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INTRODUCTION AND SUMMARY

The breadth of integrable systems is that it ranges over mechanics, differential equations,
global analysis, algebraic geometry and Lie theory and these are just some of their math-
ematical aspects, ignoring the vast intersection with physics. The subject accommodates
a whole range of points of view from very "pure” to very "applied”.

Integrable systems first appeared as mechanical systems for which the equations of mo-
tion could be solved by quadratures, i.e., by a sequence of operations which included only
algebraic operations, integration and application of the inverse function theorem. Apart
from some non-trivial examples which were constructed before, the firs main result (due
to Liouville, but essentially an application of a result due to Hamilton) was that if a

mechanical system with n degrees of freedom of the form

dg; _ OH dpi  OH

= — - r=1,---,n
dt f)p,“ dt 0({.’ e ”)

(H any function in the co-ordinates g¢;, p;) has n independent integrals in involution then
it can be solved by quadratures. Two functions / and g are said to be in involution if

their Poisson bracket _

Yy 5F ¢
vanishes, {f,g}= 0 and / is called an integral of the system if / and H are in involution.
Mechanical systems which satisfy the conditions of Liouville’s theorem are called Liou-
ville integrable or integrable in the sense of Liouville. A quite short - but important -
list of ( non-trivial ) examples of Liouville integrable systems were found during the last
century: a few integrable tops (the Euler top, the Lagrange top, the Kowalevski top,
free motion of a particle on an ellipsoid (Jacobi), motion of a rigid body in an ideal fluid
(Kirchhoff and Steklov case), motion in the fidd of a central potential (Newton) and few

others. Both finding these systems (i.e., showing that enough integrals exist, which was
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clone by constructing them ) and solving them explictly by quadratures required a lot of
ingenuity and often quite long calculations. In the more complicated cases the solution
was written down in terms of two-dimensional theta functions by a non-trivial use of the
rich analytical properties of these functions. In turn it motivated the research in theta
functions and Abelian varieties, which originated in the begining of that century in the
works of Riemann and Abel.

Traditionally integrable systems are considered as differential geometric objects. The
phase space is a smooth (or analytical) manifold, equipped with a symplectic structure
and the functions in involution are smooth (or analytic) functions.

In the above classical definition of integrability in the sense of Liouville the existence of
a sufficient number of integrals in involution among themselves and with a given func-
tion (the Hamiltonian) is demanded, sufficient meaning equal to the degrees of freedom
of the system. For integrable Hamiltonian systems, it is better to consider the algebra
of functions generated by the integrals and if the integrals are in involution, then this
whole algebra is involutive. Giving only the function (Hamiltonian) does not suffice to
determine the whole algebra, which confirms that the integrable system should consist
of an algebra and not of a single function. Having a sufficient number of functions in
involution corresponds to this algebra having maximal dimension. The algebra should
be complete in the sense that every function which is in involution with al elements of
the algebra actually belongs to the algebra.

Thus a completely integrable system is a Hamiltonian system that admits the maximum
possible number of first integrals, i.e., if the notion of integrability means the existence
of integrals of motion, then complete integrbility means that these integrals exist in suf-
ficient number. For a system of n first order autonomous ordinary differential equations,
sufficient means n — 1 time-independent (where the system can be reduced to a single

quadrature) invariants or n time-dependent ones (in which case the solutions can be
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obtained by solving an algebraic problem). The study of completely integrable systems
proceeds in three stages: (i) identification of the symplectic structure which gives the
system its Hamiltonian character; (ii) identification of first integrals (or constants of mo-
tion or action variables); (iii) identification of a complementary set of variables, called
angle variables and computation of their evolution under the various Hamiltonian flows
associated to the first integrals if possible in terms of elementary functions. The sym-
plectic manifolds on which the systems are defined are orbits of the co-adjoint action of
a Lie group G on the dual of its Lie algebra, with the natural symplectic structure.

Complete integrability is strongly related to either Lie algebra or algebraic curve theory.
For instance, in chapter 4, it is shown that both KdV equation and the Toda system can
be viewed as Hamiltonian systems on the co-adjoint orbit of a Lie group with Kostant-
Kirillov structure and the complete integrability of these systems can be traced to a single
abstract Lie algebra theorem. The main thrust of the method is to associate with all the
above Hamiltonian systems a Lax matrix differentia equation which contains a parame-
ter, i.e., equations of the form A = [A,B] = AB— BA, (}) where A and B are matrices
whose entries depend on the phase space variable and are polynomials in the indetermi-
nate h and ~~'. Then the curve in (h,2) space X : det(A — 2) = Q(z, h)=0 is formed
whose coefficients are functions of the phase space. From (t), the curve X : Q{zh) = 0
(of genus g) is time independent. (cf.section 3.3), i.e, its co-efficients are integrals of the
motion (t). Then we linearise (1) and its associated flows on the Jac(X) of X. (cf.section

34)

Chapter 1 is concerned with certain partial differential equations and as such partial
differential equations is a multi-faceted subject, created to describe the mechanical be-
haviour of objects such as vibrating strings and blowing winds, it has developed into a

body of material that interacts with many branches of mathematics such as differential
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equations, complex analysis, harmonic analysis and a very important factor in the de-
scription and elucidation of problems in Mathematical Physics. This branch of partial
differential equations in Mathematical Physics was studied by great mathematicians like
Riemann, Jacobi,Weierstrass and Poincare etc.

For the last two decades certain special non-linear equations of Mathematical Physics like
the Strum-Liouville equation, equations of non-linear string, the Korteweg-deVries(KdV)
equation, the Kadomtsev-Petviashvilii( KP) equation for dispersive waves in shallow wa
ter theory were extensively investigated by the Soviet school[23,25,37] and the Courant
School [40].

Severa interesting connections were discovered in these works. For example, there are
interlinks between Classica Mechanics, in particular infinite- dimensional integrable sys-
tems[37], spectral theory of differential operators[17,28,40] and algebraic geometry, in
particular, geometry of complex tori [6,22,30,45,61].

In chapter 1, we discuss the solutions of the KdV and KP equations which are periodic
and conditionally periodic and these solutions live on the Jacobian variety of a compact
Riemann surface. Section 11 is concerned with basic definitions and results from com-
plex analytic theory of a compact Riemann surface, divisors, abelian variety, Jacobian
variety and the Abel map which gives the necessary and sufficient condition for a divisor
of degree zero to be a principal divisor. We have aso defined the Riemann-theta function
and studied its properties. In section 1.2, we give a brief account of the KdV equation,
the KP equation and the Boussinesq equation of which the KdV equation arose in the
nineteenth century in connection with the theory of waves in shalow water and the KP
equation which is a more general form of the KdV equation. In section 1.3, we intro-
duce and study the Akhiezer functions and their relation with the KdV equations and
Riemann-theta functions. We have proved the theorem (Theorem: 1.3.20) in which the

solutions of the KP equation are expressed in terms of the Riemann-theta function.
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Section 14 is like an inverse problem of section 1.3 where we construct the operators
L,, L,using the data ( of an agebraic curve(CRS), Akhiezer function and specia divi-
sors). We have proved that for each Akhiezer function ¥, 3 unique pair of differential
operators L, and L, of form (1.4.1) such that L;¥ = 5¥, L;¥ = Z¥ (Theorem 145).
We have aso discussed some specia cases in the above two sections. In section 1.5, we
give some remarks on the interconnection of the KP(KdV) equations theory with other
topics in dynamical systems and deeper areas of algebraic geometry. In summary we
proved here a common transcendental solution for the partial differential equations we
considered (Theorem 1320 and Theorem 1.4.5) in this chapter.

Subsequent chapters, starting with chapter 2, are concerned with the complete integrabil-
ity of some integrable (Hamiltonian) systems (CIHS). Here we have introduced systems
such as (a) The Toda Lattice (b) the Lagrange top (c) the geodesic motion on an ellipsoid
in the finite dimensional case and (d) the KdV and the generalised KdV equations and
(e) the Gel’fand- Dikii system in the infinite dimensional case, where we have given the
description of these systems in the classical sense. The main purpose of chapter 2 is to
introduce the above systems and describe them from classical view point and all these
systems will be discussed in subsequent chapters from several other angles. In section
2.1, we have given an introduction to the various aspects of Poisson brackets where the
purpose is to lay down the differential geometric basics for the use of Poisson brackets in
the subsequent parts of the thesis, where the emphasis is on the integrable (Hamiltoni-
an) systems. Section 2.2 deals with various forms of Hamiltonian structures via Poisson
structures or sympletic structures used in the general theory of integrable Hamiltonian
systems and also the natural sympletic structures on the co-tangent bundle and on the
dual of a Lie algebra are given. In section 2.3, we have discussed the example of the
Toda lattice, invented by M.Toda around 1968 and the Poisson bracket on it and the

corresponding Hamiltonian structure are given.
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Section 2.4 deals with the example of the three dimensional rigid body motion about a
fixed point under the influence of gravity which has the Lagrange top as a specia case.
In section 2.5, we have discussed the KdV equations and the generalized KdV equations
for which we have given the Hamiltonian structure and the Poisson bracket associated
with it. Section 2.6 deals with the Gel’fand-Dikii systems which are generalizations of
KdV equations to the n-th order partial differential operators. The higher order flows of
these KdV hierarchy are also given (cf. 2.6.6).These have remarkable properties such as
that they are infinite-dimensional Hamiltonian systems, having infinitely many constants
of motion in involution, which are aso integrals of local polynomial densities.

Finally in section 2.7 of chapter 2 we have introduced the differential equation for
geodesics on an ellipsoid and also the confocal quadric family of this ellipsoid. First
we considered an ellipsoid defined by a positive definite symmetric matrix A of order
n X n and then passing to its isospectral matrix L(z,y) got a special rational function
®.(z,yWhose partial fraction expansion gives the n first integrals of the geodesic flow
(cf. 2.7.6). The eigenvaues of L are related to the common tangent cone of a certain
family of confoca quadrics. The method of rank 2 perturbation of matrix A to get
L(z,y)is explained and the Hamitonian form and Lax form of geodesics equations are
given. Then the Hamiltonian equations of geodesies for ellipsoid in IR™ were extended to
the cotangent bundle T*IR* = R** and using the standard symplectic form on it, the
integrals of motion of the geodesic were obtained and generalized (cf part(b) of (2.7)).
Chapter 3 is concerned with Lax representation , cohomological interpretation and lin-
earization of flows of some completely integrable Hamiltonian systems (CIHS) given in
chapter 2. In section 3.1, we discuss the Lax equations of the KdV and the KP systems
from the view point of isospectral deformations of ordinary differential operators with
formal power series co-efficients. In otherwords, following the work of Gel’fand and Dikii

closely the general isospectral deformation theory of general diffenrentialoperators in the
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larger set of pseudo-differential operators was developed first and then applied to specia
partial differentia equations or operators arising out of them. The geometric way to
understand the KP equation

it = (2 = e = Butg)s = 0 (1)
is to introduce a large system of non-linear equations which contain the KP equation (1)
as the first equation. This system of equations, caled the KP system or KP hierarchy are
the equations that describe the universal deformations of ordinary differentia equations
(cf. Remark 3.1.17). In remark (3.1.16), if we set P = d? + 2u, then we get the KdV
equation

1

Uy — Iu”r —3uu, =0

In section 3.2, we discuss the Lax equations with a parameter associated with some of the
completely integrable Hamiltonian systems discussed in chapter 2. The Euler equations
of motion for the n-dimensional free rigid body about a fixed point as a Hamiltonian
system on adjoint orbits of so(n) are given in this section, where we have proved the
theorem (cf. Theorem 3.2.5). In this case if we put n = 3, then we get the usual Euler
equations (cf. Remark 3.2.7). For the three dimensional heavy rigid body, it is noted
that the Euler - Poisson equations can be written in Lax form [48] with variables formal
matrix polynomias if and only if the equations describe the Lagrange top (two of the
principal moments of inertia are equal and the center of mass is on the axis of symme-
try of the body) or the heavy symmetric top (all three moments of inertia are equal)
(cf. Theorem 3.2.10). We aso discuss the examples of the Toda lattice (3.2.12) and
the geodesic motion on an dllipsoid (3.2.13) in this section.

In section 3.3, we discuss the spectral curves associated with the Lax equations with a
parameter ¢, for the examples discussed in section 3.2 for which we have given some prepa-

ration from algebraic geometry ([6], [20],[26]). That is, suppose we have a Lax equation
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with a parameter &, %AE = [A¢,Be] where A and B are complex or real matrices which
have entries in the ring of real or complex Laurent polynomialsin the variable £, which is
called the spectral parameter. This Lax equation has many first integrals since the ma-
trix A stays in the same conjugacy class, its eigenvalues will be ‘constants of motion'. In
otherwords, the co-efficients of the characteristic polynomial of A are first integrals. Then
the characteristic polynomia is a polynomial in two variables Q(&,n) = det(nld — Ag¢)
which is a complex curve C of the equation Q(¢,7) = 0 and which is called the spectral
curve. It describes the eigenvalues, the spectrum of A;. The co-efficients in the equation
of C are the first integrals and so there are many spectral curves, one for each value of
the set of integrals and Q(&,n) = 0 describes a family of curves corresponding to the
curve C. For ageneral point p= (£,7) € C, if we assume dim ker || nI —A(&, 1) || = 1,
then there is a uniquely determined vector v(p,t) € V (upto non-zero scalars) satisfying
A&, t)v(p,tF nv(p,t) (cf. 34.2) and the correspondence p —Cv(p,t) C V determines
a family of holomorphic mappings depending holomorphically on ¢, f; : C— PV, which
are called the eigenvector mappings associated. to the given Lax equation (cf. section
3.4). For therigid body motion, the Lagrange top, the Toda lattice and the geodesics on
ellipsoid the corresponding spectral curves are given along with their genus.

Section 3.4 deals with the cohomological interpretation of Lax equations and the lin-
earization of flows. The aim is, given a Lax equation with a parameter, we associate
to it an algebraic curve C (its spectral curve) together with a dynamical system or flow
{L:}on its Jacobian JC). Then give the necessary and sufficient condition on B in
the Lax pair (A,B) that the flowt — L, be linear on J(C). The answer to this lies
in Theorem (3.4.13) and Theorem (3.4.20). The eigenvalues of A(¢,t)are fixed as time
evolves and the eigenvectors of A(&,t)will change with t. This leads to the eigenvec-
tor mappings f; : C — PV and we set L, = f;(9pv(1)) G Pic}(C)where Pic*(C)is
the set of line bundles of degree d on C. Choosing L, € Pic!(C),we have the map
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L — L ® L;! where under an isomorphism Pic!(C) = J(C) and the canonical isomor-
phism Ti,(Pic*(C))= H'(¥¢). Then the condition on B becomes that the acceleration
vector % be a multiple of 2kti.e, £Lt= y 4. The Lax equation is invariant under
asubstitution B — B + P(A, ), where P(z,€¢) €C[z,£] and this suggests that it has in-
variant cohomology meaning. The necessary and sufficient condition for {L,} C Pic*(C)
be linear is given in Corollary (3.4.21) and this is applied to the rigid body motion or
Lagrange top; Toda lattice and geodesics on élipsoid to conclude linearity of flows by
showing the vanishing of the residue of B (cf. Examples 3.4.30-3.4.33).

In chapter 4, we discuss the geometric Adler - Kostant - Symes(AKS) principle and its
application to some integrable systems such as, the Toda system, the Lagrange top, the
geodesic motion on an ellipsoid, the KdV and the generalized KdV equations, and the
Gel'fand-Dikii system. In section 4.2, we discuss some preliminaries from symplectic
manifold theory and define the Kostant-Kirillov-Souriau orbit symplectic structure (cf.
Definition 4.2.6). The KdV and the Toda systems and others as well are completely
integrable Hamiltonian systems whose equations of motion are expressible in terms of
the Lax isospectral equations. The splitting of a Lie algebra into a vector space direct
sum of Lie algebras is responsible for the complete integrability of the above systems and
the Lax isospectral equations associated with these systems.

Of the different approaches to the study of integrable systems, our approach here is that,
a given non-linear system is written as a Hamiltonian dynamical system with respect
to some Hamiltonian structure on the underlying space. (For finite dimensional mani-
folds, the term ‘Poisson structure' is usually preferred, that of 'Hamiltonian structure’
being more frequently applied to the infinite dimensional case). For finite dimensional
Hamiltonian systems on a symplectic manifold of dimension 2n, integrability in the sense
of Liouville(1855) and Arnold(1974) is defined by the requirement that 3 n conserved

guantities that are functionally independent on a dense open set and in involution, i.e.,
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whose pairwise Poisson brackets vanish and the geometric methods can be applied in
various ways (cf.section 4.3).

In section 4.4, we dicuss the above'mentioned examples of which for the Toda lattice,
the relevant group G is the group of lower triangular matrices with nonzero diagona ele-
ments, as contained in SL(nJR). We identify the dual algebra of (7, £, with the upper
triangular matrices through the trace form. The orbit Hamiltonian phase space 6, is of
the form 64 = {[U~'AU]+/U6 G, A € L£*}, where [B], denotes the matrix formed
from B by setting its lower triangular entries equal to zero and A is subject to certain
conditions (cf. 4.4.1). For the case of the generalized KdV equations, the relevant group
G is the forma pseudo-differential symbols of negative type translated by the identity
element 1, whose dual £* is identified, through a trace form, with the differetial symbols
of non-negative type, which are identified with formal differential operators. The algebra
in which everything takes place is the algebra of forma pseudo-differential operators.
The Hamiltonian orbit space is of the same form as 64 (cf. 4.4.15).

We have also discussed the examples of the Lagrange top using the Kac-Moody Lie al-
gebra (cf. 4.4.3) and the geodesic motion on ellipsoid based on the polynomials in the
indeterminate h, h~! with co-efficients in a Lie algebra (cf. 4.4.7). Thus in summary,
in chapter 4 the geometric principle of Adler-Kostant-Symes is formulated in complete
generality and is proved (cf. Theorem 4.3.1) and then applied to various systems of both
finite and infinite dimensions and the corresponding set up and data for various systems
is tabulated at the end of chapter 4.

In many problems of physical interest involving partial as well as ordinary differential
equations, it is possible to find quantities that are invariants (which are equivalent to
first integrals of equations of motion). This chapter 5, in which we study the motion
of a non-linear string, that is concerned with the study of the Boussinesq equation and

state its integrability in relation with a recursive scheme of Lenard and obtain variuos
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integrals of motion, gives a unified method for finding invariants for a class of equations
that includes crystal lattices (the Toda system) and water waves (Boussinesg and KdV
equations). The approach here is that at the center of the theory of integrable systems
lies the notion of a Lax pair, describing the isospectral deformation of a linear operator.
A Lax pair (L,M) is such that the time evolution of the Lax operator L = [L, M], is
equivalent to the given non-linear system. The study of the associated linear problem
Ly = Ay can then be carried out by various methods.

Following the above approach, we have discussed the examples of Toda lattice and showed
that its continuum limit the Boussinesg equation in partial differential equations. We
have also discussed a common method for the construction of Lenard relations which
along with Gel’fand - Dikii type operator trace formulae, yield an explicit recursive con-
struction of the heirarchy of the integrable systems associated with each of the above
systems. In section 5.1, we discuss a general method of construction to determine the
Lenard relations (cf. 5.1.10-5.1.13) which can be applied to other systems (the Toda and
Boussinesg systems) and in particular, we have discussed this here for the KdV equations
(cf. relation 5.1.12). In section 5.2, we discuss the Boussinesq equation and derive the
recursive relations of Lenard which is given by AW = JV A for appropriate A, J and
Ly = M) (cf. Theorem 5.2.20). Section 5.3 is concerned with the Hamiltonian structure
of the Boussinesg equation where we have constructed the Hamiltonians Ho, Hy , Hz, * ¢ *,
etc., using the trace functional approach of Adler[5]. Section 5.4 deals with the construc-
tion of an operator valued function which yields the infinitesimal generators of the Lax
type isospectral deformations associated with the examples discussed in the previous sec-
tion. Section 55 deas with the subhamiltonian system where the flows associated with
the Boussinesq equation are restricted to the manifold r = 0. The subhamiltonian system
is an integrable system in its own right specificaly as ¢ = A1V4En., n = 1,2, ¢ (cf.

Theorem 5.5.6) where E, satisfy a certain recursion scheme (cf.relation 5.1.12).
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Finaly following closely the works of B.A.Kupershmidt and Yu.l.Manin ([31], [32]) we
discuss in this chapter 6, the 1-dimensional and 2-dimensional equations for long waves
moving in long channel aong a free surface with rigid bottom and various generaliza-
tions of these and also the associated Benney's equations for the moment functions of
horizontal velocity component. We interpret them as completely integrable Hamiltonian
systems by giving the Hamiltonian structure and its first integrals by using the AKS
principle. Severa variations of Benney's equations are also given as integrable systems
including the super symmetric case. In the supersyrnmetric case, we have realized the
super Poisson bracket as a non-trivial part of acommutator [] in aring of formal Laurent
(differential) series with co-efficients in an algebra.

In section 6.1, we discuss the mathematical aspects of long non-linear wave propagation
on a free surface and we have obtained some special solutions (cf. 6.1.16). The moment
equations and the conservation laws for long non-linear waves are also discussed in this
section (cf. 6.1.21). Then we define the moment function for the horizontal velocity func-
tion u(z,y,tpf long waves by An(z,t)— [, u(z,y,t)"dycf. Definition 6.1.30). The
conservation laws can be written in the form %?_693: 0 (n=1,2,3) (cf. 6.1.33),
where P, and Q, are polynomias in Ag, Ay, ¢ ¢, A,. The equation (6.1.34) for the Ben-
ney's equations of long waves satisfied by the moment functions are also described. We
also discuss a recursive method of Benney for constructing an infinite number of con-
servation laws for long waves (cf. Theorem 6.1.40) following the technique of generating
function.

Section 6.2 deals with the Lax representation of Benney's equation and application of
the geometric AKS principle to the Benney's system. The Benney's system admits a Lax
representation given by L, = [L, P] where L and P are given by

a

a
L = (1+¢£)a—:—¢13£-,
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(6.2.7)

The Benney's system satisfies the AKS principle, that is, they fit into a general scheme
of constructing Hamiltonian systems with Lax representation and involutive conservation
laws and that the relevant Hamiltonian structure could be identified with the canonical
symplectic form on the orbits of the co-adjoint representation of a convenient Lie algebra.
Then we have the Benney's system as the quassiclassical limit of the KP system or the
generalized KdV equations. That is in the limit e — 0, [a,b], = lim._[a,b]c and the Lie
algebra G, of Benney system is the quassiclassical limit of the Lie algebra G; of the KdV
algebra equation (cf. 6.2.14).

Section 6.3 discusses the Hamiltonian structure of Benney's system from analytical point
of view. Here we have given the construction of an infinite number of polynomial con-
served densities H; € Ai+ZL[A,, * ¢ * A;—1), 1 € 7L, startingwith H,,, Hy, ¢ « ¢, (cf. Theorem
6.3.3). Here the conservation laws are obtained from a non-linear integral equation in-
volving a parameter. We aso give a method of construction for higher Benney equations
having an infinite set (cf. 6.3.2) of polynomial conserved densities. In particular, the
higher flow equation is given by A;; = Air2r +AAizt (E+1)A A+ 1A Arg i € Ly
(cf. Theorem 6.3.9). We have aso discussed the Hamiltonian flows with Hamiltonian

structure

B;; =iA,'+j_1ai- 6_,'A,‘+J'_1 , 4] € Z, , 0= d—z‘

so that theflow #m can be written as
oH = 1
Ai'!ngd((ﬁ_A—j) N H—;R—Hm,melN
(cf. Theorem 6.3.11). The flows have a common Poisson structure given by L. =

{Pe,L} = {L, P_}(x), where L = £ + 32, A&~0+).

In section 6.4, we discuss the supersymmetric Benney's system. That is to understand,
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what happens with the flows (6.3.15) when the plane T*(R' = IR? is extended into the
super plane IR*M equipped with the super Poisson bracket

{F,G} = F; GI—FIGH—ZD \D,(G)

(cf. 6.4.1). Then we have defined the super flows (cf. 6.4.2) and the supersymmetric
Benney hierarchy is a semi-integrable system meaning that the extended flows do not
commute between themselves but nevertheless, they have a common infinite set of polyno-
mial conserved densities. That is, the new hierarchy of flowsis not Hamiltonian, despite
having a common infinite set of conserved densities (cf. Theorem 6.4.7). In section 6.2,
we noted that the Benney's system is a quassiclassical limit of the KP or the KdV system.
On the contrary, in the super symmetric Benney's system, the super Poisson bracket
is realized as the firg non-trivial term of the commutator followed by other symmetric
expressions (cf. 6.4.13) and the relation between the super symmetric Benney's system
and the super KP hierarchy needs to be explored. Also analogous formulato (6.4.13) are
computed for lower dimensional superplanes.

In section 6.5, the Hamiltonian structure of Benney's long wave equations is discussed
from a different view point than that was discussed in section 6.3. Here the algebraic
approach is followed. The Hamiltonian structure here is defined in a different way by
using a specia Lie product and the first integrals of motion are obtained. Also, Ben-
ney's differential algebra and the operator B is defined in section (6.5.5). In otherwords,
here we understand the Hamiltonian structure of Benney's system (6.3) as the formal
analogue of the Kirillov structure on the orbits of the co-adjoint representation of Lie
algebras(cf.6.5.15). Moreover the Poisson bracket defined here is invariant one rather
than the one defined in section (6.3).

Now some comments are in order . This study embodies the results obtained from our
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attempt to understand the integrable Hamiltonian systems or partial differential equa-
tions by differential and algebraic geometric methods as well as by differential analytic
methods and Lie methods. For example chapters 1 and 3 contain several results where
algebraic geometric techniques were effectively used. Chapter 4 contains results obtained
by us of analytic and Lie theoretic flavour. Chapter 2 simply explains various ways of
understanding Poisson and Hamiltonian structures on systems. They were explained
clearly from analytic point of view and also various Hamiltonian systems which we s
tudied throughout to apply some unifying principles formulated were described from an
elementary stand point in Chapter 2. The Lie theoretic AKS principle after proving
was applied for the systems of chapter 2 and these results obtained are summarized in
a tabular form in chapter 4. In chapter 5 we studied Boussinesg equation by analytic
methods namely Lenard relations and determining certain invariant coefficients whose
integral densities give the conservations. Then we have reinterpreted the Hamiltonian
structure of Mckean of the Boussinesg equation in terms of the above method. Further
this Lenard scheme is also applied to other systems because Boussinesq equation is the
continuous limit of discrete Toda system which we studied throughout.

Finally chapter 6 gives the study of Benney's equations in a very systematic and also
a thorough understanding of this topic. The classica flavour of this topic is given first.
Then Lax type of understanding of this was given and the infinite family of conserved
polynomial densities were computed by analytic methods. Then the Poisson structure
and then the Hamiltonian structure of Benney's system were given. The AKS principle
setup for Benney system was derived by us. Then the super Benney system was shown
to be a semi-integrable system. Then we answered by explicitly relating the super Pois-
son Bracket and the commutator product on a differential ring Lie algebra a question
of Kupershmidt - Manin. Also we computed the above relation for lower dimensional

super plane. This section contains many new results. Finally in the last section we have
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given an invariant definition of Poisson bracket on a Benney differential algebra which
we defined and made into a Lie algebra and related this to Kupershmidt-Manin Poisson
bracket via an integral representation. In a sense this chapter is the heart of this thesis
as it gives a complete understanding of the Benney system to date.

Throughout the thesis several new proofs were given and new interpretations and better
understanding of known facts were inserted throughout. For example in chapter 5, our
way of reinterpreting McKean's conserved quantities for Boussinesg is a correct proce-
dure. Nevertheless it must be mentioned except for chapters 1 and 3 the rest of the
chapters have computational flavour rather than usual mathematical theorem like re-
sults and this is justified by the fact after all we are studying properties of Hamiltonian
systems arising out of physical contexts from classica mechanics, applied mathematics,
theoretical physics etc. We have given reasonably good collection of references used even
though it may not be complete as these topics were studied by theoretical physicists
also. We have made every effort and taken care to minimize the typing mistakes and
since this thesis contains lots of computational formulae, still some typing mistakes may
exist which escaped our attention. Finally we have followed the usual indexing pattern

of Proposition X.Y.Z means in chapter X, in section Y, the proposition Z.



Chapter 1

Integrability of some partial differential equations

In this chapter, we study certain non-linear partial differential equations such as the
Korteweg-de Vries(KdV) equation, the Kadomtsev-Petviashvilii(KP) equation and the
Boussinesg equation. We aso study the Akhiezer functions and their relation with the
KdV equations and Riemann theta functions. We also discuss these equations via the
differential operator equations approach.

11 SOME GEOMETRIC PREPARATION:

1.1.1 Definition: Let M be a 2-dimensional manifold. A complex chart on M is a
homeomorphism ¢ : U — V of an open subset U C M onto an open subset V C €. Two
complex charts ¢; : U; — V;, ¢ =12 are said to be holomorphically compatible if the

map

is biholomorphic.

A complex atlason M isasystemU = {¢;: Ui —> Vi, i € [} of charts which are
holomorphically compatible and which cover M, i.e., U;e; Ui= M.Two complexcharts
U,U'on M are caled analytically equivalent if every chart of U is holomorphically
compatible with every chart of U’.

By a complex structure on a two-dimensional manifold M, we mean an equivalence class

of analytically eguivalent atlases on M.
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1.1.2 Definition: A Riemann surface is a pair (M, E) where M is a connected two-
dimensional manifold and E is a complex structure on M.

1.1.3 Remarks: (1) If M is a Riemann surface, then by a chart on M, we aways mean
a complex chart belonging to the maximal atlas of the complex structure on M.

(2) When M is compact, we cal it a compact Riemann surface.

1.1.4 Definition: Let M be a compact Riemann surface. Then g = dimH!(M,d)s
caled the genus of M where 4 is the sheaf of germs of holomorphic functions on M.
1.1.5 Definition: By a complex torus T, we mean the quotient space T =C?/T where
I' is agroup of translations generated by 2g IR-linearly independent vectorsin €9. Thus,
T isagroup (under addition moduloI') and is a complex analytic manifold with natural
projection p : €4 — T = @4/, which is a holomorphic locd homeomorphism. The
complex torus has a natural structure of a compact complex Lie group. The generators
of ' will be represented by 2g column vectors wi, - *,wzy, €ach wx € @¢. Thej-th
component of the vector wi will be denoted by w;x. Theg x 2g matrix,

Wi ot wh,29

Wy W29
is caled the period matrix associated with T = fIV/F.
1.1.6 Definition: The matrix @ is called a Riemann matrix if there exists a non-singular,

integral, skew-symmetric matrix Q of rank 2g such that
(1)QAQ =0 @ - At = A/>0

where A = Q~!. The matrix A is caled a principal matrix for the Riemann matrix Q.

The set (2, A) consisting of a Riemann matrix Q@ and an associated principal matrix A
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is called a Riemann matrix pair.

1.1.7 Definition: A complex torus whose period matrix is a Riemann matrix is called
an Abelian Variety. All period matrices representing an abelian variety are necessarily
Riemann matrices.

1.1.8: Let M be a compact Riemann surface of genus g, which is same topologicaly as
a sphere with g handles. Hence M has first homology group Hy(M,Z)as TL + ee e + TL
(29 copies). Choose aZ-basis for Hi(M,TL) a1,az,***, ag, by, ba, »* ¢ b, of 2g 1-cycles on
M such that a; 0 a¢; = b; o bj = 0and a,0 b; = Sj(i,j = 1,2, * ¢, g) where o denotes the
intersection index.

Let w be a holomorphic differential on M and let A; :fa w, B; = fb wforl<i,j<g.
Then (Ay,---,As= A and B = (By,—, B,) are cdled the a-periods and b-periods
of w which are vectors in @¢. Then for the space of holomorphic abelian differentials
(=space M), thereexists aunique basis {w;,* * * ,w,} with the property [, wx = 8;x(j, k =
1,2, ¢e+ , g). Also for this basis, the matrix of b-periods B = (b;x) with b, :fb wr (1<
J,k < @) is symmetric with positive definite imaginary part. Thus, the vector space
‘H — HY(Mof holomorphic differentials on M is a g-dimensional complex vector space
with basis {wy, ***,w,}.

1.1.9 Definition: Let M be a compact Riemann surface of genus g. Let L = L(M)
denote the lattice (over TL) generated by the 2g-columns of the g x 2g matrix (/, B). The
2g-column VeCtors {e;,* * ¢, 5, €3,* * », ¢, } are linearly independent over IR. Every element
of L = L(M) is of the form X5-, mjex 2oz, njej, njimi€ Zand € = (brip o o, big)
and e, = (0, -, 1,0, ++,0) or of the vector form IM+ BN , where M — (m3 o, m,)* €
Z°, TV = (ny,* * *, n,)te TL°. The quotient space (M) =€¢/L(M)is called the Jacobian
Variety of M, and it is a compact, abelian, g-dimensional complex Lie group.

