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Chapter 1
INTRODUCTION

In this thesis we present an alternative approach to the study of exactly solvable
and quasi-exactly solvable (QES) problems in quantum mechanics. This approach,
known as quantum Hamilton-Jacobi (QHJ) approach, [1] has been found to be an
elegant and simple method to determine the energy spectrum of exactly solvable
models in quantum mechanics. The advantage of this method is that it is possible to
determine the energy eigen-values without having to solve for the eigen-functions. In
this formalism, a quantum analog of classical action angle variables [2] is introduced.
An exact quantization condition is formulated as a contour integral, representing the
quantum action variable, in the complex plane. This exact quantization condition
has been utilized for determining the energy eigen-values for one dimensional and
separable systems. The quantization condition represents well known results on the
number of nodes of the wave-function, translated in terms of logarithmic derivative,
aso called quantum momentum function (QMF). The equation satisfied by the QMF
is a non-linear differential equation, called quantum Hamilton-Jacobi equation leads
to two solutions. A boundary condition  in the limit # — 0 QMF tends to the
classical momentum - is used to determine physically acceptable solutions for the

QMF. The application of QHJ to eigen-values has been explored in great detail by
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Bhalla et al [3/4].

In chapter 2 we review QHJ method and, by means of an example, we show how
eigen-values are calculated without the need to obtain the full wave function. Briefly,
this is possible because for the implementation of exact quantization condition one
needs the knowledge of the singularities of QMF and the residues. The residues are
easily computed by substituting only a few terms of the Laurent's expansion in the
QHJ equation.

In chapter 3 we show how to calculate bound state wave functions in the QHJ
formalism. For this purpose, again, one only requires knowledge of singularities of
QMF and the corresponding residues. The technique to calculate residues is already
available from earlier works and these are used for obtaining the bound state wave
functions. In this process we clarify certain assumptions which are needed, and
are found to be correct, for al the exactly solvable models which we have studied.
As a by-product of the study of the bound state wave functions we have another
way of obtaining the energy eigen-values. In this chapter we present details of our
calculation for harmonic oscillator, hydrogen atom, Poschl Teller, Morse and Eckart
Potentials, while details of some other potentials can be found in [5].

In chapter 4 we take up astudy of the QES potential models [6] in one-dimension.
These models have been extensively studied using Lie algebras. The QES mod-
els have the property that a part of the energy spectrum and corresponding wave-
functions can be computed exactly if the potential parameters satisfy a constraint
known as the condition for quasi exact solvability. We study severa QES models
within the frame work of QHJ method. In each case we show that the condition for
quasi exactly solvability follows from a very simple assumption about the behavior

of QMF at infinity. Our assumption is equivalent to assuming that, after a suitable
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transformation, the QMF reduces to a rational function of the independent variable.
For all the known QES models, the quasi-exact solvability condition can be derived
in this fashion [7].

In chapter 5 we study the wave function of quasi exact solvable models and present
details of our calculation for sextic oscillator and hyperbolic potential. We find that
obtaining eigen-values and eigen-functions does not require any new technique other
than those given in chapter 3 for the exactly solvable models. However, this study
reveals an interesting property of QMF for the bound states of quasi exact solvable
models. This result concerns the zeros of the bound state wave-function in the
complex plane. In the case of exactly solvable models, the moving poles of QMF
appear only on the real line and al such poles correspond to the nodes of the wave-
function. The number of such poles increases with energy in accordance with well
known theorems on the number nodes of the wave-function. In the case of QES
models dl the bound state wave-functions, which are computable algebraically and
also by our method, have complex zeros in addition to the real zeros corresponding
to the nodes. In fact we find that for a given QES potential all such wave-
functions have the same number of zeros if we count all real and complex
Z€eros.

In the last chapter, we give a summary of our work as well as some directions for

further investigations within the QHJ formalism.



Chapter 2

QUANTUM
HAMILTON-JACOBI
FORMALISM

In this chapter, we summarize the main results of the Hamilton-Jacobi theory in
classica mechanics and the QHJ formalisin to be used in this thesis. In section
3 a quantization condition is given, which is exact for one dimensional system and
separable systems in higher dimensions. In section 4 the connection of QHJ formalism
and Schrodinger quantum mechanics is spelled out and in the last section of this
chapter an example of computation of eigen-values within the QHJ formalism, and

without solving for wave-functions, is given.

21 Classica Hamilton-Jacobi Theory

The phase-space formalism of classical mechanics gives us freedom to introduce a
pair of cannonical variables (Qy, P;) which are functions of a given starting set of
variables (qx,px). The Hamiltonian form of equations of motion is preserved if the
transformation is cannonical in the sense of preserving Poisson brackets. This free-
dom is utilized in the Hamilton-Jacobi theory to give a formal solution of classica

mechanical problems by making a transformation, so that the Hamiltonian becomes
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constant.
In the Hamilton-Jacobi theory we look for a function W(g;,Pi), which generates
the desired cannonical transformation making the Hamiltonian a constant. The

transformation equation relating the old and new cannonical variables are

W oW
= ) — — T
= %= gp (2.1.1)

and the requirement, that the Hamiltonian in terms of new variables be a constant

ay, gives a partial differential equation for W (g;, I%):

W
u( : ),—m. (2.12)

i ag;
This equation is the Hamilton-Jacobi equation. The function W(g;, I%)is known
as the Hamilton's characteristic function. It is well known that a solution to the
Hamilton-Jacobi equation is equivalent to full solution of Euler Lagrange equations
of motion [2].

In general W (g;,l%), which is a function of ¢; and P, can be taken to be a function
of ¢;'s and constants of motion «y, ass * ¢, by identifying the new momenta P; with
the constants of motion &, where ¢ is the total energy of the Hamiltonian.

For the purpose of finding the frequencies without solving the equation of motion

completely, action variable J; is introduced by

oW iy G, Gy 0 7, Uy
Ji= ¢ W0, s0n) 2.13)

Ay
where the integral is over a periodic orbit. The action variable J; are functions of
the constants of motion «; and one can eliminate «;’s in favor of the action variables
Ji. In particular the Hamiltonian, H = «;, can now be expressed in terms of action

variable J;

H = H(h, oy, T) (2.1.4)



CHAPTER 2. QUANTUM HAMILTON-JACOBI FORMALISV 8

The generdized phase-gpace variable conjugate to J; are known as the angle

variable w; and are given by the transformation equations

O CTLLAL P e (215)

where the »;’s are a st of constant functions of the action varigbles. The equation
has the solution
w; = vt + fi (216)

The constant »; are just the frequencies associated with the periodic motion, and
8i's are constants of integration. This formaism (2.1.6) then gives, the frequencies of
periodic motion. The semi-classicd Bohr-Sommerfeld quantization rule is obtained
if we require that the action-variables are integral multiples of Planck's constant.
We will now summarize the QHJ formalism and give an exact quantization rule
and its relationship with Schrédinger formalism. We will first give the QHJ equation
for one dimensional system which can be eesily generdized for a separable system in

sverd dimensions.

22 Quantum Hamilton-Jacobi Equation

In the quantum theory, one assumes the generating function W(x, E) stisfies

i o2

s 2 (e | AW (+ FY1°
Iia Wz, E) @ [rﬂ’l (();, L)_] =E-V(z) (22.1)

which will be called the quantum Hamilton-Jacobi (QHJ) equation. The momentum

function
oW (z, F)

p(z, E) = 7

(2.2.2)

will be called the quantum momentum function (QMF). In thelimit # — 0 the QHJ

equation goes over to the classical Hamilton-Jacobi equation (2.1.2). Also the QMF
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tends to classicd momentum function

p(z, E) "8 pu(z,E) = [E - V(z)]} (2.2.3)

Fom (2.2.1) it is seen that the QMF satisfies the following equation
p*(z, E) —ihy'(z, E) — [E - V(z)] = 0 (2.2.4)
This equation will dso be referred to as the QHJ equation.

2.3 Exact Quantization

2.3.1 Boundary condition

The QHJ equation (2.24) is a non-linear differentia and will give rise to two o
Iutions. We need to establish a boundary condition to sdect physicdly acceptable
solution. We first summarize the origina boundary condition proposed by Lescock
and Padgett. We state the boundary condition, which will complete the definition
of the QMF p(X,E) in terms of the classcd momentum function py(z, E). The
classicd momentum function p.(z, E)defined by (2.2.3) is a multi-valued function
of pg is sected by the following rule;

The turning points z; and z, are defined by the vanishing of pu(z, E) ie by
palzi, EY= palze, E)= 0. The complex x plane on which p,(z, E)is defined, is
given a cut connecting the two branch points, i.e, acut from z, t0 z. py(z, E) is
defined as that branch of the square root, which is positive aong the bottom of the
cut.

With the above definition of the classica momentum function p,(z, E),we state
the physica condition which completes the definition of the QMF p(z, E) as.

plz, E) A palz, E) (232
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Requirement (2.3.1 ) has two interpretations: (1) as a form of the correspondence
principle and (2) as a boundary condition on p(x, E).

The boundary condition given above is easy to implement only for very smple
potentials because pu(z, F,) = m:r) will in general have several branch points,
and the correct branch need to be selected. For this reason, we will impose other
condition to select the solution. Several possibilities exists for an alternate condi-
tion. For example, the square integrability of the bound state wave-function is one
such requirement. Some other conditions, useful in the context of super symmetric

potentials models, can also ve written down [4].

2.3.2 Exact Quantization Condition

Having introduced the QMF p(x, E), we define the quantum action variable by gen-
eralizing the classical definition. The classical action variable can be defined as the

integral

1 "
7 fn{ pei(z, E)dz

where the integral is around a closed contour C. The contour C encloses the cut of
palz, E) which runs between the turning pointsz, and z..

Following the above definition, we define the quantum action variable by

1
J=J(E)= pym jv;p(I,E)dy: (2.3.2)

where p(x, F) is the quantum momentum function, and C is the contour defined
immediately above.

The définition (2.3.2) connects the action-variable eigen-value J to the energy
eigen-value E. In order to use (2.32) it is necessary to obtain the eigen-values J.
Equation (2.3.1) and (2.3.2) imply that p(x, E) has poles of resdue — ik on Re x-axis
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between the turning pointsz; and z. For the ground state, first excited state, second
excited state <« e, p(x, E) has zero, one, two < ¢ ¢, poles respectively in the potential
well. The number of poles of p(x, E) in the potential well gives the excitation level

of the system. Since these poles of p(x, E) are enclosed by the contour C, we have
J=nh = JE) (2.3.3)

where n = 0,1,2, ¢+, and E is the energy eigen-value that is correlated with the
values of nh for .7.

