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Chapter 1

Introduction

Let F' be a nonarchimedean local field of characteristic not two and K a
separable quadratic extension. Then if K = F(xy) with 2 an element of K*

whose trace to F'is 0 we have an embedding of K* into GL(2,F') given by

2
a bx§

b a

a+ brg —

It was Tunnell [Tu] who first gave an answer to the following question: if 7 is
an irreducible, admissible representation of GL(2,F') what are the characters

x of K* that occur in the restriction of m to K*7 It is immediate that if a

character x occurs in such a restriction then x|z« must be the central charac-

ter of m. Assuming that the residue characteristic is odd he showed that the

€(H®X_17¢0)+1

5 , where II is a

multiplicity of such a character in 7|x+ must be
base change lift of m to K and 1) is nontrivial additive character of K whose
restriction to F'is trivial. Tunnell also showed that under the given circum-
stances the value of the epsilon factor must be £1. Hence the multiplicity
is either 0 or 1. Tunnell did this, case by case, by computing ‘characters’;

H. Saito [S] gave a residue characteristic free proof of the same result. D.

Prasad [P1] considered a slightly more general problem. He looked at rep-

1



resentations m of GL(2,F) whose restriction to GL(2,F)" (here GL(2,F)"
denotes the subgroup of index 2 in GL(2,F) consisting of those matrices
whose determinant is in Nk, p(K*) where Ng/p is the usual norm map from
K to F) breaks up as a sum of two irreducible representations 7y + m_ (this
excluded, for instance, the exceptional representations whose restriction to
GL(2,F)" remain irreducible). If 7 is supercuspidal then © = 1y, the Weil
representation of GL(2,F') attached to a character 6 of K* whose restric-
tion to F* does not factor through the norm map from K to F. Using a
lemma of Langlands [L], Prasad showed that y occurs in 7y, if and only
if €(@x ', 1b) = €(@x ', 1) = 1 and in rg_ if and only if both the epsilon
factors are —1 (6 is the Galois conjugate of #). His proof was based on the

following identity which is in fact equivalent to his extension theorem:

R e = 3 x(@) (1.1)
@222
T P+

where S is the set of characters x of K* whose restriction to F™* is wg/r
and such that €(x,vy) = 1. Prasad’s [P1] proof of the identity (1.1) was
valid only when the residue characteristic is odd. The residue characteristic
even case was open till Prasad [P2] provided a proof. Using a theorem of
Waldspurger [W], his own local identity in the odd residue characteristic case,
and a local-global technique he was able to conclude that the identity is also
true for even residue characteristic (ch F'=0). Concurrently, Saito [P2] gave
a purely local proof of the above identity which was residue characteristic
free. He defined an involutive intertwining operator T : 7(1p«, wgk/p) —
7(1p+, wg/r) which commuted with the GL(2,F)* action. The eigenspaces
corresponding to the eigenvalues 1 and —1 turned out to be the spaces for
m, and 7_ and Saito defined explicit eigenfunctions in each space and proved

that for such eigenfunctions f we have T'f = €(x,1o)f. His proof involves
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integral operators and their convergence was the only difficulty in the proof.

We give a local proof of the extension theorem here which depends on
the definition of the epsilon factor and nothing else. The proof is transparent
and, we hope, better explains the difference between the odd and even residue
characteristic cases. It spans the third and fourth chapters of this thesis. We
show that in considering Exe ¢ x(z) enough cancelations take place to yield
the left hand side of the identity. In fact, the right hand side after cancelations
reduces to a sum over the characters of a single conductor. Note that the
main identity (1.1) does not make sense if ch F'=2 for then zy € F.

In chapter 3 we complete the proof of the identity (1.1). We explain how
this identity could be used together with a lemma of Langlands ([L], 7.19
the lemma with an embarrassing proof) to prove the extension of Tunnell’s

theorem. We state the extension theorem precisely:

Theorem 1.0.1. Let g be an irreducible admissible representation of GL(2, F')
associated to a reqular character 6 of K*. Fix embeddings of K* in GL(2, F)*
and in D*"p (there are two conjugacy classes of such embeddings in gen-
eral), and choose a nontrivial additive character v of F, and an element
xo of K* with tr(xzg) = 0. Then the representation r9 of GL(2,F) decom-
poses as rg = r9 O ro_when restricted to GL(2,F)T and the representa-
tion 1o’ of D*p decomposes as ro' = r¢', & ro’. when restricted to D**p,

such that for a character x of K* with (x.07!)

F* = WK/F, X appears in
o4 if and only if e(Ox ') = e(Ox7 %) = 1, x appears in ro_ if and
only if e(0x~1,v0) = e(@x 1) = —1, x appears in o', if and only if
e(Ox o) = 1 and e(Ox ', 2by) = —1, and x appears in vy’ if and only if
e(Ox 1, 10) = —1 and e(Ox™", ) = 1.

In the second part of this thesis we use the above theorem to look at the

following problem:



1.1 Organization of the thesis

Let r¢ be as above. We have, by definition of central character, 8|p =
wp,w Where w,, is the central character of ry and w = wg/p. As we have

already noted, since 6

e # Wy, the character 6 cannot occur in rp|g+. A
necessary condition for a character A\ of K* to occur in rg|x« is that its
restriction to F'* should be equal to the central character w,,. The question

we would like to ask at this point is whether 6 twisted by some character

A of K* can occur in 1y where \|p« = w since it satisfies the said necessary
condition. That is, whether there exist some A such that A\f occurs in r|g-.
We will prove some results which give an affirmative answer to this question.
In fact, we will try to count at each conductor level precisely how many

characters are there occuring in 7o, and in ry_.

1.1 Organization of the thesis

We explain the basic terminologies that we use in this work in the second
chapter. We also state some known theorems and facts that we frequently
use. Our basic references on these will be [Se|, [Ne], [Bu], [Ta], [J-L], and
[L]. Those terms we have not defined anywhere but used somewhere in this
thesis could be found in one of these references. In the third chapter, we lay
down the foundation required for proving identity (1.1). Most of the results
proved in chapter three will be used in the final chapter also. After proving
these basic results, we will turn in chapter four towards proving the identity
and then the extension theorem. We in fact imitate [P1] in proving the
extension theorem after proving the main identity using our own techniques.
We can do this this because the lemma of Langlands used in proving the
extension theorem in [P1] is residue characteristic free and so true in all

residue characteristics.



1.2 Main results

In chapter five, which is the last chapter of this work, we count the twists
of # that occur in the restriction of the Weil representation ry attached to
0, a regular character. We make use of the the above cited theorem for
this counting process. We do use an interesting result given at the end of
chapter 4 heavily for our computations. The last chapter is divided into two
parts, when the extension K is unramified over F', and when it is ramified.
Unramified case is quite simple where as the ramified situation consists of
some what lengthy, but straight forward computations.

We collect our main results of this thesis for quick reference in the next

section to conclude this introductory chapter.

1.2 Main results

The main theorem in the first part of this thesis ( that is, chapters 3 and
4) is the following. This is in fact equivalent to the extension of Tunnell’s

theorem. All most all the notations used here are explained in chapter 2.

Theorem 1.2.1. Let K be a separable quadratic extension of a local field
F of characteristic not two. Let v be a nontrivial additive character of F,

and xo € K* such that tr(xg) = 0. Define an additive character 1y of K by
o(z) = Y(tr[—xxz0/2]). Then

e<w,w>% Y () (12
(p=z)? )2 x€S

F*
x € K*— F* where as is usual, the summation on the right is by partial sums

over all characters of K* of conductor < n.

The following lemma is simple, but plays a pivotal role in our computa-

tions. Note that the summation is over x’s of a fixed conductor, not over all



1.2 Main results

x’s such that x|p = w.

Lemma 1.2.2.
Y xw=0ifyg FUZT
X€S5(2f)Us’(2f)
Theorem 1.2.3. |S(I)| = |S'(1)| for each feasible I, that is when | = 2d — 1
orl=2f with f > d.

The above theorem states that with a given conductor [, out of all y € K
with restriction to F™* equal to w, half will have epsilon factor +1 and the

remaining will have epsilon factor —1.

Theorem 1.2.4. Let x =1+ W}_lex’ where ' € Up, then

—q" ! ifm=20
Z x(z) = 0 o m=1,2,...andm#d—1
XES(2r+2m) e(w, w) w(zO—iol) ifm =d—1
2

and
—q! ifm=0
Z Y (z) = 0 ) m=1,2,...andm#d—1
X €S (2r+2m) —e(w, ) Tz(xi?o; ifm=d—1
7T |

The above is in fact stronger than theorem (1.2.1). In chapter 5, we have the

following results:

If K/F ramified, then
Lemma 1.2.5. [f% = (—1)"¥ then no @O can occur in ry where © € Soq_1.

Theorem 1.2.6. Let 0 # a(%) < a(®). Then among all ©® € S(2d — 1) half
and only half will be such that ©O occur in vy and among all © € S'(2d — 1)

half and only half will be such that ©8 occur in ry .

6



1.2 Main results

Theorem 1.2.7. Let A € S(2f +2d), f >0 a(%) < a(X) —2d=2f. Then
all the elements in {\0 : X\ € S(2f + 2d)} will occur in ro*. Similarly if
XN € S5'(2f + 2d), then all the elements in {N6 : N € S"(2f + 2d)} will occur

in 79~ . Therefore the number of A0 where N\ € Sipioq occurring in rg is

1S2f12d|-

Corollary 1.2.8. [f% = (=1)"%, then all X € S(2f + 2d) will be such that
A0 will occur in rot. Similarly all X' € S'(2f + 2d) will be such that N'0 will

occur in o~ .

Theorem 1.2.9. Let A € S(2f + 2d), 2f +2 < a(%) < a(X). Then among
all N0 where A € S(2f + 2d) exactly half will occur in ro,. Similarly, let
N e S2f+2d),2f+2 < a(%) < a(N). Then among all N0 where X €
S'(2f +2d) exactly half will occur in rg_. Therefore the number of A0 where

X € Sypioq occurring in ro is |Sapioal/2.

Theorem 1.2.10. Let A € S(2f + 2d), a(%) =2f+2 < a(\). Then number
of A0 appearing in 9, where A € S(2f + 2d) is ‘15—2qf+d’1. Similarly, let
XN e S'(2f + 2d), a(%) =2f+2 < a(N). Then number of N0 appearing in
ro_ where N € S"(2f +2d) is q;—quer_l. The number of A0 where X € Syriaq

occurring in rg is therefore (¢ — 2)g/ T4 1.
Theorem 1.2.11. Let a(\) =2f 4+ 2d < a(%) =2m < a(\) + 2d. Then the
number of A0 with X € Sypi0q appearing in rg is |S(2f + 2d)| = |Saf424|/2.

When a(A) is too small compared to a(%) the occurrence of \@ in ry . or

rg_ depends only on 6.

