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Chapter 1

Introduction

The Hamilton-Jacobi theory is wel developed in classca mechanics and has
been useful in providing an independent and often useful route for solving dynam-
ical equations [1]. In particular, for periodic motion, the action variable enables
one to obtain the frequencies of a given system directly without having to solve the
equations of motion completely. The quantum Hamilton-Jacobi (QHJ) formalism
has been developed aong the lines of the classcal Hamilton-Jacobi theory since the
inception of quantum mechanics, by the pioneers of the fidd [2]. It has been recently
shown that, analogous to the classica periodic systems, the quantum action variable
can be profitably employed to arrive a the exact energy eigenvalues for potential
problems, without obtaining the corresponding wave functions provided boundary
conditions are applied judicioudly [3, 4]. This is to be contrasted with the standard
procedure to tackle bound state problems, where, the Schrodinger equation is solved
both for the eigenvalues and eigenfunctions. In a series of papers [5-10], we have
applied the quantum Hamilton-Jacobi (QHJ) formaism [3, 4], to the following:

a) To solve the bound state problems in quantum mechanics [5], to demonstrate the
power of this method.
b) Examples from supersymmetric (SUSY) quantum mechanics where exact energy

eigenvalues are arrived at, demonstrating the working of this method making use of

1



Chapter 1. Introduction 2

properties of SUSY guantum mechanics [6, 11. 12).

C) To analyze cases of broken and unboken SUSY within this framework [8, 9].

d) To gain abetter understanding of the working of the semi-classical approximation
schemes like SUSY WKB which is exact in certain potentials, where as fails to give
exact results for certain cases, and are able to quantify the difference between the
exact answer and the SUSY WKB approximation scheme [7, 13]. We see how the
QHJ formaism helps give the exact answers, for cases where SUSY WKB falls to

give exact answers [10].

In this thesis, the Hamilton-Jacobi formalism in context of quantum mechanics
Is studied and applied to a whole set of potential problems in supersymmetric and
ordinary quantum mechanics and exact energy eigenvalues are obtained.
In Chapter Il the Hamilton-Jacobi formdism is briefly reviewed both in the context
of classca as wdl as quantum mechanics [3-5]. Chapter |11 deas with the applica-
tion of the quantum Hamilton-Jacobi (QHJ) formaism to some solvable examples
in quantum mechanics, to elucidate the power of this method. Chapter IV deds
with supersymmetric (SUSY) quantum mechanics and includes concepts of shape
invariance, exactness of SUSY WKB [11, 12], broken and unbroken SUSY quantum
mechanics [15, 14 and the Gozzi Index [16]. The evaluation of the SUSY WKB
approximation quantization condition usng complex integration technique which is
similar to the evauation of the action integral in the QHJ formaism [57] is d-
so discussed. Chapter V contains one dimensional potential problems where the
Hamiltonians are factorizable. We show how the energy eigenvalues are computed

for these examples making use of the above properties [6]. In Chapter VI unbroken
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and broken phases of SUSY are analyzed, making use of the QH. formalism and we
are able to show that the boundary conditions as will be discussed in the following
chapters, implies a set of conditions on the parameters that appear in the potential,
and allows us to determine if SUSY is exact or broken for a given range of values of
the parameters [8]. We briefly discuss the Gozzi index which can be used to differen-
tiate between spontaneously broken and unbroken SUSY, and its relationship with
the QHJ formalism. Chapter VII deals with a detailed analysis of the exactness of
SUSY WKB approximation, using QHJ and the complex integration technique. We
also discuss why SUSY WKB fails to give exact answers in other examples. It is
shown as to how QHJ gives exact answers for cases where SUSY WKB fails and
conditions under which SUSY WKB would give exact answers are discussed [7, 10].
We finaly end with our conclusions in Chapter VII with a brief summary on further

directions and applications of this work.
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Chapter 2

The Hamilton-Jacobi Formalism

This thesis would be dedling with the time independent Hamiltonian. In what
follows, we briefly discuss the Hamilton Jacobi formaism in context of classica
mechanics in section 2.1. In section 22 we develop this formaism in context of
guantum mechanics. This formalism is applied to the harmonic oscillator, in both
the classical (section 2.1) and to quantum (in section 2.3) approach for comparison

and to elucidate the working of this method.

2.1 The classical Hamilton-Jacobi Formalism

In classcal mechanics, the Hamilton Jacobi theory is wdl developed and provides
an independent and often a powerful method of solving the dynamical equations
[1]. We first consider the general approach wherein, the Hamiltonian H(q,p,t)is
any general function of ¢, p and ¢. A canonica transformation from the coordinate
and momenta (¢q,p) a timet, to a new set of constant quantities, (such as the 2n
initial values (go, po), a t = 0) is sought such that the new coordinate system, of the
transformed Hamiltonian, K'; Qi and P; are constants in time. This is automatically
ensured by requiring that the transformed Hamiltonian K is identically zero. We

then have,



Chapter 2. The Hamilton-Jacobi Formalism 7

Ok
di
- 0Qs

=Q: = {QuK}=0, (2.1)

=P = {P,K}=0. (2.2)
The equations of transformation relating the old and the new canonical variables,

q(qo, po,t)

o
i

p = plgo,po,t) , (2.3)

are then exactly the solution of the problem, as they give the coordinates and mo-

menta as a function of their initial values and time.

K is related to the old Hamiltonian, using canonica transformation; given by

JF

o F) o e
K = H(q,p,t)+ p

(2.4)

K is required to be zero and F', the generating function, is then taken as a function
of the old coordinates ¢;, the new constant momenta P; and time t. i.e., Fia(q¢:, Fi, t),
which is one of the possible forms for the generating functions involving canonical

transformations. Therefore,

dF;
pi = d_(h y (2-5)
dF,

(2.7)

We then have (2.4) as
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() F-_) d F‘g ()Fg
= t) +

H(qgy.qy, -, o ’ =0 . 2.8
(41,92 Ay, Aqn ot (28)

This is the Hamilton-Jacobi equation, and constitutes a partial differentia equation,
in (ft + 1) variables, ¢;, ¢ * -, q., t, for the generating function . A complete solution
5, for this firs order partial differential equation involves n + 1 variables involving
n+ 1 constants of integration. The momenta P, which have not been specified, are
required to be constants. We therefore take these n independent constants of integra-
tion «; to be the new (constant) momenta. This generating function £, = S, is called
the Hamilton's principal function, and isdenoted by, S(q1,¢2, -+ ¢n,  @1,~ -, axl).

Therefore (2.5) and (2.6) can now be written as,

) dS(q,', (4 PN t)
;g = — 2.9
p 9a. (2.9
a5 (g; v, t)
Qi=p = — 5o - (2.10)

At t = t,, from (2.9) we have ‘n’equations involving ‘n’«’s, with the initial values
of ¢; and p; which are known; and one is able to calculate these constants in terms
of the initial values of the problem. Similarly the constant 3; can be obtained from

the initial conditions. Therefore,

q=qle, Bit) (2.11).

which solves the problem, by giving the coordinates as function of time and initial
conditions.
It is seen that the above approach is applicable only when S could be separated

into two parts, one involving g and the other time. Such a separation is aways
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possible whenever the Hamiltonian does not involve time explicitly. We then have
the Hanrilton-Jacobi equations for 5 as,

as a9

— 4+ H(¢;y,=—) =0 . 2.12

5 HHl 6q,-) (2.12)
From the above equation we see that the first term involves only dependence on
t, while the second one depends only on ¢;. The time variation can therefore be

separated by assuming a trial solution

5(qi, aiyt) = W(gi, a5) — ant . (2.13)
We thus have
H (q;, %E) = o (2.149)

which no longer involves time. One of the constants of integration, appearing in 5,
namely «, is thus equal to this constant value of H. This time independent function
W appears merely as a part of the origina generating function (the characteristic
function) when H is constant, and becomes the new generating function, denoted
by W(q, P) and is termed as the Hamilton's characteristic function in literature; We

then have the equations of transformation as in (2.5) and (2.6) given by,

oW Q.__(?W_?XV_
pl_aq,-’ "TOP 0oy

and the condition that determines W is that H is equal to the new momentum «;.

Therefore,
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W
H (q‘, ((_)E—) = H(g.p) = a1 . (2.16)

Since W does not involve time, the new and the old Hamiltonians are equal, it
follows that

K:a11

and W generates a canonical transformation in which, al the new coordinates are

cyclic. The canonical equations for P give,

B = -%ﬂ i P (2.17)
. 0K .
Q1 aPl 7?' 7

= @, Bl (2.18)

as the new Hamiltonian depends only on one of the momenta «;. For (2.18) we have

the following solutions;

ow
th = l+hE—,
dﬂ']
ow |
Q,‘ = [3, = ] # 1. (219)
da;
So the only coordinate that is not simply a constant of motion is Q\. It is not
necessary for one to choose «; and the constants of integration in W, as the new
constant momenta. In general one can make use of a particular set of n independent
functions of the «;’s as the transformed momenta. Given 7,'s are these constants,

we have
. oK
Qi = il B (2.20)
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where v;'s are functions of +;'s. Therefore,
Qn =yt + 51‘: 5 (221)

When the Hamiltonian does not involve time explicitly, both these methods are
suitable, and the generating functions are then related to each other according to
the formula

S(q,P,t) = W(q,P)— ayt . (2.22)

The Hamilton-Jacobi theory is applicable to periodic systems where one defines

the action variable J;, given by

J; = j{ pidg; (2.23)
as the transformed (constant) momentum P, where the integration is carried over
a complete period. So one has H = H(J) and the characteristic function W =
W(g:,*+ *qn,J1**- J,). The corresponding generalized coordinate ¢); conjugate to J;

is defined as the angle variable w; = ~ and the equation of motion for this is given

by

OH(J, - J,
U-J,':—"—(alT'_)‘:,ui(-]l"'Jn) 3

where p;’s are a set of constant functions, which implies,

w; = uit + B; (2.24)

as arrived at earlier in (2.21). Now the change in w for a complete cycle of g; is,

dwi [ PW d [ oW

s s o e Wl s
og; 1 9¢;00; ¥ = 47 | g 4g; »



Chapter 2. The Hamilton-Jacobi Formalism 12

d

- JI ‘I)qu] =1 . (225)
Therefore,
0J;
AU); = E(i (5;j
From (2.24) we have,
Bw= L=y , (2.26)

where r is period for a complete cycle of g and v is the reciprocal of the period r
and is therefore the frequency associated with the periodic motion of g. Thus, oneis
able to arrive at the frequencies of a periodic system without having to completely
solve the equations of motion. Let us apply the above technigque to the classical
harmonic oscillator for elucidating the power of this method, for which the action

variable is given by,

J = %pdq = f V2mE — m2wiqidq . (2.27)

where E is the total energy and w? = k/m. The substitution,

g=a % sl (2.29)
mw

in (2.27) dong with some further smplification gives

J = 27rE’
w

=F=H = vJ-—IE
2w

(2.29)
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Therefore.

OH w 1 k
L LI Rl 2.30
aJ : ( )

o 2rVm
which is the standard formula for the frequency of the harmonic oscillator problem.
Applying the Hamilton- Jacobi formalism, one is thus able to directly arrive at the

frequencies of periodic systems, without having to solve the equations of motion.

2.2 The quantum Hamilton-Jacobi Formalism

The quantum Hamilton-Jacobi (QHJ) formdism is built on lines of the classica
Hamilton-Jacobi theory and has been studied since the inception of quantum me-
chanics [2]. In fact, this approach was christened as the “Royal road to quanti-
zation" in the early days of quantum mechanics [3]. It has recently been shown
that, in analogy to the classica periodic systems, the quantum action variable can
be profitably employed to arrive a the energy eigenvalues for potential problems,
without the necessity of obtaining the corresponding wave functions [4]. This is to
be contrasted with the standard procedure for tackling bound state problems, where

the Schrodinger equation is solved both for the eigenvalues and eigenfunctions [6].

The quantum equivalent of the Hamiltonian is the Schrodinger (representation
of the Hamiltonian) equation wherein x and p are operators rather than mere ob-

servables and this is given as

=4V (2:31)

where
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h o

) = -

i and =z .
1 Ax

A quantum canonical transformation to a new set of coordinates Q and P is
done such that the new Hamiltonian is independent of @; Although, a complete
operator formalism can be given an equivalent formulation in terms of the eigen-
vaues (z,p,Q, Pand E) of £,p, P,Qand H respectively, is pursued here to avoid
the complication arising from operator ordering. Paralel to the classca case, the
corresponding “auantum?” characteristic function W(SIr P\ vielde

OW (z, E(P))

PE g

and

Q_amem»
B oP ’
where W(x,E(P)) is the corresponding “quantum” characteristic function and the
“quantum ” Hamilton-Jacobi equation for the characteristic function is given as

hO*W(z,E)  (OW(z,E)\" _ ,
R i & (T =E-V(z) . (2.32)

W(zE) is required to satisfy certain boundary conditions associated with its defi-
nition and will be discussed a little later in this section. The new momentum P, is
defined only in terms of only E, P = P(FE) and the QHJ equation for Hamilton's

principal function is postulated as in the classica case as
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h oS aS\? as
LI ) = s W) (2.33)

i 0rt " \ oz
For the time independent case one can use either approach and can arrive at
(2.32) from (2.33), by writing

S=W-Ft .
This is seen in the classica case also. We can thus say that the time-independent
Hamilton Jacobi theory based upon Hamilton’s characteristic function W is the re-

quired quantum theory for stationary states.

Once again, taking the classca case as a guide, on lines of the classical action
variable, the quantum action variable in context of quantum mechanics is written by
assuming that V(x) dlows periodic motion. One s thus required to define a quantum

momentum function p(z, E) in terms of the quantum characteristic function W (z,E)

by

1

and on substituting this in (2.32), one arrives at the QHJ equation in p(z, F), given
by

(2.34)

ﬁfap(,;r,E)-f“Pz(I,E) = E-V(z)
: Or
= Pf(l'aE) .

Here p.(z, F)= (E —V(z))2 is the classca momentum function and this is used

to calculate the physica turning points, between which, the classica motion takes
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place, are defined as the points where p.(z,E) vanishes. p.(z,E) has a branch cut
enclosing these physical turning points, in the complex x plane in which p.(z,E) is
defined by taking that branch of the sgquare root as positive a a point just below
the cut. This helps in determining the sgn of p.(z, E) through out the complex
plane by analytical continuation. Als0 note that

h—0

p(z, E) = pc(z, E) . (2.35)

This can be thought of as a manifestation of the correspondence principle or as a

boundary condition on the QMF. As will be seen explicitly later, the above condition

helps in determining p(x, E) unambiguoudy. The quantum characteristic function
W (zE) is related to the energy eigenvectors in the coordinate representation as,

Wiz, E)

W(z,E)=<z|E>=¢ r | (2.36)

and in the same representation,

) _ oW
<zlplE >= ~ihy- <z|E> = (_ﬂ < GBS
= plz,B) <z|E> (2.37)
Thus, one gets
i1 0v(x, E
p(z, E) = A Logim B) (2.38)

iy Oz
It is straightforward to check that the Schrodinger equation goes over to the corre-
sponding quantum H-J equation under the above substitution and vice versa.

