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ABSTRACT

In this work we generalise Sarkovskii's theorem to some metric spaces . This research
was suggested by Alsedaet al in [ 1 ] . This answers a problem {i’roblcin 5.1) posed by
Baldwin in [ 3 ] among a large class of spaces. We describe all ossiblc sets of periods
of continuous self maps on any zero dimensional metric space,ai.y compact subset of IR

and on any convex subset of IR".



Chapter 0 .
Chapter 1 .
Chapter 2 .

Chapter 3 .

Chapter 4 .

Chapter 5 .

CONTENTS

NOTATIONS

INTRODUCTION

PERIODIC POINT PROPERTY

SETS OE PERIODS OE ZERO DIMENSIONAL
METRIC SPACES

SETS OE PERIODS OK COMPACT SUBSETS OK «
SETS OE PERIODS OE CONVEX SUBSETS OE ii"

REFERENCES

23

85

113



Chapter O

Notations

R :Set of dl real numbers

27 . Set of dl integers

IN : Set of natural numbers

p(IN) : Set of al subsets of IN (i.e., power set of IN)

For n € IN we denote
Fn = {ACN]A isnonempty ; ) « n}

F. = U{f,; n G IN} = {nonempty finite subsets of IN}

Gi — {AAN|A isnonempty and finiteor 1 € A]

G, = {ACINM isnonempty, there exist two finite subsets
F and G of A such that every element of
A\G is a multiple of some element of
F,and such that F 6 F,}

¢ = {ACIN| there exists a nonempty finite subset
F of A such that every element of
A is amultiple of some element of F'}

H, = {ACNj1eA}uUgG

1



Chapter 0. Notations

H. = {AC IN| either some element of Ais< nor
3 a finite nonempty subset F of A such that
A C { multiples of elements of F}}

U = {Ac N|le A}

For any two families Fand G we denote
FxG={JnA.:BeF,AgG, VneB)

FVG = {BUC:BeF.CeG} UFUG

For any space X ,we denote :

|X| =cardinaity of X

X' = derived set of X= { z € X} is not open}
X' = (X')and X" = (X")'



Chapter 1

Introduction

Definitions:

Let IR denote the set of al rea numbers, 7L denote the set of al integers and IN

denote the set of al natural numbers. If / is a function from a set X to itself, we denote

fz) = f(f(z))

and in general f*'(z) = f(f"(z)for al n in IN, and for all x in X. Then f" is aso
a function from X to X. If X is a topological space, and / : X — X is continuous,
we say that / is a continuous self-map of X. If for some x in X, n is the least positive
integer such that f*(z)} z, we say that x is a periodic point of /, of period n. We let
Per(f) = { periods of periodic points of /} .

We define PER(X )= {Per(f) : / is a continuous self-map of X}.

This is a family of subsets of IN .
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8l

Sarkovskii’s Theorem, PER(IR) and PER()

Let f be a continuous function from IR to IR. Then one can prove "If f has a point t
with period { > 1 then f has a fixed point (i.e. point of period 1)". This provokes us to
think about the following questions:

Suppose a continuous function f has a point of period & > [.Vill this k imply any other
period along with 1?

Can a point of lower period imply the higher one?

Can a point of even period imply odd period > 1 ?

Precisdly, if f is a continuous function with points of period m, must it aso have points

of other periods n, n #m?

There are some results along these lines. In 1975, the article: "Period three implies
chaos ", was published in the American Mathematical Monthly by Li and Yorke [ 23 ].
In that article, they proved the following interesting theorem :

Theorem 1.1: If 3€ Per(f) for a continuous function f: IR — IR ,thcn Per(f)= IN

In otherwords, period 3 = period n for al n. [We say period rn = period n, if the

existence of a point of period m implies that of another point of period n].

In that paper they aso produced a counter example to show that period 5 does not
imply period 3. Unknown to Li and Yorke , a Russian mathematician A.N. Sarkovskii
[ 31] had already answered in 1964, the general question of when period rn implies period

n for continuous selfmaps on rea line.
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He introduced a new total ordering on the natural numbers as follows:

Sarkovskii ordering b :

35D T7>e0e>230 250 2.7 00e > 2231 225522700 e 22 22 21 1
Sarkovskii's Theorem

Theorem 1.2 : Suppose/: IR — IR is continuous. Suppose / has a periodic point of
period k. If k & / in the above ordering, then / has a periodic point of period / aso .

From the theorem we make the following observations:

1. If Per(f) is finite, then every element of Per(f) is a power of 2.

2. period 3 is the greatest period in the Sarkovskii ordering and therefore period 3
implies the existence of all other periods. Hence the main result of [ 23 ] becomes

a corollary to this theorem.

The converse of Sarkovskii’s theorem is also true.

1.3 Converse of Sarkovskii's Theorem:

Theorem 1.3: Let h and k be two positive integers such that h precedes k in t> ordering.
There aways exists a continuous function from IR into IR which has a point of period

k but no point of period h.

Later, people have tried to understand the proof of Sarkovskii theorem (which was
given by himself) and found it to be long and complicated. In the words of P.D. Straffin
in [ 36 ], "He constructs so many sequences of points that eight complex figures and most
of the letters of the Greek alphabet are necessary to keep track of them. Sarkovskii's
theorem is an example of a common occurence in mathematics of an elegant result whose
first proof is extremely inelegant.” In fact, the Sarkovskii's theorem can be deduced from

three basic results:
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(i) period k= period 2, for dl AT >1
(if) any odd period > 1 = all higher odd periods

(iii) any odd period > 1 = al even periods.

Straffin [ 36 ] attmpted to give a simpler proof of the sufficiency part of the Sarkovskii's
theorem i.e., period m implies period n if m precedes n in the above ordering. Using

directed graphs (digraph in short) he proved the following results:

Theorem A: If a k-periodic point digraph associated to / has a non-repetitive cycle of

length /, then / € Per(f).

Theorem B: If a continuous function / : IR — IR is such that k € Per(f)where k is
an odd integer > 1 then {k,k+ 1,k+2,---} C Per(f) .

Theorem B, stated above, comes close to provide a more elegant proof of Sarkovskii's
theorem for it embodies (i) and most of (iii). The remaining part was left as a gap. In,
1981, Chung-Wu Ho and Charles Morris [ 15 ] filled the gap in Strattin's work. They
gave a proof of 'necessary' part of the theorem, which was also based on directed graphs,
and gave a complete simple proof of Sarkovskii's theorem and its converse. They proved
it by a sequence of propositions listed below.

Proposition 1. If a continuous function / : IR — IR has a point of odd period 2n + 1
(n > 1), then it must have periodic points of all even periods.

Proposition 2. If acontinuous function / : IR — IR issuchthat k € Per(f) for some k >

1 then {12} C Per(f)
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Proposition 3. Let / : IR — IR be a continuous function. If h precedes k in the
Sarkovskii ordering, and if h € Per(f) , then k € Per(f).

Proposition 4. For eech n > 2, there exists a continuous function / : IR — IR which
has a point of period 2n + 1 but has no point of period 2m +1 for any m with 1 <m < n,
Proposition 5. Let h and k be two positive integers such that h precedes k in > or-
dering. There aways exists a continuous function from IR into IR which has a point of
period k but no point of period h.

Proposition 4 is subsumed in Proposition 5, which is indeed the converse of Sarkovskii
theorem. There are very few examples in the literature of Dynamical systems, which
deal with the maps that have points of period 5 but has no points of period 3. Stefan
in [ 35 ] gave a genera pattern to generate maps that have points of period (2k+ 1) but
no points of period (2k-1). He also constructed maps with points of periods 2%(2n + 1)
but without points of periods 2%(2n — 1) for any n € IN and k > 0 . In 1996,S.Elayadi
[ 12] gave anew and simple construction of such maps and thus proved the converse of
Sarkovskii’s theorem again.

An independent proof of Sarkovskii’s theorem, also based on digraphs, was discovered
jointly by Block, Guckenheirner, Misiurewicz and Young. In [ 11 ], one can see the proof

of the Sarkovskii’s theorem in a simplified form and it is further smplified in [ 17 ] .

We must emphasize that Sarkovskii's theorem, together with its converse, can be

restated as a theorem describing all sets of periods as stated below:

Theorem 1.4: PER(R)= {A C IN| m € A and m bn in Sarkovskii’s ordering implies

n € Al
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If X is the unit interval | or any compact interval then by intermediate value theorem
every continuous sdf map on it has a fixed point. Hence empty set cannot be a member

of PER().
Theorem 15 : PER() = PER(IR)\{¢}.

We denote PER(I) by S

8
Period sets of Unit circle S! in the plane

The theorem of Sarkovskii specifies, for continuous maps of an interval, which sets
of positive integers may occur as the sets of periods. Results along these lines have aso

been obtained for maps of the circle.

2.1 Some results on S! about sets of periods:
In 1980, L.S. Block [ 6 ] proved the following interesting results on continuous salf maps

of the unit circle S*. By / € C(5',S') we mean fis a continuous sdf map from S* to S*
Theorem A: Let / € C(S',S")Suppose 1 € Per(f) and n € Per(f)for some odd
integer n > 1, then for every integer m > n, m € Per(f).