Theorem 1.2.12. Suppose A € S(2m), m > d and a(%) =2n > a(\) + 2d.
Then either all the elements in {\0 : X € S(2m)} will occur in ro, or all
the elements in {N'0 : X' € §'(2m)} will occur in ro_ not both. Therefore the

number of A0 where A\ € Sa,,, occurring in ry is |Som|/2.

7



1.2 Main results

The only one theorem in which we didn’t give an exact count, but only a

lower bound is the following:

Theorem 1.2.13. If a(%) = a(\) = 2f + 2d, \|p+ = w then the number of

N0 appearing in g is greater than or equal to ¢/+41.

And we conclude the thesis in the fifth chapter by describing the possi-

bilities of occurrence of twists when K/F' is unramified.



Chapter 2

Preliminaries

2.1 Basic ideas and notations

Let F' be a non Archimedean local field, that is, a non discrete locally compact
totally disconnected topological field. If the characteristic of F'is 0 then it
is a finite extension of Q,. Otherwise it is isomorphic to F,((X)) where F,
is the finite field with ¢ elements. Throughout this work, by a local field, we
will mean a non archimedean local field.

For the local field F', we denote by Op its ring of integers and Pr = 7pOp
the unique prime ideal in Op, where 7p is a uniformizer (a uniformizing
element or prime element) which is an element in F' such that its F-valuation
is 1. That is, vp(mr) = 1.

The residue field Op/Pr of F' is denoted by F,. Here ¢ = |Op/Pr|. For
a finite set X, by |X| we denote its cardinality. chF, is called the residue
characteristic of F.

By Ur or O} we denote Op — Pp, that is, the group of units in Op. Let
P. ={x € F :vp(x) > i} and for i > 0 define Ui = 1 + Pi (with the

provisio that U% = Up).



2.1 Basic ideas and notations

Note that if £* denote the multiplicative group of F', then Ur D UL D UZ D
... D UL D ... form a fundamental system of neighborhoods at identity for
.

By | |F we mean the absolute value on F'. Tt is chosen in such a way that

\7r|r = ¢~'. Note that for u € Up, |u|lp = 1.

If we fix a complete set of coset representatives for Pr in Op as {ay, as, . .., a,},

then any x € O has a unique representation of the form

o0
x = g T
i=0

where x; € {ay,as,...,a,}. Unless otherwise specified, our set of coset rep-
resentatives will be F,. If x € P*¥ — P then 2; =0 for i = 0,1,...,k — 1
and xp # 0.

Let K be a finite extension of F. If K, is the residue field of K, then
¢ = q’ for some f € N. If vp(np) = e then [K : F] = ef.

If e = 1, then the extension is said to be unramified and if f = 1, it is
said to be totally ramified. If the extension is not unramified, it is ramified.

By Nk/r or simply N we denote the usual norm map from K to F' and
by trg/r or simply ¢r we mean the usual trace map from K to F'.

Note that
Ur
Up

OF
Py

St

The polynomial X" + a; X" ! + ... + a, € Or[X] is said to be Eisenstein
if a; € Pp for all i and a,, ¢ P%. If K is a seperable ramified extension of
F then K is generated by a uniformizer mx of K whose minimal polynomial
over F'is an Eisenstein polynomial.

Let K be an unramified extension of F. Then N(1+Pj) = 1+PgV¥n > 1

10



2.1 Basic ideas and notations

The differential exponent dg,p or simply d of K over F'is defined to be
the integer d such that tr Px? C Op but tr Pg** € Op.

Suppose K is a seperable quadratic extension of the local field F. If the
residue characteristic is odd then d = e — 1. If the residue characteristic is
even, that is, two then d = 2t+1 where t = vp(2) if there exists a uniformizer
7w of K such that tr mx = 0 and d = 2s if no such uniformizer exists and K
is the splitting field of the Eisenstein polynomial X? — urt, + 7p, u # 0. In
this case, s <'t.

If G is a locally compact abelian group by G we mean the group of
characters of G. Denote by wg,p, or simply w the character of F* associated
to K by class field theory, i.e., it is the unique nontrivial quadratic character
of F*/N(K™).

Conductor of an additive character ¢ of F is n(1) if ¢ is trivial on P, n(w)7
but nontrivial on P, nW)=1 et g = Yotrg,p. Then the conductor of 1k is
d+n(1) where d is the differential exponent of K over F. For a character y of
F* by a(x) we mean the conductor of y. Therefore a(x) is the smallest integer
n > 0 such that y is trivial on U.. We say that y is unramified if a(x) is zero.
Also, if x1 and x3 are two characters of F' then a(xi1x2) < maz(a(x1),a(x2)).
Equality holds if a(x1) # a(x2). Furthermore, a(x) = a(x ™).

The image of x € K under the nontrivial element of the Galois group of K
over F'is denoted by T or 27. If xy € K — F'is such that tr zy = 0, we define
Yo(z) = ¥ (=) = Y(tr=3*). Note that n(vo) = n(vx) — vk (2) + vk (o).
Note that ¢ is an additive character of K trivial on F'.

A character 6§ of K* is regular if it does not factor through the norm
map Ng,r. By rp we denote the irreducible admissible Weil representation
of GL(2, F') associated to a character 6 of K*.

All the above definitions stated for F' hold true for K also with obvious

11



2.2 A little bit of representation theory of GL(2)

modifications.

2.2 A little bit of representation theory of
GL(2)

Let G be a totally disconnected locally compact group and let (m,V’) be a
representation of G. Then V is a complex vector space (possibly infinite
dimensional) on which G acts. We say 7 is smooth if for any v € V, the
stabilizer {g € G : m(g)v = v} is open. If 7 is smooth and if furthermore for
any open subgroup U of G, the space VU of vectors stabilized by U is finite
dimensional then 7 is called admissible.

The center of G acts by scalar multiplication on the irreducible admissible
representation (m, V). Thus if G = GL(n,F), F non archimedean local
field then there exists a character w, of F* called the central character of
7 such that the center Z (of nonzero scalar matrices) of GL(n, F') acts by
7(zI)v = wy(z)v where v € V,z € F* and [ is the n x n identity matrix.

Let F' be a non Archimedean local field. We fix an additive Haar measure
f 7 dz on F normalized so that the volume of Or is one.

Let us turn our attention to representations of GL(2, F'). We can classify

them mainly into three:
a) Supercuspidal representations
b) Principal Series representations
¢) Special representation

Let V* be the dual of V. We can define a representation 7 on V* satisfying

<7m(g)(v),v* >=<v,7(g)(v*) >forallv € V, v* € V*. The representation 7

12



2.2 A little bit of representation theory of GL(2)

is not admissible. However, the subspace V of V* consisting of vectors which
are stabilized by an open subgroup is invariant under 7 and 7 restricted
to this subspace is admissible. This restriction, by abuse of notation, is
also denoted by 7 and is called the contragradient of 7. Given v € V and
o € V, we can define a complex valued function f on GL(2, F) by f(g) =<
7(g)(v),v >. Such functions are called coefficients of 7 and = is said to be
supercuspidal if its coefficients have compact support modulo the center Z
of GL(2, F). That is, given a coefficient f there exists a compact subset C'
of GL(2, F') such that the support of F'is in C'Z.

Let p1, 2 be two characters of F* and let B(u1, p12) be the space of locally
constant functions ¢ on GL(2, F') which satisfy

a) forall g € GL(2,F), aj,as € F*, and x € F

¢ g | = m(a)pa(as)| = "26(g)
0 a9 az

b) there is an open subgroup U of GL(2,OF) such that ¢(ug) = ¢(g) for
allu e U.

Let p be the right regular representation of GL(2, F') on B(uy,u2). That
is, (p(g)f)(h) = f(hg). If wps"' # |z|r or |z|z" then p is irreducible and
is denoted by (1, pa). If gy’ = |z|p or ||, then B(u, uiz) has an
irreducible, invariant subspace of codimension (respectively dimension) 1 and
we let o (1, 12) denote the restriction p to the invariant subspace (or the
infinite dimensional quotient representation).

If 7 is an infinite dimensional irreducible representation of GL(2, F') which
is not supercuspidal, then, for some choice of py, s € ﬁ, 7w = (1, pig) or
o(pr, po). If m = m(py, p2) then 7 is called a principal series representation

and if m = (1, o) then 7 is called a special representation.

13



2.2 A little bit of representation theory of GL(2)

2.2.1 Base change lift

Let F' be a local non archimedean field and F},, be the maximal unramified
extension of F' and F be the seperable closure of F. We have the following
exact sequence:
1 — Gal(F,,/F) ——~ Gal(F|F) —> Gal(F,,/F) — 1

Let @ be the Frobenious of Gal(F,,,/F") then the pull back of < ® > with
respect to r is called the Weil group of F' and is denoted by Wpr. If K is an
extension of F in F then Wy C Wp.

By the fundamental theorem of local classfield theory we have a canonical
isomorphism between F* and

Wp
Wi

ab __
Wg' =

where W is the closure of the commutator subgroup of Wy. This gives rise
to an isomorphism 7 : - ﬁf; (recall that for a locally compact group
G, G denotes the group of its characters) called the reciprocity map. Simi-
larly let GL/(;F ) denote the set of all irreducible, admissible, supercuspidal
representations of GL(2, F') and I//V\g the set of irreducible 2-dimensional rep-
resentations of Wg. Then the Local Langlands’ correspondence predicts the

existence of a canonical bijection Lp : W2 — GL(2,F). Local class field

theory tells us that the following diagram is commutative.
> Ws
lBCK/F iTK/F
where rg/p is the restriction taking x to Xl and BCk/r is the base change
map taking x to xo N where N is the usual norm map from K to F. Likewise

we have the following commutative diagram:

14



2.3 Epsilon factors

— L —_—
GL(2,F) W2
lBCK/F lTK/F

—

L —
GL(2,K) W2

—

Then for p € GL(2, F), BCk/rp = Il is called the base change lift of p.

2.3 Epsilon factors

Now we will look at the most important terminology in this work - Epsilon
factors.

Let F be a local field. Let M (WWp) denote the set of isomorphism classes
of representations of Wr and R(Wr) the group of all virtual representations
of Wg. For a representation V' of Wg, let [V] € R(Wg) denote the virtual
representation determined by V. Let R°(Wp) denote the group of all virtual
representations of degree 0 of Wy, that is, those of the form [V] — [V’], with
dim V=dim V".

