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INTRODUCTION AND SUMMARY

The breadth of integrable systems is that it ranges over mechanics, differential equations,

global analysis, algebraic geometry and Lie theory and these are just some of their math-

ematical aspects, ignoring the vast intersection with physics. The subject accommodates

a whole range of points of view from very "pure" to very "applied".

Integrable systems first appeared as mechanical systems for which the equations of mo-

tion could be solved by quadratures, i.e., by a sequence of operations which included only

algebraic operations, integration and application of the inverse function theorem. Apart

from some non-trivial examples which were constructed before, the first main result (due

to Liouville, but essentially an application of a result due to Hamilton) was that if a

mechanical system with n degrees of freedom of the form

i

vanishes, {f,g} = 0 and / is called an integral of the system if / and H are in involution.

Mechanical systems which satisfy the conditions of Liouville's theorem are called Liou-

ville integrable or integrable in the sense of Liouville. A quite short - but important -

list of ( non-trivial ) examples of Liouville integrable systems were found during the last

century: a few integrable tops (the Euler top, the Lagrange top, the Kowalevski top,

free motion of a particle on an ellipsoid (Jacobi), motion of a rigid body in an ideal fluid

(Kirchhoff and Steklov case), motion in the field of a central potential (Newton) and few

others. Both finding these systems (i.e., showing that enough integrals exist, which was

(H any function in the co-ordinates g,-, p,) has n independent integrals in involution then

it can be solved by quadratures. Two functions / and g are said to be in involution if

their Poisson bracket
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clone by constructing them ) and solving them explictly by quadratures required a lot of

ingenuity and often quite long calculations. In the more complicated cases the solution

was written down in terms of two-dimensional theta functions by a non-trivial use of the

rich analytical properties of these functions. In turn it motivated the research in theta

functions and Abelian varieties, which originated in the begining of that century in the

works of Riemann and Abel.

Traditionally integrable systems are considered as differential geometric objects. The

phase space is a smooth (or analytical) manifold, equipped with a symplectic structure

and the functions in involution are smooth (or analytic) functions.

In the above classical definition of integrability in the sense of Liouville the existence of

a sufficient number of integrals in involution among themselves and with a given func-

tion (the Hamiltonian) is demanded, sufficient meaning equal to the degrees of freedom

of the system. For integrable Hamiltonian systems, it is better to consider the algebra

of functions generated by the integrals and if the integrals are in involution, then this

whole algebra is involutive. Giving only the function (Hamiltonian) does not suffice to

determine the whole algebra, which confirms that the integrable system should consist

of an algebra and not of a single function. Having a sufficient number of functions in

involution corresponds to this algebra having maximal dimension. The algebra should

be complete in the sense that every function which is in involution with all elements of

the algebra actually belongs to the algebra.

Thus a completely integrable system is a Hamiltonian system that admits the maximum

possible number of first integrals, i.e., if the notion of integrability means the existence

of integrals of motion, then complete integrbility means that these integrals exist in suf-

ficient number. For a system of n first order autonomous ordinary differential equations,

sufficient means n — 1 time-independent (where the system can be reduced to a single

quadrature) invariants or n time-dependent ones (in which case the solutions can be
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obtained by solving an algebraic problem). The study of completely integrable systems

proceeds in three stages: (i) identification of the symplectic structure which gives the

system its Hamiltonian character; (ii) identification of first integrals (or constants of mo-

tion or action variables); (iii) identification of a complementary set of variables, called

angle variables and computation of their evolution under the various Hamiltonian flows

associated to the first integrals if possible in terms of elementary functions. The sym-

plectic manifolds on which the systems are defined are orbits of the co-adjoint action of

a Lie group G on the dual of its Lie algebra, with the natural symplectic structure.

Complete integrability is strongly related to either Lie algebra or algebraic curve theory.

For instance, in chapter 4, it is shown that both KdV equation and the Toda system can

be viewed as Hamiltonian systems on the co-adjoint orbit of a Lie group with Kostant-

Kirillov structure and the complete integrability of these systems can be traced to a single

abstract Lie algebra theorem. The main thrust of the method is to associate with all the

above Hamiltonian systems a Lax matrix differential equation which contains a parame-

ter, i.e., equations of the form A = [A, B] = AB — BA, (f) where A and B are matrices

whose entries depend on the phase space variable and are polynomials in the indetermi-

nate h and h~l. Then the curve in (h,z) space X : det(A — z) = Q(z,h) = 0 is formed

whose coefficients are functions of the phase space. From (f), the curve X : Q{z,h) = 0

(of genus g) is time independent, (cf.section 3.3), i.e., its co-efficients are integrals of the

motion (f). Then we linearise (f) and its associated flows on the Ja,c(X) of X. (cf.section

3.4)

Chapter 1 is concerned with certain partial differential equations and as such partial

differential equations is a multi-faceted subject, created to describe the mechanical be-

haviour of objects such as vibrating strings and blowing winds, it has developed into a

body of material that interacts with many branches of mathematics such as differential
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equations, complex analysis, harmonic analysis and a very important factor in the de-

scription and elucidation of problems in Mathematical Physics. This branch of partial

differential equations in Mathematical Physics was studied by great mathematicians like

Riemann, Jacobi,Weierstrass and Poincare etc.

For the last two decades certain special non-linear equations of Mathematical Physics like

the Strum-Liouville equation, equations of non-linear string, the Korteweg-deVries(KdV)

equation, the Kadomtsev-Petviashvilii(KP) equation for dispersive waves in shallow wa-

ter theory were extensively investigated by the Soviet school[23,25,37] and the Courant

School [40].

Several interesting connections were discovered in these works. For example, there are

interlinks between Classical Mechanics, in particular infinite- dimensional integrable sys-

tems[37], spectral theory of differential operators[l7,28,40] and algebraic geometry, in

particular, geometry of complex tori [6,22,30,45,61].

In chapter 1, we discuss the solutions of the KdV and KP equations which are periodic

and conditionally periodic and these solutions live on the Jacobian variety of a compact

Riemann surface. Section 1.1 is concerned with basic definitions and results from com-

plex analytic theory of a compact Riemann surface, divisors, abelian variety, Jacobian

variety and the Abel map which gives the necessary and sufficient condition for a divisor

of degree zero to be a principal divisor. We have also defined the Riemann-theta function

and studied its properties. In section 1.2, we give a brief account of the KdV equation,

the KP equation and the Boussinesq equation of which the KdV equation arose in the

nineteenth century in connection with the theory of waves in shallow water and the KP

equation which is a more general form of the KdV equation. In section 1.3, we intro-

duce and study the Akhiezer functions and their relation with the KdV equations and

Riemann-theta functions. We have proved the theorem (Theorem: 1.3.20) in which the

solutions of the KP equation are expressed in terms of the Riemann-theta function.
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Section 1.4 is like an inverse problem of section 1.3 where we construct the operators

Li,L2 using the data ( of an algebraic curve(CRS), Akhiezer function and special divi-

sors). We have proved that for each Akhiezer function # , 3 unique pair of differential

operators Lx and L2 of form (1.4.1) such that LXV = £ # , L2V = ^ t f (Theorem 1.4.5).

We have also discussed some special cases in the above two sections. In section 1.5, we

give some remarks on the interconnection of the KP(KdV) equations theory with other

topics in dynamical systems and deeper areas of algebraic geometry. In summary we

proved here a common transcendental solution for the partial differential equations we

considered (Theorem 1.3.20 and Theorem 1.4.5) in this chapter.

Subsequent chapters, starting with chapter 2, are concerned with the complete integrabil-

ity of some integrable (Hamiltonian) systems (CIHS). Here we have introduced systems

such as (a) The Toda Lattice (b) the Lagrange top (c) the geodesic motion on an ellipsoid

in the finite dimensional case and (d) the KdV and the generalised KdV equations and

(e) the Gel'fand- Dikii system in the infinite dimensional case, where we have given the

description of these systems in the classical sense. The main purpose of chapter 2 is to

introduce the above systems and describe them from classical view point and all these

systems will be discussed in subsequent chapters from several other angles. In section

2.1, we have given an introduction to the various aspects of Poisson brackets where the

purpose is to lay down the differential geometric basics for the use of Poisson brackets in

the subsequent parts of the thesis, where the emphasis is on the integrable (Hamiltoni-

an) systems. Section 2.2 deals with various forms of Hamiltonian structures via Poisson

structures or sympletic structures used in the general theory of integrable Hamiltonian

systems and also the natural sympletic structures on the co-tangent bundle and on the

dual of a Lie algebra are given. In section 2.3, we have discussed the example of the

Toda lattice, invented by M.Toda around 1968 and the Poisson bracket on it and the

corresponding Hamiltonian structure are given.
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Section 2.4 deals with the example of the three dimensional rigid body motion about a

fixed point under the influence of gravity which has the Lagrange top as a special case.

In section 2.5, we have discussed the KdV equations and the generalized KdV equations

for which we have given the Hamiltonian structure and the Poisson bracket associated

with it. Section 2.6 deals with the Gel'fand-Dikii systems which are generalizations of

KdV equations to the n-th order partial differential operators. The higher order flows of

these KdV hierarchy are also given (cf. 2.6.6).These have remarkable properties such as

that they are infinite-dimensional Hamiltonian systems, having infinitely many constants

of motion in involution, which are also integrals of local polynomial densities.

Finally in section 2.7 of chapter 2 we have introduced the differential equation for

geodesies on an ellipsoid and also the confocal quadric family of this ellipsoid. First

we considered an ellipsoid defined by a positive definite symmetric matrix A of order

n x n and then passing to its isospectral matrix L(x,y) got a special rational function

$z(x,y) whose partial fraction expansion gives the n first integrals of the geodesic flow

(cf. 2.7.6). The eigenvalues of L are related to the common tangent cone of a certain

family of confocal quadrics. The method of rank 2 perturbation of matrix A to get

L(x,y) is explained and the Hamitonian form and Lax form of geodesies equations are

given. Then the Hamiltonian equations of geodesies for ellipsoid in IRn were extended to

the cotangent bundle T*IRn = IR2n and using the standard symplectic form on it, the

integrals of motion of the geodesic were obtained and generalized (cf part(b) of (2.7)).

Chapter 3 is concerned with Lax representation , cohomological interpretation and lin-

earization of flows of some completely integrable Hamiltonian systems (CIHS) given in

chapter 2. In section 3.1, we discuss the Lax equations of the KdV and the KP systems

from the view point of isospectral deformations of ordinary differential operators with

formal power series co-efficients. In otherwords, following the work of Gel'fand and Dikii

closely the general isospectral deformation theory of general differential operators in the
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larger set of pseudo-differential operators was developed first and then applied to special

partial differential equations or operators arising out of them. The geometric way to

understand the KP equation

(i)

is to introduce a large system of non-linear equations which contain the KP equation (1)

as the first equation. This system of equations, called the KP system or KP hierarchy are

the equations that describe the universal deformations of ordinary differential equations

(cf. Remark 3.1.17). In remark (3.1.16), if we set P = d2 + 2u, then we get the KdV

equation

In section 3.2, we discuss the Lax equations with a parameter associated with some of the

completely integrable Hamiltonian systems discussed in chapter 2. The Euler equations

of motion for the n-dimensional free rigid body about a fixed point as a Hamiltonian

system on adjoint orbits of so(n) are given in this section, where we have proved the

theorem (cf. Theorem 3.2.5). In this case if we put n = 3, then we get the usual Euler

equations (cf. Remark 3.2.7). For the three dimensional heavy rigid body, it is noted

that the Euler - Poisson equations can be written in Lax form [48] with variables formal

matrix polynomials if and only if the equations describe the Lagrange top (two of the

principal moments of inertia are equal and the center of mass is on the axis of symme-

try of the body) or the heavy symmetric top (all three moments of inertia are equal)

(cf. Theorem 3.2.10). We also discuss the examples of the Toda lattice (3.2.12) and

the geodesic motion on an ellipsoid (3.2.13) in this section.

In section 3.3, we discuss the spectral curves associated with the Lax equations with a

parameter £, for the examples discussed in section 3.2 for which we have given some prepa-

ration from algebraic geometry ([6], [20],[26]). That is, suppose we have a Lax equation
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with a parameter £, J ^^ = [A^ B^\ where A and B are complex or real matrices which

have entries in the ring of real or complex Laurent polynomials in the variable £, which is

called the spectral parameter. This Lax equation has many first integrals since the ma-

trix A stays in the same conjugacy class, its eigenvalues will be 'constants of motion'. In

otherwords, the co-efficients of the characteristic polynomial of A are first integrals. Then

the characteristic polynomial is a polynomial in two variables Q(£, rj) = det(r}Id — A{)

which is a complex curve C of the equation Q(£<,r)) = 0 and which is called the spectral

curve. It describes the eigenvalues, the spectrum of A$. The co-efficients in the equation

of C are the first integrals and so there are many spectral curves, one for each value of

the set of integrals and Q(£,rj) = 0 describes a family of curves corresponding to the

curve C. For a general point p = (£, rj) £ C, if we assume dim ker || Tjl — A(£, t) || = 1,

then there is a uniquely determined vector v{p,t) 6 V (upto non-zero scalars) satisfying

A(£,t)i/(p,t) = r)i/(p,t) (cf. 3.4.2) and the correspondence p —»(Ez/(/>,t) C V determines

a family of holomorphic mappings depending holomorphically on t, ft : C —+ IPV, which

are called the eigenvector mappings associated, to the given Lax equation (cf. section

3.4). For the rigid body motion, the Lagrange top, the Toda lattice and the geodesies on

ellipsoid the corresponding spectral curves are given along with their genus.

Section 3.4 deals with the cohomological interpretation of Lax equations and the lin-

earization of flows. The aim is, given a Lax equation with a parameter, we associate

to it an algebraic curve C (its spectral curve) together with a dynamical system or flow

{Lt} on its Jacobian J{C). Then give the necessary and sufficient condition on B in

the Lax pair (A, B) that the flow t —> Lt be linear on J(C). The answer to this lies

in Theorem (3.4.13) and Theorem (3.4.20). The eigenvalues of A((,t) are fixed as time

evolves and the eigenvectors of A(£,t) will change with t. This leads to the eigenvec-

tor mappings ft : C -> 1PV and we set Lt = / ; ( t fPy(l)) G Picd(C) where Picd(C) is

the set of line bundles of degree d on C. Choosing Lo € Picd(C), we have the map
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L —• L ® L j 1 where under an isomorphism Picd(C) = J(C) and the canonical isomor-

phism TLt(Picd(C)) = H^fic). Then the condition on B becomes that the acceleration

vector ~̂ *- be a multiple of ^ , i.e., ^ - = //*^jk. The Lax equation is invariant under

a substitution B -> B + P(A,£), where P( . r ,0 €<C[x,£] and this suggests that it has in-

variant cohomology meaning. The necessary and sufficient condition for {Lt} C Picd(C)

be linear is given in Corollary (3.4.21) and this is applied to the rigid body motion or

Lagrange top; Toda lattice and geodesies on ellipsoid to conclude linearity of flows by

showing the vanishing of the residue of B (cf. Examples 3.4.30-3.4.33).

In chapter 4, we discuss the geometric Adler - Kostant - Symes(AKS) principle and its

application to some integrable systems such as, the Toda system, the Lagrange top, the

geodesic motion on an ellipsoid, the KdV and the generalized KdV equations, and the

Gel'fand-Dikii system. In section 4.2, we discuss some preliminaries from syrnplectic

manifold theory and define the Kostant-Kirillov-Souriau orbit symplectic structure (cf.

Definition 4.2.6). The KdV and the Toda systems and others as well are completely

integrable Hamiltonian systems whose equations of motion are expressible in terms of

the Lax isospectral equations. The splitting of a Lie algebra into a vector space direct

sum of Lie algebras is responsible for the complete integrability of the above systems and

the Lax isospectral equations associated with these systems.

Of the different approaches to the study of integrable systems, our approach here is that,

a given non-linear system is written as a Hamiltonian dynamical system with respect

to some Hamiltonian structure on the underlying space. (For finite dimensional mani-

folds, the term 'Poisson structure' is usually preferred, that of 'Hamiltonian structure'

being more frequently applied to the infinite dimensional case). For finite dimensional

Hamiltonian systems on a symplectic manifold of dimension 2n, integrability in the sense

of Liouville(1855) and Arnold(1974) is defined by the requirement that 3 n conserved

quantities that are functionally independent on a dense open set and in involution, i.e.,



Introduction and Summary x

whose pairwise Poisson brackets vanish and the geometric methods can be applied in

various ways (cf.section 4.3).

In section 4.4, we dicuss the above'mentioned examples of which for the Toda lattice,

the relevant group G is the group of lower triangular matrices with nonzero diagonal ele-

ments, as contained in SL(n, H). We identify the dual algebra of (7, £*, with the upper

triangular matrices through the trace form. The orbit Hamiltonian phase space $A is of

the form 0A = {[U~lAU\+IU 6 G, A e £*}, where [B]+ denotes the matrix formed

from B by setting its lower triangular entries equal to zero and A is subject to certain

conditions (cf. 4.4.1). For the case of the generalized KdV equations, the relevant group

G is the formal pseudo-differential symbols of negative type translated by the identity

element 1, whose dual C* is identified, through a trace form, with the differetial symbols

of non-negative type, which are identified with formal differential operators. The algebra

in which everything takes place is the algebra of formal pseudo-differential operators.

The Hamiltonian orbit space is of the same form as 6\ (cf. 4.4.15).

We have also discussed the examples of the Lagrange top using the Kac-Moody Lie al-

gebra (cf. 4.4.3) and the geodesic motion on ellipsoid based on the polynomials in the

indeterminate /i, h~l with co-efficients in a Lie algebra (cf. 4.4.7). Thus in summary,

in chapter 4 the geometric principle of Adler-Kostant-Symes is formulated in complete

generality and is proved (cf. Theorem 4.3.1) and then applied to various systems of both

finite and infinite dimensions and the corresponding set up and data for various systems

is tabulated at the end of chapter 4.

In many problems of physical interest involving partial as well as ordinary differential

equations, it is possible to find quantities that are invariants (which are equivalent to

first integrals of equations of motion). This chapter 5, in which we study the motion

of a non-linear string, that is concerned with the study of the Boussinesq equation and

state its integrability in relation with a recursive scheme of Lenard and obtain variuos
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integrals of motion, gives a unified method for finding invariants for a class of equations

that includes crystal lattices (the Toda system) and water waves (Boussinesq and KdV

equations). The approach here is that at the center of the theory of integrable systems

lies the notion of a Lax pair, describing the isospectral deformation of a linear operator.

A Lax pair (L, M) is such that the time evolution of the Lax operator L = [L, A/], is

equivalent to the given non-linear system. The study of the associated linear problem

Lip = A0 can then be carried out by various methods.

Following the above approach, we have discussed the examples of Toda lattice and showed

that its continuum limit the Boussinesq equation in partial differential equations. We

have also discussed a common method for the construction of Lenard relations which

along with Gel'fand - Dikii type operator trace formulae, yield an explicit recursive con-

struction of the heirarchy of the integrable systems associated with each of the above

systems. In section 5.1, we discuss a general method of construction to determine the

Lenard relations (cf. 5.1.10-5.1.13) which can be applied to other systems (the Toda and

Boussinesq systems) and in particular, we have discussed this here for the KdV equations

(cf. relation 5.1.12). In section 5.2, we discuss the Boussinesq equation and derive the

recursive relations of Lenard which is given by AV\ = JVA for appropriate A, J and

Li/> = \tf> (cf. Theorem 5.2.20). Section 5.3 is concerned with the Hamiltonian structure

of the Boussinesq equation where we have constructed the Hamiltonians Ho, H\ , H2, • • •,

etc., using the trace functional approach of Adler[5]. Section 5.4 deals with the construc-

tion of an operator valued function which yields the infinitesimal generators of the Lax

type isospectral deformations associated with the examples discussed in the previous sec-

tion. Section 5.5 deals with the subhamiltonian system where the flows associated with

the Boussinesq equation are restricted to the manifold r = 0. The subhamiltonian system

is an integrable system in its own right specifically as <j> = AxV^E^ n = 1,2, • • •, (cf.

Theorem 5.5.6) where En satisfy a certain recursion scheme (cf.relation 5.1.12).
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Finally following closely the works of B.A.Kupershmidt and Yu.I.Manin ([31], [32]) we

discuss in this chapter 6, the 1-dimensional and 2-dimensional equations for long waves

moving in long channel along a free surface with rigid bottom and various generaliza-

tions of these and also the associated Benney's equations for the moment functions of

horizontal velocity component. We interpret them as completely integrable Hamiltonian

systems by giving the Hamiltonian structure and its first integrals by using the AKS

principle. Several variations of Benney's equations are also given as integrable systems

including the super symmetric case. In the supersyrnmetric case, we have realized the

super Poisson bracket as a non-trivial part of a commutator [,] in a ring of formal Laurent

(differential) series with co-efficients in an algebra.

In section 6.1, we discuss the mathematical aspects of long non-linear wave propagation

on a free surface and we have obtained some special solutions (cf. 6.1.16). The moment

equations and the conservation laws for long non-linear waves are also discussed in this

section (cf. 6.1.21). Then we define the moment function for the horizontal velocity func-

tion u(x,y,t) of long waves by An(x,t) — fQ u(x,yyt)
ndy (cf. Definition 6.1.30). The

conservation laws can be written in the form ^ + ^jr = 0 (n = 1,2,3) (cf. 6.1.33),

where Pn and Qn are polynomials in v4o, A\, • • •, An. The equation (6.1.34) for the Ben-

ney's equations of long waves satisfied by the moment functions are also described. We

also discuss a recursive method of Benney for constructing an infinite number of con-

servation laws for long waves (cf. Theorem 6.1.40) following the technique of generating

function.

Section 6.2 deals with the Lax representation of Benney's equation and application of

the geometric AKS principle to the Benney's system. The Benney's system admits a Lax

representation given by Lt = [L,P] where L and P are given by



The Benney's system satisfies the AKS principle, that is, they fit into a general scheme

of constructing Hamiltonian systems with Lax representation and involutive conservation

laws and that the relevant Hamiltonian structure could be identified with the canonical

symplectic form on the orbits of the co-adjoint representation of a convenient Lie algebra.

Then we have the Benney's system as the quassiclassical limit of the KP system or the

generalized KdV equations. That is in the limit e —• 0, [a,6]0 = lim^0[a, &]c and the Lie

algebra Qo of Benney system is the quassiclassical limit of the Lie algebra Q\ of the KdV

algebra equation (cf. 6.2.14).

Section 6.3 discusses the Hamiltonian structure of Benney's system from analytical point

of view. Here we have given the construction of an infinite number of polynomial con-

served densities //, € Ai-\-7L[A0, • • • A;_i], i € 7L+ starting with i/o, Hx, • • •, (cf. Theorem

6.3.3). Here the conservation laws are obtained from a non-linear integral equation in-

volving a parameter. We also give a method of construction for higher Benney equations

having an infinite set (cf. 6.3.2) of polynomial conserved densities. In particular, the

higher flow equation is given by Aitt = Ai+2,x + A0AiiX + ( i+ l)A{AOtX + iAt_i AiiX, i 6 7L+

(cf. Theorem 6.3.9). We have also discussed the Hamiltonian flows with Hamiltonian

structure

Bij = iAi+j-id + djAi+j-x , t, j e 7L+ , d = ^

so that the flow #ra can be written as

In section 6.4, we discuss the supersymmetric Benney's system. That is to understand,
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(6.2.7)

xiii

(cf. Theorem 6.3.11). The flows have a common Poisson structure given by Ltt =



(cf. 6.4.1). Then we have defined the super flows (cf. 6.4.2) and the supersymmetric

Benney hierarchy is a semi-integrable system meaning that the extended flows do not

commute between themselves but nevertheless, they have a common infinite set of polyno-

mial conserved densities. That is, the new hierarchy of flows is not Hamiltonian, despite

having a common infinite set of conserved densities (cf. Theorem 6.4.7). In section 6.2,

we noted that the Benney's system is a quassiclassical limit of the KP or the KdV system.

On the contrary, in the super symmetric Benney's system, the super Poisson bracket

is realized as the first non-trivial term of the commutator followed by other symmetric

expressions (cf. 6.4.13) and the relation between the super symmetric Benney's system

and the super KP hierarchy needs to be explored. Also analogous formula to (6.4.13) are

computed for lower dimensional superplanes.

In section 6.5, the Hamiltonian structure of Benney's long wave equations is discussed

from a different view point than that was discussed in section 6.3. Here the algebraic

approach is followed. The Hamiltonian structure here is defined in a different way by

using a special Lie product and the first integrals of motion are obtained. Also, Ben-

ney's differential algebra and the operator B is defined in section (6.5.5). In otherwords,

here we understand the Hamiltonian structure of Benney's system (6.3) as the formal

analogue of the Kirillov structure on the orbits of the co-adjoint representation of Lie

algebras(cf.6.5.15). Moreover the Poisson bracket defined here is invariant one rather

than the one defined in section (6.3).

