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SYNOPSIS

Channeling and Channeling Radiation

When a charged particle is incident upon a solid target, several physical phenom-
ena occur like elastic scattering, inelastic energy-loss processes, secondary-electron
emission, bremmsstrahlung, nuclear reactions, etc. Channeling is the process which
confines the path of a particle in a crystalline solid. It can take place when the parti-
cle is aligned along one of the major symmetry directions in the solid. These are the

open directions (channels) between rows or planes of atoms [1, 2].

Since the steering of the particles involves collisions with many atoms, one may
consider a continuum model in which the nuclear charge of the atomic row or plane is
uniformly averaged along the row or plane. The moving particles will not be able to
feel the interaction due to individual atoms sitting at various lattice sites but rather
experience a collective effect of all the atoms sitting along a particular axial or planar
direction. Lindhard’s continuum model [3] gives a complete initial description of this
phenomena. According to this model, channeling can takes place when the time of
flight to cross one lattice spacing is less than the collision time with any individual
target atom. This means that by the time the particle can feel itself to be in the field
of one atom, it is already in the field of next atom along the string or plane and it

will see only continuum potentials [4] instead of individual atom field.

The charged particles penetrating through matter experience electromagnetic force
due to atoms. As a result, these particles undergo acceleration or retardation and
may be deflected due to collisions along their trajectory. This causes the emission of
bremmsstrahlung. In the case of normal bremmsstrahlung, these deflections are highly

uncorrelated (random). Correlated deflections give rise to coherent bremmsstrahlung
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where the particles move almost in a straight line along various channels of SAME
symmetry (family). But at very small angle of incidence, below the critical angle, the
motion is influenced by the continuum axial or planar potential of the SAME channel
and the particles are channeled. The corresponding radiation is called channeling
radiation. In the quantum picture channeling radiation is associated with jumps
between the quantum states of the transverse motion in the planar or axial continuum
potential. But the observation of this radiation is difficult because the transverse
oscillation frequencies and the corresponding energies are very low (of the order of eV).
However, the relativistic effects shift the energies to keV or even MeV for MeV or GeV
positrons and electrons. All the results presented here pertain to these relativistically

fast channeled particles [5].

Channeling has a variety of applications. One of the first applications in con-
junction with the RBS, has been for the lattice location of point defects in crystals.
Subsequently, more complex defects and damages have been studied over the last four
decades with RBS/Channeling. More recently, channeling radiation is being used as

a radiation source and applied to study of various kinds of defects and strain.

Outline of the Thesis

The thesis consists of 6 chapters;
1. Introduction
2. Effects of hypersonic field and anharmonic interactions on channeling radiation
3. Quantum calculations for the effects of dislocations on channeling

4. Dechanneling of positrons by dislocations: Effects of anharmonic interactions
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5. Effects of Dislocations on Channeling Radiation from a Periodically Bent Crys-
tal

6. Summary and Concluding remarks

In the introduction chapter, a brief summary of channeling and channeling radiation
with relativistic effects are given. Also the importance of quantum mechanical effects

and applications of channeling are mentioned.

Chapter 2 is the study of the effects of hypersonic field on channeling radiation.
These external fields, both longitudinal and transverse, modify the wavefunction of
the positrons propagating along a planar channel. The transverse potential becomes
both x and z (directions of transverse oscillation of the channelon and propagation
of the hypersonic field waves respectively) dependent and changes the observable pa-
rameters like frequency and intensity. The effects of anharmonicity of the positron
planar potential is studied. The quartic term makes the transverse potential more
complicated and influences the spectral distribution. In the longitudinal case, the
anharmonicity increases the spectral distribution of radiation intensity by a consid-
erable percentage. The study of the effects of transverse perturbation is important
in the realization of crystalline undulators [6] (where acoustic waves with sufficiently
high amplitudes are used). In the present study, waves of lower amplitudes are con-
sidered, whose dependencies make weaker interactions on the spectral distribution

when compared to the longitudinal case.

In chapter 3, a quantum mechanical treatment of the effects of dislocation on
channeling is given. Using the Schrodinger equation, the longitudinal and trans-
verse motion is separated out and the effects of dislocations are incorporated by a
centrifugal energy term. Around the dislocation core, we can divide a particular

channel into four regions; two curved parts with curvatures in opposite directions
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together bounded by two perfect and undistorted regions. The change in the trans-
verse potential and frequency of oscillation in the perfect channels and two regions of
dislocation affected channel are calculated. Using the corresponding wavefunctions
and the boundary conditions across these four regions, we find the reflections and
transmission co-efficients. These co-efficients give the dechanneling and channeling
probabilities respectively. Both positron and electron channeling are considered. The
difference in the positron and electron channeling in a dislocation affected channel
is studied by these probability co-efficients. In the case of electron channeling, the

variation of the spectral distribution due to dislocation is also found.

In chapter 4, the effects of anharmonic interactions on positron channeling in a
dislocation affected channel is studied in a quantum mechanical framework. The
wavefunctions in the perfect and the dislocation affected regions of the channel are
found and compared with that for the harmonic case. The anharmonicity affects
the number of bound states as well as the distortion parameters. The variation
in the frequency of oscillations is expected with the inclusion of the anharmonic
terms. The above factors influence the transition among various states. The transition
probabilities and the resulting dechanneling probabilities are found for initially well-
channeled particles in states |0) and |1). It is found that, anharmonic effects tend to
increase the radius of curvature of the dechanneling cylinder. The change in these
observable parameters are in good agreement with the previous calculations with

anharmonic interactions (chapter 2).

Chapter 5 deals with the effects of dislocations on the positrons channeling in
a periodically bent crystal (crystalline undulator [6]). Two cases of high and low
dislocation densities are considered. Both the dislocation affected region and the pe-
riodically bent channel are represented by their radii of curvature and wavelengths

and we consider the modulation of these effects of dislocation over the periodicity

X



of the channel. The varying dislocation densities change these modulation effects.
Correspondingly, the dependencies of the channeling radiation on the periodicity of
the channel are also varied; at higher dislocation densities the influence of this chan-
nel periodicity is less. Both dislocation effects and periodicity of the channel are
complimentary to each other’s effects on channeling and is studied in detail in this

chapter.

Finally in chapter 6 the summary of the thesis is given with some concluding

remarks and the future directions of works in this field.

Thesis Summary

The basic motivation of the work presented in this thesis has been to study the
interactions of internal and external perturbations on the channeling process. The in-
ternal perturbations are defects like dislocations and the external ones are mechanical
periodic perturbations like hypersonic/acoustic waves (both longitudinal and trans-
verse). The presentation is divided into three parts:

(i) Effects of hypersonic field on channeling radiation

The effects of both transverse and longitudinal hypersonic waves on channeling ra-
diation are considered. Also the influence of anharmonicity of the planar transverse
continuum potential on the wavefunction of the positron and the fractional change in
frequency due to these anharmonic effects are calculated. The transverse perturba-
tion effects are given special mention, which is a first step in the study of undulator
radiation.

(ii) Effects of dislocations on channeling radiation

Effects of dislocations on channeling are studied for both positron and electron chan-
neling. A quantum mechanical model, where the affected region is divided into four

parts separated by 3 boundaries, has been developed. Continuity of wave functions



and their derivatives across these boundaries gave channeling and dechanneling co-
efficients. The effects of anharmonic term in the positron planar potential on the
distortion co-efficient and number of bound states and other channeling parameters
like frequency of radiation, are studied in detail and compared with those obtained
in the harmonic case.

(iii) Effects of dislocations on channeling in a periodically bent crystal
The effects of dislocations on channeling phenomena in a periodically bent crystal
are studied for the first time. The distortion effects of both the dislocation affected
regions and the periodically bent channels are represented in terms of waves with
comparable amplitudes and wavelengths. Therefore, the distortion effects due to dis-
locations can be modulated on the periodic distortions (resulting for example due to
undulators). In this analysis, we consider both the situations namely; Ay > A\, (low
dislocation density) and Ay < A, (high dislocation density). It is found that for low
dislocation density, the crystalline undulator parameters play a major role where as
in the case of high dislocation density, undulator parameters have minimal effects on

the radiation.

In summary, no crystal is perfect and study of channeling/channeling radiation and
crystalline undulators are incomplete without the consideration of defects and other
field interactions. The present work is a broad study of these effects of distortions
and field interactions on channeling of both positive and negative particles through

crystals.
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CHAPTER 1

Introduction

1.1 Channeling

When a beam of energetic charged particles is incident on a solid target, a variety
of phenomena take place like scattering, nuclear reactions, x-ray production etc. The
scattering studies give information about the microscopic as well as the macroscopic
properties of matter. The interaction between the incident beam and the target is
orientation-dependent. The arrangement of atoms in a solid determines the crys-
tallographic properties of the material in general, particularly in single crystals it
determines the directional effects on incident ion - target atom interactions. The
influence of the crystal lattice on the trajectories of ions penetrating into the crystal
gives rise to phenomena known as channeling - a term that visualizes the atomic rows
and planes as guides that steer energetic ions along the ”channels” between rows and

planes. Channeling of energetic ions occurs when the beam is carefully aligned with



a major symmetry direction of a single crystal. By a major symmetry direction we
mean one of the open directions as viewed down a row or plane of atoms in a sin-
gle crystal. Figure 1.1 shows a view of this process in diamond structure along the
< 110 > axial direction where most of the ion beam is steered (channeled) through

the channels formed by the strings of atoms.

LE
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Figure 1.1: Particle along the < 110 > axial channel in a diamond structure.

1.1.1 Continuum Model

The trajectory of channeled particles is such that the ion makes a glancing angle
impact with the axes (axial channeling) or planes (planar channeling) of the crystal
and is steered by small angle scattering collisions at distances greater than 0.1A4 from
the atomic cores. Since the steering of the channeled particle involves collisions with
many atoms, one may consider a continuum model in which the nuclear charge of the

atoms in a row (or plane) is uniformly averaged along the row (or plane).



A charged particle, when steered along the axial or planar channels, will not feel
the interaction due to individual atoms sitting at various lattice sites but rather
experience a collective effect of all the atoms sitting along a particular axial or planar
direction so that the moving particle will experience only continuum strings or planes.
The conditions for this to happen have been derived by Lindhard [1] and Erginsoy [2]
in an analysis based on the idea that the particle velocity component parallel to the
axial or planar direction is such that the time of flight to cross one lattice spacing is
less than the collision time with any individual target atom. This means that by the
time the particle can feel itself to be in the field of one atom, it is already in the field
of next atom along the string or plane. Hence the particle will see only continuum
potential instead of individual atomic potentials and we can assume an oscillatory
motion of the channeled particles during its passage through the crystal. Figure 1.2

illustrates the condition of channeling.

. «—d —s, .

Figure 1.2: Channeling condition.



The continuum condition as discussed above may be is written mathematically as

3],

Tmin d

(1.1)

where '7,,;,” is the distance of minimum approach to the string, 'd’ is the interatomic

vsiny  vcosy

spacing, 1" is the angle at which the particle enters the channel and "v’ is the velocity

of the particle.

We can obtain the continuum potential which describes the interaction of the chan-
neled particle with the atomic rows or planes by averaging the atomic potential along

the rows or planes. For the axial case

1 o
Uu(r) = p / V(VZz2+1?) dz (1.2)
where V' (v/22 +1r2) = V(R) is the interatomic potential and may be written as,
AV
vir) =22 oy (13

where p(R) is the screening function and Z; and Zy are the atomic numbers of
the incident ion and target atom respectively. The screening function ¢(R) may be
expressed either as power law or exponential form. For simplicity Lindhard chose a

power law form given by [4],

(R =1— ——" (1.4

V R?+ C?a2.,

where C' is the Lindhard constant(:\/g) and app is the Thomas-Fermi screening

distance given by,

0.8853
— ao

arrp =
\ 22 4 22

where aq is the Bohr radius.



Several other forms of screening function are discussed in the next section 1.1.2.

Using the Lindhard power law screening function we get the axial continuum potential

Ua(r) = 21?62 ln[(CiTF)Q + 1] (1.5)

For small values of 'r’ (high energies), the above equation reduces to,

2212262 (CCLTF)
= In
d r

as,

U,(r)

(1.6)

At the point r,,;,, the transverse kinetic energy is equal to the repulsive continuum
potential U(r,,,). i.e.,
EY? = U(Tmin) (1.7)

Using equations (1.6) and (1.7), we can obtain the value of 7., as,

Edy? ]

—— 1.
2212262 ( 8)

Tmin = CYG/TF exXp |: -

From the above equations we can find the critical angle for channeling. The con-

tinuum condition (Eqn.(1.1)) may be rewritten as,
Tmin > d ’(/) (]_9)

which becomes using equation (1.8),

CCLTF o EdQ/JQ <1
X R —
d ’l/) 2212262

(1.10)

This condition is obviously satisfied for extremely small values of ). As 1 increases
from zero, the condition is violated with the exponential function decreasing rapidly,

provided Capp/di remains large. The condition (1.10) will remain fulfilled for

27, Zpe?\
<P = —— 1.11
v<u (22 (111)
provided Carp/dyy > 1. 1)y in the above equation gives the critical angle for channel-
ing at higher energies. i.e., this equation is valid only for energies £ > E' = %2626[.
TF



271 72e%d
a2
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For low energies F < , one should use the full continuum potential (1.5)

and we obtain the condition

1/2
U <y :<€£/T§wl) (1.12)

1y is the critical angle for channeling at lower energies when the value of 'r’ is large.

In the planar case, two-dimensional averaging of the interatomic potential results

in a sheet of charge. The corresponding planar continuum potential is given by,

U,(y) = Nd, /OOO V(Vy?+12) 2mr dr (1.13)

where "y’ is the distance from the plane, Nd, is the number of atoms per unit area

in the plane and 'd),’ is the interplanar spacing. The planar continuum potential can

Uy(y) = 212, Zy¢*Nd,, {\/yZ + C%ad2, — y] (1.14)

Similar to the axial case, we find the characteristic angle for planar channeling from

be written as,

the continuum condition as

27T2122€2aTFNdp 1/2
wp -

: (1.15)

The critical angle in the planar case is found to be smaller than that in the axial case.

1.1.2 Interatomic Potential

The interatomic potential (Eqn. (1.3)) mentioned in the last section is most crucial
and basic quantity needed to understand any phenomena in condensed matter physics
in general and ion channeling in particular. The screening function ¢(R) basically
represents the effects of electrons, which tend to screen the Coulomb interaction
between projectile nucleus Zje and the target nucleus Zse. In principle, one has to

incorporate the effects of electrons attached to the nuclei as well as the conduction

6



electrons moving in the solid. This is best done via Thomas Fermi equation for
screening function which can be solved only numerically [5]. However, several accurate
analytical approximations to this screening function have been used. Lindhard used
a power law form shown in Eqn. (1.4). This gives reasonable approximation for
distance of interest in the crystallographic channels. However for larger distances,
power law decrease is too slow and exponential form of Thomas Fermi screening have
been used. The most frequently used one is the Moliere approximation and is given

by,
. 212262
R

where b = 0.3/arp. Here the screening function is given by,

Vi (R) (0.35¢7 "%  0.55e 741 - 0.1e7200F) (1.16)

w(i) :g a; exp(—piR/arr) (1.17)

arr

where {o;} = {0.1,0.55,0.35} and {3;} = {6.0,1.2,0.3}.

Lindhard and Moliere expressions for the screening function are the ones most
widely used to describe ion-atom interactions in channeling. Other forms of inter-
atomic potentials used in channeling calculations include Born-Mayer potential [6]
given by,

Vem(R) = Agyexp(—R/apy) (1.18)
where ap); is the Born-Mayer screening radius and Bohr potential [7] given by,

Vio(R) = ZIZZ;@Q exp(—R/ay) (1.19)

where a; is written as,
ag

\ 2 4 72

This screening function has the disadvantage at large distances (R > a;) where it

ay = (1.20)

provides excessive screening and the potential decreases too rapidly to fit actual ion-

atom interactions.



It is seen that there is no single potential which can be used for the analytical
calculations for entire range of interatomic distances. Alternative mathematical ap-
proximations have been made for both planar [8] and axial potentials [9] in problems
involving the effects of defects like dislocations, stacking faults etc on channeling. In
the planar case, a simpler approximation has been proposed by Pathak [10, 11] which
is essentially a mathematical approximation to the Lindahard’s standard potential.
This has been used extensively in the study of the defects and the dechanneling of

the particles and is given by,

. Z1Z262 C(Z%F

Veu(R) = 1.21

) = Rt are)? 2
Using Eqn. (1.21) in (1.13), one gets the planar potential,
27TZ1Z262Nde'a2TF

U = 1.22

Py (Yy) Y+ arp ( )

The potential experienced by the particle in a planar channel is the superposition of
potentials due to both the planes. This can be obtained by substituting y = | + z,
where | = d,,/2, z is distance measured in the transverse direction from the mid-plane

between the two planes. Hence the total planar potential is given by,

1 1
Upn(z) = 212, Zy¢* Nd,Ca-p < A —— o p— x) (1.23)

which can be written in a simplified form given by,

. 4VoLarp
o 2 — x2

Ulx) (1.24)

where L = |+ arp and Vy = 72, Z9¢*CarpNd,.

1.2 Channeling Radiation

When charged particles penetrate through matter, they experience electromagnetic

force due to atoms. As a result acceleration or deceleration of the particles occurs.
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The particles may be deflected due to collisions along their trajectory. This results
in the emission of bremsstrahlung. In a crystal, we may distinguish between nor-
mal (incoherent) bremsstrahlung, coherent bremsstrahlung and channeling radiation.
This distinction is related to the correlation of deflections in time and space. Nor-
mal bremsstrahlung occurs when the incident particles are deflected randomly by
individual atoms. These deflections due to close collisions with atoms are highly un-
correlated. However, deflections in more distant collisions are highly correlated when
they are due to the interaction with one or two-dimensional continuum potential over
planes or axes respectively. The projectile motion is only slightly deflected by the
potential and the trajectory of the particle is almost straight along various channels

of same symmetry (family), as shown by 'a’ in Figure 1.3.

