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Chapter 1
I ntroduction

Conjugacy, disconjugacy and oscillation criteria for linear Hamiltonian
continuous as wel as discrete systems have been the subject of study by
several authors for many years as can be seen from the references [9 to
[16], [19], [21, 22, 23, 25, 26, 27, 29], [3]] to [37], [39, 40], [42] to [47] and
other references contained therein for the continuous case and from [1] to
[5], [7, 8, 17, 20, 24, 30, 38] and other references contained therein for the
discrete case.

Such criteria for continuous systems can be broadly classified into three
classes, one type of criteria giving the sufficient conditions in terms of co-
efficient functions or some specia solutions as for instance in [9 to [16]
[19, 22, 23, 26, 27, 29, 31, 33, 34, 36, 37, 39, 40]. [42 to [47] and other
references contained therein, the second type oi criteria giving the sufficient,
conditions in terms of the positive definiteness of a related quadratic func-
tional or the existence of a positive solution of the Riccati equation as exem-
plified by [12, 23, 39, 40] and other references contained therein. The third
type of criteria are comparison theorems giving sufficient, conditions for the
conjugacy of a vector system in terms of the conjugacy of a related vector
system or a scalar equation as for example in [21, 25, 32. 35, 39, 40].

Similar criteria for discrete systems have been discussed in the recent past
by several authors, for instance as in [1] to [5], [17, 20, 24, 30, 38] and other
references contained therein and further for singular systems in [7] and [8].

In this dissertation we obtain conjugacy and oscillation criteriafor linear

Hamiltonian continuous as well as discrete systems.
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In the first part of the dissertation, we consider linear Hamiltonian con-
tinuous systems of which Sturm-Liouville systems are a special case. Thereis
a vast amount of literature concerning the Sturm-Liouville systems especially
their conjugacy, disconjugacy and oscillation criteria. A detailed historical
account of the development of this theory including an extensive bibliography
upto 1980 is given in Reid [40].

For more recent literature concerning the above topics, reference can be
made to the papers [9] to [11], [19, 21, 27, 29, 31, 32, 33, 34, 42, 45] and other
references contained therein for oscillation criteria and to [13, 14, 15, 1G, 36,
44, 46] and other references contained therein for conjugacy or disconjugacy
criteria

In the second part we consider the discrete scalar equation. Here we
obtain conjugacy criteria for the discrete Sturm-Liouville equation based on
the results given by Dosly in [16].

We now mention the details of the results obtained in this dissertation
chapterwise.

In chapter 2 we give the definitions and several preliminary results from
earlier literature which are useful for the discussion in the following chapters.

In chapter 3 we consider the linear Hamiltonian continuous system

v = a(z)u+ blx)v

v' = e(z)u—a(x)v (1.2)

along with the associated unperturbed system

v = a(z)u+b(x)v
v' = —a(z)v (1.2)
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under the hypothesis
H : a(z), b(z) > 0, ¢(x) are real valued continuous functions on an open
interval I = (a,f), —c € a < < 0.

Here we obtain conjugacy criteria for the system (1.1) based on the results

given by Dosly in [15] and [16] for the Sturm-Liouville equations

(p(z)u") + g(x)u =0, (1.3)
u" + q(z)u=0 (1.3);

and
(p(z)u') =0, (1.4)

where p(x) > 0 and ¢(x) are continuous real valued functions on (a, 3).

Our results are proved by extending to general linear Hamiltonian sys-
tems, the Riccati techniques used by Dosly for Sturm-Liouville systems.

In particular some of our results yield for the scalar equation (1.3) a
conjugacy criterion which can he applied in some instances where Dosl\'’s
criterion fails, This fact is illustrated by means of an example (example 3.7).

In chapter 4 we obtain conjugacy criteria for the 2n-dimensional linear

Hamiltonian system

u' = A(z)u+ B(z)v
v = Cfx)u— A%(a)v (1)

under the hypothesis
H,: A(z),B(z) = B*(z) > 0,C(z) = C*(z) are n x n matrices of continuous
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real valued functions on the interval ] = (a,f8), ~0 <0 < 3 < 4+
and for its equivalent second order form (1.5),
Llu) = [P(z)u' + R(z)u]' = [R*(2)u' = Q(z)u] = 0 (1.5),
under the transformation
v= P(z)u'+ R(z)u

where

Pz) = B™\(a),

R(z) -B7Y(z)A(x)

and Q(r) ~C(z) - A*(z)B ' (x)A(x).

i

For the equation (1.5), the hypothesis H, translates into the hypothesis
H,: P(z) = P*(x) > 0,Q(r) = Q*(z), R(z) are n x n matrices of continuous
real valued functions on the interval I = (a,f), 00 < a < f# € 4oc.

Conjugacy criteria given in this chapter are of two types. One type of
results which give sufficient conditions for the equation (1.5), to be conjugate
are based on the results given by Etgen and Lewis [21] and Hartman [25] for
the equation

(P(z)u') + Q(z)u =0 (1.3),

and are comparison theorems relating the conjugacy of the vector equation
(1.5), to the conjugacy of the scalar equation obtained by applying a positive
linear functional g to the coefficient matrices of (1.5),. These theorems are
proved by means of a generalized “Picone type identity” and the variational
principle.

Such theorems are not in general true when applied directly to general

linear Hamiltonian systems of the form (1.1),. This fact is illustrated by
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means of an example (example 4.8). Moreover another example (example
4.3) shows that if the hypotheses of such a comparison theorem are not
satisfied, then the system (1.5), need not be conjugate.

Second type of results concerning the conjugacy of the system (1.1), are

based on the results due to Dosly in [14] for the system

u = B(z)v
v' = ~C(z2)u. (1.6),

These results are obtained by using the Courant-Fischer min-max theorem
and the extended variational principles for the system (1.1),.
In chapter 5 we consider the matrix Hamiltonian system

%

V'

I

A(z)U 4 B(z)V
Clz)U = A*(2)V (1.1)m

under the hypothesis H, .

Oscillation criteria of several types for the systems of the form (1.1),
have been studied by several authors as can be seen from the references
9, 10, 11, 19, 21, 22, 23, 25, 26, 27, 29, 31, 32, 33, 34, 37, 39, 40, 42, 45, 47)
and other references contained therein. Many of these criteria (for instance
Etgen and Pawlowski [22], Erbe, Qingkai Kong and Shigui Ruan [19] and
Fanwei Meng, Jizhong Wang and Zhaowen Zheng [34]) are generally modelled
on either oscillation criteria due to Wintner [47] or Kamenev [29] for the self-
adjoint scalar equation (1.3)

In this chapter we obtain oscillation criteria for the system (1.1)p which

are (respectively) of Wintner or Kamenev types and include as special cases
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results of Etgen and Pawlowski [22] for the system
U'+Q(x)U =0 (1.3)1,
and of Erbe, Qingkai Kong and Shigui Ruan [19] for the system
(P(x)U") + Q(x)U = 0. (1.3)a

Further we generalize a more recent Kamenev type oscillation criterion
due to Fanwei Meng, Jizhong Wang and Zhaowen Zheng [34] for the system
(1.3),, to the general linear Hamiltonian system (1.1).

We illustrate the significance of the hypotheses of each theorem of the
chapter in the sense that if any one of the hypotheses is not satisfied, the
conclusion may not hold.

In chapter 6 we consider the linear second order difference equation
Alen1Azy) + anz, =0 (1.7)
or the equivalent three term equation
Er®uasn F (g = 8p = Crsi ) ¥n Fenaiiney =10 (1.8)

on an integer interval / which may be bounded or unbounded under one or
the other of the following hypotheses:

H? : ¢, > 0o0n [M,N + 1] (where —o00c < M < N < o) and a,, real on
(M +1,N +1],

Hff_ :en > 0 on [M,00) (where —oo < M < o0) and a, real on [M + 1,00),

H? : ¢, > 0 on (—oc. N + 1] (where —o0 < N < o) and a, real on
(—oo, N + 1]

and



Chapter 2
Preliminaries

In this chapter we fix the notation and state for the sake of convenience of
reference some definitions and results from earlier literature which are useful
for motivating the discusson in the following chapters. The reference cited
for a definition or result is not necessarily the origina source but is one of
the sources. Illustrative examples are dso given to explain some concepts.

We fird recdl the following basic result contained in theorems 2.2 and
2.3, p 223, [39] concerning the system

u' = a(z)u+ b(z)v

v' = ¢(x)u —a(z)v (1.1)

which can be directly verified.

Theorem 2.1. (z). If (u(x).v(x)), (u1(x),vs(z)) are two solutions of (1.1)
then {u;,u}(z) = v(z)us(z) — u(x)v(z) =constant.

(12). If (uy(z),v4(x)) is a solution of (1.1) such that u,(2) # 0 for € 1. then

(u(z),v(x)) is a solution of (1.1) on I if and only if

u(z) = us(2)h(x), where h(z) = ko+ fﬁ/. hz(s) ds,
y uj(s)
ks
v(iz) = wv(z)h(z)+ v €
uy
: u(7)
and ko, ki are constants given by ko = —— and k; = {u;,u}.

We now give the definitions and basic results needed in chapter 3 where
we obtain conjugacy criteria for the system (1.1).
Definition 2.2 (p 233, [39]). The system (1.1) is said to be 'conjugate' on J
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if there exist a pair of points =, 7, in 7, X\ < x, and a solution (u(z), V(X))
of (1.1) satisfying u(z;) = 0 = u(z,) and u(z) # 0 on J. Otherwise it is
‘disconjugate’ on /.

Note 2.3 (p 233, [39]). The pair of points z;, z; in the above definition
are said to be 'mutually conjugate’ with respect to the system (1.1) and the
solution (u(z),v(z)).r, is sad to be 'left conjugate’ to z; and z, is said to
be 'right conjugate’ to z, with respect to (1.1) and (u(z),v(z)).
Example 2.4. Consider the system

/
u = v

' = —u. (2.1)

It, is conjugate on [0,77] (and hence on any interval containing [0,7r]), since
there exists a solution (u(z),v(23) (sin z,cos x) with u(x) # 0 having two
zeros r; = 0 and xy = 7r.

This system is disconjugate on [0,7r) (and hence on any subinterval of
[0,7)). This follows from the fact that

(u(z X)) — {cy sin x + ¢ cosx,cy cosx — ¢y sin X)

where ¢, ¢, are arbitrary constants, is the genera] solution of this system
and u(z;) =0 =u(ry),0 <1 < 22 < 7 implies ¢; sinz; + ¢;cosz; = 0 and
¢y 9Nxy + ¢y cosz, =0 and hencee; = ¢, = 0.

Now we give an example of the system (1.1) with a(x) # 0 which is
conjugate on [0, 7] and disconjugate on [0, 7).

Example 2.5 The sysem

!
u = u-+v

Vo= =2u-—vw (2.2)
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is conjugate on [0, 7] (since (u(x),v(x)) = (sinz,cosx — sinx) is a solution
with u(z) # 0 having two zeros r; = 0 and 7 = 7).

This system is disconjugate on [0, 7) (since
(u(z),v(z)) = (ersinz + ez cosx, (¢) — ¢z) cos T — (€3 + ¢2)sinx)

where ¢;, ¢; are arbitrary constants, is the general solution of this equation
and u(z;) = 0 = u(zy), 0 € 7y < x7 < 7 implies ¢; sinxy + ¢ cos zy = 0 and
¢y 8inTy + ¢ cosy = 0 and hence ¢; = ¢; = 0.
Remark 2.6. It follows easily that the systems in the above two examples
are conjugate on [a, a + 7] and disconjugate on [a,a + 7) for arbitrary o
Note 2.7. Disconjugacy of (1.1) and b(z) > 0 on [ imply the following
result. (u(z),v(z)) is a solution and u(z,) = 0 = u(xz), 71,25 € 1,1y < 29
= u(z) = 0=v(z) on 1.

Note that if (1.1) is disconjugate on I = (a.3) then it follows from a
result due to Hartman and Wintner [26] (see also chapter IV section 3, [40]

r

and for special cases theorem 6.4, p 355, (23] or theorem 5, p 7, [12]) that
there exists a unique (up to a multiple by a nonzero real constant) pair of

solutions y,(z) = (ua(z),val()), ya(z) = (ug(x).vs(x)) of (1.1) such that

A
/b(:! i (2)dz'= o0 = f r)uyi(z

These are called the ‘principal solutions’ of (1.1) at a and / respectively.
The following examples illustrate disconjugate systems and their principal

solution pairs on bounded and unbounded intervals.

Example 2.8. The principal solutions at 0 and 7 of the disconjugate system

(2.1) on (0,7) given in example 2.4 are

(uo(z),vo(z)) = (sinz, cosx) = (u.(z),v.(z))
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b ™
/ sin"? rdr = 00 = / sin~? zdxr.
0 5

Example 2.9. The principal solutions at 0 and 7 of the disconjugate system

since

(2.2) on (0,7) given in example 2.5 are

(uo(z),vo()) = (sinz,cosz — sinz) = (u (), v.(x))

i & L
f sin"? zdz = 00 = ] sin~? zdz.
0 o

Example 2.10. The system

since for v € (0, )

v = u-—vw (2.3)

is disconjugate on (—o0,00). This can be seen from the fact that the general

solution is given by
(u(z),v(z)) = (a eV 4 r:gf."’%, (V2 —1)ey Ve _ (V2 + ll)c;;c-."ﬁ“')
where ¢;, ¢; are arbitrary constants and u(z;) = 0 = u(zy) —oc < 1) < T3 <
oo implies
(&) V2 -+ cgc“‘/ﬁ’”1 = () and c]e‘/i” + c;c-“ﬁ”? =1}

Hence ¢; = 0 = ¢;. Further the principal solutions at —oc and +oo are

respectively

(Umoo(2),0-0(z)) = (¥, (V2 = 1)eY)
and (use(2),ve0(2)) = (e, —(V2 + 1)e V%)
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since for vy € (—00,00)

ol oo
/ ez‘/i’d:r =00 = / 6'2‘/§’dx.
- |

o0

The following definition due to Dosly [16] which further classifies discon-
jugate systems is useful for our discussion in chapter 3. ‘
Definition 2.11. Suppose the system (1.1) is disconjugate on I = (a, ).
We say that it is ‘1-special’(1-general) on [ if the principal solutions of (1.1)
at a and f are linearly dependent (independent) on 1.
Example 2.12. The principal solutions at 0 and 7 of the system (2.1) given

in example 2.8 are
(uo(z),v0(z)) = (sinz,cos ) = (un(z),v(1))

and hence the system is 1-special on (0, 7).
Example 2.13. The principal solutions at 0 and 7 of the system (2.2) given
in example 2.9 are

(uo(z),vo(z)) = (sinz,cosz — sinz) = (ux(z),v-(2))

and hence the system is 1-special on (0. 7).
Example 2.14. The principal solutions of the system (2.3) given in example

2.10 at —oo and +oc are respectively
(U-co(®), v-os(2)) = (€/7, (V2 = 1)eV™)

and
(Loo(), ves(2)) = (€75, —(V2 4 1)e~VF)

which are linearly independent. Hence the system is 1-general on (—o0, cc).

The following results given by Dosly in [16] and [15] for the equations

(p(z)u') + g(z)u =0, (1.3)
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"+ gq(z)u =0, (1.3)s

and
(p(z)u’) =0 (1.4)

motivate our discussion in chapter 3.
Lemma 2.15 (remark 4 of [16]). Equation (1.4) is 1-special on I if and
only if
A v
/ p~}(z)dz = o0 =/ p~(x)dz. (2.4)
o o

Theorem 2.16 (theorem 2 of [15]). Suppose that there exist ¢;, €2 > 0
and v € (e, ) such that

fé) T t

f.]f exp{?] [f q(s)ds—fl] df} dr > A
" | | |
¥ r 1

(.2/ exp {2/ {/ q(s)ds + cz] dt} dr > B
o Jy JA

'IF(E]B + EQA)
2AB

and

where

€ + €y — 2 0.

Then (1.3); is conjugate on (a, 3).
Lemma 2.17 (corollary 1 of [16]). Suppose that (2.4) holds and there

exists ¢; € I, 2 = 1,2, such that

[ 7 ()5 g(s)ds)dt

liminf — =¢ >0,
z1 f': pi(t)dt
- R | 1
p=(1)(J, g(s)ds)dt
lim su f" ('L’ ) =3 <0

p T
zla f.‘, p1(t)dt
Then (1.3) is conjugate on 1.
Theorem 2.18 (theorem 2 of [16]). Let equation (1.4) be 1-general
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on I, and y,,ys be its positive principal solutions at a and A for which

p(z)(yoys — Yoyp)(z) = 1. If

lim inf [4q (2)ys(x) = (p(z)ya(z)ys(x)) '] dx 2 0

ryla 2318

and
4q(z)ya()ys(z) — (P(2)ya(z)ys(z))™" # 0 0on (a,B)

then (1.3) is conjugate on I = (a, 8).

Theorem 2.19 (theorem 3 of [16]). Let one of the following assumptions
be satisfied.

(2) 'B pH(z)dr = A < o0, 7 € (a,B) is such that ‘[fp"(m)a’;r =
[T p~ N (z)dz = A/2,

[ o (= 3 1) o) = s /a7 e >0

andq( )% n?[(A®p(x)).
r’ Ha)dr < oo, fp (2)dz = o0, ¥ € (o, B),

ol I ) s 3p~" ()
qlz) — 5| doe =2 (
J [(1 " (.ffp")z)} ey |

and g(z) # 3p~" («)/[1+ (J7 p7))?
Then (1.3) is conjugate on I = (a, 3).

Remark 2.20 [16]. We get a result similar to (iz) of the above theorem if
fﬁ “e)de <00, [ pY(z)dz =00
In chapter 3 we obtain generalizations of some of the above results for

the systems (1.2) and (1.1).
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Now we recall some definitions which are needed in chapter 4 wherein

conjugacy criteria for the system

u = A(z)u+ B(z)v
v = C(z)u— A*(x)v (1.1)y

and
[P(z)u' 4+ R(z)u) — [R*(z)u' — Q(z)u] = 0 (1.5),

are discussed.
Definition 2.21 [39]. The system (1.1), is said to be ‘identically normal’
on I = (a,f)if (0,v(z)) is a solution of (1.1), on I implies v(zr) = 0 on /.
Remark 2.22. All systems of the form (1.1), with B(z) > 0 on I are
identically normal on 1.
Definition 2.23 [39]. The system (1.1), ((1.5),) is ‘conjugate’ on I if there
exist a pair of points 7,2, € I, z; < x5 and a solution (u(z),v(z)) (u(x))
of (1.1), ((1.5),) such that u(z;) = 0 = u(z,) and u(z) # 0 on I. Otherwise
(1.1), ((1.5),) is said to be ‘disconjugate’ on 1.
Note 2.24. The pair of points x;, z, in the above definition are said to
be ‘mutually conjugate’ with respect to the system (1.1), and the solution
(u(z),v(z)). =z is said to be ‘left conjugate’ to x, and z, is said to be
‘right conjugate’ to z; with respect to the system (1.1), and the solution
(u(z),v(x)).
Remark 2.25. Disconjugacy and identical normality of (1.1), on I imply
the following result: (u(z),v(z)) is a solution of (1.1), and u(z;) = 0 =
u(xy), 1,22 € I = u(z) =0=v(z)on I.

In the following example we consider the vector system, analogous 1o the

scalar system (2.1).
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Example 2.26. Consider the 4-dimensional vector system

u = v

v/ = —u (2.1),

u,v € IR®. This system is conjugate on [0, 7] since

o= ((57).(75)

is a vector solution with u(0) = u(r) = 0(¢ R?) and u(z) # 0 on [0, 7).
Hence the system is conjugate on [0, 7].

The system is disconjugate on [0, 7) (since

C1SINT + €2 COS T €1 COST — ¢ 8INT
(u(z),v(z)) = : : _ =
c3SinT + ¢4 €08 T €3CO08T — C48IN T
where ¢;, ¢;, €3 and ¢4 are arbitrary constants is the general vector solution

of the system (2.1), and u(z;) = 0 = u(z,), 0 £ 2, < 7, < 7 implies

( 1 8in o1 + €3 €0s T4 ) i ( €1 SIN Ty + ¢ cos 9 )

€38N Ty + ¢4 €08 Ty 281N Ty + €4 COS T
and hence ¢; = 0 = ¢y = ¢3 = ¢4.
The following example in which A(xz) # 0 also illustrates definition (2.23) .