Let A be a function which assigns to each finite seperable extension K/F
and each V' € M(Wk) an element A(V) in an abelian group X. We say A
is additive over F' if for each K and each exact sequence 0 — V' — V —
V" — 0 of representations of Wx we have A(V) = MV )A(V"). When that
is so we can define A\ on virtual representations so that A : R(K) — X is
a homomorphism for each K. We say A is inductive over F' if it is additive

over F' and the diagram

15



2.3 Epsilon factors

R(Wyk
\
I”dIJ/K’

R(Wg) —= X

is commutative for finite separable extensions K/K'/F. We say A is inductive
in degree 0 over F' if the same is true with R replaced by R°. Langlands
predicted and proved the existence and uniqueness of a local function - the

epsilon function (theorem (3.4.1), [Tal):

Theorem 2.3.1. There is a unique function € which associates with each
choice of a local field F', a nontrivial additive character ¢ of F', an additive
Haar measure dx of F' and a representation V' of Wg a non zero complex
number €(V, 1, dz) such that (V, v, dz) = €(x, 1, dx) if V is a representation
of degree 1 corresponding to a character x and such that if F is a local field
and we choose for each finite seperable extension K of F' an additive Haar
measure i on K, then the function which associates with each such K and
each Ve M(Wi) the number e(V,otri p, pux) is inductive in degree 0 over
F.

There is no explicit formula available for the epsilon function e(V, ¢, dx).
But in the 1-dimensional case, that is, when y is a character, we have the
following: For a character y of F* and a nontrivial additive character ¢ of

F| we have

Jo, X Hw)v(y/e)dy
| Ju, X (W)U (y/c)dyl

where the Haar measure dy is normalized such that measure of O is 1 and

e(x;¥) = x(c)

c is an element of F™* satisfying the property vp(c) = a(x) + n(v).

16



2.3 Epsilon factors

2.3.1 Properties of epsilon factors

We will be using many of the known properties of epsilon factors in this work.
So it would be convenient to collect them together. Some theorems that are
related to epsilon factors, that we will be using, but not listed here, will be

explained in the due course.
1. e(nu, ) = n(mp) WHnWe(y, 1) if  is unramified.

2. e(p,)e(p=t ) = p(=1)

3. (A1) = €(A7,97) where A € K* and v, is a nontrivial additive

character of K.

4. €(m,1q) = wr(a)e(m, 1) where ¥, (z) = ¥ (ax).

5. €(x,®) = 11if x is an unramified character of F* and 1 a nontrivial

additive character of F' with n(¢) = 0.

17



Chapter 3

Completing an extension of

Tunnell’s theorem

Let F' be a non archimedean local field and K a separable quadratic extension
of F. Let S ={x € K*:x =w,e(x, %) =1} and S(I) ={x € S:a(x) =
[}. Analogously, we define S” and S’(l) with the property that e(x, o) = —1.

Also, define S; = S(I) U S’(l). In this chapter, we will be proving certain
results which will help us to prove the following main identity

o) B S

xTT

F*

using basically the definition of epsilon factors and some existing results
on these local factors. This identity plays a key role in this thesis work.
After proving the main identity, we will show how this identity implies the
extension of Tunnell’s theorem. Our proof of this identity is divided into
mainly two cases, viz. K/F unramified and K/F ramified covering both
residue characteristic odd and residue characteristic even cases. Note that
this identity firstly appeared in [P1], but there the proof was provided only

in the odd residue characteristic case.

18



3.1 Two theorems on epsilon factors

3.1 Two theorems on epsilon factors

We will be using the following two theorems from [F-Q] and [D] in our work.
So it will be convenient to state them here. The following theorem was
proved by Frohlich and Queyrut|[F-Q)] in characteristic zero and by Deligne

more generally.

Theorem 3.1.1. Let F be a local field of characteristic not two and K a
quadratic extension. Let 1 be a nontrivial additive character of F' and ¢x =
Wwotr. Then for any character x of K* whose restriction to F™* is trivial we

have €(x, V) = x(xg) where xq is any element of trace zero.

Since o () = ¢ (=52x), we have e(x, ¢o) = X(F2)e(x; ¥r) = X(552)x(20)-

_ 2
But —2% € F* and y is trivial on F™*. So this theorem is equivalent to saying

that e(x,vo) = 1.
Deligne[D] described how the epsilon factor changes under twisting by a

character of small conductor in the theorem:

Theorem 3.1.2. Let «, 3 be two characters of a local field F' such that a(«) >
2a(0). Let y, be an element of F* such that a(1 + x) = Y (yax) for ve(z) >
“o) (if a(ar) = 0 let yo = 7""). Then e(af, ¥) = 5 (ya)e(a, ¥).

We remark that vp(y,) = —a(a) — n(v).

3.2 The Main Theorem

We state our main theorem of this part.

Theorem 3.2.1. Let K be a separable quadratic extension of a local field
F' of characteristic not two. Let v be a nontrivial additive character of F,

and xog € K* such that tr(xg) = 0. Define an additive character 1y of K by

19



3.2 The Main Theorem

o(x) = Y(tr[—xx0/2]). Then

o) B S 1)

F*
x € K*— F* where as is usual, the summation on the right is by partial sums

over all characters of K* of conductor < n.

Note: From now onwards, in this and next chapters by LHS and RHS we
will mean the left hand side and right hand side of the above equation. We
refer to the equation in this theorem as the main identity.

We quote a result from [P1] which is going to be quite important in our

computations.

Lemma 3.2.2. Let x € K* such that X

e =w. Then e(x,vo) = £1.

Proof. Note that w is trivial on N(K*). Now xx(z) = x(27) = w(2T) = 1.

1

So x~* = X. Therefore,

e(x ' to) = e(X )
—z,

— Xl o)

= Y(—)e(x, ¥k) (by Galois invariance of epsilon factors)

= X2l )

= W(—l)x(T)E(x,wK)

= w(=De(x; o)

Therefore, w(—1)e(x, %0)* = e(x ", Yo)e(x, %o) = x(—1) = w(=1) = €(x, %)

U

1. This proves the lemma.

For an element r of F*, and x € S, we have €(x, (¢0),) = x(7)e(x, o)
w(r)e(x, o) where (o), (z) = o(rz). So if w(r) = 1, then €(x, (¥o),) =
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3.2 The Main Theorem

e(x, o) and so
> x(@) = > x(z).
XES G(Xv(wD)T):]-vXIF*:w

On the other hand, if w(r) = —1, since ) x(x) =0, we have

XESUS'
Y oxl@) ==Y x(z)=w(r) > X(2).
x€S xes’ (06 (Yo)r)=1, x| pr=w
But w(=2=2-) = w(r)w(2==%") for r € F*. Now if we fix a nontrivial additive
TTO—TIQ To—Io

character 1 of F', then every other nontrivial additive character ¢’ of F' is
of the form ¢'(z) = ¢(ax) for some a € F* and if 2 is an element of trace
0 in K*, then any other trace 0 element in K* will be of the form rxz for
some r in F*. From this it follows easily that once the theorem is proved for
one choice of zy and 9, it is true for any other choice of these parameters.
Therefore we will choose an additive character ¢ of F' with conductor 0. Let
o a unit if K is unramified. If K is ramified and d is odd we take xy to be
a uniformizer mx of K and when d even it will be a unit in K. It is also
clear that once the theorem is true for an x € K*, then it is so for any rx for
r € F*. Hence it suffices to prove theorem (3.2.1) either when x is a unit or
when x has valuation 1.

Let wr/r € I/(\*, or simply @, be an extension of w of conductor 2d — 1 if
d > 1 and if d = 0(that is, when K/F unramified) we assume @ to be trivial

on Uk and —1 on any uniformizer of K. Then if a(x) > 2a(®) we have

E(Xv 77DO> = X

= O(=z0/2)0  (yy) (3.2)



3.3 Proof of the main identity in the unramified case

where x.0 (14 ) = Yk (yo—12). Since a(x) > 2a(@), yy = yyo—1. Here y,
is as in theorem (3.1.2). Also, vi(yy) = —a(x) — n(¢k).

3.3 Proof of the main identity in the unram-
ified case

Consider first the relatively simple unramified case, i.e., K/F is unramified.
The proof is as in the odd residue characteristic case as given in [P1]. However
since no details are given in [P1], we give a detailed proof.

We have mx = 7 € F. Take y, = W;a(X)fnwK)
e(x, Yo) = (—1)200+7WK) But n(yg) = 0 and &' = (—=1)"%. So €(x, ) =

(—1)200Ft We need only consider the case when x € K* — F* is a unit.

in equation (3.2). Hence

Since w unramified and n(y) = 0, we have €(w,®) = 1. Now if z = ag +
...+ a,mp+ ... where a; € Ok and r is the largest positive integer such that

a; € O for all 7 < r then our LHS becomes

= 'y
o) _ @)
ol i
xrxT F
= (=D

Case 1: t even
Then €(x, 1) = 1 if and only if a(x) is even, say 2m, for some m > 0. Let r
be even. To prove the theorem we have to show that
= Y  x@
XES(2m), m>0
With conductor 0, note that there is only one nontrivial character. For y to be

an extension of w it has to be nontrivial. We have €(x, 1) = x(=52)e(x, ¥k ).

But a(y) = 0 and n(vk) = 0 gives €(x,¥x) = 1. Therefore €(y, 1) =
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3.3 Proof of the main identity in the unramified case

—x0

X(=

If 0 <m and 2m <,

) = (1)@ = (=1)* = 1. Since this x is trivial on units, we have

X€S(0)
= [S(2m)|
Ugk Uk
= |U U2m|_|U U2m—1|
FY K FYEK
= (¢+ 1)@ = (g+ 1)
—_ q2m _ q2m—2

fa(x)=2m>r+2let pe % Then
K

where y;’s are distinct nontrivial characters of

> taw(@)
= ) i)Y plx)
= in(x).o

= 0

2m—1
UK

Lz extended arbitrarily to
K

K*. On adding all these sums for all values of m > 0 we get ¢" which is what

is required.

Suppose r odd. Then our LHS is —¢". Again

For0<2m <r—1,

> x@) =1

x€5(0)

Y x@) =¢" =g

XES(2m)
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3.3 Proof of the main identity in the unramified case

as in the previous case. If a(x) =2m >r+ 3, let p € %
FYK

> (aw) (@)

0.

—

. Then

Note that here r + 1 is even. So a(x) = r + 1 is possible.

> x(@)

XES(r+1)

2

Uk
ne 7
UpUT

2.

o —

where y;’s are distinct nontrivial characters of

-1

Uk

r+1
UK

Z Xk ()

() ZXz‘(x)

extended arbitrarily to

K*. So the total sum becomes —¢" which is equal to the LHS.

Case 2: t odd

Then €(x,¢) = 1 if and only if a(y) is odd. Let r be odd. Then our LHS is

T

q.
If a(x) = 1 then

Now if 1 # a(x) =2m + 1 < r then

>

xES(2m+1)

x(z) = [S2m+1)[ = |

U

Uk

Ur

K
U}Z{m—i—l | - | Up

2m
UK

| = (g+1)(" =" ).

When a(x) =2m+1>r+1, we have 3 g,y X(2) =0 as in the ¢ even

case. Hence

Z Z x(x) =¢" = LHS.

m=0xeS(2m+1)
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3.4 The ramified case

If r is even, our LHS is —¢". As above, we have
> x(@) =1,
X€S(1)

if 1 #a(y) =2m+1 <r then

> x(@) =(g+ D@ =)

XES(2m+1)

Z x(x) = —¢" — ¢! asin t even case.
XES(r+1)

Ifa(x) =2m+1>r+1then } g4y, 1) X(z) = 0. So the total sum becomes
—q" which is the LHS. Thus the identity is true when K/F' is unramified,

residue characteristic even or odd.