Equation (2.3.3) can be inverted. Thus one has

7=JE) o E-=EQ) (2,3.4)
24 Connection with Schrodinger Equation

To bring out an equivalence between the QHJ equation and the Schrodinger equation,
Leacock defines the wave-function as

Y(z, F) = exp (;11-"(32, E)) (24.2)

L

The wave-function (z, E) satisfies the correct Schrodinger equation and the appro-
priate physical boundary conditions. That the wave-function satisfies the correct
Schrodinger equation can be seen from the above definition and the QHJ equation
for W(x,E). The wave-function for the bound states in one dimension has nodes
whose number increases with energy; the wave-function for the nt*excited state have

n nodes in the classical region. Since the QMF is

p(z, E) = —ih %r%) (2.4.2)

these nodes are reflected as poles in the QMF and the residue of QMF at each pole

is— th.Therefore, if we take a contour integral

j{; plz, B)dz,
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along a contour enclosing the poles of QMF corresponding to the nodes of the wave

function, we will have
# p(z, EYdz = 271 [sum of the residues] = nh (2.4.3)

This quantization condition along with the singularities and knowledge of residues
of QMF is sufficient for obtaining energy eigen-values for exactly solvable models.

For other models, approximation schemes can be developed.

25 Singularities of QMF

The QHJ equation(2.2.4) is of Riccati form. If V(z)has a singular point, in the
complex plane, p(x, E) will also have singular point at that location. Such singular
points are known as fixed singular points, and will be present in every solutions. On
the other hand, other types of singular points with locations depending on the initial
conditions, may also be present. These singular points are known as moving singular
points. A wel known theorem states that, the moving singular points of solutions
of Riccati equation can only be poles. This pole will corresponds to a zero of the
wave-function. Such a pole can only be a simple pole with residue —ih. In fact if we
substitute, assuming b #0,

p(z, ) ~ @z + (25.1)

in the QH.J equation
p’(z, E) — ilp'(z, E) — [E - V(z)) =0 (2.5.2)

and if the potential is not singular at x = ¢ then r must be egual to one and
b = —ih. Thus the residues at each moving pole must be —ik. This fact will be

utilized throughout the thesis.
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In the next section we show how to calculate the eigen-values by taking Morse

oscillator as an example.

26 Energy Spectrum of Morse Oscillator

The potential energy of the Morse oscillator is
V(z) = A? + B%%°% — 2B(A + %),

with the super potential
W(z)=A— Be ™"

o
a

and § =

The quantum Hamilton-Jacobi equation is given by (h = 1 = 2m)
Pz, E) —ip'(z,E) — |E— A* — B% 2% L 2B(A + f—f)e-“f =0

We dfedt a transformation to a new variable

2B ¢
Y= - e—or

o4

The quantum Hamilton-Jacobi equation in the new variable is

2 ‘
Py, B) + iayi'(y, B) — |F — A% — c;—;rﬁ +(A+ g)(};y =0

where p(y) = p(x(y)). We define ¢(y, E) by
By, E) = ioy¢(y, E)

Therefore (2.6.5) transforms to

[ 1 1 y o
(p+ =)4+¢ — —+ — - yﬁ_ +(A+ f:)y(r] =0

— (B — A?
2y 4y oty

Let

(26.1)

(262)

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)
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" 1
x(y, E) = ¢(y, E) + o (2.6.8)
y

Therefore (2.6.7) transforms to

11

y*o?
ay* - oty?

4

2 !

X+ X+ (B AP § A4 %)ya] =0 (2.6.9)

X has poles at y = 0 and there are moving poles between the classical turning points
. We assume that there are no more poles in the complex plane other than a pole of
finite order a infinity.

Residue a the fixed poley = 0: For y = 0 we define

{
X = - + g+ ayy+ .. (2.6.10)
Yy

Using (2.6.10) in (2.6.9) and equating the coefficient of 5, yields

9 S
bi=5 [L+i- JIE - 47| ] (2.6.11)
-

2
The residue has two values, and the correct vaue is sdlected by imposing the condi-

tion given beow using the super potentia viz.,
lim p(z, E) = iv2m W (z)
In the y variable the above becomes (set 2m = 1)
lim ji(y, ) = iW(y)

which yields the value of b, as in the limg_,o as

I A FJ
h = — + -
] fo! 2

Hence the correct sign of b, is to choose the negative sign in (2.6.11) and the

hence the value of b, is
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iy (1~ 2 /B A?|] (26.12)
2 o

Residue at y — 00 Now we determine the residue for the pole at infinity, for

which we effect a transformation given by
y = - (26.13)

With x(t) = x(1/t) (26.9) transforms to

2
(83

P2 - R + 2+ L | (E- A2 - 4 (a+ Bat| =0 (26.14)
4 o? 4 2
We assume an expansion for x(t) as
() = dy + dit + dyt* + - - (2.6.15)

The residue of %(¢) a t = 0 is obtained from the integral
Elr ;r’ p(z, E)dz (2.6.16)

which in the t variable yields the resdue to be d;. To determine the residue d, we
use (26.15) in (2.6.14). Therefore (2.6.14) transforms to

. ’ . 1 1 : 2 "
[do+dit+dat®+- - | —*[dy 4 2dat +- - '“7"2""72 {(1:: — AH? - 514_ + (A + %)crt =0
24

(2.6.17)
Equating the constant term on both Sdes gives
= ié (26.18)
Equating the power of t on both sSdes gives
B s [4+”] (26.19)
= 5(.1’(1[) ) 2 o
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The correct sgn for d,, is chosen by the condition of square integrability on the wave

P(z) = exp (1 [}?(:r‘, ]-J)dz)

The above integral is bounded at infinity only if do = —3

function viz.,

Summarizing we have the result that for large t, x 1s given by (2.6.15) where
do = —%, d] by (2619)
The Quantization Rule and Eigen-values:

We shdl now obtain the eigen-vdues by enforcing the quantization rule

1
J(E) = — 7( plz, F)dz = nh
2 Jo

where C is a contour enclosing the part of real axis between the turning points in
the complex z-plane. Changing the variable to y = 2Zexp (—az), the corresponding

quantization condition in the y-plane becomes

o 1
J(E) = ﬁj: (x — E)dy =nh

where C is the image in the y-plane of the contour C in the z-plane, but with
anti-clockwise orientation which compensates for the negative sign coming from the
derivative. In addition to the moving poles, p(y, E) has afixed poleat y = 0. Let 7,
be asmal circle enclosing the singular point y = 0, and I'r is a circle of large radius
R such that it endoses dl the singularities of p(x,E). See fig(2.1).

Hence

Il"" = ‘J{E) + I’Yl (2620)

where I,, is the contour integra for the contour v, enclosing the poley = 0 and Ir,,
is the contour integral for the contour T'p.

We have evauated the contour integra 7,, and its value is —b,. The vdue of
JHE) is —n.
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A Imy

Figure 2.1: Contour for Evaluation of Action Integral

For evaluating the contour integral Ir,, we make a transformation of variable by
y = \ and hence the contour deforms to a new contour I', which encloses the singular
point at y = oo or t = 0. The value of this contour integral Ir, has been evaluated
and is —d;.

Hence (2.6.20) transforms to
Ir, = J(E) + I, (2.6.21)

r

Hence to obtain the energy spectra of the Morse oscillator, we equate the residue

of the fixed poles and the moving poles to those at infinity. Hence we have

_bl —-—n= —(h (2622)
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Substituting the vaues of 5, and d, we get

1 > I T 1 o
21 =iz f|[E— A4 n= - [A _]
2( Zn‘ \‘/‘ e+ 2ady s 2

which on smplification gives the desred result for energy spectrum as

E=A- (A- na)

18

(2.6.24)



Chapter 3

Calculation of Wave-Function for
ES models

In this chapter we apply the QHJ formalism outlined in the previous chapter, to find
bound state wave-functions for several exactly solvable potential problems in one
dimension. We will show that, by making use of elementary theorems in complex
variables, the form of QMF can be determined completely and hence the bound state
wave-functions are easily obtained. To determine the form of QMF we begin with

the QH.J equation (ft = 1 = 2m)
p*(z, B}y (2, E) —[E-V{Y] = 0

where p(x,E) is the QMF continued in the complex x-plane, and is related to the
wave-function by

p(z, E) = —1%‘;;
The zeros of the wave-function will appear as poles in the QMF. According to the well
known theorems about the nodes of wave-function, the n** excited state corresponds
to n zeros on the rea line, and there will be corresponding n (moving) poles in
the QMF and the residue at each pole will be — i as has been discussed in chapter

2. In addition to these moving poles, there are fixed poles corresponding to the

1qQ
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singularities of the potential. We will make an assumption that QMF has no
other singularities in the finite complex plane. The QMF turns out to be
meromorphic, and to fix its form one needs to know the behavior of QMF for large x
in the complex z-plane. This information can be easily read from the QHJ equation
and hence the fom of QMF can then be fixed completdy. In the next section we
show how this strategy works for the harmonic oscillator. In the remaining sections of
this chapter we give the details of the calculation of the bound state wave-functions
for harmonic oscillator, Morse oscillator, Poschl Teller and Eckart potentials and
hydrogen atom. For these potentials a change of variable becomes necessary and we
adways try to bring the QHJ equation in the new variable to a same form as the
above equation. We aso mention that severa other potentials have been studied [5]
and the bound state wave-functions in each case agree with the known results [8].

3.1 Harmonic Oscillator

The potentia energy of the harmonic oscillator is

‘ 1 W
Viz) = ;mw“:xg (311

The quantum Hamilton-Jacobi equation is given by (ft = 1 = 2m)
p*(z, E) — ip'(z, E)-[E - -L]iw'z:z:'ﬂ =0 (312
The QMF p(x, E) has n poles corresponding to the zeros of the wave-function,
and residue at each of these polesis— i. It can be proved that p(x, E) has no other
poles except at infinity [1].
For large x
p(z, E) =~ i%iw:c (313
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and we write

plz, F) =+ %iw:r + ¢(z) (3.1.9)

where ¢(z) isto be determined.
The sign of p(x,E) is determined by the condition of square integrability of the
wave-function.

The wave-function is expressed as
(z) = exp (i /;;(::', f",')n’:r.) (3.1.5)

When the above value of p(x, E) is substituted in the equation of wave-function, the
wave-function is bounded at at large x if we choose the positive sign of Jiwz.

Hence we write the quantum momentum function p(x, E) as

n

oz, E) =)

k=1"*

i 1
T —Tp 2

where z1, z2, * », 2, are the location of n poles on the z-axis and ¢(z) is analytic
every where and bounded at infinity. Therefore Liouville's theorem tells us, it has

to be a constant. Hence let ¢(z) = c aconstant. Hence the above equation becomes

(z, E) Z — 4+ %zwx +e (3.1.7)

T — T
Substituting (3.1.7) in (3.1.2) we have

T ‘__?

L 1
—— s T T
g:ﬁ_i'kleﬂlr}( +Z - 5 - lcui Fl=0 (3.1.8)

Equating the power of z, we have ¢ = 0. Equating the constant term to zero on both
sides in equation (3.1.8) gives
Ly
E=n+-)w
(n+ 2)
which is the wel known expression for energy of the harmonic oscillator in our

notation (2m = 1)
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The sum moving pole terms

n —i

et
can be expressed as S where P(x) is the polynomial

L3

P(z) = [[ (z — z&). (3.1.10)

k=1

The QMF (3.1.7) can be expressed as

. Pz 1.
p(z, F) = —i——= + —iwz, .1
plx, E) #P(:::) + ziwz, (3.1.11)

Using (3.1.11) in (3.1.2) and on simplification yields
P"(z) — waP'(z) + nwP(z) =0 (3.1.12)

We effect a transformation £ = ax where o? = %. Hence equation (3.1.12) changes
to

P"(§) —26P'(€) +2nP(£) =0 (3.1.13)

This above equation resembles the well known Hermite differential equation. Hence
on comparison, we get

P(£€) = Hp(az) (3.1.14)

and is the Herrnite polynomial.

