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INTRODUCTION

Mathematical programming is concerned with finding optimal
solutions rather than good solutions.  Though the concept of optimisation is
ancient, interest in this area has accedlerated enormously with  the
development of computers and linear programming in the 1940s.
Mathematical programming problems are broadly classfied into two

classes namédly;

1. Continuous programming problems

2. Discrete programming problems

The problem of mathematical programming is to find a maximum or
aminimum of an objective function whose variables are required to satisfy
a st of well defined constraints.

If the objective function is continuous or partialy continuous in
the variable values that aso lie in a feasible region which is compact,
then it is a continuous programming problem. This type of problems are
solved by some procedures which are based on concepts like continuity,
convexity and neighbourhood. Some of them are the Simplex procedure,
(Hadely,1994) Lagrangian multipliers method (Rao, 1984) and Steepest
Ascent method (Rao, 1984).

If the decision variables take only discrete values, then it is a

discrete programming problem.
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If the st of solutions (solutions space) is a finite discrete set not
necessarily of variables in the usua sense but may even be of other
entities like permutations or combinations, then the problem is one of

discrete programming.

If the solution space of a problem consists of combinatoria
entities, then it is known as a combinatoria programming problem.
Specid techniques ae avalable for solving different discrete
programming problems. However, no genera approach which is suitable
for al discrete programming problems seems to be available and methods
of finding optimum solutions are largely search methods (cf. Pandit,
1963).

In the case of continuous programming problems, the existence of
a solution may be doubtful, but in the case of combinatorial programming
problems, the existence of an optima solution is not in doubt. However,
finding optima  solutions of these problems and recognising them as such
is not trivial; one often obtains the optimal solution early in the process
of solving the problem but can establish the optimadity of the same
only after condderable computational time and effort.

The genera sructure of combinatorial programming problems can be
described as follows (Pandit, 1963):

“ There is a numerica function defined over the domain of
arrangements (permutations or selections) of a sat of elements. There are
also feadhility criteria. The problem isto find the arrangements which are

feasible and which optimise the numerical function.”
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Following are some of the well-known combinatorial programming

problems:

11 The Shortest Route Problem

There are n nodes connected with one another by ‘links’ (or arcs)
of given lengths, the problem isto find the shortest route between node
pairs in the above network.

12 The Traveling Salesman Problem

A st of n nodes (‘cities’), with distance between every ordered
node pair, is given. The problem is to find a least distance route for a
sdesman who mugt visit each of these cities starting and ending his

journey in the same city.

1.3 The Job Scheduling Problem

There are njobs to be completed and each job is processed through
each of the ‘m” machines in the same order. A job cannot be processed on
machine ‘j> until it is finished on machine ‘j-1°. Let the processing times
of each job on each machine be given. The problem isto find a
sequence of jobs (defined as a schedule) that minimises the total elapsed
time (makespan) to complete dl thejobs on al machines.

For many of the combinatoria programming problems the solution
gpace is finite and hence it is theoretically possible to enumerate dl the
solutions, But often, even for problems of smal size, the number of
solutions can become very large and grows exponentially with the size of

the problem making a complete enumerative solution not practicable.
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Hence, there arises a need for implicit enumeration methods. In these
methods, though theoreticaly all the solutions are examined, only a few
ae explicitly to be examined.  The efficiency of the implicit
enumeration agorithm basically depends on how quickly it eliminates
subsets of solutions as not including any optimal solutions and
‘converge’ fag to an optima feesble solution. There are two methods
in this implicit Enumeration approach. They are 1) Lexicographic Search
(Pandit, 1962) and 2) Branch and Bound (Little et al 1963).

14 Branch and Bound Algorithms

The Branch and Bound agpproach to combinatorial programming
problems was first developed by Little et. d (1963) in the context of
Travelling Salesman problem. Dakin (1965) gave a branch and bound
agorithm to solve the generd Integer Linear Programming problem.
This technique has been successfully applied to solve both pure and

mixed integer linear programming problems (Ravi Kumar, 1989).

The Branch and Bound method is characterised by two decision
rules. One provides a procedure for the estimation of the upper bound for
the vdue of the objective function a every stage, and the other specifies
a ‘choice criterion' for the sdection of branching variable at the stage
sdlected for further partitioning. In dl the Branch and Bound agorithms
the basic approach is the same, but the technique of sdecting the nodes
for further branching is different. A few such rules are LIFO (Last in first
out), FIFO (firgt in first out) and LC (least cost) search.
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A comprehensive surveys of Branch and Bound technique and
approach, particularly in the context of travelling sadesman problem and
Quadratic Assgnment Problem, can be found in  Lawler and Wood (1966)
and Agin (1966).

15 Lexisearch

The Lexisearch approach was first proposed by Pandit (1962) in
the context of 'The Loading Problem’. From 1963 onwards this approach
has been used to solve various combinatorial programming problems
efficiently, eg., The Assgnment Problem (Jain, Mishra and Pandit, 1964),
The Facility Location Problem (Das, 1976),The Travelling Saesman
Problem (Pandit and Rajbongshi, 1976; Sundara Murthy, 1979,
Subramanyam, 1980; Ramesh 1980; Chandrasekhar Reddy, 1987). The
Job  Scheduling Problem (Gupta , 1967; Rgabongshi, 1982
Bhanumurthy, 1986). In dl these problems the lexicographic search was
found to be more efficient than the branch and bound agorithms (cf. Ravi
Kumar, 1989).

It may be noted that in a generd sense the Branch and Bound
approach can be viewed as aparticular case of lexicographic search.

16 Chapter-wise details

The thesis presents solution of some combinatorial programming

problems using Lexisearch approach.
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In Chapter 11, some of the basic concepts of the Lexicographic
Search gpproach are explained. Also this gpproach is explained with an

illustrative example.

Chapter 11l discusses the Single Travelling Salesman Problem
with the 'Standard Objective Function' of minimising the total tour cost.
Some of the available agorithms are reported.  Also the same problem,
but with some structural constraints on the tour, is discussed. It is aso
shown that, contrary to expectation, change of scae of the costs c; can
have an impact on the computationad time of the lexisearch agorithm.

Chepter 1V condders the k-Travelling sdesmen Problem with
congrained tours and with different types of objective functions. After
reviewing the k sdesman problem with structurd constraints like the
number of cities to be visited by each sdesman, some non-standard

objective functions are discussed.

In this same chapter is presented an agorithm for single salesman
problem, where the aobjective is to minimise the maximum arc length in the

tour.

Chapter V consders the problem of finding © a maximum node
weighted connected sub graph from a node weighted connected graph'.
Situations which can be formulated as this problem can be exemplified by
the following stuation arising in the field of mining:

The ‘area’ to be mined out is divided into blocks, not only on the
surface but underground as well. Each block has an identification number

and is having a 'net value' (profit or loss as the case may be) associated
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with it which is assumed to be known. However, to extract out a block it
iS necessary to ‘approach’ it through a neighbouring block which is
aready reached, except when the block of interest is a surface block. Cost
of gpproaching a block is negligible, at least as compared to the ‘value’ of
the block ,and is ignored. The problem is to select the set of blocks which
are ‘connected’ and have the total of their values a maximum.

The problem can be stated formaly in Graph-theoretic terminology
as follows:
Let G= (A, E; V) be asymmetric connected graph with A = {1,2,....,n} as
itsnode s, E the edge st while V = {v;,v5, . v,} is the sat of
values associated with the corresponding nodes.
Let S be a subsat of the node st A and let G (S, Eg ; Vs ) be a connected
sub graph with Eg and Vg as the corresponding edge set and value set
respectively.
The value of this sub graph is the total of the values of the nodes in S and
isdenoted by VA (G(S, EV)) = 3 v

The problem isto sdect a connected sub st S of A such that it will
have a vadue not less than the value of any other connected subset S of A.

It may be noted that unlike in the travelling saesman problem,
here, the edges of the graph will not have any vaue attached to them but
the nodes will have values v; positive or negative asthe case may be.

This problem was posed in 1988 by Caccetta and Giannini.
They proposed a graph theoretical gpproach to solve the problem. They
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have suggested ‘spanning trees' as atool for solving the problem, but have
not developed a procedure to solve the problem completely. However, in
Chapter V of the present thesis, a procedure is developed to reduce where
possible, the effective size of the problem by ‘merging’ appropriate
blocks into connected superblocks. Further, a lexisearch agorithm to

solve this problem fully is presented.

A number of randomly generated problems, of varying sizes and
varying levels of connectivity have been solved by this approach and
the relevant computational experience is reported.

The Quadratic Assignment problem is gdudied in Chapter VI. The

problem can be stated as follows:

The n facilities areto be asdgned to n locations. Let £, be the
flow between i facility to k™ facility and d;; be the distance between ;"
location and 1' . Here the objective is to asign the fa.ilities to the
locations such that the sum of pair wise interactions among the facilities
weighted by the distance between their locations is minimised.

This problem can be stated formally as follows:

M|n|m|%££££flk d)l xij Xk1
wbj&tto inj =1 i=|,2,...,n
Ix;=1 j=1,2,..n

Xij=00rl

In this chapter, some of the 'exact’ and ‘'heuristic' algorithms

available in the literature are reported. In particular, the Lexisearch
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gpproach to this problem as developed by Das (1976) is aso
summarised. A new lexicographic search approach - with a different
way of defining the aphabet table and the corresponding bounding
dgorithm is presented dong with a report on relevant computationa
experience.

The thesis concludes with some generd observations on the
problems considered in the thesis. Some interesting open problems are

aso presented.
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THE LEXISEARCH APPROACH

21 INTRODUCTION

The lexicographic search approach to combinatorial optimisation, as
aready pointed out, was developed by Pandit in the first instance for the
knapsack problem (Pandit, 1962) and has since been applied to many other
Combinatorial  Programming Problems like Job Scheduling (cf.
Gupta, 1967) etc., in addition to the Assgnment problem and Travelling
Sdesman Problem  (c.f.Das,1976) etc. Concepts involved in the
lexicographic search are ‘so natural' that the exact definitions connected
with these concepts agppear admogt ‘academic’ if not pedantic. A detailed
explanation of these concepts is given, for instance, in Ravi Kumar (1995).

The lexisearch derives its name from lexicography, the science of
effective storage and retrieval of information. The basis for this approach is
the possibility of defining a structure in the solution space on the following
lines. Elements in the solution space of the problem are aranged in a
hierarchical order as blocks and subblocks within blocks, etc., like the
words in a dictionary. For ingtance, many combinatoria programming
problems admit of representing the set of dl possible ‘solutions’ as 'words),
say (o),0, ... ,0,) based on an aphabet, so that the first few 'letters' define
a block of solutions, al having the specified 'leader/incomplete word' in
common. Thus the entire set of 'words in this 'dictionary ‘(viz., the
elements in the solution space) 1s segregated (partitioned/arranged) into
blocks. The number of letters in a block (i.e. the number of letters of the
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leader which defines the block) is caled length of the block. The block ‘B’
with a leader (a.;,a,03) Of length three consists of al the words beginning
with (a;,a,,05) asthe first three letters; The block A with leader (ay,a),
of length 2, is the immediate 'Superblock’ of B and includes B as one of its
subblocks.  The block C with leader (a;,00,,03,y) iS @ subblock of ‘B’. This
block B’ congists of many subblocks (a,,a,,05,Y), one for each different .
The block B is the immediate Superblock of block C. Similarly, A is the
immediate Superblock for the block B.

By the gtructure of the problem, it is often possible to get bounds to
the values of dl the words in a block (i.e. the ‘bound for the block') by an

examination of its leader. The possible cases are;

Cae 1. In case the block 'may contain a better word' (i.e. when the bound

is lessthan the trid solution value) one has to go into subblocks.

Cas= 2. In case the vaue of this bound is greater than or equa to the tria
solution value, jump over to the next block within the present
superblock. If the current block happens to be the last block in the
superblock, of course, one goes to the first block of the next
superblock.

Case 3. When the value of the partial word is greater than or equd to the

trid solution, jump out to the next ‘Superblock’.

Further when the exact values of the leaders of the same size within
the block are non-decreasing and in this case, the exact vaue of a ‘current’
leeder is dready grester than the triad value, one need not check the
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subsequent blocks within this Superblock at dl but can move over to the
next Superblock . This property of monotonicity in the leaders of the same
size is not dways present, for instance the travelling salesman problem,
with ‘usual’ aphabet table shows this structure. However the quadratic

assignment problem does not dlow this possibility.

The above concepts and the approach are illustrated below, in the case

of the wdl known travelling salesman problem :

Let ab,c,d be four cities to be covered by a sdlesman. Then the set of
possible partial and complete words is listed lexicographically as follows:
a a abc abed abdc ac ach achdacdb ad adb adbc adeb
b ba bac bacd badc bc bed bead beda bd bda bdac bdca
C ca cab cabdcadb cb cba cbad chda cd cda cdab cdba
d da dab dabc dacb db dba dbac dbca dc dca dcab dcba

The words gtarting with 'a’ can be grouped together; such a group is
cdled a 'block’ and city ‘a’is caled a leader of the block. In a block there
can be subblocks; for instance, block of words with leader ‘b’ has
subblocks ba, be and bd. While the words bacd and badce, are the two
words which congtitutes the subblock ba of the block b. There would be
blocks having only one word, for example, the block with leader bac
contains only the word bacd. All the incomplete words can be used as
leaders to define blocks.

For the blocks of size 2, with leaders ab, ac, ad, the block with
leader “a’ is the immediate Superblock.
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The logical flow of the lexisearch procedure at each step is mentioned
under the remarks column of the illusirative example (Table 2.1); the

notations (or abbreviations) used are described as follows.

GS: Go to subblock i.e, add the first available ‘free’ letter of the
remaining ones; GS for ‘dc’ is ‘dca’.

JB : Jump block, to go to next block of the same length i.e., replace the
last letter of the current block by the letter next to it in aphabet
table JB at ‘abd’ is ‘abe’.

JO: Jump out to the next higher order block, i.e., remove the last letter
of the current leader and then jump block; JO for ‘cdbe’is ‘cde’.

The search is darted with the first letter ‘a’ as the leader. As the
search is for an optimum solution, one can jump the current block if its
bound is greater than or equd to the ‘current trid solution'. No complete

word in the block can be better than the current one.

2.2 An lllustrative Example

The Lexisearch procedure is explained through the solution of a
Travelling Sdesman Problem of sze 5.

Let [ d; ] bethe given distance (cost ) matrix and d;; be the distance of
cityj fromcity i; i J= 1,..5. Arrange the cities according to their distances
from city i (i=l,2,..5) in increasing order; the resulting table is caled the
Alphabet Taole. Due to this ordering of the cities, if the vaue of the
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partial word is greater than the trid solution there will not exist any better

solution in the subsequent blocks in the same superblock.

The following Travelling Salesman Problem of Size 5 is considered

for illustrating the lexisearch procedure.

Distance matrix

9000 5 13 8 53
7 9000 44 11 22
77 3 9000 88 56
84 34 63 9000 22
26 74 83 55 9000

The aphabet table for this problem is given below.

The dphabet Table
1 2 3 4 5
2-5 1--7 2-3 5-22 1-26
4-8 4--11 5-56 2-34 4-55
3-13 5--22 1-77 3--66 | 2--74
5--33 3--44 | 4-88 1-84 3-83
1-9000 | 2-9000 | 3-9000 | 4-9000 | 5--9000




TABLE 2.1 Search Table

15

1-a, o0, )0l a0y a1 Additive Remark
Bound
1 2=5 5+111 GS
(5) =116
2 > 4=11 16+104 GS
(16) =120
4 5=22 38+103 GS
(38) =141
5—53=83 121+77 B
(121) =198
4-3=63 79+82 GS
(79) =161
3-5=56 135+26 GS
(135) =161
5-1=26 | TR=161 JO
(161)
255=22 27+166 JB
(27 =193
2>3=44 49+101 GS
(49 =150
3-55=56 105+110 3B
(205) =215
3—>4=88 137+48 B
(137) =185
JO
154=8 8+58 GS
(8
4—5=22 30+36 GS
(30) =66
5-2=74 104+84 JB
(104) =188
5-3=83 113+10 GS
013) =123
352=3 116+7 GS
(116) =123
21=7 TR=123 JO
(123)
4—2=34 42+89 JB
(42) =131
4-3=63 71+36 GS
=107

(1)
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1>, oy —>a, 0,0, 030, a1 Additive Remark
Bound
3952=3 74+33 GS
(74) =107
25>5=22 96+26 GS
(96) =122
5-51=26 | TR=122 JO
(122)
35=56 JO
(127)
JO
1-3=13 13+58 GS
(13) =71
352=3 16+55 GS
(16) =71
2—>4=11 27+48 GS
(27) =75
4-55=22 49+26 GS
(49) =75
5-1=26 TR=75 JO
(75)
2—55=22 38+48 JB
(38) =86
3->5=56 69+55 JB
(69) =124
3—54=88 JO
(101)
1-55=33 33+70 JB
=103
STOP

The firg tour that naturaly occurs to mind viz,

1525...25-1 is

taken as the tria solution with the value 5+44 +88+22+26=185. Now, to
find the optimum solution , one starts from origin 1, that is, node 1 and

reaching a.,,a,,0t3,0t

in the order of first avalable nodes in the

appropriate columns of aphabet table and returning to origin 1.
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Thus for ingtance, the search starts with ;=2 with cumulative vaue
of 5, the next letter is from column 2 and is a, = 4, since a, = 1 would
complete the cycle a this dage itsdf. Thus incomplete word is 1—»2-4
with a cumulative total vaue 5+11=16. The next node added is a; =5 taken
from column 4, node 5 being the first available node in this column, leading
to cumulative total 16+22= 38. This leads to the entries in the rows 1, 2 and
3 of the search table.

However, a any levd of search i.e. corresponding to a specified
incomplete word as the leader, one can define a bound to the values that are
to be added to the value of the incomplete word in order to complete a tour.
One obvious such  bound can be computed as follows. The leader
(1,2 = (1->2) has a cumulative vaue d;, = 5 The bound is
7+56+22+26=111, since the four columns not yet included are columns 2,
3, 4 and 5 and the first available nodes are: 1 with vaue d,; = 7, 5 with
vaue d,s = 56 and node 5 with value d,;s =22 and node 1 with value
d5,=26. Thus the additive bound value is 7+111=118 and hence the bound
to the vaues of solution st with leader(l,2) is 118. Similarly, for
leader(1,2,5)¢(1>2—5), the cumulative vaue is 5+22=27 and the
cumulative value of the bound is sum of theterms d;, = 77, d43=63 and ds,=
26 i.e. (77+63+26) = 166 and the additive bound is 29+166=195. Thus form
the search table we find the value for the leader 1->a,—0,=1-32—4, the
leader value is 16 with the additive bound is 120 which is less than 185.
Hence, this block may contain a solution better than the trid solution. Thus
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the remark column GS to indicate that one has to go to the subblock at this
stage, namely the block 1—2—4—5 with «;=5 . To get any complete word
with this leader one has to take an entry from column 3 as well as column 5.
The first available entry in the column 3 is the third entry that is node
(city)l. Hence from this column a contribution of at least 77 is to become
necessary for a complete word in this block. Similarly from the column 5
minimum contribution that has necessarily to come is dg;= 26, since in this
column the first available node which happens to be the first in that column.
Thus the residual bound for the leader is 77+26=103 and hence the additive
bound is 103 + 38 = 141. Since al the cycles(words) could start from any
of the nodes, since the starting node has been chosen as node 1 after the
leader (1,5) there is no other leader of size 2 that is to be examined. Hence
when the search of leader (1,5) is over the search is also complete and one
of the best solutions available at one stage is | »3—>2—4—5—1 with value

75.

In the above search table the values within the bracket represent the

cumulative total of the incomplete word.
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THE TRAVELLING SALESMAN PROBLEM

3.1 INTRODUCTION

Travedling sdesman problem (TSP, for short) is one of the oldest

combinatoria programming problems (Flood, 1956, and Croes, 1958) and
can be gated as follows(c.f. Sundara Murthy,1979):
There are n cities and the distance between any ordered pair of cities is
known. Starting from one of the cities a sdesman has to visit the other
cities only once and return to the starting city. The objective is to find a
minima length tour i.e. atour which is of minimal total length'.

