FOCAL BOUNDARY VALUE PROBLEMS FOR
ORDINARY DIFFERENTIAL EQUATIONS

THESIS SUBMITTED
IN PARTIAL FULFILMENT OF THE REQUIREMENTS
FOR THE AWARD OF THE DEGREE OF
DOCTOR OF PHILOSOPHY

BY

MODALI VENKATA RAMA

PHEMATICS AND COMPUTER/INFORMATION SCIENCES
UNIVERSITY OF HYDERABAD
HYDERABAD-500 134
INDIA

FEBRUARY 1989



DECLARATION

This is to certify that I, Modali Venkata Rama,
have carried out the research work embodied in the
present thesis under the guidance of Dr.S. Umamaheswaram
for the period prescribed under the Ph.D. Ordinances of

the University.

I declare to the best of my knowledge that no part
of this thesis was earlier submitted for the award of

research degree of any University.

giVVJYVWN“““ 1) (U éf F4-Uennabm-@&uw;_

( Dr. S. UMAMAHESWARAM ) ( MODALI VENKATA RAMA )
Supervisor Candidate

‘N?ETQ?sWVMQ” fL;h__

( Prof. M. SIT YYA )
Dean
School of Mathematics & Computer/Information Sciences
University of Hyderabad
Hyderabad - 500 134
India



TO MY PARENTS



ACKNOWLEDGEMENTS

I am grateful to my teacher and guide Dr. S. Umamahesw.ram,
who suggested various topics and guided me patiently throughout
the research work. Without his words of encouragement and

critical remarks this thesis would not have been possible.

I ar also gratetul to all the other faculty members at the
School of Mathematics and Computer Information Sciences, who
taught me various areas in mathematics and created the basic
urge for learning and research during the study of my M.Sc.

and M.Phil. courses.

I thank the Dean, Prof. M. Sitaramayya, who was kind
enough to extend all possible help from the department whenever

approached.

I am thankful to the University urants Commission for
having provided the financial assistance during the period
of my studies.,

My thanks are also to all other research scholars at
the School of Mathematics and Computer Information Sciences,

who made my stay a pleasant and memorable one.



CHAPTER I

CHAPTER 1I

CHAPTER III

CHAPTER IV

CHAPTER V

References

CONTENTS

Introduction

Focal Subfunctions and Second
Order Differential Inequalities

Green's Functions for k - point

Focal Boundary value Problems

Existence lheorems for Focal

Boundary Value Problems

Some Special Types of Boundary

value Problems

Page No.

15

39

58

72

85



CHAPTER I

INTRODUCTION

Consider the nth order differential equation

Y(n) - f(xl Yr» ecee Y(n B 1)) (1.1)

along with the '(n(l), ..., n(k)) - right focal' boundary
conditions (BC's) denoted by

(1)
y (x)=y.;0 1= s(r = 1)y eeey 8(r) -1 (1.2R)

r=1. eee ) k

where n is fixed, k (1 < k< n), n(l), ..., n(k) are
arbitrary but fixed integers 3 s(0) = 0, s(r) = n(1) + ... + n(r),
r=1 «coy k 3 s(k) =n, Xy € ees € X, are arbitrary real
numbers in I, Yp iE IR are arbitrary and f is continuous

n
on I xR .

The above boundary value problem (BVP) and its special
cases for particular values of n and k have been studied
by several authors in several different contexts. For instance
for n=k=2 and I=(a,b), Klaasen [21] gave sufficient
conditions in terms of lower and upper solutions for the
existence of a solution for the BVP (1.1), (1.2R). For
arbitrary n and k with I = (a,b), Henderson in [12]
proved that under the hypotheses (1) to (4) stated below the
BVP (1.1), (1.2R) has a solution.



(1) Solutions of initial value problems (IVP's) for (1l.1l)
are unique,

(2) Solutions of IVP's for (1l.1) extend to (a,b).

(3) Each (1y 1y ee.y 1) - right focal BVP for (1l.1)

on (a,b) has at most one solution.

(4) If iy (x)! is a sequence of solutions of (1.1) and
c,d s a compact subinterval o a, such a
[c,a] 1 t sub 1 of (a,b) h that
{y,(x)} is uniformly bounded on [c,d], then there

exists a subsequence [yk (x)$ such that lyii)(x)l
J J

converges uniformly on [c,d], 0 <i<n-1.

Again for arbitrary n, k and I = [a,b] Eloe and
Handerson in [7] obtained local and global existence theorems
for the BVP (1.1), (1.2R) wusing the topological transversality
method, Further in [28] considering the differential equation
y(n) = + p(x)y along with the BC's (1.2R) with k = 2 under
the assumptions that p(x) > O and is continuous on [xl,le,
Peterson showed that (-1)% ~ ™1) G(i)(x,t) for 1 = Oyeepn(l) -1
is positive semidefinite on (xl.xé) x (xl.xz) where G(x,t) is
the Green's function associated with the above BVP,

Besides the above mentioned results for focal BVP's there
are also some results concerning the ' k - point conjugate '

BVP (1.1) and



(1)
y (X)) =y, 49 1=0, eeep n(r) -1 (1.2C)

r:::l. ssey k
( n(1)y vo.y n(k) as in (1.2R))

which are of interest to us; In particular, we recall the
papérs by Gustafson [8] and Das and Vatsala [6] wherein, among
other .things they have explicitly computed the Green's

function associated with the BVP (1.1), (1.2C).

Further in [29] assuming the linear differential

operator L defined by
(n) (n-1)

Ly = y + pl(x) y + cee + pn(x)y
(pi(x). i=1, ...y n are continuous on I) is disconjugate
on I, Schmitt has given sufficient conditions for the existence
of a solution for the BVP Ly = f(x,y) and (1.2R), with f
continuous on I x IR in terms of some algebraic and differ-
ential inegualities to be satisfied by a pair of auxiliary

functions u(x) and v(x).

Sufficient conditions for the existence of a solution to
the BVP y(n) = f(x,y) and (1.2C) and sufficient conditions
for the existence as well as unigueness of solution of the
same BVP for k =2 entirelyin terms of f have been given

‘'by Schrader and Umamaheswaram in [32].



There is also a result concerning differential inegualities
that 1s of immediate interest to us, namel& the one due to
Schrader [30] giving necessary and sufficient conditions for
lower solutions of y" = f(x,y,y') to be subfunctions with

respect to solutions of the above differential equation.

This thesis is motivated mainly by the above mentioned
results for focal and conjugate BVP's. For other related
results concerning these BVP's reference can be made to
[1, 9, 10, 13, 14, 15, 16, 17, 18, 19, 20, 23, 24, 27, 31]
and to other references contained therein. We now mention

the results obtained in this thesis chapterwise.

In Chapter II we consider the differential equation

y = f(x,y,y') (2.1)

along with the ‘'right focal' , 'left focal' and conjugate
BC's denoted respectively by

y(x;) =y ’ y'(%) = ¥, (2.2R)
v'(x) =y, y(x) =y, (2.2L)
y(xy) = y; y(x) =y, (2.2C)

where X <K 0 X 0 X € I, an interval in IR and
Y9 » ¥ € IR are arbitrary and along with some of the



following hypotheses wh;ch. for the sake of convenience we
label as follows.

A,

UR.

UL,

ucC.

f 4is centinuous on I X IRZ .

Solutions of right focal boundary value problems
(BVP's) of (2.1) 4if they exist are unigque on I
(that is ' y(x), z(x) are solutions of the BVP
(2.1), (2.2R) for arbitrary X;» X, in I, x; < X
and yy» % € R' implies y(x) = =z(x) on [xl.le).
S olutions of left focal BVP's of (2.1) if they

exist are unique on I (that is ' y(x), z(x) are

solutions of the BVP (2.1), (2.2L) for arbitrary
X 0 % in I, X, < X5 and Y » Yo € R'!
implies y(x) = z(x) on [xlsxz])-

Solutions of conjugate BVP's of (2.1) if they exist
are unigue on I (that is ' y(x), z(x) are solutions
of the BVP (2.1), (2.2C) for arbitrary X; » X, in
I, Xy <% and y; » ¥ € IR' implies y(x) = 2z(x)
on [xl,xa]).

All solutions of (2.1) exist on 1I.

Ve also need the following well-known definitions

which we state here for the sake of reference.



Definition 1.1. u(x) € CZ(I) is a lower solution of (2.1)
if u"(x) > f(x, u(x), u'(x)) for all x in I and
v(x) € CZ(I) is an upper solution of (2.1) if

v" (x) < f(x, v(x), v'(x)) for all x in 1I.

Definition 1.2. u(x) € C(I) is a ' conjugate subfunction

with respect to solutions of (2.1) on I ' 4if the ineguality
u(x) ¢ y(x) holds on [xl,xz] whenever u(xl) $£Y, 0

u(x2) £y, holds and y(x) is a solution of the BVP (2.1),
(2.2C) for arbitrary X109 %€ I 5% <X, and y; » L, € R,

In order to motivate further discussion we recall the
following two theorems which are due to Jackson and Schrader

respectively.

Theorem J1 (Theorem 3.2, [15]). If u €& C>(I) is a conjugate

subfunction with respect to solutions of (2.1) on I, then

it is a lower solution of (2.1) on 1I.

It may be noted that in [15], u is assumed to be in
1
C(I) NN C (Io). Thus Theorem J1 is a special version of

Theorem 3.2 of [15].

Theorem S1 (Theorem 1, [30]). Assume hypotheses A, UC

and E hold on I. Then lower solutions of (2.l1l) on I

are conjugate subfunctions on 1.



we also need the following two detiiitions for further

discussion,

Definition 1,3, u € CY(I) 4s a ' right focal subfunction with
respect to solutions of (2.1) on I ' if the inequality wu(x) < y(:
holds on [x,,x,] whenever u(x;) €y, » u'(x,) <y, holds and
y(x) 4s a solution of the BVP (2.1), (2.2R) for arbitrary

xl,xZEI, x1<x2 and Yy yZER.

Definition 1.b. u € CY(I) is a ‘'left focal subtunction with
respect to solutions of (2.1) on I ' it the inequality u(x) £ y(x,
holds on [x,,x,] whenever u'(x;) > y; » u(x;,) £y, holds and
yi\x) 1is a solution of the BVP (2.1), (2.2L) for arbitrary

xl,xZEI, X, €% and Yy YZE.JR-

Hereafter for the sake of brevity we shall simply use the term
lower solution (right tocal subfunction) o1 equation (2.1) omitting
the words 'with respect to (with respect to solutions of) equation

(2.1)".

It follows (Lemma 2.,2) from the above definition that a
right focal subfunction on an interval I 1is necessarily a
conjugate subtunction on I and hence a 02 - right focal
subtunction on I is a lower solution on I by Theorem Jl. Furthe:

it is shown on page 17 by means of an example that even



in the case of a linear differential equation satisfying
hypotheses A, UC and E, a lower solution need not be a

right focal subfunction.

So now one can raise the question whetner under the
stronger hypotheses A, UR (For the result UR implies UC
refer to Lemma 2.6) and E lower solutions of (2.1) on an
interval I, are right focal subfunctions on I. We answer

this question in the affirmative in Theorem 2.12,

We further show in Theorem 2.18, that if I is an
interval which is open at the left end point then under
hypotheses A, UR and E the BVP (2.1), (2.2R) has a
solution for X, » X, € I, X <X and y;» Y5 € R
arbitrary. This theorem removes the restrictions of I
being open at the ri.ht end point and the uniqueness of solutions
of IVP's but yields the same conclusion as that of Lasota and
Lucszynski in [23] and Henderson (Theorem 3 with n = 2,
[12]). We also show onpage 34 by means of an example that the
above stated theorem is not true if I is a closed interval.
However it remains an open question whether the theorem is
true or not if I 4is closed at the left end point, but open
at the right end point.



In Chapter III, we consider the diiferential equation

(n)

alon, with the ' k - point conjugate homogeneous ' and
' k — point right focal homogeneous ' BEC's denoted

respectively by

y (x ) =0 [} i =0, es e P n(r) - 1 (3.20)

I‘.':l. see k

y (x.)=0 , i =5s(r=1)y eeey s(r) =1 (3.2r)

r=1’ c.-’k

where k, n(rjJ, s(r) and X9 I = ly, ..oy K are as in (l.2R).

Concerning the BVP (3.1) , (3.2C), the Green's function
for the case k=n has been given by Beesack [4] by means
of a formula involving induction on n. ‘rurther uwustatson [8]
has proved that the Ureen's function for arbitrary k can be
obtained from that for k = n by a suitable limiting process.
Also it has been shown by bBeesack [4] that the Green's function in

the case k = n satisfies an inequality commonly referred to
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thereafter as Beesack's inequality (The same ineguality was
also obtained later by Nehari [26] by a different method).
In addition it has been shown (Proposition 13, Ch.3 of [5])
that a function u(x) €& C® [xl.xk] satisfying u(n)(x) >0
on [xl.xk] and the BC's (3.2C) also satisfies certain

inegualities commonly known as Caplygin's inequalities.

However there does not appear to be much literature
available on the Green's function or Beesack and Caplygin
type inequalities associated with the focal BVP (3.1),
(3.2R) for arbitrary k (1 < k ¢ n).

In Theorem 3.1 we obtain explicitly the Green's function
G(x,t) for the BVP (3.1),(3.2R) and show that G(x,t) and
its partial derivatives G(i)(x.t) with respect to x
satisfy Beesack type inequalities. As illustrations, we give
G(x,t) and Beesack type inequalities for all focal BVP's

in the cases n=2 and n=3.