The wave-function is expressed as

P(z) = exp [i/;}(;ﬁ, E)d:c] = exp li/(—zgg)) + ivliw;u)(i:c] ;

and hence we have

Y(z) = Hy(az)exp (—;Ilw.r"*) " (3.1.15)

This is the desired wave-function for the harmonic oscillator.
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3.2 Morse Oscillator
The potential energy of the Morse oscillator is
V(z) = A2+ B2~ 2% — 9B(A+ %)e—‘“
with the super potential
W(z) = A— Be

and
[#]

=

a
The quantum Hamilton-.Jacobi equation is given by (i = 1 = 2m)

p*(z, E) - ip'(z, E) — |E — A* — B + 2B(A + g)c"” =0

We dfedt a transformation to the variable

The quantum Hamilton-Jacobi equation in the new variable is
~2 . o . 9 042 2 o
(v, E) +iayp (y, E) — |E — A* — VR + (A + E)ay =0
We define
ply, E) = iayd(y, E)

Then (3.2.6) transforms to

1.y 1 1 .
— P i A
@+ ??}) ik 4y? rv?y”[

2o
4

+(A+ %Jya] =0

Lei

1
Xy, £) = oy, E) + 5
Yy

(32.1)

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(328)

(3.2.9)
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Therefore (3.2.8) transforms to

y2 0‘2

4

. 1 .
X+ i+x’+ —— B — A* - +(A+(—2”)ya] =} (3.2.10)

4y? a?y?

This equation suggests that x nas apoleat y = 0. It will also have n moving
poles corresponding to the nodes of the wave-function. We assume that there are no
other poles in the finite complex plane. For large y the behavior of x has already
been obtained in section (3.1) and is seen to be bounded for large y. Hence we get

using Liouville's theorem

L, ( ,‘,7_) . (3.2.11)

where b, and ¢ are constants to be fixed. The residue of x at y = 0 is b\ and has

been obtained in section (3.1)and

o= =43 (3.212)
We write, once again,
n 1 B Pl(y)
Sy-w  Ply)
where
P(y) = ]I (v —w)
k=]
Substituting (3.2.11) in (3.2.10) gives
P b, P’ B by z 1 1 o
—t I—— —c+2—c+c —-+—(A4+2) =
P+ yP+2P‘ +2yc+( 4+ay(4+2) (3.2.13)

In order to proceed further we look at the behavior of each term for large y. Using

the leading terms

P'(y) n(n-1) P'(y) on

~ — —-

P(y) vt Ply) y
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in equation (3.2.13) and equating the constant term on both sides gives, ¢ = i%.
The correct sign for ¢ is chosen by the condition of square integrability on the wave
function which fixes ¢ = —s5.

Comparing the coefficient of - for large y on both sides we get
ay 1
2byc + 2ne + (A - 7) —-—=0 (3.2.14;
2/ a

which on using the values of b, and ¢ and on simplification gives the energy eigen-

value
E =A%~ (A-na)? (3.2.15)

Substituting the value of b;and ¢ in equation (3.2.13) we have
yP"(y) + {1 -y +2(s —n)}P'(y) +nP(y) =0 (3.2.16)
Compare this with the standard Laguerre differential equation
"+ (B+1-2z)y +ny=0

we have P(y) = Lj(y).

The wave-function for the Morse oscillator is given by

i) =i (i [ #ta, E)dz) (3.2.17)
In terms of y variable we have
b P 1 -
P(y) = exp (;] [17 + P((f)) -5 %}]dy) (32.18)

On integrating and simplifying we get
1
Pnly) = y" " exp(— Q?J)P(I‘) (3.2.19)
Replacing the value of P(y) we have

_ 1
Un(y) = y" " exp(—5y) Lz(y) (3.2.20)
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3.3 Poschl-Teller Potential
The Poschl-Teller potential is

V(x) = A% + (B® + A2 + Aa) csch’az - B {2A + @) cothax cschaz  (3.31)

with the super potential given by

W(X) = Acothax - B cxth ax {A < B) (332
and
.*" H
s=—, A=- (33.3)
(8 C¥

The quantum Hamilton-J acobi equation is given by (A = 1 = 2m)
p’(z, E) — ip'(z, E)
- [B- 4% (B? + A’ + AQ) csch’az + B(24 + @) coth ax cchaz| = 0 (3.34)
We ffect a transformation to a new variable
y = cosh ax (3.3.5)
The quantum Hamilton-Jacobi equation in the new variable becomes
7 (y, B) — io/y? = 15 (y, B)

; ; . 1
—|E - A2— (B + A% + .4(1)37] + B(2A + @) y 1] =0 (3.3.6)
o= -

.UZ

We define

Py, B) = —iay/y? — 16(y). (33.7)
Therefore (3.3.6) transforms to

1 ¥y o , 1 y

M TS U (TR
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1 8 o 1
E—A*— (B + A+ Aa)—— + B(2A+ o) 5—| =0 (3.38)
ye—1 o=l

T - 1)

Let
1y
(3.3.9)

?’1 =0 (3.3.10)

-+ B(24A + a)

e=s] Y’

l : 24 4
A? = (B? + A% 4 Aq)

o+ - 7 s
a?(y?—1)

&

)

X has poles at y = +1 and there are moving poles between the classical turning
points. We assume that there are no more poles in the complex line. We now

determine the residue at each of these poles.

Fory = +1 , we define

b
x:ﬁ+au+a,(y—l)+--- (3.3.11)
Using (3.3.11) in (3.3.10) and equating the coefficient of . _‘W yields
b=+ (1% [2(B - 4)-a 33.12
t= g 20 ( % (33.12)
The correct value of b\ is selected by imposing the condition
lim Res ji(y, E) = iRes W(y, E)
E—0
on super potential as explicitly shown for Morse oscillator gives
b—1 L(4—8) 3.3.13
YTy 2 (33.13)
Fory=— 1, we define
(3.3.14)

f)I ! ’
— =+ g + 4y (2 +1)4
y+1 0 1y )
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Using (3.3.14) in (3.3.10) and equating the coefficient of . L3 and following the

above procedure yields

(A+ B) (3.3.15)

1
by=-—-—
4 2«

The residue at a moving pole is seen from (3.3.10) to be 1. Hence we arrive at the

form

by W Ply)

— i + 3.1
XZy=17y+1" Py (2319
for x where c is a constant to be determined
Substituting (3.3.16) in (3.3.10) gives the following equation.
5 20b h P = 2 e 25, P! 20 11 ¥
C e — e Yo e == Ao
y—-1 y+1P P y—1 y—1P y+1 2y*2—-1 P
3 1 1 : 1 1 , . 1
e —(E — A% - — (B2 4+ A% + Aa =0 i Al
8y?—1 +cz2( )y*'—l-l 2(.1'2( i Q)yz—l ( )

Now we look at different terms in equation (3.3.17) for large y and equate their
coefficient to zero. Equating the constant term to zero gives ¢ = 0 . With ¢ = 0 the
above equation becomes

1
=1

2, b

L
y2—1 2

P_”+£’_' 2b, 2b)
P Ply—-1 y+1

3 1 1 ’ 1 1 ’ ' 1
= —(E — A + —(B*+ A+ A = 3.
8y'2—1+(12(r )y2—1+2(}-2( AT a)y2_1 ¢ (3318)
For large y, P(y) behaves as P(y) ~ y™ + - and PT”(%J ~ f‘—%’l} ; %(%1 B
Using these in (3.3.18) and equating the coefficient of "—’]5 gives
20,0, + 2nb} + 2nby +n(n — 1) + = + L(E - A?) + L(B2 + A? + Aa) — L 0
v l : 8 o ) 2002 9

and substituting the values of b, and b} gives the expression for energy as
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E =A% - (A - no)? (3.3.19)
Substituting the value of E, b and ] in (3.3.18) we get
(1 - ¥ )P"(y)+ [(2s - )y - 2A1P'(y) + [n(n - 25)]P(y)= 0 (3.3.20)
The above equation resembles the standard Jacobi polynomial, such that
P(y) ar*?)(y) = PP 21y (33.21)
The wave function for the Poschl Teller potential is obtained on the same line as

that for the Morse oscillator and is given by

—(ts) (A—s—1,-A-s—1)

bly) = (y - 1) Ty + 1)~ R “(v) (3.3.22)
which agrees well with the values given in literature. [5
34 Eckart Potential
The potential energy of the Eckart potential is
, 2, B 2
Viz) = A"+ YTl 2B cothaz + A(A — a) csch®azx (34.1)
with the super potential given by
B 2
W(z) = —Acothaz + €1 (B > A7) (3.4.2)
and
s A—Ef (r*—/\— 3.43
T T a?’ T n+s (3.4.3)

The guantum Hamilton-Jacobi equation is given by (ft = 1 = 2m)

; g B ?
p*(z, E) —ip'(z, E) — |E — A* - Yol 2B cothaz — A(A — o) csch®az| =0

(3.4.4)
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We effect a transformation by the variable

y = coth ax (3.4.5)
The quantum Hamilton-Jacobi equation in the new variable is

2

9 ; 25 5 » B ,
Py, E) —ia(l - y*)f'(y, B) = |E - A* = — + 2By — A(A—a)(y* - 1)| =0

A?
(3.4.6)
We define
iy, B) = —ia(1 — y®)d(y) (3.4.7)
Hence equation (3.4.6) simplifies to
2
: Y o o, y
[q: - .1,?]2 — q‘,a.' _ (l — yz)z
1 gy B 5
20— E—A —ﬁ+213y—.4(,4—a)(y -1)| =0 .(3.4.8)
Let
o
xX=9 T2 (3.4.9)
Therefore the above equation changes to
2
2 r 4 1
F——
XX T Ao Ty
1 . B g
+m E=A%= ﬁum —A(A-o)(y*-1)[=0 (3.4.10)

X has poles at y — 1 and there are moving poles between the classical turning
points. We assume that there are no more poles in the complex plane. We determine
the residue at each of these poles.

