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Chapter 1

Introduction and Statements of

Results

1.1 Introduction

Let m be a representation of a topological group G and p a representation of a closed
subgroup H of GG. It is an important question in representation theory to understand
whether p occurs as a quotient in the restriction of 7 to H, or more precisely, whether
the space of H-equivariant maps Homy|[7, p] is nonzero. In particular, for a character
x of H if Homy|m, x| is nonzero, 7 is said to be y-distinguished with respect to H.
A representation 7 of GG is simply said to be H-distinguished if it is 1-distinguished
with respect to H(or equivalently said to have a GL,_j-invariant form), where 1 is
the trivial character of H.

For a local field F, let GL,, := GL,(F). Let GL,_; be embedded in GL, via g —

9

01
for any irreducible admissible representation 7 of GL,,, dim¢(Homg, ,[m, 1,1]) < 1.

. Let 1,, denote the trivial representation of GL,,. It is proved in [2] that

More generally, it is proved in [1] that for irreducible admissible representations 7 of

GL, and p of GL,_1, p occurs as a quotient in the restriction of 7 to GL,_; with
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multiplicity at most one, i.e., dim¢(Homgr, ,[m, p]) < 1.

From now on we fix F to be a nonarchimedean local field. D. Prasad has proved in
[14] that if 7 and p are irreducible generic representations of GL,, and GL,,_; respec-
tively then Homgr,, , [, p] # 0. In the same paper (Theorem 1, [14]) Prasad has clas-
sified all irreducible admissible representations 7 of GL3 which are GLs-distinguished.
For a general n, Y. Flicker [8] has classified all irreducible admissible unitary repre-
sentations 7 of GL,, for which Homgr,, ,[m, x] # 0, where x is a unitary character of
GL,_1.

D. Prasad formulated the following conjecture(Conjecture 1, [14]) describing those
irreducible admissible representations 7 of GL, which are GL,,_;-distinguished in

terms of the Langlands parameter £(m) of 7 which is an n-dimensional representation

of the Weil-Deligne group W, of F.

Conjecture 1.1.1. (Prasad) An irreducible admissible representation © of GL,, for
n > 3 is GL,_1-distinguished if and only if the Langlands parameter £(m) associated
to m by the Local Langlands correspondence has a subrepresentation £(1,_5) of di-
mension n — 2 corresponding to the trivial representation 1,,_o of GL,_o such that
the two dimensional quotient £(m)/L(1,_2) corresponds (under the Local Langlands

correspondence) to an infinite dimensional representation of GLs.

However, it was observed by Prasad and the author that the Langlands parameters
of the irreducible representations = = ind%f(yil/ 2® 1) of GL3 were not included in
Theorem 1 in [14] even though these are GLo-distinguished. Hence Theorem 1 in [14]
and as a result Conjecture 1.1.1 needs modification.

In this thesis we have modified Prasad’s Conjecture and proved the following

Theorem 1.1.2. An irreducible admissible representation w of GL, for n > 3 is
GL,,_1-distinguished if and only if the Langlands parameter £(m) associated to 7 by
the Local Langlands correspondence has a subrepresentation £(1,,_2) of dimension

n — 2 corresponding to the trivial representation 1,,_s of GL,_o such that the two di-
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mensional quotient £(m)/L(1,,_2) corresponds (under the Local Langlands correspon-
dence) either to an infinite dimensional representation of GLg or the one dimensional

. n—2
representations v= 2 of GLa.

The essence of Theorem 1.1.2 is that it is the GLs part in the Langlands param-
eter £(m)/L(1,,—2) which decides the GL,,_;-distinguishedness of 7. In the unitary
case, Flicker used Bernstein-Zelevinsky filtration and Tadic’s classification[18] of uni-
tary representations of GL,, to reduce the choice of 7 to essentially indgrlj_“l2 (I,—2®p)
where p is an irreducible admissible unitary representation of GL, and by Mackey the-
ory showed that such representations are GL,,_;-distinguished whenever p is infinite
dimensional.

It is a consequence of a theorem of Gelfand-Kazhdan that an irreducible super-
cuspidal representation of GL, for n > 3 is not GL,_;-distinguished. Since any
non-supercuspidal irreducible admissible representation of GL,, is a quotient of a rep-
resentation of the form & = indSkL;‘_k (p® ), where p and 7 are irreducible admissible
representations of GL; and GL,_j respectively, it was a suggestion of Prasad to
study GL,,_;-distinguishedness for £. Prasad used Mackey Theory in [14] to study
the restriction of a representation of the type ind%f(p ® x) to GLy for an irreducible
admissible representation p of GLs and x a character of GL;. Our work is a general-
ization of this to GL, where we study the restriction of a representation of the type
indg&:_k(p ® 7) to GL,_; where Py, is a standard parabolic subgroup of GL,, of
type (k,n — k), p and 7 are irreducible admissible representations of GLj; and GL,,_
respectively and “ind” denotes normalized parabolic induction.

There are several advantages of using Mackey theory to study our problem. Let
p and T be a smooth representations (not necessarily irreducible) of GL; and GL,,_j
respectively. Firstly, Mackey theory gives a complete picture of GL,,_;-distinguished
representations of the form indgisz(p ® 7). In the process, it also gives the following
recipe to construct GL,_;-distinguished smooth representations of GL,, from repre-

sentations of GL,, with m < n.
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Theorem 1.1.3. The following smooth representations of GL,, are GL,,_1-distinguished.
(a) indSkL,:fk(pl/nfTH ®Tu%k) where p is a smooth representation of GLy having 1 as
a quotient and T is a smooth representation of GL,,_y which is GL,,_y_1-distinguished.
(b) indl%g_k(pV% ® TI/_(%)) where p is a smooth representation of GLy which is

GLy_1-distinguished and T is a smooth representation of GL,_, having 1,,_; as a

quotient.

So most of the questions can be treated by induction. Finally, the theory can be
used not only to study GL,,_;-distinguishedness but also to answer multiplicity ques-
tions for certain class of representations of GL,,. Since the GL,,_;-distinguishedness
of 7 is dictated by the GLs part of the Langlands parameter of m obtained after going
modulo the trivial representation of GL,,_ it was natural to observe that multiplicity
i.e., dim¢(Homgy, ,[m, 1,_1]) is also dictated by the same part.

For a smooth representation 7w of GL, let d, = dim¢(Homgy, ,[m, 1,-1]). We

prove the following theorem of which part (b) is well known from [20]:

Theorem 1.1.4. (a) Let & = x1 X X2 where x1 and x2 are any two characters of GLy
and & = v~V x V2 Then de = 1 for all € # & and dg, = 2.
(b) Let  be an irreducible admissible representation of GLa. Then 7 is GL; -distinguished

if and only if m = Ny or infinite dimensional. Moreover, dim¢(Homgy, [, 1]) = 1.

As a consequence of Mackey theory and the fact that d, = 1 for irreducible ad-
missible representations p of GLs, we deduce that d, < 1 for irreducible admissible
representations 7 of GL,. At this juncture, it was natural to probe whether such
a result would be true if one replaces m by a representation of GL, parabolically
induced from irreducible admissible representations of a Levi subgroup. We inves-

tigated dim¢(Homgy, ,[€, 1,-1]) where § = indgnL“

Toeees

o (p1 @ -+ ® py) with p; being
irreducible admissible representations of GL,,,.
It is a simple consequence of Mackey Theory that the cuspidal support of an

irreducible admissible representation of GL,,n > 3 which is GL,,_;-distinguished is
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either (2,1,...,1) or (1, ...,1). So we investigated d¢ for such representations. The first

theorem is the result for GL3 which is used as a basis for the induction hypotheses

Theorem 1.1.5. Let x; be characters of GLy forv = 1,2,3. Then the principal series
representation & = x1 X X2 X x3 of GL3 is GLy-distinguished if and only if one of the
xi = 1. Moreover, d¢ <2 and d¢ =2 if and only if =1 x v x 1 orl xv ™t x1.

Observe that by Theorem 1.1.2 we know that the cuspidal support of any irre-
ducible admissible GL,,_;-distinguished representation of GL,,,n > 3 has its cuspidal
support equal to either {o, v, ...,V_(nT_?))} or {Xl,XQ,VnT_S, ...,V_(HT_?))} where o is
an irreducible supercuspidal representation of GLy, Y1, X2 and v7’s are characters of
GL;. The next step is to generalize the above theorem to n > 4. For n > 3, let T,,_»

denote the ordered set {ynT_g, vy U (HT_?’)} corresponding to the trivial representation

of GL, o, i.e., Ty = {1}, T, = {1/%, V_Tl} and so on. We prove the following theorem.

Theorem 1.1.6. Let & = x1 X ... X xp, for n >3 and d¢ = dim¢(Homgy,, ,[§, Ly—1]).
Let [x1, ..., Xn| denote the ordered set {x1, ..., Xn}. Then de # 0 if and only if there ex-

ists Xi, Xj such that [x1, ..., xo)\{Xs, X;} equals the ordered set T,,_o. Fork =1,...,n—1
define &, (k) € Alg(GL,) by

n—3 n—1 n—3 n—3
a.(1) =v'T xv7T xv7T x..xv )

n—3 n—3 n—1 n—3
Ean—1) =v7 x .. xv ) xv 7)) x =57,

n—3 n—2k+1 n—2k—1 n—2k+1 n—2k—1 _(Lfii)
En(k) =V2z X..XV 2z XU 2 2 XV 2z X..Xvu 'z

for 2 <k <n—2 Then d: < 2 and d¢ = 2 if and only if & = &,(k) for some
kEe{l,..,n—1}.

This completes the case of cuspidal support (1,...,1). The next result is for the
cuspidal support of the type (2,1,...,1).

Proposition 1.1.7. Let o be an irreducible supercuspidal representation of GLo,

,,,,,

de <1 and d¢ =1 if and only if the ordered set [x1, ..., Xn—2] = Tn—2.

5
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We immediately have the following corollary:

Corollary 1.1.8. Let n = ny + ... + n,, p; be wrreducible admissible representations

.....

1.2 A Quick Tour of the thesis

We will now browse through the contents of this thesis. Chapter 2 is devoted to
introducing notations and preliminaries which will be used in the sequel. The chap-
ter begins with some generalities on representations of /-groups and proceeds to the
Bernstein-Zelevinsky and Langlands classifications of irreducible admissible represen-
tations of GL,. Also, some results from Zelevinsky’s theory of segments are stated.
These are done in Sections 2.1, 2.2, 2.3 and 2.4 respectively. We have followed the
survey articles [11], [15], [16] and the original papers of Bernstein and Zelevinsky [3],
[22].

In the work that follows a crucial role is played by twists of a certain irreducible
admissible GL,,_;-distinguished representation of GL,,n > 3, which we denote by L,.
For n > 2, the representation L, may be defined recursively as the unique irreducible

quotient of the length 2 representation indg'r{“jl (e V"t ). We can interpret L, as

the unique irreducible quotient of other length 2 representations as well which we will
see later. In fact each one of these realizations is useful and serves different purposes.
This is the content of Section 2.5 . We summarize in Section 2.6, some facts on
Langlands parameters of irreducible admissible representations of GL,, which we will
need in our work. Our principal references for this Section is [11], [15] and [21]. In
Section 2.8, we have worked out some examples on product of characters which will
be useful to us throughout the thesis, including the Proof of Theorem 1.1.2.

In Chapter 3 we describe the Mackey Theory for the restriction of a parabolically
induced representation of GL,, to GL,_; and derive some consequences. In Section

3.1, we study the action of GL,,_; on Gr(k, n), the space of all k-dimensional subspaces
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of the n-dimensional space F". Then the restriction of indgi“,:_k(p ® 7) to GL,_; via
Mackey theory is taken up, where p and 7 are smooth representations of GL; and
GL,_ respectively. There are three orbits for the GL,_; action on Gr(k,n) out of
which two are closed and the third one is the unique open orbit. This shows that
if indgi”;_k(p ® 7) is GL,_;-distinguished, then at least one of the three conditions
corresponding to each of the orbits, must be satisfied. The latter is in Sections 3.2
and 3.3. In Section 3.4 we first prove Theorem 1.1.4. We next move on to the GLj3
case and prove Theorem 1.1.2 for n = 3.

Chapter 4 is devoted mainly to prove Theorem 1.1.2 whose proof has two parts
and we use Mackey theory for both parts. The ‘if’ part is direct whereas the ‘only if’
part is more difficult and is proved using induction on n. We begin the chapter with
few basic results in Section 4.1. We study GL,,_;-distinguishedness for the product
of two characters i.e., indgli';k (x ® 1) where y and u are characters, in Section 4.2.
After summarizing the idea of Proof of theorem 1.1.2 in Section 4.3 we prove Theorem
1.1.2 in Section 4.4.

In the final part of the thesis namely Chapter 5, we study the existence of GL,,_1-
invariant forms for representations of GL,, which are parabolically induced from irre-
ducible representations of a Levi subgroup. We show that ‘multiplicity one’ does not
hold for these representations but is bounded by 2. We classify all principal series
representations of the form indglL’f’”1 (X1®...®xn), where x;, (1 <i < n)is a character
of GL1, for which the space of GL,,_;-invariant forms has dimension 2; of course these
are reducible principal series representations. This analysis of multiplicity for prin-
cipal series representations which are not necessarily irreducible seems first general
work in this direction and the results obtained seem to suggest that this question has
a nice structure. We refer to the work of M. Harris and A. J. Scholl [10] which has
partial results of this type in the case of triple products for GLsy. A curious feature of
our proofs of multiplicity theorems is that for a statement about GL,, we go to GL, 1

or GL,12. We have used this in several places. We begin the Chapter with the moti-
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vation to Theorem 1.1.6 and Corollary 1.1.8. We discuss two examples in Section 5.2
which are typical of the principal series representations indglL, . (X1 ® ... ® xn) which
have multiplicity 2. We also show that d, < 1 for irreducible admissible representa-
tions of GL,. In Section 5.3, we prove Theorem 1.1.6 and Corollary 1.1.8.

We end this introduction by mentioning that the classification of irreducible ad-
missible representation of GL, distinguished by GL,,_; achieved in this thesis may be
useful in eventual understanding of complete branching from GL,, to GL,,_;(which is

of multiplicity < 1 by [1]), a problem which is of considerable interest in the subject.



Chapter 2

Preliminaries on Representations

of GL,

The aim of this chapter is to provide a quick introduction to facts about the Repre-
sentation Theory of GL,, over a non-archimedean local field F' which we will use in
the thesis. The main reference for this topic would be indeed the classical papers ([3],
[4],[22]) of Bernstein and Zelevinsky. We also make use of the survey articles [11],
[15] and [16].

2.1 Generalities, Induction and Jacquet Functor

Let G be a locally compact totally disconnected topological group. Such a group
is called an (-group in the terminology of [3]. Such a G has a fundamental system
of neighborhoods of the identity consisting of compact open subgroups. Let F be
a non-archimedean local field. Then the group GL,(F) of invertible n x n matrices
with entries from F is an ¢-group. A representation of G is a pair (m, V') where V
is a complex vector space and 7 is a group homomorphism from G into the group
Autc(V) of C-linear automorphisms of V. We will call V' a G-module. The vector

space V' is called the representation space of m. Whenever it is clear, we may drop V'
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and simply say that 7 is a representation of G.

A representation (7, V') of G is said to be smooth or algebraic if for every vector v € V'
the stabilizer S¢(v) := {g € G|r(g)v = v} of v is open in G. A representation (7, V)
is said to be admissible if (w, V') is smooth and for any compact open subgroup K
of G, the subspace VX := {v € V|r(k)v = v for all k € K} of K-fixed vectors in V
is finite dimensional. A subspace W of V' is said to be G-stable if w(g)W C W for
all g € G. A representation (m, V') is irreducible if V' is non-zero and has no G-stable
subspaces other than (0) and V.

Given two smooth representations (7, V') and (p, W) of G, we denote by Homg|7, p]
the space of G-intertwining (or G-equivariant)operators from V' to W i.e., the space
of all linear maps T : V' — W such that T'(7w(g)v) = p(g)(T(v)) for all g € G and for
all v € V. The representations (m, V') and (p, W) are said to be equivalent if there is
a non-zero I' € Homg([m, p| such that T is a linear isomorphism from V to W. If 7
and p are equivalent we will write 7 = p. We will denote the category of all smooth
representations and irreducible admissible representations of G by Alg(G) and Irr(G)
respectively.

Let (7, V') be a smooth representation of G. Let V* = Hom¢[V, C]. Let 7* denote
the representation of G in Aut(V*) defined by 7*(g)f(v) = f(7(g')v) for g € G, f €
V*andwv e V. Let V := {f € V*|S¢(f) is open in G}. Then V is called the smooth (or
algebraic) part of V* under the G-action. Then V is G-stable and defines a smooth
representation of G denoted by (T, XN/) and is called the contragredient representation

of (m,V).

Induced Representations

Let G be an f-group. There exists a left Haar measure d;(x) on G unique up to a
positive real number. Since d;(xg) is a again a left Haar measure for a given g € G,
the uniqueness of the left Haar measure gives rise to a continuous homomorphism

Ag : G — R.q given by d;(zg) = Ag(g)d;(z). The homomorphism Ag is called the

10
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modular character of G.

In general, a character of GG is a continuous group homomorphism of G into C*.

Given the modular character Ag of G, d,.(z) = AZ'd)(x) is a right Haar measure
on G. A left Haar measure is right invariant if and only if the modular character is
trivial. If Ag = 1 then the group G is said to be unimodular. The group GL, (F)
is unimodular. For an /-group G, we will denote by ds the inverse of the modular
character i.e., g = Aal. Some authors define the modular character to be ¢ (for
example see [5] 4.2.3).

Let H be a closed subgroup of G and (p,U) be a smooth representation of H.
The method of induction is a fundamental process of constructing representations of

a group from that of a subgroup. Let I(G, H,U) denote the space of all functions

FGoU (1) f is locally constant
(2) f(hg) = dc(h)"20u(h)'?p(h)f(g), Yh € H, Vg € G
Let (m,I(G,H,U)) be the representation of G defined by n(g)f(z) = f(xg) for
g,x € G and f € I(G,H,U) ie., m acts on I(G,H,p) by right translation. This
representation 7 is called the (normalized) induced representation, induced from
the representation p of H to G and denoted by Ind$(p). Let I(G, H,U) = {f €
I(G,H,U)|f has compact support modulo H}. Then I.(G,H,U) is a G-stable sub-
space of I(G, H,U) and we get a subrepresentation of Ind$(p) in this space, which
we denote by ind$(p). We call this process normalized compact induction. If H is a
closed subgroup of G such that G//H is compact then Ind$(p) = ind§(p). We will

deal only with normalized compact induction in our work. The basic properties of

induction are summarized in the following theorem.

Theorem 2.1.1. 1. Both Ind$(p) and ind$(p) are exact functors from the cate-
gory of smooth representations of H to the category of smooth representations

of G.

2. Both the induction functors are transitive i.e., if K is a closed subgroup of H

then Ind§(Indyt) = Ind and ind$; (indi) = indg.

11
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3. For a smooth representation p of H, ind$(p) = Ind$(p).