3.4 The ramified case

We will now assume that K is ramified over F'. It is known ( see, for instance,
[K-T], section 3) that if d is odd then d = 2t+1 and there exists a uniformizer,
denoted by mx such that trmg = 0. Let xp = 7. In this case ﬂ%( is a
uniformizer of F' which we denote by 7rp and Nng = —7np. If d is even
(which can only happen if the residue characteristic is 2) then Ox = Op[rk]
where 7 is a uniformizer of K which satisfies the Eisenstein polynomial
X? — /75X — mp with s <t and v/ € Up. Again Nmg = —mp. In this case

s /
TEU
2

d = 2s and mx = (1 + x0) where z is a unit of trace 0. We note that
n(1yp) is equal to 2 if d is odd and 2(s — t) if d is even. So n(ty) is always

even.

Lemma 3.4.1. If x

e =w and a(y) # 2d — 1 then a(yx) = 2f > 2d.
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3.4 The ramified case

Proof. Suppose a(y) < 2d — 2 then X|Ug:1 = 1 so that x cannot be an

vd

F
extension of w. On the other hand, suppose that a(x) = 2f +1 > 2d. Then
pe = w then y(1+7ha) = w((+7ha) = 1

X| ,2s hastobe nontrivial. But if x

where a € F, since a(w) = d < f. So a(x) cannot be 2f + 1 > 2d. O

Recall that For a character y of F* and a nontrivial additive character

of F' we have

Joo X W)(y/c)dy
| Ju, X (W)U (y/c)dyl

where the Haar measure dy is normalized such that measure of O is 1 and

e(x;¥) = x(c)

c is an element of F™* satisfying the property vp(c) = a(x) + n(v). We quote
a result from [G-G-S], section (2.2.6).

Lemma 3.4.2. If a(x) # 0 then

¢ "% if n = a(x) + n(¥)

0 otherwise.

| X W y)dy)| =
Ur

where x € F* and W is a nontrivial character of (F,+).

Hence the formula above reduces to

e(x, 1) = x(0)g"™¥"* " M y)b(y/eym/ (UN)

Ur

YEZ0
Up

The Haar measure m' is normalized so that m/(Or) = 1. But Op =

Uaiqu(ai +7pUp :n=1,2,...). Since |F | = g, each element of this union

has measure %. So m/(Up) =1 — % = %. Since Up = U[“]&) U;(X), it follows
F
that m/(Up*™) = % Now \Ug&ﬂ = (g — 1)g®™~1. So we can modify
raX) F
the formula as "
e(x.¥) = x(e)g "™ 3" T y)b(y/c) (3.3)
ye—F

U;(x)
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3.4 The ramified case

where ¢ = 72" In particular since a(w) = d and we have chosen ¥

such that n(¢) = 0 we have

e(w, ) =w(mh)g ™ Y wy)v(r'y) (3.4)

Ur
Y€ 7
UF

The results following help us very much in our computations.

Lemma 3.4.3. Let x € F* and Y a nontrivial character of (F,+).

1. If n < a(x) +n(y) then

Y X Mg ) =

Ur
ue
a(x)
Up

2. If n > a(x) + n(y) then

S (w)(mrt) = 0

Ur
UE 7
Up

Proof. 1. Let n < a(x) + n(v). Every y € Up is of the form y; (1 + 7i#x)

for some x € Up, y; € %, m > a(x). Then 1+ 7z € U;(X). Now

P(rp"y) = Y(rp"y)(mp~"ye). But n < a(x) +n(y) = —n(y) <

m —n = Y(ry "yx) = 1. Therefore

0 = / L @) y)dy

ue

Z X (W) (ra u)m! (Up*) since o (75") and x trivial on U™

— Zue Up Xﬁl(u)@b(ﬁ;nu) = 0 since m’(UF“(X)) 20

U;(x)

(x) + n(v) then

SoxTwlrtu) = > X)) Y YE )

Up Ur a(x)
UE € —— U
Up vt U;(X> y2€ 5?7
-1
= E X (1) x0=0
Ur
67
W veto
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3.4 The ramified case

since —n + a(y) < —n(y).

Lemma 3.4.4.

Yo Xy =0ifyg UL
70S

XES(2f)US" (2f)

Proof. If vk(y) # 0,y & F*Uf(ffl, then we can take y to be 777" "'y, where
y1 € Ux and m an integer. If x € S(2f) U S’(2f) then xpu is also in S(2f) U
S'(2f) where p = (—1)"% and x(y) + xp(y) = 0. If y = 7y, where y; €
U — Uf(ffl and y; & Up, then

Yo xW=)_nw)) swxily) =0

XES(2f)US’(2f) B Xi

: : I Uy~
since the first sum is 0. Here x;’s are distinct characters of # extended
/\

arbitrarily to U2f, W€ S(2d—1) and p € et extended to K* by taking
() = 1. O

We again fix an additive character ¢ of F' with n(y)) = 0.

Theorem 3.4.5. |S(I)| = |S'(1)| for each feasible I, that is when | = 2d — 1
orl=2f with f > d.

Proof. 1f [ is odd, i.e. 2d — 1, and g is the unramified character such that

pw(rr) = —1 then e(xp, o) = p(mg )T Wole(y 1hy) = —e(x, ). Hence

clearly |S(1)] = |9’(1)]. Now if the conductor is even, say 2f, we can take
f+M

c=mr * inequation (3.3) so that

_ n(¥g)

n( 0) —
e(x; %) = ¢ Fw H : Z X (Y)bo(m >y

ye 2f
Uk
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3.4 The ramified case

Let e = —1if d is odd and e = —“23 if d is even. Note that (identifying

UFU
o/ with i)
1 - n(wo)
S X w)volr = > D> X'+ mra))x
Unv2f 1 Ur a€F
yE FUIQI} yE £ q

n(¥q)

vo(my” 2 Y/ (14 7f ' mica))
—ZX (14 7L '7ga)S,

acFy
where 5, = Zyle% w(y)(rztayie). In view of lemma (3.4.3), S, is in
F
fact 0 when d # 1. Since
Y xy=0ifyg FUL
X€S5(2F)US' (2)
by lemma (3.4.4) we now have

Z €(X7¢0) - w f+"(w0) Z Z X_1(1+7T{7_17TKCL)SQ-

XES(2f)Us’(2f) a€F} xeS(2f)uUs’ (2f)

As before S(2f)US'(2f) = U™ (D)@# Here x;’s are distinct characters

-1

of ng extended arbitrarily to U2f and @ € S(2d — 1). Hence

Z X 11+ anl twg) Z Z ST T A+ arl k)
fus

X€ES(2f)LS'(2f)

MGW
F* zfl\z A e A )
— |$\ in (1+ aw{{le) since a(w) < 2f

- _le;f‘1|

29



3.4 The ramified case

Hence
K f+n(’4/’0)
Z e(X,¢0)=—|W|q w(mp )Z Z w(y )W (—nr'aey)
XES(2)US’(2f) K a€Fy e 1;:
F
K f+n(’4/’0)
= | e el ) D w) ) e(—mplaey)
K y/eUi?ﬂ acFy
UF
K* f n(¥o)
= |—laTwlme ) Y wy)
y€U7
F
=0
This completes our theorem. Il

Remark:The beginning of the above proof shows that if x € S(2d — 1)

/—\

and if p € then p may be extended to K* such that yu € S(2d —1).

W
We can in fact make a stronger statement which is a corollary to the proof

of our previous theorem.

Corollary 3.4.6. If x € S(2f) U S'(2f) and d # 1 then

Z e(xp, o) =0

U2t
Proof.
B f+n<wo> - - _j_nli)
> elxmto) =g’ Z Z X ey 7 )
M e ve 2f “eﬁ
- el K* _ _j_nlie)
=gl T )l YL X W )
F UK U U2f_1
ye— K
Uk
et K
=q w(me ? )|W|ZX (1474 '7xa)S,
U acF}
by the proof of the last theorem. m

30



3.4 The ramified case

Remark: When d = 1 and a(x) = 2f > 2 then the calculation in section
(3.2) tells us that e(x, vo) = w((—=1)7ag(x)/2) where y, = 7./ mtao(x)(1 +
a1(X)7k)(1+ az(x)7F).... so that the epsilon factor depends only on X‘Uif—l.
This fact together with the above corollary shows the essential difference in

the d # 1 (residue characteristic even) and the d = 1 (residue characteristic

v
U

-1
s~ (f > d) will extend to
K

K* such that €(, %) = 1 and in fact of all the possible extensions exactly

odd) cases. When d # 1 then any character x of

half will have epsilon factor 1. But if d = 1 then of the ¢ — 1 nontrivial

2f -1
characters y of Ug—2f exactly half will extend to K* such that e(x, o) = 1
K

and if we take one such character then all its possible extensions will have

epsilon factor 1.
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Chapter 4

Proof of the extension theorem

In this chapter, we will be proving our main identity. The idea behind the
proof is simple: we have a formula for finding epsilon factor of a character
(equation (3.3)), we know that if x € S, then the left hand side of this
formula is 1, multiply left and right hand sides by x(z) and find the sum
over S, using the results obtained in the previous chapter, try to deduce that
the right hand side of our summation is actually equal to the LHS of our

main identity. We will also prove the extension theorem using this identity.

4.1 Proof of the main identity when x has
valuation 1

Every element of valuation 1 in K can be written in the form w;u”7 where
uq is a unit in F, v” is of the form 1 + x’w}_lm{, r>1,2 € Uprora =0.
In view of the fact that identity (3.1) is true for z if and only if it is true for
ax for any a € F we may without loss of generality assume that © = u"7g

where u” is as above. We have either (1) d = 2t + 1, zg = mx and 7p = 7%
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4.1 Proof of the main identity when x has valuation 1

in which case

LHS = e(w, )¢ (4.1)
or (2) d =2s, xg = a unit, and 7 = 7rFTul(l + ) so that
LHS = e(w, )¢ 2w(m tud (1 + 2'u/'75 ) (4.2)

To compute the sum in the RHS, we first consider the case when y €
n (i)

S(2d — 1). Taking ¢ = W;l;r > (u")"'rit in equation (3.3), multiplying

both sides of the equation by x(u”mg), and by applying the transformation

y — uy, we get

n(¥g

P ST T (et F micuy)

Uk
YE 2T
K

X(u'mr) = wimp

Now if y & UpUp™ = UpU3*~? then

E x(y) = § E (xim)(y) =0
x€S(2d—1) Xi T
UFUI?(d*2

where the x;’s are some characters in S(2d—1) such that y;u form all distinct
characters in S(2d — 1). Note that if x € S(2d — 1) and xu & S(2d — 1),
then we can extend p to K* taking u(mgx) = —1 so that xu € S(2d — 1).
Otherwise, take p(mx) = 1. So in the summation, we need to consider only
those y’s which are in UFUf(d’Q. But on these y’s, x is just w. So we get

d— n(¥g)

d+™gol -
Yo xWrk) = [S@d—Dlw(r * g Y wye(re T wxuy)
XES(2d—1) yE%
(o) —d- 50
_1 d+ 50 ™
= ) Y wl)e- Ty (e 'm)
ye%



4.2 Proof of the main identity when x is a unit

since |S(2d — 1)| = ¢4
Case1l: d=2t+1
Here n(¢y) = 2, 7% = 7p, and x¢ = 7x has trace 0. So tr(mx u’rg) = 27p.

