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Abstract

The common theme of this thesis is nonlinearity. Order parameters in

models exhibiting phase transitions e.g., Bose-Einstein condensates, elec-

tric field in a nonlinear medium are some of the well-known examples of

nonlinear systems in physics. These and other nonlinear dynamical sys-

tems, appearing in various physical problems, are the focus of our study

here.

We start with the nonlinear Schrodinger equation (NLSE), with an ex-

ternal source. The externally driven NLSE has manifested in diverse areas

of physics. For example, charge density waves, long Josephson junctions,

plasma driven by rf fields, and optical twin-core fibers are governed by this

nonlinear equation. We provide an exact mapping, through a fractional

transformation, which connects the solutions of the NLSE, phase-locked

with a source, to the elliptic functions satisfying /" ± af ± A/3 — 0. The so-

lutions are necessarily of the rational type, containing both trigonometric

and hyperbolic types, as special cases. Externally induced soliton trains,

pulse and singular solutions are obtained. So far, no exact solutions have

been found for this system; although a number of perturbation studies

have been carried out around the familiar soliton solutions of the NLSE.

We then numerically check the stability of some of these solutions through

a powerful numerical technique, the semi-implicit Crank-Nicolson finite

difference method. We have also analyzed the NLSE, with damping, in the

presence of a space-time dependent source. The exact solutions may find

applications in the recently developed method of dispersion management.



We then study solitary wave solutions, having strictly finite extent, the

so called compact on solutions, in various integrable systems, possibly with

modifications. With the help of the periodic solutions of modified Korteweg

de-Vries (MKdV) and a host of other nonlinear equations, we point out that

compacton type solutions can exist in these systems, provided appropriate

sources are included.

The two-species Bose-Einstein condensates (TBEC), with the order pa-

rameter equations of the coupled NLSE type, are then analyzed for the

presence of the solitary wave solutions. We study both the weakly arid

strongly coupled regimes, the latter being treated numerically. Solitary

wave solutions of the TBEC, exhibiting a number of interesting properties,

have been obtained.

The chiral order parameter having 0(4) symmetry, where the dynami-

cal system is governed by a nonlinearity of the NLSE type, is then studied,

keeping in mind the disoriented chiral condensate (DCC). These are space-

time domains, where the order parameter can orient along a direction dif-

ferent from the low-energy vacuum direction. The possibility of DCC for-

mation has aroused considerable interest in recent times. We find shape

preserving solutions, describing DCC-type phenomena, in the quenching

scenario. We then analyze the dynamics of the phase of the chiral order

parameter, in the presence of the symmetry breaking term in the Hamilto-

nian, responsible for the pion masses. This was done in the regime, when

the amplitude of the order parameter, takes a constant value. The rele-

vant equation of motion in this case is the sine-Gordon equation. We find

clusters of DCC, due to the nontrivial dynamics of the phase, under the

condition of boost invariance. The behavior of the soliton solutions of the

sine-Gordon equation, when allowed to expand into higher dimensions, is

then studied. The physical picture being, the initial formation of these soli-

tons in (1 +1)-dimensions due to the pancake type geometry of the colliding

heavy nuclei, subsequently expanding into the transverse dimensions. It

xi



was numerically found that, the soliton solutions, which may be thought

of as DCC-type domains, slowly destabilize in higher dimensions, leading

to coherent particle production.
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Chapter 1

Introduction

Nonlinear equations are ubiquitous in diverse branches of science. In

physics, the well-known nonlinear Schrodinger equation (NLSE) [1] mani-

fests in nonlinear fiber-optics [2, 3, 4] and with an appropriate potential as

Gross-Pitaevskii (GP) equation in Bose-Einstein condensates [5]. The KdV,

MKdV, and Boussinesq equations routinely appear in hydrodynamics and

plasma physics [6]. The sine-Gordon equation and its variants manifest in

Josephson junction arrays and charge density waves. By now, there are

more than hundred nonlinear equations, for which solitary waves exist

as solutions. A number of these equations are integrable in the Liouville

sense; for these systems, an infinite number of conserved quantities ex-

ist, which are in involution. The integrability of these equations lead to

extremely interesting properties for their solutions, the so called solitons.

For example, the KdV solitons having higher amplitudes, move faster and

overtake the solitons with lower amplitudes, and vice-versa for Boussinesq

equation. However, in the process, the solitons remain unaffected.

Solitons can be localized or may appear as pulse trains; however, in

both these cases, the nonlinearity and dispersion delicately balance each

others' effect for these self-similar waves to exist. The subject of solitons

in integrable models is well studied; the solitons have also been generated

in controlled experiments [4, 7, 2]. Finding exact solutions, in particular,

1



Introduction 2

traveling wave solutions of these nonlinear equations is an active research

area. Many explicit methods have been introduced in the literature for the

same purpose. Some of these methods are Backlund transformation, gen-

eralized Miura transformation, Darboux transformation, Cole-Hopf trans-

formation, Lax pair approach, Painleve analysis, Hirota-bilinear method,

etc.

In a number of situations modifications of these integrable systems ap-

pear in physical problems, for which solitary wave solutions may exist.

For example, externally driven NLSE has appeared in various physical

problems. Although, perturbative treatment around the soli ton solution

of NLSE has yielded a number of interesting insights, exact solutions of

the complete equation will undoubtedly shed considerable light on the role

of the source term. A significant portion of this thesis is devoted to the

exact solutions of the same. We employ a fractional transformation to

connect the elliptic functions to the solutions of the NLSE, phase locked

with a source. Fractional linear transformations have been used exten-

sively in case of linear differential equations. For example, the well-known

Riemann equation and its solutions can be connected with the hypergeo-

metric equation, through a bilinear transformation. It is interesting to find

that a similar transformation can be profitably used to map the NLSE with

a source to the equation with elliptic functions as solutions.

It is well-known in the soli ton literature, that a number of integrable

equations can be transformed into the equation of the elliptic functions.

The doubly periodic Jacobi elliptic functions, interpolate between trigono-

metric functions and the hyperbolic functions, through different values

of the modulus parameter. The solutions of these nonlinear equations

obtained in the form of elliptic functions yield, both localized soliton solu-

tions, as well as the pulse train solutions possessing periodicity.

The obtained solutions of the NLSE with a source are necessarily of

the rational form and have both trigonometric and hyperbolic pulse type
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solutions. Some of them can also be singular. We have also successfully

implemented a fractional transformation to find the solutions of the NLSE

in an opaque medium, interacting with a space-time dependent source.

In light of the tremendous interest in the dispersion managed solitons in

optical fibers, the solitary wave solutions found in this case, mounted on

a space-time dependent source, may find applications in soliton based

communication systems [8]. We have also used this transformation to find

rational solutions of the Boussinesq equation.

In recent times, a class of solutions of nonlinear equations called com-

pactons, have attracted much attention. These are solitary wave solutions,

having strictly finite extent. It will be worth-while to know, if modifications

of some of these integrable equations may lead to compacton type solu-

tions. We analyze MKdV and NLSE equations, and show that it is indeed

possible to obtain compacton solutions, provided appropriate sources are

included.

The physics of Bose-Einstein condensate and nonlinear optical systems

share a number of similarities. The same NLSE, coupled with different

types of potentials, can describe the dynamics of the Bose-Einstein con-

densates [5]. In light of the experimental observations of solitons and soli-

tary waves in one component BEC, we carry out an extensive study of the

TBEC for the existence of similar solutions. The TBEC reveal modulational

instability and autocorrelation traces, akin to ones in laser systems [2].

Noticing that, the NLSE type nonlinearity appears in the description of

the chiral order parameter, we then employ some of the above techniques

for the description of DCC. As has been mentioned earlier DCC refers to

domains in the chiral order parameter which are misaligned with respect

to the vacuum direction.

In the following chapter, we map the solutions of the NLSE phase locked

with a source to the elliptic functions satisfying; /" ± af ± A/3 = 0, through

a. fractional transformation. Here a, and A are real. We study a wide class
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of traveling wave solutions, which are necessarily of rational form. It is

worth emphasizing that the solutions are nonperturbative in nature. They

include trigonometric and hyperbolic rational solutions, some of which

may be singular. By using the semi-implicit Crank-Nicholson finite differ-

ence method, we have shown that the periodic solutions obtained in this

procedure are stable. It. should be noted that, the presence of a source

term makes the numerical simulations quite nontrivial. The solutions are

also studied in the presence of damping and time dependent coupling and

dispersion.

In Chapter 3, we extend the use of the fractional transformation, that

has been quite handy in finding the exact solutions of NLSE, phase-locked

with a source, to other nonlinear equations. The goal is to look for the

possibilty of solutions of strictly finite size, the so called compactons in

these nonlinear systems. For that purpose, we first find exact traveling

wave solutions in terms of Jacobi elliptic functions. The numerical simu-

lations revealed that the rational, periodic solutions of MKdV, after some

evolutions develop instability. We also found rational solutions of Boussi-

nesq equation, using the fractional transformation. We then investigated

the possibility of compactirying the periodic solutions of NLSE, MKdV, and

higher order KdV-like equations. It was found that, in the case of MKdV,

the periodic solution can be a compacton, only in the presence of a delta

function-like source, the NLSE also needs to be appended with a suitable

source, for a compacton type solution to exist.

In Chapter 4, we have explored the dynamics of two-species BEC by

coupled NLSE, using the mean field approximation. In particular, the soli-

ton and solitary wave solutions are studied in detail. It should be pointed

out that solitons and soliton trains have been seen experimentally in single

component BEC. In view of the experimental results reported for the two

component BEC in H7Rb, 41K-87Rb, and 7Li-133Cs, we hope that the exact so-

lutions found in our work, may find applications. There are two regimes we
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have considered for the coupling parameters. In the so called weak limit,

we could find exact solutions of the two-coupled Gross-Pitaev ski equa-

tions, in terms of cnoidal functions. Bright, and dark solitons are found

in this limit. Chirped pulses are obtained as exact solutions. We also

carry out extensive numerical simulations, in this regime. In the strong

coupling domain, we have numerically solved coupled GP equations; both

for the attractive and repulsive cases. In the attractive case, chirping has

been observed during numerical evolution, for appropriate values of the

chemical potential. Interestingly, for one particular set of the parameter

values, for one of the species, we observed traces of auto correlation, akin

to a two laser system, due to modulational instability; the other one shows

oscillatory behavior.