4. Let m be a smooth representation of G and p a smooth representation of H.

Then
Homg[r, Ind (p)] = Hompy 7, (6(_;1/2)‘}15;1/2/)] (2.1.1)
Homg|ind§ (p), 7] = H 5 o () 2.1.2
omg[indg (p), 7] = Homu(p, (0g""") yy0s ~ ()] (2.1.2)

Let GL, := GL,(F). For a given n € N, g, stands for an element of GL,. In
particular I,, will denote the identity element of GL,. Let (ny,...,n,) be a partition
of n € N. We denote the standard parabolic subgroup corresponding to the partition

n =ny + .. +n, by P, ., which is the subgroup of all upper triangular block

matrices where the diagonal blocks are g,, € GL,,,7 =1,...,7 i.e.,

( )
Gny * * *
Gn, * %
Pn1,...,nT = ’ S On; € Gan (F)
L gnr )

The unipotent radical of P, .. is the block upper triangular unipotent matrices

given by :
( \
1,, * *x x
N B 1,, * %
N1y~
\ lnr Y,

and the Levi subgroup of F,, . is the block diagonal subgroup :

( )

9m

k
My, = o i € GLy (F) b = [[ GLu ().
. =1

\ Inr

12



2.1 Generalities, Induction and Jacquet Functor

We also have the Levi decomposition P, .. = My,  n Np,,. .. A parabolic sub-
group of type (ny,...,n,) is a conjugate of P,, ,, in GL,. The parabolic subgroup
P, 1 of GL, is called the standard Borel subgroup and denoted by B,,.

We now come to the important concept of parabolic induction in GL,,. Let B,, .
be the standard parabolic subgroup with Levi decomposition P, . = My, . n Npyoon.
Let p be a smooth representation of M, . . Extend p trivially across N, . n, to get

again denoted by p. Now consider Indg‘n _(p).

a smooth representation of P,, .,
[ j ERERE) r

T

We say that Indg’i“_“nr(p) is parabolically induced from M, ., to GL,. In par-
ticular, let (p;, Vi) be smooth representations of GL,,. Then p; ® ... ® p, defines a
representation of M, ., in the space V; ®...®V,. We get the parabolically induced
We recall that the group GL,, is unimodular. Let v denote the character |det(.)| of
g * . .
GL,,. For an element py, ,,_1 = in the parabolic subgroup P ,,_ of GL,,
0 In—k
6Py s (Phn—k) = v(gr)"*v(gn_1)*. For the standard Borel subgroup B, = P, of

GL,,, we have
g, (diag(by, ..., b)) = v" "1 (b)) 3 (by).....v” =3 (b, )~V (b,,).

If x is a character of GLy, we will think of x as a character of GL,, via g — x(det(g))
and every character of GL,, is of this form. Given a character y of GL, and 7 €
Alg(GL,) we will denote the twist of m by x simply by 7y i.e., mx(g) = x(det(g))m(g).

We summarize some basic properties of parabolic induction in the following the-

orern.

Theorem 2.1.2. Let P = MN be a parabolic subgroup of GL,. Let (p, W) be a

smooth representation of M.

1. The functor p — IndSL“(p) is an exact additive functor from the category of

smooth representations of M to the category of smooth representations of GL,.
2. Tnd$™ (p) = indS$™(p) (since G /P is compact).

13



2.1 Generalities, Induction and Jacquet Functor

3. nd$™ (p) = Inds™ ().

4. If p is admissible (respectively unitary and finitely generated) then so is Ind$™ (p)
(respectively unitary and finitely generated)

For smooth representations p of GLy and 7 of GL,_; there is a product p x 7

attached to p and 7 defined by
pPXT= indgij‘;ik (pxT1)
This product is associative in view of transitivity of induction i.e.,
(p1 X p2) X p3 = p1 X (p2 X p3).

Let n = n; + ... + n, and py, ..., p, be smooth representations of GL,, for i =

1,...,7. We will denote by p; X --- X p, the parabolically induced representation

indg’L“ (pr ® -+ ® py). The n;’s and the p;’s will be clear from the context. If
ny,..., nyr