The quantum analog of the classca action variable is defined as
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JE) = (1/2n)j[ daplz. E) . (2.39)

5
Here, C is a counterclockwise contour in the complex —planeenclosing the red
line between the classca turning points. The wave function is known to have

nodes between the classica turning points. These nodes correspond to poles of the

guantum momentum function. To see this clearly, near a zero of the wave function,

located at =y, we write,

Y= (x—z0)d(z) . (2.40)

This implies,

h 1
Pz -

! T — X

(2.41)

It is thus seen that, p(z, E) has afird order pole at r, with residue —;%. One can
aso verify the correctness of Eq. (241) directly from the quantum H-J equation.
Substituting Eq. (2.41) in the QHJ equation, one sees that the contributions of these
poles from p*(z, E) and —:hdp(z, E)/dx cancd each other only if they are of first
order, each having the residue —:%. The first order poles are of quantum mechanical
origin and their positions are energy dependent, being the same as the zeros of the
energy eigenfunction. Just as the zeros of the wave function change their positions
with energy, so do the location of the corresponding poles in the QMF. These poles
will be referred to as the moving poles.

The quantum H-J equation shows that, p(z, E) can have singularities in the com-
plex x plane, other than the moving poles on the rea axis. These singular points

correspond to the singular points of the potential term V (z).The locations of these
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singularities are, quite obvioudy, independent of energy; these poles will be called

fixed poles.

For a given energy level, the quantum number ‘n equals the number of nodes of the
wave function and hence it counts the number of moving poles of (., E) inside the
contour C appearing in the definition of the quantum action variable given by Eq.

(2.39). The residue of each of these poles is —:A.Hence, we have

XE) = nh | (2.42)

as an exact quantization condition.

Even though this approach appears similar to that of the familiar WKB scheme, it
is worth pointing out that Eq. (2.42), when inverted for E, reproduces the exact
quantized energy eigenvalues.

Although , the location and the number of the moving poles are not known apriori,
a suitable deformation of the contour in the complex plane and change of variables
dlows one to compute J( £),for many potentials, in terms of the fixed poles whose
locations and residues are known. In what follows the QHJ formalism is applied
to the harmonic oscillator problem in quantum mechanics both for comparison with
the classical harmonic oscillator problem as wdl as to show the working of the

formalism.



Chapter 2. The Hamilton-Jacobi Formalism 19

2,3 Harmonic oscillator

The QHJ equation for the harmonic oscillator problem with V(r)= mw?x?/3s,

, hopz,E) mw?z? .
2 - el ¢ _ i 2 4
p°+ . 2m(FE 5 ) = ps . (2.43)

The turning points, determined from p?(z, £) = 0, are —z; = z; = + 2F /(mw?).

The quantization condition is given by

J(E} ={1}2r) i‘p(;z:, Eldz =nh . (2.44)

e e
B !
\\
"
" ‘\
[ ; \ L
\ X1 X |
S
N\
A /
\\\__ /’/
" 7
\\\ /’ }

Figure 2.1: Contours for the harmonic oscillator problem.

Here C is the contour enclosing the moving poles between the two turning points

r; and z, (see Fig. 2.1). Noticing that, there is only one fixed pole of p(z, E) &
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X — 00, to evaluate J(E).one considers an integral Ir, over a circular contour I'p
having radius R and oriented in the anti-clockwise direction. The QMF has no other

singular points. Hence, for this case, J(E) coincides with Ir:
Iy, = J(E)Y . (2.45)

For the evaluation of the contour integra Ir,, one makes a change of variablex = 1/y

to get,

Iy = (1/27) §_dople, B

= (1/27) f dyi(, E)/y* . (2.46)

0
Here, p(y, E) = p(1/y, E)and the counter clockwise contour +, encloses only one
singular point in the y plane, i.e, the pole at y = 0. The corresponding contour
integral can be straightforwardly calculated. Note that there is no negative sign
before the integral; the direction of the contour changes sense under this mapping,
which is compensated by the negative sign coming from the integration measure. In
this example J(E) and Ir, are equal, though the relation between J(E) and I, will
change from one example to another as will be discussed in the following chapter;
the method of computing Ir, however remains the same for al the examples.

The QHJ equation written in the y variable becomes

~f 2
0ply, E) _ IM(E — o=y = 2 . (2.47)
dy ’

To calculate the contribution of the pole at y = 0, p(y, E) is expanded in a Laurent

p*(y, E) + ihy?

Series as,
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ply. E) = Z any"+ )y = . (2.48)

Making use of the above expansion of p{y,E) in Eq. (2.46), one notices that, the
only non-vanishing contribution comes from the coefficient ¢, of the linear term in
Y.

In the next step, substituting p(y, £) in the QHJ equation and comparing the left
and right hand sides, it is found that, b, = 0 for g > 1. On equating the coefficients

of the different powers of y, we have,

¥ o= —-mi? (2.49)
200b1 = 0 y (250)
—ihb + 2a1by + af = 2mE . (2.51)

From Eqg. (2.49), onefinds b; = timw. This ambiguity in sign for b, can be removed,
if we apply the boundary condition given by Eq. (2.35). In the convention followed
here, the classca momentum function is defined such that p.(z, £)= +i|p.| on
the positive rea axis [4]. In the limity — 0,(X — o0), p. ~ tmw/yand therefore
from Eq. (2.48) it fdlows that b; = imw. From Eq. (2.50), we then have ap = 0.
Substituting the vaue of b; in Eg. (2.51) one gets a\ = (2E — Aw)/(2w). Plugging
Eq. (248) in Eq. (2.46) and noting Eq. (2.45) gives,

(2.52)

Thus the quantization condition J(E) = nk when inverted for £, gives



Chapter 2. TheHamilton-Jacobi Formalism

]
E:(n—f—;)ﬁw.

22

(2.53)
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Chapter 3

Solvable examples from quantum mechanics

In this chapter, we apply the quantum Hamilton-Jacobi (QHJ) formalism de-
veloped in the preceding chapter. to the harmonic oscillator on the haf-line, the
Morse potential, the infinite wdl and the three dimensional Coulomb problem. to
elucidate this powerful method of arriving at the energy eigenvalues in a simple and
straightforward manner[l, 2]. The standard procedure. followed to tackle the bound
state problems in quantum mechanics. requires solving the Schrodinger equation
for both the eigenvalues and eigenfunctiong[3, 4]; this can be contrasted with the
QHJ formalisin. which proves quite elegant for obtaining energy eigenvalues, using

complex analysis.

3.1 Harmonic oscillator on the half-line

The potential for the harmonic oscillator on the half-line is given by (see Fig.
3.1).

Vie) = mw?z?/2 for >0 (3.1)

= po for ¢ <0 . (3.2)

24
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Figure 3.1: The harmonic oscillator potential on the haf line.

The QHJ equation for this case is obvioudy the same as that of the harmonic

oscillator example considered in chapter II:

h dp(z, E) = Im(E - mw?z?

T 5 )= p? (for z > 0) . (3.3

P+
ror tins potential, the wave tunction satisfies the boundary condition ¥ (z)|z=0 =

0. This forces us to assume afixed pole for p(z, E) in the complex x planea x = 0

and this point is adso required to serve as one of the turning points. The other
turning point is located at z, = +/2E/(mw?). We then have the quantization

condition given by,



Chapter 3. Solvable examples from (). M. 26

J(E) = LN f p(c)dr = nh (3.4)
p

27
where (" 1s the contour enclosing the moving poles between zero and \/’_TT/FJ:.,—)
To evaluate .J([').we consider a contour integral /-, over a circle «
the complex plane; F is taken large enough to enclose al the singula

QMF inside it. This contour integral.

2r Jr,
gets contributions from the singular points of p(.c, £)inside I'k- These are.
(i) fixed pole a x = O.
(i) moving poles between 0 and ry = W and.
(iii) moving poles on the negative real axis between 0 and +1 = —\/2E/(mw?).
These moving poles on the negative red axis arise due to the symmetry r —e —rof

the problem. Hence.

I, =J(EY+ e, + 1, . (3.6)

where [, is the contour integral for the contour v, that takes into account the ad-
ditional pole a x = 0 and Ir,is the contour integral for the contour I'r enclosing
al the moving and fixed poles of p(x. E). I, is the contour integral for the counter
clockwise contour (7, enclosing the moving poles on the negative side of the real

axis (see Fig. 3.2).

However, under x — —ux. the turning points r; and r, and the moving poles get
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Figure 3.2: Contours for the harmonic oscillator problem on the half line.

interchanged. Thus,
Ie, = J(E) . (3.7)

Substituting the above in (3.6) we have,
Ir,=2J(E)+ 1, . (3.8)

To compute I, , one needs the residue of p(x, E) a x = 0. This can be computed

by expanding p(x, E) in Laurent expansion,

o0

p(z,E) = i—’ o Z BnE™ (3.9)

'n.:D
We see that, it is only the b,/z term in the Laurent expansion of p(z, E) that

contributes to the contour integrd 1,,, the relevant relation involving &, following
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from the QHJ equation is,

, R
b — b =0 . (3.10)
2

From the two solutions b; = 0; — Ak, the former is discarded. since it does not

give rise to the required singularity a x = 0. Hence. using the second value,

L. =5 . (3.12)

1

Ir, is evaluated as in the previous chapter, for the harmonic oscillator case, and is
found to be exactly the same, i.e,

. 2F — hw
Frp = Mty =

(3.12)

2w
We now substitute the values of I, and Ir, from (3.11) and (3.12) in (3.8).
The quantization rule J{E) = nh, when inverted for F, gives the energy eigenvalue

equation;

E = ((‘Zn +1)+ %) hw , (3.13)

Il

(z + %) o | (3.14)

where/=2n+ 1 =1,3,5,*** and thus only odd energy eigenstates are present.

3.2 Morse oscillator
For the Morse oscillator potential (see Fig. 3.3),

V(I) — Vo(e—mx _ 26—0-’5) . (a’ % > 0) )
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Figure 3.3: The Morse oscillator potential.
the QHJ equation is.

hOp(z, E
p2+__ P(.T, )

——gy = 2m (B = Vo(e™" — 2¢7%)) =] . (3.15)

The turning points are gotten by solving p

0 for z, and the quantization
condition is given by,

1

IE) =5 § e, E)dz = n (316

where C is the contour enclosng the moving poles between these turning points.

Writing y = exp (ax), we have the QHJ equation in y as,

1 S0 o (5 (1 01)) -z
P (y:E)"f' ; ay =4Zim E ‘/0 y2 v —Pc 3 (3-17)
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where p(y, E) = p(z, E).

The corresponding quantization condition in y is therefore.

J(E) = — }C Py _ (3.18)
cC’

2m ay

where C'is the contour enclosing the turning points in the complex y plane. Now
o(y, E) has the falowing singularities,

(i) Fixed pole of the integrand at y = 0 and

(i) Moving poles between the turning points enclosed by the contour C”.

Figure 3.4: Contours for the Morse oscillator potential in the complex y plane.

To evaluate J (E), we once again consider a circular contour I'r of radius R, such
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that it encloses all the singularities of p(y, E). We then have (see Fig. 3.4),
Ir, =J(E)+ 1L, , (3.19

where /-, is the contour integral for the contour ~, enclosing the pole at y = 0: given

by
1 o(y)d
L, = ‘__jg ply)dy | (3.20)
r [, ay
and
1 p(y, £)dy
I, = Py, E)dy (3.21)

E Tx ay
is the contour integral for the circular contour I'r,which is large enough to enclose
the above mentioned singularities of p(y, F).

In order to evaluate these contour integrals, relevant Laurent and Taylor series
expansions for p are substituted in the QHJ equation. For the calculation of the
contour integral I, , one can eadly note that only the constant (ao) term in the
Laurent expansion in p(y) contributes to the calculation of the contour integral 7,
for the fixed pole at y = 0. The minimum term that exits in the expansion of p(y)
is b /y. We thus have p(y, E) ~ ao + by/y, and substitute the same in the QMF

equation (3.17). Equating the different powers of y we have,

b = +i\/2mV, , (3.22)
4mVp — 1ahb
apy = ol . (3.23)
2h

We will now fix the correct Sgn of b, so that ap can be fixed and I,, can be
evaluated. We define p.(y, E) = p.(z,E), when y = exp (az). The value of p.(z) is

taken to be positive just beow the cut in the complex x plane das one approaches
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the real axis (rom the lower haf plane. Under the mapping y = exp (ar). this point
gets mapped just below the cut of p.(y) = p-(2)in the complex y plane and the
direction of the contour too remains unchanged. Given this initial condition. the
value of p.(y) can be found out uniquely by analytical continuation using complex

analysis [5]. The value of p.(y). is given as.

P = i—\/im([:y*’ = Vo +2Vhy) . (3.24)

]
We now fix the correct value of p.(y) in the complex y plane. Given r; > ry > 0,
are the two classical turning points in the complex o plane. let y; and y, be the

images of ry and &, in the complex y plane. We can then rewrite.

5uly) = a1 = .ulu)(y —) -

where A = (|2mE|)"/%s E < 0 for this potential. Introducing the variables ry.r,. 8;,

and 0, (see Fig 3.5), we write.

y—1y1 = ryexpl(id) (0 <6, <2m) , (3.26)
Y=y = ryexp(d,) (0< b, <27) ; riere >0 . (3.27)

also ry + 1y > yy — y1. must be satistied. When written in terms of these variables,

pe(y. E') becomes.
1A

| (0 + 0,
pe = ifq‘("lT'z)if‘XP”(“‘}__Z)

2

&

(3.28)
For the point just below the cut we have p.(y) as positive: have #; =~ 7 and

B, ~ 27 (see Fig. 3.5). We are thus required to choose

A (8, + 6.
pely) = i=(rm)? exmw (3.29)
Y
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Figure 3.5; Fixing signs of p.(y,E) in the complex y plane.

The correct branch of the function 5.(y) is thus selected. This completes the defini-
tion of p.(y,E) in the entire complex plane, except the branch cut.