The TSP can be defined equivadently as the problem of finding a
Hamiltonian cycle of shortest length in a connected weighted graph.

Merill Flood who was associated with the RAND Corporation gave
ide publicity to the TSP. The importance of the TSP comes not from the
ealth of applications but from the fact that it is typicd of  other

sroblems of its genre : Combinatorid Optimisation. Another reason for
ne popularity of the problem was its intimate connection with

prominent topics in combinatorial problems arising in the then new

subject oOf Linear Programming Problem (LPP, for short) the Assignment
oblem and more generaly, the Transportation Problem. TSP has some
milarity with those other problems but is much harder to solve.

The combinatoria structure of this problem is very close to that of the

ssgnment Problem. The only difference is that the solution set of the
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Travelling Sdesman Problem is more redtrictive, viz., the permutation
matrix, ssy X, which is afeasble solution of the Assgnment Problem
will adso be a feasble solution of the TSP only if it is non
decomposable. This additiona redtriction brings some complexity into
solving this problem and for the same reason, many of the methods which
solve the assignment problem fail to do so in this case.

Dantzig, Fulkerson and Johnson (1954) solved a sizeable TSP, by
formulating it as an LPP. The requirement of indecomposhbility of the
permutation matrix X can be checked through a st of linear
congtraints, though the number of congtraints grows very fas as the size
of the problem increases. Thus theoreticdly it is possible to treat the TSP
as an LPP. However, in practice, due to the very large number of these
special congtraints which are to be checked for indecomposibility, it is not
practicable to solve the TSP by this approach, except when the sze of the
problem is relatively very smdl. The cutting plane method was used to
solve the above LPP with integer constraints and they aso seem to have
used the concept of branch and bound in some sense to solve the same
(c.f.Lawler et al.,1985).

It may be noted tha DasS (1976) applied the lexisearch for
TSP and further modifications were considered by Sundara Murthy (1979)
and Srinivas ( 1990). Before this gpproach to TSP and its various versions
are developed, a brief discussion of the TSP and various other approaches

of the sameisin order.
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The Branch and Bound method was developed by Little e al., in
1963 for solving the TSP. From then onwards it has been widely used

to solve different problems in Operations Research.

The solution space of TSP is a sub &t of the solution space of the
assignment problem (AP for short) in that every permutation of order n is a
solution for the AP while only indecomposable permutations are
acceptable as  solutions of TSP. Hence, any procedure to solve the AP
can be modified to solve the TSP, if one can incorporate a procedure to
check for cycles in the permutation proposed as a solution. This fact is
exploited in converting the lexisearch dgorithm for AP into one for TSP
(cf. Pandit( 1964,1965 )).

Despite the fact that the travelling sdlesman modd  applies directly
to avery usgful sounding solution, namely that of sdesman wishing to
minimise his travel distance, most of the reported applications are quite
different; seemingly unrelated problems are solved by formulating them as
instances of the TSP. Some of the gpplications are listed below.

3.2 VEHICLE ROUTING PROBLEM (cf. Clerker and Wright 1964)
The n nodes are indexed i=1,2,..,n and i=| refersto the origin. There
are m vehicles, indexed k=1,2,..,m. Node i has a demand q;, the distance
between the node i and node j is d;. The capacity of vehiclek is Q.
Partition the nodes into sets such that each st contains the origin.  An

assgnment is an one to many mapping of the vehicles to the nodes in
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such a way that the sum of the requirements of the nodes in the set
associated with a vehicle should not exceed the capacity of that vehicle.
The optimal assgnment is that assignment whose total tour length of all the
vehicles is a minimum. The basic Vehicle Routing Problem is  that of
identifying the partition of nodes which has the shortest distance
covered by the vehicles.

3.3 COMPUTER WIRING PROBLEM

The following problem occurs repestedly in the desgn of
computers and other digital systems.

A system condsts of a number of modules and severd pins are
located on each module. The physical position of each module has been
determined. A given subsat of pins has to be inter-connected by wires.
In view of possible future changes or connections and of the small size of a
pin, & most two wires are to be attached to any pin. In order to avoid
signd crosstalk and to improve ease and neatness of wiring, the total wire
length should be minimised.

Let ¢;; denote the actud distance between pinsi and j. If any number
of wires could be attached to a pin, then an optima wiring would
correspond to a minimum spanning tree which can be found efficiently by
various algorithms (c.f. Lawler et al 1985). However, the condition on
number of wires connected to a pin implies that we mugt find a minimum
length Hamiltonian path. If we create a dummy pin O with¢; =¢;, =0
for dl j, then the wiring problem becomes an (n+1) city symmetric
TSP(c.f Lenstra and Rinnooy Kan, 1975).
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3.4 JOB SEQUENCING WITH SWITCH OVER COST

Consider the problem of sequencing n jobs on a single machine.
The jobs can be done in any order and the objective is to complete all of
them in the shortest possible time. After aparticularjob i is completed, it
requires a certain amount of time or cost to prepare the machine to work
onjob j, the cost c; depending oni aswell ason j. Let the time
required to complete the job when the machine is ready to work onj be p;.
The total time required to complete thejobj directly afterjob i is
t; =cCjt p

Any job sequence for processing is obviously a cyclic permutation

with symbols {I,2,....n }. The time required to complete al thejobsis

n

Z (Ci[‘l(i; +pﬂ(il)= Z Cinm * Z P

per

Here the sum of al pj's is a constant and is invariant over all
permutations. Hence by considering ¢; as distance between city i and city
j, it can be seen that the problem on hand is essentially a TSP (c.f.Lawler et
al 1985).

3.5METHODS FOR SOLVING THE TSP

Based on the approaches adopted, methods for solving the TSP can
be classified into different categories as follows.
1. Exact Methods
2. Heuristic Methods

As aready noted, one of the earliest attempts is perhaps of Dantizg
et a (1954) who introduced the cutting plane approach for general integer

programming problem and in particular, to the TSP. Another notable early
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atempt to solve the TSP relying on techniques of integer programming
is that of Miller et a(1960). Beliman(1962) proposed an algorithm based
on dynamic programming approach. Lin and Kernigham (1973) proposed
an dgorithm based on the principles of heuristic search.  Karp
(1979) has proposed a patching agorithm, a polynomial time
agpproximation algorithm which tends to give solutions with smdl relative
error, and works on the principles of the solution of the Assignment
problem (Srinivas, 1990).

The most popular computationa methods for exact solutions were
based on the branch and bound gpproach as developed by Little et a (1963)
and subsequently modified by Shapiro (1966) basing on Eastman's
agorithm (1958).

3.6 HEURISTICS
Algorithms that do not guarantee the optimum solutions to the given
problem, but do find what one hopes and expects are ‘near optimum
solutions' are known as Heurigtic agorithms.
Some of the Heuristic algorithms of TSP are given below:
3.6.1. Nearest neighbour algorithm: It is an appealing method for
constructing atour. It works by sdlecting the locally superior aternative at

each step. This approach for the TSP leadsto the following procedure:

Step 1: Stat with a partid tour condisting of a single, arbitrarily

chosen city a .
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Step 2: If the current partid tour is @, , a, ... a, , kK < n, and let a,,, be the
city, not currently on the tour, which is closest to a, and add a,,,
at the end of the partid tour.

Step 3: Repeat step 2 until al the cities have been visited.

Step 4: When the current tour contains dl the cities, then include the
city a, tothe solutionto make the tour(solution) complete and get
the value of the tour and stop the procedure.

This is obvioudy a greedy agorithm and hence suffers from the
obvious drawback of many greedy agorithms, namely, a choice of the
cheapest steps in the beginning can force one to choose very codly items
at the end and make the solution value far from optimal. However from the
empirical evidence, it is claimed that the values of solutions obtained by
this agorithm are generdly within 20% nearness of the optimum vaue
(cf Lawler, et al,. 1985)

3.6.2 Nearest Addition Algorithm (NAA. for short):
Step 1: Start with a parti: 1 tour consisting of a single, arbitrarily

chosen city i.

Step 2: If the current partid tour T does not include dl the cities, find
those cities k and j, j on the tour and k not on the tour for which ¢
isminimal.

Step 3: Let (i j) be either one of the two edges involving j in T and replace it
by (i,k) and (k,j) to obtain a partia tour including k and go to
step 2 if the tour is not completed.
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The Nearest insertion Algorithm that follows is dightly better than
NAA. It chooses k in step 2 above but ingtead of pulling k next to j, it finds
the best place to insert it.(c.f Lawler et al, 1985).

The cheapest insertion dgorithm chooses the city k which isnot in
the partia tour T in the step 2 of NAA in such way that the resultant partia
tour will have the cheapest codt (Iength).

3.7 EXACT SOLUTIONS
The following approaches lead to exact solution of the TSP
1. Integer programming gpproach
2. Dynamic programming approach.
3. Branch and Bound algorithms:
a) Eastman's dgorithm
b) Low cost branch and bound agorithm.
4. Lexisearch Method.

3.7.1 INTEGER PROGRAMMING APPROACH
The TSP can be formulated as a integer programming problem as

follows.

In addition to the linear programming formulation of AP as

Minimise Z i djj x;j

i=1 i=1

subject to the congtraints

n

z": Xij = 1l i=1,2,.,n Z Xjj =1 j=1,2,.,n
J=1

i=1
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cycle formation is excluded by introducing the constraints

Y x; < IS] -1

where S ranges over all possible subsets of size | S l , S=2.3,..n.
Thus, fora 10 x 10 problem, these additional restrictions will be

21911 = 2°.1=511 in number.

3.7.2 DYNAMIC PROGRAMMING APPROACH

The recursive technique of dynamic programming has also been
applied to the TSP (Bellman 1962, Held & Karp 1962) . This can be used
by viewing the solution process for the problem as the result of a sequence
of decisions. In this method an optimal sequence of decisions is arrived
at, making explicit appea to the principle of optimality. This principle
states that whatever the initial state and decisions are, the remaining
decisions must constitute an optimal sequence with regard to the state
resulting from the first decision. Owing to its enormous storage
requirements dynamic programming can only solve relatively small size
problems. However, the method is perhaps useful in obtaining some
theoretical running time characteristics and is the basis for an effective

bounding procedure in practical routing algorithms (c.f Srinivas, 1990).

3.7.3 BRANCH AND BOUND (B B for short)ALGORITHMS

Little et al developed an algorithm to solve the TSP using Branch
and Bound approach. The main idea of this approach is to break up the set
of all tours into smaller and smaller subsets and to calculate for each of

them alower bound on the cost of the best tour therein. The bound guides
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the agorithm in deciding whether a given subsst needs to be further
scrutinised for optimality or whether it can be reected as containing
no solution better than the one at hand.

The subsets of tours are represented as the nodes of a tree and the
process of partition as a branching of the tree. Hence, this method is

known as Branch and bound.

3.7.4EASTMAN'S(J958)ALGORITHM

Depending on the procedure used for getting the bounds & each
branch, many BB dgorithms were developed, for instance by Little,
Murthy, Sweeney & Karel(1963), Shapiro( 1966), Christofides(1970),
Bellmore & Malone(1971), Smith, Srinivasn & Thompson(1977). One
such agorithm is due to Eastman. In this agorithm the bounding is based
on solving an AP. In this gpproach the bound is calculated based on
the optimal solution of the Assgnment Problem(AP). It solves the
easer AP that dlows sub tours and then systematically forbids sub tours
until finaly a tour is obtained that is optimal.

3.7.5LEXISEARCH

As aready noted this approach was developed and applied for
solving discrete optimisation problems (Pandit, 1962) before the BB
technique was developed fird, in the context of TSP. This approach has
dready been presented in Chapter 1l and this (i.e. lexisearch) approach
to different ‘versions’ of the TSP is presented in the next section, as well as

in the next chapter.
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At this point, one more observation about the travelling salesman
problem is perhaps in order. It has been suggested that the TSP can be
formulated as an equivalent longest path problem (cf. Hardgrave and
Nemhauser 1962) and that if the later can be solved, the TSP is dso
obvioudy solved. However, as pointed out in Pandit (1965), the situation is
not that smple; longest route problems with specified steplength are
‘equivalent’ to the shortest route problems with the same specified
steplength, but longest or shortest paths (not alowing for routes) are in

genera non-markovian and hence their solution is not easy.

3.8 SOME VARIATIONS OF THE CLASSICAL TSP
Some of the many interesting generdisations of the travelling

salesman problem are given below:
‘The Truncated Travelling Salesman problem can be dated asfollows:
There are n cities i=1,2,...,nand N = {1,233, .. .n}. The disance d(i.j)
between any ordered pair of cities (ij) isknown. A subset HQ of size<n
of the n cities conditutes the potential places for setting up a
Headquarters. A Sdesmen has to visit only m out of the n cities with the
restriction that his tour should include at least one city from the subset
HQ. The problem isto find a feasble tour of m citieswith a minimum
length'.

A lexicographic search Algorithm was developed to solve the above
problem (cf. Sundara Murthy,1979).
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The travelling sdesmen problem with the following restrictions
was solved by the Scroggs and Therp(1972) and Das (1976):

(1). Some ordered pairs of cities are given. The sdlesman should visit the
firgt city in each pair before the second, not necessarily immediately ; this

iscalled the ‘Precedence’ constraint .

(2). Some cities are specified to be visted a  specific  steps from
Headquarters; thisis caled ‘fixed position’congraint.

These redrictions occur frequently in practical travelling salesman
situations. For example, an executive may have to vist plant X before
plant Y, dnce information obtained a plant X may influence his
discussions e plant Y.



CHAPTER 1V



GENERALISED K-TRAVELLING SALESMEN PROBLEM

4.1 INTRODUCTION

The present chapter dedls with a specific generalisation of the
standard TSP where the number of salesmen need not be one only.

An obvious foom of the objective function requirement is to
minimise the total length of dl the sub tours. This can be solved by using
any exigting dgorithms by introducing dummy head quarters.

Frederickson, Hecht & Kim (1978) have considered the
following k- Salesmen problem:

‘Let a network condst of n cities, of which city ‘1’ is the Head
Office. k ( >1) sdesmen are stationed at the Head office Each sdesman
mugt follow a route that takes him from head office through some subset of
the cities and then back to the head office. Each city is visted by at
least one sdesman. The problem is to minimise the length of the sub tour
containing more number of cities.

Frederickson et al. suggested a heuristic approach which is
clamed to give the ‘near optimum solution'.

The present chapter considers the k-salesmen problem with additional
restriction on number of cities visited by each sdesman and aso that each
city is visited by only one sdesman. The problem is to determine an
optimal tour which consists of k sub tours with specified sub tour length

(i.e. number of nodes in the subtour).
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Another objective function considered in this chapter is ‘to minimise

the maximum step value in a tour’, in the case of the single salesman.

4.2 k -Salesmen Problem with additional restrictions
In the usua k-salesmen problem, the problem is to determine the
optimal tour which has the minimum length, but it may consists of only a
tour with the minimal totd length, where a tour is defined as the union of all
the subtours, one for each sdesman; However, the step lengths of subtours
are not specified; some of them may even be zero, the case where some
salesman may ‘simply’ St at the headquarters. But alowing ‘idle salesman
could be very expensive. Thus if the subtour of sdlesman a has n, nodes in
it other than the headquarters, one has the conditions on n; as ¥.n; = N-1,
n’s being non negatives (i.e. some of them may be zero also) but
unspecified.
The modified problem has the following additiona restriction
that the n;’s are part of the problem specification and have prescribed values

only.
4.3 LEXISEARCH ALGORITHM

LetD=[d;]i,j = 1,2,..N+k-1, where d;; be the distancefromi toj.
The problem is reduced to single salesman problem by introducing K-1
dummy origins. For convenience of computation the k-I images' of the
headquarters (node 1) are given the names 2,3,4,... k, where the headquarter

node is given the name 1, the remaining, non headquarters nodes are
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labelled k+ 1,k+2,..,k+N-1. Thus, in this extended distance matrix the first
k columns are mutualy identical. The same istrue with the first k rows. Let
thetria solution be
120 |20 3. 20 2 120, |20 .20, = L 120y =0y =y > ]
with value TR.
The lexisearch agorithm to solve this k-TSP is given briefly below.
Algorithm LEXIGTSP
The following notations are used in this agorithm.
w Current / partial solution
TR Tria value associated with atrial solution
10 ;0 230 = 1 =305 |0 5.0 o= | 1y |20 3. =0y > ]
oy : Thedity visited by thei” sdlesman asj™ city in histour.
n; The number of cities visted by i sdesman i=l ,2,..k and

>n, =N-1

Step 1. Arrange dl the cities according to their distances from the city
i=l, 2,...N+(k-l). This arrangement consists of N+(k-1) columns
and N-1 rows snce the origins are removed. Each column
represents acity, say, ‘A’ and the dements in that column are the
cities arranged in increasing order according to their distance from
the city ‘A’.

Sep 2. Include the first reachable city from the origin in the partial
solution W. If the distance itself is greater than or equd to TR
then stop. Otherwise go to next step.

Step 3.  Calculate the Bound.
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Step 4. If the (Bound + Partial Solution Value) is greater than or equal to
trial solution then drop the city added in step 2. Now go to step 2
i.eJB. Otherwise goto next epi.e, GS.

Step 5:  Include the next reachable city (from the lagt city included in the
partid solution W) into the partial solution.

Step 6:  If Partial Solution Vaue is greater than or equa to the TR, drop
the city added in step 5. Also drop the last city in W. Goto step 5
(i.e. JO).
Otherwise go to step 7.

Step 7:  If the (Partia Solution Vaue + Bound) is greater than or equal to
TR, then drop the newly added city in tep 5 (i.e. JB). Goto step 5.
Otherwise go to step 8.

Step 8:  If the Partid Solution contains > ny+(i-1) cities, add the dummy
I=1

origin to the partia solution . Cdculate the value of this Partia
Solution.
If it is greater than or equa to the TR, drop the dummy origin and
last two cities from the Partial Solution (i.e. JO).
If W contains only one city, go to step 2;
Otherwise go to step 5
Otherwise go to the next step.



Step 9:

Step 10:

Step 11:

Step 12

Step 13
Step 14:

Step 15:

Step 16:
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Cadlculate the Bound.

If the (Partial Solution Vaue + Bound) is greater than or equa to
TR then drop the dummy origin and aso last city from W. Go to
dep 5 (i.e. IB).

Otherwise go to step 11.

Include the latest possible city from the dummy origini in W.

If (Partial Solution Value) is greeter than or equa to TR, drop the
las dummy origin and aso the city from which the i dummy
origin was reached. Go to step 5.

Otherwise goto next step.

Cadculate the Bound.

If (Partid Solution Vaue + Bound) is greater than or equa TR,
drop the recently added city in W and goto step 11.
Otherwise go to next step.

Include the latest reachable city from the last city in W.

If (Partial Solution Vdue) is greater than or equa to TR, drop the
last two cities; if dummy origin happens to be one of these two
cities, dso drop the city from which the dummy origin was
reached, reduce the value of i by 1i.e, i becomesi-1.

Otherwise go to next step.



Step 17:

Step 18:

Step 19:

Step 20:

Step 21.
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Cadlculate the Bound.

If (Partial Solution Value + Bound) is greater than or equa to TR,
drop the latest city i.e, JB. Goto step 15.

Otherwise go to next step.
If the number of dementsin W is less than (n; + k) go to step 15.
Otherwise go to step 20.

Add the dummy origin to W and calculate the value of W. Ifit is
greater than or equa to the TR drop the dummy origin and aso the
last two cities in W. Go to step 15.

Otherwise go to tep 21.

Replace TR by Partid Solution Vdue and trial solution by W.
Drop the dummy origin and the last two cities in W. Go to step
15.

4.3.1 BOUND CALCULATIONS

Bound is the sum of distances of the columns (cities) (which is not in the
word, excluding latest city) to the first reachable city (excluding latest
city) within the first (M-1) cities if any; otherwise, take the distance to M™
city in that column. The vaue of M may be (1/4)(N+k-I), (I/3)(N+k-I)
etc. The value of M is arbitrary; it may be chosen as 1/3, 1/4, or any other
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convenient fraction of the number N+k-1. The larger the value of M, the
better (more 'efficient’) is the bound obtained but the computations aso
will be higher, while a smdler M requires less computations for bound
setting but requires a more intensive search. In other words, this way of
computing the bound may result in increasing the number of solutions to be
searched, but reduces the computational time on computing the bound as it
is calculated for every partid solution.