£ = indgnLl“m (1@ -®@p,) we will denote the representation indgnLr“m (P ® - ®p1)

~~~~~

Jacquet Functor

Let P = MU be an (-group where M, U are closed subgroups of P. Also let U be
a normal subgroup which is the union of its compact open subgroups. Let 6 be a
character of U stable under the inner conjugation action of M on U and (m, V) a
smooth representation of P. Let Vg = V/V(U,#) where the subspace V (U, 0) is the
linear span of vectors {m(u)x — O(u)x|u € U,z € V'}. The representation 7 defines a

representation mg of P in the space Vip. The representation 5;1/ 25]1\42

Ty is called
the (normalized) Jacquet module of m and its restriction to M is denoted by ry ().
Thus to a given representation 7 of P, the functor 7y associates 7 to a representation
of M. We call this functor the Jacquet functor. We abbreviate ry1(m) to ry(m). We

have (see [16])

1 1

Homp[p, 7] = Homyp[ry(p), op 2037] (2.1.3)

14



2.1 Generalities, Induction and Jacquet Functor

Let P = M N be the Levi decomposition of a parabolic subgroup P of GL,. For
a smooth representation p of P we have the Jacquet functor ry (). If 7 is a smooth
representation of GL,, then the Jacquet functor ry(m) of 7 is the Jacquet functor of
7 restricted to P. The Jacquet functor is an adjoint functor to parabolic induction.
The Jacquet functor m — ry(7) is an exact additive functor from the category of
smooth representations of GL,, to the category of smooth representations of M. We
also have Frobenius Reciprocity: For a smooth representation p of M and a smooth

representation 7 of GL,,(see [11])
Homgr, [, indS™ (p)] = Homp[m,, pds'*] = Homy[rn (%), p] (2.1.4)

Moreover, if 7 is admissible and finitely generated respectively then so is (7).
Also let, ) C P be standard parabolic subgroups of GL, with Levi decomposition
P = MpNp and Q = MgNq. Observe that Mg C Mp, Np C Ng and Mg(Ng N Mp)
is a parabolic subgroup of Mp with Mp as a Levi subgroup and NoNMp as unipotent
radical. Then rn,nn, 7N, (p)] s equivalent to 7y, (p). From (2.1.4) above it is easy
to see that if m occurs as a subrepresentation of ind5™ (p) then the Jacquet module
of 7 is non-zero. In general, if 7 is a subquotient of ind3™" (p), then 7 can be realized
as a subrepresentation of a Weyl group twist of the induced representation. For a
discussion we refer to [15] Theorem 5.9, 5.10. This brings us to the notion of a
supercuspidal representation.

An irreducible admissible representation 7 of GL,, is said to be supercuspidal if ™
does not occur as a subquotient of any representation parabolically induced from any
proper parabolic subgroup. This is equivalent to saying that ry(7) = 0 for all proper
parabolic subgroups P = M N.

In what follows, we will see that the supercuspidal representations are building

blocks for all irreducible admissible representations of GL,,.

15



2.2 Theory of Segments and Classification

2.2 Theory of Segments and Classification

In this section we describe the Bernstein-Zelevinsky and Langlands Classification for
irreducible admissible representations of GL,. We will also recall few other results
which will be useful to us later. If 7 € Alg(GL,) is of finite length let JH(7) denote
the set of all irreducible subquotients of 7 counted with multiplicity. The following

theorem is the essence of Section 2 in [22].

Proposition 2.2.1. Letn = ni+...4+n, and o4, ..., 0, be distinct classes of irreducible

supercuspidal representations of GL,,.. Let £ = o1 %...xX0,. Then we have the following:

1. The representation £ of GL,, has distinct irreducible subquotients i.e., each ir-

reducible subquotient appears with multiplicity 1 in JH°(E).

2. The representation £ has a unique irreducible subrepresentation Z(§) and a

unique irreducible quotient Q(§).

3. The length of & is 28 where k is the number of pairs of the form {o;, o}

contained in {0y, ...,0.}.

Let o be an irreducible supercuspidal representations of GL,,. A segment is a set
of classes of irreducible supercuspidal representations of the form {c,ov,...,ovF71}.
A segment is usually denoted by the symbol A. A segment {o, ov...,ov* 1} is usually
written as A = [0, ov*7!] thought of as the representation o ® ov ® ... ® ov*~! of

GL,, X ... X GL,,(k times). Sometimes we will write a segment also by (o, ..., ov*71).

,,,,,

subrepresentation denoted by Z(A) and a unique irreducible quotient denoted by Q(A).

Example 2.2.1. Let n > 1 and o be the character v~("z") of GLj. (So o is a
supercuspidal representation of GL;.) Consider the segment A = [o, UVHT_I] ie.,
n—3

A = (v, »,=("3")  1v"2). Then Z(A) is the trivial representation 1, of GL,,

identified with space of constant functions in [S:" ((5;/ ?). The representation Q(A) is

16



2.2 Theory of Segments and Classification

denoted by St, and is called the Steinberg representation of GL,,. Similarly, a charac-
ter x of GL,, is thought of as Z(A’) where A’ = (XV*(WTA),XI/*”T%), s XV%)- Here
Q(A') is St,x, namely, the twist of St,, by x.

Remark 2.2.2. We remark here that the original notations adopted by Zelevinsky
in [22] for Z(A) is (A) and for Q(A) is (A)'.

Two segments A; = [oq, 0,057 and Ay = [02, 0907} are said to be linked if

Ay € Ay, Ay & Ay and AjUA, is asegment. If Ay and Ay are linked and AjNA, = O
then we say that A; and A, are jurtaposed. In this case, either o9 = o10/* or 0 = oo1/’.
We say that A; precedes Ao if Ay and As are linked and o9 = 01" where r > 0.
We now describe the classification of irreducible admissible representations of GL,, in
terms of the irreducible supercuspidal representations of GL,, with m < n. In this
sense supercuspidal representations are said to be the building blocks of irreducible

admissible representations of GL,,. First we record the following result of Zelevinsky

from [22].
Proposition 2.2.3. Let Aq, ..., A, be segments. Then

1. The representation Z(A1) X ... x Z(A,) is irreducible if and only if for each

1,7 =1,..,7 the segments A; and A; are not linked.

2. The representation Q(A1) X ... X Q(A,) is irreducible if and only if for each

i,7 =1,..,7 the segments A; and A; are not linked.

Theorem 2.2.4. (First Form of Classification) Let Ay, ..., A\, be segments. Suppose
for each i,j such that © < j, A; does not precede A;j. Then we have the following:

1. The representation Z (A1) X ... X Z(A,) has a unique irreducible subrepresenta-

tion denoted by Z(Aq, ..., A,).

') are equivalent if and only

2. The representations Z (A, ..., A,) and Z(A}, ..., Al
if s =1 and A} = Ayqy for some permutation o of {1,...,r}.(Here it is again

assumed that A} does not precede A for all i’ < j'.)

17



2.2 Theory of Segments and Classification

3. Any irreducible admissible representation of GL, is equivalent to some repre-

sentation of the form Z(Aq, ..., A,).

As noted earlier, the trivial representation 1,, of GL, may be thought of as Z(A)
where A = [V*(%), V%)]. The Steinberg representation St, of GL, may be thought
of as Z(Aq,...,A,) where A; = {v"7 }, ..., A, = {v~"z)} where now there are n
segments. Observe that the ‘does not precede condition’ holds for the A;.

We next present the second form of the Classification theorem. It is essentially
replacing Z in the statements of Theorem 2.2.4 by ) and subrepresentation by quo-

tient.

Theorem 2.2.5. (Second Form of Classification) Let Aq, ..., A, be segments. Suppose
for each i,j such that i < j, A; does not precede A;. Then we have the following

1. The representation Q(A1) X ... X Q(A,) has a unique irreducible quotient denoted
by Q(Ah ceey AT)

2. The representations Q(Aq, ..., A,) and Q(A], ..., AL) are equivalent if and only
if s =1 and A} = Aygy for some permutation o of {1,...,r}.(Here it is again

assumed that A} does not precede A fori' < j'.)

3. Any irreducible admissible representation of GL,, is equivalent to some repre-

sentation of the form Q(Aq, ..., A,).

We next realize certain classes of representations of GL,, in terms of representations
of the form Q(Ay,...,A,). Let Z denote the center of GL,. A smooth irreducible
representation (7, V) is said to be essentially square integrable if there is a character
X : GL; — R.g such that |f,5(g)*x(detg) is a function on Z\G for every matrix

coefficient f, 7 of m, and

/ | fo5(9) X (detg)dg < oo.
2\G

If x can be taken to be trivial then 7 is said to be a square integrable representation.

For any segment A = [0, ..., 0v*"!] the representation Q(A) is an essentially square

18



2.2 Theory of Segments and Classification

integrable representation. Conversely, every essentially square integrable represen-
tation of GL,, is equivalent to some Q(A) for a uniquely determined A. A smooth
representation (m, V) of GL, is said to be wnitary if V' has an inner product (.,.)
which is GL,, invariant, i.e., (w(g)v, 7(g)w) = (v,w) for all ¢ € GL,, and v,w € V.
The representation Q(A) is square integrable if and only if it is unitary which is so if
and only if ov'T is unitary.

Let U,, be the subgroup of all upper triangular unipotent matrices and ¥ : U,, — C
be the character defined by U([u;;]) = ¥(ui2 + ... + uy—1,,) for some choice of a
nontrivial additive character ¢ : F© — C. A smooth representation (m,V) of GL,
is said to be generic if Homgy, (7, Ind%f“‘ll) # 0. An irreducible admissible generic
representation of GL,, is equivalent to some Q(A;) X ... x Q(A,) where no two of
the A; are linked. The final class of representations that we will consider is the
class of tempered representations. An irreducible admissible representation (m,V)
of GL,, is said to be tempered if the central character w, of 7 is unitary and if one
(and equivalently every) matrix coefficient f,7 is in L*™¢(Z\@G) for every € > 0. An
irreducible admissible representation 7 = Q(Ay, ..., A,) of GL,, is tempered if and
only if 7 = ind§™(Q(A}) ® ... ® Q(A,)) with every Q(A;) being square integrable.
An irreducible admissible representation m of GL,, is said to be essentially tempered

if it has the form 7 = 70! where 7 is tempered and ¢ € R.

Theorem 2.2.6. (Langlands’ Construction) Letn =Y., n; and m; be an irreducible

T

essentially tempered representation of GL,, for each i. Write m; = T,v" where the T,

are tempered and x; € R. Assume that x1 > 19 > ... > x,. Then:

,,,,,

called a Langlands Quotient.

2. Every irreducible admissible representation of GL,, is a Langlands quotient where

the parabolic P,, . .. and the m; (equivalently, the 1; and z; € R) are uniquely

T

determined.
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2.3 Derivatives of Representations

Remark 2.2.3. Let 7 be the Langlands quotient of 71*' X ... X 7,.v%". Since each 7;

is irreducible and tempered we may write
7= Q(A]) X ... x Q(A™)

where the Q(AF)’s are square integrable. In particular, A¥ and Al are not linked for

any k,[. Therefore, 7 is the unique irreducible quotient of
Q(ADY™ x .. x QAT )™ x ... x Q(ADV™ x ... x Q(A™ )™

Now twist the segments A¥ (i.e., the representations constituting the segment) by the

corresponding % and rename the A¥ in the following way:

AL = AL ATT = AL AL = AL L AT = A

mi? mi—+...+my*

Then 7 is the unique irreducible quotient of

Q(AY) X oo X QAL 4 m,)

The condition z; > ... > w, forces the condition that A} and A’ are not linked for
i’ < j'. Thus, the second form of our classification namely Theorem 2.2.5 is equivalent

to Langlands’ Construction and hence is also known as Langlands Classification.
The following lemma is obvious.

Lemma 2.2.7. Let m be any irreducible admissible representation of GL,, which is
not supercuspidal. Then m can be expressed as a quotient of indgkL:ik(p ® T) where
1 <k <n—1andp and 7 are irreducible admissible representations of GLy and

GL,,_ respectively.

2.3 Derivatives of Representations

The mirabolic subgroup of GL,, consisting of all ¢ € GL,, with the n'* row equal to

(0,...,0,1) is denoted by P,. The symbol p, stands for an element of P, for given
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2.3 Derivatives of Representations

n € N. We denote the subgroup of unipotent upper triangular matrices in GL,, by U,
and the set of all » X s matrices with entries from F by M, ;. For each i € {1,..,n},
In—i z

0 w
where z € M,_;;,v € U;. Note that V' = U,,. If ¢ is a nontrivial additive character

let V' denote the subgroup of P, consisting of all matrices of the type

of F we get a multiplicative character ¢; of V! defined by v;(v) = w(zzzl Vjj+1)-

If 7 is a smooth representation of P, the i derivative of m (1 < i < n) denoted
by 7 is a smooth representation of GL,—; and is defined by 79 = 7y, (7). We
also set 79 = 7 and 7(¥ = 0 for ¢ > n. For a smooth representation 7 of GL,, the
i'" derivative is defined by 7 = (mp, ). Note that 7V =7y, _, (7, ).

The following Lemma (Section 4.5,[4]) is called Leibnitz rule.

Lemma 2.3.1. Let p and T be smooth representations of GLy and GL,,_ respectively.
Then the r*"-derivative (p x 7)) of the representation p x T of GL,, has a filtration

whose successive quotients are p(i) x (=9 fori=0,...,r.

The following result on supercuspidal representations (cf. [3],[4],[9]) is the essence

of Gelfand-Kazhdan Theory.
Theorem 2.3.2. (Gelfand-Kazhdan)

1. Let o be an irreducible supercuspidal representation of GL,,. Then the restriction

of o to P, 1is indg’l‘] -

2. An irreducible admissible representation o of GL,, is supercuspidal if and only

if o®) =0 for 0 < k <n and o™ = 1.

For the empty segment @ we put Z(0) and Q(D) to be the identity representation
of the trivial group GLy = {1}.

Example 2.3.1. If A is any segment then it is proved in (3.5,[22]) that exactly one
of the derivatives Z(A)* is non-zero and this derivative is equal to Z(A~) where

A~ is the segment obtained by omitting the last representation in A. For example,
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2.3 Derivatives of Representations

the derivative of any character y of GL, is the character yv~%? of GL,_;. Any
character x of GL, is viewed as Z(A) where A = [Xu*(%), ...,y%]. Then A~ =
(xv~ 2, . xv"z ) and Z(A~) = xv~'/2 which is a representation of GL,_;. Hence
the highest non-zero derivative is its first derivative and y") = yv~%/? Note that for
a character x of GL; the first derivative is the trivial representation of GLg(the trivial

group), since A~ = () in this case.

Example 2.3.2. For an irreducible supercuspidal representation o of GL,, let the
segment A = [0, ovF71]. If n = km then Q(A) is an irreducible representation of GL,,.
It is a theorem in ([22],9.6) that if 4 is not divisible by m then the i’ derivative of Q(A)
is zeroi.e., Q(A)W = 0. Also, if i = mp then for 0 < p < k—1, Q(A)® = Q(A;) where
A; = [vPo,0v 7 and Q(A)™ = 1 the trivial representation of the trivial group GLy.
For instance, if x is a character of GL; and A = [xv~("2"), xv"2" | then Q(A) is the
twist of Steinberg representation of GL,, by the character x i.e., Q(A) = St,x. St; =1
is the trivial character of GL;. Now by the above formula (Stnx)(l) = Stn,lxy%. We
also have the second derivative (St,x)® = St,_oxv. In general (St,x)® = Sto_ixV?
and (St,x)™ = 1, the trivial representation of GLg, the trivial group.

For a representation m € Alg(GLy,) of finite length, there is a Z-linear operator D :
R — R defined in ([4],4.5), where R = &R,,, (n =0, 1, ..) and R, is the Grothendieck
group of smooth GL,, modules of finite length. For a smooth GL, module of finite
length its image in fR,, is denoted by the same symbol. We have the multiplication
map X : R — R given by (7, 1) — 7 X m3 by which R becomes a graded ring. The
operator D is defined by D(m) = >_p_, 7*). The map D is extended to a Z-linear
operator. The ‘Leibnitz rule’ Lemma 2.3.1 implies that ®© is a homomorphism of
rings.

It follows from our Examples 2.3.1 and 2.3.2 that

D(x) = x +xv (2.3.1)
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2.4 Some Theorems of Zelevinsky

and

D(St,x) = Stpx + Stn,lxu% +..+ 5’152)@/7%2 + XV%1 + 1. (2.3.2)

Moreover, if 7 = p; X ... X p, we have
D(m) =D(p1) X ... x D(py). (2.3.3)

This is Corollary 4.6 in [4].

2.4 Some Theorems of Zelevinsky

We present in this section some results of Zelevinsky [22] that we will be using in
the sequel. We will use the following result of Zelevinsky proved in [22], Section 4
repeatedly in our work, which describes the product Z(A;) x Z(A,), the first part of

which follows from Theorem 2.2.3.

Lemma 2.4.1. The representation Z (A1) X Z(Ay) is irreducible if and only if Ay
and Ay are not linked. If Ay and Ag are linked then Z(A1) X Z(As) has length 2. If
Ay precedes Ay then & has the unique irreducible quotient Z(A1 U Ag) X Z(A; NA).

If Ay precedes Ay then € has the unique irreducible subrepresentation Z(A; U Ag) X
Z(A1NA,).

Note that if Ay N Ay =@ then Z(0) is the trivial representation of the trivial group
GLyo.

We now turn to the notion of multiset on a set, defined at the end of Introduction
in [22]. Given a set €, a multiset on 2 is a function x : Q@ — Zso, where Zxq is
the set of non-negative integers. We usually write down a multiset x :  — Z>
asa={..,z, ..2,9,...,Yy,...} where each element x € € is repeated x(x) times. The
function x is called the characteristic function of a and denoted by x,. We write x € a
if xq(x) > 0. Given two multisets a, b we write b C a if xp(x) < xq(x) for every x € b.

The empty multiset a = ¢ corresponds to y = 0. We will need only finite multisets
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2.4 Some Theorems of Zelevinsky

i.e., the ones for which x, has finite support. The sum a 4 b of two multisets a and
b is defined by Xa16 = Xa + Xo-

We will deal with multisets on the set of segments. We will denote by O the set of
all finite multisets on segments. Given any multiset a = {Ay, ..., A, } of segments put
m(a) = Z(Ay) X ... x Z(A,). Given a multiset a = {Ay, ..., A, } we say that a satisfies
the does not precede condition (abbreviated DNP hereafter) if for any i < j A;
does not precede A;. We now state a Proposition (Section 6.4,[22]) of Zelevinsky.

Proposition 2.4.2. Let (Aq,...,A,) and (A}, ...,Al) be ordered sequences of seg-

ments. Suppose one of the following holds:

1. (Aq,...,A,) is the same as (A, ..., Al) except that two non-linked consecutive

segments (A;, A1) have been interchanged.

2. Both (Ay,...,A,) and (A}, ..., Al) satisfy DNP and one is a permutation of the

other.

Then Z(A1) X ... x Z(A,) is equivalent to Z(A)) x ... x Z(Al). Therefore if (2) holds
then Z(Aq,...,A) = Z(A], ..., AL).

If a ={Aq,...,A,} satisfies DNP then 7(a) has a unique irreducible submodule
by Theorem 2.2.4 which will be denoted by Z(a). Given any multiset a = {Aq, ..., A}
in O one can choose an ordering of a such that a satisfies DNP. Then 7(a) and Z(a)

depend only on a by Proposition 2.4.2.

Some Results on the product Z(A) x ... x Z(A,)

We record here three results of Zelevinsky in [22]: Theorem 7.1, Proposition 8.4 and
Theorem 9.13 which we will need in the sequel. We state them one by one after
introducing the notations used.

For each a, b € O the multiplicity with which Z(b) occurs in JH((a)) is denoted

by m(b, a). An elementary operation on a multiset a = {Ay, ..., A, } is the replacement
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2.5 The representation L,

of two linked segments { A1, As} in a by the pair {A;UAy, AjN Ay} We put a partial
order on 9 as follows: define b < a if b can be obtained from a by a sequence of
elementary operations. We have the following theorem which describes all possible

irreducible subquotients of the representation Z(A;) X ... x Z(A,).