For particles incident at very small angles (within the critical angles) to a plane
or axis, the projectile motion is governed by continuum planar or axial potential of
the same channel. The particles are channeled and the radiation associated with the
transverse motion perpendicular to the plane or axis is called channeling radiation.
b’ in Figure 1.3 shows the trajectory of a channeled particle. Quantum mechanically,
channeling radiation is associated with jumps among quantum states of transverse

motion.

However, the observation of this radiation was difficult because the transverse os-
cillation frequencies and the corresponding energies are very low (of the order of eV).
The breakthrough came with the relativistic effects shifting the energies to keV or
even MeV for MeV or GeV positrons and electrons. Therefore we consider a rela-
tivistic particle moving along a channel. For the present explanation of the effect
we consider a relativistic positron incident with a velocity v’ channeling along the

z-direction with transverse oscillation in the z-direction as shown in Figure 1.4.



O—0—0—0—"0—™20

a O—0—0—0—0—=0

Figure 1.3: The electron motion along or close to crystallographic planes/axes. ’a’

represents the trajectory of the particle in the coherent bremsstrahlung and 'b’; in

channeling.

The emission process takes place in the rest frame of the particle due to the transi-
tion among the discrete energy levels. Since in the particle rest frame, the crystal is
moving back at a speed -v, it appears Lorentz contracted. Therefore the interatomic
spacing is reduced in the rest frame, dr = d/~. Correspondingly, we expect the trans-
verse force and hence the continuum potential governing the motion to increase by a
factor «. This results in increase of separation among the transverse energy levels to
increase by v [12]. i.e.,

AER =~vAFE (1.25)

These Lorentz transformations are illustrated in Figure 1.4. The characteristic fre-
quency of oscillations wy, changes accordingly with the change in AE and is given
by,

WR = YWo (1.26)

where wy is the characteristic oscillation frequency of the particle.
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Lab Frame V(X)

O0—O0—0—0—0——0

X

Rest Frame

R
V)= TV(x)

~ V< 0~0—0—0—0—0
e*| .
0—0—0—0—0-0

Figure 1.4: Lorentz transformations between the Laboratory and Rest Frames.

Now the emission taking place in the rest frame has to be observed in the lab frame.
We use Doppler equation and the observed frequency in the lab frame is given by,

WR

a 7(1 — B cos®)

wr,

(1.27)

In the forward direction, at § = 0, emission is maximum. The corresponding frequency

of radiation is,

wr, = 272w (1.28)

The intensity distribution of the radiation by positron is characteristic of a dipole as

shown in Figure 1.5.

Channeling radiation was observed for the first time for positrons [13] about 30
years ago and has been studied by various groups [14-18] Theory was formulated [16]
and experimental confirmation was made for positrons [13] and electrons [19, 20] as

well.
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Rest Frame

Figure 1.5: The intensity distribution in the rest frame and lab frame.
1.3 Quantum Mechanical Effects

Most of the early experimental works after the publication of Lindhard’s classical
theory of channeling were related to the determination of critical angles, minimum
yield and stopping power for protons and heavier ions channeled in single crystals.
The classical theory provided a complete description of channeling phenomena for
these relatively heavy ions. But the works on electron microscopy, especially trans-
mission electron microscopy (TEM) with crystalline materials, was being extended
to channeling situations and there were clear indications of quantum and diffraction

effects dominating the patterns.

In quantum mechanical approach, the confinement of transverse motion of chan-
neled particles between two planes or in an axial channel surrounded by several strings,
leads to discrete energy levels as mentioned in Section 1.2. Based on the number of
allowed quantum states for transverse motion in the potential well of channel, it has
been shown that positrons and electrons do not behave exactly similarly, as one might
expect purely on the basis of their opposite charge. The number of quantum states
for positron case is smaller than for electron case. This happens because transverse

motion of positively and negatively charged particles is qualitatively different in chan-
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neling situations. For electrons the potential minima are at the center of atomic string
and channeled electrons have an increased probability for bound motion with respect
to axial string. This implies that channeling states for electrons are more stable than

for positrons.

We use in our calculations, both Dirac and Schrodinger equations for the motion of
these charged particles through the crystallographic axis. The relativistic effects are
included by introducing the v factor. The spin effects are neglected. The quantum
mechanical concept in the channeling can be extended to explain the theory of classical

effects like undulator radiation.

1.4 Applications of Channeling

A variety of practical uses have been found for channeling effects. Channeling
effects can be used as tools to investigate the properties of the crystal lattice as well
as the perturbations (like defects and doping) in the bulk region that may not be

accessible to X-rays.

One of the main applications of channeling is the study of defects. It involves
location of the defects and their density measurements in the solids. We can pin-
point the exact position of the foreign impurity by doing the channeling experiments
along various crystallographic directions [21, 22]. Similarly the extended defects like

dislocations and stacking faults can be studied both qualitatively and quantitatively.

Surface studies are of general interest to material scientists [23-26]. These studies
give the information on the structure of a few surface layers, and for defective and
damaged surfaces where the knowledge and control of damage can be of enormous

value in technological applications.
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At very high energies (tens of GeV), the applications include the channeling ra-
diation for enhanced production of high energy gamma photon. Channeling in bent

crystals has been used to bend ion beams [27, 28] and also focus it [29].

1.5 Outline of the Thesis

The motivation behind the work presented in this thesis has been to study the
interactions of internal and external perturbations on the channeling process. Quan-
tum mechanical formulations have been developed based on the existing theoretical
assumptions for internal perturbations in the form of defects like dislocations and
external ones like hypersonic/acoustic wave (both longitudinal and transverse) prop-

agations.

Chapter 2 is the study of the effects of hypersonic field on channeling radiation.
These external fields, both longitudinal and transverse, modify the wavefunction of
the positrons propagating along a planar channel. The transverse continuum potential
becomes dependent on both x (direction of transverse oscillation of the channelon) and
z (propagation of the hypersonic field waves) and changes the observable parameters
like frequency and intensity. The effects of anharmonicity of the positron planar
potential is studied. The study of the effects of transverse perturbation is important
in the realization of crystalline undulators (where acoustic waves with sufficiently

high amplitudes are used). Here the waves of lower amplitudes are considered.

In chapter 3, a quantum mechanical treatment of the effects of dislocations on
channeling is given. We consider both positron and electron channeling. Using the
Schrodinger equation, the longitudinal and transverse motion is separated out and
the effects of dislocations are incorporated by a centrifugal energy term. Around the

dislocation core, we can divide a particular channel into four regions; two curved parts
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with curvatures in opposite directions together bounded by two perfect and undis-
torted regions on either side. The change in the transverse potential and frequency
of oscillation in the perfect channels and two regions of dislocation affected channels
are calculated. Using the corresponding wavefunctions and the boundary conditions
across these four regions, we find the reflections and transmission co-efficients. These

co-efficients give the dechanneling and channeling probabilities respectively.

In chapter 4, the effects of anharmonic interactions on positron channeling in a
dislocation affected channel is studied in a quantum mechanical framework. The
wavefunctions in the perfect and the dislocation affected regions of the channel are
found and compared with that for the harmonic case. The anharmonicity affects
the number of bound states as well as the distortion parameters. The variation
in the frequency of oscillations is expected with the inclusion of the anharmonic
terms. The above factors influence the transition among various states. The transition
probabilities and the resulting dechanneling probabilities are found for initially well-
channeled particles in states |0) and |1). It is found that, anharmonic effects tend to
increase the radius of curvature of the dechanneling cylinder. The change in these
observable parameters are in good agreement with the previous calculations with

anharmonic interactions (chapter 2).

Chapter 5 deals with the effects of dislocations on the positrons channeling in a pe-
riodically bent crystal (crystalline undulator). Two cases of high and low dislocation
densities are considered. Both the dislocation affected region and the periodically
bent channel are represented by their radii of curvature and wavelengths and we con-
sider the modulation of the effects of dislocations over the periodicity of the channel.
The varying dislocation densities change these modulation effects. Correspondingly,
the dependencies of the channeling radiation on the periodicity of the channel are

also varied. At higher dislocation densities the influence of this channel periodicity
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is less. Both dislocation effects and periodicity of the channel are complimentary to

each other’s effects on channeling and is studied in detail in this chapter.

Finally in chapter 6 the summary of the thesis is given with some concluding

remarks and outlook and the future directions of works in this field.
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CHAPTER 2

Effects of Hypersonic Field and Anharmonic Interactions on

Channeling Radiation

2.1 Introduction

The subject of interactions of radiation with matter is of great interest in several
branches of science. It is well known that electromagnetic processes are influenced
by the medium. Some of the important examples are Cherenkov radiation, transition
radiation, channeling radiation and synchrotron radiation where the medium plays a
crucial role. In most of these processes, the motivation is to extract the maximum in-
tensity with tunable frequencies of the emitted radiation by optimization and proper
understanding of the underlying mechanisms. An enhancement of radiation intensity
can also be achieved by the use of resonance effects between an external field (quite
often an electromagnetic field) and the stimulated radiation process. In the context

of channeling radiation, the Dirac equation with a quasi-static transverse potential,
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followed by an analysis parallel to that of Kumakhov [16] using spinor components,
resulted in the broadening of the radiation band width. Hypersonic/ultrasonic ex-
citations of the medium by an external probe also have the ability to produce such
resonance effects. The problem of radiation by ultra-relativistic particles channeling
in the crystal in the presence of hypersonic wave fields has been discussed by several
authors [30-39]. In this chapter, we investigate the influence of hypersonic vibrations

excited in a single crystal on the channeling radiation from positrons.

The hypersonic field results in compressions and rarefactions along the direction of
propagation. The crystal potential in the transverse direction follows these compres-
sions and rarefactions and the particles feel a periodic potential along its direction of
propagation. Grigorian et. al. [34, 35] treated this process in a harmonic approxi-
mation for the transverse planar potential. However, a more accurate description is
required to include the actual influence of these acoustic fields on the already existing
parabolic transverse potential. As a result, the shape of this transverse potential
becomes more complex, and hence the resulting anharmonicity effects should also be

included.

In the present investigation, the influence of such anharmonicity effects due to
hypersonic waves are studied. Section 2.2 deals with the mathematical formulation
of the process where the effects due to longitudinal hypersonic field is considered.
Section 2.2.1 gives harmonic model of the effects of the hypersonic field on channeling

radiation. Section 2.2.2 discusses the effects of anharmonicity.

In section 2.3 we investigate the effects of transverse hypersonic periodic pertur-
bations on the channeling radiation. When a transverse acoustic wave of sufficient
amplitude is incident on a crystal, the crystal channels bend periodically. Channeling

of energetic ions through this periodically bent crystal gives rise to undulator radia-
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tion [40-46], produced due to the curvature of the trajectory; in addition to channeling
radiation. As the amplitude of bending of the channels increases, undulator radiation
dominates over channeling radiation. Transverse acoustic wave propagation is one
of the many methods to produce undulation in a crystal. We will discuss this in
detail in chapter 5. In this section, we consider the lower regime of the amplitudes
of transverse wave. Therefore the undulator radiation produced is very weak and we

need to consider only the effects on the channeling radiation.

2.2 Effects of Longitudinal Hypersonic Field

2.2.1 Harmonic Model

The planar potential based on the Lindhard standard potential with slight modi-
fication [10, 11] has been shown to be reasonable for both dechanneling calculations
[47] and channeling radiation characteristics [48]. We continue to use this poten-
tial so that in harmonic approximation, the planar potential due to both the planes

surrounding a channel can be written as

V(z) = Vpa? (2.1)
where
47TZ1Z2620a2Np
— 2.2
Yo (l+a)? (2:2)

The coefficient Vj is obtained by incorporating the appropriate crystal parameters.

"z’ is the position coordinate in the transverse space, measured from the mid-plane.

The effects of the external hypersonic field on the planar potential ’seen’ by the

relativistic positron are incorporated as [32, 33].
U(x,z) = Upcos(ksz) + V(x)[1 + pcos(ksz)] (2.3)
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where ky = 2m/As , A is the wavelength of the hypersonic wave, and U, and p are
the modulation parameters of the potential. The z-dependence of the potential arises
since the hypersonic field is propagating in the z-direction, and reflects the periodic
compression and rarefaction in the medium. Hence the equation of motion of the

relativistic positron in this external field is given by the modified Dirac equation:
[(E—U)? —mjc* + h*c*%] ¢p(r) =0 (2.4)

The above equation assumes that the spin effects are negligible; at high energies (>10
MeV). The derivation of the above equation from the Dirac equation is given in detail

in the Appendix.

Without the acoustic field, the above Dirac equation is satisfied by the wavefunc-

tion,

L1 h

1 i

0

Qﬁ,(%p)yE(T) = —==S5ue(7) exp {—(pyy +pzz)] (2.5)
ylz

where p, and p, are the projections of the momentum of the positron on the y-axis

and z-axis respectively, and [, and [, denote the thickness of the crystal along the y

and z coordinates. S, g are the oscillator wavefunctions, defined by

(2.
Spgp = ————% H, | — (2.6)
2rnlay/T «

which satisfy the Schrodinger equation,
h? d?

where M = c% and,

2
2V
Wg = —
L E
h
a = —_—
mwg



To find the positron wavefunction in the presence of a hypersonic field, we make
the series expansion,
’i o0
Yo, () = exp( 2pyy | Y Chnis(2) Sk (). (2.9)
h k=0

Substituting Eqn. (2.9) in (2.4) and using the condition |U| < E, we get

E? —m2c* — p2c? h2c? 02 0 -
— ( SE z )i/fnpyE(r) + Uthnp, 5 — oF 92 &P (ﬁpyy) Z Crnir(2) Sk ()
k=0
h2c? 02 ) -
T 2F 927 (ﬁpyy) > Chnra(2) Skr(x) = 0 (2.10)

k=0
To further simplify, we use the creation and annihilation operator representation for
T as (a + aT)% . Here a (annihilation operator) and a' (creation operator) satisfy
the well-known general relations,

a, = \/ﬁwnfl
a'y, = Vn+ 1,

After some detailed algebra and simplifications, this leads to a system of recursive

relation for the coefficients Cy,p appearing in Eqn. (2.9) as follows:

h2c? 02 L E? —m2ct — pzc2
—ﬁ@(}&g + [UO cos(ksz) + enp <1 + 5 cos(ksz)> — 5 } C
1
+ ZuhwE COS(ksZ) |:\/ /{Z(/{Z — 1) Ck72 + \/(/{7 + 1)(]€ + 2) Ck+2:|

= 0 (2.11)

The evaluation of the unknown coefficients, C}, , is carried out by expanding them in

terms of plane waves along the direction of motion of the positron (i.e., the z-axis),

Cr(2) = Ag(2)exp(iBg(2)) (2.12)

hBg(z) = pkEz+/ak(z)dz. (2.13)
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The values of o, are the solutions of the equation

d E
ih% = o0p(0% + 2pkE) + g(ZUo + peng) cos(ksz) (2.14)

and

PREC = \/E2 — mict — p2c? —2Ee,p (2.15)

Since |U| < E and k, < wp , we can use the approximation |%k| ~ k| Fy| < wpFy,

where Fj, = oy, Ay , and using ;—’; < 1 we have

or = —(p (UO + genE) cos(ksz) (2.16)
where
E
Ch = 3
PrEC

Substituting the above equations in Eqn. (2.11) and rearranging, we get

dA 1 , .
Zd—zk = iug“hwE cos(ksz). exp(—iBy) {\/k(k —1) Ap_oexp(—iBy_2)

+ Vk+1)(k+2) Ao exp(—inH)} (2.17)
Also we can rewrite Eqn. (2.13) as
in(k,
hBj, = prez — Gy (1 + g cos(ksz)) sm;{; ?) (2.18)
Introducing the column matrix,
A
- Ay
A= (2.19)
Eqn. (2.17) can be written in a compact form
dA .
— = puHA 2.20
= H (2.20)
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with

0 0 w2 0

0 0 0  u6
H=| w2 0 0 0. (2.21)
0 w6 0 0

where

u = iCh cos(ksz) exp{i(hwE [22 + uSin;ksz)} } (2.22)

The solution of Eqn. (2.20) can be written as

~

A(z) = Q(2).R (2.23)

where Q(z) = exp { - z,ufﬁ(z) dz} =1- wf]:I(Z) dz to the first order in p.
The column matrix R is composed of integration constants Ry, normalized by the

condition,

D IR = ;l
k

ylz
The solution corresponding to different transverse states can be found by setting

Ry = Okn nk=0,1,2.
Il

The wavefunction of the positron is then written as

1

1) = = exp ) 3 Sus(0)Qun(), (229

lyl,
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Resonant influence of hypersound

Due to the external hypersonic wave momentum hk,, the positron momentum p,

takes three possible values as

PnE — hks
PnE + hks

Correspondingly, Eqn. (2.24) can now be written in the form of a superposed wave-

function and is given by,

Ynpy 2 = wi;j)E + @/)S;)yE + wf;;g (2.26)
where
[ i 2.27
Vupyr = 7= S (@) expq 7lpyy +Pus?] (2.27)
y'z

1
@/)gﬁz = 7 { by Sua (@) + 05D S, (@) + 055 5n+2,E($)}

Yy z

X eXp{%[Pyy + (pne £ hks)Z]} (2.28)

During the above simplification, the amplitudes are found to be,

pED péy/n(n —1)

"R 16(EF )

pED = ;22’; <U0 + %MEHE) (2.29)
pED _Nf\/(”+1)(n+2)

e 16(6+1)

where £ = 2%;&

S

From the above Eqn. (2.29), it follows that bﬁfg — bﬁ;rlQ) — 0o when £ = QCZ% — 1.

Thus the absolute values of the amplitudes of the states with p, = p, g &+ hk, show a
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sudden (resonance) increase when the wavelength A\, = 27 /k, decreases and reaches

the critical value
T

A = 2.3
h ChwE ( 0)

The radiation frequency obtained by the Doppler formula is given by,

in - VksC]zl
N ] . 2.31
h 1 — B cost ( )
where
U= =5

Radiative transitions induced by hypersound

Let us consider the radiative transitions of the channeled positrons that are stim-

ulated by the hypersound.