4.3.2 Numerical Illustration

As an illustration, consider a network of 6 cities including the head
office with k=2 salesmen. One sdesman is to visit n,;=2 cities and the
other salesman is to visit the remaining n, =3. Since k=2, one dummy head
office is to be introduced. Thus, one has nodes 1,2 for head office and nodes
3,4...7 for the other cities. The corresponding distance matrix is

(999 999 22 8 9 15 7
999 999 22 8 9 15 7
22 22 999 23 15 19 1
8§ 8 23 999 5 25 22
9 9 15 5 999 10 19
15 15 19 25 10 999 15
|7 7 1 22 19 15 999]
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The aphabet table is the arrangement of the cities (excluding the origin ‘1’
and dummy origin '2') from city i (I=1,2,..7), in increasing order of

distances.

Thealphabet table
1 2 3 4 5 6 7

7-07 7-07 7-01 5-05 4-05 510 3-01
4-08 4-08 514 7-22 6-10 7-15 6-15
5-09 5-09 6-19 323 3-15 319 5-19
6-15 6-15 4-23 6-25 7-19 4-25 4-22
322 322 3999 | 6999 |5999 |6-999 | 7-999

The value of M is taken as 3 and the firgt 3 cities(i.e.M=3) which have the
least distances from the city i=l,2,...N+k-I are listed below aong with their
distances and are considered for bound calculations.

7-07 7-07 701 | 505 |4-05 510 | 301
408 408 |515 |2-08 |209 2-15 | 2-07
5-09 509 |619 1-09 1-09 115 107
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I-ay; |ap=ap | a;p=2 | 290y | 099 0| G203 | a1 Remarks
17,7
GS
7-3,1
843 GS
392,22
30,28 GS
24,8
38,24 GS
45,5
43,24 GS
56,10
53,15 GS
6— 1,15
TR=68 JO
X
X
456,25
63,19 JB
X
2559
39,28 GS
54,5
44,23 JB
56,10
49,23 JB
X
26,15
45,20 GS
6—5.10
55,13 JB
6—4,25
70 JO
X
X
7-6.15
22,43 GS
62,15
37,33 JB
X
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L 1=oyy | ap—ap | 02 [ 290y | op—> 0y
75,19
26,55
74,22
29,48
X
14,8
45,5
1333
529
22,24
2-7.7
29,35
7-3,1
30,34
76,15
44,34
X
26,15
37,17
67,15
52,20
63,19
56,8
X
2-3.22
44,23
X
X
45722
30,44
4323
31,34
46,25
33,28

| Q03 |

36,19
49,15

| Oly3—> 1

Remarks

6—1,15
TR=64

JB

JB

GS

GS

GS

GS

GS

GS

JO

JB

GS

JB

JB

JB

JB

JB

GS
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I=a; | aj—=0;| o2 Oy =30y | Opy—30ly; | Cp3—>1 Remarks
62,15
48,18 JO
X
1—)5,9 GS
54,5
14,32 GS
42,8
22,24 GS
27,7
29,35 JB
26,15
37,17 GS
67,15
52,20 JB
63,19
56,8 JB
X
26,15
37,17 GS
67,15
52,20 JB
6—3,19
56,8 JB
X
23,22
44.23 JB
X
X
5-6.10
19,31 GS
6—2,15
34,17 GS
2-7.7
41,28 JB
2548
42,10 GS
45722
64 JO
X
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120y | 0201 | @2 | 290, | ay—30y; | 0p—>ay; |
5-3,15
24,38
352,22
46,37
57,19
28,51
X
16,15
6—5,10
25,22
52,9
34,17
27,7
41,28
248
42,10
457,22
64
2—3.22
56,16
X
X
6—-7.15
3034
63,19
34,28
32,22
56,24
X
6—4,25
40,18
42,8
48,18
X
X
153,22
37,1
2335

| ap3—>1

Remarks

GS

JB

JB

GS

GS

GS

GS

JO

JB

JB

GS

JB

GS

JB

GS

GS
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1-0a;, | a0, | a2 2-a,, 030y | Opy—>0h3 | O3] Remarks
72,7
30,28 GS
2548
38,24 GS
45,5
43,24 JB
46,25
63,19 3B
X
2559
39,28 GS
26,15
45,20 B
X
X
35,15
37,42 JB
356,19
41,34 JB
3425
45,38 STOP

In the above search table, search starts with «,,=7 with the cumulative
vaue d,;= 7. The next letter (or city ) in the word is the firs reachable city
from 7, i.e. city 3 which is the first dement in the aphabet table under
column 7. Vaue of this patid word 1-7—-3 is 7+1=8. Since the firs
salesman is redtricted to vidt only 2 cities, he has to return to the head
office, the vaue of the patid word 157532 is 8+22=30. From the
dummy origin 2, the first reachable city(i.e. the city which is not visited by
thefirst sdlesman) is4, i.e. a,,=4, the value of 1 >7—->3—-2—4 is 38.
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In the above table the bold letters represent the bound values of the
partial word. For instance the bound value of the partid solution 1573
is the sum of the distance of the first reachable city from 3 and the distance
of first reachable city (among the firgt 3 cities) from the cities which are not
in the word i.e 15+8+5+5+10= 43. Smilaly for the partia word
1-54—5-52-7-6, the bound is the sum of the distance of the first
reachable city from 6 (i.e. the city 3) and the first reachable city from the
city 3. Since M=3 and no other city is reachable within the first 3 cities
from the city 3, for bound calculations the distance between the city 3 and
city 6 is consdered. Hence the bound for this partia word is 15+19=34.
Similarly the bound for 1 >4—55—52—6—-7 is 1+19=20.

4.4 COMPUTATIONAL EXPERIENCE

The procedure developed and illustrated above is essentialy the same
as the lexisearch dgorithm for the usud TSP, with appropriate
modifications. A FORTRAN programme to implement this procedure is
listed in appendix 2.

However, the question as to whether the choice of the ordering of the
subtours ether of same step lengths or of different step lengths n;, as the
case may be, remains not yet answered. A computational experiment, by
solving a same st of problems by the same dgorithm but changing the
indexing of the n;’s and comparing the solution times was carried out for

this purpose.
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A pared t satistic was caculated for each of the pair sequences
{2&11,11&2},{3&10,10&3}, {4&9,9&4}, {5&8,8&5}, {6&7,7&6}, and
{2&13,13&2},{3&12,12&3},{4&11,11&4},{5&10,10&5},{6&9,9&6},
and {7&8, 8&7} for problems of szes 14+1 and 16+1 respectively.
Details of the results namey timings(in seconds), the optimum solution
vaue obtained and relevant statistics reported in the following tables for
10 problem data sets are generated for each of Szes 14+1 and 16+1,

Problem size: 14+1
TABLE 411
OPTIMUM SOLUTION TIMINGS

Ordering of subtours

P.No 28 11 |3&10 |4&9 |5&8 [6&7 |7&6 (8&S5 |9&4 | 10&3 | 11&2
1 0.49 0.49 0.38 043 0.49 0.52 0.54 0.49 0.60 0.71
2 0.49 0.49 0.54 0.60 0.65 0.71 0.76 0.76 0.65 0.54
3 0.49 0.54 0.60 0.60 0.60 0.65 0.76 0.87 0.87 0.82
4 0.65 0.60 0.65 0.71 0.82 0.93 0.98 0.98 0.87 0.98
5 0.54 0.49 0.49 0.60 0.60 0.71 0.71 0.65 0.60 0.71
6 0.54 0.49 0.49 0.49 0.49 0.60 0.71 0.82 0.87 0.87
7 043 0.49 0.49 0.54 0.60 0.61 0.82 0.65 0.60 0.93
8 0.49 054 0.54 0.60 0.71 0.76 0.76 0.65 0.87 0.60
9 0.49 0.54 0.60 0.54 054 0.60 0.76 0.82 0.82 0.71
10 0.49 043 0.43 043 0.54 0.60 0.60 0.60 0.82 0.98




TABLE 4.1.2
DIFFERENCE IN TIMINGS
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P.No 2&11 | 3&10 |4&9 5& 8 687
11&2 10&3 | 9& 4 8&5 7&6
1 0.22 0.11 0.11 0.11 0.03
2 0.05 0.16 0.22 0.16 0.06
3 0.33 033 0.27 0.16 0.05
4 0.33 0.27 0.33 0.27 0.09
5 0.17 0.11 0.16 011 0.11
6 0.33 0.38 0.33 0.22 0.11
7 0.50 011 0.16 0.28 0.01
8 0.11 0.33 0.11 0.16 0.05
9 0.22 0.28 0.22 0.22 0.06
10 0.49 0.39 0.17 0.17 0.06
Mean 0.26 0.21 0.21 0.19 0.06
SD 0.14 011 0.08 0.05 0.03
Pairedt | 5.2 6.25 7.8 95 6
TABLE 4.1.3
OPTIMUM VALUES
PNo |2&11 |[3&10| 4&9 | S&8| 6& 7| Mean SD Single
Salesman
1 421 411 391 406 400 405.8 | 10.11 382
2 367 379 385 388 389 | 381.6 | 08.09 364
3 332 327 337 335 333 | 3328 | 03.37 307
4 350 345 351 349 353 | 349.6 | 02.65 322
5 377 366 380 386 386 | 379.0 | 07.38 349
6 299 300 298 283 287 | 2934 | 07.01 268
7 320 311 306 322 314 | 3146 | 05.85 280
8 278 292 282 290 289 | 286.2 | 05.31 264
9 324 334 336 302 319 | 3230 | 12.23 296
10 343 332 323 302 325 | 325.0 | 13.46 293




Problem Size 16+1
TABLE 421

OPTIMUM SOLUTION TIMINGS

Ordering of subtours
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PNo |2&13[3&12[4&11[5810]6&9 |7&8 |8&7 |9&6 | 10&5 | 11&4] 12&3] 1382
1 065 |071 |087 |08 |098 |126 | 150 | 170 | 241 |318 |241 |373
» 087 |071 |083 | 104 | 120 | 1690 | 192 |258 |324 |389 |291 |41l
3 093 |065 |082 |093 | 109 | 18 |258 |219 | 274 |1%2 |18 |203
4 054 | 073 |076 |065 |071 |087 | 115 | 109 | 131 |148 |14 | 148
093 | 109 082 |076 |12 | 109 | 120 | 164 | 115 |131 |225 | 148
6 087 |060 |071 |082 |098 | 164 | 192 |203 | 159 |219 |137 |296
7 065 |071 |054 |065 |071L |076 |082 | 105 | 109 |109 |19 | 170
8 098 |098 |087 |100 | 100 | 126 | 150 |352 |247 |274 |368 |549
9 093 |098 |093 |065 |12 | 137 |18 |208 |208 |263 |302 |41l
0 |08 |093 |065 |076 |093 | 126 | 153 | 150 | 137 | 153 |357 |18
TABLE 4.2.2
DIFFERENCE IN TIMINGS

P.No 2&13 | 3&12 | 4&11 | 5&10 | 6&9 7&8

13&2 | 12&3 | 11&4 | 10&5 | 9&6 8&7

1 3.08 170 231 159 0.72 0.33

2 3.24 2.20 3.06 2.20 138 0.33

3 110 116 110 181 110 0.72

4 0.94 0.69 0.72 0.66 0.38 0.28

5 0.55 116 0.49 0.39 0.44 011

6 2.09 0.77 148 0.77 106 0.28

7 105 121 0.55 044 0.34 0.06

8 451 2.70 187 138 243 0.33

9 3.18 204 170 143 0.88 0.44

10 14 2.64 0.88 0.61 0.66 0.27

Mean 2.06 163 142 113 0.4 0.32

SD . 127 0.70 0.79 0.60 0.59 0.17

pairedt | 4.61 6.61 513 5.38 455 533




TABLE423
OPTI MUM VALUES

Ordering of subtours

P.No 2813 | 3&12 | 4&11 | 5&10 |[6&9 |7&8 | Mean | SD Single
Sal esman
1 350 343 349 345 340 343 345.0 |3.51 311
2 372 367 376 | 373 371 368 371.2 |3.02 333
3 402 395 401 405 405 417 | 404.2 |6.64 377
4 339 344 345 340 | 336 A1 340.8 |3.02 336
5 365 373 362 | 379 370 365 365.7 |4.68 345
6 357 333 348 | 340 349 356 347.2 | 8.47 333
7 429 433 420 | 420 418 415 422.5 6.3 |412
8 422 409 | 407 | 408 409 406 410.2 |5.39 390
9 390 31 31 360 377 377 377.6 | 9.01 360
10 366 380 61 34 363 368 365.3 | 7.91 31

Note: The minimum of the optima values is presented in bold face for each
problem. All the above problems executed on Wipro Super Genius E-590

From 4.1.1 and 4.2.1, it is seen that as n; increasey(& n, decreases),
the time for solution increases. However, the choice of n;, n, is
problem specified in generd.

From 4.1.2 and 4.2.2, it is clear that subtour of smaler step length
should be preferred as the first subtour in the solution process i.e. if
a,p are the sizes of the two subtours, n; should be teken as the
smaler of a,P . In fact, even the t test is not needed for this
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inference; in al the ten cases timing for n;<n, is smaller than for

the cases n,<n,.

iii @). An Optimal solution value for single salesman case is always smaller
than any of the two salesman cases, for each of the problem. Of
course, this is what is only to be expected, since each salesman has to
return to head quarter.

iii b). There does not seem to be any trend in regard to the break up into
subtour of different sizes, hence,one can not conclude that among the
many partitions as n;, n, any particular choice is aprior likely to give

smaller optimal value.

45 Min-Max objective and a lexisearch algorithm.

In this and the next section, the single salesman problem with a
different objective is considered. A tour may have atotal length relatively
small , but may have one or more of the laps rather very larger, where other
tours, with larger total lengths may have al the laps of the tour small
values. Hence another meaningful criterion for optimality of the tours is
minimality of the largest arc length in a tour. The present and the next
section consider this objective function.

A formal statement of the objective function follows:

Let 1 —»a;->a,—> .. =0, —> 1 beatour. The ‘tour valuc’ is now defined
as max (dy; o, ), Where og = a,=1. Here the objective is to choose a tour
which has minimum tour value. For instance in the case of illustrative

problem given below the tour 1- 2— 45— 3 —1, has the consecutive
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arc lengths 511,25,85,and 77. The totd tour length is 203; but the tour
vaueis 85.

Let D =[d;]ij =12 ..,n where d; be the distance from city i to city .
The lexisearch dgorithm to solve the above problem is given briefly below.
Algorithm LEXIMMT

The following notations are used in this algorithm.

W : Current/ partia solution

TR : Trid value associated with the trial solution

Step 1:  The dphabet table to this network is an arrangement of al the
citiestocity i (i = 12..n) in increasing order according to

their distances.

Step 22 Trid vadue TR is the maximum value of distances of two

successive cities in the tour 1+2—3....—n—1.

Step 31 Start with the first city (firsde column) and go to the first
possible city from it and let the distance be DIST. |If it is
greater than or equal to TR then Stop.

Step 4. BOUND is the maximum vaue of the distances among the first
available cities from each city which is not in the partial solution.
If this value is greater than or equa to the TR proceed in the

same column i.e. JB.



Step 5:

Step 6:

Sep 7

Step 8:

Step 9

Step 10.
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Otherwise include this city into the partia solution W i.e,, GS.

Go to the next possible city from the last city in the partia
solution. Now, DIST isthe maximum among the distancesin the
partial solution W and the distance between the last city in W and
the firg reachable city from it.

If DIST islessthan the TR go to step 7. Otherwise drop the last
city in the partia solution . If the number of cities in the partia
solution is one go to step 2.

Otherwise go to step 5.

Caculate the BOUND asin Step 5. If the BOUND is less than
the TR goto step 8.

Otherwise go to step 5.

Include the city in the partia solution. If the partid solution
contains n cities go to step 9.

Otherwise go to step 5.

If the DIST is greater than distance between the lagt city in the
partial solution W to city 1 goto step 10.

Otherwise replace the DIST by the distance between the lagt city
in W and the city 1. Goto next step.

If DIST is greater than the TR drop the last two citiesin W. Go to
step 5.
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Otherwise replace TR by DIST and include the city in 1 in W,
replace trid solution by W. Drop the last three cities (including
recently added city 1) fromW . Goto step 5.

4.6 Numerical lllustration

The problem of minimising the maximum step length of a tour is
illustrated through a problem with a network of 5 cities.
Distance matrix

9999 5 13 8 33

7 9999 34 11 32
77 8 9999 90 60
80 38 65 9999 25
32 74 85 55 9999

For the solution ( 1— 2— 45— 3 —>1), the ‘value’ of the steps are 5,
11, 25,85 and 77 respectively. Hence the value of the tour is the maximum
among them, viz. 85. Some other solutions and their values are

(1 23 4 51and 90

(1 42 5 3 and 85

Alphabet table
1 2 3 4 5
25 | 17 | 28 | 525 | 13
48 | 4-11 | 560 | 2-38 | 455
313 | 532 | 1.77 | 365 | 2-74
533 | 3-34 | 490 | 1-80 | 385
1-9999 | 2-9999 | 3-9999 | 4-9999 | 5-9999




The search table for this problem is
Search Table

l->a,

o—>a,

r—0y

o3>0y

as—1

Remarks

1-52-5,60

154-8,32

1-53-13,32

155-32

2—4-11,60

25-32,17
2—-3,34,60

4-5-25,32

4—2-38.60
4—3-65

3->2-8,32

4-5-25,77

4-3-65,60

3-5-60,80
3-54-90

5—2-74

2—54-11,32

2-55-32

5-3-85.77

X

3-55-60,32

4—5-25,32

3-51-77
TR=85

5—-1-65
TR=65

5—1-32
TR=32

GS
GS
GS
GS

JB
JO
JO

JB
JO
JO
JO
JB
GS
JB
JO

GS
GS
GS
JO
JB

JO
GS
GS
GS
GS

JB

JO

JO
STOP

3—5-60
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In the above search table search starts with o,=2 with the value 5. The next
letter in the word is the first reachable city from 2 i.e. 4 with the value
11.The partia solution 1-52—4 vaue is maximum of the distances
between the city 1 to city 2 and city 2 to city 4 i.e. 11. In the above table
the bold letters represent the bound values of the partial word. For instance
the bound vaue of the partial solution 1-52—4 is the maximum of the
distance of the first reachable city(including city 1) from 4 and the distances
of the first reachable city (including city 1) from the cities which are not in
the word i.e. maximum of (25,60,32) =60. Similarly the bound for

153524 is 32.

A FORTRAN programme to implement the algorithn LEXIMMT is listed
in appendix 2

4.7 Computational experience

Computationa experience of minimisng the maximum step length
in atour is given in the following table for 10 data sets generated randomly
on Wipro Super Genius E 590 for each of the problem sizes 11,13,
15,17and 19.
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TABLE 4.7.1

Execution timein Seconds

PNo— | 1 2 3 4 5 6 7 8 9 10 Mean | SD.
Sized

11 0.16 | 0.16 | 016 | 016 | 016 |0.27 | 016 | 021 | 016 | 016 | 0.176 | 0.035
13 021 |016 (016 [021 [098 [016 [021 |0.16 |021 |0.16 |0.262 |0.241
15 082 |0.16 |038 | 049 | 032 [043 | 016 | 049 |060 |038 |0423 |0.187
17 065 [038 | 159 (29 | 175 |049 (038 |241 | 208 | 181 | 145 0.877
19 032 |060 (071 |230 | 159 [093 [208 |357 | 038 |236 | 148 | 1021

From the above table, it is clear that, as is to be expected, the mean time
increases with problem size. With the limited data available, the mode
T=exp(A+Bn) where n is the problem size, appears good enough, with A
and B as -4.7948, 0.2696, giving the predicted timings as given below.

TABLE 4.7.2
Problem Mean Time | Predicted
Size Time
11 0.176 0.161
13 0.262 0.275
15 0.423 0.472
17 1450 0.809
19 1484 1.388

Remark: The A and B values are computed without using the data of
problem size 17.




CHAPTER V



MAXIMUM WEIGHTED CONNECTED SUB GRAPH

51 INTRODUCTION

This chapter consders the problem of finding a maxima node
weighted connected sub graph of a connected node-weighted graph.

