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ABSTRACT

A nonlinear response theory of a quantum-mechanical system
undergoing arbitrary relaxation and Interacting with fields |is
developed. Explicit expressions for the susceptibilities to second
and third order In the weak filelds are obtained for a system
undergoing both phase-changing as well as inelastic collisions,
These expressions show the existence of additional resonant
contributlona. to the nonlinear susceptibilities which arise both
due to elastic and inelastic collisions, Various applications of
these nonl inear susceptibilities to modulation spectroscopy, four-
wave mixing, and pump-probe experiments are discussed. The general
structure suggests how the additional resonances can be used to

determine inelastic rates in a Doppler~broadened medium,

The existing diagrammatic method of calculation of the
nonl inear susceptibilities (8 generalized to obtain the contri-
butions to these susceptibilities which arise due to Inelastic
collisions. The diagrams that vyield ail the terms in the
second-order susceptibility and also the inelastic contributions

to the third-order susceptibility are explicitiy written down.

The theory of nonlinear response (8 generalized so that (t
is valid under arbitrary initial conditions and for all time-
gcales of iInterest, Explicit expressions for the first, second and
third-order sgusceptibilities are obtained, which determine the

transient response of an initial ly-prepared system that is



undergoing phase-changing and inelastic collisions, These
expressions explain the various transient phenomena |ike quantum
beats, transient fluorescence, transient four-wave mixing, epc.
These are also useful for the time-resolved, frequency-resolved
spectroscopy. For a system initially in thermal equilibrium, the
transient nonlinear susceptibilities can be calculated by the use
of a prescription for modifying each term In the steady-state
expression. New resonances are shown to occur in transient
nonl inear wave mixing, which are characterized by linewidths
determined essentially by the time duration of interaction between
the system and the fields. These new resonances disappear Iin the
long-time limit uniess one includes collisions with a buffer gas,
The characteristics of such transient resonances are explicitly
discussed in the context of four-wave mixing in several

conventional ly used systems.

We next study the effect of crossrelaxation on the third-
order nonl inear processes, namély, saturated absorption and four-
wave mixing, within the context of a model four-level system
consisting of two transitions coupled by Iinelastic colllsions,
Numerical results displaying changes in the resonant structures in
the four-wave mixing signals for a range of collisional parameters
are presented. Crossrelaxation is found to give rise to the |ine-
mixing and |ine-narrowing phenomena. It I8 also found to affect

the col |l ision-induced structures,



We develop the nonlinear response theory that is valid when
gsome of the applied fields are strong while the others are weak.
The casting of the dynamical equations in the dressed-state
representation and the use of the dressed—atom approximation
enables us to obtain the Iintensity-dependent susceptibilities to
various orders Iin the weak fields by doing a simple renormaliza-
tion of the various parameters that occur In the corresponding
bare—-atom expressions., The expression for the first - order
intensity-dependent susceptibility for a two-level atom exhibite
the resonances at the Rabil frequency of the strong field. It also
explaina the transfer of modulation from a weak probe to a strong
pump. The higher~-order intensity-dependent susceptibilities Iin the
context of the two-level system are discussed and the occurence of
the resonances at the various submultiples of the Rabi frequency

are explained.

We also give a dressed-atom formulation of the nonlinear
response which ig valid under drbltrary initial conditions and for
all time-scales of interest. An explicit expression for the | inear
transient response of a dressed system is obtalhed. This expres-
sion clearly shows the existence of the new transient resonances
which have linewidths determined essentially by the interaction
time. Qur result also explaing the recently observed transient
suppression of the Autler-Townes doublet, under conditions when

the system is initially prepared in a pure dressed gtate.



We use the dressed-atom formulation of nonlinear response
theory to study the effects of crossrelaxation on the saturated
absorption and four-wave mixing signals, in the context of a model
four-level aystem, under conditions when the pump (8 strong. Our
analytical results show the mixing and narrowing of the lines Iin

the strong-field spectra.

In the |ast chapter we calculate var ious two-time
correlation functions which are important in determining the
spectral properties of the generated fields as well as the quantum-
mechanlcai fluctuations in these fields. wWe glve explicit
expressions for the two-time correlation functions of the dipole
moment operator to second order in the applied fields. These are
valid for a system undergoing phase-changing and inelastic
collisions. In the context of the two-level system we study the
effect of collisions on the various correlation functions of the
dipole moment operator, Both perturbative and non—-perturbative

expressions are given.



INTRODUCT ION

The physical phenomena that arise due to the interaction of
matter with radiation can be described Iin terms of the Iinduced
dipole moment 3 The magnitude of 3 depends on the strength of the
external fields., |f the etrengthl of the external field E is much
less than the strength of the atomic field E_ inside the medium,

il.e., IEI/IEmI<<1, then one can expand P in various powers of E.
BB+ RN - S ST I ad L LTI O - S (1.1

where f”o is the polarization inside the medium in the absence of

the external fields and i"“”. ;:"'(2). ;4(3)

s s+ are respectively
the |inear, second order, third-order,... susceptibility tensors
of rank two, three, four and so on. Note that the induced polari-

zation as given by (1.1) acts as a source term In the Maxwell's

equations

2 .
Vx ¥ xi+ 15 5—5 g - - 53 B (1.2)
c 9t (o]

Equations (1.1) and (1.2) enable us to determine the fields Iinside
a medium Iin a self-consistent fashion. Most optical phenomena can
be described in terme of the induced polarization 3 For a given
med ium, 3 can be calculated in various ways. For Iinstance, consi-
dering the medium to be a bunch of harmonic oscillators one can
obtain an expression for 3. Drude and I_t:)msent:z1 had first used

such an oscillator model to describe the |inear optical phenomena.



Many aspects of nonlinear optical phenomena can be understood In

terme of the susceptibilities % 2, ¥*'¥

etc., calculated using
oscil lator modela.2 However, a rigorous theory of nonlinear
response of atomic systems to external fields sghould necessarily
involve a quantum mechanical deecription of the system. A quantum
mechanical calculation of the nonlinear sueceptibilities for .a
multilevel system was first presented by Armstrong et al.3 Such a
calculation essentially involves the solution of the density
matrix equations of the system In presence of external fields. The

mean value of the induced polarization is determined from the rela-

tion
Y
Bty = Tr { ptt) 3} (1.3)

where p is the density matrix of the system and d ie the dipole
moment operator. The nth order susceptibility tensor i8 related

to B(t) by the following relation

.

3(n) et ® +«(n) M
(t) = IO CLI I,dt" X (=T, T =ty o0, b =t ) E
E(t1) Ett2> - E(tn> (1.4)

The quantity of interest generally is the Fourier transform of the
suaceptibility tensor x "’ appearing in the integrand in Eq.
(1.4)., The expressions for the nonlinear susceptibilities account

for many features of the well-known nonlinear optical phenomena

such as second-harmonic generation, two-photon absorption, etc.



However, the early results did not take relaxation into account Iin
a rigorous way. Damping was introduced a posteriori by replacing

the atomic frequencies o in the expressions for the susceptibi-

iJ
lities by the complex atomic frequencies o, =—IT where r' are

R J

the phenomenological damping parametera.q Bloembergan et als'5
were the first to treat relaxation in a systematic way In the
calculation of the nonlinear susceptibilitiesa., Using a relaxation
model which included phase changing collisions, they showed that
certain additional resonances occur in the susceptibility
describing four-wave mixing. Such additional resonances vanish in
the absence of colllélona.1 The work of Bloembergen et al led to a

7,8

lot of activity in the area of collisional effects on nonlinear

optical phenomena. The pressure-induced extra resonances (PIER)

9,10
were later found to occur in fluoreacence™ '’

and absorption
apectroacopy11 ag well. In recent years, it has been observed that
collisions significantly enhance certain nonl innear optical
effects such as optical Faraday rotatlon‘z and optical field-
induced circular blrefrlngence.13 Further, collisionsa have been
shown to give rise to a self-focuasing or gelf-defocussing of a
near |ly-resonant cw laser beam transemitted through a sodium cell.14
All these phenomena can be understood in terms of the nonlinear
susceptibilities derived by Bloembergen et al.5 However, the
relaxation model of Bloembergen et al is not general enough In
that it does not take into account the inelastic or population-
changing collisions, Inelastic collisions are knhown to Dbe

important in many systems such as ruby. Further It has also been

observed that Inelastic colliasions that take the population out of



the relevant levels of the sgystem too give rise to an extra
resonance in four-wave mixing in a two-level eyatem.15 Thus, llt ie
desirable to have the structure of the nonlinear susceptibilities
which would be valid for a system undergoing inelastic

collisions.

Just as collisions, the presence of a strong pump too has
been known to give rise to very Iinteresting effects In nonlinear

optical phﬁnomeana.16_19 Many new and interesting features have

been shown to arise Iin the four-wave mixing epec:t;r*a"5 and also In
the epontanegua and stimulated Raman epectr'a17. ag the strength of
the pump I8 Increased. Further, In recent years, (It has been
observed that additional resonant structures arise in the absorp-
tion and four-wave mixing signals In presence of an Iintense pump
as’ the strength of the probe field is increased more and m:::r'e.18
Besides, the combined effects of collisions and of pump saturation
on nonlinear optical phenomena toc are Interesting. For example,
collisions lead to spectral hole- burning19’2° in homogeneous
probe |ine shapes In presence of a strong pump. In situations such
as above, the pump needs to be treated exactly; the perturbative
expression as in (1.1) will not suffice as far as the pump Is con-
cerned. Thus it Is desirable to have the structure of the Iinten-
sity-dependent nonlinear susceptibilities which describe the non-

| inear optical phenomena in presence of strong pumps as well as

collisions,



A description of the nonlinear optical phenomena in terms
of the mean value of the Induced polarization B suffices for the
study of a whole host of macroscopic phenomena |ike second
harmonic geneﬁatlon, four-wave mixing, Raman scattering, etc,
There are however situations where the knowledge of the induced
polarization is not enough. In phenomena |ike resonance fluore-
acenc921 and aquua-ezing,”""z the quantum mechanical fluctuations In
the generated fields are important. Such fluctuations are iIn
general determined in terms of a heirarchy of correlation
functions of the electric field operator.za However, for many
physical ghenomena, It is8 enough to know the two-time correlation
functions, For example, the power sapectrum of the |ight ecattered
from an atomic system i8 related to the two-time correlation
function <E (t) E+(t')>, where E* refer to the positive and
negative frequency parts of the electric field operator E. In
phenomena such as squeezing, the so-called anomolous cor‘r‘elatorz4
<E+(t)E+(t')> is iIimportant., As a consequence of (1.2), ¢the
electric field operator E wlll. be related to the dipole moment
operator B. Thue the quantum mechanical f luctuations in the
generated fields essentially depend on the fluctuations In the
induced polarization B. Hence it is important to know the two-time
correlation functions such as <p (t)p (t')>, <pteorptier, ete.,
where p* refer to the positive and negative frequency parts of the
dipole moment operator B. Note, for Instance, that <p“(c)p+(t‘)> ]
<p-(t:)><p+(t:')> in general, The non-factorizability of such two-
time correlation functions (and In general the multi-time correla-

tion functions) is basically due to the fluctuationas. The fluctua-



tions In the Iinduced polarization arise essentially due to the
stochastic nature of the Interaction between the radiating atomic
system and the heat bath. The heat bath, In the case of atomic
vapors for Instance, correspands to the collisions and to the zero
point fluctuations that give rise to épont:aneous emission., The
fluctuations iIn the induced polarization brought about by the

21,25 of

collisions for Iinstance give rise to the redistribution
the incident radiation. Further, the Iinelastic component I(n the
resonance fluorescence epect:r-um21 of a two-level atom In presence
of a strong field is essentially due to the fluctuations in the
induced polarization brought about by the zero-point fluctuations,
The effect of s8uch fluctuations on the anomalous correlator of
scattered |ight too should be Iinteresting. Thus, it is desirable

to have the general structure of the two-time correlation func-

tions Iin presence of collisions and in presence of strong flelds,

The aim of this thesis Iis to develop a formulation of non-
| inear response theory, taking into account In a unified way, the
effecte of arbitrary relaxation as well as the strong fields. In
Chapter 11, the nonlinear response thgor'y of a quantum mechanical
system coupled to a reservoir and interacting with external fields
is developed. The treatment here (8 confined to the steady state
regime. The applied fields are assumed to be weak so that they can
be treated perturbatively. In the context of a relaxation model
which includee phase-changing as well as inelastic collisions,
explicit expressions for the first, second and thlr-d-or‘derf non-

| inear susceptibilities are obtained. The second and third-order



susceptibilities show the existence not only of the usual pressure-
induced extra resonances which arise due to phase-changing colli-
sions, but also extra resonances which arise due to 'lnelastlc

collisions.

Diagrammatic methods of calculation of the third-order sus-
ceptibilities have been very popular in the |iterature. Each term
in the expression for the third-order susceptibility corresponds
to a diagram and hence (t is possible to interpret the contribu-
tion from each term to a particular proceses, in physical terms.
Yee et al26 calculated the third-order susceptibility taking into
account the effect of damping (phase-changing collisiong and the
decay of l|evel population out of the system) systematically by
using double-sided Feynman diagrams. Pr*lor*z1 has written down
diagrams corresponding to the forty eight terms that occur in the
third-order susceptiblity derived by Bloembergen et al.5 In
Chapter |11, we generalize the diagramatic method of Yee et al and
present diagrams corresponding to the additional contributions to

the second and third—-order susceptibilities coming from inelastic

collisions.

In Chapter 1V, the formulation of nonlinear response theory
given in Chapter Il is generalized so that it is valid not only
for an arbitrary relaxation model! but also under arbitrary initial
conditions and for all time-scales of interest. General expressions
for the first, second and third-order time-dependent susceptibili-

ties are obtained. These explain the well-known beating phenomena



28
in f luorescence abaorpt:lon29 and emleelon;ao The general

expression for 1(3, can be used to obtain the transient probe
absorption and transient four-wave mixing signals which are quite
useful in time-resolved frequency-resolved epectroacopy.31
Further, an examination of the various terms occuring In the
general expression for the time-dependent third-order suscepti-
bility leads us to predict that extra resonances do exist in four
wave mixing (and in general in nonlinear wave mixing) even in the
absence of collisions or field fluctuations. Chapter V lé devoted
to a detailed study of such resonances in the context of some
model two and three-level systems. |t is found that these transi-

ent extra resonances have l|linewidths determined essentially by the

interaction time.

It I8 well-known that collisions not only bring about
population changes among the various levels but they also give
rise to a coupling (crosserelaxation) of closely-spaced transitions.
In |inear absorption, crossrelaxation s known to give rise to the
mixing and narrowing of spectral l|lines with increasing preeaure.32
In Chapter VI, we generalize the relaxation model described In
Chapter i and include terms which give rise to coherence-
coherence and population-coherence coupling in the density matrix
equationa of motion of the syastem. Within the context of a model
four-level system, the effect of crossrelaxation on the saturated
absorption and four-wave mixing signals (8 examined. Apart from

giving rise to the usual line-mixing and |ine-narrowing phenomena

as in the |inear absorption spectrum, crossrelaxation (s found to



affect the collision-induced atructures In these signals,

In Chater VIil, we develop a version of the formulation of
Chapter || that takes Into account the effects of the strong
fields. In the case wvwhen some of the fields are strong while
others are weak, the casting of the dynamical equations Iin the
dreased-state repreaentatlonaa and the use of the dressed-atom
approximation enables us to obtain the intenslty—debendent
suaceptibilities from the bare-atom susceptibilities by a simple
re-identification (or renormalization) of the various parameters.
The treatment (In this chapter is confined to the steady-state
case. The general expressions for the intensity-dependent suscepti-
bilities show the existence of resonances at the frequencies
corresponding to the transition frequencies of the dressed states,
Thus for a two-level system, the Intensity-dependent | inear
susceptibility exhibits a resonance at the Rabi frequency of the
pump field, Within the context.of the two-level model, the reso-
nances at submultiples of the Rabi frequency arising Iin the second

and third-order intensity-dependent susceptibilities are

discussed.

In Chapter VIilil, we develop a theory of the transient non-
| inear response of an arbitrarily prepared system interacting with
fields that could be intense. For the sake of Iillustration, the
time-dependent intensity-dependent |inear susceptibility Iin the
case of a model three-level system is calculated. For a particular

cholice of the Initial conditions, ¢this susceptibility eéexplains



10

clearly, for instance, the recently observed phenomena of the
transient suppression of the Autler-Townes doublet In optlcal
double resonance experlmenta.a4 Further, the t ime~dependent,
intensity-dependent |inear susceptibility for the two-level system
is shown to exhibit an extra resonance which,if the dressed—atom
approximation (8 made, exists only iIf the coherence between
the two dressed states is non-zero. This extra resonance I8 shown

to be the same as the transient extra resonance discussed iIn

Chapter 1V,

Iin Chapter 11X, the effects of crossrelaxation Iin presence
of strong fields are studied. In the context of the four-level
model|l described in Chapter VI, the dressed-atom formulation of
Chapter VIl is used to obtain analytical results for the saturated
absorption and four-wave mixing spectra. It (s evident from the
analytical expressions that the mixing and narrowing of |ines due

to crossrelaxation occurs in the.atrong-fleld spectra as well,

Finally in Chapter X, we show how the formalism of
nonlinear optice can be generalized to study the fluctuation
phenomena. Explicit expressions for the two-time correlation
functions to second order in the exciting field are given which
are valid for a s8system undergoing phase-changing and inelastic
collisions., The effects of collisions on the fluorescence spec-
trum and the anomalous correlator of a two—-level system excited by
a weak fileld are discussed. We also show how the correlation func-

tions Iin presence of strong exciting fields can be obtained using
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the dressed-atom formulation of Chapter Vil. We give explicit ex-
pressions for the correlation functions of a two-level atom

excited by a strong field., Our results reduce, In epecial cases,

to the well-known results,
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CHAPTER 9 §

EFFECTS OF ARBITRARY RELAXATION ON NONLINEAR OPTICAL

SUSCEPTIBILITIES

2,5,35

A wide class of nonlinear phenomena such as four-wave

mixing, two photon absorption, Raman scattering etc., can be under-

atood in terms of the third-order nonlinear susceptibility

1(3)“‘,1'ln

mena can be best studied by examining how the collisions modify

the structure of xta,. Bloembergen et al5 were the first to show

2'"3" The effects of collisionse on such nonlinear pheno-

that if the relaxation I8 properly taken into account, then the
four-wave mixing susceptibility, for instance, showa certain
additional resonances which would vanish In the absence of colli-
sions., The general expressions for nonlinear susceptibilities
presented by Bloembergen et al and by Flw,ft:zanleuas include the re-
laxation effects arising from phase-changing collisionsa. However
they ignore Inelastic or state-changing collisions. Inelastic
collisions are known to be important Iin many cases such as in
ruby., For instance, the coherence between any two-levels can be

25, 36

gignificantly affected by such collisions, It Is desirable to

have the general structure of x(S) and other nonl inear susceptibi-
litiea which would be valid for a system undergoing both elastic
and Iinelastic collisions. In this Chapter, we develop a nonlinear

response theory assuming a general relaxation model so that popula-

tion-changing collisions can be accounted for. The population-
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changing collisions lead to additional termg in the susceptibili-
tiies which become resonant when certain combinations of applied
frequencies vanish. The width of these additional resonances I8
determined by the Inelastic collisions. In Section IIl, we praagnt
a Liouville operator formulation of the nonlinear response theory
for a system undergoing arbitrary relaxation. A compact form of
the nth order susceptibility Iis given. We present complete symme-

trized expressions for x(2) and x‘a). The structure of additional

1‘2’ and x‘a) is discussed, Such additional terme are

terms in
important in the determination of Iinelastic collisional para-

meters.

I1. LIOUVILLE OPERATOR FORNULATION OF THE RNORLINEAR RESFONSE

THEORY FOR A SYSTEM UNDERGOING ARBITRARY RELAXATION

Consider a quantum mechanical system undergoing relaxation
and interacting with external fields. The density matrix equation

for such a system can be written as

8p -

Bt - Lop il Hf(t) , o1 ’ (2.1)

where Hf(t) describes the effect of external fields which in

general are time-dependent, Before the application of the fields,
(o)

the system is in an equilibrium state p which is an eigenstate

of Lo ]

L p - 0 (2.2)
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The Llauville operator Lo has a simple structure -l[Ho, J, If the
system is Iinitially in thermal equilibrium. Here we incorporate the
effect of relaxation in a very general manner and hence we use the

following structure for Lol

(Lpdyy = top = Fpp 208, 0+ 8, E O ki T TkiPid?
(2.3)
Here the frequencies u are Iin general shifted due to the

iJ

relaxation effects., The quantities vy give the Inelastic rates

iJ
for making a transgition from the state [|J> to |i>. Note that vy

iJ
for EJ>E‘ includes spontaneous emigsion as well. Off-diagonal
elements of the density matrix decay at the rate rlJ. These decay
rates include contributions r?ﬁ from phase-changing collisions,
ph . 1
+ + . .
F'J - r'J 2 E{Ykl ka) (2.4)

This model! of relaxation (8 different from the most popularly used

2,935,317

model with pumping terms x,,

(L_p) - - -
o’ 10, 4Py RN %y ¥ 0,0 . (2.5)

Hence the usual relaxation model (2.5) includes phase-changing

collisions and the decay of population from each level |i> at the

rate of r" out of the system. Thus (2.5) does not include

spontaneous emission to the levels in the system but out of the system

and the lnelaefic collisions, The general formulation presented
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below also allows the possibility of treating the nonlinear
response of systems in general non-equilibrium steady atateaas
since the eigenstate of Lo corresponding to the 2zero eigenvalue

need not be the thermal equilibrium state,.

In the usual calculations of the non!inear susceptibi-
lities, the eigenfunctions and eigenvalues of the Hamiltonlian of
the system are quite useful, Similarly, for the present problem,
eigenfunctions of Lo will be quite IiImportant. Hence we glve a
brief discussion of the eigenfunctions of Lo' From (2.3) it is

clear that

=iA

Lo¥ie keVice

=  |k><el A - 0 - ir s ko R, (2.6)

*kl k2 (34 k2

Thus *kz are the eigenfunctions (which are iIin fact operators in

the original Hilbert space) Iin the Liouville space of the operator

Lo' Another sgset of eigenfunctions of Lo can be constructed using

the projectors ¥icke ™ Ik>¢k|. Since

£ v (2.7

(¥, ¥ ’
gk KRR Tkk)

Lo*kk

we write the eigenvalue problem as

Lotk = kk¢k ) (2.8)
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% - f Vice¥ee + VYo - : Yo ®k (2.3)

The eigenvalues kk and the expansion coefficients u,v can be

obtained from the solution of the eigenvalue problem

s s = A,

R w y _(k¥R) R ==L Y )
k2 k2t , kk vk Rk
s, = s’hy - (2.10)
ke Ve ke Yok '
I f x(i) are the left eigenfunctions (row vector) of R, then
4
”kz xk ’ (2.11)
where x: denotes the kth component of the eigenfunction x‘{). The
elgenfunction x‘o’ corresponding to zero eigenvalue has the simple
structure
o o o
x1 12 LI I IN ‘2-12’
This follows from the property of the R matrix
R - 0 (2.13)

k&

e

Having gotten the eigenfunctions of Lo' it is possible to obtain
the structure of f(Lo)G where f denotes a function of Lo and Q is

any arbitrary operator. It is clear that
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f(LO)G - kfg Gk:f(L°)|k><ll + E Gkkf(Lo)lk><k|

which on using (2.6) and (2.,9) reduces to

f(Lo)G = g le f(-lﬂkz)lk>(l| +k82 Qkkukl f(Lo"z
kel ’

= kEt szf(—lhkz)lk>(zl + k?l Qkk”sz‘“z”z . (2.14)
The contribution of the zero eigenvalue to (2.14) will be
(o) (o)
g Gkkxk f(o)¢° - Y E Gkkf(o)oo ’
where (2.12) has been used. Thus the zero eigenvalue will lead to

a contribution proportional to TrQ., Thus if Q is an operator whose

trace is zero, then we get the result,

f(Lo)G = E left—lhkz)lk><zl + kzz Gkk”kz f(xzioz . (2.15)
k22 L
A _wn0
2
This result will be important Iin the evaluation of the nonlinear
responge which we will now calculate. The equation of motion

Eq.(2.1) can be written in the integral form as

p(t) = e p(to) + dt1 e

)
Lett,) pte)

to (2.16)

where we have defined
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Lf(t) - - [Hf(t) : 1 (2.17)
Here to refers to the time of application of the fields., |terating

Eq.(2.16) succeasively ad Infinitum, we get a solution for p(t)

t

t n-1
e | L, (t=ty) Lolty-ta) ,
pet) = ) AT Lete,) Lt
nN=o to to
Loltnoq-t_) Loltn-te)
.02 "V Lete ) @ o'*h "o plt ) } . (2.18)

If we are interested in the steady state response of a system that
is initially in thermal equilibrium, then we can replace
Loltnh—ty)

e 0 N0 ptto) in Eq.(2.18) by p(o’ [ae a consequence of

Eq.(2.2)] and the lower limit In the integrals can be extended to

-o, Standard perturbation theory conaliate of writing

w
ote) = Y oMy (2.19)
N=0

where pm)(t> corresponds to the density matrix to nth order In

the interaction Lf(t) [Eq.(2.17)]. It follows from (2.18) and

(2,19) that

¢ tn-i La(t-t.) I ¢ t
p (t) J dt1... I dt" (] Lf‘t1) (1) Lf(tz)
- -
Lo(th-q1~th) (0)

v 8 Lf(tn) p . (2.20)
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The time Integrals Iin Eq.(2.20) can be easily evaluted (if one

introduces the Fourier representations

]
o C , 1 i -lmltl
- -
P tI 2n ‘ dm‘ e Hf(ml)
-0
-]
L.(t.) | Thet 2.21)
£'% 2 | dml e Lf(m‘) (2.
-0
Note that the contribution from the Ilower |imit of the time

integrale vanishes as a result of the fact that the eigenvalues of

Lo have a negative real part. Thus we obtain the simpler resuvlit

[
[ (t) (Zu) J ‘e I dm1 ‘e dmn e
-
n » n -1
x 2_ @ik ) Lo ) o =IL ) Letwy)
f=1 I=2
-1 ({0)
ciate = IL)  Lotw ) p (2.22)

A complication can arise due to the zero eigenvalue of Loa it can
cause the expression in Eq.(2.22) to blow up when some
combination of the wis vanishes. However, we show that the 2zero
eigenvalue of Lo does not contribute to (2.22). Note that the

operator L_B has the form -I[Hf,B] and hence Tr L_B=0. Thus the

f f

condition for the validity of (2.15) is satisfied and it then
follows from the structure of (2.22) that the zero eigenvalue of
L, will not contribute to (2.22). Using (2.22) the nth  order

nonl inear response for the physical variable Q becomes
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ey = 1Mo

©
-itf o
l_\n i ] - -1
- (5o J Ce J d (o} e ™ {e[ ? w =it )
-0
x LA0 )¢ E =1L T (@ ). L tw) p‘°’) (2.23)
£ 17 (mg i o £ 9% %R
If Hf iag ltinear in external fields, |.e.,
Hetw) = - E ol 8 , (2,24)
then
L]
-ittw
(n) - - A_,n L
a ") I_ (a) I - J dta_} e
- 0D
x " (tw 3) £ tw . f . (o) (2,25)
Qf{a 3} n 3 1 a n !
n 1 n
where
n n
(n - =0 = _ -1
xo{un}timni} = =77 eym Tr ) Qc 2_1u| i)
29 -1 (o)

L ( m—lL ) L s L p » L - -‘[B ’ ] -(2.25)
a, - i o a, L a. x

Note that in (2.21), we have assigned the Fourier variable m' with

the time variable ti' Since the variables are time-ordered [Eq.

