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CHAPTER 1

Introduction

Ever since the theoretical prediction of the anti-particle of the electron, the positron, by

P.A.M Dirac [1] in 1928 and its subsequent detection by Carl. D Anderson in 1932 [2], anti-

particles of all existing particles have been shown to exist. However, particles are much more

stable and abundant compared to their anti-particles and it remains an unsolved problem as

to why there is a predominance of matter over anti-matter in the universe. Reactions such

as e+ + e− → 2γ and p + p̄ → 2γ etc, tell us that if there are equal numbers of particles

and anti-particles, then the universe would be radiation dominated and infact, matter would

not exist. The matter in the universe is largely baryonic and this problem is thus called the

problem of the baryon asymmetry of the universe (BAU). This asymmetry is characterised

by the ratio η = nb
nγ

, where nb is the number of baryons and nγ is the number of photons in

the universe. The present value of the asymmetry is η ≃ 3× 10−10. Much progress has been
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made in the last 80 years since the discovery of anti-matter and many major breaktroughs

and milestones have been established, but a viable theory of BAU is still wanting. Thus,

the problem of the BAU is an outstanding challenging problem and any insight, however

small, will contribute to its understanding. This thesis represents a contribution to this

understanding.

It is known that the laws of relativistic quantum mechanics are symmetric, when par-

ticles are swapped with antiparticles in a given process. The relevant quantum numbers

corresponding to this symmetry are charge conjugation C, parity P, and time reversal T.

The combined effect of all three of these symmetries is canonized in the CPT theorem,

which states that any Lorentz invariant local quantum field theory must have CPT sym-

metry. A consequence of the CPT theorem is that the particle and its anti-particle have

equal mass and lifetime, but opposite charge. The CPT theorem implies that the universe

is matter-antimatter symmetric. However, it is evident that the present universe is matter

dominant, and the question naturally arises as to how this has come about?

A major theoretical breakthrough in the understanding of this problem came in 1967,

when A. D. Sakharov [3] postulated three conditions that are sufficient to guarantee baryon

asymmetry. These are (i) Baryon number (B) violation, (ii) Charge (C) and Parity (CP)

violation and (iii) the presence of non-equilibrium processes. Now it has become a standard

dictum that Sakharov’s requirements are the starting point for building models to charac-

terize BAU. The standard model of particle physics is insufficient to explain BAU as baryon

number conservation is built into it. Therefore, one has to look beyond the standard model

of particle physics to construct viable models of BAU. The models that have been attempted

are GUT(Grand Unified Theories) baryogenesis [4, 5, 6, 7, 8, 9, 10], Electroweak baryogenesis

[4, 5, 7, 8, 9], Affeck-Dine baryogenesis [4, 5, 11], Baryogenesis through Leptogenesis [4, 12]

and some more models in the context of brane universes [13] and string theory [14]. Most of

these models are inadequate in explaining the value of η.

One of the major developments in the last century has been the union of the standard
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model of particle physics with the standard model of cosmology [6, 15, 16], which deals with

the large scale structure of the universe, leading to the exploration of new physics. The

energy scales required in the search of new fundamental particles are close to the order of

the those of the early universe. Hence, the present and future goals of experiments at the

particle accelerators is to reproduce the conditions of the early universe, which itself can

be treated as a particle accelerator. The study of early universe problems gives an insight

into the fundamental particle interactions and allows a search for new physics beyond the

standard model. Hence, it is in this scenario that a solution of the BAU problem may be

found. In the standard model of cosmology, the universe began with a big explosion called

big bang and the energy of the universe was ≥ 1019 Gev. The early universe was radiation

dominated. As the universe expanded, it cooled, went through many phase transitions and

is homogeneous and isotropic. It traversed through the following epochs: the Planck epoch,

the inflationary epoch,the reheating epoch, the grand unification epoch and the electroweak

epoch. The radiation decoupled from matter to give rise to CMBR (Cosmic microwave

background radiation)[17]. The standard model of cosmology has several problems, as shown

by the present observations, which require that the universe started from very fine tuned

initial conditions. To resolve these problems, the inflationary model was proposed, in which

a scalar field called an inflaton field drives the universe through an exponential expansion

called inflation. After the inflation, the large potential energy of the inflaton field is converted

into particles and radiation in a process called reheating. Now, it is fairly well recognised that

earlier than the GUT scale, particle production in the universe took place in the reheating

and preheating [18, 19, 20, 21, 22] phases after inflation [23, 24], through the quantum

fluctuations of the inflaton field.

In this thesis, we examine two possible mechanisms of baryon asymmetry generation

of the universe during the reheating phase after inflation. These are extensions of previ-

ous models of N. J. Papastamatiou and L. Parker [25] (modified by R. Rangarajan, D. V.

Nanopoulous [26]) and Affleck and Dine [11]. Adapting their work to generate the asym-
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metry that might be created in a more realistic universe that is initially inflating and then

enters a rapid preheating phase, we develop a general formalism based on squeezed ro-

tated states to calculate the baryon asymmetry of the universe in the wake of inflation, in

the reheating phase, through a parametric amplification mechanism [18]. Quantum optical

methods are used to show a differential amplification of particle and anti-particle modes

giving rise to baryon asymmetry. A Bogoliubov transformation, followed by a rotation, is

used to diagonalize the Hamiltonian obtained in these models [27]. The diagonalization

of the Hamiltonian is carried out in an exact fashion allowing us to derive the evolution

equations for particle/anti-particle modes, in an expanding FRW metric, in the mean field

approximation. The evolution equations for particle/anti-particle modes are exact and the

role played by the expansion factor and the inflaton field on their evolution is shown. In

particular, in the Affleck-Dine mechanism, means to reduce the classically calculated value of

BAU to a realistic value due to quantum fluctuations and the expansion of the universe are

systematically studied. These equations can be solved for any type of inflationary reheating

models.

The methods we have developed to calculate BAU are, in general, applicable to many

non-equilibrium particle production processes. Therefore, as an illustration of our method,

particle production in non equilibrium processes in ultra-high energy hadronic collisions such

as a rapidly expanding hot quark gluon plasma (QGP) are studied. Since the goal of future

collider experiments is to recreate the conditions of the early universe in the laboratory,

it is valuable to test our mechanism for non equilibrium processes in such systems. Non-

equilibrium processes during the chiral symmetry breaking phase transition of the QGP may

produce a disoriented chiral condensate [28, 29, 30] which decays to produce pions. It is in

this non-equilibrium particle production process that testable signals, such as the asymmetry

between charged and neutral pions, are derived using the formalism developed in this thesis.

The structure of the thesis is as follows:

In the first chapter, a detailed description of why Sakharov conditions are essential for
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BAU is given. The estimation of the baryon asymmetry parameter from nucelosynthesis and

cosmic microwave background radiation (CMBR) is outlined.

In the second chapter, the salient features of various models of baryogenesis are discussed

and an assessment of the weak and strong points of these models is given.

Since we are interested in BAU during the reheating epoch of the early universe, in the

third chapter, a brief introduction to the standard model of cosmology and the problems with

it that warrant the inflationary scenario are discussed. A review of the reheating mechanism

and the connection between particle creation and the squeezed states formalism is discussed.

In the fourth chapter, the discussion starts with a simple model proposed by N. J. Pa-

pastamatiou and L. Parker [25] for BAU, followed by the modification of the model by

R.Rangarajan and D.V.Nanopoulous [26]. We then continue with a discussion of our gen-

eral formalism of squeezed rotated states to calculate baryon asymmetry in the process of

reheating through parametric amplification in this model.

In the fifth chapter, the quantum fluctuations in the post inflationary Affleck-Dine baryo-

genesis model in the reheating epoch are studied. Again, the squeezed states formalism is

used to give evolution equations for the particle and anti-particle modes. The role of rapid

and slow expansion of the universe and parametric amplification of the quantum fluctuations

on the baryon asymmetry produced in the Affleck Dine model is presented.

In the sixth chapter, particle production in non-equilibrium processes using the same

methods as in the previous chapters is discussed. As an exemplary case of a non-equilibrium

particle production situation, a quantum field theoretical model for the dynamics of the

disoriented chiral condensate is presented. A unified approach to relate the quantum field

theory directly to the formation, decay, and signals of the DCC and its evolution is under-

taken. An evolution of the quantum fluctuations in an external, expanding metric which

simulates the expansion of the quark gluon plasma undergoing a chiral phase transition is

carried out. The analogy to the baryon asymmetry process is the asymmetry between the

charged and neutral pions produced in the decay of the DCC. This is a measurable signal at
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future accelerators that reproduce the conditions of the early universe and can be used to

test the formalism developed in this thesis.

In the seventh chapter, a summary of the work done in this thesis and emerging ideas

for future work are given.

1.1 The Sakharov Conditions for BAU.

Since the Sakharov conditions are the starting point of most models of BAU, we will discuss

them in some detail in this section.

1.1.1 Baryon number violation.

Particles and antiparticles are distinguished by certain quantum numbers which are +1 for

particles and −1 for antiparticles. For the baryons, this quantum number is called the baryon

number B and for leptons, it is called the lepton quantum number L. The conservation law

for baryon number states that in a given interaction the total number of baryons before

and after the process are equal. Till date, no interaction which violates the baryon number

has been discovered. Therefore, unless there is baryon number violation, an initially baryon

symmetric universe cannot evolve into a universe which has a baryon asymmetry. Baryon

number violation leads to the decay of the proton. Thus, stability of the proton is a result

of baryon number conservation. Hence, to explain the BAU from an initially symmetric

universe, we must have a theory in which the proton would decay. The Grand unified

theories (GUT) which predict proton decay and give rise to baryon number violation are

valid only at the energies of the order of 1016 Gev. Therefore, baryon number violation can

be accommodated at very high energies. The energy of the universe was of the order of

1019Gev, which is more than the GUT energy, hence, the baryon number conservation can

be violated in the early universe. Until and unless the baryon number is violated, the present
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asymmetry can only be treated as an initial condition.

1.1.2 CP Violation.

Even in the presence of baryon number nonconserving interactions, baryon asymmetry will

not be developed unless CP (charge conjugation combined with parity) is violated. Under

CP, an anti-particle is converted into a particle. For example, the action of CP on the Dirac

field is

CPψ(x, t) = CηPγ0ψ(−x, t)

= ηCηPγ0(γ0ψ
∗(−x, t))

= −ηCηPψ∗(−x, t). (1.1)

Now, consider a process ψ → ψ∗
1 +ψ2. The baryon number for this process is ∆B = −1 and

the decay rate is given by Γ(ψ → ψ∗
1 + ψ2) = πf |Mfi|2, where πf is phase space and |Mfi|2

is the transition matrix. Under the action of CP this processes goes to ψ∗ → ψ1 + ψ∗
2, with

the baryon number given by ∆B = +1. The decay rate is Γ(ψ → ψ∗
1 + ψ2) = πf |M fi|2.

Under the action of CP |Mfi|2 = |M fi|2. If CP is conserved, then every reaction which

produces an excess of baryon number is compensated by a reaction that produces a deficit

of baryon number at the same rate. If CP is violated, then |Mfi|2 6= |Mfi|2 and we can have

a baryon number violation. Therefore, to get a net baryon asymmetry it is necessary that

CP is violated.

1.1.3 Departure from thermal equilibrium.

The Sakharov’s third condition is a consequence of the CPT theorem [31] .

The Baryon number operator is defined as the difference between the number of baryons

and antibaryons. B̂ = nb − nb, where nb is the number of baryons and nb is the number of
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antibaryons. Under CPT symmetry, a particle goes to an antiparticle via,

CPT (B̂)(CPT )−1 = CPT (nb)(CPT )−1 − CPT (nb)(CPT )−1 = nb − nb = −B̂.

At thermal equilibrium, the thermal average of < B >= Tr(eβHB̂), with β = 1
kBT

, where

kB is the Boltzmann constant, T is the temperature and H is the Hamiltonian. As result of

CPT invariance [H,CPT ] = 0. Applying CPT operator to < B >, we get

< B > = Tr(CPT (eβHB̂(CPT )−1))

= Tr(CPT (eβH)(CPT )−1)CPT (B̂)(CPT )−1)

= Tr((eβH)(−B̂))

= −Tr((eβH)(B̂))

= − < B > . (1.2)

So the thermal average of the baryon number < B >= 0. Thus, in equilibrium, whatever

baryon number is generated, will be wiped out. Therefore, to generate baryon asymmetry,

departure from thermal equilibrium is necessary.

1.2 Estimation of Baryon Asymmetry Parameter η.

1.2.1 Heuristic Estimation of η

We present first a rough estimation of the baryon asymmetry parameter η, followed by a

description of more accurate estimates. The first step is to estimate nB, the matter of the

universe. We know that there are about 1057 atoms in the sun, about 400 billion stars in

our galaxy and roughly 125 billion galaxies in the universe. The total number of atoms

in the universe is therefore ∼ 1078. The observable radius of the universe is 4.4 × 1026,

therefore assuming a spherical universe, the volume of the universe is 3.6× 1080. Thus the

approximate matter (baryonic) density of the universe is given by nB = 1078

1080 = 10−2. In the
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big bang model, the radiation decoupled from matter at around 30000K and filled the entire

universe, this radiation is called CMBR. The total number of CMBR photons is constant

after decoupling. The temperature dependence of the photon density at equilibrium s given

by

nγ =
1

π2

(
kBT

~c

)3 ∫ ∞

0

x2

exp(x)− 1
dx ≃ 20.3T 3 (1.3)

where kB is the Boltzmann constant, ~ is the Planck constant and c is the speed of light in

vacuum. The photon density at the time of the CMBR is given by nγ ≃ 20.3×(3000)3 = 1011.

From this we get a rough estimate BAU of the universe η = nB
nγ
≃ 10−2

20.3×(3000)3
≈ 10−10, which

is very close to the value calculated by more detailed estimates.

A more accurate determination of η is given by from nucleosynthesis data [31, 6] and

CMBR[35, 33] data and is presented below.

1.2.2 Estimation of η from Big-Bang Nucleosynthesis.

One of the successes of the standard model of cosmology is its prediction of the correct

abundance of the light elements D, 3He, 4He, and 7Li, through the big bang nucleosynthesis

(BBN) [32, 6, 33], in the first few minutes of the universe. An important feature of the BBN

is that it depends on T and η and therefore can be used in its estimation.

After the big bang, when the temperature was T > 1 Gev, the protons and neutrons

started forming. Then, because of its expansion, the universe cooled down sufficiently (

temperature of the order of T ∼ 1 MeV ) and stable protons and neutrons formed. The

relative abundance of the protons and neutrons follow from simple thermodynamic arguments

combined with the way the mean temperature of the universe changes with the cosmic

expansion. Assuming nuclear statistical equilibrium among the light nuclear species, the

abundance of light species with atomic number A is given by [6]

XA =
nAA

nN
= gA[ζ(3)A−1π(1−A)/223A−5)/2]A5/2(

T

mN
)3(A−1)/2)ηA−1nZp n

A−Z
n exp

B

T
, (1.4)
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where gA internal degrees of freedom, nN total nucleon density, B is the binding energy

of nuclear species, ζ Riemann zeta function and η = nN
nγ

. This fraction is in favour of the

proton because the high mass of neutron causes it to have finite life time. As the universe

expands, free neutrons and protons are less stable than the the Helium nuclei. The protons

and neutrons have a strong tendency to form 4He (Helium). However, 4He requires an

intermediate step of deuterium formation. We notice that since XA ∝ ηA−1, around the time

of nucleosynthesis T = 0.1MeV , the neutron to proton ratio is only slowly decreasing and

the sensitivity of 4He to η is low. The sensitivity to η is much more for D and 3He. Detailed

computer calculations developed by D. N. Schramm and M. S. Turner [34] have predicted

the abundance of Helium on a logarithmic scale given by

YP = 0.245 + log(
η

5× 10−10
) + 0.014∆Nν + 0.002(τn − 8887sec)− ξνe (1.5)

where τn time scale, ξνe is the chemical potential and ∆Nν ≡ Nν − 3, Nν is the number of

generations of neutrinos. The primordial abundances of all the light elements as a function

of η have been calculated in this model. For observed abundance it can be shown that

4× 10−10 < η < 7× 10−10. This is how η is extracted from nucleosynthesis.

1.2.3 Estimation of η from CMBR Data.

The cosmic microwave background radiation (CMBR) is the cool remnant of the hot big bang

radiation that fills the universe isotropically as blackbody radiation and can be observed at

the present temperature of 2.70K. Its detection by Arno Penzias and Robert Wilson [17]

in 1965 gives a direct evidence of the standard model of cosmology. Extrapolating the

CMB data back in time, one can conclude that the early universe was a hot ideal gas, a

hypothesis also supported nucleosynthesis data. As the universe expanded, the radiation

cooled adiabatically below the threshold value of T ∼ me and electron-positron pairs in form

of a hot plasma were created. As the temperature fell to 30000K, below the photoionization

energy for hydrogen, photons decoupled from matter and moved unscattered throughout
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the universe. As the universe expanded, the temperature of the radiation cooled to the

present value of 2.70K, but, because the photons are decoupled from matter, the spectrum

remains the same. CMBR was originally thought to be a smooth blackbody radiation with

an isotropic temperature.

Later, the COBE ( Cosmic Background Explorer ) and WMAP ( Wilkinson Microwave

Anisotropy Probe ) experiments have probed the temperature fluctuations of the very early

universe. Acoustic, Doppler, gravitational redshift, and photon diffusion effects combine to

form a complicated spectrum of primary anisotropies [35, 36]. The component contributions

individually reveal the sensitivity of the spectrum to a variety of cosmological parameters,

including the baryon density, the dark matter density, the cosmological constant, the Hubble

constant, and the curvature of the universe.

Before redshift z∗ ⋍ 103, CMB photons are hot enough to ionize hydrogen. Compton

scattering tightly couples the photons to the electrons which are in turn coupled to the

baryons by electromagnetic interactions. The system can thus be dynamically described as

a photon-baryon fluid. Photon pressure resists the gravitational compression of the fluid and

sets up acoustic oscillations. At z∗, neutral hydrogen forms and the photons last scatter. Re-

gions of compression and rarefaction at this epoch represent hot and cold spots respectively.

The resultant fluctuations appear to the observer as acoustic peaks. Performing a Fourier

analysis of the isotropic temperature perturbation Θ = δT
T

, each mode k evolves almost as a

simple harmonic oscillator before recombination,

mef Θ̈ + k2c2
Θ

3
⋍ mefg. (1.6)

The effective dimensionless mass of the oscillator is mef = 1 + R. Here, R = (ρb+pb)
(ργ+pγ)

⋍

3ρb
4ργ

is the baryon-photon momentum density ratio. The oscillation frequency obeys the

dispersion relation ω = kc
3mef

= kcs, where cs is the sound speed. Gravity provides an

effective acceleration of g = −k2c2ψ/3− φ̈, where ψ is the Newtonian gravitational potential

and φ ⋍ −ψ is curvature perturbation. The baryons contribute to the mass of the fluid in

the form mef = 1+R, where, R ∝ ΩBh
2. It can be shown that the difference in relative peak
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amplitudes of the even and odd peaks is 2Rψ. Thus, the relative peak heights of the acoustic

oscillation spectrum probe ΩBh
2 through R and the amplitude of potential perturbations at

last scattering through ψ.

The critical density of baryons ΩB in terms of η is,

ΩBh
2
0 = 366× 105η = (0.019± 0.001) (1.7)

ΩB = 0.045± 0.01, (1.8)

here, ΩB = ρB
ρc

, ρB = mNnB, and ρc =
3H2

0

8πGN
= 1.054 × 10−5h2

0GeV cm
3, where H0 is the

present Hubble parameter given by H0 = 100h0kms
−1Mpc−1 and h0 = 0.65 ± 0.05. Thus

the estimation of η can be done from CMBR.

In this chapter we have described the Sakharov conditions and the determination of the

baryon asymmetry factor η. These provide a theoretical and empirical basis for various

models of baryon asymmetry, which we shall describe in the next chapter.
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CHAPTER 2

Models for BAU

As we have seen in chapter 1, the starting point for any theory of BAU must be the Sakharov

conditions. Since the standard model of particle physics does not violate, by construction,

Sakharov’s first condition ( baryon number violation), several models that go beyond the

standard model have been proposed to get the baryon asymmetry dynamically from an

initally baryon symmetric universe. In this chapter, we give a brief description of some

of the models which have features that have stood the test of time and which have been

useful in clarifying the essence of baryogenesis models. These are GUT( Grand Unified

Theory) baryogenesis [37, 38], electroweak baryogenesis [39], Affeck-Dine baryogenesis [11],

leptogenesis[40, 31], and recent models based on string theories [41]. The history of these

models follows the history of particle physics and cosmology, as everytime a new theory

comes into existence, attempts are made to accommodate baryogenesis in the theory.
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2.1 GUT Baryogenesis.

The oldest model of baryogenesis was the GUT baryogenesis [37] based on grand unified

theories (GUTS). Later, these baryogenesis models have been re-examined in the context of

the supersymmetric (SUSY) GUTs [42]. Initially, grand unified theories were proposed to

unify strong, weak and electromagnetic interactions within the frame work of gauge theories

based on symmetry groups such as SU(5) and SO(10) at the energy scale of the order 1016

GeV. These theories predict the violation of baryon number leading to the proton decay.

