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ABSTRACT

This thesis is devoted to the development of the
quantum theory of optical Hanle effect. Various ques-
tions regarding the intensities, fluorescence spectra,
cooperative behaviour of atoms, Squeezing properties
of the states of the scattered radiation field, exci
ted state coherences under different conditions of

excitation are analyzed in great detail.

Chapter I introduces the problem with its previous
history and outlines the need and relevance of the

present analysis,

Chapter II contains a general formulation of the
problem for obtaining the density matrix equations, the
fluorescence intensities and expressions for the fluore-
scence spectra, in terms of the atomic density matrix

elements and atomic correlation functions.

In chapter III, @ quantum statistical theory of
optical Hanle effect for arbitrary intensities and
bandwidth of the pump laser field is developed. The
excited and ground-state level shifts caused by &@nother
light field with appropriate polarization are taken
into a@ccount by using Bogoliubov-Mitropolsky's method

of time averaging. The 1laser fluctuations are
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treated exactly by adopting the phase-~diffusion model
of the pump laser. The analytical and numerical re-
sults for the fluorescence signals are presented for

a variety of excitations. A comparison with recent
works of Kaftandjian, Klein and Hanle is made, The
case of a very broadband excitation under saturation
conditions is analyzed and the results for signals in
different directionsand for different polarizations are
obtained. For completeness, the effect of laser band-
width on the magnetic field Hanle signals is also exa-

mined.

In chapter IV, the studies of chapter III are
extended to investigate the spectral features of the
signals in the optical Hanle system, with respect to
the various directions of observation and the polari-
zation of the emitted and the exciting radiation. The
asymmetries in the spectra are found to be critically

dependent on each of these parameters.

In chapter V, the cooperative behaviour of atoms
has been examined to study the possible existence of
multistable behaviour in the optical Hanle geometry.
The collective behaviour of atoms contained in a cavity
which can have two modes of excitation with different
polarizations under the pumping bf a linearly polarized

electric field is studied. The transmission characte-



iii

ristics for such @ situation are obtained., In the
special case when the intensities of both the cavity
field modes are identical, the system is found to

exhibit bistable behaviour.

In chapter VI, the quantum statistical properf
ties of the states of radiation scattered by an atomic
system under resonant excitation is investigated. 1In
particular, the squeezing properties of the radiation
field are investigated. Analytical expression for the
second factorial moment of the photon counting distri-
bution, which is a measure of the squeezing of the
states is obtained. It is found that squeezing of the
scattered radiation field states, i.e., negative value
of the quantity S(T) = <n[2]> - <n>2, persists for very

short intervals of the counting time in most cases,

Finally, in chapter VII, the creation of coherence
among excited states, not connected by @ dipole transi-
tion, is discussed. Analytical results are presented
which show how a complete coherencg could result by
using strong fields. The role of the coherence asso-
ciated with pump laser in creating the excited state

coherence is investigated in detail.
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CHAPTER I

INTRODUCTION

From the beginning of this century, experiments
using resonance radiation and resonance fluorescencel™>
have been largely responsible for our increasing under-
standing of excited atoms and their interaction with
radiation. In the 1920's the polarization of resonance
fluorescence from atoms subjected to external magnetic
fie1d52’6 and subsequently to external eleciric fields

was studied in detail by Hanle6 and used to measure the



radiative atomic lifetimes., The physical basis of such
phenomena is found in the splitting of the m-state dege-
neracy by an externally applied field. More recently

° pointed out that polarized reso-

Brossel and Kastler
nance radiation could be used to produce and de?ect di-
fferences in populations of the Zeeman substates of both
ground and excited levels of atoms. Following these
suggestions, the techniques of magnetic resonance were
widely applied to the study of bulk -samples of free atoms,
These experiments enabled detailed information about the
Zeeman and hyperfine structure of excited and ground
states of atoms to be obtained, together with measure-
ments of radiative lifetimes and interatomic collisional
relaxation ratesl'ls. The techniques of magnetic depola-
rization of resonance fluorescence known as the Hanle
effect, magnetic optical double resonance and optical
pumping of metastable and ground state atoms cover an
important area in the field of atomic physics. Thus, in
the usual Hanle effect, the properties of the magnetic
sublevels are studied by preparing the system in a coheﬁ
rent superposition of the Zeeman sublevels and by obser-
ving the fluorescence from such a2 coherent superposition
as a function of the magnetic field. The coherent super-

pOSitionll’16'17

can be obtained either by using a broad-
band source or 2 monochromatic pump. With broadband exci-

tation and magnetic field scanning, the Hanle effect has



been extensively studied and applied to lifetimes
and radiative relaxation rate measurements for atomic

and molecular speciesw"25

« The use of laser sources
for the coherent excitation of the Zeeman suﬁlevels
has recently led to the observation of strongly modi-
fied level crossing curves, The modifications are
related to the high power density (nonlinear effects)
and the monochromaticity of the laser light., It was
found that the linewidth of the observed signal is
critically dependent on the nature of the exciting
source 11,16 viz,.,, its strength, detuning, bandwidth

etc.

18-25 of the Hanle effect have

Several variations
been proposed and used in the high resolution spectro-
scopic work. For instance, it was shown that the modu-
lated pump field leads to fluorescence variation that
immediately yields not only the relaxation parameters

but also the excited state splittingsle“az. A novel

variation>>124

of the Hanle experiment, namely, the
electric analog of the magnetic Hanle effect, involves
the use of a suitably polarized electric field to lift
the degeneracy of the excited states i.e., each energy
level is shifted by a different amount due to Stark
Shifts26'28. The technique of lifting the degeneracy

of the excited states by means of the ac Stark effect,



produced by a strong off-resonant laser beamzs'25

(whose intensity and detuning can be varied) is known

as the optical Hanle effect. It is to be noted that

the strong off-resonant laser field wiih appropriate
polarization is applied in addition to the pump field,
which pumps the atoms to the excited states, The inten-
sity of the fluorescence signal is now observed as a
.function of the intensity or frequency of the powerful
off-resonant laser beam. For the case when this second
laser was circularly polarized, it was found by Kaftan-

djian et a1,23

that the zero-field level crossingsoccur
in the same manner a8s in the magnetic field Hanle effect.
Wrtherexperimental investigatiohsof the optical Hanle
effect haw been performed by Kaftandjian et ai?9’3°
with a barium atomic beam resonantly excited by a weak
linearly polarized laser beam both for monochromatic as
well as broadband cases. They have observed absorption
and dispersion - shaped level crossing resonances, both
for monochromatic and broadband excitations, by varying
the power of the strong nonresonant laser beam which

induces the Stark splitting.

This thesis is devoted to the development of a
general theory of optical Hanle effect and to a study
of the various aspects of this effect. In'chapter 1I,

we present a general formulation for the fluorescence



signals, fluorescence spectra of the optical Hanle
effect which will be used in subsequent chapters to
study special cases depending on the geometry of the

system and the na2ture of transitions.,

31-35
In chapter I11I, @ quantum statistical theory of

the optical Hanle effect, which is valid for arbitrary
intensities and bandwidths of the pump field, is deve-
loped, The excited and ground state level-shifts which
afe caused by the off-resonant laser field with appro-
priate polarization are directly included in the theory
by the method of time averagié%b_%7 The laser fluctua-
tions are treated exactly by using the phase diffusion
model for the pump 13538,3.9 The analytical and numeri-
cal results for the fluorescence intensities are presen-
ted for @ wide variety of geometrical arrangements. The
results obtained here in the limiting case are in agree-
ment with those of Kaftandjian, Klein and Han1e23'24"29_;30'
An exact analysis for the case of a very broadband excita-
tion under saturation conditions is also given and the
results for signals in various directions and for diffe-
rent polarizations are obtained, The results obtained
here are in agreement with the experimental observations
of optical Hanle signals in monochromatic and broadband
fields reported by Delsart et 31.253.?'9’3.,@. The experi-

ments of Delsart et al, have been done under the condi-



tion when saturation effects are not important.

The fluorescence spectra emitted by a multilevel
atomic system have been studied in literature beth for
monochromatic as well as broadband excitationkﬁl_sz.
Recently Kornblith and Eberly46 have studied the
spectral dependence on the direction of observation for
the magnetic field Hanle situation. Since, in the
optical Hanle effect, there is a considerable selecti-
vity of the Zeeman sublevels depending upon the polari-
zation of the nonresonant electric field, it is worth-
while to carry out a detailed analysis, both experimen-
tally and theoretically of the fluorescence signals

produced in such a case,

In chapter IV, numerical results for the fluore-
scence spectra for a variety of excitations both for the
weak field as well as the strong field case are presented,
For the strong field case, the spectra are found to
exhibit a seven-peaked structure. e have also presented
andlytical expressions for the fluorescence spectra, in
the presence of collisions, to second order in the field
strengths, The asymmetries of the spectra are found to be
strongly dependent on the system parameters such as rela-

xation rates, field strengths etc.



In view of the growing interest in the study of
the cooperative behaviour of atoms which resulted in
new and interesting phenomen2 such as optical multi-
stabilityss'f’% etc., one would like to understand the
behaviour of the optical Hanle system contained in a
cavity. Therefore, in chapter V, the behaviour of a
collection of atoms contained in a cavity which can
have two modes of excitation with different polariza-
tions'under pumping by @ linearly polarized electric
field is studied. The transmission characteristics of
the cavity field for such a situation are obtained. In
the special case when the intensities of both the cavity
modes are identical, the system is found to exhibit

bistable behaviour.

Having obtained detailed information on different
aspects of the atomic system, we now investigate the
properties of the states of the radiation field scattered
by such a syste&.e Information on the states of the
scattered radiation field can be obtained by studying the
higher order correlation functions of the scattered
electric field, in addition to the usual second order
correlation functions., This can experimentally be accom-
plished by the photon counting measurements75::'The

Photon counting techniques enable one to obtain informa-



tion on such properties of the states of the scattered

69,70,75

radiation field, such as squeezing "Squeezed

coherent states have recently become important in the

study of quantum limits on 2 measurement process73.

Recently, Mandel75

has shown that the quantity S(T) =
<n[2]> - <n>2 related to the second factorial moment
(n[2]> of the photon counting distribution for a super-
position of the external coherent radiation and the radia-
tion scattered by 2 two level atom exhibits squeezing of
the scattered radiation., Therefore, for the purpose of
observing squeezing in the scattered radiation, one has

to mix external coherent radiation with the radiation
scattered by the atom and study the photon statistics of
this mixed radiétion. In chapter VI, the properties of
the photon counting distribution for arbitrary counting
intervals, produced by @ mixture of an external coherent
radiation and the radiation scattered by an atomic system
are investigated., Such properties reflect in an important
way on the squeezing characteristics69'70'75 and the

74

anomalous correlators of the scattered radiation.

Excited state coherence was seen to be very signifi-
cant in the determination of signals in various directions
and therefore one has to find out the conditions under

which maximum possible coherence can be achieved., This



question is also very important in connection with

the quantum be:’:l'l'.s'm"86 which arise solely due to @
nonzero coherence in the excited states. Tﬁerefore,

in chapter VII, we study how the excitation of atoms
and molecules by intense laser fields could lead to
strong coherence between the excited states. The
calculations are done for a three level system consis-
ting of two excited states |1> and |2> which are not
connected through 2 dipole transition but are connected
to the ground state |3> by dipole transitions, This

is the most commoﬂ three level scheme used in the descri-

79-86 and Hanle experimentsl6. The

ption of quantum beats
transition amplitudes corresponding to theldipole transi-
tions between the pairs of levels |1>, |3> and |2>, |3>
interfere to produce beats provided that there is a2 non-
zero coherence between the excited states initially. We
found that the_coherence between the two excited states

is very strong when both the exciting fields are of the

same order.



CHAPTER 11

THE. OPTICAL HANLE EFFECT -
GENERAL FORMULATION

In this chapter we develop @ quantum statisti-
cal theory of optical Hanle effect and study different
aspects of the optical Hanle effect such as the intensi-
ties of the fluorescent light and the fluorescence spectra
emitted by the atomic system in various directions for
different geometries of the system, The atomic sample is
contained in a cell and interacts with a circularly pola-

rized nonresonant electric field which induces the ac Stark
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shift and lifts the degeneracv of the excited states.

At low pressures and small atomic densities, the interac-
tion of the ﬁtoms amongst themselves may be neglected so
that, in effect, one needs to consider the interaction of
a-single, isolated atom with the external laser fields,

An intense, plane polarized laser beam (which we will here-
5fter refer to as pump) leads tothe atomic transitions
between the non-degenerate ground state and the sublevels
of the excited states. The atomic system interacts with
the vacuum of the radiation field and emits radiation
spontaneously. Here, a general formulation for the fluore-
scence radiation emitted by the multilevel atomic system
interacting with strond laser fields is given and special
éases are studied in subsequent chapters depending upon
the geometry of the experiment and the nature of the tran-
sitions. The total Hamiltonian for the atomic system in-
teracting with the radiation fields is given and the equa-
tions of motion for the reduced density operator for the
‘atomic system are presented. A relationship between the
fluorescence intensity and the atomic density matrix ele-

ments is deéveloped.
2,1 The Hamiltonian

The total Hamiltonian for the atom and the radia-
tion field in the presence of an external field is

H=Hy + Hy + Hc(t) + Hpp + Hext(t) (2.1.1)



where HA(HR). is the unperturbed Hamiltonian for the

atom (vacuum of the radiation field), Hc(t) is the
interaction Hamiltonian describing the interaction of
the atom and the circularly polarized electric field

and Hyp (Hext(t)) is the interaction Hamiltonian descri-
bing the interaction between the atom and the vacuum of

the radiation field (external laser field).

If the energy of the eigen state |m> is denoted by
E, and the atomic operator by 2 subscripted A, then we

have

m (2.1.2)
Amn= Im) <l'l| °

The unperturbed Hamiltonian of the quantized radiation
field is given by

Ha= I g Bg 3 s h= L (2.1.3)

where the following mode expansion is used for the quanti-
zed electric field,

Bpm) =1z (22, 2 GRF Ly (2,14

3
Here L™ is the volume in which the field is quantized and

€xs is the polarization’ vector and a:s and a, . are the
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creation and annihilation operators respectively. The
jnteraction Hamiltonian in the electric dipole approxi-
mation is given by

Hyp[Ho, 1 (£)] = = d.Eg(E()) and H (%) = = d.E(t) (2.1.5)

Here .3 is the dipole moment operator of the atom having

only off-diagonal elements

d =z dyAy+He. dig=0ifi=j (2.1.6)
i,3 |

and E is the plane-polarized pump field at the point r

where the atom is located and Ec(t) is the circularly pola-

rized off-resonant electric field., The classical expre-

ssion for the plane polarized electric (pump) field E(t)

may be written as
E(t) = 3 €o3(t) exp [0 04 t+ ¢ 4(t)] + coca(2.1.7)

where on(t) is the ampiitude of the jth component oscilla-
ting at the mean frequency Qj and de(‘l'-) is the phase of
the jth component. on(t) and q;j(t) are assumed to be
Slowly varying functions of time. For a strictly monochro-
matic field on(t) and cpj(t) are independent of time t
and are not random variables whereas for a fluctuating

electric field, on(t) and Q)J(t) are stochastic functions,
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-
The circularly polarized electric field Ec(t) is
written in the form

-> -iwct >% j.lﬂct

Ec(t) - 6c e + 8c e L} (2.1.8)

This circularly polarized off-resonant electric field lifts
the degeneracy of the excited states and also shifts the
ground state. This plays the role of magnetic field used
in usual magnetic field Hanle type of experiments with the
difference that the magnetic field does not shift the non-
degenerate ground state. It is well known that when a two
level atom is subjected to an off-resonant light field, its
ground and excited states will be shifted by equal amounts
in opposite directions=?, the magnitude of this light shift
being equal to ﬂz/Ac where B is the Rabi frequency of the
transition and A, is the frequency detuning between the

atom and the off-resonant electric field. Depending upon

the polarization characteristics of the circularly polarized
electric field,only particular sublevels of the atomic system
will be shifted. As an example, consider a J=0 to J=1 tran-
§ition. "The level |+> (corresponding to the magnetic quan-
tum number + 1) and the ground state |g> will be shifted by
equal amounts in opposite directions were the light to be
left circularly polarized and the levels |-> (corresponding
to the magnetic quantum number - 1) and |g> will be shifted
in opposite directions if the polarization is right handed,
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2,2 The equations of motion for the atomic sys+-

Here our interest is focussed on the study of the
properties of the atomic system in which case, the
degrees of freedom corresponding to spontaneﬁus emission
and other relaxation processes have to be suppressed., As
a first step, consider the case when no external fields
are present i.e., Hext(t) (Hc(t))= 0. Let QAﬁR(t) be the
density operator describing the combined statistical
state of the atom and the radiation field or in other
words @ general reservoir which takes into account all
other relaxation mechanisms. It satisfies the Schrodinger

equation of motion
opg(t) = =i[H, gy p(t)] = XL gy 5(t) (2.2.1)
where L is thelLiouville operator defined by
L .e = =-i[H,...] . (2.2,2)

Let g,(t) be the reduced density operator describing the
atomic system alone. The density operators qA(t) and

O’MR(t) are related by

TrR denotes the trace over the radiation field variables

and all the relaxation processes. The master equation for
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the reduced density operator g,(t) in the Born-Markov
and rotating wave approximationsS>~% {s given by

: - i w, O 2
3% O3 = -1 Wy %1y + Oy kg1 ik %k

where ”ij is the renormalized transition frequency between
the atomic levels |i> and |j> and 2y,, is the transition
probability per unit time that the atom will make a transi-
tion from |k> to |i> in the absence of any external field,
due to spontaneous, collisional and all other relaxation
processes. For the case when the relaxation mechanism is
due to spontaneous emission only, then 2Tik is equal to the

Einstein A coefficient of the system and is given by

3
2
Yig = 2/3 |9y, ‘_‘_‘ka_i, if E > E,
>~

Equation (2,2,4) may be rewritten as
)
'5% = -i[HA.G] + i':l.nc c (2.2.6)

where ‘t'inc represents the contribution from all the incohe=
rent terms arising due to spontaneous emission, collisions
etc. For a more general case, in the presence of external

fields, this equation is modified as
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39 - Li[H, + Ho(t) + Hopy(t) 4 0] +Lypc 0 (2.2.7)
which means that the effect of incoherent interactions and
external fields can be superimposed. Now, the fast time
dependence from o(t) is removed and the slowly varying quén-
tities &(t) are obtained (where tilde denotes 3 quantity in
rotating frame rotating with the frequency of the pump field)
and the terms oscillating at twice the optical frequency are
‘neglected. The equation of motion for o(t) is

Y4 =1 5 -i[H',5)] (2.2.8)

ot

inc

where H' is the sum of the unperturbed part of the atomic
Hamiltonian and the interaction Hamiltonian describing the

interaction of the atom with the pump field and the circularl)
polarized laser field.

