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Chapter 1

Introduction

1.1 General problem of the solution of Schrödinger

and Bloch equations

In quantum mechanics, we deal with wave function ψ, which is the replacement

of the trajectory in classical mechanics. It describes the state of a system and

is a function of coordinates and time. In 1926, Schrödinger [1] constructed two

equations that describe how the quantum state of a physical system changes with

coordinates and time. For stationary states, as a special case, ψ does not depend

on time and it is the function of only the coordinates. The general form of the

time dependent and time independent Schrödinger equations for coordinate x and

time t can be written as

Hψ(x, t) = i~
d

dt
ψ(x, t), (1.1a)

Hψ(x) = Eψ(x). (1.1b)

1



1.1. General problem of the solution of Schrödinger and Bloch
equations 2

Here H is the Hamiltonian of a system and E is the corresponding state en-

ergy. Rewriting the expression for H explicitly in time independent approach,

the Schrödinger equation for a particle of mass m and energy E in one dimension

is

− ~

2m

d2

dx2
ψ(x) + V (x)ψ(x) = Eψ(x), (1.2)

where the first term is the kinetic energy and V (x) is the potential energy of the

particle at point x. This wave mechanical equation of a stationary state is the

starting point for most of the quantum mechanical calculations. However, except

for a few systems such as hydrogen atom, harmonic oscillator (HO) and particle in

a box, it is impossible to find exact solutions to the Schrödinger equation. To deal

with such non-exactly solvable problems such as many electron systems or an-

harmonic vibrations, various mathematical techniques for approximate solutions

have been constructed that lead to an approximate but close to exact evaluation

of the energy values and wave functions. Perturbation theory and variational

methods [2–5] are the two most common examples of such approximation.

In general, the quantum mechanical wave function ψ deals with the pure

state of a system in which a maximum of information is available about the

system under consideration. There is the other approach of quantum statistical

mechanics which includes both the pure and impure (mixed) states of a system

i.e. states with less than maximum information. This is represented by density

matrix, ρ [6]. The general form of the density matrix is

ρ =
∑

i

pi|ψi〉〈ψi|. (1.3)

Here the coefficients pi are non-negative and
∑

i pi = 1. For canonical ensemble



1.1. General problem of the solution of Schrödinger and Bloch
equations 3

ρ is defined as

ρ = e−βH . (1.4)

The equation of motion for the density matrix is

ρ̇ = −Hρ. (1.5)

and is known as the Bloch equation.

As it is impossible to find an exact ψ or ρ we need to invoke some approxi-

mations. For such approximations, the description of ψ or ρ plays a crucial role.

To invoke an approximate ψ or ρ the major problem is twofold, the computa-

tional problem and the size-consistency [7] problem. In general the solution of

the Schrödinger equation requires the construction of the Hamiltonian matrix in

a suitable basis and then its subsequent diagonalization for the eigenvalues. For

most of the cases, an approximate but well described wave function requires a

large basis set [8]. These basis sets increase exponentially with the number of

particles or degrees of freedom. Consequently, the computational time also in-

creases more or less exponentially. The larger the system, the more difficult it is

to solve with desired accuracy. Another common problem is the size consistency.

Size consistency is a property that guarantees the consistency of the energy be-

havior when interaction between the involved molecular system is removed. For

example, let us assume A and B are two non-interacting systems. Now for a

given theory if

E(AB) = E(A) + E(B), (1.6)

which shows that the energy of the subsystems A and B are additively separable

and equal to the energy of the supersystem AB, then the theory is size consistent.
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The wave function and density matrix are multiplicatively separable,

ψ(AB) = ψ(A).ψ(B), (1.7a)

ρ(AB) = ρ(A).ρ(B). (1.7b)

1.2 The molecular vibrations and the anharmonic

effects

Molecular vibrations [9] occur when atoms in a molecule are in periodic motion.

The potential energy surface for molecular vibrations is not known. There is

no generic functional form of it. Within Born-Oppenheimer approximation, the

potential energy surface of molecular vibrations is given by electronic energy at

each nuclear geometry. There are several coordinate systems to represent the

potential energy surface in terms of the nuclear coordinates. Normally we make

a Taylor series expansion for it in terms of the normal coordinates [9]. Normal

coordinates are defined as the coordinate systems in which the mass weighted

Hessian matrix is diagonal. If xi are the cartesian displacement coordinates of

the atoms in the molecule then the Hessian is

Hij =

(

∂2Eel

∂xi∂xj

)

eq

. (1.8)

If the mass tensor is M , and

(M− 1

2HM− 1

2 ) C = C Ω2, (1.9)
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then C is the coefficient matrix that defines the mass weighted normal coordinates

Qi =
∑

j

xjCji
√
mj . (1.10)

Normally, the rotational motions are coupled with the vibrational motions.

Watson [10] derived a simple form of ro-vibrational Hamiltonian in normal coor-

dinates for general many particle systems where all particles are interacting with

each other. In the Watson Hamiltonian the centre of mass momentum and the

total angular momentum are conserved quantities. The Watson Hamiltonian in

mass weighetd normal coordinates (Q) is

H = −1

2

N
∑

i=1

d2

dQ2
+ V (Q) − ~

2

8

∑

µαα

+
1

2

∑

αβ

(Jα − πα)µαβ(Jβ − πβ) (1.11)

Here, the first and the second term are the pure vibrational kinetic energy and

potential energy term, respectively. The third term is the so called Watson mass

term. The indices α and β represent the x, y and z components of cartesian

coordinates. The µαβ are the components of the inverse moment of inertia at a

given point on the potential energy surface. Jα and πα are the αth component of

the total and vibrational angular momentum respectively.

The most common model for molecular vibrations is the HO approximation.

It is one of the exactly solvable system in quantum mechanics. However, most of

the systems in the physical world are not harmonic. The anharmonic vibrational

problems are not analytically solvable. Thus, we need to invoke some approxima-

tion for them. The most common approximation in the anharmonic regime is to

approximate the potential energy (V ) up to quartic terms in the mass weighted
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normal coordinates Q

V (x) =
∑

i

fiiQ
2
i +

∑

i≤j≤k

fijkQiQjQk +
∑

i≤j≤k≤l

fijklQiQjQkQl . (1.12)

The corresponding wave equation for this potential is solved approximately by

several theoretical methods. There are several phenomena where HO is not ad-

equate. The vibrational levels of HO is equally spaced and hence the energy

difference between two successive levels is constant. On the other hand, for an-

harmonic oscillator, these levels are not equally spaced and the energy differences

between two successive levels generally decrease with the increasing energy. As

the partition functions and other thermodynamic properties such as free energy,

entropy or equilibrium constants depend upon the vibrational levels [11], the

anharmonic terms give better description than HO. Generally, HO modals un-

derestimate the partition function, because, as energy increases, the molecular

vibrational energy levels for real systems come closer. So, the partition function

at a given temperature for real systems are larger than for the pure harmonic

system. To calculate the spectra of a molecule accurately, we need anharmonic

expansion. The Fermy resonance induced spectral line splitting for CO2 for ex-

ample can not be described by HO approximation. If we invoke a corresponding

approximation for the dipole moment, then the transition probabilities to the

overtones and combinations are zeroes. If the potential is anharmonic or the

dipole is anharmonic then transition probabilities are not zeroes.

1.3 The approximation methods

The number of physical systems which can be solved exactly by quantum mechan-

ics is very few. Except for very simple cases like harmonic oscillator, hydrogen

atom or hydrogen molecule cation, quantum chemists face problems in solving

many particle problem exactly [12]. Thus, for anharmonic molecular vibrations
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or many electron problems, the wave equation is of such a nature as to resist

accurate solution. This same problem is also present for density matrices. Thus,

for physical problems, various methods of approximate solution of the wave equa-

tion or density matrix equations have been formulated which lead to more or less

accurate evalution of wave functions or density matrix.

1.3.1 Approximations for the wave functions

There are several approximate methods developed and used for the wave func-

tions. We discuss some of them in this section.

1.3.1.1 The perturbation theory

Quantum mechanical perturbation theory (PT) [2–5] is one of the most impor-

tant approximation method. It is developed for both time dependent and the

time independent approach. In time-independent perturbation theory two dif-

ferent approaches exist. Rayleigh-Schrödinger (RS) perturbation theory [13] and

Brillouin-Wigner (BW) perturbation theory [14]. The former one is more popular

and widely used in quantum mechanics.

Given a physical system with the Hamiltonian H and a related soluble system

with the Hamiltonian H0, eigenvalues E
(0)
n and eigenfunctions ψ

(0)
n

H = H0 + λH1. (1.13)

Here λ is some parameter and the term λH1 is called a perturbation. So, the

Schrödinger equation for the system of interest becomes

(H0 + λH1)ψn = Enψn. (1.14)

We need to relate the unknown eigenvalues and eigenfunctions of the perturbed

system to the known eigenvalues and eigenfunctions of the unperturbed system.
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We can see from the Eq. (1.13), when λ→ 0, the En and ψn approaches to E
(0)
n

and ψ
(0)
n . At λ = 0, we have exactly the unperturbed system. As λ increases, the

perturbation increases and when λ = 1, the perturbation is fully turned on.

To achieve this, the perturbed wave function and energy are expanded as

ψn = ψ(0)
n + λψ(1)

n + λ2ψ(2)
n + ....... (1.15a)

En = E(0)
n + λE(1)

n + λ2E(2)
n + ....... (1.15b)

The resulting expression for energy is

ERS
n = E(0)

n + 〈ψ(0)
n |H1|ψ(0)

n 〉 +
∑

m

〈ψ(0)
n |H1|ψ(0)

m 〉〈ψ(0)
m |H1|ψ(0)

n 〉
E

(0)
n −E

(0)
m

+ ...(1.16)

in the RS perturbation theory.

The BW perturbation theory uses Eq. (1.15a) but not Eq. (1.15b) leaving

En as an unknown. It leads to

EBW
n = E(0)

n + 〈ψ(0)
n |H1|ψ(0)

n 〉 +
∑

m6=n

〈ψ(0)
n |H1|ψ(0)

m 〉〈ψ(0)
m |H1|ψ(0)

n 〉
EBW

n −E0
m

+ ..(1.17)

The BW formulation has the advantages that the higher order terms are much

simpler than their counterparts in RS perturbation theory. A disadvantage of

the BW approach is that the perturbed energy appears on both sides. This

equation has to be solved iteratively for the solution of the wave function and

the energy. A major problem with BW perturbation theory is that it is not size

consistent. Even in the RS perturbation theory, individual terms at a given order

are not manifestly size consistent. Goldstone derived a form of RS perturbation

theory that is manifestly size consistent. It is termed the many body perturbation

theory (MBPT) [12]. It is the most commonly used form of perturbation theory

for molecular applications along with the Möller-Plasset partitionary theory of
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the Hamiltonian [15].

1.3.1.2 The variational theory

A variational principle develops general methods for finding functions which min-

imize or maximize the value of quantities that depends upon those functions. In

quantum mechanics variational method [2–5] allows us to calculate an approxi-

mate ground state energy of a system without solving the Schrödinger equation

explicitly. Given a normalized well behaved wave function |φ〉 that satisfies the

appropriate boundary conditions, a system with Hamiltonian operator H and

lowest energy eigenvalue E0, the expectation value of the Hamiltonian is an up-

per bound to the exact ground state energy.

〈φ|H|φ〉 ≥ E0. (1.18)

In this equation, the equality holds only when |φ〉 is equal to |ψ〉, the exact ground

state wave function for that system. The inequality for the ground state tells us

that the energy of an approximate wave function is always an upper bound to the

exact ground state energy of the system. Thus, lower the upper bound of energy,

better is the approximate wave function. Considering a normalized trial wave

function |φ〉 which depends on certain parameters, one can vary these parameters

until the expectation value reaches a minimum. Consequently, this minimum

value is then the variational estimate of the exact ground state energy. It is

called Ritz variational principle.

1.3.1.3 The self-consistent field theory

Separability approximation is one of most popular approximation for quantum

chemists. It is assumed that each vibrational states ψ is a product separable of
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single mode wave functions φi,

ψ(Q1, Q2.....Qn) =
n
∏

i

φi(Qi). (1.19)

This set φi are the one particle wave function or modals. The best one particle

wave function can be found variationally. This leads to the self consistent field

approximation [16]. It was first introduced by Hartree and later improved by

Fock [17] and Slater [18] for many electron system. Much later, Carney et al. [19]

and Bowman and co-workers [20] developed the SCF method for the molecular

vibrations.

In a typical analytic solution of SCF method the product separable trial wave

functions of Eq. (1.19) can be written as

ψt =
∏

k

φ0
k(Qk), (1.20)

The Watson Hamiltonian is rewritten as

H =
∑

k

hk(qk) +
∑

k,l

V2(qkql) +
∑

k,l,m

V3(qkqlqm) + ...

=
∑

k

hk(qk) + V . (1.21)

Here V is the anharmonic potential approximate upto desired level such as cubic

or quartic etc. The trial energy as

Et =
〈ψt|H|ψt〉
〈ψt|ψt〉

=
∑

k

〈φ0
k|hk|φ0

k〉 +
∑

k,m

〈φ0
kφ

0
m|V2|φ0

mφ
0
k〉 + .... (1.22)
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This equation is to be minimized subject to the constraints of orthonormality

〈φβ
k |φα

k 〉 = δαβ . (1.23)

To incorporate these, one uses the constrained functional

E = Et −
∑

k,α,β

λk
αβ(〈φβ

k |φα
k 〉 − δαβ) (1.24)

such that λk
αβ are to be determined to satisfy the constraints. Now minimizing

this functional with respect to φ0
l and equating to zero we have,

hlφ
0
l +

∑

m

〈φ0
m|V2|φ0

m〉φ0
l +

∑

k,m

〈φ0
kφ

0
m|V3|ψ0

mφ
0
k〉φ0

l + .....−
∑

β

λl
αβφ

β
l = 0. (1.25)

Now define the operators fl such that

〈φα
l |fl|φβ

l 〉 = 〈φα
l |hk|φβ

l 〉 + 〈φα
l |
[

∑

m

〈φ0
m|V2|φ0

m〉
]

|φβ
l 〉 + ... (1.26)

From Eq. (1.25) and (1.26), we have

flφ
0
l =

∑

β

λl
αβφ

β
l . (1.27)

Now choose φα
l as eigenfunctions of the fl

flφ
α
l = ǫαl φ

α
l . (1.28)

This equation satisfies the constraints and the variational equation (1.25).