For y = +1, we define

b
x = U_ll +og+a(y—1)+- (3.4.11)
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Using (3.4.11) in (3.4.10) and equating the coefficient of —~; yields
{u—1)

BZ
1+ —|A-—=]| - E
s((e-3) -=

As the residue has two values, the correct value is selected by imposing the condition

b = (3.4.12)

1
2

on the super potential as done in Morse oscillator and the correct value is

r 72'
b= 1+l/(;;_§) _E (34.13)
< a4
Similarly the residue for y = — 1 is determined and is given as
i a1 By ]
b=:[1-1 (4#%) _E (3.4.14)
Z 83 £

We assume x to have the form

by b P'(y)
X T 1’(y)+¢ ( )

where ¢ is a constant to be determined
Using (3.4.15) in (3.4.10) and following the similar lines as that of Morse and

Poschl Teller potential one gets the value of ¢ = 0 and the resulting equation

becomes
P o Pl(y) [ 2b b 26, b
Ply) Py ly—-1 y+1] y*-1
1 1 , DB? 1
et [B— A% — — i A(A-a)=0 (3.4.16)

T2y -1 2%y? -1 A2 22 ]

For large y assuming P{y) ~y™+ ¢ ¢ » and equating the coefficient of y%gives
. 74 1
1 1 I B

j— —A{A-a)=10

2b1b] + 2bin + 2bin+n(n — 1) — =~ )

Substituting the values of b, and b} gives the energy expression as

B‘J

- A2 [A + no)? - LB
E=A%-[A+no) {A+7m')2+_4”

(3.4.17)
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Using the values of b;,6] and E in (3.4.16) one gets the differentia equation for
Eckart potential as

(L -y)P"(y) + [-2a- 2{-n - s+ 1)y] P'(y) + {-2n5)P{y) = O (34.18
Equation (3.4.18) resembles the standard Jacobi polynomial and
P(y) s PP (y) = PL#(y) (3.4.19)
The wave function for the Eckart Potential is obtained from
¥(z) = '] PN

and is given by

P(y) = (y = 1) 2 (y + 1) 7 e (y) (3.4.20)

The values for energy and wave function agree with those found in the literature.[5]

35 Hydrogen Atom

In this section we obtain the bound state wave functions of the radial part of the

Schrodineer equation (h = 1m= 11

PR 2dR Zer A
R ek ( 4 2 )R: (35.1)

dr2  rdr

where A = [(I+1). Using the transformation R(r) = ¢(r}/r, the Schrédinger equation
becomes

42 >
Tz T (E+——=3)¢=0. (35.2)

g = —In(¢(r)) (35.3)
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is given by

g+ dq + <Ic‘+ 7% . i) . (3.5.4)

dr T

The range of r is from 0 to oo, and the wave function ¢(r) should vanish at r = 0.
Thus g has a fixed pole at r = 0, along with the n moving poles with residue equal
to one on the real line. Like harmonic oscillator there are no other singularities in
the finite complex plane. Thus we can write g, in a similar fashion as for harmonic
oscillator, as

) = 2 2 40 (35.5)

where b, is the residue at r = 0 which can be obtained by doing a Laurent expansion

of ¢ around the pole at the origin. The two values of residues obtained are
by=-1, b =1+1 (3.5.6)

One chooses the right residue by using the square integrability property of the wave
function 6 and obtain

by=1(+1 (35.7)

as the right choice. Substituting (3.5.5) for g in (3.5.4) and expanding different terms

of the resulting equation for large r and comparing the leading terms we get

Zrgh
2 ), FIR N = (A
C*=-E, BE=~5 (35.8)

where n' = n 4 [+ 1 and one is left with the differential equation

Ze? r—1-1)Z¢?

Now defining
—r=p (3.5.10)
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(35.8) becomes
pP" + (20 + 1) +1-p)P + (v -1 -1)P=0 (3511)

which is the associated Laguerre differentid equation where P is the Laguerre poly-
nomia denoted by L. The bound state wave function obtained from (3.5.5) and
(353) is

balp) = P exp(—p/2) L% (o) (3.5.12)

which is seen to be identical with known correct answer.



Chapter 4

CONDITIONS FOR
QUASI-EXACT SOLVABILITY

4.1 Introduction to QES

In thischapter we study QES modd in one dimension. These are the models for which
a part of the bound state energy spectrum and corresponding wave-functions can be
obtained exactly. These modds have been congtructed and studied extensively by
means of Lie agebraic approach. For areview we refer to the book by Ushveridze et al
[6]. Inorder that apart of the spectrum be obtained exactly, the potential parameters
appearing in the potential must satify a condition known as the condition for quasi-
exact solvability. Within the QHJ approach, used for exactly solvable moddis, it is
not clear how such a condition can arise and why only a part of the spectrum is
exactly solvable. In this chapter we report a study of these aspects of QES models.

In order to study QES models within QHJ formalism one needs to have informa-
tion of singularities of QMF. This in generd is not very easy to obtain except for
me simple cases like harmonic oscillator and hydrogen atom problems. In the limit
1 — 0 the QMF p(x, E) goes over topu(z, E) = /E — V() which will, in generdl,
have severa branch points. This is an indication that in genera, the singularity

structure of p(x, E) will be very complicated. In order to make progress, we
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make a simplifying assumption that the point at infinity is an isolated
singular point and more specifically it is a pole of some finite order. Thus
this amounts to saying that p(x, E) has fixed poles, and a finite number of moving
poles and a pole a infinity. Using these requirements, we can proceed as in the
cae of exactly solvable modeds and work out the consequences of exact quantization
condition given below.

}f pdg = nh. 4.12)

We find that for dl the QES potentia modds studied by us, (4.1.1) and our
assumptions, imply that potential parameter must stisfy a condition which turns
out to be identical with the condition of quasi-exact solvability of the potential. A
list of potentials studied and the condition of quasi-exact solvability in eech case are
given below.

The potentials are:
1. Sextic oscillator:

V(z) = az® + Bz" + vz, 7> 0. 412

2. Sextic oscillator with centrifugd barrier:

Viz) =4(s — %)(s - %)l, + [b* — da(s + % + p))z? + 2abz? + a®z%. (4.1.3)
4 b rad
3. Circular potential:
N = "4__ i_ L et |
V(z) = pr + =t Csin®z — Dsin’ 1, (4.1.4)
with

) 1 3
A=4(s — H)(“l - Z)’ (4.15)

1 3
B = 4(s; _'4)(-"'2 - Z) (4.16)
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C=qf+4q1(s, +82+'U.), (417)
D=l (4.1.8
4. Hyperbolic potential:
A B .
V(z) = - 5— + ——— — Ccosh®z + Dcosh® z, (419
cosh*z  sinh*z
with
1 3
A= ‘-l(fi[ ok E)(Sl — ;’I)j (4.1.10)
B = d(s, - 11)(5-.,_, _ ;) (4.1.11)
C =g} +4q(s) + 52+ p)), (4.1.12)
= {,"f. (4113
5.

V(z) = Asinh® \/vx 4 Bsinh vz 4 Ctanh \/vzsechy/vz + Dsech®\/vz

(4.119
(.
V(z) = Acosh? \/uz + B cosh v/vz + C cotk v/vz csc hy/vz + Desch? vz
(4.1.15)
7.
V(z) = AeY"™ + BeV"* + Ce V¥ 4 De~ VW= (4.1.16)
The conditions for quas exact solvahility for these potentials are:
1
L(ﬁ—u—ﬂ'):}'}'z‘ﬂ n = integer
T3\ ! 4.117)
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2.
4t = integer (4.1.18)
3. Taking
A=4(s - ;1)(.5'1 - :-;) (4.1.19)
1 3
B =4(sy~ =)(sa = =) (4.1.20)
4 4
C =g +4q1(s1 + s2 + ) (4.1.21)
D =g (4.1.22)
the condition is
i = integer (4.1.23)
4. Taking
1 3
4 = 4(5] - &)(S] o 1), (4124)
1 3
B = 4(sy — z](‘vz - Z): (4.1.29)
C= [q? +4q1 (81 + 82 + H)], (4.1.26)
D =g, (4.1.27)
the condition is
, = intege
b (4.1.28)

4 2 0
[B +2(n+1)VvA] +A(4D-v) [B+2(n+1)Vvd] —44C? =0 (4.1.29)

[B +2n+ I)M]“ — A(4D +v) [B +2(n+ 1)\/1@]2 +4A°C? =0 (4.1.30)
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2(n+1)VVAD = +BVD + CVA [4.1.31)

The calculations for these potentials are given in the next few sections.

4.2 A Representation of QES Quantization Rule

We now bring out some common features of the exactly solvable models, that have
been studied in this thesis and those reported in the paper [5]. For the exactly

solvable model the QMF written in terms of suitable variables y takes the form

b b =
Py) = — 5 + — 4+ Y —— + R(y) (42.1)
k=1

=y "~k — Y — Ui
where £, &,,+ * » are fixed poles, the summation term corresponds to n moving poles
at y1,y2,*+*,ysand R(y)s atmost a polynomial iny. The residues by, b}, « » have
been calculated using the QHJ equation and demanding a condition such as the one

proposed by Leacock and Padgett, or

: w Y = T (o
}EE:%)]J(.L, E) =i W(z),

or the square integrability of the wave-function. Thus in al the cases studied we are
lead to a rational expression for the QMF.
Under an assumption about the behavior of QMF at infinity, even for QES mod-

els, the QMF turns out to be a rational function. The quantization rule
}[p(u.‘_. E)dz = nh 4.2.2)

is then easily seen to be equivalent to the wel know result, that for a rational
function, sum of residues at all poles, including the one at infinity vanishes. Written

explicitly for a rational form of QMF that we have, this requirement becomes

Z (Res of QMF) + n + (Res of QMF at infinity) = 0 (4.2.3)

fixed poles
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where Res stand for the resdue and the middle term n, corresponds to the contri-
bution of moving poles to the residue.
In this and the next chapter, we will use this condition (4.2.3) as a substitute for

quantization rule.

4.3 Sextic Oscillator
The potential for the sextic oscillator is:
V{X) = az®+pz" +v2°, 7>0 (4.3.1)
The QHJ equation is (ft = 1 = 2m)
p(z, E) - ip{x, E)—(E-V)=0 432

For the nt* excited state, the QMF has n poles on the red axis and we assume

that there are no other moving poles. We shal use the quantization condition viz.,
;ﬂ_ ﬁ plz, E)dz = nh (4.3.3)

in the foom (4.2.3) as given above.
To evaluate the integral in (4.3.3) a Laurent expansion of (y) in powers of y =

1/z,is made
- IJ_’] b"] b[

ply)=Ggtpty, tatayt- (4.3.4)
Substituting this in (4.3.2) and integrating term by term we get
J(E) =ia\ (4.35)

The quantization condition gives

a; =-in (4.3.6)
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It only remains to compute the coefficient a, of the Laurent expansion given in
(4.3.4). To do this we start from the QHJ equation

=2 | g2t ) &3 ﬁ \ T =
Py) +iy p(y)—L+y—2+§gT;¢—U (4.3.7)
Substituting the Laurent expansion and equating the coefficients of different powers

of y on both sides of the equation we get

by = £i/y (4.3.8)
3
by = —%bgt (4.3.9)
—a — b} + 3ib:
o = 2 ;f e (4.3.10)

It is important to know that, we would get two solutions for & corresponding
to the two solutions of b3 = #i,/7.This happens due to the fact that the QHJ is
quadratic in the QMF. Thus one needs a boundary condition to pick the correct
solution. We propose to use the square integrability of the wave-function instead
of the original boundary condition, explained in chapter 2, which was proposed by
Leacock and Padgett. This is because the original boundary condition is difficult to
implement in the present case due to the presence of six branch points in the py. In

order to find the restrictions coining from the square integrability, we compute the

wave-fiimetinn

¥(z) = exp (/ ‘E;U(I)(fl‘) (4.3.11)
for large x as follows. The most important term in the Laurent expansion (4.3.4) for

small y =0, corresponding to large x is

. b-

Bly) ~ U—Z (4.3.12)
and the wave-function for large x becomes

byt
P(z) = exp = (4.3.13)
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Out of the two solutions, by = +i,/7,%(z) is square integrable only for b3 = i,/7.
Using this value of b; and from (4.3.9) and (4.3.10), equating a; to —in we get

— (—- - Q’) =3+ 2n (4.3.14)
In order to compare the results in (4.3.14) with the well known condition, we write
y=1d* B =2ab (4.3.15)

Thus we get o = b> — (3 + 2n) which agree with the result given in [6].