1.1.10 Definition: Let C, denote the space of complex symmetric g x g matrices with

positive definite imaginary part. This space is called the Siegel generalized upper half
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plane which is of dimension g. On the product €¢ x C,, we define the Riemann-theta
function 8(z1s « , 25, B) to be the entire function on €¢ defined by the Fourier series
1S
01,2, B) = 3 expimi{y Yopmum, + Y mm}  (L111)
my,mg€ZL k,j=1 fe=l
where my € ZZ and (z1,---,2£)(IX The above #-function can aso be written in the
form

0(z1,-2*,24,B) = Z exp{7ri(Bm,m) + 2ri(m, 2)}

where (Bm, m) = debkjmkmja’]d (m, 2 = myz1 4 ——+ myz,.
1.1.12 Remarks: (1) The summation in (1.1.11) extends over al integer vectors in @Y.
(2) The series (1.1.11) converges absolutely and uniformly on compact subsets of €9 xC,.

(3) The 6-function has the properties:

(i) 6(z1 + b, - - - 2q + bg) = exp(—mikk - 2miz)0(z21, - -, 2,)

(4) The second property above shows that the Riemann-theta function is related to the
Jacobi lattice consisting of 2g vectors in an g-dimensional complex linear space €¢ where
the vectors are ex = (0,***,1,0,*++,0) and e}, = (bx1,* * *, biy) (cf.definition (1.1.9)).
(5)The property (i) of (3) gives the periodicity of the theta function and the property
(i) of (3) gives the quasi periodicity of the Riemann theta function.

1.1.13 The Abd map and Special divisors on a Riemann surface:

1.1.14 Definition: Le M be a compact Riemann surface of genus g and J(M) its
Jacobian variety. Let A : M — J(M)be the map defined by A(P) = (A1(P)),* * *, Ag(L))
with Ax(P)= [p wi(k = 12 ---,g), where P, is a fixed point of M and the path of
integration is same for al k. A is a well defined map and is caled the Abel map.
1.1.15 Remark: Forg=1, A: M — JM) =T? is an isomorphism.

1.1.16 Definition: A divisor D on a Riemann surface M is aformal sum, D = Zﬁx n P
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with n; £ Z and the divisors on M form a group under addition, denoted by Div(M).
Every meromorphic function on M has the same number of zeros as poles.

Now we state the basic

1.1.17 Theorem(Abel): For given points Py,» * ¢, P, @y, * * ¢, @, of M to be the zeros
and poles of some meromorphic function on M, it is necessary and sufficient that on the
torus J(M),

i:A(Pk)— Z‘;(Qk) =0 (congruence modulo the lattice) [57].

k=1

fe=i
1.1.18 Example: Let w be a meromorphic differentid on M and (w) be its divisor
defined by its zeros and poles of w. Then any two such meromorphic differentials on M
are linearly equivalent and hence define an equivalence class [(w)] of these divisors called
the canonical class of M,denoted by C. Note that deg[(w)] = degC = 29 - 2, ¥(w) € C.
We can extend the Abel map linearly to the group of divisors on M by, for D = Y Yc\P,-,
A(D) = Yn:A(P), as A: Div(M) — KM).
The Abel's theorem can be reformulated in terms of the above map A on divisors as
1.1.19 Abel’s theorem: The divisors D,D’ G Div(M) are linearly equivalent iff (a)
deg D = deg D' (b) A(D) = A(D') on XM).
1.1.20 Definition: Let D G Div(M). Let C(D) = {/ € Mero(M)/(f) + D > 0}. Then
C(D) is a vector space with dimension denoted by {(D). If D ~ D' then C(D) = L(D’)
and hence (D) = I(D'").
1.1.21 Remarks: (1) Let D be a positive divisor. If deg D < g then the meromorphic
functions / with poles in D are only constants i.e., I(D) = 1.
(2) In particular if D = nP,,n € Nthen (D) = 1 forn < gi.e., there are no meromorphic
functions (non-constant) with a single pole at P, of order < g.
(3) Those points P, € M for which no such meromorphic functions / exist having a

single pole a P, of order < g, are called Weierstrass points of M.
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1.1.22 Definition: The famous Riemann Roch theorem says that if D is any divisor
and Z is any canonical divisor on a compact Riemann surface of genus g, then dim C(D)
=deg D +1-g+dim C(Z- D). We cal the divisor D with deg > g non-specia if
dim C(Z~-D) = 0. That is, if degD > 2g—2then deg (Z-D) < 0 and dim C(Z-D) =
0. Thus D is non-special. Otherwise, D is called a specia divisor. That is, D € Div (M)
with deg D > g such that dim £(D) > deg D — g + 1 is a specia divisor. That is,

dm C@Z —D)>o0.
N

1.1.23 Remark: Let D be a specia divisor with D - ZP;, iV = degD > g. Then
consider the Abel map A : S*(M) — J(M) where S*(M)is the n-th symmetric power of
M (i.e., the set of al unordered sets of n points of M). Then the set of specia divisors
on M is precisely the set of critical points of the map A. i.e., those D at which the
differential A.(D) has rank < g.

12 SOME PARTIAL DIFFERENTIAL EQUATIONS:

In this section, we give a brief account on the Korteweg de-Vries(KdV) equation, the
Kadomtsev-Petviashvilii(KP) equation and the Boussinesq equation.

(i) The KdV equations arose originally in the studies of dissipative waves in shallow
waters which was of interest in Mathematical Physics and has the form

dus = 6uug+ Ugrs (1.2.1)

(we give a general form of this in section 14 later, (cf. 1.4.12))

This equation has solution function u(z,t) of two variables x and t, called respectively
the spatial and time variables and the function u(z,t) is caled a ‘potential function'. The
integrability of (1.2.1) was studied by using the inverse scattering method [6,60]. This
method puts limitations on the solutions to the class of potentials vanishing rapidly as
the space variable tends to infinity resulting in solitons which are waves of definite form

moving with different velocities. The most interesting case of (1.2.1) is those equations
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having solutions u(zf) which are periodic in x. It was Novikov who first introduced new
ideas of integrating (1.2.1) in this case [46].
(ii) The KdV equation has a 2-dimensional analogue which arose in physics and was

known now as the Kadomtsev-Petviashvilii equation (KP equation) [23] given by
Buyy, = o-[du—(6uus + ures)] (1.2.2)

where u(z,y,t)s afunction of 2 + 1 (spatial and time) variables.
(iii) Finally we recall the equations of motion of a non-linear string, called the Boussinesq
equation, namely

Juy, + —5;(6'qu + Ug)= 0 (1.2.3)

1.2.4 Remark: We note that (1.2.2) reduces to (1.2.1) if the variable y is absent in the
potential u(z,y,tpnd (1.2.2) reduces to (1.2.3) if the variable t is absent in the function
u(z,y,t)We give adso the genera forms of (1.2.2) and (1.2.3) in section 14.

13 INTEGRABILITY OF THE KP EQUATION:

In this section, we discuss a general scheme for constructing the periodic and almost
periodic solutions of the general Zakharov-Shabat equation which makes it possible to
express them explicitly in terms of the Riemann-theta function.

1.3.1 Definition (Akhiezer function): Let M be acompact Riemann surface of genus
g. Let Q be afixed point on M and z = z(P) be a loca coordinate in a neighbourhood
of Q such that Q) = 0. Let k= 1o that k(Q) = oo. Let q(k) be a polynomial in the
parameter k. Let D = P, + - + P, be a positive divisor of degree g on M.

By an Akhiezer function on M corresponding to the data { Q , k = %,q(k),D }, we
mean a function ¥(£)on M such that
(@ ¥(P)is meromorphic on M \{Q} and has poles only at P,,...,FP,.

(b) The product ¥(P)exp(—q(k))is analytic in a neighbourhood of Q.

1.3.2 Remarks: (1) Condition (b) says that ¥ has an essential singularity of the form
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W(P) ~ Cexp(q(k)) aP = Q.
(2) For a given non-special divisor D of degg on M, such Akhiezer functions form a
1-dimensional (E-vector space A(D) and hence such ¥(P)is unique upto a constant.

We state this as
g

1.3.3 Theorem: Let D = Z P; be a non-specia divisor of degree g. Then the space

A(D) of Akhiezer functions for a given polynomia g, is 1-dimensional.
Proof: Note ¥(P)has g zeros on M and the divisor defined by these zeros is non-special.

Suppose ¥, ¥’ are two Akhiezer functions corresponding to the same divisor D. Then
ty(P)/W(P) is a meromorphic function on M having poles on the divisor of zeros of ¥'.
Since such a divisor is non-special, ¥/¥ is constant, and hence such ¥ is unique.

1.3.4: (a)Let P, be a point in M. Then the mapping A : M — J(M) is defined
(this is th}e, Abel map defined in the previous section). The coordinates of the vector

Ak(P)zlf wk where wy is @ mermorphic differential on M which has a singularity at
JP,

the fixed point Q in M ( of the form dg;(z; ") in the local parameter z; ) and is normalized

by the condition / w=0. Let U =(U,,* ¢+, U,) be the vector of the b-periods of w i.e,

9
: L w. Let D be a given non-special divisor, D = 5: P,, of degree g. Then define

the function
PN 6(A(P) - A(D)+ U - K)
CEBIVIDE vre ey (39

where D is the given non-special divisor and A is the Abel map and K is a vector on the

Jacobian variety J(M), called the Riemann vector where K = (K, « +, K, )is the vector
of Riemann constants given by

11 z i .
Ki=3-3Bi+t Z,fm ([ ) G=100

I=1,l#

P
where the path of integration in exp (/ w) and A(P) is the same. Then the function

(1.3.5) is well-defined and W is an Akhiezer function having an essential singularity of
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given type at Q.

(b) Special case q(k) — kx + k?y + kH:

Let the polynomial q(k) - kx + k?y + kH where z,y,t are parameters. Let ¥(z,y,t, P)
denote the Akhiezer function corresponding to a non-special divisor D of degree g on M.

Suppose ¥ is normalized in a neighbourhood of Q so that it has an expansion of the form

U(z,y,t,P) = eheth vtk (1 + = 3 -+ % + - ) (L.3.6)

where ¢ are functions of z,y,¢. Then ¥ in (1.3.6) sidfies

9 i 1 kr+k?y+kdt
[— By d = u] =0 (I) € (1.3.7)
() ‘} ‘ 1 k k2 .3
—— — 4+ —y— | =01 ="t yt+kSt 13.
[ ()t+iix3+2u()r+!l} (A‘)* (1.38)

where u and w can be found from the condition for the vanishing of the co-effidents of

In fact,
w=— 2"51 (139)
dx
and
w = ¥£12€—‘— 30 & 3% (1.3.10)
or c‘)x" oz
Condder the differentiad operators
2 3
L= %"' v, A= ;?:34' “u—+w (1.3.11)

in x given by (1.3.7) and (1.3.8).
1312 Theorem: Le ¥(z,y,t, Phe the Akhiezer function for the polynomid q(k) =
kx + k?y + k3t corresponding to D. Then ¥ is a solution of the system of equations

N 1y (1313)

A
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and

o
= = AV (1.3.14)

Proof: The function &, = (~§;+ L) wand o, = (‘2%" A) ¥ are Akhiezer functions
and ®;e~(F=+FvtF hanjshes at Q and hence by the uniqueness, &; = 0 on M,i= 1,2,
1.3.15 Corollary: The function » and w given above satisfy the system of non-linear

equations

3 3 3
zu,y + e — 2w, =0 wy — U+ Uy + FlUUs = Wez = 0 (1.3.16)

«

Proof: The compatibility condition for %'g— =LY, %% = AW is the commutator equation
—2 4L, —Z + A| = 0 which gives (1.3.16).
1.3.17 Remarks: (1) Eliminating w from (1.3.16) we get

3 a 1
Iuyy = 3 wp — I(Guu: + Uzpr) (1.3.18)

which is called the Kadomtsev-Petviashvilii equation (KP equation) [23].

(2) For each Riemann surface M of genus ¢, for each point Q on M and for each local
parameter k~!in a neighbourhood of Q we can find a family of solutions u(x,y,t) of the
Kadomtsev-Petviashvilii equation parametrized by the non-special divisors of degree g
on M (or by points in general position of the Jacobian variety J(M) of M).

(3) Using the formula (1.3.5) connecting the Akhiezer function ¥ and the Riemann theta
function we can express solutions of Kadomtsev-Petviashvilii equation in terms of theta
function of M.

Let ©,,, Q3 denote normalized meromorphic differentials on M with poles only at Q
and with principal parts at Q of the form Q; = dk+--Q; = d(k?)+-¢ o, Q3 = d(k3)+-ee,
Then (1.3.5) gives
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P P P
V(z,y,t,P) = exp (-U/ h+y Q:+!/ Q:s)
P, P, ) y

O(A(P) — A(D) + zU + yV + tW — K)
6(A(R) - A(D) - K)

where U, V, W arethe b-periods of Q,, Q2,3 respectively.

(1.3.19)

1.3.20 Theorem: Then the solutions of the Kadomtsev-Petviashvilii equation given
above by u(z,y,t)= —2:2£can be expressad as u(x,y,t)= (=256 log 0(zU+ W +
tW+ Z,)+ C (1.3.21) where 0 = $(2) is the theta function on M, Z, = AD) - K is
an arbitrary vector of JMM) and C is a constant.

Proof: Recall u(r,y,t)is— 2%&1 where £, is the coefficient of 1in the expression of the

Akhiezer function ¥ in a neighbourhood of Q. Note that log ¥ = kx+ k?y +fc®* + ¢, +

Qtestbyet 4 where ¢, is afunction of z,y, t and a 6, care constants. Hence £, +az+
. . ) ' . -A(D)-K V 4ty
fez/ +ct is the coefficient of lgm the expression of the function log ”"‘Q”g(jﬂ’,’,’,_ﬁﬁ)’ff}y) =

in a neighbourhood of P = Q. Since A(P) in a neighbourhood of Q has the expression
A(P) = AQ) - tU +0(3%) and taking Q as the base point in the Abel map (i.e.
A(Q)=0), we get & +az +1ty + ct= —Zlogh(zU +yV + tW - A(D)- K)+C. Then
u(zy,t) = 2% = 22009 6(zU + yV + tW~AD) - K) + C.

1.3.22 Remarks: (1) Relation (1.3.21) tells us that the solutions u(xy,t) of the
Kadomtsev-Petviashvilii equation are conditionally periodic functions of the variables
z,yand t. Note that g’;;logo(z) is a meromorphic function on J(M) and u(xy.t) is
obtained by restricting this meromorphic function to the linear winding by (z,y,t) on
J(M)spanned by the vectors U, V, W respectively.

(2) Secial cases: (a) Suppose that for the Riemann surface M and for the point Q on M
there exists a meromorphic function \(P) on M with a unique double pole at Q. Choose
kY (P)= 2 as the local parameter k! = k~!(P)in a neighbourhood of Q. Then
the Akhiezer function ¥(z,y,t, P) with an essential singularity exp(kz + Py + k) a
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Q has the form ¥(z,y,t, P¥ e*\P)®(z,t, P) where ¢ is the Akhiezer function with
the same divisor of poles as ¥ and with an essential singularity & ~ e*=+¥ta Q.
Then the function @ saisfies L®(z,¢,P) = A(P)®(z,t, B)d 52 = A ie, & is the
eigenfunction of the Schrodinger operator L with eigenvaue A(P), depending on the
parameter t. The coefficients of the operators L and A are independent of y and the
Kadomtsev-Petviashvilii equation reduces to the KdV equation whose solution is given
by u(z,t)= 2;—:,log0($U+ tW+ Z,) + C.

(b) Suppose for a Riemann surface M and for a point Q on M there exists a mero-
morphic function x(P) with a single pole at @ of third order. Then as in (a) above
the dependence in t disappears and the Kadomtsev-Petviashvilii equation reduces to the

Boussinesq equation for a non-linear string whose solution is given by
C')'Z
U(I,y) =2 §|Og $(XU + yV + ZD) + C.

14 NOVIKOV-DUBROVIN-KRICHEVER-LAX SCHEME:
In this approach we concentrate more on the study of differential operators and operator
equations rather than handling partial differential equations satisfied by the coefficient
functions of these operators. In other words, we reverse the roles of the Kadomtsev-
Petviashvilii equations and the operator pairs L, A in the above section. Let us start
with a pair of differential operators L, and L, given by
: 2 " b

L =k=zoj uk(z,y,t) 5 and L, = ;U,(z, t)g (1.4.2)
with co-efficients as functions of the parameters z,y and t. The scheme is to study the
non-linear partial differential equations for the coefficient functions of the operators L\

and L,. We concentrate on the equivalent operator egquations

L; = | =0 (14.2)

Ll_é-t" ! Ay
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These equations are called Zakharov-Shabat equations [63]. Note that (1.4.2) can be
written also as Lax type equation Ly, - Ly, = [Ly, Lo

1.4.3 Definition (general Akhiezer functions): For each Riemann surface M of
genus g and for a point Q € M and for each non-special divisor D of degree g, there
exists a unique function ty(x,y,t,P) on M satisfying

(3 ¥ is meromorphic in M\ {Q} with only poles at points of D

(b) Near Q, ¥ has expression

U = kr+fl(k)v+1'(k)! ([ + Z &s (I y t]) (144)

where q(k) = gmk™ ¢ ¢ ¢ + g, and r(k) = r, k" +—Fr, are given polynomials of degrees m
and n respectively in the local parameter k with £='(Q¥ 0. Now generalizing Theorem
(1.3.12) we get

1.4.5 Theorem: For each Akhiezer function ¥ asin (1.4.4) there exist unique differential
operators Ly and L, of form (1.4.1) such that L, %\I’, L,V = %\Il.

Proof: Note that for ¥ of (1.4.4) as formal series, there exists a unique operator L; such

that

ot

The point now is, the congruence equation (1.4.6) for ¥ becomes an exact equation on

L= i\ll (mod 0 (/r) ek”qm”'(k") (1.4.6)

the compact Riemann surface M. Then the function (L, — &)%¥(w,t, P) satisfies the
definition of the Akhiezer function and the function (L, - £)We=(=+a(klv+r(k)1) yanjshes
at Q and hence by the uniqueness of the Akhiezer function L, ¥ — %\It on M. Similarly
the L, operator can be found such that L, ¥ = 31\11

1.4.7 Corollary: The operators L\ and L, of (1.4.5) sdtisfy the operator equation

Proof: By the above theorem, the kernel of the operator [L, - ;;"—,,Lz —3%] contains a 1-

parameter family of functions ¥(z,y, ¢, P). But this operator involves only differentiation
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in x and hence, its kernel, if it is non-zero is of finite dimension and hence the operator
must be identically zero operator.

1.4.8 Remarks: (1) This Zakharov-Shabat equation (1.4.2) is equivalent to the non-
linear system (1.3.13) which in its turn is equivalent to the Kadomtsev-Petviashvilii
equation (1.3.18) (cf. proof of Lemma 1.3.12).

(2 Notethat Lo = A= & + 3urwand L, - L — 5 +u are as in section 13.
Now we derive the general Kadomtsev-Petviashvilii equation following this scheme with
ak) = g2k*+q,,r(K) = rak®+rik+r,. Then we get the operators L, - qg(%ﬁ‘vo(x,y,t))
and Ly = ry (& + wiz,y.(suolz,yd)) satislying (14.2).

Now as in section 13 eliminating »; and u, from the equivalent system of equations to

(1.4.2) we get the equation for v(z,y,tps

3. : 1
- Id?nyy + ()_5,: {nt-f + hv, — I(rr;, + 6?’1’;)} =0 (2.4.9
where 3, a h are certain constants (a =2, 3=2,h =r)

Note that v, = ¢, — 29511 as in section 1.3. We call (1.4.9) the generalized Kadomtsev-
Petviashvilii equation.

Now we can proceed as in section 13 to solve the generalized Kadomstev-Petviashvilli
equation (1.4.9) for v(z,y,t)n terms of the theta function.

14.10 Theorem: The solutions of the generalized KP equation (1.4.9) is given by
V(X y,t)= ¢, + 25"—:;Iog 0(zU+ yV +tW+ Z) where Z is an arbitrary point in the J(M).
Proof: Proceed the proof as that of Theorem (1.3.20) by taking Q. as the normalized
meromorphic differential having a unique pole at Q with principal part as — % a Q, N,
as that one with dq(%),Qs as that one with dr(2)at pole Q in the local parameter z(P).
1.4.11 Remarks: (1) If V =0, i.e, there exists on M a meromorphic function with

a unique pole of order 2 a @, then v(x,y,t) = u(z,t) sdisfies the generalized KdV
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equation
avy + hvy - =(vgest 6vv.) = 0. (1.4.12)

(2) If W=0, i.e, there exists a meromorphic function with a unique pole of order 3 at
Q, then v(z,y,tF v(z,y)sdtisfies the generalized Boussinesq equation

Vyy — Vg + TUrzzzt ;:‘g;(vvx) =0 (1413)
4 2 0x

(h=3, B* = 1) Finaly we note that (1.4.9), (1.4.12) reduce to the usual Kadomtsev-
Petviashvilii and the KdV equations (1.3.18), and (1.3.16).

(3) Since v(z,y,ty— ¢, +225 log O(zl+yU, +tUs) and since the vectors U;  of b-periods
(as defined above) determine the rectilinear parts of the J(M), it follows that al the
solutions of the Zakharov-Shabat equations are conditionally periodic functions.

15 CONCLUDING REMARKS:

We close this chapter by indicating some interesting inter connections and applications
of Kadomtsev-Petviashvilii equations theory to other topics.

(1) We proved above that the general Zakharov-Shabat equations L; — A,= [A, L] (or
the generalized Kadomtsev-Petviashvilii equations) have solutions u(«r, y, t) which can be
expressed in terms of Riemann theta functions. Using this solution function u(z,y, t) we

can explicitly solve the non-stationary Schrodinger equation
Wy + ¥y —u(z,y, )P =0

by giving explicit formulafor ¥. This method of construction of solutions of Kadomtsev-
Petviashvilii equation also classifies the commutative rings of differential operators in one
(and several) variables [16,17,28].

(2) The works on periodic solutions of KdV and Kadomtsev-Petviashvilii equations are
essentially those of Novikov, Dubrovin, Its, Matveev and Lax [34,46]. It was Novikov [46]

who first discovered the deep algebraic geometric nature of the finite zone periodic and
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conditionally periodic solutions of the KdV equation and aso by Mckean and Moerbeke
later [40]. It was Dubrovin and Novikov who introduced the concept of finite zone linear
differential operators. The general philosophy is with each linear differential operator L
(such as the Sturm-Liouville operator) we can associate a specia eigenfunction ¥ called
the Bloch or Floquet function (which depends on a spectral parameter A of 1) and there
exists a Riemann surface M on which ¥ becomes single-valued and we say L is of finite
zone if the associated Riemann surface M is of finite genus. More generally, certain
important partial differential equations can be expressed as commutator equations of
Novikov type [L1,L;] = 0 where L, = ¥ ua(z)2s , Ly = Zavﬁ(x)%;[hen there
exists a polynomia P(w,E) of two variables w, E such that P(Ly,L;) = 0 which gives a
Riemann surface M defined by P(z,y)= 0 and the Bloch eigenfunction ¥ makes sense
on M .

(3) One can study the Hamiltonian structure of equations of Lax type L, = [L, A] and
more generally for Zakharov-Faddeev type equations also. Some other applications are:
Euler's equations of motion for a rigid body, as Novikov type operator equation [37] and
a two-dimensional Schrodinger operator and its algebraic analogue and more general-
ly the study of Integrable Hamiltonian systems [40], the relation between motion of n
particles in a straight line and the singularities of rational type and elliptic solutions of
the KdV equation [37] and finally a cohomological interpretation of Lax type equations
[19]. These will be investigated in the subsequent chapters wherein we find ( not just one
transcendental solution as given in the above Theorems 1.320 and 14.10 ) al the first
integrals of these systems.

(4) There are deeper connections between holomorphic vector bundles over a compact
Riemann surface M and certain non-linear equations. This set up can be understood
in terms of a pair of commuting differential operators. This whole theory of KdV and

Kadomtsev-Petviashvilii equations, we have dealt with in sections 13 and 14 can be
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thought of as Lax type equations [L,,L,] = O of “rank 1". For higher rank cases of Lax
equation, holomorphic vector bundles over compact Riemann surface will arise having

some special parameter caled "Tyurin parameters" [23,29].



Chapter 2

Complete Integrability of some integrable systems (CIHS)

In this chapter, in the first two sections dl the basics on Poisson structure on Euclidean
spaces and general manifolds and Hamiltonian structures are developed and the proper-
ties of them needed for later use are given. In particular, these will be used in chapter
4, chapter 5 and chapter 6. Then, we study various integrable systems such as the Toda
lattice, the Lagrange top, the geodesic motion on an ellipsoid, the KdV equations and the
generalized KdV equations (or the Gel'fand-Dikii system). We describe the Hamiltonian
function, the Poisson structure and the first integrals of motion of these systems. We ex-
plain in chapter 4 how these systems obey the Adler-Kostant-Symes geometric principle.
2.1 SOME PRELIMINARIES: In this section, we give an introduction to the var-
ious aspects of Poisson brackets used in different parts (contexts) of the thesis.

2.1.1: The basic geometry of a physical system is described by a configuration space M,
a C* manifold. Elements g of M represent instantaneous configurations of the physical
system. For instance, for k particles in 3-dimensional space IR?, the configuration space
isM = (IR)* 2IR*. Let / be aninterval in IR. A curve u : t — ¢(t) (where t runs
over the time interval /) with values in M describes the motion, i.e., change in time,
of the physical system. The velocity v(t,) at time ¢, (also denoted by ¢(t,)) is defined
as: v(t,) = $le=t,q(t). Thus v(t,) belongs to the tangent space Ty,)M at ¢(t,). The
collection of spaces T,M for g in M is the tangent bundle TM over M. Hence to describe

the positions and velocities of the various parts of the system at a certain time ¢,, we

18
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need to specify a point in TM. We can interpret TM as the kinematical space.

Let N be the dimension of M. Every system of local coordinates q¢!,--,¢¥ on M gives
rise to a system of local coordinates q',« gV ,v!, ¢ « « »N 0on the tangent bundle TM by
differentiation. If the transition functions between two coordinate systems g and q are
given by

F=¢("q"),1<j<N,

the corresponding transition functions between v? and »? are
N
5 = Z&é"(ql,- --qN)U‘ .
=1

where 9; = ga;.. The coordinate changes on TM corresponding to coordinate changes on
M are linear in the v;’s; in more abstract terms, TM is not only a fibration over A/, but
even a vector bundle. Velocity vectors at a point can be added. For g in A/, we denote
by (¢, v) a point in T,M, and by (¢,¢) a point in T;M, where T*M = (T,M)"is the
algebraic linear dual of T,M. The collection of the vector spaces T M, for q running
over M, is another vector bundle T*M over A/, called the co-tangent bundle.

A force field F is called conservative if the work integral

b ty
/FdS:/ F(q(t)).(t)dt

only depends on the end points a and b, and not on the particular choice of the curve
g(t) joining them. In the case of a conservative field there exists a function V, unique

upto an additive constant, such that
F.=-9V o F=-dv

In fact, we define V(a) - V(b) = f:ﬂ" F(q(t)).q(t)dt for an arbitrary curve q(t) between a
and b. In summary, the potential V is afunction on M, the force fidd F is a differential

form of degree one on M, that is, a section of the cotangent bundle T*M over M.
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2.1.2: In the case of a conservative force field, acting on a particle of mass m, the law

of conservation of energy
1 A 1 "
smlval’ +Vi(a) = Smluf* + V(b)
is a consequence of the differentia equation (Newton's 2nd law)
F = ma

Here V is the potential energy and v, (resp. wv,) is the velocity at time t, (resp. ts),
where the particle is at the point a (resp. b).

Given a system of various particles with positions ¢(i), velocities v(z) and masses m(i),
we can verify that this expression Y-, 3m(:)|v(:)|*defines a differential quadratic form
on M, called the kinetic energy T. This is a function T: TM —e IR and T restricted to
the vector space T, M is a quadratic form for every g in M. The potential V: M — IR
can be lifted to a function V : TM— IR The total energy E = T + V is then a function
defined on TM.

The discovery of Lagrange is that the laws of motion can be formulated entirely in terms
of the function L = T- V on M caled the Lagrangian. The equations governing the

motion are

d (0L alL
i _ 9L b erLe
dt (8(}}]) g’ (Euler-Lagrange)

Here we denote the local coordinates on TM by ¢',---¢",¢%, - - ¢\here ¢' is used
as an alternative notation for v'. The Euler-Lagrange equations are derived from the
variational principle of Hamiltonian SJ L(g, g)dt = 0. Another picture of the above was
discovered by Hamilton which we give below.

Assume that a Lagrangian function L : TM — IR is given, not necessarily of the form

L =T -V as above. We define the Legendre transformation A : TM — T°M by
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A(gV) = (g, Ag(v))where A,(v) € T*M is ddfined by
< Ay(v), w >= — |moL(gv + W) fr €M , v , W€ T, M
. The energy function £: TM — IR is then defined by
E(q,v) =< Ay(v),v > —L(q,v).

In terms of local coordinates, ¢',-- ,¢are aset of linear coordinates on the vector space
T, M for fixed q = (¢!, * * *¢"); we define p,, * * *py as the dual system of coordinates on
the vector space T*M dual to T,M. Then ¢',---,¢", p1,---,pny form a set of loca
coordinates on T*M associated in a canonical way to the local coordinates ¢!, ¢ ¢, ¢V
on M. The Legendre transformation is then given by p; = g—f;, and the energy function

is E = Y, pi¢" — L(q,q). The Lagrangian is non-degenerate iff the map A is a loca

diffeomorphismof TMinto T*M, that is, iff the determinant det af_';d,) is nowhere 0 on
TM. The coordinates p;,* * ¢, pn are caled the generaized momenta. The Hamiltonian

is the function H on T*M such that H o A = E. i.e, A*H = E. In coordinates:
N 7
H(g" g pryepn) = Y pid' — L(g,q)
=1

where the relation between p; and ¢* 1s given by p; = 55 as above.
2.1.3:  According to Hamilton, the Euler-Lagrange equations are equivalent, via the
Legendre transformation, to the following system

d¢'  9H dp; oOH

(2.1.4)

it op; ' At og
This is a system of first order differential equations on the cotangent bundle with sym-
metry.

Consider a mechanical quantity represented by a function F : T*M — IR on the phase

space. Suppose that a motiony : |1 — IR is given, whereu(t) = q(t) is the moving point
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in M. Lift # to TM, with value {q(t),q(t)) a timet and then define i : / — T*M by

At=Aq(1),4(t))

The time derivative £{Foji)(t) can be written as F o where F is a new function on
T*M, independent of the motion g. Using Hamilton's equations (2.1.4), we obtain the

dynamical law

. oFoH 0OF0H
F=3 (5 o0~ 2w 1)

This can be expressed as follows. On the cotangent bundle, we can introduce in an

invariant way the Poisson bracket {F, G} of two functions F, G in C*=(T*M)by

AF dG  OF 0G
{F,G} = Z (5% — 5?5) (2.1.5)

This Poisson bracket is independent of the chosen Lagrangian L and of the corresponding

Hamiltonian H. The dynamical law can be written in a concise way as
F={H,F} fo evary F in C®(T"M) (2.1.6)

This Poisson bracket {F,G} is a bilinear expression of F,G and enjoys the following
properties:

(1) {F,G}= —{G, F}¥Skew symmetry)

(2 {F,GiG3} = {F,G1}G2 + G\ {F,G;}Lebniz rule)

Q) AR, {Fy )} + {F,{F, AR {F5,{F, 2}}= 0 (Jacobi identity)

For the coordinate functions we obtain

Hamilton's equations (2.1.4) are recovered from the dynamical law (2.1.6) by using the

relations
aF

{pi, F} = Bat

. aF
{q’F}__a_;f i

]
(]
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2.1.7 Definition: In general, a Poisson bracket on a manifold M is a bilinear map-
ping {.,.} on the function space C*°(M)of smooth functions satisfying the following
conditions:

1 {F G} = —{G,F} (Skew symmetry)

(2 {F,G:1Ga}= {F,G1}Go+ G1{F,G.} (Leibniz rule)

Q) {F,{F:,F)} {F2 {Fs, A} {Fs, {F1,F2}} = 0 (Jacobi identity)

A Poisson manifold is by definition a manifold equipped with a Poisson bracket.

2.1.8 Remarks: (1) Let P be a Poisson manifold. The mapping ér defined for F in
C>(P) by ér(G)= {F,G}is a derivation of C*(P) and therefore can be viewed as a
vector field on P. It is caled the Hamiltonian vector field with Hamiltonian F. From
the Leibniz rule, we have the derivation, émr, = Fiér + F2lr. Hence we can define a

mapping J : T*P — TP by
JdF)=¢& o <dG, J(dF) >= {F,G} .