It could be seen from the following chapters that
the equation for the ewolution of the density matrix elements
as obtained from equation (2.2.8) for an atomic system with
discrete number of energy levels interacting with external
radiation fields will form a set of coupled linear differen-
tial equations with constant coefficients. In matrix nota-

tion they can be represented as

_b%_'(bj)_ =My (t) + I (2.2.9)
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where J(t) is @ column matrix with elements Eij(t)
i,j=1,--N. N is the number of relevant energy levels
of the atomic system under consideration and- I also is
a column matrix. The order of P(t) and I is (Nz-l)
since we use the normalization condition that I qif=1.
to eliminate the ground state energy density mitrix
element. This is performed to avoid the difficulty
that wﬁuld arise in computing the solutions by the
Laplace transformation techniques were the matrix M to
possess @ zero eigenvalue, M is a Square matrix of the
same rank as | and is time independent due to RWA, The
structure of the matrix M depends on the nature of atomic/
molecular transitions ; hence the eigenvalues of M will

give information about the complex transition frequencies

of the system.

2,3 Solution of the master equation

Consider equation (2,2,9)

S (L) =My + 1 (2.3.1)

On taking the Laplace trénSform of this equation, one
obtains

¥(z) = (z-M)"L g(o) + z7% (zm)~L 1 (2.3.2)

-

where J(z) represents the Laplace transform of J(t) given
by
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bz) =/ eZty(t) dt, Re z>o0. (2.3.3)
o

The steady state solution of (2.3.2) is obtained as
Pleo)= Lt z§(z) = (M)7HT (2.3.4)
Z=>0

i.e. by evaluating the matrix elements of M'l, one can

obtain the density matrix elements.

2.4 Intensities of the Fluorescence Signals and the
Fluorescence Spectra

In this section, expressions for the intensities of
the fluorescence signals and the fluorescence spectra emi-
tted in different directions with different polarizations
are obtained in terms of the atomic density matrix elements,
Let'E+(:,t) be the positive frequency part of the radiation
field emitted by the atom. In the radiation zone, the

field can be expressed as76

T, t) = Bz,t) - -El(mil/rc% (x(£xd),))

Ay (t=z/c) e-imlk(tﬁn/c) (2.4.1)

where _ﬁ;(x_' ,t) is the free field part and the remaining
terms relate the far-field zone behaviour of the radiation
emitted with the properties of the atomic system under
study. The prime on the summation sign indicates that the

summation on the energy levels is only for those terms for



which w,, > O and the transition jk> —> |1> is a
radiative decay. The expression for the total intensity
of the scattered radiation I is equal to the normally
ordered correlation function <'E'(:,t)-'§+(r,t) > and is

given by

2 2
TS dn m—:%‘;m%'l' (Ex(£3 1)) - (Ex(2x8,,)) <A (£)> (2.4.2)

where the orthogonalisation condition that <Amn(t)Alk(t)>=
<Amk(t)> Sn,l has been used. <Amk(t)>!s can be obtained
from the solution of the master equation as <Amk(t)>=°km(t)'
Since the intensity of the fluorescence signal is detected
at times much larger than the natural lifetimes or the
decay constants in the problem, the relevant denéity'matrix
elements o, 'S have to be evaluated in the steady state

limit,.
Expression for the fluorescence spectrum :

The spectrum of the fluorescence radiation is defined
in terms of the first—order normally ordered two-time corre=-
lation function <-E;{r,t2):ﬁg(r,tl) > which we denote as
Ggé) (r.tz;r,tl). This is given by

G(l) (rstpszyty) = o mil “’fm [fX(i‘x-a* )], .
lIB ik A § klmn 2 c * mn°-‘a

[Ex(ixdy) )] < App(ty) Aplty) (2.4.3)
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neglecting the retardation effects, the time r/c is
omitted in comparison with the other times which are
much larger. The free field term does not contribute
in (2.4.3) because the radiation field is initially in
the vacuum state. The two-time correlation functions
<A (1) A1 (t1)> can be evaluated in terms of the
single-time expectation values using quantum regression

theoremas. The regression theorem states that if

<Aij(t2)> is a member (or a linear combination) of a
complete set of system Markovian operators, then the time

evolution of such an operator can be written in the form
<Aij(t2)> = 25 fi508 (tx %)) <Aa3(tl)z, t>t, (2.4.4)

where fijap(tz;l) are numerical coefficients and Aup(tl)
form a complete set of operators. For the two-time sta-

tionary correlation functions

<Ags(ta) A (t1)> = .l;'g £ 5ap(ta=t1) <Bgg(ty) Ayy(ty)>
(204.5

where the one-time mean values appearing in (2.4.5) can be
obtained from the solution of the master equation,

We will be interested in cases when the atomic system|
is in equilibrium with the driving field, i.e., the atomic

system is in steady state, so that the atomic correlation



function G&é) depends only on (tz-tl). Therefore, the
spectrum in steady state47, i.e., in the limit as t—> o,
is given by

ad -ito( tz-tl) (l)
S(w) = 2 JL dw e Gpe (t2=t;)

o —fw(ty=t,)
= 2 Real [du e 271

(z 6l (-t))  (2.4.6)
o

which is nothing but the Laplace transform of the function
(1)
Gaa namely

S(w) = £ 2Real GLL) (2) | , _ . (2.4.7)
(44 I

The expressions for spectra in special cases depending on

the geometry of the transitions can then be obtained from
the above.



CHAPTER 11l

OPTICAL HANLE EFFECT - TOTAL
INTENSITY OF FLUORESCENT LIGHT

In this chapter, a general theory to study the
fluorescence intensities for the case of optical Hanle
effect is developed which is valid for arbitrary values
of the strength and bandwidth of the pump field. For
simplicity, we consider the case when the levels involved

in the Hanle transitions correspond to the levels with a
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total angular momentum J=O and J=1 respectively. In
section 3.1 the bandwidth effects'38 of the pump field
are taken into account in the equations of motion of

the density matrix and it is also shown how the off-
resonant laser field leads to light shift ter£%6in the
equations of motion. These equations are solved and
expressions for the fluorescence signals are obtained
in section 3.2. A numerical study of the fluorescence
signals is carried out in section 3.3. The variations
in the signals with change in the strength and bandwidth
of the exciting laser are studied. For the sake of
completeness the effect of laser bandwidth on the magne-
tic field Hanle effect is also discussed., In section
3.3 a rigorous treatment of the optical Hanle effec:"I: in

intense broadband fields is carried out.

3.1 Density matrix formulation of optical Hanle effect

In this section, we obtain the most general equa-
tions valid for arbitrary values of the field strengths
and bandwidths. For simplicity and in view of the

%,29,30.
recent experimental work on optical Hanle effect,
we restrict our considerations to the case when the two
levels involved in the transition possess angular momenta
O and 1 respectively. A schematic diagram of the energy

levels is shown in Figure 1la,
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The geometry used for studying the fluorescence

signals for optical Hanle effect is shown in Fig. 2.
The physical situation here, corresponds to a.circularly
polarized light propagating along the z axis intersecting
the atomic beam directed along the x axis. A second
linearly polarized laser beam (pump field) propagating
along the z axis with its electric vector making an angle
© with the x direction, interacts with the atomic beam,
The linearly polarized (pump) light creates the atomic
coherences, i.e., it prepares the atomic system in a
coherent superposition of the excited states. These
atomic coherences are monitored by observing the fluore-
scence signals in different directions. Two common situa-
tions used for observing the fluorescence correspond to
the detection of radiation in the directions (i) x with
polarization along the y axis, (ii) y with its polariza-
tion along the x axis. The circularly polarized off-
resonant radiation lifts the degeneracy of the excited states

and also shifts the ground state26. As was already men-
tioned in chapter II, the magnitude of the light shift
is leoc, where B is the Rabi frequency of the transition
and A. is the frequency detuning of the atom and the light
field, For our system, using a left-circularly polarized
electric field, we expect the levels |+> (corresponding
to the magnetic quantum number +1) and |g> to be shifted.
The positions of the shifted levels are shown in Fig,la,



26

+> |=>

|+>
S
- -—-6--"" ;'"'
T ->
Q
19>

(b)

Fig.l Schematic representation of the energy
levels involved in (a) Optical Hanle
effect, (b) Magnetic field Hanle effect
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The total Hamiltonian for the system interacting
with the pump field E(t) and the circularly polarized
field E.(t) can be written as [cf. Sec.2.1]"

—p - -h -
Yy = h“o(A++ +A_) - [d+g.E(t)A+g+d_g.E(t)A_g+H,c,]

- [d

L g* Ec(t) A g+ Heeld (3.1.1)

where the atomic operators Aij's and the dipole moment
-y

matrix elements dij's are defined earlier in Section 2.1,

and o, = (E+ - Eg)/h. The pump field is written in the

form

E(t) = €,(t) (% cos @ + § sin @) e 2R ET1O(Y) ¢
= g(t) e-il t + C.C. (3.1.2)

where, @8s shown in Fig, 2, the angle © gives the direction
of polarization of the pump. The functions Go(t) and

¢ (t) are taken to be slowly varying functions of time.
The frequency of the pump ié either at resonance or close
to resonance with the frequency of the J=0 to J=1 transi=-
tion, The terms in the last brackets in (3.l1.1) represent

the interaction of the system with the circularly polarized
radiation given by (2.1.8).
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Lx
1 atomic beam
x i
E(t)
v Ly
Z
Et)
FIG. 2

Schematic diagram showing the directions
and polarizations of the various beams
for the optical Hanle geometry
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The density matrix o of the system s.atj.sfies the
equation (2.2.7).- On transfqrming this to a frame rota-
ting with the angular frequency of .the pump field Q and
on making rotating wave approximation, (2.2,7) reduces

to the following

~ ~ - . i(Q-w_ )t
%%:-'—'% [H(t),a]-l-.:t.inco-i[GA+ge(-m°)
-1 )t
+ G*Ag+ e (=)t g ) (3.1.3)

where all the slow time dependence is contained in H (t)
and the fast time dependence in the o equation is explicitly
displayed. H (t) and G are given by

’

+h (0-Q) (A +A_), (3.1.4)

G = (.c-l:_g o Ec)/ﬁ . (3.1.5)

The matrix elements of ¢ are related to o by

N imijt
°1j(t) = 8; 5 "ij(t) + (1~ 31;1) "ij(t) e ’

m+g = tﬂ_g =Q m+_ =0 . (3.1.6)



As a first step in calculation, it will be shown
how the rapidly oscillating terms in (3,1.3) lead to
light shifts. For this purpose, we use Bogoliubov =

Mitropolsky's method of time averaging. This method

when applied to the density matrix equationaé'37

=40+ L,(t) o (3.1.7)

shows that the effect of rapidly oscillating terms in
'i.]_(t) in leading order could be taken into account by
replacing (3.1.7) by

t
%—E =L o+d(t) S L (1) o(t) aT . (3.1.8)
Oon using (3.1.8), we find that (3.,1.3) reduces to

-g-%= L [H'(1),3] +£’1nc

where

H'(t)=-[d .E.(t)A +d .e(t)A +H.C. ]

#h(u-Q +8)A, + Alu,~Q)A_AS AL » (3.1.9)

where
= 16|* /7 (Q- w.) . (3.1.10)

The effective Hamiltonian (3.1l. 9 ) now explicitly has light

shift terms (A, - Agg)'
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We next eliminate the explicit © dependence and

the phase dependence from the Hamiltonian by making use

of the relations among the dipole moment matrix elements

->
q+g

= R(-x + iy) ,

=) A s
d_g = R(X + i¥) (3.1,11)

and by making the transformations

O3i

Ql

+9

%g

L]
=

~ = _ ~  2i8

"3+g exp i[e +p(t) + Qt] ,

G_g exp ifo(t) -0 +Q¢t] . (3.1.12)

We further assume that the relaxation is only due to the

radiative decay from the level |+> to the ground level |g@>

at the rate 2y and include no other relaxations. In such

a case, the density matrix elements aij satisfy the follow-

ing set of coupled differential equations,

Ot

Ql-

Q

ag

Q

+9

L

- * — -
ix 0., = ia o -23'0_'_

g+ +g +

— [ —
ia oy - ia og=-2Yo__,

.- - *, - _ - -
-ia(oy, +0, ) + ia (T, +5_ )+2v(o +0_)

—_ — * -
-(2Y+18) c _+ia Oy ~ ia Og °*

-[2i8+v+1p(t)] o #ia(ayg-0, -0, )

.

~[i8+y+ip(t)] © _g-!-ia(agg-a__-a ) e (3.1.13)
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where

®(t) = p(t) and @ = R E(t) . (3.1.14)

The above set of equations could be solved if p(t) and
Co(t) were constants, as in the case of a monochromatic
pump. For a fluctuating pump, the nature of the pump
requires to be specified, i.e., we have to specify the
stochastic processes p(t) and EO(t). The model, for
which exact solutions could be obtained, corresponds to
(i) Go(t) being a time-independent constant, and (ii) p(t)

being a Gaussian delta correlated process, i.e.,

< p(t) p(t') > = 27 8(t-t') , < (t) > =0 . (3.1.15)

This is the well known phase-~diffusion model of the laser
light in which the amplitude remains constant, In this

model, the amplitude correlations are given by

< E(t) E(t1) > = exp (=T |t-t'|} , CE(£) E(t)> =0
(3.1.16)

i.e., the spectrum is Lorentzian. Higher order correla=-
tions of the field have more complicated structure though
these can be evaluated in @ closed formsg. The above
equation (3.1.15) has the form of the standard equation
of the multiplicative stochastic processes discussed in

detail by Agarwaiss. The equations of motion for the




ensemble-averaged values of Ei j over the distribution
of p(t), which we will be denoting as mij = <Eij>, are
obtained as

++ = ia (¢g+ = ¢+g) - 2T l’++ ’

ia (lllg_ - q’_g) - 2y I'_._ ’

P
|
il

ia (U, + U g, Vo) + 2y W+ ¥_) ,

-E-o
€
(o]
il

-
+
|
!

ie (G- U,4) - veid) Y, __, (3.1.17)

i (Pgg =¥, -0, - (2id+v+ry) U o s

=
+
Q
n

<.
il

g = dallgy = V__ -0_) - (@d+rere) Y g

The above equations no longer involve any explicit time
dependence and could be solved in a straight forward
manner, The solutions of these equations can then be used
to obtain the fluorescence signals detected in different
directions. The fluorescence signals detected along y and

x directions, denoted respectively by L, and L,, with pola-

Y
rizations along x and y, respectively, can be obtained
[cf. ref.16] from eq. (2.4.2) as will be shown below.

The nonvanishing terms under the summation sign in eq.

(2,4.2) are obtained as
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4

w - A A =
=‘;§§Z [ix(ixd:g)].[rx(rxd+g)] < A;+(t) >

4
+ Eﬁi:z [i-x(fx'&tg)].[i-x(i-xa'_g)] <A__(t)

2 2
+‘Et§;§§- [fx(ixa:g)].[ix(fxﬁ_g)]<A¥_(t)>
+ [ix(i'x?i:g)].[ix(i-xﬁ_'_g)] <A_(£)> (3.1.18)

where the dipole matrix elements are given by eq.(3.1l,1l1),
For the direction of detection along the x axis, we have

rx(ria+g) = «iyR = rx(rxd_g) . (3.1.19)

On using (3.1.19) in (3.1.18), we can obtain an expression

for Lx' From Fig. la, one can see that

(1- 2. (3.1.20)

(] =
(0+g

-g = Y%g

In our study, the maximum value assigned to the Stark spli-

tting is of the order of 10y, where Y is typically of the

order of a few tens of MHz. Hence, EP- m10"'6 which is a
+9 -
negligibly small quantity, so that q+gov w_g. In view of
this simplification, we can write Lx as
Ly @c  +0__+ 2Re o _ (3.1.21)

Similarly for the detection along y direction, we obtain



LY «g, +0__ - 2 Re g, - (3.1.22)
ituting for the density matrix elements pij's in
i of '&ij's we obtain

G, +OT__ - 2(Re G cos28 + Im 0 __ sin29),

— _ o — —
g, +oOo__+ (Re @, _ c0s28 + Im T, _ sin 29) (3.1.23)

ience the ensemble averaged signals will be

ey, H__ - 2(Re P __cos26 + Im Y __sin26)

ey, +Y__ + 2(Re § __cos28 + Im p,_sin20).  (3.1.24)

In the following section, the set of equations

.17) is solved analytically under steady state condi-

s and the analytical expressions for the fluorescence
als are obtained. The signals are studied as a func-
of the Stark shift 8 for various values of the para-
rs such as field strengths and bandwidths, Hereafter,
ensemble averaged signals will be denoted by'L, and Ly'
the angular brackets omitted for simplicity.