We have conducted analytical and numerical studies regarding the pos-

sibility of formation of disoriented chiral condensate (DCC) in the non-

equilibrium picture, in Chapter 5. We start with the linear sigma model

Lagrangian with an explicit symmetry breaking term, responsible for the

pion mass and show that this can be reduced to the sine-Gordon (SG)

equation under appropriate conditions. Both boost invariant and non-

invariant solutions have been studied and their relevance for DCC pointed

out. We present exact traveling wave solutions of the linear sigma model,

these and the solitary wave solutions of the SG model can describe do-

mains of DCC. We performed numerical simulations for both linear sigma

model and the SG model in proper-time and pseudo-rapidity variables.

Also, the space-time evolution of domains, under SG equation, is carried

out using centered finite difference method.
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Chapter 2

The Nonlinear Schrodinger

equation and sources

It has been well established that the nonlinear Schrodinger equation (NLSE)

describes a wide class of physical phenomena e.g., modulational instability

of water waves, propagation of heat pulses in anharmonic crystals, helical

motion of a very thin vortex filament, nonlinear modulation of collision-

less plasma waves, and self trapping of a light beam in a color dispersive

system [1]. In optical fibers, the solitons of the NLSE provide a secure

means to carry bits of information over many thousands of kilometers [2].

In many of these examples the equation appears as an asymptotic limit for

a slowly varying dispersive wave envelope propagating through nonlinear

medium. When termed as Gross-Pitaevskii equation; the NLSE with an

appropriate potential can be utilized to describe the dynamics of the Bose-

Einstein condensate, both with the attractive and repulsive nonlinearities.

It is our objective in this chapter to present the solutions of the NLSE with

an external source and a gain or lossy term, and study the numerical sta-

bility of some of the solutions. Like KdV equation, the NLSE is a generic

wave equation, arising in the study of unidirectional propagation of wave

packets in a dispersive, energy conserving medium at the lowest order of

nonlinearity.

7



The Nonlinear Schrodinger equation and sources 8

2.1 The nonlinear Schrodinger equation

In certain dielectric materials, the refractive index increases in proportion

to the square of the electric field, this property is known as Kerr effect.

Then the refractive index can be written as

where a(z, 1) is a dimensionless complex amplitude representing the slowly

varying envelope of the wave and LJ» is the wave central frequency (k^ =

rwjs/c). The wave intensity is given by / = Ic \ il^(zj) |2, where fc is a con-

stant. The optical Kerr effect increases the refractive index by the quantity

Sn, = n2L where n2 is the nonlinear refractive index coefficient. We as-

sume that near the central frequency of the wave, the following dispersion

relation holds:

Equation (2.2) is a Taylor development of the wave vector near u,s, with

the addition of the effect of nonlinearity 8k = k2l with k2 — n2LuJc In this

equation, if we replace the derivatives A;', k" etc. through their relationship

to the group velocity, vg = § ,̂ then we arrive at:

(2.3)

(2.2)

(2.1)

Consider an electromagnetic wave (in a scalar form) represented by the

function:
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At the frequencies of interest for solitons in single-mode fibers, the

terms in k" and k,2I in Eq. (2.2) have comparable magnitudes, while the

higher order terms in k'" and Ik'2 are like small perturbations. Thus Eq.

(2.2) can be approximated by:

which shows that k" is the dispersion of the wave's group velocity.

We now consider the Fourier transform of the envelope function:

(2.4)

From Eq. (2.3), we find that,

(2.5)

(2.6)

(2.7)

(2.8)

(2.10)

(2.9)

Applying Eq. (2.8) to the wave envelope ij)(z,t) and using

we obtain:

Equation (2.9) can be transformed to correspond to a retarded time frame

and be made dimensionless through the following substitutions:

where tc, zc are constants with dimensions of time and

space, respectively. Hence, from Eq. (2.9), we get



It is our goal in this thesis, to present the solitary wave solutions of the

NLSE in the presence of a source, and also with dispersion managed lossy

and gain parameters. Before going into the details of NLSE interacting

with external sources, we concentrate on free NLSE.

The NLSE is a second order nonlinear partial differential equation,

which can contain localized solitons as solutions. Zakharov and Shabat

solved the NLSE by the aid of inverse scattering method [3]. It is interest-

ing to notice that, the solitons emerge, when the nonlinearity balances the

dispersion. Solitons are stable, localized waves that propagate in a non-

linear medium without spreading. Solitons may be either bright or dark,

depending on the details of the governing equation. A bright soliton is a

peak in the amplitude; a dark soliton is a notch with a characteristic phase

step across it. In addition to its solitons, NLSE supports periodic waves

and exact N-soliton solutions [4].

10

(2.11)

(2.12)

This is the celebrated nonlinear Schrodinger equation. It is so called, be-

cause of its similarity in appearance with the Schrodinger equation in

quantum theory. In the case where the medium has gain or loss, a term

-ITI/J with r = zcg/2 must be added to the left-hand side of Eq. (2.11),

where g is the net power gain coefficient:

The Nonlinear Schrodinger equation and sources



The Nonlinear Schrodinger equation and sources 11

2.2 The solutions of NLSE in terms of Jacobi ellip-

tic functions

For the purpose of illustration we solve below, the NLSE in terms of the

elliptic functions. The intended solutions are the traveling wave solutions,

which can exhibit chirping. The NLSE is given by

where, P is the integration constant. For P ^ 0, the solutions exhibit

chirping. For simplicity, we consider P = 0 in which case the real part is

given by

ea + a2 a" + ga3 = 0 , (2.18)

where f = ^- - u. The solutions of the above equation are the well-known

elliptic functions. Below we tabulate a few cnoidal solutions of the above

equation.

(2.13)

Eq. (2.13)

(2.14)

(2.15)

(2.16)

(2.17)

can be straightforwardly solved to give

where £ = a(y - vt), we can separate the real and the imaginary parts of

the equation. The imaginary part

Using the following ansatz,

where g is real. In the scaled variables

takes the form:
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Table I. Various limits for the exact solutions of NLSE

12

As is clear from the above solutions the signs of y (attractive and repulsive)

and e play crucial roles in finding the solutions. This fact will become more

explicit as we will use the solutions of the above equation repeatedly in our

derivations.

2.3 The NLSE equation with a source

In this section, we present a wide class of rational solutions of the NLSE

with a source, using a fractional transformation (FT). The solutions of

NLSE, phase locked with a source, are exactly connected to the elliptic

functions. These are necessarily of the rational type and are nonpertur-

bative in nature. The numerical simulations revealed that, some of these

solitary waves are stable. We also present an elegant numerical technique

to test the numerical stability of these exact solutions.

Much attention has been paid to the study of the externally driven NLSE

after the seminal work of Kaup and Newell [5]. This equation features

Cnoidal function Modulus parameter (m)

Acn(£, in) 1

Acn(£,m) 5/8

Bsn(5,m) 1

Bsn(t,rn) 1/2

Cdn(?,m) 1/2
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prominently in the problem of optical pulse propagation in asymmetric,

twin-core optical fibers [6, 7, 8]; currently an area of active research. Of

the several applications of an externally driven NLSE, perhaps the most

important ones are to long Josephson junctions [9], charge density waves

[10], and plasmas driven by rf fields [11]. The phenomenon of autoreso-

nance [12], indicating a continuous phase locking between the solutions

of NLSE and the driving field, has been found to be a key characteristic of

this system, in the presence of damping, this dynamical system exhibits

rich structure including bifurcation. This is evident from analyses around

a constant background as well as numerical investigations [13, 14, 15].

Although NLSE is a well-studied integrable system [16], no exact solutions

have so far been found for the NLSE with a source, to the best of the

authors' knowledge. All the above inferences have been drawn through

perturbations around soli tons and numerical techniques.

In this chapter, we map exactly, the traveling wave solutions of the

NLSE phase-locked with a source, to the elliptic functions, through the

FT. It was found that the solutions are necessarily of the rational type,

with both the numerator and denominator containing terms quadratic in

elliptic functions, in addition to having constant terms. It is well-known

that the solitary wave solutions of the NLSE [17, 8] are cnoidal waves,

which contain the localized soliton solutions in the limit, when the mod-

ulus parameter equals one [19]. Hence, the solutions found here, for the

NLSE with a source, are nonperturbative in nature. We find both bright

and dark soliton s as also singular ones. Solitons and solitary pulses show

distinct behavior. In the case, when the source and the solutions are not

phase matched, perturbation around these solutions may provide a better

starting point.

For nonlinear equations, a number of transformations are well-known

in the literature, which map the solutions of a given equation to the other

[20, 21]. The familiar example being the Miura transformation [22], which
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maps the solutions of the modified KdV to those of the KdV equation. To

find static and propagating solutions, appropriate transformations have

also been cleverly employed, to connect the nonlinear equations to the ones

satisfied by the elliptic functions: f" ± a/ ± A/3 = 0. Here and henceforth,

prime denotes derivative with respect to the argument of the function.

Solitons and solitary wave solutions of KdV, NLSE, and sine-Gordon etc.,

can be easily obtained in terms of the elliptic functions in this manner.

Below, we consider the NLSE coupled to an external traveling wave field

where g and // are real. In the scaled variable;

above equation takes the dimensionless form:

Using the following ansatz,

we derive the moving solutions of Eq. (2.19). Here £ = a(y - vt), and

choosing the source term as //(£) = /^MO-^l, w e c a n separate the real and

the imaginary parts of the equation as:

(2.20)

(2.21)

and

where the primes denote the derivatives with respect to £ variable. Equa-

tion (2.21) can be straightforwardly solved to give

(2.22)



with 5 taking integer values. After substitution, the coefficients of /"(£, ///),

for n — 0,2,4,6 etc., can be set to zero, to reduce the problem to a set of

algebraic equations. Since the goal is to map the solutions of Eq. (2.23)

to elliptic functions, use was made of the following relations for various

derivatives of /; /" - / - / ;\ and f'2 = f2 - | / 4 + 2E{), where E() is the

integration constant. It was found that 8 takes the unique value 2 for

consistency. The consistency conditions will be solved below for specific

choices of / . However, it is worth noticing that several interesting special

cases already emerge from preliminary analysis.

