SOME COMBINATORIAL RESULTS IN
TOPOLOGICAL DYNAMICS

Thesis submitted to the
University of Hyderabad

for the Degree of

DOCTOR OF PHILOSOPHY

by

SUBRAMANIA PILLAI. 1

DEPARTMENT OF MATHEMATICS AND STATISTICS
SCHOOL OF MCIS
UNIVERSITY OF HYDERABAD

HYDERABAD - 500 046

August 2008 ( Revised on March 2010 )



CERTIFICATE

Department of Mathematics and Statistics
School of MCIS
University of Hyderabad

Hyderabad- 500 046

Date: August 2008

This is to certify that I, I. Subramania Pillai, have carried out the research em-
bodied in the present thesis entitled SOME COMBINATORIAL RESULTS IN
TOPOLOGICAL DYNAMICS for the full period prescribed under Ph.D. ordi-

nance of the University.

I declare that, to the best of my knowledge, no part of this thesis was earlier sub-

mitted for the award of research degree of any university.

Prof. R. Tandon Subramania Pillai. |
Head of the Department Candidate (Reg. No. 03MMPPO01)
Prof. T. Amaranath Prof. V. Kannan

Dean of the School Supervisor



Dedicated to my beloved grandmother

Chenbhaga Kutti Ammal

iii



ACKNOWLEDGEMENT

It is my great pleasure to work with Prof. V. Kannan. I am very thankful to him
for his continuous help throughout my work with much patience and also for spending
lot of time for so many valuable discussions. I am grateful for everything I learned
from him in completing my thesis.

My sincere thanks to Prof. T. Amaranath, Dean, School of MCIS and Prof. R.
Tandon, Head, Department of Math & Stat for extending all necessary facilities for my
research work.

I thank all the faculty members, research scholars and the office staff of the Depart-
ment for their support.

It is my pleasure to remember my teachers Prof. S. Arumugam, Dr. S. Somasun-
daram, Dr. T. Nowroji, Dr.Tamizh Selvam and Dr. Paulraj Joseph of Manonmaniam
Sundaranar University and Thiru. G. Ayyadurai and T. Padmanabhan of Arignar
Anna College, Aralvoimoly, who gave a gentle push to my career in Mathematics.

I place on record the help received from my friends Mr. Sankar, Mr. Ali Akbar and
Ms. Niketha, for very useful mathematical discussions.

I am very thankful to my parents, brothers, sister, brother in law and my wife
for their constant encouragement and support for all of my studies. I am very much
grateful to them.

I acknowledge the facilities provided under UGC - SAP in the department.

[ am very thankful to C.S.I.LR, Govt. of India, for the financial assistance (as JRF
and SRF) to carry on this research work.

- Subramania Pillai. I

v



Contents

List of Symbols
Abstract

1 Periodic points, Periods and Conjugacy

1.1 General introduction to discrete dynamical
systemsg . . . . F .. ... L B Y . .. AP % ..
1.1.1 Definition and Examples . . . . . . . .. ... .. ... .....
17 24 Otbils, periodiGipaintst . . . .- | . 4 N . W e

1.2 Therole of Per(f)in Chaos . . . . . ... ... ... ... .......
121 "Clgos . . . .. . e d. g ... GFy 5 . K
1.2.2 Devaney’s definition of chaos . . . . . . . ... ... ... ...
17263 INi- YorkPuEhaos .. - et gt N L L L

1.3 Topological Conjugacies . . . . . . . . . .. .. ...
1.3.1 Dynamical properties . . . . . . . . . ...
1.3.2 The shift map - Anexample . . . . . . ... ... ... .....

1.4 Organization of the Thesis / Synopsis . . . . . . . . .. ... ... ...

2 Periodic points of toral automorphisms

2.1 General introduction . . . . . . . . ..



2.2 Automorphisms with determinant 1 and

trace 2 . . . L 25
2.3 Main theorem . . . . . .. .. 29
The set of periods of toral automorphisms 33
3.1 Examples and Motivation . . . . . .. .. ... ... .00 33
3.1.1 Sharkovskii’s Theorem . . . . . . .. .. ... ... ... .... 34
3.1# gBaker’s* LhCauetn . . . . . . . "W . 4 2% L L. 35
3.1.3 Period sets of Unit circle S! in the plane . . . . . .. ... ... 37
3.1.4 Period sets of the Y-space . . . . ... ... ... .. ...... 40
3.1.5 Sets of periodsof n-od . . . . ... ... ... .. ........ 42
3.1.6 Period sets for Tree maps . . . . . . .. .. .. ... ... .. 43
3.1.7 Saradhi’sresult . . . .. .. ... L Lo e 44
3.2 Period sets of hyperbolic toral automorphisms . . . . . .. ... ... 44
3.3 The nonhyperboliccase™ . . . . . . . ... ... 00 e 49
A counting problem 57
4.1 Dynamically Special points . . . . . . . . ... ... L. o7
4.1.1 Examples and some characterization theorems . . . . . . .. .. 58
4.2 Counting homeomorphisms . . . . . . . . . ... .. ... L. 70
4.2.1 Counting increasing homeomorphisms . . . . . . . . .. ... .. 71
4.2.2  Counting decreasing homeomorphisms . . . . . . . ... .. .. 76
4.3 Counting continuous maps . . . . . . . . . . ... 81
4.3.1 Some basic conjugacy results . . . . ... ... 82
4.3.2 Somewhere constant maps . . . . .. .. ... 83
4.3.3 Nowhere constant maps . . . . . . . ... ... ... L. 84

vi



4.4 Main theorem . . . . . . . .. 87

5 Periodic points Vs Critical points 91
5.1 Motivation . . . . . . . ... 91
5.2 Main Theorem . . . . . . . . . . . ... 93

A Some open questions 97
Bibliography 98

Index 100

vil



List of Symbols

The set of all real numbers

The set of all rational numbers

N The set of all natural numbers

Q The set of all rational numbers in [0,1)

1 A compact subinterval of R

A° The complement of the set A

P(f) The set of all periodic points of f

Per(f) {n € N such that f has a point of period n }
PER(X) {A C X| A= Per(f) for some continuous self map f of X}
Det(A) The determinant of A

pn | Det(4r — 1)

A Symmetric difference of sets.

In |Trace(A™)]

N(f) The set of all nonordinary points of f

S(f) The set of all special points of f

Gy The set of all self-conjugacies of f

Gy The set of all increasing self-conjugacies of f

b

P(f) The set of preperiodic/eventually periodic points of f
%

C(f) The set of precritical points of f

We(x, f) or W#(xz) The basin of attraction of f at x

T2 The two dimensional torus

Ty The toral automorphism induced by the matrix A
a b

GL(2,7Z) | a,b,c,d € Z and ad — be = £+1
c d

viii



Abstract

The main results of this thesis are combinatorial in nature. We will be mainly
working with the continuous automorphisms on the torus T? and with the continuous
self maps on R. The thesis is conveniently divided into five chapters.

The general mathematical setting is that of an abstract dynamical system with
discrete time parameter, that is, a pair (X, f) where X is a topological space and [ a
continuous mapping of X into itself. We are interested in the action of the iterates of
fon X.

Chapter-1 is introductory in nature. We explain the basic notions of discrete dy-
namical systems and some important results emphasizing the role of the set of periodic
points and the set of periods in chaos. We discuss briefly about the definitions of chaos
due to Devaney and Li-Yorke.

It is already known [21] that for a hyperbolic (having no eigen values on the unit
circle) continuous toral automorphism, the periodic points are precisely the rational
points. In chapter-2, we calculate the set of periodic points for other continuous toral
automorphisms; this happens to be the subgroup generated by Q x QU (a line with
rational slope). In fact, for all non-hyperbolic continuous toral automorphisms, there
are uncountably many periodic points. Also, we prove that: every such subgroup is
the set of periodic points for some continuous toral automorphism.

In Chapter-3, we first discuss some well known results about Per(f) due to Sharkovski
[17], Baker [5] and many others; our main result of this chapter is similar in spirit to
these. We prove that there are exactly 8 subsets of N which can occur as Per(T) for
some continuous toral automorphism 7. We solve the problem separately for hyper-
bolic and nonhyperbolic automorphisms. It is interesting that, for nonhyperbolic toral

automorphisms, we are able to list the set Per(T) in terms of the minimal polynomial

1X



of T

In chapter-4, we introduce the notion of special points and nonordinary points of
a dynamical system. These notions are new to the literature, though they arise very
naturally. By a special point we mean a point in the system which is unique by
possessing some dynamical property. We call a point to be ordinary if it is “like” points
near it. The points which are not ordinary are called nonordinary. It is observed that
for systems with finitely many nonordinary points, the idea of nonordinary points and
the idea of special points coincide.

We prove in [25] that the special points are actually inside the closure of full orbits of
periodic points, critical points and possibly the limits at infinity. We call a system (R, f)
to be simple if there are only finitely many kinds of orbits (upto order conjugacy). We
describe completely, a class of simple systems namely, homeomorphisms with finitely
many nonordinary points and give a general formula for counting. Also we prove that
there are exactly 26 continuous self maps on R with a unique nonordinary point.

The main result of chapter-5 is obtained while making an attempt to answer the
question: Exactly which maps on R are topologically conjugate to a polynomial?. The
main theorem of this chapter, gives a necessary condition for a continuous self map on

R to be conjugate to a polynomial.



Chapter 1

Periodic points, Periods and

Conjugacy

1.1 General introduction to discrete dynamical

systems

1.1.1 Definition and Examples

A dynamical system is simply a pair (X, f), where X is a topological space and f : X —
X is a continuous self map of X. The space X can be thought of as the underlying
set on which the motion takes place and f can be thought of as the rule according to
which motion takes place. For z € X the point f(z) € X is thought of as the position
to which  moves ( in one unit of time). The composition of f with itself, denoted by
f o fis also a continuous self map of X. For x € X, the element f(f(x)) is called the
position to which x moves after two instants of time in the dynamical system (X, f).
If n is a positive integer, the element f"(z) [where f denotes the composition of f

with itself n— 1 times] is thought of as the position to which  moves after n instants of

1
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time. Thus in our study “time” is “discrete” and parametrised by the set N of natural

numbers. (The space X need not be discrete.) This is the reason that it is called a

discrete 7 dynamical system, .

Example 1.1.1. (Translation )

Let f(x) = x+5 for all z € R. Then (R, f) is a dynamical system. This represents
motion on a straight line with constant velocity. [ The distance between f"(x) and
"1 (z) does not depend on n ]. The element % after two instants of time reaches the

position 10%. No element is fixed.

Example 1.1.2. (Rotation )

Let S be the unit circle in the complex plane. i.e., S' = {z € C: |2|] = 1}. Let
a € S be fixed. Let p, : St — S be defined by p(z) = az for all z € S'. Such maps p,
are called rotations. They describe motions on the circle with constant velocity. When

a # 1, there are no fixed points.

Example 1.1.3. (Logistic function )

Let r > 0. The logistic function h, on [0, 1] is defined by the formula h,.(z) =
ra(l — ). One can prove that when 0 < r < 4, h, takes [0, 1] into [0, 1] and hence
([0,1], h,) is a dynamical system. When r = 4, the point % goes to 0 after two instants
of time. There are two fixed points 0 and 1. But when r > 4, ([0,1],h,) is not a

dynamical system.

Definition 1.1.4. Let (X, f) be a dynamical system. For each positive integer n, we
define the function f™ now. It is recursively defined by f! = f and f**!' = f o f" for
all n € N. We also use the convention f° = the identity function. [ It is easily seen

that f™ o f™ = f™™ holds for all nonnegative integers m, n.|
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1.1.2 Orbits, periodic points

Let (X, f) be a dynamical system and let € X. Then the sequence z, f(x), f*(x), ...
is called the trajectory of x and the set of all points in the trajectory of x is called the
orbit of x.

In dynamical systems, we are normally interested in studying the nature of the
orbits of distinct points of the system.

Suppose for some z € X, sequence z, f(x), f*(x),... converges to some point say
xo € X, then we must have f(xy) = zg, because f is continuous. Such points we call
as fized points. In dynamics we say that the point z is attracted by the fixed point
xo. The set of all points in X attracted by xzq is called the stable set or the basin of
attraction of the fixed point zy and is denoted by W#(x, f) or simply W#(z¢). A fixed

point xg is said to be attracting if its stable set is a neighbourhood of it.

Example 1.1.5. Consider the map f(z) = 2> : R — R. The fixed points are 0 and 1.
We can easily see that, if —1 < = < 1, then the sequence (f"(x))2%, converges to 0.

n=1

Hence 0 is an attracting fixed point. Also, if |z| > 1 then (f"(x))2%, — oo. The point

n=1

—1 is mapped to 1 and then fixed, such points we call eventually fixed.

Definition 1.1.6. The points which will reach a fixed point after finitely many itera-

tions are called eventually fized .

Definition 1.1.7. Let (X, f) be a dynamical system. A subset A of X is said to be
invariant if f(A) C A. When A is an invariant set , (A, f|4) also becomes a dynamical

System.

Example 1.1.8. 1. The set of all rational numbers in [0, 1] is an invariant set in the
system ([0, 1], h,) when r is rational. This is because rz(1 — z) is rational whenever x

is rational.



CHAPTER 1. PERIODIC POINTS, PERIODS AND CONJUGACY 4

2. Z is invariant under (R, f), where f(z) = 2 + 5 for all z € R.
3. In the system (C, f) where f(z) = 22 for all z € C, the singleton set {1} and the

set {z € C: |z| is an integer } are examples of invariant sets.

Definition 1.1.9. Let (X, f) be a dynamical system. A point z € X is said to be
periodic if there exists a positive integer n € N such that f™(x) = z. Least such n
is called the period of x and the set {xz, f(z), f*(z),..., f*1(z)} is called an n-cycle.
The set of all periodic points of f is denoted by P(f).

The points which will reach a periodic point after finitely many iterations are called
eventually periodic .

Let Per(f)= {n € N such that f has a point of period n } and we call this as the
set of pertods of f or simply the period set of f.

Let X be a topological space and let A C N. We write A € PER(X) if there exists

a continuous map f : X — X such that Per(f) = A.

Example 1.1.10. 1. When f is the identity map or a constant map, all points are
mapped to fixed points and hence Per(f) = {1}.

2. When f is the reflection map z — —x on R, the point 0 is fixed and all other
points are periodic with period 2. Hence Per(f) = {1,2}.

3. When f is the translation map x — z + 1 on R, then Per(f) is the empty set,
since every orbit is strictly monotone.

4. On the unit circle, if we consider the rotation by the angle 2?“, all points are
periodic with period 3. In this case Per(f) = {3}.

5. For the shift map(defined at the last section of this chapter) on >, = {0, 1}V

the periodic points are of the form z = w = www . .. for some word w over {0,1} and

Per(f) =N.
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We now in the following proposition state ten important simple results that are

easy to prove.

Proposition 1.1.11. Let (X, f) be a dynamical system, where X is a Hausdorff space.
Then the following hold:

1. The set of all fized points is a closed subset of X.

2. In any trajectory, either all terms are distinct, or only finitely many terms are
distinct.

3. Orbits of any two periodic points are either identical or disjoint.

4. If a trajectory converges, it converges to a fized point.

5. An element is eventually periodic if and only if it has a finite orbit.

6. Every orbit is an invariant set; the orbits of periodic points are minimal invariant
sets.

7. A subset of X is invariant if and only if it is a union of orbits.

8. The closure of an invariant set is also invariant.

9.The set of all periodic points is an invariant set.

10. For each subset A of X, the set U f"(A) is the smallest invariant set con-

taining A.

1.2 The role of Per(f) in Chaos

A question: Can we find f continuous from R to R such that Per(f) = A, where A
is {1,2,3} or where A is {1,2,4}7
The answer turns out to be ‘NO’ for the former and ‘YES’ for the latter. This is

because of the following theorem:
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Theorem 1.2.1. (Li and Yorke)
Let f be continuous from R to R. If 3 € Per(f), then Per(f) = N. [ In other

words , if there is a 3 — cycle then there is an n — cycle for all n.]

This theorem is hard to prove. But here is an easy observation. If in the dynamical
system (R, f), two points z and y move in the opposite directions, then there should
be a fixed point between them.

More precisely: If 2 < f(z) and if f(y) < y, then there exists z between z and
y such that f(z) = z. This is proved by applying intermediate value theorem to the
function f(z) — x. This implies that if 1 ¢ Per(f), then the motion is uni-directional
and so no point can be periodic. In other words, Per(f) #0 = 1 € Per(f).

This elementary result, in combination with the result of Li and Yorke, exhibit the
numbers 3 and 1 in the two extremes of an order. If a 3 — cycle is there, all n — cycles
have to be there. If no 1 — cycle is there then no n — cycles can be there.

This leads to a search of pairs of positive integers (m,n) such that if an m — cycle
there, n — cycle has to be there. What are all such pairs?

