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SYNOPSIS

Channeling and Channeling Radiation

When a charged particle is incident upon a solid target, several physical phenom-

ena occur like elastic scattering, inelastic energy-loss processes, secondary-electron

emission, bremmsstrahlung, nuclear reactions, etc. Channeling is the process which

confines the path of a particle in a crystalline solid. It can take place when the parti-

cle is aligned along one of the major symmetry directions in the solid. These are the

open directions (channels) between rows or planes of atoms [1, 2].

Since the steering of the particles involves collisions with many atoms, one may

consider a continuum model in which the nuclear charge of the atomic row or plane is

uniformly averaged along the row or plane. The moving particles will not be able to

feel the interaction due to individual atoms sitting at various lattice sites but rather

experience a collective effect of all the atoms sitting along a particular axial or planar

direction. Lindhard’s continuum model [3] gives a complete initial description of this

phenomena. According to this model, channeling can takes place when the time of

flight to cross one lattice spacing is less than the collision time with any individual

target atom. This means that by the time the particle can feel itself to be in the field

of one atom, it is already in the field of next atom along the string or plane and it

will see only continuum potentials [4] instead of individual atom field.

The charged particles penetrating through matter experience electromagnetic force

due to atoms. As a result, these particles undergo acceleration or retardation and

may be deflected due to collisions along their trajectory. This causes the emission of

bremmsstrahlung. In the case of normal bremmsstrahlung, these deflections are highly

uncorrelated (random). Correlated deflections give rise to coherent bremmsstrahlung
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where the particles move almost in a straight line along various channels of SAME

symmetry (family). But at very small angle of incidence, below the critical angle, the

motion is influenced by the continuum axial or planar potential of the SAME channel

and the particles are channeled. The corresponding radiation is called channeling

radiation. In the quantum picture channeling radiation is associated with jumps

between the quantum states of the transverse motion in the planar or axial continuum

potential. But the observation of this radiation is difficult because the transverse

oscillation frequencies and the corresponding energies are very low (of the order of eV).

However, the relativistic effects shift the energies to keV or even MeV for MeV or GeV

positrons and electrons. All the results presented here pertain to these relativistically

fast channeled particles [5].

Channeling has a variety of applications. One of the first applications in con-

junction with the RBS, has been for the lattice location of point defects in crystals.

Subsequently, more complex defects and damages have been studied over the last four

decades with RBS/Channeling. More recently, channeling radiation is being used as

a radiation source and applied to study of various kinds of defects and strain.

Outline of the Thesis

The thesis consists of 6 chapters;

1. Introduction

2. Effects of hypersonic field and anharmonic interactions on channeling radiation

3. Quantum calculations for the effects of dislocations on channeling

4. Dechanneling of positrons by dislocations: Effects of anharmonic interactions
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5. Effects of Dislocations on Channeling Radiation from a Periodically Bent Crys-

tal

6. Summary and Concluding remarks

In the introduction chapter, a brief summary of channeling and channeling radiation

with relativistic effects are given. Also the importance of quantum mechanical effects

and applications of channeling are mentioned.

Chapter 2 is the study of the effects of hypersonic field on channeling radiation.

These external fields, both longitudinal and transverse, modify the wavefunction of

the positrons propagating along a planar channel. The transverse potential becomes

both x and z (directions of transverse oscillation of the channelon and propagation

of the hypersonic field waves respectively) dependent and changes the observable pa-

rameters like frequency and intensity. The effects of anharmonicity of the positron

planar potential is studied. The quartic term makes the transverse potential more

complicated and influences the spectral distribution. In the longitudinal case, the

anharmonicity increases the spectral distribution of radiation intensity by a consid-

erable percentage. The study of the effects of transverse perturbation is important

in the realization of crystalline undulators [6] (where acoustic waves with sufficiently

high amplitudes are used). In the present study, waves of lower amplitudes are con-

sidered, whose dependencies make weaker interactions on the spectral distribution

when compared to the longitudinal case.

In chapter 3, a quantum mechanical treatment of the effects of dislocation on

channeling is given. Using the Schrodinger equation, the longitudinal and trans-

verse motion is separated out and the effects of dislocations are incorporated by a

centrifugal energy term. Around the dislocation core, we can divide a particular

channel into four regions; two curved parts with curvatures in opposite directions
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together bounded by two perfect and undistorted regions. The change in the trans-

verse potential and frequency of oscillation in the perfect channels and two regions of

dislocation affected channel are calculated. Using the corresponding wavefunctions

and the boundary conditions across these four regions, we find the reflections and

transmission co-efficients. These co-efficients give the dechanneling and channeling

probabilities respectively. Both positron and electron channeling are considered. The

difference in the positron and electron channeling in a dislocation affected channel

is studied by these probability co-efficients. In the case of electron channeling, the

variation of the spectral distribution due to dislocation is also found.

In chapter 4, the effects of anharmonic interactions on positron channeling in a

dislocation affected channel is studied in a quantum mechanical framework. The

wavefunctions in the perfect and the dislocation affected regions of the channel are

found and compared with that for the harmonic case. The anharmonicity affects

the number of bound states as well as the distortion parameters. The variation

in the frequency of oscillations is expected with the inclusion of the anharmonic

terms. The above factors influence the transition among various states. The transition

probabilities and the resulting dechanneling probabilities are found for initially well-

channeled particles in states |0〉 and |1〉. It is found that, anharmonic effects tend to

increase the radius of curvature of the dechanneling cylinder. The change in these

observable parameters are in good agreement with the previous calculations with

anharmonic interactions (chapter 2).

Chapter 5 deals with the effects of dislocations on the positrons channeling in

a periodically bent crystal (crystalline undulator [6]). Two cases of high and low

dislocation densities are considered. Both the dislocation affected region and the pe-

riodically bent channel are represented by their radii of curvature and wavelengths

and we consider the modulation of these effects of dislocation over the periodicity
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of the channel. The varying dislocation densities change these modulation effects.

Correspondingly, the dependencies of the channeling radiation on the periodicity of

the channel are also varied; at higher dislocation densities the influence of this chan-

nel periodicity is less. Both dislocation effects and periodicity of the channel are

complimentary to each other’s effects on channeling and is studied in detail in this

chapter.

Finally in chapter 6 the summary of the thesis is given with some concluding

remarks and the future directions of works in this field.

Thesis Summary

The basic motivation of the work presented in this thesis has been to study the

interactions of internal and external perturbations on the channeling process. The in-

ternal perturbations are defects like dislocations and the external ones are mechanical

periodic perturbations like hypersonic/acoustic waves (both longitudinal and trans-

verse). The presentation is divided into three parts:

(i) Effects of hypersonic field on channeling radiation

The effects of both transverse and longitudinal hypersonic waves on channeling ra-

diation are considered. Also the influence of anharmonicity of the planar transverse

continuum potential on the wavefunction of the positron and the fractional change in

frequency due to these anharmonic effects are calculated. The transverse perturba-

tion effects are given special mention, which is a first step in the study of undulator

radiation.

(ii) Effects of dislocations on channeling radiation

Effects of dislocations on channeling are studied for both positron and electron chan-

neling. A quantum mechanical model, where the affected region is divided into four

parts separated by 3 boundaries, has been developed. Continuity of wave functions
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and their derivatives across these boundaries gave channeling and dechanneling co-

efficients. The effects of anharmonic term in the positron planar potential on the

distortion co-efficient and number of bound states and other channeling parameters

like frequency of radiation, are studied in detail and compared with those obtained

in the harmonic case.

(iii) Effects of dislocations on channeling in a periodically bent crystal

The effects of dislocations on channeling phenomena in a periodically bent crystal

are studied for the first time. The distortion effects of both the dislocation affected

regions and the periodically bent channels are represented in terms of waves with

comparable amplitudes and wavelengths. Therefore, the distortion effects due to dis-

locations can be modulated on the periodic distortions (resulting for example due to

undulators). In this analysis, we consider both the situations namely; λd > λu (low

dislocation density) and λd < λu (high dislocation density). It is found that for low

dislocation density, the crystalline undulator parameters play a major role where as

in the case of high dislocation density, undulator parameters have minimal effects on

the radiation.

In summary, no crystal is perfect and study of channeling/channeling radiation and

crystalline undulators are incomplete without the consideration of defects and other

field interactions. The present work is a broad study of these effects of distortions

and field interactions on channeling of both positive and negative particles through

crystals.
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CHAPTER 1

Introduction

1.1 Channeling

When a beam of energetic charged particles is incident on a solid target, a variety

of phenomena take place like scattering, nuclear reactions, x-ray production etc. The

scattering studies give information about the microscopic as well as the macroscopic

properties of matter. The interaction between the incident beam and the target is

orientation-dependent. The arrangement of atoms in a solid determines the crys-

tallographic properties of the material in general, particularly in single crystals it

determines the directional effects on incident ion - target atom interactions. The

influence of the crystal lattice on the trajectories of ions penetrating into the crystal

gives rise to phenomena known as channeling - a term that visualizes the atomic rows

and planes as guides that steer energetic ions along the ”channels” between rows and

planes. Channeling of energetic ions occurs when the beam is carefully aligned with
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a major symmetry direction of a single crystal. By a major symmetry direction we

mean one of the open directions as viewed down a row or plane of atoms in a sin-

gle crystal. Figure 1.1 shows a view of this process in diamond structure along the

< 110 > axial direction where most of the ion beam is steered (channeled) through

the channels formed by the strings of atoms.

Figure 1.1: Particle along the < 110 > axial channel in a diamond structure.

1.1.1 Continuum Model

The trajectory of channeled particles is such that the ion makes a glancing angle

impact with the axes (axial channeling) or planes (planar channeling) of the crystal

and is steered by small angle scattering collisions at distances greater than 0.1Å from

the atomic cores. Since the steering of the channeled particle involves collisions with

many atoms, one may consider a continuum model in which the nuclear charge of the

atoms in a row (or plane) is uniformly averaged along the row (or plane).
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A charged particle, when steered along the axial or planar channels, will not feel

the interaction due to individual atoms sitting at various lattice sites but rather

experience a collective effect of all the atoms sitting along a particular axial or planar

direction so that the moving particle will experience only continuum strings or planes.

The conditions for this to happen have been derived by Lindhard [1] and Erginsoy [2]

in an analysis based on the idea that the particle velocity component parallel to the

axial or planar direction is such that the time of flight to cross one lattice spacing is

less than the collision time with any individual target atom. This means that by the

time the particle can feel itself to be in the field of one atom, it is already in the field

of next atom along the string or plane. Hence the particle will see only continuum

potential instead of individual atomic potentials and we can assume an oscillatory

motion of the channeled particles during its passage through the crystal. Figure 1.2

illustrates the condition of channeling.

Figure 1.2: Channeling condition.
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The continuum condition as discussed above may be is written mathematically as

[3],
rmin

v sinψ
>

d

v cosψ
(1.1)

where ’rmin’ is the distance of minimum approach to the string, ’d’ is the interatomic

spacing, ’ψ’ is the angle at which the particle enters the channel and ’v’ is the velocity

of the particle.

We can obtain the continuum potential which describes the interaction of the chan-

neled particle with the atomic rows or planes by averaging the atomic potential along

the rows or planes. For the axial case

Ua(r) =
1

d

∫ ∞

−∞
V (

√
z2 + r2) dz (1.2)

where V (
√
z2 + r2) = V (R) is the interatomic potential and may be written as,

V (R) =
Z1Z2e

2

R
ϕ(R) (1.3)

where ϕ(R) is the screening function and Z1 and Z2 are the atomic numbers of

the incident ion and target atom respectively. The screening function ϕ(R) may be

expressed either as power law or exponential form. For simplicity Lindhard chose a

power law form given by [4],

ϕ(R) = 1 − R
√

R2 + C2a2
TF

(1.4)

where C is the Lindhard constant(=
√

3) and aTF is the Thomas-Fermi screening

distance given by,

aTF =
0.8853

√

Z
2/3
1 + Z

2/3
2

a0

where a0 is the Bohr radius.
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Several other forms of screening function are discussed in the next section 1.1.2.

Using the Lindhard power law screening function we get the axial continuum potential

as,

Ua(r) =
Z1Z2e

2

d
ln

[(

CaTF

r

)2

+ 1

]

(1.5)

For small values of ’r’ (high energies), the above equation reduces to,

Ua(r) =
2Z1Z2e

2

d
ln

(

CaTF

r

)

(1.6)

At the point rmin, the transverse kinetic energy is equal to the repulsive continuum

potential U(rmin). i.e.,

Eψ2 = U(rmin) (1.7)

Using equations (1.6) and (1.7), we can obtain the value of rmin as,

rmin = CaTF exp

[

− Edψ2

2Z1Z2e2

]

(1.8)

From the above equations we can find the critical angle for channeling. The con-

tinuum condition (Eqn.(1.1)) may be rewritten as,

rmin > d ψ (1.9)

which becomes using equation (1.8),

CaTF

d ψ
exp

[

− Edψ2

2Z1Z2e2

]

> 1 (1.10)

This condition is obviously satisfied for extremely small values of ψ. As ψ increases

from zero, the condition is violated with the exponential function decreasing rapidly,

provided CaTF/dψ remains large. The condition (1.10) will remain fulfilled for

ψ < ψ1 =

(

2Z1Z2e
2

Ed

)1/2

(1.11)

provided CaTF/dψ1 > 1. ψ1 in the above equation gives the critical angle for channel-

ing at higher energies. i.e., this equation is valid only for energies E > E′ = 2Z1Z2e2d
a2

TF

.
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For low energies E < 2Z1Z2e2d
a2

TF

, one should use the full continuum potential (1.5)

and we obtain the condition

ψ < ψ2 =

(

CaTF

d
√

2
ψ1

)1/2

(1.12)

ψ2 is the critical angle for channeling at lower energies when the value of ’r’ is large.

In the planar case, two-dimensional averaging of the interatomic potential results

in a sheet of charge. The corresponding planar continuum potential is given by,

Up(y) = Ndp

∫ ∞

0

V (
√

y2 + r2) 2πr dr (1.13)

where ’y’ is the distance from the plane, Ndp is the number of atoms per unit area

in the plane and ’dp’ is the interplanar spacing. The planar continuum potential can

be written as,

Up(y) = 2πZ1Z2e
2Ndp

[

√

y2 + C2a2
TF − y

]

(1.14)

Similar to the axial case, we find the characteristic angle for planar channeling from

the continuum condition as

ψp =

(

2πZ1Z2e
2aTFNdp

E

)1/2

(1.15)

The critical angle in the planar case is found to be smaller than that in the axial case.

1.1.2 Interatomic Potential

The interatomic potential (Eqn. (1.3)) mentioned in the last section is most crucial

and basic quantity needed to understand any phenomena in condensed matter physics

in general and ion channeling in particular. The screening function ϕ(R) basically

represents the effects of electrons, which tend to screen the Coulomb interaction

between projectile nucleus Z1e and the target nucleus Z2e. In principle, one has to

incorporate the effects of electrons attached to the nuclei as well as the conduction
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electrons moving in the solid. This is best done via Thomas Fermi equation for

screening function which can be solved only numerically [5]. However, several accurate

analytical approximations to this screening function have been used. Lindhard used

a power law form shown in Eqn. (1.4). This gives reasonable approximation for

distance of interest in the crystallographic channels. However for larger distances,

power law decrease is too slow and exponential form of Thomas Fermi screening have

been used. The most frequently used one is the Moliere approximation and is given

by,

VM(R) =
Z1Z2e

2

R
(0.35e−bR + 0.55e−4bR + 0.1e−20bR) (1.16)

where b = 0.3/aTF . Here the screening function is given by,

ϕ

(

R

aTF

)

=
3

∑

i=1

αi exp(−βiR/aTF ) (1.17)

where {αi} = {0.1, 0.55, 0.35} and {βi} = {6.0, 1.2, 0.3}.

Lindhard and Moliere expressions for the screening function are the ones most

widely used to describe ion-atom interactions in channeling. Other forms of inter-

atomic potentials used in channeling calculations include Born-Mayer potential [6]

given by,

VBM(R) = ABM exp(−R/aBM ) (1.18)

where aBM is the Born-Mayer screening radius and Bohr potential [7] given by,

VBO(R) =
Z1Z2e

2

R
exp(−R/ab) (1.19)

where ab is written as,

ab =
a0

√

Z
2/3
1 + Z

2/3
2

(1.20)

This screening function has the disadvantage at large distances (R > ab) where it

provides excessive screening and the potential decreases too rapidly to fit actual ion-

atom interactions.
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It is seen that there is no single potential which can be used for the analytical

calculations for entire range of interatomic distances. Alternative mathematical ap-

proximations have been made for both planar [8] and axial potentials [9] in problems

involving the effects of defects like dislocations, stacking faults etc on channeling. In

the planar case, a simpler approximation has been proposed by Pathak [10, 11] which

is essentially a mathematical approximation to the Lindahard’s standard potential.

This has been used extensively in the study of the defects and the dechanneling of

the particles and is given by,

VPM(R) =
Z1Z2e

2

R

Ca2
TF

(R + aTF )2
(1.21)

Using Eqn. (1.21) in (1.13), one gets the planar potential,

UPM(y) =
2πZ1Z2e

2NdpCa
2
TF

y + aTF
(1.22)

The potential experienced by the particle in a planar channel is the superposition of

potentials due to both the planes. This can be obtained by substituting y = l ± x,

where l = dp/2, x is distance measured in the transverse direction from the mid-plane

between the two planes. Hence the total planar potential is given by,

UPM(x) = 2πZ1Z2e
2NdpCa

2
TF

(

1

l + aTF − x
+

1

l + aTF + x

)

(1.23)

which can be written in a simplified form given by,

U(x) =
4V0LaTF

L2 − x2
(1.24)

where L = l + aTF and V0 = πZ1Z2e
2CaTFNdp.

1.2 Channeling Radiation

When charged particles penetrate through matter, they experience electromagnetic

force due to atoms. As a result acceleration or deceleration of the particles occurs.
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The particles may be deflected due to collisions along their trajectory. This results

in the emission of bremsstrahlung. In a crystal, we may distinguish between nor-

mal (incoherent) bremsstrahlung, coherent bremsstrahlung and channeling radiation.

This distinction is related to the correlation of deflections in time and space. Nor-

mal bremsstrahlung occurs when the incident particles are deflected randomly by

individual atoms. These deflections due to close collisions with atoms are highly un-

correlated. However, deflections in more distant collisions are highly correlated when

they are due to the interaction with one or two-dimensional continuum potential over

planes or axes respectively. The projectile motion is only slightly deflected by the

potential and the trajectory of the particle is almost straight along various channels

of same symmetry (family), as shown by ’a’ in Figure 1.3.

For particles incident at very small angles (within the critical angles) to a plane

or axis, the projectile motion is governed by continuum planar or axial potential of

the same channel. The particles are channeled and the radiation associated with the

transverse motion perpendicular to the plane or axis is called channeling radiation.

’b’ in Figure 1.3 shows the trajectory of a channeled particle. Quantum mechanically,

channeling radiation is associated with jumps among quantum states of transverse

motion.

However, the observation of this radiation was difficult because the transverse os-

cillation frequencies and the corresponding energies are very low (of the order of eV).

The breakthrough came with the relativistic effects shifting the energies to keV or

even MeV for MeV or GeV positrons and electrons. Therefore we consider a rela-

tivistic particle moving along a channel. For the present explanation of the effect

we consider a relativistic positron incident with a velocity ’v ’ channeling along the

z -direction with transverse oscillation in the x -direction as shown in Figure 1.4.
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Figure 1.3: The electron motion along or close to crystallographic planes/axes. ’a’

represents the trajectory of the particle in the coherent bremsstrahlung and ’b’, in

channeling.

The emission process takes place in the rest frame of the particle due to the transi-

tion among the discrete energy levels. Since in the particle rest frame, the crystal is

moving back at a speed -v, it appears Lorentz contracted. Therefore the interatomic

spacing is reduced in the rest frame, dR = d/γ. Correspondingly, we expect the trans-

verse force and hence the continuum potential governing the motion to increase by a

factor γ. This results in increase of separation among the transverse energy levels to

increase by γ [12]. i.e.,

∆ER = γ∆E (1.25)

These Lorentz transformations are illustrated in Figure 1.4. The characteristic fre-

quency of oscillations ω0, changes accordingly with the change in ∆E and is given

by,

ωR = γω0 (1.26)

where ω0 is the characteristic oscillation frequency of the particle.
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Figure 1.4: Lorentz transformations between the Laboratory and Rest Frames.

Now the emission taking place in the rest frame has to be observed in the lab frame.

We use Doppler equation and the observed frequency in the lab frame is given by,

ωL =
ωR

γ(1 − β cos θ)
(1.27)

In the forward direction, at θ = 0, emission is maximum. The corresponding frequency

of radiation is,

ωL = 2γ2ω0 (1.28)

The intensity distribution of the radiation by positron is characteristic of a dipole as

shown in Figure 1.5.

Channeling radiation was observed for the first time for positrons [13] about 30

years ago and has been studied by various groups [14-18] Theory was formulated [16]

and experimental confirmation was made for positrons [13] and electrons [19, 20] as

well.
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Figure 1.5: The intensity distribution in the rest frame and lab frame.

1.3 Quantum Mechanical Effects

Most of the early experimental works after the publication of Lindhard’s classical

theory of channeling were related to the determination of critical angles, minimum

yield and stopping power for protons and heavier ions channeled in single crystals.

The classical theory provided a complete description of channeling phenomena for

these relatively heavy ions. But the works on electron microscopy, especially trans-

mission electron microscopy (TEM) with crystalline materials, was being extended

to channeling situations and there were clear indications of quantum and diffraction

effects dominating the patterns.