(2,201, i.e., t1>t2>...>tn, one can consider the expression in

EqQ.(2.23) to be the contribution to the nonlinear response

G‘n’(t) coming from the fields u1.m2,...mn acting on the system
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in the above time order. However, since the assignment of the
varliables m‘ to the variables t' above was quite arbitrary, It
follows that the nonlinear response G‘n’(c) should consist of

contributions coming from all possible time orders Iin which the

fields w_ ,I=1,...,n are acting on the system. We have taken care

I
of this fact In EQ5.(2.25) and (2,26) by symmetrizing the usuval
expression. Thus, 'sym' Iin EqQ.(2.26) means that the sum on the
right-hand side has to be symmetrized over all| permutations of the
indices (mi,ali. For the dipole Hamiltonian we have ac = da.
faEEu' where du is the ath component of the dipole moment opera-

-’
tor and E is the external electric field., Choosing for Q the

dipole moment operator, the induced polarization becomes

®
- 1_.n “IEL O (n
P ) = 2_ (o) I Ce o J dlo_} e xu{an:‘{”n”
-
x E (w)...E_ (w) (2.27)
a 1 a n
1 n
-]
= 1 -{ot
= on I dw Pa(m) e (2.28)
-
which impl les that the Fourier component of the induced
polarization is
L
- - 1_,n-1 _ (tn)
Pt ) (za? I Cen J dle_ ] 8(w ? ”l’xa{anz‘{”n”
-0
X Eu (w1)...Ea (mn) (2,29)

1 n
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The nonl inear susceptibility x;?; ]({mnl> is given by
n

(tn) =1 /] &« - _ -1
Xgrq 361041 = N o= eym Tr { d® [ }_ e -iL)
n I =1
L -1 -1 o) \
a
Le = -4 [a7, 1, (2.30)

where we have Introduced the density of atoms to get the polariza-
tion per unit volume, The above expression can be almpllfied by
using the explicit forms (2.5) and (2.,7) of the eigenfunctions and
eigenvalues of the Liouville operator Lo' More saspecifically, we

write

(o) - ()
2 P,y NIl (2.31)

and use the relations
L _1kd<el = =) [0% Im><el - dF 1k><ml ) (2.32)
a T mk 2m

and

-1 -1,._
(=il 7T HICRL = Camhy 070 (1=8, ) k<] + 8, E By (@) Im><m|

(2.33)

where -1
s . S
- m
B, (w) = ) _DﬁzT:D
n n

(2.34)
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Note that (2.33) follows from (2.15) on putting f(Lo)-(m-lLo)-1

and Q=|i><Jl. For the simple relaxation model! (2.5) where the popu-
lation from each level |k> I8 assumed tc leak out of the system at

the rate I we have A\, = -T g0 that

kk’ ] e

-1
Bkm{w) — dkm(m+lrkk) (2.35)

In view of this, it is useful to introduce a new quantity

pl@ *+ ir y~ 1 (2.36)

C, (w) = B m(m) - 8 ke

km k k

so that Ckm % 0 for the relaxation model (2.5). Thus the expre-

sgion (2,.33) can be rewritten in the form

-1 -1
(w ILO) k>R |=(w Akl) + : Ckm(w>lm><m| (2.37)

Using (2.32) and (2,37), we can write down a very useful relation

-1 a -1 a -1
=i 7 L ko<l |E Ldp ComAp, )T Im<e] = dy e A ) lko<m]
+ d5. (c, (w-c_ (w))Im><ml 1] (2,38)
Lk tm km

The repeated use of (2.38) in (2.30) makes the calculation of the
general expreaafona for susceptibilities to any order n a

straightforward matter. In subsequent sections, we consider the

explicit forms of (2,30) for various values of n.
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I111. FIRST-ORDER RESPONSE

We use the general structure (2.30) to examine the effect
of damping on the I|inear response function which can be simply

written down using (2.38) in (2.30)

1)
(w)
ya

- M 3 (o) (o) -1
= N g; dh e (P = Prz ) (@ - w v ir,)

(2.39)

The first-order response function has the usual form but the

(1)
X

frequency o is replaced by the complex frequency w _- rrk

(34 13 e’

is thus essentially independent of the relaxation model as it is
determined solely %rom the relaxation of off-diagonal elementa of

the density matrix. Inelastic collisional rates are included in

rkz. The phenomenogical replacement O g O il‘kl is Justified
here.,

IV. SECOND-ORDER RESPONSE

We galculata the explicit form of the second-order response
(2)

function Y . Here the model of relaxation can make substantial
difference in the structure. From (2.30), the second-order
response function xtz’ is
(2) N F A -1 -1 (o))
- - r + - - .
xuaB(m1,mz) 2 sym Tr y d (m1 m2 ILO) La(m2 ILO) LBp J

(2.40)

which on using (2,38) reduces to



25

x;:;‘“1'“z’ - % aym I- (097~ 0i2) da® (0,- A,) -1

X Tr{d“[m1+ w,~ n_o)“1 L lm><il Yy (2.41)

On using (2,38) once again in Eq.(2.41), we obtain

1(2)(0 ,0.) = N sym 2— [p(o) (o)) dm‘[m _ Am')_

yap 2 2
imJ
« 7] _ _ M - =
X [dJm dIJ[m1+ mz AJI) leJm{"1+ W, AmJ)
df dJJ [ c, toy* w) - to+ w)) ] : (2.42)
We now give the complete symmetrized form of x(z’. We adopt the

notations of Bloembergen et al. for writing the product of dipole

matrix elements: paB will stand for d?kkodﬁ' The symmetr|zed
form is
(2) N v~ _(o)f vap
p ¢ (0, ,0, ) = I p \d,,.d_.d = -
yap 17 2 2 - il ik 'k Ji (wp Aki)(mz AJ'>
+ ﬂau _ _ __GUB [ 1 . 1 ]
(mp- A'J)(mz— A'k) wp- AJk w,= Alk w,= AJ'
B ¥ L
.'. -
d‘kdkld 1 (- Py A "z‘ o ) | C, o) = € ta)
« 8
+ [ o ) - [ . ) } »owy = at o, . (2.43)
1 2
Note that () <+ (), iIndicates a permutation, i.e., an Interchang-

ing of the specified indices. The expression (2,43) includes cont-
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ributions from both elastic and inelastic collisiona. The terms In-
[ ]
volving C ® are new. If we let C » 0, then we recover the result
5
of Bloembergen et al, In the special case of a two-level system,

Lsee Fig.1] the eigenvalues \ can be calculated explicitly and we

obtain the following result for x(z’.
B ¥
d d
(2) N (o) (o) J « a 12_-21
X (w,,0,) = [p -p ) [ d_..—d ] [ -
a 1772 1 - -
vap 2 1 22 7 | 22 11 (@ = Ayp) = Ag))
¥ B »_ M @ B
) —meeo12 921 ] _ $9227 %142%32 921 [oob- v oot )
(w_~- A21)(m2— A21) I(712+ 121)+ wp m1-h12 w,= A21
a B 1
+ [ ] s [ ] , (2.44)
m1 w, j
which is obviously non-zero |(f d11¢d22#0. In addition to various
resonancesg at uuz-m1,m2,wp, etc., the second-order susceptibility

also has a resonance at m11m2-0. This resonance has a width which

ise determined by the Iinelastic collisions in the system. Thus

information on the inelastic rates can be .obtained from the struc-

ture of the resonance at m1+ mz-o. The general expression for 1(2)
(2.43) will be useful, for example, in studying the parametric
fluorescence Iin a medium when collisional relaxation effects are

important.

Application of second-order responge to lager—excited fluoregcence

e e R B A o e e e e o e e e o e o e e e s e e e i e o e s s e, S, e, S P s S S s, s S S e s 2 D S B0 2 i P R S ——

The second- order response of other system variables too is

of great Iinterest. For example, fluorescence studies under |aser
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excitation essentially require the knowledge of the populations of
various excited s8states to second order Iin the external field.

Using the formulation of Section Il, the population N, of the 1th

level in steady state will be
T -i{w 4+ )t
= 1 2 (2)
Nl = 2_ J dm1 J-dm2 e ”laB(m1'02’Ea(m1’EB(w2) )
aB - -
(2.45)

where ltz’(m )

iaB 1
the operator |i>€il, Thus the second-order susceptibilities give

2) can be obtained from (2.43) if we replace dp by
not only the coherent polarization but also can be used to get
populations and hence the fluorescence, In particular one can use

these to get the resultes for modulation spectroscopy. For example,

the modulated fluorescence at 0 will be determined by

2%+ 0, o , 2w -m, @ .

iaB iaB
From (2.43) it Is clear that the inelastic collision terms [the
+mz)] resonate at Q=0 with a width

1

that Is determined by inelastic collisions., Other terms resonate

matrix elements of C(mp)-C(w

when o =z 0 equals the atomic frequencies wkg. Iin particular for
the case of a two-level atom, EqQ.(2.44) shows that the inelastic
collision term [mp+l(v12+721)] resonates when Q=0 and such a
resonance has a width 712+121. Thus for the off-resonant case, the
peak at 0=0 can be used to determine the inelastic collisional
rates. In particular, if the system I8 Doppler broadened, then in the

Doppler limit, the resonance at N=0 will dominate as it is unaffec-
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ted by Doppler broadening whereas other resonances w #= 0 = W, .
will lead to background contributionsa and hence the Inelaatic
rates can be obtained from the resonance at zero modulation
frequency. This general result is in agreement with the earlier

39

calculations that showed that T1 can be determined for a Doppler-

broadened two-level system by doing modulation spectroscopy.

V. EFFECTS8 OF ELASTIC AND IRELASTIC COLLISIONS ON THIRD-ORDER

NONLINEAR RESPONSE

In this section we consider the general structure of the
third-order nonlinear susceptibilities which describe a very large
number of physical phenomena such as Raman scattering and four-
wave mixing. The effects of inelastic collisions are expected to
be quite significant here. The third-order susceptibility can be

obtained from (2.30) by the repeasted application of (2.38). The
(3)

complete symmetrized expression for X is given by
(3) . N [ (3) + (3) )
x”aBY<u1,mz,m3) Py Bpan(“1'm2'm3’ CpaBY(m1,w2,m3
(3)
+ DpaBY(m1‘02‘m3) ] (2.46)
(3)
Here B (w, ,0_.,w,_.) is given by

paBy 1° 2" 3

(3) - (o)
Blapy (W9 937 = ZE P 9n%nk%9i
inkJ
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__y aBy aByp

- + -
- + - - - -
[ (wp An‘)(mz "3 Akl)(wa AJ') (mp A'J)(m +w_~-A,. Y(w

)

et JEATTP AL Pt TP

1 i

+ —-SuUBY_ [ - +
- + - - - -
mp Akn (mz ma Akl)(ma AJl) (u1+ma AJn)(ma AJIJ

1 _ _@Buy_ 1

e 5 ] - SB[ b
(m1 ma AJn)(m1 Aln’ mp AJk (01 03 AJn)(m1 Aln’

. 1 . 1 ] ]
R Y B T W Ty

+ terms obtained by using permutations

Y « B Y 8 a 1
[ ) | || e
wy W, ' “3 w, o,
(3) (3)
Other contributions C and D are given by
Alw_+w )
(3) - (o) —_——lo2
Clany (@ 1@ynw) = ) p9%d d d d { £
a 1°72'73 - 1 "knnk 1] JI w_~-A
vagy InkJ p Mk
1 1 ) B Y a 8
< e ) () = () ] (0) = (L)
v Bv(uz-AIJ w, AJI w, W, w, o,
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W) = C  (w) + C - -
At Jk ‘n(u) an(m> C'k(w) ’ (2.48)

b3 - Y ple

mm mn nk km
imnk

( )~-C
. asyp[ [ u ml‘m ) ] _ kl(mg’ C 1‘“0,
(w +m An )(ma-Akm) R (m1+m2-Am )(m1-Amn)

(0 )
- [ Clet {902~ Cni f9p? ] [ 1 4, -1 ] ]
e R add res ! 1™ Man 937 Mem

+ five permutations

Y a B . Y 8 x
[ w w W ] ' [ w W W ] ! (2.49)
3 1 2 3 1

This (s the most general form of x(m for a system undergoing

relaxation described by Eq.(2.3). All the terms Iinvolving Caatm)

are new and these arise as a result of population changes in the

system due to collisions and spontaneous emission, If we put

(3)
C (w)=0, then the above expression reduces to B which is Jjust

aB

the result of Bloembergen et al.5 If the system has no permanent
(3) ' '

dipole moment, then the contribution D vanishes. Thus the con-

tribution C‘S) is essentially due to Inelastic collisions, In
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contrast to the contribution 8(3), c(3> has resonances whenever

m1+w2-0, the width of such Rayleigh-like terms being determined by
the inelastic collisions; moreover, such Rayleigh-like terms also
have the possibility of two intermediate states (e.g., In> and |k>
in Eq.(2.48), not connected to the initially populated level |i>
by any dipole transition) resonating with one of the applied

frequencies. Terms | ilke

-1 -1 -1
+ - - -
(01 m2 AJn) [ <m1 Aln) + {mz AJI’ ]

(3) 5,37,40

in B lead to the pressure-induced extra resonances as
discussed by Bloembergen et al. Note that such additional reso-
nances occur in D(S’ too (see, for example, the term with the 'add

res' subscript In 0‘3’3. Thus some type of extra resonance can

arise due to inelastic collisionsa. Note aliso the Raman-|ike
contributions in D(a’ - one such contribution Is marked with a

subscript R. We next consider some applications of the general

expression (2.46).

A. Sugceptibilities for modes anpd phase conjugation in two—photon
media

In special cases where the transitions among only few
levele are important, the above expressions simplify considerably.
We give a few examples. We first consider the problem of phase
conjugation in two-level systems when the system has a permanent

dipole moment and the two levels are connected by a two-photon
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transition (cf. Ref.41), Calculations using (2.46) show that the

relevant susceptibility is

(o) _ (o) ¥
() (0 @, ) = - b= T | R Tl B P P

p ¢
papy 31 (20 A12)(m A12) (" A12

(o) (o)

_ __11__23__21
Piy Y21™ Y42P22

¥, -d¥ »ra?t

0+I(712+721) ] ’ . (2.50)
Note that Iin writing expression (2.50), we have thrown away the
non-rotating terms. Hence the expression in (2.50) does not have
the symmetry with respect to the permutations of the indices
(a,w),(B,w),(y,~w) since the non-rotating terms corresponds to
contributions from some of the permutations. The gusceptibility
in Eq.(2.50) appears in the coefficients iIn propagation equations

for the probe and con jugate waves. Such susceptibilities will

also be needed for the description of the basic modes of the two-

photon medla.qz’43

B. Enan:nnehg_szQQLA!snsg_in_zuh:

Wwe consider another example where inelastic collisions are
important. Consider optical transitions in ruby,19 which is8 essen—
tially a three-level system [see Fig.2]. Expression (2.46) specia-

lized to the case of a three-level system with d 0o, d,_=~d__=0,

13 23

and on making the rotating wave approximation leads to the follow-

12

ing expressions for the susceptibilities describing absorption

from a probe in presence of a pump beam and four—-wave mixing.
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(o) (o) 4
(3) 2N fPyq T Ppp 21d,,l 1
X T te,, -e, w) = oF P SN — C(o)[ STIRTT t Totoi ]
2 M2 1 M2 04" Nay
+ Cluw,- m1)[ ;—:i—- + :——%K-— ] ] , (2.51)
2 M2 0y, "oy
(o)_  (0) 4 -
(3) 2N (P11 T Pap 21945l Cluymey A
x (o, 0, "0) = g, 2. -0 —A - S
1792702 0y"hyg TWTAy
(2.52)
Note that we have assumed all fields to be polarized in the same

direction and hence dropped the tensor indices in the expressions
(2,51) and (2,52). Further note that the expressions in (2.51),
(2,52) do not exhibit the symmetry with respect to permutations of
the frequencies since in writing these expressions, we have thrown
away the non-rotating terms. The non—rotat!ng terms correspond to
contributions from some of the permutations. In the expressions
(2.51) and (2.52) the phase-changing collisionsg enter through A

12

and the Iinelastic collisions enter through C(w),

|(731+ 2723) + 2w

Cta CIn —@) (i -w) (2.53)
1 2
where the \'s are the roots of the quadratic equation
2
+ + -
NTHCY Y otV gtV g )N+ (Y oaY ¥ 557531 Y 12731 Y 237 21 o .
(2.54)

and thus \'s are determined by the transition rates YIJ' The equi-

librium populations also depend on vy'st
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(o)_ _(0O)

- ( - -
Piq ~ P22 LN P ISR CYRIA PP FPRA PYNL FPLA PYRA FPRE.

(2.55)
The transfer of population from ground state [2> to the excited

state |1> is expected to be negligible and thus if we let 712¢0,

then
iy
2 31
Clw) — = + == < (2.56)
+ + + +
w l(721 131) [w l(vz1 731)]{m+1723)
In this limit, the four-wave mixing susceptibility for ruby [Eq.

(2.52)] can be written in the form

(o) (0) 4
B0 w . e w2 093 TP Myp!
I ] ] - - - - -
1 1 2 31 (2m1 mz A12)(m1 A12)( mz A21)
O T e e SN SR I (257>
u1-w2+I(121+731) m1—m2+l723
In the absence of phase-changing collisions, the term
-1 ph
- - -— -+ - .
[01 m2+l(721+731)] cancels, since A12fA21 3(121 731) 2il'12
Hence in the two-level limit, i.e., when 731-0. a resonance at
mz-m1 is present Iin the four-wave mixing ausceptibility only if

phase-changing collisions are present. Systems such as ruby can be

regarded as open two-level systems (in contrast to the closed two-

level systems with 731-0) in the sense that the two levels |1> and

I2> are constantly exchanging energy with a third level 13>

outside the system. Hence In such a system, a resonance at mz-m1

with width 723 ie always present. In the case of ruby, the various
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a4
decay rates " are. 131~2 X 101/aec, 721-3'x 105/sec. 723-103/31990.

Thus s8ince 723 is much smaller than the other decay rates, an

extremely narrow resonance at m2-m1 should be seen in the four-
wave mixing signales in ruby. In recent years, such ultranarrow

resonances have been observed In open two-level systems that are

gsimilar to ruby.45

In conclusion, we have developed a Liouville operator formu-
lation of nonlinear response theory of a quantum mechanical system
undergoing arbitrary relaxation and interacting with external
fields. Explicit expressions for the second and third-order
gsusceptibilities of a system undergoing phage-changing and
inelastic collisions are obtained. The inelastic collisions give
rise to additional terms in the nonlinear susceptibilities. These
terms resonate when some combinations of the applied field
frequencies vanish. The deneral structure suggests how the
additional resonances can be used to determine the inelastic rates
in a Doppler-broadened medlum.-ln particular, it is evident from
the expression for the second-order susceptibility that the
f luorescence signal under excitation by a modulated field exhibits
a resonance at zero modulation frequency the width of which is
determined by the inelastic collisions in the system. Our result
for the thlrd—order- response is useful in determining the
coefficients in the propagation equations Iin the case of phase
conjugation via four-wave mixing., It is also useful for the discus-

sion of the pump-probe experiments Iin systems such as ruby where

the inelastic collisions are important.
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CHAPTER 111

DIAGRANMNATIC CALCULATION OF THE INELASTIC CONTRIBUTIONS TO

THE NONLINEAR SUSCEPTIBILITIES

Diagrammatic methods of calculation of nonlinear optical
response have been quite popular iIin the Iiterature.45-51' One
distinct advantage of such methods is that since each term in the
expression for the nonlinear susceptibility is represented by a
diagram, it I8 possible to Interpret the contribution from each
term to a particular process in physical terms. Yee et alqs
calculated the third-order susceptibility taking into account the
effect of damping (phase-changing collisions and the decay of
level populations out of the system) systematically by wusing
double-sided Feynman diagrams. Such diagrams have been extensively
used to analyse various nonlinear optical processes, both under
cw and pulsed excitations, ;’r‘lor-z7 wrote down the diagrams
corresponding to all the forty eight terms occuring in the third-
order susceptibility derived by Bloembergen et al.s Recently,

Trebino et a152 have studied the higher order dephasing-induced

effects using the diagrammatic approach,

In Chapter |l, we calculated the nonlinear response taking
into account a more general relaxation model that included phase-
changing collisions as well as the inelastic collisions. We also

gave explicit expressions for the second and third-order nonl inear
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susceptibilities and showed that the Inelastic collisions give
rise to additional resonant contributiong. In this chapter, we
generalize the existing diagrammatic method and use it ¢to
calculate the nonlinear susceptibilities for systems exhibiting a
more general relaxation behaviour. In Section 11, we show the
formal equivalence between the diagrammatic method of calculation
of the nonlinear susceptibilities and the method based on the
solution of the Liouville equation for the density operator (which
we refer to as the algebraic method)., We show that the basic
components (nvolved In the diagrammatic method can Iin fact be
traced In the algebraic method. In Section Ill, we describe the
diagrammatic method and give the prescription on how a particular

diagram can be translated into a term in the nonlinear susceptibi-

lity, In Section IV, we show how the effects of inelastic colli-
sions can be Iincorporated into the diagrams and illustrate how the
prescription given Iin Section I|iIl can be used to transiate such
diagrams into the corresponding inelastic terms. In Section V and

Vi, we present the dlagrammatlb calculation respectively of the
second-order susceptibility and the inelastic contributions to the
third-order susgsceptibility. Finally, we illustrate the general
diagrammatic method by calculating the four-wave mixing susceptibi-

lity of ruby where the inelastic contributions are important.

I1. ALGEBRAIC BASIS OF THE DIAGRANMATIC HETHOD

By solving the density matrix equations of motion for a

system undergoing arbitrary relaxation and interacting with



38

external fields, we have obtained in Chapter |l, an expression for

the n®h order nonlinear susceptibility

) (=1)" n
e e b = ML o [k Y @)

a{c_}
n i=1
L (o) 1\ [a%, 1
L - ol | d 2
i=2 z n (3.1)
where we have defined
D(w) = (m-lLo)-1 (3.2)

Here Lo containg the effects of relaxation [Eq.(2.3)] and La
contains the effect of external fields., As emphasized earlier, the
usual calculation of x(n, for a multilevel sgsystem consists of

writing

(o) - Z— p(o)

i Li><11| (3.3)

i
and then evaluating successively the action of the various La'a
and D(w)'® occuring in the expression (3.1). Consider the action of
the (Liouville) operator La‘ on a vector (in the Liouville saspace)

1i><Jl. We have
L_1i><Jl L | 2_ [ da k> Jl + (-da ) 1i>¢<kl ] . (3.4)
« E ki Jk

Thug, it is clear from Eq.(3.4) that L“ transforms both the |ket>

and <bral parts of the vector |i><]Jl, separately, as a result of
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field-induced transitions from |i> to |k> and from |k> to |J»

respectively., Similarly, consider the action of D(w) on a vector

11>¢Jl. We have

Dlw) 11331 = }_ D (0 lk><el . (3.5)
4

Here, again we see that D(w), which is related to the relaxation
operator Lo [Eq.(3.2)], in general transforms both the |ket> and
<{bral parts of the vector |i>{]J|l. Note that for the relaxation
model which Includes phase-changing and inelastic collisions, Eq.

(3.5) has a simple structure

DC) 1 id<Jl = <(w-A )"(1—6i

i YHid<)I + 6.

> B' (w) lk><kl ,

J J Kk k

(3.6)

where B, (w) I8 as defined by EqQ.(2.34), Thus we see that for I(#],

ik
D(w) does not transform the vector |i><]Jl, but for Ii=]J, D(w) trans-
formg the vector |i>Ci| into another vector |k>{kl|. Equation (3.,6)

can be rewritten in the form

D(w) 115¢J]l = C(w-A y " Visegr + 8,

1] L Clk(m)lk><kl

J k

-1
- - + (3.7
C‘k(@) B’k(m) Slk(m lrii)

For the simple relaxation model which does not include state-
changing collisions, C(w) » 0. In such a case the action of D(w)

-1
on |i%¢J] is merely to multiply the same by a factor (mwhlJ)
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However, for the case of arbitrary relaxation, D(w) does transform
11>¢J! into something else. The diagrammatic method of calculation
of x‘n’ basically Involves keeping track of the evolution of the
Iket> and <bral parts of the initial vector |i»¢il, and assigning
appropriate propagation factors at each step. Before proceeding
further, (t (8 [(mportant to understand the physical meaning of the
inelastic term BlJ(m). In the absence of external fields, the level
populations at two different times obey the relation

(o) - - (o) ~ Rt
+ = =
p (t+T) E R” (t) 9|| (t) » R(T) e ’ T >0 P (3.8)

il
k

where R i8 the population relaxation matrix, RIJ=7 (i#])), R, =

iJ i

—ﬁ Ykl‘ and the le are rates of Inelastic collisions. It is clear
from (3,8) that ﬁik(t) is the probability that the atom I8 In
level |i> at time t+t, given that it was in level |k> at an
earlier time t. Thus, ﬁik(t) is non-zero only if there is a Felaxa—
tion-induced transition from |k> to |i> either directly, or via
some other level In>. The following relation holds between R(T)
and B(w).

L. J

B, () = ~-i [ ax e!®T ﬁJI(T) : (3.9)
o

Thus, it follows from EqQ.(3.9) ¢that B'J(m) is non-zero only If

there is a relaxation-induced transition from |i> to 1J> either

directly, or via some other level [n>.
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I11. DESCRIPTION OF THE DIAGRAMMATIC METHOD

We describe the main features of the diagrammatic method by

considering the example of a third-order process. One possible

path of evolution of the initial vector |m><m| can be symbolically

written as

Im><¢ml — (2><m| — [In><m| — In><Xrl| (3.10)

Assume that the fields mc,mb and ma act on the system in that time
order, with wa acting at the latest time. To begin with, consider
the case when there are no inelastic collisions. We represent the

path of evolution in (3.10) by the following double-sided diagram,

In> <rd
g~”’a
f/././_/
b
12>
o r_J,,J"/
Im> <mli
Fig.(a)
Various topologies of diagrams exigt in the |iterature, However,
27
we use diagrams that are very gimilar to those of Prior. Thus
one plots two parallel lines with time advancing upward. A photon

absorbed (or emitted) is8 symbol ized by a wavy arrow pointing
upward (or downward) when tracing it from left to right. There are

basically 23-8 ways of placing three flield Iinteractions on the
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two sides. Thus the third-order process Involves eight basic
diagrams. I|f one considers all possible time orders in which mc,
wb and ma act on the system, then one has a total of 8x3]=48
diagrams., We will now give the prescription on how to translate
the diagram in Fig.(a) into a term In the expression for the third-
order suceptibility. The same prescription applies to all other

diagrams, The term corresponding to the diagram in Fig.(a)

includes the following factors:

(o)

(1) initial density matrix element pmm ]

(2b) A product of four dipole matrix elements

-a% gV 4P 47
“%%hr 9% n%Ne%%em

where a, B, v, y refer to the cartesian coordinates of the polari-
zation of the applied fields ma, wb. mc and the generated field

mpt-ua+mb+wc) respectively., In writing these matrix elements, we

have used Eq.(3.4). Thus the evolution of the ket vector [i> Into
1J> leads to dj; whereas the evolution of the bra vector il Into

<J! leads to -d The polarization index of the dipole matrix

iJ'

element d is vy since the field mc ig acting between the states

em
Im> and 2> and so on. Note that the dipole matrix element with

index p is dgn gince the terminal vector in the diagram is [In><rl|.

(3b) A product of three propagators. In writing down these, we

use Eq.(3.7)., Advance in time until after you have crossed an

interaction vertex. If the vector at that point is |a&><Bl, fhen
-1

the propagator is given by (m—A“B) » where o denotes by the sum

of all photon frequencies pointing upward minus the sum of all
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photon frequencies pointing downward, below that vertex. For the
diagram in Fig.(a), the vector at the point after the first photon

w, has been absorbed is [2>¢ml. Hence the first propagator is

-1
given by ‘wb_hzm’ + The vector after the first two fields mc and

w0, have been absorbed is [n><m|. Hence the second propagator (s

-1

(w_+0 ) + Similarly, the vector after all the three photons

b c—Anm
mc, mb and ma have been absorbed is8 In»<r|l. Hence the last

_1 _1

+t o - = -
propagator is (ma wb wc Anr) (mp Anr’ .
(4) A factor of (-1)3.

Thus the term corresponding to the diagram in Fig.(a) is

given by the product of the factors in (1)-(4) above, namely

- v B Y
T - (_1)3 fmm_i_gmtlgcndnld!m (3.11)
B (w -Anr’(mb+mc_nnm)(mc-hlm)

IV. DIAGRANS FOR THE INELASTIC TERNS

In the analysis In Section Ill, we assumed a relaxation
model! that did not Iinclude Inelastic collisions. Hence to the
extent that double-sided diagrams are used, the structure of the

diagrams is the same as in the absence of relaxation (as also the

structure of the corresponding terms, except that w , Is replaced

by A, =0, -IT However, when inelastic collisions are present,

3™ T
there is a significant modification In the structure of the

diagrams as well as the corresponding terms. We now il lustrate the
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method for writing down the diagrams which yield the terms that
arise due to the inelastic collisions. In the symbolic expression
(3.10) of the path of evolution of the Initial vector Im><ml,
consider the possibility of the state In> being the same as (m>.

In such a case the path of evolution will be

Im><¢m| — [2><m|] — [m><m| —=> I J><Jl — [J><r]| .

(3.12)
The double arrow In (3.,12) Iindicates that a relaxation-induced
transition has taken place from level Im> to []J>. The path In

(3.12) can be represented by the following double-sided diagram.

1> <rd
1 a
Wad
r-J
Im> ¢t
4! Al
”
DI
1>
VAl
Fa
c '
Im> <m|

Fig.(b)
Note that the double arrows in the diagram in Fig.(b) signify the

fact that a relaxation-induced transition from [m> to |J> has

taken place, after the first two photons o,  and w,  have " been

absorbed. We now give the prescription on how to translate the

diagram in Fig.(b) Iinto the corresponding term (n the expression

for x‘a’. The term will consist of the following factors:

(o)
(1) Initial density matrix element Pom

(2¢) A product of four dipole matrix elements
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a® 40 LB Y
(-d )
Jr dr-J dm! dlm

vhere «, B, v, ¥ refer to the cartesian components of the polari-

zations of the applied flelds ma. wb,

mp(-ma+mb+mc> respectively., The rule for writing down these dipole

wc and the generated fleld

matrix elements is the same as Iin (2b). Thus on the |ket) side we

have t:!.r and dB , while on the <bral side we have -da . Since the
Em me Jr

terminal vector is [|J><rl|l, the corresponding dipole matrix element

M
is er'
(3c) A product of three propagators: In writing down these, we
again make use of Eq.(3.7). Advance in time until after you have
crossed an Iinteraction vertex, |f the vector at the point is

1
la>¢Bl (a#B), then the propagator is given by (m-Aaﬂ) , where o

denotes the sum of all photon frequencies pointing upward minus
the sum of all photon frequencies pointing downward, below the
vertex. However, if the vector at the point is |a><al, then as a
result of a relaxation-induced transition, la><al evolves Into

some |B><BI, and hence the propagator is given by Cap(m) where o
has the meaning as above and Cuﬂ(w) is as defined Iin EqQ.(3.7).
Note that In the diagram in Fig.(b), the relaxation=induced
transition occurs after the first two photons W, and o, have been
absorbed. Hence the Iinelastic propagator is given by CmJ(mb+mc)
We have already shown [Eqs.(3.8),(3.9)] that Bustm) and hence,

o4 B(m) iIs related to the possibility of a relaxat ion-induced
«
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give the prescription for translating the diagram in Fig.(c) into

(3)
a term in the expression for yx . Again, the term will consist of

the following four factors:

o)

1) Initial density matrix element p‘ .
mm

(2d) A product of four dipole matrix elements

v ,_.a B .y
dJJ( dmn, dnld!m .