In GUTS, there are heavy gauge and Higgs bosons whose interactions violate the baryon

number, thus the first Sakharov condition is satisfied. Typically in GUTS, there exist heavy

X bosons that have two decay channels

X → ql : B1 = 1/3, (2.1)

X → qq : B2 = +2/3. (2.2)

Similarly the anti-particle X̄ has the decay channels

X̄ → q̄l̄ : B̄1 = −1/3 (2.3)

X̄ → q̄q̄ : B̄2 = −2/3, (2.4)

where, q, (q̄) and l (l̄) represent the quarks(antiquarks) and leptons(antileptons) which carry

baryon number 1/3 (-1/3) and 0 respectively. If one assigns the X boson a baryon number

based on one decay mode then the other decay mode violates baryon number.

Let r be the decay rate for each process, then Γ(X → ql)→ r,Γ(X → qq)→ 1−r,Γ(X̄ →
q̄l̄) → r̄,Γ(X̄ → q̄q̄) → 1 − r̄. The mean baryon number per decay for X and X̄ bosons is

given by

BX = r B1 + (1− r)B2

BX̄ = r̄ B̄1 + (1− r̄) B̄2. (2.5)
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Then ∆B, the baryon asymmetry, in X-decays is given by

∆B = BX +BX̄ =
1

2
(r − r̄) =

∑

f

Bf

[
Γ (X → f)− Γ

(
X̄ → f̄

)]

Γtot (X)
. (2.6)

the baryon number produced vanishes when C or CP is conserved (r = r̄. If there are no

further baryon violating reaction then a net baryon asymmetry will persist after all the X

and X̄ decay. To explain the present baryon number η = nB/nγ ≈ ǫ/g∗10−10, one requires

∆B ∼ 10−8, where ǫ is CP violating parameter and g∗ are the effective degrees of freedom

at T ∼ mX .

The problem with the GUT baryogenesis is that the temperature for processes with

B-non conservation is extremely high, close to the Planck scale, MGUT = 1016GeV , thus,

it would be kinematically difficult to produce these bosons in a thermal environment. At

temperatures higher than the GUT scale, the rate of their production would be smaller than

that of the expansion of the universe and any generated baryon asymmetry will be wiped out

by this expansion. If the temperature of the universe could always be smaller than the GUT

scale, the corresponding, thermally produced X-bosons would never have been abundant

and their role in baryogenesis would be negligible. Also, one still has problems with proton

decay, which is predicted by these theories at a rate that is accessible to experiments and this

has not been observed. Nevertheless, the philosophy of GUT baryogenesis survives in many

recent models of baryogenesis. Some of them consider the production of bosonic scalar fields

with non -zero baryon number which decay into fermions to give rise to baryon asymmetry.

In particular the models based on supersymmetry such the Affleck Dine model consider such

a scenario.

2.2 Electroweak Baryogenesis.

In the electroweak sector of the standard Model of particle physics, the structure of the

vacuum in non-Abelian gauge theories can give rise to baryon number violation. Non-Abelian
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gauge theories such as SU(2)L have degenerate vacua, which are topologically distinct. What

distinguishes them is the winding number of the gauge field configuration. When one makes

a transition from one vacuum to another vacuum, 3 quarks and a lepton are created which

violate the baryon number. This baryon number violating transition, violates B + L not

B −L (where L is the lepton number). In electroweak theory, both the baryonic current JµB

and leptonic current JµL are conserved at the classical level, but not at the quantum level.

∂µJ
µ
B = ∂µJ

µ
L

= Ng

(
α2

π
W µν
a W̃aµν −

α′

8π
FµνF̃µν

)
, (2.7)

where Ng is the number of generations, α2 =
g22
4π
, α′ = g′2

4π
are couplings corresponding to

SUL(2) × U(1); W̃µν = 1
2
εµναβWαβ. This happens because of the chiral nature of fermions

and is called the electroweak anomaly. Then from the fact that

∂µ (JµB − JµL) = ∂µJ
µ
B−L = 0,

∂µ (JµB + JµL) 6= 0 (2.8)

and

∆ (B + L) = 2
Ngα2

8π

∫
d4xW µν

a W̃aµν . (2.9)

we see that the electroweak anomaly preserves B − L but not B + L.

There exist classical solutions for the Euclidean field equations called instantons which

allow tunneling between different vacua (called θ vacua with the parameter θ). The gauge

vacuum is then given by a superposition of θ vacua

|θ〉 =
∑

i

e−inθ |n〉 . (2.10)

It has been shown by t’Hooft[43] that the transition probability between two adjacent vacua

is given by ∼ e−8π2/g2 for ν = 1. This gives the Euclidean action for a zero temperature

solution as SE ∼ 8π2

g2
.
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Thus (B + L) violating amplitude for is A ∼ e(−2π/α2)ν , where g2

4π
= α2. This is extremely

small ∼ 10−90, hence, the probability of B-violating processes is highly suppressed at zero

temperature.

The situation is quite different at the high temperatures of the early universe. Here, one

goes from one vacuum to another vacuum by thermal fluctuations rather than tunneling. The

transition probability P is given by P ∼ e−V0(T )/T , where V0(T ) is the height of the barrier.

If the system is able to perform a transition from one vacuum to the next vacuum, then

∆ (B + L) = 2Ng = 6. The adjacent vacua of the Electroweak (EW) theory are separated by

a ridge with energies larger than that of the vacua. The lowest energy point on this ridge is a

saddle point solution to the equations of motion, and is referred to as the Sphaleron [44]. The

electroweak phase transition is assumed to be first order and proceeds via bubble nucleation.

This gives Sakharov’s third condition. The sphaleron processes are in equilibrium outside the

bubble wall and they are out of equilibrium inside the bubble, which give rise to B violation,

thus Sakharov’s first condition is satisfied. Sakharov’s second condition, CP violation in the

standard model of particle physics is given by Cabibbo-Kobayashi-Maskawa (CKM) matrix

[45]. The baryon asymmetry parameter η is given by η ⋍ α4
2ǫcp, where ǫcp the magnitude of

CP violation.

The problems with electroweak baryogenesis are that one cannot get a first order transi-

tion unless the Higgs is light, mH < 60 GeV, which is ruled out by LEP, (mH ≥ 114) GeV.

Another problem is the amount of CP-violation required is 8 orders less in magnitude than

that of given in the standard model.

2.3 Affleck-Dine Baryogenesis.

The Affleck-Dine mechanism [11] is based on the supersymmetric flat directions [46]. In

supersymmetric theories all particles have super partners called sparticles. In the minimal

supersymmetric standard model(MSSM) [47], the number of degrees of freedom are increased
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by virtue of the fact that the bosons and the fermions have supersymmetric counterparts.

The increase in the number of degrees of freedom results in directions in field space which

have virtually no potential. These are known as flat directions and are made up of squarks or

sleptons, so they carry the baryon or the lepton number. During the reheating after inflation,

the squarks and sleptons are free to fluctuate along these directions as it costs little energy

and can form condensates with a large baryon or lepton number. These condensates, through

the interaction with the inflaton field, spontaneously break the supersymmetry. Supersym-

metry breaking lifts these flat directions and sets a scale for the potential. Supersymmetry

breaking can introduce terms in the Lagrangian that violate baryon number and CP.

It is known that bosons obey Bose-Einstein statistics and they commute and fermions

obey Fermi-Dirac statistics and they anticommute. In order to combine them into a single

algebra, it requires an introduction of a Z2 grading under which the bosons are the even

elements and the fermions are the odd elements. Such an algebra is called a Lie superalgebra.

The simplest supersymmetric extension of the Poincare algebra contains two Weyl spinors

with the following anti-commutation relation is defined by

{Qa, Qb} = P µ(σµ)ab, (2.11)

where the Qa is the fermonic generator, Pµ is the four momentum and σµ = (1,−σi), where

σi are Pauli matrices.

To illustrate the effects of supersymmetry breaking consider a simple supersymmetric

model with one scalar field and a fermonic field. The Lagrangian is given by

L = ∂µφ
†∂µφ+ ψ†iσµ∂µψ + F †F (2.12)

where φ is a complex scalar field with two degrees of freedom and ψ is a fermonic field with

four degrees of freedom. Therefore, we need to add another scalar field F with two degrees of

freedom to ensure supersymmetry. This scalar field F is called an auxiliary field. This field

does not contribute to the equation of motion since there is no kinetic term for this field.
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Under an infinitesimal supersymmetric transformation, φ, ψ, and F transform as follows,

δψl =
√

2∂µφγ
µαl +

√
2Fαl (2.13)

δφ =
√

2αlψl

δF =
√

2(αlγ
µ∂µψl). (2.14)

where α (spinor) is an infinitesimal paramater. We can see from the above transformations

that if we break supersymmetry spontaneously, we cannot give vacuum expectation value to

φ and ψ since they transform into each other. Therefore the only field left is the auxiliary

field F. When supersymmetry is exact < 0|F |0 >= 0 and when supersymmetry is broken <

0|F |0 > 6= 0. When supersymmetry is exact, the fields along F have zero vacuum expectation

value so they are called the flat directions. Upon supersymmetry breaking, the degeneracy

along the auxiliary field F direction is lifted, and a potential along this direction is generated.

To introduce interactions by keeping the invariance of the Lagrangian under the infinitesi-

mal supersymmetric transformations and renormalizability in mind, a general supersymmetry-

breaking potential was introduce by Wess and Zumino. The Wess-zumino Lagrangian con-

tains an analytic function of the scalar fields W(φ), known as the superpotential, given

by

W (φ) =
1

2
mijφiφj + λijkφiφjφk. (2.15)

The form of the scalar potential is

V (φ) =
∑

i

|∂W
∂φi
|2 +

∑

a

ga2(
∑

i

φ∗
iT

aφi)
2. (2.16)

The scalar potential can be written in terms of auxiliary fields F and D as

V (φ) = |F |2 + |D|2, (2.17)

where F = ∂W
∂φi

and D = ga(
∑

i φ
∗
iT

aφi). We can see that when SUSY is exact the F and the

D terms vanish. This give rise to the F and the D flat directions.

The basic mechanism of Affleck-Dine baryogenesis is as follows.:
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In the Affleck Dine model, the cosmological constant in the early universe breaks su-

persymmetry spontaneously and can give rise to an inflaton potential that violates B − L,

thus satisfying Sakharov’s first condition. The scalar fields, through their interaction with

the inflaton field, generate C and CP violation, thus satisfying Sakharov’s second condition.

The expansion of the universe satisfies Sakharov’s third condition.

One can understand the Affleck-Dine mechanism in the context of a toy model. Consider

a potential for a complex scalar field φ given by

V (φ) = −m2
φφ

∗φ+
λ

4
(φ4 + φ∗4), (2.18)

here the coupling constant λ ≈ ǫM2
S/M

2
G, where, MS is the supersymmetry scale breaking, ǫ

is a real parameter which characterises CP violation and MG is the grand unification scale.

One can assign φ with a baryon number of 1 based on its interactions with the standard

model particles. For example, if φ is like a squark then a squark decays to a quark and a

photino, one can assign the baryon number of the quark to the squark (photinos carry no

baryon number). Then the last term in V (φ) violates baryon number and also violates CP.

The baryon current associated with φ is

jµ = −iφ∗←→∂ µφ. (2.19)

BAU in this model is given by nB =
∫
J0d

3x. Ignoring spatial variations in φ, which is a

good assumption after inflation, as the field φ rolls down its potential, this quantity increases.

Solving the equations of motion for φ and φ∗ one finds out the value of nB. The equations

of motion for φ and φ∗ are given by

φ̈+m2φ+ 3Hφ̇ = λφ∗3, (2.20)

and

φ̈∗ +m2φ∗ + 3Hφ̇∗ = −λφ∗3, (2.21)

where H is the Hubble’s constant. The initial conditions at t = t0 are

φ|t=t0 = iφ0, φ̇|t=t0 = 0. (2.22)
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In this linearised approximation the solutin of these equations can be solved for radiation

and matter dominated eras. For the radiation dominated era (H = 1
2t

),the solution is

φR =
arλφ

3
0

m2(mt)3/4
sin(mt + δr), (2.23)

φI =
φ0

(mt)3/4
sin(mt− 3

8
π). (2.24)

constants a and δ are independent of λ and φ0. The baryon number for the radiation

dominated era is given by

nB =
2arλφ

4
0

m(mt)2
sin(δr +

1

8
π). (2.25)

Similarly for the matter dominated era H = 2
3t

, the solution is

φR =
arλφ

3
0

m2(mt)
sin(mt + δm) (2.26)

φI =
φ0

(mt)
sin(mt)(1 +©(

λφ2
0

m2
)), (2.27)

The baryon number for the matter dominated era is given by

nB =
2arλφ

4
0

m(mt)2
sin(δm). (2.28)

The baryon number per particle for large times in this model is given by

nB = r ≈ λφ2
0

m2
φ

. (2.29)

In this mechanism, one can get a baryon asymmetry as large as 10−2. These models are

also popular in the context of superstring theories. Clearly a problem with this model is

that the amount of BAU produced is too large. We will be using this model in chapter 5 of

this thesis.

2.4 Leptogenesis.

Leptogenesis is a popular mechanism for baryogenesis. In this model, the asymmetry is

generated via a lepton asymmetry in the universe, which is partially converted to a baryon
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asymmetry through sphaleron interactions. The masses for the neutrinos one must use the

Majorana mechanism. For this to be allowed one has to go beyond the standard model

(as the B − L symmetry of the standard model does not allow Majorana mass generation).

This entails adding a non-renoramlizable terms to get lepton-number violating Lagrangian

of the form L =
Zij
Λ
LiLjφφ, where Li is lepton doublets, φ is the Higgs field, Zij is a

dimensionless complex symmetric matrix of couplings and Λ is the scale where the standard

model description breaks. These terms lead to light neutrino masses mν = Z<φ>
Λ

by simply

taking into account that the SM is an effective theory that is valid only up to some high

scale Λ ≫ φ, This gives an understanding why neutrino masses are much lighter than the

charged fermions. The full high energy theory that leads to the non-renormalizable terms

needs heavy singlet neutrinos Nα. These are new fermions that are neutral under standard

model gauge group, but they do not have any gauge interactions. There are two types of

interaction that can be added to the Lagrangian, they are LN = MαNαNα + λαiNαLiφ,

where Mα is a Majorana mass matrix for the singlet neutrinos, and λαi is a Yukawa matrix

that couples them to the light lepton doublets.

The introduction of singlet neutrinos with Majorana masses and the Yukawa couplings to

the doublet leptons fulfills Sakharov conditions. The Majorana nature of the singlet neutrino

masses implies that any single heavy mass eigenstates can decay to both L+ φ and L+ φ†.

If we assign the N mass eigenstates a lepton number zero, the first mode is ∆L = +1 while

the second is ∆L = −1. Thus, lepton number is violated in these decays.

The decay L + φ is dominated by the tree diagram. There are, however, corrections

coming from the one loop diagrams, the interference of the tree and the loop diagram gives

rise to a relative phase, which is the source of CP-violation given by

ǫ =

[
Γ (Nα → lH)− Γ

(
Nα → l̄H̄

)]
[
Γ (Nα → lH) + Γ

(
Nα → l̄H̄

)] . (2.30)

The decay is out of equilibrium if the decay rate is slower than the expansion rate of the

universe when the temperature is of the order of the mass of the decaying singlet neutrino
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Γ . H(T ∼Mα). For M1 < 1014 GeV, the final baryon asymmetry is given by

η = −1.4× 10−3
∑

α,β

ǫηαβ (2.31)

where ηαβ paramatrises the washout of ǫ. The leptogenesis mechanism is popular because

the parameter space in which it is viable has not yet been constrained, as is the case for the

standard model of electroweak baryogenesis. The presence of non-renormalizable terms is a

shortcoming of the model.

2.5 Baryogenesis in the Brane-World Scenario.

Brane models are motivated by string theories. The brane model was proposed to explain the

weakness of gravity relative to the other fundamental forces of nature. In Randall-Sundrum

[48] model, the four-dimensional universe in which we live is restricted to a brane inside a

higher-dimensional space, called the bulk. The additional dimensions are compactified. The

three fundamental forces, the electromagnetism, the weak and the strong forces are localized

on the brane but gravity can propagate in bulk also. In M-theory five-branes can be included

in the compactification from 11 to five dimensions. For the remaning six dimensions, the

two-dimensions are wrapped into a curve in the Calabi-Yau space and stretch across the

remaining four uncompactified dimensions and are parallel to the orbifold planes. Hence,

they appear as the three branes in the five dimensional brane world theory which are located

somewhere in the bulk between the two orbifold planes. A small-instanton transition process

occurs when one of the three-branes in the five-dimensional brane-world model collides with

an orbifold fixed plane. The baryogenesis in the context of brane-world models is generated

at a small-instanton phase transition which is initiated by a moving brane colliding with the

observable boundary. Reasonable values for the baryon asymmetry can be obtained [41].

The generated baryon asymmetry depends on characteristics of the brane-collision, such as

the impact of the colliding brane. There is no conclusive evidence for brane world scenario,
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this is a speculative model

2.6 Gravitational Baryogenesis.

The gravitational interaction between the Ricci scalar curvature and the matter fields dy-

namically breaks CP in an expanding universe and combined with baryon number violating

interactions, can drive the universe towards a baryon asymmetry universe. This model is

considered more detail in the chapter 4.

There are several other models proposed apart from the models presented here. In liter-

ature there are there about 42 models of baryogenesis, they are as follows, 1) GUT baryo-

genesis, 2) GUT baryogenesis after preheating, 3) Baryogenesis from primordial black holes,

4) String scale baryogenesis, 5) Affleck-Dine (AD) baryogenesis, 6) Hybridized AD baryo-

genesis, 7) No-scale AD baryogenesis, 8) Single field baryogenesis, 9) Electroweak (EW)

baryogenesis, 10) Local EW baryogenesis, 11) Non-local EW baryogenesis, 12) EW baryo-

genesis at preheating, 13) SUSY EW baryogenesis, 14) String mediated EW baryogenesis,

15) Baryogenesis via leptogenesis, 16) Inflationary baryogenesis, 17) Resonant baryogenesis,

18) Spontaneous baryogenesis, 19) Coherent baryogenesis, 20) Gravitational baryogenesis,

21) Defect mediated baryogenesis, 22) Baryogenesis from long cosmic strings, 23) Baryoge-

nesis from short cosmic strings, 24) Baryogenesis from collapsing loops, 25) Baryogenesis

through collapse of vortons, 26) Baryogenesis through axion domain walls, 27) Baryogenesis

through QCD domain walls, 28) Baryogenesis through unstable domain walls, 29) Baryoge-

nesis from classical force, 30) Baryogenesis from electrogenesis, 31) B-ball baryogenesis, 32)

Baryogenesis from CPT breaking, 33) Baryogenesis through quantum gravity, 34) Baryoge-

nesis via neutrino oscillations, 35) Monopole baryogenesis, 36) Axino induced baryogenesis,

37) Gravitino induced baryogenesis, 38) Radion induced baryogenesis, 39) Baryogenesis in

large extra dimensions, 40) Baryogenesis by brane collision, 41) Baryogenesis via density

fluctuations,and 42) Baryogenesis from hadronic jets.
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Yet, inspite of this plethora of models, an acceptable theory of Baryogenesis is yet to be

found.

26



CHAPTER 3

Standard Model of Cosmology, Inflation and Particle Production

One of the aims of this thesis is to estimate baryon asymmetry in the wake of inflationary

models of reheating in the early universe. To make the thesis self contained, in this chapter,

we introduce the concept of inflation, reheating and the methods we use to calculate particle

production in the early universe. All these concepts will be useful in the subsequent chapters.

Modern cosmology is based on the standard model of cosmology, which is well supported by

experimental evidence such as CMBR ( COBE, WMAP ), nucleosynthesis and the Hubble

expansion of the universe. It also has some serious shortcomings which need attention. The

inflationary model was proposed to overcome these shortcomings. Inflation is nothing but

exponential expansion, which involves the introduction of a scalar field which is displaced

from its vacuum value. As this field rolls slowly into its vacuum state, determined by the

inflationary potential, exponential expansion results and solves some of the problems of the
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Standard model of cosmology. Single or multi scalar fields can be involved in inflation, and we

shall see that they are useful in models for baryogenesis. The reheating process occurs after

the termination of inflation due to the quantum fluctuations of the inflaton field. Particle

production at this stage can be described by parametric resonance and squeezed states. We

shall briefly describe each of these processes in this chapter.

3.1 Standard Model of Cosmology.

The standard model of cosmology ( standard big bang model) is based on the cosmolog-

ical principle which states that the universe is isotropic and homogeneous. Starting with

Einsteins equations [49]

Rµν −
1

2
gµνR = 8πGTµν , (3.1)

where Rµν and R are the Ricci tensor and scalar, Tµν is the energy momentum tensor and

G is the gravitational constant and assuming a perfect fluid description of the matter

Tµν = −pgµνR + (P + ρ)uµuν , (3.2)

the dynamics of the universe is given by the Friedman-Robertson-Walker (FRW) solution

[50]

ds2 = dt2 − a(t)2

[
dr2

1− kr2
+ r2(dθ2 + sin2θdφ2)

]
. (3.3)

The coordinates r, θ and φ are comoving spherical coordinates obtained by rescaling the

radial coordinate. k, is the scalar curvature of 3-space which has values −1, 0 or +1,

corresponding to open, spatially flat or closed universes respectively and a(t) is the expansion

factor of the universe. The physical distance is given by Rp = a(t)
∫

dr√
1−kr2 and for a flat

(k = 0) universe Rp = a(t)r. The velocity is given by V = HRp (dr
dt

= 0), where H is the

Hubble parameter given by H = ȧ
a
.
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If we assume the Tµν = diag[−ρ, P, P, P ] where ρ is energy density and P is the pressure,

then from the continuity equation we get

ρ̇ = −3H(ρ+ P ). (3.4)

Combining this with Einstein’s equation (3.1) we get the Friedman equation :

(
ȧ

a

)2

+
k

a2
=

8π

3
Gρ, . (3.5)

In terms of Hubble’s constant we have:

k

H2a2
=

ρ

3H2/8πG
− 1 = Ω− 1, (3.6)

where Ω = ρ
ρc

is the ratio between the density and the critical density required to close the

universe and this critical density is given by ρc = 3H2

8πG
. Ω > 1, Ω = 1 and Ω < 1 correspond

to open, flat and closed universes respectively.