In quantum mechanical approach, the confinement of transverse motion of chan-

neled particles between two planes or in an axial channel surrounded by several strings,

leads to discrete energy levels as mentioned in Section 1.2. Based on the number of

allowed quantum states for transverse motion in the potential well of channel, it has

been shown that positrons and electrons do not behave exactly similarly, as one might

expect purely on the basis of their opposite charge. The number of quantum states

for positron case is smaller than for electron case. This happens because transverse

motion of positively and negatively charged particles is qualitatively different in chan-
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neling situations. For electrons the potential minima are at the center of atomic string

and channeled electrons have an increased probability for bound motion with respect

to axial string. This implies that channeling states for electrons are more stable than

for positrons.

We use in our calculations, both Dirac and Schrodinger equations for the motion of

these charged particles through the crystallographic axis. The relativistic effects are

included by introducing the γ factor. The spin effects are neglected. The quantum

mechanical concept in the channeling can be extended to explain the theory of classical

effects like undulator radiation.

1.4 Applications of Channeling

A variety of practical uses have been found for channeling effects. Channeling

effects can be used as tools to investigate the properties of the crystal lattice as well

as the perturbations (like defects and doping) in the bulk region that may not be

accessible to X-rays.

One of the main applications of channeling is the study of defects. It involves

location of the defects and their density measurements in the solids. We can pin-

point the exact position of the foreign impurity by doing the channeling experiments

along various crystallographic directions [21, 22]. Similarly the extended defects like

dislocations and stacking faults can be studied both qualitatively and quantitatively.

Surface studies are of general interest to material scientists [23-26]. These studies

give the information on the structure of a few surface layers, and for defective and

damaged surfaces where the knowledge and control of damage can be of enormous

value in technological applications.
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At very high energies (tens of GeV), the applications include the channeling ra-

diation for enhanced production of high energy gamma photon. Channeling in bent

crystals has been used to bend ion beams [27, 28] and also focus it [29].

1.5 Outline of the Thesis

The motivation behind the work presented in this thesis has been to study the

interactions of internal and external perturbations on the channeling process. Quan-

tum mechanical formulations have been developed based on the existing theoretical

assumptions for internal perturbations in the form of defects like dislocations and

external ones like hypersonic/acoustic wave (both longitudinal and transverse) prop-

agations.

Chapter 2 is the study of the effects of hypersonic field on channeling radiation.

These external fields, both longitudinal and transverse, modify the wavefunction of

the positrons propagating along a planar channel. The transverse continuum potential

becomes dependent on both x (direction of transverse oscillation of the channelon) and

z (propagation of the hypersonic field waves) and changes the observable parameters

like frequency and intensity. The effects of anharmonicity of the positron planar

potential is studied. The study of the effects of transverse perturbation is important

in the realization of crystalline undulators (where acoustic waves with sufficiently

high amplitudes are used). Here the waves of lower amplitudes are considered.

In chapter 3, a quantum mechanical treatment of the effects of dislocations on

channeling is given. We consider both positron and electron channeling. Using the

Schrodinger equation, the longitudinal and transverse motion is separated out and

the effects of dislocations are incorporated by a centrifugal energy term. Around the

dislocation core, we can divide a particular channel into four regions; two curved parts
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with curvatures in opposite directions together bounded by two perfect and undis-

torted regions on either side. The change in the transverse potential and frequency

of oscillation in the perfect channels and two regions of dislocation affected channels

are calculated. Using the corresponding wavefunctions and the boundary conditions

across these four regions, we find the reflections and transmission co-efficients. These

co-efficients give the dechanneling and channeling probabilities respectively.

In chapter 4, the effects of anharmonic interactions on positron channeling in a

dislocation affected channel is studied in a quantum mechanical framework. The

wavefunctions in the perfect and the dislocation affected regions of the channel are

found and compared with that for the harmonic case. The anharmonicity affects

the number of bound states as well as the distortion parameters. The variation

in the frequency of oscillations is expected with the inclusion of the anharmonic

terms. The above factors influence the transition among various states. The transition

probabilities and the resulting dechanneling probabilities are found for initially well-

channeled particles in states |0〉 and |1〉. It is found that, anharmonic effects tend to

increase the radius of curvature of the dechanneling cylinder. The change in these

observable parameters are in good agreement with the previous calculations with

anharmonic interactions (chapter 2).

Chapter 5 deals with the effects of dislocations on the positrons channeling in a pe-

riodically bent crystal (crystalline undulator). Two cases of high and low dislocation

densities are considered. Both the dislocation affected region and the periodically

bent channel are represented by their radii of curvature and wavelengths and we con-

sider the modulation of the effects of dislocations over the periodicity of the channel.

The varying dislocation densities change these modulation effects. Correspondingly,

the dependencies of the channeling radiation on the periodicity of the channel are

also varied. At higher dislocation densities the influence of this channel periodicity
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is less. Both dislocation effects and periodicity of the channel are complimentary to

each other’s effects on channeling and is studied in detail in this chapter.

Finally in chapter 6 the summary of the thesis is given with some concluding

remarks and outlook and the future directions of works in this field.
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CHAPTER 2

Effects of Hypersonic Field and Anharmonic Interactions on

Channeling Radiation

2.1 Introduction

The subject of interactions of radiation with matter is of great interest in several

branches of science. It is well known that electromagnetic processes are influenced

by the medium. Some of the important examples are Cherenkov radiation, transition

radiation, channeling radiation and synchrotron radiation where the medium plays a

crucial role. In most of these processes, the motivation is to extract the maximum in-

tensity with tunable frequencies of the emitted radiation by optimization and proper

understanding of the underlying mechanisms. An enhancement of radiation intensity

can also be achieved by the use of resonance effects between an external field (quite

often an electromagnetic field) and the stimulated radiation process. In the context

of channeling radiation, the Dirac equation with a quasi-static transverse potential,
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followed by an analysis parallel to that of Kumakhov [16] using spinor components,

resulted in the broadening of the radiation band width. Hypersonic/ultrasonic ex-

citations of the medium by an external probe also have the ability to produce such

resonance effects. The problem of radiation by ultra-relativistic particles channeling

in the crystal in the presence of hypersonic wave fields has been discussed by several

authors [30-39]. In this chapter, we investigate the influence of hypersonic vibrations

excited in a single crystal on the channeling radiation from positrons.

The hypersonic field results in compressions and rarefactions along the direction of

propagation. The crystal potential in the transverse direction follows these compres-

sions and rarefactions and the particles feel a periodic potential along its direction of

propagation. Grigorian et. al. [34, 35] treated this process in a harmonic approxi-

mation for the transverse planar potential. However, a more accurate description is

required to include the actual influence of these acoustic fields on the already existing

parabolic transverse potential. As a result, the shape of this transverse potential

becomes more complex, and hence the resulting anharmonicity effects should also be

included.

In the present investigation, the influence of such anharmonicity effects due to

hypersonic waves are studied. Section 2.2 deals with the mathematical formulation

of the process where the effects due to longitudinal hypersonic field is considered.

Section 2.2.1 gives harmonic model of the effects of the hypersonic field on channeling

radiation. Section 2.2.2 discusses the effects of anharmonicity.

In section 2.3 we investigate the effects of transverse hypersonic periodic pertur-

bations on the channeling radiation. When a transverse acoustic wave of sufficient

amplitude is incident on a crystal, the crystal channels bend periodically. Channeling

of energetic ions through this periodically bent crystal gives rise to undulator radia-
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tion [40-46], produced due to the curvature of the trajectory; in addition to channeling

radiation. As the amplitude of bending of the channels increases, undulator radiation

dominates over channeling radiation. Transverse acoustic wave propagation is one

of the many methods to produce undulation in a crystal. We will discuss this in

detail in chapter 5. In this section, we consider the lower regime of the amplitudes

of transverse wave. Therefore the undulator radiation produced is very weak and we

need to consider only the effects on the channeling radiation.

2.2 Effects of Longitudinal Hypersonic Field

2.2.1 Harmonic Model

The planar potential based on the Lindhard standard potential with slight modi-

fication [10, 11] has been shown to be reasonable for both dechanneling calculations

[47] and channeling radiation characteristics [48]. We continue to use this poten-

tial so that in harmonic approximation, the planar potential due to both the planes

surrounding a channel can be written as

V (x) = V0x
2 (2.1)

where

V0 =
4πZ1Z2e

2Ca2Np

(l + a)3
(2.2)

The coefficient V0 is obtained by incorporating the appropriate crystal parameters.

’x ’ is the position coordinate in the transverse space, measured from the mid-plane.

The effects of the external hypersonic field on the planar potential ’seen’ by the

relativistic positron are incorporated as [32, 33].

U(x, z) = U0 cos(ksz) + V (x)[1 + µ cos(ksz)] (2.3)
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where ks = 2π/λs , λs is the wavelength of the hypersonic wave, and U0 and µ are

the modulation parameters of the potential. The z -dependence of the potential arises

since the hypersonic field is propagating in the z -direction, and reflects the periodic

compression and rarefaction in the medium. Hence the equation of motion of the

relativistic positron in this external field is given by the modified Dirac equation:

[(E − U)2 −m2
0c

4 + ~
2c2▽2] ψE(r) = 0 (2.4)

The above equation assumes that the spin effects are negligible; at high energies (>10

MeV). The derivation of the above equation from the Dirac equation is given in detail

in the Appendix.

Without the acoustic field, the above Dirac equation is satisfied by the wavefunc-

tion,

ψ
(0)
npyE(r) =

1
√

lylz
SnE(x) exp

[

i

~
(pyy + pzz)

]

(2.5)

where py and pz are the projections of the momentum of the positron on the y-axis

and z -axis respectively, and ly and lz denote the thickness of the crystal along the y

and z coordinates. SnE are the oscillator wavefunctions, defined by

SnE =

exp

(

− x2

2α2

)

√

2nn!α
√
π

Hn

(

x

α

)

(2.6)

which satisfy the Schrodinger equation,
(

− ~
2

2M

d2

dx2
+ V (x)

)

SnE = εnESnE (2.7)

where M = E
c2

and,

εnE = ~ωE

(

n+
1

2

)

(2.8)

ωE =

√

2V0

E

α =

√

~

mωE
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To find the positron wavefunction in the presence of a hypersonic field, we make

the series expansion,

ψnpyE(r) = exp

(

i

~
pyy

) ∞
∑

k=0

CknE(z)SkE(x). (2.9)

Substituting Eqn. (2.9) in (2.4) and using the condition |U | ≪ E, we get

−
(

E2 −m2
0c

4 − p2
yc

2

2E

)

ψnpyE(r) + UψnpyE − ~
2c2

2E

∂2

∂x2
exp

(

i

~
pyy

) ∞
∑

k=0

CknE(z)SkE(x)

− ~
2c2

2E

∂2

∂z2
exp

(

i

~
pyy

) ∞
∑

k=0

CknE(z)SkE(x) = 0 (2.10)

To further simplify, we use the creation and annihilation operator representation for

x as (a + a†) α√
2

. Here a (annihilation operator) and a† (creation operator) satisfy

the well-known general relations,

aψn =
√
nψn−1

a†ψn =
√
n+ 1ψn+1

After some detailed algebra and simplifications, this leads to a system of recursive

relation for the coefficients CknE appearing in Eqn. (2.9) as follows:

−~
2c2

2E

∂2

∂z2
Ck +

[

U0 cos(ksz) + εnE

(

1 +
µ

2
cos(ksz)

)

−
E2 −m2

0c
4 − p2

yc
2

2E

]

Ck

+
1

4
µ~ωE cos(ksz)

[

√

k(k − 1) Ck−2 +
√

(k + 1)(k + 2) Ck+2

]

= 0 (2.11)

The evaluation of the unknown coefficients, Ck , is carried out by expanding them in

terms of plane waves along the direction of motion of the positron (i.e., the z -axis),

Ck(z) = Ak(z) exp(iBk(z)) (2.12)

~Bk(z) = pkEz +

∫

σk(z)dz. (2.13)

21



The values of σk are the solutions of the equation

i~
dσk

dz
= σk(σk + 2pkE) +

E

c2
(2U0 + µεnE) cos(ksz) (2.14)

and

pkEc =
√

E2 −m2
0c

4 − p2
yc

2 − 2EεnE (2.15)

Since |U | ≪ E and ks ≤ ωE , we can use the approximation |dFk

dz
| ≈ ks|Fk| ≤ ωEFk

where Fk = σk, Ak , and using σk

pkE
≪ 1 we have

σk = −ζh
(

U0 +
µ

2
εnE

)

cos(ksz) (2.16)

where

ζh =
E

pkEc2

Substituting the above equations in Eqn. (2.11) and rearranging, we get

i
dAk

dz
=

1

4
µζhωE cos(ksz). exp(−iBk)

[

√

k(k − 1) Ak−2 exp(−iBk−2)

+
√

(k + 1)(k + 2) Ak+2 exp(−iBk+2)

]

(2.17)

Also we can rewrite Eqn. (2.13) as

~Bk = pkEz − ζh

(

1 +
µ

2
cos(ksz)

)

sin(ksz)

ks
(2.18)

Introducing the column matrix,

Â =

















A1

A2

...

...

















(2.19)

Eqn. (2.17) can be written in a compact form

i
dÂ

dz
= µĤÂ (2.20)
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with

Ĥ =























0 0 u∗
√

2 0 ...

0 0 0 u∗
√

6 ...

u
√

2 0 0 0...

0 u
√

6 0 0 ...

... ... ... ... ...























(2.21)

where

u =
1

4
ζh cos(ksz) exp

{

iζhωE

[

2z + µ
sin(ksz)

ks

]}

(2.22)

The solution of Eqn. (2.20) can be written as

Â(z) = Q̂(z).R̂ (2.23)

where Q̂(z) = exp

[

− iµ
∫

Ĥ(z) dz

]

= 1 − iµ
∫

Ĥ(z) dz to the first order in µ.

The column matrix R̂ is composed of integration constants Rk, normalized by the

condition,

∑

k

|Rk| =
1

√

lylz

The solution corresponding to different transverse states can be found by setting

Rk =
δkn

√

lylz
n, k = 0, 1, 2...

The wavefunction of the positron is then written as

ψnpyE(r) =
1

√

lylz
exp

(

i

~
pyy

) ∞
∑

k=0

SkE(x)Qkn(z). (2.24)
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Resonant influence of hypersound

Due to the external hypersonic wave momentum ~ks, the positron momentum pz

takes three possible values as

pz =



















pnE − ~ks

pnE

pnE + ~ks

(2.25)

Correspondingly, Eqn. (2.24) can now be written in the form of a superposed wave-

function and is given by,

ψnpyE = ψ
(−1)
npyE + ψ

(0)
npyE + ψ

(+1)
npyE (2.26)

where

ψ
(0)
npyE =

1
√

lylz
SnE(x) exp

{

i

~
[pyy + pnEz]

}

(2.27)

ψ
(±1)
npyE =

1
√

lylz

[

b
(±1)
n−2Sn−2,E(x) + b(±1)

n Sn,E(x) + b
(±1)
n+2Sn+2,E(x)

]

× exp

{

i

~
[pyy + (pnE ± ~ks)z]

}

(2.28)

During the above simplification, the amplitudes are found to be,

b
(±1)
n−2 =

µξ
√

n(n− 1)

16(ξ ∓ 1)

b(±1)
n = ∓ ζh

2~ks

(

U0 +
1

2
µεnE

)

(2.29)

b
(±1)
n+2 = −µξ

√

(n+ 1)(n+ 2)

16(ξ ± 1)

where ξ = 2ζhωE

ks
.

From the above Eqn. (2.29), it follows that b
(+1)
n−2 → b

(−1)
n+2 → ∞ when ξ = 2ζhωE

ks
→ 1.

Thus the absolute values of the amplitudes of the states with pz = pnE ± ~ks show a
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sudden (resonance) increase when the wavelength λs = 2π/ks decreases and reaches

the critical value

λc
h =

π

ζhωE
(2.30)

The radiation frequency obtained by the Doppler formula is given by,

ωh =
Ωfi − νksζ

−1
h

1 − β‖ cos θ
(2.31)

where

Ωfi =
Eni −Enf

~

Radiative transitions induced by hypersound

Let us consider the radiative transitions of the channeled positrons that are stim-

ulated by the hypersound.

The probability of transitions from an initial state i to a final state f is given by

the formula [50],

Wfi =
4π2e2

~V

∑

~q

|~q|−1|~αfi. ~ek|2 δ(ωfi − ω) (2.32)

where V is the volume of the system and ~q and ~ek are the wavevector and polarization

vector of the photon and the matrix elements ~αfi are given by,

~αfi =
1

E
δσiz ,σfz

∫

e−i~q~rψ∗
f (~r) ~̂p ψi(~r) d~r (2.33)

After integration over y and z, we have the following expression for the matrix ele-

ments

~αfi = δσizσfz
δpiy ,pfy+~qy

[

~D
(−2)
fi δpniEi−2~ks ,pnf Ef +~qz

+ ~D
(−1)
fi δpniEi−~ks ,pnf Ef+~qz

+ ~D
(0)
fi δpniEi

,pnf Ef +~qz
+ ~D

(+1)
fi δpniEi+~ks ,pnf Ef +~qz

+ ~D
(+2)
fi δpniEi+2~ks ,pnf Ef+~qz

]

(2.34)
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where

~Dν
fi =

1

E

∑

ε1,ε2

δν,ε2−ε1

∫

exp(−iqxx) F (ε1)∗

f ~̂piε2F
(ε2)
i dx (2.35)

where ν represents the transition between different states and

~̂piε = p̂x, piy, pniEi
+ ε~ks ε = 0, ±1 (2.36)

F
(ε)
nE =







SnE(x) ε = 0

b
(ε)
n−2Sn−2,E(x) + b

(ε)
n Sn,E(x) + b

(ε)
n+2Sn+2,E(x) ε = ±1

(2.37)

From Eqn. (2.34), we can write the probability of transition as the sum of five

terms given by,

Wfi =
∑

ν

W
(ν)
fi ν = 0, ±1 ± 2 (2.38)

Angular and spectral distributions

(i) Matrix elements

To find the matrix elements we define the vector of polarization ~e1 in the plane

having the wavevector ~q and the z -axis and a vector ~e2 ⊥ ~e1 in the plane having the

axes x and y [35].

~e1 = (cos θ cosϕ, cos θ sinϕ, − sin θ)

~e2 = (− sinϕ, cosϕ, 0) (2.39)

The summation in Eqn. (2.32) can be transferred into an integral form given by,

W
(ν)
fi =

e2

2π~

∫

(|~α(ν)
fi .~e1|2 + |~α(ν)

fi .~e2|2) |~q|−1δ(ωfi − ω) d~q (2.40)

where

~αfi = δσiz ,σfz
δpiy,pfy+~qy

δpniEi+ν~ks ,pnf Ef+~qz

~D
(ν)
fi (2.41)
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From the above equations, we can notice that a hypersonic field can induce five

radiative transitions for the channeling radiation. Corresponding transition probabil-

ities are given by W
(ν)
fi . The case ν = 0 is for channeling in the absence of a hypersonic

field. Since ν = ±2 are forbidden (see equations (2.25) and (2.34)) we are left with

only three radiative transitions induced by the hypersound.

For ν = 0, one obtains [16, 50]

~D
(0)
fi ≈ −xfi

(

Ωfi

c
, 0, qxβ

)

(2.42)

with

qx =

(

ω sin θ cosϕ

c

)

(2.43)

xfi = α

(

√

ni + 1

2
δnf ,ni+1 +

√

nf + 1

2
δni,nf+1

)

(2.44)

It remains to calculate the matrix elements for ν = ±1. It is found that only tran-

sitions with ni − nf = ±1 are allowed. Only direct transitions (ni − nf = +1) are

possible for ξ > 2 and ν = ±1. Direct as well as inverse transitions (ni − nf = −1)

are possible for ξ < 2 and ν = −1.

(ii) Transition Probabilities

The transition probabilities and the intensities for the case ν = 0 (i.e., without the

hypersonic field) are given by [16, 50]

dW
(0)
fi

dΩ
=

e2ω3
Ex

2
fi

2π~c3(1 − β cos θ)4
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (2.45)

dW
(0)
fi

dω
=

e2ω2
Ex

2
fi

~c3

[

1 − 2
ω

ωm
+ 2

(

ω

ωm

)2]

(2.46)
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dI
(0)
fi

dΩ
=

e2ω4
Ex

2
fi

2πc3(1 − β cos θ)5
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (2.47)

dI
(0)
fi

dω
= 3I

(0)
fi

ω

ω2
m

[

1 − 2
ω

ωm

+ 2

(

ω

ωm

)2]

(2.48)

where

I
(0)
fi =

4

3

e2ω4
Eγ

4x2
fi

c3
(2.49)

We shall now analyze those transitions induced by hypersound.

Substituting qx from Eqn (2.43) and using equations (2.29) and (2.37) we get,

~D
(±1)
fi ≈ ±ixfiωEµξ

8

(ξ ∓ 2)

(ξ ∓ 1)
(2.50)

for direct transitions, and

~D
(−1)
fi ≈ ixfiωEµξ

8

(2 − ξ)

(ξ − 1)
(2.51)

for inverse transitions.