Thus for SCF calculation, one needs to start the calculation from some ap-

proximate form of the wave functions and φα
l Eq. 1.28 is solved. So, we have a set

of improved wave functions which are then used to calculate the averaged poten-

tial and the computational cycle is performed again. This iteration procedure is
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continued until the new improved set of wave functions do not differ significantly

from the wave function at the start cycle.

1.3.1.4 The configurational interaction method

In quantum mechanics, the best possible calculation that can be done within the

choice of basis set is the full configurational interaction method [2–5, 21] which

is in principle variational in nature. It considers every possible contribution of

complete set of functions. Consequently, full CI with an infinite basis set is an

exact solution of the time independent Schrödinger equation. The exact many

particle wave function |ψ0〉 for any state of a system can be expressed as

|ψ0〉 = C0|φ0〉 +
∑

a,p

Cp
a |φp

0〉 +
∑

a<b,
p<q

Cpq
ab |φ

pq
ab〉 +

∑

a<b<c,
p<q<r

Cpqr
abc |φ

pqr
abc〉 + .... (1.29)

Here, |φ0〉 is hartree product states, a, b etc. are occupied orbitals and p, q etc. are

virtual orbitals in the Hartree reference wave function. The second term in the

right hand side includes all the possible single particle excitations, the third term

includes all possible double excitations, etc. Thus, the infinite set of N -particle

Hartree product states are the complete set for the expansion of any N -particle

wave function. The exact energies of the ground and excited states of the system

are eigenvalues of the Hamiltonian matrix formed from the complete set of |φ〉.
The general matrix eigenvalue equation for CI isHc = ce (1.30)

where c is the coefficient vector and e is the eigenvalue matrix. Hij is the Hamil-

tonian matrices and can be written asHij = 〈φi|H|φj〉, (1.31)
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Unfortunately, the solution of the full CI for many particle system can not

be implemented in practice. Because, the number of possible configurational

functions with the proper symmetry increases rapidly with the increase of number

of particles (N) and number of basis functions (B). The number of configurational

functions turns out to be roughly proportional to BN . Consequently, for infinite

basis set, these configurations are also infinite which is practically impossible to

solve as one can not handle infinite basis sets. Thus, full CI calculation with large

basis set are usually carried out only for small molecular systems. For medium

sized molecule, Full CI is not possible and we need limited CI where only few

configuration functions are considered. Unfortunately, this practically feasible

limited CI approach is not always size-consistant. To use limited CI, one must be

careful to decide the types of configuration functions that need to be considered

and which are likely to make the largest contribution to ψ.

1.3.1.5 The coupled cluster theory

Presently, the coupled cluster method [22, 23] is the most popular ab initio ap-

proach which is size-consistent but not variational. The CC method introduces

the cluster operator T , with the equation,

ψ = eTφ0, (1.32)

where ψ is the exact ground state many particle wave function and φ0 is the nor-

malized HF wave function. The operator eT is defined by Taylor series expansion

eT = 1 + T +
T 2

2!
+
T 3

3!
+ ..... =

∞
∑

k=0

T k

k!
(1.33)

and the cluster operator T is

T = T1 + T2 + T3 + ....... + Tn (1.34)
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where n is the the number of particle in the system. The effect of T on φ0 is

to create a linear combination of Staler determinant that includes all the singly,

doubly ..... upto n-tuply from φ0 i.e. all possible excitations of particle from

occupied to virtual orbitals. Thus eTφ0 gives exact ψ like full CI. The one particle

(T1) and two particles (T2) excitation operators are defined as

T1φ0 =
∑

a,p

tpaφ
p
a,

T2φ0 =
∑

a,b,p,q

tpq
abφ

pq
ab,

where φp
a and φpq

ab are the singly and doubly excited slater determinants and tpa

and tpq
ab are the corresponding single and double excitation amplitude, respectively.

Note that, no operator beyond Tn appears as φ0 has all particles in n occupied

orbitals. The excitation amplitudes are determined by solving CC equations.

Once these amplitudes are found, the wave function ψ in Eq. (1.32) can be

calculated. Substituting it in the Schrödinger equation [Eq. (1.1b) ] we have

HeT |φ〉 = EeT |φ0〉. (1.35)

Multiplying it by e−T in both side we have,

e−THeT |φ〉 = E|φ0〉, (1.36a)

H̄|φ〉 = E|φ0〉, (1.36b)

where H̄ = e−THeT . Now we can write the conditions for the ground state 〈φ0|
and any other state 〈φm| as

〈φ0|H̄|φ0〉 = E, (1.37a)

〈φm|H̄|φ0〉 = 0. (1.37b)
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Depending on the approximation in the cluster operator (T ) one can truncate the

CC method in different levels of theory, such as coupled cluster doubles (CCD) for

T = T2, coupled cluster singles and doubles (CCSD) for T = T1 + T2 or coupled

cluster singles, doubles and triple (CCSDT) for T = T1 + T2 + T3 and so on.

1.3.2 Approximations for the density matrices

There are several semiclassical and quantum mechanical methods available for

the density matrices. We discuss some of them in this section.

1.3.2.1 Miller’s semiclassical approach

Semiclassical approach is an important tool which requires classical trajectories

to describe essentially all types of quantum effects in molecular systems. An

approximate semiclassical methodology was developed by Miller and co-workers

[24, 25] to evaluate the density matrix at finite temperatures. In this approach

the density matrix is written as

e−βH = (2π~)−1

∫

dx0

∫

dp0D(x0, p0)×
e−S(x0,p0)/~|x~β, ip~β〉〈x0, ip0|, (1.38)

where the |x0, p0〉 is a standard HO coherent state centred at the (x0p0) in the

phase space. Its coordinate space representation is

|x0, p0〉 =
(γ

π

)
1

4

exp
[

− γ

2
(x− x0)

2 +
i

2
p0(x− x0)

]

, (1.39)

S is the action along the temperature (imaginary) axis.

S(x0, p0) =

∫

~β

0

[

1

2
mẋ(τ)2 + V (x(τ))

]

dτ, (1.40)
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and the prefactor D is given by

D(x0, p0) = 2−1/2

[

~γ
∂x~β

∂p0
+

1

~γ

∂p~β

∂x0
− ∂x~β

∂x0
− ∂p~β

∂p0

]1/2

. (1.41)

Miller and cowrkers used this approach to calculate finite temperatute expectation

values for a one-dimensional symmetric quartic oscillator and average position of

symmetric oscillator.

1.3.2.2 The path integral based approaches

Path integral (PI) approach for quantum mechanics was developed by Feynman

[6]. It expresses the propagator matrix elements 〈x′|exp(−iHt/~)|x〉 as the sum

over all paths from x to x′ in time t, weighted by a phase factor exp(iS/~) where

S is the classical action defined as

S =

∫ x′

x

p dx, (1.42)

integrated from initial point to a final point. Here p is the momentum and x

is the coordinate of a system or particle. Here the path means a sequence of

(xn, tn) with the fixed endpoints. Each path completely determines the velocity

ẋ at all times. Feynman himself noted the similarity between the propagator

(e−iHt) and the desity operator (e−βH) and suggested that one might extend the

time variable on to the imaginary axis to obtain the density matrix by the PI

technology. Improvements of Feynman PI method are mainly of two categories.

The formulation of quantum statistical mechanics based on the path centroid

density [26–28] and the ring polymer molecular dynamics (RPMD) [29].

In the path centroid density approach the centroid is the imaginary time

average of a particular closed Feynman path x(t). Here t is the imaginary time
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variable, and

x0 =
1

~β

∫

~β

0

dt x(t). (1.43)

The centroid density is defined as

ρc(xc) =

∫

....

∫

Dx(t)δ(xc − x0)exp(−S[x(t)]/~) (1.44)

and the quantum partition function is obtained for all possible values of the

centroid

Z =

∫

dxc ρc(xc). (1.45)

In RPMD, it is recongnized that the quantum mechanical PI partition func-

tion and the classical partition function of a fictitious ring-polymer are isomor-

phous. As a result of this isomorphism, the canonical partition function can be

calculated exactly as,

Z = Ltn→α Zn, (1.46)

where

Zn =
1

(2π~)n

∫

dp

∫

dx e−βnHn(p,x). (1.47)

Here, βn = β/n and Hn(p, x) is the classical Hamiltonian of a ring polymer.

Hn(p, x) =
n
∑

j=1

p2
j

2m
+

m

2β2
n~2

n
∑

j=1

(xj − xj−1)
2 +

n
∑

j=1

V (xj). (1.48)

The thermal averages 〈A〉β are calculated anlogously from

〈A〉 =
1

Z
Tr.[e−βHA] (1.49)
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which also can be calculated within the isomorphism as 〈A〉 = Ltn→∞〈A〉n, where

〈A〉n =
1

(2π~)nZn

∫

dp

∫

dx e−βnHn(p,x)An(x) (1.50)

with

An(x) =
1

n

n
∑

j=1

A(xj). (1.51)

1.3.2.3 The Bloch equation based approaches

There is a basic similarity in the mathematical structure of the Bloch equation

(Eq. (1.5)) and the time dependent Schrödinger equation (Eq. (1.1a)). A one-to-

one mapping is possible between them by replacing the time variable in the wave

function of the time dependent Schrödinger equation with the temperature vari-

able into density matrix to reach Bloch equation. Given this mapping, gaussian

wave packet (GWP) propagation apporoach that is popular in the time depen-

dent quantum mechanics [30] has been used to solve the Bloch equation. Metiu

and co-workers [31], Singer et al. [32], Mandelshtam and co-workers [33] and Pol-

lak and co-workers [34] computed the thermal equilibrium density matrices by

using the GWP approach. The equilibrium density matrices of quantum many

body theory are expressed as a linear superposition of displaced gaussians, and,

each gaussian is propagated independently in imaginary time β, starting from the

limit β = 0. In all these cases, the Bloch equation leads to ordinary differential

equations for the parameters of the gaussian. In this approach one has to solve

Bloch equation as an initial value problem

d

dt
|xn,t〉 = −H|x0

n(t)〉; |x0(t = 0)〉 = |x0
n〉 (1.52)
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using the ansatz

|xn(t)〉 = exp
[

γ(t) − 1

2

{

x− xn(t)
}T
G(t)

{

x− xn(t)
}

]

(1.53)

Franstsuzov and Mandelshtam used a variant of the action variational principle

to obtain equations of motion for the paramaters in the gaussian. This involves

the minimization of the Lagrangian xn(t) and G(t)

L =

〈

xn(t)

∣

∣

∣

∣

d

dt
+H

∣

∣

∣

∣

xn(t)

〉

. (1.54)

From the solutions, the density matrix is reconstructed as

ρ =
∑

n

pn|xn(t)〉〈xn(t)| (1.55)

with respect to the parameters. The weight factors pn are determined at t =

0, when ρ is equal to the identity matrix. These are not varied as variational

parameters.

Metiu and co-workers [31] developed a method using variational GWP to solve

the Bloch equation by explicit propagation of the density matrix in imaginary

time. They applied it for two different methods, the local harmonic approximation

method and minimun error method.

Militzer and Pollock [35] have used McLachlan like variational principle [36]

to determine the equations of motion as

I(ρ̇) = Tr(ρ̇+Hρ)2 (1.56)

as a functional of ρ̇ ≡ ∂ρ/∂β with fixed ρ. I(ρ̇) = 0, gives the exact density

matrix. The variation gives

Tr[δρ̇(ρ̇+Hρ)] = 0 (1.57)
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from which the working equations for the parameters in the ansatz for ρ are

derived and applied it for a particle in external field. They too have expanded ρ

as a superposition of gaussians (Eq. (1.53)).

The main disadvantage of all these approaches is the specification of the ini-

tial conditions. At β = 0, the density matrix becomes the identity operator.

Consequently, one needs a large number of gaussian to represent it. In addition,

the width of these gaussian goes to zero asymptotically as β → 0. Representing

this conditions are difficult. A few approaches have been taken to overcome this

problem, but their implications are poorly understood.

1.3.2.4 The variational approaches

The Feynman variational principle based on the Gibbs-Bogoluibov inequality [6]

is a variational approach which gives the upper bound of the exact free energy

without calculating the partition function explicitly. If A is the exact Helmholtz

free energy of the a system described by the Hamiltonian H , then

A ≤ A0 + 〈H −H0〉, (1.58)

where

A = − 1

β
ln

[

Tr exp(−βH)

]

, (1.59)

and A0 is the Helmholtz free energy corresponding to model system described by

H0. Minimization of the Eq. (1.58) with respect to the parameters in H0 one

gets the corresponding equations for the parameters.

This variational principle was used by Spridonov et al. with an effective har-

monic oscillator model Hamiltonian to calculate the thermal averages for a cou-

pled oscillators with polynomial anharmonicity in terms of normal coordinates

{Q}. Cao and Voth [37] developed a similar approximation for the calculation of
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partition functions.

1.3.2.5 Thermal cluster cumulant approach

A nonperturbative cluster-cumulant method for deriving thermal averages of op-

erator in quantum many body system is derived by Mukherjee and co-workers [38].

This approach is similar to theormofield dynamics They introduced a thermal vac-

uum |0〉β and defined a thermal normal ordering of the operators such that the

thermal average of the normally ordered operator is zero. Using this definition

they prove the associated Wick’s theorem. The ket part of the thermal density

matrix is posited to be

|β〉 = {exp(S1 +X1)}|0β〉, (1.60)

where the {...} indicates thermally normal ordered product. S and X represent

external and closed operator respectively. The partition function is obtained from

Z = eX0 (1.61)

where X0 is the C number component of X.