Sharkovskii’s theorem provides a complete answer to this question. We discuss this
in Chapter-3 in detail.

We now, in the next section, explain the importance of the set of periodic points in

the theory of chaos.

1.2.1 Chaos

13

The expression “ chaos” became popularized through the paper of Li and Yorke [16],
“Period three implies chaos”.

Chaotic systems share the property of having a high degree of sensitivity to initial

conditions. In other words, a very small change in initial values will multiply in such
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a way that the new computed system bears no resemblance to the one predicted.

Definition 1.2.2. We say that the system (X, f) (where X is a metric space with
metric d) is sensitive to the initial conditions if there exists § > 0 such that for any
x € X and for any € > 0 there exists a point y € X with d(x,y) < § and n € N such

that d(f™(x), f"(y)) > 9. This 6 > 0 is called a sensitive constant .

Another important property of dynamical systems called transitivity roughly says
that, the iterates of any nonempty open set are well spread throughout the space. Said

precisely,

Definition 1.2.3. A dynamical system (X, f) is said to be transitive if for any two
nonempty open sets U and V' in X there exists n € N such that f(U) NV # 0. We

say that f is totally transitive if f™ is transitive for all n > 1.

It has been recognized by Sharkovsky [17], Li and Yorke[16] and many others that
there is a hidden, self-organizing order in chaotic systems. A certain degree of order in

chaotic systems has led to various definitions of chaos in the literature.

1.2.2 Devaney’s definition of chaos

Definition 1.2.4. According to Devaney a dynamical system (X, f) is said to be
chaotic if

1. f is transitive.

2. f has a dense set of periodic points.

3. f is sensitive to the initial conditions.

Remark 1.2.5. In [23], Banks et al showed that, when X is infinite, the conditions (1)

and (2) in the above definition imply condition (3) of sensitive dependence on initial
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conditions. However, no other two conditions imply the third. Examples can be seen

in [18]

Theorem 1.2.6. ( Banks et al)
Let f: X — X be a continuous map on an infinite compact metric space (X, d).
If f is transitive and its set of periodic points is dense, then f possesses sensitive

dependence on initial conditions, i.e., f is chaotic.

Remark 1.2.7. In fact, for continuous maps on intervals in R, transitivity implies that
the set of periodic points is dense (See [19] ). Hence it follows from the above theorem
that in this case transitivity implies chaos.

The following results describe the set Per(f) for the class of transitive interval

maps.

Theorem 1.2.8. [15] A subset S of N occurs as Per(f) for some transitive map f on
0, 1] if and only if it satisfies the following two conditions:
(1)neS, n##l= n+2€S

(2) 1 and 2 are in S.

This theorem can be deduced by combining Sarkovskii’s theorem (See chapter-3)

with the following two results:

Theorem 1.2.9. [15]

Every transitive map on [0,1] has a periodic point of period 6.

Theorem 1.2.10. [15], [22]
Given any odd integer k > 4, there exists a transitive map f on [0,1] such that

k € Per(f) but k —2 ¢ Per(f).

The following two theorems are about total transitivity.



CHAPTER 1. PERIODIC POINTS, PERIODS AND CONJUGACY 9

Theorem 1.2.11. [30] A subset S of N arises as Per(f) for a totally transitive map

on [0,1] if and only if S =N or N—{3,5,...,2n + 1} for some n € N.

Theorem 1.2.12. [30] Let f be transitive on [0,1]. Then f is totally transitive if and

only if Per(f) has a finite complement in N.

1.2.3 Li- Yorke Chaos

In a dynamical system (X, f), let (x,)22, and (y,)5%, be the respective orbits of two
distinct points xg,yg € X. We ask two questions:

Q1: Do z, and y, come arbitrarily close to each other?

Q2: Do z,, and vy, keep a minimum positive distance from each other for infinitely
many n?

Note that, by the nature of the questions, the two answers simultaneously cannot

be ‘No’. So the respective answers can be (Yes, No), (No, Yes) or (Yes, Yes).

Example 1.2.13. If f is an isometry like rotation of the unit circle or if f is a con-

traction map like  + £ on [0,1], then for any two points xo,yo the answer pair is

(No,Yes).

Example 1.2.14. If xy and yy are two distinct periodic points in a dynamical system,

then the answer pair is (No, Yes).

Example 1.2.15. For the function x + sin(%f) on [—1,1], -1,0,1 are fixed points,
sin(%) > x for 0 <z < 1 and sin(%’) < 2 for =1 < < 0. So the orbit of x converges
to 1 for 0 < x < 1 and the orbit of x converges to —1 for —1 < x < 0. Therefore for
two distinct points xg,yo € [—1, 1], the answer pair is (Yes, No) if zqyg > 0, and the

answer pair is (No, Yes) if zoyo < 0.
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Example 1.2.16. Let xq be a fixed point and ¥y, be a point with dense orbit in an

infinite dynamical system (X, f). Then the answer pair is (Yes, Yes).

Remark 1.2.17. For any two points in a dynamically simple system, the answer pair
will be either (Yes, No) or (No, Yes). But an (Yes, Yes) answer pair indicates some
complexity in the relative behavior of the two orbits. In the study of scrambled sets
we are interested in pairs of points for which both the two questions have affirmative

answers.

Definition 1.2.18. Let (X, f) be a dynamical system and let S C X be a set with at

least two points. Then, S is a scrambled set for f if for any two distinct points z,y € S

liminf d( £ (x), f(y)) = 0

n—oo

and

limﬁsup d(f"(x), f"(y)) >0

From the famous paper of Li and Yorke [16] there ensued a definition of chaos:

Definition 1.2.19. A continuous self map of the interval is said to be Li-Yorke Chaotic

if it has an uncountable scrambled set.
Li and Yorke proved that the occurrence of a period-3 point forces chaos.

Theorem 1.2.20. If an interval map has a point of period three, then it is Li- Yorke

chaotic.
Here is a theorem connecting the set Per(f) and Li-Yorke chaos.

Theorem 1.2.21. [30] Let f be a self map of an interval I in R. Then

(1) If Per(f) properly contains the set {1,2,22,23 ...}, then f is Li-Yorke chaotic.
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(ii) If Per(f) is properly contained in {1,2,2%,23 ...}, then f is not Li-Yorke

chaotic.

Corollary 1.2.22. For any interval map f, Devaney’s chaos implies Li- Yorke chaos.

( we use theorem 1.2.9)

Remark 1.2.23. We cannot say anything if Per(f) = {1,2,22,23,...}. In [20] it
is shown that there are continuous interval maps f, g such that Per(f) = Per(g) =

{1,2,22,23 ...}, f is Li-Yorke chaotic but g is not Li-Yorke chaotic.

1.3 Topological Conjugacies

In order to classify dynamical systems we need a notion of equivalence. The notion of
topological conjugacy in dynamical systems is analogous to the notion of isomorphism
among groups and to “homeomorphisms” among topological spaces. i.e, We say that

(13

two dynamical systems are “ having the same dynamical properties” or “ dynamically
same” if they are topologically conjugate.
Roughly speaking, by saying (X, f) and (Y, g) are topologically conjugate, we mean:
(1) X and Y have the same kind of topology.

(2) f and g have the same kind of dynamics.

Definition 1.3.1. Two dynamical systems (X, f) and (Y, g) are said to be topologically
conjugate (or simply conjugate) if there exists a homeomorphism h : X — Y(called
topological conjugacy) such that foh = hog. we say simply, f is conjugate to g, and we
write it as f ~ g. The case when h happens to be an increasing homeomorphism (For
example, when X = R or an interval) we say that f and g are increasingly conjugate

or order conjugate .
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Remark 1.3.2. When Y = X and g = f, we say that h is a self-conjugacy of f. Being
conjugate( and as well as increasingly conjugate) is an equivalence relation among

dynamical systems.

Let (X, f) and (Y, g) be two dynamical systems. Then a topological conjugacy from

f to g carries orbits of f to “similar ” g-orbits. Said precisely,

Theorem 1.3.3. [15]

Let (X, f) and (Y, g) be two dynamical systems and let h : X — Y be a topological
conjugacy. Then

1. h=1:Y — X is a topological conjugacy.

2. ho ff=g"oh for alln € N.

3. x € X is a periodic point of f if and only if h(z) is a periodic point of g.

4. If x is a periodic point of f with stable set W*(x), then the stable set of h(z) is
h(W*(z)).

5. The periodic points of f are dense in X if and only if the periodic points of g
are dense in'Y .

6. f is topologically transitive on X if and only if g is topologically transitive on Y .

7. f is chaotic on X if and only if g is chaotic on Y .

1.3.1 Dynamical properties

Definition 1.3.4. Properties preserved by topological conjugacy are called dynamical

properties . Many kinds of examples are provided below.

Example 1.3.5. (Dynamical properties of a point )
(a) Fixed point

(b) periodic point
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(¢) periodic point of period ny
(d) Eventually fixed point
(e) Eventually periodic point

(f) Point whose orbit has exactly n elements.

Example 1.3.6. (Dynamical properties of subsets )
(a) Invariant subset
(b) The property that f(A) = A
(c) The property that f~'(A) = A
(d) Dense set
(e) Having a unique limit point

(f) Finite set.

Example 1.3.7. (Dynamical properties dynamical systems )
(a) Having no fixed point
(b) Having no invariant sets, except the whole set and the empty set
(c) Having exactly n periodic points
(d) Having every point periodic
(e) Surjectivity
(f) Injectivity
(g) Having dense range.

(h) Transitivity.

1.3.2 The shift map - An example

Let >, = {(s0, 51,52, .....)] si =0 or 1 for all i} be the set of all sequences of 0’s and

Us. If s = s¢, 51, Sa, ... and t = tg, t1,to, ..., then define d(s,t) = > "2, % Note that

(D5, d) is a metric space and d(s,t) <2 for all s,t € > ,.
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The following proposition which can be proved easily , asserts that, if we start with
any sequence from ) ,, by keep on changing the initial terms we can go arbitrarily

close to any point in the space ) _,.

Proposition 1.3.8. Let s,t € >_,. Then
1. If the first n + 1 digits in s and t are identical, then d(s,t) < 5.

2. If d(s,t) < o, then the first n digits in s and t are identical.

on s

Definition 1.3.9. The shift map ¢ : Y, — >, is defined by,
0(805182....) = 15283 ... .

In other words, the shift map forgets the first term.

It follows from the above proposition that the shift map is continuous.

Theorem 1.3.10. [13/

The shift map has the following properties.

1. The set of periodic points of the shift map is dense in ) _,.

2. The shift map has 2" periodic points whose period divides n.

3. The set of eventually periodic points of the shift map that are not periodic is
dense in ) ,.

4. There is an element of ., whose orbit is dense in ) ..

5. The set of points that are neither peritodic nor eventually periodic is dense in
2

Proof. 1. Suppose s = 505153.... is a periodic point of o with period k. Then o*(s) = s.
That is SgSk+1Sk+3... = S0S1S2.... This implies that s, = s, for all n. That is s is
a periodic point with period k if and only if s is a sequence formed by repeating the

k-digits sp$18s...5x_1 infinitely often.
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To prove that the periodic points of ¢ are dense in ) ,, we must show that for all
points ¢ € >, and all € > 0, there is a periodic point s of o such that d(t,s) < e.
For this , if ¢ = tgtqts... then we choose n such that 2% < €, then we can let s =
totits.. . thtotita.. tutotita.. ty,..... As t and s agree on the first n + 1 digits, by previous
proposition 1.3.8, we get d(s,t) < 2% <e€

Proof of 2 and 3 are similar to that of 1.

4. The sequence which begins with 0 1 00 01 10 11 and then includes all possible
blocks of 0 and 1 with three digits, followed by all possible blocks of 0 and 1 with four
digits, and so forth - called the Morse sequnce - has dense orbit.

5. Since the set of nonperiodic points includes as a subset the orbit of the Morse

sequence, proof follows from (4).

]

Theorem 1.3.11. Let s be any point in Y, and € > 0. Then there ist € Y, and ng

such that d(s,t) < € and d(o™(s),0™(t)) = 2 for all n > ny.

Proof. Choose ng € N such that 5+ < e. We then choose ¢ such that,

2m0

S; if 4 S N
(s;i+1)mod 1 ifi> nyg
That is s; = t; if and only if ¢ < ng. Then for any n > ng, 0" (s) and ¢”(¢t) differ on

every digit. Hence d(c"(s),0™(t)) = 2.

Theorem 1.3.12. The shift map o is chaotic on ) _,.

Remark 1.3.13. To study a particular dynamical system, we often look for a conjugacy

with a better-understood model. We illustrate this with the following example.
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Example 1.3.14. Let K denote the Cantor middle third set ( with 0 and 1 are iden-
tified). Let f : K — K be defined by f(z) = 3z(modl). Then f is topologically
conjugate to the shift map.

For, every number a € K can be written uniquely in the form a = % + & + 3

...+ gi%r + ... where each a, € {0,2}. [This is called the ternary expansion of a.]

To this element a, we associate the sequence sgs153... € ), where s, = % for all
n. This defines a map 7' from K to > ,. One can prove that this map 7 is, in fact a
topological conjugacy from f to the shift map o. Hence in the view of theorem 1.3.3
all the properties of the shift map specified in theorem 1.3.10 are true for the map f

and in particular, f is chaotic.

1.4 Organization of the Thesis / Synopsis

The main results of chapter 2 and 3 are about the continuous automorphisms of the
torus. The torus T? = 5—3 is here viewed as the topological group [0,1) x [0,1) with
coordinate wise addition modulo 1.

For the well known systems like, tent map f : [0,1] — [0,1] defined by f(z) =
1 — |1 — 2|, and for shift map on {0, 1}N the set of periodic points is well studied (
See [21]). It is already known [21] that for a hyperbolic( having no eigen values with
absolute value 1) continuous toral automorphism, the periodic points are precisely the
rational points.

In chapter-2, we calculate the set of periodic points for other continuous toral
automorphisms; this happens to be the subgroup generated by Q x QU (a line with

rational slope).

In fact, for all non-hyperbolic continuous toral automorphism, there are uncount-
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ably many periodic points.

Notation 1.4.1. Let @Q; be the set of all rational points in [0,1). Given r € Q, we
write S, = {(z,y) € T? such that rz + y is rational } and let S,, = Q; x [0,1). Note

that Sy = [0,1) x Q;.

Definition 1.4.2. For m,n € 7Z, we define

;

m n
; ifn#0
—7(’";1) 2—-m
Am,n:
1 0
ifn=20
\ m—1 1

Note that Det(A,,,) = 1 and Trace(A,,) = 2 for all m,n € Z.

Proposition 1.4.3. If A € GL(2,Z) is such that Det(A) =1 and Trace(A) = 2 then

A= A, for some m,n € Z such that n divides (m — 1).

Theorem 1.4.4. For m,n € 7Z, the set of all periodic points of Ty, , is either the set

S, for somer € Q U {oo} or T?, as given in the following table:

Am,n P<TAm,n)

m # 1 and n # 0 Sm-1
m=1and n=0 T2

m#1andn=20 S5

m=1and n #0 So

Remark 1.4.5. The set S, can be thought of as the points on the line through the

origin with slope —r and its rational translates in [0,1) x [0,1). From the above

proposition, r = @When m # 1. On the other hand given any rational r = § € Q,

m—1

we can find m,n € Z with n|(m — 1)? such that 2 =m=. Choose m=pg+1,n= 7.

Hence every S, arises as P(A,, ) for some m,n € Z.
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From the above remark it follows that,

Proposition 1.4.6. The following are equivalent for a subset of the torus.
(1) It is P(Ta,,,) for some Ap,, € GL(2,7Z).

(2) It is S, for some r € QU {oc}.

Theorem 1.4.7. For any continuous toral automorphism Ty, the set P(T4) of periodic
points of T is one of the following:

1. Qy x Q.

2. S, for some r € QU {oo}; where S, = {(z,y) € T? | rz +y is rational }.

3. T?

In Chapter-3, we first discuss some well known results about Per(f) (the set of
periods of f), due to Sharkovski [17] and Baker [5] and many others, which are similar
to our main result of this chapter. We prove that there are exactly 8 subsets of N
which can occur as Per(T') for some continuous toral automorphism 7. We solve the

problem separately for hyperbolic and nonhyperbolic automorphisms.

Theorem 1.4.8. For any hyperbolic toral automorphism Ty : T? — T?, the set of

periods Per(T4) D N\ {2}.

Theorem 1.4.9. Let Ty be a toral automorphism. Then Per(Ty) is one of the following
8 subsets of N.

(1) {1}

(2) {1,2}

(3) {1,3}

(4) {1,2,4}

(5) {1,2,3,6}

(6) 2N U {1}
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(7) N\ {2}
(8) N.

In chapter-4, we study certain simple systems on R. Since R has order structure,
we would like to consider the conjugacies preserving the order. Let f : R — R be
a dynamical system and let x,y € R. Then, we write x ~ y if there exists an order
conjugacy h : R — R of f such that h(x) = y. Note that ~ is an equivalence relation.
Let [z] to denote the equivalence class of .