Ve also determine (Theorem 3.2) for each r = ljeeesk = 1
and i =5s(r-1)y «eey n -1 the sign of G(i)(x.t) on
the x - t strip [xl,xk] x [x.0x, , 1] and show

(Corollary 3.4) that for 4 = s(r = 1)y eees s(r) - 1,

n - s(r) (1)
(-1) G (x,t) is positive semidefinite on the



11l

x -t strip [xox, , 4] x [xys%] » £ =1y .oy k= 1. However
if 1> s(r) -1 or i< s(r -1) the last mentioned statement
need not hold. This is illustrated (Remark following Corollary
3.4) by showing that in the case n=k=3 and r=2 if

X, =X < X3 =X the signs of 6(33,t), X €t <X and
G(xS.x3) are 1 and -1 respectively. We also give right
focal analogue of Caplygin's inegualities (Corollary 3.5), namely
if ulx) € Cn[xl,xk] satisfies u(n)(x) >0 on [xl.xk] and
the BC's (3.2R) then (-]jl-'s(r) u(i)(x) >0 for X, <X <X,

i:S(I‘-l). 'R ] S(r)"’l and r:l. AN k"’lo

In Chapter IV we consider the BVP's (1.1), (1.2R)s (1.1)

and

(i)
Yy (xl)=yli, i:O.....m-l

(

i) (4.1R)
y ()(2)=Y213 i

m' eee 9 n-l

where £ is continuous on [a.b] X Ifl, l<m<n is an
arbitrary integer and Xq 0 x2€' [a.b] (xl < XZ). Y 1 2» Y2 4

are arbitrary real numbers.

Using the Beesack type inequalities for the Green's
function and its derivatives obtained in Chapter III, we
obtain a local existence theorem (Theorem 4.1) for the BVP
(1.1), (1.2R). This leads to the global existence theorem
(Corollary 4.2) for the 3VP (1l.1), (1.2R).



In Theorem 4.4, we give suificient cond;tions for the
existence of a solution tc the BVP (l.1), (4.1R) in terms
of f and tw: auxiliary functions u(x) , v(x) satisfying
certain algebraic and diflerential inegualities. This
theorem is a 2 - point right focal analogue of Theorem 3.1l
of [29]. However it remains unknown whether an analopous
theorem for k - point right focal BVP's (k > 3) is true
or note On the other hand in Theorem 4.6 we give sufficient
conditions for the existence of a solution to the BVP (1.1),
(4,1R) entirely in terms of f. This theorem is a 2 - point
right focal analogue of Theorem 2.2 of [32]. Whether the
k - point right focal analogue ( k > 3) of this theorem is

true or not is also an open question.

In Chapter V, we consider a special type of differential

eguation

) . (m)
Y(n = f(Xy ¥y oeer ¥ m) (5.1)m

along with the BC's

(1)
y (%) =c; s 1=0y ceepn=2
(r) (5.2),

y (x) =4



or
(r)
y (x3) =d
(i) (5.3),
y (ﬁ):ci' i:O,.-..n"'a
m+ 1
where f is continuous on [a,b] x R s, M and r are

arbitrary but fixed positive integers satisfying

O<mgr<n-1, 8LX%X <X <b and Cyy e.ep €y _ 53 dE R

are arbitrary.

Assuming that solutions to IVP's of (5.1)m are unique

and f satisfies a monotonicity co..dition with respect to

Vo V' eeey y(m) » we prove (Theoremes (5.1 ) and (5.2)) that for
fixed X9» X5 Cy9 eees C _ , the BVP (5.1), » (5.2). is
either solvable for all d or unsolvable for any d. Thus

this result generalizes Theorem 3.2 of [32] for 2 - point
conjugate BC's to 2 - point BC's of the form (S‘Z)r'
Further this theorem is different from the unigueness -

existence result (Corollary 4.13) of [2] for the same BVP
(5.1)m » (5.2),. in the scnse that the monotonicity properties

of f assumed in [2] are opposite to those of f assumed

here,
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Lastly we show by means of two examples with n =2
and n =3 that the conclusion of Theorem 5.2 need not
hold if f does not satisfy the monotonicity property with

respect to even one of the variables.,



CHAPTER II

FOCAL SUBFUNCTIONS AND SECOND ORDER DIFFERENTIAL INEQUALITIES

In this chapter we are interested in the differential

equation
y" = £(x,y,y') (2.1)

along with the ri _ht focal, left focal and conjugate BC's

denoted respectively by

y(x0) =y o ¥'U(x) =y, (2.2R)
Y'(xl) =Y, o Y(xz) =Y (2.2L)
y(ixq) =y, » ¥(x) =y, (2.2C)

where Xy < X 0 Xy x2€, I , an interval in IR and Yp o yae_'_ R

are arbitrary.

In one of the two main theorems (Theorem 2.12) of this
chapter we shall prove that under the hypotheses A, UK and E
lower solutions of (2.1) on an interval 1 are right focal
subfunctions on I. This theorem is proved by means of a
'Local existence' theorem (Theorem 2.10) for the BVP (2.1),
(2.2R), the result (Corollary 2.11) that lower solutions of
(2.1) under the hypothesis UR are right focal subfunctions
in the 'small' and an induction argument similar to that used
in the proof of Theorem &Sl but using hypothesis UR rather

than UC .
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In the other main theorem (Theorem 2.12) we shall prove
that if I is an interval open at the left end point then
under the hypotheses A,UR and E the BVP (2.1), (2.2R)
has a solution for all X s XZE I, X €% and y3 » Yo £ R.
This theorem is proved by means of shooting method technique.

Now we shall prove some preliminary results which are

useful in proving the main theorems of this chapter.

It will be assumed that hypothesis A holds throughout
this chapter.

Lemma 2.1. Suppose u € C-[c,d] » u(c) >0, u(d) > 0 and
u(x) <0 for some x , c<x < d. Then there exists an
interval [x;,%,]C [c,d) such that u(x) =0, u'(x,) =0
and u(x) < 0 on (x19%5) .

Proof. By hypotheses u(x) attains its negative minimum, at
some point, say x, £ (c,d). Let X, = Suplc < x < %, ¢

u(x) = 0}. Then [xl.x2]C [cyd) and u(x) satisfies

u(xl) =0, u'(xz) =0 and u(x) < O on (xl.xz).

Lemma 2.2, If ug Cl(I) is a right focal subfunction on

I, then u is a conjugate subfunction on 1I.

Proof. Suppose u(x) satisfies the condition u(xl) £y

u(xa) Ly, for some X,y X € I.xl <%, and y;»¥, € R
and y(x) 4is a solution of the BVP (2.1) , (2.2C). If
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u(x) < y(x) does not hold on [xl.le then there exists

X' 5 X; < x' < x, such that u(x') > y(x') and consequently
by lLemma 2.1 an interval [x3,x,]C [x,,%,) such that

u(x3) = y(xs) ’ u'(xa) = y'(xh) and u(x) > y(x) on (xs.xh).
This contradicts the hypothesis that wu(x) is a right focal

subfunction on 1I.

Corollary 2.3. If u¢e CG(I) is a right focal subfunction

on I, then u is a lower solution on 1I.

Proof. This is a consequence of Lemma 2.2 above and Theorem Jl

of Chapter I.

However the converse of Corollary 2.3 need not be true
even in the case of linear differential equations satisfying

hypotheses A , UC and E as shown by the following example,

Example. Consider the equation y"+ y=0 , 0 < x < 3nf4.

Then y(x)=Sinx and z(x)= 0 are both solutions satisfying
the same right focal BC's y(0) =0, y'(n[Z) = 0 and hence
not all lower solutions are right focal subfunctions on

[0 » 37!/&].

Lemma 2.4, If ug C[x),%] and attains a minimun at a

point x, » X < X, £ % then (i) u'(x)) =0 if x < x, < x

and (ii) u'(x)) £ 0 if x, = x5,
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Lemma 2.5, Suppose u € C]'[c.d] s u(fc) 20 and u(x) <0

for some x in (c,d]. Then there exists a subinterval
[ey99;1C [cya] such that u(c;) =0 , u'(dy) <0 and
u(x) < 0 on (cy0d,).

Proof. To see this, let c¢ < d; £ d be such that wu(x)
attains its negative minimum on [c,d] at d, and
C; = Suplic € x < dy 2 u(x) =0}, Now the conclusion is

obvious by virtue of Lemma 2.4.

Lemma 2.6, UR implies UC.

Proof. Let y(x) , 2(x) be two solutions of the BVP (2.1)
(2.2C) for some X909 %€ I, % <x, and Y» ¥ € R.

If y(x)=E 2(x) on [x,,x] then by Rolle's theorem we can
suppose without loss of generality that there exists a largest
X3 » X < X3 <X, such that y'(x3) = z'(xs) and consequently
y(x) = z(x) on [xl.x3]. Another application of Rolle's
theorem yields x, , X3 < X, < X, such that y'(xa) = z'(xh)
and consequently y(x) = z(x) on [x,sx,] » a contradiction

to the maximality of X3+ Hence y(x)= z(x) on [xl.sz.

Lemma 2.7, Suppose y(x) , z(x) are solutions of (2.1)

satisfying the hypotheses UR and E. If y(xl) = z(xl) ’

y'(%) > 2'(x;) for some x, , X in I and x; £ x, then
y'(x) > z'(x) for all X2% x€ I,
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Proof. If y'(x') g z'(x') for some x' > X, then there
exists Xz s X, < X3 < X' such that y'(x3) = 2'(x3).
Hence we have y(x)= z(x) on [xl.x3] , a contradiction

to hypothesis at x,.

Lemma 2.8. Suppose y(x), z(x) are solutions of (2.1)

satisfying the hypotheses UR and E. If y(xy) = 2(x;)
and y(x,) > z(x,) for some X, , X, in I and Xy < X;
then y'(x) > z'(x) forallx>x, » x€ I,

Proof. By our hypotheses and Mean Value Theorem, there exists
Xz s Xy < X3 < X such that y'(xs) > z'(x3). Now the

conclusion follows from Lemma 2.7.

Lemma 2.9. Suppose y(x) , z(x) are solutions of (2.1)
satisfying the hypotheses UR and E. If y(xl) = 2(X3)
y(x,) 2 z(x,) and y'(x,) < z'(x,) for some X, » % in I
and x; < X, then y(x,) = z(x,) holds and hence

y(x) = 2(x) on [xl.xz:l.

Proof. Suppose y(x,) > z(x,) holds. Then by Lemma 2.8
and hypotheses we must have y'(x,) > z'(x) 2 y'(x,) , a
contradiction. Hence y(x,) = z(x,) holds and then the

conclusion follows from Lemma 2.6.

Theorem 2.10 (Local existence theorem).

Let M>0 , N> O be given. Let q be the maximum
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of |f(x,y,y')| on the compact set {(x,y,y') ta<x<b,
ly|s2M, | ' | £ 2Nk, Assume q > O and § =Mint,/(2M/q),N/al.
Then

(i) The BVP (2.1) , (2.2R) with [x;,x,]C [asb]y %, =%, ¢ § ,
V1] S %] SN, |7+ y(x - %)|<M has a
solution y(x).

(11)If € > 0 is given, 5 = Mint§ , £/Q » J(T/q)l 0
[x,sx,]c [a,b] , X, = %) < § and w(x) is the unique
linear function satisfying m(xl) =y, s 0'(x) = Yo
then the BVP (2.1) , (2.2R) has a solution y(x)
satisfying | y(x) - w(x)| < g and | y'(x) - o' (x)| < €
on [xl.xz].

Proof. The proof of this theorem is a standard application
of Schauder's fixed point theorem and hence is not given here.
However we remark that the estimate for $ » given in the
theorem is arrived at by using the following estimates of

Green's function and integrals involving the Green's function ’

namely
x2 >
| G(x,t) [ £ (%, = %) i [G(xyt)| dt < (%, = %,)°/2 and
1
X

2
3] atxet) | at < (e, - xp)
1

X
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Remark. The above theorem remains valid if the BC's (2.2R)

are replaced by (2.2L) , the inequalities in (i) are replaced
BY [v| SN[ n|sMs|y - nby-x)| <M end wox)

in (ii) is assumed to be the unique linear function satisfying
0'(x,) = 3;1 v (%) =y, .

Note. If in the above theorem q = O , that is f(x,y,y')= 0

for a<x<b, |y|<2M, |y'|<2N then y(x)=w(x) is
the solution of the BVP (2.1) and (2.2R) ((2.2L)) for arbitrary

X1 0 %€ [a,b], Yi» Yo € R,

The following corollary which implies that lower solutions
under hypothesis UR are right focal subfunctions 'in the small!
is used frequently in the proof of Theorem 2.12.

Corollary 2.11., Let uég Cl[a.b] be given. Then

(1) there exists a §> 0 such that for [xl.xz]C [a,b]
and X, - X; £ § » there exists a solution y(x)
of the BVP (2.1) and ¥(x;) = u(x,) , y'(x,) = u'(x,).

Further

(ii) given g > 0 , [x,sx,]C [asb] , and w(x) the unique
linear function satisfying m(xl) = u(xl)
w'(xz) = u'(x,) there exists § ,0¢8 < $ such that
X =% < §" implies the BVP (2.1) and y(x = u(x1)
Y'(xz) =u'(x;) has a solution y(x) satisfying

¥ x) - o D(x)| < ¢ on [x)9%,] for i1 = o0,1.
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(1ii) If in addition u(x) is a lower solution of (2.1)
on [a,b] then there exists a & , 0< & £ 8
such that the BVP in (i) has a solution y(x)
satisfying u(x) < y(x) on [x,,x,] provided
X =X £ [\

Proof. (1) and (i1i) follow from Theorem 2.10, if we choose

M= Maxt|u(x)| ¢ agxg bl + (b-a) Maxt|u'(x)]s a < x < bl,
N =Maxi|u'(x)] ¢ a<x<bl,

u(xl) =y; and u'(x;) = Yo o

(1ii) If we define
R

f(xyy,y") y 2 u(x)
a <

F(x,y,y') = <
S f(xou(x),y') = (u(x)-y) y < u(x)

as<xg<hb

\‘
/ )
then by (i) there exists & (depending on F), O < § < b-a

such that [x,,%,]C [a,b] and X = %X & § implies
that the BVP

y" = F(x,y,y')

y(x) = ulxy) » y'(x5) = u'(x,)

has a solution y(x).

