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CHAPTER 1

INTRODUCTION

1.1 Abrief overview of optical interferometry

Optical interferometers are instruments used for the production and
observation of interference between two or more light beams to obtain a wide variety
of information based on either the path traversed by the light beam or the nature of the
light emitted by the source. The smplest form of interference occurs when light from
a source is divided into two beams which, after traversing two different paths fdl
overlapped on an observing surface. The departure of the resultant intensity from the
sum of the individual intensities from the two separate paths, giving rise to bright and
dark bands of light are a manifesation of the interference phenomenon and this
resultant variation in the intensity are cdled the interference fringes. Based on this, a
wide variety of metrological measurements can be performed using the interferometers
right from study of the surface quaity of the optical components with an accuracy of
few tenth of a nanometer (1 nm = 107 m) [1], to the measurement of separation of
binary stars which are millions of miles apart, to the measurement of the refractive
indices of materials to range finding and velocimetry [2], and so on. In spectroscopic
applications, interferometers have practica advantage over the other methods in
determining the spectra of sources and the hyperfine structure of spectra lines with a
very high spectral resolution [3]. Large number of books and review articles are
dedicated to the discussions on the generd introduction to interferometry, details of
different instruments, different applications and more recent developments [4-8]. The
different clasdification of the interferometers, the quantities that are measured and
some of the relevant applications are briefly summarized in the Table 1.1

With the development of intense and coherent laser light sources, increasing
use of computers for data processing and the availability of very low noise single-mode

optical fibres, the optical interferometry has undergone a complete transformation with



M easurement Applications

Direct Derived

Fringe position Mean phase difference Length sandard  and
wavelengths

Length comparisons and
machine control

Refractometry

Velodity of light

Phase variations Interference microscopy

Microtopography

Optica testing

Fringe vishility Spectrum of source Profiles of symmetrical
spectral lines

Spatid  distribution  of | Stellar diameters
source

Complete intendity | Spectrum of source Direct interference
distribution (position and microscopy
visihility)

Fourier spectroscopy

Spatid  distribution  of | Opticd transfer function
source

Radio astronomy

Holograms

Spectral fringes t Periodicity of fringes Absolute distance

Dispersion relation

Thickness and profilometry

Fringe visibility Spectra degree of
coherence

Modulation transfer
function

Absorption

Table 11

Fields of interferometry and their applications [S] t denotes the applications of the
fied of spectral interferometry developed and demonstrated in this thesis.




remarkably wide range of applications [8,9]. Some of the applications take advantage
of the single frequency Stabilized output from lasers for length and rotation
measurements.  Interference or Fourier transform spectroscopy with a Fabry-Perot or
Michelson interferometer is used for the direct observation of spectrum a a high
resolution. Digital interferometry for high precision tests of optical elements, fibre-
optic interferometry for sophisticated detection techniques and nonlinear
interferometry with very high light intensty from pulsed lasers are some of the other
areas which are filled with the advantages of the interferometric measurements.
Further, the holographic and speckle interferometers are very useful in the
measurement of the deformation, vibrations and contour measurements of diffuse
objects [10-12]. Even without much sophidtication involved in some of the methods
mentioned above, interferometers have been used to demonstrate the geometric phase

[13] generated by a cyclic change in the polarization state of a beam of light.

1.2 Spectral interferometry

The advantages of the diffeeent interferometric techniques using
monochromatic light source, mentioned in the last section however has its own
limitations in some of the applications. For example, the interferometric surface
profilers using monochromatic light suffers from the phase ambiguity problem which
limits the test surface height measurement to not more than haf the wavelength of the
source [14]. The usua time doman interferometry has the difficulty that the
interference sgna recorded as a function of the time delay using a scanning Michelson
interferometer oscillates very fagt with the period of the mean wavelength of the
source.  Also, large number of points and large number of fringes must be scanned to
obtain high spectral resolution. This limitation however, can be overcome by using
Shannon principle. As most of the measurements are made from the fringe visibility,
the vibration ingtability of the interferometer greatly affects the rdiability of the data
and an accurate knowledge of the optical path usualy requires a reference laser beam

through the interferometer.



Spectral interferometry with a broad bandwidth white light source is a potential
technique to overcome most of the difficulties discussed above First of all, the white
light sources are cheap, efficient and can give an illumination which is free of speckle
noise. White light interferometers have virtually unlimited unambiguous range The
phase storage and retrieval from optical systems based on achromatic interference
effects [15,16] or the channeled spectrum [17] has potential application in the optical
information processing. The main advantage of spectral interferometry is that the
whole spectrogram can be recorded in a single shot using a dispersing element like a
prism or a grating and a CCD array detector. Small vibrations does not invalidate the
information that can be obtained from the spectrogram as most of the information is
stored in the periodicity of the fringes and not in their contrast. Spectral
interferometry has been applied to the measurement of the spectral phase introduced
by optical fibers [18], differential refractive index of liquid samples [19], multimode
reflectometers for ultra high spatial resolution [20], real time measurement of
dispersion curves [21], polarization mode dispersion in optical fibers [22], group delay
of dielectric laser mirrors [23], absolute distance [24], simultaneous measurement of
the refractive index and thickness of transparent materials [25], high resolution

profilometry [26] etc.

Since the prediction of coherence-induced spectral changes by Wolf [27], there
has been increased interest in the theoretical studies and experimental demonstrations
explaining the phenomenon of the spectral changes and the formation of spectral
interference fringes in the framework of optical coherence theory [28]. The state of
coherence can affect the spectrum of the interfering fields to the effect of shift in the
peak to the observation of modulations in the spectrum depending on the bandwidth of
the light source and the change in the degree of spectral coherence between the
interfering fields. These spectral changes have been used to study the path difference
between the interfering beams [29], estimate the field cross-correlation and hence the
angular separation of sources [30], intensity distribution across the source (31], size of

the source [32], etc.



1.3Organization of the thesis

A complete theoretical background necessary to interpret the results obtained
in the different experiments of spectral interferometry are discussed in detail in the
chapter 2. All the relevant basic concepts and definitions necessary for describing the
interference phenomenon in both the space-time and the space-frequency domains are
given first. We have also presented a brief derivation and discussion of interference
law and the second order correlation phenomenon in the time domain to emphasize the
sgnificance of the new treatment. Spectroscopy of partially coherent sources can be
discussed more eegantly using the recently developed space-frequency description.
Using the concept of second order correlation in this domain, the spectrd interference
law for the interference between two fluctuating optical fields is derived. The degree
of spectral coherence which plays the central role in discussing the spectral interference
phenomenon, has been derived for a dtatisticaly quasi-homogeneous source and is
found to be identical with the far-zone form of the van Cittert-Zernike theorem. Two
specid types of fields produced by the planar, secondary, quasi-homogeneous sources
and the limiting conditions under which they can be called spectrally impure beams and
fully coherent light beams are also highlighted using the space-frequency description.

Interference phenomenon predicted in the complementary time and frequency
domains, depending on the delay introduced between the interfering beams have been
experimentally demonstrated using a home built broad band dye laser. The chapter 3
begins with a detailed description of the dye laser design and its performance with
different cavity elements to decide on the suitable bandwidth for our experimental
investigations  The coherence time (t.) of the laser source, is a very important
parameter in observing the transition of interference effects from one domain to the
other. This is measured using the time delayed degenerate four wave mixing
experiment. A dmple demondtration of the interference phenomenon in the
complementary domains is illustrated using a dispersion compensated Michelson
interferometer along with the derivation of theoretical equations with the appropriate
conditions necessary to understand the physical process involved. The interference



fringes in the spectra domain are then characterized by measuring the fringe
modulations and the number of fringes over the entire source spectrum and the spectral
intensity of the fringes at a particular wavelength as a function of the delay introduced

between the two interfering beams of a Michelson interferometer.

The quantity that plays pivota role in understanding the interference
phenomenon in the space-frequency domain is the degree of spectral coherence. We
have demonstrated two experimental schemes to measure the modulus and the red
part of the complex degree of spectral coherence using the Michdson and Young's
double dit interferometers respectively in the chapter 4. The degree of spectra
coherence is found to change the spectrum radiated from a white light source
dradtically because of the field correlation effects. Theoreticaly derived equations are
used to fit the experimental data to get a quantitative estimate of the effect of different
experimental parameters like the path delay and the source size in the Michelson
interferometer, dit widths of the spectrometer, width of the secondary source and the
separation between the double dits in the Young's interference experiment, affecting
the spectrum of the interfering light beams. The demongtration of the principle of
space-frequency equivalence from the measurement of the degree of spectra
coherence has found applications in the radio astronomy, aperture synthesis imaging,
€tc.

Chapter 5 deals with one of the applications of the interference phenomenon in
the space-frequency domain. Spectrd interferometry as it is called, has been used in
the measurement of linear displacement from the periodicity of the spectra interference
fringes. Use of the broad band dye laser constructed for the purpose of demonstrating
the complementary nature of the interference phenomenon, was further extended to
observing the effects of partia correlation between the interfering beams We compare
the absolute value of the displacement calculated from the theoretical fitting in our
method [29] with the aready established Fourier transform technique to substantiate
the claim on the accuracy of our results. The Mach-Zehnder interferometer used for
this purpose is prone to the effects of vibrations and other disturbances which spail the
modulation depth of the interference fringes and hence the quality of information that



can be obtained. We have tried different interferometer configurations to study the
effect of various experimental parameters affecting the fringe contrast and to improve
the sability of the interferometer againgt disturbances and hence getting spectral

interference fringes with better fringe contrast.

In the process, we found out that more information can be obtained from
spectral fringes obtained with an increased source bandwidth. Chapter 6 discusses a
potential application of the spectrally resolved white light interferometry in determining
smultaneoudy the refractive index over the entire visible region and the thickness of
any transparent material placed in one of the arms of a Michelson interferometer [25].
Compared to other available techniques for the measurement of the refractive index
and thickness, we have demonstrated the superiority of our method by measuring the
optical constants of glass and polymer materids of different refractive index and
thickness to a high accuracy of the order of 10°. Single shot, red time, non-
destructive measurement of the dispersion curve over the entire spectrum of the source
is the highlight of the experiment. The versatility of the technique lies in its smplicity
and the unlimited dynamic measurement range. Spectral phase and the appearance of
stationary phase point are some of the other results discussed. The red and imaginary
parts of the refractive index because of either a norma dispersve materid or an
absorbing sample can aso be obtained from the frequency or amplitude modulated
spectrd fringes respectively

The snusoidaly modulated spectral fringes with the flexibility over their
periodicity obtained using a white light source and a Michelson interferometer can also
be used to exactly quantify the optical characteristics of a dispersing spectrometer as
demonstrated in the chapter 7 To exactly measure the line profiles of spectral sources,
it is important to know the behavior of the insrument function of a spectrometer The
modulation transfer function (MTF) which is the Fourier transform of the instrument
function, specifies the quality of the instrument and is experimentally measured for
different dit widths of the spectrometer and at different resolution levels. The effect of
these parameters of the spectrometer is found to afect the contrast or the MTF of the
spectral fringes observed at the output. From their behavior, the instrument function



can be calculated by taking its inverse Fourier transform [33]. In the process, we have
also measured the spectral dit width and hence the limit of the grating spectrometer

under different experimental conditions.
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CHAPTER 2

THEORY

2.1 Introduction

The fidd produced by dl optica sources fluctuate in time with highly
complicated and irregular waveforms Though these fluctuations are much too rapid
to observe directly, their existence can be deduced from appropriate experiments which
provide information about the correlation that exist between the fluctuations at two or
more space-time points [1,2]. In this process, information about the waveform remains
unknown as the detectors used measure only the intensity, time averaged over the
entire waveform. The mathematicd mode of classicd coherence theory is very
successful in describing the effects of unknown waveform based on the observed
measurement of the time averaged intensity [3-5]. In a broad sense, the optica
coherence theory is concerned with the datistical description of the fluctuations and
the coherence phenomena are the manifestation of correlation between them.
Interference effects, which arise when two beams that are derived from the same
source are superposed are the smplest phenomena that reveals the correlation between
optica fields [1]. The outcome of the investigations of coherence was the introduction
of a precise measure of the correlation between the fluctuating field variables at two
space-time points and the formulation of dynamical laws which the correlation
functions obey [2]. In the second order theory, the correlation functions are in genera
a st of second rank tensors written in terms of the electric and magnetic fields.
Though a study of the higher order correlation effects in optica fields have been done
[1], the second order theory provides a unified, smple treatment of dl the well known

coherence, interference and polarization phenomena of traditiona optics.

In this chapter, the basic theoretical background necessary to interpret the
experimental results obtained in both the space-time and space-frequency domains are

discussed. In the first part of the chapter, a short discussion about some basic



concepts and definitions regarding different field and coherence parameters and the
temporal and spatid coherence useful in the discusson of smple correlation
experiments are presented [6]. The second order correlation phenomenon in the usual
space-time domain is briefly explained using the two beam Young’s interference
experiment and is used to derive the mutual coherence function I'(ry,r2,t) and the
complex degree of coherence y(ry,r2,t). In the second part of the chapter, a detailed
derivation cum discussion on the second order correlation phenomenon in the space-
frequency domain for partidly coherent light beams is given. From which, the
significance of the cross-spectral density W(ry,r2,v) and the complex degree of spectra
coherence p(ry,r;,v) are explained. Quasi-homogeneous sources are more realistic
physical sources taking into account the finite size of the source and the dow variation
of intensity distribution across the source plane. Utilizing the concept of statistical
quasi-homogeneity, the field correlation equations are derived. The reciprocity
theorem derived is found to be formaly identicd with the far-zone form of the van
Cittert-Zernike theorem for the field correlation at two points in the field generated by
a spatidly incoherent, quasi-monochromatic, planar source. A comparison between
the two gives the explicit form for the complex degree of spectra coherence.  When
two spectraly impure beams are made to interfere, the interference fringes show
detailed periodic coloring A theoretica estimation of the spectra impurity of the
beams is essentid in andyzing the effect of the degree of spectra coherence on the
superposed spectrum of the beams. The concept of cross-spectral purity of light
beams is used to andyze the behavior of the spectra changes in the interference
fringes. A short note on the conditions for complete coherence of the interfering light
beams in the space-frequency domain is also presented. A complete coherence in the
space-frequency domain implies certain functionad form for the cross-spectra density
W(ry,r2,v) and the spectral degree of coherence p(ry,rz,v). At the upper limit of unity
for w(r,rp,v), interference fringes of maximum vishility can be produced using a

suitable experiment.
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2.2Some elementary concepts and definitions

(i) Analytic signal representation: In classica coherence theory, it is advantageous
to represent the electromagnetic fidd by a complex quantity because of its
mathematica smplicity and also because it serves to emphasize the fact that coherence
theory deals with phenomena that are sendtive to the envelope or to the average
intensity of the field [7]. The complex representation of real polychromatic field is a
natural generalization of the well known complex representation of the monochromatic
fields used in the classicd optics The red part of the field amplitude for a typica

monochromatic component of the field is given by
B"'(r.v):e‘(r)co.l{d)(r)f?;rw‘] (2.2)

where €o(r) is the magnitude of the field and ¢(r) is the phase. For the ease of

manipulation, it is conventional to work with the complex field amplitude of the type

g(r,v) = s‘.,(r)exp[id)(r)] (2.2)
A time dependent complex andytic signd is usualy defined as the Fourier transform of
this, i.e..

g(r.t) = Is(r, v)exp(-2mivt)dv 2.3)

The integration in the above equation is only from zero to infinity because of the
Hermitian symmetry of the complex field amplitude about the origin, i.e, e(-r.v) =
g'(r,v). By taking the red pat of the andytic signd, we get the actud fidd

component.

(ii) Temporal coherence and coherence time, t.: Consider light beam from a point
source a, divided into two beams in a Michelson interferometer (Figure 2.1 (a)) The
two beams are then recombined at the same beamsplitter after introducing a path delay

A = ct(cisthe velocity of light in vacuum) between them. The light is assumed quasi-
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Figure 2.1

(a) Temporal coherence illustrated using aMichelson interferometer.
(b) Spatial coherence illustrated by means of Young's interference
experiment. o = source, BS = Beamsplitter, M,, M,=Mirrors,
B = Plane of observation, ¥= Plane of double slit.
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monochromatic, which means its bandwidth 5v is small compared to mid frequency ve,

i.e,
Sv « v Or 5vivo « 1 (24

As usudly, the averaging time interval to make an observation is much longer than the
mean period and correlation time of the fluctuations, the light beam can be assumed to
be macroscopicaly steady. For a auffidently smdl path difference A, interference
fringes are formed in the observation plane . These fringes are a manifestation of the
temporal coherence between the two interfering beams.  The ability of the two beams
to form fringes can be explained using the concept of correlation that exist between the
fluctuations of the two beams reaching 8 as a function of the time delay T introduced
between them [8]. Interference fringes will be observed only if

T dv <l (2.5)

and hence the limiting time delay given by t. ~ 1/8v is known as the coherence time of

the light and the corresponding path
l=ct =c/5v (2.6)

is called the coherence length or more precisdy termed as the longitudina coherence
length. With v = ¢/A, where X is the wavelength and 5v = cdA/A¢* and the coherence
length may be written asl. = (Ao/8X)Ao where A, isthe mean wavelength.

The formation or absence of the interference fringes in the observation plane
can aso be considered to arise from the addition of spatially periodic distributions,
each of them being formed by a frequency component present in the spectrum of light
Two examples of the light sources used in this study are given to illustrate the order of
magnitude of the coherence time (t.) and coherence length (L) in typical cases For the
quasi-monochromatic broad band dye laser (8v/vo = 0.015), the band width is 3A = 87
nm or 5v = 7.77x10"? Hz. The corresponding coherence time is 0.129 psec and the

coherence length is 39 um. Wheress for the white light source (tungsten filament lamp



for which 8v/ve = 0.36), the bandwidth A= 194.4 nm or 5v = 2.038xI0™ Hz o that

the coherence timeis4.91 fsec and the coherence length is 1.47 urn.

(iii) Spatial coherence and coherence area, 6A: Consider the Y oung's interference
experiment with a quasi-monochromatic and quasi-therma light from an extended
source © (Figure 2 1 (b)). A symmetrica experimental arrangement is considered for
smplicity. For the source with square sides 5a and the pinholes P, and P, sufficiently
close to the symmetry axis, interference fringes are observed on the screen 8 near the
axid point P The appearance of these fringes is a manifestation of the spatial
coherence existing between the beams reaching the screen 3 from P, and P, since their
vishility depends on the spatial separation of the pinholes and can be explained as
arisng from the correlation that exists between them. Interference fringes are

generally observable only if
(36)(32) <Ao 2.7)

where 58 is the angle that the distance PP, of separation between the pinholes
subtends at the source and Ao =cvo is the mean wavelength of the light. If ‘r’isthe
distance between the source plane and the plane containing the pinholes, to observe the
fringes near P, the pinholes must be situated within an area around their midpoint of
size

8A = (1 80)” =~ (r Ay/Sa)’ (2.8)

This region is called the coherence area of the light in the plane of the pinholes around
their midpoint and the square root of the coherence area is aso known as the

transverse coherence length.

Formation of the interference fringes at the observation plane 8 can be
explained as due to the addition of the intendties of the individua interference patterns
produced by different mutudly independent point sources. A deeper understanding of
this phenomenon is possible in terms of the concept of correlation [8], which sums up
to the fact that even dtatistically independent sources will give rise to correlation in the
fields that are generated in the process of propagation and superposition. An
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elementary analysis of the spatial coherence is illustrated by considering the examples
of the sources used in our study. For the broad band dye laser oscillating in the TEMoo
mode, the expanded laser beam gives rise to interference fringes with constant visibility
for different dit separations spanning the entire beam cross-section, concluding that the
laser beam is fully spatially coherent. For the tungsten filament lamp illuminating a dlit
of linear dimension 5a = 0.1 mm and of mean wavelength A, = 533.5 nm kept at a
distance of 50 cm from the Y oung's double slit, the coherence area 8A in the plane of
the double dit is about 7 um2 and the transverse coherence length, given by its square

root isx 2 65 mm.

(iv) Mutual coherence function, I'(ry,riyt): The cross-correlation function
I'(r,r2,th,t2) between the light vibrations at two space-time points (ry,t)) and (ra,t2)
known as the mutual coherence function [ 1], is the central quantity of importance in
the elementary theory of optical coherence. This mutual coherence function is defined

by

I(r,r.7)= Li‘r{l%fs'(ri,tk;(rj,t+t)dl (2.9)
where the correlation function depends on the two time arguments only through their
difference T = t;-t; and e(r,t) is the complex analytic time dependent signal at some
point ‘r’ and time 't' defined in eqn.(2.3) It was assumed in the above definition that
the field s(r,t) is stationary in time i.e.,, al the ensemble averages are independent of
the origin of time and moreover for an ergodicfield, the ensemble averages become
time independent and may be replaced by the corresponding time averages. In such a

case the above equation could be replaced by
r.(1)= (e'(r,‘t)r,(r;,t B r)) (2.10)

where the sharp brackets denote the ensemble average.

(v) Intensity, I(r,t): In coherence theory, intensity is usually considered an observable

quantity It is defined as the time averaged square magnitude of the analytic signal



17

given by eqn.(2.9) which is also the trace of the mutual coherence function defined by
eqn. (2.10)i.e,

1.
I(r.t) = Lim_— [&"(r.t)e(r.t)dt =T, (0) (2.11)

T

This quantity is aways real. For an andytic sgna which is assumed to be an ergodic
random process, the above eguation can aso be written in terms of ensemble averages

of the form
I(r,t) = (a'(r, t)e(r, t)) (2.12)

This averaged field intensity at a point ‘r” is useful in normalizing the mutual coherence
function as defined in eqn.(2.10).

(vi) Complex degree of coherence, y(ry,r:,t): A function that depends only on the
coherence properties of the light field is more ussful and is obtained by normdlizing the

mutual coherence function by setting

(a'(r‘_,t)e[r:wr))
JE (el ) e (r e(r-.1))
VOO0 (e, 0)(r..1))

where <I(r,t)> is the ensemble averaged intensity of the light at the point ‘r’ and time

Yia(t) =

(2.13)

‘t’.  The quantity yi»(t) defined by egn. (2.13) is caled the complex degree of
coherence. It is a properly normalized function such that y1:1(0) = y2»(0) =1, i.e, the
field at a point in space must always be perfectly coherent with itself. All other values
of y,x(t) are generally complex and has amplitude values less than 1, which means that
the fields at two different points or at the same point after atime delay T, are generally
less than perfectly coherent with each other. The magnitude of this complex degree of
coherence is a measure of the mutual coherence between the fields at the two space-

time points and should satisfy the inequality
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0< |'y'(rI Fys IH <1 (2.14)

for al values of the argumentsr, r, and tof y

(vii) Cross-spectral density function, W(r,rsv): The cross-spectral density or the
cross-power spectrum is the ensemble averaged correlation function between typical
monochromatic components of the field disturbance a a point r, with the complex
conjugate of the same component at some other point r, at frequency v and is defined
by the equation

(e°(r. ve(r.. V) = W(r.r V(v - v) (2.15)

where the ensemble average is taken over the different realizations of the field and 5 is
the Dirac delta function. Thefield amplitude €(r,v) is taken to be a random variable of
arbitrary coherence. According to the generdized Wiener-Khintchine theorem, the
two correlation functions, the mutual coherence function and cross-spectral density

function form a Fourier transform pair i.e.,

r(rn~":~f) = IW(r, B \')e‘ip(".?'ti\-"[)dv
. (2.16)
W(r,.r.,v) = Jl"(r.‘ ,I..T)exp(2mivt)de

The cross-spectral density function is Hermitian in the sense that W(rp,r,v) =

W'(r1,r2,v) and is non-negative and definite.

(viii) Spectrum, S(r,v) and normalized spectrum, s(r,v): In the specid case when
the two points r, and r, coincide, the cross-spectral density function given by
eqn.(2.15) reduces to a function which depends only on the location of one point ‘r’
and on the frequency v This function is known as the spectral dendty or the power
spectrum of light which is the trace of the cross-spectral density function and is defined

as

S(r,v) = (e'(r, v)e(r,v)) = W(r,r,v) (2 17)



The power spectrum can be normalized according to the equation

yr.v)= J_S(—rv)- (2.18)
S(r, v)dv

and the normalized spectrum has the property H" v)dv =1, which is independent of
0

the total intensity. However, the intensity of the spectrum is equivalent to the intensity
of a single monochromatic component of the field defined by eqn(2.12). Since
different monochromatic components of the field are mutually incoherent and can not
interfere, the intensity of the total field is calculated as the sum of intensities of al the

monochromatic components, i.e.,
I(r,v)= IS{r v)dv (2.19)

(ix) Complex degree of spectral coherence, p(ri,r:v): The cross-spectral density
function contains information about both the spectrum and the coherence of the field.
As it is always useful to have a function which depends on the coherence properties of
the field only, we define a new function known as the complex degree of spectral

coherence [9] as
W(r,,r., V) W(r,,r., V)

.. v) = \/_W(r_rl,v)W(r:,r:,v) ) \,FFS(r,,v)S-(r:,v) (2.20)

where S(r,v) is the spectral density or the power spectrum of the light. p(r,r,v) is
referred to as the spectral degree of coherence at frequency v, of the light at the point
rp and ro. It is aso known as the complex degree of spatial (or spectral) coherence at

frequency v [10-11]. It should satisfy the inequality
0<u(r.r,v)<1 (2.21)

for dl values of the arguments n, 1z, v. |f the magnitude of this function is zero, it

means complete incoherence between the field amplitudes at the two points and a value



of unity indicates that the monochromatic field components of frequency v are
perfectly coherent between the points. If magnitude of this function is less than unity,
it ‘ndicates |ess than perfect coherence. As can be seen this function depends only on
the positions of the points and the single frequency v that the field components at the
two points share Field components of different frequency are always uncorrelated,

even at the same point.

(x) Measurement of coherence: Second order coherence is usually measured using
some form of interferometer that samples light from two space-time points (ry,ti) and
(r2,t2) [12,13]. The field intensity of the interference pattern which is measured as a

function of the time delay T between the two beams has the general form

(](r,t)} = <]': ('r,t)> : (l‘-"(r‘l)) + 2“(1‘ "(r.l))([‘?-(r‘ :))}Re{y(rl ,r:‘T)}

(2.22)

Thus, by measuring the average intensities, the real part of the complex degree of
coherence can be determined [8]. Instead if the spectrum of the interfering beams is
monitored, the following expression for the spectral density of light at a point 'r' in the

plane of observation is obtained

S(r.v) =8 (1.v) =5 (1) +2 S (R v)S () 2.23)

x Re{u(r} G o5 v)e\(p(f.'?rriv‘c)}

From which the complex degree of spectra coherence can be measured. It is
important to note that though the mutual coherence function I'(r\,r;,t) and the cross-
spectral density function W(ry,r;,v) form a Fourier transform pair, the corresponding
complex degree of coherence ¥(ry,r2,t) and the degree of spectral coherence p(r,r2,v)

are in general not Fourier transforms of each other.
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2.3 The laws of interference and the second order correlation

phenomenon

Second order coherence effects are due to the correlation that exist between
the light vibrations at two space-time points. A precise measure of this correlation can
be analyzed using a simple two beam interference experiment where the measurement
is made on the average intensity of the interfering beams [2]. Let £(ry,t) and &(ra,t) be
the analytic signal representation of the quasi-monochromatic, statistically stationary
and ergodic light oscillations at two points P, and P, specified by the position vectors
I and 12 respectively at time ‘t’. The light vibrations from the two dit sources on an
opaque screen fl interfere at a point P(r) on the screen (B and the resulting intensity
distribution of the superposition is measured (Figure 2.2). Assuming the distance ‘R’
between the two sources and screen is large compared to the optical wavelengths, the

instantaneous field at the point P(r) is, to agood approximation given by
e(r,t) = Kjg(r,,t—t,)+ K.g(r,,t - t,) (2.24)

where t; = Ry/c and t; = Ry/c are the time of travel from P, and P, respectively to P, K,
and K are constants that depend on the dimensions ofthe dlits and its geometry as
-1I(AA)Y MR, (AA is the area of each dlit, Ay is the mean wavelength and R is the average
distance P\P = P,P). The instantaneous intensity at the point P(r) and at time ‘t’

defined by the formula
1(r,t) = (& (r.t)e(r.1)) (2.25)

under the usual experimental conditions is simplified to

17 (017 (1) |Refo(rore. )} (2.26)

I(r) =1 "(r)m'(r)uh (1)

where T = (R;-R;)/c is the time difference for the light to reach the observation point P

1(r) and 1”)(r) arethe average intensities of the light reaching the

from P, and P, and
point P when only one of the dlits is open. Y(r,r,t) is the complex degree of

coherence of the light vibrations at the points Pi(r1) and Px(r2)and is determined from
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Figure 2.2

Notation relating to the Y oung's double slit experiment used to
determine the second order correlation functions of light beams.



the measurement of the averaged intensities using the above equation and 'Re' is its

rea part.

To verify the fact that it is the absolute value of the complex degree of
coherence y rather than its real part which is the true measure of the sharpness of the

interference fringes, let
y(r,,rl ,1:) = ‘y(r, i tﬂexp{i[a(r, ,r:,t)lf 27[\{,1:} (2.27)
where, a(r,,r,, 1) = arg[y(r, T t)] +2mv,T (228)

Substituting from the above equations in eqn.(2.26), the expression for the averaged

intensity becomes

I(r)=1""(r) +17'(r) +2[‘ l"'(r)l':‘(r)lh(r; L
x cos[a(r,,r_u 1) —(Zmz,r)]

(2.29)

Using the properties of the envelope representation for the quasi-monochromatic light,
the changes in !yl and a due to the changes in the argument T may be neglected
provided the change in the distance (R1-R2) is amdl compared to the coherence length
(I = ¢ 1) of the light From the above equation it is clear that, over a sufficiently small
portion in the plane of observation &8, the averaged intensty will vary nearly
sinusoidally with position provided | y | # 0. The usual measure of the sharpness of the
interference fringes is known as the vishility, introduced by Michelson [14]. The
vishility of the fringes at the point P(r) in the interference pattern on the screen B is
defined by the formula

_ lmax(r)_ 1m:ﬂ(r)
VO = ()

where Im(r) and In.(r) are the maximum and minimum values of the averaged
intengity in the immediate neighborhood of P.  Substituting the corresponding values
from egn.(2 29) in egn. (2 30), it can be easily deduced that for beams of equal

intensities i.e,, for I'"'(r)= I2(r), the visibility is



v(r) =|y(r,r., 7) (231)

Asis wel known, 0 < |y| < 1 for dl possible values of the arguments of y and the
phase of y, given by egn. (2.28) can be measured from the location of the fringe

maxima.