For y = 0o, 8; = 0, — 0; we have p.(y) = :|W,|, so we are then able to fix the
value of p. at y = co as :|W,|. Similarly at y = 0 we have, 6, = 0, = 7; therefore
b.(u}= — iIW.l/u. Here. IW.l is a Dositive and real auantitv. So at v = 0 for Vn > 0.

we are to choose p. = b,/y = —i+/Vo. We then have,

_ 4mVy — ah/2mV,
= 2i/2m Ve

Therefore,
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I‘Vl — _4m% -} C‘!ﬁ\/ 2mco ' (330)
2ay/2mV,

For the evaluation of the contour integral Ir., we substitute y = 1/z, and the
QMF equation in z is obtained as,

2 azh 0 =2 ‘ o il
(3)~—i—d—~P (z) =2m (£ = V(2% —2z2)) =P, (=) ,
where P (2, E) = p(l/y, E). So in terms of the new variable z, the contour integral

Ir,, becomes,

P (2, E)dz
e = (2m) § HEEE
Yo

= I

(3.31)

Here, 7o 15 a small circular contour that encloses the singular point at z = 0 (as the

singularity at y = co gets mapped to z = 0). Therefore (3.19) can be rewritten as,

L, =JE)+ 1L, . (3.32)

From (3.31), it is seen that one needs to calculate the constant term ag in the
expansion of P for the evaluation of the L. Substituting p (z) = ap in the QM-
F equation for z and solving for aq, we have a0 = +vV2mE, from the boundary

conditions considered above. Therefore,

R

On substituting the values of I, and I, from (3.30) and (3.31), and solving for E

we arrive at

E=-—%(1—(n+1/2)\/;z_%)2 .
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3.3 The infinite wel

The infinite well potential of width L is the smplest example of one-dimensional

motion where a particle of mass m experiences a potential,

V(X)

0O foorO<x<L

0o fox<O0Oadx>L

(3.33)

Figure 3.6: Contour for the infinite well potential problem, in the x plane.
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The nodes of the eigeiifunctions and hence the moving poles of p(.c, E) are located

between x = 0 and L. L&t C be arectangular contour enclosing al the moving poles

(see Fig. 36 ). Then the quantization condition is given by

J(E) = -l—j{ o(z, E)dz = nk |, (3.34)
C

27

where the QMF obeys the QHJ equation,

dp(z, E)

= mE . (3.35)

p’(z,E) —ih

/ i ,,/-“‘" '\“\ \x
[/
\ \
<At
A Q
pl____ T
N
.\\\ . \_\\'i-_‘ y
Ny e

o
\

Figure 3.7: Contours for the infinite well potential problem in the complex z plane.

—

—_—

We now use a mapping z = exp((2riz)/L); the contour C in the x plane (see

Fig. 36) is mapped into the contour PAQRBSP in the z—plane. The moving
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poles get mapped on the middle arc of unit radius (see Fig. 3.7). The quantization

condition is now given as

if; (2, Ed=
J(E)= — ,l__t( =) = nh (3.36)
dem? o z

where Ciis the contour PAQRBSP of Fig.3.7. The QHJ equation written in terms

of the new variable z is,

2rhz 0p(z, E)
L o0z

where p(z, E) = p(z, E). The boundary condition that, the wave function vanishes

pi(=.E) +

=2mE , (3.37)

a x=0and x = L gvesriseto apoleinp(z,F)at - = 1. Let vy and I' be
the inner and outer full circles of radii OA and OB respectively, both taken in the
anti-clockwise direction. The integrd in (3.36) can be written in terms of integrals
over I', 7 and the contour P'SRQ'P' enclosing the pole a z = 1. Thus, we get

J(E) = L j{ﬁ(:, E)d:z 3 f{;’i(:, F)d:= _% p(z, E)dz (338)
4?:7?'2 r 2z g -4 P'S'R'Q'P! Z '

The firg integral is computed by changing variables from zto y = 1/z,as was done

earlier for 'r. Thelast two integras in the above expressions are calculated as usual
by doing the Laurent expansion of p(z, E) in powers of zand = — 1 respectively and

we have,

j(Md_ o —BrivTmE (3.39)
r
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j{P("-—E)di = OgivBmE
.

>
“

j{ p(z,E)dz  4r%ih
P'SIRIQ'P! ~ L .

Substituting the above in (3.38), and solving for E we get,

2mL?

2&'.! .
E=(Tr )(n+1)z , n=0,1,2,+

3.4 Three Dimensional case

38

(3.40)

(341)

(3.42)

We now apply the QHJ formaism to a three dimensional case, and show how it

works for exactly solvable potential problems. The general QHJ equation in three

dimensions given by,

— WV (VW) + (VW).(VW) = E - V(r) .

Is variable separable.

Let us consder thisfor ther, O, ¢ co-ordinate system. For spherically symmetric

potentials, we can separate the three dimensiona case into three separate one di-

mensiona equations, as the potential that we assume here is dependent only on r.

We then have the three QHJ equations given as

h Opg 2 |

. = D,

T Dg T Pe
ha(sinf py) D
ho\smY pe) B e
1 ar T Po Sin2f
h100p) )

—_—p = E—V(T')"‘“.'-

1r2 Or ¥ r?

(343)
(3.44)

(3.45)
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Calculations for the angular part
The solution of P from (3.43) is similar to the evaluation of the free particle case

and the eigenvalues are thus given by,

VD

]

Jo(E) = ngh .where ny = 0,41, +£2.- -

The above is used in (3.44) to evaluate Jy( E).

The QHJ equation for .Js given by (3.44), has the quantization condition,
1
Jo(E) = py 9{ df pe(0, A, Jy) = ngh

writing y =— cot 0, the QHJ equation in y is given by

h i , 5 OP 5 :
= (~ype + {1+ yl)tﬁ) +p = A—=D(1+y")
i dy

= (3.46)
where ps(y, £)= pe(6, £7), and we have the corresponding quantization condition
as,

1 dy po

= Jy(B)= —— ¢ —————— =nph . :

Io Jo(E) sl i P o ngh (3.47)
Note that the contour changes direction under the above mapping, and this accounts
for the minus sign before the above contour integral. The singularities of py(y, F)
are,
(i) The fixed poles of the integrand at y = =i
(ii) The moving poles between the turning points enclosed by the contour C’. There-

fore,

Irp =1+ 1+ Ier ) (348
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e

b ‘b*'/
~
D

Figure 3.8: Contours for calculation of Jy(£)in the complex y plane.

where 1,, and I,, are the contour integrals for the contours 4, and 4, enclosing the

polesaty = +i andy = — i (see Fig. 3.8), and are given by,
1 dyps
S g, S
T L (y+a)(y i) (349
1 dypy
Lp=—-— ¢ ——m—— , 3.50
" QWf;,(ert)(y—z) (550

and Ir,, the contour integral for the contour I'r, which encloses dl the above men-

tioned singularities of (y, E) is,

dyps .
Ir, = . )
h f;n y*+1 (551
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In order to evaluate the resdue for the fixed pole at y = i, we substitute,
p(y) = ao in (3.46) and arrive at,
hao+ a3 = X (3.52)
whose solutions are,
h E\?
a=-2% \/(_j) +A (3.53)

ap 1s also the residue of the contour integral (3.49). Therefore,

(3.54)

Similarly for the pole y = —1, we substitute p(y) = ag in (3.46) and get,

ag + hag = X, (3.55)
whose solutions are,
h A .
ah=-5% (—;) 5 (3.56)
Thus from (3.50),
(3.57)

To evaluate the contour integral Ir ., we substitute y = i; so, as y — 00, z — 0 and

the pole at y = co is mapped to z = 0. The QHJ in z is given as
B Pz 0P (2)) =2 (1+ 22)
(—M‘(l“z)—ﬁz(_))”“:*’p

(3.58)
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Hee Ps (z, E) = pe(1/z, Bipd we have,

B 1 [ dzPs(2)
o=y = =5 —1+—(

(3.59)

where 7o is the contour enclosing the pole a z = 0. On considering a similar
Laurent expansion in Py [2) in z. it is seen that only the b, /= term in the expansion
contributes to the evaluation of the contour integral (3.59). On substituting pp= b,/=

in (3.58), and equating the coefficients of 1/z%term we have,

by = +ivD | (3.60)
which is the residue of the contour integral (3.59); we thus have
Ir,= 1, = -1 . (3.61)
Therefore (3.48) can be written in terms of ag, a;, and by as

ap — a

— by =nh = Jo(F) . (3.62)

We are now required to pick the correct signs of the residues ao, ay, and by. p.(6)
is taken to be positive just below the branch cut joining the classical turning points
of the complex § plane, as one approaches the real axis from the lower haf plane.
Under the mapping y = — cot 8; this point gets mapped to a point just above the
corresponding branch cut in the complex y plane. Thus p.(y),which is to be taken
as positive for this point, can be fixed in the entire complex plane by analytical

continuation, except for the branch cut. We have

pe(y) = VA= D(1+4?) . (3.63)
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Figure 3.9: Fixing signs of p.(y) in the complex y plane.

Let 6, > 6, > 0, be the two turning points in the classical # region and let

and —y; betheimagesof 6, and 8,; we can then write,

Pe(y) = £6V/(y — mi)(y + 1) (3.64)

where ¢ = (|D])z. Introducing the variables, ry,73,6;, and 6, (see Fig. 3.9 ), we

have,

y—yn = riexp(ith) (0<6, <2m) (3.65)

Y—Y2 = 1 exp(ig-),) (O S 92 ..<.. 2“_) y T,T2 > 0 ’ (366)

and in terms of these new variables, we arrive at,
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6, + 0.
expig—l;:—z) .

4

b

For apoint just above the rut we havep,(y)as positive; §, ~ = and §, =~ 0 (see Fig.
3.9). We are thus required to choose,

1 (0] +():)

Pe(y) = —1§(rir2)? exp

(3.68)

~

This completes the definition of p.(y) in the entire complex plane, except for the
branch cuts. For y = oo, we have 8, = 6, = 0; therefore p. = —:|V,|, and we are
able to fix the value of p. a y = co. Here |V,| is a positive and real quantity. So at

y = 0 for D> 0, we are to choose b, = —iv/D and we arrive at,

I, =+VD , (3.69)

We are now required to fix the value of p(y) at y = xi. Aty = +i, we have
9, = aand 0, = 7—« (see Fig. 3.10), therefore, substituting in (3.68), p.(v)= +|V,|

and we choose

h B2
ag = -5 —_ (5‘) -+ )\ 9 (370)
Similarly at y = -i, 6, = 2r- a; 0, = 7+ a, (see Fig. 3.10) thus, p.(y) = —|V|
and we have,
h A\ ?

Substituting these values of ao, aj, and b in (3.62), we arrive at,
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Figure 3.10: Fixing signs of p.(y) in the complex y planeat y —i and y = —i.

A R
Jo(E) = ngh = ((E) +A| -5-VD. (3.72)
Given J; = D, one gets
A= (ng+nl)(ng +nf+1)R% . (3.73)

In the above, n), is the positive square root of n;.

Calculationsfor theradial part

For the evaluation of J,(E)we shal consder the potential V(r) = —g/r where



Chapter 3. Solvable examples from Q.M. 46

g 'S a positive, real constant. The corresponding QHJ equation is gotten by substi-
tuting this value of V(r) in (3.45) as,

TFMT/_'{);- +p = E+"-_—: Jr > 0) (3.74)
= palt) (3.75)
J-(F)is given by,
. 1
Ie =J.(F)= )—TF% drp.(r, E,A) =n,h (3.76)
- C‘

where C is the contour enclosing the moving poles between the classical turning
points in the complex r plane. p.(r.E) has the following singularities:
(i) Fixed poles at r = 0.

(i) Moving poles between the turning points enclosed in the complex r plane.
In order to calculate the contour integral .J.(E'), we once again consider a circular
contour ['r of radius R, such that it encloses the above mentioned singularities of

p-(r, £').We then have (see Fig. 3.11),

IL,=+VD , (3.77)

Ir, =1L, +1Ic , (3.78)

where [, is the contour integral evaluated for the pole at r = 0 and is given by,

1
L, = -—% dr pe(r, E, X) (3.79)
2r Jy
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['g

'S
+

Z I

Figure 3.11: Contours for the evaluation of J.(E)integral

Ir,, is the contour integral for the circular contour T'g, that encloses al the above
mentioned contour integrals containing the moving and the fixed poles of p.(8,E).
We once again seek relevant Taylor and Laurent series expansion in p, for the above
mentioned poles. For the computation of ,,, one needs to evaluate the residue of
p-(r,E) a r = 0, for which p.(r,E) is expanded in a Laurent series,

(> 9]

by
JE) = — e 3.80
p(r, F) . +Za ' (3.80)

n=0

Only the b, termin this expansion, contributes as the residue of /,,, in the evaluation

of (3,79). I,, in termsof b, is thus given as,
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So we are required to substitute p, = b/r in (3.74). Equating the coefficients of

1/r? terms, we have,

b —ik X . (3.81)

On solving (3.81), we get,

b o +ih + VA + 4
B 9 : (3.82)

Now, for the evaluation of Ir,, we writer = 1. Asr — o0,z — 0. The QHJ

eguation in z is given as,

2zh 22k O0p. . ) .
). % +p: = E4gz—XI2" . (3.83)

2 1 dz ‘

pe(2) (3.84)

il
B
)

ta

The corresponding contour integral that has to be calculated is

1 dz p.
Iy & By = %, (3.85)

2T z2

i)
where p.(2,E) =p(r, F'),and v, is the contour enclosing the pole a z = 0. In the
evaluation of the above integral, a Taylor series expansion in z is done, for p(z, £),

which is given by,
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It is seen that only the @1 term in the expansion for p, contributes as the residue of

Iy, in the evaluation of the contour integral I, and is thus given by
1-,0 = i(l] 1

Equation (3.78) in terms of ¢, and b, is given as

Iy, =i(ay — b)) =nh . (3.86)

The minimum power that exists in the expansion of p. is a;. S0 we substitute
p:= ao + a1zin (3.84) and equate the powers of z and solve for ¢;. We then arrive

at the following equations,

ap = =+i(|E|)? , (asE < 0) (3.87)

g = bR . (3.88)
2ag

L, =+VD , (3.89)

We are now required to fix the signs for b;, ao, and a;, for which we have to fix
the sign of p.(r) in the various regions of interest in the complex r plane. pc(r) is
taken to be positive just below the branch cut joining the classical turning points
in the complex r plane, as one approaches the real axis from the negative lower half
plane. The value of p.(r) can then be fixed in the entire complex r plane, except for

the branch cut. From (3.74), we have,

E+

I

g A
pe(r) ST

T
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/T

Figure 3.12: Fixing signs of p.(r, £, A) in the complex r plane.

Given r, and r, are the turning points,

——— T:,) r=ri

50

(3.90)

where, x — (| F|)2. Introducing variables, 1, o, 61, and 6, (see Fig. 3.12), we have

r—r, = riexp(if) ,

r—ry, = rqexp (i) ,

where, r, + r; > 7, - r,. Therefore,

(3.91)

(3.92)
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. 0
Pe(r) = Eix(rira)} exp (6 toz)

(3.93)

For the point just below the branch cut (see Fig. 3.12) we have ¢, = 2, and

0, = 7 SO we are to choose.

, ¢, + 6,
Pc(") = +l\(?'1!'2)2 exp 2( 1+ 60) .

(3.94)

For r = 0, we have 61 = 6, = =; we then have p.(r) = ~iﬂfﬂ which implies b,
is pure imaginary and negative; and for r = 00, p.(r) = +:|W,| (here W, is real),

which implies that ao is to be taken as positive. Therefore,

4 = )g“ « 34K |, (3.95)
2%

E|z

. zh——n/h‘+~1/\. (3.96)

2

Substituting the above values of a; and b; in (3.86), and writing the answer in terms

of | =ng +n, (given A =/(/ + 1)i*), we arrive at,

s ey s = W (3.97)
9/—F

which when inverted for E, gives the exact energy eigenvalues,

A (3.98)
F=_9 1 3.98
4h* (n, +1+1)?
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Chapter 4

Supersymmetry in quantum mechanics

Supersymmetry (SUSY) has played a significant role in throwing new light on
many aspects of well-studied quantum mechanical problems [1]. In non-relativistic
guantum mechanics, the solution of the harmonic oscillator potential via the raising
and lowering operator method is well-known [2]. SUSY quantum mechanics pro-
vides a generalization of this operator method [3, 4] to many well-known potential
problems; when combined with a discrete reparametrization invariance of these po-
tentials, caled shape invariance, a property which will be discussed in detail in the
following section. This was first noticed by Gendenshtein [3]. For a potential V_(z),
with the help of SUSY, one can construct a partner potential called V4 (x), with the

same energy eigenvalues except for the ground-state.