Suppose u(x) > y(x) for some X € (x;9x,]. Then there
exists a point x, , x; < X, £ % such that u(x) - y(x)
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will have a positive maximum at x, with u'(x)) = y'(x,)
and u'(x)) < y"™(x ). Consequently |
y"(xo) = F(xy » y(x) » y'(x,))

= £(xy sulx) yu'(x))) - (u(x,) - y(x,))

< fx, sulx,) yu'(x,))
< u“(xo) » a contradiction.
Hence u(x) < y(x) on [xl.xz] implying that y(x) is a
solution of the equation (3.1) on [x;,%,]. Now choose

8= min( .S’) where § is as in (i). This completes the
proof of (iii).

Theorem 2,12, Assume the hypotheses A ,UR and E holde Then

lower solutions of (2.1) on I are right focal subfunctions on I.

Proof. Suppose u(x) is a lower solution on I, but not a
right focal subfunction on I. Then by Lemmas 2.4, 2.5, and
definition of right focal subfunction, there exists an interval
[cyd]C I and a solution ¥1(x) of (2.1) such that

y(e) =ule) » y(d) =u'(d) and y(x) < u(x) on (c,d).

Now since u e Cl[c.d] is a lower solution on [c,d],
by Corollary 2,11 (iii) there exists a § , 0<§ ¢ d - ¢
such that for [xl.xz]c: [coyd] and X - % £ § the BVP (2.1)
and y(x;) = u(xy) » y'(x,) = u'(x,) has a solution y(x)
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satisfying u(x) < y(x) on [xl.xa] (that is, u(x) 1is a
right focal subfunction ' in the small *').

Now for each positive integer n, let P(n) be the
proposition that there exists an interval [c ,d ]C [c,d]
with 0<d ~-¢c,sd=-c-~- (n-1)8& and a solution yh(x)
with yh(cn) = u(ey,) » yL(dn) =u'(d,) and yh(x) < u(x) on
(c,»d,). Obviously P(n) cannot be true for all n 2 l.
However assuming that u(x) is not a right focal subfunction
on I, we will show by an induction argument that P(n) is
true for all n, thereby proving that u(x) must be a right

focal subfunction on 1I.

P(1) is true since we can choose [cq,d;] = [cyd] with

yi(x) same as above.

Now assume P(k) is true, that is, there exist an interval
[cpsq ] [csd] with 0 < d -c s d-c - (k-1)8§ and a
solution y(x) with y(ec,) = u(cy)» yﬁ(dk) = u'(d,) and
yk(x) < u(x) on (ck'dk)' Now dy - ¢ > & as otherwise
by Corollary 2.11 (iii), there exists a solution distinct
from y,(x) for the BVP (2.1) and y(cy) = uley) »

y'(d,) =u'(qy).

Let zl(x) be the solution of the BVP (2.l1l) and
y(ck) = u(ck) ’ y'(ck +8) = 1.:.'((:k +5) so that by Corollary 2.11 (iii)
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u(x) € zy(x) on [ey » )y +8] and hence y,(x) < 2z,(x)
on (¢, » ¢, +8]. By Lemma 2.9, hypotheses UR and E, we
have zi(x) > yi(x) for all x > c, and hence

z9(dy) > nldy) = u'(qy).

Now assuming P(k + 1) not true, we first prove
Claim (i). zl(x) > u(x) on [ck + § ’ dk] .

For, if not there exists x' , Cy * 5 < x! £ dp such
that Miniz, (x) - u(x) ¢ ¢, + § <xe¢xg gt = z(x') -u(x') < 0.
L
However if x' =d, then 2(q,) - u'(d) <0 by (ii) of
Lemma 2.4 , a contradiction. Hence Cy + S ¢ x' < d), which
in turn implies by (i) of Lemma 2.4 that P(k + 1) is true
an interval of length d, - ¢, - §<d-c- k8§ . Hence

the claim is true.
Claim (ii). d - (¢ + 6 ) > §.

For if otherwise the focal BVP (2.1) and
yle, + &) =ule, + &) ,» y'(q) = u'(g) , by
Corollary 2.11 (iii) will have a solution qz(x) with
u(x) s_ga(x) on [ck + § 'dk] and consequently
u'(ck +§) 5_;é(ck +8). By hypothesis E, ga(x) exists
on I and hence either (a) there exists x!' ,

C) X' < + & such that z(x') = yp(x') or (b) there
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exists a largest x", Cx < x"< Cx + S such that

22(x“) = zl(x “)o

If case (a) occurs, then by Lemmas 2.7 and 2.8, we must

have zz'(dk) > y;{(dk) = u'(dk) » a contradiction.

On the other hand if case (b) occurs again there are
two possibilities, namely x" < Cy * & and x" = Cy + 5 .
If x"<cp + & then since zl(ck +8) 2 Q(ck +8) and
zi(ck +8) = u'(ck +§) < 22'(::k + 5) » we have by Lemma 2.9
that

- zl(x) ck<x5_ck+5
w (x) =
° 2, (x) e *& & x < 4

and yk(x) are two distinct solutions of the same right
focal BVP , a contradiction to UR. If x"=oc, + S then
z:,'_(ck +06) = u'(c, + 3) < 22'(c:k +§). However the strict
inequality in the above statement is ruled out by virtue of
the fact that z(d,) > z(d)) and by Lemma 2.7. Hence
z::_(ck +8) = zz'(ck + §) and consequently

—
z,(x) cp S X<+ §
z(x) = <
z,(x) e *+& £x & d
N—

and yk(x) are two distinct (distinct since
Yie(x) < u(x) < zl(x) on (cp » C +8)) solutions of the
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same right focal BVP , a contradiction to UR. Hence
claim (ii) is true.

Now there exists by Corollary 2.11 (iii) a solution
72(x) of (2.1) such that 22(°k +8) = u(ck-l-S) ’
22'(ck +28) = u'(ck + 25) and u(x) < zz(x) on
[ck +8, cp * 26 ]. Consequently zé(ck +9) > u'(c:k + 5) =
z]'_(ck +8). By hypothesis E , 72(::) exists on I and hence
either (a) there exists an x' , ¢, € X' S ¢ + & such that
zl(x') = zz(x') or (b) there exists a largest x",
Cp < X" < ¢ ¥ § such that zz(x") = yk(x").

If case (a) occurs let

/_h
29 (x) X g cy+ S
Wl(x) = <
z,5(x) X >cp + 5
—

so that by Lemma 2.9 w;(x) is a solution of (2.1) satisfying
wl(ck) = u(ck) and w:'L(c:k +26) = u'(c, + 20 ). If case (b)

occurs let wy(x)= z,(x) » for x 2 x".

Claim (iii). d) = (¢ + 26)> & .

Suppose dy - (¢, + 28 ) <§. Then by Corollary 2.11(4ii)
there exists a solution z5(x) of equation (2.1) satisfying

2, (o) + 28 ) = u(cy +2%) , z(q) = u'(d) and z(x) 2 u(x)

on [°k + 28, dk] and consequently %'(ck +25) > 1.1'((:k + 28) =
\.ri(c:k +25) and z_;(‘fk + 25) > yk(ck + 28). By hypothesis E )
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z;(x) exists on I and hence either (a) there exists an
3

x' 5 ¢ £x' < ¢ +26  such that z3(x') = w(x') or (b)
there exists a largest x"', Cp < xM"' < Cp + 2d such that

ZB(X"') - yk(xm).

If (a) occurs, we can consider as in the proof of claim
(1i) the two possibilities x' < cp * 2§ and x' = Cp + 28
and in either case by using an argument icentical to that in

claim (ii), we can arrive at a contradiction to UR.,

If (b) occurs, choose w,(x)= z}(x) for x > x™,
Then by Lemma 2,8, é(dk) > yl'c(dk) = u'(dk) = wz'(dk), a

contradiction and hence the claim.

Let J > O be the unique integer such that
Cp *+ ,jS < dk L£C + (3 +1)8§ . Now repeating the above steps
a finite number of times, we arrive at a solution w‘j(x) of
equation (2.1) satisfying 1»-‘_)(ck + j8) = u(t:k + 38 )
wé(dk) =u'(d,) and wj(x) >u(x) on [e¢, + 36, d,J.
Consequently W._:-'(Ck + 35) 2 u'(cy + 38) = w,;-l(ck + J8) where
wj_l(x) is the solution obtained in the previous step of the
proof., (Note that wj_l(x) satisfies that wj_l(x*) = yp(x*)
for some ¢ < x¥ < ¢ + (3-1)s, "3—1(‘:1;*(3"95) =
u(ck + (j"'l)s )’ W;]_l(ck + JS) = u'(ck + 38) and
wa_l(x) 2 u(x) on [Ck + (3":05 ) Ck + 35 ])- Since WJ(XJ
extends to I by E , either (a) there exists x!',
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¢ £ X' ¢ + 3§ such that wi(x') = wy_(x'), or
(b) there exists a largest x** , x* ¢ x** < c) + (3-1)8

such that wb(x**) = yk(x**).

If case (a) occurs, considering the two possibilities
x' < Cy * 3§ and x' = Cy + 35 » Wwe can arrive at a con-
tradiction to UR by using Lemmas 2.7 and 2.9 as in the proof
of claim (ii),

If case (b) occurs then the function wb+1(x) defined
by wj_'_l(x) = wj(x) » X > x** must satisfy by Lemmas 2.7, 2.8
w3+1(dk) > vi(dk) = u'(dk) = "5+1(dk) a contradiction. This
contradiction shows that P(k+1l) must be true and hence
P(n) is true for 2ll n. This completes the proof of the

theorem.

An analogue of Theorem 2.12 for left focal subfunctions
is true and 1s stated below. Its proof is similar to that

of Theorem 2.12 and hence is omitted.

Theorem 2.15, Assume that hypotheses A, UL and E hold. Then

lower solutions of (2.1) on I are left focal subfunctions on 1I.

Now we give the analogous definitions and results for the

right (left) focal superfunctions of (2.1).

Definition 2.14. v(x) € Cl(I) is said to be a 'right focal
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superfunction of (2.1) on I' if the inequality wv(x) > y(x)
holds on [xl,xa] whenever v(xl) 2y » vi(%) 2y, holds
and y(x) is a solution of the BVP (2.1) , (2.2R) for
arbitrary Xy » X € I, Xy <X, and Y10Y2€.]R-

Definition 2.15. v(x)€ CL(I) is said to be a 'left focal

superfunction of (2.1) on I' if the inequality wv(x) > y(x)
holds on [xl.x2] whenever v'(xl) SV 0 v(x,) > y, holds
and y(x) is a solution of the BVP (2.1) , (2.2L) for
arbitrary xl,x261, Xy < X% and yl,y'ae]R.

Theorem 2.16. Assume hypotheses A, UR and E hold. Then

upper solutions of (2.1) on I are right focal superfunctions on I.

Theorem 2.17, Assume hypotheses A,UL and E hold. Then

upper solutions of (2.1) on I. are left focal superfunctions on 1I.

Now for the sake of convenience of reference we restate
the existence theorems for the BVP's (2.l1l), (2.2R) and (2.1),
(2.2C) which are due to Klaasen and Schrader respectively.
These are useful in proving the ‘'uniqueness implies existence'

theorem (Theorem 2.18) for the BVP (2.1) , (2.2R).

Theorem K1 (Theorem 5, [21]). Assume the hypothesis A holds
and solutions of IVP's for (2.1) extend to [x]_'le or

become unbounded. Then a necessary and sufficient condition

that the BVP (2.1) , (2.2R) has a solution is that there are
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lower and upper solutions & and ¥ of (2.1) satisfying
¢#<¥ on [x,x], #(xy) £ v; £ ?(x,) and #'(x) ¢y <
¥'(x,). In the sufficiency part, the solution y satisfies
$<y<? on [x,x].

Theorem S2 (Theorem 3.1,[31]). Assume the hypothesis A

holds and solutions of IVP's for (2.1) extend to [x,,x,]

or become unbounded. Then a necessary and sufficient condition
that the BVP (2.1) , (2.2C) has a solution is that there

are lower and upper solutions ¢ and ¥ of (2.1) satisfying
$<¥? on [x,x5], 8(x) ¢y ¢ ¥xy) and #(x,) < Y < ¥(x5).
In the sufficiency part, the solution y satisfies $< y< ¥
on [xl,xz].

Theorem 2.18. Let I be an interval open at the left end

point. Assume hypotheses A, UR , E hold on I, Then the
BVP (2.1) , (2.2R) has a solution where X $X 90X 9 X%E I
and Y » b € IR are arbitrary.

Proof. Let X, 0 % E I and Yy, € R be arbitrary but fixed.

Let S=1{7eR: y(x;) = Yy o y' (%) =7 and y(x) is
a solution of (2.1)i,

Clearly S is non empty by hypothesis E. Now to prove
the theorem it suffices to show S = R. We do this through

the following claims.
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Claim 1. S 1is connected,

For suppose Ty 0 75 € S, 7, <7, and 7y < 7! < 7>
is arbitrary. Let zi(x) be the solution of (2.1) , (2.2R)
with Yp =73 » 1=1,2. Then by Lemma 2,8 we have
z(x) 2 z,(x) for all x> Xy » x€ I, Applying
Theorem K1 with ¢ = 2y and ¥ = 2, we obtain that there
exists a solution of the BVP (2.1) , (2.2R) with Yo =7'
so 7'€ S and hence the claim.