1.3.2.6 Other approaches

In recent years, a few developments using separable ansatz have been reported

for the calculation of quantum and statistical properties of molecules. Njegic and

Gordon [39] explored the possibilities for the calculations of partition functions

by VSCF method with a second order perturbation theory correction. They

calculated the anharmonic vibrational frequencies by fundamental excitations

from the ground state using VSCF method and second order perturbation theory

correction. That excitation energy νi is then substituted in the HO partition
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function equation

Zvib = Πi=1[1 − exp(νi/kBT )]−1 (1.62)

Barone [40] calculated the partition function and the thermodynamic proper-

ties with anharmonic correction by a perturbative treatment. He calculated the

fundamental frequency as

νi = wi + 2fi +
1

2

∑

j 6=i

fij (1.63)

and from that thermodynamic properties are calculated. Here fi and fij are the

anharmonic constants obtained for perturbation theory. The zero point energy

(ZPE) is calculated as

ZPE = f0 +
1

2

∑

i

(

wi +
1

2
fii +

∑

j<i

1

2
fij

)

. (1.64)

The expansion for the harmonic partition function is then used

Zvib =
e−ZPE/KT

Πi[1 − exp(νi/kBT )]
. (1.65)

Hensen et al. [41] used the VSCF theory to calculate vibrational partition

function and the thermal effect of molecular properties. They introduced two

different approximations, virtual VSCF (v-VSCF) and state specific VSCF (ss-

VSCF). If a given VSCF state is optimized within a given primitive basis set, a

complete set of virtual states are also obtained. The eigenvalues associated with

such virtual states can be treated as approximate vibrational energies from which

the vibrational partition function can be calculated including all possible states
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within the one-mode basis set.

Zvib =
∑

n

exp

[−EV SCF
i +

∑M
m=1 ∆ǫMn

kBT

]

(1.66)

Here, EV SCF
i is ground state energy for mode i and ∆ǫMn is the excitation energy

within the one-mode basis set. This is the virtual VSCF (v-VSCF) method.

The state specific VSCF (ss-VSCF) method was constructed as explicit sum over

states where each state is optimized in a separate VSCF calculation. They showed

that the v-VSCF method is less CPU time demanding than ss-VSCF method. At

higher temperatures, the former one is less accurate than the latter. On the other

hand, with the increase in temperature the CPU time for the ss-VSCF method

increases rapidly.

A few of the early attempts in this area are the finite temperature Green

function methods and perturbation theory [42–44], imaginary time convolution

method [45, 46] and few others [47–50].

1.4 The goals of the present work

As the foregoing discussions, most of the approaches available for the calculation

of the thermal density matrices are semiclassical in nature and not fully quantum

mechanical. The few applications that have been made within quantum mechan-

ical frameworks are based on the EHO approximation. The HO approximation

suffers from two limitations. The HO density matrix is symmetric around the

local minimum of the potential that defines it. Consequently, it can not describe

a system governed by a asymptotic potential properly. It moves the centroid to-

wards the softer side of the potential to describe the assymmetry induced by the

potential. Second, it can not provide a proper description for systems described

by multiple well potentials since the HO density matrix has only one local mini-

mum. It is thus desirable to go beyond the EHO ansatz. This is the primary goal
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of the present work. We explore the utility of a more general separable ansatz

for the vibrational density matrix. We write

ρ = Πk ρke
−βE0, (1.67)

where each ρk is the density matrix for one vibrational mode and given by

ρk = e−βhk . (1.68)

The mathematical framework for such a description is still provided by the Feyn-

man variational principle based on the Gibbs-Bogoluibov inequality (FGB). The

resulting equation for the parameters that define various hk look similar to the

quantum mechanical self-consistent field approximation except that the quantum

mechanical averages are replaced by the corresponding thermal averages. This

part of the work is presented in chapter 2. We then assess the utility of this ther-

mal SCF approach for calculating various thermal averages to asses the reliability

of the numerical predictions by these approximations. We compare the SCF re-

sults against numerically converged full CI calculation for various thermodynamic

properties and thermal averages. We then use it to calculate the equilibrium con-

stants of two model reactions. We also compare the results against EHO to

understand the degree of improvement as one moves from EHO to thermal SCF.

The FGB variational principle is specifically tailored to minimize the error in

the free energy of the system. Since it involves the trace of the density matrix it

is a global property of the density matrix. As a consequence density matrices ob-

tained from the FGB may not describe the probabilities at all points in space

with uniform accuracy. There are occasions however, where we need a density

matrix in some selected region of space with high accuracy. One example of this

type is the density matrix for a potential representing a repulsive barrier near the

origin and asymptotically flat. The diagonal part of the density matrix should
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have a local minima where the potential has a local maxima. A blind application

of the FGB principle with the EHO ansatz gives the frequency of the EHO equal

to zero instead of a imaginary number corresponding to a parabolic barrier. Thus

a different prescription is required to handle systems of this type. We describe the

development of a new variation principle in chapter 3, that has the potential to

handle such cases. This approach minimizes the mean square difference between

the temperature derivatives of the exact and model density matrices similar to

the McLachlan type variational principle of time dependent quantum mechanics.

We compare the performance of this approach with the FGB results to assess the

relative merits of both the approaches in the EHO and SCF framworks.

One of the conclusions that has come up from our numerical studies is that the

EHO approximation is quite good and deviates from the SCF approximation very

little. This brings up the question, whether the EHO is equally capable of describ-

ing individual molecular eigenstates, particularly the highly excited eigenstates.

The density matrices contain the excited states with relatively small statistical

factors. The individual quantum states, on the other hand, may not be amenable

to a description by an EHO potential. To answer this question we study the va-

lidity of the EHO approximation for the calculations of the individual molecular

states in chapter 4. It turned out that all most all the states upto 2 quanta of

energy are very well described by the EHO approximation.



Chapter 2

A Thermal Self-consistent Field

Theory for the Calculation of

Molecular Vibrational Partition

Functions

2.1 Introduction

All thermodynamic properties of molecular systems are derived from the canonical

partition functions. The input required for such a calculation is the set of molec-

ular energy levels. The calculation of the energy levels is normally carried out

by invoking a series of approximations. In the first step, the Born-Oppenheimer

approximation is invoked that separates the electronic and the nuclear motion.

Given the large energy difference between different electronic states, only the

ground electronic state is considered for further calculations. The potential en-

ergy surface associated with this state is used to calculate the ro-vibrational

energy levels. For large molecules, the rotational and vibrational degrees of free-

dom are nearly decoupled, since the Coriolis coupling coefficients depend inversely

26
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on the moments of inertia. The rotational partition function is available in the

analytical form for the resulting rigid rotor problem. The remaining vibrational

problem is often solved in harmonic approximation, where analytical solution to

the partition function is available in terms of the normal mode frequencies.

While the harmonic approximation provides a reasonable description of the

thermal properties at low temperatures, the anharmonic effects must be in-

cluded at elevated temperatures. Though the absolute magnitudes of such an-

harmonic effects are small for at least semi-rigid molecules, they are expected

to be significant for energy differences that determine, for example, the equilib-

rium constants and rate constants. Several approaches have been discussed in

literature to incorporate the anharmonic effects in the partition function calcula-

tions [25, 31–34,39–41,47–52].

Recent advances in electronic structure theory have made it possible to obtain

anharmonic potential energy surfaces upto fourth power of normal mode displace-

ments [53–55]. With this development, several authors have attempted to assess

the reliability of using ab initio quartic force fields for the calculation of thermal

properties [39–41, 51]. Solution of the vibrational Schrödinger equation for the

molecular anharmonic vibrational energy levels is a formidable task. It requires

the construction and subsequent diagonalization of the Hamiltonian matrix in a

suitable basis for its eigenvalues. The size of the basis in such calculations scales

exponentially with the number of degrees of freedom. This basis set bottleneck

provides the motivation for exploring alternative methods and approximations for

the calculation of the vibrational energy levels or the partition function directly.

One such method which received considerable attention is the vibrational self

consistent field (VSCF) approximation [19, 20]. It has been used successfully for

interpreting molecular vibrational spectra [56]. Recently Njegic and Gordon [39]

and Hensen and co-workers [41] have used the VSCF approximation to evaluate

molecular thermodynamic properties. The primary advantage of this method is

that, it scales linearly with the number of degrees of freedom and thus avoids
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the basis set bottleneck inherent in the vibrational configurational interaction

(VCI) method for the calculation of the energy levels. However, the sum over

states required for the evaluation of partition function still remains. To avoid

that, Hensen et al. [41] considered a further approximation, termed the virtual

VSCF (v-VSCF), in which the virtual modal energies in a single VSCF calculation

are used to estimate the excited state energy levels. Similarly, Njegic and Gor-

don [39] derived the anharmonicity corrected vibrational frequencies from VSCF

calculations and used the harmonic oscillator (HO) expression for the partition

function. In this work, we explore an alternative separable ansatz to the ther-

mal density matrix and use the Feynman variational principle [6] based on the

Gibbs-Bogoliubov inequality to obtain the working equation for its calculation.

The resulting theory resembles the VSCF procedure with the replacement of the

quantum mechanical averages with their thermal counterparts. For that reason

it is called the thermal self consistent field theory (t-SCF). The computational

effort in this approach is similar to a single VSCF calculation at a given temper-

ature. However, no further approximation is invoked in terms of the anharmonic

frequencies or the excited modals energies. The formal aspects of the theory are

presented in Sec. 2.2.1.

A special case of such t-SCF theory is the effective harmonic oscillator (EHO)

theory developed by Spiridonov and co-workers [57] for quartic force fields. Voth

and co-workers [37] have developed a similar procedure to handle arbitrary po-

tentials from a different perspective and discussed possible ways to go beyond it.

In the EHO approximation, the thermal modals are further approximated to be

HO eigenstates. Since thermodynamic properties are dominated by the ground

state, and, the higher excited states that are significantly influenced by the an-

harmonicity contribute little to the thermal density matrix due to the Boltzmann

factors, it might be expected that the EHO theory should perform as well as the

t-SCF theory. We compare the performance of EHO against the t-SCF results.

The essential features of the EHO theory are summarized in Sec. 2.2.2.
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Numerical studies using these two approaches are presented in Sec. 2.2, where

we compare various thermodynamic properties obtained by those two approxi-

mate theories against converged basis set calculation for two model triatomic sys-

tem H2O and F2O. A second set of calculations for the equilibrium constants of

a cis-trans isomerization reaction and an isotopic exchange reaction based on

several ab initio potential energy surfaces are also presented in this section and

compared with the available experimental and other theoretical data. The last

section summarizes our conclusions.

2.2 Theory

The t-SCF approximation described in this section is based on the mean field

theory. In this theory, the complex many body potential in the Hamiltonian

is replaced by a sum of single particle potentials. The single particle potential

corresponding to each degree of freedom is taken to be the average potential felt

by that particle in an ensemble. Such mean field theories have a long history

in statistical physics and have been used to describe a variety of phenomena

earlier [58]. However, they have not been applied molecular vibrational problem

to date.

2.2.1 The thermal SCF theory

The starting point for our derivation of the t-SCF theory is the variational prin-

ciple based on the Gibbs-Bogoluibov inequality [6, 59],

A ≤ A0 + 〈H −H0〉. (2.1)
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Here A is the exact Helmholtz free energy of the vibrational system described by

the Hamiltonian H ,

A = − 1

β
ln

[

Tr exp(−βH)

]

, (2.2)

and A0 is the Helmholtz free energy corresponding to model system described by

H0, defined similarly. The Watson Hamiltonian [10] for the molecular vibrational

system is given by

H =
1

2

N
∑

i=1

P 2
i − ~

2

8

∑

µαα +
1

2

∑

αβ

µαβπαπβ + V (Q), (2.3)

in mass weighted normal co-ordinate representation. Here, the first term is the

kinetic energy (KE) term and the second one is the so called Watson mass term.

µαβ are the components of the inverse effective moment of inertia tensor at a

given point on the potential energy surface (PES). πα is the αth component of

the vibrational angular momentum and the last term is the potential energy. In

the spirit of the independent particle model, we posit the model Hamiltonian H0

as

H0 =
∑

k

hk, (2.4)

where each hk is an effective single particle Hamiltonian given by

hk = −1

2
P 2

k + Uk(Qk). (2.5)

The coefficients appearing in Uk in Eq. (2.5) are the variational parameters and

have to be determined by minimizing the right hand side of the inequality in Eq.