For local coordinates z,, * ¢ »,z,0n P, Jis given by a matrix (Jg) °f functions, namely,
Jop = {za,zp}.The Poisson bracket then becomes:
{F,G} =) J.0°F&°G
a8
where §* — 32-. Hence the vector fidd £r has componentséy = 3, Jagd*F.
(2) In the canonical case where P is the cotangent bundle of a manifold M and the
Poisson bracket is the usual one, we can choose a loca coordinate system such that the

matrix J is of a simple form (in block form):

0 -1
J=
I 0
In fact, any coordinate system (¢*s » +,¢™,p12 »+ ,PN) on P = T*M corresponding to a
coordinate system (q!,* =, ¢)on M does the trick.
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(3) The Poisson bracket can be recovered from the mapping J on the matrix (Jas) and
we can define a Poisson structure in terms of J,s. The various conditions on the bracket
become;

(i) Jap = —J3a (Skew symmetry)

(i) 2a(Jard gy + Jpr0 oot J20ap) =0 (Jacobi identity)

(4) Given afunction H in C*(P),we obtain the Hamiltonian vector field £ and hence

a differential equation Z(t) = £x(z(t)) or, in local coordinates

2.1.9 Definition: A symplectic manifold is a manifold P equipped with a differential
2-form w such that

(1) toisclosed,i.e., dw— 0 and

(i) wisnon-degenerate, i.e, if ve T, Pissuchthat w(v,w) =0 Vwe TP, thenv =0.
(2) Using local coordinates r,, define the matrix A = (A.g) as the inverse of the matrix
J = (Jap)- The non-degeneracy of w proves that the mapping A : TP— T*P defined by

w(v,w)=< Aw,v> isinvertible. The Poisson bracket on P is defined by
{F,G} =< dG,A"'(dF) >= w(A"'(dF),A"'(dG))

and every symplectic manifold is a Poisson manifold (that is, a symplectic manifold is
nothing but a Poisson manifold P for which the associated map J : T*P — TP is
invertible),

2.1.10: We discuss below how the Poisson bracket is defined in a fev examples:

(1) On the cotangent bundle: Let M be an arbitrary manifold of dimension n and
let T*M be the cotangent bundle of M, which is of dimension 2n. The Liouville form a
on T M isdefined in loca coordinates q',» «q", p1,***,pnasa= E;P-‘dq‘. The global

definition is as follows: We write P = T*M and 1w, : TP — P for the canonica
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projection. Let 73, : T*"M — M be the canonical projection of the cotangent bundle
of M into M. Then Tx3, : TP — TM is the differentia of =3,. For v € TP, set
a(v) =< m,(v), Try(v) > and this is the local expression of the differential 1-form a on
P = T"M. The canonical symplecticformw on T*M is defined by w = da = 5 dp;Adg'.
The Poisson bracket is expressed as

"N~ (OF3G OFOG\ , . . .

(2) On the dual of aLie algebra: Let G be a Lie algebra of finite dimension over 1R

and G* be its dual as a vector space. The space Q can be embedded as a subspace of
C>(G*), namely to X in G we associate the linear function Fx . £ —<£,X> on G*.

Then there exists a unique Poisson bracket on G* such that
{Fx,Fy}= Fixy for X, Yeg (2.1.112)

In otherwords, the map X — Fx from G into C*(G*) is ahomomorphism of Lie algebras.
There are three descriptions of this Poisson bracket:

(@) Leter,**s e, beabasisof G. Thefunctions & =F,,, & =F.,, ¢+ & = F,, form
a system of linear coordinates on G*. Introduce the structure constants c¢*?  of the Lie
adgebra G by [ea,eq] = 3 5%,

Hence the first expression of the Poisson bracket on G*:

OF, OF.
{(F,B}=Y c:ﬁaf‘ (35; &, (2.1.12)

a8y
It is the unique Poisson bracket for which formula (2.1.11) holds for X, Y running over
the given basis of G, that is, {£a,és} = 3., 5%,
(b) For any function F in C*=(G*) we can consider its gradient V Fas a function on G*

with values in G characterized by the relation

<n VF(E) >= 3| Fg+tn) for &neg

t=0
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With the previous notations
oF
VF = — €4
Za: 9, ©
The invariant verson of formula (2.1.12) is read as follows:
{F, P2} (&) =< &, [VE(E), VFy(E)] > (2.1.13)

(c) Let G be a Lie group with Lie algebra G. For every g in G, the I€ft translation
Yo : ¢ — 99" 13an automorphism of the mainfold G, hence induces an automorphism
pg Of the cotangent bundle TG. We can identify G* with the fibre of T*G at the unit
element of G. The map defined by p(g,¢) = p,-(, 9 € G, & € G* is a diffeomorphism
p of G x G* with T*G. We define the projection #=* : T*G — G* by =*(p(g,£))= &.
On the cotangent bundle TG there is defined a canonical Poisson bracket, invariant
under the automorphism p, of T*G. The map F — F o =* identifies C*°(G*) with the
subspace C*(T*G)® consisting of the functions / on T*G such that / 0 p, = / for every
g in G. This space is closed under Poisson brackets. The Poisson bracket in C*°(G*) is
characterized by the property

{FI,FQ} om* = {F] o W‘,Fz o 7l"}

for Fy, F2in C*(G*) (i.e., =* is a Poisson map from T*G to G*).
2.2 HAMILTONIAN STRUCTURE: Wediscuss in this section the various forms
of Hamiltonian structures used in different contexts (or parts) of the thesis.
2.2.1: A Hamiltonian structure in an even dimensional phase space M of dimension n
is defined by the Poisson bracket. The Poisson bracket {,} isamapping {,} : C®(M)x
C®(M)— C>=(M)which puts each pair of functions f,g € C*(M)into correspondence
athird function h = {f,g}. If &1, +- -,& areloca coordinates of a point £ € M, then the
operation {, }, by definition, implies

(hoh= 3 MO8 5o @22

1,k=1
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where w is an n X n non-degenerate matrix. The conditions of Poisson bracket given in

the previous section imply that the matrix w*(¢)is skew-symmetric:

The condition of Jacobi identity is equivalent to a certain system of equations for w*(€)
that are identical with the first pair of Maxwell's equations for the inverse matrix of &,
e, W: Wi =(w )u:

Wikt Wie + Wai=0 (2.2.9)
It is defined in terms of a differential form as:
W = W dé' A €k, where rff Ade* =—de* A dé.
The Poissori bracket maps a linear space of functions on a phase space into a Lie algebra.
Having chosen some function k(¢) and terming it a Hamiltonian function, we can define
amap (dependent on t) of this algebrainto itsdlf f(¢) — f(&,t), f(£,0) = f(£) by means
of the fallowing differentia equation:

— = {f,h} (2.2.5)
In particular, taking / in the form f(&,t)= 15, 6(& — &f(t)), for &(t), weobtain:

d; _ .kﬂ_{i

dt zk:“’ ETR
which are Hamiltonian equations.

Using a linear transformation in the phase space, we can reduce every skew-symmetric

non-degenerate constant matrix w to a block form:
J 0 :

0o J 0

. . 0 -1
w=|l0 0 J : : , J=
1 0
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Denoting the coordinates in M space as fak-1 = pk,fax = qx, k = i,---n/2where
i =1, n, and from (2.2.6) we obtain

dh dh

i.e., Hamiltonian equations in the conventiona form. The pair of varidblesp, and ¢x are

canonica conjugates. In these varidbles the Poisson bracket is written as follows

VI 2 ndm omoa

2.2.7: Any function H € C>(M) defines a derivation {H, .},it defines a vector field Xy
the Hamiltonian vector fidd, by definition, Xg f— {H, f}— df(X#). The function H
(the Hamiltonian) defines a vector field X (the Hamiltonian vector field) which in turn
ddfines a differentid equation, z = Xy(z) — J.dH,, the Hamiltonian system generated
by the Hamiltonian H.

By skew-symmetry, {H,H} = 0 s0 that dH(Xy) = 0 and H is congstant dong the
trgjectories of H. Any function / having that property (remaining constant aong the
trgjectories), that is such that df(Xy)=0 (or {H, f}= 0) is cdled afirst integral.
Symplectic structures provide a specid instance of Poisson structure. On a symplectic
manifold (M, w), the Poisson bracket {f, ¢} of two functions is defined in terms of their
Hamiltonian vector fidlds by {f,¢9} = w(Xys, X, dg(Xy),for f,g € C®(M). The
Hamiltonian system generated by / can be written as ¢; = {4, f},»; — {ps, f}-

2.2.8 Examples: (8 The vector triple product defines a Poisson bracket in IR® by
{f,g}r)=r.(VI(r) x Vg(r))

(b) A Poisson bracket on IR is defined by

af o of 0
{f,g}(w.y)zy(a—ia—j—_a_ia_i)

(c) Poisson bracket in g*: Let G be a Lie algebra, and let G* be the dual vector space,
with < .,. > the pairing between them. For £ € G, let / € C*(G") be the function
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< &,. > Define {fe, fa=fien- Thisis a Poisson bracket on linear functions on G*. For
| € C*(G*), we introduce its gradient
flp+ev) = f(p)

€

Vf:G"—G by lirrs =<y, Vf(p) >

The Lie-Poisson bracket is given by

{9} (w) =< p, [Vf(n), Vg(p)] >

The invariant functions, / on G* are such that {f,g} = 0 Vg and these functions satisfy
f(Adgp) = f(p).

23 THE TODA LATTICE:

The Toda lattice is a system of unit masses connected by non-linear springs governed by
an exponential restoring force. The equations of motion of the system can be derived

from the Hamiltonian function
R -
- . 2 Li=Tig y i -
H*H(Isy)"zz;y."’;ﬁ H o To=Tpy =0

where z; is the displacement of n** mass from equilibrium (or z; denotes the position of
the mass points, : = 1, * ¢ ¢ n) and y; is the corresponding momentum. The equations of

motion are given by

z; Yi

The corresponding flow is given by
oH oH

r, = — § I ——— = ]_.
L By,- ' Wi 31‘,' ' b "
By the Flaschka's transformation,
1 Hzi-zig1) 4
a; = Ee: Ul L B Tl |

1

b = —a¥i i=1,--n,
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we can write the system as

a; = ai(biyr bi)

b = 2(a,-2—~a?_1), t=1,-n=1, a,= an=bpp1 =0 (2.3.1)

The aove sytem (2.3.1) is a Hamiltonian system. It can be written in the form, i =

JV.H, (2.3.2) wherez = ( ¢

) ,a€ R*! be R"and J ddines a Poisson bracket
b

through the formula
{f(2),9(2)} = (Vf,JVg)
where (,) is the standard dot product in R*™ !V is the standard gradient. We take for

J,the (2n - 1) x (2n - 1) matrix

Opy 8
J=J(a) =

=St O,

where On_;, 0, arethe (n — 1) x (n — 1) and n X n zero matrices respectively. S= S(a)

isa (n—1) x n matrix function defined by

Si = (=6t Ejlai, i=1--n=-1 j=1,---n, .
E; = 1ifj=i+1 0 if j#:+1 and
§; = 1ifi=j , 0 if i#j

Then the Poisson bracket is given by

(90 £} = 3 {0iFu(0h, = Ghn) + 68 fivgs — o)}

i=n

The function H of (2.3.2) is given by
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24 THE LAGRANGE TOFP:

A Lagrange top is an axialy symmetric rigid body with centre of mass on the axis of
symmetry, moving about a fixed point (the origin of IR®) under the influence of gravity.
Let S be arigid body moving about a fixed point 0 € V = IR®. Let G be its centre of
gravity, and p be the total mass. Let 7 be the unitary vector field on S in the direction
of gravity, say z-axis. The (S,v) is a dynamical system.

Let M be the angular momentum of S with respect to body coordinates. Let 2= (p, q, )
be the angular velocity of the body S (or the rotation vector of S or the variable position
vector of 5). Let / be the interia matrix of S which can be regarded as a positive definite
symmetric automorphism of V = IR®. Then M = I(Q)= (Lip, I.q, Ir) (2.4.1)

where I, I, I3 denote the principal moments of inertia, when the body frameis principal.

The total derivative with respect to time is given by
Z(od = () + ftx () (24.2)

Then the torque exerted on the body by the (vertical) force of gravity isIx gravity where
/ is the centre of gravity in the body coordinates and gy is the downward gravity force.
The rotation version of Newton's equations

d% (angular momentum)|iea=torque and %(z-axis)hom =0

give the Euler-Poisson equations

Using the Lie algebra isomorphism,

A: (R %) — (so(3),[,])
0 —I3 Ig
X - (xh '1:271'3) [and = I3 0 —=I

—ZXa Iy 0
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we get the Lie algebra version of (2.4.2) as

. dM d
M === (M0 4+ pgly, 0, 2 =0l (244)

In the absence of gravity, we have the quadratic differential equation,

dM
— = [M.9] (2.4.5)

where [M, 8] = [,a], [e, B] = 0, a= B2 with fi = L(I, + I, + I5)I - diag(Iy, I, I5).
Lagrange top corresponds to the case where I, = I,, and where the centre of gravity and
fixed point of rotation belong to the principal axis of inertia. Let z, be their respective

distance and let / = (0,0, z,). Adjoin the relation
M, 8] = [,a], 8 =pgl, a=1,3,and hence [a 3] =0 (2.4.6)

The equations (2.4.4) and (2.4.6) are the equations of the Lagrange top.
25 THE KdV EQUATI ON AND THE GENERALI ZED Kdv EQUATI ON:
The KdV equation for u € C°(R), us = 6uu,— 2u,..Where u describes the amplitude

of waterwaves in a narrow channel of finite depth has been studied over recent years.

The KdV equation can be written as

o _ 8 ([ 6H
up = '()_-x('ju Uzz) = P (6u(z)) (25.2)
where the functional H is
o0 2
Hlu) = f (’:‘2— +u3) dz (25.2)
and the symbol — denotes the variational derivative. Expressing %ﬁ%as
o 6H
- "z = z2") ——=dz’ .5.
[mé(z ) fu (25.3)

we note that equation (2.5.1) takes the form of (2.2.6). We interpret the coordinates of

afunction u (points in the phase space) as the set of its values at the points on z-axis,
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so that x and X' are the auffixes in (2.2.6): w(z,z’) = ~8{x - z). That is, w is skew-
symmetric and on functions, it is non-degenerate as the operator d/dx is reversible on
such functions. Also, since w is not dependent on the point » in the phase space, the

Poisson bracket

o % B8 B SR
(S, R} _j_x ool B Pl (2.5.4)

satisfies the Jacobi identity . Thus, the KdV equation is a Hamiltonian equation. The
functional // (2.5.2) is a Hamiltonian function, the phase space consists of sufficiently
smooth functions u{x) which decrease at infinity, and the Hamiltonian structure is de-
fined by the Poisson bracket (2.5.4), i.e., by the skew-symmetric operator a,'” L,(R).
2.5.5 Fact: P. Lax [34] discovered that the KdV equation is identical to the operator
equation L = [A, L] where L = —£4u, A = i 3 (ugt Lu)P. Lax [34 and Gard-
ner [14 have shown that the known polynomial integrals I.(u) = [ Pa(u,® * *, u(™)dz
of the KdV equation (the I,, are expressed in terms of the spectrum of the operator L)

al determine equations
d éI,

- Eéu(r)
admitting the Lax representation L = [A,,L] where L = £+ u and the A, are certain

skew-symmetric operators of order 2n + 1,

2 2 <
/uzdz, h“——/(%-f—u:s) dr , Ig:f(u_%—guzun-&-guq) dz;
d 43 d d
A, = —,Alz——3(tE+Eu)
52

dr dzr3
15u? — 25u,, d 15 ( uu,)
i N Uty —

T
]
I

4

d° 5 & 15 &

—_—y— —_ +
dr® "~ 2 dz3 4 °d 8 dr 8 2
These equations are called "higher KdV equations"

2.5.6: By the above fact (2.5.5) there exists a denumerable set of local polynomial
integrals of the KdV equation. The KdV equation is a completely integrable system,

for, the substitution u(z) — ‘scattering data' is a transformation in the phase space
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to "action-angle" type variables and each polynomia I;[u], which is an integral of the
KdV, gives a completely integrable Hamiltonian system defined by the non-linear partial

differential equation:

_ 8 é5
" O bulz)
Equations of type (2.5.7) for j > 3 are cdled higher order KdV equations. They can be

(25.7)

e

integrated with the same substitution of variables and have the same integrals of motion
as the KdV equation.
2.6 THE GEL'FAND-DIKII SYSTEM: P. Lax [34] described the KdV equation in

the form:

dL
= (B L] where L = -8 +q(z,t) , B =—40% 9(¢0: + 0:q)

Gel'fand-Dikii generalized the Lax form of the KdV equation with

n=2
L=(=id)"+ ) q(-id:;Y , ¢ €CPR),i=0,---,n—-2 ,

J=0
then the Lax equations —= [B, L] for appropriate choice of B, is a Hamiltonian system
with an infinite sequence of involutive polynomial integrals, in andogy with L = —-92 +
q(x, t). In the case of the generalized KdV equation or the Gel'fand-Dikii system, the
Lax operator is a differential operator of the form

- d d
Ln = " +un 0"+ tu, , 8=— or (8=v-15
dr dr

Il

n-2
d
8" + Z ukD" (D =\ —].E)
k=0

(These systems are infinite dimensional Hamiltonian systems having infinitely many con-
stants of motion in involution, which are integrals of loca polynomia densities. These
systems are also (formal) infinitesimal isospectral deformations of (formal) linear ordinary

differential operators. A forma linear ordinary differential operator or linear differential
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expression is a polynomial in £ (or in D = —V/=T4with coefficients which are func-
tions of z, which are infinitely differentiable in some open interval on the real line).

We consider the coefficients u;’s as symbols to which the operator d can be applied:
Oui= ulf, Ouf = ufye oo Iul™ = o) W) = y,. Differential polynomials, i.e., expres-
sion of the form / = Zai‘l'f.‘.‘,:,ui';‘) ufﬁ)rm a differential algebra A,i.e., an algebra
with a given derivation d. Here the coefficients a can be either complex or real numbers
or smooth functions of x.

The ring of pseudo-differential operators R consists of forma sums of the form X =
Z‘_w a;d', a, € A with the commutation law, #"f= 352, ( . )f(")a“" ,V 1, where
F® is the k-th derivative of the function f(x) and [ ! V=iCy= L=D=li=kt)  There is
a decomposition R = R. + R_ where R, is the subring of differential operators {X =
S 0@:0'} and R_ that of integral' or ‘Volterra’ operators R-= {X = Y. °, a;8'}.
We remark that the operators can aso be written in the 'left' form »~,0%; using the
given commutation law.

For a pseudo-differential operator of the form X = Y a;0'we define its residue (res
X) as the coefficient of the 8~! term, namely, Res X = a_;. The Trace is defined by
TrX = [ResXdzr (2.6.1). Tr satisfies the property Tr(XY) = Tr(Y X) (2.6.2) and it
follows that Tr[X,Y] =0 (2.6.3) for any two pseudo-differential operators X and Y.

If X = Eﬁ'w a;8 and ay =1, then the following operators exist:

X'=%""fcA" and XYV = Y 0 whereb_y= c1= 1 and hence X™MNalso exists.
These operators commute with X.

A formal isospectral deformation of L is a specification

n-2
L= wDt=[PL]=PoL—-LoP (2.6.4)

k=0
where P is a linear differential expression whose coefficients depend polynomially on

Y., ** - u,_, and their derivatives, having the property that the commutator appearing
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on the right hand side of (2.6.4) is of order (n - 2) or less. Equation (2.6.4) can be
regarded as a collection of (n — 1)-partial differential equations for the coefficients uy,

where the dot is interpreted to mean differentiation with respect to a (time) parameter

t, (for examplefor n - 2, choosing L = D® +u, P = D + 2uD+ 2 Du, equation (2.6.4)

is equivalent to the KdV equation for the coefficient u, -iu = D%+ 2uDu). Let m

be any positive integer. Then L™/™s a u-symbol of order m whose homogeneous pieces
have integral degree.

2.6.2 Lemma: [L}/", L) where (L™/), = LT/* is the differentia part of L™/"is a
differential operator of order < n— 2.

Proof: [L™" L] = 0, hence [L}/", L] = —[L™", L]. The right hand side is of order

<-l+n-1=n-2.

Suppose ux depends on the parameter t. Then the equation L —[LT , L] (L= dL/8t)
makes sense because L is an operator of order n — 2 as in the right hand side. The set

of all these equations, for al m, is called the n-th KdV hierarchy (for n =2,m = 3, we
obtain the KdV equation).

The k-th flow of the hierarchy is defined by the Lax equation,

O La= (L) + Ll = [La o (L™)-], 8y = 0/0tx (266)
From (2.6.6), it can aso be written as

0 = 8!kLn' [(L‘:n/n)+: Ln]
n—1
s Z L:l/n. (al,,L,l.,/n _ [(L:/n)+ , Lljn]) Ll(nn—l—l],‘n ;

1=0

from which it follows that
B LV = [(L¥™)y , LY

Alternately, we can write g, L/*= [(L¥™),, L/"] (2.6.7) for any arbitrary integer /.
From eguation (2.6.6) and (2.6.7), we have that 8;,0:,Ln= 0,0y Ln. In other words,
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any two operators in the hierarchy commute. Therefore, we can solve al these equations
simultaneously, obtaining L(ty, tag © *).

Now taking the trace of equation (2.6.7) and using the relation (2.6.3), we obtain
0,,:Tr(L£./")= 0. If we define H; = %Tr(L’,./") V /, these are conserved under any flow
and these are the constants of motion (or first integrals) of all the equations of the n-th
hierarcy.

We now describe the Lax pair associated with L™/». We set L™/» = P,, + N,, where

(Apis defined as follows. Let R(\) be the resolvent symbol for L defined by R(\) o (L —
A) = L We define the symbol L°, for complex s, by L* = ;- §A*R(\)dwhere O is
the contour from ReX = 1in the semicircle |A| = }in the counterclock wise direction

2

to ReX = —%. We obtain L* = > % A,(s) by evaluating the above integral where

p=o "’

ordA,= n Ress—p,

z 1 )
Ap(s) = (€7)(€M) ™™ x Z Bpinm(=1)"" Z(a‘ - )

(m—1)! =t

Here Lis defined by L(g,€) = €™ + Y_52g wké* and A(x,€) = 372, Au(z, €).

Thus P, is a polynomia u symbol and ordV,, < — 1. If m is not divisible by n, then
Ay(2)£0 for p> m+1. Since [I, L™*"] = 0, we have [Pn, 1] = [I, Nn]. Since the left

m=2

hand side of this equation is polynomial u symbol, so is the right hand side . Also, since
the right hand side has order < n - 2, so does the left hand side. Thus L = [P, L] is
a Lax equation for each positive integer m. This is Gel’fand-Dikii’s construction of Lax
pairs [15,16].

27 THE GEODESICS ON AN ELLIPSOID: (a) Let A be a positive definite
symmetric n x n matrix with distinct eigenvalues and x 6 IR" be a vector. Then the

(n— 1)-dimensional dlipsoid has equation

<A'z,x>= L (2.7.1)
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Also the differential equation of the geodesics is given by

d*z i < A7lyy > dr
— =-vA 'z wherev = ————— y=—
dt? |A-1z|2 ) dt

(2.7.2)
Further the family of confocd quadrics related to the elipsoid (2.7.1) is given by the
equation

<(z=-A)7'r,>+1=0 (2.7.3)

Introduce the notation

Q:(z,y) =< (z- A)'z,y>,  Q.(r) = Q:(z,1) (2.7.4)

Note that Qo(x)+ 1= 0 is the élipsoid (2.7.1) and (2.7.3) can be written as Q,(z,z} 1 =
0. Let L(z,y)be an isospectral symmetric matrix of A obtained by a process of rank 2
pertubation (which will be explained later) which depends on two vectors z,y € IR".

Define
[y|* det(zI — L)
z det(zl — A)

= ®.(r,y) (2.7.5)

which is arational function of z with poles at the eigenvalues a;,* ¢ -, &, of A and zeros at
A1, * ** A1, the non-trivial eigenvalues of L(xy). In fact, one eigenvalue of L is A, =
0 with corresponding eigenvector y = ﬁ‘f;f—and these eigenvalues Ay, ¢ * ¢, A\, are preserved
by the geodesic flow (2.7.2) (here note that we denote by x the position vector on the
ellipsoid and its velocity by y = 2£). As a function of z, y, ®,is a quartic polynomial.
The partial fraction expansion of ®,(z,y) corresponding to its poles ans ¢ ¢, an is

LT
i=1 7

Gi(zy) (7= 1,+ <, n) are quartic polynomials of x and y which axe the integrals of the
flow (2.7.2). In fact only n — 1 of them are independent on the ellipsoid, since there is a

relation &, = — Y7, o' G;(z,5)0 among them. For a given parameter z we denote
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the quadric Q.(2)+ 1 = 0 in the confocal family of (2.7.1) (i.e., that particular member
of (2.7.3)) by U,.
Consider the eigenvalue equation ®.(x,y}F O defined by (2.7.5). We have the following

identities connecting . and Q, as

0.(z.5)= Q) + Q:(2)) - Q¥(x.y), (2.7.7)

so that for afixed z and z, this represents a quadratic form in y. The equation ®,(z,y) =
0 represents the quadratic cone of tangents to the quadric #., passing through the point

z, after the point X is translated to the origin. Also we have,
®.(z+ sy, y) = P(x,p),

S0 that @ is constant along any line x = zo +sy, y #0 (*). Hence we get that for a
given line x = zg + Sy, the roots z= Ay, ¢ ¢+, A,_;, of the equation ®.(xoy) = O are such
that the above line (*) is tangent to the confocal quadrics ¢y, (= 1,¢*+s,n—1) ({).
That is the equation

Q:(y)(1 + Q:()) — Q3 (z,y) = 0

is the equation of tangency of the confocal quadric family. We consider the Hamiltonian

system

dy dx
resticted to the surface ®, = 0. Then the differentia equation (2.7.2) can be expressed

as
d*(x + sy)

i =

o VQ:

a the point z, +Sy, k constant. That is, this differential equation governs the motion
of the tangents to the hyperquadric Q.(z)+ 1=0, i.e, U, adong the geodesics by (1) .

In otherwords, the geodesic flow is obtained by just following the motion of the point of
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tangency, Zo + Sy by reducing the system by \W? by an integral process. If we put z = 0
in this, we get the geodesic flow on the lipsoid Qq(z)+ 1 =0.

2.7.8 Remarks: (1) Geometric preparation: First we note that, a given line in R™
touches exactly n — 1 con focad quadrics. The set of al lines tangent to these n — 1
quadrics Un,,Ux,, « » =, U, _, 1scalled anormal congruence. Then the spectrum of L(x, y)
can be given the following geometrical interpretation: The “isospectral manifold” of
matrices L(z, y)with a fixed distinct spectrum Ay,- ¢ ¢, A\,_; isidentified with the normal
congruence of common tangents to n — 1 confocal quadrics ¢y, (j = 1,*++,n—1).

(2) The eigenvalue A, = 0O corresponds to the eigenvector ¢, =y = %and the other
eigenvalues ¢;  (corresponding to \j) are the normals of Uy, at the point of contact of
the line X = zo+ sy. Since L — L(z,y)is a symmetric matrix, these n vectors are
pairwise orthogonal. Then under the geodesic flow (2.7.2) the orthogonal frame ()=,

will undergo a motion given by a skew- symmetric matrix B so that
¢; =B¢;, L =[B,L], (2.7.9)
which is the Lax representation of the geodesic flov where
B= —(o7'a; (ziy; — ,u4))- (2.7.10)

(3) Rank 2 perturbation of a given symmetric matrix A (Adler-Moser approach):

Let A be a fixed symmetric matrix and x, y, £, nbe four n-vectors. We cal A+z®&+® 1
arank 2 perturbation of A. Take £ = ax + by, n = cx + dy, where a, 6, ¢, d are reals with
A = ad- 6¢c#0. Then define

L(X,Y) =A+ ax®X+ bz @y+ cyRz+tdy®y (2.7.11)

which is a matrix depending on two n-vectors, x and y. By the isospectral manifold of

L(z,y),we mean the algebraic manifold M(Ay,--+,As) consisting of those z,y € R”
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for which L(z,y) has the fixed spectrum As+e ), Letw= Y7 dy; A dz;, be the
symplectic 2-form on R** . Then the eigenvaues of L(z,y)of (2.7.11) are in involution
with respect to w,i.e, {A;,A\x} — 0 where the corresponding Poisson bracket is defined
by {F.G}— > ( F:, Gy, — F,G.)) the strandard one. Again we can consider, even
the symmetric functions of the eigen values ); or even the more general function of Gs
in

n

®.(z,y) = Z} ((%n"-} = i j(ﬁ::—f:%
which are quartic polynomials in z, y. Hence, as in (a) above , we have n quartic
polynomials (7, which are in involution.
(4 Let /] = ¢(Gh, e, G,)beany Hamiltonian function in these or even any Hamiltonian
function depending on the spectrum of L only. Then the corresponding Hamiltonian
vector field Xy is tangential to the isospectral manifold M) and

"L oH

A
aG;
1

Xu =

=
where we aso have [XGJ, Xe] — —X(6,a — 0 and hence all these vector fields
commute. Thus M, is a Lagrange manifold and all these Hamiltonian systems are
integrable. i.e, the corresponding vector field Xy of this system admits n integrals G;
in involution for which dG; (] — 1, * * *, n) are independent over a dense open subset.
(b) We close this section by giving the integrals for the geodesic flow on the ellipsoid.
Let the setup be as above where we have , R?, <, >, A, a positive symmetric matrix
with distinct eigenvalues. Assume A = diag(ay, ** * ,a,)With0 < a; < ¢ ¢+ < a,. Then
< A7!z,= 1 defines an elipsoid. The quadrics U, confocd to this elipsoid are given
by the eguation

<(z=A)'zr,z>+1=0. (2.7.12)
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Consider the bilinear form

Q.(z,y) =< (z- A)'z,y >, Q.(z) = Q.(z,X) (2.7.13)

so that U, is defined by
Q.(z)+ 1=0 (2.7.14)

and note that (2.7.12) is simply U,. Through any point X — (zy, — ,zn) Withz, 2,0 ¢ ¢ 2,
#0 there pass exactly n confocal quadrics which intersect each other perpendicularly.
For any given point zo € IR™ we ask for the cone of lines which are tangent to a quadric

Q.(z)+ 1=0. The equation of this cone is given by

Il

1+ Q(x 1 2 Lo
detl +Q(z)  1+Q(x, "} Q(z) - 2Q(z, 7o) + Q(xo)

1+ Q(z,z0) 14 Q(zo)
+Q(z)Q(x0) — Qz(I- zo)

= (.

In otherwords, if we set y — x — x, this equation becomes

4 To, )
aer| FW QG | o Qe0)Q) - Qo)
Q(roy) 1+ Qo)

= 0,

which for fixed r, describes a cone with vertex at the origin. Now we note that this
equation agrees with &,(zo,y¥ O of the above paragraph (a) witha =0, b= —c =
1d=- 1(ora=0 b=- c=1 d—1). Hence we can geometrically understand
this equation as the set of lines x = zo+ sy tangent to U,. In particular, this equation
®,(zo, Y) = O describes the tangents to the ellipsoid Uo. Then the Hamiltonian differential

equations are

a . d
= 5;‘1’0('-0» y)! ¥ = —a‘po(l,y) (2715)
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which when restricted to $o = 0 describes the motion of such tangent lines and the point
of contact with U moves along a geodesic while the point x moves perpendiclar to this
tangent. In fact, if the line through x in the direction y # O has the point of contact

X +sv = £ with Uy, then we have

., _ o Qry)
Q(z+sy,y)=0, or s = 0lw)
Then
d _ d s G
78 = gletey) = s+sytsy
2&g(x,y) ,_, . :
= —A4 +8y = 8y,
Qy) Sk ¢
since &y(r,y)= 0, and
B QA e +2Q(z.y)AYy = —2Q(y)A7E.

dt
Introduce r by dr/dt— s, then

11_6.7,1 ﬁé = d_y :' _WBQ_(y),rJE

dr ~ 7 dr? dr

and so the point of contact ¢ = £ (r) moves on a geodesic. From the equations
< -l:ay >= 2¢0($’y) = o, <y, p= O,

we get that x is perpendicular to y, i.e, the direction of this line and that < y,y >
is a constant. Thus (2.7.15) can be viewed as an extension of the geodesic flow on the
elipsoid to aflow in T*IR® = IR*™. Putting the other way, the geodesic flow is obtained
by constraining (2.7.15) to the symplectic manifold Qo(z,y)- 0, |y|*> = constant > 0,
and to the energy manifold ®o(z,y). Then the relations ®o = 0 , Qo(z,y)= 0 are
equivaent to

Qo(z)+1 =0, Qo(z,y) =0, if Qoly)#0
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which is the tangent bundle description of the elipsoid (cf. paragraph (a) above). This
constrained flow takes place on this tangent bundle. To establish the geodesic flow as an
integrable system, it suffices to show that the extended flow (2.7.15) is integrable. This

folows as was done in above paragraph with

n

®y(z,y) Z 6”

i=1
and hence these G, * » , (5,, are the integrals of motion which are in involution.
2.7.16 Remark: Note that the n - 1 roots of &.(z,y) are the eigenvalues of L and the
n-th eigenvalue A, = O corresponds to the eigenvector y. The matrix L undergoes isospec-
tral deformation under the flow (2.7.15) in Lax form 4L = [2? L] with an appropriate
matrix B. More generaly, define

Z Byt + Z Bi = i L (5 — 2;5i)? Z es (2.7.17)

o, — a,
1<) = a=1

with arbitrary constants fi\, s « - ,3,. Notethat3; = 2a7'weget H — &, the one consid-
ered above. Then for this function H,we get the Hamiltonian system r = H,, y = —H,
with H given in (2.7.17) can be put in the matrix fom 4L = [B,L] (2.7.18) where
L is given by

y®y yRuy
z,y) = - 3 (A—z¢ [ -
L(x,y) {I <y‘y>}( 7 ):){ <y,y>}

3; — B;
B=- (L—‘_i('rlyJ - IJU!))

a; —
with zeros on the diagonal. This L and B can be put in tensor product notation which

will be done in chapter 3 with details by introducing suitable notations.