We introduce the notions of special points and nonordinary points, which are new
to the literature. The properties which are preserved under topological conjugacies are
called dynamical properties. Having every point periodic, having a point with dense
orbit, having exactly n periodic points are examples of dynamical properties.

Under a topological conjugacy a point can be mapped to a point with similar
dynamics. Therefore, if a point is unique upto some dynamical property, then it must

be fixed by all order conjugacies. This motivates us to define,

Definition 1.4.10. A point x € (R, f) is said to be “dynamically special” if [z] = {z}.
We call a point to be ordinary if it is like points near it. That is, [z] is a neighbour-

hood of x. The points which are not ordinary are called nonordinary.

It is observed that for systems with finitely many nonordinary points, the idea of

nonordinary points and the idea of special points coincide.

Definition 1.4.11. Let (X, f) be a dynamical system. By the full orbit of a point
x € X we mean the set

O(z) = {y € X|f"(x) = f™(y) for some m,n € N}.

Definition 1.4.12. A point = in a dynamical system (X, f) is said to be a critical

point if f fails to be one-one in every neighbourhood of x. The set of all critical points
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of f is denoted by C(f).

We proved in [25], the following characterization theorem for the set of special

points S(f).

Theorem 1.4.13. For continuous self-maps of the real line R, the set of all nonordi-
nary points (and hence the set of all special points) is contained in the closure of the
union of full orbits of critical points , periodic points and the limits at infinity (if they

exist and are finite).

We prove that: If Sp denote the set of all points having the dynamical property P
then the points of 9Sp (the boundary of Sp) are nonordinary. In particular, being a
point in a particular equivalence class is a dynamical property of the point. Hence by
the very nature of the order conjugacies, it follows that when there are finitely many
nonordinary points(therefore special points) there are only finitely many equivalence
classes. These are the simple systems we study in this chapter.

We describe completely, the homeomorphisms on R, having finitely many nonordi-

nary points and give a general formula for counting.

Notation 1.4.14.

a, = The number of increasing bijections, with exactly n nonordinary points, on
R, upto order conjugacy.

t, = The number of increasing bijections, with exactly n nonordinary points, on R,
upto topological conjugacy.

s, = The number of decreasing bijections, with exactly n nonordinary points, on
R, upto order conjugacy.

k, = The number of decreasing bijections, with exactly n nonordinary points, on

R, upto topological conjugacy.
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Theorem 1.4.15. For every positive integer n, we have

an = c1(14+v3)" 4 co(1 — /3)" where ¢; = 5;3/*3/5 and cy = 3*{%
(
0 if nis even
Sp = X
an-1 18 odd
\ 2
( an+2apn—yq
S .
5 if nis even

tn = an+2an_3 ]
—5 2 nisodd
\
0 if nis even
ky,, =

tnT—l n 1s odd
Where tg = 2, t1 =5 and ty = 12 by direct computation.

Also we prove that,

Theorem 1.4.16. Upto order conjugacy, there are exactly 26 self maps on R with a

unique nonordinary point.

The main result of chapter-5, is obtained while making an attempt to answer the
question: FEzxactly which maps on R are topologically conjugate to a polynomial?. The
main theorem of this chapter, gives a necessary condition for a continuous self map of
R to be conjugate to a polynomial.

Points which will reach a critical point ( res. periodic point ) after finitely many

instants of time are called precritical points (res. preperiodic points).

Theorem 1.4.17. Let f : R — R be a polynomial such that f* # id( the identity map

——

on R). Then C(f)AP(f) is a discrete set in the relative topology.

— —

Where C(f) denotes the set of all precritical points of f and P(f) denotes the set

of all preperiodic points of f.



Chapter 2

Periodic points of toral

automorphisms

2.1 General introduction

The automorphisms of the two-dimensional torus are rich mathematical objects pos-
sessing interesting geometric, algebraic, topological and measure theoretic properties.
The torus T? = 5—2 is here viewed as the topological group [0,1) x [0,1) with

coordinate-wise addition modulo 1.

Let GL(2,Z) be the set of all 2 x 2 matrices A = , where a,b,c,d € Z

and Det(A) = ad — be = £1.

Each such matrix A gives a linear map on R? by

T €

— A
X2 X2

We define an automorphism on the torus T4 : T? — T? by Tua(x1,22) = (ax; +
bxa, cxy + dxg)(modl).

Now we have,

22
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Proposition 2.1.1. [29] Every automorphism Ty (as defined above) on the torus is a

homeomorphism.

Proof. The map T is clearly continuous, since if |z1—1|, |zo—ys| < € then |(T4(x1,x2))1—
(Tayr, y2)h| < (lal + [b])e and |(Ta(w1,22))2 = (Taly1, 42))a| < (] + [d])e.(Here suffix
1 refer to the first coordinate and 2 refers to the second coordinate.)

To see that T is invertible we note that if we write the inverse matrix A=! =

d —b
ad—bc  ad—bc

then since ad — be = £1 we see that A™' € GL(2,7Z). The inverse
ad_—cbc adcibc

to T4 is then the toral automorphism associated to A~!, i.e. Ty1.

]

On the other hand, in the following proposition we prove that every continuous
automorphism on the torus is induced by a matrix from GL(2,Z). Let Aut(T?) to

denote the set of all continuous automorphisms on the torus.
Proposition 2.1.2. The above map A — Ty from GL(2,7) to Aut(T?) is surjective.

Proof. let ¢ : T? — T? be any continuous toral automorphism. Since ¢ is continuous
at (0,0) there exist 0 > 0 such that ¢(([0,6) x [0,4))) C [0,3) x [0,3) and such that
X +Y) = o(X)+ oY) for all X|Y € [0,0) x [0,6), where + denotes the usual
addition in R

Now, observe that ¢(AX) = A¢(X) for all A € (0,1) and for all X, Y € [0,9) x [0,0),
because the set {\ € (0,1)] p(AX) = Ap(X)} is a closed set contains all dyadic rationals
(Since the set contains A = %, using the additivity of ¢, it contains all numbers of form
A = Z%). The set of all dyadic rationals is dense in [0, 1] and then by continuity the set
contains all A € (0,1).

Hence @|j0.5)x[0.6) = Llj0,5)x[0,6) for some linear transformation L : R* — R2. This

linear transformation induces an integer matrix A with determinant +1 such that
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Az = ¢(z) for all x € T? [ The kernel of an endomorphism (different from the zero
map), on a connected topological group cannot have nonempty interior |. Hence the

proof.

]

Remark 2.1.3. In fact the 1-1 correspondence in the above proposition is a group

isomorphism.
For each A € GL(2,Z), let P(T4) denote the set of all periodic points of T)4.

Proposition 2.1.4. [21]

For any A € GL(2,7) the set P(T4) is dense in [0,1) x [0, 1).

a b
Proof. Let A = € GL(2,Z).

c d
We prove that P(T4) D Q; x Q, where Q; = QN [0,1). A general element in

Q: x Qq is of the form z = (%,%) where pi1,p2,q € Z with 0 < p1,ps < q. We
note that T4(X) = (fractional part of & + b’%, fractional part of <* + C%) = an
element of the form (%, %) where 0 < m,n < ¢. Note that, for a fixed ¢ € N, the
set {(%,%)/0 < m,n < ¢;m,n € N} is invariant and finite. Hence the orbit of x is

finite and therefore eventually periodic. Now, the result follows from the fact that for

invertible maps the eventually periodic points are periodic points.

]

Note that, for a toral automorphism T4, the periodic points with period n are
solutions of the congruent equation A"z = x(modl). The following proposition is in

this direction.

Lemma 2.1.5. [28] If T': R* — R? is an isomorphism then for every Riemann mea-
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surable set ( having Jordan content) S C R?, T'(S) is Riemann measurable and
Area(T(S)) = |Det(T)|Area(S)

Proposition 2.1.6. [21]

Let A€ GL(2,Z). Then

(1) The number of solutions of A"z = x in [0,1) x [0,1), is |[Det(A™ —I)|, provided
Det(A™ — 1) #0.

(2) If Det(A™ —I) =0 then A"x = x has infinitely many solutions in [0,1) x [0, 1).

Proof. (1) Suppose Det(A™ — I) # 0. Then note that the number of solutions of the
equation, A"x = z in [0,1) x [0, 1) is equal to the number of integer points in the image
of [0,1) x [0,1) under A™ — I, treated as a linear map from R? to R2.

Note also that the image of [0,1) x [0,1) under A" — I is a parallelogram and hence
the number of integer points in it, is equal to its area, which is equal to |Det(A"™ — I)|,

by previous lemma.

T 0
(2) Note that, when Det(A™ —1I) = 0, the system (A" —I) = itself,

) 0

has infinitely many solutions in [0, 1) x [0, 1). O

Observe that for any continuous toral automorphism T’y the set P(T,) is a subgroup

of the torus. We now ask:

Which subgroups of [0,1) x [0,1) arise in this way?

2.2 Automorphisms with determinant 1 and

trace 2

We start by listing all the matrices from GL(2,Z) with determinant 1 and trace 2.
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Definition 2.2.1. For m,n € Z we define,
(

m n
ifn=#0
—(m-1? 2—m
Am,n - "
1 0
ifn=20
m—1 1

\

Note that Det(A,,,) =1 and Tr(A,,,) =2 for all m,n € Z.

Proposition 2.2.2. If A € GL(2,7) is such that Det(A) =1 and Trace(A) = 2 then

A=A, , for some m,n € Z such that n divides (m — 1)%

a b
Proof. Let A = € GL(2,Z) be such that Det(A) =1 and Tr(A) = 2. Then

c d
we have a + d = 2 and ad — be = 1. Hence bc = —(a — 1)?

If b # 0 then ¢ = — (a;)l)2 an integer and therefore A = A,;. If b=0thena=d =1
and c can be any integer. Hence A = A 1.

[]

Remark 2.2.3. Note that the characteristic polynomial of any matrix of type A, ,
is (z — 1)® and hence 1 is an eigen value. Therefore no matrix of type A,,, can be

hyperbolic.

We now calculate the set of all periodic points of the continuous toral automor-
phisms induced by the matrices of form A,,,. By induction we can prove that, for any
keN, AF = Apm_iq1en for all m,n € Z.

Let A € GL(2,Z). Then X € T? is a periodic point of T, if and only if it is a
solution of A¥X = X for some k € N. Thus,

P(Ty) = U2 {X eT?: AFX = X}.

Notation 2.2.4. Let Q; be the set of all rational points in [0,1). Given r € Q, we
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write S, = {(z,y) € T? such that rz + y is rational } and let S,, = Q; x [0,1). Note

that So = [O, 1) X Ql.

Theorem 2.2.5. For m,n € Z, the set of all periodic points of the continuous toral

automorphism Ta, . is either the set S, for some r € Q U {oo} or T2

m,n

Proof. Case: 1
When m # 1 and n # 0.
The periodic points with period £ can be obtained by solving the equation AﬁmX =

X (modl), which is equivalent to the system of linear equations,

(km — k + 1)xy + knxe = 1 +my

k(m —1)2
—WT)xl—i-(l—km—l—k)xg:xg—i-mg

for some mqy,mqy € Z

That is, (21, z2) € T? satisfies the equation A"X = X if and only if

(km —k+ 1)z + knzg = my € Z

k(m —1)?
—%xl—i—(l—km—l—k)xg:mQEZ

if and only if

(km—k+1)xy + knze = my € Z
(2.1)
k(m—1)2

1+ (1 —km+k)xg =mg €Z

which implies that,

(m—1)z1 +nxe € Q 22)

—@xl + (1 —m)x, € Q
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which reduces to solving the single equation,

(m_1)$1+$2 EQ.

Conversely, if

<m_1)$1—|—l’2€@

holds. Then (x,z,) satisfies the equation (2.2). Then we can prove that (xy,z5)

(m=1)

satisfies the equation (2.1) for some suitable k. P(T4,,,.) = {(%1,72)|

T+ X9 €
Q} = Sm-1) as desired.
[ From the equations (2.1) and (2.2), it is observed that:

(w1, 2) is a fixed point of Ty, , if and only if (5, 32) is a fixed point of T ]

m,n

Case: 2
When m =1 and n = 0. We get A, is the identity matrix and hence P(T}y,,,) =
Fiz(Ty, ) = T2

Case: 3 When m # 1 and n = 0.

1 0
We have A, = . Note that, for any k¥ € N we have Af ; =

m—1 1
Abkm—k+1,0
Now, solving the congruence equation A’ﬁmOX = X (modl) is equivalent to solving
the single condition k(m — 1)x; € Z. This is implies that z; € Q;.
Conversely, as before if 1 € Q; then we can find k € Z such that k(m — 1)z, € Z.
Hene P(T4) = Q; x [0,1) = Se.
1 n

Case: 4 When m =1 and n # 0. In this case A;, =
0 1

Then for any k£ € N we have A’in = Ajrn Now, solving the congruent equation
A’inX = X (modl) is equivalent to solving the single condition knzy € Z. This implies

that x4 € Q.
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Conversely, if xo € Q; then we can find some k € Z such that k(m — 1)z, € Z.
Hence P(T4) =[0,1) x Q1 = Sp.

]

Remark 2.2.6. Let A € GL(2,Z) be of Ay, type. Then from the relation, AF, = =
Apm—r+1n( for all & € N), it is clear that A and its all powers pertain to the same case
among the four cases discussed in the previous proposition. Hence they have the same

set of periodic points.

Remark 2.2.7. The set S, can be thought of as the points on the line through the
origin with slope —r and its rational translates in [0, 1) x [0, 1). From above proposition,
r= @When m # 1. On the other hand given any rational r = § € Q, we can find

m,n € Z with n|(m — 1)? such that L= =L For, choose m = pg+ 1,n = ¢*. Hence

every S, arises as P(A,,,) for some m,n € Z.

Proposition 2.2.8. The following are equivalent for a subset of the torus.
(1) It is P(Ta,,,) for some Ay, € GL(2,7Z).

(2) It is S, for some r € QU {oo}.

Proof. Follows from the above remark. O]

2.3 Main theorem

Definition 2.3.1. A continuous toral automorphism T4 € GL(2,7Z) is said to be

hyperbolic if A has no eigen values with absolute value 1.

Example 2.3.2. The matrices of the type A,,, are not hyperbolic, because 1 is an

eigen value.
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It is already known [21] that for a hyperbolic continuous toral automorphism, the
periodic points are precisely the rational points. In this chapter, we calculate the set
of periodic points for other continuous toral automorphisms; this happens to be the
subgroup of T? generated by @Q; x QU (a line with rational slope). In fact, for all
non-hyperbolic continuous toral automorphism , there are uncountably many periodic

points.

Lemma 2.3.3. If A = € GL(2,Z) is hyperbolic then Det(A —I) = (a —
1)(d — 1) — be # 0.

Proof. Let A be hyperbolic. Now, suppose (a—1)(d—1)—bc =0 = (ad—bc)—(a+d)+1
Case: 1 If ad — bc = 1, then a + d = 2. Which implies by proposition 2.2.2 that
A = A, ,, for some m,n. Which is a contradiction, by remark 2.2.3.
Case: 2 If ad — bc = —1 , then a + d = 0. Therefore the characteristic polynomial

is 22 — 1. Hence the eigen values are +=1. Which contradicts hypothesis. O

Remark 2.3.4. If A is hyperbolic then so is A™ for all n € N. ( If X is an eigen value
of Ajthen A" is eigen value of A"). Then Det(A™ — I) # 0 for all n € N. Hence the

above lemma will apply to all the positive powers of A.
Proposition 2.3.5. If Tx is hyperbolic then P(Tx) = Q; x Q.

Proof. The fixed points of A™ are given by the congruence equation A"X = X (modl).

an  bn
If we let , A" = then we get, (a, — 1)zy — byzy = k; € Z and
¢ dp

cny — (dy — Vg = ko € Z.
Now the condition ¢,b, — (a, — 1)(d, — 1) # 0 guarantees that the above system

of linear equations is consistent and its solutions are having rational coordinates (by

Cramer’s rule). Hence P(A) = Q; x Q.
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]

Even though we assumed A to be hyperbolic in the above proposition, we have not
used its full strength. What we needed only is that the determinant Det(A" — I) =
cnbn — (a, — 1)(d,, — 1) is nonzero for all n € N. Thus, in view of proposition 2.1.6 the

previous proposition 2.3.5 can be improved /restated as

Proposition 2.3.6. If Ty is a toral automorphism such that for each n € N there are

only finitely many periodic points with period n, then P(Tx) = Q1 x Q.
We are now in a position to prove the main theorem.

Theorem 2.3.7. For any continuous toral automorphism Ty, the set P(T4) of periodic
points of Ta is one of the following:
y/! Ql X Ql'

2. S, for some r € QU {oo}; where S, = {(z,y) € T? | rz + y is rational }.

3. T?
a b
Proof. Let A= € GL(2,Z).
c d
an b,
For any n € N we write A" = where a,,, b,, c,,d, are integers.
¢, dy
Case: 1

If Det(A™ —I) = ¢,b, — (a, — 1)(d,, — 1) # 0 for all n € N then proof follows from
Proposition 2.3.6.