Now some comments are in order . This study embodies the results obtained from our

xivIntroduction and Summary

what happens with the flows (6.3.15) when the plane T^IR1 = IR2 is extended into the

super plane ]R2N equipped with the super Poisson bracket
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attempt to understand the integrable Hamiltonian systems or partial differential equa-

tions by differential and algebraic geometric methods as well as by differential analytic

methods and Lie methods. For example chapters 1 and 3 contain several results where

algebraic geometric techniques were effectively used. Chapter 4 contains results obtained

by us of analytic and Lie theoretic flavour. Chapter 2 simply explains various ways of

understanding Poisson and Hamiltonian structures on systems. They were explained

clearly from analytic point of view and also various Hamiltonian systems which we s-

tudied throughout to apply some unifying principles formulated were described from an

elementary stand point in Chapter 2. The Lie theoretic AKS principle after proving

was applied for the systems of chapter 2 and these results obtained are summarized in

a tabular form in chapter 4. In chapter 5 we studied Boussinesq equation by analytic

methods namely Lenard relations and determining certain invariant coefficients whose

integral densities give the conservations. Then we have reinterpreted the Hamiltonian

structure of Mckean of the Boussinesq equation in terms of the above method. Further

this Lenard scheme is also applied to other systems because Boussinesq equation is the

continuous limit of discrete Toda system which we studied throughout.

Finally chapter 6 gives the study of Benney's equations in a very systematic and also

a thorough understanding of this topic. The classical flavour of this topic is given first.

Then Lax type of understanding of this was given and the infinite family of conserved

polynomial densities were computed by analytic methods. Then the Poisson structure

and then the Hamiltonian structure of Benney's system were given. The AKS principle

setup for Benney system was derived by us. Then the super Benney system was shown

to be a semi-integrable system. Then we answered by explicitly relating the super Pois-

son Bracket and the commutator product on a differential ring Lie algebra a question

of Kupershmidt - Manin. Also we computed the above relation for lower dimensional

super plane. This section contains many new results. Finally in the last section we have
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given an invariant definition of Poisson bracket on a Benney differential algebra which

we defined and made into a Lie algebra and related this to Kupershmidt-Manin Poisson

bracket via an integral representation. In a sense this chapter is the heart of this thesis

as it gives a complete understanding of the Benney system to date.

Throughout the thesis several new proofs were given and new interpretations and better

understanding of known facts were inserted throughout. For example in chapter 5, our

way of reinterpreting McKean's conserved quantities for Boussinesq is a correct proce-

dure. Nevertheless it must be mentioned except for chapters 1 and 3 the rest of the

chapters have computational flavour rather than usual mathematical theorem like re-

sults and this is justified by the fact after all we are studying properties of Hamiltonian

systems arising out of physical contexts from classical mechanics, applied mathematics,

theoretical physics etc. We have given reasonably good collection of references used even

though it may not be complete as these topics were studied by theoretical physicists

also. We have made every effort and taken care to minimize the typing mistakes and

since this thesis contains lots of computational formulae, still some typing mistakes may

exist which escaped our attention. Finally we have followed the usual indexing pattern

of Proposition X.Y.Z means in chapter X, in section Y, the proposition Z.



Chapter 1

Integrability of some partial differential equations

In this chapter, we study certain non-linear partial differential equations such as the

Korteweg-de Vries(KdV) equation, the Kadomtsev-Petviashvilii(KP) equation and the

Boussinesq equation. We also study the Akhiezer functions and their relation with the

KdV equations and Riemann theta functions. We also discuss these equations via the

differential operator equations approach.

1.1 SOME GEOMETRIC PREPARATION:

1.1.1 Definition: Let M be a 2-dimensional manifold. A complex chart on M is a

homeomorphism <j> : U —• V of an open subset U C M onto an open subset V C(E. Two

complex charts <f>{ : U%; —> VJ, i! = 1,2 are said to be holomorphically compatible if the

map

is biholomorphic.

A complex atlas on M is a system U = {fa : U{ —> K, i € /} of charts which are

holomorphically compatible and which cover M, i.e., UteJ ^ = ^' ^ w o c o m p l e x charts

U)W on M are called analytically equivalent if every chart of U is holomorphically

compatible with every chart of W.

By a complex structure on a two-dimensional manifold M, we mean an equivalence class

of analytically equivalent atlases on M.

1
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1.1.2 Definition: A Riemann surface is a pair (M, E) where M is a connected two-

dimensional manifold and E is a complex structure on M.

1.1.3 Remarks : (1) If M is a Riemann surface, then by a chart on Af, we always mean

a complex chart belonging to the maximal atlas of the complex structure on M.

(2) When M is compact, we call it a compact Riemann surface.

1.1.4 Definition: Let M be a compact Riemann surface. Then g = &imHl(M,d) is

called the genus of M where i? is the sheaf of germs of holomorphic functions on M.

1.1.5 Definition: By a complex torus T, we mean the quotient space T =<T5/F where

F is a group of translations generated by 2g IR-linearly independent vectors in (£g. Thus,

T is a group (under addition modulo F) and is a complex analytic manifold with natural

projection p : (C5 —• T = (E5/T, which is a holomorphic local homeomorphism. The

complex torus has a natural structure of a compact complex Lie group. The generators

of F will be represented by 2g column vectors u>i, — • ,u?2g, each u>k € (£9. The j-th

component of the vector u;* will be denoted by ojjk- The g x 2g matrix,

is called the period matrix associated with T = fl^/F.

1.1.6 Definition: The matrix Q is called a Riemann matrix if there exists a non-singular,

integral, skew-symmetric matrix Q of rank 2g such that

(i)n An* = o (2) -iCl Aft = A/>0

where A = Q~l. The matrix A is called a principal matrix for the Riemann matrix 0 .

The set (f!, A) consisting of a Riemann matrix n and an associated principal matrix A

2
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is called a Riemann matrix pair.

1.1.7 Definition: A complex torus whose period matrix is a Riemann matrix is called

an Abelian Variety. All period matrices representing an abelian variety are necessarily

Riemann matrices.

1.1.8: Let M be a compact Riemann surface of genus g, which is same topologically as

a sphere with g handles. Hence M has first homology group H\(M,TL) as TL + • • • + TL

(2g copies). Choose a ZZ-basis for i/i(Af, TL) a\, a2, • • •, ag, &i, 62, • • • bg of 2g 1-cycles on

M such that a, o ad = 6, o bj = 0 and a ,o b3 = Sij(i,j = 1,2, • • • ,y) where o denotes the

intersection index.

Let a; be a holomorphic differential on M and let A{ = fa u;, B3 = Jb a; for 1 < i,j < g.

Then (A\,-*-,Ag) = A and B = (B\,- — ,Bg) are called the a-periods and 6-periods

of w which are vectors in (C5. Then for the space of holomorphic abelian differentials

(=space ?i), there exists a unique basis {u>i, • • • ,u;s} with the property ja Wk = &jk{j, k =

1,2, ••• ,g). Also for this basis, the matrix of 6-periods B = (bjk) with 6^ = fb uJk (1 <

j , k < g) is symmetric with positive definite imaginary part. Thus, the vector space

7i — ^(M) of holomorphic differentials on M is a ^-dimensional complex vector space

with basis {u>i, • • • ,ug}.

1.1.9 Definition: Let M be a compact Riemann surface of genus g. Let L = L(M)

denote the lattice (over TL) generated by the 2^-columns of the g x 2g matrix (/, B). The

2#-column vectors {ei, • • •, e5, ej, • • •, ej} are linearly independent over IR. Every element

of L = L(M) is of the form Yj*j~\ mjej + Z!j=i n i e j ' nh mj ^ 2Z and ê  = (6^, • • •, 6^)

and ek = (0, • • *, 1,0, • • •, 0) or of the vector form IM + BN , where M — (mu • • •, m5)' €

2Z5, TV = (m, • • •, ngy e TL9. The quotient space J(M) =<E9/L(M) is called the Jacobian

Variety of M, and it is a compact, abelian, ^-dimensional complex Lie group.

1.1.10 Definition: Let Cg denote the space of complex symmetric g x g matrices with

positive definite imaginary part. This space is called the Siegel generalized upper half
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plane which is of dimension g. On the product <E5 x Cg, we define the Riemann-theta

function 0(zu • • •, zg, B) to be the entire function on (D5 defined by the Fourier series

B(zU'",zg,B) = Yl ex&*'{\i2 b*3™km3 + Y^mkzk} (1.1.11)
rni,---,mg£7Z k,j=l fc=l

where mk e 7L and (zi,--,zg) € (IX The above ^-function can also be written in the

form

0(zi,- • • ,zg,B) = ^2 exp{7ri(Bm,m) + 2?ri(m, z)}

where (Bm, m) = Ylkj hjmkmj and (m, z) = m^i H + m.gzg.

1.1.12 Remarks : (1) The summation in (1.1.11) extends over all integer vectors intfX

(2) The series (1.1.11) converges absolutely and uniformly on compact subsets of (C5 xCg.

(3) The ^-function has the properties:

(ii) B(zx + 6M, • • •, zg + 6*j) = exp(-7T2^ - 2 ^ ^ ) ^ - ! , • • •, zg)

(4) The second property above shows that the Riemann-theta function is related to the

Jacobi lattice consisting of 2g vectors in an ^-dimensional complex linear space (C5 where

the vectors are ek = (0, • • •, 1,0, • • • ,0) and e'k = (bki, • • •, bkg) (cf.definition (1.1.9)).

(5)The property (i) of (3) gives the periodicity of the theta function and the property

(ii) of (3) gives the quasi periodicity of the Riemann theta function.

1.1.13 The Abel map and Special divisors on a Riemann surface:

1.1.14 Definition: Let M be a compact Riemann surface of genus g and J(M) its

Jacobian variety. Let A : M - • J(M) be the map defined by A(P) = (^i (£)) , • • •, Ag(P))

with Ak(P) = Jp u>k(k = 1,2, •••,</), where Po is a fixed point of M and the path of

integration is same for all k. A is a well defined map and is called the Abel map.

1.1.15 Remark: For g = 1, A : M —> J(M) = T2 is an isomorphism.

1.1.16 Definition: A divisor D on a Riemann surface M is a formal sum , D = YtHLx n«^'
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with rii £ TL and the divisors on M form a group under addition, denoted by Div(M).

Every meromorphic function on M has the same number of zeros as poles.

Now we state the basic

1.1.17 Theorem(Abel) : For given points Pu • • •, Pn , Qx, • • •, Qn of M to be the zeros

and poles of some meromorphic function on M, it is necessary and sufficient that on the

torus J(M),
n n

^2 A(pk) - ^ A(Q^) = ° (congruence modulo the lattice) [57].
k=i fc=i

1.1.18 Example: Let a; be a meromorphic differential on M and (OJ) be its divisor

defined by its zeros and poles of UJ. Then any two such meromorphic differentials on M

are linearly equivalent and hence define an equivalence class [(u>)] of these divisors called

the canonical class ofM, denoted by C. Note that deg[(u?)] = deg C = 2g - 2, V(w) e C.

We can extend the Abel map linearly to the group of divisors on M by, for D = ^ rc,\P,-,

A(D) = £ rnA{Pi), as A : Div(M) -• J{M).

The Abel's theorem can be reformulated in terms of the above map A on divisors as

1.1.19 Abel 's theorem: The divisors D,D'. G Div(M) are linearly equivalent iff (a)

degD = degD' (b) A(D) = A(D') on J{M).

1.1.20 Definition: Let D G Div(M). Let C(D) = {/ € Mero(M)/(f) + D > 0}. Then

C(D) is a vector space with dimension denoted by /(/>). If D ~ D' then C(D) = C(D')

and hence l(D) = /(£>').

1.1.21 Remarks: (1) Let D be a positive divisor. If degZ) < g then the meromorphic

functions / with poles in D are only constants i.e., l(D) = 1.

(2) In particular if D = nP0, n e N then l(D) = 1 for n < g i.e., there are no meromorphic

functions (non-constant) with a single pole at Po of order < g.

(3) Those points Po € M for which no such meromorphic functions / exist having a

single pole at Po of order < g, are called Weierstrass points of M.
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1.1.22 Definition: The famous Riemann Roch theorem says that if D is any divisor

and Z is any canonical divisor on a compact Riemann surface of genus g, then dim C(D)

= deg D + 1 - g + dim C(Z - D). We call the divisor D with deg > g non-special if

dim C(Z~D) = 0. That is, if deg/) > 2g-2, then deg (Z-D) < 0 and dim C(Z-D) =

0. Thus D is non-special. Otherwise, D is called a special divisor. That is, D € Div (M)

with deg D > g such that dim C(D) > deg D — g + 1 is a special divisor. That is,

dim C(Z -D)>0.
/v

1.1.23 Remark: Let D be a special divisor with D - ])P P t, iV = deg£> > #. Then

consider the Abel map A : 5n(A/) —• J(M) where Sn(M) is the n-th symmetric power of

M (i.e., the set of all unordered sets of n points of M). Then the set of special divisors

on M is precisely the set of critical points of the map A. i.e., those D at which the

differential Am(D) has rank < g.

1.2 SOME PARTIAL DIFFERENTIAL EQUATIONS:

In this section, we give a brief account on the Korteweg de-Vries(KdV) equation, the

Kadomtsev-Petviashvilii(KP) equation and the Boussinesq equation.

(i) The KdV equations arose originally in the studies of dissipative waves in shallow

waters which was of interest in Mathematical Physics and has the form

4ut = 6uux + uxxx (1.2.1)

(we give a general form of this in section 1.4 later, (cf. 1.4.12))

This equation has solution function u(x, t) of two variables x and t, called respectively

the spatial and time variables and the function u(xy t) is called a 'potential function'. The

integrability of (1.2.1) was studied by using the inverse scattering method [6,60]. This

method puts limitations on the solutions to the class of potentials vanishing rapidly as

the space variable tends to infinity resulting in solitons which are waves of definite form

moving with different velocities. The most interesting case of (1.2.1) is those equations
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having solutions u(x, t) which are per iodic in x. It was Novikov who first i n t r o d u c e d new

ideas of in tegra t ing (1.2.1) in th i s case [46].

(ii) The KdV equation has a 2-dimensional analogue which arose in physics and was

known now as the Kadomtsev-Petviashvilii equation (KP equation) [23] given by

ZUyy = ^ [ 4 u f - (6llUx + Uxxx)} (1.2.2)

where u(x,yyt) is a function of 2 + 1 (spatial and time) variables.

(iii) Finally we recall the equations of motion of a non-linear string, called the Boussinesq

equation, namely

3tiyy + ^(6wwx + uxxx) = 0 (1.2.3)

1.2.4 Remark: We note that (1.2.2) reduces to (1.2.1) if the variable y is absent in the

potential u(x,y,t) and (1.2.2) reduces to (1.2.3) if the variable t is absent in the function

u(x,y,t). We give also the general forms of (1.2.2) and (1.2.3) in section 1.4.

1.3 INTEGRABILITY OF THE KP EQUATION:

In this section, we discuss a general scheme for constructing the periodic and almost

periodic solutions of the general Zakharov-Shabat equation which makes it possible to

express them explicitly in terms of the Riemann-theta function.

1.3.1 Definition (Akhiezer function): Let M be a compact Riemann surface of genus

g. Let Q be a fixed point on M and z = z(P) be a local coordinate in a neighbourhood

of Q such that z(Q) = 0. Let k = \ so that k(Q) = oo. Let q(k) be a polynomial in the

parameter k. Let D = P\ + " • + Pg be a positive divisor of degree g on M.

By an Akhiezer function on M corresponding to the data { Q , k = \ ,q(k), D }y we

mean a function * ( £ ) on M such that

(a) ^f(P) is meromorphic o n M \ {Q} and has poles only at P i , . . . , Pg.

(b) The product $(P_)exp(—q(k)) is analytic in a neighbourhood of Q.

1.3.2 Remarks: (1) Condition (b) says that # has an essential singularity of the form
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*(E)~Cexp(q(k))a.t P = Q.

(2) For a given non-special divisor D of degg on Af, such Akhiezer functions form a

1-dimensional (E-vector space A(D) and hence such $(P) is unique upto a constant.

We state this as
9

1.3.3 Theorem: Let D = 2_^ Pi be a non-special divisor of degree g. Then the space

A(D) of Akhiezer functions for a given polynomial q, is 1-dimensional.
Proof: Note $(P) has g zeros on M and the divisor defined by these zeros is non-special.

Suppose # , $ ' are two Akhiezer functions corresponding to the same divisor D. Then

ty(P)/W(P) is a meromorphic function on M having poles on the divisor of zeros of #' .

Since such a divisor is non-special, $ / # ' is constant, and hence such ^ is unique.

1.3.4: (a)Let Po be a point in M. Then the mapping A : M —* J(M) is defined

(this is the Abel map defined in the previous section). The coordinates of the vector
fP

Ak(P)= I Wk where ink is a mermorphic differential on M which has a singularity at
JPo

the fixed point Q in M ( of the form dqj(zJ
 J) in the local parameter Zj ) and is normalized

by the condition / u = 0. Let U = (f/i, • • •, Ua) be the vector of the 6-periods of ut i.e.,

/

g

LJ. Let D be a given non-special divisor, D = 2_] Pit °^ degree g. Then define

the function

where D is the given non-special divisor and A is the Abel map and K is a vector on the

Jacobian variety «/(Af), called the Riemann vector where K = (K\, • • •, Kg) is the vector

of Riemann constants given by

(1.3.5)

8



where & are functions of x,y,t. Then # in (1.3.6) satisfies

where u and w can be found from the condition for the vanishing of the co-efficients of

rV C# 1 U 1 #6 —-"• vl ^ A* X^ *J«

In fact,

ti = - 2 ^ (1.3.9)
dx

and

ti; = 3 6 ^ - 3 ^ r " 3 ^ (L3«10)
aar ax2 ax

Consider the differential operators

£ = - ^ + w , ^ = - ^ + -w— + u; (1.3.11)

in x given by (1.3.7) and (1.3.8).

1.3.12 Theorem: Let ^(x,y,t,P) be the Akhiezer function for the polynomial q(k) =
kx + k2y + ib3* corresponding to D. Then ^ is a solution of the system of equations

^- = L* (1.3.13)
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given type at Q.

(b) Special case q(k) — kx -f- k2y + kH:

Let the polynomial q(k) - kx + k2y + kH where x,2/,/ are parameters. Let $(x,y,t,P)

denote the Akhiezer function corresponding to a non-special divisor D of degree g on M.

Suppose \P is normalized in a neighbourhood of Q so that it has an expansion of the form

(1.3.6)

(1.3.7)

(1.3.8)
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and

Proof: The function $x = (-^ + i W and $ 2 = ( - J j + A) V are Akhiezer functions

and $ie-(
kx+k2y+k3t) vanishes at Q and hence by the uniqueness, $, = 0 on M,i = 1,2.

1.3.15 Corollary: The function u and u; given above satisfy the system of non-linear

equations

(1.3.14)

(1.3.16)

which is called the Kadomtsev-Petviashvilii equation (KP equation) [23].

(2) For each Riemann surface M of genus g, for each point Q on M and for each local

parameter k'1 in a neighbourhood of Q we can find a family of solutions u(x, j / , t) of the

Kadomtsev-Petviashvilii equation parametrized by the non-special divisors of degree g

on M (or by points in general position of the Jacobian variety J(M) of M).

(3) Using the formula (1.3.5) connecting the Akhiezer function # and the Riemann theta

function we can express solutions of Kadomtsev-Petviashvilii equation in terms of theta

function of M.

Let fii, 1)2,^3 denote normalized meromorphic differentials on M with poles only at Q

and with principal parts at Q of the form tli =dk+--, ft2 = d(k2)+- • •, 0 3 = d(k3)+- ••.

Then (1.3.5) gives

(1.3.18)
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in a neighbourhood of P = Q. Since ,4(P) in a neighbourhood of Q has the expression

A(P) = A(Q) - £(/ -f 0(-^-) and taking Q as the base point in the Abel map (i.e.

A(Q) = 0), we get & + aa? + ty + d = - £ logl9(x^7 + yK + *PT - A(D) - A') + C. Then

u(x, yy t) = - 2 ^ = 2 ^ log 0(xtf + y V + W - A(D) - K) + C.

1.3.22 Remarks: (1) Relation (1.3.21) tells us that the solutions u(x,y,t) of the

Kadomtsev-Petviashvilii equation are conditionally periodic functions of the variables

x,y and t. Note that J^log0(z) is a meromorphic function on J(M) and u(x,y,t) is

obtained by restricting this meromorphic function to the linear winding by (x, y, t) on

J(M) spanned by the vectors U, V, W respectively.

(2) Special cases: (a) Suppose that for the Riemann surface M and for the point Q on M

there exists a meromorphic function \(P) on M with a unique double pole at Q. Choose

k~l(P) = / as the local parameter Ar1 = k"l(P) in a neighbourhood of Q. Then

the Akhiezer function ¥(s ,y ,* ,£) with an essential singularity exp(Arar + Py + Ar3*) at

where U, V, W are the 6-periods of Hi, f)2, ̂ 3 respectively.

1.3.20 Theorem: Then the solutions of the Kadorntsev-Petviashvilii equation given

above by u(x,y,t) = -2~d can be expressed as u(x,y,t) = (-2~^^i)\ogd(xU + yV -f

tW + ZO) + C (1.3.21) where 0 = $(z) is the theta function on M, Zo = A(D) - K is

an arbitrary vector of J(M) and C is a constant.

Proof: Recall w(x,z/,/) is — 2^J- where £1 is the coefficient of \ in the expression of the

Akhiezer function \P in a neighbourhood of Q. Note that log # = kx + P t / + fc3^ -f ^0 +

-̂hax+fey-hct _j w here ^0 is a function of x, ?/, t and a, 6, c are constants. Hence £1 + ax +

fez/ + cf is the coefficient of \ in the expression of the function log 6{4<PVflfp)!^)-^^'^

(1.3.19)
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Q has the form W(x,y,t,P) = eyA(p)$(z,*,P) where $ is the Akhiezer function with

the same divisor of poles as # and with an essential singularity $ ~ e
kx+k3t at Q.

Then the function $ satisfies Z,$(J: ,*,JP) = \(P)$(x,t,P) and ff- = A$ i.e., $ is the

eigenfunction of the Schrodinger operator L with eigenvalue A(P), depending on the

parameter t. The coefficients of the operators L and A are independent of y and the

Kadomtsev-Petviashvilii equation reduces to the KdV equation whose solution is given

by u(x,t) = 2^ \og$(xU + tW + Zo) + C.

(b) Suppose for a Riemann surface M and for a point Q on M there exists a mero-

morphic function /x(P) with a single pole at Q of third order. Then as in (a) above

the dependence in t disappears and the Kadomtsev-Petviashvilii equation reduces to the

Boussinesq equation for a non-linear string whose solution is given by

u(x, y) = 2 J ^ log $(xU + yV + Zo) + C.

1.4 NOVIKOV-DUBROVIN-KRICHEVER-LAX SCHEME:

In this approach we concentrate more on the study of differential operators and operator

equations rather than handling partial differential equations satisfied by the coefficient

functions of these operators. In other words, we reverse the roles of the Kadomtsev-

Petviashvilii equations and the operator pairs L, A in the above section. Let us start

with a pair of differential operators L\ and L2 given by

n rl^ m &

Li = ^2uk(x,y,t)— and L2 = ]T v,{x,y,t)-jg (1.4.1)
Ar=O /=0

with co-efficients as functions of the parameters ar,y and t. The scheme is to study the

non-linear partial differential equations for the coefficient functions of the operators L\

and Z/2- We concentrate on the equivalent operator equations

(1.4.2)



The point now is, the congruence equation (1.4.6) for # becomes an exact equation on

the compact Riemann surface M. Then the function (L\ — ~)^(x, y, t, P) satisfies the

definition of the Akhiezer function and the function (Lx - ^ ) ^ e - ^ x + 9 ( * ) y + r ( A r ) ^ vanishes

at Q and hence by the uniqueness of the Akhiezer function L\ty — J^# on M. Similarly

the Li operator can be found such that h-fll = J~^«

1.4.7 Corollary: The operators L\ and L2 of (1.4.5) satisfy the operator equation

Proof: By the above theorem, the kernel of the operator \LX - Jj, Li - ^ ] contains a 1-

parameter family of functions ^(x, y, t, £ ) . But this operator involves only differentiation
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These equations are called Zakharov-Shabat equations [63]. Note that (1.4.2) can be

written also as Lax type equation L2t - LXy = [LUL2].

1.4.3 Definition (general Akhiezer functions): For each Riemann surface M of

genus g and for a point Q 6 M and for each non-special divisor D of degree g, there

exists a unique function ty(x,y,t,P) on M satisfying

(a) # is meromorphic in M\ {Q} with only poles at points of D

(b) Near Q, # has expression

where q(k) = gmkm -j- • • • + qo and r(k) = rnk
n-\ \-r0 are given polynomials of degrees m

and n respectively in the local parameter k with k'l(Q) = 0. Now generalizing Theorem

(1.3.12) we get

1.4.5 Theorem: For each Akhiezer function # as in (1.4.4) there exist unique differential

operators Lx and L2 of form (1.4.1) such that L^ = J^#, L2V = -§-$.

Proof: Note that for # of (1.4.4) as formal series, there exists a unique operator L\ such

that

(1.4.4)

(1.4.6)



(1.4.9)
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in x and hence, its kernel, if it is non-zero is of finite dimension and hence the operator

must be identically zero operator.

1.4.8 Remarks: (1) This Zakharov-Shabat equation (1.4.2) is equivalent to the non-

linear system (1.3.13) which in its turn is equivalent to the Kadomtsev-Petviashvilii

equation (1.3.18) (cf. proof of Lemma 1.3.12).

(2) Note that L2 = A = •£$ + \u~ + w and Lx - L — —? + u are as in section 1.3.