Chapter 3

Lax representation, Cohomological Interpretation and

Linearization of flows of some CIHS

3.1 LAX EQUATIONS (ISOSPECTRAL DEFORMATION):

3.1.1 Definition (Lax Equation): A Lax equation is a differential equation of the
form £A = [A,B] where A and B are real or complex matrices depending on time and
have entries in the ring of real or complex Laurent polynomials in a variable ¢, which will
be called the spectral parameter. The bracket is the usual Lie bracket of matrices, so that
such an equation expresses at the infinitesmal level the fact that the matrix A remains
in the same conjugacy class. In otherwords, that the solutions have the form A(t) =
U(t)A(0)U(t)~for some unknown invertible matrix U(t). We note that, in general, the
unknown functions that are entries of A also appear in the entries of B. That is, B will
be a function of A.

3.1.2 The Eigen Value Problem: Let R =C[[z]] be the ring of formal power series
in x over €. We consider an ordinary differential operator with co-efficients in R of the
form

P=0"+a(z)0" % ¢ o0+ an(z),

where ¢;(z) € Rand 3 = £. The eigenvalue problem Pf(x) = Af(z)has n linearly
independent solutions in the function space R for any given A €C€. The solution space is
called the eigenspace. Let E, denote the A-eigenspace which is an n-dimensional subspace

of Rover ¢. The spectrum of P (that is, the collection { Ex} ¢ ¢) is an n-sheeted covering

45
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space of €. If we extend the eigenvalue problem for A = oo, then the corresponding n-
sheeted covering is a compact Riemann surface. Thus, for every differential operator
P over R, its spectrum can be regarded as a compact Riemann surface X, which is an
n-sheeted covering space of € =€ U {oco}.

3.1.3 Definition: Let {P(t)\t € M} be a parametrized family of differential operators
P(t) by aspace M = R* or €*. Let P = P(0) at timet = 0. We say that this
family {P(t)\t £ M} is an isospectra deformation of P = P(0) if there exist differentia
operators Q;(t),i = 1, *++ N depending anaytically on t such that the following system
of differential equations

P(t)f(z,t) = Af(z,t), A €C (3.1.9)
—f(z,t) = Qit)f(z,t), i=1,---N (3.1.5)

has nontrivial solutions for every complex number A.

3.1.6 Remarks: (1) A in the above definition is independent of the parameter t so that
equation (3.1.4) says that, the family of operators {P(t)\t € M} have the same spectrum
as that of P = P(0).

(2) Equations (3.1.5) are N boundary conditions imposed on the solutions f(z,t) involv-
ing the operators @;(z),i =1, N.

3.1.7 Compatibility condition for the above system:

Wehave
b = %(P(t)f(x.z)-)\f(,r,t))
9 d
= B (P(fJf(Lf)}—)\a—nf(z,z))
= {aﬂiP(t)}f(:,t)+P(t)bdi—‘_f(r,t)—/\Q,(t)f(x,t)) by (3.1.5)

(%P(’)) f(z,t) + POQf(2,8) = AQi(z,)f(z,t) by (3.1.5)
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- aat.P(!)f(LfHP(t)Q.(t)f(-r-.t)—QL(Lt)P(f)f(x,t)) by (3.1.4)
0
= SeP(OS.0 - @0, PO)S(2,0)
> PS50 = (@0, POU(E0) i=1, N (3.18)

This is the Lax equation of isospectral deformations of the operator P(0). Thus, every
isospectral deformation of P gives rise to, in a natural way, a Lax equation.

3.1.9 Compatibility conditions for the solution function f(x,t)

with respect to t¢:

Suppose that the solution function f(z,t) of (3.1.4) satisfies the smoothness condition of

order 2 with respect to t:
0% f(z,t) _ 8*f(x,t)

ot ot otot;
We have for the left hand side:
Pflzt) 9
at,ot, ()Tﬁf(
- @)
ad J
= o =—Qi(t)f(z,t) + Qi(t) tjf(t t)
= 2RO + QOO0

Right hand side:

O f(zt) 0 8
.
o0t oot =Y

a
= Qb= )}

d
= SR+ St
= 200160+ @01
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By smoothness condition,

; )
5 QOS50+ QORI = Qu(0f(,0)+ QORI
d ad
5 Q0.0 - G2 = 10, Q1(z0)
9Q; Qi
o, at; Qs @] (31.10)

Thus, compatibility condition on / of order 2 with respect to t gives rise to the differential
equation 5 — 3% = [Q;,Q;], ij = 12 +++ N, which is the general Zakhrov-Shabat
equation.

3.1.11 Definitions: (1) Let V denote the set of adl formal ordinary differential operators
with coefficients in the ring R. By a pseudo-differential operator, we mean an expression

of the form
D = an(r)0™ oo + a1(2)0+ ao(x)+ a_y(z)0™F a_y(z)07 2+ o e s

with a,,(z)#0, a;(z)€ R Vj. m is caled the order of the differential operator.

(2) D is caled monic if a,,(z)= 1 and is called normalized if a,(z) = 0. We denote by
£, the ring of dl forma pseudo-differential operators with coefficients in the ring R.
3.1.12 Proposition: (a) If P € Sis amonic element, then there exists a unique monic
element Q € S of order 1 such that QoP = P o (x I.

(b) If P € Sis amonic element of order ra, then there exists a unique monic element
Q € Sof order one such that Q™ — P. Moreover, if P is normalized, then its ra-th root
Q is aso normalized.

(c) For every normalized monic first order pseudo-differential operator L = d+ua(z)d~ '+
u3(z)@2 + ¢ « ¢, there is a monic zero-th order operator S such that S™'LS= d. Such
an S is unique upto a pseudo-differential operator with constant co-efficients.

3.1.13 Remarks: (1) Suppose that in the family {P(t)\t € M} each P(t) is a monic
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differentiad operator and is normalized of order n, then taking the n-th root , we get a
corresponding family of pseudo-differential operators {L(t)\t 6 M} of order 1.

(2) By (3.1.8) of the isospectral deformation of L = L(0) applied to {L(t)\t € A/}, we get
ZL(t)= [Qi(t), L(t)}i = 1,+- « TV (3.1.14). If the parametrized family {P(t)\t € M}
satisfies the boundary conditions (3.1.5), then the family {L(t)\t € M} also satisfies the
same boundary conditions.

(3) By taking the n-th power of a solution of (3.1.14), we get a solution of (3.1.8) and
the converseis aso true.

(4) Since the left hand side of (3.1.14) is a pseudo-differential operator of order at most
-1, the right hand side [Q;(t), L(t)] must aso be a pseudo-differential operator of order
amost -1 and we denote by £, the set of all pseudo-differential operators of order
atmost -1.

3.1.15 Theorem (Gel’fand-Dikii) [16]: Let L = d + uy(z)d7 '+ ug(z)0™ %+ ---
be an arbitrary normalized monic pseudo-differential operator. Then the set ty[' =
{Q € D|[Q,L] € £} 13 avector space generated (over R) by a collection {(L™)4+,m=
0,1,2,+ ¢ ¢} where L(t)7 denotes the differential operator part of L(t)™.

3.1.16 Remark: Using this theorem, we can rewrite the equations (3.1.8) as #-P(t)=
[P(t)f/",P(t)]. This family of equations is caled the n-th order KdV hierarchy.

3.1.17 Remark: The following system of infinitely many non-linear differential egua-

tions with infinitely many variables,

a ] .
S L0 = (L), LO)],  i=1,2,--,
where L(t) = 8+ua(x,t)07 +us(z, )02+ -, t= (t1,tx » ) and uj(z,t), | =2,3,+ ¢« are

the unknown functions are called the KP hierarchy. It governs the universal isospectral
deformations of ordinary differential operators, because by making constraints on the

unknown functions uj(z,t)'s,one can recover the deformation equations of any given
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differential operators. If we assume that the rc-th power of L(t) is a differential operator,
then the KP hierarchy specializes to the n-th KdV hierarchy.

3.2 LAX REPRESENTATION OF SOME COMPLETELY INTEGRABLE
HAMILTONIAN SYSTEMS:

Some of the completely integrable systems discussed in Chapter 2 have an associated Lax
equation

dA

= (607 (B 1), A6 1)] (3.2.1)

with a rational parameter £. The following systems can be written in Lax form with
a parameter £ as in (3.2.1), with A(£,¢) = Yoi__ Ax(t)é* where A(¢,t) are matrix
functions of finite Laurent series in the variable ¢ and whose coefficients lie in a linear
Lieagebra g C Gl(n):

(i) The Euler equations of a free rigid body M moving about a fixed point (M is co-
adjoint orbit in so(n)*).

(ii) The Euler-Poisson equations for a symmetric heavy rigid body. In this case M is a
co-adjoint orbit in the semi-direct product of SQ(n)with its Lie algebra.

(iii) The Toda lattice and its generalizations (M is co-adjoint orbit in a Kac-Moody Lie
algebra)

(iv) The geodesics on an ellipsoid (M — T*E) and the Neumann's problem of Newtonian
motion on a sphere S™ with a quadratic potential (M = T*S™).

3.2.2 Definition: By a Lax eguation with a parameter £, we mean an eguation of the
form

Ag) =[B©),AQ)] (=7) (3.2.3)

where B(¢) is a finite Laurent series in ¢ and whose coefficients are in . We now discuss
the form of the Lax equation with a parameter £, associated to each of the examples

above.
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3.2.4 The Euler equations of a free rigid body: We consider the free rotation of
afree rigid body about a fixed point, which we assume to be the origin in IR*. "Rigid"
means that the distances between the points of the body are unchanged during the
motion. Let f(t,x) denote the position of the particle of the body at timet which was at
x at time zero. Rigidity means that f(t,x)= A(t)x where A(t) is an orthogonal matrix.
We assume the motion to be smooth. Since /(0, x) = A(0)x= X, for every x € R", A(0)
is the identity matrix so that A(t) € SO(n). The kinetic energy of the body is given by
K@) = 3 [rellf(x,8)|[?dp(x) where ||| denotes the Euclidean norm on R™ and x is
a positive measure on IR™ whose support is not in a 1-dimensional subspace. We have
ft,x)= Q,(t)f(t,xphere Q,(t) = p(A(t)) € so(n) is the vector A(t) € Ta)SO(n)
expressed in space coordinates. The integrand of K(t) is ||A(f)~'Q,(¢)A(t)x]||2.But
A(t)TIRA(L) = Ad gy Q(EF \(A®) = Q(2) is the expression of the vector A(t) in

body coordinates. Thus the kinetic energy has the form:
1 ;
K(t) = = / [12()x]|*dp(x) .
< JRn
For A, B € so(n), we define an inner product on so(n) by
< A,B>= f Ax . Bx dp(x)
Ro

where x.y denotes the usual dot product on R™ (i.e, x.x = |[x||). Thus K(t) =

7 <.9(t),Q(t)>. We define on so(n), the following bilinear Ad-invariant form:
1
(A, B) = —;Tr(AB)

(The motivation for this is the adjoint action of 50(3) on so(3) under the standard

0 - Iy
isomorphism of IR® with s0(3) : x = (z1,23,2z3)= x = | z3 0 —z;| and

-3 Iy 0
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Xy =— %Tr(icy)). Now, to write Euler's equations, we have to determine the operator

J: so{n) — so(n) given by the condition
- 1 3
(JA,B) = —ETr({JA)B) = A, B3= / Ax . Bx du(x)

Let e;; denote the matrix al of whose entries are zero except the (z,j)-th entry which is

1. The above condition can be rewritten as
éTr((jA)B) = f ABx . x dp(x)
Take B = e;; — ej;. Then by using the antisymmetry of J A, we get for the left hand side,
. | » %
STr((JA)(ei; — e5i)) = 5((JA)ji = (JA)y) = (JA)si
where (JA)j; denotes the (j,i)-thentry of JA.
Now, for the right hand side, we first have that

Aeyx = (Ayzjyo, A ;) so that denoting
Jixk = ] rizrdp(x), - x=(z1," - 2a),

we have J;x =Ji; and
/ 46‘17((1',(1 j (Z 4* T l‘k) d,u ZJJA_-AJH

Similarly / Aeji x du(x) = ZJ,,,A;U and finally ( JA Z JiAwri — Z JikAxj

k=1

= Z(ijAkl + Ajk-]h‘) = (JA ~+ AJ)_,,’ where J = (JJ‘)
k=1

Thus JA = AJ + JA.
Since J is symmetric, there is a g € SO(n) such that D = gJg~! is diagona. We
define @ measure v in IR™ by »(x) = p(¢g~'x) and an operator J : so(n) — so(n) by

J(A) = gJ(g~'Ag)g™". J is a linear, (,)-symmetric, positive isomorphism. We have
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~(A)=AD + DA afd(4), B)fg. Ax . Bx(x).

Thus there is a new orthonormal basis of IR* having the same orientation as the initial
one in which the operator j is diagonal. Hence, we choose this coordinate system which
is completely determined by the mass distribution of the body as the initial one in R"
and we obtain JA— AJ + J A, for J = diag(Ay, * ¢ 2 Ay). Since e;; — eji for i < jis
abasis of so(n), the relations J(e;; — e;;) = (A, +X;j)(ei; — ej;) imply that the canonical
basis of so(n) is a basis of eigenvectors of J. In particular, A\; + A; > 0 since J is positive
definite. For n = 3, the 22=Y numbers ); + Aj, i # are caled the principal moments
of inertia. Thus, we have proved the following theorem,

3.2.5 Theorem: Given arigid body in R", there exists an orthonormal basis in R"
completely determined by the mass-distribution of the body in which the equations of
motion of the free rigid body about a fixed point (the origin) have the form

S =[AL Q] (3.2.6)

where M,Q € so(n), M = QJ + JQ, for J a diagonal matrix J = diag(Ay,--, As)
saisfying A\; +A; > 0 for i #j. These equations are Hamiltonian on each adjoint orbit

of so(n) defined by initial conditions with Hamiltonian
1 1
H(M) = 5(M,Q) = —ZTr(MQ)

The completeintegrability of (3.2.6) was done by Manakov [37] who observed that (3.2.6)
can be written as

(M + J¥) =M + J*¢0+ J¢) (327

for any parameter ¢. The functions £Tr(M + J%)k, k = 2,++ n are constant on
the flow of (3.2.7), for, if X = [X,Y], TrX* are constant on its flow. Denoting
by t — M(t) theflow of (3.2.6), t — M{t) +J2¢ is the flow of (3.2.7). Hence the

coefficients of ¢ in the expansion of #Tr(M + J2€)* will be constant on the flow of
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(3.2.6).
Let cx; be the co-efficient of € in £Tr(M+ J%)*, k=2 ¢+« n. The constants of
motion {cx;}are called the Manakov integrals and their number equals half the dimension
of the generic orbit making them candidates for the generically independent integrals in
involution of (3.2.6).
327 Remark: For n =3, we get the usual Euler equations. If x,y € IR?, and x x y
denote their cross product, then (x x y) = [%,¥]. Let / : IR® — IR® be the linear map
defined by

(/x) =Ix=xJ+ Ix .

If ex = (1,0,0), e2 = (0,1,0), ea = (0,0,1), then e; = —(e23 —eaz), €2 = (€13 - €a1),
e3 = —(e12 — €21), so that

(Ter) = (A, + X3)ér, (Tea) = (A, + do)éa, (Tez)= (A, + A2)é3
and hence/ : IR* — RR® isa3 x 3 diagonal matrix
1= dlag(/\2 + )\3, /\1+ /\3, /\1+ AQ) = diag(]l,lz,l;;)

Thus, the Euler's equations become (Ix) = (Ix)x x or Ijiy—(I;—I3)z25+= 0, Loz, —
(Is— I)z3z1=0, I3tz — (I - I)x1z2= 0 with Iy, I3, Is principal moments of inertia.
3.2.8 The Euler-Poisson equations for a symmetric heavy rigid body (or the
Lagrange top): As aphysical system, the Lagrange top is a symmetric rigid body with
a constant vertical gravitational force acting on its centre of mass and leaving the base
point of its body symmetry axis fixed. The problem is to describe the motion of the
top. The space of al positions of the Lagrange top is 50(3), the Lie group of all proper
rotations of IR®. Phase space, the space of al positions and momenta of the top is the
cotangent bundle T*S0O(3) of SO(3) with its canonical symplectic form ft = —df. On
the Lie algebra so(3), which is the tangent space at the identity e € 50(3), the moment
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of inertia tensor is a non-degenerate inner product <, >: so(3) X so(3) — IR defined by
A, B — &(L(A), Byhere x is the killing form defined by x(A,B) = —1Tr(AByhere
L : so(N) —e so(N)is the positive k- symmetric isomorphism with inverse L=1(C) =
CJ+ JC, J = diag(Ay, = » * Ay) afixed diagona matrix satisfying A; +X; > O for i #j.
The Hamiltonian M — x(M,L(M)) defines on adjoint orbits in so(V) the equations
of motion M — [M, L(M)] which is the Euler-vector field of the geodesic spray of the
metric in SO(N). These equations represent the motion of the free N-dimensional rigid
body about a fixed point, the origin of RY. The MNT‘—‘) positive numbers A; + A;, i #j
are the principal moments of interia of the body (discussed in the previous example).
If N — 3, the centre of mass yis not the origin, the fixed point about which the body
of unit weight moves, a potential V(A) = «(xAds-1€) must be added to the kinetic
energy %K(M, L(M)) in the expression of the total energy and it represents the height of
X over the horizontal plane; e is the unit vector of the OZ-axis. Since gravity in R" is

meaningless, we define the rigid body Hamiltonian in SO(N)x so(N) by
BE(A,M)= M) + x(x,Adsae) LTH(Q)=M,

for y,e € so(N) fixed. The Euler-Poisson equations in so(N) x so(N) induced by this
Hamiltonian are

r=(r,9,M=[A/,n] +[rx] (329
for M = QJ+ JQ,x afixed matrix in so(N),T', Q € so(N). The Hamiltonian of (3.2.9)
is given by

H(T,M) = éfc(M,Q) + (T, x)
The Lagrange top is defined by @ = Ay = Xg, 8 = A3 = eee = A, and XI2 #0,
Xi; =0 Vi,j# 12, i<j. The heavy symmetric top is defined by

M =..¢=), =a , xabitrary. Inthiscase, A =ald,M = ax Q and (3.2.9) becomes

I=[9Q, 20 =[x].
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%

3.2.10 Theorem [49]: Assume y;2 #0. The Euler-Poisson equations (3.2.9) can be

written in the form

(r + Me+ c€®) =[T + M+ 2,04 A

if and only if (3.2.9) describe the N-dimensional Lagrange or heavy symmetric top, in

which case C = (a + 8)x.

3.2.11 Remark: If y =0, then C = 0 and we get the free rigid body which is a com-

pletely integrable system.

3.2.12 The Toda Lattice: In IR** with coordinates (z;$ - * ., y1,* * *y») and symplec-

tic form w =Y. dr; A dy;, we consider the Hamiltonian function

1 n n g
H(T‘UJ:SZ!".Z'*’ZCT' o Tap =1
==l i=1

whose corresponding flow is given by
_oH
ik = ("Jyk i E).rk

By Flaschka’s transformation,

1 Tk—2, Yk
a = Y, lym =T
the equations (3.2.13) are transformed into
by = 2(a}—al_,) , ao=an
ar = ar(begr —bk) , Gupr =By
We set
b] ay mee (1"{_] 0 ay
ay by —a; 0
A= B=-
baor any 0
L anf tn-1 bn ] L ang —Qp-1

(3.2.13)

(3.2.14)

_ang_l

an-1
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From the first equation in (3.2.14) we have >~ b, = 0. If we normalize the b;’s such
that 3,bx = 0, then (3.2.14) are equivalent to the Lax equations with a parameter,
A = [B,A] where A,B are given above.

3.2.15: The geodesies on an ellipsoid and Neumann's forced harmonic motion are dis-
cussed in many places (e.g.[25]). Here we shall falow [2], and explain how they may be
written as a Lax equation with a parameter. For this we let W = IR™ or €, make the

identification W ® W = Hom(W, W),and define maps

Iz : W X W —Hom(W, W)

Az : WX W — Hom(W, W)

by
., = zQy —yodfie, (Tn) = 2y;-2%)
Az — X®X (i.e., (A.tr)ij = 1','1‘]')
We note that
Image I' = skew-symmetric matrices of rank 2
Image A = matrices of rank 1
Image A = symmetric matrices of rank < 2

and that the rank of a matrix is invariant when it moves on an adjoint orbit. We also set

a = diag(en, -,an), @ >0,
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B = diag(B,---,Bn)

I' = (Ba ., (Ba”t)

Then the equations for geodesics on an €ellipsoid and for Neumann's system are respec-
tively

(—Aez + Elpy+ E2a) = [=Ayy + €T,y + E2a, T+ tf] (3.2.16)

(Agy - a+ ETpy+ €2a) = [Agy - a+ €0y + E2a, T + €8] (3.217)

Equation (3.2.16) is equivalent to
(1) Az = [Aszy 11, (i) Tuy= [Cayerl - [Ass Bl
SinceI'" = —-T', AL, = A, and s0 A, moves in the space of matrices of rank 1. In (ii)
B4, = Loy (Toow) = 0 i (v,2)= (n,9) = (w,2) = (w,9)= 0,

from which it follows that I';, moves in the space of skew-symmetric matrices of rank
2. The relationship between the geodesics on an ellipsoid and Neumann's system to
algebraic curvesis dicussed in [25].

3.3 SPECTRAL CURVES:

3.3.1 Definition: Given Lax equation (3.2.3) with A(§) = Z__._pAk(t)f"and B(¢) =

7, Bi(t)¢*we can associate its spectral curve C whose affine equation is given by
Q&) = {(&n) €€ xC/ det(n] — A(,t)) = 0}

Here A(¢, 1) in G[¢, ¢7!] isan isospectral family of matrices, i.e., the matrices in the family
are Laurent polynomialsin £ and al of them have the same spectrum. This characteristic
polynomial defines a spectral curve. The spectral curve C is the normalization of the
complete algebraic curve C, whose affine equation is given by @Q(¢,7) and we explain this

concept below.
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3.3.2: Let X be a smooth variety. Let ¥ x denote the structure sheaf of X and Ox the
tangent sheaf. Let 9x(1)be the hyperplane bundle for X C IPN. Let C be a smooth
curve and D = Y ;nipi, ni > 0 be an effective divisor on C. Let C(D) = H°(J¢(D)F
{/ meromorphic in C : (fy + D > 0} be the vector space corresponding to the divisor
D. Let Q¢ be the sheaf of holomorphic 1-formson C. Then the Jacobian variety, J(C) =
Pic’(C) = line bundles of degree zero = H'(J¢)/HY(C,Z¥ H°(N¢)*/H:\(C,ZL).

Let V be a complex vector space of dimension m. Let P = IP' with homogeneous
coordinates [€o,&1] and affine coordinate & = €. Let 9p(1) be the standard line bundle
over P and Jp(k) = Jp(1) ® e« ® Jp(1) (k times). We set V = V Q¢ 9p(1) and
V(k) = V.@¢ Ip(k) where V is the sheaf of germs of holomorphic sections of tfp(l) with
vaues in V and V(k)is the sheaf of germs of holomorphic sections of flp(k) with values
in V.

We assume the following data:
() A& Yro Ak A &V Axkn AL HO(PHomby))
(i) B(t,&)= SN, B¢ H(P,Hom(V, V(N))) and

(iii) aLax equation A = [B,A] (s = %).

Let Y be the bundle space of the line bundle Jp(n). i.e.,Y — P. Points of Y are pairs
(é,v) e Y, where £ €P ,v € dp(n)such that n(€,v) = v. Then there is defined over
Y the section 6 HO(Y,7"dp(n)).

We note that Y % (&,v)/€ € P, v€ Pp(n)}. The characteristic polynomia Q(¢, 7)) =
det(nl - A(€, t)) where A(, t) in H*(PHom(V,V(n))), V =C™ can benterpreted as an
gement in HO(Y,7*9p(n)).Therefore, Q(&,n)= det|lnl — A(&,t)|] € HO(Y,x*9p(mn)).
The divisor of Q will be a completecurve C, C Yand « : C, CY — P where C, =
Dg = {(¢&,v) € P x tip(n)/Q((.rf((is)) = 0}. Then the divisor locus of DQ of @ in
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Y is a complete curve C, in Y and the projective mapr : ¢, — P = IP}( <B isa
branched covering with #71(¢) €Y = {(&,m1), *** (£, 7m)} Where ,, ¢ ¢, 7,, are the roots
(or eigenvalues) of the characteristic equation. We assume that C, is irreducible and its
normalization is C — C, which is a non-singular curve. Consider ==!(IP*\{co}) = C?
with coordinates (£,7). Then C, is the compactification of the affine curve determined
by det ||n] - A(¢,t)|]] = 0 in €2 The curve C is called the spectral curve associated to
the Lax equation (3.2.3). We discuss below the spectral curves associated with each of
the systems given in the previous section.

3.3.3: For the free rigid body in ffl®, we have

Q(&,n) = det|lnl —€J* — M||

o ;’)3-}“(5531....

where S= —detJ?. Thus, C, is the compactification of a cubic curve inC2.

Let ¢ € P be agenera point and we write

m

Q&) = [ - mn(&) (3.3.4)

v=1
We assume that the curve C = C, is smooth.
Claim: The spectral curve above associated with the free rigid body has genus g, given

by formula

g:mn(#l«l—m+l where m=dimgV =3 and n=1

We give below a genera outline of the proof of the claim. Consider the discriminant of
this polynomial in 5 of (3.3.4) given by A(é) = [T, (n.(6) 7.(6))*. Then A(§) is a
well-defined function of £ = (.,6) €@?, and AAE) = A"\ 2/ A®€). Thus, A € HO(P,
Jp(mn(m—1))). Suppose a somepoint ¢ € P, k of theeigenvalues, say 71, « + * M coincide

and cyclically permute as ¢ moves around &,. For a suitable local coordinate t, centered
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at &, we will have g, = (“#'/* ¢ = e?™/k 1 <y < k.

Since A(€) = H (m.(€) = nu(6))? = H (CHeMF — Vi R = ot e £ 0

lS#SvSk 1<ugv<k
the order of vanishing of A(£) gives the sum of the ramification indices of the points of C

lying over €. Since C — C,, we can have n,{(£) = n,.(£), v # u, only as a branching point.
Hence C — P is an n-sheeted covering space whose ramified divisor has degree given by
r = deg(A) = mn(m—1). i.e, A € I'(P,dp(mn(m1)). The Riemann-Hurwitz formula
given by 29 =2 = -2m+r = -2m+ mn(m - 1) gives g = 1 - mn 4 2221

3.3.5 Remark: We can understand the linearization of the Lax flow on the Prym variety
c/en.

3.3.6: Referring to the Lagrange top in the case n = 3 discussed in Example (3.2.8) in

section 3.2 above, we set

A(€) =T + ME + CE€* € so(3)[¢] 3.3.7)
From
1 —& —as .
det|| ay n —ay || =n(n*+(a] +a}+al))
az dp n
we observe that

Q(&,n) = det ||nd — A(E)I| = n(n® + |A])

where \A\? is the sum of the squares of the entries of A. By (3.3.7), we have
JAI? = 70 + 1€ + 126 + 1> + 1’ (3.3.8)

where 4, = |T|?, 74 = |C|*. The spectral curve is reducible with one component (77 = 0)
corresponding to the zero eigenvalue (77 = 0) of any matrix in so(3). The other component
V2 +|A(€))* = 0is by (3.3.8) an elliptic curve, which is smooth and which can be realized
by (£,7) — &, as a2-sheeted branched covering of IP* with sheet interchange given by
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3.3.9: Referring to the Toda |attice given by Example (3.2.12) in section 3.2 above, we

have
Al) = A&V + A, + A
where
0 - a,
A, = Pt 3 |y A=Al
NG o
by By e s )
ap by e e 0
A =
0 - v byl ap
0 an-y b,
We then have

Q(&,mn) = det|lnl — A(é)]|

= a o an(E4+EY) + P(y)

where P(n) = 4® + eyn™ '4—+ ¢, isapolynomial in n. Multiplying by a,*** a,_, #0,
we get the affine curve in €* x(E given by

R(En) =€+&7" + P(n) =0.

This &fine curve will be smooth and its completion C, in IP? will be singular for n > 4.
To compute the genus of the normalization C of C,, we observe that the involution of
the spectral curve given by j : C — C by j(&,n) = (€71, 7) redlizes C as a 2-sheeted
covering C — IP* = 77-sphere  (3.3.10).

The fixed points of j, which coincide with the branch points of (3.3.10), occur when
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2=1. ie,when£=+1. Ingenera, there are n of these for each value, € = +1,
& =— 1. Thus there are 2n branch points in all, and by the Riemann-Hurwitz formula,
the genus of C is given by g = n— 1. This is the number of required additional integrals
of motion.
3.3.11: The spectral curves associated to geodesics on an ellipsoid and Neumann's prob-

lem are given by

Qi(&,n) = det||pf — &a — €Ty + T =0
Qa(&,n) = det||n] —E*a — €T, — Ay +al| =0 (3312
Each of these is of the form
det||nI — *a - P||= 0 (33.13)

where P isarank 2 matrix. We set T—nl —£2a so that (3.3.13) becomes

O=det||T—P|| = detTdet||[I-T'P||
= det T(1 - Trace T~'P + Trace (A’T"'P))
since TP has dl k x k minors equal to zero for k > 3. To compute the genus of

the spectral curve, we can use the reparametrization of the spectral curves given by (cf.

Adler’s paper [2]),

Il

Q(&m) E+r<n—a)lz,y>=0
Q6n) = €-1+(2<(n-a) 'z, y>+<(n-0a)'z,2>

x<(m—a)'y,y>-<(—a)lz,y>") =0

These are hyperelliptic curves of the form (in € x @) &2 = R(») where R(p) is a

rational function of the form
_n )
Rin} = o
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In each casg, the genus of the curveisn — 1 and we need n — 1 commuting integrals of
motion, in addition to the total energy for the system to be completdy integrable.

3.4: COHOMOLOGICAL INTERPRETATION OF LAX EQUATIONS AND
LINEARIZATION OF FLOWS:

Following [19 we consider Lax equations with a parameter ¢,

A(§) = [B(£), A(¢)] (34.1)

where A(§, t) = i_ Ax(t)¢*and B(&,t) = YL By.(t)€* are finite Laurent series in
the parameter £ and Ax(t),Bi(t) € G C Gl(m). Its spectral curve C (after normalization
of C,) is given by Q(&,n)= det | nI - A(é,t)]|= 0 withp = (£,n) € C. As the flow
t — A(E,t) isisospectral, the polynomial Q(€,7) isindependent of t. In otherwords, the
eigenvalues n are fixed as time evolves whereas the eigenvectors of A(¢, 7)) will change
with t. The problem we want to study is "to find necessary and sufficient conditions
on B such that the flow on the Jacobian variety J(C) of the spectral curve C of (3.4.1)
corresponding to t — A(&,t),be linear”.
First we note that the Lax equation is invariant when B is replaced by B+ P(A, é)where
P(z,£)e C[z,¢&) and hence B lives in some quotient space. Now we follow the notations
of section (3.3) of spectral curves. Assume that for a general point p = (£77) € C,
dim ker || 77/ — A(€,t)||= 1. Hence there is a uniquely determined vector v(p,t) € V
(upto non-zero scalars) satisfying A(¢,t)v(p,tf= nv(p,t) (3.4.2). Then the map
p — Cv(p,t) C V determines a family of holomorphic maps f; : C = PV (3.4.3)
depending holomorphically on ¢, which is called the eigenvector mappings associated to
the Lax equation (3.4.1). Let Opy(1) denote the hyperplane bundlie of IPV and let

L, = fi(9pv(1)) € PicY(C) (= J(C)) , L= L,.