Performing integration over ω in Eqn. (2.40) and using equations (2.41), (2.50)

and (2.51), we get,

dW
(±1)
fi

dΩ
= q

(±1)
3fi

e2ω3
Ex

2
fi

2π~c3(1 − β cos θ)4
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (2.52)

where qsfi are given by,

q
(±1)
sfi =

µ2ξ(4−s)(ξ ∓ 2)s

64(ξ ∓ 1)2
(2.53)

for direct transitions and

q
(−1)
sfi =

µ2ξ(4−s)(2 − ξ)s

64(ξ − 1)2
(2.54)

for inverse transitions.
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Performing integration over the solid angle in Eqn. (2.40), we get

dW
(±1)
fi

dω
= q

(±1)
2fi

e2ω2
Ex

2
fi

~c3

[

1 − 2
ω

ω±fi
+ 2

(

ω

ω±fi

)2]

(2.55)

where

ω±fi = 2γ2ωE



















1 − 2
ξ
ν = +1 ni − nf = +1 ξ > 2

2
ξ
+ 1 ν = −1 ni − nf = −1

2
ξ
− 1 ν = −1 ni − nf = +1 ξ < 2

(2.56)

Multiplying equations (2.52) and (2.55) by ~ω, we get the angular and spectral dis-

tribution of the radiation intensity as,

dI
(±1)
fi

dΩ
= q

(±1)
4fi

e2ω4
Ex

2
fi

2πc3(1 − β cos θ)5
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ](2.57)

dI
(±1)
fi

dω
= 3I

(±1)
fi

ω

ω2
±fi

[

1 − 2
ω

ω±fi

+ 2

(

ω

ω±fi

)2]

(2.58)

where

I
(±1)
fi =

4

3

e2ω4
Eγ

4x2
fi

c3
q
(±1)
4fi (2.59)

The expression for total intensity is proportional to the power of hypersound (∼
µ2). q

(±1)
4fi ≪ 1 for ni − nf = +1 (direct transitions). Hence we can say that the

influence of hypersound on direct transitions in weak. But on the otherhand, for

inverse transitions q
(−1)
4fi > 1 and ξ → 1. We will discuss this inverse transition case

in detail in section 2.2.3 where the influence of anharmonicity will also be included.

2.2.2 Effects of Anharmonicity

Including the anharmonic term for the transverse periodic potential of the positron,

the potential equation can be written as,

V (x) = V0x
2 + V1x

4 (2.60)
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where

V1 =
4πZ1Z2e

2Ca2Np

(l + a)5
(2.61)

The initial investigations on channeling radiation [16] did not consider the anhar-

monic part of the potential shown in Eqn. (2.1). Later, the effects of anharmonicity

were studied by some authors [49]. The total energy spectrum is the sum of harmonic

and anharmonic contributions, which can be written to the first order as

ε′nE = εnE +
3

4
V1α

4(2n2 + 2n+ 1) (2.62)

To find the effects of anharmonicity on wavefunction we use the Dirac equation

(2.4). Substituting Eqn. (2.60) in (2.3) and then in Eqn. (2.10) we get after substi-

tuting x2 and x4 by their operator forms,

−~
2c2

2E

∂2

∂z2
Ck +

[

U0 cos(ksz) + ε′nE

(

1 +
µ

2
cos(ksz)

)

+
µ

2
cos(ksz)

3

4
V1α

4(2k2 + 2k + 1) −
E2 −m2

0c
4 − p2

yc
2

2E

]

Ck

+
1

4
µ~ωE cos(ksz)

[

√

k(k − 1)Ck−2 +
√

(k + 1)(k + 2)Ck+2

]

+
1

4
µV1α

4 cos(ksz)

[

√

k(k − 1)(k − 2)(k − 3)Ck−4

+
√

(k + 1)(k + 2)(k + 3)(k + 4)Ck+4 + (4k − 2)
√

k(k − 1)Ck−2

+ (4k + 6)
√

(k + 1)(k + 2)Ck+2

]

= 0 (2.63)

The coefficients, Ck are given by Eqn. (2.12), which is a function of exp(iBk(z)) given

by Eqn. (2.13). The σk values in Eqn. (2.16) change due to the anharmonic term

and is given by,

σ′
k = −ζah

(

U0 +
µ

2
ε′nE

)

cos(ksz)

where

ζah =
E

pkEc2
(2.64)
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with p′kE given by,

p′kEc =
√

E2 −m2
0c

4 − p2
yc

2 − 2Eε′nE

Substituting Ck and the above equations in Eqn. (2.63) and rearranging, we get

i
dAk

dz
= ζah

{

exp(−iBk)

[

1

4
µωE cos(ksz)

[

√

k(k − 1)Ak−2 exp(−iBk−2)

+
√

(k + 1)(k + 2)Ak+2 exp(−iBk+2)

]

+
1

4
µV1α

4 cos(ksz)

[

√

k(k − 1)(k − 2)(k − 3)Ak−4 exp(−iBk−4)

+
√

(k + 1)(k + 2)(k + 3)(k + 4)Ak+4 exp(−iBk+4)

+ (4k − 2)
√

k(k − 1)Ak−2 exp(−iBk−2)

+ (4k + 6)
√

(k + 1)(k + 2)Ak+2 exp(−iBk+2)

]

+
µ

2
cos(ksz)

3

4

V1α
4

~
(2k2 + 2k + 1)Ak

}

(2.65)

Eqn. (2.65) can be written in the form

i
dÂ

dz
= µĤÂ (2.66)

with

Ĥ =





























J 0 (u∗ + 6w∗)
√

2 0 v∗
√

24 ...

0 5J 0 (u∗ + 10w∗)
√

6 0 ...

(u+ 6w)
√

2 0 13J 0 (u∗ + 14w∗)
√

12 ...

0 (u+ 10w)
√

6 0 25J 0 ...

v
√

24 0 (u+ 14w)
√

12 0 41J ...

... ... ... ... ... ...





























(2.67)

The above Hermitian matrix can be written in the form of recurrence relations given
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by,

Hk+2,k = H∗
k,k+2 = [u+ (4k + 6)w]

√

(k + 1)(k + 2) (2.68)

Hk+4,k = H∗
k,k+4 = v

√

(k + 1)(k + 2)(k + 3)(k + 4)

Hk,k = J(2k2 + 2k + 1)

where

J =
3

8
tζahµ cos(ksz), t =

V1α
4

~

and

u =
1

4
ζahωE cos(ksz) exp

{

iζah

(

2ωE +
3

4
t(8k + 12)

)[

z +
µ

2

sin(ksz)

ks

]}

(2.69)

v =
1

4
tζah cos(ksz) exp

{

2iζah

(

2ωE +
3

4
t(8k + 20)

)[

z +
µ

2

sin(ksz)

ks

]}

w =
1

4
tζah cos(ksz) exp

{

iζah

(

2ωE +
3

4
t(8k + 12)

)[

z +
µ

2

sin(ksz)

ks

]}

Solving Eqn. (2.66) we get the total wave function. It is given as

ψnpyE(r) =
1

√

lylz
exp

(

i

~
pyy

) ∞
∑

k=0

SkE(x)Qkn(z). (2.70)

Resonant influence of hypersound

The superposed wavefunction due to effect of hypersound and anharmonicity is

obtained from Eqn. (2.70) and is given by,

ψnpyE = ψ
(−1)
npyE + ψ

(0)
npyE + ψ

(+1)
npyE (2.71)

where

ψ
(0)
npyE =

1
√

lylz
SnE(x) exp

{

i

~
[pyy + pnEz]

}[

1 − i
3

8
µ2ζaht(2n

2 + 2n + 1)
sin(ksz)

ks

]

(2.72)
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ψ
(±1)
npyE =

1
√

lylz

[

b
(±1)
n−4Sn−4,E(x) + b

(±1)
n−2Sn−2,E(x)

+ b(±1)
n Sn,E(x) + b

(±1)
n+2Sn+2,E(x) + b

(±1)
n+4Sn+4,E(x)

]

× exp

{

i

~
[pyy + (pnE ± ~ks)z]

}

(2.73)

During the above simplification, the amplitudes are found to be,

b
(±1)
n−4 =

µtζah

√

n(n− 1)(n− 2)(n− 3)

8ks(2ξ ∓ 1)

b
(±1)
n−2 =

µζah[ωE + (4n− 2)t]
√

n(n− 1)

8ks(ξ ∓ 1)

b(±1)
n = ∓ ζah

2~ks

(

U0 +
1

2
µε′nE

)

(2.74)

b
(±1)
n+2 = −µζah[ωE + (4n+ 6)t]

√

(n+ 1)(n+ 2)

8ks(ξ ± 1)

b
(±1)
n+4 = −µtζah

√

(n + 1)(n+ 2(n+ 3)(n+ 4

8ks(2ξ ± 1)

where ξ = 2ζahωE

ks
.

In addition to the resonance obtained for the harmonic case, it further follows from

the above Eqn. (2.74) that b
(+1)
n−4 → b

(−1)
n+4 → ∞ when 2ξ = 4ζahωE

ks
→ 1. Thus the

absolute values of the amplitudes of the states with pz = pnE ± ~ks show a sudden

increase when the wavelength λs = 2π/ks decreases and reaches the critical value

λc
ah =

π

2ζahωE
(2.75)

which is just half of the corresponding resonance wavelength for the harmonic case.

This leads to a variation in the intensity of the radiation, as discussed in the following

sections.
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The radiation frequency obtained by the Doppler formula after incorporating energy

changes due to anharmonic effects leads to the modified formula as

ωah =

Ωfi

[

1+

(

3V1

4V0

)

α2(ni + nf + 1)

]

− νksζ
−1
ah

1 − β‖ cos θ
(2.76)

Thus the fractional change in the radiative frequency due to the anharmonicity is

given by,

∆ω

ωh
=

Ωfi

(

3V1

4V0

)

α2(ni + nf + 1) − νks(ζ
−1
ah − ζ−1

h )

Ωfi − ζ−1
h

(2.77)

One can notice from the above expression that the fractional change in the reso-

nance frequency → 0 in the absence of anharmonic interactions.

Radiative transitions induced by hypersound

Let us consider the radiative transitions of the channeled positrons that are stimu-

lated by the hypersound affected by the anharmonic interactions. The probability of

transitions is given by Eqn. (2.32). The matrix elements ~αfi for the harmonic case

are given in Eqn. (2.34) where the elements ~Dfi for the anharmonic case are given

by,

~Dν
fi =

1

E

∑

ε1,ε2

δν,ε2−ε1

∫

exp(−iqxx) F (ε1)∗

f ~̂piε2F
(ε2)
i dx (2.78)

where

F
(ε)
nE =



















SnE(x) ε = 0

b
(ε)
n−4Sn−4,E(x) + b

(ε)
n−2Sn−2,E(x)

+b
(ε)
n Sn,E(x) + b

(ε)
n+2Sn+2,E(x) + b

(ε)
n+4Sn+4,E(x) ε = ±1

(2.79)
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Angular and spectral distributions

ν represents the transition between different states. ν = 0 corresponds to the case

where there is no hypersound interaction and the matrix elements are given in Eqn.

(2.42).

It needs to calculate the matrix elements for ν = ±1. It is found that direct tran-

sitions are possible for ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] > 2 and ν = ±1. Direct as well as

inverse transitions are possible for ξ[1 + (3V1

4V0
)α2(ni +nf + 1)] < 2 and ν = −1. Table

1 shows the photon frequencies for ν = ±1.

Table 1: Photon Frequencies for ν = ±1 at direct and inverse transitions.

ν

ni − nf -1 +1

+1 ω =
ωE{ξ[1+(

3V1
4V0

)α2(ni+nf +1)]+2}
ξ(1−β cos θ)

= ω′
dir ω =

ωE{ξ[1+(
3V1
4V0

)α2(ni+nf +1)]−2}
ξ(1−β cos θ)

= ω′′
dir

direct

transition for any ξ ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] > 2

-1 ω =
ωE{2−ξ[1+(

3V1
4V0

)α2(ni+nf+1)]}
ξ(1−β cos θ)

= ωinv ω = −ωE{ξ[1+(
3V1
4V0

)α2(ni+nf +1)]+2}
ξ(1−β cos θ)

< 0

inverse

transition ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] < 2 not realized

We shall now analyze those transitions due to anharmonicity.
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Substituting qx from Eqn (2.43) and using equations (2.74) and (2.79),

~D
(±1)
fi ≈ ±ixfiµξ

8c

[
√

6t

4(2ξ ∓ 1)
+
ωE + 6t

(ξ ∓ 1)

]{

ξ

[

1+

(

3V1

4V0

)

α2(ni + nf + 1)

]

∓ 2

}

×
[

1, 0,
β sin θ cosϕ

1 − β cos θ

]

(2.80)

for direct transitions, and

~D
(−1)
fi ≈ ixfiµξ

8c

[
√

6t

4(2ξ − 1)
+
ωE + 6t

(ξ − 1)

]{

2 − ξ

[

1+

(

3V1

4V0

)

α2(ni + nf + 1)

]}

×
[

1, 0,
β sin θ cosϕ

1 − β cos θ

]

(2.81)

for inverse transitions.

Performing integration over ω in Eqn. (2.40) and using equations (2.41), (2.80)

and (2.81), we get,

dW
(±1)
fi

dΩ
= q

(±1)
3fi

e2ω3
Ex

2
fi

2π~c3(1 − β cos θ)4
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (2.82)

where the xfi are given by,

xn, n−1 = α

(

n

2

)1/2(

1 − n
3

4

V1

V0

α2

)

and xn, n+1 = α

(

n+ 1

2

)1/2(

1 − (n+ 1)
3

4

V1

V0
α2

)

and the qsfi are given by,

q
(±1)
sfi (ξ) =

µ2ξ(4−s){ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] ∓ 2}s

64

[
√

6b

4(2ξ ∓ 1)
+

1 + 6b

(ξ ∓ 1)

]2

(2.83)

for direct transitions, and

q
(−1)
sfi (ξ) =

µ2ξ(4−s){2 − ξ[1 + (3V1

4V0
)α2(ni + nf + 1)]}s

64

[
√

6b

4(2ξ − 1)
+

1 + 6b

(ξ − 1)

]2

(2.84)

for inverse transitions, with b = t
ωE

.
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Performing integration over the solid angle in Eqn. (2.40), we get

dW
(±1)
fi

dω
= q

(±1)
2fi

e2ω2
Ex

2
fi

~c3

[

1 − 2
ω

ω±fi
+ 2

(

ω

ω±fi

)2]

(2.85)

where

ω±fi = 2γ2ωE















































































[1 + (3V1

4V0
)α2(ni + nf + 1)] − 2

ξ
ν = +1

ni − nf = +1 ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] > 2

2
ξ
+ [1 + (3V1

4V0
)α2(ni + nf + 1)] ν = −1

ni − nf = +1

2
ξ
− [1 + (3V1

4V0
)α2(ni + nf + 1)] ν = −1

ni − nf = −1 ξ[1 + (3V1

4V0
)α2(ni + nf + 1)] < 2

(2.86)

Multiplying equations (2.82) and (2.85) by ~ω, we get the angular and spectral dis-

tribution of the radiation intensity as,

dI
(±1)
fi

dΩ
= q

(±1)
4fi

e2ω4
Ex

2
fi

2πc3(1 − β cos θ)5
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ](2.87)

dI
(±1)
fi

dω
= 3I

(±1)
fi

ω

ω2
±fi

[

1 − 2
ω

ω±fi
+ 2

(

ω

ω±fi

)2]

(2.88)

where

I
(±1)
fi =

4

3

e2ω4
Eγ

4x2
fi

c3
q
(±1)
4fi (2.89)

The expression for total intensity is proportional to the power of hypersound (∼ µ2).

q
(±1)
4fi ≪ 1 for ni − nf = +1. Comparing with the results in the harmonic case, the

angular and spectral distributions of radiation differ by the anharmonic parameters

given in equations (2.83) and (2.84).
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2.2.3 Inverse radiative transitions

Inverse radiative transitions ni − nf = -1 are excited by the hypersound. From

equations (2.54) and (2.84) it is obvious that as ξ →1, q
(−1)
4fi ≫ 1. This shows that

there is a resonant amplification of the channeling radiation intensity due to inverse

transitions. It is also found from Eqn. (2.84) that for the anharmonic case there

is also an amplification of the radiation compared to the harmonic case. Figure 2.1

shows the influence of both hypersound and anharmonicity. The curves for a specific

case ni = 0, nf = 1 are calculated using equations (2.58) and (2.88) for inverse

transitions with ν = -1, µ= 0.1 and Eqn. (2.48) for direct transitions with ν = 0

((sfi)
−1 = 2e2ω3

Eγ
2x2

fi/c
3). For the sake of comparison with the harmonic case, we

take ξ = 1.01 and ξ = 1.03. The ratio of spectral distribution of radiation intensity

in the anharmonic case to that in the harmonic case is about 1.16, which shows that

the effect of the anharmonic term cannot be neglected.

Figure 2.1: Spectral distributions in the case of inverse radiative transitions at ν = −1

and ξ=1.01 and 1.03 for harmonic and anharmonic cases at ν = 0.
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2.3 Effects Transverse Periodic Perturbation

2.3.1 Harmonic Model

Influence on Wavefunction

When the transverse acoustic wave is propagating in the direction of z, the channel

is bent and the atomic planes are displaced in the direction of x-axis by a cos(k′sz)

where k′s = 2π
λ′

s
, a is the amplitude of bending and λ′s is the wavelength of the transverse

wave.

The planar potential after including the effects of the transverse acoustic wave is

given by,

U(x, z) = V0{x− a cos(k′sz)}2

= V0x
2 + V0a

2 cos2(k′sz) − 2V0xa cos(k′sz) (2.90)

If we consider the third term in Eqn. (2.90) as perturbation, the perturbed energy is

given by

ε′nE = εnE + E ′

εnE =

(

n +
1

2

)

~ω

E ′ = −4V 2
0 a

2 cos2(k′sz)

2mω2

As seen from Eqn. (2.90), the positron planar potential is z-dependent. Therefore the

wavefunction has the same form as in Eqn. (2.9). Using Eqn. (2.91) in Eqn. (2.10),

we can write,

−
(

E2 − p2
yc

2 −m2
0c

4

2E

)

ψ + εkEψ+

[

V0a
2 cos2(k′sz) − 2V0xa cos(k′sz)

]

ψ

− ~
2c2

2E

∂2

∂z2

∞
∑

k=0

CkE(z) SkE(x) = 0 (2.91)
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Converting the x in the 3rd term of Eqn. (2.91) to operator form, we get
[

−
(

E2 − p2
yc

2 −m2
0c

4

2E

)

+ εkE + V0a
2 cos2(k′sz) −

~
2c2

2E

∂2

∂z2

]

Ck

−
√

2~

mω
V0a cos(k′sz)

[√
k + 1 Ck+1 +

√
k Ck−1

]

= 0 (2.92)

As in the longitudinal case we write Ck in the form

Ck = Ak(z) exp(iBk(z)) (2.93)

~Bk = p
kE
z +

∫

σk(z) dz (2.94)

i~
∂σk

∂z
= σk(σk + 2p

kE
) +

E

c2
ε′kEa cos(k′sz) (2.95)

Hence Eqn. (2.92) becomes

− ~
2c2

2E

∂2

∂z2
Ak exp(iBk) + V0a

2 cos2(k′sz)Ak exp(iBk)

−
p2

kE
c2

2E
Ak exp(iBk)

−
√

2~

mω
V0a cos(k′sz)

[√
k + 1 Ak+1 exp(iBk+1) +

√
k Ak−1 exp(iBk−1)

]

= 0 (2.96)

which after simplification we get,

− ~
2c2

2E
A′′

k − i
~c2

E
A′

k

(

p
kE

+ σk(z)

)

− 1

2
Ak a εkE cos(k′sz) + V0a

2 cos2(k′sz)Ak

−
√

2~

mω
V0a cos(k′sz) exp(−iBk)

[√
k + 1 Ak+1 exp(iBk+1) +

√
k Ak−1 exp(iBk−1)

]

= 0 (2.97)

The above equation can be written in a form similar to Eqn. (2.20) and is given

by,

i
dAk

dz
= ĤA (2.98)
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where Ĥ is a Hermitian matrix, whose elements are found as,
∫

Ĥk+1,k = −
√
k + 1

(

2

m~ω

)1/2

V0ζh a

∫

cos(k′sz) exp

(

iζh ω

[

z +
a

2

sin(k′sz)

k′s

])

dz

= i
√
k + 1

V0ζha

2k′s

(

2

m~ω

)1/2[
ei(ξ+1)τ

ξ + 1
+
ei(ξ−1)τ

ξ − 1

]

(2.99)

∫

Ĥk−1,k = −
√
k

(

2

m~ω

)1/2

V0ζh a

∫

cos(k′sz) exp

(

− iζh ω

[

z +
a

2

sin(k′sz)

k′s

])

dz

= −i
√
k
V0ζha

2k′s

(

2

m~ω

)1/2[
e−i(ξ−1)τ

ξ − 1
+
e−i(ξ+1)τ

ξ + 1

]

(2.100)

∫

Ĥk,k =
ζh
2~

[

V0a
2z +

V0a
2

2

sin(2k′sz)

k′s
− εkE a

sin(k′sz)

k′s

]

(2.101)

where τ = k′sz and ξ = ζhω
k′

s
.

Including the above matrix elements and simplifying, we get the total wavefunction

of positron channeling as,

ψ = ψ(−1) + ψ(0) + ψ(+1) (2.102)

where

ψ(0) =
1

√

lylz
SnE exp

(

i

~
[pyy + pnEz]

)

(

1 − i
ζh
2~

[

V0a
2z +

V0a
2

2

sin(2k′sz)

k′s
− εnE a

sin(k′sz)

k′s

])

(2.103)

ψ(±1) =
1

√

lylz

[

b
′(±1)
n−1 Sn−1,E + b

′(±1)
n Sn,E + b

′(±1)
n+1 Sn+1,E

]

exp

(

i

~
[pyy + (pnE ± ~k′sz)]

)

(2.104)

where

b
′(±1)
n−1 = −

(

1

2m~ω

)1/2
V0ζha

k′s

√
n

ξ ∓ 1

b
′(±1)
n+1 =

(

1

2m~ω

)1/2
V0ζha

k′s

√
n + 1

ξ ± 1
(2.105)

b
′(±1)
n = ∓ζha εnE

4~k′s
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From the above equations, b
′(−1)
n+1 → b

′(+1)
n−1 → 1 when ξ = ζhω

k′

s
→ 1. This means

that, the maximum amplitude is achieved when λ′s = 2π
ζhω

which has its maximum

value when p
y

= 0. i. e., (λ′s)max = 2π
ω

= λ (c = 1), where λ = 2π
ω

, the characteristic

wavelength related to the transverse oscillation of the channeled particle, as predicted

by Mkrtchyan et. al [33] as against (λ′s)max = π
ω

= λ/2 in the longitudinal case. But

the condition for the radiation due to the periodic bending (undulator radiation) is

λ′s > λ. At this resonance condition, the spectrum will not have a contribution from

the undulator radiation but only channeling radiation prevails.