For comparison, we discuss the effect of laser band-
h on the magnetic field Hanle signals for a nonresonant
. For the magnetic field Hanle situation when'the

. laser is detuned from the atomic frequency by an
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LY o +0__ - 2Re g _ . (3.1.22)
Substituting for the density matrix elements oij's in
terms of '&ij's we obtain |

Lo +0__~- 2(Re G cos20 + Im T __ sin29),

LY ®d_ +0__+ 2(Re 0, _ cos28 + Im g _ sin 29) (3.1.23)

and hence the ensemble averaged signals will be

LY « li_H_-H.F___ - 2(Re §,_cos26 + Im , _sin2e)

Ly @ ¢+++¢__ + 2(Re §__cos20 + Im Y, _sin20). (3.1.24)

In the following section, the set of equations
(3.1.17) is solved analytically under steady state condi-
tions and the analytical expressions for the fluorescence
signals are obtained. The signals are studied as a func-
tion of the Stark shift 8 for various values of the para-
'meters such as field strengths and bandwidths. Hereafter,
‘the ensemble averaged signals will be denoted by'L, and Ly,
with the angular brackets omitted for simplicity.

For comparison, we discuss the effect of laser band-
‘width on the magnetic field Hanle signals for a nonresonant
‘case. For the magnetic field Hanle situation when-the

pump laser is detuned from the atomic frequency by an



amount Bo and the Zeeman splitting denoted by s (see
Fig. 1b), one has instead of (3.1.17) the following

set of equations

y,, = ic (bgy =V, g) - 274,

§__ =i (Uy_-V¥_) -2ry__,

Uog = da Wog +U_g =¥, =Yg +2v(¥, _),

'_,__ =ie (Y, _-V,) -2y +2i) ¢ __, (3.1.25)
Ug = da Wgg = ¥, = U, ) = [ysveri(8e8) 0,

U g=da Wy -U__ -V_) = [yry+i(8,-8)1Y 5 .

The signals L, and L, for this case are given by

Y
anl’+++lll__+2ﬂel!l+_

Lyay,, +U__-2Rel, (3.1.26)

Solving the set of equations (3.1.25) in steady state and
substituting in (3.1.26), we can obtain expressions for the
signals in the magnetic Hanle case, Avan and Cohen

16,87 have calculated such signals for the cases

Tannoudji
when (a) pump laser bandwidth y =0 and for 2 nonzero laser
detuning §_ and (b) YC#O and §_=0, separately.' In our
calculation we have considered a more general case when
both y, as well as 60 are nonzero. In the next section
we present numerical results of our analytical expressions

obtained from the solution of (3.1.25).



37

3.2 Analytical and Numerical results for the
Fluorescense Signals

The fluorescence signals L, and L, defined in the
previous section are determined by the steady-state
solutions of the density matrix elements ¢++. W__' and
P, _. Under steady-state conditions, the left-hand side
of the set of eq. (3.1.17) becomes zero. Therefore, these
nine algebraic equations can be solved analytically., A

long but straightforward calculation yields the results

¢++*¢__=2&%U?qu2+4¢2u+52)(52p+472p+4a?)+982(82+472)p]D"l

(3.2.1)
. 2 2 2
which for § » O goes over to 2a /(4a +y p), which in the
limit of strong and weak fields further reduces to

P+t ¥__=

{%forﬂ?)) sz., =0

2“?/72p for a? K y2p s 0 = 0. (3.2,2)
In Eq. (3.2.1), p and D are given by

p=1+ (Yc/'\') ’

2 2
D = (y2u2+402p+28% + ?zﬁgiigﬁf) [(4y2p2+ac%pe8%) x
Y +

(412p+82p+4a?) + 982(82+472)p]

(4a?-472-52)) 3
.(472+82)

[ 262(u-1) - u(4y2+82)] . (3.2.3)

+ (52/2)(98%+(4y2p2+raap+82)



The atomic coherences are given by

\ |
Re J,_ = o’p[(8%+4y°p2sa02p) (4y20+402-52)4082 (6% 4y2)u 07,

_ (3.2,4)
which for 6 » O goes over to a?/(4a?+72u). which in the

limiting cases further reduces to

1 2 2
for a »
Be¢_= {z L =0, (30205)

tx2/72p for a2 14 729 0
Similarly we have the results

In§,_ = 207 udy[982(1-p) - (4y2u2+ac2ps2) (Lep) 0L ,

(3.2,6)
InJ,_—>0a §+0. (3.2,7)

Now, let us examine the symmetry properties of the above

expressions when we change 8§ to -6. We see that (¢+++¢__)

and Re . are even functions of 8§, and Im'J

+
function of §. The symmetry properties of the fluorescence

_ is an odd

signals depend on the direction of polarization of the inci-
dent pump field. We note that

Ly (= 8) = L (8) ,

Ly (- 8) = L (8) , (3.2.8)



39

for 6 = 0, n/2 etc,, i.e., Lx(a) and LY(6) are symmetric
about 8 = O for these values of 8. Moreover, for 6 = n/4,

%'u etc. Wwe have the relations

L(8) = L (- 8) ,

L (8) = L,(-3) . (3.2,9)

Let us now consider some special cases under which the expre-

ssions for signals have a simplified form.

a) Monochromatic pump

Let us first examine the results for the case of
narrow=band excitation, i.e., in the limit Yc— O for
an arbitrary strength of the linearly polarized pump -laser,

In this limit, the results are given by

(B, + U_) = 2a°[96°(8%4y°) + (4y°+8+4a°)% 107! ,
(3.2.10)

Re ¢+_F¢?[(82+472+4a2)(472+4a2-62)+982(62+472)]DIl

(3.2.11)
and
Im @ b = -475::2 (472+4a2+82)DI1 ’ (3.2,12)
where

DI=(72+432+252)[982(82+472)+(82+472+4a2)2]

+ 82[(4y2+4c2+5%) (5% 4v2)] . (3.2.13)



The positions and widths of peaks in (¢++ +¥__), etc.,
could be ascertained from the roots of D,, which are

rather complicated as Dl is cubic in 82.

Now, if we assume, as usual, that the pump is weak,
j.esy @ << y, then in this limit the results of (3.2.10)
to (3.2.13) simplify considerably to

2 1 1
+ ) =« (_2—2"' + —2_2) 3.2,14
= 3 8%y 45 +y

and

23 ( 1 4 )

- . (3.2.16)
6" +y 48" +y

In this limit, it can be seen that each of the func-
tions (§, + ¥__) and Re J,_ can be expressed as the sum of
two Lorentzians, one with a width y and the other with a
width y/2. Im §__ is dispersive in nature, which results
from its dependence on 8. Therefore, the signal for the
case © = 0,1/2 etc., could be written as the sum of two
Lorentzians (the weight factor associated with one of them
may be negative) of widths y and y/2, respectively, and
for the case when © = n/4, 3n/4 there are two dispersion
terms in the signal which come from the term Im LL_’ in
addition to the absorption type of terms.
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b) Broadband pump

As Hanle experiments have been performed with both

monochromatic and broadband sources, it is worthwhile to

examine the effect of the source bandwidth on the nature

of the spectra. We first consider the weak field spectra
@ << v,Y.. In this case, expressions (3.2,1) to (3.2.6)
simplify to

= o° S 1 , 3,2,17
(b + 8.0 = 0 Gz 7oy + A ( ‘

2
2a (u+2) -1
R = )
eho= G CEe T

2ua2(12=16)"1 (u+d 2_a4y-12(y2

(45%4y2p2) TN

(3.2.18)

Im{,_= $ o> (2= -4)(az +(::%;(u 16)~"1

- 2 -

(4% + y'p) (8" + y7u")

We can see from the above that the fluorescence
signal for © = 0, ©/2 etc. is @ sum of three Lorentzians,
with the possibility of the weight factors associated with
some of them being negative, of widths 2y, yu, and yp/2,



respectively. For the case © = n/4, the signal has, in
addition to the above, a dispersive contribution which

comes from the term Im | Although the signal has a

+_0
dispersive contribution, it always remains positive. For
arbitrary values of the strength of the broadband field,

the signals are examined in the next section.

From the analytical expressions given above, it
is difficult to get an insight into the actual behavior
of the fluorescence signals Lx(S) and LY(S)' Therefore,
we now proceed to present some of the numerical results
for the line shapes of the fluorescence signals Lx(S) and
Ly(a), for various values of the field strengths and the

fluctuation parameter y,, as functions of 3.

The normalized plot of the signal L (8), i.e., of
L,(8)/L,(0), which is detected along the x direction with
its polarization vector directed along the y direction, as
a function of , for © = /2, for the weak-field case is
shown in Fig. 3. This signal is a symmetric function of &.
It can be seen that with increase in Ye, the line broadens,
It is to be noted that the value & = O corresponds to the
zero value of the intensity of the circularly polarized
light. Figure 4 shows the normalized plot (normalized so
that the maximum value is unity) of the signal LY(G), detec-
ted along the y direction with its polarization parallel

to the x direction, for © = n/2, for the weak-field case.



43

Fig.3 The normalized fluorescence signal Lx as a
function of § for © =1w/2, ¢ = .01, TY=1

and for the following values of the bandwidth
parameter Yc:

(a)

Yo =0 (b) ===y, =1 (C) mr—memy, = 2

(d) . Y. = 10 (e) ==c==r==ey = 20

(£) ceveeee Y. = 50



Fig.4 The normalized fluorescence signal Ly as

a function of 6 for the same values of
parameters as in Fig.3.
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The signal LY(S), which is symmetric with respect to §,
has a double~humped structure. Here, again, @ similar
effect, as in the case of Fig. 3 viz. broadening of

the line with increase in Yo» 1s observed. In both the
above cases (Figs. 3 and 4) it is seen that the lines are

much narrower with monochromatic excitation (y =0) than

with broadband excitation. A similar result was found by
Rasmussen et al.11 for the case of usual magnetic—field

Hanle effect.

Figure 5 is a plot of the fluorescence signal Lx(ﬁ)
for the weak-field case for 8 = n/4. It is to be noted
that the signal for © = n/4 has the property Lx(6)=Ly(-8),
and vice versa. The signal has a single-peaked structure
with slight asymmetry about 6§ = O. As the fluctuations
become larger, the asymmetry increases and the line attains
a dispersive shape for large enough Yoo However, the sig-
nal always remains positive. Here, the signal for the case

when Yo = 10 has been magnified by a factor of 10.

Figure 6 shows the norm2lized fluorescence signal
L (8), for © = n/2, for the strong-field case, The signal
has a similar shape to that of the weak-field case, but
with a much larger magnitude than that of the weak-field
case, which is due to saturation effects [cf. eq.(3.2.2)].
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Fig.5 The fluorescence signal Lx as a function of §

for © =7/4, o = .01, y = 1 and for the
following values of Yok

(a)

(¢) —— ¢+ ——-— Y, = 10

Yo = 0 (b) —— = Y, = 2
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0 10 20 30
5/% —

Fig.6 The normalized fluorescence signal Lx as

a function of § for © = 1/2, « =10, y =1
and for the following values of Yo!

(a)

(c) —.—-—-—.Yc = 10

Yo =0 (b) ===y =2



In Fig. 7, the normalized fluorescence signal Ly(S) for
the case when © = n/2 is plotted for the strong-field case.
Here, again, the signal has'a double-humped structure like
that of the weak-field case., The width of the signal (i.e.,
dip at the origin) does not depend critically on the width
of the pump laser, in contrast to the weak-field case, The
width first increases slightly with increase in y, and then
decreases with further increase in Y. One may compare the
results of Figs. 6 and 7 with those of Avan and Cohen
Tannoudji16 for the case of the usual magnetic-field Hanle
effect. We see that the qualitative effect of bandwidth on
the optical Hanle signals is similar to that in the case of
magnetic-field Hanle effect. We &lso note that the optical
Hanle signals do not show very pronounced narrowing due to
laser linewidth, @s is typical of the magnetic-field Hanle
effect. The differences may be due to the fact that the
pumping laser is always asymmetrically off the two atomic
transitions, due to Stark shifts induced by the nonresonant
laser87. In Fig. 8, @ plot of the fluorescence signal Lx(S
for & = n/4, for the strong-field case is shown. For the
narrow-band excitation, the line has a single peaked struc-
ture with slight asymmetry about § = O. As the fluctuation
are increased, the asymmetry becomes more pronounced and
the line attains a dispersive shape. However, it is to be

noted that the signal always remains ppsitive.

We have also solved the set of equations (3.1.25)

in steady state and obtained expressions looking similar to
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Fig. 7 The normalized fiuorescence signal Ly

as a function of 6 for the same values
of parameters as in Fig.6
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30 20 -10 0 10 20 30
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Fig.8 The fluorescence signal I..x as a function

of 6§ for 6 = 1/4, o = 10, Y= 1 and for the
values of the bandwidth parameter Yo given by

(a)

Yo = 10 (b) — — — Yo < 1

(€) ——-—=y, = 2 (d) - Yo = 10



the set of solutions (3.2.17) to (3.2.19). We now
present some of our numerical results in Figs. 9-1l.
Figure 9 shows the behaviour of the excited state
populationl¥++ as a function of the Zeeman splitting

s for the detuning parameter 50 = 100y and fﬁr di ffe-
rent values of the pump laser bandwidth y.. We find that
when y =0 (monochromatic pump) the functionlp++ has a well
defined two-peaked structure and as the bandwidth para-
meter v, is increased, the resolution decreases, There

is an asymmetry in the lineshape due to the presence of
laser detuning. In Figs. 10 and 11, the behaviour of the

signals L, and L is shown respectively. A general feature

of all these sigzals is that there is broadening of the
signal sufficiently away from s=0 with an increase in the
bandwidth parameter y.. Another important feature of
these magnetic field Hanle signals is a pronounced narrow-
ing of the line with increase in v, arround the point s=0.
Avan and Cohen Tannoudjim’87 have also found @ similar
behaviour in their magnetic field Hanle signals for the
cases when either 8 =0 or y =0 [cf. Sec.3.1]. Thus we

conclude that the fluorescence signals in the magnetic

field Hanle case depend strongly on the laser bandwidth vy ..
3,3 Optical Hanle effect under strong broadband excitation

In this section, we outline an alternate approach
to the Hanle effect in strong broadband fields, although
in the literature several treatmentslzegf the béoadband
fields already exist. We will use some general results

from the theory of multiplicative stochastic processes.

T Y I Y T X T Ty g S |
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Excited state population Y as a function
of the Zeeman splitting s in the magnetic
field Hanle case for different values of the
laser bandwidth Yo (values as indicated in

the figure) for the values of the parameters
60 = 100, vy = 1.
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by a delta correlated Gaussian random process., Both these

assumptions are justified in view of the central-limit
theorem, since a broadband field, in principle, can be
represented by a superposition of an infinitely large

number of modes. Therefore, the electric field -E:(t)

in (3.1.9) is now regarded as a Gaussian stochastic

process with correlation function

< EY(t) EYF(t1)>=2D8(t-t'), <E'(t) £'(£')> =0 (3.3.1)
where
-é(t) = £'(t) (x cos® + :} sing) . (3.3.2)

On using (3.1.11) and (3.3.2), the Hamiltonian H'(t) simpli-

fies to

HY(t)=h(w - Q+8)A  +h(w,-Q =8)Ay gt [A+gﬂ g (t)e™1®

- AR £'(t) e+ H.c.] . (3.3.3)

On using the theory of multiplicative stochastic proce-

sses , the ensemble average of @ can be written as

3 o= Ly <P - 1[(wy-Q+8)A,_ +(w - -5)Ag, &)

..(Rz/hz)D[A+ -10 5 ¢, [A, e*lg-A e ¥ <®]]

-g g-

(R2/2)D[A  e*10n 7O, [A, o0 _e'®, @11

(3.3.4)



On making use of the transformation of type (3.2,12)
(with ¢ replaced by zero), the equations of motion for

the ensemble-averaged elements of the density matrix are

given by

U, ==20vy+y N, =D (A +¥, _+¥_ -24,),

li’;__=‘2(71+7)¢__ - 90(2"’__ + ¢+_ - w-—t- - zlpgg)v

liigg= p-2‘roligg+2v(¢+,_,,+¢_'__) + 2D (Y, +b_ -+, H_ -2 ),
§, =-(2v+2y,+58)0, _-D (20, +, +¥__20 ),

U;g=-(yd+yl+7+18)¢_g-D°(¢+g+3¢;g) ’ (3.3.5)

where R2D/h2=Do and where we have also included the incohe-
rent decay of the levels J=0 and J=1 at the rates 270 and
211, respectively, as well as the pumping of the level J=0
at the rate p [cf. fig. 18]. This kind of situation was
considered by Carrington and Corney and Duclole, who also
assumed that y<<y, and vy, in the context of the usual Hanle
effect., The steady-state solutions of eq. (3.3.5) are given
by
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D 4
4+ )= Dop (1. 3570(71+T)£1;t7+9 ))’ (3.3.6)

A (64T 2) A
2
2D p(y+Y,) [1+D_/(v+v,)]
R = [*) l' o - 1 ! 3.3.7
e 4 (8 +r)A (3.3.7)
- 8D P(Tl+Y)
I = 9, v 3.3.8)
" ¥, (8% I 2)A (
where |
2 _ AL(r+y,+2D, )7 +2D,¥; 1 (v+v,+D,) (v+71) (3.3.98)
A
and
A = [(71+7+D°) 7°+2Dovl] . (3.3.9Db)

The fluorescence signals L  and LY for the case when &=n/2

are given by

- D_p 4(y+y,)°[1+D of (Y+Y )][(v+v )Yg+2D.Y ]
2) = -2~ (1 1 i 1’'0 1 ),
blosm/2) = = (1 (6% + 7 5)A
(3.3.10)
D_Pp 4(Y+71) [14+D /(7+71)][(v+71)1°+2D (yo+Y

2) = =2
byes/®) = =y - (87 + A

(3.3.11)

The @bove results, which are valid to all powers in Do
and for arbitrary values of decay parameters YorY) and vy,

have been derived rigorously under the assumption of a delta
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correlated Gaussian pump field. Ducloy, in an extensive
study88 of the magnetic-field Hanle efféct, has examined
the nature of the Hanle signals in the presence of & broad-
band field., He considered the broadband field to be a
superposition of a la}ge number of laser modes, with the
spacing between the laser modes taken to be much smaller
than say the width of the excited state. His model of the
broadband laser is very much like our model (3,3.1). It is
interesting to note that our results for optical Hanle
signals in broadband figlds are rather similar to those

for the magnetic-field Hanle signals - the most important
property being the Lorentzian characteristic of the signals,

with intensity-dependent detunings.