Let Bo = Sup S and 7o = Inf S, Now to show S = R
it suffices to show Bo =+ o© and To =~ @. We will only

prove Bo =+ o, since the other proof is similar.

Claim 2. 30Q S.

For if not, suppose y (x) is the solution of (2,1) and
(2.2R) with Y =B, « Then the solution 2(x) of the IVP
(2.1) and

satisfies by Lemma 2.7 that z'(x,) > y!(x,) =8, » a contra-
diction and hence the claim.

Now let y,(x) be the solution of the IVP (2.1) and

y(xl) =¥y » y'(x;) =1
and zo(x) be the solution of the IVP (2.l1) and
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¥(%) = yo(x5) + 1, y'(x) =8,

Now y,(x) and z(x) exist on I, zo(x_l_).-# y, and
ycf'.(x2) <Bgy e

Claim 3, zo(%y) <y

Suppose if possible zo(xl) >y, « This implies
zo(x) > yo(x) for x 2 x, » for if otherwise there exists
X' y X; < X' <x, such that zo(x') < yo(x'). and then
yo(x) - zo(x) will have at least one zero on each of the
intervals (x,,x') and (x',x,) , a contradiction to the
conclusion of Lemma 2.6. Now y_(x) & z (x) on [xl.xz]
with yo(xl) =y, < zo(xl) and yé(xz) < By =2z)(%). So
choosing ¢ = Yo, and ¥ =2z, in Theorem Kl , we obtain
that there exists a solution w(x) of the BVP (2.1), (2.2R)
with y, = B, satisfying y,(x) < w(x) ¢ z(x) on [x%,x,].
This implies B, € S , a contradiction to claim 2, Hence

claim 3 is true.

By claim 3, the fact that 2z,(x,) > y,(x,) and hypothesis
UC , it follows that there exists x' , X, < x!' < X, such that
zo(x') = yo(x') ’ zo(x) < yo(x) for x<x' ,x€E I with
zo(x) < yo(x) for Xy =€ £X <X where £ > 0 is sufficiently
small, Now by Theorem S2 and Lemma 2,6 the BVP (2.1) and

e y(xy =€) =2,(x; ~€)

y(x.l) =N
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has a solution w(x) satisfying z,(x) ¢ w(x) ¢ ¥,(x) on
[xl - £ .xl] and hence by Lemma 2.8 w'(x) > z!(x) for all
X 2 X, » x€ I, Inparticular w'i(x%) > zi(x) = B, « This
contradicts the definition of B, since w'(xz) € S. This
completes the proof of the theorem.

The conclusion of Theorem 2.18 need not hold if I is
a closed interval, as shown by the following example. We now

state a lemma which is used in the example.

Lemma 2,19, The equation y" = -y is right disfocal on
the interval [0 ,n/2) ((0,m/2]) (that is, y(x,) =0,
y' (%) =0, 0<% <x <n2, (0<% <x, ¢7/2) and
y(x) 1is a solution of the above equation implies y(x) = 0)

and hence UR holds for the above equation on
[0, TI/Z) ((o , m/2]).
Example., Consider the differential equation
y"= -y + arctan y (2.3)

with - n/2 < arctan y < nf/2 and I = [0,n/2],

The hypotheses A , UC and E hold for equation (2.3)
on [0,n] as shown on page 347 of [15].

We first claim that UR holds for (2.3) on [0,n/2)
and (0,m/2]. If it does not hold on [0,%/2) suppose
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y(x) » 2(x) are two distinct solutions of (2.3) satisfying
y(x1) = 2(x)) » y'(x) = 2'(xy) for some X, X%, ,

0 £X) <% <nmf2, Since UC holds for (2.3) on [0,1/2] ,

we can assume without loss of generality that y(x) > z(x)

on (xl.nlz]. Now let w(x) = y(x) - z(x) so that we have

w(xy) =0, w'(x,) =0, w(x) >0 and w™x) > -w(x) on
(x157/2] as shown on page 347 of [15]. Consequently by Theorem
2,12 and Lemma 2.19 , w(x) is a right focal subfunction with

respect to solutions of the equation

y"=-y (2.4)

on [xl, n/2] and hence w(x) <0 on [xl.x.z]. a contra-
diction., This proves that UR holds for (2.3) on [0,n/2).
The proof for (0,m/2] is analogous.

Now to show that UR holds for (2.3) on [0,m/2] we only
need to show that if y(x) , 2z(x) are solutions of (2.3)
satisfying y(0) = z(0) , y'(n/2) = 2z*'(n/2) then y(x)= z(x)
on [0,n/2]. If the above assertion is not true then since
UR holds on [0,m/2) we can suppose without loss of generality
that y'(x) > z'(x) for O < x < n/2 and hence
w(x) =y(x) - z2(x) >0 on (0, n/2). Thus w(x) attains its
Positive maximum on [0, m/2] only at x =mn/2 , yielding
w(n[2) > 0 and w'(m[2) = 0. Further w™(x) > = w(x) on

(0 9 HIZ].
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Now let u(x) be the solution of the IVP (2.4) and
y(n|2) = w(n)2) , y*(n/2) = w'(n[2) = 0. Since
win/2) > = w(n/2) = - u(n/2) = u™(n/2) , it follows that
(w = u) has a relative minimum at x = n/2 , that is,
(w=1u) (x) >0 for 0<n/2 -x < n/2, sufficiently
small. Since by Theorem S1 of Chapter I, w(x) is a
conjugate subfunction with respect to solutions of (2.4) on
[0,1/2] , we must have (w - u) (x) #0 , for 0 ¢ x < @/2
and hence (w-1u) (x) >0 for 0 < x < n/2, In particular
u(0) < w(0) =0 whereas u(n/2) = w(n/2) > 0. Therefore
u(x') =0 for some x' , 0 < x' < n/2, This together with
u'(n/2) = 0 implies by Lemma 2.19 that u(x) =0 on
[x'yn/2]. 1In particular u(n/2) =0 , a contradiction. This
shows that UR holds on [0 ,m/2],

Claim, Tne BVP (2.3) and y(0) =0 , y'(n/2) = 3n has

no solution.

Suppose on the contrary the above BVP has a solution

y(x) and y'(0) =m . Let v(x) be the solution of the IVP

v ==V +n

v(0) =0 , v'(0) =m + 1,

As shown on page 347 of [16] , v(x) is a lower
solution of equation (2.3) on [0,7|2] , satisfying



v(0) = y(0) 4 v(x) > y(x) for 0 < x sufficiently small.
Consequently by Theorem 2,12, v(x) is a right focal sub-
function of (2.3) on [0, n/2]. This together with the
fact v(0) = y(0) must imply v'(x) > y'(x) on (0, n/2]
and in particular v'(n/2) > y'(n/2) = 3n.

However an easy computation yields wv(x) =
(m+1) sinx — m cos x + T , whereby we get 37 < v'(7/2) = n,

a contradiction. Hence the claim.

An analogue of Theorem'Z.IB for left focal BVP's is
stated below as Theorem 2.20. The proof of this theorem is
similar to that of Theorem 2.18 except that in this case we
have to use, instead of Theorem Kl its analogue to left focal
BVP's, Since this is not explicitly stated in [21], we

first state it here for the sake of completeness.

Theorem K2, Assume the hypothesis A holds and solutions

of IVP's for (2.1) extend to [x,,%,] or become unbounded.
Then a necessary and sufficient condition that the BVP (2.1),
(2.2L) has a solution is that there are lower and upper
solutions & and ¥ satisfying $< ¥ on [xlolel

’i"(xl) £y < i'(zl) and §(x2) <Y £ !‘(xz). In the
sufficiency part, the solution y satisfies ¢ < y <Y on
[xltxz]o
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Theorem 2.20. Let I be an interval open at the right

end point. Assume the hypotheses A, UL and E hold on I.
Then the BVP (2.1), (2.2L) has a solution where Xy < X, »
X 0 % eI, Y 0 o € IR are arbitrary.

Remark. The conclusion of the above theorem need not hold
if I 4is a closed interval and whether the theorem is true
or not if I is closed at the right end point and open at

the left end point remains an cpen question.



CHAPTER III

GREEN'S FUNCTIONS FOR k - POINT FOCAL BOUNDARY VALUE PROBLEMS

In this chapter we consider the k-point right tocal BVF

(n)
y

(1)

y (x) =0, i= s(r=-1), ...y s(r) -1 (3.2R)

"
o

(3.1)

r= 1. ceey K

where k , n(r), s(r) and X,»r= l, ¢eep k are as in (1l.2R).

We obtain explicitly the Green's tunction G(x,t) 1or
the BVP (5.1) , (3.2R) and prove that G(x,t) and its
partial derivatives G(i)(x.t) with respect to x satisfy
Beesack type inequalities. we also determine the sign ot
G(i)(x,t) 9 1 =0, ¢sey n = 1 on appropriate subsets of
[xl.ka x [xl,xk] and give right focal analogue of Caplygin's
inequalities.

We state at the outset that the characterization of the
Green's function for tre BVY (3.1) , (9,2R) is same as

given by Coppel (page 115, [5]) for conjugate Bvr's except
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that in the present case the conjugate BC's of [5] have

to be replaced by focal EC's (3,2R). Further it follows

as in [5] that if Ly (x)y euey Yo(x)$ 1is a basis of solutions
of (3.1) then G(x,t) can be uniquely represented in the

form

(o
iilai(t)yl(x) x<t
G(x,t) = < . (3.3)
iﬁl(ai(t) + 7, (t)y(x) tex
—

where G(x,t) 4is defined by the following two properties.

(1) For each fixed t, X, <t <x 5 G(xyt) is a solution
of equation (3.1) on each of the intervals [xl,t) and
(t» x,] satisfying the conditions

G(i)(xr,t) =0 » i-= S(r - 1), XXX, S(I‘) -1

r = 1’ evs ko

(ii) For each fixed t ,G(x,t) and its first n -2

derivatives with respect to t are continuous at

X =t , while
aln-1) (4 4 0,t) - 6{r-1)(¢ -0, t) = 1.

In (3.3) , (71(t)' eses 7o(t)) 1is the unique solution
of the linear system of equations
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n (J) )
E Ti(t)YI ‘(t).= 0 ] j — O’ ssep N — 2
i=1
_ (n - 1) > (3.4)

—

and (a,(t), ..., @ (t)) 1is the solution of the system of
equations that can be obtained by using property (i) of

G(x ’t) L]

For the sake of convenience in further discussions we
use the following notation. S denotes the x - t square
[xys%,] x [%;s%,]; foreach r,1<rgk=-1,S5, denotes
the x -t strip [x,x] x [x.0 %, 1] so that
S=\U{lS.,,21<crgk=-1 3 T, denotes the x -t strip

[xox. , 3] x [xysx ] § foreach r,1l<r<ck=-1, let

i-1
yg(xsr) = (x-x) /(-1 1=1, .ccrmy (3.5)

n-1
(t - xr) / (n - i)!’ is= l’ eseyp Iy (306)

v (t5r) = (1)

a,(tsr) be defined recursively as follows;
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—
- i(t;r) s(r)+1 ¢ 1 ¢ s(k) = n
0 s(r-1)+1 <i < s(r)

n
() = ¢ -§i+1 “j(t;r)(xr_l‘xr)j-i/(j-i)! s(r-2)+1 ¢ i ¢ s(r-1) (3.7,

-;:1 a (t;r)(xl-x )J=d [ (5-1) | 1¢1i¢<s(l)
j=i#l ¢ d ' =0
N
-
2 o, (tar)y, (xor)
z te ) t
i:lai )y, (xr X<
(itar) = < (3.8)

igl(ai(tir) + Ti(t;r))yl(x;r) t £X
-

In (3.7), those equations which give the values of a; for

i < s(m) where m< O are to be treated as nonexistent,

Theorem 3.1, If G(x,t) is the Green's function for the
BVP (3.1), (3.2R) then G(x,t) = G(x,tsr) , (x,t)€E S,

r= 1' ‘XXX k-lc
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Proof. Keep 1 < r ¢ k-1 fixed. Note that lyi(x;r). i1=1yeeepnd

is a basis of solutions for the equation (3.1) and hence

can be

substituted for iyi(x).....yn(x)l in (3.3). This substitution
makes the coefficient matrix of the system (3.4) upper triangular

since the equations (3.4) reduce to the following,

7o () (tx,) + ... + 70 (%)™ [ (n-1)]

To(t) + 73(t)(t=x) + ... + 7 (£) (8% )72 [ (n-2))

LN L N L LN
L "o

7,(t)

Solving the above system we obtain 7i(t) = Ti(t;r), i=
Now the property (1) yields a linear system of equations
(ai(t). eses @ (t)) whose coefficient matrix is also

upper triangular and which are as shown below.

1.

l. [ I NN ) n.

for



(2)s 5 7

u=(4)s>7F>

((3)%2 + (3)70) +

i (T-()s-u)

(Fx=Tx) (2 )% 24 (3) ")
ﬁ_.._au.s..

0o +

:213?5
~x)(3)"'»

aanauunnﬁ

i(e=u)
2=-u A.Hunl._”ua (2 uﬁﬂ

+

1(T-u)

T+(X)s T+

+°°+((3) 4+(23

T + ()8

ST+ (T-J)8 0

(3)72 -

muuu

D) +

(I)s

= (3)'p

LN N J

o +0+(3) D+*°+0

T+(T~I)S
+..A.M.V u.u

+

(T=)*®

+(3)

D

aAey oM 3dUsy

+

‘** + 0 Hnu..umunun.ﬁlﬁvc =

+ 0°

+ 0=

+ (Tx=-Tx)(2) 2+ (3)% + 0

+ (

—yn ¢ THI
H.n
=( xunba

= u...uun
n ﬁw?va
= ¢ n=
Sl I

AP..H.I.HNV n=
ﬁln.nlnvé

= Au...nunu.uu =

o

o

Tx-Tx)(3)% + (3)To = (3¢Tx)p = 0
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ow for s(r -2) +1 fSigs(r-1), ai(t) is computed as follows.

a1y T S e %0 -

L N LN

cos = “n(t)(xr—l - xr)n—s(r-l) /(H-S(P“l))!