Then

S ') = g et ) S wime(—mity)

— U
XES(2d—-1) yeﬁ

which is equal to LHS by equation (3.4) since w(mp) = w(—1).
Case 2: d=2s5s<2t

Here n (1) = 2s — 2t and tr(mg u'"x¢) = mpu'x3(1 + 2'u/75*1). Then

Z YW'rk) = ¢ rw(ry Z w —mptuT  wdy (1 + 2w h)
XES(2d—1) ye

= ¢ 2wt (1—1—:10’ ) D wy)d(rety)

Ur
YE—g
Up

since w(—x3) = w(N(zp)) = 1 this is equal to LHS again by equation (3.4).
If x € S(2f), then as already noted, xu is also in S(2f) where p = (—1)"%.

So Z x(u"7g) = 0. Therefore the RHS is just Z X(u"7g). This
XES(2f) x€S(2d—1)
completes the proof when x has valuation 1.

4.2 Proof of the main identity when x is a

unit
If + € Uy — Ur then z is of the form a¢g + a17mx + asmrpmr + ... where
a; € Fy, a0 # 0 and not all ay;—; equal to 0, ¢ = 1,2,.... So z = (ap +

armp + .. )L+ adimx + asmpme +..) = w(l + 7 'nxa’) where u, 2’ € Up.

So without loss of generality we can take v = 1 + 7 e’ where o' € Up.
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4.2 Proof of the main identity when x is a unit

When d =2t + 1,
LHS = e(w, §)w(m} 'a')g (4.3)

and when d = 2s < 2t, we have
LHS = 6(&) w) ( r+s—t— luu/x/)qr—l-s—l (44)

We have

S = 3 ww+ Y x@)+

xes x€5(2d-1) X€S(2f),d<f<r—1
> xl@)+ > X(x) +
XES(2r) XES(2f), r+1<f<r+d—2
Yoo ox@+ D> x(@). (4.5)
XE€S(2r+2d—2) X€ES(2f), f>r+d

keeping in mind that if d = 1 the fourth term does not exist and the third
and fifth terms coincide. If r < d the first three sums do not exist. Now

Z x(z) + Z X () is equal to the number of such x’s which
XES(2d—1) XES(2f),d<f<r—1

is ¢ If r > d > 1 every non trivial character of Z

27"71

U2'r

can be extended
in 2|W§’“‘1| different ways to get a character of K* whose restriction to F™*
is w. Of these \U UQT r| will have €(x, %) = 1 in view of theorem (3.4.5).
Hence

IO I =T N DR

XES(2r) K 52r=T
K .
X€E vT x nontrivial

U

= —|—2= |since ) = x(z) =0
UpUy xeLz{%{rl

r—1

= —-q

making the first three sums in equation (4.5) vanish.

/\

Lemma 4.2.1. Let f > r+d. Then for any v € we have xv € S(2f)

F*UQT
whenever x € S(2f).
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4.2 Proof of the main identity when x is a unit

Proof. Case 1:(r > d—1). Then a(x) = 2f > 2(r+d) > 2(2d—1). Therefore

e(x, to) = w(—x0/2)0 (y,). We write
wol T reao () (14 ar ()i ) (1 + as()mr).. if d is odd

Yx = . 4
7 2zoao(x)(1 + a1 () 7)1 + as(x)wr)...  if d is even
If v e Ff%% then a(xv) = 2f so €(x,%o) is given by the same for-

mula with y, replaced by y,,. We have yv = x on U¥ D Uf(f_@d_l) and

a;(x) is completely determined by x| 2s-a+n. Hence ai(x) = ai(xv) for
K

1=20,1,2...,2d — 2. Since

€0, Yo) = &(=20/2)@ (7 micao(x)(1+ a1 (x)7x)-.-(1 + aza—2() 75 )
if d is odd with a similar expression if d is even we have e(yv, o) = €(x, o)

/\

whenever v € UQT. Hence if x € S(2f) then xv € S(2f).

/\

Case 2:(r < d—1). Againif v € with v(7x) = 1 since a(x) =

F*UZT
2f > 2(r+d) > 2.2r > a(v) we have by theorem (3.1.2)

e(xv o) = xv(—mo/2)e(xv, k)
= xv(—=20/2)v (Y )e(x: ¥x)
= v(zo)v™ (%r)e(x; vo)
{V(a:g)ul(ﬂFfdzlﬂKao(X)(l +a1(x)7g) .. )e(x, o) if d is odd

I/(ZEQ)I/il(W;fi%ZL‘Oa()(X)(l +a1(X)7K) ... )e(x, o) if d is even
(4 e () mk) (1 + as(X)7rmg ). (1 + ag—1 (X) 7 'Tx))e(X; o)

since v is trivial on F*. If d is odd, then note that zo = 7 and that

7% = mp. So, since f > r 4 d and a(w) = d, we have 1 = w(l 4 axl ') =
__do1

x(1+amf ) = Ype(ml ' my ™ mhaao()a (v) = b aag(x)ax (X)) where

a € F,. But v is nontrivial on 75'Ur. So a;(x) has to be 0. If, on the other

hand, d is even and a € F; then 1 = w(1 + arl™) = x(1 + anlh) =
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4.2 Proof of the main identity when x is a unit

s 4
vr(amfme 2 moao(0) (1 + a1 (\)mk)) = (' aag(x)ar ()w'a3). This im-
plies that a;(x) = 0 in this case also. Similarly a;(x) =0fori=1,3,...,2r—1
since f —r > d implies w(1 + aﬂ{;i) =1 for all 1 < ¢ < r. Therefore

e(xv, o) = €(x, o) and if x € S(2f) then xv € S(2f). O

Corollary 4.2.2. Let v = 1 + 7} 'nga’ where 2’ € Up and let f > r +d.
Then

Z x(xz) =0. (4.6)

X€S(2f)

Proof. Clear. O

We now proceed further with the proof of theorem (3.2.1). By the above

corollary, the right hand side of equation (4.5) is ¢"~* + Z x(z)ifd=1
XES(2r)

and Z x(z)if d > 1.
XES(2f)r+1< f<r+d—1

Ifxy € S2r+2m),1 <m <d—1lorm =0andd = 1thene(x,vy) =1. In

n(¥g)

r+m+—5

equation (3.3), if we take ¢ = 7

, multiply both sides of the equation

with x(x) and apply the transformation y — yz, we will get

n(vg) n(g)
—r—m 7’+m+LT -1 —r—m——5
X(@) =q " "w(rp ) > X' Wo(re y)
U
YE gartam
(+0)
S r+m+=
Let e; = ¢ "w(mp 2 ). Then
— —r—m—in(wo)
> x@)=e ) > X ()Yo(mp )
XES(2r+2m) XES(2r+2m) e Up U}2{+2m—1
U2r+2m
K
n(¥q)
-1 —r—m——g5%
ter > > X~ ()ho(mp y)
XES(2r+2m) Uk _UFUIQJ'*'Q’"_1
U?g‘+2m U?g‘+2m
: o UpUZ T2
where as usual we identify =& with &

2f+2m r+m *
Uy Ur
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4.2 Proof of the main identity when x is a unit

Let us call the first term on the right hand side of the above equation
M,,, and the second term T,,. We will show that M,, is0if 1 <m <d—2
and LHS (of equation (3.1)) if m =d — 1 (even if d = 1).

(+0)

My=e S el )

XES(2r+2m) UFUQTJFQT” 1
EEW

= e Z Z Z X! Y1+ 7 a)x

€S(2r+2m Up a€F
x€S(2r+ )yeU;+m q

—r—m—"%0) _ rm—
Yo(Tp 2 (147 )y (14 ™ a)

=€ Z Z Z Wi (7™ mra)x

eS(2r+2m Ur _a€lfy
x€S(2r+ )yeU?m

oy 2(P0)
Yo 2 (mhtmga S a4+ 2 r2 2l a)y') (since 4y trivial on F)

where y, is as in theorem (3.1.2). If d = 2t + 1 then we can take y, =
7 T g ag () (1 + ay ()7, ) - .. where a;(x) € Fy, ao(x) # 0.
Therefore the value of M,, is

=0 3 wl) Y S el uan () (—m y ( + TRa)

Ur XES(2r+2m) a€lFy

= a 3 wuEm ) 3 3 venraua(o +y)

XES(2r+2m) a€ly

y'e

U7‘+m

For a fixed 3/ € U,«+m,
> w(=mpa(uag(x) +¢') # 0
aclFy
if and only if uao(x) + ¥’ is not a unit. But X|yzr-+2n—1 determines ao(x).
Corresponding to this ag(x), there are |W| = ¢t 1 y’s in S(2r +
2m). For this agp(x),
> w(—mplaluao(x) +¢) = [Fyl = q.

a€lfy
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4.2 Proof of the main identity when x is a unit

So

M, = ¢y e(=2) Y wy)eEE™Y)

Ur
Y E—tm
U

= w(rhmy) Z w(y (")

ye T‘+m
F

which is equal to LHS if m = d — 1 (even when d = 1) and 0 if m <
d — 1 by lemma (3.4.3) and equation (3.4). Similarly, if d = 2s take y, =

T ’m’SxOWKaO(X)(l + a;(x)7k)...). Note that here n(iy) = 2s — 2t, 2 =

mhu, and mx = ”F '(1+ 20). So tragmi = /a2 and we get

M, = e Z wy) DY D (—mpaag(x)x])

e XES(2r+2m) a€kFy

U“r
Y(—m7" "y (w2 + R auy))

= @ Z w(y ) (=mp" "y (w2 xg)) x

y'e

U7 +m

> D vmptala(0)zg +uy)

XES(2r+2m) a€ly

_ qfrferrerw(ﬂ_;jersft)w( u lu'a:/xg)) Z W(y/)iﬁ(ﬂﬁm*ly/)

T+
U m
F

y'e

Since w(—x3)=1, this gives the LHS if m =d—1and 0if m <d—1ind = 2s

case also.
Recall Z x(x) = M,, + T,, where
XES(2r+2m)
—1 —r—m—w
Tw=e1 Y > X (Y)vo(rp zy).
XES(2r+2m) Uk UpUartam=l
U?{r+2m - U?{r+2m

Doing the same calculations for x’ € S’(2r + 2m), we have
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4.2 Proof of the main identity when x is a unit

- >, X@=M,+T,,

x'€8’(2r+2m)
where

n(¥q)

;- -1 —r—m——g
T, =e E E X (Y)vo(mp zy).-
x'€8’(2r+2m) e UK 7UFUf<’“+2m_1
U2'r+2m U2'r+2m
K K

Adding we get
Yooox@ = Y X(@)=2My+ T+ T,
XES(2r+2m) x'€S’(2r+2m)

On the other hand by lemma (3.4.4) and the computations before lemma
(4.2.1)

0 ifm>1
Yo x@+ ), X@-= -
YES(2r+2m) X' €S (2r+2m) —2¢"' fm=0,d=1
By the same lemma, 7;,, + 7, = 0. Hence
M,, form=1,2,....,d—1
Y x@) =
x€S(2r+2m) My —q~' for m =0.