(2.1). Thus we require

δ
[

− 1

β
ln
{

Tr exp (−βH0)
}

+ 〈H −H0〉
]

= 0. (2.6)
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Thus Eq. (2.1) can be written as

A ≤ − 1

β
ln(Tr e−βH0) +

Tr (H −H0)e
−βH0

Tr e−βH0

(2.7)

and as δA = 0 and δH0 =
∑

k δhk, we can expand this equation as

Tr δhk e
−βH0

Tr e−βH0

− Tr δhk e
−βH0

Tr e−βH0

+
Tr(H −H0)(−βδhk)e

−βH0

Tr e−βH0

−Tr(−βδhk)e
−βH0 Tr(H −H0)e

−βH0

Tr e−βH0 Tr e−βH0

= 0. (2.8)

Cancelling the common terms we have

Tr(H −H0)δhk e
−βH0

Tr e−βH0

− Tr δhk e
−βhk Tr(H −H0)e

−βH0

Tr e−βhk Tr e−βH0

= 0. (2.9)

Rearranging this

Tr

{

e−βH0(H −H0)

[

δhk −
Tr δhk e

−βhk

e−βhk

]}

= 0. (2.10)

As the second term in the square bracket is a number, we can rewrite this equation

after carrying out the trace on all degrees of freedom l except k

Tr δhkhk e
−βhk

Tr e−βhk

− Tr δhk e
−βhkTrl 6=k H e−

P

l6=k
βhl

Tr e−βhk

. (2.11)

Rewriting this we have

Tr δhk

[

hk −
Trl 6=k H e−β

P

l6=k
hl

Trl 6=ke
−β

P

l6=k
hl

]

e−βhk = 0 (2.12)

and hence we have

hk =
[

Trl 6=k H exp (−β
∑

l 6=k

hl)
]/[

Trl 6=k exp (−β
∑

l 6=k

hl)
]

. (2.13)



2.2. Theory 32

This leads to the final result

Uk(Qk) =
[

Trl 6=k V exp (−β
∑

l 6=k

hl)
]/[

Trl 6=k exp (−β
∑

l 6=k

hl)
]

. (2.14)

We now specify the approximations used in our studies presented below. Since we

expect to use this approach for large molecules, we ignore the Coriolis interaction

terms as they depend inversely on the moment of inertia. Second, we approximate

the anharmonic PES V (Q) by a quartic force field

V (Q) =
∑

i

fiiQ
2
i +

∑

i≤j≤k

fijkQiQjQk +
∑

i≤j≤k≤l

fijklQiQjQkQl . (2.15)

This approximation is motivated by the observation that several ab initio elec-

tronic structure programs, such as the Gaussian 03 suite [60] and GAMESS [61],

provide quartic force fields. As a consequence of this approximation, the single

particle effective potentials take the form

Uk(Qk) = u
(1)
k Qk + u

(2)
k Q2

k + u
(3)
k Q3

k + u
(4)
k Q4

k. (2.16)

The working equations for the parameters u
(n)
k are obtained from Eq. (2.14).

u
(1)
k =

∑

j<i6=k

fkji〈Qj〉β〈Qi〉β +
∑

j 6=k

fkjj〈Q2
j〉β +

∑

j<i<l 6=k

fkjil〈Qj〉β〈Qi〉β〈Ql〉β

+
∑

j 6=i6=k

fkjji〈Q2
j〉β〈Qi〉β +

∑

j 6=k

fkjjj〈Q3
j〉β, (2.17)

u
(2)
k = fkk +

∑

j 6=k

fkkj〈Qj〉β +
∑

j 6=k

fkkjj〈Q2
j〉β +

∑

j 6=i6=k

fkkji〈Qj〉β〈Qi〉β, (2.18)

u
(3)
k = fkkk +

∑

j 6=k

fkkkj〈Qj〉β, (2.19)
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u
(4)
k = fkkkk. (2.20)

Here the thermal averages values 〈Ql〉β etc are defined as

〈Qn
l 〉β =

Tr Qn
l exp (−βhl)

Tr exp (−βhl)
. (2.21)

Note that Eqs. (2.16-2.21) are essentially the quantum mechanical VSCF equa-

tion generalized to finite temperature. Once the single particle effective potentials

are constructed, the eigenfunctions and eigenvalues of the single particle Hamil-

tonians hk are obtained,

hkφ
(k)
n = ε(k)

n φ(k)
n . (2.22)

The eigenfunctions φ
(k)
n are the thermal analogues of the modals obtained in the

VSCF theory. In practice, the thermal modals are expanded in a suitable HO

basis

Φ(k)
n =

∑

m

χ(k)
m Cmn. (2.23)

With this substitution, Eq. (2.23) is converted into a matrix eigenvalue problem,

and is solved by the usual numerical procedures.

The thermal modals are then used to construct the thermal density matrices

associated with each normal mode.

ρk = exp(−βhk)

=
∑

n

|φ(k)
n 〉 exp(−βε(k)

n ) 〈φ(k)
n |. (2.24)

The thermal traces required in Eq. (2.14) are evaluated using these density
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matrices. Thus the thermal trace in Eq. (2.21) is explicitly given by

〈Qn
l 〉 =

[

∑

m

〈φ(l)
m |Qn

l |φ(l)
m 〉 exp(−βε(l)

m )
]/[

∑

m

exp(−βε(l)
m )
]

(2.25)

Finally, the overall thermal density matrix and the free energy are given by

ρ =
∏

k

ρk exp
[

− β〈V − V0〉
]

(2.26)

A = − 1

β
ln
[

Tr exp(−βH0)
]

+ 〈V − V0〉. (2.27)

Thus, the t-SCF procedure consists of the following steps. We start with a set

of guess modals and the associated A. We then calculate the new Uk by Eqs.

(2.16-2.21) and obtain the associated modals (2.22) and free energy (2.27). The

process is iterated until either the free energy or the thermal density matrix is

converged.

2.2.2 The thermal EHO theory

We now briefly summarize the EHO theory as developed by Spirinov and co-

workers [57] and Voth and co-workers [37]. This is a special case of the t-SCF

theory in that the effective potentials defining the single particle Hamiltonians

hk are restricted to quadratic terms.

Uk =
1

2
wk(Qk −Q0

k)
2 (2.28)
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Because the single particle Hamiltonians are HO Hamiltonians, the associated

single particle thermal density matrices are available in analytical form

ρk(Q,Q
′) =

√

mwk

2π~sinh(~βwk)
×

exp

[

− mwk

2~sinh(~βwk)

[

(

x2 + x′
2)
cosh(~βwk) − 2xx′

]

]

,(2.29)

where x = (Qk − Q0
k) and x′ = (Q′

k − Q′0
k). The mass (m) is unity in the mass

weighted normal co-ordinate representation. From now on we use atomic units in

which ~ is one. The variational parameters in this case are the EHO frequencies

wk and the displacements Q0
k. Explicit equation for these parameters have been

derived earlier [57] for triatomic molecules. More generally for any polyatomic

molecule, these are given by

Q0
k = − 1

2 fkk

[

∑

j≤i

fkji gkji Q
0
iQ

0
j +

∑

j≤i≤l

fkjil gkjilQ
0
iQ

0
jQ

0
l +

∑

j

fkjjgkj
1

2wjtanh(βwj/2)
+
∑

j 6=i

fkjjigkji
Q0

i

2wjtanh(βwj/2)

]

,(2.30)

w2
k = 2

[

fkk +
∑

j

fkkj gkj Q
0
j +

∑

j<i

fkkji gkji Q
0
jQ

0
i +

fkkkk
3

wktanh(βwk/2)
+

∑

j 6=k

fkkjj gkj
β

2wjtanh(βwj/2)

]

. (2.31)

The factors gij etc., are the combitorial factors that arise when the terms that are

averaged over, are picked out of the product of the operators. Once again, these

equations are the thermal generalizations of the Hartree approximation used in

the quantum mechanical EHO description of molecular vibrations [62, 63]. The

overall thermal density matrix and the free energy still satisfy Eq. (2.26) and Eq.

(2.27) respectively.
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One limitation of the EHO theory as discussed here is that, it assumes that

the effective single particle potentials Uk, have a single minimum. As discussed

by Voth and co-workers [37], the approach can be generalized for multiple minima

in Uk by writing the density matrix as a superposition of gaussians, each centered

around one local minimum. In addition, in the presence of such multiple minima,

Eq. (2.31) may breakdown in the high temperature limit, as the barrier region is

sampled to the extent that the effective force constant becomes negative. Note

that this problem does not arise in the case of t-SCF theory, since the full Uk

is utilized in the construction of the thermal modals. The higher order terms

in Uk, specifically the quartic term is expected to cover the problems of local

negative curvatures and multiple minima, though it would require either a large

basis if a single centre expansion is used or a multi centre expansion for a proper

description of the modals.

2.3 Numerical studies

Two sets of calculations were carried out to assess the reliability of the t-SCF

and EHO approaches for the calculation of thermal properties. In the first step,

two small molecules, H2O and F2O are studied. For these systems with three

degrees of freedom, it is possible to obtain numerically converged values for all

thermodynamic properties and thus it provides a rigorous benchmark for the two

approximate theories discussed in the previous section. In the second study, the

equilibrium constant of a cis-trans isomerization of 1,2-difluroethylene and the

isotopic substitution reaction of monohydrated chloride are calculated. We com-

pare the thermodynamic quantities ∆H0 and ∆S0 obtained from this calculations

against the experimental results to assess the ability of the present day electronic

structure calculations to predict experimental results.
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2.3.1 Triatomics

We have used the ‘exact’ potential energy surface of Mills and co-workers [64]

for water and the surface of Stanton et al. [65] for F2O for our calculations.

For benchmarking the t-SCF and EHO results, we have carried out a full vibra-

tional configurational interaction (FVCI) calculation on this surface, and, used

the resultant eigenvalues and eigenfunctions to calculate numerically converged

thermodynamic properties. We present in Fig. 2.1, ∆A vs. temperature, where

∆A = [AFV CI(T ) −AFV CI(T = 0)] − [Aa(T ) −Aa(T = 0)] (2.32)

for the three approximation schemes t-SCF, EHO and harmonic approximation

to the partition function. The upper and lower panels in the figure display the

data for the water and F2O molecule respectively. Here A(T = 0) is the zero point

energy of the system. The error in the three approaches increases in the sequence

t-SCF < EHO << HO. The t-SCF and EHO approaches are within 5% of the

exact results, whereas the harmonic approximation is off by as much as ∼20%.

Obviously both t-SCF and EHO approximations recover most of the effects of the

anharmonic terms in the Hamiltonian on the free energy. The variation of internal

energy (∆U) and entropy (∆S) against temperature is presented in Fig. 2.2 and

Fig. 2.3, respectively. Again the t-SCF approximation is within 5% of the FVCI

values. The EHO is close behind it. There is a curious trend noticeable here and

in the other systems we have studied. It appears that the two variational theories

(t-SCF and EHO) provide lower bounds on the entropy and internal energy such

that the Helmholtz free energy itself is bounded from above as required by the

variational condition. This would imply that the variational theories provide a

tighter bound on U than on the product TS. We are not aware of any proof of

this statement however.
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Fig. 2.1. Variation of the error (∆A = [AFV CI(T )−AFV CI(T = 0)]− [Aa(T )−
Aa(T = 0)]) in the free energy against the temperature for the three approx-

imation methods, t-SCF (black), EHO (red) and HO (blue). Inset is the

converged free energy, AFV CI = AFV CI(T ) − AFV CI(T = 0). Upper and lower

panel correspond to H2O and F2O respectively.
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Fig. 2.2. Variation of the error (∆U = [UFV CI(T )−UFV CI(T = 0)]− [Ua(T )−
Ua(T = 0)]) in the internal energy against the temperature for the three

approximation methods, t-SCF (black), EHO (red) and HO (blue). Inset

is the converged free energy, UFV CI = UFV CI(T ) − UFV CI(T = 0). Upper and

lower panel correspond to H2O and F2O respectively.
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Fig. 2.3. Variation of the error (∆S = [SFV CI(T )−SFV CI(T = 0)]− [Sa(T )−
Sa(T = 0)]) in the entropy against the temperature for the three approx-

imation methods, t-SCF (black), EHO (red) and HO (blue). Inset is the

converged free energy, SFV CI = SFV CI(T ) − SFV CI(T = 0). Upper and lower

panel correspond to H2O and F2O respectively.
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We next turn to the calculation of expectation values of other physical quan-

tities. In Fig. 2.4 we present ∆ < Q1 >=< Q1 >FV CI − < Q1 >a. Due to

symmetry < Q1 >HO is zero, and hence is not shown here. The variation of

< Q1 > with temperature is very well reproduced by both t-SCF and EHO. The

t-SCF is clearly superior to the EHO description over the entire temperature

range considered for both the molecules. The expectation values of Q for mode 2

are presented in Fig. 2.5 where the same trend is noticed. The third mode does

not belong to totally symmetric representation and hence its expectation values

are always zero.

In Fig. 2.6, we present ∆ < Q2
1 > against temperature. Again the t-SCF

results are in good agreement with FVCI and EHO approximation has a slightly

higher error. Both these approaches provide a significant improvement over the

HO approximation. Similarly, in Fig. 3.7 and Fig. 3.8, we present the ∆ < Q2
2 >

and ∆ < Q2
3 > against temperature for the second and third mode, respectively.

Once again the same agreement are noticed for all the cases.

2.3.2 Equilibrium constants

The calculations presented in this section have two goals. The first of them is to

explore the importance of anharmonic effects on the thermodynamic properties

of chemical equilibria and the ability of the separable approximations to estimate

them quantitatively. The second goal is to investigate the ability of the presently

available ab initio methods in reproducing the experimental data. We have cho-

sen two simple reactions, the cis-trans isomerization of 1,2-diflouroethylene and

isotopic substitution reaction Cl(H2O)−+D2O ⇋ Cl(D2O)−+H2O for our study.