The rule for writing down these matrix elements is the same as In

(Z2b) and (2c),
(3d) A product of three propagators: The rule for writing down the
propagatora is same as in (3c), that as you advance in time, if

the vector at a point Just after an Iinteraction vertex (s |a><{Bl

(a¥B) then the propagator is (m-AaB) ! while If the vector is

la>¢al]l followed by a relaxation-induced transition to IB>Xal, then

the propagator Is C“B(w), where w, as In (3b) and (3c) is gliven by

the sum of all photon frequencies pointing upward minus the sum of
all photon frequencies pointing downward, below that vertex. Note
that unlike in the diagram in Fig.(b), ¢the relaxation-induced
transition in the diagram in Fig.(c) occurs after all the photons

0L @y and w have been abosrbed. Hence the inelastic propagator
a
here is given by Cn

(w +tw 4mc) = C (mp). The first and the second
a

J nJ

propagators have the usual gtructure, and these are respectively

b

-1 _ -1
given by (wc-Azm) and (mb-mc Anm’ .
3

(4) A factor of (-1) .
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give the prescription for translating the diagram in Fig.(¢) into

(3)
a term in the expression for X Again, the term will consist of

the following four factors;

1) Initial density matrix element pég’

(2d) A product of four dipole matrix elements

v _ % B .Y
dJJ( dmn) dnldlm

The rule for writing down these matrix elements is the same as iIn

(2b) and (2c).
(3d) A product of three propagators: The rule for writing down the
propagatore is same as in (3c), that as you advance in time, if

the vector at a point Just after an interaction vertex is |a><Bl

(a#B) then the propagator |Is (m-Aas) ! while if the vector I8

lad>¢al followed by a relaxation~-induced transition to IB><BIl, then

the propagator Is CaB(w), where o, as In (3b) and (3c) is given by

the sum of all photon frequencﬁes pointing upward minus the sum of
all photon frequencies pointing downward, below that vertex. Note
that unlike in the diagram In Fig.(b), ¢the relaxation-induced
transition Iin the diagram In Fig.(c) occurs after all the photons

mc, mb and m& have been abosrbed. Hence the inelastic propagator

+w 4 = ( ). The first and the second
here is given by CnJ(wa o wc) CnJ mp

propagators have the usual structure, and these are respectively
-1 -1
- + - .
given by (mc Azm’ and (mb o, Anm’
3

(4) A factor of (-1) .
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Thus the term corresponding to the diagram in Fig.(c) will

be given by

(o) u B .Y
. (g,3 om m 934" A n’9neem
= = C (w) (3.15)
'.‘ — —
D (wb mc Anm)(mc Azm) nJ p

Note that the terms T_, T. and TD In ¢(3.11), (3.13) and (3.15)

B Cc
(3) (3)
occur respectively In B [Eq.(2.4T7)],C [Eq., (2.48)]1 and
(3) (3)
D [Eq.(2.49)] in the general expression for Y given in
Chapter 1|1. Thus we see that corresponding to each one of the
usual diagrams Las in Fig.(a)], there are in general two

additional diagrams [as in Fige.(b) and (c)] that arise due to the
presence of inelastic collisions, The contribution from the
diagrams s8such as in Fig.{(c) however vanishes for a system with

center of inversion symmetry (di =0).,

¥. DIAGRAMMATIC CALCULATION OF x'Z’

In this section, we present a diagrammatic calculation of
(2)

the second-order susceptibility X of a multi-level system which
ie undergoing both elastic as well as Iinelastic collisions. The
second - order susceptibility :i;(m ,mz) will be important for

phenomena such as s8econd harmonic generation in non-centrosym-

metric media or in atomic systems in presence of symmetry-breaking
(2)

electric fields., Further, p B(m ) O, ) can also be used to calcu-
(2)

late the system observables such as the populations Py aqd co-

herences pti’(liJ) by replacing d¥ in the expression by |i><]Jl,

M
i.e., by replacing dGB by 6‘!' GJB- The knowledge of the _|9VEI
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populations (p:f)) and coherences [pfi’

the calculation of fluorescence signals in systems undergoing both

(ivJ)] is important In

elastic and inelastic collisions. Note that a pressure- i nduced

extra resonance (PIER) has been found to occur in fluoreacence.s’9

Hence the diagrams that we give below will be useful for analyzing

phenomena s8uch as are mentioned above. Consider a multilevel

system Iinteracting with two fields 01 and 02 whose cartesian

components of polarization are & and B respectively. Then, the

following diagrams determine the structure of the elastic
(2)

contribution to xpa5(01'”2’ '

k> <il

(o) ,p ,a B
p d”.d .d
i1 ik k l
aﬂf'r/' (=1)2 d_J (D2.1)

(w1+m2—nkl)(02—AJl)

<Jl
brfjd
|

1> ¢l

I') (Jl

a
r/_/“/ o; T a4 -ap re-df
2 (D2.2)

(-1) - -
<k (m1+m2 AIJ)(mz Alk,

N

11> <t



S0

1J? <k

v, (o) ,p B
w , Pii Yt" d'k)dJ'
(-112 e E S m (D2.3)

11> <il

1J> <k

(o? ¥ o, B
l,./.J,_»""“ (=112 1 ko dlk)dJl .
o (m Yo, Ve =R ) (b2:4)

Jk ik
11?2 <t

Note that In the above diagrams a and b represent the two fields
tm1,a) and (mz.p) respectively. One can obtain four more dl;grama
by interchanging the time order of interaction of the fields a and
b In the dlagr*alms (D2.1)-(D2.4). The corresponding terms can be
obtained by interchanging (m1,u) and (mz,p) in the respéctive
expressions on the right hand side in (D2.1)-(D2.4)., Thus, these.
eight diagrams yield the elastic contribution to xLié(m ,m2>. Note
that in the diagrama in (D2.1) and (D2.2), the interactions are all

on one side of the diagram. These are the so-called parametric
diagrams. The non-parametric diagrame (D2.3) and (02.4)' for
instance correspond to the two fields o (on the l|ket> side) and
w (on the <bral side) interacting with the eystem in two

a
different time orders. Note that such differently time-ordered
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contributions, when combined, lead to a cancellation of the
-1

resonance (w1+02-AJk) in the absence of collisions. Conasider the

case when there is no decay of populationout of the system. Then,

the total contribution from (D2.3) and (D2.4) is8

(o) .y a B
d~ (- - -
T = (—1)2 9,; kJ d‘k)dJl + th AJl A'k ] (3.16)
tmz—AJl)<m1—Alk> m1+mz—AJk

Thus, If 11> is the ground state (which is not decaying), then the

-1
+ - - - -
coefficient of the resonance (01 mz AJk’ in (3.16), AJk AJ' ™
Jk_rJl-rlk) is non-zero only if phase-changing collisions are
h
B

induced extra resonance.5 Note that the total contribution to the

A

-i(r

present (rz ¥ 0), This is an example of the well-known pressure-

susceptibility of the multi-level system is obtained by summing

over the indices i,]J] and k, Next we give the diagrams which yield

(2)

the inelastic contributions to xuaﬂ‘

w1.w2). These are

I <k
A] rs
(o) .y , & B
> \y2 Pt ey 9]0 c (o ra)
(— W w (]
rjdrfl 02 AJI ik 1 2
a {D2.,5)

1J>

11> <il



52

k> <kl

b (o) .y « B
(-‘”2 l_)“ dkk( dl_]”—d_“’

%

C.,6 (w, +t. ) .
m1 A'J ik 1 2
(D2.,6)

<Jl

\

(P <il

Ik <kl

lJ>] [<J| (o)

p{9a¥ (-df yaP

a ‘kk iJ" " Ji
2
(-1) C (0) +w ) '
f,r/" w, AJi Je 1 2

(D2.T)

1i> <il
k> <kl
I
1J> <Jl
(o) p ,__@& B
ad s Pii Yt"90579) C (o ta >
-1 @y JictOtoy .
/9 (D2.8)

i <il
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Again, one obtains four more diagrams (terms) by permuting the
indices a and b in the diagrams (D2.5)-(D2.8) [permuting “"1'“’
and (mz,s) in the respective terms on the right hand side In
(D2.,5)-(D2,8)]. Note that in the non-parametric diagrams (D2.7)
and (D2.8), the fielda a and b interact with the system in two

different time orders. The combined contribution from these two

diagrams is

(o) . B
. ‘ 1)2 le dkk( le’dJl E_ [ ix +2II‘lJ
ﬂ - _ - s —— 1 + ————— :——-
(m2 AJI)(w1 AIJ E lJ k! W +m? lkz

Note that in writing (3.17), we have replaced CJk(m +m2) by

BJk(m1+m2) under the assumtion that there is no decay of popula-

tion out of the system levels. Thus if one of the eigenvalues xz

of the population relaxation matrix R equals -zrlJ, there is8 a

-1
cancellation of the resonant term (m1+m2—i\n) corresponding to

that particular hz. Hence the condition for the existence of the
resonance at m1+m2-0 is that xz+1r'J be non-zero for any one of
the xz. This is analogous to the condition er—rJI—r'k ¥ 0 in the

elastic case [Eq.(3.16)]). Similarly, the combined contribution
from the two parametric diagrams (D2.5) and (D2,6) (which corres-

pond to two different time orders of the fields a and b) is

ptolgV B
d' d d INg+2IT |

2 21l Ay sts [ mmmemmes (3.18)
T = (~1) 2_ sg| Sie 14 w,tw_— I\ ' '
(0)2 AJ"((I) AIJ) z 1 2 2

It is evident from (3.18) that if 1,+2IF ,#0 for some eigenvalue
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kz of the population relaxation matrix R, then, even the parame-
tric diagrams contribute the inelastic resonance at 01+m2-0. Thise
is Iin contrast to the elastic case where only the non-parametric

diagrams contribute to the pressure-induced extra reaonance

[Eq.(3.16)'].

VI. DIAGRAMHMATIC CALCULATION OF 1INELASTIC CONTRIBUTIONS TO 1‘3,

iIn this section, we present the diagrams which yield the

contributions coming from the inelastic colligions, to the third

(3)
order susceptibility IDGBY (m1,w2,03) of a multi-level system.,
Such contributions, as we have shown Iin Chapter 11, contain the
additional resonant termsg that arise due to the inelastic

collisions. The following diagrams determine the structure of the
(3)

inelastic contributions to xu“57tm1,w2.m3)|
N
a In>a]
(o) .y & B .Y
1S (13 Pii 9nk9 kni39 c o tu
= [11] w |
(mp Akn)(ma AJ!’ in 2 3
] ' (D3.1)
b
1J>
cf’l’ 1

11> <il
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k> <nl
1
a””rxﬂr
In>y <il
c
/ (o) ,p .a& B
( 1)3 pll dnkd kn( diJ)( dJ ) . ( . ,
- w_ +w .
Ul (mp Akn)(mz—A'J) in 2 3
rf#r,b (D3.6)
|12 <1l
lk> <nl|
o rJ,J’/ a
b ¢k |
>
13> <Jl

b
c/ / pt%a¥ (-a® 1a¥ (-df )
(-1)°

i nk kn JI iJ ( _H”)
w .
(mp—Akn)(mz-AiJ) Jk 2
(D3.7T)
|2 <
k> <nl
IW\ /&
<kl
1J>F <Jl (o) ¥ Y B
( d )
,._/‘fb a 11 Jnk’ <k dJ' £ (w_+w,_)
(-1) - - e 2 3 ‘.
(mp Ak )(m3 AJI J
(D3.8)
cf-’f

1> il
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lk> <nl
a“’rj_J
|lﬂ>‘"‘ (”
C
rJﬁ/d/ p(d)du d®  (-dB )(-g” )
; 1)3 il nk- kn iJ Ji N p )
- W, .t .
<l (mp Akn)(wz AIJ) in 2 3
FJ’/J'D (D3.6)
i il
lk> <n|
ey /a
b <k |
13> H
J <l
,Jf/ b (o) B
c o).V ,__& 2Y .
/‘ s p“dnktdknw_“cduac o s
- - W, +w
(mp Akn)(m2 AIJ’ Jk 2 3
(D3.T)
11> il
k> <n|
A, /8
<k
1J>F <Jl (o)
v o_.& Y _.B
/b‘ ;)3 Pii 9nkt™9 knld ¢ le’c (o ta )
- w_+0 8
(wp Akn)tqa AJI) Jk 2 _3
(D3.8)
.cf"lﬂ
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In the above diagrams, a,b, and c¢ denote the fields with

frequencies m1, mz and ma and polarization Iindices «,B and ¥y

respectively. By permuting a, b and ¢ in the diagrams (D3.1)-
(D3.8), one can write down 32 more such diagrams. The correspon-
ding terms can be written down by permuting (m1 -2 (mz,B) and

(03,7) in the expressions on the right-hand side in (D3.1)-(D3.8).

Thus in a system with center of inversion symmetry (dlI-O), these

48 diagrams determine completely the structure of the inelastic

contributions to x‘a). Note that a cancellation of the resonance

at w,.+w_.=0 can result when the diagrams (D3.1) and (D3.,6) or (D3.2)

2 3
and (D3.3) or (D3.4) and (D3.5) or (D3.7) and (D3.8) are combined,

depending on the structure of the eigenvalues of the population

relaxation matrix R. For instance, the combined contribution from

the diagrams (D3.T7) and (D3.8) Is

(o) ¢ ,_ @& Y _4B +
; ( 1)3 P dnk( d kn)dJ‘(—c_IiJ) z* 8-1 ] [ o ikz ZIP’J ]
= (= (o - - Ay 2. T B
(mp Akn)(w2 AIJ)(NS AJ') z L) k2 w,tw, lkz
(3.18)

in the case when there is8 no decay of population out of the system

levela, Thus if xz+2r,J=o for some xz. then the cancellation of
-1

the resonant term (w2+m3—le) results for that xt. Otherwise the

resonance at m2+w3=0, whose width Ikll is determined by the

(3)
inelastic collisiong, is present in X '



For a system without center of inversion symmetry (d'l#O),
there are 48 more diagrams which contribute to the inelastic

col lision-induced termalln 1(3). These are as followsi

W]

(o) ,p L& B .Y
> | (—1)3 Pit 9nn? 1%g9]1 c o
- w ]
rJFJ-/ (m2+ma Aki){ma AJI) in p
b (D3.9)
1J>
cffﬂfJ !
In> <nl
[(Il a
: (o) p ,_ @& _aB -aY
/-/ o p, | df (-d Jr” A d'k)c )
<Jl - = - “
b (m2+m3 A'J)(ma A'k) in. p
/ (D3.10)
/f;/c
1> <il
In> <nl
<kl

1k? rJﬂld,a
(o) .y ,__ & B Y
Pt 9n Y k%%

L35 (”2+ma—hkl’(m3—AJl)

kn(wp)

o
-~
1
-
W@

(D3.11)
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>
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(o) ,p ,a _.B v
Pii 9%nd kg9 c o s
w
(w2+w3 AJk)(ms AJ‘) kn p
(D3.12)
(o) p & ., _ B Y
Pt 9nn? k%9 c (o
w .
(02+w3-AJk)(m2—A'k> kn p
. (D3.13)
(o) v ,__B a _.Y
Pt 9nt 9 kg9 ¢ dlk)c o
(mz+m3-A'J)(ma-A'k) Jn p
(D3.14)
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|n> (nl
13> <4l
ﬂjdr/ °
. p,d¥ (-a® IRLINE -af )
(-1) C (o)
PJh/‘r <kl (w2+ms AJk)(w Alk’ Jn.p
b (D3.15)
c ﬁfjﬂf

1> <il
In> <nl
4W N
<Jl (0) v _aB 47
,JrJ”’at 13 %nn 77 kJ,( d'k)dJ' cC, (w)
- w .
(mz+w3 AJk)(m AJ Jn p
<kl (D3.16)
el ’
1J>F
c Il) (ll

Again by permuting a,b, and ¢ In the diagrams (D3.9)-(D3.16)

[(m1,n), (02.8) and (wa,y) in ‘the respective terms ], one can
obtain 32 more diagrams [terms]. Note that the term (02+m AJk -1

in (D3.12),(D3.13),(D3.15) and (D3.,16) is the pressure-induced

extra resonance which Iis present only In a system undergoing

inelastic collisions, i.e,., when CJn(m) or Ckn(maio. Note for

inatance that the combined contribution of the diagrams (D3.12)
and (D3.13) [which correspond to different time orders of o, and

wa photons] can Ilead to a cancel lation of the resonant term

(m2+m3 AJk -1. On combining the terms in (D3.,12) and (D3.13), we

obtain,
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(o) a B vy
d d - - -
. (1) Pt 9n9%s 919 c < )[ 1 MM Mk ]
- - - = w + = .
(t»,3 AJiitmz Alk’ kn p mz+ma AJk
(3.19)
Thus the condition for the resonant term (o, +w -1 is that

2t0g=hA 0
th ¢ -\, - = - -r, . - -
bo ckn mp) and AJI: AJI Alk[ ”er rJl l‘iK abe non-zero,

Diagrammatic_calculation of the four-wave mixing susceptibility

of _ruby

We (llustrate the diagrammatic method discussed In the
previous sections by calculating the four- wave mixing suscepti-
bility of ruby which is model led by a three-level system [see Fig.
2]. The levels |1> and [2> are connected by a dipole transition.
For simplicity, we assume 712-0. Hence before application of the

pump (m1) and probe (mz) fields, the system is in the ground state

(o)

12>, 1.e., Poo =1, The various lqelaatlc rates YIJ are as given In
Fig.2. In writing the diagrams, we consider resonant processes
only. The diagrams which lead to resonant contributions to
x‘s’ (v ,w.,-w.) are as given below
paBy 1’1’ "2 '
11> <2l
W
4‘\ ’j/ 1
b <11
<11 2d¥ . (-a®_)(-d¥, raf
(-1}3 21 12 21_-12 B,,(w ~w,) .
(01-A12){201—m2-h12) 11 1 2
(R.1)
11> F
“2
m1r’~/J
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b <11

11>
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\
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m B . .Y
3 ZS_ (- d12)d12( dgj)
1) e A 1 (20 —a. A ) Byqloy—wy)
2 24 1 "2 M2
. 9y (R.2)
12> <2|
11> <2
VFal
m1r’T;;:
b & B .Y
1> LR R S Rt M 2 B, (0, ~u,)
(01 A12)(20 mz-A12) 12 1 2
(R.3)
ﬂr-"r,/ wz
1
12> <21\
11> <21
qt
“1"’JE;:1
L e B Y
2d da*_(-d’ )
(-1) 3 2921912%2 7921 B, (w,~w.)
(—02—A21)(201—m2*n12 12 1 2
11> o <1
,J~’“Fﬁ (R.4)
o, \\\\“
)
12> <21
Note that the evolution of ¢the Initial vector 12><21| in the

diagram (R.1), for instance, can be schematically represented ag



63

125<2] = 115<2] == [13<1| = [11><1| — [1><2]

Since the level 1> (s decaying, the vector [1>¢1| at two diffe-
rent times is different, and hence [1>¢1| — |1><1]| must be taken

as a relaxation-induced transition. Note that we have multiplied

the terms in (R.1)-(R.4) by a factor of two because we get the

1

about the relaxation through the level |3> is contained In the

same terms on interchanging (a,w,) and (ﬂ.m1). The information

matrix elements of B, namely

1

B, 6 (w) - - )
+ +
11 Wiy, 4y o)
(1+A) A
B (w) - - SmmmemeEem + 2
+ + +
12 W 1(721 731) W l723
Y
AL =T —-31. ) (3.20)
Y23 Y21 V34

52;7 1,-m2) of ruby

iz given by the sum of the contributiong from the above four

(3)
diagrams. Note that the expression for x (0w, ,0, ,~w,_) thus

paBy 1’1’ T2
obtained agrees with the result given Iin EQq.(2,52) Iif we make

Thus the four-wave mixing susceptibility X (m1,m

the identification
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C(m1-m2) = B11(m —mz) - B12(m -w_)

1 1 2

Note for instance that the diagrams in (R.1) and (R.2) correspond

to two different time-orderings of the flelds w, and W, . Oon

combining these two differently time-ordered contributions, we get

|} a B Y
29, . (-d__) - - _- -
T o o1y ———-292117%12295179,) (917927 M2 0210
(2m1—mz-n12)(m1—n12)(—m2-A21) m1—m2+i(721+731)
(3.21)
In the absence of phase-changing collisions, A12+A21-—2lr12-

—l(rz1+731). Hence the resonace at m2=m1 in (3.21) cancelsa. Simi-

larly, on combining the two differently time-ordered contributions

in (R.3) and (R.4), we have

¥, B i 4 :
T om ce1y® e 29219129 4287920 [-1 - 'Ya1_ ]
-0, - - - _- o, -—w_+i
(2o m0,=Ry ) (0 mh H 1m0, "R, 179211755
(3.22)

Thus, In an open two-level sgsysgstem (731¢0) the narrow resonance at
m1—m2 with width Y23 is always present.

Thus, in conclusion, we have developed a dlagrahmatlc

method which enables us to determine the contributiong to the
nonl inear euscéptlbillties which arise due to the inelastic
collisions, The diagrams that determine the Inelastic contribu-
tions are different I(n structure from the wusual diagrams. The
corresponding terms too have a different structure. The rules for
the ¢translation of any particular inelastic diagram into the

corresponding term in the expression for the nonlinear suscepti-
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bility are derived from an analysis of the equivalence between the
algebraic method of calculating such expressions and the method
using the double-sided Feynman diagrams. A diagrammatic
calculation of the elastic and the Inelastic contributions to the
second-order susceptibility is presented. A diagrammatic
calculation of the inelastic contributions to the third-order
susceptibility too I8 given, Just as the usual pressure-induced
extra resonances, the additional resonances arising due to the
inelastic collisions too are found to arise due to the non-
cancellation of the contributions from two different dlfferent

time orders in which the fields interact with the system,
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CHAPTER 1V

TRARSIENT RESPONSE OF COHERENTLY DRIVEN SYSTEMNS

In Chapter 11, we calculated the n&nllnear susceptibilities
describing the steady-state response of the system. The steady-
state response is, for most systems, independent of the fnitlal
gtate. Thus, whatever the initial state may be, the response in t;é
long time llmlt_ls what one would get |If the system were (nitially
in thermal equilibrium. However, quite oftén we are interested in
monitoring the dynamics of a system as it relaxes towards a steady-
gstate, after it is prepared in some particular initial state.
Further, it has been recognized in recent years, that a
combination of frequency-domain and time-domain methods can be
more effective in extracting the maximum possible information
about the dynamics of a system interacting with fields and
undergoing relaxatlon.ai'53 In view of this, it is desirable to have a
nonl inear response theory which enables us to calculate noﬁ only
the detailed structure of the various resonances but also the
detailed temporal evolution of each of the various processes. In
this chapter, we generalize the formulation of Chapter || so that
it is valid under arbitrary initial conditions and for all time-
scales of interest, In Section |1, we present a Liouville operator
formulation of the nonlinear time-dependent response theory of a

system undergoing arbitrary relaxation. The Iinitial conditions are

left arbitrary. The system could initially be in one of its energy
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eligenstates or in a coherent superposition state, A compact

expression for the nth order time-dependent nonlinear susceptibi-
(n)

lity x is given, In Sections 1i=v, we give explicit
expressions for time-dependent x‘1), x(Z) and xts’ regpectively.,
In the long—-time limit, these reduce to the steady—-gtate
expressions given in Chapter . We present a number of

applicationsa of the various time-dependent Y's. These include
applications to the Dbeating phenomena, transient pump—-probe

exper iments and new resonances in transient four-wave mlxl‘ng.

I1. NONLINEAR TRANSI1ENT SUSCEPTIBILITIES

Consider a quantum mechanical system prepared intially in a
state p(O)(O), which is8 undergoing relaxation and which is interac-
ting with external fields. The time evolution of such a sytem Iis
described by the density matrix equation of motion

dp

5t = LP t Lettdp (4,1)
where the Liouville operator Lo[Eq. (2.3)] containa the effects of
relaxation and Lf(t) = -[Hf(t),], describes the interaction with
the external fields. We examine the response of the system to nth
order in the external fields which are switched on at time t=0,.
Using standard perturbative methods [as explained in Chapter 11,

Eqa. (2.16)-(2.19)], one can write down an expression for the nth

order density matrix of the system initially prepared in the state

p{O)GOI-
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t th-1
. L (t-t,) L (t, -t.)
(n) 1 1 2
(t) - dt )
p I 1 I dtn e Lf(t1) e
o o]
L (¢t -t ) L t
o n=-1 n on (o)
x Lf(tzJ T - ] Lf(tn) e p (0) . (4.,2)

On making a change of variable t-t, » t_, in (4,2), we get

t bt 2 “n-1
pMiey - dt dt dt dt eL°t1 L (t-t,) eL°‘t—t1_t2,
1 2 3' " n f 1
[e] [e] (o] (]
L (t.~t.) L t
X L(t,) e "2 3 Lt ) e " 0?0y , (4.3)

which on letting t-t1-t2 > tz, becomes
) t t-t1 t—t1-t2 E3 n-1 L t1 L tz
(o -
p (t) J dt1 I dtz I dt:3 J dtq... dt_ e Lf(t t1)e
o o o o
L (t-t -t _-t ) L (t_.~-t,)
0 1 2 3 o 3 4
b4 Lf(t—t1 tz) e Lf(ta) e
L t
oLpte e © N 50 (4.4)

By changing variables In the above manner n times, Eq. (4.4) can

be written in the form



69

t t“"t1 n=
t - E, t
pMey - J dt, Jdtz e J dt e ©1 Lett-t.) e © 2 ..e09N
(o] O (o]
L (t - B.t )
n =Lt
x  Lefe-£ g)e® IS o4y (4.5)

Next, on introducing the Fourier transform of Hf(t), Lf(t),l.e.,

«© n
k 1 -lul(t— 81t')
- - - -— |I=
He[e -3 ¢ ) = Py I do, e Hetw ),
I=1 _
n
k X ® “le e £t
- - - ‘=
Lele -3¢ ) = Y- I do, e Letw ) )
P=1 s
"1;2,--11" (4-6’

in EQ. (4,5) and using the convolution theorem for the Laplace

transforms, one obtains the result

® ® -1t £ w, €+
(n) - 1_ yn g i=1 1 zt

prlE) ( 27) J do J do_ e ( 347 ) I dz e
- - E-lo

£ -1 £ -1 (w,)

x (iz + 'E1wl ILOJ Lf<m1) iz +'52 W, ILO) Lf 2

-1 -1  (0o)
‘e (lz+mn ILO) Lf(mn)l(lz ILD) p (0) (3.7)

Using Eq. (4.7)-fhe nth order nonlinear time-dependent response of

the observable Q becomes
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n n
-— _ -1 -— -
xte{ a1z + 37 o, - w7 L iz Yum 7
=1 1 =2 2
_ -1 _ -1 (0)
La - - [Bu » ] ' (4.11)
n n

Here the symbo! 'sym' implies that the right-hand side has to be

gymmetrized with respect to all the Indices (w, 6« ) [see the

[ |

diecussion following Eq. (2.26)]. For the dipole Hamiltonian,
sa-da, f¢=Ea, where da, E“ are the ath components respectively of
the dipole moment operator and the electric field, the nth order
transient induced polarization is

PNty = Tr( p¢" (£rd® )

a
n
— 4 n ® ° -it £ o,
= 2_ ;; ) I dw1 Ve I dwn e
- -0
(n) (4.12)
Xqta ]({mn],t) Eq (01)..Ea (un) )
n 1 n
where
ctiw
(n) _yn 8ym  _1_ dz 2%
Xgrq 3C10,3,8) = N 0" =20 2a ) 2
n c-lw
n n i
m— —1 _
Tr{ d%ciz+ ) w - ity L, iz ). o -iL) |_m2
=1 1 =2
-1 -1 _(0) \
"o - (iz-iL ) (0) ’
<|z+uh ILO) Lu i o p J

n
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n n

- _ -1 - -1
XTF{ Ql(1z + 2_ wl ILO) La (iz + Z_u%- lLo) La
I=1 1 =2 2
_ -1 - -1 (o)
vee (iz + o, ILO) Lanl(z ILO) p (0)
La - - [aa s 1 (4.11)
n n

Here the symbol ‘'sym' Implies that the right-hand side has to be

symmetrized with respect to all the indices (w,,a,) [see the

i’
discuassion following Eq. (2.26)]. For the dipole Hamiltonian,

«
s“=d ’ fa-Ea' where d“, Ea are the ath components respectively of
the dipole moment operator and the electric field, the nth order
transient induced polarization is

PNt = e[ p'M (2% )

[+ 4
n
1 n ® ® =it 81ml
= - - i=
2_ [ 2 ) I dm1 v J dmn e
-0 -0
") (te 3,0) E. (W) .E (0 , (4.12)
a{a } n"’ a 1 a n
n 1 n
where
€t .
(n) - _.yN 8YM 1 zt
xa{an}({wnl,t) Ne-07 =50 ([ 5p7 ) J dz e
E-~ |
n n
/ ,« - _ -1 - _ -1
TrPyditize ) e - L) L Gz 4 ) -l Laz
=1 1 =2
Ciztw -iL 0" dciz=ie 2"V p9%0y Y
b 2t e a o J

n
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L = -i[d® 1 (4,13)

where N Iis the atomic number density. Equation (4.13) is our
general expression for the transient nonlinear response of a
system. Note that one obtains the steady-state x‘n) [Eq. (2.30)1]
by taking the contribution from the z=~0 pole above in Eq. (4.13),

If one writes

(n)
a{un}

- ZJt
J_Fye (4.14)
J

({mn},t)

where the zJ's are the poles of the integrand in (4.13) and the

FJ'B are the corresponding residues, then the Fourier trangform of

the induced polarization can be expressed as

PN (0 = I gt " PN (r)

n
) F 8w =) e - izp) (4.15)
J P=1

Thus [t Is clear from Eq. (4,15) that while.the nonlinear mixing

(
described by the steady-state susceptibility xa?; Jttmnl) leade to
n

generation of radiation at the frequency w=‘21mi, the nonl inear

mixing descr ibed by the t ime-dependent susceptibility

x;?; Jtimn},tl leads to generation of radiation at frequencies
™

w,=fw + Iz, J=1,2,..., where the z 's are the poles of the

J y=q J J

integrand in the expression (4.13), Note that in general, the zJ'a

consigt of combinatione of the field as well as the atomic frequen-

cies. The equation (4.43) can also be written in the form



(n) - qtn J =tn) 1
xa{an}({mnl't, M (®) 3 x“{anj({mnjar (4.,18)
where we have defined
-(n) - . 2 | af 8 -1
*a{anl‘{“n” N s am TP ¢ (2o, )
=1 1
r -1
v - _ -1 -(0)
b [ o, ILo ] La v (mn ILOD La p (0) } ’
a2 2 n
%0 - I(-IL°)-1 p¢° (o) (4.17)
(n) -{n)
Here M (t) is a prescription for the modification of the X 8

as a result of the Laplace inversion in Eq. (4.3 . The explicit

action of the operator M‘n’(t) on the product of resonant denomi-

nators is given by

€+
zt
MM (e T ——— = sl
A A,...A - 2ul Ciz+A Ciz+A,) ... Ciz+A )
o 1 n (o] 1 n
€E-io
i iA, ¢t
e ©F . e 1
e:nnt
+ .., + (4.18)

(€A =B YCA,=8 )., (B =8)
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k

The A's which occur in the x'™'® have the form A, =zs1m‘—h,

k=1,2,..,n; where A for Instance could be the complex atomic

frequency such as AIJ(-mlJ—lrlJ) or It could be equal ¢to lxz,

where A\, is an eigenvalue of the population relaxation matrix R.

Ao is the denominator coming from 3‘°’(0)tEq.(4.17)J which does

not involve any laser frequency. The steady-state expression

(2,30) is recovered from (4.16) and (4.17) on setting M(n)(t

and p'%¢0) - p‘o’(p:j’= BlJp:?’). Often one is interested in the

) = 1

transient nonlinear response of a saystem that I8 initially in

-(O)‘

thermal equilibrium. In this case, p 0) has the simple form

lpto}bo.bo-o. Hence in this case one can write

(n) (n) J () 1
xa{a ]({mnl,t) m (€) 3 xa{a }({mnl ) g (4.19)
n n
where the x(n) in the curly bracket in (4,19) is the steady—-state
x(n) given by Eq. (2.30). The prescription m(n)(t) is
iA1t
() 1 ——x { e —
m(t) U = - - =
{ 6162...An 6162...An ﬂ1(bz A1)...(An A1)
- 1At
e N 1
+ ,,... + I (4.20)

Note that the A"a which appear In (4,20) are the resonant

{n)
denominators that occur in the steady-state X [Eq. (2.30)]. Thus

it is clear from (4.20) that for a system initially in thermal
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equilibrium, the transient response will consist of terms which
become resonant when any two resonant denominators that occur in
the steady-state response become equal. This suggests the possi-
bility of new resonances occuring in the transient response. These
resonances could have very narrow linewidths since Immlwo "for

all iI. An interesting situation arises when Im(Ai)-lm(A ) for some

J

Al,A 80 that a resonance at A'—A =0 with a width solely deter-

J J

mined by the Iinteraction time results. In Chapter V, we investi-
gate this point in much detall by examining the transient four-
wave mixing signals in a few model systems. Note that even In the
cagse of an initially-prepared system, the t;ranalent response con-

tains resonant terms such as (Ai-A )_1 where the AI.A now are the

J J
denominators in the expression for ;(n) [Eq. (4,17)]. As we have

remarked earlier, in the transient case, coherent emission can

occur at combinations of field as well as atomic frequencies., More

gpecifically, the transient susceptibility x(n)({mn!,w gives rise

n
to terms In F’(n)(t) that oscillate with frequencies ‘81m‘+ nJ,
where 1. are all possible denominators that occur in im,({mnl)

J

n
Hence If one is looking at the response at the frequency l!:1m‘, or

at frequencies In the neighbourhood of this frequency, then_ one

should retain only those terms in x(n)({mn!,t) that oscillate as

IRt .
e J , where nJ<< a laser frequency. This can be ensured, for 'ins-

tance, by retaining only the terms with resonant denominators in
;(n). For instance, the nJ may correspond ‘to a vibrational “or a

rotational frequency, as i8 the case in the various kinds of

beat528—30'54 or in the context of the transient methods of sup-

55

pression of the non-resonant background in coherent antistokes
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Raman scattering (CARS) signals. In subsequent sections, we dis-
cuss various physical phenomena that can be described using the

nonl inear response (4,13).