In this chapter, after briefly discussing the operator method for the harmonic
oscillator in ordinary quantum mechanics, an introduction to the operator method
based on SUSY algebrais given in section 4.1, for the purpose of comparison of the
two methods. We then apply this formalism to a simple example in section 4.2,
to demonstrate its working. In section 4.3, we discuss different phases of SUSY,
and about the Gozzi index in this context which helps to distinguish between the

unbroken and broken phases of SUSY.
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4.1 Operator method for the harmonic oscillator and SUSY algebra

The one dimensional harmonic oscillator Hamiltonian iS given by,

H = ﬁ" d? | 9 3
T 2modi? “ Emw L (4.1)

which in terms of the lowering and raising operators a and a,

. = h %i 1 (2mw)?
- 2mw dx * E h ol

_(ﬁ %d+l ‘me‘}f 40
2mw /) dr 2 h ol (4.2)

can be written as

1
H = (ala+ g)hw . (4.3)

From the above equations, the commutation relations
[a,a'] =1, [a, H] =ahw, [a',H]=—a'hw, (4.4)

are easily seen to be satisfied. The operators a,a! are useful in generating new
eigenstates starting from any given state. Given i, is an eigenstate of H, with
eigenvalue E,,, ay, and o'y, are dso eigenfunctions of / with eigenvalues E,, — hw
and E,+ hw respectively. Since the operator a'a in (4.3) is positive semi-definite, all
eigenvalues satisfy F,, > %hw.The successive lowering of eigenstates of the operator

a is therefore stalled at the ground-state wavefunction ¥g, which satisfies,

atliy =1 . (4.5)

Therefore,
hwatao(z) = (H — %ﬁw):,bo(a:) ==l | 4.6)
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which yields Eo = %fiw. From (4.2) and (4.5) one arrives at the normalized ground-

state wavefunction:

to(z) = (mw/mh)* exp[—(mw/2h)z? . (4.7)

The higher eigenstates are arrived at. by repeated application of the raising operator

a' on Yy(z). The energy eigenvalues

1
Ev=(n+5)hw , n=01.2-- (4.8)

and the corresponding normalized eigenfunctions,

(a®)"

vl

are arrived at straightforwardly, without having to solve the second order Schrodinger

Yulz) =

o(z) (4.9)

differential equation in terms of the Hermite polynomials.

The SUSY algebra, relevant for the non-relativistic quantum mechanical prob-

lems, can be written as,
(@i, H] =0 ,{Qi,Q;} = HS;; . (4.10)

Here, Q's (1 = 1,2,---,N) are the self-adjoint supercharge operators and H 1is
the supersymmetric Hamiltonian. For the case N = 2, to be considered here, the

above algebra can be presented in terms of @ = (@1 + 1(Q3)/v/2 and its adjoint
Qf = (@1 — in)/\/i as,

H={Q,Q%, @*=(@" =0, (4.11)

and

[Q,H]=[Q' H]=0 . (4.12)
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A convenient matrix realization of the supercharges can be given by,

0 0 t
Q:( ) : Q*=(0A) : (4.13)
A0 0 0

Here, A is a linear operator and A" is its adjoint:

d
d
AY = —h— s
ﬁdx+w(.r) , (4.15)

where w(z) is called the superpotential. A straightforward calculation yields,

H_ 0
H= , (4.16)
0 H,
where,
H. = A'A, (4.17)
H, = AA! | (4.18)

are the partner Hamiltonians. Making use of (4.14) and (4.15) one gets (2m = 1),

(‘jZZ

Hi = “ﬁza? -+ Vi(.r) y
where,
. Ow(z)
= w? 4.19
Vi =w'iz) +h PP (4.19)

are the partner potentials. The superpotential w(z) is related to the ground-state

eigenfunction gbé_)(;r) of H_ as,

—— Yo (4.20)
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This happens because of the following reasons: Assuming that one has a potential

V_(z), whose ground-state wavefunction 11)((,_)(1) is known, and whose ground-state

energy has been adjusted so that £\ = 0. ope gets (2m = 1),

SITl =

(= 4
H ) (z) = ( W — + V_(x )) ) =0 . (4.21)

dr?

Using the form of V_(z), one easily gets (4.20). This also implies,
s Vm [
wf) ] = exp( z w(z) | (4.22)

which has been assumed to be normalizable. It can be seen that V_(z) and V,(z)

have the same energy spectra, except that the ground-state, of V_(z) with energy

E'(()*) has no corresponding level for V.

If 1[),(,,—) is an eigenfunction of H_, with eigenvalue E{), then AyL™) is an eigen-
function of H, with the same eigenvalue. Similarly, if ¥t is an eigenfunction of
H, with eigenvalue EM), then Atpl) is an eigenfunction of H_ with the same

eigenvalue. This is so because,
Hy(Ap)) = AANAYD) = AH_ () = ED(Apl)) | (4.23)
H_ (AW = ATA(ATWM) = ATH 9 = B (Al . (4.24)
From the above equations it is clear that the eigenvalues and the normalized eigen-

states of H, and H_ are related as

EY = B3, (4.25)
s = (B 749l (4.26)

and

t/’m:»] = By )—-Af¢(+ ‘ (4.27)
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Figure 4.1: (a) Shows the energy spectra of partner potential V_ and V, and the
action of operators A and A" and (b) shows the action of raising and lowering
operators a and at.

Here n = 0,1,2,---, is the number of nodes of the wavefunction. Clearly, for
the zero energy ground-state, Ay, = 0, (4.23)'is not valid and hence is
unpaired. Fig 4.1 shows the energy spectra of the two supersymmetric partner
Hamiltonians and the roles played by the operators A and A'; this is aso contrasted
with the conventional harmonic oscillator case. It may be noted that when the
energy levels for the partner potentials match exactly, except for the zero energy
ground-state, SUSY is unbroken. When the spectra of the partner. Hamiltonians
match identically with a ground-state having non-zero energy, SUSY is said to be

broken spontaneously .
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In the following section, we apply this method of arriving at the epergy eigen-

values, to a potential problem for illustration.

4.2 Eigenvalues of shape invariant potentials

The known analytically solvable potentials in non-relativistic quantum Mechanics
e.g., the Coulomb, harmonic oscillator, Morse, Eckart, and Poschl-Teller potentials
[6] can be cast into a supersymmetric form by suitably adjusting the ground-state
energies. It was noticed by Gendenshtein [3 that apart from this, origin of their

solvability lies in a discrete reparameterization invariance caled shape invariance.

The supersymmetric partner potentials Vi (z) defined by (4.19), are said to be
shape tnvariant, if these potentials have the same shape but differ only in the pa-
rameters that appear in the potentials. In other words if V_(z,q) and V, (z,a,) are

the partner potentials,
Vi(z,a0) = V_(z,a1) + R(ay) , ; (4.28)

and R(a;) is independent of z and ay and a;’s are parameters of the Hamiltonians.

Given
K & :
H® = —— — 4V (2,a,) + Z R(ax) , (4.29)
k=1

2m dz?

where a, = f*(ao) i.e., the function f applied s times; we then have,

2 n
Hs+1) = _.ﬁ_-i[—+V_($,a,+l)+ZR(ak)a

() -
2m dz —

LA PR ME, oF (4.30)

: 2
2m dz e
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Comparing (4.29) and (4.30) we see that these two are supersymmetric partner

Hamiltonians and have identical bound-state spectra except for the lowest level of

H®whose energy is given by

E =Y Rla) . (4.31)
k=1

On going back from A to H4=Y one would eventually arrive at H) and H'9).

Hence, the complete energy spectrum of H_ is obtained as
ES) =Y Rlay), ES =0 . (4.32)
k=1

We now illustrate this procedure via an example by arriving at the energy eigen-

values for the potential,

V(z) = —Vysech’Bz | (4.33)

whose superpotential is given as
w(z) = Atanh fz ;A >0 . (4.34)

The supersymmetric partner potentials are thus,

Vo(z,A) = A*— A(A+ \/ﬁ)sech?/im :
‘ Bh
Vi(z,A) = A*— A(A- \/Q_T;)sechwx : (4.35)
One can thus write
ph 2 ph .
Vile,d) = V(2,4 = =) + 4= (A= 2=) )

On comparison of the above equation with (4.28) we get,

o= Ay = flog) = A = i Blay) =~ ud - (437

\/Qm’
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Applying this procedure successively, we see that the successive Hamiltonians in the

sequence H®, (s =0, 1,2,--), have parameters a, = f*ag) = A — 2% We thus
2

m

arrive at the bound-state energies of the potentials V_(2.A) = V_(r.ao) and these
are given by,
n n
=
EX = > Rla) =Y (b, - a?)
k=1 k=1
2
— 2 2 12 nhp ,
= ag—al=A*- (A - — ) : (4.38)
2m

In the next section we discuss the two phases of SUSY and the GGozzi index which

helps differentiate them.

4.3 Broken and unbroken SUSY and Gozzi Index

In the previous section, we discussed the procedure for arriving at the energy eigen-
values for partner SUSY potentials, when SUSY is unbroken i.e, E,(;)l = ESY For
spontaneously broken SUSY, apriori, this algebraic method is not applicable. In this
section we discuss how to differentiate different phases (unbroken or spontaneously

broken) of SUSY, by looking at the energy eigenstates.

The eigenstates of H, apart from the ground-state for the unbroken case, are

doublets, given by
]
v
¥u(z) = (:)‘ : (4.39)
Pn
where n represents the number of nodes of the wave function. In this case, using

the intertwining relations AH_ = H;A and A'H, = H_A" it has been shown in

the previous section that E,(J_)] = EY n # 0. Here Er(L;)l and EL") are the energy
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eigenvalues for H_ gng Hy respectively. For the spontaneoudy broken SUSY 1],
all states of H- and H, are paired.

When SUSY is unbroken. the ground-state |0 > satisfies.
QN0 >=0 or Q0>=0 . (4.40)
In terms of the wave function this gives,
AtpiP =0 o ApI =0 . | (4.41)

Whenever the function exp (— [“w(y)dy) is square integrable, it represents the
ground-state wavefunction ¥{™ of H_ with zero eigenvalue. It can be seen from

A = 0 that,

1 gyl
w(z) = ~h~—= _g” ; (4.42)
.,pu €T
If 1/)6") is not normalizable, then, ﬁ, which satisfies ATJ(]") = A*z/)(()“ = 0 is the
/U 1!0

unpaired zero energy ground-state of H,. In this case, the role of H_ and H, are

interchanged.

For the spontaneously broken case, the ground-state, having non-zero energy, is
no longer annihilated by either of the supercharges and for this case neither d)f,")
nor 1/¢8—) is normalizable. In this case, it is well known that the eigenvalues of H_

and Hy coincide i.e., ES) = ESY with a non-vanishing ground-state energy.

Given 'z,b,(f) and da,(,f') are the wave functions of H~ and H™, with eigenvalues
E{™) and ES respectively, Gozzi [7] noticed that by examining the wavefunctions

for any given state, where the eigenvalues matched, one could determine whether
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SUSY is intact or spontaneously broken. This could be done with the help of the

wave functions '(,b(E_) and 11)};), by defining the quantities,

ny howl) 1
pPNE) = ——E—
t dr U",(")
E
ho ()
pH(Ey = 2%e 1
i (');r ur(j-)
E
Gozzi index 1s given by
§ = j{p(—)(E)dI == fp(“(E)dJ; , (4.43)

where the integral is taken around a contour in the complex z plane enclosing part
of the real axis, between the turning points. It can easily be verified that p*(E)

has a pole at each node of dﬁfgi). Near a node zg, g = K(z — z¢) gives,

Eool
pE(E) = <

1T — I

Thus, a contour integral enclosing p( E') between the turning points counts the num-

ber of nodes (n) and thus gives,

fp(i)(E)d.r =nh .

Therefore depending upon phases of spontaneously broken and unbroken SUSY
(setting = 1), S can take values 0 and +1 respectively. The relationship between
the QHJ formalism and the Gozzi index will be discussed in a later chapter VI where

we would be using the QHJ formalism to distinguish these two phases of SUSY.
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Chapter 5

Examples from SUSY quantum mechanics

In this chapter, the quantum Hamilton-Jacobi (QHJ) formalism [1, 2], is used to
obtain exact energy eigenvalues for potentials which exhibit supersymmetry (SUSY)
and shape invariance (Sl) [3]. It is wel known that for potentials having the above
two properties, one can find out the eigenvalues algebraically. Our motivation in
carrying out this explicit computation has been (a) to gain a better understanding
of the working of the QHJ formalism and (b) to see what kind of singularities are
possible for the quantum momentum function (QMF), which play a significant role,
as will be seen later, in determining the eigenvalues. It is seen that the singularity
structure of QMF will enable us to analyze exactness or nonexactness of the well-

known SUSY WKB [3, 4, 5] and the broken SUSY WKB formulae [6, 7].

We apply this formalism to a whole set of hyperbolic and trigonometric poten-
tials that exhibit the above properties of SUSY and SI, discussed in chapter IV. As
discussed in the previous chapter, the non-linear nature of the QHJ equation, gives
two possible values for residues. We had made use of the boundary conditions as
suggested by Leacock and Padgett [1], to choose the correct residues. In this chap-
ter we make use of an alternate procedure to arrive at the correct value of residues.

We noticed in the context of SUSY quantum mechanics discussed in the previous

65
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chapter, that, for the unbroken cases [3], the QMF p(X, E)|g_¢= iw(z)_We are thus
able to choose the correct residues making use of this condition, and therefore arrive
at the exact energy eigenvalues for cases where SUSY is unbroken. We also retain
the constraints on the parameters of these potentials in order that SUSY remains

exact. This aso helps us compare our answers with energy eigenvalues obtained

from unbroken SUSY algebra.

As seen in chapter 111, mapping plays a key role in both, smplifying as well
as ascertaining the singularity structure of the QMF. To demonstrate this, we first
consider the Eckart potential using the mapping y = coth ax. We then unify this
approach of mappings by using y = exp(az) for the hyperbolic cases and y =
exp(zax)for the trigonometric cases and tabulate our results. These results are
presented in two tables for clarity. We conclude this chapter with some comments
and discussions on future directions of work to be carried out in chapters VI and

VII.

5.1 Eckart Potential

In case of Sl potentials both V, and V_ are of the same functional form, albeit with
different values of the parameter. In the following, we will consider only V- and
apply the QHJ formalism to obtain the corresponding eigenvalues. In this section

we shall obtain the energy eigenvalues for bound states of the Eckart potential given
by,

2 B
Viz)= AE % % + A(A - ah)cosechzar — 2Bcoth az . (5.2)

(z > 0)
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Here, A and B, {B > A?) are constants. The corresponding superpotential IS given

by

.

w(r) = -Acothar + —? (5.2)

where A and B are constants and the quantum Hamilton-Jacobi equation is given

by

J

dp(z, E) g P
dr A?

p’(z, E) —ih—— ~ A(A — ah)cosech*ar + 2Bcoth ax . (5.3)

A simple way to obtain the eigenvalues of Eckart Hamiltonian is to make use of
the transformation

y = coth az. (5.4)

Under this mapping, p(z, E') becomes a function of y when r is expressed in terms of
y. Thus p(y, £) is nothing but the QMF p(z, E), expressed in terms of the variable

y. This will be understood for all change of variables to be considered below.