44 Sextic Oscillator with a Centrifugal Barrier
The potential is given as

1 3, 1 5 1 ’ ,
Viz) =4(s — E)(b - :1)_) + [b* — da(s + =t ;;.)]:f‘" + 2abz! + a?2® (44.1)
: T4 2

We shall consider only the case s > | so that the coeffi cient of the centrifugal term,

Lis positive. The Q.H.J equation is (ft = 1 = 2m)
Pz, E) —ip'(z, E) —(E-V)F 0 442)

Substituting the potential the QHJ equation is

1 3,1 p 1 -
p?(z, E)—ip'(z, E)—[E—4(s— z}(sf Z);Ef (6 —4da(s+ §+p)]:c272r1b1'4 —a?z® =0

(4.4.3)
p(z, E) has poles at x = 0 and as the potential is symmetric there are moving poles
on either side of the origin. We assume that there are no more poles in the complex
plane. We assume the infinity is a pole. We find below the residues for each of these
pole.
We expand p(x, E) as

p(z, E) = %l +ap+a x4 (4.4.9)
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Using (4.4.4) in (4.4.3) and equating the power of ; we get
1
b= —3 1% (45~ 2)] (4.4.5)

Demanding that the wave-function remains finite, for x — 0, gives

i
by=—3 [4s — 1)] (4.4.6)
To find residue for the pole at infinity, we use the mapping x = % Therefore
equation (4.4.3) transforms to
PP(t E) + it*0 (¢, E)
. 1 21 5 1 1 L gl
— | E—4(s - ;I')(.H - :1)1‘1 — [b* —da(s + 3 + H)]ﬁ - 2{1(19 - ”zﬁ =0 (44.7)
We expand p(t, E) as
Iy dy d :
Bt E) = ;—;—!— (.'_; + r—t-t + ¢+ it + et + - (4.4.8)
Using (4.4.8) in (4.4.7) and equating different power of t we get
ds = +ia (4.4.9)
s 02 4.4.10
h= (4.4.10)
=0 (4.4.12)
2 g <4 :I' 3t
s A FE R Y (4.4.12)

(l._'( 2
The correct sign of ds is fixed by the condition of square integrability and is given

by
d3=~— 1a (4.4.13)
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Now equating the sum of al residues to zero, we get

Substituting the values of b,and ¢, in the above relation yields the required condition,
viz
n=gu (4.4.15)

The above condition agrees with those given in [6]

45 Circular Potential

The potential is given as

A B

Vig) =g +=t Csin‘z — Dsin' z (45.1)
where
A=4(s — i)(”‘ - g) (45.2)
B:waixw_g) (45.3)
C=gq; +4q:(s1 + 52+ ) (4.5.4)
D=¢g (4.5.5)
We ffect a change of variable by
y —sin?x (4.5.6)
The Q.H.J equation is
p*(z,E) —ip'(z,E) - (E- V¥ 0 (4.5.7)

In the new variable the QH.I equation is

. — A B ‘
Py, B) - Jzﬁ\ﬁ— yi' (v, E) - [b T Cy+Dy*| =0 (458)
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Let
iy, E) = =2i\/y\/1 — y¢ (4.5.9)

In terms of the above transformation the QHJ becomes

&+ ¢ +

1(1-2¢), 1 1 A B
- E—————=Cy+Dy*| =0 4.5.10
Z.-;{l—u)q dy(1—1y) [ y l—y y+ y] ( )

¢ haspolesaty= 0andaty=+1 and there are a finite number of moving poles in
the complex plane. We assume that there are no more poles in the complex plane.
We find the residues for each of these pole below.

For y = 0 we consider an expansion in ¢y as
; I
p=|—+a+ay+--- (4.5.11)
Y

Using (4.5.11) in (4.5.10) and equating the various powers of y we get the following.

The power of Zrgives
B + (28, — 1)] (45.12)

The correct value of b\ is fixed by the condition of square integrability of the wave-

function and is given below as
1
{— + (281 - 1)] (45.13)

For y = 1 we consider an expansionin ¢ as

g ( bty taiy—1) 4 ) (4514
Y=

Using (4.5.14) in (4.5.10) and equating the various powers of y we get the following.

2

The power of s gives

b =

b | =

(28, — 1)] (4.5.15)

b2 =
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The correct value of b} is fixed by the condition of square integrability of the

wave-function and is given below as

, 111
b= [5 + (285 — 1)} (4.5.16)
To find residue for the pole at infinity, we use the mapping y = {. Therefore

equation (4.5.10) transforms to

$(t, E) — £¢(t, E) + %t(f__f)cﬁ(t, E)
E At B c t D 1
: - == : 2 451
i1 di-1 2@-1¢ "di-1tai-1 (4517)
We expand rfl(!., E) as
o
o(t, B) = = +eptet+--- (4.5.18)
Using (4.5.18) in (4.5.17) and equating the power of ;; we get
dy =0 (4.5.19)
Equating the constant term we have
co = :i:%' (4.5.20)
Equating the power of t gives the residue at infinity, the coefficient of ! as
g witited Bl (45.21)
! 2cy 2 e

The correct sign of ¢, is fixed by the condition of square integrability and is given

by

q
=7 (4.5.22)
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Now equating the sura of al residues of fixed poles and the moving poles and the

pole at infinity, we have the following relation.
b +V, +n=rg (4.5.23)

Substituting the vaues of &;,4}, and C\ in the above relation yields the required

condition
L =n (4.5.24)

The above condition agrees with those given in [6]

46 Hyperbolic Potential

The potential for the hyperbolic potential is:

A B

V(z) = e + e peb C cosh? z + Dcosh? z (4.6.1)
where
A=4(s - P 3)
B =45~ 7)o 3)

C = [qf +4q:1(s1 + 52 + )]
D:rﬁ

We will consder the case s, > |.
The Q.H.J equation is (ft = 1 = 2m)

p(z,E) —ip'(z, E) = (E-V) =0 (4.6.2)

We use amapping isy = cosh X
The Q.H.J equation in the new varigble is
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= A B 4
Bly, E) — il/y? — 1p'(y, E) - [E + ey +Cy* - Dy']=0
Le
Py, B) = —iy/y? = 1¢(y, E (4.6.3)
and hence
5'(y, E) = —i{\/y? — 1¢' + dp——moe 4.6.4
Py, E) = —i{\/y ¢+¢m} (4.6.4)
Therefore the Q.H.J. equation becomes
¢+ ¢+ rﬁ+*[]§+£fiw+6'y2—])u4]=0 (4.65)
1 gl # =1 ‘ -
The QH..J equation is written as:
11 11 11 1 11 1 1
LI TR L I, PYP SR L T
¢+d’+[2 +1 2q—1]¢ {2?;—1 2y+1]+ [y? 2y + 1 2y—1]
o N S W A 1]
Sdy—1 4(y-1)? 4dy+1 4(y+1)?
1 1 11 I 1
l4z———e—]-Dl 4+ o—m = o—] = 4.6.6
+C[+2y—1 2y+1] [+y+2y—l 2y+1] (#88)
For y=0
Let

=b_i+ia yn
Y n:ﬂ“

1 i )
B fzz&dy = f Z a,y")dy = —ﬂQTmbl =y

n=0

The QHJ equation (4.6.6) becomes

b 5. . 111 111

< B L T B = T o = LI Ry

(y+ao+aly+ Y+ R ) [2y+1 ]¢5 { 37— 1 2y+1]
111 11 11 1 1 11 1 1
s o e e e T fes e 3

it 5g—1 Prgg—1 Ay—12 " dy+1 4(y+1)2]
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1 1 11 I 1 1 3

Pl g mmmmon o
2y -1 2y+1} [ ”+2uk1 2y+1

+C1 =0 (46.7)

The coefficient of X gives

Wb —A=0 (4.6.8)
and hence
m:%+@m—u (4.6.9)
Fory=1,let
;:.M]+§%%wk] 14.6.10)
Therefore
——fuw fﬁ%U+§% (v = 1)"]dy = —5-2rib, = |

Substituting (4.6.10) in (4.6.6) and equating the coefficient of | — We get

g 1 1
bf#5M—BZ=O (4.6.11)
which yields
i 1.3
b=+ 528 -1) (46.12)
Fory= -1, let
bﬂ o0
=U+1+Zj“y+1‘ (4.6.13)
Therefore
Ton %didu . jé’ 4 3 il + 1)y = ——27”1’" = by
(y+1) 1=

Substituting (4.6.13) in (4.6.6) and equating the coefficient of (yTll)T we get

2 1, B
bf—iw—E:O (4.6.14)
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On simplification yields the same value as b]. Hence
w1 L
[)1 =3'+I§(2‘!3"])

To calculate the residue at y = oo, we apply the mapping y = -
The QHJ equation (4.6.6) becomes

1L u 1 u

520 T V' (u. E . —_—
& (u, B) + (—u )rf)(u,h)+[2]+u 3T

1w 1 u s 1 um 1 u
15 1 B —] 4+ Al=u*® = = e s
YT~ FiFw T " 5ira T 5T
1 u 1 g I 1 w? 1 w
;Ij[ﬁ,,. E o l_\ + - .u_+ o Ii_.]+(‘]'[].+_ -]
41—u 4(1-w?2 41+u 4(1+4u)? 21 —u
Dl 1+l U 1 u ]ﬁ
ik [+7.'2 21—u 214w

Ld
dlu, F) = % +dy+dju+---
The residue at infinity is the coefficient of d, and is given as

2(]| (51 + 89 + }L)
rﬁl = —*f?— -1

with
¢ = £q

(4.6.15)

(4.6.18)

(4.6.19)

Equating the sum of al residues of fixed poles, the moving poles to the pole at

infinity, we have the following relation.

dy =2n+b; + U + b

(4.6.20)

The equation (4.6.6) does not change when replacementsy - —yand¢ — —¢ is

made. Therefore we select the residue 4, = 5% and the condition of finiteness of the

wave-function at x = O requires that positive sign be selected in (4.6.12) and (4.6.15).

Therefore
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1
b= b =5y -

; (4.6.21)

The point y = 0 corresponds to complex value of x and therefore one cannot insist
on finiteness of the wave-function at x = 0. One must fal back on the boundary
condition given in chapter 2 section 2.3.1. We will simply note that selecting positive

sign in (4.4.19) leads us to the correct condition

=N (4.6.22)
for quasi exact solvability [6]. In this chapter, our objective lias been to show that
QES conditions follows from our assumption that point at inifnity is an isolated
singular point. In the cases where for certain ranges of potential parameters, both
the residues are acceptable, one must accept al such answers and work out the
consequences. This may lead to some new and interesting results as is evidenced by
the investigations on phases of super symmetry [13] and periodic potentials [15].

Besides the above QES potentials, we now take up three classes of QES potentials

[910] and find the conditions for quasi exact solvability within our approach.