Case(i):

For A, = 0 and B ^ 0, we find that the solution is given by

The Nonlinear Schrodinger equation and sources 15

where P is the integration constant, which has been set to zero in the

following. Thus the single nonlinear ordinary differential equation we have

to solve is

(2.23)

2.4 Solitary wave solutions of the NLSE with a

source

2.4.1 General solutions

We start with an ansatz solution of equation (2.23) of the form,

Case(ii):

In another scenario, B — 0 and A ^ 0; the solution is
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which can be potentially singular. Although /, in principle, can be any of

the twelve Jacobi elliptic functions, we concentrate primarily on: cn(£,ra),

dn(£7m), and sn(£,rri). The identities ( en2 = 1 — sn2, dn2 = 1 — rasn2) satis-

fied by these cnoidal functions come handy in the algebraic analysis. For

definiteness, we start with / = cn(^m)\ then the coefficients of cnn(£,ra),

for n = 0,2,4,6 can be set to zero reducing the problem to a set of four

algebraic equations as given below:

Ae - 2az(AD - B)(l - m) + gA* - k = 0, (2.24)

2tAD + tB + 6a2(AD - B)D(l - m) -

la2 (AD - B)(2rn - 1) + 3gA2B - 3kD - 0, (2.25)

AeD2 + 2eBD f Aa2(AD - B)D(2m 1) +

6a2(AD - B)m f 3gAB2 - 3kD2 = 0, (2.26)

eBD2 - 2a2(AD - B)Dm + gB3 - kD3 = 0. (2.27)

We notice that in Eqs. (2.24)-(2.27), the free parameters are A, B, D,

Q, and the modulus parameter m. In what follows, we demonstrate, under

various limits, how the imbalance between the group velocity dispersion of

the slowly varying envelope mounted on a weakly varying carrier wave with

the cubic nonlinearity can lead to solitary wave solutions in the presence

of an appropriate source. These solutions may find applications in long

distance optical communications [16]. First we analyze the general cases

and then move on to the special ones.

From the consistency conditions, it is clear that when the source is

switched off, the solitary wave envelope is not of a rational type. This is

because, for D - 0, Eq. (2.27) yields B = 0. This indicates that, excluding

a constant solution, there exists no other solution for Eq. (2.23). For
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AD = B, it is observed that all the four equations are identical, a flat

background solution is obtained. This shows that, a(£) = A + £cn2(f,ra),

type of solutions do not exist for Eq. (2.23). Insead of en, if one chooses

dn or sn for / , the same scenario emerges. Hence, a(£) is necessarily of the

rational type. It should be noted that these are nonperturbative solutions,

which can not be obtained from the elliptic function solutions of the NLSE

given earlier, through perturbative means.

As mentioned earlier, the special cases lead to a number of interesting

solutions. These contain both periodic and hyperbolic type solutions, some

of which may be singular. We present them below, with the specifications

for the regimes in which they exist.

2.4.2 Special solutions

Case(I): Trigonometric solution

For A = 0 and m = 0; we found that a2 = -6/4; hence, f has to be

negative, which puts restriction on 7;,//, and u. The parameters are also

constrained as e — (-y#/.;2)^. Then we arrive at the periodic solution, for

the attractive regime [g > 0):

This periodic solution is found to be stable, as evidenced from the numer-

ical simulations to be given later in the text. It should be noted that for

B = 0, no rational periodic solutions are possible.

Case(II): Hyperbolic solution

In this case, we find that for A — 0, no rational solutions exist. For

B = 0, and m = 1; we found that a2 = e/4. The parameters <;,//, and

UJ are related to the coupling strength as f = {—^gk2)*. This yields, the

hyperbolic solution, for the repulsive scenario:

(2.29)

(2.28)
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subject to the following constraints: (i) for k positive, e > 0, hence u < -j + /z,

and (ii) for k negative, e < 0, hence UJ > ^ 4 /i.

Case(III): Pure cnoidal solutions

Below we give another periodic solution, where the modulus parameter

takes a specific value. In this case, A = 0, D = 1, and m = 5/8; here

a2 = c/2(3 - 2m). The parameters v,fi, and UJ are related to the coupling

strength as e. = 7 ( -^ )£ . This solution corresponds to the repulsive regime.

It should be pointed out that in this case the solution is unique, as noticed

Figure 2.1: Plot depicting a periodic solution given in Eq. (2.33).

which is a singular one. The singularity here may correspond to extreme

increase of the field amplitude due to self-focussing. We give below an

example of a nonsingular solution. We take m = 1 and AD - B = 1 for

simplicity. From Eq. (2.27), we determine the value of a2 as

(2.30)

(2.31)

For B — 0, we immediately arrive at a nonsingular solution
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above, various parameters are also related in this case. This gives rise to

the cnoidal solution,

(2.32)

For A = 0 and m, = 1/2; it is found that cy2 = e/2>/3 and e = {-~27gk2)^.

This results in another cnoidal solution:

(2.33)

For the sake of clarity, the above obtained solutions are tabulated be-

low.

Table I. Various limits for the exact solutions of NLSE with a source

We now give some general localized solutions. Taking rn = 1 (cn(£, 1) =

sech(O). with the parameter values A = 1, B — S, and D = 1 S we obtain

(2.34)

here the amplitude, width, and velocity are related as,
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with Q = f.-2a2-3A\ P = 2e-3A;, /? - -k-2a2
t and T = \+8. Hence, the width

rv is the only independent parameter. As the above form of the solution

indicates, both nonsingular and singular solitons are possible solutions

depending on the values of e, and the source strength k.

2.5 Numerical results

Since the localized solitons are usually robust, we have performed numeri-

cal simulations to check the stability of the solutions pertaining to Case(I),

i.e., the trigonometric solution. It is worth pointing out that the numer-

ical techniques based on the fast Fourier transform (FFT) are expensive

as they require the FFT of the external source. Hence, we have used the

Crank-Nicolson finite difference method to solve the NLSE with a source,

which is quite handy, and unconditionally stable. Below a detailed de-

scription of the algorithm is given. We write q — R + il, where R and / are

real-valued functions. Then the NLSE with a source is equivalent to the

following coupled system of equations:

and

Euler algorithm:

The finite-difference scheme for the Eqs. (2.35) and (2.36) can be written

as follows:

(2.35)

(2.36)

(2.37)

and
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Figure 2.2: Plot depicting the evolution of the trigonometric solution, for
various times.

(2.38)

Second-order algorithm:

We present here, the semi-implicit CNFD for the NLSE in the presence of

an external source. The recurrence relations for the Eqs. (2.35) and (2.36)
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are written as:
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(2.39)

(2.40)

Furthermore, R" and if denote the approximation of the solution at t =

nAt, and Xfvnai = xinttiai + ih with h — where N is the total number

of grid points. The initial conditions chosen from the exact solution are

knitted on a lattice with a grid size dx = 0.005, and dt = 5.0 x 10"6. The

simulations carried out indicate clearly that the above-mentioned solution

is stable (Fig. 2.2). The initial and the boundary conditions are:

and

If i = AT, then

and for i = 1

To summarize, we have used a fractional transformation to connect the

solutions of the phase-locked NLSE with the elliptic functions, in an exact

and
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manner. The solutions are necessarily of the rational type that contain

solitons, solitary waves, as also singular ones. Our procedure is appli-

cable, both for the attractive and repulsive cases. Because of their exact

nature, these will provide a better starting point for the treatment of gen-

eral externally driven NLSE. Considering the utility of this equation in fiber

optics and other branches of physics, these solutions may find practical

applications.

2.6 NLSE in opaque medium with distributed co-

efficients and an external source

In this section we present a wide class of rational and periodic solutions of

the nonlinear Schrodinger equation with a source, in an opaque medium

with distributed coefficients. As we will see below certain relationships

between the coefficients and a particular type of source will lead to exact

solutions. It should be noted that space and time are interchanged in the

following equation as compared to the previous section, as is appropriate

for an optical fiber.

The damped nonlinear Schrodinger equation, coupled to an external

space-time dependent source with distributed coefficients can be written

as,
(2.41)

It is assumed that the parameters [3, r;, 7, and g are all functions of the

propagation distance z. The explicit relationships between them will be

given below.

The damped NLSE, for which the distributed terms are independent of

the propagation distance appeared in a variety of contexts: breathers in

charge-density-wave materials in the presence of an applied ac field [5],

breathers in long Josephson junctions [24], in easy-axis ferromagnets in
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a rotating magnetic field [25, 26], and as solitons in the plasmas driven

by rf fields [11, 27]. However, in recent years an important technology

referred to as dispersion management (DM) has been developed by the re-

searchers [28, 29]. DM means that optical fibers with sharply different

dispersion characteristics, anomalous and normal, are combined together

in subsections of the fiber and then this substructure is periodically re-

peated to cover the entire fiber length. DM tecnique is exploited profitably

to enhance the power of the optical solitons, and reduce the effects of

Gordon-Haus timing jitter [30]. Equation (2.41) describes the amplifica-

tion or attenuation [for g(z) is negative] of pulses propagating nonlinearly

in a single mode fiber, where #(T, Z) is the complex envelope of the electric

field in a comoving frame, r is the retarded time, fi(z) is the group velocity

dispersion (GVD) parameter, j(z) is the nonlinearity parameter, and g(z) is

the distributed gain function. In the absence of a source, numerically it

was shown that, in the case where the gain due to the nonlinearity and

the linear dispersion balance with each other; equilibrium solitons will be

formed[31]. Recently, V. I. Kruglov et al have reported exact self-similar

solutions characterized by a linear chirp [32, 33]. Solitary wave solutions

of this type of NLSE helps in analyzing the compression problem of the

laser pulse in a dispersion decreasing optical fiber. Motivated by this work

and our results on solutions of NLSE with a source, we analyze below the

effects of the distributed coefficients and damping on the exact rational

solutions of Eq. (2.41). It is hoped that, these solutions may find experi-

mental realization, particularly in the solitary wave based communication

links [8, 28].