Theorem 2.4.3. For a,b in O, the multiplicity m(b,a) # 0 if and only if b < a.

Moreover, m(a,a) =1 for any a € O.

Recall that given two multisets a and b we had defined a + b. The following
proposition says that there exists an irreducible subquotient of Z(a;) x ... x Z(a,)

which appears with multiplicity one.

Proposition 2.4.4. For each ay, ..., a, in O the representation Z(a; + ... +a,) occurs

in JHY(Z(a1) x ... x Z(a,)) with multiplicity 1.

We conclude this section with the following theorem which may be deemed to be

the generalization of Proposition 2.2.1.

Theorem 2.4.5. Let a = {Aq, ..., A} be a multiset of segments in O. If a is such that
any two of its segments have an empty intersection then the irreducible subquotients
of the representation w(a) = Z(Ay) X...x Z(A,) are all distinct. The set of irreducible
subquotients (counted with multiplicity) of m(a) i.e., JH°(7(a)) = {Z(b) : b < a}.

2.5 The representation L,

In this section we single out the infinite dimensional representation L, of GL, of
central character ™ which plays an important role in this work. This representation
also appeared in a prominent way in [14]. What is rather important for us is that the
representation L, arises in many principal series representations of GL,,, and these
various realizations are useful to us. We begin with the following definition. Note

that v2 as a representation of GL,,_1 is Z([V*(HT%), ey y%])
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2.5 The representation L,

Definition 2.5.1. For n > 2, define L,, to be the unique irreducible quotient of

dGLn1 1(1/2 ® yn;l )

By Lemma 2.4.1, L,, is well defined and sits in the following exact sequences of GL,,-
modules

O—>1/—>ind1§nL“1 (7/2 QU )= L,—0 (2.5.1)

. n—k—2 k
L, as a quotient of L, ov 2 X v 2

n—3 n—3 n+1

For n > 2let ¥, = v"z x v"2 x .. x v ("2) x v € Alg(GL,). To avoid any

ambiguity in our notation, we emphasize that Wy = v x v and Uy = v x1xv2

Observe that Ly = Styu.
Let n > 3. Note that V3 is the unique irreducible quotient of VT X U X L X

) € Alg(GL,_1) and deL“ (v2 @ v™3) is a quotient of W,,. Therefore L, is

—1,1

an irreducible quotient of W,,. By Theorem 2.2.1, since ¥,, has a unique irreducible

quotient, that must be L,. Among the characters appearing in V¥,,, the character
V"% s linked only to v° " and hence we can “move” it to the left till it is to the
right of v " . By Proposition 2.4.2 all the representations so obtained have the same
orientation, are equivalent and hence have the unique irreducible quotient L,,. We are

going to realize L, as the unique irreducible of quotient of n — 2 distinct length 2

representations different from the one in (2.5.1).

n—2k+1

To thisend, for k =0,...,n—3put 7,_p_o =v 2  X..X (5 ¢ Alg(GLy_k_2)

n—k—2

and look at Il = Wpiov 2 X 7,2 € Alg(GL,). Then by the previous para-
graph, each II; has the unique irreducible quotient L,. In Hk, the GLgio component

n— 2

k—
Uyov 2

has the unique irreducible quotient Ly ov *5=%_ On the other hand the
GL,,_r_2 part 7,_, has the character V=5 as the unique irreducible quotient. We

n—k—2

claim that the representation & = Ly o™ 2 X 173 € Alg(GL,) has length 2 as a

GL,-module. If the claim is true then & has the unique irreducible quotient L,, for

every k.
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2.5 The representation L,

n—1 n—3

Let k> 0. Put A; = ™2, 0" 7, Ay = {v"5 )} and A = =5, v
Then Z(A;) = 7 = Irr(GLyy ) and Z(A3) = Ve € Irr(GLy_x—2). Put n = k+2

n—2k—3
2]

n—k—2

in (2.5.1), twist by "2 and take product with Z(As) = =% to get the following

exact sequence of GL,, modules namely

0 — ind§k (VDQ;k ® V_Tk) — Z(A1) X Z(Ag) X Z(Az) = & — 0

Prion—k-2

By Theorem 2.4.5, we conclude Z (A1) x Z(Ay) x Z(As) has length 4 with distinct
irreducible subquotients and indgf;’n_k_z(un%k ® V%k) has length 2. Therefore & has
length 2.

If £ = 0, our representation is & = Stovz x 1,,_s which we show to be of length 2
in the following Lemma. We introduce some notation which we will be using in the
proof. Let a, = {Ay, u'/?, w2}, a, = {A1, Ay} be multisets of segments where
Ay = [ v 2 and Ay = [ur M2 w2 I o= v let Ay = Ap U Ay and
a, = {As, T} We have Z(A)) = 1,9, Z(Ay) = p € Irr(GLy) and Z(As) =
vEY2 € Irr(GL, ).

Lemma 2.5.1. Forn > 3, { = ind%i_z(StQu ® 1,_9) is irreducible for all p except

+n/2

foru=v Cf p=vz, € has length 2 and sits in the exact sequence

0— Z, — indp™ (Star2 @ Iy_5) = Ly — 0 (2.5.2)

Proof. Assume p # v*"/?

. We show that there is only one possible Jordan-Holder
constituent for . By Proposition 2.4.4, Z(a,) occurs in ¢ with multiplicity 1. By
Theorem 2.4.3, Z(a,) or Z(a,) are the only possible Jordan-Holder constituents of &
other than Z(a,).

If u # V"2 then a; does not exist and therefore the only possible Jordan-
Holder factor of ¢ is the irreducible Z(a,) = indg’fj‘m(]ln_g ® p). But since D (p)
is not contained in ®(Stou) it can be seen that Z(a,) is not a factor of £ and & is
irreducible. Assume that g = v"2 . We claim that (cf. [22], Example 11.4) that
neither ®(Z(a,)) nor ®(Z(a;)) is contained in D(&). This will show that £ = Z(a,)

and hence is irreducible.
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2.6 Summary on Langlands parameter

Proof of Claim: It is enough to exhibit one factor each in ®(Z(a,)) and D(Z(a;))
which is not contained in D(¢). By Lemma 2.4.1, we have indg ™, Lo x v "2°) has
Z(a,) and Z(a;) = dGL“1 ) (v2 @) as Jordan-Holder factors each appearing with
multiplicity one. The first derivative of Z(a3) has the irreducible indgfj‘m(]ln_g ®

1/"%3) as a component which does not appear in the first derivative of &(which is

GLn 1(

glued from md "I,y ® v"2 ) and indj v™3 ® Stor"7 ). Similarly using the

2,1
second derivative of md%n 2(]1Il NV ) we find that the irreducible L,_ov~ ! is the
second derivative of Z(a;), but the second derivative of £ is composed of 1,_, and
the irreducible indP N 2 ® v"2 ). This proves the claim.

If = v™/? we look at the exact sequence

0—=¢&— mdglL;‘ ( "ot @1, 9) — 111dG2L§72(1/n/2 ®1,-2) =0

n—1 n+1
and observe that 1nd1§1L;‘ L

® 1,_2) has length 4 and distinct irreducible
subquotients by Theorem 2.4.5. By the same theorem, indSQLI“P2 (v2 ®1,_5) has length
2. Therefore, ¢ has length 2. Note that £ is a quotient of ¥,, and L,, is the unique

irreducible quotient of W,,. Therefore the exact sequence (2.5.2) follows. O

The importance of the exact sequence (2.5.2) is that it helps us to realize L,, as a
Langlands quotient. We also have to realize many other representations as Langlands

quotient as well, which we do next.

2.6 Summary on Langlands parameter

In this section we summarize facts (c.f. [11] or [21]) about Langlands parameters of
certain irreducible admissible representations of GL,, which we will be using to prove

Theorem 1.1.2.
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2.6 Summary on Langlands parameter

The Local Langlands Correspondence

We will follow the exposition in [15] closely. More detailed expositions can be found
n [11] and [21].

Let Wy denote the Weil group of F. By local class field theory we may identify the
characters of F* = GL; and the characters of Wg. The local Langlands Correspon-
dence generalizes this to a bijection between irreducible admissible representations of
GL,, and certain n-dimensional representations of the Weil-Deligne group WY, of F.
The Weil- Deligne group may be defined to be Wg x SL(2,C).

An n-dimensional representation II of the Weil-Deleigne group WY, which is semi-
simple when restricted to Wy and algebraic when restricted to SL(2, C) is of the form
II = 22:1 II; ® Sp(m;) where II; are irreducible representations of Wy of dimension
n; and Sp(m;) is the unique m; dimensional irreducible representation of SL(2,C).

The following version of the Local Langlands Correspondence is from [15].

Theorem 2.6.1. (Local Langlands Correspondence) There exists a natural bi-
jective correspondence between irreducible admissible representations of GL,, and n-
dimensional representations of the Weil-Deligne group W}, of F which are semi-simple
when restricted to Wy and algebraic when restricted to SL(2,C). The correspondence
reduces to class field theory for n = 1, and is equivariant under twisting and taking

contragredients.

Remark 2.6.1. To any pair of representations m; and m, of GL,, and GL,, respectively
one can attach ‘L-functions” and ‘e-factors’ which we will not define here since we do
not need it in the sequel. Similarly, to any pair of representations of W}, one attaches
‘L-functions’ and ‘e-factors’. The Local Langlands correspondence is supposed to be
natural in the sense that it is the unique correspondence which preserves the ‘L and

e-factors’.

We denote the underlying map of the Local Langlands Correspondence by £. Then

for a given m € Irr(GL,) the n-dimensional representation £(7) of Wy is called the
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2.6 Summary on Langlands parameter

Langlands parameter of . The Bernstein-Zelevinsky Classification reduces the local
Langlands Correspondence to one between irreducible supercuspidal representations
of GL,, and irreducible representations of Wr.

The Langlands parameters can be described via Langlands classification theorem
if we know the Langlands parameter of supercuspidal representations. We discuss this
here. Let a non-supercuspidal irreducible admissible representation 7 of GL,, be given.
Recall that the Langlands classification (Theorem 2.2.6) states that a representation
of the form £ = mv™ x ... x mv", where n = > n;, m; € Irr(GL,,) are tempered
and r; € R are such that 1 > x5 > ... > =z, has a unique irreducible quotient,
which is called a Langlands quotient. Conversely any m € Irr(GL,) can be expressed
uniquely as a Langlands quotient. In particular, if 7 is the Langlands quotient of &
then £V = 7,v™" x ... x v~ *! has a Langlands quotient (since 7; are tempered and
—x, > ... > —xp) which is nothing but 7. Also recall that Langlands Classification is
equivalent to saying that 7 is the unique irreducible quotient of Q(A1) X ... X Q(Ag),
where Ay’s are segments and A; does not precede A; for ¢ < j. Let Sp, denote the
unique n-dimensional irreducible representation of SL(2,C). If A; = [0y, ..., o351
for a supercuspidal o; € Irr(GL,,) we have £(1) = ®F_, £(0;) @ Sp(l;).

Our aim is to understand 7 € Irr(GL,) for which £(7) has an n — 2 dimensional
subrepresentation corresponding to the trivial representation 1,,_, of GL,,_5 such that
the two-dimensional quotient representation £(m)/£(1,,_2) is £(7) where 7 € Irr(GLy)
is either infinite dimensional or one of the characters v+"z".

The following remark may be useful in some situations.

Remark 2.6.2. Let p € Irr(GLy) and 7 € Irr(GLy) are such that p x 7 is irreducible.
Write p = Z(Ayq, ..., A,) and 7 = Z(A], ..., AL) in the Zelevinsky classification. Put
a={Ay,..,Aand b = {A}, ..., AL}. Then px7 = Z(a)x Z(b). By Proposition 2.4.4,
Z(a +b) occurs in JH(p x 7) and by the irreducibility of p x 7 implies Z(a + b) =
p X 7. Similar consideration using Q(A) which directly corresponds to Langlands

parametrization instead of Z(A), suggests that £(p x 7) = £(p) © £(7).
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2.6 Summary on Langlands parameter

If x is a character of GL;, we will denote £(x) by the same symbol y. For
any character x of GL; viewed as the character g — x(det(g)) of GL,, £(x) is
xv'T @@ yv~"2). Note that £(1,_,) = v ®v"T &...&v ("), For a super-
cuspidal o € Irr(GLs), indG2L"72(a®]1n_2) is irreducible by Lemma 2.4.1 and has Lang-
lands parameter £(0)®v"z Gz ®..or- ") If y # v"z, ("2, the representa-
tion indgnL_“L1 (v=12® ) is irreducible by Lemma 2.4.1, and has Langlands parameter

))/E(n-2)

is ("3 @ v~ "39) which corresponds to the character =3 of GLs. If x #

n—3

VT v 4. ") @ ("2) @ y. Hence, S(indgffl (2 er

n—3

=39 "5 then L(indg™ (x®@vY?))=xev'z T ovT @ or ) or s

Consequently, il(indgleL1 (V"2 @) /&(1,_s) is v @v"T which corresponds to

the character v"2° of GLy. If X1 # X2t and neither y; nor y, equals v+ " , the

representation mdglLi‘ L1 ®x2 @ 1o 2) is irreducible by Theorem 2.2.3(i) and has

the Langlands parameter y; @ x2 ® v P ovt .. or ),
In the previous paragraph, we have analyzed all those representations 7 € Irr(GL,)
for which £(7) has the subrepresentation £(1,_5) and £(7)/£(1,_2) corresponds

+23% or an infinite dimensional of GLy other than a twist Styx of the

either to v
Steinberg representation of GL,. It now remains to consider such representations
namely for which £(7)/£(1,,_2) is £(Stax).

n—3 n—2k+1 n—=2k n—2k—1
Lemma 2.6.2. For2<k<n—2,&§=v 2 X..XV o xStzy 2 XV 2 X..X

v="3) € Alg(GL,) has the Langlands quotient 1,5 x Stov™2" . Also the represen-

tation & = Stor™ T x v T % ... x v ("T) has the Langlands quotient Sty x 1, o.

The representation & = Stz X V" x .. x v~ ("3") has the Langlands quotient L.
Consequently the representations &,y == & and &, := & have Stor= (") x 1,5 and

Z,: as their Langlands quotients respectively.

Proof. We already know that &, has a Langlands quotient for every k. Note that

VT X L x v € Alg(GLy_1) has the character v =5 of GLj_; and v T x
Cx (T ¢ Alg(GL,_x_1) has the character =3 of GL,_r_1 as quotients.
Therefore & has n := mdgkL“l“ . 1(1/“12(71 x St x y*(%)) as a quotient. By
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2.7 Preliminaries on GL,,_1-distinguished representations of GL,

n—2k n—k—1

n—k—1 n—=2k . . .
2 X Stov 2 is irreducible and hence n = Stor 2 X v 2 X

Lemma 2.5.1, v

v~(*z"). By Lemma 2.4.1, indgfj‘;rlﬁkil(ynfgfl x v~ ("27)) has the unique irreducible

quotient 1,,_5. It is readily seen that n has indE}:iQ(StQVn_;k ® 1, 5) as a quotient.

By Lemma 2.5.1, this quotient is irreducible, which proves the first assertion. Since
& has indﬁfg_z(StQu% ® 1, 2) as a quotient it follows from Lemma 2.5.1 that &, has

the Langlands quotient L,. The other cases are similar. O]

To conclude the summary on Langlands parameters we note the following. It
is well known that the Langlands parameter of the Steinberg representation Sts is
V’%Spg where Sps is the unique 2-dimensional irreducible representation of SL(2,C).

-5

By Lemma 2.5.1 and Lemma 2.6.2, Spgxu_Tl &vT v & ... ev ") is the

Langlands parameter of ind(PiL;L2 (Stox ® 1L,_y) when x # v*/2, of L,, when y = v"/?

n/2 Tn what follows we will have occasion to use two results

and of Z; when xy = v~
on extensions of GL, modules which we quote for easy reference. The first one is a

general result and well-known.

Lemma 2.6.3. Let m; and my be representations of GL,, with central characters wy

and wo respectively. If wy # wo then EXtéLn [r1, M) = 0.
The next Lemma is a special case of a Lemma of D. Prasad (Lemma 6 in [14])

Lemma 2.6.4. (Prasad) For any principal series representation p of GLy (not nec-

essarily irreducible), Extgy, [p, 12] = 0 if and only if Homgr, [p, 1] = 0.

2.7 Preliminaries on GL,_;-distinguished represen-

tations of GL,

Given a representation 7 of GLy,, by Homgr, , [, 1y-1], we mean Homgr, 7)o,

We begin by observing that a character x of GL,, is GL,,_;-distinguished if and only
if x is the trivial representation 1,,. The next lemma follows from a well known the-

orem due to Gelfand-Kazhdan [3] which says that the outer automorphism g — ¢!
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2.8 Some Examples on product of characters

(which preserves GL,,_1) takes an irreducible admissible representation of GL,, to 7.

Therefore we have the following consequence

Lemma 2.7.1. Let 7 € Irr(GL,). Then w is GL,_1-distinguished if and only if its

contragredient 7 is GL,,_1-distinguished.

The above Lemma 2.7.1 has the following generalization when one has product of

irreducible representations.

Lemma 2.7.2. (Duality Lemma) Let n = >, n;, £ = indg™

Lseres
and £ = indg™
T

..... ny

(pr ® ... ® p1) where p; € Irr(GLy,). Then Homgy, ,[§, Lu—1] =
Homgy, ,[£Y, 1,_1]. Moreover, if & has the unique irreducible quotient 7 then £ has

the unique irreducible quotient 7.

Proof. Fix (sp)ij = (—=1)"0;n+1-; € GL,. The automorphism s : GL,, — GL,, defined
by s(g) = s,'g7's,; ! induces a functor S : Alg(GL,) — Alg(GL,). The automorphism

s maps P, n, and GL,_; to a conjugate of GL,,_;. It is clear from the

..........

above mentioned theorem of Gelfand-Kazhdan that S maps £ to £¥. Our first assertion

follows. The last assertion also follows from the same theorem. OJ

It follows from Theorem 2.3.2 that the restriction of an irreducible supercuspidal rep-
resentation o of GL,, to GL,,_; is indgffl‘lq,bn_l. From this theorem and using Frobe-
nius Reciprocity it was noted by Prasad in [14] that supercuspidal representations do
not have a GL,,_;-invariant form for n > 2 whereas for n = 2 this representation is

in fact GL;-distinguished. We record this in the following lemma.

Lemma 2.7.3. If 0,, € Irr(GL,) is supercuspidal then Homgy,_,[on, 1,_1] = 0 for

n > 3 whereas Homgy, (09, 1] # 0.

2.8 Some Examples on product of characters

We now present few examples which will describe how to work with product of char-

acters. This is just an application of the Zelevinsky Theory we have discussed so far.
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2.8 Some Examples on product of characters

These examples will be useful in understanding quotients of parabolically induced
representations which are important from our point of view. We start with the most
basic case i.e., that of GLy. Recall that given segments Ay, ..., A, the representation
Z(Ay) x ... x Z(A,) is irreducible if and only if A; and A; are not linked for all
1,7 = 1,...r. Therefore to understand the reducibility of a product we must know

when two segments are linked and in that case how the representation decomposes.

Example 2.8.1. ( Segment Theory for GLy ) Let x; and y2 be two characters of
GL;. Recall that y; X x2 denotes indgff (X1 ® x2). We think of y; and xy as two
segments. By Lemma 2.4.1, x; X xz2 is reducible if and only if the segments (y;) and
(x2) are linked i.e., if and only if y, = y,v*!. Fix x; = vz . Then v % x X2 is linked
if and only if x, = V2 or X2 = Ve

If xyo = v observe that v~ 2 precedes vz and therefore by Lemma 2.4.1, VI X U2
has length 2 and has the unique irreducible subrepresentation Z ([V_%, V%]) = 1,, the
trivial representation of GLy(cf. Example 2.2.1). The quotient is infinite dimensional
and is the Steinberg representation St,. We have the following exact sequence of

GLs-modules which is of fundamental importance.

N|—=

0= 1y =272 x 2 — Sty — 0 (2.8.1)
Twisting the above sequence by a character u, we get
1 1
0— p— pr=2 X uv2 — Stopu — 0 (2.8.2)
Taking contragredient of the above and replacing u=! by A we get

0= Stod = A2 X A2 = A — 0 (2.8.3)

These exact sequences contains the complete picture of a reducible principal series
of GL,. Note that in the third exact sequence AU~z precedes A2 and therefore the

character A sits as a quotient in the product.
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2.8 Some Examples on product of characters

Remark 2.8.2. Note from the above example that the only principal series x1 X x2
of GL5 which has the trivial representation of GLs as a quotient is the principal series

1 =1
v XUV 2.

We next consider indgf_“l ) (1/% ® p) where p is a character of GL;.

Example 2.8.3. Let £ = indlg’fj‘l 1(V% ® ). Recall from Example 2.2.1 that 1,,_; as a
character of GL,,_; is viewed as Z((V*("T&) Lv'7)). Let A= (v"z,..,v 7). Then