V(z) = Asinh® \/vz+B sinh /vz+C tanh \/vz sechy/vz+

Dsech®/vz
The potential is given as
V(z) = Asinh® y/vz + Bsinh/vz + C tanh /vzsech-/vz + Dsec h*\/vz (4.7.1)
We €ffect a change of variable by

y = snh vz (4.7.2)
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The QHJ equation is (A = 1 = 2m)
p*(z,E) —ip(z,E) — (E-V) =0 (4.7.3)

In the new variable the QHJ equation is

y _ ; 1
P (y, B)=ivoy/1 + v (y, E) - {E — Ay? — By — c] j_”,u,‘,, - DW =0 (4.7.4)

Let
ply, E) = —ivvy/1 +y%¢ (475)

In terms of the above transformation the QHJ becomes

1 ¥ . ;A y?
[¢+21+y'2} W 4(1+4%)?
O [ RPN N T [ (4.7.6)
v(1+3?) L R T S T o
Lei
_ 1y
T @.7.7)
Therefore the above equation becomes
y 3 P 1 1
2 U = g L
XX+ 0P 21482
b | i BB P B (4.7.8)
v(1+4?) RS T R P ] "

X has poles at y = #i and there are moving poles between the turning points. We
assume that there are no more poles in the complex line. We find the residues for
each of these pole below.

Fory = i we consider an expansion in x as

{
X = (ﬁ+au+u;(y*i) +) (4.7.9)
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Using (4.7.9) in (4.7.8) and equating the various powers of y we get the following.

The power of s gives

1 D iC
by = 1% =4/1—-4(— 7.
=5 = (V+uﬂ (4.7.10)
Fory = — i we consider an expansion in x as
X = i-%ct’—f—a'(y-f-i)#~-~ (4.7.11)
y+i 0 ' o

Using (4.7.11) in (4.7.8) and equating the power of . ﬁ gives

1i5\ﬂ74(97 iy (4.7.12)
2 v v

To find the pole at infinity, we use the mappingy = %Therefore equation (4.7.8)

1
b ==
2

transforms to

3 ¢ 1 ¢
4(12+1)2 212+1

¥, E) — 1*X'(t, B) +

#

1 ) Al f.G
— _[Et* - A-Bt-C- - D, ={ 4.7.13
+r/(t"3+l)[ 1341 t2+1] ( )
For the point at infinity we expand x as
Xt E)=do +dit+dat® + - - o (4.7.14)
Using (4.7.14) in (4.7.13) and equating the constant term we get
A
dy = i\/ - (4.7.15)
and equating the term in i we have
B
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Now equating the sum of residues due to fixed poles moving poles and that at

infinity,to zero we have the following relation.
by + b} + n=d; (4.7.17)

Substituting the values of b;,0] and d: in the above relation yields the required

condition given below
B* +164%*(n + 1)! + 24AB%(n + 1)® + 4AB?D — AB’»(n +1)?
+32ABvVAv(n +1)* + dABuVAv(n + 1) — AB*v — 4A%% (n + 1)?
+16A4%Dy(n +1)* £ 16ABDVAv(n + 1) = 8B*VAv(n + 1) — 44°C*  (4.7.18)
This can be written in the compact form as:

[B+2(n+ 1)VoA]' + AMUD —v) [B+2(n+ 1)VvA] —44°C* =0 (4.7.19)

The above condition agrees with those given in [9,10]

4.8 V(z)= Acosh® \/vz+B cosh \/vz+C coth \/vzcschy/vz+
Desch?\/vz

The potential is given as
V(z) = Acosh® vz + Bcosh v/vz + C coth \/vzeschy/vz + Desch? vz (4.8.1)
We effect a change of variable by
y=e"* 4.8.2)
The QHJ equation is (i = 1 = 2m)

p*(z, E) —ip(z, E) —(E-V)=0 (4.8.3)
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In the new variable the QHJ equation is

T}?(’y: E) - I\/Eﬁ'(’UrE)

; B e o 1.5 o ~29(2+1) dy?
—|E-A—=*+1)-B—(y*+1)?-C= - =0 (484
4y'*’(y ) Qy(y ) (y2 1) (y? = 1) o (89
Let
#(y, E) = —iv/vyd (4.85)
In terms of the above transformation the QHJ becomes
15 1
i i
¢+ 2y] -
1 1 . 1 ; 2y(y? + 1) 4q?
t+— | E - A=+ 1P - B[P+ 1P -C—F - D———( =
vy? Wuf ) 2y(y +1) (y2—-1)? D(yz—l)" 0
(4.8.6)
Let
1
o 487
2y
Therefore the above equation becomes
1
2 F o =
X +X + v
1 1 1 2y(y? + 1) 492
— | E-A—=@W*+1?-B—(y*+1)*-C= -
o Ady’(y ) 2y(y 1) y*-1)? (y* —1)? !
(4.8.8)

x haspolesaty=0and at y = +1 and there are moving poles between the turning
points. We assume that there are no more poles in the complex line. We find the
residues for each of these pole below.

For y =0 we consider an expansion in x as

bg bl ¢
X = F+;+au+a1y+'-~ (4.8.9)
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Using (4.8.9) in (4.8.8) and equating the power of % gives
: [A
b2 = :i: E

N
by = —_—
: 4Ub2

The power of X gives

For y = 1 we consider an expansion in x as

bf
X= (yfil+ag+a'l(y—l)+---)

Using (4.8.12) in (4.8.8) and equating the power of —'; gives

(y-=1)

R (P WYL o
1=y v w
For y = — 1 we consider an expansion in x as

bﬂ
X= (ﬁ-f+a{,’+a',’(y+l)+---)

Using (4.8.14) in (4.8.8) and equating the power of 1= gives

a9

1
T
L

56

(4.8.10)

(4.8.11)

(4.8.12)

(4.8.13)

(4.8.14)

(4.8.15)

To find the pole at infinity, we use the mapping y = % Therefore equation (4.8.8)

transforms to

(t, E) — 2% (t, B) + %t"

AL+ Bil+e  (1+8°)¢ ¢

14 B
HFE - 2t (1-12)2 (1-12)

we expand Xx(t, E) as

%t E) = dp + dyt + dat® + - - -

4D =]=0

(4.8.16)

(4.8.17)
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Using (4.8.17) in (4.8.16) and equating the constant term we get

"y
bl
do \/41/

B
b 4vdy,

Equating the term in t we have

57

(4.8.18)

(4.8.19)

Now equating the sum of residues due to fixed poles, the moving poles, and that at

infinity, to zero we have the following relation.

by +b +V +2n=4d,

(4.8.20)

Substituting the values of b, 0, b and d, in the above relation yields the required

condition This can be written in the compact form as:

[B+2(n+ 1)VvA]' ~ AUD +v) [B2(n+ )VA]" +44°C? =0

The above condition agrees with those given in [9,10]

4.9 V(.T) = AeVve = BeVVE 4 Cle~VVE 4 De~2Vve

The potential is

V(z) = Ae®¥" 4 Be¥"® 4 Ce™V"® 4 De~2V¥=

The QHJ equation is given by (h =1 = 2m)

nilz. B\ — in'(z. EY — [E — Ae®"® — BeY"™® — Ce~V¥* — De~2V¥z =

We use a change of variable by

Therefore the QHJ transforms to

(4.8.21)

(4.9.1)

(4.9.2)

(4.9.3)
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» o : 1
Py, E) — iv/uyp'(y, E) — [E — Ay* — By - C; - D%? =0 (4.9.4)

Let
iy, E) = —iv/vyé (4.9.5)

Therefore the above equation becomes

1., 1 1 s 1 1
- e — 4+ — |E- Ay - By-C--D=| = 9.
(p+ Qy) + ¢ o 4 e y* — By Cy Dy2 0 (4.9.6)
Let
1
X=0¢+— (4.9.7)
2u
With this transformation we get
1 1 , 1 1 /
i B L = T | |1 .
X +x+ oy + o E — Ay* — By Cy Dyz 0 '4.9.8)

X has poles at y = 0 and there are moving poles between the turning points. We
assume that there are no more poles in the complex line other than a pole at infinity.
We compute the residue for y = 0

For y = 0 we define

by by

Substituting (4.9.9) in (4.9.8) we get

bz b]

ba
__+al..+,...)
y2

b ;
(—+—i+a0+a|y+---)l+(ﬁ2—3—

: + —
vy Yy 4y?

1 1 1
— |E-Ay*-By-C-~D=|=0 9.
o y i~k ~Pa (4.9.10)
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Equating the coefficient of L we get

D
by == (4.9.12)
Equating the coefficient of Lwe get
C
h=1+ gb; (4912)

We assume that infinity is a pole and compute the residue at infinity, we which

e use the mapping

y=- (4.9.13)

; : = e 1 1 ;
Pt E) - *%'(t, E) + its E— At—2 - b’; ~Ct-D*| =0 (4.9.19)

We use a Laurent's expansion of the form

%(t, E) = do + dit + dat” + - - (49.15)

Using (4.9.15) in (4.9.14) and equating the of t the constant term yidlds

<
dy =4/ = (4.9.16)

v

and the coefficient of t yields
B

1= % (4.9.17)

Now equating the sum of residues due to fixed poles, the moving poles, and that

at infinity, to zero we have the following relation.

by +n= d, (4.9.18)
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Substituting the values of b, and d; in the above equation we get.

C\v BV
+ 4+1)=+%+
2uv D e ) 2LV A

The above on simplification gives the desired condition given below which agrees

=+

(4.9.19)

with that given in [9,10].

2(n+ 1)VvAD = +BVD + CVA (4.9.20)
4.10 Quartic Oscillator

We end this chapter with a short analysis of quartic an-harmonic oscillator and give
some remarks on polynomial potentials of degree different from six.

First we consider the x* oscillator with
V(z) = az + fz* + vz* + éz, §>0 (4.10.2)
We ask whether this model is QES for any choice of parameters. We repeat the
analysis given for sextic oscillator, assuming that the point at infinity is an isolated

singular point, a pole of some order m. We therefore substitute

p(z, E) = bpz™ + bporg™ " - (4.10.2)

in the QHJ equation and determine the constants b,,. We find that b,, =0 for m > 2
and b, = +iv/6. Thus the corresponding bound state wave-function for large x will
behave as

() ~ exp (1%2L') (4.10.3)
and for both the choices iv/éfor by, one gets wave-function which grows either
at + infinity or — infinity. Hence the assumptions, that the point at infinity is an
isolated singular point of QMF, is inconsistent with QHJ for real parameter o, ft, 7
and 6. Thus, z* oscillator does not lead to any choice of real parameter. However

for complex parameters, one can get the known results for QES quartic model [18].
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4.11 Summary and Observations

From our study in this chapter we arrive at the following conclusions.

1. For the QES models, the QMF corresponding to the algebraic part of the

spectrum has singularity structure very similar to the exact solvable models.

2. The integer n appearing in the exact quantization condition isjust the number
of moving poles of QMF in the complex plane. In the case of exact solvable
models the moving poles are in a one to one correspondence with the real
nodes of the wave-functions, but a corresponding statement for QES model
is not true. This result and some other interesting properties will be explic-
itly demonstrated in the next chapter for bound state wave-functions of QES

models.