Now we derive the general Kadomtsev-Petviashvilii equation following this scheme with

q(k) = q2k
2+qo, r(k) = r3fc

3-frifc+ro. Then we get the operators Lx - q2{^-\-v0{x,y,t))

and L2 = r3 ( | ^ + Ul(x,y,t)£ + uo(x,y, <)) satisfying (1.4.2).

Now as in section 1.3 eliminating wi and uo from the equivalent system of equations to

(1.4.2) we get the equation for v(x,y,t) as

where /?, a, h are certain constants (<* = — , / ? = — , /i = n )

Note that t;0 = </0 — 2|^- as in section 1.3. We call (1.4.9) the generalized Kadomtsev-

Petviashvilii equation.

Now we can proceed as in section 1.3 to solve the generalized Kadomstev-Petviashvilli

equation (1.4.9) for v(x,y,t) in terms of the theta function.

1.4.10 Theorem: The solutions of the generalized KP equation (1.4.9) is given by

v(x, y,t) = qo + 2£s log 0(xU + yV + tW + Z) where Z is an arbitrary point in the J(M).

Proof: Proceed the proof as that of Theorem (1.3.20) by taking Hi as the normalized

meromorphic differential having a unique pole at Q with principal part as — ̂ f at Q, Q2

as that one with dq(^), H3 as that one with dr(^) at pole Q in the local parameter z(P).

1.4.11 Remarks: (1) If V = 0, i.e., there exists on M a meromorphic function with

a unique pole of order 2 at Q, then v(x, y, t) = u(x, t) satisfies the generalized KdV
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equation

avt + hvx - -(vxxx + 6vvx) = 0. (1.4.12)

(2) If W = 0, i.e., there exists a meromorphic function with a unique pole of order 3 at

Q, then v(x,y,t) = v(x,y) satisfies the generalized Boussinesq equation

Vyy ~ Vxx + -Vxxxx + ~—(t'Ux) = 0 (1.4.13)
4 2 ox

(h = f, /?2 = 1) Finally we note that (1.4.9), (1.4.12) reduce to the usual Kadomtsev-

Petviashvilii and the KdV equations (1.3.18), and (1.3.16).

(3) Since v(x,y,t) — qo + 2f^\og0(xUi +yU2 + tU3) and since the vectors U% of 6-periods

(as defined above) determine the rectilinear parts of the J (M), it follows that all the

solutions of the Zakharov-Shabat equations are conditionally periodic functions.

1.5 CONCLUDING R E M A R K S :

We close this chapter by indicating some interesting inter connections and applications

of Kadomtsev-Petviashvilii equations theory to other topics.

(1) We proved above that the general ZakharovrShabat equations Lt — Ay = [A, L] (or

the generalized Kadomtsev-Petviashvilii equations) have solutions w(x, ?/, t) which can be

expressed in terms of Riemann theta functions. Using this solution function u(x, y, t) we

can explicitly solve the non-stationary Schrodinger equation

by giving explicit formula for $. This method of construction of solutions of Kadomtsev-

Petviashvilii equation also classifies the commutative rings of differential operators in one

(and several) variables [16,17,28].

(2) The works on periodic solutions of KdV and Kadomtsev-Petviashvilii equations are

essentially those of Novikov, Dubrovin, Its, Matveev and Lax [34,46]. It was Novikov [46]

who first discovered the deep algebraic geometric nature of the finite zone periodic and
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conditionally periodic solutions of the KdV equation and also by Mckean and Moerbeke

later [40]. It was Dubrovin and Novikov who introduced the concept of finite zone linear

differential operators. The general philosophy is with each linear differential operator L

(such as the Sturm-Liouville operator) we can associate a special eigenfunction # called

the Bloch or Floquet function (which depends on a spectral parameter A of I) and there

exists a Riemann surface M on which # becomes single-valued and we say L is of finite

zone if the associated Riemann surface M is of finite genus. More generally, certain

important partial differential equations can be expressed as commutator equations of

Novikov type [Lu L2] = 0 where Lx = £ a ua(x)£^ , L2 = £ a v0(x)^. Then there

exists a polynomial £(w, E) of two variables w, E such that P{L2, Li) = 0 which gives a

Riemann surface M defined by P(x,y) = 0 and the Bloch eigenfunction \P makes sense

on M .

(3) One can study the Hamiltonian structure of equations of Lax type Lt = [L, A] and

more generally for Zakharov-Faddeev type equations also. Some other applications are:

Euler's equations of motion for a rigid body, as Novikov type operator equation [37] and

a two-dimensional Schrodinger operator and its algebraic analogue and more general-

ly the study of Integrable Hamiltonian systems [40], the relation between motion of n

particles in a straight line and the singularities of rational type and elliptic solutions of

the KdV equation [37] and finally a cohomological interpretation of Lax type equations

[19]. These will be investigated in the subsequent chapters wherein we find ( not just one

transcendental solution as given in the above Theorems 1.3.20 and 1.4.10 ) all the first

integrals of these systems.

(4) There are deeper connections between holomorphic vector bundles over a compact

Riemann surface M and certain non-linear equations. This set up can be understood

in terms of a pair of commuting differential operators. This whole theory of KdV and

Kadomtsev-Petviashvilii equations, we have dealt with in sections 1.3 and 1.4 can be
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thought of as Lax type equations [Lu L2] = 0 of "rank 1". For higher rank cases of Lax

equation, holomorphic vector bundles over compact Riemann surface will arise having

some special parameter called "Tyurin parameters" [23,29].



Chapter 2

Complete Integrability of some integrable systems (CIHS)

In this chapter, in the first two sections all the basics on Poisson structure on Euclidean

spaces and general manifolds and Hamiltonian structures are developed and the proper-

ties of them needed for later use are given. In particular, these will be used in chapter

4, chapter 5 and chapter 6. Then, we study various integrable systems such as the Toda

lattice, the Lagrange top, the geodesic motion on an ellipsoid, the KdV equations and the

generalized KdV equations (or the GeFfand-Dikii system). We describe the Hamiltonian

function, the Poisson structure and the first integrals of motion of these systems. We ex-

plain in chapter 4 how these systems obey the Adler-Kostant-Symes geometric principle.

2.1 SOME PRELIMINARIES: In this section, we give an introduction to the var-

ious aspects of Poisson brackets used in different parts (contexts) of the thesis.

2.1.1: The basic geometry of a physical system is described by a configuration space M,

a C°° manifold. Elements q of M represent instantaneous configurations of the physical

system. For instance, for k particles in 3-dimensional space IR3, the configuration space

is Af SB (IR3)* £ IR3\ Let / be an interval in IR. A curve (j. : t -+ q(t) (where t runs

over the time interval /) with values in M describes the motion, i.e., change in time,

of the physical system. The velocity v(t0) at time t0 (also denoted by q(t0)) is defined

as: v(to) = £|t= to?(0- Thus v(t0) belongs to the tangent space Tq{to)M at q(to). The

collection of spaces TqM for q in M is the tangent bundle TM over M. Hence to describe

the positions and velocities of the various parts of the system at a certain time to, we

18
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need to specify a point in TM. We can interpret TM as the kinematical space.

Let N be the dimension of M. Every system of local coordinates q1,-" ><1N on M gives

rise to a system of local coordinates q1, • • • qN, v1, • • • vN on the tangent bundle TM by

differentiation. If the transition functions between two coordinate systems q and q are

given by

the corresponding transition functions between v* and v* are

where d{ = ^7 . The coordinate changes on TM corresponding to coordinate changes on

M are linear in the v^s; in more abstract terms, TM is not only a fibration over A/, but

even a vector bundle. Velocity vectors at a point can be added. For q in A/, we denote

by (<?, v) a point in TqM, and by (</,£) a point in T*M, where T*M = (TgM)m is the

algebraic linear dual of TqM. The collection of the vector spaces T*M, for q running

over M, is another vector bundle T*M over A/, called the co-tangent bundle.

A force field F is called conservative if the work integral

only depends on the end points a and 6, and not on the particular choice of the curve

q(t) joining them. In the case of a conservative field there exists a function V, unique

upto an additive constant, such that

F- = -dxV or F = -dV

In fact, we define V(a) - V(b) = ff* F(q(t)).q(t)dt for an arbitrary curve q(t) between a

and b. In summary, the potential V is a function on M, the force field F is a differential

form of degree one on M, that is, a section of the cotangent bundle T*M over M.
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2.1.2: In the case of a conservative force field, acting on a particle of mass m, the law

of conservation of energy

Here V is the potential energy and va (resp. Vb) is the velocity at time ta (resp. tb),

where the particle is at the point a (resp. b).

Given a system of various particles with positions q(i), velocities v(i) and masses m(i),

we can verify that this expression ]TV ^m(i)\v(i)\2 defines a differential quadratic form

on A/, called the kinetic energy T. This is a function T : TM —• IR and T restricted to

the vector space TqM is a quadratic form for every q in M. The potential V : M —• IR

can be lifted to a function V : TM —> IR. The total energy E = T + V is then a function

defined on TM.

The discovery of Lagrange is that the laws of motion can be formulated entirely in terms

of the function L = T - V on M called the Lagrangian. The equations governing the

motion are

Here we denote the local coordinates on TM by qlr'm<lN, Qxr"4N where q* is used

as an alternative notation for v%. The Euler-Lagrange equations are derived from the

variational principle of Hamiltonian S J L(q, q)dt = 0. Another picture of the above was

discovered by Hamilton which we give below.

Assume that a Lagrangian function L : TM —• IR is given, not necessarily of the form

L = T - V as above. We define the Legendre transformation A : TM - • TmM by

F = ma

is a consequence of the differential equation (Newton's 2nd law)
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\(q, v) = (q, \q(v)) where Aq(v) £ T*M is defined by

< A,{v), w >= — \l=0L(q, v + cw) for q £ M , u , w € TqM

. The energy function £ : TM —> IR is then defined by

E(q, v) =< A,(v), r > -Z(^ , v).

In terms of local coordinates, q1,- - ,qN are a set of linear coordinates on the vector space

TqM for fixed q = (c/1, • • • qN); we define pi, • • • p,v as the dual system of coordinates on

the vector space T*M dual to TqM. Then ^1,---,^ iV, PI,--*,PAT form a set of local

coordinates on r*M associated in a canonical way to the local coordinates </*, • • • ,qN

on M. The Legendre transformation is then given by pi = |^-, and the energy function

is E = J^p,^* — L(q,q). The Lagrangian is non-degenerate iff the map A is a local

diffeomorphism of TM into T*M, that is, iff the determinant det ( d
d
tQ-} j is nowhere 0 on

TM. The coordinates pi, • • • ,p,v are called the generalized momenta. The Hamiltonian

is the function H on T*M such that H o A = E. i.e., A*// = E. In coordinates:

where the relation between p, and qx is given by pt = J-ry as above.

2.1.3: According to Hamilton, the Euler-Lagrange equations are equivalent, via the

Legendre transformation, to the following system

(2.1.4)

This is a system of first order differential equations on the cotangent bundle with sym-

metry.

Consider a mechanical quantity represented by a function F : T*M —* IR on the phase

space. Suppose that a motion p : I -* IR is given, where fi(t) = q(t) is the moving point
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in M. Lift // to TM, with value {q(t),q(t)) at time t and then define /} : / —• T*M by

Hamilton's equations (2.1.4) are recovered from the dynamical law (2.1.6) by using the

relations

m = Hq(t),q(t)) •

The time derivative jt(F o jx)(t) can be written as F o jx where F is a new function on

T*M, independent of the motion /i. Using Hamilton's equations (2.1.4), we obtain the

dynamical law

This can be expressed as follows. On the cotangent bundle, we can introduce in an

invariant way the Poisson bracket {F, G} of two functions F, G in C°°(T*M) by

(2.1.5)

(2.1.6)

This Poisson bracket is independent of the chosen Lagrangian L and of the corresponding

Hamiltonian H. The dynamical law can be written in a concise way as

F={H,F} for every F in C°°(T*M)

This Poisson bracket {F, G} is a bilinear expression of F, G and enjoys the following

properties:

(1) {F,G} = -{G,F} (Skew symmetry)

(2) {F,GXG2} = {F,G1}G2^G1{F,G2} (Leibniz rule)

(3) {^,{^,^3)} + {F2A^Fl}} + {F3,{FUF2}} = 0 (Jacobi identity)

For the coordinate functions we obtain
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2.1.7 Definition: In general, a Poisson bracket on a manifold M is a bilinear map-

ping {.,.} on the function space C°°(M) of smooth functions satisfying the following

conditions:

(1) {F, G} = -{<?, F} (Skew symmetry)

(2) {F,GXG2} = {F,GX}G2 + GX{F,G2} (Leibniz rule)

(3) {FU{F2,F3)} + {F2,{F3,Fl}} + {F3, { F ^ } } = 0 (Jacobi identity)

A Poisson manifold is by definition a manifold equipped with a Poisson bracket.

2.1.8 Remarks: (1) Let P be a Poisson manifold. The mapping £p defined for F in

C°°(P) by CF(G) = {F,G} is a derivation of C°°(P) and therefore can be viewed as a

vector field on P. It is called the Hamiltonian vector field with Hamiltonian F. From

the Leibniz rule, we have the derivation, £fiF2 = FI(F2 + F2£FI- Hence we can define a

mapping j : T*P -> TP by

J(dF) = £F or < dG, J(dF) >= {F, G} .

For local coordinates Xi, • • •, xn on P, J is given by a matrix (Ja/j) °f functions, namely,

Ja/3 = {xa,xp}. The Poisson bracket then becomes:

where da — ^f-. Hence the vector field £F has components f?F = Y,a JapdaF.

(2) In the canonical case where P is the cotangent bundle of a manifold M and the

Poisson bracket is the usual one, we can choose a local coordinate system such that the

matrix J is of a simple form (in block form):

In fact, any coordinate system (q\ • • • ,qN,Pi, • • • ,PN) on P = T*M corresponding to a

coordinate system (q1, • •, qN) on M does the trick.
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(3) The Poisson bracket can be recovered from the mapping j on the matrix (Jap) and

we can define a Poisson structure in terms of J^p. The various conditions on the bracket

become;

(i) Jap = —Jpa (Skew symmetry)

(») £A(J"AdA«//H + Jp\dxJ^ + J<y\dxJap) = 0 (Jacobi identity)

(4) Given a function H in C°°(P), we obtain the Hamiltonian vector field £H and hence

a differential equation x(t) = f//(x(£)) or, in local coordinates

2.1.9 Definition: A symplectic manifold is a manifold P equipped with a differential

2-form u such that

(1) to is closed, i.e., du — 0 and

(ii) u is non-degenerate, i.e., if v G TXP is such that u(v, w) = 0 V w € TXP, then v = 0.

(2) Using local coordinates xa , define the matrix A = (Aa/3) as the inverse of the matrix

J = (Jap). The non-degeneracy of u proves that the mapping A : TP —• T*P defined by

LJ(V,W) —< Aw,v > is invertible. The Poisson bracket on P is defined by

{F,G} =< dG.A-'idF) >=Lo(\-l(dF)1\-
1{dG))

and every symplectic manifold is a Poisson manifold (that is, a symplectic manifold is

nothing but a Poisson manifold P for which the associated map J : T*P —• TP is

invertible),

2.1.10: We discuss below how the Poisson bracket is defined in a few examples:

(1) On the cotangent bundle: Let M be an arbitrary manifold of dimension n and

let T*M be the cotangent bundle of M, which is of dimension 2n. The Liouville form a

on r * M i s defined in local coordinates q1, • • qn, pi, • • • ,pn as a = Jup,-cfy\ The global

definition is as follows: We write P = T*M and np : TP -* P for the canonical
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projection. Let K*M : T*M —• M be the canonical projection of the cotangent bundle

of M into M. Then T**M : TP -> TM is the differential of n*M. For v 6 TP, set

a(v) =< 7TP(^), Ti:*M(y) > and this is the local expression of the differential 1-form a on

P = T*M. The canonical symplectic form LJ on T*M is defined by u = da = ^ dpiAdq1.

The Poisson bracket is expressed as

(2) On i/ie dua7 of a Lie algebra: Let £ be a Lie algebra of finite dimension over 1R

and Q* be its dual as a vector space. The space Q can be embedded as a subspace of

C°°(G*), namely to X in Q we associate the linear function Fx • £ ^ < £,X > on Q*.

Then there exists a unique Poisson bracket on Q* such that

{Fx,Fy} = F[Xty] for X,YeQ (2.1.11)

In otherwords, the map X *-> Fx from Q into C°°(G*) is a homomorphism of Lie algebras.

There are three descriptions of this Poisson bracket:

(a) Let el5 • • •, en be a basis of Q. The functions <fi = FCl, <f2 = Fe2, • • •, £n = FCn form

a system of linear coordinates on G*. Introduce the structure constants c®@ of the Lie

algebra Q by [ea, e,,] = £ , « ? V

Hence the first expression of the Poisson bracket on £*:

(2.1.12)

It is the unique Poisson bracket for which formula (2.1.11) holds for X, Y running over

the given basis of Q, that is, {&,&} = Z-yc*%-

(b) For any function F in C°°(Q*) we can consider its gradient VF as a function on Q*

with values in Q characterized by the relation



(c) Let G be a Lie group with Lie algebra Q. For every g in G, the left translation

lg : 9' ~* 99' ls an automorphism of the mainfold G, hence induces an automorphism

pg of the cotangent bundle TmG. We can identify g* with the fibre of T*G at the unit

element of G. The map defined by p(g,£) = pg.£, g € G, £ € Q* is a diffeomorphism

p of G x g* with T*G. We define the projection ir* : T*G -> g* by ir*(p(g,()) = f.

On the cotangent bundle T*G there is defined a canonical Poisson bracket, invariant

under the automorphism pg of T*G. The map F 1-* F o TT* identifies C°°(gm) with the

subspace COO(21*G)G consisting of the functions / on T*G such that / o pg = / for every

<7 in G. This space is closed under Poisson brackets. The Poisson bracket in C°°(g*) is

characterized by the property

{FuF2}o** = {Flo*\F2o*m}

for Fi ,F2 in C°°(Qm) (i.e., TT* is a Poisson map from T*G to 5*).

2.2 HAMILTONIAN STRUCTURE: We discuss in this section the various forms

of Hamiltonian structures used in different contexts (or parts) of the thesis.

2.2.1: A Hamiltonian structure in an even dimensional phase space M of dimension n

is defined by the Poisson bracket. The Poisson bracket {, } is a mapping {,} : C°°(M) x

C°°(M) —> C°°(M) which puts each pair of functions f,g € C°°(M) into correspondence

a third function h = {/,#}. If £1, • • •, £n are local coordinates of a point £ € My then the

operation {,}, by definition, implies
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With the previous notations

The invariant version of formula (2.1.12) is read as follows:

26

(2.1.13)

(2.2.2)
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where u> is an n x n non-degenerate matrix. The conditions of Poisson bracket given in

the previous section imply that the matrix ulk(£) is skew-symmetric:

The condition of Jacobi identity is equivalent to a certain system of equations for utk(£)

that are identical with the first pair of Maxwell's equations for the inverse matrix of a;,

i.e., W : Wik = (u>-l)ik :

Ww + Wli%k + WkUi = 0 (2.2.4)

It is defined in terms of a differential form as:

W = Wikd? A £k, where rff A d£k = -d£k A d£\

The Poissori bracket maps a linear space of functions on a phase space into a Lie algebra.

Having chosen some function h(£) and terming it a Hamiltonian function, we can define

a map (dependent on t) of this algebra into itself /(£) -> /(£, *), /(£, 0) = /(f) by means

of the following differential equation:

— = {f,h] (2-2-5)

In particular, taking / in the form f(£,t) = flLi ^(6 "" &(*))> f o r »̂(*)> w e obtain:

which are Hamiltonian equations.

Using a linear transformation in the phase space, we can reduce every skew-symmetric

non-degenerate constant matrix LJ to a block form:
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Denoting the coordinates in M space as £2k-i = P*,&2* = Qk, k = i,---n/2, where

i = 1, • • •, n, and from (2.2.6) we obtain

dh dh

i.e., Hamiltonian equations in the conventional form. The pair of variables pk and qk are

canonical conjugates. In these variables the Poisson bracket is written as follows:

u'9i ^dqkdPk dPkdqk •

2.2.7: Any function H £ C°°(M) defines a derivation {i/,.}, it defines a vector field XH

the Hamiltonian vector field, by definition, Xnf — {H,f} — df(Xff). The function H

(the Hamiltonian) defines a vector field XH (the Hamiltonian vector field) which in turn

defines a differential equation, x = XH(X) — JxdHx, the Hamiltonian system generated

by the Hamiltonian H.

By skew-symmetry, {H,H} = 0 so that dH{Xn) = 0 and H is constant along the

trajectories of H. Any function / having that property (remaining constant along the

trajectories), that is such that df(Xn) = 0 (or {H,f} = 0) is called a first integral.

Symplectic structures provide a special instance of Poisson structure. On a symplectic

manifold (M,u;), the Poisson bracket {/,#} of two functions is defined in terms of their

Hamiltonian vector fields by {/,#} = u(Xf,Xg) = dg(Xf), for f,g € C°°(Af). The

Hamiltonian system generated by / can be written as <jj = {<7j,/}, P3 — {Phf}-

2.2.8 Examples: (a) The vector triple product defines a Poisson bracket in IR3 by

{/,<j}(r) = r.(V/(r) x Vg(v))

(b) A Poisson bracket on IR2 is defined by

(c) Poisson bracket in G*: Let Q be a Lie algebra, and let Qm be the dual vector space,

with < .,. > the pairing between them. For ( € G, let / € C°°(Gm) be the function
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< £,. >. Define {fz,fn} = f[^,v]- This is a Poisson bracket on linear functions on Q*. For

/ € C™(G*), we introduce its gradient

The Lie-Poisson bracket is given by

The invariant functions, / on Q* are such that {/,#} = 0 V̂ r and these functions satisfy

f(Aty) = /(//).
2.3 THE TODA LATTICE:

The Toda lattice is a system of unit masses connected by non-linear springs governed by

an exponential restoring force. The equations of motion of the system can be derived

from the Hamiltonian function

where x, is the displacement of nth mass from equilibrium (or X{ denotes the position of

the mass points, t = 1, • • • n) and yi is the corresponding momentum. The equations of

motion are given by

ii = yi

The corresponding flow is given by

By the Flaschka's transformation,
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we can write the system as

d, = at(bi+l - bi)

ki = 2 ( a ? - a ? . 1 ) , i = l , . . . n - l , a o = a n = ^ 1 = 0 (2.3.1)

where On_i,On are the (n — 1) x (n — 1) and n x n zero matrices respectively. S = 5(a)

is a (n — 1) x n matrix function defined by

Sij = (StJ; + Eij)ai , i = l , - - - n - 1, j = l , . . -n , .

Ey = 1 if j = i + 1, 0 if j ^ i + 1 and

£ti = 1 if i = j , 0 if i ^ j

Then the Poisson bracket is given by

where (,) is the standard dot product in R2n \ V is the standard gradient. We take for

J , the (2n - 1) x (2n - 1) matrix

The function H of (2.3.2) is given by

The above system (2.3.1) is a Hamiltonian system. It can be written in the form, i =

JVZH, (2.3.2) where z = , a € IRn-\ beW1 and J defines a Poisson bracket

through the formula
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2.4 THE LAGRANGE TOP:

A Lagrange top is an axially symmetric rigid body with centre of mass on the axis of

symmetry, moving about a fixed point (the origin of IR3) under the influence of gravity.

Let S be a rigid body moving about a fixed point 0 £ V = IR3. Let G be its centre of

gravity, and // be the total mass. Let 7 be the unitary vector field on S in the direction

of gravity, say z-axis. The (£,7) is a dynamical system.

Let M be the angular momentum of S with respect to body coordinates. Let 0 = (p, qy r)

be the angular velocity of the body S (or the rotation vector of S or the variable position

vector of 5). Let / be the interia matrix of S which can be regarded as a positive definite

symmetric automorphism of V = IR3. Then M = I(ft) = (hp,I2q,hr) (2.4.1)

where /1,12,13 denote the principal moments of inertia, when the body frame is principal.

The total derivative with respect to time is given by

j ( 0 1 total = -T-(-) + ft x (.) (2.4.2)

Then the torque exerted on the body by the (vertical) force of gravity is Ix gravity where

/ is the centre of gravity in the body coordinates and /xg^ is the downward gravity force.

The rotation version of Newton's equations

^ (angular momentum)|totai=torque and ^(2-axis)|totai = 0

give the Euler-Poisson equations

Using the Lie algebra isomorphism,

A:(IR3 ,x) ->

x - (xux2,x3) *->
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we get the Lie algebra version of (2.4.2) as

we note that equation (2.5.1) takes the form of (2.2.6). We interpret the coordinates of

a function u (points in the phase space) as the set of its values at the points on x-axis,

(2.4.4)

(2.4.5)

where [M, 0\ = [fl, a], [a, 0\ = 0, a = /32 with fi = 1(7, + I2 + 73)7 - diag(7lt 72, 73).

Lagrange top corresponds to the case where U = 72, and where the centre of gravity and

fixed point of rotation belong to the principal axis of inertia. Let zo be their respective

distance and let / = (0,0,z0). Adjoin the relation

(2.4.6)[M, /9] = [fl, a], /? = /*$/, a = Irf , and hence [a, 4] = 0

The equations (2.4.4) and (2.4.6) are the equations of the Lagrange top.

2.5 THE KdV EQUATION AND THE GENERALIZED KdV EQUATION:

The KdV equation for u € C£°(JR), ut = 6uux — 2uxxx where u describes the amplitude

of waterwaves in a narrow channel of finite depth has been studied over recent years.

