R) are the modified Bessel

functions of fractional order, where fn(R) is finite at R = 0 and gn(R) is finite at

infinity.

1.2 Boundary conditions

Physical problems that are modelled by partial differential equations are always pro-

vided with initial or boundary conditions or both. In the problems discussed in the

thesis, we chose the boundary to be smooth. In the boundary value problems, usu-

ally the information about the values of the unknown function or (the values of) the

derivatives of the unknown function are prescribed on the boundary. The following
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boundary conditions have been used in the subsequent chapters.

No-slip boundary condition: Consider a particle Ω whose surface is denoted by

the boundary ∂Ω. Then the no-slip boundary condition is mathematically given by

~q|∂Ω = 0. (1.2.1)

This means that both the normal and the tangential components of the velocity vanish

on the boundary ∂Ω.

Shear-free boundary conditions: The shear-free boundary conditions are given

as follows.

~q.n̂|∂Ω = 0,

~T
n̂
.t̂1|∂Ω = 0,

~T
n̂
.t̂2|∂Ω = 0, (1.2.2)

where [n̂, t̂1, t̂2] is the set of a local orthonormal basis, n̂ is the unit normal to the

surface, t̂1, t̂2 are two unit orthonormal vectors in the tangent plane to the surface.

~T
n̂

= T.n̂, T being the stress tensor of rank 2. In particular, if the boundary ∂Ω

has the form r = f(θ, φ), then in the spherical polar coordinates (r, θ, φ), we write

n̂ = n1êr + n2êθ + n3êφ,

and ~T
n̂

= T.n̂ =













Trrêrêr Trθêrêθ Trφêrêφ

Tθrêθêr Tθθêθêθ Tθφêθêφ

Tφrêφêr Tφθêφêθ Tφθêφêφ

























n1êr

n2êθ

n3êφ













.
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Moreover,

t̂1 =
1

k2
(fθêr + f êθ),

t̂2 =
1

k1k2k3

((

ffφ
r sin θ

)

êr −
(

fθfφ
r sin θ

)

êθ +

(

f 2
θ

r
+ f

)

êφ

)

,

T.n̂ =
1

k1

[(

Trr −
Trθfθ
r

− Trφfφ
r sin θ

)

êr +

(

Tθr −
Tθθfθ
r

− Tθφfφ
r sin θ

)

êθ

+

(

Tφr −
Tφθfθ
r

− Tφφfφ
r sin θ

)

êφ

]

,

where k1 =

√

1 +
(

fθ

r

)2
+
(

fφ

r sin θ

)2

, k2 =
√

(f 2
θ + f 2),

k3 =

√

(

ffφ

rk1k2 sin θ

)2

+
(

fθfφ

rk1k2 sin θ

)2

+
(

f2
θ

rk1k2
+ f

k1k2

)2

.

In addition, suppose qn = ~q.n̂, qt1 = ~q.t̂1, qt2 = ~q.t̂2, Tt1 = ~T
n̂
.t̂1 and Tt2 = ~T

n̂
.t̂2

then

qn =
1

k1

(

qr − qθ
fθ
r
− qφ

fφ
r sin θ

)

,

qt1 =
1

k2

(qrfθ + qθf),

qt2 =
1

k3

[

qr

(

ffφ
r sin θk1k2

)

− qθ

(

fθfφ
r sin θk1k2

)

+ qφ

(

f 2
θ

rk1k2
+

f

k1k2

)]

.

Tt1 =
1

k2

[(

Trr −
Trθfθ
r

− Trφfφ
r sin θ

)

fθ +

(

Tθr −
Tθθfθ
r

− Tθφfφ
r sin θ

)

f

]

Tt2 =
1

k3

[(

Trr −
Trθfθ
r

− Trφfφ
r sin θ

)(

ffφ
r sin θ

)

−
(

Tθr −
Tθθfθ
r

− Tθφfφ
r sin θ

)(

fθfφ
r sin θ

)

+

(

Tφr −
Tφθfθ
r

− Tφφfφ
r sin θ

)(

f 2
θ

r
+ r

)]

. (1.2.3)
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Here êr, êθ, êφ are the unit vectors in the radial, tangential and azimuthal directions

in spherical polar coordinates (r, θ, φ) and are given in terms of î, ĵ, k̂ as follows.

êr = sin θ cos φ̂i + sin θ sinφĵ + cos θk̂,

êθ = cos θ cos φ̂i + cos θ sinφĵ− sin θk̂,

êφ = − sin φ̂i + cosφĵ,

where 0 ≤ θ < π, 0 ≤ φ < 2π. The components of stress in spherical polar co-

ordinates (r, θ, φ) are given as follows.

Trr = −p + 2µ
∂qr
∂r

,

Trθ = µ

(

∂qθ
∂r

− qθ
r

+
1

r

∂qr
∂θ

)

,

Trφ = µ

(

1

r sin θ

∂qr
∂φ

+
∂qφ
∂r

− qφ
r

)

,

Tθθ = −p + 2µ

(

1

r

∂qθ
∂θ

+
qr
r

)

,

Tφφ = −p + 2µ

(

1

r sin θ

∂qφ
∂φ

+
qr
r

+
qθ cot θ

r

)

,

Tθφ = µ

(

1

r

∂qφ
∂θ

− cot θqφ
r

+
1

r sin θ

∂qθ
∂φ

)

. (1.2.4)

If the surface is a sphere of radius a, then the shear-free boundary conditions reduce

to the following conditions

qr(a, θ, φ) = 0,

Trθ(a, θ, φ) = 0,

Trφ(a, θ, φ) = 0.
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Slip-stick boundary conditions: It was revealed by experiments [37] that some

slipping may take place at the surface of contact, in the case of many fluids, when

in contact with the surface of a solid. When the velocity of the fluid relative to the

solid is small, it is assumed that the tangential force exerted by the solid upon the

fluid acts in the same direction as that of the relative velocity and is proportional to

it. Mathematically the general slip-stick boundary conditions are given as follows.

~q.n̂|∂Ω = 0,

~q.t̂1|∂Ω =
λ

µ
~T

n̂
.t̂1|∂Ω,

~q.t̂2|∂Ω =
λ

µ
~T

n̂
.t̂2|∂Ω, (1.2.5)

where λ is the slip parameter and ∂Ω is the boundary of the solid body.

Basset [5] considered the motion of a sphere of radius a, moving along a straight line

with a uniform velocity in a viscous fluid, assuming that there is some slipping at the

surface of the sphere. He considered the following boundary conditions.

qr(a, θ, φ) = 0,

qθ(a, θ, φ) =
λ

µ
Trθ(a, θ, φ),

qφ(a, θ, φ) =
λ

µ
Trφ(a, θ, φ). (1.2.6)

For a viscous, incompressible flow inside a cavity the boundary conditions are modi-

fied [109] suitably. In fact, the modified slip-stick boundary conditions for a viscous,
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incompressible flow generated due to the presence of singularities inside a sphere of

radius a are given as follows.

qr(a, θ, φ) = 0,

qθ(a, θ, φ) = −λ
µ
Trθ(a, θ, φ),

qφ(a, θ, φ) = −λ
µ
Trφ(a, θ, φ). (1.2.7)

It is interesting to note that when λ = 0, we obtain the no-slip boundary conditions.

When λ→ ∞, the shear-free or perfect slip boundary conditions are obtained.

1.2.1 Drag and Torque

The general expressions for the drag and the torque experienced by an arbitrarily

shaped particle Ω are given respectively by

~D =

∫

∂Ω

~T
n̂

dS, (1.2.8)

~T =

∫

∂Ω

(~r × ~D)dS, (1.2.9)

where dS is the surface element of the particle Ω. In particular, for a sphere of radius

a, the formulae (1.2.8)-(1.2.9) are as follows.

~D =

∫ 2π

0

∫ π

0

[Trrêr + Trθêθ + Trφêφ]r=aa
2 sin θ dθdφ, (1.2.10)

~T =

∫ 2π

0

∫ π

0

[rTrθêφ − rTrφêθ]r=aa
2 sin θ dθdφ. (1.2.11)
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In 1924, Faxén [21] showed that, in an unbounded, arbitrary steady Stokes flow, the

drag ~D and torque ~T acting on a rigid sphere of radius a are given by

~D = 6πµa[~q0]0 + πµa3[∇2~q0]0, (1.2.12)

~T = 4πµa3[∇× ~q0]0, (1.2.13)

where ~q0 is the velocity of the basic unperturbed flow and [ ]0 denotes the value at

the centre of the sphere.

Hence, the information of the basic, unperturbed flow is sufficient to compute the

drag and the torque on a rigid sphere of radius a. The formulae (1.2.12) and (1.2.13)

are often referred to as Faxén’s laws. Payne and Pell [82] gave a simple formula for

the computation of the force experienced by a rigid body in an axisymmetric, steady

Stokes flow in terms of the stream function ψ which is as follows.

Fz = 8πµ lim
r→∞

rψ

̟2
, (1.2.14)

where Fz denotes the force exerted by the fluid on the body in the positive z direction,

̟ = r sin θ.

If the fluid is not at rest at infinity, then the drag is given by

Fz = 8πµ lim
r→∞

r(ψ − ψ∞)

̟2
, (1.2.15)

where ψ∞ denotes the stream function corresponding to the fluid velocity at infin-

ity. However there is no such formula available in the literature for general non-

axisymmetric Stokes flows past bodies of arbitrary shape.
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1.3 Non-dimensionalization of Stokes equations

Throughout the thesis, we have used the non-dimensionalized Stokes equations (in

both the steady and the unsteady Stokes flows). The unsteady Stokes equations

for an oscillatory distribution of velocity and pressure (1.1.33)-(1.1.34) are non-

dimensionalized by using the following transformations.

~q′ =
~q

U
, p′ =

Lp

µU
, P ′ =

LP

µU
, λ2′ = L2λ2, ~r′ =

~r

L
,

where U and L are the characteristic velocity and length respectively. We drop

the primes in the non-dimensional form of (1.1.33)-(1.1.34) to obtain the following

equations.

(∇2 − λ2)~q = ∇p, (1.3.1)

∇.~q = 0. (1.3.2)

The steady Stokes equations (1.1.3)-(1.1.4) are non-dimensionalized by using the fol-

lowing transformations.

~q′ =
~q

U
, p′ =

L

µU
p, x′ =

x

L
, y′ =

y

L
, z′ =

z

L
.

Similar to the unsteady case, we drop the primes to get the following form of the

non-dimensional Stokes equations.

∇2~q = ∇p, (1.3.3)

∇.~q = 0. (1.3.4)
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Throughout the thesis, we consider the unsteady and steady Stokes equations to be

as given in (1.3.1)-(1.3.2) and (1.3.3)-(1.3.4) respectively.

1.4 An overview of the thesis

After an introduction to the basic results discussed so far, we now give an overview of

the thesis where we discuss some problems pertaining to steady and unsteady Stokes

flows both in and around spherical and non-spherical particles. The thesis consists of

six chapters which can be broadly divided into three parts. In the first part (Chapters

2 and 3), we address the problems of Stokes flow of a viscous, incompressible fluid in

and around spherical boundaries separating two immiscible fluids of different viscosi-

ties. In the second part (Chapters 4 and 5), we discuss the problems of Stokes flow of

a viscous, incompressible fluid in and around spherical and non-spherical boundaries

using slip-stick boundary conditions. In the third part (Chapter 6), we give a brief

summary of the results in this thesis. We have used the solutions of Palaniappan et

al. [79] and Venkatlaxmi et al. [113, 114] for steady and unsteady Stokes equations

respectively because they are complete general solutions and are simple to use.

In particular, the problem discussed in Chapter 2 pertains to the steady, incom-

pressible Stokes flow past a sphere coated with a viscous fluid which is immersed in

an immiscible viscous fluid of a different viscosity. The problem addressed in this

chapter is important owing to its applications in science and engineering. The liquid
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films around the rigid spheres in the microencapsulation process are instrumental

in protecting the core material from mechanical and chemical damage. Previously

Kawano et al. [43, 44, 45] studied the problem of liquid spherical shells moving in

an immiscible liquid at intermediate values of Reynolds numbers. Dimitrakopoulos

and Higdon [18] numerically studied the problem of displacement of liquid drops from

solid boundaries in low Reynolds number shear flows. The motivation of the prob-

lem discussed in this chapter is from the work of O’Neill and Ranger [72] who had

considered a slow uniform flow past a coated sphere in an immiscible viscous fluid.

Johnson [42] discussed a similar problem of steady, axisymmetric Stokes flow past a

sphere with a thin coating of an immiscible fluid around it, in a uniform flow. In this

chapter we considered a more general problem by considering an arbitrary Stokes flow

past a fluid coated sphere in an immiscible fluid of a different viscosity where it was

assumed that the spherical shape of the coating is retained under the assumption that

the surface tension forces are large enough to balance the viscous forces. This is an

important problem owing to the fact that it serves as a good model for certain prob-

lems in science and engineering as illustrated subsequently in Chapter 2. We have

employed the solution of Palaniappan et al. [79], as it is a complete general solution

which is simple to use in such boundary value problems, to obtain the modified flow

field in the presence of a coated sphere. The expressions for the drag ~Dc and torque

~Tc experienced by the coated sphere were derived similar to Faxén’s laws [21]. An

immediate result is that, if the flow velocity is harmonic or purely biharmonic then
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the magnitude of the drag on the coated sphere is lesser compared to the magnitude

of the drag on a rigid sphere of radius equal to that of the coated sphere. A result

obtained by Johnson [42], who considered a uniform flow, was that the drag reduces

on the sphere with a fluid-film, when the ratio of the viscosity of the outer fluid to

the viscosity of the fluid-film is greater than 4. We obtained a more general result in

the case of arbitrary flows that the drag on the coated sphere reduces compared to

the drag on an uncoated rigid sphere of unit radius when the ratio of the viscosity

of the outer fluid to the viscosity of the coating is greater than 4 and also when the

unperturbed velocity is harmonic or purely biharmonic, uniform flow being a partic-

ular kind of flow where the velocity is harmonic. However this result is not true in

general, i.e., when the unperturbed velocity is a sum of both harmonic and purely

biharmonic functions.

In Chapter 3, we discuss the problem of an oscillatory flow of a fluid of a certain

viscosity past a liquid sphere of a different viscosity. The problems of deformation

and dynamics of liquid droplets find their use in rheological studies where biological

cells in various flow environments are considered. Some of the literature available

pertaining to this problem is due to Hadamard [28, 29] and Rybczynski [95] who

considered the translational motion of a spherical liquid drop in another immiscible

fluid in a steady Stokes flow. Taylor and Acrivos [108] considered a liquid drop in

a quiescent flow and calculated the drag on it besides studying the deformation of

the drop. We draw motivation from the work of Hetsroni and Haber [38] who used
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Lamb’s [50] solution to determine the flow field in and around a liquid drop. They

had adopted the formula of Landau and Lifshitz [51] to determine the equation of

the deformed surface of the liquid drop in a steady Stokes flow. We assume here the

flow to be generated due to a singularity of oscillating strength. The liquid sphere is

assumed to be of spherical shape of radius a as the zeroth order approximation. The

boundary conditions are the vanishing of normal velocities, continuity of tangential

velocities and tangential stresses. Using Venkatalaxmi’s [113, 114] representation of

velocity and pressure for the unsteady Stokes equations, which is a complete gen-

eral solution, we solve for the flow field inside and outside the fluid sphere using the

boundary conditions. The expressions for the drag and torque have been derived

akin to Faxén’s laws [21]. As limiting cases, we obtain the drag and torque on a

rigid sphere which agree with the formulae due to Kim and Karrila [47]. We further

obtain as limiting cases, the drag and torque on a shear-free sphere in an oscillat-

ing flow. We then shift our attention to study the deformation of the droplet. We

assume that the sphere undergoes a slight deformation from its spherical shape, i.e.,

we assume that the surface of the deformed liquid sphere is given by r = F (θ, φ, t)

where F (θ, φ, t) = a(1 + f(θ, φ)e−iωt) and max |f(θ, φ)| << 1 such that the radius of

the ‘equivalent’ spherical liquid drop is given by |F (θ, φ, t)|, ω being the frequency of

oscillations. The condition that the difference between the normal stresses is balanced

by the surface tension forces has been used to compute the equation of the deformed

sphere upto the first order approximation, on the lines of Hetsroni and Haber [38].
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The method of determining the equation of the surface of the deformed sphere has

been demonstrated by examples for singularity driven flows both outside and inside

the fluid spheres. Another important result that has been verified in this chapter is

the fact that the spherical shape of the liquid sphere is retained for flow velocities

which have terms only upto n = 1 in the series representation of the solution, thereby

agreeing with the result of Chisnell [11] who considered a uniform flow. We found that

the capillary number of the flow as well as the ratio of viscosities play an important

role in the deformation of the fluid sphere.

In Chapter 4, we discuss the problem of a viscous, incompressible fluid flow due to

a singularity located inside a spherical container centred at the origin using slip-stick

boundary conditions. Experiments by Helmholtz and Piotrowsky [37] confirmed that

fluid at the boundary of a solid particle may undergo some amount of slip. Such

boundary conditions also find their use in fields of engineering such as in rarefied

gas dynamics. There have been numerous studies on flows exterior to the bounding

surface with slip [20, 75, 98] in view of their applications in micro device technology

(Barber and Liu [4, 56], and references therein) and the interest in these boundary

conditions has been growing continuously. It is observed that the no-slip and the

shear-free boundary conditions can be retrieved from the slip-stick boundary con-

ditions as limiting cases [75]. The problem discussed here has been motivated by

the work of Maul and Kim [63] who considered a Stokes flow generated due to the

presence of a Stokeslet located inside a rigid sphere. One interesting phenomenon
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observed by Maul and Kim [63] is the ‘Stokeslet reversal’. Using Palaniappan et

al.’s [79] representation of velocity and pressure of Stokes equations, we found the

modified flow field inside a sphere generated by a Stokeslet by employing slip-stick

boundary conditions. The solution has been found in a closed form in terms of two

scalar functions A and B and is presented in the form of a sphere theorem. The drag

experienced by the sphere due to the fluid inside has been obtained from which we

can conclude that the drag is independent of the slip parameter. We illustrated these

results by studying two examples.

In particular, the axisymmetric Stokes flow inside a spherical container due to a

Stokeslet was analysed by considering two cases.

(a) Flow due to a Stokeslet located at the origin. The axisymmetric flow due to a

Stokeslet located at the origin has been analysed separately owing to many interest-

ing results. We found the modified flow field inside the sphere using the slip-stick

boundary conditions. The solution has been found in a closed form in terms of the

Stokes stream function. An important observation made while finding the stagnation

points in this case is that the radius of stagnation circle for the no-slip case matches

with the one obtained by Shail [99]. It is also seen that as λ→ ∞, i.e., for a shear-free

boundary, the radius of the stagnation circle approaches 0.5, hence proving that the

slip parameter plays a role in the location of the stagnation points. We then com-

puted the points of zero vorticity or the separation points and found that for λ > 0.5

the separation points are absent in the flow domain. We observed that when the slip
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parameter lies between 0 and 0.5 the stagnation points and the points of zero vorticity

co-exist in the fluid domain. From the plots of the streamlines we conjecture that

the co-existence of stagnation points and points of zero vorticity in the interior of the

flow is a necessary condition for the eddy patterns to occur in the case of a Stokeslet

induced flow in a spherical container. Another important observation made is that

the vorticity on the boundary always vanishes when the slip parameter is equal to

0.5.

(b) Flow due to a Stokeslet located away from the origin. We gave a closed form

representation of the stream function corresponding to an axisymmetric flow due to a

Stokeslet located away from the origin. We found in the case of axisymmetric flow due

to an off-centred Stokeslet that the stagnation points and the points of zero vorticity

always co-exist and hence the eddy patterns in the flow domain always exist. We

found analytically in this case that there are only two stagnation points in the flow

domain. Further we do not find any new sets of points of zero vorticity for λ > 0.5

and hence we conjecture that due the co-existence of the same sets of stagnation

points and points of zero vorticity, the flow patterns remain the same thereafter.

We further discuss about ‘Stokeslet reversal ’, i.e., the position of the Stokeslet inside

the sphere is found at which the strength of the image Stokeslet vanishes. In other

words, we find the location where there is a sign change in the strength of the image

Stokeslet indicating that the strength vanishes for some location of the Stokeslet in-

side the sphere.
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In the case of slip-stick boundary conditions, it was found that this phenomenon does

not occur for a non-axisymmetric flow due to a Stokeslet located away from the origin

along the axis of symmetry. However for an axisymmetric flow with slip-stick bound-

ary conditions it is found that the Stokeslet, if located at c = 1√
3(1+2λ)

, where λ is

the slip parameter, makes the strength of the image Stokeslet vanish. As a limiting

case, if λ → 0 the location of the Stokeslet inside the sphere is found to agree with

that obtained by Maul and Kim [63] in the rigid case. It has been observed that, for

an axisymmetric flow due to a Stokeslet located at the origin, there is no Stokeslet

reversal.

In Chapter 5, we study the problem of a steady, Stokes flow past a particle of ar-

bitrary shape satisfying slip-stick boundary conditions. Earlier, Payne and Pell [82]

gave a formula for calculating the drag experienced by a rigid body in an axisym-

metric flow of a viscous, incompressible fluid in terms of the Stokes stream function.