By writing the complex function $/(z, r) as

#(2,r) - P(z,T)exp[z$(z,r)], (2.42)

where P and $ are real functions of z and T; we look for the rational

solutions of the NLSE assuming that the phase has the following quadratic



where a0, A, and r0 are the integration constants. Here,

and e is the strength of the source. Furthermore, the function Q(T) which

determines the amplitude P(z)r) in Eq. (2.44) can be found by solving the

following nonlinear ODE

The Nonlinear Schrodinger equation and sources 25

(2.43)

form:

Note that these solutions have a linear chirping. Now, Eqs. (2,42), (2.43)

yield a self similar form of the amplitude:

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

where the prime indicates the derivative with respect to T. Here the scaling

variables are given by

(2.49)

2.7 The rational solutions

Our goal in this section is to present the rational solutions of Eq. (2.48),

following the results of the previous section. In the same manner we start

with a fractional transform (FT) [34]

(2.50)

where rr is the center of the pulse, and the functions a(z), c(z), R(z) and

S(z) are given by
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that connects the solutions of the damped NLSE with a source, to the

elliptic equation / " ± af ± A/3 = 0. As has been done previously, the coef-

ficients of fn(T,m), for n=0,2,4,6 can be set to zero to reduce the problem

to an algebraic one, and obtain the solutions. In getting the algebraic

equations, use has been made of the following relations for various deriva-

tives of / : / " = / + / \ and f'2 = \fA + 2E(h where E{) is the integration

constant. Furthermore, it is assumed that / can be taken as any of the

three Jacob! elliptic functions with an appropriate modulus parameter:

cn(T,ra), dn(T, m), and sn(T, m). The other nonsingular solutions can be

derived analogously. Various limiting conditions of cnoidal functions are:

cn2(7\0) - cos2(T), and cn2(T, 1) - sech2(T); dn2(T,0) = 1, cn2(T, 1) = seeh2(T);

sn2(T,0) = 0, and sn2(T, 1) = taiih2(T).

For definiteness, we start with the assumption / = cn(£,m); evidently,

the coefficients of cnn(T, m), for n = 0,2,4,6 can be set to zero, and thereby

yielding four algebraic equations. The identities satisfied by the cnoidal

functions make them amenable for finding the exact solutions of the non-

linear ODE of the form described by Eq. (2.48). In simplifying the second

derivative of Q, we used the following important identities satisfied by the

cnoidal functions.

cn2sn2(ln2 = cn2(l - m) + (2m - l)cn4 - men6

cn4dn2 — mcri4sn2 = cn4(l — 2m) -f- 2mcn(>

cn2dn2 - sn2dn2 - mcn2sn2 = 2cn2(l - 2m) + 3mcn4 + m - 1. (2.51)

The four consistency conditions are:

-XA - 2(AD - B)(l - m) + 2K.43 - 5 = 0, (2.52)

2{AD - B){3D - 3mD - 4m + 2) - 2X{AD + B) + 6KA2B - SeD = 0, (2.53)

2{AD - B)(3m + 4mD - 2D) - XD(AD + 2B) i 6KAB2 3eD2 = 0, (2.54)

-XBD'2 - 2m{AD - B)D + 2KB3 - eD3 = 0. (2.55)

In general, the rational solutions are unstable and may blow up. A number
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Figure 2.3: Plot depicting the singular solitary solution.

of rational solutions we have found are stable, as evidenced from the nu-

merical stability. Thus, we shall present them here, with the specifications

for the regimes in which they apply. Some of the periodic and hyperbolic

solutions are presented below.

Case(I): Trigonometric solution

For A = 0; and m = 0; we find that

(2.56)

(2.57)

(2.58)

Case(II): Hyperbolic solution

For £? = (), and m — 1; we find that

This is a singular solution. The singularity here corresponds to an ex-

treme increase of the field amplitude due to self-focussing. If we consider

the case, AD = 1, and B = 0; then we get a non-singular, hyperbolic solu-

tion

with a = 18e + 64. To avoid the singu-where D

larity, a should be always positive.

Case(III): Pure cnoidal solutions
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(2.59)

(2.60)

(2.61)

For the sake of clarity, all these solutions are tabulated below.

Table II. Various limits for the exact solutions of NLSE in an opaque
medium with a source

(iii) For m — 1/2; A — 0; it is found thai another specific value of A = ±2\/3,

yields yet another pure cnoidal solution

(i) For rn = 5/8; A •=- 0; it is found that, for the specific value of A = 7/2

we obtain a periodic cnoidal solution

Modulus

parameter (m)

0

1

5/8

5/8

1/2

A

0

3e/4

0

0

0

£

e/2

0

4^/3

4^/3

D

-2/3

-3/2

1

-5/9

±(l/>/3)

Rational solution Q(T)
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Figure 2.4: Plot depicting the stable solitary solution when the source is
switched off. The parameter values are: e — 0.0, A = 1.0, and K = 5.0.

Case(IV):

At this point it is worth mentioning that the following two cases are

forbidden due to the fact that the source term is a vanishing one: For

m = 0; D — 0 is forbidden and for in =• 1; A — 0 is forbidden. In principle,

one could have considered other cases also, but not all of them are

interesting.

2.8 Numerical results

In this section we present the numerical corroborations of our analytical

insights. We have solved Eq. (2.48) for various parameters values, using

RK-4 method for a step size of h = 10 r>. We find oscillatory solutions, as

was anticipated from the analytical result (Case(I)). After switching off the

source, we also identify localized soliton solution for the same parameter

values, in order to compare with the results reported in Ref.[33]. The same

have been depicted in figures 2.4-2.6.

This tecnique may find applications in pulse compression. Since this

area is rather new, one needs to explore the full potential of this possibility

in more detail.



The Nonlinear Schrodinger equation and sources 30

Figure 2.5: Plot depicting the oscillatory solution when the source is
switched on. The parameter values are: e = 0.5, A = 1.0, and K = 5.0.

Figure 2.6: Plot depicting the oscillatory solution of Eq. (2.56) for same
parameter values as above.
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Chapter 3

Compactons

3.1 Introduction

Compactons are a new class of localized solutions of families of fully non-

linear, dispersive, partial differential equations. Unlike the solitons, which,

although highly localized, still have infinite span, these solutions have

compact support; they vanish identically outside a finite region. Hence,

these solitary waves have been christened as compactons [1]. There is

strong numerical support that, the collision of two compactons is elas-

tic, a feature characteristic of the solitons. The aforementioned nonlinear

equations, arising in the context of pattern formation in nonlinear media,

seem to have only a finite number local conservation laws; yet the behav-

ior of the solutions closely mimic those of the solitons of the integrable

models.

The first two parameter family of fully nonlinear, dispersive, equations

admitting compacton solutions, are of the form,

wf + (um)x + (izn)3x = 0 (3.1)

for m > 0, 1 < n < 3. These equations arose in the process of understanding

the role of nonlinear dispersion in the formation of structures like liquid

34
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drop models [2]. The compacton solution of A'(2,2) for example reads

uc = fcos2(^) , (3.2)

when | x - Xt |< 2n and u(. = 0, otherwise.

Unlike the solitons, the width here is independent of velocity; however,

the amplitude depends on it. It has been shown that, AT(2,2) admits only

four local conservation laws. Some of the other representative compactons,

in appropriate ranges are,

uc - [37.5A •- (x - A*)2]/30 , (3.3)

and

uc = ±y/[SX/2]cos((x - \t)/3) ; (3.4)

these are the solutions of A'(3,2), and A'(3,3) equations, respectively. The

K(m,n) family is not derivable from a first order Lagrangian, except for

n = 1 [3]. A generalized sequence of KdV-like equations, which could be

given a Lagrangian formulation, have also been shown to admit compacton

solutions. These equations

ut + uxu
l~2 + a[2u3xii

p + ±puP-1 uxu2x 4 p(p ~ l)up~2(ux)
3] - 0, (3.5)

have the same terms as in Eq. (3.1); the relative weights of the terms

are different. Further generalizations to, one parameter generalized KdV

equation [4], two parameter odd order KdV equations [5], enlarged the

class of evolution equations, which admitted solutions with compact sup-

port. These type of solutions have also appeared in the context of baby

Skyrmions [6]. The stability of the compacton solutions was considered in

Ref. [7]; it was shown, by linear stability analysis, as well as, by Lyapunov

stability criterion, that, these solutions are stable for arbitrary values of

the nonlinear parameters.

It should be noted that, KP and Boussinesq equations have been suit-

ably modified in order that they support compacton solutions [9]. In light
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of this, it is of great interest to probe the existence of compacton solu-

tions for other known integrable nonlinear equations like modified KdV

(MKdV) and NLSE, or the generalizations thereof. In particular, one would

like to compare their properties with the soliton solutions of these equa-

tions. Furthermore, the possibility of these compact solutions arising

from the nonlinear equations, relevant for physical problems, will make

them amenable for experimental detection. Akin to the compacton bear-

ing equations mentioned above, a number of these integrable hierarchy

of equations also arose from anharmonic chains and are also relevant to

plasma physics.

As is clear from the above analysis, one needs to first find the peri-

odic solutions of the nonlinear equations, before compactifying them in a

suitable interval, in what follows we will concentrate on MKdV and NLSE

equations, whose periodic solutions are well studied [8]. We will make

use of special periodic solutions of the rational type, which are not well

illustrated in the literature. Hence, we use the same procedure, as em-

ployed in the earlier chapter, to first obtain the rational periodic solutions

of the above equations. It should be noted that, KP and Boussinesq equa-

tions have been suitably modified in order that they support compacton

solutions [9]. It will be shown here that, one needs to append appropri-

ate source terms to MKdV and NLSE equations for obtaining compacton

solutions.

We first present the newly found rational solutions of MKdV equation.

It is worth mentioning that, the MKdV equation [10] is connected with

the KdV equation via the Miura transformation [11]. It finds applications

in various branches of science. Zabusky had shown how this equation

may model the oscillations of a lattice of particles connected by nonlinear

springs, as the Fermi-Pasta-Ulam model does [12]. Apart from the solitary

wave solutions, breather solutions are also known for MKdV equation [13].

Below we first present the rational solutions, which contain both trigono-
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metric and hyperbolic solutions. Although, we present the modification

of the MKdV which can give rise to compacton solutions; it was found

numerically that the trigonometric solutions are not stable under MKdV

evolution.