We have already shown that M, = 0 except when m = d — 1 in which case
it is LHS. This completes the proof of the theorem (3.2.1) when x is a unit.
As we have already proved theorem (3.2.1) when z has valuation 1 this then
completes the proof of theorem (3.2.1) in all cases.

We have an interesting theorem as a result of these tedious computations.

This is in fact stronger than theorem (3.2.1) when x is a unit.

Theorem 4.2.3. Let x =1+ 7'(';:171'1(.1', where x' € Up, then

—q"! ifm=0
Z x(x) = 0 - m=1,2,...andm#d—1
XES(2r+2m) E(w, ,(/}) : zo);fgl me —d—1
T—T 2




4.3 Proof of the extension of Tunnell’s theorem

and
—q" ! ifm=20
Z Y (z) = 0 . m=1,2...andm#d—1
X'€S (2r4+2m) _e(w’ ¢) v 10—250% ifm=d—1
(z—7)

T

F*
This theorem is obtained by combining corollary (4.2.2) and the expres-

sion given above.

4.3 Proof of the extension of Tunnell’s theo-

rem

Once we use the main theorem proved in last section and a lemma of Langlands([L],
lemma 7.19, lemma with an embarrassing proof) the proof of the extension
theorem is straight forward. We will follow the lines of Prasad[P1] here. We

state Langlands’ lemma first:

Lemma 4.3.1. Let ry (resp. rp) be the representation of GL(2,F) (resp.
D3.) associated to a character 0 of K*. Then ry restricted to GL(2, F)* =
{z € GL(2,F) : det(x) € N(K*)} and rj restricted to Dyt = {x € D} :
det(z) € N(K*)} decomposes into two irreducible representations. If we fix
a nontrivial additive character ¢ of F', an element xqg € K* with trxqg = 0,
and embeddings of K* in GL(2,F)" and D3", then we can write the two
irreducible components of rg as rg, and rg_ with characters x4 and x—, and
of ry as vy, and ry_ with characters X', and X" such that on K*

w(ze=s,)

(z-2)2
Tr

X+~ X-~= E(Ld, ) [Q(ZE) + e(f)]a

1
2

F*

41



4.3 Proof of the extension of Tunnell’s theorem

and _
/ / w(;g:;o) —
Xy = X= = E(WW)ﬁ[@(x) —0(7)],
T o

We will firstly state the Tunnel’s theorem|[Tu], but in a modified form, as
appeared in [P1]. For a discrete series representation 7w of GL(2, F'), we let

7" denote the representation of D3 associated by Jacquet-Langlands to 7.

Theorem 4.3.2. Let m be an irreducible admissible infinite dimensional rep-
resentation of GL(2, F) with central character w, and let o, be the associ-
ated two-dimensional representation of the Weil-Deligne group of F'. Let x
be a character of K* such that x

e = wy. Let Y be a nontrivial additive
character of F' and x¢ an element of K such that tr(xy) = 0. Define an ad-
ditive character 1y of K by o(x) = (tr|—zx¢/2]). Then the epsilon factor
€(ox|x ® X', %) is independent of the choice of v and xy, and takes the
value 1 if and only if x appears in w and takes the value —1 if and only if x

appears in .

Prasad[P1] introduced the character ¢y in place of the character ¥x
present in Tunnel’s original theorem|[Tu] for computational convenience. If
the representation 7 of GL(2, F') comes from a regular character 6 of K*, the
representation o, of the Weil group is induced from the character 6 of K*
(cf. [J-L], p.396). Therefore o,
e(Ox 1, 10).€(@x ™, 1o) in Tunnell’s theorem. But since (6x ')

K+ = 0 + 0. Therefore e(o|x @ X, 10) =

condition on central characters, we have e(0x ™", ) and €(@x ', v) both

take values in {£1}. So the set of characters y € K* with (Oxh)

Fx = W
and (o |x @ x 7!, 1g) = 1 is exactly the set of characters y of K* such that
e(@x ', 1) and e(fx ", 1) are either both 1 or both —1.

Now we will prove the extension theorem. We recall the statement here.
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4.3 Proof of the extension of Tunnell’s theorem

Theorem 4.3.3. Let rg be an irreducible admissible representation of GL(2, F)
associated to a reqular character 6 of K*. Fix embeddings of K* in GL(2, F)*
and in D*"p (there are two conjugacy classes of such embeddings in gen-
eral), and choose a nontrivial additive character v of F, and an element
xo of K* with tr(xg) = 0. Then the representation r9 of GL(2, F') decom-
poses as rg = r9 D ro_when restricted to GL(2, F)T and the representa-
tion 1o’ of D*p decomposes as ro' = 19’y & ro’. when restricted to D**p,

such that for a character x of K* with (x.07"')

P+ = WK/F, X appears in
o4 if and only if e(Ox ', v0) = e(Ox7', %) = 1, x appears in ro_ if and
only if e(0x~1,v0) = e(@x 1, v) = —1, x appears in ry’, if and only if
e(@x 1, v0) = 1 and e(Ox*,400) = —1, and x appears in ro' if and only if
e(0x ' %) = —1 and e(Ox ", vo) = 1.

Note: instead of writing “a character y appears in ry|g+" we write “x

appears in r,” which need not of course cause any confusion.

Proof. As the proofs for GL(2, F') and D} are completely analogous, we will
be proving only the GL(2, F') case here. By theorem (3.2.1),

w(z5) .
e(w, ) —2=20(x) = D (x0)(x)0(x)
(e=z)? | x0-1€8
aT |
= ) x@)
x0—1eS
So by lemma (4.3.1)
X+—x- = > x@+ > x@
x0—1eS X§_1€S
= > x@+ Y x@+ D x@+ > x@
x0~1es x0~tes ngles ngleg
X§71€S X§71€S’ x0~1es x0~tes’

= 2> x@+ Y, x@+ > x@+ Y, x@@- > x@

x0~les X0~ les X0 'es X0 les’ X0 les’
x0 €S x0 €S’ x0~tes’ x0~tes’ x0~tes’
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4.3 Proof of the extension of Tunnell’s theorem

Note that the sum of all characters x with (x6~1)|% = w is zero. So the

above sum becomes

Xe—x-= Y, x@)— > x)

By Tunnell’s theorem,

Xetx-= >, x@+ > x@
x0~'es 6 les
XE_IGS x0~1es’
Adding the above two equations give

X+ = Z x(x)

x0~tes
Xg_IES

and subtracting them gives
X-= >, x@
xg_IES'
x0~tes’

This complete the proof of our extension theorem.
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Chapter 5

Counting twists of a character
appearing in its associated Weil

representation

We use theorem (4.3.3) to determine whether a x € S is such that x# occurs
inrg, or rg_. By this theorem, 0 occurs in ry if and only if €(6(x0) !, 1) =
e(x o) = 1 = e(B(x0) " 4b) = e(x'%,40) and x0 occurs in ro_ if and
only if e(x 1, 4g) = -1 = E(qu?%)' Note that a character Y6 can occur
in ry if and only if it occurs in either ry, or in ry_. Also, if x € S(I) for
some [ then x0 can occur in ry if and only if it occurs in rg,. Furthermore
if x € S(1), then x6 cannot occur in ry_ since for that x, e(x ™', 1) = +1.
As in previous chapters, we fix ¥ to be a nontrivial additive character of F'

with n(y) = 0.
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5.1 Counting the twists when K/F' is ramified

5.1 Counting the twists when K/F is ramified

Theorem (4.2.3) finds an important place in our computations. But for
computational convenience, we would like to slightly change our notation S
= w,e(x ) =1}
and S(I) = {x € S : a(x) = l}. Analogously, we redefine S’, S’(l) and

from this point onwards. We define S = {x € K*: X

S;. So we are forced to create a changed version of theorem (4.2.3) for our

computations. With this redefined notations, we have

Theorem 5.1.1. Let x =1+ W}_lﬂKx’ where ' € Up, then

—q ! ifm=0

Z x(z) = 0 . m=1,2,...andm#d—1

XES(2r4-2m) w(_1>€(w7 w)% me —d—1
T *
and
—q" ! ifm=0

Z X (z) = 0 . m=12...andm#d—1

x' €S’ (2r+2m) —w(—l)E(wa ﬂ))zo—%% ifm =d—-1

2
F*

(z—7)?

T

Note that there is an extra term w(—1) in this new version. This is due
to the fact that xx = 1 since their restriction to F™* is w and so e(x ™1, 1) =
w(—1)e(x,10). Note also that the comments made in the first paragraph of
this chapter hold true even with our new notation.

We have the following simple lemma.
Lemma 5.1.2. For a reqular character 6 of K*, a(%) 15 always even.

Proof. 1f not, suppose a(%) =2r+1,r > 0. Then it has to be nontrivial on

uzr 0 roy _ 0(+7ha) c 1 .
Eaak But Z(1+7ka) = i) = 1, where a € I, which is a contradiction.

]
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5.1 Counting the twists when K/F' is ramified

5.1.1 Twist by characters of odd conductor

We use the symbol @ and &g,/ r to denote elements of Soq—; if K/ F is ramified.
Lemma 5.1.3. ]f% = (—1)"¥ then no @O can occur in ry.

Proof. By theorem (4.3.3), @ can occur in 7y, if and only if e(g Laho) =

e(@™!, 1) = 1 and in ry_ if and only if e( 1 ahg) = e(@™t,1hg) = —1. Since

6

5 unramified, we have

(Ga ) = S )
= g(ﬁK)Qd_le(&_l,zﬂo) (since n(1y) even)
= _6(@_17¢0)

which shows that e(@™', 1) = —e(@ _19 ,o)Vw € S(2d — 1). Similarly
(@1, hy) = —e(@ 18 Vo) V@ € 5'(2d — 1). So @B can occur neither in rg
nor in ry_ by theorem (4.3.3) for any @ € Sys—1. Therefore it cannot occur

n ry. ]

Theorem 5.1.4. Let 0 # a( ) < a(@). Then among all © € S(2d — 1) half
and only half will be such that & occur in r9, and among all © € S'(2d — 1)

half and only half will be such that OO occur in rqo_.