Another important assumption of the standard model of cosmology is that the matter is

described by a classical ideal gas, with an equation of state P = wρ, where w is constant

of proportionality independent of time. The energy density ρ goes as ρ ∝ a−3(1+w). For the

radiation dominated era P = 1
3
ρ, which gives ρ ∝ a−4. For the matter dominated era P = 0

gives ρ ∝ a−3. For the vacuum energy dominated era P = −ρ, which gives ρ ∝ const.

The problems of standard model of cosmology are

• The Horizon Problem:

The horizon problem arises from the fact that the transfer of information is limited by

the speed of light. This results in a particle horizon which limits the separation of two

regions that are in causal contact. The CMBR shows that the universe is isotropic if the

universe is radiation dominated or matter dominated since the big bang. The particle

horizon corresponds to approximately Rp which is 20 of the sky, so they would be no

mechanism for distant objects to have same temperature through out the universe to

make it homogenous and isotropic.
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• The Flatness Problem:

In the equation (3.6), the observations from CMBR give a value of Ω ≈ 1. Therefore,

since Ω = ρ
ρc

, the total energy density of the early universe must be approximately

equal to the present critical density. The flatness problem is the question of why

the initial conditions correspond to the universe being close to spatial flatness? The

problem is that any small perturbation will cause a fluctuation of the energy density

to grow exponentially. Thus, it requires extreme fine tuning to maintain the density

of the early universe to this critical density value.

• The Entropy Problem:

The entropy problem is related to the flatness problem in the following way [51]. It is

known that the entropy in a comoving volume stays constant in an adiabatic expansion.

The entropy of the universe is given by SU = T 3H−3, where H is the Hubble’s constant.

Rewriting the Friedman equation in terms of entropy we get Ω− 1 =
κm2

p

S
2/3
U T 2

. Since we

have seen from the flatness problem that Ω ≈ 1, the value of the entropy SU ≈ 1060,

which is very very large. This reliance on fine tuned initial conditions is called flatness

problem.

3.2 Inflation.

The idea of inflation [23] is proposed to overcome the problems of standard model of cosmol-

ogy. Inflation is defined to be any epoch of the universe dominated by the negative pressure

ρ = −P vacuum density. With this condition, the Friedman equation (3.5) becomes

H =
ȧ

a
= constant, (3.7)

therefore

a = eHt. (3.8)
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Thus inflation corresponds to an exponential expansion of the universe. With this hypothesis,

the problems in the standard model of cosmology are solved. Substituting into eq (3.6), we see

that with the large value of the expansion parameter, we automatically get Ω ≈ 1. Thus the

flatness problem is solved. We have seen that the entropy problem is related to the flatness

problem, thus the entropy problem is also solved. Inflation solves the Horizon problem by

postulating that prior to the inflation, in a small radius of 10−23, cm corresponding to a time

scale of 10−36 sec, before inflation, the entire universe is causally connected and achieves

equilibrium to become isotropic. Inflation then expanded the universe rapidly, freezing in

these properties, so that the universe evolved to an almost homogeneous, isotropic state. The

information needed to change it from that state is not in causal contact, thus the homogeneity

and isotropy is maintained. In these ways, inflation is a solution to the problems of standard

model of cosmology.

In order to drive the universe into an inflationary phase, scalar field(s) known as infla-

ton(s) were proposed. The initial energy density of the universe is stored in the potential

energy of the inflaton field. The inflaton is initially at its highest energy state. It rolls

down to its minimum energy state via random fluctuations, which trigger a phase transition,

and cause the inflaton releases its potential energy in the form of radiation and matter in

a process known as reheating. Various inflationary scenarios have been proposed. Most of

these vary with in the form of the inflaton potential, the number of inflaton fields and the

order of phase transition.

In inflationary models, the inflaton field φ has a potential energy V (φ) which is flat near

φ = 0 and steep near φ = φmin. At high cosmic temperatures V (φ) is flat due to temperature

corrections. As the inflaton field rolls slowly down the potential to the state φ = 0, during

which the energy density is nearly constant, the scale factor grows exponentially. As the

temperature drops, the effective potential V (φ) develops a small barrier seperating the local

minimum at φ = 0 and the vacua at φ = φmin. The tunneling of φ from φ = 0 to φ = φmin

gives rise to a phase transition. The first inflationary model proposed was based on first
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order phase transition and called old inflation and was later on modified to be a second

order phase transition model [52].

An example of a theoretical model for inflation is one with a Lagrangian density of the

form [6, 33]

L = gµν∂µφ∂νφ− V (φ), (3.9)

where V(φ) is the potential of the scalar field. These contributes to the energy momentum

tensor by

T µν =
∂L

∂(∂µφ)
∂νφ− gµνL. (3.10)

In the homogeneous state, the energy momentum tensor becomes a perfect fluid, which is

given in eq (3.2). The value of ρ and P in terms of scalar field φ are given by

ρ =
1

2
φ̇2 + V (φ), (3.11)

P =
1

2
φ̇2 − V (φ). (3.12)

Putting eq (3.11) and (3.12) in the Friedman equation (3.5) we get

H2 =
8πG

2
(
1

2
φ̇2 + V (φ)). (3.13)

The equation for an expanding universe containing a homogeneous scalar field is given by

φ̈+ 3Hφ̇+
d

dφ
V (φ) = 0. (3.14)

To produce enough inflation and rapid reheating after the inflation, the potential should be

flat initially and steep afterwards. The scalar field would then be expected to roll slowly on

the flat potential and the φ̈ can be neglected. Then the equation of motion becomes

3Hφ̇+
d

dφ
V (φ) = 0, (3.15)

and the Friedman equation can be approximated as

H2 =
8πG

2
V (φ). (3.16)
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The slow-roll [33] parameters are defined as

ǫ = − Ḣ

H2
= 4πG

φ̇2

H2
,=

1

16πG
(
V ′

V
)2, (3.17)

and

η(φ) =
1

8πG

V ′′

V
, , (3.18)

where, the first measures the slope of the potential and the second, the curvature. The

necessary conditions for the slow-roll approximation to hold are

ǫ << 1; |η| << 1. (3.19)

These slow-roll condition are sufficient for inflation to take place.

As stated earlier, the original inflationary model proposed by A. Guth[23] in 1981 was

based on an inflationary potential that under goes first order phase transition. The early

universe is supercooled and goes into a metastable state which is called the false vacuum.

The equation of state in the false vacuum approaches p = −ρ, and inflation occurs. After

inflation, the scalar field tunnels through the false vacuum to the true vacuum. The tunneling

produces a small bubble of true vacuum in the sea of false vacuum, expanding at the speed

of light. The problem with the old inflationary model is that it requires a large cosmological

constant. If the bubble walls expand with the speed of light, the space between the bubbles

expands exponentially, and the bubbles at the present time will be much smaller than our

apparent horizon. This is in contradiction with the observed isotropy of the CMBR. This

model also has the problem that it will not reheat properly. When the bubbles nucleated,

they do not generate any radiation. Radiation could only be generated in collisions between

bubble walls.

To overcome these limitations, the new inflationary model was proposed independently

by A. Linde [52], and by A. Albrecht and P. Steinhardt [53]. This model is based on a double

well inflaton potential, which undergoes second order phase transition. In one version of the

model the Coleman-Weinberg potential is used,

V (φ) =
1

4
(φ2 − σ2)2. (3.20)
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At T < Tc ( Tc being the critical temperature), thermal fluctuation trigger the instability

of field φ at φ(x) = 0 and then φ(x) goes to a global minimum φ(x) = +σ or φ(x) = −σ.

Within the fluctuations region φ(x) is homogeneous, neglecting spatial gradient. The slow

rolling conditions (3.17) and (3.18) are satisfied in this region as required for inflation.

Because of fine tuning problems, to satisfy the slow roll conditions, the inflaton must have

a very small mass. Other inflationary models have been proposed, but the basic philosophy

is the same. A few of these models are summarized below.

The chaotic inflationary model, proposed by A. Linde [52] in 1986, uses a potential

V(φ) = m2

2
φ2. This potential has a minimum at φ = 0. φ oscillates at minimum if universe

does not expand and the equation of motion is given by

φ̈+ 3Hφ̇+m2Φ = 0, (3.21)

the above equation is like a harmonic oscillator, with a friction term 3Hφ̇. Initially the scalar

field φ and H are too large, therefore the friction term in the equation (3.21) is large and the

scalar field moves very slowly as a ball in a viscous liquid. At this stage, the energy density

of scalar field, unlike the density of matter, remains almost constant, and the expansion of

universe is continued with much greater speed. Due to the rapid growth of the scale factor

of the universe and slow motion of the field φ, we can make the following approximations

φ̈ << 3Hφ̇, H2 >> K
a2
, φ̇2 << m2Φ. The equation of motion reduces to

3
ȧ

a
φ̇ = −m2Φ. (3.22)

The Friedman equation is given by

(
ȧ

a
)2 = 2πG(φ̇2.), (3.23)

leading to,
ȧ

a
= 3mΦG(

√
π

3
), (3.24)

and gives

a = eHt, (3.25)
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where H = 3mΦG(
√

π
3
). Thus it gives rise to inflation.

The disadvantage of the above inflationary models is that they require tiny parameters

in order to reproduce the present observations. To overcome this A. Linde proposed hybrid

inflation with two scalar fields φ and χ. The field φ provides the vacuum energy density

which drives inflation and field χ is the slowly varying field during inflation. The effective

potential is given by

V (φ, χ) = k2(M2 − φ

4
) +

λ2φ2χ2

4
+
m2χ2

2
, (3.26)

where k, λ > 0 are dimensionless constants and M,m > 0 are mass parameters. The vacua

lie at φ = ±2M,φ = 0. For m = 0, V has a flat direction at φ = 0, where V = k2M4 and

the mass of φ is m2 = −k2M2 + λ2χ2/2. So, for φ = 0 and |χ| > χc ≡ 2kM
λ

, we obtain a flat

valley of minima. For m 6= 0, the valley acquires a slope and the system can inflate as the

field χ slowly rolls down this valley. The slowroll conditions are satisfied and inflation sets

in and continues till χ reaches χc, then the inflation terminates. It is followed by a waterfall

i.e. a sudden entrance into an oscillatory phase about a global minimum at which point

reheating starts.

3.3 Reheating.

During inflation, the universe expanded exponentially and the temperature of the universe

dropped very low, leaving it devoid of particles. For matter and radiation to form, the

universe must have gone through a period of reheating after the inflation. Successful inflation

must transfer energy in the inflaton field to radiation and reheat the universe to at least 1

MeV for Nucleosynthesis to occur. Quasiperiodic evolution of the inflaton field leads to

the creation of particles. The process by which the large potential energy density present

during inflation gets converted into radiation and matter at the end of inflation is known as

reheating. This is an important concept for the ideas presented in this thesis, since matter

35



and antimatter must be generated in the reheating epoch. The first theory of particle

production during reheating [18] was proposed using first order Born approximation for an

oscillating inflaton field. This approach had some shortcomings and did not give sufficient

particle production. In order to rectify this situation, parametric resonance effects were

included. Parametric resonance effects during reheating can enhance the rate of particle

production considerably.

Particle creation or annihilation generally occurs in a time-dependent background, the

number of created particles grows exponentially, either when the background is periodic in

time, or, when the coupling constant changes suddenly. This results in parametric amplifi-

cation of the long wavelength modes, which in turn give rise to far from equilibrium particle

production.

The first reheating model in which particle production is obtained through parametric

resonance phenomenon, was proposed by Y. Shtanov, J. Traschen and R. H. Brandenberger

[18]. They considered particle production using the interaction Lagrangian

Lint = −fφψ̄ψ − (σφ+ hφ2)χ2. (3.27)

Here ψ̄ and ψ describe spinor particles and χ describes scalar particles with masses given by

mψ and mχ, respectively. The coupling constants f and g are dimensionless, while σ has the

dimensions of mass. The inflaton field φ is treated as a classical external field. The scalar

field φ undergoes quasi-periodic evolution, with a mode decomposition

φ2 = φ̄2 +

∞∑

n=1

ζncos(nωt), (3.28)

where, φn and ζn are slowly varying amplitudes with time and φ̄2 ≈ φ2
0

2
. The evolution of a

particular mode χk of the quantum scalar field χ, in the presence of the rapidly oscillating

classical scalar field φ is given by

χ̈k + 3Hχ̇k + (k2 +m2
χ + 2σφ+ 2hφ2)χk = 0, (3.29)
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where k = k/a is comoving wave number. Performing the transformation χk = Yk

a
3
2
, the above

equation becomes

Ÿk + (ω2
k + g(ωt))Yk = 0, (3.30)

where,

ω2
k = k2 +m2

χ −
9

4
H2 − 3

2
Ḣ + 2hφ̄2 (3.31)

and

g(ωt) = 2σφ+ 2h(φ2 − φ̄2). (3.32)

g(ωt) is( to a good approximation), a periodic function of time t

g(x) =
∞∑

n=−∞
gne

inx, (3.33)

where, gn is the amplitude satisfying g∗n = g−n. It is convenient to introduce the following

quantities gn = |gn|eiαn and ω0 = (p
q
ω)2 +ǫ∆, where αn is the phase and p and q are integers.

Then 3.29 is the equation of motion for a time dependent harmonic oscillator and can be

approximated by the Mathieu’s equation. This equation has parametric resonance for certain

values of ωk− (n
2
ω)2 ≡ ∆n < |gn|. This is valid in the case when the frequencies of ωk and ω

change slowly with time. From this condition it follows that ω2
k − k2 ≡ m2

χ − 9
4
H2 − 3

2
Ḣ +

2hφ̄2 ≪ ω2 and k2 ≫ m2
χ − 9

4
H2 − 3

2
Ḣ for the resonance values of k2.

Using the time dependence of the coefficients in the equations (3.29) and (3.30) and the

Bogoliubov transformation (squeezed states), leading to χ particle production, ref [18] found

the mean occupation number for the generated χ particles, per mode to be

Nk = |βk|2 ⋍ sinh2(

∫
(

1

nω

√
|gn|2 −∆ndt). (3.34)

As long as ∆n < |gn|, the growth is exponential and a large population of particles can be

produced by the oscillating coherent source.

To see the connection of squeezed states to particle production through the parametric

resonance phenomenon in the presence of the background time dependent oscillator, will be

considered in the next section.
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3.4 Squeezed States and Particle Production.

To generalize the connection between particle production and squeezed states with relevance

to this thesis, we consider the following simple action ( which admits spontaneous symmetry

breaking)as an example [54],

S =

∫
d4x

1

2
[∂µφ

a∂νφ
a − 1

4
λ(φaφa − v2)2], (3.35)

For simplicity and illustrative purposes, we use the Hartree-Fock approximation and φaφa

term is replaced by its spatial average < φ >2 (t), to get terms upto quadratic order in φa.

Quantizing the field φa (a are internal indices, which we shall not consider in the discussion)

by carrying out a mode expansion

φa(x, t) =

∫ √
1

2ω(k)

d3k

(2π)3
(ake

ik·x + a†ke
−ik·x), (3.36)

we get the Hamiltonian

H =

∫
d3k[

ω(k)

2
(1 +

Ω2(k, t)

ω(k)
(a†kak + aka

†
k)−

ω2(k)− Ω2(k, t)

4ω(k)
[a†ka

†
−k + a−kak]],(3.37)

where, Ω2(k, t) = k2+λ(< φ >2 (t)−v2), ω2(k) = Ω(k, t→∞) =
√
k2 +m2 and m2 = 1

2
λv2.

The above Hamiltonian can be diagonalized using squeezing transformations given by

Ak(t) = µak(t) + eiθνa†k(t) = cosh(r)ak(t) + eiθsinh(r)a†k(t) = S−1(ξ, t)akS(ξ, t),(3.38)

A†
k(t) = e−iθµa†k(t) + νak(t) = e−iθcosh(r)a†k(t) + sinh(r)ak(t) = S−1(ξ, t)a†kS(ξ, t),(3.39)

where the unitary transformation for squeezing S(ξ, t) is given by

S(ξ, t) = exp[
1√
2

∫
d3k[ξ(a†k)

2 − ξ∗(ak)2]. (3.40)

and ξ = reiθ is a squeezing parameter [55]. The diagonalized Hamiltonian is

H =

∫
d3k[Ω(k, t)(A†

k(t)Ak(t) +
1

2
)]. (3.41)
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For a each mode ak(t), the initial vacuum is given by ak(t)|0, 0 >= 0 and for each mode

Ak(t), the final vacuum is given by Ak(t)|0, t >= 0. The initial vacuum is related to the final

vacuum at a later time t by

|0, t〉 = exp[
1√
2

∫
d3k[ξ(a†k)

2 − ξ∗(ak)2]|0, 0〉. (3.42)

This shows us that the final vacuum is populated by the following number of free quanta.

The average number of quanta for each mode is realted to the squeezing parameter by

Nk = 〈0, 0|A†
k(t)Ak(t)|0, 0〉 = |ν(t)|2, (3.43)

the vacuum is populated at later time by physical particles.

To calculate the squeezing parameter , we go over to the “co-ordinate representation” by

defining the operators

Ak(t) =
1

2
√

Ω(k, t)
(Ω(t)π(k, t) + ip(k, t)), (3.44)

A†
k(t) =

1

2
√

Ω(k, t)
(Ω(t)π(k, t)− ip(k, t)), (3.45)

where π and p represents co-ordinate and momentum. Putting eq (3.45) in (3.41), the

diagonalised Hamiltonian reduces to the following

H(t) =

∫
d3k

(2π)3

1

2

[
(Ω(k, t))2π2(k, t) + p2(k, t)

]
=

∫
d3k

(2π)3

1

2
Hk(t), (3.46)

which resembles a time dependent harmonic oscillator. In the mean field approximation this

Hamiltonian operator acts on a wave function ψ, which is mode decomposed into

|ψ >=
∏

k

|ψ >k . (3.47)

by

−i ∂
∂t
|ψ >k= Hk(t)ψ >k=

1

2

[
(Ω(k, t))2π2(k, t) + p2(k, t)

]
|ψ >k . (3.48)

The solution of the eq(3.48)in the coordinate representation is a Gaussian

< π|ψ > (t) = C(t)exp[−B(t)π2], (3.49)

39



which is a squeezed state in the co-ordinate representation.The parameters r and ξ are related

to B by cosh(r) = ω2+4|B|2
4ωReB

and sin(2ξ) = ImB
sinh(r)ReB

, this gives B(t) = iψ̇
ψ

. The equation of

motion of ψ is given by

−d
2ψ

dt2
+ (k2 + λ(< φ2 > −v2))ψ = 0. (3.50)

This equation can be is formally viewed as the stationary Schrodinger equation for the wave

function ψ(t) of a particle with mass m = 1/2, on a line t, having energy ω2 and moving

through a potential V (t) = λ(< φ2 > −v2).

d2ψ

dt2
+ (E − V (t))ψ = 0. (3.51)

Consider a non-equilibrium scenario such that < φ2 >= 0 in the region t < t1 (symmetry

is restored), i.e V = −λv2 and < φ2 >= v2 in the region t > t1 (symmetry is broken) i.e

V = 0, then this equation (3.51) becomes equivalent to a potential barrier problem [56, 29].

The usual solutions to the barrier are given by

ψ(t)− = e−iωit +R∗eiωit, t < t1 (3.52)

ψ(t)+ = Te−iωf t t > t1. (3.53)

where R and T are reflection and transmission coefficients across the barrier and ωi and ωf

are the initial and final frequencies (Ω and ω),defined by

T =
|ψ+|2e−iωf t
|ψ−|2e−iωit

, (3.54)

and |R|2 + |T |2 = 1.

Now considering the particle creation problem modelled by a time dependent harmonic

oscillator, the solution is

ψ(t)− =
e−iωit√

2ωi
, t < t1, (3.55)

ψ(t)+ = µ
e−iωf t√

2ωf
+ ν

eiωf t√
2ωf

t > t1, (3.56)
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Comparing the two solutions the transmission coefficient (T ) can be related to squeezing

parameter (r) through sinh2(r) = |ν|2 = R
T
. Therefore from the calculation of reflection

and transmission coefficient one can get the Bogoliubov coefficients and number of particles

generated. This method is a particularly method of calculating the Bogoliubov coefficients

and we shall be using it in later chapters.

We emphasize that the analogy with Schrodinger wave equation of eqn(3.48) is purely

mathematical. When we consider a quantum field, the modes φak are not particles moving in

real space and time t. The mode functions do not represent reflected or transmitted waves.

The quantum-mechanical analogy is used only to visualize the qualitative behavior of the

mode functions.

The same analogy can be taken over to the expanding space times, where the usual

effective frequency is given by ω2 = k2

a2
+ m2 − a′′

a
. Extension of this method to curved

space-times is used to explain the Unruh effect and Hawking radiation.

One cannot define the usual vacuum for these situation, as the modes do not oscillate

but behave as growing and decaying exponents, so the analogy with a harmonic oscillator

breaks down. There one can only define the vacuum in the space time where the expansion

is constant ans spacetime is flat in the remote past and the distant future. It can be shown

that the two vacua in these regions are related by Bogoliubov transformations, giving rise

to presence of particles in the later times.