3. The integer n in the right hand side of the quantization condition appears in

the condition of quasi-exact solvability of the potential.

4. The condition of quasi-exact solvability is equivalent to our assumption about
the behavior of QMF at infinity, reflecting the simplification of the singularity
structure for the QES bound states.



Chapter 5

CALCULATION OF
WAVE-FUNCTIONS FOR QES
MODELS

In the previous chapter we have seen that the condition for exact solvability arises
from a simple requirement on the behavior of QMF at infinity. We continue our
study of QES models and we take up an investigation of wave-functions. We find that
the wave-functions can be computed by proceeding as in the case of exactly solvable
models. We begin with our simplifying assumption mentioned in the previous chapter
for the QES models and proceed in the same fashion as for the case of exactly
solvable models in chapter 3. Thus the QMF is meromorphic and the corresponding
residues at the poles are known, and aso the behavior at infinity is known, with this
information the bound state wave-functions can be obtained as in chapter 3. We
give our results for two potential models viz. the sextic oscillator and the hyperbolic
potential. This study reveals a new interesting feature of the zeros of the wave-

functions, which will be discussed at the end of this chapter.
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51 Sextic Oscillator

The potential for the sextic oscillator is:
V(z)= & + Bz + 415, 7>0 (5.1.1)

with the following values for «, 8,#nd the condition for p,n,p where p stands for

parity
a=h*-a(3+2n), fi = 2b, 7=a? 4 +2p=2nwith p=0or 1
The QHJ equation is (k= 1 = 2m)

p(x, E) - ip'(x, E)-{E- az® - fz* - vz°) = 0O (5.1.2)

We assume that the point at infinity is a pole. Therefore p{x, E) behaves as z" for

some n
p(z, E) ~ z"
for large x. Hence p(x, E) takes the form for large x.
p(x, E) = a3z + apz® + a;z+ ap + O(=) (5.1.3)

where g, a; ** *, a3 are constants, on the assumption that p(x, E) have no other sin-
gular points and substitute (5.1.3) in equation (5.1.2). Next we equate the coefficient
of powers of z° to zero, gives

a+7=0 (5.1.4)

Since 7 = &, we have
a3 = +ia (5.1.5)

As g4 has two values, the correct value is fixed by the condition of square inte-

grability on the wave function.
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P(z) = exp (z fp(x, E)d;z:) = exp (if(a;za + ala:)d:-;)
If the above integral have to bounded at infinity, the we require that
a3 = +ia (5.1.6)

Next equating the coefficient of successive powers x°, X,... to zero we get

a3 =0 (5.17)

l
G} e (5.1.8)

(5]
a =0 (5.1.9)

Hence
a; =ib (5.1.10)
Therefore p(x,E) becomes
p(z, E) =Y ' tiar® +ibz+c '5.1.11)
T — Iy

k=1
To determine zy, or equivalently P(x) = [Tf=;(z — %), we substitute (5.1.11) in

(5.1.2) and get

—[E- & - fix* - 92°) = 0 (5.1.12)

Therefore, the above equation becomes
i’ ! "

P P
-Ii,c + %IF + 2iacs® — — +b— E — 2anz® =0 (5.1.13)

v l 4 .
2 3 iber —
¢’ + 2azx P + 2ibcr — 24 7 2

Equating the coefficient of z* term we have

Qiacr’ =0=>c=0



CHAPTER 5. CALCULATION OF WAVE-FUNCTIONSFOR QES MODELS 65

and hence we have

el "

Pl
ar® — e ol it = B 2 _
2az P +2bzp P +b—FE—2anz*=0 (5.1.19)

The above eguation thus gives the following differential equation in P(X)
P" — P'(2az® + 2bz) — P(b— E — 2anz®) = 0 (5.1.15)

We get the expression for energies and wave functions for various values of n as
follows:

We will derive explicit form of wave-functions for n = 0,1 and 2. Later we will
discuss the general form of the wave-function for arbitrary n. The general strategy
for obtaining the wave-functions is the same as discussed for exactly solvable models
in chapter 3.

Wave-function for n=0: Only one energy level can be solved in this case. Since
the number n, representing the number of moving poles is zero (5.1.11), with ¢=0 as
already found, becomes

p(z, E) = iaz® + ibx (5.1.16)

and hence the wave-function is given by

¥(z) = exp (i[p(z)dg:) = exp ("i f[ml“s + iba:]dz) = exp (—a%‘ - b%e)

and the corresponding energy is obtained from (5.1.15) by equating the constant

term and is given as

E=h (5.1.18)

Wave-function for n=1: In this case we take P{z, E)to be a first degree

polynomial, (x - z,). There (5.1.15) gives, Zo = 0 and the energy is given as

E = 3b. (5.1.19)
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Therefore the wave-function comes out to be
z! 2
¥(z) = Nzexp (_GT - h?) ‘ (5.1.20)

Wave-function for n=2: We seek a solution of (5.1.15) with P(x) as a second

degree polynomial. Substituting P(z) as
P(z) = ap + oy + iz’ (5.1.21)

Using the above equation in (5.1.15) and comparing different powers of x gives

@ =0 (5.1.22)
daag - az2(8b—E) = 0 (5.1.23)
g - E) - 209 = 0. (5.1.24)

The last two equation have non-trivial solution for an and «> only if the

4a (50— E)

. = 0.
(b— E) -2 |

This gives two energy eigen-values

E = 3b+ 2v1? + 2a. (5.1.25)

To get the wave function we compute o, andas from equation (5.1.23) and (5.1.24)

and use
. 207 i 8 g
= —j—— 4 jaz” + ibz. 5.1.26
pla) = —i——— (5.1.26)

Therefore the wave function is given by:

2001

¥(z) = Nexp (i/p(r)dr) = Nexp (1[[~1m2 +iaz® 4 fl}z]dz) (5.1.27)

4 o ]

W(z) = N(ap + apz?) exp (ﬂz '-Ii - b%) (5.1.28)
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where N is the normalizing factor. The vaue of a, is given bv

50— FE
4a

Qg =

(5.1.29)
Replacing the value of oy and energy value E in the above equation one gets the
expression for wave-function as

E 77—7:) J ]

_— il 1
Y(z) = N=—= [b+ VB + 2az” — 1] exp (—u% - b#) : (5.1.30)

4a 2

The wave-functions and eigen-values explicitly obtained for the cases n = 0,1
and 2 agree with the known results [6].
For an arbitrary value of n the polynomial P(x) will be obtained by solving

(5.1.15). If we take P’(z) to be of the form
P(z) = wz™, (5.1.31)
k=0

then the differential equation (5.1.15) leads to a set of homogenous equations for
the corresponding coefficients oy, ¢y, * * *, ay,. These equations will have a non-trivial
solution only if determinant of the coefficients vanishes. This condition will determine
the energy eigen-value, corresponding to each eigen-value we can find the coefficients

0g, @y, % , . Thus we get n independent wave-function each having the form
4 2
Y(z) ~ P(z)exp (ﬂa% - b%) . (5.1.32)

Notice that all these eigen-functions corresponding to a fixed value of n have a
polynomial of the same degree n as a factor. Thus for a fixed value of n, and hence
for a given set of potential parameters, wave-functions tor al the states which can
be solved have the same number of zeros equal to n. If these levels are arranged
according to increasing energy, the number of zeros on the rea axis (nodes) will
increase. Hence the number of complex zero will decrease with increasing energy.

This feature appears to be a general property of quasi-exactly solvable models.
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52 Hyperbolic Potential

The hyperbolic potential is

A B
V(z) = =5~ + ——5— — Ccosh’ x + D cosh" x, (52.)
cosh®z  sinh®z
where

1 3

A=Ad(s - (s - 2),
1 3

B=Ad(s2- 7)(s2 = 7);

C = [q + 4q (51 + 82 + p)),
D=
The QHJ equation is (= 1 = 2m)

A B
p(z, E) —ip/ (2, E) = [E + ———

2 oY S, [E [
s, e o + Ccosh®z — Dcosh®z] = 0. (5.2.2)

We éffect a transformation by
y = cosh X (5.2.3)

The QHJ equation in the new variable is

_ o T A B 5
M%E%-me—lﬂmE%%E+§5—§17+6w-¢wﬂ=0 (5.2.4)

Let
Py, E) = —iy/y* — 1¢(y, E) (5.2.5)

Therefore the QHJ equation becomes

1y 171 2 ;1 A B .
LA A N E+=—-——+Cy*-Dy'| =0. (52.
{¢+2y2_1] 4(y?—1)?+¢+y2~1[ Rt Y] (5.2.6)

Lei
1y

242 -1

X=¢+ (5.2.7)
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Therefore the above equation becomes

3 g2 11 1

2 / = 4
= o il : T e ¥ E+ =
T 4{pF~1) 29 -1 1!2—1[ +y2

B ,
— ’!,'_2_:-_] +Cy2 = D’uq] =0 (528)

X has polesat y =0, and y = =1, and there are moving poles between the turning
points. We assume that there are no more poles in the complex plane other than
a pole at infinity. We will first compute the residues at y = 0, +1 and then in the
general form of x (5.2.19) the constants b,,5] and b7 will be known and then we give
the general form of the wave-function.
Computation of residues: Fory = 0 let
by
= ; +ag+ay+-e (5.2.9
Therefore equation (5.2.8) becomes
[1;7'+ag+u|y+-~-}’+[—i—;+m. +~-]+g(y2‘1’fl)2 = %y?]— 1

17[ A__B
u? — 1 2 -1

+ +Cy?* - Dy =0 (5.2.10)
Equating the coefficient of 4 on both sides gives
1
b1 = 5[1 a4 (4S| - 2)}

By the condition of square integrability, the positive sign has to be taken. Hence the

value of b\ is
1
Fory=1 let
b, ;
x=— i +ap+ay(y—1)+- (5.2.13)
Y-
Therefore equation (5.2.8) becomes
b o 2 /TR . s .
[u—£7+{10+{I1(?]_1)+.'-]+[_(y_]>?“ra]+ ]+4(:U2*1)2 2?/2__1
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1 A

B
+——|F R G 1 .~ A =
yz—l[ ; _1+Cy Dy'1=0

v oy?
Equating the coefficient of (?_11)70“ both sides gives

m=%uimwfn] (5.2.14)

By the condition of square integrability, the positive sign has to be taken. Hence the

value of ] is
b = (5.2.15)
Fory=—11let
Y= = i +ag +al(y+1)4--- (5.2.16)
7 :'n'+l 0 1A e
Therefore equation (5.2.8) becomes
bl}’ " " 2 b? " 3 y2 1 1
1) Swii s = - T [ i, S
[y+1 +ag+af(y+1)+- "+ PESE +a} + }+4(yz_ 0 " ag7 o1
1 A B ;
i R WU K/ - (B V.. |
+g;h1[ +y2 ytN Y y']=0

Equating the coefficient ofj;+5; on both sides gives
1
b= 5[1 + (25, — 1) | (5.2.17)

By the condition of square integrability, the positive sign has to be taken. Hence the
value of b is

b = s. (5.2.18)
For the fixed poles at y = 0, %1 let x have the form

Ply) b b b
= —— 4+ ——+cy+cy 5.2.19
X=P) Ty Ty—1 g1 TS 6219

where ¢, and ¢, are constants to be determined. This form of x is because the

equation (5.2.8) has a y* term.
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Form of wave-function: Using (5.2.19), equation (5.2.8) transforms to

2

I)f b 7
(.U}+ 1+ by +

b
=+ ..
Ply) 'y y—-1 y+1

+ay+ e

by by by 3 2 1

P'(y) (P
Ply)

-+

o 5= 5+ = -
v ly-17 @+ A -12 221

1 E+A

+ —
yr = il v

3 '
Tl' +*+ C:!,’z = [)?}4] =0
and for large y equating the coefficients of y? to zero gives,
¢-D=0,

hence

) = j:'\/b= :Eq'\

For large y equating the coefficients of y gives
2c103 = 0,

hence

Cy = 0.