Theorem B: Let / € (C(S',8') and suppose that Per(f)is finite. Then there are
integers m and n (with m > 1 and n > 0) such that
Per(f)= {m,2.m,2*m, - - -,2".m}

Theorem C: Lea/ € ¢(S%,S8"). If {1,2,3} C Per(f) then Per(f) = IN. Converdly, if
S C IN with the property that for any / £ C(5%,5') SC Per(f) = Per(f) = IN
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then {1,2,3} C S

2.2 Descripion of Per(f) when / has a fixed point:

Again in 1981, Block [ 7 ] proved the following main result about Per(f)or / G
C(S'S') when f has a fixed point.

Theorem 1: Let / G C(S', S'). Suppose 1 G Per(f) and n G Per(f)for some integer
n > 1. Then (atleast) one of the following holds:

(i) For every integer m with n < m, rn G Per(f)

(i) For every integer rn with n b m, m G Per(f)

(here < denotes the usual order on IN).

He has aso proved the converse of the above theorem i.e

Theorem 2: Let SCIN with 1 G S Suppose that for each n G Swith n # 1 atleast

one of the following holds.

(@) for every integer m withn<m, rn G S

(b) for every integer m withn &> m, m G S

Then there exists a continuous map / G C(S?, S'3uch that the set of periods of

periodic points of / is exactly S

These two theorems of Block characterize the sets of periods which can occur for a

continuous map of the circle to itsdlf having a fixed point. But not every sdf map / of



Chapter 1 :Introduction 10

the circle has a fixed point. One can see that if the deg(/) # 1 (where / € C(S,S"))
then / has a fixed point. Partly for this reason, degree-one maps of the circle require

specia attention to study the periodic orbits. See [ 8] for more details.
2.3 Per(f) when degree of f #1 :

In 1982, M. Misiurewicz [ 27 ] proved the result, which describes the possible sets of
periods of the periodic points of a continuous degree one map of the circle. For any two
real numbersa and 6, let M(a,6) ={n€ IN : a< £ < b for some integer t}

IfaelR and /€ IN U {2°°} , we define a subset

S(a,l)C IN as follows:

If aisirrational then S(a,l) = ¢

If a is rational and if a = %,n € N,te Z,(t,n)= 1 and if / € IN then Sa,l) denotes
the set of positive integers of the form ns,where / 1> s (in Sarkovskii ordering).

If / = 2°° then S(a,/) denotes the set of dl positive integers of the form ns, where s is a
power of 2. Now we state Misiurewicz’s result about continuous maps of circle.
Theorem 3: Let / be a continuous map of the circle to itself of degree one. Then there
exist a,b € Rwitha<bandl,r € INU {2*} such that Per(f) = M(a, b) U S(a,/) U
S(b,r)

Conversdly, for every subset A of NI of the form A = M(a,b) U Sa,!) U 5(6,r) there
is a continuous map of the circle to itself of degree one such that Per(f)= A

Hence we have a complete answer for describing the sets of periods for continuous sdf

maps on circle,because

PER(S") = {Per(f)lis a continuous sdf map onS'with deg 1 }

| | {Per(g)lgis a continuous sdf map onS*with a fixed point}
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Period sets of Y

In 1989, L. Alseda, J. Llibre and M. Misiurewicz [ 1 ] made a generalization of
Sarkovaskii's theorem to characterise the possible sets of periods for continuous maps
fof thespace Y = {z€@ : Z € [0,1]} into itsalf for which /(0) = 0.

In this section by / € C(Y) we mean f is a continuous saf map on Y. The following was
proved by Mumbru in [ 28 ] for / € C(Y)

Theorem 3.1 :

(@ If/ € C(Y)and {2,3,4,5,7} C Per(f) then Per(f) = IN.

(b) If W C IN is a set such that for every f € Y, VPer(f)implies Per(f)= IN, then
W c{2,3,4,57}.

3.2 Some notations and definitions:

To describe the result of Alsedaet al in [ 1], we need to introduce the following notations
and two new orderings.

Sk) ={n €IN : k bn} U {k}Vk € IN(here 1> is Sarkovskii order)

S(2°)= {2¢|i= 0,1,---}

(a) Green ordering is the ordering of IN — {2}, denoted by <, ,and defined as:
5<g8 Kg 4 < 11 <51, -+-<g
33 <,35 <,37 <, -823 <, 325+ <,32% <,32 <, 31 <, 1. Thefirst part of
this ordering can be understood as

6-1,6+2,3+1,26-1,26+2,23+1,36-1,36+2,33+71 0.
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(b) Red ordering is the ordering of IN\{2,4}, denoted by <, and defined as :
7<:10<,5<,13<,16<,8<,19<,2<,11<,25<,28<,14<, -
* <, 33<,35<,37<,39<, ... .. <, 323<,325<«, 3257 <, 0c00 <, 000

00032%<,32%<,32<,31 <, 1. Herethefirst part can be viewed as,
6-1,6+4,3+2,26+ 1,26+4,23+2,3.6+ 1,36+ 4,3.3+2c¢¢
we denote
G(n) = {ntU {k:n <, k}Hor neIN{2}
R(n) = {n}U{k:n<, kHor n € IN\{2,4}

and
G(3.2%) = R(3.2*) = {1} U {3.5;4€ 5(2°°)}
we aso denote
N, = INu{2%}
N, = (N\{2})u {3.27}
N, = (N\{2,4})U{3.2%}
Now we are ready to state the main result of Alseda, Llubre and Misiurewicz on sets of

periods of V.

Theorem 3.3 :

(@ I/ e C,(Y) (i.e, / is continuous sdf map on Y with /(0) = 0) then Per(f) =
S(ns)U G(ng)U R(n,)for some n, € N,, ny € N, and n, € N;.

If n, € Ny, ng € N, and n, € N, then there exists a continuous sdf map /on C,(Y)

for which
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Per(f)= S(n,) U G(n,) U R(n,) .

In[ 1] a the end they posed an open question to describe possible sets of periods of
continuous sdf maps fon the space X, = {z €@| 2* £ [0,1]} for k > 3., for which zero
is fixed point (i.e., /(0) = 0).

This question was taken up by S. Baldwin and he genaralised the theorem of[ 1 ] . He
described the complete solution for the sets of periods of continuous sdf maps on n-od
with 0 as fixed point.

84

Sets of periods n-od

The n-od,denoted by X, is the subspace of the complex plane, which is described as
X.={ze® | ze [01]} [Notethat 1-od and 2-od are homeomorphic]. This can
be viewed as the set obtained by attaching n copies of unit interval to the central point
(i.e, a 0)

4.1 Some definitions and notations:

In order to study the structure of the sets of periods of continuous maps f: X, = X,

we need to define partial ordering <, for al positive integers t.
The ordering <; is defined by
2t <, 241 <, 21 (2m+ 3) <, 2 (2m + 1) <4 27(2k + 3) <y 29(2k4+ 1)

for al integers4,j > 0 and km > 0.
In other words <, is the usual Sarkovskii ordering.
If n > 1 then the ordering <, is defined as follows:

Let m, k be positive integers.
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Case 1: k=1thenm<,kiff rn=1

Case 2 k is divisible by n then m <, K iff

either m =1 or m is divisble by n and (m/n) <; (kin)

Case 3: fc > 1, kisnot divisible by n. Then m <, fciff

either m = 1I,m =k or m = ik +yn for someintegers: > 0,y > 1.

In [ 3], some diagrams illuminating these partial orderings are given. From the definition
we can see that <; and <; coincide with the Sarkovskii ordering. If n > 2, then <, is
not a linear ordering. Define aset S C IN to be an initial segment of <,, if whenever A:
is an element of Sand m <, k then m is dlso an element of 5, i.e, Sis closed under <,,
predecessors. Now we state the theorem of Baldwin in [ 3].

Theorem 4.2 : Let X,, be the n-od.

1 Let/: X, — X, bea continuous map). Then Per(f)is a honempty finite union

of initial segments of {<,:1 <p < n}.

2. Conversely, if Sis a nonempty finite union of initial segments of {<,: 1 <p <n}
then there is a continuous map / : X, — X, such that /(0) = 0 and Per(f)= S
The n-od result is the same, regardless of whether the branching point is required

to be fixed or not.

Period sets for Tree maps

The main result of [ 4] is the extension of n-od theorem to every continous saf map

on atree T having al branching points fixed. It is of interest to ask what Per(f)
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can be if al branching points of T are fixed. The result on n-od has been extended
to al trees (without assumptions on branching points) by Baldwin, but these results
do not specify which sets are possible if the branching points are remaining fixed.
For similar results on graphs which characterize sets of periods without specifying
which sets of periods correspond to which graphs, see [ 9]. Now we state the main
result of [ 4]

Given atree T, let ¢(T') and b(T) be the number of end points and branching points
respectively.

Theorem 5.1 : Let T be atree.