But, for long, there was no such formula available for particles of arbitrary shape in

the non-axisymmetric Stokes flows. Bourot [8], Hellou and Coutanceau [36] studied

the problems of two-dimensional Stokes flows by using a technique of applying the

no-slip condition using the method of least squares. Later, Lecoq et al. [53] extended

this method to study the problems of the axisymmetric Stokes flows. G.B.Jeffery [41]

studied the problem of viscous flow past an ellipsoidal particle. However, there was

a need to develop methods to solve the more general problems of an arbitrary Stokes

flow past an arbitrarily shaped body and there were several attempts to find solu-
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tions to such problems [7], [46], [73], [112]. Recently, Radha et al. [88] found an

approximate analytical solution for the problem of a steady, Stokes flow past an ar-

bitrarily shaped rigid body with no-slip boundary conditions. They gave an analytic

but approximate solution using the method of least squares. Their solution being

analytic is valid in the entire domain rather than at certain pre-determined points

as is often the case in some numerical methods. They demonstrated their method

by considering an axisymmetric Stokes flow past two intersecting rigid spheres. We

adopted the technique proposed by Radha et al. [88] to suggest a method for solving

the problem of a steady, Stokes flow past a body of arbitrary shape with slip-stick

boundary conditions by using the method of least squares. This method also gives

an analytic but approximate solution. In particular, we demonstrate this method for

a non-axisymmetric Stokes flow of a viscous incompressible fluid past an ellipsoid,

where the flow is generated by a Stokeslet. We have scaled down the domain of the

slip parameter λ from [0,∞) to [0, 1) by using a suitable transformation. We observe

that the magnitude of the drag and torque decreases with increasing value of the

slip-parameter.

In Chapter 6, we give a summary of the important results obtained in the previous

chapters.



Chapter 2

An arbitrary Stokes flow past a

coated sphere in a fluid of a

different viscosity

2.1 Introduction

The flow due to a spherical body moving in a viscous, incompressible fluid at low

Reynolds numbers has been a problem of utmost importance both from the practical

and theoretical point of view. Stokes [103] was the first to study the effects of viscos-

ity on the motion of pendulums. Basset [5] studied the translational motion of a solid
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sphere by considering a slip condition at the surface of the sphere. Hadamard [28, 29]

and Rybczynski [95] examined the translational motion of a spherical fluid drop in

another immiscible fluid. Hetsroni and Haber [38] discussed the problem of a single

spherical droplet submerged in an unbounded viscous fluid of a different viscosity.

Kawano et al. [43] have also studied thin liquid spherical shells moving at interme-

diate Reynolds numbers in immiscible liquids both numerically and experimentally.

Dimitrakopoulos and Higdon [18] discussed the displacement of fluid droplets from

solid boundaries in low Reynolds number shear flows using numerical computations.

Numerous other works considering the motion of rigid and fluid spheres in both

bounded and unbounded domains have been studied. The problem of Stokes flow

past a fluid coated sphere in a fluid of a different viscosity is an important one owing

to the manifold applications in science and engineering and has been studied by many

researchers. O’Neill and Ranger [72] discussed the slow motion of a sphere moving

through an interface of two immiscible fluids. By taking into account the displaced

fluid by regarding it as a coating, where the no-slip boundary condition was modi-

fied permitting a certain degree of slip, O’Neill and Ranger [72] considered the slow

uniform flow past a coated sphere in an immiscible viscous fluid and discussed its

motion. Later Johnson [42], in his paper, examined the steady, axisymmetric Stokes

flow past a solid sphere with a thin layer of immiscible fluid covering its surface, i.e.,

a fluid-film, in a uniform flow. In his work, he considered the fluid-fluid interface to

be approximately spherical. The solution was obtained using a simple perturbation
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technique where the perturbation expansion of the flow field is assumed in terms of

the film thinness parameter to construct the solution. Gupalo et al. [25] also studied

the Stokes flow past a sphere coated by a liquid film using the method of matched

asymptotic expansions. Kawano and Hasimoto [43, 44] investigated the motion of

multiphase compound drops by examining a liquid-solid compound drop, i.e., a rigid

sphere completely coated with a thin liquid film. They made a numerical study on the

motion of a sphere coated with a thin liquid film at low and intermediate Reynolds

numbers. The problem of Stokes flow past a rigid sphere with a thin fluid layer of

another viscous, incompressible fluid of a different viscosity has been studied analyti-

cally and numerically owing to the fact that it serves as a reasonably good model for

many problems in science and industry. For instance, Anderson and Solomentsev [2]

considered a general quadratic flow past a sphere and studied the hydrodynamic ef-

fects of a thin layer of material on the surface of the sphere where the fluid in the

thin layer has a lower effective viscosity than the bulk solution. This is considered as

a model for the surface of colloidal particles suspended in a liquid containing polymer

molecules which do not hold on to the surface of the particles resulting in a ‘deple-

tion layer ’ whose thickness is small compared to the radius of the spherical particles.

Spherical solid shells coated with a thin layer of a fluid which are produced by solid-

ifying liquid shells have applications in high performance solid fuels, artificial organs

with filtration, high functional medicines, foods and compound structural materials

which were discussed by Lee et al. [54] and Kawano et al. [43]. Kawano et al. [44] dis-
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cussed the sequential production of spherical rigid shells by solidifying liquid shells.

Kondo and Koishi [48] discussed the production of multilayer rigid shells or balls

with diameter of micrometer size called microcapsules by controlling the interfacial

polymerization in the physicochemical method. In this chapter, we suggest a method

for solving the problem of an arbitrary Stokes flow of a viscous, incompressible fluid

past a sphere coated with a thin film of fluid of a different viscosity. If the motion is

sufficiently slow or the particle is sufficiently small and the fluid-film coating is very

thin, then we can assume that the coating remains spherical, if the surface tension

σ between the coating fluid and the ambient fluid is very high. Hence we assume

that the fluid-film is very thin and that the surface tension forces are large enough to

retain the spherical shape of the coating. We examine the relation between the ratio

of the film-fluid viscosity to the surrounding fluid viscosity and the drag on the coated

sphere in an arbitrary Stokes flow, when the unperturbed velocity is either harmonic

or purely biharmonic. An important result obtained by Johnson [42], who considered

a uniform flow, was that the drag reduction occurs when the sphere has a fluid-film

where the ratio of the viscosity of the outer fluid to the viscosity of the fluid-film is

greater than 4. We compare our result pertaining to the drag on the coated sphere in

a general arbitrary Stokes flow with that of Johnson [42]. We also discuss the optimal

thickness of coating required for the reduction of drag as a function of the above ratio

of viscosities.
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2.2 Mathematical formulation

We consider the steady arbitrary Stokes flow of a viscous, incompressible fluid of

viscosity µe past a sphere of radius a coated with a thin layer of another immiscible

fluid of a different viscosity µi whose thickness is (b−a) where b = a(1+ǫ), ǫ > 0. We

shall use throughout our discussion, the superscript ‘i’ for the inner flow quantities

in the region of the thin fluid film (coating) a < r < b, and ‘e’ for the outer flow

quantities in the region r > b respectively.

We also assume that the surface tension forces are large enough compared to the

viscous forces which deform the fluid-film so as to retain the spherical shape of the

coating. The discontinuity of normal stress across the interface of the two fluids is

manifested as the pressure difference pi− pe = 2σ
b
, where σ is the surface tension and

b = a(1 + ǫ).

By non-dimensionalizing the variables as in Section 1.3 in Chapter 1, where L = a,

we obtain the governing equations of motion in a non-dimensional form are as follows.

∇2~qα = ∇pα, (2.2.1)

∇ · ~qα = 0, (2.2.2)

where α = i for the region 1 < r < 1 + ǫ and α = e for the region r > 1 + ǫ

(outside the fluid film coating). The Stokes equations (2.2.1)-(2.2.2) admit the fol-

lowing representations for the velocity and pressure [79] in both the regions as follows.
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~qα = ∇×∇× (~rAα) + ∇× (~rBα), (2.2.3)

pα =
∂

∂r
(r∇2Aα), (2.2.4)

where

∇4Aα = 0, (2.2.5)

∇2Bα = 0. (2.2.6)

Suppose, in the absence of any rigid boundaries, the velocity ~q0 and the pressure

p0 corresponding to the unperturbed flow is given by the representation (2.2.3)-(2.2.6)

where (~qα, pα) = (~q0, p0) in terms of the scalar functions (Aα, Bα) = (A0, B0). Then

the scalar functions A0 and B0 can be expanded in terms of spherical harmonics as

follows

A0 =
∞
∑

n=1

(αnr
n + α′

nr
n+2)Sn(θ, φ), (2.2.7)

B0 =

∞
∑

n=1

χnr
nTn(θ, φ), (2.2.8)

where

Sn(θ, φ) =
n
∑

m=0

Pm
n (ζ)(Anm cosmφ+Bnm sinmφ), ζ = cos θ

Tn(θ, φ) =
n
∑

m=0

Pm
n (ζ)(Cnm cosmφ +Dnm sinmφ),

0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π and αn, α
′
n, χn, Anm, Bnm, Cnm, Dnm are known constants.
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In the presence of a sphere of radius 1 with a coating of a thin film of fluid of

thickness ǫ, we assume the modified flow to be as follows.

Ae =

∞
∑

n=1

(αnr
n + α′

nr
n+2 + βnr

−n−1 + β ′
nr

−n+1)Sn(θ, φ), (2.2.9)

Be =

∞
∑

n=1

(χnr
n + σnr

−n−1)Tn(θ, φ), (2.2.10)

Ai =

∞
∑

n=1

(Anr
n +Bnr

n+2 + Cnr
−n−1 +Dnr

−n+1)Sn(θ, φ), (2.2.11)

Bi =
∞
∑

n=1

(Enr
n + Fnr

−n−1)Tn(θ, φ), (2.2.12)

where the unknown constants An, Bn, Cn, Dn, En, Fn, σn, βn, and β ′
n are to be deter-

mined from the following boundary conditions.

1. On the surface r = 1,

the no-slip condition is satisfied

qir(1, θ, φ) = qiθ(1, θ, φ) = qiφ(1, θ, φ) = 0. (2.2.13)

2. On the surface r = 1 + ǫ,

(a) the normal component of velocity vanishes

qer(1 + ǫ, θ, φ) = qir(1 + ǫ, θ, φ) = 0, (2.2.14)

(b) the tangential components of velocities are continuous

qeθ(1 + ǫ, θ, φ) = qiθ(1 + ǫ, θ, φ), (2.2.15)

qeφ(1 + ǫ, θ, φ) = qiφ(1 + ǫ, θ, φ), (2.2.16)
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(c) the tangential components of stresses are continuous

µT erθ(1 + ǫ, θ, φ) = T irθ(1 + ǫ, θ, φ), (2.2.17)

µT erφ(1 + ǫ, θ, φ) = T irφ(1 + ǫ, θ, φ), (2.2.18)

where µ = µe

µi , µ
α is the dimensional viscosity, and T αrθ and T αrφ are the

tangential stresses for α = e, i in the outer and inner regions of the fluid-

film coating respectively.

Using the boundary conditions (2.2.13)-(2.2.18), we solve for the nine unknown con-

stants in terms of αn, α
′
n and χn as follows :

An = −µ[(1 + ǫ)2n(2(1 + ǫ)2n+3 + (2n+ 1)

−(1 + ǫ)2(2n+ 3))((2n− 1)αn + (2n+ 3)(1 + ǫ)2α′
n)]/Mn, (2.2.19)

Bn = µ[(1 + ǫ)2n(2(1 + ǫ)2n+1 + (2n− 1)

−(1 + ǫ)2(2n+ 1))((2n− 1)αn + (2n+ 3)(1 + ǫ)2α′
n)]/Mn, (2.2.20)

Cn = µ[((1 + ǫ)2n+1(−2(1 + ǫ) − (1 + ǫ)2n+2(2n− 1)

+(1 + ǫ)2n(2n+ 1))((2n− 1)αn + (2n+ 3)(1 + ǫ)2α′
n))]/Mn, (2.2.21)

Dn = µ[(1 + ǫ)2n(2 + (1 + ǫ)2n+3(2n+ 1)

−(1 + ǫ)2n+1(2n+ 3))((2n− 1)αn + (2n+ 3)(1 + ǫ)2α′
n)]/Mn,(2.2.22)
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En = [−(1 + ǫ)2n+1(2n+ 1)µχn]/Nn, (2.2.23)

Fn = [(1 + ǫ)2n+1(2n+ 1)µχn]/Nn, (2.2.24)

σn = [(1 + ǫ)2n+1(−(1 + ǫ)2n+1(n− 1)(µ− 1)

+((n+ 2) + µ(n− 1)))χn]/Nn, (2.2.25)

βn = [(1 + ǫ)2n+1(−2(1 + ǫ)2n+4(4n2 + 4n− 3)µα′
n

+2(1 + ǫ)4n+3((2n− 1)αn + (2n− 2µ+ 1)α′
n)

−(1 + ǫ)2n+4(2n+ 1)((2n− 1)αn − (2n+ 1)(µ− 1)(1 + ǫ)2α′
n)

+(1 + ǫ)2n(2n+ 1)((2n− 1)αn + (2n+ 1)(1 + ǫ)2(µ+ 1)α′
n)

−2(1 + ǫ)((2n− 1)αn + (2n+ 2µ+ 1)α′
n))]/Mn, (2.2.26)

β ′
n = [(1 + ǫ)2n−1(−2(1 + ǫ)2n+2(4n2 + 4n− 3)µαn

+(1 + ǫ)2n(2n+ 1)((2n+ 1)(µ− 1)αn

−(2n+ 3)(1 + ǫ)2α′
n) + 2(1 + ǫ)((2n− 2µ+ 1)αn

+(2n+ 3)(1 + ǫ)2α′
n) + (1 + ǫ)2n+4(2n+ 1)((2n+ 1)(µ+ 1)αn

+(2n+ 3)(1 + ǫ)2α′
n) − 2(1 + ǫ)4n+3((2n+ 2µ+ 1)αn

+(2n+ 3)(1 + ǫ)2α′
n))]/Mn, (2.2.27)

where

Mn = 4(1 + ǫ)(µ− 1) + 2(1 + ǫ)2n+2(4n2 + 4n− 3)µ

+4(1 + ǫ)4n+3(µ+ 1) − (1 + ǫ)2n(2n+ 1)((2n+ 1)µ− 2)

−(1 + ǫ)2n+4(2n+ 1)((2n+ 1)µ+ 2),
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Nn = (n + 2)(µ− 1) − (1 + ǫ)2n+1((n+ 2)µ+ n− 1).

2.3 Drag

The drag experienced by the coated sphere in a dimensionless form is

~Dc =

∫ π

0

∫ 2π

0

[T errêr + T erθêθ + T erφêφ]r=(1+ǫ)(1 + ǫ)2 sin θdθdφ,

= 8π(1 + ǫ)

[(

3(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + µǫ(4ǫ2 + 15ǫ+ 15)

2(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + µǫ(4ǫ2 + 15ǫ+ 15)

)

α1

+

(

5(1 + ǫ)2(2 + ǫ)(2ǫ2 + 5ǫ+ 5)

2(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + µǫ(4ǫ2 + 15ǫ+ 15)

)

α′
1

]

×(A11 î +B11ĵ + A10k̂),

=

(

8π(1 + ǫ)

(

3X + Y

2X + Y

)

α1 + 40π(1 + ǫ)3

(

X

2X + Y

)

α′
1

)

×(A11 î +B11ĵ + A10k̂), (2.3.1)

=

(

4π(1 + ǫ)

(

3X + Y

2X + Y

)

[~q0]0 + 2π(1 + ǫ)3

(

X

2X + Y

)

[∇2~q0]0

)

, (2.3.2)

where

X = (2 + ǫ)(2ǫ2 + 5ǫ+ 5), (2.3.3)

Y = µǫ(4ǫ2 + 15ǫ+ 15), (2.3.4)

T err is the dimensionless normal component of stress of the ambient fluid. Observe

that we have used the relations

[~q0]0 = 2α1(A11 î +B11ĵ + A10k̂), (2.3.5)
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[∇2~q0]0 = 20α′
1(A11 î +B11ĵ + A10k̂), (2.3.6)

where [~q0]0 and [∇2~q0]0 denote the unperturbed velocity and its Laplacian evaluated

at the centre of the sphere r = 0 respectively.

We find it convenient to express the drag on the coated sphere as follows to enable

us to discuss some special cases.

~Dc = 6π(1 + ǫ)

[

2(3X + Y )

3(2X + Y )

]

[~q0]0 + π(1 + ǫ)3

[

2X

2X + Y

]

[∇2~q0]0, (2.3.7)

= 6π(1 + ǫ)[1 −A][~q0]0 + π(1 + ǫ)3[1 −B][∇2~q0]0, (2.3.8)

where A = Y
3(2X+Y )

, B = Y
2X+Y

. Since ǫ > 0, we observe that X > 0 and Y > 0.

Hence 0 < Y < 2X + Y . Thus we find that 0 < A < 1 and 0 < B < 1.

Using Almansi’s result [1], ~q0 can be expressed as ~q0 = ~q1 + r2~q2, where ∇2~q1 =

0, ∇2~q2 = 0. Then we observe that ∇2~q0 = 6~q2 + 4r ∂~q2

∂r
. We now discuss some

special cases making use of these results.

1. Case A: Suppose ~q0 is harmonic, i.e., ~q2 = 0. This implies that

~Dc = 6π(1 + ǫ)(1 − A)[~q1]0. (2.3.9)

The drag experienced by a rigid sphere of radius (1 + ǫ) in this case is [21]

~Dǫ = 6π(1 + ǫ)[~q1]0. (2.3.10)

Hence we can conclude that |~Dc| < |~Dǫ| since 0 < A < 1. �



CHAPTER 2. STOKES FLOW PAST A COATED SPHERE 41

2. Case B: Suppose ~q0 is purely biharmonic, i.e., ~q0 = r2~q2 6= 0, ~q1 = 0. Then

[~q0]0 = [r2~q2]0 = 0 and [∇2~q0]0 = [∇2(~q1 + r2~q2)]0 = [6~q2]0. In this case, the

drag experienced by a rigid sphere [21] of radius (1+ǫ) and the drag experienced

by the coated sphere are respectively given by

~Dǫ = π(1 + ǫ)3[∇2~q0]0 = 6π(1 + ǫ)3[~q2], (2.3.11)

~Dc = π(1 + ǫ)3(1 − B)[∇2~q0]0 = 6π(1 + ǫ)3(1 − B)[~q2]0. (2.3.12)

Again we can conclude that |~Dc| < |~Dǫ| since 0 < B < 1. �

So in both the above cases, i.e., when the velocity is harmonic or purely biharmonic,

the magnitude of drag on the coated sphere decreases compared to the drag on a rigid

sphere of radius (1 + ǫ).

The drag experienced by an uncoated rigid sphere of radius 1 in the steady Stokes

flow of a viscous, incompressible fluid in a dimensionless form is [21]

~D0 = 6π[~q0]0 + π[∇2~q0]0. (2.3.13)

Let 0 < ǫ << 1, where ǫ is the thickness of the thin fluid-film coating the sphere of

radius 1. Expanding (2.3.2) in terms of ǫ, we get the drag as

~Dc = 6π

[

1 + ǫ

(

1 − µ

4

)

+O(ǫ2)

]

[~qo]o

+π

[

1 + 3ǫ

(

1 − µ

4

)

+O(ǫ2)

]

[∇2~qo]o. (2.3.14)

We also observe that for ǫ = 0, we can deduce the expression for drag on an uncoated

rigid sphere of radius 1 given by (2.3.13).
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For a harmonic ~q0, i.e., ∇2~q0 = 0 and for very small values of ǫ,

~Dc = 6π

[

1 + ǫ

(

1 − µ

4

)]

[~q0]0. (2.3.15)

The formula for drag on a coated sphere given by Johnson [42] can be deduced as a

special case of the above formula as he considered a uniform flow, which is a particular

case of the unperturbed velocity being harmonic. Johnson [42] concluded that the

magnitude of drag on the coated sphere reduces when µ > 4. While this result is

observed to be true from (2.3.15), when the unperturbed velocity is harmonic, we

find that the drag may also increase in a general Stokes flow. We illustrate this by

giving the following two examples.

(a) Harmonic case: Consider a uniform flow for which the unperturbed velocity

~q0 is given by the scalar functions A0, B0 as follows

A0 =
r

2
sin θ cos φ, (2.3.16)

B0 = 0. (2.3.17)

Let µ = 8. Then, from (2.3.13), |~D0| which is the magnitude of drag on a rigid

sphere of radius 1 is here equal to 6π.