The degree of polarization produced by the pump

radiation for the case when © = m/2 is given by

. 2
L,-L 2Rel} (o
P(9=1‘)= X = = =g, (3.3,12)
2 Lx+LY ﬁ-l"l- ~ r°+8

where the full width at half-maximum of the degree of pola-

rization signal is given by

[ = 2(pyy) [14D/ (ray )12 (3.3.13)

It is important to note that the width of the polarization

as a function of 6, for the case when © = %n/2, does not
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depend on the decay rate Yo of the ground state, although

the width of the signals L, and L does depend on the para-

Y
meter Yo°

A series expansion of (3.3.6), (3.3.7) and (3.3.8)

in powers of the intensity parameter Do leads to

2

-pPD, - Dp v, (¥ot2ry)
W, +_) =';;p;;;;y - ;E- (% + (Y;Yl)z Y+eee (3.3.14).

N 2. 2
2p(y+yy o,  4pLy X+dy (v+v,)" 1D,

Re W - - L f +... (3.3 15)
t- Y X L L ¢
o Yo X
2
~5pD (2y,+v,) 8(y+yy), SpD '
Iny,_= x>+ (= 1l o, 1) =2 ..., (3.3.16)
= Yo Yolvery)  Yo¥ X '
where
2 2 '
X=[8" + 4(y+vy) ] (3.3.17)

The results of (3.3.14)to (3.3.16) in the limit when T<<70
and y, are in agreement with the general observations and
remarks made by Ducloyl7 in the context of the usual mag-

netic-field Hanle effect studies.

In the next section, we draw a comparison of our
theoretical results with the recently reported~experiment529”
on optical Hanle system both for monochromatic and broadband

pump cases.



3.4 Comparison with recent experiments

Recently Delsart, Keller and Kaftandjianzs’ao

have investigated the optical Hanle effect experimentally.
They performed the experiment with the barium resonance
transition at 553.5 nm(6s2 %50 - 6s6p lpl) using @ highly
collimated beam. In their experiment, the Barium atomic
beam is resondntly excited by a weak linearly polarized
laser beam and the Stark shift is induced with another
strong off-resonant laser beam, These two laser beams are
counter propagating aqd crossed at right angles with the
Barium atomic beam., The weak beam is frequency locked to
the 138Ba line and the strong beam is detuned in the range
=75 — 6000 MHz from the same line. They have recorded
the in phase and in-quadrature signals, which are respecti-
vely proportional to Re ¢+_ and Im ¢+_, as a function of
the strong beam power for various values of its detuning.
They have performed the experiment both for monochromatic
as well as broadband excitations. However they have used

a weak pump field and therefore saturation effects are not
important in their analysis. They have observed that the
signal in the case of broadband excitation has twice the
width of that in the case of monochromatic excitation. The
experimental results of Delsart, Keller and Kaftandjian29"E
can be theoretically explained as a special case of our

analysis in sections3,2 and 3,3,
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For example, consider the equations (3.2.14) to (3.2,16)

for @ weak monochromatic excitation.

The signals for

® = /2 can be written from these expressions as

2
L (e=r/2) = 55

2
L(e=n/2) = %

5 7
T Ly T Lg 3.4.1
2 454+7z—) ( )
1 1
-7z - =372 ) (3.4.2)
0 +y 45%+y

Now, consider our results
first terms in the series
in the limiting case when

and Y0 and in units of

for broadband excitation. The
expansions (3,3.14) to (3,3.16)
p—0 and y,—O such that p/yo—al

Do' From these equations, the

expressions for the signals for the case when & = n/2 can

be written as

L, (e=n/2)

L, (6=n/2)

Comparing (3.4.1)
respectively, one

broadband case is

1 4y
— + (3.4.3)
Y 8" +4y

1. A 3.4.4)
Y 8" +ay (

and (3,4.2) with (3.4.3) and (3.4.4)
can see that the width of the signals in

roughly twice that of the signals in mono-

chromatic excitation which is in agreement with the experi-

mental observation of Delsart et al,

29’30.



CHAPTER 1V

SPECTRAL CHARACTERISTICS OF
OPTICAL HANLE SIGNALS

The purpose of this chapter is to study the power
spectrum of the optical Hanle signals with regard to the
various directions of observation and polarizations of

the emitted and exciting radiations.

As is well known, the scattered radiation in general
possesses in addition to a monochromatic elastic component,
jnelastic (incoherent) contribution47 that results from the

interaction of the time dependent driving(pump) field. In the
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limit of weak pump intensities and when the collisions
and bandwidth of the pump field are ignored, the scatte-
ring is predominantly elastic and the inelastic contri-
bution increases and becomes appreciable when the Rabi
frequency a of the transition becomes comparable to the
atomic relaxation rate y. Inlthe limit of strong pump
field (®>>y), inelastic scattering predominates over

elastic scattering.

From the earlier chapters, one can see that in the
case of 6ptica1 Hanle effect, there is a considerable
selectivity of Zeeman sublevels depending on the polari-
zation of the strong off-resonant laser field used to
1ift the degeneracy of the excited states. Therefore,
it is important to carry out a detailed experimental and
theoretical study of the fluorescence signals produced
by such a system. It would also be of interest to see
how the fluorescence spectra emitted by the optical Hanle
system depend upon the direction of observation, strength
of the two laser fields (the pump field and the off-
resonant circularly polarized electric field), the pola-
rization of the exciting radiation. One more aspect of
jnterest in this problem would be to look for differences,
if any, between the spectra emitted by the optical Hanle

syétem and the spectra for the usual magnetic Hanle case,



64

In this chapter, we present such a study. It
must be mentioned here that the spectra of radiation
emitted by multi-level atomic systems have been studied
by 28 number of workers43'52. The most relevant study
involving Hanle transitions has been made by Kornblith
and Eberly46 who studied the dependence of spectra in
the magnetic field Hanle problem, on the direction of
observafion. But, since in the optical Hanle effect the
1ifting of degeneracy of the excited and ground states
is caused by an altogether different pechan15m23'24
from that in the magnetic Hanle situation, and since
this process introduces important asymmetries in the
problem, it is worthwhile to examine the spectrum of
the scattered radiation with parameters appropriate to
the optical Hanle case. We also present the analytical
perturbation calculation of the spectra for the optical
Hanle effect in the presence of phase interrupting

collisions,

4,1 Equations of motion for the density matrix

The model of the system that is chosen to illustrate
the results is same as that in chapter III, with an addi -
tional incoherent relaxation rate y, from the ground to

the excited states; The two levels involved in the
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transition possess angular momenta J=0 and 1 respecti-
vely. A circularly polarized electric field propagating
along the z axis interacts with the atomic beam which
is directed along the x axis. A'second linearly polari-
zed pump field propagating along z direction, with its
electric vector making an angle © with the direcfion of
the atomic beam, couples the levels |J=0, m=0> to

|J=1, m=t1> . We also include relaxation rates Fij's
arising due to phase interrupting collisions. Following
the mathematical formulation of chapter III, the final
equations for the atomic density matrix elements are

obtained from eq. (3.1.17) as

':F-H- ie g, d,q) - 2r Uy + 27y L

G__ = ia (g o) - 2v U__+ 27, Ugg »

ﬁgg - 1a (¢+g+¢_g—¢g+—¢g;_) + 2v(§, H_) - 4y, Ugg o

4, =ia Wg A, - r+M, a8 U, _,

B, = ta g, 4, = (r2vg [g2i0) Uyg»  (4:1.2)
b_g=ta WgH_4_,) .. (v+2y + [ _g+i8) U_g »

where Wij's are the ensemble averages of the density matrix

elements defined as wij = <G; > where Eij are defined by
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(3.1,12) (which will be given below for the sake of
completeness). In the set of equations(4.1.l) the band-
width of the pump field has been chosen to be zero. y is
the total relaxation rate for the downward transitions
and Yy is that for the upward transitions arising due to
the incoherent relaxation. Fij's are the relaxation
terms arising due to phase interrupting collisions. 8 is
the Stark shift parameter and « denotes the Rabi fre-

quency of the atomic transition.

The set of eqgs, (4.1.1) can be cast into the form of
a matrix [cf. eq.(2.2.9)] as

P(t) = MU(t) +I (4.1.2)
where

2 -i(e+ 0t
L]l = <02, Y, = ~<a, e iG’ "'3 = _<o-+g>e ( )’

l'4 = lII;r lis = <o‘l__), lIl6-=(o'_g> e-i(e-ﬁ 1.‘.). ¢7=¢;"-'B=L'*6..

(4.1.3)

* *

and
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* -~
2(y+Y,,) o) -ia 0 -2Y, 0 ia 0
0  -(2y+i8 -ia 0 0 o o0 ia
+T )
+- ' '
2ia ~ia ‘ézi‘s“‘f* 0 -ic o o O
Yt r+g)
0 0 o (i82y o ¢ dx O
+I,.) .
0 0 (0] 0 =2(y+y,) -ic (0] ia
i 0 0 _ig -2ig &Y+ o 0o
| 2y +lg)
25 0 (o ie  ia 0 (2id-y- O
2y~ 1"+g)
id id 0 0 21 0 0 (iS-y-
2y,-Ig)
(4.1.5)

One can note the characteristic feature of the optical Hanle
signals in the matrix M, in the sense that the states |+> and
| -> have different § values rather than equal and opposite

values as in the case of magnetic field Hanle effect.

-

The Laplace transforms and the steady state values of
the matrix elements are obtained from (2.3.2) and (2.3.4)
respectively. For completeness sake, we write them below.

The Laplace transform of (4.1.2) is given by



§(z) = (z-0)~L §(o) + z~% (zam)~t 1 (4.1.6)

A
where (z) is the Laplace transform of J(t) and the steady
state solution of (4.2.6) is obtained as

A

®) = = = - -1 |
Y(=) = Ugy e z §(z) = (-M) 7" L. (4.1.7)

4,2 The Fluorescence signals.

Following the formalism in section (2.4), the scattered

electric field in the radiation ZOne76

(2.4.1), as

can be written, from

2

-» — ( l ) A " - i ' t-
2
C(w ) A A iw (t-r/c)
—= -g
T (£x(zxd_g)) Ag_(t-r/c) e (4.2.1)

where T denotes the unit vector along the direction of

detection. The two-time correlation function

{E'(r,t2)5§+(r,tl)> whose Fourier transform is directly

proportional to the emigsion spectrum therefore is given by
4
- + - [1V] A A A A %*
<E7(z,t) ‘ET(ry%)> = 7~ (£x(#xd, ) «(Ex(Exd,g))
A A A M -’*
. <
<A+g(t2)Ag+(t1)> + (rx(rxﬁ_g)) (rx(rxd_g) A_g(tz)Ag_(t1)>

+ ( ixk££a+g)).(£x(£iat§)) <A_g(t2)Ag+(t1)>

+ ( ix(iia_g)).(ix(iiaig)) <A+g(t2)Ag_(t1)> . (4.2.2)
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Since we deal with the correlation function in the steady
state, i.e., when the system is in equilibrium with the
driving fields, we will be making the observations at
times much larger than r/c and therefore this time r/c,
in comparison with the other times that occur in the
problem, is neglected. As mentioned earlier in section
(2.4), the free-field term does not contribute in (4.2,2)
as the radiation field is initially in the vacuum state.
In the above

g =W, (1 - S/mg) . (4.2,3)

In our study, the ma@ximum value one may assign to the

Stark splitting is about 1Oy where y is typically of the

order of @8 few tens of MHz, Hence 'Eg- n=10'7 which is a
+g '
negligibly small quantity so that m_g:u q+g = w, In view

of this the correlation function is written in the form
(4.2.2), Let the spectrum of fluorescence signals detected
along x and y directions with their respective polariza-
tions along y and x directions be denoted by S, and SY
respectively. These can be calculated as will be shown

below,

The dipole matrix elements occuring in (4.2,2) are

given by [cf. eq. (3.1.11)]
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-> A A - A "
q+g = R (=x+iy) , d_g =R (x+iy) (4.2.4)

where R is the radial part of the matrix element.

For the direction of detection along the x axis, we have
Ix(2xd, ) = -iyR = Tx(®xd ) 4,2
+g) = -1YR = rx(Fxd_, (4.2,5)

and for detection along the y axis
ix(iiﬁ+g) = XR= = [Ex(%iﬁ_g)] . (4.2.6)

By making use of the transformations (4.1.3) and the
relations (4.2,5) to (4.2,6) in (4.2.1), we obtain the
correlation function of the scattered electric field in
the time domain for detection along x and y directions as
-  wiR?
<E(r’t2)'5+(1‘.t_1)>x = -;2:4 {<A+g(t2)Ag+(tl)>
Y

+ <A_(t)AL ()2 ¢ (21 (£2)A  _(¢))>

=218 <A__(tp) A (¢))%) ) (4.2.7)

where the '=!'! and '+' signs correspond to detection along
X and y directions respectively and the two time correia-
tion functions occuring in (4.2,.,7) are in the initial frame
of reference before any transformation is made. Since we

are interested in the steady state behaviour of these two-
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time correlation functions which then are functions of
the difference of time tz-tl =T , We evaluate these.

in steady state and take the Laplace transform of each

of these to obtain the expressions for the spectra in-
different directions of detection. Let the Laplace trans-
form of theafo;nelation function <Aap(T) A78(°)> be
denoted by raBTB(z) where z= i(w-Q ). The spectrum of
fluorescence signals detected along x and y directions
which are denoted respectively by 5, and SY (which are
related to the Laplace transform of the_atomic correla-
tion functions [cf. eq.(2.4.7)] can therefore be expressed
as

' w*R> A A
S§(m) =7 Real [ r+gg+(z) + rng-(z) T

2ie ¢ -2i f
(e [gg-(2) + © [

gs(®) )] (42.8)

Expression (4.2.8) shows that the spectral features
could depend in an important way on the exciting radiation

as well as direction of observation.

Each of the corrglation functions occuring in
(4.2.8) can be evaluated by making use of'quantum‘ regression

theoremss [cf. Sec.(2.4)].

From (4.1.6) and (2.4.3-4), one can See that each

of these correlation functions can be written in the form
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[

[(z) =A(z) + B42L | (4.2.9)

The function -B—;Q is singular atz=0. To.eliminate
this problem in numerical computation, we write it as a
sum of coherent and incoherent parts and subtract the
coherent part i.e.,

3
A A

rg.rzxzzoh =T(2) - leon(?) | ‘ (4.2.10)

where the coherent part of [(z) is given by

A
r(z) _ 1 . _ B(o)
coh = Z %£f°+ 2l (z2) =5 (4.2.11)
Therefore F (z) can be written as
incoh
rz) o a(z) + Bzl =Blo) | (4.2.12)
incoh z

Now consider

-]
[-;-' (z-M)-l - .(zﬂ). 11 =-%-[-tz—im-)- + -Ml-]l =%[M"’1(2_M)"1].Z 1

=Mt (za)7t 1 (4.2.13)

Therefore using (4.2,13) in (4.1.6) we obtain for the in-

coherent part of each of the correlation functions the

following.
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" gge(?) = (W77 i, (st)+(z-M)78 Yp(st)sia [ (z)"N)qg

ez ™) g = Gz ™)y = ()T 7g ] g(st)

fgu2) = (2] Uy(st)s(zMgg Ug(st)eia [t (z-m ") g3

o Lz ggm (M H(z) 1) =02 (z4) ) gg Wl 5)

fggu(?) = (2077 Ba(st)+(z-)75 Yg(st)+ial (W (z-M)H)pg

o ()Y E(z) ") = 7z g g (5)

F_gg+(z) = (z.M)g}, ¢1(st)+(z-m)§g uz(st)na[(M"l(z—M)'l)as

b (U L(z) ™) gg= (8L () 1) 7= (M (20 ™) g5l 5t)
| (4.2.14)

where 'st! indicates that the matrix elements are computed
in steady state. Note that the expressions in (4.2.14)
give only the incoherent part of the correlation func=-
tions and the subscript incoh. is not explicitly written on
the left hand side for simplicity of notation. Since the
coherent part is, in the weak field limit and for Tu:o,just
related to the total intensity, and in the sirong field

1imit is rather small, we will present plots of the incoherent

part of the spectrum, for some typical values of 8,8,a,Y,.
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In this numerical calculation, we have chosen the relaxa-
tion parameters rij's arising due to phase changing

collisions to be zero.