The quantization condition J(E) = nh then becomes

1 p(y, E)d
I = j{ ply ). Y _h (5.
&

2o 1 —y?

It
ot
~—

where, (| is the image of the contour C of J(E), enclosing the turning points, under

the mapping ¢ — y = coth az. The QH. equatfori written in terms of y is given as

7~ iha (1 +)(1 ~y) = B~ A= 5~ A=+ 1)s = 1) +2By . (0

Note that the above mapping y = cothaz introduces additional singularities

in the integrand at y = #1. The contour integral Ic, is calculated by deforming
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7~

Figure 5.1: Contours for the Eckart potential problem, using the mapping
y = coth ax.

the contour, (see Fig 5.1 ) so as to enclose al the singular points of the integrand.
The poles of QMF can be located using available results [8] on complex zeroes of
solutions Of linear differential equations. They are easily found by inspection for all
the problems of interest in this chapter. For evaluation of the integral (5.5) consider
the contour integral ., for acircle T'r of radius R which is taken to be large enough
so that outside ['s p{y) has no singularities. p(y) has the following singularitic:
a) the singular points of the integrand are the poles at y = +1 and

b) the moving poles enclosed inside C\.
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Therefore, we have

1 pdy | dy a1 dy
')'rafl . (}’ !.,+)£ ;./_)Jrf .')
2 Tpl— ¥ 2ra \ Je, 1 = y* wy b=y s 4 = g*

Denoting the integrals in (5.7) as Ir,, lo,. I,, and [, (Fig. 5.1). we rewrite (5.7)

as
Irp=1Ic,+ 1,4+ 1, . (5.8)
The contour integral I, is calculated by one more change of variable to z = 1/y.
In terms of the variable = the integral Ir, becomes
dy .
foy = }f ——-lp 2 (5.9)
rpt—Y
- § 25 (510
22— ]
Yo
= I, (5.11)

where 7 is a small circle in the complex z plane enclosing only one singular point
located at z = 0. It is worth reminding that both the contours are in the counter-
clockwise direction and the singularity at y — oo is mapped to the singularity at
7 == ),

Therefore (5.5), (5.8) and (5.11) give

1 d 1 dz d dy % 1
nah = — P y( = — f f —f s yz—f £ =4 (5.12)
2r Jo, 1~ 2ri\l, -1 wy L™ Y w17 ¥

The calculation of various integrals requires behaviour of the momentum function

near the singular points. In particular, we need the value of the function at y = *1
and its residue at = 0. These are calculated by substituting appropriate Taylor
or Laurent series expansions of p in the QHJ equation and solving for the first few

coefficients in the series expansion as done in the previous chapters. For example,
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for calculation of the contour integral around y = +1, the series expansion of p(y, E)
around y = £1 is used. The integrand suggests that we need to calculate only the
coefficient of the constant term. We illustrate this for computing the integrals /. :

for this purpose we at first expand p(y. E) as

ﬁ(y.E) = Qg + (Y](_t} — l) +Q.2(y —_ ])" deosvinae

and substitute the above expansion in (5.6). Comparing the terms independent of
y on both sides gives

‘ , B*
cyg",:EmA"»E«HB . (5.13)

Let By be the constant term in the expansion of p(y, £) in powers of (y + 1). Then

Bp 1s similarly determined and is given by

'32—E—A2—B—2——‘?B (5.14)
32 = 7 28 5.

Note that, there are two roots for ap and fy, corresponding to the two signs of
the square of the right hand side in (5.13) and (5.14). Similarly for obtaining the
integral I,,, we need to compute the residue of p(z, E) at z = 0. We expand p(z, E)

as

p(z,E)=b/z+a+arz+--- (5.15)

and substitute (5.15) in the QHJ equation written in terms of the variable z

-2\ d s BY 1 — 22 2B .
p2—iaﬁ,(l 2 )f:E—Az—ﬁ—A(A—C!FL)( ) )‘*“"— (5]6)

- “

Comparing the coefficients of 1/2z* on the two sides gives,

—1i (ah — 2A ;
b = 1ah + zga ) (5.17)




Chapter 5. Examples from SUSY quantum mechanics 71

We select the correct roots for ag, feand b, from (5.17), (5.13) and (5.14) by com-
paring them with the answer for E = 0. It is sraightforward to obtain the value of
b1, @ and Ao for E = 0. by recalling that for zero energy the QMF is related to the
superpotential py p{x. E = 0) = iw(x). Writing the superpotential w(r) in terms of
=, we get

A B
w(z)=——4+—. (5.19)

~ 4

The residue of w(z) at z=0is— A.Comparing this answer with value of b,, we see
that the correct choice of b; is given by b, = —:A for dl E. Similarly one looks for
the coefficient of expansion of w in powers of y + 1 and this is compared with the

values of g and By respectively for E = 0 and are given by.

B'2
Gp = 2 E—Az-?-{-gB i (519)
B2

It may be noted that the correct sgn of the residues calculated can also be fixed
by taking % — 0 and looking at the behavior of p. near the point of interest. This
procedure, as originally suggested by Leacock and Padgett, is a bit complicated.
For SUSY potentials under consideration in this section we have found it useful
to follow the alternate procedure as explained above. However in context of later
chapters we will folow the alternate procedure and show how we can arrive at cases
of unbroken and spontaneously broken SUSY for these examples, for different values
of parameters appearing in the superpotential.

The contour integrals I.,. /,, and I, are, therefore, computed to be

i(): 13() A
L o e, L = J(_’ and [, =-——.
m ?_a 20‘ & a
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Thus the energy eigenvalues are obtained from

fo,=nkh=—=_ P 100 (5.21)
a 2a 2«
which on further simplification gives
,  B? B? .
Ey=A"+ —=— ——— — (nah + A)* . 5.22
g A2 (noh A (nah + A) (5.22)

One can arrive at the above energy eigenvalues using other mappings. Use of a
different mapping will be considered in the next section and we shall then show how

to obtain the bound state eigenvalues for other SUSY potentials.

5.2 Other SUSY potentials

In this section, we will show how the QHJ method could be used for other SUSY
potentials. We will use y = exp(zaxz)mapping for the SUSY potentials involving
trigonometric functions. The remaining potentials involving hyperbolic functions,
y =exp(ax) will be used. The treatment of each of these cases runs parallel to the
treatment given to the Eckart potential in the previous section except for a new point
which requires specia attention. The use of the mapping y = exp{«az) gives rise to
extra energy dependent poles in p(z, E) in the non-classical region. Computation of
the exact energy eigenvalues requires the knowledge of an integral along a contour
enclosing these energy dependent poles. In all the cases investigated in this chapter
this integral can be related to the integral around the contour which encloses poles
in the classical region on the real axis.

In this section, at first we shall work out the eigenvalues for the Eckart potential

again, using the mapping y = exp(az), but concentrating only on the new points as
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compared to the treatment in the previous section.

The corresponding superpotential for the Eckart potentia written in terms of the

variadble y = exp(az) is

2
y +1 B
y)=~A —
w(y) (;,z — 1) 5 (5.23)
and the QHJ equation is
. dp . B* 4A(A-ah)y? 2B(y*+1)
2 2
—thay— =FE - A* — — — : :
¥~ aydy 1 = 1) = 1) (5.24)
Now the equation

Figure 5.2: Contours for the Eckart potential problem, using the mapping

y = expaz.

B* 4A(A-ah)y* 2B(y*+1)
=A== T e-n O (529
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has four solutions for the turning points. These are shown as {/, V, U’V (see Fig.
5.2 ). The moving poles of p are (i) on the real axis and between U and V and (ii)
on the real axis between V and V. It should however be noted. that two of these
turning points {"and V are in the non-classical region. We note that the symmetry

y — -y in (5.25) interchanges {7 with V and V with V. This symmetry implies
Io, = I, | (5.26)

where C; and C, are contours enclosing {/,V, and U’, V respectively as shown in
Fig. 5.2. Next note that now y = 0 is a pole of the integrand in the action integral
(see (5.28) below). Alsop(y) has poles at y = 1 and y = —1 because the right hand
side of QHJ issingular at y = 1 and y = — 1. Introducing I, for the large circle T'r

enclosing al the singular points we arrive at
er = 1()‘1 + ](_j? + Iy + ].,.2 + I, . (5.27)

Here, I,,1,,.andlgre integrals aong contours 71,72,andys which enclose the
singular points y =1,y = —1 and y = O respectively. Therefore, using (5.26), the

quantization condition

1
I & ){ O sty B = 6k . (5.28)
2ra Jo, Y
becomes
Irg =Y L, =2nk . (5.29)
P
The rest of the calculation is same as in Sec. 5.2. and one easily arrives at
2 2 ,
E,=A*+ = —~—B—— — (nah + A)? . (5.30)

A?  (nah + A)?
The calculation of eigenvalues for the Scarf | (trigonometric), Rosen-Morse | (trigono-

metric), Scarf 1l (hyperbolic), Rosen-Morse Il (hyperbolic) and the generalized
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P5schl-Teller potentials proceeds in a smilar fashion. The results obtained using
the QHJ formalism matches exactly with those obtained earlier by other methods,
and are summarized in Table 5.1 and Table 52. To facilitate the comparison, we
have taken the same parameters in our potentials as is given in [9]. The range of the
variable x is —o0 < X < 00, unless indicated otherwise. The expressions listed in
the column four are o« times the vaue of the integrd 1, for the contour -, enclosing
only the singular point indicated in the third column of the table. The vaue of 1,
for the pole a oo represents the value of Ir,. For the fixed poles a y = 0 and
00, the sguare roots in the residues are found to have relatively opposite sign, on
comparison with the codffidents o corresponding terms in the expanson o w(z),
for E = 0. The eigenvaues ligted in the last column are obtained using (5.29), and
solving for E,.

In this chapter we have explicitly worked out the eigenvaues for the SUSY poten-
tials usng the QHJ method. Apart from checking the correctness of the formalism,

this exercise provides ingght into solvability of these potentials.

The main dfoart involved in use of this scheme lies in selecting the correct root
for the residues needed. This problem was solved here by comparing the answer-
s obtained from the QHJ for E = 0 with that obtained from the superpotential.
In generd the choice of the correct root for the resdue can be made by using the
boundary condition on QMF, viz., p — p. in the limit & — 0 and where the branch
of p. is selected in such away that it corresponds to the positive sgn just below the
cut on the red axisjoining the physica turning points. We will come back to this

pornt in the next chapter.
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Table 5.2 : Hyperbolic Potentials.
For al the potentials listed in this table the mapping y = exp(ax) iS used.

Name of Potential Location of m’,p Eigen
potential fixed poles value
0 —-i\/ E ~ A?
Scarf 11 A2 4 (B? - A2 - Aah)x i iB-A
(hyperbolic) sech? az + B(2A + ah)x A2 — (A = nah)?
sech ax tanh azx -1 —-iB - A
oo i/ E - A2
0 —i\/E- A2 - B2/A? 428
Rosen - A2 4 32,’/12 ' -A A% 4 leﬂz
Morse I1 —-A(A+ ah)sech2 az —(A — nah)?
(hyperbolic) +2Btanh ax - -A —B2/(A - nan)?
o0 iv/E= A2 -~ B2/A? 28
0 -\/E—AZ-BZ‘M?-zB
Eckart A? 4 B2 /A2 1 A A% 4 32/,\72
(hyperbolic) +A(A — ah)cosech? az —1(’.4 + nah) )
—2Bcoth az -1 A —B*[(A 4 nah)
(z>0)
& ~i\/EB - A% — B2[A2 4 2B
0 —i\/E - A2
Generalized A% 4 (B? 4 A% 4 Aan)x i ~A+ B
2 A% — (A = nah)?
Péschl- cosech” ax — B(2A + ah)x
Teller coth az cosech azx -1 —(A+ B)
(x>0)

oo |\/E—A2
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Chapter 6

Analyses of phases of supersymmetry in quantum mechanics

In earlier chapters of this thesis, use has been made of the quantum Hamilton-Jacobi

(QHJ) formalism [1] for solving the bound state problems [2, 3]. In chapter V we

have calculated the exact energy eigenvalues for the examples from supersymmetric

(SUSY) quantum mechanics, which were solved for particular ranges of parameters

where in SUSY was unbroken. In this context, we had made use of an alternate

boundary condition on the quantum momentum function, p(x. £ = 0) = wlz).
This helped us choose the correct signs of the residues evaluated, for arriving at the
energy eigenvalues of these potentials, but only for the particular range where SUSY

was unbroken.

Study of different phases of SUSY has generated a lot of interest in recent years
[4]. It has been found that for appropriate ranges of the parameters appearing in
some of these potentials, a given Hamiltonian can exhibit either broken or unbro-
ken phases of SUSY. In this chapter, we show as to how, within the framework of
QHJ formalism, both the unbroken and spontaneously broken phases of SUSY in
quantum mechanics can arise in a natural manner, for appropriate ranges of the
parameters appearing in the potential. The origin of the restrictions, on the param-

eters of the Hamiltonians in these two phases, is studied in detail. It is found that,
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the boundary condition in this method, plays a crucia role in naturally differenti-
ating the two phases of SUSY, for different ranges of the parameters appearing in

the potentials.

In sections 6.1 and 6.2. we apply the QHJ method to the generalized Poschl-
Teller and Scarf | potentials respectively, which show both spontaneously broken and
unbroken phases of SUSY for suitable vaues of the parameters of the Hamiltonians.
The results are summarized in a tabulated form. The Gozzi index [5], is computed
for each of these examples, and is shown to differentiate between the two phases
of SUSY for al the examples considered in the text. An alternate approach of
evaluation of the Gozzi index, is aso given. We investigate other potentials of
SUSY in section 6.3, and find that they exhibit unbroken SUSY for the complete

ranges of the parameters of the Hamiltonians. We then present our conclusions.

6.1 Generalized Poschl-Teller potential

Quantum action integral

For the generalized Poschl-Teller potential, the superpotential is given by
w(z) = Acoth az — Bcosech ar (e=20) . (6.1)
The partner potentials are
Vi(z)= A’ 4+ (A*+ B*F Aat)cosech®ax — B(2A F ahi) coth az cosech az  (6.2)
and the corresponding QHJ equations are given by,
Ips

pi(z, E) — zﬁd—- = E - A’— (a® + b* F Aah)cosech®ax
-
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+ B(2A gp ah) coth arcosechar . (6.3)

We shall present the calculations for only one of the partner Hamiltonians (H.)as
the calculational getails for the other is similar. For the convenience Of calculation.

we introduce the variable y:

cothaz + cosech ar =y | (6.4)
1

coth az — cosech ar = - . (6.5)
y

The corresponding QH.J equation in variable y is

. tha p(y, E .
Py, E) + it )(1 )
2 Oy
: . ; 2-1)* yd — 1
= E-A*-(A*+B*+ Aaﬁ.)(y—_)— + B(2A + m’z.)("" ‘ ) (6.6)
dy? dy?
and the quantization condition J(E) = nh is given by,
-1 Aﬁ(va)

JE)= — ———— =nh 6.7
HE)= T f T = )

where p(y) = p_(z). The quantum action integral around contour C\ enclosing the
moving poles between the turning points in the classica region in the complex y
plane., will be denoted by I¢,.