3.4.4: Some preparation from algebraic geometry: ([6], [20], [26])

Let / : C — X (}) be anon-constant holomorphic map where C is a given smooth
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algebraic curve and X is a complex manifold. Define the normal sheaf of C in X (or of

/) TVI, by the exact sequence
0— 0cifrex— N, -0 (3.4.5)

with O¢, ©x are tangent sheaves and f. is the differentid of f. Then the Kodaira-
Spencer tangent space to the moduli space of the map / (in (f)) is given by H°(C, Ny),
i.e, fi : C; = X maps where C and / are both varying with ¢. i.e., ifft : C;, —» X,
fo =1 is a deformation of / in (), then f€ H°(C, N;) (3.4.6) is the corresponding
infinitesimal deformation a t — 0. i.e, in locd product co-ordinates (z,t)on U,C, and
w = (wh,wh e, w™)of X, frisgivenby (z,t) — w(z,t), then the section / of N; over C
in (3.4.6) islocally given by  ,, /1=, modulo ,, . The corresponding cohomological
sequence of (3.4.5) is

H(Oc) — H°(f"Ox) — H*(N;) & H'(Ooy C

Here H'(O¢)is the tangent space to the moduli space of C as an abstract curve and
8(f)=: C € H}(O¢)is the tangent to the family of curves {C;}. Thus the tangent space
to / in (1) where the curve C remains fixed, is given by H°(f*Ox)/H*(OcT H°(Ny).
Since the isospectral curve C is independent of ¢, thisis the situation we have to consider.
Asin section (3.3), V is a m-dimensional €-vector space and take X =PV and consider

the exact sequence of sheaves over JPV:
0—Ydpv =V @ dpv(l) = Opy — 0 (3.4.5).

Using / to pull back this sequence to C and combining this with (3.4.5), we get
0= 0¢85 f*Opy = Ny= 0and 0 = 9 % VL — f*Opy — 0 where L = f*dpv(1)
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which gives the piece of the cohomology diagram

Jwe H(V®L)
i
H°(@c) = VEH(fOpv) > FEH(N) D H'(Oc) (347)
16
L € H'(dc)

Consider the family of holomorphic maps f; : C — IPV. Locally choose a coordinate z
on C and also a position vector mapping (z,t}—~ v(z,tE V\ {0} (i.e. alocal lift of f;
to V'\ {0}) such that f(z) =Cw(z,t) C V. Set &(z) = 24221 modulo v(z,t).
Since the indusion de <> V& L. L= f-dpv(1) is localy given by o — o, v 6
H(C,V® Ldc) = H°(C, f*Opv) (3.4.8) is wel defined of the representative position
mapping of v.
Then we havej(v) = f (3.4.9). We are interested in the tangent vector L = (7 L:)e=o
in H°(¥¢) (as t —L, is linear iff ;"f—,LF p,ﬁL,). Then we have L = 6{v) (3.4.10)
where » is the infinitesimal variation of f, : C — PV. In particular, L = 0 (3.4.11) iff
3w € H°(V® L) such that # = 7(w), w depending on B. Recall from section 3.3 that
B(&,t) € H°(C,Hom(V,V(N)).
Let D = (¢V) be the divisor N.r~'(c0). Then

B/€Ne H°(Hom(V, V(D)) = (Hom(V, V) @ d¢(D)) (34.12)
and v € H°(V ® L) where V(D) = V(N). Hence
(fi}) € H(V ® L(D)).

The cohomological interpretation of Lax equation (3.4.1) is given by
3.4.13 Theorem: In the above notation ¥ = 7 (fgy") (34.14)
(cf. (3.4.11) with w = B¥),

s
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We now give the more precise meaning of the formula (3.4.14) as follows:

We have the following diagram of exact sequence of sheaves on the curve C :

0 0 0
l & !
0— do— de(D)— dp(D)— 0
0-VOL-sVeLD) - VaLedp(D)—0 (3.4.15)
0= fOpy— [*Opy(D)—= fOpy®Ip(D)—(
! l )

0 0 0
whose part of cohomological information is

0 0
il !
3 p € H(dc(D)) — He(dp(D))
Lv Lo
IbeH(VRL) S :L e H(V® L(D)) L HY(V&Laip(D)
Ir L L7
v € H(f*Opy) = Ho(f*@pv(D)) & H°(f*Opv ® Ip(D))
)
A € Ho(dp(D) 51 e H'(¥c)
(3.4.16)
Then the meaning of formula (3.4.14) is (a) %‘4 € H°(V® L(D)) and (b) r(?‘;" y(v).

Proof: Working in €? with co-ordinates (£,7), A(¢,t) and B(€,t)are polynomials in
¢ € € whose co-efficients are holomorphic functions of t. Write B(é,t) — E‘szhere
B € H°(V,V(N)) considered as a homogeneous polynomial in &, &. For agenera point
P = (&,7) €€ we have by (3.4.2), A(&,t)v(p,t) = n v(p,t). Then Av + Av = nv and s0
(BA-AB)V +Av =1nv, ie., A(b— Bv)=n(vr — Bv),i.e,if visan eigenvector of A with
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eigenvalue 77 then v — By is also an eigenvector with same eigenvalue. Since eigenspace
E, is 1-dimensional generically, we have Bv = v + \v for some A(p). (3.4.17)
Hence TBV) = veV @ L/C.v.
3.4.18 Corollary: L = 0 & 3 a meomorphic function ¢ € H°(Jc(D)) such that
By +ov € H(VO L(D)) is holomorphic.
Proof: Note that there exists » € H?(Jd¢(D))such that Z" + v € H(VO L(D))
is holomorphic (i.e., belongs to H°(VO L) & 36 € H°(V ® L) such that i(b) =
%" +¢v € H°(V® L(D)). Then by above commutative diagram (3.4.16) and (3.4.10),
weget L =é(v) = é6(7b) =0.
3.4.19 Definition: L&t C be a smooth curve of genusg and D — >, nipi, n > 0 be
an effective divisor of C. If z; is a loca co-ordinate centred a pi, then p; = 22';, %‘{15
caled the Laurent tail at p;.
3.4.20 Remarks: (1) The Mittag-Leffler problem is, given Laurent tails »; when does
there exist a meromorphic function ¢ € H°(d¢(D))(i.e. (¢) + D > 0) such that ¢ — ¢;
is holomorphic near p;?
(2) Such ¢ existsiff _; Resy, (wi.w) = 0 for al holomorphic 1-forms w € H°(f¢).
(3) We have by (3.4.17), Bv= v +A(p)v and 7(Bv) =0 € V® L/Cv and since v and »
are holomorphic around D, the function A on C induces a section of Vp(D)over C.
(4) A fundamental invariant of the Lax equation (3.4.1) given by the residue p(B) of B
is the section of 9p(D) induced by A on C.
3.4.21 Theorem: Referring to Lax equation (3.4.1) we have

L= iL, = d(p(B)) (3.4.22)

dat |

Proof: By commutative diagram (34.16), le¢ E € H°(V 0 L(D)) sdidfy 7(F) =
Hw) for somew € H°(f*Opv). In paticular, take E =g and w = v as in Theorem

(34.13). Then by commutativity TI(E) = J7(E) = j(i(w)) = 0and so 3 A € H°(dp(D))
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such that o(A) = j(E)and since H°(¢p(D)) occurs in the top right corner as well as

bottom left corner we get
L =46(») = &(X) = 6(p(B)).

3.4.23 Corollary: Let L(H°(Jp(D)pe the set of al Laurent tails of al functions in
H°(¥¢c(D))and p(B) the residue of B is a function of t. Then {L.} C Pic*(C)is linear
< p(B) = 0 mod span {L,p(B)} in H°(Jp(D))(3.4.24).

Proof: Note that (3.4.24) takes place in afixed vector space H°(9p(D))=C*, k = degD.
By (3.4.22) {L.}is linear & L,= u,L,is equivalent to L = dp(B)) = d{up(B} @i} =
pL.

3.4.25 Definition: pi(B) = ResB = p,,(B)and J(C) = H°(Q¢)*/H\(C,Z).Hence
a linear flow on J(C) is given by, upto a fixed translation a bilinear map
(t,w) =t <\ w > (3.4.26) where A € H°(Qc)™.

3.4.27 Corollary: The condition (3.4.24) is equivalent to
Y i Res(pi(B)w)=p > Res, (pi(B)w)(3.4.28) for al w € H°(Qc). Then the linear
flow is given by (t,w)— t 3 ;Res, (pi(B)w) (3.2.29).

We apply this to our systems in examples:

3.4.30 Example: Motion of rigid body about a fixed point we have seen above, can
be put in Lax form with B — —(Q+ JE). Then D = 37 p: 1s thedivisor with p;
being the n distinct points lying over £ = oo. If z; is aloca co-ordinate around p; (say
z; = £71), then from (3.4.17), Bv = v + Ap)rvand taking B = —(Q+ J€) we get the
residue p(B) = - 5, —ii where J = diag(A1, A2, * * ¢, A,). Then p(B) = 0 so that the flow
is linearized on J(C).

3.4.31 Example: Consider the Lagrange top. Then its spectral curve is a 2-sheeted
coveringw : C — IP = TIP}(¢) branched over 4 points & with al € #o00. Since
B(¢) = Q +x¢ we have D = n7}(o00) = p+ q where p = %é+ near p and
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n = =L+ near g. Then the residue p(B) € H°(Jp(D)Js given by p(B) = L+«
near p and p(B) = —-4——near g. Hence p(B) = 0 and hence the flow is linearized on
J(C).

3.4.32 Example: The Toda lattice has in Lax form a Laurent parameter. Consider
the hyperelliptic curve C which is a 2-sheeted covering C — IP* = p— sphere. Set
n7'(c0) = p+ g. From the affine equation of C, € + ¢! + P(n) = 0, it follows that
the divisor D = np — nq (the poles of ¢ occur on one sheet lying over a neighbourhood
of oo and the zeros on the other sheet, and each has multiplicating n). Hence, setting
D =np+ ng, it folows that B € H°(C, Hom(V, V(D)). Then we may define the residue
p(B) € H°(9p(D)).Then we have, p(B) = Zand so p(B) = 0. Hence the Toda system
is linearized on J(C) where dimension J(C) =g —n — 1.

3.4.33 Example: Geodesics on Ellipsoid: The spectral curve C, in the &ffine form is
given by Q(¢,n)= det | nl - 2« - €T, + T, ||= O which is smooth over ¢ = oo.
Hencethe map C — P from the normalization of C, is not modified over £ = 0o. Let
D=3, p=r"!c0) and 7 =% +L+holomorphicterms near p;. Then near p;,
A=A+4%44+% B=-14,- % Then the eigenvector v; satisfies Av; = nv; and so
Aqvi(pi) = Mvi(pi) and p(B) = — 5,2 and hence p(B) = 0 and hence the flow on J(C)
is linear.

3.4.34 Remarks: (1) This technique applies for systems which are represented in Lax
form over finite dimensional Lie algebras.

(2) There is a different approach for linearizing flows on J(C) of these systems in [2], [3].



Chapter 4

Adler-Kostant-Symes (AKS) principle and its application to

some integrable systems

4.1 INTRODUCTION:

Among general dynamical systems there are some distinguished ones called Hamiltonian
systems, namely, symplectic manifolds with a Hamiltonian vector field. Such a system
is a completely integrable Hamiltonian system (CIHS) if there are many Hamiltonian
functions which are in involution with respect to the Poisson structure defined by the
symplectic form and these functions are independent over a dense subset of the manifold.
In nature, there are several completely integrable Hamiltonian systems. For example, in
[52], we discussed the periodic solutions of certain partial differential equations occurring
in mathematical physics, mechanics and geometry and there is an associated Lax type
equation and these periodic solutions live on the Jacobian variety J(C) of the spectral
curve C associated with the Lax equations.

Kostant-Kirillov-Souriau discovered the canonical symplectic structure wr, on the orbits
I’ of the co-adjoint representation of a Lie algebra [24,27]. On the otherhand, while
studying certain specia (partial) differential equations such as KdV, Toda systems, KP
equation etc., it was noted that they define a certain Hamiltonian structure [25] which
can be identified with the Kostant-Kirillov structure on the orbits of a suitable Lie alge-
bra. There is a scheme developed over the years for constructing Hamiltonian systems

having Lax type representations and aso for finding an algebra of first integrals of this

71



Chapter 4. Adler-Kostant-Symes (AKS) principle and its application... 72

system (thus giving complete integrability of it) from the corresponding orbit structure of
Lie algebras. For certain physical systems like, motion of rigid body about a fixed point,
finite Toda systems in IR*" etc., this scheme works for finite dimensional Lie algebras.
For certain other systems like KdV, general Toda systems, etc., for this scheme to work,
infinite dimensional Lie algebras (even Kac-Moody algebras) are needed [2,16,48,61]. The
main difficulty here in applying this technique for complete integrability is to find a suit-
able Lie algebra and direct sum decomposition, known as Adler-Kostant-Symes (AKS)
geometric principle [16,27,60]. We formulate and discuss this principle in as general a
form as possible and aso give its application to severa systems such as KdV equations,
Toda system [2], Gel’fand-Dikii systems [16] and Lagrange Top [48].

The material in this chapter is arranged as follows In section 4.2, some preliminary
definitions are given. In section 4.3, we discuss the main geometric principle of Adler-
Kostant-Symes. In section 4.4, we discuss its application to various systems, both finite
and infinite dimensional systems like the Toda system,the Lagrange Top and the gener-
alized KdV equations.

4.2 SOME PRELIMINARIES:

4.2.1 Definition: By a dynamica system, we mean a C*-manifold with a smooth vec-
tor fidd (M, X). A symplectic structure on M?" is given by a 2-form w on M such that
dw =0 and w™ #0 on M. Then (M?*,w) is called a symplectic manifold.

4.2.2 Remark: We can associate with every H € C*(M), a vector fidd Xy defined by
w(Xy,vF dH(v),ve T(M),ie, ixyw=dH.

4.2.3 Definition: By a Hamiltonian dynamical system, we mean a symplectic manifold
(M, w) with a Hamiltonian vector field Xg,i.e., (M**,w, Xg). The 2-form w defines a
Poisson structure on M by {F,G} = w(Xr,Xg)for F,G € C®(M).

4.2.4 Remark: (C*(M),{ }) — {X (M),],]) dives a Lie dgebra homomorphism by
{F,G} »[XFr, Xg], F,G 6 C*(M).
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4.2.5 Definition: A Hamiltonian dynamical system (M?" w, Xjg) called completely
integrableif 3 n functions Hy,* - », H, on M such that {H;,H;}=0V ij = 12 ¢een.
That is, they are in involution with respect to {,} and dH;A» ¢+ A dH, #0 on adense
open subset S of M or the corresponding Hamiltonian vector fields are linearly indepen-
dent on a dense open subset S of M.

4.2.6 Definition: (Kostant-Kirillov-Souriau symplectic structure): Let G be a Lie group
and G its Lie algebra. Let P be a C™-manifoldand &: G x P — P be a smooth action
of Gon P. For £ €G, let £p(p)= £®(exptl, p)li=o, p € P, t € R, denote the infinitesi-
mal generator of this action corresponding to é. Let G.p = {®(g,p)/ G} denote the
G-orbit through p € P and T,(G.p) = {£p(p)€ € G}, the tangent space to the orbit G.p
at p.

(a) We define the Adjoint action: G x G — §G. Itisgiven by ¢ - Ad, = (Ry-10L,),
n + (Rg-10L,)n and the infinitesimal generator is ég= (ad £) : n — (ad &)y = [£,7],
£€g.

(b) We definethe co-adjointaction Gx G*—  G*: Itisgivenbyg — Ad:_, : G* — G* and
the infinitesimal generator is ég- = — (ad €)* ,i.e, GXG* — G=given by g — Ad*_, :
G"—G", B (Ad;_Br B(Adg), g€ G 3G e G.

For u € G*, the co-adjoint orbit G.p of u is {Ad:_,ulg € G} C G*. Then the Kostant-
Kirillov-Souriau symplectic structure on the co-adjoint orbit G.u is defined by
wu(B)(ad(£1)*B, ad(&2)B) (1, &2]), &2 € G, B = Ad;,p6 G.p. This w, is a
non-degenerate closed 2-form which is G-invariant and defines a symplectic structure on
G.fi caled the Kostant-Kirillov-Souriau symplectic structure.

4.2.7 Remarks: (1) Note that the tangent space at 8 € G.fi is given by

To(G.u) = {(adé)"BIE € G}

(2 The most important property of this structure is that the natural Poisson structure
on G* restricted to the orbit O agrees with the Poisson structure restricted to the orbit O
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with respect towy. i.e, {f,g}l& {flogle}where f,g€ C>(U,G),U C G~ is an open
subset.

4.3 ADLER-KOSTANT-SYMES (AKS) GEOMETRIC PRINCIPLE:

In this section we discuss the AKS geometric principle for completely integrable Hamil-
tonian systems.

4.3.1 Theorem: Let Lbe a Lie algebra equipped with a non-degenerate, ad-invariant
(symmetric) bilinear form <, > so that L and L* can be paired. Suppose L = K & N
has a direct sum decomposition (as a vector space) where K and N are Lie subalgebras.
L and L* can be identified via <, >. Then L* = K+© N+ where K+ and N+ are the
orthogonal complements of K and N in L with respect to <, >. By the non-degeneracy
of <, >, we identify K+~ N* = dual of N and N*~ K* =dual of A'. Thus, K+ ~N*
gets co-adjoint N-action and hence gets the Kostant-Kirillov-Souriau orbit symplectic
structure on K with respect to N. Let [' C K+ be the orbit invariant manifold under
the co-adjoint action of N and hence I' has the Kostant-Kirillov symplectic structure. On
the otherhand, we have the co-adjoint action of the connected Lie group associated with
L on L* and hence we have L-invaraint functions defined on L* or on neighbourhoods of
[ C K*+on L*. Let A(T) be the algebra of functions defined on an neighbourhood of T
on L* which are invariant when restricted to I' under the co-adjoint action of L. Then
this principle asserts that

(8 The algebra A(T'), forms a system of commuting integrals on I' and on the orbits of
I' themselves via the orbit symplectic structure, i.e., there are functions H on L* such
that [VH(A),A]= 0V A €T avhete VH is the gradient function VH : L* — |,
H:UCL*— L. Thatis, these functions H regarded as functions on T by restriction
to ' form an involutive system of I'-invariant functions with respect to orbit symplectic
structure induced on I' C K+ by the N-action.

(b) Moreover, for such functions H 6 A(I'), the associated Hamiltonian vector field Xy
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is given by the formula,
Xn(A)= (adg)*A = [B,A] = -[A,B] = [A, PxVH(A)],
B=-PxkVH(A)=-Vy.H| (A)€T (4.3.2)

N+
where Px is the projection onto K along N. The dual * is taken with respect to <, >.

(c) the Hamiltonian eguation A = Xgx(A)has the following Lax form, A = Xgx(A)=
(adp)*A, B = —PxVH(A)n the above, we have in general that Pk, Pn, Py, Pys
are respectively the projections onto K,N,K*, Ndong N, K,N*, Krespectively.

Proof: We give an outline of the proof of the above theorem. We observe that if H
is a function on L*(= L), and if Vgx.H, Vyx.H, VH are the gradients of H in the

K*t, N+ L* directions, respectively, then we have,
VioH = PyVH, VyuoH = PxVH.
By the above formula, an L* function being L invariant on [" is equivalent to
[VH(A),AE 0, A €T, or equivalently, [A, VgiH]= —[A,PxVH]. (4.3.3)
If // and F are functions on TV*, then the Kostant-Kirillov Poisson bracket has the form
{H,F}(A) =< A, [Vn-H, Vn.F|>, AeNT,

where « , > is the natural pairing between N and N*, and where Vy.H € N is the
natural gradient of H defined by dH(X) =< dX, Vxn.H>; s0in our case K* ~ N*

and <, > = <,> |giyn- Hence
{H,F}(A) =< A, [Vg1H, VguF]> . (4.3.4)
Suppose H, F € A(T), then

(H,F}(A) = <A, [VgoH, VguiF]>
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<[4, VgiH]|, Vg F> (by the ad-invariance of <, >)

- < [A, PkVH|, V. F > (by (43.3)

- <A, [PkVH, Vg F)] >

< A, [PkVH, PkVF]> (by repeating the argument for F)

=0
since A € K*and K is a Lie algebra. The Hamiltonian vector fied equals

Xy(F)= {F,H}=< [Vg.H, A], Vyg.F>,
from which it follows that Xy (A) = Py .[Vx. HA]. Hence the corresponding Hamilto-

nianflow

A = Pgu[VigoH, A] (for H € A)
= PgiA, PkVH] (by (4.3.3)
= [A, PkVH], as[K*', K] Cc K%,

which proves (4.3.2) and thus the theorem is proved.

4.3.5 Remark: If the bilinear form <, > is symmetric also, for example, trace or killing
form, then (ad)g. = —(ad)pand A = Xpyx(A) = —(ad)pA= —[B,A]= [AB] =
[A, —PxV H(AWhich is the usual Lax equation.

This principle was noticed in several special cases before and we have stated above, this
principle in the most general set up of a Lie algebra (G, K, TV, <>).

44 EXAMPLES:

In this section, we discuss the application of the above AKS geometric principle to the
finite-dimensional systems, (a) the Toda system (b) the Lagrange Top, (c) the geodesic
motion on an ellipsoid and the infinite dimensional systems, (d) the generalized KdV
equations and (e) the Gel'fand-Dikii system.

4.4.1 The Toda System: The Toda system is given in Chapter 2. Here we discuss the
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AKS setup for this system.
Let G = sl,(IR) be the Lie algebra of real traceless matrices. Let a be the Lie subalgebra

of lower triangular matrices and b that of skew-symmetric matrices:
a = {a€sl,(R)|a;; =0 for j > i}
b = {be sl,(R)|b;; = —bi;}
The vector space G is the direct-sum of a and b: if X = (z;;) € sl,(R), then X =

X, + X_,where X; = (y;;) € aand X_ = (z,;)€ b are defined by

Tijtxii J<i

Yij = § Ti, Jj=1

0 j>
and L
—Zi; 1<t
z; =40 j=i

I; >1
The non-degenerate symmetric bilinear fo;m <j X,Y >= tr(XY)is invariant under
conjugation (this is the killing form). We have that at is the subspace of strictly lower-
triangular matrices and that bt is that of symmetric matrices.
We now consider the invariant function f(L) = 1tr(L?), which is defined on G, and the
Hamiltonian system it defines on a* = bt. Since dfL(X)= tr(LX),V.f = L. For
L = (z;;) € bt, a symmetric matrix, the projection (Vf)- = L_ onto the subspace of

skew-symmetric matrices is

—zi; J<1i
(L-)ij=40 =
Tji j>i

By AKS theorem, the system is L = [L, M] where L is a symmetric traceless matrix

and M is the skew-symmetric matrix whose entries above the diagonal are those of L,
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which can be understood as a Hamiltonian system and admits all the functions L +—
tr(L )(2 < k < n) as pairwise commuting first integrals. We thus have n — 1 integrals.
We now consider the space I' C b*. The Lie group A is that of invertible lower-triangular
matrices and its Lie algebra a is the group of lower triangular matrices. By using the
bilinear form, < X,Y >= tr(AY), we can identify the dual of a = a* with the upper
triangular matrices. A acts on a by conjugation and on & by dudity i.e., Ax & —> &,
g, 1" — [¢g7'I"g]4 where [ ]+ is the operator of setting &l terms below the diagonal
equal to zero. Then the orbit 0 = 0. = {[¢g~'l"g]+/g € A} and its tangent space is
T-0,. = {[{*,1]+/1 € a}. Then the Kostant-Kirillov Souriau symplectic structure on 8.

is given by

w([® 0]y 5 (7, 1]4)

Il

< I [h,lL] >

<[5 h)4,la >

Let A =[A;;] be avariable on a and let H — H(A) = H(Aij) be a function on &. We
can identify the gradient at A of H = H(A) with respect to <, >, VH/Aas an element
of a (VH: a~ — a). The Hamiltonian vector fidd Yy associated to H is given by
Y=Yy =[VH,Al;+. Then A(I') = {H : a* — a/[A,VH]; =0V A € 0} isthealgebra
of ainvariant functions defined on the orbit #g, B € a. Then the functions H 1n A are
the integrals of motion for the Toda system, i.e., they are in involution with respect to

W as

{HY, HD} (A) = w(Yyw), Yy)(A)

(A, [VHW, VHP))

4.4.2 Remark: This can be generalized to m-ogonal (m > 1) systems having Lax type
equations and these systems will also fit into the AKS setup.
4.4.3 The Lagrange top: Motion of a 3-dimensional rigid body about a fixed point



Chapter 4. Adler-Kostant-Symes(AKS)principle and its application... 79

under the influence of gravity. This example is given in Chapter 2 and we discuss here
its Lie algebra setup and the AKS setup.

(i) Lie algebra setup: Let G be the Lie algebra of dimension 6 which is a semi-direct
product of V(= IR®) and so(3)(é.e.,50(3) x so(3) = G). Associating to the unitary vector
field 7, the corresponding instantaneous rotation vector «(t) for time ¢, we get a pair
(M(t),7(t)) ¥V t and M(t)e V. We denote this as an element v+ eM (€2 = 0) in

G — V& s0(3). Then the equations of motion, (4.4.4) and (4.4.5),

M = MxQ+pugy*l (4.4.4)
4 = ]
and
M = [MxQ+][1 (4.4.5)
¥ = [l
can be written as
(@) Y+ eM = [y+eM,Q+el], (6) M=I(Q) (4.4.6)

Since v # 0,the orbits of 7 + eM , 8, under the adjoint G-action are subvarieties of
dimension 4 in G defined by the equations:

Ly e ]
{ <~v,M >= ¢ ; constant
Then the functions (7 + eM) —< 7,7 > and (7 + eM) —< 7, M > are constants on
the orbits of the trajectories called the first integrals. The total energy of the system is
given by

Hi(,M)=-<QM>+< 1>

b | —

(ii) Three special cases:

(8) Centre of rotation O is at the centre of gravity G of S In this case, we get the
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classical Euler top (1750) which is completely integrable and Hz < 7,M >=< M, M >;
I_ )i,
(b) S possesses a symmetric axis of rotation passing through the centre of rotation. Then
we get the classical Lagrange top (1788) with complete integrability and H; =< M, 1>,
(c) There exists an orthonormal basis for V where / = diag(2},2A, A), / = (z,,0,0).
Then we get the classical Kowalesvsky top (1881) which is also completely integrable
and

Hy(y, M) = ||(my + img)? — 4Az,(m + i92)|]*
(iii)) AKS setup for Lagrange top:
Let L = so(V)[h™',h] = Zm:A,h'/A. € so(V), marbitrary, ﬁnite} be a Lie algebra

=00

with bracket defined by

[Z Akt ; BJh,J] =Y ( 3 A B,-]) W

P \itj=p

Then (L, [,]) is caled the Kac-Moody algebra associated to so(V). Let

=0

LY = K = s0(V)[h] = {Xm: A.h'/..r’l. € so(V), m arbitrary}

-1
L-=N-= {Z AR [A; € .so(V)} .
Then L = K & N . Define bilinear form <,> on L by

(i AR }L_:B,-hj) = Z < A;, B; >. Then this bilinear form <, > is symmetric,
n;:degener—a:;, Aa’L-inv‘aT;iza;l]t bilinear form on L. Then with respect to <,>, we have
K = K+, N = N* and the dual of K = K" can be identified with N (e, K* ~
N). Let the projection L —+ K = L* be denoted by X — X, onto K along MN.
Then the subalgebra N acts on K* = K by (n,X) — [n,X]4. The subspace E =

2
{ZA.-&"/polynomiaJ of degree 2 over so(V)} C K is a vector subspace of K of dimension

i=o
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9 which is stable under the above action of N.
-3

The subalgebra N3 = Z Ak » of N acts trivially on E. Passing to the quotient

algebra N = N/Nj action on E (N is 6-dimensional nilpotent Lie algebra), let T be
the orbit in E under N which is a 4-dimensional variety of E. Then the agebra of
integrals of motion can be found as follows Imbed L as a subalgebra of End(V)[A~h].

Then V.n € N,V A€ L, define A*= " cax(A)h¥, cak(A)€ End(V). The functions

A — frok(A)= tr(cax(A))are Adp-invariant. Consider the orbit of A under N such that
A= XL i.e, A= Ao+ Ajh+ Ah%€ E. The firgt integrals are given by

fao(A) = -2<y,9>

faa(A) = —4< M,y >

f22(4) = =2<M,M > —4) <~,1>
f23(A) = —-4A<M,I>

4.4.7 Geodesics on an ellipsoid: This exampleis given in Chapter 2. Here we discuss
the AKS setup for this system.
Let

L={A= > A}N arbitrary, A; € M}

7Y‘<|§1\J
be the affine Lie algebra where M is the algebra of n x n matrices. The elements of £
are viewed as Laurent series in the indeterminate h and A~1. The bracket in £ is defined
as follows.

[Z At N B = Y (A, Byl (4.4.8)

(5]

The ad-invariant, non-degenerate, symmetric bilinear form on £ is given by

Q- Ak, Y BM)= > (A, B) (4.4.9)

i4)=0
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where (, ) is the killing form on M with the property

< A,B>=< A, Bk >= Y (A4,B,) (4.4.10)
i g=—k

and < A,B >o=< A,B > and A = {ngigk AiR'JA; € M}. In Theorem 4.3.1, we set
L=L, M=GlnR)orGi{n) and <,>r=<,>; of (4.4.10). Also, let

K=KL=Ao,m=i£’, N=N'=A_p.= i o

i=0 J=—00
and
Aooo ={ D Aki/A; € M} (4.4.11)
0<i<ao
so that
Pe(Y_ Ak =3 A = (Y an'),, Pv(YAr) =Y Ani= (3 And).
i i>0 i i i<0 i

For the invariant manifold I', we take
[ = (e, 7) = ah™ + 74 + A3, (1.4.12)

with & = diag(e, -, an), [lig;(ai — @;) # 0, v a diagonal matrix and A)  _, =
{ZOSiSm—I Aih'/diag(Am_1) = 0}. The terms a, v are the orbit invariants or parameters,
For the algebra A(T') we shall take functions of the form H = < f(Ah™7), k¥ >, so that
equation (4.3.2) becomes

A=[A,(fARDRE)], A=a™+9h™ '+ Y AR (4.4.13)

0<i<m—1

The group Gy is the affine group, Gy = I + N, so that if ] — z € Gy, then (I — z)™!
=IT+z+4+z*+---. Then N is given by the Lie algebras Ny = .A_;_, with the bracket
defined by

-1

{i Ak, _zl B;hi] = Z [A;, B;Jh*,

i=—k ==k i+j=—k
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and the corresponding Lie group is G'n, = I + Ny, with multiplication

-1

] 0
Y AR Y Bk = Y ABRY, Ag=By=1

==k ==k 1+j=—k

The orbits 8,4 through A € I',, are of the form

0a={(97"Ag)+/g € I + N},

since only the non-negative terms in g~' Ag register in (¢~ Ag)4, the orbit is equal to

04 ={(97"49)+/9 € GNpin} = {97 A9)+ /9 € GN.}, (4.4.14)
and
T4 = {[A,B]y/B € Ny}
Since A € Agm = N}, ,,, under < , >,, we can take A to be in the dual of N4, and
s0 4 is identified with co-adjoint orbit of the finite dimensional Lie group Gy,,,,. Using
Vg = EJZD h=2=1V 4, H, the Poisson bracket is given by

{H,F}=Y_ (Ai[Va H,V4,F]), with (4,B)= trace A.B.
1=3+k+1

4.4.15 Adler-Kostant-Symes setup for the generalized KdV Equations: Let
R be a commutative ring over complex numbers equipped with a derivation D. That is,
R is a differentia ring. We define the infinite integrals / as / = R/DR.Let # : R —
R/DR — | denote the projection associated with /, definedby ¢ +— ¢  (the/-equivalence
classof ¢) and theequality in / is denoted by =.

Let R[b,, by, * * *, b,] C Rdenote thering of polynomialsin b,, * « -, b, and their derivatives.
Similarly for I[b,, by, * « », b,]. We define ®, the ring of formal pseudo-differential operators
to be the formal Laurent series in the variable ¢ over the differentia ring R. i.e, ® =

{¢ = Z aif'fa; € RN a:bitrary} with multiplication defined by

—co<i<N<x

brobr=Y (066 0 (-iDY'ér, for b€ B

¥20
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We define A;, = {z a,t’fa, € R} and projections F}; into Ay,

=l

by Pz,( Z a'E') = Z a;£'. We also define the trace functional <,>: ® — I by

—co<i<N<mo 1<i<j
tr ¢ =<é> =a,€l, ¢=) af .

The trace functional satisfies tr[a, b]=0 where [a b] = a o b—b o a and with this, we have

the symmetric inner product

<a,b>=<aob>=<boa>=<ba>

o0 -1
Let K ='Apoe= {d): Za;{‘/a; IS R} and N=A_, 1= {d) = Za,{‘/a; € R}.

i=0
Then from the above two properties of trace, we have K* = K, N* = NV and & = K +

-_00

N. The maps K — Hom(N, ), N — Hom(K,I) defined by K —< K,. > are injections
and K, N are dual with respect to <, > and ® being self-dual, we have K* = N, N* = K
and ®* = &. Wehave ® = K+ N, K and N are dually paired, ® self dual, K+ = K, Nt =
N. The formal Lie algebra ® acts on ¢*(~ ®) By the co-adjoint action and we can speak

of ®-invariant functions in ®*(~ ®). Considering " = {¢ =£"+ Z ai'fa; € R}
0<i<n-2
as being parametrized by a,,a;,- -+, a,_2, we let G = 1+ A_, _; be the formal Lie group

with formal Lie algebra £ = A_. ;. Let £ = {E(E— iD) la;/a; € R} where
>0

" cictew [ I TV L. .