Case: 2

Suppose Det(A™ — I) = ¢,b, — (a, — 1)(d, — 1) = 0 for some n € N.

Let S = {k | Det(A* —I) = cpby — (a, — 1)(dy — 1) = 0}.

Subcase: (2a)



CHAPTER 2. PERIODIC POINTS OF TORAL AUTOMORPHISMS 32

a b
If Det(AF) = —1 for some k € S, then Tr(A*) = 0. Therefore A* =
c —a
0
Note that A% =
0 1

Hence P(A) = T? = Sy since P(A) D P(A*) V k € N.

Subcase: (2b) If Det(A*) = 1 for all k € S then Tr(A*) = 2. Therefore A* = A, ,
for some m,n € Z

From remark 2.2.6, it follows that A* and its powers namely, A%* A3% A3* . share
the same set of periodic points. Note that, for any j € N the periodic points of Ty with

period j are contained in P(A’*). Hence, from theorem 2.2.5, P(T4) = S, for some

r € QU {oo}.

We conclude this chapter with the following remark.

Remark 2.3.8. Even though there are apparently four kinds of subsets which can
appear as the set of periodic points for some continuous toral automorphism, there are

only three upto homeomorphism.



Chapter 3

The set of periods of toral

automorphisms

3.1 Examples and Motivation

Let (X, f) be a dynamical system. Let x € X. Recall that x is a periodic point if
f™(z) = x for some n € N and that least such n is called the period of z.

We denote by Per(f), the set of all periods of periodic points in the dynamical
system (X, f). We now ask:

Given X, which subsets of N arise as Per(f) for some continuous self map f from
Xto X7

We start with a simple example. For the class of homeomorphisms on R the set of
periods is one among the following subsets of N.

1. The empty set.

2. {1}.

3. {1,2}.

This follows from the following facts:

33



CHAPTER 3. THE SET OF PERIODS OF TORAL AUTOMORPHISMS 34

1. For increasing maps on R all periodic points are fixed points.
2. For any homeomorphism f on R, the map f? is increasing.

For the class of continuous maps on R, we have:

3.1.1 Sharkovskii’s Theorem

Among the uncountably many subsets of N, there are only countably many that can
arise as Per(f) for some continuous self map of [0, 1]. These sets form a chain (any two
members are comparable) and can be described through a total order on N different

from the usual. This is a celebrated theorem of Sharkovskii.

Definition 3.1.1. The following total order of N is called the Sharkovskii’s ordering:

3=5=T7T=9> ...

=2X3=2X5H=2X7 > ..

= 2" X3 =2"xX5=2" X T = ..

.............. e R - .

Theorem 3.1.2. (Sharkovskii) [17]
Let m = n in the Sharkovskii’s ordering. For every continuous self-map of R, if

there is an m — cycle, then there is an n — cycle.

A converse of Sharkovskii’s theorem : [18§]
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Let m and n be distinct positive integers. Let m not precede n in the above ordering.
Then there is a continuous map f from R to R, where there is an m — cycle but no
n — cycles.

A combined Statement:

m > n in the Sharkovskii’s ordering if and only if for every continuous self-map of
R, the existence of an m — cycle forces that of an n — cycle.

This can be restated as,

Theorem 3.1.3. Let A C N. Then A = Per(f) for some continuous map f:R — R
if and only iof

m e A andm = n imply n € A.

Remark 3.1.4. This theorem is special to some spaces like the real line. Its analogues
for other spaces are not valid. For example, on the unit circle S!, the rotation by 120

degrees admits a 3 — cycle, but admits cycles of no other length.

It seems that the sharkovskii-ordering is forced by nature. There are spaces other

than R where an analogous theorem is true.

3.1.2 Baker’s Theorem

We reformulate a theorem of Baker as follows:

Theorem 3.1.5. [5] Let p be a complex polynomial. Then the set of periods of p has

to be one of the following five kinds of subsets of N :

1. The whole set N

2. N\ {2}

3. {1,n}, where n € N\ {1}
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4. {1}

5. Empty set.

Moreover, the following hold:
(a) Any polynomial p such that Per(p) = N\ {2} has to be conjugate to z* — z.

(b) For all polynomials p of degree > 2, Per(p) D N\ {2}.

The following table gives the number of complex polynomials upto topological con-

jugacy, having the given subset of N as its period set.

Number of
Subset of N | Polynomials for which it is the period set conjugacy

classes

Empty set Nontrivial translations z + ¢ where ¢ # 0 1

{1} Polynomials ¢z 4 d satisfying d # 0; also
identity z; also polynomials cz where ¢ is not a | Uncountably

root of unity. many

{1,n}, where | Polynomials cz where ¢ is a nontrivial nth root of
¢(n)
n € N\ {1}. | unity.

Polynomials of the form az? + (2ab — 1)z + b7,

N\ {2} 1

where a # 0
Uncountably
N All other polynomials. (not in the previous rows)
many
All other sub-
sets not listed
No polynomial. 0

in the previ-

ous rows

Incidentally, we obtain a dynamical characterization of the polynomial 22 — z. Upto
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topological conjugacy, it is the only polynomial whose set of periods is N\ {2}.

The chart below helps us to contrast four situations:

Complex polynomials Exactly 5 subsets of N
Real continuous maps A countably infinite family § of subsets of N
Complex continuous maps All subsets of N
Real polynomials An infinite proper subfamily of §

Here § is as described in theorem 3.1.3.

The third row means: Given any subset A of N, there is a continuous map f from
C to C such that Per(f) = C.

The fourth row implies: There is a subset of N, occurring as Per(f) for a continuous
self map of R, but not as Per(p) for a real polynomial. Explicitly, {2* : k € Ny} is one

such set.

3.1.3 Period sets of Unit circle S' in the plane

The theorem of Sharkovskii specifies, for continuous maps of an interval, which sets of
positive integers may occur as the sets of periods. Results along these lines have also
been obtained for maps of the circle.

In 1980, L.S Block [8] proved the following interesting results on continuous self

maps of the unit circle S*. By f € C(S',S') we mean f is a continuous self map from

St to ST

Theorem 3.1.6. Let f € C(S',SY). Suppose 1 € Per(f) and n € Per(f) for some

odd integer n > 1, then for every integer m > n, m € Per(f).

Theorem 3.1.7. Let f € C(S*,SY) and suppose that Per(f) is finite. Then there are

integers m and n (with m > 1 and n > 0) such that
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Per(f) = {m,2.m,2%m,...,2".m}

Theorem 3.1.8. Let f € C(S',SY). If {1,2,3} C Per(f) then Per(f) = N. Con-
versely, if S C N with the property that for any f € C(S*,S'), S C Per(f) =

Per(f) =N then {1,2,3} C S.

Description of Per(f) when f has fixed point:

Again in 1981, Block [7] proved the following main results about Per(f) for f €

C(S', S') when f has a fixed point.

Theorem 3.1.9. Let f € C(S*,S"). Suppose 1 € Per(f) and n € Per(f) for some
integer n > 1. Then (atleast) one of the following holds:

(i) For every integer m with n < m, m € Per(f)

(i) For every integer m with n = m, m € Per(f)

(here < denotes the usual order on N).
He has also proved the converse of the above theorem. i.e,

Theorem 3.1.10. Let S € N with 1 € S. Suppose that for each n € S with n # 1,
atleast one of the following holds.

(a) for every integer m with n < m, m € S.

(b) for every integer m with n > m, m € S

Then there exists a continuous map f € C(S',SY) such that the set of periods of

periodic points of f is exactly S.

These two theorems of Block characterize the sets of periods which can occur for a
continuous map of the circle to itself having a fixed point. But not every self map of

the circle has fixed point. One can see that if the deg(f) # 1 (where f € C(S',S1))
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then f has a fixed point. Partly for this reason, degree-one maps of the circle require

special attention to study the periodic orbits. See [6] for more details.

Per(f) when degree of f # 1:

In 1982, M. Misiurewicz [9] proved the result, which describes the possible sets of
periods of the periodic points of a continuous degree one map ( See [6] ) of the circle.
For any two real numbers a and b, let M(a,b) = {n € N:a < £ < b for some integer
t}.

Definition 3.1.11. If a € R and [ € NU {2}, ( Think 2* as a symbol) we define a
subset S(a,l) C N as follows:

If @ is irrational then S(a,l) =0

If a is rational and if a = £ ,.n € N,t € Z, (t,n) = 1 and if | € N then S(a,!) denotes
the set of positive integers of the form ns, where [ > s(in Sarkovskii ordering).

If | = 2% then S(a,l) denotes the set of all postive integers of the form ns, where

s is a power of 2.
Now we state Misiurewicz’s result about continuous maps of circle.

Theorem 3.1.12. Let f be a continuous map of the circle to itself of degree one. Then
there exist a,b € R with a < b and l,r € NU{2*} such that Per(f) = M(a,b)US(a,l)U
S(b, ).

Conversely, for every subset A of N of the form A = M(a,b)US(a,l)US(b,r) there

is a continuous map of the circle to itself of degree one such that Per(f) = A

Remark 3.1.13. Hence we have a complete answer for describing the sets of periods
for continuous self maps on circle, because
PER(S") = {Per(f)|f is a continuous self map on S* with deg 1} J{Per(g)|g is a

continuous self map on S with a fixed point }.
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3.1.4 Period sets of the Y-space

In 1989, L.Alseda, J. Llibre and M. Misiurewicz [1] made a generalization of Sarkovskii’s
theorem to characterize the possible sets of periods for continuous maps f of the space
Y ={z € C| 2% €0, 1]} into itself for which f(0) = 0.

Hereafter C'(Y) denote the set of all continuous self maps on Y.

The following theorem was proved by Mumbru in [12] for f € C(Y).

Theorem 3.1.14. (a) If f € C(Y) and {2,3,4,5,7} C Per(f) then Per(f) =N.
(b) If W C N is a set such that for every f € C(Y), W C Per(f) implies Per(f) =

N, then W C {2,3,4,5,7}.

To describe the result of Alseda et al in [1], we need to introduce the following
notations and two new orderings.

S(k)={neN:k>n}U{k} forall k € N.

(here > is the Sharkovskii order.)

S(2°) ={2/|i=0,1,2,...}

Definition 3.1.15. [1]

Green ordering is the ordering of N\ {2}, denoted by <,, and defined as follows:

0 <8 <4<y, 11 <514 <57 <417 <420 <410 <523 <526 <513 <y... <
33 <y35<g3.7<y...323<3325<,327<,...<,32%3<,3.225<,3.227<,
<328 <322 <, 32<,31 <, 1.

The first part of the ordering can be understood as

6-1,642, 3+1, 2.6-1, 2.6+2, 2.3+1, 3.6-1, 3.6+2, 3.3+1,.. ..

Definition 3.1.16. [1]

Red ordering is the ordering of N '\ {2,4}, denoted by <, and defined as :



CHAPTER 3. THE SET OF PERIODS OF TORAL AUTOMORPHISMS 41

7<,10<,5<,13<,16<,8<,19<,22<,11<,25<,28<,14<,...<,
33<,35<,37<,...... <, 3.23<,325<,327<,...<,32%3<,32%5 <,
3227 <, ...<,...3282<,32%2<,32<,31<,1.

Here the first part can be viewed as,

6-1, 644, 342, 2.6+1, 2.64+4, 2.312, 3.64+1, 3.644, 3.342.....

Notation 3.1.17. We denote G(n) = {n} U{k:n <, k} for all n € N\ {2}
R(n)={n}U{k:n <, k} for all n € N\ {2,4} and
G(3.2%°) = R(3.2°) = {3.i : i € S(2°)}.
We also denote

N, =NuU{2*}
Ny = (N\{2}) u {3.2}

N, = (N\ {2,4}) U {3.2%}

Now we are ready to state the main result of Alseda, Llibre and Misiurewicz on sets

of periods of Y.

Theorem 3.1.18. (a) If f € Cy(Y) (i.e., f is a continuous self map on Y with
f(0) = 0) then Per(f) = S(ns) U G(ny) U R(n,) for some ny € N, n, € N, and
n, € N,.

If ng € Ns, ng € N,y and n, € N, then there exists a continuous self map f on
Co(Y') for which

Per(f) = S(ns) UG(n,) U R(n,).

In [1] at the end they posed an open question to describe possible sets of periods
of continuous self maps f on the space X, = {z € C| 2* € [0,1]} for k¥ > 3, for which

zero is a fixed point.
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This question was taken up by S. Baldwin, and he generalized the theorem of [1].
He described the complete solution for the sets of periods of self maps on n-od with 0

as fixed point.

3.1.5 Sets of periods of n-od

The n-od, denoted by X, is the subspace of the complex plane, which is described as
X, ={z€C| z"€[0,1]} [ Note that 1-od and 2-od are homeomorphic|. This can be
viewed as the set obtained by attaching n copies of unit interval to the central point(i.e,
at 0.)

Some definitions and notations:

In order to study the structure of sets of periods of continuous maps f : X,, — X,
we need to define partial ordering <; for all positive integers ¢.

The ordering <; is defined by
20 <y 27 < 27 (2m 4+ 3) < 27T (2m 4+ 1) < 27(2k +3) <1 272k + 1)

for all integers 2,5 > 0 and k,m > 0.

In other words <; is the usual Sharkovskii ordering.

If n > 1 then the ordering <, is defined as follows:

Let m, k be positive integers.

Case: 1

k =1 then m <,, k if and only if m = 1.

Case: 2

k is divisible by n then m <,, k if and only if either m = 1 or m is divisible by n
and (2 <, &),

—Nn pn

Case: 3
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k > 1, k is not divisible by n. Then m <, k if and only if either m = 1,m = k or
m = ik + jn for some integers ¢ > 0, 5 > 1.

In [3], some diagrams illuminating these partial orderings are given. From the
definition we can see that <; and <, coincide with the Sharkovskii ordering. If n > 2,
then <,, is not a linear ordering. Define a set S C N to be an initial segment of <,, if
whenever k is an element of S and m <,, k then m is also an element of S, i.e, S is

closed under <,, predecessors. Now we state the theorem of Baldwin in [3].

Theorem 3.1.19. Let X be an n-od.

1. Let f: X,, — X, be a continuous map. Then Per(f) is a nonempty finite union
of initial segments of {<,: 1 < p < n}.

2. Conwversely, if S is a nonempty finite union of initial segments of {<,: 1 < p <n}

then there is a continuous map f : X,, — X, such that f(0) =0 and Per(f)=S5.

Remark 3.1.20. The n-od result is the same, regardless of whether the branching

point is required to be fixed or not.

3.1.6 Period sets for Tree maps

By a tree in the plane we mean a connected graph without any cycles. A tree with its
relative topology ( treating as a subset of R?) in R? is called a tree space.

The main result of [4] is the extension of n-od theorem to every continuous self
map on a tree T" having all branching points fixed. It is of interest to ask what Per(f)
can be if all branching points of 7" are fixed. The result on n-od has been extended to
all trees(without assumptions on the branching points) by Baldwin, but these results
do not specify which sets are possible if the branching points are remaining fixed. For

similar results on graphs which characterize sets of periods without specifying which
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sets of periods correspond to which graphs, See [10]. Now we state the main result of
[4]-

Given a tree T', let e(T") and b(T") be the number of end points and branching points

respectively.

Theorem 3.1.21. Let T be a tree.

(a) Let f : T — T be a continuous map with all branching points fized. Then
Per(f) is a nonempty finite union of initial segments of {<,: 1 <p <e(T)}.

(b) Conversely, if S is a nonempty finite union of initial segments of {<,: 1 <p <
e(T)} then there is a continuous map f : T — T with all branching points fized such

that Per(f) = S.

This theorem solves a problem which was originally posed by Alseda et al in [1].

3.1.7 Saradhi’s result

Theorem 3.1.22. [27] Let X be a noncompact convexr subset of R? with nonempty

interior. Then PER(X) = P(N), the power set of N.

Theorem 3.1.23. [27]

Let S be a closed disc. Then PER(S) = { all subsets of N containing 1 }.

We conclude our survey here and we now prove our main theorem of this chapter.

3.2 Period sets of hyperbolic toral automorphisms

Proposition 3.2.1. [21]
For 2—dimensional hyperbolic toral automorphisms, the eigen values are real and

rrational.
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Proof. Let A be the matrix of a toral automorphism and (x,y)(# (0,0)) be an eigen-

vector of A. If X is the corresponding eigenvalue, we have

First, x # 0; for if x = 0, then b = 0 from (1). Det(A) = +1 and b = 0 implies
ad = +1. Therefore d = £1 and hence from (2) we obtain A = %1 (since y # 0),
contradiction to the hyperbolicity.