Radiative transitions induced by hypersound

To find the spectral distribution induced by the transverse hypersonic field, we use

the general equation for probability of transitions given by Eqn. (2.40) which can be

written in the integral form,

W
(ν)
fi =

e2

2π~

∫
(∣

∣

∣

∣

~α′(ν)

fi . ~e1

∣

∣

∣

∣

2

+

∣

∣

∣

∣

~α′(ν)

fi . ~e2

∣

∣

∣

∣

2)

|q|−1 δ(ωfi − ω) dq (2.106)

where α′
fi are given by,

~α′
fi = δσiz σfz

δpiy pfy+~qy

[

~D
′(−1)
fi δpniEi−~ks , pnf Ef +~qz

+ ~D
′(0)
fi δpniEi

, pnf Ef+~qz
+ ~D

′(+1)
fi δpniEi+~ks , pnf Ef+~qz

]

(2.107)

We integrate Eqn. (2.107) and use Eqn. (2.42) and

∣

∣

∣

∣

~D
′(±1)
fi . ~e1

∣

∣

∣

∣

2

=
x2

fiξ
2a2ω2

E

16c2
(ξ ∓ 1)2 cos2 ϕ

[

cos θ − β

1 − β cos θ

]2

(2.108)

∣

∣

∣

∣

~D
′(±1)
fi . ~e2

∣

∣

∣

∣

2

=
x2

fiξ
2a2ω2

E

16c2
(ξ ∓ 1)2 sin2 ϕ (2.109)
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to get the angular and spectral distribution of probability and radiation intensity as,

dW (±1)

dΩ
= q

′(±1)
3fi

e2x2
fiω

3
E

2π~c3(1 − β cos θ)4

[

(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ

]

(2.110)

dI(±1)

dΩ
= q

′(±1)
4fi

e2x2
fiω

4
E

2π(1 − β cos θ)5

[

(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ

]

(2.111)

dW (±1)

dω
= q

′(±1)
2fi

e2x2
fiω

2
E

~c3

[

1 − 2

(

ω

ω′
±fi

)

+ 2

(

ω

ω′
±fi

)2]

(2.112)

dI(±1)

dω
= 3 I

′(±1)
fi

ω

ω2
±fi

[

1 − 2

(

ω

ω′
±fi

)

+ 2

(

ω

ω′
±fi

)2]

(2.113)

where

ω′
±fi = 2γ2ωE



















1 − 1
ξ

ν = +1, ni − nf = +1

1 + 1
ξ

ν = −1, ni − nf = +1

1
ξ
− 1 ν = −1, ni − nf = −1

(2.114)

q
′(±1)
sf = ξ4−s a

2(ξ ∓ 1)s

16
(2.115)

q
′(−1)
sfi = ξ4−s a

2(1 − ξ)s

16
(2.116)

for direct and indirect transitions respectively and

I
′(±1)
fi =

4

3

e2x2
fiω

4
Eγ

4

c3
q
′(±1)
4fi (2.117)

From the above equations it is clear that, the spectrum depends on the value of

the amplitude of bending ’a’ and is proportional to ’a2’. Since we are considering

the small amplitude regime, q
′(−1)
4fi ≪ 1. The radiation intensity due the periodic

bending at the low amplitude is negligible. With the decrease of ′a′, the amplitude

of the transverse oscillation increases, and correspondingly an increase in channeling

radiation is predicted here.

43



2.3.2 Effects of Anharmonicity

Introducing anharmonicity to the positron planar potential potential in Eqn. (2.90),

will make the potential more complicated as,

U(x, z) = V0{x− a cos(k′sz)}2 + V1{x− a cos(k′sz)}4 (2.118)

where V1 is given by Eqn. (2.61). As we have seen in the previous cases, due to the

transverse perturbations and anharmonicity, the total wavefunction can be written

as,

ψ = ψ(−1) + ψ(0) + ψ(+1)

where

ψ(0) =
1

√

lylz
SnE exp

(

i

~
[pyy + pnEz]

)

(

1 − i
ζah

2~

[

V0a
2z +

V0a
2

2

sin(2k′sz)

k′s
− ε′nE a

sin(k′sz)

k′s

])

(2.119)

ψ(±1) =
1

√

lylz

[

b
′(±1)
n−3 Sn−3,E + b

′(±1)
n−2 Sn−2,E + b

′(±1)
n−1 Sn−1,E + b

′(±1)
n Sn,E

+ b
′(±1)
n+1 Sn+1,E + b

′(±1)
n+2 Sn+2,E + b

′(±1)
n+3 Sn+3,E

]

exp

(

i

~
[pyy + (pnE ± ~k′sz)]

)

(2.120)

where

b
′(±1)
n−3 = −

(

~

3mω

)3/2
9V1ζaha

2~k′s

[ωE + t(n− 1)]
√

n(n− 1)(n− 2)

3ξ ∓ 1
(2.121)

b
′(±1)
n−2 = −6V1ζaha

2

4mωEk′s

[ωE + 3t(n− 1)]
√

n(n− 1)

ξ ∓ 1

b
′(±1)
n−1 = −

(

1

2m~ω

)1/2
V0ζaha

k′s

[ωE + 3tn]
√
n

ξ ∓ 1
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b
′(±1)
n = ∓ζaha ε

′
nE

4~k′s

b
′(±1)
n+1 =

(

1

2m~ω

)1/2
V0ζaha

k′s

[ωE + 3t(n+ 1)]
√
n+ 1

ξ ± 1

b
′(±1)
n+2 =

3V1ζaha
2

4mωEk′s

[2ωE + 3t(2n + 3)]
√

(n+ 1)(n+ 2)

ξ ± 1

b
′(±1)
n+3 =

(

~

3mω

)3/2
9V1ζaha

2~k′s

[ωE + 3t(n+ 2)]
√

(n+ 1)(n+ 2)(n+ 3)

ξ ± 1

where ζah is given by Eqn. (2.64)

ζah =
E

p′kEc
2

(2.122)

Also ξ =
ζahωE

k′s

and t =
V1α

4

~

This change in the amplitudes change the corresponding values of q′sfi in equations

(2.115) and (2.116). They are calculated as

q
′(±1)
sf = ξ4−sa2

(

ξ

[

1+

(

3V1

4V0
α2(ni + nf + 1)

)]

∓ 1

)s

16
(2.123)

q
′(−1)
sfi = ξ4−sa2

(

1 − ξ

[

1+

(

3V1

4V0
α2(ni + nf + 1)

)])s

16
(2.124)

for direct and indirect transitions respectively.

As discussed in the previous section; the a2 dependence of the qsfi values weakens

the radiative transitions for a periodically bent crystal with low amplitude of bending.

Only radiation due to the channeling oscillation is prevailing in the spectrum. Even

the proportional amplification due to the anharmonic parameters are having less

impact on the spectrum.
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2.4 Results and Discussions

In this chapter, we have studied the effects of a hypersonic field on the positron

planar channeling radiation. We first considered the effects of longitudinal field. The

anharmonic effects (quartic term) of the interplanar transverse potential seen by the

positron have been included in the problem. The corresponding eigen spectrum is

calculated from the Dirac equation. The wavefunction of the positron gets modified

by these effects and changes the observable parameters like frequency and intensity

of radiation. The fractional change in the frequency of the emitted radiation from

that in the harmonic case is found to be directly proportional to the strength of the

anharmonic term. The spectral distribution of radiation intensity is found for both

harmonic and anharmonic cases. A resonant amplification of radiation intensity is

observed in the inverse transitions for both the cases whereas the direct transitions are

weakly influenced by the hypersonic field. Also a considerable variation of radiation

intensity due to the anharmonic effects is observed as plotted in Figure 2.1: an increase

by a factor 1.16 over harmonic case. This intensity amplification shows that the

anharmonic terms cannot be neglected.

We found that the amplitudes (Eqn. (2.74)), responsible for the intensity of the

emitted radiation, show a resonance when the hypersonic field wavelength λs ap-

proaches a value π/2ζahωE which is exactly half of the corresponding quantity for the

harmonic case. This means that the resonance takes place at higher frequencies in

the anharmonic case.

We also studied the influence of a transverse acoustic wave on the positron planar

channeling radiation. The planar potential gets modified and the corresponding eigen

spectrum is calculated using the Dirac equation. The wavefunction is calculated

after including these effects and the intensity of radiation is found. It is found that

46



the spectral distribution of radiation intensity due to the periodic bending of the

channel depends on the value of the amplitude of bending ’a’ and is proportional to

’a2’. Since we are considering the small amplitude regime, q
′(−1)
4fi ≪ 1. Hence, the

transverse perturbation have weak influence on undulator radiation spectrum in the

low amplitude regime. Correspondingly an increase in channeling radiation intensity

is expected, since the amplitude of channeling oscillation increases with decrease in

a.

The influence of the anharmonicity on the effects of transverse perturbation has

been studied. Though there is a proportional magnification due to the anharmonicity

terms, it is not strong enough to overcome the strong a2 dependence. As predicted

in the theory of undulator radiation, we have found that only channeling radiation

prevails in a low amplitude regime. Effects of higher amplitude case for these waves

will be discussed in chapter 5.

We found that the amplitude equations (2.105) show a resonance at λ′s = 2π
ζω

. The

maximum value of λ is (λ′s)max = 2π
ω

= λ, the characteristic wavelength related to

the transverse oscillation of the channeled particle, which is double the value found

for longitudinal case as predicted by Mkrtchyan [33].

If we compare the longitudinal and transverse perturbations, we can conclude that

for the case of channeling radiation, amplification of radiation intensity is maximum

for the longitudinal case. Transverse perturbation has its dependencies on the ampli-

tude of the acoustic waves depending on which the corresponding radiation intensity

is varied.
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APPENDIX

The equation of motion of a relativistic positron in the scalar field U(x, z) is given

by the Dirac equation,

i~
∂Φ

∂t
= [~α.~p+ βm0c

2 + U(x, z)]Φ (2.125)

where

Φ =





ϕ

χ





is a bispinor, m0 is the rest mass of the positron, ~p = −i~∂/∂r and ~α and β are given

by,

~α =





0 ~σ

~σ 0



 and β =





I 0

0 −I





where ~σ are the Pauli matrices given by,

~σx =





0 1

1 0



 , ~σy =





0 −i
i 0



 and ~σz =





1 0

0 −1





Substituting in above equations in Eqn. (2.125), we get

i~
∂

∂t





ϕ

χ



 =

[





0 ~σ

~σ 0



 .~p +





I 0

0 −I



m0c
2 + U(x, z)

]





ϕ

χ



 (2.126)

Eqn. (2.126) hence delivers two sets of equations,

i~
∂ϕ

∂t
= ~σ.~pχ +m0c

2ϕ+ U(x, z)ϕ

i~
∂χ

∂t
= ~σ.~pϕ−m0c

2χ+ U(x, z)χ

With E = i~∂/∂t, rearranging the above equations, we get
[

E − U(x, z) −m0c
2

]

ϕ = ~σ.~p χ

[

E − U(x, z) +m0c
2

]

χ = ~σ.~p ϕ
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Simplifying the above equations we get,

[

(E − U)2 −m2
0c

2

]

ϕ =

[

− i~c(~σ.▽)(~σ.~p) +
i~c(~σ.▽ U)(~σ.~p)

E − U +m0c2

]

ϕ (2.127)

Solving,

[

(E − U)2 −m2
0c

2 + ~
2c2∆2 − i~c

E − U +m0

{

(▽U)~p+ iσ(▽× ~p)

}]

ϕ = 0 (2.128)

At energies >10MeV, the influence of spin on the interaction with channeled par-

ticles is neglected. So one can omit the last term in Eqn. (2.128), which gives the

Dirac equation as,

[(E − U)2 −m2
0c

4 + ~
2c2▽2]ϕ = 0.
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CHAPTER 3

Quantum Calculations for the Effects of Dislocations on

Channeling

3.1 Introduction to Crystal Defects and Dechan-

neling

One of the main applications of ion channeling is the studies of various kinds of

defects. It is well known that real crystals are never perfect. The most common kinds

of defects found in solids are point defects which include lattice vacancies, interstitials,

color centres etc, line defects like edge dislocations, screw dislocations etc and plane

defects like grain boundaries, stacking faults etc.

A particle propagating through real solids can ’see’ the presence of the defects

through their effects in the solids. Classically, particles can see the presence of defects

either by direct obstruction of the particle path or through the distortion produced
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in the crystal or even both. When the projectile directly hits the defect sites or is

scattered in the potential field of the defects obstructing the open channels and the

trajectory gets modified as a consequence, the effects are said to be of obstruction

type. Examples are stacking faults, interstitial atoms, grain or twin boundaries.

If, on the other hand, the defects give rise to distortion in a certain region of the

crystal, disturbing the regularity of the material in that region, the effects are of

distortion type. The most important example here is that of dislocations. These

two qualitatively different types of defects give rise to obstruction dechanneling and

distortion dechanneling respectively.

Dechanneling may also be caused by a combination of both the types of defects. In

such cases dechanneling is neither purely of obstruction type nor of distortion type.

This phenomena is called composite dechanneling. This happens because of the fact

that the defects produced in the solid are not uniquely of one type but a combination

of different kinds of defects or because the defect itself gives rise partially to obstruc-

tion effects and partially to distortion effects. Examples are gas bubbles [51, 52],

Guinier-Preston zones [53], voids and antiphase boundaries. The simultaneous use of

channeling, back scattering and TEM [54] can correlate the dechanneling observations

with damage configurations.

Classically, the dechanneling effects depend on the transverse energy. Transverse

energy is increased when the particles are in the vicinity of the defects and when it

exceeds a critical value (Eψ2
c ), the particles get dechanneled [55]. Quantum mechan-

ically, this transverse energy is quantized. Due to the influence of defects, transverse

energy is increased and the particles go to one of the excited states. If this influence

is strong, the particles go above the barrier, and are no longer bounded. Therefore

quantum mechanically, dechanneling means transition from bound state to scattering

state due to the increase in transverse energy.
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Such effects and transitions to scattering states leading to dechanneling take place

due to distortions in the channels situated in the vicinity of dislocation core. Here the

atomic rows and planes exhibit curvature which alters the trajectory of the channeled

particle and can dechannel the particle altogether if the curvature is large enough

to severely modify the trajectory. This distortion is maximum near the dislocation

core and decreases as one moves away from the core [56]. Thus one can think of

a cylindrical region around the dislocation axis, called ’dechanneling cylinder’ [57].

Figure 3.1 illustrates how the distortion of channels outside a particular region of

radius r0 around the dislocation core; i.e., the dechanneling cylinder, decreases. The

effects of dislocations are introduced through the curvature of the channels. The

effect of this curvature is to introduce a transverse centrifugal force on the propagating

particles. This force should therefore be combined with the force due to the continuum

potential (longitudinal).

Figure 3.1: The dislocation affected planar channel. Rmc is the minimal radius of

curvature of the channel at a distance r0 from the dislocation core.
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Classical description of the dislocation effects on the channeling of positrons in

the planar and axial cases [58, 59] has also been used to estimate the effects of such

defects on the overall rate of energy loss of channeled particles. The corresponding

quantum mechanical treatment of the effects of dislocations on channeling were given

later [47, 60, 61]. In these investigations, a detailed relativistic framework was used

to derive dechanneling probability and its energy dependence.

In this chapter, we consider a quantum mechanical model for the effects of dislo-

cations on the initially well-channeled particles in a planar channel by considering

both the transverse and longitudinal motion of the particles in the channel. We first

consider the effects on positron planar channeling and later on electron channeling.

3.2 Electron and Positron Channeling

As mentioned in chapter 1, positively charged particles channeling along various

crystallographic directions are bound to oscillate between the atomic rows or planes

of atoms and are repelled by these rows or planes during its propagation. The cor-

responding transverse motion can be described by harmonic oscillator potential with

equally spaced energy levels. On the other hand, the negatively charged particles like

electrons are attracted towards the atomic planes or axes and cross them. Hence the

electrons have increased probability for hard collisions with atoms and the transverse

potential is approximated to one dimensional hydrogen atom [62]. Hence one can say

that the continuum potential is simply the negative of that governing the motion of

positrons. Figure 3.2 shows the transverse potentials of both positrons and electrons.

Also Figure 3.3 illustrates the motion of electrons along a string of atoms. This helical

motion of negatively charged particles is named ”rosette motion” [50, 63, 64, 65, 66].
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Figure 3.2: Planar potentials for 54.5 MeV positrons and electrons along (110) planes

of Si and C respectively. For positrons the energy levels are equally spaced, whereas

for electrons, it is not equally spaced.
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Figure 3.3: Channeling trajectory of an electron along a string of atoms.

3.3 Effects of Dislocations on Positron Channeling

We consider a typical channel at some distance from the dislocation core, outside

the dechanneling cylinder so that the motion is influenced by the distortions but does

not result in complete dechanneling. When the particles enter from an undistorted

region of the channel to the distorted region, they see the curvature of the channel and

experience additional centrifugal force. This results in modification of their trajectory

following the curvature. The model is shown in Figure 3.4. The whole channel is

divided into four regions. The dislocation affected parts of the channel are regions II

and III. ρ0 corresponds to the radial co-ordinate of the channel center as measured

from the origin and ϕ0 is the corresponding angular co-ordinate.
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Figure 3.4: The dislocation affected channel.

3.3.1 Shift in Potential Minima

We consider the particle motion in the four regions separately, considering both the

longitudinal and transverse motions. The Schrodinger equation for planar channeling

for a particle of mass m moving in region I (perfect channel) can be written as,

− ~
2

2m

(

∂2

∂x2
+

∂2

∂z2

)

ΨI(x, z) +
1

2
mω2x2ΨI(x, z) = EIΨI(x, z) (3.1)

where EI is the total energy and can be written as EI = EI
T + EI

L (with EI
T and

EI
L, the energy components associated with the transverse and longitudinal motion,

respectively).

EI
T (n, ω) =

(

n +
1

2

)

~ω

EI
L =

~
2k2

2m
(3.2)

where ω is the characteristic frequency obtained from the harmonic approximation to

the planar potential

Vp(x) = V0x
2 (3.3)

56



i.e.,

ω =

√

2V0

m
(3.4)

After separation of variables, the equation of motion in the transverse and longitudinal

directions can be written as,

− ~
2

2m
X

′′I(x) +
1

2
mω2x2XI(x) = EI

TX
I(x) (3.5)

− ~
2

2m
Z

′′I(z) = EI
LZ

I(z) (3.6)

whose solutions are given by,

XI(x) =
exp(−x2/2α2)
√

2nn!α
√
π

Hn(x/α) (3.7)

ZI(z) = Aeikz +B−ikz (3.8)

where

α =

√

~

mω

The total wave function for the region I can be written as

ΨI(x, z) = XI
n(x− x0) Z

I(z) (3.9)

where x0 is the initial amplitude of the channelon. Assuming that an initially well-

channeled particle coming from left, interacts and undergoes reflections at the bound-

ary (between I and II regions), the actual wavefunction in the first region has the

effects of excited sates also. Hence the total wavefunction can be written as,

ΨI(x, z) = A0X
I
0e

ik0z +
∑

n=0

BnX
I
ne

−iknz (3.10)

Now consider the dislocation affected parts of the channel. We have two curved

regions which are due to the centrifugal force proportional to µ2

ρ2 , where µ~ is the

angular momentum with µ2 = l(l + 1) with l as the orbital angular momentum

quantum number and ρ is the radius of curvature of the channel.
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In the second region of the channel, the Schrodinger equation is written in terms

of the polar co-ordinates ρ and ϕ and is given by,

− ~
2

2m
▽2

ρ,ϕ ΨII(ρ, ϕ) + V (ρ)ΨII(ρ, ϕ) = EIIΨII(ρ, ϕ) (3.11)

where the potential in this region is given by,

V (ρ) =
1

2
mω2(ρ− ρ0)

2 (3.12)

Here the distance ’x’ in the transverse direction is replaced by ρ−ρ0, the corresponding

distance in the ρ-direction. In this region, the x, y, z components are written in terms

of ρ and ϕ and are given by,

x = ρ cosϕ

y = y

z = ρ sinϕ

The particle motion is in the x-z plane. Therefore, the ’y ’ component remains the

same. Now, Eqn. (3.11) can be re-written as,

− ~
2

2m

[

1

ρ

∂

∂ρ

(

ρ
∂

∂ρ

)

+
1

ρ2

∂2

∂ϕ2

]

ΨII(ρ, ϕ) +
1

2
mω2(ρ− ρ0)

2 ΨII(ρ, ϕ) = EII ΨII(ρ, ϕ)

(3.13)

Separating variables gives azimuthal equation,

F ′′II(ϕ) = −µ2F II(ϕ) (3.14)

with solution

F II(ϕ) = Ceiµϕ +De−iµϕ (3.15)

and radial equation,

R′′II(ρ) +
2m

~2

[

EII − 1

2
mω2(ρ− ρ0)

2 − ~
2

2m

µ2

ρ2

]

RII(ρ) = 0 (3.16)
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From the above equation, we can write the effective potential in the region II as,

Veff(ρ) =
1

2
mω2(ρ− ρ0)

2 +
~

2

2m

µ2

ρ2
(3.17)

Putting ξ = ρ− ρ0,

Veff (ξ) =
1

2
mω2ξ2 +

~
2

2m

µ2

(ξ + ρ0)2

Since ξ ≪ ρ0, we may expand Veff to second order around ξ=0,

Veff(ξ) = V (0)+

(

dVeff

dξ

)

ξ=0

ξ +
1

2

(

d2Veff

dξ2

)

ξ=0

ξ2 (3.18)

Putting a =
√

mω
~

,

Veff =
~

2

2m

[

a4ξ2 +
µ2

(ξ + ρ0)2

]

(3.19)

The above equation gives,

V (0) =
~

2µ2

2mρ2
0

(3.20)

dVeff

dξ
=

~
2

2m

[

2a4ξ − 2µ2

(ξ + ρ0)3

]

(3.21)

d2Veff

dξ2
=

~
2

2m

[

2a4 +
6µ2

(ξ + ρ0)4

]

(3.22)

Substituting the above values in Eqn. (3.18), we get the effective potential for the

region II given by,

Veff(ξ) =
~

2m

[(

λ

ρ4
0

)

(ξ − ap)
2 + Umin

]

(3.23)

where

λ = a4ρ4
0 + 3µ2

ap =
µ2ρ0

λ

Umin =
µ2(λ− µ2)

ρ2
0λ

=
2m

~2
Vmin

This equation of effective potential (Eqn. (3.23)) corresponds to a harmonic oscillator

with frequency,

ω′ =
~

m

(

λ

ρ4
0

)1/2

(3.24)
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The qualitative shape of the potential is shown in Figure 3.5. It is observed that

the effect of centrifugal force shifts the potential curve; the new curve is centered at ap

with a shift Vmin in energy minimum. Furthermore, the effective transverse potential

is no longer completely harmonic.