(¢—iD)b=)y ¢t (eD)*b, j = 0.

v>0 v

Let the dual of £, £* < Hom(L, I') be the differential operators

L = { Z G;Ei/ﬂi € R} = Aa,aa and if A= ZGI{[ eL ]
co>n>120 120
B = Y (€-iD)7b;eL them <AB>=) ab .

720 i>0
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Let 6 bethe orbit through B of the co-adjoint action of G on £*, i.e., g = {[g'Bg]+/9€

G}, where + denotes the projection into A, .. If B € A,., then so also does A (i.e.,

A € 0p) and we write A = E,—f‘. Then the (formal) Kostant-Kirillov symplectic form
w on 95 at the point A is given by w([4, L]+, [4, )+)= < Al I] > = < [A,L]4,1: >
with Ii,l; € £, and so [A,l]+ € Tafp. The tangent space of 65 at B is given by
Tebp = {[B.l+|l€ L}.

Let H = H(A) = P(a), where P(a) is a polynomia in a;, ¢ = 0,1,---,m and its
derivatives. Then the Hamiltonian vector fidd Xy i"rllduced by w is given by Xy =
[VH, Al™*(+)where [ " = Ponl ] and VH = Y_(€- iD)" Do
formal variational derivative of H = //(a) with respect to a; and the P0|sson bracket
{} based on wis given by {H,F}.s5< A,(VH,VF) > Moreover, for A € &™) (x)

DH

becomes the Lax isospectral equation A = [VH,A]™? = [A, Py] where Py = (AM™),
and the fractional powers of A, {< A¥"> N} form an involutive system with respect

to{.}.
4.4.16 The Gel’fand-Dikii System: LM. Gel'fand and L.A. Dikii generalized the

n-2
Lax fom of the KdV equation. That is, let L = (—ia,,)"-!-qu(—iB,)j,ﬁ; C>®(R),
j=
i=0,1,2,¢¢,n— 2. Then the Lax equations —= [L, B,],7 = 1,2, * » with appropriate
differential operators B; are equivalent to the Hamiltonian equations ¢ = Xg,(q) =

I2H With g = (g1, gna)s 22 = (BH ... .DH ytand § = [, Pdowhere ¢ de-

notes transpose and P is the polynomial in ¢;'s and their derivatives with respect to
X. In the above equation, I is a (n— 1) x (n — 1) matrix differentia operator with
co-efficients polynomials in q and its derivatives. / defines a Poisson bracket {,} via
{H,F}= [o(32, [(BE)Mith the R™™' scalar product, (). The coefficients of Bj’s
are polynomials in q and its derivatives. Also, the H;’s form an involutive system, i.e.,

{H;,Hy} = 0V j k € Z.
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For the AKS setup for this system, we let @ = ®* = L, K= A, o0, N = A_,-1 With
inner product <, > defined as<a, b> =< aob>=<boa>=<6,a> forag b€ ®.
We have A"t = A, Nt = AT, (ad)* = -(ad) and T = &, = {"+ A,n.1} C K
and H* =trL*/"¢ A(T),v = 0,1,2,+++. Let A € &,, H* = trA/" € A(T),
v =0,1,2,+--. Then A = Xy(A)= [B,,A] where B, = %[A¥]y = PxVH,pu =% -1,
where Xy = Xp(A) =[VkH, Aly = [Pa-1)-1(VH), A]4. The Poisson bracket is given
by {H,F}(A)=< A,[VkH,VkFP. The functions H*(= trA“/*)defined on T = &,
are constants, i.e., they are orbit invariants.

4.4.17 Remark: In chapter 6, we discuss the application of AKS principle to Benney's

long wave equations.
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Chapter 5

Geometry of the Boussinesq’s equation and its relation to

other systems

In this chapter, we discuss the geometry of the Boussinesq's eguation and its relation
with other systems, such as the Toda system and the KdV equations. In section 5.1, we
give ageneral method of construction of the Lenard relations. In sections 5.2 and 5.3, we
discuss the Hamiltonian structure of the Boussinesq's equation. In section 5.4, we give
some Lax-type formulae associated with the above mentioned systems and in section 5.5,
we discuss the sub-hamiltonian system which arises when the flows of the Bousssinesq
hierarchy are restricted to the manifold, r = 0.

51 GENERAL METHOD OF CONSTRUCTION:

We describe in this section a general method to derive the Lenard relations which can be
applied to systems like the Toda system, the Kac-Moerbeke system and the Boussinesq
equation. We describe the method of construction in the case of the Korteweg- de

Vries(KdV) equation. The KdV equation is given by
qt = 3:(342 - (sz), (511)

where the domain of g is R* x IR. We have the Lax isospectral deformation equation

associated with the KdV equation (5.1.1), L — [B, L], where

L = -fig + g(z,t), B = —40%+ 3(q0: + dzq.) (5.1.2)

89
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with L defined in some appropriate domain. As g evolves according to (5.1.1), the

spectrum of L remains unchanged. We consider the formal series
a(A) ==Y log(A = N), (5.1.3)

where M.s are the discrete eigenvalues of the operator L = —d? + ¢(z), for some fixed

q(z). We define Ly, = —dZ. Then

o0

e __A {(L=X)" = (L, = M)~ }—Allzg(p—%)m-”
C,= /c,(q,qr, <93 Ngydz , C, = —i/qdr ; (5.1.4)
where C, is a polynomial in its arguments. We thus have
= i g, x4 + Flq) (5.1.5)
where F(q) is a functional of q and C,, a polynomial in the arguments (q, g, - - - ,Bg("_”q).

Since under equation (5.1.1), the operator L = L(t) has fixed spectrum, the functionals
C,,v=1,2 - of q remain constant in time. We compute the C/s below:
Let L be a formally self-adjoint operator with respect to the inner product (,) and let L

depend on the vector-valued function 7 = (11,7, +, ) of IR*. We have
(L=Ny=0, (Y,9)=1 : (5.1.6)

Then thinking of r as an independent variable, and taking small increments of r, we

have from (5.1.6),
= 9L - Y] =L - A& + Ly - (6N)y
Taking inner product with %, we have

= (L -, 9) + (8L, V) - X% , ¥)
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Since
(L = Nép, ¥) = (6, (L — X)) = 0, (¥, ¥) = 1

we have,

n

8\ = (8Lv, ¥) = Y _(Fi. 6m) (5.1.7)

=1
We then have, assuming boundary conditions,

7))
=B, e, VA=A = F = (R, Fy) (5.18)

where A, isthe variational derivative of A with respect to r. Inthe above genera principle,
if we take L = —82 + q , (v,w) = [vwdz and 7 = ¢, then

VA =k (5.1.9)

We consider Ay? = A\Jy?, where

i o ‘T‘(ag - 3qB + Bgn))y J = By

Then we have
AVA = MJVML A"+ A=0,J"+J =0. (5.1.10)

This relation is called the Lenard relation. In (5.1.10), if we employ a(\) defined in
(5.1.3), then we get

#va = @& Z A YiAiA. =d Z ,\Aif A;;

MVa — JV(Y_N), (5.1.11)
AMVa + Fiq),

ie., AVa
where F; is afunctional of g. Hence we have

AVC, = JVCo1, 8 = 1,2, -, A"+ A=0,J"+J =0 (5.1.12)
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This equation (5.1.12) is the Lenard recursion scheme associated with the Lenard relation

(5.1.10). By (5.1.9), using (¥,v) = 1, we have,

_ Vi o 1 s 1 _ ’
/Va_/ZAfA; E A—A,/zu = A_)“/ldz-—a.,\(.r).
1

Then /(VC,+,)dr = (s—2)C.y 8=1,2,--- (5.1.13)

R

1
(3 = E)-l Vp,+1.

ie., DC) & ¢
where D(C,) is the integral density associated with the functional C,. With (5.1.12) and
(5.1.13), we have a recursion relation for the gradients of the trace quantities C,, which
also computes representatives of the associated integral densities. Relations (5.1.12),
(5.1.13) give a procedure for the computation of the Cjs.
5.2 THE BOUSSINESQ’S EQUATION:
We want to apply the above method of construction in the case of the Boussinesq equation
in this section. But we explain first, how the Boussinesq system is the continuum limit

of the discrete Toda system. The Boussinesq equation is given by

g*q _ 0* 0%. .
o6~ paiog T 1)

The associated isospectral equation, discussed by Zakharov[64], is in the following form:

L = L(1)
B = B(¢)

lai + 1(@()1 + 8:‘?) +rTr = (TUTZ) = (¢,T‘) (521)
(@ + 39)

And L = [B,L] is equivalent to
4 1
(G) ¢‘t =Tz Tt = 6I[§(¢2 + I¢1‘r)]

We explain below the discrete Toda system and its continuum limit as the Buossinesg

equation. The Toda system in the discrete case is given by

a; = ai(biq—b)
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b = 2(a®-a2)), t=1,+,n

where =z

Il

a
( ), aeR*"', beR,, and a9 = a, = 0.
b

This can be written equivalently as

1,4 aiy, 1

3G tas) = gl —b)

l .

E(biﬂ + b)) = (0?1-! —al,) i = 1,0

Taking a; = %e_%“, it=1,---,n—1in the above relations, we get
1
2
—(biy1 + )

(:I+zl"—l)- = _(b€+1_bl—1)s

_‘l(ez-—l —e™W1) j=1,...n

Il

Developing al the exponentials in a power series and truncating approximately, we arive,

after letting,

bi—=r(z), zi — ¢(z) z—qz),
1
(a) & —2r, (%(:, zic1) = —(biy1 — bia), 5‘25: = _Tr) (5.2.3)

1 1
31 (¢ + 642511 =2 §¢2)

The Toda system is a Hamiltonian system, i.e., it can be written in the form,

I

"“27‘[

3= JV,H, (5.2.4)
where J defines a Poisson bracket through the formula

{f(2),9(2)} = (Vf,JVyg) , (5.2.5)

where (,) is the standard dot product in R** ', and V the standard gradient. The
matrix Jisa (2n — 1) x (2n— 1) matrix given by

J=J(a)= [0““ S } (5.2.6)
—§t 0,
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where 0,-1, 0, the (n — I)x(n — 1) and n x n zero matrix respectively, S= Sa) is a

(n — 1) x n matrix function defined by

Sii = ("6ij+Eij)aiai=lv'”n_1’j=1"“n (527)
Ej=1ifj=t+1,0fj#% & =1if1 =] ,0ifs # j (5.2.8)

Then by (5.2.5), (5.2.6), (5.2.7),

n—-1

{9, £} = _{aifai(gn — go1) + aiga(focsr — fi)}

=1

the Hof (5.2.4) being
n n—-1
1
H=H(z)=2) B+ d
=1 i=1

The above matrix J which gives the Poisson structure associated with (5.2.2) is expressed

0 c
J: ,(',j:(EiJ‘—ﬁ,‘J),i:l,~-~n—l,j:l,~--n,
-Ct 0

0 0.

These constant coefficient matrices have the continuum limits /7 — [ ]! . Elimi-
d: 0

nating ¢, in(5.2.3), and using the substitutions ¢ — ¢@+1,q — ¢+ 1 and after rescaling,

we get
4, ., 1
¢ = r(z), re=0: §(¢ +i~¢n) ,and (5.2.9)
0 o,
J = (5.2.10)
[az 0 ]

This is the form of the Boussinesq equation and thus, we have showed that the discrete
Toda system in the continuous case gives the Boussinesg system. We now describe a
method to compute the ay'sin the case of the Boussinesq equation.

We first consider the Sturm-Liouville case:
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For aformally sdf-adjoint L = L(T) = €,07 + h(r)02"% »« . + g(r),where e, = vV£I,

L,=L(0) =p(0z), 6 =6(r) =L -L,and R, is the resolvent operator associated with
L,—A and R, its associated integral kernel. We think of L, L, as operators defined on
an approximately restricted domain of L%(IR), and compute the following, thinking of 6

as a perturbation:

[(L (Lo =N F=[(Lo= A1+ 8(Le =AY = (Lo = N7 f
(-IR, 060 R, +R, 06 0 R, 08 0 R,---)f (5.2.11)

(ZR)f Rf,

(Rof)(z) = [ Rz —y)f(w)dy , Rf(z) = f R(z,y)f(y)dy
1 ®©  gikz il . p
Ro(z) = R, (.r - QW/ S+ sinee Lo = p(d) (5.2.12)

For the case L = —32 + ¢, L, = —8Z, Gel'fand Dikii[15] take for the resolvent

|z ‘_\/(I=*vl
R(z) =g 3% (i.e., Bl g, 0= iﬁ”)

We express 6(7(z)) = 3 v o(z — 2,)"6,(x,) and substitute this in (5.2.11).Evaluating
tr{(L =X = (L,— A7 = _[R(r.,.r)dz =ay(A) ImA>0, (5.2.13)

R(z,z) as in (5.2.11), a(A) as in (5.1.3), but associated with L = L(7) in (5.2.1). Using
(5.2.11), (5.2.13), we conclude

A=) CopDr5, ImA>0, (5.2.14)
o,

where D75 = [[/2}(8%75,(2)) , @ = (a1, - aem1) , B = (B1,* Be-r),

Cois = CatlA) = jn . / f {Pe(ﬂ)g:l)(n)}

x expli(x, En)lds@dn!*~")
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with Pr(x) a sum of positive integral powers of x;,* » » k,, of degree atmost N — 2, Q¢—1(n)
amonomial inn, ¢+ *ne-1, E ani x (E—1) constant matrix-all depending on a, 8, while

14
Tf('{!)) = H(P(lﬂj) - /\) ] dﬁ'(” = dnl," 'dﬁl

i=1
etc., and the d«' integration is performed first.

We label the n roots of the monic polynomial equation in z,
pliz) = A=0, r,=r,(N), v=1,2,--n .

Then for large A

X

(r)™t = (AVre) " £ Y (WY D, w=1,00m (5.2.15)

T=2

€ a primitive n'troot of unity, where A = re?®,r >0, 0< 8 < x, Al/" = pl/neil |
ri/n >0,
Substituting (5.2.15) into (5.2.14) and using residue thorem in (5.2.14), we conclude that
a(X) for laree X is of the form

o) ==Y {(AI/")‘" (Z (r) ~ i 5) C,‘,‘,\‘") } =y {a‘;’} . (5216)

r=1 n=1 v=1

with Cy = /Cy(r, 7.3+ (977))dz, m a positive integer depending on v, 77, C; a poly-
nomial, v= 1,¢een, 77 = 1, ++ Relation (5.1.11), holding for a(A), automatically holds
for each a)(X\)separately, by the series representation of a“(A) (cf.(5.2.16)), and hence
we have analogous to (5.1.12), that

AV.Cy =JV.Croy,n=1,w=12n. (5.217)

Now, if L = SSr, (fid + 3Lfi.) + Tm, fi = fi(m1,-++ Tm—1), then if the inner product

1=1

associated with L is (v,w) = [vwdz,then wefind if LE = X, (§,¢) = 1 that
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Vimh = 9.
By the same reasoning as in the case of KdV equation, we have / V. a = —a, and asin

relation (5.1.13), we have

/v,m Wy (n+ 1 - %) CY p=1,,y=12--n (5.2.18)
e, D(CY) = e = (np-1+%)"" V..Ckyy which is the corresponding integral density
formula

In the case of the Boussinesq equation, r = (7, 7) = (¢,7). Hence 7, = r in (5.2.18).
Since P(iX) = 23, n = 3, we have three gradient series V",V V&  But these
series cannot be linearly independent viewed as baseless, infinite dimensional vectors
v = (VC:, Vi, --+), 1 = 1,2,3, assuming a relation of the form (5.1.10), and hence
(5.2.17), with J as in (5.2.10).

From (5.1.8), with L of the Boussinesq equation, (5.2.1), we compute VA with (v, w) =

V. V. (e — 0
VA= | Mok} _ | et o ) (5.2.19)
VoA v ) ¥

where (L — Ay =0, (,¢) = 1.

J vwdx,

5.2.20 Theorem (Lenard relation for the Boussinesq system):
If Ly = Mp, L of (5.2.1), then AVA = JVA A+ A" = 0, J + J* = 0, with VA as

computed in (5.2.19),

0 0
o = , which yields the Poisson structure and

a; 0

A Ay
A = A(¢,r)= where
A = % (02 + ¢0. + 0.4.]

2 1
Ay = r3,+§r,, A3=r3:+§r:
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A = %[a;+5¢>a‘;‘+ag(5¢).+(8¢’—3¢u)a,+a,(8¢2—3¢,=)]. (5.2.21)

Proof: Since A, = — A}, A] = — Ay, A] = —A,, with respect to (v, w) = [ vwdz, we have

w
A+ A" = 0. Similarly for J, with respect to the inner product [( 0 ) , ( 2 )l =

v2 wa
J(w1y + va18;)dz. Since A(¢,r+ A) = AJ, it is sufficient to verify the theorem for the

case A = 0.

That is we prove AVA = (.

ie. [ A4 [ Vg =0 i.e., to prove

As Ay VA

AV )+ A2(VA) = 0

As(Voh) + Ag(V,A) = 0

Using L = 0, we compute

(a) O2() = Yecth + 20ets + Yibos
(b) (b)) = B(thathzz + Yzetfe) — 2(S(¥1))]: , using Lip =0
(¢) (W) = 3(Yatzze + Yrzetz) + 6(Yretez) — 2[S(V)]ex
(d) B3($9) = 3(Wetrzes + Yrzesths)

+9(PasPrer + Yorsez) = 2[6(¥Y)]zas
(e) O (Ptbe — ¥iPs) = (Pothoe — Pothes)
+2ir(f3) + 26(Y> — ¥ip:), using Ly, =0,
(f) B(Ptbs — Yibs) = 2irg(Yb) + Iir(¥)s + 20(Ys — Yibz)z
+3¢s (b, — Pby) , using Ly =0, (5.2.22)

Equation (5.2.22)f is essentially, —3(A1(VgA) + A2(V,A)) = 0.
Now, we verify the other half of the Lenard relation.
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We comptte, —3Ax(V4A) = —(3r(VsA)s + ra(VaA)) = —i[3r($Fue — ibes) + ra(ts —
i)
Using Ly = 0, (Lt)). = 0 on rip, ri), respectively, we must verify that

3A(VeA) = —3A45(V4)
(YeWozer + Petbrzes) + 3(Pretore + Yrrstins) + 80 (Prsths + Yraths)
30 (Viore + Ptbas + 200tP2) + bra(V),
{[%ai + ('zcs”a, ¥ Sbeen + 20,00+ éeﬁaa)]

I

+ [%«bai + P+ ?w,] + [36:02 + mx]} (V) .
(using (5.2.22) a,b,d).
But the operator in brackets is 344 expanded out and hence the theorem is proved.
5.2.23 Remarks: (1) We can prove similarly as in Theorem (5.2.20) that the Toda
system satisfies the Lenard relation given in (5.1.10)
(i.e., AVA=AJVA, A" + A =0, J* + J = 0) for appropriate A, J and V) where
A is defined by the (2n — 1) x (2n — 1) matrix function A = A(z) given by

A A
A = b where
Ay A,
(Ar)i; = ﬂgz'_“.(E,--*E?.)’ i,j=1,2--,n—1
(A2)ij = 20 ), i,j = 1,"',1’!

(Aa)i; = ai(bx‘+1Eij - bié;), i=1l,-,n=1j=1,---,n

with E;; defined as in (5.2.8).
(2) The Kac-Moerbeke system is defined as follows: Let z = JVCs, where z and J are as
in the of Toda system defined in the begining of the section 5.2 and C; = Ci(a, b) = trf",

i=1,2,--.. This reduces to, on the manifold b; =0, ¢ = 1,-- -, n, along with b =0,

. 2 2 &
ai=ai(“.‘+1‘_’1"—1)a t=1,-++,n—1.
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This is the system of Kac-Moerbeke. This system can also be written as a Hamiltonian
system and this system also satisfies the Lenard relations of the form (5.1.10) (similar to
the systems of KdV, Toda and Boussinesq).
5.3 BOUSSINESQ'S EQUATION AS A HAMILTONIAN SYSTEM:
We give below the Hamiltonian system of Boussinesq equation following H.P. McKean
[38]. The Boussinesq equation is given by

92 2 2

((;TZ = 38%5 (gﬂ +4q ) (5.3.1)
The Hamiltonian formalism is based upon the Poisson bracket

‘(BA aB aB 8A)dx

1
A, Bl = VAJVBdr = sl ; DR, o, Vil
{’]/AJB’faqap 3q  Op

o 0

where V denotes the function space gradient VH = (79&, %‘E) of smooth functions,

0 D
H:CP x C® — R and J is the skew-symmetric operator, J = {: :’ (D =2).
D 0
Equation (5.3.1) is eugivalent to
i 3y 0 D AH, /0,
1) _ P . 2/0q (5.3.2)
P q" + 8qq’ D o0 dH,/dp
; trd, 45 1, ..
with H, = gt + 39 + 39 dr (5.3.3)

Zakharov [64] proved the existence of infinitely many first integrals of (5.3.2):

1 13 1
By = ]qdz,Ho=/ —pdz,H1=/pqdr

. R
H, = jq( q + (Q))

2 " 8
Hy = f ——p)+2pq+ q)’+ q —2¢(q')*| dz
15

H, = / [ p3+—pq +jp(q’)’+10pqq"+p"(q")] dz
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These are involutive integrals of motion.
H.P. Mckean in his paper [38] has proved that the Hamiltonians given above H_,, H,p *

are in involution, using the eigenfunctions of the operator L,
L = /=1 (D3 +qD+ Dq) +p .

These Hamiltonians H_,, H,, Hy,*» * can also be obtained using the trace functional ap-
proach.

We mentioned in the previous section that for the Boussinesq equation, r = (71,72) =
(¢,r) and since P(ix) = =3 n = 3, we have three gradient series Va(V), Va®, Va3
and these series cannot be linearly independent viewed as baseless, infinite dimensional
vectors Val) = (V(C:,VC}, ¢« -),4 = 1,2,3. For example, suppose that the first non-zero
term of Vallls VC! | then even if s, = 0, we can adjoin VC?to the series. Then
JVC, =0 and so we must have VC| = (di,d;), where dy,d; are two constants, since
J is a differentia operator with no constant term. Also, VC}, s > s, will contain no
constant terms. Hence the first non-zero terms of the series Va®, i = 1,2,3 must be
of the form (d;,d;) and then the next terms in the series are uniquely determined by
(5.2.16). Thus, the first non-zero terms respectively, of the three series v;,» = 1,2,3
must be linearly dependent and by the linearity of (5.2.16), that relation will continue
to hold for the remainder of the series. In otherwords, we can have atmost two linearly
independent series. Thus, we have that the first non-zero terms of the series are of the

form f(di¢ + dpr) and assuming the v; = = 1,2 span atwo dimensional subspace, we can

/r =H , /¢= R (5.3.4)

as the first terms, respectively, of the trace series H;, Fi,i = 1,2, 0. The vi, i — 1,2

take

span a two-dimensional subspace and there exists no vs, i.e., Va® = o,
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With the L of the Boussinesq equation (5.2.1), we compute using (v, w) = f vidz,that

o (T A [ Ve ) _ [ ited-win
Ve A v, A v

where (L - M)y =0, (¢,¢)= 1.

In the case of r = (¢, 1) evolving via the Boussinesq flow, (5.2.9), L = [B, L] implies that
P = By =1(d2 + $¢)y, from which we compute, ft(V,A) = 9:(V.A).

This gives ft(V,A% = 8:(VeA)s = 1,2, » «. Hence d(V,(trL®)¥ 8,(Vy(trL?)).
By using formula (5.2.9), (5.2.10) for a(A), we have 8,(V.a)) = 9:(V.a,) which gives the

'local’ conservation laws of the Boussinesg equation,
A(V.Cr)=8:(VyCy) yp=1,--- , v=1,--'n
By using (5.3.4), we have

()dv,-[[.) = BI(V¢H,) 3

H(V.F) = 0:(VeF) ,i=1,2,--

Using the formulaAVC,= JVC,+ 1, s— 1,2, « « for H;, F; we can compute the traces,

Hy = /rdx
_ 2 1, ¢ 92
B = Ef{f +3(3 3 )%

1

Hy = 5_["" + = [(‘3524‘ ~@sz)ez + ¢3 (¢¢=)r _¢2

=2
Il
<
=
(=
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We observe here that %I]z is the Hamiltonian associated with the Boussinesq flow, (5.2.9).

. ¢ .
ie., 0 ( = JV(3H,) is equivalent to (5.2.9). Thus we have calculated the Hamil-
P

tonian H; of the Boussinesq equation using trace formula.

54 SOME LAX-TYPE FORMULAS:

In this section we construct an operator valued function which yields the infinitesimal
generators of the Lax type isospectral deformations associated with the following exam-
ples. The Toda and Kac-Moerbeke systems in ordinary differential equations and their
respective continuum limits, the Boussinesq and KdV equations in partial differential

equations.

(i) For the KdV system discussed in Section 1:
Given the following partial differential equation,

q=JVC, = AVC,, (5.4.1)
with L = L(q) defined in (5.1.2) and the following definition,
D,L(r) = L(Jv) , D,L(t) = L(Av) , (5.4.2)

v =v(T), T = ¢, a vector field, we find

Dye, L = Dye,_,L =[B,,L], v =1,2,-- (5.4.3)
with
v—-1
B, =) @, , &,=8(VC,), (5.4.4)
p=1

where ®(.) is a linear operator from vector fields to operators defined by

B(v) = 1200, —v2) , v =1(q) (545
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having the property,
(®(v),L] = D,L - (D,L).L (5.4.6)

This implies (5.4.3) is seen by the following:
v=1

[Z W L]
u=1

v=1

= Z[Om I‘][‘lJLl-u )

u=1

(B, L]

I

v—1

= 3 {(Doc, L)L "7* — (Doc, L)L~}
u=1

v=1

= Y {(Dvc,,, L)L) — (D, L)L**} by(5.1.12)

pu=1

= Dy, L — (Dve, L)L = Dyc, L by (5.1.4)
Equation (5.4.3) implies that the vector fields JVC,,v — 1,2, ess preserve the

spectrum of L and in particular all the Cy, s = 1,2,0 ¢,

Since under (5.4.1),

_dc,

d dt

= /(VC,).(JVC,,)dz =(VC,,JVC,) = {C.,C.} (5.4.7)

(this defines {,}), we must have

dF,, ,
(VC,).(JVC;) F (g, ‘Irs"'(}f‘I)

ie, (VC)WVC,) = 0, s,p=1,2,--- (5.4.8)

Thus, (5.4.7) says that C, under the bracket {,} are pairwise in involution or
equivalently, the vector fidds JVC, pairwise commute.

We note that given L and J, (5.4.6) may be thought of as a recipe for discovering
®(.), which yields another technique for discovering A and thus formula (5.1.12).
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(i)

(iii)

We aso have a more direct proof that the C!s are pairwise in involution with

respect to {,} of (5.4.7), based on (5.1.12), which is as follows:

{CryCr} = (VCmyJVC,) = (VCpm, AVC,_1)
= —(AVC.; VO 1) = —{ IV 042 VECiza)
= (VCnt1,IVCr1) = {Crnt1,Cn-1}
{Cn41,Cna} =+ = {Crym-1,C1}
= {VCmsn-1,JVC1} =0 ,

Hence {Cn,C,}

snce JVCy=0and thus {C,,,Cr} = 0,m, n=1,2,°¢-.

For the Toda system discussed in section 2, we define the linear operator &(.), which
takes vector fields into nxn matrices and which satisfies (5.4.6), with L, A,J defined
for the Toda system.

If w= (w1, Un—1,V1,-- ) = (4, v), then we define

1 u 1
[®(w)],; = 5551'(0;“" = ai-1ti-1) — ai( Eijv; — Ejjoip) 5,5 = 1,---n . (5.4.9)

and ®(.) satisfies the commutator relation (5.4.6).

For the Boussinesq equation discussed in section 3, we define the function ®(.),

(24

which takes vector fields of the form ( (=) ) = V/(z) into operators and satisfies
w(z)

(5.4.6), with L, A, J and vector fields defined for the Boussinesq equation. This in-

aures an isogpectra formulaof the form (5.4.3) holding with the H;, Fi,i = 1,2, ¢ o,
in place of the Ciin (5.4.3). We define
a(V)= o ue) ) o % {(2iw3§ + (v —iw)d; + S-iq&w + %(w,, . v,)}
wls) :

Then we can prove that
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[®(v), L] = DL -~ (D,L).L, i.e., ® satisfies the relation (5.4.6).

(iv) As in the case of the above systems, we define for the Kac-Moerbeke system, &), a
linear operator from vectors u = (u, - -+, u,_1) into matrices by ®(u) = ®(ug) . Lo
+ ®(J 1 Ag(uo)) with ®, J, A and L defined as in the case of Toda system and the
subscript 0 indicates the evaluation on the manifold b = 0, up = ( ; ), and 0 -
the null n-vector and J~! maps vector functions homogeneous in a into vectors
homogeneous in a. Then the operator d)() satisfies the following commutator
relation

(®(u), Lo) = Duy Lo — (Duy Lo) L

where D, Lo = Lo(AeJ ' Agug), which is analogous to (5.4.6).

5.5 THE SUB-HAMILTONIAN SYSTEM (THE INVARIANT MANIFOLD,

r=0):

In this section, we consider the flows associated with the Boussinesq hierarchy when

restricted to the manifold, r = 0. We consider flows of the form

ol
(a') B! ( ) — (JVH2n+1)lr=0 i,f., ¢’z = (arer‘ln-H)lr:a
r
=18 e (55.1)
.| @ :
(b) dt = (JVFIn)|r=0 1€y ¢ = (azerZn”r:o
T

To show that r = 0 is an invariant manifold of the above flows, we introduce the following
terminology. Let Q[r] denote a function of r (and its spatial derivatives), which is even
inr (and its spatial derivatives) and atleast quadratic in them. Let L,[r] be a function
which isodd in r (and its spatial derivatives), L[r] is defined as Lo[r] which is cubicin r

(and its derivatives) or identically zero.
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Let {¢}, {r}, refer to afunction or operator, solely containing ¢, respectively and their
derivatives. The following lemma, using the form of J as in (5.2.9) guarantees that r =0
is an invariant manifold of the above flows.

Let D(H;) denote the integral density of the functional H;, defined as in section 5.1 (cf.
5.1.13). For the functionals H;, F;, we have

5.5.2 Lemma: For the functionals H;, F;, i = 1,2, ¢,

@ () D(Hz)= Qrl + {8}s, (i) D(Hap)= L[r] +7{¢}-s ,
0 () D(Faer) = QI {8}, () D(Fu) = LItk r{g),, 3= 1,2
(5.5.3)

Proof: We prove (@) by induction and (b) can be proved similarly. By the calculation
of trace formula in the previous section, the case s = 1 is clear.
That is, for s = 1, D(Hp) ~Q[r] + {¢}1, D(Hs) ~L[r] + r{¢}-D(F\) = Q[r] + {4}’
D(F;) = L[r] +r{#}_, and comparing the trace formulas H», Hs, F1, F2 in section 5.3,
the above is true for s = 1.
Now, we assume (@) for s, —1 < s,verify (3) (i) for s = s, and verify (a) (ii) for s = so.

By the above notation and (5.2.20), we have

A=|™ Aa} ={ i} L"(r)} (5.5.4)
A2 Aoi LO[’-] {¢}

By induction hypothesis,

J_]AV(Hh) J-l‘A ( Q[T]+vf{¢}sd.t

L,[r]
J! Qlr] + AV [{¢}.dz _ VeHappa
LO{T] VrH2J+l

via the recursion relation. Therefore, by the form of J, (5.2.20) and the above relation,

) , and by (5.5.3)
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we must have simultaneously,

D(Hans) = L+ (@7 (ALY [(8)ade)) + (6}

D(Hzs41) L,[r] + {r} and so

D(Hasya) = Llr]+r(07'(A1V{8}.))

and thus proving a(ii) with {¢}_, = (9;*(A\f{¢}.dz))
The induction step from &(ii), s, = sto a(i), s, = s+ 1 can be proved similarly and this
completes the proof of the lemma.