In most of the network optimisation problems like the Shortest
Route Problem and the Travelling Sdesman Problem, the edges which,
for example, represent the connectivity of two places have the distance
between the two places as their weights. Similarly, in Maxima Flow
problems, the edge weight represents the flow capacity between two
points. However, there ae other optimisation problems in which the
vertices, not edges, have weights and one isto find a connected sub graph
with a maximum total node-weight.

One such problem occurs in the mining industry : The problem isto
choose a st of ‘blocks’ for mining activity which will give maximum total
weight(c.f.Caccets and Giannini,1988). The mining site (not just the surface
of the mining area) is divided conceptually into blocks of gpecific
(approximately  uniform) volume. These blocks are  numbered
consecutively  for identification. By exploratory studies the net money
vaue that will accrue to the miner if a given block is mined out is
assesed (estimated). This value, particularly in blocks near the surface,
may wel be negative. However, one cannot smply choose a vauable
block well below the ground and mine it directly. Physica and
technologica constraints may require that a block of interest can be mined
only if already one of its specified neighbours has been mined or, though a
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rather rare case, the vauable block itself is on the surface and is directly
reachable. Trandt cost of moving from one block to another which could
be approached directly from the former, is negligible and can be ignored.
Mining has to gtart from a ‘Surface block'. Then, a mining block selection
strategy is equivdent to naming the blocks to be mined out; the value of
this activity is the tota of the net values of these blocks while the
‘activity set' is sterile unless one of the surface blocks is included in the
st. Also for the st to be meaningful, one should be able to approach all
the sdected nodes ; since the approachability is not directed, it is
aufficient if the set of blocks is a connected (not necessarily directly)set.
Different such connected sets will mean different Mining Strategies. It may
be noted that if two sas have a common block, they are no longer
isolated sets and they codesce into a single connected set.

One need not treat separately the trivial case of having more than
one mutualy isolated mining strategies, eech darting with a ‘separate
starting block’; one can dways 'get  them connected' by introducing a
fictitious starting block of value say, O which is directly connected to
each of the possible gtarting blocks i.e., each of the surface blocks.

The problem can be dated formdly in Graph-theoretic terminology
as follows:

Let G= (A, E ; V) be asymmetric connected graph with A={ 1,2,..n }

asitsnode set, and E the edge sat; let V = {v,,v,, v, ) be the set of

values associated with the corresponding nodes.
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Let S be a subset of the node set A and let G(S, Eg ; Vg ) a connected
sub graph with Eg and Vg as the corresponding edge set and value set
respectively. The vaue of this sub graph is the totd of the values of the
nodesin Sand isdenoted by Va(G(S, Eg;Vs)) = Zv;

The problem is to sdect a connected subset S which has the maximum
value,
i.e. such that Val(G(S®, Eg~; Vs-)) = Sup (Val(G(S, Eg, ; Vs, )

As dready noted, unlike in the travelling sdesman problem, here, the
edges of the graph will not have any vaue atached to them but the nodes
will have values v;, posditive or negative asthe case may be.

This problen was posed in 1988 by Cacetta and
Giannini[1988]. They proposed a graph theoretic approach to solve the
problem but except for making some observations and mentioning
some procedures to move from one spanning tree to another, do not seem
to have solved the problem as such. No solution procedure, let alone
computational experience in solving this problem, seems to have appeared
s far in the literature. In the present chapter, a lexisearch algorithm is
developed to solve this problem and dso a procedure is developed to
reduce wherever possible, the effective size of the problem by ‘merging’
appropriate connected blocks into super blocks, which makes the
lexisearch agorithm more effective. A number of randomly generated
problems, of varying szes and varying levels of connectivity have been
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solved using this agorithm and the relevant computational experience is
reported.

The concepts and the goproach of the procedure used to solve this
problem are explained in the sequel.

5.2 Computation of Super Nodes

At afirgt glance, one may think that the problem is trivial: exclude al
negative nodes and divide the resdud graph into mutualy unconnected
sub graphs and select the most valuable one among these connected sub
graphs. However, this gpproach is not workable; two connected sub graphs
with only positive nodes which are mutudly isolated may get connected
through a negative node giving a more valuable, bigger connected graph
but with a negative node. Also it is often necessary to require that the
acceptable sets S should necessarily contain at least one of a prescribed set
of (possibly negative) nodes. In what follows, we shall insst that the S of
interest must contain at least one negative node. Some of the basic concepts
which are usad in solving this problem are also explained in the sequel.

Without loss of generdity it can be assumed that dl the surface
blocks are connected with each other since each of them can be directly

mined and no transit cost is involved.

One can have many mutudly digoint connected subsets of blocks
containing at least one surface block in each of them. All these subsets of
blocks can be treated effectivdly as one connected set by assuming links
to exist between every pair of surface blocks since any block that can be
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involved in the mining strategy has to be connected to a surface block.
This assumption of connectivity of surface blocks makes it possible to
consider every st of mutudly disconnected subsets with at least one
surface block in eech as essentialy a connected set. Hence one needs to
consider only one connected subset of blocks to be mined.

The Maximum node weighted Connected Subgraph problem is solved
in two stages. In the first stage, the size of the graph is reduced by
constructing supernodes-connected subsets with  atleast one negative
node; in the second stage, a lexisearch procedure is applied to get a
maxima node weighted sub graph from the reduced graph.

5.3 Reduction of the graph : Construction of super nodes

In a given graph there may be clusters of positive nodes which are
connected within themselves. However, two such clusters (which are not
connected directly with one another) may be connected through a
negative node. One can replace dl the podtive nodes of acluster by a
single node called positive super node. The value of this super node is the
total of al the values of the nodes in that cluster. If any negative node is
connected to a least one of the nodes in a super node, then it is
connected to that podtive super node. In thisway , the sze of the
graph is reduced.

The identification of super nodes is done by raising the connectivity
sub matrix defined by the postive nodes of the given connected graph to
various ‘minad’ powers(Pandit,1961) ; this operation is explained in the
Appendix 1. After some stage, the pattern gets stabilised. From this stage
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onwards no zero will become positive and positives will remain as
positive; the minad power sequence will have reached satiety (see Appendix
1). From this matrix one can identify the positive super nodes. This
will be illustrated by an example.

54 REDUCTI ONALGORI THM: REDGRA

Let G (A, E, V) be aconnected graph (network) with node-weights,
which may be either podtive or negative. 0 in the corresponding
connectivity matrix represents direct connection between the nodes and 1

stands for * no direct connection .

Sep 1. Consider the sub graph of nodes whose weights are only non-
negative and obtain the submatrix of connectivity for this

subgraph.

Step 2. Use the ‘compact Storage algorithm' to get the satiated matrix.
From this matrix, identify the mutually digoint sets of nodes

which are connected within themselves.

Step 3. Construct the new graph with positive super nodes and origina

negative nodes. \

FURTHER REDUCTION
step 4. If any positive node (not the super node) is connected to only one
negative node, then both these nodes can be merged and the value

of this node isthetotal of the two node-values.
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Step 5. If a negative node is connected to only one negative node,
anddropping of this node not effecting the connectivity then drop
it from the graph.

Step 6. If a negative node (3 is not directly connected to any of the
positive super nodes and remova of (3 is not affecting the
connectivity of the remaining graph then drop it from the graph.

Step 7. Repeat Sep 4, Step 5 and Step 6 till no further merging and
dropping of nodes is possible.

55 LEXISEARCH ALGORITHM : LEXIGRA

The following notation is used in the sequdl.

w A (dynamicdly changing) st of negative vaued nodes

L The lig of dl negative nodes.

AT Alphabet Table; defined through columns, one for each negative
node, condsting of nodes connected to the negative nodes,
arranged in the decreasing order of their values.

TR Vaue of a trid solution. Initialy, it may be set a -o.

B Bound, a any stage, B is the tota of the values of positive
supernodes not included in W.
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The LEXIGRA agorithm follows:

Sep 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Start with first available negative node from L. If list is exhausted,
then stop.
Otherwise, take next node in the list and put thisin the array W.

Take dl the positive nodes which are connected to this negative
node, if any. The vaue of st W, V(w) is the total of al the
positive super node weights (Vaue) and the value of this

negative node.

Obtain B = thetota of dl positive super nodes which are not in
the W,

If (B+ V(W)) islessthan TR, drop this negative node and go to
step 1.

Otherwise go to next step

Take the fird availdble negative node in the column which
represents the last node inthe W and put itin - W. If thereis no
negative node available in that column, go to step 10.

Otherwise go to next step

Cdculate V(W) as explained in the Step 2.

Step 7. If the V(W) is greater than TR, then TR = V(W); go to step 8.



Step 8.

Step 9.

Step 10.

Cadlculate the bound (asin step 3).

If (V(W) + B) is greater than or equd to TR, go to step 5.
Otherwise drop the recently added two negative nodes (and
positive nodes connected to these negative nodes), reduce the
word value appropriately . If the word contains no negative node
then go to the Sep 1.

Otherwise go to the step 5.

Drop the last letter from W. If the word contains no negative node
then go to the step 1.
Otherwise goto step 5.
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56 NUMERICAL ILLUSTRATION

The congtruction of positive super nodes and the lexisearch agorithm will

be illustrated by an example.

Condider a node weighted graph of size 24, with node weights and the

connectivity matrix as given below

Weights of the nodes:

-1-2-4-5-7-8-9-11-13-14-15,3456 7891011 121314 15

Connectivity matrix is
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As the 'positive(valued)' nodes are nodes numbered 12,13,....,24, we
have, by taking the submatrix defined by rows and columns 12,13,....,24,
the connectivity matrix for the subgreph consisting only of the positive
nodes and the edges of the graph which are connecting them as the

positive nodes submatrix
12 13 1415 16 17181920 21 222324
0101 11111111 1]
1011001111111
0100110111111
11001 11101111
1011011011111
1011101011111
1101110101111
1 11 1001011111
1110110101111
1111111110010
1111111110001
1111111111000
111111111010 0]
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The satiated matrix for this connectivity matrix is given by:

— O o OO O e e e e e
—_ O = OO = O = o e e e
S - O O = O = O o =
S OO = O O e e e e

A rearrangement of the above satiated matrix leads to

111111111 o o o o
111111111 o o o o
]]]]]]]]] o o o o
111111111 o o o o
__ e O O O O O e = =
e e == === R
il = = = =T
—_e——— O O O D D = = o
—_e—e, O 0 O D D = = =

0
0

— e e e

T T T T S e e )

00 00

0000

0 00
0




These Super nodes aong with the corresponding weights are presented
below.

Supernode Members of Supemode weights

A 21,22,23,24 12+13+14+15=54
B 12,14,15,18,20 3+5+6+9+11=34
C 13,16,17,19 4+7+8+10 =29

The reduced graph connectivity matrix is

ABC 1 2345672891011
A 0611100111 111T11
B 101 11001111110
C 1101 1100111111
1 1171011 1111101°1
2 01110171 11111101
3 00111011101 111
4 10011 101111111
5 1170111 10110110
6 11111 111011100
7 11111011101 101
8 111111 10110111
9 1110 1111111010
10 1111 0111001101
11 1011 1110011010

- —
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The initid trail solution can consst of the fird negative node and

positive nodes connected to it if any, in this illustration W = {1}, since no

positive node is connected to it; itsvaue isV(W) =-1
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The aphabet table for this Problem is

1 2 3 4 5 6 7 8 9 10 11
A 54 |A 54| B34 B34 B 34| B 34
B 3 |C29|C29
9-13(3-4 |2-2 |34 |3-4 |3-4 |3-4 |5-7 |1-1 |2-2 |3-4
10-14 |4-5 |5-7 |4-5 | 4-5 |10-14 1-15({3-4 |4-5
5-7 |6-8 |8-11 | 10-14 4-5 |5-7
6-8 |10-14|10-14 | 11-15 5-7 |6-8
7-9 | 11-15| 11-15 6-8 |9-13
10-14 7-9 |10-14
11-15 11-15

In the above aphabet table the nodes written in bold font are connected to
the negative node of that column through a positive super node. For
instance , in the column 2 the entry 2 i.e. the node 3 is not directly
connected to node 2 but connected through the supernode A.
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The Search Table
1 2 3 4 5 6 7 Remarks
1=- GS
-1,117
9=-13 GS
-14,117
11=-15 GS
-29+34=5
5,83
3=- GS
1+54=55
55,29
2=- GS
53,29
10=-14 GS
39,29
4=-5
34+29=63 |TR=63
JO
5=-7
32,29 JO
X
4=-5
50+29=79
79,0 TR=79
JO
=-5
0,85
3= JO
-4+54=50
50,29
5=-7 GS
-2+29=27
27,45
3= JO
23+54
77,0
6=-8 GS
-3,83
3;
-7,83 JO
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1 2 3 4 Remarks
9=-13 JO
-8,83
2=-2 GS
-2+54=52
52,63
3=-4 GS
48+34=82
82,29 TR=82
4=-5 GS
77+29=106 TR=106
106,0 JO
10=-14
38,63 JO
3=-
84,29 GS
4=-5
79+29=108 TR=108
108,0 JO
4=-5
58,54 GS
5=-7
51,54 JO
5=-7
56,54 GS
8=-11
45,54 jo
6=-
-8,117 GS
10=- 14 JO
-23+34=12
12,73
7=-9
-9,117
10=-14 JO
-23+34=11
11,73
=-11
-11,117 STOP

In any row or any column of the above search table, the letter on

left-hand side of the equality represents the negative node and the letter on

right-hand side represents the value of that node. The first number under

the negative node is the cumulative value of the solution V(W) and the
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bold number to the right of cumulative value is B the value of the

bound.

For instance, in the third row and third column of the search table the
solution is 1= 9— 11 and its value is value of node 1 + value of node 9 +
value of node 11 plus the sum of the Positive Supernodes connected to at
least one of these negative nodes. In this solution node 11 is connected to
Positive Supernode B, of value 34. Hence, the value of the solution
(1,9,11) is -1-13-15+34=5. The bound to this solution is the sum of the
values of the positive super nodes A and C i.e. 54 + 29 = 83. Similarly the
value of the solution 1 —2— 3 is(-1) +(-2) +(-4) +(54+34) = 82 and the
bound is 29

The optimal solution to this problem isA B C 3 4 and its valueis

54+ 34+ 29+ (-4)+ (-5) =108

A listing of the FORTRAN programme for this algorithm is given as
appendix 2,

5.7 Computational Experience

In order to assess the efficiency of the proposed algorithm, a number of
networks, of different sizes (i.e., number of nodes with different number
of positive and negative nodes) and with different levels of connectivity
were solved on Wipro Super Genius E 590 with the FORTRAN
Programme listed in the appendix, and the times required for obtaining
solution of the same were recorded and analysed. Methods adopted
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for generating a network with a specified structure will be explained
firg; the times taken for solving the different problems with different
specified structures will then be presented in appropriste tables. A
statistical analysis of these data and the conclusions drawn from the same

are a so presented.

After deciding the level of connectivity ,generate a uniform random
number for each pair of the nodes, if it is less than the levd of connectivity
then there exists a direct connection between that node pair ,which is
represented by 0; otherwise, there is no direct connection between them,
which fact is represented by 1. Similarly the percentage of positive nodes
in a graph is aso decided. For each node a uniform random number is
generated to decide the nature of the node. For instance, the graph with 60%
positive nodes is generated by generating uniform random number for each
node; if it is lessthan 0.6, then the node will be positively weighted;
otherwise the node is negatively weighted. The weights are themselves
taken as uniform random numbers in the range 0-200. Thus, if weight-
random number is 70 and the node is a negative node, the weight for that
node is taken as-70

10 node weighted graphs (networks) were generated for each of the
different combinations of size, connectivity and % of positive node. The
optimum values and time(in seconds) taken for each of these 10 problems
are recorded. The details are given in agppendix 3. A summary analysis of
these data (on times for solution) by ANOVA is given below, treating the
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data as coming from a 3-Factor experiment  with levels 2x3x3, with 10
replicates for each 3-Factor combination.

TABLES.7.1
Size Percentage of Time No of super nodes
connectivity ~ ~ve Nodes | Mean SD Min Max

75 10 10 0.29 0.0245 3 7
75 10 20 0.29 0.0245 2 5
75 10 30 0.29 0.0245 2 10
75 20 10 0.304 0.035 1 7
75 20 20 0.273 0.031 2 5
75 20 30 0.263 0.0303 1 2
75 30 10 0.292 0.044 1 3
75 30 20 0.246 0.029 1 1
75 30 30 0.27 0.0 1 1
100 10 10 0.366 0.0418 4 8
100 10 20 0.393 0.0558 2 7
100 10 30 0.378 0.025 2 5
100 20 10 0471 0.036 2 5
100 20 20 0.443 0.034 2 5
100 20 30 0.295 0.025 1 1
100 30 10 0.426 0.128 1 2
100 30 20 0.311 0.02 1 1
100 30 30 0.285 0.023 1 1




5.8. COMMENTS
Even with relatively large number of nodes and low connectivity the

TABLE 5.7.2

ANOVA TABLE
S.V Sum of Squares | d.f | Mean Square | Variance Ratio
a. 0.4014 1 0.4014 191.1429
0l 0.0403 2 0.0202 9.6190
IO 0.1129 2 0.0565 26.9048
axax 0.0254 2 0.0127 6.0476
giXa 0.0563 2 0.0282 13.4286
axa 0.1078 4 0.0270 12.8571
axaxa |0.035] 4 0.0088 4.1905
Error 0.0351 162 | 0.0021
Total 1.1229 179 | 0.0021

number of super nodes turns out to be very small.
For connectivity less than 5%, graphs that were generated were un-

connected, details of this case have not been reported.

Time taken, for a particular combination of size, connectivity etc.,
appears to be varying very little, over the randomly generated
problems, CV. being not more than 150 except for one case

(100,30,10) whose CV. is 30%.

With increasing connectivity number of super nodes reduces, almost to

1




76

v. With increasing number of postive nodes, number of super nodes
reduces, dmostto 1.

vi. With increasing number of nodes, number of super nodes seems to
increase dightly.

At first appearance, one is tempted to conclude that

vii. With increasing connectivity, no effective change in time.

viii. With increasing number of positive nodes no effective change in time.

iX. With increasing number of nodes (size) average computational time is

more.

It should be noted that except in the case (100,30,10) (with SD. =
128) and (75,30,30) (with SD.=0) , the SD. in each of the various factor
combinations is of order 0.03. However, from the ANOVA table for time
for solution, it is obvious that compared to the error variance, al other
variances are quite large, the smalest ratio being 4.19 for 3 factor
interaction, the next higher variance ratio is 6.0. Hence , though one can
not use the F ratio test here, it is numericaly evident that at least upto 2nd

order interactions these factors do have an influence in time for solution.



CHAPTER VI



QUADRATIC ASSIGNMENT PROBLEM

6.1 INTRODUCTION

In this chapter, the Quadratic Assignment Problem(QAPfor short) is
discussed. The earlier approaches for solving the QAP are briefly presented
along with a critica appraisa of the same. A new implicit enumeration
approach for tackling the same is presented. This chapter ends with a report
on computational experience regarding this algorithm.

Many practical optimisation problems concerning the assignment of
discrete facilities to discrete locations are combinatoria in nature.  An
important problem of this type which arises in a diversty of contexts is
known as the Quadratic Assignment Problem. For convenience this type
of problem is often referred as facility location problem o that it indicates

one of the common contexts in which it is used as a layout problem.

Quadratic Assignment has many applications in different fields, some
of which are listed below: (cf. Burkard and Stratmann, 1978)

1.Blackboard wiring problems.

2.Plant location problems.
3 .Development Of new typewriter keyboard.

These problems differ from the classicd linear assgnment problem in
that the objective function is quadratic while the condraints are the same as

in the case of the ‘linear’ assgnment problem.
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The Q.A.P. as given by Koopmans and Beckman (1957) can be

formulated as follows.

Minimise z Z Zz fik dJ| XiJ X1 (61)
SubjeCt to Z‘ Xij :], i le‘ = 1, j=l,2,...,n (62)
i=1 i=l
Xi =X i =12, (6.3)

The above problem can be interpreted as follows:

There are ‘n’ indivisible facilities to be assigned to n indivisible
locations; fj is the flow or interaction from facility i to facility k and dj, is
the distance from location j to location 1. The objective is to assign the
facilities to locations such that the sum of pair-wise interactions among
facilities, weighted by the distance between their respective locations, is

minimised.