The drag on the coated sphere is given from (2.3.15) as

~Dc = 6π[1 − ǫ]̂i. (2.3.18)

Hence we observe that |~Dc| < |~D0| which agrees with the result of Johnson [42]

that the drag reduces when µ > 4. �
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(b) Non-harmonic case: For the same values of µ, we now consider a flow for

which

A0 =

(

r

2
− 3r3

20

)

sin θ cosφ, (2.3.19)

B0 = 0. (2.3.20)

Then, from (2.3.13), the magnitude of drag on a rigid sphere of radius 1 is equal

to

|~D0| = 3π. (2.3.21)

Also, the drag on the coated sphere is given from (2.3.14) as

~Dc = 6π (1 − ǫ) î − 3π (1 − 3ǫ) î, (2.3.22)

= 3π(1 + ǫ)̂i. (2.3.23)

So we observe that |~Dc| > |~D0| even though µ > 4. Thus we cannot conclude

that the drag reduces in a general case even if µ > 4. �

Optimal fluid-film coating required for minimum drag :

We observed that when µ > 4, the drag on the coated sphere decreases when the

unperturbed flow is harmonic. Motivated by this fact, we now calculate the thickness

of the fluid-film coating for which the drag is minimum for different values of µ > 4,

when the unperturbed velocity is harmonic. For this, we observe that the formula for

drag given in (2.3.2) can be rewritten as ~Dc = DH [ ~qo]0 where

DH = 6π(1 + ǫ)

[

6(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + 2µǫ(4ǫ2 + 15ǫ+ 15)

6(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + 3µǫ(4ǫ2 + 15ǫ+ 15)

]

. (2.3.24)
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For each value of µ, we determine the corresponding value of ǫ (coating thickness) for

whichDH assumes a minimum value (refer Table 2.3.1). This is done by differentiating

(2.3.24) with respect to ǫ and equating it to zero. The resulting value of ǫ (refer Table

2.3.1 and Figure 2.3.1(a)) is observed to give a minimum value of DH . Repeating this

process for different values of µ > 4, we find the thickness of coating for which the

drag is minimum for each value of µ. The corresponding values of µ, ǫ and DH are

tabulated in Table 2.3.1. From Table 2.3.1, we observe that if µ is increased, then

the thickness of the coating ǫ for which the drag is minimum also increases. From

equation (2.3.2), we observe that in a similar manner, for very small values of ǫ, the

drag on the coated sphere decreases when the unperturbed flow is purely biharmonic

when µ > 4. We write ~Dc = DBH [∇2 ~qo]0 where

DBH = π(1 + ǫ)3

[

2(2 + ǫ)(2ǫ2 + 5ǫ+ 5)

2(2 + ǫ)(2ǫ2 + 5ǫ+ 5) + µǫ(4ǫ2 + 15ǫ+ 15)

]

. (2.3.25)

For this case also, we have tabulated the values of ǫ and DBH for increasing values

of µ > 4. Here also we can conclude that the thickness of the fluid-film coating,

for which the drag is minimum, increases with increasing values of µ (refer Figure

2.3.1(b), Table 2.3.2). Thus in both these cases, we find that the viscosity of the

coating should be lower than the viscosity of the ambient fluid so that the drag is

minimum for a given thickness of coating.
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Figure 2.3.1: Change in ǫ with µ for unperturbed (a) harmonic velocity, (b) biharmonic

velocity when the magnitude of the drag is minimum.

µ ǫ Drag on the coated sphere µ ǫ Drag on the coated sphere

4.00 0 18.8495 6.00 0.061643 18.5876

4.25 0.0111644 18.8428 6.25 0.069857 18.5027

4.50 0.03063 18.7985 6.75 0.07335 18.4544

5.00 0.038416 18.7658 7.00 0.076498 18.4058

5.25 0.045291 18.7282 7.25 0.079339 18.3573

5.50 0.056806 18.6432 7.50 0.081909 18.309

Table 2.3.1: Optimal coating thickness ǫ needed for a given µ for the drag to be minimum

when the unperturbed velocity is harmonic.
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µ ǫ Drag on the coated sphere µ ǫ Drag on the coated sphere

4.00 0 3.1416 6.00 0.114981 3.9255

4.25 0.019719 3.13596 6.25 0.12455 3.88502

4.50 0.037439 3.12081 6.50 0.133437 3.84386

4.75 0.053455 3.09835 6.75 0.141714 3.80236

5.00 0.068005 3.07031 7.00 0.14944 3.76078

5.50 0.0104647 3.96487 7.50 0.16345 3.67819

Table 2.3.2: Optimal coating thickness ǫ needed for a given µ for the drag to be minimum

when the unperturbed velocity is biharmonic.

2.4 Torque

The torque on an uncoated rigid sphere of radius 1 in a dimensionless form is

~T0 = 4π[∇× ~q0]0. The torque on the coated sphere is

~Tc = 4π

[

1 +
(ǫ3 + 3ǫ2 + 3ǫ)(1 − µ)

(ǫ3 + 3ǫ2 + 3ǫ)µ+ 1

]

[∇× ~qo]o, (2.4.1)

= 4π(1 + ǫ)3
[

1 − (ǫ3 + 3ǫ2 + 3ǫ)µ

(ǫ3 + 3ǫ2 + 3ǫ)µ+ 1

]

[∇× ~qo]o. (2.4.2)

It is clear from (2.4.1) that the magnitude of torque on the coated sphere increases when

µ < 1 and reduces when µ > 1 compared to the torque experienced by an uncoated rigid

sphere of unit radius. However the torque on the coated sphere always decreases compared

to that on a rigid sphere of radius (1 + ǫ) as observed from (2.4.2).
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2.5 Axisymmetric flow

The axisymmetric flow can be discussed by choosing [79]

∂Ae(r, θ)

∂θ
=
ψe(r, θ)

r sin θ
,
∂Ai(r, θ)

∂θ
=
ψi(r, θ)

r sin θ
,Be(r, θ) = Bi(r, θ) = 0,

in (2.2.3)-(2.2.6). Then the radial and cross-radial velocities in both the regions are given

as follows

qer(r, θ) = − 1

r2 sin θ

∂ψe(r, θ)

∂θ
, (2.5.1)

qeθ(r, θ) =
1

r sin θ

∂ψe(r, θ)

∂r
, (2.5.2)

qir(r, θ) = − 1

r2 sin θ

∂ψi(r, θ)

∂θ
, (2.5.3)

qiθ(r, θ) =
1

r sin θ

∂ψi(r, θ)

∂r
. (2.5.4)

Then the drag experienced by the coated sphere in terms of the stream function of the

unperturbed flow in a dimensionless form, turns out to be

~Dc = −6π(1 + ǫ)

[

2(3X + Y )

3(2X + Y )

]

[∇× (êφ
ψ0

r sin θ
)]0

−π(1 + ǫ)3
[

2X

2X + Y

] [

∇×
(

êφ
D2ψ0

r sin θ

)]

0

. (2.5.5)

The torque in this case is zero.

2.6 Examples

2.6.1 Stokeslet : Consider a Stokeslet of strength (F1/8π) located at (0, 0, c)

(c > 1+ ǫ) whose axis is along the positive direction of the x-axis. The corresponding
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expressions for A0 and B0 due to the presence of the Stokeslet when 1+ ǫ < r < c are

A0(r, θ, φ) =
F1

8π

∞
∑

n=1

[

rn+2

(n+ 1)(2n + 3)cn+2

− (n− 2)rn

n(n+ 1)(2n − 1)cn

]

P 1
n(ζ) cosφ, (2.6.1)

B0(r, θ, φ) =
F1

4π

∞
∑

n=1

[

rn

n(n+ 1)cn+1

]

P 1
n(ζ) sinφ. (2.6.2)

From the above expressions, we find that

α1 =

(

F1

8π

)

1

2c
, α′

1 =

(

F1

8π

)

1

10c3
, χ1 =

(

F1

4π

)

1

2c2
.

The drag experienced by a coated sphere is given from equation (2.3.2) as

~Dc =
(1 + ǫ)F1[(3c

2 + (1 + ǫ)2)X + c2Y ]

2c3(2X + Y )
î. (2.6.3)

2.6.2 Potential doublet : Consider a doublet of strength M with its axis along the

positive direction of z-axis in an axisymmetric flow located at (0, 0, c) (c > 1 + ǫ).

The stream function due to the doublet in an unbounded fluid is given by

ψ0 = −Mr2 sin2 θ

R3
1

, R2
1 = r2 − 2rc cos θ + c2. (2.6.4)

For r < c

ψ0 = −M
∞
∑

n=1

rn+1

cn+2
P 1
n(ζ) sin θ. (2.6.5)

Here, αn = M/cn+2, α′
n = 0.

From (2.5.5), the drag on the coated sphere is given by

~Dc = 6π(1 + ǫ)

[

2(3X + Y )

3(2X + Y )

](

2M

c3
k̂

)

. (2.6.6)
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2.7 Conclusions

We suggested a general method to discuss an arbitrary Stokes flow of a viscous, incom-

pressible fluid past a sphere coated with a thin layer of a fluid of a different viscosity. In

particular, we gave the expressions for the drag and the torque on the coated sphere in both

axisymmetric and non-axisymmetric Stokes flows. We showed that the drag on the coated

sphere decreases compared to the drag on a rigid sphere of the same radius whenever the

unperturbed velocity is either harmonic or purely biharmonic. We also showed that the

drag on a rigid sphere is greater than the drag on a coated sphere whenever the unper-

turbed flow either purely harmonic or biharmonic which is a generalization of the result by

Johnson [42] who considered the unperturbed flow velocity to be uniform. Moreover, we

determined the thickness of the coating for which the drag is minimum for µ > 4 for a fixed

value of the viscosity of the ambient fluid, when the unperturbed velocity is harmonic or

purely biharmonic. We also showed that the magnitude of the torque experienced by the

fluid coated sphere always decreases compared to the torque experienced by a rigid sphere

of the same radius.



Chapter 3

An arbitrary unsteady Stokes flow

in and around a liquid sphere

3.1 Introduction

Taylor and Acrivos [108] studied the deformation and drag of a liquid drop in an unbounded

quiescent fluid. Matunobu [61, 62], Hetsroni and Haber [38] employed Lamb’s [50] solution

of steady Stokes equations to study the flow fields exterior and interior to a liquid droplet

immersed in an unbounded viscous fluid with a different viscosity. Similarly, Fuentes et

al. [23, 24] studied the images of singularities which lie outside the droplet using Lamb’s

solution. Later Palaniappan et al. [79] gave the solution in a closed form for a general

non-axisymmetric, steady Stokes flow in and around a fluid sphere when the singularities of

50
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the given flow lie outside the sphere using a solution of Stokes equations proposed by them

[79] in the form of a Sphere theorem. Using the same solution (Palaniappan et al. [79]), the

general non-axisymmetric motion inside a liquid sphere generated by singularities inside

was studied by Padmavathi et al. [76] by presenting the solution as a Sphere theorem

in a closed form which complements the result of Hetsroni and Haber [38]. All existing

Sphere theorems were recovered as special cases of these theorems. In the recent years,

the problem of unsteady Stokes flow past a particle has also engaged the attention of

scientists and researchers. The motion of particles of different geometries in unsteady,

viscous flows have been studied by several researchers like Lawrence and Weinbaum [52],

Kim and Karrila [47], Pozrikidis [83], Lovalenti and Brady [59, 60], Sano [34], Coimbra and

Rangel [14], Feng and Joseph [22], Yang and Leal [117], Maxey and Riley [64], Mazur and

Bedeaux [65], Michaelidis and Feng [68], Stone and Bush [105], Dohara [19] and Venkatlaxmi

et al. [113, 114]. Pozrikidis [83] used a singularity method for the computation of unsteady

Stokes flows. In particular, he considered the translational oscillations of a spherical drop

convected in a uniform streaming flow or moving under the influence of a body force,

placed in an ambient fluid of a different viscosity and concluded that the spherical shape

of the liquid drop is retained independent of the surface tension of the liquid drop. A

similar result was arrived at Sy and Lightfoot [106] who considered the flow due to a

spherical inviscid bubble executing translational oscillations in a viscous fluid and also by

Chisnell [11] who considered the unsteady motion of a liquid drop moving vertically under

gravity. Pozrikidis [85] also discussed the contributions of other researchers on the unsteady

motion of a viscous drop in a bibliographical note. Rallison [89, 90] discussed about the
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deformation of small viscous drops and bubbles in shear flows and reviewed the theory of

shear induced small deformation of viscous drops in a note on time-dependent deformation of

almost spherical viscous drops. Stone [104] also discussed the dynamics of drop deformation

and breakup in viscous fluids at low Reynolds numbers.

The problem discussed in this chapter pertains to an oscillatory Stokes flow of a viscous

incompressible fluid past a liquid sphere of a different viscosity where a general method to

determine the shape of the liquid droplet which undergoes a slight deformation has been

suggested. We make use of the complete general solution of unsteady Stokes equations

proposed by Venkatlaxmi et al. [113, 114] to discuss this problem. The motivation for

the current work is drawn from that of Hetsroni and Haber [38] who considered a steady

Stokes flow inside and around a liquid ‘droplet’. They used the Landau and Lifshitz’s [51]

condition to discuss the deformation of the liquid drop in a steady Stokes flow. We use a

similar approach to study the flow generated by an arbitrary oscillatory Stokes flow past a

fluid sphere of a different viscosity and give a method to find the flow quantities inside and

outside the liquid sphere. The drag on the liquid sphere is also calculated. The droplet is

assumed to be spherical as a first approximation and then the equation of the interface is

later obtained by adopting an iterative method as in the work of Hetsroni and Haber [38].

We also deal with the flow inside and outside a liquid sphere generated due to an oscillating

singularity located in the interior of the sphere. We also determine the shape of the deformed

liquid spheres in both the cases. We observe that the deformation is mainly affected by

two parameters, namely, the ratio of the viscosities of the two fluids and also the capillary

number which is a ratio of the viscous forces and the surface tension forces.



CHAPTER 3. UNSTEADY STOKES FLOW PAST A LIQUID SPHERE 53

3.2 Statement of the problem

We consider an arbitrary unsteady Stokes flow of a viscous, incompressible fluid of viscosity

µ0 past a liquid sphere of radius a of a different viscosity µi. We assume that the flow inside

and outside the liquid sphere is governed by unsteady Stokes equations. We use the suffix

0 to denote the flow quantities corresponding to the unperturbed flow and the superscripts

e and i to denote the flow quantities corresponding to perturbed flow in the regions r > a

and r < a respectively.

Assume ~qj = ~̃qje−iωt, pj = P j + p̃je−iωt, where j = 0, e, i, P j is a constant, ω is the

frequency of oscillation. Then by equations (1.1.33)-(1.1.34) in Section 1.1 of Chapter 1,

the governing equations of motion can be expressed in the form

µj(∇2 − λ2
j)~q

j = ∇pj, (3.2.1)

∇.~qj = 0, (3.2.2)

where λ2
j = −iω

νj .

Flow past a sphere r = 1 :

We non-dimensionalize equations (3.2.1)-(3.2.2) by using the non-dimensional variables

(with L = a) as in Section 1.3 in Chapter 1, to obtain

(∇2 − λ2
j )~q

j = ∇pj, (3.2.3)

∇.~qj = 0. (3.2.4)

Using the representation of the solution for unsteady Stokes equations due to Venkatlaxmi
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et al. [113, 114], we can express the flow fields as follows.

~qj = ∇×∇× (~rAj) + ∇× (~rBj), (3.2.5)

pj = P j +
∂

∂r
(r(∇2 − λ2

j)A
j), (3.2.6)

where P j is a constant, j = 0, e, i. Then the scalar functions corresponding to the unper-

turbed flow can be written as

A0 =

∞
∑

n=1

(αnr
n + α′

nfn(λer))Sn(θ, φ), (3.2.7)

B0 =
∞
∑

n=1

(ǫnfn(λer))Tn(θ, φ), (3.2.8)

and

Sn(θ, φ) =

n
∑

m=0

Pmn (ζ)(Anm cosmφ+Bnm sinmφ),

Tn(θ, φ) =

n
∑

m=0

Pmn (ζ)(Cnm cosmφ+Dnm sinmφ).

Here µ0 = µe and λ0 = λe. The constants αn, α
′
n and ǫn as well as Anm, Bnm, Cnm and

Dnm are known constants for a given unperturbed flow. In the presence of a liquid sphere

r = 1, the flow in the region r > 1 is given as follows.

Ae =

∞
∑

n=1

(αnr
n + α′

nfn(λer)

+βnr
−n−1 + β′ngn(λer))Sn(θ, φ), (3.2.9)

Be =
∞
∑

n=1

(ǫnfn(λer) + ǫ′ngn(λer))Tn(θ, φ). (3.2.10)
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Similarly, the flow inside the liquid sphere in the region r < 1 is given as follows.

Ai =

∞
∑

n=1

(anr
n + bnfn(λir))Sn(θ, φ), (3.2.11)

Bi =

∞
∑

n=1

(enfn(λir))Tn(θ, φ), (3.2.12)

where R = λjr, j = e, i in the regions r > 1 and r < 1 respectively.

The unknown constants to be determined are βn, β
′
n, ǫ

′
n, an, bn and en. The boundary

conditions in a non-dimensional form are as follows.

On the interface of the two fluid regions, i.e. (r = 1),

(1) the vanishing of the normal velocities

qer(1, θ, φ) = qir(1, θ, φ), (3.2.13)

= 0, (3.2.14)

(2) continuity of the tangential velocities and stresses.

qeθ(1, θ, φ) = qiθ(1, θ, φ), (3.2.15)

qeφ(1, θ, φ) = qiφ(1, θ, φ), (3.2.16)

µT erθ(1, θ, φ) = T irθ(1, θ, φ), (3.2.17)

µT erφ(1, θ, φ) = T irφ(1, θ, φ), (3.2.18)

where µ = µe

µi , q
j
θ, q

j
φ are the tangential velocities and T jrθ, T

j
rφ are the tangential components

of stress for j = e, i. Thus we have six unknowns and six constraints. As a first approx-

imation, we assume the shape of the droplet to be spherical and determine the unknown
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constants in terms of the known constants αn, α
′
n and ǫn using conditions (3.2.13)-(3.2.18).

βn = −[λe{αn((λifn(λi)gn+1(λe) − 2fn+1(λi)gn+1(λe))

+µ(2fn+1(λi)gn+1(λe))) + α′
n((λifn(λi)

−2fn+1(λi))(gn(λe)fn+1(λe) + fn(λe)gn+1(λe))

+µ(2fn+1(λi)(gn(λe)fn+1(λe)

+fn(λe)gn+1(λe))))}]/Nn,

β′n = −[αn((2n + 1)(λifn(λi) − 2fn+1(λi))

+2(2n+ 1)µfn+1(λi))

+α′
n(((2n + 1)fn(λe)(λifn(λi) − 2fn+1(λi))

+λeλifn(λi)fn+1(λe) − 2λefn+1(λi)fn+1(λe))

+µ(2λefn+1(λi)fn+1(λe) + 2(2n + 1)fn(λe)fn+1(λi)

−λ2
efn(λe)fn+1(λi)))]/Nn,

ǫ′n = −ǫn[{fn(λe)(fn(λi)(n − 1) − λifn+1(λi))}

−µ{λifn+1(λe)fn(λi)}]/Mn,

an = [λ2
eµfn(λi)(αn(2n + 1)gn(λe)

+λeα
′
n(gn(λe)fn+1(λe) + fn(λe)gn+1(λe)))]/λiNn,

bn = −[λ2
e(αn(2n+ 1)gn(λe)

+λeα
′
n(gn(λe)fn+1(λe) + fn(λe)gn+1(λe)))]/λiNn,

en = λeµǫn[gn(λe)fn+1(λe) + fn(λe)gn+1(λe)]/Mn, (3.2.19)
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where

Mn = [{gn(λe)(λifn+1(λi) + (n− 1)fn(λi))}

+µ{fn(λi)(λegn+1(λe) − (n− 1)gn(λe))}],

Nn = [{gn(λe)((2n + 1)λifn(λi) − 2(2n + 1)fn+1(λi))

+λegn+1(λe)(2fn+1(λi) − λifn(λi))}

+µ{fn+1(λi)(gn(λe)(2(2n + 1) − λ2
e)

−2λegn+1(λe))}].

When the shape of the droplet is spherical, the discontinuity of the normal stress across the

interface is manifested as the pressure difference equal to 2
Cai , where

Cai = µiU
σ is called the capillary number that represents the relative effect of viscous

forces versus surface tension forces acting across an interface between two immiscible liq-

uids. However in Section 3.4, when we assume that the sphere undergoes a deformation in

the next level of approximation, we impose the additional boundary condition of the balance

of normal stresses and surface tension forces to determine the shape of the interface.

3.3 Drag on the liquid sphere r = 1

When the liquid droplet remains spherical, we use the solution given in the previous section

and calculate the dimensionless drag on the liquid sphere r = 1 due to the fluid in the region
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r > 1 as follows.

~D = 2π

[(

X + µY

Z + µW

)

[~q0]0 +

(

U + µV

Z + µW

)

[∇2~q0]0

]

(3.3.1)

where

X = λ3
e{λif1(λi) − 2f2(λi)}g2(λe),

Y = λ3
e{λeg1(λe) + 2g2(λe)}f2(λi),

Z = {λif1(λi) − 2f2(λi)}{λeg2(λe) − 3g1(λe)},

W = {2λeg2(λe) − (6 − λ2
e)g1(λe)}f2(λi),

S = 3{f2(λe)g1(λe) + f1(λe)g2(λe)}

{λif1(λi) − 2f2(λi)},

T = 2f2(λi){f2(λe)g1(λe) + f1(λe)g2(λe)},

U = S − X

λ3
e

,

V = T − Y

λ3
e

,

[~q0]0 = (2α1 +
2

3
λeα

′
1)(A11 î +B11ĵ +A10k̂),

[∇2~q0]0 =
2

3
λ3
eα

′
1(A11 î +B11ĵ +A10k̂).

Similarly the torque is found to be

~T =
8π

3
ǫ1

[

N

λig1(λe)f2(λi) − µλef1(λi)g2(λe)

]

[~q0]0,

= 4π

[

N

λig1(λe)f2(λi) − µλef1(λi)g2(λe)

]

[∇× ~q0]0, (3.3.2)
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where

N = λeλif2(λi)(f2(λe)g1(λe) + g2(λe)f1(λe)),

[~q0]0 = C11 î +D11ĵ + C10k̂,

[∇× ~q0]0 =
2

3
ǫ1(C11 î +D11ĵ +C10k̂).

where [ ]0 denotes evaluation at the centre of the sphere.

Here we observe the following:

1. As µ → 0, the formulae for both drag ~D and torque ~T reduce to those of the drag

and torque on a rigid sphere of radius 1 respectively in an oscillatory flow. These

formulae agree with those of Kim and Karrila [47].