I1I. LINEAR TRANSIENT RESPONSE OF A COHERENTLY PREPARED SYSTEN

In this section, we specialize the result of Section || to
obtain the explicit form of the transient |inear response of a
system. Such a |inear response, as we will see, can be used to

explain a class of beating phenomena as well as the transient pump-

probe experiments,

Using (2.38) in (4,13), we get for the first-order time-

dependent response

1) (1) S =) \
. (4.21)
xpa (w,t) M (t) 3 xua (w) g

where
a 1] y ,a
d d” d
~LL R N Y P (o) 0) _TJ_JL _mJ_J!
X o = -N T w-A
HQ& {Jm w i J w Jm

(4.22)

Ny e

7 [ ]
+ C (m) C (w)
dmi 9] mJ

plo) - - 15905 4+ 18, £ B, (0)p'%w0)
Pim €02 = 1C1-8 OC-A D Tp, im g el Pee

(4,23)
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Note that the action of M (t)

on the r

given by
ALt 1Aqt
MW { - ). e e 1 _
Ao 61 I(A1—60) l(bo-b1)
For a system with centre of inversion

expression (4.21) can be written in the form

1) (1)

. (1)
xua (w, t) wua (w,t) 4 gua (w,t)
where
(1) - (o) “iAipt
wpa (w,t) = N z“ im (0) (1-8 ) e
iJm
1_eltw~A|J+A'm)t 1
a ¥ l-e_ _ I T i-
[ dedJl [ w—A’J+A‘ ] dedJi(
and
(1) _ - = (o) At
Qp“ (w,t) = N 2_ S.p Si Pre (O ©
{ Jke
i(m"“A'J"'lkk)t
a u 1 = e___ _______ - du d“ ..1__:
[ ledJl( w - A + N ) iJ Ji

1J
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esonant denominators Is
(4,24)

symmetry (dii=o,' the
(4.25)

- 4
eI(m AJm A'm)E_ ) ]
- 4

w AJH\AIm

(4,26)

ry
—— ———— — ———— . —————

(4.2T)

We have thus separated two distinct contributions to the transient

response. These contributions ar I se fr

om initial population
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(1) (1)
distributions (§' ' ') and from initial coherences (¥ '’) i.e., from
the nonvanishing of the off-diagonal elements of the density
matrix.

s S et e e e S e e e T S

A. Beats_ produced_by_a_coherently_ prepared_system

Consider the transient response of a system whose initial

state Iis such that there exists coherence between two nearby

(o)

evels i.e.
' ' ' Pim

(0)#0 for ivm, This will be the case when the
initial state is prepared by the excitation by a coherent pulse of
radiation, Equation (4,26) then has a term proportional to.
e + This gives rise to beats at a frequency equal to the
level spacing between two levels |i> and Im> not connected by a di-
pole transition. These two levels may correspond to Zeeman or
hyperfine levels. The other time-dependent terms in Eq. (4.26)
oacillate very rapidly for m—miJ>>mim' m—me>>mim. and hence will
be unimportant. Such beats are obviously important for times

rimt<<1: W >>rim' Note that Eq. (4.26) leads to both ground state

im
30
and excited state beats.

B. Ircanslent_pump-prcobe_experiments

We would like to remark that in some cases, the pump-probe
exper iments can Se described as a |inear response of a coherently
prepared system to the probe, provided the pump is awitched off
before the probe response is monitored. The pump (or the pump and

the probe together, (f they have been app! ied simultaneously)
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creates the coherence (for example two-photon coherencel] between
two levels not connected by a dipole transition. The probe field
can then monitor such a two-photon coherence by examining the
field radiated as a function of time t.sa A different situation
obtaing {if the probe rather than the pumﬁ is switched off. The
subsequent evolution of the system, then,' is described by the
|l inear response of the pump which is still on. Such a technique
is used, for Instance, to pick up only the Raman contribution to
the coherent antistokes Raman scattering 3lgnal.55 Consider for
instance a A-type three-level system interacting with a pump {mz)
and a probe (ms) applied at t=0. The probe is then switched off at
t=t. The I|inear response to the pump for times t>t is given by
Eqs. (4.26)-(4,27) with initial conditions at t=1 prepared by the

pump and the probe. Note that only p;;)(t) contains the Raman reso-

nance (mz—ms-l\zs) 1. Hence the contribution to the pump response
(o)

that is8 proportional to p23 (t) can be computed from Eq. (4,26)

and is given by

—ihzstt*T) l(mz—hizit
xt o, ,t) « - p;g)(T) g-—--"":x—-;i ----------- J (4,28)
R ' Y2727 23
(o) i(i:’z-ﬁ ).-I'! '
Note that Pos (t) has a spatial dependence e 8 . Hence it
(
i clear from Eq. (4,26) that the induced polarization P 1)('lzi for
-5
nczﬁz-ﬁ ).
t>r will have a term oscillating as e 8 . However, it will
-I(2wz—ma)t .
have a frequency dependence e only (f A23=ml—w8 (the

other oscillating term iIn Eq. (4.26) is wunimportant if . the

- ). Thus onl the (Raman) resonant terms
detuning W, m12>>m23 ) Y

2 =
contribute to the light scattered in the direction Zkz—ks.



80

IV. SECOND-ORDER TRANSIENT RESPONSE

In this section, we give the complete expression for the
second-order response of a coherently prepared system. This can be
used, for example, to study questions |ike the growth of the
second harmonic rédiatlon, the generation of radiation with Input
pump pulses. Another area where the second-order responge is8 very

useful is in connection with transient fluorescence measurements.

Using Eq. (2,38) in (4.13), we find the explicit form. of

the second-order time-dependent susceptibility to be

x'2) (@, ,0,,8) = 1o M2 (t)[ x(2) 0 0, + (@0, < (B,mz)]a

Hap 21 paB 2
(4,29)
where
-(2) - (o)
= 0)
Xyap (9909, N Z_ (
{ Jnm
{ g pap . aBy
mJ Jn ni (w +m2—AJ )(u -A ) (m1+m2—Aln)(m1-A‘J)
p ,& B
d¥ d% d
n nm
- :”B 1A + = 1A ) ] + ;—f;izx—— [C,(0,)=Cp Cw))
@ tw=A P oA 2" "nm 179270
d¥ amdf,
- +w _)-C (w, +w_ )]
Cintwp? + C, to)] + == 2R [Cpytegtoy)=Cp lo e,
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¥ B
dJJdmndnl

- ———— + -

The operator M‘Z) is defined by

1Bt At
M2 e K--Zl-Z- - o2 N e 1
o Ay 8, I€A, =8 (A=A ) "~ 1(B_~8.)(B,~8,)
+ QIAZC (4.,31)
1€ _~4,)¢8-8,)

In the following, we discuss some important examples of second-

order response,

Icansient Fluorescence

Laser-excited fluorescence studies essentially require the
knowledge of the populations of various excited states to second

order in the external field. Using the formulation of Section 11,

the population N (t) of the ith jevel will be
® (]

-j(w, tw_)t
- g o, (2)
N (t) = 2_ Idm1 Idwz e N (0, ,0,,8)E (0 IE () ,

laB 1’ B 2
aB - -
§ -a ® (4.32)
where N::;(m1,m2,t) can be obtained from Eq. (3.23),€(3.24) if we

replace a¥ (but not d® and d5> by the operator |i><il.
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Beate_in_Fluoregcence with Excited-State _Coherences

Consider the simple case where a gystem is prepared
initially in a coherent superposition of excited levels 12> and
13>, say by excitation with an intense ps pulse. Then the absorp-
tion to a higher level 11> is given by N1(t) which can be ca]cu-
lated to second order in the applied field of frequency mz. Using

Eqse.(4.23),(4.29) and (4.30) we get

(o) a B
(0) d  d,.,.(B -
) es { 2a____ [ “atoiz 31 {97785, 0))

9= Mg

N,(€) =

B
ah,d% (B, (0)-B,,(0))
31.12_"11 21 ] + (2 € 3) } (4.33)

—0,= Mgy

where the B terms are as defined in (2.34)., Thus the use of the

prescription in M(Z’Gt) in (4,33) will give rise to a term oscil-

-lAgat
lating as e 23 , apart from other terms. This corresponds to the

beats at the frequency Wyq: In particular in the radiative relaxa-

tion case, when the applied field is detuned far from the optical

transitions, N1(t) has a simple structure

-yt
e -yt

Sm—— + (4.34)
N1(t) o 2 [ cos mzat e ]

where y is the rate of decay from 11> to 12>[13>] and A is8 the

dbtunlng. This explains the well-known quantum beats in absorption

29
from excited state coherences,



V. THIRD-ORDER TRANSIENT RESPONSE
We next use the general formulation of Section |l to obtain
the form of the third-order t ime-dependent Bueceptibility
(3)
xpaavtwi‘mz'ms't)' Such a susceptibility can be used to describe a

number of s8spectroscopic situations. For example, the susceptibi-

(3)

lity X (w t) will

1 2°
signal at "2 produced by a pump field of frequency

)0, 0 give the time-development of the Raman

%" Such a time
in distinguishing between resonant Raman
56,57

development is8 important

scattering and fluorescence, In

like x‘s’(u1,02,m3,tJ

solved apectroacopy-31

general, sugceptibilities

are useful Iin time-resolved frequency-re-

The explicit expression for the time-dependent x(a’ can be

obtained by wusing (2.38) in (4,13). We quote the result without
proof
(3) M3 ey I -(3)
- Sz + tati

xuasv(m1,m2m3,t) 31 xpaBY(m1.02,ma) five permutations
« B Y « Y B B8 « v
| ] — | ). . L)
01 ”2 W, w, wg "2 w, W, , wg

MDA RN

'

w, o, W w, w, ,

Y B «

[ ] (4,.35)

Wy O 94 |

83



Wwe express x' o)

contributions

=(3) (3) (3)

(w,,0_,w_.) = B
*napy @1 92* 3 papy (011920030 + C g 00,0,
(3) (3)
+ D ( + . ,
papy m1,m2,m3) EpuBr<m1’m2'ma> (4,36)
Here B(a), C(S), D(S) and Eta) are given by
(3) _ -(0)
B apy @y W09 = N ) Pim (O
inkJm
\ - _ — —
mn nk kJj Ji (wp A‘J>(w2+m3 A'k)twa Aln)
_VyBa e, _YMBa L
(wp-—l\nm) (w2+w1-—l\km) (m1 -AJm) 'up_nkn (w2+m1 —Akm)(w1 -AJm)
1 1
o tete. oA, e, A0 Y (e tech Ve Ay
it Rt L TR T T 1793787 197y
yBua 1 P 1 L
T (o to_- - ) (o, +tw_-A_ ) (w, ~A_ )
mp AJk (w1+w3 AJn)(m3 Aln W, +u, Jn 17N m

1 ) ] l (4.37)
(o +a =N ) Cag=A, ) ’

2 '3 k 3

B4

NGBY{NV‘"Z'“:’) as a sum of several distinct types of
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(3) _ - -(0) kn nk mJ Ji
Clapy‘@q 90050 = N ) P, (0) P
InkJm P nk
ﬁ_£224m3) A2(w2+w33
x w_-A w_—-A ]
2 Jm iJ
A1(w> = Cmntm) - CJn<m) - ka(w) + CJk(m) ’
Az(m) = Cin(m)-CJn(m) - Cik(w) 4 CJk(m) (4,38)

p'3) (g, 0,0) = N )T 5490, ¢ gB 47 4V

vaBy 2°°3 im mnnk ki JJ
inkJm
(m I-C_ (w )) (C, (w )-C (w ))
nJ mj p ' 1J p k] p
X - =._F < PPt -
(m2+ma-hnm)(ma Akm) (w2+u1 Aik>(w1 Aln,

(C, (w )-C_  (w ))
P n p

k
- J+ - J (: in + = _; ) ] (4,39)
0493 Aen 1" %n 3 "km
and
(3) - —(o) a B ¥
= d® d
Eua87(u1,02w3) N) Pin €O a 19nk%end )

inkJm

-C (w J))A_(w_ )
kJ(m ) nJ mp 3{v,

]
(mz+ma Akn)




B6

A (w) = C. . ( - - -
3 ik w) C‘n(m) ka(ml t Cmn(m) . (4.,40)

In Eqa. (4.37)-(4.40) we have set mp = w tow_10,_. Note that D(a’

1 2 3
(3)
and E are zero for a centrosymmetric medium (d',-O). Thus
Eqe.(4.,35)-(4.40) constitute the complete result for the third-
order transient response of a system that is prepared initially iIn

one of the eigenstates or in a superposition state.

In conclusion, we have developed a formulation of the
transient nonlinear response of a system undergoing arbitrary
relaxation and interacting with external fields. The theory Iis
valid under arbitrary initial preparation of the system and for
all time-scales of Iinterest, For a sgsystem Initially iIin thermal
equilibrium, the expressions for the transient susceptibilities to
various ordere in the weak fields c¢an be obtained by using a
presc ription for modifying the terms in the corresponding steady-
state expressions. The general structure suggests the possibility
of the existence of new and possibly narrow resonances Iin the tran-
sient nonlinear response, Explicit expressions for the first,
gecond and third-order transient susceptibilities are obtained.

These expressions account for various transient phenomena such

as beats, and these are useful in transient four-wave mixing and

transient pump-probe experiments.
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CHAPTER V

NEW_RESONANCES IN TRANSIENT RONLINEAR_SPECTROSCOPY

An important point that emerged from the formulation of
_translent response Iin the previous chapter was that for a system
initially Iin thermal equilibrium, the resonances that occur in the
transient response have the structure (A‘—AJ)"1, where AT1,A31

(ivJ) themselves are the resonances that occur in the steady-state

response. Hence new and possibly also narrow resonances (since

im A'>0 for all i) could occur in the transient response. A very
interesting situation arises when lmAi-lmAJ. in which case the
contribution from the relaxation effects to the width of a
resonance |ike (Ai—bJ)-1 vanishea, The width of such a resonance

iz then determined essentially by the time -duration of the
interaction between the system and the fields. Thus in the
transient domain one can see very interesting coherence effects
like resonances between two lnlélally unpopulated states. These
new types of 'extra’ resonances are always present in the
transient nonlinear response of systems and they exist even in the
r
absence of collisionalgand saturation effects.'ln this chapter, we
discuss in detail the existence of such extra resonances In
transient four-wave mixing (FWM) in the context of model two and

three-level systems thus covering many of the systems which have

been traditionally used for the studies of the pressure-induced

extra resonances (PIER).
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Consider the transient FWM signal produced by a s8system
interacting with either cw fields or long pulbes. Consider the
gsystem to be Intially in thermal equilibrium. As we have shown in

Chapter IV [Eqs.(4.13),(4.14)], the transient susceptibility
(3)
xpaBY
can be obtained from the steady-state susceptibility as follows:

(01,mz,ma,t) of a system initially in thermal equilibr.dum

(3) - (3) J _(3) |
xuaBY(m ,mz,ma.t) m (t) 3 quBY{m1'm2'm3) J ’ (5.1)
where x‘s) (w w.) is the teady-stat t
PapyY 2, 3 gteady-state hird- order suscepti-

bility and the operation m(a)(t) stands for

IA1t
TR (R S S AR (e S I———
016263 516263 A (A A )(b —A )
ibzt iAst
PR S —— e }
AZ(A A )(A 62) A (A A )(A A )

(5.2)

The quantities A1,Az and Aa are the resonant denominators that

i i lar term in (3) (m yw_,w ) The existence of
occur Nn any particula uapv 2? 3 '

the 'new' resonances can be seen by considering a typical term in
(3)

X . For example consider the term
(o) v .Y B
X 3 dlndnkkodJi
(0) = (-1) ———_ - —-*wv———:K-—; ,
(wp Ani)(m1+w2 Akl)(m1 Ji

A s w, - IT (5.3)



in the steady-state response. Note

the following double-sided diagram:

In> <il

k>

\

1J>

"

1 1i> <il

W

Oon using the prescription (5.2),

transient response will be

3 (o)dp dY dB da

x(g) = =1 it Cin%nkkg i
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that such a term corresponds to

the corresponding

X | Ta -A (o 10 —-N (0 ~N, )
p Mni i

1 2 k 1

Ji

)

i(w -Ani)t
- - 4w _- +
(wp Anl)(ma mnk+lrnik)(m2 ms wnJ 'rniJz
el(m1+m2-hki)t
+-
- - + - +ir, . )
(m1+m2 Aki)(ma mnk irnik)(mz ka ki

l(m1—AJ‘)t

e —

(w A, ) (@, ag W HIT L 00 Ty y) ]

Ji' %

term

in the
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rnlk = rnI - P‘k (5.4)

Note that the relaxation parameter r,, !s associated with the igth

J

element of the density matrix, as in the relaxation model-. of
5

Bloembergen et al, The expression (5.4) already shows the

existence of the extra resonances in transient response even |f

collisional dephasing is absent. The second and fourth terms can

lead to a resonance between two unpopulated states when ow_ +o0_=0

2 3 nJ
This resonance has a relaxation—-induced width rniJ'rnihriJ which
can be zero if rn‘-r'J. Similarly, the first and third terms - lead
to resonances of the form m1+m?w0 if the levels |k> and |i> are

the same. Thus the result (5.1) for the transient four-wave mixing
response establishes the existence of different types of extra
resonances In transient experiments. However ﬁote that these new
resonances are not 'induced' by any external mechanism but are
alwaye present in the transient response of a system. Hence these
should be contrasted with those Induced by pressure of the buffeé
988,5—1 gsource f‘lu‘ctuationa,sB or due to strong pumpa.59 We next
present the results of our calculations on the transient four-wave
mixing signals produced by several mode | systems. We present

numerical results and the approximate form of the signals which

enables us to understand the numerical results,

A. Tranasient FWM from a two—level system:

Consider an experiment In which the generation of the FWM
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signal is monitored at different times, The system under

consideration is shown in Fig.1 where we put 712 0. The generated
-’

gignal I8 in the direction ZkL-QS, where ﬁz and ks refer respec-

tively to the wave vectors of the pump and the probe. Such a
-’
gsignal (8 proportional to IP(t)I? where 3(t> is the induced polari-

zation. Hence to second order In the pump and to first order In

the probe, the transient FwM signal will be given by

(3) 2
S(t) « |x (mz, Wpr —O_, t) | (5.5)
where the transient FWM susceptibility x(S)(mz,uz, ws,t) is

determined from the steady-state susceptibility by using the pre-
geription (5.1)-(5.2), For a twou-level system, the steady-state

susaceptibility ias given by

4

(3 2N _ _..___1?.121_.__________ I TR W

(ul' e’ ms’ = 7 3 (Ea -w_~-A )(m ~o_tiy w. A" -w_—A )'

s 12 21 L 12 s 21

(5.6)
We have dropped the tensorial indices in EQs.(5.5)-(5.6) under
the assumption that all fields are gimilarly polarized., Note that
the term (mz-m +i721)_1 in (5.6) is the wusual pressure-induced
extra resonance, which gsurvivea only |if rf; » 0. On wusing the

Prescription (5.1)-(5.2) the transient FWM susceptibility will]|

have the following structure:

(3) _ 2N 4 ___1___
X teg,a,,me .t == gy 1d Ll (wg-w_)
8
- - i{w_=-A bt
l(2m: o A,z!t g 12

e — - VP ]
v ~rT A e A 17 )
(20,=0 =R ) (0, =A 1Y) (@ =A IR A =Y,
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+ other terms (S.7)

The 'other terms' In (5.7) refer to the terms that do not contain
—1 M

the resonance (mz-ms) + Note that the expregsion in (5.7) does

not blow up when mz-ms due to the fact that the coefficient of the

-1
term (mz—ms) becomes zero when mz=m8, and hence the zeroes in the

denominator and numerator cancel. This is in contrast to what

obtains Iin the case of the usual resonances, for instance, the

1
PIER (mz—ws+1721> In (5.6). Another point. of contrast is that.

while the usual extra resonance (mz—w8+1721) ! in the FWM signal

arises due to the component in the induced polarization

oscillating with frequency 2mz~ms, the new resonance (mz-ma)—1

arises due to the combined contribution of two components

oscillating with a frequency difference of lmz—msl. Note further
that the new resonance (wz*ms)-1 is 'transient' Iin the sense that
it does not survive in the long-time limit. This can be seen from

(S.7) since Im(A12)-—r12<0. Moreover, the width of the resonance

(mz—ms)_1 has no contribution from relaxation processes and hence

it is essentially determined by the time of interaction t. In the

case when the fields are detuned far away from resonance, i.e,,

-1 -1
s—w12|~6 > 1} ,T2 ’

by Eq.(5.5)) has azeimple structure

Imz-m12|u|m the transient FWM signal (defined

2_ 721t
(vy..t) e 2
S(t) « __.?sl..__....._.___... glﬂ_iggégl , n = "’g"“’s )
A4 (Nt/2)
-1 (5.8)
= 2T .
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The terms that are ignored in (5.8) are of higher order in A. The
usval steady-state extra resonance produced by dephasing
collisions is of the order of 1/&6. Thus the transient FWM signal
is quite significant. The results for various times of observation
are shown in Fig.6. This figure shows the well-defined extra
resonance at mz-ms for different times of observation. The width
of the resonance is determined by the time of observation. The
signal goes to zero for very long times and thus these resonéncea
do not survive in the steady-state unless we include collisions
with a buffer gas, The approximate result (5.8) explaing the
numerical results of Fig.6 [which have been obtained using the
full expression for the transient FWM signall] very well., Note that
the signal [(5.5)-(5.7) or (5.8)] is affected by residual Doppler
broadening. However, under suitable experimental conditions, the
residual Doppler width can be made small enough so that it does
not affect the observability of the transient resonance, For

45
example In Na, for the pump-probe angle = 0=0.3°, the residual

Doppler width Ar(' g v EI 8ind) is about 5.74 MHz at room
temperature, Hence If we monitor the system on a time-scale
1 0-8—1 0_'9 sec., then the residual Doppler width is much smaller

compared to the observation time width (~t 1) and hence can be
Neglected, Thus it is desirable to choose times of interest to be
8maller than the typical decay times, It is of course possible to
make the pump-probe angle still smaller which would reduce the
'esidual Doppler width and measurements can be made at larger time-

S8caleg, Note that we do not monitor the decay of coherence, and



94

hence the experimental situation envisaged above is in the aame

class of experiments as that of, say, Bail et al.51

B. Iransient FWM_in_ ruby

We next demonstrate the extra resonances in trangsient FWM

signal produced from ruby. Systems |ike ruby have been extenéively
etudled.qs The system can be modelled as a three-level system with
various relaxation rates as shown in Fig.2, Here we assume
712-0, p;g,-i. We have already calculated jthe steady-state FWM

gusceptibility in Chapter Il [Eq.(2.57)]. This has essentially the
same structure as that for the two-level system, but for the extra

term proportional to Ya4 [sBee EqQ.(2.57T)]. The transient FWM

susceptibility for ruby can be eagily obtained from (2.57) by

using the prescription (5.1)-(5.2). Note that in ruby the

A4

parameters differ considerably [y 2 x 1OT/Bec,

Y21°Y31° Y23 31"

=3 x 105/sec, :=103/3/sec3 and hence we can examine the

Y21 71“ .

signal at different time-scales. Obviously the transient signal

. 1
would be much smaller at the largest time-scale (723) of the

system. Thus in Fig.7T we show the signal on the smallest time-
scale (wv;:). The transient signal shows the well- defined extra
resonance with a width of the order of 1/t. The calculated signal
agrees well with the approximate formula (5.8) with 721¢721+731,
The signal on the time-scale 7;: is also quite significant though

smaller than the signal on the scale LEY
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C. Irangiept Hanle Resonance in_FWM

We next show how a transient Hanle resonance can be
produced In four-wave mixing. Consider a three-level system as

shown in Fig.3. Let the levels |1> and |2> decay radiatively

to the level (3> at the rate y. The levels |1> and |2> are the
Zeeman levels corresponding to J=1, m = %1, The level |3 corres-
ponds to J=0, m=0. For the sake of illustration we assume a phase

con jugation geometry for the fields (the transient Hanle resona-
nces can be observed in the forward geometry also by using Xx-pola-
rized pump for instance). The medium interacts with two counter-

> +
) and (w ,-kz)J with polarizations ¢ and

propagating pumps [(mz,gz 2

- x
g and a probe beam [(ms.ks) with polarization o 1 which is almost

+
collinear with the o pump. The four-wave mixing process generates

-’
a conjugate wave (2mg-m3,—k8) with polarization a=F + The transient

FWM signal S,(L) is proportional to Itht)lz. where P_(t) refers
-» ﬁ'
to P.ci1, and where
o X % iy € = 2 (5.9)
€41 F (x 2 iy)/J2 €,

are the basis vectors in the spherical representation. Note that

in the spherical representation, one can express the third-order

induced polarization, for instance, as

© © ® -itw, ta +tw )t

(3) 1_ 13 17927
P" (t) = ( on ] I dm1 J dmz I dma e

@ -® -
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atB+y _(3)
x (=1) (0, ,w
papy ' 1’ z,ma)E_a<m1)E_B(w2>E_Y(m3) ’ (5.10)
where now the tensorial Iindices p,a,B,y refer not to the cartesian
indices §, ?, Z but to the spherical indices 30,3+1,3_1 defined by

(5.9). The structure (5.10) arises essentially from the fact that
the interaction Hamiltonian {in the spherical representation Is

written as
H(t) = -d.B

= - ) -1)%* d% (5.11)
- -a
[+ 4

-

Q
where a takes values 0, %1 and da, Ea respectively refer to d.e;

~ -5
and E.c;. The component P+(t) of the induced polarization P(t) can

be expressed Iin terms of the transient FWM susceptibility as

— *

-i(2w_~w )t
+
£ 8 (3) e (es) + c.C.

+
P+(t) x e x+_+_{mz.mz,~qs,t) ez

(5.12)

Here 31 and 38 respectively are the strengths of the pump and

probe fields. The expression for P_(t) can be obtained from (5.12)

by interchanging the plus and minus signs. The transient FWM

susceptibility x(s) (0 ,mz,-w  B) can be obtained from the

it s
corresponding steady-state susceptibility by using the prescription

(5.1)-(¢(5.2). The steady—-state susceptibility for the model system

of Fig.3 Is given by
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- 4+ o+ -

(3) N 931913932923 1
Xy—p- @290 7%> = 7 3T (2a,"a A (e-a A3 | @ = A
e Ta M23’ 1992y e 23

—1___|. --32.23___ - ¥ 1 1.
+ -w -A ) 20 -0 —=-A X E d31d‘\3 [ w.—- A + - _=A ]

s 31 ¢ %s 23 .- M3 s '31
+ 2 dyq 4 ('——“"‘"’ * }
p R -
. 3 W, - Mo =y = Aay
Srarereriolli (5.13)

Note that the term (w_ -w —-A__) 1 with o =ma corresponds to the

E s 21 R
. 40,62
usual pressure-induced Hanle resonance at 012-0 [m12 is
proportional to the magnetic fieldl, which survives only if

rg?-rgg—rg?ao. However, even in the absence of colligsions the

transient FWM susceptibility will contain the resonance

. 1 \ .
[mz ma m21+|(r23 P13)] which arises from a difference of the

denominators underscored in the expression (5.13). Note that in

Y. Thus the

the absence of collisions we have Pz =F13=Y/2, r

3 12"

resonances at uz—ma- tm12 that occur in the transient FWM suscep-

tibility of the above three-level model system are of the same

kind as the transient resonance at o -ms=0 in the case of a two-

4
level system discussed in Section A above. In the case when the

fields are detuned far away from the optical transitions [i.e., in

the limit A>>y], the transient FWM signal has a simple structure

and is given by

Liat-yt/2 int_
ZLIEg__E ______ [ 3o 18t [ e __-1 ]

S*It) N
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e l&t(el(9126)t_1)
i(Q+28)¢t

y 0= 0 -w ) (5.14)
s

where 28 is the energy separation between 11> and 12> and A is the
atom—-pump detuning In the absence of the magnetic field.. The
approximate expression (5.14) clearly shows the transient extra
resonances at QQ=0, +28. We have plotted in Fig.B the complete
expression for transient FWM signal S*(t) as a function of the
magnetic field, (i.e., the energy separation between 1> and [(2>),
in the case when all the fields have the same frequency. Our
results clearly show the existence of the Hanle resonances in the
transient signals. We set Q=0 for Fig.8 so that

S, (t) &« “EESEE-—— | So o4 oo TmomoT + (5.15)

cxexZe Y8 [ a_ | 1 sin’st 3 212322]
A & 8%t

The Hanle resonance corresponds to 8=0. This transient Hanle

resonance which is quite strong for vyt g 1, starts disappearing as

t increases. However, it is restored back in the steady -state if
collisions are present, It is important to note that the transient
signal, in contrast to the steady-state signal, is8 of the order. of

1/A4 rather than 1/As. Note that for yt=0.1 the signal is8 narrower
than for yt = 0.05. With further increase in yt one expects much
narrower signals. However, as argued in Section A, if the residual
Doppler width is to remain much smaller than the observation-time
width, then we have to work on a time-scale vyt <<1. Note also that

for the values of yt that we have considered In Fig.B8 [as also in
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Fig.6]1 the signals grow with time. This iIs due to the fact that

2
for short times, the ¢t term in (5,8) and (5.15) dominantes over

the exponential term.

We have also examined the practical problem associated with
the observation of the signal Iin the transient domain62 and we find
that the basic features of the extra resonances in the transient

domain remain unchanged. For example we have averaged the signal

over the detector response time

+
t td
<S(t)> - i J dt S(T) (5.16)
t
d
t
We find that the signal in Figs.6,7 and B8 essentially remains

unchanged for vtd ~ 0,01, For example we have compared in Fig.B
the averaged and the unaveraged signals in the case of transient
Hanle resonance. We have also examined the effect of the switch-on
of the various fields., For this.purpose we have taken the field
envelopes of the form (1-e P%). Thus B~' gives the rise-time of
the flelds, The dashed curve in Fig.6 gives the transient
signal for non-zero values of the rise-time. It Is clear that the

extra resonance in the transient domain survives though It gets a

little bit distorted at the centre,.
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Thus, In conclusion, we have established 'on very general

grounde the existence of new resonances in transient nonl inear

spectroecopy. These resonances do not depend for their existence
on the presence of atom-buffer gas collisions, source fluctuations
or pump saturation. However these resonances do not survive In the
long-time limit. The new resonances are characterized by |ine-
widths determined essentially by the Iinteraction time. In the
context of transient four-wave mixing Iin model two and three-level

systems, the various features of these resonances are studied.



101

CHAPTER VI

NONLINEAR RESPONSE_IN PRESENCE OF CROSSRELAXATION

In Chapter || we had developed a nonlinear response theory
that is valid under arbitrary relaxation conditions. In
particular, working with a relaxation model which Iincluded the
phase-changing as well as the inelastic collisions, we calculated
expliclt expressions for the nonlinear susceptibilities to various
orders., We discussed various effects which arise due to the
purely dephasing as well as the inelastic collisions, As I8
evident from (2,3), the above model consists basically of twé

types of relaxation parameters namely (i) vy the inelastic rates

iJ’
of transition from level [|J> to |i> and (ii) riJ [Eq.(2.4)], the
rate of decay of the coherence pr between the levels |i> and |]J>.