Next, letting ¢ = £ and using it to eliminate 2 and y from (1) and (2), we get

a+bt=MXand c+dt =\

Now eliminating A\, we have a quadratic in ¢, namely bt + (a — d)t — ¢ = 0. The
discriminant of this quadratic equation is (a + d)* & 4, never a perfect square unless
a+d = 0. This is because the Diophantine equation X2 —Y? = 4 has no integer solution
except when Y = 0. But a + d = 0 implies Ch(A) = 2? & 1. This not possible since A
is hyperbolic. Hence from equation (2) it follows that eigen values are irrational.

[]

Let p, denote the number of solutions(in T?) of the equation A"X = X and let
¢n = |Trace(A™)|. Then it follows from the proposition 2.1.6 that p, = |Det(A™ — I)|.
It is observed in the following lemma that this sequence (g, ) follows a nice pattern for

hyperbolic automorphisms.

Proposition 3.2.2. Let Ty be a hyperbolic toral automorphism induced by the matrix
A e GL(2,7Z). Lett denote the trace of A and let g, = |Tr(A")|. Then

Gni1 + Det(A)gn—1 = |t|gn for all n > 2.

Proof. By Cayley Hamilton Theorem we have A? — tA + (Det(A))I = 0.



CHAPTER 3. THE SET OF PERIODS OF TORAL AUTOMORPHISMS 46

Multiplying by A"~ ! we get

A" 4 (Det(A)) AL = tAn

The result follows immediately by taking the trace both sides.

Here we use the following facts :

(i) If the Trace(A) > 0 then Trace(A™) > 0 for all n € N.

(i) If the Trace(A) < 0 then Trace(A™) < 0 for all odd numbers n € N and

Trace(A™) > 0 for all even numbers n € N.

Lemma 3.2.3. For n > 3, n? — 2 > 2n.
Proof. Proof follows by induction on n. O]

Theorem 3.2.4. For any hyperbolic toral automorphism Ty : T? — T2, Per(T4) D

N\ {2}.

Proof. Let Ty : T?> — T? be hyperbolic. Note that, to prove n € Per(T4) it is enough
to prove that p,+1 > p1 +p2 + ... + pn, where p, = the number of solutions of the
equation A¥X = X which is equal to |Det(A* — I)|, by proposition 2.1.6.

In fact, it is enough to prove: p, 1 > p1 + p2 + ..... + pn_1, because if x is a point
of period n for T4 and T3 (z) = x then n must divide m.

Let a be an eigen value of A with || > 1. By proposition 3.2.1, & € R and hence
either « < —1 or a > 1.

Case(1) : a>1

Subcase(1) : Det(A) =1

Then the eigen values are «, é Then t = a + é > 3 as t is an integer and

1

(Vo — \/_&)2 > 0. By proposition 2.1.6, p, = ¢, — 2 V n € N. From proposition 3.2.2,

we have ¢,11 + @1 =1q, V n > 2.
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Adding these equations for n = 2,3, ...,k we get,

G+e+2@a+at.o A ag-) g+ g =g+t 4 a)

ie.,
Gr1=—q+E—Dep+t-2)(+eu+. .. +aa]+t—Da

> —q1 + 292+ g3+ ...+ qr—1 + 2qi, since t > 3.
=(—q+2¢@)+@+.. + g1+ 2
> g+ g+ ...+ g1 + g (since t > 3, by lemma-3.2.3 we have
t? — 2 > 2t. Hence q; = t* — 2 > 2t = 2¢; and therefore ¢ — ¢ > q1.)

Therefore, gry1 —2 > (1 —2) + (g2 —2) + ... + (-1 — 2) + (& — 2)

ile, Prr1 >ipr+=paf - + pi for all k& > 2.

Hence k € Per(Ty) for all k > 3 and hence Per(T4) D N\ {2}.

Subcase 2 : Det(A) = —1

Then eigen values are «, i Thent = o — é > (0 and hence t > 1, as ¢ is an integer.

Using proposition 2.1.6,

Gn — 2 if mn 1s even
Pn =
n if n is odd

From proposition 3.2.2, we have ¢, .1 — q,_1 = tq, for all n > 2.

Adding these relations for n = 2,3, ..., k, we get,

1 =q +(E+ 1)@ +t(gzs+q+ ... + @r—1) + (t = Da
>+ gt + qx_1 (since t > 1.)

Hence pry1 > p1 +p2+ oo + pr_1. for all k > 2

Which implies that Per(T4) D N\ {2}.

Case (2) : a < —1

Subcase 1 : Det(A) =1
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Therefore the eigen values are o, L. Then —t = —a — 1 >3 as (yV—a— A=) >0

and t is an integer. Using proposition 2.1.6, we get,

G, — 2 if nis even
Pn =
Gn +2 ifnis odd
From proposition 3.2.2, we have ¢,1+1 + ¢,—1 = —tq, Vn > 2. Adding these relation

forn=2,3,..., k, we get,
G+ e+20G+at . F )+t g =—t@e+et .+ a).

Hence
g1 =—q— (+1)e—C+2)(B+a+..+qg-1)— ¢+ 1)g.
> -1+ 20+ ¢+ g+ + @1 + 2q5, a8 —1 > 3.
>q+ Qg2+ ...+ Gk
Therefore pyy1 > p1 + pa + ... + pp—1 Vk > 2. Hence Per(T4) D N\ {2}.
Subcase 2 : Det(A) = —1
Here the eigen values are «, ’71 Then t = X — i < 0 and hence —t > 1, since t is

an integer. Using proposition 2.1.6,

Gn — 2 if n is even
Pn =

Gn if n 7s odd
From proposition 3.2.2, we have ¢,_1 — ¢,+1 = tqy, for all n > 2.
Adding these relations for n = 2,3, ...k, we get,
G =q+(1—)@—t@a+tat..+aga)—(E+1)a

>q+q+ ...+ g1 (Since —t > 1, we have 1 — ¢ > 1.)

Which implies that pgy1 > p1 +p2 + ... + pr_1 for all k > 2.

Hence Per(T4) D N\ {2}.
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Remark 3.2.5. From the above proposition , it is clear that for a hyperbolic auto-
morphism Ty, the period set Per(T4) is either N or N\ {2}. In proposition 3.3.5 and
proposition 3.3.6 we prove that for certain class of hyperbolic automorphisms Per(7T4)

is N and for some other class of automorphisms, it is N\ {2}.

3.3 The nonhyperbolic case

Note that 1 € Per(Tx), VA € GL(2,Z). Suppose that T4 : T? — T2 is a non-hyperbolic
toral automorphism. Then t = |a + | < |a] + || < 2. That is t € {—2,-1,0,1,2}
and Det(A) = £1. Thus, any A € GL(2,7Z) which is nonhyperbolic will fall under one
of these 10 cases . For A € GL(2,7Z), let ch(A) denote the characteristic polynomial of

A

Proposition 3.3.1. Let A € GL(2,Z) be such that Det(A) = —1, Trace(A) = 0.

Then Per(T4) = {1,2}.

Proof. The ch(A) = 2? — 1. Then by Cayley-Hamilton theorem A% = [ and A # I.

Hence Per(T4) = {1,2}. O

Proposition 3.3.2. Let A € GL(2,7Z) be such that Det(A) =1, Trace(A) =0. Then
Per(Ty) ={1,2,4}.
a b
Proof. The ch(A) = x? + 1. Then A = with a? + be = —1.
c —a
Then by Cayley-Hamilton theorem, A% = —I and hence A* = I. Note that p; =

|Det(A — I)| = 2 and py = |Det(A% — I)| = |Det(—2I)] = 4. Hence 2 € Per(T,).

Hence Per(T4) = {1,2,4}. O

Proposition 3.3.3. Let A € GL(2,7) be such that Det(A) = 1, Trace = —1. Then

Per(Ty) =A{1,3}.
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a b
Proof. The ch(A) is 2+ x+1. ThenA = with a®+a+bc = —1. Now

c —1—-a
p1 = |Det(A —I)| = 3 and py = |Det(As — )| = 3. Hence 2 ¢ Per(T4). Note that

A3 = I. This implies 3 € Per(T4) and hence Per(Ty) = {1, 3}. O

Proposition 3.3.4. Let A € GL(2,Z) be such that Det(A) = 1 and Trace(A) = 1.

Then Per(Ty) = {1,2,3,6} .

a b
Proof. The ch(A) is > — 2z + 1. Then A = with a — a®? —bc = 1. By

c 1—a
Cayley-Hamilton theorem, A2 — A+1 =0 .

Now p; = |Det(A — I)] = 1. Hence A has unique fixed point namely 0, py =
|Det(A*—1)| = 3 > p; = 1 showing that 2 € Per(T4), ps = |Det(A*—I)| =4 >p; =1
showing that 3 € Per(Ty4). Again, py = |Det(A* — I)] = 3 # p, = 3 showing that
4 ¢ Per(Ta). ps = |Det(A* —I)| =1 # p; = 1 showing that 5 ¢ Per(T4). Now,

A® = [. This implies that 6 € Per(T4) and hence Per(T4) = {1,2,3,6}. O

Proposition 3.3.5. Let A € GL(2,7Z) be such that Det(A) = —1 and Trace(A) = £1.

Then Per(T4) = N\ {2}.

Proof. Case: 1 Suppose Det(A) = —1 and Trace(A) = 1. Then ch(A) is 22 —z — 1

and hence the eigen values are % + %, showing that A is hyperbolic. Therefore by

theorem 3.2.4 we have Per(T4) D N\ {2}.

We now prove that 2 ¢ Per(Ty).

a b
From the hypothesis, it is clear that A = for some integers a, b, ¢

c 1—a
with a2 — a + bc = 1.

Therefore, py = |Det(A? — )]

— |Det(A — I)||Det(A + I)]
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= p1|Det(A+ 1)
=p; ( Since |Det(A+1I)| = |a* +a —bc| = 1.)
Hence 2 ¢ Per(Ty).
Case: 2
Suppose Det(A) = —1 and Trace(A) = —1.
Proof of this is similar to that of Case: 1

]

Proposition 3.3.6. Let A € GL(2,7) be such that Det(A) = —1 and Trace(A) = £2.

Then Per(T4) = N.

Proof. Case: 1 Suppose Det(A) = —1 and Trace(A) = 2. Then ch(A) is 2> — 2z — 1
and hence the eigen values are 1 &+ /2, showing that A is hyperbolic. Therefore by
theorem 3.2.4 we have Per(T4) D N\ {2}.

We now prove that 2 € Per(T}y).

a b
From the hypothesis, it is clear that A = for some integers a, b, ¢

c 2—a
with a? — 2a 4 be = 1.

Therefore, py = |Det(A* — I)]

= |Det(A — I)||Det(A+ I)|

= p1|Det(A+ 1)

= p1.2 ( Since |Det(A+1)] =2.)
Hence 2 € Per(Ty).

]

Proposition 3.3.7. Let Det(A) = 1 and Trace(A) = 2. Then Per(T4) = N, provided

A # 1, in which case Per(Ta) = {1}.
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a b
Proof. Ch(A)is 2> — 2z + 1. Then A = with —a? + 2a — be = 1.

c 2—a
Now Det(A — I) = 0 and therefore A has infinitely many fixed points.

By induction on n, we have A" — [ = n(A — I) for all n € N and hence the system
A"X = X has infinitely many solutions in T2.

To prove Per(T4) = N, it is enough to prove that for every k(> 1) € N there exist
a X = (z,y) € T? such that A¥X = X and A°X # X V 1 <i < k. This is evident

from the fact that the equation A"X = X is equivalent to the following conditions:

nlla—1z+by|l € Z

(3.1)
nlcx+ (1 —a)y] € Z
For, Suppose k € N and £ > 1
Case: 1
Suppose b # 0 and 1 — a # 0.
Then X = (0, m) € T? satisfies our requirement and hence it is a point of
period k.
Case: 2

Suppose b =0 and 1 — a # 0.

In this case, X = (0, ﬁ) € T? is point of period k.
Case: 3

Suppose b # 0 and 1 —a = 0.

Let

Then X is point of period k.

Case: 4
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Suppose b=0and 1 —a =0

If ¢ # 0 then take X = (;-,0). If ¢ =0 then A = I, in which case Per(T4) = {1}.

1
ke?

]

Proposition 3.3.8. Let Det(A) = 1 and Tr(A) = —2. Then Per(Ty) = 2N U {1},

provided A # —1I, in which case Per(Ts) = {1,2}.

a b
Proof. The ch(A) = 2 + 22 + 1. ThenA = with a? 4+ 2a + bc = —1.

c —2—a

It can be shown by induction, with the use of Cayley-Hamilton’s theorem that

—na—n-+1 —nb
if niseven
—nc na+n+1
A" =«
na+n—1 nb
if n is odd
\ ne —na—n—2
Now ,
4 if n is odd
|Det(A™ — I)| =

0 if nis even

It is immediate that, if n # 1 is odd then n ¢ Per(T4). Also, when n is even, the
equation A"X = X has infinitely many solutions. Now, the equation A,X = X is

equivalent to

nl(la+ 1)z + byl € Z
(3.2)
nlcx — (a+ 1)y| € Z
Now, we argue as in the previous proposition to show that 2N C Per(Ty), except

the case when a +1 = b = ¢ =0, in which case A = —I, for which Per(T4) = {1,2}.

Thus Per(T4) = 2N U {1}. O

Thus we have proved,
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Theorem 3.3.9. Let Ty be a nonhyperbolic toral automorphism. Then Per(Ty4) is one
of the following 7 subsets of N.

(1) {1}

(2) {1,2}

(3) {1,3}

(4) {1,2,4}

(5) {1,2,3,6}

(6) 2N U {1}

(7) N

In the following table the set Per(T4) is listed in terms of the minimal polynomial of

the induced matrix A for nonhyperbolic automorphisms.

Minimal polynomial of A | Per(T,)
?—1lr+1 {1,2}
2%+ 1 {1,2,4}
4+ x+1 {1,3}
2 —z+1 {1,2,3,6}
2 =2z +1 N
22+ 2z +1 2N U {1}
x—1 {1}

Main Theorem

Theorem 3.3.10. Let T be a toral automorphism. Then Per(Ty4) is one of the fol-

lowing 8 subset of N.

(1) {1}
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(2){1,2}
(3){1,3}
(4){1,2,4}
(5) {1,2,3,6}
(6) 2N U {1}
(7) N\ {2}
(8) N

Proof. Proof follows from theorems 3.2.4 and 3.3.9. [
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The following table summarizes the known results, similar to our main result of this

chapter.

A class of dynamical systems

Family of period sets

Homeomorphisms on R

Empty set, {1}, {1,2}

Continuous maps on R

As in theorem 3.1.3

Continuous self maps of the upper half plane in R?

All subsets of N.

Continuous maps on the closed unit disc.

All subsets of

N containing 1.

Circle maps with degree 1

As in theorem 3.1.12

Complex polynomials.

Five subsets of N as

in theorem 3.1.5 .

Automorphism on abelian,

torsion free groups

Subsets of N,
containing 1 and closed

under l.c.m.

Continuous toral automorphisms.

8 subsets of N as in

theorem 3.3.10.




Chapter 4

A counting problem

4.1 Dynamically Special points

The properties of dynamical systems which are preserved by topological conjugacies
are called dynamical properties. The points which are unique upto some dynamical
property are called dynamically special points. Said differently, a special point has a
dynamical property which no other point has. The idea of special points is new to the
literature.

Throughout this chapter we will be working with continuous self maps of the real
line. Since R has order structure, we would like to consider the conjugacies preserving
the order. Hence the conjugacies which we consider in this chapter are order preserving
conjugacies (increasing conjugacies).

When we are working with a single system, any self conjugacy can utmost shuffle
points with same dynamical behavior. Therefore a point which is unique upto its
behavior must be fixed by every self conjugacy . On the other hand if a point is fixed
by all self conjugacies then it must have a special property (some times it may not be

known explicitly). These things motivated us to call the set of all points fixed by all

o7
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self-conjugacies as set of special points.

For z,y € R, we write x ~ y if  and y have the same dynamical properties
in the dynamical system (R, f). Said precisely, © ~ y if there exists an increasing
homeomorphism A : R — R such that ho f = foh and h(z) = y. It is easy to see that
~ is an equivalence relation. Let [z] to denote the equivalence class of = € R.

In a dynamical system (X, f), we say that a point x is ordinary if, it is “like” points

near it. That is,

Definition 4.1.1. An element x € R is ordinary in (R, f) if its equivalence class [z] is
a neighbourhood of it. i.e, the equivalence class of x contains an open interval around
x. A point which is not ordinary is called non-ordinary . Let N(f) denote the set of
all non-ordinary points of f.

We call a point to be special if [x] = {z}. Let S(f) denote the set of all special

points of f.

Remark 4.1.2. A point x in a topological space X is said to be rigid if it is fixed by
every self homeomorphism of X. For example, the point 1 is rigid in (0, 1]. According
to the above definition all rigid points are special, even though there is no role for the

map f. we make this as a convention.