Z(A) = vz. Let A be the (singleton) segment [1]. Then A and A’ are linked if and

n+1 n+1
2

only if either y = v 2 or yu = v=("3). Fix iw=v 2 then A precedes A’ and therefore
by Lemma 2.4.1, Z(A U A’) is a subrepresentation of . (Note that the intersection
ANA"=0@.) Now

AUA =@ U5 5 ).

Observe that it is the segment obtained from A" = (y*(%), s 1/”771) by twisting
throughout by v. Since Z(A") = 1,,, we conclude that Z(A U A") = v. Therefore,
indg’fjl ) (V% ®v"7 has the unique irreducible subrepresentation v. It has length 2 and

therefore has a unique irreducible quotient. This irreducible quotient was defined to

be L, in Section 2.5. We recall the exact sequence (2.5.1) in which L,, sits namely

0—v—indS LVI@vT) =L, =0 (2.8.4)

Twisting (2.8.4) by V72 we get

0— vz = indg™ (Lo @ vE) = Ly ™2 — 0. (2.8.5)
We have the dual exact sequence
- 1 . GLy _n _1
0— Lz —indp ™ (L1 ®@v2) 5 v 2 =0, (2.8.6)
If we twist (2.8.4) by v~! then we have
. 1QL -1 n=-1 -1
0— 1, —indg™ (v 2@v?2)—=Lv =0 (2.8.7)

All these exact sequences are crucial to us and will be used in the sequel.
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2.8 Some Examples on product of characters

Recall from Proposition 2.4.2 that if (A4, ..., A,) are segments and (A, ..., A’) is same
as (Aq, ..., A,) except that two non-linked consecutive segments (A;, A;11) have been

interchanged then
Z(A1) X . x Z(A) 2 Z(A)) x ... x Z(A]).

Example 2.8.4. Consider £ = ilqd(P}Ln (1, 5 ® 4 ® x) where 1y x u is irreducible.

n—2,1,1

We look at the irreducible quotients of .

n—3 n—3

Let us write & = 1,,_y X < x. Recall that the segment for 1,,_yis (v~"Z ), ..., v77 ).

—1

Note that by our assumption p # v*"z . By Proposition 2.2.3(1), ¢ is irreducible if

n—1

and only if x # uv*! and y # vz .
(a) If y and p are linked, let Y = pr*t. Then by Example 2.8.1, the quotient of y x v

1

is Stz,uy% and the quotient of p x ur=" is the character ;w_% of GL,. The irreducible

quotients of £ are quotients of indgff“(]ln_g ® StQ,uV%) where w/% # vz, v~ ("2 in

the first case. In the second case they are quotients of indlg}j:“2 L2 ® w/*%), where

n—2

_1 n
pur2 F vz vz,

(b) Let € = 1,,_5 x 1 X x be such that p # yv*!. That is both p x x and 1I,,_o X p are

irreducible. Suppose 1,,_5 X x is reducible. Then we may write £ = p x 1,,_5 X x and

X = vE"2 . We look at the irreducible quotients of 1, o x x. Let x = VT Then,

by (2.8.5) 1,2 X v"7 has the unique irreducible quotient L,,_1v~2. Therefore any
irreducible quotient of £ is a quotient of p x Ln_ll/’%. If x = 1/’(%1), by appealing to

(2.8.6) we may conclude that any irreducible quotient of € is a quotient of indgi‘j_l (®

V_%)

Example 2.8.5. We look at £ = indS™ (1, o ® A ® v=("2%)). Assume that \ #

n—2,1,1

v, Then A is not linked to (v~ "2, ...,v"2 ) and hence 1, 5 x A is irreducible.

Also since v=("3%) is a part of the segment for 1,,_5 the product 1,_5 X v~(*3%) is also

n—3

irreducible. Therefore, ¢ is reducible if and only if X is linked to »~(*z7). The only

possible choice for A is v~ ("2%) whence A x v~ (") has the unique irreducible quotient
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2.8 Some Examples on product of characters

("3 € Irr(GLy) by Example 2.8.1. Therefore ¢ has the unique irreducible quotient

n—4

indg™ (L, @ v=("27)).

Example 2.8.6. Consider the representation ¢ = ind5™ (v @A ® u‘(Lf)) where

Pno21,1

A # y=("37) =3 The segment for the character v of GL,,_5 is (V_(HT_S), s l/nT_l).
The condition on A means that A is not linked to this segment and hence v x A is
irreducible. Write £ = A x v x v~("2%), Observe that the segment y— ("3 precedes the
segment (V_(HT%), . ynT_l). By Lemma 2.4.1, v x »~("2") has the unique irreducible
quotient Z ((V_(nT_S), ...,VnT_l)) = v2. Therefore any irreducible quotient of £ is a
quotient of n = indgiz_l(/\ ® v2). Observe that 7 is irreducible if and only if \ #
V_(%).(because, by our assumption already A # ynTH.) Therefore the only choice of

A for which 7 is reducible is v~("3). Look at (2.8.7). Applying Duality Lemma to

vi x v"z we find 1 and hence £ has the unique irreducible quotient Z;V.

. . . 1
Example 2.8.7. We next consider the representation & = 1nd§f_“371’1,1(u2 ® x1 ®
n—3

X2 ® V*(T)), Assume that Yy, # x0Tt

and both xi,x2 are not equal to either

n—1

vz, v=("2"). We look at the irreducible quotients of &.

n75) n—3

The character v2 of GL,_3 is Z((v~("2"),...,v"=")). The assumption on x; and y»

implies that VI X X1 X X2 is irreducible. Write & = y1 X x2 X v: x v~ ("3°). Observe that

n—>5

=) precedes (v~ .., z/nT_B). Therefore, 12 x v~("2%) has the unique irreducible
quotient Z((l/_(nT_S), =) VnT_g)) = 1,,_5. Therefore any irreducible quotient of
¢ is a quotient of n = x1 X x2 X 1,_2. Now 7 is irreducible if and only if both x; and
X2 are not equal to v ("), (By choice x; and x5 are not linked and neither of them
is equal to v"z".)

Assume without loss of generality that x, = v, Replace n by n—1 in (2.8.5)

and applying the Duality Lemma to the representation in the middle we show that

n—1 —_—~—

v~*z7) x 1,,_, has the unique irreducible quotient Ln,lué. Therefore, any quotient
S |

of £ is a quotient of y; X L,,_iv2.

We finally consider three pairs of characters and their quotient which will be

relevant to our discussion.
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2.8 Some Examples on product of characters

Example 2.8.8. et n >4 and 2 <k <n—2.

(a). Consider indSkL:ik(yank ®v7s). Let

n—=2k—1 n—3 _(n—1 n—2k—1
v ) A=) )

Alz(V

Then v~ 2 = Z(A;) and s = Z(As). Also Ay precedes A;. We have

n—1 n—k—1 n—2k—1

ALUAy = ) "2 ), v T ), AN Ay = (v )

n—=2k—1

and Z(A UAy) = vz € Irr(GLy_1) and Z(A1NA,) = v 2 € Irr(GLy). Therefore

by Lemma 2.4.1, ind$l» (1/% ® y_g) has length 2 and has the unique irreducible

Pyrn—x

n—2k—1
2 )

. .. 1GL, 1
quotient indp ™ (r"2 ®v

(b). Consider indgkink(unT_k ®v~("2%)). By similar analysis as in (a), we conclude that

this representation has length 2 and has the unique irreducible quotient indgr{j‘l ) (V% ®

L/n7%f+1)

n—k

(c). Consider indl(jlii—k V') @u s

: n—k _k
. The segments corresponding to vz and v~ 2

are

n—2k+1 n—1 _(n—1 n—2k—1
> ,.,vz2 ) and (v T )

(v

respectively, whence there is no intersection amongst the segments and again by
Lemma 2.4.1 we conclude that indg’fifk (V"2 ) ®@v~% has 1, as the unique irreducible

quotient.
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Chapter 3

Mackey theory and its

Consequences

Let G be a finite group and H, K be subgroup of G. Then we know that finite
dimensional complex representations of G are semisimple. If (p, V') is a representation
of H then we have the following theorem [17] to determine the restriction of the
induced representation ind$(p) to K namely;

Let G = U;_Hg;K be a double coset decomposition. Then
. G s s K i
indg (p) = @izllndgi—ngmK(Pg )

where p%(g;" hgi) = p(h).

Observe that indg,ngmK(pgi) comes from those functions in the space of ind§(p)
which have their support in the double coset Hg; K. This method of studying a re-
striction of an induced representation of a group to a subgroup is what is known as
Mackey Theory.

If the finite group G is replaced by an ¢-group and H, K are closed subgroups of
G then the above theorem is true up to semi-simplification. More precisely, let X be

an (-space, Y a closed subspace and E be an (-sheaf (see. [3],[4]) defined on X. Let

[.(X, E) denote the space of all locally constant and compactly supported sections

39



3.1 GL,,_1-action on Gr(k, n)

of E. Then by [3] we have the following exact sequence:
0= T (X\Y, El,) 2 Te(X, E) = To(Y, E}) =0 (3.0.1)

Let G be an {-group and H a closed subgroup of G. Let (p,U) be a smooth rep-
resentation of H. Let F, be the {-sheaf associated to the representation p. Then by
3] T.(H\G, E,) can be naturally realized as indg(p).

We now explain how (3.0.1) can be applied in our context. Let X = Py, \GLy,.
Then X can be identified with Gr(k,n), the space of all k-dimensional subspaces of
EF™. We let GL,,_i-act on X. For this action we show that there are three orbits say
01, O3, O3 out of which the first two are closed orbits and third one is the unique open
orbit. We apply the above exact sequence with Y = O; U Oy. Then the RHS of the
exact sequence is FC(Ol’Eplol) @ I'(O,, Ep‘%) and the LHS is I'.(Os, Ep\og)‘ Since
the orbits can be identified with GL,_; modulo the Stabilizer, the space of sections
corresponding to O; can be realized as a suitable induced representation of GL,,_;.
Let GL,, = U}, Py, £9:GL,_1. Then T'.(O;, Ep|oi) is equivalent to ind(s}iL“‘l(pi) where
pi(h) = 5%2(h)5§i1/2(h)p(h) for h € S; where S; is identified with a subgroup of Py ,,_
by ¢;Sig; *. The appearance of the characters is in order to take care of normalized

induction.

3.1 GL,_j-action on Gr(k,n)

Let n > 1 be a positive integer, k be a positive integer such that 1 <k <n —1 and
X = Gr(k,n) be the space of all k£ dimensional subspaces of the vector space F™. Then
the usual action of GL,, on X is transitive. Let Zy = (e1, ..., ex), Z1 = (€1, .-, €x—1, €n),
Zy = (€1, ...,ex_1, € + €,) be fixed k dimensional subspaces in F™. We may identify
X as the orbit under GL,, of the point Z; € X. It is easy to see that the stabilizer
of Zy in GL,, equals P, and hence X = GL, /P, ;. Let hy = I,, the identity
of GL,. Define hy,hy € GL, as follows: hy(e;) = e; for all i # k,n, hi(ex) = e,
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3.1 GL,,_1-action on Gr(k, n)

and hi(e,) = er. ho(e;) = e; for all i # k and ho(e) = e + e,. We begin with the

following lemma:

Lemma 3.1.1. Let Y* be a linear subspace of F™ of dimension k, W, the subspace
generated by {e1, - ,e,_1} and Wy the subspace generated by {e,}. Then ezactly one
of the following holds:

(i) dim(Y* N W) = k and dim(Y* N Wy) = 0

(ii) dim(Y* N W) =k — 1 and dim(Y* N W) = 1

(ii)dim(Y* N Wy) = k — 1 and dim(Y* N Wy) =0

Proof. For i = 1,2 we have dim(Y*NW;) = dim Y* +dim(W;) — dim(Y* +W;). The

lemma follows from this easily. m

We now let GL,,_; act on X. We denote the stabilizer and orbit of a point x € X for

the GL,,_; action by S, and O, respectively.

Proposition 3.1.2. For the action of GL,,_1 on X there are precisely three orbits,
namely Oz,, Oz, and Og,.

Proof. If Y* is a point in X then it satisfies precisely one condition in Lemma 3.1.1.
If it satisfies condition (i) in Lemma 3.1.1, Y* C W, and has a basis {y1, - ,, s}
Then clearly there exists a g € GL,_; such that g.Zy = Y*. If Y* satisfies (ii) in
Lemma 3.1.1, Y* has a basis {yi, -+ ,,yr} where y; € W for 1 < i < k — 1 and
without loss of generality yx = e,. Define g € GL,, such that g maps e; to y; for
1 < i < k —1, and remaining e;’s to themselves. Then we have ¢.Z; = Y* and
g € GL,_;. Finally if Y* satisfies (iii) Y* has a basis = {y1,--- ,,yr} where y; € W,
forv=1,..k —1 and yx = z1xe1 + -+ + Tp_1 1€n—1 + €,. Define g € GL,, such that
gmaps e; toy; for 1 <i <k —1, e, +e, toyr and e; to ¢; for k+1 < i < n. Then
g € GL,_; and g.Z, = Y*. O

We identify Sz, with a subgroup of Py ,_; which is given by conjugation by &, i.e.,
h; 'Sz h;. The orbits, stabilizers and the corresponding subgroups in Py, i, for the
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3.1 GL,,_1-action on Gr(k, n)

GL,,_; action is listed in Table 1 below. Note also that the orbits Oz, and Oy, are

closed whereas the orbit Oy, is open.

Table 1
Orbit Stabilizer in GL,,_; Corresponding subgroup of
Pk,nfk
4 )
X 9k X0
9k
Oz, | Pon—i—1 = -1 0
0 In—k—1 0
\ O 1 /
grk-1 0
g1 Y ' Yo
Oz | Paniw= 0 1
0 9n—k
0 In—k
0% Pk X0
Pk
OZ2 SZz = In—k—1 0
0 In—rk—1 0
X 1

A word on Notation: In Table 1 above, gy = 1. Also for X = (z;;) € My p—g—1, X is
the k™ row of the matrix X and X° = (X 0) € My, . For the matrix Y € Mj,_1 ,,_,

Y
the matrix Yy = € My n—k.

The idea of Mackey theory is to reduce the problem of studying the restriction
to GL,,_1 of an induced representation 7w of GL, to studying three induced repre-
sentations of GL,_1. The question of existence of GL,_; invariant forms for m can
now be addressed by studying GL,_; invariant forms for induced representations of
GL,_; itself. To this end, for n > 2 let p € Alg(Gy) and 7 € Alg(GL,_x) be smooth
representations for 1 < k < n — 1. We study the existence of GL,,_; invariant forms

for the parabolically induced representation indg’kLgfk (pT).
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3.2 Representations on the Orbits

Let p € Alg(GLy) and 7 € Alg(GL,_x). By Mackey theory we get an exact

sequence of GL,,_; modules

) . . ) )
0 — indg, " (pr)2 = (indp " (p @ 7))y, , — indg,” " (pr)o @ indgz" ™" (pr)1 — 0

(3.1.1)

where the actions of (p,); on S, are given by:

gk * In—k—1 O
(pr)o =v"2p(g) @ T
0 Gn—k-1 0 1
(pr)1 =p @ v (Gnk)
0 In—k 0 1
e X In—k—1 0O
(pr)2 =plpr) @T
0 Gn-k-1 -X; 1

Note: For the action of (p,); above that there is no term involving p when k = 1
since the action of p is trivial for ¢ = 1,2 and similarly for 7 when £k = n — 1 for

1=0,2.

3.2 Representations on the Orbits

From now on we will denote the closed orbits O, by C;, Oz by Cs and the open
orbit Oy, by O respectively. By saying that a representation of the form p X T of
GL,, has a G,_1 invariant form on a particular orbit, we mean the constituent rep-
resentation indgg:“‘l(pT)i in the corresponding Mackey exact sequence has a GL,_;
invariant form. We observe that if any one of the representations which occur on the
right hand side i.e., corresponding to the closed orbits, of the exact sequence (3.1.1)
has a GL,,_; invariant form then they induce a GL,_; invariant form on p x 7. But
a GL,_;-invariant form on the left i.e., on the open orbit may or may not extend

to an GL,_;-invariant form for p x 7. In any case we have to investigate when does
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3.2 Representations on the Orbits

. 1GL,— . .
indg """ (p-); have a GL,,_;-invariant form.

By (2.1.2), on Cy, mdﬁfzj;l (pr)o has a nonzero GL,,_;-invariant form if and only

if
Homgr,, [pu_(%_l), 1] #0 and Homgr, , ,[7ier,_ /% Laox1] #0

Similarly on Cs, indg:filn_k(pT)l has a nonzero GL,,_;-invariant form if and only if

Homer, |, [pen. v~ 2 ),C] #0 and Homgy,, , [rvz~!, C] # 0
On the open orbit O, we have

Homar, , [ind§, " (pr)2, Ia_1] = Homs, [(p-)2, 6/°]

The latter space is nonzero if and only if
n—k
(I) Homp, [p, ;"2 | # 0 and  (II) Homp: [T‘Pﬁ,,k’yikﬂ] # 0.

By (2.1.3)

n—k—1

] = Homar, , [pMr= =) ).

—k
)

Homp, [IO|Pk vl

If 7 is irreducible, since the automorphism g — *g~! of GL,,_;, maps P! _, to P,_j we
may rewrite the condition (II) and apply Frobenius Reciprocity to get

—k+1

> 1,k 1] #0

7Oy

- —k
Hompn_k[ﬂpn_ku 2,1, = Homgr,

So the condition for indgzl;“’l (pr)2 to have a GL,,_; invariant form when 7 is irreducible
is

—k+1

12(71), Ty 1] # 0 and HomGLn_k_l[?(l)u 5 1, 1] #0.

n—

Homer,_, [p0r~

However, we emphasize that even when we have a nontrivial form on indgzl;“*l(pT)g
it may not always extend to indg’fzik(p ® 7). We will show later in some special
situations that the GL,_;-invariant form existing on the open orbit indeed extends

to indgiz (pT).

—k
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3.3 Summary of the analysis

3.3 Summary of the analysis

We summarize below the conclusions obtained from Mackey theory. Let p € Alg(Gy)
and 7 € Alg(GL,_x). If p x 7 is GL,_;-distinguished then at least one of the set of
following conditions 3.3.1, 3.3.2, 3.3.3 must hold:

n—

(a) Homgy, [pr~ =) 1] #0 and (b) Homgy, ,  [TV92 1, 4] #0 (3.3.1)

(a) HomGkal[pV’(ank),]lk,l]#O and (b) HomGLnik[TV%,ﬂn,k]#O (3.3.2)

n—

=) 11 #0 and (b) Homp: [r, v’ #0 (3.3.3)

n—k

(a) Homgy, ,[pMv¢

Moreover on the open orbit O, if 7 € Irr(GL,_x) we may write

—k+4+1

(3.3.3)(b) as Homgy, _, ,[FWv =2 1, 1] #0.

Note that by saying (3.3.1) holds we mean both conditions (a) and (b) in (3.3.1)
hold. Similar statement applies to (3.3.2) and (3.3.3). Since (3.3.1) and (3.3.2) are
conditions on the closed orbits if either (3.3.1) or (3.3.2) holds then p x 7 is GL,_;-
distinguished. To show that a representation is not GL,_;-distinguished we will
usually show that one of the conditions in each orbit fails. If £ = 1 observe that
(3.3.2)(a) and (3.3.3)(a) are automatic. Similarly if £k =n —1 (3.3.1)(b) and
(3.3.3)(b) are automatic.

Assume that (3.3.3) does not hold and precisely one of (3.3.1) or (3.3.2) hold. It

follows from the exact sequence (3.1.1) that

HomGLn—l [lndgij:,k (p X 7—)7 ]]‘nfl] = HomGLn—l I:indSGZI‘:nil (pT)l? 1]‘1171] (334)
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3.4 A prologue to the general case: n = 2,3

where i = 0 or ¢ = 1 according to whether (3.3.1) or (3.3.2) holds. If only (3.3.1)

n—k—2

holds and p =v =2 then

dime(Homer, [p x 7, 1u_1]) = dime(Homegr, , , [7/%, 1y 1)) (3.3.5)
Similarly if only (3.3.2) holds and 7 = v=(*2) then

dimc(Homgr, ,[p X 7, 1h1]) = dim@(HornGLkil[pV*(ank), 1y 4]). (3.3.6)

The next result which is an obvious restatement of the conditions (3.3.1) and
(3.3.2) provides a recipe to construct GL,_;-distinguished representations of GL,

inductively from representations of GL,, with m < n.

Theorem 3.3.1. The following smooth representations of GL,, have a GL,_1 invari-
ant form

(a) indgi“;_k(pu# ® Ty%k) where p € Alg(GLy) has 1 as a quotient and T €
Alg(GLy,—x) is GL,,_x_1-distinguished.

(b) ind%}?iik(pun%k ® v 02)) where p € Alg(GLy) is GLy_1-distinguished and T €

Alg(GLy,—x) has 1,,_x as a quotient.

Proof. The proof follows from our conditions (3.3.1) and (3.3.2). O

3.4 A prologue to the general case: n =2,3

We conclude this chapter by describing the theory of GL,_-distinguished represen-
tations of GL, for n = 2 and 3. The case of n = 2 is a consequence of a Lemma of a
lemma of Waldspurger [20].

This is rather the beginning point of the theory and we will of course need it in the
sequel. So we take this occasion to give a proof of this fact using Mackey theory. For
n = 3, Prasad [14] obtained the classification of GLy-distinguished representations of
GLj3. As we have pointed out in Chapter 1, our method of approach to determining

GL,,_1-distinguished irreducible admissible representations of GL,, is a generalization
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3.4 A prologue to the general case: n = 2,3

of methods in [14] and the case n = 3 best illustrates the nuances of the arguments
in general. Prasad used the conditions (3.3.1),(3.3.2) and (3.3.3) for n = 3,k = 2 and
Theorem 3.4.1(b). However, one of the crucial ingredient of the proof was to show
that no twist St3\ is GLo-distinguished for which he used the Bernstein-Zelevinsky
filtration of a representation of GL, restricted to P,. Our proof will use Mackey
Theory and a trick which is a feature of several of our proofs. We use it to prove both
non-distinguishedness and also calculate multiplicity. We shall illustrate it below by
using it to show

(i) dim¢(Homgy, [Sto, 1]) = 1 and

(ii) Sts, Stzv~! are not GLy-distinguished.

The GL, case

Let us make the following definition: For any smooth representation 7 of GL,, let
d, = dimc(Homgy,, ,[m, 1,-1]). Let & = x1 X x2 where x; and x» are characters of
GL;. Let us apply Mackey Theory to & with n = 2 and k = 1. Note from Section 3.1
that Sz, = {1} C GL;. It is then easy to see that the exact sequence (3.1.1) holds for

n = 2 as well and is precisely
0 — C*(GLy) — indf? (X1 ® X2) g, = X1V /2 B xor /2 =0 (3.4.1)

where C2°(GL;) is the right regular representation of GL;. It follows that for any char-