2.3.2.1 Cis-trans isomerization of 1,2-diflouroethylene

Craig and Entanmenn [66] measured the equilibrium constant for the first reac-

tion in the temperature range of 477 K to 762 K and extracted ∆H0 and ∆S0



2.3. Numerical studies 42

of the reaction using van’t Hoff equation. Currently, several electronic structure

programs [60, 61] can calculate anharmonic force fields. We have used the Gaus-

sian 03 package [60], where a quartic force field in normal coordinate is generated

using Barone’s algorithm [53]. We have used two different methods and four

different basis sets for the electronic structure calculation.
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Fig. 2.4. Variation of the error (∆〈Q1〉 = 〈Q1〉FV CI − ∆〈Q1〉a) in the ex-

pectation values of Q for mode 1 against the temperature for the two ap-

proximation methods, t-SCF (black) and EHO (red). Inset is the converged

expectation value 〈Q1〉FV CI for mode 1. Upper and lower panel correspond

to H2O and F2O respectively.
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Fig. 2.5. Variation of the error (∆〈Q2〉 = 〈Q2〉FV CI − ∆〈Q2〉a) in the ex-

pectation values of Q for mode 2 against the temperature for the two ap-

proximation methods, t-SCF (black) and EHO (red). Inset is the converged

expectation value 〈Q2〉FV CI for mode 2. Upper and lower panel correspond

to H2O and F2O respectively.
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Fig. 2.6. Variation of the error (∆〈Q2
1〉 = 〈Q2

1〉FV CI − ∆〈Q2
1〉a) in the ex-

pectation values of Q2 for mode 1 against the temperature for the three

approximation methods, t-SCF (black), EHO (red) and HO (blue). Inset

is the converged expectation value 〈Q2
1〉FV CI for mode 1. Upper and lower

panel correspond to H2O and F2O respectively.
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Fig. 2.7. Variation of the error (∆〈Q2
2〉 = 〈Q2

2〉FV CI − ∆〈Q2
2〉a) in the ex-

pectation values of Q2 for mode 2 against the temperature for the three

approximation methods, t-SCF (black), EHO (red) and HO (blue). Inset

is the converged expectation value 〈Q2
2〉FV CI for mode 2. Upper and lower

panel correspond to H2O and F2O respectively.
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Fig. 2.8. Variation of the error (∆〈Q2
3〉 = 〈Q2

3〉FV CI − ∆〈Q2
3〉a) in the ex-

pectation values of Q for mode 3 against the temperature for the two ap-

proximation methods, t-SCF (black) and EHO (red) and HO (blue). Inset

is the converged expectation value 〈Q2
2〉FV CI for mode 3. Upper and lower

panel correspond to H2O and F2O respectively.
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Table 2.1: Enthalpy of isomerization for the cis-trans isomerization of
1,2-difluroethylene (cal/mol). Columns A, B, C and D represent the
PES generated with the basis sets 6-31+g*, 6-311++g**, aug-cc-pVDZ
and aug-cc-pVTZ respectively

B3LYP MP2

A B C D A B C D

HO 488.3 713.4 852.8 892.2 359.6 802.2 962.8 1135.5
EHO 500.6 723.0 867.0 897.3 369.2 808.2 985.4 1132.8
t-SCF 504.2 726.6 870.5 901.5 372.2 811.3 988.6 1136.8
Exp* 928

* Ref. [66]

The DFT based methods, Becke three-parameter hybrid (B3) functional along

with Lee-Yang-Parr (LYP) [67] correction and the second order Möller-Plesset

perturbation theory (MP2) [15] with the aug-cc-pVDZ and aug-cc-pVTZ basis

sets of Dunning [68] and 6-31+g* and 6-311++g** of Pople [69] were used. Ge-

ometries of the two molecules were optimized tightly and the ultrafine keyword

was used in the DFT calculations following the recommendation of Barone [40].

Two sets of t-SCF calculations were made with 8 and 12 basis functions per

mode to verify that the t-SCF results are converged with respect to basis set.

The results of the 12 basis set calculation are presented here.

The equilibrium constants were calculated from the free energy over the tem-

perature range of 470-760 K corresponding to the experimental conditions and

the average enthalpy and entropy of the reaction were extracted using van’t Hoff

equation. The enthalpy values for the reaction are presented in Table 2.1. As can

be seen, the enthalpy values from the DFT based potential energy surfaces un-

derestimate the enthalpy of the reaction. The best result being the t-SCF result

on the potential energy surface generated by B3LYP method with aug-cc-pVTZ

basis. The error in this case is ∼ 3%. The anharmonic effects in this case ap-

pear to be small, about 9 cal/mol. The MP2 results are more erratic with the
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Table 2.2: Entropy of isomerization for the cis-trans isomerization of
1,2-difluroethylene (cal/K. mol). Columns A, B, C and D represent
the PES generated with the basis sets 6-31+g*, 6-311++g**, aug-cc-
pVDZ and aug-cc-pVTZ respectively

B3LYP MP2

A B C D A B C D

HO 0.061 0.103 0.071 0.086 0.022 0.066 0.077 0.085
EHO 0.171 0.206 0.191 0.132 0.193 0.185 0.237 0.188
t-SCF 0.176 0.211 0.195 0.138 0.195 0.188 0.239 0.194
Exp* 0.134

* Ref. [66]

enthalpy values being underestimated by Pople basis sets and overestimated by

the Dunning basis sets. The major source of the error in this case is in the elec-

tronic energy by the MP2 method. For example, the electronic energy difference

between the two isomers is 1218 cal/mol by the MP2 method with aug-cc-pVTZ

basis, while it is 981 cal/mol by the B3LYP method. The vibrational contribution

to the ∆H0 including zero point energy correction is -81 cal/mol and -80 cal/mol

by the MP2 and B3LYP methods respectively at the t-SCF level.

The entropy values by the different approaches are presented in the Table

2.2. Unlike the reaction enthalpy, the entropy is completely determined by the

ro-vibrational part of the Hamiltonian. Here again we find that the B3LYP gen-

erated potential energy surfaces fare better than the MP2 generated surfaces,

with the EHO and t-SCF approximation falling within 3% of the experimental

value. The entropy values are far more sensitive to the anharmonic effects than

the enthalpy. The harmonic approximation to the entropy is off by about 30%

from the experimental value. The entropy values on the MP2 generated surfaces

have significant errors. While the harmonic approximation gives almost the same

number for both the B3LYP and MP2 surfaces, both EHO and t-SCF approx-

imations of the MP2 surfaces overestimate from the reaction entropy by more

than 50%.
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While the results presented here indicate that the DFT based approach gives

thermodynamic properties closer to the experiment for this system, we believe it

is more of an accident. There is not adequate computational evidence to suggest

that the B3LYP approximation is better than the MP2 at this point and we would

not like to put too much weight on this agreement.

2.3.2.2 An isotopic substitution reaction

As a second test, we have calculated equilibrium constant (Keq) for the isotopic

substitution reaction of monohydrated chloride ion by t-SCF method and com-

pared the value with experimental and other available theoretical approaches.

This involves the calculation of the differences in free energies and thus should

be provided some insight into the cancellation of errors in such calculations. For

a reaction like

Cl(H2O)− +D2O ⇋ Cl(D2O)− +H2O

strong hydrogen bonds between water and anions play a key role in solvation.

The interactions are complex in nature due to the presence of soft vibrational

modes. Thus, investigation of this system ought to be a good testing ground. The

potential energy surfaces are generated by DFT based functional mPW1PW [70]

method in conjunction with aug-cc-pVTZ basis set of Dunning [68] and using

tight convergence with ultrafine numerical integration grid using Gaussian 03

package [60], similar to Ref. [51]. We have assumed that rotational and vibrational

motions are decoupled and calculated the partition functions in this separable

approximation. In Table 2.3, we present the equilibrium constant values at 298K

by the present method and compare with the PI approach of Truhlar and co-

workers [51] in the SCF approximation. As can be seen, all three theoretical

values are identical to the second significant figure. This excellent agreement

indicates that, the t-SCF method is as reliable as the PI method.
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Table 2.3: The equilibrium constant for the reaction Cl(H2O)− +D2O ⇋

Cl(D2O)− +H2O by different methods at 298K.

PIa t-SCF Expb

Keq 0.945 0.937 0.76
a Ref. [51],
b Ref. [71].

2.3.3 Computational considerations

We next turn to the scaling of the computational resources needed for t-SCF the-

ory. The CPU timing depends upon two parameters: number of basis functions

(B) per mode and number of normal modes (N). The SCF Hamiltonian matrix

construction goes as B2N and matrix diagonalization goes to B3N. The calcula-

tion of < V −V0 >, the first order correction to the free energy which involves four

mode summation for quartic terms, goes as O(N4). As a result, though the SCF

calculation is linearly dependent on N, the calculation for free energy or enthalpy

goes to O(N4) which cuts down the run time significantly compared to a full CI

calculation. For FVCI, the Hamiltonian matrix calculation and diagonalization

is of the order of B3N .

To appreciate the scaling with respect to the number of vibrational modes, we

have taken the force field from the Gaussian 03 [60] package using B3LYP method

with 6-31G* basis of Pople [69] and calculated the thermodynamic properties A

and U for several molecules in the temperature range of 0-1000 K in steps of 10

K. In all the calculations, the harmonic oscillator basis of the EHO was used for

the t-SCF calculation with 8 basis functions per mode. The calculations were

carried out on a Linux box (Intel 2.2 GHz Core2Duo CPU). Table 2.4 shows the

variation of CPU timings with the increasing number of the vibrational degrees

of freedom. As mentioned earlier, the < V −V0 > terms require upto four nested

DO loops due to quartic potential, and the CPU timings go upto N4 for both the
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Table 2.4: CPU timings for the calculation of thermodyamic proper-
ties of the vibrational subsystems by the t-SCF method for several
molecules (in second).

Molecule No. of modes t-SCF

Water 3 0.06
Formaldehyde 6 0.14
Trans-Diflouroethelene 12 0.46
Cyclobutene 18 1.24
Chlorobenzene 30 4.3
Napthalene 48 17.7
Anthracene 66 70.6
Tetracene 84 326

t-SCF and EHO. As can be seen, the CPU requirements by the t-SCF theory are

quite modest.

2.4 Conclusions

In this chapter, we have derived the t-SCF method for the calculation of vibra-

tional partition functions and thermal averages of molecular properties. We have

also presented numerical results to indicate the accuracy of the method and its

scaling with the size of the system. The method posits a separable ansatz for the

thermal density matrix. The effective Hamiltonians that define the single particle

density matrices are determined by the variational principle emanating from the

Gibbs-Bogoluibov inequality. As a consequence, the free energy obtained from

t-SCF theory is an upper bound to the exact free energy.

This formal property of the t-SCF theory is of immense practical implications.

Experimentally one often measures the differences in the free energies, for exam-

ple, in the determination of equilibrium constants. Having errors of the same sign

in the computed free energies would imply that the errors would cancel at least

partially rather than add up when the difference is taken. Since the differences
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in energies are expected to be small, this cancellation implies that the percentage

of error in the differences is also reasonably small.

Since the t-SCF theory is based on a separable ansatz, the computational

resources required for its implementation, scale almost linearly with the number

of degrees of freedom. Indeed as we noted earlier, except for the calculation for

the first order correction to the free energy, all the other steps scale linearly with

the number of degrees of freedom. The first order correction term scales as N4

for a quartic force field. However, it can be brought down to the order of N2 if

the quartic terms in the potential energy surface are restricted to semi-diagonal

form, though the validity of this approximation is not known.

We have compared the performance of the t-SCF theory against converged

FVCI results for water and F2O on realistic potential energy surfaces. The t-

SCF theory provides thermodynamic state functions and other thermal averages

within a maximum error of about 5%.

Given that the t-SCF theory is capable of reproducing thermal averages with

reasonable accuracy, we next used it to obtain the thermodynamic properties of

two simple reaction with currently available ab initio potential energy surfaces.

We found that the t-SCF theory can provide quantitative predictions for the

thermodynamic state functions associated with the equilibria. Second, B3LYP

method with aug-cc-pVTZ quality basis provides a good estimate of ∆H0 and

∆S0 of this reaction. On the other hand, the MP2 approximation gave erratic

results for both reaction enthalpy and entropy. This result is probably fortu-

itous and additional studies are required to confirm this trend. The mPW1PW

functional has not however provided such a good potential energy surface for the

second reaction.



Chapter 3

Development of a New

Variational Approach for

Thermal Density Matrices

3.1 Introduction

Variational methods have a preeminent position in the calculation of thermal

density matrices because of their ability to provide bounds to the free energy of

the system [6]. Most of the variational method used to date are based on the

Feynman variational principle [6] inherent in the Gibbs-Bogoluibov inequality

(FGB) [59]

A ≤ A0 + 〈H −H0〉. (3.1)

From an experimental perspective, one often observes differences in free energy

rather than the absolute quantities. Since the error in a calculation using the FGB

is always negative, the errors tend to cancel out to some extent when one calcu-

lates the differences. This is the main advantage of the FGB. This approach has

been used recently by several authors to calculate the density matrices and other

53
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properties in the effective harmonic oscillator and self-consistent field approxi-

mation based on the independent particle model [37, 57]. Since the free energy

is a global property, optimization of it does not always produce the associated

density matrix with uniform accuracy over the entire configurational space. This

is the essential limitation of the FGB variational principle.

There have been several attempts [31,35] in the recent past to develop methods

for the calculation of the density matrix through the Bloch equation,

∂ρ

∂β
+Hρ = 0. (3.2)

Here β is the inverse temperature 1/kBT . The density matrix is represented

as superposition of gaussian wave packets (GWP). Frantsuzov et al. [31] have

invoked the least action variational principle to determine the equations of motion

for the parameters of the gaussians. On the other hand, Militzer and Pollock [35]

have used McLachlan like variational principle [36] to determine the equations

of motion. These approaches require numerical integration of the differential

equations inherent in Eq. (3.2) to obtain the parameters of the gaussians from

some starting temperature (T ), typically T = ∞.

The goal of the present work is to develop a McLachlan type variational

principle [36] for the thermal density matrix that is free of numerical integration

of ordinary diffrential equations for the parameters. In the process, we arrive at

a variational principle that is based on the minimization of the error in ρ̇ rather

than the free energy. By choosing a suitable anzatz for the density matrix, it is

possible to derive a variational principle for the density matrix directly without

going through the free energy route. Such a variational procedure is discussed in

Sec. 3.2. We explore the reliability and the efficiency of the variational principle

within the framework of a separable approximation to the density matrix in Sec.

3.3. Sec. 3.4 contains a few concluding remarks.
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3.2 The variational principle

3.2.1 Preliminary remarks

We begin our analysis with the quantity,

I(ρ̇) = Tr[ρ̇+Hρ]2, (3.3)

as a functional of ρ̇ = ∂ρ/∂β. When ρ̇ satisfies the Bloch equation,

ρ̇ = −Hρ, (3.4)

I(ρ̇) = 0. Since I is a positive definite functional, one can minimize it with

respect to ρ̇ to obtain the best possible solution for ρ. This gives us

Tr[δρ̇ (ρ̇+Hρ)] = 0. (3.5)

Upto this extent we have followed the route of the McLachlan variational principle

[36]. At this point we posit the ansatz

ρ = e−βH0 , (3.6)

for the density matrix. H0 is the Hamiltonian of the model system that mimics

the original system. The parameters in H0 are chosen to provide the best possible

description. It follows

ρ̇ = −H0 ρ, (3.7)

and, to first order,

δρ̇ = −δH0 ρ. (3.8)
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Substituting Eq. (3.7) and (3.8) in to Eq. (3.5) and dividing with Tr ρρ, we

arrive at
Tr[δH0 ρ(H −H0)ρ]

Tr ρρ
= 0. (3.9)

Eq. (3.9) is the working equation for determining ρ by the present approach.

