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Chapter 1

Introduction

Conjugacy, disconjugacy and oscillation criteria for linear Hamiltonian

continuous as well as discrete systems have been the subject of study by

several authors for many years as can be seen from the references [9] to

[16], [19], [21, 22, 23, 25, 26, 27, 29], [31] to [37], [39, 40], [42] to [47] and

other references contained therein for the continuous case and from [1] to

[5], [7, 8, 17, 20, 24, 30, 38] and other references contained therein for the

discrete case.

Such criteria for continuous systems can be broadly classified into three

classes, one type of criteria giving the sufficient conditions in terms of co-

efficient functions or some special solutions as for instance in [9] to [16]

[19, 22, 23, 26, 27, 29, 31, 33, 34, 36, 37, 39, 40]. [42] to [47] and other

references contained therein, the second type oi criteria giving the sufficient,

conditions in terms of the positive definiteness of a related quadratic func-

tional or the existence of a positive solution of the Riccati equation as exem-

plified by [12, 23, 39, 40] and other references contained therein. The third

type of criteria are comparison theorems giving sufficient, conditions for the1

conjugacy of a vector system in terms of the conjugacy of a related vector

system or a scalar equation as for example in [21, 25, 32. 35, 39, 40].

Similar criteria for discrete systems have been discussed in the recent past

by several authors, for instance as in [1] to [5], [17, 20, 24, 30, 38] and other

references contained therein and further for singular systems in [7] and [8].

In this dissertation we obtain conjugacy and oscillation criteria for linear

Hamiltonian continuous as well as discrete systems.
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In the first part of the dissertation, we consider linear Hamiltonian con-

tinuous systems of which Sturm-Liouville systems are a special case. There is

a vast amount of literature concerning the Sturm-Liouville systems especially

their conjugacy, disconjugacy and oscillation criteria. A detailed historical

account of the development of this theory including an extensive bibliography

upto 1980 is given in Reid [40].

For more recent literature concerning the above topics, reference can be

made to the papers [9] to [11], [19, 21, 27, 29, 31, 32, 33, 34, 42, 45] and other

references contained therein for oscillation criteria and to [13, 14, 15, 1G, 36,

44, 46] and other references contained therein for conjugacy or disconjugacy

criteria.

In the second part we consider the discrete scalar equation. Here we

obtain conjugacy criteria for the discrete Sturm-Liouville equation based on

the results given by Dosly in [16].

We now mention the details of the results obtained in this dissertation

chapterwise.

In chapter 2 we give the definitions and several preliminary results from

earlier literature which are useful for the discussion in the following chapters.

In chapter 3 we consider the linear Hamiltonian continuous system

along with the associated unperturbed systei

(1.1)

(1.2)
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ui'y]
and &o, k\ are constants given by k0 = —7—r and k\ = \ui,u}.

We now give the definitions and basic results needed in chapter 3 where

we obtain conjugacy criteria for the system (1.1).

Definition 2.2 (p 233, [39]). The system (1.1) is said to be 'conjugate' on J

Chapter 2

Preliminaries

In this chapter we fix the notation and state for the sake of convenience of

reference some definitions and results from earlier literature which are useful

for motivating the discussion in the following chapters. The reference cited

for a definition or result is not necessarily the original source but is one of

the sources. Illustrative examples are also given to explain some concepts.

We first recall the following basic result contained in theorems 2.2 and

2.3, p 223, [39] concerning the system
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if there exist, a pair of points xj, x2 in / , X\ < x2 and a solution (W(.T), V(X))

of (1.1) satisfying i/(x]) = 0 = u(x2) and u(x) =£ 0 on J. Otherwise it is

'disconjugate' on /.

Note 2.3 (p 233, [39]). The pair of points X], x2 in the above definition

are said to be 'mutually conjugate' with respect to the system (1.1) and the

solution (u(x), v(x)). X] is said to be 'left conjugate' to x2 and x2 is said to

be 'right conjugate' to x-i with respect to (1.1) and (u(x),v(x)).

Example 2.4. Consider the system

It, is conjugate on [0,7r] (and hence on any interval conta in ing [0,7r]), s ince

the re exists a solut ion (v(x),v(x)) = (sin x, cos x) wi th u(x) ^ 0 hav ing t w o

zeros 3"i = 0 and X2 = 7r.

This system is disconjugate on [0,7r) (and hence on any subinterval of

[0,7r)). This follows from the fact that

(u(x), v(x)) — (c] sin x -\- C2 cos x, c\ cos x — c2 sin x)

where r1? c2 are arbitrary constants, is the genera] solution of this system

and u{x2) = 0 = u(xi). 0 < x\ < x2 < K implies Cj sinX] + c2cosz] = 0 and

Ci sin ^2 + C2 cos X2 = 0 and hence Ci = c2 = 0.

Now we give an example of the system (1.1) with a(x) ^ 0 which is

conjugate on [0, n] and disconjugate on [0,7r).

Example 2.5 The system

(2.1)

(2.2)
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and (u













































































































































Chapter 5

Oscillation Criteria for Linear Hamiltonian Matrix
Systems

In this chapter we discuss oscillation criteria for the linear Hamiltonian ma-

trix system

















































Chapter 6

Conjugacy Criteria for a Linear Second Order
Difference Equation
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