The mappings given by (6.4) and (6.5) introduce singularities in the integrand
of (6.7) aty = +1. QMF has afixed pole at y = 0 and in addition p(y) has extra

energy dependent polesin theregiony < — 1.

In order to calculate the quantum action integral I¢,, we deform the contour Ci

(see Fig. 6.1), so as to enclose al the singular points of the integrand and the extra,
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Iy

Figure 6.1: Contours for the generalized Poschl-Teller potential.

energy dependent poles in the non-classical region.. The integral (6.7) is calculated,
by considering a contour integral Ir, for a circle I'r of radius R, which is large
enough so as to enclose the above mentioned singularities in p(y) and is such that

there is no other singularity outside I'r. We thus have
Iep=lo,+lo, + Iy + Ly + Iy (6.9)

where I, represents the integral around the contour (' enclosing the moving poles
between the turning points in the non-classical region of the complex y plane; vi,v2,

and 73 represent the contours around the poles at y = 1, -1 and O respectively (see
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Fig. 6.1) and we have

Iy = %é% 69)
Iy = E}ﬁ;j%g@ﬁ. (6.10)
= ‘?l f; #’_“"1) , (6.11)
I = "Tl }(.a’(’_;iﬂ% | (6.12)

It is worth pointing out that the symmetry y — —y in p.(y) interchanges the
turning points in the classical region of the complex y plane with those in the non-

classical region. Therefore I¢, and /¢, contribute equaly in (6.8). Thus

]C- — IC = —lf M_‘ = nh N (613)
: ; T Jo, a(y?—1)

The contour integral I, is calculated by one more change of variable: z = 1/y.

So in terms of the new variable =, the integral I, becomes,

] ;(:,E)
" e et M 6.14
frr s fm a(l — z2) (614

I’Yn L (6 15)

where ~, is a small circle in the complex z plane that encloses the singular point at
:=0ad P (2 E) =i/ E).
The QHJ equation in z is,

2 Ko B

2 (:2—1)2
P 5E)+55; -

(:2~1)=E—A-2—(A2+32+AG)T
(1-24
42

+B(2A + ah) (6.16)

Therefore, (6.8) now can be written as,

nh= (I = Iy — Iy, — I,)/2 (6.17)
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Various integrals in (6.17) can be evaluated in terms of four constants a, @b, by,
and b which are, respectively, the values of p(y) at y = +1, - 1, the residue of p(y)
at y = 0 and the residue of P at z= 0. The quantization condition then takes the

form
(ag = ao) + 2(by + b)) = 2inka . (6.18)

Each of the four constants, introduced above, is determined by substituting the
relevant Taylor or Laurent series expansions, around the appropriate point, into QHJ
and comparing the coefficients of different powers of y or z on both sides. Because
the QHJ is quadratic, this process leads, in general, to a quadratic equation for the
constants to be determined. Thus QHJ, in general, leads to two answers for each of
the four constants.

We shall now give the answers for the four constants as obtained from the QHJ.
For evaluating the values ap and a; ofp(y) aay=1andy=— 1, wesety = %1 in
the QHJ equation, and noting that p(y) is not singular at y = £1 we get

a = E-A?, (6.19)

P

ag = E—-A* . (6.20)

For the evaluation of by, the residue of p(y) at y = 0, the expansion p(y) =
bi/y + ao + a1y + - - - is substituted in (6.6). We thus have

A+ B A+ B+ ah
e e ———

)
2 ] 2 (b‘”l)

b1:i

The residue of the pole at z = 0, b}, is needed for the integral (6.15). It is evaluated
by substituting p (z) = b,/z+ Bo+ 1z + -+~ in (6.16) and equating the coefficient

of 1/z* terms and this leads to

, .A-B ah+A-B
b1=2 2 3 —Z-——‘?

(6.22)
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The correct choicefor each of thefour constants a, ag, by, and p; dependson the
actual values of the parameters appearing in the superpotential. The choice of the
correct answer can be made by implementing the boundary condition p(x) —p°{X)
and specifying the correct branch of p.(y. Ein the complex y plane. The energy
eigenvalues are then determined by solving (6.18) for E,

Boundary conditions

The non-linear nature of the QHJ equation, gives rise to a quadratic equation for
the residues, and one obtains two vaues for the residues needed for completing the
computation of eigenvalues. The boundary condition mentioned above, plays an
important role in the picking up of the correct residue. The boundary condition on
p(x) is that it becomes equal to p.(x)in the limit # — 0. The classica momentum
function p.(z) = \/F—_l/(ﬂ as a function of complex variable z, is a multiple
valued function and is to be denned carefully. It has a branch cut in the classically
accessible region between the turning points. Depending on the potential it may
also have branch cuts at other locations in the complex plane. The condition that
will be used to define p.(z)is that, p.(x) is positive for Re x in the classical region
as one approaches the real axis from the lower half plane. This condition is easily
translated into a similar condition on p. expressed in terms of the complex variable
y or . We shal at first define p.(y) = p.(z) as a function of complex variable y
in the cut plane. Next we shall compare values or residues of p(y) and of pc(y) in
the limit 5 — 0. This comparison will dlow us to select the correct value, or the

residue, of QMF.

The process outlined above will now be implemented for the case of generalized
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Poschl-Teller potential. The classica momentum function

PC(‘F) = \/m ,

when written in terms of the variable y, becomes

. 1 : ‘,
pe(y) = ifz-j\/_(A — B)%y' + y2(4E 4+ 2B? - 242) — (A + B)? 629
}i
e
L e yar
s L ey A ) 8,
=Yz -Y1 0 i %

Figure 6.2: Definitions of angles ,, 02,61, #2 anddistances 71,72, p\, P2 used in text.

Let z, > z; > 0, be the two turning points in the classical region. The other two
zeros of the momentum function p.(z) are —ziand —z». Let ¥1,ybe the images

of z1,z,. Then we can write (6.23) as,

pe(y) =i%\@— y )y — y2)(y +y1)(y +v2) (6.24)
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where
A=|A-B|.

We introduce the variables r, . r o
he variables ry. 1y py. py. 0,0, 1. and 0. as shown in Fie. 6.2, where

Y= = rrexp(ith) . (6.25)
Y=Y = ryexp(uty) (6.26)
y+yi = prexp(io) | (6.27)
y+y: = prexp(ioy) . (6.28)

and write p. as

) - 2 [i0+ 02+ 61 + 0
p(‘(y) — i;&(r‘lr'zplpg)l’“@x}) ( 1 : o5 ()‘_)

& 4
b

(6.29)

All the four angles, 01, 0,, 01, 9;, are chosen to lie between 0 and 27, Alsor, +r, >
Y2 — Y1, and p1 + p2 > y2 — yaimust be satisfied. It must be emphasized that we till
have to fix the sign in (6.29) which will decide the branch of the function p.(y) to
be selected.

Now we have to choose the correct sgn in (6.29). It is easy to check that a
point just below the real axis in the complex x plane and lying between r, and r,
is mapped to a point just above the cut between y, and y, in the complex y plane.

Such a point corresponds to
b =00=m,¢=0,¢.=0,

and for these values of angles, p.(y) must be positive if Re y is between y, and
y2. This together with (6.25) to (6.29) fixes the sign in (6.29) to be negative and
completes the definition of p.(y) in the entire complex plane except the two branch

cuts. the first one lying between y; and ¥, and the other one between — y.and — y;.
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We are now ready to implement the boundary condition that in the limit ft _
the QMF p goes to P The values at pointsy = £1, and the resduesat y — 0 and
C of the QMF and the classicd momentum function can now e compared. Note
that all the four parameters are purely imaginary. Also it is easy to see that we get
the following constraints on the imaginary parts of the four constants ¢, a/,. 5,. and
by.

1. Imay is positive.
2. Imagis negative.
3. Imb, is positive.

4. Imb] is negative.

As already indicated the parameters ag, ag, b, and ] are determined by substi-
tuting appropriate Taylor or Laurent expansions of QMF in QH Jin terms of variable
y. This leads to two values of the parameters ay, ay, by,and b;. For different ranges
of the parameters A and B appearing in the potential, only one of the two roots
for ao, ag, by, and 0] satisfies the restrictions listed above, leading to unique values
for the constants. The imaginary parts of the four constants are listed in the Table
6.1 for different ranges of the parameters A and B appearing in the potential. The
values of QMF and its residues listed in Table 6.1 can be utilized to compute the

energy eigenvalues using (6.18).

A similar treatment can be given for the partner potential Hy. We do not list
the residues and the values of QMF for the partner potential, however. the find

energy eigenvalues for H_ and H, are listed in Table 6.2. This table also gives the
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Gozzi index, which is the difference between the quantum action integral for the
partner Hamiltonians H, and H- (taking h = 1), and is evaluated for each of these
set of ranges. The evaluation of Gozzi index ran be done making use of the values
and residues of the QMF aready found for the two potentials V, and }_. A close
look at these energy eigenvalues reveas that SUSY is intact for a set of ranges of .4
and B, where as for another range of values of these parameters SUSY is broken.
It should also be noted that for yet another set of values of parameters A and B,
the roles of H4 and H_ are interchanged in the sense that the E — 0 is the ground
state of H.. instead of H_. It can be seen from the Table 6.2 that for the broken

phases, as expected, Gozzi index is 0 and for the unbroken case it is +1.

An alternate way of computing the Gozzi index, requires knowledge of the spec-
trum of H_ and H,. Let E- and ET be the energy eigenvalues for the m* and
nth excited states where m and n represent the number of nodes of the respective
eigenfunctions. Notice that the number of nodes coincides with the value of the

action integral, and is given by,

Jn(E)= mh .

Therefore Gozzi index is easily seen to be equal to m - n (k- 1), where ™ and n
are such that the corresponding energy eigenvalues £~ and EY are equal. Taking
this discussion into account, the Gozzi index can be easily found from the energy
eigenvalues, f_ and H,, dready tabulated in Table 6.2. It must be remarked
that the boundary condition of QMF automatically leads to the correct energy

eigenvalues and our analysis exhausts the entire range of parameters A and B.
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6.2 Scarf | (trigonometric) potential

Quantum action integral

We next investigate different phases of SUSY for the Scarf | potential. Although
the previous example has been investigated earlier in the literature using a different
technique by Dutt et. al. [6] The analysis of the Scarf | potential for broken phases

of SUSY is new [7]. The superpotential for this case is given by,
w(z) = —Atan ar + Bsecar (=72 <az <x/[2) . (6.30)
The partner potentials are,

Vi(z) = (A*4 B? - ahA)sec’ ax — A* — B(2A — ah)tan azrsecaxr  (6.31)

V_o(z) = (A*+ B*+ ahA)sec’ axr — A* — B(2A + ah)tan arsecar .(6.32)

We shall once again present analysis only for H_: the results for Hy will be stated

at the end. The QHJ equation for V_ is given by,

p*(x,E) — zhg—p = E + A — (A’ 4+ B* + Aah)sec’ ax
T

+B(2A 4+ ah)tan ax sec ar . (6.33)

Using the transformation
y = secar +tanaz , (6.34)
1/ly = secaz —tanaz |, (6.35)

the QHJ equation in terms of the variable y is
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Figure 6.3: Contours far the Scaf | potential.

The quantization condition J(E) = nh as in (6.7) becomes,

1 ply, E)dy
Ta Jo, (y*+1) " (6:37)

Here 5(y, E) = p(z, F) and C\ is the contour enclosng the moving poles in the
complex y plane. The integral in the above equation will be denoted by Ic,. The
mapping from x to y gives rise to singularities in the integrand at y = +:. In
addition the QMF p(y), has pole at y = 0 and extra energy dependent moving poles
intheregiony < 0.
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We calculate the quantum action integral, /., in (6.37). As in the case of the
generalized Poschl-Teller, we deform the contour (see Fig. 6.3), so as to enclose all
the singular points of the integrand inside a large circle I'g of radius g, We thus
have,

Irp=lIe,+lc,+ 1, + 1o, + 1, . (6.39)

where It is the contour integral for the circle Tg; I

Yo

l,,.and [ are the contour
integrals evaluated along the contours +,, 7v,, and 73 enclosing the poles at y = ¢, —:
and O respectively. and /¢, encloses the moving poles between the turning points in

the non-classical region. These contour integrals are given by

fpy = %j{% : (6.39)
Ip, = % }(( | ;i%)f—"l) : (6.40)
= L oo
L, = % }i % : (6.42)
I, = i iﬁ)—% . (6.43)

Under the symmetry, y — — y of the QHJ equation, the turning points on the real
axis in the classical region, Rey > 0, are interchanged with those in Rey < 0 region,

and we have that I, and /¢, are equal (see Fig. 6.3). Therefore,
Ie, = Ig, = nh . (6.44)

The contour integral Ir, is once again calculated by the change of variable z — 1/y

as in (6.15). The QHJ equation in z is
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(0.45)

~

where p (z, E)=p(1/z, E). In terms of the new variable ». we have.

~

1 ;(:. E)
1 — —— b T~
F'r or fa(l 4 22) (6.46)
= Iy . (6.47)

Therefore (6.38) can be rewritten in terms of the above contour integrals as,

~
~

P (z) Ply)dy ply)dy ply)dy
— = Qrz,hmr—i»f LA, +j{ - +j§ Ao S 6.48
ﬁo (1+:2) Y1 (y2+1) Y2 (y‘+]) 3 [yz"l"l) ( )

Various integrals can be evaluated in terms of vaues and residues of the QMF at

different points. As in the previous case, equations which are quadratic, and which
determine the required values and residues of QMF, can be found using the QHJ
equation. The choice of correct root is to be made by making use of the boundary
condition on QMF in thelimit A — 0. The QMF in this limit is equal to the classical
momentum function which is multiple valued in the complex plane. Hence we must
define classical momentum function properly before the boundary condition can be
used. This program has been spelled out in detail for the generalized Poschl-Teller
potential. We shall now give the main steps for the present case of Scarf | potential.

The integrals in (6.48) can be expressed in terms of four constants ay, ag, b, and
by which are, respectively, the values of p(y) a y = +¢, — ¢, the residue of p(y) at
y = 0 and the residue of P (2) a z = 0. The quantization condition then takes the

form
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(2o — ao) + 2i(b} — b)) = 2nha . (6.49)

As in the previous case the four constants. introduced above, are computed by
substituting the relevant Taylor or Laurent series expansions, around the appropriate
point. into the QH.J equation and comparing the coefficients of different powers of
y or z on both sides. Because the QHJ equation is quadratic, this process leads,
in general, to a quadratic equation for the constant to be determined. Thus QHJ,
leads to two roots for each of the four constants. We shall now give the answers for

the four constants as obtained from the QHJ.

ai = E+A*, (6.50)
o = E+ A%, (6.51)
b = 7:’41”8 , wiﬁJ’—[i“L—f-’ﬁ, (6.52)
R =L L (6.53)

Boundary Condition

We now define the classica momentum function as function of the complex

variable y. The classica momentum function

when written in terms of the variable y, becomes
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|
2y

Pe(y) = £=—+/=(A - B)2y* + y2(4E + 247 — 2B?) — (A + B)? . (6.54)

Let 22 > ;1 > 0 be the two turning points in the classical region. The other two
zeros of the momentum function p.(r) are —r, and —r,. Let y,,y, be the images

of x1,z> . Then we can write

. 1A
Pely) = 3 Vy =)y )y + 3y +42) (6.55)
where y1,y, are the positive zeros of p.(z),and

A=|A-B| .