Example 2.27. Consider the 4-dimensional system (1.1), with

A(I)=[‘01 3]53(1)=[3} ?JRC(Q»F[‘O] _01]

This system is conjugate on [0, 7] since

(u(z),v(z)) = (( sig:r ) : ( co{ix ))

is a vector solution with u(0) =0 = u(x) and u(z) # 0.
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The system is disconjugate on [0, 7). This follows from the fact that

’ B a(l —z)+ e -1 + ¢
(u(z), v(z)) = (( C3SINT + cqCOST ) ’ ( €3C08T — C4SINT ))

where ¢;, ¢, ¢3 and ¢4 are arbitrary constants is the general solution of this

system and u(z;) =0 = u(z,), 0 < 2; < 73 < 7 implies

( C].(l - 71)+ ¢ ) 0= ( Cl.(l — Z3) + ¢z )

€3 8in Ty + ¢4 cos T, €3 sin Ty + €4 COS T2

which in turn implies ¢; = 0 = ¢; = ¢3 = ¢4.

Remark 2.28. It is obvious from the above reasoning that the systems in
the above examples are conjugate on [, a+ 7] and disconjugate on [a, o+ 7)
for arbitrary a.

We now recall some definitions and properties concerning the matrix sys-

tem

U' = A(z)U+ B(z)V
V' = C(a)U - A*(2)V (1.1)p

which are needed for further discussion of conjugacy criteria of the system
(1.1)y.

Proposition 2.29. If (U(z), V(z)), (Uy(z), Vi(z)) are two n x k matrix pairs
satisfying (1.1)pr on I then

(2) (UVA = V*U,)(x) = C, a constant k x k matrix on I, C' depending only
on (U,V), (U, ).

(72) In .pa.rticular (U*V — V*U)(z) = D, a constant k x k matrix on I, D
depending only on (U, V).

Note 2.30. (U(z), V(z))is a solution of (1.1)a on I if and only if (u(z), v(z))
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= (U(z)e, V(x)c) is a solution of (1.1), for every constant n x 1 vector .
Definition 2.31. If (U(z),V(x)) is an n x n matrix pair satisfying (1.1)as
on I such that

(U*V — V*U)(z) = zero matrix

then (U(z), V(z)) is called ‘prepared solution’ of (1.1)p on 1. In particular if
U(zo) = E, and V(z¢) = 0, for some z¢ € I, then (U(z), V(z)) is a prepared
solution of (1.1)p on 1.

Note 2.32. This terminology is due to Hartman [23]. Such a solution is
called ‘isotropic’ according to the terminology of Coppel [12] and ‘self con-
joined’ according to Reid [39].

Definition 2.33 [19]. A solution (U(z),V(x)) of (1.1)a is said to be ‘non-
trivial’ if det U(z) # 0 for atleast one z € 1.

Example 2.34. Consider the 4-dimensional matrix Hamiltonian system

(1.1)p with
0 0 10 -1 0 .
a@=[1 0] =]y ] cw=|7 o] oo
on (—oo,00). The matrix pair

waven= ([ Sas ][5 %))

is a nontrivial solution of the system (2.5) (since det U(x) = —cosx # 0 on

(=00, 00) and it is prepared since
, . 0 1
wvio == ]

so that
(U*V = V*U)(0) = zero matrix.
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The following theorem is the matrix analogue of the result (i7) of theorem
2.0
Theorem 2.35 (theorem 2.2 p 308 [39]). Suppose that (Uy(2), Vi(z)) is
a prepared solution of (1.1)y and Uy (z) is nonsingular on a subinterval Iy of
1. 1f v € I then (U(z),V(z)) is a solution of (1.1)p on Iy if and only if on

this interval
U(z) = Uh(2)H(z), V(z)=Vi(a)H(z)+ U} (2)K,

where

H(z) = Ko+ [/ U (s)B(s)UR™ (s)ds | K,

i 4

and Ko, K, are constant matrices with Ky, = V*(2)U(z) — Uy (2)V (2).

The following basic result from [39] relating the disconjugacy of (1.1), to
the positive definiteness of an associated functional is crucial to our discussion
in chapter 4. We state this result using the following definitions given in [39].
Definition 2.36 [39]. For a given compact subinterval [a, ] we shall denote
by Dla, ] the class of n-dimensional vector-valued functions 5 which are

absolutely continuous and for which there exists a ( € £L*[a, ] such that
n'(x) — A(z)n(z) — B(z)((r) = 0 a.c. on la, A].

The subclass of D[a, 8] on which n(a) = 0 = (/) is denoted by Dola, A].
Definition 2.37 [39]. For y € Dla, ] we shall denote by J[n; e, 3] the

functional 5

T = [ {GBC+ 7O} a)ds (26)

corresponding to the system (1.1),.

The functional corresponding to the equation (1.5), is given by

J[n; e, 8] = [,ﬁ{[f’v# Ryl + [R*n' — @n]n}(z)da (2.7)
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Theorem 2.38 (theorem 5.1, p 337 [39]). Assume the hypothesis H, on
[@, B]. Then each of the following conditions is necessary and sufficient for
(1.1), to be disconjugate on [a, A).

(¢) Jln; e, B] (defined by equation (2.6)) is positive definite on Dola, A).
(12) There is no point on (a, 3| conjugate to r = a.

(721) There is no point on [a, ) conjugate to = = .

(2v) There exists a conjoined basis (U(z), V(z)) for (1.1), with U(z) non-
singular on [a, f].

(v) There exists an n x n Hermitian matrix function W(z), = € |a,f],

which is a solution of the Riccati matrix diflerential equation
W'(z) + W(z)A(z) + A*(z)W(z) + W(z)B(x)W(z) - C(z) =0, z € [a, ]

It may be noted that we will be using in our later discussion the equivalence
of (z), (¢2) (222) and (v) only.

The following theorems motivate the definition of a principal solution and
give the existence of principal solutions for a disconjugate system (1.1),.
Theorem 2.39 (theorem 10.4 p 392, [23]). Assumec the hypothesis H, on
J = [ay, A1) (B < o) and that (1.1), is disconjugate on J. Let (U(x),V(z))
be a prepared solution of (1.1)a such that det U(z) # 0 on 5y < 2 < f3, for

some 4 € J. Then

S(z,y/U) = (fr U~*(s)B(s) )dq)

is nonsingular for v < z < f#; and

llm S z,v/U) = M (2.8)

&=t 1
exists, where M; depends on v and the matrix function U(z). In particular

if M; = 0 the solution (U(z),V(z)) is called a ‘principal solution’ of (1.1)
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at f.
Theorem 2.40 (theorem 10.5, p 393 [23]). Assume the hypothesis H,
on J = [a1,4) (A1 < o0) and that (1.1), is disconjugate on J. Then
(¢) the matrix system (1.1)y possesses a principal solution (Us(z), Vo(z)).
(17) another solution (U(z),V(z)) is a principal solution if and only if
(U(z),V(z)) = (Uo(z) Ky, Vo(z)K;), where K, is a constant nonsingular ma-
trix.
(222) let (U(z),V(z)) be a solution of (1.1)y. Then the constant matrix
Ko = U*Vy — V*Uj 1s nonsingular if and only if det U/(z) # 0 for z near f,
and

U= (2)Up(z) — 0 as = — B
in which case M; in (2.8) is nonsingular.
Note 2.41. The principal solution (U,,,Vs,) of (1.1)y al o, is defined
analogously.

Example 2.42. Consider the system (1.1), with

- 0 - i 0 0
A(I)z[ 0] g]’B(‘T):H 1]’6(””:[0 u}'

This system is disconjugate on (—o0,00) (since

o () (7)

where ¢;, ¢, ¢3 and ¢4 are arbitrary constants is the general vector solution

of the system and u(z;) = 0 = u(a;), —c0o < 13 < 22 <00 implies

I v T2
CQE ; (2{
=] C C-“IJ +
cre” " + 9 = B ( 1 B
c3 + ¢4y c3 + €47

and hence ¢; = 0 = ¢; = ¢35 = ¢4. Moreover

wrven= ([ 5 1[5 0))
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(Um(m),xx;_(z)):([‘; ?Hg ED

are its principal solutions at —oco and oo respectively.

and

The following definition due to Dosly [14] gives a further classification of
an identically normal and disconjugate system.
Definition 2.43 [14]. Assume that the system (1.1), is identically normal
and disconjugate and (U,,V,), (Ug, Vj) are principal solutions of (1.1), at o
and A respectively. The system (1.1), is said to be k-general (0 < k < n) on

I if the rank of the 2n x 2n solution matrix

which is always independent of z (from the theory of linear differential sys-
tems) is equal to n + k.

Remark 2.44 (p.90 [14]). The system (1.1), is k-general on I if and only
if the rank of the constant matrix UV, — V3 U, is equal to k.

Example 2.45. Consider the 4-dimensional system (2.1), given in example
2.26 which is disconjugate on (0,7). Its pricipal solutions at 0 and 7 are

respectively

W) @) = (|57 ame | [ cone |) = W@ v

Hence the system is 0-general.

Example 2.46. Consider the system as in example 2.27. and

(U-oo(2), Voc(2)) = ([ f%0 ?]l% gD

wearean= ([ 2] [0 0))

and



Chapter 2. Preliminaries 23

are its principal solutions al —oo and oo respectively. Hence the system is
l-general.

Example 2.47. Consider the system (1.1), with

A(z)=[},’ _01]=B(3')=[[11 ?]=C(T)=|g 3]

This system is disconjugate on (—o0,00) (since

e cge”
€1€ coe”
(u(z),v(a)) = L ()

C(J,f'_r +

where ¢;, ¢, ¢a and ¢4 are arbitrary constants is the general vector solution

of the system and u(z,) = 0 = u(zy), 0 £ 73 < 25 < ™ implies

" ™! sy o C2€™?
cre™ ™ 4 ey e” "2 + 5
C‘4g:r] =0= ~1FT"J
-I) i -1
C3f + 2 CJ‘ + 9

and hence ¢; = 0 = ¢; = ¢3 = ¢4. Moreover

and

[L-"oc,(a?),\”cx(-'f)):(li L;r 59" ’ g g])

are its principal solutions at —oc and oo respectively. Hence the system is
2-general.

The following notation, definitions and results from Etgen and Lewis [21]
are useful for discussing further conjugacy criteria of the system (1.5), .

Let H{|a, B] be the space of real valued absolutely continuous functions

vanishing at 2 = o, 8 and having L*|a, f] first derivatives, M be the linear
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space of n X n matrices with real entries and S C M be the subspace of n x n
symmetric matrices.

Definition 2.48 ([21]). A matrix function U : [a, f] — M is ‘L-admissible’
if each of U and (PU' + RU) is continuously diflerentiable on [a, 3] and

(U*[PU' 4+ RU) - [PU' + RUJ'U)(z) = 0.
Example 2.49. Let

P(x)zu ‘1’] o R(x):[_ﬂl g}

Then U(z) = [ _f:: , ] is L-admissible since
y '_(:_..2: 0
*[PU" + RU)(z) = [ - J = [PU' + RUT'U(z).

Definition 2.50 [21]. A linear functional g : M — IR is positive if g(A) > 0
whenever A € § and A > 0.

The following identities and results concerning the conjugacy of the equa-
tion
(P(z)u') 4+ Q(z)u=10 (1.3),
are given in [21].
Theorem 2.51 (theorem 4.1 of [21]) (“Picone type” identity). Let g
be a positive linear functional and let f : [a, ] ~ IR be piecewise continu-
ously differentiable. If U : [a, f] — M is an L-admissible function which is

nonsingular on an interval J C IR, then

g{(f'En = fUUT'P(f'E.— fUU)} + { fPglPUU}
= ["glP] - *9[Q)+ f2g{LIU]U™"} on J.
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Theorem 2.52 (theorem 4.2 of [21]). If for each a € IR thereis a 8 > a,
a positive linear functional ¢ # 0 and a piecewise continuously differentiable

function f : [a, 8] — IR such that f(e) = f(B) =0, f # 0 on [e, #] and

A 9
| {7 @alP@) - Flein) d <o,

then equation (1.3), is conjugate on [a, f].
Theorem 2.53 (theorem 4.3 of [21]). If there is a positive linear func-

tional g such that the scalar equation

(9[P(2)]y") + g|Q(z)]y = 0

is conjugate, then equation (1.3), is conjugate on [a, f].

In chapter 4 we obtain conjugacy criteria for the system (1.5), which are
motivated by the above results.

We now recall some definitions and properties concerning nonlinear func-
tionals given by Hartman in [25] using the same notation as in [25].
Definition 2.54. A nonlinear functional ¢ : § — IR s called “superadditive”

or “(positively) superhomogeneous” according as
9(A+ B) 2 q(A) +q(B) (2.9)

or
q(AA) > Ag(A) for A>0and A,B€ S (2.10)

holds. A functional ¢ having both the above properties is said to be “con-

cave”.

Correspondingly, a nonlinear functional # : § — IR is called “subadditive”

or “(positively) subhomogeneous” according as
P 3 g g

p(A+ B) < p(A) + p(B) (2.11)
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or

P(AA) < Ap(A) for A>0and A,B€ S (2.12)

holds. A functional p having both the above properties is said to be “convex”.
The following remark from [25] is needed for further discussion in chapter

4.

Remark 2.55. (i) A convex (concave) functional : S — IR is continuous.

(i) (Jensen’s inequality) If ¢ : § — IR is a concave functional and f : [a, ] —

IR is an arbitrary continuous function then it follows that
ﬁ ¥
q[/f@ﬁ
where @) € M.

The following results concerning conjugacy or disconjugacy for the system

bé)
> ffmmh (2.13)

(1.3), are given in [25].
Lemma 2.56 (lemma 2.2 of [25]). Equation (1.3), is disconjugate on
[a, A] if there exists a real-valued function f € Hjla, ). f # 0, such that the

symmetric (constant) matrix

2= [ (7P - £Qa)s

is not positive definite.
Theorem 2.57 (theorem 1.1 of [25]). Let p,¢q : § — R satisfy (2.9)-(2.12)
and

g(A) < p(A) for 0<AES.

If the scalar differential equation
[p(P(x))u] + ¢(Q(z))u =10

is conjugate on [a, #], then (1.3), is conjugate on [e, ).
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Based on the the above result we obtain in chapter 4 a conjugacy criterion
for the equation (1.5), .

We also obtain a different type of conjugacy criterion for the system (1.1),
based on the following results due to Dosly [14]. For the statements of these
results we use the same notation as in [14]. We also include here for the sake
of convenience of reference the Courant-Fischer min-max principle which can
be found in [6)].

Denote the eigen values of an n x n Hermitian matrix P (in the increasing
order) by ApinlP] = Ap[P] € .. € 4[P] = Aozl P)-

Theorem 2.58 (p,115, [6]). The eigen values A, ¢+ = 1,2,...,n of an

Hermitian matrix 7 may be defined as follows:

Ay = max(z, Pz)/(z,x)
A2 = min max (z,Pz)/(z,z)

(yw)=1 (xy)=0

M = min  max (z,Pr)/(z,2)i=1,2.k-1
(vt ')=1 (z,¥")=0

equivalently, A,y = max min (z, Pz)/(z, 1)
(yy)=1 (z.9)=0

Av = min(z, Pz)/(z,2).
The following lemma and the conjugacy criterion for the system

v = B(z)v
' = —=C(z)u (1.6),

are given in [14].
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Lemma 2.59 (lemma 1 of [14]). Let the differential system
u = B(z)v, v =10 (2.14)

be k-general on I = (a, ), for some fixed k € {0,...,n} and let
lim A (/ B(s)ds) = oo for some (and hence for every) 4 € I. Then there
i

T—fi—

exists an (n — k)-dimensional linear space V,—x C IR" such that

5
lim (f U'B(S)uds) = oo for every 0 # u € V.

r—o+

Theorem 2.60 (theorem 1 of [14]). Let the system (2.14) be k-general
on I = (a,B), 0 <k <n-1, lim (/ B(S)ds) = oo and let there
7

T—fi—

exist oy, € I such that the matrix C(z) is nonnegative definite for z €
(a,ay) U (B, B1). If there exists a (k + 1)-dimensional space Vis1 € IRn such
that

liminf z

1 — at / w*(z)C(z)w dz > 0

z— f— 1
V (0 #) w € Viyy, then system (1.6), is conjugate on (o, 3).

In chapter 5 we obtain oscillation criteria for the system (1.1)p. For

this discussion we need the following definitions and known results from the
earlier literature.
Definition 2.61 [19]. The system (1.1) is said to be ‘oscillatory’ on [a, 00)
if one nontrivial prepared solution (U(z),V(z)) of (1.1)m has the property
that det U(z) vanishes on [T, 00) for every T' > a. Otherwise it is said to be
‘nonoscillatory’ on [a, 00).

In the following example we consider the matrix analogue of the system
(201

Example 2.62. Consider the 4-dimensional matrix system

V' = ¥
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Vi = U (2.1)n

where U,V are 2 x 2 matrices. Note that

(U(2), V(3)) = ([ H —D

cosT singx —8INT COST

is a nontrivial prepared solution of the system (2.1)y since

det U(z) = sin®z — cos’z # 0

wvio=vvo=|] 5]

This system is oscillatory on [0, 00) since det U(z) has infinitely many zeros
on [0,00).

The following example gives an oscillatory system with A(x) # 0.
Example 2.63. Consider the system (2.5) as in example 2.34. This system

is oscillatory since

(U(x).V(z)) = ([ (]} :’L‘Z}:T 1 ’ [ _0] co{.;y ])

is a nontrivial prepared solution with det U(z) = —cosz having infinitely
many zeros on (—oc, 00).

The following theorem (known as Morse’s separation theorem) given by
Morse in [35] for the matrix system (1.3)a is analogous to the Sturm’s sep-
aration theorem for the scalar case and is stated here in the form given in
[45]).

Theorem 2.64 [45]. The number of zeros of the determinant of any non-
trivial prepared matrix solution of (1.3)s on a given interval (open or closed)
differs from that of any other nontrivial prepared matrix solution by at most

n.
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Note 2.65. It follows from Morse’s separation theorem that if the sys-
tem (1.3)a is oscillatory on [a,00) then every nontrivial prepared solution
(U(z),V(z)) has the property that det U(z) vanishes on [T, 00) for every
T o
Note 2.66. In the definition 2.61 the hypothesis of the solution (U(z), V(x))
of (1.3)m being prepared is needed in order to obtain an analog of the classical
theory of oscillation of the scalar equation (1.3).

The following example given by Noussair and Swanson [37] illustrates this
point.
Example 2.67 [37]. Consider the 2 x 2 matrix differential equation

U"+U=0 on [0,00) (2.15)

as an analog of the oscillatory scalar equation v” 4+ u = 0, all of whose
solutions are of the form u(z) = asin(z + b) (a, b constants). Note that the

equation (2.15) can be put in the form (1.6)n and the matrix-valued function

sinr  cosgx

U(z) = {

cos T —sin:r]

is a nontrivial solution of the equation (2.15) which is not prepared since

det U(z) =1 and

0

(U*V = V*U)(0) = (U*U' — U"U)(0) = [ X

—UZ ] # zero matrix.
Clearly det U(z) = 1 has no zeros on [0,00). However

U(I):{cosm 0 }

0 sinz

is a nontrivial prepared solution of (2.15) since det U(z) = sinz cos z

and (U*V = V*U)(0) = (U*U' — U™U)(0) = zero matrix
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with det U(z) = coszsinr having infinitely many zeros on (—o0, 00).

Thus the equation (2.15) becomes oscillatory by virtue of definition (2.61)
whereas the omission of the assumption of the solution being ‘prepared’
makes the system nonoscillatory.

Now we state a separation theorem for the more general system (1.1)p
given by Reid in [40]. For stating this separation theorem we need the fol-
lowing notations.

For p = 1,2 we have the respective differntial systems (1.1)}, and (1.1)3,

where AP, BP, (7 satisfy hypotisis H, and the difference functional

J:,z[TI : O'aﬁ] = Ja[?? : 0',ﬁ] - JJ["? : G,ﬁ]

(where J(n; @, (] is as in equation (2.6)) is well-defined for 5 € D|a, 5] where
D|a, B] is the common value of D'[a, 4] and D*[a, B].