Remark: When d = 1, a(®) = 1. Therefore, since a(%) # 0, this theorem is

not applicable in d = 1 case.

0
Proof. We will show that Z e(dflg, 1) = 0 so that half of © € S(2d—
weS(2d—1)

1) will be such that e(&flg,%) = +1 and the other half —1. The first half
will occur in 79, . The remaining half will not occur either in 1y, or in 74_.
The other part of the proof is similar.

The calculations in this proof is similar to those carried out in section (4.1).
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5.1 Counting the twists when K/F' is ramified

Note that n(z/zo)(is) always even irrespective of d. Also, a(@™1) = a([a‘lg).
n(¥g)
Taking ¢ = 7T(}1;+ > 7!, in equation (3.3) we have if ©@ € S(2d — 1), then

- 5 2d—1 _ 2] d+n(¢0) _ ~0 —(d+m)
6<w 15’w0>:q 2 W 15(7TF 2 7TK1) Z W;(y)wo(ﬁF 2 7TKy)
yEU%K_l

Write y € % asy = y1(1+ 7y 'Trye), r > Ly € T8,y =0 or ys € 74
K F F

Also note that % is trivial on F™*. Summing over S(2d — 1), we get

5 _2d-1 d+200) 0 - .
> @ 5,%) 2 w(nn )H(WK) > @lmn(l+ 7 Try2))
weS(2d—-1) Y1,Y2,T,@
6 d n(¥g) r—
5(1+7TF ey )o(mp T ey (14w cye)
But from the main identity (in theorem (3.2.1)) and section (4.1), it follows

that

w(—1)e(w, V)¢ w(yy) if d =2t + 1
w(=1)e(w, )g* 2w(ms uulyr (1 4+ 75 ly,)) if d = 25

The extra w(—1) factor is due to the changed definition of S(2d — 1). Also,

> olmry (14 mxys)) =

(dy m0), Y(—mpty) if d =2t + 1

Yo(mp 7wy (47 mrYR)) =
Y(—mptutu wdy (1 + 755l y,)) if d = 2s

Let d = 2t + 1. Keeping y- fixed, we have

(dJr’ﬂ(lP >)

Z (e (1 + 7 WKyz))%(

Y1, @

= ¢€(w, w)qt Z w(—yl)qﬁ(_ﬂgdyl)

Y1

= e(w, V)¢ e(w, Y)w(nh)q

k(1 + 75 'mry))

which is a multiple of €(w, 1)) independent of y; and y,. So

> @ CZ (14 mgys) = C x 0=0

weS(2d-1) Y2

le%l
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5.1 Counting the twists when K/F' is ramified

since % is a nontrivial character of Uf;(g) and a(%) < 2d — 2. Here C'is a
UpU, *?

constant independent of y; and y,. Similarly if d = 2s, then keeping ys again
fixed,

> o(meyn (1+ 75 acys) o (e mr(L+ 75 Trye)yn) =

y1,w

1 S— s+r— —-d,, — r+s—
e(w, ¥)g*2w(=mptun) Y S w((1 4+ 75 o)y ) (= e e afyn (1 + 73 ')
Y1

which is again a constant multiple of ¢(w, ) independent of y; and ys. So

0
Y. @Sk =) 1+ Ty Trye) = C'x0=0

@eS(2d—1) Y2

SRS

where C” is a constant multiple of ¢(w, ). This completes the proof of the

theorem. O

Corollary 5.1.5. The number of W € Saq_1 such that w6l occurs in ry is

[S24-11/2 = [S(2d = 1) = [5"(2d — 1)].

Proof. This is clear since occurring in 7p means occurring in either 74, or in

ro_. Equality follows from theorem (3.4.5). O

Lemma 5.1.6. If a(%) > a(@) then the number of @ € Syq—1 such that &

occurs in rg is [Saa—1|/2.

Proof. This is quite easy to verify. In this case, a(%) = a(dflg). Note that

a(%) is even. So if
(@7 o) # (6™, ), 65.)

consider the character p = (—1)"% of K* and take @, ' = & 'u. If we
consider the expression for epsilon factors on both the sides of (5.1), since
a(&)_lg) is even, no g is present but only 77 on the RHS of this equation.

Therefore the twist by p will not make any difference on the RHS. But on the
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5.1 Counting the twists when K/F' is ramified

LHS, an extra u(mx) = —1 will appear changing the sign of LHS. Similarly
if e(w™t 1) = E(Jflg, 1), we can make them unequal by the same sort of
twisting. So for half of @ € S5;_1, the corresponding epsilon factors are equal

and for the other half they are unequal. This proves the lemma. n

5.1.2 Twist by characters of even conductor

Note that if a(\) = 2f > 2d, then in the expression for (A7, ) there is no
Tk, but only mp.

Theorem 5.1.7. Let A € S(2f +2d), f >0 a(%) < a(X) —2d =2f. Then
all the elements in {\0 : X € S(2f + 2d)} will occur in rg . Similarly if
N € S8'(2f + 2d), then all the elements in {N6 : N € S"(2f +2d)} will occur

in rg_. Therefore the number of N0 where X\ € Sipioq occurring in ry is
|S2y 424l
[
Proof. Consider the t A1 d Ao
roof. Consider the two sums Z e(A7, 1) an Z €( e,wo),

AES(2f+2d) AES(2f+2d)
We have

.0 L a4+ 2%0)
Do W)= g ) x

AES(2f+2d)
Y AMw)

AES(2f+2d) ¢

_(f+d+7l(1/)0))
)

(Y)tho(mp

SRS

Uk
37 +2d
UE

In this summation, by theorem (5.1.1), Z A(y) # 0 only for two types

AES(2f+2d)
of y’s: 1). when y = y1(1 + 7hwkys) where yy,y, € Up, and 2). when
y =y (1+ 7r£+d_17rKy2) where ;1,92 € Ur or y, = 0. But since a(%) <2f
and % = 1 on F* we have % trivial on these y’s. So both the sums are

independent of % and so they are the same. That is,

Yoy = Y e()\lg,wo)

AES(2f+2d) AES(2f+2d)
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5.1 Counting the twists when K/F' is ramified

which means

| <

e 00) = e( AN o g) YA € S(2f +2d)

since €(A™!, 1) = 1 for each A € S(2f + 2d). The remaining part follows

similarly. This proves the theorem. [

Corollary 5.1.8. [f% = (—1)"%, then all A € S(2f + 2d) are such that \0

occur in rg,. Similarly all N € S'(2f + 2d) are such that N0 occur in rg_.
Proof. 1t follows by taking a(%) = 0 in the above theorem. ]

Note: The above corollary shows the differrence between characters of
even conductor and characters of odd conductor. This corollary is extremely
opposite to lemma (5.1.3).

Let A € S(2f 4+ 2d), 2f < a(%) < a(A). Note that if d = 1, then no such 0

exists. So we have d > 2 and so ¢ even. By definition, we have

7(f+d+’ﬂ(¢0))
)

9 L i ) 0
L R L R I SR SR LA e
AES(2f+2d) ye T
UK

Again, by theorem (5.1.1), the sum ZAGS(2f+2d) Ay) # 0 only for two types
of y’s:

L y=u( +7T{?+d_17rK92)7 Y € %7 ys € Fy
F
2.y =yl +Thmryp), 1 € ik, Y2 € g
F F

Consider first type of y’s. % is trivial on the these y’s. Now

Z A(y) = w(y) Z AL+ W{?+d_1WKy2) = —¢" " W ()
XES(2f+2d) XES(2f+2d)
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5.1 Counting the twists when K/F' is ramified

n(¥q)
—d- "o

Also @ZJO(W;f
when d = 2s. Now

S Aol

AeS(2f42d)
(
_ oftd-1
q ZyQEIFq Zylg [Jiid
Up

_ o fHd-1
TACED IS ST
UF

y) is (—mx y1y2) when d = 2t+1 and is ¥(—7 5w~ u' w2y, 90)

n(¥g)
—d—"50)

w(y)Y(—mptyye)) if d odd

w(y) (= vt zdyye) if d even

\
(

—q Y er, W(—12) Zyle w(y)v(rpy) if d odd

w(y)¥(mr'y1)) if d even

_qf+d_1 ZyQGIFq W(—yﬂ%uul) Zyle Ur
\ ufte

Since a(w) = d # 1, by lemma (3.4.3) Z w(y)w(rzty)) = 0. So

Up
Y1€ “F+d
Up

n(¢o)

> ZAwo ) y) =0

AES(2f+2d) e
Y1 U};er

Consider the second type of y’s. On these, we have

f (Ll ) ()3, ) i d odd
Y A1+ 7fmkys) =
AES(2f+2d) w(=Dw(yyaun! )w(mh™ )¢/ o e(w, ) if d even

by equations (4.3), (4.4), and theorem (5.1.1)

and

—d .
_ g k) Y(—mpy1ye) if d odd
Yol 2y (1 + mpmgy)) =
V(=1 ypu ' wd) if d even
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5.1 Counting the twists when K/F' is ramified

Let d =2t + 1. Then

22 2 W)

AeS(2f+2d) y ¢

fd—
2y

CDII e

d y2€ d
U}ff o

= w(=Dw(rf)g " e(w, ) Z Z W(y192) (=5 y1y2)

Y1€ d y2€
U}é‘*‘ UF

1 0
:qqu+t+5w(7r{,)e(w,¢) Z 5(1+7T1];7TK?/2) Z w(ry2)(Tp y1y2)

(1+ hracye)

I >

926% y1eg—§
d d 0
= " 2w(r])e(w, P)e(w, V)w(Th)g® > 5(1+7T{:7TK?J2)
Yy2€

0
= e el YD U0 )

U
y2€U%

If d = 2s we will get the same sum with an extra w(—1) factor. Now if

a(%) > 2f +4 then

7¢0)

CbICbI

0
Z 5(1 + i mkys) = 0 and so Z e(A”

U
v 8 AES(2f+2d)

Therefore half of elements in {A\ : A € S(2f + 2d)} will appear in 9, . Sim-
ilarly, half of elements in {N'6 : X' € S"(2f + 2d)} will appear in ry_.

6 _ 0 _
Let a(%) = 2f+2. Then Z 5(1 + mlmgys) = ¢! Z 5(1 + mlnga) = —¢?

% F
yQEU% acly

F
Therefore if d = 2t + 1, then

0 fde _
Y3 X AWglm ) = e v
AES(2f+2d) oy, ¢ UIJ;+d yoe U UF
So
0 o ]
S G v0) = a () ) =g o (rf e, ) = = e, )
AeS(2f+2d)
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5.1 Counting the twists when K/F' is ramified

Similarly we will get Z e(A190) = (¢ — )¢/ T e(w, v)* (This is
AeS(2f+2d)

0
because in place of g 5(1 + mlmiys) we have |%D But
F

U
y2eU—fj
F

> W) = [8(2f +2d)] = (¢ — Vg

AES(2f+2d)

So €(w,¥)? = 1. (If d = 2s, instead of this, we have w(—1)e(w,)? = 1).
Therefore number of A such that A appear in 7g, 18 3\ ooy 2a) (€A™, %0) +
e()\_lg,%» = %q”d_l = qg—qud_l. If d = 25 then also we can show
that the sum is %q”d*l.