In the next chapter we will explore these techniques to generate the baryon asymmetry

in the context of minimally coupled gravitational baryogenesis.
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CHAPTER 4

Baryon Asymmetry in the Inflationary Reheating Scenario :

Model 1

We have seen from the previous chapters that baryon number violation, CP violation and non

equilibrium processes are necessary conditions for BAU. In the aftermath of the establishment

of the inflationary cosmology, it seemed necessary that baryon number violation may have

to be imposed as an initial state condition after inflation, as all matter is diluted away in the

inflationary process. Aesthetically and practically this was unsatisfactory, for, even if there

is a baryon number violation at high temperatures, when thermal equilibrium is established,

the asymmetry is wiped out. Thus, models were proposed to account for the separation of

matter and antimatter on a scale large enough to account for the local baryon asymmetry

of the universe. In the context of particle production in expanding universe, the problem
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was first addressed by B. Touissant et al [57] and refined by N. J. Papastamatiou and L.

Parker [25] who showed that baryon asymmetry can arise if there are B, C and T violating

processes which result from the interaction between matter and gravitational fields. These

interactions result from the minimal coupling of gravity and matter and can violate B and

CP symmetry. In the context of Hawking radiation from black holes, which would have a

net baryonic flux, the C and CP violating Lagrangian introduced by B. Touissant et al [57]

was of the form

L =
√
−g[gµν∂µφ∗

i∂νφi +−m2
iφ

∗
iφ− φ∗

iVijφiRαβγδRαβγδ], (4.1)

where, Rαβγδ is the Riemann curvature tensor, φi are the scalar fields and Vij is a matrix which

contains the baryon number, C and CP violating interactions. In the strong gravitational

limit the Vij(x) is a function of space. The particles interact with the gravitational field via

Vij(x) and antiparticles interact via Vji(x) = V ∗
ij(x). With this Lagrangian [57] calculated

the asymmetry in a strong gravitational field in the vicinity of black holes.

N. J. Papastamatiou and L. Parker [25] modified the above model for the generation of

the BAU in the context of an isotropically expanding universe. They considered the following

Lagrangian with two complex scalar fields, φ which has a non zero baryon number and ψ

which has a zero baryon number given by

L =
√
−g[gµν∂µφ∗∂νφ+ gµν∂µψ

∗∂νψ − (m2
1 + ξ1R)φ∗φ− (m2

2 + ξ2R)ψ∗ψ −

λR(φ∗Λψ + ψ∗Λ∗φ)], (4.2)

where m1,2 are masses of fields φ and ψ respectively. In the presence of expansion, the

spacetime dependent potential Vij(x) becomes a function of time Λ(t) and the gravitational

field RαβγδRαβγδ is replaced with the Ricci scalar R and is treated as a classical background.

The interaction term λR(φ∗Λψ + ψ∗Λ∗φ) may be regarded as representing an effective two

particle interaction with the graviton that violates baryon number conservation as well as CP

invariance (since Λ is complex), thus satisfying the first and second Sakharov’s conditions.

The fields participating in the interaction are quantized and their time development is found
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by perturbation theory. The BAU is calculated for the cosmological model in which universe

contracts to minimum and then expands to present time. In such a model a(t) (expansion

parameter) is treated as constant at early and late times. All the particles present at the

late times are generated by the gravitational field and by the asymmetric interaction. They

found the created baryon-number density has no explicit dependence on the parameters

which characterize the purely gravitational pair production. BAU in this model is calculated

perturbatively and first appears in the order λ2 as

∆N
(out)

φ
−→
k

= 〈N (out)

φ
−→
k
〉 − 〈N̄ (out)

φ
−→
k
〉 = λ2(|I2|2 − |I3|2), (4.3)

where N
(out)

φ
−→
k

are number of particles and N̄
(out)

φ
−→
k

are number of anti-particles produced at late

times,

I2 =

∫ ∞

−∞
dtR(t)Λ(t)χ∗

φk(t)χ
∗
ψk(t) (4.4)

and

I3 =

∫ ∞

−∞
dtR(t)Λ(t)χφk(t)χψk(t) (4.5)

where χφk(t) and χψk(t) are the c-number solutions for equation of motion for the fields φ

and ψ in Fourier space. They found that ∆N
(out)

φ
−→
k
6= 0 even when m = 0. This implies that

gravity acts an external field which induces asymmetric pair production. To be consistent

with Einstein equations with zero cosmological constant at t ≥ G
1
2 , one requires λ ∼ .8.

With such a high value of λ, the perturbation results are innaccurate. For small values of

λ one cannot generate sufficient asymmetry in this model. This model also has the ad-hoc

approximation of taking R to replace the graviton field (requiring justification ). This model

was proposed prior to the inflationary scenario. The time scales in this model correspond

to the time scales for inflation, hence it was natural to consider this model in the context of

reheating after inflation.

R. Rangarajan and D. V. Nanopoulus [26] studied the possibility of creating BAU by

particle production during the reheating phase by the decay of complex inflaton field, with
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a suitable modification of the above model. The modified Lagrangian is given by

L =
√−g[gµν∂µφ∗∂νφ+ gµν∂µψ

∗∂νψ − (m2
φ + ξφR)φ∗φ− (m2

ψ + ξψR)ψ∗ψ −

+gµν∂µη
∗∂νη − (m2

η + ξηR)η∗η − V (η)− λ(η2φ∗ψ + η∗2ψ∗φ)]. (4.6)

A minimally coupled complex inflaton field η2 replaces the term RΛ in the interaction in

(4.2). The initial velocity of the η field and the shape of the inflaton potential ensures that its

phase varies as the inflaton rolls down its potential. This gives rise to dynamic CP violation.

To calculate the BAU they followed the same perturbative methods of N. J. Papastama-

tiou and L. Parker [25], with a slight modification. In their calculation, they use the fact that

the annihilation and creation operators are not same during the phase immedeately after

inflation and late times after reheating. By using the Bogoliubov transformations, which

relates the annihilation and creation operators of early times to that of late times, BAU in

this model is found to be

∆N
(out)

φ
−→
k

= 〈N (out)

φ
−→
k
〉 − 〈N̄ (out)

φ
−→
k
〉 = λ2(|I2|2 − |I3|2), (4.7)

where N
(out)

φ
−→
k

are number of particles and N̄
(out)

φ
−→
k

are number of anti-particles produced at late

times.

I2 =

∫ ∞

−∞
dtη2χφ∗k (t)χψ∗k (t) (4.8)

and

I3 =

∫ ∞

−∞
dtη2χφk(t)χ

ψ
k (t) (4.9)

where χφk(t) and χψk (t) are the complex functions that solve the equation of motion for the

φ and ψ, with λ = 0 in Fourier space. They considered chaotic and natural inflationary

reheating scenarios. In the former case, the complex decaying field is the inflaton itself and,

in the latter case, the phase of the complex field is the inflaton.

Even though the resultant BAU in all models is insufficient, the value of this work is that

one should not ignore the inflationary and reheating era while calculating the asymmetry.
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4.1 The Formalism.

We now consider the Lagrangian of R. Rangarajan and D. V. Nanopoulus [26] and calculate

particle production, via parametric resonance during reheating, using general formalism of

squeezed rotated states. This method allows us to calculate the BAU without resorting to

perturbation theory, which may be the reason why insufficeint BAU is generated in the above

models. We give the details of the method in the following sections.

Considering the Lagrangian of (4.6), we will treat the inflaton field η as a background

classical field. Its temporal evolution is determined by a Euler Lagrange equation of motion,

with the inflaton potential V (η) in the Friedman-Robertson-Walker (FRW) metric ds2 =

dt2 − a2(t)dx2,

η̈ + 3
ȧ

a
η̇ +

∂V

∂η
= 0. (4.10)

In our analysis, the background gravitational field is coupled minimally i.e. (ξφ = ξψ = ξη =

0) and the action is

S =

∫
d3xdta3(t)(

1

2
(φ̇∗)(φ̇)− 1

2a2(t)
(∇φ∗)(∇φ) +

1

2
(ψ̇∗)(ψ̇)− 1

2a2(t)
(∇ψ∗)(∇ψ)

−mφφ
∗φ−mψψ

∗ψ − λ(η2φ∗ψ + η∗2ψ∗φ)). (4.11)

Applying a Legendre transformation

H =
∑

πiφ̇i − L, (4.12)

where, πφ and πψ are the canonical momenta of the fields φ and ψ, given by

πi =
∂L

∂0φi
, (4.13)

the Hamiltonian is

H =

∫
d3xdta3[

1

a6
π∗
φπφ +

1

a2
∇φ∗∇φ+

1

a6
π∗
ψπψ +

1

a2
∇ψ∗∇ψ +m2

φφ
∗φ+m2

ψψ
∗ψ

+λ(η2φ∗ψ + η∗2ψ∗φ)]. (4.14)
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We quantize the the fields φ and ψ, using the mode expnasion

ψ(xµ) =

∫
dk̃[aψk e

−ik·x + b†ψk e
ik·x], (4.15)

ψ∗(xµ) =

∫
dk̃[a†ψk e

ik·x + bψk e
−ik·x], (4.16)

φ(xµ) =

∫
dk̃[aφke

−ik·x + b†φk e
ik·x], (4.17)

φ∗(xµ) =

∫
dk̃[a†φk e

ik·x + bφke
−ik·x], (4.18)

with

k · x = kµx
µ = ωt− kixi, (4.19)

dk̃ =
d3kdt

[(2π)32ωk]
1
2

. (4.20)

The quantized Hamiltonian is then

H =

∫
d3k[

ωψ
a3
a†ψk a

ψ
k +

ωφ
a3
a†φk a

φ
k +

λη2a3

2
√
ωφωψ

a†ψk a
φ
k +

λη∗2a3

2
√
ωφωψ

a†φk a
ψ
k ]

+[
ωψ
a3
bψ−kb

†ψ
−k +

ωφ
a3
bφ−kb

†φ
−k +

λη2a3

2
√
ωφωψ

bφ−kb
†ψ
−k +

λη∗2a3

2
√
ωφωψ

bψ−kb
†φ
−k]

+
λη2a3

2
√
ωφωψ

[a†ψk b
†φ
−k + bψk a

φ
−k] +

λη∗2a3

2
√
ωφωψ

[a†φk b
†ψ
−k + bφka

ψ
−k], (4.21)

where

ω2
φ

a6
= k2 +m2

φ, (4.22)

ω2
ψ

a6
= k2 +m2

ψ, . (4.23)

Here, k = k
a

is the physical wave (co-wave) number of the mode k. By defining the following

Ω2
ψ(t)

a6
=

ω2
ψ

a6
+

√
ωψ
ωφ
λη2(t), (4.24)

Ω2
φ(t)

a6
=

ω2
φ

a6
+

√
ωφ
ωψ
λη∗2(t), (4.25)
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the Hamiltonian is written as follows

H =

∫
d3k[

ωψ
a3
a†ψk a

ψ
k +

ωφ
a3
a†φk a

φ
k +

ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]
a†ψk a

φ
k +

ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]
a†φk a

ψ
k ]

+[
ωψ
a3
bψk b

†ψ
k +

ωφ
a3
bφkb

†φ
k +

ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]
bφkb

†ψ
k +

ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]
bψk b

†φ
k ]

+
ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]
[a†ψk b

†φ
−k + bψ−ka

φ
k ] +

ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]
[a†φk b

†ψ
−k + bφ−ka

ψ
k ]. (4.26)

This Hamiltonian has two symmetries su(2) and su(1, 1). To illustrate these symmetries,

the following number operators are defined

N1 = a†ψk a
ψ
k , N2 = a†φk a

φ
k , N3 = b†ψk b

ψ
k , N4 = b†φk b

φ
k . (4.27)

Then, the operators

J+ = a†ψk a
φ
k , J− = a†φk a

ψ
k , J0 =

1

2
(N1 −N2), (4.28)

M+ = b†ψk b
φ
k , M− = b†φk b

ψ
k , M0 =

1

2
(N3 −N4),

satisfy the su(2) algebras

[J+, J−] = −2J0, [J+, J0] = −J+, [J−, J0] = J−, (4.29)

[M+,M−] = −2M0, [M+,M0] = −M+, [M−,M0] = M−. (4.30)

Another set of operators are :

K+ = a†ψk b
†φ
−k, K− = bφ−ka

ψ
k , K0 =

1

2
(N1 +N3 + 1),

L+ = a†φk b
†ψ
−k, L− = bψ−ka

φ
k , L0 =

1

2
(N2 +N4 + 1). (4.31)

These satisfy the su(1,1) algebras

[K+, K−] = 2K0, [K+, K0] = K+, [K−, K0] = −K−, (4.32)
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[L+, L−] = 2L0, [L+, L0] = L+, [L−, L0] = −L−. (4.33)

We can write the Hamiltonian as

H =

∫
d3k[

2ωψ
a3

K0 +
2ωφ
a3

L0 +
ωψ(t)

a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]

(J+ +M+)

+
ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]

(J− +M−) +
ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]

(K+ + L−)

+
ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]

(L+ +K−)]. (4.34)

The su(1,1) and su(2) symmetries of the Hamiltonian are now manifestly evident.

These symmetries of the Hamiltonian will aid us to diagonalise it, so that one can go

over to the parametric amplification picture. This Hamiltonian has resemblance to quantum

optical Hamiltonians in beam splitting and parametric amplification processes [58]. Thus,

we will use quantum optical methods to diagonalize it. The Hamiltonian can be written in

terms of new creation and annihilation operators using the following unitary transformation

H ′ = U †(R2)U
†(R1)HU(R1)U(R2), (4.35)

where

U(R1)U(R2) = exp[θ(J+e
2iξ + J−e

2iξ)]exp[θ(M+e
2iξ +M−e

2iξ)], (4.36)

and operator U(R1) provides the well known(beam splitting) transformation relations:

U †(R1)



 aψk

aφk



U(R1) =



 cos(θ) e2iξsin(θ)

−e−2iξsin(θ) cos(θ)







 aψk

aφk



 =



 Ak

Bk



 , (4.37)

while U(R2) provides the relation

U †(R2)



 bφ−k

bψ−k



U(R2) =



 cos(θ) e2iξsin(θ)

−e−2iξsin(θ) cos(θ)







 bφk

bψk



 =



 Ck

Dk



 , (4.38)

The angle θ is determined from the relation tan(θ) =
√
ωφ/ωψ, so that cos(θ) =

√
ωψ/(ωφ + ωψ)

and sin(θ) =
√
ωφ/(ωφ + ωψ). Then the Hamiltonian assumes the form

H = H1 +H2, (4.39)
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where H1 and H2 are given by

H1 =

∫
d3k

(ωφ + ωψ)

a3
[β[A†

kAk + CkC
†
k] +

λη2

2ωφωψ
A†
kC

†
−k +

λη∗2

2ωφωψ
C−kAk], (4.40)

H2 =

∫
d3k

(ωφ + ωψ)

a3
[α[B†

kBk +DKD
†
k] +

λη2

2ωφωψ
D−kBk +

λη∗2

2ωφωψ
B†
kD

†
−k]. (4.41)

Here

2α = 1− λ|η|2a6

2ωφωψ
, (4.42)

2β = 1 +
λ|η|2a6

2ωφωψ
. (4.43)

The complexity of the η field gives rise to the CP violation. After the su(2) rotations we get

H ′ =

∫
d3k

(ωφ + ωψ)

a3
[β(t)[A†

kAk + C−kC
†
−k]

+α(t)[B†
−kB−k +DkD

†
k]

+
ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]
[A†

kC
†
−k +DkB−k]

+
ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]
[B†

−kD
†
k + C−kAk]]. (4.44)

Now define operators:

D1+ = A†
kC

†
−k, D1− = C−kAk, D10 =

1

2
(A†

kAk + C†
−kC−k + 1), (4.45)

D2+ = B†
−kD

†
k, D2− = DkB−k D20 =

1

2
(B†

−kB−k +D†
kDk + 1), (4.46)

satisfying the su(1,1) algebras

[D1+, D1−] = 2D10, [D1+, D10] = D1+, [D1−, D10] = −D1−, (4.47)

[D2+, D2−] = 2D20, [D2+, D20] = D2+, [D2−, D20] = −D2−. (4.48)

Then in terms of the su(1,1) generators

H ′ =

∫
d3k

2(ωφ + ωψ)

a3
[[β(t)D10 + α(t)D20]

+
ωψ
a3

[
Ω2
ψ(t)

ω2
ψ

− 1

]
[D1+ +D2−] +

ωφ
a3

[
Ω2
φ(t)

ω2
φ

− 1

]
(D2+ +D1−)]. (4.49)
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This su(1,1) symmetry implies diagonalizability through a squeezing (Bogoliubov) transfor-

mation from the quantum optical analogies that we are applying, we see here that a product

of two squeezing transformations will provide us with a diagonal Hamiltonian. The squeezing

transformations we use are given by

S(ζ1)S(ζ2) = exp[ζ1D1+ − ζ∗1D1−]exp[ζ2D2+ − ζ∗2D2−], (4.50)

where, ζ1 = r1exp[iγ1] and ζ2 = r2exp[iγ2] are the squeezing parameters. The operators

S(ζ1)and S(ζ2) provide the relevant Bogoliubov transformations for the Hamiltonian. The

creation and annihilation operators Ak, Bk, Ck and Dk in terms of new creation and anni-

hilation operators are given by

As(k, t) = µ1Ak + ν1C
†
−k, (4.51)

A†
s(k, t) = µ∗

1A
†
k + ν∗1C−k, (4.52)

Bs(k, t) = µ2B−k + ν2D
†
k, (4.53)

B†
s(k, t) = µ∗

2B
†
−k + ν∗2Dk, (4.54)

The Bogoliubov coefficients can be read off as follows

µ1 = Cosh(r) =
2ωφωψ − λη2a6

2
√
ωφωψ(ωφωψ − λη2a6)

1
2

=
2α(t)

(4α(t)− 1)
1
2

, (4.55)

ν1 = Sinh(r) =
λr2a6

2
√
ωφωψ(ωφωψ − λη2a6)

1
2

= e−iγ1
2α(t)− 1

(4α(t)− 1)
1
2

, (4.56)

µ2 = Cosh(r) =
2ωφωψ + λη2a6

2
√
ωφωψ(ωφωψ + λη2a6)

1
2

=
2β(t)

(4β(t)− 1)
1
2

, (4.57)

ν2 = Sinh(r) =
λη2a6

2
√
ωφωψ(ωφωψ + λr2a6)

1
2

= e−iγ2
2β(t)− 1

(4β(t)− 1)
1
2

, (4.58)

where,

|µ1|2 − |ν1|2 = 1, |µ2|2 − |ν2|2 = 1. (4.59)
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Thus the final diagonalized Hamiltonian is

Hf = S(ζ2)
†S(ζ1)

†U †(R2)U
†(R1)[H ]U(R1)U(R2)S(ζ1)S(ζ2)

=

∫
d3k

(ωφ + ωψ)

2a3
(4α(t)− 1)

1
2 [A†

s(k, t)As(k, t) + 1]

+
(ωφ + ωψ)

2a3
(4β(t)− 1)

1
2 [B†

s(k, t)Bs(k, t) + 1]. (4.60)

We use the methods presented at the end of chapter 3 of the importance of the Bo-

goliubov transformations and the consequent population of a vacuum at a later time with

particles of another vacuum at an earlier time to relate the squeezed rotated vacuum state

|0(k, t), 0(k, t) > of Hf(t) to |0(k), 0(k) >H′ the rotated vacuum state of H ′ and the origi-

nal vacuum for H . |0(k), 0(k) >H is defined as aφk |0(k), 0(k) >H= 0, aψk |0(k), 0(k) >H= 0,

bφ−k|0(k), 0(k) >H= 0, and bψ−k|0(k), 0(k) >H= 0). The vacuum of Hf is related to Vacuum

of H ′ by

|0(k, t), 0(k, t) >= e
R

d3k
(2π)3

ζ1(D1+−D1−)+ζ2(D2+−D2−)|0(k), 0(k) >H′ . (4.61)

In turn the rotated vacuum of H ′ is related to the original vacuum of H by

|0(k), 0(k) >H′= e
R

d3k
(2π)3

[θ(J+e2iξ+J−e2iξ)]+[θ(M+e2iξ+M−e2iξ)]|0(k), 0(k) >, (4.62)

Thus, the vacuum of Hf is related to H by

|0(t), 0(t) >= e
R

d3k
(2π)3

ζ1(D1+−D1−)+ζ2(D2+−D2−)
e

R

d3k
(2π)3

[θ(J+e2iξ+J−e2iξ)]+[θ(M+e2iξ+M−e2iξ)]|0(k), 0(k) >,(4.63)

and is a squeezed rotated vacuum. The number of particles and anti-particles can be cal-

culated by the relationship between the creation and annihilation operators of the initial

freequanta aψk , bψk , aφk and bφk to the final creation and annihilation operators As and Bs by

As(k, t) = (µ1cos(θ))a
ψ
k + (ν1sinθe

2iξ)b†φ−k + (µ1sinθe
2iξ)aφk + (ν1cos(θ))b

†ψ
−k, (4.64)

Bs(k, t) = (µ2cos(θ))a
ψ
−k + (ν2sinθe

−2iξ)b†φk + (µ2sinθe
−2iξ)aφ−k + (ν2cos(θ))b

†ψ
k .(4.65)
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Note that it is the φ field which carries the baryon number. This gives us the number of

baryons generated at time t as

NB(t) =
∑

k

〈A†
s(k, t)As(k, t)〉 =

∑

k

|νk1|2, (4.66)

while the number of anti-baryons is

NB(t) =
∑

k

〈B†
s(k, t)Bs(k, t)〉 =

∑

k

|νk2|2. (4.67)

This shows clearly that the vacuum |0(k, t), 0(k, t) > is populated with particles and anti-

particles with respect to vacuum |0(k), 0(k) >. So we have a resultant baryon asymmetry

given by

NB(t)−NB(t) =
∑

k

(|νk1|2 − |νk2|2),

=
∑

k

[
(λa6|η|2)2

(ωφωψ − λ|η|2a6)

]
−
[

(λa6|η|2)2

(ωφωψ + λ|η|2a6)

]
(4.68)

where the k dependence is through ωφ, ωψ. The time dependence of the asymmetry param-

eter comes from the inflaton field η(t) and the expansion parameter a(t). To get a proper

dynamical estimation of the parameter in an expanding universe, we will study the time

evolution the number of particles and anti-particles produced.