Theorem 2.68 (theorem 8.1, p 303, [40]). Suppose that for p = 1,2 the
matrix functions A?, B?, C? satisfy hypotisis H, and each of the systems
(1.1)}y is identically normal. Moreover, D'[a, ] = D*[a, #] and for arbitrary
compact interval [a. ] the difference functional Ji2[7, a. 3] is non-negative
on Djla,3] = Djfe,8]. If z}(v) and 2,,(7), (» = 1,2, v > 1),denote
the sequences of right and left hand conjugate points to # = ~ relative to

P

the respective system (1.1)}, , then whenever the conjugate point z(7),

{z7,(7)} exists, the conjugate point 2}, (v), {z,,(7)}, also exists and

z5(7) Sah(v) {8500 <z50)) (2.16)

Moreover, if J; 5[, @, ] is positive definite on D}[a, ] = Di|a, B] for arbi-
trary compact intervals [a, 8], then strict inequalities hold in (2.16).
The following corollory to the theorem 2.68, not explicitly stated in [40]

yields a separation theorem for the system (1.1).
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Corollory 2.69. Let the system (1.1)a be identically normal and
(Ur(z), Vi(z)), (U2(x), Va(z)) be two solutions of (1.1)p. If 2} (v) and 27, (v),
(p = 1,2, v > 1), denote the sequences of right and left hand conjugate
points to z = 5 relative to the respective solutions (1.1)}, , then whenever the
conjugate point =}, (7), {#1(7)} exists, the conjugate point z;2(7), {z,(7)},
also exists and

z32(7) S 2h(), {z(7) <z}

We use the above result in proving that the system given in the following
example is disconjugate.
Example 2.70. Consider the 4-dimensional matrix Hamiltonian system

(l.l)M with

A(x):l? g],ﬁ(f_)=“ ?],C(m):[lo g] (2.17)

on the interval (—oo,00). It is nonoscillatory on (—o00,00) since there exists

a solution (U(z), V(z)) where

o= (52 215 2]

such that it is prepared

(5*““’ (U"V)(0) = (V*U)(0) = [ o ED

and det U(z) = ¢~ # 0 on (—o0,00).

Remark 2.71. By virtue of corollory 2.69 and definition 2.61 it follows

that (1.1)a is nonoscillatory if there exists one nontrivial prepared solution

(U(z), V(z)) such that det U(z) doesnot vanish for all z > T' for some T' > a.
Now we state for the sake of convenience of reference Weyl’s inequality

and a result which specializes to the case of the space M the more general
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result on positive linear functionals stated in [41]. These statements will be
followed by the oscillation criteria given by Etgen and Pawlowski [22], Erbe,
Qingkai Kong and Shigui Ruan [19] and Fanwei Meng, Jizhong Wang and
Zhaowen Zheng [34] for the systems (1.3)p and (1.3),,, with minor changes
of notation.

Lemma 2.72 [28]. Let P, Q) € C"*n be Hermitian and let the eigen values
AP, Ail@] and X [P 4 Q] be arranged in increasing order as stated above.

For each 7 = 1,2, ...,n we have,
AP+ Aa[Q) < AP + Q] € A[P] + Mi[Q).

Lemma 2.73 [41]. If g is a positive linear functional on M then for all
A, B € M |g(A*B)|* < g(A*A)g(B*B).

Theorem 2.74 (theorem 1 of [22]). If there exists a positive linear func-

1-1520(} []r P(f.)da‘.] =100

then the equation (1.3),,, is osillatory.

Theorem 2.75 (theorem 2 of [22]). If there exists a function a € C|[0, 00)

tional g such that

such that @ > 0 on [0,00) and lim a”'(t)dl = oo and if the operator J
=D

defined by :

g = / I{ﬂ(f)P(t)— (‘;(‘()t])) Eﬂ}dt 42

has the property that there exists a positive linear functional g such that

lim g[J(z)] = oo, then the equation (1.3),,, is oscillatory.
Theorem 2.76 (theorem 1 of [19]). Let g(z,s) and k(z, s) be continuous
on D = {(z,s) : £ > s > a > 0} such that g(z,z) = 0 for z > o and

g(z,s) > 0 for ¢ > s > a. We assume further that the partial derivative
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0 ; Sl ;
—g(:c,s) = g.(z, s) is nonpositive and continuous for r > s > a and h(z,s)

Os
is defined by

%l(z,8) = —h(m,s)g%(:r,s) for all (z,s) € D.

Finally assume that

lim sup

A g(:.:l,a]/\] [lr (g(m,s]Q(s] - ;]l-h?(;r,s]P(s)) ds] = 0%

Then the equation (1.3)s is oscillatory.
Theorem 2.77 (theorem 1 of [34]. Let g(z,s) and h(z,s) be as in the

above theorem. If there exists a function f € C'[a, 0o] such that

. 1
lim sup
seseo G2 O)

A [/I{g(a‘,s)T(s) - %b[s)hz(r,s)}d.{' =00

w h ere

=
—_

=]

Il

t:‘:v;p'{*?/;r f(s)ds} and
T(e) = KQ()+ f(=)El - ['(2)E)

then system (1.3);,, is oscillatory.
Based on the above results we obtain oscillation criteria for the more
general system (1.1)y.

In chapter 6, we discuss conjugacy criteria for the discrete system
A({TH_IAJ'n_l)-f'GﬂIﬂ = {l, (]7)

So we recall some definitions and basic results needed exclusively for the
discussion in chapter 6. We assume hereafter equation (1.7) is such that the
hypothesis H? is satisfied.

Definition 2.78 [30]. A scalar sequence z, is said to be a ‘solution of
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equation (1.7)" on [M, N + 2] if z,, is defined on [M, N + 2| and satisfies the
equation (1.7) foralln, M +1<n< N +1.
Example 2.79. Consider the equation (1.7) with M =0, N =1,

en=1 on [0,2] and a, =1 on [1,2]. (2.18)

It can be directly verified that z, = sin(n7/3) is a solution of this equation
on [0,3] .

Definition 2.80. A solution x, of (1.7) is said to be ‘trivial’ on [M, N + 2]
ifz,=0foralln, M<n<N+2.

Note 2.81. z, = 0 for all n, 0 < n < 3 is a solution of (2.18).

The following result given in [30] is basic to the theory of second order
linear difference equations. This is analogous to the result that a nontrivial
solution of a linear second order differential equation cannot have a double
zero.

Lemma 2.82. If z, is a nontrivial solution of the equation (1.7) such that
Zuo =0, M <np< N +2, then z,5_12n41 < 0.

Note 2.83. If z,,, y» are two solutions of (1.7) on (M, N4 2] then w(z.y.n) =
CalTasrtn — :rnynﬂ] = constant, independent of n, M < n < N + 1. This
can be directly verified by showing that Aw(z,y,n) = 0.

We now recall the definitions of a ‘generalized zero’ of a solution and
the ‘disconjugacy’ of equation (1.7) from [30] and of a ‘recessive solution at
oo(—00)’ from [2]. (The concept of a generalized zero was introduced by
Hartman in [24].)

Definition 2.84 [30]. A solution z, of (1.7) is said to have a ‘generalized
zero’ at p € I = [M, N + 2] provided z, = 0 in case p = M and z, = 0 or
Zp-1Zp < 0incase M <p< N 42,
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Example 2.85. Consider equation (1.7) with M =0, N = 2,

(3/2) n=0
. 2 n =1
- 1 =2
(1/4) n=3
and
3 == ]
an =1 (3/2) n=2 (2.19)
(1/2) n=3
Equation (1.7) is equivalent to
- _(aﬂ — G Cnhl) Cn—1
Tp41 = Tn — Zn--1-
Ci Cn

If z, is the solution of the given system with 2o = 0 and z; = 1 then

—(ﬂ] =y C{]) Cy 1
Ty = I — —Ip= — > U,
Cy €y 4
—((11 bl = Sl 3 | & -13
1y = )Iz—-—:t.']=—'-<0.
Co Co 8

Hence z, has a zero at n = 0 and a generalized zero at n - 3.
Note 2.86. In the definition 2.84 the conditions corresponding to p = M
or p = N 4 2 or both have to be omitted according as I = (—oo, N + 2] or
[M, 00) or (—o0, 00) respectively.
Definition 2.87 [30]. Equation (1.7) is said to be ‘disconjugate on /" pro-
vided no nontrivial solution of (1.7) has two or more generalized zeros on 1.
Otherwise it is said to be ‘conjugate’ on 1.
Example 2.88. Equation (2.19) in example 2.85 is conjugate on [0,4].

The following separation theorem is a discrete version of the Sturm sep-
aration theorem.
Theorem 2.89 (theorem 6.5, p 261, [30]. Two linearly independent so-

lutions of equation (1.7) can not have a common zero. If a nontrivial solution
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of equation (1.7) has a zero at {; and a generalized zero at {; > t,, then any
second linearly independent solution has a generalized zero in (fy,1;]. If a
nontrivial solution of equation (1.7) has a generalized zero at 1, and a gen-
eralized zero at 1, > t;, then any second linearly independent solution has a
generalized zero in [ty,12].

We can use the above theorem to show that the equatioh in the following
example is disconjugate.

Example 2.90. Consider equation (1.7) with I = (—o00, 00)
=1, a,=0 (2.20)

Clearly z, = 1 is a solution of (2.20) on I which has no genaralized zeros on
I. Hence by theorem 2.89 equation (2.20) is disconjugate on 1.

Now we state a theorem due to Ahlbrandt and Hooker [2] which gives
existence of the ‘recessive solutions’ for the correspoding vector difference
equation

A(Cro1D20o1) + AnZn = 0. (1.7),

For stating this theorem we need the following definitions.
Definition 2.91. A vector sequence z, 1s said to be a ‘solution of equation
(1.7)," on [M, N + 2] if z,, is defined on [M, N + 2] and satisfies the equation
(1.7), foralln, M+1<n<N+1.
Definition 2.92 [20]. For positive integers M and N with M < N, equation
(1.7), is called ‘disconjugate” on [M, N 4 2] if there exists at most one integer
p € [M — 1, N] such that

2y 1Cp-12, <0
for any nontrivial solution z» of (1.1),.

Definition 2.93. A matrix sequence X, is said to be a ‘solution of equation

A(Coe1AXnoy) + AnXy = 0. (L:)ne
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on [M, N +2]if X, is defined on [M, N 4 2] and satisfies the equation (1.7)pm
foralln, M4+1<n<N-+1.
Note 2.94 [2]. If X,, Y, are two solutions of (1.7)p on [M, N 4+ 2] then

W(X,Y,n) = X} _,Coci Yy — X, Cpo1 Yoy = constant (independent of n),

M < n < N+1. This can be directly verified by showing that AW (X,Y,n) =
0.

Definition 2.95 [2]. A matrix solution X, of (1.7)a is said to be prepared
on [M,N + 2] if

W(X,X,n) = X,_,CrnaXn — X Cn-1Xn-1 = zero matrix

Definition 2.96 [2]. Suppose equation (1.7), is disconjugate on (—o00,00).
A solution z, of (1.7), is called ‘recessive at 0o’ (recessive at —oo) if there
exists an integer P (@) such that

(7) TnTntl is positive forn 2> P (n < Q)

(11) Z(I,-C;:c,_,_l)‘l — 00 a5 N —3 00

Q
(E(“’icﬂ"rﬂ)‘l — 00 as n — —-oc.-).

i=n

Theorem 2.97 (theorem 4.1, [2]). Assume hypothesis H? and (1.7), is
disconjugate. Then

(1) every prepared solution X, is such that Fa-1Csa X, is positive definite
for some M

(11) there exists a solution Z, which is ‘recessive’ at oo;

(22¢) if Yy is any prepared solution with W(Y,Z,n) nonsingular, then Y, is
‘dominant’ and

Y'Z, — 0 as n — oo;
n T 1
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(1v) Zn is essentially unique, that is, if X, and Z, are recessive al oo, then
there exists a nonsingular matrix H such that X, = Z, H for all n;
(v) if M issuch that (1.7), is disconjugate on [M — 2,00) and X, (M, N) is

defined as the solution of the two point boundary value problem
Xm-1(M,N)=FE,, Xn(M,N)=0

then the recessive solution at oo is determined up to nonsingular constant
multiples as thi_r_ann(M,N).

Note 2.98. It follows from the above theorem specialized to the case n = 1
that if equation (1.7) is disconjugate on (—o0,00) then ‘recessive’ solutions
at +00 and —oo exist in the following sense.

Definition 2.99 [2]. Suppose equation (1.7) is disconjugate on (—oo, 00).
A solution z, of (1.7) is called ‘recessive at oo’ (recessive at —oo) if there
exists an integer P (@) such that

(z) Inn1 is positive for n > P (n < @)

(12) Z(m{c:‘x,ﬂ)“’ — 00 a8 N — 00

=P

Q
(Z(.T,-C,-I,-H)“' — 00 as N — —oc-)-

i=n

We now define what is meant by equation (1.7) being ‘1-special” or ‘1-
general’ on (—o0,oc) based on similar definitions by Dosly [16] for the con-
tinuous case.

Definition 2.100. Suppose equation (1.7) is disconjugate on (—oc,00). We
say that it is ‘1-special’ (1-general) if the recessive solutions at +o00 and —oo
are linearly dependent (linearly independent).

Example 2.101. Consider the system (1.7) on (—o0, 00) with

a,=0 and ¢, =1 on (—o0,00).
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This system is disconjugate on (—o00, 00) since 2, = 1 is a solution not having
any generalized zeros on (—00,00). Further it follows from definition 2.100
that

To(n) =1 afd z_4(n) =1

are the recessive solutions at 400 and —oo repectively. Hence the system is
1-special.

The following result from [1] shows the equivalence of the disconjugacy of
the scalar difference equation (1.7) to the existence of a special solution to the
associated Riccati equation and to the positive definiteness of an associated
quadratic form.

Theorem 2.102 (theorem 2.1, [1]). Assume the hypothesis HY. Then
the following conditions are equivalent:

(1) I z, is a solution of (1.7) such that
zpmemappr <0 and Ta4 # 0,

then
ToCalnpy >0 for n=M+1,.,N.

(i7) If y, is a solution of (1.7) such that
ynenyny <0 and yn #0,
then
YnCnlngy > 0 for n = M,...,N.

(#1i) (1.7) is disconjugate on [M, N + 1].
(iv) There exists a solution z,, of (1.7) With Zn¢nZnt1 > 0 for n = M, ..., N.

(v) There exists a sequence wa = {Wa}, 7 = M+1,..,N +2, with
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Wn+cCn1>0n=M+1,.,N4+2 and

2
A, -ty e = 0 =M A LiaN 4 1
Wy, + Crii
(vi) The quadraticform Jy[n] defined by

N+1

L) =3 cos (Afnm)” = ann

M+1

is positive definite on the class of 5 with
v =0 =1N41-

The following result in the paper [18] (yet to appear in print) is a conju-

gacy criterion for the equation
Az, + a,2s =0, (1.7)y

Theorem 2.103 (theorem 1 of [18]). Suppose that there exist ¢ >
0, €2 > 0 such that

T

" € i
lim sup E arctan > =,
o0 Ty ()'k(ﬂ,(],) 2

1 T

lim sup Z arctan — ~
g My A R

where

QU=]+f]7 61:]+t25

k~1 kwq 31 »
o = ak(a,ﬂ)-_-(61—-Za,+l)n(cl_2a,+l) for k > 1

1=0

w3 1 i 2
(ez - a; + 1) H ((—.2 - Z a; + 1) for k < 0.
{=k~1

J=k+1 1=3-1

B

I

=

&
I
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Then (1.7); is conjugate in Z.
In chapter 6 we obtain a conjugacy criterion for the equation (1.7) in
terms of the coefficient functions. This criterion is analogous to the one

given by Dosly (theorem 2.16) for the continuous case.



Chapter 3

Conjugacy Criteria for a Two Dimensional
Linear Hamiltonian System

In this chapter we consider the linear Hamiltonian system

Lylu,v] = o' —a(z)u—bz)v =10
Lifu,v] = o' —e(z)u+ta(z)v=0 (1.1)

along with the associated unperturbed system

u' = a(z)u+b(z)v
v' = —a(z)v (1.2)

under the hypothesis

H :a(z), b(z) > 0, c¢(z) are real valued continuous functions on an open
interval I = (e, ), —c < a < f < .

We are particularly interested in obtaining sufficient conditions for the system
(1.1) to be conjugate on I in terms of its coefficient functions. Our results
are motivated by the conjugacy criteria given by Dosly [15, 16], Tipler [43]
and Miller-Pfeiffer [36].

Conjugacy criteria for the equation
(p(z)u) + q(z)u=10 (1.3)

with p(z) > 0 and ¢(z) continuous on (—o0, 00) and for its special form with
p(z) = 1, that is,
u”+q(.1:)u:0 (]3)]
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have been obtained by Miiller -Pfeiffer [36] and Tipler [43] respectively.
In [43] Tipler has shown using Riccati techniques that the equation (1.3),
is conjugate on (—o0,00) if
12
liminf glz)dr > 0
11 l=o00,t2 o0 1

whereas in [36] Miiller-Pfeiffer has shown using variational techniques that

the more general equation (1.3) is conjugate on I if for some (and hence for

/ z)dz = 00 = / '(x)dz (3.1)

iz

lim inf q(z) dx > 0.

th|=cot2]00 t

every) v in I,
and

In [13] Dosly proved that the 2n-th order equation

(=1)® (pla)u™)™ + g(a)u =0

where p(z) > 0, g(z) are continuous on IR is conjugate if there exists an

integer m, 0 < m < n — 1 such that the fo]lowing conditions hold:

0
(?) / 27; -—] dl — o= P.m —1

0
(22)  there exists a real-valued polynomial

Qk(z) = axz* + ... + @12 + ag

of degree k, 0 < k <n —m — 1, such that

t2
lim sup Qi(z)gq(z) dz = ¢ < 0.
t1]=0o,l3]00 1

More recently Dosly has shown in [16] that the conditions (3.1) are merely

equivalent to the unperturbed disconjugate equation

(p(z)u') =0 (1.4)



Chapter 3. Two Dimensional Linear Hamiltonian System 45

being 1-special on I (see lemma 2.15, chapter 2). He then established by
means of the associated Riccati equation and transformation techniques, that
irrespective of whether the equation (1.4) is 1-special or otherwise the two

inequalities

€ /jp"(a:)exp{zfp—‘(f) :[q(s)ds-f_,: df} dr > 7/2
egf:p'l(x)exp{il‘[lp"(t) :[;q(s)ds+tz: di} dr > 7w/2

holding together for some % in I and for some ¢; > 0, ¢, > 0 constitute a

conjugacy criterion for (1.3) on I. It is to be remarked here that the above
criterion is significant in the sense that if any one of the inequalities is not
satisfied then there is no guarantee that the equation (1.3) is conjugate on 1.
The disconjugacy of the equation u” = 0 on (o0, oo) illustrates this remark.

In this chapter following Dosly [15] we obtain under the hypothesis H
a conjugacy criterion (theorem 3.3) for the system (1.1) irrespective of the
consideration whether the associated unperturbed disconjugate system (1.2)
1s 1-special or not (see proposition 3.1 for the disconjugacy of the system
(1.2) ). As a consequence of this theorem we obtain (corollary 3.4) conjuga-
¢y criteria for the system (1.1) in the particular cases when the associated
unperturbed system (1.2) is 1-general or l-special. These criteria in turn
yield for the scalar equation (1.3) in the l-general case a conjugacy criterion
which can be applied in some instances where Dosly’s criterion (theorem 2
of [16]) (see theorem 2.18, chapter 2) fails. Moreover it will be clear in these
instances that our criterion is easier to apply than Dogly’s another criterion
(theorem 3 of [16]) (see theorem 2.19, chapter 2). However in the 1-special
case our criterion (corollary 3.6) reduces to that given by Dosly in corollary 1

of [16] (see lemma 2.17, chapter 2). Lastly, we note that even though criteria
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as in theorem 3.3 can be obtained by transforming the system (1.1) into the

equation (1.3) Py means of the well known transformations (see p 220, [39]),

9(z) = explo " 4= (1/g)u, ©=gv
so that
glalu,v) = Lili, )

(1/9)La[u,v) = Lola, ]
where

Lia,3] = -+ éa)a,

Lyla,0) = @' - b(z)d
with

o) = S, e) = clald(a),

the direct method gives the criterion in a form analogous to that given by
Dosly in [15].

Now we shall prove some preliminary results which will be useful in our
further discussion.

We first state the following proposition which gives the disconjugacy of
the unperturbed system (1.2).
Proposition 3.1. Under the hypothesis H, the unperturbed system (1.2)
associated with (1.1) is disconjugate on 1.
Proof. This follows from the fact that if (u(z),v(z)) is the general solution

of the system (1.2) then by variation of constants u(z) is given by

wiliie= {exp ([x:a(s)ds)} [ca+c] _/r:b(t)exp (—2L:a(.s]d.a) dt]



Chapter 3. Two Dimensional Linear Hamiltonian System 47

where ¢, ¢y are arbitrary constants and z¢ € I is arbitrary but fixed. Now
u(zz) = 0 = u(z,), £1 < 2z implies ¢; = ¢; = 0. Hence the proposition.

In the rest of the chapter for the sake of convenience we shall denote
e(x) = c(z) + a(x)/b(a)

(3'2)11.6.:'

b= [Toexn(-2 [ a(o)is) @t and = [ b2 [ a(s)is)

for some v € I, where 0 < I3, I; < 0.

The following proposition generalizes to the system (1.2) the result of
Dosly (see lemma 2.15, chapter 2) that the conditions (3.1) are equivalent to
equation (1.4) being 1-special on /.