From the above lemmawe note that, (5.5.1)(a) takes the form
¢ = (.‘):{Qs}-s , F = Lo["”r:o =0. (3.55)

We now define
E, = E.(¢) = /{c’o}nrl'.r s

where {¢}, is defined as in (5.5.3).
5.5.6 Theorem: The subsystem (5.5.1)(a)

( ‘ﬁ ) = (JVH2H+1)JT:D y = 1327“'
r

may be written as an integrable Hamiltonian system in its own right, specifically as
p=AVeE, , n=1,2--., (5.5.7)
where the E, satisfy the (formal) recursion scheme (cf. 5.1.12),

A\V4E, = BV4Eu , A1+ Al =B+ B =0, B=38,A;'8, (5.5.8)

Proof: Equation (5.5.7) is an immediate consequence of (5.5.5) and {¢}-, = 9;AV4E,,

a formula which is proved in Lemma (5.5.2). While the above formula and VE,4; =
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071 (Ad{$}-.), yield (5.5.8),

We show that A defines a Hamiltonian structure, i.e., the bracket,
{F,.G} = /(VF)(AIV(;) =(VF, A V@), (5.5.9)

satisfies the Jacobi identity, as (5.5.8) guarantees {E;, E;}= 0, i.e., the integrability of
the E; hierarchy.

5.5.10 Lemma: {.,} as defined above is a Poisson bracket.

Pr oof: We show that al constant coefficient, skew-symmetric differentia operators
define a Poisson bracket. As A\ does not have constant coefficients, we firs compute
Gray — V{F,H} (dropping the subscript on A,)

Il

d
(Gipuy,v) ZUF HH ¢+ ev)]le=s , v € CF(IR)

(GII-‘“' AGyH) + (GF, A(;};v) + (G, A'GH)

Il

I

(v, (GrAGH — G4 AGF)) + (Gr, (2v8; + v;)Cr) ,

where we have used the skew-symmetry and symmetry respectively of the differential
operators A,Gr(GYy)-

The operator Gx(GY%)is symmetric,

&F ; PF ,
dtds ”:0(¢ il tw) - (GFU’ UJ) - ;)S_()E ,.z:ﬂﬂ (GFw'v)
From the above, we conclude,
Gy = [GrGuh + [Gr.Gul  [Gr.Guh = (GrAGH ~ GyAGr)

[Gp, GH]2 = (GFa:GH - GHazGF)
We have to show the Jacobi identity,

{{F,H},K} {{HvK}|F}+ {{K’F}H} =0, i.e,
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{(oF, Gul,AGk)+ ([Gn, Gkl1, AGF) ([Gk, Grh, Gk)}
+{([GF7GH]21 AGK)+ ([Gﬂv GK]%AGF) + ([GK’GF]21 GK)} =0

ie, {h+{/n=0

Here / refers to the term in the first bracket and similarly //. By the symmetry,
skew-symmetry of Gx(Gy and GY%), A, respectively, / is zero, which implies that skew-
symmetric, diflferentid operators with constant coefficients automatically defines a Pois-

son bracket. We rewrite // as

/I = ([Gu,Grls ,Gk) ,
[v,w(a:)k

Alvw, — wu) + 2w, Av— v, Aw) + (w(Av),— v(Aw),).

Thusthelemmais proved and hence the Theorem 5.5.6. Wenotethat the E,,s = 1,2, *,

give an integrable hierarchy which is essentially a subhierarcy of the KdV hierarchy.



Chapter 6

Geometry of Benney's Equation and higher dimensional

equations

In this chapter we systematically understand the geometry of long wave equations of
Benney. Though this topic is a quarter century old (Benney 1973 [10]) classically, after
the recent modern attempts to understand Hamiltonian mechanics in general and some
completely integrable Hamiltonian system in particular of mathematical physics and
applied mathematics, Benney's equations were studied extensively during last 15 years
in the Russian school at Moscow, Courant school and Italian school. References used are
given at the end.

6.1 CLASSICAL RESULTS:

6.1.1: Consider the 2-dimensional time dependent motion of an inviscid homogeneous
fluid under the action of gravity g. Let y = 0 be the rigid bottom and y = k(z, t)be the

free surface. Then the equations governing the motion of such fluid are

1
ur+v,=0 (6.1.2); U + Uty + vuy = ;p, (6.1.3)

1
u{ve + uvy +vv,} = —;py —-g (6.1.4)

where u(z,y,tpnd v(z,y,thre the horizontal and vertical velocity components respec-
tively, h, is the mean depth, 1 is the horizontal scale of the wave, u? = (h,/l)%s the

long wave parameter. The boundary conditions are v =0,y =0 (6.1.5); p=po, ¥ =

111
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h(xt) (6.1.6); hi+uhs— v =0y — h(z,t)(6.1.7). Here p, is the constant atmospheric
pressure.

6.1.8: In the case of long waves the long wave paramter p? is very small. In fact we take
#? =0 and in this case the pressure is hydrostatic given by p =po — pg(y — h) and the
equations of motion take simpler form u,+v,= 0 (6.1.9), us+uu;+vu~ —gh, (6.1.10)
subject to v = 0,y = 0 (6.1.11), h;+ uh,- v=0 (6.1.12).

6.1.13: In the case of Shallow water wave theory, the motion is an irrotational motion.
In fact in this case we have u = u(z,t),v =— yu, and the subsequent wave motion is

determined by the well known non-linear Shallow water wave equations
hy+ uhg+ huy, =0 (6.1.14), ug + uug+ gh, =0 (6.1.15).

We are interested here only in the evolutionary properties of long waves relative to time.
6.1.16 Special solutions: We want to find a special nonlinear solution of long waves
(6.1.7) to (6.1.12) by finding a decomposition of the form u = u(y, k) (6.1.17) where h
satisfies hy = —c(h)h-(6.1.18) so that the free surface deforms and propagates with speed
c(h). From (6.1.9) and (6.1.11) by integration, we get v = —h [’ ua(y, h)dy (6.1.19).
Then using (6.1.18) and (6.1.19) in (6.1.9) and (6.1.12) on calculation by eliminating v
we get

JlundyE —g(u- o) fF (u—f’cL)fG.l.ZO) where f:(u_d_"cT_r 1 (6.121). The equations
(6.1.20) and (6.1.21) contain the velocity structure and speed of the wave motion.
6.1.21 Moment equations and classical conservation laws. The nonlinear long-
wave equations have some interesting properties as well as some formal aspects which we

will discuss in this paragraph. More explicitly these equations are

u, +v, =0 (6122 , ue + uti;+vu, = —gh; (6.1.23)
v=0,y=0 (6124 ,  h+ub,~=0 ,y=h (6.1.25).
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Suppose at timet = 0, u(z,y,0)and h(z,0) are prescribed, then equations (6.1.22)-
(6.1.25) pose an intial value prolem for the unknown functions u(z,y,t), h(z,t).
6.1.26 Remark: Suppose the motion is of persistent irrotationality. Then this corre-
sponds to B'; (x,¥,0) = 0 and hence a"(z y,t) = 0 for a small deformation around t = 0
and hence u(z,t),h(xt) satisfy equations (6.1.14) and (6.1.15) (Shallow water wave
equations justifiably). The conservation laws of mass, momentum and energy are well
known for fluids. Now we want to derive them for the long wave free surface problem.
(a) Conservation law of mass for along wave:

Jquation (6.1.22) gives v = — [" u,dy and substituting this in (6.1.25), we get he+uh; +
‘: u-dy = 0 which can be put in the form h, + % (fah udy) =0 (6.1.27) which is the
law of conservation of mass.

(b) Conservation law of momentum for long wave:

Integrating (6.1.23) with respect to y fromy = O toy = h and using (6.1.22), (6.1.24)
and (6.1.25) to eliminate v, h, and h, we get

a A a K, h?
E(j udy) +E(f .uldy+97) =0 (6.1.28)

which is the conservation law for momentum.

(c) Conservation law of energy for long wave:

By multiplying (6.1.23) with u and integrating fromy = 0 to y — h with respect to y
and using (6.1.22), (6.1.24) and (6.1.25) we get

a (1 [ R2\ 8 (1 [ 5
5(;/ Mdy-p%)-{-a(;z—f u?dy +gh/ udy) =0 (6.1.29)

which is the conservation law of energy.
We note that from these three equations that f, u*dy(k= 1,2,3) are respectively un-
solved.

6.1.30 Definition: For the horizontal velocity function u(z,y, t) of along wave we define
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its moment functions by
h
A, = / u™(z,y,t)dy (6.1.31)
0

Thus we have the sequence A, = h, A; = f: udy, A; = f: uldy, Az = f:' u’dy etc.,
(n=0,1,2,...)

6.1.32 Remarks: (1) From (6.1.27) to (6.1.29) we notice that the conservation laws can
be written in the form 2fa 4 232 — 0 (n = 1,2,3) (6.1.33)

where P, = Ay, Q1 = A, (6.1.27); P, = Ay, Q2 = Az + 1gA? (6.1.28) and

Py= A+ 19A%; Qs =1A3+gA,A; (6.1.29).

In general we expect P, and @, to be polynomials in A,,A,,..A, and aso an infinite
number of conservation laws for long wave equations as in (6.1.33) for n = 1,2,

(2) More generally, as we derived (6.1.28) and (6.1.29) by induction, multiplying (6.1.23)
by u™~! and integrating with respect toy fromy = Otoy = h and using (6.1.22), (6.1.24)
and (6.1.25) and previous laws, we get an equation satisfied by the moment functions A,

as
JdA, 0 dA,
B + B*IAT.H + ngA"_l_—B.r

which we cal the Benney's equations for long waves satisfied by the moment functions

=0 (n=0,1,2,...) (6.1.34)

or simply Benney's moment equations. Note that these equations are not of conservation

type (that is not of the form (6.1.33)). We give another proof of (6.1.34) in alater section.

6.1.35: Benney’s recursive method for constructing an infinite number of conservation

laws for long waves. We have the Benney’s moment equations

aA" aA“+|_
S o A S e =0,1,2,...) .
5 + 9z ngA,-1A,, 0 (n=0,1 )
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Instead of handling the above infinite system of equations directly we introduce a gener-

ating function with A.s as co-efficients of power series

f(z,t,2) ZA z,t)z (6.1.36)

n=0

Consider the functional equation

2ot fo = (1 - g2*(2£).) £ (0) (6.1.37)

or more explicitly

b4

aJ ad d )
(vd; ; 10—) Bl ] = (l Syt f(x,t,~JJ) Viet0)=0.  (6139)

Then the equation (6.1.33) are obtained from (6.1.38) by equating the coefficients of 2™

on both sides in general case and the special case by taking

6.1.40 Proposition: There exist an infinite number of conservation laws for the Benney
system (6.1.33).

Proof: Multiply (6.1.39) by zf and then differentiate with respect to z and then multiply
by gZ to get

07 (CE)), (2 (F) - oot (2 (CF)) Yo

(6.1.41)

Adding (6.1.37) and (6.1.41) we get

(rose (L)) (1002 ()) - (e (22)) Y

(6.1.42)

Note that (6.1.42) is in the conservation form except for the last term which involves a
higher power of z than others. For example the next two steps we get after continuing

this formal procedure (taking (6.1.37) as step-1, (6.1.42) as step-2 and for n = 3 and
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n = 4 the steps are ?)

22
n=3: (zf + g2* (——22{ ) + g2* (g'z2

().
#7402 () 4o (o )(Z-Z{B)))E
(

3
- (1 e (gz2 (932 (33{ - ) £:(0) . (6.1.43)

)
n=4; (2f+gz’(2.22{2)’+gzz (gz2

_ (1 -2 (a2 (o5 (9(4{ ))))) 0) (6144

and can be continued for n = 5,6. .. formally.
Let L denote the differentia operator L =g222. Then continuing (6.1.44) infinitely we

oet
[, [z L o (&, [
EE(ZL ((n+1)!))+£(ZL (m)—f(ﬂ)) =0 (6.145)

n=0 n=0
Then in the equation (6.1.45) each power of z yields a distinct conservetion law of the
fom 2+ 23»= 0 and hence there are an infinite number (n = 0,1,2,...) of conserved
laws for the Benney’s system.

6.2 LAX REPRESENTATION AND APPLICATION OF ADLER-KOSTANT-
SYMES (AKS) PRINCIPLE TO BENNEY’S SYSTEM:

The Benney's system is a system of non-linear long wave equations describing the mo-
tion of a two-dimendond inviscid, incompressble heavy fluid with a free surface in a



Chapter 6. Geometry of Benney's Equation and higher dimensional equations 117

gravitational fied given in the long wave approximation by

|
o

v
Up + Uty — u_.,j uz(z,m,t)dn + hz

([ ),

Here — 00 < x < 00 is the horizontal coordinate; 0 <y the vertical coordinate and t the

I
o

(6.2.1)

time: y = h(z,t)is the height of the free surface over a flat rigid bottomy = 0 (i.e,

the free surface above (z,0) at time t); u(x,y,t)s the horizontal velocity component at
(z,y)at time t. The notation u, means Zu(z,y, t) and likewise for the other derivatives.

The units are so chosen that the gravitational constant and the density are unity.

6.2.2 Benney's lemma [31]: We define the moments A,(z,t)= f,,h u™(z,y,t)dy,

n > 0. Then equation (6.2.1) implies the following equations for these moments:

An,l+ An+l.z+ n An—l Ao,r: 0 (623)
6.2.4 Remarks: (1) The system of equations (6.2.3) possesses an infinite number of
conservation laws of (6.2.1) in the foom H,. +F,. =0, n > 0 where H, and F, are two
sequences of polynomialsin Q[A,, ¢+ A,] and Q[A,,* * * An41] respectively.
(2) The Benney's system (6.2.1) admits a standard Lax representation widely used in
'the inverse scattering method' of solving wave equations, and the conserved densities
H, are given by the formula (6.2.6) described below.
Let & be aformal 'spectral parameter' and we set

/£ P /e my /hd?(l"g) (629
[Hogde)
[‘dy(u;Jr *EE*‘”)
S (e =X/ e

=0 =0

®(¢)

I
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o0

_ h
- ZA.E('“) ( since A, =/ u"(z,y,t)dy , n > 0) 4

=0

The conserved densities H,, are given by the formula

H, = res¢(£ + ®(£))" , (6.2.6)

where resg means the coefficient of £€~! in the corresponding formal series. We define two

first order differential operators L and P by

d d
L = (HCD‘)E_‘D:&’
a 9
P = oAy (6.2.7)

Then system (6.2.3) is equivalent to the following Lax type equation:
L=[LP]. (6.2.8)

6.2.9 Remark: The Benney's system satisfies the AKS principle, that is, they fit into
a general scheme of constructing Hamiltonian systems with Lax representation and invo-
lutive conservation laws and that the relevant Hamiltonian structure could be identified
with the canonical symplectic form on the orbits of the co-adjoint representation of a
convenient Lie algebra.

To be more specific we review the essential features of the finite dimensional situation.

Let G be a Lie algebra equipped with an invariant, non-degenerate scalar product (,).
Suppose G = G, © G- where G4 are Lie subalgebras and (G4+,G+) = (6-,6-)=0. For
u € g, we denote by ut the components of u in G+. For a differentiable function / on
G-, we define its gradient df : G- =G~ by (v,df(u)) =5 f(u+ tv)l=o Vu,v€G.

We identify G with the dual space to G+ via the scalar product (,), i.e., G- = (G4)"
Then we can introduce the symplectic structure on the orbits of the co-adjoint represen-

tation of exp(G4+) in G- following Kirillov [24]. The Poisson bracket of functions on G-
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is defined by the formula {&, f}(u¥ (u, [dh(u),df(u)]), Yu € G- and the flow on G-
corresponding to the Hamiltonian h is defined by the vector fidd u, = [u, dh(u)]-.

We describe below a very specia case of Hamiltonians which pairwise commute and also
giverise to Lax typeflowsin G-.

Suppose that 3 a vector w € G st. [w,G4] C G4 and [w,G-] C G_. A function
/ is caled invariant on G if [u,df(u)] = 0 Vu G G. For an invariant function f,
set fu(u)= f(u+ w)Vu€ G_. Then {fw,gu} = 0 on G_ if / and g are invariant
and the Hamiltonian flow u; = [u, df,(u)]-can be written in the equivalent Lax form
(u+ w)y = [u + w,df,(u)].

i.e., M = {fu/us fixed vector such that [w, G+] C G+ and [w, G-] C G-} is an algebra of
first integrals depending on w and the corresponding flows are of Lax type. This family
of first integrals obeys the AKS principle but something more, that it is parametrized by
afixed vector we G.

To apply the above formalism to partial differential equations, we work with infinite di-
mensional Lie algebras.

Let B be a differentiable ring. Let B((£7!)) denote the ring of formal Laurent series
> X over B with a finite number of positive powers. In this ring there are two dif-
ferentiations: & =Zand 9, : ¥ Xié™ — ¥, 8X6™*. By means of this there is defined
on B(¢~')an operation of multiplication aob = ¥, &0 a 8* b. (1).

This operation is associative and therefore converts B((£7!)) into a ring. We define the
bracket [a b], as [a b, = 8 a 8. b — 8¢ bd, a and scalar product from / : B — fgy
setting (a, 6) — [res¢(ab)dz.

Now, we set

Gox = (polynomiasin £)

G.- — (formal seriesin £=! without constant term)
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We consider two invariant functionals on G,—, fi : u — [res u* and ¢ = w. Then
dfie(u) = k(€ + )™ on Gou. (ie., firg(u) = (u+ €)F, dfie(u) = k(u+ 5.

We take u = 32 At eg, .

6.2.10 Proposition: We prove the following:

(1) The Lax equation (£ +u), = [ +u, 3(£ + u)}] (6.2.11)
is equivalent to Benney'sflow (6.2.3) (Ans Ant1,z + BAn—140.~= 0) on the coefficients
A;.

(2) The conserved densities are given by res(u + £)*.

(3) To get equations (6.2.7) and (6.2.8) from the Lax equation, by replacing u by the
corresponding vector fidd of u, (9¢u)d; — (0;u)0¢,where u € g,-.

Proof: The Benney's flow (6.2.3) is given by

Ant + Anp1z + nAn1 Az =0, >0 .
To get this flow equation (6.2.3) from the Lax equation (6.2.11),
(€ +u)e = €+, 56+ wile
where L =€ +u, P = 1(£+ u) and where u — (¢u)8: — (Oru)0;.
Proof of (3): If u = £+ ®(£), then replacing u by (9¢u)d; — (0;u)d, we get (1+P¢)d, —

$..0; which is L.
Calculating (£ + u)3:

£+ i A.‘(.‘r,t)f_(""”

i=o

E4 Ay(2, )67 + Ai(z, 1) + Ag(z, 1) + -

00 2 0
é(f +u)f = &+ (Z A.(r,t)g—(-ﬂ)) 42¢ (z A;(z,t){'“"‘”)

i=o i=o

€ + [(Ao(z, )" + As(x, 1) + As(, )67 +- )

(€+u)

Il
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X (Ao(z, )€™ + As(z, )2 +---)]

+2 (Ao(z,) + Ar(z, )€™ + Ag(2,8)E72 + - -+)

E+ AN+ A AL+ AAdt ™+ 24, + 24187 + 242670 4 -4

I

£+ AT+ AAE+ A A+ 24, + 24067 + 245670 -

Out of this, we collect the terms which is a polynomial in ¢, namely, 3(£*+24,).
Now replacing u — (O¢u)d; - (9,u)d¢,We get

a
56: - An.ra_e' = P .

Therefore, by replacing u — (9¢u)d; — (8:u)d in the Lax equation (6.2.11), we have
obtained the operators L and P given in equations (6.2.7) and (6.2.8). This proves part
(3) of Lemma.

Proof of (2): By (6.2.6) (H, = res¢(¢£ + ®(£))™), we have,
H, =resg(§ + ®(£))" = rese(€ +u)" (since z = P(£) € G,-)

Proof of (1): To show that the Lax equation (6.2.11) is equivalent to Benney's flow
(6.2.3).

E4+ A + A+ At + At -
AtV + Ao+ Agf 3+ Agf ™t +--- (6.2.12)
a a (1
se€ g (5e+ur)

a (1 b
-3¢ (g6 + ) zete+w

(€ +u)
(€ +u)
(€-+ )56+

I

Il

o

—%.2..{%(5 FALTT AT A3 )
= (1= A7 = 24,87 — A67Y)
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(Al + By B Ak > o 000}
(1= A2 — 245673 — 34,674 )

L — Ap(Apab™ — A1 Aol ™ — 3A2A, 2674
~Apz— Ay £ 4 A7

Lz 2 | 3
E+uE = €+ +2u),

Il

1

= S A2 4 AgArE ™ + A Al + A A% + )
F A AR + Ay AE ™ o AALTE + AL AL 4
+2A,8° + 24167 4 24,672 4,

- 1(5’+2AD)=152+AD
LIVIRRE L ( (c+u))

~5¢ (36 +02) e+
= (1 iF u)AD.-t - ( 0.15_1 + Al‘rf-z s )

1 2
[E+u1 §(E+u)+]o E

= 1= (A2 + 241873 + 34567 + - ) Ao
~(Aoz + A12€7 + A 672 0)
= 1 —(AoAozt 2+ 24, A1 + 344,674 1)
~(Apz + A7 + Ag 7 +-0) (6.2.13)

Comparing coefficients on both sides of (6.2.12) and (6.2.13) of powers of €, we get:

Coeffident of ¢7': Aoz = Ais

E-n 3 A]_z = -AoAa.xAl.t g A?;I
E—a S Ag_g = —2Ao,zA1 = A3.=
£ Az = —3A,.A1— Ay

ie, Ay = —nAn_14oz — Ant1z
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ie, Ant+ nAnAsz+ App1z= 0
i.e, Antt Any1 + nA,_1 A, 7 0 which is Benney's flow (6.2.3). This proves part (1) of
lemma and hence the lemma is proved.
6.2.14 Classical Case: (Benney's system as quasiclassical limit of the KP system or the
generalized KdV equations:) Now, suppose the Lie algebra g, — B((£7!))is defined with
anew bracket [a,b]; = aob—b@a whereaob = (a0 b)e=1, @ 0 b=, 50Fa (d)b,
and considering flowson G, instead of G,. Then we can introduce the Lie algebra G,
with bracket [a,b]c = € (a0 b — b o, @). Then [a,b], = lim.—o[a, b]. Therefore, the
Lie algebra G, is caled the quasiclassical limit of G;.
i.e.,, Benney's system is the quasiclassical limit of the generalized KdV equations, because
fore=1aob=ao b= 3., £0fad* bcoincideswith the operation of multiplication
() defined for Benney's system. Here, G, = B((£71)) with bracket [a, 8], is the Lie algebra
defined for the generalized KdV eguations or KP equations.
6.2.15 Remark: The Poisson bracket {,} for Benney's system is the standard one on
T*(RY):

{F,G} = F¢G.-F.G;
This Poisson bracket on T*(IR') is the quasiclassical limit (=zero dispersion) of the
commutator

[F,G] = F 0G-®F

where

o 1 °F
poc,zzﬁa&a(m

n>0

i.e., The Poisson bracket coincides with the commutator defined for the generalized KdV
equations (or KP hierarchy).
Thus, the Benney hierarchy is the quasiclassical limit of the KP hierarchy.
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6.3 THE HAMILTONIAN STRUCTURE OF BENNEY'S SYSTEM (ANA-
LYTIC APPROACH):

The Benney's system is given in section 6.2. The Benney's system has the following
moment representation:

Aip = Aiprp + 1A Asr 1 € Xy (631

where A; = Ai(x,t).
This system has many remarkable properties:
(i) There exists an infinite number of polynomial conserved densities H; € A;+Z[A,, -+ Ai_,],

i € 2ZZ+ starting with

H, = Aan Hy=A4A,, Hy=A+ Az (632)
Hy = As+34A,A, Hi=As+4A,4; +2A% + 24
H5 = 4‘415 + 5440/43 + 5/11/12 + 10/13‘41., etc.,

We give below a method of construction of the Hs.

6.3.3 Theorem: We st

00

Z(__l)iA'A—(-’-H)

=0

[%A+w*@.

Then there is a unique solution of the equation

=
=
I

Il

B(A) + B(pn(A) = A (6.3.4)

(i) in the class of formal series of the form

A+ QAo+ Aiy - ][[A']];
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(i) in the class functions of A which are of the form A + 0(A~!) and analytic in some
neighbourhood of oo (depending on u(z,y,t)k(z,t)).
Proof: Set
=A- f:(—l)‘ﬂ.-)rf“f” (6.3.5)

f=—1

We determine the coefficients H; from Equation (6.3.4) which we write in the form:
o0 oo o0 —(i+1)

D (1) HAED 37 a4 g1y [l - > (=1y H,-A-““’] =0

j=—1
(6.3.6)

i=—1 i=o

i.e., we have Equation(6.3.4): u(A) + ®(u(A)) = A

Substituting () defined by Equation (6.3.5) in this Equation (6.3.4), we get

20

A=Y (- HA 4 0 (A - Z(—l)‘H.-A"‘*”) = A

i==1

i==1

x 0 (=) _(i+l)
= = Y (1) HAE 1 3 (A (). - Z(—l)iHjA'(i+l)) =0
i==1 i=o Jj==1
o0 00 i 1 00 —(1+1)
= = ) () HNE LY ()4 (A (1 - S (-1 H;N (J“J)) =0
i=—1 1=0 J=-1
o0 00 o0 =(i+1)
> = Y (C1)FHATE 4 Y (1) 40 (1 =3~ HN 0“1) =0
i=-1 i=0 j==1
o0 ) oo =(i+1)
= 3 (1) HAED 23 (—1) AN (1— > (=1 H;A" (JHJ) =0
=1

i=—1 i=o

which is equation (6.3.6).
From this equation (6.3.6), for various valuesof i = —1,0,1,2,---, etc, we get H,, Hy, Ha, -

() i==l:~H A=0=>H_, =0

(i) i=0: H A = (AA (1 = (mHo A2+ HA™) ™) =0
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where

p=2:

H,A™!

= A,,A_l(l — z)ﬁl

A4z 422 +--)

AN+ (=H X BN~ B+ N 4 )
F(H A+ H A2 )P

AT+ AHA T -

A,

oo

= Z (_I)JHJ_A"(J'HZ)

f==1

= —H AN 4+ HAX?—H A3+ H A+

= HA?— H)\ 3+ HyA™ 4 .-+ ( since H_, =0)

HX'—HA? = AN Y1=a2) = 4221 = )™

= A1tz 4at 4~ AN 424+ 30 40

il

AN =X 4 B2 = B2

—ANN I X I E = S X -

=-—-H = —-A = H, = A
HX' = HAT 4+ X7 = A (1—2)™' = AN (1 - 2) P+ Ad (1 —2) ™

- AN UL +2 42 40— AN+ T84+ 36% 4 +3)
+AA73(1+ 32 + 627 +--+)

= AN+ HIN2—HAN 3+ HA 4+
—ANTH(L 4+ 2H A = 2HWA2 4+ 2H A4+ 1)
+A A1+ 3H A —3H AT +3H A 41 )

#Hz = A:+Ag §H2=A1+A:
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and similarly continuing this, we can compute
Hy = A3+34.4
Hy = Aq+4A4,A4;+ 243 +24°
Hs = As+5A,Aa+ 54142 + 10424,
He = Ag+6A,A;+6AAs+3A2 415424, + 154,47 + 5A%
Hy = A7+ TA,As+TA Ag+ TA2 Az + 21 A% A3 + 424, 4142 + TAS + 35434,
Hy = Ag+8A,A6+8A;As + 84244 + 56A4,A4, 45 + 28A,A} + 4A?

+28A2A, + 28A% A, + 56 A4, + 8443 A% 4 1448 etc..,

Thus, H, = A, + P,, where P, € Z[A,, -+, An—2, Hy, -+ - Ho—2) for n > 2. Hence we have
that H, € A, + Z[A,, - - - An_2] exists and is unique. For example, we can get Hg, Hy, Hg
as given above.

(b) The function g(A) as analytic function:

Consider equation (6.3.4),

h
W)+ [ ) + 0y = 2.

In this we set u(A) = A + €(A). The uniqueness of an analytic function p of A satisfying
equation (6.3.4) and the estimate ¢ = 0(A™1) follows from the uniqueness of the formal
series.

To prove existence, we set €, =0, ey = / (u+ A+ ex—1)"'dy and show that the limit
€= llm 0N exists (for given z,t) uniformly in A, when |)| is so large that

BN -0 - sy -y < B2
A -U > 2vVh, U=supf{u/o<y<h}. (63.7)
In particular, if u and h are bounded, the region of analyticity of 4 does not depend on

x and t. We establish the following inequalities by induction on x:
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(Al =0)
ol | L P ]
el = 5
4h
len — €n1] < 9[%-1—6n—:l,9=m<1 (6.3.8)
We have
h
lal = /(u+k)"dy‘
< hsup|u+A"?
< h(2vh)™!
(AN =0) (A -=-U)
S T ST 2

Also, for any N > 1, we have |enyy—en| < hsup |(u+A+en)(u+A+en-1)|™! |en —en-al-
Setting N =1 and using (6.3.8), for N = 1 we get by (6.3.7):

4 A < (A= ),

Ju+ A+ a1 < A = U), hence Jeg — ea] < 2h(IA| = U)2ea] < ¥ A(IN| = U)?]ea]
This is the induction step. Suppose that (6.3.8) holds ¥n < N. Then

lenvsr —en| < hsup|(u+ A+ en)(u+ A+ eno1| " ew — en-al
< flexy —en-1| by (6.3.8) for n=N—-1,N.
Hence

N1

z lex — en-1]

n=1

< (1-0)"al

IA

|fN+1|

IA

(1 =07 h(]Al =)
(A -U)

2 .

IA

This completes the proof of theorem.

(i) Thereexists an infinite number of “higher” Benney equations having the same infinite
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set (6.3.2) of polynomial conserved densities. In particular, the next flow has the form
Aip = Aiyae+ AsAig+ (i + 1)AA, o+ 1Aic1Ard, G Zi. This is given the following
theorem (Theorem 6.3.9).

Let A = Q[AY)] be a differential ring with differentiation operators 8 = 2: AP - AUTY

and partial variational derivatives

R - inj O

= B

8 8 5\

— = ST . I P |
bu (5111 ’ 614,) Bl

6.3.9 Theorem [32] : Let H € A be any element. Then from a system of equations

for u and h of the form

o0 v 20 )
Uy = (Z UJH(J)) _”y/ (Z uJ_lH(.j)) dy ,
j=o N o j=o plu=n
= . oH .
he = (J; ]Al_lH(J)) where H(j) = E , (6.3.10)

one gets a system of equations A, = % with Hamiltonian H.
(ii1) All these flows commute between themselves. All these flows are Hamiltonian, with

Hamiltonian structure

Bij = 1Aiyj-10 + OjAiyj1 , 1,J €L, , 0= %

so that the flow #m can be written as

oH =
A.‘,u=zj:Bij(a—Aj) , H=;Hm , meN

To prove the above two properties, we consider the following:
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We prove that the operator B = B,3 + 8oBt, Bi;;= iAij-1,%,5 > 0 is Hamiltonian
and the elements H; € A ddfined by

00

p(A) =X =Y (1) H O+

1==1

commute with respect to the Hamiltonian structure with operator B.

Let A = Q[Af”] be a differential ring with differentiation operators d = 3"’—1: Aﬁ”—»

AE;‘H) ES 8 & 5

and partial varigtiona derivative 5o = Yoo (~1V¥ 5%, & = (o a)
4 — A% In this ring A, Pdenotes an infinite column vector P,, P,P;,--' and P*
denotes the corresponding infinite row vector. Also, 7z : A —> A* is the operator
P (35, f4>-)% Pis fi™e if ft has only afini®® member of non-zero components,
Let B,,- »+ By be matrices over A and B = % B, — (~1)'d"oBe a formally an-
tisymmetric differentia operator. If B is given, then any element P € A uniquely
defines a differentiation Xp : A — A with the properties [Xp,d] — 0 and XpA =
(XpAop s« XpA;,-+-)t = B The differentiation Xp is a forma model of an evolu-
tionary system of equations for A; of the form A; = —x-. The operator B is caled
Hamiltonian if for any P,Q € A, we have [Xq, Xp]= Xgr, where R = XQP. If Bis
Hamiltonian, the equations A; = %‘;{3 are called Hamiltonian with Hamiltonian P and
operator B.

6.3.11 Theorem: Let B = B8+ doB}, where By ,;; = iAiyj-1, 1, > 0. Then the
operator B is Hamiltonian.

We prove this theorem using a few lemmas.

(Let k¥ C A be a commutative ring with an identity of characteristicOand d: A— A
be a derivation with the condition dk < k. The triplet (k, A, d) is caled a differential
k-algebra. Let the symbol Q' A denote the module of k-differentials of the algebra A and
the symbol S: A — Q! A denote the mapping of the universal differential).

Let 6 : A — 0'A be the universal differentiation in the ring A with values in the
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A-module of differentials. The .A-module is frely generated over A by the elements
649 i> 0,5 > 0 and over Ald] by the elements §4;,z > 0. We denote by Dy, :
A — Ald] the partial Frechet derivative: Da,(P)= z;;of;%ai, and by definition
P = YisoDa(p)6Ai. If P € A is a vector, we denote by D(P) the infinite matrix
of differential operators, where the operator D4, (P;)is in the (ij)—thplace. We have
6P = (--- 8P ---)! = D(P)6A. For any differentiation X : A — N (N is an A-module),
we have XP = D(P)X A.For any R € A, the operator D(g—’}) is formally symmetric and
for any two vectors P, Q, only one of which is finite, we have P*D($5)Q ~

where P'D($8)Q = ¥, 5o PiDa,(£2)@nd ~ denotes congruence modulo Im 8

and Im 9 C ker(6/6A).