~DR = 6π(J [~q0]0 +K[∇2~q0]0),

where

J =

(

1 + λe +
λ2
e

3

)

,

K =
1

λ2
e

(

eλe −
(

1 + λe +
λ2
e

3

))

,

and

~TR =
4π(f2(λe)g1(λe) + g2(λe)f1(λe))

g1(λe)
[∇× ~q0]0,

= 4π
eλe

λe + 1
[∇× ~q0]0.
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2. As µ → ∞, the drag ~D reduces to the drag on a shear-free sphere of radius 1 in an

oscillatory flow given by

~DSF = 4π(L[~q0]0 +M [∇2~q0]0),

where

L =

(

1 + λe +
λ2
e

2
+
λ3
e

6

)(

1 +
λe
3

)−1

,

M =

(

eλe

λ2
e

−
(

λe
6

+
1

2
+

1

λe
+

1

λ2
e

))(

1 +
λe
3

)−1

.

The torque reduces to zero in this case.

The suffixes R and SF refer to the rigid and shear-free cases respectively.

In both the cases, in addition to the above limits, if both λe and λi → 0, then the drag

formula (3.3.1) reduces to the Faxén’s [21] laws in rigid and shear-free cases in steady flows

which are given as follows respectively.

~Drigid = 6π[~q0]0 + π[∇2~q0]0,

~Dshear−free = 4π[~q0]0.

Likewise, the torque formula (3.3.2) also reduces to the torque in rigid and shear-free cases

respectively,

~Trigid = 4π[∇× ~q0]0,

~Tshear−free = ~0.
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3.4 The equation of the deformed interface

In this section, we assume that the shape of the liquid droplet undergoes a slight deformation

about its mean position. Solving both the flow field and the equation of the surface of

the deformed sphere simultaneously is mathematically intractable. Hence we adopt an

iterative process which is similar to that employed by Hetsroni and Haber [38]. As a first

approximation, we assumed that the liquid droplet retains a spherical shape and determined

the flow field in Section 3.2 using the boundary conditions (3.2.13)-(3.2.18). Under these

conditions, the surface tension adjusts itself to satisfy the condition of balance of normal

stresses. Now when we assume that the shape is slightly deformed, in order to determine

the equation of the deformed interface, we use the condition of balance of normal stresses

and surface tension forces as follows (Hetsroni and Haber [38]).

T irr − µT err =
1

Cai

[

1

R1
+

1

R2

]

, (3.4.1)

where Cai = µiU
σ and R1 and R2 are the principal radii of curvature. We assume that

the shape of the deformed liquid sphere is given by r = F (θ, φ, t) where F (θ, φ, t) = a(1 +

f(θ, φ)e−iωt) and max |f(θ, φ)| << 1 such that the radius of the ‘equivalent’ spherical liquid

drop is given by |F (θ, φ, t)|.

We use the Landau and Lifshitz [51] condition for unsteady periodic flow as

1

R1
+

1

R2
=

2

a
− 2fe−iωt

a

−e
−iωt

a

[

1

sin θ

∂

∂θ

(

sin θ
∂f

∂θ

)

+
1

sin2 θ

∂2f

∂φ2

]

. (3.4.2)

We expand f(θ, φ), which denotes the deformation of the sphere, in terms of spherical
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harmonics as

f(θ, φ) =

∞
∑

n=1

GnSn(θ, φ), (3.4.3)

where Gn’s are constants to be determined. Hence the shape of the surface is given by

r = a(1 +

∞
∑

n=1

GnSn(θ, φ)e−iωt). (3.4.4)

We now use the boundary condition (3.4.1) for determining the shape of the boundary. On

substituting (3.4.2) and (3.4.3) into the dimensional form of the condition of balance of

normal stresses and surface tension forces and reverting back to the non-dimensional form

of the boundary condition (3.4.1), we get

T irr − µT err =
1

Cai

[

2 +
∞
∑

n=1

{n(n+ 1) − 2}GnSn(θ, φ)

]

. (3.4.5)

Substituting the values of T err and T irr in (3.4.5), we solve for Gn (n 6= 1) by using the

orthogonality of Legendre polynomials. We obtain

µP e − P i =
2

Cai
, (3.4.6)

Gn =
Cai

(n2 + n− 2)
[µαn(n+ 1)(λ2

e − 2n(n− 1))

−2µn(n+ 1)α′
n((n− 1)fn(λe) + λefn+1(λe))

+nµβn(2(n + 1)(n + 2) − λ2
e)

−2µβ′n((n− 1)gn(λe) − λegn+1(λe))

+(n+ 1)an(λ
2
i + 2n)

+2bnn(n+ 1)((n − 1)fn(λi) + λifn+1(λi))], (3.4.7)
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where P e and P i are constants of pressure. Following the above iterative method, the

higher order (> 1) approximations for the surface equation of the deformed liquid sphere

can be found out. For n = 1 in (3.4.5), we get an identity (3.4.6), indicating that the

assumption that the liquid sphere retains its spherical shape is correct up to two terms in

(3.4.5) irrespective of the surface tension. In other words, we obtain the condition of balance

of normal stresses and surface tension forces manifested as the difference of pressures given

by (3.4.6) as in the case of a sphere. This result is analogous to that of Hetsroni and

Haber [38] who considered a steady flow. This also shows that when a creeping flow past

a liquid sphere is considered, the assumption that the sphere maintains a spherical shape

is true irrespective of the value of surface tension. This was also observed by Taylor and

Acrivos [108] in steady creeping flows. Chisnell [11], who considered the unsteady motion of

a liquid drop moving vertically under gravity showed that the solution satisfies the normal

stress balance independent of the magnitude of the surface tension so that the spherical

shape is retained. A similar result was obtained by Sy and Lightfoot [106]. The flow fields

considered by Chisnell [11] correspond to the stream function of the form ψ = sin2 θf(r, t)

which when expanded in a series form have terms up to n = 1. So the result obtained by us,

that the spherical shape of the liquid sphere is retained for flow velocities which have terms

only up to n = 1 in their series representation, agrees with Chisnell’s [11] result. From

(3.4.7) it is clear that the ratio of the viscosities µ and the capillary number Cai affect the

deformation. We now demonstrate the method to determine the shape of a deformed liquid

sphere in the following example.
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3.5 An example

Consider an unsteady basic flow in a dimensional form given by ~q = e−iωtG(y + 1)̂i, where

G is the shear constant and ω is the frequency of oscillation. We choose the characteristic

velocity U asGa and obtain the non-dimensional form of the given velocity as ~q = e−iωt 1
a(y+

1)̂i, corresponding to which the scalar functions are given by

A0(r, θ, φ) =

(

r

a
S1(θ, φ) +

1

6
r2S2(θ, φ)

)

,

B0(r, θ, φ) ≡ 0.

The scalar functions Ae(r, θ, φ) and Be(r, θ, φ) corresponding to the flow velocity can be

represented in a series form as

Ae(r, θ, φ) = α1S1(θ, φ) + α2S2(θ, φ)

+

2
∑

n=1

(βnr
−n−1 + β′ngn(λer))Sn(θ, φ),

Be(r, θ, φ) = 0,

Ai(r, θ, φ) =
2
∑

n=1

(anr
n + bnfn(λir))Sn(θ, φ),

Bi(r, θ, φ) = 0,

where

α1 =
2

a
, α2 =

1

3a
, β1 = −2δ

ς
, β′1 = −2̟

ς
, β2 = −λe

3

κ

η
,

β′2 = −1

3

γ

η
,

a1 =
3λ2

ef1(λi)g1(λe)

λiς
, b1 = −3λ2

eg1(λe)

λiς
,

a2 =
5λ2

ef2(λi)g2(λe)

6λiη
, b2 = −5λ2

eg2(λe)

3λiη
,
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δ = λe{(λif1(λi)g2(λe) − 2f2(λi)g2(λe))

+(f2(λi)g2(λe))},

̟ = 3(λif1(λi) − 2f2(λi)) + 3f2(λi),

ς = g1(λe)(3λif1(λi) − 6f2(λi))

+λeg2(λe)(2f2(λi) − λif1(λi))

+(0.5)f2(λi)(g1(λe)(6 − λ2
e) − 2λeg2(λe)),

κ = (λif2(λi)g3(λe) − 2f3(λi)g3(λe))

+f3(λi)g3(λe),

γ = 5(λif2(λi) − 2f3(λi)) + 5f3(λi),

η = g2(λe)(5λif2(λi) − 10f3(λi))

+λeg3(λe)(2f3(λi) − λif2(λi))

+(0.5)(f3(λi)(g2(λe)(10 − λ2
e) − 2λeg3(λe))),

S1(θ, φ) =
P 1

1 (ζ) cosφ

4
, S2(θ, φ) =

P 2
2 (ζ) sin 2φ

4
,

with λe = 1−i√
2
, λi = 1−i

2 .

By employing the method suggested in Section 3.4, we can obtain the shape of the droplet.

In this example, the capillary number is defined as Cai = µiGa
σ . Figures 3.5.1 and 3.5.2

demonstrate the shapes of the deformed sphere at different values of ωt for Cai = 0.055

and µ = 0.5, which give a complete cycle of oscillations for ωt ∈ [0, 2π]. We observe that

at ωt = 0 the shape of the liquid droplet is assumed to be non-spherical and this shape

is attained again at ωt = 2π. The value of Cai has been deliberately chosen to make the
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Figure 3.5.1: (a) ωt = 0, (b) ωt = 2π
11 , (c) ωt = 4π

11 , (d) ωt = 6π
11 , (e) ωt = 8π

11 , (f) ωt = 10π
11

Figure 3.5.2: (a) ωt = 12π
11 , (b) ωt = 14π

11 , (c) ωt = 16π
11 , (d) ωt = 18π

11 , (e) ωt = 20π
11 ,

(f) ωt = 2π
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Figure 3.5.3: Cai = 0.01 (a) µ = 2, (b) µ = 3.5, (c) µ = 6, (d) µ = 8.

deviation from sphericity visible at different values of ωt. Figures 3.5.3 and 3.5.4 show

the deformation of a liquid sphere for fixed capillary numbers Cai with varying ratio of

viscosities µ. Figures 3.5.5 and 3.5.6 show how a liquid sphere deforms for a fixed ratio of

viscosities µ with varying capillary number Cai.

From these figures we observe that for a fixed capillary number, the deformation increases

with increasing µ. When µ is fixed, we find that the liquid sphere is spherical at low capillary

numbers and has deviation from a spherical shape which increases as the capillary number

increases.
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Figure 3.5.4: Cai = 0.05 (a) µ = 0.05, (b) µ = 0.2, (c) µ = 0.5, (d) µ = 0.8.

Figure 3.5.5: µ = 2 (a) Cai = 0.001, (b) Cai = 0.01, (c) Cai = 0.05, (d) Cai = 0.09.
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Figure 3.5.6: µ = 0.5 (a) Cai = 0.001, (b) Cai = 0.01, (c) Cai = 0.05, (d) Cai = 0.09.

3.6 Motion due to singularities inside a liquid sphere

We now assume the flow inside the liquid sphere to be generated due to a singularity in the

region r < 1. Let the unperturbed flow be given by the scalar functions

A0(r, θ, φ) =

∞
∑

n=1

(Hnr
−n−1 + Ingn(λir))Sn(θ, φ), (3.6.1)

B0(r, θ, φ) =
∞
∑

n=1

(Lngn(λir))Tn(θ, φ). (3.6.2)

Here µo = µi and λ0 = λi. Then the perturbed flow generated in the region r < 1 is

Ai(r, θ, φ) =
∞
∑

n=1

(Hnr
−n−1 + Ingn(λir)

+Jnr
n +Knfn(λir))Sn(θ, φ), (3.6.3)
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Bi(r, θ, φ) =

∞
∑

n=1

(Lngn(λir) +Rnfn(λir))Tn(θ, φ). (3.6.4)

The perturbed flow outside the liquid sphere r > 1 is

Ae(r, θ, φ) =

∞
∑

n=1

(Cnr
−n−1 +Dngn(λer))Sn(θ, φ), (3.6.5)

Be(r, θ, φ) =

∞
∑

n=1

(Qngn(λer))Tn(θ, φ). (3.6.6)

We use the boundary conditions (3.2.13)-(3.2.18) to determine the unknown coefficients Jn,

Kn, Rn, Cn, Dn and Qn in terms of the known coefficients Hn, In and Ln.

Rn = [Ln(gn(λe(λegn+1(λi) − (n− 1)gn(λi))

+λeµgn(λi)((n − 1)gn(λe) − gn+1(λe)))]/Un,

Qn = [Lnλi(gn(λi)fn+1(λi) + fn(λi)gn+1(λi))]/Un,

Cn = [−(λign(λe)(λiIn(gn(λi)fn+1(λi) + fn(λi)gn+1(λ))

+fn(λi)(Hn(2n + 1))))]/Vn,

Dn = [(λi(λiIn(gn(λi)fn+1(λi) + fn(λi)gn+1(λi))

+fn(λi)(Hn(2n + 1))))]/Vn,

Jn = [Hn((λegn+1(λe)(2λifn+1(λi) + 2fn(λi)λ
2
i fn(λi))

+(2n+ 1)gn(λe)(2λifn+1(λi) − 2(2n + 1)fn(λi)

−λ2
i fn(λi)) − λiλ

2
egn(λe)fλi

)

+µ(gn(λe)(2n+ 1)(λ2
efn(λi)



CHAPTER 3. UNSTEADY STOKES FLOW PAST A LIQUID SPHERE 71

+2(2n+ 1)fn(λi) − 2λifn+1(λi))

−2λegn+1(λe)(λifn+1(λi) + (2n + 1)fn(λi))))

+In(2λeλign+1(λe)(fn+1(λi)gn(λi)

+fn(λi)gn+1(λi))

−λi(2(2n + 1) + λ2
e)gn(λe)(fn+1(λi)gn(λi)

+fn(λi)gn+1(λi)))]/λiVn,

Kn = [Hn(2n+ 1)((gn(λe)(λ
2
e − 2(2n + 1))

−2λegn+1(λe)) + 2µ(λegn+1(λe)

+(2n+ 1)gn(λe)))

+In((gn(λe)λi(λ
2
egn+1(λi)

+2(2n+ 1)gn+1(λi)λi(2n+ 1)gn(λi))

−2λeλign+1(λe)(gn+1(λi)

+λign(λi))) + 2µ(λign+1(λi)(λegn+1(λe)

−(2n+ 1)gn(λe))))]/λiVn.

where

Un = (λegn+1(λe) − (n− 1)fn(λi)gn(λe))

+µgn(λe)(λifn+1(λi) + (n− 1)fn(λi)),

Vn = [(λegn+1(λe)(λi − 2λefn+1(λi)))

+µλegn+1(λe)(2fn+1(λi) + gn(λe)fn+1(λi)

(λ2
e − 2(2n + 1)))].
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By a similar analysis as in Section 3.4, we determine the equation of the deformed surface

of the interface by using the condition of the balance of normal stresses and surface tension

forces. However we now make an interesting observation in the following two singularity

driven flows.

1. Oscillating Stokeslet at the origin : The scalar functions which give the flow due to an

oscillating Stokeslet at the origin of strength F
8π directed towards the positive x-axis

are given by

A0 =
F

8π

{

− 4

π
g1(R) +

2

R2

}

sin θ cosφ, B0 ≡ 0.

2. Oscillating rotlet at the origin : The scalar functions corresponding to a oscillating

rotlet of strength F
4π located at the origin and directed towards the positive y-axis

are given by

A0 ≡ 0, B0 =
F

π

{

λ2
i

π
g1(R)

}

sin θ cosφ,

where R = λir. In both these singularity driven flows, the sphere retains its spherical

shape as we obtain an identity in these two cases given by the condition (3.4.6), as these

two cases correspond to n = 1, indicating that the assumption the liquid sphere retains its

spherical shape is correct up to two terms in equation (3.4.5). We now give an example of

a singularity driven flow in the following section where deformation of the liquid sphere is

possible.
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Figure 3.6.1: (a) ωt = 0, (b) ωt = 2π
11 , (c) ωt = 4π

11 , (d) ωt = 6π
11 , (e) ωt = 8π

11 , (f) ωt = 10π
11

An example to find the shape of the deformed sphere: We consider an unperturbed

flow which is given by the scalar functions

A0(r, θ, φ) =
18 sin2 θ cos 2φ

r3
,

=
6S2(θ, φ)

r3
, (3.6.7)

B0 ≡ 0.

Figures 3.6.1 and 3.6.2 show the shapes of the deformed sphere for Cai = 0.0016 and

µ = 0.5 at different values of ωt in the interval [0, 2π]. The value of Cai has been chosen to

demonstrate a slight deviation from sphericity in this singularity driven internal flow.
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Figure 3.6.2: (a) ωt = 12π
11 , (b) ωt = 14π

11 , (c) ωt = 16π
11 , (d) ωt = 18π

11 , (e) ωt = 20π
11 ,

(f) ωt = 2π

3.7 Conclusions

The problem of an arbitrary, oscillatory Stokes flow past a fluid particle immersed in another

immiscible fluid of a different viscosity has been studied. We determined the drag and torque

on the liquid sphere, which reduce to the drag and torque on a rigid sphere and a shear free

sphere in the limiting cases µ→ 0 and µ→ ∞ respectively. We also extended the study to

consider an oscillatory Stokes flow generated by internal singularities inside a liquid sphere.

We have used an iterative procedure to determine the shape of the deformed liquid sphere

by following the approach of Hetsroni and Haber [38]. We were also able to show that the

assumption that the liquid sphere retains its spherical shape for flow velocities which have

only terms up to n = 1 in their series representations is correct. This agrees with the result
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of Chisnell [11]. This was found to be true in both the external and internal singularity

driven flows. Hence in a singularity driven flow due to an oscillating Stokeslet at the origin

as well as in a flow due to an oscillating rotlet at the origin, the droplet is found to retain

its spherical shape. If the droplet is assumed to remain spherical and the deformation is

not taken into account, the oscillations are not visible as they are in Figures 3.5.1-3.6.2,

because of spherical symmetry. We have also illustrated how the ratio of viscosities and

capillary number play an important role in determining the shape of the deformed surface,

i.e., deviation from a spherical shape.



Chapter 4

Flow generated due to a Stokeslet

inside a spherical container with

slip-stick boundary conditions

4.1 Introduction and mathematical formulation

Some experiments conducted by Helmholtz and Piotrowsky [37] suggested that some slip-

ping may take place at the surface of contact, when certain fluids are in contact with the

surface of a solid. When the velocity of the fluid is small compared to the solid, it is as-

sumed that the tangential force exerted by the solid upon the fluid acts in the same direction

as that of the relative velocity and is proportional to it. The constant of proportionality,

76
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which is the ratio of the tangential force to the relative velocity is called ‘the coefficient of

sliding friction’. The corresponding boundary conditions are termed as ‘slip-stick boundary

conditions’ and are given by equations (1.2.2) in Chapter 1. Such boundary conditions are

more general and allow us to deduce a wide choice of boundary conditions ranging from

no-slip to perfect-slip conditions. One of the key observations in both experimental [70] and

theoretical [33, 40] investigations on bounded Stokes flows is that the flow characteristics are

sensitive to the geometry and fluid parameters, and drastic changes in the fluid motion can

occur due to small perturbations of these parameters. Two-dimensional flows in cylindrical

domains - modelled by point singularities such as Stokeslet, rotlet, and so on together with

no-slip boundary conditions - exhibit eddy patterns for a certain range in the parameter

space [17, 93], especially for some specific positions. For a single cylindrical fluid domain

the eddies are created if the singularity generating the motion is away from the center. The

three-dimensional models in spherical domains [91, 99] with a Stokeslet at the center with

no-slip boundary conditions confirms the assertion that the eddy patterns are dependent

on the geometry and flow parameters. Hackborn et al. [27] and Usha and Nigam [111] have

studied the singularity driven flows in a rigid spherical cavity. Ranger [91] and Meleshko

et al. [67] independently considered the flow generated by a rotlet inside a cylinder using

no-slip boundary conditions.

One of the earliest researchers who studied the problem of Stokes flow past a sphere with

slip-stick boundary conditions was Basset [5] (see also, [32]), who considered the motion of

a sphere of radius a, moving with a uniform velocity along a straight line in a viscous fluid,

with the assumption that there is some slipping at the surface of the sphere. Basset [5]
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illustrated the impact of slip on the Stokes solution for the flow past an isolated sphere.

Thereafter, Lamb [50] obtained the result of Basset [5] by using his general solution of Stokes

equations for a uniform flow past a sphere in a viscous, incompressible fluid employing slip-

ping at the surface. Schmitz et al. [98] gave a general solution of the Stokes equations using

the approach of cartesian tensors. Using the solution developed by them, they considered

the problem of an incompressible, arbitrary, incident Stokes flow past a stationary sphere

with slip-stick boundary conditions, and gave a solution in cartesian co-ordinates. But as

in the case of Lamb’s solution [50], it may not always be possible to sum up the series

solution even in simple cases. Padmavathi et al. [75] considered a general solution of Stokes

equations and gave a general method for the problem of Stokes flow past a sphere with

slip-stick boundary conditions, which was obtained in a closed form and also obtained the

Faxén’s [21] laws for drag and torque on the sphere. There have been numerous studies on

flows exterior to the bounding surface with slip [20, 75] in view of their applications in en-

gineering like micro device technology (see the recent work [4, 56], and references therein)

and the interest in these studies is growing in the modern era. Several flow related fea-

tures including the drag coefficient have been discussed in order to demonstrate the slip

effect [4, 56]. Later Palaniappan and Daripa [81], considered the two dimensional Stokes

flow generated by different line singularities inside a circular cylinder using the slip-stick

boundary conditions and observed some interesting flow patterns. However, the problem of

a general non-axisymmetric motion generated by singularities inside a spherical cavity with

slip-stick boundary conditions does not seem to have been disussed so far although the prob-

lem is mathematically tractable. Based on the results of Helmholtz and Piotrowsky [37], it
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is more appropriate to study this problem assuming that some slipping takes place at the

surface of contact of the fluid with the solid spherical boundary.