(@ Let/: T— T be acontinuous map with al branching points fixed. Then

Per(f) is a non empty finite union of initia segments of {<,:1 < p < ¢(T)}.

(b) Conversdy, If Sis a nonempty finite union of initial segments of {<,:1 <
P < e(T)} then thereis a continuous map f : T — T with all the branching

points fixed such that Per(f) = S
This theorem solves a problem which was originaly posed by Alsedaet al in [ 1 ].

%

Summary of our results

S.Baldwin [ 3] asked: "Characterize al possible sets Per(f), where / ranges over all
continuous functions of a graph G or of a more general topological space if one is
really ambitious" (Problem 5.1). Earlier Alseda, Llibre, and Misiurewicz also posed
the same problem after stating Sarkovskii's theorem : "Further research starting

at this point can go in at least six directions : (1) Replace an interval | by another



Chapter 1: Introduction 16

space and another class of mapsee«-” in[ 1].
We take up this problem of characterizing all possible sets of periods of more gen-

eral topological spaces , and we describe PER(X) , when

(i) X = any zero dimensiona metric space (Chapter 3)
(i) X = any compact subset of real line (chapter 4)
(iii) X = any convex subset of IR™ (Chapter 5).

We obtain certain families of subsets of IN (like F,,G,, H.etc) as PER(X). One

interesting observation is that these families occuring in Chapter 3 form a chain:

Fckrhc---F,.C--CGCGC-CGC--CHiC - CH,C-+-

6.1 Results in Chapter 2:

We say that a space X has the periodic point property (p.p.p.) if 0 ¢ PER(X).
In Chapter 2, we find that the study of p.p.p. takes us to the class of countable
compact spaces. The link between the p.p.p. and this class of spaces has been

noticed in [ 33 ]. In this chapter we prove two main theorems.

Theorem 1: The following are equivalent for a metric space X:
(@) X is countable and compact.
(b) X is zero-dimensional and has p.p.p.

Theorem 2: Let X be a compact subset of IR such that its boundary is uncountable.
Then X does not have p.p.p; and conversely, every compact subset of IR with

countable boundary has p.p.p.
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6.2 Results in Chapter 3:

In chapter3, we describe PER(X) when X is a zero dimensional metric space. The
zero-dimensional spaces deserve this kind of study because:

() In the already existing literature in Topological Dynamics, the zero-dimensional
spaces are known to have some pleasing recurrence properties for dynamical sys-
tems on them.

(b) Unlike the one-dimensional spaces, they yield themselves to our study so co-
herently that PER (X) is now calculated for a big class of spaces simultaneously.
(c) These results will be used in the next chapter.

Now we list the theorems proved in this chapter :

Theorem : Let X be a zero dimensional metric space. Then
p(IN) if X is not compact
p(IN) if X is not countable

p(IN)\{¢ if X is countable, compact

PER(X) = and X" is infinite
He if X is compact and |X”| = n
Gn if X is compact and \X'\ = n
Fa if X is finite and \X\ = n

(See Chapter 0 for Notations)

This theorem is a consequence of following theorems.Notice that metrizability is

not assumed in some theorems.
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Theorem A: Let X be a compact HausdorfF space with a unique limit point. Then
PER(X) = G.

Theorem B: Let n be a positive integer. Let X be a compact Hausdorff space with exactly
n limit points. Then PER(X) = { A CIN | A isanonempty set containing
two finite subsets F and G satisfying (i). every element of A\ G is a multiple

of some element of F and (ii). sum of elements of F is < n }.

Theorem C: Let X be a compact Hausdorff space having a unique element x, every neigh-

bourhood of which contains infinitely many limit points. Then PER(X) = G.

Theorem D: Let X be a compact Hausdorff space such that \X'\ = n.Then
PER(X) = {ACIN|lor2or e -*ornG AtUG.

Theorem E: Let X be any countable compact Hausdorff space such that X” is infinite.
Then PER(X) consists of al nonempty subsets of IN.

Theorem F: Let K be the Cantor set. Then PER (K )=gp(IN).

Theorem G: Let X be a zero dimensional metric space.Then the the following are equiva-
lent:
(i)X is countable and compact.

(i) PER(X) # p(IN).
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(iii)¢ ¢PER(X).

6.3 Results in Chapter 4:

We devote Chapter 4 to describe PER(X) when X is any compact subset of real

line. This is achieved by proving the following theorems.

Theorem 1.

Theorem 2:

Theorem 3:

Theorem 4:

Letn €IN. L X= LU, Uesee U [, whereeach I; is aclosed interval in
IR. Let these I;’s be pairwise digoint, then
PER(X) = {A C IN|4 is of the form n;A; U nyA;U  » « U n,Aywhere each

A €Sandny+ny +eee+n; <n}

Let X be a topological space. Let X be the space of al connected com-
ponents of X. Let q : X — X be the natural map defined as, ¢(z) =
C';,the component of x (viewed as an element of X ). Let f be a continuous
sf map on X and / be the induced map of f on X. Then

Per(f)= U 7 Per(f™|x,Where X, = {x € X\ /-period of q(x) is n}
né€per(f)

Let X be a compact subset of IR such that every component of X is non

trivial. Then PER(X) = {|JnA.: EPER(X) ,A. €S Vn € B}

Let X be a compact subset of IR such that (i) X has infinitely many non-

trivial components. (ii) thereis only one component of X that is not open.
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Theorem 5:

Theorem 6(a):

Theorem 6(b):

Theorem 6(c):

Theorem 6(d):

Then PER(X)=G,* S

Let X be a compact subset of IR with n nontrivial components and with

only one non open component. Then PER(X)=(F,* S)VG,

Let m,n,pe IN. Let X be a compact subset of IR with n non-open trivial
components, m nontrivial open components and p non open non trivial com-
ponents. Then PER(X)= | J(G,V G. V (F.* 9 V (F£* 9)
where the union is taken over al triples (r,s,t) of positive integers satisfying

the inequalities s <p,r+ s<n+ps+ t<m+p,andr + s +t<rn+ n+p

Let X be a compact subset of IR ,such that |X|' = n. Let al the open
components of X be nontrivial . Then PER(X)= G, * S (Note: Some

non-open components may be trivial, some others not)

Let X be a compact subset of IR with n non-open trivial components and
infinitely many open nontrivial components and p nontrivial non open com-
ponents, and r nontrivial nonopen components in X such that every open
set containing it intersects infinitely many nontrivial components . Then

PERX)= | (ft* 9 V Gutp-s)

0<s <r

For any compact subset X C IR such that |X”} = n, PER(X) = H,
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Theorem 6(e): Let X be compact subset of IR . Then

N
PER(X) = { ga(ﬂ)\ {0}if boundary of X is countable and |X”| = 0o
() if boundary of X is uncountable

6.4 Results in Chapter 5:

In chapter 5, We obtain a higher dimensional analogue of Sarkovskii’s theorem .
We generalise this theorem, by describing PER (X) for al convex subsets X of ET.

We prove the following main theorem:

ain Theorem : Let X be a nonempty convex subset of IR". Then

p(IN) if X is noncompact

U if X is compact and not contained in aline
PER(X) = ¢ S if X is infinite, compact and contained in a line

{1} if X is singleton

SU {0} otherwise

To Prove this theorem we have proved the following :

Lemma 1. Every unbounded closed convex subset S of IR? contains aray at each of its

points.

Lemma 2: Every unbounded convex subset S of IR? contins a ray.

Lemma 3: Let S be an unbounded closed convex subset of R, where n > 2. Let
z, € S Then there exists a hyperspace H such that SN (H + z,) is un-
bounded.
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Theorem-1: Let A be any given subset of . Then there is a continuous / : IR? — IR?

such that Per(f)= A.

Theorem 2: Let X be anon-compact convex subset of IR?, with nonempty interior. Then

PERX) = p(N).

Theorem 3. Let S be adosed disc. Then PER(S = U;.

Theorem 4. Let S be a bounded noncompact convex subset of IR". Then PER (S)
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Periodic Point Property

The results proved in this chapter are required in later chapters. Theoreml will be

used in Chapter 3 whereas Proposition 2 and Theorem 2 will be used in Chapter 4.

§1
Introduction and Preliminaries:

The concept of periodic points has been well-studied in the Theory of Functions
(See [31], [36]), Ergodic Theory (see [29]), Theory of Fractals (see [24]), Theory
of Dynamical systems (see [3],[4] and [11}), Algebraic Topology (see [32]) etc. We
say that a topological space X has periodic point property (abbreviated as p.p.p)
if every continuous sdlf-map of X has a periodic point. This is analagous to the
fixed point property (see [34]) that has been studied in General Topology, Algebraic
Topology and Functional Analysis,Theory of Differential Equations, etc.