The probability of transitions from an initial state 7 to a final state f is given by

the formula [50],
4r2e?

W = o ;m—lwﬁ.em? S(wps —w) (2.32)

where V' is the volume of the system and ¢ and ¢;, are the wavevector and polarization

vector of the photon and the matrix elements &y, are given by,

- 1 —iqr. % 2 —
s = s, | €T P dF 239

After integration over y and z, we have the following expression for the matrix ele-

ments

> R (=2) A(=1)
Qfi = 50'izo'fz(5piy7pfy+th [ sz' 5pn,~Er2nks Py Epthaz + sz' 5pniEifhksvpnfEf+hqz

~(0) A (+1)
_'_ DfZ 5pniEi 7pnfE‘f+quz + sz 5pniEi+hkS 7pnfE‘f+quz
+ D (2.34)

(3 pniEi-Q»inks 7pnfEf+FLqZ
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where
— 1 * A
Dy = = Z Over—e /exp(—iqxx) F}el) ]5;‘52F¢(€2) dx (2.35)
€1,€2

where v represents the transition between different states and

]%;5 - ﬁxa Piy; Pn;E; + 5hk8 €= 0, +1 (236)
ST e=0
Fy) = o) (2.37)

0,08, o p(x) + 05 S, p(x) + b, Spiap(x) &= +1

From Eqn. (2.34), we can write the probability of transition as the sum of five

terms given by,

W=y W} v=0, +1 +2 (2.38)

Angular and spectral distributions

(i) Matrix elements

To find the matrix elements we define the vector of polarization €7 in the plane
having the wavevector ¢ and the z-axis and a vector €5 L €7 in the plane having the

axes ¢ and y [35].

€1 = (cosf cosp, cosl sinp, —sinb)

ey, = (—singp, cosgp, 0) (2.39)

The summation in Eqn. (2.32) can be transferred into an integral form given by,

2
14 6 —(V — —(V — — —
W = o7 (ja%.e? +ay.el?) a0 (ws — w) d (2.40)
where
— R(v)
Qi = 50'i270'fz 5piy7pfy+hqy 5pniEi+uhks Py Bp+has Dj(fz (2'41)
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From the above equations, we can notice that a hypersonic field can induce five
radiative transitions for the channeling radiation. Corresponding transition probabil-
ities are given by W(;j). The case v = 0 is for channeling in the absence of a hypersonic
field. Since v = £2 are forbidden (see equations (2.25) and (2.34)) we are left with

only three radiative transitions induced by the hypersound.

For v = 0, one obtains [16, 50]

. Q4
Dj(foz‘) ~ _xfi(Tf, 0, C_Ixﬁ) (2.42)
with
w sinf cosp
@ =(—F (2.43)

C
[mn; + 1 Ime+ 1
Typi = a( Tdnf’ni—’—l + fT(;ni,nf-H) (244)

It remains to calculate the matrix elements for v = +1. It is found that only tran-
sitions with n; — ny = %1 are allowed. Ounly direct transitions (n, — ny = +1) are
possible for £ > 2 and v = £1. Direct as well as inverse transitions (n; —ny = —1)

are possible for ¢ < 2 and v = —1.

(ii) Transition Probabilities

The transition probabilities and the intensities for the case v = 0 (i.e., without the

hypersonic field) are given by [16, 50]

dW(Q) 203 22,
fi EVfi 9 o . o )
- 1=~ Feosf)” — (1~ 0 2.4
ds? 27rhc3(1—ﬁcosg)4[( Beosf)” — (1 — %) sin” O cos” ] (2.45)
aw'? 2w 2. " N2
fi Efi
N =2 —+2{ - 2.46
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dr© 2, 4.2
il [(1 - Bcosf)* — (1 — %) sin®Gcos’ ]  (2.47)

aQ 2rc3(1 — B eosh)?
A7 2
fi o 0y W w w
o = l1 -2~ +2(@> ] (2.48)

where
7O _ éQQW?E’Y%?%

=33 (2.49)

We shall now analyze those transitions induced by hypersound.

Substituting ¢, from Eqn (2.43) and using equations (2.29) and (2.37) we get,

irpwppé (€ F2)

DED 4 2.50
’ NCESY 220

for direct transitions, and
By~ wpp§ (2—5) 2.51)

8 (1)

for inverse transitions.

Performing integration over w in Eqn. (2.40) and using equations (2.41), (2.50)
and (2.51), we get,

(£1)
AW ; (1) ewhay,

aq B 2he3(1 — [ cosb)

-[(1 = Beos)® — (1 — %) sin® O cos® o] (2.52)

where ¢ f; are given by,

T A (N

— 2.53
o 64(¢ F1) (2:59)
for direct transitions and
2¢(4—s) At
-1y w2 =€)
- 2.54
qsfz 64(§ . 1)2 ( )

for inverse transitions.
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Performing integration over the solid angle in Eqn. (2.40), we get

A ED 2w, 2
YT L § R | (e (2.55)
dw ' he? W+ fi Wi fi
where
1—% v=+1 ni—ny=+41 £>2
wipi = 27’wp %+ 1 v=-1 n;—ny=-1 (2.56)
i-1l v=—1 ni—np=+1 £<2

Multiplying equations (2.52) and (2.55) by Aw, we get the angular and spectral dis-

tribution of the radiation intensity as,

dIJ(cj.ﬂ) (£1) e%;%xfc-

i ‘ 2 PARN) 2

q- = i 271 = B eos 0)5[(1 — [cosf)” — (1 — [3%) sin” 0 cos” ¢](2.57)

d[(-il) 2

1 i | R B | (2.58)
dw Wi W+ fi W4 fi

where
2 442
7ED 4€WEY Ty (4

The expression for total intensity is proportional to the power of hypersound (~
u?). qiﬁl) < 1 for n; — ny = +1 (direct transitions). Hence we can say that the
influence of hypersound on direct transitions in weak. But on the otherhand, for

(=1)

. .. —1 . . .. o
inverse transitions ¢~ > 1 and £ — 1. We will discuss this inverse transition case

in detail in section 2.2.3 where the influence of anharmonicity will also be included.

2.2.2 Effects of Anharmonicity

Including the anharmonic term for the transverse periodic potential of the positron,

the potential equation can be written as,
V(z) = Voz* + Viz? (2.60)
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where

47T2122€20(12Np
Vi =
(l+a)

(2.61)

The initial investigations on channeling radiation [16] did not consider the anhar-
monic part of the potential shown in Eqn. (2.1). Later, the effects of anharmonicity
were studied by some authors [49]. The total energy spectrum is the sum of harmonic

and anharmonic contributions, which can be written to the first order as

3
Eni = Enp + V10 (207 + 20+ 1) (2.62)

To find the effects of anharmonicity on wavefunction we use the Dirac equation
(2.4). Substituting Eqn. (2.60) in (2.3) and then in Eqn. (2.10) we get after substi-

tuting 2 and z* by their operator forms,

h2c? 02 / H
e+ [Uoconths) + (14 G eostin))
B2 2t — 22
+ gcos(ksz)zvla‘l(QkQ +2k+1) — SE By ]Ck

+ i“m”f cos(ksz) {\/k(k —DChg+ V(k+1)(k+ 2)ck+2]

+ i;ﬂ/lo/l cos(ksz) {\/k:(k: —1)(k=2)(k=3)Cy_s

+ (kD) (k+2)(k+3)(k + 4)Crpa + (4k = 2)\/k(k — 1)Cj 5
+ (4 +6)\/(k +1)(k + 2)Ck+2] =0 (2.63)

The coefficients, Cj, are given by Eqn. (2.12), which is a function of exp(iBy(z)) given
by Eqn. (2.13). The oy values in Eqn. (2.16) change due to the anharmonic term

and is given by,

0. = —Can (Uo + gelnE) cos(ksz)

where

E

PrEC?

Cah =

(2.64)
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with p), given by,

PepC = \/E2 —mgct — p2c? — 2E¢e,

Substituting C} and the above equations in Eqn. (2.63) and rearranging, we get

dz

_I_

Cah{ exp(—iBy) Bqu cos(ksz) {\/ k(k —1)Ap_sexp(—iBy_2)
v (k -+ 1)(]{} + 2)Ak+2 eXp<—in+2):|

i,uVlo/l cos(ksz) {\/k(k —1)(k—2)(k —3)Ax_gexp(—iBy_4)

+ 4+ o+ o+

i

+ = cos(ksz)—

2

V(k+ 1)k +2)(k + 3)(k + 4) A exp(—iBya)
(4k — 2)\/k(k — 1) Ay exp(—iBy_2)

3Viat

4 h

(4k +6)\/(k + 1) (k + 2) A exp(—iBHg)]

(2k* + 2k + I)Ak} (2.65)

Eqn. (2.65) can be written in the form

with
J
0
R u+ 6w)v/2
o | o
0
w24

i% — nHA (2.66)
0 (u* + 6w*)v/2 0 v*y/24
5] 0 (u* + 10w*)V/6 0
0 13J 0 (u* + 14w )V12 ...
(u + 10w)v/6 0 25.] 0 . (
0 (u+ 14w)V/12 0 41J

The above Hermitian matrix can be written in the form of recurrence relations given
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Hiioge = Hjjpo=[u+ (4k + 6)w] V(k+1)(k+2) (2.68)
Hyyape = Hipoa =0V (k+1)(k+2)(k+3)(k+4)
Hypp = JQK* +2k+1)

where

J = gt@hﬂ cos(ksz), t =

and

u = lc’ahwE cos(ksz) exp{zfah (ZwE + %t(8k + 12)) lz I ﬁSin(ksZ)] }(2.69)

4 S
1 .
v = —t(u cos(ksz) expq 2iCan 2WE+§t(8k+20) Z+Hsm(ksz)
4 1 S
1 .
wo o= ZtCah cos(ksz) exp{i(ah <2wE + Zt(gk + 12)) {z n gsmé‘ksz)} }

Solving Eqn. (2.66) we get the total wave function. It is given as

1
Ll

Yy 'z

(1) = =0 () 2 () Qo). (2.70

Resonant influence of hypersound

The superposed wavefunction due to effect of hypersound and anharmonicity is

obtained from Eqn. (2.70) and is given by,

Unp, = Yk + Vo o+ U (2.71)
where
1 1 3 sin(k,z
Vo = Snp(x) exp =Py + Pupz] ¢ |1 — igp?Cant(2n® + 2n 4 1) (Fy2)
v Il h 8 .
(2.72)
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1
wfiyl = 11 |: b&QSnﬂ;,E(x) + bii_IQ)Snfg,E(x)
ylz
+ B S, p(x) + b3 Suy2p () + bipd Snpan(2)
7
X exp{ﬁ[pyy + (e £ ﬁks)z]} (2.73)

During the above simplification, the amplitudes are found to be,

D (itCany/n(n — 1)(n — 2)(n — 3)
e 8ks(26 F 1)
D 1Canlwe + (4n — 2)t]y/n(n — 1)
S 8ks(¢ F 1)
a L,

b — ;2%£s (UO +5 uanE) (2.74)
D  pan[we + (4n +6)t]/(n +1)(n + 2)
A 8ky(€£1)
pED _MtCah\/(n+1)(n+2(n—|—3)(n+4
e 8ky(26 + 1)

20ahWE

where § = =4

In addition to the resonance obtained for the harmonic case, it further follows from
the above Eqn. (2.74) that bﬁfjﬁ — b,ﬁj} — 00 when 26 = 4%% — 1. Thus the
absolute values of the amplitudes of the states with p, = p,g + hks show a sudden
increase when the wavelength Ay = 27 /ky decreases and reaches the critical value

™

P -
9w

(2.75)

which is just half of the corresponding resonance wavelength for the harmonic case.
This leads to a variation in the intensity of the radiation, as discussed in the following

sections.
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The radiation frequency obtained by the Doppler formula after incorporating energy

changes due to anharmonic effects leads to the modified formula as

Qy; {1+ (%)oﬂ(ni +ns+ 1)} — l/k:sca_hl
1 — () cost

(2.76)

Wah =

Thus the fractional change in the radiative frequency due to the anharmonicity is
given by,

L (%)oﬂ(m +np+ 1) = vki(Gl = G
= _ 2,77
wp, sz o C}:l ( )

One can notice from the above expression that the fractional change in the reso-

nance frequency — 0 in the absence of anharmonic interactions.

Radiative transitions induced by hypersound

Let us consider the radiative transitions of the channeled positrons that are stimu-
lated by the hypersound affected by the anharmonic interactions. The probability of
transitions is given by Eqn. (2.32). The matrix elements a/y; for the harmonic case
are given in Eqn. (2.34) where the elements 5fi for the anharmonic case are given

by,

A 1 e1)* % 5
D}, = = Z [ /exp(—iqxx) FJE v piEQFZ-( 2 dy (2.78)
€1,€2
where
Snp(T) e=0
F9 =8 09,8, 4plz) + 09,8, 5 p(x) (2.79)

058, () + b5 Svo m(@) + 054 Srap(z) &= %1
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Angular and spectral distributions

v represents the transition between different states. v = 0 corresponds to the case

where there is no hypersound interaction and the matrix elements are given in Eqn.

(2.42).

It needs to calculate the matrix elements for v = £1. It is found that direct tran-
sitions are possible for £[1 + (Zgl) *(n; +ny+1)] > 2 and v = £1. Direct as well as
inverse transitions are possible for [1 + (3V1) 2(ni+ny+1)] <2and v = —1. Table

1 shows the photon frequencies for v = +1.

Table 1: Photon Frequencies for v = +1 at direct and inverse transitions.

v
n; — ny -1 +1
. _ wp{el+GEh)al (nidng+042) _ wn{ei+Grb)e? (nitng+1)] -2} W
+ W= f(l B cos 0) = Wair W= 5(1 Bcos0) Wiy
direct
transition for any & &1+ (i“ﬁ;) (ni+np+1)] >2
| _ wp{2=el+ ()t (nitn A1} _ wn{EH(h)a (it +1)]42)
- W= &(1—Bcos0) = Winy W= {(1 B cos0)
inverse
transition E[1+ (Z&)) (ni+np+1)] <2 not realized

We shall now analyze those transitions due to anharmonicity.
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Substituting ¢, from Eqn (2.43) and using equations (2.74) and (2.79),

ﬁj(czil) ~ imfi'“§ { T V6t + Wp + 6t} {f [1+(3V1)0z2(ni +np+ 1)] F 2}

¢ 2F1) | (€F 1) i
(Bsin 6 cos ¢
X {1, 0, m} (2.80)

for direct transitions, and

R(=1) Z'l‘fiug \/ét wg + 6t _ 3_‘/1 ‘
5= | e e el )]

(B sin 6 cos ¢
1— (Fcosb

x [1, 0, (2.81)

for inverse transitions.

Performing integration over w in Eqn. (2.40) and using equations (2.41), (2.80)
and (2.81), we get,

(£1)
dei (1) eQw%xii

aq i 2he3(1 — (B cosb)

-[(1 = Beos)® — (1 — %) sin® O cos® o] (2.82)
where the zy; are given by,

T — a2 " 1—n§ﬁa2
n, n—1 — 9 4%

n+1 1/2 3V
and Tp, np1 = a( 5 ) 1—(n—|—1)17(1)a2

and the gyr; are given by,

(D) () = pPEEILE1 + (%)oﬂ(m +np+ 1)) F2}° [ V6b 14 6b

st 61 16 F 1) + €T 1)} (2.83)

for direct transitions, and

1 pPEEI2 — €1+ (Gt )P (n +np + DY T /6b 1+6b]2
qgfi)<§): 64 [4(25_1)+(€_1)] (2.84)

for inverse transitions, with b = é
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Performing integration over the solid angle in Eqn. (2.40), we get

+1)
AW, _ & i PEC Y G (2.85)
dw Hi pes Wi fi Wi .
where
)
[1"‘(%)0[2(7%4-7774-1)] —% v=-+1
ni—mng=+1 §[1+(%)a2(ni+nf+l)] > 2
2 311y .2
S+ 14+ ) (n;+ne+1 v=-—1
ng—mny=+1
-1+ Gt (n +nyp + 1)) v=—1
| iy =1 1+ (e (n +np +1)] < 2

Multiplying equations (2.82) and (2.85) by hw, we get the angular and spectral dis-

tribution of the radiation intensity as,

d]}il) (1) Wity

dile = Qi (1 ﬁczos I [(1 = Bcosf)? — (1 — 3%)sin? § cos? ] (2.87)
ary; ?

e Y [1 S 2( ~ ) ] (2.88)

dw w:l:fi W+ fi WL fi
where A
4 2w ’)/4:L‘2<
(1) EY Tfi (+1)

The expression for total intensity is proportional to the power of hypersound (~ p?).
qiﬁl) < 1 for n;, — ny = +1. Comparing with the results in the harmonic case, the
angular and spectral distributions of radiation differ by the anharmonic parameters

given in equations (2.83) and (2.84).
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2.2.3 Inverse radiative transitions

Inverse radiative transitions n; — ny = -1 are excited by the hypersound. From
equations (2.54) and (2.84) it is obvious that as & —1, qi}il) > 1. This shows that
there is a resonant amplification of the channeling radiation intensity due to inverse
transitions. It is also found from Eqn. (2.84) that for the anharmonic case there
is also an amplification of the radiation compared to the harmonic case. Figure 2.1
shows the influence of both hypersound and anharmonicity. The curves for a specific
case n; = 0, ny = 1 are calculated using equations (2.58) and (2.88) for inverse
transitions with v = -1, u= 0.1 and Eqn. (2.48) for direct transitions with v = 0
((sp:)~" = 2e*wiy?a?,;/c®). For the sake of comparison with the harmonic case, we
take ¢ = 1.01 and £ = 1.03. The ratio of spectral distribution of radiation intensity

in the anharmonic case to that in the harmonic case is about 1.16, which shows that

the effect of the anharmonic term cannot be neglected.

v=-1(¢=1.01) (ATD)
v=-1 (£=1.01) (H}

darg}
& —z 1 —
Fi dm w=[)
" w=-1 (£=1.0%) (AH)
v=-1{£=1.03) (H)
[ L) 0n.E L] 1
w/wm —*
Figure 2.1: Spectral distributions in the case of inverse radiative transitions at v = —1

and £=1.01 and 1.03 for harmonic and anharmonic cases at v = 0.
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2.3 Effects Transverse Periodic Perturbation

2.3.1 Harmonic Model

Influence on Wavefunction

When the transverse acoustic wave is propagating in the direction of z, the channel
is bent and the atomic planes are displaced in the direction of x-axis by a cos(k.z)

where k. = a is the amplitude of bending and ), is the wavelength of the transverse

,\'>

wave.