Consider the Stokes flow generated due to the presence of a Stokeslet of strength ~F, placed

at the origin, inside a spherical container of radius a. The mathematical statement of this

problem is

µ∇2~q = ∇p− ~Fδ(~r), (4.1.1)

∇ · ~q = 0, (4.1.2)

where δ(~r) is the Dirac-delta function. By using the non-dimensional variables as in Section

1.3 in Chapter 1, with L = a, we obtain the non-dimensional form of equations (4.1.1)-

(4.1.2) as follows.

∇2~q = ∇p− ~Fδ(~r), (4.1.3)

∇ · ~q = 0. (4.1.4)

where ~F is the non-dimensional strength.

The solution to the problem (4.1.3) and (4.1.4) can be written as

~q = ~F ·
[

δij
r

+
~r⊗~r
r3

]

+ ~qG. (4.1.5)

Here the first term is the famous Green’s function (also known as Oseen tensor) for the

unbounded domain due to a Stokeslet and is singular at the origin. The term ~qG is a

suitable solution of the Stokes equations, regular at the origin, to be added in order to

satisfy the boundary conditions at the container surface.
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Suppose we consider the slip-stick boundary conditions (Section 1.2, Chapter 1), on r = 1,

which are given in a non-dimensional form as follows.

qr(1, θ, φ) = 0, (4.1.6)

qθ(1, θ, φ) = −λTrθ(1, θ, φ), (4.1.7)

qφ(1, θ, φ) = −λTrφ(1, θ, φ), (4.1.8)

where λ is the non-dimensional slip coefficient and Trθ, Trφ are the non-dimensional tan-

gential stresses as given in Section 1.2 in Chapter 1.

We employ the representation of the solution of the steady Stokes equations for the velocity

and pressure proposed by Palaniappan et al.[79] as given in Section 1.1 of Chapter 1. In

the absence of any rigid boundaries, suppose the unperturbed flow is given by the velocity

~q0 and pressure p0 where

~q0 = ∇×∇× (rA0) + ∇× (rB0), (4.1.9)

p0 = P0 +
∂

∂r
(r∇2A0), (4.1.10)

∇4A0 = 0, (4.1.11)

∇2B0 = 0. (4.1.12)

where P0 is a constant. Then the scalar functions A0 and B0 can be expanded in terms of

spherical harmonics as follows

A0 =

∞
∑

n=1

(αnr
−n−1 + α′

nr
−n+1)Sn(θ, φ), (4.1.13)

B0 =
∞
∑

n=1

χnr
−n−1Tn(θ, φ), (4.1.14)
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where

Sn(θ, φ) =

∞
∑

n=1

Pmn (ζ)(Anm cosmφ+Bnm sinmφ), (4.1.15)

Tn(θ, φ) =

∞
∑

n=1

Pmn (ζ)(Cnm cosmφ+Dnm sinmφ), (4.1.16)

αn, α
′
n, χn, Anm, Bnm, Cnm,Dnm are known constants. In the presence of a sphere of radius

1, we assume the modified flow (~q, p) in the region r < 1 to be given by the scalar functions

A and B as follows

A =

∞
∑

n=1

(αnr
−n−1 + α′

nr
−n+1 + βnr

n + β′nr
n+2)Sn(θ, φ), (4.1.17)

B =

∞
∑

n=1

(χnr
−n−1 + σnr

n)Tn(θ, φ), (4.1.18)

where the unknown constants βn, β
′
n and σn are to be determined from the slip-stick bound-

ary conditions (4.1.6)-(4.1.8). For λ 6= 1, the boundary conditions on r = 1, in terms of A

and B, are as follows

A = 0, (4.1.19)

∂A

∂r
= −λ∂

2A

∂r2
, (4.1.20)

B = −
(

λ

1 − λ

)[

∂B

∂r

]

. (4.1.21)

For λ = 1, the boundary conditions are

A = 0, (4.1.22)

∂A

∂r
= −∂

2A

∂r2
, (4.1.23)

∂B

∂r
= 0. (4.1.24)
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Using the boundary conditions (4.1.19)-(4.1.21), we solve for the three unknown constants

in terms of αn, α
′
n and χn when λ 6= 1 as follows:

βn = −αn(2n + 3) + α′
n(1 + 2λ)(2n + 1)

Mn
, (4.1.25)

β′n =
αn(1 − 2λ)(2n + 1) + α′

n(2n− 1)

Mn
, (4.1.26)

σn = −(1 − λ(n+ 2))χn

(1 + λ(n− 1))
, (4.1.27)

where Mn = 2(1 + (2n + 1)λ).

However, when λ = 1, the solution obtained using the boundary conditions (4.1.22)-(4.1.24)

agrees with the solution given by (4.1.25)-(4.1.27) in the limit λ → 1. We now give the

solution in the form of a sphere theorem as follows.

Theorem: If the flow of a viscous, incompressible fluid in the absence of rigid boundaries

be denoted by A0(r, θ, φ) and B0(r, θ, φ), which are biharmonic and harmonic respectively,

the singularities of these functions being at a distance lesser than 1 from the origin and

if A0 ∼ o(1), B0 ∼ o
(

1
r2

)

as r → ∞, and if now the flow be considered inside the sphere

r = 1, then the modified flow in the interior of the sphere with slip-stick boundary conditions

(4.1.6)-(4.1.8) on r = 1 for λ 6= 0 is given by

A(r, θ, φ) = A0(r, θ, φ) − rA0

(

1

r
, θ, φ

)

+ (1 − r2)

[

1

8λr
1

2λ
− 1

2

×
(

∫ 1

r

∞
R− 1

2λ
− 3

2

(

∇2A0 −R4∇2

(

A0

R2

))

dR

)]

, (4.1.28)
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B(r, θ, φ) = B0(r, θ, φ) +
1

r
B0(r, θ, φ) −

(

2

λ
− 3

)

×
∫ 1

r

∞
R− 1

λ
−1B0dR. (4.1.29)

When λ→ ∞, equations (4.1.28) and (4.1.29) reduce to

A(r, θ, φ) = A0(r, θ, φ) − r

a
A0(

a2

r
, θ, φ),

B(r, θ, φ) = B0(r, θ, φ) +
1

r
B0(

1

r
, θ, φ) − 3r

∫ 1

r

∞
RB0dR, (4.1.30)

which agree with the result obtained by Palaniappan et al. [78] corresponding to shear-free

boundary conditions. However equations (4.1.28)-(4.1.29) are invalid when λ = 0. The

solution obtained when λ = 0 in (4.1.19)-(4.1.21) using (4.1.25)-(4.1.27) gives rise to the

following closed form which agrees with the sphere theorem due to Palaniappan et al. [79].

A(r, θ, φ) = A0(r, θ, φ) −
[

r2 + 1

2r

]

A0

(

1

r
, θ, φ

)

+
[

(r2 − 1)
] ∂

∂r
A0

(

1

r
, θ, φ

)

−
[

r2(r2 − 1)2

4

]

∇2

(

r−1A0

(

1

r
, θ, φ

))

, (4.1.31)

B(r, θ, φ) = B0(r, θ, φ) − 1

r
B0

(

1

r
, θ, φ

)

. (4.1.32)

Drag and Torque: The drag ~D and torque ~T experienced by the sphere on the bound-

ary r = 1 are given by

~D = −
∫ π

0

∫ 2π

0
[Trrêr + Trθêθ + Trφêφ]r=1 sin θdθdφ, (4.1.33)

~T = −
∫ π

0

∫ 2π

0
[rTrθêφ − rTrφêθ]r=1 sin θdθdφ, (4.1.34)
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respectively. Hence the drag experienced by the sphere of radius 1 is found to be

~D = −8πα′
1(A11 î +B11ĵ +A10k̂). (4.1.35)

Similarly the torque is

~T = −8πχ1(C11 î +D11ĵ + C10k̂). (4.1.36)

It is interesting to observe that the drag and torque are independent of the slip parameter

λ. Hence the formula for drag and torque are the same for all the boundary conditions

ranging from no-slip to perfect-slip.

Examples:

4.1.1 A Stokeslet at the origin (0, 0, 0):

Consider a Stokeslet of strength F
8π , located at the origin and whose axis is directed

towards î. The corresponding scalar functions A0 and B0 are

A0(r, θ, φ) =
F

8π
sin θ cosφ, (4.1.37)

B0(r, θ, φ) = 0. (4.1.38)

The perturbed flow generated inside r = 1 for slip-stick boundary conditions (4.1.19)-

(4.1.21) is given by (4.1.28)-(4.1.29) as follows.

A(r, θ, φ) =
F

8π

[

1 − 3(1 + 2λ)

2(1 + 3λ)
r +

1

2(1 + 3λ)
r3
]

sin θ cosφ, (4.1.39)

B(r, θ, φ) = 0. (4.1.40)
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4.1.2 A Stokeslet located at (0, 0, c), c < 1 :

Consider a Stokeslet of strength F
8π , whose axis is directed towards î and located at

(0, 0, c), c < 1. The corresponding scalar functions A0 and B0 are

A0(r, θ, φ) =
F

8π

∞
∑

n=1

[

cn−1

n(2n− 1)rn−1
− (n+ 3)cn+1

n(n+ 1)(2n + 3)rn+1

]

P 1
n(ζ) cosφ,

B0(r, θ, φ) =
F

4π

∞
∑

n=1

[

cn

n(n+ 1)rn+1

]

P 1
n(ζ) sinφ.

In this case, the perturbed flow generated inside r = 1 for slip-stick boundary condi-

tions (4.1.19)-(4.1.21) is given by

A(r, θ, φ) =
F

8π

∞
∑

n=1

[

αn
rn+1

+
α′
n

rn−1

−
(

αn(2n + 3) + α′
n(1 + 2λ)(2n + 1)

Mn

)

rn

+

(

αn(1 − 2λ)(2n + 1) + α′
n(2n − 1)

Mn

)

rn+2

]

P 1
n(ζ) cosφ,

B(r, θ, φ) =
F

4π

∞
∑

n=1

cn

n(n+ 1)

[

1

rn+1
− (1 − λ(n+ 2))rn

(1 + λ(n − 1))

]

P 1
n(ζ) sin φ,

(4.1.41)

where αn = − (n+3)cn+1

n(n+1)(2n+3) , α
′
n = cn−1

n(2n−1) , Mn = 2(1 + λ(2n + 1)). So the drag force

acting on a sphere of unit radius is

~D = −F î. (4.1.42)

This shows that the drag is independent of the location of the Stokeslet. Similarly

the torque experienced by the sphere is

~T = cF ĵ. (4.1.43)



CHAPTER 4. SLIP STICK BOUNDARY CONDITIONS INSIDE A SPHERE 86

The expression (4.1.43) shows that the torque depends on the location of the Stokeslet.

Hence the torque due to a Stokeslet located at the origin is zero.

Stagnation points: It turns out that for a Stokeslet induced slip flow problem (4.1.3)-

(4.1.4) with (4.1.6)-(4.1.8) in a spherical container, the flow fields can be obtained in a rather

simple method. By superposing suitable solutions of Stokes equations with appropriate

behavior at the origin one finds the solution to (4.1.3)-(4.1.4) satisfying (4.1.6)-(4.1.8) (where

~F = F
8π î) as

qr =
F

8π

[

2

r
− 3(1 + 2λ)

1 + 3λ
+

r2

1 + 3λ

]

sin θ cosφ, (4.1.44)

qθ =
F

8π

[

1

r
− 3(1 + 2λ)

1 + 3λ
+

2r2

1 + 3λ

]

cos θ cosφ, (4.1.45)

qφ =
F

8π

[

− 1

r
+

3(1 + 2λ)

1 + 3λ
− 2r2

1 + 3λ

]

sinφ. (4.1.46)

The last two terms in the above three expressions correspond to ~qG. In the limit λ→ 0, the

above solution reduces to the Stokeslet flow in a no-slip container [91, 99] and for λ → ∞

it yields the solution for a shear-free boundary set up. It follows from the vanishing of

(4.1.44)-(4.1.46) that there is a circle of stagnation points, in the meridian plane φ = π
2

and φ = 3π
2 , centered at the origin and radius given by the roots of the cubic (algebraic)

equation

2r3 − 3(1 + 2λ)r + (1 + 3λ) = 0. (4.1.47)

It is found that all the three roots of the above equation are real for λ > 0 and one of them

lies in the flow domain r < 1. For λ = 0, the radius of the stagnation circle is 1
2(−1 ±

√
3)

which is the radius of the stagnation circle for the no-slip case which agrees with the result
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of Shail [99] who corrected the value previously given by Ranger [91]. We also observed

that when φ = 0 or π, θ = π
2 and r = 1, the velocity components (4.1.44)-(4.1.46) vanish

thus showing that (1, 0, 0) and (−1, 0, 0) are also the stagnation points for any value of λ.

4.2 Axisymmetric case

When the flow is axisymmetric, qφ = 0 and the stream function ψ0(r, θ) and the scalar

functions A0 and B0 have the following relations.

A0 = A0(r, θ), B0 ≡ 0,
ψ0(r, θ)

r sin θ
=
∂A0(r, θ)

∂θ
.

Here ψ0(r, θ) is the stream function corresponding to the unperturbed velocity of the flow.

In terms of the stream function ψ(r, θ) corresponding to the velocity of the flow in the

presence of a sphere of unit radius, the boundary conditions are obtained from (4.1.6)-

(4.1.8) as follows.

ψ(1, θ) = 0, (4.2.1)

∂ψ(1, θ)

∂r
= −

(

λ

1 − 2λ

)

∂2ψ(1, θ)

∂r2
. (4.2.2)

This agrees with the slip-stick boundary conditions given by Tophøj et al. [109]. For λ = 1
2

the boundary conditions are

ψ(1, θ) = 0, (4.2.3)

∂2ψ(1, θ)

∂r2
= 0. (4.2.4)
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We observe that the vorticity in terms of the stream function is given by

~Ω = Ωêφ, (4.2.5)

where Ω = D2ψ
r sin θ . But

(

D2ψ

r sin θ

)

r=1

êφ =
1

sin θ

∂2ψ(1, θ)

∂r2
êφ. (4.2.6)

Hence the condition in (4.2.4) has a deeper implication that the vorticity on the boundary

vanishes at λ = 1
2 , indicating flow ‘separation’. We define the points of vanishing vorticity

as separation points.

Suppose

ψ0(r, θ) =
∞
∑

n=1

[Anr
−n +Bnr

−n+2]P 1
n(ζ) sin θ. (4.2.7)

Then in the presence of a sphere r = 1, let the stream function be given as follows.

ψ(r, θ) =

∞
∑

n=1

[Anr
−n +Bnr

−n+2 + Cnr
n+1 +Dnr

n+3]P 1
n(ζ) sin θ, (4.2.8)

where Cn and Dn are the unknowns to be determined from the boundary conditions. Using

the boundary conditions (4.2.1)-(4.2.2), we solve for the two unknown constants in terms

of An and Bn for λ 6= 1
2 as follows.

Cn = −An(2n + 3) +Bn(1 + 2λ)(2n + 1)

Mn
, (4.2.9)

Dn =
An(1 − 2λ)(2n + 1) +Bn(2n− 1)

Mn
, (4.2.10)

where Mn = 2(1 + (2n + 1)λ). However, when λ = 1
2 , the solution obtained using the

boundary conditions (4.2.3)-(4.2.4) agrees with the solution given by (4.2.9)-(4.2.10) in the
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limit λ→ 1
2 . So this solution is valid for all λ ≥ 0. The solution can also be expressed in a

closed form in terms of ψ0 for λ 6= 0 as follows.

ψ(r, θ) = ψ0(r, θ) − r3ψ0

(

1

r
, θ

)

− (1 − r2)

×
[

1

8λr
1

2λ
− 1

2

∫ 1

r

∞
R− 1

2λ
− 3

2

(

D2ψ0 −R4D2

(

ψ0

R2

))

dR

]

. (4.2.11)

Examples:

4.2.1 An axisymmetric Stokeslet located at (0, 0, 0) :

Consider a Stokeslet of strength F
8π , whose axis is directed towards k̂ and located at

(0, 0, 0). The corresponding stream function is

ψ0(r, θ) =
F

8π
r sin2 θ. (4.2.12)

From (4.2.9)-(4.2.10), the perturbed flow generated inside a sphere r = 1 is given by

the following stream function

ψ(r, θ) =
F

8π

[

r − 3(1 + 2λ)

2(1 + 3λ)
r2 +

1

2(1 + 3λ)
r4
]

sin2 θ. (4.2.13)

Here the drag is equal to −F k̂. The torque in this case is equal to zero.

4.2.2 An axisymmetric Stokeslet located at (0, 0, c), c < 1 :

Consider a Stokeslet of strength F
8π , whose axis is directed towards î and located at

(0, 0, c). The corresponding stream function of the perturbed flow generated inside a
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sphere r = 1 is

ψ0(r, θ) =
F

8π

r2 sin2 θ

R1
, (4.2.14)

=
F

8π

∞
∑

n=1

[

An
rn

+
Bn
rn−2

]

P 1
n(ζ) sin θ. (4.2.15)

where An = − cn+1

(2n+3) , Bn = cn−1

(2n−1) as in (4.2.7).

From (4.2.9)-(4.2.10), the perturbed flow is given by the following stream function

ψ(r, θ) =
F

8π

∞
∑

n=1

[

An
rn

+
Bn
rn−2

−
(

An(2n + 3) +Bn(1 + 2λ)(2n + 1)

Mn

)

rn+1

+

(

An(1 − 2λ)(2n+ 1) +Bn(2n − 1)

Mn

)

rn+3

]

P 1
n(ζ) sin θ.

(4.2.16)

For λ 6= 0, the solution can be written in a closed form as follows.

ψ(r, θ) = ψ0(r, θ) −
1

c

r2 sin2 θ

R2
− (1 − r2)

×
[

(1 − c2)

4λr
1

2λ
− 1

2

∫ 1

r

∞

(

R− 1

2λ
+ 1

2
sin2 θ

R1
3

)

dR

]

, (4.2.17)

where R2 = (r2 + c′2 − 2rc′ cos θ)
1

2 , R1 = (R2 + c2 − 2Rc cos θ)
1

2 with c′ = 1
c .

Here the drag is equal to −F k̂. The torque in this case is equal to zero.

We will now elaborate on these examples in detail in the following discussion. In particular,

we will discuss some physical phenomenon associated with them like stagnation points and

separation points.
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Stokeslet at the origin: If the singularity is at the center of two dimensional configura-

tions, the resulting systems possess high symmetry and the flow structure remains the same

in most cases. The purpose of this note is to demonstrate that for a simple configuration of

a Stokes flow in a spherical container - generated by a Stokeslet positioned at the center of

the container - the use of slip-stick boundary conditions at the wall reveals that the eddy

patterns do exist, but only for very small values of the slip parameter. Now the problem

of a general Stokeslet located at an arbitrary point in a no-slip spherical container was first

found by Oseen [74] and later by several others [35, 47, 99] on various occasions. Maul

and Kim [63] presented the solution in the form of Stokes flow image singularities for both

axisymmetric and non-axisymmetric Stokeslets. The solution for a Stokeslet at the origin

can be extracted from these studies and was discussed earlier by Ranger [91] independently

as the zero Reynolds number limit of the flow due to a Landau source at the center of a

sphere. In fact, Ranger [91] used his solution to compute the first few terms of the pertur-

bation expansion in powers of Reynolds number to illustrate the dominance of diffusion of

vorticity over convection in the nonlinear regime. However, the slip flow problem with a

Stokeslet in a container bounded by a spherical wall does not seem to have been discussed

so far although the problem is mathematically tractable. The question addressed here is

whether the slip has an impact on the flow structure. For a Stokeslet situated at the center

of the spherical container in any direction, the flow is axially symmetric and therefore one

can utilize the stream function formulation representing the flow. The velocity components

for axisymmetric flow are connected to the stream function by (1.1.28)-(1.1.30) (Section

1.1 in Chapter 1). Using (4.1.6)-(4.1.8), the modified stream function ψ(r, θ) satisfying
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slip-stick boundary conditions inside the sphere r = 1 is given as in (4.2.13). The velocity

components corresponding to the stream function ψ(r, θ) are given as follows.

qr(r, θ) =
F

8π

[

−2

r
+

3(1 + 2λ)

1 + 3λ
− 1

1 + 3λ
r2
]

cos θ, (4.2.18)

qθ(r, θ) =
F

8π

[

1

r
− 3(1 + 2λ)

1 + 3λ
+

2

1 + 3λ
r2
]

sin θ, (4.2.19)

qφ(r, θ) = 0. (4.2.20)

For λ → 0, the above yields Ranger’s solution [91] for a rigid container. The vanishing

of (4.2.18)-(4.2.20) indicates that there is a circle of stagnation points at θ = π
2 , centred at

the origin and the radius of the circle is given by the roots of the cubic polynomial

2r3 − 3r(1 + 2λ) + (1 + 3λ) = 0. (4.2.21)

The velocity components (4.2.18)-(4.2.20) also vanish when θ = 0 or π and r = 1, indicating

that (0, 0, 1) and (0, 0,−1) are also the stagnation points for all values of λ. From (4.2.13),

the vorticity Ω = D2ψ is given by

Ω =

[

5

1 + 3λ
− 2

r3

]

r sin θ (4.2.22)

and on the spherical container it becomes Ω = 3(1−2λ)

(1+3λ)
sin θ. It follows that the vorticity

vanishes for λ = λc = 1
2 , indicating the flow separation at the wall of the container r = 1.