The sign in (6.55) is yet to be fixed .
Asinthepreviouscase, weintroducethevariablesry,rz, p\,p2, 61,02, ¢1 , and @2,

as shown in Fig. 6.2, where

y—y = nexp(ih) , (6.56)
y—1y2 = mexp(iby) , (6.57)
ytun = prexp(idr) (6.58)
y+y2 = paexp(ioz) (6.59)

and write p. as
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N ix | . ’ |
pe(y) = i.');("l"-zﬂlpz)wexl) (01 +6, “')” & + @)

(6.60)

All the four angles, 6,.0:. 01, 3,. are chosen to lie between 0 and 2x. It must be
emphasized that we still have to fix the sign in (6.60) which will fix the branch of
the function p.(y) to be selected.

Now we come to the choice of the correct sign in (6.60). It is easy to check that
a point just below the rea axis in the complex x plane and lying between r, and r,
is mapped to a point just below the cut between y; and y, in the complex y plane.

Such a point corresponds to

91=2ﬂ-w szﬂ-a (:f)lz()a ¢)z=()-

and for these values, p.(y) must be positive if Rey is between y; and y,. This result
fixes the sign in (6.60) to be positive. This completes the definition of p.(y)in the
entire complex plane except the two branch cuts, the first one lying between y, and
yo and the other one between —y2 and —yi.

We are now ready to implement the boundary condition that in the limit ft — O
the QMF p(y) goes to p.(y). The values at points y = %2, and the residue at y = 0
and oo (z = 0) of the quantum momentum function and the classica momentum

function can now be compared.
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It is easy to see that we get the following constraints on the four constants

1. ap is rea and negative.
2. ay isreal and positive.
3. b1 is pure imaginary and Iin b, is negative.

4. by is pure imaginary and Im b is positive.

The correct choice for each of the four constants is made by demanding that the
above conditions hold in the limit ft — 0. The expression selected for ay, aj,, by, and
by depend on the actual values of the parameters appearing in the superpotential.
The different possible ranges of the parameters A and B and the corresponding
choices of the four constants are given in Table 6.3. Having fixed the expressions to
be used for the four constants, computing the energy eigenvalues is straightforward.
This same procedure can be followed for H,. The energy eigenvalues for both H_
and H, and the Gozzi index 6 as evaluated in the previous section are listed in Table
6.4. We once again find that for some sets of parameter values, the supersymmetry

is spontaneously broken.

6.3 Other potentials with supersymmetry

We have used the QHJ formalism to analyze the generalized Poschl-Teller and Scarf
| potentials, and have been able to arrive at the phases of broken and unbroken
SUSY within the framework of this formalism. Our results are summarized in Table

6.2 and Table 6.4, classifying cases of unbroken and broken SUSY.
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In addition to the two cases reported in detail, we have also investigated the Scarf
I, Eckart, Rosen Morse Il potentials (al hyperbolic) and Rosen Morse | (trigono-
metric) potential making use of the mapping y = exp(2a.r) for the hyperbolic po-
tentials and y = exp(2iar) for the trigonometric potentials. For these potentials we
find that no cases of spontaneously broken SUSY arise and infact SUSY remains

unbroken for the entire range of parameters.

For the cases where SUSY is unbroken, the energy spectra can be found rather
easily making use of an additional discrete reparameterization invariance of these
potentials. However, in the broken phase the same algebraic procedure does not
work. From the point of view of the QHJ method, both of these phases can be
treated on an equal footing, since the locations of the singularities of the QMF re-
mains unchanged. The only difference between the two phases is the contribution
of an additional » dependent term from the residue of the integrand evaluated, in
the broken phase. The boundary condition p(z, E) = p. clearly differentiates the

broken and unbroken phases.

Finally, we remark that in addition to being a simple scheme for arriving at
energy eigenvalues, this approach does not require any information about exact or

broken nature of supersymmetry.
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Chapter 7

Exactness Of The SWKB Formula

Exactness of the lowest-order supersymmetric WKB (SWKB) approximation
scheme for a class of potentials has been the subject of wide discussions in the liter-
ature [1]. It has been found in context of SUSY quantum mechanics, that the lowest
order SWKB approximation scheme gives exact answers for cases-where SUSY is
unbroken [1]. Explicit calculations, akin to that of the celebrated harmonic oscilla-
tor case [2], first revealed the absence of O(A*) to O(h°)corrections to the lowest
order result [3]. Subsequently, for one of the above potentials, it was shown that all
higher-order corrections vanish identically [4]. A discrete reparameterization sym-
metry, the so-caled shape invariance, of these potentials, has been thought to be
responsible for this exactness [5]. Recently, a class of shape invariant potentials have

been found for which the exactness of SWKB quantization does not hold true [6].

For the broken SUSY [7] cases, SWKB failed to give exact answers. However gave
better answers than that of the ordinary WKB. It was later shown that a change in
the quantization condition, termed as the broken SUSY quantization condition in
literature, mysteriously gave the correct answers [8, 9, 10].

In chapter VI, we had seen how the boundary conditions naturally differentiated

cases of broken and unbroken SUSY in quantum mechanics and .we were able to

104
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arrive a the exact energy eigenvalues for these cases using the QHJ formalism. We
are now in a position to compare the QHJ approach with that of the SWKB method
of evaluation of energy eigenvadues and are able to elucidate the reasons for the
exactness of these semi-classical quantization scheme. Considering the importance
of this quantization scheme in the potentia problems, a deeper analysis of the origin
of this exactness is of utmost sgnificance.
In section 6.1 and 6.2 we had discussed two examples of generalized Poschl-Teller
and Scarf | potentials that exhibit both these phases of symmetries but for different
ranges of parameters, A and B, that appear in the potential. We arrived at the
energy elgenvalues using the quantization condition, <fp(X,E)dx = nhk, from the
QHJ formalism.

In this chapter, we use the QHJ approach to investigate the reasons for this
exactness. In section 7.1, we discuss the same two examples, but, making use of
complex integration technique on the lowes order supersymmetric WKB (SWKB)

quantization condition
/ E — w?(z)dz = 2nhm | (7.2)
)

to facilitate the comparision of these two approaches. We first compare the singu-
larity structure of these two approaches, and see how they match. We then evaluate
the corresponding residues and contour integrals, and compare our results.
Comparison of the above scheme with the exact quantization condition,

fp(;r, E)dz = 2mnh , (7.2)

originating from the quantum Hamilton-Jacobi formalism revedls that, for the range

of parameters that appear in the potential, where SUSY is unbroken, the locations
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and residues of poles that contribute to the evaluation of these integrals match
identically. As these poles completely determine the eigenvalues in these two cases,
the exactness of the SYVKB for these potentials is accounted for. However for the
range where SUSY is broken. even though the location of the poles that contribute
to the evaluation of two integrals match identically, on evaluation of residues. it is
seen that the contribution to the contour integrals differ by ft/2. It was noticed that
a new guantization condition given by broken SUSY WKB (BSVVKB) quantization

formula,
1 & - ]
7 VE=-wz)dz = (n+ 3)]5' , (7.3)

reproduces the energy spectra for known cases of broken SUSY. The locations and
the residues of the poles that contribute to these integrals match identically, for
both these cases. This accounts for the exactness of the broken SYVKB quantization
condition [11]. In section 7.2, potentials of the type V(X) = w + 13—2—‘;’ are analysed
and their eigenvalues are arrived at making use of the QHJ formalism. This unifies
the method of arriving at the energy eigenvalues of V, and V- potentials in addi-
tion to giving a deeper understanding of why the SWKB and BSVVKB quantization
condition gives exact answers. We then analyse SUSY potentials, for which SWKB
and BSWKB quantization condition fall to give exact answers three cases where
SUSY non-exact cases in section 7.3; the origin of this non-exactness is shown to be

due the presence of additional singularities in /£ — w?(x), like branch cuts in the

x-plane.
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7.1 Comparison of Jjswke and J(E)

The integral JswkB, dso caled here as the approximate action integral, Will be
evaluated using the techniques of complex integration. The answer will then be
compared with the exact answer for the action integral. .J( £). in QH.J. We will at

first take up the Poschl-Teller potential whose superpotential is given by,

w(z) = A coth ax — Bcosech ax 20, (7.4)

and its partner potentials V() are,
Vi(z) = A%+ (A* + B* ¥ Aah)cosech? ar — B(2A F ah) coth ax cosech ax . (7.5)

Using the mapping

coth ax + cosech ax =y (7.6)

the approximate action integral (see (7.3)), in terms of the variable y 1s given by.

] _ L VE-Dy) i
JEWKE = —= @ s (7.7)
TJo, aly*-—1)
where
. Aly*+1) By -1) ‘
- _ 7.8

and & (y) equals w(x) expressed in terms of y. Here Cy is the contour in the complex
y plane, enclosing the classical branch points. These are defined as the roots of
the equation E — &*(y) = 0 lying in the classical region. There are two other roots
present in the nonclassical (y < 0) region of the complex y plane. The above contour

integral can be evaluated in terms of the other singularities of Vv E —w?(y), in the
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complex y plane.

Figure 7.1: Contours for the generalized Poschl-Teller potential.

We now evaluate this contour integral for therange A+ B> 0and A—B < O;
A+ B < 0and A—B > 0 for which SUSY is known to be unbroken and aso for the
range A—-B < 0and A+ B > 0; A+ B <0 andA - B > 0 for which SUSY is broken
[12], on lines of chapter 6, but making use of the quantization conditions (7.1) and
(7.3) respectively. It is clear from (7.7) that the integrand has singularities, at y = 0
andy = £1. To evaluate the above integral, we consider a counterclockwise contour

integral Jr, for acircle I'p of radius R, such that this circle encloses al the singular
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points of the above integrand (see Fig. 7.1). Then,

Jrp = Jswks + Jo, + Jyy+ 0, + 1, . (7.9)

Here. Jc, is the integral along the counterclockwise contour (", enclosing the branch
cut in the real y < 0 region. .J ../, and 1., are the integrals along contours 7.7,
and 73 enclosing the singular points at y = 1, y = —1 and 0 respectively. The

integral Jr, is given by,

V E — & y)dy .
: (7.10)
r.aly*-1)
The integrals J,,,J,,, and J,, are similarly defined. It may be noticed that the
symmetry y — —y of E — w?(y) implies,
Jswks = Je, - (7.11)

Now for the calculation of Jr, one more change of variable > = 1/y is sought; the
singularity at y — oo is then mapped to the singularity at = = 0. The contour

integral for the pole at z = 0 is,

po.
5 = =] VE—w (z)dz (1.12)
R ™ a(l — =2)

(7.13)

(l
_o}u

where 7o is a small circle in the complex z plane that encloses the singular point at

z =0, and & (z) is equal to w(z) expressed in terms of z. This, together with (7.9)

gives

1
Jswkp = E(on - ']'n - J"rz - ']73) : (7'14)

It is straightforward to compute the contour integrals appearing in (7.14) except

that /E — w?(z), as a function of complex variable z, is a multiple valued function
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and therefore this square root function is to be defined carefully. It has a branch

cut in the classically accessible region between the turning points and another one

on the negative real axis. We demand that Vv E —w?(r) be positive for real r in the

classical region as one approaches the real axis from the lower half plane. to fix its

values uniquely. In terms of the variable y, we have \/E — &?(y) given by.

= E—wiy) = i‘f\/(y—y1)(y—y2)(y+y1)(y+y2)

Poly) = - , (7.15)
2y

where y; and y, are the images of z; and r,, given ¢, ad r, are the two turning
points in the classical region, of the complex x planeand ¢ = £\A— B]. It iseasy to
check that a point lying just below the red axis between z; and z, in the complex
x plane, is mapped to a point just above the cut between y;, and y, in the complex
y plane. We thus choose the negative sgn of ¢ and this enables us to fix the sgn
of 5,(y) in the cut complex y plane. Vaious integrals ./, on the right hand side of
(7.14) are now evaluated and tabulated in the column four of Table 7,1.

We now compare the above computation with similar procedure applied to the
action integral J(E)of (7.2), where p(x) is the quantum momentum function satis-

fvine the QH.J eouation.

dp(z)
dz

p® —ih =FE-V(z) ‘ (7.16)

The exact action integral has been computed within the QHJ formalism in section
6.1 in the previous chapter [12]. We find that locations of singularities of vV E — w?,
other than the branch cuts, match exactly with that of the fixed poles of QMF

p(z,E). The value of the exact action integral J(E) is again given by contour
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integrals as in (7.14):

1
HE) =5y =Dy = Iy~ L,) (7.17)

except that the integrals Iyg. 1y, Iy, and I, are now given by expressions of the

1 £ ply)dy
] = —— L~ N rd 0]
Yk T e ()(y2— 1) ) (l‘.]b)

and the contours are same as appearing in Fig. 7.1. The values of the integrals 1.,

form

are given in Table 7.1.

It is seen that the value of the action integral in the SWKB approximation
match exactly with that of J(E) evaluated for the unbroken range, but differ from
the exact value by /2, for the broken case. This explains appearance of the (n+ 1k
in the quantization condition in the SWKB approximation for the broken SWKB
quantization condition.

We repeat the above investigation for the Scarf I (trigonometric) case and we

will highlight only the new points here. The superpotential in this case is given by
w(r) = —Atanar + Bsecar (—7/2 < az < 7/2) . (7.19)

Using the transformation

y =secaz + tanazx , (7.20)

the quantization condition in the SWKB approximation is given by

VE= Sy _ oL jagn (7.21)

JqW}\B Yot fi"] y i ]

The mapping from r to y gives rise to singularities in the integrand at y = +: and

at y = 0 and in order to calculate Jswkp we once again deform the contour so as to
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Figure 7.2: Contours for the Scarf I potential.

enclose all the singularities inside a large circle ['g of radius R (see Fig. 7.2). We

thus have

Jrp = Jswks +Jo, + Jy +doy + Ay, (7.22)

where Jr, is the contour integral for the circle I'y; J,,, J,, and J,, are the contour
integrals evaluated along the contours 7, 4, and -3 enclosing the poles at y = 7, —:
and 0 respectively, and Jg, is the integral along the counterclockwise contour C,

enclosing the branch cut in the real y < 0 region. These contour integrals are given

by

_ 1 [ VE-&¥y)dy ‘
Jry = Wﬁﬁ N (7.23)

and similar equations for the other ones.
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The contour integral Jrgis once again calculated by the change of variable

z — 1/yand we have,

| E- 3 el
JrR = _f' ( )¢ (7.24)
Tr Yo (Y(] +:2)
= Jy (7.25)

In this case also, due to the symmetry under y — —y of the QHJ equation, the
turning points on the real axis in the classical region, y > 0. are interchanged with
those in y < 0 region, and we have that Jswkp and Ji, are equal (see Fig. 7.2).