In the above definition of the problem, the distance between a pair of
locations j and 1 is not necessarily assumed to be the same in both the
directions i.e. in general dy #d j . Similarly, the flow or interaction

between facilities i and k is also not necessarily symmetrical i.e. fj, #fy

If at least one of the matrices, D or F, is symmetric then the above

QAP isknown as symmetric QAP.
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The QAP can be illugtrated through the following example.

A medica complex has 4 facilities. Among them there will be flow
of patients. Each of these facilities is to be located in one of the four
locations selected in the site of the complex. The distances among the four
locations are given and aso the flow (or movement) of patients among
facilities in atypical day i.e. the flow pattern between the facilities is also

specified.

The total movements and hence the total cost of the ‘flow’ depends
upon the pattern of alocations of these facilities to the locations.

Let the matrix of distances (equivalently ,the cost) between locations
and the matrix of flows from facility to facility be D and F respectively as

given below.
Distance matrix FHow matrix
a b c¢c d 1 23 4
X 6 7 2 X 10 20 5
6 X 5 6 18 X 9 4
7 5 X 1 5 6 X 8
2 6 1 X g8 0 15 X

. A . f d
Let the assignment of the fadilities to locations be | b C \

Thus, ten patients are to be moved from facility 1 to facility 2 but
these facilities are located at locations a and b; hence the tota of the
distance travelled by these patients is 10x6=60 units. Similarly for the
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distance travelled by the other patients. Hence, with this allocation, the total
distance travelled by dl the patients is (10x6+20x7+5x2) +
(18x6+9x5+4x6) + (5x7+6x5+8x1) + (8x2+0x6+15x1) =461 .

fa b ¢ d\
k1 4 2 3)

total  distance would be (5x6+10x7+20x2) + (8x6+0x5+15x6) +
(18x7+4x5+9x1) + (5X2+8X6+6x2) =477.

If the same facilities were located as per the dlocation the

Thus, for the same physicd space with same flow pattern among the
facilities, the total distance (or equivaently, cost) depends on the actua
alocation of individua facilities to individua locations. This allocation
can be conveniently represented by a permutation or equivalently, by a
permutation matrix [x;;]; when the locations as well as the facilities could be
identified with the same sa of symbols 1, 2, 3, 4. Thus, in the above

: b ¢ d .
example, the allocations ” € can be represented as permutation
1 4 2 3

1 2

By o 4} wherethe 1, 2, 3, 4 of the first row stand for the locations a, b

w2

¢, d respectively, while the symbols in second row sand as earlier for the
facilities. This same assgnment (allocation) can be represented by the

following permutation matrix:

o O O -
o - O O
-0 o O
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The vaue of the objective function can be written as
2 f(i,k) d@.1) Xij Xkl (6.4)

6.2 A SURVEY OF AVAILABLE ALGORITHMS

Since n facilities can be assigned to n locations in a finite number oOf
ways, solution by complete enumeration, which condsts of evaluating al
possible layouts and choosing a best, may be considered as a solution
method. However, as is true about combinatorial problems in genera, it
can be quickly dismissed as computationdly infeasible for problems of even
moderate size which are of practica interest.

It is to be noted that ‘heuristic, manud, intuitive approaches
attempted in early 1950's ' (cf. Nugent et al 1968) are not practicable even
for problems of very moderate sze; hence they do not require further
elaboration.

Among the other methods, the algorithms can be classfied as those
based on branch and bound approach and those based essentidly on linear

programming.

Some of the dgorithms based on branch and bound approach were
developed by Gilmore (1962), Lawler (1963), Land (1965). Gravett and
Plytter (1966), Graves and Whinston (1970), Pierce and Crowston (1971),



82

Burkad and Stretmann (1978), Roucairol (1978), Bazaraa and Elshafe
(1979), and Edwards( 1980).

The second approach is based on converting the problem by
reformulating the same as L.P.P through an appropriate transformation.
The algorithms of Love and Wong (1976), Kufman and Brockx (1978), and
Bazaraa and Sherdi (1980), belong to this category.

Owing to the complexity of the QAP., in general, none of the above
algorithms can solve problems of size n > 15 effectively (cf. Bazaraa and
Kirca 1983). Hence, interest has been focused on suboptimal procedures.

6.3 SUB-OPTIMAL PROCEDURES
Suboptima methods can be divided into the following classes.
6.3.1 Construction Methods
Starting with a partial solution or the null assgnment, a complete

assignment is reached iteratively by locating one or more facilities at each

iteration.

6.3.2 Improvement Methods

Starting with a complete assignment of facilities, an improvement
over the incumbent objective function value is sought by interchanging the
locations of severd facilities. The procedure is terminated when no further

improvements are possible.
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Hillier(1963) dgorithm is based on a ‘Move Dedrability
Table(M.D.T). The dgorithm is restricted to making 2-location exchange
between adjacent locations. Subsequently, Hillier and Connors (1966)
modified the Hillier’s(1963) agorithm. In this latter agorithm, they
consider the possibility of exchanges of non-adjacent locations too.

Armour and Buffa (1963) suggested random sdection of starting
solutions and improving them. Their agorithm evauates the effect on the
cost function of dl n(n-1)/2 2-department exchanges and selects the one
which leads to the greatest cost reduction from the starting solution.

Nugent et al (1968) developed a procedure where they suggested
random sdlection of starting solutions; improvement is sought by randomly
selected exchanges of locations, the selection probability being proportional
to a monatonic function of cost reduction.

Heider (1973) gives a two-variable branching process which
considers the placement of facility and location smultaneoudly at every

step. However, the computations required to calculate the bound are rather
heavy.

A comprehensive survey of heuristics methods can be found in the
works of Burkard and Stratmann (1978)and Sherdi (1979).

In symmetric case, for any solution there will be another mirror
image solution which will have the same value. Using this fact Bazarra and
Kirca (1983) developed a heuristic based on the branch and bound
approach.



6.4 OPTIMAL SOLUTION PROCEDURES

Optimal solution procedures based on branch and bound approach for
solving the Q.A.P. can be classified as follows:

6.4.1 Sngleassignment algorithms

In these agorithms, at each stage,one unassigned fecility is assigned

to an unoccupied location according to some criteria.

Gilmore (1962) developed a direct branch and bound algorithm for
this problem. However, the bound setting procedure requires listing of a
large number of quantities in ascending and descending order, the set of
these numbers itsdlf changing as the agorithm proceeds. The procedure,
therefore, appears to require an inordinate amount of bookkeeping and
computation. This appears to be the man reason for the computational
infeasibility of the procedure when n is above 15.

Though this method is applied to symmetric case, it can be adapted to
the asymmetric case also. However, the computationd efforts will become

much heavier.

The works of Lawler (1963), and Burkard and Stratmann (1979) are some

further examples of the single-assgnment agorithm.



6.4.2 Pair assignment algorithms

These algorithms proceed by simultaneoudy locating two unassigned
facilities to two unassigned locations. Land (1963) proposed an algorithm
based on this principle. Gavett and plyter (1966) suggested conversion of an
n" order ‘symmetric distances’ location assignment problem into an
‘equivalent’N= n(n-)/2" order assignment problem; the latter is solved by
a branch and bound technique. The sze of the equivalent assignment
problem increases very rapidly with the increment of the number of
facilities. Also, it is to be noted that in the equivalent N x N assignment
matrix, there are N!>>n! permutations to be dealt with. As noted by Das (
cf.Das, 1976) not dl the N order assignments are acceptable asn™ order
facility location allocations and hence, the optimal solution for the N™ order
assignment problem need not be even a facility location solution. Then next
best solutions of N order assgnment problems are to be generated

sequentially (which itself is a challenge) and tested for acceptability.

The problem of the large Sze of N is made worse when the distance
matrix is asymmetric. Then the value of N becomes n(n-1) i.e. double the

value of N in the symmetric case.

It is therefore, obvious that computationally, even a complete
enumeration may be more practicable than attempt a solution by such
conversion of facility location problem to an ‘equivalent’ ‘linear’

assignment problem. ‘
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6.4.3 Pair - Exclusion algorithms

Pierce and Crowdston (1971) presented a tree search algorithm.
However, the algorithm requires ‘construction and solution' of assignment

problems at every ‘decision step', which aso involves heavy computations.

6.4.4 Lexisearch

Before Branch and Bound method (1963) another implicit
enumeration approach viz. lexicographic search (shortly lexisearch) had
been developed and used (Pandit, 1962) in the context of the Loading
(Knapsack) problem. Compared to lexisearch BB method requires heavy
computation and a large amount of memory. The disadvantage with BB
when compared to lexisearch is that it lacks natural hierarchy and hence
requires computations for back-tracking.

Das(1976) developed a lexisearch dgorithm for the facility location
problem. She divided the objective function into two parts, one of them is
independent of and the other is depending on the permutation for an
dlocation. After removing the constant factor from the objective function,
she developed an alphabet table. She calculated the bound for every newly
added facility in the word, which would require more time. Keeping in
view these disadvantages, in the proposed lexisearch agorithm a new
aphabet table is constructed which is totaly different from that of Das. In
the proposed agorithm the locations are fixed; Under these locations, the
facilities are filled in a lexicographic order. The bounds both conditional
and unconditional which are used in the present case are not to be

computed dynomically but are computed once for all and require relatively
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less time. The computational experience shows the present agorithm is
superior to that of Das(1976).

6.5 Lexisearch Algorithm LEXIQAP

TR The vaue of the trid soution ' > ° =~ = " ]
\ar @ ay . . . an
FW Current word/partial solution: subset of the facilities.
V(FW) Vdue of FW
uB Unconditional Bound
CB Conditional Bound
Here the aphabet table consists of the facilities in natural order, i.e.,

each column consists the dements in the order 1,2,..n.
Now for the agorithm:

Sep 1. Sat with the firgt available facility under the first location and
keep this facility in the(incomplete solution) word FW. If there is
no facility available in the first column, stop.

Otherwise go to the next step.

Sep 2. Look for the first available facility under the second column. If it
is available keep this facility under location 2; go to step 3.
Otherwise drop the first facility in the word FW and go o step 1.



Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Step 8.
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Calculate the actud value V(FW) of this partid solution. If it is
greater than or equa to TR, drop the second facility from FW
and proceed in the second column.

Otherwise go to the next step.

If(V(FW) + UB) islessthan TR, go to step 5; Otherwise, drop the
recent facility and continue in the same column. If no facility is
available in that column then drop the last facility in FW and go
to Step 1.

Find the first available facility under the column of the alphabet
table which is represented by the last facility in the word FW;
then go to step 6. If no facility is available in that column , drop
the last facility in the word FW; go to step 2.

If (V(FW)+ CB(for that specified facility)) is less than TR, go to
the next Step 7.
Otherwise, goto Step 5.

Include this fecility in the word FW. Cdculate V(FW). If the
word FW contains n elements then go to step 13.

Otherwise, goto step 8.

If(V(FW) + UB) islessthan TR then go to step 10.



Step 9.
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Otherwise continue in the same column which is represented by
the last facility in FW. If no facility is available in that column
then goto Step 11.

Find the first available facility under the lagt fecility in the word
in the corresponding column of the alphabet table. Go to step 10.
If no facility is available in that column, go to step 11.

Sep 10. If (V(FW) + CB) islessthan the TR, go to step 7.

Step 11

Step 12.

Step 13.

Otherwise, goto step 9.

. Drop the last facility in the FW. If the FW contains only one

element the go to Step 2.
Otherwise, go to next step.

Find the firgt available facility under the alphabet column for the
last facility in FW. Go to step 10. If no facility is available, go to
step 11.

If the V(FW) is less than the TR, replace TR by V(FW) and the
trial solution by word FW .
Otherwise, drop the last two fecilities in the FW and go to step 9.
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6.6 Numerical Illustration

The lexisearch agorithm is illustrated with the following example.
Let the following be the distance and flow matrices for a QAP of size 5.

9999 9 5 4 9999 7 5 9
3

7 3
9 9999 8 6 79999 ] 8 4
D=| 5 8 9999 3 9 | ; F=| 5 1 9999 2 9
4 3 309999 7 9 8 2 9999 8
7 6 9 7 9999 { 3 4 9 8 9999

The aphabet table consists of n rows and n columns. The ordering of
each column is the natural aphabet order namely 1,2,..,n in each. In the
search table, the first row and first column the entry is a., , the contribution
of this partia solution to abjective function is nil. In the second row second
column, the partia solution is a;, a, the contribution of this solution to

objective function is caculated sequentidly

[] ] gives d(1,2)*f{o,a9) = C, , by definition €, =0

Cumulative value corresponding to the incomplete word a;,a,,05 iS
Cl e d(l,3)*f(0i, o B} )+ d(2,3)*f(012 (¢ 53 ) = C3

In generd for an incomplete word a; , a, , a; ,..a; , Cy is the
cumulative value for the leader of the super block(a,a,, ... ,04.1) plus the
total of k-1 terms due to alocation of oy at k™ location.

k-1

Ck = Ck-l (alsab """ SO l) + d(]‘,k)*f( a0 )

r=1
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The minimum value to be added to the given incomplete word a.;,at,, . . .,
o, when oy is placed under the location k is sums of the products of
the k elements of the distance matrix arranged in decreasing order and k
smallest dements of o, arranged in increasing order. Thus, for instance, in
the illustration, when facility 3 is placed under location 3 the minimum to
be added to the objective function is

(8,5)*(3 = 8*%] + 5*2=18

Hence, for any given incomplete word of length k , the contribution
to be got from the remaining columns consists of sum of the products of
k,k+l,..,n-1 pairs, the entries being the super diagona terms in the k+1™
column of distance matrix arranged in decreasing order and the smallest k
elements of the (k+1)™ column of F arranged in increasing order and so on.
So, each of these have the corresponding lower bound the super diagonal
terms arranged in decreasing order in the distance matrix D and the smallest
k elements in increasing order in column (k+1) of the F matrix respectively.
Hence to compute unconditiona bound components the following

procedure is adopted.

Congtruct the matrices A, , A » asfollows:

The columns of A, condst of the super diagond entries in the
corresponding column of the distance matrix written in the decreasing
order. The columns of A, are the entries of the corresponding column of

the F matrix arranged in increasing order.
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Thus, for our illustration example we have

A, A,

9999 9 8§ 4 9 s u0E s
9999 5 3 7 ;4ﬁ84
9999 3 7 77;88
9999 6 -
98 9 9 9
9999

Hence, the contribution to the objective function from column
4(i.e.location 4) irrespective of what facility is placed under the location 4
is at least 25(i.e., minimum among 48,37,25,56). If a, is 2 the minimum
contribution is 37. Thus we have unconditiona bounds for the contribution
for a,, 3, a4, a5 respectively as 9,18,25,112. Hence the set of cumulative
bounds in case of words which terminate at k = 4,3,2 are 112,137,155,164

respectively.

However, another set of unconditional bounds can also be worked
out by considering the entire set of n(n-1) items from each of the F and D
matrices. A global lower bound taking all the ten pairs into account is got
as 3*9 +3*9 +.... 9%] =282.
When a, is specified and others are yet to be specified i.e. when the
incomplete word is of length 2 ,the ungpecified cost of the objective
function should consist of sums of products of 10-1 =9 pairs of elements

and is obvioudy given by recomputing the sums of product by omitting the
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largest entries in each of D and F values. In the present case, this value is

3*O+3*8+...+9* 1=222

Distance entries 3 3 456 77 8 99

Flow entries 9988754 321

Similarly, the cumulative bound for the incomplete word of length 3 can be
obtained as the sum of the products of 10-3 =7 pairs by omitting the next
largest entries in the two sets D and F of the matrices and is given by
3*8+3* 7+ ... +7*1 = 124

Thus, the present problem has two sets of unconditional bounds for words
of Length : 2 3 4 5

Boundl : 164 155 137 112

Bound2:282 222 124 34

Hence, these being lower bounds only, a better lower bound set is obtained
by taking the larger of the pair in Boundl and Bound2 to get the
unconditiona bound

UB:282 222 137 112
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Table A, TableA,
Under location Under location
2 3 4 5 2 3 4 5
27 49 48 165 249 198 160 165
9 28 37 134 231 187 149 134
9 18 25 112 231 167 159 112
18 56 56 184 240 205 168 184
27 44 48 165 249 193 160 165

This array of bounds can be used as unconditional bounds for an
unspecified letter o, in position k. However, when o, is specified for the
incomplete word of length k, the contribution from that column as a lower
bound equals the corresponding entry in the table A; plus the cumulative
bound corresponding to the next column(right to it), this can be worked out

as shown in table A, .

Here, the bound corresponding to a particular k will exclude the cumulative
bound for the same index in the column k+1 etc.,. Hence, the conditional
bound for a given q, if the cumulative bound for the same index at column
k+1 isto be excluded and hence the corresponding cumulative bound for o
is the bound for the column plus the minimum of the bound column to the
right excluding the index o in the column k+1. Thus for instance, os=3
gives the minimum entry under column 5 in A;. Hence, when a4 is 3, the
bound for 5 is the smallest entry in that column excluding the value 112
i.e.134. Similarly the conditional cumulative bounds can be computed.

The result is shown in table A,
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Further, it is noted that one of the bounds can be larger than al the
entries of a column in which case the entries in the table A, will be
inoperative as bounds and the best available bound, namely the entry from
the row Bound B itself may be used. After doing this manipulation, the best
conditional bound is given by

Conditional Bound Matrix

222 160 165
222 149 134
222 159 112
222 168 184
222 160 165

The first dlocation that naturally occurs to mind namely

[: ; : :J is taken as triad solution with the value (63+25+36+21) +

(8+24+24)+ (6+81) + (48) = 344

In the first row and first column the permutation is o, = 1. Before going to
the second alocation, we compare the globa bound 282 with the tria
solution value 344 , snce trid solution vaue is greater than the global
bound we proceed to column 2. In the second row and second column the
alocation is {1 2}. Herethe unconditional bound is 222 and the value of
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this partial solution is 63. Similarly for the alocation 1 2 3 the value of this
is 63+33=96 and the unconditiona bound is 149. When the facility 4 is
specified, the conditional bound is the minimum contribution to the
objective is 168(which is (4,3)th element in A,). Before going to calculate
the value of the solution 1 2 3 4, we compare the vaue (96+168) which is
less than TR. Since it is less than TR we caculae the actual value of
{12,34}.

In the following search table, the bold letters represent the
conditional bound. The search table for the illustration is given below.