4.1.1 Examples and some characterization theorems

Definition 4.1.3. Let (X, f) be a dynamical system. By the full orbit of a point
xr € X we mean the set
O(z) = {y € X|f"(z) = f™(y) for some m,n € N}.

For any subset A C R, let

O(A) = U O(z) = U{y eR: f*(y) = f™(x) for some m, n € N}.

€A €A
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Definition 4.1.4. A point x in a dynamical system (X, f) is said to be a critical point
if f fails to be one-one in every neighbourhood of x. The set of all critical points of f
is denoted by C(f).

We prove in [25], the following characterization theorem for the set N(f) (and hence

for S(f)).

Theorem 4.1.5. For continuous self-maps of the real line R, the set of all nonordinary
points is contained in the closure of the union of full orbits of critical points , periodic

points and the limits at infinity (if they ezist and finite).

Remark 4.1.6. In the above theorem the inclusion can be strict.
Consider the map f(z) = x + sinz for all x € R. All integral multiples of 7 are fixed
points for this map but the increasing bijection x — x + 27 commutes with f and fixes

none of them .

Theorem 4.1.7. [25] For polynomials of even degree the equality is true in the previous

theorem.

Let D = O(C(f)UP(f)U{f(c0), f(—o0)}). Where f(oo) and f(—oc0) are the limits
of f at oo and —oo respectively, provided they are finite, C'(f) denotes the set of all

critical points and P(f) denotes the set of all periodic points of f.

Theorem 4.1.8. [25] For polynomial maps f of R, S(f) has to be either empty or a

singleton or the whole D

From the definition, it is clear that the set of special points S(f) is always closed.

The following theorem is about the converse and it is proved in [25].

Theorem 4.1.9. Given any closed subset F' of R, there exists a continuous map f :

R — R such that S(f) = F.
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Examples

For any f : R — R, let Gy denote the set of all topological conjugacies of f and let

G ¢ denote the set of all increasing conjugacies of f.

Proposition 4.1.10. If x is an ordinary point of f and if h is self topological conjugacy

of f, then h(x) is ordinary.

Proof. Since z is ordinary there exists an open interval V' contained in [z]. We prove
that the open interval(since h is a homeomorphism) h(V') is contained in [h(x)].

Take s € h(V'). Then s = h(t) for some t € V. Since V' C [x], there exists ¢ € G,
such that o(t) = x. Then the increasing homeomorphism 1) = h¢h™! carries s to h(x)
and commutes with f.

]

Proposition 4.1.11. If z is a nonordinary point of f and if h is a self topological

conjugacy of f, then h(x) is nonordinary.

Proof. Note that, if h is a self conjugacy of f then h~! is also a self conjugacy of f.

Now, the proof follows from the previous proposition.

Example 4.1.12. (i) If f : R — R has a unique fixed point then it is nonordinary.

(i) If f: R — R has a unique nonordinary point then it must be a fixed point.

Proof. (i) Since the topological conjugacies carry fixed points to fixed points, the unique
fixed point must be fixed by every self conjugacy and hence special.

(ii) Suppose xy € R is the unique nonordinary point of f. Then h(xy) = ¢ for all
h € Gg. Now, for any h € Gy we have h(f(zo)) = f(h(x)) = f(zo). That is, the

point f(xg) is special. since xg is the only special point, we have f(xg) = xo.
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Example 4.1.13. If f : R — R has finitely many fixed points(critical points) then all

fixed(critical) points are special and hence nonordinary.

Proof. Follows from the fact that under a topological conjugacy fixed points will be
mapped to fixed points and critical points will be mapped to critical points and the
fact that it takes the finite set F' ( of fixed points ) to F' bijectively, preserving the
order.

]

Example 4.1.14. If there are only finitely many periodic cycles then all periodic points

are special.

Remark 4.1.15. It is immediate from the definition that every special point is nonor-
dinary. But every nonordinary point may not be special. For example, consider the
map x — x + sinx on R which has countably many fixed points namely nm where
n € Z. Among them, the fixed points 2k, (k € Z) are repelling and the fixed points
(2k + 1), (k € Z) are attracting. Recall that repelling fixed points cannot be conju-
gate to attracting fixed points. Note that all these fixed points are nonordinary but
these fixed points constitute two conjugacy classes namely, [0] = {2k7 : k € Z} and
(7] = {(2k + 1)7 : k € Z},(Conjugacies of the form = +— x + 2k7 serve the purpose.)
hence they are not special.

The following proposition is about the converse.

Proposition 4.1.16. If f : R — R has only finitely many nonordinary points then

every nonordinary point is special.

Proof. Let N(f) to denote the set of all nonordinary points of f. Since N(f) is finite,

it follows from the previous proposition that h(N(f)) = N(f) for all h € Gy;. Then
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we must have h(x) = z for all x € N(f), because of the order preserving nature of h.

Hence all points of N(f) are special.

]

Thus, for the class of maps with finitely many nonordinary points the

idea of special points and the idea of nonordinary point, coincide.

Proposition 4.1.17. For maps with finitely many nonordinary points, f(x) is nonor-

dinary whenever x is nonordinary.

Proof. Since x is nonordinary and since there are only finitely many nonordinary points,
we have h(x) = x for all h € Gy.
Now for any h € Gy, we have h(f(x)) = f(h(z)) = f(x). Hence f(z) is nonordinary.

]

Definition 4.1.18. For any subset A of R, we write 94 = AN (X — A) and call the
boundary of A . Here A denotes the closure of A4 in R.

Recall that the properties which are preserved under topological conjugacies are
called dynamical properties. Hence, if two points z,y in the dynamical system (X, f),

differ by a dynamical property, then no conjugacy can map one to the other, from

which it follows that,

Proposition 4.1.19. For any dynamical property P, the points of 0Sp are non-

ordinary. Here Sp denotes the set of all points in (X, f) having the dynamical property
P.

Corollary 4.1.20. Let f : R — R be constant in a neighbourhood of a point xy.
Then the end points of the mazximal interval around x on which f s constant, are

non-ordinary.
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Lemma 4.1.21. Let f : R — R be continuous. Suppose a < b and (a,b) N N(f) = 0.

Then = ~ y for all z,y € (a,b).

Proof. Assume WLOG that z < y. Suppose © = y, so z = sup([z] N (—o0,y]) exists.

Clearly z € [z]. If z = y then z € [y] C R\ [z]. Otherwise z < y and [z,y)N(R\[z]) # 0

for every y — x > € > 0 which again shows z € R\ [z]. Hence z € 9([z]), so z € N(f)

by proposition 4.1.19. But a < z <z <y < bso z € (a,b) N N(f) contradicting our

hypothesis.

]
Theorem 4.1.22. Let f: R — R be continuous. If |IN(f)| = n then [{[z] : x € R}| =
2n + 1.
Proof. Let N(f) = {x1,29,- - ,x,} where 1 < 23 < --- < z,. By proposition

4.1.16, each {x;} is an equivalence class. By remark 4.2.1, each of these intervals
(—o0, 1), (z1,22),* , (Tn_1,2y), (Tp,00) is invariant under every element of Gy, so
all remaining equivalence classes are contained in one of these intervals. Lemma
4.1.21 above now shows that each of these interval is an equivalence class, giving

{[z] : z € R} =2n+ 1. O

Remark 4.1.23. If the definition of ~ is weakened to allow decreasing conjugacies
(ie, x ~ y if there exists h € Gy such that h(z) = y), similar reasoning yields the
inequality

n+l1<|z]:zeR} <2n+1

and both bounds can be obtained. This is illustrated by the maps f(z) = 2z for which
IN(f)] = 1 and [{[z] : € R}| = 2 and f(z) = |z| for which |[N(f)| = 1 and and

{[z] : z € R} = 3.
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Remark 4.1.24. Note that, being a point in a particular equivalence class [z] is a

dynamical property.

Remark 4.1.25. There are maps f : R — R having finitely many equivalence classes,
but infinitely many nonordinary points. For example, consider the map f(z) = z+sinz
on R. As noted above, (See remark 4.1.15) there are two classes of fixed points. Since
increasing orbits must map to increasing orbits under increasing conjugacies, points like
2 (increasing orbit) and 2F (decreasing orbit) cannot be equivalent. Hence there must be
at least four equivalence classes. To see that there are exactly four equivalence classes,
let I, = (2km, (2k + 1)7), Dy, = ((2k + 1)7,2(k + 1)7) and observe that I N N(f) =
) = DN N(f) for each k € Z by proposition 4.1.34. Hence by lemma 4.1.21, each I},
and Dy, is contained in a single equivalence class. Conjugacies of the form z +— x4 2k

complete the argument.

Recall that, if f : R — R has a unique non-ordinary point then it is a fized point.
We say that a function f : R — R is locally constant at a point xy € R if f is

constant in some open interval around xy.

Proposition 4.1.26. Let f : R — R be a continuous function. Then
(i) If x € R s both critical and ordinary then f is locally constant at x.

(i) If x is ordinary and f is not locally constant at x then f(x) is ordinary.

Proof. (i) Let g € R be both critical and ordinary.

Claim: f is constant in some neighbourhood of z.

Since xg is ordinary, there exist > 0 such that all points in (zq — n,zo + 1) will
look alike. So it is enough to prove that f is somewhere constant in (xg — 7,z + 7).

Case: 1
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Now , suppose some point of (zg — 1,z + 1) is point of local maximum. Then we
can prove easily that every point of (xg — 1, zo + ) is a point of local maximum. That
is there exist € > 0 such that f(zo) > f(t) Vt € (zo — €, x0 + €). Next, choose § < €, 7.
Then there exist y € [1g— 0, z9+ ] such that f(y) < f(t) Vit € [vg— 9, 20+0] ........ (1).

But y is a point of local maximum (since 4 < n). That is there exist o > 0 such
that f(y) > f(s)Vse (y—a,y+a) .coeen. (2).

From equations (1) and (2), it follows that f is constant in some neighbourhood y
and hence constant in some neighbourhood of xg.

Case: 2

No point is a point of local maximum. That is, in every subinterval f attains its
maximum at one of the end points.

If f assumes supremum always on the right end or always on the left end then f is
strictly monotone.

Note that, it is enough if we prove monotone somewhere. Take a neighbourhood
(o, B) of x such that (a, 5) C (2o —n, z9+n) and let sup f on (a, 3) is attained at the
right end point 3. Suppose sup f is attained at the right end point in every subinterval
of (a, B) containing x¢. Then f is increasing in (z¢, 3). We are done.

Suppose there is a subinterval say (z¢ — €1, 29 + €) of (a, 3) on which f attains its
supremum at the left end point. Then f attains its infimum on (z¢ — €, 3) at some
interior point. We now argue as in Case.l, with infimum instead of supremum.

Proof of (ii): We make use of (i).

Assume that f is not constant on any neighbourhood of z. Because x is ordinary,
there exist an open interval J around x in which all points are equivalent such that f is
not constant on J. It follows that f is not constant on any non-trivial subinterval of J,

because the end points of intervals of constancy are non-ordinary. From (i), it follows
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that J has no critical point. Therefore f(.J) is an open interval. We claim that any two
elements of f(J) are equivalent. Let f(y) be a general element of f(.J) where y € J,
y # x. By choice of J, there exists a self conjugacy h of f such that h(y) = x. Which
implies hf(y) = fh(y) = f(z). Therefore f(y) is equivalent to f(x). This proves f(x)
is ordinary.

]

Example 4.1.27. Let f : R — R be continuous. Then sup f(R) , inf f(R), lim, . f(x)
and lim,_, . f(x) are nonordinary ( in fact, special points ) provided they are finite.
Note that, For maps with finitely many nonordinary points both lim, .., f(z) and

lim,_,_ f(z) always exists in R U {co, —00}.

Proof. For any h € Gy , h(f(R)) = f(R(R)) = f(R). That is h takes the range of f
to itself. Since h is increasing, h(sup f) = sup f and A(inf f) = inf f.

To prove lim, ., f(z) is special:

First we prove that for maps with finitely many nonordinary points, lim, .., f(z)
always exists in R U {o0, —o0}.

For, let tg be the largest nonordinary point and let A be the set of all critical points
> 1.

Suppose A is empty. Then f is monotone on [tg, 00) and hence lim, ., f(z) exists.

Suppose A is nonempty. Then JA is nonempty. But every element of 0A is nonor-
dinary. Hence 0A = {to}. Therefore A = (y,00). Therefore f is constant on A (We
argue as in the proof of Case-2 of (i), in the previous proposition). Hence lim, ., f(x)
exists.

Now to prove lim, ., f(x) is special:

Denote lim, . f(z) by l. Let h € G¢;. Note that for any sequence (z,) — oo the

sequence f(z,) — [ and the sequence h(z,) — oc.
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Let (z,) — oo. Then f(z,) — l. Hence h(f(z,)) = f(h(x,)) — h(l). But the
sequence h(x,) — oo. Hence by the definition of I, f(h(z,)) = h(f(x,)) — [. Hence
h(l) = I. This completes the proof.

]

Proposition 4.1.28. The maps x + 1 and x — 1 on R are topologically conjugate; but

not order conjugate.

Proof. The maps x + 1 and x — 1 are conjugate to each other through —x + %

If possible, let h be an order conjugacy from f(x) = x4+ 1 to g(x) = x — 1. Then
h(x+1) = h(f(z)) = g(h(z)) = h(x) — 1. ie, h(x +1) — h(x) = —1 < 0. Which is a
contradiction to the assumption that A is increasing.

]

Remark 4.1.29. Note that for the map x + 1 on R, all points are ordinary. For, if
a,b € R, then the map = + b — a is the order conjugacy of x + 1 which maps a to b.

The following proposition is proved in [26].

Proposition 4.1.30. Let f : R — R be a homeomorphism without fized points. Then
(i) If f(0) > 0 then f is order conjugate x + 1.

(i) If £(0) <O then f is order conjugate x — 1.

Proof. Define h : R — R as follows. Assume f(0) > 0. Define h(t) = ﬁ ,0<t <
f£(0). We know that (f™(0)) increases and diverges to oo and (f~"(0)) decreases and
diverges to —oo for all n € N. Moreover for ¢t € R there exist unique n € Z such that,
f7(0) <t < f1(0). Define h(t) = h(f~"(t)) + n. Then ho f(t) = h(t)+ 1Vt eR.
This h gives a conjugacy from f to x + 1.

If f£(0) < 0 then we can give a similar proof.
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Corollary 4.1.31. Let f,g : (a,b) — (a,b) be homeomorphisms without fixed points.
Then f is order conjugate to g if and only if both graph(f) and graph(g) are on the
same side of the diagonal.

In particular,

(i) If f(x) > x for all x € (a,b) then f is order conjugate to x + 1.

(i) If f(x) <z for all x € (a,b) then f is order conjugate to x — 1.

Remark 4.1.32. In fact, in the previous corollary, the interval (a,b) can be replaced

by any open ray in R.

Remark 4.1.33. For an increasing bijection f : R — R with finitely many nonordinary

points, all nonordinary points are fixed points.

Proof. We know that, for maps with finitely many nonordinary points , all nonordinary

points are fixed by every order conjugacy. Here f itself is a self conjugacy.

]

For a continuous map f: R — R, let Fiz(f) denote the set of all fixed points of f.
It follows from the continuity of f that Fiz(f) is closed.

Recall that for any subset A of a topological space X,

(A)° = int(A) U int(A°) (4.1)

The following theorem gives a characterization for the nonordinary points of in-

creasing homeomorphisms.

Proposition 4.1.34. Let f : R — R be an increasing bijection and let x € R. Then x

is non-ordinary if and only if x is in the boundary of Fiz(f).
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Proof. Necessary part :

Let = € OFixz(f). Then z is non-ordinary, since every open interval around z
contains fixed and non-fixed points.

Sufficient part :

Suppose x ¢ JFix(f) . We shall prove that = is ordinary.

Now, = ¢ OFixz(f) implies x € (0Fiz(f))¢ = int(Fiz(f)) U int((Fiz(f))°) by
equation (4.1) . Hence x € int(Fiz(f)) or x € int(Fiz(f)°).

Case: 1

Suppose x € int(Fiz(f)). Then Choose a,b € R such and z € (a,b) C Fiz(f). Let
y € (a,b) be such that y # .

Then define ¢, : R — R by,

(

t if t¢ (a,b)
¢y (t) = Y ifdige= =

extend linearly at other places

This ¢, is an increasing continuous bijection on R which maps y to z. Both [a, b]
and its complement are invariant under both ¢, and f. This ¢, commutes with f since
on [a,b], f is identity and on the complement of [a,b], ¢, is identity. This proves x is
an ordinary point.