2.4 Partial coherenceinthe space-frequency domain

Coherence phenomena are customarily described by the space-time correlation
functions such as the mutua coherence function I'(ry,r2,t) or its normaized form, the
degree of coherence y(ri,r»,t). Though this is adeguate for the andyds of dl the
elementary interference and diffraction phenomena with light of any state of coherence,
the problem becomes mathematicaly unwieldy in the treatment of the interaction of
light with matter The reason for this is that the interaction of an incident field with
matter is described more naturaly by the frequency response functions like the
dielectric constant, refractive index, magnetic susceptibility etc. The single frequency
description of some of the sSituation involving the statistical festures of the medium
becomes inappropriate to andyze using space-time correlation functions of the optical
fidds. Thus, it is more convenient and also many physica situations involving the
coherence properties of light are more appropriately characterized by the space-
frequency correlation functions [9]. The space-frequency formulation of coherence
theory by Wolf [15], has found many useful applications. For example, in the study of
radiation from sources of different states of coherence [16,17], in studies of
propagation of partialy coherent light beams in dispersive and absorptive media [18],
in investigations concerning the effects of spatial coherence on reflection and
transmission [19,20], in researches regarding the influence of source correlations on

the spectra of the emitted radiation [21], to mention a few.
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2.4.1Second order correlation in the space-frequency domain

Let e(r,t) be the analytic dgnd representing the fluctuating optical fied
assumed to be stationary and ergodic at the space-time point (r,t). This scalar function
can be expressed as a generalized Fourier integra with respect to the time variable as

g(r,t) = js(r,v)exp(—.’lrdv!)dv (2.32)

g(r,v) = j.a(r,t)exp(ﬁrdvt)dt (233)

Considering the field a two different pointsr, and r, a two different frequencies v and

V', the product € (r1,v)e(ra, V') averaged over the ensembles is written as
(E (r, ) H< (r,. )e(r. exp[2m‘(v't' - vt)}dtdt (2.34)

where, ‘D’ is the domain of the integral which goes from -x to +x. Substituting a

change of variablest' =t + 7, the above equation can be written as

<£'(r‘ ) v)e(r;,v‘)> = H(r,’(r, A)e(r..t+ 1)) exp[2rti(v - v}l]exp(Zm’v t)dtdt  (235)

In the above expression, (&*(r,.,t)e(r..t+1)) in the integrand is the mutual coherence

function T'(ry,r.,t) defined by eqn.(2.10) which is independent of time °t’ for a
stationary optical field. The integration with respect to 't’ yields

fexp[——iZm’(v - v')tklt = 5(\" \ ) (2.36)

II‘(r, ,1,,t)exp(2mive)dt = W(r,.r., v) (2.37)

©
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is the cross-spectral density function of the optical fields at the points Py(r;) and PAr2).
W(r,r2,v) = 0 for v < 0 as a result of the analytic signal nature of I(ry,r2,T).

Substituting the above two 2quations in eqn.(2.35) yields
(f.'(r, ’ v}:(rz,v‘)) =8(v-v)W(r,,r,,v) (2.38)

It is clear from the above equation that the cross-spectral density function is a measure
of the correlation between the spectral fields of any particular frequency component of
light vibrations at the points r; and r. In other words, the above equation implies that
the Fourier components of different frequencies v and v’ are uncorrelated while the
strength of the correlation of Fourier components of the same frequency is
characterized by the non singular part of the right hand side of eqn.(2.38) i.e., by the
cross-spectral density function W(ry,r;,v). It was shown [22] that the cross-spectral

density may be expressed in the form of Mercer type series:
W(r,,rz,v) = me(v)wﬂ'(rl,v)w“(rz,v) (2.39)

where the yu(r,v) are the eigen functions and the x.(v) are the eigen values of the

equation

jW(r],r:,v)\y“(r,,v)d’r, = X (V)W (1, v) (2.40)

and the kernel of this integral equation (cross-spectral density) is Hermitian, i.e.,
W(r,,1,v)=W'(r,,r,,v) (2.41)

and the eigen values are real and positivei.e.,, Xn(v) > 0. The cross-spectral density is a
non-negative definite, continuous matrix [15], in the sense that, for any positive
frequency v, any set of N position vectors ry,r,.. Ty, (n being an arbitrary positive

integer) and for any set of N complex numbers a;,ay,....3q,

ZN:ZN:%""W(T,-R , V) 20 (2.42)

Fl k=1



For N = 1, W(r,r,v) = S(r,v) >0, i.e, the spectral density or the power spectrum S(r,v)
at any point in thefield is non-negative. With the choice N = 2, the eqn.(2.42) gives an

additional condition
W(r,, 1, v)W(r,,1,,v) - W(r,,15,, V)W(r,,1,,v) 2 0 (2.43)

Making use of this inequality and the Hermiticity relation (egn.(2.41)), the normalized
cross-spectral density function is given by

W(r,.r,,v) _ W(r,r,v)

JW(r, 1L V)W(r, V) - JS{r] ,VIS(r,,v)

In view of the inequality relation (eqn.(2.43)), the normalized cross-spectral density

p.(r,,r,,v):

function for al possible values of the arguments ry, r;, and v satisfies the inequality
0< |u(r, i o v] <1 (2.45)

As the cross-spectral density function W(r,r2,v) characterizes the field correlation in
the space-frequency domain, its normalized function defined by eqn.(2.44), is known as
the complex degree of spectral coherence of the optical field at points Py(r;) and Px(rz).
It is also known as the spectral correlation coefficient at frequency v or complex
degree of spatial (or spectral) coherence at frequency v. This quantity plays a similar
role in connection with the spectral structure of the fringes obtained when the light
from Py(r1) and Px(r;) are allowed to interfere, as does ¥(r1,r2,T) for the distribution of
average light intensity I(r) in the interference pattern. The two complex degree of
coherence y(r,r2,t) and p(ry,r2,v) which define the field correlation in the space-time
and space-frequency domains respectively are measures of different characteristics of
the field. For partially coherent optical fields, the following is the relationship between

the two degree of coherence [23]:

¥(r,5,17) = i{S(r, ,V)S(ry, v)u(r, T, v)exp(—2mivt)dv (2.46)
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The basic interference law given by egn.(2.29) for partialy coherent light
beams does not provide any information about the spectral composition of the light
forming the interference pattern. The interference law in the space-frequency domain
that provides spectral information of the interfering beams is derived by considering the
two beam interference experiment discussed previoudy (section 2.3) and illustrated in
Figure 2.2. The light fields from the two dlits Py(r;) and Px(r;)because of diffraction
and interference reach the point P(r) in the plane of observation 8.  Considering one
frequency component of the interference pattern at a time, the Fourier amplitude at
P(r) because of the dispersive effects associated with diffraction is given by the
Kirchhoff diffraction formula [2] to be

&(r,v) = K,(r,,r, v)exp(2mivt, Je(r;, v) + K, (r,, 1, v)exp(2miwt, Je(r,, v) (2.47)

where K, Kz are complex numbers that depend on the position of the points Py, P2, P,
on the physica dimensions of the dit and on the frequency (explicit form of which is
given in section 2.3) and are dowly varying functions of position and frequency, t; =
Ry/c and t; = Ry/c are the time the two interfering beams take to reach from the points
P, and P, respectively to the point P on the screen.  The ensemble average of the
product €'(r,v)e(r,v’) for two different frequencies v and v' of the egn.(2.47) and
making use of the eqn.(2.38) gives the following expression for the spectral density of

the interfering beams in the plane of observation

w(r,r,v) = [K,['W(r,, 1, V) + [K,| W(r,,1;, V)

+K,'K, exp[—Zniv(tl - t:)]W(rl ., V)+K K, exp{27:iv(t, -, )]W(rz,rl ,V)
The first term on the right hand side of the above equation
K, |’w(r, V) =WO(rr,v) = s"(r,v) (2.493)

is the spectral density at frequency v of the light that reaches the point P(r) from the
dit Py(ry) only, with the other dit kept closed. Similarly, the second term on the right
hand side of the egn (2 48),



K., |* W(r,.r,,v) = WO(r,r,v) = SO(r, v) (2.49b)

represents the spectral density of the light reaching the point P(r) from the dit Px(r2)
only. The third term of the egn.(2.48) can be expressed in terms of S®, §? and p as

K, 'K, W(r,, 1, v)exp[-2mit, — t,)]

= {8"(r, VS (r, V(... v)exp[ia - 2mvt, - t, )]

and a smilar equation for the fourth term also, which is the complex conjugate. In

(2.50)

deriving this, the egns.(2.44) and (2.49) are made use of and a is the phase of
K,'(r,,r,v)Kz(rz,r,v) which is real to a first approximation and depends on the position
and frequency only weakly. Substituting the eqns.(2.49) and (2.50) into the egn.(2.48)
and making use of the Hermiticity relation for the cross-spectral density (egn.(2.41)),
gives the following expression for the spectral density of the light at the point P(r) in

the plane of observation @,

S(r,v) = 8" (r,v) +$?(r,v)
+2‘fSl”(r. v)s{“(r, v) Re{u(r, ) o v)exp{ia - 21|:ivr]}

where T = (t)-t) and 'Re* is the red part. This equation is known as the spectral
interference law [9] for partialy coherent beams. It is clear from the equation that the
spectral density S(r,v) of the light reaching the observation point P(r) is not just the
sum of the spectral densities $(r,v) and S®(r,v) of the two beams reaching the point
from the two dlits, but differs from it depending on the complex degree of spectra
coherence u(r,ry,v) of the light at the two dits. The spectra interference law
(eqn.(2.51)) may also be considered as expressing the energy distribution as a function
of frequency in the interference pattern obtained by superposition of the light from the

two dlits.

The spectral visbility, which is a measure of the sharpness of the interference
fringe pattern depends on the absolute value of the complex degree of spectra
coherence. This can be derived by writing the complex degree of spectral coherence in

the following form:



w5, v) = |u(n,r,, v) cxp[iB(r, D, v)] (2.52)

Substituting egqn.(2.52) into eqn.(2.51),

S(r,v)= Sm(r, v)+ Sm(r, v)

+24/S" (r, V)8 (r, V)|u(r, 1., v) cqu{r, JTy, V)= (2mve - a)]

The cosine term within the bracket depends on the positions 1, r;, r and on the

(2.53)

frequency v and denotes the phase difference introduced between the light from the
two slits by their passage from the slits to the point P. Assuming that the plane of
observation B is far away from the plane A of the two dlits, the spectral densities
SU(r,v), S(r,v) and a will vary slowly with the position of the point P(r). Hence the
sinusoidal variations in the spectral density at the point P(r) is possible provided
p(r,r2,v) #0. Even when the two interfering beams have the same spectral densities
and equal to the source spectrum, i.e, Sr,v) = S?(r,v) = S(r,v), the spectral
distribution of the superposed light beams will in general be different. With this

condition, the eqn.(2.53) simplifies to
S(r,v) = 28,(r, v){] (V) cos[B.z(v) -(2nvt- a)]} (2.54)

where the explicit dependence on the positions ry and rz are incorporated in the suffixes
of the appropriate quantities. The maximum and minimum values of the above

equation given for the values of the cosine term equal to either ‘0’ or ‘m’ are

respectively
S . (r.v)=28(r, v){l - lpn(v“ (2.55a)
and S, (r,v) = 2S,(r, v){l - [u.:(v){} (2.55b)

By analogy with the definition (2.30) for the vishility of the interference fringes, the
spectral vishbility V(r,v) at frequency v at a point P(r) in the spectral fringe pattern is
defined by the formula



S e (T, V) = S (1, V) (256)

M e e o)

Substituting the maximum and minimum spectral densities from the egn.(2 55), the
eqn.(2.56) reduces to

V(r, v) = Iu,z(v] (2.57)

i.e,, the spectral visihility of the fringes is equal to the absolute value of the complex
degree of spectral coherence. The phase BiAv) of mix(v) is dso reated to the
digtribution of the spectral density of the light in the plane of observation. The maxima
of the spectral density are to a good approximation located at points for which

arglu,;(v)] = B..(v) = (2vt — @)+ 2mm, m =0, +1, 42, . (2.59)

From the measurement of the position of the fringe maxima, the argument of the
complex degree of spectral coherence or the phase difference Bi1(v) between the light
beams at the dits Py(r,) and P{(r;)can be obtained.

2.5 Quasi-homogeneous source and the degree of spectral

coherence

Real physical sources having finite size are treated more elegantly by assuming
them to belong to the class of datidtically quasi-homogeneous (QH) sources [24]. The
light intensity distribution across this kind of sources vary dowly with position,
remaining constant over distances of the order of the correlation length of the light
vibrations in the source plane. The degree of spectral coherence in the far field of the
QH sources is equal to the normalized two dimensiona spatial Fourier transform of the
intengity distribution across the source. This reciprocity theorem is identica with the
far-zone form of the classic theorem by the van-Cittert and Zernike [2], that gives the

degree of coherence of light from a spatially incoherent source.
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For a statistically stationary light distribution in some plane z = 0, the cross-
spectral density function of the light at some frequency v at two points Py and Py in
that plane specified by the position vectors ry and r, is given in terms of the spectral

density S(r) of the light at the point P(r) and the complex degree of spectral coherence

W(r,12,v) by eqn.(2.44)

W(r,, 5, v) = S(r,, v)S(r,, V)u(r,,r;, v) (2.59)

Based on the requirement that the degree of spectral coherence depends on the
position vectors 1y and rz only through their differencer’ = (r;-rz) and the condition
that for sources of finite extent, the spectral density considered as a function of r =
rtry varies slowly across the source, the above egn.(2.59) can be written in a simpler

form

Ww(r,,r,,v) = 8(r/2, v)g(r',v) (2.60)

When the cross-spectral density function of the light across the source can be
expressed in the above form, the source is said to be quasi-homogeneous. The
function S(r) is a slow function of r and g(r’) is said to be afast function of r'. The
treatment is based on the assumption that the sources are considered QH as long as the
conditions on S(r) and g(r')are satisfied elsewhere in the source area and the departure

from true quasi-homogeneity is negligible at the boundaries of the source.

To derive the far zone behavior of the field generated by a QH source, located
at z =0 and radiating into the half-space z > 0 (Figure 2.3), consider the cross-spectral
density function W(r;,r,,v) given by eqn.(2.38) as the ensemble average of the light

fields at two points Py and P, specified by their position vectors
n= r‘ﬁl and r; = ra; (26])

where a, and a, are the unit vectors pointing from the origin ‘O’ to the points Py and P,
respectively. The light field ensemble in the half-space z > 0, can be represented in the

form of an angular spectrum of plane waves [25], i.e,,



N orm, al to
Urce Plane

Figure 2.3

Illustration of notation relating to the far-zone behavior of the field
generated by the source.



e(r,v) = Ig(al ,v) exp(ik a r)dzal (2.62)

where & = (ay,3,,8.), a, = (a,,3,,0)

a,=(l-a-a,)" ifa’ +a,” <1 for homogeneous plane waves,
a,= i(a.z-a.,,2 - ])m, if a,2 + a.,,2 > 1 for evanescent plane waves
and k = 2rv/c

The suffixes X, ¥y, z label the components with respect to the fixed Cartesian
rectangular coordinate system. Eqn (2 62) expresses the field &(r,v) as a superposition
of homogeneous and evanescent plane waves decaying exponentially in amplitude with
increasing distance from the z = 0 plane. The cross-spectral density function
(eqn.(2.38)) can be expressed in terms of the angular spectrum of plane waves [26] by
substituting eqn.(2.62) in (2.38). Interchanging the order of integration and averaging,

the equation is simplified to
W(r,r,,v) = _”Z(au,a21 ,v)exp[ik(a,' ‘T, —a, -rl)}izaudzaZL (2.63)

a;; and ap, are the projections of a; and a, onto the source plane. The angular

correlation function [25] is defined by the formula

Z(a“ 28y ,v)é(v— V') = <C.(3u -"’):(au ,v)) (2.64)

which represents the correlation between the two plane waves of the field, denoted by
the two dimensional vectors ai, and ax. The angular correlation function may be
expressed in terms of the cross-spectral density function of the field at pairs of points
p1 = (x1,y1,0) and p2 = (x2,y2,0) in the source plane. This is derived by letting 1, — py
and r; = p, in the eqn.(2.63) and taking the Fourier inverse of the resulting formula,

which gives, after change of variables and integration

- (9)
Z(a,, ,a,,,v)=k*'W (ka, ,~ka, ,v) (2.65)



where W is the four dimensional Fourier inverse of W, Equation (2.65) gives the
angular correlation function and applies to the field generated by any planar,

statistically stationary, secondary source.

The far-zone behavior of this field or the asymptotic behavior of the cross-
spectral density function is determined by letting the distances of the two points Py(r;)
and PArz) to infinity, i.e, kry = kr, = . This asymptotic limit denoted by
W(“’)(n,rz,V) may be expressed in terms of the four-dimensional spatial Fourier inverse

-(0)
w  of W bythe formula

L

—ka,,, V)M (2.66)

~ (o)
W(x,,r,,v) = (2nk)’ cosB, cos®, W (ka
nr,

0, and 9 are the angles the unit vectors &, and a, make with the normal to the source
plane, cosB, = z)/r; and cosB; = zy/r,. For a QH light source at the source plane (z =

0), according to egn.(2.60)

- (9) -y -(0)
W (ka, ,~ka, ,v)=g [-ik(a”_+ah)]s [k(a“ —au)] (2.67)

Substituting the eqn.(2.67) into (2.66), the following expression for the cross-spectral

density function of the light in the far-zone of a QH source is obtained to be

-(0)
W(r,,r,,v) = (27k)’ cosB, cosh, g B k(a,, +a,, )]
_ (2.68)
-(0) exp[ﬂc(r, -, )]
s [k ~ gy, J——1—2d
x [ (a,, —a, )] T
Using the above equation, the spectral density S™(r,v) at atypical point in the far-zone

isgiven by

-(0) ~(0) 2
8™ (r,v) = W)(r,r,v) = (2nk)*S (0)g (kax)m:;ze (2.69)



The complex degree of spectral coherence of the light in the far zone is defined by the
equation

W[m’(rl,rz,v)

JSM(r, : V)S““'(r2 ,v)

Substituting from the egns.(2.68) and (2.69) on the right hand side of the above
equation

n=(r,r,,v)= (2.70)

w(r, 1, v) = E_[].(_(a“i_’)](}m)(kall Joay, )exp[ik(r1 -1, )] (2.71)
S
(0) 1 =
_{0) g [i k(a,, +a,,)
where, G (ka,, ,ka, )= L (2.72)

In view of the reciprocity inequality [24] involving the effective width of the Fourier
~(0)
transform pairs for a QH source, g (f) is considered a slow function of 'f compared

-(0)
to the S (f) which is a fat function of f ad dso

(0 )
(ka,, ka,, )=~ G (ka, ka,))=1 Usng this, the complex degree of spectra

coherence of the light in the far-zone of a QH planar source is given by

~{0)

S |k(a,, —a, )

———[—w,—]exp[:k(r -1, )] (2.73)
S

u("](r, T V)=

as a product of a simple phase factor and the normalized Fourier transform of the

distribution of optical spectral intendty across the source (egn.(2.73)).

This result is compared to be identical with the far-zone form of the van Cittert
and Zernike theorem for the spatidly incoherent light. The result is illustrated for a

QH source with the assumption that the source size is large compared to the



wavelength i.e., (68)s » X. In the asymptotic limit when the distances 1, and r2 are

sufficiently large,
f, «R,—a «r',r, =R, -a, -1 (2.74)

where Ry and R are the distances from the point s(r’) on the source to the points Py(ry)
and PArz), respectively (Fig.(2.3)). Substituting egn.(2.74) into eqn.(2.73) and
integrating over the entire radiating surface of the planar secondary QH source a, on

simplification leads to
J.S(r')exp[ik(a: -a,) r']d:r‘

W(R,,R,,v) = explik(R, - R, )] (2.75)

s

For a QH source, the intensity across the source varies slowly with position or remains
a constant over the correlation length of the light from the source plane. Thus, integral
of S(r')over the source area remains a constant. Assuming that the points Py(r;) and
Px(r,) are situated at equal distance from the origin O of the source i.e., rn=r1; =1, the
eqn.(2.75) reduces to

wR,R,, V)= Iexp[—ik(a, -a,) r'}!lr' (2.76)
This integral is similar in form to the Fraunhofer diffraction integral [2]. The source is
considered to be a rectangular aperture of sides 2a and 2b with the origin at the centre
of the rectangle and with axes O and On parallel to the sides. The points Py(R:) and
P»(R;) with coordinates (X;,Y1) and (X2,Y>) are considered in the plane parallel to the
source in the far field. With a;, = (X1,Y1,0) and 83, = (X2,Y2,0) and approximating the
distances so that (X;-X2)/R = p and (Y:i-Y2)/R = g, the above integral can be simplified
to

N | B Tt T oe) )



which gives the explicit form of the complex degree of spectral coherence for a planar,
secondary, quasi-homogeneous source in terms of the source dimensions, the
separation between the points in the plane of observation and the frequency range of

the source.

2.6 Spectral impurity of beams

In the two beam interference experiment considered so far, let the two light
beams emerging from the slits Py and P, have the same spectral distribution. Now, if
the spectrum of the superposed light at the screen 8 far from the plane containing the
two slits is examined, it is in general found to have different spectral composition at
different points on the screen. From an analysis of the spectral composition of the
superposed light beams, the spectral purity of the interfering beams can be known.
Two light beams of same normalized spectral density are referred to as spectrally pure,
when their superposition (with path difference T « 1/5v) reproduces the same spectral
distribution [27]. Conversely, the beams are called spectrally impure if they do not

have this property.

To examine the spectral purity of the light distribution, resulting from the
superposition of the two light beams from Py and P,, consider the interference equation
(egn. 2.48) in terms of the spectral density function W(r,r,v). For the ease of analysis,

this equation is written in a simplified form as

W(v) = [K, [ W, (V) + K, | Way (V) + 2K, K, W, (V) exp(-2ive) (2.78)

Using the normalized spectral density function given by egn.(2.44), the above equation

can be rewritten in terms of the degree of spectral coherence

W(v)= |K,|ZS(r,,v)p“(v) +|K, :S(r:,v)p:z(v)
+2K, 'K, y8(r,, v)S(r,, v)u,, (v) exp(-2mivt)

The above equation is known as the auto-power spectrum of the interfering beams.

(2.79)

The normalized auto-power spectrum on simplification can be written as



37

WL, _ 1u(¥) + Re[K 1 5(V) exp(-2mive)|

= = ( )
Wm(v) u,(v)+ Re[Kuuu(v)]
Where K,, = 2K, Ky (0, VS5, Y) (2.81)

|Kl|28(r,,v)+|l(1|15(r1,v)

Equation (2.80) can be rewritten as

1+ Re{K ,u;,(v)exp(-2mivr)}
wv)= 1+ Re[l(uu.,z(v)]

with ui(v) = 1, for the spectral coherence between self similar points. Examination of
this equation makes it clear that the spectral densities of the input and output light
beams can not be equal for al possible values of x. Since, for values of path difference
T « |/5v, the spectral changes are not very appreciable, the beams forming the
interference are considered spectrally pure with the validity of the reduction formula
[27]. However, for large path differences between the interfering beams, the term
within the bracket oscillates with increasing T. Thus it is clear that for partially
coherent light, the original spectral distribution corresponding to u(v) = 1 can not be
recovered in an interference experiment with large path differences, when the cosine
modulation of the spectrum starts appearing. Such beams are called spectrally impure.
Let the exponential term within the bracket equals B(v), which represents the
departure of the beams from the condition for cross-spectral purity. This quantity,
integrated over al frequencies is a useful criterion for the measurement of the
departure from cross-spectral purity. Though the assumption is been made that B(v) is
a finite quantity, there are certain frequencies vk (k = 1,2,...) within the bandwidth 6v
for which B(vv) is zero. The frequencies v for which the spectra coincide depend on

the x values and is given by
Vit :(n+%)1t. n=0,+l, 42, .. (2.83)

The difference between the spectrally pure and spectrally impure beams can be

made clear by considering the interference of partially coherent beams. The correlation



between the interfering beams leads to both intensity and spectral modulations and
both are periodic with the path difference. In the Y oung's double dit experiment with
white light, the interference fringes have detailed periodic coloring as the spectral
composition of the each single fringe is different. Then the beams are said to be
spectrally impure. However in the Michelson interferometer with white light when the
path difference is close to zero, the fringes appear colored and the gradual change of
color over arange of several fringes is not periodic. The interfering beams are of high
cross-spectral purity as the spectra of the individual colored fringe remain the same as
the input beam. However as the path difference is increased to more than the

coherence length of the source, the beam becomes cross-spectrally impure.

2.7 Complete coherence in space-frequency domain

When the absolute value of the complex degree of spectral coherence p(r,r2,v)
given by eqgns.(2.45) and (2.57), equals the upper limit of unity, the spectral fringes will
have the maximum visibility and this limiting case represents the complete second-
order coherence [28]. The functional form of the cross-spectral density W(r,r2,v) and
the spectral degree of coherence u(ry,r,v) for the case of complete coherence can be
derived as follows. According to the non-negative definiteness condition for the cross-
spectral density given by egqn.(2.42) and its relation to the degree of spectral coherence

(egn.(2.44), the complex degree of spectral coherence should also satisfy the inequality

N N
¥

ZZ&J-akp(rl_r“v)z 0 (2.84)

k

for al positive integers N, any set of points n, Tz, ....IN, and set of real or complex
numbers a;, &, ....an. The properties of the degree of spectral coherence function
u(ry,ry,v) that are used here are, its Hermiticity, the degree of spectral coherence
between same points is unity and its modulus is unity for spatially fully coherent field at

some fixed frequency vq (> 0) and are expressed as



By = l-l,l.
Ky =1 (2.85)

lp.(rhrz,von =1

Using these conditions, the inequality (eqn.(2.84)) reduces to

Re[p.,zpnu”']z 1 (2.86)
and applying the last condition of eqn.(2.85), ux may be expressed in the form

iy =explio, ) (2.87)
where fa isreal, Hermitian and satisfies the inequality

cos(d,, — s, +6,)21 (2.88)

with a maximum value of unity when its argument is equal to 2rm. Considering the

origin to be at an arbitrary point, the spectral degree of coherence can be written as
u(ri, T, v) = exp[—iB(r,,vD)+ iB(rz,vo)] (2.89)

where B(r,vo) = $(0,r,vo). Thus, for a fully spatially coherent field at some particular
frequency v, given by the last of the eqn.(2.85), the degree of spectral coherence has
the form given by eqn.(2.89), with B(r,vo) a real function of position. Recalling the
definition of the degree of spectral coherence (eqn.(2.44)), the cross-spectral density

function at frequency vo can be expressed in the factored form

W(r,, 1, v,) = 97(r, v )1, Vo)

where, p(r, v, ) = {/S(r, v,) exP[iB(r, Vo )]

with S(r, vo) representing the spectral density at frequency vo at a point ‘r’ and B(r,vo)

(2.90)

is the phase factor.
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CHAPTER 3

COHERENCE TIME MEASUREMENT AND
INTERFERENCE IN COMPLEMENTARY DOMAINS.

3.1 Introduction

The main idea of discussing the interference phenomenon in the complementary
spaces [1] is to demonstrate and get maximum information from the frequency domain
when the corresponding interference is lost in the complementary time domain. In
classical optics it is known for many years that interference between light beams
manifest themselves as spatial or spectral variations depending on the path difference
between the interfering beams [2-7]. Recently there has been considerable amount of
work done on the effect of the state of coherence on the emitted spectrum of light
sources. The effect appears pronounced in the case of two beam interference and is
shown as a shift in the central frequency for narrow bandwidth spectra [8-10] or as
cosinusoidal modulations of broad bandwidth spectra [11-13].  This spectral
interference phenomenon can be applied to the synthetic aperture imaging technique
[14], utilizing the space-frequency equivalence theorem [15]. Similar phenomenon has
been observed in the other areas of physics also. By proper postselection procedure,
spectral interference fringes are observed for spatial phase shifts larger than the
coherence length of the interfering beams in neutron interferometry [16,17]). Rauch
has also demonstrated the interference in complementary spaces for matter waves
using neutron interferometry [18,19]. Mandel and coworkers have demonstrated
qguantum interference effects in the space-frequency domain by mixing two down
converted signal photons from similar nonlinear LilOs crystals pumped by a single laser

source [20].

In this chapter, we demonstrate the optical interference phenomenon in the

complementary time and frequency domains by using a home built broad band dye



laser. Different cavity elements are initially tried to look for a suitable bandwidth for
the dye laser which will enable us to experimentally observe both spatial and spectral
interference fringes using a single source. A broad band dye laser, though gives a
spatially coherent output, istemporally incoherent because of the short coherence time
of the laser (T = I/5v). The use of the dye laser with a broad band reflector is mainly
to have a small and measurable coherence time (t.) which can be used to observe the
transition of the interference effects from the space-time to space-frequency domain as
the path delay is increased from zero to more than the coherence length (L = ¢ ) of
the source. After discussing in detail, the construction and the spectral characteristics
of the home built dye laser with different cavity elements, the coherence time t. of the
broad band source is measured using the time delayed degenerate four wave mixing
(TDFWM) experiment. Working in the phase-conjugate geometry, the coherence time
of the source is determined from the behavior of the phase-conjugate signal with one
of the delays. A simple theoretical insight is given into the role the coherence time
plays in observing the transition of the interference effects from the time to frequency
domain.  This is confirmed experimentally and the spectral fringes are further
characterized for different time delays larger than 1. The technique of utilizing the
spectral interference fringes so obtained, known as spectral interferometry has been
used for varied applications, some of them are demonstrated and discussed in later

chapters of this thesis.