Note that, in the limit H → H0, the density matrix would be exact.

Eq. (3.9) is not manifestly hermitian. Consequently, in an approximate cal-

culation, ρ may not turn out to be hermitian. Eq. (3.4) and (3.7) can be written

as

ρ̇ = −1

2
(Hρ+ ρH) (3.10)

and

ρ̇ = −1

2
(H0ρ+ ρH0) (3.11)

respectively. Similarly

δρ̇ = −1

2
(δH0ρ+ ρδH0). (3.12)

Thus Eq. (3.5) becomes

Tr[δH0ρ+ ρδH0][(H −H0)ρ+ ρ(H −H0)] = 0. (3.13)

From this we arrive at the symmetric form of Eq. (3.9).

Tr δH0[2ρ(H −H0)ρ+ (H −H0)ρρ+ ρρ(H −H0)]

Tr ρρ
= 0. (3.14)

Eq. (3.9) and Eq. (3.14) consist of a set of non-linear equations for the parameters

appearing in the model HamiltonianH0. This equation must be solved iteratively,

from a set of guess values for the parameters in H0. Note that, these equations

are algebric equations unlike the differential equations that appear in Ref. [31]

and [35].
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3.2.2 General separable ansatz for ρ

We now turn to the parametrization of the model Hamiltonian H0. As essential

requirement for defining H0 is that, it should be possible to construct the as-

sociated density matrix easily. One such model Hamiltonian is the independent

particle model Hamiltonian.

H0 =
∑

k

hk + E0, (3.15)

where each hk is an effective single particle Hamiltonian,

hk = Tk + Uk(Qk). (3.16)

Here Tk is the kinetic energy of the kth particle and Uk(Qk) is the corresponding

potential energy term as a function of coordinate Qk. As a consequence, the

density matrix assumes the multiplicatively separable form

ρ =
∏

k

ρk exp[−βE0], (3.17)

where the effective single particle density matrix ρk is defined as

ρk = exp[−βhk]. (3.18)

Given the ansatz for H0 and ρ, the working Eqs. (3.9) and (3.14) give identical

results and yield

Uk(Qk) =
Trl 6=k V exp (−2β

∑

l 6=k hl)

Trl 6=k exp (−2β
∑

l 6=k hl)
. (3.19)

The algorithm for the calculation of the density matrix consists of the following

steps. Starting from an initial set of single particle Hamiltonians and the associ-

ated eigenstates for each degree of freedom, one constructs Uk from Eq. (3.19).
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Given Uk, one solves the eigenvalue problem,

hkφ
k
n = εk

nφ
k
n. (3.20)

From these, ρk is obtained as,

ρk(β) =
∑

n

|φk
n〉 exp(−βεk

n) 〈φk
n|. (3.21)

The steps are iterated until the density matrix or some other associated property

such as free energy converges. Note that the procedure is similar to the thermal

self-consistent field theory [72] from FGB variational principle described with

previous chapter. The primary difference between the two approaches is the

weighing factor used to average the many body interaction in Eq. (3.19). In the

present approach the statistical factor is ρ(2β) whereas in the FGB approach it

is ρ(β).

3.2.3 Effective harmonic oscillator

In the last chapter, we have shown how the EHO approximation for thermal

ansatz [72] worked well for vibrational systems. In this section we again test the

reliability of the EHO approximation by the present method using the ansatz

stated for thermal density matrix. As stated earlier, EHO is a special case of

the VSCF theory where the effective potentials that define the single particle

Hamiltonians hk are restricted to quadratic terms,

Uk =
1

2
wk(Qk −Q0

k)
2. (3.22)

Here the single particle Hamiltonians are HO Hamiltonians and associated single

particle thermal density matrices are available the in analytical form as stated

ealier in Eq. (2.29). The variational parameters for this particular case are once
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again the displacements Q0
k and the frequencies wk. The working equations for

our new variational principle are derived using equation Eq. (3.14). The general

form of the equation for Q0
k and wk are given by

Q0
k = − 1

2 fkk

[

∑

j≤i

fkji gkji Q
0
iQ

0
j +

∑

j≤i≤l

fkjil gkjilQ
0
iQ

0
jQ

0
l

+
∑

j

fkjj gkj
1

2wjtanh(βwj)
+
∑

j 6=i

fkjji gkji
Q0

i

2wjtanh(βwj)

]

(3.23)

w2
k = 2fkk + 2

∑

j

fkkj gkj Q
0
j + 2

∑

j<i

fkkji gkji Q
0
jQ

0
i

+5fkkkk
1

wktanh(βwk)

[

3 − 1.2 tanh2(βwk)

3 − tanh2(βwk)

]

+
∑

j 6=k

fkkjj gkj
1

wjtanh(βwj)
(3.24)

gij etc. are the combitorial factors. Those arise when the averaged over terms

are picked out of the product of the operators. The overall optimized thermal

density matrix still satisfies Eq. (3.17).

3.3 Numerical studies

To assess the reliability of the new variational principle described above, we have

implimented it for calculating thermal properties of a multidimensional anhar-

monic oscillators representing the vibrations of two polyatomic molecule F2O and

H2O. The anharmonic potential energy surfaces are taken from the Ref. [64,65].

It is of the form

V (Q) =
∑

i

fiiQ
2
i +

∑

i≤j≤k

fijkQiQjQk +
∑

i≤j≤k≤l

fijklQiQjQkQl . (3.25)
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As a consequence of this, the single particle effective potentials by the separable

ansatz corresponding to Eq. 3.19,

Uk(Qk) = u
(1)
k Qk + u

(2)
k Q2

k + u
(3)
k Q3

k + u
(4)
k Q4

k. (3.26)

The working equations for the parameters u
(n)
k obtained from Eq. (3.15) and

(3.16) are

u
(1)
k =

∑

j<i6=k

fkji〈Qj〉2β〈Qi〉2β +
∑

j 6=k

fkjj〈Q2
j〉2β +

∑

j<i<l 6=k

fkjil〈Qj〉2β〈Qi〉2β〈Ql〉2β

+
∑

j 6=i6=k

fkjji〈Q2
j〉2β〈Qi〉2β +

∑

j 6=k

fkjjj〈Q3
j〉2β, (3.27)

u
(2)
k = fkk +

∑

j 6=k

fkkj〈Qj〉2β +
∑

j 6=k

fkkjj〈Q2
j〉2β +

∑

j 6=i6=k

fkkji〈Qj〉2β〈Qi〉2β, (3.28)

u
(3)
k = fkkk +

∑

j 6=k

fkkkj〈Qj〉2β, (3.29)

u
(4)
k = fkkkk. (3.30)

Note that, Eqs. (3.27-3.30) are essentially the quantum mechanical vibrational

self-consistent field (VSCF) equation generalized to finite temperature. In these

equations, 〈Qn
l 〉2β are the thermal averages at 2β

〈Qn
l 〉2β =

Tr Qn
l exp (−2βhl)

Tr exp (−2βhl)
. (3.31)

After constructing the single particle effective potentials, the eigenfunctions and

eigenvalues of the single particle Hamiltonians hk are obtained. The eigenfunc-
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tions φk
n are expanded in a suitable HO basis of the form of

φk
n =

∑

m

χk
mCmn. (3.32)

With this substitution, Eq. (3.20) is converted into a matrix eigenvalue problem

which can be solved by the usual numerical methods.

Once the thermal modals φk
n are obtained, they are used to construct the

thermal density matrices associated with each normal mode (Eq. (3.21)), and the

thermal traces required in Eq. (3.31) are evaluated using these density matrices.

Thus, Eq. (3.31) is explicitly given by

〈Qn
l 〉2β =

∑

m〈φl
m|Qn

l |φl
m〉 exp(−2βεl

m)
∑

m exp(−2βεl
m)

. (3.33)

The working equations for the EHO model are presented in Eq. (3.23, 3.24).

3.3.1 Triatomics

To test the accuracy of the present approach, we have carried out converged full

vibrational configurational interaction (FVCI) calculation to obtain the numeri-

cally converged properties. In the Fig. 3.1, we plot free energy, A−A(0) (where

A(0) is the free energy at T = 0) of F2O (upper panel) and H2O (lower panel)

against temperature by the present method (SCF and EHO), FGB (SCF and

EHO) and FVCI. As can be seen, the free energy by the present method resem-

bles with FGB to a good extent, and it is difficult to distinguish them throughout

the temperature range considered. At very high temperature it gives marginally

higher value than the FGB approach. Note that, the FGB approximation specif-

ically minimizes the free energy, whereas the present formalism optimizes the

derivatives of the density matrix. The present results are very close behind the

FVCI results, and the error is less than 2%-3% even at 1000K. In Fig. 4.2 and

4.3 we present the internal energy (U − U(0)) and entropy (S − S(0)) against
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temperature. Again the present approach produces results very similar to the

FGB based approach. The error in U and S with respect to the FVCI is less than

3% at 1000K.
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Fig. 4.1. Free energy (A - A(0)) against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.2. Internal energy (U - U(0)) against the temperature (T) by

present method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red)

and FVCI (black). Upper and lower panel correspond to F2O and H2O

respectively
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Fig. 4.3. Entropy (S - S(0)) against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.4. Thermal averagre of Q1 against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.5. Thermal averagre of Q2 against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.6. Thermal averagre of Q2
1 against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.7. Thermal averagre of Q2
2 against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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Fig. 4.8. Thermal averagre of Q2
3 against the temperature (T) by present

method (EHO: magenta, SCF: blue ), FGB (EHO: green, SCF: red) and

FVCI (black). Upper and lower panel correspond to F2O and H2O respec-

tively
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We next turn to the calculation of the thermal averages of other non ther-

modynamic quantities. We plot the thermal average of displacement of the first

vibrational mode as a function of temperature in Fig. 4.4. The present formal-

ism consistently underestimates the thermal averages < Q1 >. The same trend

is noticed for < Q2 > plotted in Fig. 4.5. In Fig. 4.6, we present < Q2
1 >

against temperature. The agreement with FGB is better in this case. In Fig. 4.7

and Fig. 4.8 < Q2
2 > and < Q2

3 > are plotted against temperature, respectively.

Once again the thermal avarages of < Q2 > for mode 2 and 3 give better agree-

ment with FGB. The quality of EHO results by the new variational principle is

noticeably bad compared to the SCF results.

3.3.2 Equilibrium constants

We have calculated equilibrium constant (Keq) using the present formalism for

the SCF approach for the reaction

Cl(H2O)− +D2O ⇋ Cl(D2O)− +H2O

by the new variational principle. The equilibrium constant turns out to be 0.934

against the FGB of 0.937. It thus appears that the present approach can estimate

the differences in the free energies as well as the FGB aproach.

3.3.3 Computational efficiency

We next explore the computational efficiency of the new approach against the

FGB approach. As stated earlier, the new formalism is constructed such a way

that it uses a statistical factor of ρ(2β) for the calculation of the temperature

dependent effective single particle potential, whereas, FGB uses ρ(β). Conse-

quently, we expect the calculation based on the new formalism converge rapidly

than FGB for each target temperature. One simple parameter that reflects this
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convergence is the number of SCF iterations for both the methods. In Fig. 3.9,

we present the number of iterations at a given temperature for formic acid dimer

(FAD). It is a floppy molecule which ought to give good insight for our purpose.

The quartic potential energy surface for FAD is calculated by Gaussian 03 pack-

age [60] in DFT based B3LYP [67] method with the aug-cc-pVTZ basis set of

Dunning [68] using tight convergence and ultrafine numerical integration grids.

As can be seen the present formalism takes far fewer number of iterations than

FGB and consequently it is significantly faster than FGB. Thus within the ac-

ceptable accuracy level this new variational principle can be used for very large

molecules and molecules with soft vibrations.
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Fig. 3.9. Number of SCF iterations to converge the thermal modals

against the temperature (T) for present method (blue) and FGB (red).

3.4 Conclusions

In this paper we have developed a new variational method for the thermal den-

sity matrices inspired by the McLachlan variational principle of time dependent

quantum mechanics. The approach minimizes the trace of the mean square of the
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difference between the derivatives of the exact and model density matrices with

respect to the parameters in the model Hamiltonian. As a consequence of the

minimization of the mean squar error, the effective potentials that determine the

thermal modals in the independent particle model for the density matrix are con-

structed as the thermal averages of the many body potential at 2β. The final

density matrix is constructed at β however.

We have tested the validity of the new formalism to calculate the thermody-

namic functions and thermal averages of Q and Q2 and compared it with the well

established FGB variational principle on two model systems. All the thermody-

namic state functions such as free energy, internal energy and entropy calculated

by the present approach gives almost identical results with FGB. The thermal

averages of Q and Q2 consistently underestimated.

Since the present theory is applied on a separable ansatz, the computational

resources required for it scales almost linearly with the number of degrees of

freedom. We have found that the present approach requires far fewer number of

iterations to converge compared to the FGB approach.



Chapter 4

Effective Harmonic Oscillator

Description of Anharmonic

Molecular Vibrations

4.1 Introduction

The work presented in this chapter grew out of our observation that the effective

harmonic oscillator (EHO) approach gives results nearly as good as the SCF ap-

proximation. This brought forth the question whether the EHO can describe the

individual molecular eigenstates equally well? This question is relevant because

the density matrix is dominated by the ground state due to the Boltzman factor.

So, the error in the excited state energies and wave functions may not be that

important for its calculation. This work was carried out to answer this question.