(2.5.1)

(2.5.2)

(2.5.3)

where the functional H is

and the symbol ~ denotes the variational derivative. Expressing ^ ^ y as

The KdV equation can be written as

In the absence of gravity, we have the quadratic differential equation,
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(2.5.4)

so that x and x' are the suffixes in (2.2.6): u>(x,x') = ~8{x - xl). That is, u> is skew-

symmetric and on functions, it is non-degenerate as the operator d/dx is reversible on

such functions. Also, since u is not dependent on the point u in the phase space, the

Poisson bracket

satisfies the Jacobi identity . Thus, the KdV equation is a Hamiltonian equation. The

functional // (2.5.2) is a Hamiltonian function, the phase space consists of sufficiently

smooth functions u{x) which decrease at infinity, and the Hamiltonian structure is de-

fined by the Poisson bracket (2.5.4), i.e., by the skew-symmetric operator ^ in L2(TR).

2.5.5 Fact: P. Lax [34] discovered that the KdV equation is identical to the operator

equation L = [A,L] where L = - ^ + u, A = ^ - — 3 (u£ + £u). P. Lax [34] and Gard-

ner [14] have shown that the known polynomial integrals /n(u) = / ^ Pn(u, • • •, u^)dx

of the KdV equation (the In are expressed in terms of the spectrum of the operator L)

all determine equations

admitting the Lax representation L = [An, L] where L = -^ -f u and the An are certain

skew-symmetric operators of order 2n + 1,

These equations are called "higher KdV equations".

2.5.6: By the above fact (2.5.5) there exists a denumerable set of local polynomial

integrals of the KdV equation. The KdV equation is a completely integrable system,

for, the substitution u(x) —• 'scattering data' is a transformation in the phase space
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to "action-angle" type variables and each polynomial Ij[u], which is an integral of the

KdV, gives a completely integrable Hamiltonian system defined by the non-linear partial

differential equation:

(These systems are infinite dimensional Hamiltonian systems having infinitely many con-

stants of motion in involution, which are integrals of local polynomial densities. These

systems are also (formal) infinitesimal isospectral deformations of (formal) linear ordinary

differential operators. A formal linear ordinary differential operator or linear differential

then the Lax equations ~ = [B, L] for appropriate choice of B, is a Hamiltonian system

with an infinite sequence of involutive polynomial integrals, in analogy with L = —8^ +

q(x, t). In the case of the generalized KdV equation or the Gel'fand-Dikii system, the

Lax operator is a differential operator of the form

(2.5.7)

Equations of type (2.5.7) for j > 3 are called higher order KdV equations. They can be

integrated with the same substitution of variables and have the same integrals of motion

as the KdV equation.

2.6 THE GEL'FAND-DIKII SYSTEM: P. Lax [34] described the KdV equation in

the form:

^ = [£,1] where L = -02
x + q(x,t) , B =-4% + d(qdx + dxq)

Gel'fand-Dikii generalized the Lax form of the KdV equation with
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expression is a polynomial in -£ (or in D = -y/^l-%) with coefficients which are func-

tions of xy which are infinitely differentiable in some open interval on the real line).

We consider the coefficients u,'s as symbols to which the operator d can be applied:

duk = u'k, du'k = uk\ • • •, duk
%~l) = u[l\ u[o) = uk. Differential polynomials, i.e., expres-

sion of the form / = £ a^'-X"!^ ' ' ' ^ * ° r m a differential algebra A, i.e., an algebra

with a given derivation d. Here the coefficients a can be either complex or real numbers

or smooth functions of x.

The ring of pseudo-differential operators R consists of formal sums of the form X =

£too«»d\ a, 6 A with the commutation law, &f = J2T=o ( [ )f{k)d{~k ,V i, where

/W is the Ar-th derivative of the function f(x) and ( [ )={Ck = '('-1)"^'"*+1). There is

a decomposition R = H+ + /?_ where i?+ is the subring of differential operators {X =

E L o ^ d 1 } and /?_ that of integral' or 'Volterra1 operators R. = {X = E i °^ i a «^ l -

We remark that the operators can also be written in the 'left' form £] t <9*a, using the

given commutation law.

For a pseudo-differential operator of the form X = Yl a$\ w e define its residue (res

X) as the coefficient of the d~l term, namely, Res X = a_i. The Trace is defined by

TrX = fResXdx (2.6.1). Tr satisfies the property Tr(XY) = Tr(YX) (2.6.2) and it

follows that Tr[Jf, Y] = 0 (2.6.3) for any two pseudo-differential operators X and Y.

If X = E^oo a«^1' anc* «AT = 1, then the following operators exist:

X~l = 2 : ^ fc-^" and X 1 /^ = Y?-oo c<dt w h e r e 6-^v = Q = 1 and hence I " 1 ^ also exists.

These operators commute with X.

A formal isospectral deformation of L is a specification

where P is a linear differential expression whose coefficients depend polynomially on

wo, • • * Un-2 and their derivatives, having the property that the commutator appearing

(2.6.4)
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on the right hand side of (2.6.4) is of order (n - 2) or less. Equation (2.6.4) can be

regarded as a collection of (n — Impartial differential equations for the coefficients ttk,

where the dot is interpreted to mean differentiation with respect to a (time) parameter

t, (for example for n - 2, choosing L = D2 + u, P = D3 + \uD + |Dw, equation (2.6.4)

is equivalent to the KdV-equation for the coefficient u, -iu = \Dzu + \uDu). Let m

be any positive integer. Then Lm'n is a u-symbol of order m whose homogeneous pieces

have integral degree.

2.6.2 Lemma: [L+/n,L] where (Im / n)+ = L+/n is the differential part of Lmln is a

differential operator of order < n — 2.

Proof: [Im/n ,L] = 0, hence [L+/n,L] = - [ I " / n , I ] . The right hand side is of order

< - l + n - l = n - 2 .

Suppose Uk depends on the parameter t. Then the equation L — [L™ , L] (L = dL/dt)

makes sense because L is an operator of order n — 2 as in the right hand side. The set

of all these equations, for all m, is called the n-th KdV hierarchy (for n = 2, m = 3, we

obtain the KdV equation).

The k-th flow of the hierarchy is defined by the Lax equation,

8tkLn = [(lJ/")+ , £„] = [Ln , {LkJnU , 3tk = d/dtk (2.6.6)

From (2.6.6), it can also be written as

0 = dtkLn - [(LkJn)+ , Ln\

from which it follows that

Alternately, we can write dikl
llrx = Pn / n )+ , Ll/n] (2.6.7) for any arbitrary integer /.

From equation (2.6.6) and (2.6.7), we have that dttdtkLn = dthdtlLn. In other words,
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any two operators in the hierarchy commute. Therefore, we can solve all these equations

simultaneously, obtaining L(ti,t2, • • •).

Now taking the trace of equation (2.6.7) and using the relation (2.6.3), we obtain

dtkTr(Llln) = 0. If we define # , = f Tr(l!/n) V /, these are conserved under any flow

and these are the constants of motion (or first integrals) of all the equations of the n-th

hierarcy.

We now describe the Lax pair associated with Lm / n . We set Lm / n = Pm + Nm where

(Ap is defined as follows: Let R(\) be the resolvent symbol for L defined by R(\) o (L —

A) = L We define the symbol Ls, for complex s, by L* = ~<f \sR(\)d\ where 0 is

the contour from ReX = | in the semicircle |A| = | in the counterclock wise direction

to ReX = —|. We obtain Ls = Yl<pLoAp($) by evaluating the above integral where

ordAp = n Res s — p,

Here I is defined by L(q,t) = (" + Efco «*** a n d ^(*-0 = E S 0 M*,£)-

Thus Pm is a polynomial u symbol and ord Nm < — 1. If m is not divisible by n, then

Ap(^) £ 0 for p > m + 1. Since [I, I m + n ] = 0, we have [Pm, I] = [I, iVm]. Since the left

hand side of this equation is polynomial u symbol, so is the right hand side . Also, since

the right hand side has order < n - 2, so does the left hand side. Thus L = [Pm, L] is

a Lax equation for each positive integer m. This is Gel'fand-Dikii's construction of Lax

pairs [15,16].

2.7 T H E GEODESICS ON AN ELLIPSOID: (a) Let A be a positive definite

symmetric n x n matrix with distinct eigenvalues and x 6 IRn be a vector. Then the

(n — l)-dimensional ellipsoid has equation

< A~lx, x >= 1. (2.7.1)



Gj(x, y) (j = 1, • • •, n) are quartic polynomials of x and y which axe the integrals of the

flow (2.7.2). In fact only n — 1 of them are independent on the ellipsoid, since there is a

relation $ 0 = — Y^-iQ~lGj{x,y) = 0 among them. For a given parameter z we denote
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Also the differential equation of the geodesies is given by

(2.7.2)

Further the family of confocal quadrics related to the ellipsoid (2.7.1) is given by the

equation

(2.7.3)

Introduce the notation

< (z-AYlx,x > +1 =0

Q,(x,y) =< (z - A)-lx,y >, Qz(x) = Q,(x,x) (2.7.4)

Note that Q0(x)+i = 0 is the ellipsoid (2.7.1) and (2.7.3) can be written as Qz(x,x) + 1 =

0. Let L(x,y) be an isospectral symmetric matrix of A obtained by a process of rank 2

pertubation (which will be explained later) which depends on two vectors x, y £ lRn.

Define

(2.7.5)

which is a rational function of z with poles at the eigenvalues a i , • • •, otn of A and zeros at

Ai, • • •, An_i, the non-trivial eigenvalues of L(x,y). In fact, one eigenvalue of L is An =

0 with corresponding eigenvector y = ^ and these eigenvalues Ai, • • •, An are preserved

by the geodesic flow (2.7.2) (here note that we denote by x the position vector on the

ellipsoid and its velocity by y = ~ ) . As a function of x, y, $z is a quartic polynomial.

The partial fraction expansion of $*(x, y) corresponding to its poles au • • •, an is

(2.7.6)
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the quadric Qz(z) + 1 = 0 in the confocal family of (2.7.1) (i.e., that particular member

of (2.7.3)) by Uz.

Consider the eigenvalue equation $z(x,y) = 0 defined by (2.7.5). We have the following

identities connecting <&z and Qz as

*.(x,y) = Q,(y)(l + Q,(x)) - Q](x,y), (2.7.7)

so that for a fixed z and x, this represents a quadratic form in y. The equation <^2(x, y) =

0 represents the quadratic cone of tangents to the quadric Uz, passing through the point

j , after the point x is translated to the origin. Also we have,

so that $z is constant along any line x = XQ -f sy, y ^ 0 (*). Hence we get that for a

given line x = xQ -f sy, the roots z— Ai, • • •, An_i, of the equation $z{xo, y) = 0 are such

that the above line (*) is tangent to the confocal quadrics U\} (j = 1, • • •, n — 1) (f).

That is the equation

is the equation of tangency of the confocal quadric family. We consider the Hamiltonian

system

dy dx

resticted to the surface 4>2 = 0. Then the differential equation (2.7.2) can be expressed

at the point XQ + sy, k constant. That is, this differential equation governs the motion

of the tangents to the hyperquadric Qz(x) + 1 = 0 , i.e., Uz along the geodesies by (f) .

In otherwords, the geodesic flow is obtained by just following the motion of the point of

as
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tangency, x0 + sy by reducing the system by \y\2 by an integral process. If we put z = 0

in this, we get the geodesic flow on the ellipsoid Qo(x) + 1 = 0.

2.7.8 Remarks: (1) Geometric preparation: First we note that, a given line in IRn

touches exactly n — 1 con focal quadrics. The set of all lines tangent to these n — 1

quadrics U\X,U\2, • • • ,U\n-\
 ls called a normal congruence. Then the spectrum of L(x, y)

can be given the following geometrical interpretation: The "isospectral manifold" of

matrices L(x,y) with a fixed distinct spectrum Ai,• • •, An_i is identified with the normal

congruence of common tangents to n — 1 confocal quadrics U\i (j = 1, • • •, n — 1).

(2) The eigenvalue An = 0 corresponds to the eigenvector <j>n = y = ^ and the other

eigenvalues <j>j (corresponding to \j) are the normals of U\J at the point of contact of

the line x = x0 + sy. Since L — L(x,y) is a symmetric matrix, these n vectors are

pairwise orthogonal. Then under the geodesic flow (2.7.2) the orthogonal frame (<^)*=1

will undergo a motion given by a skew- symmetric matrix B so that

4>3 = B<t>3, L = [ B , L ] , (2.7.9)

which is the Lax representation of the geodesic flow where

£ = -(arV(*w-*;*))• (2J-10)

(3) Rank 2 perturbation of a given symmetric matrix A (Adler-Moser approach):

Let A be a fixed symmetric matrix and x,y,£,r) be four n-vectors. We call A+x®(+y ® »y

a rank 2 perturbation of A. Take f = ax + by, rj = ex + dy, where a, 6, c, d are reals with

A = ad - 6c ^ 0. Then define

L(x, y) = A + ax®x + bx®y + cy®x + dy®y

which is a matrix depending on two n-vectors, x and y. By the isospectral manifold of

L(x,y)y we mean the algebraic manifold X(A1 ,--- ,An) consisting of those ar,y € IRn

(2.7.11)
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for which L(x, y) has the fixed spectrum \ u • • •, An. Let u = £ J = 1 dyj A dxj, be the

symplectic 2-form on JR2n . Then the eigenvalues of L(x,y) of (2.7.11) are in involution

with respect to u, i.e., {Aj, Xk} ~ 0 where the corresponding Poisson bracket is defined

by {F,G) — 2 j ( FXJGVJ — FVJGXJ ) the strandard one. Again we can consider, even

the symmetric functions of the eigen values A; or even the more general function of G'jS

in

which are quartic polynomials in x, y. Hence, as in (a) above , we have n quartic

polynomials G3 which are in involution.

(4) Let // = 4>((*i, • • •, Gn) be any Hamiltonian function in these or even any Hamiltonian

function depending on the spectrum of L only. Then the corresponding Hamiltonian

vector field XH is tangential to the isospectral manifold M\ and

where we also have [XQ^ %Gk] — ~X{G},Gk} — 0 and hence all these vector fields

commute. Thus M\ is a Lagrange manifold and all these Hamiltonian systems are

integrable. i.e., the corresponding vector field XH of this system admits n integrals G3

in involution for which dGj (j — 1, • • •, n) are independent over a dense open subset.

(b) We close this section by giving the integrals for the geodesic flow on the ellipsoid.

Let the setup be as above where we have , IRn, < , >, A, a positive symmetric matrix

with distinct eigenvalues. Assume A = diag(c*i, • * • , a n ) with 0 < ax < • • • < an . Then

< A~lx,x >= 1 defines an ellipsoid. The quadrics Uz confocal to this ellipsoid are given

by the equation

(2.7.12)
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Qz(x) + 1 = 0

(2.7.13)

(2.7.14)

and note that (2.7.12) is simply Uo. Through any point x — (J?I, — ,arn) with xY x2 • • • xn

/ 0 there pass exactly n confocal quadrics which intersect each other perpendicularly.

For any given point x0 G IRn we ask for the cone of lines which are tangent to a quadric

Qz{x) + 1 = 0 . The equation of this cone is given by

Consider the bilinear form

Q,(x, y) =< (z - A)"1!, y >, Q,(x) = Q:(x, x)

so that UQ is defined by

In otherwords, if we set y — x — xQ this equation becomes

which for fixed x0 describes a cone with vertex at the origin. Now we note that this

equation agrees with $z(x0,y) = 0 of the above paragraph (a) with a = 0, b = —c =

1 4 = — 1 ( or a = 0, b = — c = i, d — 1). Hence we can geometrically understand

this equation as the set of lines x = x0 + sy tangent to Uz. In particular, this equation

4>2(x0, y) = 0 describes the tangents to the ellipsoid %• Then the Hamiltonian differential

equations are

(2.7.15)
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which when restricted to $ 0 = 0 describes the motion of such tangent lines and the point

of contact with UQ moves along a geodesic while the point x moves perpendiclar to this

tangent. In fact, if the line through x in the direction y ^ 0 has the point of contact

x -f sv = £ with Uo, then we have

and so the point of contact £ = f (r) moves on a geodesic. From the equations

< i , y >= 2$0(z, y) = 0, <y,y >= 0,

we get that x is perpendicular to t/, i.e., the direction of this line and that < y,y >

is a constant. Thus (2.7.15) can be viewed as an extension of the geodesic flow on the

ellipsoid to a flow in T*lRn = M2n. Putting the other way, the geodesic flow is obtained

by constraining (2.7.15) to the symplectic manifold Qo(x,y) - 0, | j / | 2 = constant > 0,

and to the energy manifold $o(x,y). Then the relations $ 0 = 0 , Qo(x,y) = 0 are

equivalent to

Q0(x) + 1 = 0, QQ(x, y) = 0, if QQ(y) ± 0

Then

since $o(x,y) = 0, and

Introduce r by dr/dt — i, then
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which is the tangent bundle description of the ellipsoid (cf. paragraph (a) above). This

constrained flow takes place on this tangent bundle. To establish the geodesic flow as an

integrable system, it suffices to show that the extended flow (2.7.15) is integrable. This

follows as was done in above paragraph with

and

with zeros on the diagonal. This L and B can be put in tensor product notation which

will be done in chapter 3 with details by introducing suitable notations.

and hence these d , • • • , Gn are the integrals of motion which are in involution.

2.7.16 Remark: Note that the n - 1 roots of $*(.r, y) are the eigenvalues of L and the

n-th eigenvalue An = 0 corresponds to the eigenvector y. The matrix L undergoes isospec-

tral deformation under the flow (2.7.15) in Lax form ~L = [2?, L] with an appropriate

matrix B. More generally, define

with arbitrary constants fi\, • • •, /3n. Note that j3j = 2a-l, we get H — ^ 0 the one consid-

ered above. Then for this function//, we get the Hamiltonian system x = Hy, y = —Hx

with H given in (2.7.17) can be put in the matrix form j^L = [B,L] (2.7.18) where

L is given by

(2.7.17)



Chapter 3

Lax representation, Cohomological Interpretation and

Linearization of flows of some CIHS

3.1 LAX EQUATIONS (ISOSPECTRAL DEFORMATION):

3.1.1 Definition (Lax Equation): A Lax equation is a differential equation of the

form 4:A = [A, B] where A and B are real or complex matrices depending on time and

have entries in the ring of real or complex Laurent polynomials in a variable £, which will

be called the spectral parameter. The bracket is the usual Lie bracket of matrices, so that

such an equation expresses at the infinitesimal level the fact that the matrix A remains

in the same conjugacy class. In otherwords, that the solutions have the form A(t) =

U(t)A{ft)U(t)~l for some unknown invertible matrix U(t). We note that, in general, the

unknown functions that are entries of A also appear in the entries of B. That is, B will

be a function of A.

3.1.2 The Eigen Value Problem: Let R = <C[[x]] be the ring of formal power series

in x over <E. We consider an ordinary differential operator with co-efficients in R of the

form

P = dn + aiWd"-1 + • • • + an(x) ,

where a,-(x) € R and 3 = j k The eigenvalue problem Pf(x) = \f{x) has n linearly

independent solutions in the function space R for any given A €<T. The solution space is

called the eigenspace. Let Ex denote the A-eigenspace which is an n-dimensional subspace

of R over (C. The spectrum of P (that is, the collection {E\}x € $) is an n-sheeted covering

45
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space of (C. If we extend the eigenvalue problem for A = oo, then the corresponding n-

sheeted covering is a compact Riemann surface. Thus, for every differential operator

P over R, its spectrum can be regarded as a compact Riemann surface Xp which is an

n-sheeted covering space of (C =(C U {oo}.

3.1.3 Definition: Let {P(t)\t £ M} be a parametrized family of differential operators

P(t) by a space M = Hln or <£n. Let P = P(0) at time t = 0. We say that this

family {P(t)\t £ M} is an isospectral deformation of P = P(0) if there exist differential

operators Qt(t), i = 1, • • • N depending analytically on t such that the following system

of differential equations

(3.1.4)

(3.1.5)

has nontrivial solutions for every complex number A.

3.1.6 Remarks: (1) A in the above definition is independent of the parameter t so that

equation (3.1.4) says that, the family of operators {P(t)\t £ M} have the same spectrum

as that of P = P(0).

(2) Equations (3.1.5) are N boundary conditions imposed on the solutions / (x , t) involv-

ing the operators Qi{x), i = 1, • • • N.

3.1.7 Compatibility condition for the above system:

We have



We have for the left hand side:

Right hand side:
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This is the Lax equation of isospectral deformations of the operator P(0). Thus, every

isospectral deformation of P gives rise to, in a natural way, a Lax equation.

3.1.9 Compatibility conditions for the solution function f(x,t)

with respect to /:

Suppose that the solution function / ( J , t) of (3.1.4) satisfies the smoothness condition of

order 2 with respect to t:

(3.1.8)



Thus, compatibility condition on / of order 2 with respect to t gives rise to the differential

equation —^ — |£i = [Qi,Qj], i,j = 1,2, • • • N, which is the general Zakhrov-Shabat

equation.

3.1.11 Definitions: (1) Let V denote the set of all formal ordinary differential operators

with coefficients in the ring R. By a pseudo-differential operator, we mean an expression

of the form

D = am(x)dm + • • • + a1(x)d + ao(x) + a^(x)d~l + a_2(x)0-2 + • • •

with am(x) ^ 0, aj(x) Gfi V j . m is called the order of the differential operator.

(2) D is called monic if am(x) = 1 and is called normalized if ao(x) = 0. We denote by

£, the ring of all formal pseudo-differential operators with coefficients in the ring R.

3.1.12 Proposi t ion: (a) If P £ S is a monic element, then there exists a unique monic

element Q € S of order 1 such that QoP = PoQ = l.

(b) If P € S is a monic element of order ra, then there exists a unique monic element

Q € S of order one such that Qm — P. Moreover, if P is normalized, then its ra-th root

Q is also normalized.

(c) For every normalized monic first order pseudo-differential operator L = d+ t^x )^"" 1 ^

u$(x)d~2 + • • •, there is a monic zero-th order operator S such that S~lLS = d. Such

an 5 is unique upto a pseudo-differential operator with constant co-efficients.

3.1.13 Remarks: (1) Suppose that in the family {P(t)\t € M} each P(t) is a monic

48Chapter 3. Lax representation,

By smoothness condition,

(3.1.10)



Chapter 3. Lax represent at ion, 49

differential operator and is normalized of order n, then taking the n-th root , we get a

corresponding family of pseudo-differential operators {L(t)\t 6 M} of order 1.

(2) By (3.1.8) of the isospectral deformation of L = L(0) applied to {L(t)\t € A/}, we get

£-L(t) = [Q,-(t), L(t)l i = 1, • • • TV (3.1.14). If the parametrized family {P(t)\t 6 M]

satisfies the boundary conditions (3.1.5), then the family {L(t)\t £ M] also satisfies the

same boundary conditions.

(3) By taking the n-th power of a solution of (3.1.14), we get a solution of (3.1.8) and

the converse is also true.

(4) Since the left hand side of (3.1.14) is a pseudo-differential operator of order at most

-1, the right hand side [Qi(t),L(t)] must also be a pseudo-differential operator of order

almost -1 and we denote by E~l, the set of all pseudo-differential operators of order

at most -1.

3.1.15 Theorem (Gel'fand-Dikii) [16]: Let L = d + u2(x)d"1 + u3(x)d-'2 + -••

be an arbitrary normalized monic pseudo-differential operator. Then the set ty[l =

{Q € 2>|[Q»£] £ ^ - 1 } »s a vector space generated (over R) by a collection {(Lm)+,ra =

0,1,2, • • •} where £(<)+ denotes the differential operator part of L(t)m.

3.1.16 Remark: Using this theorem, we can rewrite the equations (3.1.8) as ~-P(t) =

[P(t)+/n, P(t)]. This family of equations is called the n-th order KdV hierarchy.

3.1.17 Remark: The following system of infinitely many non-linear differential equa-

tions with infinitely many variables,

whereL(t) = d+u2{xy t)d-l+u3(x,t)d~2+> -,t = (tut2, • • •) and u ; (x ,0 , j = 2,3, • • • are

the unknown functions are called the KP hierarchy. It governs the universal isospectral

deformations of ordinary differential operators, because by making constraints on the

unknown functions Uj(x,t)'s, one can recover the deformation equations of any given
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differential operators. If we assume that the rc-th power of L(t) is a differential operator,

then the KP hierarchy specializes to the n-th KdV hierarchy.

3.2 LAX REPRESENTATION OF SOME COMPLETELY INTEGRABLE

HAMILTONIAN SYSTEMS:

Some of the completely integrable systems discussed in Chapter 2 have an associated Lax

equation

^-(t,t) = [BU,t),Att,t)} (3.2.1)

with a rational parameter £. The following systems can be written in Lax form with

a parameter £ as in (3.2.1), with A(£,t) = YH=~P Ak(t)£k where A(£, t) are matrix

functions of finite Laurent series in the variable £ and whose coefficients lie in a linear

Lie algebra Q C Ql(n)\

(i) The Euler equations of a free rigid body M moving about a fixed point (M is co-

adjoint orbit in so(n)*).