3.2 Construction and characterization of dye laser

The versatility and utility of organic dye lasers in science and technology
continue to increase even long after the inception of the dye laser [21]. High average
power [22] and narrow pulse width [23] dye lasers are developed for communications,
atmospheric propagation studies, isotope separation and many other applications.
New laser dyes are also being developed which provide high efficiency and chemical
stability for dye lasers at wavelengths ranging from the near infrared to the ultraviolet

[24]. Construction and operation of organic dye lasers depend on the photophysical



and chemical properties of the dye solutions, which are used as the lasing medium [25].
The structural and spectroscopic properties of efficient laser dyes and detailed
information on their lasing properties are listed in the data sheets of dye manufacturers
[26]. The most important criteria in selecting components for the dye laser system are
the chemical inertness and the construction materials [27]. The safest materials that

can be used are glass or quartz, stainless steel and Teflon.

3.2.1 Dye cell design

The dye cell is one of the most crucial element in the dye laser and involves
some difficult machining. The cell must allow easy entry of the pumping light and easy
exit of the dye laser radiation. A complete schematic of the dye cell design is given in
the Figure 3.1. The dye is allowed to flow through a 3 mm / 15 mm quartz tube to
facilitate transverse pumping. The dye solution is made to flow through the dye cell to
continuously replace the heated and photodissociated dye molecules from the region of
excitation. The cavities of the stainless steel dye cell through which the dye laser beam
exits, are machined at an angle of about 10° to avoid the reflection of laser light from
the solvent-glass and glass-air interfaces which can cause undesired stimulated
emission from the excited dye molecules. The flow tube and the entrance and exit
quartz windows are fixed to the dye cell using Neoprene O-rings. The solvent
evaporation and the resulting change of dye concentration are nearly eliminated by

tightly fixing tubes and the windows.

In organic dye lasers, the upper laser level has a lifetime of 4 to 8 ns. The laser
medium thus, cannot store energy for more than a few nanoseconds and consequently
the single pass gain is approximately proportional to the instantaneous intensity of the
exciting pump. For this reason, the generation of gain sufficient for dye laser
oscillation requires pump light which is of high intensity rather than high energy. The
pump light source that has been used for the excitation of pulsed dye laser is the
second harmonic (532 nm) of the Q-switched Nd: YAG laser (CONTINUUM, USA
660B-10). The laser pulse peak power is typically 20 MW and is of 6 ns duration with



(a)

(b)

End view Vertical C.§ End view

(c)

Figure 3.1

Design of the dye cell (@) Full view, (b) Vertical cross-section and
end views, (c) End plates



arepetition rate of 10 Hz. 8% of the laser pulse power, divided by a glass plate from
the main beam is used to pump the oscillator of the dye laser and the remaining power
is v:sed for the amplifier. Schematic of the dye laser with different cavity elements and
a single stage amplifier, pumped by the frequency doubled YAG laser is shown in

Figure 3.2.

The dye laser is pumped in the transverse pumping arrangement. The pump
beam is expanded using a plano-concave lens (f = 50 mm) and is focused to a nearly
rectangular cross section (0.3 mm/ 15 mm) using a cylindrical lens (f=50 mm). The
focusing is adjusted so that the excited region of the dye solution forms a pencil shaped
volume with a nearly circular cross section on the inner wall, paralel to the axis of the
dye laser resonator. Since, only a thin layer near the inner wall of the dye cel is
excited by the pump light, diffraction usually causes a substantial angular spread of the

dye fluorescence, which emerges from the cell in the direction of the dye laser axis.

The most important attribute of dye lasers is the wide selection of dye
molecules that are available and can be used in laser devices. Rhodamine 6G (Rh 6G),
which was among the first to be discovered [28], is still one of the best dyes available
for laser applications. Some of the important parameters of this dye and Rhodamine B
(Rh B) which are used in our dye laser are given in the Ref. [24]. The optimum
oscillator concentration for the Rh 6G dye dissolved in methanol is 302x10° mole/lit.
The dye flow system consists of a pump, a reservoir and the dye cell. Filters are
provided to remove particulate matter and air bubbles which cause losses to the laser

system by scattering of the laser emission.

3.2.2 Performance ofthe dye laser

The dye laser is tuned by providing feedback at the desired wavelength to the
pumped dye molecules using a grating [29] or a prism-mirror combination depending
on the required peak wavelength and bandwidth of the output laser. The grating used
in our configuration is a reflection type holographic grating (Bausch & Lomb) with

600 grooves/mm and blazed at 54°. It has five orders of diffraction and is oriented in
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the Littrow position [30], for which the incident light and the diffracted light of a given
wavelength lie along the same direction (Figure 3.3 (a)). The wavelength across the
dye spectrum can be continuously tuned by rotating the grating with respect to a
vertical axis. The spectral line narrowing in the nanosecond (ns) pulse is avoided by
using a glass plate (4% reflectivity) as the output coupler, which also limits the number
of light passes in the cavity during the short excitation time (6 ns) of the laser. A
spectroscopic analysis, using a 50 cm grating monochromator (Jobin-Yvon, HRS 2) of
the output pulses showed them to have any wavelength maximum (Xo) within the
emission spectrum of the dye and a full width at half maximum (FWHM), 6\ between
0.1 and 2 nm depending on the order of the grating used and its distance from the dye
cell. A typical spectral recording of the dye laser from 575 to 585 nm with the grating
in the 5th order, kept at a distance of ~20 cm from the dye cell is shown in the inset of
Figure 3.3 (a). As the small diameter of the laser beam, of the order of a few
millimeter, covers only a small area at the surface of the grating, there is a reduction in
the spectral resolution or an increase in the bandwidth of the output spectrum. The
spectrum is fitted using standard least-square fitting procedure to a Gaussian

distribution of the form

‘2(7‘7‘“)'}% G.1)

A
S(A) =
() (GAJMZJ”I{ (B1)°

where A = 0.79 and Yo = -2.9E4 are constants and the fitted values for the maximum
wavelength and the bandwidth of the dye laser with the errors are A = 578.8 +0.11

nm, 8A =0.63 +0.023 nm.

When a prism-mirror combination of lower spectral resolution than the grating
is used as the tuning element, the bandwidth of the output laser increases. The crown
glass prism (n = 1.5793) is positioned at very high angle of incidence ( = 80°).
Through the prism, the beam is dispersed with a simultaneous reduction in the beam
divergence. This light is sent back into the laser cavity by a high reflectivity (R = 99%)
aluminium coated mirror. Wavelength selection within the bandwidth of the dye

emission spectrum is achieved by rotating the tuning mirror with respect to a vertical
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axis. The experimental setup and a typical recording of the output spectrum (570 -
590 nm) are shown in the Figure 3.3 (b). The fitted values for a Gaussian spectrum
(egn. (3.1)) are Ao = 580.5 + 0.03 nm and A= 2.6 + 0.028 nm. As both the dispersive
elements, discussed above are used in the low wavelength discrimination modes, the

output pesk power is low and needs amplification.

3.2.3 Dye amplifier

The dye cdl design for the dye amplifier is the same as the oscillator. The
amplifier is also transversely pumped for high amplifications, with the remaining pump
power after the oscillator [31]. The dye laser oscillator beam enters one end of the
active region of the amplifier and exits the opposite end. The dimension of the quartz
flow tube in the dye amplifier is5 mm diameter and 20 mm length. The gain medium is
designed to be longer and bigger for the laser emission to be amplified upto saturation
intengties. The single pass traveling light amplifier is the smplest and gives an
accurate reproduction of the input signd [32]. The high gain and wide bandwidth
makes the dye solutions useful for such applications. Strongly excited dye solutions of
appropriate concentration are proved to have large gain coefficient. The optimised
concentration for Rh 6G dye in methanol that has been used in the amplifier is 128x107
mole/lit. The large amplified simulated emisson (ASE), owing to high vaue of
stimulated emission cross section produced in one stage is reduced from reaching the
next stage by using pinhole spatid filters. Equal amplification over the entire circular
cross-section of the input beam is achieved by, (i) adjusting the amplifier cel position
so that the input light beam from the oscillator goes through the maximum
amplification region without getting obstructed on the cdl walls, (ii) properly adjusting
the distances of the concave and cylindrical lenses (f = 50 mm for both) and hence the

width of the excited volume in the amplifier cdl for maximum amplification.

A aufficiently broad band (high dA),temporally incoherent (low t.) laser light is
achieved by replacing the frequency sdlective element (grating or prism) in the dye

laser cavity by a broad band mirror, which makes the dye to oscillate over a broader



emission region with sufficient gain.  The plane mirror used is didectric coated for a
maximum reflectivity (99%) over the wavelength region of 400 to 680 nm. With both
the high reflectivity mirror and the output coupler window being plane pardld, the
resonator cavity is barely stable, according to the stability condition for the laser
resonator [33]. Hence the laser cavity dignment has to be made very carefully to
avoid spurious feedback and intensity fluctuations. The shot to shot sability of the
laser pulses is ascertained with the help of averaging for every 10 pulses using a 400
MHz oscilloscope (Tektronix, 2465 B) and a digitisng camera (Tektronix, C 1002).
Care is dso taken to avoid mechanisms leading to the formation of cavity modes,
which leads to undesirable structure in the laser spectrum. The spectrum recorded
from 570 nm to 590 nm is smooth without any mode structure and is fitted to a
gaussian profile (egn. (3.1)) giving a peak wavelength A, =579.5 + 0.08 nm and a
FWHM width of, A = 58 + 0.17 nm (Figure 3.4).

3.3Timedelayed degenerate fourwave mixing using incoherent
light

Excitation pulses from a broad band laser light can be regarded as a train of
incoherently phased noise spikes [34]. Though the phase of each noise spike is
random, when the output from a single laser is divided, delayed and recombined, the
correlated noise spike pair will have the same relative phase, contributing to the overall
output signal. The correlated noise spike pairs first act together to setup accumulated
grating [35] in the sample and then these are interrogated by a third uncorrelated field,
aso derived from the same laser and get diffracted to generate the time delayed four
wave mixing (TDFWM) signd in a direction satisfying the phase matching condition of
the wavevectors [36]. Sdatiffying certain inequalities (egn. (3.5)), a correlation
experiment of this kind gives a measure of the autocorrelation function g(x) and the
correlation time t. of the light field [37]. The correlation time is an important
parameter to characterize the temporal coherence of the incoherent light beams. The

most important criterion for selecting a proper sample for such measurement is that the



Ll T L l L
1.0k . Rh 6G in Methanol |
3 24=579.5 nm
52=5.8 nm

S =
o o0

e
'S

Normalised Spectrum

0.2
oo
0-0 e L i 1 L — e
570 575 580 585 590
Wavelength (nm)
Figure3.4

Dye laser spectrum with broad band mirror and glass plate as
cavity elements. Dots are experimental points and continuous
lineis Gaussan fit



49

phase relaxation time (T2) of the sample should be shorter than the correlation time. If
T2 > 1., one may generally end up measuring the dephasing time of the excited sample
[38]. Correlation of broad band (6v = 1/tc) excitation pulses of length t, and
correlation time T when interacts resonantly with such a sample, leads to the formation
of phase grating in the sample. In other words, the atoms or molecules in the sample
of resonant frequency Vo interact predominantly with the Fourier components within
the bandwidth 8v centered at vo. The interactions outside the bandwidth average out
and can be neglected in its contribution to the laser induced material grating. Thus, to
a first approximation the sample behaves as if it interacted only with a coherent narrow

band light pulse [34].

The field correlation can also be determined using either an interferometer
where the absolute fringe position is measured or by heterodyne detection [39]. The
interferometric method is similar to the dispersive Fourier spectroscopy used in the
infrared region [40]. But in these methods the delay between the pump pulse and the
reference pulse has to be controlled to within less than an optical period. This leads to
unnecessary complications of the experimental setup when the investigated signal
varies on time scales much larger than the optical period, especialy in the visible
region, where this period is only a few femtoseconds. Thus, noninterferometric optical
grating methods have been developed for autocorrelation function measurements [41].
We have used one such technique to write an illumination grating produced by
interference between two pulses in a dye solution (Rh B in methanol). The visibility of
the fringes is then measured by diffraction of a third beam (probe pulse) with a suitable
time delay. The diffracted light intensity is directly related to the visibility and is
measured as a function of the delay T between the writing pulses to measure the

correlation time 1. of the beams producing the grating.

3.3.1 Theory

Nonlinear optical techniques for pulse measurements do not provide a direct

display of the pulse shape but instead give measurement of the correlation functions. It
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is therefore important to consider in some detail the theoretical relationship between

the output signal and its correlation function.

The instantaneous electric field vector of a broad band light pulse with central

frequency @o = 2mvo at a spatial point given by vector ‘r’ and at time ‘t” is given by
E(r,ty £0,0)expli(2nvyt - k, .r)] +c.c (3.2)

where, £(0.t) is the field envelope and varies slowly with respect to the optical

frequency 2n/@, ‘k,’ is the field wave vector and c.c. is the complex conjugate.

For a broad band field, the envelope &(0,t) is a complex random function and

can be expressed as
&(0,0)= &, (t)u(t) (3.3)

where go(t) varies on the time scale of the pump pulse width t, and u(t) is a stationary

Gaussian random process. The relationship satisfied by u(t) are

(u(t)) =0,
(u(tyu(t+1)) =0 (3.4

(" (u(t+T) = g(T)

The angled brackets < > is for statistical average. The autocorrelation function g(t)

isnormalized by g(0) = 1 and its width is the correlation time t..

The laser pulse is assumed to be long and broad band in the sense that the

following inequalities are satisfied:

Vwr, <<t (3.5)

14

The longest time parameter is the laser pulse width t, (6 nsec), is much longer than the
coherence time ., which is much larger than the optical period (few fsec). The idea of
getting a measure of t. of the light and not its pulse duration t, lies in taking advantage
of the broad nature of the radiation. This is achieved by measuring the field correlation

between the pump pulse and a reference pulse which is the time delayed replica of the
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pump pulse, as a function of the variable delay x of the reference pulse. The eectric

field of the reference pulseis
E (r,t)=¢(0,t + t)exp[i(2nv,t - k,.1)] +cC (3.6)

with €(0,t + 1) = €,(t)u(t + 1) for Gaussian random process. T is the delay between
the pump pulse and the reference pulse a the observation point ‘r” and ‘k;’ is its
wavevector. The field cross-correlation between the pump pulse and the reference

pulse isthe ensemble average <C(t)>, where C(t) isgiven by
C(x) = Idts'(O,l)e(O,t +1) (3.7)

The square of this cross correlation function is

x

(3.8)

- == ‘: T -3
‘(C(t)){" = Udts‘,:(t)’ Idr(u'(t)u(t + ‘E)> Idtg(t)

where, the autocorrelation function g(x) plays the role of the pulse envelope in the
short pulse experiment. Thus it is clear that the time resolution of the field cross-
correlation anaysis is the coherence time . of the light, which is much shorter than the

pulse duration t, [42].

The fidd correlation is measured by splitting a single broad band pulse into a
pump pulse, reference pulse and a probe pulse. The reference pulse and the probe
pulse go through variable optical delay lines. For the measurement of the square of the
field cross-correlation function, the pump pulse and the reference pulses are made to
interfere in an absorbing dye medium. The light power I(r) in the interference region is
given by [41]

I(r) < J:d.r!l'.‘(r\!) + I'_'R(r,r)l 3.9)



= j‘dt[Jt:(O,t)]2 +[e€0,t + )" +£7(0,t)e(0, t + T)expli(k, — k. ).r]+ cAc} (3.10)

F.om this equation, the spatid intensity maximum I, and minimum Iy, can be
determined to get the vishility of the fringes. The tempora coherence function or the
autocorrelation function of the light pulse is determined by measuring the visibility of
the interference fringes as a function of the time delay t between the two beams. The
light power absorbed in the sample cell, produces a spatial modulation of the optical
constants described by a complex refractive index. The spatid amplitude An(t,x) of the
refractive index is given by the light power absorbed upto the timet. The excited state
relaxation of the Rh B dye molecules is 20 fs (very fast) [38] and is neglected. Anis
then given by

An(t, 1) E!Idts'(!)sn F1) (311)

This change in the refractive index which is a measure of the correlation of between the
two exciting pulses is measured by diffraction of the probe beam incident on the
grating with a suitable time delay after excitation. The delay time of the probe pulse is
selected such that there is no correlation between this and either the pump or the

reference pulse.

3.3.2 Experimental measurement of the coherence time

The experimental setup used for the measurement of the coherence time of
broad band incoherent dye laser pulses is shown in the Figure 3.5. As discussed
before, the temporally incoherent light is produced by pumping Rh 6G dye oscillator
consisting of a broad band coated cavity mirror and a glass plate as cavity elements and
a single stage amplifier, using the second harmonic of a Q-switched NdY AG laser
The main beam is divided into two parts to pump both the oscillator and the amplifier

simultaneously. The peak wavelength of the dye laser is 579.5 nm and the width
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(FWHM) of the spectrum is 5.8 nm. The effective bandwidth of the Gaussian shaped

spectrum, calculated for a stationary Gaussian random process is [43]
Ay =Nm/2In204 ~ 1564 =8.7 nm (3.12)

A broad band laser is preferred as the incoherent light source because, the TDFWM
experiments require light beams with sufficient intensity, directivity and temporal
incoherence. The home built dye laser satisfies these conditions and hence is used in

our experiments.

In the phase-conjugate geometry used for the t. measurement [44], the dye
laser beam of pulse width t, = 6 ns s first split into three beams of intensities I, I, and
Ix by beam splitters. The first beam splitter has a reflection to transmission (R/T) ratio
of 30/70 and the second one is a 50/50 beam splitter. This is to make the intensities of
dl the three interacting beams amost equal. The beam splitters are front surface
coated with AR coating on the back sde. Beams 2 and 3 go through varigble delay
lines, the lengths of which can be adjusted with the help of a translational stage of
movement accuracy < £ 5 am. Corner cube retroreflectors are used in the beams 2
and 3 to make the dignment of the beams easier. The beam after passing through the
retroreflector leaves a the same angle as the incident beam but from a point an equal
distance on the opposite side of the reflection centre with respect to the point of
incidence. The mirrors used to deflect the beams are dielectric coated for maximum
reflectivity a 8 = 45° in the wavelength range 560 - 640 nm.

All the three beams of 3 mm diameter are focused onto the sample (Rh B in
methanol) using biconvex lenses of focd length 200 mm. This is to make sure that the
spot size of the beams and hence the interaction region inside the sample is the same
for dl the three beams, which maximizes the Sgnd efficiency. The effective diameter
of the focused spot (do = 2fVD) in the sample is about 80 um of peak intensity 300
MW/cm® a the foca point. In our measurements, the counter-propagating probe
beam I, is delayed by a fixed 0.2 ns with respect to the other two beams I and Is.
Thus, it has no correlation with the pump beams as the correlation time of the dye laser
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light is expected to be in the subpicosecond region. The angle between the beams 1

and 3 is about 10° in a 10 mm sample cell.

The phase conjugate signal intensity comes out in the direction ky = kjt+ka-k3 =
-ki, as ki = -k, satisfying the phase matching condition for the wavevectors of the
interacting electric fields. A beam splitter kept in the path of the beam 3, as shown in
the Figure 3.5, separates out the signal beam (4). The output signa intensity is
measured as a function of the delay time (1) of beam I3 with respect to beam I,. A fast
rise time (tc = 1 ns) photodiode detecting the output signal is connected to a boxcar
averager (PARC, M 162) with gated intergrator (M 165). The boxcar is triggered
with proper trigger pulse from another similar photodiode to synchronize the signal

detection.

A normalized plot of the phase conjugate signal intensity versus the delay T is
shown in Figure 3 6 The signal obtained for the Rh B sample with a concentration of
1 75 mole/lit. is symmetric with respect to the delay time and its FWHM calculated
using a standard Gaussian fitting procedure is 0.123 + 0.002 ps. The coherence time
calculated from the peak wavelength and the effective spectral width (egn. 3.12) for a
Gaussian spectrum (T, = XoY/cOAE 0.128 ps) matches well with the experimentally
measured coherence time of the dye laser pulse. Because the experiment is done in the
absorption band of the sample, the signal intensity is very high compared with that
obtained using Kerr liquid, CS; [45] and its behavior is due to the phase grating
formed in the sample. The observed behavior of the signal gives the correlation profile
1 <g(x)>]? of the incoherent light, where g(t) is the autocorrelation function of the

incoherent field.

3.4 Interference in complementary domains

The well known fact that interference effects are observable only in the space-
time domain when two beams of equal intensity and similar spectral density interfere

with their path difference ct shorter than the longitudinal coherence length ct. is not
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true [20]. When the optical path difference between the two interfering beams ct is
more than the coherence length of the light beam used, one does not see interference in
the spatial domain. However, if the spectrum of the interfering beams is monitored,
one observes interference fringe pattern, called spectral interferogram [46]. The fringe
spacing or the periodicity of the spectral fringes is characteristic of the delay between
the two beams and the fringe contrast of these spectral fringes gives information about
the spectral coherence properties of the interfering beams. Thus interference occurs
irrespective of how long or short the optical path difference may be, but the effect is
manifested as a periodic spatial variation of the light intensity when ct « ct. and as

spectral modulations when ¢t » ct..

3.4.1 Theoretical formulation

Let E(r,t) and Eg(rt), given by eqns.(3.2) and (3 6) be the electric field
strengths of the two interfering beams which are amplitude divided from a single input
beam. Time correlation in stationary optical fields are traditionally characterized by the
self coherence function, which is the normalized autocorrelation function of the optical
fields at a point P(r) arriving at two different times [47] However, a general treatment
is attempted here by considering the interference of the two light beams described by
the two complex field amplitudes €(t) and €x(t+1). The field amplitude at the detector

point P(r) is given by
e(t) = ag,(t)+ be,(t+T) (3.13)

where x is the time delay between the beams and ‘a’ and ‘b’ are pure imaginary
numbers which are slowly varying functions of position and frequency Under the
assumed conditions of the optical field being stationary and ergodic, the ensemble
average of the measured intensity is equal to the corresponding time average and is

given by

L= (e"(Ve(t)),



=|a|:(ez,'(t)e,(t)>I +|b‘2(ﬁz-(t+'[)€:(l+'[))l +[a'b(s,'(t)s:(t+t))l +c.c] (3.14)

where, <...>(is the time average over the fluctuations of the field amplitudes and c.c is

the complex conjugate.
ie, 1=a]'T, +[b]'T, +[a’bI'. (1) +c.c] (3.15)

I and I> are the time averaged intensities of the light from the two arms of the
interferometer.  If the third term on right hand side of the above equation does not
vanish, the time averaged output intensity is not equal to the sum of the averaged
intengities of the two beams reaching the point P(r) of observation after passing
through the two arms of the interferometer. It differs from this sum by the presence of
the interference term a’blMi(t). Thus, for non zero value of the cross-correlation
function T'ix(t), the two beam superposition will give rise to an interference effect.
I"12(t) represents the cross-correlation between the two fields separated by a time

difference x,
M) = (&, (e, (t+ 1) (3.16)

For interference of quasimonochromatic light beams (8v/va « 1) with path difference
less than the coherence length of the input light beam (A « Ao%/81), the

autocorrelation function is given by
I (1) = T'i2(v)exp(-2miv, 1) (3.17)

where I'i- (1) is a dowly varying function of time, with a characteristic time scale t..
The quantity t. is the correlation time i.e., it is the time over which the correlation

between the two beams is significant or in other words,

Fi(t) =0,if1> 1, (3.18)

Substituting eqn.(3.17) in (3.15), the interference term L is



I, z|h:(z) cos(2mv, T +8) (3.19)

where 6 contains the phase factors coming from both I'j2(t) and ad For time delays
more than the coherence time of the light beam, the interference term vanishes. Thus,
there is no interference possible if the path difference is more than the correlaion time
and the intensity at the output of the interferometer isjust the sum of the intensities of

the two input beams.

For light beams, there is an aternate measurable quantity, which is the power
spectrum S( v) of the beams, which gives the energy per unit frequency interval instead
of the total integrated intensity This is done using a spectrum analyzer such as a

Fabry-Perot interferometer or a grating spectrometer or a smple prism.

Fourier transform of the egn.(3 13), for the interference between complex,

frequency dependent field amplitudes e,(v) and €,(v) at the point of interference is
e(v) = a(v)e, (v) +b(Vv)e.(v)exp(2mvt) (3.20)

where, 1 is the time delay between the interfering beams and a(v) and b(v) are the
frequency dependent coefficients which depend on the properties of the beam splitter
The spectrum observed at the output of the interferometer is given by the formula

(&' (v )E(v2)) = S(v))8(v, - V) (3.21)

where 6(vi-v,) is the Dirac delta function. Using the above equations, the spectrum at

the output of the interferometer is expressed as

S(v) =a'S,(v) + b S.(v) +[a'bS:_.{v)exp(2niw:) +c c] (3.22)
where S,(v) is the cross spectra function between the two beams

(87 (v )e2(v2)) = S0 (v, )8(v, = v3) (3.23)

In our case, both the interfering light beams are derived from a single input broad band
source, for which S,(v) = Sx(v) = So(v) and SiAv) = So(Vv) Hi2(v), wWhere So(v) is the



spectrum of the source and py(v) is the complex degree of spectral coherence. It is
clear from the above equations that even if the correlation time between the interfering
beams is zero, (example, random fluctuation white noise) the spectrum will always
have cosine like modulations. Thus, the interference which was apparently lost in the
time domain is restored in the frequency domain. The corresponding interference
equations (3.15) and (3 22) define the interference phenomenon in the complementary

time and frequency domains.

3.4.2 Experimental demonstration

A simplified experimental setup using a broad band, temporally
incoherent laser light and a dispersion compensated Michelson interferometer (MI) to
demonstrate the interference phenomenon in the complementary spaces is shown in
Figure 3.7. Light from the broad band dye laser is amplitude divided at the front
surface coated 50-50 beam splitter. A compensating plate made of the same material
as the beam splitter is kept in the arm 1 of the interferometer to take care of the
unequal dispersion effects between the two arms. After the two beams traverse the
two arms of the interferometer, they are recombined at the same beam splitter.
Aluminium coated mirrors M; and M, are used to reflect the beams back in the same
path. The mirror M, is kept fixed and the M> is mounted on a linear translational stage
of movement accuracy + 5 um. The path difference when adjusted using the variable
delay to within the coherence length of the laser, gives a set of interference fringes on
the screen kept after a diverging lens (Figure 3.7 (a)) Measurement of the visibility
function from the intensity maximum Im.« and minimum Imia of the spatial interference
fringes shows an exponential decrease with the increase in the path difference between

the interfering beams.

As we keep increasing the path difference between the beams from the zero
delay position, there is an increase in the number of spatial fringes and a corresponding
decrease in their visibility Beyond the coherence length (. = 40 pum) of the laser

beam, we have observed the spatial interference fringes vanish slowly with the region
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of interference becoming a patch of light without any spatial variation of intensity. At
this point, we replace the concave lens with a prism which disperses the light beam into
different spectral components and there we see a variation in the spectral intensity
similar to the one seen in the spatial domain (Figure 3.7 (b)). This variation in the

spectral intensity is called the spectral interferogram.

Modulations in the spectra are thus observed for two incoherent nanosecond
pulses for separations more than the coherence length or the correlation length of the
light beam. These spectral modulations are due to the constructive and destructive
interference between the number of different monochromatic components present in
the broad band light source for a fixed path difference [11]. Constructive interference
occurs for those values of X, for which X = A/m, (m = 1,23, ) and destructive
interference occurs for X = A/(m+1/2), (m = 0,1,2,...), where m is the order of

interference.

The broad band dye laser pulses are sent into the MI (described before) with a
path difference more than the coherence length (40 pum) of the light. The pulses after
traversing the two arms of the interferometer are sent into a 50 cm grating
spectrometer (JY, HRS-2) with a maximum resolution of 0.025 nm in the region of the
dye spectrum. A photomultiplier tube (PMT) at the output of the spectrometer is used
to detect the spectrum. As the spectrometer grating is scanned across the spectral
range (585 - 610 nm) of the Rh B dye laser, a strip chart recorder (Packard-611)

connected at the output of the PMT records the spectral modulations.

Figure 3 8 (a) shows the normalized spectrum of the dye laser when one of the
arms of the MI is closed. It acts as a reference and confirms that the individual laser
pulses do not show any spectral modulations. Figures 3.8 (b)-(d) show the spectral
modulations for varying path difference between the two arms of the interferometer.

These recorded spectra are fitted to the equation

S(v) = %S,,(v)[l + cos(2mv1)] (3.24)
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Figure 3.8

Spectral output from the MI. Dots are experimental data and continuous curves
are the theoretical fit using egn. (3.24). (a) Dye laser spectrum, when one of the

arms of the Ml is closed, (b) Path difference A = 0.12 mm, (c) A = 0.16 mm,
(d) A=0.31 mm.



The above equation is smplified from egn. (3.22) assuming the conditions given along
being valid and with mi2(v) = 1, | al>= | b|?= 14 anda®d = 12 Withv=c/A and T =
Alc, the above equation is used to get the exact value of the path difference (A). These
vaues, as indicated in the Figure shows clearly that, the number of spectral fringes
increases with an increase in the path difference.  The modulations occur within the
spectral envelope of the single pulse spectrum and the modulation frequency increases
with increasing path difference. The linear dependence of the number of fringes 'N' on
the path delay T shown in the Figure 3 9, makes it clear that spectra modulations are
observed a path delays much longer than the coherence length of the light used. The
fitted values of the straight line are, dope = 17.22 +0.14 and Y-intercept = 0.79 +
0.11.  The experimental observation of the spectrd fringes with path delay is
essentialy limited by the band width of the source on the lower limit and by the

resolution of the spectrometer in observing the maximum number of fringes.

Now, using the same experimental setup described, we demonstrate the case
that the spectral decomposition leads to a finite spectral width Av at every point in the
spectrum, and hence the spectral modulations are visible only for a limited interval of
time difference [6]. The grating position is kept fixed a some wavelengthA = 595 nm
within the dye laser spectrum. Starting from the zero delay position between the two
interfering beams, the output spectral intensity is averaged for 50 pulses each time. As
the path delay is increased from this position, we see an oscillatory behavior in the
spectral intensity with decreasing amplitude (Figure 3.10). The functional form for this
kind of a behavior is obtained by integrating the eqn.(3.24) from vtov + v, over the
interval dv to obtain the intensity I, at a point P(r) in the spectrum.