The planar potential after including the effects of the transverse acoustic wave is

given by,
Ux,z) = Vo{r —a cos(k.2)}?
= Vo + Voa? cos?(k.z) — 2Voza cos(k.z) (2.90)

If we consider the third term in Eqn. (2.90) as perturbation, the perturbed energy is
given by

/ !

1
EnE = <n+§)hw

4V a® cos?(k.z)

El
2mw?

As seen from Eqn. (2.90), the positron planar potential is 2-dependent. Therefore the
wavefunction has the same form as in Eqn. (2.9). Using Eqn. (2.91) in Eqn. (2.10),

we can write,

E2 _ 2 m204
= (R Yok cust Vi cost(K52) — 2asa con(hls)| o

B2 52 &
- ﬁ@ 22 Cre(2) Ske(r) =0 (2.91)
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Converting the z in the 37 term of Eqn. (2.91) to operator form, we get

[_ <E2 — pf/c2 — mg

- + exp + Voa? cos?(klz) — —=|C
5% ke + Vo s k

2
—1/ m—ZVOa cos(k.z) {\/k: +1 Chpr +VEk Ckl] =0 (2.92)

As in the longitudinal case we write C} in the form

Cr = Ag(z) exp(iBg(2)) (2.93)
hB, = pkEz+/crk(z) dz (2.94)
. Oo E
zha—; = or(op+2p,,) + gsfwa cos(k.z) (2.95)
Hence Eqn. (2.92) becomes
h*c® 9?
- SE 52 Ay, exp(iBy) + Voa® cos?(k.z) A, exp(iBy)
2 2
— %Ak exp(iBy)
| 2h
— %VOQ cos(k.z) {Vk +1 Apyy exp(iBpp1) + VE Ay exp(iBy_1)
_ (2.96)

which after simplification we get,

h2c? _hc?
1
— §Ak aepp cos(klz) + Voa* cos®(KLz)Ay
2h
— y/ %V()a cos(kz) exp(—iBy) l\//{: +1 Apyq exp(iBgy1) + Vi An exp(iBy_1)
~ 0 (2.97)

The above equation can be written in a form similar to Eqn. (2.20) and is given

by,

A 2.9
i i (2.98)
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where H is a Hermitian matrix, whose elements are found as,

i - VETI (2 1/2‘/4" (k272) 18 Lasmik)
ik = — 0Gh @ | cos(kyz) exp( iy w|z + 5 K 2
. VoCha [ 2 V2T 5i(e+)r  ile—1)r
= wWk+1 2.
VR on (mhw) 1 T Ee-1 (2.99)
. 2 \'? , a sin(k.z)
Hy 1) = Vk (%> Vola a/cos(k;z) exp< —i(p w lz + 2 K }) dz
VoCha 9 V21 —i¢-1)r  —ile+D)r
= — 2.1
ivk 2k <mhw) E—1 * §+1 (2.100)
~ Ch V a® sin(2k’.z2) sin(k.z)
Hyp = x| Voa®s 02 ke A (2.101)
Chw

where 7 = klz and £ = -,

Including the above matrix elements and simplifying, we get the total wavefunction

of positron channeling as,

)= 1/}(*1) + w(o) + Q/}(Jrl) (2.102)
where
o - 1 ‘
p© = Snp exp| +[pyy + Pup?]
Il h
Ch Va2 sin(2k.z) sin(k.z)
<1 — Zﬁ Voa®z 02 A Enp @~ (2.103)
1 /
pE) = = [bn(ill)Sn 1e+b,ES, p+ bn+1 SnJrl,E}
ylz
exp (%[pyy + (pnr £ hk;z)]) (2.104)
where

Y _ _( 1 )”2 VoGha v/
n—1 -

2mhw K. EF1
pED 1\ VoGa Vvn+1 5 105
e\ 2mhw ! (2.105)
pED Cha Eng
Ahk!
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From the above equations, b;f;ll) — b/n(jll) — 1 when § = Cg—,” — 1. This means

that, the maximum amplitude is achieved when \, = i—z which has its maximum
value when p, = 0. i. €., (\))imae = 2= = X (¢ = 1), where A = X the characteristic
wavelength related to the transverse oscillation of the channeled particle, as predicted
by Mkrtchyan et. al [33] as against (A])mee = = = A/2 in the longitudinal case. But
the condition for the radiation due to the periodic bending (undulator radiation) is

AL > A. At this resonance condition, the spectrum will not have a contribution from

the undulator radiation but only channeling radiation prevails.

Radiative transitions induced by hypersound

To find the spectral distribution induced by the transverse hypersonic field, we use
the general equation for probability of transitions given by Eqn. (2.40) which can be

written in the integral form,

wi = o [(@ a7 a] ) s a0
where oy; are given by,
O?,fi = 5aiz O'fzapiy pry+hgy {ﬁ;f(z’_l)(spnﬂ;i_nks, Pn ;B pthas
+ DY, . sty D5y pnfEquz} (2.107)
We integrate Eqn. (2.107) and use Eqn. (2.42) and
ﬁ}f” e 2 xzﬁf;# (EF1)? COSQ@[%F (2.108)
DY e 2 % (EF1) sin?p (2.109)
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to get the angular and spectral distribution of probability and radiation intensity as,

dWED - e e’ rhiwh
dQ 3 21he3(1 — 3 cos )
[(1 — 3 cosf)? — (1 — 3%)sin?6 cos? @] (2.110)
aQ s 27(1 — 3 cosB)>
{(1 — 3 cosB)? — (1 — 3%)sin?6 cos? @] (2.111)
dWED / 22 w? 2
R i Lt l1 —2(#) +2( u ) } (2.112)
dw he Wl g Wl g
dIED , 2
— 3 2 {1—2( u )+2< - ) ] (2.113)
dw Wi i Wi i Wi i
where
1—% v=+1, n;—ny=+1
Wip =20 wpd 1+ v=-1, nj—n;=+1 (2.114)
%—1 v=-1, n;—ny=-1
2 s
2 s
/(_1) — 4—s a (]' - g) 2 116
quZ g 16 ( ° )
for direct and indirect transitions respectively and
2.2 4.4
(21 4 ETHRWEY 1
Ifz' = g 3 ' (2.117)

From the above equations it is clear that, the spectrum depends on the value of
the amplitude of bending 'a’ and is proportional to 'a?’. Since we are considering
the small amplitude regime, q;t(f;l) < 1. The radiation intensity due the periodic
bending at the low amplitude is negligible. With the decrease of ‘a’, the amplitude

of the transverse oscillation increases, and correspondingly an increase in channeling

radiation is predicted here.
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2.3.2 Effects of Anharmonicity

Introducing anharmonicity to the positron planar potential potential in Eqn. (2.90),

will make the potential more complicated as,
Uz, z) = Vo{o —a cos(k.2)}* + Vi{z —a cos(k.z)}* (2.118)

where V; is given by Eqn. (2.61). As we have seen in the previous cases, due to the

transverse perturbations and anharmonicity, the total wavefunction can be written

as,
)= w(*l) + w(O) + w(ﬂ)
where
b0 = L5, exp<i[pyy +anz])
Lyl h
Can ,  Vpa? sin(2k.2) sin(k.z)
1 ’ ’ ’ ’
W = (S b S Sy 4 B,
ylz
+ b/n(fll)SnH,E + b;fle)SnH,E + b;z(i;)sn+3,E:|
1
exp (;L[pyy + (pup % hk‘;Z)]) (2.120)
where
pED h\Y? 9Vicwa [we +tn—1)]y/n(n —1)(n —2) (2.121)
n=3 3mw 2hk! 3¢F1 '
pED _6V1Caha2 lwi + 3t(n — 1)]\/n(n — 1)
=2 dmwgk!, EF1
pED 1\ Vilwma [we + 3tn]y/n
nl 2mhw k! EF1
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pED  — Cah@ Enp

4hk!
e _ 1 \"? VoCwna [we +3t(n + 1)]y/n +1
il 2mhw k! E+1
yEn _ 3Vidmd® Rwp +31(2n 4 3)]\/(n+ 1)(n +2)
2 dmwpk!, E+1
JED ho\? 9Vidama [we+3t(n+2)]\/(n+1)(n+ 2)(n + 3)
s 3mw 20k, £+1

where (,, is given by Eqn. (2.64)

E
Cah = e (2.122)

kE
Cahw

Also £ = ZJE
Vio*

d t =
al 7

This change in the amplitudes change the corresponding values of ¢/ i In equations

(2.115) and (2.116). They are calculated as

, (5 [1+(%a2(m+nf+1))} ¢1)
& (2.123)

Gor = 7 16
o))
"(—1) 4—s 2
_ = 2.124
Asf; §Ca 16 ( )

for direct and indirect transitions respectively.

As discussed in the previous section; the a® dependence of the gsz; values weakens
the radiative transitions for a periodically bent crystal with low amplitude of bending.
Only radiation due to the channeling oscillation is prevailing in the spectrum. Even
the proportional amplification due to the anharmonic parameters are having less

impact on the spectrum.
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2.4 Results and Discussions

In this chapter, we have studied the effects of a hypersonic field on the positron
planar channeling radiation. We first considered the effects of longitudinal field. The
anharmonic effects (quartic term) of the interplanar transverse potential seen by the
positron have been included in the problem. The corresponding eigen spectrum is
calculated from the Dirac equation. The wavefunction of the positron gets modified
by these effects and changes the observable parameters like frequency and intensity
of radiation. The fractional change in the frequency of the emitted radiation from
that in the harmonic case is found to be directly proportional to the strength of the
anharmonic term. The spectral distribution of radiation intensity is found for both
harmonic and anharmonic cases. A resonant amplification of radiation intensity is
observed in the inverse transitions for both the cases whereas the direct transitions are
weakly influenced by the hypersonic field. Also a considerable variation of radiation
intensity due to the anharmonic effects is observed as plotted in Figure 2.1: an increase
by a factor 1.16 over harmonic case. This intensity amplification shows that the

anharmonic terms cannot be neglected.

We found that the amplitudes (Eqn. (2.74)), responsible for the intensity of the
emitted radiation, show a resonance when the hypersonic field wavelength A\, ap-
proaches a value 7/2(,,wp which is exactly half of the corresponding quantity for the
harmonic case. This means that the resonance takes place at higher frequencies in

the anharmonic case.

We also studied the influence of a transverse acoustic wave on the positron planar
channeling radiation. The planar potential gets modified and the corresponding eigen
spectrum is calculated using the Dirac equation. The wavefunction is calculated

after including these effects and the intensity of radiation is found. It is found that
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the spectral distribution of radiation intensity due to the periodic bending of the
channel depends on the value of the amplitude of bending 'a’ and is proportional to
'a?®’. Since we are considering the small amplitude regime, q;(f;l) < 1. Hence, the
transverse perturbation have weak influence on undulator radiation spectrum in the
low amplitude regime. Correspondingly an increase in channeling radiation intensity

is expected, since the amplitude of channeling oscillation increases with decrease in

a.

The influence of the anharmonicity on the effects of transverse perturbation has
been studied. Though there is a proportional magnification due to the anharmonicity
terms, it is not strong enough to overcome the strong a? dependence. As predicted
in the theory of undulator radiation, we have found that only channeling radiation
prevails in a low amplitude regime. Effects of higher amplitude case for these waves

will be discussed in chapter 5.

We found that the amplitude equations (2.105) show a resonance at A\, = g—z The
maximum value of A is (X,)mee = 25 = A, the characteristic wavelength related to
the transverse oscillation of the channeled particle, which is double the value found

for longitudinal case as predicted by Mkrtchyan [33].

If we compare the longitudinal and transverse perturbations, we can conclude that
for the case of channeling radiation, amplification of radiation intensity is maximum
for the longitudinal case. Transverse perturbation has its dependencies on the ampli-
tude of the acoustic waves depending on which the corresponding radiation intensity

is varied.
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APPENDIX

The equation of motion of a relativistic positron in the scalar field U(x, z) is given

by the Dirac equation,

0P
ih—r = [@.p+ Bmoc® + Uz, 2)|® (2.125)
where
o= |7
X
is a bispinor, my is the rest mass of the positron, p'= —ihd/0r and & and [ are given
by,
. 0 7 I 0
a = and (=
g 0 0 —1I

where ¢ are the Pauli matrices given by,

Oy = , Oy = . and 7, =

Substituting in above equations in Eqn. (2.125), we get

in _ P+ mo + Uz, 2)| [ © (2.126)

o[ ¢ 0 & I 0
ot \ G0 0 —1I

Eqn. (2.126) hence delivers two sets of equations,

0

iha—f = Gpx +mocto +U(x, 2)p
0

ma_jf = .o —moc*x + Uz, 2)x

With E = ihd/0t, rearranging the above equations, we get

{E—U(x,z)—mocﬂgp = 0px
{E—U(w,z)erocZ}X = dpyp
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Simplifying the above equations we get,

(2.127)

{(E ~U)? - m%cz} o= { _ ihe(G.)(G.7) + TV UW@}

E — U + myc?
Solving,
[(E —U)? —mic® + B*c*A* — m—c{(vU)ﬁ+ io(\7 % ﬁ)H =0 (2.128)
E—-U-+mg
At energies >10MeV, the influence of spin on the interaction with channeled par-
ticles is neglected. So one can omit the last term in Eqn. (2.128), which gives the

Dirac equation as,

[(E—U)* —mic* + h*c*?)p = 0.
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CHAPTER 3

Quantum Calculations for the Effects of Dislocations on

Channeling

3.1 Introduction to Crystal Defects and Dechan-
neling

One of the main applications of ion channeling is the studies of various kinds of
defects. It is well known that real crystals are never perfect. The most common kinds
of defects found in solids are point defects which include lattice vacancies, interstitials,
color centres etc, line defects like edge dislocations, screw dislocations etc and plane

defects like grain boundaries, stacking faults etc.

A particle propagating through real solids can ’see’ the presence of the defects
through their effects in the solids. Classically, particles can see the presence of defects

either by direct obstruction of the particle path or through the distortion produced
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in the crystal or even both. When the projectile directly hits the defect sites or is
scattered in the potential field of the defects obstructing the open channels and the
trajectory gets modified as a consequence, the effects are said to be of obstruction
type. Examples are stacking faults, interstitial atoms, grain or twin boundaries.
If, on the other hand, the defects give rise to distortion in a certain region of the
crystal, disturbing the regularity of the material in that region, the effects are of
distortion type. The most important example here is that of dislocations. These
two qualitatively different types of defects give rise to obstruction dechanneling and

distortion dechanneling respectively.

Dechanneling may also be caused by a combination of both the types of defects. In
such cases dechanneling is neither purely of obstruction type nor of distortion type.
This phenomena is called composite dechanneling. This happens because of the fact
that the defects produced in the solid are not uniquely of one type but a combination
of different kinds of defects or because the defect itself gives rise partially to obstruc-
tion effects and partially to distortion effects. Examples are gas bubbles [51, 52],
Guinier-Preston zones [53], voids and antiphase boundaries. The simultaneous use of
channeling, back scattering and TEM [54] can correlate the dechanneling observations

with damage configurations.

Classically, the dechanneling effects depend on the transverse energy. Transverse
energy is increased when the particles are in the vicinity of the defects and when it
exceeds a critical value (Ev?), the particles get dechanneled [55]. Quantum mechan-
ically, this transverse energy is quantized. Due to the influence of defects, transverse
energy is increased and the particles go to one of the excited states. If this influence
is strong, the particles go above the barrier, and are no longer bounded. Therefore
quantum mechanically, dechanneling means transition from bound state to scattering

state due to the increase in transverse energy.
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Such effects and transitions to scattering states leading to dechanneling take place
due to distortions in the channels situated in the vicinity of dislocation core. Here the
atomic rows and planes exhibit curvature which alters the trajectory of the channeled
particle and can dechannel the particle altogether if the curvature is large enough
to severely modify the trajectory. This distortion is maximum near the dislocation
core and decreases as one moves away from the core [56]. Thus one can think of
a cylindrical region around the dislocation axis, called 'dechanneling cylinder’ [57].
Figure 3.1 illustrates how the distortion of channels outside a particular region of
radius ry around the dislocation core; i.e., the dechanneling cylinder, decreases. The
effects of dislocations are introduced through the curvature of the channels. The
effect of this curvature is to introduce a transverse centrifugal force on the propagating
particles. This force should therefore be combined with the force due to the continuum

potential (longitudinal).

[
\‘
— o
\ \

Figure 3.1: The dislocation affected planar channel. R,,. is the minimal radius of

curvature of the channel at a distance ry from the dislocation core.
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Classical description of the dislocation effects on the channeling of positrons in
the planar and axial cases [58, 59] has also been used to estimate the effects of such
defects on the overall rate of energy loss of channeled particles. The corresponding
quantum mechanical treatment of the effects of dislocations on channeling were given
later [47, 60, 61]. In these investigations, a detailed relativistic framework was used

to derive dechanneling probability and its energy dependence.

In this chapter, we consider a quantum mechanical model for the effects of dislo-
cations on the initially well-channeled particles in a planar channel by considering
both the transverse and longitudinal motion of the particles in the channel. We first

consider the effects on positron planar channeling and later on electron channeling.