In this chapter, we find that the study of p.p.p. takes us to the class of countable
compact spaces. This class of topological spaces has attracted the attention of many
mathematicians like Sierpinski, Mazurkiewicz, J.de Groot, M. Katetov, Bessaga,
Pelczynski, and Rajagopalan. A summary of their contributions is available in [19],

It is already known that every countable compact metric space X has p.p.p.[33].It

23
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follows that every closed subspace of such X aso has p.p.p.It is natural to ask
whether the converse is trueji.eif a metric space X has the property that every
closed subspace of X has p.p.p,then should X be countable and compact ? We
answer this in the affirmative.This may be compared with the main result of [16]
where a similar converse to Banach's contraction mapping theorem has been proved.
The only result on countable compact spaces that we need for our discussion, has
been proved in [25] and in a different way in [18]. It states that every countable

compact space is a well-ordered space.

Now we fix some notations. IN denotes the set of all natural numbers. Let/: X —

X be any self-map of X. A point x is caled a periodic point of / if f*(zF x
for some n in IN. If this happens with n = 1, then it is caled a fixed point of /.
We repeat that a topological space X is said to have p.p.p. if every continuous
self-map of X has a periodic point. We use the word ‘clopen’ as an abbreviated

form of 'both open and closed'.

Proposition 1.1: The following spaces satisfy p.p.p.:-

(@) All finite spaces.

(b) All compact convex subsets of IR™; in particular the closed interval [0,1] and
the closed unit disc D in IR?,

(c) All strongly rigid spaces.

(d) All well-ordered compact spaces, and in particular [1,0], where it is the first

uncountable ordinal number.
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Proof: (a) Let X be afinite discrete space having exactly n elements.

Let / : X — X be any function. Let z, G X. Among the n + 1 terms of the
sequence zo, f(x,), f3(zo ) * ¢, f*(z,), some two should be equal by pigeon-hole
principle, say f"(z,)- f*(z,)with r < s. Then f7(z,)is a periodic point of /.

(b) It is a wel-known theorem that every compact convex subset of IR™ has the
fixed point property (f.p.p), namely that every continuous self-map has a fixed
point (See [34]). It is easily seen that f.p.p implies p.p.p.

(¢) A Hausdorff space X is said to be strongly rigid if every continuous self-map
of X is either a constant map or the identity map. Obvioudly, these spaces have

f.p.p. and therefore p.p.p.

(d) Every well-ordered compact space is of the form [1, o] for some ordinal number
a. When « is a finite ordinal, the result follows from part (a). If a al there
is an ordinal « for which the result fals, let oy be the least such. Let X =
[1,a0] and let / : X — X be a continuous function without periodic points. For
each x € X let A, denote {y G X\y = f"(zfor somen G N}. Let A = {x G
X\x is in the closure of A.},we first claim that ao G A. If not, 4,,C [1,4] for
somef < ap. Because/ is continuous, / takes A, to itsdf. Noting that A, is
homeomorphic to the well-ordered compact space [1,7] for some 7 < fl < qp it
follows from the choice of ag that the restriction fiz, has a periodic point in A,
. The same point is a periodic point of / in X, contradicting the choice of /. This
proves that a, € A and thus A is non-empty. Now let ; be the least element of
A. Then A,, C A by the continuity of /. And so a; < every element of A,,.

Whereas oy € A,,pecause o, is in A, and this is possible only when oy G A,
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(since otherwise the left ray [1, o] will be a neighbourhood of «; disoint from Ay, ).
This implies that a1 = f*(e4jor some natural number n, and thus o, is a periodic

point of /. This is a contradiction to the choice of /, hence proves the result.

Proposition 1.2:  The following spaces do not possess p.p.p.

(a) An infinite discrete space.
(b) The circle S*.

(c) The infinite product H X, of finite spaces X,, = {1,2,¢ ¢+, n}.

n=1

(d) The Cantor set A'.

(e) The red line fll (and more generally any topological group with an element of

infinite order)

(f) The Stone-Céch compactification SIN of the discrete space IN of natural num-

bers.

Proof: (a) If X is an infinite discrete space, let A = {z1,z2, ***,z,2°*} bea
countably infinite subset of X. Define/: X — X by
T ifrg A
flz) = ) .
Tpp Hfz=24 neN .

Then / is a continuous self-map of X without any periodic point.

(b) Let S!' = {(z,y)G R?: z?+y? = 1}. Let 0 be an angle non-commensurate

with # (that is, $ is not a rational multiple of 7). Then the rotation by 0 radians,
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(this is same as multiplication by the complex number ¢ if S* is viewed in the

complex plane) is a continuous self-map of S* without periodic points.

() Let for every n € IN, the set X, be equal to {m € IN : m < rc}, provide

discrete topology to each X,,. Let P = HX,, with the product topology. Consider
ne€N
/1 P— P defined by therule: Ifx = (z,)€ P, then f(z)= y whose n**coordinate

yn IS given by
{.I‘n+1 if x #n

1 ifr,=n .

In other words we are taking a cyclic permutation p,, : X,, — X, of order n for each

nin IN and / = Hpn. The component functions f,, : P -X,, have the property
n€N

that /() = ] v,
m=1

Xom if m# n
where Y,, =
{ a singleton, namely p7!'(k) if m=n.
So, f71(k) is a basic open set in the product space P, for each k in X,. Therefore
exch f, is continuous. Therefore / is continuous. But / does not have a periodic
point. This is because if x 6 P and n € IN, then x and f*(xnecessarily differ in
their n + 1* coordinate. In fact
Tng1 -1 ifzppn #1
{n-}—l fepp= 1

(d) Let K be the Cantor set consisting of those numbers in [01] that admit a
ternary representation 0.a;as * * *a,* ¢ * where each a,, iseither O or 2. Let X, have

the meaning as in (c). Let Q = [ [X.» with product topology. Define h: K — @

n=|
by therule: if x has ternary representation 0.z,z; ¢ ¢ e z,¢ ¢ « where each z,, is either

0 or 2, then the n-th coordinate of h(z)is 1 or 2 or « ¢ or 2" according as the



Chapter 2. Periodic Point Property 28

block Tom—1,Ton—141,--+,Ton_y is 00---0, or 00---01, or 00---10, or w or 11---p,
respectively. It is easily seen that h is a bijection. Also, if W is a basic open subset
of @, of theform TT Y,, where

n=\

Xon ifn#m

{ asingleton in X,m ifn=m
then ~~1(Y,)is a subset of K of the form {x € K : in the ternary expansion of z,
the finite number of terms z,, x,41, * * *, z,4, coincide with the pre-assigned values}
for somer, s in IN and for some pre-assigned block of values from {0,2}. It follows
that A='(Y,,)is clopen in K for each basic open set in Q. Therefore h is continuous.
Since K and Q are compact, h is a horneomorphism. Lastly by a proof similar to
that of (c), one can prove that Q does not have p.p.p. It follows that K does not

have p.p.p.

(60 The map f(x) = x + 1 for dl x in R is a continuous self-map of IR without

any periodic point.

(f) Let/:pBIN — PBIN be the unique continuous extension of themap / : IN — IN
defined by f(x) = x+1 for al x in IN. We claim that / has no periodic points. If n
isin IN, the n, subsets A, = {kn,+r; k € N} for r =0,1, «+,n— 1 are pairewise
disioint subsets of IN. Their closures in SIN should be pairwise digjoint. If x isin
BIN, then x belongs to A, for a unique r. But f™(A.F A,is digoint from A, if
m < n. There f"(z)G A,, and hence f™(z# x. Since n, in IN is arbitrary, this

means that no x in AIN can be a periodic point of /.
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574

Theorem 1. The following are equivalent for a metric space X:

(@) X is countable and compact.
(b) X is zero-dimensional and has p.p.p.
(c) Every closed subspace of X has p.p.p.

(d) Every continuous image of X has p.p.p.

Proof: Step 1. We first prove that every countable compact Hausdorff space
X has p.p.p. Let f: X — X be continuous. Call a subset A of X as /-invariant
if f(A) C A. By Zorn’s lemma, there is a minimal non-empty closed /-invariant
subset A of X (such sets are called minimal setsin Topologica Dynamics). Because
of minimality, A has the property that for each x in A, {f*(z) n G AT} = A
Applying Baire Category theorem to the countable compact Hausdorff space A, we
obtain an isolated point a € A. Thisaisin A — {f*(a): n € A}, and therefore
a € {f*(ay n € N'}, because a is isolated in A. This implies that a is a periodic

point of / (in fact this proves that A is a finite set).

Step 22 Whenever X is a countable compact space, so is every closed subspace
of X, and so is every continuous image of X. Therefore it is immediate from step

1 that (1) implies both (3) and (4).

Step 3: It is well-known that every countable T;: (i.e., completely regular,
Hausdorff) space X is zero-dimensional. Indeed, if x € X and if F is a closed
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subset of X not containing z, then there is a continuous function / : X — [0,1]
such that f(x) = 1 and f(y) = 0 for al y in F. The range of this / has to be
countable, since its domain is so. Therefore there ist with 0 < t < 1, that is not
in the range of /. Now the set f~1([0,¢)) = f~!([0,¢]) is both open and closed in

X, containing z, and disoint from F.

Similar proof can be given to show that every countable T, space has the property

that any two digoint closed subsets can be separated by digoint clopen subsets.