(ii) The Euler-Poisson equations for a symmetric heavy rigid body. In this case M is a

co-adjoint orbit in the semi-direct product of S0(n) with its Lie algebra,

(iii) The Toda lattice and its generalizations (M is co-adjoint orbit in a Kac-Moody Lie

algebra)

(iv) The geodesies on an ellipsoid (M — T*E) and the Neumann's problem of Newtonian

motion on a sphere Sn with a quadratic potential (M = T*Sn).

3.2.2 Definition: By a Lax equation with a parameter f, we mean an equation of the

form

A(O = [B(t),A(O] (=jt) (3.2.3)

where B(£) is a finite Laurent series in f and whose coefficients are in Q. We now discuss

the form of the Lax equation with a parameter £, associated to each of the examples

above.
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3.2.4 The Euler equations of a free rigid body: We consider the free rotation of

a free rigid body about a fixed point, which we assume to be the origin in IRn. "Rigid"

means that the distances between the points of the body are unchanged during the

motion. Let f(t,x) denote the position of the particle of the body at time t which was at

x at time zero. Rigidity means that f(t,x) = A(t)x where A(t) is an orthogonal matrix.

We assume the motion to be smooth. Since /(0, x) = A(0)x = x, for every x G IRn, A(0)

is the identity matrix so that A(t) 6 SO(n). The kinetic energy of the body is given by

K(t) = | / R n \\f{x,t)\\2df.i(x) where ||.|| denotes the Euclidean norm on IRn and fi is

a positive measure on IRn whose support is not in a 1-dimensional subspace. We have

f(t,x) = ns(t)f(t,x) where Qa(t) = p(A(t)) € so(n) is the vector A(t) 6 TA{t)SO(n)

expressed in space coordinates. The integrand of K(t) is \\A(t)~lQ3(t)A(t)x\\2. But

i4(*)~1n,i4(0 = AdA{t)~ins(t) = \(A(t)) = Q(t) is the expression of the vector A(t) in

body coordinates. Thus the kinetic energy has the form:

and

For 4 , B € so{n), we define an inner product on so(n) by

where x.y denotes the usual dot product on IRn (i.e., x.x = ||x||2). Thus K(t) =

| < Q(t),Q(t) >. We define on so(n), the following bilinear Ad-invariant form:

(The motivation for this is the adjoint action of 50(3) on so(3) under the standard

isomorphism of IR3 with so(3) : x = (xi1x2,x3) *-> x =



Thus JA = AJ + JA.

Since J is symmetric, there is a g € SO(n) such that D = cjr*/̂ "1 is diagonal. We

define a measure v in IRn by i/(x) = fi(g~lx) and an operator J : so(n) - • ao(n) by

j(A) = gJ(g~lAg)g~l. J is a linear, (,)-symmetric, positive isomorphism. We have
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x.y = — |Tr(xy)) . Now, to write Euler's equations, we have to determine the operator

J : so{n) —> so(n) given by the condition

Let eij denote the matrix all of whose entries are zero except the («, j)-th entry which is

1. The above condition can be rewritten as

Take B = etJ — eJt. Then by using the antisymmetry of JA, we get for the left hand side,

where (JA)ji denotes the (j,i)-th entry of J A.

Now, for the right hand side, we first have that

we have J3k
 = Jkj &nd

Similarly
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~j(A)=AD + DA and (J(.4), B) = /R B Ax . Bx e/i/(x).

Thus there is a new orthonormal basis of lRn having the same orientation as the initial

one in which the operator j is diagonal. Hence, we choose this coordinate system which

is completely determined by the mass distribution of the body as the initial one in IRn

and we obtain JA — AJ -f J A, for J = diag(At, • • •, An). Since etJ — eJt for i < j is

a basis of so(n), the relations .7(e,j — e ,̂) = (A, + A;)(etJ — Cj,) imply that the canonical

basis of so(n) is a basis of eigenvectors of J. In particular, A,- + Aj > 0 since J is positive

definite. For n = 3, the ^n~1' numbers At -f Aj, i / j are called the principal moments

of inertia. Thus, we have proved the following theorem,

3.2.5 Theorem: Given a rigid body in IRn, there exists an orthonormal basis in IRn

completely determined by the mass-distribution of the body in which the equations of

motion of the free rigid body about a fixed point (the origin) have the form

Si = [A/, Q] (3.2.6)

where M,0 G so(n), M = QJ + JH, for J a diagonal matrix J = diag(Al>-• •, An)

satisfying At + Xj > 0 for i ^ j. These equations are Hamiltonian on each adjoint orbit

of so(n) defined by initial conditions with Hamiltonian

H{M) = ^(M,il) =-^Tr(Mil) .

The complete integrability of (3.2.6) was done by Manakov [37] who observed that (3.2.6)

can be written as

(M + J2tY = [M + J2t, n + J£] (3.2.7)

for any parameter £. The functions ^Tr(M + J2{)*» A: = 2, • • •, n are constant on

the flow of (3.2.7), for, if X = [X,Y], TrXk are constant on its flow. Denoting

by t -> M(t) the flow of (3.2.6), t -+ M{t) + J2i is the flow of (3.2.7). Hence the

coefficients of { in the expansion of ^Tr(Af + J2£)k will be constant on the flow of
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(3.2.6).

Let ckj be the co-efficient of (J in ^Tr(M + J2£)k , k = 2, • • •, n. The constants of

motion {ckj} are called the Manakov integrals and their number equals half the dimension

of the generic orbit making them candidates for the generically independent integrals in

involution of (3.2.6).

3.2.7 Remark: For n = 3, we get the usual Euler equations. If x ,y € IR3, and x x y

denote their cross product, then (x x y)* = [x,y]. Let / : IR3 —> IR3 be the linear map

defined by

(/x) = J x = x J 4- J x .

If C! = (1,0,0), e2 = (0,1,0), e3 = (0,0,1), then tx = - ( e 2 3 - e32), e2 = (eX3 - e31),

e3 = —(ei2 — e-2i), so that

(7eO = (A, + A3)e,, (7e2)' = (A, + A2)e2 , (le3) = (A, + A2)e3

and hence / : IR3 —* IR3 is a 3 x 3 diagonal matrix

1 = diag(A2 + A3, \i + A3, Ai'+A2) = diag(/i , /2 , /3)

Thus, the Euler's equations become (/x)1 = (Ix) x x or Iixx — (I2 — h)x2x$ = 0 , 72i2 —

(73 — I\)xzXx = 0 , /3X3 — (7i - h)x\X2 = 0 with /1,72, 73 principal moments of inertia.

3.2.8 The Euler-Poisson equations for a symmetric heavy rigid body (or the

Lagrange top) : As a physical system, the Lagrange top is a symmetric rigid body with

a constant vertical gravitational force acting on its centre of mass and leaving the base

point of its body symmetry axis fixed. The problem is to describe the motion of the

top. The space of all positions of the Lagrange top is 50(3), the Lie group of all proper

rotations of IR3. Phase space, the space of all positions and momenta of the top is the

cotangent bundle T*5O(3) of SO(3) with its canonical symplectic form ft = —dO. On

the Lie algebra so(3), which is the tangent space at the identity e € 50(3), the moment
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of inertia tensor is a non-degenerate inner product <, >: so(3) x so(3) —• IR, defined by

A, B H* K(L(A),B) where K is the killing form defined by K(A, B) = -\Tr(AB), where

L : so(N) —• so(N) is the positive AC- symmetric isomorphism with inverse L~~l(C) =

CJ 4- JC , J = diag(Ai, • • • Ajv) a fixed diagonal matrix satisfying A, + Xj > 0 for i ^ j.

The Hamiltonian M -+ |/c(M, Z,(Af)) defines on adjoint orbits in so(N) the equations

of motion M — [A/, £(A/)] which is the Euler-vector field of the geodesic spray of the

metric in SO(N). These equations represent the motion of the free ^-dimensional rigid

body about a fixed point, the origin of IRiV. The i V^~^ positive numbers A, + Aj, i ^ j

are the principal moments of interia of the body (discussed in the previous example).

If N — 3, the centre of mass \ is not the origin, the fixed point about which the body

of unit weight moves, a potential V(A) = K(\, ACIA-IC) must be added to the kinetic

energy |/c(M, L(M)) in the expression of the total energy and it represents the height of

X over the horizontal plane; e is the unit vector of the OZ-axis. Since gravity in MiV is

meaningless, we define the rigid body Hamiltonian in SO(N) x so(N) by

E(A,M) = l-K{M,n) + K(x,AdA-u) , L~l(Q) = M ,

for \ , e £ so(N) fixed. The Etiler-Poisson equations in so(N) x so(N) induced by this

Hamiltonian are

r = [r, n] , M = [A/, n] + [r, x] (3.2.9)

for M = QJ + JQ, x a fixed matrix in so(N), T, Q <E so(N). The Hamiltonian of (3.2.9)

is given by

The Lagrange top is defined by a = Ai = A2, /? = A3 = • • • = An, and X12 / 0,

Xij = 0 Vz,j 7̂  1,2, i < j . The heavy symmetric top is defined by

Ai = • • • = An = a, , x arbitrary. In this case, A = aid, M = a x Q and (3.2.9) becomes
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3.2.10 Theorem [49]: Assume X12 ^ 0- The Euler-Poisson equations (3.2.9) can be

written in the form

(r + Mi + et2) =[T + Mi + cZ2,il + \(,}

if and only if (3.2.9) describe the N-dimensional Lagrange or heavy symmetric top, in

which case C = (a + p)\-

3.2.11 Remark: If x = 0, then C = 0 and we get the free rigid body which is a com-

pletely integrable system.

3.2.12 The Toda Lattice: In IR2n with coordinates (xu • • • xn , yu • • • yn) and symplec-

tic form u = ^ t t / x t A dyx, we consider the Hamiltonian function

whose corresponding flow is given by

By Plaschka's transformation,

the equations (3.2.13) are transformed into

(3.2.13)

(3.2.14)

We set

A =
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From the first equation in (3.2.14) we have ]P b^ = 0. If we normalize the b^s such

that ^2k bk = 0, then (3.2.14) are equivalent to the Lax equations with a parameter,

A = [B, A] where .4, B are given above.

3.2.15: The geodesies on an ellipsoid and Neumann's forced harmonic motion are dis-

cussed in many places (e.g.[25]). Here we shall follow [2], and explain how they may be

written as a Lax equation with a parameter. For this we let W = Ktn or(Dn, make the

identification W ® W = Hom(iy, W), and define maps

Txy: W x W ^ Eom(W,W)

Axy: W x W *-* Kom{W,W)

by

rry = x<8>y -y®x (i.e., (rxy),j = x{yj - x3yi)

Axx — x®x (i.e., (Axr),j = XiXj)

We note that

Image F = skew-symmetric matrices of rank 2

Image A = matrices of rank 1

Image A = symmetric matrices of rank < 2

and that the rank of a matrix is invariant when it moves on an adjoint orbit. We also set

a = diag(ai,•••,£*„), a t > 0,



Then the equations for geodesies on an ellipsoid and for Neumann's system are respec-

tively

(-Axx 4- £txy + (2a) = [~AXX + tTxy + ?a, T + tf] (3.2.16)

(Ar!, - a + f fry + £2a) = [Ary - a + (Txy + ^2a, T + ^ ] (3.2.17)

Equation (3.2.16) is equivalent to

(•) AM = [ A « , r ] , (ii) riy = [r i y , r] - [A I X , /?]

Since Ff = —F, AJ.X = ATX and so Axx moves in the space of matrices of rank 1. In (ii)

i"Iy = - r , » , (tTyv, w) = 0 if (v,x) = (v,if) = (t»,*) = (w,y) = 0,

from which it follows that Txy moves in the space of skew-symmetric matrices of rank

2. The relationship between the geodesies on an ellipsoid and Neumann's system to

algebraic curves is dicussed in [25].

3.3 SPECTRAL CURVES:

3.3.1 Definition: Given Lax equation (3.2.3) with A({) = £ L - P Ak(t)£
k and £({) =

Yl9-pBk{t)(ki we can associate its spectral curve C whose affine equation is given by

Here A{£, t) in Q[£, ̂ ~1] is an isospectral family of matrices, i.e., the matrices in the family

are Laurent polynomials in £ and all of them have the same spectrum. This characteristic

polynomial defines a spectral curve. The spectral curve C is the normalization of the

complete algebraic curve Co whose affine equation is given by Q(£, rj) and we explain this

concept below.
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3.3.2: Let X be a smooth variety. Let i)x denote the structure sheaf of X and Qx the

tangent sheaf. Let $x(l) be the hyperplane bundle for X C IP^. Let C be a smooth

curve and D = £ \ ntp{, nt > 0 be an effective divisor on C. Let C(D) = H°(tic{D)) =

{/ meromorphic in C : (f) + D > 0} be the vector space corresponding to the divisor

D. Let Qc be the sheaf of holomorphic 1-forms on C. Then the Jacobian variety, J(C) =

Pic°(C) = line bundles of degree zero = H](tfc)/'H
l(C\7L) = HO(QCY'/r#i(C,ZZ).

Let V be a complex vector space of dimension m. Let P = IP1 with homogeneous

coordinates [£o,fi] a n ( l affine coordinate ^ = 6 Let ^p(l) be the standard line bundle

over P and #P(k) = i?P(l) ® ••• ® i?P(l) (ifc times). We set K = V <2fc i?F(l) and

\/(^) = V£(% ^p(^) where K is the sheaf of germs of holomorphic sections of tfp(l) with

values in V and V(k) is the sheaf of germs of holomorphic sections of flp(k) with values

in V.

We assume the following data:

(i) A(t,() = E L o .4rf* = QA0 + tr'Mi + ••• + AnR € H°(P, Hom(V, V(n) ) )

(ii) B(t,() = EL^iC e //°(P,Hom(K, K(^))) ^ d

(iii) a Lax equation A = [^,^4] (• = ^ ) -

Let y be the bundle space of the line bundle i?p(n). i.e.,V —> P. Points of Y are pairs

(£,«/) € K , where ( 6 P , */ G $p(n) such that 7/(f, v) = i/. Then there is defined over

Y the section 7) 6 H0(Y,ir*#P(n)).

We note that Y d= {(f, «/)/£ € P , f € t?P(n)}. The characteristic polynomial <?(£, r/) =

det(?// - A(f, 0 ) w h e r e ^(f» 0 i n ^ ( ^ H o m ( K ^(n)))» ^ = ( C m c a n b e interpreted as an

element in H°(Y,**0P(n)). Therefore, Q(^rf) = ^ | | T / / - v 4 ( f , 0 l | € iyo(r ,7r^F(mn)) .

The divisor of Q will be a complete curve Co C Y and x : Co C K -> P where Co =

DQ = {(£,*/) € P x tip(n)/Q((,rf((,is)) = 0}. Then the divisor locus of DQ of Q in



We give below a general outline of the proof of the claim. Consider the discriminant of

this polynomial in // of (3.3.4) given by A(£) = U»<M»(O ~ ^M(O)2 . Then A(£) is a

well-defined function of f = ( ^ , 6 ) €(D2, and A(A£) = A*nv a ' A ( f ) . Thus, A € H°(P,

i?p(mn(m-l))). Suppose at some point £ € P, k of the eigenvalues, say 7/1, • • • 17* coincide

and cyclically permute as £ moves around £o. For a suitable local coordinate t, centered
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Y is a complete curve Co in Y and the projective map w : Co —• P = JPl( <E) is a

branched covering with TT"1^) eY = {(£, 7/1), ••• ((J, 7/m)} where 7/j, • • •, 7/m are the roots

(or eigenvalues) of the characteristic equation. We assume that Co is irreducible and its

normalization is C -* Co which is a non-singular curve. Consider Tr '^P^foo}) =(C2

with coordinates (£,??). Then Co is the compactification of the affine curve determined

by det \\rjl - i4(£,£)|| = 0 in (C2. The curve C is called the spectral curve associated to

the Lax equation (3.2.3). We discuss below the spectral curves associated with each of

the systems given in the previous section.

3.3.3: For the free rigid body in ffl3, we have

where S = —detJ2. Thus, Co is the compactification of a cubic curve in(C2.

Let £ 6 P be a general point and we write

(3.3.4)

We assume that the curve C = Co is smooth.

Claim: The spectral curve above associated with the free rigid body has genus <?, given

by formula
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lying over £. Since C — Co, we can have ?/„(£) = r/M(£), 1/ 7̂  /*, only as a branching point.

Hence C —> P is an n-sheeted covering space whose ramified divisor has degree given by

r = deg(A) = m n ( m - l ) . i.e., A 6 Y(P,dP(mn(m - 1)). The Riemann-Hurwitz formula

given by 2# - 2 = -2m + r = -2m + mn(m - 1) gives g = 1 - m -f m n (^"1 ) .

3.3.5 Remark: We can understand the linearization of the Lax flow on the Prym variety

(C/C).

3.3.6: Referring to the Lagrange top in the case n = 3 discussed in Example (3.2.8) in

section 3.2 above, we set

(3.3.7)

where ^o = |F|2, 74 = |C|2. The spectral curve is reducible with one component (77 = 0)

corresponding to the zero eigenvalue (77 = 0) of any matrix in so(3). The other component

V2 + |^4(012 = 0 is by (3.3.8) an elliptic curve, which is smooth and which can be realized

by (£,77) - > ^ a s a 2-sheeted branched covering of IP1 with sheet interchange given by

(3.3.8)

where \A\2 is the sum of the squares of the entries of A. By (3.3.7), we have

From

we observe that
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We then have

This affine curve will be smooth and its completion Co in IP2 will be singular for n > 4.

To compute the genus of the normalization C of Co, we observe that the involution of

the spectral curve given by j : C -* C by j({,ri) = (f"1,//) realizes C as a 2-sheeted

covering C - • IP1 = 77-sphere (3.3.10).

The fixed points of,;, which coincide with the branch points of (3.3.10), occur when

3.3.9: Referring to the Toda lattice given by Example (3.2.12) in section 3.2 above, we

have

where

where ^(77) = rjn + CiTjn l -\ (- cn is a polynomial in •//. Multiplying by ax • • • an_x ^ 0,

we get the affine curve in (C* x(E given by



Each of these is of the form

det\\7jI-i2a-P\\ = 0 (3.3.13)

where P is a rank 2 matrix. We set T — rjl — £2a so that (3.3.13) becomes

0 = d e t | | T - P | | = d e t r d e t | | / - r - 1 P | |

= det T(l - Trace T~lP + Trace ( A ^ " ^ ) )

since T~lP has all k x k minors equal to zero for k > 3. To compute the genus of

the spectral curve, we can use the reparametrization of the spectral curves given by (cf.

Adler's paper [2]),
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£2 = 1. i.e., when f = ±1. In general, there are n of these for each value, £ = +1 ,

£ = — 1. Thus there are 2n branch points in all, and by the Riemann-Hurwitz formula,

the genus of C is given by g = n — 1. This is the number of required additional integrals

of motion.

3.3.11: The spectral curves associated to geodesies on an ellipsoid and Neumann's prob-

lem are given by

(3.3.12)

These are hyperelliptic curves of the form (in (C x (T*) £2 = ^(*?) where R(rf) is a

rational function of the form
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In each case, the genus of the curve is n — 1 and we need n — 1 commuting integrals of

motion, in addition to the total energy for the system to be completely integrable.

3.4: COHOMOLOGICAL INTERPRETATION OF LAX EQUATIONS AND

LINEARIZATION OF FLOWS:

Following [19] we consider Lax equations with a parameter £,

(3.4.1)

where A(£, t) = EL-P Ak(t)(
k and B((, t) = £ £ ! _ , Bk(t){

k are finite Laurent series in

the parameter £ and Ak(t), Bk(t) € Q C Ql{m). Its spectral curve C (after normalization

of Co) is given by Q(^TJ) = del || r\I - A(£,t) ||= 0 with p = (£,;?) € C. As the flow

/ »—• y4(f, i) is isospectral, the polynomial Q(£,,r)) is independent of 2. In otherwords, the

eigenvalues rj are fixed as time evolves whereas the eigenvectors of ,4(£, 77) will change

with t. The problem we want to study is "to find necessary and sufficient conditions

on B such that the flow on the Jacobian variety J(C) of the spectral curve C of (3.4.1)

corresponding to t 1—• A(£,t), be linear".

First we note that the Lax equation is invariant when B is replaced by B-\- P(A,£) where

P(x,£) G (T[jr,f] and hence B lives in some quotient space. Now we follow the notations

of section (3.3) of spectral curves. Assume that for a general point p = (£,77) € C,

dim ker || 77/ — A(£,t) ||= 1. Hence there is a uniquely determined vector i/(p,t) £ V

(upto non-zero scalars) satisfying A(£,t)v(p,t) = rji/(p,t) (3.4.2). Then the map

p —• (EJ/(/>, t) C V determines a family of holomorphic maps ft : C —• IPV (3.4.3)

depending holomorphically on t, which is called the eigenvector mappings associated to

the Lax equation (3.4.1). Let 0py( l ) denote the hyperplane bundle of PV and let

£t = / ; ( t fpv(l))€Pic d(C) (S J(C)) ,L = LQ.

3.4.4: Some preparation from algebraic geometry: ([6], [20], [26])

Let / : C —• X ( f ) b e a non-constant holomorphic map where C is a given smooth
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algebraic curve and X is a complex manifold. Define the normal sheaf of C in X (or of

/) TV/, by the exact sequence

0 -> SeA f*Qx -> JV/ -> 0 (3.4.5)

with 0 c , &x are tangent sheaves and /* is the differential of / . Then the Kodaira-

Spencer tangent space to the moduli space of the map / (in (f)) is given by H°(C,Nf),

i.e., ft : Ct —> X maps where C and / are both varying with t. i.e., if ft : Ct —> X,

/o = / is a deformation of / in (f), then / € //°(C, JV/) (3.4.6) is the corresponding

infinitesimal deformation at t — 0. i.e., in local product co-ordinates (z,t) on UtCt and

tu = (wl,w2
r • • •, w

m) of A", /f is given by (2:, t) 1—• 10(2:, ^), then the section / of iVy over C

in (3.4.6) is locally given by ^^ jt-o modulo Q^ - The corresponding cohomological

sequence of (3.4.5) is

/T(©c)-> H°{rex)-^H0(Nf)^H1{ec) over C

Here Hl(Qc) is the tangent space to the moduli space of C as an abstract curve and

6(f) =: C G Hl(&c) is the tangent to the family of curves {Ct}. Thus the tangent space

to / in (f) where the curve C remains fixed, is given by H°{f*<dx)lH°{®c) C H°(Nf).

Since the isospectral curve C is independent of t, this is the situation we have to consider.

As in section (3.3), V is a m-dimensional (C-vector space and take X = JPV and consider

the exact sequence of sheaves over JPV:

0 - • #pv - • V ® I?PV(1) - • 0 p v -> 0 (3.4.5').

Using / to pull back this sequence to C and combining this with (3.4.5), we get

0 - • ec •£• / *0pv -> ^ / -+ 0 and 0 - • dc -^ V ® I -> / * 0 P v - • 0 where L = fmtij>v{l)
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which gives the piece of the cohomology diagram

3u>€H°(V®L)

i r

/ / ° (0c ) - v € H°(f*erv) ± f € H°(Nf) i> H^Sc) (3.4.7)

I 6

L € Hl(#c)

Consider the family of holomorphic maps ft : C —+ JPV. Locally choose a coordinate z

on C and also a position vector mapping (z,t) —• v(z,t) € V \ {0} (i.e. a local lift of ft

Since the inclusion dc c~»• V @ //, ^ = /*^p\/(l) is locally given by y? *—• <p.v, v 6

//°(C, V <g> L/t?c) = i/°(Ct, /*0pv) (3.4.8) is well defined of the representative position

mapping of v.

Then we have j(i/) = f (3.4.9). We are interested in the tangent vector L = {-j^L^t-Q

in H°(dc) (as t ^ Lt is linear iff £jLt = //t^I«). Then we have L = 6{v) (3.4.10)

where 0 is the infinitesimal variation of ft : C —• YPV. In particular, L = 0 (3.4.11) iff

3 LJ G H°(V <g) L) such that /> = r(a;), CJ depending on B. Recall from section 3.3 that

B(£,t) € H°(C\Hom(V,V(N)).

Let D = ({*) be the divisor JV.a-^oo). Then

B/tf 6 H°(Hom(V, V(D)) = (Hom(V, V) <g> #c(D)) (3.4.12)

(3.4.14)

The cohomological interpretation of Lax equation (3.4.1) is given by

3.4.13 Theorem: In the above notation

and v € H°(V ® L) where V(D) S V(N). Hence
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We now give the more precise meaning of the formula (3.4.14) as follows:

We have the following diagram of exact sequence of sheaves on the curve C :

(3.4.15)

A e H°(dD{D) ^ Le H\tic)

(3.4.16)

Then the meaning of formula (3.4.14) is (a) ff € H°(V 01 (D) ) and (b) r(^f) = t(i>).

Proof: Working in (D3 with co-ordinates (£,//), A(^, )̂ and B(£,t) are polynomials in

£ G (C whose co-efficients are holomorphic functions of t. Write B(£,t) — ^ where

B G H°(V, V(N)) considered as a homogeneous polynomial in £0, £\. For a general point

P = (£,*?) €C we have by (3.4.2), A(f,<)i/(p,0 = */ i/(p,0- Then Av + Av = t}v and so

(BA~- AB)v + Av = Tji/y i.e^A(u — Bi/) = r}(i> — Bu), i.e., if i/ is an eigenvector of A with

whose part of cohomological information is
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eigenvalue 77 then v — Bv is also an eigenvector with same eigenvalue. Since eigenspace

Ev is 1-dimensional generically, we have Bv = v + \v for some \(p). (3.4.17)

Hence T(BV) = v eV ® L/<V.v.