Proposition 3.2. Under the hypothesis H the system (1.2) is 1-special on
I if and only if

h=o00=1, (3.3)
for some (and hence for every) 5 in 1.

Proof. Suppose (3.3) holds. Then we can directly verify that the solution

ol bl aled] = (exp ([rfa(t) dr.).ﬂ)

satisfie/ the system (1.2) as well as the definition of principal solutions at «
and B Py virtue of the assumption (3.3). Hence (1.2) is 1-special on [I.
ConVersely, assume that (1.2) is 1-special on I and (3.3) does not hold.

If 0<!li <ooandly,=oc wecan show that

Ya(z) = (ua(2),va(z)

- ({exp/ s)ds) }/ )exp(— ‘[:a(s)ds)di,exp(l— [ja(t)di
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and

ys(z) = (up(x),vp(2))

(exp([:a(t) dr.),U)

are the principal solutions of (1.2) at a and f respectively.

I

On the other hand if [; = 0o and 0 < l; < oo we can show that

Yo(z) = (ua(2),va(z))

- (e_Xp( l ’ a(t)di.),[])

yp(z) = (up(z),vp(z))

= —{exp( Ia(s)ds)} ﬁb(i)exp(—? ja(h)ds)dhcxp(~ :In(_t)di)
(oot et | ., /

are the principal solutions of (1.2) at @ and S respectively.

Lastly, if 0 < 1,1, < 00 we can show that y,(z) as in case (1) and yp(z)
as in case (¢7) are the principal solutions of (1.2) at a and f respectively,

Thus in all the three possible cases, the principal solutions at o and j
are linearly independent which is a contradiction to (1.2) being 1-special on
I. This completes the proof of the proposition.

In the following theorem we obtain sufficient conditions for the system
(1.1) to be conjugate on I using Riccati and transformation techniques. This
theorem generalizes for the system (1.1) the conjugacy criterion for (1.3); of
Dosly (see theorem 2.16, chapter 2).

Theorem 3.3. Suppose there exist v € I,¢e; > 0 and ¢; > 0 such that

tlfb(x)exp{=2f [a(;)wu) (51+[e(s)ds)l dt} iz > A
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and (3.4)a
€ /: b(:c)exp{—2[ [a(r)+b(:)(—c2+[ e-(s)ds)] dt} dr > B.
g (B + ©A)
€ + € — S T e >0, (3.5)

then (1.1) is conjugate on (e, ).

Proof. Denote by (u;(z),vi(z)), ¢ = 1,2, the solutions of (1.1) given by
the conditions ui(y) = 1, v1(y) = cr, uz(y) = 1, v2(7) = ¢ where cg =
6(1 —x/24).

We now claim u; () has a zero on (7, #). Otherwise we have (¢) uy(z) > 0
on (v,8) (it) the function 6(z) = arctan(uy(z)/ui(z)) is well defined on
[7,8) (i) 6(7) = 7/4 and (iv) 0(3-) < /2.

Further on (v, ) we have

O(a) = (ulle)+udle) ™ (ury - upe)(x)
= (uj(z) + up(x)) " b(z)(urvz — ugvy)(z) (by system (1.1))
= (uf(2) + u3(2))b(x)(urvg — ugvr)(7) (by (1) of theorem 2.1)
= (uf(z) + uj(2)) " b(z)(¢t — cn)
that 1s,

0'(z) = (a7/24) b(z) (u(z) + uy(x)) ™" (3.6)
This implies 6'(z) > 0 and hence uy(z) > uy(z) > 0 on (5, /). Further the
function w(z) = va(x)/uz(x) is a solution of the Riccati equation

w'(z) + 2a(z)w(z) + b(z)w*(z) — ¢(z) = 0

associated with the system (1.1) on (v, #). Consequently,

&X

w(z) =€ + / (e(t) — 2a(t)w(t) — b(t)w?(1))dt
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implying,

us(z) = a(x)uz(z)+ bz )vy(z) = ﬂg(.l')(ﬂ.(ﬂ') + b(z)w(z))
= wuy(x) [a(m) + b(z) ((1 +/ (e(t) = 2a(t)w(t) — b(i)wz(t.))df)]

on (7,8).
Thus

uz(z) = exp {[ [a(i] + b(t) (.s, + [(c — 20w — bw?)(s)ds)] di}
implying,
us(z) < exP{[ [a(i)+ b(1) (e, + [ C(s)ds)] dr} (3.7)

e(s)—2a(s)w(s)—b(s)w’(s) = e(s)—b(s)(w(s)+a(s)/b(s))? < e(s) (by (3.2),).

since

Now
A
(r/2) > 6(p—)= 9(')%1-/ 0'(z) dx

ﬁ ¥
= 7/4+4 (an/24) f b(z)(u?(x) + ud(x)dz (by (3.6))

v

a
/4 + (5.17.'/‘2.4)/ b(r)(?ug(x))-ldg.

v

T[4+ (61ﬁ/4.4)]ﬁ b(:c)exp{-—Q-/q. la(t) + b(1)

(1 + /r e(s)ds)] dt} dz (by (3.7))
> /2 (by (3.7) and (3.4)a)-

This contradiction proves our claim that ui(z) has a zero on (7, B)-
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Similarly assuming (u;(z),v:(z)), 7 = 3,4 to be solutions of (1.1) deter-
mined by the initial conditions uz(y) = 1,v3(7) = cr;ua(7) = 1,v4(y) =
where ¢y = e(7/2B — 1) we can show by means of (3.4), that usz(z) has a
zero on (a,7).

Note that ¢, < eg by virtue of (3.5) and in the case ¢;, = c¢x we have
(u(z),v(z)) = (ua(z),n(z)) = (ua(x),va(z)) is a solution of (1.1) satisfying
that u(z) has two zeros on (a, ) and we are done.

In case cp, < cr let (u(z),v(r)) be the solution of (1.1) satisfying u(y) =
1, v(y) = p where ¢;, < p < cg. Then from (1.1) we have uj(y) < u'(y) <
uy(v). The second inequality implies either (z) (u — uy, v — ;) is a solution
of (1.1) having two zeros on [y, ) or (it) (u,v) is a solution of (1.1) such that
u(z) has a zero on (7, ). The first inequality implies either (i) (u—ug, v—v3)
is a solution of (1.1) having two zeros on (a,7] or (27) (u,v) is a solution of
(1.1) such that u(z) has a zero on (a,7). In any case it follows that (1.1) is

conjugate on (a. ). This completes the proof of the theorem.

In the remaining part of this chapter we shall use the following notation:
g(z) = b(z) (!):p(—?/ a(t)dt) (3.8)
£ |
(so that from equations (3.2); . we have

n:/:g(r)df , rz:/fg(f)dn,

207 b(t) [ [ e ‘ds}df log[ [ ¢(t) di]

c = lirzjiup IRC i (3.9)a
provided 0 <[ < oo,
=2 [F o) [ [ e(s) d dt+l ? (1) dt
e o= it J, ¥ f"; e(s) 5] osl[. g(t) d] (3.9)s
z16 I, (b(t) + g(t)) dt
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provided 0 < [; < o0,
=2 [ b(1) | [ s) ds| dt

= Tisint ! , 3.10),

CETR TR0 + o )) di (3:20)
27 ) ds) dt

¢4 = limsup J b [ J; s (3.10)s

zla fﬁ' )df

The conclusions (z), (27) and (211) of thc followmg corollory give conjugacy
criteria for the system (1.1) in the case the unperturbed system (1.2) is 1-
general on I and the conclusion (:v) gives a conjugacy criterion for (1.1) in
the case (1.2) is 1-special on I.
Corollary 3.4. The system (1.1) is conjugate on I if exactly one of the
following holds.
(1) h<oo, <00, 0<e; <o0and —o00 £y <0

1) <00, l=00, —00<e; <0and0<ey< oo

w) L = 00 =1, 0<e3<00and —oo <¢q <0

We shall give the proof for case (¢) only, since the proofs for cases (it),
(121) and (2v) are along the same lines as that of (7).
Proof (i). We shall first assume 0 < ¢; < oo. Let ¢; = (1/4)cz, then by
(3.9)s there exists Ty € (v, ) such that

—2 [7 b(t) [ e(s) ds] dt + log[ [/ g(t) dt]
I (b(t) + ¢(1)) dt
whenever z € (73, 3). That is,

_Qf: b(t) [[ e(s]ds] d1 + log Mﬁgu)dt] > % [(b(mg(f))df

for every z € (T1, /). Hence
A
dt > —log [/ g(t)di]

-2/ [51 1+ g( )/b(z))—r/: e(s)ds

> 2(;
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implying,

exp{—zf b(t) [fl (1+ g(1)/b(1)) + [ c(s)d.s] df} > Ujg(;)cu]

for every z € (T3, B).

-1
(3.11)

Now replacing 8 by A (T} < A < f) in the inequality (3.4),, splitting the
integral in (3.4), as f ff‘ +f3:1 and adding and subtracting f: g(1)dt

inside the exponential function we have

€1 /: b(z) exp {—2 v/j (a(t] + b(1) {el + ,/: e(s)dsD df} dz =
K+ea /: b(z) exp {—2[ (a(r) +b(1) lq (1 B -;% - ‘;—E%)
+[c(s)d5])cﬂ} dr. (3.12)

(where K = ¢ [ b(z) exp{~2 [T (a(t)+ b(t) [a + [} e(s)ds]) dt} dz.)

A T z {
= K+¢ d b(z)exp {—2-/; a(f)d‘!}oxp {—2[T b(1) [c] (] + %)
+ ]t e(s)ds] di} exp {Qt, /3 g(i.)df} dr
A T A =1
> K+¢g ./':"1 g(x) exp {Zflfr g(f)a’i} (/r g(!)a’!) dxr

(by (3.11) and the definition of g(z) in (3.8))

> K+6 /Tjg(a:) (jjg(i)tﬁ)q dz

T
> K-l—f]-/ 1/7 dr
A
a = 4 N &}
where / g(t)dt =, T1=/ g(t)dt >0, /\=] g(t)dt >0
T A

Ty
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with A — 0 as A — f—, by (3.8) and (3.2)..
Consequently, the integral on the L.H.S. of (3.4), is divergent and = 400
and thus the inequality (3.4), of theorem 3.3 is satisfied.

If 2 = oo by suitably modifying the above argument with ¢, = M/2
where M is any positive constant. we can show again that the integral on
the L.H.S. of (3.4), = o0.

Similarly we can show by using the hypothesis —00 < ¢; < 0 and I} < oo
that the integral on the L.H.S. of (3.4), = oo. Further by choosing A =
B = /2, we see that the inequalities (3.4),; and (3.5) of theorem 3.3 are
satisfied. This completes the proof of case (i) of the corollary.

Recall that the equation u” = 0 is disconjugate on (—o0, 00) and for this

equation we have a(z) =0, b(z) =1, ¢(z) =0, e(z) =0, g(z) =1,

i =
—on gy

and ¢ = 0 = ¢4. Hence the bound 0 for the constants ¢y, ¢4 in case (1v)
of the above corollary are sharp. However the sharpness of these bounds for
the conjugacy of the system (1.1) in cases (7),(i7) and (¢22) remains an open
question.

The following example shows that if the criteria of corollary 3.4 are not
satisfied then the system need not be conjugate.
Example 3.5. Consider the system

u = u+v

v = u—v

on (—00,00). This system does not satisfy any of the criteria of corollary 3.4
since e(:r:) =2 g(z)= e~2z=),

L= /'* 20dt = o0, I = _/ e?ldt = 1/2,

5
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¢ = liminf =1 ~4(zr—1)-2log2
e 2z —7) - 2exp{—2Az — 7)) + 1

. W —4(z — 4)?
and ¢4 = limsup R =0
zl—oo 2(2 —5) = 2exp{—2(z —7)} +1

However the system is disconjugate on (—o0,00).This can be seen from the

fact that the general solution is given by

(u(z),v(z)) = (Cleﬁr + Cgehﬁr,(\/ﬁ - ])(-leﬁf — (\/5 + ])(.26—\/5:-)

where c;, ¢; are arbitrary constants and u(z;) = 0 = u(z;) —00 < x, < 3 <

oo implies

cle\/ir] + sz,-\/il'z - U and C] F\/Erz + (_.2(,-\/5172 — 0

Hence ¢; = 0 = ¢5.

We shall now apply corollary 3.4 to the equation (1.3) in which a(z) = 0,
b(z) = r~!(z) and ¢(z) = —p(z).

It will be convenient to use the following notations for the statement of

this result.

Denote . ]
/ r~Hz)dz = A, / v~ (z)dr = B, (3.18)u
, 2 [T e (t) [ [ pls) ds) dt + log| [, v~ (t)dt]
a; = lxrx;liup 2 7 (0l (3.14),
provided 0 < A < o0,
2 7 (1) | f,: p(s) ds] dt + log[ff r=1(t)dt] ‘
ap = liminf — C— (3.14),
z16 2 [7 r(t)dl
provided 0 < B < o0,
L5 r () [y pls) ds] di
= limj .15),
a3 = llrﬁlﬁnf f: T‘_l(f.)dt ) (3 J)
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7 -1 -
as = limsup [ U)«,[ Jy_ple) ds] dt )b
zla """f‘r T'-l(f.)df
Corollary 3.6. The equation (1.3) is conjugate on I if exactly one of the
following holds.

(3.15

(()) 0<A<o00,0<B<00,0<a;<ocand —x<a<0.
(¢1) 0<A<o0, B=o00,-00<a;<0and0<ay< 0.
(171) A=00,0< B <o00,0<ay;<o0and —oo0 < ay<0.
(v) A = o0 = B,0<a3z<ooand —oo0 < ay < 0.

The above corollary yields (a) corollary 1 of [16] (see lemma 2.17, chapter
2) in the case the associated equation (1.4) is 1-special and (b) a conjugacy
criterion which works in some instances whereas that given in theorem 2 of
[16] (see theorem 2.18, chapter 2) fails. We illustrate this claim by means of
the following example.

Example 3.7. Consider the differential equation
(e"y') + X"y =0, -—oco<z<00 (3.16)

under the assumption 0 < p < v(v < p < 0) and A > 0. To be specific we
shall assume 0 < p < v since the arguments in the other case are similar.
Note that the unperturbed equation (¢"y')’ = 0 is disconjugate and 1-
general on (—oo, oc) (by propositions 3.1 and 3.2) since l; = oo and l; = 1/,
Moreover y_q(z) = 1 and y4o0(z) = €7 are the principal solutions at —oc
and +oc respectively since [ _(e7* x 1)dz = oo = JZ(em#= x e2#=)dxr.
Further they satisfy as in theorem 2 of [16] (see theorem 2.18, chapter 2),
r(yiwy+oo - y—my;—m) =1L
However, the integral in theorem 2 of [16] with t; = k and t; = loglog k

becomes

/loghgk[4p(m)y-w(x)y+w(m) — (r(2)y-oo(@)y4o0(2)) ™" ] dz
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loglog k
= [ N ) d

4
- p——-—-(u 2 [ (logk)"* — e'("““)k] ~ ¢ (loglog k + k)

— —00 as k — +o0.

Consequently,

t1]—0o0 3100

Jion/it [ AP(E)Yoo () e (2) — (r(2)y-co(2)W4en(z))"] d = —00

thus making theorem 2 of [16] inapplicable.

On the other hand for applying theorem 3 of [16] (see theorem 2.19,
chapter 2) to this example in view of the remark 5(:¢) following that theorem
(see remark 2.20, chapter 2), we have to consider the integral

d 4 3uz
I(c,d) :/c IT%LT [Ae™ — (T%tu:c—”)‘] dz
and show that

liminf /I(c,d)= hmsup I(¢,d) > 0.

cl—oo dloo cl=o0 dlec
However, we show that case (iii) of corollary 3.6 can be applied more easily

for this example. For this we have

0 00
A= f e Fdr =, B= / e *dy =1/,
L 0

o0

fél T
log (/ r"l(t)di) = log ((]/;J) -——/{; C’”tdf) = —uz — log u,

& t ‘[U‘*;«IJI f_-_lu"r 7
2/ g~ He (-/ Ac”ds) di = (2\ /v [F 4 - ]
0 0 (23/2) v=H H plv — p)

and hence

_ oy e @A) (M (v — p) + €7 [p = v /(v — p)) = pz —log p
a; = lua':l%gonf 2/ (0 —e=#o)
= o0
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and
ay = limsup (A/!)) (E(v_u}r/(” — )+ (e fu) — (v/p(v = 1))
Pl (1= emw)/p
= limsup (/\/u)(e”f/(f, —u)+(1/p) - (ve* [pu(v — 1))
z]-00 ((,.u:r . 1)/P
= —Alv <.

Hence the equation (3.16) is conjugate on (—oo, 00) by case (¢11) of corollary
3.6.



Chapter 4

Conjugacy Criteria For A 2n-dimensional
Linear Hamiltonian System

In this chapter we present conjugacy criteria for the 2n-dimensional linear

Hamiltonian system (1.1),

u = A(z)u+ B(z)v
v = C(z)u— A*(z)v (X1

under the hypothesis
H,: A(z),B(z) = B*(z) > 0,C(z) = C*(z) are n x n matrices of continuous
functions on the interval I = (a,f), —co<a < f < 400

and for its equivalent second order form (1.5),
Llu] = [P(z)u'+ R(z)u]) = [R*(z)u' — Q(z)u)] = 0 (1:5)y

under the hypothesis
H,: P(z) = P*(z) > 0,Q(y) = @ (2), R(z) are n. x 1 matrices of continuous
functions on the interval ] 4 (a,f), —x0 < a < f £ +o0.

The conjugacy criteria given here are of two types. One type of results
concern the system (1.5), and are motivated by the works of Etgen and
Lewis [21], Hartman [25] and some related references contained therein. More
specifically these are comparison theorems giving sufficient conditions for the
conjugacy of the vector system (1.5), in terms of the conjugacy of a related
scalar equation. The second type of results concern the system (1.1), and are

motivated by the work of Dosly [14] and other related references contained

therein.
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As for the first type of results we have obtained by means of a generalized
Picone type identity (theorem 4.1) a conjugacy criterion (theorem 4.2) which
says that the equation (1.5), is conjugate if the scalar differential equation,
obtained by applying a positive linear functional g to the coefficient matrices
of (1.5), 1s conjugate. This is an extension to systems of the form (1.5), of
the conjugacy criterion (theorem 4.2 of [21]) (see theorem 2.52, chapter 2)

to systems of the form
(P(z)u) + Q(z)u = 0. (1.3)y

An example (example 4.3) of a 4-dimensional conjugate system of the form
(1.5), to which theorem 4.2 applies but theorem 4.2 of [21] does not apply
is given. It is also shown by means of an example (example 4.8) that a
theorem of the form (4.2) is not in general true when applied directly to
systems of the form (1.1),. In theorem 4.6 we show that theorem 4.2 also
holds if g[P] and g[Q] in its statement are replaced by p[p]| and ¢[Q] where p
and ¢ are positively homogeneous subadditive and superadditive functionals
respectively on the vector space of n x n symmetric matrices. This theorem is
an extension to systems of the form (1.5), of theorem 1.1 of [25] (see theorem
2.57, chapter 2) which is applicable only to systems of the form (1.3),. Our
example 4.3 also illustrates an instance where theorem 4.6 is applicable but
theorem 1.1 of [25] is not.

Regarding the second type of results we have obtained (theorem 4.15)
for systems of the form (1.1), with arbitrary A(z) an integral criterion for
conjugacy in terms of the co-efficient matrices. This result generalizes a

theorem of Dosly (theorem 1 of [14]) (see theorem 2.60, chapter 2) for the

system
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v = =C(z)u. (1.6),

Supplementary to this theorem example 4.16 illustrates an instance where
theorem 4.15 is applicable but theorem 1 of [14] is not.

To begin with we discuss the conjugacy criteria of (1.5), on the interval
-0 £ a < f £ oo. First we obtain sufficient conditions for the equa-
tion (1.5), to be conjugate on / by using a generalized Picone type identity
(theorem 4.1) in the same way as in theorem 4.2 of [21] for the system (1.3),.

It may be noted that in the case R(z) = 0 this identity reduces to the
one given in theorem 4.1 of [21] (see theorem 2.51, chapter 2).

Theorem 4.1. Let g be a positive linear functional on M and u : [a, #] — IR
be piecewise continuously differentiable. If U : [a, f] —+ M is L-admissible

and nonsingular on [a, ] then the following identity holds on [a, A].
[ Ey—uU'U™ ) P (WE,—uU'U™)) + {*g|(PU'+RU)U}

= u” g[P) + wu'(g[R] + g|R"]) — v*g[Q] + w?¢[L[U)U "] (4.1)
Proof. This identity is proved by using the obvious linearity property

{9[X(2)]} = g[X'(x)] where X(z) € M for each z, o < z < j.