Figure 3.5: The shape of the effective potential in the third region of the dislocation

affected channel (region II) for positrons.

The wavefunction for region II can be written as,

ΨII(ρ, ϕ) =
∑

m=0

RII
m

[

Cme
iµϕ +Dme

−iµϕ

]

(3.25)

Putting η = ξ − ap = ρ − ρ0 − ap, the radial equation in Eqn. (3.16) can now be

written as,

R′′II(η)+

[

~
2

2m
EII − λ

ρ4
0

η2 + Umin

]

RII(η) = 0 (3.26)

with solution,

RII
n′ (η) =

(

mω′

π~

)1/4

(2n′

n!)−1/2Hn′(bη)e−b2η2/2 (3.27)

where b = (mω′/~)1/2.
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For the third region, the Schrodinger equation in polar coordinates becomes,

− ~
2

2m

[

1

ρ

∂

∂ρ

(

ρ
∂

∂ρ

)

+
1

ρ2

∂2

∂ϕ2

]

ΨIII(ρ, ϕ)+
1

2
mω2(ρ− ρ0)

2ΨIII(ρ, ϕ) = EIII ΨIII(ρ, ϕ)

(3.28)

Separating variables gives azimuthal equation,

F ′′III(ϕ) = −µ2F III(ϕ) (3.29)

with solution,

F III(ϕ) = Geiµϕ +He−iµϕ

and radial equation,

R′′III(ρ) +
2m

~2

[

EIII − 1

2
mω2(ρ− ρ0)

2 +
~

2

2m

µ2

ρ2

]

RIII(ρ) = 0 (3.30)

The effective potential, in the third region can be written as

V ′
eff(ρ) =

1

2
mω2(ρ− ρ0)

2 − ~
2

2m

µ2

ρ2
(3.31)

Using the Eqn. (3.18), the corresponding equations for (3.20 to 3.22) are given by,

V ′(0) = − ~
2µ2

2mρ2
0

(3.32)

dV ′
eff

dξ
=

~
2

2m

[

2a4ξ +
2µ2

(ξ + ρ0)3

]

(3.33)

d2V ′
eff

dξ2
=

~
2

2m

[

2a4 − 6µ2

(ξ + ρ0)4

]

(3.34)

which give the effective potential in the IIIrd region as,

V ′
eff(ξ) =

~

2m

[(

λ′

ρ4
0

)

(ξ − a′p)
2 + U ′

min

]

(3.35)

where

λ′ = a4ρ4
0 − 3µ2

a′p =
µ2ρ0

λ′

U ′
min = −µ

2(λ′ + µ2)

ρ2
0λ

′ = −2m

~2
V ′

min
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The potential equation; Eqn. (3.35) corresponds to a harmonic oscillator with fre-

quency,

ω′′ =
~

m

(

λ′

ρ4
0

)1/2

(3.36)

The shape of this potential is shown in Figure 3.6. It is observed that the effect

of the centrifugal force shifts the potential curve as in region II, but in a direction

opposite to it. The new curve is centered at a′p with a negative shift of V ′
min in energy

minimum.

It is observed from the above calculations that the curvature of the channel induces

a shift in the equilibrium axis for channeling which changes the frequency of oscillation

from ω to ω′ and ω′′ in the first and second regions of the curved channel respectively.

Figure 3.6: The shape of the effective potential in the second region of the dislocation

affected channel (region III) for positrons.
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The total wavefunction in the third region can be written as

ΨIII(ρ, ϕ) =
∑

m=0

RIII
m

[

Gme
iµϕ +Hme

−iµϕ

]

(3.37)

where

RIII
n′ (η′) =

(

mω′′

π~

)1/4

(2n′

n!)−1/2Hn′(b′η′)e−b′2η′2/2 (3.38)

with b′ = (mω′′/~)1/2 and η′ = ξ + a′p = ρ− ρ0 + a′p.

In the fourth region (i.e., the perfect channel), there will be only the transmitted

wave and the wave function in this region is given by,

ΨIV (x, z) = XIV
n In e

iknz (3.39)

3.3.2 Channeling and Dechanneling Probabilities

Now we proceed to find the reflection and transmission coefficients. We have 4

regions and 3 boundaries separating them. The boundary conditions across these

regions are given by the following equations,

ΨI |z=0 = ΨII |ϕ=0 (3.40)

∂ΨI

∂z

∣

∣

∣

∣

z=0

=
1

ρ0

∂ΨII

∂ϕ

∣

∣

∣

∣

ϕ=0

(3.41)

ΨII |ϕ=ϕ0 = ΨIII |ϕ=0 (3.42)

∂ΨII

∂ϕ

∣

∣

∣

∣

ϕ=ϕ0

=
∂ΨIII

∂ϕ

∣

∣

∣

∣

ϕ=0

(3.43)

ΨIII |ϕ=ϕ0 = ΨIV |z=t (3.44)

1

ρ0

∂ΨIII

∂ϕ

∣

∣

∣

∣

ϕ=ϕ0

=
∂ΨIV

∂z

∣

∣

∣

∣

z=t

(3.45)
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We use the above boundary conditions in the wavefunction of the 4 regions given by

the equations, (3.10), (3.25), (3.37) and (3.39).

Eqn. (3.40) ⇒ AXI +BXI = RII
m (C +D) (3.46)

Eqn. (3.41) ⇒ kρ0

µ
AXI −BXI = RII

m (C −D) (3.47)

Eqn. (3.42) ⇒ RII
m [Ceiµϕ0 +De−iµϕ0 ] = RIII

m (G+H)

which gives,

G+H =< RIII
m |RII

m > [Ceiµϕ0 +De−iµϕ0 ] (3.48)

Eqn. (3.43) ⇒ RII
m [Ceiµϕ0 −De−iµϕ0 ] = RIII

m (G−H)

which gives,

G−H =< RIII
m |RII

m > [Ceiµϕ0 −De−iµϕ0 ] (3.49)

Eqn. (3.44) ⇒ RIII
m [Geiµϕ0 +He−iµϕ0 ] = IXIV eikt (3.50)

Eqn. (3.45) ⇒ iµRIII
m

ρ0
[Geiµϕ0 −He−iµϕ0 ] = ikIXIV eikt (3.51)

From the above equations we need to find |B
A
|2 which gives the reflection co-efficient.

From Equations (3.46) and (3.47), we get,

C =
1

2
< RII

m |XI >

[

A

(

1 +
kρ0

µ

)

+B

(

1 − kρ0

µ

)]

(3.52)

D =
1

2
< RII

m |XI >

[

A

(

1 − kρ0

µ

)

+B

(

1 +
kρ0

µ

)]

(3.53)

which gives the value of B
A

as,

B

A
=

kρ0

µ

(

C
D

+ 1

)

−
(

C
D
− 1

)

kρ0

µ

(

C
D

+ 1

)

+

(

C
D
− 1

) (3.54)
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From equations (3.48) and (3.49) we have,

G = < RIII
m |RII

m > Ceiµϕ0 (3.55)

H = < RIII
m |RII

m > De−iµϕ0 (3.56)

The above equations (3.55) and (3.56) give,

C

D
=
G

H
e−2iµϕ0 (3.57)

Finally from equations (3.50) and (3.51) we have

G

H
=
µ+ kρ0

µ− kρ0

e−2iµϕ0 (3.58)

Substituting Eqn. (3.58) in (3.57), we get the value of C
D

as,

C

D
=
µ+ kρ0

µ− kρ0
e−4iµϕ0 (3.59)

Substituting Eqn. (3.59) in Eqn. (3.54), we get,

B

A
=

(k2ρ2
0 − µ2)[1 − e−4iµϕ0 ]

(k2ρ2
0 + µ2)[1 − e−4iµϕ0 ] − 2kρ0µ[1 − e−4iµϕ0 ]

(3.60)

Now substituting,

1 − e−4iµϕ0 = 2ie2iµϕ0 sin(2µϕ0)

1 + e−4iµϕ0 = 2ie2iµϕ0 cos(2µϕ0)

and solving, we get the reflection co-efficient as

∣

∣

∣

∣

B

A

∣

∣

∣

∣

2

= |R|2 =
(−µ2 + k2ρ2

0)
2 sin2(2µϕ0)

4k2µ2ρ2
0 cos2(2µϕ0) + (µ2 + k2ρ2

0)
2 sin2(2µϕ0)

(3.61)

The transmission co-efficient is given by,

1 − |R|2 = |T |2 =
4k2ρ2

0µ
2

4k2µ2ρ2
0 cos2(2µϕ0) + (µ2 + k2ρ2

0)
2 sin2(2µϕ0)

(3.62)
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The reflection and transmission co-efficients given in the above equations give us

the values of dechanneling and channeling probabilities respectively. These can be

written, in terms of energy as

|R|2 =
(−µ2

~
2 + 2mEρ2

0)
2 sin2(2µϕ0)

8mEµ2ρ2
0 cos2(2µϕ0) + (µ2~2 + 2mEρ2

0)
2 sin2(2µϕ0)

(3.63)

|T |2 =
8mEρ2

0µ
2

8mEµ2ρ2
0 cos2(2µϕ0) + (µ2~2 + 2mEρ2

0)
2 sin2(2µϕ0)

(3.64)

The dependence of these probabilities on the parameters E and ρ0 are given in figures

3.7 and 3.8, taking the average values of sin2(2µϕ0) and cos2(2µϕ0) as 0.5. Here ρ0

is inversely related to the density of dislocations.

Figure 3.7: The E and ρ0 dependence of dechanneling probability for positrons.

Now let us consider the case of maximum and minimum dechanneling probabil-

ities. The maximum dechanneling takes place when the value of ρ0 is very small,

i.e., when the curvature of the channel is very large. The figures 3.7 and 3.8 also

show the channeling and dechanneling probabilities for the least value of ρ0 which
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Figure 3.8: The E and ρ0 dependence of channeling probability for positrons.

gives maximum dechanneling and minimum channeling probabilities. The minimum

dechanneling takes place at ϕ0=0, i.e., when the channel is straight. The maximum

value of ϕ0 is found to be π/(4
√

2).

3.4 Effects of Dislocations on Electron Channeling

Here, we consider the effects of dislocations on planar channeling of electrons.

Electrons, as mentioned in section 3.3, are confined to move around the planes or

axes where their potential minima lies. Just like in the case of positron case, both

the transverse and longitudinal motion of the particles are considered.

3.4.1 Shift in Potential Minima

The Schrodinger Equation for planar channeling for a particle of mass m moving

in region I (perfect channel) can be written as:

− ~
2

2m

(

∂2

∂x2
+

∂2

∂z2

)

ΨI(x, z) + U(x) ΨI(x, z) = EI ΨI(x, z) (3.65)
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For electron the transverse potential is given by [62, 67, 68],

U(x) = − V0

x+ aTF
(3.66)

where

V0 = 2πZ1Z2e
2NdpCa

2
TF (3.67)

After separation of variables, the total wavefunction for region I becomes,

ΨI(x, z) = A0X
I
0e

ik0z +
∑

n=0

BnX
I
ne

−iknz (3.68)

Now consider the two regions in the channel which are affected by dislocation.

These curved regions are due the centrifugal force proportional to µ2

ρ2 .

The Schrodinger equation for the region II in terms of the polar coordinates ρ and

ϕ,

− ~
2

2m

[

1

ρ

∂

∂ρ

(

ρ
∂

∂ρ

)

+
1

ρ2

∂2

∂ϕ2

]

ΨII(ρ, ϕ) − V0

(ρ− ρ0) + aTF
ΨII(ρ, ϕ) = EII ΨII(ρ, ϕ)

(3.69)

Separating variables gives azimuthal equation,

F ′′II(ϕ) = −µ2F II(ϕ) (3.70)

with solution similar to that in the positron case (Eqn. (3.15)) and radial equation,

R′′II(ρ) +
2m

~2

[

EII +
V0

(ρ− ρ0) + aTF

− ~
2

2m

µ2

ρ2

]

RII(ρ) = 0 (3.71)

From the above radial equation, the effective potential for region II can be written as

Veff (ρ) = − V0

(ρ− ρ0) + aTF
+

~
2

2m

µ2

ρ2
(3.72)

Keeping ξ = ρ− ρ0 and simplifying the above equation we get the effective potential

and is given by,

Veff (ξ) =
~

2m

{

λ′31

λ2
1ρ

4
0a

3
TF [2ξ +

λ′

1

λ1
]
− λ′21
λ1ρ4

0a
3
TF

+
λ′′1

ρ4
0a

3
TF

}

(3.73)
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where

λ1 = −2a4ρ4
0 + 3µ2a3

TF (3.74)

λ′1 = −a4ρ4
0aTF + µ2a3

TFρ0 (3.75)

λ′′1 = −2a4ρ4
0a

2
TF + µ2a3

TFρ
2
0 (3.76)

From Eqn. (3.73) we can see a shift in the minimum of the potential, which is due to

the shift in the equilibrium axis due to dislocations. Figure 3.9 shows the potential

shift in this region. The wavefunction of region II can be written in a form given by

Eqn. (3.25),

ΨII(ρ, ϕ) =
∑

m=0

RII
m

[

Cme
iµϕ +Dme

−iµϕ

]

(3.77)

Figure 3.9: The shift in potential due to dislocations for electrons.

Similarly, proceeding to the region III, the Schrodinger equation can be written as

− ~
2

2m

[

1

ρ

∂

∂ρ

(

ρ
∂

∂ρ

)

+
1

ρ2

∂2

∂ϕ2

]

ΨIII(ρ, ϕ)− V0

(ρ− ρ0) + aTF
ΨIII(ρ, ϕ) = EIII ΨIII(ρ, ϕ)

(3.78)
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Separating variables gives azimuthal and radial equations as,

F ′′III(ϕ) = −µ2F III(ϕ) (3.79)

R′′III(ρ) +
2m

~2

[

EIII +
V0

(ρ− ρ0) + aTF

+
~

2

2m

µ2

ρ2

]

RIII(ρ) = 0 (3.80)

The effective potential for region III can be written as

Veff(ρ) = − V0

(ρ− ρ0) + aTF
− ~

2

2m

µ2

ρ2
(3.81)

which, upon simplification,

Veff (ξ) =
~

2m

{

λ′32

λ2
2ρ

4
0a

3
TF [2ξ +

λ′

2

λ2
]
− λ′22
λ2ρ4

0a
3
TF

+
λ′′2

ρ4
0a

3
TF

}

(3.82)

where

λ2 = −2a4ρ4
0 − 3µ2a3

TF (3.83)

λ′2 = −a4ρ4
0aTF − µ2a3

TFρ0 (3.84)

λ′′2 = −2a4ρ4
0a

2
TF − µ2a3

TFρ
2
0 (3.85)

The above equation (3.82) shows a shift in the potential minimum, but in the reverse

direction of that of region II and the shifts in both the regions are in accordance with

the direction of the centrifugal force. The wavefunction of region III can be written

as,

ΨIII(ρ, ϕ) =
∑

m=0

RIII
m

[

Gme
iµϕ +Hme

−iµϕ

]

(3.86)

The fourth region is the perfect channel as discussed in the previous section and

the wavefunction is,

ΨIV (x, z) = XIV
n In e

iknz (3.87)
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To find the reflection and transmission coefficients, we use the boundary conditions

across the 3 boundaries are given by equations (3.40) to (3.45). From these we get

|R|2 and |T |2 as,

|R|2 =
(−µ2 + k2ρ2

0)
2 sin2(2µϕ0)

4k2µ2ρ2
0 cos2(2µϕ0) + (µ2 + k2ρ2

0)
2 sin2(2µϕ0)

(3.88)

|T |2 =
4k2ρ2

0µ
2

4k2µ2ρ2
0 cos2(2µϕ0) + (µ2 + k2ρ2

0)
2 sin2(2µϕ0)

(3.89)

These give the dechanneling and channeling probabilities respectively. The varia-

tion of these co-efficients with the value of ρ0 and incident energy E is given in figures

3.10 and 3.11.

Figure 3.10: Variation of the reflection co-efficient / dechanneling probability with ρ0

and Incident energy E of electron

The above equations (3.88) and (3.89) look similar to those of the positron channel-

ing case since we consider the same channel with same dislocation effects. From the

figures 3.7 and 3.10, and from 3.8 and 3.11, it is found that for electron channeling,
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Figure 3.11: Variation of the transmission co-efficient / channeling probability with

ρ0 and Incident energy E of electron

channeling starts at a smaller value of ρ0 compared to that of positron channeling. It

means that at a particular value of ρ0, the probability of the particles to dechannel

is less for electrons when compared to positrons. This is due to the fact that the

electrons have its transverse motion bound to an atomic row or plane of atoms.

3.4.2 Spectral Distribution of Radiation Intensity

The eigen spectrum of electron channeling is given by [67, 68],

|En| =
V 2

0

2~2(n+ δn)2
(3.90)

δn = 2aT/aTF (3.91)

aT =
√

a2
TF + u2 (3.92)

where u2 is the mean-square vibrational amplitude. The additional centrifugal force

due to the dislocation changes the spectrum. This change in energy due to chan-

neling of electrons in a dislocation affected channel for various materials and various
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energies are given in Table 1 and compared with that in a straight channel for a value

of ρ0=0.5 × 10−7m.

Table 1 : The change in energy (in eV) for various materials for electrons channeling

along the (110) direction at different incident energies for a value of ρ0=0.5 ×
10−7m.

50 MeV 20 MeV 10 MeV

Straight Dislocation Straight Dislocation Straight Dislocation

Channel affected Channel affected Channel affected

Channel Channel Channel

Si 2.83 ×10−3 2.861 ×10−3 0.93 ×10−3 0.942 ×10−3 0.476 ×10−3 0.481 ×10−3

Cu 3.257 ×10−3 3.293 ×10−3 1.3 ×10−3 1.31 ×10−3 0.651 ×10−3 0.658 ×10−3

Now we consider the effects of dislocations on the spectral distribution of the radi-

ation intensity. The probability of transition from an initial state (i) to a final state

(f) of the electron per unit time is determined by the well-known formula,

Wfi =
4π2e2

~V

∑

~q

|~q|−1|~αfi.~ek|2 δ(ωfi − ω) (3.93)

Where V is the volume of the system, ~q and ~ek are the wave vector and polarization

vector of a quantum of electromagnetic field as discussed in chapter 2.

~ωfi = Eni −Enf (3.94)

The matrix elements ~αfi are given by

~αfi = δσizσfz
δpiy,pfy+~qy

~Dfi (3.95)

~Dfi = −ixfi(Ωfi, 0, qxβ) (3.96)

xfi =

∫ −∞

∞
xSnf Ef

(x)SniEi
(x) dx (3.97)

73



where SnE are oscillatory wavefunctions which obeys the Schrodinger equation given

by
[

− ~
2

2E

d2

dx2
+ U(x)

]

SnE(x) = ESnE(x) (3.98)

Let us define a vector of polarization ~e1 in the plane having the wave vector ~q and

the z -axis and a vector ~e2⊥~e1 in the plane having the axes x and y. If ϕ and θ are

the azimuth and polar angle of the wave vector ~q,

~e1 = (cos θ cosϕ, cos θ sinϕ,− sin θ) (3.99)

~e2 = (− sinϕ, cosϕ, 0) (3.100)

The summation in Eqn. (3.93) is written in the integral form as

Wfi =
e2

2π~

∫
(

|~αfi.~e1|2 + |~αfi.~e2|2
)

|~q|−1| δ(ωfi − ω) d~q (3.101)

Solving we get the transmission probabilities as

dWfi

dΩ
=

e2x2
fiΩ

3
fi

2π~(1 − β cos θ)4
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (3.102)

dWfi

dω
= x2

fiΩ
2
fi

e2

2~β3

[

1 + β2 − 2(1 + β)
ω

ω0fi

+ 2(1 + β)2

(

ω

ω0fi

)2]

(3.103)

dIfi

dΩ
=

e2x2
fiΩ

3
fi

2π(1 − β cos θ)5
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (3.104)

dIfi

dω
= e2x2

fiΩ
2
fi

ω

2β3

[

1 + β2 − 2(1 + β)
ω

ω0fi
+ 2(1 + β)2

(

ω

ω0fi

)2]

(3.105)

where

ω0fi ≈ 2Ωfiγ
2 (3.106)

The spectral intensity of radiation of a channeled electron in the case of a straight

and dislocation affected channels are plotted in figures 3.12 and 3.13 with

s =
3e2x2

fi

8β3γ2
(3.107)
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It is found that the change in the effective potential and frequency of oscillations

proportionally changes the spectral distribution of radiation intensity. But the change

is small and owes to the small dechanneling probability of electrons due to its motion

in a symmetry direction (around the strings of atoms).