In particular every countable compact Hausdorff space is zero-dimensional. This
observation together with step 1 proves that (1) implies (2). Thus so far we have
proved that (1) implies each of the other three.

Step 4: We now prove that every zero-dimensional metric space X with p.p.p.
has to be compact. To prove this, let A = {z1,23,2- - ,z,, -} e anvcountably
infinite subset of X; we shall prove that A has a limit point. Suppose not. Then
A is a discrete closed subset of X. For each n € IN we choose a clopen set V,, such
that (i) these are pairwise digoint (i) V, N A= {z,}and(iii) V, C B(z.21). Let
V, bethe complement of{ J;>, Va. 1f x€ V,, letr > 0 be such that B(x,r)n A

is empty. Then B(x, ;)N V., is empty for al n such that 5 < 7. Therefore x is

00
not in the closure of | ) Vi for a suitable n,. Nor is x in the closure of the clopen

k=no
set U, Vi Therefore the set [U,~, V. 1sclosed. It is obviously open also. Thus
{VoVi, Vo, -V, - - -} is apartition of X into clopen subsets. Define/: X — X
by the rule f(X) = z,4+:1if € V,,. Then it is easily seen that / is a continuous sdf-
map of X without any periodic point. But X has p.p.p. by assumption. Therefore

A should have a limit point. Thus X is compact.
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Step 5. Next we prove that every uncountable zero-dimensional compact metric
space fails to satisfy p.p.p. Let X be one such space. For the subset S = {x G X\x
admits a countable neighbourhood} the family {V, : V, is a countable neighbour-
hood of x in S}is an open cover. Because S is second countable, there should be
a countable subcover for this open cover. This implies that S is countable. Let
Y be the complement of Sin X. Then Y is an uncountable, zero-dimensional
compact metric space in which every point is a limit point. By a classical theorem
(seef14]) Y is homeomorphic to the Cantor set K. Therefore Y admits a base
{W1, Wy e o W, e} of nonempty clopen (in Y) subsets such that Y = W, U W,
and W, = Wyt U Woye fordl n G IN. (we have only to note that the stan-
dard base for the topology of the Cantor set K has this property.) Moreover every
infinite subfamily of this base has a most one element in the intersection. Now
the sets WA and W, are digoint compact subsets of the zero-dimensional Hausdorff
space Y, and therefore can be separated by some clopen subsets WA and W, of Y
whose union is Y. Similarly for each n G IN, the disoint compact subsets Wy, 4,
and Wany2 °f the previously defined zerodimensional Hausdorff space W, can be
separated by digoint clopen (in W, and therefore in X) subsets Wo,41 and Wi,y
whose union is W,,. Thus we recursively arrive finaly at a family {W, : n € IN}
of clopen subsets of X such that W, N Y = W, for each n. We use this family
to define a function r : X — Y by the rule r(x) is the unique element in Y of
(Y{W. :n GIN,z G W,}. To show that this intersection set is a singleton, we first
note that {Wan_1,Wan, o o o Woni1_2} is apartition of X into clopen sets, for each

n € IN. Therefore x must belong to one and only one of these sets.

In particular, for every m G IN, 3n > m such that x € W,,.
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There are therefore infinitely many n € IN such that x € W,. Therefore the
intersection of the corresponding W,,’s cannot have more than one element. On the
other hand any two such W,’s being comparable, this family has finite intersection
property, and hence by compactness of X, has nonempty intersection. Thus r{x)

gets defined uniquely for each x € X. It is also easily seen that

(@) ifx€Y,thenxe W, <= x¢& W,.

Therefore r(x) = x for al x in Y.

(o) r~Y (W, )= W, for dl n. Since {W, : n €IN} is abase for Y this implies that

r is continuous.

We have thus proved that r : X — Yis a retraction map. Now from proposition
1.2(d), there is a continuous self-map / : Y — Y without periodic points. Then
for: X — Y, regarded as a map from X to X, has no periodic points a al. Thus

X does not have p.p.p.

Step 6: Combining step 4 and step 5, we see that (2) implies (1). Now let X
satisfy (3): every closed subspace of X has p.p.p. Then first, X has to be compact,
because otherwise, the infinite discrete space IN is homeomorphic to some closed
subset, that does not have p.p.p. by proposition 1.2(a). Next, X has to be countable
aso, since otherwise, by a known classical result (see [14]), X will contain a closed
set homeomorphic to the Cantor set K, that does not have p.p.p. by proposition
1.2(d). These together prove that (3) implies (1).

Step 7: Lastly, we prove that (4) implies (2). Let X be a metric space every

continuous image of which has p.p.p. We consider two cases.
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Case 1:  Suppose there is some z, in X and some « > 0 in IR such that for every
ft in [0,a], thereis y in X such that d(z,y)— ft. Then the function f : X —

S defined by f(X) == exp(i.Z.d(z,,))js continuous and surjective. Thus S?
becomes a continuous image of X. But by proposition 1.2(6), S* does not have

p.p-p. Therefore this case cannot arise. The only possibility is the next case.

Case 22 For every x in X and for every o > 0 in IR, there exists ft in the open
interval (0,a) such that ft is not of the form d(z,y)for any y in X. Then the
open ball B(z,ft) is aso the closed bal B(z,ft), and is therefore a clopen set inside
B(z,a).Thus X is zero-dimensional.

Remark 1: We proved in proposition 12 that neither the discrete space IN nor
the Cantor set K has p.p.p. In a sense, we can say that these two are the main
culprits preventing a strong version of p.p.p. in ametric space. Thisis because each

of the four statements in the main theorem is equivalent to each of the following:
(5) Neither IN nor K is homeomorphic to a closed subspace of X.
(6) X is zero-dimensional and neither IN nor K is a continuous image of X.

Remark 2: We proved in step 1 that every countable compact space has p.p.p.
Essentially the same ideas can be used to prove the stronger result that every
compact scattered space has p.p.p. A space is said to be scattered if every subset
of it contains a point that is isolated in its relative topology. There is no need to
use Baire category theorem while imitating that proof. In fact, the following result
holds. A compact space X is scattered if and only if every continuous image of X
has p.p.p. For proving the second half, we use the following result of Rudin: If X is

a compact non-scattered space, then the closed interval [0, 1] is a continuous image
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of X (see [30]). For proving the first haf, we need the result that every continuous

image of a compact scattered space is again so (see [21]).

Remark 3: In 81 we stated a theorem of Mazurkiewicz and Sierpinski. This
theorem, combined with proposition 1.1(d), gives another proof of the result of
step 1. The advantage in this proof is that we do not use Baire category theorem.
The disadvantage is that we use the theorem of [25] that is not as popular as Baire

category theorem.

Remark 4: After reading 82, one may naturally seek a characterization of all ma-
tric spaces that satisfy p.p.p. But no neat characterization of this class is expected,
because one can prove that this class is closed neither under continuous images,
nor under closed subspaces, nor under arbitrary products. There are haphazard
examples provided by Proposition 1.2(c). J.de Groot [10] has proved a surprising
result that the Euclidean plane IR? contains many strongly rigid subspaces. These
are neither compact nor countable. These are neither zero-dimensional nor path-
connected. For more examples of strongly rigid spaces, see [20]. Every space is a

closed subspace of one such space.

Remark 5: We leave this question open: What are al the Hausdorff spaces,
every closed subspace of which has p.p.p.? Our main theorem answers this question
among metric spaces. One can prove that every compact scattered space has the

property that every closed subspace has p.p.p. But the converse is not true.

Remark 6: (a) The method of step 5 of 82 can be used to prove the following
stronger results: (1) In every zero-dimensional Hausdorff space X, every compact

metrizable subspace is aretract. (2) Every retract of every space with p.p.p, again
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has p.p.p.

(b) The idea of proof of proposition 1.2(c) can be used to prove that for a family
{Y~: n 6 IN} of topological speces, if ] ¥, has p.p.p., then each ¥, has p.p.p.
and further there is n, in IN such that for every n > n,, the period of every periodic
point of every continuous self-map of Y, is < n,. (i.e. there is a uniform bound n,
for these periods, eventually).

(c) In Step 7 of 82 we have actually proved that if a metric space X does not
admit [0,1] as a continuous image, then X is zero-dimensional. This result can
be supplemented with a companion result. Every compact Hausdorff space X is
either zero-dimensional or admits [0,1] as a continuous image. For, if the compact
space X is not zero-dimensional, a known result says that there exists a connected
subset of X containing two distinct elements z,y. Then there exists a continuous
/ : X = [0,1] such that f(x) = 0 and f(y) = 1. Since f(A) has to be connected,

/ is onto.

Remark 7:  The main theorem implies that the empty set cannot be the set
of al periods of any continuous sdf-map of any countable compact space. It is
natural to ask which subsets A of IN arise as the set of al periods for some such
function? This question has been completely answered by us, by describing the
family of all possible period sets, for each coutable compact space. The proof in-

volves known results on the structure of such spaces and will appear in next chapter.