acter x» we obtain Homgr, [v™1/2 X x2, 1] # 0. Similarly for any character y; we obtain
Homgr, [x1 %22, 1] # 0. By the uniqueness of Haar measure dime (Homgr, [C2(GLy), 1]) =
1. By Lemma 2.6.3 and the exact sequence (3.4.1) it follows that for x; X y2 with

x1 7 v V2 and o # v'/?

Homgr, [x1 X X2, 1] = Homgy, [C°(GLy), 1] (3.4.2)

Therefore for all x1, x2 we have d,, xy, # 0.
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3.4 A prologue to the general case: n = 2,3

If x1 X X2 is such that x; # v~Y2 and xy # v/2 then by (3.4.2) dy, xy, = 1.(This
holds irrespective of whether y; x x» is irreducible or not.) Now if £ = =12 x y, is
irreducible and then Y, # v'/2. Then by Theorem 2.2.4 ¢ is equivalent to yo x v~ /2
and (3.4.2) holds for &, whence d¢ = 1. The case when xo = v/? is similar. This

shows that for all irreducible principal series x; X x2 we have dy, xy, = 1.

We next consider a reducible principal series &€ = y; X x2 with x; = v~%/2. Then
Xa is either v=3/2 or v'/2, First let xo = v~%2. Then JH°(¢) = {v~!, Stov~'}. We look
at ¢ = v=3/2 x v=Y2, Then JH°(¢) = {v~!,Stov~'} and by the previous paragraph,
we have d¢ = 1 which implies dg;,,~1 = 1. This in turn implies that d,-1/2,,-32 = 1.
By the Duality Lemma we conclude that d,s/2,,1/2 = 1. Therefore, for all principal

/2 x vY/2 we have d¢ = 1. This coupled with

series £ = x1 X X2 such that & # v~
the fact that for a reducible &, JH°(€) = {x, Stax} for some character y implies that,

st = 1 all y # 1.

It follows from the exact sequence (3.4.1) that d,-1/2,,12 > 2. Since JH(v~1/2 x
vY/2) = {14,St,} and dy, = 1, we may conclude that d,—1/2, 12 = 2 if dg;, = 1. We
claim that dg;, = 1.(Observe that already we know dg;, # 0.)

If possible let m = dg;, > 1. Consider the representation n = 1y x Stor~! of GLy.
By Lemma 2.5.1 this representation is irreducible. Note that (3.3.5) holds for 1 and
yields d,, = m. By Lemma 2.7.1, dj = m where j = 1, x Stov. Now again note that
(3.3.5) holds for 77 and yields m = d5 = dim¢(Homgy, [Star?, 1]) = 1, a contradiction.
This proves that ds;, = 1. Recall that the restriction of an irreducible supercuspidal
representation o of GLy to GL; is the right regular representation C2°(GL;) and
hence dim¢(Homgy, [0, 1]) = 1. Therefore by the classification theorem for GLy we

have proved the following theorem:

Theorem 3.4.1. (a) Let £ = x1 X x2 where x1 and x2 are any two characters of GL;

48



3.4 A prologue to the general case: n = 2,3

except x1 = I/_%,Xg = v3 and Eo=v2 x V2. Then de =1 and dg, = 2.
(b)) Let m be an irreducible admissible representation of GLy. Then m is GL; -distinguished

if and only if m = 1y or infinite dimensional. Moreover dim¢(Homgy, [, 1]) = 1.

Remark 3.4.1. The statement (b) in the above theorem can be obtained as a con-

sequence of Lemma 8 and 9 in [20].

GL3 case

Let us begin by recalling the Jordan-Holder factors for some representations of GLs.

We have JH(v~! x 1 x v) = {ll3,Sts, Lsv~!, Ly} where Ls is the representation

2 1

defined in Section 2.5. Therefore the irreducible subquotients of v7* x v x 1 are

twists by v~ of members of JH(v~! x 1 xv). A similar statement holds for 1 x v x /2.

Next we have,(See [22], Example 11.1)
JHO(v x v x 1) = {ind§"?(Stor'/* @ v), indp? (v'/* @ v)}

The contragredients of these subquotients constitute JH? (v~ xv = x1). Prasad proved
the following theorem in [14]. The proof which we give below is almost Prasad’s

original proof except for minor variations.

Theorem 3.4.2. (Prasad) An irreducible admissible representation m of GLj is GLa-
distinguished if and only if m is one of the following:

1. 1,
2. ind&Lf (VY2 @ x) where x # v?, vt and its contragredient.

3. indg’QLf (p® 1) such that p is either an irreducible supercuspidal or Stapu, or

indp2(x1 ® X2) where p # V=2, x5 # xavt! and both X1, x2 # v*!

4. The representation Ls and its contragredient.
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3.4 A prologue to the general case: n = 2,3

Before we begin the proof let us recall that for a smooth representation p of
GLs and a character y of GL1, the representation indg’;f (p® x) is GLo-distinguished
implies that at least one of the following conditions holds.(put n = 3 and k£ = 2 in
(3.3.1)-(3.3.3).)

(a) Homgr, [pr!/2, 15] # 0

(b) (i) Homgy, [pr~1/%,1] # 0 and (ii) x = 1.

(c) Homgy, [p™M, 1] # 0.

Moreover, if (a) or (b) holds then p x x is GLo-distinguished. Let us also recall the
exact sequences in which the representation L3 (see. Section 2.5) sits as a quotient
namely

0—v—indi? ("2 ®v?) - Ly =0 (3.4.3)

and

0 — Stzv — indp? (Stor*2 ® 1) — Ly — 0 (3.4.4)

Proof. Assume that 7 is GLo-distinguished. By Lemma 2.7.3 7 is not supercuspi-
dal. Then such a m can be expressed as a quotient of a representation of the form
indgif (p ® x) where p is an irreducible admissible representation of GLs and x is
a character of GL;. Write £ = ind%f(p ® x). One of (a),(b),(c) holds for £. Since
p is irreducible, ¢ satisfies (a) if and only if p is equal to the character v~/2. By
Theorem 3.4.1, the condition (b)(i) holds for p if and only if p = v'/2 or p is infinite
dimensional. Therefore, we have shown,

(e): ind%f(u‘l/ 2 ® x) is GLy-distinguished for all characters y of GL,

(f): indlg;;f (p ® 1) is GLy-distinguished for all irreducible infinite dimensional repre-

sentations of GLs and the character v1/2.

Finally look at (c). If p is supercuspidal pt") = 0. For a character p of GLy, p

~1/2 Therefore p™") has a trivial quotient if and only if

is equal to the character pv
p equals to the character v'/2 of GLy. For p = Styu, we have p!) = /2 and this

equals one if and only if u = v=Y2. If p = y1 X X2 is an irreducible principal series,
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3.4 A prologue to the general case: n = 2,3

then p(M has a trivial quotient if and only if at least one of y; or xs equals 1.

Therefore, 7 is a quotient of one of the following representations.
() indSH (12 @ ).
(h) ind%f (p® x) where p = /2, Stov~'/2 or an irreducible 1 x .
(i) indg;f(p ® 1) where p is infinite dimensional or v!/2.
We analyze each of these below. Note that if p is one dimensional and indgzLj’(p ® X)
is GLy-distinguished then the only choice for p is v*1/2.
Recall that for a representation 7 of GL,,, d, = dim¢(Homgr, , |7, 1,,_1]). We require
the following two Lemmas:

Lemma 3.4.3. The representation indgjf(x ® p) is GLy-distinguished if and only if

x = v*Y2. The representation L is GLo-distinguished and for x # 1, the representa-

tion Lgx is not GLo-distinguished.

Proof. By Lemma 2.4.1, indgff (v=12 x x) is reducible if and only if y = =2 or v. If

x = v~ 2, by taking contragredient of (3.4.3), one has the exact sequence
0— Ly — ind5= (v @072 = vt = 0 (3.4.5)

By (e), indgif(u_l/ 2@ v7?) is GLy-distinguished, the character ="' is not and hence
Z; must be GLy-distinguished. By Lemma 2.7.1, L3 is GLy-distinguished. We also
observe that for any x, (3.3.5) holds for the representation ind%‘j (™12 ® ), since it
has a GLy-invariant form only on the orbit Cy, whence d,,-1/2, = 1. This together with
Lemma 2.7.1 implies that dz, = d; = 1. Also, for x # 1 it follows from (3.4.3)[by
twisting (3.4.3) by x and observing from (a),(b),(c) that p is necessarily »*/2)] that
if Lyx is GLo-distinguished then x = v. Then we have the exact sequence

0— 13— indg (v "?®@v) = Lyy ™' =0 (3.4.6)

Let V = indg’;f(V*I/Z ® v).(the representation space). Define ' : V' — C by
T(f) = f(I,). Then 0 # T € HomGLQ[indlgi“i"(l/_l/2 ® v), 5] and T is nontrivial
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3.4 A prologue to the general case: n = 2,3

on 3. Since d,,-1/2, = 1 it follows that Lsv~1 is not GLa-distinguished.

The representation ind%i’(ul/ 2 ® x) is contragredient to say n = ind%f(l/—l/ 2 ®
x~1). If it is irreducible then by Lemma 2.7.1 and previous paragraph it is GLo-
distinguished. If it is reducible then ¢ is reducible and it follows from our analysis of
n in previous paragraph that its irreducible quotients(they are duals of subrepresen-
tations of 7 in two cases when 7 is reducible) are either 13 or L3 and both are GLy

distinguished. O

Lemma 3.4.4. Let £ = ind§;3(8t2u X x). Then & is Glig-distinguished if and only if

1

X = 1. Moreover, de <1 and Stz is not GLy-distinguished for any character p.

Proof. 1t follows from (f) above that if x = 1 then ¢ is GLo-distinguished. Conversely
assume that ¢ is GLy-distinguished. Then only either (c¢) or (b) holds for £. If (b)
holds ¥ = 1 and if (c) holds g = v~'/2. Assume for y # 1 that Stov=1/2 x y is
irreducible, x # 1. If Stov~1/2 x x is GLy-distinguished then so would be its contra-
gredient St,1'/2 x x~! by Lemma 2.7.1. But then this contragredient does not satisfy
any of the three conditions (a),(b),(c), a contradiction. This forces & = Stov~1/2 x
to be reducible. We know from Lemma 2.5.1 that & is reducible if and only if y = v
or x = v~ 2 whence it has the unique irreducible quotient St; and Lsv~? respectively.
But Lsv~? is not GLy-distinguished. If St; is GLs-distinguished then the represen-
tation Stgl/% x =2 of GL, must be GLj3-distinguished by Theorem 3.3.1. Note that
this representation is irreducible by Proposition 2.2.3(2) and hence its contragredient
Sth_% x v2 must be GLj3-distinguished by Lemma 2.7.1. But it is easy to see that
Stsv~2 x v fails to satisfy the conditions (3.3.1),(3.3.2) and (3.3.3), a contradiction.
We have shown that d¢ # 0 if and only if y = 1.

Since Sts is a quotient of indgff (Stor™Y2 @ v), it follows from the first part of
this lemma that the only twist of St3 which may be GLy-distinguished is Stsv~!. By

applying the same argument used to show that St is not GLs-distinguished, it follows
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that Stzv~! is not GLy-distinguished. To prove the d¢ < 1 part, let d¢ # 0. Then & =
Sty ® 1. Observe that (3.3.6) holds for all representations & except & = Stov /2 x 1
and hence d¢ = 1 for such ¢ by Theorem 3.4.1. Now Stor~/2 x 1 is irreducible by

Proposition 2.2.3 (2) and therefore by Lemma 2.7.1, dgy,,-1/24; = dggp/25 = 1. [

Proof of Theorem 3.4.2 (cont):

Observe that if 7 is one of the representations in the statement of Theorem 3.4.2 then
7 is indeed GLo-distinguished by our preceding discussions. Conversely assume that
7 is GLg-distinguished then 7 is a quotient of a representation as in (g),(h) or (i)

above.

Quotients from (g):If indg’;f (v=1/2 x ) is irreducible then 7 is one such. It follows
from Proof of Lemma 3.4.3 that there are no GLy-distinguished irreducible quotients
for a reducible indgif(yfl/z X X)-

Quotients from (h): The case when p = v'/2 or p = St,v~'/? is complete by Lem-
mas 3.4.3 and 3.4.4. It remains to consider p = 1 x u where u # v*'. We have by
Lemma 2.4.1 that 1 x 1 x x is reducible if and only if either y = v*! or y = pur*!. We
have to look at irreducible quotients of 1 x p x y when it is not reducible. It follows
from the examples that we have considered at the beginning of the GL3 case that
such a representation has irreducible subquotients of the following form: a character
of GL3, a twist of L3 or its contragredient, a twist of St3, a quotient of indgii’ (Stop/ @y
or indgf(x’ ® ') for some characters y/, p/. But we have already considered all these

representations and their quotients.

Quotients from (i): Finally let p x 1 := ind%f(p ® 1) where p is irreducible and
infinite dimensional. If p is supercuspidal then by Lemma 2.4.1, p x 1 is irreducible.
If p = Styp, by Lemma 2.5.1 p x 1 is irreducible except when p = v*3/2 If 1 = v3/2 it
follows from (3.4.4) that it has the unique irreducible quotient Ls. If p = St3v~/2 then

px 1 has the unique irreducible quotient Stz ~!, which is again not GL,-distinguished.
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3.4 A prologue to the general case: n = 2,3

If p = x1 X x2 is an irreducible principal series, we have already analyzed the quotients

of such representations. ]

We have the following theorem which summarizes Theorem 3.4.2 in a nice way.

This is Theorem 1 in [14] except for the twist #*/2 which we have pointed out earlier.

Theorem 3.4.5. An irreducible admissible representation m of GL3 is GLa-distinguished
if and only if the Langlands parameter £(m) has a one dimensional subrepresentation
£(1) corresponding to the trivial character of GLy such that the two dimensional quo-
tient £(m)/L(1) corresponds to either an infinite dimensional representation of GLg

or the characters vL/2,

Proof. 1f 7 is GLy-distinguished then 7 is one of the representations in Theorem 3.4.2.

Then by Section 2.6, m has Langlands parameter of the prescribed form. n

We end this chapter by mentioning that the proof of Theorem 1.1.2 in the case

when n > 4 is along similar lines of the proof of Theorem 3.4.2.
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Chapter 4

Proof of the main theorem

4.1 Few Basic Results

In this chapter we prove some results leading to the theorem on the determination
of irreducible admissible representations of GL,, which are GL,,_;-distinguished. As
an easy consequence of Mackey theory, we first classify representations parabolically
induced from two characters which are GL,_;-distinguished. After proving some
necessary Lemmas, we prove the Main Theorem. We start with a lemma which is key

to analyzing representations which may have an invariant form on the open orbit.

Lemma 4.1.1. If p € Irr(GLy,) satisfies Homgr,,,[p™V), 1m_1] # O then p is one of
the following

(a) an irreducible representation of the form indcp}i’flyl(llm_l ® x) for some character
X of GLy

(b) the character v*/?

(c) the representation L,/

Proof. Let w, denote the central character of p. Note that

HOInGLm—l [p(1)7 ll‘mfl] = HomMm—l,l I:rNrrx—l,l (p)7 ]1r1171 ® CL)p]

95



4.1 Few Basic Results

where M,,_1 1 is the Levi subgroup of P,,_11. By (2.1.4), the latter space is equal to

HomGLm [p7 lndlcj,]:rill’ (llm—l ® wp)] .

1

GLtn

m -_m .
Ifw,#v2 orve, indg ™

(11 ® w,) is irreducible (see. Example 2.8.3) and p is

of type (a) in the statement of the Lemma. If w, = v™/2, ¢ has the unique irreducible
subrepresentation /2 by (2.8.5). On the other hand if w, = v by (2.8.6) we get

that p = L,,v'/2. O

Let p € Irr(GLy) and 7 € Irr(GL,_x) and assume p x 7 is GL,_;-distinguished. We
will apply Mackey theory to p x 7. By (3.3.1) it has a GL,,_;-invariant form on the
closed orbit C; if and only if p = V"5 and Tv/5 is GL,,_;_1-distinguished. Similarly
by (3.3.2) it has a GL,_j-invariant form on C, if and only if pz/*(ank) is GLj_;-

distinguished and 7 = (559,

For 2 < k < n — 2 define two sets OP1(k) and OPy(n — k) by

OPl(k) = {ynT_k7 E;ynT_k’ indSkL_kl 1(ljn—12<—1 2 X) Cx 7£ l/n?_l, I/%}
and
OPa(n—k) = {I/%k, Ly "2, indgff:‘l 1(V7(%) Q) p# y*(nTil), y#,}

Also fix OP1(1) = OP4(1) = Irr(GL;). Then by Lemma 4.1.1 and (3.3.3) we see that
p x 7 has a GL,_;-invariant form on the open orbit if and only if p € OP;(k) and
T € OP3y(n — k). However, we once again note that when £k = n — 1, 7 can be any

arbitrary character and when k£ = 1, p can be any arbitrary character.

We record the conclusions in the following Lemma for further reference.

Lemma 4.1.2. Let p € Irr(GLy) and 7 € Irr(GL,_x). Then if p x 7 is GLy,_1-
distinguished then at least one of the following must hold.
n—k—2

(1) OnCy, p=v"=" and Tv*? is GL,_4_-distinguished
(1) On Ca, pv~"3") is GLy_-distinguished and v = v~ (")
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4.1 Few Basic Results

(III) On O, p € OP(k) and 7 € OPy(n — k)
Moreover, if (I) or (II) holds then p x T is GL,_1-distinguished.

We may apply these conditions even if only one(not necessarily both) of the represen-
tations p or 7 is irreducible as that irreducible representation have to be necessarily
of the types in (I),(IT) or (III).

One other conclusion from the above Lemma is that if both p and 7 are irreducible
and neither of them is a character p x 7 does not have a GL,,_;-invariant form on the

closed orbits.

Proposition 4.1.3. Let n > 3. Then L, is GL,_1-distinquished and for any x # 1,

L, x 1s not GL,,_1-distinguished.

Proof. We first note that for a representation of the form indgfj‘l (p® x) to be

+1/2

GL,,_;-distinguished it is necessary by Lemma 4.1.2 that y = v='/“. For a character

x of GLy, let &, = indgf_“l I(V_l/2 ® x) and d¢, = dime(Homgr,_, [€y, 1n-1]). Also fix
Yo = v~ "3 and x; = v"7 . Then &, is reducible by Example 2.8.3(see (2.8.7) and
take contragredient of (2.5.1)) if and only if x = xo or x1. By Lemma 4.1.2, &, has

a GL,_;-invariant form only on the closed orbit C; and therefore d¢, = 1 for all x.

Take contragredient of the exact sequence (2.5.1) to get

0— Ly — &y — v —0.

1'is not GL,,_;-distinguished we must have dim@(HomGLn_l[ivn, 1,4]) =1

Since v~
By Lemma 2.7.1 the same is true for L,.

Suppose for some y # 1 that L,x is GL,_;-distinguished. From the beginning of
the previous paragraph and (2.5.1) it is necessary that y = v~!. Look at the ex-
act sequence (2.8.7). We may define T : &, — C by T(f) = f({,) for f in the

representation space of £,,. Then T € Homgy, ,[&y,, La—1] because

n1 O n—1 0
7ol T e I I N e I O
0 1 0 1
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4.1 Few Basic Results

But the last term in the previous equality is just f([,) because GL,_; is embedded
_1

in P,_y;and &, =06 p. .- Note that 7" is nonzero on the submodule 1,,. Therefore,

de, =1 forces L,v! is not GL,_;-distinguished. O

X1

Remark 4.1.1. We have proved something stronger in the course of proving Propo-
sition 4.1.3, namely for any character x of GLy, £ = indgf_“l,l(u’(%) ® x) has de =1
and dy, = 1.

The next two lemma’s are the generalizations of Lemma 3.4.3 and Lemma 3.4.4 to

GL,.

Lemma 4.1.4. If n > 3 and x is a character of GL; then indgfjl 1(fn\_/11/% ® x) 18
GL,,_1-distinguished if and only if x = 1/’(%3), whence it has the unique irreducible

quotient 1,,_o X Stgv_(an).

Proof. Let £ = indg’fj‘l l(fn\_/lué ® x). It is obvious by Lemma 4.1.2(II) that if xy =

y*(ang), then ¢ is GL,_;-distinguished. For the converse we use induction. The

statement is true for n = 3 by Lemma 3.4.4. Let n = 4. Note that ¥ = x ' x Lsv~1/2
is a quotient of n = [x~' x Styv] x vY/2. Apply Mackey theory to n with k = 3.
It is easy to see that (3.3.1)(i) hold for n since it cannot have a one dimensional
quotient and (3.3.3)(i) does not for n since its derivative is glued from Stor and
1/2

x ! x 32 (neither has 15 as a quotient); On Cy, (3.3.2)(i) holds for 7 only if x = v~

Our claim follows from the Duality Lemma.

n—k—2
2

Let n > 4. From Section 2.5, recall that L, is a quotient of Ly ov X U5, Using

this and applying the Duality Lemma, £ is a quotient of

4 —~—

n= ind§Ghe (y% X [Ln,gy*% X x])

Pon_2

By Lemma 4.1.2 (II) and (III), n does not have any invariant form on the open orbit
O as well as on the closed orbit Cy. On the closed orbit Cy, (3.3.2)(i) holds if and

only if [Ln_gu_% x x|.v is GL,,_s-distinguished. By induction this is true if and only
if yv = v=("3%) i.e., if and only if x = ("3, Finally, if xy = zf(anB), ¢ is a quotient
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4.2 Product of two characters

of the representation &,_; in Lemma 2.6.2, whence the unique irreducible quotient of

n—2

f is ]lan X StQVi(T). ]
Lemma 4.1.5. The representation Z, € Irr(GL,) in (2.5.2) is not GL,_1-distinguished.

Proof. Note that Z3 = St5.v is not GLo-distinguished by Theorem 3.4.2. Let n > 4.