Figure 3.12: Spectral distribution of radiation intensity

3.5 Results and Discussions

We have developed a quantum mechanical model for the effects of dislocations on

positron and electron channeling. The effects of centrifugal force developed due to the

distorted channel have been discussed by including the effects of longitudinal motion

of the particle using polar co-ordinates. The shift in potential due to the additional

influence of longitudinal motion is thus found, in this dynamic formalism. The trans-

verse potential and the frequency of channeling radiation in the perfect channel and

the two regions of dislocation affected channels are also calculated. The wave func-

tions for the transverse and longitudinal motions are calculated by using continuity

of wave functions and their derivatives at the three boundaries. The reflection and
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Figure 3.13: Spectral distribution of radiation intensity, showing clearly the fractional

change due to the effects of dislocations

transmission coefficients are found using these boundary conditions which are the

dechanneling and channeling probabilities respectively.

Comparing the positron and electron channeling cases, it is found from the figures

3.7 and 3.10 and also 3.8 and 3.11 that, for a given radius of curvature of the channels,

the dechanneling probability is less for electrons than that for positrons. This is due

to the property of electron channeling, where the transverse motion of electrons is

bound to an atomic row or plane of atoms. Hence the dechanneling of the particles is

less in this case when compared to the positively charged particles where transverse

oscillation is between two planes or several rows of atoms. Due to this, the effects of

dislocations are lesser for an electron channeling case than that for positrons.

For the electron case, the energy change is calculated for few materials like Si and

Cu and for various incident energies and are given in Table 1. A comparison with

the straight channel values is also made here. The change in spectral distribution
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of radiation intensity is also calculated as seen from Figures 3.12 and 3.13. With

the dechanneling probability being small for electrons, the spectral distribution of

radiation intensity also has only small influence from the dislocations.

Summing up, the quantum mechanical model developed here for the effects of dislo-

cations is applicable for channeling of both positive and negatively charged particles.

This model is general and is likely to be basis for the explanation of the channel-

ing/dechanneling phenomena due to any kind of distortion effects in crystalline ma-

terials.
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CHAPTER 4

Dechanneling of Positrons by Dislocations: Effects of

Anharmonic Interactions

4.1 Introduction

The potential usefulness of charged particle probes to study the materials for their

purity had induced interest in the study on the effects of defects on channeling from

the very beginning. Various classical [8, 57] as well as quantum mechanical models

[16] have been developed to study the dechanneling due to defects, especially the

dislocations. In the previous chapter we have derived a quantum model to study the

effects of dislocations on positive and negatively charged particles propagating in sin-

gle crystals. The dislocation affected regions of the channel and the unaffected straight

regions were modelled as regions separated by boundaries. By using proper bound-

ary conditions on wavefunctions and their derivatives, we could find the channeling

(transmission) and dechanneling (reflection) co-efficients. In the present chapter, we
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concentrate on specific case of positron planar channeling and use quantum model for

the effects of dislocations. The anharmonic effects in the continuum potential have

been included in these calculations and compared with the earlier results based on

harmonic approximation for potential [60].

The dislocations induce distortion effects in the channels which affect the channeling

radiation spectrum. These effects are incorporated by including the energy term

(2E/R)x due to the transverse centrifugal force, where E is the average energy in the

curved part of the channel with radius of curvature R and x is the position of the

particle in the transverse direction. This deflecting term is added to the continuum

planar potential, which acts as a restoring force. Dechanneling of particles takes

place when they are within some distance from the dislocation core (critical radius)

where the distortion is maximum and hence large centrifugal deflecting force. The

critical minimum radius of curvature Rmc of channels below which the particle will

dechannel completely (shown in Figure 3.1 in chapter 3) can be obtained by equating

the deflecting centrifugal force to the restoring planar potential and is given by;

Rmc =
4E

πZ1Z2e2CNp

(4.1)

Particles entering the channels with radius of curvature greater than Rmc will only

be channeled. The corresponding critical distance of channels from dislocation core

r0 is given by,

r0 =

√

bRmc

10
(4.2)

where b as the Burgers vector [69]. This r0 is called the mean dechanneling radius.

Channels outside this region of radius r0 around the dechanneling core (dechanneling

cylinder) [8, 57, 58, 59] are distorted only slightly and do not lead to dechanneling.

An initially well channeled particle in the undistorted region oscillates around the

equilibrium axis of the channel. But once it enters the distorted region, the potential
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minima (about which the particle oscillates) shifts due to the centrifugal force term.

Let this be denoted as ar as shown in Figure 4.1. The effect of this shift on the

continuum potential is calculated for both harmonic and anharmonic cases. Also the

transitions among the energy levels in the transverse continuum potential induced

due to dislocations are discussed.

Figure 4.1: (a) A Channel with radius of curvature R and a shift ar in the equilibrium

position due to dislocations. (b) The curved channel is replaced by straight one to

show the direction of the centrifugal force.

4.2 Harmonic Model

For the planar channeling of positrons, we use the continuum potential discussed

in chapter 1. The transverse potential is given by [58, 59],

V (x) =
4V0LaTF

L2 − x2
(4.3)
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which can be approximated as,

V (x) = U0 +
1

2
k1x

2 (4.4)

for the harmonic case, where U0 = 4V0aTF

L
and k1 = 8V0aTF

L3 . Also L = l + aTF as

mentioned in the previous chapters.

4.2.1 Effects of Distortion

The centrifugal force due to the curvature of the channel affects the transverse

potential. The effective potential in the distorted part of the channel is obtained

by including an energy term corresponding to this centrifugal force and is given by

[47, 60, 61],

Veff =
4V0LaTF

L2 − x2
− 2E

R
x (4.5)

Expanding around the shifted minimum,

Veff(x) = Veff(ar) + (x− ar)
dVeff

dx

∣

∣

∣

∣

x=ar

+
1

2
(x− ar)

2d
2Veff

dx2

∣

∣

∣

∣

x=ar

(4.6)

dVeff

dx
= 0 =⇒ ar =

√

(

B

L

)2

− L2

2
− B

L
(4.7)

with

B =
RV0aTF

E

which gives the effective potential as,

Veff(x) = Veff(ar) +
1

2
(x− ar)

2d
2Veff

dx2

∣

∣

∣

∣

x=ar

(4.8)

From Eqn. (4.5), we can write

d2Veff

dx2
=

8V0aTFL

(L2 − x2)3
[L2 + 3x2] (4.9)

Substituting, Eqn. (4.9) in (4.8), we get the co-efficient of x2 which gives the effective

force constant and can be written as,

keff
1 =

8V0aTFL

(L2 − a2
r)

3
[L2 + 3a2

r] (4.10)
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The maximum number of bound states can be obtained from the relation [60],

(n+ 1/2)~ω =
1

2
k1x

2 (4.11)

At x = xmax, we have maximum number of states, n = jmax, where xmax = l−aTF−ar.

Substituting ω =
√

k1

γm
, Eqn. (4.11) can be rewritten as,

jmax =
1

2

[
√

γmkeff
1

x2
max

~
− 1

]

(4.12)

Substituting keff
1 from Eqn. (4.10) we get,

jmax =
1

2

[

√

γm8V0aTFL

(L2 − a2
r)

3
[L2 + 3a2

r]
(l − aTF − ar)

2

~
− 1

]

(4.13)

The transition probability among the energy levels in the transverse continuum po-

tential are to be calculated. These transitions are induced by the distortions created

due to dislocations.

We take the example of a positron with incident energy 12.45MeV (γ = 25) chan-

neling along Al(111) planes with dislocations. Using the above equations, we can

find jmax = 3. It is shown in Figure 4.2 (plotted in comparison with the anharmonic

case).

Due to the change in the force constant in the distortion region, the coupling

constant α =
√

mω
~

gets modified to α′ and is given from Eqn.(4.13) as,

α′2 =

√

γm8V0aTFL
L2 + 3a2

r

(L2 − a2
r)

3
=

√

γm8V0aTF

L3

{

1 + 3(ar/L)2

1 − (ar/L)2

}

(4.14)

α′2 = τ 2α2 (4.15)

α2 =

√

γm8V0aTF

L3
(4.16)

where the distortion parameter τ = α′/α is given by

τ 2 =

√

1 + 3(ar/L)2

1 − (ar/L)2
(4.17)
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When the distortion in the channels is least, the shift in the potential minima is

almost zero. It is obvious from the above Eqn. (4.17); at ar =0, τ 2 = 1. Figure

4.3 illustrates the variation of the distortion parameter with respect to the distance

from the dislocation core in the harmonic as well as anharmonic cases. It is observed

that, as the distance from the dislocation core increases, the curvature of the channels

increases and the distortion parameters approaches 1 (zero distortion).

4.2.2 Channeling probabilities across the interfaces

As shown in Figure 4.1, the whole region is divided into four with three boundaries

through which the particle has to cross during its passage through the distorted

channel. We use the sudden approximation to calculate the transition probabilities

across these three boundaries. The wavefunction of the particles in the four regions

can be written as,

ψi =

(

α√
π 2ii!

)1/2

exp

{−α2x2

2

}

Hi(αx) (4.18)

ψ
(1)
j =

(

α′
√
π 2jj!

)1/2

exp

{−α′2(x+ ar)
2

2

}

Hj(α
′x+ α′ar) (4.19)

ψ
(2)
k =

(

α′
√
π 2kk!

)1/2

exp

{−α′2(x− ar)
2

2

}

Hk(α
′x− α′ar) (4.20)

ψf =

(

α√
π 2ff !

)1/2

exp

{−α2x2

2

}

Hf (αx) (4.21)

The maximum number of bound states is jmax = 3. From a fixed initial state the

particle can occupy any of the final states in the distorted regions of the channel. The

possible transitions are;

0 → 0 ; 0 → 1 ; 0 → 2 ; 0 → 3

1 → 0 ; 1 → 1 ; 1 → 2 ; 1 → 3

2 → 0 ; 2 → 1 ; 2 → 2 ; 2 → 3

3 → 0 ; 3 → 1 ; 3 → 2 ; 3 → 3
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The transition probability across the first interface [70]; i.e., probability of the

particle with initial state |i〉 to cross to the state |j〉 in the first distorted region, is

given by,

pi→j = |〈ψ(1)
j |ψi〉|2 (4.22)

The overlap integral of the transitions across the first interface written as,

〈ψ(1)
j |ψi〉 =

(

αα′

π2j+ij! i!

)1/2

In,m (4.23)

where

In,m =

∫ ∞

−∞
Hi(αx) Hj(α

′x+ α′ar) exp

{

− 1

2
(α2x2 + α′2(x+ ar)

2)

}

(4.24)

Solving the above equation we get the individual transition amplitudes |〈j(1)|i〉|2 and

are given by,

|〈j(1)|i〉|2 =

(

αα′

π2j+ij! i!

)

exp

{

−
(

α′2

α2 + α′2

)

α2a2
r

}

×
∣

∣

∣

∣

∫ ∞

−∞
exp

{

− 1

2
(α2 + α′2)

[

x+
α′2

α2 + α′2ar

]2}

Hj(α
′x+ α′ar) Hi(αx)

∣

∣

∣

∣

2

(4.25)

The total probability of the particle in the initial state |i〉 to occupy any of the final

states |j〉 (jmax < imax) in the first region of distortion affected channel is given by

pI
i =

jmax
∑

j=0

|〈j(1)|i〉|2 (4.26)

So the dechanneling probability across the first interface is written as,

χI
i = 1 − pI

i (4.27)
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Similarly channeling and dechanneling probabilities across II and III regions are given

by,

pII
j(1) =

kmax
∑

k=0

|〈k(2)|j(1)〉|2 (4.28)

χII
j = 1 − pII

j(1) (4.29)

pIII
k(2) =

fmax
∑

f=0

|〈f |k(2)〉|2 (4.30)

χIII
j = 1 − pIII

k(2) (4.31)

The total channeling probability of the particle with an initial state |i〉 to find itself

in the straight channel with final state |f〉 after passing through the two regions of

dislocation affected channel is written as,

pi→f =

k
(2)
max
∑

k(2)=0

(

pk(2)→f

[ j
(1)
max
∑

j(1)=0

pi→j(1) × pj(1)→k(2)

])

= pf→i (4.32)

The variation of the channeling probability with distance from dislocation core

for an initially well-channeled particle and a particle in the first excited state are

plotted in figures 4.5 and 4.6 respectively in comparison with the anharmonic case.

As the distance from the dislocation core increases, the probability of channeling also

increases and attains a maximum value. The distance r0 at which the probability

of channeling attains a finite value corresponds to the radius of the dechanneling

cylinder and it can be found from these figures 4.5 and 4.6.

4.3 Effects of Anharmonicity

We now consider the effects of anharmonicity and its relevance to positron planar

channeling with dislocations. We analyze how various parameters in channeling get

affected by the additional anharmonic term in the positron planar potential.
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Including the anharmonic term for the transverse periodic potential of the positron,

the potential equation can be written as,

V (x) =
4V0aTF

L

(

1 − x2

L2

)−1

=
4V0aTF

L

(

1 +
x2

L2
+
x4

L4

)

V (x) = U0 +
1

2
k1x

2 +
1

4
k2x

4 (4.33)

where

k2 =
16V0aTF

L5
(4.34)

4.3.1 Effects on the distortion parameter

Expanding around the shifted potential minimum, ar, the effective potential is

written as,

Veff(x) = Veff(ar) +
1

2
(x− ar)

2d
2Veff

dx2

∣

∣

∣

∣

x=ar

+
1

4
(x− ar)

4d
4Veff

dx4

∣

∣

∣

∣

x=ar

(4.35)

Using Eqn. (4.5), we can write,

d4Veff

dx4
= 8V0aTFL

[

60x4 + 12x2L2 + 12L4

(L2 − x2)5

]

(4.36)

which gives co-efficient of x4 and hence the effective value of k2.

keff
2 = 8V0aTFL

[

60a4
r + 12a2

rL
2 + 12L4

(L2 − a2
r)

5

]

(4.37)

The energy spectrum including the effects of anharmonicity is given by,

En = ~ω0

[

(n+ 1/2) +
ε

4
(2n2 + 2n+ 1)

]

(4.38)

where

ε =
3~k2

4γmω0k1
(4.39)
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The maximum number of quantum states, jmax are given from the equation,

~ω0

[

(jmax + 1/2) +
εeff

4
(2j2

max + 2jmax + 1)

]

=
1

2
keff

1 x2
max +

1

4
keff

2 x4
max (4.40)

which gives, after solving,

jmax =

(

1

2
+

1

εeff

)[

− 1+

(

1 − 2εeff

εeff + 2
+

4εeff

(εeff + 2)2

keff
1 x2

max + 1/2keff
2 x4

max

~ω0

)1/2]

(4.41)

We can find from the above equation that anharmonicity changes the number of

maximum bound states from 3 to 5. It is shown in Figure 4.2.

With the increase of the number of bound states, we can expect more transitions

between these states. The possible transitions are,

0 → 0 ; 0 → 1 ; 0 → 2 ; 0 → 3 0 → 4 ; 0 → 5

1 → 0 ; 1 → 1 ; 1 → 2 ; 1 → 3 1 → 4 ; 1 → 5

2 → 0 ; 2 → 1 ; 2 → 2 ; 2 → 3 2 → 4 ; 2 → 5

3 → 0 ; 3 → 1 ; 3 → 2 ; 3 → 3 3 → 4 ; 3 → 5

4 → 0 ; 4 → 1 ; 4 → 2 ; 4 → 3 4 → 4 ; 4 → 5

5 → 0 ; 5 → 1 ; 5 → 2 ; 5 → 3 5 → 4 ; 5 → 5

The frequency of oscillation with the effects of anharmonicity is calculated as,

ωah = ω0

[

1 +
ε

4

]

(4.42)

which changes the coupling constant to α′ =
√

mωah

~
. Hence the distortion parameter

is given by,

τ 2 =
α′2

α2
=

√

keff
1

k1

(

1 + εeff

4

)

(

1 + ε
4

) (4.43)

where

εeff =
3~keff

2

4γmω0k
eff
1

(4.44)
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Figure 4.3 illustrates the effects of dislocations on the distortion parameter for a

positron incident with incident energy 12.45MeV (γ = 25) channeling along Al(111)

planes. With anharmonicity the distortion increases as shown in this figure 4.3. As

the distance from the dislocation core increases, the distortion parameter decreases.

But unlike in the harmonic case, it is not reducing to 1. This is due to the fact that

anharmonicity, by itself, is inducing some perturbations in the channel.

Also Figure 4.4 shows the effects of anharmonicity on the frequency of oscillation.

For the harmonic model, as the distance from the dislocation core is large, the channel

is almost straight and ω
ω0

approaches 1. But in the anharmonic case, it has always

have a finite value > 1. A percentage increase of 17% in the frequency of oscillation

is found from the harmonic to anharmonic model.

Figure 4.2: The variation of number of states supported by a planar channel with

distortion of the channel.
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Figure 4.3: The variation of distortion parameter as a function of distance from

dislocation, in comparison with the harmonic case.

Figure 4.4: The variation of the frequency of oscillation.

89



4.3.2 Effects on Channeling probabilities

Now we consider the effects of anharmonicity on the channeling and dechannel-

ing probabilities. The first order perturbed wavefunction is given by the equation

[60, 61, 71],

|ψ〉 = |n〉 +
εeff

48

[

√

n(n− 1)(n− 2)(n− 3)|n− 4〉 (4.45)

+ 4(2n− 1)
√

n(n− 1)|n− 2〉

− 4(2n+ 3)
√

(n+ 1)(n+ 2)|n+ 2〉

−
√

(n+ 1)(n+ 2)(n+ 3)(n+ 4)|n+ 4〉
]

which can be written as,

|ψn〉 = |n〉 +
εeff

48

[

An|n− 4〉 +Bn|n− 2〉 − Cn|n+ 2〉 −Dn|n+ 4〉
]

(4.46)

where the constants An, Bn, Cn and Dn are given by,

An =
√

n(n− 1)(n− 2)(n− 3) (4.47)

Bn = 4(2n− 1)
√

n(n− 1)

Cn = 4(2n+ 3)
√

(n+ 1)(n+ 2)

Dn =
√

(n+ 1)(n+ 2)(n+ 3)(n+ 4)

From the above equations, the overlap integral corresponding to the anharmonic po-

tential for two states M and N represented by ψm and ψn is written as,
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〈M |N〉 = 〈m|n〉 +
εeff

48

[

An〈m|n− 4〉 +Bn〈m|n− 2〉 (4.48)

− Cn〈m|n+ 2〉 −Dn〈m|n+ 4〉
]

+
εeff

48

[

Am〈m− 4|n〉 +Bm〈m− 2|n〉

− Cm〈m+ 2|n〉 −Dm〈m+ 4|n〉
]

+

(

εeff

48

)2[

AnAm〈m− 4|n− 4〉 +BnAm〈m− 4|n− 2〉

− CnAm〈m− 4|n+ 2〉 −DnAm〈m− 4|n+ 4〉
]

+

(

εeff

48

)2[

AnBm〈m− 2|n− 4〉 +BnBm〈m− 2|n− 2〉

− CnBm〈m− 2|n+ 2〉 −DnBm〈m− 2|n+ 4〉
]

+

(

εeff

48

)2[

AnCm〈m+ 2|n− 4〉 +BnCm〈m+ 2|n− 2〉

− CnCm〈m+ 2|n+ 2〉 −DnCm〈m+ 2|n+ 4〉
]

+

(

εeff

48

)2[

AnDm〈m+ 4|n− 4〉 +BnDm〈m+ 4|n− 2〉

− CnDm〈m+ 4|n+ 2〉 −DnDm〈m+ 4|n+ 4〉
]

Now, by using Eqn. (4.48) and (4.25), we can find the channeling probability from

Eqn. (4.22).

Let us consider two cases; particles in the ground state (initially well channeled

particles) and in the first excited states. The transition probabilities are found for

these two cases; p0→0 and p1→0 respectively.
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Transition probability across the first interface; i.e., the probability of the particle

in the initial state |0〉 to occupy any of the final states |M〉 (Mmax = jmax) in the

first region of dislocation affected channel is given by,

pI
0 =

5
∑

M=0

|〈M (1)|0〉|2 (4.49)

The individual amplitudes 〈m|n〉 etc, on the right hand side of Eqn (4.48) are cal-

culated using Eqn. (4.25). The probabilities across the IInd and IIIrd interfaces

are similarly calculated and the total channeling probability, p0→0 thus can be found

using Eqn. (4.32).

For the particles in the first excited state, the transition probability p1→0 is calcu-

lated in the same way. Figures 4.5 and 4.6 illustrate the channeling probabilities for

initially well-channeled particle and first excited state respectively. It is found that

the probability of channeling is increased due anharmonicity in both the cases. Also

it can be noticed that the value of r0 which corresponds to the radius of dechanneling

cylinder is increased with the effect of anharmonicity.

Figure 4.5: Influence of channel distance from dislocation on channeling probability

corresponding to an initially well-channeled particle (P0→0)
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Figure 4.6: Influence of channel distance from dislocation on channeling probability

corresponding to initial state |1〉 (P1→0)

4.4 Results and Discussions

We have developed a quantum theory of dechanneling due to dislocations with the

effects of anharmonic term in the positron planar potential. The effects of dislocations

and anharmonicity on the planar channeling potential are estimated. The above

calculations are performed for positrons with incident energy 12.45 MeV channeled

in Al in the planar direction (111). We have considered a typical dislocation density

of 108 dislocations / cm2. It is found that anharmonicity changes the channeling

parameters and distortion parameters considerably. If the material has disordered

regions, then the transition of positrons from normal to disordered region is affected

according to the variation in the planar continuum potential.

The number of states supported by the planar channel too varies with anharmonic-

ity. It changes from 3 to 5 as plotted in Figure 4.2. As a result the number of

transitions increases. We have found a considerable amount of change in the distor-

tion parameter due to the anharmonic effects as shown in Figure 4.3. In a straight,

normal channel with zero distortion, the value of distortion parameter is set as 1.

In a dislocation affected region, as the distance from the dislocation core increases,
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the radius of curvature of the channels increases which results in the decrease of

curvature. The decrease in the curvature thus decreases the distortion as plotted.