3.4.18 Corollary: L = 0 <£> 3 a meromorphic function (p € H°(dc(D)) such that

ffr + pv e H°(V 0 !(£>)) is holomorphic.

Proof: Note that there exists tp 6 H°(dc(D)) such that |& + v?i/ € H°(V 0 ! ( £ ) )

is holomorphic (i.e., belongs to H°(V 0 L) & 36 G J^°(V @ L) such that i(6) =

fg + <̂ i/ € ^° (V ® I(D)) . Then by above commutative diagram (3.4.16) and (3.4.10),

we get L = ^(i>) = 6(rb) = 0.

3.4.19 Definition: Let C be a smooth curve of genus g and D — ^,-nt-pt-, n, > 0 be

an effective divisor of C. If z; is a local co-ordinate centred at /?,-, then v?t = IZjLi ^ 1S

called the Laurent tail at p t.

3.4.20 Remarks: (1) The Mittag-Leffier problem is, given Laurent tails y?, when does

there exist a meromorphic function y € H°{dc{D)) (i.e. (<p) + D > 0) such that y> — y?,

is holomorphic near pt?

(2) Such ip exists iff £V ResP((v?t.u;) = 0 for all holomorphic 1-forms u; € H°(QC)'

(3) We have by (3.4.17), Bv = z> -f A(p)i/ and r(Bz/) = i> € V ® L/(Ti/ and since v and i>

are holomorphic around Z), the function A on C induces a section of do{D) over C.

(4) A fundamental invariant of the Lax equation (3.4.1) given by the residue p(B) of B

is the section of dr>(D) induced by A on C.

3.4.21 Theorem: Referring to Lax equation (3.4.1) we have

Proof: By commutative diagram (3.4.16), let E € H°(V 0 L(D)) satisfy r(E) =

i(ui) for some u> € i/°(/*0pv). In particular, take £ = j$ and u; = ^ as in Theorem

(3.4.13). Then by commutativity TJ(E) = Jr(E) = i(i(w)) = 0 and so 3 A € H°{dD(D))

(3.4.22)
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such that <T(A) = j(E) and since / /°(I?D(JD)) occurs in the top right corner as well as

bottom left corner we get

L = 6(0) = S^X) = S(p(B)).

3.4.23 Corollary: Let C(H°(dD(D)) be the set of all Laurent tails of all functions in

H°(tic(D)) and p(B) the residue of B is a function of t. Then {Lt} C P\cd(C) is linear

<=> p(B) = 0 mod span {£,/>(£)} in H°(dD(D)) (3.4.24).

Proof: Note that (3.4.24) takes place in a fixed vector space H°(dD(D)) ^(C*, k = degD.

By (3.4.22) {Lt} is linear <3> lt = fitLt is equivalent to I = #/>(#)) = d{fip(B) + v?t} =

/*£.

3.4.25 Definition: /?,(£) = Respt-J9 = pPl(B) and J(C) = H°(Q,CYIHX{C,7L). Hence

a linear flow on J(C) is given by, upto a fixed translation a bilinear map

(t,u>) ->t< \,u> > (3.4.26) where A € H°(Qc)
m.

3.4.27 Corollary: The condition (3.4.24) is equivalent to

Y^iRes(pi(B)uj) = fiJ2tResPt(pt(B)u) (3.4.28) for all u; € H°{Q,C)- Then the linear

flow is given by (t,u) -+ t J ] . ResPi(pi(B)u) (3.2.29).

We apply this to our systems in examples:

3.4.30 Example: Motion of rigid body about a fixed point we have seen above, can

be put in Lax form with B ~ ~(Q -f J£). Then D = YULi P* ' s ^ e divisor with pt

being the n distinct points lying over £ = oo. If Z{ is a local co-ordinate around pi (say

Zi = f"1), then from (3.4.17), Bv = v + \(p)v and taking B = - ( 0 + J^) we get the

residue p(B) = - £V ^- where J = diag(Ai, A2, • • •, An). Then /?(B) = 0 so that the flow

is linearized on J(C).

3.4.31 Example: Consider the Lagrange top. Then its spectral curve is a 2-sheeted

covering TT : C —* IP = IP1(0 branched over 4 points &, with all £„ ^ oo. Since

£(£) = Q -f x£ ,we have D = TT^OO) = p + q where rf = ^ ^ + • • • near p and
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rj = -te±£2 + . . . ne a r q. Then the residue p(B) € H°(dD{D)) is given by p(B) = \ + • • •

near p and p(J3) = -~ -\ near q. Hence p(B) = 0 and hence the flow is linearized on

J(C).

3.4.32 Example: The Toda lattice has in Lax form a Laurent parameter. Consider

the hyperelliptic curve C which is a 2-sheeted covering C —• IP1 = rj— sphere. Set

^ ( o o ) = p + q. From the affine equation of C, £ -f (f"1 + /*(*?) = 0, it follows that

the divisor D = np — n^ (the poles of f occur on one sheet lying over a neighbourhood

of oo and the zeros on the other sheet, and each has multiplicating n). Hence, setting

D = np + nq, it follows that B € H°(C\ Hom(V, V(D)). Then we may define the residue

p(B) e H°{dD{D)). Then we have, p(B) = | and so p(B) = 0. Hence the Toda system

is linearized on J(C) where dimension J(C) = g — n — 1.

3.4.33 Example: Geodesies on Ellipsoid: The spectral curve Co in the affine form is

given by Q(£,T)) = det || /// - <f2a - (Fxy + Txx ||= 0 which is smooth over <f = oo.

Hence the map C —*• P from the normalization of Co is not modified over £ = oo. Let

D = X^LiA = 7r~1(00) a n d /̂i = ^" + j-+holomorphic terms near p,. Then near p,-,

A = Ao + ^ + ^-, B = - | A i - ^ . Then the eigenvector i/, satisfies Av{ = r/,^ and so

A2Vi(pi) = A,-i/|(p,-) and p(B) = — ^ t 7
1 and hence p(B) = 0 and hence the flow on J(C)

is linear.

3.4.34 Remarks: (1) This technique applies for systems which are represented in Lax

form over finite dimensional Lie algebras.

(2) There is a different approach for linearizing flows on J(C) of these systems in [2], [3].



Chapter 4

Adler-Kostant-Symes (AKS) principle and its application to

some integrable systems

4.1 INTRODUCTION:

Among general dynamical systems there are some distinguished ones called Hamiltonian

systems, namely, symplectic manifolds with a Hamiltonian vector field. Such a system

is a completely integrable Hamiltonian system (CIHS) if there are many Hamiltonian

functions which are in involution with respect to the Poisson structure defined by the

symplectic form and these functions are independent over a dense subset of the manifold.

In nature, there are several completely integrable Hamiltonian systems. For example, in

[52], we discussed the periodic solutions of certain partial differential equations occurring

in mathematical physics, mechanics and geometry and there is an associated Lax type

equation and these periodic solutions live on the Jacobian variety J(C) of the spectral

curve C associated with the Lax equations.

Kostant-Kirillov-Souriau discovered the canonical symplectic structure û p, on the orbits

F of the co-adjoint representation of a Lie algebra [24,27]. On the otherhand, while

studying certain special (partial) differential equations such as KdV, Toda systems, KP

equation etc., it was noted that they define a certain Hamiltonian structure [2,5] which

can be identified with the Kostant-Kirillov structure on the orbits of a suitable Lie alge-

bra. There is a scheme developed over the years for constructing Hamiltonian systems

having Lax type representations and also for finding an algebra of first integrals of this

71
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system (thus giving complete integrability of it) from the corresponding orbit structure of

Lie algebras. For certain physical systems like, motion of rigid body about a fixed point,

finite Toda systems in IR2n etc., this scheme works for finite dimensional Lie algebras.

For certain other systems like KdV, general Toda systems, etc., for this scheme to work,

infinite dimensional Lie algebras (even Kac-Moody algebras) are needed [2,16,48,61]. The

main difficulty here in applying this technique for complete integrability is to find a suit-

able Lie algebra and direct sum decomposition, known as Adler-Kostant-Symes (AKS)

geometric principle [16,27,60]. We formulate and discuss this principle in as general a

form as possible and also give its application to several systems such as KdV equations,

Toda system [2], Gel'fand-Dikii systems [16] and Lagrange Top [48].

The material in this chapter is arranged as follows: In section 4.2, some preliminary

definitions are given. In section 4.3, we discuss the main geometric principle of Adler-

Kostant-Symes. In section 4.4, we discuss its application to various systems, both finite

and infinite dimensional systems like the Toda system,the Lagrange Top and the gener-

alized KdV equations.

4.2 SOME PRELIMINARIES:

4.2.1 Definition: By a dynamical system, we mean a C°°-manifold with a smooth vec-

tor field (M, X). A symplectic structure on M2n is given by a 2-form w o n M such that

dui = 0 and wn / 0 on M. Then (M2 n ,u) is called a symplectic manifold.

4.2.2 Remark: We can associate with every H € C°°(M), a vector field XH defined by

u(XH,v) = dH{v), v e T(M), i.e., iXHu = dH.

4.2.3 Definition: By a Hamiltonian dynamical system, we mean a symplectic manifold

(M2n,u;) with a Hamiltonian vector field XH, i.e., (M2l\cd,Xn). The 2-form u defines a

Poisson structure on M by {F,G} = u>(XF,XG) for F,G € C°°(M).

4.2.4 Remark: (C°°(A/),{ }) -> {X (Af),[,]) gives a Lie algebra homomorphism by

{F,G} ~ [XF,XG], F,G 6 C°°(M).
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4.2.5 Definition: A Hamiltonian dynamical system (M2U,U,XH) is called completely

integrable if 3 n functions Hu • • •, Hn on M such that {H{, Hj) = 0 V i,j = 1,2, • • • n.

That is, they are in involution with respect to {, } and dHiA, • • • A dHn ^ 0 on a dense

open subset S of M or the corresponding Hamiltonian vector fields are linearly indepen-

dent on a dense open subset S of M.

4.2.6 Definition: (Kostant-Kirillov-Souriau symplectic structure): Let G be a Lie group

and Q its Lie algebra. Let P be a C°°-manifold and $ : G x P —• P be a smooth action

of G on P. For £ e £, let (P(p) = ^*(exp^,/>) | / = o , /> € P, * € M, denote the infinitesi-

mal generator of this action corresponding to <f. Let G.p = {$(g,p)/g £ G} denote the

G-orbit through p e P and Tp(G.p) = {£p(/>)|f 6 G), the tangent space to the orbit G.p

at p.

(a) We define the Adjoint action: G x Q —• (J. It is given by # —• Adg = (Rg^oLg),

rj t-+ (Rg-ioLg)r/ and the infinitesimal generator is ^ = (arf <f) : 77 1—• (ad £)ij = [f,^],

UQ-

(b) We define the co-adjoint action G xQ* —> £*: It is given by g \-* Ad*^ : Q* —• Q* and

the infinitesimal generator is £Q» = — (ad f )* , i.e., G x Q* —+ C/*given by g i-» yW*_l :

^ - Q\ 0 >-> (Ad^^rj = ^ ( ^ 1 7 ) ,geG, $€ G'tf 6 ^.

For /i € 5*, the co-adjoint orbit G.p, of p is {/4d*_t^|# e ( ? } C 5*. Then the Kostant-

Kirillov-Souriau symplectic structure on the co-adjoint orbit G.fi is defined by

uM(ad({i)'/3,ad({2yi3) = /?([6,6]), 6 , 6 € 5 , 0 = ^ . . p 6 (?./i. This wM is a

non-degenerate closed 2-form which is ^-invariant and defines a symplectic structure on

G.fi called the Kostant-Kirillov-Souriau symplectic structure.

4.2.7 Remarks : (1) Note that the tangent space at /3 G G.fi is given by

TB(G.n) = {{adO'P\Z € Q)

(2) The most important property of this structure is that the natural Poisson structure

on Q* restricted to the orbit 0 agrees with the Poisson structure restricted to the orbit 0
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with respect towM. i.e., {f,g}\e = {f\d,g\e}^ where f,g € C™(U,Q),U C £* is an open

subset.

4.3 ADLER-KOSTANT-SYMES (AKS) GEOMETRIC PRINCIPLE:

In this section we discuss the AKS geometric principle for completely integrable Hamil-

tonian systems.

4.3.1 Theorem: Let I be a Lie algebra equipped with a non-degenerate, ad-invariant

(symmetric) bilinear form <, > so that L and L* can be paired. Suppose L = K ® N

has a direct sum decomposition (as a vector space) where K and N are Lie subalgebras.

L and L* can be identified via <, >. Then Lm = KL © NL where A'1 and NL are the

orthogonal complements of K and N in L with respect to <, >. By the non-degeneracy

of <, >, we identify KL % N* = dual of N and N1 w K* =dual of A'. Thus, KL - Nm

gets co-adjoint Af-action and hence gets the Kostant-Kirillov-Souriau orbit symplectic

structure on KL with respect to N. Let F C A'1 be the orbit invariant manifold under

the co-adjoint action of N and hence F has the Kostant-Kirillov symplectic structure. On

the otherhand, we have the co-adjoint action of the connected Lie group associated with

L on L* and hence we have Z,-invarairit functions defined on L* or on neighbourhoods of

F C KL on L*. Let -4(F) be the algebra of functions defined on an neighbourhood of F

on L* which are invariant when restricted to F under the co-adjoint action of L. Then

this principle asserts that

(a) The algebra -4(F), forms a system of commuting integrals on F and on the orbits of

F themselves via the orbit symplectic structure, i.e., there are functions H on L* such

that [VH(A),A] = 0yiAeTcK± where V / / is the gradient function V # : L* - • I,

H : U C L* —* L. That is, these functions H regarded as functions on F by restriction

to F form an involutive system of F-invariant functions with respect to orbit symplectic

structure induced on F C KL by the N-action.

(b) Moreover, for such functions H 6 ^4(F), the associated Hamiltonian vector field XH



By the above formula, an L* function being L invariant on F is equivalent to

[VH(A),A] = 0, A e T, or equivalent^, [A, VK±H] = -[A, PKVH}. (4.3.3)

If // and F are functions on TV*, then the Kostant-Kirillov Poisson bracket has the form

{//, F}(A) =< A, [V,vtf, VN.F] >, A e NT,

where <C , ^> is the natural pairing between N and /V*, and where Vjy*H € Â  is the

natural gradient of H defined by dH(X) = < dX, VN*H >; so in our case KL » iV*

and < , > = < , > l^^xiv. Hence
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is given by the formula,

XH(A) = (adB)'A = [B,A] = ~[A,B] = [A, PKVH(A)],

where PK is the projection onto K along N. The dual * is taken with respect to <, >.

(c) the Hamiltonian equation A = XH(A) has the following Lax form, A = XH{A) =

{adByA, B = -PKVH(A). In the above, we have in general that PK, PN, PK±, PN±

are respectively the projections onto K,N,KL,NL along N,K,NL,KL respectively.

Proof: We give an outline of the proof of the above theorem. We observe that if H

is a function on L*(?s L), and if V^xi/ , VN±H, V / / are the gradients of H in the

KL, NL, L* directions, respectively, then we have,

(4.3.4)

Suppose H, F € A(T), then
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= < [A, S7K±H], VK±F > (by the ad-invariance of < , >)

= - < [A, PKVH], V A -XF > (by (4.3.3))

= - < A, [PKVH, VA-xF] >

= < A, [PKVH, PKVF] > (by repeating the argument for F)

= 0

since A € KL and K is a Lie algebra. The Hamiltonian vector field equals

XH(F) = {F,H} =< [VK,H, A], VK±F >,

from which it follows that A//(v4) = PKL[VKJ.H, A]. Hence the corresponding Hamilto-

nian flow

which proves (4.3.2) and thus the theorem is proved.

4.3.5 Remark: If the bilinear form <, > is symmetric also, for example, trace or killing

form, then (ad)B* = -{ad)B and A = XH{A) = -(ad)BA = -[B,A] = [A,B] =

[A, — PKVH(A)] which is the usual Lax equation.

This principle was noticed in several special cases before and we have stated above, this

principle in the most general set up of a Lie algebra ((?, A', TV, <>) .

4.4 EXAMPLES:

In this section, we discuss the application of the above AKS geometric principle to the

finite-dimensional systems, (a) the Toda system (b) the Lagrange Top, (c) the geodesic

motion on an ellipsoid and the infinite dimensional systems, (d) the generalized KdV

equations and (e) the Gel'fand-Dikii system.

4.4.1 The Toda System: The Toda system is given in Chapter 2. Here we discuss the



Chapter 4. Adler-Kostant-Synies (AKS) principle and its application... 77

AKS setup for this system.

Let Q = s/n(IR) be the Lie algebra of real traceless matrices. Let a be the Lie subalgebra

of lower triangular matrices and b that of skew-symmetric matrices:

The vector space Q is the direct-sum of a and b: if X = (x,-,j) € 5/n(IR), then X =

.Y+ + X-, where X+ = (ytfJ) £ a and X_ = (zitj) € b are defined by

The non-degenerate symmetric bilinear form < X,Y >= tr(XY) is invariant under

conjugation (this is the killing form). We have that ax is the subspace of strictly lower-

triangular matrices and that b 1 is that of symmetric matrices.

We now consider the invariant function f(L) = | t r (L2) , which is defined on Q, and the

Hamiltonian system it defines on a* = b x . Since dfi(X) = tr(LX), V L / = L. For

L = (XJJ) € b x , a symmetric matrix, the projection (V^jJ)- = £ - onto the subspace of

skew-symmetric matrices is

By AKS theorem, the system is L = [L,Af] where L is a symmetric traceless matrix

and M is the skew-symmetric matrix whose entries above the diagonal are those of L,

and
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which can be understood as a Harniltonian system and admits ail the functions L »-•

tr(L )(2 < k < n) as pairwise commuting first integrals. We thus have n — 1 integrals.

We now consider the space F c b 1 . The Lie group A is that of invertible lower-triangular

matrices and its Lie algebra a is the group of lower triangular matrices. By using the

bilinear form, < X, Y >= tr(AY), we can identify the dual of a = a" with the upper

triangular matrices. A acts on a by conjugation and on a* by duality i.e., A x a* —> a*,

9J* •"* \9~ll*9]+ where [ ]+ is the operator of setting all terms below the diagonal

equal to zero. Then the orbit 0 = 0/. = {[g~ll*g\+/g e A} and its tangent space is

TfOi* = {[/*,/]+// € a}. Then the Kostant-Kirillov Souriau symplectic structure on #/•

is given by

Let A = [Aij] be a variable on a* and let H — H(A) = H(Aij) be a function on a*. We

can identify the gradient at A of H = H(A) with respect to <, >, VH/A as an element

of a (VH : a* —• a). The Hamiltonian vector field YH associated to H is given by

Y = YH = [VH,A]+. Then ,4(r) = {H : a* -> a/[i4, V//]+ = 0 VA 6 6>s} is the algebra

of a-invariant functions defined on the orbit $gy B G a. Then the functions H in A are

the integrals of motion for the Toda system, i.e., they are in involution with respect to

4.4.2 Remark: This can be generalized to m-ogonal (m > 1) systems having Lax type

equations and these systems will also fit into the AKS setup.

4.4.3 The Lagrange top: Motion of a 3-dimensional rigid body about a fixed point
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under the influence of gravity. This example is given in Chapter 2 and we discuss here

its Lie algebra setup and the AKS setup.

(i) Lie algebra setup: Let Q be the Lie algebra of dimension 6 which is a semi-direct

product of V(= R3) and so(3)(i.e., so(3) x so(3) = Q). Associating to the unitary vector

field 7, the corresponding instantaneous rotation vector ^{t) for time t, we get a pair

(M(0,7(0) V * a n d M(t) € V. We denote this as an element 7 + eM (e2 = 0) in

Q — V (B so(3). Then the equations of motion, (4.4.4) and (4.4.5),

and

can be written as

(4.4.4)

(4.4.5)

(4.4,6)

Since 7 ^ 0 , the orbits of 7 -f tM , 0M under the adjoint ^-action are subvarieties of

dimension 4 in Q defined by the equations:

Then the functions (7 + eM) i-+< 7,7 > and (7 4- eM) •-•< 7, Af > are constants on

the orbits of the trajectories called the first integrals. The total energy of the system is

given by

(ii) Three special cases:

(a) Centre of rotation O is at the centre of gravity G of S. In this case, we get the
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classical Euler top (1750) which is completely integrable and H2 < 7, M > = < A/, M >;

I — ^idv -

(b) S possesses a symmetric axis of rotation passing through the centre of rotation. Then

we get the classical Lagrange top (1788) with complete integrability and H2 =< M,l >.

(c) There exists an orthonorrnal basis for V where / = diag(2A,2A, A), / = (xo,0,0).

Then we get the classical Kowalesvsky top (1881) which is also completely integrable

and

Then (Z, [,]) is called the Kac-Moody algebra associated to so(V). Let
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algebra N = N/N3 action on E (N is 6-dimensional nilpotent Lie algebra), let T be

the orbit in E under N which is a 4-dimensional variety of E. Then the algebra of

integrals of motion can be found as follows: Imbed L as a subalgebra of End(V)[h~l, h].
oo

Then V n G N, V A £ L, define An = ^c n ) ) t (y l ) / i \ cn,k(A) € End(V). The functions
—oo

A *-* fn,k(A) = tr{cn,k(A)) are AdL-h\variant. Consider the orbit of A under N such that

A2 = XL i.e., A = Ao + A}h + A2h
2 G E. The first integrals are given by

9 which is stable under the above action of N.

of AT acts trivially on E. Passing to the quotientThe subalgebra W3 =

4.4.7 Geodesies on an ellipsoid: This example is given in Chapter 2. Here we discuss

the AKS setup for this system.

Let

be the affine Lie algebra where M> is the algebra of n x n matrices. The elements of £

are viewed as Laurent series in the indeterminate h and h~l. The bracket in £ is defined

as follows:

(4.4.8)

(4.4.9)

The ad-invariant, non-degenerate, symmetric bilinear form on £ is given by
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where ( , ) is the killing form on M. with the property
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4.4.15 Adler-Kostant-Symes setup for the generalized KdV Equations: Let

R be a commutative ring over complex numbers equipped with a derivation D. That is,

R is a differential ring. We define the infinite integrals / as / = R/DR. Let x : R —•

R/DR — I denote the projection associated with /, defined by <f> i~+ <f> (the /-equivalence

class of <j>) and the equality in / is denoted by ==.

Let R[bo, 61, • • •, 6n] C R denote the ring of polynomials in 60, • • •, bn and their derivatives.

Similarly for I[b0, &i, • • •, 6n]. We define $, the ring of formal pseudo-differential operators

to be the formal Laurent series in the variable £ over the differential ring R. i.e., $ =
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The trace functional satisfies tr[a, b]=Q where [a, b] = a o b— b o a and with this, we have

the symmetric inner product
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Let OB be the orbit through B of the co-adjoint action of G on £*, i.e., OB = {{g~lBg]+lg €

G}, where + denotes the projection into A0,oo- If B £ A>,m, then so also does A (i.e.,
771

A 6 OB) and we write ,4 = ^ a t£\ Then the (formal) Kostant-Kirillov symplectic form

UJ on 0B at the point A is given by LJ([/1,/I]+, [A,/2]+)= < A, [h,h] > = < [A,/i]+,/2 >

with /!,/2 € £, and so [A,/i]+ 6 TA0B- The tangent space of OB at £ is given by

TB0B = {[BJ]+\leC}.

Let H = i/(A) = P(a), where P(a) is a polynomial in at, i = 0, l , - - - , ra and its

derivatives. Then the Hamiltonian vector field XR induced by LU is given by XH =

[VH, A]m-2(*) where [ }m = Po,m[ ] and VH = ^ ( { - iD)~3~lJ^-- H e r e §fj i s t h e

formal variational derivative of H = //(a) with respect to aj and the Poisson bracket

{,} based on u is given by {H,F}{A) =< A,(VAT,VF) >. Moreover, for A € $ ( m ) , (*)

becomes the Lax isospectral equation A = [Vi/, A]m~2 = [4, ify] where P N = (^iV/n)+

and the fractional powers of A, {< ANln > /N} form an involutive system with respect

t o { , } .

4.4.16 The Gel'fand-Dikii System: I.M. Gel'fand and L.A. Dikii generalized the
n-2

Lax form of the KdV equation. That is, let L = {-idx)
n + ^2qj(-idx)\qi € C™(R),

j=0

i = 0,1,2, • • •, n — 2. Then the Lax equations ~ = [Z, 5j] , j = 1,2, • • • with appropriate

differential operators B3 are equivalent to the Hamiltonian equations qt = Xff}(q) =

/ a f with q = (<,„,?„•••,,._,)«, S£ = ( f i f f , . . . ^ a . ) . a n d / / = JRPdx where t de-

notes transpose and P is the polynomial in < '̂s and their derivatives with respect to

x. In the above equation, J i s a ( n — l ) x ( n - l ) matrix differential operator with

co-efficients polynomials in q and its derivatives. / defines a Poisson bracket {,} via

{H,F} = JR(jj;,I(j£))dx with the IR""1 scalar product, (,). The coefficients of £ / s

are polynomials in q and its derivatives. Also, the / f /s form an involutive system, i.e.,

{HhHk} = 0Vj,k€7L.
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For the AKS setup for this system, we let $ = $* = £ , # = A>,oo, N = A_oo,-i with

inner product <, > defined as < a, b > = < a o b >=< boa > = < 6, a > for a, b € $.