By definition, Z,, is the unique irreducible submodule of

n+tl n—1 n—3
2

n—3 _(n=5
v X UV 2 ><1/_(2)><1/(2)><...><1/2.

n—3 n—>5

Then, Z is the unique irreducible quotient of v ) x (") x " x U X L. X

V_(nTis)). By Proposition 2.4.2 (1), this principal series is equivalent to p x 7 where

p=v"" xv'T x .. xv("T) € Alg(GLy_s), 7 = v~ ") x "7 x (") ¢

Alg(GLj3) and p x 7 also has ZL as the unique irreducible quotient. It is now easy
to see that p x T has the quotient 7 = indg’™  (v'/? ® Stsr~("2)). The conditions
(1),(1I) and (III) in Lemma 4.1.2 does not hold for Stsv~(*z) and hence 7 is not

GL,,_i-distinguished. This completes the proof. O

4.2 Product of two characters

In the next two Propositions we complete the picture of GL,,_;-distinguishedness of

indgfz_k(p ® 7) where both p € Irr(GLy) and 7 € Irr(GL,_x) are characters.

Proposition 4.2.1. Letn > 2 and § = indgan (x®u) or indglL;‘il(,u@X) where x and

1,1

p are characters of GL,_1 and GLy respectively. Let d¢ := dim¢(Homegy,, ,[£, Ln_1]).
Then dg # 0 if and only if x = v/? in which case d¢ = 1.

Proof. Let & = indg’L“

n—1,1

(x®pu). By Remark 4.1.1 we need only consider the case when

¢ = v'/2 x y is reducible.(Otherwise we may consider E whence we will be reduced to

n+1

the x = v~%/2 and apply Lemma 2.7.1.) Now ¢ is reducible if and only if = vz
or v~("z) (by Example 2.8.3 (2.8.4) and contragredient of (2.8.7)). In the first case,
it follows from (2.8.4) and Remark 4.1.1) that £ is GL,,_;-distinguished with d¢ = 1.
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4.2 Product of two characters

In the second case ¢ has the quotient 1,, and subrepresentation Z:LV whence again
the same conclusion is obtained. The result holds for indglL::_l (1 ® x) by the Duality

Lemma. [
The next Proposition is the analogue of previous one which is the case k = 1,n — 1.

Proposition 4.2.2. For2 <k <n—2let& = indgfz_k(x ® ) where x and p are
characters of GLy and GL,,_y respectively. Also let de = dim¢(Homgy, , €, Ln_1]).
Then d¢ # 0 if and only if one of (a),(b),(c) below holds, in which case d¢ = 1.

n—k—2 —k

(o) x=v =2 andp=vz

2

(b) x =v"z and p= v~

—k

(c)x=v"7 andp=v7.

Proof. By Lemma 4.1.2 LII and III for £ to be GL,_;-distinguished one of (a),(b)
or (c) must hold. In the case of (a) and (b), by Theorem 3.3.1, £ is indeed GL,_4
distinguished and has d¢ = 1 by (3.3.5) and (3.3.6) respectively. In the case (c), £ has
length 2 and has the trivial representation 1,, as the quotient by Example 2.8.8(c). It
follows that it is GL,_; distinguished. Also { is not GL,,_;-distinguished by Lemma
4.1.2 which proves that there is no nontrivial form on the subrepresentation of £. This

shows that d¢ = 1 in this case. O

Though Propositions 4.2.1 and 4.2.2 are obvious applications of Mackey theory they

have interesting consequences which we record in the following Remarks.

Remark 4.2.1. All the representations £ in Proposition 4.2.2 which have d¢ = 1 are
reducible and are GL,, modules of length 2 by Lemma 2.4.1. The GL,,_;-invariant
form on such £ is trivial on the submodule and nontrivial on the quotient. It follows

that dg =0.

Remark 4.2.2. The assumption “irreducible” cannot be dropped from Lemma 2.7.1
if n > 2. If 7 is an admissible reducible representation of GL,,,n > 2 having a GL,,_;

invariant form then 7 need not have a GL,_; invariant form. By Remark 4.2.1,
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4.3 Idea of the Proof of Theorem 1.1.2

all the £ in Proposition 4.2.2 for which d; = 1 are indeed admissible and GL,,_;-
n—2

distinguished but E is not GL,,_; distinguished. In particular, indgnL_“2 Sy o®@v2)
is not GL,,_;-distinguished.

4.3 1Idea of the Proof of Theorem 1.1.2

One important step to reach our goal is the following Lemma.

Lemma 4.3.1. If 7 € Irr(GL,) is GL,_1-distinguished for n > 3, then m can be
expressed as a quotient of indgfj‘l (p@x) where p € Irr(GL,_1) and x is a character

Of GL1

Proof. Let 7 be a quotient of £ = 0y X ... X 0, where o; € Irr(GL,,) are supercuspidal.
We claim that n; < 2 for all ¢ and there may exist at most one n; = 2. If the claim is
true it will prove that 7 is a quotient of either y; X ... X x,, or 0 X 1 X ... X X,,_2 Where
o € Irr(GLy) is supercuspidal and y; are characters of GL;. From the Claim, applied
to 7, it follows that the Jacquet module of 7 with respect to either the group of upper
triangular matrices, or the 2,1,...1 parabolic is nonzero. It follows, in particular, that
the Jacquet module of 7 with respect to the (n—1, 1) parabolic is nonzero. Taking an
irreducible quotient of the Jacquet module of 7 and using Frobenius reciprocity we
find that 7 is a submodule of the desired principal series representation. By taking
contragredients, the assertion of the Lemma follows.

Proof of Claim: By Proposition 2.4.2, we may assume that n; > ny > ... > n,.
We show that n; < 2 and n; = 1 for all ¢ > 1 which will complete the proof. Write
€ =01 XT where 7 = 09 X ... X 0,.. If ny > 1, 0y does not satisfy (I) and (III) in Lemma
4.1.2. By Lemma 2.7.3, oy fails to satisfy (II) if n; > 3. This shows that n; < 2 and
in that case £ may have a GL,,_i-invariant form only on the closed orbit C5. We apply

(3.3.2). The condition (3.3.2)(ii) holds for 7 only if n; =1 for all ¢ > 1. O

Let n > 3. Suppose 7 € Irr(GL,) is GL,,_;-distinguished. We have to show that

the Langlands parameter £(7) has the form described in Theorem 1.1.2. We pro-
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4.4 Proof of Theorem 1.1.2

ceed by induction on n. The theorem is true for n = 3 by Theorem 3.4.2. Therefore
assume that the theorem is true for n — 1. By Lemma 4.3.1, if 7 € Irr(GL,,) is GL,,_1-
distinguished for n > 3 then 7 can be expressed as a quotient of indganL1 (p®x) where
p € Irr(GL,_1) and x is a character of GL;. On the open orbit, by Lemma 4.1.2 (III),
p € OPi(n—1) and y is a character of GL;. On the closed orbit C;, by Lemma 4.1.2
(D), p= v=2 and y is any character of GL;. On the closed orbit Cy, by Lemma 4.1.2
(1I1), pv~2 is GL,_o-distinguished and y = v~("z"). Therefore our 7 is a quotient of
either

(a) ind§™, (v} @) or

(b) indgfflyl(p ® x) where p € OP;(n —1) or

(c) indg'fjlyl(p ® v~ ("2") where pr2 is GL,_,-distinguished.

The quotients arising from (a) and (b) can be found directly. To get the quotients
arising from (c) we need to know explicitly what the representation ,Ol/_% equals to.
This is achieved by the induction hypotheses. We may thus recover all = € Irr(GL,,)
which are GL,,_;-distinguished.

Conversely suppose £(m) is as in Theorem 1.1.2. Then we explicitly know from
Section 2.6, what 7 is. The fact that such a 7 is GL,,_;-distinguished is a consequence
of Theorem 3.3.1 and Proposition 4.1.3. Let p € Irr(GL,—1) and x € Irr(GLy). In
the following proof if p x x has a unique irreducible quotient, we will denote it by

U(p, x). We note by Lemma 2.4.1 that U(indS™" (v @ v=("2))) = v2 € Irr(GLy_,).

Pn21

4.4 Proof of Theorem 1.1.2

We recall Theorem 1.1.2 from Chapter 1 below.
Theorem 1.1.2 An irreducible admissible representation © of GL, for n > 3 is

GL,,_1-distinguished if and only if the Langlands parameter £(m) associated to 7 by
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4.4 Proof of Theorem 1.1.2

the Local Langlands correspondence has a subrepresentation £(1,_5) of dimension
n — 2 corresponding to the trivial representation 1,_s of GL,_o such that the two di-
mensional quotient £(m)/£(1,,_2) corresponds (under the Local Langlands correspon-
dence) either to an infinite dimensional representation of GLy or the one dimensional

. n—2
representations vz of GLa.

Proof. Assume 7 € Irr(GL,) is GL,_1-distinguished. We have to consider the repre-
sentations of the type (a),(b),(c) in 4.3. The theorem is true for n = 3 by Theorem

3.4.2 and therefore we assume that n > 4.

(a): Quotients on the Closed orbit C;; ¢ has a GL,,_;-invariant form on C; if
and only if p = v~2. We have shown in Proposition 4.1.3 that £ is reducible if and
only if x = "z or v~ (") whence U(p, ) exists and is either »~! and L,v~'. Nei-
ther of these are GL,_;-distinguished. Otherwise p x x is indgi“l’l(l/_% ® x) where
X # v, v~ ("3") and irreducible by Lemma 2.4.1.

(b): Quotients on the Open Orbit O; We have to look at the quotients of rep-
resentations of the type (b) in 4.3.

(1): If vz x y is irreducible we know that it is GL,_;-distinguished by Proposition
4.2.1. If v x X is reducible, its irreducible quotients have already been shown (in

Proof of Proposition 4.2.1) to be L, and 1,.

(2): By Lemma 4.1.4, L, 13 ® x is GL,._,-distinguished if and only if y = v~ ("z%)
and has the unique irreducible quotient 1,,_ X Stgu’(%).

GLn—l

(3): It now remains to consider the irreducible p = indp ™, | (Ln—2®p). Put £ = px x.

We have to pick the irreducible quotients of & = 1,,_5 X p X x. Remember that

—1

pu# vE"2 . By Example 2.8.4 (a) and (b) the irreducible quotients of £ are quotients
of
(i) Tu_y X Stod where X # w5, v~ ("27)

n—2

(ii) 1,_5 x B where 3 is a character of GLy not equal v=2,v2
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4.4 Proof of Theorem 1.1.2

(iii) indf" | (4 ® Ly_qv72)

(iv) indgiz_l =Vas

By Lemma 2.5.1, 1,,_5 x Sty is either irreducible or has the unique irreducible
quotient fn By Proposition 4.2.2; 1,,_5 x A is GL,_;-distinguished if and only if
A = v~ "z whence by Example 2.8.8(a) it has the unique irreducible quotient

indgf_“l’l(y_% ® v~("2)). By Lemma 4.1.4 and the Duality Lemma deL“ (n®
Ln_lu_%) is GL,,_;-distinguished if and only if u = VTS, whence it has the unique
irreducible quotient Stor"z X 1,_s. Finally, by Example 2.8.3, indgigf (n® 1/_%) is
irreducible if p # v~("3") and and hence GL,,_1-distinguished by Proposition 4.2.1.
It has the quotient L, if u = v~ ("37) by (2.5.1) and Duality Lemma.

(c): Quotients on the Closed orbit Cy; By 4.3 (c), our x = v=("3%) and pl/*% €
Irr(GL,_1) is a GL,,_o-distinguished representation. Since Theorem 1.1.2 is true for
n = 3 we may assume by induction that the Langlands parameter S(pl/_%) is of the
form £(1,,— 3) @ £(m) where 77 € Irr(GLy) is either infinite dimensional or the char-
acters "7 . Then, by the Langlands Correspondence, the Langlands parameter of
p has the form £(v2) @ £(7) where 7 € Irr(GLy) is either infinite dimensional, vz
or v~("z9) and v3 is the character of GL,_3. By Section 2.6, such a p is one of the
following;:

(i) the character v2

(ii) an irreducible indp L“ Ty ®ev)

(iii) an irreducible 1ndGLn ,(A@ 1, )

(iv) L 11/5 Ln,lz/ﬁ and

(v) md (y% ® 7) where 7 € Irr(GLg) is either a supercuspidal o or a Stapu,

n—2

w#ve, V_(T) or x1 X X2 where both x1, xo # V%, v=("3%). So for every such p we

now look at the irreducible quotients of p x (23

If p= v then by Lemma 2.4.1, vi x v ("37) is itself irreducible.
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If p= L, v? or L._1v% we have already shown that U(p, x) equals L, (Section 2.5)
and 1,_-» X Stgy_(nT_Q)(Lemma 4.1.4) respectively.

For p as in (ii), by Example 2.8.6 U(p, x) exists in all cases. If v # v ("), U(p, x)
is equal to the irreducible indSnL_“m(V% ® 7). If v = v~ (") the unique irreducible

quotient of this representation is E;V, which we know is not GL,,_;-distinguished.

If p is as in (iii), then by Example 2.8.5 U(p, x) is the irreducible indS}jQ Lo ®
n—4

Ax v~ C2I))if A £ (") If A = = ("2") then U(p, x) is a quotient of 1L,,_y x v~ (")

which is not GL,,_;-distinguished by Proposition 4.2.2.

Let p be as in (v). If 7 = o is supercuspidal then U(p, x) is by the irreducible
I,,_o x 0. If 7 = Sty note that U(p, x) is U,,_g x Stopu if o # v=% .(Stapu is linked with
v ("3 only for two choices = v~ 2, v=("3) But if w= "2 we may appeal to
Lemma 2.6.2.) If 4 = v~(2) our U(p, x) equals Z,, where Z, is the representation in
(2.5.2). By Lemma 4.1.5, Z,, is not GL,,_;-distinguished. If 7 = x; X x2 by Example
2.8.7 the irreducible quotients arising from our representation are either an irreducible
1,2 X x1 X x2 or a quotient of y; x Z;:V%. By Lemma 4.1.2, y; X I//n\_/ly% is not

GL,,_i-distinguished for any choice of y;.

To summarize, we collect all the GL,,_;-distinguished irreducible quotients of p x x
which we have obtained from all the three orbits. By Section 2.6, this collection is
precisely those 7 € Irr(GL,) for which there is a subrepresentation £(1,,_2) such that
L(m)/L(1,,_2) either corresponds to an infinite dimensional representation in Irr(GLy)

or v, This completes the proof along one direction.

Conversely, let £(7) be as in the statement of Theorem 1.1.2. We show that 7 is

GL,,_1-distinguished. It follows from Section 2.6 that if £(7r)/£(1,,_2) corresponds to

an irreducible infinite dimensional representation of GLy then it is one of the follow-

65



4.4 Proof of Theorem 1.1.2

ing:
(a) 1L,

(b) indg;“:;2 (T®1,_5) where 7 € Irr(GLy) is a supercuspidal or Stax or x; X x2 where

n—1

X # v xe # vt and X, X2 # v
(¢) L, and L.

(d) an irreducible indgnL_“lﬁl(u_% ® x) where x # " and its contragredient.

We have already observed in Section 2.6 that representations 7 for which £(7)/£(1,,—2)
in

n—2 . . 1/2n—3
z of GLy are respectively mdg’:j‘l (7)) and

corresponds to the character v
its contragredient indgrlj_“L1 (v"12@u~("2")). The trivial representation 1, is obviously
GL,,_ distinguished. By Proposition 4.1.3, L,, and Z)vn are GL,,_ distinguished. It fol-
lows from Theorem 3.3.1 with £k = 2, n — 1 that representations other than 1,,, L,, E;
are GL,,_-distinguished. O

The following corollary is the generalization of Theorem 3.4.2, the proof of which
follows from Theorem 1.1.2 and (2.6).

Corollary 4.4.1. The following is a complete list of irreducible admissible represen-
tations of GL,, which are GL,,_1-distinguished.

(1) the trivial representation

(2) ilrldcp}jflyl(y_l/2 ® x) where x # vz, v="2) and its contragredient

(3) indg’fj‘w(]ln_Q@n) where n € Irr(GLy) is either a supercuspidal or Stap or X1 X X2

n—1

where p # v*3 and both x1, X2 # VT 2

(4) the representation L, and its contragredient L,.
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Chapter 5

Some Theorems on Multiplicity

Let n = Y n; pi € Irr(GLy,) and & = indpg™

ny,...,

. (p1® ... ® p). We prove that

dim¢(Homgy, ,[§, 1,-1]) < 2. In the process we classify all principal series represen-

Ln

tations of the form mdSl

(X1 ® ... ® xn) (where x; are characters of GL;) whose

space of GL,,_i-invariant forms have dimension equal to 2.

5.1 Motivation for the Theorem
Recall that for £ € Alg(GL,)
d¢ = dim¢(Homgy, , [€, La_1]).

If p; € Irr(GL,,) and & = indgi*‘mnr (p1 ®...® py) we prove in this section that dg < 2.
For m € Irr(GL,) it is proved in [2] that d; < 1. Our Theorem 1.1.2 describes pre-
cisely for which 7 € Irr(GL,) one has d, # 0. Since the GL,_;-distinguishedness is
dictated by the GLy part of £(m)/£(1,_5), the multiplicity d, is also dictated by d,
where p € GLy corresponds to a twist of £(m)/£(1,—2)(see (3.3.5) or (3.3.6)). Since
d, <1 for p € Irr(GL3) by Theorem 3.4.1, we must have d, < 1. This is the guiding
philosophy. Therefore we may say that “Multiplicity one for GLy” implies “Multi-
plicity one for GL,”. A proof of this is contained in Remark 5.1.3 below. We now
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5.1 Motivation for the Theorem

ask the same question for a representation of the type £&. We have shown in Theorem
3.4.1 that there is a principal series representation &, of GLy which has d¢, = 2. We
show that d¢ = 2, whenever a copy of this contained in { in a prescribed fashion.
We also show that our guiding philosophy remains true in this case as well i.e., if
d¢, < 2 for a principal series representation £ of GLy then d¢, < 2 for a principal

series representation &, of GL,,.

It follows from the proof of Theorem 1.1.2 that the cuspidal support of any irre-

ducible admissible representation of GL,, which is GL,,_-distinguished is either

n—3 n—>5

_(n=3 n—3 n—>5 _(n=3
{o,v2 vz, ..,V (%3 )} or {x1,X2,V Z ,V 2 ..,V (%3 )}

where o is an irreducible supercuspidal representation of GLy and x1, x2 are arbitrary
characters of GL;. For n > 3, let T,,_o denote the ordered set {I/nT%,...,I/f(nTﬁ)}
corresponding to the trivial representation 1, o of GL, 5. Then T3 = {1},T5 =

{v2,v 2}, Ty = {v,1,v7'} and so on.

Remark 5.1.1. Note that 1,,_o X x x g and x X pu X 1,5 is GL,_;-distinguished
for any two characters x, p of GL;. This follows from Theorem 3.4.1 and Theorem
3.3.1(applied with £ = n — 2 or k = 2). We will use this in what follows without

further reference.

Example 5.1.2. Using Theorem 3.4.1 and the recipe (Theorem 3.3.1) given by

Mackey theory, given any n > 2, starting with & = v~%2 x v'/2, we can construct a

n—3

representation m of GL,, with d, = 2. For example for n > 4, let 7 = ind%z%([y 7 X
V"%l] ® 1,-2). It is easy to check that (3.3.1)(ii) and (3.3.3)(ii) fail(applied with
k=2), but (3.3.2)(i) and (3.3.2)(ii) hold whence ¢ has GL,_;-invariant form coming
only from C,. Since (3.3.2)(i) yields dg, = 2 it follows from (3.3.6) that d, = 2.

Remark 5.1.3. For n > 2 and a nontrivial 7 € Irr(G,) we have not used the well-

known fact ([1], [2]) that d, < 1 up to this point. We may deduce this using Mackey
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5.1 Motivation for the Theorem

theory and Theorem 3.4.1. Let m € Irr(GL,) be infinite dimensional and GL,,_;-
distinguished. All such 7 are precisely the ones in Corollary 4.4.1 except 1,,. If 7 is
one of (2) or (4) of Corollary 4.4.1 then by Proposition 4.2.1, d, = 1. Forn > 4 if
is of type (3) in Corollary 4.4.1, then by Corollary 4.2.1 (b),(c) it follows that 7 has a
GL,,_1-invariant form only on the closed orbit C;. It follows from (3.3.5) and Theorem
3.4.1 that d, = 1. For n = 3 and 7 an irreducible x; X x2 X x3 a proof that d, =1
is contained in Theorem 5.2.1 below. For an irreducible m = Stox x 1 it follows from

Lemma 3.4.4 that d, = 1.

If&=x1 X...Xxpput p=x1 X ..XYXn1 and 7 = x, so that £ = p x 7. We
recall our conditions (3.3.1), (3.3.2) and (3.3.3) in this particular case when k = n—1,

namely
Homgr, ,[pr?, 1y 1] # 0 (5.1.1)
HomGLn_l[pl/_%, 1, 2] #0and x, = y= (55 (5.1.2)
Homgp, ,[p™"), 1u_s] # 0 (5.1.3)

We also recall that if either (5.1.1)or (5.1.2) holds then & is GL,,_-distinguished.
In this case assume that (5.1.2) holds. Then obviously

df >d 1. (5.1.4)

(pr~2)

Moreover, if (5.1.1) and (5.1.3) does not hold but (5.1.2) holds, then by (3.3.6) we
have

de=d ;. (5.1.5)

(pv™2)
We recall that for p = x1 X ... X Xn_1 the representation p™) is glued from(=has a
filtration0=Vo CcVi C Vo C...CV,_1 = p(l) such that the quotients are isomorphic
after a permutation to) the product of x;’s in the same order with one of the x;
dropped. This is a consequence of the Leibnitz rule. For instance, (y; x x2)® is
glued from x; and y». Similarly, (x1 X x2 % x3)!) is glued from y; X Y2, X2 X X3 and

X1 X Xs. In general, for p = x1 X ... X xn_1 We say that the derivative p is glued
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5.2 Two Examples and the result for n = 3

from representations of the form A; x ... X A\,,_5 where the \;’s are x;’s occurring in
the same order as in p with one of the y;’s dropped. Therefore, for p™) to have a
trivial quotient it is necessary that at least one A\; x ... X )\, _5 is the representation

n—3 n—3
v x.ox v 7))

5.2 Two Examples and the result for n =3

In this section we present two examples: one in the case of GL3 and another in
the case of GL;. We start with an example of a representation £ of GL3 for which