So in g, , the number of A occurring where A € S(2f +2d) is 452¢/+4-1.
Similarly in rp_, the number of A6 occurring where N € S("2f + 2d) is
%qf +d-1 We summarize the above computations in the following two the-

oremns.

Theorem 5.1.9. Let A € S(2f +2d), 2f +2 < a(%) < a(\). Then among
all N0 where A € S(2f + 2d) exactly half will occur in ro,.. Similarly, let
NeS2f+2d),2f+2 < a(%) < a(XN). Then among all N0 where \' €
S"(2f +2d) exactly half will occur in rq_. Therefore the number of A0 where

A\ € Safiaq occurring in 1y is |Safioa| /2

Theorem 5.1.10. Let A € S(2f 4 2d), a(%) =2f+2 < a(\). Then number
of A0 appearing in 9, where A € S(2f + 2d) is q;—zq/”rd*l. Similarly, let
N e S'(2f + 2d), a(%) =2f+2 < a(XN). Then number of N0 appearing in
ro_ where N € S"(2f +2d) is q;—qu*d_l. The number of A0 where X € Sy riaq

occurring in rg is therefore (¢ — 2)q/ T4 1.

Note: These two theorems are not valid for d = 1 since no Z satisfies the

I

condition in the theorem.
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5.1 Counting the twists when K/F' is ramified

Theorem 5.1.11. Let a(\) = 2f +2d < a(%) =2m < a(\) +2d. Then the
number of N0 with A\ € Sapioq appearing in rg is |S(2f + 2d)| = |Saf+24|/2.

Proof. Here a()\*lg) = a(;) Using the definition of e-factors, we have
n(dfo)

Yoo ) =g el ) > Y AW

XeS(2f+2d) AeS(2f+2d) ye K UK
U m
K

,(m+ n("/”O) )

Y)

I Cbl
%II >

Recall that, from theorem (5.1.1) the sum ), (57494 A(y) # 0 only for three

types of y’s:

L y=u( +7T{:7TK?J2)> y € &

f+d 1 UF UF
71'Ky?)7 Y € U Y2 € g1t

F

2. y=uy(l+my
3. y=1 (1+7rF 7TKy2> Y € (U]—g, ygeﬁormzo
F
But on the third type of y’s, A is just w since a(A) = 2f + 2d. On the second
type of y’s,

Z My) = w(y) Z /\(1+7Tf+d TKY2)

A€S(2f+2d) AES(2f+2d)
= w(yl)(_qf+d_1) (by theorem (5.1.1))

So Z A(y) is independent of A on these y’s. Finally consider the first

AES(2f+2d)
type of y’s. Let d = 2t + 1.

Z Ay (L4 7fmky) = wly) Z A1+ mhmicys)

AES(2f+2d) AES(2f+2d)
1
= w(-Dw(y)e(w, P)w(rhyz)g’ 2

by equation (4.3) and theorem(5.1.1).
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5.1 Counting the twists when K/F' is ramified

Therefore

Z Z Z A (1 + 7hmrys))

AeS(2f+2d) yléUUfﬁq Yol g}if
F UR

(y1 (1 + Thmiys))

SRS

X@/fo(ﬁm_lyl(l + ThTRYs))

= €(w, Y)w( f+t+2 Z Z —Y192)Y Wl;m+fy1y2)

Y1€ U%‘n yQGU;n_f

(1+ W};ﬂKyg)

SIS

In this sum, we have

upt
> wpp)(—m " e = D wlynye) (=" )| gm |
F

Up Up
yi1€ U}‘n y1€U;n7f

Since a(w) = d and m — f > d, by lemma (3.4.3),the above sum is zero.
Now if d = 2s, we have n(¢y) = 2(s — t). Also, here the trace 0 element

Zo is a unit and 7x = 7TFTU/(l + o). Considering y’s first type, we have

(m+n(w0)) . m—s+t f
Yo(mp y) = to(mp Yi(1+ mpmry2))
ﬂ,fm s+t
= Y(— FTZJW" zo(1 + W{WKM))
ﬂ_;m—s-i-t s

= w(_ﬂgmﬂuflulylyﬂ'g)

and so

Z )\(yl(l—l-ﬂ{:?r;(yg)) = W(_l)dwaw)W(W{«“Hit)qﬂsw(ylywu/)
AES(2f+2d)

by equation (4.4) and theorem(5.1.1).
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5.1 Counting the twists when K/F' is ramified

Therefore
f 4 /
ST T e chman 0+ )
AES(2f+2d) y, ¢ Up: i vae m .
F

Yo(mp™ ™ My (1 4 Thmiys))

. 0
= e(w, )l gl Z 5(1—1—71’{;71'[(342)
Y2€ m ¥
F
x Y wlyyau ) (—m " T o)
Up
yleUm

The sum Z w(yr1ypu v ) (rp +fu_1u’y1y2) =0 asin thed = 2t +1 case
yléUgL

since m — f > d. So the sum over the first type of y’s become zero. So in

0
both d odd and even cases, the sum Z e()ﬁlg, ) depends only on
AES(2f+2d)
second and third type of y’s and is independent of A. Suppose this sum is n.
0
Using similar arguments, we have Z e(N ’15, 1p) = n. So the number
NeS! (2f+2d)
of +1s in {e(A"12, ) : A € S(2f + 2d)} = B2 - Gimilarly, number

of —1’s in {e(N'~ 19 o) N € S'(2f +2d)} = w Therefore, the

number of \f appearing in 1y, is w

ro_ is w. Total number of A0 appearing in ry is |S(2f +2d)]. O

, number of '@ appearing in

Theorem 5.1.12. Suppose A € S(2m), m > d and a(%) =2n > a(\) + 2d.
Then either all the elements in {\0 : X € S(2m)} will occur in rg, or all
the elements in {N'0 : X' € S'(2m)} will occur in rg_ not both. Therefore the

number of N0 where X\ € Sa,, occurring in rg is |Som|/2.

Proof. We have if y € K* with X
O(—x0/2)w~(yy) where

= w and a(x) > 2a(@) then €(x, vy) =

gt
77 7 mrao() (1 + a1 ()7x) (1 + ax(x)7p)... if d is odd
Yx = . a4 .
7TFf 2zoao(X)(1 4+ a1(X)7r) (1 + az(x)7TF)... if d is even
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5.1 Counting the twists when K/F' is ramified

) > 4d > 2a(w). Therefore e(A~ 19,1/10) = w(—z0/2)

Here a(A\71%) = a(?
1%)(1 + alo‘_@)WK) (1 + agq—a (A~ 19) 1) if d odd.
v
7
o

J)‘l(ﬂgf_%m(ao()\
But note that (A'%) 2n-2041 determines a;(A~ 0y for i = 0,1,...2d — 2
and on Uzl \~1 Therefore e()\*lg,@/zg) is independent of A or
e(A~ 19,%) = 6(9,¢0) Now suppose that e(A™', 1) # e(§,¢0) = —1 for
one A € S(2m). Then for all N € S'(2m), e(N""00) = —1 = €(%,40) =
e()\’*lg,gbo). Therefore {N'0 : X € S’(2m)} will occur in 79_. On the other

hand if e(A71,¢g) = e(g,@bo) = 1 for one A it is the same for all other

CDIQD

A € S(2m). This proves the theorem. O

Corollary 5.1.13. Suppose a(\) = 2f +2d < a(%) = 2m. If n= number of
A, N € S(2f +2d), appearing in ro, then number of N0, N € S'(2f + 2d),
appearing in rg_ is |S(2f + 2d)| — n = |S"(2f + 2d)| — n. Also, if 2m >
a(\) + 2d, then either n =0 orn = |S(2f + 2d)|.

Proof. Follows easily from the above two theorems. O]

Only one case is left now for us to handle in this exposition viz. a(%) =
a(A). In this case we are not giving an exact count, but still we can provide

a lower bound in the next theorem.

Theorem 5.1.14. If a(%) = a()) = 2f +2d, A

p+ = w then the number of

N0 appearing in g is greater than or equal to ¢/+41.

o= w,a(x) = 2d —
Fe = w,a(x) = 2f 4+ 2d, X[y2r+2a-1 #

%|Ul2<f+2d71}. Now a gxﬂ = X0 will appear in 74 if and only if €(x ™1, 1) =

Proof. Note that S(2f + 2d) U S'(2f + 2d) = {gx DX
1,2d,2d+2,...,2f +2d — 2} U{Zx : x

e(X”%,@DO). So the number of yf appearing in 75 where a(y) = 2d —
1,2d,...,2f+2dis greater than or equal to [S(2d—1)|+]S(2d)|+S(2d+2)|+
AS2f+2d=2)] = ¢ (g 1) (g 1)g" . A (g—1)g/ T = I
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5.2 The unramified case

by corollary (5.1.5), lemma (5.1.6), and theorems (5.1.11) and (5.1.12). Note
that we are not considering x’s with conductor equal to 2f + 2d and that is

why we are unable to claim equality. O]

Remark: If ¢ = 2, there is no x such that x|, zs+2a-1 # §|U2f+2d—1. So
K K

equality holds in the theorem.

5.2 The unramified case

Suppose K over F' is unramified and let y € F* be such that x|+ = w. Let

@ be an extension of w as in section (3.2). Note that a(%) # 0. Otherwise,
since mg = mp € F in this case, %(ﬂ'K> = 1 so that % is trivial. Then 6 = 0
contradicting the regularity of 6. So a(%) > 1.

We divide our counting into mainly 3 cases:

Case 1: a(%) < a(x)

We have e(x ™', 1) = @(—x0/2)0 " (y,~1). Since @ is trivial on units in the
unramified case, let y,-1 = W;a(X). So we have e(x ™!, 1) = (—1)*0* where
t =wvp(2). Since a(%) < a(x) we have e(x 78, 10) = (—1)° 00+ = ¢(x 1, 4p).
So all the x’s are such that all xy# will occur in 7y, or all will occur in ry_
depending on whether a(y) is even or odd.

Case 2: a(x) < a(%)

In this case,a(y %) = a(4). So e(x '8, o) = (=)@, Also, e(x %, 0) =
(—1)200*t @ will occur in rg if and only if a(x) = a(%)(mod 2).

Case 3: a(x) = a(%)
Here we have two possibilities:

L. a(xilg) < a(y) or a(y) < a(X’lg): In this case, if a(y) = a(%)(mod 2)

then y# will occur in ry.

29



5.2 The unramified case

g) = a(x): In this case x0 will occur in ry.

Remark: Since by theorem(4.3.3), Af appears in 79, (respectively ry_) if
and only if Af does not appear in 7y, (respectively r,_), all the theorems

proved in this chapter have their obvious D7, analogues.
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