We have A'1 = A', A r l = AT, (od)* = -(ad) and r = $n = {(n + A,n- i} C A'

and //^ - trL^n e A(T), v = 0,1,2, • • •. Let yl € <>„, / /" = t rA^" € -4(r),

1/ = 0,1,2, • •.. Then A = XH(A) = [Bu, A] where Bu = ^{A»}+ = ffcVtf, ^ = ^ - 1,

where XH = X//(A) - [VA-//,A]+ = [P ( n .1 ) i .1(VH),A]+ . The Poisson bracket is given

by {H,F}(A) =< A,[VKH,VKF] >. The functions H"(= trA^n) denned on T = ®n

are constants, i.e., they are orbit invariants.

4.4.17 Remark: In chapter 6, we discuss the application of AKS principle to Benney's

long wave equations.







Chapter 5

Geometry of the Boussinesq's equation and its relation to

other systems

In this chapter, we discuss the geometry of the Boussinesq's equation and its relation

with other systems, such as the Toda system and the KdV equations. In section 5.1, we

give a general method of construction of the Lenard relations. In sections 5.2 and 5.3, we

discuss the Hamiltonian structure of the Boussinesq's equation. In section 5.4, we give

some Lax-type formulae associated with the above mentioned systems and in section 5.5,

we discuss the sub-hamiltonian system which arises when the flows of the Bousssinesq

hierarchy are restricted to the manifold, r = 0.

5.1 GENERAL METHOD OF CONSTRUCTION:

We describe in this section a general method to derive the Lenard relations which can be

applied to systems like the Toda system, the Kac-Moerbeke system and the Boussinesq

equation. We describe the method of construction in the case of the Korteweg- de

Vries(KdV) equation. The KdV equation is given by

qt = dx(Zq2-qxx), (5.1.1)

where the domain of q is IR+ x IR. We have the Lax isospectral deformation equation

associated with the KdV equation (5.1.1), Lt — [£ ,£] , where

L = -fig + q{x, «), B = -4flg + 3(qdx + 3xq.) (5.1.2)

89
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with L defined in some appropriate domain. As q evolves according to (5.1.1), the

spectrum of L remains unchanged. We consider the formal series

Then thinking of r as an independent variable, and taking small increments of r, we

have from (5.1.6),

0 = S[(L - A)0] = (L - A) 6t/> + 8L*l> - (6\)i/>

Taking inner product with 0, we have

0 = ((L - X)6^ , V) + (Sty , V) - 6\(4> , V)
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Since

we have,

We then have, assuming boundary conditions,

where AT is the variational derivative of A with respect to r. In the above general principle,

(5.1.7)

(5.1.8)

(5.1.9)

(5.1.10)

(5.1.11)

(5.1.12)

where F2 is a functional of q. Hence we have

This relation is called the Lenard relation. In (5.1.10), if we employ a(\) defined in

(5.1.3), then we get

Then we have

We consider Aip2 = AJ02, where
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This equation (5.1.12) is the Lenard recursion scheme associated with the Lenard relation

(5.1.10). By (5.1.9), using (0 ,0 ) = 1, we have,

(5.1.13)

where D(CU) is the integral density associated with the functional Cu. With (5.1.12) and

(5.1.13), we have a recursion relation for the gradients of the trace quantities C*, which

also computes representatives of the associated integral densities. Relations (5.1.12),

(5.1.13) give a procedure for the computation of the C'us.

5.2 T H E BOUSSINESQ'S EQUATION:

We want to apply the above method of construction in the case of the Boussinesq equation

in this section. But we explain first, how the Boussinesq system is the continuum limit

of the discrete Toda system. The Boussinesq equation is given by

The associated isospectral equation, discussed by Zakharov[64], is in the following form:

And L = [B,L] is equivalent to

We explain below the discrete Toda system and its continuum limit as the Buossinesq

equation. The Toda system in the discrete case is given by
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where

This can be written equivalently as

Developing all the exponentials in a power series and truncating approximately, we arive,

after letting,

The Toda system is a Hamiltonian system, i.e., it can be written in the form,

(5.2.4)

(5.2.5)

(5.2.6)

where (,) is the standard dot product in IR2" ' , and V the standard gradient. The

matrix J is a (2n — 1) x (2n — 1) matrix given by

where J defines a Poisson bracket through the formula
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where On_i, On the (n — l ) x ( n — 1) and n x n zero matrix respectively, S = S(a) is a

(n — 1) x n matrix function defined by

Sij = M * ; + £ , > , , ; = l r - - n - l , j = l ,---n (5.2.7)

Eij = 1 if j = t + 1, Oif j # *, Si:i = 1 if t = j ,Oif t 7̂  j (5.2.8)

Then by (5.2.5), (5.2.6), (5.2.7),

the # of (5.2.4) being

The above matrix J which gives the Poisson structure associated with (5.2.2) is expressed

These constant coefficient matrices have the continuum limits ! . Elimi-

n a t i n g <f>x in ( 5 . 2 . 3 ) , a n d u s i n g t h e s u b s t i t u t i o n s <f> —> <f>+\, q —></ + ! a n d a f t e r r e s c a l i n g ,

w e g e t

(5 .2 .9)

(5 .2 .10)

This is the form of the Boussinesq equation and thus, we have showed that the discrete

Toda system in the continuous case gives the Boussinesq system. We now describe a

method to compute the a\$ in the case of the Boussinesq equation.

We first consider the Sturrn-Liouville case:
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For a formally self-adjoint L = L(T) = eod% + h(r)d^'2 + • • • + g(r). where eo = y/±T9

Lo = L(o) = p(9x), <5 = <5(r) = L - Lo and 1RO is the resolvent operator associated with

Lo — A and Ro its associated integral kernel. We think of L, Lo as operators defined on

an approximately restricted domain of L2(JR)y and compute the following, thinking of 6

as a perturbation:
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with Pt(tt) a sum of positive integral powers of «i, • • • /c/, of degree atmost n — 2, Qt-i(r/)

a monomial in 771, • • • ?//_!, E an i x (£ — 1) constant matrix-all depending on a, /?, while

etc., and the d/c^ integration is performed first.

We label the n roots of the monic polynomial equation in x,

Then for large A

£ a primitive nth root of unity, where A = reie, r > 0, 0 < 6 < x , A1/n = r1/ne*£ ,

ri/n > p.

Substituting (5.2.15) into (5.2.14) and using residue thorem in (5.2.14), we conclude that

a.\(\). for larcre A. is of the form

(5.2.15)

(5.2.16)

with C% = / C%(T,TX, • • •, {d™r))dx, m a positive integer depending on */, 77, C£ a poly-

nomial, v = 1, • • • n, 77 = 1, • • •. Relation (5.1.11), holding for a(A), automatically holds

for each a^(X) separately, by the series representation of ai/(A) (cf.(5.2.16)), and hence

we have analogous to (5.1.12), that

(5.2.17)

Now, if L = Er=i(/^x + #/.'•) + rm,/« = /i(ri,---rm-i), then if the inner product

associated with L is (vyw) = fvwdx, then we find if L( = Af, (^,^) = 1 that
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VTmA = # .

By the same reasoning as in the case of KdV equation, we have / VTma = —a,\ and as in

relation (5.1.13), we have

formula.

In the case of the Boussinesq equation, r = (ri,r2) = (<f>,r). Hence rm = r in (5.2.18).

Since P(ix) = x3, n = 3, we have three gradient series V{d\ Vi2), Vi3). But these

series cannot be linearly independent viewed as baseless, infinite dimensional vectors

Vi j) = (VC*, VCJ, •••), i = 1,2,3, assuming a relation of the form (5.1.10), and hence

(5.2.17), with J as in (5.2.10).

From (5.1.8), with L of the Boussinesq equation, (5.2.1), we compute VrA with (v, w) =

J vwdx,
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(5.2.21)

Equation (5.2.22)f is essentially, -3(4X(V^A) + ^2(VrA)) = 0.

Now, we verify the other half of the Lenard relation.
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This is the system of Kac-Moerbeke. This system can also be written as a Hamiltonian

system and this system also satisfies the Lenard relations of the form (5.1.10) (similar to

the systems of KdV, Toda and Boussinesq).

5.3 BOUSSINESQ'S EQUATION AS A HAMILTONIAN SYSTEM:

We give below the Hamiltonian system of Boussinesq equation following H.P. McKean

[38]. The Boussinesq equation is given by



as the first terms, respectively, of the trace series / / , , / * } , i = 1,2, •••. The viy i — 1,2

span a two-dimensional subspace and there exists no t?3, i.e., VV 3 ) = 0.
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These are involutive integrals of motion.

H.P. Mckean in his paper [38] has proved that the Hamiltonians given above H~i,Ho, • •

are in involution, using the eigenfunctions of the operator L,

These Hamiltonians H-i,Ho,Hi, - • • can also be obtained using the trace functional ap-

proach.

We mentioned in the previous section that for the Boussinesq equation, r = (ri,T2) =

(0, r) and since P(ix) = x3, n = 3, we have three gradient series Va^1*, Va^2), Va^3)

and these series cannot be linearly independent viewed as baseless, infinite dimensional

vectors V a ^ = (VC*, VC], • • •),« = 1,2,3. For example, suppose that the first non-zero

term of Va^ is VG^o, then even if s0 = 0, we can adjoin VCt\ to the series. Then

JVC'3o = 0 and so we must have VC^o = (c^ ,^) , where ^1,^2 are two constants, since

J is a differential operator with no constant term. Also, VC^, s > s0 will contain no

constant terms. Hence the first non-zero terms of the series V a ^ , i = 1,2,3 must be

of the form (^1,^2) and then the next terms in the series are uniquely determined by

(5.2.16). Thus, the first non-zero terms respectively, of the three series v,-,t = 1,2,3

must be linearly dependent and by the linearity of (5.2.16), that relation will continue

to hold for the remainder of the series. In otherwords, we can have atmost two linearly

independent series. Thus, we have that the first non-zero terms of the series are of the

form §(dx<j> + d.2r) and assuming the i>, 2 = 1,2 span a two dimensional subspace, we can

take

(5.3.4)



where (L - \)t/> = 0, (0 ,0) = 1.

In the case of r = (0, r) evolving via the Boussinesq flow, (5.2.9), L = [#, L] implies that

</>, = Btl? = i(5g + 1 ^ ) 0 , from which we compute, ft(VrA) = dx(Vx\).

This gives ft(VrA
5) = d^V^X3), 5 = 1,2, • • •. Hence dt(Vr(trLs)) = d^V^trL3)).

By using formula (5.2.9), (5.2.10) for a(A), we have <9t(VraA) = ^x(Vaa,\) which gives the

'local' conservation laws of the Boussinesq equation,

Using the formula AVCS = JVCS + 1, s — 1,2, • • • for //,, F, we can compute the traces,
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With the L of the Boussinesq equation (5.2.1), we compute using (u, w) = f vwdx, that

By using (5.3.4), we have
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5.4 SOME LAX-TYPE FORMULAS:

In this section we construct an operator valued function which yields the infinitesimal

generators of the Lax type isospectral deformations associated with the following exam-

ples: The Toda and Kac-Moerbeke systems in ordinary differential equations and their

respective continuum limits, the Boussinesq and KdV equations in partial differential

equations.

(i) For the KdV system discussed in Section 1:

Given the following partial differential equation,

(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)
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having the property,

[$(»), L] = DVL - (DVL).L (5.4.6)

This implies (5.4.3) is seen by the following:

Thus, (5.4.7) says that Cu under the bracket {,} are pairwise in involution or

equivalently, the vector fields JVCy pairwise commute.

We note that given L and J , (5.4.6) may be thought of as a recipe for discovering

$(.), which yields another technique for discovering A and thus formula (5.1.12).

Equation (5.4.3) implies that the vector fields JVCU, v — 1,2, ••• preserve the

spectrum of L and in particular all the Cs, s = 1,2, • • •.

Since under (5.4.1),

(5.4.7)

(5.4.8)

(this defines {,}), we must have
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We also have a more direct proof that the C[s are pairwise in involution with

respect to {,} of (5.4.7), based on (5.1.12), which is as follows:

Then we can prove that

since J V d = 0 and thus {Cm, Cn} = 0, m, n = 1,2, • • -.

(ii) For the Toda system discussed in section 2, we define the linear operator $(.), which

takes vector fields into nxn matrices and which satisfies (5.4.6), with L, A, Jdefined

for the Toda system.

sures an isospectral formula of the form (5.4.3) holding with the Hi^F^i = 1,2, • • •,

in place of the d in (5.4.3). We define



To show that r = 0 is an invariant manifold of the above flows, we introduce the following

terminology. Let Q[r] denote a function of r (and its spatial derivatives), which is even

in r (and its spatial derivatives) and atleast quadratic in them. Let Lo[r] be a function

which is odd in r (and its spatial derivatives), L[r] is defined as L0[r] which is cubic in r

(and its derivatives) or identically zero.

(5.5.1)

5.5 T H E SUB-HAMILTONIAN SYSTEM (THE INVARIANT MANIFOLD,

r = 0):

In this section, we consider the flows associated with the Boussinesq hierarchy when

restricted to the manifold, r = 0. We consider flows of the form
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Let {<£}, {r}, refer to a function or operator, solely containing <f>,r respectively and their

derivatives. The following lemma, using the form of J as in (5.2.9) guarantees that r = 0

is an invariant manifold of the above flows.

Let D(H{) denote the integral density of the functional //,-, defined as in section 5.1 (cf.

5.1.13). For the functionals //,, F,, we have

5.5.2 Lemma: For the functionals //,, F>, i = 1,2, • • •,

(a) (t) D(HU) = Q[r] + W>, (ii) D(H2s+1) 2 L[r] + r{cj>}^ ,

(b) (.') D ( F 2 a . l ) S Q[r] + {<f>yaJ (ii) D ( F 2 a ) * L [ r ] + r{4>Y_9, 3 = 1 , 2 , - - .

(5.5.3)

Proof: We prove (a) by induction and (b) can be proved similarly. By the calculation

of trace formula in the previous section, the case s = 1 is clear.

That is, for s = 1, D(H2) * Q[r] + {<j>}u D(H3) * L[r] + rW^ D(FX) S* Q[r] + {<t>}\

D(F2) = L[r] + r f^} ' . ! and comparing the trace formulas # 2 , #3, ^\, ^2 in section 5.3,

the above is true for s = 1.

Now, we assume (a) for so - 1 < s,verify (a) (i) for s = so and verify (a) (ii) for s = 50.

By the above notation and (5.2.20), we have

(5.5.4)

By induction hypothesis,

via the recursion relation. Therefore, by the form of J , (5.2.20) and the above relation,
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we must have simultaneously,

and thus proving a(ii) with {<£}_, = (d^(AiV f{<t>}adx))

The induction step from a(ii), so = s to a(i), so = s + 1 can be proved similarly and this

completes the proof of the lemma.

From the above lemma we note that, (5.5.1)(a) takes the form

Proof: Equation (5.5.7) is an immediate consequence of (5.5.5) and {<£}-, = d^AxV^E^

a formula which is proved in Lemma (5.5.2). While the above formula and VEa+x =



satisfies the Jacobi identity, as (5.5.8) guarantees {Et,Ej} = 0, i.e., the integrability of

the E{ hierarchy.

5.5.10 Lemma: {.,.} as defined above is a Poisson bracket.

Proof: We show that all constant coefficient, skew-symmetric differential operators

define a Poisson bracket. As A\ does not have constant coefficients, we first compute

G{F,H} — V{F,//} (dropping the subscript on A\)

From the above, we conclude,

G{F.H} = [GF,GH}i + [GF,GHh, [GF,GH]I={G'FAGH-G'HAGF)

[GF,GHh = (GFdxGH-GHdxGF)

We have to show the Jacobi identity,

{{F,H),K} + {{//,K),F] + {{K,F), H} = 0, i.e.,
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(5.5.9)

We show that Ax defines a Hamiltonian structure, i.e., the bracket,

where we have used the skew-symmetry and symmetry respectively of the differential

operators A,G'F(Gf
H).

The operator Gp(Gf
H) is symmetric,
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{([OF, GH)i,AGK) + ([GH, GK]I,AGF) + ([GK, GF]U GK)}

+{([GF, GH}2, AGK) + ({GH, GK]3, AGF) + ([GK, GF]t, GK)} = 0

i.e., {/} + {//} = 0

Here / refers to the term in the first bracket and similarly / / . By the symmetry,

skew-symmetry of G'F{G'fj and G'K), A, respectively, / is zero, which implies that skew-

symmetric, diflferential operators with constant coefficients automatically defines a Pois-

son bracket. We rewrite // as

// = ([GH,GF]a, GK) ,

[v,w(x)]z = A(vwx — wvx) + 2(wxAv — vxAw) -f- (w(Av)x — v(Aw)x).

[•••,•• -]3 = 0 follows from a straightforward computation from A = (8% -f </>dx + dx<f>.).

Thus the lemma is proved and hence the Theorem 5.5.6. We note that the Ea, s = 1,2, • • •,

give an integrable hierarchy which is essentially a subhierarcy of the KdV hierarchy.



Chapter 6

Geometry of Benney's Equation and higher dimensional

equations

In this chapter we systematically understand the geometry of long wave equations of

Benney. Though this topic is a quarter century old (Benney 1973 [10]) classically, after

the recent modern attempts to understand Hamiltonian mechanics in general and some

completely integrable Hamiltonian system in particular of mathematical physics and

applied mathematics, Benney's equations were studied extensively during last 15 years

in the Russian school at Moscow, Courant school and Italian school. References used are

given at the end.

6.1 CLASSICAL RESULTS:

6.1.1: Consider the 2-dimensional time dependent motion of an inviscid homogeneous

fluid under the action of gravity g. Let y = 0 be the rigid bottom and y = h(x,t) be the

free surface. Then the equations governing the motion of such fluid are

where u(x,y,t) and v(x,yyt) are the horizontal and vertical velocity components respec-

tively, h0 is the mean depth, 1 is the horizontal scale of the wave, /i2 = (ho/l)
2 is the

long wave parameter. The boundary conditions are v = 0, y = 0 (6.1.5); p = po, y =

(6.1.3)

(6.1.4)

111
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h(x,t) (6.1.6); kt-j-uhx — v = 0,y — h(x,t) (6.1.7). Herepo is the constant atmospheric

pressure.

6.1.8: In the case of long waves the long wave paramter //2 is very small. In fact we take

/i2 = 0 and in this case the pressure is hydrostatic given by p = po — pg(y — h) and the

equations of motion take simpler form ux+vy = 0 (6.1.9), ut-\-uux+vuv = —ghx (6.1.10)

subject to i; = 0,y = 0 (6.1.11), ht + uhx - v = 0 (6.1.12).

6.1.13: In the case of Shallow water wave theory, the motion is an irrotational motion.

In fact in this case we have u = u(x,£),i> = — yux and the subsequent wave motion is

determined by the well known non-linear Shallow water wave equations

ht + uhx + hux = Q (6.1.14), ut + uux + ghx = 0 (6.1.15).

We are interested here only in the evolutionary properties of long waves relative to time.

6.1.16 Special solutions: We want to find a special nonlinear solution of long waves

(6.1.7) to (6.1.12) by finding a decomposition of the form u = u(y,h) (6.1.17) where h

satisfies ht = -c(h)hx (6.1.18) so that the free surface deforms and propagates with speed

c(h). From (6.1.9) and (6.1.11) by integration, we get v = -hx / J uh(y,h)dy (6.1.19).

Then using (6.1.18) and (6.1.19) in (6.1.9) and (6.1.12) on calculation by eliminating v

we get

jyhdy = -g(u - c)FoX£p (6.1.20) where £ ^ = 1 (6.1.21). The equations

(6.1.20) and (6.1.21) contain the velocity structure and speed of the wave motion.

6.1.21 Moment equations and classical conservation laws: The nonlinear long-

wave equations have some interesting properties as well as some formal aspects which we

will discuss in this paragraph. More explicitly these equations are

Ux + fy = 0 (6.1.22) , ut + uux + vuy = -ghx (6.1.23)

v = 0,j/ = 0 (6.1.24) , ht + uhx-v = Q ,y = h (6.1.25).
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Suppose at time t = 0, u(x,y,0) and h(x,Q) are prescribed, then equations (6.1.22)-

(6.1.25) pose an intial value prolem for the unknown functions u(x, j/,£), h(x,t).

6.1.26 Remark: Suppose the motion is of persistent irrotationality. Then this corre-

sponds to |^ (x, y, 0) = 0 and hence ^ (x, yy t) = 0 for a small deformation around t = 0

and hence u(x,t), h(x,t) satisfy equations (6.1.14) and (6.1.15) (Shallow water wave

equations justifiably). The conservation laws of mass, momentum and energy are well

known for fluids. Now we want to derive them for the long wave free surface problem,

(a) Conservation law of mass for a long wave:

(b) Conservation law of momentum for long wave:

Integrating (6.1.23) with respect to y from y = 0 to y = h and using (6.1.22), (6.1.24)

and (6.1.25) to eliminate t>, ht and hx we get

(6.1.28)

which is the conservation law for momentum.

(c) Conservation law of energy for long wave:

By multiplying (6.1.23) with u and integrating from y = 0 to y — h with respect to y

and using (6.1.22), (6.1.24) and (6.1.25) we get

(6.1.29)

which is the conservation law of energy.

We note that from these three equations that Jo ukdy(k = 1,2,3) are respectively un-

solved.

6.1.30 Definition: For the horizontal velocity function u(x, y, t) of a long wave we define

law of conservation of mass.
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(6.1.31)

its moment functions by

6.1.35: Benney's recursive method for constructing an infinite number of conservation

laws for long waves. We have the Benney's moment equations

which we call the Benney's equations for long waves satisfied by the moment functions

or simply Benney's moment equations. Note that these equations are not of conservation

type (that is not of the form (6.1.33)). We give another proof of (6.1.34) in a later section.

In general we expect Pn and Qn to be polynomials in Ao, A\,..., An and also an infinite

number of conservation laws for long wave equations as in (6.1.33) for n = 1,2,

(2) More generally, as we derived (6.1.28) and (6.1.29) by induction, multiplying (6.1.23)

by u71'1 and integrating with respect to y from y = 0 to y = h and using (6.1.22), (6.1.24)

and (6.1.25) and previous laws, we get an equation satisfied by the moment functions An

as

(6.1.34)



Note that (6.1.42) is in the conservation form except for the last term which involves a

higher power of z than others. For example the next two steps we get after continuing

this formal procedure (taking (6.1.37) as step-1, (6.1.42) as step-2 and for n = 3 and
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Instead of handling the above infinite system of equations directly we introduce a gener-

ating function with A'ns as co-efficients of power series

(6.1.36)

(6.1.37)

(6.1.38)

Consider the functional equation

or more explicitly

Then the equation (6.1.33) are obtained from (6.1.38) by equating the coefficients of zn

on both sides in general case and the special case by taking / = ^Z Ĵ (6.1.39).

6.1.40 Proposition: There exist an infinite number of conservation laws for the Benney

system (6.1.33).

Proof: Multiply (6.1.39) by zf and then differentiate with respect to z and then multiply

by gz2 to get

Adding (6.1.37) and (6.1.41) we get
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n = 4 the steps are :)

and can be continued for n = 5,6... formally.

Let Z denote the differential operator L = gz2§;> Then continuing (6.1.44) infinitely we

get

Then in the equation (6.1.45) each power of z yields a distinct conservation law of the

form ̂ f- + - ^ = 0 and hence there are an infinite number (n = 0,1,2,...) of conserved

laws for the Benney's system.

6.2 LAX REPRESENTATION AND APPLICATION OF ADLER-KOSTANT-

SYMES (AKS) PRINCIPLE TO BENNEY'S SYSTEM:

The Benney's system is a system of non-linear long wave equations describing the mo-

tion of a two-dimensional inviscid, incompressible heavy fluid with a free surface in a

n = 3 :

n = 4:

(6.1.43)

(6.1.44)

(6.1.45)



Here — oo < x < oo is the horizontal coordinate; 0 < y the vertical coordinate and t the

time: y = h(x,t) is the height of the free surface over a flat rigid bottom y = 0 (i.e.,

the free surface above (x,0) at time t); u(x,y,t) is the horizontal velocity component at

(x,y) at time t. The notation ut means §JU(X, y, t) and likewise for the other derivatives.

The units are so chosen that the gravitational constant and the density are unity.

6.2.2 Benney's lemma [31]: We define the moments An(x,t) = f\n(x,y,t)dyy

n > 0. Then equation (6.2.1) implies the following equations for these moments:

An,t + A n + l i X + n An_j A0>x = 0 (6.2.3)

6.2.4 Remarks: (1) The system of equations (6.2.3) possesses an infinite number of

conservation laws of (6.2.1) in the form Hnjt + Fn,x = 0, n > 0 where Hn and Fn are two

sequences of polynomials in Q[^40, • • • ̂ 4n] and Q[AO, • • • ̂ n+i] respectively.

(2) The Benney's system (6.2.1) admits a standard Lax representation widely used in

'the inverse scattering method' of solving wave equations, and the conserved densities

Hn are given by the formula (6.2.6) described below.

Let ( b e a formal 'spectral parameter' and we set

(6.2.1)
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gravitational field given in the long wave approximation by

(6.2.5)
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where res^ means the coefficient of £~* in the corresponding formal series. We define two

first order differential operators L and P by

6.2.9 Remark: The Benney's system satisfies the AKS principle, that is, they fit into

a general scheme of constructing Hamiltonian systems with Lax representation and invo-

lutive conservation laws and that the relevant Hamiltonian structure could be identified

with the canonical symplectic form on the orbits of the co-adjoint representation of a

convenient Lie algebra.