=y By =)™y 4oL

wee = ap(t)(x,_; - x )Ps(r-1) / (n-s(r-1))1

2
zs(r—l)-(-i) - as(r-g.:)(xr-l T ¥ - as(r)-v-l(xr-l - J“r)n(r)+ [ (n(r)42)) -,

ces = an(t)(xr_l ~ xr)n-s(r-l)-l-l /(n—s(r—l)+1)!

e e T
e (00 = x )M /i)y -
1 )
D0y = x )N )
= eee = ap(t)(x,y - x )BS(r-2)-1 / (r=s(r-2)-1))
mee a,(t) = - g czj(t-,)(xr‘__1 - xr)J-i [ (5-1)) , s(r-2)41 i< s(r1)

=i+l
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Similarly
n
ai(t) = - J.P;i+1a‘j(tJ(xr-2 - xr)j-i /(;j—i)! y s(r-3)+1 ¢ i < s(r-2)
. n J—i
a,(t) = - dfi+1“3(t)(x1 =x )V [ (-, 11 s(1)

Thus we have ai('b) = ui(t;r) » 1i=1, .esy n and hence the theorem.

Remark 1. In view of the above theorem, to compute G(x,t) on S,

it suffices to compute G(x,t;r) on S, for r=1, ...y k-1,

Remark 2. In the case k =n, the expressions for a,(t,r) in

equations (3.7) reduce to

J—
- 'ri(t;r) r+l<ic¢cn

gi(t;r) = < o) i=r

n j-1

- a(tir)(x; - x) [ (3-1)1 1<¢i¢cr-1
J=i+1 J

—

whereas Ti(t;r) and yi(x;r) for i =1, seey n are the same as

.Blready stated and hence G(x,t) for the n-point focal BVP can

be computed on [xl,xn] x [xl’an using Remark 1,

Now we shall obtain Beesack type inequalities for G(x,t) and

ts derivatives with respect to x.

From the equations (3.5), (3.6) and (3.7) it can be easily seen
that for each r =1y eeep k= 1y i =1, eee » n the following

inequalities hold.
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 Pxin)| & Gy =239 oy, X £XEX o

:0. oo-,i-li

7i(t;r)| s (xy - xl)n-i [(n- 1)l ' X) St Sx
and
ﬂi(t’.r)l < ci kK n (xk - xl)n—i » Xy £t Xk

where Ci k n 2are nonrnegative corstants depending on i,k and n

that can be computed for fixed k and n recurssively with respect to

i, Consequently for (x,t)€ S and i =1, ..., n-1, we obtain

from e uation 3.8 that

. n-ji
64 )] < b, x - xp)

whereas for (x,t) € S, x# t (3.9)
(n-1)
IG (xat)l < Dj_ kK n
where Di k n Aare some non-ne.ative constants depending on k and n

8nd can be computed in terms of Ci xk n for given k and n,

We now state G(x,t) and Beesack type inequalities in the following

ctases,

Chse (1) n=2, k=2, n(l) =n(2) =1, 5=[xx]x [x,5].
Then for (x,t) € S,
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G(x,t) =9

- (t - x,) t<x <

G(xyt) | <% =X and for (x,t) €5 ,x#1 [G'(x,t)] < 1.

Case (i1) n=3 , k=2 ,n(l)=2 , n(2) =1, S same as in

case (i). Then for (x,t)€ S ,
—

2
-(x-x)/2 X £x gt

G(x,t) =<
(t—x1)2/2 -(t=-x)x-%) tgxgx

;

|G(x,t)] < (x2 - xl)zl 2 s |G (x,t)| < (xz - xl) and for

(xst) €E 54y X F 1T, |G(x,t) | < 1.

Case (iii) n=3 y k=2, n(1) =1, n(2) =2 , 5 same as in

case (i).

Then for (x,t) € S,
(t = x)(x = %) - (x-x1)2/2 X, £xst

G(x .t) = <

(t-x)° /2 texXgx .
| S—

The bounds of G , G' , G" are the same as in case (ii).
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Case (iv) n=3, k=3, n(1) = n(2) =n(3) =1,
S = [x]_'x3] X [x1-X3J. Then for (x,t) € s,

(— 2
(t—xl)'z(x—xl) - (x‘x1J /2 ¥pexst Xy £tex
(t=x,)" /2 tixsx
G(xyt) = <
(x%,)%/ 2 = (x-%,)%/ 2 Exst
. t
()% 2 4 () [2 = () xx) tex g 2
—

G(xst) | & 3(x5 = x1)2/ 2 5 | G'(xyt) | £%X3 - %, and for (x,t)€ S,

x#t |G"(x,t)| g 1.

The following theorem determines the signs of G(i)(x.t). on the
strip 5, for each fixed ry, 1 <r < k-1 and i = s(r-1), «eey n=-1,

ZTheorem 3.2, Let G(x,t) be as in Theorem 3.1. Then the following
dnequalities hold,

(a) (-1)*~ s(r) G(i)(x.t) >0, for (x,t)€ Sp 0 X> X,
i=5(r_l). a0 S(I‘)-l, 1£r-<_k—1o

{b) (-1)p -1 G(i)(x.t) >0, for (x,t)€ S.» x<x
i:S(r-l)'ooo'S(r)"lg 1(!‘5_1{—1.

T ]
) 8 (x,t) =0, for (xi)ES., x2t,
i=s(r)’ ese) n-1 ’ 1£r$k-1' (i'XJ#(n-l. t).

(d) (—l)n-iG(i)(x,t)>0 » for (x.t)ESr. xX<t,
1 =5(r)y eeesyn-1, 1<rek=-1,
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Proof. From Theorem 3,1 and equations 3.5 - 3.8 , we obtain

after s(r) -1 differentiations for (x,t)ES., X > t
c(8(r) =Yy 4y = (g ) (8) + 75(y(2)) +
(g (r)+2(t) *+ 75y (B (x = %) + oos
+ (ay(t) + 7()(x = x )P "3/ (n 5(r)]
= 75(n)(¥)
= (-2 780 (g o x )RS (0o (o))

and G(i)(x.t) =0 ,1=5(r)y ¢es » n =1, Hence we have the
inequality in (a) for i =s(r) -1, x>t and the
inequalities (c).

Similarly for (x,t) € S, and x<t, we have
6t3(r) = Rxt) = oy (8) + @y g (E)(x = %) + oo

oot o (£)(x - x )07 5(r) /(n - s(r))!

== 7S(r)+1(t)(x - xr) = eee

cor = 1 (0)(x = x)? 75 [ (n - s(r) )]
- - (_1)n‘5(“)'1(t-xr)n"3(r) " Hx=x,) / (n-s(r)-1)
vor = (x=x )07 5(r) /(n - s(r)))

Adding and subtracting (_1)n-s(r)(t_xr)n-s(r) / (n-s(r))l to
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the above expression on the RHS we have
G(s(r)-]*x't) = (1P s+ _y)n-s(r) [ (n=s(r))| +

(-)R= 80 (g _ 5 ) =s(r) J(nog(r))]

Consequently we must have (-1)® ~ s(r) g(s(r) - D(x.t) >0
for x,<x<t, amd (-1)"° s(r) +1 g(s(r) =Dy ,4) 5> 0

for X%y £ X <X This completes the proof of inequalities in

r.
(a) and (b) for i = s(r) - 1. Further differentiation of
G(s(r) - l)(x.t) for x <t , a suitable number of times with

respect to X yields the inequalities (d).

The inequalities in (a) and (b) for i = s(r=21)y...ss(r) -2
are obtained by integrating with respect to x sufficient number
of times the inequalities in (a) and (b) for i = s(r) =1
respectively and using G(i)(xr.t) =0y, 1 =8(r=1)yeeeys(r) -2.
This completes the proof of the theorem.

In the following Theorem, we determine the signs of

G(i)(x.t) for 0 < i < s(r - 1) on certain subsets of S,

depending on i,

Theorem 3.3, Let G(x,t) be as in Theorem 3.1y 1l < r< k-1
be fixed. Then we have

(-)n -8 - 1) gy Xy 1 <X <Xy

(1) =
(1) Sgn G'*/(x,t) = (-1)® i if x) ¢x¢< Xy -1

for s8(j-2)<ig 5(3—1) =1y J=Ty =1 eees 3y (x.t)esr
and
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(11) Sgn G(i)(xot) = ()" - s(1) 4, X, €X <X, for
0<1css() -1, (xt)€E S, .

Proofs From (b) of Theorem 3.2, we have
(-1)% ~ s(r - 1) gls(r - 1))(x.t) >0 for (x,t)€ES5,, X <X,

So it follows from

G(S(r"l) -1)(x’t) - G(S(r -1) —1)("1-_1) .t) + f G(B(r-l))(s't)ds
Xr-1

that

(-1)® -s(r-1) if x <X <X

r-1 r

sgn G(8(r=1) =)y 4y -

(-1)R-sr-D*1 yr oy exex, g

X
Now gls(r—1) =2)(x,t) = G(s(r"l)"z)(xr_l, t) +I ols(r=2)-1)g +)as

J"'r--l

and hence

—
(-1)n-slr-1) if x,_q €% <X,
Sgn ols(r=1)=2)(4 4y -

n-s(r-1) +2
L(_-l) if X <X <X, _4

Continuing this process, we obtain after a finite number of integrations,

(r-1)
n-s(r-
(-1) if x <X <x,

-1
Sgn G(s(r "2))(x.t) =< )

n-s(r-2)
L_(_-1) if %) <X <X, _q 0

This proves the conclusion for J =r. Now
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p 3
o(8(r=2)=1)(y +) - g(s(r-2) “Uix 501 + 6{8(r=2))(5, ¢)as
X2
implies by virtue of the conclusion for j = r and the BC's satisfied

by G(x,t) at X =X,_ o, that

F
_ayn=s(r-2)
(-1) if Xpop € X <€ X, _4

sgn 657 =2) =Ly 4) _ <
(-1)n-s(r=2)+1 if % <x<x, _,-

By further integrations, it follows that

r.?-l)n"‘ﬂ'(r"z) if x <X <X
r -2 r-1

Sgn G(i)(x,t) = <

n-1i
(-1) if x < x<x, _,

N

for s(r-3) < i <s(r-2)-1 and hence the conclusion for J=r-1.

The proof for other values of J 1is similar and hence is omitted,

The following corollary is an immediate consequence of Theorems

3.2 and 3.3.

Corollary 3.4, Let G(x,t) be as in Theorem 3.1 and 1 < r <£k-1

be fixed. Then

(1) Sgn G(i)(x.t) = (_1)1‘1—8(!‘) y (Xst) € TI‘ » X, € t
s(r-1)¢<i¢s(r)-1,

6 Vixe) =0, ()€ T » t<x, y 5(r-1) <1 ¢ s(r) -1

and
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G ] (Xst)ESoX?_t. 1:5(}{‘1)'.00'“"1
(1i) Sgn G(i)(x.t) = < (1,2) # (n =1, t)

(1", (x,t)ES, x <t , 4 =5(k=1),eee,n-1.

Sa—

Remark. If n2> k>3 and 1< s(r-1) or i> s(r) -1 then the
conclusion (i) of the above Corollary need not hold, For instance in

the BVP (3.1) , (3.2R) , let n=k=3, n(1) =n(2) = n(3) =1 and

x2 - xl < x3 - xz « Then (x t) (XB .xl) and (x.t) (x3 » xs) e Tz

and 0 < s(1) = 1. However from the definition of G(xX,t) given on page 49
it follows that for X €t<x , G(x5 »t) = (t- x1)2/2 >0 and

G(XB ’ x5) = (x3 -xl) [xz ""xl - (XB —XZ)J < 0,

Corollary 3.5.(Analogues of Caplyrin's inequalitjes) . Let u(x)¢ Cn[xl,xk]

satisfy 'u(nJ(x) >0 for xy ¢ x < x, &nd the BC's (3.2R). Then

(i) Sgn u(i)(x) (-1)%~ s(r) Sgn G(lJ(x.t) for x, < x < Xp 47

Xy £t<x »s(r-1)<ig<s(r) -1 and 1¢r<k-1 and
(ii) Sgn u(i)(x)=(—1)n'i » for X; < x <x, and

Proof, Define h(x) = u(nJ(x) » Xy £x<x. . Then u(x) is the

solution of the BVP y(n) = h(x) and (3.2R). Hence
x

u(i)(x) :j G(i)(x,t) n(t) dt , X) £ X £ X, » which implies
X
1



55

Xr Xk %
ol (x) = ;E 6(x,8) n(t) at +f " olB)x,t) h(t) dat =jk 63 (x,t)n(t) dt.
1 Xn X.