d. = 2. The interesting fact about this representation is that it is a principal series
which is also a direct sum of two irreducible representations of GL3 both of which are

GLy-distinguished.

Example 5.2.1. Let 1 denote the principal series 1 x v x 1 of GL3 and 1, =
indg’;f(StQVVQ ® 1) and 7y = indg“j(yl/2 ® 1). Observe that both 7; and 7, are
irreducible and by Theorem 1.1.2 are GLy-distinguished. We apply Mackey theory
with k = 2 to . Note that (5.1.2) holds. Therefore by (5.1.4), de > d,~1/2,1/2 = 2
by Theorem 3.4.1. Though there is a GLg-invariant form on the open orbit also, we
show that it does not extend to ., as follows. By [22] 11.1, the representation 7
is a direct sum of the irreducible representations 7; and 7. Hence Homgy,[n, 5] =
Homgr, 71, 12] ® Homgy, [12, 1] and dime(Homgy, [17, 12]) = 2. The same conclusions
hold for ¥ = 1 x v~ x 1. The next theorem shows that in fact these are the only

X1 X X2 X x3 for which d¢ = 2.

Next we consider y; X ... X x, where n > 3. Our approach is via induction on n
and Mackey theory. To this end, we begin with the result for n = 3, which forms the

basis for induction.

Theorem 5.2.1. Let x; be characters of GLy fori = 1,2,3. Then the principal series
representation &€ = x1 X X2 X x3 of GLs is GLy-distinguished if and only if one of the

Xi = 1. Moreover, de <2 and d¢ =2 if and only if E =1xv x1or1xv= ! x 1.
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5.2 Two Examples and the result for n = 3

Proof. Suppose ¢ is GLy-distinguished. Apply Mackey theory with k£ = 2. By (5.1.1),
if £ has a GLs-invariant form on C; then £ = 1 x v~! x 3, where 3 is arbitrary. For
€ to have a GLy-invariant form on Cy, we must have x3 = 1 by (5.1.2). Finally, it is
necessary by (5.1.3) that one of x; or x is 1 for £ to have a GLg-invariant form on
the open orbit.

Conversely suppose ¢ is such that one of the x; is 1. Consider £ = y x 1 x 1 for
any character . Observe that (5.1.2) holds for £ and hence d¢ # 0. We claim that
d¢ = 1 and prove it by contradiction. Assume d¢ > 1. By (5.1.2) and (5.1.5) =
2 x 2 x pl? x 712 € Alg(GLy) should have d,, > 2. We have the following

exact sequence of GLs-modules
0= 2 x 2 x Sty = np— 2 x /2 x 1, >0

Apply Lemma 4.1.2 to the submodule with n = 4,k = 1. Then the submodule is not
GLs-distinguished, because v/2 x St, fails to satisfy each condition. But the quotient

is GL3-distinguished by (3.3.6) with
dime (Homgp, [v/? x 012 x 11y, 13]) = dyy-s/2-172 = 1

which implies d,, = 1, a contradiction. By Duality Lemma, our statement is true for
all € =1 x1xy. Nextlet £ =1xyx1with y = v*'. Then by Example 5.2.1
we have d¢ = 2. So it now remains to consider the case when the multiplicity of the

trivial character is 1.

If xy3 = 1 then ¢ is GLo-distinguished since (5.1.2) holds. Observe that since

X1, X2 # 1 (5.1.1) and (5.1.3) fail. Therefore, by (5.1.5) de = d wyor—1/2- The

xiv—1/2
last quantity in the equality is less than or equal to 2 and equals two if and only if
x1 = 1 and xo = v whence £ = 1 X v x 1. By the Duality Lemma the result holds
when x; = 1. Finally let x5 = 1. We need only treat the cases when both x; and y;3

are linked with 1, otherwise it reduces to one of the cases above. Therefore, we may
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5.2 Two Examples and the result for n = 3

assume & = pu x 1 x x where u,x € {v,v™1}. Write £ = p x x where p = u x 1 and
(3.1.1) in this case is just

0 — indg2(ppp,) — indg,fj(p ®x) = pV? @ indgif (py) = 0 (5.2.1)

where the actions of the representations are as defined in Chapter 3. Then (5.1.1)
does not hold for £ and (5.1.2) does not hold since y # 1. Therefore ¢ does not
have GLo-invariant form on both closed orbits. Since u # 1, p) = @ 1 and
therefore dime(Homgy, [pV),1]) = 1. By Lemma 2.6.4, Extgy,[pr'/?, 1] = 0 and
Extgy, [indgle (py), 1s] = 0. It follows from (5.2.1) that dim¢(Homerp, [ex 1 x x, 1s]) =
1 for x,pu € {v,v '} O

The point to observe is that two GL,_;-distinguished principal series £ = x; X
... X Xn may have the same JH’(¢) but may have different d¢. We have already shown
this in the case of GLy and GL3. For example, {, =1 x v x 1 and & = v x 1 x 1 have
JH?(&,) = JH(&). By Theorem 5.2.1, dg, = 2 whereas dg, = 1.

Observe that in the Example 5.2.1, d, = 2 is attributed to each irreducible sub-
quotient contributing one each. We next present an example in the GL4 case which

is a prototype of a different phenomena.

Example 5.2.2. Let & = Vi X v: X v73 X v-2 and & = Vi X v 3 xvix vz We
show that d¢, = 1 and d¢, = 2. It is easy to see that both the &; are GLs-distinguished
since & have the GLs-distinguished 1, x v2 x 12 as a quotient. Also by [22](11.3),
JHO(&)) = JHO(&) = {Sty X Sta, Sty X 1y, Sty x 1y, Iy x Uy}. Therefore by Theorem
1.1.2 and Remark 5.1.3, we have d¢, < 2. Put p = ve X 72 x vz and Y = 172 so
that & = p x x. Apply Mackey theory to & and note that (5.1.2) holds for & and
therefore dg, is at least de—Tl, which is 2 by Example 5.2.1. Tt follows that d¢, = 2.

We claim that de, = 1. Otherwise, d¢, > 2 and (3.3.2) holds for n = &v2 x v! €
Alg(GL;) whence d,, = dg;, > 2. Now n =v x v x1x1x v ! and sits in the following

exact sequence:
0 — ndS ([v x 1] x [1 x Stor™2]) = 7 — indE= (v x v x @ v72) =0
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5.3 Statement of the theorem and Proof for n > 4.

By Lemma 4.1.2,(with n = 5,k = 2) it follows that the subrepresentation in the
above exact sequence is not GLy-distinguished. On the other hand, apply Mackey
theory with n = 5,k = 3 to indSSL;([V x v x 1] ®v~2). By Lemma 4.1.2, (3.3.1) and
(3.3.3) does not hold for v~z € Irr(GL,). But (3.3.2) holds and (3.3.6) holds whence

d, = dyx1x,-1 = 1, a contradiction.

Remark 5.2.3. The difference in philosophy of Example 5.2.1 and Example 5.2.2
is that the representations in the former has multiplicity 2 coming from two distinct
GLy-distinguished representations in its Jordan-Holder series whereas &> in Example
5.2.2 has multiplicity 2 coming from St, x 1, which appears twice in JH® (&2). We
show in the next theorem that these two are the only two types of principal series

which have d¢ = 2.

5.3 Statement of the theorem and Proof for n > 4.

The following theorem is the generalization of Theorems 3.4.1 and 5.2.1 to n > 3.
Observe that we classify all { = x1 X ... X x,, which have d¢ = 2. As in the case of
GLj3 it is easy to see that the condition on ¢ is necessary. We use induction on n and
Mackey theory for the proof. We recall that T}, 5 is the ordered set {z/nT_:i, o y_(nT_g)}

corresponding to the trivial character of GL,,_».

Theorem 5.3.1. Let £ = x1 X ... X xp, for n >3 and d¢ = dim¢(Homgr, | [§, Ly-1]).
Let [x1, ..., Xn] denote the ordered set {x1, ..., xn}. Then d¢ # 0 if and only if there ex-

ists Xi, Xj such that [x1, ..., xn)\{Xi, X;} equals the ordered setT,,_o. Fork =1,...,n—1
define &,(k) € Alg(GL,) by

n—3 n—1 n—3 n—3
(1) =17 xvzT xvz x..xv 5T,

n—3 n—3 n—1 n—3
Euln—1) =v7 x .. xv 55 xv=5) x =55,

n—3 n—2k+1 n—=2k—1 n—2k+1 n—2k—1 _(L_3)
En(k) =V 2 X..XV 2z XV 2 Xv 2 XV 2z X..Xv 3z

for 2 <k <n—2 Then d: < 2 and d¢ = 2 if and only if & = &,(k) for some
kEe{l,...,n—1}.
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5.3 Statement of the theorem and Proof for n > 4.

Note: For n = 3 the condition 2 < k£ < n — 2 is void. There does not exist such a k

and hence the statement is true by Theorem 5.2.1.

Proof. Assume that & is GL,,_; distinguished. The claim is true for n = 3. We apply
Mackey theory to £ with k = n—1.1f (5.1.1) holds, £ = "7 x...xv~ "2 ) xu~ "z x y,,
where x,, can be arbitrary. Suppose (5.1.2) holds. The condition (ii) gives x, =
("3, By (i) and induction, there exists x;, x; such that

n—=6

[le_l/Qv a3 Xn—lV_I/Q] \ {Xiy_l/Qv ij_1/2} - {VnT_Zl? VT"'? V_(HT%)} = Tn—3-

Therefore, [x1,--., Xn)] \ {Xi» Xj} = Tn—2. If (5.1.3) holds, it is necessary that there
exists a x; such that [x1,..., Xn-1] \ {xi} = Tn—2. We choose j = n which completes

the proof along one direction.

Conversely, let £ = 1 X... X, and suppose there exists x;, x; such that [x1, ..., xn]\
{xi,xj} = Th—2. We know that the theorem is true for n = 3. Assume therefore that
n > 4 and the converse is true for n — 1. We prove the converse by a sequence of
Lemmas. We recall that if p = 1 X ... X xn_1, for p! to have 1,_, as a quotient, it

is necessary that there exists a y; such that [x1, ..., xn—1] \ {X¢} = Th-2.

Lemma 5.3.2. If [x3,...,Xn] = Th_2, then 0 # d¢ < 2 and d¢ = 2 if and only if
E=&(1) orn =4 and £ = &(2).

n—3

Proof. Put p = x1 X ... X xn_1. Observe that x, = v~("z7). Note that p(!) is glued
from representations of the form A\; x ... x A,_s(i.e., recall that \;’s are x,’s occurring
in the same order as x,’s with one of the y,’s dropped) with either A\, o = x,_1 =
v~ or X1 X ... X Xn—2. Then for the first type [Ai,..., \n_a] # T_o. Now, since
(X35 s Xn] = T2, the set [x1, ..., Xn_2] = Th_o if and only if n = 4 whence £ = &(2).
We have already shown in Example 5.2.2 that dg, (o) = 2. Therefore, for £ # £4(2) we
have [x1, ...; Xn—2] # Tn—2. This shows that p) does not have 1,,_, as a quotient and

—1

therefore (5.1.3) does not hold. Since y,_; # v~("z), (5.1.1) also fails to hold. But
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5.3 Statement of the theorem and Proof for n > 4.

(5.1.2) holds and by (5.1.5) we have 0 # d¢ = d,,-1/2 < 2. Moreover, by induction,
de = 2 if and only if £ = £, (1) or &(2). O

Corollary 5.3.3. If [x1, ..., Xn—2] = Th—a, then 0 # d¢ < 2 and de¢ = 2 if and only if
€ =¢&(n—1) or&y(2) forn = 4.

Proof. Apply Lemma 5.3.2to £V = x;' x...x x; ' and invoke the Duality Lemma. [J

Lemma 5.3.4. Assume thatt =n—1,7 <n—1,x,_1 # v=("3") and {X1) o, Xn2} #
Tn—o. Then 0 # de <2 and de = 2 if and only if £ = &, (k) for some k € {1,..,n—2}.

-3

Proof. Put p = x1 X ... X Xn_1. By hypotheses x, = v~("z). Note that pV) is glued
from representations of the form \; x ... X \,,_s with either \,, 5 = x,,_1 # v~ or
X1 X ... X Xn—2. In both cases [\, ..., \n_a] # T,,—2 and hence (5.1.3) fails. Also by our
hypotheses (5.1.1) does not hold. By induction, (5.1.2) holds and we apply (5.1.5) to
get 0 # de < 2 and de = 2 if and only if £ = &, (k) for k € {1,...,n — 2}. O

Lemma 5.3.5. Assume thati =n—1,7 <n—1,x,_1 = =3 and [X1s o5 Xn—2] #
T,—5. Then d¢ = 1.

Proof. Observe that by our covering hypotheses x,, = (5, Therefore, by induction
(5.1.2) holds for £ and by (5.1.4), d¢ # 0. If possible, let d¢ > 1. If n = 4, £ =
X1 X X2 X V=3 x 17 with either X1 Or Y2 equal to vz, If both X1 and o are equal
to vz our ¢ is the representation & in Example 5.2.2 for which d¢ = 1. If xo # Ve
consider £V and we may apply Lemma 5.3.4 to get dev = 1. If xq # y%, we look at

the exact sequence of GLs-modules

=
[

O—>X1XV_ XSt2—>§—>X1XV_ X 11y =0

By Lemma 4.1.2(with n = 4 and & = 1) the submodule is not GL3-distinguished.
For the quotient, apply Mackey Theory with n = 4,k = 2 and note that only (3.3.2)

holds for 1,. By (3.3.6), d =d -3 = 1. It follows from the exact

1
(x1xv™ 2 x1l3) (x1iv=txr2)

sequence that d¢ = 1.
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5.3 Statement of the theorem and Proof for n > 4.

If n > 4, consider 5 = vz x v~ ("2) € Alg(GLyy1). Then (5.1.2) holds for 7 as well
and therefore by (5.1.4), d, > d¢ > 1. But n = le% X .o X XnV% x v=("z%) with the

character in its last but one position as an/% =3 Tt is easy to observe that
the hypotheses in Lemma 5.3.4 holds for the representation 1 of GL,,11. Therefore by

Lemma 5.3.4, d,, = 1, a contradiction. O]

Lemma 5.3.6. Assume that 2 <i,7 <n—1. Then 0 # d¢ < 2 and d¢ = 2 if and
only if £ = &,(k) for some k.

Proof. Put p = x1 X ... X xn_1. Without loss of generality we may assume that
j < i.(Otherwise, replace £ by £Y.) By hypotheses, x; = v and Xn = =3 We
may also assume that [x1, ..., Xn—2] 7# T2 for if it is, then we are reduced to Corollary
5.3.3. In this case p(! is glued from representations of the form A\; x ... X \,_o such
that A,_2 = Xn_1 OF X1 X ... X Xp_2. Since [X1, ..., Xn_2] # Tn_2, for (5.1.3) to hold it
is necessary that there exists a A; X ... X A\,_y such that [Aq, ..., A\,_2] = T},—2, which
implies x,_1 = v~("3%). We claim that i = n — 1. If the claim is true then we may

now apply Lemma 5.3.5 and get d; = 1.

If possible let i < n — 1. Observe that by our hypotheses, x;41 equals y;_ v~ if
j #i—1and x;_ov ' if j = i—1. Now amongst the A; ... x \,,_» either both y; and x;
occur or exactly one of them occurs. If both of them occur then [\, ..., A\, 2] # T2
and we have a contradiction. If exactly one of them occurs, say y; then y;.; also
occurs. If 7 # ¢ — 1 we get from above that x; = x;_1 and both of them occur in
T,_o, a contradiction. If 7 =7 — 1 then y; = x;_2 and again one gets a contradiction.
One can treat the case when y; occurs amongst [Aq, ..., A,_o] similarly. Therefore our
claim is proved.

We may now assume that (5.1.3) and (5.1.1) does not hold for our . Now (5.1.2)
holds for £ by induction and since x,, = v By induction and (5.1.5) we conclude

that 0 < d¢ < 2 and d¢ = 2 if and only if £ = &, (k) for some k. ]
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Lemma 5.3.7. Let either
(a)i=1,7>1 andxlzuan?’ or
(b)i=n,j<n and x, = v~"2") hold. Then de = 1.

Proof. In view of the Duality Lemma, it is enough to consider i =n,j < n.If j = n—1
then we are done by Corollary 5.3.3. So assume ¢ = n and j < n — 1. By hypotheses
[X1)--Xj—1s Xj41s --» Xn—1] = Tpn—2. Therefore x,_1 = v~(*3%) and since j<mn-1,
(X1, s Xn—2] # Tn—2. Choose ig = n—1 and jo = j. Then [x1, .., Xn) \{ Xios Xjo } = Tn-2,
Xip = v=("3%). We may now apply Lemma 5.3.5 to £ get de = 1. O]

Proof of Converse(continued): We now complete the proof of the converse. Our as-
sumption on £ = X3 X ...x, is that there exist x;, x; such that [x1,...,xn] \ {Xi, x;} =
T, 2. If 2 <i4,7 <n—1weare done by Lemma 5.3.6. So assume that ¢ = n and

j<n. Ilfy,= v~("2%) we are done by Lemma 5.3.7. If x,, # v=("2%) look at J-

Case 1: If 7 # 1 then x; = v"7" and we look at & = x;' x ... x x;*. Put
p=xX.t%..xx5" and apply Mackey theory to &Y = p x x;*. Then pV) is glued from
representations of the form A; x ... X \,_y where either \; = x; ! or x,; !, x ... x x5
Since x, # 1/_(7%3), [AL, .oy An—2] # T,—o for the first type of factor. Therefore, (5.1.3)
holds for &Y only if [x2,..., Xn_1] = Th_2. In this case, choose ip = 1 and jo = n to
get (X1, - Xn) \ {Xio> Xjo} = Tn—2 and apply Lemma 5.3.7 (a) to £&. Otherwise, (5.1.3)
and (5.1.1) does not hold for £¥. By induction, (5.1.2) holds for £V, 0 # dev < 2 and
dev = 2 if and only if £V = &, (k) for some k.

Case 2: If j = 1, [x2,.--s Xn_1] = Th_2. We need only consider the case when x; €
{v"T v"7"} and x, € {v~"z), v~ ("z2)}(Otherwise either y; is not linked to "z
or X, is not linked to »~("z") and we can reduce to Lemma 5.3.7). Among these, if
X1 = V"7 and Xn = V_(nT_l), ¢ has the unique irreducible quotient 1,, and by Theorem
1.1.2, has no other GL,_;-distinguished irreducible subquotient whence d¢ = 1. So

n—1 n—1

now assume that either y; # v"z or y, # v "2 ). Say x, = ("3 Tt is easy
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5.3 Statement of the theorem and Proof for n > 4.

to see that d¢ # 0 since it has the GL,_;-distinguished quotient y; x ("3 x
1,5 € Alg(GL,). We claim that d; = 1. If possible, let d¢ > 1. By (5.1.4) and
Theorem 3.3.1, n = &vz x v ("37) € Alg(GLy41) has d, > 1. By the same argument
(= v ny_% € Alg(GL,42) has d; > 1. Our representation ( is then

n—1 n—3 n—>5

(=vz Xy1 XV 2z X..X () x () (M) ¢ Alg(GLyy2)

which we think of as 11 X 1o X ... X i1 X finso with s = x1 and pi, 01 = xpn = = (57)
If v, = v = e may choose iy = 1,jo = n and apply Lemma 5.3.7 (a)

to ¢ to get d¢ = 1, a contradiction. If x; = VnTis, we can choose ig = 2 and jg = n
and apply Lemma 5.3.6 to . Then d; = 2 if and only if ( = &,12(k) for some
ke {1,...,n+ 1}. But our ( is not equal to any &,,2(k), again showing d. = 1, a

contradiction. O

Remark 5.3.1. We have just counted the number of principal series representations
§ = X1 X ... X Xpn of GL,, which have d¢ = 2. For n = 1 there are none. If n = 2 there
is only one namely v2 x vz Ifn >3 they are &, (k) for k =1,...,n — 1 in Theorem
5.3.1 and therefore there are precisely n — 1 of them for any n.

Remark 5.3.2. Among the representations &, (k) in Theorem 5.3.1, &,(1) has two ir-

reducible quotients both of which are GL,,_;-distinguished, namely m; = indglLi:,l (Vngs ®

vz) and T = indSQLL‘Q(StQVHQ2 ® 1,_2). Since &,(n — 1) = &, the irreducible 7; and

7o are quotients of &,_; and they account for d¢,,—1) = 2, each one contributing 1.
This was the point of Example 5.2.1 in the case n = 3. It is not difficult to see that the
representations &, (k) in Theorem 5.3.1 for 2 < k < n—2 has the GL,,_;-distinguished

n—2k

irreducible indS;E_Q(Stgu 2 ® 1, 5) as a subquotient appearing with multiplicity 2

in JH°(&). In contrast,

n—3 n—2k+1 n—2k+1 n—2k—1 n—2k—1 _(n=3
E=v7 x..xv 2 xv 2 xv o2 xv o2 x..xv 5)eAlgGL,)

n—2k

also has indg'QL;‘ (Stor 2 ® 1, 5) appearing with multiplicity 2 in JH°(£) but by

—2

Theorem 5.3.1, d¢ = 1.
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We next consider the case when there is a supercuspidal of GLsy in the support.

Proposition 5.3.8. Let o € Irr(GLy) be supercuspidal, x;,1 < i < n — 2 characters
of GL1 and & = ind%ﬁ‘ 7777 (0®X1®...®Xu-2). Then d¢ <1 and d¢ =1 if and only if
[X15 s Xn—2] = T2

Proof. Our proof is by induction on n. The result is true for n = 3 by Theorem 3.4.2
and (3.3.6). For n > 4 put p = 0 X x1 X ... X \n_3 80 that £ = p X x,,_2. Apply Mackey
theory with k = n — 1. It is easy to see that (3.3.1) and (3.3.3) does not hold for &.
On Cs, (3.3.2) holds if and only if ,01/*% is GL,_o-distinguished, which by induction

yields [x1, ..., Xn_s] = "%, ..., v ("2)]. (3.3.2)(ii) holds if and only if y,_o = v~ ("2")
This means that d¢ # 0 if and only if [x1, ..., Xn—2] = Th—2. We apply (5.1.4) and it

follows by induction that d; < 1. O

We have the following Corollary which is now an easy consequence of Proposition

5.3.8 and Theorem 5.3.1.

Corollary 5.3.9. Letn = ni+...4+n,, p; € Irr(GLy,) and § = 1ndGL1“Mn (M ®...Rp,).
Then de < 2.

We give an application based on Theorems 1.1.2 and 5.3.1.

Example 5.3.3. Let n > 4 and © = indSILn ( ) @1, ® v ) One may

apply Mackey theory with k =n — 1 to 7 by choosmg p= mdP1 (v -5 @ 1, 2)
and 7 = "7 . Since p has the unique irreducible quotient Ln w2 and X # VU —"3 we
can see that (3.3.1) and (3.3.2) fail. Since p™ has the quotient ([//n\_/lylﬂ) which
by Lemma 4.1.2 has 1,,_5 as a quotient the condition (3.3.3) holds. We claim that 7
is GL,,_;-distinguished. The crucial point is that 7 does not have any quotient which
is GL,,_;-distinguished but has the unique irreducible submodule 1,,. The aim of the

example is to emphasize that we can avoid the extension problem by appealing to

Theorem 1.1.2 and 5.3.1. Put
E=v ) x " x ox v T x T € Alg(GL,).
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5.3 Statement of the theorem and Proof for n > 4.

Then 7 is a quotient of £&. By Theorem 1.1.2 the only irreducible subquotient of &
which is GL,,_;-distinguished is 1,, and 1,, occurs with multiplicity one in JH®(¢ ). By
Theorem 5.3.1 £ is GL,,_;-distinguished and has d¢ = 1 whence the GL,,_;-invariant
form on £ must come from 1,. Since 1, is a subquotient of m we conclude that m

must be GL,,_{-distinguished.
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