3.2 Electron and Positron Channeling

As mentioned in chapter 1, positively charged particles channeling along various
crystallographic directions are bound to oscillate between the atomic rows or planes
of atoms and are repelled by these rows or planes during its propagation. The cor-
responding transverse motion can be described by harmonic oscillator potential with
equally spaced energy levels. On the other hand, the negatively charged particles like
electrons are attracted towards the atomic planes or axes and cross them. Hence the
electrons have increased probability for hard collisions with atoms and the transverse
potential is approximated to one dimensional hydrogen atom [62]. Hence one can say
that the continuum potential is simply the negative of that governing the motion of
positrons. Figure 3.2 shows the transverse potentials of both positrons and electrons.
Also Figure 3.3 illustrates the motion of electrons along a string of atoms. This helical

motion of negatively charged particles is named ”rosette motion” [50, 63, 64, 65, 66].
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Figure 3.2: Planar potentials for 54.5 MeV positrons and electrons along (110) planes

of St and C respectively. For positrons the energy levels are equally spaced, whereas

for electrons, it is not equally spaced.
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Figure 3.3: Channeling trajectory of an electron along a string of atoms.
3.3 Effects of Dislocations on Positron Channeling

We consider a typical channel at some distance from the dislocation core, outside
the dechanneling cylinder so that the motion is influenced by the distortions but does
not result in complete dechanneling. When the particles enter from an undistorted
region of the channel to the distorted region, they see the curvature of the channel and
experience additional centrifugal force. This results in modification of their trajectory
following the curvature. The model is shown in Figure 3.4. The whole channel is
divided into four regions. The dislocation affected parts of the channel are regions II
and III. py corresponds to the radial co-ordinate of the channel center as measured

from the origin and ¢y is the corresponding angular co-ordinate.
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Figure 3.4: The dislocation affected channel.

3.3.1 Shift in Potential Minima

We consider the particle motion in the four regions separately, considering both the
longitudinal and transverse motions. The Schrodinger equation for planar channeling

for a particle of mass m moving in region I (perfect channel) can be written as,

no* P 1
(@ " @) Wiz, 2) + gmw'a?V(z, 2) = B0 (z, 2) (3.1)

where E7 is the total energy and can be written as E! = EL + E! (with EL and

2m

EL the energy components associated with the transverse and longitudinal motion,

respectively).

2

h2k?2
El = 2
L o (3.2)

El(n,w) = <n+1)hw

where w is the characteristic frequency obtained from the harmonic approximation to

the planar potential

Vy(2) = Voa? (3.3)
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ie.,

W= \/%70 (3.4)

After separation of variables, the equation of motion in the transverse and longitudinal

directions can be written as,

h2 1" ].
h2 1
—5-7 ) = ELZ!(2) (3.6)

whose solutions are given by,

X)) = /L=~ H,(x/« 3.7
(x) NI (z/a) (3.7)
ZI<Z’) — Aeikz_'_Bfikz (38)
where
h
a=1—
mw

The total wave function for the region I can be written as
U (x,2) = X, (¢ — 20) Z'(2) (3.9)

where x is the initial amplitude of the channelon. Assuming that an initially well-
channeled particle coming from left, interacts and undergoes reflections at the bound-
ary (between I and II regions), the actual wavefunction in the first region has the

effects of excited sates also. Hence the total wavefunction can be written as,
U (2, 2) = AgXje** + > B, X e > (3.10)

n=0

Now consider the dislocation affected parts of the channel. We have two curved
regions which are due to the centrifugal force proportional to ‘;—;, where ph is the
angular momentum with g = [(I + 1) with [ as the orbital angular momentum

quantum number and p is the radius of curvature of the channel.
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In the second region of the channel, the Schrodinger equation is written in terms

of the polar co-ordinates p and ¢ and is given by,

h2
=5 Vo U0 0) + V() (p,0) = B0 (p, ) (3.11)

where the potential in this region is given by,

1

Vi(p) = émwQ(p — po)? (3.12)

Here the distance "z’ in the transverse direction is replaced by p—pg, the corresponding
distance in the p-direction. In this region, the x, y, 2 components are written in terms

of p and ¢ and are given by,

T = pcosy
y =Y
z = psine

The particle motion is in the z-z plane. Therefore, the 'y’ component remains the

same. Now, Eqn. (3.11) can be re-written as,

R[1o/ 0\ 1 & 1
{ ( ) + }\I’”(p, )+ 5mw’(p = po)® T (p, ) = B 0 (p, )

“am[pop\"9p) T P 0p? 2
(3.13)
Separating variables gives azimuthal equation,
F"(p) = —p*F! (p) (3.14)
with solution
FM(p) = Ce™ 4 De ¥ (3.15)
and radial equation,
R+ 2 gt Lo - EE VRt =0 (316)
h?2 2 0 2m p? '



From the above equation, we can write the effective potential in the region II as,

Vegs(p) = Smu(p — po)? + 2B (3.17)
. = —mw’(p — —— .
A 2 p=po 2m p?
Putting £ = p — po,
1 h2 M2
V. = —mwir 4 ——
(&) 5w 3 2m €+ po)?

Since £ < pg, we may expand Vs to second order around =0,

dV, 1/ d*V,
Vers(§) = V(0)+<—d€”) £+ 5( dé*) ¢ (3.18)
§=0 £=0
Putting a = /%*,
G e I
Vogp = — + 3.19
= 5 e 1)
The above equation gives,
h2H2
V() = 3.20
0) = g (320)
d‘/eff hz |: 4 2,LL2 :|
— = — 20" — ——— 3.21
T R s (3:21)
dQV'eff h2 |: A 6Iu2 :|
= |2t 4+ 1 3.22
a2 = am [T () 922

Substituting the above values in Eqn. (3.18), we get the effective potential for the
region II given by,

h A
v, = — (= )€ =ay)? + Upin 3.23
116 = | ()16 = ) + U (3.23)
where
A o= adlpy+ 3
P 1£°po
P A
2 P 2 2
PoA h
This equation of effective potential (Eqn. (3.23)) corresponds to a harmonic oscillator
with frequency,
B\ Y2
m\ Po
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The qualitative shape of the potential is shown in Figure 3.5. It is observed that

the effect of centrifugal force shifts the potential curve; the new curve is centered at a,

with a shift V,,;, in energy minimum. Furthermore, the effective transverse potential

is no longer completely harmonic.

)

(m’e® 102 Y~ py)

ulp?

Figure 3.5: The shape of the effective potential in the third region of the dislocation

affected channel (region II) for positrons.

The wavefunction for region II can be written as,

V(p, )= Ryl {Cme“‘“" + Dme"‘““"}

m=0

(3.25)

Putting n = £ —a, = p — po — a,, the radial equation in Eqn. (3.16) can now be

written as,
nil oA 11
0

with solution,

N\ 1/4
Rt = () 2y e
s

where b = (mw'/h)'/2.
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For the third region, the Schrodinger equation in polar coordinates becomes,

2 1M 1 2 1
I [ o ( 0 ) N 9, }\I!I”(p, o)+ =mw(p— po)2 W (p, ) = BT Wi (p, )

“amp0p\"0p) T R0 2
(3.28)
Separating variables gives azimuthal equation,
F'" () = —p*F' () (3.29)
with solution,
FIH(go) = Ge" + He
and radial equation,
2m 1 h? p?
RI/III = EIII = 2 o 2 o RIII =0 3.30
(p) + = U Gl weir (p) (3.30)
The effective potential, in the third region can be written as
1 h2 ,u2
%4 = —mw(p—po)? — —5 3.31
eff(p) 277%‘) (P = ro) om p? ( )

Using the Eqn. (3.18), the corresponding equations for (3.20 to 3.22) are given by,
h2ﬂ2

!
= — .32
Vo) = -3k (332
dv/ h2 ) 2 :|
eff 4 H
— = — 20+ — 3.33
A 539
dQV’ ﬁ2 6 2
ot = L {2a4 - L] (3.34)
dg? 2m (€ + po)*
which give the effective potential in the III"? region as,
h N
/ =—\[5)E—-ad)+U, 3.35
eff(g) m |:(p61) (f ap) + Umzn:| ( )
where
XNo= a'py— 3
a :u2p0
P N
g o N ) 2my
mn p%A/ h2 min



The potential equation; Eqn. (3.35) corresponds to a harmonic oscillator with fre-

h )\, 1/2
W' = — (—) (3.36)

1
m -\ Po

quency,

The shape of this potential is shown in Figure 3.6. It is observed that the effect
of the centrifugal force shifts the potential curve as in region II, but in a direction

opposite to it. The new curve is centered at a;, with a negative shift of V,

man

in energy

minimum.

It is observed from the above calculations that the curvature of the channel induces
a shift in the equilibrium axis for channeling which changes the frequency of oscillation

from w to w’ and w” in the first and second regions of the curved channel respectively.
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1
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Figure 3.6: The shape of the effective potential in the second region of the dislocation

affected channel (region III) for positrons.
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The total wavefunction in the third region can be written as

v p, )= R {Gmew + Hye ¢ (3.37)
m=0
where
ITI/ 1 mw"\ ! n o 1\—1/2 1N —b2n/2 )2
R (1) = - (2" n) "V H (V' )e " (3.38)
s

with 0’ = (mw”/R)Y/? and 1/ = £ + a, = p—po+ a,

In the fourth region (i.e., the perfect channel), there will be only the transmitted

wave and the wave function in this region is given by,

UVi(z, 2) = XIV 1, ez (3.39)

3.3.2 Channeling and Dechanneling Probabilities

Now we proceed to find the reflection and transmission coefficients. We have 4
regions and 3 boundaries separating them. The boundary conditions across these

regions are given by the following equations,

Vg = ¥z (3.40)
ol 1 ow!!

Z lz=0 Po O¥ lu=o

U ompy = ¥ (3.42)
8\1111 a\I,III

5 = = (3.43)

L P ? le=0

v, = UV (3.44)
1 8\11111 a\I,IV
— = (3.45)
pO 8@ ©w=po az z=t
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We use the above boundary conditions in the wavefunction of the 4 regions given by

the equations, (3.10), (3.25), (3.37) and (3.39).

Eqn. (3.40) =
Eqn. (3.41) =
Eqn. (3.42) =

which gives,

Eqn. (3.43) =

which gives,

Eqn. (3.44) =

Eqn. (3.45) =

AX"T+ BX' = RI(C+ D)
koo yx1 — pxT — pl(C - D)
o
RITCem#0 1 De#0] = RII(G 4 H)

G+ H =< RJ'|R, > [Ce#0 4 Dem#¥]

RyJ[Ce™# — Dem %] = RII (G — H)

G — H =< R}J'|R]] > [Cet# — De™ ]
RIII[Geiucpo + He—iucpo] — IXIVGikt
iMRIII

[Geeo — Hem#e0] = I X1V ikt
Po

(3.46)
(3.47)

(3.48)

(3.49)
(3.50)
(3.51)

From the above equations we need to find |§|2 which gives the reflection co-efficient.

From Equations (3.46) and (3.47), we get,

2

X ) ]
C = -<RIX'> A(1+@>+B<1—@)

1 i k kpo\ ]
D = - <RUX'> A(1—ﬂ)+3(1+ﬂ)

2

which gives the value of % as,

B
A

1t 1t

1 1
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From equations (3.48) and (3.49) we have,

G = < RIMRIT > Cetreo
H = <RJR > De %0

The above equations (3.55) and (3.56) give,

c_c
D H

e~ 2inpo

Finally from equations (3.50) and (3.51) we have

G _'_ kpo _QZMSOO

H = /fpo

Substituting Eqn. (3.58) in (3.57), we get the value of £ as,

C :u + pr —42#900

D M/fpo

Substituting Eqn. (3.59) in Eqn. (3.54), we get,

Now substituting,

B
A

(K25 — p*)[1 — e~ %0

(k205 + p2)[L — emimeo] — 2kpopu[1 — e~ Himeo]

1 —e 40— 2190 gin (2

1+ e 40 = 27?0 cos(2upy)

and solving, we get the reflection co-efficient as

32
Z

(=% + k*pg)? sin®(2p0)

 4k32203 cos? (2pp0) + (12 + k23)? sin® (21up0)

The transmission co-efficient is given by,

1—|R]> =

71" =

AR? py®

422 p3 cos?(2upg) + (12 + k2

65

po)? sin®(24up0)

(3.55)
(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)



The reflection and transmission co-efficients given in the above equations give us
the values of dechanneling and channeling probabilities respectively. These can be

written, in terms of energy as

8mE 2 pg cos®(2pp0) + (12h? + 2mEpg)? sin®(2u¢0) '
SmE 2,2

 8mEu2p} cos? (2p0) + (12h2 + 2mEp3)? sin®(2p100)

The dependence of these probabilities on the parameters F and p, are given in figures
3.7 and 3.8, taking the average values of sin®(2u¢pg) and cos?(2ueg) as 0.5. Here pg

is inversely related to the density of dislocations.

E(Mel') 50

Figure 3.7: The E and py dependence of dechanneling probability for positrons.

Now let us consider the case of maximum and minimum dechanneling probabil-
ities. The maximum dechanneling takes place when the value of py is very small,
i.e., when the curvature of the channel is very large. The figures 3.7 and 3.8 also

show the channeling and dechanneling probabilities for the least value of py which
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Figure 3.8: The F and pg dependence of channeling probability for positrons.

gives maximum dechanneling and minimum channeling probabilities. The minimum
dechanneling takes place at =0, i.e., when the channel is straight. The maximum

value of ¢y is found to be m/(4v/2).

3.4 Effects of Dislocations on Electron Channeling

Here, we consider the effects of dislocations on planar channeling of electrons.
Electrons, as mentioned in section 3.3, are confined to move around the planes or
axes where their potential minima lies. Just like in the case of positron case, both

the transverse and longitudinal motion of the particles are considered.

3.4.1 Shift in Potential Minima

The Schrodinger Equation for planar channeling for a particle of mass m moving

in region I (perfect channel) can be written as:

[ 0? 0?
(@ N 07) Uz, 2)+ Ule) O (z,2) = B W(z,2)  (3.65)

2m
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For electron the transverse potential is given by [62, 67, 68],

Vo
Ulz) = — 3.66
(z) T+ arr ( )
where
Vo = 212, Z2e*Nd,Carp (3.67)

After separation of variables, the total wavefunction for region I becomes,

U (2, 2) = AgXje™* + > B, X e "> (3.68)
n=0

Now consider the two regions in the channel which are affected by dislocation.

These curved regions are due the centrifugal force proportional to %
p

The Schrodinger equation for the region II in terms of the polar coordinates p and

@,
h? [1 0 ( 8) 1 0 ] Vo
| — )+ =— \I/II ’ o \I/II ’ _ EII \IIII :
2m | p Op p@p p? 02 (0, ) (p— po) + arr (p; ) (p,¥)
(3.69)
Separating variables gives azimuthal equation,
F"(p) = =12 F'(¢) (3.70)

with solution similar to that in the positron case (Eqn. (3.15)) and radial equation,

2m Vi n?
RMI + 20\ 4 0 -~ 2 |RU =0 3.71
2 h? (p—po) +arp  2m p? ) .

From the above radial equation, the effective potential for region II can be written as

‘/0 h2 ,u2
=— —— 72
Vers(p) (= o) T arr | 2m (3.72)

Keeping & = p — pp and simplifying the above equation we get the effective potential
and is given by,

h )\/3 )\/2 \
Ve (5):—{ . — =+ } (3.73)
If 2m  Nphadp[26 +31]  MPodrE  Podre
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where

M = —2a’py + 3uPdl, (3.74)
Ny = —a'pyare + pPagppo (3.75)
X = —2d'pyatp + pParpp (3.76)

From Eqn. (3.73) we can see a shift in the minimum of the potential, which is due to
the shift in the equilibrium axis due to dislocations. Figure 3.9 shows the potential
shift in this region. The wavefunction of region II can be written in a form given by
Eqn. (3.25),

U (p, p) = Z R [Cme““” + D,,e” (3.77)

m=0

V(i)
=10

——— & Dislocation affected channel

Straight channel

T o

510t 10 th.540°

11

Figure 3.9: The shift in potential due to dislocations for electrons.

Similarly, proceeding to the region III, the Schrodinger equation can be written as

R?[1o /[ o 1 02 Vo
_ _ 4 \I]III ’ - \I]III ’ — EIII \I[III ’
%JNMG%) WWJ (6. ¢) (p— po) + arr (0 %) (P, 2)
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Separating variables gives azimuthal and radial equations as,

F/,III((p) _ —[LQFIII(QO)

2m

BT 4 Vo h /~L_2

R//H[ + + —
(v) h? (p—po) +arp ~ 2mp?

R (p) = 0

The effective potential for region III can be written as

Vo n
Vors(p) = — e
ff(p) (p . pO) + arp 2m, pg

which, upon simplification,

Veff(f):i{ ) T N }
2m X2 pdad.[2¢ + :\\—z] APty PoOTE
where

N = —2a'py — 3u’dl,

Ny = —a'pparr — pPagppo

Ny = —2d'pyarp — plagep;

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)
(3.84)
(3.85)

The above equation (3.82) shows a shift in the potential minimum, but in the reverse

direction of that of region II and the shifts in both the regions are in accordance with

the direction of the centrifugal force. The wavefunction of region III can be written

as,

W (p,0) =Y Ry {Gmei’“" + Hye 9

m=0

(3.86)

The fourth region is the perfect channel as discussed in the previous section and

the wavefunction is,

\Illv(x,z) = X,ILV I, e*n?
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To find the reflection and transmission coefficients, we use the boundary conditions
across the 3 boundaries are given by equations (3.40) to (3.45). From these we get
|R|> and |T|? as,

|R|2 _ (_:LLQ + kng)Q Sin2<2ll1/g00) (388)
AR2p2 pg cos?(2pp0) + (12 + k2p3)? sin®(2p00)
4]{:2 2,,2
T2 Fob (3.89)

T 4k222p3 cos(2pup0) + (42 + k2p3)? sin®(2up)

These give the dechanneling and channeling probabilities respectively. The varia-
tion of these co-efficients with the value of py and incident energy E' is given in figures

3.10 and 3.11.