4.2 Evolution Of the Asymmetry Parameter:

To obtain the time evolution equations for the wave functions of the particles ( baryon

number 1) and the anti-particles (baryon number -1), in a realistic expanding universe, we
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go over to the co-ordinate representation by defining the following operators

As(k, t) =
ei

R Ω+(t)

a3
dt

2
√

Ω+(t)
a3

(
Ω+(t)

a3
ΠA(k, t) + iPΠA(k, t)), (4.69)

A†
s(k, t) =

e−i
R Ω+(t)

a3
dt

2
√

Ω+(t)
a3

(
Ω+(t)

a3
ΠA(k, t)− iPΠA(k, t)), (4.70)

Bs(k, t) =
ei

R Ω−(t)

a3
dt

2
√

Ω−(t)
a3

(
Ω−(t)

a3
ΠB(k, t) + iPΠB(k, t)), (4.71)

B†
s(k, t) =

e−i
R Ω−(t)

a3
dt

2
√

Ω−(t)
a3

(
Ω−(t)

a3
ΠA(k, t)− iPΠB(k, t)). (4.72)

The Hamiltonian Hf in the coordinate representation is:

Hf(t) =

∫
d3k

(2π)3

1

2

[
(
Ω+

a6
)2Π2

A(k, t) + P 2
ΠA

(k, t) + (
Ω−
a6

)2Π2
B(k, t) + P 2

ΠB
(k, t)

]
, (4.73)

where

(
Ω+

a6
)2 =

(ωφ + ωψ)
2

4a6
(4α(t)− 1), (4.74)

(
Ω−
a6

)2 =
(ωφ + ωψ)

2

4a6
(4β(t)− 1). (4.75)

Since the Ω+

a6
and Ω−

a6
are time dependent, the Hamiltonian Hf in (4.60) represents a time

dependent harmonic oscillator.

The time evolution of a wave function χ(t) under the action of a Hamiltonian H(t) is

simply

H(t)χ(t) = i
d

dt
χ(t), . (4.76)

From the form of Hf given in eq(4.73), it is clear that it is the direct sum of two independent

Hamiltonians HA(t) and HB(t) for each of the As and Bs modes. Therefore, the wave

function χ(t) for the Hamiltonian Hf is just the sum of two wavefunctions χA(t) and χB(t)

where they evolve independently. From here on we consider only HA(t). Similar expression

will follow for HB(t).
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Fourier decomposing the wave function χA(t) and the Hamiltonian HA(t), we get

HA(k, t)χA(k, t) = i
d

dt
χA(k, t). (4.77)

In the coordinate space representation (ΠA, PA), the wave functions χA(k, t) can be repre-

sented by Gaussian wave function

χA(k, t) = LA(t)e[−Wi(t)Π
2
A]χA(k, 0). (4.78)

A time derivative gives

i
∂

∂t
χA(k, t) =

(

i
L̇A
LA
− iΠ2

AẆA(k, t)

)

χA(k, t), (4.79)

while the eq (4.76) gives

i
∂

∂t
χA(k, t) =

1

2a6

[
Ω2
AΠ2

A −
∂2

∂Π2
A

]
χA(k, t). (4.80)

From these two equations we obtain

L̇A
LA

=
χ̇A(k, t)

χA(k, t)
+ Π2

AẆA(k, t) (4.81)

and

WA(t) = −ia3/2
χ̇A(k, t)

χA(k, t)
. (4.82)

Thus the evolution equation is

χ̈A(k, t) + 3
ȧ

a
χ̇A(k, t) +

Ω2
ΠA

a6
χA(k, t) = 0. (4.83)

In a similar fashion the evolution equation for χB(k, t) is

χ̈B(k, t) + 3
ȧ

a
χ̇B(k, t) +

Ω2
−
a6
χB(k, t) = 0. (4.84)

We consider a conformally flat FRW metric

ds2 = a(τ)2(dτ 2 − dx2), (4.85)
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by employing the scaled time

dτ = a(t)−1dt. (4.86)

The equations of motion for the wave functions χA(k, t) and χB(k, t) given above can be

transformed into ones that resemble damped harmonic oscillators with time dependent fre-

quencies.
1

a2(τ)

d2

dτ 2
χA(k, τ) +

2

a3(τ)

da

dτ

d

dτ
χA(k, τ) +

Ω−
a6
χA(k, τ) = 0, (4.87)

1

a2(τ)

d2

dτ 2
χB(k, τ) +

2

a3(τ)

da

dτ

d

dτ
χB(k, τ) +

Ω+

a6
χB(k, τ) = 0. (4.88)

A change of variable

uA = aχA, (4.89)

and similarly for χB(k, τ) transforms (4.87)and (4.88) to

−u′′A + (E − V1(η, τ))uA = 0, (4.90)

and

−u′′B + (E + V2(η, τ))uB = 0, (4.91)

where prime denotes differential with respect to τ and

E = −(ωφ + ωψ)2

4a6
, (4.92)

V1(η, τ) = − 1

a(τ)

d2a

dτ 2
− [A|η|2], (4.93)

V2(η, τ) =
1

a(τ)

d2a

dτ 2
− [A|η|2], (4.94)

where A =
λ(ωφ+ωψ)2

8ωφωψ
, ωφ and ωψ are given by the equations (4.22) and (4.23) respectively.

We now have time evolution equations in the Schrodinger like form described in chapter

3. Thus, we know that by calculating the reflection “R” and the transmission coefficients

“T” across the potentials V1(η, τ) and V2(η, τ), we can get the number of particles and anti-

particles produced by sinh2(r) = |ν|2 = R
T
. We see from the equations (4.90) and (4.91) that
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the baryons encounter a potential barrier whereas the anti-baryons encounter a potential

well.

We assume an oscillating inflaton background

η = Λ(τ)sin(mτ), (4.95)

where Λ = |Λ|eiξ is complex and m is the inflaton mass. In the general case, the amplitude Λ

would be a function of time, since the expansion of the universe would cause the oscillating

inflaton to lose energy and hence decrease its amplitude and frequency, giving a phenomeno-

logical approximation Λ = Λ0e
τ/τ1 , where τ1 is the damping scale. In this analysis, we shall

assume Λ is almost constant allowing the inflaton oscillations to fall in a resonance band

causing a parametric amplification/suppression of the particle/antiparticle modes.

With this assumption of the form of the classical background inflaton field, the evolution

equations (4.90) and (4.91) are given by

u′′A + (−a
′′

a
+ E − B

2
+
B

2
cos(2mτ))uA = 0, (4.96)

and

u′′A + (−a
′′

a
+ E +

B

2
− B

2
cos(2mτ))uA = 0, (4.97)

where B = |Λ|2A. These are exact equations for the evolution of the baryon and anti-baryon

fields in an expanding universe.

We first consider the case of constant expansion, to reduce (4.96) and (4.97) to the

Mathieu equations

u′′A + (E − B

2
+
B

2
cos(2mτ))uA = 0, (4.98)

and

u′′A + (E +
B

2
− B

2
cos(2mτ))uA = 0, (4.99)

From the theory of Mathieu equations and parametric resonance we see that the frequency

ω2
k =

2k2 +m2
φ +m2

ψ + 2
√
k2 +m2

φ

√
k2 +m2

φ

4
= (

n

2
ω)2, (4.100)
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must be half integer multiples of a lowest frequency ω. By applying the theory of parametric

resonance from the chapter 3, we get ω ∝ k. Now we make another approximation, by

assuming that m2
φ, m

2
ψ ≪ ω2

k, we find

u′′A + (E −Bsin2(mτ))uA = 0, (4.101)

and

u′′B + (E +Bsin2(mτ))uB = 0, (4.102)

where

E = k2, B = λ|Λ|2. (4.103)

In the region of broad resonance, we replace the oscillating potential near its zeros with an

asymptotically flat potential of the form

|η|2 = |Λ|2sin2(mτ) ≃ 2|Λ|2tanh2(m
(τ − τi)√

2
). (4.104)

In each instability region, we have

u′′A + (k2 − 2λ|Λ|2tanh2(
m(τ − τi)√

2
))uA = 0, (4.105)

and

u′′B + (k2 + 2λ|Λ|2tanh2(
m(τ − τi)√

2
))uB = 0. (4.106)

We will calculate the transmission and reflection coefficients of the above equations, which

will then provide the amount of particle production for each case.

First we will solve the differential equation (4.106) governing the evolution of the anti

particle wave function [59]. We define:

κ2
2 =

k2

ρ2
, (4.107)

and a change of variable as before

y = ρ(τ − τi), (4.108)
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gives
d2uB
dy2

+

[
κ2

2 +
(2λ|Λ|2)

ρ2
tanh2(y)

]
uB = 0. (4.109)

The solution to the above equation is given by

uB =
1√

(2λ|Λ|2
ρ2

+ κ2
2)

(ex + e−x)
−i

r

(
2λ|Λ|2

ρ2
+κ2

2)F (a, b, c,
1

1 + e−2x
), (4.110)

where a, b and c are given by

a = −4i

(√

(
2λ|Λ|2
ρ2

+ κ2
2).−

√
2λ|Λ|2
ρ2

− 1

4

)

+
1

2
(4.111)

b = −4i

(√

(
2λ|Λ|2
ρ2

+ κ2
2).+

√
2λ|Λ|2
ρ2

− 1

4

)
+

1

2
(4.112)

c = −4i

√

(
2λ|Λ|2
ρ2

+ κ2
2).+ 1. (4.113)

By using the properties of hypergeometric function (τ − τi)→∞ we get

uB =
µ2√

(2λ|Λ|2
ρ2

+ κ2
2)
e
−(

r

(
2λ|Λ|2

ρ2
+κ2

2))(τ−τi) +
ν2√

(2λ|Λ|2
ρ2

+ κ2
2)
e
(

r

(
2λ|Λ|2

ρ2
+κ2

2))(τ−τi)
(4.114)

The amount of particle production for Bs(k, t) modes is given by

n2k = |ν2k|2 =

(
cosh(π

√
2λ|Λ|2
ρ2
− 1

4
)
)2

sinh2
(
π
√

(2λ|Λ|2
ρ2

+ κ2
2)
) . (4.115)

In the similar fashion, the equation (4.105) can be solved using the following definition

κ2
1 =

k2 − (2λ|Λ|2)
ρ2

, ρ2 =
m2

2
(4.116)

along with a change of variable given by:

y = ρ(τ − τi). (4.117)

Hence, we get the evolution equation for uA is

d2uA
dy2

+

[
κ2

1 +
(2λ|Λ|2)

ρ2
sech2(y)

]
uA = 0. (4.118)
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The transmission cofficient [60] for this potential barrier is given by

|T |2 =
sinh2(πκ1)

(
cos(π

√
2(λ|Λ|2)

ρ
+ 1

4
)
)2

+ sinh2(πκ1)

. (4.119)

The amount of particle production for As(k, t) modes is given by

n1k = |ν1k|2 =

(
cos2(π

√
2(λ|Λ|2)

ρ
+ 1

4
)
)2

(sinh2(πκ1))2
. (4.120)

The total integrated baryon asymmetry of the universe is given by

NB −NB =

∫ ∞

0

dkk2n1k −
∫ ∞

0

dkk2n2k. (4.121)

4.3 Results and Discussions.
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N

Figure 4.1: Fig. 1. shows the variation of particles (dashed line) and antiparticles (solid

lines) for 2λ|Λ|2
m2 = .25 as a function of comoving wave number k
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Figure 4.2: Fig. 1. shows the variation of particles (dashed line) and antiparticles (solid

lines) for 2λ|Λ|2
m2 = .26 as a function of comoving wave number k

We plot the co-wave number dependent number of baryons and anti-baryons in figure

1. and figure 2. for various values of the parameter 2λ|Λ|2
m2 . As illustrated in the figures,

the baryon asymmetry depends on the parameter 2λ|Λ|2
m2 . We see that as the value of 2λ|Λ|2

m2

decreases the value of asymmetry decreases. This can be explained as in a rapidly expanding

universe, Λ decreases and makes 2λ|Λ|2
m2 smaller, while, in a slowly expanding universe, Λ

changes very slowly, therefore, the inflaton field stays in the instability bands for a longer

time and thus gives rise to sufficent asymmetry.

On the other hand, for large amplitude oscillations, the parameter 2λ|Λ|2
m2 can be very

large. In this case, resonance occurs for a broad range of values of the momentum and the

amplification of the baryon modes and the suppression of the anti-baryon modes can become

more efficient. Thus this parameter 2λ|Λ|2
m2 governs the range of momentum modes undergoing

parametric amplification. From our model we have generated a baryon asymmetry in an

entirely non-perturbative fashion. The approximations made are only at the end of the

derivations and have been used to illustrate the methodology. It is to be noticed that the
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equations (4.96-4.97) are exact for an oscillating inflaton field in an FRW Universe. It

is entirely possible to solve these equations to incorporate the effects of the expansion of

the Universe on the generation of baryon asymmetry. Since we are relying on parametric

resonance for enhancement/suppression of the particle/anti-particle creation, the restriction

to the lowest instability band of the Mathieu equation is a reasonable one.
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CHAPTER 5

Post Inflationary Affleck-Dine Baryogenesis:

Model II

Efficient inflation requires the inflaton potential to be initially flat and later steep, as dis-

cussed in chapter 3. Such potentials are natural in the supersymmetric theories. When

supersymmetry is exact, a number of flat directions exist, which upon breaking of the super-

symmetry give rise to potentials in the field space. Supersymmetric theories also naturally

satisfy the criterion of having B-violating and CP violating interactions. Therefore, super-

symmetric theories becomes a natural choice when considering models for the generation of

the baryon asymmetry. One such model is the Affleck Dine [11] model, discussed in chapter

2. The mechanism of baryon asymmetry generation, using classical arguments, in this model

is too efficient and produces a baryon asymmetry that is too large. Various attempts have
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been made to dilute the asymmetry. In one model, inflation is incorporated and entropy is

released after baryogenesis through decay of the inflaton field [61, 62], again using classical

arguments. Other models introduce nonrenormalizable terms [63, 64]. In [65], a preliminary

perturbative analysis of out of equilibrium quantum fluctuations using non-equilibrium finite

temperature field theory in the AD model, led to some amount of reduction in the asymme-

try. In our analysis, we give a more comprehensive quantum field theoretic treatment of the

quantum fluctuations in the AD model, using a background field analysis, and calculate the

resultant baryon asymmetry in a variety of inflationary reheating scenarios. The squeezed

state formalism, that we have developed in the previous chapter, allows the analysis of these

quantum effects in a transparent fashion.

The superpotential in the supersymmetric theories is given by eq(2.15). From this a

general superpotential can be constructed by incorporating B and CP violation required to

satisfy the Sakharov conditions. This is generally of the form [64]

V (φ) = (m2 − cH2)|φ|2 + (
aλφ4

M
+ h.c.) + λ2 |φ|2

M2
, (5.1)

where φ is the superfield, m is the gravity mediated soft SUSY breaking scalar mass, H is

the Hubble’s constant, M is the mass corresponding to the GUT or Planck scale, c and a are

constants and λ is a coupling constant. The first term is the soft supersymmetry breaking

term, the second and third term give the CP and the baryon number violation. Keeping the

terms up to the first order in λ, Affleck and Dine constructed a model, which incooperates

all the features of the SUSY and satisfies the Sakharov conditions, to calculate BAU.

5.1 Quantum Flucutations in The Affeck Dine Model

Using the above arguments we consider a model having the action [65],

S =

∫
d4x
√
−g[gµν(∂µφ†)(∂νφ)−m2

φφ
†φ+

iλ

4
(φ4 − φ†4)], (5.2)
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where φ is a complex scalar field, mφ is the mass of the scalar field and λ is a dimensional

less coupling constant. The baryon number violation comes from the coupling λ ≈ ǫM2
S/M

2
G,

where, MS is the supersymmetry breaking scale, ǫ is a real parameter which characterises

CP violation and MG is the grand unification scale. The background metric is the FRW

metric

ds2 = dt2 − a2(t)dx2,

where a(t) is expansion parameter. Going over to conformal time η, such that dη = a−1dt,

the action can be written as

S =

∫
dηd3xa4[

1

a2
((
∂φ†

∂η
)(
∂φ

∂η
)− (∇φ†)(∇φ))−m2

φφ
†φ+

iλ

4
(φ4 − φ†4)]. (5.3)

Defining χ = aφ, we get

S =

∫
dηd3x[((

∂χ†

∂η
)(
∂χ

∂η
)− (∇χ†)(∇χ))− (m2

χa
2 − a′′

a
)χ†χ +

iλ

4
(χ4 − χ†4)]. (5.4)

Decomposing the field χ into its real and imaginary parts,

χ =
1√
2
(χ1 + iχ2), (5.5)

χ† =
1√
2
(χ1 − iχ2), (5.6)

and substituting equations (5.5) and (5.6) in equation (5.4), the action reduces to,

S =

∫
dηd3x[

1

2
(χ′

1)−
1

2
(∇χ1)

2 +
1

2
(χ′

2)−
1

2
(∇χ2)

2−
m2
η

2
(χ1 +χ2

2)−2λχ1χ2[χ
2
1−χ2

2]], (5.7)

where prime denotes derivative with respect to conformal time η and m2
η = m2

χ − a′′

a
.

We use the background field analysis to study the quantum fluctuations [28, 29, 30]

around a classical solution. We decompose the superfield χi into a background classical

component χicl and the quantum fluctuation χ̂i as

χi = χicl + χ̂i, (5.8)
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where χicl classical component satisfies the classical equation of motion

δS

δχi
|χi=χicl = 0. (5.9)

Expanding the action in a Taylor series around χicl

S[χi, χj] = s[χi, χj] +
δS[χi, χj]

δχi
|χi=χicl +

1

2
(χ̂i|

δ2S[χi, χj ]

δχiδχi
|χ̂i + χ̂i|

δ2S[χi, χj ]

δχiδχj
|χ̂j) + .........,

(5.10)

we see that the second term in the expansion is zero form the eq(5.9) and the contributions

for quantum fluctuations comes from the quadratic and the higher order terms.

Restricting ourselves to the quadratic fluctuations, in a mean field type approach, the action

is

S =

∫
dηd3x[

1

2
(χ̂′

1)−
1

2
(∇χ̂1)

2 +
1

2
(χ̂′

2)−
1

2
(∇χ̂2)

2 −
m2
η

2
(χ̂1 + χ̂2

2)

−1

2
(χ̂i|

∂2V [χ]

δχiδχi
|χ̂i + χ̂i|

∂2V [χ]

δχiδχj
|χ̂j)], (5.11)

where

V (χ) = 2λχ1χ2(χ
2
1 − χ2

2). (5.12)

Using Legendre transformation, the Hamiltonian is

H =

∫
dηd3x[

p̂2
1

2
+

(∇χ̂1)
2

2
+
m2
η

2
χ̂2

1 +
p̂2

2

2
+

(∇χ̂2)
2

2

+
m2
η

2
χ̂2

2 + 2λ(ρχ̂1χ̂2 + δ(χ̂2
1 − χ̂2

2))], (5.13)

where, p̂i are the canonical momenta of the χ̂i fields and δ = 2(χ2
10 − χ2

20) and ρ = 3χ10χ20.