Case: 2

Suppose z € int(Fiz(f)°). Let (a,b) be the component interval(open) of (Fiz(f))®
containing . Then f(a) = a and f(b) = b and since f is increasing, the map f|(4p) is
a fixed point free self map of (a,b). Hence by corollary 4.1.31, the map f|(,s) is order
conjugate to either z + 1 or x — 1, for which all points are ordinary. This completes

the proof.
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4.2 Counting homeomorphisms

Note that, under a topological conjugacy a point can be mapped to a point with
similar dynamics. By definition the points of [z] are dynamically same. i.e, all have
the dynamics similar to that of x.

We now consider the systems for which there are only finitely many equivalence
classes. This means there are only finitely many kinds of orbits upto conjugacy. For
this reason we call such systems as simple systems .

In this chapter, we try to understand some simple systems on R.

Recall that, if Sp denote the set of all points having the dynamical property P then
the points of dSp (the boundary of Sp) are nonordinary. In particular, being a point
in a particular equivalence class is a dynamical property of the point. Hence by the
very nature of of the order conjugacies, it follows that when there are finitely many
nonordinary points(therefore special points) there are only finitely many equivalence
classes. These are the simple systems we study in this chapter.

We describe completely, the homeomorphisms on R, having finitely many nonordi-
nary points and give a general formula for counting.

By remark 4.1.24, for systems with finitely many nonordinary points there are only
finitely many equivalence classes. We now study, in the next section, the class of simple

systems induced by homeomorphisms having finitely many nonordinary points.
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4.2.1 Counting increasing homeomorphisms

Remark 4.2.1. Note that the complement of Fiz(f) is a countable union of open
intervals(including rays) whose end points are fixed points. Since f is increasing and
the end points are fixed, no point in a component interval can be mapped to a point
in any other component interval by f.

Hence, it is observed that, for an increasing bijection f on R, if Fiz(f)® = UI, then

f

1, 1s a self map of I,,.

Proposition 4.2.2. Let f, g be two increasing bijections such that Fix(f) = Fiz(g)

and let Fix(f)* = UI,. Suppose fl1, ~ g|1, for every n then f ~ g.

Proof. For each n € N let h,, : I, — I, be an order conjugacy from f|I, to g|/,.

Define h : R — R by

M) = ho(x) if x €1,

i otherwise.

Then h is an increasing bijection such that hf = gh. Hence the proposition.

The above proposition can be generalized as,

Proposition 4.2.3. Let f,g : R — R be continuous with Fiz(f) = Fixz(g), let

Fix(f)° = Ul, and suppose each I, is invariant under both f and g. Then f ~ g

if and only iof f

1, ~ g1, for every n.

An alphabet is a finite set of letters with at least two elements. A finite sequence
of letters from an alphabet is often referred to as a word. For example, if ¥ = {a, b}

be an alphabet then abab, aaabbbab are words over 3. Number of letters (may not be
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distinct) in a word is called its length. Any word of consecutive characters in a word
w is said to be a subword of w.
Throughout this section we will be working with the alphabet {A,B,0O}. Let A =

B,B = A and O = O. If w = wyws...w,, then the dual of w is defined as
QIJ = ﬁ)nﬁ}n_l...wl.

If w = w then w is said to be self conjugate . Here A stands for “above the diagonal”
and B stands for “below the diagonal” and O stands for “on the diagonal”.

Let f: R — R be an increasing homeomorphism with finitely many nonordinary (
hence special points) say, 1 < x3 < ... < x, for some n € N. This finite set of points
gives rise to an ordered partition {(—o0,z1), (%1, 22), ...(xn, 00)} of R\{x1, 2, ..., z,}.
Note that, On each component interval exactly one of the following holds, by proposi-
tion 4.1.34 ( Since the only subsets of R with empty boundary are the empty set and
R).

(i) f(t) > tVt (ii) f(t) < tVt (iii) f(t) = tVt.

This gives rise to a word w(f) over {A,B,0} of length n + 1 by associating A to
(i), B to (ii) and O to (iii).

Next, note that the sub word OO is forbidden. For, suppose O is occurring at *"
and (i+1)™ place then in both(x;, z;11) and (x;41, T;42) all points are fixed. Then
becomes ordinary. A contradiction to the assumption that z;. is a nonordinary point.

Conversely,

Suppose a word w of length (n + 1)(in which OO is forbidden) is given.

Then we can construct an increasing bijection on R such that its associated word

is w, as follows:
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Wy to (n —1,00). Now it is easy to construct an increasing bijection f : R — R such

that w(f) = w. To be precise if i — 1 < t < i then

(

i—14+(t—i+1)? if w,=B
f) =% i—14+Vt—it1 ifw=A

\
The increasing bijection so constructed is unique upto order conjugacy. This follows

from the following proposition.

Proposition 4.2.4. Let f, g be two increasing bijection on R with finitely many(same
number of ) nonordinary points. Then f and g are order conjugate if and only if w(f) =
w(g).
Proof. Suppose w(f) = w(g) = wiwy.. w,. Let 11 < 29 < ... <zpand y3 < yp < ... <
Yn be the non-ordinary points f and g respectively.

The former gives the ordered partition{(—oo, z1), (21, x2), ...(Tn, 00) } of R\{z1, 29, ..., x, }

and the later gives the ordered partition {(—o00,y1), (y1,¥2), -, (Yn, 20) } of R\{y1, 92, ..., yn }

Now, from proposition 4.1.34, it follows that, for each 7, both f

(@i, @i+1) and g (Vi yit1)
are fixed point free self maps(homeomorphisms) and hence by corollary 4.1.31, both
are order conjugate to z + 1 if w;1; = A, and order conjugate to x — 1 if w;,; = B.

Hence, by the proposition 4.2.2 f is order conjugate to g.

Converse follows from corollary 4.1.31. m

Thus we have proved:

Proposition 4.2.5. There is a one to one correspondence between the set of all in-
creasing continuous bijections (upto order conjugacy) on R with exactly n non-ordinary
points and the set of all words of length n+ 1 on three symbols A,B,O such that OO

1s forbidden.
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Proposition 4.2.6. Let a, = the number of words of length n+1 over {A,B,O}

where OO is forbidden. Then a, = Ci(1 + /3)" + Co(1 — /3)™ where C; = (5%/\3/3)

and Cy = (3‘2/\3/?).

Proof. Let A, be the set all words of length n+ 1 over {A,B,0O} in which OO is
forbidden. A general element in A, is of the form

(i) Aw or Bw for some w € A, 11

OR

(ii) OAv or OBuw for some v € A,,.

Therefore a, 9 = apy1 + apy1 + @y + ay, since A, .5 is the disjoint union of four
types of the elements described above. Hence a,.2 = 2(a, + a,.1). This is a linear
homogeneous recurrence relation with constant coefficients. The corresponding char-
acteristic equation is o — 2a — 2 = 0 which has the two distinct roots a; = 1+ /3
and ag =1—+/3. It follows that a,, = C1(1+/3)" 4+ C2(1 —+/3)" where the constants
C7 and C5 can be determined by using the boundary conditions ag = 3 and a; = 8.

Here C = % and Cy = %\%5) O

The following is one of the principal theorems of this chapter.

Theorem 4.2.7. The number of all increasing continuous bijections (upto order con-
Jugacy) on R with exactly n non-ordinary points is = a, = C1(1++/3)"+ Co(1 —+/3)".

Where C; = % and Cy = (3‘2/\3/55).

Proof. Follows from propositions 4.2.5 and 4.2.6. m

The following proposition is an analogue of proposition 4.2.4.

Proposition 4.2.8. Let f, g are two increasing bijection on R with finitely many(same

number of ) nonordinary points. Then [ and g are decreasingly conjugate if and only if

w(g) = w(f).



CHAPTER 4. A COUNTING PROBLEM 75

Let t,, to denote the number of increasing homeomorphisms upto “topological con-

jugacy”. Then by proposition 4.2.4 and proposition 4.2.8, we get

a, — Number of self conjugate words of length n + 1+

ty =

2
Number of self conjugate words of length n+ 1.
Case: 1 When n is even, say n = 2m. A self conjugate word w of length 2m+1

(OO is forbidden) is of the form

WLW2... Wy Wm+1Wm+2..- Wam+1

such that w11 = O and wy,, w2 € {A, B} such that w,, # wy42. Therefore the
number of self conjugate words is 2a,,_».

Hence ts,, = % for all m > 2.

Case: 2 When n is odd, say n = 2m + 1.

In this case any self conjugate word of length 2m + 2(OO is forbidden) is of the

form

WiW2... Wy W41 W2 Wom 2

such that w41, w2 € {A, B} and such that w11 # w0 Hence the number of

self conjugate words of length 2m + 2 is 2a,,,_1.

Therefore, tg,,11 = %22(%_1 for all m > 1.

Thus we have proved:

Theorem 4.2.9. Ift, denotes the number of increasing homeomorphisms upto “topo-

logical conjugacy”. Then, for n > 3 we have:

an+2an—4a

nd .
—5—= if niseven
an+2an_3

2

t, =
n 1s odd

Where ty = 2, ty = 5 and ty = 12 by direct computation.



CHAPTER 4. A COUNTING PROBLEM 76

4.2.2 Counting decreasing homeomorphisms

We now ask:
Given a whole number n , how many decreasing bijections are there on R upto

order conjugacy having exactly n non-ordinary points 7

Proposition 4.2.10. Two decreasing bijections f and g are order conjugate (res. topo-
logically conjugate) if and only if [?|ja,c0) and g*|po0) are order conjugate(res. topolog-
ically conjugate).

Here a and b are the fized points of f and g respectively. [Note that every decreasing

homeomorphism has a unique fized point.]

Proof. Suppose f and g are order conjugate (res. topologically conjugate) then the
same conjugacy between f and g when restricted, form an order conjugacy (res. topo-
logical conjugacy) between f2|, o) and 2| o0)-

Conversely, suppose f2|j00) and ¢*|po0) are increasingly conjugate through the
increasing homeomorphism hy. Then A4 ([a, 00)) = [b,00) and h(a) = b. Also note that
f((=00,a]) = [a,00) and g((—o0,b]) = [b,00). That is f~([a,00)) = (—o00,a] and
g7 ([b,00)) = (=00,0].

Define h : R — R by,

hy(z) if x € [a,o0)

h(z) =
g thf(z) ifx<a

Then h is the required increasing conjugacy from f to g. For, if ¢ < a, by definition
ho f(t) = goh(t).
If t > a then f(t) < a. Therefore h(f(t)) = g~ (hi(f(f(})))) = g (R (f2(1))) =

g (g (hi(t))) = g(h1(t)) = g(h(t)). Hence the proof.
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Similarly we can prove:

Proposition 4.2.11. Two decreasing bijections f and g are increasingly conjugate
(res. topologically conjugate) if and only if f?|(—cca and ¢*|(—soy are increasingly
conjugate(res. topologically conjugate).

Here a and b are the fixed points of f and g respectively.

Definition 4.2.12. A map f : R — R is said to be odd if f(—z) = —f(z) for all

z € R.

Proposition 4.2.13. Let f : R — R be an increasing bijection which is odd. Then
there exists a decreasing homeomorphism f. such that f?> = f. ( Such a decreasing

homeomorphism we call as a decreasing square root of f ).

Proof. Note that f(0) = 0. Define

—f(x) if >0
fr(z) = (&

—T ifz<0

Clearly f,. is a decreasing bijection. Then for x > 0, we havef,(x) < 0, Therefore
fr(fr(x)) = —fr(x) = f(z). For x < O,we have f.(f.(z)) = f.(—2z) = —f(—x) =
f(x). ]

Remark 4.2.14. The hypothesis of the above proposition is not true in general.

Let
if x>0

N8

h(r) =
r ifxz<0

Clearly, h is an increasing bijection from R to R. There is no decreasing bijection
f : R — R such that f o f = h. Let if possible f be one such fuction. Then for all

x < 0 we have f(f(x) = h(z) = x. Choose y > 0 such that f(y) < 0. Therefore
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F2(f(y) = f(y) = f(f*(y)). Since f is one-one f?(y) = y. Therefore h(y) = y. Which

is contradiction since h(y) =

N

Proposition 4.2.15. Let f : (0,00) — (0,00) be an increasing bijection. Then there

exists a unique decreasing bijection f, : R — R upto order conjugacy such that f, o

[1(0,00) = f.

Proof. Let f :(0,00) — (0,00) be an increasing bijection. This forces that f(0) = 0.
Any map f : (0,00) — (0,00) can be extended uniquely to an odd function f : R — R.
Then by proposition 4.2.13, there exist f. : R — R such that f, o f,|(0,00) = f. By

proposition 4.2.11, f is unique upto order conjugacy. O

Proposition 4.2.16. Let f : R — R be a decreasing bijection. Then all non-ordinary

points of f o f are non-ordinary points of f and conversely.

Proof. Suppose x is an ordinary point for f. Then the resuts follows from the fact that
if h commutes with f then it commute with f o f also.

Conversely, suppose z is an ordinary point for f o f. Let the unique fixed point of
f to be zero. ie, f(x) =0 iff z = 0 and let z > 0. Then there exist a neighbourhood
(x — 6,2 + 0) such that for all y in (x — §,2 + §), there exists h € Gjoy such that
h(z) = y. Then h|g ) is a topological conjugacy between f o f|o.oc) and f o fl(o.c0-
Then by proposition 4.2.11, A induces h, a conjugacy between f and f. By the way h
is defined, we have h(z) = h(z) = y. Therefore, z is an ordinary point of f.

]

Proposition 4.2.17. If f is a decreasing bijection from R to R with fized point a.
Then f has 2n + 1 non-ordinary points if and only if (f o f)|(ae) : (a,00) — (a,00)

has n non-ordinary points.
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Proof. Suppose that f has 2n + 1 non-ordinary points. Let them be z; < 25 < ... <
Ty < Tpy1 < Tpya < oo < Topyr. Let N = {xy,29,...x9,11}. Then f(N) C N by
proposition 4.1.17. Since f is a decreasing bijection we have f(N) = N and a = x,,.
Hence (f o f)|(a00) : (@,00) — (a,00) has n non-ordinary points.

Conversely, Suppose (fo f)|(a0) : (a,00) — (@, 00) has n nonordinary points. Then
observe that N(f) = N(f*|(a,00) U F(N(f?*|(a00))) U {a} (Here we use the previous

proposition). Thus, f has 2n + 1 nonordinary points. O

Remark 4.2.18. From the above proposition it follows that there does mot exist a

decreasing homeomorphism with even number of nonordinary points.

Theorem 4.2.19. If s,, denotes the number of decreasing homeomorphisms upto order

conjugacy, then

0 if nis even
an—1 if n is odd
2

for all n.

Proof. s5, =0V neN

Follows from proposition 4.2.17.

Sony1 = an VN €N

Let f: R — R be a decreasing bijection with 2n + 1 nonordinary points. Without
loss of generality, we can assume that 0 is the unique fixed point. Then g = f?|(00) :
(0,00) — (0,00) is an increasing bijection with n nonordinary points. Since (0, 00) is
homeomorphic to R, we get a increasing homeomorphism ¢’ : R — R (unique upto
order conjugacy) with n nonordinary points, which is order conjugate to g.

On the other hand, suppose h : R — R is an increasing bijection with n nonordi-

nary points. Since (0, 00) is homeomorphic to R, corresponding to each h we have a
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unique(upto order conjugacy) increasing bijection A’ : (0,00) — (0, 00) with n nonordi-
nary points. Then by Proposition 4.2.13 there exist unique(upto order conjugacy) de-
creasing square root f : R — R for A’ upto order conjugacy, such that fo f|(0,00) = I’
By proposition 4.2.17, f has 2n 4 1 non-ordinary points.

Thus, there is a one-one correspondence between the set of all increasing bijection
with n non-ordinary points (upto order conjugacy) and the set of all decreasing bijection

with 2n 4+ 1 non-ordinary points (upto order conjugacy). Hence $g,11 = a,,. O]

Theorem 4.2.20. If k, denotes the number of decreasing homeomorphisms having n

nonordinary points upto “topological conjugacy” then

0 if nis even
kil =

tno1 ifnis odd

2

for all n.

Proof. Case: 1 When n is even.

We have k,, = 0 since s,, = 0.

Case: 2 When n is odd.

We will argue as in theorem 4.2.19 to prove that:

There is a one-one correspondence between the set of all increasing bijections(upto
topological conjugacy) on R having n nonordinary points and the set of all decreasing
bijections(upto topological conjugacy) on R with 2n + 1 nonordinary points.

Thus k2n+l = tn.

We conclude this section with the following table:
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2122101210

3160 | 8|33 |5

411640 | 8 | 0

5| 448 | 22| 232 | 12

Where

a, = The number of increasing bijections, with exactly n nonordinary points, on
R, upto order conjugacy.

t, = The number of increasing bijections, with exactly n nonordinary points, on R,
upto topological conjugacy.

s, = The number of decreasing bijections, with exactly n nonordinary points, on
R, upto order conjugacy.

k, = The number of decreasing bijections, with exactly n nonordinary points, on

R, upto topological conjugacy.

4.3 Counting continuous maps

In this section we prove that there are exactly 26 continuous maps on R with a unique
nonordinary point upto increasing conjugacy.