The search table for the illustration is given below:
The Search Table
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Locations
1 2 3 4 5 Remarks
1
2--63 GS
63,222
3-33 GS
96,149
96,168
4-66
162,112 GS
162.165
5-182
344>TR
X
96,160
5-59
147,112 GS
147,184
4-185
332=TR
X
X
63,222
4-109
172,149 GS
172,159
3-29
201,168
201,165 JB
X
172,168 JB
X
63,222
5-47
110,149 110,159
3-50
160,112 GS
160,184 JB
X
110,168
4-84
194,112 GS
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L ocations
2 3 4 5 Remarks
194,112
3-136
330=TR JB
X
X
X
3-45
45,222 GS
45,222
2-43
88,149 GS
88,184
4-66
154,112 GS
154,165
5--167
321=TR JB
X
X
45,222
4-61
106,149 GS
106,149
2-55
161,112 GS
161,165 JB
X
106,160
5-63
169,112 GS
169,134
2-155
324>TR JB
X
X
45,222
5-87
132,149 GS
132,149
2-43
175,112 GS
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L ocations
2 3 4 5 Remarks
175,184 JB
X
132,168
4-65
198,112 GS
198,134 JB
X
X
4--81
81,222 GS
81,222
2--99
180,149 JB
81,222
3-41
122,149 GS
122,149
2-55
177,112 GS
177,165 JB
X
122,160
5-63
185,112 GS
185,134
2-134
319=TR JB
X
X
81,222
5-79
160,149 JB
X
5-27
27,222 GS
27,222
2--67
94,149 GS
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L ocations
2 3 4 5 Remarks
94,159
3-30
144,112 GS
144,184 JB
94,168
4-84
178,112 GS
178,112
3-112
290=TR JB
X
X
27,222
3--97
124,149 GS
124,149
2--43
167,112 GS
167,184 JB
X
124,168 JB
21,222 X
4-109
136,149 GS
136,149
2--64
200,112 JB
136,159 JB
X
X
X
1-63
63,222 GS
63,222
3-45
108,149 GS
108,168
4-65
173,112 GS
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L ocations
2 4 5 Remarks
173,165 JB
X
108,160
5-52
160,112 GS
160,184 JB
X
X
63,222
4--112
175,149 JB
63,222
5-44
107,149 GS
107,159
3-46
153.112 GS
153,184 JB
X
107,168
4-83
190,112 JB
X
X
3-9
9,222 GS
9,222
1-75
84.149 84,168
4-65
149,112 GS
149,165 JB
X
84,160
5-52
136,112 GS
136,184 JB
X
X
9,222
4-56
65,149 GS




102

L ocations
2 3 4 5 Remarks
65,160
1-70
135,112 GS
135,165 JB
X
65,160
5-67
132,112 GS
132,165 JB
X
X
9,222
5--92
101,149 GS
101,160
1-52
153,112 GS
153,184 JB
X
101,168
4-62
163,112 GS
163,165 JB
X
X
X
4--72
72,222 JB
5--36
36,222 GS
36,222
1-59
95,149 GS
95,151
3-46
141,112 GS
141,184 JB
X
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L ocations
2 3 4 5 Remarks
95,168
4-83
178,112 JB
X
36,222
3--77
113,149 GS
113,160
1-52
165,112 GS
165,184 JB
X
113,168
4--42
175,112 GS
175,165 JB
X
X
36,222
4-104
140,140 GS
140,160 JB
140,159 JB
X
X
X
1--45
45,222 GS
45,222
2-61
106,149 GS
106,168
4-59
165,112 GS
165,165 JB
X
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L ocations
2 3 4 5 Remarks
106,160
5-57
163,112 GS
163,184 JB
X
X
45,222
4-82
127,149 GS
127,149
2-49
176,112 GS
176,165 JB
X
127,160
5-69
196,112 JB
X
45,222
5-69
114,149 GS
114,149
2-37
151,112 GS
151.184 JB
X
114,168
4-59
173,112 GS
173,134 JB
X
X
X
2-9
9,222 GS
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L ocations
3 4 5 Remarks
9,222
1-81
90,149 GS
90,168
4--59
149,112 GS
149,165 JB
X
90,160
5--57
147,112 GS
147,184 JB
X
X
9,222
4--74
83,149 GS
83,160
1--68
151,112 GS
151,165 JB
X
83,160
5--72
155,112 GS
155,165 JB
X
X
9,222
5-77
86,149 GS
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L ocations
2 3 4 5 Remarks
86,160
1--50
136,112 GS
136,184 JB
X
86,168
4--56
142,112 GS
142,165 JB
X
X
X
4--18
18,222 GS
18.222
197
115,149 GS
115,149
2-49
164,112 GS
164,165 JB
X
115,160
5-69
184,112 JB
X
18,222
2-69
87,149 GS
87,160
1-68
155,112 GS
155,165 JB
X
87,160
5-72
159,112 GS
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L ocations
2 3 4 5 Remarks
159,165 JB
X
X
18,222
5-109
127,149 GS
127,160
1--56
183,112 JB
127,149
2--40
167,112 GS
167,165 JB
X
X
X
5-81
81.222 JB
X
1-81
81,222 JB
2--72
72.222 JB
3--18
18,222 GS
18,222
1-85
103,149 GS
103,149
2-46
159,112 GS
159,165 JB
X
103,168
5-68
171,112 GS
171,134 JB
X
X
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L ocations
2 3 4 5 Remarks
18,222
2--48
66,149 GS
66,160
1--72
138,112 GS
138,165 JB
X
66,160
5--71
137,112 GS
137,165 JB
X
X
18.222
5-112
130,149 GS
130,160
GS
JB
X
130,149
2-47
177,112 GS
177,165 JB
X
X
X
5-72
72,222 JB
X
1-27
27,222 GS
27,222
2-76
103,149 GS
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L ocations
2 3 4 5 Remarks
103,159
3-54
157,112 GS
157,184 JB
103,168 X
4-83
186,112 JB
X
27,222
3-85
112,149 GS
112,149
2-40
152,112 GS
152,184 JB
112,168
4--65
177,112 GS
177,134 JB
X
X
27,222
4-112
139,149 GS
139,149
2-61
200,112 JB
139,159 JB
X
X
2-36
36,222 GS
36,222
1-107
107,149 GS
107,159
3--54
161,112 GS
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L ocations
2 3 4 5 Remarks
161,184 JB
X
107,168
4-83
190,112 JB
X
36,222
3-53
89,149 GS
89,160
1--48
137,112 GS
137,184 JB
X
89,168
4-62
151,112 GS
157,165 JB
X
X
36,222
4--113
149,149 GS
149,160 JB
149,159 JB
X
X
3-81
81,222 JB
4-72
72,222 JB
X
STOP
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6.7 Computational Results

To tex the performance of the proposed agorithm LEXIQAP,
problem data sets for each of sizes 8,9 and 10 are generated randomly. Both
the dgorithms i.e. Das dgorithm as wel as LEXIQAP are coded in
FORTRAN. The programmes are tested on these data sets using Wipro
super Genius E-590 and the execution time(in seconds) are reported in the

following tables

TableNo 6.71 Problem Size 8

P.No Das Alg Lexigap t)-t, tH/ty Optimum Vaue
t ty
1 148 115 0.33 129 1885
2 115 14 011 11 1279
3 164 142 0.22 116 2086
4 148 14 044 142 2118
5 159 120 0.39 133 2278
6 186 131 0.55 142 1976
7 142 14 0.38 137 1725
8 148 0.87 0.61 170 1406
9 241 109 132 222 2030
10 1A 120 0.74 162 2189
Mean 1645 1136 0.509 1463
SD 0.331 0.148 0.321 0.303

The 95% confidence limits for the mean time taken by Das agorithm is
(1.382,1.908) and the same for the proposed lexiggp agorithm is
(1.018,1.254)



Table6.7.2 Problem Sze9

P.No Das Alg Lexigap t-t t/t Optimum
t 1% Vaue

1 13.29 4.88 841 272 2916

2 11.58 411 747 2.82 2204

3 12.35 5.16 7.19 2.39 2034

4 12.19 593 6.26 2.06 2528

5 09.00 4.94 4.06 182 1915

6 08.45 516 329 164 1525

7 1301 7.30 571 178 2664

8 05.38 313 225 172 1864

9 08.89 411 478 216 2086

10 09.72 5.60 412 174 2227
Mean 10.386 5.032 5354 | 2.085
SD 2.393 1080 188 | 0.407

The 95% confidence limits for the mean time taken by Das dgorithm is
(8.484,12.288) and the same for the proposed lexigap dagorithm is

(4.174,5.59).
Table6.7.3 Problem Sze= 10
P.No Das Alg Lexigap 4ty 4/t, Optimum
t) ts Vaue
1 115.89 41.24 74.65 2381 2226
2 120.45 55.30 65.15 218 2304
3 11045 57.94 52.51 191 3707
4 149.89 52.78 97.11 2.84 3148
5 151.42 58.82 92.60 257 3646
6 133.02 34.32 98.70 388 2550
7 093.92 24.82 69.10 3.78 3107
8 149.72 55.69 94.03 2.69 3326
9 117.26 48.00 69.26 244 3035
10 129.34 61.51 67.83 2.10 2777
Mean 127.136 *49.042 78.094 2.72
SD 18.186 11.371 15.326 0.627
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The 95% confidence limits for the mean time taken by Das algorithm is
(112.682,141.59) and the same for the proposed lexigap agorithm is
(40.005,58.079).

Since in dl the cases the 95% confidence range for the time taken by
the present algorithm is non overlapping with entirely Ieft of the confidence
range of times required by the Das algorithm. It is very clear that the
present agorithm is time wise superior to the Das agorithm. In fact alook
a the values suggest that computationa time is reduced by half.

6.8 SOME COMMENTS

Some interesting questions that arose in the context of lexisearch
agorithm to some Combinatoriad Programming Problems developed in
thisthesis, but could not be elaborated / answered are listed below.

It is observed that during the process of obtaining the optimum
solution, the confirmation of a solution to be ¢ optimal’ takes a lion's share
in the total computation time. Heuristics gives most of the times “ near
optima " (if not optima) solutions quickly. The question of estimating the
minimum value in a population by a sequential sampling strategy should be
of some relevance in this context. This Stuation is analogous to the
problem of reliability improvement as a ‘learning process in developing
fault free systems by means of learning through failures in prototypes (cf.
Srivastava,1976). Invedtigations reported  in Sambhasva Reo
(c.f.Sambasiva Ra0 1990) appear to be an attempt in this direction.
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In the context of k- sdesmen problems, another interesting objective
function is equalising as much as possble the efforts of sdesmen
i.e,minimising the difference between maximum subtour length and
minimum subtour length. Though this appears to an interesting objective
function , this case could not be investigated, even for the case 2-salesmen

problem

In the Maximum Weighted sub-graph, we could not generate the
‘problem-data sets' using the Random data that can lead to a large number
of positive super nodes. The little computationa experience reported in the
chapter-5 could be biased as they ae ‘cooked-up’ examples. Since the
problem is interesting and has practica applications, it is worthwhile to
develop a “problem-data-sets generation procedure” so that the agorithm
described can thoroughly be tested.

Bound setting being, essentidly not linear in the strict sense, one is
tempted to inquire whether a“ shift of origin or change of scale' can have an
effect on the time taken for solution(apart from such 'trivia as: the time for
search increases with the size of the problem). Hence, a small investigation
was conducted to assess the effect of change of scale on the performance of
the lexisearch agorithm in the context of the conventiona travelling
salesman's problem . A s of ten problems (of size 17) generated in the

firg instance. The times taken for solution by our algorithm were noted. The
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‘distances’ were multiplied by a scale factor a : d* (i,j) = d(ij) x a for
values of ®=1,10,50,75,&100 and the times for solution of the same
problems but with scaling up by a factor a were also noted. The table 6.8.1
gives the times for solution for different values of a. It is obvious that, on
the whole, for the first three cases a=1,10 and 50, timings are essentially
the same, after crossing 50 , the time taken seems to be clearly larger than
in the case of a=1. Only in the case of problems 1 and 8 this appears to be

not true.

TABLE 6.8.1
P.No |<x=l |a=10 |a=50 |a=75 | a=100
1 351 1351 |219 313 |3.62
2 395|139 (411 (422 |4.28
3 17|17 |17 (263 318
4, 126 | 126 | 131 |252 |3.46
5 126 | 131 | 115 |219 |2.85
6 269 274 274 |4.00 |4.55
7 153 1148 |219 |4.00 |4.88
8 521 |521 |373 |516 |571
9 3.89 389 302 |450 |5.16
10. 164 |164 |18 |258 |3.13
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The table 6.8.2 gives the ranking of the problems according to their
execution time for solution.

TABLE 682
PNo | a=1 a10 |o=50 |a=75 | a=100
1 7 7 55 5 5
2. 9 9 10 8 6
3 5 5 3 4 3
4, 15 1 2 2 4
5. 15 2 1 1 1
6. 6 6 7 6.5 7
7. 3 3 55 65 8
8. 10 10 9 10 10
9. 8 8 8 9 9
10. |4 4 4 3 2
TABLE 6.8.3
ANOVA TABLE
S.V. df Sum of Squares | Mean Square
Beween |4 362.1 90.52
Problems
Error 45 48.9 1086
Totd 49 [411




By concordance analysis it is found that rank order of the
problem with respect to time for solution is effectivey invariant with
respect to change of scale. This conclusion fallows from the ANOVA
table (i.e. table 6.8.3) of the ranking of the timings. However, it does
not follow either that the actua time for solving problems can be
invariant or that it is systematically changing with respect to the
scale. The actud figures given in table 6.8.1 of the time for solution,
shows some evidence that increase in the scae is associated with

increase in the time for solution.
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APPENDIX - 1

Connectivity Matrix:

Let G(A,V,E) be the node weighted connected graph with node set
A={l,2,.n) and E the edge set. Let V be the st of values associated
with the corresponding nodes. The connectivity matrix of this graph is
denoted by C and is defined as

¢; = 0if nodei is connected to node j i.e. (ij)e E
=1 Otherwise.

MIN ADDITION:

Let A and B two be two comformable matrices. The Minadd operation
is defined as follows:
C=A®B Whe’e cij :min{aix +bxj}'

Let A [ a; ] be the matrix with entries as the distance of | from i.
Then A=A © A gives the shortest distance from i toj in exactly 2 steps
and similarly for A* =A @ A ©.© A (k times) will give shortest route
fromi to j in exactly k stepy( including possibly steps leading to
cycles). However, when a; > 0 and a; =0 for ij=1,2,..,n the term 2,



th k

the (ij) entry of A, obviously gives the shortest distance from i toj in k
steps or less. Obviously A" = A" forr>n. Infact, A may become
equal to A® for some r>s>n, it is called as satiated matrix which gives the
shortest possible distance between nodes i and j without any restriction

on the number of steps involved.

In the context of connectivity, if one defines ay=0 when i is directly
connected toj and 1 otherwise, the satiated matrix will have O for a;  if

node j is directly or indirectly connected to nodei ; a;

i = 1lifiandj are

not connected, either directly or through other, intermediate, nodes.

To get a satiated matrix, one has to raise the connectivity matrix of a
graph of size n not more than log , n times but even this amount of
computation can be reduced by using compact storage algorithm (Pandit
1961 ).

It consists of a forward and backward pass involving in each case a
row- column min addition for each element. Let a; be the entry for (i j)

in the first pass . It is defined as follows;

m
1

values of the matrix A(l) i,j=1,2,3,...,n.

a = min X(a;, +a,; ) wherea;, and a, represent the current

For the second pass the aijm is defined as follows;
aij(z) =min ):(aix' +axj° ) where a-lx‘ and axj‘ represent the current

values of the matrix A(2) i,j=n.n-1,..2,1.
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The compact storage adgorithm  will  be illustrated through an
example.
Consider a network conssts of 5 nodes with the following
connectivity matrix A.

00111 00011
00011 00011
1 0 0 1 1f; Firstpassmatrix A(1)= [0 0 0 1 1
11100 11100
1 1100 11100

In the first pass, the (1,3})th element becomes zero

ie a(1,3) = Min{(a(1,3)+a(1,1)), (a(1,2)+a(2,3)) (a(1,3)+a(3,3))
(a(1,4)+a(4,3)) (a(1,5)+a(5,3))}

=Min {(0+1),(0+0),(1+0),(1+0),(1+0)}
=0

Similarly, the (3,1 )‘h also becomes zero.

00011
00011
Second pass matrix A(2)= |0 0 0 1 1
1 1.1 00
1 11 00

It is so happen that in this problem there is no change from A(1) to A(2).
However, this need not be dways the case.
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APPENDIX 2

PROGRAMME FOR K- TRAVELLING SALESMAN
M IS THE NUMBER OF ELEMENTS USED IN BOUND CALCULATIONS
IMPLICIT INTEGER (A-Z)

DIMENSION A(50,50),B(50.50).IND(50),IP(50),RSTART( 100)
DIMENSION OPT(100).X(50).C(50),W(50),START(50).TS(50),E(20,10)
DIMENSION B1 (50.50).SA(1000),SB(1000),EB(20,20)
INTEGER *4 A, X, TR

CHARACTER* 18 CTIME

LOGICAL SETTIM

DATA CTIME/THE TIME TAKEN IS/
IF(.NOT.(SETTIM(0,0.0.0)))WRITE(*,*)'SETTIM FAILED*
READ(V)N,NT

WRITE(*,*)NO OF CITIES =N

WRITE(*,*)NO OF SALESMAN ='NT
READ(V)(TS(IL),IL=1,NT)

WRITE(* *YRESTRICTION ON EACH SALESMAN'

WRITE(* *)(TS(IL).IL=1.NT)

READ(*,*)((A(L3),J=1,N),]=1,N)

DOSII=1,N

DO52J=1N

X(J)=A(LT)

CONTINUE

CALL ASCEND(N,X,IP)

DO53JK=1N

B1(1JK)=IP(JK)

CONTINUE

CONTINUE

DO 7511=1N

LOUNT =0

DO 752J=1N

DO 753 K = INT

IF (B1(1J).EQ.K) GO TO 752

CONTINUE

LOUNT = LOUNT + 1

B(LLOUNT)=BI(LJ)

CONTINUE

CONTINUE

NI1=N-NT

KA =0

DO 155IL=1N

DO 1551)=1N

KA = KA+1



155

156

57

49

124

259

30

SAKA)=A(IL,1J)
CONTINUE

KB=0

DO 156IL = 1N

DO 156 1) =1,N-NT
KB=KB +1

SB(KB) = B(IL,1J)
CONTINUE

DO 57 I=1,N

XD=A(,1)

CONTINUE

CALL ASCEND(N,X.IP)
DO 59 19=1,N

C(19)=IP(19)

CONTINUE
LEXICOSEARCH STARTS
START(1)=1

IND(1)=0

DO 48 14=2 NT
START(14)=1
RSTART(14)=(14-1)*(N-NT)
IND(14)=0

DO 49 I5S=NT+I,N
RSTART(15)=(15-1)*(N-NT)
IND(15)=0

COMPUTATION OF BOUND MATRIX
DO 123 I=1,N

DO 124 J=1,M
Ed.J)=BI(L))

J=B1(1,J

EB(1,J) = A(LBI(LI))
CONTINUE

CONTINUE

DO 2591Y=1,N

CONTINUE

TR=99999

COUNT=1

W(COUNT)=1

IND(1)=100

DO 1JJ=1,N-NT

SUM=0

KING=SB(JJ)
IND(KING)=1
SUM=SUM+SA(KING)
IF(SUM.GE.TR) GO TO 100
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COUNT=COUNT+1
W(COUNT)=KING
101 FORMAT(1516)
KSTART=0
START(1)=2
I=1
5 IT=I
20 DO 6 J=START(I),TS(l)
ALPHA=]
920 UT=RSTART(KING)+1
UT1=(KING-1)*(N-NT)
UT11=UTI 45
DO 7 K=UT,UT11
QUEEN=SB(K)
IF(IND(QUEEN).EQ.0) GO TO 8
7 CONTINUE
GO TO 147
8  IND(QUEEN)=I
KPT=(KING-1 )*N+QUEEN
SUM=SUM-+SA((KING-1)*N+QUEEN)
IF(SUM.GE.TR) GOTO 45
BOUNDI=0
DO 800 JX=1,N
IND(1)=0
JXX=E(QUEEN,JX)
IF(IND(JXX).NE.0) GO TO 800
BOUNDI=BOUNDI+A(QUEEN,JXX)
GO TO 810
800 CONTINUE
BOUND 1= BOUND 1+EB(QUEEN,M)
810 DO80IX=2N
IF (IND(IX) .NE. 0) GO TO 80
C  NO OF ELEMENTS IN BOUND MATRIX ISM
DO 151 JX=1,M~1
JK=E(IX,JX)
IF (IND(JK) .NE. 0) GO TO 151
BOUND 1=BOUNDI+A(IX,JK)
GO TO 80
151  CONTINUE
BOUNDI=BOUNDI + EB(IX,M)
80  CONTINUE
IND(1)=100
IF((SUM+BOUND 1).GE.TR) GO TO40
IND(QUEEN) = |
START()=J
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g olsNe

rXekeke!

RSTART(KING)=K
COUNT=COUNT+1
W(COUNT)=QUEEN
KING=QUEEN
CONTINUE

KT=I+1
SUM=SUM+SA(KING)
IF(SUM.GE.TR) GOTO 41
IF((1+1).GT.NT) GOTO 81
COUNT=COUNT+I
W(COUNT)=I+1
IND(1+1)=1+1
KSTART=I+1
KING=I1+1

I=1+1

GOTO 5

TR=SUM
COUNT=COUNT+I
W(COUNT)=1

DO 99 KP=1,COUNT
OPT(KP)=W(KP)
VAL=TR

GOTO 46

fkkkokRkkokkkkk R Rkkkk kR Rk Rk kR kE Rk

SAME BLOCK

Fhkkkkkkhhkkhkkkk kR kR Rk kR kR kkokk!