Proposition 22 Let X C R be a compact set
Such that X\ (int X) is countable. Then X has p.p.p.
Proof: Let Y =X\ (int X). Let / : X — X be continuous function. For each y
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inY, let
)} iffy) ey
gly) =

{a,,b,} if f(y) belongs to the component interval [ay,b,] of X.
Then g is a multifunction from Y to V.

We first prove that g is lower semicontinuous .

(Note : By a multifunction ¢ from a topological space X to Y we mean that ¢(z)
is a nonempty subset of Y for each x in X. A multifunction ¢ : X — Y is called
lower semicontinuous if for every open subset V in Y the set {x € X|e(z) N Vis
non empty} is open in X. )

Let (a, 6) be any open interval in R.
(e, 0)NY)US

empty if(ab) is digoint from Y
{y € Ylg(y)N(a,b) is nonempty} =

Union of f !(e,6) and sets of the form f !(ay,by)

where either a, or b, belongsto (a b)
where S ={ye yleither a < a, < bora< b, < b wheref(y)e (ay,b,)}

In al the cases it is an open set. Now we apply the following selection theorem of

Michael in [26] : Let Y be a zero-dimensional complete metric space.
Letg: Y— Y beals.c. multifunction. Then g admits a continuous selection.

By this, we obtain a continuous function f : Y— Y. We have thus proved:
Let X C IR beaclosed set. Let / : X — X be continuous. Let Y be the boundary
of X. Then 3 continuous / :Y — Y such that

(@ f(y) = f(y) whenever f(y) €Y

(b) f(y) and f(y) dways (i.e, Yy G V) lie in the same component of X.
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We next claim that if y is a periodic point of f, then some element in the X-
component of y must be a periodic point of /. Let (f)"(yF y. Then f*(y)E the

component of y. [because, / takes components inside components]. Then
f*(componentof y) C component of y.

Therefore f™ should have some fixed point. This point is a periodic point of /.

Thus we have proved that any compact subset of IR with countable boundary has
p.p.p . In the next section we deal with compact subsets of IR with uncountable

boundary .
§3

Lemma 3: Let X, Y be two closed subsets of IR such that Y C X. Then the

following are equivalent:

(1) Y is aretract of X.

(2 aheYand [a¢,b] C Ximpliesthat [ab] C Y.

Proof: (1) = (2) : Letr : X — Y be aretraction. Assume that a and b are

elementsof Y and let [a 8] C X. Thenr(a) = aand r(b) = b. Also r(|a,b]) should

be a connected set containing r(a) and r(b) . Therefore it contains [a, 4]. Thus

[e,b)CY.

(2 = (1) : Let (2) hold. Then no bounded component of Y* is contained in X.

Choose some z,, in each bounded component (a.,b,) of Y¢ such that z, ¢ X
x ifxeyY

Now definer : X — Yasr(z) = { a, ifa.<x<z,

b, ifz,<x<b,

This r is continuous . Hence Y is retract of X.
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Corollary 3.1: Let X be a closed subset of IR with empty interior . Then every
closed subset of X is aretract of X.

Corollary 3.2: Let X be a zero dimensional metric space.Then every closed subset
of X is a retract of X. (Since X is homeomorphic to a subspace of R )
Corollary 3.3: A compact metric space X is zero dimensional if and only if every

closed subset of X is aretract of X.

Theorem 2: Let X be a compact subset of IR such that its boundary is uncount-
able. Then X does not have p.p.p.

Proof: The proof is divided into five major steps.

Step 1: First, we fix some notations. dX is the boundary of X. It is equal to
X\ (interior of X).

Y = {a G dX\ every neighbourhood of a contains uncountably many elements of
ax).

Z = YU (union of &l those components of X whose boundary is contained in ).
A ={a G W\ a has an immediate successor a* in Y and [a,a*] C Z}.

B — {b € Y\ b has an immediate successor b+ in Y and [b, b*] N Z is empty}.

The following can be proved easily.

Proposition 3.1:

1 X,dX, Y and Z are compact and uncountable.

2 0Z=Y.
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3 A and B are countable.
4 Between any two non-adjacent elements of A lies an element of B.

5 1fy; <y2inY, 3c G AU Bsuch that y;< ¢ < ¢* <ys.
Step 2:  Now we introduce some more notations. A= {aj,az**-,an®**} is
either finite or countable.
B = {b1,by o+, b, e} iscountably infinite.
Jy = {0,1}.
B, = {yeYly<h}
B = {yeYly> b)
oy = that element of J; such that a; € B,,.
Ji = J1 U {a}} where o is just a symbol corresponding to «;. Suppose we
have defined for some positive integer n, the index set J,, the clopen subsets
B, of X for each a € J, the specia element «, of J, determined by a,
and the index set J,,. Then we define
Jog1 = {a0la€ J,}
Bao = {y €Baly < ba(}-
Ba = {y€Baly > bu}-

n(a) = the least positive integer 3 b,() and b,

n(a

yare both in B,.
an=that element of J,4; such that any1 G Bayy,-

Jnt1= Jntr U{efy1}e We let Jngr = Jnnr if VAL < D,

The fallowing can be proved without difficulty

Proposition 3.2:

6 |Ju| =2t -1foraln=12-¢ee¢ if [i4>n
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7 Each B, is a clopen subset of Y; it is caled a block of rath level if a € J,.

8 For every fixed n
{Balae J.} is a partition of Y.

9 Every block of n + 1" level is contained in some block of nthlevel;

10 a, and at belong to different blocks on n't level; similarly, b, and b+ belong

to different blocks of ntt level.
11 Each block B, is of the foom Y N1 for some closed interval /.

12 Let J =L, Jn. Then {B.|a€ J}is a base for the topology of Y.

Step 3: Inthisstep wedefineforeachn = 1,2,¢ ¢+ afunctione, = J, —* J,,
which will be used in the next step to define a function / : Y — V.

Initially, o7 : J; — Jy isdefined by letting o3(¢) = 1 and o4(1) = 0. Next, it

is extended to o, : \ — Ji, by letting &1(a}) = o1(a).

Suppose we have defined for some positive integer n, the functions o, : J,, —
J,and o, : J, = J,. Then we define 0,41 : Jns1 — Jnaa by defining
B0 if B = on(a)#00---0
Bl it B= ou(a) =00---0
f1 i B =ou(a)#00---0
(T,H_l((ll) = ) .
/’U lfﬂ: 0',,,(&):00"‘0
This defines ¢,4; on the first 2"+! elements of Jn11. We define it a the other

Tns1(a) = {

elements suitably so that the following two conditions are satisfied:
{ont1(a0),0011(al)} C {B0, Blvhere fi = on(a)

Onp1{011---1) = 0n41(@m 00---0) for every m < n
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Finally we extend 0,4 to 6,41 : Jup1 — Juy1 by defining
&n+1(“;+1 ) = Ons1(@n41)

The following can be proved without much difficulty.

Proposition 3.3 :

13 The range of o, has exactly 2" elements. These elements are precisely those

words of J,, that do not involve the *-symbol.
14 Every element in the range of o, is a periodic point of period 2™.

15 These o,’s are mutually compatible in the sense that the following diagram

commutes for each m < n:

Om

Herer = J, — J, is the restriction map that associates to each word « in
J,., the truncated word in J,, omitting al but the first m letters of a.
Step 4: In this step, we define a function / : Y — Y using the &,’s

constructed in step 3. But this requires some preparatory result:

16 Any strictly decreasing sequence of blocks {B., }has the property that the

intersection ., IS @ singleton. [To prove this, we use the results (5) and

n=1

(10))] . , S i ..
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We now fix one more notation. For each x in Y and for each positive integer
n, let a(z,n)denote the unique a in o, such that y € By(zs)- [Here we use

the result (8)].
We define/ : Y — Y by the rule

f(x) = the unique element of () Bs,(a(em)-
n=|
Proposition 3.4

17 f(B.) C B, for each ain J, , by definition of f.

18 [~Y(Ba U{Bs|B€ Jn, 5a(B) = a} for each o in Jn.
= a finite union of blocks.

= a clopen set.
19 /is continuous. [Here, we use the result (12)].

20 If x is a periodic point of / and if n is a positive integer, then a(z,n) is
a periodic point of o,; moreover the /-period of x divides the &,-period of

a(z,n).
21 / has no periodic points. [Here we use the resuilts (20) and (14)].

22 f(an)= f(a*)forn=1,2,---
Step 5: In this step, we extend the function / defined in step 4. First, we
note that Z = YU (U[an,a:])

n=1

We define / : Z — Z by the rule

{f(r) ifzeY

(z) = _
fla,) ifa, <z <a}
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[We use the result (22) to prove that this definition does give a function]

Proposition 3.5:

23 [ is continuous.

24 Range of / is same as the range of / and is contained in Y.
25 / has no periodic points. [Here, we use the result (21)].

26 Z has the property that

r,y € Z
= [z,y] C Z.
[z,y] C2
27 Zis aretract of X. [ Here we use the Lemma 3].
[Note however that Y is not in general a retract of Z or X].
As the last step in the proof, we extend / to a continuous function f*: X — Z

(using the result (27)). Indeed the range of /* = range of /=range of /.