However, as is8 well-known, collisions not only give rise to a
transfer of populations among the various energy levels and to, a
decay of cohgrence between the leJels, but there can be an inter-
1’er‘tﬂ.-m:c=_\"-’5 too, between two collision-induced transitions., Such an
interference becomes significant when the rate of the collision-
induced transitions becomes appreciable compared to the frequency-
separation between those transitions. Such interferences give rise
to couplings between different coherences or ‘between coherences
and populations in the equations of motion for the density
Ooperator of the system. Hence in order to describe the nonlinear

response of systems in which such interferences -are important, the

relaxation mode! must include these new coupling terms, apart from
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the usual relaxation parameters YIJ and P‘J.

couplings, namely the coupling that gives rise to a transfer of

A simple case of such

coherence (or crossrelaxation) between two pairs of levefs, has

been discussed in some detail in the Ilt:e.tr-m:umsa.32'65'6.7 Cross-

relaxation has been found to give rise to interesting effects In

the linear response of a system to an external field, e.g., the
collapse of the inversion spectrum of NH3 at high presaures,sz and
the mixing of the two |ines in the absorption spectrum, their

merger into a single line and further, the narrowing of this l|ine

66
with Iincreasing pressure, ' The question of how crossrelaxation

affects the nonl inear responaess_sa too is quite interesting. In
this chapter, we examine the effect of crossrelaxation on the
third-order nonlinear processes, namely saturated absorption and
four-wave mixing. In Section 111, we trace the origin of c¢ross-
relaxation to certain non-secular (or counter-rotating) terms in
the master equatlon69 describing the interaction of an atomic
gystem with the bath of perturbers. In Section ||, we specialize
the general formulation of Section |l to a model four-level system
with two optical transitions. We study the effect of crosarelaxa-
tion on saturated abosrption. In Section |V, we calculate the non-

linear susceptibility for four-wave mixing in the model system of

Section 111. We present detailed numerical results for a range of

collisional parameters.
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I1. ATOHMIC DYNAMICS WITH CROSSRELAXATION

The relaxation behaviour of an atomic system In the
presence of collisions can be handled by using various methods.
For example, one can consider the Interaction of an atom with a

heat bath and write the interaction in the form

H o= )} E im<ml + 3~ v, 1k>2El + H (6.1)

R L]

where v describes the interaction of the atom with the heat bath

or with the perturbers and HR is the unperturbed Hamiltonian of

the heat bath. Note that vk’ is an operator in the Hilbert space
of the perturbers., Let p be the reduced density matrix for the
multilevel atom of interest. In the weak coupling limit and Iin the
Markov (impact) approximation, the density matrix pI in the inter-

69
action picture is found to obey the equation

9 I - J I 1 +
at P ° z- 1 [ Amnp Ak! - Aknp 8zm ] Yemn
keZmn
i(w, _+w )t
1 I - 1 k. mn
+ [ Akz” Amn_p Amténk] Ymnke 7 © ! (6.2)
where

and the coefficients y* are related to the correlation functions

of the perturber bath
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vt -iw__T

+ = mn .
Ykemn { dT < Vi (T v t00 > e , (6.4)
- o« —lmmnt
Y 2mn { dt < v (0) v (T > e
+ x '
Yprnm’ (6.5)

At this point one wusually makes the rotating — wave
approximation and keeps only those terms in EqQ.(6.2) for which
mkz+mmn is exactly equal to zero. Then, in the case when the atom
has a non-equidistant and non-degenerate spectrum, one gets the

wel l-known equation which has been extensively used in finding the

nonl! inear response of a driven system)

3 1 1 - 1 1
ot Py = Thyums eyt 8y 2 PPl £6.6)
k#1
where
172 Y« + y + rP" (6.7)
Ty © ) LTI iy '
k
Here 7IJ is the rate of transition from |J> to |i> due to
spontaneous emission as well as due to inelastic collisions, and

r?z the rate of dephasing due to elastic collisions, However, the
counter-rotating terms in Eq.(6.2) can be important Iin certain

cases as discussed below. When counter-rotating terms are
retained, then Eq.(6.2) can be written in the Schroedinger picture
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2
—= = =iA + - + -
at Piy P00 7 Rkgin Prie T B Pyt e s L D,
(6.8)
2 £«
—p . = Y. P, - S 4 - .
ot Pir T Tk P T Miey Py M E C1S8,0 B e
- £ (n° + N
e Mk Pt e P (6.9)
where
3 K A
kJin = Ykgin t Ykgin '
+(-) (=)
PR 80 F Vikky
T LT (6.10)

In Eqs.(6.8B) and (6.9), the £ and n terms are the counter-
rotating terms that bring about coherence-coherence and coherence-
population coupling. Let us now look at the origin and meaning of
such additional terms. Expressing Eq.(6.4) in a representation in
which the bath Hamiltonian is8 diagonal, i.e., HRIR> - RIR>, we

getTo

+

Yklmn I E fo(R) < R, leIR-mmn, !)(R,anlR—mmn, m > ’

(6.11)

and we also have
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+ -

ek’

where f (R) Iis the probability distribution of the bath states.

One can see from Eqs.(6.11) and (6.12), that while T:zmn is

related to a product of two transition amplitudes of the form

€ oicCmn (where c'J denotes the probability amplitude that a

transition takes place from |J> to 1|i>»), Y ok is related to the
2

modu lus—-squared of the transition amplitude of the form Ilc_, |

Lk

+
Thus the terms 7lclmn can be seen to arise from a quantum—-mecha-
nical interference between the two transitions |k> 2 2> and In> =

4 (=
Im>, One can take the magnitude of Yk;m; to be roughly equal to

Jtvtkvmn)/z. By doing a simple first-order perturbation theory

with any particular counter-rotating term as the perturbation

parameter, one c¢an estimate the order of Iits contribution to
p(t)., For i{natance, the contribution from the term EkJ in that
couples the coherences p'J and pnlc: can be seen to important when

[~J(y n)] is appreciable compared to IA kI . There are many

Leyin Je7i i3 M

systems for which some of the non-secular couplings become
important (at high pressures) when the Iinelastic collision r;'at:es
become sufficiently large. In the next section, we study a model
system where a simple coherence-coherence coupling between two
pairs of levels is important. Such a model system has been of

considerable interest. Other systems can als o be studied simi-

larty,
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11I. EFFECT OF CROSSRELAXATION ON THIRD-ORDER NONLINEAR

SUSCEPTIBILITIES

6.-.
Consider a frequently 5=67 studied four-level system

congisting of two transitions |1> «3 2> and |3> «» |4> coupled by -

inelastic collisions (see Fig. 4) and interacting with external

fields. A central frequency o, is defined so that w -8,

w12" o

msq-wo+6. The time evolution of the syetem is described by

the equation

20 Lp L (E)p (6.13)

ot f

where Lop i as gliven by (6.8),(6.9) and Lf(t) is the Liouville

operator describing atom-field interaction. For the above system,

the relaxation part Lop of (6.13) is given by

(L_p) p (L _p) . p
[ of’12 ] - M [ p12 ] ' of’ 21 - [ p21 ]  (6.14)
(Lop)34 34 (Lop)43 43
-iA E
M - [ 12 ] ’
£ ~1hg,
A12- w - 8 - ity + o) , A34 -0 + 8 -ily + ©) , (6.15)

and
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(L _pryy | —(2y+0) 0 o 0 (0, |
(Lop)22 2y -0 0 c Pasn
(L°p>33 = o 0 -(2y+0) O Pag

_(Lop’44_ i 0 g 2y -g Pag

- (6.16)

Here we have taken E

E E 51342 = £ (all other £ and n

3124

terms are negligible), r12-r34=7+o. rp“-o. ¢ is thus the rate of

2431 ~4213"

the Iinelastic collisiong between two nearby levelsa as shown |In
Fig.4. The parameter E couples coherences to coherences. .These
parameters ¢ and E can be obtained in terms of the matrix elements
of V [see Eq.(6.11)]. These can also be Pelated65 to the collision
matrix S, e.g., E = f (S+)31524F(g)dg, where F(g) can, for
example, be the distribution of Impact parameters g. For the
calculation of the nonlinear suscqptlbllltiea (2.30) for this
model, It is necessary to know the eigenvalues and eigenfunctions
of Lo' Note that since there is8 a coupling between Py and Paas
Eq.(2.5) does not hold. Hence l;: is no longer diagonal Iin the
Liouville sub-space of vectors 1i><Jl ¢CivJ)., Thus one needs to
solve an eigenvalue problem as illustrated in (2,7),¢(2.8), in the

li’><Jl (ivJ) basis too. For the {11><2l, 13>€a4l|l} basis, for

instance, the eigenvalue problem can be written as

L ¢

o?i K ? ’

- 4
’I U1'|1><2I + U2i 13><4l,
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= - —1 = _1
11>¢<21 DoV ¢, o 13cal = )T Ui, ¢, o i=1,2, (6.17)
i i
where U is8 the matrix which diagonalizes M, i.e.,
K o]
-1 1

u MU = [ o . ] . (6.18)

2

- -4 2_ 2
1,2 2 [ Mg+ ng ) = J&P%
Uy, =U, =1 , U =-U, = = ——=
11 22 * T2 21 _ 2 2 '
CiB+ J(E“-B%))
= 1 -
B 2 (Mg - Mg ) . (6.19)

Note that since the relaxation matrix corresponding to the

x
[12><11, 14>¢<31) basis is M, the eigenvalues and eigenfunctions

in this basis are k 'Kz

+ +
1 and ¢1, ¢2 respectively. Thus using (6.17)

and (2,7),(2.8) one can obtain the action of an arbitrary function

f(L°> of Lo on an arbitrary operator Q. We expand (m—lLo> 1i><Jl
in terme of the complete set of operators |k><R| and write
-.1 -
- = . (6,20)
=il > " 115¢Jl Y D\ g (@) le><el

For the present model (6.16), there I8 no coherence-population

coupling and hence

D . (6.21)
el €90 B, (@)
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where B, (@) is defined by EQ.(2.34) with the relaxation matrix
now given by (6.16), For the above model, we have shown using

(6,17)-(6.19) that

a_ a,
Dy212¢®? = 07Tt ol ’
1 2
- - 1 _ 1
Dy234¢®? D3a12¢® = b o=k, " a-ik, ) ,
D (0) = i S
3434 w-iK w-iK !
1 2
B E
a, = % [ 1 = "‘;—‘;‘ ) ’ b = =———————— . (6,.22)
Jg2-p2) 27¢x%-p2)
Note that 02121(m), 02143(01, 04321(m> and 04343<m) can be simply
obtained by replacing a,, b and x1 2 by their complex conJjugates
]
in the expressions for D1212(m), D1234(m), 03412(m) and 03434(0)

respectively. The quantities B w) can be worked out using (2.34%)

iJ(
In terms of the elements of the population relaxation matrix R

defined by Eq.(6.16). We have shown that

1 1
- - + +

B13¢@) = By (@) = FTGIZTYY T 2(wizityre)

1 1
- - memm———— o =—
By tw) Bagtw 2(w+2i0) = 2w

I D ]

- - - +-_
Boqtw) Byptw) 2(wt210) | 2w
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B,,{w) = B_,(w) = Bzzth - B

12 34 g (o

814(m) - Baztm) - qutm) - B1S(m) . (6.23)

Having obtained the relevant propagators D w) for the above

isz(
model, th_ calculation of the nonlinear susceptibilities (2,30) to
various orders is now straightforward. Let the system be Interact-

ing with two similarly polarized monochromatic fields with frequen-

ciea ma and mz. We write the total field as

-
BE(t) = EB(t)-#Ez(t) ,

~ -Imat
E (t) = e(e_e + c.c, ) )
8 8
> ~ —io,t
Ez(t) . e(eze + c.c. ) ' (6.24)
We will now obtain the results for the nonlinear response of the

system when crossrelaxation Is Important,

A. Linear_Response

The general expression for the first-order susceptibility

can be obtained from (2.30) in terms of the D'sz defined iIn

(6,20). From (2.30) we have
(1) /

Heoo - . (6.25)
xuu (w) = | NTrj d (0 lLo) L p J
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On writing

(o) - (o) )
p = Y o 21 (6.26)

and wusing the definition of La[Eq.(2.30)],Eq.(E.25) can be

reduced to

(1) . - - (o) (o) I v -1 \
Xq (@) NCd o a0 pn ) ey dYea Ly kil g,
(6.27)

Equation (6.27) can be simplified by using (6.20), Thus we have

(1) - (o) (o)
Xpg @= =N ) [ ) dy d, D, @) . (6.28)
Im
(o) (o) 1
For the model system of Fig.4, pzz = 944 2 and hence (6,25)
becomes
(1) . N 7 ¥ + d% D o)
Xpa @2 2 \ 95,950 5, @ + dgD oo, @ ]
7]
+ d [d1203412(m) + GBQDSQSQ‘W, ]
+ 11> &« 21> , 13> «» |4 } ' (6.29)

Consider all filelds to be similarly polarized and let d12 = d34 =

d (real). The energy absorbed by the system from the probe field

is given by
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™ { =——m— ' EB“:) b (6.30)
where B(t) is the induced polarization which we write as
-iw t

- - 8
P(E) = p(ma) e + c.c, (6.31)

The brackets <...> in (6.30) refer to time-averaging. It follows

from (6.30) and (6.31) that

-3 -~ x .
I = 208 Im [p(ws).e e, ] (6.32)
In the absence of the pump field mz, the |linear absorption is
given by

(1) ~
11(ma) = 2@8 Im [ p (ms) e e ]

2 (1)
= . (6.33)
st Iesi Im [x (ms) ]

It follows from (6.29) that

2
x”’(maa = - Nd_ ( _..f:t__ A ) (6.34)
2 - T
a_-1ix A-iX

where

AB - WB - mO 1

2 2
A = - (y + 0) £ J(E - &)
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A, = a +ta_*2b =14 -———Ze—m—m (6,35)

Note that In deducing (6.34), we have thrown away the non-rota-

ting terms that are contained in |1 e+ 12>, 13> «» 4> in (6.29),

)
The behaviour of x depends on the magnitude of crossrelaxation,

For E/8 < 1, one has

y+o+ta [A_ + J(82-£2)] y+o -ald - J(82-£2)]
(1) 8 8
Im x (mB) « -+ n

[A8+J(62—E2)]2 + (y+o)2 [a_-vcs2-g?

)]2 + (7+o)2

Q = ' (6,36)

One can see from Eq.(6.36) that for E/8 < 1, the |inear absorp-
tion spectrum consists of two lines exhibiting both absorptive
and dispersive character. These |ines get more and more mixed as o
increases (static mixing) and as E increa;es (dynamic miglng). In

the limit E/8 » 0, Eq.(6.36) reduces to a sum of two Lorentzians

Im x(1,<08> « ————— 151_2____ + Y + o . (6.37)

2
(AB+5) +(1+a)2 (AS—B)+(Y+U’

At E/8 = 1, one has a single |ine peaked at AS-O and with width

Y+o0, In general, the first-order spectrum is symmetrical around

AS-O. For E/8 > 1, one has

(6.38)
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where the A,, X\, are as given in (6.35), Thus, as E/8 Increases
beyond 1, one of the two |ines becomes harrower and stronger while

the other |ine becomes broader and weaker and what survives is the

narrower |ine. For E/8 '~ 6/8 > 1, one has

2
Ny = —Y-8/20 , A ~24+ 8%2s ,

A~ = (r+ 20 +8%20 , A~ - 8%/20 (6.39)
Hence, at very high pressures, one observes a single narrow |ine
with width approaching natural linewidth. This is the wel | -known
line narrowing phenomenaﬁs_s? resulting from the mixing of the
lines.

B. Susceptibility for_saturated_sabsorption_with_crossrelaxation

—— — — — ———— ———— — o — e - — — — T — — - S ——

We next consider absorption from a probe Iin presence of

a pump flield. The absorption spectrum in such a case is given by

2 (1) 2 (3)
- - - )
Iatma) 2maleal Im [x (ms> 4 Iezl X (mz, Wy, W 1,

(6.40)
where x‘1)(m8) is as given by EqQ.(6.34) and the quantity
(3) tibilit (3)( -w,,w )
X (ml,—wz, wg) is 6 times the suscep Yy X Wes=We 0,7,

Note that using (6.20) in (2.,30), we can write down a general

expression for the third-order susceptibility which is valid in

presence of crossrelaxation. We have shown that
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(3 N_aym . (0) (0) Y
( w,,n. ) - ==E5
Xpapy 17 %2* % 1 ). ey Py ) TR T A &
b JRmnpp o
i I
X ol D |
[ mJ m!np(mQ 0g? Tom “Jmnp‘m?'ma’ )
o n
X C ) ( ;
[ an qprs mp) "pq anrstmp) ) dg,.
w = w, 1 w_ 1 o . (6.41)

where the aymbo! 'asym' haa the ugual meaning as in” (2.30), that the
sum on the right hand nide hag to be aymmetrized with reapect to the

indicns (m‘,u), (m?,ﬂ) and (ms,v). Note that we will obtalin the

usual expression for the third-order susceptibility (2,30) by

substituting in (6.41), the relation

Co-A. ) 1 4

) = GikaJl iJ GiJasz' (w) (6.42)

D ke f® k

The relation (6.42) is valid when all non-secular couplings are

neglected. For the model system of Fig. 4, we can calculate

X‘S)(mz."mz,ma) using the general expression (6.41) and the
relations (6.22), (6,23). ~ave shown that
(3) 1 4 J A_ )
- = = Nd /2 re T
A T T 6 [ ) 1 A_-in, N
1 1 S I— L - ]
X [ - YA - ) * aTvTN A -in, B, -ia
Az+lx+ [ 69 In_ Al IN_ 8 + +
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R N Ll ) ] [ . —le )
Ag+|x A —iN, A ~iX, LYREP A~
X 2, %% + 39 %! ] l (6.43)
- ’ [
8_-8,+21y 21y J
where
2 2 .2 2 2
4i(o+E)[(y+0) " -E"+8 —i(Y+O)(AB—Az)]+2i[2AzASU“E(AB+Az)]
g, (E1 = " e s = )
1 (At ik+)(As ik_)(ﬁz+ih_)(ﬁs lk+)
(6.44)
gO(EJ = 91(53 Aasﬁg (6.45)

Here the Ad= and k* are as defined in (6.35), and Az-=m -0 . Note

R
that we have dropped the tensor indices of x‘s’ in (6.43) since we
considered all fields to be similarly polarized. Further note that
the expression for x(S) in (6.,43) does not have the usual

permutation symmetry with respect to the frequencies mz,—mz. ms

gince in writing (6.43) we have thrown away the non-rotating (anti-
resonant) terms. The non-rotating terms correspond to contribu-
tions from some of the permutations of W s =W, @ It is found
that Imx(a’(ml,-mz,ws) can be negative. This can be seen by consi-
dering a special case of EQ.(6.43) with E=o=0o. In this limit, we

have



118

xta)(wz,-m W ) = l ( ug— J e e 2-— - [ —__1'____
R 's 6 2 (AB+64I7)(Az+B—IY) B_t8+1Y
-1
A T8TTy ) + 8 -8 . (6.46)

Note that 8+ -8 represents the same terms with $ interchanged with
-8, The susceptibility (6,46) is Just the sum of x(a)'s for two

independent two-level systems with resonance frequencies o -8 and
o

mo+s. Eq.(6.46) leads to

a. [ ay(y2+a, A, )

(3)
Im x (w_,~w0_,0 ) ,__%(ug_ 1t 1s____ + terms with 1-22],
T t's 2 (a2 +v2)aZ +y2,
187 1277
A - +6_ = - - . { )
12,18 o “p,s ' DBaz,2e w, =& - w o (6.47)

One can see from Eq.(6,4T7) that for A1z=°' for instance, Imx(a,

remaing negative for all values of A1s for which it is signifi-

cant. Hence it turns out that the third-order process gives rise

T
to the possibility of amplificatipn ! of the probe wave. However,
the total absorption (6.40) will still be positive since the con-
tribution of x(S) termsgs is small, This is seen from Fig.9. The

amplification can be apparent, for example, by examining the
absorption at two different values of the pump intensity., Further,

(3)
one can see from Eq.(6.43) that X has resonances at

A = A , = J(62 - 82) , (6.48)
s L

which should be well resolved If 8, is large and if 3 >> L. Note

- in the last term in (6,43) is the
that the resonance AS Az
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pressure-induced extra r‘esonance5 T which has been discussed
extensively in the context of four-wave mixing. Figure 9 shows the
resonances at AS = %+ 4(62—52). The resonance at As=bz is rather
weak and gets washed away by the |ine mlxlﬁg effects, This can be
seen from the structure of the coefficient of the pressure-induced
term In (6.40), namely g9,(E) [Eq.(6.44)]. Note that in the numera-
tor of the expression for g1(E>, the quantities proportional ¢ and
E occur with opposite signs. In particular for large detunings,
i.e., AB"A!-A>>T'O'E' we have 91(E)~41(o-z)/A2 so that the

pressure-induced extra resonance at AS-A disappears if o=f, and

[ 3
this I8 the case iIin Fig.9. We have checked numerically the
existence of the PIER for E=0/2 etc. Thus the effect of cross-
relaxation § is8 to decrease the weight of the pressure-induced
(o-induced) component in the saturated absorption spectrum. We
also observe a small asymmetry between the two resonances at As=
tJ(Gz—EZ), which is induced by the pump. Note also that the
character of the resonance changes if bz (say) is chosen close to
J(az—Ez). Some of the resonances take the form of the square of a
Lorentzian. The behavior of the absorption spectrum when the pump

is tuned to one of the atomic transitions is shown in Fig.10. This

tuning results in a smaller absorption, For E/8=1, EqQ.(6.43)

reduces to

4
(3) L NI, e [
X (0, —w,, 0 ) 6 [ 2 )\ (2iy+8_-A,) (A _+i(y+o)) [ A_tity+a)
1 \
1 2 —r . )
- + - J
8,1 (y+0) ) 21y(A_*ity+o)) ( B +itydo) B, =ily+o)

(6.49)
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which has the same atructure as that of x‘s’ forr a two - lovel
Byetem with tranavorae relaxal fon t.ime T?u(7|") 1 nnel l‘“l(l'l-“{flllﬁl

1
relaxation time T1-(27) v For- £/8 ~ a/8 >> 1,

(6.50)
(3)
resembles the for a two-level syatem when only radiative
relaxation is present. Hence for E/8 » 1, the saturated abgsorption
spectrum will consist of a single narrow symmetrical line at
AB-O, in much the same way as in the first-order apectrrum, except
for a slight reduction In the peak height depending on pump

detuning and pump stirength,

IV. NORLINEAR SUSCEPTIBILITY FOR FOUR-WAVE HIXING

WITH CROSSRELAXATION

We next examine In detail the nonlinear susceptibility

(3)

X (mz,w -ms) describing four-wave mixing (FWM). For the model

l'
of Fig.4, we have shown using (6.22), (6.23) in (6.28) that

) A A
P 0,0y - - L (Y- [ el e ]
'’ s 6 2 n—Az-nx4 ﬂ”Azllh
1 ey e P ] C AR [ S B
‘ (n+Az+lk+)(Az-lx_) (D+Azl|k_)(bz-lh4) 4 fn Az+.x*

———————— ————— f— — — — .

1
S, D S BEP—— - ]
n-ﬂz+ik_ ] [ (ﬂ4A£4ih4)(Az-Ih_) (ﬂ*ﬁz4lk_)(ht IX+)
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where n=ms-wz, Atwmz-mo and At,k* are defined by EqQ.(6.35), Note
again that In writing xta)(mz,mt,-ms) in (6,50) we have dropped
the tensor indices since all fields sre similarly polarized.
Further the expression in (6.50) does not exhibit the permutation
symmetry with respect to the indices w,,w, and w,, because we have
thrown away the non-rotating terms. Such non-rotating terms
correspond to contributions from two of the permutations of
o ,mz, and -ma. Since the physically observable quantity is the in-

 J
2(3)

duced polarization (the FWM signal is related to I|P (t)lz) and

not the susceptibility as such, a lack of permutation symmetry in
(3
the expression for X [when rotating-wave approximation is made]

will not lead to any physical consequences, The quantity 92(EJ in
(6,.51) is obtained by interchanging AB and Az in the expression
for 91(5) in Eq.(6.44). One can see from Eq.(6.51) that for

(3)
E/8<1, the resonances in x (mz,wz,—ms) are at

), 0, = [, + ve82-8%)1,

o = az—J(Gz*EZ). B, Jea2-g?

- [, ~ve8?-e% . (6.52)

2 2
Thus depending on the magnitude of Az £ J(8"-E7), some of the |ines
may overlap. The width of the resonance at =0 is 2y while the

width of each of the other resonances is Y+o. Consider the case

2
when Al is negative and Az+ J(azwz ) is far from zero. In such a

case, all the five |ines corresponding to the resonances in (6.51)

are distinctly present., |t can be seen from (6.52) that the |ines

corresponding to the first (third) and the second (fourth) reso-
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nances dynamically mix with each other as E/8 increases, As in the
| inear absorption spectrum, here too the dynamic mixing is due to
the fact that the frequency separation between the lines in each

2

of the above pairs [equal to 24(8°-£E%)] becomes smaller and smaller

and approaches zero as E/8 approaches 1, On the contrary, . the
separation between the lines corresponding to the second (fourth)
and the third resonances [in (6,52)] which is equal to IAL+J(62—E2)I
increases as Et/8 approachs 1. for any given Az,“" Hence one can
a;y that these |ines dynamically recede from each other, or unmix,
éé E/8 approaches unity., At E/8=1, the mixing (or unmixing) of

lines has reached a maximum, and we have Just three |ines at
N =4, 0, -A (6.53)

with widths vy+o, 2y and vy+0 regpectively, since in the limit

E/8=1, Eq.(6.51) reduces to

(3) 1 —] 1 —_—

X (wg,0,,m0,) « ?HZET;T??}:ZFT?;JE?? B +i(y+o)” E+Al-|<7+c>

(6.54)

For E/8 > 1, each of the resonances n--Az and Q= "Az in (6.53)
2 .2

corresponds to a pair of lines with widths ytox J(E -8 ). Hence, as

in the |inear absorption spectrum, as £E/8 increases beyond 1, the

=% become narrower and narrower. In the
lines centred at 0 Az

limit, E/8 ~ o/8 »> 1, one has

1

(3) - (6.5%5)
- « -

X (o ,0_, ma’ (n_ﬁz-|7)(ﬁz+i7)(ﬂ"ﬂ! iv)
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Hence lp this limit, the extra resonance at Q=0 disappears, and
the two Ilines centred at ﬂ'-'*Al become narrowed to a width
approaching natural linewidth, It is also interesting to look at

the case when there is no collisional coupling between the two

components (o/8 = E/8 = 0), In this limit, (6.51) reduces to

(3) J 1 \
(0_,0_,~w ) « - - —————— e e e e -
X gt Qg "0y \ (R=8,=8=17) (A, +8+ 1Y) Q1A +8- 1Y) + 8 e -8,
(6.56)
(3)'s
which is8 Just the sum of ¥ for two independent two-level

systems. Note that the extra resonance at Q=0 now disappears, 8o

that one has only four resonances, in general, at

R = 46, -8 , A +6,—(6z+6),—(ﬂz-8) (6.57)

3)

( 2
In Figs.11-14, we plot the FWM signal I|Xx (w -ms)l ve, n(-ms—

e’ e
mz) for various values of pump detuning and crossrelaxation rs;tes
E(=g), Fig.11 showg the usual.F'wM signhal in the absence of
collisional coupling between the two components (E/8 = o/8 = 0),
In Figs.12-14, we display the changes in the FWM signals as the
strength of the collisions increases., We show results both with
and without crossrelaxation. When all the five lines are resolvéd,
then crossrelaxation reduces the strength of the collision-induced
t;oher‘ence at Q=0. This can be understood from the fact that the
8ign of E in the numerator in g,(L) [which is the same as 91(.1:)

except for A and “z interchanged] is oppogite to that of o,
8

In particaular for large detunings, Aln'ﬂshﬁ) >y,0,k, we have
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2 .
g,(E)~41(0=-E)/A" 80 that the pressure-induced extra resonance at

N=0 disappears if o=E. Hence the crogssrelaxation E tends to

decrease the strength of the colligion-induced ti.e,, o-induced)

resonance at N=0, The effect of crossrelaxation is seen to be more

dramatic when the pump is detuned far away from the resonance fre-

quencies of either of the two components.