3.2 Some rational solutions of MKdV equation

The MKdV equation reads as

ut 4 u2ux + u3x = 0, (3.6)

where u = u(x,t) and a subscript denotes partial differentiation,e.g., ux =

|^, and u3x - 0 . By introducing the traveling wave assumption

z — 7a(;r - vt)

one gets the ordinary differential equation

-vyauz 4- jau2nz + 7:VAi3, = 0. (3.7)

We start with a solution of Eq. (3.6):

A 4 Bj2en2(z,m)
•> = 1 + Z>y2cn2(2,m) '

Setting 7 = 1, for the sake of convenience, the three algebraic equations

are:

-v 4- A2 - 12Da2 4- V2rnDa2 4- Sma2 - 4a2 = 0, (3.8)

-Dv 4 6AB - lCrniDa2 4 8Da2 4- 6D2a2 - 6mD2(x2 - 6ma2 = 0, (3.9)

-D2v + B2 4 \2mD(\2 i %mD2a2 - 4D'2a2 - 0. (3.10)

We shall present the five, rational solutions with the specifications for

the regimes in which they apply. The five solutions, numbered Case(i)
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to Case(iv), are presented in the order that appears to be most natural;

Case(i) corresponds to trigonometric regime, Case(ii) and Case(iii) corre-

spond to hyperbolic regime, and Case(iv) and Case(v) correspond to pure

cnoidal solutions with a modulus parameter m. Case(i):

For ,4 = 0, m = 0; we found that v = 4a2. Then we arrive at the periodic

solution,

(3.11)

(3.12)

(3.13)

(3J4)

(3.15)

Case(v):

For A = 0 and m = 1/2; it is found that v = -2>/3«2. This results in

another cnoidal solution:

Case(iv):

For A = 0, D — 1, and m == 5/8; we found that v = -\a2. This gives rise

to the cnoidal solution,

Case(ii):

For A - 0, m = J; we found that v = lev2. This yields, the hyperbolic
solution,

Case(iii):

For B = 0, in = 1; we found that v = -4a2. This results in another
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Table I. Various limits for the exact solutions of MKdV

(3.16)

(3.17)

(3.18)

If we plug all these relations into Eq. (3.6), we obtain the recurrence

3.2.1 Numerical results

In this section we present the numerical stability of the exact periodic

solution of MKdV. This is accomplished by discretizing the space and time

variables by a centered finite-difference scheme as

and the third derivative is descretized as
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Figure 3.1: Plot depicting the evolution of the periodic solution, under
MKdV.

relations

(3.19)

Here, the factor u2 is taken as the average of the three values centered

at (i,j) in a row. The initial conditions chosen from the exact solution are

knitted on a lattice, with appropriate grid size. For the grid size dx = 0.95,

and dt = 0.004, after some evolution the onset of instability is seen. The

same has been depicted in the accompanying two figures Figs. 3.1, 3.2.
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Figure 3.2: Plot depicting the onset of instability in the periodic solution.

3.3 Periodic rational solutions of Boussinesq equa-

tion

In this section we present the rational solutions of the Boussinesq equation

(BE) [14], which describes the motion of the long water waves moving in

both the directions. Unlike KdV equation, the solitary waves of the BE,

during collision behave differently. The wave with smaller amplitude take

over the wave with larger amplitude.

We use the same fractional transformation to find the solutions of BE,

which was used in the case of NLSE with a source, and MKdV. Recently,

the continuous spectrum and the soliton solutions for the BE have been

investigated using the <5-method [15]. The BE reads

(3.20)

In order to obtain the moving solutions, we introduce %= a(x — vt). The

BE will take ODE form

(3.21)
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where e = v2 - 1. By the fractional transformation used earlier, we obtain

the consistency conditions from which we could find a rational solution.

We have found that only for m = 0, there exists a solution. The consistency

conditions for m=0, are

-2f + 24A 24a2D + 24a2D2 - 8a2 = 0

6tD2 + 4&BD2 - 160a2L>3 = 0

2e.D'2 - 4SBD - 72BD2 + 96AD2 + 56a2D2 + 384a2D3 = 0

10fD2 + 4cD - 72B 4- ASAD - 120AD2 - 176a2D

+320a2D2 - 216a2D3 = 0

4e + 2eD + 48B - 18,4 - 96i4D -f 200a2D + 48a2D2

-24a2D3 - 16a2 =- 0. (3.22)

For A = 0; we found a trigonometric solution given by

(3.23)

with 6 - 9e/146a2-where

104/146, and c = 24f/146a2.

3.4 Compactons of MKdV equation with a source

As seen earlier, a periodic solution to the MKdV equation,

(3.24)

which is well defined and a traveling wave solution is of the form,

(3.25)

(3.26)

One immediately notices that, the MKdV equation supports a compacton

solution,



is included. Note that, for this compact solution, both the width and am-

plitude are proportional to the square root of the velocity. This behaviour is

reminiscent of the solitons. It should be further noticed that, the strength

of the moving point sources, determine the velocity of the compacton.

At this point, one needs to be careful with the conserved quantities, in

light of the fact that some derivatives of the solution are discontinuous at

the boundaries. The Hamiltonian from which the MKdV equation with a

source term, can be derived by variational principle,

the corresponding quantities are Es = -2 k3 and Ps — 6 k. Other con-

served quantities involving the even derivatives of the solutions, are not

well defined at the boundaries. In this sense, these solutions are similar

to compactons of the non-integrable models.
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with

and

if a source term of the type,

and the momentum expression, given by,

are well defined at the edges. Explicitly, for the above solution, the energy

and momentum are given, respectively by, Ec = - (16/3)TT A;3 f 2.07TT and

pc = —4 7T A;. For the soliton solution of the MKdV equation

(3.29)

(3.27)

(3.28)
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3.5 Compactons of NLSE with source

Below, we show that the above compacton solution of MKdV is also a

strong solution of the NLSE, and higher order KdV-like equations, with

appropriate sources. We start with the NLSE with a source:

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

where ft = [0(£' + f) - 0{? - f)].

We now show that the above periodic solution also satisfies higher or-

der, one parameter dependent, KdV-like equations:

Explicitly, the solution of this equation is given by,

where P is the integration constant. Choosing P — 0, we arrive at the

compacton:

Equation (3.33) can be straightforwardly solved to give

where £' = x - vt, and choosing the source term as r/(£') = kUe^'^ )-^t\% we

can separate the real and the imaginary parts of the equation as,

Using the following ansatz,
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where I = ^ , rn = ^ and k2 = ^ . Note that, for this solution the am-

plitude is independent of the velocity, where as the width depends on it.

Interestingly, the following fifth order KdV-like equation,

ut + luAux + us
x + u2u3x + qru5a. = 0, (3.37)

(3.38)

has a periodic solution of the similar form:

for / = '— and k2 = ~ . These solutions can be provided a compact support

by adding appropriate source terms in their respective nonlinear equa-

tions.
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Chapter 4

Two-species Bose-Einstein

Condensate

4.1 Introduction

In this chapter we describe the utility of the NLSE, which is known to

be GP equation, in aptly describing the dynamics of the Bose-Einstein

condensate (BEC) as a mean field theoretic approximation. First we de-

scribe briefly the single component BEC, by deriving various interesting

properties of the condensates. Then we explore some interesting physical

features of TBEC. We also present the numerical simulations whenever,

the GP equation is intractable for the analytical methods, for various cou-

pling strengths. However, we have obtained exact solutions for various

parameter values of the low density limit.

The phenomenon of trapped bosons (mainly alkali atoms like H, Li, Na,

Rb) undergoing BEC has been the subject of intense research in recent

times. The dynamics of the condensed phase is effectively captured by the

GP equation which has a cubic nonlinearity, originating from the effective

point-interaction of the trapped atoms at ultra-cold temperatures. The fact

that these type of nonlinear equations are ubiquitous in nonlinear optical

systems allows one to borrow many results from the same and apply it

43
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to BEC. Elongated BEC has also been realized in quasi-one dimensional

regime, under a weaker longitudinal confinement. This quasi-one dimen-

sional cylindrical BEC has been extensively studied, particularly for the

possibility of observing solitary wave solutions. A number of experiments

have observed dark solitons, in case of repulsive interactions. This has

also led to the possibility of observing the Lieb mode as compared to the

Bogoliubov modes, which are analogous to sound modes in elastic media.

The use of the Feshbach resonance on these systems has led to the pos-

sibility of tuning the interaction strength from repulsive to attractive, with

desired strength. Recently, solitons and soli ton trains have been seen in

the attractive BEC. Although the presence of traps is necessary to stabi-

lize the BEC in higher dimensions; the delicate balance of the nonlinearity

and the dispersion can produce stable localized structures in quasi-ID

geometry. Recently such solitons and soli ton trains have been observed

in the single component BEC of 7Li. The soliton trains particularly show

interesting behavior. In the weakly attractive regime, the pulse trains have

been observed with the neighboring ones having a phase difference of ix.

The mechanism of production of these type of nonlinear waves has also re-

ceived considerable attention in recent times, since the known procedures

like the modulation instability have been found to be inadequate.

TBEC have been recently produced and have been studied in both

quasi-ID and higher dimensions. Although soliton solutions have been

studied quite extensively, using the connection of the GP equation with

the Manakov system [1], the solitary train solutions have not been inves-

tigated in detail. Hence, a good part of this chapter attempts to analyze

exhaustively the solitary wave solutions of the TBEC in the quasi-ID, in

particular the low density regime, and strong coupling limit. The former is

studied analytically, whereas the latter is studied numerically.
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4.2 Bose-Einstein condensation

Christened in the name of its discoverer, Albert Einstein in 1925, BEC is

a paradigm of quantum statistical phase transitions. It occurs when the

mean particle separation is comparable with the de Broglie wavelength and

is manifested by an abrupt growth in the population of the ground state

of the potential confining the Bose gas. Thus, the experimental realization

of BEC requires creating a sample of Bosonic particles at extremely low

temperatures and high densities was a long standing problem. Finally in

1995, the physicists from JILA and MIT, created BEC in 87Rb, and 23Na, by

combining the laser cooling and evaporative cooling techniques.

Consider an ideal Bose gas consisting of N noninteracting particles of

mass m, contained in a box of volume V% characterized by the de Broglie

wavelength \CIB = (27r2ft2/nmBT)1/2< where T is the temperature and KB is the

Boltzmann constant. For XdB « d, where d is the mean inter particle sep-

aration; the quantum effects are negligible and the particles behave clas-

sically. At high temperatures, therefore the momenta (p) of the particles

are distributed according to the classical Maxwell-Boltzmann distribution.