6.3.12 Lemma: The operator B = Y,,,(Bid" — (—1)'8'0B}) is Hamiltonian, iff for any
P,Q € A, we have

B% (:—;Bg—(/‘i) =D (3%) Bi—z% -D (B%%)) 32—;
whee &= (55)"
Proof: We have by definition that the operator B is Hamiltonian if for any P, Q € A, we
have [Xp, Xq] = Xr, Wwhere R = XoP. Therefore, we verify that (6.3.13) is equivalent
to the identity [Xq,Xp]= Xg, where R = XqPfor any P,Q € A Since Xg and
[Xq, Xpfommute with 8, and A} are free generators of .4, the above is equivalent to
the condition [Xgq,Xp]4 XgA. Also, we have

- SR 6 apP
XrA = B—=B— ——(XqA;
Xr 6A 6AI-§>:03AS”( Q

é 6P
= B —XgA;
FAL6A
dP ; 6P é
i s )y S -
(smce Z BA(.”’S EA,-S and Im @ C ker EA)
320 1
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8 (6P 6Q
= 82 (5@%4)

Therefore,
" 5P oQ
Xg,XplA = . 2 Y- o0
(Xq, Xp] \’Q(BM) YP(BM)
B &P 6Q 6Q 6P
= D (Bs,i) BM D (BEA) B_ﬁf_i (6.3.14)

i.e., we have proved that [Xg, Xp]A = XpA where XgA = B (£ B33) which is the
left hand side of (6.3.13) and [Xg, Xp|A = D (B%%) B3 — D (B%%) B which is the
right hand side of (6.3.13).

Thus left hand side = right hand side and the lemma is proved.

(iv) All these flows have a common Poisson representation:

L ,={Py,L}={L,P_.} (6.8.15), where L = £ + J_32 A;£~(+1),

Here P is an element of the Poisson centralizer Z(L) of L in the ring 8 = A((£71)),
A being the minimal differential Q-algebra generated by 8 and the A’s: A = Q[AY),
i,j < %4 with a derivation @ acting on the polynomial generators of A by the standard

rule, G(AEJ')) = AU Thus Z(L) is generated over @ by {L'/l € Z}. For an element
Ypt e A, define

(ZP:E')+ - ZP!E’ ) (Z Puff)_ = Zprfz .
1>0 <0

The Poisson bracket {,} given in formula (6.3.15) is the standard one in T*(R') :
{F,G} = F G :-F .G .

6.3.16 Remarks: (1) The flow #m written as A;;= 3, B;; (-g,{i) q=L1H, m€IN
has the Poisson representation (6.3.15) with P = +L™. The flows #2 and #3 are given
by

Aig= Aot tAiiAsn ¢ £ Zy and
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Aip = Aijar + AJAist (I + D) AiA, c+ 1A Aiz , t € Ty respectively.

(2) The properties (i)-(iv) given above are not logically independent. That is, the flows
commute (iii), since they are Hamiltonian (iii) and all the Hamiltonians are in involution
(1).

(3) The properties (i)-(iii) follow from the single Poisson representation property (iv),

even when L is taken to be of the general form
M-2
L=+ Y we, MeN Q=00rQ= —oo .

In alater section, we give an alternative understanding of the Hamiltonian structure of
the Benney's system.

6.4 THE SUPERSYMMETRIC BENNEY'S SYSTEM:

We want to understand what happens with the flows (6.3.15) when we extend the plane

T~(IR') = IR? into the super plane R*" equipped with the super Poisson bracket
1 N
{F,G}=FG, - F,G¢ + % S D.(F)D.G) . (6.4.1)
=1

where F and G are even and D, = 52—+ 0,597 , 1 <r < N areodd supercommuting
derivations satisfying [D,,D;] = D,Di+ D:D, = 26,:0, 64,---being the generators
of the Grassmann algebra A(N).

The supersymmetry destroys integrability, but not entirely; i.e., the super extended flows
do not commute between themselves, but nevertheless, al these flows do have a com-
mon infinite set of polynomia conserved densities. That is, the supersymmetric Benney
heirarchy is a semi-integrable system where semi-integrable means that it describes a
system of non-commuting flows with a common set of conserved densities.

6.4.2 Super flows:

Let C = &M + M2 we' Me N, where wi= w(z,0,t) iseven V /. (6.4.3)

l=—o00
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Let P= L™M= ¢ + eee. m € IN (6.4.4) be a Q-generator of positive {-degree of the
Poisson centralizer Z(L) of | in the ring 0 = A((£7!)), where A is generated over @ by

the ,D,’s and w's. We consider an evolutionary derivation 8, of A defined by the rule

(P4, L} (6.4.5)
{€,P-} (6.4.6)

dp(£)

with the super Poisson bracket { } defined by the formula (6.4.1) and with the under-
standing that dp acts trivially on £. Thus, the action of dp on A is given by:

Bp(w)) = resi[Op(L)] = resi({Ps,L}) = resi({L,P_}).
The expressions {P4, L} and {L,P_} agree between themselves, since
0 = {P.L} ={Py+P_,L} ={Ps,L}-{L,P_}.
We verify that the derivation dp is correctly defined:
From the form of £ (6.4.3), we see that 8p(£) must belong to 8<yz where

O<r = {ZP(E' Pt € A} ;

I<r
By formula (6.4.1), {6<,0<} C 0r4i-1. Hence by formula (6.4.6), dp(L)= {L,P-}e
{0§M,0§—1}: Ocm—2 as required.
Now suppose that R is another element of Z(L) of positive ¢-degree: R = L™M m € IN,
m #m. Let 8z be the corresponding evolutionary derivation of A, given by the formulas
8r(L)— {R4+,L} = {L£,R-}. We show that, in contrast to the purely even case (when
the D,’s are absent), the derivations 8p and dr do not commute.
6.4.7 Theorem: [8p,0r](z)= {(26)7'D;[reso(R)]D:res(P)], £]  (6.4.8)
Proof: Since the Poisson bracket (6.4.1) is a derivation with respect to each argument,

formulas (6.4.5), (6.4.6) imply that

BP(R) = {P+7R} :{'R,T’_}
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In particular, Op(R4)
Hence, Opor(L)

Il

[0p(R)]+ ={R,P-}4
p({R+,L}) ={0p(R4), L} + {R4,8p(L)}

(Since p commutes with 8, D,’s, £)

{R,P-}4. L} + {R4. {P4, L}} (6.4.9)

I

Interchanging V and R in the above formula (6.4.9), we obtain

Ordp(L) = {{P,R_}+.L}+{Py, {Ry,L}} (6.4.10).

Substracting (6.4.10) from formula (6.4.9) and using Jacobi identity, we get, [8p, d&](L)=
{A,L} where

A = {RP.}i+{R_,Pli+{Ri, P}

(i, ({R, P-4, £} + {Ro, {Ps. L1}
~{{P,R}4. £} — {Pi, (R4, £}))

= {{R,P_}4. L} - {{P,R_}.. £}
HRe {Pr L)} + {Ps. {L, RS })

= {{R,P_}s. L} + {{R-. P}, £}
+{{R4, P4, )L} (using Jid. of R4, Py, L)

= {RP_}+ +{R., Pl + {Re, Pi} L} = {A,L})

Now, by formula (6.4.1), {0<o,0<0}+ = {0}, so that

A = {Ry Pl +{R-Pi)s + {R4 Py )y

+{R+,P+} —{R4,Pr}4+  (since {R_,P_}, =0)

By definition of P,and ft, {R,P}= 0.
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Hence
OZ{R,P}+ = {R++R_,P++R-}+ ={R+,P_}++{R_,'P+}+
+{R+,?+}+ ( SiI’le‘ {R,‘P;}.; = 0)
and
{R+,P+} - {R+,P+}+ = {R+,'P+} = ;_EDTII'CS(,(R)]I’TIFCSU(P)} (641])
Thus,

(@, PRI(L) = {A, L) = {(26)1D, [res,(R)]D;[reso(P)], £].

6.4.12 Remarks: (1) Since m #m, res,(P) and res,(R) are two polynomials in the
entries u;’s not al of which are the same, the expression (6.4.11) does not vanish unless
one of the res,(R) and res,(P)does, which happens when either m or m equals one. In
this case, when m = 1, 3» — d and this commutes with al dz’s. In general, when m nor
m equals one, [0p,dr] #0.

(2) The classical Poisson bracket on T*(IR') is the quasiclassical (=zero dispersion) limit
of the commutator [F,G] = F 0 G- G o F, where FOG = ¥, & %’éfa"(G),i.e., the
Benney hierarchy is the quasiclassical limit of the KP hierarchy (in the classical case).
But in the supersymmetric case, the super Poisson bracket is realized as part of the
commutator resulting from an associated product of F o G extended by the D,’s. That
is, if the multiplication F o G is defined with an additional term involving the XVs,
then the super Poisson bracket is realized as part of the commutator defined by (F,G] =
FoG-GoF.

We verify this below:

Define

Z L ¢ Fa"(G)+ —D,(F)(1+ D.(G))

FoG
n20 ' df E
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For N =1;

FoG

GoF

[FvG}l
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1a"G
n! 9¢n

GoF = Z

n20

T OFY D (G)(1 + Dn(G))

n=0,1:super P.B: {F,G} = F{G - F.G¢ + 3 2% Di(F)Di(G)

= GF+ F.G
+ C‘{+4€

= FoG-GoF

= FG- GF+FEG FG{-l'

=Dy(G) - Di(G)Da(F))

= KRG, - F.G¢+

2£

N=2m=0,1,2

[F, G

{F.G} FG. — F.G¢ +

FoG = FG+ FG,+

—D
+4£ 2(
GoF =
+4£
FoG-GoF

FG—-GF 4+ FG —.FG.g'f"

(’DZ(F ) + D2 (F)D,(G) -
19°G &*F

2 6{"’ ox?

e
1F G
t2%¢ o7

F{G;r - FEG( <+

L D/(FYD\(G) + FG -~ GF +

-l—(Dl(

FG+ FG. + évm(l +Dy(Gh))

LD,(6)(1 +Du(F)

1

2%

j—EDJ(F)u +Dy(G))

FY1 +Di0)) + gg=m=s

19*°F 8*G

GF + FuGe + %Dl(c;)(l +Dy(F))

DyG)1+Do(F)) + s 7575

18°G 8°F
2°0¢? 9z

(D,(F) + Di(F)Di(G) —

Dy(G) — Da(G) Do F))

éz(1)1(F)131(G) + Dy(F)Dy(G))

E(Dl( )+ Diu(F)Dy(G)

E(Da(F) -

F)D\(G) + D2(F)Dy(G))

Di(G) -

137

Dy(G))

Dy (G)Dy(F))
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1
+FG - GF + 7P -DiG) + (’Dg(F) Dy(G))
1PF PG 18°G9F
2 9€% a7 2 BE? 927
N=3n=0,1,2,3;

(F,.G) = FG, - F.Ge + —(Di(F)Di(G) + Do(F)D1(G) + Do(F)Ds(G)))

2¢
FoG = FG+F¢GI+—DI(P)(1+Dl(G))+%Z—?:-§T§
+—£1>2 F)1+Dy(G)) + éf—gf—f+ ’I?Da( )(1 + Ds(G))
GoF = GF+ F,G, +§D,(G)(l +Di F))+%§ng_2§
+;—ED2(0)(1 +Dy(F)) + ;Zf ] 2 D(C)(1 + Da(F))
[F,G = FoG—GoF

, L1
- FﬁCIT—FTGe-i'EE
1 1

+FG = GF + 1 (Di(F)) = Di(G)) + £(Da(F) = Da(G))
18°F &°G 18*G &*F
+E L)~ DA + 330 57 ~ 37
LFFOG_18GHF
6 9¢ 0r® 6 0&° 0x°
N=4n=0,1,23,4:

(D1(F)Di(G) + Do(F)Dy(G) + Ds(F)Ds(G))

I

{F.G} FG, ~ FaGe + 5 (Dn{F)Dx()

+Do(F)Do(G )+’Ds( )D3(G) + D4(F)Da(G))
19*F &’G

FoG 296 927

FG + F.G. + —D:(F)(l +Di(G)) +

4
18°F &G
—D,(F)(l + D2(G)) + 696 90

%
1 3'Fo'G 1
+—ED3 F)(1+Ds(@) + 35 % o ¥ D4(F)(1+D4(C))
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GoF = GF+F,G5+éIh(G)(l+D1(F))+%%Zg%
= Ep, G)(1+ Dy(F)) + é‘zzfgsf+ IE 3(G)(1 + Ds(F))
T ] D61 +Du(F))
[F,Gh = FoG - GoF

= FG.-F.G+ ;—E(D,(F)DI(G) + Da(F)Dy(G)
+D3(F)Ds(G) + Dy(F)Dy(G))

+FG - GF + Q(D‘() Di(G)) + ( 2(F) — Da(G))

4
+;E(D3(F) - Dy(G)) + E(Dd(F) —D4(G))
JOPPG_1FCEE 1PF G

2 O Hz2 2 9E? Dz ' 6 AL Oz°
\PGEE 1 PG 1 9GH
T 6 06 0x® ' 24 9E* Bzt 24 BEY Ot

We give a general formula, [F,G]; = {F,G}+ [F,G], + ﬁ 2onz12..(Pa(F) = Du(G))

where [F, G|, = FoG — GoF with FoG =3 _; 5 . LE&E4(@3)

nl agn
2nd method:
Define
10"F y
FoG = Z 'dfﬂaﬂ(c)ngv( n(G))
1 8*G ...
GoF = %;TW() (F)+4£DH(G'Dn(F))

For N=1;n=0,1:

Lo(FiDi(6)

{F1 G} = ‘F.EGJ - F‘--TGv{ + 25

FaG 1 dGoF 1
Fo6 = 53 o+ g PUFDIG)) GoF = 55+ 7 DNGDs(E))
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oF oG 1

FoG-GoF =FG-GF+ T T D;(FD;(G))
3

_0GoF 1
5 3 ~ gD EDF)

FiGy=Fbe 4 :—E(D](FD,(G)) — (Dy(GDy(F)) + FG — GF
Fill, = Fyll4 ZIE(D,(F)D,(G) + FD\Dy(G)
—(Dy(G)Dy(F) — GDyDy(F)) + FG - GF

FG, — F.G¢ + é(?’D,(F)D,(G) + FD,Dy(G)

—~GDyD\(F)) + FG - GF

FeG, — F.Ge + —~Dy(F)Di(G) + j4%(FD,?:),(G) ~ DD P+ FG - GF

2

For N=2;n=0,1,2:

FoG

GoF

[FaG’]l

Il

(F,G} = F(Go = FuGe+ ;—ém(mvl(c) + DyF)Dy(G))
1+4 D,(FD.(G)) + CD,(FDI(G))

OFOG  PF 0G
¢ aga o Yo

1+ —{DO(GDO(F)) ED'(FD‘(G))
dGAF  8°G OF*

£

-i-4 Dy(FDy(G)) +

+Ep,_(GDz( Nt oo T oe o
FoG-GoF

%?? l(p,(F)'Dl(G)) +(FDDY(@)) + a;_{faa—ig
+5 5 L (D,(F)DA(G)) + (FD.DH(G)) - Zf%f
__g(p,(a)olw)) +(GDDy(F)) ~ %Z—F

_'_E(Dz( )Dy(F)) + (GD:Dy(F)) + FG — GF
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1
= FG: — GeF, — E(QD,(F)DI(G) + 2D,(F)D:(G))
18%F 8*°G  18°Go*F 1
+§6—62w - Ea—ez-b—x—z- +* ~(FDzD2 (G)) = GDyDy(F)) + FG - GF
= FG; - FG, + (DI(F)DI(G) + D2(F)Dy(G)
18*F 6°F BZG 9*F 1
+§_3.?—F - 55@_ e 4£(FD2'I)2(G)) — (GD,Dy(F))
+:—E(FD.D,(G)) — (GD\Dy(F)) + FG - GF
N =3n =0, 1:2,3:
(F,G) = RG. ~ F,Ge+ z(DA(F)DA(G) + Do(F)DA(G) + DA(F)DA(G))
o1 18*F 8°G
1 ) 163F63G 1
+EDQ(F)(1+D2(G))+66—£36 = {ps(F)(l + Ds(@))
1 10°G 0°*°F
GoF = GF+ F,G( + EDI(G) (14+Dy(F))+ 2 dfz d;r*
1*GoF 1
+4£'D2(G)(1 +D:(F)) + g 6{3 r 7 + 61’3((:)(1 + D3(F))
[F,G = FoG-GoF
10°F 8*°G  10°G 8*F 1
+§6—62@ = 396 oa? E['Dz F)(1+ Dy(G)) — Da(G)(1 + Do F)))
1PF &G 18G3EF 1
+Ea—£33§ ~§96 027 + E[DS(F)U + D3(G)) — Da(G)(1 + Ds(F)))
= FG-GF+FG, - F.Ge+ :—E[’D;(F) + Dy(F)Di(G) — D1 (G) — Dy(G)Dy(F))]
1F0°G 19°Go*F 1
296 027 2 08 022 4—[1’2(F) + D2(F)Dy(G) — D2(G) — Da2(G) Do F))
1PFPG 188G F 1
+6§E—35}3- - 6?9{_333:3 ['Da (F)+ Ds(F)D. ( ) — D3(G) — Ds(G)Ds(F))

141
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FGe = F:Ge + ge[DA(F)D1(G) + Da(F)Ds(G) + D5(F)D(G)]

1 #FPG_1PG T

28€ 827 2 8¢ 927
18°F 0°G 18PGPF 1

Y508 605 600 a0 + g 1P~ DO

1 1
+E[D2(F) - Dy(G)] + E[Da(F) — D5(G)]

+FG - GF +

FG, — F.Ge + Elg[D,(F)Dl(G) + D,(F)D3(G) + Do(F)Dy(G)]

+FG—GF + Z’E[DI(F) ~Dy(G)) + :—EIDZ(F) —Dy(G)| + &[DS(F) — Ds(G))

JPPPG_1FGEF 1PFOG_10GOF
206 922 2062 Oz2 | 6 O€ 0z° 6 OE° 01°

N=4r=0,1,2,3,4:

{F.G} = FG.

]
)
Q
I

GoF

[FvG}l

= F.Ge + é(Dl( )D1(G) + Do(F)Do(G) + Da(F)Da(G) + Da(F)D4(G))

1 19*F 0*G
—Dy(F)(1+Di(G)) + 398 927

4¢
1 183F PG 1
+E’D2(F)(1+D2(G))+ 536 o évd F)(1+ Ds(G))

1 #FoG 1
+§ZE®FW + —-—D,(F}(l + Du(G))

18°G 9*F
GF + F,04 +——‘D,(G)(1+’D1(F R R

18*°Go*F 1
+E92(G)(1 +Da(F)) + 608 905 T ZEDa(G)(l + D3(F))

1 #*GI'F 1
+§&_.¥%— + +ED4(G)(1 + D((F))

FoG-GoF

FG"FF{G;-I-

I

= FG.-F.Ge+ %[DI(F)DI(G) + (Dy(F)Dy(G)
+(Do(F)Ds(G) + (Da(F)D4(G)
+FG—-GF + ;E[vl(m Gl + ZgDx(F) ~ Do(G)]
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1 1
+ 3¢ DoF) — Dy(G)] + 3 Du(F) ~ Du(G)]
1°F G 18GH#F  18F &G
206 927 208 92 | 6 0¢° 92°
_LPGEF 1 3FHG 1 §'GF
6 BE3 Ar® ' 24 B¢t Ozt 24 OF* Ozt

The general formulais given by

1 fO°F G 1

F,Gly = {F,G — | =—0"(G) — —0"(F L . (F) =D,
FGh = RO+ 3 (G0 - Gao ) + 5 T 045 -D0)

= {FO}+[RGL+3¢ 3 (Du(F)=Du(G))

n=1.2...

where

[F,Gl=FoG-GoF , FoG= ¥ %(3Faa)

—, B o€

In summary we have proved

6.4.13 Theorem: In the super symmetric Benney setup, the commutator product can
be defined realizing it as a non-trival extension of the super Poisson bracket.

6.4.14 Remarks: (1) This answers a question raised by Kuperschmidt in lower dimen-
sions [33].

(2) This isin contrast to the classical Benney case where the Lie algebra B[[¢~!]] with
[,] coincides with the Lie algebra associated to the KdV system as quasiclassical limit as
explained above.

6.5 THE HAMILTONIAN STRUCTURE OF BENNEY'S LONG WAVE E-
QUATIONS (ALGEBRAIC APPROACH):

6.5.1 Introduction: Benney [10] gave the following equations of motion of an incom-

pressible nonviscous fluid with a free surface as approximations of long waves

h
dp+h, =0, ke + ( f ud,'y) =0. (6.5.2)

v
u,+uu,~u,/ Uy
o

v=n
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Here h = h(z,t)denotes the height of the free surface from the bottom y = 0;u(z,y,1)
is the horizontal component of velocity and u, denotes partial derivative of u with z.

He aso defined the moment functions An(z,t)= f; u(z,y,t)"dgnd he proved that the
A,’s satisfy a system of evolution equations

An,t + Aﬂ+1'1- + nA,._lA,,,, =0 y n>0 . (653)

Then (6.5.3) can be written in the Hamiltonian form as A; = B(6H/6A)where A =
(Ao, Aj,...)", H= —1(Ax+ A?) and
6H/6A= (6H/bA,,..., 6H[6A;,..)' and B is a matrix differential operator

B = B,8+ 60B{ where (Bl).'j = iA.‘+j-1 . 0= 3; (654)
Then this operator B is Hamiltonian. In other words this means that {P,Q}= ¢ B$%

defines Poisson bracket on the space of polynomials in A} modulo exact 9-derivatives
where P = JPdx with / : A'= B[A]] — A/SA. This was proved in [31], [32], [55]
(by directly checking the Jacobi Identity). Since the entries of B involve the unknown
functions A, this direct check was complicated and obscured the actual understanding
of {,}. In this section we will give an invariant description of the operator B and
also understand the Hamiltonian structure [55] of the Benney's system as the forma
analogue of the Kirillov structure [54] on the orbits of the co-adjoint representations
of Lie groups. A thorough and systematic study of Benney's system as a completely
integrable Hamiltonian system was done in [55].

6.5.5 Benney's differential algebra and B operator: Let IR? be the plane with
coordinates x and ¢ and C*(RR?) = {X(z,é& C*(RR*)}. Let Hy(IR?) denote

a a P
{Dx 1 Dx = X0 - Xew )5 : X € =R )}
the set of formal Hamiltonian vector fields on IR%. Define

[Dx, Dy] = Dixyy where {X,Y}= XY, - ¥;X.. (65.6)
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Then (H2(IR?),[ , 1) becomes a Lie algebra called the Lie algebra of formal Hamiltonian
vector fields on IR?. Then [] induces a Lie algebra structure on C*(IR?) via {, }.

6.5.7 Definition: Let K be afield of characteristic 0. By a differentia ring B we mean
an K-algebra B endowed with a derivation d: B — B which istrivial on ACCB. If A €
B, XU = 9/ X. Let B> denote the vector space of infinite columns X = (X,, Xy, ...,...)!
with X; € B.

Let B[[¢]] be the formal power series ring in £ over B. That is {X \ X = ¥,5, X:€ ¥ |
X; € B}. Note that there are two derivations on BJ[[¢}] namely & and d. In fact
B (2o Xif') = T2, iXi€ " and 8 (T2, Xif') = T2 X[

Consider B[[¢]] and define {X,Y} = XY — Y, X1 (6.5.8)
where X,Y € B[[¢]] or more explicitly

xyy =% [(z‘ SR A 1)}1;,,.:(}”} giti

(5]

{
> [E“ =~ DXV = (- j+1) ;_,HA’J‘”] ¢
1>0 Lj=0

S XY (6.5.9)

120

which makes B[[¢]] a Lie algebra

I

There is a vector space isomorphism: B= = B[[¢]] given by X = (X0, X1..)! & X =
3%, Xi€* which can be used to transfer the Lie algebrastructureon B[[¢]] givenby {,} to
B by defining for X, Y € B®, X * Y = Z€ B® where Z «Z = Y 150{X, Y }it' € B[[¢]]
where {X,Y},is defined by (6.5.9).

6.5.10 Definition: The Lie algebra (B>, *) is called the Benney differential algebra
which is a differential algebra of infinite rank and which has a subalgebra consisting of
finite columns denoted by Bg.

6.5.11 Definition: Let X,Ye B*. Dedine the scaar product on B® by X'.Y =
DI X;Y;where we assume that B is equipped with a topology in which this above
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series converges. We denote the canonical map B — B/dB by /. Then we define
themap / : B® — B/dB by X = (X;)€ B* maps to fA'X € B/IB where
A = (Ao, Ay, ...)t € B> is the column vector.

6.5.12 Remarks: (1) This map / is the forma analogue of a linear functional on a Lie
algebrain the finite dimensional case.

(2) The vector A € B> is a fixed vector corresponding to the one having Benney’s
moment functions as components. Now we give an invariant understanding of the B
operator.

6.5.13 Theorem: For al X.Y € B* we have the formula

],I'[)? xY] = ])?*BY' where B = B,d + doB!

and (B1)ij = 1Ai4j-1 and d = ﬁ and A is Benney’s infinite column vector.

Proof: We have ffi"[X-' *Y) =[50 Ax[X % Y],

k
53 (Xt A -y g

k>0 3=0
k k P
r(k+1-3) AL Ak+1-5) .
- /ZZ [‘XLLJ’ ALY )3 ZZ}HI_JJ Akaxj}usmg (6.5.9))
k20 j=0 k>0 j=0

Integrating by parts the second term and using J modulo Im d we get

k
- ] S5 XA A 4 X,0((k +1 - ) ArYinaoy)]

k>0 ;=0
- f 3 [X,z‘A.»+,_1}’;m ¥ .Xja{et,zaﬂ,-,ly;-}}
1.2
(by substituting: = k+ 1 — j)
(interchanging i & j in 2nd term)

- j 3 [X‘iA,+j_1);“’ +x,.a{m,-+,-_1}-;-}]

L]
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= / X'B, YO} X'9(B!Y)= fX'BY

From the above proof we get

6.5.14 Corollary: The commutator [X * Y] in B® can aso be given by the formula
Bipo_ g 0Bip

DA A
where X*(8B,/8A)Y @ the column in B= having its fc-th component X281y (),

[X*F]:Xt

6.5.15 Relation with Kirillov structure on orbits:
We recall briefly the
6.5.16 General set up of Kirillov: Let G be aconnected Lie group and £ be its Lie
algebraand £* its dual space. Let u € £* and letQ denote the orbit of u in £* under the
co-adjoint representation. Since G acts transitively on ft, every element X € £ defines a
vector field dx on  which gives amap A : £ —> X'(Q)between Lie algebras where X(G)
is the Lie algebra of vector fields on ft and A(L)generates the whole Lie algebra A'(€2).
Then the Kirillov symplectic structure on the orbit ft is given by the symplectic form w
onftas

w(tx,by)(u) =<u,[X,Y]> VX,YeLl,uel (6.5.17)
Consider the ring C*(€Q) of C*-functions on R and let f,h € C®(Q) and let u € ft.

Then df (u)and dh(u) can be considered as elements of £. Then the Poisson bracket on
C*(R) is defined by the formula

(U, h}(u) =< u, [df (u),dh(u)] > . (6.5.18)

Now we want to understand the forma analogue of Kirillov structures on 2 to B*.
We assume A,, A,,..are al differentiably independent over B, that is, the family
{A9\i > 0,j > 0} is algebraically independent over B. Let A = B[AY)] and A = A/0A.

Then formally the vector space A is the analogue of the ring of C°°-functions on the orbit
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Q of the point « € £* in the finite dimensional case.

Consider the Lie algebra

;) 9
(%] 1

of continuous derivations of A commuting with d and trivial on B. The subalgebra
(6.5.20)

with A the moment vector, B the Benney matrix, is the formal analogue of the algebra of
X () of vector fields on the orbit Q. Similar to the above paragraph, define the 2-form on
Der 4 by w(8gg Ogp)(AF f AX* Y] =/ X'BY by above Theorem (6.5.13). Using
w we define the Poisson bracket on A by

{P,,Q} (A) =w (aB:_:; - 83%2) (6.5.21)

wheeP=JP, Q= [Q with PLQEA .

Now we prove that {,} indeed defines a Poisson structure on A.
6.5.22 Theorem: For dl P.Q,R ¢ A have

(i) {P,Q} = ~{Q, P}

(i) {P{Q, R}} +1{Q,{R,P}} +{R,{P,@}} =0.

Proof: (i) is trivial by (6.5.21) as w is skew symmetric.

(ii)Let X =22 ¥ =9 7= i—;f. Then we have the following identity [32]:
(XtBY) = D(X)BY — D(Y)BX + [X * ¥ (6.5.23)

where D(X) is an infinite matrix with the diffrential operator DAJ(X,) = 2:;0 ﬁh@"
3

in the (z,7)-th place. Hence

{P,{O.R)} = f)f‘BD(?)Bf — X'D(Z)BY + X'B[Y » Z] (6.5.24)
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{Q.{R,P}} = /?*Bn(inX ~-Y'BD(X)BZ+Y'B[Z+X] (65.25)

{RA{P,Q)} = / Z'BD(X)BY — Z'BD(Y)BX + Z'B[X x¥] (6.5.26)

Using sdf adjointness of B and D(X).D(Y),D(2) we have the sum of the left hand side
of (6.5.24), (6.5.25), (6.5.26) as

/)?*B[V v 2) +/9-13[zu 7]+ /z‘tg[g, 7
. fﬁf([,v?*[f*Z]]+[?[z“*;?]]Jr[z“*[L?n)=o.

6.5.27 Remark: This theorem is equivalent to the Hamiltonian condition for the
operator B. The equations F; = {H,F} or A, = B(H/SA) (6.5.28) are the formal
analogues of the Hamiltonian flows on the finite dimensional orbit 2.

6.5.29 Linear functionals on By
Let B((¢™)= {X | X = T, Xt + T2, 4,670, Xi.4€ B}. We can put a Lie
algebra structure on B((£7'))by [X,Y] = X Y® - Y. X® = {X,Y} (6.5.30) and we
denote this Lie algebraby £i. Let Li4 = {X €L, | X = N Xii}and £,_ = {A€
L1] Y32, A;670tD}([16]). Then L+ are Lie subalgebras of Liand £ = Li4 @ Li1-as
vector space. Notethat £, isisomorphic with B .

6.5.31 Definition: For al X, Y€ B((¢7")) define a scalar product by (X,Y)=
/Res XY (6.5.32) where Res(XY') means the coefficients £~ in the formal series ([16]).
Note that for A € £i-,2 L1y we have (A, X) = [; 350 AiX1and (£14,L14) = 0 and
(£1-,£4-) = 0. Hence we can identify the linear functionals on B;’fnwith L,- by means
of this scalar product (,).

6.5.33 Remark: The Lie agebra (B((¢7)),[, ]) = C\ can be regarded as an extension
of B and L,was considered by Gel'fand-Dikii [16], Adler [5], Kostant [27], Frenkel.LE.,
Reyman.A.G., Semenov-Tian-Shansky.M.A. [13]).
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6.5.34 Proposition: The scdar product (,) on £,= B((£7!)) iS invariant. That is, for
all X,Y,Z e B((()), (2,[X,Y)) = ([Z,X],Y).

Proof: We first note that

Res (ZX(MY)¢ =0 and so 0= Res (ZXMY) = Res (ZXVY + ZXPY + ZXVY,) .
Then (Z,[X,Y]) = [Res (Z[X,Y])

/Res (Z(XYD — Y xy) = fRes (ZX, YN — Zy, xV))

jRes {=(ZX,)My - ZY{X“)} (on integration by parts of first term).

Il

fRes {-29%ey - 2x{y - 2y, x"}

/Res{—-Z(”X{Y - Z(X“}Y)C} (which on integration by parts of 2nd term).

Il

/Rm {-Z0XY + Z:xWy'})

/Re_sqz, X)Y) = ([Z,X],Y) .

Il

Let Z = Lo Al e Lo Foray Fe A Fx Y5, (f—,,‘%)fﬁ Then the formula
(65.17) can be rewritten as {P,Q}(Z)= (Z,[Pa,Q4))= ([Z,P4)-,Qand the Hamil-
tonian flow with Hamiltonian H = / H,H C A is given by Z, = [Z, H,)-. Hence the
Benney’s equation (6.5.3) can be rewritten in the form (6.5.28) above with Hamiltonian
H = (A Al).

6.5.35 Remarks: (1) In fact al higher order Hamiltonian flows having the same infi-
nite conserved densities H,, which are in involution relative to the Poisson bracket can
be determined and also all such H,’s can be determined answering a question of Lebedev

[36].
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