More importantly the vanishing of vorticity in the flow domain can be understood by the

following algebraic equation

r3 − 2(1 + 3λ)

5
= 0 (4.2.23)

which always has one real root for r ≤ 1. Note that for a no-slip spherical container, the

vorticity does not vanish at the wall and consequently there is no separation. Further, for
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λ < λc, Ω > 0 and for λ < λc, Ω < 0. The locations of the point of zero vorticity in the flow

domain for various values of λ are provided in Table 4.2.1. It is clear that the stagnation

points and the points of zero vorticity co-exist in the flow domain for λ < 0.5. However for

λ ≥ 0.5, only the stagnation points occur inside the container. Table 4.2.1 shows the roots

for various values of the slip parameter λ starting with λ = 0 (no-slip case). Here rstag, rsep

refer to the stagnation and separation points respectively. It is seen that the radius of the

stagnation circle increases with increasing λ and nearly approaches 0.5 as λ→ ∞. Clearly

the slip parameter affects the location of the stagnation points. The streamlines are plotted

for some values of the slip parameter λ and the flow topologies are depicted in Figures 4.2.1

and 4.2.2.

For λ = 0 which corresponds to the no-slip case, a pair of symmetric eddies attached to the

container wall appear as shown in Figure 4.2.1 (a). As we vary λ, the streamline topologies

show a variety of flow patterns. First, the closed streamlines close to the location of the

Stokeslet start opening up for a very small λ as seen from Figure 4.2.1 (b). A slight increase

of the slip parameter opens additional streamlines leading to the generation of slender eddies

close to the wall (see Figure 4.2.1 (c,d)). Further increase in λ pushes more fluid towards

the wall making the slender eddies thinner and thinner as depicted in Figure 4.2.2 (a)-(c).

As λ approaches 0.5, all the eddies completely disappear and the streamlines become flat

and parallel to the axis (that is a dividing streamline) as can be seen in Figure 4.2.2 (d). We

have noted that with further increase in λ beyond 0.5, the eddy patterns remain very similar

to the one in Figure 4.2.2 (d). Now from Table 4.2.1 we observe that for 0 ≤ λ < 0.5 the

stagnation point rstag and the point of zero vorticity rsep co-exist in the fluid domain r < 1.
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Figure 4.2.1: Streamline topologies for the Stokeslet flow in a spherical container for

different values of λ: (a) λ = 0, (b) λ = 0.00042, (c) λ = 0.0016, (d) λ = 0.0027

This is precisely the range in which the eddy patterns occur in the spherical container. We

have also given the plots for the vorticity in Figure 4.2.3. It is observed that the vortex

contours become fewer (thinner) near r = 1 at λ = 0.5. There is no vorticity contour on

r = 1 at λ = 0.5. As λ increases, the vorticity patterns change and remain steady, i.e. the

same as λ = 10 thereafter.
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λ rstag rsep

0 0.3660 0.7368 No-slip (Ref. [93, 99])

0.001 0.3664 0.7375

0.1 0.3955 0.8041

0.5 0.4463 1

5 0.4921 –

20 0.4992 –

Table 4.2.1. Locations of the stagnation points rstag and the points of zero vorticity rsep

for various λ

Therefore, one can conjecture that the co-existence of a stagnation point and a point of

zero vorticity in the interior of the flow is a necessary condition for the eddy patterns

to occur in the case of Stokeslet induced flow in a spherical slip container. The fact that

phenomenal changes in the flow pattern occur for small values of the slip parameter suggests

that care must be taken while choosing the values for the slip; otherwise, significant flow

patterns may not be captured in bounded flows. Flows at small Knudson numbers Kn

(ratio of the free mean path of the molecules to the characteristic gas-flow length) in micro-

channels are of great interest in fabrication technology. A knowledge of the flow passing

a spherical object moving in a micro-tube [115] is essential in designing biomedical and

cooling devices. The exact analysis requires a more comprehensive investigation [115],

but approximate results can be gained through Stokeslet solutions [9]. We now apply the

Stokeslet solution to the derivation of an approximate expression for the drag on a particle

situated at (x, y, z) = (0, 0, 0) which translates without rotation parallel to the x-axis with
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Figure 4.2.2: Streamline topologies for the Stokeslet flow in a spherical container for

different values of λ: (a) λ = 0.0085, (b) λ = 0.03, (c) λ = 0.095, (d) λ = 0.5

velocity U î. The axis of translation is assumed to be a principal axis of resistance of the

particle. Let F î and F∞ î denote the viscous drag forces on the slip particle for the bounded

motion and motion in an everywhere infinite fluid. If as denotes a typical dimension and

h measures the distance of a suitable center, say Q, of the translating body from the slip
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Figure 4.2.3: Vorticity plots for an axisymmetric flow due to a Stokeslet located at (0, 0, 0)

for different values of λ: (a) λ = 0, (b) λ = 0.03, (c) λ = 0.2, (d) λ = 0.3, (e) λ = 0.5,

(f) λ = 1, (g) λ = 10, (h) λ = 100
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spherical container, then according to Brenner [9]

F

F∞
=

1

1 + k1(F∞/6πµUh)
+O(ǫ2), (4.2.24)

where ǫ = as/h, and the constant factor k1 is defined by

k1 = −3

4
[~q ∗ (~Q) · î], (4.2.25)

~q ∗ (~Q) being the regular part of the Stokeslet velocity field evaluated at the center Q(0, 0, 0).

Using (4.2.18)-(4.2.20), the drag factor for a moving particle in a slip spherical container is

k1 =
9

4

(

1 + 2λ

1 + 3λ

)

. (4.2.26)

The k1 factor decreases monotonically for increasing λ. When λ = 0, k1 = 9
4 agreeing with

the results in [9, 99] for a particle at the center of a no-slip container. When λ→ ∞, k1 = 3
2

yielding the results for a particle at the center of a shear-free sphere.

Stokeslet located away from the origin: Consider an off-centred Stokeslet located at

(0, 0, c), of strength F
8π and directed towards î. The perturbed flow inside the sphere is

given as in equation (4.2.17) for λ 6= 0. We note that for λ = 0, all the points on r = 1

are stagnation points due to the no-slip conditions on r = 1. The velocity components

corresponding to the modified stream function are given as follows.

qr =
F

8π

(

−2 cos θ

(r2 + c2 − 2rc cos θ)
1

2

+
cr sin2 θ

(r2 + c2 − 2rc cos θ)
3

2

)
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+

(

2c′ cos θ

(r2 + c′2 − 2rc′ cos θ)
1

2

− c′2r sin2 θ

(r2 + c′2 − 2rc′ cos θ)
3

2

)

−
[

(1 − r2)(1 − c2)

4λr
1

2λ
+ 3

2

∫ ∞

1

r

{

2R− 1

2λ
+ 1

2 cos θ

(R2 + c2 − 2Rc cos θ)
3

2

− 3cR− 1

2λ
+ 3

2 sin2 θ

(R2 + c2 − 2Rc cos θ)
5

2

}

dR

]

,

qθ =
F

8π

(

2 sin θ

(r2 + c2 − 2rc cos θ)
1

2

− r sin θ(r − c cos θ)

(r2 + c2 − 2rc cos θ)
3

2

)

−
(

2c′ sin θ

(r2 + c′2 − 2rc′ cos θ)
1

2

− c′r sin θ(r − c′ cos θ)

(r2 + c′2 − 2rc′ cos θ)
3

2

)

+

(

(1 − r2)(1 − c2) sin θ

4λc3(r2 + c′2 − 2rc′ cos θ)
3

2

)

+

{

−2(1 − c2)

4λr
1

2λ
− 1

2

+

(

− 1

2λ
+

1

2

)

(1 − r2)(1 − c2)

4λr
1

2λ
+ 3

2

}

(

∫ ∞

1

r

R− 1

2λ
+ 1

2 sin θ

(R2 + c2 − 2Rc cos θ)
3

2

dR

)

,

qφ = 0, (4.2.27)

where c′ = 1
c .

We now show that irrespective of the location of the off-centred Stokeslet and the value of

the slip parameter λ 6= 0, the stagnation points are at (0, 0, 1) and (0, 0,−1). It is found

from the expressions of the velocity components in (4.2.27) that the tangential component

of the velocity vanishes whenever θ = 0 or π. The no-flux condition at the impermeable wall

implies that the normal component of velocity is zero at r = 1 as given in (4.1.6) and again

since the tangential component of the velocity vanishes on the z-axis this indicates that

(0, 0, 1) and (0, 0,−1) are the two stagnation points for all values of λ and for all locations

of the Stokeslet.
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θ rsep θ rsep

0.2 0.8096/0.8068 1.8 0.3056/0.7088

0.4 0.8012/0.804 2.0 0.3588/0.6976

0.6 0.79/0.7928 2.2 0.6864

0.8 0.4484/0.7788 2.4 0.6808

1.0 0.3952/0.762 2.6 0.5212/0.6752

1.2 0.748 2.8 0.6696

1.4 0.734 3.0 0.5744/0.6668

1.6 0.72

Table 4.2.2. Locations of the separation points for λ = 0 for a Stokeslet located at (0, 0, 0.3)

θ rsep θ rsep

0.2 0.9468 1.8 0.902/0.3056

0.4 0.944 2.0 0.8964/0.3588

0.6 0.9384 2.2 0.8908

0.8 0.9328/0.4456 2.4 0.8852

1.0 0.9272/0.3952 2.6 0.8824/0.5212

1.2 0.9188 2.8 0.8824

1.4 0.9132 3.0 0.8796/0.5716

1.6 0.9076

Table 4.2.3. Locations of the separation points for λ = 0.3 for a Stokeslet located at

(0, 0, 0.3)
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θ rsep θ rsep

0.8 0.4484 2.0 0.3588

1.0 0.3952 2.6 0.5212

1.8 0.3056 3.0 0.5716

Table 4.2.4. Locations of the separation points for λ = 0.5, 1, 10 for a Stokeslet located at

(0, 0, 0.3)

θ rsep θ rsep

0.8 0.748 2.0 0.598

1.0 0.66 2.6 0.866

1.8 0.51 3.0 0.95

Table 4.2.5. Locations of the separation points for λ = 0.5, 10, 100 for a Stokeslet located

at (0, 0, 0.5)

θ rsep θ rsep

1.0 0.934 2.0 0.8476

1.8 0.7204

Table 4.2.6. Locations of the separation points for λ = 0.5, 10, 100 for a Stokeslet located

at (0, 0, 0.7)

θ rsep

1.0 0.9432

Table 4.2.7. Locations of the separation points for λ = 0.5, 10, 100 for a Stokeslet located

at (0, 0, 0.9)
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Tables 4.2.2-4.2.3 shows that for different values of λ, the separation points also change.

However, this happens upto λ = 0.5, beyond which we find the same sets of separation

points. Tables 4.2.4-4.2.7 give the sets of separation points for different locations of the

Stokeslet. From these tables we observe that in each case, the sets of separation points

remain the same for all values of λ > 0.5. The vorticity on the boundary r = 1 also

vanishes for λ = 1
2 irrespective of the position of the Stokeslet. We found in the case of an

axisymmetric flow due to an off-centred Stokeslet located at (0, 0, 0.3) that the stagnation

points and the points of zero vorticity always co-exist and hence the eddy patterns in the

flow domain always exist for all values of λ as is evident from Figures 4.2.4. Figures 4.2.4 (a)-

(e) depict how the eddy patterns change with λ between 0 and 0.5. We found analytically

and numerically in this case that there are only two stagnation points in the flow domain.

Further we do not find any more points of zero vorticity for λ > 0.5 as observed from Table

(4.2.4). From Figure 4.2.4 (e)-(h), we find that the flow patterns remain the same thereafter.

We verified this for different locations of Stokeslet inside the sphere and observed the same

phenomenon for different values of c. Hence we conjecture that the existence of both the

stagnation and the separation points ensure the existence of eddy patterns.

Stokeslet reversal: For a Stokeslet of strength F
8π located at (0, 0, c), c < 1, and whose

axis is directed towards k̂, the stream function corresponding to the unperturbed flow is

given in Example 4.2.2 as

ψ0(r, θ) =
F

8π

r2 sin2 θ

R1
. (4.2.28)

Now the stream function due to a Stokeslet located inside a rigid sphere of radius 1 (corre-
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Figure 4.2.4: Contour plots for an axisymmetric flow due to a Stokeslet located at (0, 0, 0.3)

for different values of λ: (a) λ = 0, (b) λ = 0.17, (c) λ = 0.2, (d) λ = 0.3, (e) λ = 0.5,

(f) λ = 1, (g) λ = 10, (h) λ = 100
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sponding to λ = 0) is given by Collin’s sphere theorem [15] as

ψ(r, θ) = ψ0(r, θ) +
F

8π

(

c′3 − 3c′

2

)

r2 sin2 θ

R2

+
F

8π
(c′2(c′2 − 1))

r2 sin2 θ(r cos θ − c′)

R3
2

+
F

8π

(

c′(c′2 − 1)2

4

)

2r2 sin2 θ

R3
2

, c′ =
1

c
. (4.2.29)

The image comprises of a Stokeslet and higher order singularities namely, a Stresslet and

a degenerate Quadrupole at (0, 0, c′) of strengths F
8π

(c′3−3c′)
2 , F

8π c
′2(c′2 − 1), F

8π
c′(c′2−1)2

4

respectively, agreeing with the result of Maul and Kim [63]. In fact, if the original Stokeslet

is very close to the spherical wall, i.e., if c = 1 − ǫ and c′ = 1
c ≃ 1 + ǫ, where ǫ ≪ 1, then

the coefficient (the strength) of the image Stokeslet F
8π ( c

′3−3c′

2 ) becomes equal to − F
8π , thus

indicating that the Stokeslet in the image is equal in magnitude, but opposite in direction

to the original Stokeslet. For c′ <
√

3, the sign of the coefficient of the image Stokeslet is

opposite to that of the given Stokeslet whereas for c′ >
√

3 the sign is the same as that

of the given Stokeslet. As the location (0, 0, c) (0 < c < 1) of the given Stokeslet varies,

if there is a critical value of c at which the strength of the image Stokeslet vanishes, then

this phenomena is called as ‘Stokeslet reversal ’. Since there is a reversal of the orientation

of the image Stokeslet as c passes through this critical value, this phenomena is termed as

Stokeslet reversal. This means that the strength of the image Stokeslet changes sign as c

passes through this critical value. Maul and Kim [63] considered the problem of Stokes flow

generated due to a Stokeslet inside a rigid sphere and found the critical value of c to be

equal to 1√
3
. When the Stokeslet is inside a shear-free sphere, the image consists of another
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Stokeslet at the inverse point. Then the stream function in the presence of the sphere is

ψ(r, θ) =
F

8π

r2 sin θ

R1
− F

8π
c′
r2 sin θ

R2
. (4.2.30)

So we do not find any c′ for which the image Stokeslet vanishes unless c′ = 0 which is

impractical. Hence there is no Stokeslet reversal in the shear-free case. We try to check

whether the Stokeslet reversal phenomenon can be observed in the case of slip-stick bound-

ary conditions. Consider the closed form of the stream function for the slip-stick boundary

conditions given by (4.2.1)-(4.2.2) for a given undisturbed flow ψ0(r, θ) given by (4.2.14) as

follows.

ψ(r, θ) = ψ0(r, θ) + Image(ψ0(r, θ)), (4.2.31)

where

Image(ψ0(r, θ)) = −1

c

r2 sin2 θ

R2
− (1 − r2)

×
[

(1 − c2)

4λr
1

2λ
− 1

2

∫ 1

r

∞

(

R− 1

2λ
+ 1

2
sin2 θ

R1
3

)

dR

]

,

for λ 6= 0 from (4.2.17).

Due to the presence of the improper integral in Image(ψ0(r, θ)) and therefore in (4.2.17),

it is not possible to come to any definite conclusion about Stokeslet reversal, as the image

singularities cannot be identified easily from the closed form. We require to determine the

strength of the image Stokeslet and check where it would vanish. By adopting the method

given in the Appendices 4.1 and 4.2 we find that the strength of the image Stokeslet at

(0, 0, c′) is given as F
8π

(

c′3−3(1+2λ)c′

2(1+3λ)

)

. Unlike in the no-slip case, the strength of the image
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Stokeslet is never equal in magnitude to the given Stokeslet, no matter how much ever

close the given Stokelset is to the spherical wall. This is because F
8π

(

c′3−3(1+2λ)c′

2(1+3λ)

)

≃

− F
8π (1 + 3λ(1 + ǫ)) whenever c ≃ 1 − ǫ. However, for c′ >

√

3(1 + 2λ) or c < 1√
3(1+2λ)

the

image Stokeslet is directed opposite to that of the direction of the given Stokeslet inside

the sphere r = 1 and at the ‘critical ’ value of c = 1√
3(1+2λ)

or c′ =
√

3(1 + 2λ), the image

Stokeslet vanishes. Apparently one can see that for the no-slip case, i.e., for λ = 0, c = 1√
3
.

The streamlines for a Stokeslet at different locations and for different values of λ in a sphere

of unit radius are given in the Figures 4.2.4.

By a similar analysis in the case of a non-axisymmetric Stokeslet, as given in Example

4.1.2, using A and B given as in (4.1.41), the Stokeslet reversal is found to be absent in the

non-axisymmetric case when the Stokeslet is located at (0, 0, c) and directed towards î since

the coefficient of the image Stokeslet F
8π

(c′3+3(1+2λ)c′)

4(1+3λ)
never vanishes for any value of c′.

4.3 Conclusions

The problem of Stokes flow generated inside a rigid sphere with slip-stick boundary con-

ditions has been studied by considering a singularity generated flow due to a Stokeslet.

We have given a closed form solution for the perturbed flow (in both axisymmetric and

non-axisymmetric cases) and calculated the drag on the sphere. We showed that the drag

is independent of the location of the Stokeslet and that only the torque depends on the

location of a non-axisymmetric Stokeslet. In fact, we observe that torque due to a Stokeslet

located at the origin is zero. However, the torque is always zero in axisymmetric flows. We
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concluded in the axisymmetric case that the stagnation and separation points change with

the slip parameter λ. We observed that the co-existence of both separation and stagnation

points in the flow domain lead to the formation of the eddies in the case of an axisymmetric

Stokes flow due to a Stokeslet at the origin. We showed analytically that for an axisymmetric

flow due to an off-centred Stokeslet there are only two stagnation points. We also observed

that the set of separation points do not change for λ ≥ 0.5. Unlike the flow due to a

Stokeslet at the origin where the eddy patterns vanish for λ > 0.5, the eddy patterns in the

flow due to an off-centred Stokeslet exist for all values of λ. In fact, we conjecture that the

eddy patterns do not change for λ > 0.5 because of the co-existence of the same sets of the

stagnation points and the separation points in the flow domain. In fact, the eddy patterns

remain the same for all λ > 0.5 for the same reason. We also showed the existence of

‘Stokeslet reversal’ phenomenon in an axisymmetric flow which indicates that the strength

of the image Stokeslet reverses its sign depending on the location of the given Stokeslet.

We found that the strength of the image Stokeslet vanishes at
√

3(1 + 2λ), λ being the slip

parameter. It is evident that the Stokeslet reversal is dependent on the slip parameter λ.

We do not find any evidence of Stokeslet reversal in the following cases.

• Axisymmetric flow inside a sphere due to a Stokeslet located at the origin with slip-

stick boundary conditions.

• Axisymmetric flow inside a sphere due to an off-centred Stokeslet with shear-free

boundary conditions.

• Non-axisymmetric flow due to an off-centred Stokeslet with slip-stick boundary con-
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ditions.

Appendix 4.1

Consider an axisymmetric Stokes flow due to a Stokeslet of strength F
8π , located at (0, 0, C)

C > 1 and directed towards k̂. The corresponding stream function is

ψ0 =
F

8π

∞
∑

n=1

[αnr
n+1 + α′

nr
n+3] sin θP 1

n(ζ), (4.3.1)

where αn = C−n

(2n−1) , α
′
n = −C−n−2

(2n+3) .

The modified stream function ψ in the presence of a sphere of unit radius satisfying the

slip-stick boundary conditions (1.2.6) is given as follows [75].