Consequently by (i) of Corollary 3.4 and ihe hypothesis that h(x) > 0

for X, £ x < x, we have for Xp <X <x, ., and s(r-1) ¢4i¢ s(r)-1

that Sgn uu)(x) = Sgn G(i)(x.t) = (-1)2~5(r) for p= lyesask = 1,
Also by (ii) of Corollary 3.4 if s(k-1) < & £n-1 then for

xl <x < xk we have

X (4) Xk %k
WP x) = T 6 Wx,t) n(e) at + [ 6ix,t) ne) at =07 (x,t) n(t) at.
X X X
3(‘5.) ® (1) n-i
Hence Sgn u‘~/(x) = Sgn _S G'"/(x,t) h(t) dt = (-1) .
b &

Remark, The first equation in conclusion (i) of Corollary 3.5 can be
considered as the analogue for k - point right focal BVP's of Caplygin's
inequalities and can also be obtained directly by integ:.-ating with respect
to x both sides of the inequality u(n)(x) > 0 and using the RC's
(3.2R). Thus in the conclusion (i) of the above Corollary, the nonobvious
observation is that u(i)(x) and G(i)(x.t) are of ithe same sign for

Xp €X <X, L9 X Stex »8(r-1)<cic<s(r)-1 and

r:l. ( X RN ] k—ll

Remark, Corollary 3.5 leads us to the following definition and two

conjectures concerning the n - th order differential equation

y(n) - f(xt.‘hu.sy(n - 1)) (1.1)

where f satisfies the following hypotheses,
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A', f 1is continuous on I p'4 JRn

U(n(1)y eees n(k)) R, Solutions of (n(1)yeeepn(k)) right
focal BVP's of (1.1) if they exist
are unique, i.e. if y,(x), ¥o(x)
are solutions of (1.1) such that
Yi(x) - yg(xJ satisfies the BC's
(3.2R) then yl(x)'syz(x) on
[xl’xk]‘
E'. All solutions of (1.1) exist on I .
Definition, A function u = C™(I) is a *(n(l)y, eeey n(k)) -

right focal subfunction' with respect to solutions of (1.1)
on I if whenever u(x) - y(x) satisfies the BC's (3.2R)

where y(x) is a solution of (1.1) then we have

(-0 =50 (u - W) 5 0 (3.10)

on (xrlxr+1)’S(r‘l)iif_S(r)"'I.r:l,....k"l.

In the case n =2 it is shown (Theorem 2,12) that if
u(x) is a lower solution on I then under the hypotheses
A' y U(1,1)R and E' , u(x) is a (1,1) - right focal
subfunction with respect to solutions of (1.1) on I.

Conjecture 1. In the case n=3 , 1 < k<3 arbitrary and
(n(1)y eeey n(k)) a fixed k - tuple satisfying
n(1) + ... + n(k) = 3, does u(x)€ C(I) and
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u'(x) > £f(x,u(x),u'(x),u'(x)) on I imply that u is

a (n(1)y <.y n(k)) - right focal subfunction with respect
to solutions of (1.1) on I where f is such that the
hypotheses A' , U(n(1)y «eey n(k))R and E' are satisfied!

Conjecture2. in the case of arbitrary n and (n(1)y...sn(k))
a fixed k - tuple satisf,ing n(l) + ... + nlk) = n, aqoes
ux) € ¢NI) and um)(x) 2 I(Xy U(X)y eeer u‘n'l)tx)) on I
imply tnat u is a (n(1l), ..., n(k)) - right focal subfunction
with respect to solutions of (1l.1) on i where f 4is such that
the hypotheses A', U(n(1l), ..., n(k)) R,E' and (4) (as stated

on page 2) are satisfied!



CHAPTER 1V

EXISTENCE THEOREMS FOR FOCAL BOUNDARY VALUE PROBLEMS

In this chapter we are interested in the differential
equation (1.1) along with the k - point right focal BC's
(1.2R) and with the '2 - point right focal' BKC's

y(i)(xl) = Y:L i ? i "_"0, eseyp M - 1

(4.1R)
Y(i)(xz) - Yz i ] i =My seep N - 1

where n > 1 is a fixed positive integer , f is continuous

n
on [apb] xR , 1 £m<n is an arbitrary integer and

X1 » %€ [a,b] (xy €%) » y; 4 » ¥, ; are arbitrary real

numbers,

Theorem 4,1 and Corollary 4.2 of this chapter are local
and global existence theorems respectively for the BVP (1.1),
(1.2R). In Theorem 4.4 we give sufficient conditions in terms
of f and some auxiliary functions u , v satisfying certain
inequalities for the existence of a solution of the BVP (1.1),
(4.1R), We also give in Theorem 4.6 , sufficient conditions

entirely in terms of f for the existence of a solution of

the BVP (1.1) , (4.1R).
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Theorem 4,1 (Local existence theorem), Let f£(X,¥s eeos y(n—l )

n :
be continuwous on [a,b] x R , Ny» eoos N be given positive

constants , 0 < Q = max !lf(X.Ys esey y(n-l))l tagx¢<h,

|Y(i_1) | £2N, for lg¢ig nl and w(x) be the solution

of the BVP (1.1) with -£f=0 and (1.2R)., Let & =

1|(n-1+1) .

min { (N|D, Q) l<ign}) where D =D, , .

of inequalities (3.9). Then the BVP (1.1), (1.2R) has a
solution provided a < X; € see <X SDy X =X £ & and

Im(i-l)(x)' < N on [xl.xk] for 1 £4ig<n.,

We omit the proof of this theorem as it is a standard
application of Schauder's fixed point theorem., However, it
may be noted that the estimate for H given in the theorem is
arrived at by using the Beesack type inequalities for
|G(i)(x.t)| s, 1=0, voep n -1 given in (3.9).

Corollarv 4.2 (Global existence theorem), Assume
f(X9¥s oees y(n_l)) is continuous and satisfies

| 2xsys eees YBR[ c8M) for acxcb, |yt en,

£ =0, ooy n=1 where # 2 [0, + ®) —> R is a positive
nondecreasing function satisfying M|¢(M) —> o as M —> o,

Then the BVP (1.1), (1.2R) has a solution.



60

Proof, If we define Q =max {|f(Xy¥y eees y(n"l))l‘.
hypothesis on f we have Q < #(2M). Since by hypothesis

M/#(2M) —> o as M—> o we can choose M so large that

(HIDi.(ZM))ll(n—i+1)>x2-x1 for i:l. seep NN o

Now by Theorem 4,1 the BVP (1.1), (1.2R) has a solution,

Remark 1, In the above corollary if f 4is such that either

a
| £k0ys eeer YR~ < m+ 3 K |y -1 1

(h>0,k1>0 and 0<a; <1, 4i=1y .eepn constants) or

- a
(n—l))l < h+k nnl |yu“)]i

f(x cos
1 'Y D 4 420

(h>0, k>0 .aig_o 9 1 =0, ¢eey n =1 constants with

n-1 n

£ a; <1) holds on [a,b] x R , then the BVP (1.1), (1.2R)
i=0

has a solution.

Remark 2. Remark 1 with the latter inequality holding for
f is same as Corollary 3.2 of [7] where it has been proved

by a different method.
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n
Lemma 4.3, Let u(x)EC [xl.xk] satisfy u(n)(x) > 0 for
X, £x <x,  and the BC's (L.2R) with Yp 4 =0 for all

(r y1)#(1,n(1) -1), (k, n(k) - 1). Further suppose

(-1)2 ~ n(1) ,(n(1) - 1) (x4) 20 and

u(n - 1)(xk) < 0, Then

i) -
(i) Ssgn u( (x) = (—1)n a(r) for X, <X <X, 9

s(r-1)<i<s(r) -1 and 1¢rgk-1

and

(1) n
(4i) Sgn u (x) = (-1) for x < x, and

s(k-1) <ign-1.

(n)
Proof. The inequality u (x) > 0 , the equations

i X (1+1)
u(i)(x) .-..-u( )(xk) + ju( ' (t) at

*x
and the BC's at x. yield

(1) n-41i
sgn u (x) =(-1) for X < Xy »

s(k-=1)ci<n-1,

Again the above equality for i = s(k - 1) , the equations

i x (£ +1)
u(i)(x) = u( )(xk _ 1) +f u ' (t) dt
X -1



n - s(k - 1)
(1) (-1) | for x, _ 4 <¢Xx<Xx
Sgnu  (x) = <
n -
\__S—l) for x <x. _ 4

for all 1, s(k-2)<ic¢s(k=-1)-1,

Repeating this process for each of the intervals
(X _ 0 9 X _9) 5 eee s (x; » x;) and using the BC's
satisfied by u at Xk — 2 # e+ 9 X- respectively, we

arrive at the conclusions of the lemma,

The following theorem is a 2 - point right focal analogue
of Theorem 3.1 of [29]. However in our theorem the function
on the right hand side of equation (1.l1) involves variables
Xy Vs soey y(n = 1) unlike in [29] where f 4is a function
of x and y alone.

Theorem 4.4, Let u, v € c? [xl ’ x2] satisfy the BC's
(4.1R) forall (r,1i)#(1y,m-1) and (2, n-1) and

the inequalities

- -1 -
-1 u(m ) (x;) 2 (- " 1m-12
n-m (m-1)
(-1) v (xl) ’
-1 (n-1)
u(n )(32)$Y2n_15.v (x5)

and



3(1) _ (1) (1)
(-1) [u =-v ](x)>0 on [xl.xz:l for

1."—"0’.0. ’n""l

where
n-m for 0¢<cigm=-1
3(1) =
n-141 for m<i<n-1.
-1
Also suppose u(n)(x) > F(X 9 Yy eoe y(n )) 2 v(n)(x)
(n-1)
forall (X » ¥ » eee s ¥ )EW, where W is given by
(n-1) (1) (1)
W:l(x’Y’lcoiyn ) :xlsx sz ? (“1)3 u (X)?.
i) (4 i) (1
(-l)‘j( ) y( ) ?_ (""1)3( V( )(XJ ’ = 0’ esesgy N — 11.
Then the BVP (1.1) , (4.1R) has a solution y(x) such that
(n-1)
(%, y(x)....-yn (x))EW for xy £X <X o

Proof., Define recursively the functions f = Fo ’ F1 9 soe 3

,=F on [xl.le x R° as follows.



—
(1 -1)
Fi(XOYD--t!Y ’

(1) i+1 - 1)
u (x) ’ Y( ' ). ess 9 Y(n )Ji

(4
(-1)3( )[y(i) _ u(i)(x)] > 0

-1
Fj_(x ? Yy 000 y(n ))l

(n-1) i) (i
. (_1):)( ) u( J(x) N (_l)j(i) y(1) s

Fi +1(x.y.....y

(gy? ) ()

(x)

(1 - 1)
Fi(x ' Y 9 eeen Y ’

(1) (1 +1 -1
v (x), y ’ )a ceoy Y(n ))l

i) (4 i
(-1)3( ) [Y( - v )(x)] <0,

—

The function F so defined is bounded and continuous on

[x1 ,xé] x R" and hence by Remark 1 of Corollary 4.2 for

k =2 there exists a solution y(x) of

) (n-1)
y(n =F(x'Y!-u0Yn )

and (4.1R), Moreover by the definition of F and the inequalities

(n) (n)
satisfied by u (x) and v (x) in the hypothesis , we have

(n) (n-1) (n)

u (X)) 2F(X sy 9 eee s y )2v (x)

on [x » %] x Bin .
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Now we claim that (x , Y(X) » eoe y(n-l)(x)) EW

for X) < X <%, from which it follows that y(x) is a
solution of (1.1). For this let p(x) be the solution of

(n)
y = 1

satisfying the BC's (4.1R) with Yo 4 =0 for all r and {.
Then for each € > 0 , ¢p(x) satisfies all the hypotheses of

Lemma 4,5 with k =2 and hence we have by that lemma

i i)
("'1)3( ) Ep( (X) > 0 on (xl ’ xz) for 1 = O, seep N =1,
Now let
(n-1)
WE’:{(xDY’oo-'Y ).x1<x<x2.
i) (i) J(1) (1)
(-1)3( [u+ep] (x)2(-1)
i (1)
(—l)d( )[v- ep] (x) , =0, eeo y n -1},
Clearly W C WE for each €> 0 and E{;\o "’g = W.
So to prove our claim it suffices to show that
(n-1)
(Xy ¥(X)p eeer ¥ (x)) € W, forall x,x <x¢x

and for each E > O, But this follows by letting

z2(x) = = y(x) + u(x) + gp(x)

h(x) = y(x) - v(x) + gp(x)
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(n)
and noting that in view of the inequalities wu  (x) >
(n-1) (n) n
F(X3Ysesey ¥ )>v (x) on [x0%] x Ry 2(x)
(n) (n)
and h(x) satisfy z (x)>0, h (x)>0 on [x0%,] &
Further all other hypotheses of Lemma Lo3 with k=2 are

Satisfied by z and h and consequently the conclusions (1)

and (ii) of that lemma hold, that is (-l)j(i) z(i)(x) >0
J(1) (4i)
and (-1) h (x)>0 on (xl ’ xz) for 41 =0jeee9n - 1,
' -1
Thus (x.y(x),....y(n )(x)) € W, for all x, X) £X <% .

This completes the proof of the proposition.

Corollary 4.5, The conclusion of Theorem 4.4 also holds if

inequalities u(n)(x) > i‘(x.y.....y(n - 1)) > v(n)(x) on W
are replaced by the hypotheses that u , v are respectively
lower and upper solutions of eguation (1.1) on [xl ’ x2]

where f satisfies

(n-1) (1-1) (1) (i+1) (n-1)
f(x,y.....y ) < f(x!y'--o.y y 2 ' Yy pecery

(1) (1) (1)
for (-1) (y -2z ) <0 and fixed values of

(1-1) (1+1) (n-1)
XYy ee0es Y ' Y ?» ceer Y » 1=0, seey N=-1,
(u(x) € c(I) 4is said to be a'lower solution'of (l.1) on I 1if

ul®)(x) ;f(x,u(x).....u(n"l)(x)) for all x in I and
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v(x) € C(I) is said to be an'uppor solution' of (1.1) on
I if V(n)(x) < F(XyV(X)y eues v(n'l)(x)) for all x 4in I).