Thus, Iin conclusion, we have studied the effect of cross-
relaxation on saturated absorption and four-wave mixing. We have
based our calculations on the general atomic relaxation equations
which follow by considering the interaction of the atoms with the
bath' of perturbers. Crossrelaxation makes a difference in the pump-
induced asymmetry In the third-order absorption spectrum. The
effect of crossrelaxation on four-wave mixing Iis more dramatic
than on saturated absorption. Line mixing and I|ine narrowing
occur in four-wave mixing as well, as Iin the |inear absorption
spectrum., Further, crossrelaxation is found to reduce the strength

of the pressure-induced resonances in these spectra.
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CHAPTER VII

RENORHALIZATIONR OF TIHE RONLINEAR SUSCEPTIBILITIES

DUE TO INTENSE PUNPS

In Chapter |1, we had developed a nonlincar response theory
that was valid under arbitrary relaxation conditions. However we
had assumed that the external fields were weak so that one could
use a perturbative analysis and compute the response functions to
gsome ntP order In the weak external fielda. Such a pearturbative
analysis I8 generally valid If the typical detunings from atomic
frequencies are far bigger than the typical Rabli frnqunncfﬁa
(-Ia.E/hl) for the optical transitiona. If the fielda are tuned
close to r;eaonance and If the Rabl frequencies are comparable to
the relaxation rates, then one has to go beyond the simple
perturbative approach. The fields which are strong have to be
treated to all orders., The remaining flelds ct;n however be treated
perturbatively. In this chapter, we develop the nonlinear response
theory when some of the applied fields are strong while the other
fields are weak. We will work In the dressed-atate basie and make
use of the dressed—-atom approxlmatlonaa which ia generalily valid for
atrong flelde, The dynamical aequat ions in the dJdresaed-atate
representation, when the dressed-atom approximation Iis made, have
the same structure as In the absence of the strong flelds, except
that now the various parameters that appear In the equations of

motion are dependent on the strength of the strong fleld. Hence

the nonlinear response theory for a system dressed by one or more
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gtrong fields can be developed on the lines of the nonlinear res-

ponse theory developed In Chapters |1-1V which was valid In the
absence of the strong fields. In particular, one can obtain the
nth order nonlinear susceptibility xm) of a sestrong-field-dressed

system (n®h order in the weak external fields) from the nonl inear
guasceptibility x(n’ of a bare atom by a simple renormalization (or
re-identification) of the various parameters that appear in the
equations of motion Iin the dressed-state picture. Equivalently,
the diagrammatic method of calculation of the nonlinear susceptibi-
lities developed In Chapter |1l can be utilized to compute the non-
| iInear susceptibilities of a strong-field-dressed system too,
except that now the terms corresponding to the various diagrams
involve the renormalized (strong-field-dependent) parameters. The
intensity-dependent susceptibilities to various orders Iin the weak
external fields explain various ;:»henc:mena15_18 that occur in
presence of the strong fields. For example, the intensity-
dependent |inear susceptibility of a two-level atom shows reso-
nances at the Rabi frequency of the strong fileld,while the higher
order intensity-dependent susceptibilities show resonances at
various submultiples of the Rabi frequency. In Section 11, we
develop a Liouville operator formulation of the nonlinear response
theory of a system which (s dressed by one or more strong fields
and which I8 undergoing arbitrary relaxation. We work in the
dressed-state basis and make use of the dressed-atom approxima-
tion. We calculate explicitly the various intensity—-dependent

parameters for the case of a two-level atom dressed by a strong

field. In subsequent sections, we examine the effect of strong-
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field dressing on the firset, second and third-order response of a

two-level atom.
11. NRONLINEAR RESPFORSE THEORY WITH SATURATING FIELDS

Consider a system undergoing relaxation and interacting
with external fields, same of which are strong and some of which
are weak. The dynamics of atom-field interaction is described by

(2.2) which we rewrite as

op

Bt -l[Hop] -i[v(t) + F(t), p] + L , (7T.1)

rP

where LR is the relaxation part of L = LR-l[Ho, ] and V(t)[F(t)]
represents the interaction with the strong [weak] fieldas. We make

a canonical transformation

-1

uTlcer [H + vee) 1 uce) - A, (7.2)

such that ﬁo igs time-independent. As a result of the canonical

transformation, (7.1) transforms into

a ~ ~ ~ "~
“-"l[h.p]-I[F(t).p]+LRp. (7.3)

where
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Feey = U e Feeruce) (7.4)

Note that a U(t) as iIn (T7.2) can always be chosen provided one
neglects the counter-rotating terms in V(t) and provided no two

etrong fieide saturate the same transition,' '’ 12:13

The choice of
u(t) will depend on the structure of the energy levels and the
external strong fields. Now one can make one more canonical trans-

formation and go to a basis in which h is diagonal
s hs = B ,hIp> = B 1B > . (7.5)

The eigenstates IBl> and the eigenvalues B' depend on the strong

external fields. These are essentially the dressed-states of the

eyatem.33 Note that the conventional dressed—-state deacrlptlon32

uses the quantized version of the external fielda, whereas here we

treat the fields claaalcally.‘T'Tz‘73

The eigenstates IB,> are
the superpositions of the eigenstates of Ho with expansion coeffi-
cients that depend on the atr‘er'\gth of the strong field. We now
tranaform (7.3) to the basis in which h is diagonal. On defining

5 =~ s1ss , Fiery = s Frs (7.6)

EqQ.(7.3) leads to

L
~

8p » 3 4 -1 s -
ac - —VLB, pl —ilF(t), pl + S '[L (S p S

1]8 ) 7.7

The relaxation terms in (7.7) acquire a simple structure if one
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33,17,72,13

makes the dressed-atom approximation, which consgsists of

using

<$'IS_1[LR¢S H s":]slpJ>

p-F 1

s - q'J(1-6 )

i3 Pig 3y ZE ( Pk Pric ™ Pid )

n
r
on

(7.8)

Note that q'J and le are strong-field dependent relaxation
parameters. In the dressed—-atom approximation, Eq.(T.7) reduces
to

25 - z = =

3t i[B, p1 -il FC(t) , p] + LD p . (7.9)

Hence if we work in the dressed-state basie and make the dressed-
atom approximation, then the basic dynamical equation (7.9) has
the same structure as that of (2.2) which was used in the
perturbative calculations. Thus the density matrix 5 to n*h order

in F (t) can be obtained from Eq.(2.22). The response of the

obgervable Q can be written as
1
J

Q(t) = Tr { pitra } - Tr { pLEIBE)

ey = sV v lorauiers (7.10)
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Thus the nth order nonlinear response of the observable QG will be

given by Eq.(2,25) with

Q-+ a(t) |, L, * Lp —ilB, 1, (7.11)

-if E - =1 -ift
il Fcey, 1 n dn e Letay (7.12)

If we write

_ ~ta_t _
= 2_ Q, e , F(a)y = - 2_ f (@ 8 (7.13)

on
~
<t
~
M

then, the nonl inear response follows from Eqs.(2.25) and (2.26).

(n> - 1 in ® ® -t + £ A
Q" tey = ) [ 57) J an ... I da_ e
-0 - 00
% (M a1 £ w@r...f ) (7.14)
Ixa{u 3} n « 1"'""'""a n ’ *
n 1 n
where

n
(n) _ o Nezid { _ -1
Ixa{an! (e m - sym Tr { @ EQ-iL, ) |_m1

n ~
= -1 - -1 =(0) - -
(Y oy ) ey vt -t 7l 599 ) e, 1.
=2 2 n n n .
(7.15)
Note that the subscript I to the left of x(n) in (7.15) implies

that the nth-order susceptibility is intensity-dependent. The

intensity dependence arises because the new Liouville operators Lo
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and L [Eqs (7.11),(7.12)] depend on the strength of the saturating
fields., Thus the equation (7.15) gives the nonlinear response of a
system whose agtates are dressed by some saturating fields. The

explicit expression for nonlinear response of a bare atom to

various orders In the external fields (Chapters II1-1V) can be
easily transliated into the dressed-atom case to vyield the
intensity-dependent susceptibilitieas, If one keeps in view the

transformation (7.12) and uses the following translation table:

Yig T Py Ty P Gy

AIJ > K'J - Bl - HJ - lqlJ ’

p:?, » 5 (7.16)
However, It should be remembered that the frequencies n1,n2,... in

(7.15) are not the frequencies of the external weak field but that
these involve the combinations o} the weak-field and the strong-
field frequencies, because of the tranaformation (7.12). It should
also be remembereithat the indices X sByyens N (7.14),(7.15) need
not refer to the cartesian componentas of the weak field. They

could simply denote the various terms that occur in the expansion

o
of F(w) [Eq.(T.13)].

In order to understand the abstract formulation given
above, we consider the interaction of a two-level system with two

-
external fields of frequencies m1 and "2 and wave vectors k1 and
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o
koo We assume that the field w, Is strong and that o, is weak. The

various parts of the Hamiltonian are

%o
H, = 3 ( Agq=A

o 22 )

-jw. t o2
V(E) = GA,, e | 4 h.c G=-d .o eyl
12 e 12°% © ’
~iat , - :ﬂz.?
F(t) = —d12e2A12 e + h.e. 012 - d‘z.eze (7T.17)
where we have defined the operator A'J as
A'J = li»¢Jl (7.18)
The canonical transformation with
-jw,t(A, ,~A /2
uce) - e 1 " 22 H (7.19)
will lead to
2 11 12 12 o 1
12212 2 1

The matrix h Is easily diagonalized with the result
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O 2 2
- g == -
p1,2 2 ) nR J(AT+4|G|") |,
cosb —e-"alne
S - ,
e“ 8ind® cog0
cogb ) —le
IB,> = ] » 1By = [ -e '8inod ]
ei’elne cogb
tane = %{%l , G = |cle '* (7.21)
R

On making one more canonical transformation with S, we get

Fity = -d%e. e %% 4+ he. , @Ht -4 (7.22)

o -1
where d = d12(S A123)

= d,| e'%aine cosel1><11 + cos’el1>¢<2|

- e2'%gin%6125¢11 - e'*sine cosel25¢21 ) . (7.23)

Hence on using (7.22) in (7,13), it follows that
F ar d B 7.24)
Fey = f@d+f_d = ) foms, 1.

" 3

where
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f (- 2ne26(ﬂ-6)

»
f Q) = 24 eza<n+a: (7.25)

Note that the index & in (7.24) does not correspond to the carte-
sian component of the polarization of the field 32. The component

of the induced polarization in the direction of the probe field,

for Instance, wiill then be

pey = Tr(dp ) = Tr {deer pced )},

" _ =iet L dat _ -let
dtey = - e ' +d3 e ' = Y a e a (7.26)

where 3* is given by (7.22). The relaxation terms (7.8) can be

calculated by using (7.21) and these are found to be [ Cf.Fef.22]

1 2 2 ph 2 2
q12 2 (712 721)(1+29in © cos 0) r12 (1 28in 6 cos ©) ,
4 4 ph 2 2
- + +
p12 721aln 0 712coa 0 zr12 sin 6 cos 0 ,
4 , 4 ph 2 2
- + ® cos © (7T.27)
p21 121coe e + 71zann 0 2[‘12 sin

Muitilevel systems can be dealt with in an analogous manner. Next
we examine the effects of strong-field dressing on the |inear and

nonl inear susceptibilitiea of a two-level atom.
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111. EFFECTS OF DRESSING ON FIRST-ORDER RESPONSE

It follows from Eqs8.(7.14)-(7.15) that the response of a

dressed system to firset order in the weak field is given by

—ittw_+h
(1) i_ - a (1)
Q () = - J @ ) e IXag (M) f () (7.28)
- a
where
(1) - Ne — 41, Eto)
Xaq (M Ne-id T Q a-iL 2" L _p | I (7.29)

and Qa' Lo and La are given by (1.11)—(7.13'). The expression in

(T.29) can be written in an explicit form as

(1)“n - N[ 2(o)_ =(0) ) [Qa )Ji [Bq ]' [n—K

1Xaa Py ~ Pyy iJ )

Apy= B - By=-ia, . (7.30)

Here the B's refer to the energies of the dressed-states, qIJ is
the intensity-dependent relaxation rate of the off-diagonal
element of p In the dressed -state basis. The 5:?) refer to the

populationg of the dressed—-states, Note that the expression in
(7.30) can be obtained simply by a renormalization of the bare
atom |inear susceptibility (2.39), Il.e., by letting d"»Ga, d“#aa
and by using the translation table (7.16). As a special case, the

induced polarization of a dressed two-level system can be obtained
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from (7.28)-(T7.30) by making use of the relations (7.23) and

(7.26). We have shown that P(1’(t) [-3(1,(t).32] can be written as

-i(w_ +8)¢t -i(w,-8)¢t
1) - 1 (1) 1 1) *
P (t) e 1 abe(&)e + e IxF"M(—a’ez + h.c. 2
(7.31)
where
n-l- a— u—- a-}-
(1) ~(0) ~
Xgpa(8) = N (6,9 - 5397 ) D221 %12l 21 , €1.32)
1%abs 11 P P
12 21

XD gy wn (5O - 5O 912 91 _ 9129 51 ] ,

p
1 FHM 22 .l AR
8 A12 8 A21
A12 - nR-lq12 ’ A21 - —nR—lq12 , G-mz—w1 R (7.33)
Note that the intensity-dependent susceptibility Ix;;;(GJ [or
Ix:;;(-cal can be obtained from (7.30) by substituting d , d' and

8 [or d,d and -8] respectively in place of Ga‘ 8, and Q. The

(1) 1)

intensity-dependent susceptibilities Ixaba(a) and IwaM(_a’ res-

pectively describe absorption at frequency mz and generation of

radiation of frequency 201-02 under conditiona when the field 01

is strong. Hence it is clear from Eqs.(7.32)-(7.34) that both in
absorption as well as in four-wave mixing, there appear resohances
at G-mz-m = 2 Q. with a width q12. This explains the resonances at’

1 R
Rabi firequency in non-degenerate four-—wave mixing. The populations
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=(0)
p,, are in general determined in terms of the relaxation para-

meters p'J. For the two-level system we have

; p z P

(o) 12 __ ~(o0) 21

P - 2 p - S (7.35)
1" Py2¥P24 22 PyptPy,

The contribution (7.33) can also be used for studying the transfer
T4

of modulation from a probe beam to a saturating beam. For this

purpose, assume that the probe beam has components mz,wzt ﬂm- Hence

we write the weak-field interaction as

-lw_t

- +
2 i(w nm)t

2

M -itw -0 )t
+ E e + m

2
+ h.c.
e ] A12. h.c

NIXZ

F(t) = - d12e2[ e

(7.37)

where M and nm are respectively the modulation depth and modulation
frequency of the probe field, The + and - sign in (7.37) refer
respectively to an amplitude-modulated and a frequency-modulated
probe. The total induced polarization will be obtained by summing

over the contributions from each probe frequency. The Iinduced

polarization describing four-wave mixing can be written as

-(w, —8)¢ -i(w,-8-0 )t
(1) 1 (1) X 1 m
- - "|'
Peumt? { e 1XFumt~8'e, + €
-i(w, -840 )t
1) M _* 1 m (1) M +
x 1 FHM( 8- n ) 2 e2 +* e 1 FHM‘ 6+nm) 2 ez } c.C.,

(7.38)
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( (1)
where X (-8) is iven . . —-3-
1*FwM L by (7.33) Note that IxFNM‘ ] nm) and
(1)

(-840 ) will hav -8= -3= - -
IxFNM m e resonances at -8 :nR+nm and -8 *nR nm res
pectively. Thus when mz-m1 (i.e., 8=0) (T7.3B) becomes
P ey o { g F 0 o 4o Ty o m e

FWM \ 1XFwWM 2 * € 1XFwm' Vm’ 2 €2
—ilw_ +0 )¢t
1 m (1) M * 1
* —_—
e IxFWM(nm) 2 e2 Jj * c.c, (7.39)
Note that the induced polarization given by (7.39) will act as a

source term in (1.2) to generate a modulated field of frequency u1
with the modulation depth and modulation frequency given by M and
nm respectively., Thus it is clear from (7.39) that when w, =, ,
there occurs a transfer of modulation from the probe (7.37) to the
pump and this modulation transfer will be maxlmum14 when nm- tnR.
IV. DIAGRANMATIC CALCULATION OF INTENSITY-DEPENDENT

SUSCEPTIBILITIES

In this section, we explain how the diagrammatic method
described in Chapter 11l can be used for the calculation of the
intensity-dependent susceptibilities that deqcribe the nonlinear
response of a system dressed by one or more strong fields. The
structure of the diagrams for the case of a dressed system is
egsentially the same as in the bare-atom case. The terms corres-
ponding to the diagrams are different, but they can be obtained

x
eimply from the bare—-atom terms by letting dp-’ﬂa, and d ,dB
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"SG‘BB"" and using the translation table (7.16). Consider for

instance the following diagram:

k> <

Note that we have used the 'tilde' symbol to denote the dressed

states, e.g., IT>. Following the method described in Chapter 111,

the term corresponding to the above diagram can be written as

2 Pit ‘%ali®a’i %8 i
T = -1 , (7.40)

(n1+02-f\ki )(ﬂz—AJi)

Note that the expregsion in (7.40) will correspond to a term in
the esecond-order intensity-dependent susceptibility Ix;l;(n1,dz).
The quantities 5:?’ and A refer respectively to the population

iJ
of the initial dressed-state and the complex atomic frequencies
A -B - sed system. The quantities Q_ and s
(AIJ B' pJ lqu) of the dres Yy q a «

are defined by Eq.(7.13). It should be remembered that n1.n2 here,

do refer not to the weak-field frequencies but rather to the
combinationg of the strong-field and the weak-field frequencies,
For example In the case of a two-level atom. interacting with a

strong field w, and a weak probe ., N, and N, can take the values

4 1 2

*("a-ml)' Further, the Iinelastic contributions too are Important

for the nonlinear response of a dressed system. The following is
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an example of an inelastic diagram.
lic> <kl

|3>‘] I::.'il
T
R

2

17> <t
Note that the double lines in the above diagram refer to the fact

that a transfer of population from the dressed-gtate I:i> to lE)
has taken place after the dressed system has Interacted with the

two fields n1 and nz. The term corresponding to the above

inelastic diagram would then be

2 i (Qa)kk(-aailJ(sB)Jl
T = (=1) B, (Q_+RQ_) ) (T.41)
, o -A Jk 1 T2
2 Ji
where BJk(n) is now defined as
o]

_ Sty Ske
BJk(n> = 2 E— (7.42)

z n-lxz

Here § is the matrix that diagonal izes the population relaxation

matrix R of the dressed system [ﬁlJ-piJ(i#J), Rll- —ﬁ pki]' i.e,,

oiJil' Thus following the diagrammatic method of

“-1 [l

S 'RS = X,

\ iJ
Chapter 111, diagrams such as above can be written down that will
yield all the terms Iin the second-order intensity-dependent sus-

ceptibility Ix;:;<n1,n ) or In general, the terms In the n®h order

2
(n)
intensity-dependent susceptibility Ixatunl‘{nnl’ for any n,
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V. SUBHARNONIC RESONANCES IN THE NONLINEAR RESPONSE

OF A DRESSED SYSTEN

Using the general ascheme outlined Iin Section Il, we can
also look at the higher-order intensity-dependent susceptibili-
tieasa. For example, one can look at the susceptibilities whi;h are
of third order in the weak fields but which hold to all orders in
some s8trong, nhear-resonant field, Some general features of such

susceptibilitiesa can easily be seen. For example, consider a

system driven by a strong field wz and a weak field uB. In the

absence of the strong field, the bare-atom susceptibility
3)

X 3 tma,—me,mBJ will describe energy absorption from ma, to fourth-

order in the weak field. Let the strong field saturate the optical
transition (1>—(2>, Then Iin order to obtain the I(ntensity-depen-
dent susceptibility, we have to replace, besides other things, o,

by me—m and A by the complex atomic frequencies of the drgseed

L Jn

A =B -B - . A7) f t
system AJn BJ Bn qun in the general expression (2 or he
third-order bare-atom susceptibility. It is clear from the struc-

ture of (2.47) that such an intensity-dependent susceptibility
will not only have a resonant structure when w -0, is equal to the
Rabi frequency (~BJ—pn) but also at the subharmonice of the Rabli
frequency. For example, resonances |ike AJn-m1+m3 will lead to the
resonances |ike pJ- 3n-2(ma_mz) in the intensity-dependent suscep-
tibility, and thus to a structure at half of the Rabi frequency.
Thue the multiphoton resonances in the usual susceptibilities

imply the existence of resonances at various submultiples of

Rabi frequencies. Such subharmonic resonances In the intensity-



142

dependent gusceptibilities have been extensively studied
recent!y.18 The above arguement shows that in general, the
intensity-dependent susceptibilities obtained by a renormalization
of the usual susceptibilities give us a qualitative understanding
of such subharmonic resonances. In the following, we present a
general discussion of the various subharmonic resonances that
arige Iin the second-order and third-order intensity-dependent

susceptibilities of a two-level atom interacting with a strong

field m1 and weak field mz.

Consider a typical term in the second-order intensity-

dependent susceptibility Ix;:;(n1,02), for example the term that

is represented by the following diagrami

17> <2
1 ~(0)
~(o
[ 4] (Q ) ( ) (a?)
17> (-1p2 22221 a1} 12 | (.44
(n1+92—h12)(nz—n12)
2
12> <zl
Since 3:‘1” »0, there will be a contribution to the second-order

process described in the diagram in (T7.44), from the following

diagram as well.
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(@) _(s8)

12>
,f“’A (o)
o
2 P11 (9212842228825
12>
11>

(-1 — -= . (T7.45)

+0_-A -A
(91 92 A21)(‘72 A21)

<11
Note that in the expression in (T7.44),(7.45), Ba and Ga are as

defined by (7.24) and (7.26) respectively, n1 and n2 can take the

values tc[-t(mz-o)‘)], and the complex atomic frequencies A

12°M24
are given by (T7.33). Thus if we let Ga » 5_, ea-b 3+ [hence 01-+6]

~t
and ap-’d [hence nz

bute to the iInduced polarization [Eqs.(T7.14),(T7.15)] oscillating

=+8], then the terms in (7.44),(7.45) contri-

at the frequency ma+n1+nz-m1+c+c - 202-01 Thus it is clear from

the expression (T7.44),(T7.45) that ¢the signal generated at the

frequency 20 -w, [in the direction zi:' —§1] exhibite not only the.

2 1 2

resonances at the Rabi frequency o-:mR but also the subharmonic

resonances 28-i0.. Similarly, if we let uaea". (e, )=(d ,-8) and

1
caﬁ,nz:-ta',-a). then the terms in (T7.44),(7.45) contribute to the

induced polarization oscillating at the frequency u1—6—6-3m1-2m2.

Hence it is evident from the atructure of (7.44),(T7.45) that the

signal generated at the frequency 301—2m2 [in the direction

3§1-2§2] will also show the subharmonic resonances o-aanz.

We will now consider a typical term in the third-order

(3)
intenaity-dependent susceptibility 1"“57“'1“'2"’3’ of a two-level
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atom, eay, a term that Is determined by the contributiona from the

following dlagrams:

n "’JJ
1 11>
pCa ) (8. (s ). (&)
Q ,./-/ (_1)3 22 a_21 g 11 B_11 h 4 12___ ,
2 . + + _” -l' _n
11> (R 40, 40,-R, ) (040 -R, )R =R, )
(7.46)
nar’J/” |
12> <Z|
12> <7

2, "8
%(0)

(a) (8 ) __(8 ), ,(8 )
o ] (-1y3 211 "%a2127% 722 %8 22 % 21
2 ~ -~ -~

+0 - - -

55 (n1+nz 03 h21)(ﬂ2+na 1\213(93 A21,
(7.47)

n3

17> <7l
It followa from (7.14),(7.16) that If we let 0.-05- end (e _,0,)=

(a_,0_ )=(8 _,N )4(3+,6). then the terme In (T7.46),(T.47) will give

B 2 v'"'3
riee to a term In the induced polarization that oscillates at the

frequency m1+36-3m2-201. Hence It I8 clear from (7.46,(7.47) that
the signal generated at the frequency 3«)2-2101 [in the direction
332-2;1] exhibits the subharmonic resonances at c-tanz as well as

at 8=#0,/3. On the other hand, If we let ua-»&', “’u'"ﬂ‘"a-"‘“'

(an,nz)-gg ,ga)-(a+.6). then It follows from (7-14),(T7.15) that
7
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the terms In (T7.46),(7.47) contribute to the energy absorption
from the probe 02. In this case one can see from the expressions
in (7.46),(T7.47) that there will be only the subharmonic reso-
nances at a-*nglz and not at a-tnﬁla. Thus it is clear from the
above analysis that depending on the frequency and the direction
qf the generated signal that we look at, and depending on the

strength of the probe field "2’ we can observe the resonances at

various. submultiples of the Rabi frequency.

Thus, In conclusion, we have developed a formulation of non-
|inear response of a system undergoing arbitrary relaxation and
interacting with fields, some of which are strong while others are
weak. We have shown how using the dressed-state representation and
and the dressed-atom approximation one can obtain the Iintensity-
dependent susceptibilities to various orders in the weak fields by
doing a renormalization of the parameters occuring in the bare-
atom expressions. The resonances In the intensity-dependent suscep-
tibilities occur at the transition frequencies of the dressed sys-
tem. In particular, the Iintensity-dependent | inear susceptibiliity
of a two-level atom interacting with a strong field and a weak
field exhibits the resonances at the Rabi frequency of the strong
field. Our result explains the phenomena of modulation transfer
from the probe beam to the pump beam. We have also shown how the
existence of the resonances at the submultiples of the Rabi
frequency of the strong field iIn abéorptloh and nonlinear mixing
exper iments can be understood from the structure of the resonant

terms in the higher-order intensity-dependent susceptibilities.



CHAPTER VIII

TRANSIENT EFFECTS IN THE PRESENCE OF STRONG PUNPS

In Chapter VIl, we have given a formulation of the steady-
gtate nonlinear response of a system dressed by one or more strong
fields, The intensity-dependent susceptibilities to various orders
in the wouak fields which could be obtalned from the bare-atom
expregsions by a simple renormalization procedure enabled us to
understand the resonances that occur at the Rabi frequency and at
the submultiples of the Rabi frequency, In absorption and nonl-

inear mixing experlmenta.18 In recent years, the transient

response of systems with initial dressed-state pm'.apar‘t'n:Ionaq''rs'.'rE
has received a lot of attention In the |iterature. Mossberg et
al61 have shown how to prepare a system in a pure dressed state by

uging phage-controlled excitation. Mossberg and coworkeraaqhave
observed, for Iinstance, that if one makes an observation at short
times, then one of the peaks Iin the Autler-Townes spectrum is
suppreesed when the system I8 pﬁepared initially in one of the
dressed states. Thus In order to study the various phenomena that
arise due to the intial dressed-state preparation, it is desirable
to have a formulation of transient nonlinear response of a dfeaeéd
system that (s valid for arbitrary initial dressed-state condi-
tions and for all time-scales of interest., In this chapter, we
develop such a formulation of transient nonlinear response of
dressed systems, We give a general expression for the time-

dependent Intensity-dependent eusceptibility of an arbitrarily-
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prepared system which is dressed by one or more strong fields and
which is interacting with weak fields. We give the explicit result
for the |inear transient response of a dressed system. We specia-
lize this result to a few situations where the initial dressed-
state preparation gives rise to very interesting effects in the,
| inear transient response, In particular, the transient
suppression of one of the components of the Autler-Townes doublet
of a system prepared initially in one of the dressed states, which
was discovered recently by Mossberg and coworker334 can be easily

understood from our resuvlts,
NONLIREAR TRANSIENT RESPONSE OF DRESSED SYSTENS

Consider a system undergoing relaxation and interacting
with fielda, some of which are strong and some of which are
weak, Let the initial state of the system be described by the

density matrix in the dressed—atom picture, 5‘0,(0). The dynamics

of atom—-field interaction is8 described, an in (T7.1), by the
equation
9p

ot = ! Ho,p] -I[V(t) + F(t), p] tLlg P (8.1)

where L, I8 the relaxation part of LoELR—'[Ho' 1 and V(t)[F(t)]
represente the interaction with the strong [weak] fields. On
making the various canonical transformations as in (7.2)-and (7.6)

and making the dressed-atom approximation (as in Chapter VIil), Eq.

(B.1) becomes
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9p = = = =
EE = "l[ B.p ] - l[ F(t),p ] + I_Dp (B8.2)

where LDg [Eq.(7.8)] represents the relaxation of the dressed.
gyetem, B is the Hamiltonian of the dressed system in the absence
of the weak fields, and gtt) represents the interaction of the
dressed system with the weak fields. In view of the fact that the
basic dynamical equation (8.2) in the dressed-state picture (when
the dressed—-atom approximation is made) has the same structure as
that of (2.2) which was used in perturbative calculations (in the
absence of the dressing field), the density matrix 3 to nth order
in ?(t) can be obtained from Eq.(4.7T). The time-dependent
respongse of the observable Q can then be written as

acer = Tr { peora} = mr{ Beer Geed } ,

1,~1

Qct) = S 'U '(EIQU(L)IS . (8.3)

Thus the nth order time-dependent nonlinear response of the

observable Q will be given by (4.8) with
Q-+ a(ty |, L, * Lp-ilB ., 1 . (8.4)
[}
-~ [E R -int e
i[F(t), ] Py daQ e LF(n) 8.5)

If we write



" _ ~lw t ~
Qi) = z_ Qe ° , F(R) = - 2"

futn) aa ) (B.6)
a «

then, the time-dependent nonlinear response follows from Eq.

(4.10) and (4.11)., Thus we have

n
-] o
~it(w_+ L Q
(n) - i n a I
Q i) = - =1
. > (3:7) J dn, . .. I da_ e
-0 -
™ (e ) @ f )
1 a{anl nt? a1 "R n (8.7)
n
where
Etjoo
n
(n) - NE=12 -1 zt
Ixa{ag( [nn]. t ) - sym [ 21 ) dz e
€E-lo

n iy n iy
w{a (1z+) o=k ) e, [z ) emiL )
? I=1 1 1=2 %

1 _ -1 =(0) _
La itiz ILO) p (0) } ) La I[Ba 1 .+ (B.B)

. (|z+nn—|Lo:'
n n n

Thus Eqse.(8.7)-(8.8) describe the nth order transient response of
a dressed system undergoing arbitrary relaxation and prepared in
an Iinitial state described by 3(0)(0). The explicit expressions
for the transient |inear and nonlinear response of a bare atom to
various orders in the external fields can be easily transiated

Into the dressed-atom case to yleld the time-dependent Intensity-

dependent susceptibilities if one keeps Iin view the transforma-
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tion (8.5) and uses the translation table (7.16). We give below:

the result for the transient |inear response of a dressed system
which is8 prepared initially in a state described by p‘o’(m. We
have
® —itw_ it
(1) 1 - a (1)
Qe = o= ) Idn B [Xaq (A€ F () (8.9)
¢ -0
where
(1) (1) 1)
- + .
1Xag (A €) Iiaa w,e) + (U Tca,e (8.10)

and the two contributions I’(1) and W(1’ that arise respectively

from the dressed-state populations (p:?)(O)) and the dressed-sgstate

coherences (pfj’(O), ir]) are given by

31 @,er =N ) 2 P.00¢0) 5 ) 8 A
I1%ac "' - - ke Tk ' 1) "a'Jli
i Jk
- PCQ=-A .+i2 )%
1._.9' (Q-A lJ-l'll )t t-e ( JI.HIK’
x — ] RN e e ‘
a-R +1% a-R  +iX

(8.11)
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2(0) BT

(1) . _ ik
Iwaa (n,t) P €021 8, e
. - ucn—A,J Aot
x [te ) (q) =
aky el @-R  + A
iJ ik
. elcnwan At
- ma)kJ(saJJi [ o : T ] . (B.12)
JK ik

In Eq.(8.11), S is the matrix that diagonal izes the dressed state

opulation I R IR, = R, . =-

pop relaxation matrix R [Rik pik(l#k), Rli E pkll, i.e.,
§~1g8.% (i-iiGIJ). Equation (B.9) is the complete expression for
the transient | inear response of a dressed system. |t can be seen

from the expresssion (8,12) that there can be.a new resonance at
=0 in the |inear transient response [f the dregssed states lj) and
k> are the same. Note that such a new resonance comes about
because of the fact that the resonances in the |inear transient
response have the structure (ﬁ1-Ao)_1 [see Eq.(4.24)]. The contri-=
bution to the resonance at =0 from the relaxation terms is zero
and hence such a resonance is8 characterized by a |inewidth that is
essentially determined by the interaction time t. Thus this reso-
nance Is of the same kind as the transient resonance that arises
iIn nonlinear wave mixing in presence of weak pump and probe fields
[ags discussed In Chapter V]. As is apparent from the expression
(8.12), the resonance at Q=0 can be present only if S::,(D)fo for

Ik, i1.e., only if there exists a coherence between dressed statesg

IT> and |&> initially; and if the system is prepared initially in one



152

of the dressed states |i> so that 3;2’(0:-1. then the resonance aq
=0 would disappear. However, one must remember that the result
(8.9)-(8.12) has been obtained under the dressed-atom approxima-
tion and is valid only in the |Iimit of strong fields., We have
verified that If one includes the nonsecular terms (terms which
Qave been thrown away under the dressed-atom approximation) in the
result (8.9), then the transient resonance {8 always present,
whether or not there exists coherence between the dressed states
initially, However, it is evident from the expression (B.12) that
the transient resonance at Q=0 s suppressed in the limit of
strong fields (i.e., when the dressed-atom approximation is valid)
if the system is prepared initially in one of the dressed systems.
Thue we have shown on very general grounds, how the new transient
resonance that was shown to occur in nonlinear wave mixing in
presence of weak fields in Chapters IV and V can be understood
from the above result for the |linear transient responee of a
dressed system. In section A below, we give a complete expression
for the time-dependent Intensityldependent sugceptibility of a two-
level atom and discuss the various features of the transient reso-
nance in the context of four-wave mixing. In section B we consider
the application of the general result (8.9)-(B.12) to a situation
where the initial dressed-state preparation gives rise to very
interesting effects in the transient response of a dressed system,
We show how the recently discovered transient suppression of one

of the components of the Autler-Townes doublet follows from our

general result,
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Consider a two-level system Interacting with a strong field
w, and a weak probe W, The various parameters in the dressed
ﬁ’cture for this system have already been worked out explicitly In
Chapter VIl [Eqs8.(T7.21)-(7.27)]. We give here the general result.
for the -Ilnear time-dependent intensity-dependent susceptibility

for this system, which follows from Eq.(8,9),.

a.t I(Q -A, )¢t
(1) Z(0) el == -
1Xaq (T) = 2a,,p,, (0) |(8.),,(Q0,, [ a - A+ IX ]
AL 1
gx‘t ) ei(ﬂ A, 0t
- (@), . (8) - T
a’12 21[ - A x ]
0 A21 + ll1
. el(n -, 0t
* a2 [%a’12% 2 a -A ]
12
i =R, ¢
- @), ,(8.) [ -2 T ]
a’12 ' %a’21 n -A

21



154

-1A it
(o) A2t
+ (0) e ( - lme ____
Py2 (¢eg255m¢8024,) a0, [ 73 )
( , ( S - gi(ﬂ -Ik1+A12)t
8q212(€957447¢8,25,) [ 0 % . : ]
1 A12
+ terms with 1> «» |2> |, (8.13)
where
Pio P
21
x - (p +p ) L a, , = T~~~ » a,, = T ’
1 12 21 12 p12+p21 21 p12+p21
A Q_.-iq R.. = -a_-iq a, = Y(a%+a1612%) (8.14)
12 R 12 '+ 21 R 12 ' R ' )
Equation (B.13) is the complete expression for the |inear tran-

sient response of a dressed two-level system under arbitrary
Initial dressed-state conditions. As we have shown iIn Chapter VII

[Eqs.(7.31)-(7.33)], the time-dependent intensity-dependent sus-

ceptibilities describing energy absorption from probe
(1) (1)

mzllxabsta't’] and four-wave mixing [IxF“M(-a,t)] can be obtained

from Eq.(B.13) by replacing the set of parameters (Qa,aa,n) by

- —— ok

(3-,3+,6) and (d ,d ,-8) respectively. The matrix elements of d
and the relaxation parameters p12, p21, q12 are as given by
Eqs.(T7.22) and (7.27) respectively., Berman et al15 have made a
detailed study of the transient probe spectra of a driven two-

level system under various initial dressed-sgstate conditions. Our.