SUM=SUM-SA((KING-1)*N+QUEEN)

IT=IND(QUEEN)
IND(QUEEN)=0
START(IT)=ALPHA
I=IT
RSTART(KING)=K
KING=W(COUNT)
GOTO 920

o ok ook ok ok ok ko o ok ok ok ok Rk R KR R R Rk ok

SUPER BLOCK
ekkkk ko okok kR kR Rk kR kR Rk Rk Rk ko k ok kR
[F(ALPHA.GT.1) GOTO 71
SUM=SUM-SA((KING-1)*N+QUEEN)

IT=IND(QUEEN)
START(IT)=1
IND(QUEEN)=0
KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-SA((KING-1)*N+QUEEN)
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IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1
KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-S A((KING-1 )*N+QUEEN)
IT=IND(QUEEN)
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
IND(QUEEN)=0

COUNT=COUNT-1

KING=W(COUNT)

START(IT)=TS(IT)

I=IT

GOTO 20

71 SUM=SUM-S A((KING-1 )*N+QUEEN)

46

149

IT=IND(QUEEN)
IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
START(IT)=ALPHA-1
IF((COUNT-1).EQ.1) GOTO 1
KING=W(COUNT-1)
QUEEN=W(COUNT)

IT=IND(QUEEN)

IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
SUM=SUM-S A((KING-1 )*N+QUEEN)
COUNT=COUNT-1

KING=W(COUNT)
UT=RSTART(KING)

I=IT

GOTO 20

KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
COUNT=COUNT-1
KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1
KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
IT=IND(KING)
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41

IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)

START(IT)=START(IT)-1
COUNT=COUNT-1

KING = W(COUNT)

I=IT

GOTO 20

IT=IND(W(COUNT))
KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-S A((KING-1 )*N+QUEEN)
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
IND(KING)=0

COUNT=COUNT-1
START(IT)=START(IT)-1
IF(COUNT-1.EQ.0) GOTO 1

I=IT

GOTO 20

IF(KT.LE.2) GO TO 410
SUM=SUM-SA(KING)
KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1
KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-S A((KING-1 }*N+QUEEN)
IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1

KING=W(COUNT)

IT=IND(KING)

START(IT)=ALPHA-1

I=IT

GOTO 20

410 SUM=SUM-S A(KING)

KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-S A((KING-1)*N+QUEEN)
IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1
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KING=W(COUNT)
IT = IND(KING)
START(IT) = TS(IT)
1=IT

GO TO 20

147 IF(ALPHA.GT. 1) GOTO 148

148

1

KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
IT=IND(QUEEN)

START(IT)=1

IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
IF((COUNT-1).EQ.1) GOTO 1
COUNT=COUNT-1
KING=W(COUNT-1)
QUEEN=W(COUNT)

SUM=SUM-S A((KING-1)*N+QUEEN)
IT=IND(QUEEN)

IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1

KING=W(COUNT)

START(T) = TS(IT)

I=IT

GOTO 20

KING=W(COUNT-1)
QUEEN=W(COUNT)
SUM=SUM-SA((KING-1)*N+QUEEN)
IT=IND(QUEEN)

IND(QUEEN)=0
RSTART(QUEEN)=(QUEEN-1)*(N-NT)
COUNT=COUNT-1

KING= W(COUNT)

IF(COUNT.EQ.1) GOTO 1

I=IT

START(IT)=ALPHA-1

I=IT

GOTO 20

CONTINUE

100 WRITE( *,*)(OPT(KP),KP=1 ,N+1)

WRITE(* *)OPTIMUM VALUE='VAL
CALL GETTIM(IHR,IMIN,ISEC,I100TH)

WRITE(*,*)CTIME,IHR,IMIN,ISEC,I100TH

STOP
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26

28
27

END
SUB ROUTINE FOR ASCEND ORDERING
SUBROUTINE ASCEND(N,X.IP)
DIMENSION IP( 100)
INTEGER*4 X( 100)
DO 26 I=1N
IP(1)=1
CONTINUE
DO 27 I=1.N-1
DO 28 J=I+1 N
IF(X(1).LEX(J) GOTO 28
LEMP=X(1)
X(1)=X()
X(J)=LEMP
KEMP=IP(I)
IP(1)=IP(J)
IP(J)=KEMP
CONTINUE
CONTINUE
RETURN
END
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PROGRAMME FOR MINIMISING THE MAXIMUM STEP IN A TOUR
IMPLICIT INTEGER (A-Z)
PARAMETER(N 1= 100)
INTEGERA(N1.NI)L(N1),TW(N1).INDN1,N 1),JROW(NI ).B(N1,N1)
INTEGER TW1(N1)

CHARACTER* 18 CTIME

LOGICAL SETTIM

DATA CTIME/THE TIME TAKEN IS/
IF(.NOT.(SETTIM(0.0.0,0))) WRITE(*,*)'SETTIM FAILED'
READ(*,*)N

READ(* *)((A(1.J),J=1.N),I=1,N)
WRITE(*,*)THE GIVEN MATRIX?
WRITE(*,5)(A(1.1).J=1.N).I=1.N)
DO41=1N

IROW(I)=0

L()=0

DO4J=1N

IND(1,J)=J

B(1,J) = A(L))

CONTINUE

MAX = A(N,1)

DO 461= 1.N-1

SUMI1 = SUMI + A(l,1+1)
IF(MAX.GT.A(1,]+1)) GO TO 46

MAX = A(l,1+1)

CONTINUE

SUM1 = SUMI + A(N.1)

DO1 1=1,N

DO 2J=1N-1

DO 3 K= HIN

IF(A(I)).LE.A(LK)) GOTO 3

LEMP = A(1J)

A( ) =A(IK)

A(K)=LEMP

KEMP = IND(1,J)

IND(1,J) = IND(LK)

IND(LK) = KEMP

CONTINUE

CONTINUE

CONTINUE

WRITE(V)THE ARRANGED MATRIX'
WRITE(*,5)({A(1J),J=1N),I=1.N)
WRITE(*,*) THE INDEX MATRIX'
WRITE(*,5)(IND(1.J),J=1 ,N),]=1 N)
WRITE(*,5)(IROW(I),I=1,N)
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FORMAT(10(2X.I5))
LOUNT =0

kkkkkkkkkk% LEXI sEARCH BEG|NS ko kkk
DO 6J=1N-1

SUM=0
COUNT =1

TW(COUNT) =1

IROW(1) = 1
IF(A(1,]).GT.MAX) GOTO100
K= IND(1,J)

**“‘*‘BOUND OA\LwLATl O\ls* * k k k%
IROW(1) =0
DO 7JB= 1,N1
KB = IND(K,JB)
IFGROW(KB).NE.0) GOTO7
IF(A(K.JB).GE.MAX) GOTO6
BOUND = A(K, JB)
GOTOS8

CONTI NUE

IROW(K) = 100
DO9 IB=2N
IFAROW(IB).NE.0) GOTO9
DO 10JB =1, N-1

KB = | NO(I B, KB)
IFIROW(KB).EQ.0) GOTO11
CONTI NUE
GOTO9
LEMP = A(IB,JB)
| F( BOUND. GE. LEMP) GOTO9
BOUND = LEMP

CONTI NUE

IROW(1) = 100
IF(BOUND.GE.MAX) GO TO 6
COUNT = COUNT + 1
SUM = SUM + A(LJ)
TW(COUNT) = K
JROW(K) = 100

DO 12 J1 =L (K)+ 1N-1
K1 =IND(X.J1)
IFIROW(K1).EQ.0) GO TO 13
CONTINUE
GO TO 30
IF(A(K,J1).GE.MAX) GO TO 30
sx*x4# BOUND CALCULATIONS ******
IROW(1)=0
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DO 14 JB =1, N-1
KB = IND(K,JB)
IF(IROW(KB).EQ.0) GO TO 15
CONTINUE

BOUND = A(K1,JB)
IF(BOUND.GE.MAX) GO TO 16
IROW(K1) =100

DO171B=2N
IF(IROW(IB).NE.0) GO TO 17
DO 18JB = 1N-1

KB = IND(IB,JB)
IF(IROW(KB).EQ.0) GO TO 19
CONTINUE

LEMP = A(K1.JB)

| F(BOUND. GE. LEMP) GOTO17
BOUND = LEMP

| F(BOUND. GE. MAX) GOTO36
CONTI NUE

IROW(1) = 100

SUM= SUMB(K. K1)

COUNT = COUNT +1

TW COUNT) =K1

IROW(K1) = 100

L(K) =1

K=Kl

IF(COUNT .EQ.N) GO TO 31
GOTO 20

IROW(1) =100

L(K) =21

GO TO 20

IROW(K1)=0

IROW(1) = 100

L(K) =21

GOTO 20

**+#xx+BEGINING OF THE SUPER BLOCK****#++**
IF(COUNT.EQ.2) GO TO 21
IROW(TW(COUNT)) =0
L(TW(COUNT))=0

SUM = SUM - B(TW(COUNT-1),TW(COUNT))
COUNT = COUNT - 1

K = TW(COUNT)

GOTO20

IROW(TW(2))=0

L(TW(2) =0

SUM =0
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GOTO6
##++++ END OF SUPER BLOCK *****

**%%%* BEGINING OF THE SOLUTION BLOCK ##*##**

31 LEMP = B(TW(COUNT), 1)

23

200
22

6
111

IF(LEMP.GE. MAX) GO TO 22

MAXI =LEMP

IOPT = LEMP

DO 231S = 1N-1

IOPT = IOPT + B(TW(IS). TW(IS+1))
IF(MAX1.GE.B(TW(IS).TW(IS+1))) GO TO 23
MAX1 = B(TW(1S), TW(IS+1))

CONTINUE

IF(MAX.LE.MAX 1) GO TO 22

MAX = MAX1

OPTSOL = IOPT

OPTMAX=MAX

DO 200 10 = 1,COUNT

TWI1(I0) = TW(I0)

CONTINUE

IROW(TW(COUNT)) = 0

L(TW(COUNT)) =0

SUM = SUM - B(TW(COUNT-1),TW(COUNT))
COUNT =COUNT-1

IROW(TW(COUNT)) =0

L(TW(COUNT)) = 0

SUM = SUM - B(TW(COUNT-1),TW(COUNT))
COUNT =COUNT-1

K = TW(COUNT)

GOTO 20

CONTINUE

FORMAT(15(1X,14))

100 WRITE(* .111)(TW 1 (10) .]0=1 ,N),OPTSOL,OPTMAX

CALL GETTIM(IHR.IMIN.ISEC,1100TH)
WRITE(*,*)CTIME,IHR,IMIN,ISEC,1100TH
STOP

END
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PROGRAMME TO FIND OUT MAXIMUM NODE WEIGHTED
CONNECTED SUB GRAPH FROM THE GIVEN GRAPH

IN THIS O STANDS FOR DIRECT CONNECTION BETWEEN ANY
TWO BLOCKS

IN THIS 1 STANDS FOR NO DIRECT CONNECTION BETWEEN
ANY TWO BLOCKS

N IS SIZE OF THE GRAPH

ARRAY X CONTAINS WIGHT OF THE NODES

A IS CONNECTIVITY MATRIX, P 1S THE NUMBER OF SUPER
NODES

IMPLICIT INTEGER (A-2)

PARAMETER(NN=100)

DIMENSION A(NN.NN),A1(NN,NN),B(NN,NN).C(NN.NN)
DIMENSION  D(NN,NN),E(NN,NN),NS(NN,NN)

DIMENSION FN(NN,NN).FP(NN,NN)

DIMENSION KM(NN),LA(NN),IS(NN),T(NN),VAL(NN),VP(NN)
DIMENSION VN(NN). TP(NN). TN(NN).IN(NN), W(NN)
DIMENSION PNN(NN) .IP(NN),OPT(NN).ND(NN), X(NN)
LOGICAL SETTIM

DATA CTIME/THE TIME TAKEN 1S7
IF(NOT.(SETTIM(0,0,0.0))) WRITE(*,*)SETTIMFAIL ED"
READ(*,*)N

READ(V)(X(1),I=1,N)

READ(V) (A(LJ)J=1.N).I= 1, N)

DO 1401=1N

IF(X(1).GT.0) GO TO 150

CONTINUE

Ml =1

N1 =(N+1)-M1

DO 160K =1,NI1

K1=K-1

DO 160 LL = I,NI

L1=LL-1

B(K.LL)=A(M 1+K1 M1+L1)

CONTINUE

CALL LOMPT(NN,B,N1,C,Q)

NAL =1

DO 1901=1,N]

ND(l) =0

1=1

J=1

ND(J) = |

Ki=1

NS(,K1) = J+ M1-1
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1100
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ND(J) =1

NA =NAL+1

DO 191 J=NA,N1
IF(NA.GT.N1)GO TO 1100
IF(C(NAL,J).EQ.l) GOTO 191
K1 =KI1+1

NS(1,K1) =J+ M1 -1
ND(J) =1

CONTINUE

KM() =K1

DO 192J=1,NIl
IFOIND(J).EQ.0) GO TO 193
CONTINUE

GOTO 1100

NAL =J

I=]1+1

ND(J) =1

GO TO 1%4

P=1I

DO1611=1,P

I1IS(1)=0

L1 = KM()

DO 161J=1,L1

L2 =NS(1,J)

1SO) = 15(1) + X(L2)
CONTINUE

CALL LARANG(NN,IS.P,T,LA)
DO1751=1,P

11 =LAQ)

MR = KM(1)

DO 176 J =1, MR

D(1,J) = N§(11,J)
CONTINUE

CONTINUE

174 FORMAT(SX, 10(2X,13))

152

151

DO 151 1=1,p

DO 151J=1,P
IF(LEQ.J) GO TO 152
EQJ)=1

EQD=1

GO TO 151

E(1,.) =0

E@l) =0
CONTINUE

DO 154 LN =1 Ml-1
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157

155
154

1570
1560

199

e

OO0

1999

215

216

MJ=P+LN
EMIMJ)=0

DO 1551= 1P

DO 156 J = 1 ,KM(LA(T))

LI=D(.J)

IF(A(LN,LJ).EQ.0) GO TO 157
CONTINUE

EAM))=1

EMJI)=1

GO TO 155

E(IMI))=0

E(MJI) =0

CONTINUE

CONTINUE

DO 15601 =1, M1-1

DO 1570)=1 M1-1

E(P+,P+J) = A(L))

CONTINUE

CONTINUE

N2=P+M1-1

ssss24N\2 |S THE SIZE OF SUPER NODES MATRIX #####sss
DO 1991=1,N2

DO 199J=1,N2

Al()) =E(1J)

CONTINUE

IF(P.NE.1) GO TO 1999

DO 77771 =2,M1-1

IF(A1(1,1).NE.0) GO TO 7777
OPTIMUM = IS(1)+X(l)

GO TO 1001

CONTINUE

GO TO 1001

eecsceee END OF FIRST STAGE ecceccececceccce
K = NUMBER OF NEGATIVE NODES
L = NUMBER OF POSTIVE NODES
VAL (J) VALUE OF THE J TH NODE
K=M1-1

L=pP

N2=K +L

DO2151=1,L

VAL(l) =1(1)

CONTINUE

D0 216J=L+1N2

VAL(J) = X(J-L)

CONTINUE
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$$5$$5$ END OF SECOND STAGE $3$$$55$$55$
FN(I,J) = SET OF NEGATIVE NODES CONNECTED TO | TH -VE
NODE

FP(1,J) = SET OF THE POSITIVE NODES CONNECTED RO | TH -VE
NODE

TP(1) = NUMBER OF POSITIVE NODES CINNECTED TO | TH - VE
NODE

TN(I) = NUMBER OF NEGATIVE NODES CONNECTED TO | TH
-VE NODE

SN=0

DO 33071=1.K

110=1+L

VN(I) = VAL(110)

SN = SN + VN(I)

CONTINUE

SP=0

DO 3181=1L

VP(I) = 15(1)

SP = SP + VP(l)

CONTINUE

TPN = SN + SP

DO3201=1 K

I5=1+L

CK=0

CL=0

TP(1) =0

TN()=0

DO330J=1,L

IF(A1(15.J).NE.0) GO TO 330

CK=CK+1

TP =TP(I) + 1

FP(1.CK)=J+K

CONTINUE

DO 340J= L+l ,N2

J5=JL

INJS)=o0

IF(A1(15.J).NE.0) GO TO 340

IF(J.EQ.I5) GO TO 340

CL=CL+1

TN(@) = TN(1)+1

FN(I,CL) = J5

IN(JS5)=1

CONTINUE

DO 35011 = 1,TP(Y)

DO 355)J=L+1,N2
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3700

3200

3201

3202
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12=FP(1,11)
18=12-K

IF(A1 (18,).NE.0) GO TO 355

IF(JEQ.(I+L)) GO TO 355

IF(IN(J-L).NE.0) GO TO 355

IN(FL) =1

CL=CL+1

FN(LCL) = J-L

TN(L) =TNQ) + 1

CONTINUE

CONTINUE

CONTINUE

ARRANGING THE FN(1,J) IN THE INCREASING ORDER
DO 3700 1= 1.K

LIMIT = TN(I)-1

IFLAG =0

DO3720J=1,LIMIT

IF(FN(LJ).LE.FN(1,J+1)) GO TO 3720

TEMP = FN(1,J)

FN(1,J)=FN(1,3+1)

FN(LJ+1) = TEMP

IFLAG=10

CONTINUE

IF(IFLAG.GT.0) GO TO 3710

CONTINUE

END OF SORTING OF THE NEGATIVE NODES

MAIN SEARCH BEGINS

PNN = IS POSITION OF THE -VE NODE
W(P) = IS THE LIST OF THE -VENODES IN THE WORD
TSS=0

DO3200J=1,L

TSS=TSS+ VP(J)

CONTINUE

DO32011=1 L

IP(1)=0

CONTINUE

DO 3202J=1,K

IN(J)=0

PNN(J) =0

CONTINUE

TR = VN(1)

DO 3203 J=1,TP(1)

J1 =FP(1,)
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TR= TR + VP(JL-K)
3203 CONTINUE
C  *%%%x LEX] SEARCH STARTS **##*x
DO 30011 = 1.K
RV = TSS
P=0
SUM =0
IF((VN(1)+RV).LE.TR) GO TO 100
P= P+l
W(P) =1
SUM = SUM +VN(l)
IN(W(P))= 500
DO 3401 J=1.TP(W(P))
M = FP(W(P),J)
SUM = SUM + VP(M-K)
RV = RV - VP(M-K)
IP(M-K) = W(P)
3401 CONTINUE
IF(SUM.GE.TR) GO TO 302
IF((SUM+RV).LE.TR) GO TO 30011

GOTO 307

302 TR=S8UM
OPTIMUM =TR
NUMPOSI=P
DO 31001 J=1.P

OPT(J)=W(J)
31001 CONTINUE
307 DO 3432 J= PNN(W(P)+1TN(W(P))
T2 = FN(W(P).))
IF(IN(T2).EQ.0) GO TO 34321
3432 CONTINUE
GO TO 3007
C sseessrrrsssss ADDING NEW LETTER ****+
34321 SUM = SUM + VN(T2)
IF((SUM+RV).LE.TR) GO TO 3007
IN(T2) = T2
PNN(W(P)) = J
P=P+l
W(P)=T2
C* * * * ADDING THE POSITIVE NODES SUM * * * *
DO 3301 JP = 1,TP(W(P))
M = FP(W(P),JP)
IF(IP(M-K).NE.0) GO TO 3301
SUM = SUM + VP(M-K)
RV = RV- VP(M-K)
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3009

304

30011

305
3001
100

5055

1001

1002

IP(M-K) = W(P)

CONTINUE

IF(SUM.GE.TR) GO TO 302

GO TO 307

**5%% G B BLOCK eeccccee
IF((P-1).EQ.0) GO TO 30011

SUM =SUM-ABS(VN(W(P)))

IN(W(P)) =0

DO30411=IL

IFAP(11).NE.W(P)) GO TO 304

SUM = SUM-VP(I1)

RV=RV+VP(I1)