Therefore,

(SR

Jswikp = = (Joy = Sy, = Jo, = Jys) - (7.26)
The various integrals appearing on the right hand side of the above equation can
be computed in a straightforward fashion except that once again care is needed to
define the multiple valued function m This is done following a procedure
similar to that used for the generalized Poschl-Teller potential . The values of the
integrals obtained are also listed in the Table 7.1. The exact action integral for
the Scarf-I1 potential has been evaluated using the QHJ formalism in the previous

chapter VI [12] and is given by an expression similar to (7.26):

J(E)=5(In— Iy - Lo—1y) . (7.27)

B —

where, in the above equation, the integrals are to be taken as

1 ply)dy ,
L, = —;}i el (7.28)

The values of these integrals were computed in [12] and are given in the Table 7.1.

It is now clear that, for the two potentials under study, we have the relation

Jswke = J(E) , (7.29)



Chapter 7. Exactness Of The SWKB Formula 114

for the unbroken case. For the broken case we have.

J_qv\'}.;g =, (1’.\) + — (730)

and the exact quantization condition J(E) = nh . vdid for dl potentials. becomes
Jswkp — nhwhen SUSY is unbroken. and Jswkg = (n + 1)h for these two po-
tentials when the supersymmetry is broken. Similar analysis have been carried out
for the Eckart, Rosen-Morse |1, Scaf Il (al hyperbolic); and the Rosen-Morse |
superpotentials which are known to have cases of unbroken SUSY for entire range
of parameters. A and B and we see that SWKB is exact for these cases for the same

reason.

7.2 Analysis of potentials of the type V(X) = w?(z) + hbu'(x)

We have applied the QHJ method to study a general one parameter dependent
Hamiltonian
H =p*+ @*(7) + hB'(1),
which reproduces the partner Hamiltonians Hy and H_- for specific values of this
parameter 0. It may be noted that # is not a scaling factor. The poles and the corre-
sponding residues of the QMF are evaluated after taking into account the boundary

condition.

We briefly highlight the analysis for generalized Poschl-Teller superpotential giv-

en by,
w(z) = Acothar— Bcosechar . (7.32)
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We thus have
V(z) = w¥(2)+8u(z) ,
= A%4(A%4 B2 - B Aah)cosech® ar
=B(2A = Jah) coth arcosechar . (7.32)

making use of the transformation (7.6) as done earlier, the QHJ equation is given
by

2 thadp "
- ——(1 - =
P - ay( ¥

>

E—A*-B*/A* —(A*4+ B? - Aaﬁﬁ.)m%—(y? _.,1)2 + B(2A - uw)(”‘1 — 1)(7.33)

4y° 4y*

The quantization condition remains the same as in the case of generalized Poschl-
Teller case as solved in chapter VI. [12]. With the inclusion of 3 in the potential,
the singularity structure of QMF, p(y, E) as wel asp,(.,E) remains unchanged and

the integral J(E) is evaluated by,

JEY==(ly~1, ~1,~1,) . (7.34)

[

The contours for the integrals appearing in the above equation are given in Fig.
7.1. Given ag, a; b, and b; are the residues for the contour integrals 1,,, I,, I,
and I, respectively, the residues at different poles are determined by substituting
Laurent expansion in the QHJ equation. The QH.J equation, being non-linear gives
guadratic equations for the residues which are required to compute various contour
integrals I,,. The procedure for picking the correct root for the residues remains
exactly the same as carried out in chapter VI [12]. We thus have the values for these

residues as,

aw = iW[E- A7, (7.35)
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B = ~iV|E- AT, (7.36)

1
by = —zg(nﬁ.—|\/(2A+‘_’B—ah)2+4(:3+1)05(.4+BH) . (7.37)

/ .

b, = 5 (nﬁ - V(24 =2B + ah)? +4(3 + 1)ah(B - A) l) (7.38)
for the range A+ B >0.A—~ B> 0. and 4 =~ —| and tabulate the results for other
ranges in Table 7.2. The energy eigenvalues for general 4 in terms of these residues
1s given by,

E,=A*+ (nha+ (b — ()’1))2 .

The various contour integrals appearing in (7.26) are computed as

al, = —/|E- A2 , (7.39)
al, = —vI[|E-A?, (7.40)

I
al, = (ah ~ V(24 + 2B — ah)? + 4(3 + L)ah(A + B) 1) o (7.41)

| — o]

al, = (ah-l\/(BA—‘2B+aﬁ.)2+4(;i+l)aﬁ.(8~.»1)[) (7.42)

~

t

so that one can compare the results with the QHJ for # = +1. The quantization
condition J(E) = nh gives the energy eigenvalues. It is seen that the difference
between the exact action integral, .JJ( £),and the approximate action integral.Jswks.,
cannot be expressed as a simple function of [3. Except for the values 3 =0, +1, no
simple modification of SUSY WKB quantization condition can give exact eigenvalues
for al 3. In addition to the generalized Poschl-Teller potential, we have also carried
out calculations for the Eckart, Rosen-Morse |11, Scarf 1l (al hyperbolic); and the
Rosen-Morse | and Scarf | potential (trigonometric) superpotentials using the QHJ
formalism for the entire range of parameters, A and B. Conclusions similar to those
for generalized Poschl-Teller potential are found to be true for these other potentials

modified by including the parameter 3.
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7.3 Analysis of non-exact SWKB approximation cases

We next consider the cases where lowest-order SWKR fai1 ¢ .
ucic 1UWesL oraer DWHKH tails to give exact answer.

We at first look at the potential [5.  13].

5 1 3 (3.1“) i ‘!‘4)
l"(.!'):——(f‘_}._ -__)—|————.—,___
4 dr? ) (1 + %)
with
25 4 2t <~ 2% -6
w2 = W —r— (7T.44)
2r(z? + 1)(z2 4+ 2)

The SWKB quantization condition reads

1
JSWKB = :2"; 4 \/ E g wz(x)d;r = n.fr. 5 ( ;

=1
—
-t
~—

It is noticed that the above integrand becomes zero at twelve points in the complex
X plane, giving rise to sx branch cuts. One of these branch cuts is included in the
contour C. The integral around a branch cut on the negative axis is equal to the
above integral due to the symmetry x — — .

The integrals around the other four branch cuts cannot be related to the integral
Jo. We use Joge to denote the sum of the integrals aong contours enclosing the

four remaining branch cuts.

We now proceed with the evaluation of these integrals, in paralel to the examples
considered earlier. Let Jr, be a circular contour with the center at the origin and
radius large enough to enclose al the singular points of the integrand. Note that
the integrand has poles at y = 0; y = +7, and y = £+/2:. The contour integral Jr
is given by

Jrg =2nh + Jope + Jyy + oy H oy H oy + I (7.46)
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or
5
-]]"R =4 E ij =2nh — JOBC‘ 3 (7.47)
n=1
where J, . .JJ,,. J,., J.,. and J,, are the corresponding contour integrals for the con-
tours 71, 72, 73, 74, and 73, around y = 0. +i, —i, +v/21, and —/2i

Various contour integrals have been evaluated as before, and weget J, = 3/2, J,, =
—1,Jyp=— 1,J,, =1 and J, =1 The signs of the residues needed, have been
fixed, making use of the boundary condition p(z, £ = 0) = iw(r),as discussed in
chapter V. Jry is again calculated making the mapping y — 1/zand looking for the

residue of the pole at z— 0. The corresponding contour integral is found to be
Jrp=2E43/2 . (7.48)

The SWKB quantization condition is equivalent to Eq. (7.47) and this condition
involves the unknown integral Joge. Therefore, the complex variables approach
cannot be used to complete the calculation of energy eigenvalues in SWKB approx-
imation for the potential (7.43). However, it is easily checked that if we substitute

the Va|ueS Of Jer*]‘717J’YQ? J‘Y.‘} N .]Ma,lld ']'Y.‘: 1n
8
Jrn= 3 Juy =20k (7.49)
p=1

we obtain the exact eigenvalues.

Therefore, it is clear that if the sum of the contributions coming from other

branch cuts is nonzero, the SWKB approximation will not be exact.
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A similar analysis can be repeated for some of the other potentials. It is known
that [5, 13] for

V(z) = —1/. z(r+2) _
() /«H—“ ey R RV (7.50)
and
; ‘ l ,
Viz)=(1-y% Mo+ 1) + 1(1 — A2 - (T - Ay + 5(1 = Ayt

with superpotentials,

r® — 160 — 560% — 10822 — 240z — 192

dr(z? + 2z + 2)(23 + 622 + 16z + 24)

w(x) = , (7.52)

and
1 2 2 2
w(z) = 5(1 = A)y(y* = DuoA’y | (7.53)
SWKB does not give exact answers. We once again see that SWKB is not exact
because of the contributions from the other branch cuts that are present in both

these cases.

7.4 Conclusions

In conclusion, we have studied a class of Hamiltonians which exhibit both broken and
unbroken SUSY for suitable values of the parameters appearing in the potentials.
It is found that, both for the broken and unbroken phases of SUSY, the poles of
the QMF match identically with that of the integrand /E — w?(z) appearing in the

approximate quantization formula. However, for the broken case, there is a difference

in the residues of the QMF and \/FE — w?(z) in the complex plane which gives rise
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to the modified BSWKB quantization condition. Since these poles determine the
eigenvalues completely the exactness of the semi-classical sSchemes is accounted for.

The finding that the residues of \/E"— .%(7) and QMF match for the unbroken
SUSY, and do not match in the broken SUSY example, suggests that it is the quan-
tum effect that breaks SUSY. It is interesting to note that the difference in residues
for the above two cases is precisely hir. Anaysis of a general one parameter de-
pendent Hamiltonian revealed that only for the unbroken and spontaneously broken
cases of SUSY, the appropriate semi-classical quantization formulae can reproduce
the exact spectra for the examples considered in the text.

We have shown using the complex contour technique, for severa solvable poten-
tials in one dimension, that SWKB gives exact results. We then compared it with
the answers gotten using the quantum H-J method, from the exact quantization con-
dition. This has provided some useful insight: It is the similarity of the singularity
structure of p(z, E) and m in the non-classica regions of the z—plane.,
namely the matching of the poles and the contributions from the residues evaluated,
that is responsible for this exactness. Table 7.1 summarizes our results.

For the non-exact potentials, it is the inability to deform the contour appropri-
ately because of the presence of other poles and branch cuts in the complex *—plane

that prevents an exact solution in SWKB approach.
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There are potentials for which the singularity structure of m and of
QMF are very different. In these cases, no simple SWKB type approximation is
known which may give exact answers [13]. The QH. analyses of these potentials is

still in progress and will he presented as future work in this direction [14].
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Table 7.1 : Values of contour integrals contributing to

Jswks and J(F)

Potential Range of Contour J"’k x a Iy, x o
Parameter: i (SWKB) (QHT)
Generahzed A—H>0 &0 -\/ |E _‘4‘1| _\/|[, — A2|
Poschi- and 5 —\/|E — A2| —\/|E = A?)
Teller A+ B >0 Y3 —-(A+4 B)/2 —(A4 B)/2
o (B - A)f2 (B~ A—ah)/f2
Generalized A-B<o " -\/15 - AZ| -\/|£ — AZ|
Poichl- and " -VIE=- a2 =\/IE - a2
Teller A4 B<O Y3 (A4 B)/2 (A4 B+ ah)/2
0 (A - Bjf2 (A= B)/2
Generalized A4 B>0 R0 -\/|E - A?| —\/|E — AZ)
Poschl- and L -1/ |E — AZ| -\/[F. = A?|
Teller A-B <O 3 ~(A+ B)/2 —(A+ B)/2
0 (A-Bjf2 (A =~ B})/2
Generalized A4+ B <O BT —+/|E = A2| -\/iE — A2|
Péschi- and v ~VIE-a2  =\/IE - a2
Teller A-~B>0 R (A4 B)/f2 (A4 H)/2
0 (B - A)f2 (B~ A=ah)/f2
Scarf 1 A-EB<o0 " —\/E 4 A2 sl B AR
(trigono- and 2 -\VE+ A2 -\ E+ A2
metric) A4 B>0 Y3 (A4 B)/2 (A+ B+ ah)f2
Y (A — H)/2 (A= R)/2
Scarf 1 A-—B>0 0 —\/E+ A2 —\/ E + A2
(trigono- and Y2 - E 4 A? —\/ E + A?
metric) A4+ B<O 74 —-(A+ B)/2 —(A4 B)/2
0 —(A - H)J2 —(A =B+ ah)/2
Scarf I A=-B>0 7 —\/.F-'+AQ —\/£+A2
(trigono- and B} - E 4 A? -\ E+ Al
metric) A+ EB>O0 Y3 (A4 B)/2 (A4 B+ ah)/f2
0 (A—B)/2 (A= B+ ah)/2
Scarf 1 B< A<D, Y3 WA+ B)f2 i(A+B)/2
{trigono- A>0,B<oO " -\ E+ A2 —\/E 4 A2
metric) A-B>0 ¥2 —\/E 4 A? -\ E+ A?

70

(B —A)/2

(B — A)/2

122
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Table 7.2 : Values of residues and energy eigenvalues for potentials of the type wlz) 4 Aw’

Potential Range of Pole Residue Energy
Parameters at eigenvalues
1 uo*—'l\/lE—A"'l Ey =
Generalized A4 F >0 =1 ag = —i\/|E - A2 A2 4 (nha+
ah— ah+2( A+ B))2 =4( A4 B)(1 h .
— nd 8 o &g I/ (ah+2( A4 PAMBIOIA] o
ah h42(A—B))2 $4(H—A) B+1)ah
Teller A-B>0 ® b= Hy/ (anz( )4) e e L
1 ag =1\/|E - A2| Ey =
Generalized A4 B <0 =1 af = —i\/|E - A2| A% 4 (nha+t
ah \/rh2AR2—4AB 1)ah
Poschl- and 0 by = =1 g/ (ahda(A4 )4) (A B Toh] by — hfl )]‘2
ah— ah+2(A=B))244(B=A) B4+1)ah
Teller A=-B <0 oo b = - [/ (ah2( ’4) i i)
1 ag = 1\/ |E = A2| En =
Generalized A4 B >0 -1 a('J = —iv/|E — A?| A2 4 (nha+
uh-|\/('nh+2(/\+m)2 —4( A4 B)( 41 )ah | g
Poschl- and 8] by -t 7 by — b))
ah—|\/(ah+2((A=F))2 +4(B=A)(5+1 )k |
Teller A—B<0 o h; —1 1
1 ag = iy/ |8 = A2| Ey =
Generalized A4+ B<oO -1 a(’J = —i\/|E — AZ| A2 + (nha4
aht[\/ (ah+2( A+ B))2 —4( A+ B)(#+1)ah| .
Poschl- and 0 by = ~i \/ 7 by — b'l ))‘J‘
, ah—|\/(an+2(.4—b‘))2 +4( B=A)(B+1)ah|
Teller A—-E>0 o] by = — T

123
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