} sin( nﬁv;pr)} (3.25)

I(v) = %l,(\z)* +co{2n(v+ %6v“,)t (V1)

where dvg, = (c/X®) OAs. The experimental data for varying path delay are fitted using
the absolute value of the modulation term of the above equation. The overall behavior
is that of sinc-function envelope with cosine modulations. The fitted constants A =

TdVg = 2.454 + 0248 and B = 2m(v+Ovy /2) = 14.489 + 0 245 agree well with the
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values caculated using the experimental parameters. With a further increase in the
path delay, the oscillatory behavior resppears but, with reduced amplitude

corresponding to the second maximum of the sinc-function.
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CHAPTER4

VEASUREMENT OF THE DEGREE CGF SPECTRAL
COHERENCE

4.1 Introduction

Interference phenomenon, regarded as a manifestation of the correlation
between light beams at two or more space-time points is most often used to study the
coherence properties of light.  The correlation function is obtained from the
measurement of the interference fringes formed when light from pairs of space-time
separated points in the field are allowed to interfere. This idea was first used in the
pioneering work of Michelson in the reconstruction of the image of a distant,
incoherent source from the optica correlation function (Michelson stellar
interferometer) [1] and was later more formally derived by van Cittert and Zernike
[2,3]. According to the fundamental relationship stated quantitatively by the van
Cittert and Zernike theorem [3], the spatial intensity distribution of an unknown
incoherent light source can be reconstructed by taking the Fourier transform of the
complex degree of coherence in the far field. Later, a study of the correlation existing
in the optical field was more elegantly treated using the theory of partial coherence
formulated by Wolf [3,4] and others [5] which gives the statistical description of light
in terms of observable quantities. For a better understanding and use of the theory of
partial coherence in describing the behavior of optical systems, it is useful to measure

the degree of coherence in an arbitrary plane for quasi-monochromatic illumination.

Y oung's double dlit experiment, illuminated by a quasi-monochromatic source
was one of the first methods used to measure the absolute value of the complex degree
of coherence (|y.2(0)|) from the measurement of the visibility of the interference
fringes. The phase of which can be deduced from the location of the intensity maxima.

The formation of interference fringes was later confirmed as a manifestation of the
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spatial coherence properties of the light beam [6]. Interpretation of the Young’s
interference experiment based on the Zernike’s investigations does not exhaust the
amount of information that can be deduced from an analysis of the superposition of
two light beams For example, the spectral analysis of light in the region of
superposition can provide information about the spectral coherence properties of the
light incident on the double dit [7,8]. From the measurement of the degree of
correlation in the space-frequency domain, known as the complex degree of spectral
coherence Wi12(V), a clear insight into the spectral coherence properties and concept of

cross-spectral purity of light beams is possible.

This chapter highlights the importance of the measurement of the degree of
coherence in the space-time and space-frequency domains. An overview of the already
existing, extensive research on the different techniques and results on the measurement
of the complex degree of coherence in the usual space-time domain is presented first.
With the recent interest in the effect of the state of coherence of the light fields on the
spectrum of the interference fringe pattern, different studies are being carried out to
understand clearly the physical reason behind the spectral changes. Experimental
results are presented here on the systematic measurement of the complex degree of
spectral coherence from the spectral analysis of the interference of light beams in
Michelson interferometer (MI) and Young's double dit (YDS) experiment Though
different spectral information are obtained from the two experiments, the possibility of
using them to recover the amplitude and phase of the spectral degree of coherence
from the spectral visibility measurements is demonstrated. The usefulness of the
measurement of the degree of spectral coherence is emphasized through its
applications in the area of synthetic aperture imaging, angular separation of sources,

size of a source, intensity distribution across the source, etc.

4.2 Overview of the degree of coherence measurement

A systematic treatment and a precise measurement of the correlation existing

between light vibrations has long been the subject of investigation by many workers
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[9]. Two pinhole diffractometer [10,11] or its variants [2] are some of the earliest
experiments done to measure the coherence function. In the method due to Zernike,
the coherence of the optical field is measured from the fringe visibility by using a
Young's two beam interference experiment. The field of interest is sampled by two
pinholes and the fringes are viewed at some distance behind the screen. From the
measurement of the intensity maximum and the adjacent minimum for a given

separation of the two pinholes, the modulus of the degree of coherence is measured

and iC muvan hu

V=ly,.(0)= i_"‘—”— (4.2)
The field is sampled by moving the two pinholes across the field, by varying their
separation to give a plot of the modulus of the degree of coherence. Later, the effect
of the finite size of the source was taken into consideration and its effect on the
coherence was analyzed both qualitatively and experimentally [12-14]. It was also
shown theoretically that the fringe visibility decreases with an increase in the spectral

bandwidth, source size, sampling aperture size and the defocused distance [15].

The experiment of Thompson and Wolf [10] is a variation of the fringe
visibility method discussed above. They used a diffractometer in the experimental
measurement of coherence. Under suitable experimental conditions, the source is
assumed incoherent and according to the van Cittert-Zernike theorem, it will give rise
to correlation between light vibrations at any two points on the surface of a diffracting
mask of desired size, shape and distribution placed in the paralel beam between the
collimating and focusing lenses. With the usual approximations, the complex degree of
coherence is given by the formula

oLl SR 4.2)

Y2 :}y,:{exp(iﬁu) 3 v

2 *L:
e, v = 208 25 (12
0

0



where d is the separation between the two pinholes, g is the radius of the pinhole
secondary source, R is the distance between the source and the collimating lens, r, and
r; are the distances of the pinholes Py and P; from the axis and Ao is the mean
wavelength. The changes in the structure of the interference pattern of partialy
coherent beams, is investigated as the separation of the pinholes is increased i.e., as the
degree of the coherence between the interfering beams is varied. From the maximum
and minimum values of the intensity distribution, they have demonstrated a qualitative
agreement in the measurement of the degree of coherence between the theoretical

results and the experimental observation.

These methods have intrinsic limitations like low light levels due to loss of light
at the pinholes, which is not very practical with light sources of low coherence area
like thermal light and are inflexible due to a number of masks and pinholes necessary in
the experimental setup. Hence, later measurements of coherence used other types of
interferometers like the polarization interferometer [16], shearing interferometer [17],
reversing wavefront interferometer [18], etc. Polarization interferometers are useful
for making correlation measurements when the linear dimensions of the source and the
distance between the points are small compared to the distance of the points from the
source. A birefringent element like a Wollaston prism or a Savart plate introduced
after the plane in which the degree of coherence is to be measured, shears the image of
the plane into ordinary and extraordinary beams. A corrected lens forms an image of
the plane which interfere and the visibility of the interference pattern gives the modulus
of the degree of coherence as a function of the separation between two points in the

source.

Also, the disadvantage of the pinhole experiment described above is that the
interference pattern is superposed on the diffraction pattern due to a single pinhole As
a result the fringe visibility is not strictly that given by the Michelson's classical
definition. The interferometric arrangement presented by Hariharan and Sen [19] is
devoid of the above mentioned drawback and has the advantage of sufficient light
intensity levels for a graphical presentation of the changes in the fringe pattern with the

degree of coherence between the interfering beams The reversed wavefront
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interferometer [20] utilizes a cube-corner prism or a right-angle prism in one of the
arms of a Twyman-Green interferometer to demonstrate the variation of the degree of
spatial coherence on the equal thickness interference fringes. In the other kind of
interferometer for the measurement of the degree of coherence, known as the shearing
interferometer[17] a cube beam splitter is used to reflect and transmit equal amount of
light and a constant shear angle is introduced between them by rotating one of the
prisms forming the beamsplitter relative to the other. From the visihbility of the
interfering sheared wavefronts, the modulus of the degree of coherence is measured as

a function of the shear introduced between them.

In most of the methods discussed above, the phase of the correlation function
which can be obtained from the measurement of the position of the interference fringes
has proved to be far more difficult to measure with accuracy than its modulus, which is
related to the visibility of the fringes [3,21]. This leads to the problem of
reconstructing the unknown function of spatial distribution of the source irradiance
(Optical transfer function) or the spectral distribution of the source (Fourier transform
spectroscopy) from the measurement of the modulus alone [22,23]. Considering the
reconstruction of the spectral distribution of the source from the tempora
autocorrelation function, it is clear that under proper conditions of the time delay Tt «
T., (coherence time of the light) the phase of the degree of coherence (aux(t)) can be
simplified to give the effective phase difference (B12) between the light vibrations at
points Py and P, [3]. The error introduced by such an assumption in the exact
measurement of the spectral density of the source is small and its effectiveness has
been demonstrated long ago by Michelson [1]. Practical methods for determining both
the modulus and phase of the degree of spatial coherence using folded-wavefront type
interferometer are also available Kohler and Mandel [23] wusing such an
interferometer, have discussed two methods and their practical feasibility in the spatial
reconstruction of the source from the modulus of the correlation function. While the
technique proposed by Ohtsuka [24] aims at producing a temporal carrier by imposing
sinusoidal phase modulation on the wavefront to get the phase of the complex degree

of spatial coherence.



70

4.3 Effect of the degree of coherence on the radiated spectrum
Spectroscopy until recently is concerned only with two well defined categories
of light sources namely incoherent and coherent sources. Highly disordered emission
process from thermal sources is considered incoherent and a well stabilized laser
generates an highly ordered coherent emission. In a strictly statistical sense, coherent
and incoherent sources represent two extreme cases. However, in practice we
generally come across sources which are in-between these two extremes, known as
partially coherent sources. Spectroscopy of partially coherent sources [25] i.e,
sources that are neither completely uncorrelated nor fully correlated has gained
renewed interest in the last few years, since the development of the space-frequency
description within the frame-work of classical scalar theory of coherence. This new
description has led to the elucidation of a number of coherence phenomena and has

also predicted a variety of new effects [26].

Spectroscopy, was also based on the implicit assumption that the spectrum of
radiation emitted by a source is an intrinsic property of the source and is independent
of the location where the spectrum is measured. In other words, as the light
propagates through free space, its normalized spectrum remains unchanged. This
assumption however was found to be incorrect by Wolf [27]. It was shown that in
general, the spectrum of light from an extended source, whether a primary source (set
of radiating atoms or molecules) or a secondary source (obtained by passing the
radiation from a primary source through an aperture) depends not only on the
spectrum of the source but also on some of its statistical properties, characterized by
the second-order degree of spectral coherence [7]. Consequently the normalized
spectrum of light is in general, not invariant on propagation. This prediction was soon
verified experimentally [28] and since then has been demonstrated with the help of

many different schemes [29-31}°

To make the experimental demonstration and discussion on the effect of the

degree of coherence on the spectrum of radiation emitted from a sour ce attempted in

* Source correlation effects have been demonstrated degantly in the time domain using the field autocorrdation
function by Chopra and others. J Rai, S Rat and S Chapra, Phys Rev A, 47, 4400, (1993).
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this chapter complete, few important equations and the conditions which are already
derived in the chapter 2 are presented here. The field generated by any realistic optical
source will undergo random fluctuations in time which are characterized statistically in
terms of different correlation functions Let &(r,t) represent the field generated by a
fluctuating source. Assuming the fluctuations are statistically stationary, the

correlation function of the field at two space-time points is defined by
I(r,r,7)= (z'(r,,t)a(rz,l . t)) (4.3)

which characterizes the correlation in the space-time domain. To analyze the spectral
coherence properties of the field, it is convenient to use functions which characterize

correlations in the space-frequency domain. The Fourier transform of the egn.(4.3)
W(r,,r.,v)= Ir(rhr:,T)exp{ZmVI)dt (44)

is the cross-spectral density of the field. The cross-spectral density defined above is
itself a correlation function written in terms of the ensemble of random frequency

deDendent field variables as
W(r,,r.,v)= (e'(r1 V(TS \)) (4.5)

where the averaging is done over the ensemble of frequency-dependent functions. It is
important to note here that the functions e(r,t) and e(r,v) are not Fourier transform of
each other for time-stationary fields within the framework of ordinary function theory
According to the generalization of the Wiener-Khintchine theorem, the spectral density

of the field distribution is the diagonal element of the cross-spectral density i.e.,
S(r.v) = W(r,r,v) = (e"(r, vle(r. v)) (46)

Consider the field generated by two fluctuating sources located at points Py and
P, denoted by vectors r, and r, respectively that are statistically stationary Let
{e(r,v)} and {g(r,,v)} be the frequency dependent ensembles that represent the source

fluctuations. Let {g(r,v)} be the ensemble that represent the field at an observation
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point P(r) generated by the two sources. For sufficiently smdl sources, the realization
{e(r,v)} may be expressed in the form

e(r, v) = a(v)e(r, v) + b( v)e(r,, v) (47)

where a(v) and b(v) are the frequency dependent coefficients. The spectrum of the
field at the point P(r) is given by

S(r,v) = (e'(r, v)e(r, v)) (4.8)

where the angled brackets denote the ensemble average over the frequency dependent
variables. Substituting from eqgn.(4.7) into eqn.(4.8), wefind that

S(r,v) = !a|ZS(r, V) +

where S(r;,v) and S(r,,v) are the spectrum of each of the source distribution as defined

bl S(r,, v) +a" (V)b(v)W(r,, 1, v)+cc (4.9

by egn.(4.6) and the W(r,,r2,V) is the cross-spectral density of the source fluctuations
(egn.(4.5)) and c.c is the complex conjugate. Assuming the spectrum of each source

distribution to be equd i.e.,
S(ry,v) = 8(r,v) = So(v) (4.10)

and introducing the degree of spectral coherence at frequency v, which is a measure of
the correlation that exist between the two fluctuating sources to be given by the

formula

Ll(l'l s v) _ W(n 32 V)SO(V) (4.11)

the field spectrum given by the eqn.(4.9) is smplified to
S(r,v)= Su(vmal2 +[b* +a* (v)b(Vu(r,,r,, v) + ¢ c] 4.12)

To highlight the importance and the role of the complex degree of spectral coherence
and the effect it has in modifying the spectrum of the radiation emitted from the two

sources a P, and P, from an observation at a point P, we make a further assumption
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that the two frequency dependent coefficients a(v) and b(v) are equal. Then the
eqn.(4.12) reducesto

S(r,v) = 2Ja’ S,,(vil + Re{p(r, i v)}] (4.13)

where ‘Re’ denotes the red part From the above equation, it is clear that in the
specia cases when u(ry,r;,v) =0 i.e, when the two sources are mutualy completely
uncorrelated or when u(ry,r2,v) = 1 when they are mutualy completely correlated, the
spectrum of the field S(r,v) at the point P will be proportional to the spectrum Se(v) of
the source fluctuations However, in general, the two spectra S(r,v) and Se(v) will not
be proportional to each other, because of the presence of the degree of correlation
p(ri,r2,v) in theeqn.(4.13). Thusit is clear that the field spectrum observed a a point
P(r) may differ drastically from the source spectrum, the difference depends on the
behavior of the correlation coefficient p(ry,r2,v) as a function of frequency and will in
generd be different at different points in space also. This Smple derivation shows
clearly in a non-trividl way that source correlation can modify the spectrum of the
emitted field.

The spectra changes for example, may consist of narrowing, broadening, or
shifting of spectral line or generating severa lines from a single broad line etc.  Severd
examples of such spectral changes have been predicted theoretically [32-35] and
demonstrated experimentaly [36-39]. Some of the important work on these effects
are briefly discussed for completeness sake. Based on the above treatment, Wolf and
others [34,35] have predicted and discussed the red shift and blue shift in the spectrum
generated by sources with different degrees of correlation between them  The first
experimental demonstration of the shifts in the spectra lines due to source correlations
was made with acoustical sources by Bocko et al [28].

Also, the above discussion of the phenomenon is not restricted to radiation
from simple sysem consigting of two smal sources. It is gpplicable in generd to
radiation from extended sources, both primary and secondary of various kind. such as

illuminated apertures [39-41] or illuminated scattering media whose macroscopic
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parameters vary randomly in space [42] and time [43-47]. Correlation induced
spectral changes with two small apertures illuminated by partially coherent light was
first pointed out in a simple demonstration by Mandel [48] in his study on the cross-
spectral purity of light beams. Similar, conceptually simple demonstration of the
effects of source correlation on the spectra of radiation is achieved in the Young’s
interference experiment with partially coherent light, provided the bandwidth of the
light incident on the pinholes is sufficiently broad or its degree of spectral coherence
varies rapidly enough with frequency over the bandwidth [49,50]. Suitably controlling
the degree of spatial coherence of the source, it is possible to produce substantial
modifications in the spectra of radiated fields. Indebetouw developed an optical

system for synthesizing sources of prescribed coherence properties [40].

In al the above examples of situations leading to the spectral changes, no new
frequency component is generated by the correlation mechanism. Source correlations
produce either enhancements or reductions in the strengths of the different frequency
components contained in the original spectrum and hence the maximum spectral shifts

that can be produced are of the order of the effective width of the original spectral line.

4.4 Determination of the degree of coherence from spectral

measurements in a Michelson interferometer

Spectral interference fringes produced as a manifestation of the temporal
incoherence of spatially coherent light is known for a long time under different names,
e.g. Edser-Butler fringes [S1], channeled spectra [52], etc. The spectra changes
arising due to interference between two partially correlated light beams has been
studied in the frame work of optical coherence theory only recently [7,8]. It has been
predicted that from the spectral analysis of light in the region of superposition in a two
beam interference experiment, it is possible to obtain information about the spectral
coherence properties of the light fields. Experimental demonstration of the
measurement of the degree of spectral coherence utilizing the concept of spectral

visibility and spectral correlation was achieved later [53].



4.4.1 Theoretical details

The measurement of the degree of spectral coherence can dso be achieved
usng a Michelson interferometer (MI) or a Mach-Zehnder interferometer (MZI),
where the degree of correlation is varied with the help of the path difference between
the interfering beams [54]. Let {en(v)} represent the frequency dependent ensemble
[55] of the field input into the interferometer, which satisfies dl the usud conditions
for arandom fluctuating field. This beam is amplitude divided by a cube beam splitter
into {ei(v)} and {exv)} and directed into the two arms of the interferometer.
According to the principle of conservation of energy and assuming that the beam
splitter is non-absorbing, the Stoke’s relaionship between the reflectivity ‘r’ and

transmissivity ‘t’ can be written as [56]
ir|: +|t|2 =land " +r't=0 (4.14)

The output beam of the interferometer monitored at a point P(r) in the observation
plane is equal to the sum of the two fields after passing through the two arms of the

interferometer i.e.,
e(v) =&, (v)+e(v) (4 15)

where g4(v) and €,(v) are the fidds emerging from the two arms of the MI and are

related to the frequency dependent input field {ei(Vv)} as
£,(v)= a(v)e, (v) and
£.(v)=b(vle,.(v) (4 16)

where a(v) and b(v) are the frequency dependent coefficients, which depend on the
properties of the beamsplitter, on the path lengths the two beams travel in the two

arms of the MI and are given by

a(v) = rtexp(ikL, ) and

b(v)= trexp(ikL,) 4.17)
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where k = 2nv/c and Ly and L, are the total path lengths the light beams travel in the
two arms of the MI.  Using the eqn.(4.14), the two frequency dependent coefficients
given by eqn.(4.17) can be shown to saisfy the relation

lav) + (V) =1 (4.18)
The spectrum of the output field is given by
Sv) = <s'(v)e(v)> (4.19)

Using the eqns.(4.15), (4.16) and (4 17), the spectrum of the output field given by
egn.(4.19) can be smplified and written as

S(V) = [a(V) S, (V)+ (V)" S, (v) +2a" (Vb(v)S, (V)k,(V) (4 20)

where the So( V) is the input spectrum given by the ensemble average of the input field

i.e.,

$,(v) = (e (VEL (V) (4 21)
and the cross-spectral density of the two interfering beams is given by

(& (Me=(v) = (&2 (Ve (V) X S, (V.= (v) (422)

Assuming the beamsplitter to be r/t = 50/50, the reflectivity and the transmissivity are
equal to |r| = |t| = V2 Using this value and the egns.(4 17) and (4.18), it can be
shown that

;:a(v)‘: = |b(v}|1 = |r|1|t\: = % and
a"(v)b(v) =|r|" " exp[ik(L. — L,)] = ( ¥4)exp(ika) (423)

where A = L,-L, isthe path difference between the interfering beams. Substituting the
eqns(4.21), (4 22) and (4.23) into the eqn.(4.20), the spectrum of the output field is

given by the expression



S(v) = ( Y5)8o(V)[1 + Ref,,(v)} coy(kA)| (4.24)

where ‘Re’ is the real part and pi(v)is the complex degree of spectral coherence
between the two interfering beams in the MI and can be written in terms of the

modulus and argument [7] as
B (V) = (v expliB Lo (v)] (4.25)

In the above equation, Bix(Vv) is the phase of the degree of spectral coherence at
frequency v, which is also equal to the phase difference between the amplitude divided
light beams and can be assumed to be equa to zero as interfering beams have the same

phase. Using this, the eqn.(4.24) is rewritten as
- ( ] {l + ‘pl cos(kA)] (426)

From the maximum and minimum values of the envelope of the spectral modulations,
obtained for path delays A > L. (coherence length of the light beam), the spectral
visibility is deduced to be equal to the modulus of the complex degree of spectral

coherence i.e.,

o Saulv)=8..(v)
V=3 e P
A A
or V(l}ffm{ )+SME?«.) ‘Ul:(k)l

Also, from the egn.(4.26) it is clear that by recording the output spectral modulations
for different path delays A and the spectrum of the input beam by closing one of the
interferometer arms, the modulus of the complex degree of spectral coherence can be

experimentally measured using a MI. 1t is given by

(5,1

(V) = cos(kA)
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From the theoretical analysis developed in the chapter 2, the degree of coherence for a
planar, secondary, quasi-homogeneous dlit source is equal to the far-zone form of the
van Cittert-Zernike theorem and is given by eqn.(2.76). Neglecting the effect of the

height of the slit, it is written as

o)« 22

kpa

| ~ sin(B/A)
or |u,(A) = A{——— (4.29)
(BA) |
where, ‘k’ = 27/Ais the wavenumber associated with wavelength A, ‘p’ = (X;-X2)/R,
with (X;-X2) the average distance between the points for which the degree of spectral
coherence is calculated, R’ is its distance from the source, ‘a’ is the width of the

rectangular dit source, uniformly illuminated by an incoherent, broad band source ‘A’

is the constant of proportionality and ‘B’ = 2mpa.

4.4.2 Experimental

The experimental setup used for the measurement of the modulus of the degree
of spectral coherence is shown in Figure 4.1. A primary broad band source (25 W
tungsten filament lamp) illuminates uniformly and incoherently an aperture of width
300 um. The light emerging from this secondary source is collimated using a
condenser lens of focal length f= 18 mm. This is sent into the dispersion compensated
MI, consisting of a 50-50 cube beam splitter and two aluminium coated mirrors M, and
M; in the two arms The mirror Mz is mounted on a linear translational stage of
movement accuracy + 5 um. The beams after passing through the two arms of the MI
are combined back at the same beamsplitter. The two interfering beams are said to be
partially correlated depending on the delay introduced between them. The output
beam from the interferometer is focused onto the input dit of a 50 cm grating
spectrometer (JY, HRS-2) The output of the spectrometer is detected using a PMT

which in turn is connected to an ADC data acquisition card in a PC.
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Figure4.1

Schematic of the Experimental setup used for the measurement of
the modulus of the degree of spectral coherence.



Before recording the spectral fringes, it is made sure that the effects relating to
the practical construction of the interferometer does not contribute to the measurement
of the fringe visibility. By observing visually using a reflection grating, it is ascertained
that the spectral fringes formed for different path delays, do not suffer from the defects
in the quality and adjustment of the interferometer optical surfaces. The vibration of
optical components, leading to a blurring due to the overlapping of the displaced fringe
patterns is assumed to be minimum. Parasitic reflections resulting from unwanted
reflections is eliminated by using apertures of a fixed diameter of 3 mm one each
before the light enters the interferometer and before the superposed beam enters the
spectrometer, as indicated in the Figure 4 1. Though the spectral response of the PMT
and other components of the interferometer are not a constant over the entire visible
region, the non-uniformity does not affect the results as the measurements of the
degree of spectral coherence are made by comparing the appropriately normalized
spectral modulations when the two beams interfere, X) with the spectrum of the lamp

when either one of the arms of the interferometer is closed, So(A).

4.4.3 Results and discussion

As it is necessary to have a broad bandwidth for the source to observe
appreciable spectral changes because of source correlation effects, we have used a
tungsten filament lamp instead of the home built broad band dye laser discussed in the
last chapter. The emission bandwidth of the lamp is over the entire visible region from
380 nm to 750 nm. Some of the important constants of the source used in interpreting
the experimental results are: the band width of the lamp is dX > 400 nm, the emission
maximum Ay = 533 nm, the coherence length ¢t < 0.35 um and 8A/A¢ = 0.75, which is
much larger than the condition for the quasi-monochromatic light source. The spectral
modulations recorded for four different path delays between the interfering beams,
larger than the coherence length (L) of the source are shown in the Figure 4 2. It is
clear from the figure that the number of spectral fringes increases with the increase in

the path delay (A) between the interfering beams, in accordance with the egn.(4.26).
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White light spectrum and the spectra modulations recorded for different
path delays between the interfering beams. (a) A=0.18E-5 m, (b) 0.5E-5 m,
(€)1 25E-5 m and the spectradlosing the arms of the ML, (d) A=4.5E-5 m.
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In Figure 4.2 (€), the spectrum of the lamp recorded by closing either of the arms of
the MI are also shown, from which it is clear that the spectral intensity of the two
interfering beams are almost equal and the spectral modulations are only because of
interference between partially correlated beams. The path delay for each recording is
obtained by fitting the spectral fringes to egn. (4.26) taking an appropriate shape for
the spectral profile, So(A) with v = ¢/X. The least-square fitting procedure is used in
fitting the experimental data and the overall chi-square deviation is about 1E-2 for all
the fittings. It is worth noting here that the experimental results presented in this
section are for the interference between partially correlated beams satisfying the

spectral impurity condition mentioned previously.

Experimentally, the variation in the visibility of the fringes over the visible
region and hence the modulus of the degree of spectral coherence can be calculated in
two seemingly different ways: (1) the modulus of the degree of spectral coherence as a
function of wavelength can be calculated either from eqn.(4.27), by measuring the
maximum and minimum of the spectral intensity at different wavelengths or (2) by
using the egn.(4 28), where X) with v = c¢/X is the modulated output spectrum and
So(A) the input spectrum of the lamp are experimentally recorded and appropriately
normalized and A is the path difference between the interfering beams obtained
through fitting Figure 4 3 demonstrates the applicability of both these process for the
determination of the |le(7~)| using the M. From the experimental recording of the
spectral modulations for a path delay of about 12.5 urn, the maximum and minimum
values of the spectral intensities are determined at different wavelengths. This curve is
fitted using the eqn. (4.29) for the experimental parameters of a = 150 urn, X,-X; =
150 urn and R = 30 cm with ‘k’ = 21/A. The fitted curve is shown as dashed line in the
Figure 4.3 and the value of | ulg(k)l calculated from the experimental parameters is
0.8568 at X = 550 nm. Using the appropriately normalized spectral intensities,
| ulz(l)|cos(kA) is calculated from egn. (4 28). The experimental data and the fitted
curve using the previously determined value for | unz(l)l are also given in the Figure

4 3. It isclear from the figure and the value given that the fitted value and the curve
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Experimental data (dots) and the theoretical fit ( continuous line)
using egn. (4.28) for the real part of the complex degree of spectral
coherence. The fitted values are |,,=0.8083, A=1.2353E-5. Dashed
line is the fit for (A}, using eqn. (4.29).
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are found to be in close agreement with the value calculated using the experimental

parameters and data respectively.

In the M1, the variation in the fringe visibility is measured for different widths
of the secondary source width of p;y = 300 um, 1 mm and 2 mm for a fixed path delay
and spectrometer settings. In al the cases, the fringe visibility calculated at different
wavelengths are found to be the same. This is done to make sure that the spectral
visibility and spectral correlations in the MI does not get affected by an increase in the
finite size of the source though the theoretical equations are derived assuming a point
source. However, the degree of correlation can be changed either by varying the path
delay between the interfering beams or by controlling the resolution of the
spectrometer through their dlit widths and the speed with which the modulated spectra
are recorded. The superposed beam coming out of the interferometer is imaged onto
the spectrometer entrance dit with the help of a lens of proper focal length (f= 20 cm).
For the measurement of the visibility of spectral fringes, the entrance dit acts like a
secondary source (6x; = a) and the width of the exit dit (8x; = X -X3) determines the
distance between the points for which the degree of spectral coherence is calculated. It
is important to note here that when the degree of correlation is measured by varying
the path difference between the interfering beams, R’ is taken as the average distance
the beams travel in each arm of the interferometer, which is about 30 cm. This is
because, ‘R’ is interpreted as the distance the beams travel between the split and the
recombination at the same place in the beam splitter. Whereas, when the degree of
spectral correlation is measured as a function of the dit width variation of the
spectrometer, R’ is then interpreted as the average distance from the source (entrance
dit of the spectrometer) to the point where the degree of spectral coherence is

measured (exit slit) For the spectrometer used, this distance is about 50 cm.

First, the experiment is done for different path delays between the interfering
beams and for a fixed equal input and exit dit widths (8xy = &x2 = 5x) of the
spectrometer. The modulus of the degree of spectral coherence | p,z(l)l is measured
from the visibility of the spectral modulations using egn. (4.27) at different

wavelengths. Figure 4.4 gives the experimental data for the variation of the | unz(l)l
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Variation of the spectral visibility with wavelength calculated
using egn. (4.27), for a fixed slit width of the spectrometer
(Sx=100um) and different delays between the interfering
beams of the MI (a) A =28.5 um, (b)0.13mm, (c) 0.33 mm.
The experimental data arefitted to the eqn.(4.29) and the fitted
constants are compared with thevalues calculated from the
experimental parameters in Table 42.
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as a function of wavelength and the corresponding theoretica fittings for three
different path delays (A = 28.5 um, 0 13 mm and 0.33 mm) and for fixed, equd
spectrometer dit widths of 6x = 100 um. From the behavior of the | py(A)l with X for
different path delay between the interfering beams in the Ml, we conclude that the
degree of spectra coherence reduces for larger path delay or for lesser degree of
correlation for a particular setting of the experimental conditions, according to the egn.
(4.29). Table 4 1 gives a comparison between the fitted value B’ of the width of the
sinc-function for different delay (using egn. (4.29)) with the corresponding value
calculated using the experimenta parameters. The last column in the table gives the
reduction in the value of | wi2(A)] between the fitted and calculated values. This is
attributed mainly to the scan speed of the spectrometer which is kept fixed at 20

nm/mm irrespective of the number of fringes available in the entire visible region.