For low temperatures, XdB begins to approach d and the quantum effects

become evident. At critical T, \dB — d. In the case of Bosons, since there

is no restriction on the number of particles that can stay in any state, the

quantum behavior is manifested by an increase in the occupation of states

at small p. As the temperature is lowered further to zero, the quantum

effects are dominant, and a macroscopic quantum state is formed with

p = 0. This is referred to as Bose-Einstein condensation.

4.3 Single-component BEC

To describe the dynamics of the weakly interacting BEC, the GP equation

[2] has been shown to be an appropriate theoretical frame work [3, 4, 5, 6,



where Uo = fofra/rn, is the effective atom-atom interaction term. For a < 0,

a bright soliton will emerge as the solution, while for the case a > 0, a

dark soliton is a solution. Dark solitons in cigar-shaped BEC of RB87

were created by phase imprinting method [11]. Also, the NIST group has

investigated soliton like states in nearly spherical BEC's in Na23 [12]. And,

bright solitons were reported in BEC of Lithium atoms [13]. However, the

GP equation could not be applied to describe BEC in liquid He4, because

of the large interaction and depletion.

Below, we study the GP equation to describe some interesting properties

of single component BEC, following the derivation given in Refs. [14, 15,

16]. We study in detail, both the low density limit as well as high density

limit using TF approximation. We also present the exact periodic solutions

in attractive case.

We assume that a Bose-Einstein condensed atoms are confined in a

cylindrical harmonic potential V — rnu'{(x2 + ;y2)/2, and the wave motion is

along z axis. There is no confinement along z axis. Further, we assume

that the transverse dimension of the cloud is sufficiently small, such that

the problem is reduced to a one dimensional one, and the solitary pulse

can be described by a local velocity, v(z), and a local density of particles per

unit length, cr(z), a{z) = /' dxdy \ V(x,y,z) |2. Thus, the wavefunction can be

written as #(/-,/,) = f(z,t)g(x,y,a), where g is the equilibrium wavefunction

for the transverse motion which depends on time implicitly through the

time dependence of a. Choosing g to be normalized as / | g |2 dxdy = 1, and

thus from the above equations, | / |2= a.

Weak coupling limit: In this limit one can neglect the nonlinear term and

solve the Schrodinger equation. This results in |#|2 = (na^^e^^^2, and

Two-species Bose-Einstein Condensate

7, 8, 9, 10]. At zero temperature this equation can be written as
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(4.1)
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noticing that a± = (h/rnw±y/2. Thus the equation for / can be written as

where c is the integration constant, and

2(7a" - a1'2 4- IV 2 + ya* -8 = 0, (4.6)

where the effective ID coupling hu±a has been taken to be weakly attrac-

tive; g = -16mw±\a\/h. T = 4raV/h2-8mu/h+4imi/h2 , and S = 4m2c2/h2. Fur-

thermore, we have assumed that both a, and 0 are functions of (z - ut). In

arriving at Eq. (4.6), use was made of the superfluid velocity v = (h/m)dz(j)

One finds both chirped and non-chirped solutions of the above equa-

tion. These are in the form of elliptic functions. The repulsive and at-

tractive cases show distinct behavior for certain values of the modulus

parameter fn. Particularly in the repulsive case, for the soliton solution,

the Lieb mode has been reported [16]. For the attractive case, the solution

can be written as

a = A + Bcn2(z/att fn). (4.7)

In the limit m = 1, we find that B = S/go2, and A = -(8/a2 + 2T)/3g.

By applying one more transformation

(4.2)

(4.3)

(4.4)

(4.5)

where a is the scattering length, and the chemical potential is /i = aQhuj±2a.

By writing w == ^/acl{(f)+u"\ we can separate the real and imaginary parts of

Eq. (4.4) and obtain
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(4.9)

(4.11)

This equation is solved numerically for the attractive case. The same has

been depicted in Fig 4.1.

Figure 4.1: Plot depicting the amplitude of single component BEC (attrac-
tive case) for u = 0.8, g = 1.0, and /i = 0.2.

Strong coupling limit:

For large nonlinearities £/(), we use TF approximation. Then it is ob-

served that for the harmonic trap, the population density goes to zero at

•r = ±2/ay/j2, where a2 = 2mwL. Consequently, the normalization condition

implies that // — 4^j_a1/2|/|. In light of these results we can show that

(4.8)

By applying another transformation / = we2iu±<rot, we obtain the GP equa-

tion for strong coupling case

We again write w = yfoe{l4+UJ\ and separate the real and imaginary parts.

The real part is given by
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4.4 Two-component BEC

We study the solitary waves of TBEC in a quasi-ID geometry in particular,

the soliton trains are investigated in detail, in light of their recent obser-

vation in one-component BEC. We study repulsive and attractive nonlin-

earities, both in the weak and strong coupling regimes, analytically and

numerically. Chirped and nonchirped soliton trains, respectively, with or

without a constant background are obtainbed analytically for the weak

coupling case. A number of interesting features of the periodic and lo-

calized solutions are observed. In the attractive strong coupling case, for

certain parameter values, we find that one of the species shows autocor-

relation traces due to modulational instability, akin to a two laser system

(Nd:YAG, and InGaAsP).

Much theoretical work has already gone into studying the ground state

solutions of the coupled GP equations describing multi-component BECs

[17, 18]. TBEC has been observed experimentally [19], where the two hy-

perfine levels of the s7Rb act as the two components. In this case, a for-

tuitous coincidence in the triplet and singlet scattering lengths has led to

the suppression of exoergic spin-exchange collisions, which lead to heat-

ing and resultant loss of atoms. A number of interesting features, like

the preservation of the total density profile and coherence for a chare -

teristically long time, in the face of the phase-diffusing couplings to the

enviornment and the complex relative motions, point to the extremely

interesting dynamics of the TBEC. The effects of spatial inhomogeneity,

three-dimensional geometry, and dissipation are examined, in light of the

dark-bright solitons in repulsively interacting TBEC in 23Na and 87Rb [20].

Dark solitons in TBEC for a miscible case have also been analyzed recently

[21]. TBEC in two different atoms has been produced in a system of 41K

and 87Rb, in which sympathetic cooling of the Rb atoms was used to con-

dense the K atoms [22]; as also in 7Li-133Cs [23]. Keeping in mind the
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importance of the matter wave solitons for Bose-Einstein condensates |2] ,

we present exact solutions of the generic TBEC model, for the low density

limit. However, for the strong coupling limit, we solved the coupled GP

equations numerically for both attractive and repulsive cases.

Derivation of the TBEC coupled GP equations: To derive the coupled GP

equations of TBEC we assume that both the components of are confined

in a cylindrical harmonic potential V = rrnj±(x2 -\- y2)/2. By assuming that

there is no confinement along z axis, we can reduce the problem to a

quasi-ID one. Thus the double component wavefunction can be written

as * a = fa(z,t)g{x,y,cr(z,t)), ^ = h(z,t)g(;j:,y,(j(z,t))t such that

In Eq. (4.12), we have used the normalization condition on g. The action

for the TBEC can be written as:

(4.12)

(4.13)

(4.14)

Minimizing Eq. (4.13) w.r.t g\ we find that

where // is the chemical potential. We neglect the last term in Eq. (4.14)

since the characteristic length of the pulses is sufficiently long that it is

negligible in all cases of interest. For the same reason the term faVg is

equal to

where

(4.15)

(4.16)
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with x,y and z being the unit vectors in the directions x,y and z respec-

tively. Thus, Eq. (4.14) reduces to

Similarly, one can obtain the equation for /&.

For the homogeneous medium assuming fa = at/2 exp{i4a), and //, =

a1/2 exp(i(j)b) and defining the velocity field associated with fa, and fb as

va — h/mdz(f)(n and vb = h/mdz(pb we obtain the following equation for /.i:

Weak coupling limit:
To derive the coupled GP equations in the low density limit, we assume

that the nonlinearity is weak , and hence only concentrate on the linear

part of the Schrodinger equation satisfied by g, in a harmonic trap

This implies

From Eq. (4.19) we find that

(4.19)

(4.18)

Now minimizing Eq. (4.13) w.r.t /* we find that

(4.17)



Here, e = 2hu±a, ea and efe are the chemical potentials of the two species

respectively. This scenario is similar to the much studied Manakov system

[1, 24], which is integrable system. By writing wa = ^ e i ( * » w \ and wb =

^rei(<t>b+uht): w e c a n separate the real and imaginary parts of Eqs. (4.20)

and (4.2$!), and obtain the two equations

and

By implementing the same procedure we can obtain the GP equation for

the second component also as

we obtain the GP equations for one species of the TBEC, in the low density

limit as

and

By performing these transformations

where the first term corresponds to ground state energy and the second

term correspond to the interaction energy. Thus the equation for fa can be

written as
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We also note that a± = (h/rnwx)1/2. After performing the integrals, we obtain
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where cu and c2 are the integration constants. We assumed that both a,

and (p are functions of (z - ut). Use was also made of the superfluid velocity

va = ^^0a similarly, for vb. Plugging the above results into the real parts

one obtains

One finds both chirped and non-chirped [c, ^ 0) solutions of the above

coupled equations. These are in the form of elliptic functions. The repul-

sive and attractive cases show distinct behavior for certain values of the

modulus parameter fn.

4.5 Exact solutions

In this section we present the exact periodic solutions of the coupled equa-

tions (4.3KJLJ and (4.g^) in terms of Jacobi elliptic functions with appropriate

modulus parameter. It is well-known that these elliptic functions interpo-

late between the trigonometric and the hyperbolic functions for fn = 0, and

m = 1 respectively. We start with a more general solution of Eqs. (4.350

and (4.8£), which, for various limiting conditions of the parameter values,

yields traveling solutions:

aa = A + Bj2cn2((xj(z - ut), fn),

ab - C + £>72sn2(cry(z - ut), fn).