Proof. Since u is a lower solution of (1.1) on [xl.:cz]

we have

(n) -1
u (x) 2 f(x'u(x)o vy u(n )(x)) for xl £Xs x2

(n-1
> £(Xy¥ou'(X)y ceey u " )(x)) for x; <X &%

(0
(-1):j )(y-u) <0

. (n-1)
> £(Xs¥recery ) for X £X &% o

i) (1
(_1):)( ) y( ) u(i)) <o,

(

i1 = 0y eeepn-1,

Similarly we can show that

(n) (n-1)
v (x) € £(Xy Yo eeer ¥ ) for X £X <%

i) (1) 1)
(_1)3( (V( - y( ) €0,y 1=0, ¢eepn-1,

Now under the present hypotheses all the hypotheses of

Theorem 4.4 are satisfied and hence the conclusion.

Theorem 4,6, Assume f is continuous and satisfies

-1 -
i‘(x.y.....y(n )) <M on [a,b] x ]Rn ’ r(x.y,...,y(n 1)) > K
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for a<x<b and

(-l):j(i) y(i) _SO ’ 1:‘0. ses p N =1

where J(i) is same as in Theorem 4.4, Then the BVP (1.1) ,

(4.1R) has a solution,

Proof, Without loss of generality assume M > 0 and K < O.
Let u(x) be the solution of the BVP (1.1) with £ = M and
(4.1R). (This solution exists by Remark 1 of Corollary 4,2

with k =2, Now we can write
u(x) = u (x) + o(x)

where u (x) is the solution of the BVP (1.1) with £ — M
and (4.1R) with all Yo 4 =0 and o(x) is the solution of
the BVP (1.1) with f=0 and (4.1R). So by hypothesis it
follows that u(n)(x) > £(XsYs eoey y(n"l)) on [a,b] x R,
Further by L~mma 4.3 with k =2 applied to uo(x) we have
for X <x<x the inequalities

j ) (1) (1)
(-1)'](1)(11 -~ m)(i (x) = (-1)'j u, (x)>o0, (4.2)

i::O.....n-l

Now define constants C; by
(1) (1)

C; = max {{ max(-1) u (x),agcx<bl, o0l

for i:O...-.n—l.
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(n=-1)
Let w]_:l(x.y.....y ) sagx<h,

J(1) (1)
y

(-1) .<_Cio 1=0y ¢ee yn=-11 so that by our

n-1)
hypothesis on f we have for all (x, y, e.., y ) € Wy

(n-1)

that £(Xy ¥y eeey ¥ ) 2 K for some K, < K. Now

if wv(x) is the solution of the BVP (1.1) with £ =K,

and (4.1R), we can show as in the case of u(x) that for

x1<x<x2

j(1) i
(""1)3( (V-ﬁ))( )(X) S0, 1i=0) ¢eepyn-1 (4,3)

(n) (n -1) (n)

Thus we have u (x) > £(X, ¥y eeep ¥ ) > v  (x)

(n-1)
for all (X, ¥y eeey ¥ ) € W, and hence in particular

(n-1)
for all (X, ¥y eeer ¥ ) EW (W same as in Theorem 4.4

with the present choices of u(x) and v(x)) since W W, .

Moreover combining the inequality (4.2) with (4.3) we
see that u(x) , v(x) satisfy all the hypotheses of
Theorem 4.4 by which the existence of the desired solution

follows.

Corollary 4.7, Assume f 1is continuous and satisfies

(n-1) n
£(Xy ¥y oeer ¥ ) <M on [a.b] xR , Let ¢

(1 - 1).

satisfy f£(Xy ¥» eees y(n- 1)) 2 i‘(x. Yo eees ¥
A1) y(j: +1) L, f BTy g (A1)3(R)((0) 1)) ¢ o



and fixed values of X, y, ..., yit = 1), (4 + 1, ..., y2-1),

1 =0y eeep n =1, Then the BVP (1.1), (4.1R) has a

solution.
(1)
Proof, Fora <x < b and (--Zl.):j y(i) <0,
1 =0y ¢eey N =1 we nave
(n-1) (n-1)
£(x, Yy ey ¥ 2 f(x, Oy ¥'y ceey y

(n-1)
?_f(xl 0’ OOY ] ..-p}'

> f(Xy 0y eeey 0).

Let K=min{ f(x, 0y ¢oo, 0) @2 <x< b}, Hence we have

(n-1)
f(Xy ¥y eoer ¥ )>K for a<x<b and

J(1) (1)
-1) Yy <0, i=0y ¢ee9 n -1, Now the conclusion

(

follows from Theorem 4,6,

Theorem 4.8, Assume f is continuous and satisfies

£(X) ¥y ooy YR 1) >% on [ab] x B"y £(xX, ys a.ny y(B~1)) <K
for a<x<b and (—1)3(1) y(“ 20,y i=0y veepn-1

where J(i) 4is same as in Theorem 4.4. Then the BVP (1.1),

(4.1R) has a solution.
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The proof of this theorem is similar to the proof of
Theorem 4,6 and hence is omitted.

Corollary 4.9, Assume f is continuous and satisfies

f(x.y,....y(n - 1)) >M on [a,b] x ﬂfl. Assume f satisfies
f(xqu--lY(n - 1)) < f(x'Yn--vY(i - lJ’ Z(i) ’ Y(i * l)nuy(n_l))
for (-l)j(i)(y(i) - z(i)) > 0 and fixed values of

(1-2), (1+1)

X9sYseoer Y ) Y(n- 1)’ i=0y) seep n-1.

Then the BVP (1.1) , (4.1R) has a solution.

This Corollary follows from Theorem 4.8 in the same

way as Corollary 4,7 followed from Theorem 4.6,



CHAPTER V

SOME SPECIAL TYPES OF BOUNDARY VALUE PROBLEMS

In this chapter we consider the aifferential equation

¥ = 2x, yy eeny yW) (5.1),
along with the BC's
Y(i)(xl) = Ci y 1 = Oy ¢veep n=-2
(5.2)
y(r)(xz) =d d
and
yr(xl) - d
(5.3),

¥ Hix,) = ¢, »1=0, saey n-2

m+l
where f is continuous on [a,b] x IR , m and r are

arbitrary but fixed positive integers satisfying
Og<mg<r¢<n-1, a<X) <X, ¢£b and cjy esepCp _ 5,1 dER

are arbitrary.

In the following two theorems we give sufficient conditions
in terms of monotonicity of f which imply uniqueness and
existence of solutions respectively for the BVP (5.1)m ’ (5.2)r .
In fact in Theorem 5.1, we prove the uniqueness for the more
general BVP (5.1), _; » (5.2), where 0¢r¢<n=-1 is
arbitrary but fixed.



(£]

Theorem 5.1. Consider the BVP (5.1), _ 7 (5.2)r « Assume
f 4s continuous on [a,b] x R" and is nondecreasing in y(i)
for fixed values of x.;,r......y“L - 1), y(i *1), .., y(n - 1)
for 1 =0y «eey n -1, Also assume that solutions of IVP's
of (5.1), _, are unique. Then foreach r, 0g¢rgn-1

a solution of the above BVP if it exists is unique.

Proof, We first prove the theorem for r =n - 1l. Suppose

u(x) , v(x) are solutions of (5'1)11 -0 (5.2)n -, and

u(x) s£v(x) on [xl.xz]. Since solutions of IVP's of

(5.1), ., are unique we have un - 1)(x1) % vin - D(xl).
Without loss of generality assume thet u(n - D(xl) > v(n - n(xl).
Let h(x) = u(x) - v(x)» Then we have that h(xl) = h'(xl) = eee =
h(“ - 2)(x1) =0, n(n - 1)(xl) >0 and BP” 1)(xz) = 0. Let
x°=Ini‘ix:x1<x_<_x2 such that h(n'l)(x).-:ol.

This implies h(n - 1)(xo) = 0. Further h(n - n(x) > 0 for

<x<x . Forif n(® = 1)(x1) <0 for some x',

Xy 0

Xy < x' < X, then this along with h(n - 1)(x1) > 0 implies
pln = 1)(x") =0 where X, < x" ¢ x' . This contradicts the

definition of Xy o
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Now using h(r1 - 1)(x) >0 for X) £x < x, together

with the conditiomssatisfied by h at X, we have

a8 (x) = nd)(x)) +§ W44 1(4) 465 0 for 1= n-2..40.
1

This implies u(i)(xJ > v(i)(x) for i =0y 4eey n=-2,

Xy £x<x, . Now for Xy <X £ x, we have

h(n)(x) = u(n)(x) - v(n)(x)
= i‘(x,u(x)....u(n_l)(x)) - f(x.v(x)....v(n_l)(xn

[£Cxou(x) e pul P (x)) = £0x,v(x) yu (x)10 = D(x))]

+ L ] ] L] L]

+ [f(xn'(x)....v(n"‘?)(x).u(n'l)(x))-i‘(x.v(x)....v(n'l’(x))]
> 0, by the hypothesis on f,

Hence B(%~ V(x) = n(8 = Vix) + T (1) at 5 nl® - Vx5 0
X
1

for x; < x ¢ x, which implies h(n - l)(xo) > 0, a contradiction,

This completes the proof for r=n- 1,

Now let 0 < r<n-1 be arbitrary but fixed and suppose
u and v are two solutions (u#v) of (5.1), _ 19 (5..2)r .
Let w(x) = u(x) - v(x). Then we have w(i)(xl) =0,
1 =0y ey n-2 (w'? ~ l)(:acl) =% 0 by the uniqueness of



solutions of IVP's) and w(r)(xz) = 0., By applying Rolle's
theorem repeatedly to w(r)(x) on [xl.xz] we obtain points.

x1<tn—r-1< vee <1:1<x2 such that w(r+ l)(tlJ =0,y

- 1) = 0. This implies by the earlier

part of the proof that w(x)=0 on [x;, t ;J end in

n-r-

particular we have w(n - 1)(xl) =0 , a contradiction. This

completes the proof of the theorem,

We now state a lemma due to Kolmogorov [22], which is useful

in the proof of Theorem 5.2.

Lemma KO. Given M > 0 , [c,d]JC R, y e C[cyd] an arbitrary
function with the property that |y(x)| <M and

Iy(n)(x)l <M on [c,d] then there exists a constant K > 0
depending on M and d - ¢ such that |y(r)(x)| <K on

[cyd] for 1<r<n-1,

Theorem 5.2. Let 0 <¢mg<n-1 be fixedy r(mgrgn-1)
be arbitrary but fixed. Assume f in equation (5.1)m is
contimuous on [a,b] x R® 7 1 and solutions of IVP's of
(5.1), are unique. Also assume that f is nondecreasing in

(1 - 1)' y(i + 1)' (m)

y(i) for fixed values of X , Y, ece0 y eey Y

i1 =0y eesy me For fixed values of X190 X9 Cgo sees Cp _ 5
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let S(% +r) =l 7€ R ¢ y(x) is a solution of (5.1), and
(5.2), with d =7 §, Then for each %, 8(%,r) =3 or IR. If

£(Xy 0y 420y 0)=0, a<x<b then S(x» r) = R,

Also in case S(xz. r) = R, the solution satisfying
(5.1) » (5.2),, 1is unique.

Proof, To show that S(x, ,r) = § or R, it suffices to
show that S(x,,r) is both open anu closed. To show that

S(x,»r) 1is closed, assume thet 1dj $ J> 1l 4is a sequence
in S(xz.r) with d':1 —> d, . We show d, € S(xz.r).

Let {y.} ©be the sequence of solutions of (5.1)_ on

J m

[xl.xz] with ygi)(xl) =¢j» 1=0y ¢esy n-2 and
ygr)(xz) = d'_j » J 2 1. Without loss of generality we can

assume {ddl is strictly increasing to d, » i.e.

d, < dj < d‘_) +1 <d, » Now we assert that for each j> 1,

-1 (n-1) (n-1)

nt P cvyt T P <yt Py (5.4)
(n-1) (n-1)

If yy (xl) = ¥y (xl) then by uniqueness of

solutions of IVP's we have yl(x):_—-yj(x) on [xl,xz] and

(r) (r)
in particular y; (%) = Yy (x,) » a contradiction. Similar
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contradiction can be obtained if ygn ) 1)(x1) = y;n+-il)(x1).
(n-1) (n-1
On the other hand if ) (xl) > Yy )(xl) then there
-1 -
exists x' , X, < x' < X, such that yin )(XJ > ygn l)(x)
-1 -
for X, < x < x' by continuity of yin )(x) and ygn U(x).
Now for X, € x < x!
(n -2) (n - 2) X (n-1)
¥, (x) =y, (x) +J » (t) at
X
(n - 2) x (n=-1)
=Yy xl) + 5‘;1 ¥, (t) dt
(n-2) x (n-1) (n-2)
>y (x;) + [ y (t) dt =y (x).
J 1 Xy J J

On répetition of the above argument for lower order derivitives

(1) (1) .
it follows that y, (x) > Yy (x) for X) €xX<Cx

i=v ¢eep n=3, Inparticular dl < d‘j implies

(r) (r)
y; (x'") = Yy (x" ) for some x' , x' < x"c¢ Xy« Hence
by the uniqueness of solutions of (5.l)m ’ (5'2)1' we have

yl(x) Eyj(x) on [xl.x“] which implies, yl(n -1) (xl) =

y d(n - 1)(::1) s @a contradiction. A similar contradiction can
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(n-1) (n-1)
be obtained if 2 (xl) > Y541 (xl). This proves the

assertion (5.4).