EMeT)

Figure 3.10: Variation of the reflection co-efficient / dechanneling probability with pg

and Incident energy FE of electron

The above equations (3.88) and (3.89) look similar to those of the positron channel-
ing case since we consider the same channel with same dislocation effects. From the

figures 3.7 and 3.10, and from 3.8 and 3.11, it is found that for electron channeling,
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Figure 3.11: Variation of the transmission co-efficient / channeling probability with

po and Incident energy E of electron

channeling starts at a smaller value of py compared to that of positron channeling. It
means that at a particular value of pgy, the probability of the particles to dechannel
is less for electrons when compared to positrons. This is due to the fact that the

electrons have its transverse motion bound to an atomic row or plane of atoms.

3.4.2 Spectral Distribution of Radiation Intensity

The eigen spectrum of electron channeling is given by [67, 68|,

By = 0 (3.90)
"= 2R+ ony? '
on = QQT/CLTF (391)

ar =/ @3y + u? (3.92)

where u? is the mean-square vibrational amplitude. The additional centrifugal force
due to the dislocation changes the spectrum. This change in energy due to chan-

neling of electrons in a dislocation affected channel for various materials and various
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energies are given in Table 1 and compared with that in a straight channel for a value

of pp=0.5 x 10~ "m.

Table 1 : The change in energy (in eV) for various materials for electrons channeling

along the (110) direction at different incident energies for a value of py=0.5 x

10~ "m.
50 MeV 20 MeV 10 MeV
Straight Dislocation Straight Dislocation Straight Dislocation
Channel affected Channel affected Channel affected
Channel Channel Channel
Si | 2.83 x107% | 2.861 x107* | 0.93 x107* | 0.942 x10~* | 0.476 x107% | 0.481 x107*
Cu | 3.257 x1073 | 3.293 x1072 | 1.3 x107® | 1.31 x1073 | 0.651 x1073 | 0.658 x1073

Now we consider the effects of dislocations on the spectral distribution of the radi-
ation intensity. The probability of transition from an initial state (i) to a final state

(f) of the electron per unit time is determined by the well-known formula,

4r2e? e o
v D g dg ) d(wps — w)
7

Where V' is the volume of the system, ¢ and e}, are the wave vector and polarization

vector of a quantum of electromagnetic field as discussed in chapter 2.

hwp = Eni — Eyg (3.94)
The matrix elements dy; are given by
3fi = oo Opiy gy +ha, D (3.95)
Dy = =iz 5121, 0, ¢ 8) (3.96)
2 = / 2805, (0) S (@) da (3.97)
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where S, are oscillatory wavefunctions which obeys the Schrodinger equation given
by
YT + U(x)| Spe(z) = ES,p(2) (3.98)

Let us define a vector of polarization €; in the plane having the wave vector ¢ and
the z-axis and a vector e;_Leé; in the plane having the axes z and y. If ¢ and 6 are

the azimuth and polar angle of the wave vector ¢,

e1 = (cosfcos,cosfsing, —sinf) (3.99)

ey = (—singp,cosp,0) (3.100)

The summation in Eqn. (3.93) is written in the integral form as

62

i =5 | \ldn-eil* +ldp.el* ) [a7 0wy —w) df (3.101)
2rh
Solving we get the transmission probabilities as

AW ; _ 623:3%93’%
dQ 27h(1 — B cosh)

71(1 = Beos0)? — (1 — 37)sin® 0 cos” ] (3.102)

2
d;/Zfi _ vazQil%;g [1 + 62 -2(1+ ﬁ)u;:ﬁ +2(1+ 3)? (wtf) ] (3.103)
ig[{; = %(16 2f%§2 gyel(L = Beosf)” = (1— ) sin® O cos” o] (3.104)
S 0 {1 + 8 =21+ f)—— +2(1 + ﬁ)2< - )2} (3.105)
dw 26° Woi Wo i
where
wogi = 2017y (3.106)

The spectral intensity of radiation of a channeled electron in the case of a straight
and dislocation affected channels are plotted in figures 3.12 and 3.13 with

2.2
_ 3e
8332

s (3.107)
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It is found that the change in the effective potential and frequency of oscillations
proportionally changes the spectral distribution of radiation intensity. But the change
is small and owes to the small dechanneling probability of electrons due to its motion

in a symmetry direction (around the strings of atoms).

14

iz

(53]

14l 4

5 do

Figure 3.12: Spectral distribution of radiation intensity

3.5 Results and Discussions

We have developed a quantum mechanical model for the effects of dislocations on
positron and electron channeling. The effects of centrifugal force developed due to the
distorted channel have been discussed by including the effects of longitudinal motion
of the particle using polar co-ordinates. The shift in potential due to the additional
influence of longitudinal motion is thus found, in this dynamic formalism. The trans-
verse potential and the frequency of channeling radiation in the perfect channel and
the two regions of dislocation affected channels are also calculated. The wave func-
tions for the transverse and longitudinal motions are calculated by using continuity

of wave functions and their derivatives at the three boundaries. The reflection and
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Figure 3.13: Spectral distribution of radiation intensity, showing clearly the fractional

change due to the effects of dislocations

transmission coefficients are found using these boundary conditions which are the

dechanneling and channeling probabilities respectively.

Comparing the positron and electron channeling cases, it is found from the figures
3.7 and 3.10 and also 3.8 and 3.11 that, for a given radius of curvature of the channels,
the dechanneling probability is less for electrons than that for positrons. This is due
to the property of electron channeling, where the transverse motion of electrons is
bound to an atomic row or plane of atoms. Hence the dechanneling of the particles is
less in this case when compared to the positively charged particles where transverse
oscillation is between two planes or several rows of atoms. Due to this, the effects of

dislocations are lesser for an electron channeling case than that for positrons.

For the electron case, the energy change is calculated for few materials like Si and
Cu and for various incident energies and are given in Table 1. A comparison with

the straight channel values is also made here. The change in spectral distribution
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of radiation intensity is also calculated as seen from Figures 3.12 and 3.13. With
the dechanneling probability being small for electrons, the spectral distribution of

radiation intensity also has only small influence from the dislocations.

Summing up, the quantum mechanical model developed here for the effects of dislo-
cations is applicable for channeling of both positive and negatively charged particles.
This model is general and is likely to be basis for the explanation of the channel-
ing/dechanneling phenomena due to any kind of distortion effects in crystalline ma-

terials.
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CHAPTER 4

Dechanneling of Positrons by Dislocations: Effects of

Anharmonic Interactions

4.1 Introduction

The potential usefulness of charged particle probes to study the materials for their
purity had induced interest in the study on the effects of defects on channeling from
the very beginning. Various classical [8, 57] as well as quantum mechanical models
[16] have been developed to study the dechanneling due to defects, especially the
dislocations. In the previous chapter we have derived a quantum model to study the
effects of dislocations on positive and negatively charged particles propagating in sin-
gle crystals. The dislocation affected regions of the channel and the unaffected straight
regions were modelled as regions separated by boundaries. By using proper bound-
ary conditions on wavefunctions and their derivatives, we could find the channeling

(transmission) and dechanneling (reflection) co-efficients. In the present chapter, we
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concentrate on specific case of positron planar channeling and use quantum model for
the effects of dislocations. The anharmonic effects in the continuum potential have
been included in these calculations and compared with the earlier results based on

harmonic approximation for potential [60].

The dislocations induce distortion effects in the channels which affect the channeling
radiation spectrum. These effects are incorporated by including the energy term
(2FE/R)x due to the transverse centrifugal force, where F is the average energy in the
curved part of the channel with radius of curvature R and x is the position of the
particle in the transverse direction. This deflecting term is added to the continuum
planar potential, which acts as a restoring force. Dechanneling of particles takes
place when they are within some distance from the dislocation core (critical radius)
where the distortion is maximum and hence large centrifugal deflecting force. The
critical minimum radius of curvature R,,. of channels below which the particle will
dechannel completely (shown in Figure 3.1 in chapter 3) can be obtained by equating

the deflecting centrifugal force to the restoring planar potential and is given by;

4F

Rmc S —
WleQGQCNp

(4.1)

Particles entering the channels with radius of curvature greater than R,,. will only
be channeled. The corresponding critical distance of channels from dislocation core

ro is given by,
mec
10

where b as the Burgers vector [69]. This 7 is called the mean dechanneling radius.

ro = (4.2)

Channels outside this region of radius 7y around the dechanneling core (dechanneling

cylinder) [8, 57, 58, 59] are distorted only slightly and do not lead to dechanneling.

An initially well channeled particle in the undistorted region oscillates around the

equilibrium axis of the channel. But once it enters the distorted region, the potential
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minima (about which the particle oscillates) shifts due to the centrifugal force term.
Let this be denoted as a, as shown in Figure 4.1. The effect of this shift on the
continuum potential is calculated for both harmonic and anharmonic cases. Also the
transitions among the energy levels in the transverse continuum potential induced

due to dislocations are discussed.

(a) N far

(b}

Figure 4.1: (a) A Channel with radius of curvature R and a shift a, in the equilibrium
position due to dislocations. (b) The curved channel is replaced by straight one to

show the direction of the centrifugal force.

4.2 Harmonic Model

For the planar channeling of positrons, we use the continuum potential discussed
in chapter 1. The transverse potential is given by [58, 59],

. 4VoLarp

V(x) T2 .2

(4.3)
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which can be approximated as,
1
Vi(z) =Uo+ §]€1l’2 (4.4)

for the harmonic case, where U, = 4”’% and k; = SVOL%. Also L = | + arp as

mentioned in the previous chapters.

4.2.1 Effects of Distortion

The centrifugal force due to the curvature of the channel affects the transverse
potential. The effective potential in the distorted part of the channel is obtained
by including an energy term corresponding to this centrifugal force and is given by

[47, 60, 61],
4%LCLTF 2F

Vet =T — 2 — {7 (4.5)
Expanding around the shifted minimum,
dVeyy 1 2 Very
dVyss B\ I1? B
— = = -] —=—-= 4.
w0 = (L) > 1 (+7)
with
o RVoarp
- E
which gives the effective potential as,
1 2 PVers
Verr(@) = Vegslar) + 5 (@ —ar)"— - (4.8)
From Eqn. (4.5), we can write
d*V, 8VoarpL
f1_ S0OTED r2 g.2) (4.9)

dr? (L% — 22)3
Substituting, Eqn. (4.9) in (4.8), we get the co-efficient of 2 which gives the effective

force constant and can be written as,

8‘/()(1,TFL

eff _
kl - (L2 _ a2)3

[L? + 3a?] (4.10)
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The maximum number of bound states can be obtained from the relation [60],
1
(n+1/2)hw = §k:1x2 (4.11)

At © = 2,4, we have maximum number of states, n = Jaz, Where 0. = l—arp—a,.

Substituting w = ,f—;ﬂ, Eqn. (4.11) can be rewritten as,

. 1 / e ‘Tgnax
Jmaz = 5 |: fymklff T - 1:| (412>

Substituting £/ from Eqn. (4.10) we get,

1 L — —a,)?
jmaﬁ—w B ICRRTE —1} (4.13)

2 (L% —a2)3 h
The transition probability among the energy levels in the transverse continuum po-
tential are to be calculated. These transitions are induced by the distortions created

due to dislocations.

We take the example of a positron with incident energy 12.45MeV (v = 25) chan-
neling along Al(111) planes with dislocations. Using the above equations, we can
find jae = 3. It is shown in Figure 4.2 (plotted in comparison with the anharmonic

case).

Due to the change in the force constant in the distortion region, the coupling

constant o = /" gets modified to o’ and is given from Eqn.(4.13) as,

L2 +3a2  [ym8Vharp [ 1+ 3(a,/L)?
= ay ‘\/ v ) e

o? = 720’ (4.15)

8V
a? = \/W”L% (4.16)

where the distortion parameter 7 = o//a is given by

o [143(a/L)?
=T (4.17)

82

a? = \/’YWSV@CLTFL



When the distortion in the channels is least, the shift in the potential minima is
almost zero. It is obvious from the above Eqn. (4.17); at a, =0, 7> = 1. Figure
4.3 illustrates the variation of the distortion parameter with respect to the distance
from the dislocation core in the harmonic as well as anharmonic cases. It is observed
that, as the distance from the dislocation core increases, the curvature of the channels

increases and the distortion parameters approaches 1 (zero distortion).

4.2.2 Channeling probabilities across the interfaces

As shown in Figure 4.1, the whole region is divided into four with three boundaries
through which the particle has to cross during its passage through the distorted
channel. We use the sudden approximation to calculate the transition probabilities
across these three boundaries. The wavefunction of the particles in the four regions

can be written as,

b = ( ) exp{_o‘;xz}m(ax) (4.18)
P = ( j') eXp{ —o” ‘7”“’" }Hj(a'xjua’ar) (4.19)
@ (\sz) eXp{ —o” x_a’" }Hk(a':c—a'ar) (4.20)

by = (ﬁ) exp{%} Hy(ax) (4.21)

The maximum number of bound states is j,.. = 3. From a fixed initial state the
particle can occupy any of the final states in the distorted regions of the channel. The
possible transitions are;

0—-0; 0—1; 0—-2; 0—3
1—0; 1—-1; 1—-2; 1—3
2—-0; 2—1; 2—-2; 2—-3
3—0; 3—1; 3—2; 3—3
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The transition probability across the first interface [70]; i.e., probability of the
particle with initial state |i) to cross to the state |j) in the first distorted region, is
given by,

P = |05 0) (422)
The overlap integral of the transitions across the first interface written as,
) 1/2
(Y |y =<L) Lom (4.23)

m2itigl gl

where
o 1
Ly = / Hi(ax) Hij(d'z + d'a,) exp{ - §(a2:p2 + o (x + ar)Q)} (4.24)

Solving the above equation we get the individual transition amplitudes |(jM|i)|? and

are given by,

/ 12
(D)2 o _ o 2 2
e = (o) el (i Jate)

= Ly ? a”? ’
e s ] |

2

X

H;(d'z+ d'a,) Hi(ax) (4.25)

The total probability of the particle in the initial state |i) to occupy any of the final

states |7) (Jmaz < Tmaz) in the first region of distortion affected channel is given by
jmaz
pi= Y 1GW0)P (4.26)
=0

So the dechanneling probability across the first interface is written as,

Xi=1-pf (4.27)
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Similarly channeling and dechanneling probabilities across II and 111 regions are given

by,

kmaz

pity = D [EP M) (4.28)
k=0

XJU = 1—p§(11) (4.29)
fmaz

Py = D [{fIE)) (4.30)
f=0

XM= 1-pl4 (4.31)

The total channeling probability of the particle with an initial state |i) to find itself
in the straight channel with final state |f) after passing through the two regions of

dislocation affected channel is written as,

Fino o
Pinf= Y (Pk@)_)f{ D P X pj(l)—>k(2):|) = Df—i (4.32)

E(2)=0 jM=0

The variation of the channeling probability with distance from dislocation core
for an initially well-channeled particle and a particle in the first excited state are
plotted in figures 4.5 and 4.6 respectively in comparison with the anharmonic case.
As the distance from the dislocation core increases, the probability of channeling also
increases and attains a maximum value. The distance ry at which the probability
of channeling attains a finite value corresponds to the radius of the dechanneling

cylinder and it can be found from these figures 4.5 and 4.6.

4.3 Effects of Anharmonicity

We now consider the effects of anharmonicity and its relevance to positron planar
channeling with dislocations. We analyze how various parameters in channeling get

affected by the additional anharmonic term in the positron planar potential.
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Including the anharmonic term for the transverse periodic potential of the positron,

the potential equation can be written as,

4VCLTF .TJQ -1
Vi) = — (1_ﬁ)

4Vya 2 xt
_ 0aTF <1+_+_)

L L2 LA
1 2 1 4
where
16Voarr

4.3.1 Effects on the distortion parameter

Expanding around the shifted potential minimum, a,, the effective potential is

written as,
1 2 Very 1 1+ Veyy
B A
Using Eqn. (4.5), we can write,
d4‘/eff 60z* -+ 1222172 -+ 1214
———= = 8VparpL 4.36
e e .
which gives co-efficient of 2# and hence the effective value of k.
60a* + 12a2L% + 12L*
eff _ T r
/{Z2 = 8%CLTFL|: <L2 — CL%)EB :| (437)
The energy spectrum including the effects of anharmonicity is given by,
E, = hwy [(n +1/2) + Z(an +2n + 1)] (4.38)
where
3hk
E (4.39)

E = —-
dymwok

86



The maximum number of quantum states, j,.. are given from the equation,

eff
4

1

4k§f Tt (4.40)

max

. € . ) 1.,

which gives, after solving,

e = oy 2 At kTag 12k g, \
Jmer =\ T geri eI 12 (el 4 2)2 o
(4.41)

We can find from the above equation that anharmonicity changes the number of

maximum bound states from 3 to 5. It is shown in Figure 4.2.

With the increase of the number of bound states, we can expect more transitions

between these states. The possible transitions are,

0—0; 0—-1; 0—-2; 0—-3 0—4; 0—5
1—-0; 1—-1; 1—-2; 1—-3 1—4; 1—5
2—-0; 2—1,;

I

2—2; 2—-3 2—4; 2—5
3—0; 3—1; 3—2; 3—3 3—4; 3—5
4—-0; 4—1; 4—-2; 4—-3 4—4;, 4—5
5—0; 5b—>1; 5—=2; 5—-3 5—4; 5—5

The frequency of oscillation with the effects of anharmonicity is calculated as,
€
Wah = Wo |:1 + Z:| (442)

which changes the coupling constant to o/ = /*5:. Hence the distortion parameter

is given by,
el s
) o2 k?fff (1 + T)
== i (4.43)
o)
where i
ceff — _3hks - (4.44)
dymwok]
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Figure 4.3 illustrates the effects of dislocations on the distortion parameter for a
positron incident with incident energy 12.45MeV (y = 25) channeling along Al(111)
planes. With anharmonicity the distortion increases as shown in this figure 4.3. As
the distance from the dislocation core increases, the distortion parameter decreases.
But unlike in the harmonic case, it is not reducing to 1. This is due to the fact that

anharmonicity, by itself, is inducing some perturbations in the channel.