LHS. of (41) = g|(vEd.- uU*”U*')‘ P(WE, - u(f*.rf-l)]

+2uu'g [(PU' 4+ RU)U™'| +u’g [(PU'+ RU) U™

- (PU'+ RU)UT'U'U]
e g [u"P —w(PUU + U U* P) + u?U*“‘U*'PU’U-’]
+2un'g [PU'U™ + R] 4 u’g [(LIU]) + R*U' — QU) U]
—u?g [(PU' + RU) U~ U'U™"]
u” g[P] + uu'g [—PU‘U U P4 2PUU 4+ 23}
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+u’g [U**‘U*’PU'U*‘ + LUU~ 4+ RUU - Q
—(PU' + RU)UU'U™Y]
= u"glP]+ g [PUUT — U U P + 2K]
+u’g [U*“U*'PU’U-‘ + RU'U-
—(PU'+ RUUTU'UTY] — u?g[Q] + v’g [L{U)U]
= ug[P] 4 uv'g [U*"U"P ‘R -R-UTU'P+ 21?]
—u’g[Q] + g [L[UJU]
(since U is L-admissible
PUU' = U U* P+ R* — R and
(PU' + RU)U'U'U = U*'U* PU'UY + RUUY)
= u"g[P]+ uu'g[R+ K] - u*g[Q] + u*¢ [LIU)U7"]
= RJHS. of (4.1)

The following theorem extends theorem 4.2 of [21] (see theorem 2.52,
chapter 2) to the equation (1.5),.
Theorem 4.2. Assume the hypothesis [,. Let g be a positive linear func-

tional on M satisfying g(A) = g(A*) VA € M. If the scalar equation
(g[Pu’ + glRlu) - (glR'l' — g[Ql) = 0 (4.2)

is conjugate on [, #] then the equation (1.5), is conjugate on [a, £].

Proof. Suppose (1.5), is disconjugate on [a, ]. Then there exists a prepared
solution U = U(z) of (1.5)p such that U(z) is nonsingular on [a, (] (see
theorem 2.38, chapter 2). Further by the conjugacy of equation (4.2) on [, f]
there exists a nontrivial solution u(z) of (4.2) and two numbers z;, z; € [a, ],

21 < 3 such that u(z;) = u(z;). Hence the equation (4.1) holds on [a, f].
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On integrating both the sides of this equation from z, to r; and using the

fact that u(z) vanishes at z;,2; and L[U](z) = 0 on [a, f], we obtain
z2
/ 9l(W'E, — uU'U™MY*P(E, ~ wU'U"))dz
= [Tl 4 lR) + w(gl N~ glQu)ds

= —/zg(g[P]u’+g[R]u)’udJ: +/

L | )

(on integrating by parts the first integral on the R.H.S.)
x
= - {(g|PIu" + g[Ru)" — (g[Ru' - g|Q]u)}udz

T

2 (g[R* v’ = g|Q)u)udx

T
= 0 (since u is a solution of (4.2)).
However u(z) is nontrivial and u(z;) = 0 implies u'(z;) # 0 and hence
det(u'E, — uU'U™")(2;) = (u'(z1))" # 0. Consequently, there exists a non-
degenerate subinterval J of [z, z,] with z; as left end point such that (u'E,, -
ulU'U"1) is nonsingular and hence (W'E, — uU'U™)*P(v'E, —uU'U™") > 0
on J. Now by the hypothesis that ¢ is positive on M we have
T2
0 = / gl(W'E, — wU'UY P(WE,, — wU'U"))dz
Ty

> /g[(U’En — ul'UYP(WE, — ul/'U™")|dz > 0.
JJ

This contradiction shows that (1.5), must be conjugate on [a, f].
The following example with R(z) # 0 illustrates theorem 4.2.

Example 4.3. Consider the 2-dimensional second order equation (1.5), with

P(@:[é ?],R(m):” 'Handc,g(z)z[é j] (4.3)

Let the linear functional g be such that g(N) = 2} Nzy where zo = [1,0]"
so that g[P] = 1, g[Q] = 1 and g[R] = 0. Therefore the scalar differential
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equation (4.2) becomes

u' + u=0. (4.4)
As the scalar differential equation is conjugate on any interval J such that
[0, 7] C J the vector differential equation is also conjugate on J by theorem
4.2. On the other hand the conjugacy of the vector equation can be verified

directly by noting that

ky cos kyz — kysinkyz  e*®
U(z) = | —kasinkyz — kycoskyx ek
ks k3
; 1 5 -1
with k; = +2V/_ and ky = ; Ve, 1s a prepared solution of the vector

~ky ks
system (4.3) and det U(z) = *** [(;2 - 2 1 ) cos kyr + (—iél + kd) sin ky r}
2
has infinitely many zeros on (—o0,00). Hence the vector equation is conju-

gate on sufficiently large J.
The following example shows that if the hypothesis of theorem 4.2 does

not hold, then equation (1.5), need not be conjugate.

Example 4.4. Consider the 4-dimensional equation with

P(::):H ?},Q(m):[—oz gJandH(:r):[_U] H

Any positive linear functional g is of the form

g[A] = x{Azg with zo = col[z; z,] where z; and z;, are arbitrary constants.

Then g[P] = [mg][;fl}_xﬂtxz,
Q) = lowl | o || 2] =toea | T | = -2et
gR) = [Il:rg[ i 3” ]z[xlzz][_fl]-ﬁ—zlmz,
and g[RY] = [£123) [ 0 H ]=[m]$2][_£2:| = sy,
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Then (4.2) becomes
((Tf + Ig)u, e 1'].‘1‘21;')' = (-*J';:r-;u' + 2373'{;) =
(If + Ig)“” — 117U’ + Ty79u" —~ 2a‘fu =0

YAV ]
(22 4+ z3)u" — 2zju = 0.
7:5;% I —% I
Therefore u = c;eV1*2 4 e VHit5

is the general solution which implies that the scalar equation is disconjugate

on (—oo,00) and it can be verified directly that the given vector equation is

e 7

also disconjugate on (—o0,00), since U(z) = g ? J is a self conjoined
nontrivial solution with det U(z) # 0.

Our next result is another conjugacy criterion for the equation (1.5), in
which R(z) is not necessarily the zero matrix. This result is a modified
version of that of Hartman (lemma 2.2 of [25]) (see lemma 2.56, chapter 2)
for the equation (1.3),.

Lemma 4.5. Let 0 # f € Hj[a, B] be such that the constant symmetric
matrix

B
Z= {f'P + ff[R+R] - [*Q) dx

(&}

is not positive definite. Then (1.5), is conjugate on [a, ).

Proof. Let Z be not positive definite. Then there exists a constant vector

2o # 0 such that Zz.20 < 0.
Let u(z) = f(z)zo. Then by the definition 2.36 u(z) € Dgla, f] and the
functional J[u; e, #], by the definition 2.37 and equation (2.7) is such that

B
Tuia8] = [ 1P+ Rula)al(a) + [Rw’ - Qul(a)u(o))de

B
_ ] {[P(2)'(z)20 + R(z)f(z)z0). f'(2)0
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R (@) ()20 - Q) (2)20]. S (x)20)d
[
= [P +IRY I7R - PQU@)z0z0)ds

&)
- / {FP+17(R+ R) = 1°Q} ()dz 20.20

= Zzo.zg S 0.

Hence by theorem 2.38, chapter 2, (1.5), is conjugate on |[a, 3].

The following theorem also gives a conjugacy criterion of (1.5), in terms

of the conjugacy of a scalar equation obtained from (1.5), by applying to
its coefficients suitable linear, concave and convex functionals (see definition
2.54, chapter 2).
Theorem 4.6. Let ¢ : M — IR be a positive linear functional and p (g¢) :
S - IR be positively homogeneous sub(super) additive functionals. Further
let g, p and ¢ satisfy that (i) g(A) = g(A") ¥V A € M, (ii) q(A) < g(A) <
p(A) YA € S and (iii) the scalar equation

(p[Plu’ + g[Rlu)" — (g9[R"]u’ — q[Q]u) = 0 (4.5)

is conjugate on [a, ]. Then (1.5), is conjugate on [a, 3].
Proof. Since (4.5) is conjugate on |a, ] there exists by the variational
principle for scalar equations (theorem 5.1, p 233, [39]) (theorem 2.38 (with

n = 1), chapter 2) a real valued function [ € Hgla, 3], f # 0 such that the

functional.
a
Jifse,B) = [ {(p[PIf +g[RINS + (9[R*)f" = q[Q)f)f }dz
<0
Consequently,

8
0 > ] (FPIP) + 116l + g[R']) — Fa[Ql}dz
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Ié] z g
> f {f"g[P]+ ff'g|R+ R*]}dr - f%q|Q)dr (by the hypothesis (i1))
B 8
/ {f"g[P] + ff'g[R+ R*]}dz — q [/ f2Qd:r] (by the inequality (2.13))
f = a .
= o[ [P+ 1R+ R o | [ r0ir]

a 8
> g [f {fﬂP + ff'[R+ R*]}d."rl -9 [ szd:r] (by the hypothesis (ii))

v

ﬁ 2
= | [P+ iR R - Q)]
The above inequality and the positivity of ¢ implies that the matrix

/ﬁ {I"P+[f'R+R] - f*Q}dz
a
is not positive definite. Hence by lemma 4.5 we have that (1.5), is conjugate
on [a, A].
Remark 4.7. The above theorem holds if in its hypothesis the convexity of
P and concavity of ¢ are replaced by the weaker hypothesis of continuity of
p and gq.

We remark here that a theorem of the type (4.2) does not hold for the
vector system (1.1), in the following sense, that is we can find a positive

linear functional g on M such that the scalar differential system

u = g(A)u + g(B)'t‘

v' = g(Cu — g(A™ v (4.6)
is conjugate on an interval / but the vector system (1.1), is not conjugate
on I. We illustrate this by the following example.

Example 4.8. Consider the 4 dimensional vector system (1.1), with
0 -3 0

A(:r:)z[é g],B(x)z[i g}andC(:r.)=[ . ]]. (4.7)
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Let g be defined by g(K) = Tr(K'), K € M, so that g(A) = 1, g(B) =
1, g(C) = —2 and the scalar system (4.6) becomes

Il

u' u+v

v = =2u-—w.

This system is conjugate on [—7/2, 7 /2] since

u\ CoS T
v ) \ —cosx—sinz

is a nontrivial solution of (4.6) with u(z) having two zeros on [~ /2,7 /2].
However the vector system (4.7) is disconjugate on (—o00,00) and hence on

any finite interval since

ez 0 —-2e 0
U(I) = 0 F%E z |0 V('r) = 0 %{;{E ¥
' 3

is a self conjoined solution of (4.7) such that U(x) is nonsingular on (—o0, 00).

s

Further note that the first order 4-dimensional system (4.7) can be ex-

sressed in the form (1.5), as a second order two dimensional system with
I 1

0 _
Hﬂ:B“:[égJﬁwﬁrﬂ”A=[; S%M
3

vpeip_[ =1 0
Q(z)=-C - R'P R_[U 4]'

However theorem 4.2 does not apply to this example since with g(K) =
16
Tr(K') we have g[P] = L g|@Q] = -2 and g[R] = —4 = g[R*], and conse-

quently the second order scalar differential equation (4.2) becomes

16
(—3—1::" —4u) — (—4u'42u) =0
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1
that is, ?ﬁu" - 2u=0.

This equation is disconjugate on (—o0,00) since

w=¢ 3/8r

is a solution with out any zeros on (—oo, 00).

Now we discuss the conjugacy criteria for the system (1.1), on the interval

-0 £ a < f L 4.

In the following discussion we will be also using the system (1.1), with

C(z) =0, that is
u' = A(z)u+ B(z)v

@;' = '—A*(I)l? (]-2Ja,b

which will be referred to as the ‘unperturbed system associated with (1.1),’

under the hypothesis H,.

Moreover, we need in our proofs the form of the general solution (U, V) of

(1.2), in terms of a fundamental matrix Uo(z) of the equation
u' = Az)u. (1.8)

We state this and other related results in the following lemma.
Lemma 4.9. Let U(z),V(z) be n x r matrix valued functions defined on /.

(i) (U, V) = (U(x),V(x)) is a solution of (1.2), on I if and only if
U = Uy(r) [JM"‘F]IU(;](S)B(S)I"r(.Q)d‘S
v

and V = U} (z)N

where M and N are arbitrary constant n x r matrices and 4 € I is arbitrary

but fixed.
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(i) (U, V) is a self conjoined solution of (1.2), on I if and only if M*N —
N*M = 0.
(i11)) Under the hypothesis H, the system (1.2), is identically normal and

disconjugate on /.
Proof. (i) This folloWws from the fact that U™ (z) is a fundamental matrix

of the equation (1.2)s and by an application of the variation of constants

formula for (1.2),,.

(ii) This is a consequence of the fact (U*V = V*U)(z) = (U*V = V*U)(v) =
M*N — N*M.

(i1i) The identical normality is a consequence of the hypothesis H, (see re-

mark 2.22, chapter 2).
To prove disconjugacy, note that if u(z),v(z) are n x 1 vector valued
functions then by part (i) of this lemma (u(z),v(z)) is a solution of the

system (1.2), if and only if
u(z) = Up(z) {kg + /f Ug' (s)B(s)v(s)ds

v(z) = f.f(}‘ﬂ(a‘)}f: (4.9)

where k; and k; are constant n x 1 vectors (see note 2.30, chapter 2). Now

if u(zg) = 0 = u(zy), 21,22 € I (2; < 13), we have from equation 4.9 by the

nonsingularity of Up(z)

ks + (/n UD'I(5)8(5){}6"’(3)d.~;) ky
ky + (/rz U(,_](S)B(.S)Ug_lfs)ds) kk = 0

~

Il
o

The above equations imply k1 = 0 = ka2 by the hypothesis H, and the

assumption ) < z,. Thus the system (1.2), is disconjugate on 1.
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In the rest of the chapter for the sake of convenience we shall denote

-1

G(z) = U (z)B(2)Uy () (4.10)

Remark 4.10. The matrix / G(s)ds is nonsingular for every zy,z; €
(a, B) with z; < z,, by the nonsmgularlty of Up(z) and positive definiteness
of B(z).

The following lemma gives under hypothesis H, necessary and sufficient
conditions for (1.2), to be 0-general (see definition 2.43, chapter 2).
Proposition 4.11. Assume hypothesis H, and let

3
:/ G(s)ds, a<z <%y

and Ly(z fG' )ds, y<a<p

where v € I is arbitrary but fixed. The system (1.2), 1s 0-general on I if and
only if

Li'(z) =0 as ¢ — a+
and

Ly'(z)— 0 as z— f— (4.11)04
Proof. If (4.11) holds it follows from the definition of principal solutions
(see theorem 2.39, chapter 2) that

(U(z), V(x)) = (Uo(z),0)

is the principal solution at both a and f.
Conversely, assume that the system (1.2), is 0-general on I and (4.11) does
not hold.

Now consider the following three possible cases

Case (i). (4.11), does not hold but (4.11); holds.
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In this case it can be directly verified that

Uale) Vale)) = (t0te) [ Glelds, 5™ )
and (Us(z), Vs(z)) = (Uo(z),0)

are the principal solutions at a and /3 respectively.
Case (ii). (4.11), holds but not (4.11),.

In this case we can verify that

(Uo(:r)= Vo(r)) = (UU('TLO)

and (Up(z), Va(z)) = (‘i*’u(ﬂf)/ﬁc(-“)d& 6_1(3’))

are the principal solutions at a and / respectively.
Case (iii). (4.11), and (4.11); both do not hold.

In this case (Us(z), Va(z)) as in case (1) and (Ug(z), Vg(z)) as in case (ii)
are the principal solutions at @ and /3 respectively.
Thus in each of the three possible cases we have a contradiction to (1.2),
being 0-general. Hence the proposition.

Recall that A, (M) and Ay (M) stand for the smallest and largest eigen-
values respectively of an n x n Hermitian matrix M; F» and O, stand for the
r x r identity and zero matrices respectively. Also we follow the convention

that if an n x n matrix M is writlen in the form

(M M,
Lls ( My M, )

it is meant that the partition is done after the first k rows and k columns.
Lemma 4.12. Assume the hypothesis H,. Let the system (1.2), be k-
general on I, 4 € I be arbitrary but fixed and (i),(ii) and (iii) be the following

statements:
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(i) I]_l.r’{l;l_ > (f G(s)d ):oo (4.12)

(i) Up(z) Vs(z) = 0,
and N
(111) Uas(z) = Up(x) [I\' +/ G(s)KudS] , Va(z) = U7 () Ko

where

T . 1\'1 0
Ko = diag (Ek,0,-k), K = ( Ks K, ) (4.13)

and K,, K3 and K4 are arbitrary constant matrices with &’; Hermitian and
K,, K4 nonsingular.

Then (i) and (ii) are equivalent and (ii) implies (iii).

Proof. (z) <= (u2). This is a consequence of the definition of the principal
solution at f and equation 4.10.

(12) = (222). This follows from (i) and (ii) of lemma 4.9, and the fact that
the system (1.1), is k-general if and only if the rank of the constant matrix
UiVo — Vﬁ*Ua 1s equal to k. and the assumption (ii).

The following Lemma gives some necessary conditions for the system
(1.2), to be k-general (0 < k < n) on I under the hypothesis #,. It remains
unknown whether these conditions are sufficient also.

Lemma 4.13. Assume the hypothesis H,, the system (1.2), is k-general
and the assertion (i) of lemma 4.12 holds. Let l/,,V, be as in lemma 4.12,
{e1,...,€,} be the standard basis of IRn and V,,_; = linear span {ex41,...,€n}-
Then

(i) T / P CaJugy oo W (03] we Vi (4.14)

T—a+t

and

”
(i1) im Ay (] G(s)ds) =g forj=lwn—>Fk

T~
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Proof. (i) Let Unls) = [ Us(z) z};(m) J

and B(I) = [ BE(I) BHE;; ] . (4-]5)3.5‘(?

First we obtain a self conjoined solution (U(z),V(z)) of the system (1.2),

satisfying UV — V*U is nonsingular. For this choose

0 0 [ Ex O
N:[U Eﬂ_k]and M—[ 0 U]

in lemma 4.9 so that
U(z) = Uo(z) [M - / | U{Ws)f}’(ﬂl.-’(s)ds}
il

and V(z)=U" (z)N. (4.16)44

Since M*N — N*M = 0 it follows from (i1) of lemma 4.9 that (U(z),V(x))
1s self conjoined.

Further equations (4.13) and (4.16) imply
. , -Ep K . .
122 AR ¥4 _ * N _ : ey . ar matr
UV =VyU)9)= K*'N=KM= l 0 K } a nonsingular matrix.
Consequently, the solution (U(z),V(x)) satisfies (by theorem 10.5, p 393 of
[23]) (see theorem 2.40, chapter 2)

lim U™ (z)Us(z) = 0.

T=t0r

In particular the (2,2)th block entry of U~ (z)U,(x) denoted by Sy 5(x) — 0

as r — .
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Now to determine S, 5(x) note that by virtue of equations (4.15), and

(4.16)a 4 the second block row of U~(z) is given by

(=) ([ )"

where wy(z) = (2,2)th entry of G(z)
= (D4BsDy+ DyBy Dy + Dy B, Dy + D3B, Dy)().

In view of (4.15), and (iii) of lemma 4.12 we have
2nd column block of U,(z) = col(Uy K4, UsK4)

Therefore a direct computation using the relation DaUz + Dylly = E,_y gives

that -

Spa(z) = ( [ Iwz(.q)ds) K,

Now taking the limit as r — « the nonsingularity of Ay implies

5 =
A1 (/ u.rg(s)ds) —0 as r— a+.

and hence A, (/ wz(s)ds) — 400 as T — a + .

Now let (0 #) u € Viek be arbitrary and v = col (0,c¢) in the partitioned

form. Using equations (4.15),. we can show by direct computation that

uw*G(s)u = c*wy(s)e.

)
Hence L.H.S.of (4.14) = Iim / ' wy(s)e ds

r—o4

%
> lim+ A (/ w;(5)d£) = 00.
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(i1) This is a direct consequence of (i) and Courant-Fischer min-max principle
(p 115, [6]) (see theorem 2.58, chapter 2).
The following example illustrates lemma 4.13 with n = 2 and k = 1.

Example 4.14. Consider the system
v | -1 0 1 0]
ol R PR

; -1 0
v=—[ 0 Olv (4.17)4

on I = (—o00,00) where u, v are 2-dimensional column vectors. It can be eas-

ily shown by solving the system that this system is disconjugate on (—o00, 00)

()=

as its principal solutions at —oo and +oo respectively and hence is 1-general.

e 0 -1 Cl e* 0
J — e ar T) =
Note that Ug(:r)—[ 0 ]l,UU (.T)~l0 1J and G(x) [ 0 l]‘
Choosing 4 = 0 we have

A | 0

/ G(S]db‘ — 2
0] 0 T

and hence .