Several methods have been developed to solve the Schrödinger equation for an-

harmonic molecular vibrations. Prominent among them is the vibrational self

consistent field (VSCF) approach [19, 20, 73]. Recently Gerber and co-workers

described a procedure to accelerate the correlation corrected VSCF calculations

for large molecules [74, 75]. Bowman and co-workers have developed three pro-

73
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grams for carrying out such VSCF calculations [76–78]. Most of these earlier

works do not incorporate the Coriolis coupling terms in the self consistent field

(SCF) procedure. Carter et al. [77] and more recently Rauhut [79] discussed the

possibilities of including the Coriolis coupling in the SCF procedure itself.

The VSCF approximation is based on a separable ansatz. The N-mode trial

wave function is parameterized as

Ψ(q1, q2.....qn) =
∏

i

Φi
ni

(qi) (4.1)

where the one mode wave functions Φi
ni

are called modals. In a typical calculation,

each of the modal is expanded in a basis as

Φi
n =

∑

m

χi
mCmn (4.2)

The basis functions are usually orthogonal harmonic oscillator (HO) eigenfunc-

tions. These functions are normally centered at the equilibrium point of the po-

tential and the widths of the HO eigenfunction are chosen to match the zeroeth

order frequencies of the potential [80, 81].

As a secondary goal, we assess the importance of the Coriolis coupling at the

level of SCF procedure itself for non-rotating states.

The VSCF equations in the presence of Coriolis coupling are presented in

Section 4.2 and the construction of variationally optimized harmonic oscillator

basis (VOHB) is presented in Section 4.3. After a brief discussion of the program

in Section 4.4 some illustrative results are presented in Section 4.5. Section 4.6

summarizes our conclusions.
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4.2 The VSCF theory including Coriolis cou-

pling

In mass weighted normal coordinate representations, the Watson Hamiltonian [10]

for a non-rotating (J = 0) molecule is

H =
1

2

N
∑

i=1

P 2
i − ~

2

8

∑

µαα +
1

2

∑

αβ

µαβπαπβ + V (Q). (4.3)

Here, the first term is the pure vibrational kinetic energy term. The second one

is the so called Watson mass term. The indices α and β refer to the x, y and z

components of Cartesian coordinates, and µαβ are the components of the inverse

effective moment of inertia tensor at a given point on the potential energy surface

(PES). πα is the αth component of the vibrational angular momentum and is given

by

πα =
∑

i>j

ξα
ij (QiPi −QjPj) , (4.4)

where ξα
ij are the Coriolis coupling constants. Two approximations are made in

defining the parameters of the Hamiltonian (4.3) in our calculations. First, the

potential is taken to be a quartic polynomial in Qi,

V (Q) =
∑

i

fiiQ
2
i +

∑

i≤j≤k

fijkQiQjQk +
∑

i≤j≤k≤l

fijklQiQjQkQl . (4.5)

Second, following the earlier works [80, 82], the moment of inertia is taken to be

a constant. As stated earlier, a Hartree product of single-mode wave functions is

taken as VSCF variational ansatz. Minimization of the total energy with respect

to the modal functions Φi
ni

(Qi) of Eq.(4.1) gives the working equations. The
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general form of these equations for mode i is

(hvscf
i − ε(i)

ni
) Φi

ni
(Qi) = 0 , (4.6)

where the hvscf
i is given by

hvscf
i = − 1

2mi

(

d2

dQ2
i

)

+

4
∑

n = 1

u
(n)
i Qn

i + u0 . (4.7)

Here the effective mass mi is given by the equation

m−1
i =

[

1 + 2
∑

j

ζjiji〈Q2
j〉 + 2

∑

j≤k

ζjiki〈Qj〉〈Qk〉
]

, (4.8)

and the ζ matrix is defined as

ζijkl =
∑

α

ξα
ij I

−1
αα ξα

kl, (4.9)

where Iαα are the moments of inertia along the principle axes of the molecule and

ξij are the coupling parameters that define the vibrational angular momentum.

Note that the effective mass in Eq.(4.8) appears due to Coriolis coupling. Since

the Coriolis coupling term is a product of both position and momentum operators

[cf., Eqs.(4.3, 4.4)], its partial averages lead to an effective kinetic energy oper-

ator and an additional quadratic potential term to the SCF Hamiltonian. The

additional kinetic energy operator manifests itself in the form of an effective mass

term in the SCF Hamiltonian. This effective mass goes to unity in the absence

of Coriolis coupling. The coefficients u
(n)
i are the coefficients of Qn

i in the SCF

potential,

uo =
1

2

∑

i,j

ζijji, (4.10)
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u
(1)
i =

∑

j<k

fijk〈Qj〉〈Qk〉 +
∑

j

fijj〈Q2
j〉 +

∑

j<k<l

fijkl〈Qj〉〈Qk〉〈Ql〉

+
∑

j 6=k

fijjk〈Q2
j〉〈Qk〉 +

∑

j

fijjj〈Q3
j〉 +

∑

j,k

ζijkj〈P 2
j 〉〈Qk〉, (4.11)

u
(2)
i = fii +

∑

i6=j

fiij〈Qj〉 +
∑

j

fiijj〈Q2
j〉 +

∑

j<k

fiijk〈Qj〉〈Qk〉 +
∑

j

ζijij〈P 2
j 〉,(4.12)

u
(3)
i = fiii +

∑

j

fiiij〈Qj〉, (4.13)

u
(4)
i = fiiii. (4.14)

Since the expectation values 〈Qn
i 〉 and hence the SCF Hamiltonian in Eq.(4.6-

4.14), depend on the modal functions Φi
n, these equations have to be solved

iteratively until self consistency is reached.

4.3 Variationally optimized effective harmonic

oscillator approximation

We next turn to the variational formulation of the effective harmonic oscillator

(EHO). Note that the EHO approximation is a special case of the VSCF ap-

proximation. The ansatz in this case is a harmonic oscillator eigenfunction. As

mentioned earlier, the modal wave functions Φi are expanded in terms of orthog-

onal HO eigenfunctions [cf., Eq.(4.2)] and the convergence of Eq.(4.2) depends

upon the choice of χi
n. Such HO eigenfunctions are characterized by two pa-

rameters, the centroid of the function (Q0) and the width parameter (w) of the

functions,
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χi
n(Q) = hn

[√
mw (Q−Q0)

]

exp
[

mw(Q−Q0)
2
/2
]

. (4.15)

It is possible to adjust these two parameters such that the expansion of Φi
n is

significantly dominated by the single function χi
n. One way of achieving this is

to determine χi
n variationally. To this end we posit a trial wave function for the

N-mode system as in Eq.(4.1), but write Φi
n as

Φi
n = χi

n. (4.16)

The working equation for Q0
i and wi are obtained by minimizing the resulting

expectation value of the Hamiltonian with respect to Q0
i and wi. The resulting

equation for Q0
i is

Q0
i = − 1

2 fii

[

∑

j

fijj gij (2nj + 1)
/

2wj +
∑

j 6=k

fijjk gijk (2nj + 1) Q0
k

/

2wj

+
∑

i<k

fijk gijk Q
0
kQ

0
j +

∑

j 6=k 6=l

fijkl gijklQ
0
kQ

0
jQ

0
l

+
∑

ijk

ζijkj (2nj + 1) Q0
k wj

]

, (4.17)
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and the equation for the corresponding frequency is

miwi = 2
1

2

[

fii +
∑

j

fiij gij Q
0
j +

∑

j<k

fijjk gijk Q
0
jQ

0
ki

+ fiiii gijk
(6n2

i + 6ni + 3)

(2ni + 1) miwi

+
∑

j 6=i

fiijj gij
(2nj + 1)

mjwj

+
1

2

∑

j

ζijij (2nj + 1)
(m2

jw
2
j −m2

iw
2
i )

mjwj

−
∑

jiki

ζjiki Q
0
jQ

0
k (miwi)

2

]
1

2

, (4.18)

where

mi
−1 = 1 + 2

∑

jiki

ζjiki Q
0
jQ

0
k +

∑

ijij

ζijij
(2nj + 1)

mjwj

. (4.19)

Here ni is the occupation number of the ith mode and gij etc. are the com-

binatorial factors associated with the expansion of the potential around Q0
i as

before. These equations are the generalization of the Hartree approximation

used by several earlier authors to describe the ground state of an anharmonic

oscillator [62, 83, 84] to arbitrary states. Once Q0
i and wi are determined, the

eigenfunctions of the effective harmonic oscillator (EHO) become the approxi-

mate eigenfunctions for the corresponding state.

hEHO
i = − 1

2mi

d2

dQ2
i

+
1

2
miw

2
i (Qi −Q0

i )
2
, (4.20)

The state energy is given by the expectation value of the Hamiltonian for one of

the target states. Since the EHO approximation is a special case of the VSCF

approximation, in that it constrains the modal functions to be HO eigenfunctions,

the EHO energy for the ground state would always be higher than the VSCF

ground states. However, this may not hold always due to variational collapse [85].
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4.4 Description of program

The VSCF-VOHB program is based on the theory presented above. The program

requires the quartic force field in the mass weighted normal coordinates as input.

It first reads the number of vibrational modes, the number of irreducible repre-

sentations in molecular symmetry group and a row matrix containing the number

of normal coordinates belonging to a given irreducible representation in sequence.

Symmetry is used to determining the non-zero elements of the potential energy

function, and is used upto the level of the largest abelian point group, D2h. The

program then reads the details of the force field. The unique set of non-zero

f -coefficients that define the quartic force field in Eq.(4.5) are read. These are

stored in an one dimensional array. The program next reads the Coriolis coupling

constants ξα
ij followed by the number of basis functions to be used in the SCF

calculation for each mode and the quantum numbers of the target state.

After initializing the data, it does the EHO calculation described in the last

section and determines the parameters Q0
i and wi. It then shifts the origin of

the coordinate system to Q0
i and recalculates the potential and Coriolis coupling

parameters with respect to this new origin. This step is required to simplify

the calculation of the matrix elements of the various operators that appear in

the Hamiltonian. These matrix elements are evaluated analytically on the fly as

and when required. The coefficient matrix of the modal functions is initialized

to identity matrix and the SCF procedure is started. The expectation values

of various operators that contribute to the effective single particle potential are

constructed. In the next step, the SCF Hamiltonians are calculated in the EHO

basis. These are then diagonalized to obtain the modals and the associated single

particle energies. The process is iterated until the zeroeth order SCF energy is

converged within a preset tolerance. At this point the first order correction to

energy is calculated to obtain the final SCF energy.
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4.5 Results and discussions

We have used VSCF-VOHB program to calculate the vibrational energy levels of

formaldehyde. The potential energy surface and Coriolis coupling parameter were

taken from Ref. [80]. The first point we discuss is the improvement in quality of

the EHO eigenfunctions. Specially the expectation values of 〈Qi〉 and 〈Q2
i 〉 for the

reference EHO states and the final SCF states are very close. Within the EHO

approximation, the expectation value of the displacements are just Q0
i . We plot

〈Q〉SCF vs. Q0
i for the three totally symmetric normal modes for all the states

containing up to 2 quanta of energy in Fig. 4.1. As can be seen, the agreement

between Q0
i and 〈Q〉SCF is excellent. The largest deviation is less than 1%.

The expectation value of (Q− 〈Q〉)2 in the EHO approximation is given by

(n + 1
2
)/mw. We plot 〈 (Q− 〈Q〉)2 〉SCF against the corresponding value in the

EHO approximation in Fig. 4.2a and 4.2b, for all the six modes. The largest

deviation is around 4% for the 12 state. Since the zeroeth order function itself

represents the expectation value of Q very well, we expect the SCF function to

converge rapidly in this basis.

We next look at the overlap between the EHO eigenstates and the correspond-

ing SCF states. This is plotted as the function of the SCF state energy in Fig.

4.3. As can be seen, the reference wave function has an overlap of almost 1 in

most of the cases. The maximum deviation occurs for the 12 state which has an

overlap of about 0.9.

Given that the first two moments of the EHO states and the corresponding

SCF states are almost identical and the overlap of the two functions is close to 1,

it may be expected that the EHO energy would be close to the SCF energy. This

data is presented in Fig. 4.4. As can be seen, the SCF energy correlates almost

linearly with the EHO energy with a slope of almost 1.0.
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Fig. 4.1. 〈Q〉SCF vs. Q0 (in a.u.) of the three totally symmetric modes for

formaldehyde.
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three modes of formaldehyde.
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Fig. 4.4. Plot of ESCF vs. EEHO in cm−1.

Indeed, it appears that the VSCF modals are essentially the variationally

optimized EHO eigenfunctions. The data presented above indicates that the

EHO eigenfunctions resemble the SCF modals both in the energy domain and in

the coordinate space to a significant extent. Given this close resemblance between
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the two sets of function, we expect that the VOHB would provide a good basis for

post SCF calculations such as VCI and VCCM as well as the VSCF calculations.

This would be particularly convenient because the anharmonic matrix elements

are available in analytical form for the HO basis, and most of them are zeroes.

Such is not the case with the VSCF basis. So, one might expect a faster code in

the EHO basis for the post SCF calculations.

We next turn to our secondary goal, the relative importance of Coriolis cou-

pling. For large molecules, this term is insignificant because it is inversely pro-

portional to the moment of inertia. For small molecules, however, it could be

significant. We have tested the importance of Coriolis coupling for two molecules,

formaldehyde and ketene. Both of them are semirigid, asymmetric rotors with

C2V point group. Ketene has softer modes than formaldehyde.

In Table 4.1, we present the energies of the ground state, several fundamental

and overtone states of formaldehyde. It is seen that, modes 4 (CH2 wag) and 5

(C − H asym. str.) are significantly effected by Coriolis coupling. In the last

column we present the converged CI values of Ramanowski and Bowman [80] and

compare our VSCF and EHO values with it. As can be seen, the contribution

of Coriolis coupling to the SCF energy is of the same order of magnitude as the

correlation energy, typically of the order of a few tens of wave numbers. The

relative sign of the two terms, however, is random. Interestingly, the Coriolis

interaction values of the EHO is very close to the VSCF values irrespective of the

states. Thus, the EHO approximation is able to capture the effect of the Coriolis

coupling more or less fully for formaldehyde.