Also Figure 4.4 shows the effects of anharmonicity on the frequency of oscillation.
For the harmonic model, as the distance from the dislocation core is large, the channel
is almost straight and = approaches 1. But in the anharmonic case, it has always
have a finite value > 1. A percentage increase of 17% in the frequency of oscillation

is found from the harmonic to anharmonic model.

4 ——  With anharmonic interactions

i —  Harmonic model

500 1000 1500 2000

Distance in units of a,

Figure 4.2: The variation of number of states supported by a planar channel with

distortion of the channel.

88



1.75 | ——>  With anharmonic interactions

» Harmonic model

200 400 €00 800 1000

Distance in units of a,

Figure 4.3: The variation of distortion parameter as a function of distance from

dislocation, in comparison with the harmonic case.
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w S

T, —— With Anharmonic interactions
0
1.3
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500 1000 1500 2000

0.8
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Figure 4.4: The variation of the frequency of oscillation.
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4.3.2 Effects on Channeling probabilities

Now we consider the effects of anharmonicity on the channeling and dechannel-
ing probabilities. The first order perturbed wavefunction is given by the equation

[60, 61, 71],

Vo —1)(n—2)(n—3)|n—4) (4.45)
+ 4(2n —1)y/n(n —1)|n —2)
— 42n+3)V(n+1)(n+2)n+2)

— \/(n+ 1)(n+2)(n+ 3)(n+4)|n+4>}

which can be written as,

eff

€
48

|thn) = |n) + Apln —4) + By|n —2) — Cpln + 2) —Dn|n+4)} (4.46)

where the constants A,,, B,, C, and D, are given by,

A, = /nn—1)(n—-2)(n—3) (4.47)
B, = 42n—1)y/n(n—1)

C, = 4(2n+3)y/(n+1)(n+2)

D, = V(n+1)(n+2)(n+3)(n+4)

From the above equations, the overlap integral corresponding to the anharmonic po-

tential for two states M and N represented by ), and v, is written as,
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ceff
48

(M|N) = (m|n) + {A,L(mm —4) + By(m|n — 2) (4.48)

— Cp{m|n+2) — D, (m|n + 4)]
el f

+ 18 [Am<m —4|n) + By.(m — 2|n)

— Cp(m+2n) — Dy(m+ 4|n)}

eff\ 2
. (548) [AnAm<m—4|n—4)+BnAm(m—4\n—2>

— ChAn(m—4n+2) — DAy (m —4|n + 4>]

ceff
+ ( [ m{m —2ln —4) + B, B,,(m — 2|n — 2)

- B (m —2|n+2) — Dan(m—2|n+4>}

+ ( f)[ m(m —+2|n —4) + B,Cp,(m + 2|n — 2)

— C.Cp{m+2n+2) — D,Cp,(m +2|n + 4>]

eff\ 2
. (548 {Aan<m+4|n—4)+Ban(m+4|n—2>

— CoDp(m+4in+2) — D, D,,(m + 4jn + 4>]

Now, by using Eqn. (4.48) and (4.25), we can find the channeling probability from
Eqn. (4.22).

Let us consider two cases; particles in the ground state (initially well channeled
particles) and in the first excited states. The transition probabilities are found for

these two cases; po_o and p;_.o respectively.
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Transition probability across the first interface; i.e., the probability of the particle
in the initial state |0) to occupy any of the final states |M) (My00 = Jmaz) in the

first region of dislocation affected channel is given by,

po =Y (MDo)P (4.49)

M=0

The individual amplitudes (m|n) etc, on the right hand side of Eqn (4.48) are cal-
culated using Eqn. (4.25). The probabilities across the 11" and IT1"® interfaces
are similarly calculated and the total channeling probability, py_o thus can be found

using Eqn. (4.32).

For the particles in the first excited state, the transition probability p; ¢ is calcu-
lated in the same way. Figures 4.5 and 4.6 illustrate the channeling probabilities for
initially well-channeled particle and first excited state respectively. It is found that
the probability of channeling is increased due anharmonicity in both the cases. Also
it can be noticed that the value of ry which corresponds to the radius of dechanneling

cylinder is increased with the effect of anharmonicity.

1.2 /v With anharmonic interactions

0.8 \A

Harmonic model
Py

200 400 &0 800 1000 1200 1400

Distance inunits of g,

Figure 4.5: Influence of channel distance from dislocation on channeling probability

corresponding to an initially well-channeled particle (FPy_)
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Figure 4.6: Influence of channel distance from dislocation on channeling probability

corresponding to initial state 1) (P;_o)
4.4 Results and Discussions

We have developed a quantum theory of dechanneling due to dislocations with the
effects of anharmonic term in the positron planar potential. The effects of dislocations
and anharmonicity on the planar channeling potential are estimated. The above
calculations are performed for positrons with incident energy 12.45 MeV channeled
in Al in the planar direction (111). We have considered a typical dislocation density
of 10® dislocations / em?. Tt is found that anharmonicity changes the channeling
parameters and distortion parameters considerably. If the material has disordered
regions, then the transition of positrons from normal to disordered region is affected

according to the variation in the planar continuum potential.

The number of states supported by the planar channel too varies with anharmonic-
ity. It changes from 3 to 5 as plotted in Figure 4.2. As a result the number of
transitions increases. We have found a considerable amount of change in the distor-
tion parameter due to the anharmonic effects as shown in Figure 4.3. In a straight,
normal channel with zero distortion, the value of distortion parameter is set as 1.

In a dislocation affected region, as the distance from the dislocation core increases,
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the radius of curvature of the channels increases which results in the decrease of
curvature. The decrease in the curvature thus decreases the distortion as plotted.
Anharmonicity increases the distortion parameter as shown, but decreases with the
distance from the dislocation core. It can be noticed from the Figure 4.3 that the
value of the distortion parameter never goes to 1. This is due to the fact that an-
harmonicity itself is inducing some perturbations in the channel. The change in the
frequency of oscillations due dislocation is also studied. As shown the Figure 4.4
the effects of anharmonicity increases frequency of oscillations by 17%. This is in
good agreement with the changes in the spectral distribution of radiation intensity

discussed in chapter 2.

We have considered the channeling probabilities corresponding to an initially well-
channeled particle (|7) = |0)) and that corresponding to an initial state [i) = [1).
The anharmonic term increases these transition probabilities considerably as shown
in figures 4.5 and 4.6. This is due to the increased transitions between the additional
states due to the anharmonicity. The value of ry at which the probabilities py and p;
increases and then reaches a maximum corresponds to the radius of the dechanneling
cylinder. It is found that anharmonicity causes the increase of this radius as shown

in the figures.

From the above calculations we have found that the channeling parameters are
affected considerably by anharmonicity. The fact that anharmonicity itself is induc-
ing perturbations in the channel, it adds to the already existing distortions due to
dislocations. In conclusion, the effects of anharmonicity should be included in any

realistic treatment of the problem.
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CHAPTER b

Effects of Dislocations on Channeling Radiation from a

Periodically Bent Crystal

5.1 Introduction to Crystalline Undulator

Ever since its discovery about 30 years back, channeling radiation has been inves-
tigated extensively and has been used successfully in the study of defects such as
dislocations. Dislocations, as discussed in chapters 3 and 4, is the most important
example of defects that produce distortions in the channel. The effects of these dis-
locations on channeling radiation have been studied both theoretically [60, 61] and
experimentally [72] and one finds an increase in channeling radiation frequency and
decrease of intensity with increase of the distortions induced by these dislocations. In
chapter 3, a detailed study of the effects of dislocations on the channeling of positive
and negative particles is given and we concluded that the effects of defects like dislo-

cations are very important and cannot be neglected in the study of charged particle
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propagation through solids.

Channeling in a periodically bent crystal is of recent interest in connection with
the undulator problem. A crystalline undulator is basically a periodically bent chan-
nel with ultrarelativistic charged particles undergoing channeling through it (Figure
5.1). In a crystalline undulator, in addition to the channeling radiation, there oc-
curs radiation due to the motion of particle which follows the periodic bending of
crystallographic planes. This radiation is called undulator radiation as mentioned in
chapter 2. Crystalline undulator serves as an efficient source for coherent high energy
photon emission [30, 73],[40-46]. The parameter of the undulator can be tuned by
varying the energy and type of projectile and by choosing different crystallographic
channels. Also wide range of frequencies and bending amplitudes in crystals allow
one to generate crystalline undulator radiation with energies from eV to MeV region.
Several investigators have studied this theoretically [41-46] and few others have used

this in making undulators [74-82].

A spontaneous undulator emission

A (ot ¢ f\'{\f\zb

i . b pt .
channeling .0..._.' 2 .‘-...-' \ .‘a..-'.
particles L u . periodically bent channel

Figure 5.1: A schematic representation of a crystalline undulator.
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The necessary conditions to be satisfied by a crystalline undulator to become a

source of radiation are discussed by various authors [41, 83, 84]. These are given by:;

C = d4r’ea/U! N> <1 - stable channeling

d <€ a< )\ - large amplitude regime

N = L/A>1 - large number of undulator periods

L < min[L4(C), Ly(w)] - account for channeling and photon attenuation
Ae/e < 1 - low radiative losses (5.1)

where a is the amplitude of bending of the channel, € = ymc?, the energy of the parti-
cle, \, is the wavelength of the undulator, L, the undulator length, L;, dechanneling
length, L,, attenuation length and d, the interplanar spacing.

Stable channeling of a projectile in a periodically bent crystal occurs if the maxi-
mum centrifugal force F.y = yme? | Rpnin (Rpnin being the minimum curvature of radius
of the bent channel) is less than the maximal restoring force due to the interplanar
field Fj,. ie, C = F.p/Fi: < 1. A crystalline undulator should be considered in
high amplitude regime. In the limit a/d > 1, the undulator and channeling radiation
frequencies are well-separated. The term 'undulator’ implies the number of periods to

be large so that the emitted radiation spectrum is narrow with well-separated peaks.

The fourth condition in Eqn. (5.1) puts a severe limitation on the allowed values
of crystalline undulator length L due to dechanneling and attenuation represented by
dechanneling length L, and attenuation length L, respectively. A particle entering
the channel undergoes scattering by electrons and nuclei of the crystal. The dechan-
neling effect stands for a gradual increase in the transverse energy of a channeled
particle due to these inelastic collisions. At the the distance Ly, from the entrance

point, the particle gains a transverse energy higher than the planar potential barrier
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and leaves the channel. L, is defined as the scale at which the intensity of the photon
flux is decreased by a factor e due to the process of absorption and scattering. Com-
menting on the last condition in Eqn. (5.1), the coherence of undulator radiation is
only possible when the energy loss Ae of the particle during its passage through the

undulator is small.

Various methods have been proposed to realize a crystalline undulator. It can
be done either by using ultrasonic waves [42] or by gradient crystals [74, 75, 76]
or by using substrates with periodically deposited strips of alternating stresses [77].
This last method has been tried recently in the works of Guidi et.al. and Lanzoni
et.al. [79, 80, 81]. Methods like making regularly spaced grooves on crystal surfaces
[78, 79, 82] and using crystals with periodic surface deformations [82] have also been
proposed to achieve periodic bending in a crystal. However an actual crystalline

undulator has still not been completely realized.

On the other hand, all the theoretical models for crystalline undulators vis-a-vis
channeling radiation have ignored the presence of defects and damage which is in-
variably present in the materials. As mentioned above, the dislocations are the most
important defects, having long range effects on channeling phenomena because of the
distortions they produce. These distortions are also likely to have very significant
effects on the analysis of the channeling in periodically bent crystals. In the present
analysis, we investigate the effects of dislocations on the particle propagating in a

periodically bent crystal.

In chapter 2, an attempt was made to study the effects of periodically bent crystal
on channeling radiation. The study was focussed only on the effect of transverse
acoustic wave interactions with lower amplitudes. In this chapter, we first consider a

periodically bent channel with a reasonable amplitude of bending 'a’ (a > d). Both
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the dislocation affected region and the periodically bent channel are represented by
their radii of curvature and wavelengths (represented by A\; and A, respectively) and
we consider the modulation of these effects of dislocation over the periodicity of the
channel. Two cases of high and low dislocation densities are considered. The varying
dislocation densities change these modulation effects. We divide the channel into
four regions; beginning and ending with perfect periodically bent regions with two

dislocation affected regions between them.

Figure 5.2: The Model for the channel affected with dislocation. Instead of the
straight channels as in the figure, for the present study the whole region is considered

as periodically bent.

5.2 Effects of dislocations

Let us consider a crystal whose planes are periodically bent following a perfect
harmonic shape x(z) = a sin(k,z). The transverse and longitudinal coordinates of a

channeled particle in such a periodically bent crystal can be written as [45],

T =1x—a sin(k,z) (5.2)
where
by = 27 (5.3)
u - )\u .



We consider now, the effects of dislocations on such a typical channel situated at
some finite distance from the dislocation core, outside the dechanneling cylinder [57].
The dislocation induced distortions in the crystallographic channels are divided into
two regions [85] namely region IT and IIT which smoothly join the perfect region I and
region IV, as shown in Figure 5.2. The centrifugal forces act in opposite directions in
regions II and III. Here py corresponds to the radial coordinate of the channel center

as measured from the origin and ¢ is the corresponding angular co-ordinate.

Consider the I** region, which is part of the normal periodically bent channel. The

Schrodinger equation can be written as,

h <% + %) V2, 2) + Ux) ¥(x,2) = B V(z,2) (5.4)

2m
Where E7 is the total energy and can be written as

E'=FEL+E! (5.5)

with EL and EY, the energy components associated with the transverse and longitu-

dinal motion, respectively.

1
EL :<n + 5)}@ (5.6)
h2k?
Bl = :
1= (5.7)

where, a = @/m—z and w = ,/%. The positron planar potential in this region is

written as,

Ul) = Voi?
= Vo(z — a sin(k,z))? (5.8)

Now consider the dislocation affected regions of the channel. Centrifugal force pro-

portional to u?/p* becomes operative in the curved regions of the channel. Here ph
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is the angular momentum with p? = [(I + 1) with [ as the orbital angular momentum
quantum number and p is the radius of curvature of the channel. For the two regions
of dislocation affected channel these forces are acting in directions opposite to each
other. Schrodinger equations for both these regions are written in terms of the polar

co-ordinates p and .

5.2.1 Low dislocation density (A > \,)

Now assume that a finite number of undulator periods are there in one period of
the dislocation affected region of the channel. Let x4 be the amplitude of the wave
corresponding to the dislocation affected region with a wavelength \; and that there
is a phase difference of ¢ between the dislocation affected channel and the undulator

wave. Now we can write,
Ad = n A (5.9)
k, = nky (5.10)
Both these waves can be written in the form,
r = a sin(nkgz) (5.11)
ry = xq sin(kqz + @) (5.12)
Superposition of the waves gives
r=r1+1ry=A sin(kqz + @) (5.13)
Where A and ® are the effective amplitude and phase of the final wave and are given
by,
A% = @+ 23+ 2axy cos|(n — 1)kqz — @] (5.14)

o o = & sin[(n — 1)kqz] + 24 sin¢ (5.15)
a cos[(n — 1)kqz] + x4 cos ¢
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Consider region 11, i.e., the first curved part of the dislocation affected channel.

Schrodinger equation for this region in terms of the polar coordinates p and ¢ is given

by,
R [10 0 1 0
~5 [Ea_p (pa—p) + ;8—@] U (p,p) +U(p)¥" (p, ) = B 0 (p, ) (5.16)
With the channel periodically bent, py can be written as

Po = po — Tq sin(kgz) + A sin(k,z) (5.17)

The variation of both the amplitude of bending and the radius of curvature of the
dislocation affected regions depends on both the waves; dislocation affected region
and the undulator represented by A\; and A, respectively. The following tables show
how these parameters depend on each others values. Table 1 gives the variation of the
parameters of the dislocation affected region; radius and length of the curved region,

Ry = po and \; = 2z respectively with dislocation density. We have [58, 59],

2 27,2
Ry = —00

bcos? ¢
N, = 21rg

cos

For channeling in Si (110) direction, the burgers vector b = 3.84A.

Table 2 gives the range of various parameters of the periodically bent channel af-

fected by dislocations corresponding to a dislocation density of 108/cm?.
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Table 1: Parameters of a dislocation affected region for channeling in < 110 >

direction for S7

Dislocation density 70 R, Ad
() (nm) (nm)
10 /em? 0.5x 10* | 10.28 x 10° | 6.28 x 102
10%/cm? 1.58 x 10? | 10.26 6x 10° | 9.92 x 10?
108 /em? 0.5 x 103 | 10.28 x 107 | 6.28 x 103

Table 2: The relation between a periodically bent channel and the dislocation

affected region for channeling in a periodically bent region at a dislocation density

108 /em?.
a Ay R, E T4
(nm) (nm) (nm) (MeV) (nm)

1 3.14x 103 | 2.5 x 10° | 142.363 | 2.198 x 10*
10 3.14x 103 | 2.5 6x 10* | 14.236 | 2.198 x 10?
100 | 3.14 x 10* | 2.5x 10? 1.412 | 2.198 x 102

Also figures 5.3 and 5.4 show the variation of the amplitude of bending of the
channel and the radius of curvature of the dislocation affected region respectively. We
consider the low dislocation density case of 10%/em?. The radius Ry of the dislocation
affected region is taken as 10.28 x 107 nm and \; as 6.28 x 10° nm. From Figure
5.3, it is found that the amplitude is no longer constant but varies periodically with
respect to the depth. Figure 5.4 shows that larger the values of amplitude of bending

‘a’, larger is the variation of py with z.

We consider the phase difference, ® = 0 and n=2 for the sake of simplicity of

calculation. The potential equation can be written as
Ulp) = Volp — po)? (5.18)
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Figure 5.3: The change in amplitude of bending with respect to the depth of the
crystal. The amplitude is no longer constant but varies periodically with the length

of the dislocation affected region.