JLHOL A (/.; | G(S)ds) = Il]_'rrnlbr = 85,
Thus the system satisfies all the hypotheses of the lemma.
Now Vi = {ce; : ¢ € R} and

2z

0 I —¢
/ G(s)ds = 9 ¢

0 -
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and hence /\l(ff G(s)ds) = —r — 400 as T — —00.

Theorem 4.15. Assume the hypothesis H,, the system (1.2), is k-general
and the assertion (i) of lemma 4.12 holds. Let ay,f; € (a, ) be such that
the matrix C(z) is nonpositive definite for z € (a,a;) U (B, B). 1If there

exists a (k + 1)-dimensional vector space Vi4+1 C IR" such that

t— a+
z— f—

lim su z
e / WU (2)C()o(e)w do = 1, <0 (4.18)
t

V (0 #) w € Viyq, then equation (1.1), is conjugate on (a, 3).

Proof. To prove (1.1), is conjugate it is enough by theorem 5.1 (p 337,[39])
(see theorem 2.38, chapter 2) il we show that there exists a pair of vector
functions (u(z),v(z)) such that

(1) u(z) has compact support in /,

(1) v’ = A(z)u + B(z)v a.e. on I and

I(u, 6, B) = / ﬁ(z:*Bu +u*Cu)dz < 0.
First suppose —oo < [, < 0 for 5;01"110 (0#) we& Vigr.

Let lp=max{(l,):w € Vis1, w'w=1}.

Note that ly < 0 and given € > 0 there exist 72,73 € / such that

(a) / ) w*Ug (z)C(z)Us(z)w dz < lo+¢ (4.19)
for every w € Viy41, wilu.-‘ = 1 whenever t; < x2, {3 2 73 and

(b) C(z) is nonpositive definite for z € (a,z2) U (z3,4) (In case l, = —o0
for every w € Vi4 then (a) and (b) hold with arbitrary lo-):

Claim 1. z; € (a,z;) can be chosen such that

(f, f : G(s)ds) e (4.20)
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where w,,(1 < m < n — k) is the unit vector belonging to both (n — k)
dimensional vector space V,_ and (k + 1)-dimensional vector space Vi41-

From lemma 4.13 with v = 2, we have

3
lim / w'G(s)w ds = o0

T—o4 r

for every 0 # w € Vi where V,_j is as in lemma 4.13 and

lim Ak-i»;(/ G(s ) F=10 o=k

Choose z; € (a,r3) such that

i (/ G(s )hl/f

and let w;, 7 =1, ++,(n — k) be the unit eigen vector corresponding to the
eigenvalue Agy; ( fr:’ (i(s) ds). Note that at least one of the vectors w;,
say w,, must belong to Vi41, where 1 < m < n —k and let d,, denote the
corresponding eigen value. Then wy, and d,, satisfy equation (4.20).

Claim 2. There exist 74 € (23, 3) such that

o) -1
W (/ G(s) dS) W, = € (4.21)

From the equation (4.12) with 4 = z3 we have

lir}; An (/ G(s) d.s) =100
x =1
li%] M (/ G(s) ds) =),

sup w*(/ G(S)ds)w-—}[]a,s;r;_._,ﬁ
g ;

l|wl|=1 §

which implies

Consequently
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and inparticular

r =1
wy, (/ G(s)ds) Wy —0asr — f—.

This implies that equation (4.21) holds for some z4, 3 < 74 < f and hence
the claim.

Now define a pair of functions (u(z),v(z)) as follows.

[ (0,0) z € (a,1y]
(e Us(z) [ G(s)ds W, €d VS T (2)wm) T € (21,29
(Uo(2)wn, 0) T € (2,13
(Uo(z) [* G(s)ds([;, G(s)ds)™ wn,

—Us” () ([ Gls)ds) ) 7 € (23,2

(0,0). r € (r4,0)

Now it can be easily verified that
(1) v' = A(z)u+ B(z)v a.e. on (a,f).
(11) Support of u(z) C (e, ) and

I(u,v,0,8) = I(u,v,2),74)
= ‘/I‘(U*(:r)B(r]t.:(z"J +u*(2)C (z)u(z))dx
< ﬂ;:'n} + ¢+ € + Iy (Py the nonpositivity of C'(7)
together with the équations (4.19), (4.20) and (4.21).)
< 3e¢+ 1y (since d, 2 1).

Now we can choose 0 < € < —Iy/3 and hence I(u,v, a, #) < 0 as required.

This completes the proof of the theorem.
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The following example illustrates theorem 4.15.

Example 4.16. Let A(z), B(z) be as in example 4.14 and
-1 0
C(z) = [ 0 -1 l
so that the system (1.2), is 1-general and C(z) is negative definite on I =

(=00, 00).
V, = Span {e;, €2} so that for t < a < b < z we have

f: URC(2)Uo(z) = [ z[""r _Ul]dx (since Uo(;.r.)z["; ‘]’D
[ e

/ ceiUg C(z)Up(z)ce; dx
1

2
= 52_((.—22 = (.—?1‘)
lim sup A
= {5 (ee]Us C(z)Up(z)cey) dz = —00 < 0
z— +oo ¥ !

and

/ (eexUs C(z)Uo(2)cez) dr = / —c dr = *(t - 2)
t t

lim sup #
=P kB (ceaUs C(z)Us(2)ees) dz = —o00 < 0

z2— 400 V!

Hence the system is conjugate on (—o00,00) by the theorem. A direct verifi-

cation also shows that this system is conjugate on (—o00,00) (since

torot = (b ) (k)

is a vector solution with u(z) # 0 but has more than two zeros.



Chapter 5

Oscillation Criteria for Linear Hamiltonian Matrix
Systems

In this chapter we discuss ostillation criteria for the linear Hamiltonian ma:
trix system

U' = A(z)U+ B(z)V

%4 C(z)U - A*(2)V (1.1)m

Il

under the hypothesis
H,: A(z), B(z) = B*(z) > 0 and C(z) = C*(z) are n x n matrices of real
valued continuous functions on the interval I = [a,00), (=00 < a).

Oscillation criteria given here are of two types, One type of results are
motivated by the works of Etgen and Pawlowski [22] and some related ref-
erences contained therein. More specifically these are modelled on the os-
cillation criteria due to Wintner [¢5] for the second order self-adjoint scalar
equation

(plz)u'y + g(z)u=0 (1.3)

(p(z) > 0 and g(z) continuous on [a.oc)) which states that (1.3) is oscillatory

/ p ' (t)dt = co and ] q(t)dt = oo.

Second type of criteria are based on the results of Erbe, Qingkai Kong

on [a,00) if

and Shigui Ruan [19] and Fanwei Meng, Jizhong Wang and Zhaowen Zheng

[34]. These criteria in turn are modelled on the result due to Kamenev [29]
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which states that the scalar equation
u" 4 g(z)u=10 (1.3)s

is oscillatory if for some positive integer m > 2 and 1y > a

lim sup -—l_-—/i(t — )™ 1g(s)ds = o0.
tmee M0 g
In this chapter we first obtain oscillation criteria of Wintner typt (theorems
5.1 and 5.2 ) for the system (1.1)p which include as special cases, results of
Etgen and Pawlowski (theorems 1 and 2, [22]) (see theorems 2.74 and 2.75,

chapter 2) for the system
U" + Q(z)U = 0. (1.3)1

Next we obtain oscillation criteria of Kamenev type (theorem 5.3 and corol-
lories 5.5-5.8) for the system (1.1)y which are generalizations of the criteria
given by Erbe, Qingkai Kong and Shigui Ruan [19] (see theorem 2.76, chapter

2) for the system
(P(z)U') + Q(z)U = 0. (1.3)pm

Further in theorem 5.9 we generalize a more recent Kamenev type os-
cillation criterion due to Fanwei Meng, Jizhong Wang and Zhaowen Zheng
(theorem 1, [34]) (see theorem 2.77, chapter 2) for the system (1.3),,, to the
more general system (1.1).

Lastly, we present a set of six examples, more specifically a pair of exam-
ples for each theorem, one to illustrate the theorem and the other to illustrate
the significance of the hypotheses of the theorem in the sense that if any one
of the hypotheses is not satisfied, the conclusion may not hold. Further
example 5.12 demonstrates that theorem 5.2 is a strict generalization of the-

orem 5.1 as well as the fact that theorem 2 of [22] is a strict generalization
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of theorem 1 of [22]. Moreover example 5.14 illustrates an instance where
theorem 1 of [34] is not applicable but theorem 5.9 is applicable.

The following theorem extends to the system (1.1)a the theorem 1 of
Etgen and Pawlowski [22] (theorem 2.74, chapter 2) for the system (1.3),,,.
Theorem 5.1. If there exists a positive linear functional ¢ on M such that

zl_lf&[ g_—[b’"]‘(s)] ds = 00 (5.1)
and i
lim ¢ [— / ‘(C + A*B7'A)(s)ds — B7(z)A(z)| = o0 (5.2)

T—00
then the system (1.1) is oscillatory on [a, 00).
Proof. Suppose the hypotheses (5.1) and (5.2) hold and (1.1)as is not oscil-
latory on [a,00). Then we arrive at a contradiction.

By our assumption and definition 2.61 there exists a nontrivial, prepared

solution (U(z), V(z)) of (1.1)n such that U(z) is nonsingular on [, 00) for

some f > a.
Let W(z) = —V(2)U™'(z). Then W(z) is well defined, Hermitian and sat-

isfies the Riccati equation
W'(z) + A*(x)W(z)+ W(z)A(z) = W(z)B(x)W (2) 4+ C(z) = 0.

on [f,00) by virtue of (theorem 5.1, p 337 [39]) (see theorem 2.38, chapter
2):
On integrating both the sides of the above equation from f to z and rear-

ranging the sides we obtain
W(z)-W(B) = / (WBW — A"W — WA)(1)dt + / (—C(t))dt.
8 A
Now the substitution

P(z) = W(z) = B (z)A(z)
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in the above equation gives us

Pla)= W)+ [

A

(P*BP)(t)dt -E-/ —(C 4 A*B7'A)(t)dt — B™'(2)A(x)
g
Py virtue of the relation
(P*BP)(t) = (WBW — A*W — WA+ A*B1A)(t).

Consequently on applying the linear functional g to both sides of the integral

equation given above we obtain

dAP@)] = aW(@)+e| [ (BRI +a| [ -(C4 4B A0
—g[B7(2)A(x)). (5.3)

Now the hypothesis (5.2) implies that there exists v > f such that
glW(B)l +g [/ —(C+ A*B—IA)(f)dz] —g[(B™'A)(z)] > 0 on [y,00)
&)

and hence by (5.3) and the hypothesis H, we have on the interval |y, 00) the

inequalities

dlP(x)] > g[/;(}wﬁ)(f)dxl (5.4)
and ¢g[P(z)] > 0. (5.5)

We now claim that for z € [y, 00)
gl(P*BP)(z)) 2 {g[B~"(2)]} " {g[P(z)]}* > 0. (5.6)
For this it suffices to show by virtue of (5.5) that on [y,00)

9lB7'(2)) gl(P*BP)(z)] = {g[P(=)]}".
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This is however true since

9B (2)lgl(P*BP)(x)] = g[(B™+"B~%)(x)lgl(B: P)'(B}P)(x))
> {g[(B~?B? P) z)]}* (by lemma 2.73)
>

{g|P(2)]}* > 0 for all  in [y, 00).

Hence the claim is true.

Now defining .
Q) = [ (PBPYDA, €l
B
we have by (5.4)

glP(2)] > ¢[Q(z)] ) (5.7)
nd 510(0)] = o| [ (P BPY0a] = ["alP BP0
A g

ar

2 ﬁ{g[f” 01} {glP(O]} dt (by (5.6))

> 0 on [y,00) (by (5.5)).

Further {g[Q(z)]}) = ¢[Q'(z)] (by the linearity of g¢)
= g[(P*BP)(z)] (by the definition of Q(z))

LT S

1lQ()))” )]} ' (5.7)). Hence

> ey o0 1:90) (by (57)). Hene
! GeEly »
g[B-—](I)] 5 {Q[Q( )]}2 [a? ) (Lf‘!)

Now integrating both the sides of the above inequality from 4 to z we obtain

/z 1 i 2 1 B 1
5 9[B7(1)] 9l@()  ¢Q(2)]
20 (since g[Q(z)] > 0on [y,00)).
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The above inequality holds for all # > 5 and thus we have a contradiction to
the hypothesis (5.1). This completes the proof of the theorem.

The next theorem is an extension to systems of the form (1.1)a of the
theorem 2 of Etgen and Pawlowski [22] for the special case of the form (1.3),,,.
In this theorem we let / = [0, 00) in the hypothesis H..

Theorem 5.2. Suppose there exists a positive function a(z) € C'[0, 00) and

a positive linear functional ¢ on M such that

. 1
lim] —_———————dl = 00 (5.9)
z=o0 Jo a(t)g[B-(t)]
Further suppose the operator J defined by

J(z) = f: {5(A*B—' +B74) = ga-’ —a(A*B'A+ c?)} (1)dt

2
—a(z)B ' (2)A(z) + ~ (;)B'](r) (5.10)
has the property that
JE&Q['}(I)] = 00. (5.11)

Then the system (1.1)as is oscillatory on [0, 00).
Proof. Subpose the hypotheses (5.9), (5.10) and (5.11) hold and (1.1)p 1s
not oscillatory. Then we arrive at a contradiction.

Let (U(z),V(z)) be any nontrivial prepared solution of (1.1). Then

U(z) is nonsingular on the interval [a, 00) for some a > 0 and the operator
S(x) = —(aVU™")(x)

exists on [a, 00).
Note that S(z) is Hermitian (since (U(z), V(z)) is prepared) and satisfies

on [a,00) the equation

S(z) = (—a'VU™ =aV'U™ +aVU™'U'U ()
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(=a'VU™ —q[CU - A*VIU™ + aVU'[AU + BVIU-Y)(z)
= (=a'VU™ = aC+aA*VU™ +aVU A+ aVU' BVU~)(2)

'S K
- (a—&_ gl AR A SBQ) (z). That is,

a

’ | .
Sz) = (; [a'S — a{A*S + SA} + SBS] - a(f) (2) on [a,00).  (5.12)
Define
R(z) = (S —aB'A+ %—B'I) (z), for x> a. (5.13)
We claim
”
e) = lR*BR CA'BA+ 2= {A B4+ B A} - 01 B "J (z)
—a(z)C(z), for > a (5.14)
Note that

!

(R"BR)(z) = {S —aA'B™" + %f?“} B [e —aB A+ %H"] (z)

= (SBS—a|SA+ A’S]+d'S+d*A'B7'A

L ~1 a” -1

~ 4B 4 B 4]+ —B7)(a).
Consequently

P!

(R*BR a?A*B 1A+ 2= IA B~ + B A] - “4 B”) (z)
= (SBS—a[SA+A‘S]+a'S)(«)
= a(z)[S"+ aC](z) by (5.12).

Hence the claim.

Now integrating from a to z both sides of (5.14) we obtain

S5} = S(a)+[ GR‘BR) (t)dt
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T ' ?2
+f {%(A‘B" +BA) - a(A*B-' A4 C) - E_B—l} ()dt.
o a
Thus by (5.13) for z > a we have
R(z) = S(a)+ f GR*BR) (t)d

T ' 2
+/ {%(A*B" 4+ B7'A) —a(A*B7'A+ C) - g-—b'“} (1)dt
- a

; B7(z).

—a(z)B7(z)A(z) +
Consequently by the definition 5.10 of J(z) and on denoting

o I 12
P(a):/o {%(A‘B“-|-B“A)—a(A‘B“A+(-‘)— %H"}(r)dr

we obtain
¥l ,
R(z) = S(a)+ / (ER'BH) (t)dt + J(x) — P(a) (5.15)
and hence
‘ . 2% 3 ———

glR(=)] = g1S(a) - Pla)] + 9 [ [ (;”’"””) u)dr} + gl(=)].
This implies

g[R(z)] > g[S(a) — P(a)] + g[J(2)] (since g is positive on M ).

r

Further by the property (5.11) of ¢ it follows that there exists # > a such
that

g[S(@) — P(@)] +g[J(z)] > 0 on [B,00).
Hence g[R(z)] > 0 on [B,0)

snd glRiE] > g[ / ) (%R*BR) (a)dt].
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Define an operator Z(z) for z > by

so that for z > f we have
(1) g[R(z)] > g[Z(z)] (5.16)
(22) glZ(z)] = / ( [R'BR]) (t)dt (since g is linear)

" {g[R(1)]}*d1
~1(1)]

wd (i) {ol2G)) = olzto)=g|(;7BR) ()

{g[f?(f)]}
(z)g[B~(2)]

}

(

v

>0 (by lemma 2.73)

v

(by lemma 2.73)

S0y

{9[2( )
a(z)g[B1(z)]
! 1g[2(2))}’
Henee Bl = ezl

On integrating from f to z both sides of the above inequality we obtain

(by (5.16)).

[t w ol
s a(t)g[B-1(1)] glZ(B)]  glZ(z))

(since g[Z(z)] >0 on [f,00))

glZ(B)]
which is a contradiction to (5.9). Hence (1.1)p is oscillatory on o, o).
The following theorem is an extension of theorem 1 of [19] (see theorem
2.76, chapter 2) to the system (1.1).
Theorem 5.3. Let g(z,s) be a real valued function such that it is continuous
on D = {(z,8) : z>3s>a2>0},g(z,s) >0forz >s 2> a,g(z,z) =0
for > « and the partial derivative gs(z,s) is nonpositive and continuous

for z > s > a (for instance (z —s)"» T > L, In(z/s), p(z — s) where
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p € C'[0,00] > 0, p'(u) > 0for u > 0 and p(0) = 0 are possible choices for
g(z,s)). Let h(z,s) and H(z) be real valued and matrix valued functions

respectively defined by

1

gs(z,s) = —h(z,s)9?(z,s), z>s2>a (5.17)
and H(z) = —/ {9(z,5)[C + A*B7 A](s)
+%h(m,s)g%(m,s)[A‘B_‘ + BA)
+%h2(:r,s)B"l} (s)ds, = 2 a. (5.18)
If
lim sup ] A [H(z)] = oo (5.19)

r—o0 g(T,0)

holds then the system (1.1)y is oscillatory on [, 00).
It will now be convenient to state as a lemma, two identities (which can

be easily verified) needed in the proof of the theorem.
Lemma 5.4. Let g, h, H, A, B and C be as in theorem 5.3 with R(z) =
Bli(a:) and W(x) an arbitrary Hermitian n x n matrix-valued function for

T > a. Also let

G(z,s)

h(z,s)g% (z,8)(RWR)(s) + g(z, s)(RIW A + A"W]R)(s)
+g(z,s)|[RW R][RW R](s)
and Q(J’,S] - gl‘('??"][RHr + RF]A](S]R(S) T %h(&,",SJEﬂ forz > s 2 a.

Then the following identities hold for z > s > a.

(i) h(z,s)g% (z,5)W(s) + g(z,s)[WA + AW + W BW|(s)
= R7'(s)G(z,s)R7'(s)
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= R7(s)(Q*Q)(z,s)R7'(s) — {g(z,8)(A* B~ A)(s)
+%h(z,s)g%(z,s)w3‘1 + B Al(s) + %hg(z,s)B'l(s)]

and

(ii) ‘/G.RLI(S)G(x,s)R‘](s)ds = /R”l(s)(Q*Q)(J-,.q]R“(.-;)d.s.-

+H(z) + / ol siEisldn

(o]

Proof of theorem 5.3. SvPpose that the hypothesis (5.19) holds and the
system (1-1)ar is not oscillatory on [a, 00). Then there exists a prepared solu-
tion (U(z), V(z)) of (1.1)a which we may suppose without loss of generality,
satisfies that det U(z) # 0 for z > a.
Define for = > o

W(z) = V(z)U ' (z).

Then on [a,0c) W(z) satisfies the Riccati equation
W'(z)+ W(z)A(z) + A*(z)W (x) + W(z)B(z)W(z) — C(x) = 0.

On multiplying the Riccati equation (with a replaced by s) by g(x,s), inte:
grating with respect to s from a to r and rearranging the terms we obtain

forz > a

[ st = [ oteowion

+] g(z,s)|WA+ A*W + WBW)|(s)ds

L

= gla,0)W(@)+ [ hz,s)gH(a, oW (s)ds

+f .g(m,s)IWA + A'"W + WBW|(s)ds

(on integration by parts and using (5.17))
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—glz,a)W(a) + f (6)(@*Q)(x, )R~ (s)ds

x+/g

(2) and (22) of lemma 5.4)
yielding
HE) = oleaWla)~ [ F@ QIR (6)ds

< g(z,a)W(a)

Therefore
M [H(2)] € Mg(z,0)W(a)]

implying

g(xl a),\] [H(z)] £ M [W(a)] for z > a, (5.20)

a contradiction to (5.19). This completes the proof of theorem 5.3.
Corollory 5.5. Let g(z, s), h(x,s) and H(z) be as in theorem 5.3 and define

the matrix valued function

Gi(x) = H(z) + ]’ %)‘42(37,3]8"](5)(1’5.