Next, the experiment is done keeping the path difference between the
interfering beams fixed and varying the dit width of the spectrometer. Figure 4.5 gives
the behavior of | uu(k)l for the fixed path delay of 0.33 mm and for three different
equal entrance and exit dit widths of 300, 400 and 800 um. From the figure it is clear
that, for a fixed number of fringes within the region of interest, an increase in the slit
widths of the spectrometer restilts in a decrease in the value of ! (A) | Larger values
of the entrance dit width, considered here as the secondary source leads to a reduction
in the fringe contrast because of the effect of more incoherent contribution from an
increased spatid incoherence. An increase in the exit dit width which determines the
distance between the points for which the degree of spectral coherence is calculated,
reduces the spectra vishility because of the overal reduction in the spectrometer
resolution The experimental data of spectral visihility given as a function of X are
caculated from the spectral modulations and using the egn. (4.27). The vaues
obtained by fitting the experimental data to the egn. (4 29) are compared with the
values cdculated from the corresponding parameters and are given in the Table 4.2.
As before the last column of the table gives the reduction in the degree of spectra
coherence between the fitted and calculated values.



Slit width | Path delay ‘A’ Fitted value of Experimental | Reduction
8x (um) A(m) value B = 2mtpa in
ll-llz(l)l
100 2.85E-5 | 0.96740.026 | 2.295E-7+1.16E-7 2.094E-7 1.096
1.29E-4 | 0.882+0.048 | 6.875E-7+6.01E-8 2.094E-7 3.283
327E-4 | 061840 113 | 6 315E-7+2.23E-7 2.094E-7 3.015
Table 4.1

Table giving the comparison between the fitted values using the egn.(4.29) and the
values caculated using the experimental parameters for a fixed dit width of the
spectrometer and different path delays between the interfering beams of the MI.  The
experimenta data and the fitted curves are shown in the Figure 4.4. The last column
givesthe reduction in the | py2(A) | value.
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Variation of the visibility or the modulus of the degree of spectral
coherence with wavelength for a fixed path delay A=0.33mm of the
MI and different equal dit widths of the spectrometer (a) 6x=300 um,
(b) 400 um and (c) 800 um.The experimental data (dots) are obtained
using the egn.(4.27) and are fitted to egn.(4.29) (continuous lines).The
fitted values compared with the experimental parameters are given
in Table 4.2.



Path delay | Slit width ‘A’ Fitted value of Experimental | Reduction
A(m) 8x (um) value B = 2npa in
Fui(d)!
3.27E-4 300 0.761+0.038 | 1.034E-6+3.176E-8 1.131E-6 0914
400 0.772+0.06 | 1.102E-6+4.556E-8 2.011E-6 0548
800 0694+0 068 | 1.372E-6+3 739E-8 8.043E-6 0.1706
Table 4.2

Table showing the comparison of the fitted constants with the values calculated from
the experimental parameters for afixed path delay between the interfering beams of the
MI and different equal dit widths of the spectrometer. The egn (4.29) is used for
fitting the experimental data, calculated using egn. (4.27). The corresponding data and

curves are shown in the Figure 4 5.




From the Figures 4.4 and 4.5 it is clear that, the modulus of the degree of
spectral coherence and hence the degree of spectral correlation between two points in
the far-zone is seen to increase for smaller separation between them, with narrower
width of the secondary source and for decreasing path difference between the
interfering beams. The difference in the values of the constants obtained from the
theoretical fittings and the experimental parameters as given in the Tables 4.1 and 4.2
are attributed to the changes in the modulation depth because of the random table
vibrations and the speed of the grating movement which is kept constant while
recording the modulated spectra, irrespective of the path delay or the number of

fringes in the region of interest.

4.5 Measurement of the effect of spectral correlation using the

Young's double slit experiment

Y oung's interference experiment is one of the simple and elegant ways to study
the spectral coherence properties of light [49,50]. The theoretical investigations and
experimental verifications concerning the effects of spatial coherence on the spectra of
optical fields has been going on for the last decade. It is now a well established fact
that the state of coherence of the radiation incident on the dlits can modify the
spectrum in the region of superposition in a Young's double dit experiment. The
spectral changes are small for narrow bandwidth of light and / or narrow dit widths,
whereas drastic changes can occur with broad bandwidth light incident on wider slits
and for larger distance between the secondary source and the double dit . Though the
available light intensity will in general be very less for a broad band radiation, the
observed spectral changes and hence the variations in the degree of spectral coherence
can be quite significant. This leads to the possibility that the correlation function in the
plane of the double dit can be determined from the measurement of the power spectra

instead of the fringe visibility [53]

The effect of the changes in the spectrum at the center of the Young’s

interference pattern is mainly due to two contributions. The first one is due to the



changes in the source spectrum due to diffraction at the individud dits (this happens
even if only one of the diits is open) and the second contribution which is of interest
here is due to the interference between the two beams and this depends on the state of
coherence of the radiation at the two dits. This arises because, the different spectra
components of the light beam used have different coherence properties a the double
dit and hence their contribution gives rise to spectral changes which is different in
comparison to the spectrum when only one of dits is open. It is to be noted here that
the spectral changes at the on axis point are not due to the dependence of the fringe
period on the tempora delay as in a Michdson interferometer.  While such a
dependence gives rise to the colored appearance of the interference fringes avay from
the center with a white light and the spectra composition of the light varies as we

andyze each single fringe.

4.5.1 Theoretical details

In the Young's double dit interferometer, let {e(n,v)} and {e(r>,v)} be the
ensemble of the frequency dependent realizations of the fields at the two dits Pi(ry) and
Py(r;) Thearea A of the two identical dits are assumed to be sufficiently smdl so that
the amplitude of the field can be taken to be effectively constant across each of them
and the angles of incidence and diffraction are near norma. The superposition
between the beams from the two dits is observed a a point P(r) in the plane a a
distance R from the two dits. Let L, and L, be the distances from the two dits at
Pi(r;) and Py(r;) to the point P(r) Thefield at this point on the screen is, to a good
approximation given by

g(r,v) = %[a(rl_v}e\cp(ikL‘ )+ & r:,\')exp(ikL_\)] (4.30)

Using the above equation in the egn (4 19), the output field spectrum at the point P(r)
isgiven by

5(v) =2 *A)'s, ({1 + - (feofia - B (]} @)



where, ‘k’ = 2nv/c and A is the path difference between the interfering beams at the
point P(r). Equations (4.21), (4.22) and (4.25) and the appropriate conditions are used
in smplifying the above equation. Apart from the constant proportionality factor, the
above equation implies the following results: (i) for any fixed frequency v, the spectral
density at the point P(r) across the observation plane varies sinusoidaly with the
amplitude and phase of the variation depending on the value of the degree of spectral
coherence miAv) and (ii) the output spectrum S(v) at a fixed point P(r) in the
observation plane, differs from the input spectrum S(v) depending on the degree of
spectral coherence of the light at the two dits [50].

For a symmetrical and spatialy effectively incoherent illumination of the double
dit separated by distance *b’ which is a a distance ‘r’ from the rectangular secondary
source of width 'a’, the degree of spectral coherence at the far-zone point, given by
eqgn.(4.29) can be written as

sin(7ab/Ar)

[
(1) = (rab/Ar) :A!L (B/2) |

(432)

where, A is the constant of proportionality and B = (mab/r) gives the width of the
sinc-function When the spectra density is measured at a point P(r) on the screen
which is a a distance *x’ from the axis of symmetry in the region of superposition,
assuming that the distance between the double dit and the screen R » x, and Ly ~ L,
~R, the path difference between the beams at the point P(r) is

A=L,-L,=(x4) (433)

Two cases of importance here are the effect of spectral correlation at the on-
axis and off-axis positions for different input secondary source width and separation
between the double dits, as function of frequency For the on-axis point of
observation, the path difference A between the interfering beams is zero and so the
eqn.(4.31) reduces to



S(v) = 2(%)15,,(\;‘] +Refu,x (V)]

or Refu,(v)} = [22(\(’1) - 1} (4.34)

where Re{ui2(v)} isthe red part of the complex degree of spectral coherence and is
given by

Re{“t:(")} = lu!;(VH CO#BII(V)] (4.35)
where B12(v) is the phase of p2(v).

For an off-axis point of spectral measurement, the egn.(4 31) can be expanded and

written as

S(v) = 2(_%}75‘,(\‘11 . Re{u]:(v)} cos(kA) + Im{ur:(v)} sin(kA)] (4.36)

where the real part of the complex degree of spectral coherence is given by eqn.(4.35)
and the imaginary part is given by

Imip, ()} = s (VY sin[B,. (V)] (4.37)

Thus, by taking advantage of the path difference between the interfering beams a the
point of observation P, the entire function of the complex degree of spectral coherence

Ly2(v) can be determined

4.5.2 Experimental

Schematic of the Young’s double dit experiment used to measure the spectral
correlation between two light beams a a point P in the observation plane is shown in
the Figure 4 6. A 25 W tungsten filament lamp (primary source) whose characteristic
vaues are given in the previous section, is used to illuminate a rectangular dit of

variable width 'a’. The light beam emerging from this secondary dit source is assumed
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planar and quasi-homogeneous. In the far-zone of this secondary source, at a distance
ofr = 20, 30 and 50 cm, the double dit with a variable slit width adjustment is kept. A
special type of mount designed for this purpose enables a symmetrical adjustment of
both the individual dlit widths and the separation between the center of the two slits
independently. The light beam emerging from the two dlits, interfere to produce a
fringe pattern on the screen kept at a distance of R = 50 cm. One more dit with
adjustable width is kept behind the screen to separate the specific fringe to enter the
spectrometer. This is then focused onto the input slit of the spectrometer using a
proper focal length (f = 20 cm) lens. The spectrometer is a 50 cm grating
monochromator with a photomultiplier tube PMT fixed at the output dit to measure
the spectra of the interfering beams. For al the spectral recordings done in this
section, the entrance and exit dit widths of the spectrometer are kept fixed at 100 urn.
The output of the PMT is connected to an ADC data acquisition card in aPC  The
dit, lens and the spectrometer are mounted on a translational stage to scan the entire

fringe system formed at the observation plane.

4.5.3 Results and discussion

In the Young's double dit experiment described here, we measure the effect of
partial correlation on the spectrum of the superposed beams capable of forming
interference fringes on the screen. The interfering beams in this case are termed
spectrally impure, according to the conditions specified in the chapter 2 of this thesis.
The superposed spectra S(A) and the spectrum of light from each individual slits
So(A),closing the other are recorded for two different separation between the double
dit ‘b’ = 0.1 and 0.09 cm at the on-axis point of observation for a fixed width of the
secondary source of ‘a’ = 001 c¢cm. They are separated by a distance of r = 30 cm
From the recordings, it is seen that the individual spectra recorded by closing either
one of the glits are the same while the superposed spectrum was different. By using
suitably normalized spectra, the rea part of the complex degree of spectral coherence

between the two partially coherent beams is calculated using the eqn.(4.34), with A =
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c/v. This experimentally measured behavior of the degree of spectral coherence is
fitted to the theoretical equation (4.35) with the | u.z(l)|given by egn. (4.32). Both
the normalized experimental data and the corresponding theoretical fitting are shown in
the Figure 4.7. The fitted constants are compared with the values calculated using the
experimental parameters are given in the Table 4.3 and the values are found to be in
close agreement with each other. The least-square fitting procedure used, gives a
overall chi-square deviation in the fit of about 5E-2 for al the fit. Scatter in the
experimental data is high because of low light intensity levels and hence noisy spectral

recordings.

By increasing the secondary source width ‘a’ or by increasing the separation
between the double slits ‘b’ for a separation of V = 50 cm between them, the real part
of the spectral degree of coherence at the on-axis point is found to vary drastically as
can be seen from the Figures 4.8 and 4.9 The real part of the complex degree of
spectral coherence for a fixed value of ‘b’ and different values of ‘a’or vice-versa are
calculated using the egn. (4.34) in the same way as mentioned before. The
corresponding fitted curves are also shown in the same figure and the fitted constants
given in the Table 4.4 are compared with the values calculated using the experimental
parameters. Observation of such a large change in Re{p2(A)} is possible because of
the broadband nature of the source spectrum, within which the degree of spectral
coherence changes appreciably. This effect is mainly because of more incoherent
contribution in the interfering beams with increasing dlit widths affecting the degree of
spectral coherence between the interfering beams drastically. This is evident from the
increase in the value of the phase factor Pn(v) of the degree of spectral coherence with
increase in the dit widths given in the last column of the Table 4.4. In al the above
recordings, the distance of the screen from the plane of the double dit is kept fixed at
R = 50 cm. It has also been demonstrated elsewhere that, using a different source
geometry can lead to a rapid variations in the degree of spectral coherence even with a

narrower source spectrum {57].

The experimental configuration is now fixed at ‘a’ = 0.01 cm, ‘b’ = 0.045 cm,

‘r'=20 cm and R = 100 cm so that one gets well separated colored white light
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On-axis measurement of the real part of the complex degree of
spectral coherence as a function of waveength for two different
double dit widths (&) b=0.1 cm, (b) 0.09 cm. The experimental
data are obtained using egn.(434) with appropriately normalized
spectra. The data are fitted to egn. (435) with (432) and the
fitted congtants compared with the experimentd values are given
intheTable43.



Doubledit A B' = (nab/r) C’ = BiAv)
separation ‘b’ (cm)
0.1 1.296 + 0.086 1.0E-6+ 1.361E-8 6.907E-7 + 3.687E-8
(1.047E-6)
0.09 1.085+0.884 | 9.987E-7 + 1.947E-8 | 6.380E-7 + 3.687E-8
(9.425E-7)
Table4.3

Fitted values for the behavior of rea part of the complex degree of spectra coherence
for afixed value of the secondary source width of ‘a”= 0.01 cm and distance between
the secondary source and the double dit ‘r’ = 30 cm at the on-axis position. The
values given in the brackets are caculated using the experimenta parameters. The

experimental dataand the fitted curves are shown inthe Figure 4.7.
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Behaviour of the real part of the complex degree of spectrad coherence

at the on-axis position for afixed separation between the double dit of
b=0.045 cm and different widths of the secondary source ‘a’ (a)0.006cm,
()0.015 cm and (¢)0.016 cm. The experimental data.obtained using the
egn.(4.34) arefitted to the egns.(4.35) and (4.32). Thefitted constants are
givenin Table4.4.
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Real part of the complex degree of spectral coherence as afunction

of wavelenth at the on-axis position,for a fixed width of the secondary
source of a=0.016 cm and different separation of the double dit '
(@) 0.038 cm, (b) 0.045 cm and (c) 0.05 cm. The experimenta data
obtained using the egn.(4.34) arefitted to the eqns.(4.35) and (432)
and the fitted congtants are given in Table 4.4.



a(cm) | b(cm) A B' = (nab/r) C'=Bi(v)
0016 | 0038 | 0654+0.143 | 3.675E-7+2.847E-8 | 8.899E-7+2.847E-8
(3.820E-7)
0045 | 2.180 £0.267 | 4.10E-6+6.176E-8 | 6.776E-6 + 7.669E-8
(4.524E-7)
005 | 2996+1.146 | 50E-7+7.993E-7 | 3.422E-6 + 5.059E-8
(5.027E-7)
0006 | 0045 | 3205+0.481 | 1.540E-7 £3.115E-7 | 6.912E-7 +3.619E-8
(1.508E-7)
0.015 2.752+0.168 | 4.052E-7 + 3.307E-8 | 3.261E-6 + 3.940E-8
(4.241E-7)
Table 4.4

Table giving the values of the fitted constants for different width of the secondary
source ‘a’ and separation between the center of the Young's double dit ‘b’ from the
measurement of the Re{p12(A)} at the on-axis position. The distances V = R = 50 cm.

The values given in the brackets are calculated using the experimental parameters. The

experimental data and the theoretical fit are shown in the Figures 4.8 and 4.9.
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interference fringes a the screen. By moving the detection system consisting of the
adjustable dit, lens and the spectrometer with the help of a linear trandation stage
across the colored interference fringe pattern, the spectral changes at different off-axis
positions as predicted by eqn.(4.36) is demonstrated. According to this equation, the
degree of spectral coherence now, has effect from both the red and imaginary
contributions from the secondary source and the double dit which leads to a drastic
reduction in the fringe vishbility and aso increase in the number of fringes as a
manifestation of the larger temporal delay between the interfering beams reaching the
observation point P. It is clear from the Figure 4.10 that as we go away from the axis
of symmetry denoted by the distance ‘x} the spectrum changes dragticaly and the
number spectral fringes increases in accordance with the increase in the path difference
between the interfering beams reaching that point. There is also a reduction in the
total intensity per fringe detected as we move away from the center which makes the
recordings noisy. Increasing the dit widths at this point reduces the spectra fringe
contrast as expected, because of the increase in the incoherent contribution from the

individua dlits.

4.6 Space-frequency equivalence and some applications

It is evident from the last two sections that, from a measurement of the spectral
digtribution in the plane of observation in a Michelson interferometer or Young's
double dit experiment, it is possible to determine the degree of spectral coherence
pi(v) of the light beam forming the interference. However, this information can also
be deduced by passing the two light beams through filters sharply tuned to the
frequency v or by using a monochromeatic light and by measuring the fringe vishility
and dhift in the position of the fringe maxima in the region of superpostion for
different path delays between the interfering beams  According to the principle of
space-frequency equivalence [58], there exists a correspondence between the
measurement of the degree of spectral coherence obtained at a fixed frequency v and
for different separations ‘b’ of the two dits (or two arms of variable ddlay in Ml) and
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Experimental recordings demonstrating the spectral changes in the Young's
double dit interference pattern, for different off-axis positions(a)x=0.45 mm,

(b) 0.9 mm, (c) 11 mm, (d) 1.35 mm, (€) 16 mm, (0 1.75 mm.
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the frequency analysis of the radiation from a fixed pair of dits (or fixed path ddlay in
MI) over the entire bandwidth in a multifrequency correlation system. In other words,
the correlation measurement done at a single frequency v for different vaues of
separation between the interfering beams is equivalent to the measurement over the
range of frequencies, obtained for a fixed separation [59]. This principle forms the
basis of atechnique known as bandwidth synthesis mapping in radio astronomy.

Apart from the application of the synthetic aperture imaging technique in the
optical region and in radio astronomy, the spectral correlation measurements in both
Michelson interferometer and Young's interference experiment are ussful in various
applications briefed in the following. Using the principle of interferometric equivaence
for the scding law of fidds, James and Wolf proposed a method to measure the
intengty distribution across the source [59]. This was confirmed later [60] from the
experimenta measurement of the Re{2(v)} in the plane of the double dit over a
broad range of frequencies. The single spectral measurement for a fixed separation ‘b’
between the dits is related to the Fourier transform of the intensity distribution across
the source. Also, from the spectra vishility measurements at off-axis points, which
show cosine modulations and from the period of the spectral visihility in the frequency
scae, the angular separation between the sources can be measured [61]. In the case of
MI or a MZI, the periodicity of the spectral fringes gives information about the linear
displacement [54] between the interfering beams. Recently, it has been demonstrated
that the size of the source can be determined by comparing the sum of the source
spectra with one of the dits open with the modified power spectrum obtained when
both the dits are open From the vaue of the wavelength where the two spectra

intersect, the size of the incoherent source is determined [62].
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CHAPTER 5

MEASUREMENT OF LINEAR DISPLACEMENT USING
SPECTRAL INTERFEROMETRY

5.1 Introduction

Increased interest in the theoretical study and experimental investigations of
coherence phenomena in the space-frequency domain [1,2] has widened the scope of
spectral interferometry as a versatile technique in different applications. Thisis mainly
because, many physicad phenomena involving the coherence properties of light are
more naturally described in the space-frequency domain [3-6] and the number and
variety of applications of interferometry in the spectra domain is fast increasing [7].
Wolf [8] and others have demonstrated that the spectrum of radiation emitted from a
certain class of sources shows a red shift or a blue shift in the spectra maximum or
cosinusoidal modulations of the output spectral intensity [9,10]. These changes in the
field spectrum of partially coherent sources depend on the source spectrum and its
statistical properties, characterized by the second-order degree of spectral coherence
[11]. Partidly coherent sources which are neither completely uncorrelated nor fully
correlated, have the uniqueness that the spectrum of light generated under suitable
conditions either changes or remains invariant in free space propagation [12].
Polychromatic sources of arbitrary degree of coherence have been experimentaly
synthesized to demonstrate the effects of source correlation [13]. It has been
theoretically predicted and experimentally verified that the spectral changes appear
pronounced in the case of two beam interference [14], diffraction of dtationary and
nonstationary wave fields [15,16], interference between two linearly polarized modes

of afibre waveguide [ 17}, etc

Absolute position-distance measurement by optical interferometry using either

a multiple wavelength [18] or white light source [19] are known for quite some time.



96

However, because of broad bandwidth of the white light source used, usualy the
group-velocity index must be included in the path length calculations [20] and
monochromatic sources suffer from the phase ambiguity problems and there is no
information to provide the absolute orders of the interference fringes. For the spectral
interferometers operating in the wavelength domain, a monochromator is used to scan
the wavelength across the source spectrum to provide interference fringes.
Alternatively, a dispersing element like a grating and a CCD array detector can also be
used in single shot experiments. Because of the controlled bandwidth of the source
spectrum, the path delay between the interfering beams can be calculated using the
simple fitting procedure discussed in this chapter without going through much of
complications encountered in the other techniques. Thus from the spectral analysis of
light in the region of superposition in a two beam interference experiment, one can get
information about the exact path difference or the absolute linear displacement

between the interfering beams from the periodicity of the spectral fringes [21,22].

5.2 Spectral modulations in the Mach-Zehnder interferometer

The spectral changes due to different degrees of correlation between the
interfering beams, has been investigated for the case of a broad band laser light. This
broad band light (details of which are discussed in the chapter 3) satisfies the condition

for quasi-monochromatic radiation
ieﬁ% = 0015 << (5.1)

Different degrees of correlation between the interfering beams can be achieved by
introducing a suitable path delay between the interfering beams of the MZI. Unequal
dispersion between the two arms from the beam splitter material is avoided, as it leads
to the characteristics of the spectra at the two output arms of the interferometer
different from each other The front surface coated beam splitters (R/T = 50/50) in the

MZI are arranged in such a way (see Figure 5.1) that material dispersion without any



sample in either of the arms of the interfferometer seen by both the beams and

monitored at the output arms of the interferometer are equal.

The spectral interference law for the superposition of two partidly correlated
beams has been derived to demonstrate the spectra changes in a broad band light
source incident on a Mach-Zehnder interferometer (MZI) [23]. For the broad
bandwidth source spectrum used in a two beam interferometer like a MZI, the degree
of correlation between the interfering beams can be changed easily by insarting glass
dides into one of the arms of the interferometer [21]. After adjusting the path
difference between the two arms of the interferometer to within the coherence length
of the source (I =40pum) introduction of a glass dide of sufficient thickness, increases
the path difference to more than the coherence length. As a result, spatid interference
fringes disappear and then if the spectrum of the output from the interferometer is
monitored, spectral fringes are seen. As the modulation frequency of the spectral
interference fringes are characteristic of the dday introduced between the two beams,
fitting the experimentally recorded spectra interferogram to the theoretically derived
spectral interference law, gives the exact value of the linear displacement between the
interfering beams. The refractive index of the glass plate used is assumed to be a
constant within the bandwidth of the spectrum Though the vibrations and other
disturbances do not invaidate the information that can be obtained from the spectral
interferogram as it happens in the time domain interferometry, an estimation of the
amplitude of vibrations from the theoretica fitting is tried. The sability of the
interferometer configuration is improved based on reducing the arm lengths and

modifying the dynamicaly stable Sagnac interferometer to suit our purpose.

Exact measurement of the linear displacement or thickness measurement from
the spectral modulations [24-26] is preferred to the usud method of time domain
interferometry (also known as Fourier transform spectroscopy) for the following

reasons:

In a two beam interferometer illuminated by a monochromatic light, the absolute

measurement of the optical thickness of samples inserted in one of the interferometer



arms whose thickness is more than half the wavelength of the light used is prevented
by the ambiguity of kA (k: integer and X: wavelength). This can be avoided in some
special cases either by moving one of the mirrors of the interferometer [27] or by using
two or more beams of different wavelengths to generate a Moire pattern [28]. In the
more general time domain interferometry using a broad band white light, the output
from the interferometer is composed of two out of phase wave trains derived from a
single wave train and delayed by the optical path of the sample introduced in one of the
arms [25]. Now, the path difference can be determined by analyzing the output using a
second interferometer of a variable delay [29-31] In this case, the main drawbacks
[32] are: (1) the signal oscillates very fast, having the periodicity of the mean
wavelength of the source as a function of the optical path, (2) a large number of fringes
must be recorded to obtain high spectral resolution, which eliminates the use of single-
shot technique like using a CCD array, (3) as most of the information is obtained from
the fringe contrast, sophisticated and kinematically stable interferometers with variable
path differences are necessary. All these disadvantages can be overcome by using a
spectrometer which performs the spectra analysis of the output from the
interferometer. Under the condition that the path difference between the interfering
beams is more than the coherence length of the source, the output of the spectrometer
gives a channelled spectrum, also known as spectral interferogram The frequency of
the spectral modulations directly gives information about the optical path because of
the sample introduced or the linear displacement between the interfering beams. Also,
from the amplitude of the modulations, an estimate of the stability of the interferometer

against vibrations and other disturbances can be made.

5.2.1 Theoretical formulation

For the Mach-Zehnder interferometer shown in the Figure 5 1, let ry, r; be the
reflectivities and t,, t; the transmissivities of the two beam splitters 1 and 2
respectively. The input beam from the broad band dye laser split by the beam splitter
1, goes through the two arms of the interferometer of path lengths L, and L, and are

combined again at the beam splitter 2. Output spectrum of the superposed beams from
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Experimental setup for measuring the linear displacement using aMZL.



the interferometer at one of the ports (Us or Uy) is monitored using a grating
spectrometer. For any realistic source, the randomly fluctuating source distribution
can be described by an appropriate statistical ensemble. Instead of an ensemble of the
usual time dependent realizations, we can represent the fluctuations in the beams by an
ensemble of the frequency dependent realizations introduced by Wolf [33]. Let
{ei()} and {€AV)lbe the ensembles that represent the source fluctuations at two
fixed points, assumed to be statistically stationary. The fields of the two frequency

dependent ensembles in the two arms of the interferometer are given by

€,(v) = a(v)e, (V)
€,(v) =b(v)e, (V) (52

where €a(V)s the input spectrum from the broad hand dye laser, a(v) and b(v) the
frequency dependent coefficients which depend on the properties of the beam splitter
and the path length taken by the two beams in the two arms of the interferometer, are

given by the expressions

a(v) = r, exp(ikL,)

b(v) = t, exp(ikL.) (53)

where, k = 2%V/€ and i and t1 are the reflectivity and transmissivity of the beam
splitter 1 Using the principle of conservation of energy for non-absorbing peam

splitters, the Stokes relations [34] for the reflectivity and transmissivity are written as

}r‘: +!r]: =

. e 5.4
rt +rit=0 54
From the abovetwo equations (5 3) and (5.4), it can be shown that
| 2 L
a(v) +[blv) =1 (5.5)

The output beam at the two ports of the interferometer (U and Uj) is the sum of the

statistical ensenable of the fluctuating fiedd from the two arms and is given by

U (v) = r,g, (v} £ 1,€,(V)
U.dwvi=te (vsre.dv)

(56)
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Assuming the beam splitters to have the same propertiesi.e, = =radt, =ty =t,
the output at both the ports of the interferometer give the same results and we
concentrate on the port Us only, for our further calculations. Using the egns.(5.2),

(5.3) and (5 6), we get for the output field at the beam splitter 2

U, (v) =[r* exp(ikL,) + t* exp(ikL, )l (v) (5.7)
The spectrum of the output field is given by

S(v) = (U (WU, (v)) (5.8)

where the asterisk denotes the complex conjugate and the angular brackets denote the
ensemble average over dl the frequency dependent variables. On substituting the

egn.(5.7) into egn.(5.8) and simplifying, we get for the output spectrum

S(v) = (%)S‘,(v){l +CO{2TA +9H (5.9)

In deriving the above equation, we have taken the real part of the ensemble average,

Irl=11tl=1v2 <€ " VIER(V)> = So(v), is the spectrum of the input beam, A = L,~L,
is the path difference between the interfering beams, et = exp.(i0) is the additional
phase change because of the transmission and reflection inhomogenieties at the beam
splitters and mirrors and which is independent of the path lengths traveled in the two
arms. This phase term can be neglected in further calculations for light beams traveling
through similar optical components. The real part of the complex degree of spectral
coherence Re{2(v)} has been taken = 1 as a consequence of the analysis done in the

last chapter.

Equation (5 9) is the interference law for the MZI configuration given in the
Figure 5.1. We can see from this equation that, when A/c > T. (the correlation time)
there will be cosinusoidal modulations in the output spectrum and larger the path
difference, more will be the spectral modulations. The dye laser spectrum So(v)
obtained by closing one of the arms of the interferometer is fitted to an appropriate

envelope function [21]. The spectra modulations obtained for different degrees of
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correlation between the interfering beams are fitted using eqn.(5.9) to get the exact

value of the path difference A.

Limi:ationsThe minimum distance Amn that can be measured using this technique is
limited by the spectral band width 8Aof the dye laser source. A minimum number of
atleast two periods of the interference fringe pattern has to be detected to
unambiguously calculate Amin from the total phase variation 8¢ across the spectral

fringe pattern [19]. The interference phase is then given by
— 2mvA
§=2mvl/ (510)

and the total phase variation within the spectrum should saisfy the condition,

8¢ = 2n(4/Jov > 21 (5.11)
Where, 2rdv = ch[ﬁ% ,] (5.12)

Using the above two equations, the condition for the minimum measurable distance is

given by

Apn = \’AJ (5.13)

Where A is the mean wavelength of the source.