We quantize the fields by

χ̂1 =

∫
dk[a†ke

ik·x + ake
−ik·x], (5.14)

χ̂2 =

∫
dk[b†ke

ik·x + bke
−ik·x], (5.15)

where,

k · x = kµx
µ = ωt− kixi, (5.16)

dk̃ =
d3kdt

[(2π)32ωk]
1
2

. (5.17)
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The Hamiltonian is then

H =

∫
d3k

(2π)3
[[
ω

2
+
λδ

2ω
](a†kak + a−ka

†
−k)

+[
ω

2
− λδ

2ω
](b†kbk + b−kb

†
−k)]

+(
λρ

2ω
(a†kbk + a−kb

†
−k + a†kb

†
−k + akb−k)

+
λδ

2ω
(a†ka

†
−k + aka−k)−

λδ

2ω
(b†kb

†
−k + bkb−k)]], (5.18)

where

ω = k2 +m2
η. (5.19)

The Hamiltonian has su(1,1) and su(2) symmetries, as can be seen by defining

N1 =
1

2
(a†kak + a−ka

†
−k), N2 =

1

2
(b†kbk + b−kb

†
−k), (5.20)

J+ =
1

2
(a†kbk + a†−kb−k), J− =

1

2
(b†kak + b†−ka−k), J0 =

1

2
(N1 −N2), (5.21)

K+ = akb−k, K− = b†−ka
†
k, K0 =

1

2
(N1 +N2 + 1),

L1− = a†ka
†
−k, L1+ = a−kak, L10 =

1

2
(N1 + 1),

L2− = b†kb
†
−k, L2+ = b−kbk, L20 =

1

2
(N2 + 1). (5.22)

It can be seen that

[J+, J−] = −2J0, [J+, J0] = −J+, [J−, J0] = J−, (5.23)

defines an su(2) algebra. While,

[K+, K−] = 2K0, [K+, K0] = K+, [K−, K0] = −K−, (5.24)

[L1+, L1−] = 2L10, [L1+, L10] = L1+, [L1−, L10] = −L1−, (5.25)
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[L2+, L2−] = 2L20, [L2+, L20] = L2+, [L2−, L20] = −L2−. (5.26)

satisfy su(1,1) algebras. In terms of these generators the Hamiltonian is

H =

∫
d3k

(2π)3
[(
ω

2
+
λδ

2ω
)N1 + (

ω

2
− λδ

2ω
)N2

+
λρ

2ω
(J+ + J− +K+ +K−)

+
λδ

2ω
(L1+ + L1−)− λδ

2ω
(L2+ + L2−)]. (5.27)

This Hamiltonian can diagonalized by using a series of unitary transformations. Since again

it bares a resemblence to quantum optical Hamiltonians in beam splitting and parametric

down conservation processes. The first transformation is a rotation given by the operator

U(R1) = exp[θ(J+e
2iξ + J−e

2iξ)]. (5.28)

U(R1) provides the transformation relations:

U †(R1)



 ak

bk



U(R1) =



 Cos(θ) e2iξSin(θ)

−e−2iξSin(θ) Cos(θ)







 ak

bk



 =



 Ak

Bk



 . (5.29)

This leads us to a Hamiltonian H1 in terms of the new creation and annihilation operators

A†
k, B

†
k, Ak and Bk given by

U †(R1)HU(R1) = H1 =

∫
ω2 d3k

(2π)3
(m1[A

†
kAk + A†

−kA−k]

+m2[B
†
kBk +B†

−kB−k] + n1[AkA−k + A†
−kA

†
k]

+n2[BkB−k +B†
−kB

†
k]), (5.30)

where m1, m2, n1 and n2 are given by

m1 =
ω2 − Ω2

ω2
, m2 =

ω2 + Ω2

ω2
, n1 = −Ω2

ω2
, n2 =

Ω2

ω2
. (5.31)

This rotated Hamiltonian has an su(1, 1) symmetry seen by defining

D1+ = A†
kA

†
−k, D1− = A−kAk, D10 =

1

2
(A†

kAk + A†
−kA−k + 1), (5.32)

D2+ = B†
−kB

†
k, D2− = BkB−k D20 =

1

2
(B†

−kB−k +B†
kBk + 1), (5.33)
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which satisfy the su(1, 1) algebras,

[D1+, D1−] = 2D10, [D1+, D10] = D1+, [D1−, D10] = −D1−, (5.34)

[D2+, D2−] = 2D20, [D2+, D20] = D2+, [D2−, D20] = −D2−. (5.35)

The Hamiltonian in terms of the new generators is written as

H1 =

∫
d3k

(2π)3
(ωχ1 + ωχ2)[[m1D10 +m2D20] + n1[D1+ +D2−] + n2(D2+ +D1−)],(5.36)

Since an su(1,1) symmetry implies diagonalizability through a squeezing (Bogoliubov) trans-

formations, we see here that a product of two squeezing transformations will provide us with

a diagonal Hamiltonian. The squeezing transformations are given by

S(ζ1)S(ζ2) = exp[ζ1D1+ − ζ∗D1−]exp[ζ2D2+ − ζ∗2D2−], (5.37)

where, ζ1 = r1exp[iγ] and ζ2 = r2exp[iγ] are the squeezing parameters. Then the new

creation and annihilation operators in terms of Ak and Bk are given by

As(k, t) = µ1Ak + ν1A
†
−k, (5.38)

A†
s(k, t) = µ∗

1A
†
k + ν∗1A−k, (5.39)

Bs(k, t) = µ2B−k + ν2B
†
k, (5.40)

B†
s(k, t) = µ∗

2B
†
−k + ν∗2Bk. (5.41)

The Bogoliubov coefficients are

µ1 = Cosh(r) =
m1√
m2

1 − n2
1

, (5.42)

ν1 = Sinh(r) = e−iγ
n1√

m2
1 − n2

1

, (5.43)

µ2 = Cosh(r) =
m2√
m2

2 − n2
2

, (5.44)

ν2 = Sinh(r) = e−iγ
n2√

m2
2 − n2

2

, (5.45)
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which satisfy

|µ1|2 − |ν1|2 = 1, |µ2|2 − |ν2|2 = 1. (5.46)

Thus, the final diagonalized Hamiltonian after three unitary transformations is

Hf = S(ζ2)
†S(ζ1)

†U †(R1)[H ]U(R1)S(ζ1)S(ζ2)

=

∫
d3k

(2π)3
Ω+[A†

s(k, η)As(k, η) + 1]

+Ω−[B†
s(k, η)Bs(k, η) + 1]], (5.47)

where Ω+ =
√
m2

1 − n2
1 =
√
ω2 − 2Ω2 and Ω− =

√
m2

2 − n2
2 =
√
ω2 + 2Ω2.

The vacuum state of Hf at time η is given by |0(η), 0(η) > and vacuum state of H at

initial time is given by |0, 0 >. They are related by

|0(t), 0(t) >= e
R

d3k
(2π)3

[ζ1D1+−ζ∗1D2−]+[ζ1D1+−ζ∗1D2−]
e

R

d3k
(2π)3

[θ(J+e2iξ+J−e2iξ)]|0, 0 > . (5.48)

It is seen that the vacuum at later times is populated with particles and anti-particles with

respect to vacuum state at initial time. The number of particles and anti-particles can be

estimated from the relationship between the creation and annihilation operators at initial

time given by ak, and bk, and the final creation and annihilation at later time given by

operators As and Bs.

As(k, η) = (µ1Cos(θ))ak + (ν1Sinθe
2iξ)b†−k

+(µ1Sinθe
2iξ)bk + (ν1Cos(θ))a

†
−k, (5.49)

Bs(k, η) = (µ2Cos(θ))a−k + (ν2Sinθe
−2iξ)b†k

+(µ2Sinθe
−2iξ)b−k + (ν2Cos(θ))a

†
k. (5.50)

The number of particles (baryons) for each mode

NkB(η) = 〈B†
s(k, η)Bs(k, η)〉 = |νk2|2, (5.51)

and the number of anti-particles (anti-baryons) for each mode

NkB(η) = 〈A†
s(k, η)As(k, η)〉 = |νk1|2. (5.52)
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Therefore the baryon asymmetry is

△Nk = NB(η)−NB(η) =
Ω6

ω2(4Ω4 − ω4)
, (5.53)

where Ω2 = λ
√

(ρ2 + δ2) and ρ = 3(χ2
10−χ2

20) and δ = 3χ10χ20. We find that NB(η)−NB(η)

is dependent on the vacuum expectation values of real and imaginary parts of scalar field

and the coupling constant λ.

The total asymmetry is given by,

∫ ∞

0

△Nkd
3k =

∫ ∞

0

k2dk
Ω6

ω2(4Ω4 − ω4)

= Ω2(
√
m2
η + 2Ω2 −

√
m2
η − 2Ω2). (5.54)

It is interesting to see that when λ ≪ 1 (perturbative limit) and χ10 = χ20 = φ0, the

asymmetry reduces to classical value,

(NB(η)−NB(η)) = (
3λφ2

0

4m2
η

) ≃ r. (5.55)

5.2 Evolution Of BAU in Various Reheating Scenarios:

In order to get some exact results and numerical values for the parameter r after expansion,

we consider some realistic expansion scenarios such that the Bogoliubov coefficients can

be evaluated exactly. The time evolution of the wave function under the action of the

Hamiltonian Hf is given by (5.47). Since this Hamiltonian bears an uncanny resemblance to

the one given in chapter 4, we go over to to the coordinate representation Π(A,B) and P(ΠA,B)

defined by similar relations to (4.69), (4.70), (4.71) and (4.72) to get

Hf(η) =

∫
d3k

(2π)3

1

2
[[(Ω+)2Π2

A(k, η) + P 2
ΠA

(k, η)] + [(Ω−)2Π2
B(k, η) + P 2

ΠB
(k, η)]] (5.56)

where Ω+ =
√
m2

1 − n2
1 =
√
ω2 − 2Ω2 and Ω− =

√
m2

2 − n2
2 =
√
ω2 + 2Ω2.
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The time evolution of a wave function ψ(t) under the action of a Hamiltonian H(t) is

again similar to (4.76), with the evolution equations for ψA(t) and ψB(t) are given by

ψ′′
A(k, η) + Ω2

−ψA(k, η) = 0, (5.57)

ψ′′
B(k, η) + Ω2

+ψB(k, η) = 0. (5.58)

where Ω− = k2 +m2
φa

2 − a′′

a
− 2λ

√
ρ2 + δ2 and Ω+ = k2 +m2

φa
2 − a′′

a
+ 2λ

√
ρ2 + δ2.

These equations can be written as Schrodinger like equations in η

ψ′′
A + (E + V1(a))ψA = 0, (5.59)

and

ψ′′
B + (E + V2(a))ψB = 0, (5.60)

where

E = k2 +m2
η, m2

η = m2
φa

2 − a′′

a
, V1(a) = −2λ

√
ρ2 + δ2, V2(a) = 2λ

√
ρ2 + δ2, (5.61)

and
√
ρ2 + δ2 = 3

√
χ4

10 + χ4
20 − χ2

10χ
2
20. Again, we use the machinery of potential barrier

reflection and transmission problems in quantum mechanics to calculate N(k) =|ν|2.
There are two factors that contribute to the time evolution of the particle and anti-particle

modes, the time dependence of the background classical solution and the time dependence

of the expansion factor ’a(η)’.

5.2.1 Slow Expansion

As a first approximation, consider the case when a′′

a
= 0, i.e, a radiation dominated universe.

In this case, as seen in the chapter 2, the classical solutions for χ10 and χ20 are given by

χ10 =
λφ0

(mη)3
sin(mηη + ǫ) (5.62)

χ20 =
φ0

mη
sin(mηη). (5.63)
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To first order in λ, we have λ
√
ρ2 + δ2 = ϕ2sin2(mηη), where ϕ is a slowly decreasing

amplitude given by ϕ2 = 3λ( φ0

mη
)2.

The equations (5.59) and (5.60) become

ψ′′
A + (k2 +m2

η − ϕ2sin2(mηη))ψA = 0, (5.64)

and

ψ′′
B + (k2 +m2

η + ϕ2sin2(mηη))ψB = 0. (5.65)

These are the Mathieu equations, which are familiar from the parametric amplification prob-

lem in reheating scenarios after inflation [66] .

ψ′′
A + ω2

1k(1 + g1cos(γη)−
a′′

ω2
1ka

)ψA = 0, (5.66)

and

ψ′′
B + ω2

2k(1− g2cos(γη) +
a′′

ω2
2ka

)ψB = 0, (5.67)

where, g1 = ϕ2

ω2
1k

, g2 = ϕ2

ω2
1k

, ω2
1k = k2 +m2

φ − ϕ2, ω2
2k = k2 +m2

φ + ϕ2 and γ = 2mη.

To solve these equations, the method given in [67] and [68] is followed. From the theory

of parametric resonance, the resonance is strongest if the frequency is twice ωik, hence we

put γ = 2ωik + ε with ε ≪ ωik. The resonance condition will be satisfied if ϕ2 − ε2 > 0 or

|ε| < ϕ.

We introduce a trial wave function

ψA = c(η)f [a(η)]cos[(2ωik + ε)η] + d(η)f [a(η)]sin[(2ωik + ε)η]. (5.68)

The function f(a) is introduced to include the effects of expansion. The functions c(η) and

d(η) are slowly varying with time compared to the frequency γ.

Then it is self-consistent to put c′, d′ = O(ε), and to neglect higher derivatives. In

general, resonant solutions can be found for frequencies nγ/2 ⋍ ωk, but each integer n > 1

corresponds to keeping O(gn1 ) in the perturbation expansion. As we are only considering

upto O(g1) we make the following approximation.

cos(γη/2)cos(γη) ⋍
1

2
cos(γη/2), sin(γη/2)cos(γη) ⋍

1

2
sin(γη/2). (5.69)
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Then substituting the trial function in the differential equation then we get

ωkA(η)cos(γη/2) + ωkB(η)sin(γη/2) +O(ε2, g2
1) = 0, (5.70)

where

A(η) = −2c′f − cf ′(2 +
ε

ωk
) +

1

ωk
(2d′f ′ + df ′′)− df(

1

2
gωka

2 + ε+
1

ωk

a′′

a
), (5.71)

B(η) = −2d′f − cf ′(2 +
ε

ωk
) +

1

ωk
(2c′f ′ + cf ′′)− cf(

1

2
gωka

2 − ε+
1

ωk

a′′

a
). (5.72)

Equation (5.70) requires that both the coefficients A and B terms should vanish identically.

This gives a pair of coupled differential equations involving the coefficients c(η), d(η), and

f(a(η)). To solve these equations we set c(η) = Cexp[sη], d(η) = Dexp[sη], to get

sC +
1

2
(
1

2
g1ωk + ε)D = 0, (5.73)

sD +
1

2
(
1

2
g1ωk − ε)C = 0. (5.74)

Solving these equations we get

s =
1

2

√
(
1

2
(g1ωk)2 − ε2). (5.75)

Thus, the solution is

ψA =
exp[±sη]
γyk

[ykcos(γη/2)± sin(γη/2)], (5.76)

where yk = ±
√

1
2
g1ωk−ε

1
2
g1ωk+ε

. Similarly we can get ψB. A new variable l = ε
ϕ

is defined so that

resonance occurs −1 < l < 1. Then by using [68], the number of particles produced is given

by

N1k =
1

1− l2Sinh
2(
√
ϕ2 − ε2η). (5.77)

In the similar fashion we get the number of anti-particles is

N2k =
1

1− l2Sin
2(
√
ϕ2 − ε2η). (5.78)
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The BAU is given by

N1k −N2k =

∫ ∞

0

dkk2n1k −
∫ ∞

0

dkk2n2k. (5.79)

This gives us the dependence of BAU as a function of time η.

Now we calculate the BAU as a function of the comoving wave number k. For this, as

in chapter 4, a broad resonance is assumed such that the Mathieu equation has instability

bands within which parametric resonance occurs. In this region, the oscillating potential is

replaced with an asymptotically flat potential near its zeros

|ϕ|2sin2(mφη) ≃ 2|ϕ|2tanh2(mφ
(η − ηi)√

2
). (5.80)

Then (5.59) and (5.60) become

d2ψA
dy2

+
[
κ2

1 + ϕ2sech2(y)
]
ψA = 0, (5.81)

d2ψB
dy2

+
[
κ2

2 + ϕ2tanh2(y)
]
ψB = 0, (5.82)

where,

κ2
1 =

k2 − ϕ2

m2
φ

+ 1,

κ2
2 =

k2

m2
η

+ 1 (5.83)

y = mφ(η − ηi).

These resemble the equation (4.109) and (4.118) in the chapter 4. The number of particles

is

n1k = |ν1k|2 =

(
cos2(π

√
ϕ2 + 1

4
)
)2

(sinh2(πκ1))2
. (5.84)

The number of antiparticles is

n2k = |ν2k|2 =

(
cosh(π

√
ϕ2 − 1

4
)
)2

sinh2
(
π
√

(ϕ2 + κ2
2)
) . (5.85)
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The BAU is given by

N1k −N2k =

∫ ∞

0

dkk2n1k −
∫ ∞

0

dkk2n2k. (5.86)

5.2.2 Rapid Expansion

Now consider the effect of rapid expansion on the asymmetry parameter. In this case, the

rate of expansion dominates over the oscillation period of the classical background solution,

so that ρ and δ can be considered as time independent. We consider an expansion where

there is transition from de Sitter epoch (inflationary) to the FRW epoch.

a(η) = (a0η)
p

1−p η < η0, (5.87)

a(η) = C(η − η0) η > η0, (5.88)

where η0 = η∗ − (a2
0η∗)

−1. It is convenient to set a(η0) = 1 which sets η∗ = a−1
0 , and thus

η0 = 0 and C = a−1
0 where a0 = −H0 for de Sitter spacetime. p = 1

2
corresponds to radiation

dominated universe and p → ∞ corresponds to de Sitter epoch. The change in expansion

parameter gives rise to non equilibrium particle production.

Thye evolution equations (5.59) and (5.60) are given by

d2ψA
dη2

+

[
k2 − 2λ

√
ρ2 + δ2 − p(2p− 1)

(p− 1)2η2
+

m2

H2η2

]
ψA = 0

η < η0, (5.89)

d2ψA
dη2

+ g1ψA = 0 η > η0 (5.90)

and

d2ψB
dη2

+

[
k2 + 2λ

√
ρ2 + δ2 − p(2p− 1)

(p− 1)2η2
+

m2

H2η2

]
ψB = 0

η < η0, (5.91)

d2ψB
dη2

+ g1ψB = 0 η > η0. (5.92)
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The equation (5.89) can be written as

d2ψA
dτ 2

1

+

[ 1
4
− q2

τ 2
1

+ 1

]
ψA = 0, (5.93)

where q2 = (3p−1)2

4(p−1)2
− m2

φ

H
, τ1 =

√
g1η and g1 = k2 − 2λ

√
ρ2 + δ2. The solution is given by

ψA = (
√
g1η)

1
2 [AkH

(1)
q (
√
g1η) +BkH

(2)
q (
√
g1η)], (5.94)

where H
(1)
q and H

(2)
q are Hankel functions.

The solution for 5.90 is given by

ψA(η > η0) =
1√
2k

[µe−i
√
g1η + νei

√
g1η]. (5.95)

The Bogoliubov coefficients are obtained [68] by matching the wave functions and its first

derivative at η = η0 .

The number of particles is given by.

N1(k) = |ν1|2 = 4q−2(

√
g1

a0
)−2q−1(q − 1

2
)2Γ2(q). (5.96)

Using similar methods for (5.91) the number of anti particles produced is given by

N2(k) = |ν2|2 = 4q−2(

√
g2

a0
)−2q−1(q − 1

2
)2Γ2(q). (5.97)

where g2 = k2 + 2λ
√
ρ2 + δ2, a0 is the reference scale of H0, H0 is constant for de Sitter

expansion.

5.3 Results

In this section, we will discuss the results of the each of the cases we studied.

In the slow expansion scenario, we consider BAU as a function of time η and comoving wave

number.
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For parametric resonance, it is important that the inflaton stays in resonance band and

this is possible as long as its amplitude is slowly varying function of time. The time depen-

dence of the number of particles and antiparticles comes from the slow time variation of the

decaying amplitude, which we phenomenologically approximate with ϕ2 ≃ ϕ2e−η/τ where τ

is damping scale.

In figure (a) and (b) we have plotted N1(k)−N2(k) as a function of the conformal time

for values of ϕ = 10−1e−η/3 and ϕ = 10−2e−η/5, respectively. It can be seen that the value

of asymmetry due to the parametric amplification of the quantum fluctuations reduces the

asymmetry from the classical value of 10−2 to an acceptable lower value 10−8 with time.

Now we consider BAU as a function of comoving wave number k, we have plotted N1(k)

and N2(k) as a function of of the comoving number k, for various values of ϕ. In the figure

(c)and (d) the evolution of particles and antiparticles for values of ϕ = .27 and ϕ = .28

are plotted respectively. It can be seen clearly that the number of particles increases and

number of antiparticles decreases due to differential amplification of particle and antiparticle

modes.

In the case of rapid expansion, we have plot (N1(k)−N2(k)) as a function of comoving

number k. In the rapid expansion there are two case one p → ∞ de Sitter expansion and

another p→ 1
2

radiation dominated era.

First, consider the case p→∞. The vacuum fluctuations of massive fields on an exact de

Sitter background leads to density perturbations only for
m2
φ0

H
< 2 and 2 < m2 <

9H2
0

4
. The

corresponding characteristic values are q = 0, and m2

H2 = 9
4

for de Sitter case. In the figure (e)

(N1(k)−N2(k)) is plotted, with q = .6 q = .7 and q = .8, which corresponds to
m2
φ0

H
< 2. For

de Sitter epoch, at this values, the condensate starts oscillating and gives rise to fluctuations.

In the figure (f) N1(k) − N2(k) is plotted for the different values of φ0 for a fixed q = .6.

From the figure, we can see that as the φ0 value decreases the value of asymmetry reduces.

In the figure (g) N1(k)−N2(k) is plotted for the different values of λ for a fixed q = .6 and

φ0. From the figure we can see that as the λ value decreases the value of asymmetry reduces.
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Large occupation number in a given mode means that quasi-particles formed a condensate.

Therefore, from the figure we can see that once the quantum fluctuations are switched on

the value of asymmetry reduces but does not goes to zero.

Now we consider the second case p → 1
2
. In the radiation dominated universe, when

m2
φ0

H
< .25, then only the vacuum fluctuations of massive fields will be relevent, and the

characteristic value for q = 0 is m2

H2 = 1
4

.

In the figure (h) N1(k)−N2(k) is plotted for the different values of φ0 for a fixed q = 0.4.

which corresponds to
m2
φ0

H
= 0.16. From the figure we can see that, again, once the quantum

fluctuations are switched on the value of asymmetry reduces. In the figure (i) N1(k)−N2(k)

is plotted for the different values of φ0 for a fixed q = .4, in this case the asymmetry goes to

10−3 λφ
2
0

m2
φ
.

Since, the classical value of the asymmetry is given by r =
λφ2

0

m2
φ
, we see from the above,

the detailed analysis of amplifacation of quantum fluctuations combined with expansion

parametrer from de Sitter phase to a FRW phase reduces the baryon asymmetry of universe

to a much closer value to the observed one . This encouraging result suggests that quantum

fluctuations and expansion effects play a significant role in the calculation of the asymmetry

parameter and motivates the inclusion of these in other realistic models of BAU.
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(d) N1(k) particles(solid line) and N2(k) and antipar-
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CHAPTER 6

Non-Equilibrium Pion Production from Disoriented Chiral

Condensates.