(z) If lim Sitp )/\ 1 [Gh(2)] = 00 (5.21)
and f .
lim sup M [[ hz(:r,s)B_l(s)ds] < oo (5.22)
T—00 g(I,Q) Jo

then the system (1.1)n is oscillatory on [a, 00).
(22). In particular if B(z) = diag(bi(z), ba(x), ..., bu(z)) where bi(z) are con-
tinuous and positive for z > o and b(z) = 1Tj<n {bi(z)} then the condition

(5.22) can be replaced by the condition

1 T h¥(z, s
lim sup / £ éa’;]ds < 0. (5.23)

T—00 Q(Iaa)
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(11¢). Further if B(z) = E, and the conditions (5.21) and (5.23) are respec-
tively replaced by

limsup
=00 g(.T, Q’)

Py, o)t A+ Alds| = w0 (520

w |- Mot i+ aae

and

/ h¥(z,s)ds < oo (5.25)

lim sup
N (LY

then the system (1.1),,, is oscillatory on [e, 00).
Proof. (i) By the definition of G;(z) and lemma 2.72, we have

MIHE)] > M[Gi(@) + A [wfléh?(:c.s)ﬁ‘l(s)ds]

71
= Al[Gl(I)] . A] [f 4—1’12(1,3)8_1(5)()].‘:‘]
> M[Gi(z)] = limsup Ay [f %.’aQ(J:,s]B'](s)ds] -1
for sufficiently large z.
Therefore

]
9(z,0)

and hence (1.1)as is oscillatory on [a, c0).

lim sup M[H(z)] = o0 (by (5.21) and (5.22))

The second and the third parts are consequences of the first.

Corollory 5.6. Let m > 2 be an integer and assume that

limsup 1

™m—
T=—+00 T

|- [l -ome+ aaxe)

2

+5(m - 1)(I—S)m"2[A*+A](s)}ds] = oo. (5.26)
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Then the system (1.1),,, is oscillatory on [a, 00).
Proof. With g(z,s) = (z — s)™~" we have h(z,s) = (m — 1)(z - %)m’—_‘ for

r >8> aand

1 rz:rf.' S = (m —1)° )
9’(%'3()_/Q Wz, s)d (m—2)(z —a)

Hence
= 1)?
Lhsof (525) = lim — T~

T—00 ('rn. — 2)('!‘ e a]

1 " _ -
and Lh.s of (5.24) = 1i1nsup—:j-;;_—]/\. [—[ {(z —s)"HC + A*A)(s)

T—00 T

=0

+1§(m —1)(z = s)"?A* + A](.ﬁ)}d.q]

= oo (by (5.26)).

Hence by corollory 5.5 the system (1.1);,, is oscillatory on |a, 00).
Corollory 5.7. Assume that there exists a C' function p(u) on [0, 00), with
p(0) = 0, p(u) > 0 for u > 0 such that

lirg;{i) }é’\‘ {—/ {plz —s)(C + A"A)(s)

1

+56(z = s)A"+ Al(s)}ds| = oo (5:27)

and ;
] o ! o
lim sup lr'(z — )
-0 P(2) Jo  plz—s)
Then the system (1.1),,, is oscillatory on [0, 00).

ds < o0. (5.28)

Proof. With g(z,s) = p(z —s) as stated in theorem 5.3 the conditions (5.24)
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and (5.25) respectively reduce to (5.27) and (5.28).
Corollory 5.8. Assume that m > 2 is an integer with

hfli‘.:p 0 ml) [ ] {[ln ] (C+ A*A)(s)

+%( ;]){1‘{] (A A )} } = oo (5.29)

Then the system (1.1),,, is oscillatory on [0, 00).

Proof. Choose g(z,s) = [In f—]m-] so that
h(z,s) = 22 [In2]" " for 2 > s > a > 1. Then

i e 1 T (m—1) {“”"‘5‘1 _
Lh.sof (5.25) = 11125;1}) (ln(:t/o-))"“‘[ = [ln ] ds

< o

and Lhs. of (5.24) = oo (by (5.29)).

Therefore by corollory 5.5 the result follows.

The following theorem is an extension to systems of the form (1.1)p of
the theorem 1 of Fanwei Meng, Jizhong Wang and Zhaowen Zheng [34] (see
theorem 2.77, chapter 2) for the special case of the form (1.3),,,.
Theorem 5.9. Let g(z,s) and h(z,s) be as in theorem 5.3. Suppose there

exists a function f € C'{a, 00 such that

lim sup
T—00 g

U {g(z,s)T(s) + Hy(z é)}dq] = (5.30)

Hy(z,8) = g(z,5)bf(A+ A*) — bA* B~ A](s)

) |5 g2 ) + £, )] (4B + B A
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~b(9)[{G(e.5) + F61gH 0,9} BT = o) o, B
b(z) = exp{-2 -/‘I f(s)ds} and
T(z) = ba)-C— f(A+4)+ B - FE.)(a) (531)

Then the system (1.1)p is oscillatory.
Proof. Suppose that hypothesis (5.30) holds and the system (1.1)as is not
oscillatory. Then there exists a prepared solution (U(z),V(z)) of (1.1)m

concerning which, without loss of generality we may assume that det U(x) #
0 for z > a.

Define for z > a

W(z) = b(z)[V(z)U™ ' (z) + f(z)E,).
Then W(z) satisfies on [a,00) the Riccati equation
(W’+WA+A W+ IL’bB—H——fIH B+ BW —2W]+T) (x) = 0.

On multiplying the Riccati equation (with z replaced by s) by ¢(z,s), inte-
grating by parts with respect to s from @ to x and rearranging the terms as

in the proof of theorem 5.3 we obtain for z > a
[ ot = = [owowiais- [ {Gedwwie
+9(z, $)[A*W + WA — {(WB + BW — 2W)](s)}ds
= g(z.0)W(a) - f {9 gla.s) ’ BW)(s)
oz, ) AW + WA - f(H B+ BW)](S)
+[h(z,s)g? [ 8)+ 2f(s) ds

= glz,0)W(a) - ] '{(Qlel)cz,s)+Hl(m,s)}d.s
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on defining Q1(z, s) by

1

}2 (RW)(s) = (b(s)g(z, ) {FR — R A}(s)

) = {%
1 (%b% (5)h(z,5) + [b(s)g(z,5)}¢ 1 ("’) e

where R(z) = B'/?(z) and noting that

(QiQi)(z,s) = gﬁ,() DW BWY(s) + [h(z, s)gb (z, ) + 2f(S)alz, W (s)

+g(z,s)|[A*W + WA — f(WB + BW)|(s) — Hy(x,s).
Hence

/I{g(m,s)T(s) + Hy(z,8)}ds = g(z,a)W(a) - /JI{(Q:QI)(.’F}SJ}dS
< g(z,a)W(a)

implying A, [/ {g(m,s)T{s)-!—Hl(I,s)}dsl < Ag(z.a)W(a)]

1
g(x

and

) [‘[{9(*’“5)3”(3)+H1(r,s)}ds] < M[W(a)).

a contradiction to (5.30). This completes the proof of theorem 5.9.
Now we give an example to illustrate theorem 5.1 and the nonapplicability
of theorem 1 of [22].

Example 5.10. Consider the 4-dimensional system (1.1)a where

A(::):[g é],B(:):H ”,cm:[_ﬂl {” (5.32)

and U, V are 2 x 2 matrix functions of z on [0, c0).
Define g[P] = p\; where P = (p,;) so that g[B~(z)] = 1 and
’ 1

lim —————ds = lim z' = oo,
=00 [q g[B-l (3)] T—00
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Further a simple computation shows that

lim ¢ [* /:{c + A*B™ A} (s)ds — B"(I)A(’)] = Smy [ 0 s }

T+ 00 r—00 0 -Z
= Bz =00
:"-—0“‘

Therefore by theorem 5.1 the system (5.32) is oscillatory.

This fact is directly verified by noting that if k; is any one of the real
roots of A _ )2 — 1 = 0 and k; is any one of the real roots of A* 4 A2 _1 =0
then

k2 Cos kl-T e k] sin k)I e_k?f
U(a) (<kasinkyz — ky cos kyz) K (%) /k
- (—kysinkyz — ky cos krx)/ Ky (—er ™)k,
V(z) (—kycos kyx + ky sin kyz) k! (%) [k

is a nontrival prepared solution of the system (5.32)

1 1 —k k.
: — pkaz | [ g o L TSI
with detU(z) = e [(J‘f + Rf) cos kyr + ( = + ‘-il') sin h:r]

having infinitely many zeros on [0, 00).
The next example is to show that if the criteria of theorem 5.1 are not
satisfied then system (1.1)am need not be oscillatory.

Example 5.11. Consider the 4-dimensional system (1.1)y where

[ 8] s[4 8 con=[3

and U, V are 2 x 2 matrix functions of z on [0, 00).

(5.33)

Note that any positive linear functional g on the space of 2 x 2 matrix func-

tions is of the form g[P(z)] = 2} P(z)z¢ where 2o = col(z1, 72) is an arbitrary
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but fixed vector in IR?.
Moreover if @ > 0 is arbitrary and £ > a we have

_fr{C+A*B-1A}(S)dS_B—}(I)A(I) - [2(0:1;-_) g]

and lim g[— /I{C 4+ A'B7'A}(s)ds — B} (2)A(z)] = 2z)(a-1)- 275

T—+00

= =—00Q.

Hence the hypothesis (5.2) of theorem 5.1 is violated whereas the system
(5.33) is not oscillatory since (U(z), V(z)) where
e 0 [=e= 0
ve=| 3] ve= 7 g

—€
is a prepared solution of (1.1)p with det U(z) # 0 on (0,00).
In the following example, theorem 5.2 is applicable whereas theorem 5.1
is not, thereby making theorem 5.2 a strict generalization of theorem 5.1.

Example 5.12. Consider the 4-dimensional system (1.1)y where

) .. -1 0 i
A(z) =0, B(z) = G—_:—-l—):;f:}g and C(z) = [ 0 0 ] (5.34)

and U, V are 2 x 2 matrix functions of z on [0, 00).

Let g be an arbitrary functional as in example 5.11. If @ 2 0 1s arbitrary
and £ > a we have

! 1 , 1 * 1 ]

E!Ln:o/‘; mdﬁ s jl_.nolom/; -(~$—_+_——l~)—2-ds ~ (2} +22)(1 + a)
Hence theorem 5.1 is not applicable:
Now let a(z) = @ i 3 5o that 0 < @(z) € C'[0, 00). 2
Define g[P] = pi1 where P = (Pii) g0 that g[B~'(z)] = (z 4 1)* and

£ 00,

lim] ___ s = Jim log(e+1) = oo
z—o0 fo a(s)g[B
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Further we have

glJ(z)] =

S 1 13
di— - =] )
{4(s+1)+ } =g = gleelz+l)

Il
B S o

so that lim g[J(z)] =

Ir—oo

Therefore by theorem 5.2 the system (5.34) is oscillatory on [0, 00).
It can be verified directly that the system (5.34) is oscillatory by noting
that (U(z),V(z)) where

m—;‘}—ﬁ; SN (? ng(.T - ])) 0
U(z) = ]
i 0 @)
i E%EE [— sin (% log(z + ])) 0 I
V(z) = +1/3 cos (?log(r + 1))]
- (} 1 B

is a nontrivial prepared solution of the system (5.34) with

det U(z) = (h:r—-ljw]]-Fﬁ S [—f? log(z + 1)}

having infinitely many zeros on [0, 00).
We show by the following example that if the criteria of theorem 5.2 are
not satisfied then system (1:1)a need not be oscillatory.

Example 5.13. Consider the 4-dimensional system (1.1)y with
A(z) = E, = B(z) and C(z)=0 (5.35)

and U, V are 2 x 2 matrix functions of z on [0, 00).
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The system (5.35) is nonoscillatory since

U(z) = ‘; E; and V(z)= ¢ E,

is a prepared solution of (1.1)y with det U(z) # 0 on [0, o0).
Let a(z) > 0 on [0,00) and the positive linear functional ¢ be as in
example 5.11 so that g[F;] = z? + 22 and
’ 1 1 = ]
lim [ —————di = li di
L = g M

Now we consider the two possible cases of violation of the hypotheses of

theorem 5.2 according as the integral in the equation (5.9) < oo or = +o00.

1 =
) sl : dt < oo.
Case (1). Suppose lim T /U a0

Then the condition (5.9) of theorem 5.2 is violated and we are done.

T DOIf'i‘I% 0 G(f)

From equations (5.35) and (5.10) we have A*B~" + B'A=2E,;, A*B™'A+

C= E21
* a' a'(x
J(J‘) = {/ (G’—G—E&*)(i)df-a(ﬁ')ﬁ‘ SZ )}EQ

1 1
Case (ii). Suppose lim — / di = 0. (5.36)

and g[J(z)] = (af+23) {" /0’ (\f - -207,5)2& — a(z) + a!(;)}

for all = > 0. Hence

@) < (@+23) ["'(;") - a(x)] for all z > 0. (5.37)
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Claim. By the assumption (5.36) there exists a sequence s, — oo such
that sp41 > s, and (a'(s,)/2) — a(s,) < 0 for all n.
If otherwise 3 X such that ——

—a(z)>0forall z > X.

= a(z) > a(X)e*™ %) forall z > X
: e all 5%
= i < %) orall z >

— fw . dr < e [00 e d
. T . , T
x a(z) a(X) Jx

for all = > X,

1
2a(X)

a contradiction to (5.36). Hence the claim is true. Therefore by (5.37)

f)

g[J(s,)] < (22 4 22) [M - a(sﬂ)] <0 for all n
implying lim g[J(z)] = oo cannot hold.

Thus ;;goor the other of the hypotheses of theorem 5.2 is not satisfied
whereas the system (5.35) is nonoscillatory on [0, 00).
The following example illustrates theorem 5.3 (and theorem 5.9 with f = 0).

Clearly theorem 1 of [34] is not applicable to this example since A # zero

matrix.

Example 5.14. Consider the 4-dimensional oscillatory system on [0, 00)

given in example 5.10.

Let g(z,8) = (z—s)?

so that h(z,s) = 2(z—s)(z—s)"' =2,
]; 9(z,5)C(s)ds = L (z — 5)%ds [ —01 g ]
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_/O(x—s)zds[g ?}
2[00
“"3" 01]‘

3 [ et B o = [fe-oi| 0]

I

Lxg(.r,s)(A’B'lA)(s)ds

¥
%j:h(m,s)g%(:c,S)(B"‘A)(S)dS = /0( s [ ]
’5

l] hz(:c,s)B_l(s)ds =
4 0

I
—_— ]

and H(z)
The characteristic polynomial of H(z) is
A 422X + (2% — (2/4) - (2%/9)) =

and the eigen values of H(z) are

1 ] 1 1
£ 3 : SO, - L
MH(z)=-z+2 3 * =% M|H(z))|=-z-2 5t 17"
. MH(E)] . T 11
Hence hin_igp [g(m,ﬁ)] = 11115;1]3 {:5 9 + rehe ;] = 00.

Thus the hypotheses of theorem 5.3 are satisfied.

Hence theorem 5.3 is a strict generalization of theorem 1 of [34]. The
following example shows that if the criteria of theorem 5.3 are not satisfied
then system (1.1)p need not be oscillatory.

Example 5.15 Consider the system (1.1)y with A(z) = 0 = C(z) and
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B(I) = Ez.
Let g(z,s) be an arbitrary function having the properties stated in theorem

5.3 and a > 0 be arbitrary. Then

=i L

H(z) = h¥(z,s)E; ds,

4 ),
M[H(z)] = —Tl—_/rhz(:r,s)ds

I ’l 2 .
and hence Lh.s. of (5.19) = lim Supww

T—00 4g(z,a) >

Thus the hypothesis of theorem 5.3 is violated. However it follows that the

given system is nonoscillatory on [a,00) since (U(z),V(z)) where
U(z) = (x4 1)E; and V(z2)= E;

is a prepared solution of (1.1)y with det U(z) > 1 on [a,00) for a > 0.



Chapter 6

Conjugacy Criteria for a Linear Second Order
Difference Equation

Conjugacy, disconjugacy and oscillation criteria for discrete linear Hamilto-
nian systems have been discussed in the recent past by several authors as for
instance in [1] to [5], [17], [20] and [30] and further for singular systems in
(3], [4], [7] and [8].

In this chapter we obtain conjugacy criteria for the linear second order

scalar difference equation

Aen-1ATn_1) + @nzy =0 (1.7}

or the equivalent three term equation

CnZng1 + (@Gn — €y — Cno1)Tn + Ca-1Tn-1 =0 (1.8)

on an integer interval I which may be bounded or unbounded under one or
the other of the following hypotheses:

H? : ¢, > 0 on [M,N + 1] (where —00o < M < N < oo) and a, real on
(M +1,N +1],

Hi :¢n > 0 on [M,00) (where —oo < M < oo) and a,, real on [M + 1, 00),
H? : ¢, > 0 on (—oo,N + 1] (where —oo < N < o) and a, real on
(—oo, N +1]

and

H§ : ¢, > 0 on (—o0,00) and a, real on (—oo,00).

Hereafter whenever we refer to equation (1.7) it will be understood that the

reference applies equally well to equation (1.8). Along with equation (1.7)
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we also consider the ‘unperturbed equation’

ACno1AZpoy) =0 (1.9)

or the equivalent three term equation

Cnlngl — (Cu + Cn_1)$n + cn-1Tn-1 =0

associated with (1.7) under the above mentioned hypotheses.

Here we give sufficient conditions for the conjugacy of the equation (1.7)
explicitly in terms of the coefficient functions. These criteria are analogous
to the ones given by Dosly [16] for the continuous case. We also consider for
the special case of a scalar disconjugate difference equation on (—o00,00) the
question raised by Ahlbrandt and Patula in [5] concerning the linear depen-
dence or independence of the recessive solutions at +o00. More specifically we
give necessary and sufficient conditions for the linear independence of such
solutions. This result is also analogous to that of the continuous case given
by Dosly [16]. :

Lastly, we give two examples, one to illustrate the main theorem (theo
rem 6.5) and the other to show that the criterion given in that theorem is
significant in the sense that if that criterion is not satisfied the equation may
not be conjugate.

Remark 6.1. In the paper [18] (yet to appear in print) (see theorem 2.103,
chapter 2) conjugacy criteria for the equation (1.7) on (—o00,00) with ¢, = 1,
that 1s,

A%z, 1 4 anzn =0 (1.7),

are given. Conjugacy criteria for finite intervals are not given explicitly in

[18] whereas in our paper such criteria are also given without the assumption
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cn = 1. In particular example 6.11 of this chapter illustrates an instance in
which the criteria of [18] are not applicable but the criterion of theorem 6.5
is.

Further even in the case the equation (1.7); is conjugate on (—o00, 00) the
criterion of theorem 6.5 unlike those given in [18] (theorem 2.103, chapter
2) provides the inherent advantage of yielding a subinterval [M, N + 2] on
which the equation is possibly conjugate.

Now we shall prove some preliminary results which will be useful in our
further discussion. In the following lemma we express the general solution

z, of (1.9) explicitly in terms of the coefficient function ¢,. Hereafter we
k k

follow the convention Z pm = 0 and H pm = 1 for arbitrary p,, if 3 > k.
m=j m=}

Lemma 6.2. z, is solution of (1.9) on [M, N + 2] if and only if it is of the

form

i m 1
B+ A , >k
m':zk;-lcmul
Ty = { i (6.1)
k
F-AY = g
\ rﬂ.:n.-i—'lcﬂl]_‘j

where k € [M, N +2] is arbitrary but fixed and A, B are arbitrary constants.
Proof. The if’ part follows by direct verification using equation (6.1) and
the ‘only if” part follows by an iteration using equation (1.9).

In the next lemma we show that the hypothesis H? guarantees that the
unperturbed equation (1.9) is disconjugate on /. This lemma can be proved
either by using theorem 2.1 of [1] (see theorem 2.102, chapter 2) or indepen-

dently as given here below.