155

general result (B.13) with Qaea—, (aa,n) > (a+,6) is capable of
ylelding all the features that they have predicted in the transi-

ent probe absorption spectra under various initial conditions.

It can be seen from (8.13) that the four wave mixing (FWM)

(1)
susceptibility IwaM(-a, t), for ingtance , shows a transient

resonance at c-mz—m1-0. Consider, for simplicity, the system to be

in the ground state initially, and consider only radiative relaxa-

h
tion (712-P?2 0)., The initial populations and coherences Iin the
dressed-state picture will then be given by
~(0) 2 ~(0) 2
p11 (0) sin'6 , p22 (0) cos © ’
~(o0) _ =(o) -
912 (0) = 921 (0) 28in® cosd ,
. 2lG6]
tan © A+D (B.15)
R
Note that for the system initially in the ground gtate, S:g,(O)
z;$)¢o) are non-zero. In the |Ilimit of large detunings, I.e.
(1)
- ture and is given b
1a1>>1GI, Yoy 1XFuM’ 3,t) has a simple structur g y
) gey = -202( § )2 TR T2 B2 ( 1-e_ '8¢ )+ 0[§)
p ol 2V N (VAR -8 A
(B.16)
The transient four-wave mixing signal is given qv
_Y t
21 2
Sty = ) _s.0)|? « 15_2___ ELDEQELZ . 8=a -0 (8.17)

X
I7FWM A 8
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Thus Eq.(B.17) clearly shows the existence of a resonance at
8(=1,~® )=0 which Is significant when v,,t < 1 but vanishes In the
long-time limit. Such a resonance is characterized by a |inewidth
which has no contribution from relaxation, processes but which is
egsgentially determined by the interaction time t. Note that Eq.
(8.17) Iis the same as Eq.(5.8), an expression that we had obtained
in Chapter V, using perturbative methods, for the 'cransiené FWM

signal from a two-level system initially in the ground state,

B. Irangsient Effects {n Optical double Resonance

Consider a cascade-type three-level system [see Fig.5(a)]
with levels |1» and 12> spontaneously decaying into levels [2> and
13> respectively at the rates 721 and 732. The strong (dressing):
field bﬁ is near-resonant with the transition 2> «» |3> while the
weak field hﬁ is near-resonant with the transition [1>«2]12>, The
transient effects Iin such a syséém have beeﬁ atudied in detail by
Mossberg and coworkers.Ts We show how their results can be easily
understood in terms of our general result,_(B.B)-(B.12). For the

above model, the explicit terms of the unperturbed Hamiltonian,

and the interactions V and F can be written as

- (8.18)
H) = 0,5A,,%9,5822
o, t T
- w []
1 _ > 1
ViE) = GA,qe +Hec. ) G = 323.e1e , (8.19)
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-iw,t N~ 1R,
F(t) = -d12e2A12 e + H.e. , d12 - d12.eze ’ (8.,20)
where the operator A‘J stands for |i>¢Jl. On making a canonical
tranaformation with
-iR_t(A, ,—2A__+A )

Uttk) = e ¢ 11 22733 , (8.21)
we obtain
h o= (013—m1)A11+ m23A22+m1A33 ) (8.22)
Ftt) = -d. eA e '8 4 He ) 8= oaw.-w . (8.23)

127212 2

The matrix h can be easily diagonalized with the result

= +1(A1*n) ]

By, 3 1 72 R

2 2 -id
- = - = (8.243)
1 .0 (o}
-1 ¢ 21GI
S = 0 cosb e 8ind » tand = K-:a— . (8.,25)
1 R

0 e'®aine cos®
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As In EQ.(7.21), the dressed state I18,> is given by the ith

column of the matrix $ in (8.25), Making one more canonical trans-

formation with S, we get

F(t) - -gte e !¢t gt,?t

2 + H.c. ,» (d ) -
where
o —1
d12(S A1ZS)
= d,_(cosf|1>¢2|] - e 8indl1><31|)

12

Hence using (8.26) in (7.12), we have

ot ~ ~— —
F(m) = f (md + f_(md = ) f (e

a

where

f+(ﬂ) - 2n e, s(n-8)

*x
F_(@) = 2 e, 3(A+8)

The component of the induced polarization

field P(t) will be given by

P(t) = Tr(dp) = Trid(t) p(t)l} ,

d ’ (B.26)

(8.2T)

(8.28)

(8.29)

in the direction of weak
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“lo,t ~lo_t

d(t) = d e + h.c. = r Qae (8.30)
a

The relaxation terms (7.8) can be calculated using (8.25) and

these are found to be [see Fig.5(b)]

‘Pz = Pyg =0 .
P -y coaze p =y elnze
21 21 't Fa3 21 ’
) alnqo = 40
P23 © Y32 + Pgg T Y3p ©08
qQ = 1 [ Y + v coeze ]
12 2 21 32
1 2
g = 2 [ 7z * vy 8in7e )
1 2 2
A3 = 7 Va2 ( 1 + 28in“ecos”0 ) (8.31)

The eigenvalues of the relaxation matrix R are given by

Ky == [pyy +pgy ) o Xy =-[ppg*rg, ) o g0 (8.32)

Consider a simple situation where the system could be intitially

in the dressed statee |2> and/or 13> i.e., 5:$)(0)ﬂpnd all off-

diagonal elements of 5(0)(0) are zero, In such a case, the induced

polarization describing energy absorption from the probe 02 is

given by
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-la,t
(1) 2° (1)
Papatt’) = © Xabs(8:t) €, + c.c. (8.33)
where
i(8-A, )t
1) - -e 12
I*abs ‘%™’ 921912 | %23 3R ]
12
Xot ic8-R, 0t
%(0) (o) -.e
+
[ 832P22 (0) = 8,5 Py, (O) ] [ sk 1% ]
127122
i¢(8-A,. )t
a-.a* tre 1
3193 | %32 8-
13
Aot |<6-K13>t
- a =‘°,<0) a 5(0)(0’ 2 -2
32P22 23 P33 - +i% ’
137 N2

where a23 and aaz

the dressed levels 12> and |5>,

are respectively the steady-state populations of

P P
23 32
a,, = T——T——= ) a m T . (8.35)
23 P23*P32 32 P23*P32
The transient absorption spectrum will be related to imaginary

part of the t ime-dependent intensity-dependent susceptibility

1)
Ixabe

assumes that the strong field uh is resonant with the 2> &» [3>

(8,t) [one can show this as in Eqse.(6.31)-(6.33)]). |If one

transition (A1t0} and that 721>>732, then q12-q13>>lhzl and the

contribution from terms |ike el(G-A12)t is negligible and hence
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can be ignored. In such a case, EQ.(B.34) acquires a very simple.

structure
2 “Yaat/2 - t/2
Id Y
Ix(;)ta.ta . 1zl | 1ze 32 , 12e 22
abs +1G|- -1GI- !
2 62 I1GI |(721/2) Az IGI |(721/2)
AZ = mz - m12 . (B.36)

~(0)

where = stands for the two sets of initial conditions (i) pzz (D)=
~(0)
1 and (i) 933 (0) = 1 respectively. Consider for Instance the
case when 3;:’(0)-1. In this case, it is evident from (B.35) that
“Yant/2
thestrength of the peak at A, =-IGl is 1-e 32 7, while the
Y., t/2
.strength of the peak at A,=+IGl is 1+e 32 * Hence at short
times, |.e., 732t << 1, the component at Az--IGI is suppressed.

However, this component builds up with time and in the long time

limit t »> 1) both the components have equal strength. Thus,

(732
the equation (8.36) clearly shows the transient suppression of one

component df the Autler-Townes doublet, depending on which dressed
gstate the system is initially prepared in. Our analysis vyields

results in full agreement with the work of Berman et a|.34,16
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Thus, in conclusion, we have developed a formulation of the.
transient response of a system undergoing arbitrary relaxation and
dressed by one or more strong fields. Our theory is valid under
arbitrary initial preparation of the system and for all time-
scales of interest. An explicit expression for the time-dependent
Ilntenelty-dependent | inear susceptibility is obtained. The
existence of the new transient resonances Is evident from this
expression. The result (s specialized to the case of a two-level
system Iinteracting with a s8trong field and a weak field. The
various features of the transient resonance are discussed. Our

regsult specialized to the case of a three-level system explains

the recently discovered phenomena of the transient suppression of
the Autier-Townes doublet when the system is prepared initially in

one of the dressed states.



CHAPTER IX
CROSSRELAXATION UNDER STRONG PUMPING CONDITIONS

In Chapter VI, we had examined the nonlinear response of a
model four-level system which had two traﬁéltlona coupled by
inelastic collisions. Considering the pump to be weak (treated to
second-order in perturbation theory) we studied the effect of
crossrelaxation on the saturated absorption and four-wave mixing
spectra. For Instance, we had shown that crossrelaxation tends to
suppress the collision-induced resonant structures, both Iin the
saturated absorption as well as the four-wave mixing spectra., It
is of Interest to examine how crossrelaxation would affect the
response of a system to a probe field iIn presence of an intense
pump field. In the present chapter, we consider the pump to be
etrong and ¢treat (it as a dressing field. Uasing the methods
developed in Chapter Vil, we obtain analytical expressions for the
intensity-dependent ausceptlblllklea that describe probe absorp-
tion and four-wave nmixing in the model system of Fig.4. helng
these, we examine the effect of crossrelaxation on the probe
absorption and four-wave mixing spectra under conditions when the
pump Iis strong. The analytical results clearly show the existence
of the line mixing and |ine narrowing phenomena in the strong-

field spectra similar to those In the weak-field spectra discussed

in Chapter VI
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Consider the four-level system described in Chapter V| (see

Fig.4) to be interacting with a strong field w, and a weak probe

4
field o ,. The total field is given by (6.24). The unperturbed
Ham { 1tonian, the strong-field and the weak-field interactions for

this model are respectively given by

@ W

-12 24

- 4 =S —
l-lo = 2 (A11 Azzi 2 (Asa Aqq) ’ (9.1)
-imzt

- + - e

vVit) G(A12 Asq’ e + H.c., G dez (9.2)
—lmet

F(t) = —deS(A12+A34)e + H.c., , (9.3)
where A stands for the operator [i><]J]l. Note that In (9,2)-

iJ
(9.3), we have taken 3

”~

-’ -
12.e - d34-e'd (real). On making the cano

nical transformations on the basic dynamical equation (7.1) [with

Ho,v and F given by Eqs. (9.1)-(9.3) and Lop--l[Ho,p] + LDp given
by Eqs. (6.14)] succesasively with
-tw (A, ,~A_+A__-A, , 2t/2
44 .
uie) = e tn 22 "33 (9.4)
and
M1 0 coeo‘ -slnoI
S - [ ] I Ml - 2
0 M2 Blno' cose'
_ 2lel_
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2
0y, =Jca?+ a0y, =1, 2
A1 - e, -, ) A = o - , (9.5)

we obtain the equations of motion in the dressed-atom picture

a ~ ~ : ~
Bt p = Loﬁ - I[F¢t), B 13 ) (9.6)

where LDS gives the relaxation terms when the dressed—atom approxi-
mation is made. Note that In (9.7), B is the unperturbed Hamflto-

nian of the dressed system

B = I: B, lidx<il i = 1, 2, 3, a,
|

* 1 4] (9.8)

1 -
* o » Bg,q 2 PRz

51,2 2 R1
Thus the B'. i=4,2,3,4 in (9.8) are the energies of the dregeed
system while the eigenstates 'Bl> of B are given by the ith column
of the matrix S defined in (9.5). The operator Loﬁ (9.7) is expli-
citly given

by

’ -~ -
[ (LoPlyo 5 [ Py2 ] ‘ [ ‘Lof’21 - [ f21 ] '
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. -iA £
i - [ 2
3 -ikg,
Mz = By " la s Ay, = B, - g, 9.9
and
w,mp,, = {; PP = P B0 1 1=1,2,3,4 (9.10)

The various relaxation parameters can be calculated by vueing (9.5)

in (7.8) and these are given by

4 4
p12 2ys8in 01 ’ p21 2ycos 01 ’
p = 279ln4e p = 2700940
34 2 43 2 !

- - + =
Pya P31 P24 Pa2 cat+te LET

- - b - -
Pig Paq P23 P32 c Lec Y2 o
E = gc+ E a )

+ y(1+28inZe, cos’e,)

Tz = 7Y 1 1

- + y(1+28inZe_cos?e,) (9.11)
934 . oYy 2 2 ’

where we have defined a,b and c as
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2 2 2 2
= gin 06 8gi +
a 1 n 02 cos oicoa 02
2 2 2 2
- +
b sin e1cos 02 cos 01aln 02
cC = 1 gin 20,8in20
2 4 2 . (9.12)

Note that o is the rate of inelastic collisiong and E is the cross-

relaxation parameter. The parameter E couplies the coherences 512

and 534 in the dressed-atom picture. Note that this coupling Is
important since the factor E/I0R1—nRzl is quite significant and it
cannot be thrown away in the dressed-atom approximation. The

ateady—-state level populations of the dressed system are given by

~(0)
Peg = KL2v v, + Y. Pg, + YoPag * P (0+Pg,*P,50]

[

= + []
Pap = KL2v v, + Y Pgy * YaPag * Ppq{0%PgatPe3?l (9.1
and ﬁég’ and 5:2’ are determined from (9.13) by Interchanging p,,
z(0) x(0) -
- p34' p21++p43 in the expressions for 511 and 522 respec
tively. The normalization constant kK is easily determined by requi-
s{0)

ring that Tr p C'=1. The operator F(t) in (9.6) which represents

the interaction of the dressed system with the weak field is given

by
-~ ~4 -IQt
F(t’ - - + HI C.
8
(ahHt - a , a = oo, (9.14)
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where
gt = das” VA _+a
127R3478
a { 2
= 1 —elne1coeo1tl1><1l - 125<21) + cos 01I1><2I
2
= 8InT0 125<11 + 11> «» 13> , 12> e 4> , 8 «r 0, }
(9.15)
The induced polarization is given by
Pcer = { dpce } - { deer Beer } (3.186)
where
~ - -Im1t + Im1t -iw t
dit) = d e +d e = £ Qe 2 (9.17)
a

The Induced polarization to first order Iin the weak field and to.

all orders in the strong (dreassing) field can be expressed as

-i(w, +)¢ -i(w, -t
(1) 1 (1) . 1 (1)
= + - [] []
P (t) e Ixabe(n’ e IIFWM( ) + c.c
(9.18)
h (1’(01 and x‘1)(—n) are respectively the intensity-
where 1Xabe I1XFwM Y

dependent susceptibilities that describe probe absorptlon and fodr-
wave mixing. These intensity-dependent susceptibilities can 'be
obtained from the bare-atom result (6.28) by the usual renormaliza-
tion procedure which in the present case consists of letting
dpﬁoa' d®se , E » E , and using the translation table (7.16).

a
In what follows, we use the analytical expressions for these inten-
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sity—-dependent susceptibilities to examine the effect of croasre-

laxation on the probe absorption and four-wave mixing spectra of

the model system of Fig.4,

A. Effect of crossrela xation on _probe abaorption in resence

of _a_strong_pump

We have shown that the Intensity-dependent susceptibility

(1)

Ixabe(n) that  describes energy absorption from probe m2 in

presence of the strong pump w, is given by expression

1

1 - 47 s + = A-
I"abs (n-nz+n)+l(q34-n) (n—n1-n)+l(q12+ni
B, B_
- = - - ] 2 (9.20)
- - +
<n+92 n)+l<q34 K) (n+n1+n>+l(q12 K)
where
A = [ 5(0’— 5‘0’ ) 00920 [ c6820 a_ * c0926 b )
* 11 22 1 1°F 2
(o) =(0) 2 2 ~ 2 ~
+ | Pag = Paq ) cos”e, ( cose,a, * cos®e,b ) .

B, = (B!{9- 552 ) ein®e, [ein’e,a, = ain’e B )

~(0) ~(0) 2 i 29 ;' -+ 8”120 S* (9.21)
+ [ Bgg - Baq ) 8in7e, ( sin®e, 8, D)
I8 v 3
~ - 1 1 & ———————= b = ————"———— ’
8:" 2 ( 1(E2-§2) ) ’ 24¢E2-§2)
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™
L]
N =
r~
>
i
>t
~

12 34

In the expression (9.20), k and n are respectively the real and

imaginary parts of the quantity
~2 =2
z = 1[VB-E% -B) = «k+ in (9.23)

Note that z is zero In the absence of collisiong. The expression

(9.20) has a simple structure in the absence of colligiong (¢ = E

= 0),.
4 4
(1) 2 [ ( zt0) _ zt0) o8 % e
Xape‘® = ¢ ) ( 3,5 - B, 0-Q, +1 Y
R17 Y2 R1™ Q42
4 4
cos © sin ©
+ [ 5;;’ _ 5;2) [ a:a__;Tz—— - 7o +‘2 ] } . (9.24)
r2" 934 R2" 934

Hence in absence of collisions, the probe absorption spectrum

contains resonances at

0 = -0 » —nR1 » nR1 f] nRZ (9,25)

characterized by widths q34,q12,q12 and q34 respectively., The
weights as well as the widths of these resonances depend on ‘the

detunings A A2 and the strength of the pump G. However when colli-

1!
sions are present, it can be seen from (9.20) that the probe

absorption spectrum will in general exhibit resonances at
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ﬂ'-(ﬂRz-n).'—(ﬂ + 0, M +

R1 » R -n . (9.26)

which are respectively characterized by widths lag,-xl, la +xl,
Iq12+=l and Iq34—xl- The quantities n and k are thus the collision-
induced contributions respectively to the shifts and widths of ?he
resonances in (9.25), The weights of the resonances in (9.26) are
determined by the quantities A=t and B* (9.21) and these depend on
the collisional and the pump parameters in a complicated way. The
general expression (9.20) already shows the mixing and narrowing
of the various lines which arises due to collisionas., For instance
iIf x and n are both positive, then the lines at f and Q [or at

R1 R2
-0 and —nRzl are shifted closer to each other by an amount 2n and

R1
further, one of the |lines has a narrower width than the other if
lq34-nl < Iq12+n|. This is the usual mixing and narrowing pheno-
mena which we had discussed in detail in Chapter VI In the case
when the pump was absent, or when it was weak. Hence it is evident
from the expression (9.20) that such mixing and narrowing pheno-
mena occur in the probe absorpt;on spectrum even when the pump I8
intense. In the following we examine a few special situations
where the result (9.20) has a simple structure. Consider the case

when the pump is tuned to the center of the two transitions, i.e.,

A1--6, A2-+6. In this case, Eq. (9.20) reduces to

(1) 5(0)_ gto) y ___8 | I, B—
(R) = p z o+
I*abs [ 11 ~ P22 10824625 | -0 +iT_ " a-a  +iT,
. e (
+ + + ’ 9027)
Q4R +IT_ @0 41T, |
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where

2 2

Note that in the case when A1= -8, Az = 8, the mixing parameter n

ise zero. Hence the probe absorption spectrum in this case has
resonances as in (9,25)., However, some of these resonances can be

narrower than the others. For Iinstance the resonances at n-:mRz

have a narrower width I'_ (9,28). Note that here both the inelastic

collision rate o as well as the crossrelaxation E contribute to
the narrowing of the Ilines, unlike in the |linear absorption
spectrum Iin the absence of pump where only the crossrelaxation E

contributed to the narrowing, In the case when E ~ ¢ and g << 1,

the resonances at n=anR2 have a width I'_~3y/2 which is Independent

of the collisional parameters ¢ and E. Another situation of
interest is when the pump is tuned to one of the transitions, for

example,the |1> «» [2)> transition so that ﬁ1=0. in the case when

A1-0 and é << 1, the expression (9.20) reduces to

A A B
@ - d? ! - + mmmm——s - - *
-2G—- —=— -2G- == +2G+ —— +
1-2G 2G +ir 0-2G 2G +Ir N+2G 2G ir_
B—
- - 5 . (9.29)
Q+2G+ s_ +rr
2G
where

-

[ (2G+1y)—(30+E)
1 [ sto)_ z(0) ] L1, 82 2 ]
Ay = 2 [ Paz ~ Paa ! [ c + kK



173

2
.l [zt =to)) 82
By, =% [ Pag ~ Paq oz (9.30)

and the widths l‘+ and I'_ are now given by

2 2
r = 3 _ x8_ | 30tk gd_

+ ]
2 G2 2 ac2

2 2
3 8 o- ]
r = 3x _ xy8_ | o-f g_; . (9.31)

- 2 462 2 4G

Thus one can see from Eqs. (9.29)-(9.30) that the probe absorption
]

spectrum In the limit Aino, G << 1, consists of a doublet at Q1 =
2 2
[

2G + EE and Q = - 2G - ga with a width given by I'_. However the

strength of the peak at nn—ZG—BZIZG is quite small compared to
that of the peak at n=2G+62/26 since IB*I<<|A*I (9.30). The effect of
the other Lorentzian terms with r+ in (9.29) is merely to reduce

the strength of the two |ines.

B. Effect of crossrelaxation on_the four-wave mixing gignal

in _presence of a_strong pump

We have shown that the Intensity-dependent susceptibility.

I:;L;(-n> that describes four-wave mixing in the model system of

Fig.4 is given by

c c
‘Lo = e Y ChmhL Smtita, TR
1% FwM (-a-d NI+ 1ag,-K) -mIrica, ¥K

D, D_

- -x) (- +n)+ +K)
(-n+nR2 n)+i(q34 K) ( n+nR1 n l(q12 K)

], (9.32)
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where
~(0) ~
c, = - ( ﬁi? - (o)] sinZe [ sln26 a_ coazezb )
- [ 5;:’- ~(°’] 8ain 62[ cos 02a * c032015 ) ’

D, = - [ ﬁ:?’ (O)) cos 61[ alnze1 a_ # slnzezs’ ]
- { Ség’ "(°’] cos?e 2 ( s.aln"’eza:t * arn?ozﬁ* | (9.33)

40 b* are as given by EqQ.(9.22). Note, that

Here the quantities a
the expression in (9.32) has the same structure as that in (9.,20)
except for the fact that O is now replaced by -1, and A*,B* are
respectively replaced by C* and D*. Hence the resonances in the
four-wave mixing spectrum occur at the same frequencies [as in

(9.26)] as In the probe absorption spectrum. Thus, the resonances

in the four-wave mixing spectrud are at

- - - - + - .

o (nRZ nl, R1+n), 9R1 n, nR2 n , (9.34)
which are respectively characterized by widths |q34'”" Iq12+xl,
Iq12+nl and lq12-xl. In the absence of collisions, the expreéaion

in (9.32) reduces to



(1) 2 I (o) ~<o) aln 0 coazo aln201c09261
Xrun™ = ( B! )[ et 1o St )
R1™ Y2 R1™'Y2
2 2 2 2
. (B2 5O [ 21N 92805 8, _ 8In 93998 %21 1
33 = - =X :
44 Q401954 a-0,,-iag, J
(9.35)

Thus the four-wave mixing spectrum in the absence of collisions

consiste of four resonances, namely at Q=% and Q=%0Q However,

R1’ R2'
when collisions are present, the mixing and narrowing phenomena
occur ddé to the presence of the collision - induced intensity-
dependent parameters n and kK in the expression (9.32). In the case
when the pump is tuned to the center of the two transitions, i.e.,
A1--d, Az-a, the quantities C, and D, in Eq. (9.32) become zero,
Hence the four-wave mixing spectrum In this case vanishes. 'Note
that this (I8 80 because Iin deriving (9.32) we have made the
dressed-atom approximation. However the non-secular terms which
have been thrown away under the dressed-atom approximation give
rise to nonvanishing contrlbu%lon to the four-wave mixing
spectrum. In the other situation where the pump is resonant with

one of the transitions, nhamely the [1> <» [2)> transition, and Iin

the limit g << 1, the expression in (9.32) reduces to

G
C D
(1) 0y = g2 * - 2 -
TXFwm’ a2 vocs 82 o
-p-2G- Sz +iIr_ -0 26
D— ]
- - , (9.36)
2

s_
-Q+2G+ oo 4T,
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where
C - [ 3(0) 5(0) ) gf_
+ 33
44 aG2 !
D e - [ 5(0)_ 5(0) ) N 1 + QE_ s —30+E_
* 33 ~ Paa st o2 (1= 3o ) (9.3M
and the widths I'_ and I'_ are given by
2
r = 3x _x8_ 30tk o8
+ 4
2 aG2 2 ac2
3 3 o= as?
R T T (9.38)
aG 4G

Thus in this limit, the four-wave mixing spectrum consists of two

lines at QO=x(2G+ gz) characterized by a width I'_. However since
IC,I<ID,l, the line at n-—(2G+62/2G) is expected to be weak
compared to the Iline at n-+(26+62/2G). The effect of the other
Lorentzian at Q= +(2G+§§) with the much broadzr width I'_ is merely
to reduce the strength of the line at n-+(zs+ga).

Thues, in conclusion, we have studied the effect of cross-

relaxation on probe absorption and four-wave mixing under
conditions when the pump is strong. Analytical expressions for.the
intensity-dependent susceptibilities describing probe absorption
and four-wave mixing are obtained. These analytical expressions
enable us to obtain a qualitative understanding of the effect of

crosaerelaxation on the probe absorption and the four-wave mixing
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spectra. Various special cases are discussed. It is8 evident from
the structure of these expressions that crossrelaxation enhances

the line mixing and the |ine narrowing effects in the atrong-field

spectra.
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CHAPTER X
EFFECTS OF ARBITRARY RELAXATION ON TWO-TIME CORRELATION FUNCTIONS

In the foregoing chapters, we have developed a formulation
of nonlinear response theory in terms of the nonlinear susceptibi-
lities, which are related to the mean value of the induced
polarization. A8 we have shown in the previous chapters, the
nonl inear susceptibilities are capable of describing a wide
variety of nonlinear optical phenomena such as probe absorption,
four-wave mixing, etc. However, there are situations where a
knowledge of the mean value of the induced polarization is not
enough, In phenomena like resonance fluorescencez1 and
aqueezlng,22 the quantum mechanical fluctuations in the generated
fields are important., Such fluctuations In general are determined
in terms of the two-time and other multitime correlation functions
of the electric field operator.23 Since It is the induced dipole
moment that drives the generatea fields, the correlation functions
of the electric field operator are in turn related to the correla-
tion functions of the dipole moment operator, as a consequence of
Eq. (1.2), For example, the resonance f luorescence agpectrum Iis
related to the two-time correlation function <E (t)E (t')> of the
electric field operator, which in turn is related to the twa—flme
correlation function (p_(t)p+(t')> of the dipole moment operator,
where E¥ and E- [p and p 1 are respectively the positive and
negative frequency parts of the electric field operator [dipole

22,77
moment operatorl]. similarly, in phenomena |ike squeezing ! and
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18,79

+ +
antibunching, the two-time correlation function <E (t)E (t')>

24,80

(referred to as the anomalous correlator ) is important. In

particular, the spectrum of squeezing is8 determined by such
anoma | ous correlation functions., The correlation function
<E+{t)E+(t')> will be related to the correlation function
<p+(t)p+((t')> of the dipole moment operator. The non-factorizabi-
lity of correlation functions like <p (t)p (t')> [i.e.,
<p-(t>p+(t')> ¥ <p-(t)><p+(t')>] is due to the presence of fluctua-
tiong about the mean value of the induced polarization. The fluctu-
ations Iin the Induced polarization arise due to the atoqhaatlc
nature of the Iinteraction between the atom and Iits environment. In
an atomic vapor for Iinstance, the fluctuations arise due to the
collisions and spontaneougs emission., The fluctuations that arise
due to the collisions for Iinstance give rise to a redistributed
component25 in the resonance fluorescence spectrum of a two-level
atom in presence of a weak field. The effects of relaxation on the
two-time correlation functions of the dipole- moment opebator will
also show themselves up in the ‘two-time correlation functions of
the electric field operator. Thus we can study the effect of relax-

ation on the quantum mechanical properties of the generated fields

such as squeezing and antibunching.

In this chapter we develop a theory which will enable us to
study the effects of arbitrary relaxation on the two-time correla-
tion functions of a system that is interacting with fields, some
of which may be strong. In Section || we give a Liouville operator

formulation of the two-time correlation functions of the physical
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observables of a system that is interacting with a reservoir and

with external fields. Here we make use of the quantum regression

81,82

theorem which is valid when the correlation time of the reser-

voir is much emaller than the typical relaxation times of the sya-
tem. We give explicit expressions for the two-time correlation
functions of the dipole moment operator to second order in the
external fields. In Section 11l we inveatigate the effect of colli-
eions on the fluorescence spectrum and the anomalous correlatpr of
a two-level atom. In Section |V, we show how the two-time correla-
tion functions Iin presence of a strong field can be obta ined by
using the dressed-atom approach developed in Chapter VIil. We also.
give explicit results for the correlation functions of a two-level

atom dressed by a strong field.