1.0281 »10°
o | om0
1.02795 saoﬂs Q‘fdiﬁ S e
N 1.0279 520° 2 /000
(ni?) /
a(nm)

6000

Figure 5.4: The change in radius of curvature of the dislocation affected channel with
respect to amplitude of bending and depth. Here we find that larger the value of 'a’,

larger is the variation of py with z.
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Separating variables gives azimuthal and radial equations from the Schrodinger equa-

tion (5.16) as given by,

F//H«O) _ _,U2FH(90> (5.19)
2m 3 n
R"™(p) + ) E" —Vi(p = po)* - m 2 R"(p) =0 (5.20)

The effective potential after including the centrifugal force term can be written as

h2 /~L2
Voer =Volp— po)? 4+ — =
i o(p — Po) +2mp2
Let
£=p— o (5.21)

Simplifying and solving, we get the effective potential as,

V() = i | A v (522)
e = | =z —a min .
ff Im /)04 P
where
A =37+ b5yt (5.23)
~ 9
~ Polt
a, = 3 (5.24)
,U2 2
Unnin = —)\,502()\ — p°) (5.25)
e\ /2
b= —= 5.26
=) (5.26)

Above equations show that the shape of the potential changes due to the effects
of dislocations. The minima of the potential gets shifted due to these effects of

dislocations in the channel and it is dependent on the undulator parameters as well.

The frequency of oscillation in the region II is obtained as

v=(2) /2 57
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The total radial equation can be written as

A
ﬁE” — %nQ — Upin | R"(n) =0 (5.28)

with solution,
exp(—bn*/2)

R (p) = H,(b 5.29
() = ONG (bn) (5.29)
n=_E&—a, (5.30)

Consider region I11, i.e., the second curved part of the dislocation affected channel.
The centrifugal force is acting in the opposite direction of that in the first curved
region. Solving this part of the distorted region as in the region /I, we get the

effective potential as

RN o
Verp(§) = o E(f +al)* + U in (5.31)
where
N = =3p*+ b5 (5.32)
~ 2
a, =55 (5.33)
Ul in = — 1 (N + 1) (5.34)
min )\/p'“02 ’U/ )

The minima of the potential gets shifted in the opposite direction as in the region I7

and is dependent on the undulator parameters. The frequency of oscillation in the

h N

The total radial equation can be written as,

region [I] is obtained as,

_EIII o ~_477/2 o U;“n:| Rlll(nl) _ O (536)
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with solution,

RIH( /) o eXP(—bNTI'Q/Q) Hn(b// /) (537)

2l (1)) /7

where

n=¢+d, (5.38)
N 1/2
% :(m;; ) (5.39)

Region IV is dislocation free and like any other channel which is periodically bent.

It has only transmitted wave and the wavefunction is similar to that in region I.

We have 4 regions and the wavefunction corresponding to these regions are written

as [85],

U(z,2) = AOXéeik°z+Z B, X! tnz (5.40)
n=0
U(p,p) = Z R {C’me“‘“’ + Dme“‘“’} (5.41)
m=0
v ) = Y R [Gmew + Hmei““’} (5.42)
UV (z,z2) = ;n(j{?/lneiknz (5.43)

To find the reflection and transmission coefficients, we use the boundary conditions

across the 3 boundaries and are obtained as

B2 = (—p® + k2p?)? sin®(2up0) (5.44)
AR22 5o? cos? (o) + (12 + k200%)? sin®(2upo) .
4]{32 2 ~2
T2 = 1 Po (5.45)

Ak py” cos? (2upo) + (12 + k?p0%)? sin®(2pup)
The above equations (5.44) and (5.45) are the dechanneling and channeling coefficients
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respectively. Comparing with the usual dislocation affected channel we find that
dislocations in a periodically bent crystal changes the channeling and dechanneling

coefficients by the parameters of the crystalline undulator.

For a dislocation density 10®/cm?, the value of py = 10.28 X 107 ¢m. The variation
of the dechanneling and channeling probabilities corresponding to this fixed value of
radius of curvature is same as that of any normal channel affected with dislocations.
Figures 5.5 and 5.6 show the variation of these probability values with incident energy.
It is found that transmission of particles is maximum for incident energies close to

140 MeV'.

20 40 &0 80 100 120 140
E(MeV) —»

Figure 5.5: The change in the dechanneling probability with incident energy.

We fix the incident energy at 150 MeV so that most of the particles are in the
channeling regime. The variation of the modulated radius of curvature py with the
amplitude of bending and depth changes channeling probability as seen in Figure 5.7.
This variation directly follows the variation of the amplitude of bending with the

depth.
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Figure 5.6: The change in the channeling probability with incident energy.

Figure 5.7: The change in channeling probability with z and the amplitude of bending

Q.
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Now we proceed to find the spectral distribution of radiation intensity. The proba-
bility of transition from an initial state 7 to the final state f per unit time is determined
by the well-known formula,

Am2e? e
Wfi = hv Z |q_1 1|Oéfi.€k|2 5((,()f2 — u)) (546)
q

Where V is the volume of the system, ¢ and €}, are the wave vector and polarization

vector of a quantum of electromagnetic field.

The matrix elements dy; are given by

Ofi = Oover.Opiy sy thay D (5.48)
Dy = =iz i(5i, 0, 4:3) (5.49)

O = 1_;’% (5.50)

= / S0, (0)Su s (1) da (5.51)

where S, are oscillatory wavefunctions which obey the Schrodinger equation given
by
~5mae T U(:c)} Sp(r) = ESp(x) (5.52)

Let us define a vector of polarization €] in the plane having the wave vector ¢ and
the z-axis and a vector e;_Le; in the plane having the axes z and y. If ¢ and 6 are

the azimuthal and polar angles of the wave vector ¢,

€1 = (cosfcosp,cosfsinp, —sinf) (5.53)

e = (—singp,cosp,0) (5.54)

The summation in Eqn. (5.46) is written in the integral form as

62

Wi=5a

(I 4 lanal ) [0 Sop =) ar (555)
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Solving this we get the transition probabilities as

AW, ex ZQ3 )
de = 2mh(l —fﬁ I [(1 — Bcosh)? — (1 — B%)sin? 0 cos® ¢] (5.56)

AWy, 5 g €2 w w\?

= 0 —11-2— —_— .
dw Tty wm+ Win (5:57)
dIy; e*r3, Q% :
d(]; = - a —fﬁcos I [(1 — Bcosf)?* — (1 — 3%)sin? 6 cos® ¢] (5.58)
d[fi (0) w W 2
—It 31 —2—=— 49 = 9.59
= " L (5.59)
where

~ 2v%Qy; (5.60)
1}2’ = geQQfoy % (5.61)

Unlike in the other dislocation problems, the value of €)f; changes periodically
since the shifted equilibrium axis is periodically bent. Also the frequencies of oscilla-
tion in both the dislocation affected regions are not constant. Figure 5.8 shows the
combined change in the spectral distribution of radiation intensity due to the peri-
odicity of the channel and dislocation in comparison with the straight channel where
s = 4e*0} fﬂ x> 7i- We find a considerable amount of change in the spectral distribution
due to dislocations. This is due to the fact that when the amplitude of bending of a

periodically bent channel is high, undulator radiation intensity starts increasing.

5.2.2 High dislocation density (A\; < \,)

Now consider a case where the dislocation affected region is a (small) part of one
undulator wavelength. Such a situation arises when the dislocation density is high.
In this case, the periodicity of the crystalline undulator is affected in just few regions
of the undulator wavelength. Just like in the case of the straight channel, where a
part of the channel is shifted due to the dislocation, here a region of the periodically

bent channel is shifted.
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Figure 5.8: The change in the spectral distribution of radiation intensity due to the

periodicity of the channel. s = 4629§iv4x?i.

Eqn. (5.2) can be written as,

T =1x —a sin(k,t) (5.62)
which gives
T =&+ ak*v® sin(k,vt) (5.63)
keeping
1
— = ak? sin(k,vt) (5.64)
R
we get,
02
=1+ — 5.65
T=70+ 7 (5.65)

Rewriting Eqn. (5.63), we get

Amz = p+ m (5.66)
where,
0H
= — 5.67
P=—7= (5.67)
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where H is given by,
H = \/c?p> + m2ct + qe U(Z) (5.68)

solving the above equation, we get,

OH oUu ()
Friak (5.69)
Hence Eqn. (5.66) can be written as,
519 p@ - Lo (5.70)
mry R™ '

Integrating from z to z,,, and solving we get the maximum amplitude of oscillation

of the particle as,

2
. myv
m = 5.71
T = VR (5.71)
and the new equilibrium axis is shifted to
o = T (5.72)
o = .
0 2qeVoR

In this case, since \; < A, the dislocation affected region is just a part of the
undulator wavelength. Hence we can consider the region affected as almost like a
straight channel. The slight periodicity of the region is reflected in the sin terms of
T, and xg. The period of oscillation of the particle in the channel can be found in

the same way as in a straight channel [58, 59].

Solving Eqn. (5.70), we get
dz
dt = o (5.73)
02 ~ €77/~
4 - 20 ()

Solving the above equation, we get the period of oscillation as,

1/2
my . 2qeVoR
T:(2qu0) sin {1— o COS(k‘uZ)} (5.74)
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Table 3 shows the values of the various parameters of the channel affected with dis-
location. In this case, the dislocation density is high in comparison with the previous

case for a similar range of E and its value is found to be close to 1.5x10%/cm?.

Table 3: The various parameters of the undulator and dislocation affected regions at

high dislocation density; when \,=2\.

Dislocation Ad Au a R, E
density (nm) (nm) (nm) (nm) (MeV)
1.5%10° /em? | 1.66x 10° | 3.32x 10* | 1 | 2.8x 10°| 150
10 | 2.8x 10 15
100 | 2.8x 103 1.5

5.3 Results and Discussions

We have developed a quantum mechanical model for the effects of dislocations on
positron channeling along a periodically bent channel. It is clear from the calcula-
tions that the curvature of the channel due to dislocations shifts the potential minima
even for a periodically bent channel. This results in the change of the frequency of
oscillations in different regions of dislocation affected channel. In the case of peri-
odic bending the shift in potential minima and the frequency of oscillations depends
on the undulator parameters which are varying with the amplitude of bending and
wavelength of the undulator. This means the shift is not a constant throughout the

undulator but varies periodically with the length.

We first considered a case of low dislocation density with Ay = 2),. The frequency
of channeling radiation as well as the undulator radiation are affected by the disloca-
tions as expected. Figures 5.3 and 5.4 show the change in the amplitude of bending

of the periodically bent channels and radius of curvature of the dislocation affected

114



region. We choose a dislocation density in the lower regime of 10%/cm?. The corre-
sponding radius of curvature of the dislocation affected region is 10.28x10” nm. The
incident energy is taken to be around 142 MeV to get most of the particles chan-
neled. The amplitude of bending is modulated by the curvatures of the dislocation
affected regions of the channel. It is found that this amplitude of bending is no longer
a constant, but varies periodically with the amplitude and wavelength of the disloca-
tion affected region. Also, the radius of curvature of the dislocation affected region
changes with the amplitude of bending and wavelength of the undulator. Larger the
value of amplitude of bending, larger is the variation of the radius of curvature with

the length of the undulator.

The reflection and transmission coefficients calculated from the boundary condi-
tions correspond to the values of dechanneling and channeling coefficients respectively.
These are dependent on the undulator parameters via their dependence on the modu-
lated radius of curvature of the dislocation affected region as seen in equations (5.44)
and (5.45). Figures 5.5, 5.6 and 5.7 show the the variation of these probability values
with incident energy and with the depth and amplitude of bending of the channel. It
is noted from Figure 5.7 that, the variation of the channeling probability follows the

variation in the curved regions modulated one over the other.

The spectral distribution of radiation intensity is calculated and plotted in Figure
5.8. We find a considerable amount of change in the spectral distribution of radiation
intensity. It is to be noted that the change in radiation parameters are mainly due
to the periodic bending of the channel. i.e., crystalline undulator plays a major role

in the case of low dislocation density.

For the sake of completeness and comparison, we consider the complimentary case

of \y < A, corresponding to high dislocation density. All possible range of values
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for both the undulator and dislocation wavelengths are discussed in detail and cor-
responding channeling parameters are calculated. The period of oscillation of the
particle in the dislocation affected region for high values of dislocation density is
found. It is observed from the calculations that in this case of high dislocation den-
sity, the change in various parameters of channeling in dislocation affected region is

least affected by undulator parameters.

Since no crystal is perfect and study of crystalline undulators is incomplete without
the consideration of defects like dislocations, the present study is crucial for investi-

gations related with crystalline undulators.
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CHAPTER 6

Summary and Concluding Remarks

Channeling and channeling radiation have been studied and reviewed by various
authors classically and in quantum mechanical frameworks. Study of defects has been
one of the main applications of this channeling phenomena from the very beginning.
The effects of defects on the charged particle motion in solids in general and on
channeling in particular have been studied extensively during last 4 decades. In most
of the analytical calculations, continuum model for axial and planar channeling has
been used as starting point. The influence of external fields on the channeling process
is of recent interest mainly due to its relevance and usefulness in the phenomena of

emission of electromagnetic radiation such as undulator radiation.

The basic motivation of the work presented in this thesis has been to study the
interactions of both internal and external perturbations on the channeling process.
The internal perturbations are defects like dislocations and the external ones are

mechanical periodic perturbations like hypersonic/acoustic waves (both longitudinal
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and transverse). We have investigated the quantum aspects of all these processes.

The motion of a positively charged particle is usually represented by a harmonic
oscillator potential. In our formulations we have included the anharmonicity effects
and found considerable variation in the channeling and channeling radiation parame-
ters due to it. In all previous analytical investigations on the effects of dislocations on
channeling, the distortion induced curvature is assumed to give rise to an additional
centrifugal force term. Thus the equations for transverse motion were solved with this
centrifugal term without incorporating longitudinal motion. We have successfully de-
veloped an improved model to include the longitudinal motion by using the polar
co-ordinate system. The continuity of the particle wavefunction in the longitudinal
motion are the main highlights of this formulation. These same ideas are extended

to investigate the effects of dislocations on undulator radiation problem.

Summing up the results, the presentation is divided into three parts:

(i) Effects of hypersonic field on channeling radiation

The effects of both longitudinal and transverse hypersonic waves on channeling ra-
diation are considered. Also the influence of anharmonicity of the planar transverse
continuum potential on the wavefunction of the positron and the fractional change in
frequency due to these anharmonic effects are calculated. The spectral distribution of
radiation intensity which is affected by the external hypersonic field and additionally
by anharmonicity, proves the earlier predictions that radiation intensity can be in-
creased by the interaction of external fields [86]. The transverse perturbation effects
(with acoustic waves of lower amplitudes) are to be given special mention, which is a
first step in the study of undulator radiation, where waves of higher amplitudes are

being used [87].
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(ii) Effects of dislocations on channeling radiation

Effects of dislocations on channeling are studied for both positron and electron
channeling. A quantum mechanical model, where the affected region is divided into
four parts separated by 3 boundaries, has been developed. Continuity of wave func-
tions and their derivatives across these boundaries gave channeling and dechanneling
co-efficients [85]. A comparison of the dechanneling probabilities due to electron and
positron channeling in a dislocation effected region is done in detail in this study [88].
The effects of anharmonic term in the positron planar potential on the distortion co-
efficient and number of bound states and other channeling parameters like frequency
of radiation, are studied and compared with those obtained in the harmonic case.
The change in the channeling probabilities for particle in the ground state (an ini-
tially well-channeled particle) and that in the first excited state due to anharmonicity
are calculated. We found an increase in the radius of dechanneling cylinder due to

anharmonicity [89].

(iii) Effects of dislocations on channeling in a periodically bent crystal

The effects of dislocations on channeling phenomena in a periodically bent crystal
(crystalline undulator) are studied for the first time. The distortion effects of both the
dislocation affected regions and the periodically bent channels are represented in terms
of waves with comparable amplitudes and wavelengths. Therefore, the distortion
effects due to dislocations can be modulated on the periodic distortions (resulting
for example due to undulators). In this analysis, we consider both the situations
namely; Ay > A, (low dislocation density) and A\; < A, (high dislocation density),
where A\; and )\, represent the wavelength of both dislocation affected region and

periodically bent channel respectively. It is found that for low dislocation density,
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the crystalline undulator parameters play a major role where as in the case of high

dislocation density, undulator parameters have minimal effects on the radiation [90].

In summary, since no crystal is perfect (just as no human being is perfect!) any
study of channeling/channeling radiation and crystalline undulators is incomplete
without the consideration of defects and other field interactions. The present work
is a broad study of these effects of distortions and field interactions on channeling of

both positive and negative particles through crystals.
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Future outlook

In our study on the effects of internal and external perturbations, we have used
various aspects of quantum formulations of the positive and negative charged particle
propagation in a crystal. The theoretical methods we have developed can be used in
the study of various other applications of channeling and channeling radiation. The
formulations on the study of the effects of longitudinal hypersonic field on channeling
radiation were helpful in the analysis of the effects of transverse perturbations (lower
amplitude) as in section 2.3 of chapter 2. The same theory can be extended to study

the crystalline undulator which was previously based on classical assumptions.

The method developed in chapter 3 to study the effects of the curvature due to
dislocations were extended to study its effects on a periodically bent channel (chapter
5). This methodology can form the basis to study the channeling and dechanneling
phenomena due to any kinds of distortions in the crystal. Focussing of beams by the
bent channels is well known application of this formulation where one uses bent crystal
channeling concepts. Another possible application of these investigations and results
presented, can be in study of volume reflection, where the particles are deflected from
a curved channel. This is a phenomena complimentary to bent crystal channeling
and has applications in shielding from radiation, both in the contexts of high energy

accelerators as well as outer space radiation.

In our final chapter we have tried to find the channeling conditions in a periodically
bent channel affected by dislocations. All the earlier investigations on undulators are
classical predictions and never considered any effects of defects in the channel. Our

formulations can give a better model for realization of the crystalline undulators.
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