Lemma 6.3. Under the hypothesis H? equation (1.9) is disconjugate on
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I=[M,N+2].
Proof. Suppose if possible (1.9) is conjugate on J. Then there exists a
nontrivial solution z, with a pair of generalized zeros say p and ¢ (p < ¢)

belonging to [M, N + 2]. If so, z,, satisfies exactly one of the following con-
ditions (z) to (iv)

() Zp12, <0, Tg7,<0, M+1<p<qg<N+2

(i) =,=0, Tg-12, <0, M<p<qg-1<N+1
-1 ) =4, = <

(828) Zp12, <0, 2,=0, M+1<p<g<N+2
(iv) =z,=0, 2,=0, M<p<qg<N+2

Now observe that (6.1) implies Az, = A/c, for all n € [M,N + 1] and
hence sgn(z,, — z,,) = sgnA whenever M < m < n < N+2. In case (7) there

exists my, my € {p—1,p} and ny, ny € {g—1,¢} with a,, <0, zp, >
0, z,, <0 and z,, > 0. Hence

—1 = 8gn(Zn; — ZTmy) = sgnA = sgn(Tn; — Tm;) = 1,
a contradiction. For the case (it) (and similarly for case (221)) we have
1 = (sgnA)? = sgn(z¢-1 — 7,)sgn (2, — 7,,) = (sgnz,-1)(sgnz,) = —1,

a contradiction as well. Finally, case (1v) implies 0 = sgn(z,—z,) = sgnA, so
A =0, hence B = ( and hence z,, is trivial, which is our final contradiction.

The following theorem is a discrete analogue of Dosly’s result (remark 4
of [16]) (see lemma 2.15, chapter 2) for the continuous case. In this theorem
we give necessary and sufficient conditions for the linear independence of

recessive solutions of (1.9) at +oc.

Theorem 6.4. Equation (1.9) is 1-special on (—o0,00) if and only if

k 00
2—3—=oo= Y — (6.2)
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where k € (—o0, ).
Proof. Let (6.2) hold. Then the solution z,, = 1 obtained by letting A =

0, B =1 in the formula (6.1) is the recessive solution of (1.9) at —oo and
+00. This is so since 2, >0 V n > k and

n n+41

~ 1 1
Z(m,-c,-.r,-ﬂ)_' = Z Z = — —00asn — 00

=k =k 1=k+41 il

by (6.2).
The recessiveness at —oo follows from the other equation in (6.2).

Therefore (1.9) is 1-special.

Conversely, let (1.9) be 1-special and assume that (6.2) does not hold.
Now we consider the three possible cases and arrive at a contradiction in

each case by obtaining linearly independent recessive solutions at +oo and

—00.
k

Case (7). Z =

M==00

We claim that

< oo and i : = 00

Con -
m=k41 ™ ]

n

T_oo(n) = Z

mM=—0

and T4n(n) =1
Cm-]

are the recessive solutions at —oo and 4oc¢ respectively.

That z4.(n) is the recessive solution at +oo follows as in the proof of the
if part’.
On the other hand z_..(n) is a solution of (1.9) since it can be obtained from
(6.1) by choosing

1

A=1 and B= _
Cm—1

m=—00

Moreover it is a recessive solution at —oo since Z-oo(n) is positive for every
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n > k and
k k { 1 -1 1 +1 1 -1
PR - S 1
;(33013144) ; (m;w Cm—l) Cq (m-—z-—:m Cm—])

k 1 i ; 1

- |(F)aa(gy)] mee 4= X o

_ Z din: — d.)
st d; X dip

- i(l__l')_"l‘—-l——*ooasn——»—oo

- imn d: dt'+1 d,l dk.“ !

since d,, — 0 as n — —o0.

Thus, z_(n) is a recessive solution at —oo.

k 1 o0
Case (i1). Z = 00 and Z — L0
m=—go 1 m=k1 1
Define
+ 00 1
PogelW) =1 80d Zye(n)= ,
Cm—1
m=n+1

Now we can show as in case (1) that 2_.(n) and Z4e(n) defined as above

are recessive solutions at —oo and 400 respectively.

k oo
1

Case (i11). E o < 00 and Z ~5et] < o0.

m=— M-

m=-—o0 m=k+1
In this case 2_o(n) as in case (2) and 74,(n) as in case (1) are the recessive

solutions at —oo and +oo respectively.

Thus in all the three possible cases, the recessive solutions at —oo and
+oo are linearly independent which is a contradiction to (1.9) being 1-special
on (—o00,+00). This completes the proof of the theorem.

We now give a conjugacy criterion for equation (1.7) on the interval I =
[M,N +2].
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Theorem 6.5. Let hypothesis H¢ hold with —oo < M < N < 0o. Suppose
that there exist ¢,€; > 0 and k € (M, N + 1) such that

p=k+1 2 s=k41 s=k+1 4
and (6.3)ay
k E.2.9_1 k k o
-1 P g
3 tan” [ 25 (Hr, 1) | >
p=M s=p+1 s=p
with
s-1
s = ]+C,__11((1"‘Zﬂm)?{'0, k+]SbSN+2
m=k+1
a,nd (6'4)u,h
k
. —€2Ck
s = 1+c¢' | ——+ am |, M <s<k.
. (tz + Ck mgl )

Then (1.7) is conjugate on I = [M, N + 2].

Proof. Suppose the hypotheses (6.3) and (6.4) hold and (1.7) is disconjugate
on I. Then we arrive at a contradiction. Let z, be the solution of (1.7) with
zr =1, Az, = 0.

Since (1.7) is disconjugate on I, we have

TnTns S (] (65)

for at most one n on I. So we first assume that (6.5) holds for exactly one n
on I and consider the two possible cases.

Case (i). Suppose (6.5) holds for some n, M < n < k. In this case by the
assumption of disconjugacy of (1.7) on I, we have 2 2,41 > 0, k <n < N42

and since zj4; = 1 we must have z, > 0 forall k < n € N + 2.
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Let y, be the solution of (1.7) given by the initial conditions yx = 1 and

cxAyr = €;. We now claim

Yy >zp >0, k<n<N+2 (6.6)

Note that y, — z, is a solution of (1.7) satisfying yx — )} = 0 and hence the

disconjugacy of (1.7) implies (¥n — n)cy(Yns1 — Tnpr) > 0 for all k < n <
N +2.

Since Yr41 — Ty = Sy 0, by hypothesis we must have y, — z,, > 0 for all
Ck
k <n < N+ 2 and hence the claim (6.6).
Define
Cn=18Yn-1
Yn-1
Then wy, is well defined on [k+1, N 4 2] by (6.6) and it satisfies (by theorem

2.1 of [1]) (see theorem 2.102, chapter 2) the Riccati difference equation

wy, =

, k4+1<n<N+2 (6.7)

2

K, = =y~ == BE1€SnSNF1
Wy + Cr—1
where
Wy +cno1 >0, k+1<n<N+42 (6.8)
w?
Thus wpyy =wy —ay — ———, k41 <n<N+41,
Wy + Cn—1
Now on iteration and using the initial condition wi4; = ¢; we obtain
1i—1 UJQ
‘wn:l‘l]—Z(ﬂm-i-—-———m-—*—), k+41<n<N+2
Win -+ Crn—1)
m=k+1
A . n-1 'UJ2 .
Yna ¢l le— Z (am 4 — (by equation (6.7))-
Yn=1 m=k+1 Wm + Cm-1

On adding 1 to both sides of the equation and multiplying the resulting
equation by y,.-1 which is positive for k+1 < n < N 4 2 by (6.6) we obtain

n—1 2
wﬂl
o<m=srfieat o- ¥ (e 52|}

m=k41
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Hence it follows from (6.6) that the factor multiplying y,—, in the above
inequality is positive. Moreover another iteration for k+1 < n < N 4 2
along with the initial condition yx = 1 yields

n i s—1 12
O0<yn = H {1+C:_]1 € — Z (ﬂ-m+w_-}'::—_]):‘}

s=k+1 m=k+1
n i s-1
< 10 {1 +la- Y a” (by (6.8))
s=k+1 L m=k+1
= 0<ys < [ 9 k+1<n<N+2 (6.9)
s=k+1

Now define
an =tan" (yn/2,), k<n <N +2.

Note (1/4) < an < (1/2) since 1 < (yo/zs), k<n<N+2.
Further k<n < N+1 = Aa, = Atan™'(y./z,)

— yﬂ+‘l . yﬂ
= Qn41 —a, = lan VD _tan™122

In+] Iy
=9 Ynp1dyn — Tp41lin
= tlan .
Tpt1dy + yn+1 Un

s
. aGc
= tan™' o )
Tyn41Zn + Yn41Yn

(by note 2.83)

~1
E]Cn

T Qng1 = a-ﬂ+tan_]( ), k<n<N+1.

'r'rl-i-‘l Ty + Yn41ln

Again by iteration for k < n < N+2 and using the initial condition ay = 7 /4

we obtain

n -1
T =3 €1Cy 4
Gy = % + E tan ( )

p=k+1 TpTp-1 + Yplp-1
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n -1
= + Z tan™ i , k+1<n<N+2 (by(6.6)).
S ki 2YpYp-1

Thus for k+ 1 < n < N + 2 we have by (6.9)

n = 13 =1 p-1 =1
& -1 | 9%
an > Z+ Z tan 5 ( H q,) ( H q,) . (6.10)

p=k+1 s=k41 s=k41

In particular for n = N + 2 we have

T w42 €3 2 e p -
=1 ‘p-1
FZann 2 T+ Y tan ——2—-(1'[ qs) (H ‘h)

p=k+1 s=k+1 s=k+1
> g-k 7= % (by inequality (6.3), of the hypothesis)

which is a contradiction.
Case (iz). Suppose (6.5) holds for some n, k <n < N+ 1. Then we arrive
at a contradiction to the inequality (6.3), of the hypothesis.

In this case z,2,4; > 0 for all n, M < n <k and since 74 = 1 it follows
that z, >0foralln, M <n<k.

Let z, be the solution of (1.7) given by the initial conditions zx41 = 1
and ¢ Azp = —¢€y so that zp = 1 4+ ¢2/ex. We now claim

2> 28>0, M<Zn<k (6.6)

Note that z, — z, is a solution of (1.7) satisfying zp4; — z44; = 0 and
hence the disconjugacy of (1.7) implies (2, _y — z,-)e. (2, — z,) > 0 for all
M+1<n<k

) € €
Since zy—zp =1+ ——1= c—2 > 0, by hypothesis we must have z, — 2, > 0
k

Ck
for all M < n < k and hence the claim.
Define
Cn-102Zp—
wn:%forallM+ISnSk+l. (6.7)
n—1
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Then w, is well defined on [M +1,k+1] by (6.6); and it satisfies (by theorem
2.1 of [1]) (see theorem 2.102, chapter 2) the Riccati difference equation

w2

Aw, = —a, — ——, M+1<n<k
Wn, + Cn-1
where
Wo+ 1 >0, M+1<n<h (6.8)
2
w
Thus w, = Wpyy + Gy + ———, MA1<n<k.
Wy, + €y
Now on iteration and using the initial condition w41 = — (fk we obtain
€7 Ck
€€k . w?
—gei
w, = am + —— |, M+1<n<k+]
€2 + Ck T Z ( Wyy + Cm-—l) N

mM=mn

Azn._l —€9C} ( m )
—. = e 3
Zn—1 I:(g+('k+z m+‘-'1u-
M+1<n<k+1 (byequation (6.7),).

On adding 1 to both sides of the equation and multiplying the resulting
equation by z,_; which is positive for M +1 <n < k41 by (6.6]1 we obtain

- — €30k oy
0 < n - ;"n- ] + ‘I -] Li. ” '
Z 1 { Cymy [€2+Ck+m;1(a t —’m+cm 1)]}

Hence it follows from (6.6), that the factor multiplying z,-y in the above

inequality is positive and hence

k 2 -1
—€2C u
O<2p1 =2, 4¢;_ N, SO
L { 1[[2+Ck+2(a +wm+cm..1)]} !

M+1<n<k+1.

Equivalently,

- k 2 =1
0< o =znadl et | =2 4 TS W
iz { l:(z + ¢k m;"_H Om + W + Cmmy i
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M <n<k.

Moreover another iteration for M < n < k along with the initial condition

2k41 = 1 yields
§ i —€yC 5 u12 -
0< n = 1 - e m e ’
’ H { . b €2 b Ck T mz O Wy + Cm—1

k i k =3
-1 | —€2€k
by (6.8
< H{1+c’ .«_2+ck+m§:1“m” (by (6.8)1)

= (z) > [[s>0, M<n<k (6.9);

Now define

Bn =tan"(z,/z,), M <n<k+1.
Note (7/4) < B < (7/2) since 1 < (2,/2,), M <n<k41.
Further M <n<k = AB,=Atan™'(z,/z,)

-1 Zn+41 1 %m
= ﬁ,ﬂ.] = ,671 = tan L cin S tan = —
Tn4a Iy

. | 2n+13:7| = In-}lzv.
= tan ;
Tp41dy + Znd414n

-1
_ =€,
= tan~’ ! )
Trpi1Ty + Zy41En

(by note 2.83)

=1

= Bn = Pnt1+tan™ ( 2 >? M<n<k.

Tr41Tn + Zn41%n

Again by iteration for M < n < k and using the initial condition fk+1 = 7/4
we obtain

=1

k
B = %+Ztan"l( s’ ),MSnSk+1
P:ﬂ

Tp1Tp + Zp412p
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l

> —-I-Zt.an 1(

Thus for M < n < k we have by (6.9),

k k
Bn > %-F Ztan'1 [sz;,, H r,Hr,] . (6.10),

p=n

) M <n<k (by(6.6),).

22p412p

In particular for n = M we have

which is a contradiction.

The contradictions in cases (i) and (2z) imply that (6.5) cannot hold for any

n in I, that is, £nTn4y > 0 for all n in 1.
This final contradiction completes the proof of the theorem.

Corollary 6.6. Assume hypothesis H{ holds. Suppose that there exist
€1,€2 > 0 and k € (M, 00), such that

= | il =1
Z tan™ ”C (f[ q,) (h q,) >-E— (6.14)

p=k+1 s=k+1 s=k+1

and inequality (6.3), holds where ¢, and r, are as given in theorem 6.5. Then
(1.7) is conjugate on [M, o).

Proof. Proceeding as in the proof of the theorem, we can show that if case
(1) holds as in the proof of the theorem then the inequality (6.10) holds for all

n 2 k. Now taking the limit as n — oo in (6.10) and using the inequality

(6.14) we obtain the contradiction,

-1 P =1 p-1 -1
T €1C
5 nll-onc;lo ﬂn = '_+ Z ta.!] - P : ( H q:z) ( H Qa) > ZT__}_E

4 4
p=k+1 s=k+1 s=k+1
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On the other hand if case (i7) holds as in the proof of the theorem then the

same argument as in the proof of the theorem gives the final contradiction.

Hence the corollory.

Corollary 6.7. Assume hypothesis H¢ holds. Suppose there exist ¢,,€e3 > 0
and k € (—oo, N + 1), such that inequality (6.3), and

k - k k
; fagi [‘2?1 (_HH r,) (Ur” > % (6.15)

hold where ¢, and r, are as given in theorem 6.5. Then (1.7) is conjugate on
(—oo, N +2].

Proof. This is similar to that of corollary 6.6 and hence is omitted.
Corollary 6.8. Assume hypothesis H¢ holds. Suppose that there exist
€1,€0 > 0, k € (—00,00), such that (6.14) and (6.15) hold where ¢, and r,
are as in theorem 6.5. Then (1.7) is conjugate on (—o0, 00).

Proof. This is contained in the proofs of corollary 6.6 and corollary 6.7 and

hence is omitted.
Note 6.9. In the following corollary we use the result

T

Z tan_l(;r!,.) > tan™' [Z IP] , where 7,20 for 1<p<n.
p:i

p=1

Corollary 6.10. Let hypothesis H? hold. Suppose that there exist ¢;,¢; > 0
k € (M,N +1) such that

b

N+12

Y. 4> 1 (6.16)

p=k+1
and

k
Y B;>1 (6.17)
=M
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616_11 P <A p-1 .
AP . D) ( H Qs) ( H 93) )
s=k+1 s=k+41
) k k
s=3+1 5=)

and g, and r, are as given in theorem 6.5. Further suppose A, > 0, B; >0

forall p, k41 <p< N42andforall j, M <j < k. Then (1.7) is conjugate
on [M,N +2].

where

N+2 N+2 5
Proof. Z tan™' A, > tan™’ {z A,,] > 1 (by (6.16))
p=k+1 p=k+1

so that inequality (6.3), is satisfied.
Similarly using (6.17) we can prove that inequality (6.3), is also satisfied and
hence the corollary.

We now give two examples, one to illustrate theorem 6.5 and the other

to show that if the hypotheses of theorem 6.5 are not satisfied then equation

(1.7) need not be conjugate.

Example 6.11. Consider equation (1.7) with M =0, N = 2,

(3/2) n=0
- 2 n=1
o #="2
(1/4) n=3
and
3 n=1|
a, = (3/2) n=>2
(1/2) n=3.

Let k = 2 in corollary 6.10. Then from equation (6.4)

2
gz = 1+C.;1 (fl_zam):l‘l’(l

m=3
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and ¢4 =
SO that Aa =

a.nd Aq =

4
Now ZA,, =
p=3

120
3
l+c§1 (fl_zam) = 4¢; — 1
m=3
€1C e 2 —1 2 . (1 €
L C —_—— T ————
2 (s:ﬂ qs) (!r"-’[ q’) 2q& 2(1 + (l)
1/ 4 =1. 7.3 -1 9
() (ITe) -7
2(1
(1 -+ 61)2(461 - 1) '
& 26, _ 392985
A3+A4: 2(]+f])+ (] +f1)2(4(1—]) 137842

9
32)°

(choosing €=

Moreover from equation (6.4)

To

T

a.nd 9

so that Bo

B

2
_ ]+c_1 —€20C2 -{-Z - :]U{g+12
- C \e+c e 3(1 + €2)
2
S5+ T
| —€¢ o 5ey
= 1+C1 ((2'1'('24_’;””) 4(1+t2)
€9C 2 )
—1 | T2 s B
= 1-+-(‘2 (£2+r2+’;‘lam) 1+(2

- 2 2
€ 1ch+12x(fg+f)x( 1 )
= 3 %30 +a)  \4(+ea) e

4 2 2 € i

_ 829 T, (I-[*r,)z—)ur-,xr2
- (L—[? ) 5=1 $
2

€2 5(2+7 ( 1 )
R e K
T 4T 41+ e) 1+€

— o
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cgc;1 : 2 €2 €2 1
and B, = 5 Hr, Hr, =§><r;:=-2—x1+c.
=3 =2 2

2
99 3 1 1188
Now ' B; = By+Bi+By=—+-+7=

: TRt TR~
=0
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(choosing €; = 1).

As inequalities (6.16) and (6.17) of corollary 6.10 are satisfied, the given
equation is conjugate on [0,4].

To verify independently that equation (1.7) is conjugate on [0,4] note
that the three term equation (1.8) yields

_(an =Ly Cn—l)

Tnyl = A n Ty—1-
m

If z,, is the solution of the given system with 2y = 0 and z; = 1 then

—\ —C — G Co 1
Ty = —"(——]""—JJ"] ——xzo==>0,
(8] (8] 4
—\ap —Cp— (4 Cy -13
w w A, B, By
Co o

Hence r, has a zero at n = 0 and a generalized zero at n = 3.

The following example shows that if the hypotheses of theorem 6.5 are
not satisfied then there is no guarantee that equation (1.7) is conjugate.
Example 6.12. Consider equation (1.7) with M =0, N =1, ¢, = 1 on
[0,2] and a, = 0 on [1,2] and a, # 0 for every n < 1 or > 2.

For k € (0,2), that is, for k = 1 and 2 < s < 3 we have from equation (6.4)

s—1
G = 1+ '-'7:_11 (f-l Sk Zam)

m=2
= il “+ €7.
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3 P =1 /p-1 ~
Therefore, Z tan™! %‘— (H q,) (H q,)
p=2 =2 s=2

_s/fe 1 : 1 1
=ta,n1—21x-‘;2-}+tan_’[%xq—2)<—]
! 2 43

1r €1

€ €] €] €

-1

= tan

_{2(1 Fa) T e

€

—_— d
2(1+t1) < 1 an

(since 0 <

€1 ;
0 < m < 1, for arbitrary ¢ > 0)
=1 -2(1+£1)(1(f¥+2(]+2)]

4(1 4+ )= ¢

(1+a) 20+a)P

122

21+ a)ea (426, +2)] .
< tan™! ( +(12)(f11(_i]t+]4(3+ )] (since 4(1 + €1)" — ¢ > 2(1 4+ ¢;)")
1
— -{1(E¥+2t1+2)l
I (1+l‘.1)3

= tan

2t [ f?'i‘ 2(? “+ 2(.]
|14+ 3e; + 3¢ + ¢

“;;_.

Thus inequality (6.3), of the hypothesis of theorem 6.5 is violated for any

choice of ¢; > 0. However it follows from lemma 6.2 that the given equation

is disconjugate on [0, 3].
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