Anharmonicity increases the distortion parameter as shown, but decreases with the

distance from the dislocation core. It can be noticed from the Figure 4.3 that the

value of the distortion parameter never goes to 1. This is due to the fact that an-

harmonicity itself is inducing some perturbations in the channel. The change in the

frequency of oscillations due dislocation is also studied. As shown the Figure 4.4

the effects of anharmonicity increases frequency of oscillations by 17%. This is in

good agreement with the changes in the spectral distribution of radiation intensity

discussed in chapter 2.

We have considered the channeling probabilities corresponding to an initially well-

channeled particle (|i〉 = |0〉) and that corresponding to an initial state |i〉 = |1〉.
The anharmonic term increases these transition probabilities considerably as shown

in figures 4.5 and 4.6. This is due to the increased transitions between the additional

states due to the anharmonicity. The value of r0 at which the probabilities p0 and p1

increases and then reaches a maximum corresponds to the radius of the dechanneling

cylinder. It is found that anharmonicity causes the increase of this radius as shown

in the figures.

From the above calculations we have found that the channeling parameters are

affected considerably by anharmonicity. The fact that anharmonicity itself is induc-

ing perturbations in the channel, it adds to the already existing distortions due to

dislocations. In conclusion, the effects of anharmonicity should be included in any

realistic treatment of the problem.
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CHAPTER 5

Effects of Dislocations on Channeling Radiation from a

Periodically Bent Crystal

5.1 Introduction to Crystalline Undulator

Ever since its discovery about 30 years back, channeling radiation has been inves-

tigated extensively and has been used successfully in the study of defects such as

dislocations. Dislocations, as discussed in chapters 3 and 4, is the most important

example of defects that produce distortions in the channel. The effects of these dis-

locations on channeling radiation have been studied both theoretically [60, 61] and

experimentally [72] and one finds an increase in channeling radiation frequency and

decrease of intensity with increase of the distortions induced by these dislocations. In

chapter 3, a detailed study of the effects of dislocations on the channeling of positive

and negative particles is given and we concluded that the effects of defects like dislo-

cations are very important and cannot be neglected in the study of charged particle
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propagation through solids.

Channeling in a periodically bent crystal is of recent interest in connection with

the undulator problem. A crystalline undulator is basically a periodically bent chan-

nel with ultrarelativistic charged particles undergoing channeling through it (Figure

5.1). In a crystalline undulator, in addition to the channeling radiation, there oc-

curs radiation due to the motion of particle which follows the periodic bending of

crystallographic planes. This radiation is called undulator radiation as mentioned in

chapter 2. Crystalline undulator serves as an efficient source for coherent high energy

photon emission [30, 73],[40-46]. The parameter of the undulator can be tuned by

varying the energy and type of projectile and by choosing different crystallographic

channels. Also wide range of frequencies and bending amplitudes in crystals allow

one to generate crystalline undulator radiation with energies from eV to MeV region.

Several investigators have studied this theoretically [41-46] and few others have used

this in making undulators [74-82].

Figure 5.1: A schematic representation of a crystalline undulator.
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The necessary conditions to be satisfied by a crystalline undulator to become a

source of radiation are discussed by various authors [41, 83, 84]. These are given by;

C = 4π2εa/U ′
maxλ

2
u < 1 - stable channeling

d ≪ a≪ λu - large amplitude regime

N = L/λ≫ 1 - large number of undulator periods

L < min[Ld(C), La(ω)] - account for channeling and photon attenuation

∆ε/ε ≪ 1 - low radiative losses (5.1)

where a is the amplitude of bending of the channel, ε = γmc2, the energy of the parti-

cle, λu is the wavelength of the undulator, L, the undulator length, Ld, dechanneling

length, La, attenuation length and d, the interplanar spacing.

Stable channeling of a projectile in a periodically bent crystal occurs if the maxi-

mum centrifugal force Fcf = γmc2/Rmin (Rmin being the minimum curvature of radius

of the bent channel) is less than the maximal restoring force due to the interplanar

field Fint. i.e, C = Fcf/Fint < 1. A crystalline undulator should be considered in

high amplitude regime. In the limit a/d > 1, the undulator and channeling radiation

frequencies are well-separated. The term ’undulator’ implies the number of periods to

be large so that the emitted radiation spectrum is narrow with well-separated peaks.

The fourth condition in Eqn. (5.1) puts a severe limitation on the allowed values

of crystalline undulator length L due to dechanneling and attenuation represented by

dechanneling length Ld and attenuation length La respectively. A particle entering

the channel undergoes scattering by electrons and nuclei of the crystal. The dechan-

neling effect stands for a gradual increase in the transverse energy of a channeled

particle due to these inelastic collisions. At the the distance Ld, from the entrance

point, the particle gains a transverse energy higher than the planar potential barrier
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and leaves the channel. La is defined as the scale at which the intensity of the photon

flux is decreased by a factor e due to the process of absorption and scattering. Com-

menting on the last condition in Eqn. (5.1), the coherence of undulator radiation is

only possible when the energy loss ∆ε of the particle during its passage through the

undulator is small.

Various methods have been proposed to realize a crystalline undulator. It can

be done either by using ultrasonic waves [42] or by gradient crystals [74, 75, 76]

or by using substrates with periodically deposited strips of alternating stresses [77].

This last method has been tried recently in the works of Guidi et.al. and Lanzoni

et.al. [79, 80, 81]. Methods like making regularly spaced grooves on crystal surfaces

[78, 79, 82] and using crystals with periodic surface deformations [82] have also been

proposed to achieve periodic bending in a crystal. However an actual crystalline

undulator has still not been completely realized.

On the other hand, all the theoretical models for crystalline undulators vis-a-vis

channeling radiation have ignored the presence of defects and damage which is in-

variably present in the materials. As mentioned above, the dislocations are the most

important defects, having long range effects on channeling phenomena because of the

distortions they produce. These distortions are also likely to have very significant

effects on the analysis of the channeling in periodically bent crystals. In the present

analysis, we investigate the effects of dislocations on the particle propagating in a

periodically bent crystal.

In chapter 2, an attempt was made to study the effects of periodically bent crystal

on channeling radiation. The study was focussed only on the effect of transverse

acoustic wave interactions with lower amplitudes. In this chapter, we first consider a

periodically bent channel with a reasonable amplitude of bending ’a’ (a ≫ d). Both
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the dislocation affected region and the periodically bent channel are represented by

their radii of curvature and wavelengths (represented by λd and λu respectively) and

we consider the modulation of these effects of dislocation over the periodicity of the

channel. Two cases of high and low dislocation densities are considered. The varying

dislocation densities change these modulation effects. We divide the channel into

four regions; beginning and ending with perfect periodically bent regions with two

dislocation affected regions between them.

Figure 5.2: The Model for the channel affected with dislocation. Instead of the

straight channels as in the figure, for the present study the whole region is considered

as periodically bent.

5.2 Effects of dislocations

Let us consider a crystal whose planes are periodically bent following a perfect

harmonic shape x(z) = a sin(kuz). The transverse and longitudinal coordinates of a

channeled particle in such a periodically bent crystal can be written as [45],

x̃ = x− a sin(kuz) (5.2)

where

ku =
2π

λu
(5.3)
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We consider now, the effects of dislocations on such a typical channel situated at

some finite distance from the dislocation core, outside the dechanneling cylinder [57].

The dislocation induced distortions in the crystallographic channels are divided into

two regions [85] namely region II and III which smoothly join the perfect region I and

region IV, as shown in Figure 5.2. The centrifugal forces act in opposite directions in

regions II and III. Here ρ0 corresponds to the radial coordinate of the channel center

as measured from the origin and ϕ0 is the corresponding angular co-ordinate.

Consider the Ist region, which is part of the normal periodically bent channel. The

Schrodinger equation can be written as,

− ~
2

2m

(

∂2

∂x2
+

∂2

∂z2

)

ΨI(x, z) + U(x) ΨI(x, z) = EI ΨI(x, z) (5.4)

Where EI is the total energy and can be written as

EI = EI
T + EI

L (5.5)

with EI
T and EI

L, the energy components associated with the transverse and longitu-

dinal motion, respectively.

EI
T =

(

n +
1

2

)

~ω (5.6)

EI
L =

~
2k2

2m
(5.7)

where, α =
√

~

mω
and ω =

√

2V0

m
. The positron planar potential in this region is

written as,

U(x) = V0x̃
2

= V0(x− a sin(kuz))
2 (5.8)

Now consider the dislocation affected regions of the channel. Centrifugal force pro-

portional to µ2/ρ2 becomes operative in the curved regions of the channel. Here µ~
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is the angular momentum with µ2 = l(l+1) with l as the orbital angular momentum

quantum number and ρ is the radius of curvature of the channel. For the two regions

of dislocation affected channel these forces are acting in directions opposite to each

other. Schrodinger equations for both these regions are written in terms of the polar

co-ordinates ρ and ϕ.

5.2.1 Low dislocation density (λd > λu)

Now assume that a finite number of undulator periods are there in one period of

the dislocation affected region of the channel. Let xd be the amplitude of the wave

corresponding to the dislocation affected region with a wavelength λd and that there

is a phase difference of φ between the dislocation affected channel and the undulator

wave. Now we can write,

λd = n λu (5.9)

ku = n kd (5.10)

Both these waves can be written in the form,

r1 = a sin(nkdz) (5.11)

r2 = xd sin(kdz + φ) (5.12)

Superposition of the waves gives

r = r1 + r2 = A sin(kdz + Φ) (5.13)

Where A and Φ are the effective amplitude and phase of the final wave and are given

by,

A2 = a2 + x2
d + 2axd cos[(n− 1)kdz − φ] (5.14)

tan Φ =
a sin[(n− 1)kdz] + xd sinφ

a cos[(n− 1)kdz] + xd cosφ
(5.15)
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Consider region II, i.e., the first curved part of the dislocation affected channel.

Schrodinger equation for this region in terms of the polar coordinates ρ and ϕ is given

by,

− ~
2

2m

[

1

ρ

∂

∂ρ

(

ρ
∂

∂ρ

)

+
1

ρ2

∂2

∂ϕ2

]

ΨII(ρ, ϕ) + U(ρ)ΨII(ρ, ϕ) = EII ΨII(ρ, ϕ) (5.16)

With the channel periodically bent, ρ0 can be written as

ρ̃0 = ρ0 − xd sin(kdz) + A sin(kuz) (5.17)

The variation of both the amplitude of bending and the radius of curvature of the

dislocation affected regions depends on both the waves; dislocation affected region

and the undulator represented by λd and λu respectively. The following tables show

how these parameters depend on each others values. Table 1 gives the variation of the

parameters of the dislocation affected region; radius and length of the curved region,

Rd = ρ0 and λd = 2z respectively with dislocation density. We have [58, 59],

Rd =
2π2r2

0

b cos3 ϕ

λd =
2πr0
cosϕ

For channeling in Si (110) direction, the burgers vector b = 3.84Å.

Table 2 gives the range of various parameters of the periodically bent channel af-

fected by dislocations corresponding to a dislocation density of 108/cm2.
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Table 1: Parameters of a dislocation affected region for channeling in < 110 >

direction for Si

Dislocation density r0 Rd λd

(nm) (nm) (nm)

1010/cm2 0.5× 102 10.28 × 105 6.28 × 102

109/cm2 1.58 × 102 10.26 6× 106 9.92 × 102

108/cm2 0.5 × 103 10.28 × 107 6.28 × 103

Table 2: The relation between a periodically bent channel and the dislocation

affected region for channeling in a periodically bent region at a dislocation density

108/cm2.

a λu Ru E xd

(nm) (nm) (nm) (MeV) (nm)

1 3.14× 103 2.5 × 105 142.363 2.198 × 104

10 3.14× 103 2.5 6× 104 14.236 2.198 × 103

100 3.14 × 103 2.5× 103 1.412 2.198 × 102

Also figures 5.3 and 5.4 show the variation of the amplitude of bending of the

channel and the radius of curvature of the dislocation affected region respectively. We

consider the low dislocation density case of 108/cm2. The radius Rd of the dislocation

affected region is taken as 10.28 × 107 nm and λd as 6.28 × 103 nm. From Figure

5.3, it is found that the amplitude is no longer constant but varies periodically with

respect to the depth. Figure 5.4 shows that larger the values of amplitude of bending

’a’, larger is the variation of ρ̃0 with z.

We consider the phase difference, Φ = 0 and n=2 for the sake of simplicity of

calculation. The potential equation can be written as

U(ρ) = V0(ρ− ρ̃0)
2 (5.18)
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Figure 5.3: The change in amplitude of bending with respect to the depth of the

crystal. The amplitude is no longer constant but varies periodically with the length

of the dislocation affected region.

Figure 5.4: The change in radius of curvature of the dislocation affected channel with

respect to amplitude of bending and depth. Here we find that larger the value of ’a’,

larger is the variation of ρ̃0 with z.
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Separating variables gives azimuthal and radial equations from the Schrodinger equa-

tion (5.16) as given by,

F ′′II(ϕ) = −µ2F II(ϕ) (5.19)

R′′II(ρ) +
2m

~2

[

EII − V0(ρ− ρ̃0)
2 − ~

2

2m

µ2

ρ2

]

RII(ρ) = 0 (5.20)

The effective potential after including the centrifugal force term can be written as

Veff = V0(ρ− ρ̃0)
2 +

~
2

2m

µ2

ρ2

Let

ξ = ρ− ρ̃0 (5.21)

Simplifying and solving, we get the effective potential as,

Veff(ξ) =
~

2

2m

[

λ

ρ̃0
4 (ξ − ãp)

2 + Umin

]

(5.22)

where

λ = 3µ2 + b4ρ̃0
4 (5.23)

ãp =
ρ̃0µ

2

λ
(5.24)

Umin =
µ2

λρ̃0
2 (λ− µ2) (5.25)

b =

(

mω

~

)1/2

(5.26)

Above equations show that the shape of the potential changes due to the effects

of dislocations. The minima of the potential gets shifted due to these effects of

dislocations in the channel and it is dependent on the undulator parameters as well.

The frequency of oscillation in the region II is obtained as

ω′ =

(

~

m

)

√

λ

ρ̃0
4 (5.27)
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The total radial equation can be written as

R′′II(η)+

[

2m

~2
EII − λ

ρ̃0
4η

2 − Umin

]

RII(η) = 0 (5.28)

with solution,

RII(η) =
exp(−bη2/2)

√

2nn!(1/b)
√
π
Hn(bη) (5.29)

η = ξ − ãp (5.30)

Consider region III, i.e., the second curved part of the dislocation affected channel.

The centrifugal force is acting in the opposite direction of that in the first curved

region. Solving this part of the distorted region as in the region II, we get the

effective potential as

Veff(ξ) =
~

2

2m

[

λ′

ρ̃0
4 (ξ + ã′p)

2 + U ′
min

]

(5.31)

where

λ′ = −3µ2 + b4ρ̃0
4 (5.32)

ã′p =
ρ̃0µ

2

λ′
(5.33)

U ′
min = − µ2

λ′ρ̃0
2 (λ′ + µ2) (5.34)

The minima of the potential gets shifted in the opposite direction as in the region II

and is dependent on the undulator parameters. The frequency of oscillation in the

region III is obtained as,

ω′′ =

(

~

m

)

√

λ′

ρ̃0
4 (5.35)

The total radial equation can be written as,

R′′III(η′)+

[

2m

~2
EIII − λ′

ρ̃0
4 η

′2 − U ′
min

]

RIII(η′) = 0 (5.36)
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with solution,

RIII(η′) =
exp(−b′′η′2/2)

√

2nn!(1/b′′)
√
π
Hn(b

′′η′) (5.37)

where

η′ = ξ + ã′p (5.38)

b′′ =

(

mω′′

~

)1/2

(5.39)

Region IV is dislocation free and like any other channel which is periodically bent.

It has only transmitted wave and the wavefunction is similar to that in region I.

We have 4 regions and the wavefunction corresponding to these regions are written

as [85],

ΨI(x, z) = A0X
I
0e

ik0z +
∑

n=0

BnX
I
ne

−iknz (5.40)

ΨII(ρ, ϕ) =
∑

m=0

RII
m

[

Cme
iµϕ +Dme

−iµϕ

]

(5.41)

ΨIII(ρ, ϕ) =
∑

m=0

RIII
m

[

Gme
iµϕ +Hme

−iµϕ

]

(5.42)

ΨIV (x, z) = XIV
n Ine

iknz (5.43)

To find the reflection and transmission coefficients, we use the boundary conditions

across the 3 boundaries and are obtained as

|R|2 =
(−µ2 + k2ρ̃0

2)2 sin2(2µϕ0)

4k2µ2ρ̃0
2 cos2(2µϕ0) + (µ2 + k2ρ̃0

2)2 sin2(2µϕ0)
(5.44)

|T |2 =
4k2µ2ρ̃0

2

4k2µ2ρ̃0
2 cos2(2µϕ0) + (µ2 + k2ρ̃0

2)2 sin2(2µϕ0)
(5.45)

The above equations (5.44) and (5.45) are the dechanneling and channeling coefficients
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respectively. Comparing with the usual dislocation affected channel we find that

dislocations in a periodically bent crystal changes the channeling and dechanneling

coefficients by the parameters of the crystalline undulator.

For a dislocation density 108/cm2, the value of ρ0 = 10.28× 107 cm. The variation

of the dechanneling and channeling probabilities corresponding to this fixed value of

radius of curvature is same as that of any normal channel affected with dislocations.

Figures 5.5 and 5.6 show the variation of these probability values with incident energy.

It is found that transmission of particles is maximum for incident energies close to

140 MeV .

Figure 5.5: The change in the dechanneling probability with incident energy.

We fix the incident energy at 150 MeV so that most of the particles are in the

channeling regime. The variation of the modulated radius of curvature ρ̃0 with the

amplitude of bending and depth changes channeling probability as seen in Figure 5.7.

This variation directly follows the variation of the amplitude of bending with the

depth.
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Figure 5.6: The change in the channeling probability with incident energy.

Figure 5.7: The change in channeling probability with z and the amplitude of bending

a.
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Now we proceed to find the spectral distribution of radiation intensity. The proba-

bility of transition from an initial state i to the final state f per unit time is determined

by the well-known formula,

Wfi =
4π2e2

~V

∑

~q

|~q|−1|~αfi.~ek|2 δ(ωfi − ω) (5.46)

Where V is the volume of the system, ~q and ~ek are the wave vector and polarization

vector of a quantum of electromagnetic field.

~ωfi = Eni −Enf (5.47)

The matrix elements ~αfi are given by

~αfi = δσizσfz
δpiy,pfy+~qy

~Dfi (5.48)

~Dfi = −ixfi(Ωfi, 0, qxβ) (5.49)

Ωfi =
ω

1 − βcosθ
(5.50)

xfi =

∫ −∞

∞
xSnf Ef

(x)SniEi
(x) dx (5.51)

where SnE are oscillatory wavefunctions which obey the Schrodinger equation given

by
[

− ~
2

2E

d2

dx2
+ U(x)

]

SE(x) = ESE(x) (5.52)

Let us define a vector of polarization ~e1 in the plane having the wave vector ~q and

the z -axis and a vector ~e2⊥~e1 in the plane having the axes x and y. If ϕ and θ are

the azimuthal and polar angles of the wave vector ~q,

~e1 = (cos θ cosϕ, cos θ sinϕ,− sin θ) (5.53)

~e2 = (− sinϕ, cosϕ, 0) (5.54)

The summation in Eqn. (5.46) is written in the integral form as

Wfi =
e2

2π~

∫
(

|~αfi.~e1|2 + |~αfi.~e2|2
)

|~q|−1| δ(ωfi − ω) d~q (5.55)
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Solving this we get the transition probabilities as

dWfi

dΩ
=

e2x2
fiΩ

3
fi

2π~(1 − β cos θ)4
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (5.56)

dWfi

dω
= x2

fiΩ
2
fi

e2

~

[

1 − 2
ω

ωm

+

(

ω

ωm

)2]

(5.57)

dIfi

dΩ
=

e2x2
fiΩ

4
fi

2π(1 − β cos θ)5
[(1 − β cos θ)2 − (1 − β2) sin2 θ cos2 ϕ] (5.58)

dIfi

dω
= 3I

(0)
fi

[

1 − 2
ω

ωm

+ 2

(

ω

ωm

)2]

(5.59)

where

ωm ≈ 2γ2Ωfi (5.60)

I
(0)
fi =

4

3
e2Ω4

fiγ
4x2

fi (5.61)

Unlike in the other dislocation problems, the value of Ωfi changes periodically

since the shifted equilibrium axis is periodically bent. Also the frequencies of oscilla-

tion in both the dislocation affected regions are not constant. Figure 5.8 shows the

combined change in the spectral distribution of radiation intensity due to the peri-

odicity of the channel and dislocation in comparison with the straight channel where

s = 4e2Ω4
fiγ

4x2
fi. We find a considerable amount of change in the spectral distribution

due to dislocations. This is due to the fact that when the amplitude of bending of a

periodically bent channel is high, undulator radiation intensity starts increasing.

5.2.2 High dislocation density (λd < λu)

Now consider a case where the dislocation affected region is a (small) part of one

undulator wavelength. Such a situation arises when the dislocation density is high.

In this case, the periodicity of the crystalline undulator is affected in just few regions

of the undulator wavelength. Just like in the case of the straight channel, where a

part of the channel is shifted due to the dislocation, here a region of the periodically

bent channel is shifted.
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Figure 5.8: The change in the spectral distribution of radiation intensity due to the

periodicity of the channel. s = 4e2Ω4
fiγ

4x2
fi.