IP(I) =0

CONTINUE

PNN(W(P))= 0

P=P-1

GO TO 307

SUM =SUM-ABS(VN(W(P)))
PNN(W(P))=0

DO30511=IL

IFAP(11).NE.W(P)) GO TO 305

SUM = SUM-VP(I1)

IP(1)=0

RV = RV+VP(I1)

CONTINUE

CONTINUE

DO 5055 I=1, NUMPOSI
WRITE(*,*)OPT(I)
WRITE(*,*)(FP(OPT(I),]),J=1,TP(OPT(I)))
CONTINUE

WRITE(*,*)OPTIMUM VALUE=',0PTIMUM
GO TO 1002

WRITE(*,*)OPTIMUM, |

CALL GETTIM(IHR,IMIN,ISEC,I100TH)
WRITE(*,*)CTIME,IHR,IMIN,ISEC,1100TH
STOP

END

srnnrssrrirt SUBPROGRAMMES ## ¥ ¥ k6 x kb haas sk sttt s

SUBPROGRAMME FOR COMPACTSTORAGE ALGORITHM
SUBROUTINE LOMPT(NN,C1,N4,D1,Q)

IMPLICIT INTEGER (A-Z)

DIMENSION C1 (NN,NN),D 1 (NN,NN)

DO 121= 1,N4
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DO12J=1 N4

L = C1(1,1) + C1(1,J)
IF(L.EQ.0) GO TO 14
DO15K=1,N4

L = CI(LK)+CI(K.J)
IF(L.EQ.0) GO TO 14
CONTINUE
c1(1,9)=1

Clun=1

GO TO 12

C1(1.))=0

C1(J.)=0
CONTINUE
DO201=1,N4
11=N4-1+]1
DO20J=1,N4

J1 =N4-J+1

L =C1(11.N4) + C1(N4,J1)
IF(L.EQ.0) GO TO 16
DO 30K =1, N4
KI=N4-K+1

L =C1(1.K1)+ CI(K1,J1)
IF(L.EQ.0) GO TO 16
CONTINUE
ClI1Jn =1
C1(J1,11)=1

GOTO 20
C1(11.J1)=0
C1(JLI1) =0
CONTINUE

DO 1111=1,N4

DO 111 J=1,N4
DI(L]) = C1(LJ)

DO 701=1,N4

DO 70J=1,N4
IF(D1(1,}).EQ.1) GO TO 71
CONTINUE

Q=0

GOTO 72

Q=1

WRITE(*,*)VALUE OF Q=".Q

RETURN
END
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SUBROUTINE FOR ARRANGING THE VALUES OF SUPER NODES

SUBROUTINE LARANG(NN,IS,P,T,LA)
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65

INTEGER IS(NN),LA(NN), TEMP ,T(NN),P
DO6651=1,P

LA() =

DO641=1,P-1
DO64J=1 P
IF(IS(1).GE.IS(J)) GO TO 64
TEMP = 1())

1S(1) = 15(J)

IS(J) = TEMP

LEMP = LA()

LA()=LA(J)

LA(J)=LEMP

CONTINUE

DO651=1,P

T() = 15(1)

WRITE(*,*)’ THE ARRANGED SUPER NODES VALUES'

WRITE(*,68)(T(1).1=1,P)

68 FORMAT(SX, 10(2X.,14))

RETURN
END
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PROGRMME FOR QUADRATIC ASIGNMENT PROBLEM
PARAMETER(N1=20M1=N1*NN1-1)/2)

IMPLICIT INTEGER(A-Z)

INTEGERF(N1,N1).DIN1I.N1).X(N1)

INTEGERL(N 1),FW(N1).DW(N1).IFX(N1),IDX(N1),VF(M1).VD(M1)
INTEGERNBOUND(N 1).LBOUNDM 1 ).PX(M1).PYM1).PZM1)
INTEGERPC(M1,M1),F1(N1,N1),D1(NI,N1)PQNNI N1)FWI(NI)
CHARACTER* 18 CTIME

LOGICAL SETTIM

DATA CTIME/THE TIME TAKEN IS"
IF(NOT.(SETTIM(0.0.0,0))) WRITE(* *)'SETTIM FAILED'

N IS SIZE OF THE DISTANCE MATRIX D AND FLOW MATRIX F
FW IS THE FACILITY WORD TR IS TRIAL SOLUTION VALUE
READ(V)N

DO 11=1N

READ(* *)(D(1,J),J=1,N)

CONTINUE

DO 11884 IP = IN

DO 11884 JP = 1IN

D1(IP,JP) = D(IP,JP)

CONTINUE

DO21= 1N

READ(* .*)(F(1J),J=1,N)

CONTINUE

DO 11886 1P = I.N

DO 11886 JP = I N

FI(IP.JP) = F(IP,JP)

CONTINUE

TR=0

DO 55 1= 1,N-1

DO 56 1= 1+1N

TR = TR+F(1,9*D(1,J)

CONTINUE

CONTINUE

KOUNT =0

DO31=1N-1

DO 4J=1+IN

KOUNT = KOUNT + 1

VF(KOUNT) = F(1,J)

VD(KOUNT) = D(1,J)

CONTINUF

CONTINUE

DO 71=1,KOUNT-1

DO 77 J=I+1,KOUNT
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IF(VF(1).LT.VF(J) GO TO 77
LEMP = V()

VF(I)= VF(J)

VF(J) = LEMP

CONTINUE

CONTINUE

DO 81=1,KOUNT-I

DO 88 J = I+1. KOUNT
IF(VD(1).GT.VD(J) GO TO 88
LEMP = VD(l)

VD(l)= VD(J)

VD(J) = LEMP

CONTINUE

CONTINUE

DO91= 1IN

IFX(1) = 0

IDX(1) = 0

CONTINUE

BOUND MATRIX CALCULATIONS
DO 750 IB = 1.N-1

NBOUND(IB) = 0

LE =NOEL(IB.2)

DO 751 J = 1,LKOUNT-LE
J1=LE+J

NBOUND(IB) =NBOUND(IB)+VF(J)*VD(J1)
CONTINUE

CONTINUE

DO 752 IB = I.N-1

CONTINUE

DO 1010 PJ=3.N

PCOUNT = 0

DO 1020 PI= 1.PJ-1

PCOUNT = PCOUNT+1
PX(PCOUNT)=DI(P1PJ)
CONTINLJE

DO 1040 Pl = 1 ,PCOUNT-1

DO 1050 PJ1 = PI+1,PCOUNT
IF(PX(P1).GT.PX(PI1)) GO TO 1050
LTEMP = PX(Pl)

PX(Pl) = PX(PJ1)

PX(PJ1) = LTEMP

CONTINUE

CONTINUE

DO 1060 PI = |,PJ-|
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1080

10160
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DI(PL,PJ) = PX(PI)
CONTINUE

CONTINUE

DO 1080 PJ=1,N

PKOUNT = 0

DO 1090 P = UN

PKOUNT = PKOUNT+1
PY(PKOUNT) = F1(P|,PJ)
CONTINUE

DO 10100 PI = 1,PKOUNT-1
DO 10110 PJ1=P| +1, PKOUNT
IF(PY(P1).LT.PY(PJ1)) GO TO 10110
LTEMP = PY (PI)

PY (PI) = PY(PJ1)

PY(PJ1) = LTEMP
CONTINUE

CONTINUE

DO 10120 PI = UN

F1(PI,PJ) = PY(PI)
CONTINUE

CONTINUE

DO 10150 PJ = 2N

DO 10155 Pi= UN
PC(PI,P}1)=0

DO 10160 K = 1,PJ-1

PC(PI,P3-1) = PC(PI,PJ1) +D1(K,PI)*F1(K,PI)

CONTINUE
CONTINUE
CONTINUE

DO 10277 PL = UN
DO 10278 PJ= 1. N-1
PQ(PL.PJ) = PC(PL,PJ)
CONTINUE
CONTINUE

BOUND MATRIX CALCULATIONS BOUND MATRIX IS PQ

DO 901 PEN-2,1,-1
KOUNT =0

PJ1 = PJ+1

DO 902 Pl = UN

KOUNT = KOUNT+1
PZ(KOUNT) = PQ(PI,PJ1)
X(KOUNT) = KOUNT
CONTINUE

DO 903 PPI = 1,N-1

DO 904 PPJ =PPI+1,N
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IF(PZ(PP!).LT.PZ(PPJ) GO TO 904
LEMP = PZ(PPl)
PZ(PPI)=PZ(PPJ)
PZ(PPJ) = LEMP
LEMP = X(PPI)
X(PPI) = X (PPJ)
X(PPJ) = LEMP
904 CONTINUE
903 CONTINUE
IF(NBOUND(PJ1).GE.PZ(1)) GO TO 905
NBOUND(PJ1) = PZ(1)
DO 906 PPI = 1,X(1)-1
PQ(PPL,PJ) = PQ(PPI,PJ)+PZ(1)
906 CONTINUE
PQ(X(1),PJ) = PQ(X(1),PJ) + PZ(2)
DO 907 PPI = X (I)+I,N
PQ(PPI,PJ) = PQ(PPI,PJ)+PZ(1)
907 CONTINUE
GO TO 901
905 DO 908 PP = | N
PQ(PPL.PJ) = PQ(PPI,PJ) + NBOUND(PJ1)
908 CONTINUE
901 CONTINUE
c *hkkkkkkk MAlN $ARCH *hkkkkkhkkkkk
COUNT =0
DO 111=L(1)+IN
COUNT =1
IF(NBOUND(COUNT).GE.TR) GO TO 11
SUM =0
FW(COUNT )=
DW(COUNT) = COUNT
IFX(FW(COUNT))= 1
IDX(DW(COUNT)) =1
L2)=0
15 DO 12J=LQ)+1.N
SUM=0
IF(IFX(J).EQ.0) GO TO 13
12 CONTINUE
GO TO 17
13 IT=J
IF((SUM + PQ(IT,COUNT)).GE.TR) GO TO 23
DT = COUNT +1
SUM = SUM + F(FW(COUNT),IT)*D(DW(COUNT),DT)
IF (SUM.LT.TR) GO TO 14
23 L) =J
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260
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151

250

27

28
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GO TO 15

IFX(FW(COUNT)) = 0
IDX(DW(COUNT))= 0

L(2)=0

CONTINUE

GO TO 100

IFX(IT) = |

IDX(DT) =1

COUNT = COUNT +1

FW(COUNT) = IT

DW(COUNT) = COUNT
L(COUNT) = J

IF((SUM + NBOUND(COUNT)).GE.TR) GO TO 260
DO 24 J1 = L(COUNT+1)+1.N
LP=L(COUNT+1)
IFIFX(J1).EQ.0) GO TO 250
CONTINUE

IF(COUNT.EQ.2) GO TO 151

DO 25 J2 = 1,COUNT-1

SUM = SUM - F(FW(J2).FW(COUNT))*D(DW(J2),DW(COUNT))
CONTINUE

IFX(FW(COUNT)) =0
IDX(DW(COUNT)) =0
L(COUNT+1)=0

COUNT = COUNT-1

GO TO 26

L@3)=0

IFX(FW(COUNT))=0
IDX(DW(COUNT))=0

COUNT = COUNT-1

GO TO 15

IT=J
IF((SUM+PQ(IT,COUNT)).GE.TR) GO TO 29
DT = COUNT +1

TEMP=0

DO 27 J3 = 1. COUNT

TEMP = TEMP + F(FW(J3),IT)*D(DW(J3),DT)
CONTINUE

KEMP = SUM+TEMP
IF(SUM+TEMP).LT.TR) GO TO 28
GO TO 50

IFX(IT)= 1

IDX(DT) = 1

SUM1 =SUM + TEMP

SUM = SUM1



29

30

155

31

32

g0

COUNT = COUNT+1
FW(COUNT) = IT
DW(COUNT) = DT
IF(COUNT.EQ.N) GO TO 30
L(COUNT)=J1

GO TO 2303
L(COUNT+1)=J1

GOTO26

SOLUTION BLOCK
TR=SUM

OPTVAL =TR

DO 155 10 = 1,COUNT
FW1(I0) = FW(10)

DO 31 J4 = 1,COUNT-1
SUM = SUM - F(FW(J4) FW(COUNT))*D(DW(J4),DW(COUNT))
CONTINUE
IFX(FW(COUNT)) =0
IDX(DW(COUNT)) =0
L(COUNT)=0

COUNT = COUNT-1

DO 32 J5= 1,COUNT-]

SUM = SUM - F(FW(J5).FW(COUNT))*D(DW(J5),DW(COUNT))
CONTINUE
IFX(FW(COUNT)) =0
IDX(DW(COUNT)) = 0
COUNT = COUNT-1
GOTO26

SUPER BLOCK
IF(COUNT.EQ.2) GO TO 151
DO 33 J6= 1,COUNT-1

SUM = SUM - F(FW(J6).FW(COUNT))*D(DW(J6),DW(COUNT))
CONTINUE
IFX(FW(COUNT)) =0
IDX(DW(COUNT)) =0
COUNT = COUNT-1
GOTO26

100 WRITE(*, 125)(F W1 (IL) ,IL=1 .N),OPTV AL

125

FORMAT(1217)
CALL GETTIM(IHR,IMIN,ISEC,1100TH)
WRITE(*,*)CTIME,IHR,IMIN,ISEC,1100TH
STOP

END

FUNCTION NOEL(N,K)

IF(N.LT.K) GOTO 72

L = FACT(N)/(FACT(K)*FACT(N-K))
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72

86

89

NOEL =L

RETURN

NOEL = 0

RETURN

END

FUNCTION FACT(N1)
IF(N1)83,86,89

FACT = 0

RETURN

FACT = 1

RETURN

PRODUCT = 1
DO21=2 NI
PRCDUCT = PRODUCT*]
CONTI NUE

FACT = PRODUCT
RETURN

END
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for 10 problems..

APENDIX 3

The follwing table gives optimum valuestime taken, sum of squares of timings

Size = 75 Connectivity = 10% % of positive nodes == 10

oV 55 80 51 20 15 30 49 13 14 42
time |027 |027 |027 |027 |027 |032 |032 |027 [032 |032
N.SN | 6 3 7 5 4 4 4 6 7
Mean time= 0.29 S.D.(time)=0.0245 C.V =845 SS=0.847

Size = 75 Connectivity = 10% % of positive nodes = 20

oV | 147 156 | 208 120 | 222 160 128 | 303 148 | 93
time |027 |027 |027 |032 |03 032 |032 |027 |027 |027
N.SN | 5 5 5 5 4 5 5 2 4 4
Meantime= 029 SD.(time)=0.0245 CV =845 SS=0.847

Size = 75 Connectivity = 10% % of positive nodes = 30

oV 377 | 670 | 682 515 | 301 (823 |334 |434 584 | 538
Time |027 |027 |032 |027 |027 |027 |032 |027 |032 |032
N.SN | 10 4 3 2 6 3 4 2 4 5
Mean time= 0.29 S.D.(time)=0.024 CV = 845 SS=0847

Size = 75 Connectivity = 20% % of positive nodes = 10

oV |30 25 60 48 n 76 39 16 33 111
time |032 |032 |032 |03 |027 |[032 |021 |032 |032 |032
N.SN | 4 4 4 3 3 2 1 5 4 7
Mean time= 0.304 SD.(time)=0.0.035 CV = 1141 {SS=0.9362

Size = 75 Connectivity = 20% % of positive nodes = 20

oV 227 183 306 180 330 181 314 185 256 279
time |027 |027 |027 |021 |027 |027 |032 |032 |021 |0.32
N.SN | 3 2 1 1 1 1 2 2 1 4
Mean time= 0.273 S.D.(time)=0.031 CV =14 8.8 =0.7599
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Size=75 Connectivity = 20%

% of positive nodes = 30

OV |386 663 533 756 | 749 | 461 649 756 532 636
time |0.21 0.21 0.27 0.27 0.27 0.32 0.27 0.27 0.27 0.27
N.SN | 1 1 2 1 1 2 1 1 1 1
Mean time= 0.273 S.D.(time)=0.0303 CV = 1154 SS=0.7009

Size=75 Connectivity = 30% % of positive nodes =10

ov |73 83 133 |98 99 88 70 03 30 41
time |0.27 0.27 0.27 0.27 0.27° | 0.27 0.27 0.38 0.27 0.38
N.SN | 1 1 1 1 1 1 1 3 1 2
Meantime=0.292 S.D.(time)=0.044 C.V.=1506 ({3S=0.872

Size = 75 Connectivity = 30% % of positive nodes = 20

oV |320 165 352 |205 | 356 338 230 | 322 154 | 309
time 021 |027 |027 |027 |027 |027 |027 |[021 |021 |021
N.SN | 1 1 1 1 1 1 1 1 1 1
Mean time= 0.246 S.D.(time)=0.029 CV = 1195 SS==0.6138

Size =75 Connectivity = 30% % of positive nodes = 30

oV 447 | 609 606 584 | 472 566 752 | 596 | 497 565
time |0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27
N.SN | 1 1 1 1 1 1 1 1 1 1
Mean time= 0.27 SD.(time)=0.0 CV =0 SS=().729

Size =100 Connectivity = 10% % of positive nodes = 10

oV 25 105 58 74 115 77 19 21 60 75
time |[032 |038 |043 |043 (032 |038 032 |038 [032 038
N.SN |4 4 5 7 5 5 8 5 4 6

Mean time= 0.366 S.D.(time)=0.0418 C.V=11.41 SS= 1357
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Size= 100 Connectivity = 10%

% of positive nodes = 20

oV 380 386 336 532 377 234 220 148 388 235
time | 0.38 0.43 032 032 0.32 0.38 043 043 0.49 0.43
N.SN | 3 4 4 2 2 4 6 5 4 7
Mean time= 0.393 S.D.(time)=0.0558 C.V=14.19 S.S=1.575/

Size =100 Connectivity = 10% % of positive nodes = 30

(OAY 873 473 841 946 632 968 1103 | 828 751 856
time 0.32 0.38 043 | 038 |038 0.38 0.38 0.38 0.37 0.38
N.SN | 2 5 2 3 4 5 2 3 3 4
Mean time= 0.378 S.D.(time)=0.025 CV =656 SS= 1435

Size= 100 Connectivity =20% % of positive nodes =10

o.v 112 44 60 63 91 74 35 109 46 49
time | 043 043 049 049 |043 0.54 0.49 049 | 043 0.49
N.SN | 3 2 3 4 3 4 2 3 3 5
Mean time= 0.471 S.D.(time)=0.036 C. V = 7.74 SS = 2.2317

Size= 100 Connectivity =20% % of positive hodes = 20

(OAY 309 293 366 305 470 372 326 142 310 302
time | 043 0.38 049 | 043 |043 043 043 |049 049 0.43
N.SN | 3 2 3 4 3 4 2 3 3 5
Mean time= 0.443 S.D.(time)=0.034 CV =7.67 SS=1.9741

Size =100 Connectivity =20% % of positive nodes = 30

oV 960 932 892 952 987 117 763 567 84 870
time |0.27 0.32 032 |032 |027 0.32 027 |027 0.27 0.32°
N.SN | 1 1 1 1 1 1 1 1 1 1

Mean time= 0.295 S.D.(time)=0.025 CV =85 SS=0.8765
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Size = 100 Connectivity =30% % of positive nodes = 10

oV A 133 7 122 58 62 17 84 80 50

time |05 (027 |032 |05 |05 |032 |027 |054 |032 |0.60

N.SN | 2 1 1 2 2 1 1 2 2 2

Mean time= 0426 SD.(time)=0 128 C.V=30.12 SS=1.9794

Size= 100 Connectivity = 30% % of positive nodes = 20

oV | 206 365 581 213 387 299 336 357 391 352

time |028 (032 |032 |03 [(032 |03 |032 |032 |027 |032

N.SN | 1 1 1 1 1 1 1 1 1 1

Mean time= 0.31 SD.(time)=0.02 CV =645 SS=0.9705

Size= 100 Connectivity =30% % of positive nodes = 30

oV 817 | 112 851 974 849 819 699 671 687 956

time |032 (027 |032 |027 |027 |027 |027 |027 |027 |032

N.SN | 1 1 1 1 1 1 1 1 1 1

Mean time= 0.285 S.D.(time)=0.023 CV =807 SS=08175

Note: 0.V - Optima Vaue; N.SN - Number of Super nodes; S.S- sum of sgquares of

timings,time iS given in seconds
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