The maximum distance Ams that can be measured is limited by the spectral
resolution (8A) of the spectrometer. At the resolution limit, atleast three independent
samples should be recorded per period of the interference signal [35] to determine the
path difference between the interfering beams. The phase difference between the two

spectrally resolved fringes is given by condition

8¢ = 4::(%)5\;“, <2 (5.14)

Using eqn.(5.12) in the above condition, the maximum measurable distance, in terms of

the mean wavelength A, and the spectral resolution of the spectrometer A becomes



A = (A%A ‘J (5.15)

The spectral resolution of a grating spectrometer, calculated using the standard grating

formula is,
Ay = R=mN
51, = R= V4 (5.16)

Where, m is the diffraction order of the grating, N is the number of grooves on the
illuminated area of the grating. It is assumed that the true resolving power R of the
grating is two times less good than the theoretical resolving power. The grating
spectrometer used in our experiments for which the diameter of the illuminated area of
the grating is 70 mm having 1200 grooves/mm, working in the first order, the practical
resolving power is calculated to be 42,000. For the peak wavelength of the dye laser
ofdo =579.5 nm, the spectral resolution limit dAg =0 014 nm.

5.2.2 Experimental measurement of linear displacement using a

broad band laser source

The path difference between the two arms of the MZI is first adjusted by
moving the beam splitter 2 and one of the mirrors M, so that spatia interference
fringes are seen on a screen. At this point, the we can say that the difference in the
arm lengths are equal to within the coherence length of the source (I. = 40 um). All
the optical components of the interferometer are fixed onto the table and from now on,
the correlation between the interfering beams is changed by introducing glass slides
into one of the arms. As it is experimentally quite difficult to place the beam splitter
and the mirror in a MZI to arrive at the exact zero path difference between the two
arms, we started with a path difference close to zero and introduced glass slides into
the arm 1 of the interferometer. After one glass plate, we could make sure that by
introducing more plates into the same arm, the path difference between the arms

increases without going through the zero path difference. This way, both the absolute
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displacement between the interfering beams and the path difference between the beams
for two thickness of glass plates introduced can be exactly measured. Thickness of
each glass slide, measured manually using a screw gauge is ‘t” =~ 150 ym. The
refractive index of these microslides measured using a white light source and an Abbe
refractometer js ‘n’ = 1.521. These values together correspond to an optical path of nt

= 228 pum by introducing one microslide into the interferometer arm.

The broad band dye laser used has already been described in detail in the
previous chapter 3  The oscillator with a fully reflecting broad band mirror and a glass
plate as the cavity elements and a single stage amplifier are pumped by the second
harmonic (532 nm) of a Q-switched NdY A G laser. The Rh 6G dye used gives a peak
emission wavelength ofAy - 579 5 nm and the bandwidth (FWHM) obtained by fitting
for a Gaussian profile and corrected for the Gaussian random process is 8A = 8.7 nm.
The spectral resolution of the 50 cm grating monochromator (JY, HRS-2) in the
Czerny-Turner configuration is calculated to be 8Ag =~ 0.014 nm. From these values
and using the eqns(5.13) and (5.15), the maximum and minimum values of the
displacement that can be measured using this technique are: Amac= 3.7 mm and Ami
38 um Using a broader spectral width for the source like a tungsten filament lamp or
a SLD (super luminescent diode), the measurement range of the interferometer can be

increased

First, it is visually confirmed that the number of spectral fringes at the output of
the interferometer increase with the number of glass slides introduced in the aalm 1 of
the MZI, by using a reflection type grating and projecting the dispersed interference
pattern onto the wall The output beam from one of the arms (Usz) of the
interferometer is then passed through the monochromator and the output from the
PMT at the exit dit is sent to a chart recorder (Packard 611) for recording the spectra
The recorded spectra are digitized and fed to a PC for data processing. The fringe
spacing observed in our experimental recordings of 0.4 to 2.3 nm between consecutive
maxima fall well within the range of the resolving power of the monochromator (0.014

nm). The spectral modulations recorded and digitized with 5 glass slides in the aam 1



of the MZI is shown as dots in Figure 5.2 (a). The corresponding path difference
calculated using values mentioned previously and the formula (n-1)Nt,where N is the
number of glass slides is 390.75 urn. The recorded spectral modulations are fitted to
the egn. (5.9) with v = ¢/A, using |east-square fitting routine written in FORTRAN to
get the exact path difference (A). Assuming the refractive index 'n' to be constant
over the bandwidth of the spectrum (560 - 580 nm), the fitted value for the path
difference A = 403 um. The theoretical fit is shown as continuous line in the same
Figure 5.2(a). The spectral modulations and the corresponding theoretical fit for three
additional glass slides introduced into the same arm are shown in Figure 5.2(b). The
path difference calculated from the experimental parameters 234.45 urn is in close
agreement with the value obtained from the fit of 240 um. In both the cases, there is a
maximum difference between the experimental and fitted values of the path difference
of about 4%. This difference is attributed to the inaccuracy in the manual
measurement of thickness of the glass slides and the initial non-zero path difference
with which we started the experiment. The accuracy of the estimated A values depend

on the accuracy with which the theoretical fittings can be carried out.

A comparison of the path difference calculated by fitting the spectral
modulations to the theoretically derived egn. (5.9) with an already known technique is
attempted to substantiate our claim that, the technique used here gives values for the
path difference with better accuracy.  The Fourier transform of the spectra
interferogram recorded for a particular path delay between the interfering beams gives
the spatial interferogram [36] and from the separation of the autocorrelation peaks, the
path difference between the two interfering beams can be obtained. Thefirst peak near
the origin corresponds to the autocorrelation of the first beam and the distance
between the first peak and the second peak gives the optical path difference between
the beams The spectral modulations recorded for a fixed path delay between the
beams shown in the Figure 53 (a) is first fitted to the eqn. (5.9) to get the path
difference of A = 39.838 um. The chi-square error involved in the fitting is as low as
1E-3 which is evident from the closeness with which the experimental data and the

theoretical fit match. Now, talcing the fast Fourier transform of the experimental data
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gives two autocorrelation peaks (Figure 5.3 (b)) and from their separation, the path
difference between the beams is calculated to be 29.358 um. The difference in the
values is due to the resolution of the spatial interferogram which is expected to be less

than 10 um.

5.3 Effect of vibrational stabilization on the spectral interferogram

For any interferometer stability is one of the most important requirement. A
study of vibrations and other disturbances which generally spoils the interferometer
signal is one of the most useful applications of interferometry. The most common
disturbances that affect the stability of the interferometer are the air turbulence,
thermal drifts, surface vibrations etc. [37]. Because of the instability of the optical
components of the interferometer to al these effects, there is no fixed phase
relationship between two interfering beams, i.e., under same physical conditions, the
fringe pattern due to different laser shots are not the same and this results in a poor
fringe contrast. Pulsed laser interferometry (PLI) has generated considerable interest
for probing short time phenomena [38] One of the advantages of using PLI is that it
solves the synchronization problem in detecting weak signals [39]. In a two beam
interferometer (for example MZI), the two optical beams traverse two separate optical
paths before recombining. Though the use of different optical paths is advantageous
for various applications [40-42], it does not allow for self compensation of unwanted
surface vibrations and the inplane component of the vibrations decreases the fringe

contrast.

Vibrations of the interferometer parts relative to each other leads to different
effects, depending on the frequency spectrum of the disturbance, their amplitude, the
method of determining the path difference and the measuring time. Low frequency
vibrations i.e., the vibration period smaller or comparable with the measuring time, can
be considered as drifts and their influence can be reduced by averaging independent
measurements. High frequency vibrations can lead to visibility losses of the

interference pattern if the integration time of the detector is greater than the period of
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the vibrations.  Other disturbances like air turbulence which is quasi-random is
character can be offset by averaging independent measurements or working in a
perpendicular optical arrangement. Thermal drifts can also influence the whole setup
and its effects can be minimized to a large extent by using a CCD camera, which

reduces the recording time.

Stabilizing the laser interferometer using electronic devices works well only for
cw laser interferometers [43). The electronic devices compensate for the changes in
the optical path caused by vibrational displacements in the optical elements. The
conventional Fourier transform interferometers used for displacement or thickness
gauge measurements using a monochromatic or a white light source requires kinematic
stabilization of the interferometer geometry to a fraction of a wavelength. The
complementary technique of spectral interferometry however gives spectral
interferogram which can be recorded in a single shot mode by photographic method or
a using a CCD detector. The small fluctuations in the optical path do not erase the
spectral interferogram, although they reduce the fringe contrast if their time scale is

shorter than the recording time.

5.3.1 Analysis of vibrations

The experimental recordings of the spectral modulations (Figure 5.2) do not
have their minimum going down to zero though the eqgn.(5.9) that is used to fit it
predicts a zero minimum One of the reasons for this discrepancy is found to be due to
the vibrations of the table [21]. Thus, the modulation depth analysis of the spectral
fringes gives a quantitative estimate of the amplitude of vibrations and of the reduction

in the fringe contrast.

(i) Effect of arm length: The effect of vibrations on the interference fringes are felt
more with longer arm lengths of the interferometer. To verify that the observed
reduction in the modulation depth of the spectral fringes is due to the vibrations of the
table, the experiment is carried out for three different arm lengths of the MZI: L =L,

or Ly = 10, 30 and 50 cm. From the recordings shown in the Figure 5.4, it is clear that
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the modulation depth decreases with increasing arm length. The fringe contrast or the

visibility (V) is calculated at a particular wavelength X using the Michelsons’ definition

S M) -=S_ (A
V( )_ \ ) ( )

- 5.17
S +S_ (R) (6-17)

The values, calculated at the peak wavelength of the recordings for the three arm
lengths are: V = 0.9901 (for L = 10 cm), 0.747 (30 cm) and 0.5786 (50 cm). As the
effects of the table vibrations are more predominant for longer arm lengths, it is
confirmed that the surface vibrations modulate the arm lengths randomly leading to
variations in the path difference and hence a reduction in the modulation depth for
longer arm lengths. A further improvement is possible by arranging the interferometer
on a vibration isolation table. For the simple case when the mirror M, suffers a
translational shift (dx, 5y) because of the vibrations, the extra optical path difference
for the MZI is given by [37]

A, =|L, - L, +(& + &) =& + & (5 18)

For a purely translational shift, 5x = 6y and hence A, = 25x. Introducing this random

variations in the path difference due to vibrations and using v = % the egn. (5.9) is

modified as
S(A) = (%)s”mi’ 1+ coq&[m +A, )ﬂ» (5.19)

Taking different amplitude values for A., the above equation is used to fit the spectral
modulations given in the Figure 5 2. From the theoretical fit, the maximum amplitude
for the path length change due to random vibrations obtained is A. = 0.0016. This
indicates the sensitivity of this technique to measure the vibrations of even small
amplitudes. When the path difference between the interfering beams A is slightly more
than the coherence length giving less number of spectral fringes, the fringes are
observed to be quite sensitive to vibrations and air currents because of the changes in

the optical path lengths leading to continuous shift in the peaks. Also, while recording
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the curves for different arm lengths, precaution is taken to ensure that the beam
diameters are the same. By inserting an aperture of diameter d = 2 mm before the
beam splitter 1 for the arm length of L = 30 cm it is seen that the modulation depth
increases to 0.769. This increase is attributed to the spatial coherence of the broad

band laser light entering the interferometer.

(i) Modified Sagnac interferometer: Improvements based on the Sagnac
interferometer (SI) configuration [44], where the two interfering beams travel along
identical path but in opposite directions is also tried to stabilize the interferometer
against disturbances. The advantage of the Sl is that, any disturbance acts on both the
counter propagating beams simultaneously to cancel out the effect, making the
interference pattern relatively insensitive to vibrations. As it is only the spatia
interference pattern we get in a Sl, the beams are shifted either in the horizontal plane
or vertical plane so that they take different optical paths but are very close to each
other. This would essentially lead to the effect of any disturbance almost equal on both
the interfering beams and thereby increasing its stability compared to the MZIL
However, the path difference between the interfering beams to get spectral
modulations of different fringe spacing is achieved by inserting glass slides into one of
the shifted beams [45] Based on the derivation of the equation (5 18), the extra path
difference because of vibrations of the table for a Sagnac interferometer can be written

as
A, =|L - L, +2(& - &) =2y - & (5.20)

Comparing this equation with eqn (5 18), it can be seen that in the MZI the overall
shift in the interferometer plane is an addition of the linear displacements 5x, Oy
Whereas in the S| because of the counter propagation of the two interfering beams, the
effect of the translational shift between the two beams are subtracted. Thus, the
overall effect of vibrations on the interference fringes is reduced in the modified S
making it less sensitive to vibrations than the MZI The spectral modulations recorded
for the modified rectangular SI configuration shown in Figure 55 (a) of total path

length L = 30 cm and a horizontal separation between the interfering beams of ‘s’ =
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7.5 mm, gives a visibility of 0.816. Decreasing the separation between the beams to
2.5 mm, increases the value of visibility to 0.865. This increase is because, for smaller
horizontal separation between the interfering beams, the performance of the modified
S| approaches that of the dynamically stable and auto compensating SI. Modifying to
a square Sl improves the visibility further to 0.912. The effect of vibrations on equal

arm lengths will be less than that for unequal arm lengths of the interferometer.

As mentioned before, the effect of air turbulence can be minimized by working
in the vertical geometry of the interferometer. Arranging the square Sl in the vertical
shifted configuration as shown in the Figure 5.5 (b), there is a definite increase in the
visibility value of the spectral modulations to 0.952. All these modified Sl
configurations have a total path length of 30 cm and reducing it will increase the fringe
contrast further, as discussed in the section on the effect of arm length. The final plot
of the visibility of the spectral fringes for all the different interferometer configurations
discussed so far is presented in Figure 5 6. An overall analysis of the results makes it
clear that, by proper selection of the interferometer configuration, arm lengths and
spatial coherence of the source, one can achieve an amost perfect cosinusoidal
modulations as expected from the theoretical equations. It is also made sure that in all
the spectral recordings used to get the visibility, the number of fringes within the band
width of the recordings is the same making sure that the effect of the amplitude of
vibrations estimated, is the same for dl interferometer configurations. Even after al
modifications and refinements in the interferometer configuration, a perfect visibility of
1 could not be achieved. This could be due to the combined effect from the
inhomogenieties in the mirrors, beamsplitters and also the complex degree of spectral

coherence between the interfering beams and the resolution limit of the spectrometer.
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Plot of the spectral visibibty for different interferometer configurations.
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CHAPTER 6

SPECTRALLY RESOLVED WHITE LIGHT
INTERFEROMETRY FOR SIMULTANEOUS
MEASUREMENT OF THE REFRACTIVE INDEX AND
THICKNESS.

6.1 Introduction

Study of the interference effects in the space-frequency domain is substantialy
different from the study in the space-time doman though the basic eguations are
smiler in their form.  Recently, there is been an increasing interest in the theoretical
and experimenta investigations of number of coherence phenomena in the space-
frequency domain [1,2]. As has already been amply discussed and demonstrated in the
earlier chapters of this thesis, the interference between two amplitude or wavefront
divided beams occur irrespective of the path delay between the interfering beams. The
effect is manifested as periodic spetia variation of intensity or as spectrd variations
depending on whether the path difference between them is less or more than the
coherence length of the source respectively [3-8]. The spectra interference
phenomenon giving rise to spectral modulations for different degrees of correlation
between the interfering beams has been sudied theoreticaly [7,9] and verified
experimentally[8,10]. The periodicity and characteristics of these spectral fringes
depend on the way the interfering beams are correlated and on the bandwidth of the

source used.

Dispersion measurements are usualy done either by measuring the centroid of
the interference pattern produced with a Michelson interferometer and a filtered white
light source at different wavelengths [11-13] or by measuring the refractive index at
different selected monochromatic wavelengths [14,15] and fitting the experimental
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data to Cauchy, Sellmeier or Conrady equation to obtain the empirical dispersion law
over the entire spectral bandwidth [16-19]. However, these methods encounter with
difficulty in the realization of high wavelength resolution [20,21] and the phase
ambiguity associated with using a monochromatic light source [22]. The method of
spectral measurements using a white light interferometry can overcome these
difficulties and has advantages mentioned in the previous chapter over the time domain
measurements. This technique is capable of high precision, high spectral resolution
and absolute measurement of the optical constants of the material by making use of the

entire bandwidth of the white light source [23-30] for the measurements.

The amplitude and the frequency of the spectral modulations depend on the
degree of correlation between the interfering beams, in particular on the absorptive
and/or the dispersive nature of the delay introduced between the interfering beams. In
this chapter, the effect of normal dispersive material like a glass plate or a polymer film
and an absorbing material like dye solution, introduced into one of the arms of a
dispersion compensated Michelson interferometer (MI) is studied over the entire
visible region using the spectral interferometry technique. A detailed description of the
experimental setup highlighting the importance of the different parts of the setup and
recording of the spectral interference fringes with different samples are given. This is
followed by a brief note on some important theoretical equations necessary for
describing the behavior of the spectral interference pattern with a normal dispersive
material in one of the arms of the interferometer. The experimental parameters
determining the maximum and minimum measurable optical path difference is also
given. But as we will demonstrate, our method is not restricted by such conditions and
has practically infinite dynamic measurement range. After introducing a glass plate or
a coated polymer film into one of the interferometer arms, the variable arm of the MI is
moved to make the group optical path difference between the interfering beams equal.
From the characteristics of the spectral fringe pattern obtained after introducing the
transparent normal dispersive material, its optical constants n(X) and ‘t’ can be
estimated to a very high accuracy of the order of 10" [31] through theoretical fitting.

The versatility of this measurement technique is demonstrated by using materials
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having different values for the optical constants and is been found to be practicaly
limitless [32,33]. A single shot, real time, non-destructive measurement of the
refractive index of the material over the entire visible region of the spectrum and the
simultaneous measurement of its thickness is the highlight of this technique. It has also
been proposed as an alternate to the more expensive ellipsometer and other
measurement techniques which are tedious and have limited measurement range.
Depending on the wavelength at which the group dispersion between the two
interfering beams are made equal one can see a stationary fringe denoted by ‘As’ This
gives an estimate of the variations in the phase difference between the interfering
beams around the stationary phase region, as a function of the wavelength. Finaly, a
brief qualitative discussion on the effect of amplitude modulation on the spectral
interference fringes because of introducing an absorbing sample into one of the
interferometer arms is given. From the changes in the spectral visibility, the absorption

of the sample can be calculated.

6.2 Experimental details

6.2.1 White light source

The white light from an ordinary tungsten filament source, also known as
quasi-thermal or Gaussian light is often categorized as incoherent light. However, the
white light remains coherent over temporal delays of the order of its coherence time (t.
~ femtoseconds), the shortness being due to the ultrafast Gaussian statistical
fluctuations. In the linear correlation type of experiments with slow detection systems
for dispersion measurements presented here, it is not possible to distinguish between
the experiments done using a short coherence length femtosecond laser source [34]
and an ordinary bulb, getting aimost the same information [35,36] with the advantage
of simplicity and affordability. Thus a white light source, used in combination with a
standard Michelson interferometer has received increased attention as a valuable tool
in the study of the dispersive properties of optical materials. The main interest being

the measurement of the group-delay dispersion and higher order dispersion as most of
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the optical components used in sophisticated femtosecond laser systems are restricted

by proper selection of materials.

6.2.2 Interferometer

A simple dispersion compensated Michelson interferometer is used in our
measurements. As the work is done in the frequency domain, where the dispersive
effect of material studied is of importance, it becomes necessary to compensate for the
unequal material contribution due to optical components other than the sample, like the
beam splitter and mirrors. Dispersion compensation between the interfering beams is
achieved either by using a cube beam splitter or if a surface coated plate beam splitter
is used, a compensating plate of the same material should be kept in the appropriate
arm of the MI through which the light beam travels less of the material. One of the
mirrors is kept on a linear translation stage and by moving it, optimum number of
spectral fringes within the region of interest can be obtained for any arbitrary value of a
constant Lo. The flexibility in selecting the required path difference between the
interfering beams, makes it possible to extend the useful dynamic measurement range
of the technique in measuring different thickness samples. This flexibility is also useful
to observe the stationary fringe at any wavelength within the spectrum, where the

group velocity between the two arms of the interferometer is compensated.

6.2.3 Samples

(i) Glass slides: The optical properties of glass are important in many applications
from the practical every day use in windows to the more critical lenses for cameras to
the recent technological applications in fibres for optical communications There are
hundreds of glasses available for use in the visible region. Oxide glasses, free from
transition metal oxides and certain other coloring agents are very transparent in the
visible, near UV and near IR regions of the spectrum. The refractive index of glass
varies with wavelength. This variation can be considerable and it is necessary to have

accurate information on the variations in the visible, near UV and IR regions for
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different applications of glass in optical systems. Moreover, very high tolerance levels
required to make good qudity optical glass, requires the ability to make precise
measurements of the refractive index.

The glass that is used in the experimental study are commercidly available
microslides and glass plates and are generally used as substrate for coating polymer
films. The glass samples are first thoroughly cleaned before making the measurements.
The bulk refractive index of these norma dispersive materials are measured by the
spectrally resolved interferometric technique using a white light source over the entire
visble region. The surface and bulk inhomogenieties of the sample are found to affect

our measurements and a separate estimate of them can be possible.

(i) Polymer films: Thin dielectric films have many applications in microelectronics
[37], as planar waveguides for processing of optical signals by modulation, switching,
frequency conversion and in a variety of nonlinear optical devices and applications
[38,39]. To make the best use of the thin films for devices, it is necessary to know the
specific optical properties of the material like the real (dispersive) and imaginary
(absorptive) parts of the refractive index at different wavelength regions, its anisotropy
and the film thickness. A variety of techniques are available for the measurement of
the refractive index and thickness of thin films [40-43], most of which are destructive

techniques and are limited in their effective measurement range.

Depending on the materid and the coating mechanism, the refractive index and
thickness of the film could vary from place to place. Conventional methods of thin film
coatings are vacuum evaporation [44], sputtering [45], ion implantation [46], etc. For
coating thin polymer films on a glass substrate, the technique of deposition from liquid
solutions is used [47] The method involves dow evaporation of the solvent, followed
by heat treatment a dightly higher temperature so that the solvent evaporates
completely and at the same time, the sample does not decompose. Such solution
deposited films have been used for the thin film light guiding experiments [48] and thin
film ring laser systems, when doped with organic compounds like Rhodamine 6G laser
dyes[49].
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The polymer films are coated on a glass substrate of known refractive index
(over the entire measurement region) and thickness. First, the glass plates are
thoroughly cleaned with soap water and methanol and are blown dry with pure
nitrogen. Care is taken while preparing the polymer solution. 0.3 gms of
commercialy available polyvinyl acohol (PVA) is dissolved in 10 ml of distilled water.
The solution is gently warmed to make a clear, homogeneous mixture and is poured
onto the previoudy cleaned glass plate after filtering. In spin coating technique, the
glass plate with the polymer solution is fixed onto the shaft of an adjustable speed dc
motor. By using solutions of different concentration and/or by adjusting the speed of
the motor, polymer films of different thickness can be coated. In doctor-blade
technique, after pouring the polymer solution onto the glass substrate, the plate is fixed
on a horizontal platform which has pardle railing with a blade fixed to it. After
adjusting the height of the blade and moving it over the sample, excess solution from
the glass plate is taken off, leaving a uniform layer of the film. Here, different
thickness films are achieved by adjusting the height of the blade. By a proper
combination of the solvent and slow evaporation process, it is possble to achieve
smooth and uniform films. The coated glass plates are kept in an oven a 40°C for
about 2-3 hours to make sure that the solvent is completely removed. Similar
procedure is followed to prepare the thin films of polystyrene (PS) dissolved in xylene
and polymethyl meta acrylate (PMMA) dissolved in toluene. By coating dightly
thicker films and with a fast evaporation rate, the coated films can be eesly peded off
from the substrate and can be used as free sanding films for their optical

characterization.

A schematic of the compact experimental setup used for the simultaneous
measurement of the refractive index over the entire vishble region, n(A) and the
thickness ‘t” of a transparent sample introduced into one of the arms of the Michelson
interferometer is shown in the Figure 6.1. The source used isa 25 W tungsten filament
lamp (the spatia, tempord and spectrd characteristics of this lamp are mentioned in
detail in the previous chapters of this thesis). This lamp illuminates a pinhole of

diameter ~ 300 um, which acts as the secondary source. Light beam emerging from
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Schematic of the compact expenmental setup used to measure the
refractive index and thickness of transparent materials, using the
technique of spectral interferometry.
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the pinhole is collimated using a proper lens combination or a condenser lens of focal
length, f= 18 mm. An aperture of about 3 mm diameter kept in the collimated beam
uses only the spatially filtered central portion of the light, which is verified to have
plane wavefront using a knife-edge experiment. This beam of light is sent inside a
standard, dispersion compensated Michelson interferometer (MI). The 50-50 cube
beam splitter, amplitude divides the input light beam and sends it into the two arms of
the interferometer. The two aluminium coated mirrors M; and M, reflect the two
beams back into the same path and they interfere at the same point in the beamsplitter.
The beams traverse atotal length of Ly and Ly in the two arms of the MI. The mirror
M, is kept fixed, while the other mirror My is placed on a linear translational stage of
movement accuracy = 5 urn. A special mount with an aperture of variable diameter is
made for the purpose of keeping the sampled area of the material introduced in one of
the interferometer arms, fixed. One more aperture of the same diameter is kept at the
exit of the interferometer to select only the central part of the superposed beams.
Light emerging from the interferometer is imaged onto the entrance dit of a 50 cm
grating spectrometer (JY, HRS-2) in Czerny-Turner optical configuration, which is the
dispersing element used in our experiment. A photomultiplier tube (PMT) is used as
the detector at the output of the spectrometer and is connected to an ADC data
acquisition card, fixed in a personal computer. The spectral modulations over the
entire visible region are recorded by scanning the grating in the spectrometer and by
simultaneously collecting the corresponding intensity values through the detection

system.

6.3 Theoretical background

Two beams, amplitude divided from a single input light beam, by a 50-50
beams splitter are made to interfere at the same point after they pass through the two
arms of the MI. Spectral analysis of the interfering beams gives information about the

path difference existing between them. S(r,A), the spectrum at a point P(r) at the input
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dit of the spectrometer given by the spectral interference law for the partialy coherent

beams in the M1 (eqn.(4.20)), with v=c/A is

S(r,A) = [’ (5. 2) + b0 s (r,)
T 428 ()b (6 )T (r 0 Re[u,z(r,x)exp(imm%)

where, a(A) and b(A) are the wavelength dependent coefficients that depend on the

(6.1)

properties of the beam splitter, S(r,A) and S®(r,A) are the individual spectra of light
from the two arms of the interferometer 1 and 2, recorded by closing the other arm,
'Re' is the real part, pir, A) isthe complex degree of spectral coherence, ‘a’ is the
phase of the interference term, which is weakly dependent on the wavelength and the
dimensions of the source and can be neglected and ‘A’ is the path difference between
the interfering beams. Simplifying the eqn.(6.1) further using eqns. (4.23) and (4.25)

we get

S(r,A) = (%J{s"’(r_x) +80(r,2) +2y/S"(r, A)s“’(r,1)|u,1(r,1.)|cos(2u%)} (6.2)

where, the argument B 1(r,A) is taken to be zero for interference between same
wavefronts in the ML, The visibility of the spectral modulations can be obtained from

the above equation to be

8l A)-80(r.2)
S (LA) + S0 (r.1)

[T,

S"(r,x) +8%(r,1)

V(r,A) =

For a dispersive sample kept in one of the arms of the interferometer, the spectra of the
interfering beams are almost equal and reduction in the visibility of the spectral
modulations is because of the reflection losses at the sample, spectral coherence
properties of the interfering beams and the effect of table vibrations. Whereas an

absorbing sample kept in one of the arms reduces the spectral intensity of that beam



depending on the strength and region of absorption of the sample. Hence, according
to the egn (6 3), the vishility of the spectra interference fringes reduces due to
interference between beams of unequal spectra intensity, in addition to the above

mentioned reasons.

Because of the large bandwidth of the source used, the dispersive contribution
of the sample introduced in the light path affects the interference fringes as a result of
the refractive index change over the entire vishle region. Thus the optica path
difference between the two interfering beams because of the purely dispersive sample
introduced in one of the arms, for each wavelength within the bandwidth of the light

can be written as
A(A)=n(r)2t-L, (6.4)

where n(A) is the refractive index of the material introduced in the interferometer arms,
‘t’ is its thickness and Lo is an arbitrary path length introduced to get either the
stationary fringe point within the region of the spectrum or to get well resolved
spectral fringes within the region of observation. The explicit equation form for the
refractive index as a function of wavelength for normal dispersive materias like glass
and polymers which do not have any absorption in the visible region of the spectrum is
given by the Cauchy’s dispersion relation [50]

n(x) = [c +(%,)+ (%)} ©5)

Though Cauchy's dispersion relation holds good satisfectorily for the case of
normal dispersive materials and is useful from a practica point of view, fitting of the
refractive index data by the improved Sellmeier dispersion relation for opticdly
transparent materials can give more accurate results for both glass and nonglass
materials [16,51]. The five constant Sellmeier equation is written in a smplified form

as

n(3) = Ax* +BY +C +(D4:) +(E4) (6:6)



in both the equations (6.5) and (6.6), A, B, C, D, and E are the dispersion constants,
characteristic of the material and which are determined from the fitting process. It is
also clear from the equations that the refractive index is a function of wavelength X and
using it along with eqn (6.4) in egn.(6.2), one can see that the corresponding spectral
modulations show a variation in the periodicity of the fringes with A. The constant Lo
can be chosen such that the total phase difference or the group dispersion between the
two interfering beams becomes zero at some wavelength within the bandwidth of the
spectrum, where one can see a broad fringe with the periodicity of the fringes changing
on either side. Experimentally this is achieved by translating the mirror M, and visually
observing the fringes with a grating. From the discussion given in the chapter 5, on the
limitations of the technique in measuring the path delays between the interfering

beams, the minimum path delay given by eqn.(5.13) is

o oo [’“ﬂ%) ©.7)

where Agis the mean wavelength and 8X is the bandwidth of the source. For the white
light source that is used in the experiment, Ao = 530 nm and dA = 194.4 ran, the
minimum path delay that can be measured is about 1.4 um. The maximum measurable
path delay depends on the resolution capability of the spectrometer and is given by

egn.(5.15)

I [7‘%&”] (6.8)

where, 8A, is the maximum resolution limit of the spectrometer used to analyze the
spectral fringes. For the 50 cm grating spectrometer used for the experimental
measurements, dAs = 0.014 nm and hence the maximum measurable path delay is 3.12
mm. However, these theoretical limitations can be overcome by making use of the

arbitrary path delay Lo introduced in the egn.(6.4), as will be demonstrated |ater.