Then it is clear that the coefficients of cnn(z - ut,fri), and snn(z - ut,m)

for n = 0,2,4,6 respectively, can be set to zero to reduce the problem to

a set^eight algebraic equations, and obtain the solution. The identities

satisfied by these cnoidal functions are handy in finding the solutions.
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The consistency conditions for both aa, and ab are:

Without chirping.
Case(i): Hyperbolic solutions. -

For ,4 = 0, and C = 0 imply c\ = 0, and c2 = 0. For rh — 1 one obtains

where



Two-species Bose-Einstein Condensate 60

and

The width of the solitons is constrained by the condition

Case(ii): Trigonometric solution. -

For m = 0, it is observed that both the fields have same amplitudes. Fur-

thermore, the solutions are constrained by the condition ea + huja = tb f T\wh.

where

Case(iii): Pure cnoidal function. -

For any value of m, one obtains the pure cnoidal solutions as

In the static case (u = 0), under the limits (m = 0,1), the respective

amplitudes of the solitary waves get modified leaving the relationship of

the chemical potentials with the frequencies and the widths unaffected.

where
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Figure 4.2: Plot depicting the amplitudes of TBEC (weak coupling) for E =
0.4, ea = 0.8, eh = 0.02, aJJ = 1.0, a? = 0.5, and u = 0.8

Chirping pulses.-

Case(i): Hyperbolic case.-

We assume that, there is no chirping of the ab field, hence, C = 0. This

case yields a hyperbolic solution with chirping in aa field for D - 1.
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Figure 4.3: Plot depicting the amplitudes of TBEC (weak coupling) for E
-1.0. to - 0.8, eb = 0.02, crj; = 1.0, of = 0.5, and a = 0.8

15

Figure 4.4: Plot depicting the amplitudes of TBEC (weak coupling) for E =
-1.0, ea = 0.8, e6 = 0.02, <T2 = 1.0, rf - 1.0, and u = 0.8
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Strong coupling limit:

We take the TF limit. For large nonlinearities U{), and thus for high

particle density, and high self energy in real experiments for BEC, the

kinetic term becomes small. Hence it can be neglected. We then get a

simple analytic solution for ^(r,t). It is observed that for the harmonic

trap, the population density goes to zero at r = ±2/«v//7, where a2 = 2mw1.

Consequently, the normalization condition is

In certain cases, for the eigenstates of a harmonic trap, the wavefunction

with eigenvalue fi representing the chemical potential at zero temperature.

Substituting this into the GP equation, we get

Thus, for harmonic trap, in the TF approximation we get

The normalization condition implies that

This integral is solved to give

Substituting this into Eq. (4.18) yields

can be written as



4.6 Numerical results

The numerical evolution of these solutions reveal different behavior for at-

tractive (e < 0) and repulsive cases. In Fig. 4.2 the amplitudes for the

repulsive case are plotted. On the other hand the attractive case is very

interesting. As depicted in Fig.4.3 and Fig. 4.4 for suitable values of the

parameters, one finds oscillatory solutions and a chirped oscillatory solu-

tions. It should be noted that for the aforementioned cases, the integration

constants are nonzero.

In the high density limit, the attractive case is very interesting. As

depicted in Fig.4.5, for appropriate values of the parameters, one finds

that aa is an oscillatory solution whereas ab shows auto-correlation traces

of pulse trains generated by the induced modulational instability [25]. It

is indeed, illuminating to note that these autocorrelation traces are ob-

served when the pumping Nd:YAG laser and side-band InGaAsP semicon-

ductor are coupled to single-mode fiber having zero-dispersion wavelength
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By applying another transformation fa = wae
2tUi(To1, and fb = u;,,e2^CT<>' we

obtain the GP equation for strong coupling case

By extending the same procedure , we also derive the GP equation for wb\
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Figure 4.5: The upper panel depicts the oscillatory pulse trains, and the
lower panel depicts the autocorrelation traces of pulse trains of TBEC
generated by the induced modulational instability; for e = —1.0, e.n = 5.0,
eb = 0.02, al = 1.0, a% = 1.0, and u = 0.8

Figure 4.6: Plot depicting the amplitudes of TBEC for E - 0.4, ea - 5.0,
eb = 0.02, aQ

a = 1.0, frj' = 0.4, and u = 0.9.
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at Ao — 1.275fmi,. Furthermore, for repulsive interaction in a suitable range

of parameter values, aa, ab are still oscillatory and the same has been de-

picted in Fig. 4.6.
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Chapter 5

Models for disoriented chiral

condensates

5.1 Equilibrium and non-equilibrium pictures

Formation of domains below critical temperature is common to physical

systems exhibiting second order phase transition. The order parameter

having zero average in the symmetric high temperature phase, develops a

vacuum expectation value below the critical temperature. It is worth men-

tioning that the effective field theories governing the second order phase

transition are nonlinear in nature, an explicit example of the same and

its implications will be seen below. There is a possibility of having do-

mains with the order parameter orienting along different directions, in the

broken symmetry phase. The domains in a ferromagnet, below the Curie

temperature, are the prime examples of this scenario.

The chiral phase transition in quantum chromodynamics (QCD), pro-

vides an opportunity for the realization of the above type of domain forma-

tion. This phase transition, originating from the spontaneous breaking of

the chiral symmetry, leads to the existence of pseudo scalar mesons e.g.,

pions. The chiral order parameter in a given domain is disoriented from the

zero temperature vacuum direction a; therefore these type of space-time
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domains are called disoriented chiral condenstes (DCC). The eventual de-

cay of these metastable DCC would lead to the production of pions, whose

number distributions may be quite different from the expected proportion

of 1/3 for each of the pion species in non-coherent production. A key moti-

vation behind the search of DCC has been the Centauro events [1], where

the neutral pion fraction /, has been observed to be more than the ex-

pected value 1/3. There also have been reports of anti-Centauro events

[2]. An opportunity for the experimental realization of DCC is provided by

the collison of heavy ions at high energy, where there is a possibility of

restoring the spontaneously broken chiral symmetry.

In the absence of baryons, the pion dynamics is captured by the 0(4)

a-model with the Lagrangian,

The last term breaks the 0(4) symmtery explicitly and is responsible for

the masses of the pions. This model provides the starting point for vari-

ous scenarios of DCC formation [3], which can be broadly classified into

equilibrium and non-equilibrium pictures.

In the baked Alaska model of DCC, proposed initially by Bjorken [4],

the high multiplicity ultra-high energy hadronic collisions lead to a rapidly

expanding hot partonic shell. In its interior the chiral field may get mis-

aligned from the true vacuum resulting in the formation of DCC. As pointed

out earlier, depending on the direction of the order parameter in the do-

main, the resulting distribution of coherent pions, originating from the

decay of the domain, can be substantially different from those of the inco-

herent pions originating from a regular plasma.

This is the most discussed signature of DCC. Defining the ratio of neu-

tral pions to all pions by

(5.1)

(5.2)



This distribution arises from the assumption that all points on the mani-

fold 53, representing a, TTI, TT2 and K3 fields, are equally likely as initial con-

ditions. The number of pions of a given Cartesian isospin is taken to be

proportional to n'f, i being the component of the isospin. It should be

pointed out that the above distribution is appropriate only when all the pi-

ons are produced from a single domain. If pions are incoherently produced

then the probability distribution /, will be a Gaussian peaked around the

value 1/3. The above distribution differs markedly from the Gaussian one,

especially for lower values of /. Probability for very small value of / is

negligible for incoherent emission of pions, while it can be substantial for

the DCC case. Hence, significant departure from the value 1/3 for / is the

cleanest signal for the formation of DCC.

The fact that pions have finite mass leads to a small correlation length

and hence small domains, of the order of m~J, in the equilibrium picture of

DCC formation. This has led to the nonequilibrium, quenching picture of

DCC formation by Rajagopal-Wilczek [5] in the relativistic heavy ion colli-

sions. In this scenario, the expansion of highly relativistic debris from the

heavy ion collisions lead to the quenching of high temperature field con-

figurations and therefore to the growth of long wavelength modes in time.

These then give rise to large correlated DCC domains, leading to coherent

low energy pions. Here the DCC domains after getting detached from the

heat bath evolve according to the zero temperature equations of motion

[3, 5, 6]. Here dramatic signals like the above mentioned fluctuations in

the ratio of the neutral pions to all pions may not arise. An annealing

scenario for DCC formation has also been proposed [7]. The role of fluc-

tuations above TG (Ginzburg temperature), in destabilizing the DCC in the

conventional picture has also been analyzed [8].
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it has been shown that, the probability distribution for / can take a form

(5.3)
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A first order transition which may be a possibility in the chiral phase

transition, can also give rise to DCC domains [9]. Recently in Ref. [10], the

authors have demonstrated that a first order transition naturally leads to

a quench like scenario, which is conducive to the growth of DCC domains.

The ability to detect DCC depends on their lifetime. The perfect non-

equilibrium quenching scenario of Rajagopal and Wilczek, leads to the dis-

sipation of the condensate. This is due to the possible energy exchange

between different degrees of freedom, after the chiral condensate detaches

from the heat bath, and evolves according to the zero temperature equa-

tions of motion. This problem has been recently studied [11, 12, 13, 14] for

ascertaining various type of signals of DCC. Interestingly, a recent experi-

ment, involving heavy-ions has hinted at the possibility of DCC formation

[15, 16].

In the non-equilibrium picture of DCC formation in heavy ion collisions,

one looks for extended solutions of the classical equations of motion, orig-

inating from the cr-model Lagrangian given above. In the linear cr-model,

the potential responsible for the spontaneous breaking of chiral symmetry,

introduces nonlinearity in the equations of motion. Because of the nonlin-

earity, it is difficult to obtain analytical solutions for the time evolution of

the field configurations in (3 + 1)-dimensions. Hence, one starts with the

idealized Heisenberg-type boundary conditions [17].

The thin disc representing Lorentz-contracted nuclei at the time of col-

lision is assumed to be infinite in extent in the transverse directions. As-

suming the fields to be independent of the transverse directions, one can

simplify the problem to a (l + l)-dimensional field theory [6]. To obtain

boost invariant solutions, which can lead to DCC formation, we resort

to numerical methods. It should be pointed out that the existence of a

central-plateau structure in the rapidity distribution of particles produced

in cosmic ray events [18] and pp or pp collisions [19] has led to the assump-

tion of an approximate (1 + 1)- Lorentz invariance.



where <J>Q is independent of //. Since the starting point is the symmetric

phase from where quencing is done, one takes the initial conditions as

0(ro) = 0. The other boundary condition taken by the above authors is

dn/dr = (1,5,0,0) MeV/fm, at rn = lfm/c. The general feature of the solu-

tion is that the a field grows from zero and takes about lfm/c propertime
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5.2 Boost invariant solutions

Recently, Z. Wang et ed. [20, 21] have studied the cluster structure of DCC,

in the nonequilibrium picture, by solving the equations of motion corre-

sponding to linear sigma model numerically. We will follow their approach

in our simulations. After reproducing their results, we will investigate

the scenario in which quenching takes the field to low enough a tempera-

ture, where the magnitude of the order parameter is constant, leaving the

phase as the dynamical variable. In order to validate the initial conditions

more appropriate to relativistic heavy ion collisions, they have neglected

the transverse dimensions, and have assumed that $ is only a fuction of t,

and z.