We have applied our formalism to a particular non equilibrium process in the early universe,

the baryon asymmetry of universe. The question arises, are there any non equilibrium

processes, with testable signals, available in laboratory conditions to which this formalism

can be applied? In particular, the goals of the present and the next generation collider

(RHIC and LHC) experiments are to create the conditions to understand the early evolution

of our universe in the lab [69, 70, 71, 72]. This may seem a difficult goal, but, it is important

to understand the physics for future observations of the universe. Very high energy hadronic

and nuclear collisions are one of the experiments whose aim is to recreate the conditions

of early universe in the lab. In such experiments, there has already been indication that
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highly excited state of quarks and gluons are known as quark gluon plasma (QGP) has been

created [73]. The conditions of these experiments involve heating of matter upto 10120
K,

which amounts to 175 MeV per particle. Lead and gold nuclei are accelerated to ultra-

relativistic speeds, pass through each other and create a hot fireball in the collision, this

fire ball expands rapidly creating a non equilibrium situation and particles (mostly pions)

emerge carring information of their hot and dense formation region. Thus, this evolution of

QGP is a breeding ground for many non equilibrium phenomena. One such phenomenon is

the interesting possibility of formation of metastable collective state called disoriented chiral

condensate (DCC)[74, 75, 76, 77, 78, 79].

QCD has an approximate SU(2)L × SU(2)R chiral symmetry. For this symmetry, there

exists a continuum of nearly degenerate pseudo vacuum states. This symmetry is sponta-

neously broken at low energies and pions acquire masses. If the symmetry is broken exactly,

pions would be massless Nambu-Goldstone bosons. A low energy effective sigma [80, 81]

model is used to study the QCD chiral phase transition as it respects SU(2)L × SU(2)R

symmetry. This contains a scalar field (Σ) that has the same chiral properties as the quark

condensate. The vacuum is represented by chiral four-vector of fields (Σ, −→π ), where Σ is

associated with the order parameter for the chiral phase transition and −→π is the vector

representing the pion fields. In the physical vacuum, the order parameter points in the Σ

direction. However under appropriate non equilibrium conditions in high energy collisions,

there could exist a region of space, where, for some period of time a metastable state is

formed where order parameter has a non trivial pionic component, this is called the DCC.

A plausible mechanism for DCC formation has been identified as the following: due to the

large energy deposit in the collision zone, QGP in a hot chirally symmetric state is formed,

because of the rapid expansion, the system is suddenly quenched to a low temperature

phase, where chiral symmetry is broken. This far from equilibrium evolution results in the

formation of metastable states such as the DCC and is characterised by an amplification

of low momentum pion modes and an asymmetry in pion multiplicity distributions. This
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a classic example of a non equilibrium high energy physics situation and has connection

with non-equilibrium processes in early time cosmology. In this chapter, we will apply the

formalism used to study the BAU, to study the formation and decay of the DCC.

6.1 The Model

For the most general treatment of DCC formation [54], the field theoretic O(4) symmetric

σ model is used with the following action

S =

∫
d4x[

1

2
∂µφi∂µφi −

λ

4
(φ2

i − v2)2 +HΣ], (6.1)

where, the chiral field is φ = Σ + i−→τ · −→π , −→π is the pion vector field and Σ is a scalar field

(which is a quark condensate), −→τ are the isospin Pauli matrices and H ∼ mq gives the small

explicit chiral symmetry breaking term that arises due to quark mass. The pion masses in

this model are given by m2
π = H

fπ
= λ(f 2

π − v2), where fπ is the pion structure function. The

sigma mass is given by mΣ = 2λf 2
π . However, in the strong coupling limit (λ large) there is

a exists a sphere of vacua −→π 2 + Σ2 = f 2
π . Thus, in this limit, the normal vacuum structure

is given by < π >= 0 and < Σ >= fπ. However, there can exist non-equilibrium situations,

such as a quench, such that the system goes through metastable disordered vacua given by

< π >= fπ
−→n sin(θ) and < Σ >= fπcos(θ), here −→n is unit vector and θ measures the degree

of disorientation of the condensate in isospin space. When the system reaches equilibrium,

it falls to its natural ground state < π >= 0 and < Σ >= fπ, emitting pions. This situation

is analogous to the formation of ferromagnetic domains in a Heisenberg ferromagnet.

In our model, we consider the case where H is small so that the σ model has full SU(2)L×
SU(2)R symmetry. Then the action becomes upto a constant is

S =

∫
d4x[

1

2
∂µφi∂µφi −

1

2
m2φ2

i −
λ

4
φ4
i ], (6.2)

here we identify m2 = λv2, thus this action reduces to eq(6.1) in the limit H = 0. The
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minimum of the potential is given by

< φ >2=< Σ2 +−→π 2 >=< v2 > . (6.3)

At high temperatures, the symmetry is restored and the potential is shown in fig(6.1), and

at low temperature the symmetry is broken and shown in fig(6.2).
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Figure 6.1: The potential with unbroken symmetry.
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Figure 6.2: The potential with broken symmetry.
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We mimic the expansion of the plasma, by using an expanding metric

ds2 = dt2 − a(t)2dx2. (6.4)

with an expansion rate a(t). We notice that this is similar to the FRW metric used in

cosmology.

The action of the O(4) sigma model in this expanding metric becomes:

S =

∫
d3xdta(t)3(

1

2
φ̇2
i −

1

2a2
(∇φi)2 − 1

2
m2φ2

i −
λ

4
(φ2

i )
2). (6.5)

The background field analysis is employed to study the quantum effects [28, 29, 30]. As-

suming φi has a background classical component φicl and the quantum fluctuations φ̂i and

following the procedure in chapter 5, restricting the analysis to quadratic fluctuations only,

the action reduces to

S2 =

∫
d3xdt

a3

2
(

˙̂
φ2
i −

1

a2
(∇φ̂i)2 −m2φ̂i

2 − φ̂i
δ2V

δφ̂iδφ̂j
|φφ̂j). (6.6)

By carrying out a Legendre transformation, the Hamiltonian density is

H =
1

2a3
p̂i

2 +
a

2
(∇φ̂i)2 +

a3m2

2
φ̂i

2
+
a3

2
(φ̂i

∂2V

∂φi∂φj
|φφ̂j). (6.7)

The classical background fields are the vacuum configuration given by

< φ >=





v1

v2

v3 = v

σ




. (6.8)

We parametrize the background field by three angles

φi =





vCos(ρ)Sin(θ)Sin(α)

vCos(ρ)Sin(θ)Cos(α)

vSin(ρ)Sin(θ)

vCos(θ)




. (6.9)
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We consider a parametrization of the background field which is simplified to two angles,

θ and ρ. We impose charge symmetry by setting α = π
4
, then, v± = v√

2
Cos(ρ)Sin(θ),

v3 = vSin(ρ)Sin(θ), and σ = vCos(θ). Other interesting scenarios with charge asymmetry

would involve arbitrary α, which we will not consider here.

The Hamiltonian is quantised using mode expansion of the fields

π̂0(x, t) =

∫ √
1

2ωπ

d3k

(2π)3
(ake

ik·x + a†ke
−ik·x),

π̂−(x, t) =

∫ √
1

2ωπ

d3k

(2π)3
(bke

ik·x + c†ke
−ik·x),

π̂+(x, t) =

∫ √
1

2ωπ

d3k

(2π)3
(cke

ik·x + b†ke
−ik·x),

Σ̂(x, t) =

∫ √
1

2ωΣ

d3k

(2π)3
(dke

ik·x + d†ke
−ik·x).

The mode Hamiltonian is

H = Hneutral +Hcharged +Hmixed, (6.10)

where

Hneutral =

∫
d3k

(2π)3

1

2
(
ωπ
a3

(a†kak + aka
†
k) +

ωπ
2a3

(
Ω2
π

ω2
π

− 1)(a†kak + aka
†
k + a−kak + a†−ka

†
k)

+
ωΣ

a3
(d†kdk + dkd

†
k) +

ωΣ

2a3
(
Ω2

Σ

ω2
Σ

− 1)(d†kdk + dkd
†
k + d−kdk + d†−kd

†
k)), (6.11)

Hcharged =

∫
d3k

(2π)3

+
ωπ
a3

(b†kbk + ckc
†
k) +

ωπ
2a3

(
Ω2
π±

ω2
π

− 1)(b†kbk + ckc
†
k + b−kck + c†−kb

†
k)

+
λa3v2cos2(ρ)sin2(θ)

4ωπ
(bkb−k + bkc

†
k + c†kbk + ckc−k + c†kc

†
−k + ckb

†
k + b†kck + b†kb

†
−k)),

(6.12)
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and

Hmixed =

∫
d3k

(2π)3

(
λa3v2cos(ρ)sin(ρ)sin2(θ)

2ωπ
(bka−k + bka

†
k + c†kak + cka−k + c†ka

†
−k + cka

†
k + b†kak + b†ka

†
−k)

+
λa3v2sin(ρ)sin(θ)cos(θ)√

ωπωΣ

dka−k + dka
†
k + d†kak + d†ka

†
−k

+
λa3v2cos(ρ)sin(θ)cos(θ)√

ωπωΣ
(bkd−k + bkd

†
k + c†kdk + ckd−k + c†kd

†
−k + ckd

†
k + b†kdk + b†kd

†
−k)).

(6.13)

Here

ω2
π(k)

a6
=
ω2
π0

(k)

a6
=
ω2
π±

(k)

a6
= (m2

π +
k2

a2
),
ω2

Σ(k)

a6
= (m2

Σ +
k2

a2
), (6.14)

and

Ω2
π0
− ω2

π0

a6
= λ[v2 + 2v2

3],

Ω2
π± − ω2

π±

a6
= λ[v2 + 2v+v−],

Ω2
Σ − ω2

Σ

a6
= λ[v2 + 2σ2], (6.15)

with

2v+v− + v2
3 + σ2 = v2. (6.16)

The dynamical evolution of a system governed by this Hamiltonian is considered from a non

equilibrium state of restored symmetry < φ >= 0 at high temperatures to the equilibrium

state of broken symmetry < φ >= v, due to the subsequent expansion and cooling of the

QGP. The nonequilibrium situation arises when the expansion a(t) is very rapid, the system

goes from a state of restored to broken symmetry very fast compared to the relaxation time

of the field which gives rise to a sudden quench i.e. < φ > suddenly jumps from < φ >= 0

to < φ >= v. Another non-equilibrium situation will arise, when the system goes through

a metastable disordered vacuum given by < π >= v−→n sin(θ) and < Σ >= vcos(θ), then

90



relaxes by quantum fluctuations to an equilibrium configuration. Each of these situations

gives rise to DCC domains which decay into pions. The effect of the disorientation shows up

in the pion distributions, which we shall calculate below. The time evolution can be modeled

through a time dependence of the parameter < φ > (τ), which depends on the relaxation

rate τ and a(t) which depends on the rate of the expansion of the plasma. The following

scenarios are possible:

• (a) θ = 0: This gives a sudden quench from a state of restored symmetry < φ >= 0 to

the ground < φ >= v.

• (b) ρ = π
2
: In this case the system goes from< φ >= 0, through a metastable state

< φ >=





0

0

vSin(θ)

vCos(θ)




and then relaxes to value < φ >= v.

• (c) θ = π
2
:In this case the system goes from< φ >= 0, through a metastable state

< φ >=





1√
2
vCos(ρ)

1√
2
vCos(ρ)

vSin(ρ)

0




and then relaxes to value < φ >= v.

We will consider each of the above cases a, b, and c.

Case a. In this case, the Hamiltonian is :

H =

∫
d3k

(2π)3
[
ωπ
2a3

(N) +
ωπ
4a3

(
Ω2
π

ω2
π

− 1)(D +D†)

+
ωΣ

2a3
(N1) +

ωΣ

4a3
(
Ω2

Σ

ω2
Σ

− 1)(D1 +D†
1], (6.17)
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where the operators D and D1 are defined as

D = aka−k + bkc−k + ckb−k, D1 = dkd−k, (6.18)

D† = a†−ka
†
k + c†−kb

†
k + b†−kc

†
k, D†

1 = d†kd
†
−k, (6.19)

N =
1

2
(a†kak + a−ka

†
−k + b†kbk + b−kb

†
−k + c†kck + c−kc

†
−k + 3),

N1 =
1

2
(d†kdk + d−kd

†
−k + 1). (6.20)

The D,D† and N satisfy an su(1,1) algebra and independently D1, D
†
1 and N1 satisfy another

su(1,1) algebra. The Hamiltonian factors into two parts, one involving pion fields and one

involving the sigma field. By the method followed in previous chapter, this Hamiltonian is

diagonalised by a squeezing transformation,

U(r, t) = e
R

d3k
(2π)3

([rkD
†−r∗kD]+[rk1D

†
1−r∗k1D1]), (6.21)

where r is the squeezing parameter related to the physical variables Ωπ(k, t) and ωπ(k)

through

Tanh(2rk) =
(Ωπ(k,t)

ωπ
)2 − 1

(Ωπ(k,t)
ωπ

)2 + 1
. (6.22)

Similarly we can define rk1 by replacing π by Σ.

The diagonalized Hamiltonian is

H =

∫
d3k

(2π)3

1

2a3
[Ωπ((A

†
kAk +

1

2
) + (C†

kCk +B†
kBk + 1)) + ΩΣ(E†

kEk +
1

2
)]. (6.23)

The operators, A and A† are related to the ak and ak by a unitary transformation given by

A(k, t) = U(r, t, )akU
†(r, t), (6.24)

It can be shown, using su(1,1) algebras that this reduces to squeezing transformation given by

A(k, t) = νa†k+µa−k, B(k, t) = νb†k+µc−k, C(k, t) = νc†k+µb−k and E(k, t) = σd†k+ρd−k and

their complex conjugates. Here ν = cosh(r) and µ = sinh(r), σ = cosh(r1) and ρ = sinh(r1)

are the Bogoliubov coefficients. In this case, we see that the sigma mode, E†
kEk, is decoupled
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from the Hamiltonian. As we are calculating the multiplicity of pions, from now on we will

only consider the pion modes (i.e. Ak, Bk and Ck modes).

The initial vacuum |0, 0 > defined by ak|0, 0 >= 0 (similarly for other modes) and the

final vacuum |0(t), 0(t) > defined by Ak|0(t), 0(t) >= 0 (similarly for other modes), are

related as follows

|0(t), 0(t) >= e
R d3k

(2π)3
[rk(k,t)(D

†−D)]|0, 0 > . (6.25)

Following the method from the previous chapters and going over to the coordinate represen-

tation, we get the Hamiltonian

H =

∫
d3k

(2π)3

∑

i=A,B,C

1

2
[(

Ωπ

a3
)2Π2

i (k, t) + P 2
πi

(k, t)]]. (6.26)

The time evolution of a wave function ψ(t) is

H(t)ψ(t) = i
d

dt
ψ(t). (6.27)

Again following from the previous chapter, we get the evolution equation for the wave func-

tion ψ with a time dependent potential V (t) = λ(< φ2 > (t)− v2) as

−ψ′′ + V (t)ψ = ω2(k)ψ. (6.28)

The quench is modeled by the taking

< φ > (t) = fπ[tanh((t − τ)/a)− tanh(−τ/a)]. (6.29)

Then taking the limit a → 0 gives the quench and the a → ∞ is the adiabatic limit. Here

τ represents the relaxation time for the field to evolve from the metastable vacuum to the

normal vacuum and a is given in the units of τ . We plot < φ > (t) in figure (6.3) and see

that in the quench limit < φ > (t) becomes a step function representing a sudden transition

from < φ >= 0 to < φ >= v.
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Figure 6.3: Shows the variation of φ with t, for the values a = 10−4(violet), a =

.1(lightgreen), a = 1(green), a = 2(blue)

This problem reduces to a potential barrier problem similar to the one given in chapter

3. The production of pions can be calculated by

< nk >= sinh2(rk) =
|1− T |
|T | , (6.30)

where T is the transmission coefficient. We calculate < nk > and plot it as a function of

k. It can be seen from the figure (6.4) that the long wavelength modes are clearly amplified

when the squeezing is very pronounced which is the squeezing limit. In the adiabatic limit

there is a little squeezing present. This clearly gives the connection between the quenching

and squeezing. A quench implies large amount of squeezing and the adiabaticity implies low

squeezing. Thus the quenching process is responsible for squeezing and for the amplification

of the low momentum modes that characterize a DCC.
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Figure 6.4: Shows the variation of N with k, for the values a=.2 (blue), a = .15(purple)

a = .1 (light green)

The low momentum modes are amplified and high momentum modes are suppressed.

Hence, we calculate the pions distributions in the limit k → 0. In this limit, the pion

states near zero momentum factors into a squeezed state for the neutral pions and a Caves-

Schumaker state for the charged pions.

The k=0 wave function is

|ψ >= er0(D†−D)|ψ0(0) >= er0(a
†2

0 +c†0b
†
0+b

†
0c

†
0−a20+b0c0+c0b0)|ψ0(0) > . (6.31)

The pion multiplicity distribution is given by

Pn0,n+,n− = | < n0, n+, n−|ψ > |2 =< n0|er0(D
†−D)|ψ0(0) >= er0(a†

2

0 −a20)|0 >

< n+, n−|e2r0(b†0c
†
0−b0c0)|0 > |2, (6.32)

defining S(r0) as the two mode squeezing operator

S(r0) = < n0|er0(a
†2

0 −a20)|0 >

= Sn0,0. (6.33)
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Stm(r0) is then the two mode squeezing operator

< n+, n−|e(r0(b†0c
†
0−b0c0))|0 >

= Stmn+,n−,0. (6.34)

The neutral and charged pion distribution is:

Pn0,nc =< Sn0,0 >
2< Stmn+,n−,0,0

>2, (6.35)

which is just the product of squeezed distributions for charged and neutral pions and only

even number of pions emerge. Writing n+ = n− = nc, we get the distribution of charged

particles to be

The pion multiplicity distribution is given by

Pnc =
∑

n0

Pn0,nc =
(tanh(r0))

2nc

(cosh(r0))2
, (6.36)

and

Pn0 =
∑

nc

Pn0,nc =
n0!(tanh(r0))

n0

((n0

2
)!)2cosh(r0)2n0

. (6.37)

The generalized squeezed eigenstate leads to products of two types of squeezed states

of pions at zero momentum, the neutral pions being in a one mode squeezed state and the

charged pions being in an SU(1,1) coherent or two-mode squeezed state. Thus the neutral

and charged pion distributions are significantly different as the two types of states have

different properties. We now illustrate the effect of squeezing in these two distributions.

Figure (6.6) show the difference in the charged and neutral pion distributions as we vary

from the squeezing parameter from a low value to a high value.
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Figure 6.5: Shows the variation of Pn0 (dashed line) and Pnc (solid line) with n for the

quenched limit (r0 = 4)
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Figure 6.6: Shows the variation of Pn0 with n, for the values r=3 (light green), r = 3.5

(purple),r = 4(blue)
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Case b: In this case the Hamiltonian is

H =

∫
d3k

(2π)3

1

2
(
ωπ
a3

(a†kak + aka
†
k) +

ωπ
2a3

(
Ω2
π

ω2
π

− 1)(a†kak + aka
†
k + a−kak + a†−ka

†
k)

+
ωΣ

a3
(d†kdk + dkd

†
k) +

ωΣ

2a3
(
Ω2

Σ

ω2
Σ

− 1)(d†kdk + dkd
†
k + d−kdk + d†−kd

†
k))

+
ωπ
a3

(b†kbk + ckc
†
k) +

ωπ
2a3

(
Ω2
π±

ω2
π

− 1)(b†kbk + ckc
†
k + b−kck + c†−kb

†
k)

+
λa3v2sin(θ)cos(θ)√

ωπωΣ
[dka−k + dka

†
k + d†kak + d†ka

†
−k]. (6.38)

The charged sector is decoupled from the neutral sector and the diagonalization procedure

is same for Hcharged as in the case (a). Again we diagonalize the neutral sector Hamiltonian

using the su(2) and the su(1,1) symmetries. The su(2) unitary transform is

U(r, t) = e
R

d3k
(2π)3

[θ(J1e2iξ+J2e2iξ)], (6.39)

where the mixing is given by



 Aθ(k)

Eθ(k)



 =



 Cos(θ) Sin(θ)

−Sin(θ) Cos(θ)







 ak

dk



 , (6.40)

The resultant Hamiltonian reduces to

H ′
neutral =

∫
d3k

(2π)3
[m1(N2) + n1(D2 +D†

2) +m2(N3) + n2(D3 +D†
3) (6.41)

where the operators D2 and D3 are defined by

D2 = Aθ(k)Aθ(−k), D3 = Eθ(k)Eθ(−k), (6.42)

D†
2 = A†

θ(k)A
†
θ(−k), D†

3 = E†
θ(k)E

†
θ(−k), (6.43)

N2 = A†
θ(k)Aθ(k) + 1/2, N3 = E†

θ(k)Eθ(k) + 1/2, (6.44)

and m1, m2, n1 and n2 are given by

2m2 = (
Ω2
π + ω2

π

ωπ
+

Ω2
Σ + ω2

Σ

ωΣ

+
λv2

2
√
ωΣωπ

), (6.45)
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2m1 = (
Ω2
π + ω2

π

ωπ
+

Ω2
Σ + ω2

Σ

ωΣ
− λv2

2
√
ωΣωπ

). (6.46)

While,

2n2 =

√
ΩπΩΣ

4a3

(√
Ωπ

ΩΣ

(
Ωπ

ωπ
− ωπ

Ωπ

)(
1 +

1

2

√
ωπ
ωΣ

)
+

√
ΩΣ

Ωπ

(
ΩΣ

ωΣ
− ωΣ

ΩΣ

)(
1 +

1

2

√
ωΣ

ωπ

))
,(6.47)

and

2n1 =

√
ΩπΩΣ

4a3

(√
Ωπ

ΩΣ

(
Ωπ

ωπ
− ωπ

Ωπ

)(
1− 1

2

√
ωπ
ωΣ

)
+

√
ΩΣ

Ωπ

(
ΩΣ

ωΣ

− ωΣ

ΩΣ

)(
1− 1

2

√
ωΣ

ωπ

))
.(6.48)

This rotated Hamiltonian is diagonalized by the squeezing transformations given by

U(r, t) = e
R

d3k
(2π)3

[r2D
†
2−r∗2D2]+[r3D

†
3−r∗3D3], (6.49)

where r2 is defined by the relations sinh2(r2) + cosh2(r2) = m1 and sinh(r2)cosh(r2) = n1,

similarly for r3 is defined by sinh2(r3) + cosh2(r3) = m2 and sinh(r3)cosh(r3) = n2.