The correct sign of ¢; is fixed by square integrability and is found to be ¢,

(5.2.20)

(5.2.21)

(5.2.22)

= —q\

As the potential is symmetric, there are moving poles on either side and hence we

take P(y) to have the form given below

n

P(y) = H v* - ui)-

The wave-function for this model is computed as follows

il
(k!

Y(y) = exvf[x = %

b’j b" 1
o I B K

(5.2.23)

(5.2.24)

(5.2.25)
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On integrating and substituting the values of b, b, and ¢, we get the expression for

the wave-function in the x variable as
¥(z) = (cosh? z)*'~ 1 (sinh? )%~ exp (—-(‘0’ill z) H (cosh®z — ).  (5.2.26)

Computation of energy-eigenvalue: We shdl nov show how our anaysis
leeds to the correct answer for energy spectrum. With ¢, = 0 and substituting the
values of b1, band ¢; (5.220) takes the fom

P'ly)  P'y) [(4s1=1) 252 25

— 24
Ply)  P(y) y =1 g1
g o 48182 488 8 82 F:H 2 Yy
2.2 122 1272 2 2 P 2 9 . 1 1
- - - = — 28201 ——— — 2854
+lgry” + =1 gt gkl g=1 -1 'U+1 JQI?,H-] ”ly—]
1 1 E4+A B 1 . VP y! .
—4s1q1 — % = .- Y 1=0 (5.2.27)

ByP—1 -1 2¢8—1 “y2-1 ~y2-1
Usng (5.2.23) in (5.2.27) we get the falowing equation.

n QU 2
[gy”y}f}
n 1 noo9 48, — 1 2s 2s;
Z[ 2]+Z : Y g{( 1 }+ 2 + 2 - 213/
= L+ w)? (U"-.ua-) o b=k Y y—1 y+1
g 5 48182 488 83 s 53 83 Yy y
2 2 12_ 192 2 . 2 + -y 2 = D, — 25
Hoay' + T g1 Tya1 y-1 g1 g+l My TRy
11 E+A B 1 y? y
= - = - +C - D— = 5.2.28
a1 8y2—1+y2—1+2y2~1 y? —1 y2—1] ( )

Multiplying the above throughout by - and integrating aong a dosed contour en-

closing y = 0 we get the expresson for energy as

1 2 n 1
E=-~4|5+8~- 2~ ;“ = 85] [q—l T —2} (5229)

Using y'i = &, the above equations for energy become
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. ] 2 n 1
p=afn+s-2-1 s ["_wzg] (5:2:30)
2 k=1 {L‘

Changing to y* = ¢ and yi = & (5.2.28) becomes

n 1 2 n ) n
4§L .E":E} —x ety *? ((4‘*‘ ~ Ml = W ]Z L &J
in =1 Tk k=1
; 1 ‘ 3
[([125 -+ 85‘1-‘1‘2&":1' = 25251—1 + Qngi ]- = 452(]l£_i*] — 48,41 — éé_iT
(E+.4) E 1 £ _&z
4 3 Oy - D) =0 (5.2.31)

and integrating (5.2.31) over ¢ around a closed contour, enclosing only one of the

points &; and repeating fer (i = 1,2, ¢, n) we get the following result

ﬁ L, _‘f_':o (5.2.32)
k:1€|_£k 'f1 f 2 o

i=1,2,---n
The results (5.2.26), (5.2.30) and (5.2.32) and in agreement with those given in [6]
The general feature of the zeros of the wave-function for the sextic oscillator are
also true for the QES hyperbolic potential. In particular, for a given potential it
is correct that all the exactly solvable wave-functions have the same total number,
(real and complex) of zeros. This feature is found to be correct for al QES model

studied so far including the QES periodic potentials [12].

53 Concluding Remarks

Our study of bound state wave-functions in this chapter shows the following similar-

ities and differences between the exactly solvable and QES models.

1. In both the models, the "QMF" turns out to be a rational function after a

suitable change of variables.
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2.

In both the cases, the integer n in the right hand side of quantization condition

coincides with the number of moving poles.

. For every bound state in one dimension the kt* excited state wave-function

have fc-nodes on the real axis. This statement is a general one and is true for
all models including exactly solvable and QES potentials. the study in chapter
3 shows that QMF for exactly-solvable models has moving poles which are in
correspondence with the nodes of the wave-function. There are no poles off
the real axis. However this property fails to be true for QES potentials where
the QMF has poles df the real axis, in addition to the poles on the real axis

corresponding to the nodes of the wave-function.

For the QES potentials only a part of the energy spectrum and the correspond-
ing wave-functions can be computed exactly. An interesting property of the
QMF for all these levels is that the total number of moving poles is the same

and equal to the integer n of the quantization.

Different values of integer n correspond to different QES potentials within a
family, and it does not refer to different excited state of a single potential, as

was the case for exact-solvable model.



Chapter 6

CONCLUSIONS AND
OUTLOOK

In this thesis, we have studied exactly solvable and QES potentials in one dimensional
quantum mechanics with in the frame work of QHJ formalism. The fallowing results

have been obtained.

1. The eigen-values and eigen-functions of the exactly solvable models can be
obtained by a very simple and elegant method, which makes use of elementary

results from theory of complex variables.

2. The non-trivial input in this analysis is the singularity structure of the QMF.
Besides this, achange of variable is needed to transform the QHJ equation to a
Riccati form with rational functions as coefficients. Having done this, it is very
easy to identify the fixed poles and the corresponding residues. It is the location
and the number of moving poles which present some difficulty. For a large
class of exactly solvable and QES models studied by us, the number of moving
poles for the bound states turns out to be finite. In addition, the behavior of
large values of independent variables has been very simple to read from QHJ
equation. All these observations can be summarized in one sentence by saying

that the QMF is a rational function after a suitable change of variables.

75
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3. The quantization condition as given by Leacock and Padgett, is applicable to
separate systems which can be reduced to one dimensiona problems. It will
be interesting to formulate an exact quantization condition for non-separable
systems in higher dimensions, and investigate its relation to the well known

existing semi-classical schemes and to see applications to chaotic systems.

4. For other models which are not exactly solvable, one has to device and ap-
proximation scheme. Here again some idea about the knowledge of location of

moving poles has any relation to classical trajectories.

5. We have tried to study the QHJ formalism for an-harmonic oscillator which
is a test case of any computational scheme. One can compute the asymptotic
value of the QMF for large x and one can use this answer as an input for
numerical integration of QHJ. Detailed investigation is in progress and inter-
esting approximation scheme for an-harmonic oscillator is expected from the
preliminary results. The simple form of QHJ equation offers a possibility of

several analytic approximation schemes also.

6. When computing bound states for some potentials such as Rosen Morse hy-
perbolic potential, it is found that applying boundary condition p(x, E) A9
pa(z,E), carefully leads one to select different residues for different ranges of
potential parameters. Excepting this and proceeding, further analysis leads to
different set of energy spectrum and wave-functions for such different ranges of
parameters in the potential. This is consistent with the known result on phases
of super-symmetry in Rosen Morse potential 13]. Other such potentials, for
example trigonometric Scarf potential [14], which exhibit different phases for

different ranges of potential parameters, can aso be investigated within our
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7.

frame work.

It must be remarked that, the QHJ formalism as presented in this thesis is
applicable to bound states only. Modifications will be needed to apply this
formalism to continuous energy solutions. The requirements such as the quan-
tization rule, square integrability etc., are no longer applicable. For such cases
we must accept all possible combination of residues, consistent with the other
equations of the theory, and proceed to analyse the consequences. In fact
analysis of this type has been performed for some of the QES and exactly solv-
able periodic potentials, and QHJ formalism leads to the full set of band-edge

wave-function and corresponding energy eigen-values [12,15].

. The QHJ formalism offers advantages from the pedagogical point of view. The

understanding of method and results requires only the basic understanding of
the theory of complex variables. In this connection we mention periodic poten-
tials, both exactly solvable and QES, and PT symmetric complex potentials
[16] which can be handled with equal ease within the QHJ approach [12,15,

17,



10.

11.

78

REFRENCES

. Leacock R A and Padgett M J, Phys. Rev. Lett. 50 (1983) 3

Leacock R A and Padgett M J, Phys. Rev. D 28 (1983) 2491

Goldstein H, "Classicad Mechanics', Addison Wedey, New York 1984

. BhallaR S, Kapoor A K and Panigrahi P K, Am. J. Phys 65 (1997) 1187

. BhallaR S, Kapoor A K and Panigrahi P K, Mod. Phys. Lett. A12 (1997)

95

. Sree Ranjani S, Geojo K G, Kapoor A K and Panigrahi P K, "Bound State

Wave functions through QHJ formalism" quant-ph/0211168 (2003)

. Ushveridze A, "Quasi-Exactly Solvable Models in Quantum Mechanics' Bris-

tol: Institute of Physics Publishing 194

. Geojo K G, Sree Ranjani S, and Kapoor A K, J. Phys. Math. Gen. A 36

(2003) 4591

. Cooper F, Khare A and Sukhatme U 2001 ”Sypersymmetry in Quantum Me-

chanics (Singapore: World Scientific) and references therein

. Gonzalez-Lopez A, Kamran N and Olver P J, Commmun. Math. Phys 153 117

Gonzalez-Lopez A, Kamran H and Olver P J, Contemp. Math 160 113

Ince E L, " Ordinary Differential Equations’ 1956 (Dover Publications Inc.

New Y ork)



12

13.

14.

15.

16.

17.

18.

79

. Sree Ranjani S, Kapoor A K, Panigrahi P K, "A Study of QES Periodic Po-

tentials in QHJ Formalism", under preparation

BhallaR S, Kapoor A K and Panigrahi P K, Int. J. Mod. Phys.A 54 (1996)
951

Scarf F L, Phys. Rev. 112 (1958) 1137.

Sree Ranjani S, Kapoor A K, Panigrahi P K "Calculation of Band Edge Eigen-
function and Eigenvalues of Periodic Potentials through the Quantum Hamilton

Jacobi Formalism", quant-ph 03.

Bender C M, Brody D .) and Jones H F, Phys. Rev. Lett. 89 (2002) 270 and

references therein.

Sree Ranjani S, Kapoor A K, Panigrahi P K, "A Study of PT symmetric

Potentials in QHJ Formalism", under preparation

Bender Carl M , "Quasi-exactly solvable quartic potential”, physics/9801007