ψ = ψ0 + ψ+
0 , (4.3.2)

where ψ+
0 is the image of ψ0 in the presence of a sphere of radius 1, given by

ψ+
0 =

F

8π

∞
∑

n=1

[(

αn(2n− 1) + α′
n(1 − 2λ)(2n + 1)

2(1 + λ(2n + 1))

)

r−n

−
(

αn(1 + 2λ)(2n + 1) + α′
n(2n + 3)

2(1 + λ(2n + 1))

)

r−n+2

]

sin θP 1
n(ζ). (4.3.3)

Let C ′ = 1
C so that (0, 0, C ′) is the location of the inverse point with respect to the sphere

of radius 1. Then observe that the series of ψ+
0 is valid in the region C ′ < r < 1.
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Appendix 4.2

Suppose we have a Stokeslet enclosed in a small sphere B(~r, δ), centred around the location

of the Stokeslet, which in turn is assumed to be contained in another sphere B(~0, R) centred

at the origin, where ~0 = (0, 0, 0) and ~r = (x, y, z). Then the drag on both the spheres is

the same provided there are no other singularities in the region enclosed between B(~0, R)

and B(~r, δ). This can be proved easily from Stokes’ equation which is Tij,j = 0, where Tij,j,

i, j = 1, 2, 3, are the contravariant derivatives of the components of the stress tensor. From

this, we have

∫

B(~0,R)−B(~r,δ)
Tij,jdV = 0, (4.3.4)

where dV is the measure of an infinitesimally small volume in this annular region (Refer

Batchelor [3], pp 238-240). By Gauss-divergence theorem

∫

∂B(~0,R)
Tij,j.n̂RdS =

∫

∂B(~r,δ)
Tij,j.n̂δdS = 8πM, (4.3.5)

where n̂R and n̂δ are the outward drawn unit normals to the surfaces of the spheres B(~0, R)

and B(~r, δ) respectively and M being the strength of the Stokeslet. Equation (4.3.5) shows

that the drag on the boundary ∂B(~0, R) is same as the drag on the boundary ∂B(~r, δ) and is

equal to 8πM . Equation (4.3.5) denotes the formulae to compute the drag on a sphere. It is

known that for a Stokes flow past a sphere, the drag is equal to the strength of the Stokeslet

at the inverse point inside the sphere so that both the forces from outside and within the

sphere balance and the sphere r = 1 becomes a streamsurface. Using this result in the

present context, where the image Stokeslet is located at (0, 0, c′), we employ the following
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method to find the strength of the image Stokeslet which is present in Image(ψ0(r, θ)) in

equation (4.2.31) which is same as (4.2.17). The stream function ψ given in (4.2.31) or

(4.2.17) can be expressed in the form of an infinite series which is given by (4.2.16), that is

valid in the region c < r < 1, and is expressed as follows.

ψ(r, θ) = ψ0 + ψ−
0 ,

=
F

8π

∞
∑

n=1

[

Anr
−n +Bnr

−n+2

−
(

An(2n + 3) +Bn(1 + 2λ)(2n + 1)

Mn

)

rn+1

+

(

An(1 − 2λ)(2n + 1) +Bn(2n − 1)

Mn

)

rn+3

]

P 1
n(ζ) sin θ, (4.3.6)

where

ψ0 =
F

8π

∞
∑

n=1

[

Anr
−n +Bnr

−n+2
]

P 1
n(ζ) sin θ, (4.3.7)

ψ−
0 = − F

8π

[

An(2n+ 3) +Bn(1 + 2λ)(2n + 1)

Mn

)

rn+1

+

(

An(1 − 2λ)(2n + 1) +Bn(2n − 1)

Mn

)

rn+3

]

P 1
n(ζ) sin θ, (4.3.8)

An = − cn+1

(2n+3) , Bn = cn−1

(2n−1) , c
′ = 1

c > 1. Here ψ−
0 denotes the image of ψ0 located at (0, 0, c′)

which is the same as Image(ψ0(r, θ)) in (4.2.17). Now let ~r = ~c′, where ~c′ = (0, 0, c′). Ob-

serve that the image of ψ0, i.e. ψ−
0 , consists of singularities like a Stokeslet at (0, 0, c′). In

order to check for Stokeslet reversal, we have to find whether there is a value of c < 1 for

which the strength of the Stokeslet which is present in ψ−
0 at the inverse point vanishes.

Computation of the strength M of the image Stokeslet : Consider the singularities corre-

sponding to the stream function ψ−
0 located at (0, 0, c′) in R

3. Let us consider an imaginary
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sphere B(~r, δ) where ~r = (0, 0, c′) located inside the imaginary sphere B(~0, R). As discussed

previously, the drag on ∂B(~0, R) is same as the drag on ∂B(~r, δ) which is given by 8πM

where M is the strength of the Stokeslet at (0, 0, c′) (which is present in the image of ψ0). In

fact, the sign of M gives the orientation of the Stokeslet. To find the strength of the image

Stokeslet, we look at the series representation of ψ−
0 that is valid in the region c′ < r < R

and find the coefficient of r sin2 θ i.e., M from it (Refer Batchelor [3] pp 238-240). We can

show that such a series representation of ψ−
0 which is valid in the region c′ < r < R, is given

by ψ+
0 where C = c in equation (4.3.3). Note that the series representation of ψ+

0 which is

given in (4.3.3) is obtained by replacing n by −n− 1 and also λ by −λ in (4.3.8). These re-

placements are justified by the facts that χ1 = rn sin θP 1
n(ζ) and χ2 = r−n−1 sin θP 1

n(ζ) both

satisfy D2χi = 0 i = 1, 2 (Refer Batchelor [3] pp 121-122) and also lim
r→c′−

ψ−
0 = lim

r→c′+
ψ+

0 .

From (4.3.3), the coefficient of r sin2 θ is then found to be

F

8π

(

c′3 − 3(1 + 2λ)c′

2(1 + 3λ)

)

, (4.3.9)

which is the strength M of the image Stokeslet at (0, 0, c′).



Chapter 5

Stokes flow past an arbitrary

shaped body with slip-stick

boundary conditions

5.1 Introduction

The two dimensional problem of a viscous, incompressible flow past an arbitrarily shaped

body with no-slip boundary conditions was discussed by Bourot [8], Hellou and Coutanceau

[36] using the method of least squares. Later, Lecoq [53] studied the problem of an axisym-

metric Stokes flow past an arbitrary shaped body with no-slip boundary conditions. Payne

and Pell [82] considered an axisymmetric Stokes flow past an arbitrary shaped rigid particle
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and gave a formula to compute the drag in terms of the stream function. The solution pro-

posed by Palaniappan et al. [79] which is in terms of two scalar functions A and B was used

in an effective manner for solving many boundary value problems involving spherical bound-

aries using the two scalar functions which play the role of the stream function. But there

has been no general formula for the corresponding problem of a non-axisymmetric Stokes

flow in the presence of a rigid body of arbitrary shape. However there have been some

attempts to discuss Stokes flow past rigid bodies having non-spherical shapes. The earliest

such attempts were by Oberbeck [73] and G.B.Jefferey [41] who discussed the motion of el-

lipsoidal particles in a viscous fluid where the solution was given in terms of certain improper

integrals. Kim and Arunachalam [46] derived the general solution for Stokes flow past an

ellipsoid by using a representation of the solution in terms of ellipsoidal harmonics. Kim and

Karilla [47] also discussed the Stokes flow past oblate and prolate spheroidal particles using

the Green’s function technique. Chwang and Wu [13] also used the method of singularities

to discuss the method of solution for arbitrary body shapes, in particular for the special

case of prolate spheroids. More recently, Vafaes and Dassios [112] discussed the problem

of low Reynolds number flow of a swarm of ellipsoidal particles using an ellipsoidal-in-cell

model using ellipsoidal harmonics. The approach of modelling the particle as a collection

of small spheres was used by Blawzdziewicz [7]. But most of these methods either involve

the complicated ellipsoidal coordinates or improper integrals. Recently Radha et al. [88]

solved the problem of an arbitrary axisymmetric Stokes flow past a body of arbitrary shape

with no-slip boundary conditions using the complete general solution due to Palaniappan et
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al. [79]. They gave an approximate analytical solution using the method of least squares. In

this chapter, we have adopted their technique to suggest an analytic but approximate solu-

tion for the problem of Stokes flow of a viscous, incompressible fluid past a body of arbitrary

shape satisfying the slip-stick boundary conditions. The method has been demonstrated for

the example of a singularity driven flow due to a Stokeslet located outside an ellipsoid with

different slip parameters. The effect of the slip parameter on physical quantities like the

drag and the torque have been discussed. We also discuss the convergence of the method

for different values of the slip parameter.

5.2 Mathematical formulation and method of so-

lution

Previously, Padmavathi et al. [75] discussed the motion of a viscous, incompressible fluid

past a sphere using slip-stick boundary conditions in a non-axisymmetric Stokes flow by

employing the complete general solution of Stokes equations proposed by Palaniappan et

al. [79]. In this chapter, we consider the non-dimensional steady Stokes equations as given

in equations (1.3.3)-(1.3.4) governing the flow of a viscous, incompressible fluid past an

arbitrarily shaped body Ω using slip-stick boundary conditions. We suggest a method

to obtain a solution which is analytic but approximate and demonstrate the method by an

example. The motivation for this method is from the work of Radha et al. [88] who proposed

a method to find an approximate analytical soution of Stokes equations past a rigid body
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Ω of arbitrary shape, whose boundary is denoted by ∂Ω satisfying the no-slip conditions

on the boundary. They demonstrated their method with the example of a uniform flow

past a rigid body made up of two intersecting spheres. The method proposed by Radha

et al. [88] can be extended to non-axisymmetric flows as follows. Let (~q0, p0) denote the

unperturbed flow in the absence of a rigid body and be expressed in terms of the solution

due to Palaniappan et al. [79] as follows

~q0 = ∇×∇× (~rA0) + ∇× (~rB0), (5.2.1)

p0 = P0 +
∂

∂r
(r∇2A0), (5.2.2)

where P0 is a constant and A0, B0 are the corresponding scalar functions satisfying

∇4A0 = 0, ∇2B0 = 0.

In the presence of a rigid body Ω, let the disturbance be denoted by (~q1, p1) and the per-

turbed flow be given by (~q, p) where

~q = ~q0 + ~q1, (5.2.3)

p = p0 + p1, (5.2.4)

such that (~q1, p1) → (0, 0) as r → ∞. Let the scalar functions corresponding to (~q, p) and

(~q1, p1) be denoted by (A,B) and (A1, B1) respectively in the solution due to Palaniappan

et al. [79], where A1 and A are biharmonic functions and B1 and B are harmonic functions

as in (5.2.1)-(5.2.2). Let us assume that we can expand each of A0, B0, A1 and B1 as a



CHAPTER 5. STOKES FLOW PAST AN ARBITRARY SHAPED BODY 116

series in terms of spherical harmonics as follows.

A0 =

[

∞
∑

n=1

n
∑

m=0

{(αnmrn + γnmr
n+2) cosmφ+ (βnmr

n + δnmr
n+2) sinmφ}Pmn (ζ)

]

,

B0 =

[

∞
∑

n=1

n
∑

m=0

{(χnm cosmφ+ ηnm sinmφ) rn}Pmn (ζ)

]

,

A1 =

[

∞
∑

n=1

n
∑

m=0

{(

Anm
rn+1

+
Cnm
rn−1

)

cosmφ+

(

Bnm
rn+1

+
Dnm

rn−1

)

sinmφ

}

Pmn (ζ)

]

,

B1 =

[

∞
∑

n=1

n
∑

m=0

{

(Enm cosmφ+ Fnm sinmφ)
1

rn+1

}

Pmn (ζ)

]

. (5.2.5)

Here αnm, βnm, γnm, δnm, χnm, ηnm are known constants corresponding to the given flow

(~q0, p0) and Anm, Bnm, Cnm, Dnm, Enm, Fnm are to be determined from the boundary

conditions. Thus we have

A = A0 +A1,

B = B0 +B1.

In spherical polar coordinates, the no-slip condition ~q = 0 on the boundary is the same as

satisfying qr = qθ = qφ = 0 on the boundary ∂Ω of the rigid body Ω. Instead of applying

the no-slip condition ~q = 0 on the boundary ∂Ω, Radha et al. [88] adopted the condition

that

I =

∫

∂Ω
|~q|2dS = 0. (5.2.6)

This condition (5.2.6) can be rewritten as

I =

∫

∂Ω
(q2r + q2θ + q2φ)dS = 0.
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As ~q is a continuous function of (r, θ, φ) and (q2r + q2θ + q2φ) being a non negative quantity,

one can conclude that I =
∫

∂Ω(q2r +q2θ+q2φ)dS = 0 if and only if (q2r +q2θ+q2φ) ≡ 0 and hence

qr = qθ = qφ = 0, i.e., ~q = 0 on ∂Ω. From (5.2.5), we observe that A1 and B1 are given by

infinite series. So in order to compute the solution approximately, we truncate the series of

A1 and B1 upto N terms and denote the resulting terms as AN1 and BN
1 respectively which

are given as follows.

AN1 =

[

N
∑

n=1

n
∑

m=0

{(

Anm
rn+1

+
Cnm
rn−1

)

cosmφ+

(

Bnm
rn+1

+
Dnm

rn−1

)

sinmφ

}

Pmn (ζ)

]

,

BN
1 =

[

N
∑

n=1

n
∑

m=0

{

(Enm cosmφ+ Fnm sinmφ)
1

rn+1

}

Pmn (ζ)

]

. (5.2.7)

Suppose we denote by (AN , BN ), the approximation thus obtained of the scalar functions

(A,B). Then the approximate solution is given by ~qN where

~qN = ∇×∇× (~rAN ) + ∇× (~rBN ). (5.2.8)

where

AN = A0 +AN1 , (5.2.9)

BN = B0 +BN
1 . (5.2.10)

Hence, instead of (5.2.6), we can adopt an alternate condition that

IN =

∫

∂Ω
|~qN |2dS = 0, (5.2.11)

and try to minimize the integral in (5.2.11) in order to obtain an approximate analytic

solution. This results in a system of linear non-homogeneous equations which can be solved
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for the unknown constants. Using the afore mentioned technique, Radha et al. [88] solved

the problem of an axisymmetric flow, namely, a uniform flow past a rigid body made up of

two intersecting rigid spheres.

We now try to adopt this technique for slip-stick boundary conditions which can be used

for bodies of arbitrary shape. The slip-stick boundary conditions for a general boundary

∂Ω are given as follows.

~q.n̂|∂Ω = 0, (5.2.12)

~q.t̂1|∂Ω = λ~T
n̂
.t̂1|∂Ω, (5.2.13)

~q.t̂2|∂Ω = λ~T
n̂
.t̂2|∂Ω, (5.2.14)

where [n̂, t̂1, t̂2] are the local orthonormal basis vectors on the surface of the particle ∂Ω.

We can rewrite these conditions on the boundary ∂Ω as

qn|∂Ω = 0,

qt1 |∂Ω = λTt1 |∂Ω,

qt2 |∂Ω = λTt2 |∂Ω,

using the notation in Section 1.2 in Chapter 1, where ~q = qnn̂+qt1 t̂1 +qt2 t̂2 and Tt1 , Tt2 are

the tangential stresses. The conditions (5.2.12)-(5.2.14) reduce to no-slip conditions when

λ = 0 and to shear-free conditions when λ → ∞. Since λ takes the values from 0 to ∞

for slip-stick boundary conditions, we introduce a parameter β = λ
1+λ

, so that β = 0 when

λ = 0 and β → 1 when λ → ∞. In other words, the domain of slip parameter [0,∞) has
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been scaled down to [0, 1) by using the transformation β = λ
1+λ

. We use the following form

of slip-stick boundary conditions in terms of β as

qn|∂Ω = 0, (5.2.15)

(1 − β)qt1 |∂Ω = βTt1 |∂Ω, (5.2.16)

(1 − β)qt2 |∂Ω = βTt2 |∂Ω. (5.2.17)

We express the equation of the surface as r = f(θ, φ) in spherical polar co-ordinates (r, θ, φ)

(refer Section 1.2 of Chapter 1).

Motivated by the work of Radha et al. [88], we adopt their technique to reformulate the slip-

stick boundary conditions (5.2.15)-(5.2.17) on the boundary ∂Ω as requiring the fulfillment

of the condition that

I =

∫

∂Ω
[q2n + ((1 − β)qt1 − βTt1)

2 + ((1 − β)qt2 − βTt2)
2]dS = 0, (5.2.18)

instead of the boundary conditions (5.2.15)-(5.2.17).

Since the solution, in terms of A and B, is given as an infinite series when expressed in

spherical polar coordinates (r, θ, φ), we impose an alternate condition that

IN =

∫

∂Ω
{(qNn )2 + ((1 − β)qNt1 − βTNt1 )2 + ((1 − β)qNt2 − βTNt2 )2}dS = 0, (5.2.19)

where the superscript N indicates that the flow quantities have been truncated upto n = N

in the series representation of the solution (refer Appendix 5.1). The number of arbitrary

constants occuring in (5.2.7) which are to be determined using the boundary conditions

(5.2.15)-(5.2.17) are 3N(N + 3) namely Anm, Bnm, Cnm, Dnm, Enm, Fnm, where n =
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1, 2, ..., N , m = 0, 1, ..., n. Clearly, IN being non-negative, the existence of an infimum

of IN is guaranteed. Hence, we find the minimum value of IN by applying the following

conditions.

∂IN
∂Aij

= 0,
∂IN
∂Bij

= 0,
∂IN
∂Cij

= 0, (5.2.20)

∂IN
∂Dij

= 0,
∂IN
∂Eij

= 0,
∂IN
∂Fij

= 0, (5.2.21)

i = 1 to N and j = 0 to i. These equations form a linear system of non-homogeneous

equations involving Aij , Bij , Cij , Dij , Eij and Fij . We now present an example to illustrate

this method.

5.2.1 Consider the Stokes flow of a viscous, incompressible fluid past an ellipsoid given by

x2 + y2

0.752 + z2

0.52 = 1, induced due to a Stokeslet of unit strength located at (0, 0, 0.75)

and whose axis lies along the positive x-axis. We assume the slip parameter value β to

be equal to 1
3 in this example. By using the method suggested for slip-stick boundary

conditions, we have calculated (AN1 , B
N
1 ) for N = 1, 2, ..., 9 (refer to Appendices 5.1

and 5.2). For N = 9, we obtain

AN1 = [{(2.11805r−2 − 3.02799)P1(ζ) + (93.2183r−3 − 45.0989r−1)P2(ζ)

− (0.44899r−4 − 1.28621r−2)P3(ζ) − (17.0513r−5 − 9.19796r−3)P4(ζ)

+ (0.0747035r−6 − 0.185572r−4)P5(ζ) + (0.404749r−7 − 6.13047r−5)P6(ζ)

− (0.00525081r−8 − 0.00501518r−6)P7(ζ) + (0.227785r−9 − 1.4524r−7)P8(ζ)
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− (0.000396663r−10 − 0.00288658r−8)P9(ζ)} × 10−12

+ {(1.51287r−2 − 47.2512)P 1
1 (ζ) − (0.681361r−3 − 1.99339r−1)P 1

2 (ζ)

− (0.224696r−4 − 1.16619r−2)P 1
3 (ζ) − (0.00745753r−5 − 0.160097r−3)P 1

4 (ζ)

+ (0.0165318r−6 − 0.0412963r−4)P 1
5 (ζ) − (0.00187356r−7 − 0.0109095r−5)P 1

6 (ζ)

− (0.00146645r−8 − 0.00419457r−6)P 1
7 (ζ) − (0.000197909r−9 − 0.00107501r−7)P 1

8 (ζ)

− (0.0000102052r−10 − 0.000117647r−8)P 1
9 (ζ)} cos φ× 10−2

+ {(1.1913r−3 − 0.292837r−1)P 2
2 (ζ) − (0.000329272r−4 − 0.000749726r−2)P 2

3 (ζ)

− (0.130568r−5 − 0.266977r−3)P 2
4 (ζ) + (0.0000229244r−6 − 0.0000468854r−4)P 2

5 (ζ)

+ (0.00494434r−7 − 0.00545668r−5)P 2
6 (ζ)

+ (0.00025619r−9 − 0.00173157r−7)P 2
8 (ζ)} cos 2φ× 10−10

− {(23.8926r−4 − 163.919r−2)P 3
3 (ζ) − (6.6041r−5 − 8.53223r−3)P 3

4 (ζ)

− (2.89022r−6 − 10.1164r−4)P 3
5 (ζ) − (0.272567r−7 − 1.70785r−5)P 3

6 (ζ)

+ (0.121787r−8 − 0.317812r−6)P 3
7 (ζ) + (0.0183889r−9 − 0.0796786r−7)P 3

8 (ζ)

− (0.000726217r−10 − 0.00274236r−8)P 3
9 (ζ)} cos 3φ× 10−6

− {(0.0235396r−5 − 0.0400253r−3)P 4
4 (ζ) − (0.00121001r−7 − 0.00317844r−5)P 4

6 (ζ)

− (0.0000255744r−9 − 0.000145017r−7)P 4
8 (ζ)} cos 4φ× 10−10

− {(2.76227r−6 + 0.528823r−4)P 5
5 (ζ) + (0.0355246r−7 + 0.576805r−5)P 5

6 (ζ)

+ (0.149749r−8 − 0.513836r−6)P 5
7 (ζ) + (0.00614185r−9 − 0.0330422r−7)P 5

8 (ζ)
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− (0.00154886r−10 − 0.00291031r−8)P 5
9 (ζ)} cos 5φ× 10−8

+ {(1.02088r−7 − 0.604942r−5)P 6
6 (ζ)} cos 6φ× 10−15

− {(1.18818r−8 − 8.08031r−6)P 7
7 (ζ) + (0.0453238r−9 − 0.171543r−7)P 7

8 (ζ)

− (0.0205875r−10 − 0.0707192r−8)P 7
9 (ζ)} cos 7φ× 10−11

+ {(7.07611r−10 − 23.5485r−8)P 9
9 (ζ)} cos 9φ× 10−15

+ {(1.37581r−2 − 0.305558)P 1
1 (ζ) + (7.37886r−3 − 0.101122r−1)P 1

2 (ζ)

− (0.0470325r−4 − 0.0419817r−2)P 1
3 (ζ) − (0.134944r−5 − 0.810666r−3)P 1

4 (ζ)

+ (0.0048352r−6 − 0.00716801r−4)P 1
5 (ζ) − (0.0419146r−7 − 0.247987r−5)P 1

6 (ζ)