4,3 Numerical results for the spectra in intense
fields

In this section we present plots of the numerical
spectra in moderately strong fields and strong fields.
Figures 12 and 13 show the behaviour of the spectra Sx
and SY respectively in moderate fields (a/y=1, 5/y=10,
Y,=0 @nd for (a) @ = =n/4 ; (b) © = /2, the solid curve
represents S, and the dashed curve SY) showing thus the
marked dependence on the direction of polarization of the
incident beam and the direction of observation. It is

to be noted that the matrix elements < + |'E;E | g > and

{ - I'EJE | g > are in phase for @ = n/2 whereas they are
out of phase for © = n/4. The five peaks in the spectra
can be understood by examining the behaviour of the eigen-
values of the coherent part of the interactions. The

Hamiltonian H can be written in the form of 2 matrix as

28§ 0 o«
0 ] a . (40301)

a (14 ()
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Fig.1l2

Spectrum of the radiation in the
optical Hanle effect for moderate
field o/Yy =1, 6/y = 10, Yo = 0

and © = /4 (the solid curve repre-
sents Sx and the dashed curve Sy)
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!\
o':\L __o" R \""'"r — " N
-20 -10 0 10 20
(W=Q)/¥—
Fig.13 Spectrum of the radiation in the

optical Hanle effect for moderate
field o/y = 1, &/y = 10y Y, = 0
and 0 = /2
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Since a has been taken to be much smaller than J,
the approximate eigenvalues of (4.3.l1l) are 26+a2/28,
2 - : .
d+a /9, ggg and the approximate eigenfunctions are

Bp= |+ %5 1>, 18> = |> - £ |
|¢3> = |g> + ‘21—6- |+ + %— | => . (4.3.2)

The seven peaks that appear in the spectrum arise due
to transitions between these new states, the two of which
cannot be resolved as a?/S << y. Figure 14 gives the
spectra S, and SY respectively when the Stark shift is of
the same order as the Rabi frequency associdted with the
;rapsition (parameters same as in Fig.ba except the field
a/y = 10). In this case, all the seven peaks are clearly
resolved as predicted by the eigenvalues of (4.3.1). A
much smaller value of SY as compared to S, is connected with
the fact that the total intensity of the signal Sx is much
greater than that for SY as is easily verified from egs.
(3.2.10-12)., Finally Fig. 15 gives the dependence of the
spectra on the incoherent relaxation rate Yu? which is
present in certain types of experimental situations. The
asymmetry of the spectra has again a strong dependence on Y.
The behaviour of the various peaks in Fig.l5 (which shows
a plot of S, for a/y = 10, 8/y = 10 and for Yu/f = 0 (solid

curve), 0.5 (dashed curve) and 1.0 (dbt..dashed curve), as



78

red radiation
for strong field

o/y = 10, 8/y = 10, ¥, ="0 and
0 = n/2

Fig.l4 Spectrum of scatte
in optical Hanle effect
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Fig.1l5

Effect of the relaxation rate Yu
on the spectra Sx for a/y = 10,
§/y = 10 and for yu/y = 0 (solid

curve), 0.5 (dashed curve), and
1.0 (dot-dashed curve)
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Yu is changed, can be understood by doing a calculation

on the density matrix equation in the basis in which the
matrix (4.3.1) is diagonal43’44. Thus, we ha#e illustrated
how sensitively the spectral features of the signals in
optical Hanle effect depend on the direction of polariza-
tion of the incident radiation, its strength, the direc-

tion of observation and the incoherent relaxation rates.

4,4 Analytical results for fluorescence spectra in
weak fields

For weak fields (a/y << 1), we may expand the expec-
tation values of the density matrix elements in a and obtain
the perturbation results to various orders. We are inte-
rested in calculating the spectra to first order in the
laser intensity i.e., to second order in the Rabi frequency
a of the exciting laser. In calculating the different two
time correlation functions in steady state to second order
in the Rabi frequency a, we will be requiring the steady
state values of the density matrix elements <Aij>'5 to the
same order. Therefore, as a first step, we proceed with the
calculation of the density matrix elements to second order
in a. We indicate the order of perturbation with respect
to the laser field with @ superscript within parentheses

and it has to be noted here that all the calculations are
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carried out in steady state only. Consider the set
of equations(4.1.1) in steady state (i.e. LHS = 0). The
density matrix elements in steady state to various orders

in a are evaluated and found to be

Y
<A >(°) = <A >(°) = .2____“ and <A (o) o e
"‘* w T " g’ (27,+v)

(4.4.1)
and all the other <A1j>(°)'s are zero.

The density matrix elements in the first order are

given by

a >(1) Laly-n,) ,
9 (2y,+v) [218-2y,=y- T ]

) = taly-yy) (4.4.2)
- (2y,+v) [18-2y,~v- T _g]

and the remaining <Aij>(1)'s are all zeros Jhe second

order solutions are given by

ca, >(2) _¢a 3(2) _ ___la <A > ca 5(1)y 2
+- =+ (16-2y =T, ) - 9
a2(v-vu) (4yy+2v+ [+ T _o=ib) ) (4.4.3)

(2y+y) [2v+T, _-18][18+2y by+l_gJ[ 2y +y+ T, ~218]
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(2) _ %My (1) %lvy+v) 1
(A++> m Im (A_g> - m‘;u—-l_vy Im <A+g>( ) =
a® (v=ry,) (v ) (2y +v+T ) Yo 2y v+ T_g)

(27, +7)y  [(2y+v+ r+g)‘+4a“ ] [(2y +y+T _g)2+ 5]
(4.4,4)
) T (1) X )
=2 T AT T Ty S
u2(v-vu) (vyy) (v 7+ ) Yo (2Y Y+, o)
(2yu+'r)2'r [(2y #1417 g)? + 5] [(2vu+v+r+g)2+4'62]
(4.4.5)

2) _ 2 2)

a ) oo ea ) 4 >3 (4.4.6)

and the rest of the <Aij>(2)'s are all zero.

Now, we proceed with & calculation of the Laplace
transforms of the two-time correlation functions in the

steady state limit to second order in the Rabi frequency «.

We have the following equations from (4.l.l).
d (2) _ (0; e (2)
= <A+g('r) Ag+(o)> = (218-2y,~Y r+g)<A+g(~r)Ag+(o)>

- idAgg(T)Ag+(o)>(l) + ia<A++(T)Ag+(o)>(l)

+ 1; <A,_(T) Ag+(o)>(l) ’ (4.4.7)
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T Ag(DIA,_(00>(2) = (2182¢ - )<, g (1)A;_(0)>(2)

E+g
- ia<Agg(T)Ag_(0)>(1) + ia <A*+(T)Ag_(o)>(1)-

+ ia <A4;CT) Ag_(o)>(l) ’ (4.4.8)

&= <A_g(T)Ag_(0)>(2) = (18=2y,~v-[_g) <A_g(T)Ag_(o)>(2)

- ia <Ay (0A;_(0)>(1) 4 sa <a_(1) Ay _(o)> (V)

+ 1a <A_ (1) Ay_(0)>(1) (4.4.9)

and

< <A_ (DA, (00> ) o (182 y-r_g) <A_g()AL, (01> ()

Q.IQ.

- ic <Agg(T)Ag+(o)>(l) + id <A__(T)Ag+(0)>(l)

+ ia <A_+(T) Ag+(o)>(1) . (4.4.10)

Let us first consider eq. (4.4.7). We will be
required to calculate the first order correlations whose
equations can again be obtained with the help of the set
of equations (4.1l.1). We therefore obtain

S <Agg(m) Ay (0)>1) = 2yen > (1) — 2(2y4y) x
<Agg(T)Ag+(o)>(l) -ia <A+g(T)Ag+(o)>(0) . (4.4.11)

<A+g(r) Ag+(o)>(°) is obtained from the equation
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'%? <A+gtr)Ag+(o)>(°) = (218-2Tu-7-r;g)<A*g(T)Ag+(O)>(o) ’

which on integration will yield

(218-2y, =y=- )T
u Y lig <A4g(T)Ag+(°)>(o) =

(216-2y,-v-T, YTea 5 (0) ( Yy~ Y=g/t Yu
= €
e g ++ (27u+75

<A+ggr)ag+(o)>(°) = e

(4;4.12)

Substituting (4.4.12) in (4.4.11), we have

% <Agg(T) Ag+(o)>(l) = 27<Ag+>(1) - 2(2y +y) X

iay, (218-2y,,=Y=T, )T

1
<Agg(T)Ag+(o)>( ) _ e (4,4.13)

Taking the Laplace transform of (4.4.13), we obtain

“ 1) 1) _ 2 1
2 <Agg(z)Ag+(o)§ -—<Ag+?( ) -2 <Ag+>( ) - 2(2y+Y) x

<A (z;h (o)>(l) - il’ (4,4.14)
gg' g+ (27u+7)(z+27u+7+[+g-218) '

on simplifying this equation, we obtain for the Laplace

transform of the first order correlation function

(1) :
<Agg(T)Ag+(°)> the following :
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A < (1)
<Agg(z)Ag+(°)>(l) = z?g:io): (2+2Y) -
r+4v,)

iay,/(2y+v)
(2427, Y+ =218) (2+27+4y,)

(4.4.15)

The equation for <A++(T)Ag+(o)>(l) is written from (4.1.1)

as

%? <A4+(T)Ag+(o)>(l) = ia<A+g(r)Ag*(o)>(o) +

2y, <Agg(DAL (01> 1) —2yca (1iag, (op 1) (4.4.16)

The Laplace transform of which is given by

A iaY
(z+2y) <A_ (2)A_, (0)>(1) = Y ;
Y (2v,+v) (242y, #7417 =216)

2y, <Agq(2) Ag+(o)>(1) (4.4.17)

N
(1) .
where <Agg(z)Ag+(o)> is given by (4.4.15).

Finally, the equation for the last of the first order

correlations occuring in (4.4.7) is given by

S <a,_(0AL (00> () = (18-2v-1, ) A, (1A, (00> () -sa x

A (DAL (>0 + 1a a (DA ({0 L (4.4.28)
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The Laplace transform equation of this is obtained as
iaTu
(27u+7)(Z+21u+7+r+g-216)(Z+27+r;_716)

<A+_(z)1g+('o)>(1) =

(4.4.19)

Taking the Laplace transform on either side of (4.4.7)

and substituting for all the first order correlation func-
tions, we obtain

2
O LAY W L LI CH

(z+2y, 4740, g=218) <A (2)A, -
(2y,+v)

[ - ( e + TroeT ) )
(TN FYH, g—210) * (Z427+[, _-18) (Z+2y)

2Tu
-1) . (4.4.20)
( z+2y )

+ 1a <A (2) Ag,(0)> (1) (

On simplifying (4.4.20), we have

<a, (2
(Z) = = ~ - -
(z42y,+74[, ,-210)

N
(2) _
<A+g(z)Ag+(°)> = I'+gg+

.
@ Yy/ (21y+Y) 1 e L]
(242y, 47+, ;-218)? Tz2y+T, 18] © 245

2y <ag, > (1) (z42y)

u
+ig(——=-1) 73
( 22y z(z+27+4yuIT2+2yu+f+[;g-z£ET

2y, +
iay,/ (27,+Y) (4.4.21)
(2427, 41+, g=218)2 (2427447,
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We now proceed with the calculation of (4.4-.8) in

which we require to calculate the following first

order correlations

d

Cis ‘Agg(T)Ag_(°)>(l) = 2p<a, > (1 2(2y 4y) <Agg(T)A.g_(o)>(1J

g

- 1a <A (DA (00>(%) - i <a_(1A__(>(0),  (a.4.22)

From the equation for <A_g(T)Ag_(o)>(°), we find that

e(iS-Zvu-Y—r;g)T Ty

E——————————

. (4.4.23)
(2v,+Y)

(o) _
<A_j(T)Ay_(o>1°) <

It can easily be seen that

<A4g(j) Ag_(o)>(°) =0.

Substituting (4.4.23) in (4.4.22) and taking the Laplace

transform we obtain

(z+2y) <§g;>(l)

A
(1)
<A A >\ o
gg*) Ag-(0) z (z+2y+4y,)

iay,/(2y,+v)

(4.4.24)
(z+21+47u)(2+2Tu+Y+f;g-15) ’

and the equation for (A++(T)Ag_(o)>(l) is given as
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1 (o) .
'%-'f <A++(T)Ag_(0)>( ) = ia(A_l_g('l:)Ag_(o)) + 2-!“ e

(Agg(‘r)Ag_(oD(l) - 2y <a (DA _op 1. (4.4.25)

The Laplace transform of equation (4.4.25) is given by

2y, <Ag;?(l)

N (1)
<A++(z)Ag_(o)> | Terorian)

.2 ‘
2ia Y, / (2y,+Y) (4.4.26)

(z+2y+dy, ) (2427) (2427, v+ T_g-18)

We further find that

< A, _(T) Ag_(0) »(1) _o .

Taking the Laplace transform of (4.4.8) and substituting

for the first order Laplace transforms, we obtain

< »(2)
-

(2) _ _ ~
(z+2yu+T+[+g-218)

ag () = <Ayg2)Ag (002

(1)
(21u -2y - 2) ia <Aq_?

(z+27+4yu)(Z+27u+7+r+g-215)

Z

“?Tu/(27u+7) ) (4.4.27)

(z+21)(z+27u+7+r;g - id)
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We require to find the following first order correla-
tion functions to evaluate (4.4.9)

%T (A__(T)Ag_(O)>(1) = ia <A_g(T)Ag_(o)>(o)

+ 27, (DA (0> _2yca_(1)a (0111 (4.4.28)

Taking the Laplace transform of this, we obtain

iay, /(2y+Y)
(z+2y) (242 +y+T_g = 18)

<A__(z)Rg_<o)>(l> =

2y, (z+2y) <fg > (1) 25.0:\% / (272-1-7)
z (z+2y+4yu ) (z+2y+4y,, )( 2+2y,+Y+[ _g-iS )

(4.4.29)

and

g?-<A_+(T)Ag_(o)>(l) = ~(2y+[, _+i8) <A_+(t)Ag_(°)>(l)

+ a <A_(DA_(01>() (4.4.30)

Substituting for <A_g(T)Ag_(o)>(°) and taking the Laplace
transform, we have

iay, /(2y +v)

A > = ‘
<A N (Z) g_( 0) ( z+2Tu+Y+ r_g-i&) ( Z+2Y+r+_+is)

(4.4.31)



Substituting these in the Laplace transform equation

A

of (4.4.9) and simplifying will yield for r;gg_(z),
the following :

(2)
£ (2) = <A (z)A (op®) 2 A2
-99- (z+27u+7+r;g"16)

.
oy, / (27, +Y)

= [z % y * _i_'l 757 J
( Z+2'Yu+-v+ r-g_isoz ( +<Y ( Z+2yY+ r+_+1

2 .
o vy (27, =27=2) (27,+Y)

+
Y
(242y) (2+2y+4v,) (2427 Y+ _g=10)

sa(2y —z-2y) <A >(1) -
+ 21, -227) g2 (4.4.32)

(z+2y+41u)(2+2Yu+1+r;g-18)z

Lastly we calculate the correlation function
<A (T) A (o)>( ) and evaluate its Laplace transform.
The first order correlation functions required in this

are calculated in the following.

%:E <A__(T)Ag+(0)>(l) - 2Tu<Agg(T)Ag+(o)>(l)

- 2T<A__(T)Ag+(o)>(l) . (4.4.33)

The Laplace transform of this is given by
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T oyl o "
<A__(z)Ag+(o)> = o) (Agg(Z) A (o)>(l) (4.4.34)

A
where <Agg(z)ﬁg+(0)>(l) is given by (4.4.15) and it can

further be seen that

<A_+(T) Ag+(0)>(1) =0 .

Therefore, the Laplace transform of the second order corre-

l1ation function <A_gtt)Ag+(o)>(2) is given by

2
<A_3( )

(z) = <A (2)a (o) =
l-gg+ g{2)hg, L0 (z+2y, v+ [_g-i8)

(1) ;. _
(AQ+> ia (ZYu z=2Y)

+
z(z+27+47u) (Z+27u+1+|'_g - i8)

”
oy, (21,-2-2Y) / (2y,+Y)

+
(z+27)(z+2Y+2Tu)(z+2Yu+7+r+g—2i8)(z+2Tu+Y+[;g_18)

(4.4.35)

The incoherent part of each of these correlation functions

is obtained by substracting the % portion of each quantity

from the quantity jtself. It has to be noted that thére

is a zeroth order contribution to the spectrum which arises

due to the terms <A+g(z)Ag+(o)>(°) and <A (Z)A (°)>(0).



A5¢

10

05}

[ A —

10 20 30
( I-'-"'Q: l/! —

Fig.16 Weak field spectra S, in optical Hanle

case to second order in Rabi frequency
for the values of parameters Y, = «5Ys
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From the analytical expressions, it is clear that the
incoherent part of the spectrum of scattered ‘radiation
upto éecond order in the Rabi frequency of the driving
field has resonances a8t w= Q4+ id and Q+ 2i8. We now
present the numerical results of our analytical formulae.
Figure 16 shows the behaviour of the incoherent part of
the fluorescence signal Sx for weak fields upto second
order in a for the values of the parameters © = xn/4,
Y=1, v, = .5 fij =0, §=10(2) a=1and (b) a=.1.
The spectra exhibit two peaks 8t w= Q+ & and Q+ 28.
The peak at w = Q- 6 is not visible because the weight
factor corresponding to this peak is negligibly small
when compared to that for the other two peaks. The signal
S, and SY for the case when © = n/2 exhibit @ very similar
behaviour as shown in Fig. 16, Since the curves corres-
ponding to this case are not very much different from
those of Fig. 16 such curves are not shown here., The
contribution to the spectrum arising due to the zeroth
order term is much larger compared to that of the second
order term. Therefore the spectra for different values

of the field strength a do not show any marked difference,

In the limit when Yu—e-O, the two-time correlation
functions to second order in field strength simplify
considerably and further there is no zeroth order contri-

bution to the spectrum in this case unlike the situation
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when vy, # O. The spectra S, and SY for the case when

® = n/4 and for Y, = O have the form

S.(w) = o [ ra/y + AT g* I'_g-[,__)] .
g [(y+ r;,g)2+452] P
H;ug) . Calt s Allgt Lg=f)
[(1+ T, g) %+ (-0 -28)2] [(y+_g)"+67] D
(T;r_g) . (Gt g- )8 )
v+ 1g) +(w-Q -8)%) D

[ (w - )= 81 (m'-Q— 28) (4.4.36)
[(y+ [Lg) %+ (- -8)°1 [(y+ r+g)z+(w-9-26)2]]

where A, B and D are given by

A = 8[(v+ o) (y+ r_g)+262+(7+2 g~ Teg) (2v+ )]

B = [(y+T,q) (1+ r-g)+262](2y+ r,_)-52(v+2 =T, ) (4.4.37)
D = [(y+ l‘+g)2+482][(Y+|‘_g)2][(2‘r+r+_)2+82] .