II. LIOUVILLE OPERATOR FORHNULATION OF THE

TWO-TIHE CORRELATION FUNCTIONS

Consider a quantum mechanical system that (8 Interacting
with a reservoir and with external fields. The dynamics of the
atom-field interaction is described by the equation of motion

op
- m + t) (10.1)
3t Lop * Let®d o
where L_ [Eq.(2.2)] and Lf(t) = —I[Hf(tl, ] respectively describe

o
the effects of relaxation and the interaction with the external
fields. It follows from EqQ.(10.1) that the density operator at

time t + © (t » 0) can be expressed in terms of the density



181

operatoratanearliier time t as fol lows:

plt + T = S(t + 1, t) p(t) (10.2)

where

Lot tt+T -L t! L t' -L t
S(t+t,t) = e [ T exp I dt' e ° Lf(t') e o ] e © ’
t

(10.3)

is the time evolution operator and T in (10.3) stands for the

chronological time-ordering operator., We can express $ in the form

0
sce+ 7, t) = Y s®e,er €10.4)
k=0

where

s 4, t) = e © ,

T | Cic-1 L« t.) L < )
t+T- t, -t
(k) - o 1 o 1 2
s (t+T,t) = I dt ... I dt, Lettte ) o
(o]
L (t .-t ) L (t -t)
o n-1 n o n
L I I ) +
X L (tHt,). e L(t+t e ,
k = 1, 2,000, (10.5)

The expectation value of a physical observable A can be expressed

in terms of (10.2) as

CA(t+T)> = TrIA S(t+T,t) p(t)] (10.6)
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Now the quantum regression theorem31'82 can be used to obtain the
two-time correlation function of physical observables A and B as

fol lows,

CA(E+TIB(E)> = Tr[A S(t+1,t)B p(t)] (10.T)
Similarly, we have

<B(t) A(t+1)> = Tr[A S(t+t,t) p(t) B] ‘ (10.8)
Note that EQs.(10.7) and (10.8) are valid to all orders Iin the
interaction with the external fields. However, In many cases, the
appl ied fields are weak and hence can be treated perturbatively.

The correlation functions to nth order in the external fields can

be obtained from EQ.(10.7)-(10.8) on using Eqs.(10.4)-(10.5). We

have
A (k) tn-k) ., \
cacer0peedy™ = Y e { AT, oM . o
k=0
A (k) (n-k) \
et ™ = Y e { A s®nn "B, (000
k=0
where S(k’ is given by EqQ.(10.5). The expressions (10.3) and
(k)

(10.10) can be simplified if one writes s in the form
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T ™t -
s(k’(t+1 t) = I dt I ; T |E1t| L%,
) 1 tzl PR I dtk e
o (o]
L ¢t L ¢t k
2 on
x L (t+'t_t , o 00 00 + -
£ 1 e e Lf(t T IE1t"
k

Lo(t+t -t t‘)

X e =1 . (10.11)

Note that (10.11) is obtained by making a series of transforma-

k
tionse t1 d T—t1, tz*T-t1"t2,....,tk+t _l£1t' in (10.5), as In
(3.4)-(3.6), On wusing the Fourier transform of Hf(t), Lf(t)
[Eq.(2..21)] and using the convolution theorem for Laplace trans-
forms, s(k)(t+t,t) acquires a much simpler form
k
(k) i ® ® -itero Lo,
= - l=
S T (4T, t) ( 57 ) I do, ... J du_ e
- -
c+iw
sym i zZT ke 1
Y 1 ' - - -
X k1 271 ) I dz © (iz' + §:1w| IL°> Lf(w1)
e-lo -
K 1 1
— _ - ud ._ -
x (1z' + ) o, L) Letwy) vonibeto ) Cizi=iL ) )
i=2
k .
z' =2+ 1 L u . (10.12)
i=1 1
The symbol ‘sym' in Eq.(10.12) has the wusual meaning as In

Eq.(2.26) and it implies that the expression on the right—- hand

side has to be symmetrized with respect to the indices mi.al.

Hence now we can use (10.9), (10.12) to obtain the dipole-dipole
(n)

correlation function <pp(t+t)p”(t)> . For this purpose we let

A+d¥, B » d” in (10.9) and write



184

: - «
LeCw) ) LeEqt@ , L ==i[d® , ] (10,13)
a

in (10.12)., The Laplace transform of the correlation function

(n)
<pp(t+t)pu(t)> is then given by
L]
~({n) rd (n)
f (z,t) = -
pv ) J dz e (pu(t+1)pu(t) >
o
- iTr [ d“(iz-iLo:'1 a® oM ey ]
k
00 ©
n -it L w
-5 1 1- yk sym 1=1 |
2_ Py ) < 1 I dm1...J dmk e Ea <m1)
k=1 (4] [ !
<+ 1 K
LE (o) (=) Tr [ d'cizt 4+ ) e -iL v
a k - | o a
3 -1 -1 v (n-k)
x Ciz' 4 2 w -IL )Y L +...L_ Ciz'-iL)) d p (t) ] ,
- | 0 a « (¢]
=2 2 k
k
z' =z 41 1 £ w . (10.14)

A similar expression can be written down for-the Laplace transform

(n) .
of the correlation function <pu(t)pp (t+T)> simply by replacing

- (n-k)
y and d°p "ty in 10.12) by p"ctrd” ana p " ra®

a’ptM (e

respectively. Thus we have

w
“{n) -Z7T 4 (n)
gp” (z,t) - J dz e <pu<t) pu(t T)?
(o)
- f (2,8 | (n-k) (n-k) .,
po a’p (t) » p (£3d” ) k=0,1,2,...

(10.15)
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Note that the steady-state correlation functions <pu('t)p“(o)>(n)=

(n)
Lt <Pp(t+13p“(t)> and <p_(o)p (o™ = Lt <p. (t)p cerry >N
tro v M v ]

[T

can be obtained respectively from Eqs.(10,14) and (10.15) by sub-
stituting f (n-k)

g or p (t), k=0,1,2,... their steady—-state values.
Following the above procedure and using the quantum regression
theorem, it Iis possible to write down general expressions for

multitime correlation functions. For instance for the four-time

correlation function of the dipole moment operator we have

+ o= v, H i v v
<pv(t)pu(t T)pu(t+1)pv(t)> T {d d¥ s(t+1,t). d° ple)d } )

(10.16)

where S(t+t,t) Iis given by Eq.(10.3) or Eqs.(10.4)-(10.5)., Correla-
tion functions such as in (10.,16) are important in the study of
the intensity—intensity correlation323 in the light scattered by an
atomic system, For many applications, the two-time correlation
functione to second order in the external fields are important,

Using (2.4) in (10.4), we can write down an explicit expression

for the Laplace transform of the second—oirder correlation function

?(2)(z,t) as follows
1}
~(2) / - -1 (?)(t)
fp (z,t) = 2_ IJ kl 1 IGJk(lZ AJI) ﬂz|
i Jk2
® -iw,t
i_x- 1 E (w,) A (z, L, w,)
+ Z € « 1 igke "5 T

-0
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L o

-i(w, +w_ )t
1 ,1.,2 ¢~ 1 2
+ o (50)
2 ‘2a z_ dw1 dmze Ea(m1)EB(mz)
«p -0 -0
x B (z, t, o W )\ (10.17)
igke S T Bq0 U7 v
where A'sz and Bisz stand for
- (1) -1
Al g (2 Er0y) 1 Ciz=A, [ z . 8 \Pon (B CIZm0 =R )

_ & (1) cw 31 () ey _ ]
dl Py (BFUIZTO =N O dlezk (e) (¢ iz-w-C iz w,))

(10.18)

and

-1 -1 (o)
Blez(z,t,m1,m2) = j(iz AJ‘) (iz w, mz Akl’ Pee

- a _B e - B o -1
[ I G LS S B L L P A )
n

B o - -1 B e - -1
- (o, A (1Zmwy=h ) dJkdz' Cizma -A_ 0 )

+ dJ'd o (Cp 1zm0 -y Cizmw = € Uizmay C, ¢ 12z-u,))

+ (x, 01) +«3 (B, mz) ] (10.19)

Note that the C terms In (10.18) and (10.19) are as defined in Eq.

(2.36) and they correspond to the extra contributions coming from
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the (Inelastic collisions and spontaneous emission, A similar

expression can be written down for ;;E)IEq.(1o.15)]. We have

~(2) - w.v -1 (2)
(z,t) = -
9, €2 2_ 9y G 1 V8, C1zmA, 0T o)
ke
1 - _|01t '
+ —
20 z_ Jdm1 e Ea(m1) A'sz (z, ¢, m1)
¢ -
T ® ~itw,+0 )t
1 ,1_.2 - 1 2
+ - '
7 on) ) I du, J du,e E (0, YEg(w))
aB -o -
x Bz, t, o, 0} (10.20)
i Jke 2, Ta O Q) 0 .
where
' . -1 aQ (1) -1
A'sz(z.t,m1> = l(lz-AJ') [ dz'ka (e)X(iz w, AJ;’
- & (1 _ -1
-3 dn801 Pric (B)C1ZT0 AL D)
n
a (1)
+d Py (8D [CIJ(lz-m1)—Cz'(lz-m1)] ,  (10.21)
' (o)
ven b (10.19) but with p interchanged by
and Blez is as gi Y ee
p;:’. in the radiative relaxation case, our result (10.17)-
(10.19)when inverted reduces to the expression derived by

Agarwalao in the context of the anomalous coherence functions of a

system driven by a weak coherent field. One can obtain the steady-
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state correlation functions f (z)= Lt f (z,t) and g (2)=
A () P te we Ko

%E,guu(z't’ respectively from Eqs.(10.17) and (10.20) by replacing

(2) (1)
Py (B2 P, etc., by their steady-state values. The expressions

(10.17) and (10.20) are quite useful in computing the various two-
time correlation functions that are (mportant In describing the
spectral properties of the |ight scattered by a multilevel system.
For example, the fluorescence spectrum S(w) is given by the rela-
tion

S(w) = %; J dt e ' ¢<p (tv) pTCo) > , €10.22)

.|. -—
‘where the p and p are defined by

+ -_—
p = ITJ d,y to<at, E <EL

p = ?3 d, | 1i><Jl » B> E, . (10.23)

‘- + - +
Since It is generally true that <p (t)p (0)> = <p (-T)p (o))', one

- +
can express S(w) in terms of the Laplace transform of <p (T)p (0)>

21
as

S(w) = 2Re f__ (iw) . (10.24)

The spectral properties of the scattered |ight are also determined

83
in terme of the Fourier transform of the anomalous correlator

<p+(t)p+(o)>, which we define as
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i_ 1ot + +
Sa(u) - Zn dt e {p (tip (0)> ., (10.25)

83 the anomalous correlator

As has been shown by Kazantsev et al,
+ +
<E (T)E (0)> I8 actually determined by the dipole correlation

+ +
function <p (ltl)p (0)>, and hence one can express satm) in terms

of the Laplace transform of <p+(1)p+(o)> as

-~

Sa(m) - f++(lm) + f'_H_(—lm) . (10.26)

Thus Iin the case when the exciting field is weak, one can compute
the quantities S(w) and Sa(m) for a multilevel system using the
expresgions (10.17)-¢(10.19), By Ilooking at the structure of the
expressions (10.17)-(10,19) it is possible to make a few general
remarks about the spectral functions S(w) and sa(m). Note that in
Eq.¢(10.18), the contribution from the zero eigenvalue of the
population relaxation matrix R to the C terms does not cancel. This
can be understood by noting that in general, the contribution -from
the zero eigenvalue to BiJ(m> I8 equal to pjﬁ’/m, where pjj)la the
thermal equilibrium population of the level 1]J>. Thus the zero
eigenvalue contribution in the expression (10.18) determines the
elagtic or the coherent contribution to the spectral functions
S(w) and Sa(w). The remaining terms in the  expressions (10.17)-
(10.19) determine the Iinelastic or the incoherent components in
S(w) and Sa(m). The correlation functions <p_(t)p+<o)> and
| <p+(t)p+(o)> are also important for the determination of the
quantum mechanical properties of the fields generated Iin a

'y

8
multilevel system. The quantum theory of nonlinear mixing
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requires not only the classical quantities which are determined in
terms of the nonlinear susceptibilities, but also certain purely
quantum mechanical quantities which are related to the anticommu-
tators of correlations functions such as <[p—(tgp*(o)l> and
<[p+(15p+(o>]>. In the next section we specialize our general
result (10.17)- (10.19) to the case of a two-level system and
discuss the effect of collisions on the normal and anomalous
correlation functions and on the spectral functions S(w) and

S (w).
a

111. EFFECT OF COLLISIONS ON THE CORRELATION FUNCTIONS OF A

TWO-LEVEL SYSTEN

Consider a two-level system [see Fig.(1)] to be interac-

ting with a weak exciting field E, where E is given by

- —Imtt .
g(t) = ele e + c.c. ) . (10.27)

L

We assume that the collision-induced transitions from the gﬁound
atate |2> to the excited state 11> can be neglected and hence we

put 0. The correlation function that determines the

V12"
- +
f luorescence spectrum of a two-level atom is <p (Tt)p (0)> where

p_-a ,;|1><2| and p+=321.e|2><1l. The Laplace transform of
2

1
<p-(1)p+(o)> to second order in the exciting field can be computed

from qu.(10.17)—(10.10), and (8 given by
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2 2 h

~ | P

$2 ¢y . AT L T T ALY

- )]

a24r2 z+iw, lm 2*Tyo
12
- 1 ph
- dle = - = -

Here rp“

12 is the rate of phase-changing collisions. The expression

in (10.28) can be easily inverted to yield the correlation func-

tion
2 2 ph
g, 1"1d, 1 iw, T 2r - (iA+r )=
- +
<p trptton? . Aol ok 1+ 12, 12 ] ,
A +r12 21
T > 0 (10.29)
— + .
The expression for <p (T)p (o)>(2) for 1<¢0 can be obtained from

EQ.(10.29) by noting that (p_(~1)p+(o)>=<p_(t)p+(o)>’. As has
been shown by Reynaud et al-z9 the quantity l<p—(-t)p+(o)>l2 is
important for studying the correlation properties of photons
emitted in the same direction from a system that is excited by two
counter-propagating pumps. In particular such a quantity shows the
bunchind of the photons, i.e., I-<p—('t)p+(o)>l2 isa maximum for <T=0,
Thus the expression in (10.293) enables us to study the effect of
phase-changing collisions on the bunching behavior of photons

emitted by a two-level atom. The fluorescence spectrum S(w)

follows from Eqs.(10.28B) and (10.24) and is given by

h
19,1214, 17 (2rf3/mr )l
L2 12__{ - - £1_-= (10.30)
S(w) = 2 2 \ 8o mz) + )2+r2 J . ‘
AT4TS, (w-a,, 12
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One can see from Eq.(10.30) that in the absence of phaee—changlng
collisions (P?2=0), the fluorescence spectrum consists of only the
elastically scattered component at 0=, [proportional to B(m-mz)].
However, the phase-changing collisions give.riae to an additional
(redistributed) component at w=w, . Thus our result (10,30)

explains the well-known phenomena of collisional redistribution of

2
radiation.

Next we'dlacuas the effect of collisions on the anomalous
correlator for the two-level atom. It follows from Eqs.(10.17)~
(10.19) that the Laplace transform of the' correlation function

+ +
<p (T)p (o)>(2) is given by

2 9 —2iuwpt

a2y o 92192 [t s ol ]
++ 2 z+iw z+iw +v !
v_ L [/
= —-iA + (10.31)
v_ iA r12
+ + (2)
Hence the correlation function <p (T)p (0)> can be obtained by

inverting the expresaion in (10.31) and is given by

-2iw t-iw,T
oo (2) 9p19% _ ° -l
{p (t)p (0)> = == 2 - [ -1 + e
v

] . (10.32)

The quantity I<p+(t)p+(o)>l2 again is Iimportant Iin the study of

the correlation properties of photons emitted (in opposite direc-

t;onsﬁg Note that for <=0, the expression In (10.32) becomes

zero. This shows the antibunching behavior of the emitted photons,
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The spectral function S (w) follows from (10.31) and (10.26) and

is gliven bysa

dz gze-2imzt
Sa(m) = -21°% 2 [ —2n6(u-mz) + —y 1 + - : o) ]
2qv_ v_ti(e-w,) v_-i(u-w,)

(10.33)

Note that unlike the fluorescence spectrum S(w) which is real, the
spectral function Sa(m) in general is complex. Kazantsev et al83
have argued that both the real as well as the imaginary parts of
Sa(m) are important for the determination éf the spectral proper-
ties of the scattered light. It can be seen that Sa(m) contains
the Inelastic components at 0=, = +A even in the absence of colli-
gionsg. Thus the quantity Sa(m) contains more information about the
spectral properties of scattered light than the fluorescence spec-
trum S(w). To second order in the exciting field, the phase-chang-
ing collisions do not give rise to any new feature in Sa(m). How-
ever to fourth order In the exciting field (second order Iin the
intensity) the effect of phasélchanglng collisions is found to be
drastic. Using the general result (10.14? and the relation (10.26)
we have shown that to fourth order in the exciting fleld;
Sa(m) has the following structurei

-2iw_t

2 [/ ph
4IgzI2d§19ze J 2l 2
S (w) = 2 2 1 2na() (1 4 —;-— )
a 2av” lv_| 21
ph 2
- 1+ 3512’ ( T 2 2 ) * T +|n%<u +10)
Y24 voHIR v V24 -
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1 _ 1 1
X ( 9++|n v_+iQ ] + terms with Q «» -Q 5 ,

n = - =
Thus we can see from the expression in (10.34) that to fourth
order In the exciting field, the phase-changing collisions enhance

the usual terms by a factor (1 + 2r$2/721).
IV. TWO-TIMNE CORRELATION FURCTIONS IN PRESENCE OF STRONG FIELDS

The dynamics of a quantum mechanical system Interacting
with a reservior and with a strong field and a weak field Iis

descr ibed by the equation [as in Eq.(T.1)]

8p _ _ + ( 5
e ITH, + VIE) + FCE), pl + Lo p 10.35)

which on making the canonical transformations with U(t) and S ([as

in Eqe.(7.2)-(T7.6)] and on making the dressed-atom approximation

becomes

. 4
8p _ _ 27 - , P Lo (10.36)
2L i 18, p1 -ilFcEr, B 1+ Lp

where

1

“ters 'F(ersu,

- ~ o -
B = S h s, F(t) u

-1
o - au__
A o= U e [H, + V(E)] UCe) + (%5 ) v (10.37)
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L
Here L p containas the intenalty-dependent relaxation parameters

and is given by [Eq.(T7.8)], {.e.,

(L) = = a, B (1-8 ) + 8 s »
i 3P0y 13 E PrcPric Pt P (10.38)

To zeroeth order In the weak fileld and to all orders iIn the dress-

fng field It follows from (10.36) that

L T
%(0) |
3 e4ry = e 8%y , x>0 , (10.39)

where we have def ined

L° = ~i[pg, 1 + LD . (10.40)

Hence the expectation value of the physical observable A at time

t+t Is glven by

cactst>® w1 { At cerr |

(o)

- Tr { Ace+r) 58O e+ }

1,,~1

N - -
Alt4t) = S U (t+T)AU(E+T)IS . (10.41)

on using (10,39), the equation (10.41) becomes

L T
’ %(0)
acerr)>©@ = Tr { Aty @ © B % } .

§¢t> - s lutorBucers (10.42)
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(o)

Similarly one can write down an expression for <B(t)A(t+t)> and
this is given by

(o) [ "o* x(0)
<BCEIACL+T)) = Tr { Att+r) e (£)BCE) } . €10.43)

Following the procedure as above one can write down similar expres-

gsione for the correlation functions when Tt < 0. Thus we have

” -L T ~»
CACE+OIB(E)> P = Tp { Btt) e © 5O (t+vrAact+n) } ,
= L T 4 '
BIBIAE+TI> ) = Tr { B(t) e © A (c+trpit+t) }
x< 0 (10.44)

Thus by using the expressions (10.42)-(10.44) one can compute the
various two-time correlation functions of a system that is excited
by an intense field. For éhe case of a two-level system
interacting with a strong field @, the correlation function
<p-(1)p+(o)> will be given by (10.42) with A > d_ = 312.;I1><2|
and B - p+-321.3|2><1|, where ; is the polarization vector of the
strong field. Using the expressions for the various parameters in
the dressed-atom picture for the case of two-level atom which we

have already derived in Chapter VIil, we have shown that

2 2 5ior. 2(0) 12
<p (Tap*(o)> = I dip I e \ 8in 6 cos 24 [ [ Poo



s(o)®(o) _ '1 4, u(0) 21
Py Poy + cos'0 p.. e
-lK T
4 w(0) 12 1
.‘.
sin © 922 e J )
v - + 't - - A - -
Yy " Peg t Py 0 Nyp = B = 10450 Ay TRRTIAg, €10.45)

The fluorescence spectrum of the two-level atom which is given by

the Fourier transform of the expreesion in (10,45) is then given

by

2( 2 2. ( (o) _ #(0) 2
Stw) ld ! {éln ® cos“e [ o, Pop ) (M)

(0)xs(o0) ~ 4 x(0) 4, u(0)
, 21y Pop Yy 200 0 Pyy (94071 8in ® Pap f93/") Y,
2. ~2 2 2 2 2
- + + +
(o +71) 141] ﬂR) q12 (N ﬂR) q12
Q=0-ow . (10.46)

In the case when the exciting field is at resonance with the

optléal transition (A=0), S(w) réduces to

2
Idlzl 1/1lT2 1 22 T1 __Tz L
Sta) = =777 2 z. ' 2 z 1.1 1.2
< + 1/7,) (D-2G)" + ~(Z— + =7)
2 - T
1 2
1 1 1
- (== + =7)
. - 20 T, T, _ ] ]
2 , 1,1, 1,2 !
(Q+2G) " + (3~ + 1)
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-1 -1 1
1 "Vt Ty =g (vt vy, ) vy, (10.47)

where 1} and T2 are respectively the longitudinal and transverse

relaxation times of a two-level atom. Thus the expression (10.47T)

explains the well-known triplet structure In the resonance fluore-
21

scence spectrum of a two-level atom, The expression (10.47T)
clearly showg that in presence of collisions, the central
component at O=0 has a width T;1 while the Rabi side bands at
N=22G have a width equal to %(%: + %;).Similarly, one can obtain

+
the anomalous correlation function (p+(T)p (0)> from (10.43) and

this is given by

-2iw t-iw T-2i¢

+
<p+(T)p (o0)> = d:1e L t sin20coazo
[ 302252212 4 4 s(ormtoy _T1!T!
X Pyg "P22 Py P22
I EY S NE]
%(0) 21 %(0) 12
[ pyy @ + Py, @ ) ] . (10.48)

Note that the expression in (10.48) becomes 2zero for <T=0 which
shows the antibunching behavior of the sca ttered photons. The
spectral function Sa(m), which is given by the Fourier transform

of the expression in (10.45) has the structure

-2iw t-2i¢

L (o) 2

2 2 L S
sin“6cos 0 [(p11 922 )78(Q)



s(o)s(o0) ~

4p P (y,/q)
+ 211fa 271 _ 1 [ U/t 2l ]
- 2 2 2 2. 2
1 + - -
71 1§ ¢] mR) + q12 (Q wR) + q12
R . (;(o)_ w(o), — n+nR n-nR
2a P11 7 P22 TL o 2 2 T o o2, 02 ) ] '
r) 1942 Q-0 *a,,
=0 - “z . (10.49)

In the case when the exciting field is resonant with the atomic

transition, I|.e.,, A=0, Eq.(10.49) reduces to
-2iw t-2i¢ _,31. i_
0l e 1/nT 2ntT, Y 7
S (w) = -2 — .- _ 1 [ - 1 2
a A @2+ 1772y 2 Uig-262 + 12— 4 1,2
2 4T T
1 2
1 1 1
—— — — + ——
27 (Ti TZ)
+ - 7 T3 S ] . (10.50)
(R+42G)° + —(=— + 7))
4T, T,

Note that when A=0, the imaginary part of the spectral function
Sa(w) vanishes under the dressed-atom approximation (i.e., in the
strong-field limit) and only the real part survives. Note further
that in this case Sa(m) [Eq.(10.50)]1 has egsentially the gsame

structure as that of S(w) in (10.47) except for a difference of

gign in the gecond term.
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Thus, in conclusion, we have developed a Liouville operator
formulation of the two-time correlation functions of the dipole
moment operator which are important for the description of the
spectral and the quantum mecahanical properties of the generated
fields. Explicit expressions for these correlation functions for
a system undergoing phase-changing and inelastic colllsions. are
obtained. Within the context of the two-level model, we have
studied the effects of collisions on the fluorescence spectrum and
the anomalous correlator, both under weak-field and strong-field
conditions. To second order In the exciting field, our results
explain the phenomena of the collisional redigstribution of
radiation. To fourth order in the exciting field, collisions lead
to an enhancement of the coherent component in the Fourier
traneform of the anomalous correlator, In the case of strong
excitation, our results explain the wel l-known triplet structure
in the resonance fluorescence spectrum and the effects of

collisions on this spectrum,
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11>
Y
21 Y2
12>
Fig.1. Energy diagram of a model two-level system. 721 and 712

are the relaxation rates from levels (1> to 12> and 12> to 1>

respectively.

2 11>
Y31

13>

12>

Fig.2. Energy diagram of the three-level model of ruby., The wavy

arrows denote the relaxation-induced transitions. TiJ denotes the

relaxation rate from [J> to 1i>. The straight

arrow indicates the dipole transition.
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14> i)
28
2>
l T—
Y Y
13>
Fig.S. Energy diagram of V-type three-level system. y I8 the

decay rate of levels |1> and 2> to the ground level (3>,

of? io T 13>
11> -

2y
2Y

12> I
ogﬁi,c 14 ’
)—Tr-—

Fig.4. Energy diagram of the model four-level system with
various relaxation rates. 2y Is the radiative relaxation rate of

each transition and o {8 the strength of collisional coupling

between the two components.
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G A 11>
2 Y21
1 12>
4 V3o
Cad 3> |

(b)

Fig.3. Schematic diagram of the model system in (a) the bare-atom

(732) is the

radiative decay rate from 11>C12>») to 12> «(I3>»). In (b)), the

picture and (b) the dressed-atom picture. In (a), Y04

variouus p terms denote the field-dependent relaxation rates

hetweeen the dressed levels, as defined by Eq.(B.31).
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’ 11>
“2 Y21
1P 12>
w
1 Yao
13>
Ca)
17>
P21
P34
b 12>
32 Py
~
13>

(b)

Fig. 3. Schematic diagram of the model system in (a) the bare-atom

picture and (b) the dressed—atom picture. In (a), v,,.(y,,) i8 the

21 32
radiative decay rate from [1>(12>) to [2> ([|3>). In (b), the

variouuse p terms denote the field-dependent relaxation rates

betweeen the dressed levels, as defined by Eq.(8.31).
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I (@)

(b)

0 N N kﬂ\ L )

T /mitey+ )

Flg.T7. The transient FWM signal produced by Ruby. The parameters

are 731-2 x-107/aec, Ypq™3 X 105/eec [Ref. 4a4], Yo "= 103/3/aec,

6-1000(731 + v_.), (731+7 )t = (a) 1,0, (b) 4.0. Both the curves

21 21
are normalized to the peak height of curve (a),
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151

Fig.8. The transient Han[e resonance (n FWM, produced by the
transition J=0 to J=1 in phase conjugation geometry, as a function
of the magnetic field for yt=0.05 (a) and 0.1 (b). A=5000y. The
sol id (dashed) curves give the gsignal S_(=S)) averaged
(unaveraged) over the detector response time Ytd-0.01. All curves
are normalized to the peak height of solid curve (a). The scgle on

the x-axis is magnified by a factor 20.
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Fig.9. Saturated absorption spectrum Istma) as a function (ma-
m°>/6 for various parameters gliven by o0/8=0.5, 0©/8=0.25, Az--7/28,
9/2y=1.0 (g-dﬁv4\le the pump strength). The solid (dashed) |ine
corresponds to the spectrum with cross relaxation, E=0 (without
crogsrelaxation, E=0); the dotted |ine denotes the case of . no
collisions (o=E=0). The normalization in the l|ast case is four

timee larger than what is shown in the figure.
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Fig.10. Same as Fig.9, except that now Az--a and g/2y=0.1. The

normal ization in the case of no collisions (E=0=0) is two times

larger than what is shown in the figure,
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3)
el . b ] 4

A

Fig.11. Four-wave mixing signal for the case of no collisions

(g/8=E/8=0) and v/8=0.25 as a function of (m -0, )/8. Different
curves In this figure correspond to different values of pump

detuning, Az = (a) —-48, (b) -28, (c) -8, (d) 0.



210-

e

Fig.12. Effect of change In the rate of Inelastic collisions on
the four-wave mixing signal as a function of (ma-mz)/G. c/8=0,25,
y/38=0,25, Solid (dashed) |ine corresponds to the case with crosas-
relaxation, E=o (without crossrelaxation, E=0), Different curves
in thie figure correspond to different values of pump detuning.
A . =(a) —-48, (b) -28, (c) -8, (d) 0. The normalization for curves

[}
(c) and (d) Is, respectively, two and four times larger than'what

is shown In the figure.
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|xm|

Fig.13. Same as In Fig.12 but for Increased value of the rate of

collisions o/8=0.5. The normalization for curves (c) and (d) I8,

respectively, two and 12 times larger than what I8 shown In the

figure.
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o

Fig.14. Same as In Fig.12 but now the case (d) dropped., The l|ower
(upper) set of curves correspond to o0/8=1.25 (0/8=2.25). The

normal ization for curves (c) is ten times larger than what I8

shown in the figure,
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APPENDIX - 1

INPORTANRT SYMBOLS ARD THEIR DEFINITIONS

We list below some of the symbols which occur frequently in

the thesis and state what they stand fori

(n)
xG{an}[ {mn} ]

(n)
xu{unl[ to 3 )

rlJ(IiJ)

i

-

-

-—

-

nth order steady-state response of the

physical observable Q

nth order steady-state susceptibility
which determines the ath component of the
(n)

induced polarization Pa (t)., This is a

tensor of rank n+1,

ath component of the dipole matrix element

<iidlg.

rate of relaxation-induced transition from

gtate |J»> to |i>.

rate of decay of the coherence between

levels |i> and |J>.

rate of decay of population from level |i>

to other levels out of the system,



(n)
Ixa{an)( {mn} )

Ay = BymByTI9yy

(n)

X Q{anl‘{mn}'t)

(n)

a{anl({mn}'t’

-

-

-l

—— iy

221

complex atomic frequencies

steady-state intensity-dependent suscepti-
bility to nth order In the weak fields and
to all ordere in the strong fields. This
determines the response of the physical

observable Q.

rate of transfer of population from

dressed state |3> to dressed state |1>.

rate of decay of the off-diagonal element
of the density matrix in the dressed-atom

.
picture, pIJ'

complex atomic frequencies of the dressed-

atom.

nth order time-dependent response of the

physical observable Q.

nth order time-dependent susceptibility
which determines the response of the ath

component of the induced polarization,

(n)
P“ (t).



nR-J(A2+4GZ)

s(0)
Py

-

-

— iy
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atom-field detuning (for example, A,,

A etc.)

zl

atom-field coupling (for example, gl:

91, etc.,)

Rabi frequency

modulation frequency

in general refers to optical frequencies

(for example, m1,ml, etc. )

in general refer to differences between

two optical frequencies.

steady-state population of the dressed

state IT).
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