6.4 Results and discussion

6.4.1Normal dispersive materials

First, the MI is digned with the help of a broad band dye laser (coherence
length ~ 40 um) to have spatia interference fringes. By doing this, it is possible to
arrange the path difference between the two arms to within an accuracy of < 40 urn.
After this initial alignment, the laser light is replaced by the collimated white light of
much shorter coherence length (0.35 urn). The appearance of the spectral fringes is
visually monitored with the help of a grating (Bausch & Lomb, 600 grooves /mm,
blazed a 54°) and reducing the path delay between the interfering beams.  After
getting the white light spectral fringes, recording the spectrum of the lamp by closing
either of the interferometer arms in turn and the spectral modulations for an arbitrary
path difference between the interfering beams.  Without any sample in the
interferometer arms it is made sure that the two beams are of almost equa intensity
and there is no unequa dispersion between them, affecting the periodicity of the
fringes. The corresponding experimental recordings are aready given in the chapter 4
(Figure4.2).

(i) n(X) and t of glass dides: After the initial exercise of getting the spectral fringes
and making sure that the materid dispersion are the same in both the arms of the
interferometer, a 150 um thick glass dide is introduced into one of the arms of the M1
The spectra modulations recorded now shows a clear change in the modulation
frequency of the interference fringes right from 380 nm to 750 nm of the spectrum,
which is a function of the refractive index over the entire visible region and the
thickness of the sample. Now, by moving the mirror M, of the interfferometer and
visualy observing the spectra fringes with the help of the grating, the stationary phase
point denoted by A, is brought to some point at the center of the visible region where

the condition

A(A)=n(r,)2t-L,=0 (6.9)
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is satisfied. This stationary phase point corresponds to the wavelength where the
group dispersion between the two arms are equaled for an arbitrary value of the
constant Lo Observation of this position is a test for equal optical paths [52]. The
validity of the condition for equal optical paths, A = 0 for the group paths of light in
the two arms of the MI at some wavelength Aq implies that the phase-time difference x
(=A/c) is stationary at some wavelength X = A4 i.e., any change of fringe position with
X has a stationary value at that wavelength. This position is identified from the
recorded spectral fringes by the fact that the regular fringes are normal to the direction
of dispersion whereas at the stationary point, the fringe becomes parallel to this

direction at the particular wavelength X*.

To verify the accuracy involved in our study, different thickness and different
batch glass slides and plates are introduced into arm 1 of the interferometer. Figure
6.2 shows the spectral recordings for different thickness of the glass plates. The

experimental data are fitted to the equation

s(v) = }4}90(7&){1 + V(J\)co{zm(l%” 6.10)

where A(A) is given by eqn.(6.4) with the dispersion relation egn.(6.5). The above
egn (6 10) is the simplified form of the egn (6 2), using eqn (6 3) and assuming that the
two interfering beams have equal spectra. An appropriate form for the spectrum of the
lamp, So(A) is used in the fit. The theoretical fitting is done using the least-square
fitting program written using SIMPLEX algorithm in FORTRAN language. From the
fit, the values of the thickness and the three dispersion constants of the Cauchy's
relation are directly obtained. The refractive index (at X = 633 nm) and thickness of
the different glass samples introduced into the interferometer arm, along with the
dispersion constants (C, D, and E), stationary phase point (X*) and the value of the
arbitrary constant Lo are listed in the Table 6.1. The overall chi-square deviation
between the data and the fit is as low as 1E-3 for our fit, which is evident from the

closeness with which the theoretical curvefit the experimental data (Figure 6.4).
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Experimental recordings of the spectrd modulations (dots) for
different thickness glass plates kept in the arm 1 of the MI and
the corresponding theoretica fit(continuousling)using egn (6.10).
(a) =150 urn, (b) 300 pm, (c) 450 um, (d) 15 mm. The fitted
constants aregiven inthe Table6.1.




Experimental Number of glass dides
parameters
and optical
constants
1 2 3 15 mm
A (nm) 437.449 518.152 512.68 523.623
Lo (um) 236.765 468.466 702.95 2264.199
t (um) 149.989 299.975 449.973 1443.917
C 1.508523 1.508522 1.508538 1.521600
(1.512002)*
D 2.899964E-15 | 2.899963E-15 | 2.899979E-15 | 2.4999964E-15
(2.30996E-15)
E 2.85007E-29 2.850064E-29 | 2.85022E-29 -5.207E-29
(4.950039E-29)°
n (at 633 nm) 1515938 1.515937 1515953 1521924
(1.518075)"
Table 6.1

Table giving the summary of the experimental parameters and material constants
obtained from the theoretical fitting. The thickness of each glass didet * 150 um.
The values of the fitted constants denoted by asterisk sign are obtained for a separate

fit of the corresponding curve.
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The value of the dispersion constants of one glass slide calculated over the
entire visible region of the spectrum are used to fit the spectral modulations recorded
with more number of glass slides of the same material and from same batch introduced
into the interferometer arm. The experimental recordings and the corresponding
theoretical fit are shown in the Figure 6.2 (a-c). It isclear from the figure that the fit is
quite good for al the three thickness of the glass slide. A variation in the fifth decimal
place ( £ 1E-5) for the fitted constants is found to affect the theoretical fit appreciably.
The uniqueness of the n(A) and ‘t’ values are studied by varying n(A) and calculating
‘t’ and vice-versa. From this, it is concluded that with our fitting routine an accuracy
of+ 1E-5 in the refractive index n(A) and thickness ‘t’ (in um) can be achieved. Figure
6.2 (d) shows the experimental data and theoretical fit for a 1.5 mm thick glass plate of

a different make.

On a closer inspection, it can be seen from the Figure 6.2 that the theoretical fit
matches better with the experimental data in the Figures 6.2 (b) and 6.2 (c) but does
not match well with the data in Figure 6.2 (a) especially in the higher wavelength
region. Though al the glass slides are from the same batch, we could see a difference
in the dispersion constant values. A separate fit for the 150 um glass slide (Figure 6.2
(a)) istried and the values of the new fit are given in the Table 6 1 marked by “*’. This
clearly indicates that the technique is sensitive enough to see a small variation of 0.002
in n(A) at 633 nm between samples of the same batch. Using the dispersion constants
obtained from the theoretical fit, the refractive index curve over the entire visible
region is generated, as shown in the Figure 6.3 for the two different glass samples used

in our experiment.

From the Figures 6.2 (a-d) it can also be seen that the width of the stationary
phase region is reduced as the thickness of the glass plate is increased. This variation
in the width of the stationary phase region is more clearly seen from the Figure 6.4,
where the variations in the modulus of the phase difference |¢(X)| = 2rnA(A)/A
between the interfering beams is plotted as a function of wavelength over the entire

visible region The minima for | &(A)| are seen to occur at A« and the variation of the
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Figure 6.3

Refractive index of the glass plate introduced in the interferometer
arm, as a function of wavelength generated using the dispersion
constants obtained from the theoreticd fitting (a) t= 150 pm,
(b) 15 mm.
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Plot of the phase obtained from the spectral modulations for different
thickness of the glass plate introduced into the interferometer arm.
The minimum in the curve phase point corresponds to the stationary
phase point ().
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phase function with wavelength around A = 0 is steeper for thicker materials and the
variation is much slower for thinner materials. As a result, it can also be concluded
that the periodicity of the fringes for a particular A increases with the thickness of the

material.

(i) m(A) and t of polymer films: After measuring the refractive index over the entire
visible region and the thickness of a glass plate using the method described above, the
same glass plate is used as the substrate for coating thin polymer films of different
material and thickness. Now, without disturbing the interferometer the glass plate is
taken out and reintroduced after coating it with the PVA polymer film. A specia
mount designed for this purpose takes care of the fact that we are sampling the same
location in the glass plate so that the effect of surface and bulk inhomogenieties of the
substrate can be neglected. Comparison of the modulated spectra recorded with the
glass plate alone and after coating with the polymer film as given in Figure 6.5, shows
the following interesting features: (1) the stationary phase point (Ay) is red shifted, and
(2) there are more number of fringes in the region of observation as a result of the
excess path seen in the arm where the sample is introduced, by the light beam passing.
The modulated spectrum obtained with the PVA film coated on the glass substrate is

fitted with the equation

S(r) = (yz)su(x){l % V(l)co{zm[ﬁ(h) i AWJ{J} (6.12)

where A’(A)is the extra path difference taken by the light beam with the coated
polymer film. While fitting, we have used an improved and more realistic five constant
Sellmeier dispersion relation (egn.(6 6)) for both the glass plate and the polymer film to
get better accuracy in the calculated optical constants. The values of the dispersion
constants, refractive index and thickness of the glass plate and the PV A film calculated
from the fitted constants are given in Table 6.2. As before, the accuracy are estimated
from the theoretical fit of the experimental data and the values are found to be accurate
to <+ 0.1 nmfor ‘t’and + 1E-5 for n(A). Table 6 2 also gives the values ofA, for the

glass substrate alone and after coating with the PVA film and the visbility of the
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800



Constants | Glass plate PVA PS PMMA PF
(average)
A -1.35640E20 -1.37E20 -1.370E20 -1.370E20 9.98649E19
B 4.40640E7 3.6596E7 5.65960E7 5.6596E7 1.00015E7
C 151210 1.500991 157651 1.483863 15005
D 3.23853E-15 | 2.59450E-15 | 2.50004E-15 | 1.81373E-15 | 3.65049E-15
E 9.99981E-29 | 9.99998E-31 | 2.98196E-29 | 7.98013E-29 | 1.22549E-29
n (at 633 1520793 1.507468 1582941 1.488891 1509707
nm) (1587)
t(m) 9.99981E-4 | 333116E-7 | 3.23062E-7 1.54365E-6 | 3.99975E-5
(3.237E-7)
\% 0.68 0.60 0.65 0.45 0.025
Au(nm) | 567.624 575.079
578.424 581.699
551.117 572.425
Lo 1.546076E-3 6.4999E-5
6.9001E-5
Table 6.2

Table giving the experimenta parameters and the optical constants obtained from

theoretica fitting for the glass substrate and the polymer films. The vaues given

within the brackets are from the ellipsometer measurements.
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spectral modulations. The n(X) and ‘t’ values are also tabulated for other polymer
films like PS and PMMA having different thickness depending on the coating
mechanism. Substituting the values of the dispersion constants obtained using the
theoretical fit, the dispersion curves are generated for all the polymer films and the

glass substrate used and are shown in the Figure 6.6.

The estimated value of the refractive index at some fixed wavelength (X = 633
nm) for the different polymer films are compared with the values available in the
literature [42] and are found to agree reasonably well. To compare the accuracy of
these results, the ‘n’ (at X = 633 nm) and ‘t’ are measured using an ellipsometer For
the measurement, the back surface of the glass plate was properly grounded first to
eliminate the reflections from the second surface of the glass plate. The values

>

measured are given in the same Table 6.2, denoted by ‘*’. Approximate value of the
thickness of the sample is found before hand from transmission measurements. The
ellipsometer study could not give the refractive index and thickness values for the PV A
and PMMA films as their refractive indices are either close to or lower than the glass

substrate.

To demonstrate that the technique developed here, has better flexibility and
larger dynamic range for the measurement of the refractive index and thickness, we
have used commercially available thin polythene films. These films are fixed free
standing and unsupported on a mount and placed in one of the arms of the
interferometer adjusted to approximately zero path difference. Because the filmis thin
and the bandwidth of the source is less than the optical path difference introduced by
the matenal, there is no significant change observed in the recorded spectrum. This
limitation is overcome by moving the mirror to an arbitrary position so that there are
sufficient number of fringes within the spectrum. These spectral modulations are fitted
using the egns.(6.10), (6.4) and (6.6) to get the dispersion constants of the free
standing polythene film. The experimental data and the corresponding theoretical fit
are shown in the Figure 6.7 (a). It can be seen from the figure that the modulation
depth of the spectral fringes are less. This is because of the surface and bulk

inhomogenieties of the material, which increases the scattering loss for the light beam
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Spectral modulations with a bare polymer film in arm 1 of the M1
Dots are experimental data and continuous line is the theoretical
fit (eqn.(6.10).The fitted constants given in the Table 6.2, except
L0 are the same for both the fitting.
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in the arm 1. To confirm that the arbitrary path length introduced in one of the arms of
the interferometer via Ly does not affect the value of the dispersion constants
estimated, we repeated the experiment increasing the value of Lo. The fitted values of
the dispersion constants and the thickness are the same as the values obtained for a
different value of Lo and are given in Table 6.2. Figure 6.7 (b) gives the experimental
data and the fit for a different value of the arbitrary constant Lo used to increase the
path difference and hence the number of fringes. The refractive index curve for the
free standing polythene film, generated using the fitted constants is given in the Figure

6.6.

6.4.2 Absorbing materials

The effect of free propagation on the spectrum due to interference between
two partially coherent optical fields and the changes in the periodicity of the spectral
modul ations due to the introduction of normal dispersive material in one of the arms of
a white light spectral interferometer have been discussed in detail in the chapter 3 and
this chapter.  Recently, there has been some significant theoretical work done
regarding the effect of an absorbing medium on the propagation of partialy coherent
beams [53,54] The significant result of such a study is that the degree of coherence is
found to increase with the propagation of the beam at each frequency of the radiation
Here, we discuss the effect of an absorbing medium kept in one of the arms of a MI, in
reducing the spectral visibility of the interference fringes [27]. The method briefly
discussed here, is a novel technique to determine the optical constants (n,k) of the
material from the measurement of the spectral interference fringes with an absorbing

sample.

The absorbing sample introduced in one of the arms of the interferometer
reduces the available spectral intensity of the beam in the absorption region of the
material. This spoils the condition of having equal spectral intensity of the two beams
to form good contrast interference fringes over the entire region of interest. As a

result, there is a decrease in the amplitude of the spectral modulations proportional to



the concentration of the solution and the path length the light beam travels in the
material before interfering. If A is the amplitude of the input light which passes
through an absorbing cell of length T having a solution of absorption coefficient ‘o’
and concentration ‘C’,then the amplitude of the light emerging from the cell ‘A’ is

given by the Beer’s law
A = A, exp(-aCl/2) (6.12)

As a result of the absorption of one of the beams, the interference fringes
appear amplitude modulated. By measuring the decrease in the spectral visibility, the
absorption spectrum of the sample can be obtained. Also by increasing the number of
fringes within the absorption region, the absorption behavior of the sample can be
more closely monitored. This is achieved by moving one of the mirrors Mz of the MI

and this arbitrary constant is included in Lo while fitting it to the theoretical equation.

Figure 6.8 shows the amplitude modulated spectral fringes with a dilute
Rhodamine B (Rh-B) in methanol solution kept in acell of 1 cm path length in the arm
1 oftheMI. The figure also gives the spectra of the two interfering beams recorded by
closing the other arm of the interferometer As can be seen, the absorption of the Rh B
dye is asymmetrical in shape which makes our analysis slightly difficult. The
neodymium nitrate solution has an approximately Gaussian shaped absorption
spectrum and hence is used to demonstrate our technique. In Figure 6.9 (a) the
amplitude modulated spectral fringes are shown for a 0.05M solution of Neodymium
nitrate in water (Nd(NO3) xH,0). The sampleiskept ina 1 cm cell inthe arm 1 of the
MI. By varying the path delay between the interfering beams, different fringe spacing
are obtained for the same solution as shown in the Figures 6.9 (b) and (c). This is
fitted to a modulated absorption spectrum of the form given in eqn.(6.10) assuming a
Gaussian absorption spectrum. From the figure it is also seen that the modulation
frequency of the spectral fringes remain a constant and hence it can be concluded that
the dispersive contribution within the absorption region is the same and hence the
refractive index of the material is taken to be a constant over the region of recording,

having a value of about 1 335 The absorption peak of the sample is around 581 nm
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Demondration of amplitude modulation of spectrd fringes by keeping
dilute RhB solution in one of the arms of the MI1.(a) spectral modulations,
(b) spectrum of the lamp by closing the sample arm,(c) spectrum, closing
the other arm of the interferometer.
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which corresponds to the transition ‘Igfz — 4Gm, 2Gm)f the Nd. Using the fitting
procedure described in the previous sections, the experimental curve is fitted and from
the fitting, the absorption curve is calculated. From this the corresponding dispersion
is calculated by differentiating the fitted curve and both are shown in the Figure 6 10.
The advantage of this technique is that, from a single spectral recording over the entire
region of interest, one can get both the dispersive contribution, from the periodicity of
the spectral fringes and the absorption contribution from the reduction in the spectral

fringe visibility.
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CHAPTER 7

MEASUREMENT OF THE INSTRUMENT FUNCTION OF
A SPECTROMETER

7.1 Introduction

Instrument function is a measure of the intensity distribution in the output plane
of a spectroscopic system assuming the input to be an ideal sharp isolated spectral line
[1]. It is very essential to know, apart from the resolution limit of the spectrometer
also the complete instrument function for the measurement of the exact line profile of
spectral sources. The resolution properties of a spectral device can be completely
determined considering a perfect monochromatic line representation. The instrument
function of a spectrometer is defined by its response o(v-v') to a perfectly
monochromatic spectral line represented by the Dirac function 5(v-v'). For an
apparatus illuminated by a spectral line of spectral energy distribution S(v) (the source
function), the spectral energy distribution recorded, s(v) is a convolution of the source

function by the instrument function i.e.,
s(v) = [S(V)o(v-v)dv (7.1)

or this may be written as
s(v) = $(v)@a(v), (7.2)

where ® is the symbol for convolution. Two monochromatic lines are said to be
resolved when their frequency separation Vi-vi is greater than a certain value dvg
which is of the order of the width ‘w’ of the instrument function o(v), where Bv,,is the
effective limit of resolution. For simplicity in the analysis of results, it is assumed that

dve = w Where, for example ‘w’is the full width at half maximum (FWHM) of a



Gaussian curve or the distance between the maximum and the first zero for a
diffraction curve. The resolving power of the spectrometer is defined by ® = v/Svy
and the effective resolving power is obtained by taking into account al the
characteristics of the device which contribute to the width of the instrument function

o(v).

Typically, the instrument function remains a constant over a broad range of
frequency. Over the spectral region where the instrument function does not change,
the spectrometer acts similar to a linear system. If the input varies sinusoidally with
frequency, the output is also sinusoidal, but with lesser modulation depth. The ratio of
the output to the input modulation is known as the spectrometer transfer function,
which is the normalized Fourier transform of the instrument function {2,3]. This
quantity is analogous to the optical transfer function (OTF) of noncoherent imaging
systems [4]. The OTF gives a powerful way to evaluate the image performance of an
optical system, and it has been applied to lens systems in many ways. Lohmann was
the first to apply the concept of OTF to plane grating with different kinds of ruling
errors [5]. Depending on the amount of aberrations or the region of spatial frequency
considered, the OTF of grating spectrometers have aso been evaluated based on the

geometrical optics or wave optics treatment [6].

Real spectral apparatus [7] like a spectrometer is not an idea harmonic
analyzer of radiation i.e., the distribution of energy over the spectrum obtained with
the help of a spectrometer differs from the ideal distribution. The distortions are due
to different reasons. Among them, the important ones are: (i) change with the solid
angle of the slits of the spectrometer, (ii) of its dispersion, (iii) of the angular and linear
magnification, (iv) of the sensitivity of the radiation detector etc. The dlits have to be
infinitely narrow in an ideal spectrometer, but for infinitely narrow dlits, the throughput
of light into the apparatus is very small and it is difficult to work with real measurable
quantities. As the limiting resolution for any spectrometer is imposed by its finite dit
width, it also leads to distortion of the output spectral distribution. Thus, it becomes
important to characterize the spectral instrument for least distorted output spectrum

under the actual working conditions.
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Although several names are given in the literature to describe the contribution
of the function o(v) (defined by egn. 7.2), in this text we use the general terminology
of instrument function or its Fourier transform modulation transfer function (MTF).
The description of the effects of two important distorting factors like the dlit width and
the resolution limit variations of the plane grating spectrometer are used to
characterize the instrument from the observed distribution of illumination assuming
vanishingly small effects of other distorting factors. The MTF is also known as the
spectral transfer function [8] when it is measured for a dispersing system as a function
of the dlit width of the spectrometer or as spectral modulation transfer function [9]
when the measurement is made as a function of the number of fringes or the optical

path difference of the interferometer used for the measurement.

7.2 Measurement techniques

Increasing interest in the applications of high-resolution spectroscopy and the
advances made in the spectroscopic systems makes it necessary to evaluate the
performance of the measuring instruments  Although the resolving power is used as
one single measure of the performance, the instrument function is more useful and
provides a more powerful means to analyze the spectrographic details. The instrument
function of dispersion spectrometers, which is our prime interest here is determined by
the dit image [2]. In a scanning spectrometer, the instrument function is given by the
convolution of the dit image and the detector aperture and its full width is equal to the
sum of the detector width and input dit image widths. The measurement techniques of
the instrument function or the transfer function of a spectroscopic system is classified
into three methods: 1 The OTF of spectroscopic systems can be measured from the
Fourier transform (FT) of the line-spread function [10] However, the results can be
inaccurate because of the errors involved in determining the line profiles and in
computing their Fourier transforms, 2. Autocorrelation method, where the OTF of the
spectrometer is calculated by the wave optical method, by defining the OTF as the
autocorrelation function of the wavefront aberrations on the pupil of the spectroscopic

system [6] and 3 the recently developed sinusoidally modulated spectrum (SMS)
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method, where the OTF is measured from the response of the spectroscopic system to

the sinusoidal input having different periodicity of the spectral fringes [11,12].

Interferometers can be used as a convenient means for calibration and to study
the optical properties of spectrometers [13]. The errors involved in the interferometric
frequency calibration of infrared spectrometers are evaluated to be due to the dit width
and dlit height effects. These effects are manifested as blurring of the interference
pattern and shift in the maxima of the interferogram. There is also the spurious
spectral resolution problem to be taken care of in the exact analysis of a spectrometer.
The periodic spectral detail which is generally lost when the dit width of the
spectrometer is widened to a particular value, reappears with further widening of the
slits. This behavior can be identified from the appearance of secondary maxima in the
spectral transfer function of the spectrometer and was first demonstrated

experimentally in the IR region using the interference fringes from a Fabry-Perot etalon

The direct determination of the dlit function was achieved by analyzing the
spectral distribution at the output of an incoherently illuminated spectrometer by using
a scanning Michelson interferometer [14]. From the recorded interferogram, which is
the FT of the spectral distribution of the radiation input to the spectrometer s(v-vg)
and the envelope of the interferometer output F(c), the dit scanning function s(v) is
calculated. It is important to note that the instrument function of a spectrometer
depends on the state of coherence of the input radiation and in most of the
spectroscopic analysis, the source radiation is thermal and incoherent. Hence, the
instrument function calculated using a laser gives only the values for coherent radiation

and is unsuitable for any further data analysis [3].



7.3 Sinusoidally modulated spectra
7.3.1. Fabry-Perotinterferometer:

Fabry-Perot interferometers (FPI) have been extensively used for the
measurement of the spectral dit width and hence the limiting spectral modulation
frequencies of monochromators [15]. Direct measurement of the optical transfer
function of spectroscopic systems can be achieved from the measurement of the
reduction in amplitude and phase shifts of sinusoidal inputs having various frequencies
of the fringes. The principle behind such a technique is the use of FPI as a sinusoidal
signal  generator The interference fringes produced are equi-spaced in the
wavenumber of known amplitude. The separation of adjacent peaks A in the spectrum

of transmitted light is given by [11]

_X o
A= Ant(cos&) (7.3)

which can be varied by changing the separation between the plates ‘t’ of the
interferometer with a medium of constant refractive index ‘n’ between the plates and a
fixed emergent angle 0. The spectrum of the transmitted light can be made
approximately sinusoidal with the frequency 1/A, by adjusting the finesse due to field
angle ‘@’ or the reflectivity of the two plates R’ or the roughness of the plates A/M.
The modulus of the OTF is determined from the ratio of the amplitudes of the input
sinusoidal spectra and the dispersed output from the spectrometer for different
frequencies of the fringes. From the attenuation of the fringe pattern, information
about the spectral dit width and hence the spectral band passed by the spectrometer in
any spectral region can be measured. The measurement of the instrument function or
its Fourier transform, the MTF is also possible by varying the path difference of the
interferometer or by scanning the interference pattern over the frequency range of
interest for a fixed fringe spacing from the interferometer and set mechanical dlit width

of the spectrometer.
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The sendtivity of these measurements are limited by the fringe amplitude
obtainable from the FP1, which is a function of the reflectivity of the interferometer
plates and their dignment [15] It is possible to improve the accuracy with which the
spectral dit widths can be measured by working at higher values for the amplitude of
the interference pattern  Moreover, a true sine wave of the interference pattern is
achieved only for values of the peak-pesk amplitude of less than 30% At higher
values of the amplitude which is achieved by increasing the reflectivity of the
interferometer windows, the interference maxima sharpen and the minima broaden
leading to unequal fringe spacing Increasing the reflectivity also leads to multiple
reflections from the windows which can give rise to spurious interference patterns and
these fringes superimposed on the fundamental fringe pattern can lead to error in the
measurements. However, the effect of the harmonics of the fundamenta interference
is effective only when observed a o=0 and are filtered out when determining the
spectral dit width at the minimum a = n where, a (= 2ndvnt) is a function of the fringe
spacing For fixed parameters of the light source used, the fringe spacing A can be
varied over a wide range by varying the separation of plates ‘t’ and the finesse by the
field angle ®. But invaridbly the caculated fringe frequency and the field angle are
different from the measured ones The differences are because of the poor pardlelism

of the beams and bad focusing of lenses.

7.3.2. Michelson interferometer:

Cosinusoidally modulated spectra fringes of greater flexibility and control can
be obtained using a dispersion compensated Michelson interferometer (MI) and a white
light source [16]. When the path difference (A) between the interfering beams is more
than the coherence length (L) of the source, monitoring the spectrum of the source
shows interference fringes. A complete schematic of the experimental setup with the
source, the MI used to generate the sinusoidally modulated spectra and the
spectrometer which isto be cdibrated are shown in the Figure 7.1. The source isa 25

W tungsten filament lamp is the white light source used which, after passing through a
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pinhole is collimated using a condenser lens of focal length f= 18 mm The Michelson
interferometer is compensated for unequal dispersion by using a cube beamsplitter and
similar aluminium coated mirrors The unequal dispersion between the interfering
beams arise because of the light beams traveling unequal paths in the material of the
different optical components  One of the mirrors M; is mounted on a linear
translational stage with a movement accuracy of + 5 um and the other mirror M, is
kept fixed By moving the mirror My, the number of spectral fringes can be varied
over a very large range depending on the resolution of the spectrometer to be
calibrated  Further details of the MI setup, the recording procedure and the
characteristics of the spectral interference fringes were already discussed in detail in the

earlier chapters of this thesis

For the accurate measurement of the modulation transfer function (MTF) and
hence the instrument function of a grating spectrometer using the spectral modulations
from the MI, the fringe number and the fringe visibility should be known exactly as a
function of the path delay between the interfering beams. The first step in calibrating
the MI is to count the number of fringes in the entire visible region of the white light
spectrum (A=380 - 750 nm) for increasing delay between the interfering beams. This
measurement is plotted in Figure 7.2 (a8) From the figure 1t is clear that the increase in
the number of spectral fringes with path delay is linear. The straight line fitted to the
experimental data, gives the values of the slope and Y-intercept to be m = 1.058E+6
and ¢ = -26.133 respectively A path delay of 1 mm between the interfering beams
corresponds to the number of fringes N = 1032  This value is close to that calculated
from N = 1/A = 1000 fringes As al our transfer function measurements of the
spectrometer are based on the decrease in the visibility of the spectral modulations, the
behavior of the spectral visibility with path delay is also an important characteristic of
the MI. Figure 7.2 (b) gives the behavior of the spectral visibility calculated from the
maximum and minimum of the spectral fringes using the visibility equation defined by

-8

min

S
Michelson V= -—2%—_—2%
+8

max min

This value is calculated for different path delays at a

fixed wavelength of X = 550 nm. The visibility remains aimost a constant in the region
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of our measurement  Thus it is made sure that whatever decrease observed in the
visibility for various settings of the interferometer and spectrometer are only because

of the effect of the instrument function.

The advantages of using a sinusoidally modulated spectrum produced by a
white light Michelson interferometer are: (i) The number of fringes or the periodicity
of the spectral fringes can be very easily varied to any value so that the measurement
can be made on any spectrometer irrespective of its resolution and at any value of
wavelength within the source spectrum (i) The measurement of the transfer function
and hence the instrument function of the spectrometer are made from the behavior of
contrast or the fringe visibility of the spectral fringes Moreover, as the spectral
modulations have good signal to noise ratio, the reliability of the values evaluated are
more and hence this method is far better than the usual Fourier transform method,

where the TF is evaluated from the line profiles

7.4 Grating spectrometer

The instrument for which the calibration and characterization is sought is a 50
cm grating spectrometer (JY, HRS-2) in the symmetric Czerny-Turner (C-Z)
configuration The entrance dlit is located at the focal plane of the lens L; (f = 20 cm).
The output beam from the MI is focused using this lens onto the entrance dit. An
aperture of 3 mm diameter is kept before this lens to avoid any stray light from
entering the spectrometer. The dimensions of the collimating and focusing mirrors in
the spectrometer are: focal length = 58.8 ¢cm, height = 8 cm, width = 10.5 cm. The
projected dit width and height in the output plane are equal to the corresponding input
values because of the unit magnification of the system. The dispersion element is a
plane grating (M - 29) of dimension D = 7 cm square The grating order number is m
= 1 and has 1200 grooves/mm. The angular dispersion is (d6/dA) = 0.014 mrad/nm,
with the dispersion parallel to the dlit width and the spectral element of width dAg, is
isolated and projected onto the output dit. The dispersing element accepts al the light

from the collimating mirror. The angle subtended by the dlit on the focused input beam
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is (dx/f) = 0.25 mrad for a 50 urn dit width (6x) and increases to 2.5 mrad for a 500
pum dit width  Similarly, the angle (¢) subtended by the dit at the collimating mirror
varies from about 0.1 mrad to 1 mrad depending on the dit width In terms of the

angular dispersion [17],

(o) =| Vhgeo |-

where, @ is the angle subtended by the exit dit on the focusing mirror, w' and f are
the width and the focal length of the focusing mirror and P is the reciprocal linear
dispersion expressed in nm/mm For P = 12 nm/mm, at 550 nm, and 50 pum exit dlit
width, 8Ay, = 0.06 nm which is more than the resolution limit of the spectrometer of

0.014 nm.