Eqn. (5.2) can be written as,

x̃ = x− a sin(kuvt) (5.62)

which gives

¨̃x = ẍ+ ak2
uv

2 sin(kuvt) (5.63)

keeping
1

R
= ak2

u sin(kuvt) (5.64)

we get,

¨̃x = ẍ+
v2

R
(5.65)

Rewriting Eqn. (5.63), we get

γm¨̃x = ṗ+ γm
v2

R
(5.66)

where,

ṗ = −∂H
∂x̃

(5.67)
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where H is given by,

H =
√

c2p2 +m2c4 + qe U(x̃) (5.68)

solving the above equation, we get,

∂H

∂x̃
= qe

∂U(x̃)

∂x̃
(5.69)

Hence Eqn. (5.66) can be written as,

¨̃x+
qe

mγ
U(x̃) − v2

R
x̃ = 0 (5.70)

Integrating from x̃ to x̃m, and solving we get the maximum amplitude of oscillation

of the particle as,

x̃m =
mγv2

qeV0R
(5.71)

and the new equilibrium axis is shifted to

x̃0 =
mγv2

2qeV0R
(5.72)

In this case, since λd < λu, the dislocation affected region is just a part of the

undulator wavelength. Hence we can consider the region affected as almost like a

straight channel. The slight periodicity of the region is reflected in the sin terms of

xm and x0. The period of oscillation of the particle in the channel can be found in

the same way as in a straight channel [58, 59].

Solving Eqn. (5.70), we get

dt =
dx̃

[

2v2

R
x̃− 2qe

mγ
U(x̃)

]1/2
(5.73)

Solving the above equation, we get the period of oscillation as,

T =

(

mγ

2qeV0

)1/2

sin−1

{

1 − 2qeV0R

mγv2
cos(kuz)

}

(5.74)
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Table 3 shows the values of the various parameters of the channel affected with dis-

location. In this case, the dislocation density is high in comparison with the previous

case for a similar range of E and its value is found to be close to 1.5×109/cm2.

Table 3: The various parameters of the undulator and dislocation affected regions at

high dislocation density; when λu=2λd.

Dislocation λd λu a Ru E

density (nm) (nm) (nm) (nm) (MeV)

1.5×109/cm2 1.66× 103 3.32× 103 1 2.8× 105 150

10 2.8× 104 15

100 2.8× 103 1.5

5.3 Results and Discussions

We have developed a quantum mechanical model for the effects of dislocations on

positron channeling along a periodically bent channel. It is clear from the calcula-

tions that the curvature of the channel due to dislocations shifts the potential minima

even for a periodically bent channel. This results in the change of the frequency of

oscillations in different regions of dislocation affected channel. In the case of peri-

odic bending the shift in potential minima and the frequency of oscillations depends

on the undulator parameters which are varying with the amplitude of bending and

wavelength of the undulator. This means the shift is not a constant throughout the

undulator but varies periodically with the length.

We first considered a case of low dislocation density with λd = 2λu. The frequency

of channeling radiation as well as the undulator radiation are affected by the disloca-

tions as expected. Figures 5.3 and 5.4 show the change in the amplitude of bending

of the periodically bent channels and radius of curvature of the dislocation affected
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region. We choose a dislocation density in the lower regime of 108/cm2. The corre-

sponding radius of curvature of the dislocation affected region is 10.28×107 nm. The

incident energy is taken to be around 142 MeV to get most of the particles chan-

neled. The amplitude of bending is modulated by the curvatures of the dislocation

affected regions of the channel. It is found that this amplitude of bending is no longer

a constant, but varies periodically with the amplitude and wavelength of the disloca-

tion affected region. Also, the radius of curvature of the dislocation affected region

changes with the amplitude of bending and wavelength of the undulator. Larger the

value of amplitude of bending, larger is the variation of the radius of curvature with

the length of the undulator.

The reflection and transmission coefficients calculated from the boundary condi-

tions correspond to the values of dechanneling and channeling coefficients respectively.

These are dependent on the undulator parameters via their dependence on the modu-

lated radius of curvature of the dislocation affected region as seen in equations (5.44)

and (5.45). Figures 5.5, 5.6 and 5.7 show the the variation of these probability values

with incident energy and with the depth and amplitude of bending of the channel. It

is noted from Figure 5.7 that, the variation of the channeling probability follows the

variation in the curved regions modulated one over the other.

The spectral distribution of radiation intensity is calculated and plotted in Figure

5.8. We find a considerable amount of change in the spectral distribution of radiation

intensity. It is to be noted that the change in radiation parameters are mainly due

to the periodic bending of the channel. i.e., crystalline undulator plays a major role

in the case of low dislocation density.

For the sake of completeness and comparison, we consider the complimentary case

of λd < λu corresponding to high dislocation density. All possible range of values

115



for both the undulator and dislocation wavelengths are discussed in detail and cor-

responding channeling parameters are calculated. The period of oscillation of the

particle in the dislocation affected region for high values of dislocation density is

found. It is observed from the calculations that in this case of high dislocation den-

sity, the change in various parameters of channeling in dislocation affected region is

least affected by undulator parameters.

Since no crystal is perfect and study of crystalline undulators is incomplete without

the consideration of defects like dislocations, the present study is crucial for investi-

gations related with crystalline undulators.
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CHAPTER 6

Summary and Concluding Remarks

Channeling and channeling radiation have been studied and reviewed by various

authors classically and in quantum mechanical frameworks. Study of defects has been

one of the main applications of this channeling phenomena from the very beginning.

The effects of defects on the charged particle motion in solids in general and on

channeling in particular have been studied extensively during last 4 decades. In most

of the analytical calculations, continuum model for axial and planar channeling has

been used as starting point. The influence of external fields on the channeling process

is of recent interest mainly due to its relevance and usefulness in the phenomena of

emission of electromagnetic radiation such as undulator radiation.

The basic motivation of the work presented in this thesis has been to study the

interactions of both internal and external perturbations on the channeling process.

The internal perturbations are defects like dislocations and the external ones are

mechanical periodic perturbations like hypersonic/acoustic waves (both longitudinal
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and transverse). We have investigated the quantum aspects of all these processes.

The motion of a positively charged particle is usually represented by a harmonic

oscillator potential. In our formulations we have included the anharmonicity effects

and found considerable variation in the channeling and channeling radiation parame-

ters due to it. In all previous analytical investigations on the effects of dislocations on

channeling, the distortion induced curvature is assumed to give rise to an additional

centrifugal force term. Thus the equations for transverse motion were solved with this

centrifugal term without incorporating longitudinal motion. We have successfully de-

veloped an improved model to include the longitudinal motion by using the polar

co-ordinate system. The continuity of the particle wavefunction in the longitudinal

motion are the main highlights of this formulation. These same ideas are extended

to investigate the effects of dislocations on undulator radiation problem.

Summing up the results, the presentation is divided into three parts:

(i) Effects of hypersonic field on channeling radiation

The effects of both longitudinal and transverse hypersonic waves on channeling ra-

diation are considered. Also the influence of anharmonicity of the planar transverse

continuum potential on the wavefunction of the positron and the fractional change in

frequency due to these anharmonic effects are calculated. The spectral distribution of

radiation intensity which is affected by the external hypersonic field and additionally

by anharmonicity, proves the earlier predictions that radiation intensity can be in-

creased by the interaction of external fields [86]. The transverse perturbation effects

(with acoustic waves of lower amplitudes) are to be given special mention, which is a

first step in the study of undulator radiation, where waves of higher amplitudes are

being used [87].
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(ii) Effects of dislocations on channeling radiation

Effects of dislocations on channeling are studied for both positron and electron

channeling. A quantum mechanical model, where the affected region is divided into

four parts separated by 3 boundaries, has been developed. Continuity of wave func-

tions and their derivatives across these boundaries gave channeling and dechanneling

co-efficients [85]. A comparison of the dechanneling probabilities due to electron and

positron channeling in a dislocation effected region is done in detail in this study [88].

The effects of anharmonic term in the positron planar potential on the distortion co-

efficient and number of bound states and other channeling parameters like frequency

of radiation, are studied and compared with those obtained in the harmonic case.

The change in the channeling probabilities for particle in the ground state (an ini-

tially well-channeled particle) and that in the first excited state due to anharmonicity

are calculated. We found an increase in the radius of dechanneling cylinder due to

anharmonicity [89].

(iii) Effects of dislocations on channeling in a periodically bent crystal

The effects of dislocations on channeling phenomena in a periodically bent crystal

(crystalline undulator) are studied for the first time. The distortion effects of both the

dislocation affected regions and the periodically bent channels are represented in terms

of waves with comparable amplitudes and wavelengths. Therefore, the distortion

effects due to dislocations can be modulated on the periodic distortions (resulting

for example due to undulators). In this analysis, we consider both the situations

namely; λd > λu (low dislocation density) and λd < λu (high dislocation density),

where λd and λu represent the wavelength of both dislocation affected region and

periodically bent channel respectively. It is found that for low dislocation density,
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the crystalline undulator parameters play a major role where as in the case of high

dislocation density, undulator parameters have minimal effects on the radiation [90].

In summary, since no crystal is perfect (just as no human being is perfect!) any

study of channeling/channeling radiation and crystalline undulators is incomplete

without the consideration of defects and other field interactions. The present work

is a broad study of these effects of distortions and field interactions on channeling of

both positive and negative particles through crystals.
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Future outlook

In our study on the effects of internal and external perturbations, we have used

various aspects of quantum formulations of the positive and negative charged particle

propagation in a crystal. The theoretical methods we have developed can be used in

the study of various other applications of channeling and channeling radiation. The

formulations on the study of the effects of longitudinal hypersonic field on channeling

radiation were helpful in the analysis of the effects of transverse perturbations (lower

amplitude) as in section 2.3 of chapter 2. The same theory can be extended to study

the crystalline undulator which was previously based on classical assumptions.

The method developed in chapter 3 to study the effects of the curvature due to

dislocations were extended to study its effects on a periodically bent channel (chapter

5). This methodology can form the basis to study the channeling and dechanneling

phenomena due to any kinds of distortions in the crystal. Focussing of beams by the

bent channels is well known application of this formulation where one uses bent crystal

channeling concepts. Another possible application of these investigations and results

presented, can be in study of volume reflection, where the particles are deflected from

a curved channel. This is a phenomena complimentary to bent crystal channeling

and has applications in shielding from radiation, both in the contexts of high energy

accelerators as well as outer space radiation.

In our final chapter we have tried to find the channeling conditions in a periodically

bent channel affected by dislocations. All the earlier investigations on undulators are

classical predictions and never considered any effects of defects in the channel. Our

formulations can give a better model for realization of the crystalline undulators.

121



References

1. J. Lindhard, Phys. Lett. 12, 124 (1964).

2. C. Erginsoy, Phys. Rev. Lett. 15, 360 (1965).

3. J. Lindhard, K. Dan. Vidensk. Selsk. Mat. Fys. Medd. 34, No.14 (1965).

4. J. Lindhard, V. Nielsen and M. Scharff, K. Dan. Vidensk. Selsk. Mat. Fys.

Medd. 36, 10 (1968).

5. I. M. Torrence, Interatomic Potentials, (Acad. Press, New York, 1972).

6. M. Born and J. E. Mayer,Z. Phys. 75, 1 (1932).

7. N. Bohr, K. Dan. Vidensk. Selsk. Mat. Fys. Medd. 18, No.8 (1948).

8. J. Mory and Y. Quere, Rad. Eff. 13, 57 (1972).

9. J. Rosner, W. M. Gibson, J. A. Golovchenko, A. N. Goland and H. E. Wegner,

Phys. Rev. B 18, 1066 (1978).

10. A. P. Pathak, J. Phys. C. 8, L 439 (1975).

122



11. A. P. Pathak, Rad. Eff.61, 1 (1982).

12. J. U. Andersen, E. Bonderup and E. Laegsgaard, Topics in Current Physics 38,

127 (1985).

13. M. J. Alguard, R. L. Swent, R. H. Pantell, B. L. Berman, S. D. Bloom and S.

Datz, Phys. Rev. Lett. 42, 1148 (1979).

14. D. S. Gemmell, Rev. Mod Phys. 46, 129 (1974).

15. R.H. Pantell, M.J. Alguard, J. Appl. Phys. 50, 798 (1979).

16. M. A. Kumakhov and R. Wedell Phys. Stat. Sol. (b) 84, 581 (1977).

17. R. Wedell, Phys. Stat. Sol. (b) 99, 12 (1980).

18. Haakon A. Olesen and Yuri Kunashenko, Phys. Rev. A 56, 527 (1997).

19. R. L. Swent, R. H. Pantell, M. J. Algaurd, B. L. Berman, S. D. Bloom and S.

Datz, Phys. Rev. Lett. 43, 1723 (1979).

20. M. Gouanare, D. Silloun, M. Spiighel, N. Chu, M. J. Gaillard, R. G. Kirsch, J.

C. Poizat, J. Remillicux, B. L. Berman, P. Catillon, L. Roussel, G. M. Temmer

Phys. Rev. B 38, 4352 (1988).

21. J. U. Andersen, O. Andreasen, J. A. Davies and E. Uggerhoj, Rad. Eff. 7, 25

(1971).

22. J. U. Andersen, E. Laegsgaard and L. C. Feldman, Rad. Eff. 12, 219 (1972).

23. S. T. Picraux, L. R. Dawson and G. C. Osbourn, Appl. Phys. Lett. 43, 930

(1983).

24. S. T. Picraux, L. R. Dawson, G. C. Osbourn, R. M. Biefeld and W. K. Chu

Appl. Phys. Lett. 43, 1020 (1983).

123



25. John H. Barrett, Nucl. Instr. Methods 149, 342 (1978).

26. L. C. Feldman, Phyisca Scripta 28, 303 (1983).

27. A. Carrigan and J. Ellison, Relativistic Channeling (Plenm, New York, 1987).

28. S. P. Moller, E. Uggerhoj, H. W. Atherton, M. Clement, N. Doble, K. Elsener,

L. Gatignon, P. Grafstrom, M. Hage-Ali and P.Siffert, Phys. Lett. B 256, 91

(1991).

29. A. Schafer and W. Greiner, J. Phys. G 17, L217 (1991).

30. H. Ikezi, Y. R. Lin-Liu and T. Ohkawa, Phys. Rev. B 30, 1567 (1984).

31. V. G. Barishevsky, I. Ya. Dubovskaya and A. O. Grubich, Phys. Lett. A, 77,

81 (1980).

32. A. R. Mkrtchyan, R. A. Gasparyan and R. G. Gabrielyan, Phys. Lett. A 115,

410 (1986).

33. A. R. Mkrtchyan, R. H. Gasparyan, R. G. Gabrielyan and A. G. Mkrtchyan,

Phys. Lett. A 126, 528 (1988).

34. L. SH. Grigorian,A. R. Mkrtchyan, B. V. Khachatryan, H. F. Khachatryan, H.

Prade and W. Wagner Radiat. Eff. Defects Solids 152, 269 (2000).

35. L. SH. Grigorian,A. R. Mkrtchyan, B. V. Khachatryan, H. F. Khachatryan, H.

Prade and W. Wagner Radiat. Eff. Defects Solids 152, 225 (2000).

36. L. Sh. Grigoryan, A. R. Mkrtchyan, H. F. Khachatryan, A. H. Mkrtchyan, H.

Prade and W. Wagner, Rad. Eff. and Defects in Solids 153, 13 (1999).

37. L. Sh. Grigoryan, A. R. Mkrtchyan, A. H. Mkrtchyan, H. F. Khachatryan, W.

Wagner and M. A. Piestrup, Rad. Eff. and Defects in Solids 153, 221 (2000).

124



38. L. Sh. Grigoryan, A. R. Mkrtchyan, A. H. Mkrtchyan, H. F. Khachatryan, W.

Wagner and M. A. Piestrup, Rad. Eff. and Defects in Solids 153, 289 (2000).

39. L. Sh. Grigoryan, A. R. Mkrtchyan, A. H. Mkrtchyan, H. F. Khachatryan, W.

Wagner and M. A. Piestrup, Rad. Eff. and Defects in Solids 153, 307 (2000).

40. A. V. Solov’yov, A. Schafer and W Greiner, Phys. Rev. E 53, 1129 (1996).

41. A. V. Korol, A. V. Solov’yov and W Greiner, J. Phys. G: Nucl. Part. Phys.

24, L45 (1998).

42. A. V. Korol, A. V. Solov’yov and W Greiner, Int. J. Mod. Phys. E8, 49 (1999).

43. A. V. Korol, A. V. Solov’yov and W Greiner, Int. J. Mod. Phys. E9, 77 (2000).

44. W. Krause, A. V. Korol, A. V. Solov’yov and W Greiner, J. Phys. G: Nucl.

Part. Phys. 26, L87 (2000).

45. A. V. Korol, A. V. Solov’yov and W Greiner, J. Phys. G: Nucl. Part. Phys.

27, 95 (2001).

46. A. V. Korol, A. V. Solov’yov and W Greiner, Int. J. Mod. Phys. E13, 867

(2004).

47. L. N. S. Prakash Goteti and A. P. Pathak J. Phys.: Condens. Matter 9, 1709

(1997).

48. B. Rath and A. P. Pathak Radiat. Eff. 63, 227 (1982).

49. B. Rath Rad. Eff. 106, 279 (1988)

50. V. V. Beloshitsky and F. F. Komarov Phys. Rep. 93, 117 (1978).

51. Y. Quere, J. Nucl. Mat. 53, 262 (1974).

125



52. D. Polonsky, G. Desarmot, N. Housseau and Y. Quere, Rad. Eff. 27, 81 (1975).

53. G. Desarmot, Phys. Lett. 46 A, 159 (1973).

54. W. F. Tseng, J. Gyulai, T. Koji, S. S. Lau, J. Roth and J. W. Mayer, Nucl.

Instr. Methods 149, 615 (1978).

55. E. Bonderup, H. Esbensen, J. U. Andersen and H. E. Schiott, Rad. Eff. 12,

261 (1972).

56. J. Friedel, Dislocations (Pergamon, N. Y., 1964).

57. Y. Quere, Phys. Stat. Sol. 30, 713 (1968).

58. A.P. Pathak, Phys. Rev. B 13, 4688 (1976).

59. A.P. Pathak, Phys. Rev. B 15, 3309 (1977).

60. L.N.S. Prakash Goteti, A.P. Pathak, Phys. Rev. B 58, 5243 (1998).

61. L.N.S. Prakash Goteti, A.P. Pathak, Phys. Rev. B 59, 8516 (1999).

62. S. Sathpathy and A. P. Pathak, Phys. Stat. Sol. (b) 153, 455 (1989).

63. H. J. Kreiner, F. Bell, R. Sizmann, D. Harder and W. Huttl, Phys. Lett. 33A,

135 (1970).

64. K. Komaki, and F. Fujimoto, Phys. Lett. A 49, 445 (1974).

65. A. Tamura and Y. H. Ohtsuki, Phys. Stat. Sol. (b) 62, 477 (1974).

66. A. Tamtura and T. Kawamura, Phys. Stat. Sol. (b) 73, 391 (1976).

67. A P Pathak, Phys. Rev. B 31 1633 (1985).

68. A. P.Pathak, L. N. S. Prakash Goteti and S. V. S. Nageswara Rao, Nucl. Instr.

and Meth. B 193, 188 (2002).

126



69. C. Kittel, Introduction to Solid State Physics (7th edition), Wiley (1996).

70. Leonard I. Schiff, Quantum Mechanics, McGraw Hill (1968).

71. M. K. Abu-Assy, M. Y. El-Ashry and A. A. Mohamed, Physica Scripta 72, 68

(2005).

72. H. Park, R.H. Pantell, R.L. Swent, J.O. Kephart, B.L. Berman, S. Datz, R.W.

Fearick, J. Appl. Phys. 55, 358 (1984).

73. G. V. Dedkov Phys. Stat. Sol. (b) 184, 535 (1994).

74. U. Mikkelsen and E. Uggerhhoj, Nucl. Instr. and Meth. B 160, 435 (2000)

75. W. Krause, A.V. Korol, A.V. Solov’yov, W. Greiner, Nucl. Instr. and Meth. A

483,455 (2002)

76. R. O. Avakian, K. Avetian, K. A. Ispirian and E. G. Melikian Nucl. Instr. and

Meth. A 508, 496 (2003)

77. R. O. Avakian, K. Avetian, K. A. Ispirian and E. G. Melikian Nucl. Instr. and

Meth. A 492, 11 (2002)

78. S. Bellucci et. al Phys. Rev. Lett. 90, 34801 (2003)

79. V. Guidi, A. Antonini, S. Baricordi, F. Logallo, C. Malagu, E. Milan, A. Razoni,

M. Stefancich, G. Martinelli and A. Vomiero, Nucl. Instr. and Meth. B 234

(2005)40

80. V. Guidi, L. Lanzoni, A. Mazzolari, G. Martinelli and A. Tralli, Appl. Phys.

Lett. 90, 114107 (2007).

81. L. Lanzoni, A. Mazzolari, V. Guidi, A. Tralli and G. Martinelli, Int. J. Engin.

Scie. 46, 917-928 (2008).

127



82. A. Kostyuk, A.V. Korol, A.V. Solov’yov and W. Greiner, Nucl. Instr. and

Meth. A 266, 972-987 (2008).

83. M. Tabrizi, A.V. Korol, A.V. Solov’yov, W. Greiner, Phys. Rev. Lett. 98,

164801 (2007).

84. M. Tabrizi, A.V. Korol, A.V. Solov’yov, W. Greiner, J. Phys. G 34, 1581

(2007).

85. Juby George, A.P. Pathak, S. Cruz and D. Emfietzoglou Nucl. Instr. and Meth.

B 256, 148 (2007).

86. Juby George, Anand P. Pathak , L N S Prakash Goteti and G Nagamani, J.

Phys.:Cond. Matter 19, 116210 (2007).

87. Juby George and Anand P. Pathak, Proceedings of SPIE 6634, 66340Q (2007).

88. Juby George and Anand P. Pathak, J. Phys.:Cond. Matter 21, 075401 (2009).

89. Juby George and Anand P. Pathak, Int. J. Mod. Phys. A (2009) (in press).

90. Juby George, Anand P. Pathak and A. V. Solov’yov, J. Phys.: Cond. Matter

(2009) (in press).

128