In order to look for boost invariant solutions, the proper time r =

(5.4)

(5.5)

(5.6)

(5.7)

The simplest case to solve Eqs. (5.5) and (5.6) is when the system has

Lorentz-boost invariance i.e.,

The equations of motion read

variables are introduced. We note thatand rapidity
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Figure 5.1: Proper time evolution of a, and TTI field following a Lorentz boost
invariant initial condition at r0 = Ifrn/c, of the linear sigma model.

to reach the true vacuum expectation value < a >~ /, . While the <J> field

oscillates around zero rather slowly and eventually tends to zero when the

proper time gets large.

5.3 DCC and sine-Gordon equation

It is of deep interest to enquire, as to what happens when the field configu-

ration in the symmetric phase is quenched to a temperature, such that the

magnitude of the order parameter has taken a contant value, leaving the

phases as the dynamical variables. We assume that the field configuration

evolves in the <T-7r3 plane, same as in the above scenario. In this case the

explicit symmetry breaking term responsible for the pion mass affects the

dynamics. The relevant eqaution is the sine-Gordon equation given by

(5.8)
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Figure 5.2: Proper time evolution of a, and n-A field following a Lorentz boost
invariant initial condition at r0 = Ifrn/c, under SG equation.

where a = f~2- The field variables are $ = (a, TT3, 0,0) = (cos0(z, £), sin#(z\ *), 0,0).

We have performed a numerical simulation with the boost invariant evolu-

tion of the initial field configuration as given in Ref. [20]. It was found, as

indicated in Fig. (5.2), that, the a field grows from zero and takes a longer

propertime as compared to the previous case to reach the true vacuum ex-

pectation value < a >~ fn. While the <E> field oscillates around zero rather

slowly and eventually tends to zero when the proper time gets large.

Below we describe a soliton picture of DCC [22]. In this case, the

solution does not preserve boost invariance. It is well-known that the

(1 + 1) sine-Gordon equation, possesses stable solitary wave solutions [23].

For example, the well-known kink and anti-kink solutions are: 0(£) =

4arctan[exp±7£]. These domains can be potential candidates for DCC. It

is interesting to point out that domains of Bose-Eintein condensates have

been successfully modelled as the solitons and soliton trains of the rel-

evant order parameter equation in (1 + 1) dimensions. As long as the



Models for disoriented chirol condensates 76

Figure 5.3: Classical evolution of domain in (1 + 1)-dimensions.

expansion is one dimensional the solitons are completely stable. Even-

tually, when the expansion becomes three dimensional, they decay into

low-energy coherent pions, since no conservation law prevents it and these

solutions have higher energy, as compared to the homogeneous vacuum

solution. In the accompanying figure (Fig. 5.4), we depict the the results

of the classical evolution of a coherent structure in (2 -I- 1)-dimensions. It

clearly shows that, after sufficient time, the coherent structure breaks up

into plane waves, representing pions. Below we give the numerical algo-

rithm to solve the SG equation in (2+1)-dimension, by the symmetry it can

be extended to the full space.

To solve the sine-Gordon equation in (2 4- 1)-dimensions, we use the

centered finite difference method to discretize the space and time variables.

For this, we take x = /Ax; y = jAy\ t = kAt and the solution as

uk
tJ =u(iAxJAy,kAt).

The adjoining figure corroborates our insights. Then the finite difference
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Figure 5.4: Classical evolution of a domain. The four frames correspond
to times 100, 500, 800, and 1200 in appropriate units.
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SGE takes the form

(5.9)

5.4 Traveling wave solutions of 0(4) sigma model

It is natural to ask about the possibility of solitary wave solutions in the

O(4)-sigma model itself. These can be localized solitons, or periodic ones.

It has been shown that [22], the a-model Lagrangian, in the presence of an

additional isospin violating terms quadratic in the field variables, e.g., //JT^

(without the explicit symmetry breaking term) leads to stationary solutions

of the type

(5.10)

where a2 — 1 -I- ~̂, and I2 + m2 + n2 = 1 - ^ . These type of inhomogeneous

solutions can model DCC and the corresponding neutral pion fraction will

differ significantly from the expected l /v7 distribution.

We now show that, in the absence of the additional quadratic term

taken above, we can still find exact propagating wave solutions of the

equations of motion for the O(4) Lagrangian in (1 + 1) dimensions. Like

in the above case, we assume that the fields are decoupled from heat bath

and pointing along a% and TT3 directions. Then we find that the traveling

wave solutions are given in terms of the cnoidal functions.



where, m is the modulus parameter. These are periodic excitations of the

order parameter. We hope that these type of excitations will be observed

experimentally. It is interesting to note that in a single component BEC,

these type of soliton trains have been seen experimentally.

(5.11)

(5.12)

(5.13)

(5.14)

and

where, £ = x - vt, and
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The equations of motion for the a, and the 7r3 fields in (1 +1)-dimensions

can be written as
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Chapter 6

Conclusions

In conclusion, this thesis dealt with the solutions of a wide class of non-

linear equations, ranging from one relevant for the twin-core optical fibers

to equations governing the dynamics of Bose-Einstein condensates and

chiral phase transitions. The fact that, the underlying nonlinearity of

these diverse systems are of similar nature, led to similar type of solu-

tions in these otherwise unrelated physical systems. We gave a fractional

transformation which connected the solutions of the phase-locked nonlin-

ear Schrodinger equation with the elliptic functions. A recently developed

method to incorporate dissipation and time dependence of the nonlinear

coupling and varying dispersion has also been implemented for the NLSE

phase locked with a source.

The existense of periodic solutions of a number of integrable systems

like MKdV and NLSE naturally lead to the possibility of strictly finite com-

pacton solutions in these type of systems. It should be noted that, KP

and Boussinesq equations have been suitably modified in order that they

support compacton solutions. It was found that the MKdV and NLSE

equations need to be appended with suitable sources in order to pos-

sess compacton type solutions. It was numerically observed that these

type of solutions are stable in NLSE with an appropriate source. Various

other nonlinear equations where the above type of solutions are possible
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were indicated. We have also presented rational periodic solutions of the

Boussinesq equation using the same method of fractional transformation,

as used for the above equations.

We have then examined the self-similar solutions of the two component

Bose-Einstein condenstaes a subject of considerable theoretical and ex-

perimental interest in recent times. Chirped and unchirped solitary wave

and localized soliton solutions were exhaustively analyzed in the quasi-one

dimensional domain, starting from the relevant Gross-Pitaevskii equation.

We have studied both weak and strong coupling regimes using analytic

and numerical tools. In the weak coupling regime, the solutions involve the

elliptic functions which interpolate between the trigonometric and hyper-

bolic functions as limiting cases. In the numerical front we have made use

of semi-implicit Crank-Nicholson technique which is unconditionally sta-

ble. Apart from a number of intersting features we observe modulational

instability characteristic of the ring laser in the two component BEC.

The subject of domain formation in the chiral phase transition of QCD

was also investigated in the quench scenario. We studied the possibility

of quenching leading to a situation, where the magnitude of the order pa-

rameter has stabilized, but the phase fluctuations are still present. In this

case, the underlying dynamical equations, taking into consideration the

pancake type geometry of the heavy ion collisions, leads to the well-known

sine-Gordon equation in 1 -f 1 dimensions. Boost invariant solutions were

studied numerically and were found to yield the same type of clusters.

These clusters owe their origin to the phase fluctuations. We then elab-

orate on the possibility of the soliton solutions of the sine-Gordon equa-

tion describing disoriented chiral condensate. Keeping in mind the rather

low temperature of the regime, where the magnitude of the order param-

eter has taken constant value, we evolve the soliton solutions of the sine-

Gordon equation into the transverse directions. The coherent production

of pions from the slow break up of the soliton in higher dimensions was
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pointed out.

A number of directions can be pursued starting from the methods and

results of this thesis. We have only investigated the solutions of NLSE

phase-locked with a source. The general scenario, where phase of the

source and the solution differ, is an area of active research, having appli-

cations in fiber optics and other areas. It has been seen numerically that,

the well-known phenomenon called auto-resonance occurs in this system.

It will be worthwhile to apply the procedure of fractional transformation

developed here to these type and other nonlinear systems. Similarly, the

effect of dissipation and space-time dependence of coupling and dispersion

needs careful analysis. We have only dealt with elementary self-similar so-

lutions for the two component BEC. Of late, the dynamics of soliton and

soliton trains, is attracting considerable theoretical and experimental in-

terest. The case of single component BEC has been investigated recently

implying novel instability in this system. The same needs to be studied in

the two component case. Since, it is well-known that the dynamics of this

system is much more complex and correlated. The possibility of manipula-

tion of phase of solitons, leading to the storage and retrival of information

in BEC, is an extremely promising area of research. Recently BECs have

been treated as testing ground for checking ideas, ranging from, Hawking

radiation, supernovae to quantum computation. We hope that some of the

methods developed here may find application in the above endeavors.



Appendix

In this appendix, we briefly describe some properties of the three Jacobi el-

liptic functions and two of the complete elliptic integrals, having relevance

to the works presented in this thesis.

(6.1)

(6.2)

where the parameter K2 is referred to as the elliptic modulus and the pa-

rameter i%2, defined by H'2 = 1 - K2, is referred to as the complementarity

elliptic modulus. Here, the elliptic modulus is restricted to the range,

0 < K < 1. cn(o:,«) and SII(;X\K) functions have real period 4A'(K), whereas

(1H(J;,AT) has the real period 2K(K). Here, K(K) is the complete elliptic inte-

gral of the first kind given by

The complete elliptic integral of the second kind, E(K), involving squares

of the Jacobi elliptic functions, is defined by

(6.4)

(6.3)

(6.5)

Limiting values of K(K) and E(K) are listed in the following table.
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The limiting values of the three elementary elliptic functions are given be-

low.

The Jacobi elliptic functions satisfy the algebraic relations

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

The derivatives of the Jacobi elliptic functions are given by
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