− (0.000253244r−8)P 1
7 (ζ) − (0.00138792r−9 − 0.00866634r−7)P 1

8 (ζ)

+ (0.000123917r−8)P 1
9 (ζ)} sinφ× 10−12

− {(0.660201r−4 − 1.6685r−2)P 3
3 (ζ) + (5.09897r−5 − 13.0666r−3)P 3

4 (ζ)

− (0.0164012r−6 − 0.0405661r−4)P 3
5 (ζ) − (0.208962r−7 − 0.531209r−5)P 3

6 (ζ)

+ (0.00146903r−9 − 0.00519343r−7)P 3
8 (ζ)} sin 3φ× 10−13

+ {(1.8438r−6 − 3.74806r−4)P 5
5 (ζ)

+ (4.03409r−7 − 7.21168r−5)P 5
6 (ζ)} sin 5φ× 10−16]

BN
1 = [{16.5989r−2P 1

1 (ζ) − 0.672204r−3P 1
2 (ζ) − 18.1963r−4P 1

3 (ζ)

+ 0.0883978r−5P 1
4 (ζ) + 3.89238r−6P 1

5 (ζ) − 0.0103824r−7P 1
6 (ζ)

− 0.545346r−8P 1
7 (ζ) + 0.000623896r−9P 1

8 (ζ) + 0.0383653r−10P 1
9 (ζ)} cos φ
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+ {1.73625r−3P 2
2 (ζ)} cos 2φ

+ {2.60764r−4P 3
3 (ζ) + 0.0146756r−5P 3

4 (ζ) + 0.338524r−6P 3
5 (ζ)

− 0.000941878r−7P 3
6 (ζ) − 0.0428656r−8P 3

7 (ζ) + 0.00248631r−10P 3
9 (ζ)} cos 3φ

− {0.00487845r−6P 5
5 (ζ) − 0.000312676r−7P 5

7 (ζ)} cos 5φ] × 10−12

− {132.538r−2P 1
1 (ζ) − 5.74295r−3P 1

2 (ζ) − 2.58214r−4P 1
3 (ζ)

− 0.236345r−5P 1
4 (ζ) − 0.0388528r−6P 1

5 (ζ) − 0.0347912r−7P 1
6 (ζ)

− 0.00854601r−8P 1
7 (ζ) + 0.000591397r−9P 1

8 (ζ)

+ 0.0000351253r−10P 1
9 (ζ)} sinφ× 10−3

− {0.0400477r−3P 2
2 (ζ) + 2.61287r−4P 2

3 (ζ) − 0.00103875r−5P 2
4 (ζ)

+ 0.661265r−6P 2
5 (ζ) + 0.0000257138r−7P 2

6 (ζ) − 0.0557074r−8P 2
7 (ζ)

+ 0.00139546r−10P 2
9 (ζ)} sin 2φ× 10−11

+ {1975.53r−4P 3
3 (ζ) + 143.257r−5P 2

4 (ζ) + 2.61809r−6P 2
5 (ζ)

− 1.64987r−7P 2
6 (ζ) − 0.0233622r−8P 2

7 (ζ) − 0.229851r−9P 2
8 (ζ)

− 0.0539956r−10P 2
9 (ζ)} sin 3φ× 10−7

+ {0.0124402r−5P 4
4 (ζ) + 6.31057r−6P 4

5 (ζ) + 0.583585r−8P 4
7 (ζ)} sin 4φ× 10−13

− {8.34703r−6P 5
5 (ζ) + 3.0247r−5P 5

6 (ζ) + 0.037821r−7P 5
7 (ζ)

− 0.0125032r−9P 5
8 (ζ) − 0.000660397r−10P 5

9 (ζ)} sin 5φ× 10−8

− {0.0125032r−8P 6
7 (ζ)} sin 6φ× 10−16

− {2.89462r−8P 7
7 (ζ) − 0.634302r−9P 7

8 (ζ) − 0.0114386r−10P 7
9 (ζ)} sin 7φ× 10−11

+ {4.39749r−10P 9
9 (ζ)} sin 9φ× 10−15.
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Using the approximate analytical solution obtained we have computed the drag experienced

by the ellipsoid and the minimum value of IN for different values of N . We have tabulated

the corresponding values for β = 1
3 in Table 5.2.1. It is observed from Table 5.2.1 that IN

decreases from 3.81746 when N = 1 to 0.0946 when N = 9. From this observation we can

conclude that IN can be made further smaller and closer to zero by increasing N . We also

computed the approximate but analytical solutions for different values of the slip parameter

β and noticed that IN decreases to zero as N increases (refer Figure 5.2.1). Further, we

have computed the drag experienced by the body and the torque, for different values of slip

parameter β in order to understand the effect of β on the drag and the torque. Figures 5.2.2

and 5.2.3 depict that the magnitude of the drag experienced by the body and the torque

decrease as the value of the slip parameter β increases.

N IN Drag Torque N IN Drag Torque

1 3.81746 9.8117̂i 1.19351̂j 6 0.143811 11.7351̂i 3.26464̂j

2 3.29739 10.3724̂i 1.26688̂j 7 0.129522 11.7527̂i 3.2632̂j

3 1.99579 11.5728̂i 1.28068̂j 8 0.110037 11.7533̂i 3.32911̂j

4 0.606072 11.4789̂i 3.25043̂j 9 0.0945999 11.8755̂i 3.33104̂j

5 0.295513 11.6886̂i 3.27444̂j

Table 5.2.1: Convergence of the solution and the corresponding drag for β=1
3 .

Figure 5.2.1 shows that the convergence of the integrals IN to 0 as N → ∞ is slower with

increasing values of the slip parameter β. We also observe from Figures 5.2.2 and 5.2.3 that

the magnitude of the drag and that of the torque decrease with increasing β.
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Figure 5.2.1: Convergence of IN for different values of slip parameter β.

Figure 5.2.2: Variation in the magnitude of the drag for different values of slip parameter

β.
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Figure 5.2.3: Variation in the magnitude of the torque for different values of slip parameter

β.

5.3 Conclusions

In this chapter, we propose a method to obtain an analytic but approximate solution by

modifying the method proposed by Radha et al. [88] and adopting it for slip-stick boundary

conditions to study the flow due to an arbitrary Stokes flow past an arbitrary shaped body

whose surface is given by r = f(θ, φ). In particular, we considered flow generated due to

the presence of a Stokeslet outside an ellipsoid in a viscous, incompressible Stokes flow. We

observed the convergence of the sequence of approximate solutions with increasing ‘N ’ by

computing IN at each stage and showed that IN → 0 as N increases. An advantage of this

method over other methods like finite difference or finite element methods is that in the

latter methods the velocity and pressure are known only at a finite number of points on
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the surface unlike in this method, where the solution is known in the entire domain, even

though approximately. Hence this method enables us to find the physical quantities like

drag and torque more accurately as their computation involves calculating the derivatives

of velocities. The method also matches with the exact solutions if the surface is a perfect

sphere. We observed that the integrals IN converge to 0 as N → ∞ faster if the slip

parameter β is small. We also observed that the magnitude of the drag and that of the

torque decreases as β → 1. This technique can be used for any problem pertaining to Stokes

flow past any body of arbitrary shape satisfying slip-stick boundary conditions.

Appendix 5.1

Consider the approximate solution ~qN given by (5.2.8)-(5.2.10). Then

qNn = ~qN .n̂,

qNt1 = ~qN .t̂1,

qNt2 = ~qN .t̂2,

are the corresponding components of normal and tangential velocities. The corresponding

pressure is given by

pN =
∂

∂r
(r∇2AN ).
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where AN is given as in equation (5.2.9). Similarly, the tangential components of the stress

are given by

TNt1 = ~T
n̂

N .t̂1,

TNt2 = ~T
n̂

N .t̂2,

where ~T
n̂

N = TN .n̂, TN being the stress tensor of rank 2 whose components are computed

with the components of ~qN and pN as in (1.2.4).

Appendix 5.2

Suppose the rigid body is an ellipsoid defined by x2

a2 + y2

b2 + z2

c2 = 1, then the equation of the

rigid body in spherical polar coordinates is r = f(θ, φ), where we have

f(θ, φ) =
abc

(b2c2 sin2 θ cos2 φ+ a2c2 sin2 θ sin2 φ+ a2b2 cos2 θ)
1

2

∂f

∂θ
= − abcZ1

(b2c2 sin2 θ cos2 φ+ a2c2 sin2 θ sin2 φ+ a2b2 cos2 θ)
3

2

,

∂f

∂φ
= − abcZ2

(b2c2 sin2 θ cos2 φ+ a2c2 sin2 θ sin2 φ+ a2b2 cos2 θ)
3

2

,

Z1 = (b2c2 sin θ cos θ cos2 φ+ a2c2 sin θ cos θ sin2 φ− a2b2 cos θ sin θ),

Z2 = (a2c2 sin2 θ sinφ cosφ− b2c2 sin2 θ sinφ cosφ).

The element of surface area is

dS =

[

f2 sin2 θ

{

f2 +

(

∂f

∂θ

)2
}

+ f2

(

∂f

∂φ

)2
] 1

2

.



Chapter 6

Summary

In this chapter, we summarize the main results of the thesis.

Chapter 2: A steady, incompressible Stokes flow past a sphere coated with a viscous fluid of

viscosity µi immersed in an immiscible viscous fluid of a different viscosity µe is considered.

It is assumed that the spherical shape of the coating is retained under the condition that

the surface tension forces are large enough to balance the viscous forces. The boundary

conditions employed here are the vanishing of the normal velocities, the continuity of the

tangential velocities and stresses respectively at the interface of the two fluids and the

no-slip condition on the rigid surface of the sphere. The representation of velocity ~q and

pressure p of Stokes equations given in [79] has been used as in equations (2.2.3)-(2.2.4)

and a method of obtaining the modified flow field in the presence of the coated sphere has

been discussed. The expressions for the drag ~Dc and torque ~Tc experienced by the coated

129
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sphere were derived similar to Faxén’s laws [21]. An immediate result is that, if the flow

is harmonic or purely biharmonic then the magnitude of the drag on the coated sphere is

lesser compared to the magnitude of the drag on the rigid sphere of radius equal to that

of the coated sphere. Suppose ǫ is the thickness of the coating on a sphere of unit radius,

then the drag on the coated sphere is found to be

~Dc = 6π

[

1 + ǫ

(

1 − µ

4

)

+O(ǫ2)

]

[~q0]0

+ π

[

1 + 3ǫ

(

1 − µ

4

)

+O(ǫ2)

]

[∇2~q0]0, (2.3.14)

which shows that when the ratio of the viscosities µ = µe

µi is greater than 4 and if the

unperturbed flow is either harmonic or purely biharmonic, then the magnitude of the drag

on the coated sphere is less than the maginitude of the drag on an uncoated rigid sphere of

unit radius. It is demonstrated by an example that this result does not hold true in the case

of a general flow. The optimum thickness of the coating required for the drag to be minimum

has been computed. In a similar manner, it can be concluded that the magnitude of the

torque on the coated sphere increases when µ < 1 and reduces when µ > 1 compared to the

torque experienced by an uncoated sphere of unit radius. Nevertheless, the magnitude of

torque is always found to decrease compared to that on a rigid sphere of radius equal to that

of the coated sphere. The expression for the drag is also computed for the axisymmetric

case. The chapter ends with two examples of flows due to a Stokeslet and a potential doublet

respectively. The drag on the coated sphere has been computed using the expression derived

earlier in this chapter. The results of Chapter 2 can be found in Choudhuri et al. [12].
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Chapter 3: An oscillatory flow of a fluid of viscosity µe past a liquid sphere of viscosity

µi is considered. We employ Venkatlaxmi’s [113, 114] solution of velocity and pressure as

given in equations (3.2.5)-(3.2.6) for the unsteady Stokes equations (3.2.3)-(3.2.4). The

liquid sphere is assumed to be of spherical shape as the zeroth approximation. We solve for

the flow field using the boundary conditions of vanishing of normal velocities, continuity of

tangential velocities and stresses. The expressions for the drag and torque have been derived

akin to Faxén’s laws [21]. As limiting cases, the following results have been obtained:

1. As µ→ 0, where µ = µe

µi , the formulae for drag and torque on the liquid sphere reduce

to those on a rigid sphere of the same radius in an oscillating flow, agreeing with the

formulae due to Kim and Karrila [47].

2. As µ → ∞, the drag and torque on the liquid sphere reduce to those on a shear-free

sphere of the same radius in an oscillating flow.

3. In addition to the preceeding two limiting cases, if both λ1, λ2 → 0 where λ1, λ2

correspond to the frequencies of the velocities outside and inside the liquid sphere

respectively, then the drag and torque reduce to Faxén’s laws [21] in rigid and shear-

free cases in steady flow.

The sphere is then assumed to undergo a slight deformation from its spherical shape. On

the lines of Hetsroni and Haber [38], the equation of the surface of the deformed sphere has

been computed upto the first order approximation using the boundary condition that the

jump in the normal stresses across the surface is balanced by the surface tension forces. The
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method of determining the equation of the surface of the deformed sphere is demonstrated

by examples for singularity driven flows both outside and inside the fluid spheres. Another

important result is that we verified the fact that the spherical shape of the liquid sphere is

retained for flow velocities which have terms only upto n = 1 in the series representation

of the solution, thereby agreeing with the result of Chisnell [11] who considered a uniform

flow. We observe that the two parameters which play an important role in deformation

of the spherical shape of the fluid sphere are the ratio of viscosities µ and the capillary

number.

Chapter 4: A viscous, incompressible fluid flow due to a singularity located inside a

spherical container centred at the origin is considered using slip-stick boundary conditions

qr(1, θ, φ) = 0, (4.1.6)

qθ(1, θ, φ) = −λTrθ(1, θ, φ), (4.1.7)

qφ(1, θ, φ) = −λTrφ(1, θ, φ), (4.1.8)

λ being the slip parameter, qr, qθ, qφ being the velocity components and Trθ, Trφ being

the components of stress in spherical polar coordinates (r, θ, φ). Such boundary conditions

find their use in diverse fields of engineering such as micro device technology. As λ → 0,

the no-slip boundary conditions are retrieved and when λ → ∞, the shear-free boundary

conditions are obtained. We found the modified flow field inside the sphere by giving the

solution in a closed form as a sphere theorem in terms of two scalar functions A and B

corresponding to the solution proposed by Palaniappan et al. [79] as follows.
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Theorem If the flow of a viscous, incompressible fluid in the absence of rigid boundaries

be denoted by A0(r, θ, φ) and B0(r, θ, φ), which are biharmonic and harmonic respectively,

the singularities of these functions being at a distance lesser than 1 from the origin and

if A0 ∼ o(1), B0 ∼ o
(

1
r2

)

as r → ∞, and if now the flow be considered inside the sphere

r = 1, then the modified flow in the interior of the sphere satisfying slip-stick boundary

conditions (4.1.6)-(4.1.8) (λ 6= 0) on r = 1 is given by

A(r, θ, φ) = A0(r, θ, φ) − rA0

(

1

r
, θ, φ

)

+ (1 − r2)

[

1

8λr
1

2λ
− 1

2

×
(

∫ 1

r

∞
R− 1

2λ
− 3

2

(

∇2A0 −R4∇2

(

A0

R2

))

dR

)]

, (4.1.28)

B(r, θ, φ) = B0(r, θ, φ) +
1

r
B0(r, θ, φ) −

(

2

λ
− 3

)

×
∫ 1

r

∞
R− 1

λ
−1B0dR. (4.1.29)

The expression for drag has been obtained from which we concluded that the drag is in-

dependent of the size of the sphere. The axisymmetric flows inside a unit sphere due to a

Stokeslet located at the origin and also away from it have been analysed in detail separately.

Firstly, we found the stagnation and the separation points in the flow domain of a flow due

to a Stokeslet located at the origin. An important observation while finding the stagnation

points is that when λ = 0, the radius of stagnation circle which is equal to 1
2(−1 +

√
3) for

the no-slip case matches with the one obtained by Shail [99]. It is also seen that as λ→ ∞,

the radius of the stagnation circle approaches 0.5, hence proving that the slip parameter

plays a role in the location of the stagnation points. We then computed the points of zero
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vorticity. We observed that for 0 ≤ λ < 0.5 the stagnation points and the points of zero

vorticity co-exist in the fluid domain. The figures which demonstrate the flow patterns also

show that the range of slip paramater λ in which the eddy patterns occur in the spherical

container is [0, 0.5). Secondly, we concluded both analytically and numerically that there

are only two stagnation points in the flow domain of a flow due to an off-centred Stokeslet

for non-zero values of slip parameter λ. We also found that for a given location of a Stokeslet

the set of separation points remains the same for all values of λ > 0.5. We conjecture that

the co-existence of stagnation points and points of zero vorticity in the interior of the flow is

a necessary condition for the eddy patterns to occur in the case of a Stokeslet induced flow

in a spherical container. We found that the axisymmetric flow generated due to a Stokeslet

located away from the origin always produced eddies because the stagnation and separation

points co-exist for all values of λ. Another result obtained is that when λ = 1
2 , the vorticity

on the boundary always vanishes.

We discussed another important phenomenon in this chapter called ‘Stokeslet reversal ’.

Stokeslet reversal: As the location (0, 0, c) (0 < c < 1) of the given Stokeslet varies, if

there is a critical value of c at which the strength of the image Stokeslet vanishes, then this

phenomena is called as ‘Stokeslet reversal ’. Since we found that there is a reversal of the

orientation of the image Stokeslet as c passes through this critical value, this phenomena is

termed as Stokeslet reversal. This means that the strength of the image Stokeslet changes

sign as c passes through this critical value.

Maul and Kim [63] studied the phenomenon for a flow generated due to a Stokeslet inside
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a rigid spherical container. We discuss the phenomenon of Stokeslet reversal in the general

case of slip-stick boundary conditions. It was found that this phenomenon does not occur

for a non-axisymmetric flow due to a Stokeslet located at (0, 0, c), c 6= 0. However for an

axisymmetric flow with slip-stick boundary conditions, it is found that the Stokeslet, if

located at c = 1√
3(1+2λ)

, makes the strength of the image Stokeslet vanish. As a limiting

case, if λ → 0 the location of the Stokeslet inside the sphere is found to be at 1√
3

which

agrees with the result of Maul and Kim [63]. In particular, for an axisymmetric flow due

to a Stokeslet located at the origin, there is no Stokeslet reversal. We also did not find any

evidence of Stokeslet reversal in the case of an axisymmetric flow due to a Stokeslet inside

a sphere with shear-free boundary conditions and also in the case of a non-axisymmetric

flow due to a Stokeslet with slip-stick boundary conditions.

Chapter 5: A viscous, incompressible Stokes flow past a body of arbitrary shape satisfying

slip-stick boundary conditions is considered, where we adopt a method proposed by Radha

et al. [88] for slip-stick boundary conditions. The velocity of the fluid is expressed as

~q = qnn̂ + qt1t̂1 + qt2t̂2,

where [n̂, t̂1, t̂2] are the local orthnormal basis, qn, qt1, qt2 are the velocity components of

the velocity on the surface of the particle ∂Ω. The slip-stick boundary conditions for a

general boundary ∂Ω are given as follows.

qn|∂Ω = 0,

qt1|∂Ω = λTt1|∂Ω,

qt2|∂Ω = λTt2|∂Ω,
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where Tt1 and Tt2 are the tangential stresses. In the limits λ → 0 and λ → ∞, we obtain

the rigid and shear-free boundary conditions respectively. Suppose β = λ
1+λ

, we restate the

boundary conditions as

qn|∂Ω = 0, (5.2.15)

(1 − β)qt1|∂Ω = βTt1|∂Ω, (5.2.16)

(1 − β)qt2|∂Ω = βTt2|∂Ω. (5.2.17)

The representation of the solution of Stokes equation due to Palaniappan et al. [79] has

been used and A and B are expressed as an infinite series in terms of spherical harmonics.

Motivated by the work of Radha et al. [88], we restate the slip-stick boundary conditions

as satisfying

I =

∫

∂Ω
[{qn}2 + {(1 − β)qt1 − βTt1}2 + {(1 − β)qt2 − βTt2}2]dS = 0. (5.2.18)

But since it is computationally difficult to use the infinite series solution, we truncate the

series upto N terms and replace the condition (5.2.18) by

IN =

∫

∂Ω
[{qNn }2 + {(1 − β)qNt1 − βTNt1 }2 + {(1 − β)qNt2 − βTNt2 }2]dS = 0, (5.2.19)

where qNn , qNt1 , qNt2 , TNt1 , TNt2 are the velocity and tangential stress components computed

by truncating the corresponding series upto N terms. We employ the method of least

squares to find the minimum value of IN . In particular, we demonstrate this method for

a non-axisymmetric Stokes flow past an ellipsoid given by x2 + y2

0.752 + z2

0.52 = 1, where the

flow is generated by a Stokeslet whose axis is directed towards î and located outside the
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ellipsoid. This method can be applied for bodies of arbitrary shape. Although the solution is

approximate, it is better than a solution obtained by numerical methods like finite difference

methods as the solution is given in an analytic form which is valid in the entire domain.

Hence, this method enables us to find the physical quantities like the drag and the torque

more accurately as their computation involves calculating the derivatives of the velocity. We

demonstrate in this example, the convergence of the sequence of approximate solutions to

the original solution with increasing N by computing IN at each stage. An interesting result

obtained by us is that the magnitude of the drag and torque reduce as the slip parameter

β increases.
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flüssigkeit die zwischen zwei parallelen ebenen wänden eingeschlossen ist”, Ann. Phys.,
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