Here the '+' and '-' signs correspond to detection along x
and y directions respectively and further only the incohe-

rent part of the spectra Sx and SY is presented in the abov!
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From the expression (4.4.36), one can see that the
width of the fluorescence signals depends on the relaxa-

tion parameters [ and r;g which are pressure -

+g
dependent, Thus, in an experiment, by observing the
spectra, an estimate of these pressure-dependent rela-

xation parameters can be made.



CHAPTER V

COHERENT OPTICAL HANLE EFFECT

So far, in our &nalysis, we have focussed our
attention on single atom effects neglecfing the atom-
atom interactions. We have assumed that each atom
emits independently of the other atoms in the sample.
.But in reality, one finds that, under certain condi-
tions it is not true and that the atom-atom interac-

tion plays a crucial role giving rise to new effects
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such as Nz-dependent intensities etc., 1In fact, one
might imagine the existence of optical bistability53'64
which has drawn considerable interest from the aspect of
practical application as optical devices and also from
the fundamental standpoint as a model for studying the
interaction between an ensemble of atoms and a radia-
tion field, Optical bistability is a remarkable mani-
festation of the cooperative behaviour of atoﬁs53'56.
Experimentally, Gibbs, McCall and Venkatesan54 showed
that a Fabry-Perot cavity filled with sodium vapour as

2 nonlinear medium exhibits optical bistability. Recently
experiments on absorptive optical bistability using

multiple atomic beams have been reported59’6°.

In this chapter, we consider @ mechanism for
optical bistability utilizing the atomic coherence
effects which occur in three level atomic sYstems63'68.
The cooperative behaviour in the optical Hanle case,
where the atomic sample is placed in @ cavity with two

modes of excitation64

with different polarizations and
under pumping by @ linearly polarized electric field
is investigated., The transmission characteristics for
such a system in the special case when the intensi-
ties of both the cavity modes are identical, show that
the system exhibits bistable behaviour. We also study

the transmission characteristics of @ cavity containing
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atoms with a8 degenerate excited state and driven by
external driving fields in the optical Hanle geometry.

Here also the system exhibits bistable behaviour.

5,1 Description of the model and mathematical formu-
lation

We consider a system of N atoms contained in a

cell placed in a cavity with two modes of excitation64
with different polarizations, under pumping by @

linearly polarized electric field proﬁagating along
the z-direction. In addition to this, the system is
interacting with @ circularly polarized off-resonant
laser field which 1lifts the degeneracy of the excited

states and shifts and ground state also.

The cavity field is defined by

2 o-ifit -iQt

Ecavity(®) = 9146 + 9326 @ + H.c.

(5.1.1)

where ai and gi (i=1,2) are the annihilation operator
and the polarization of the two modes of the cavity field

respectively and a; obeys the equation

2, = =i - 1,2
a, = -1[H,ai] Xa, (5.1,2)
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where X is the decay constant for the cavity field

and the polarizations of the cavity field are taken
to be

A 1 A . A A 1 A .
€l=f-2'(x+l y) and 62=ﬁ(x-1§). (5.1.3)

The pump field E(t) is defined by

E(t)

(; cose + ; sing) 60 e-if!t 4+ C.C.

E(e) e LR L coc. (5.1.4)

where © is the angle which the electric vector of the
pump field makes with the x-direction. Let us designate
the total electric field which is @ sum of the pump
field and the cavity field by Er, i.e.,

-

- -»
Ep = Ecaysty(t) + E(T) . (5.1.5),

Therefore, the Hamiltonian for the system in interaction
with the total electric field and the circularly polari-
zed of f-resonant laser field in the electric dipole appro-
ximation is given by

- - -> -

- ('5+g.'éc(t)A+g+H.c.) (5.1.6)
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-
where Ec stands for the circularly polarized off-
resonant laser field of frequency w. defined by

-iw t
3 e + C,.C, (5.1.7)

After applying the Bogoliubov-Mitropolsky's method of
time averaging for treating the interaction of Ec with
the atomic system, which results in the light shift
term536'37 [cf. Sec. (3.1)], we obtain

H(t) = [, A, +d_A 80 A 3L A 1.0 E(t)rg)2 &y
9222)eint+Hc].|J‘|(m-Q+6)A +‘h(w—Q)A
-h8 A . (5.1.8)

gg

As a next step in our calculation, we obtain the equa-
tions of motion for the atomic density matrix elements

using the master equation (2.2.7) (where :f.i represents

nc
a general relaxation mechanism which comprises of sponta-

neous, collisional and other incoherent relaxations) as

follows :

. - - . -c‘ri* -» 2

c,, = i +g'F‘l‘ o'g+ - i +g.F_1.a+g - 2y0_ + Yu 99 ?
- -» *¥ >

5 = - i -2 2

o _=1 d..g'E—["g.. i d_g.Er 9_g YO__+2Y,%q *
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- (q++

Q
Il

+ 0_) ,

Q
]

- -> e

g =1d.,. ET( 99" %)~ ~id -y ETa' _=[i(w +2B)+7+2Tu]q+g ’
6_g=1d_g.Ep(oyg-0_ )—1dgETc -[i(wg+b)+y+2y,Jo_g

(5.1.9)

where Yu represents a general relaxation mechanism which
is a sum of the collisional and other incoherent relaxa-
tions., The equations of motion for the cavity field

operators are given by

A, = 3 iNt

a, = i[d €A +d .E,A +H.c N et _xa

2 = 1[d, g-€A, grd_g- €A _gHti.c.IN g - %a .
(5.1.10)

where N is the number of atoms interacting with the cavity
field, The matrix elements of the dipole moment operator
for J=0 to J=1 transition from the previous analysis are
given by [cf. eq. (3.1.11)]

A A -> A A
'E+g = R(-x + 1y) and d__ = R(x + iy) (5.1.11)

where R represents the radial part of the dipole matrix

element. After making the rotating wave approximation and
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substituting for the matrix elements of the dipole

moment, the equations for the cavity operators simplify

to

<a)> = -iRY2Ng, Ag> - X <ap

1 1

<a> = iRY2Ng, <Ag.? - X<ay> . (5.1.12)

Substituting for the different polarizations in (5.l1l.5),
the total electric field Ex(t) can be rewritten as

Er(t) = [(% cose + ysing) &, + (x+iy)g;@)
Y2
x=iy)g,a
+ ( :‘292 2 ] e-int + H.CQ
LB R, 2r ARt (5,119

and therefore

ie
+g°* YT ~ R ° REO B ¢
and
-i0
.~ (1+Y2 g,R<a,>e™*7)
P F3 ie ( 272 -
dgeby=RGe RE =2 «(5.1.14)

A new set of equations of motion for the Eij's can now be
written., We further make a transformation on these matrix

elements to eliminate the © -~ dependence,
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= = =Of ig ~ - =10 ] - 219
a_l_g_ a+ge .o_g-a_ge y O,_=-3 e ,
%ii =G, (5.1.15)
and
1+Y2g<a>3919
z, = R§ 1 1 ]
1 ° RE
0
1 Y2 g,<a,> R e2©
Z2 — R& 2 2 ] [ ] (5.1.16)

()
REO

Let us further redefine zy and z, in a more simplified

manner as
iA il
1 1
Zl = |zl| e = al e

and redefine the density matrix elements as

iy = O35 » 0‘+g=o+ge ,.a_g=o_ge
i(A )
— — ‘ 1 ~ - P

The equations of motion for the new set of density matrix

elements Eij's are obtained as

Opp = 10y ("g+"°+g) =2y 0., + 27y Oyq o
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é =1 ] -2y 0 o
_=ia, (ag_ c__g) Y O__+ 2Y, Ogq »
o,_ =10, -io G g - (2r#8) 5, _ (5.1.19)

-
—

G, = i“l‘“@g'q++) -iay 0 _ - (2Yu+y+216)3+g ’

C_g = 1q2(o§g-d__) - ig,0_ - (2yu+y+18)3_g .

Since the measurements are made at times much larger
than the decay constants involved in the problem, the
atomic density matrix elements have to be evaluated in the
steady state limit. The steady state solutions of the

density matrix elements are presented in the next section.

5,2 Steady state solutions of the density matrix elements

The steady state solutions of the set of linear
differential equations (5.1.19) can be obtained by equa-
ting the left hand side to zero and solving them. We
briefly outline the steps in solving the set of equations

(5.1.19) at steady state. From the equation for 3*+ ’

we obtain

YO, - Yy Gy = @ Im G g (5.2.1)
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and from the equation for o__, we have

Yo__ - Tuagg = ay Im 3;9 . (5.2.2)

Simplifying these two equations by using the relation

g, + 0__+ gy = 1, we obtain for o _, and ¢__ , the

following

- Yy oy (v+vy) — W YVy . =

AL o) Bl € ) e L B G O Imog
(50203)

and

_ Yy ap (v+1y,) - %Yy _

= - G, o

O = Ty, 1)+ By )y Im O_g = T2y )Y IR g

(5.2.4)

The real parts of the off-diagonal elements -&+g, d_g and

S are obtained as

- 25 — 2 —
= Im © 5e2.9)
Re G, = Ty +v) ™™ %g " T2 = 4= 7 (
- = T2y +Y) -g = T2y, +Y) -
and
Re 3, _= 77 [6ImG _+ o Imo g+ @ InG. ] .

(5.2.7)
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Taking the imaginary part of E;_ equation and simpli-
fying, we have

Im o, _ = -B[a2(2-fu+57)1m E+g+al(2yu-y) Im o _g]D"'l
(5.2.8)
where
D = (472+82) (2y,+y) + (ai + u%) 2y . (5.2.9)

The imaginary parts of E+g and 3_9 equations respecti-

vely are given by

25 Re 0, + (2y,+v) Im G, gt Re q;;+al(2q+¥+a__)-al=0,

g
(5.2.10)

5 Re ELg + (2y,+Y)Im ELg+al Re 3;;+a2(23“;+3++)-a2=0 .
(5.2.11)

Using equations (5.2.3) to (5.2.8) in (5.2.10) and (5.2.11)

and simplifying, we obtain two equations in Im"o"_+g and

Im ELg which are of the form

2 2
452+(2Yu+v)2 U%(21+Yu) 82a2(27u+5v)

2
Im o, . [ +“2+ 7 - ] +
+g (2Y,+Y) Iy t OY@rgar) T 2v(Evtr)

. |
I T B2yt 2yy1) L ay (vy=v)
m g L2y +y) = T 2v(2y,+7)D 1% * T2yey) ~

(5.2.12)
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2
- 3 57 (2y,+5v) (2y,,-v) a (v,-Y)
I q+9[2(2Tu+T) T (2 HY) ) oy + yu:7 +
52, (2 2 2 2
- 'I'.( Tu"'Y) @, a2(2T+Tu)
(2Yu+Y) Y Y( Tu'l'Y)
2 2 2
8 ey (2y,~v)
] = 0 » (5-2013)

2y(2y,4v)D

From (5.1.12), the steady state solutions of <ai>'s are
obtained as

- 1 R/2 g)N <A > -i RY2 gla+g

<a > —4 — 5.2. 4
1 X X ( 14)
and

i RY2 g,N <A_ > i RY2 g,&
<ay = : a=" _ . 2 =g (5.2.15)

The density matrix elements in the tilde '~ ' frame are

related to those in '=' frame by

~ - "'i(e"'A l)

0’+g = —0’+g e

- - 1(9+A2)

o’_g = G_g e (502'16)

Substituting for <a;> and <ay> in equations (5.1.16), we

have
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ih, 21 Ngy ™ _ 1A,

zl = a e = @+ ” a+g e ’ (5.2,17a)
. iA2 2i Ngg R2 - iAz

Zp = © = agt v A ’ (5.2,17b)

where €, = R 60 .

Rewriting these two equations, we obtain

2 2

23 Ng, R iA,

e, = (a - - 9.q ) e (5.2.184)
2i Ng3 B>  _ il,

ao = ( 32 - X U_g ) e . (5.2¢18b)

Taking the modulus on either side of the equations
(5.2.182 and b) and defining

2 2

we obtain the following pair of transcendental equations,

(5.2020)

(5.2.21)

oﬂ
!
>
'
‘|
&

The solution of these two equations appears very diffi-

cult and hence we studied @ simplified situation when the
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intensities of both the cavity modes are equal namely

when ay = 2 = a,

For the case when y, =0 and 8=0 the equations (5.2,12)
and (5.2,13) simplify to

2 ,2 2 - -
(2Y"+4ay+a3) Im Oig + 3205 Im 0_ = 2ya,

g 0 (5.2,22)

2 2 2 - -
(2y +a1+4a2) Im G_g + 3a1a2 Im o;g - 2yay = 0 . (5.2,23)

Solving these two equations and by substituting for these
in (5,2.5) to (5.2.8) we obtain the relevant quantities
that occur in (5.2,182) and (5.,2,18b), After simplifica-
tion, the pair of transcendental equations (5.2.182 and b)
will reduce to the following

i/\l 2 2}
l!o = al e [ 1l + 2T ] (5.2.24)
(1+=5)
Y
and
i 2 v
¢, = o0y e K [ 1+ —-——ggf— ] . (5.2,25)
( 1+ =)
Y
where
2 2
Using (5.1.17) these can be rewritten as
2Ui
€, = zl (1+ r-:—zl— ) (5.2.26)
2

Y
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[

Fig.1l7

Input field .‘.10 vs output field @ for

different values of ‘relaxation parameter
Yu (indicated in the figure) for the -

values of the parameters v = 50, § = 1

and vy = 1.
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2v,

2, = Zp (1« ':2——- ) (5.2.27)
Y

L

N

which are nothing but the bistability equations for a two
mode cavity field containing two level atoms. For the
single mode case when z,=2, and V;= Vo equations (5.2.26)
and (5.,2,27) will reduce to a single equation namely the

standard bistability equation for a two-level atomsa.

We now present some of the numerical results of

our calculations for the single mode cavity field case,
Figure 17 shows the behaviour of the input field @, VS
the output field a for different values of the relaxa-
tion parameter Yy for the parameter y= 50, light shift

8 = 1 and the relaxation rate y = 1. The system exhibits
bistable behaviour throughout, for the choice of para-
meters chosen here., Thus the transmission characteristics

of the system are seen to be strongly dependent on the

choice of the relaxation parameters.

5.3 Cooperative behaviour of optical Hanle system
under external pumping

We now consider the situation when there are
additional relaxation mechanisms in the system. We
allow the excited states to decay at a rate 2y; and the
ground state at a rate 270 (see fig.18). Due to these

additional decay channels, the atomic states will be
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Fig.1l8

%

, %
VA Y
%

fr

Y

Schematic representation of
the energy level diagram for
optical Hanle geometry with
additional relaxations and
under external pumping
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depleted after a certain time. In order to maintain
a steady state population in the levels of the system,
the ground state has to be pumped with atoms by an
external source. We therefore introduce a parameter
p which is the rate at which atoms are pumped into the
ground state. We simplify the analysis by considering
the cavity field to comprise of a single mode and we
consider the cavity frequency to be detuned from the
frequency of the driving field. The total electric
field which is a sum of the pump field and the cavity

field therefore is given by

N A "'i.Q t
_ET=(§ cos® + Yy sind) Goe"int+ cC.C. + ga€e °©
N i t
+ g a"' e* e ¢ (50301)

where € is the polarization of the cavity field given by

= (X cosd+ ¥ sind) . (5.3.2)

The equation for the cavity operator a therefore is given
by

<a = iRgN [e"i(g‘q’)(Kg_i_) + et(e-0) <Kg

>
- [i( Qc-n) +X ] <& (5.3.3)

where ' . ' denotes the operators in the frame rotating

with the frequency of the driving field.
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For the simplified situation when .the cavity
field has the same polarization as the applied field,

we have

¢ iRNg c i -
a> = A >+ <A > 5.3.4
X (1+in) g+ g- J ( )

where n = (nc-n )/ x and

Z=aq eiA = a, = RNg <a> (5.3.5)
where €, = R 80. Let us further define
~ Py iA 3% Y iA
Ry = <Ag> e\ > = <Ay > ™.