The entrance and exit dit widths of the spectrometer can be adjusted
independently of each other to an accuracy of < £ 5 urn. For the type of grating used,
the width of the spherical aberration spot is 7 um and no further resolution can be
obtained if the dit widths are reduced below this value [18]. However for dit widths
between few pm and 50 pm, the instrument function is deformed by widening of the
bottom of the curve because of spherica aberration and increase in the curve
asymmetry with wavelength because of coma As a result of these considerations, the
working widths of the spectrometer dlits are selected to be > 50 urn  Though for
maximum resolution, the experiments are done with equal dit widths, fixing one dlit
and varying the other gives a clear picture of the behavior of the effect of the individual
slits on the output spectrum [t is also known that the widest slit width determines the

pass band of the spectrometer.

The stringent restriction on the spectral resolution ® of the grating
spectrometer is the diffraction of radiation at the slits Assuming that the finite dit
width decreases the spectral resolution, the effect of finite slit widths on the spectral
modulations can be estimated For the C-Z type spectrometer described, the

uncertainty in the angle because of the finite dlit width is 8¢ = + (8x/2f), where, f is the
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focal length of the spectrometer Thus the total spectral resolution of the spectrometer

is [19]

e v vae [*f ] 0534 oo () V4]

where, ® and ®Rare the contributions to the resolution from the grating and the dlits,
®1 and @2 are the angles of the incident and diffracted beams and other symbols have
the usual meanings, already defined If the dlit widths are reduced to values less than
certain limit, the diffraction losses at the dlits increases drastically. This limit can be

approximately evaluated from the equation
(8Xmin/A) = (20/D) = 16.8
to be 8Xmin = 9 um at A = 550 nm

This minimum dit width and the effective width of the grating together determine
practically the maximum spectral resolution ®Rn. Of the grating spectrometer

independent of the quality of the sources and detectors used:

1/ Raax = (%12 cos®, +cos((. — (,n,)]

7.5 Modulation transfer function ofthe spectrometer

The spectral interference law for the Michelson interferometer (MI) which is
used to generate the sinusoidally modulated spectra (SMS) of variable fringe spacing is

given bv the spectral density distribution at the input plane of the spectrometer as [16]
S(v) = ( J4)8.(v)[1 + Refu,. (W)} cos(2rve +6)] (7.4)

where Sy(Vv) is the spectral density of the input beam, Re{u12(Vv)} is the rea part of the
complex degree of spectral coherence which is taken to be unity based on the analysis
in the chapter 4 for spatially coherent beams and T is the time delay between the two

interfering beams If A is the path difference between the two beams, then x = A/c and
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0 is a phase factor introduced to take care of the phase of pi2(v) and the phase due to
the reflection and transmission coefficients at the beamsplitter, which is a constant and
can be neglected. Thus for a white light source of continuous spectral density, the

integrated irradiance at the input of the spectrometer is,

IS(V)dv = (%}IS“(V)[I +cos(2nvt) [dv (7.5)
For constructive interference, v =m/t (m= 1, 2, 3, . isan integer). The periodicity

of the spectral fringes is 5v = 1/t and the fringe order number ‘m’ counted from the
zero path delay is the optical path difference, which is given by m = vot = vo/dv in
terms of the central frequency vo. Let S(v) be the input spectral density distribution
and o(v-v’) be the instrument function which is a function of the separation between
the frequency of interest v' and the setting frequency of the spectrometer v. Now we
assume two conditions: first, the condition of isoplanatism which means that the
instrument function does not change in form within the spectral region of interest and
second, the linear superposition condition means that the spectral density distribution
in the output plane is a linear superposition of the instrument function for each spectral
component. Under the validity of the above two conditions, the spectral density
distribution at the output plane of the spectrometer is expressed by the convolution

integral,
s(v) = J.S(v' Jo(v—v')dv (7.6)

The Fourier transform of this equation is s(t) = S(t) o(t), where o(t) is the Fourier
transform of the dit function and is known as modulation transfer function (MTF) of

the spectrometer. The Fourier transform of the individual quantities are defined as

s(1) = js(v)exp(?.rrivr)dv,
S(1) = IS( v)exp(2mivt)dy, (7.7)

o(t) = J.o(v)exp{2mivr)dv

The MTF defined by
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o(t) = 5(%1_) (7.8)

is the ratio of the Fourier transform of the output spectrogram to the input modulated
spectrum and is a function of the delay time x. If the dimension of the path delay
between the interfering beams expressed in terms of the path difference A( = ) is cm,
then the variable that is used to express the TF has its dimension as cm’ (a spatia -
frequency function). The function o(0) obtained from the integrated spectral intensity
at the input and output planes S(0) and s(0) for delay T = O can be normalized

according to
o(0) = J'c(v)dv =1 (7.9)

The measurement of the spectral visibility, V(x) as a function of the path delay
at a particular frequency v is equivalent to the measurement of the MTF, o(t) which is
the Fourier transform of the dit function o(v-v’) [20]. This equivalence can be
demonstrated by considering the equations (7 5) and (7.6). Substituting the spectral
density distribution given by egn.(7.5) in the convolution integral (eqn.(7.6)), we

obtain for the spectrogram at the output plane

s(v) = (%”{S‘,(v' 1+ cos(2av' t)]fo(v - v )dv

(%HS”(V' Jo(v-V )dV'+(%)_[5r,(V' )cos(2mv' t)o(v - v')dv' (7.10)
The first term in the above equation which is the spectrum of the input beam is a
constant = (%)S,‘(v) and acts like a dc bias in the output. The second term is the

interferogram of the slit function. |'ls can be simplified using the shirt theorem ot

Fourier transform and is written as
$(1) = ( J4)5. (vfo.(x)cos2nv1) - o, sin(27ve)] (7.11)

where, a, and a, are the Fourier transforms of the symmetric and antisymmetric parts

of the dlit function o(v-v'). The egn. (7.11) can also be written as
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s'(t)= (}é)sc(v)c(,(t)co{bwr - (7] (7.12)

with 6," =0,” +0,” and tan¢ = _U%

s

Thus using the egn. (7 12), the eqn.(7.10) can be written as

V) = (J4)5.(M{t +Jo (x) cof2ve - ()]} .13

This is the equation for the spectral interferogram of the SMS at the output plane of
the spectrometer. Assuming the dit function to be symmetric, the phase ¢(t) in the
above equation is equal to zero and the spectral interferogram consists only of the

MTF, co(T) modulated by equi spaced spectral fringes.

By using the concept of spectral visibility [21], the contrast of the spectral

interferogram is given by

Smae (V) = S (V)

M)

(7.14)
where Sma(V) and smin(V) are the extreme values measured from the experimentally
recorded spectral interferogram at a particular value of the frequency v. Knowing that
the spectral visibility V remains a constant (Fig. 7 2 (b)) for the time delays used in the

experiment, the maximum and minimum values of the spectral densities are given by

Sou(V) [%)S(,(v)[l - lG‘,(t)l], for 2vt - ¢(1) = 2nm where, n is an integer

Som(V) = (%)S”(v)[l - |G‘,(t)I] ,for 2mve - ¢(t) = (2n +1)n (7.15)
Using the above two equations in egn. (7.14), the visibility is simplified to be
V=lo,(t)

Thus the visibility of the spectral interferogram of the SMS is equivalent to the
modulation transfer function of the spectrometer The curves of the MTF are obtained

from the measurements of visibility of the spectral interferogram by varying either the
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path delay A (= xc) between the interfering beams of the MI or the entrance or exit slit

widths (8x1 or 8x2) of the spectrometer.

Spectrometer is a device used to analyze or separate light according to
frequency v or wavelength X (=c/v) of the input radiation. In the visualization of
spectral modulations between the interfering fields, an ideal spectrometer should
completely separate every single frequency component v. Then the spectral
modulations are visible for any value of the delay t between the interfering beams
however long it be. But a rea instrument performs spectral decomposition with a
finite spectral width dvy, which depends on the resolution of the spectrometer. As a
result, spectral modulations are visible only for a limited interval of delay . To
demonstrate this and to get the functional form for the modulation transfer function,

the eqn.(7.13) is integrated between v-dv/2 to v+dv/2 over the interval dv:

Is(v}jv (/] IS(, 1+[c:rU t)|cos(2mv' t)}dv (7.17)

v-dw/2 v-dv/2
This gives the distribution of the spectral band passed by the spectrometer of finite
width dv = dvy, at a frequency v and delay x to be

sin(mdv, T
{v‘ﬁv [/) (v) l+}c (7 |—((n5v—j)—)cos{27wt) (7.18)

Comparing the above equation with the eqn.(7.13), we see that because of the limited

resolution of the spectrometer, the visibility or the MTF, 0o(t) is modified to
c,,(v,ﬁvsp,t): |0",(‘l:)lsinc(7t5\fsp‘r) (7.19)

This gives a quantitative determination of the MTF observed by the detector as a
function of the path delay T at any fixed value of frequency v. Continuously varying
the path delay x between the interferometer arms, for fixed frequency and equal dlit
widths of the spectrometer gives a decrease in the fringe visibility with increase in the

fringe number according to the above equation.
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If the entrance dlit is illuminated with incoherent radiation as is the case in most
of the spectroscopic applications, the dlit function is a convolution of the illumination
distribution in the plane of the entrance dit and the shape of the exit dit and the MTF
is the product of the corresponding transfer functions. For narrow dit widths, the

MTF is given by
6o(v.0v,,.7) =|o,(t)sinc* (ndv,,7) (7.20)

A correspondence between the spectral widths of the spectrometer and the

actual dlit widths is derived using the grating equation to be

) - m&R
%xq} = /dcose (7.21)

Mov, /L : : .
where, B, = . mis the grating order (1), ® is the resolution of the

spectrometer (42,000), ‘d’ is the grating spacing (0.833 um), 5x is the actual dit width

of the spectrometer and O is the diffraction angle (0°).

From the above two equations (7.20) and (7.21), it is clear that the exact
mathematical form of the MTF and hence the dit function of the spectrometer are
determined by the diffraction at the grating which means, as a function of the
wavelength A, the geometry of the exit dlit, light distribution at the slits and aberrations

of the optical system.

However, there is an alternate method for the measurement of the spectral slit
width of the spectrometer [15]. Here, the interferometer path delay T is kept fixed to
give a known number of spectral fringes. Fringe visibility is recorded for different
unequal widths of the entrance and exit dlits to study the behavior of the effect of each
dit keeping the other fixed. In this case, the dit function and the MTF are determined
by the factors apart from those mentioned in the previous paragraph, also by the
geometry and illumination of the entrance and exit slits. Here again the behavior is
governed by the eqn.(7.19) for fixed entrance dit and varying exit slit whereas it is

given by the square of it (egn.(7.20)) for fixed exit dit and varying entrance slit. From
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this the spectral dlit width and the instrument function can be calculated by taking the

IFT ofthe MTF (eqn.(7.8)).

7.6 Results and discussion

The instrument function or its FT, the modulation transfer function of
dispersion spectrometers is determined mainly by the dit image. In a scanning
spectrometer, the instrument function is a convolution of the entrance dit image and
the detector dlit. In the geometrical regime, rectangular source and detector aperture
gives a triangular rectangular or trapezoidal instrument function depending on whether
their widths are equal or unequal. The full width of the instrument function is the sum
of the detector width and the input dit image width and for a given sum, throughput is
maximized if the two widths are equal (8x; = 8x; > Ay), in which case the instrument
functionis triangular [15]. With separate dit controls existing on the spectrometer, the
widest diit determines the pass band (8As). The instrument function is trapezoidal for
unequal dlit widths (8x; > 8x2 > Ag) and is rectangular in form for the condition (&x; =

0x2 » Ag), where Ay is the mean wavelength.

7.6.1 Variation with path delay:

The Michelson interferometer giving sinusoidal modulations of different
periodicity is used to determine the modulus of the MTF of the grating spectrometer at
different equal entrance and exit dit widths. Figure 7.3 gives the experimentally
measured curves of the MTF as a function of the path difference A (in mm). For every
setting of the path delay, the MTF is determined from the visibility of the spectral
modulations recorded by scanning the spectrometer around Ao = 550 nm. For narrow,
equal entrance and exit dit widths (8x = 50, 100 urn > XQ) of the spectrometer, the
MTF data recorded for different path delays are shown in the Figure 7.3 (a), (b). As
the instrument function is expected to be a triangular function for narrow dit widths,

the experimental) data are fitted according to the IFT of the triangular function, which
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Figure 7.3

Variation of the modulation transfer function (MTF) as afunction of the path
delay between the interfering beams in the MI, for different equal values of

the equal entrance and exit slit widths. (a)dx, =6x,=50pum, (b)100pum, (c)200um,
(d)400um. Dots are experimental data and continuous lines are theoretical fit
using egn.(7.20) for (a) and (b) and eqn.(7.19) for (c) and (d)Dotted line in (c)
are for theoretical fit using the egn (7.20).
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is asinc? function given by egn. (7.20). The values of the fitted constants A = | o«(t) |,
and B = (mdvg/c) which are the amplitude and width of the function respectively, for
these dit widths is given in Table-7.1. From the fitted values, the full widths of the
instrument function (8v) can be calculated. Also tabulated for comparison are the full
widths of the instrument function (B) calculated from the IFT of the MTF data and the
values calculated using egn. (7.21) for the experimental parameters. The values of the
widths calculated from the IFT and the experimental parameters match closdy with the
corresponding fitted values for narrow dit widths. However, the smdl difference in
the vaues is because of the fact that a narrow dit widths, the effect of optica
aberrations make dgnificant contribution and the curves do not resemble exact
triangular dit function. The errors due to possible defocusing should also be taken into

consideration in explaining the differences.

As the dit widths are made wider to 5x = 200 and 400 urn » A, the MTF no
longer could be fitted to the sinc? functions (as indicated by dotted line in the Figure
7.3 (c)). This is because for wider dits of equa widths, the dit function takes a
rectangular form, which is the IFT of sinefunction given by egn. (7.19) Thus, the
theoretical fits are done using egn. (7.19) to the experimental data for wider dit widths
and are shown in the Figure 7.3 (c) and (d) and the fitted vaues are given in the Table
7.1, marked with the asterisk symbol “*’. It can be seen from the Table 7.1 tha the
fitted values of the width are found to match closely with the width calculated from the
EFT. The widths calculated using the egn. (7.21) and the experimental parameters do
not take into consideration the effects due to wider dits and hence there is a large
difference in its value compared to the vaues of the width obtained from the fittings
and from the IFT. In dl the theoretical fittings, the overal chi-square deviation from

the experimental values are as low as 1E-3.

When the dit widths are made more wider (5x = 200, 400 am), an interesting
observation from the experimental recordings is that one sees lobes of minima and
maxima corresponding to spurious resolution of the spectrometer coming into effect
(Figure 7 3 (e), (d)). From the figures it is dso clear that as the dit width becomes
large, the vaues of the MTF decreases more rapidly and the cutoff path difference



Sit width ‘6x Fitted parameters Calculated width ‘B’
(urn) A= loy(®)l B = (ndvg/c) | Using eqn.(7.21) From BFT
50 0.840 +0.012 | 395.72 + 14.14 32355 319.63
100 0.838 +0.01 | 767.75+ 10.34 647.10 723.57
200 0.893 +0.016 | 1734.14429.17
0.858 +0.015* | 2224.0+23.43* 1294.20 2710.89
400 0.837 £0.029" | 4538.8+60.28 2588.39 4875.26
Table 7.1

Fitted values of the MTF plotted as a function of the path delay between the interfering
beams of the M, for different equal entrance and exit dit widths (Fig. 7.3), using egn.
(7.20). ‘A’ isthe amplitude and B’is the width of the MTF. The fitted constant B’
is compared with that calculated using egn. (7.21) and the experimental parameters and
the width of the IFT of the experimental data. Values indicated by ‘*’ are for the fit

using egn. (7.19).



corresponding to the first minimum of the function also decreases This can be

explained using the g-parameter introduced by Mielenz [22]. Accordingly, when

q= (6"%”) > 1, the width of the line spread function or the fringe width is almost

equal to the geometrical image of the entrance dit and we see a minimum in the MTF
For 6x =50 urn, D = 70 mm, X = 550 nm and f = 50 cm, ‘q’ is equa to 6.36 and the
value is more for wider dit widths and hence there is a rapid decrease in the behavior

of the MTF.

The spectral dit width (8vs) in the spatia frequency domain which is defined as
the frequency difference between two points at which the energy through the exit dit is
half its maximum value is a quantity used to describe the output intensity distribution
of a spectrometer. This is determined by knowing the number of fringes at the place
where the MTF goes through the first minimum This is aso egual to the resolving
power of the spectrometer for that particular setting The values of the path delay at
the first minimum obtained from the Figures 7.3 (a)-(d), the corresponding number of
fringes and the dit widths are listed in the Table 7.2. From the value of the path
difference Amin, the corresponding number of spectral fringes (No) (Figure 7.2 (a)) and
the fringe width (8Ay) considering the whole bandwidth of the input white light
spectrum (370 nm) are obtained. The spectral dit widths are calculated by using dvg, =
8hs /Ao’ @ Ao =550 nm and are listed in the last column of the Table 7.2. The value of
the spectral dit width for the narrowest dit width of 50 um used, is 15 ol Thisis
larger than the theoretical resolution limit of the spectrometer of 0.4 cm’, which is
calculated assuming a parallel beam of light filling the entire grating By taking into
consideration, the effect of geometrical aberration of the spectrometer [17], the
practical resolution limit is calculated to be about 0.9 cmi™.  This limit can be achieved
experimentally by working at dit widths smaler than 50 um but more than the
diffraction limit of 7 um (8x; = 8x; — Ag) for the spectrometer. Thus, from the
measurement of the path difference at which the fringe visibility goes to minimum, the

resolution limit for a particular setting can be calculated and aso the ambiguity in the



Slit width Path delay | Number of | Fringe width Spectral dit width
S B iges No | 53,y=370 nm/No
(urn) (m) (cmb)
50 7.88E-3 8312 0.45 15
100 4.04E-3 4249 0.87 29
200 1 82E-3 1900 195 64
1.39E-3" 1445° 2.56" 8.5
400 7.0E-4 715 517 18.8
Table 7.2

Table giving the values of the path delay Amn, Where the MTF goes to the first
minimum, corresponding number of fringes (No) in the entire spectra region, the fringe
width (8As) and spectral dit width (8vg) The values are obtained from the theoretical
fitting shown inthe Fig 7.3. For 200 pum dit width, two values are given to show that

the instrument function is close to the rectangular form (denoted by the asterisk symbol

“**) instead of the triangular function.




exact measurement of the spectral dit width due to spurious lobes, for larger dlit

widths can be avoided

7.6.2 Variation with the slit widths:

The actual measurement of the resolving power of a spectrometer is fully
described by taking into account the finite size of the dlit widths [23] and so it becomes
essential to know the behavior of the individual slits on the SMS generated by the Ml
This is an alternate method for the measurement of the spectral dlit width discussed in
the last section Here, for a fixed path delay (A) between the interfering beams, either
the exit dit width (8x;) or the entrance dit width (8x,) is varied keeping the other dlit
width fixed. As described before, the visibility or the MTF of the spectral fringes are
measured for different settings of the interferometer path delay and the spectrometer
dit widths The spectral dlit width calculated from the theoretical fitting are compared

with the values calculated from the IFT of the experimental data.

Figure 7.4 gives the behavior of the MTF as a function of the exit dlit width
(6x,) for a fixed entrance dit width of 8x; = 50 um and for different path delays (A)
recorded as mentioned before around Ao = 550 nm. As the exit dit width is increased
from 50 um to 500 um, the behavior of the curves is expected to resemble the
convolution of two rectangular slits of unequal widths which is the FT of a trapezoidal

function. The functional form of the trapezoidal distribution can be written as

sin(m&vwr)][sin(nﬁvw't - y)}

(7.22)

for the case &x; > 6x1 > Ao where, y is a function of the constant difference between the
dits. When y = (n8vgT),0ne gets FT of a rectangular function (eqn. (7.19)) and when
y = 0, its a triangular function (eqn. (7.20)). However, the EFT of the experimental
data resemble more closely the rectangular function and hence it was decided to fit all
the curves using the sinc-function given by egn. (7.19). The fitted values along with

the fitting errors for different path delays are given in the Table 7-3. From the Figure
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Vaidtion of the modulation transfer function (MTF) as a function of
the exit slit width (sx )for different fixed path delays (A) between

interfering beams of the MI. The entrance dit width is kept fixed at
50 pm. The experimental data shown by different symbols are fitted
using eqn.(7.19) and the fitted values are given in the Table 7.3.



Path dday A (m) Fitted constants
A = |oo(1)! B=A(m)
10E-6 0.529 +7.83E-3 9.981E-6 + 0 98
0.19E-3 0.426 + 8.2E-3 0.207E-3 £ 0.02
0.37E-3 0.397 £ 143E-2 0.41E-3 +£0.029
1.0E-3 0.401 + 7.35E-3 1.106E-3 +0.012
Table 7.3

Fitted values of the amplitude (A) and the width (B) of the MTF plotted as a function
of the exit dit width for different path delays between the interfering beams of the Ml
(Fig. 7.4). The entrance dit width is kept fixed at 50 urn Equation (7.19) is used for
thefitting the experimental data.



7.4 it is seen that when the path delay between the interfering beams is 10 um, the
change in the MTF with increasing exit dit width is less and is almost a constant As
the path delay is increased to higher values, the number of fringes within the entire
spectrum are more and the visibility of the spectral fringes decreases for increasing slit
width, as the detector starts to see more than just one bright fringe at a time during the
scan For A = 1 mm, the visibility of the spectral modulations is aimost zero at a value
of the exit it width of 8x> = 284 urn. This is the value at which the detector sees
exactly one bright and one dark fringe and hence the integrated intensity goes to a
minimum  As the spectrometer dit width is further widened, the periodic spectral
modulation detail which was lost returns back giving rise to a secondary maximum.
Spurious spectral resolution can occur because of the appearance of the secondary
maxima in the MTF. The limiting spectral resolution of the spectrometer (8A)
obtained in three different ways are tabulated in the Table 7-4. From the fitted value of
the experimental data, the path difference is obtained from which the number of fringes
and hence the limiting spectral width of the fringes is calculated, as mentioned before.
This value is compared with the spectral width obtained from the experimentally
measured path difference and from the extrapolated value of the dlit widths where the
fringe visibility goes to a minimum (8Xmin) and the focal length of the spectrometer (f =

58.8 cm) and the grating spacing (d = 0.833 pm).

For a fixed path delay of A = 1 mm, the exit dit width is varied continuously
from 50 um to 500 um each time calculating the visibility from the recorded spectral
modulations around 550 nm for different fixed entrance dlit widths. The experimental
data and the corresponding theoretical fitting are shown in the Figure 7.5. The curves
are fitted to the sinc-function form given by egn. (7.19) The fitted amplitudes (A) and
the widths (B) are listed in the Table 7-5. The observed decrease in the spectral fringe
contrast with increase in the entrance dit width is a direct manifestation of the effects
of spatial coherence of the light As a result of increasing the entrance dit width of the

spectrometer, the light throughput and hence the incoherent contribution into the



Path delay | Number of | Slit width &Xmin for Spectral dlit
A(m) fringes N | minimum visibility | width 8As (nm)
From experiment | 0.19E-3 175 2.114
0.37E-3 365 1.014
10E-3 1032 0.36
From fitting 0.207E-3 193 1.917
0.41E-3 408 0.907
1.11E-3 1144 0.323
From theory 214E-5 3.03
10SE-5 1.488
284E-6 0.402
Table 7.4

Comparison of the spectral dit widths calculated for the variation of MTF with exit dlit

width (Fig. 7.4). Number of fringesis calculated using N = (1058140)A - 26.133 (Fig.

7.2 (a)) and SAp= (8Xmin d)/f, where ‘d’ is the grating spacing = 0.833 um and ‘fis

the focal length of the spherical mirrors of the spectrometer = 58.8 cm.
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Variation of the MTF as a function of the exit dit width éx.,
for afixed path dday of A =1 mm and different entrance dit
widths. The experimenta data shown by different symbols are
fitted using eqn.(7.19) (continuous lines) and the fitted values
aregivenin Table 7.5.



Entrance dit width Fitted parameters
8x, (urn) A = loy(1)l B=AMm)
50 0401 + 735E-3 1 106E-3 +0012
100 0.318 +5.43E-3 1.117E-3 £ 0.022
200 0211 +3.19E-3 1.104E-3 £0.012
400 0 107 £ 2.19E-3 1.134E-3 £ 0016
Table 7.5

Fitted values for the amplitude (A) and width (B) of the variation of the MTF with exit
dit width (Fig. 7.5) using the equation (7.19) The path dday (A) between the
interfering beams of the Ml is kept fixed a& 1 mm and the entrance dit width 8x, is

varied for each recording



spectral fringes are more Also, the size of the image of the entrance dit as seen by the

exit dit is more and hence there is a reduction in the contrast of the fringes

The MTF for the variation of the entrance st width for different fixed exit slit
widths can be considered as the convolution of the Fourier transforms of two
rectangular slits of unequal widths which is a trapezoidal function (egn. (7.22) but can
be approximated to a sinc’-function of the form given by eqn (7.20) for small
variations. For a fixed path delay of 1 mm between the interfering beams of the MI,
the number of fringes in the entire spectral region is fixed The spectral visibility data
which gives the modulation transfer function of the spectrometer is plotted as a
function of the varying entrance dit width (Figure 7.6) As the exit dit width is
increased from 50 urn to 400 um, there is a decrease in the contrast of the fringes due
to a decrease in the resolution of the spectrometer. From the fitted values given in the
Table 7-6, the widths of the entrance dlit function are obtained. These values are
compared with the values obtained from the widths calculated by taking the inverse
Fourier transform (IFT) of the experimental data and are also tabulated in the Table 7-
6 The scatter in the experimental data for narrower dit widths are high because of the
low light intensity levels input into the spectrometer and the effects of optical
aberrations, which are predominant at smaller dit widths. It can be seen from the
Table 7.6 that the width of the instrument function remains almost a constant for
different exit slit widths, which only means that the entrance dlit width variation does
not have much of an effect on the width of the instrument function or its resolution

except for a decrease in the fringe contrast.

In Figure 7.7, the variation of the MTF with the entrance dlit width for a fixed
exit dit width of 50 urn and vice-versa are shown for a fixed path delay of 1 mm along
with the corresponding theoretical fits. From the behavior of the MTF, with respect to
the dlit widths of the spectrometer, the respective instrument function behavior and the
limiting spectral dit widths are obtained by taking the IFT of the experimental data
[24]. The modulus and the phase behavior of the instrument function are shown in the
Figures 7.8 and 7.9 for the variation of MTF with the entrance and exit slit widths

respectively, keeping the other dlit fixed at 50 umwidth. The value of the spectral dlit



Exit dit width Fitted parameters Width of the instrument
%2 (urn) A= low)| B (em’) function from IFT (cm?)
50 0244+ 8E-3 | 21.30+092 2040
100 0.245+2.8E-3 | 1831 +0.33 1821
200 0.111+1.5E-3 | 1853 +0.38 1821
400 0 059+ 1E-3 19.13 +0.48 1859
Table 7.6

Fitted values of the MTF plotted as a function of the variation of the entrance dit
widths (6x1) for different fixed exit dit widths (6x;). The path delay between the
interfering beams of the MI is fixed & A = 1 mm From the theoretical fitting using
eqn (7.20), the amplitude (A) and the width (B) are obtained The IFT of the
experimental data are calculated using standard fast Fourier transform routines from

which the half width at haf maximum of the instrument function is measured.
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Vaiation of the MTF as a function of the entrance dit width §x

for dfiFaat fixed exit dit width (§x.,) The path delay of the Ml is

kept fixed at 1mm. Experimentd data are represented by different

symbols and are fitted using egn.(7.20). Thefitted values are given
inTable 7.6.
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Behavior of the MTF for the variation in the entrance dlit width

(open circles) and exit dit widths (closed circles). The path delay

of the Ml is fixed at Imm. The fixed dlit width 1s 50pm for both

the curves The theoretical fits (continuous line) are using eqns.(7.20)
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T T T v T
015 -l
&
g 010} -
g
& 20.4 cm-!
g
2 005F .
]
=]
r
0.00 F _
1 1 L i | 4
100 +
by
T
& a0
w
]
o=
(-9
0- I
0 100 200 300 400

Frequency (cm” b

Figure 7.8

Inverse Fourier transform (IFT) of the MTF vanation with entrance
slit width gives the corresponding instrument function of spectral
dlit width indicated in the figure. Both the modulus and the phase
are used in correcting blurred spectrum [11].
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Modulus and phase of the instrument function obtained by
taking the EFT for the variation of the MTF with the exit dlit
width of the spectrometer. The form of the curve gives the
corresponding instrument function, from which spectral dit
width can be calculated and the value is indicated in the figure.



width calculated for the triangular function variation of the entrance dit is 20.4 cm"™.

The IFT for the exit dit variation is not exactly a rectangular function, as expected.
The instrument function looks close to a trapezoidal function with a slightly broader
base This difference is attributed to the finiteness of the entrance dit width The
spectral dlit width calculated from the half width at half maximum is 19.08 cm"! after

subtracting the constant difference between the entrance and exit slits (eqn. (7.22))

The measurement of the MTF and hence the instrument function of a
spectrometer can be used to correct the blurred spectrum and are found to be better
than the spectrum corrected using the optical transfer function obtained from the FT of
line profiles [12]. From a complete description of the dispersion grating spectrometer
in terms of the modulation transfer function (MTF), the limiting resolution of the

spectrometer and spectral dit widths are obtained
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