Ketene suffers from more severe perturbation than formaldehyde due to rel-

atively low lying vibrational states. As the overtone and combination bands of

those low lying states are scattered all over the mid-infrared region, it is expected

that ketene should have considerable Coriolis interactions (and also Fermi inter-

action). In Table 4.2, we present the ground state, several fundamentals and

overtones of ketene and the magnitude of Coriolis coupling of the corresponding
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Table 4.1: SCF and EHO energies with and without Coriolis coupling
(in cm−1) for H2CO.

State ESCF
cor ESCF

cor −ESCF
no−cor EEHO

cor EEHO
cor − EEHO

no−cor
∗ECI

cor

gs 5795.3 -1.0 5800.6 -1.1 5777.2
11 8611.5 0.9 8592.0 0.9 8558.2
21 7546.8 0.0 7545.2 -0.1 7524.5
31 7303.5 0.6 7309.1 0.5 7277.5
41 6960.8 13.0 6966.6 12.9 6937.8
51 8650.6 10.6 8655.8 10.6 8635.0
61 7047.8 3.3 7053.5 3.1 7022.9

1121 10360.4 1.9 10333.4 2.0 10306.7
1131 10085.1 2.5 10064.4 2.5 10048.2
1141 9732.2 16.1 9710.4 16.1 9692.0
1151 11472.9 13.1 11458.1 13.3 11366.8
1161 9832.4 7.4 9811.3 7.5 9783.7
2131 9051.8 1.6 9050.6 1.6 9017.3
2141 8705.6 15.2 8704.4 15.1 8676.5
2151 10398.5 12.4 10396.3 12.3 10362.2
2161 8794.6 4.3 8793.4 4.3 8780.5
3141 8464.9 15.6 8470.9 15.4 8432.6
3151 10113.3 14.1 10118.6 14.1 10128.6
3161 8563.1 4.7 8569.0 4.6 8478.3
4151 9776.9 44.4 9782.4 44.3 9777.5
4161 8223.4 22.3 8207.3 22.3 8193.0
12 11374.4 3.3 11311.7 3.1 11274.9
22 9283.0 1.0 9268.7 -0.4 9256.2
32 8809.1 2.1 8814.9 2.0 8774.8
42 8134.0 26.9 8140.1 26.7 8092.3
52 11431.5 22.8 11436.0 23.2 11476.6
62 8306.1 7.1 8312.1 7.1 8266.4

*Ref. [80]
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states for both of the VSCF and EHO methods. The potential energy surface of

ketene has taken from Ref. [86]. It is seen that the ν5 (CH2 wag), ν6 (C = C = O

linear bend), ν7 (C−H asym. str.) are greatly affected by Coriolis coupling. The

interaction values are doubled with each quantum of excitation, such as, each of

the 52, 62 and 72 states are almost double in magnitude than 51, 61 and 71 states.

So, for some particular modes, the Coriolis interaction is important to predict

the ro-vibrational phenomenon more accurately. Another important point is that

the EHO approximation describes the Coriolis coupling interaction as good as

VSCF for all the cases. We also compare our results with VCCM (6 boson) [63]

to compare the magnitute of Coriolis energy with the correlation energy. It is

seen that all of them are comparable.

Coriolis operator is a complicated operator and consequently, inclusion of

Coriolis terms is not easy to implement in the purely vibrational Hamiltonian.

If it is large, one should consider it and if it is weak, then it can be dropped. If

one considers only up to VSCF (or EHO) level to describe the vibrational states,

then inclusion of Coriolis coupling is desirable specially for higher excited states

of small soft molecules. If the Coriolis interactions are not enough important

to be included in the single particle Hamiltonian at the SCF level, one should

avoid it. So, for rigid and large molecules one may not consider it. To investigate

the importance of the Coriolis coupling for post SCF calculations, one should

consider the magnitude of the Coriolis energy with the correlation energies.

If the Coriolis and correlation energies are comparable, then for post VSCF

calculations, such as VCCM and VCI, one can skip the inclusion of the Coriolis

terms in the VSCF level itself. Thus, it can be clubbed during the correlation

energy calculations. If the Coriolis force is very weak compared to the correlation

energies then one can treat it even beyond the correlation energy calculations.

In such situations, after the correlation energy calculations without Coriolis cou-

pling, one can include it by using perturbation theory. Thus, more studies on this

aspect are desirable and consequently, it is difficult to pass a general judgment on
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Table 4.2: SCF and EHO energies with and without Coriolis coupling
(in cm−1) for ketene.

State ESCF
cor ESCF

cor − ESCF
no−cor EEHO

cor EEHO
cor −EEHO

no−cor EV CCM
cor

gs 6874.3 5.2 6879.4 5.2 6871
11 9949.3 6.8 9930.7 6.8 9998
21 9033.1 6.8 9036.2 6.7 9030
31 8276.7 5.9 8282.0 5.8 8264
41 8008.0 5.4 8012.1 5.3 8004
51 7495.1 21.8 7501.4 21.6 7476
61 7425.7 21.3 7431.6 21.0 7407
71 10027.4 26.5 10032.2 26.2 10060
81 7872.2 11.4 7877.6 11.1 7853
91 7341.4 13.2 7347.3 13.1 7323

1121 12106.5 8.4 12085.7 8.3 11156
1131 1320.6 7.3 11300.4 7.3 11383
1141 11078.0 6.9 11058.1 6.9 11121
1151 10538.5 23.7 10518.2 23.5 10625
1161 10473.5 23.3 10453.5 23.0 10541
1171 13105.6 30.2 13090.9 29.9 13065
1181 10923.3 13.6 10903.2 13.5 10977
1191 10397.7 15.3 10377.7 15.2 10465
2131 10434.1 7.4 10437.3 7.3 10417
2141 10165.5 6.9 10167.6 6.9 10150
2151 9649.8 23.8 9654.0 23.5 9631
2161 9574.1 23.8 9577.9 23.5 9557
2171 12185.9 28.3 12188.7 28.0 12210
2181 10026.0 13.2 10029.3 13.1 10003
2191 9492.8 15.7 9496.6 15.6 9475
12 12972.0 8.9 12911.5 8.9 13045
22 11170.8 8.3 11170.0 7.5 11174
32 9677.4 6.6 9682.7 6.3 9661
42 9137.6 5.6 9139.5 5.4 9124
52 8133.6 38.8 8139.0 37.8 8085
62 8005.8 36.4 8011.0 36.0 7951
72 13103.1 50.8 13107.2 50.2 13218
82 8869.7 17.7 8875.2 17.5 8836
92 7822.3 20.0 7827.8 20.8 7771

516171 11230.9 89.8 11236.8 88.8 11087
526272 15556.2 223.6 15558.2 220.6 –

*Ref. [86]
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whether the Coriolis coupling should be included at the SCF level at this stage.

4.6 Conclusions

In this chapter we have explored the effective harmonic oscillator approximation

for anharmonic molecular vibrations. The EHO approximation posits a separable

ansatz as a special case of the VSCF approximation where it constrains the modal

functions as HO eigenfunctions. Mathematically, the trial wave function of EHO

for the N-mode system is not expanded as a typical HO basis like VSCF calcu-

lation, but we write Φi
n as χi

n. Such HO eigenfunctions are characterized by two

parameters, the centroid (Q0) and the width (ω) of the functions. Minimization

of the expectation value with respect to the parameters gives the variationally

optimized harmonic oscillator basis functions. The state energy can be calcu-

lated by the expectation value of the Hamiltonian using that optimized basis.

We have shown that the expectation values for both the approaches are very sim-

ilar and the overlap between the two eigenstates is excellent. Consequently, they

are significantly close in the energy domain. Additionally, we have investigated

the importance of the Coriolis coupling both for the EHO and VSCF level. It is

found that for floppy and small molecules, it should be considered at the VSCF

level. We also found that for formaldehyde and ketene, the Coriolis energy and

the correlation energy are in the same order of magnitude irrespective of the sign,

though more extensive investigation is needed in this context. Thus to answer

the question pased at the begining of this chapter, it appears that the EHO can

describe individual vibrational eigenstates as well as it can describe the thermal

density matrix, i.e., comparable to the SCF approximation.



Chapter 5

Concluding Remarks

The primary goal of this present thesis was to develop fully quantum mechan-

ical approximations to the thermal density matrix of anharmonic molecular vi-

brations. To this end we chose to study the limits of numerical accuracy of a

separable ansatz to the thermal density matrix based on the independent particle

model. Our first attempt in this direction was to invoke the Feynman variational

principle based on the Gibbs-Bogoluibov inequality (FGB) to derive the working

equations to determine the parameters in the effective single particle Hamiltonians

that are used to construct the density matrix. The resulting equations resemble

the quantum mechanical vibrational self-consistent (VSCF) theory. The only dif-

ference is that, the effective single particle potentials are generated as the partial

thermal averages of the full many body potential rather than as partial quantum

mechanical averages. The method is capable of yielding quite accurate results for

thermodynamic state functions and other thermal averages. We have also com-

pared the well known effective harmonic oscillator (EHO) approximation against

the thermal self consistent field (t-SCF) approximation. Since, the EHO approxi-

mation is a more restricted approximation, we expected it to perform worse than

the SCF appraoch. While this is true, surprisingly the EHO performs quite well

in its own right.

Motivated by desire to improve the quality of the density matrix through-
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out the configurational space, we have developed a new variational principle. In

this approach the mean square difference between the temperature derivatives of

the exact and model density matrices is minimized. This is reminiscent of the

McLachlan variational principle from time dependent quantum mechanics. We

have used this variational principle in conjunction with a separable model Hamil-

tonian and EHO Hamiltonian. The performance of this variational principle is

comparable to the FGB as far as thermodynamic state functions are concerned.

However, the thermal averages of coordinate operator are systematically underes-

timated by this approach irrespective of whether one uses the separable ansatz or

the EHO ansatz. This implies that the new variational principle leads to a more

compact probability distribution (the diagonal part of the density matrix) that

is centered closer to the local minima of the potential energy surface. One curi-

ous feature of this variational principle is that the partial thermal average of the

many body potential to generate the temperature dependent effective single par-

ticle potentials is done at half of the target temperature. The density matrices are

more compact at lower temperatures. This could be the reason why the thermal

averages of the coordinate operator are underestimated by this approach. The

EHO in particular seems to be susceptible in this regards. Thermodynamic state

functions are much less sensitive to this and are well reproduced. The method

is computationally very fast and appears to be a good alternative to the FGB

approach.

While we were concerned only with the construction of the density matrices,

the methodology of chapter 3 can be extended to calculate the thermal averages

of arbitrary operators without constructing the density matrix explicitly. For

example, if X is an arbitrary operator, its thermal average is given by,

< X >β = Tr Xρ(β)

= Tr ρ(β/2)Xρ(β/2). (5.1)
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If we now define a new operator

Xβ = ρ(β/2)Xρ(β/2) (5.2)

then the thermal average is just Tr Xβ. The operator Xβ satisfies the equation

of motion,

dXβ

dβ
=

1

2
(HXβ +XβH). (5.3)

Manipulating the Eq.(5.3) just as we did for the density matrix in chapter 3 we

arrive at

Tr(δH0)
[

2Xβ(H −H0)Xβ +XβXβ(H −H0) + (H −H0)XβXβ

]

Tr XβXβ

= 0.(5.4)

Note that this expression is similar to the symmetrized version (Eq. (3.14)) of

the working equation for ρ. Here, H0 is once again the modal Hamiltonian.

Construction of Xβ operator is a trivial excercise. For example, in the separable

approximation the ansatz for the coordinate operator Qk is

Qkβ =
∑

n,m

|φk
n〉〈φk

n|Qk|φk
m〉〈φk

m| exp[−β(εk
n + εk

m)/2]. (5.5)

The virtue of this approach is that the density matrix is adopted to minimize the

error in the thermal average of Qk. A similar approach can be developed for the

calculation of correlation functions. Consider the two time correlation function

C(t) = Tr[A(t) B(0) ρ]. (5.6)

It can be written as,

C(t) = Tr[A†
β(t) Bβ(0)], (5.7)
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where

Aβ = Aρ(β/2). (5.8)

Aβ and Bβ can be obtained independently and propagated in time. However,

the working equations for Aβ as defined here would not be symmetric, since, this

operator is not hermitian.

In summary these two studies indicate that the separable approximation pro-

vide a fast and reliable approximation for the construction of the thermal density

matrices. Since, this calculation scales almost linearly to the degrees of freedom,

they can be extended to large systems easily. The computational requirements

for such calculations in terms of the memory and CPU time is quite modest. For

example, a calculation on ketene over the temperature range 0 to 1000K (100

points) takes about 5 seceonds on single core linux box. Our studies showed

that the EHO approximation is quite close to the general separable approxima-

tion as far as density matrices are concerned. This raises the obvious question

as to whether an EHO approximation can compare favourably against a VSCF

calculation, particularly for the excited states where the anharmonic terms are

expected to be more influencial. This was the subject of our study in the previous

chapter. We found that this is indeed true and the EHO wave functions resemble

the VSCF wave functions to a significant degree. Indeed the overlap between

EHO wave function and the corresponding VSCF wave function is typically of

the order of 0.95. Among all the states we have studied the overlap falls to 0.9

only in one case. This close resemblance of the EHO eigenstates raises the pos-

sibility of using them as the basis functions for more accurate calculations. Most

of the CI calculations are carried out either in a HO basis centered origin of the

normal coordinates or in terms of the virtual modals determined from a VSCF

calculations on the ground state. One needs a large basis for a former type of

calculations. A small basis might be sufficient for the second type of calculation.
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However, the matrix elements for various operators are no longer available in

analytical forms. The EHO basis might provide a better alternative of these two

approaches, since, the matrix elements are available in analytical form and the

wave functions themselves resemble the SCF modals to a very good extent.
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