One can prove:

28 This /* : X — X has no periodic points at all.

[Here, we use the result (25)].



Chapter 3

Sets Of Periods Of Zero Dimensional Metric Spaces

Introduction and Preliminaries:

In this Chapter, we take up the problem: Given a topological space X, describe
the family PER (X) intrinsically. We solve this problem for each X in a class of
spaces that includes al zero-dimensional metric spaces, as well as some compact
non-metrizable topological spaces. There is only one main result in this chapter,
namely Theorem 11. All the other results are intended to provide steps for its
proof. In the first seven theorems a little more generality is maintained, than what
is needed for the proof of Theorem 11; this generality will be used in our next
chapter. It is better to state our main theorem in the form of the flow-chart given
below, because that seems more natural in the present context of division of cases.

Table 1.1:
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X is a zero-dimensional metric space

Is X7 linite?

Ne

Is X7 linite?

PER (X) = p(IN)

PER (X) = y(IN)

PER(X)={ACIN| 1<

(sum of clements of A) < | X}

PER(X) ={A C IN| A is nonemply and
contains a linite subsct /7 such that (i)
sum of clements of Fois £ |X'| and
(ii) all but finitely many clements of A

are mulliples of some elements of 17}

PEI(X) ={ all nonempty subsets of IN }

PER(X) ={A C IN| cither some
clement of A is < |X"] or
3 a nonemply finite /' C A such that

A C { multiples of elements of I'}}
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The symbols X', X" and \X\ used in the above are explained in Chapter 0.

In the history of topological dynamics the problem of finding PER(X) has been
attacked by many mathematicians. But so far the space X for which there is
an attempt to describe PER (X),mostly has been one-dimensional. But in this
chapter, we consider zero-dimensional spaces. As explained in 6.2 of chapter 1, the

zero-dimensional spaces deserve this kind of study.

1.2. Terminology: Now we fix the meanings of certain terms from Topology
and Dynamics that are often used in this chapter. First, the term‘zero-dimensional
space’ has many mutually non-equivalent meanings depending on whether we use
Lebesgue covering dimension, or Urysohn-Menger dimension, or others. We fix
that here a space X is zero-dimensiona if and only if it admits a base consisting
of clopen sets (i.e., small inductive dimension is 0). A subset of X is said to be

clopen, if it is both closed and open.

If / is any continuous self-map of X, then many authors regard the pair (X, f)
as a dynamical system. Then / describes the motion where x moves to f(x) after
one instant of time. Now f™(z)s the position of x after n instants of time, in this
dynamical system. The points that are not moved at all, are the fixed points or
the points of period 1. The period of a point is the measure of least time when the
point returns to its original position. The orbit of x is defined as {y € Xly = f*(z)
for some n in IN}. Some authors cal this the semi-orbit of x. It is an example of
an invariant set. A subset A of X is said to be invariant under /, if f(A) C A. The

continuity of / implies that the closure of an invariant set is again invariant.

In the course of our study, we come across certain topological properties of the
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underlying space X that are expressible as ‘common’ dynamical properties for all
the dynamical systems that X underlies. Examples of such dynamical properties
are: (i) admitting a periodic point (ii) the limit points of periodic points, being
necessarily periodic, etc. This link between dynamics and topology is the under-
current of this entire work.

Remark: We conclude this introductory section with a remark on our method
of proofs. In 87, we use Baire category theorem; the same is again used in §8
and in 810 indirectly, aong with Zorn’s lemma, and minimal sets of Topological
Dynamics. In 89, we use the theorem that any two totally disconnected compact
metric self-dense spaces are homeomorphic [ 14 ]. In the first half of this chapter,
from 82, to 86, our methods are elementary. However in 85, and 86 we resort to
some nice constructions of functions that require geometric imaginations and their
translations to the language of analysis.

For a topological space X and for a given T C p(IN), the statement PER (X) —
is too brief and misleadingly innocuous, because to prove it we need to proceed as
follows: In the first part, we show that for every continuous self-map / of X, the
set of al /-periods of dl elements of X, satisfies the conditions stipulated for the
membership in F; often, this is proved by considering different cases as in Theorem
34,5 etc. In the second part, for a given member A of F, first using the elements of
A, we construct a self-map / of X; secondly we prove that / is continuous; thirdly
we prove that every element of A is a period of /; fourthly we prove that there are
no other periods for /. This scheme of proof can be seen to be common in most of

our theorems.
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§2

In this section, some preliminary results and the first two theorems of the chapter
are proved, thereby characterising PER (X) for dl compact Hausdorff spaces with

at most one limit point.
We start with aresult whose proof is easy and hence omitted.
Proposition 2.1 : Let (X\f) be any dynamical system.

(@) Let x and y be periodic points of different periods. Then the orbit of x and

orbit of y are dijoint.
(b) Per(f)— Per(g) where g is the restriction of / to the range of /.

Remark: These two results will be used more than once later. Regarding (a) note
however that for non periodic points, orbit of x and orbit of y may be different,

but non-disjoint. The next result also will be frequently used in later sections:

Proposition 2.2 : Let Y be a clopen subset of X, provided with relative topology.

Then PER(X) D PER(Y).

Proof: If / is a continuous sdf-mep of Y, and if y, is a fixed dement in the range
of/, define f : X — X by

R flz) ifxisinY

f(=z) = _

Yo otherwise.

Then the dopenness of Y implies the continuity of /. Moreover / and / have the
same range. Therefore by (b) of Propostion 2.1, Per(f) = Per(f). Thus every
member of PER(Y') is a member of PER(X).
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Remark 2.3 : Our first theorem is an elementary exercise of combinatorial nature,
relatively easier than the other ten theorems. It is included here not only for the
sake of completeness, but also because these ideas are required in the proofs of later

theorems.

Theorem 1: Let X be a discrete space with n elements. Then PER(X) = {AC
IN:1< (S m] <n} (This family is denoted byf,).

meA
Proof: First Part: Let / : X — X be a function and let A = Pcr(f). Take any x
in X. Then+ 1 terms of the sequence z, f(z),f*(z)s * *, f*(zxannot be distinct,
because \X\ — n. Therefore f"(z)= f*(z)for somer < s. Then f7(z)s a periodic
point. Thus A is nonempty, and so is the set P of al /-periodic points of X. If
ay, az,-+ -, a, aredistinct elementsof Athereareelementszy,z;-¢-,x,in P such
that the orbit of z; has a; elements. By 2.1 (@), these orbits are pairwise disjoint

subsets of P, and therefore the sum a; + ¢ ¢+ +4a, < \P\ < \X\.

Second Part:  Conversely, let A = {aj,az,2¢- ,a,} be asubset of IN such that
a<ay+taz+ ---+a <n Let X—{1,2,¢++n}. Wenow construct afunction

f: X —sXxh that Per(f) = A We define

1 if x> a4 Fa, or x=a;
f@) = ar+4a;+1 if x=ay4——+F ajpaforj=1,2c0r—1
z+1 otherwise.
Our assumption a; + * ¢ * + a, < n has been used in the above definition of / since
otherwise / will not be a self-map of X. For this / we have:
al a; elements between 1 and a, are periodic points with period ay;

al a; elements between a; + 1 and a, + a2 are periodic points with period a;
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al ar elements betweena; + ¢ ¢ +a,_; +1 and g, +*** +a, are periodic points
with period a.;no other point is a periodic point.

Therefore Per(f) = {a1aq,- - -,a,} = A

Example 2.4 : (a) If X is the discrete space with exactly 5 elements, then

PER(X) = {{1}, {2}, {3}, {4}, {5},{1,2}, {1,3}, {1,4},{2,3}},

(b) If X is the discrete space with exactly 6 elements, then
PER(X)={{1},{2},{3}.{4},{5},{6},{1,2}.{1,3},{1,4},{1.,5}, {2,3}.{2.4},{1.2.3}} .
Corollary 2.5 : The following are equivalent for a subset A of IN . (i) A is

nonempty and finite. (ii) A = Per(f) for some self-map / of some finite space X.

Remarks 2.6 : In our next theorem, unlike in the previous one, we see that
for many (mutually non-homeomorphic) topological spaces X we have the same
PER(X).

Theorem 2: Let X be a compact Hausdorff space with a unique limit point.
Then PER(X) ={AC IN : either 1€ A or A is finite and nonempty} (This family
issame as F, Uy wherely = {ACIN : I€ A})

Proof : Let x, be the unique limit point of X.

First Part: Let / be a continuous self-map of X. Consider two cases:

Case 1: Let f(z.,)= z,. Then 1 G Per(f).