It follows from proposition 4.1.26(i), that : a continuous map on R with a single
nonordinary point a must be either constant or injective on each of the intervals (—oo, a)

and (a, 00).
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4.3.1 Some basic conjugacy results

Proposition 4.3.1. Let f : (—00,0] — (—00,0] be an increasing bijection (It follows
that f(0)=0). Then
(1) If f(x) >z for all x € (—00,0) then f is increasingly conjugate to 3.

(2) If f(x) <z for all x € (—o0,0) then f is increasingly conjugate to 2x.

Proof. Proof of (1):

Let f : (—00,0] — (—o00,0] be an increasing bijection satisfying f(z) > 2Va < 0.
(It follows that f(0) = 0). Note that for any such map |, ., [f"(x), ["T(x)) = (=00, 0)
for all point z € (—o0, 0].

Then f is topologically conjugate to the map z/2. We construct a topologi-
cal conjugacy h : (—00,0] — (—00,0] as follows: Take any point other than 0,
say —1 in the domain. We take an arbitrary increasing homeomorphism A from
[—1, f(—1)) to [-1,—1/2). Then as noted above, i, . [f"(—1), f*T(—1)) = (—o0,0).
That is, for every x € (—o00,0), there exists a unique ng € Z such that f"(z) €
[—1, f(—1)). We define h(z) = 2"h(f"(x)). This is well defined. It is an increasing
homeomorphism from (—o00,0) to (—00,0). This A commutes with f. This A is a
conjugacy from f to the map z/2.

Similarly, we can prove (2).

Proposition 4.3.2. Let f,g: R — R be such that
(1) f(0) = g(0) = 0.
(2) fl0,00): 9l(0,00) : (0,00) — (0,00) are increasing bijections.
(3) fl(=,0)5 9l(~o0,0) : (—00,0) — (0,00) are decreasing bijections.

Then f is order conjugate to g if and only if f|,x) s order conjugate to g cc)-
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Proof. Suppose h : (0,00) — (0,00) is an order conjugacy from f|(o,o0) t0 g(0,00)-

For z < 0, define h(z) = (g|(—s0,0) " hf (). O

Remark 4.3.3. The above proposition still holds ( with identical proof ) if the hy-

pothesis (2) is generalized to “ [0, 00) is invariant under both f and g.”

Proposition 4.3.4. Let f,g: R — R be such that
(1) f(0) = g(0) = 0.
(2) fl(=,0)> 9l(~o0,0) : (=00,0) — (—00,0) are increasing bijections.
(3) fl0,00)5 9l(0,00) : (0,00) = (—00,0) are decreasing bijections.

Then f is order conjugate to g if and only if f|(—o) s order conjugate to gl (o)

Proof. Suppose h : (—00,0) — (—00,0) is an order conjugacy from f|_s.0) t0 g|(—cc,0)-

For z > 0, define h(x) = (g9]0,00) " 2 f (). O

Remark 4.3.5. The above proposition still holds ( with identical proof ) if the hy-

pothesis (2) is generalized to “ (—o0,0] is invariant under both f and g.”

4.3.2 Somewhere constant maps

A map f : R — R is said to be somewhere constant if it is constant in an open
interval, and we say f is locally constant at a € R if it is constant in some open interval

containing a.

Theorem 4.3.6. There are exactly 9 somewhere constant maps with a unique non-

ordinary point, upto order conjugacy.

Proof. From corollary 4.1.20 it follows that f must be constant on a ray.

Case:1
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Suppose [ is constant on a right ray. Without loss of generality we can assume
that f is constant on [0,00). [For, Suppose f is constant on [a,00), then consider
g(t) = f(a+t)—afort>0. Then g(t) =0 iff t > 0 and f ~ g increasingly.]

From proposition 4.1.17, it follows that f(0) = 0.

Then by proposition 4.3.1 and by proposition 4.3.2 (means that the same formula
used in the proof will work) it is clear that there are exactly five maps (including the

zero map) upto increasing conjugacy whose interval of constancy is [0, 00).

They are,
4 4
0 if >0 0 if >0
fi(z) = < fo=0 f3(x) =
—z ifz <0 5 1n <0
\ \
( (
0 if >0 0 if >0
fa(r) = fs(z) =
\xifx<0 \22: ifz <0
Case:2

Suppose f is constant on a left ray. This is dual to case:1. Hence there are four

such maps.
0 if <0 0 if <0
fﬁ(ﬂj): f?(x):
—z ifz>0 % ifz>0
\
(
0 if 2<0 0 if 2<0
fs(x) = fo(x) =
k31: ifz>0 2¢ ifx >0

4.3.3 Nowhere constant maps

Proposition 4.3.7. Let f : R — R be strictly monotone with a unique nonordinary

point. Then f must be onto.

Proof. Let f be increasing. Then f is an increasing homeomorphism.
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Suppose f(R) is a bounded interval then both end points are nonordinary, which is
a contradiction.

Suppose f(R) is a ray say, (a,00). Then a is nonordinary and since it is the only
nonordinary point we have f(a) = a. Since f is increasing we have f([a,00) = [a, 00)).
Hence if x < a then f(x) € [a,00). Thus f fails to be one-one.

Proof is similar, if f is decreasing.

]

Theorem 4.3.8. There are exvactly 17 nowhere constant maps with a unique non-

ordinary point upto order conjugacy.

Proof. Suppose f is nowhere constant with a unique nonordinary point. Then from
proposition 4.1.26 it follows that f can have at most one critical point.
Case:1 Suppose f is a map without a critical point. Then f is strictly monotone.
Case: 1(a)
Suppose f is strictly increasing. Then f must be a homeomorphism. Hence there

are exactly a; = 8 such maps, by the word argument.
(

) = e
z ifz>0 z ifz>0
4
v if 2 <0 20 if <0
o) = fole) =
| 2%z >0 z ifz>0
r if x <0
fra(z) = 5 for all x Fis(x) =
20 ifx >0
5 if <0
fi6(z) = 2z for all x Fir(z) =
2¢ ifx >0
Case: 1(b)

Suppose f is decreasing. Since f has unique nonordinary point, f must be onto
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and hence it is a homeomorphism. Hence there are s; = ap = 3 such maps upto order

conjugacy.
fis(xz) = —z for all =
—2z if <0 5 if 2 <0
fio(x) = fao(w) =
—x x>0 —z ifzx>0
Case: 2

Suppose the unique nonordinary point is the critical point. Let the unique nonor-
dinary point be zero. Now the unique nonordinary(critical) point is either a point of
local maximum or a point of local minimum.

Case: 2(a)

Suppose 0 is a point of local minimum. Then f must be decreasing from (—oo, 0) on
to (0, 00) and increasing from(0, c0) on to (0, 00) ( since sup f and inf f are nonordinary
points).

Then it follows from proposition 4.3.2 that there are exactly three such maps upto
order conjugacy .

for(x) = |z| for all =

faa(x) = 22| for all x

for(x) = \%I for all =

Case: 2(b)

Suppose 0 is a point of local maximum(infact, global maximum). Then there are

exactly three such maps by a proposition 4.3.4.
(

z if <0 5 if z<0
foa(x) = fos(1) =
| ifx>0 —x ifz>0
>
2¢ if <0
fos(x) =
—x ifz>0

\
Thus there are 17 such maps.
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4.4 Main theorem

Theorem 4.4.1. There are ezxactly 26 maps on R with a unique non-ordinary point,

upto order conjugacy.

Proof. Proof follows from Theorems 4.3.6 and 4.3.8.
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Figure 4.1: Maps with one nonordinary point
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Figure 4.2: Maps with one nonordinary point
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Chapter 5

Periodic points Vs Critical points

5.1 Motivation

In this chapter, first we discuss some interesting results connecting critical points and
periodic points. We prove a necessary condition for a continuous self map on R to be
conjugate to a polynomial.

Recall that an element ¢ € X is said to be a critical point of the dynamical system

(X, f) if f fails to be one-one on every neighbourhood of z.

Example 5.1.1. (1) When X = R, local maxima and minima points are critical points.
These are the points where the graph of f takes a turn.

(2) For complex polynomials, the roots of the derivative are critical points.

Definition 5.1.2. Let = be a fixed point of a dynamical system (X, f). We say that x
is an attracting fixed point if there is a neighbourhood V' of = such that for every y in

V, the trajectory of y converges to x.

Example 5.1.3. Let X = R or C. Let f be a continuously differentiable function.

Let x be a fixed point of (X, f). If | f'(x)| < 1, then z is an attracting fixed point.
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Definition 5.1.4. Let x be an attracting fixed point in a dynamical system (X, f).
Then the set of all points whose trajectory converges to z, is called the basin of attrac-

tion of x.

Example 5.1.5. For the map 22 on C, the number 0 is an attracting fized point. It is

also the unique critical point. The basin of attraction is the open unit disc.

Theorem 5.1.6. (Fatou) [13] Every attracting periodic point of a complex polynomial

contains a critical point in its basin of attraction.

Remark 5.1.7. For a complex polynomial, there are only finitely many critical points.
Some of these critical trajectories may converge. Their limits may be attracting periodic
points. Our search for attracting periodic points may be confined to them. We can’t

find them elsewhere.

Definition 5.1.8. Let x be a periodic point of a dynamical system (X, f). Let n be its
period. Then z is a fixed point of (X, ). If = is an attracting fixed point of (X, "),

then x is called an attracting periodic point of (X, f).

Definition 5.1.9. Let (X, f) be a dynamical system. For any subset A C X, define
A = {z € X| f™(z) € A for some n € NU{0}}.
If C(f) denotes the set of all critical points of f, then the elements of C(f) are

(—_—
called precritical points . Similarly, the elements of P(f) are called the preperiodic

points .

Definition 5.1.10. A point z in a dynamical system (X, f) is said to be a recurrent
point if there exists an increasing sequence of natural numbers (ny) such that f™(x) —
x. We say z is nonwandering if f"*(xy) — z for some sequence of points z;, — = and

some sequence of integers ny — oc.
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The main theorem of this chapter is similar in spirit to the following known theo-

rems:

Theorem 5.1.11. [6] If f is any continuous map from I to I, then the set of periodic

points and the set of recurrent points have the same closure.

Theorem 5.1.12. [6] The set of all nonwandering points of a continuous map f: I —

I is contained in the closure of the set of all preperiodic points.

Theorem 5.1.13. [1}] Let f : I — I be continuous. If the set of sensitive points is

dense in I, then the set of preperiodic points is also dense in I.

Theorem 5.1.14. [2/] Let f : I — I be a polynomial such that f? is not identity.

— —

Then C(f) is dense in I if and only if P(f)is dense in I.

5.2 Main Theorem

Example 5.2.1. Consider the map f : R — R defined by f(z) = 5z(1 — x). For this
map % is the only critical point.

Let A ={z €[0,1] | f*(z) € [0, 1] for all n € N}.

That is, if J = {z € [0,1] | f(z) ¢ [0,1]} and if E, = [0,1] \ f~"(J), then
A=nN2 E,.

Note that, for any n € N, f~"{1} is a set of 2" points in [0,1]. Also, note that
f~™(J) is a disjoint union of 2" open intervals such that each component interval
contains exactly one element of f~"{1}.

Since f~"(J)Nf~™(J) = 0 whenever m # n, we conclude that the set U2, f {3} =

—
C(f) is a discrete set.

—

Now, We can prove that C(f) = C(f) U A.(We use the fact that A is perfect and

totally disconnected.)
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Since the map f|r : A — A, is topologically conjugate to the shift map ( See [13]),

—
we have P(f) = A.

— —

Thus, C(f)AP(f) is discrete.

Proposition 5.2.2. For monotone maps, all the periodic points are fixed points or

period-2 points.

Proof. Proof follows from the fact that for an increasing map the orbits are uni-
directional. When the given map f is decreasing consider f? which is increasing.

]

Proposition 5.2.3. Let f : R — R be continuous and piecewise monotone. Let A be
any backward invariant subset of R and let J be any component interval of R\ A. Then

f(J) C K for some component interval K of R\ A.

Proof. Since A is backward invariant int f(J) cannot meet A and therefore int f(.J) C K

for some component interval K of R\ A. Now f(J) C f(J) =intf(J) C K. O

As noted earlier, the main theorem gives a necessary condition for a continuous self

map on R to be conjugate to a polynomial.

Theorem 5.2.4. Let f : R — R be a polynomial such that f? # id( the identity map

—

on R). Then C(f)AP(f) is a discrete set in the relative topology.

Proof. Part: 1

— —

First we prove that P(f)\ C(f) is a discrete set. For this , consider R\ C(f)

which is open and hence a countable union of disjoint intervals(including open rays)

—

say, R\ C(f) = U,cs la- Note that for any I,, the open intervals I, f(1a), f*(Ia), - -

— —
are disjoint from C(f), as C(f) is backward f invariant(that is f~*(A) C A) and hence

induces a map f*:5 — S.
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Step: 1

We claim that each I, can contain atmost finitely many periodic points.

1. Suppose I, has a periodic point for some a € S. Let k € N be the least such
that f*(I,) C I,. From the choice of k it is clear that a point x € I, is f-periodic if
and only if it is f*-periodic. We know that f* : I, — I, is strictly monotone. Hence by
proposition 5.2.2, the periodic points of f* are fixed points and period-2 points. Since
f is a polynomial such that f? # Id, they are finite in number. This completes the
proof of step-1.

Step: 2

Claim: Each I, can have only finitely many preperiodic points. For, suppose I,
has a preperiodic point. Let k! be the least such that fkl(la) has a periodic point.
Then f"“l(la) C I for some 3 € S. By step:1 this Ig can have atmost finitely many
periodic points. Let this finite set be F'. Then f*kl(F) is also a finite set , as f is a
polynomial. To complete the argument it is enough to prove that any preperiodic point
in I, will land in I3 as a periodic point after k' instants of time. For this, let z € I,
be a preperiodic point. We claim that fkl(x) is a periodic point. Now fkl(x) € I3 and
I3 has a periodic point. Let p be the f*-period of 5. (f? : Ig — Iz is strictly monotone
and hence all preperiodic points are periodic.) Therefore f’“l(m) is fP-periodic and
hence f-periodic.

=t
Now, Suppose = € [,[)P(f) for some o. Then x must be a preperiodic point

%
because I, contains only finitely many preperiodic points. Hence I, [ P(f) is finite.

Part: 2

—

-
We now prove that C(f) \ P(f) is a discrete set.

——

Write R\ P(f) =

wer Ja, @ disjoint union of open intervals . Then by proposition

5.2.3, for every a € T there exists 8 € T such that f(J,) C Js. This induces a map
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f*: T — T. Consider a component interval J. Fix ¢ € C(f). It is enough to prove
that |'c N K| < oo for every compact subinterval K C .J.

Suppose ¢ € f*(J) for some n € NU{0}. Then f*(J) C J; for some 3 € T. If this
3 is not f*-periodic, then ‘¢ N K = f~"(c) N K which is a finite set.

If B is f*-periodic, let p be the least such that f? maps Js to Jg. Then we can
find 6 > 0 such that | z — fP(z) |> § on f"(K), as f"(K) cannot contain any periodic
point. Thus the motion under f? on f™(K) is unidirectional. Hence if ¢; € f"(K) and
if f'(¢1) = ¢ for some ¢, then this ¢ can be chosen to be < w. This forces
that, there can be only finitely many precritical points in K which reach the critical

point ¢. This completes the proof. O]

Remark 5.2.5. It is clear that the result is true for all continuous functions which are
topologically conjugate to a polynomial. Still, among interval maps this can fail for

nonpolynomials. This is illustrated in the following proposition.

Proposition 5.2.6. Let F' be a nonempty closed subset of I. Then there exists a

strictly increasing continuous function f: I — I such that Fix(f) =F

Proof. In each component interval of F¢, we keep a copy of the map z? : [0, 1] — [0, 1].
By a copy of z? : [0,1] — [0,1] on [a,b] we mean the map a + % : [a, 0] —

la,b]. O

Remark 5.2.7. Note that the theorem is not true in case of functions on C. For, if

i —

f(z) = 2% then C(f) = {0}, C(f) = {0} , P(f) = S'U{0} and hence C(f)AW = St



Appendix A

Some open questions

1. In chapter- 2, we answered the question : Which subsets of N can arise as the set of
periods for some continuous automorphism on the 2-torus. The question is open for a
general n- torus.

2. The above question can be asked for a general automorphism on the torus (may
not be continuous).

We proved elsewhere:

Let G a torsion free abelian group. Then a subset A of N is the set of periods for
some automorphism of G if and only if 1 € A and is closed under l.c.m.

3. Given n € N. Find the number of continuous maps on R up to topological
conjugacy, with exactly n non-ordinary points.

4. Find the number of bijective cubic real polynomials on R upto conjugacy.

Partial answer: In between 6 and 10.

5. Which continuous maps on R are conjugate to a polynomial?

(Answer is expected in terms of dynamical properties.)
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