Substituting for <a> in (5.3.5), we obtain

[ - LYY (5 3 i
¢ = [a Tiin (a+g + a_g)] e (543.6)
where v
v= NLRBR
XY

Taking the modulus on either side of (5.3.6) and simpli-
fying we obtain

logl = | e--XBL) (5 +35) |,  (5.3.7)

(14+n")

We now proceed forth to calculate the density matrix

elements under steady state conditions. The equations of
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of motion for the density matrix elements GEJ for the

above system are given by

'é++ = -(2y42y) G +ia (3 -3, ), (5.3.8)

S__ = =(2v;+2y) T__ + i« (§_ - T_y), (5.3.9)

é+_ = -(271+2T+18) 3+_ + ia (Eg_ - 3+g), (5.3;10)
3+g = -(Yo+Yl+Y+i (28-1)) 3+d+ia(abg-3++-3+_), (5.3.i1)
G_g = (VoY +7+1(8-0))5_s+ia(F 4-5__-5_,) (5.3.12)
and

éag = 27(3;++3;_)-i&(5§+-3+g+ﬁb_-3_g)+p-2703§g. (5.3.13)

We now obtain the steady state solutions of the density
matrix elements from the set of equations (5.3.8) to

(5.3.13) in the following. From (5.3.8) and (5.3.9) we

obtain
Yi+Y
~ — 5.3.14
In G =g O, ( )
and
_ Y+
InG_ = =g o (5.3.15)

respectively.
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Adding equations (5.3.8) and (5.3.9) and subtracting
from (5.3.13), we have

- Y1

Ogg = p/2y° - :f_; (0'++ +0_) . (5.3.16)

Taking the real part of (5.3.10) and simplifying, we

obtain
. &8Imwgo _ , _ _
Re g _ = YT, +35 (o +0_) . (5.3.17)

The real part of (5.3.1l1l) and (5.3.12) are obtained as

Re A [ (26-a) a++ + a Im a _ ] Yy 77
(5.3.18)
and
_ (Yl+Y) 1
Re 0_g = [ (6-2) c_-a Imo,_ ] (T+'Y_'|_+T Y
(5.3.19)

Taking the imaginary part of (5.3.10) and simplifying will
yield the following expression for Im 6+_.

o 5(v+v1) [B__ (¥ 474725 (v+7,) -0, (¥ +57;+57=2(v+Y,,
mo, = 2 2

= [4(y+7)? + 871 (v +v+7y)+4a”(v47;)

(5.3.20)
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Faking the imaginary parts of (5.3.11) and (5.3.,12) and
on making use of the equations (5.3,14) to (5.3.20) and

simplifying, two equations in 3h+ and o__ are obtained

which are of the form

2v4(v+v,)

{ Y7 97,) [(7+71+70)2+(26-A)2] + a2(3v°+2vl)

i 8 Yo
T —p— [(y +5y+5y,) -'-g'(Y+Y1)] } o,

2.2
@ dy 2
*1—5—2 [y +5v+5y,- %9 (v )Ly +y=y = 5(v+v,)] +

2 2

o 8 Yo

> [y +5v+5y; - 2%(7"'71)][71"‘?"70- '329'(%71)]

{

27, (v+v,)
+ @ (vd+2vl)} ot -(;§§—;;l7 [(Y°+T1+Y)2+(5-A)2]

+ a2(2yl+3-ro)-(a262 Yo/D) [yy+v=y - %ﬁtvﬂl)lz bo__

(5.3.22)

where D is given by

D = (yy+Y,+Y) [(4(v+71)2+82)(70+11+7) + 4a2(v+71)]f
(5.3.23)
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(a) (b)

Fig.l9 (a) a, Vs o for optical Hanle system under external

pumping for different values of the excited state
decay rate v, (shown in figure) and for the values

of the parameters 6 = 2, Y=Y, =1, v = 30 and
the pumping rate p = 1. (b) aj Vs @ for different
values of the light shift 6§ for vy = Y5 T 1, Yy =0,
v=230and p=1
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20F

Fig.20 a, Vs @ for optical Hanle case under

external pumping for different values

of the cavity detuning parameter n for

the values of the parameters Y = Y, = P =],
Y, = 0 and v = 50
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Thus, by solving the set of equations (5.3.21) and

(5.3.22) and substituting in the earlier expressions, we
can obtain the density matrix elements which can be sub-
stituted in (5.3.7) to obtain the transmission eharacte-

ristics of the atomic system under consideration.

We now present some of our numerical results of
(5.3.7) as functions of various parameters such as the
light shift,cavity detuning, relaxation parameters etc.
Figure 192 shows the behaviour of a, Vs a for different
values of the excited state relaxation rate y, for fixed
values of §, v, Y, and the pumping rate p = 1 and the
cavity detuning parameter n = O, Here the system exhibits
bistable behaviour. It is also seen that the region over
which the system exhibits bistability decreases with in-
crease in y,. Figure 19b shows the transmission charac-
teristics for different values of the light shift para-
meter 8. In this case also, the region over which bista-
bility is observed is seen to be @ function of the light
shift parameter. In Fig. 20 @, is plotted as a function
of a for different values of the cavity detuning parameter

n. The extent of bistable region depends strongly on the

cavity detuning.

Thus, ‘our studies show that the bistable behaviour
of the system depends in an important way on each of the

parameters such as light shift,cavity detuning, various

relaxation parameters.



CHAPTER VI

SQUEEZED STATES IN RADIATION -
MATTER INTERACTIONS

So far, we have studied the steady state inten-
sities, fluoreécence spectra of an atomic system in
interaction with a strong resonant radiation field.

It would also be of interest to study the higher

order correlation properties of the scattered radia-
tion field, For example, a study of the intensity
correlation function will yield information about the
antibunching properties of the radiation field, Simi-

larly, squeezing of the scattered radiation69'72 field
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can also be studied by measuring such correlations.
Squeezed states69"72, which have fluctuations in one
quadrature reduced below that of the coherent states,
at the expense of enhanced fluctuations in a second
quadrature, have recently become very important in
connection with the quantum limits on a measurement
process73. Various methods of producing such states
have been shown to be theoretically possible but expe-
rimental detection of such states has several problems.

Mandel75

» in a remarkable study has shown the feasibi-
lity of experimental detection of such states by photon
counting techniques. In particular, he has shown that
the quantity S(T) = <n[2]> - <n>2 related to the second
factorial moment <n[2]> of the photon counting distribu-
tion for a superposition of an external coherent radia-
tion and the radiation scattered by a two level atom
exhibits squeezing of the scattered radiation by such

an atom. However, Mandel7

S has treated the case when

the counting time T is much smaller than the correlation
time T, of the scattered radiation. 1In order to aid the
experimentalist interested in such studies, it is very
important to know the behaviour of the system when T> Te*
This is even more critical in view of the dependence of
the second factorial moment on < I(t+T) I(t) > rather
than on < I(t) I(t) >. A calculation of this intensity

correlation function of the mixture of the scattered
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radiation field with an external coherent radiation
field will involve, in addition to the usual correla-
tion functions like < EG(T) Ej(o) >, the correlators
of the complex amplitudes of the type < E}(t) E;(o) >,
which are called the anomalous correlator574. These
anomalous correlators are nonzero onlv in the nreSeﬁce
of an external coherent drivina field. These anomalous
correlators are becoming important in the radiation -
matter interaction problems as they have been shown to
provide information on the space as well as spectral

74 have dis-

properties of the medium. Kazantsev et al,
cussed the anomalous correlators of a two level 2tom in
"the presence of thermal motion. Thus, the anomalous
correlators, squeezing properties etc., can be studied
only by mixing the scattered radiation with an external

coherent field of definite phase.

As the study of photon counting distribution corres-
ponding to @ three level system is quite complex, we will
first show what can be learnt from a similar study on a
two level model system. In this chapter, we provide a
general expression for the second factorial moment of the
photon counting distribution p(n) for a two level case.
Our investigations show that sub-poissonian nature of

p(n) is very sensitive to the range of system parameters.

Squeezing, i.e., negative value of the quantity S(T)
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may only persist for very short intervals T in most
cases, We also derive the conditions for squeezing
in atomic operators, which are related to the scattered

radistion field, for the three level Hanle case.
6.1 Equations of motion for the two level atom

The equations of motion for the density matrix
elements of @ two level atom driven with a coherent
field are obtained from the well known master equa-

76 47

tion = .used to describe the resonance fluorescence

%%;= -Y(5%50 - 2570 St + o0 5%S7) - iq[S*4S57,0]

- iA[Sz,O'] ] (6.1.1)
Here the atomic operators are defined by S* = |1> <2|,
s” = |2> <1|, s* =% (|1 <1| - |2> <2|) where |1> and
|2> are the excited and ground states respectively. The

equations of motion therefore are given by

S* = (ia-y) <8P 4+ 2ia <8H

¢S = = (LA+y) <87 - 2ig <55

¢$% = ia (ST - <5T>) =2y ( 8D - <87 ) (6.1,2
where A is the detuning of the atomic frequency from the

driving field frequency, 2Y is the spontaneous decay rat

and 2a is the Rabi frequency of the transition. These
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equations can be cast into the form

§=MYy +¢ (6.1.3)
where
iA=y o 2ia
M = o -(ia+ y) =2ia (6.1.4)
ia -ia =2y
and
¢ = | (6.1.5)
2y,c2
<Seq>

The Laplace transform of (6.1.3) can be written as

#(z) = (z-)72 Y(o) + z7Hz-m)™ (6.1.6)

and the -steady state solution of § is given by

P(e) = Lim 2 a(z) = ('M)-l ¢ (6.1.7)
Z-0

The inverse of (z-M) is obtained as
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(z+in+y) (2+2y) 2> 2ia(z+ir+y) |
+202
-1 1 ’
(z-M) "= P(2) 2::2 (z-ia+y)(242y)  =2ia(z-iA+y)
2 .
+2a
] ia(z+in+y) ~ia(z-3in+y) (z-in+Y)(z+in+y) i
(6.1.8)
where
P(2) = 402 (z+y) + (2+2y) [(?+ﬂ2 +A2] . (6.1.9)

From (6.1.6), the Laplace transforms of the ensemble averages

of the atomic operators can be written as

sH(z) = P%'z')' { [2c%+ (z+i+y) (2427)] <S+(o)>+2a2<5'(0)>
+ 2ia(z+inty) (<8%(0)> =)}

S(zp=ghgy | (2624 (2-847) (2427) 1¢S5 "(0)>+20 <57 (0)>
- 2ia(z-in+Y) (<s%(o0)> -% ) }

and

<§z(z)> = [ia(z+m+y)<s+(o)>—ia(z-iA+7)<S'(o)>

1
P(z)
+ (z+inty)(z-ia+y)(<8%(0)> =L )] (641.10)

where the steady state solution$ occuring in (6.1.10) are

obtained from (6.1.7) s
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<s"|‘> - -1l y+iA <S —> _ ia(y=iaA
St (vrate2d) st (Y2+4 + 20°)
and
2 2
e =y +a
D, = Y3a ). . (6.1.11)

2(v+ A%42a°)

6.2 Intensity Correlation function and the squeezing
parameter S(T)

The radiation field scattered by a two-level atom

in the radiation zone is defined by

2
= aopacy oike
Eo(r,t) = x(¥xd) e rzz st(t-z/c)
and
=+ AL(A -ikr m2 -
Es[r,t) = rx(rfa) e 5 S (t=x/c) (6.2.1)
rc

where by proper choice of phases, the dipole moment has
been made real., The electric field detected at the
detector after mixing the scattered radiation field with

an external coherent field therefore 1is

E=ET + E™ (6.2.2)

where

EV = Ef + E’; (6.2.3)
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The external coherent driving field E ¢ 1s defined by

+ -ie
E. = |E.| e (6.2.4)

where 8 is the phase angle of the external coherent field
Ege The quantity of interest will be <n[2]> - <n>2 = S(T)
which in other words is given by the difference between
the variance and mean of the photo electron counting dis-
tribution namely S(T) = <(An)2> - <n> is related to the

intensity correlations by

t+T
S(T) = @I CI(t, )I(t, P=<I(t,)><I(t,)>]
(T) I{E,,,J; dtlft dt, [€r(t))1(t, 1 Y

(6.2,5)

where T is the counting interval., Let us call the function

BT T T T
%E)m{ aty [ dty SI(t)1(tP = [ty [ dty <(t)1(t)2

= f(T) (6.2,6)

Taking the time derivative of this function, we obtain
T T T

%.f = [ dt, CI(T)I(t,+[dt ¢I(t))I(T)> = 2[dt <I(T)I(t)>
o o o

= 2 der <I(t) I(o) (6+2.7)
0o

Taking the Laplace transform of (6.2,7) and using the
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convolution theorem, we obtain

T
£(T) = 2{ dT (T=T ) <I(T) I(ok (6.2,8)

Therefore S(T) can be rewritten as

T .
S(T) = 2 [ dT (T=T) [ <I(T)I(0)> =<I>% ]  (6.2.9)
0

The correlation functions occuring in (6.2.7) to (6.2.9)

are all evaluated at steady state,

The intensity correlation function <I(T)I(0)> is
defined by

<I(T)I(0)> = <E~(0) E™(t) ET(T) E¥(0)> . (6.2.10)

If the coherent light beam Ec is made sufficiently intense,
the term in |Ecl2 will dominate over those in E, and those
without Ec which will henceforth be discarded. Therefore,
considering terms to order IEcl2 and more, the intensity

correlation function (6.2.10) can be expanded as
- - + + - - +2 (gt +(0)>E2
<E~(0)E~(T)EY(T)EY(0)> = <EZ(0)EZ(TPE" + <Eg(T)Eg(0)>E,
2 reg” )EFX (1) CET(T)EY(0)> + CE~(0)ET(0)>
+ IEcl [<Eg(0)EG(T)> + <Eg < (o . .
ET(T)EY(T)>] + |E 14+ 2 |E 12 [E<E¥(T)>
+ <Eg(T)Eg(T + |El + c c<Es

+ ET <CEZ(T)] (6.2,11)
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and the steady state intensity <I> is given by

_ - ot +y p= 2 - ot
<I> = [KEp> ET + <Eg> Eg + |E.|” + <EZ ED] . (6.2.12)
Therefore

CI(T)I(o)> - <I>" = E_ [<ES(0)Eg(T) = <ED"] +
-2 + + 2 2, -
Ec [<EL(T)Ef(0)> = <Ep> ] + |E I [EZ(0)E(T)> +
- + -
CEg(T)Eg(0)> = 2<ED> <ED] . (6.2,13)
. 77
The quantity S(T)  therefore is given by

T
S(T) = 252p.[dr (T=1) {288 (¢s*(0)s™(1)> - <52 &
(o]

218 ((5=(1)5™(0)> = <57>2) + <SH(0)S7(T)> -

2¢sty <87 4+ <st(t) ST(0)> )} . (6.2.14)

As has already been mentioned, all the correlation func-
tions appearing in (6.2.14) are at the steady state, The
parameter p depends on the geometrical factors and B is
related to the quantum efficiency of the detector. One
can see the appearance of anomalous correlators like

¢st(o0) S*(T)> in S(T). Thus, the & - dependent contribu-
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tion to S(T) arises solely from the anomalous correlators.
S(T) can now be calculated using the solution of the master

equation (6.1.1) which is given by (6.1.10) and the quantum
35 :

regression theorem.” Thus, the Laplace transform of each

of the correlationsoccuring in (6.2.14) is obtained as

A 4 2 2v)
<st(o)st(z)y = 1 2a - a 1A (z4+in+y ) (z+2y
(0)s™(z) P(z) [(Y£+A£+2a ) ""Z'(T +LA!E+")'2"2Q ) 2 ]

21!4 2 Z=iA + ]

T2 2
(YA-I-A +2a ) (1' +A +2a )

s (z)5 (0)> = P%z) [

2

A
+ - - o 2a2+ z=iA+y) (24+2y)) z +
<s¥(0)s7(2)> = przy [(2a+( v)(z+2y ;Z+Az+2a
a2 z-iA+ +id ]
z(y +& +2a )
and
A 2 '2
+ - _d a r2 242 +
<57(z)s (0)> = B(z) [ (T ' 2,242)
” .
a (z+iB+y)(2+2 =i8) (6.2,15)

z(y +0%4+ 202)

The Laplace transform of (6.2.14) can therefore be written

as
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~ ) 4
[I(2)I(0) <D1>?] = p%p {210 [oh~ (28

Y +A +202
2 2
- 32 (y+ j_ﬁ)é z+y+in) (z4+2y) - i
2(y +A"+20°) 2(y +a +2a )
1 2 u?
20 +(z=iA z4+2 —y——
+ BD) [ [2a"+( +v)(z+2y)] Tz*ag+2;2
: ' 2 2 2
a2[2-1A+§)1£+iAHz+2x) ] - & £YZ+A‘) } + c.c.
2(72+A +2a“) z(y+a +2a )

(6.2.16)

The inverse Laplace transform of (6.2.,14) is obtained as

o 2T
: a2 = 4p° = Re { < X
<I(T)I(0)> - = 4 B 72+A?+2a? (z,-25)(z,-23)

(7+1A)2(zl+27))

2y

(21%2T)(Y2+ﬂ2) o2 <
zy 1+ (zz-zl)(zz-zs)

[e~219(24” (y+18) (2)+2Y) -

+ 2a2+( Zl+2Y) +

(v+18)%(2p+2Y)

[e"219( 2a2-(7+1b) (12"'2'7) = Zo

2
)+ 2a2+(22+27) +

2 2 z.T
(zo+2y) (Y +27) e 3 -2i8,, 2_ 5
: ) = 1+ ) [ e 5 (20" ~(y+1a) (25+2Y)

2 2
2, 12v) o (z#427)(Y74a")
_ (T+iA)z(zs+ Y ) 4 2a3+(23+27) . -3
3

] +

23
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.219 1
(y+ia)? (5 o (V2L n2
Yo+a"+2a°) zJ.z2z Tz, (Y+27) x

(= % 7= + 2 }
Y +o +2¢c 2)%2%3

(6.2,17)
where zl’ Z, and z3 are the complex roots of the polynomia
P(z). After carrying out the time integration in (6.2.9)

S(T) can be obtained as8?

2
S(T) = 4 > R
L (Y +2°+2d") e OL_-TZ__l 7)) "22’(z
. .
(v+ia)"(z,+2y)
[e’219(2a2-(7+16)(=1+27) - 7 SinlLON 2a2+(zl+27)2 +
2
(z+2y) (Y +82) " .2t I 1
Zy v zg zp! (2372,)(25-23) X
2
. (y+i8)“(zo+2Y)
[e~228(26(y+18) (2942y) - T2 2 (z2n)” 4

2 2
Zn+2 A z.T
(zp+2y7) (Y '+ )]+(e3-l_'_1_'_) L [ o210
< Zg (zs_zl)(zs_zz)

22 23
2
(y+ia)“(z,+2y)
(26°-(v+18)(25+2y) - L) v 26 4+ (zg21)? +
3 = 3t
+ + - ‘
7, z Y Y?+Af 2 = 41%2%3
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2 2 1 2y
- (Y¥+2°) ( 03—+ Yy . 6.2.18
In the next section we present the numerical results

for S(T) as a function of the counting time T for various

values of a,Y,A and the phase angle O.