To be more specific we review the essential features of the finite dimensional situation.

Let Q be a Lie algebra equipped with an invariant, non-degenerate scalar product (,).

Suppose G = £+ © G- where G± are Lie subalgebras and (G+,G+) = (G-,G-) = 0. For

u € G, we denote by u± the components of u in G±- For a differentiable function / on

G-, we define its gradient df : G--+ G- by (M/( t i ) ) = j ? / ( u + tv)\*=<> V u > v € G-

We identify 5 - with the dual space to G+ via the scalar product (,), i.e., G- = (£+)*•

Then we can introduce the symplectic structure on the orbits of the co-adjoint represen-

tation of exp(<?+) in G- following Kirillov [24]. The Poisson bracket of functions on G-

(6.2.8)

(6.2.7)

(6.2.6)

The conserved densities Hn are given by the formula

Then system (6.2.3) is equivalent to the following Lax type equation:
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is defined by the formula {h,f}(u) = (u, [c/A(u),(//(u)]), Vu € G- and the flow on Q-

corresponding to the Hamiltonian h is defined by the vector field ut = [u,dh(u)]-.

We describe below a very special case of Hamiltonians which pairwise commute and also

give rise to Lax type flows in G- •

Suppose that 3 a vector w € G s.t. [w,Q+] C S+ and [w,G~] C G— A function

/ is called invariant on G if [u,df(u)] = 0 Vu G G- For an invariant function / ,

set fw(u) = f(u + w)Vu € G-. Then {fw,9w} = 0 on 5 - if / and p are invariant

and the Hamiltonian flow ut = [u,dfw(u)]- can be written in the equivalent Lax form

(u + w)t = [u + w,dfw(u)].

i.e., H = {fw/w is fixed vector such that [w, G+] C G+ and [u;, 5-] C G-} is an algebra of

first integrals depending on w and the corresponding flows are of Lax type. This family

of first integrals obeys the AKS principle but something more, that it is parametrized by

a fixed vector w € G-

To apply the above formalism to partial differential equations, we work with infinite di-

mensional Lie algebras.

Let B be a differentiable ring. Let /^((f"1)) denote the ring of formal Laurent series

Yli Xi£~% over B with a finite number of positive powers. In this ring there are two dif-

ferentiations: &£ = Jj and d{ : YL Xi£~% —* Si^^i^"*- By means of this there is defined

on B(£~l) an operation of multiplication aob = ^2k>0 j^djt a dk b. (f).

This operation is associative and therefore converts B((£~1)) into a ring. We define the

bracket [a, b]0 as [a, b]0 = d{ a dx b — d$ b dx a and scalar product from / : B —• ^ by

setting (a, 6) (-• fresz(ab)dx .

Now, we set

Qo+ = (polynomials in £)

Qo_ — (formal series in £ - 1 without constant term)
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6.2.10 Proposition: We prove the following:

(1) The Lax equation (£ + u), = [£ + ti, §(£ + u)\) (6.2.11)

is equivalent to Benney's flow (6.2.3) (Anj + i4n+ijX + nAn-xAOyX = 0) on the coeflGicients

Ai.

(2) The conserved densities are given by res(u -f- £)k.

(3) To get equations (6.2.7) and (6.2.8) from the Lax equation, by replacing u by the

corresponding vector field of u, (d^u)dx — {dxu)d^ where u € g0—

Proof: The Benney's flow (6.2.3) is given by

To get this flow equation (6.2.3) from the Lax equation (6.2.11),
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Out of this, we collect the terms which is a polynomial in £, namely, | (£2 + 2AO).

Now replacing u -»- (d^u)dx - (dxu)d^ we get

Therefore, by replacing u H-> (d^u)dx — (dxu)d^ in the Lax equation (6.2.11), we have

obtained the operators L and P given in equations (6.2.7) and (6.2.8). This proves part

(3) of Lemma.

(6.2.12)

Proof of (2): By (6.2.6) (Hn = res<j(£ + $ (0 ) n ) , we have,

Proof of (1): To show that the Lax equation (6.2.11) is equivalent to Benney's flow

(6.2.3).
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Coefficient of

Comparing coefficients on both sides of (6.2.12) and (6.2.13) of powers of f, we get:
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i.e., An%i + nAn-i AOtX + An+i,x = 0

i.e., Anj + An+i + nAn-iAOtX = 0 which is Benney's flow (6.2.3). This proves part (1) of

lemma and hence the lemma is proved.

6.2.14 Classical Case: (Benney's system as quasiclassical limit of the KP system or the

generalized KdV equations:) Now, suppose the Lie algebra Q\ — B((£~l)) is defined with

a new bracket [a,6]i = a o b-bo a where a o b = (a ot 6)e=i, a otb = Y,k>a hPta (€^x)^

and considering flows on <Ji+ instead of Qo. Then we can introduce the Lie algebra Q€

with bracket [a,6]c = c -1(a ot b — b ot a). Then [a,6]0 = linv_*o[a, b]t. Therefore, the

Lie algebra Qo is called the quasiclassical limit of Q\.

i.e., Benney's system is the quasiclassical limit of the generalized KdV equations, because

for e = 1, a o b = a oa b = Ylk>o hPt a ®x ^ coincides with the operation of multiplication

(f) defined for Benney's system. Here, Qx = H((^-1)) with bracket [a, 6]i is the Lie algebra

defined for the generalized KdV equations or KP equations.

6.2.15 Remark: The Poisson bracket {, } for Benney's system is the standard one on

This Poisson bracket on T*(1R1) is the quasiclassical limit (=zero dispersion) of the

commutator

i.e., The Poisson bracket coincides with the commutator defined for the generalized Kdv

equations (or KP hierarchy).

Thus, the Benney hierarchy is the quasiclassical limit of the KP hierarchy.

{F,G} = F,tG,x-F,xG,t

T^JR1) :

[F,G] = F oG-G oF

where
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We give below a method of construction of the H[s.

6.3.3 Theorem: We set

6.3 THE HAMILTONIAN STRUCTURE OF BENNEY'S SYSTEM (ANA-

LYTIC APPROACH):

The Benney's system is given in section 6.2. The Benney's system has the following

moment representation:

(6.3.1)

where A{ = Ai(x,t).

This system has many remarkable properties:

(i) There exists an infinite number of polynomial conserved densities

i € 2Z+ starting with

Then there is a unique solution of the equation

(i) in the class of formal series of the form

(6.3.4)

(6.3.2)
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(ii) in the class functions of A which are of the form A 4- 0(A~1) and analytic in some

neighbourhood of oo (depending on u{x,y,t), h(x,t)).

Proof: Set

(6.3.5)
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and similarly continuing this, we can compute

In particular, if u and h are bounded, the region of analyticity of /i does not depend on

x and t. We establish the following inequalities by induction on x:
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This completes the proof of theorem.

(ii) There exists an infinite number of "higher" Benney equations having the same infinite

Hence

We have

(6.3.8)



To prove the above two properties, we consider the following:
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set (6.3.2) of polynomial conserved densities. In particular, the next flow has the form

Aiit = Ai+2,x + A0AifX + (i -f \)A{AO%X + iAi-\A\,x, i G 7L+. This is given the following

theorem (Theorem 6.3.9).
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We prove that the operator B = Bid + doB\, B\^ = M,-+j_i,i,j > 0 is Hamiltonian

and the elements Hi £ A defined by

commute with respect to the Hamiltonian structure with operator B.

Let A = Q[>lp] be a differential ring with differentiation operators d = ^ : A\^ —>

4j+1) and partial variational derivative £ = E ^ ( - 1 ) J * ^ , & = ( & ' • " £ ) :

.4 —• .4'. In this ring A,P denotes an infinite column vector Po,Pi, P2," ' a n d P*

denotes the corresponding infinite row vector. Also, j% : A —> ,4°° is the operator

^ *~~* ^JA^'> HT*" ") ' • ^ *s fin^e ^ ft ha s on^y a finite member of non-zero components.

Let Bo, - • • Brf be matrices over A and B = YlLi B*d% ~ {-tffroBl be a formally an-

tisymmetric differential operator. If B is given, then any element P 6 A uniquely

defines a differentiation Xp : A —> A with the properties [X/>,.#] — 0 and XpA =

(XpAo, • • • XpAi,- • -)f = ^ p . The differentiation .Yp is a formal model of an evolu-

tionary system of equations for A{ of the form At = ~ p . The operator B is called

Hamiltonian if for any P,Q e A, we have [XQ,XP] = X«, where il = XQP. If 5 is

Hamiltonian, the equations At = *JJ- are called Hamiltonian with Hamiltonian P and

operator /?.

6.3.11 Theorem: Let B = Bxd + doB\, where £ M i = i>4t-+>-i, i, j > 0. Then the

operator B is Hamiltonian.

We prove this theorem using a few lemmas.

(Let A: C A be a commutative ring with an identity of characteristic 0 and d : A —• A

be a derivation with the condition dk < k. The triplet (A:, A, d) is called a differential

ifc-algebra. Let the symbol Q1A denote the module of &-differentials of the algebra A and

the symbol S : A —• ft1 A denote the mapping of the universal differential).

Let 6 : A —• HM be the universal differentiation in the ring A with values in the
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,4-module of differentials. The ,4-module is freely generated over A by the elements

6A\J\i > 0,j > 0 and over A[d] by the elements SAiyi > 0. We denote by DAi :

A -> A[d] the partial Frechet derivative: DAi(P) = E j l o ^UT^^ a n d by definition

SP = J2i>oDAi(p)SAi. If P £ A°° is a vector, we denote by D(P) the infinite matrix

of differential operators, where the operator DAt(Pj) is in the (ij)-th. place. We have

6P = (... SP{ .••)* = D(P)6A. For any differentiation X : A -> N (N is an ^-module),

we have XP = D{P)XA. For any R € A, the operator £>(|§) is formally symmetric and

for any two vectors P, Q, only one of which is finite, we have P*Z)(f£)Q -

where P*Z)(f5)<3 = J2ij>0PiDA%(j~)Qj and ~ denotes congruence modulo Im d

and Im 9 C ker(6/6A).

6.3.12 Lemma: The operator B = Si>o(^»*' ~ (-1)*^o5i) i s Hamiltonian, iff for any

P,Q € A, we have

where £ = (£)'.
Proof: We have by definition that the operator B is Hamiltonian if for any P, Q £ >t, we

have [ A > , X Q ] = X*, where i? = XQP. Therefore, we verify that (6.3.13) is equivalent

to the identity [XQ,XP] = XR, where R = XQP for any P,(J e A Since XR and

[XQ,XP] commute with d, and A}- are free generators of .4, the above is equivalent to

the condition [XQ,XP]A = XRA. Also, we have
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The Poisson bracket {,} given in formula (6.3.15) is the standard one in X^IR1) :

{F,G} = FtGfX-FxG,t.

6.3.16 Remarks: (1) The flow #m written as A{J = £V B(J ( | ^ ) , B = ~Hm, m € IN

has the Poisson representation (6.3.15) with P = ~ I m . The flows #2 and #3 are given

by

Aift = Ai+i* + iA^iA0}X , t £ TL+ and

(6.3.14)

Therefore,
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Ai,t = Ai+2,x + AoAitT + (i + l)AiAOfX + tA,--i A,> , t 6 7L+ respectively.

(2) The properties (i)-(iv) given above are not logically independent. That is, the flows

commute (iii), since they are Hamiltonian (iii) and all the Hamiltonians are in involution

(ii).

(3) The properties (i)-(iii) follow from the single Poisson representation property (iv),

even when L is taken to be of the general form

A/-2
C ^ tM + $Z Ul? , MeN , Q^Oor Q = -oo .

In a later section, we give an alternative understanding of the Hamiltonian structure of

the Benney's system.

6.4 T H E SUPERSYMMETRIC BENNEY'S SYSTEM:

We want to understand what happens with the flows (6.3.15) when we extend the plane

T^DR1) = IR2 into the super plane JR2N equipped with the super Poisson bracket

1 N

{F,G} = FtGiT - FXG< + - ]TXMF)P r (G) ,. (6.4.1)
^ t=i

where F and G are even and Vr = ^ -f- 0T-§^ , 1 < r < N are odd supercommuting

derivations satisfying [Dr,T>f] = VrVf + T)fVr = 2Srfd , 0u-0N being the generators

of the Grassmann algebra A(7V).

The supersymrnetry destroys integrability, but not entirely; i.e., the super extended flows

do not commute between themselves, but nevertheless, all these flows do have a com-

mon infinite set of polynomial conserved densities. That is, the supersymmetric Benney

heirarchy is a semi-integrable system where semi-integrable means that it describes a

system of non-commuting flows with a common set of conserved densities.

6.4.2 Super flows:

Let C = £M + E /= lL u£i M € N, where t// = «,(*, 0, t) is even V /. (6.4.3)
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Let P = Cm/M = £ + •••, m € IN (6.4.4) be a Q-generator of positive ^-degree of the

Poisson centralizer Z(L) of I in the ring 0 = >1((^~1)), where A is generated over Q by

the d,2Vs and u/'s. We consider an evolutionary derivation dp of A defined by the rule

dp(£) = {V+,£} (6.4.5)

= {£,*>.} (6.4.6)

with the super Poisson bracket { } defined by the formula (6.4.1) and with the under-

standing that dp acts trivially on f. Thus, the action of dp on A is given by:

By formula (6.4.1), {6><r,0</} C ^r+/-i- Hence by formula (6.4.6), dp{£) = {C,V-} e

{0<M,0<-I} C 0<M-2 as required.

Now suppose that 7£ is another element of Z(L) of positive ^-degree: H = £r?l/M, m € IN,

fh ^ m. Let #K be the corresponding evolutionary derivation of «4, given by the formulas

dn(£) — {"&+,£} = {£,7?-^}. We show that, in contrast to the purely even case (when

the !>r's are absent), the derivations dp and dn do not commute.

6.4.7 Theorem: [dp,dn]{z) = {(20"1I>r[reso(^)]Dr[reso(7:>)], £] (6.4.8)

Proof: Since the Poisson bracket (6.4.1) is a derivation with respect to each argument,

formulas (6.4.5), (6.4.6) imply that
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Interchanging V and Tl in the above formula (6.4.9), we obtain

d*dp(£) = {{P,f t_}+ ,£} + {P + ,{ f t + ,£}} (6.4.10).

Substracting (6.4.10) from formula (6.4.9) and using Jacobi identity, we get, [&p, &R](C) =

{A,£} where

Now, by formula (6.4.1), {0<o,0<o}+ = {0}, so that

By definition of *P,and ft, {%,V} = 0.

In particular,

Hence,
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Hence

6.4.12 Remarks: (1) Since m ^ m, reso('P) and reso(ft) are two polynomials in the

entries K/'S not all of which are the same, the expression (6.4.11) does not vanish unless

one of the reso(7£) and reso(V) does, which happens when either m or m equals one. In

this case, when m = 1, d? — d and this commutes with all d^'s. In general, when m nor

m equals one, [dr,dn} ^ 0.

(2) The classical Poisson bracket on T^IR1) is the quasiclassical (=zero dispersion) limit

of the commutator [F,G] = F o G - G o F, where FoG = £ n > 0 ^ f p - ^ l ^ ) . i-e-> t h e

Benney hierarchy is the quasiclassical limit of the KP hierarchy (in the classical case).

But in the supersymmetric case, the super Poisson bracket is realized as part of the

commutator resulting from an associated product of F o G extended by the P r ' s . That

is, if the multiplication F o G is defined with an additional term involving the XVs,

then the super Poisson bracket is realized as part of the commutator defined by [F, G] =

F oG-GoF.

We verify this below:

Define

Thus,

and
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The general formula is given by

In summary we have proved

6.4.13 Theorem: In the super symmetric Benney setup, the commutator product can

be defined realizing it as a non-trival extension of the super Poisson bracket.

6.4.14 Remarks: (1) This answers a question raised by Kuperschmidt in lower dimen-

sions [33].

(2) This is in contrast to the classical Benney case where the Lie algebra B[[£~1]] with

[, ] coincides with the Lie algebra associated to the KdV system as quasiclassical limit as

explained above.

6.5 THE HAMILTONIAN STRUCTURE OF BENNEY'S LONG WAVE E-

QUATIONS (ALGEBRAIC APPROACH):

6.5.1 Introduction: Benney [10] gave the following equations of motion of an incom-

pressible nonviscous fluid with a free surface as approximations of long waves

(6.5.2)

where
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Here h = h(x,i) denotes the height of the free surface from the bottom y = 0;u(x,y,t)

is the horizontal component of velocity and uz denotes partial derivative of u with z.

He also defined the moment functions An(x,t) = /0 u(x,y,t)ndy and he proved that the

An 's satisfy a system of evolution equations

^ntt + i4B+i,x + nAn_1Ao^c = 0 , n > 0 . (6.5.3)

Then (6.5.3) can be written in the Hamiltonian form as At = B(6H/SA) where A =

(Ao,Aj,...y,H = -\(A2 + Al)&nd

SH/SA = (6H/6AO ,..., 6H/6Aj,.. .)* and B is a matrix differential operator

B = Bid + doB\ where (£,),-,- = tAt-+i_! ,d = ^ (6.5.4)

Then this operator B is Hamiltonian. In other words this means that {P,Q} = JjfiBjj

defines Poisson bracket on the space of polynomials in At- modulo exact ^-derivatives

where P = J Pdx with / : A = B[AJ] -> A/SA. This was proved in [31], [32], [55]

(by directly checking the Jacobi Identity). Since the entries of B involve the unknown

functions Ak this direct check was complicated and obscured the actual understanding

of {,}. In this section we will give an invariant description of the operator B and

also understand the Hamiltonian structure [55] of the Benney's system as the formal

analogue of the Kirillov structure [54] on the orbits of the co-adjoint representations

of Lie groups. A thorough and systematic study of Benney's system as a completely

integrable Hamiltonian system was done in [55].

6.5.5 Benney's differential algebra and B operator: Let IR2 be the plane with

coordinates x and £ and C°°(IR2) = {X(x,Q € C°°(IR2)}. Let H2(1R2) denote

the set of formal Hamiltonian vector fields on IR2. Define

(6.5.6)
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Then (/^(IR2), [ , ]) becomes a Lie algebra called the Lie algebra of formal Hamiltonian

vector fields on IR2. Then [,] induces a Lie algebra structure on C°°(IR2) via {,}.

6.5.7 Definition: Let K be a field of characteristic 0. By a differential ring B we mean

an AC-algebra B endowed with a derivation d : B —> B which is trivial on AC C B. If A €

B, Xij) = djX. Let B°° denote the vector space of infinite columns X = (Ao, Ax, . . . , . . . ) *

with Xi eB.

Let B[[(]] be the formal power series ring in ( over B. That is {X \ X = £ i>0-Yrf *' I

Xi G B}. Note that there are two derivations on B[[£\] namely d( and d. In fact

which makes B[[(\] a Lie algebra.

There is a vector space isomorphism: B°° = &[[£,]] given by X = (X0,Xi,. ..)*<->• X =

£ S o -̂ 'f1' which can be used to transfer the Lie algebra structure on B[[£\) given by {, } to

B°° by defining for X, Y € # °°, X * K = i € B°° where Z ^ Z = E / > o i ^ K M ' € B[[{]]

where {X,K}/ is denned by (6.5.9).

6.5.10 Definition: The Lie algebra (B°°,+) is called the Benney differential algebra

which is a differential algebra of infinite rank and which has a subalgebra consisting of

finite columns denoted by BJ£.

6.5.11 Definition: Let X,Y € B°°. Define the scalar product on B°° by XKY =

Y^°l0XiYi where we assume that B is equipped with a topology in which this above



Integrating by parts the second term and using J modulo Im d we get
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series converges. We denote the canonical map B —• B/dB by /. Then we define

the map / : B°° -> B/dB by X = (X,) € B°° maps to f A*X € £/dtf where

A = (J40, J4I, . . . ) ' € B°° is the column vector.

6.5.12 Remarks: (1) This map / is the formal analogue of a linear functional on a Lie

algebra in the finite dimensional case.

(2) The vector A £ B°° is a fixed vector corresponding to the one having Benney's

moment functions as components. Now we give an invariant understanding of the B

operator.

6.5.13 Theorem: For all X, Y € B°° we have the formula
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= JX'B.Y^ + X'diBlY)^ f X'BY

From the above proof we get

6.5.14 Corollary: The commutator [X * Y] in B°° can also be given by the formula

where Xt(dBl/8A)Y^ is the column in B°° having its fc-th component X'ffiy(i).

6.5.15 Relation with Kirillov structure on orbits:

We recall briefly the

6.5.16 General set up of Kirillov: Let G be a connected Lie group and £ be its Lie

algebra and £* its dual space. Let u € £* and let ft denote the orbit of u in £* under the

co-adjoint representation. Since G acts transitively on ft, every element X G £ defines a

vector field dx on 0 which gives a map A : £ —> X(ft) between Lie algebras where X(G)

is the Lie algebra of vector fields on ft and \(£) generates the whole Lie algebra X(Cl).

Then the Kirillov symplectic structure on the orbit ft is given by the symplectic form u)

on ft as

u;({A , fr)(t i)=<ti ,[-Y,y]> VX,Y££,u€n . (6.5.17)

Consider the ring C°°(tl) of C°°-functions on 0 and let /,/* € C°°(Q) and let u € ft.

Then df(u) and dh(u) can be considered as elements of £. Then the Poisson bracket on

C°°(0) is defined by the formula

{/, h}(u) =< u, [#(ti), cfc(ti)] > . (6.5.18)

Now we want to understand the formal analogue of Kirillov structures on ft to B°°.

We assume A0,Ai,... are all differentiably independent over B, that is, the family

{A\j) \i > 0, j > 0} is algebraically independent over B. Let A = ^[^! i}] and A = A/dA.

Then formally the vector space A is the analogue of the ring of C°°-functions on the orbit



with A the moment vector, B the Benney matrix, is the formal analogue of the algebra of

X(Q) of vector fields on the orbit fl. Similar to the above paragraph, define the 2-form on

Der A by u{dBx , dB?)(A) = f A^X * Y] = / . * ' £ ? by above Theorem (6.5.13). Using

UJ we define the Poisson bracket on A by

[P, (?} (4) = « (9B^ - ^ B ^ ) (6-5.21)

where P = J P , Q = JQ with P,Q € A .

Now we prove that {,} indeed defines a Poisson structure on A.

6.5.22 Theorem: For all P,Q,ReAv/e have
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Q. of the point u € C* in the finite dimensional case.

Consider the Lie algebra

of continuous derivations of A commuting with d and trivial on B. The subalgebra

(6.5.19)

(6.5.20)
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(6.5.25)

(6.5.26)

6.5.27 Remark: This theorem is equivalent to the Hamiltonian condition for the

operator B. The equations Ft = { £ , F } or 4 t = B(SH/SA) (6.5.28) are the formal

analogues of the Hamiltonian flows on the finite dimensional orbit fL

6.5.29 Linear functionaVs on Bgn*.

Let Bdt1)) = {X | X = Ef=o^.e + E^o^"f(i+1), * , ̂  £ B). We can put a Lie

algebra structure on B({C1)) by [X,Y] = A^l^1) - ^X^1) = {X,y} (6.5.30) and we

denote this Lie algebra by C\. Let £1 + = {X € A | A' = S i l o ^ 1 ' } and £!_ = {A €

A I E£o^ ; r ( i + 1 ) }( [16] ) . Then £1 ± are Lie subalgebras of d and £j = £ 1 + $ £ L as

vector space. Note that £i+ is isomorphic with B?? .

6.5.31 Definition: For all X,Y € B((^"1)) define a scalar product by (X,Y) =

/ Res X Y (6.5.32) where Res(Xy) means the coefficients f"1 in the formal series ([16]).

Note that for A € d~,X € £ 1 + we have (A,X) = X E / > o ^ ^ a n d (A+, A+) = 0 and

(£i_,£i_) = 0. Hence we can identify the linear functional on B^n with C\~ by means

of this scalar product (,).

6.5.33 Remark: The Lie algebra (B((£~x)), [, ]) = C\ can be regarded as an extension

of H£ and d was considered by GePfand-Dikii [16], Adler [5], Kostant [27], Frenkel.I.E.,

Reyman.A.G., Semenov-Tian-Shansky.M.A. [13]).

Using self adjointness of B and D(X), D(Y), D(Z) we have the sum of the left hand side

of (6.5.24), (6.5.25), (6.5.26) as
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6.5.34 Proposition: The scalar product (,) on d = #((£"*)) is invariant. That is, for

Let Z = £ t > 0 ^ r ( l + 1 ) € £,-. For any FeA,FA = E ^ o ( ^ ) P- Then the formula

(6.5.17) can be rewritten as {P,Q}(Z) = (Z,[PA,QA\) = ([Z,PA]-,QA) and the Hamil-

tonian flow with Hamiltonian H = / //, /f C A is given by Zt = [Z, i /^]. . Hence the

Benney's equation (6.5.3) can be rewritten in the form (6.5.28) above with Hamiltonian

H = ^At + Al).

6.5.35 Remarks: (1) In fact all higher order Hamiltonian flows having the same infi-

nite conserved densities Hn which are in involution relative to the Poisson bracket can

be determined and also all such i/n 's can be determined answering a question of Lebedev

[36].
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