The inequalities in (5.4) imply by the uniqueness of

solutions of (5.1)_ , (5.2) _; that y:(ln-l)(x) < ygn_l)(x) <

(n-1)
Yy41 (x) for X) €X <% . Also for x; <X <X, we have

(n-2) (n-2) x (n-1)
Yy (x) = yy (%) + [ yln (t) dt
X
(n-2) (n-1)
=Yy (x;) + _’[( yln (t) at
X3
(n-2) x (n-1) (n -2)
<y, )] v (8) at = vy (x).
1
(n-2) (n-2)
Similarly we can show 2 (x) < Yy 41 (x) for
(n-2) (n -2)
Xy € X £ X5 Thus we have 2] (x) < Y3 (x) <
(n-2)

Yy 41 (x) for X, € X <X, . Bya similar reasoning for

derivatives of lower order we can show that

i) (1) (1)
yi (x) <yy (x) <yy,4(x) for ) <x<%,i=n=3,.,0
(r +1) (r+1) (r+l)
This implies in particular y, (x) < 2 (x) < Yi41 (x),

X, <X <X, in case r<n-1. Incase r=n-1, we have

for X, <X <%
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(n) (n) -
Yl (x) - YJ (x) = £(x, Yl(XJp ecep y;n(x) l)J""
£(x, Y5(X)s ooy y;axs 1 )
-1
= [I(x. yl(x), Y Y](_n(X) ‘ ) —
(n-1)

£(x, Ya(x)n Yi(x)s seer ¥q (x) )]

+ (NN ] + LN ] +

(n~-2) -1
+ [£(x, yd(x). coey an (x) , yin )(x)) -

(n - 1)
f(x, YJ(X). ey de(x) )]

< 0 by the monotonicity of f,

(n) (n)
Similarly we can prove that Yy (x) - Y541 (x) € 0 for

(n) (n) (n)
X €X<% o Thus y (x)s,y'j (x),s,y:],,:L (x) for

(r) (r)
Xy < X £ X o So in any case we have (Yj (x) - Y, (x)) is

a nondecreasing function of x for X €X &%, ie.

(r) (r)
0 < y; (x) -y (x)gdd-d1<d°-d1=M (say). This

implies for x; X <% and J21
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(r-1) (r-1) ¥ ()
0 <y (x) =y (x) = 5[ (yar (t) - yir)(t)) dt

p 4
< [ Mdt
*
<M(x—x1)
<M(x2-x1) .
Hence we have for X £X<X% and J21
(r-1) (r-1) (r-1
Yy (x) < vy (x) < M (x, - x) +y1r )(x)

By further integrations zirom Xy to X o1 the above inequalities

it can be shown that for x; < x ¢ x, and J>1

(1) (1) r-1i (1)
v () gyy (x) cM (% ~-x) +y, (x) »1=0, e0uy .

(1)
Now for each i 4, 0 < i < r we have | 2 (x) 3} 4is uniformly

bounded on X, £ X £ X, wvhich in turn implies that

m) n
{£(x, ya(x), cees Vs (x))} and consequently | 2 (x) } are
uniformly bounded on X; £ X £ X, since m < r. Hence

by Lemma KO and Kamke's convergence theorem (Theorem 3.2, p.14,

[11]) there exists a solution y(x) of (5.1),, such that

(1) (r)
y (%) =¢cg +1=0y.ecrn=-2,y (x)=d, which implies

that d € S(x,,r) and hence S(x,yr) is closed.
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Now we will show S(%,»r) is open., If S(x5r) = §
there is nothing to prove. So assume that S(x,sr) # § and
let B e S(x,,r) so that there exists a solution y(x) of

b
(5'1)m satisfying y( )(xl) =C 931 =0y eeepn=-2 s

y(r)(xz) =8B, Consequently there exists an ¢ > 0 such that

(1)
all solutions z(x) of (5.l)m which satisfy z (xl) =€y »

(n-1) (n-1)
1 =0y eeepyn=2 andly (xl)-z (xl)'c & have

maximal intervals of existence (depending on z(x))::[xl.xz].

(n-1)
Now define A ={ 7e R |y (%) =7 | <€} and

(r)
T:A&—> R such that T(7) = 2 (xz) where 2z(x) is the

(1)
solution of (5.1) on [xl.xz] satisfying z (%) = ¢; »

i=0, ...,n-Z; z(n-l)(xl)=7o

T is well defined since solutions to IVP's are unique
and T 4is 1 -1 by the uniqueness of solutions of (5.1)m ’
(5.2)r . Further T is continuous, for if [73 tj>0lc a

(r)
and 73 —> 7, then T(?d) = zjr (xZJ where zj(x) is a

(1)
solution of (5.1); on [x,,x,] satisfying zy (X)) = ¢4

(n-1)
1 =0y eeep n-23 2, (xl)='rd.:1_>_0. Hence by



Kamke's convergence theorem (Theorem 3.2, P14 [11]) and

(r) (r)

uniqueness of solutions of IVP's we have 2 (x) —> z,

(x)
r

uniformly on [xl.le. In particular zg )(xz)-azc(,r)(sz.

Thus we have T(‘rj) —> T(7,) 4mplying T is continuous.

Hence by Brouwer invariance of domain theorem it follows that

T is an open mapping and T(4) = S(x,sr) 4is open.

Finally f£(x, Oy ee.y 0)=0 implies 0 € S(x,»r) and
hence S(x2 r) = R, The last conclusion of the theorem follows

from Theorem 5e 1.

The next theorem is the analogue of Theorem 5,2 for the

BVP (5.1); » (5.3)r .

Theorem 5.3, Let 0<m<n-1 be fixedy r(m<r<n-1)

be arbitrary but fixed. Assume f in (5.1), 4is continuous
. )

on [a,b] x Rr" 1 and solutions of IVP's of (5.1); are

unique. Also assume that f is such that

(1-1), (8, (1+21) ()

£(Xy Yy eoer Y(m)) < £(Xy ¥ eoes ¥ 2

for ()7 1 (y(i) - z(i)) €0y i =0y eoeyp ms For fixed values
of Xy 9% 9 Cy 9 eee 9 Cp_ o let S(xz.r) =l7egR: y(x)

is a solution of (5.1)m and (5‘3)1- with d =7 }, Then



S(x5sr) = & or R . If £(xy) 0, su0ey 0)=0, & <xX<b
Then S(xz.r) = R, Also in case S(x,»r) = R the solutions

satisfying (5.1) (5.3), 4s unique.

The following corollary is a special case of Theorem 5,2
for n=2 and m=r =1, Beiore stating this corollary we
recall the following theorem due to Lees [25] and Bebernes [3]

and which can also be found in [15].

Theorem L (Corollary 4.19, [15]). Assume £(x,y,y' ) is
nondecreasing in y on [a,b] x R for fixed X, y' and

satisfies a uniform Lipschitz condition witl respect to y!
2
on [a,b] x R . Then the BVP (2.1), (2.2€C) has a unique

solution,

Corollary 5.4, Assume f(x,y,y') is nondecreasing in y
for fixed Xx,y' » nondecreasing in y' for fixed X,y
on [a,b] x JRZ , I satisfies a uniform Lipschitz condition

with respect to y' on [a,b] x R° and solutions to IVP's
of (2.1) are unique. Then the BVP (5.1), » (5.2); for
arbitrary X, » X, (agx <% ¢ b) and c,» d is uniquely

solvable.
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Proof. Given x, , X, , ¢, by Theorem L the BVP (2.1)
and y(x,) = Cy 9 y(xz) = 0 has a solution y(x) implying

y'(xz) E S(xz.l). Hence S(xz.l) =R,

The following examples show that if the hypothesis of
monotonicity of f is not satisfied, the conclusion of

Theorem 5.2 need not hold.

Examrple a., In Theorem 5.2 let n=2, m=0, £f(X,y) ==y,

[a.b] :[0.11']2] s X, =0 .xz =n/2 , °o=0 and r = 1.
This example satisfies all the hypotheses ot Theorem 5.2 except

the monotonicity property of £ in y on [0,m)2]. HKowever
any solution of the differential equation y" = - y satisfying
y(0) =0 4is of the form y(x) =C sinx , where C is an
arbitrary constant. “hus S(nj2, 1) = {0} # & or R.

Example b, In Theorem 5.2 let n =3, m =1, £(X,y,y') == y'
[&.b]:[O.njzl’x1=0.x2=ﬂ]2pco=01=0.r=2.
This example also satisfies all the hypotheses of ineorem 5.2,

except the monotonicity property of £ in y' on [0.n|2].
Moreover all solutions of the differential equation y"' = - y'
satisfying the conditions y(0) = y'(0) = 0 are of the form
y(x) = A(1 - cos x) where A is an arbitrary constant. Hence

S(nlz » 2) = {0} , thus violating the conclusion of the theorem.

*E%



REFERENCES

[1] A.R. Aftabizadeh and J. Wiener, On the solutions of

[2]

[3]

(4]

[5]

[6]

R.P,

J. W,

P.R,

w. A.

K.M.

third order nonlinear boundary value problems,
Trends in the theory and practice of nonlinear
analysis, V. Lakshmikantham (Ed), Elsevier
Science Publishers B.V. (North-Holland), 1985,
1l-6.

Agarwal, Some new results on two point problems
for higher order differential equations, Funkcial
Ekvac 29 (1986), 197 - 212,

Bebernes, A subfunction approach to boundary
value problems for ordinary differential equations,

Pacific J. Math. 15 (1963), 1053 - 1066.

Beesack, On the Green's function of an N - point
boundary value problem, Pacific J. Math, 12 (1962),
801 - 812-

Coppel, Disconjugacy, Lecture notes in Mathematics,
220, Springer - Verlag, New York (1971).

Das and A.S. Vatsala, On Green's function of an
N - point boundary value problem, Trans. Amer.

Hath. Soc- 1& (1973)' h69 - hBo.



[7]

[9]

[10]

[11]

[12]

[13]

86

P.W. Eloe and J. Henderson, Nonlinear boundary value
problems and a priori bounds on solutions, SIAM

Jour., Math. Analy.15 (1984), 642 - 647.

G.B., Gustafson, A Green's function convergence Princi-
ple, with applications to computation and norm
estimates, Rocky Ntn. Jour. Math. 6 (1976),

L57 - 492,

P, Hartman, Unrestricted n - parameter families,

Rend. Circ. Mat. Palermo (2), 7(1958), 123 - 142,

~— s On n - parameter families and interpolation
problems for nonlinear ordinary differential
equations, Trans. Amer. Math. Soc., 154 (1971),
201 - 226.

e o Ordinary Differential Equations, Wiley,
New York, 1964.

J. Henderson, Existence of solutions of right focal
point boundary value problems for ordinary differ-

ential equations, Nonlinear Analysis, TM and A.5
(1981), 989 - 1002.
——— , Uniqueness of solutions of right focal point

boundary value problems for ordinary differential

equations, Jour. Diff. Eqns. 41 (1981), 218 - 227,



87

[14] —— , Existence and unigqueness of solutions of right
focal point boundary value probléms for third and
fourth order equations, Rocky Mtn. Jour. Math. 2
(1984), 487 - 497,

[15] L.X. Jackson, Subfunctions and second order differential
inequalities, Advances in Mathematics (1968), 307 -363.

[16] —— , Boundary value problems for ordinary differential
equations, Studies in ordinary differential equations,
J.K. Hale (Ed), MAA studies in Mathematics, Vol.l4.
Mathematical Association of America, Washington,
DC (1977), 95 - 127,

[17] L.X. Jackson and K.W. Schrader, Comparison theorems for

nonlinear differential equations, Jour. Diff. Eqns.

3 (1967), 248 - 255,

[18] —— , Subfunctions and third order differential in-
equalities, Jour. Diff. Eqns. 8 (1970), 180 - 194,

[19] —— , Existence and uniqueness of solutions of boundary
value problems for third order differential equa-

tions, Jour. Diff. Eqns., 9 (1971), 46 - 54,

[20] G. Klaasen, An existence theorem for boundary value
problems of nonlinear ordinary differential
equations, Proc. of Amer. Math. Soc., 61 (1976),

81"84.



[21] ——, Differential inequalities and existence theorems

for second and third order boundary value Problems,

Jour, Diff. Eqns. 10 (1971), 529 - 537.

[22] A.N, Kolmogorov, On inequalities between upper bounds

[23]

[24]

[25]

[26]

[27]

of consecutive derivatives of an arbitrary function
on an infinite interval, Ucen. Zap. Moskov. Gos.
Univ. Matematika 30 (1939), 3 - 13 ; English
Transl., Amer. Math. Soc. Transl. (1) 2' (1962),
233 - 243,

A. Lasota and M.A. Luczynski, A note on the uniqueness
of two point boundary value problems, I Zesyty
Naukowe UJ, Prace Mathematyezna 12 (1968), 27 - 29,

A. Lasota and Z, Opial, On the existence and uniqueness
of solutions of a boundary value problem for an
ordinary second order differential equation,

00110q. Math. 18 (1967)) 1l - 5-

M. Lees, A boundary value problem for nonlinear ordinary
differential equation, J. Math. Mech. 10 (1961),
423 - 430,

Z, Nehari, On an inequality of P.R. Beesack, Pacific

A.C. Peterson, Existence - uniqueness for focal boundary

value problems, SIAM Jour, Math, Analy, 12 (1981),
175 - 185.



[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

89

—— y Green's function for focal type boundary value

problems, Rocky Mtn. Jour. Math. 9 (1979), 721 - 732.

K. Schmitt, Boundary value problems and comparison
theorems for ordinary differential equations,
SIAM Jour. Appl. Math. 26 (1974), 670 - 678.

K.W, Schrader, A note on second order differential
inequalities, Proc. Amer. Mzth. Soc. 19 (1968),
1007 - 1012,

— Existence theorems for second order boundary
value problems, Jour. Diff. Eqns. 5 (1969),
572 - 584,

K. Schrader and S. Umamaheswaram, Existence theorems

for higher order boundary value problems, Proc.

Amer, Math, Soc. 47 (1975), 89 - 97.

S. Umamaheswaram and M. Venkata Rama, Focal subfunctions
and second order differential inequalities, Rocky
Mtn. Jour. Math. (to appear).

— o Green's functions for k - point focal boundary
value problems, Jour. Math. Analy. and Applications.
(to appear).

- 5 Existence theorems for focal boundary value

problems (submitted for publication).