6.3 Numerical results and discussion

In this section, we present some of the numerical
results for the quantity S(T), which is a measure of squee-
zing, a@s @ function of the counting time T for various
values of the parameters a, y,A and ©. The results of
our numerical calculations are shown in Figs. 21 and 22,
The parameters of Fig. 21 have been chosen such that
a2 72 + 2::2 so that the x-component of the scattered
field ‘shows Squeezing69 whereas the parameters of Fig. 22
correspond to the squeezing in the y-component of the sca-
ttered field i.e., 72 > A2 + 20:2. For small counting inter-
vals y T << 1, Figs. 2l1a and 22¢ indeed show respectively
the squeezing characteristicsa_f’g’?s of the x and y compo-
nents of the scattered field. For arbitrary ©, S(T) for
y T << 1 will show squeezing characteristics of S, cos® +
SY sin® and thus the conditionson the field strength a and

the detuning A to exhibit squeezing in such @ case can be

obtained from the condition that
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.005

S
-005
-.010 5 : 7 ' 5
T—

Fig.21 S(T) in units of ug2 lEc|2 as a function of the

counting time T in units of y—l for the para-
meters a/y = 5, A/y = 10 (a) © = 0, (b) © = n/4,
(c) ® = 1/2. The curve (d) corresponds tqQ a
different set of parameters a/y = 1, A/y = 5 and
© = 0. The function S(T) has been multiplied by
a factor of .25 in (c) and (4)
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< (s, cose + S sin@)° > =< S_ cose + S_ sind >> < 0 .

Y
(6.3.1)
Substituting for S, and S, in terms of s* and 57, we
obtain
stys~ sts7) ..
<[ .(_2_). cosO + -(—2-{——)- sin® ]2) -
stis™ sts™) . 2
< _(_;-_S_)_ cose + -LT')- sine > < 0. (6.3.2)

On making use of (6.1l.11) and simplifying this expression

we obtain

to - 2
<825 > -a2 (Acos® - y sind) <0 ,

(Y"+2"+2a")
G2 o'.2(A CoSe - Y sian2 3
2 5.2y T 2 .22 <o (643.3)
2(y"+ A +2a7) (y"+2"+2a")

which on further simplification will yield the condition

‘for squeezing in Sx cose + SY sin® to be

2 (Acos® - y sin® )2 > (72+ A2+2a2) . (6.3.4)

Equation (6.3.4) shows the jmpossibility of squeezing for
o = /4 which is confirmed by the small time behaviour of

Fig. 21b, However, in this case, S(T) becomes negative
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'.05 1 )

Fig.22 S(T) vs T f0r a/y = .5 A/y = .5
‘(a) © =0, (b) 6 =17/4 (c) © = n/2.
The function S(T) has been multiplied
by a factor 10 in (c)
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for moderate values of y T. A remarkable feature

that emerges from our present study is that S(T) becomes
positive when y T 2 %, suggesting that if the squeezing
were to be seen using this method, then the countiné
interval must be chosen to be much smaller than the
radiative lifetime., For the range of parameters éhosen
here, the behaviour for large T (y T~10) is dominated

by the term proportional to T in S(T). Fig. 21d suggests
that it is possible to choose the parameters a and A so
that S(T) will remain negative over long counting inter-
vals, Such @ situation obviously corresponds to choosing
the parameters a and A so that the term linear in (6.2.18)
is negative. Note that the coefficient of the linear
term in T is positive for the parameters of Fig. 21a,
Thus, our studies here suggest that a judicious choice

of the parameters can be made to see the squeezing charac-

teristics of the scattered radiation.

6.4 Conditions for squeezing in the radiation field
scattered by @ J=0— J=1 atomic system in the
optical Hanle geometry.

In this section, we derive conditions for reduced
quantum fluctuationsin the atomic operators, for the
optical Hanle case, which in turn are related to the
radiation field scattered by such 2 system, For simplicity

of analysis, we consider the case of narrowband excitation

(Yc=0) d
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For the case of a two-level atom we have already
seen that the squeezing in thg scattered radiation field
is related to the variance in the dimensionless operators
Sx and Sy. Similarly for the three level optical Hanle
case the squeezing in the scattered electric field is
related to the variance in linear combinations of the
atomic operators A+g, A_g etc. We define the relevant
operators that have to be considered for the same purpose

as follows.

r A +A + " A -HA

+g 2 " T4g 24
’ A +A ” A <A
A_g > y Ag o1 (6.4.1)

The squeezing for arbitrary operators can be defined as
follows, Consider two dimensionless operators A and B

which obey the commutation relation
[A’B] = C (6.4.2)

The product of the uncertainties in their measurement

obeys the inequality

BAAB 2 % |<C| (6.4.3)

Squeezing is said to occur when the uncertainty in one

observable is less than that for a minimum uncertainty

state i.e.,
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2
AAC < % |<C> | (for squeezing in A)

2 1 (6.4.4)
AB” < 5 [<C>| (for squeezing in B)

Thus @ measure of variance in an observable will directly

give information about its squeezing properties. The

. . . . ’ n ’
variances in the dimensionless operators A;g, &+g' A g*
n

A_g respectively will result in the following four

inequalities

2
<A >+<A_ > - 4(Re<A )% < (<A,

- >=<A,.>)

g
(for squeezing in A;g) (6.4,5)

2
<A_H_>+<A > - 4(Im<A+g>) < (<Agg>-<A++>)

gg
(for squeezing in A:g) (6.4.6)
2
- < -<A
CA_D+<CAy > - 4(ReCA_>)"< (CAg>—<A__3)
(for squeezing in A:d) (6.4.7)
| 2
- 4 < (CA_>-<XA >
CA_>#<A > = 4(ImCA_> )< (KA D> —<A_>)
(for squeezing in A:g) (6.4.8)

The énalytical steady state solutions of different density
matrix elements qij's (wij = <Aji>) occuring in (6.4.5) to
(6.4.8) are given by [cf. Sec. 3.2]
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2 2

U,, +U__ =0, = 2a°[96%(8%+4y%)+ (67w ay2+4a%) 2 05t

(6.4.9)
2, .2 2
U, -V =¢p,= —y=00 (6 +4v)
tt 2 [(5‘+4Y£+4az)2 + 962(6£+474)] q)l

(6.4010)

where

= (y2+4a2+:23- 62) [962 (62+472) + (52+472+4tz2)2] +
52 (52+4y2+40%) (8%+4v2) ] (6.4.11)

We further have the following relations from the solution

of the set of equations (3.1,17)

2

Re §, = g—a b, + (8° ‘2;5;2“ L o, |, (6.4.12)
Inf = %5 (9, +d2) (6.4.13)
Re §_, = S ¢, + L”z‘;gi"“z) P (6.4,14)
Imy_g= 35 (0 -®) . (6.4.15)

By making use of the equations (6.4.9) to (6.4.15) in
(6.4.5) to (6.4.8) we obtain the following inequalities.

(240p-0y) - =22 [36 0, + (6°2v2-20%) 0,)% ¢ (2-30,0),
(6.4.16)
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2
(2+ Pp-0,) - fg— (0) +02)% < (230, -0p), (6.4.17)

2 2
(2-0,-0) - 9—83? [38°0,+(8%+17+a” 5] < (2-30,40,)

(6.4.18)

2
(20,0 - ?— (0, =05)% < (230 ,+0,) . (6.4.19)

The above set of equations (6.4.16) to (6.4.18) correspond
respectively to (6.4.5) to (6.4.8). Substituting for ¢,
and O, in these inequalities will result in very complica-
ted expressions for the same and we therefore study the

set of inequalities (6.4.16) to (6.4.19) for some special
cases., For the simplified situation when 8=0, the problem
will reduce to a two-level case. The two pairs of inequa-
lities (6.4,16), (6.4,18) and (6.4.17), (6.4.19) will
result in identical conditions and they are given by

2 . / /
a <0 (for squeezing in A+g or A_g) , (6.4.20)

2

) .
4 < 72 (for squeezing in A; or A:;) . (6.4.21)

g

Condition (6.4.20) suggests that squeezing is not possible

[ /
a A =0.
in the observables A+g nd - for 6=0

For the case of @ weak monochromatic pump field,

we obtain the conditions for squeezing as



452 > ¥ (for Ayg)
462 < 72 (for Azg)
72 <0 (for A:g)
¥ > 8 (for A7)
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(6.4.22)

(6.4.23)

(6.4.24)

(6.4.25)

Inequality (6.4.24) again shows that for the weak field

case, it is not possible to obtain squeezing in the operator

A:g. Using these relations, we can obtain the conditions

under which squeezing of the scattered radiation field can

be obtained.



CHAPTER VII

EXCITED STATE COHERENCES UNDER
INTENSE FIELD ILLUMINATION

The question of the existence of coherence
betﬁeen the excited states of atoms has been of great
importance in connection with @ number of new spectro-

79-86

scopic techniques such as quantum beats ,» Hanle

resonance516 and Raman beats9°. Therefore, one should
examine how effectively the coherence between the
excited states can be produced. Normally, one examines

the coherence produced by @ weak light pulse whose dura-
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tion and/or correlation time has a specific relation

with the relaxation times in the SYStem86. One may also

ask whether the intense field can be used to ﬁrepare a
coherent superposition of the excited states., It may be
added that some novel applications of the intense fields

in atomic spectroscopy have also appeared recentlyﬁ§'28’79"86’
ed., 1t has been shown how the saturating fields could be

used to compensate for the Doppler widths,

In this chapter, we investigate how the excitation
of atoms and molecules by intense 1asef fields could
lead to strong coherence between the excited states. In
fact, one finds a type of complete coherence. The cal-
culations are performed for a three level model system
consisting of two excited states |1> and |2> which are
not connected to each other by a dipole transition but
are connected to the ground state |3> by @ dipole tran-
sition. Therefore, radiative transitions |1> — |3
(at the rate 271), |2>—|3> (at the rate 2y,) take
place, These two transition amplitudes interfere to
produce the beat signals, provided that there is initially
a nonzero coherence between the excited states |1> and
|2>, i.e., the initial state be such that o5 # O. This
is the most common version of the three-level scheme

used in the description of quantum beats79’86 and Hanle

experimentsl6.
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7.1 Mathematical formulation and the density matrix
equations '

We consider the interaction of the sysieﬁ with
two resonant laser fields, resonant with the transitions
|1> €= |3 (Rabi frequency G,) and |2> <> |3 (Rabi
frequency G,) respectively. The master equation descri-

bing the atomic dynamics is

C = -1[H,o]-71(A13A31a - Ag,0A, SHH.c.)
G. + A..G G. + A G
H= Aj36) + A3)G) + A6y + A5G, (7.1.2)

where o is the density matrix in the interaction picture.

The master equation (7.1.1) can be solved by working in a

91,92

representation in which H is diagonal and by ignoring

all rapidly oscillating terms in such a representation43.
This method has many features similar to the dressed atom

approach of Cohen-Tannoudji and his coworkers44. The

diagonalization of (7.1.2) leads to
‘0 o0 o0 ]

-1
Ss"HS =|0 G, O A (7.1.3)

o 0 -Go-J
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[ =6,/G, G,/V2 G, ~G,/V2 G_

O O N L . R
i 0 1/y2 1/V2

where Go = Gi + Gg .

On making the canonical transformation with S we obtain

the equations

‘6. .

]

sl gs (7.1.5)

Qi
il

N -1 - I P, |
~i[A, 8] = [y, S77A gA3,ST = 2577A,,SG STA, S
+ §57A A5 S + terms with 1 —>2] ,  (7.1.6)

We now use the conditions that the fields are intense,
1.e. Gys G, > Yyr Yoo In such a case, the approximate
equations for o can be obtained by ignoring all the ra-

pidly oscillating terms in (7.l.6) and we find that

5y = -[2ry +2v =20 ] 5, »

2 2
Spp = = $T (3 - 35) + 5 &) (152 Z v2%)
G
0
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G2 = [4G) = (vy+vp) +T/2] &5 ,
614 = [-46) = (vp+vp) +T/2] &5,

323 = [-2130 -(3/2)r] 323 , (7.1.7)

O3 =1 -0y = 0

and
2 2
r (Yl Gl + Yo Gz)
GZ
o

Given the initial conditions for o, one could use
(7.1.5) and (7.1.6) to obtain the complete time depen-
dence of o(t). Assuming that at time t=o, the system
is in the state |3>, we indicate how the time dependence
of o(t) can be obtained. From the relation (7.1.5), we
obtain for o(o)

[ o o o |
o(0) = o 1/2 =1/2 (7.1.8)
o -=1/2 1/2

Using the initial conditions (7.1.8) and solving the
set of equations (7.1.7), we obtain



[ o o
) = (o) 1/2
. e (216, STt

But o(t) is given by

1

o(t) =S B(t) s™ .

o

1 (216430t

1/2
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(7.1.9)

(7.1.10)

Therefore multiplying (7.1.9) on the left by S.and on the

right by S"l we obtain for o(t), the following

G -t
Eg‘-z(l-ei cos2G°t)
G

0

3
G -xnlt
_]_-263(1-92 cos2Go1:)
2Go
3

iG, - 5[t
—1e 2 sin2G t
2G°

which can be rewritten as

12 e 26, t) ks 3t in2G_t
- cos e S
2G 0 GO 0
3 3
& ., -3t -Gy =3It
——~(1l-e cos2G_t) e sin2G_t
2G ° 2G °
3 3
iG, = nt -t
—2 e 2 sin2G t %(1+e 2 cos2G _t)
2G ° °
(o]
(7.1.11)
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2
Gy >
Ull(t) = EZ f(t) ’ 022(1:) = - f(t) ,
o Go
182
0,0(t) = 0,(t) = 5= () ,
o (7.1.12)
0a5(t) = 1= £(t) ,
3
iG, =35t
0'13(1") = d;l(t) s - ‘zai e § sin (2G°t)
and
x G, - 3Tt
oés(t) = Ogp(t) = =55~ € sin (2Got)'
o
where the function f(t) is given by
3
-t
£(t) =4 [1-e 2 cos (2G,t)]
f(o) = O, Iéim f(t) = 1/2 . (7.1.13)

From the above, it is clear that the density matrix of

wne system under steady state conditions will be

03 = 03) = Op3 = 030 =0

2 2
d33 = 1/2 5 0y = 22 ! %22 = 26 ' (7.1.14)
o o
_ G,G
G =0y = 12 |
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Thus, from (7.1.14), we see that there is no coherence
between the ground and excited levels., However, the
reduced density matrix for the excited states .alone

could be written in a superposition form

¢ — P <Y (7.1.15)
G G
2 'G'f VE(t) | + G":: YE(t) |2 (7.1.16)

and thus the coherence between |1> and |2> depends on
the relative magnitudes of the two fields and it is obvious
that for Gl'“ G,, the coherence between the two excited

states |1> and |2> is very strong.

In the above discussion, it was assumed that the
excited levels |1> and |2> are well separated from each
other so that the laser 1 does not interact with level
|2> and laser 2. has no influence on level |1> i.e., the
coupling of laser 1 (2) with level |[2> (]|1>) was neglected.
But when these levels |1> and |2> are very close to each
other, these interactions can no longer be neglected.
However, when such a situation arises, we need not excite
the atomic system with two different lasers, instead it
is sufficient to excite both the levels [1> and |2> with

a single laser. But, for such a case the analytical
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results are too complicated and a better understanding
can be obtained by numerical computation, For comparison
we have also carried out the numerical calculaiions on
this model when only one laser is used for excitation of
both the excited states |1> and |2>, We present such a

study in the next section,

7.2 Excited state coherences for a system excited with
a8 single laser field

In this section, we consider 2 model where both
the excited levels |1> and |2> are excited by a single
broadband laser field. This laser may be resonant with
the transition |2> — |3>, but will be off-resonant with
the transition |1> —> |3> by an amount equal to w5
which will be denoted by A . Since the excitation is
usually done with @ broadband laser, we have taken into
account the laser fluctuations for the description of
which we adopt the phase diffusion model'38 described in
chapter III. This model results in @ finite bandwidth v,
of the pump laser., The equations of motion for the density

matrix elements of such @ system are given by
o), = ia (53 = F3) - 27; 5, »

G = ia (Tgp = Op3) - 2¥3 T3 »
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O33 = = (T) + %)

and
Op3 = ia (G353 = Typ = Tp)) = (vp+v.) T3

Here A is the detuning of the laser frequency, from the
atomic frequency W) 3 which is equal to Wyo and a¢ is the
Rabi frequency of the transition. The density matrix
elements in the '=' frame are related to the initial den-

sity matrix elements by

- - i(dp(t)+ Nt)

- i t t
Sy3 = O3 tld(t)+t) = %

Ql

(7.2,2)

where ¢ (t) is the phase of the exciting laser.

Using the theory of the type developed in chapter
III, we have evaluated the excited state population o),
and the coherence G, (averaged over the ensemble of the
temporal fluctuations of the laser), both for moderate
fields and strong fields. The results for Ell and 0,5
are shown in Fig. 23. The imaginary part of 0y, (for the

choice of parameters) is found to be rather sma2ll compared
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Fig.23 Excited state characteristics i.e. the variation

of 611} Re 012 and Im 312 as a function of the

exciting laser bandwidth for both moderate and
strong fields. The values of the parameters are
A =5Yyr Yy = Yqr |G| = |G| = a = 10v; (solid
curves) and a = Yl (dashed curves)

wd
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to 0y;. It however increases as the laser bandwidth v,
jncreases. As mentioned earlier in the beginning of this
chapter, the coherence 312 is very small even in moderate
fields |G,| = |Go| = a~y;. We see that only in étrong
fields a >> y,, the coherence is of the same order as the

diagonal element ©,,.
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