Thus the final diagonalised neutral sector Hamiltonian is

Hmixed =

∫
d3k

(2π)3
(

√
ΩπΩΣ

4a3

(
(F †

kFk +
1

2
) + (G†

kGk +
1

2
)

)
. (6.50)

The total Hamiltonian with the charged sector is given by

Hρ/2 =

∫
d3k

(2π)3
(

1

2a3
[Ωπ±(C†

kCk +B†
kBk + 1))

+(

√
ΩπΩΣ

4a3

(
(F †

kFk +
1

2
) + (G†

kGk +
1

2
)

)
. (6.51)

Following the procedure to calculate the the pion multiplicity distribution for case a.

Pn0 =
(n0!)

2(tanh(r2cos
2(θ))(tanh(r3sin

2(θ))))2n0

((n0

2
)!)2(cosh(r2cos2(θ))cosh(r3sin2(θ)))2n0

(tanh(r2sin(2θ)tanh(r3sin(2θ))n0

((cosh((r2 − r3)sin(2θ)))
.(6.52)

The distribution for the charged pions is still that given in eq (6.36).

In the figure (6.7), Pn0 is plotted as a function of θ for different values of r2 and r3.

We see that that there are oscillations in the probability distributions, and regions where

the number of neutral pions vanished. This depends on the orientation of the intermediate
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Figure 6.7: Shows the oscillations in the number of neutral pions as a function of the disori-

entation θ for the value of the squeezing parameters r = 3.5 (light green), r = 3 (blue) and

r = 2.5 (purple)..
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Figure 6.8: Shows the the distribution of number of neutral pions(purple) and charged pion

(blue) as a function of n, for the same value of the squeezing parameters r = .2.
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Figure 6.9: Shows the the distribution of number of neutral pions(purple) and charged pion

(blue) as a function of n, for the same value of the squeezing parameters r = 4.
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metastable state. If the orientation corresponds to the angle at which the distribution of

neutral pions goes to 0, then there will be only charged pions produced.

Taking the value θ = π/4, when there are maximum number of neutral pions , in the

figures (6.8) and (6.9) we compare the multiplicity of neutral pions with the charged pion

multiplicity distribution and see that for a small squeezing parameter (adiabatic limit) there

is no substantial difference between the charged and neutral pions, but at large squeezing

the neutral pions are enhanced compared to charged pions.

Case c: In this case the Hamiltonian is

H =

∫
d3k

(2π)3

1

2
(
ωπ
a3

(a†kak + aka
†
k) +

ωπ
2a3

(
Ω2
π

ω2
π

− 1)(a†kak + aka
†
k + a−kak + a†−ka

†
k)

+
ωΣ

a3
(d†kdk + dkd

†
k) +

ωΣ

2a3
(
Ω2

Σ

ω2
Σ

− 1)(d†kdk + dkd
†
k + d−kdk + d†−kd

†
k)),

+
ωπ
a3

(b†kbk + ckc
†
k) +

ωπ
2a3

(
Ω2
π±

ω2
π

− 1)(b†kbk + ckc
†
k + b−kck + c†−kb

†
k) (6.53)

+
λa3v2cos2(ρ)

4ωπ
(bkb−k + bkc

†
k + c†kbk + ckc−k + c†kc

†
−k + ckb

†
k + b†kck + b†kb

†
−k)),

+
λa3v2cos(ρ)sin(ρ)

2ωπ
(bka−k + bka

†
k + c†kak + cka−k + c†ka

†
−k + cka

†
k + b†kak + b†ka

†
−k)).

(6.54)

The sigma modes are decoupled form the neutral and the charged sector. Again using the

su(2) and su(1,1) symmetries, the Hamiltonian is diagonalized. The su(2) unitary transfor-

mations is

U(r, t) = e
R

d3k
(2π)3

[θ(Jae2iξ+Jbe
2iξ)]

e
R

d3k
(2π)3

[θ(Ja1e2iξ+Ja2e2iξ)]e
R

d3k
(2π)3

[θ(Ja3e2iξ+Ja3e2iξ)], (6.55)

The mixing is given by


 Aρ(k)

Eρ(k)



 =



 Cos(ρ) Sin(ρ)

−Sin(ρ) Cos(ρ)







 ak

bk



 , (6.56)



 Fρ(k)

Gρ(k)



 =



 Cos(ρ) Sin(ρ)

−Sin(ρ) Cos(ρ)







 ak

ck



 , (6.57)
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and

Bρ(k) = bk + ck, Cρ(k) = bk − ck. (6.58)

Then the Hamiltonian reduces to

Hneutral =

∫
d3k

(2π)3
[h1(Nρ1 +Nρ2) + h2(Dρ1 +Dρ2 +D†

ρ1 +D†
ρ2)

+h3(Nρ3 +Nρ4) + h4(Dρ3 +Dρ4 +D†
ρ3 +D†

ρ4)

+h5(Nρ5 +Nρ6) + h6(Dρ5 +Dρ6 +D†
ρ5 +D†

ρ6). (6.59)

The operators Dρi are defined by

Dρ1 = Aρ(k)Aρ(−k), Dρ2 = Eρ(k)Eρ(−k), Dρ3 = Fρ(k)Fρ(−k),

Dρ4 = Gρ(k)Gρ(−k), Dρ5 = Bρ(k)Bρ(−k), Dρ6 = Cρ(k)Cρ(−k), (6.60)

D†
ρ1 = A†

ρ(k)A
†
ρ(−k), D†

ρ2 = E†
ρ(k)E

†
ρ(−k), D†

ρ3 = F †
ρ(k)F

†
ρ(−k),

D†
ρ4 = G†

ρ(k)G
†
ρ(−k), D

†
ρ5 = B†

ρ(k)B
†
ρ(−k), D†

ρ6 = C†
ρ(k)C

†
ρ(−k), (6.61)

Nρ1 = A†
ρ(k)Aρ(−k) + 1/2, Nρ2 = E†

ρ(k)Eρ(−k) + 1/2.

Nρ3 = F †
ρ(k)Fρ(−k) + 1/2, Nρ4 = G†

ρ(k)Gρ(−k) + 1/2.

Nρ5 = B†
ρ(k)Bρ(−k) + 1/2, Nρ6 = C†

ρ(k)Cρ(−k) + 1/2. (6.62)

and

h1 =
ωπ
2a3

+
λa3v2

4ωπ
, h2 =

ωπ
2a3

+
3λa3v2

4ωπ
, h3

λa3v2

4ωπ
, h4 =

3λa3v2

4ωπ
,

h5 =
ωπ
2a3

+
λa3v2

4ωπ
(1 + cos2(ρ)), h6 =

ωπ
2a3

+
λa3v2

4ωπ
(1 + 3cos2(ρ)). (6.63)

The squeezing transformations are given by

U(r, t) = e
R

d3k
(2π)3

[rρ1D
†
ρ1−r∗ρ1Dρ1]+[rρ2D

†
ρ2−r∗ρ2Dρ2]+[rρ3D

†
ρ3−r∗ρ3Dρ3]+[rρ4D

†
ρ4−r∗ρ4Dρ4]+[rρ5D

†
ρ5−r∗ρ5Dρ5]+[rρ6D

†
ρ6−r∗ρ6Dρ6]

,

(6.64)

here rρi are defined by sinh2(rρ1,2) + Cosh2(rρ1,2) = h1 sinh(rρ1,2)Cosh(rρ1,2) = h2,
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sinh2(rρ3,4) + Cosh2(rρ3,4) = h3, sinh(rρ3,4)Cosh(rρ3,4) = h4,

sinh2(rρ5,6) + Cosh2(rρ5,6) = h5 and sinh(rρ5,6)Cosh
2(rρ5,6) = h6.

The final diagonalised Hamiltonian is given by

Hρ/2 =

∫
d3k

(2π)3
(
Ωπ±

a3
(C†

kCk +B†
kBk + 1) +

√
ΩπΩΣ

4a3
((I†kIk +

1

2
) + (H†

kHk +
1

2
)

+(L†
kLk +

1

2
) + (M †

kMk +
1

2
)). (6.65)

Similarly following the method for case a,the pion multiplicity distribution of the neutral

pions is given by

Pn0 =
(n0!)

2((tanh(rρ1)(tanh(rρ3)))
2n0

((n0

2
)!)2(cosh(rρ1)cosh(rρ3))2

n0
. (6.66)

The multiplicity distribution for the charged pionsPnc is given by

Pnc =
2cosh(rρ1sin(2ρ)cosh(rρ3sin(2ρ)(tanh(rρ1sin(2ρ)tanh(rρ3sin(2ρ))2nc

((cosh(rρ1sin(2ρ) + (cosh(rρ3sin(2ρ)))

((tanh(rρ5)))
nc

((cosh(rρ5)
.(6.67)

From the figure (6.10) we see oscillations in the number of charged pions as the disori-

entation ρ changes. Unlike case b, here, there are regions depending on the orientation ρ

of the intermediary metastable state,where the charged pions vanish. In these regions there

will be only neutral pions observed.

Taking the value ρ = π/4, when there are maximum number of charged pions, we plot

the charged and neutral pion distributions in figures (6.11) and (6.12). Again for a small

squeezing parameter(adiabatic limit) there is no substantial difference between charge and

neutral pions, but for large squeezing there is a difference.

Our detailed analysis shows that the multiplicity distributions can be a good mirror for

the disorientation of the DCC and can be supplemented by other measures such as pion

correlations, to get a good picture of the formation process of the DCC, when data becomes

available. It also shows that the dramatic signal of only charged or neutral pions is not the

only signal for DCC formation, but more detailed analysis of the distributions of pions has

to be done.
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Figure 6.10: Shows the oscillations in the number of charged pions as a function of the

disorientation ρ for the value of the squeezing parameters r = 4 (blue), r = 3.5 (light green)

and r = 4 (purple).
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Figure 6.11: Shows the the distribution of number of neutral pions(purple) and charged pion

(blue) as a function of n, for the same value of the squeezing parameters r = .5.
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Figure 6.12: Shows the the distribution of number of neutral pions(purple) and charged pion

(blue) as a function of n, for the same value of the squeezing parameters r = 4.
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To summarize, we have used a quantum field theoretical model and the squeezed states

formalism to calculate the multiplicities of pions which would be observed if the QGP un-

dergoes a rapid quench. We have studied specific signatures, such as anomalous charged-

to-neutral ratio of produced pions, which result in the process. In particular, the mixing

between various erstwhile pion states in the collision region which can produce differential

multiplicities of the charged and neutral final state pions has been found.
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CHAPTER 7

Conclusion

7.1 Conclusion

A definitive solution to the mystery of baryon asymmetry awaits future experiments, both

particle physics ones and cosmological ones, that will shed light not only on electroweak

symmetry breaking, but also the existence of supersymmetry. As these facilities yield infor-

mation on the conditions of the history of the universe nearer to the energy scales at which

baryogenesis took place, we might find an unambiguous answer to the question as to why the

universe is made of more matter than antimatter. Although we have seen that GUT baryo-

genesis is inadequate to account for BAU, the basic philosophy of these pioneering models,

that the processes responsible for baryon number generation is the decay of super heavy

bosons (complex scalar fields) carrying nonzero baryon number, survives in many subse-
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quent models. Since it is generally believed that matter is produced in the reheating process

after inflation, it is natural to consider inflationary reheating models that will produce such

bosons, which would subsequently decay into baryons, in this epoch. Moreover, these must

carry baryon number and the CP violation required by Sakharov conditions must be inbuilt

into the inflaton potential responsible for this reheating process in the out of equilibrium

expansion of the early universe. It is with this philosophy that we have considered baryon

asymmetry in two scenarios of the post inflationary reheating process.

In this thesis, we have developed a general formalism based on squeezed rotated states

to calculate the BAU in the wake of inflation, by considering the production of particles and

anti-particles in various reheating scenarios. We have also used the formalism developed to

study non-equilibrium processes during the chiral symmetry breaking phase transition of the

QGP, which may produce a disoriented chiral condensate that decays to particles (pions).

In the first model, we have studied the generation of BAU in a model originally used for

gravitational baryogenesis [25]. Sakharov’s requirements are fulfilled through an effective two

particle interaction with the graviton that violates baryon number conservation as well as CP

invariance. This model was reincarnated after the inflationary scenario was proposed and the

graviton was replaced by the inflaton [26]. In earlier work, [26] Green’s function techniques

were used to solve the equations of motion for the mode functions of the quantum fields.

The estimation of baryon asymmetry was shown to vanish to first order in the perturbation

parameter and appeared at the second order. The creation and annihilation operators of

complex scalars with non-zero baryon numbers at the end of reheating are related to those

at an earlier time by using the results of [25] and are therefore perturbative, and does not

yield a sufficient BAU.

We have re-examined this model from a different point of view, in the hope that an al-

ternative look at the problem, employing new techniques, will yield better information. On

second quantizing this model, we get a Hamiltonian that resembles quantum optical Hamil-

tonians generated by beam splitting and parametric amplification, which suggest the use of
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su(2) and su(1,1) coherent states. We have used these tools of quantum optics, through the

squeezed rotated states formalism, to diagonalize this Hamiltonian exactly. In particular,

we have found that at any time, this Hamiltonian has su(2) and su(1, 1) symmetries, which

we have efficiently exploited. The diagonalization procedure further allowed us to relate

the rotated and squeezed operators to the traditional Bogoliubov transformations between

the mode functions at an earlier time to those at later times and provides us with a fully

non-perturbative calculation for the asymmetry to all orders in the coupling parameter λ.

This methodology has allowed us to derive the exact evolution equations for the particle

and anti-particle modes leading to an asymmetry between the heavy bosons of opposite

baryon number, which, when they decay to fermions, produce the required BAU. The ap-

proximations that we have utilized at the end to find explicit variation of the number of

particles/anti-particles created as a function of the co-moving wave number are only illus-

trative. It is entirely possible to carry out the calculations without these approximations. Of

course, we will then not have the luxury of the vast literature on the solutions of the Mathieu

equations and instability regions allowing for parametric resonant solutions will have to be

looked for. On the plus side, the full equations we derived allows the possibility of including

the contributions to the baryon asymmetry coming from the expansion of the Universe. The

centerpiece of our effort are the equations we derived, which are exact and show the role

played by the expansion factor and the inflaton field on the evolution of the particle and

antiparticle modes. These can be solved for any type of inflationary scenario. .

In the second model, we have studied the non-equilibrium quantum effects on Affleck

Dine (AD) baryogenesis [11] in the post inflationary scenario. The reason for this is that

supersymmetry has a number of flat directions, which are lifted when supersymmetry is

broken. The Affleck Dine mechanism uses the flat directions in supersymmetric models to

generate a Lagrangian which naturally satisfies Sakharov’s conditions. Therefore, this can

provide a very promising mechanism for baryon asymmetry generation. In the initial model,

Affleck and Dine have used classical arguments to generate BAU and found that this gives a
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very large value. Means to reduce the rather over efficient generation of baryon asymmetry in

Affleck Dine mechanism requires a through study. In this thesis, we have done a systematic

study of the effects of inflation and parametric amplification of quantum fluctuations on the

baryon asymmetry generated in post-inflationary Affleck Dine baryogenesis. We have taken

into account the amplification of the quantum fluctuations in the Affleck Dine scenario using

the background field method, and investigated whether these quantum effects coupled with

reheating after inflation has any effect on the calculated BAU. The model used by Affleck

and Dine to illustrate the generation of BAU lends itself very well to the quantum optical

formalism we have developed in examining the first model. Again we get a Hamiltonian

having su(2) and su(1,1) the symmetries, which we can diagonalize exactly. Using Bogoliubov

transformations we have been able to derive the connection between the initial vacuum and

the final vacuum. This has allowed us to calculate the effect of quantum fluctuations on the

BAU exactly and also get the classical value in the appropriate limit.

This procedure has further allowed us to derive the evolution equations for the particle

(fields with baryon number 1) and anti-particle modes( fields with baryon number -1). The

effective potential encountered by these particles and anti-particles in their evolution is de-

pendent upon the expansion parameter a(η) and oscillation of the inflaton field (leading to

parametric resonance). Thus, we have considered two scenarios: the slow expansion and the

rapid expansion of the universe. In the slow expansion scenario, the predominant effect on

the evolution is the oscillation of the inflaton field, which gives rise to the parametric reso-

nance. This equation resembles the Mathieu equation, and the solutions of this equations

has instability bands within the resonance band. Thus, the number of particles are expo-

nentially enhanced and the number of anti-particles are damped. We have studied one more

case in this scenario where the broad resonant band is considered by replacing the oscillating

function with a asymptotically flat potential near it zeros. Here the BAU is calculated as

a function of comoving wave number k. Again we find that the differential amplification of

particle to anti-particle modes gives rise to BAU. In the rapid expansion scenario, the rapid
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transition of expansion parameter from the de Sitter metric (inflationary) to the FRW metric

( normal expansion) gives gives rise to non-equilibrium particle and antiparticle production.

The amount of particle production in the both the case is calculated as the tunneling through

a barrier of potential V (a). We found that by considering different inflationary scenarios

coupled with parametric resonance we can control the asymmetry parameter ”r” to a much

lower value than that obtained in the classical Affleck Dine model. Since a variant of the

Affleck Dine mechanism is also used to account for dark matter [82], as well as in most exotic

scenarios of baryogenesis, our method should be useful in this context also. Such a study

will be the subject of future investigations.

To probe the fundamental constituents of matter, the present the collider experiments

are going to reach the order of the energy scales of the early universe. At the present one

such experiment, which can probe scales of the first few seconds of the early universe is

RHIC, where an evidence for the creation of an excited states of quarks and gluons known

as quark gluon plasma (QGP) has been found. These results will be further consolidated by

the second phase of the Large Hadron Collider (LHC). Since baryon asymmetry cannot be

probed at these machines, we have to look at other non equilibrium situations which give

rise to the production of other types of asymmetry such as charge asymmetry to test our

techniques. On such situation has been hypothesised in the evolution of the QGP. This is

the non equilibrium situation in which a metastable collective state called disoriented chiral

condensate (DCC) is formed. We have used the techniques developed in the study of BAU

to examine the formation and decay of the DCC. In the last chapter, we have studied the

the evolution of the disoriented chiral condensate through both a sudden quench and with

a transition through a metastable state with arbitrary disorientation. Using the O(4) sigma

model and a background field analysis we constructed an effective Hamiltonian which has

su(1,1) and su(2) symmetries, allowing us to use the formalism we have developed in this

thesis. We have modelled three different scenarios of metastable intermedeary states that

can give rise to DCC’s. In all the cases the mode Hamiltonians have su(2) and su(1,1)
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symmetries allowing us to diagonalise them exactly using our formalism. The evolution of

the wave function in the expanding metric, similar to that of the expansion of the universe, is

considered thoroughly. The competing effects of expansion and the relaxation of the system

from the state of restored symmetry to the broken symmetry have been examined. We have

shown that there is an asymmetry in isospin space of the total multiplicity distributions of

charged and neutral pions, which carry information about the non-equilibrium formation

process of the DCC. These are dramatic characteristic signals for the DCC and are related

directly to the way in which the DCC forms. These are unambiguous, therefore they must

be examined thoroughly in future searches for the DCC. We are encouraged by the first

preliminary data from the analysis of the WA98 experiment at the CERN SPS in which

some events show an excess of photons (neutral pion excess) within the overlap region of

charged and photon multiplicity detectors. One of the aims of LHC (phase 2) will be a search

for the DCC and we hope that our results will be useful in that context.

This last application may seem out of place with the preceding chapters, but it is illus-

trative of the flexibility of the methods that we have developed in this thesis. Encouraged

by this, we intend, in the future to apply it to other models of asymmetry generation. One

example of this is the problem of particle production in the presence of warped extra dimen-

sions [48] . One possible future problem is to construct models incorporating the Sakharov

conditions to calculate the BAU using such models as the Randall-Sundrum [48] and DGP

(G. Dvali, G. Gabadadze, and M. Porrati) models[83]. Since these are inspired from string

models, that naturally have a plethora of scalar fields, they can give complex inflaton field

candidates. It would be interesting to investigate how the BAU is affected by the nature of

particle production on the brane, the nature of warping,cosmic evolution and reheating.

In conclusion, we end with the optimistic hope that the LHC will shed light on the

viability of any of the conjectures on the origin of BAU. Vital evidence on supersymmetry,

large extra dimensions, disoriented chiral condensates and other exotic scenarios is awaited

from the results it will provide.
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