Case 2. Let f(z,)#x,. Then by the continuity of /, there is a neighbourhood of
z, that is mapped to a singleton-open-set. The complement of this neighbourhood
is a finite set, because X is compact. Therefore the range of / is finite. Therefore

by Proposition 2.1 (b) and Corollary 2.5, Per(f) is a nonempty finite subset of IN
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Second Part: Conversdly, let A C IN be such that either 1 € A or A is nonempty
and finite. We now show that A € PER(X).
Case 1: Let A = {ay,ay,...,a,} be anonempty finite set. Let Y be a subset of X
such that A =a; +ay; 4 ——+ a, and such that z,is not in Y. Then by theorem
1, thereis afunction g : Y — Y such that Pcr(g) = A. SinceY is clopen in X, it
follows from 2.2 that A € PER(X).
Case 2. Let A beinfiniteand let 1 € A. Arrange the elements of A in theincreasing
orderasl=a;<ay<--s<qg,<ese
Choose a sequence z;,z2¢ * *, z,,* * * in X with distinct terms such that no term is
alimit point. Define/ : X — X by the rule
theag +- * o +flfc-thterm, if zistheaz + - - * +ax + ar41-thterm
[(X) = { zjn ife=x; and ifj & {az,az+ aa, - * ¢, a2 ++ ar * - i
X if x is not in the sequence, or if X = z;.
Then / is one-one and f(z,) — z,. One can prove that any function from X to
X that fixes z, and that is one-one is automatically continuous. Therefore / is
continuous. Also, the first a; terms of the sequence are periodic points with period
ay; the next a, terms of the sequence are periodic points with period az; and so on;

finally, al other elements are fixed points.

Therefore Per(f) = {1} U {az,a3---} = A

In this section, we consider, for a fixed positive integer n, a compact Hausdorff

space X with \X'\ = n.We compute PER(X). We sketch a proof,but leave out the
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details,since these are analogous to the details of the previous section.

Theorem 3: Let n be a positive integer. Let X be a compact Hausdorff space with
exactly n limit points. Then PER(X) = {Ac IN | A is anonempty set containing
two finite subsets F and G satisfying (i). every element of A\ G is a multiple of

some element of F and (ii). sum of elements of F is < n }.

Examples 3.1 : Let A;={6n\n € N} U {1,2,3,4}
Let A2 = {n € N|n > 10}.

Let A3= { prime numbers}.

Then A;€ PER(X)ifn> 2, because we can take F = {2}, G = {3}, [If n > 6, we can
dternatively take F = {6}, G = {2,3,4}]A; is never in PER(X) , whatever n may be.
For if F = {ay,a,,* ¢+, a,} isany finite subset of A;,none of whose elements is a multiple
of some element of F. Next, Asis adso never in PER(X). For, if F is any finite set of
prime numbers, then no element of A; greater than every element of F, is a multiple of

some element of F.

Remark 3.2 : Consider n = 1 Then X has unique limit point. In this case PER(X)
has been described in one way in Theorem 2 and in another way in Theorem 3. Do these
two ways describe the same family? This is not obvious. So, let us look at (i) and (ii)

closdly.

When n = 1, (ii) says that F is either empty or {1}.
If Fis empty, (i) implies that A\G is empty, and so A = G, and so0 A is finite.
If Fis {1}, then (i) poses no more condition on A except that 1 € A.

Putting these three pieces of facts together, PER(X) described in Theorem 3 coincides
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with {A C IN| either 1 € A or A is nonempty and finite}.

Proof of Theorem 3: The initial step of Theorem 3 (that it is true when n = 1) has

been already proved in the previous theorem.

Let x1,79,¢ ¢ ¢, z, be the limit points of X.

First Part: Let /: X — X be a continuous function. Let A = Per(f). We want to
find two finite subsets F and G of A satisfying (i) and (ii). For this we resort to induction
on n. As already noted the result is true for n = 1. Assume as induction hypothesis that
for a particular n the result is true for al compact spaces having at most n — 1 limit

points. Consider two cases.

Case 1. Therange of fis aspace with at most n— 1 limit points in the relative topology.
Let g = restriction of fto the range of /. Then Per(g), by induction hypothesis, has
the property stated in the theorem. Also Per(f)= Per(g). Therefore in this case, we

have proved what we want.

Case 2: Let Case 1 not hold. Then z;x2, ¢, z,,are in the range of /, and these are
limit points of the range of / as well. Let S = {z1,2s,---,2e first prove that Sis
[-invariant. If not, let f(z;) ¢ S Then some neighbourhood V of z; is mapped into the
singleton-open-set  {f(z;)}, and so the range of / is {f(z:)P f(X\V). Here X\V is a
compact space with at most n — 1 limit points. The continuous image f(X\V) should
also be so.More genaraly, if / : X — Y is a continuous surjection between compact
spaces, then Y has fewer number of limit points than X. Thus the range of / has atmost

n—1 limit points, contradicting the assumption that Case 1 does not hold.

Next we prove that (S = S |If z; € f(S), there is a clopen neighbourhood V of z;
disioint from the finite set f(S and then the clopen set f~'(V) is a compact subset
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disoint from 5, and is therefore bereft of any limit point, and is therefore finite. This
implies that only finitely many points of V are in the range of /. Then z; cannot be a

limit point of the range of /, a contradiction.
Thus we have proved that f|sis a permutation on the finite set S,

Let A = Per(f). We want to find two subsets F and G of A satisfying (i) and (ii).
We take F = Per(f|s)That is, F is the set of dl lengths of the disjoint cycles in the
permutation fls. Next to find G, we proceed as follows. Let {V,, Vi, V,, *e», V,} bea

partition of X such that

(@ V, isafinite set digoint from S
(b) each V; is clopen

(©z:€Vifori=12-,n

[one can prove easily that such a partition of X exists]

Write x ~ y if for each j = 0,1,2,+ ¢+ ,n, the elements f’(z)and ft(y) belong to the
same partition class V.. This ~ is an equivalence relation on X. It expresses the fact
that at each of the first n instants of time, in the dynamical system (X, f), the elements
x and y behave alike.

Fori = 1,2,»++,n,let W;={xG X\ ~z;}. Then weclam: For 1 <i < n.

(a) W C V.

(b) W; is clopen.
(© V:i\W is finite,
(d) z; € W..

Of these, (a) is easy from the definition of ~ takingj = 0.
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To prove (b), wenotethat for 1 <. <n, w; = ﬂ{(ff)“(vk):ff(m,-ﬁ Vi}.

Jj=o0
By the continuity of p, we see that each W; is the intersection of finitely many clopen
subsets of X. To prove (c), we note that V;\W; is a clopen subset of X containing no
limit points, and hence is a compact discrete set, and therefore finite. Next we let

B = X\U{Wki<n}

Then by a similar argument, B is also a finite set. Lastly let G = {periods of those x in

B that are /-periodic points}. Then G is clearly a finite subset of A(= Per(f)).

Having thus defined two finite subsets F and G of A we now prove that (i) and (ii) are
satisfied.

To prove (i) let ra € AG.

Then 31 < i < nand 3x in W; such that x is an /-periodic point with period ra. For
this ¢, look at z,. It is aso a periodic point. Let its period be rg. then raf G F. We
claim that m is an integral multiple of m;. Here are three simple pieces of arguments to

prove this:

Suppose among the elements f(z), f2(z},* , one of them is in B. Then since that
element should have the same period as «, it contradicts the assumption that ra is not

in G. Therefore the entire orbit of x is inside U}, W;.

This implies that at any future instant » (even when r is greater than n ), x and z; behave

aike, i.e., the elements fr(z)and f7(z;)are in the same Vi. (This k depends on r).

Now ra is the period of x = [T (z)}==
= frMe)eWiCV

= f™(z:) € Vi(as argued above)
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=  f™(xi} zi(since S is f-invariant)

= m isan integra multiple of period of z;

Next to prove (ii) we have only to note that the sum of elements of F is < n, (as already

seen in 3.1) since F is in PER(S),as Sis afinite set with n, elements.

Second Part: Conversely let A be anonempty subset of IN admitting two finite subsets
F and G satisfying (i) and (ii). Now we construct a continuous function / : X — X such

that Per(f) = A.

Let £1,22,% o0, 7,,,5, V,, Vi, V,, e e e V, beasin thefirg part of this proof. Since addition
or deletion of a finite number of isolated points does not affect the clopenness of a set,
we may, by mutual transfer of finitely many elements between V, and V4, assume that

theset V, has exactly zjm elements.
meG

Let F = {ai,az, "+, flr}-Definefor1<z<r

SizU{Vitar+esetai+1<j<a; +ese+a}

and Sry1 = U{Vlj> a4+ + ar}

Note that $; — U{ ;|1 <j < a;}and a0 note that {V,,S1,* * +, S;, 5,41 }is a partition of X.

For 1 <¢ < n,, choose a countably infinite subset B; of X such that z; € ft C V; and
arrange the elements of B:\{z:}as a sequence (7} ).=1toc- Next,let A, = {Z|me A
and g, dividesm} for 1 <i < r. Wenote that 1 € A;Vi because F C A. With this much

of ground work, we are ready to construct / in pieces.

First, / : S — Sis constructed such that its period set is exactly F. Here we use (ii)
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and Theorem 1. We may assume that
Taytaztotag s ] = ap +—F an
flzj) = { = if j=a orifj>a 4+—-a,

T otherwise

Secondly, /: V, — V, isconstructed such that its period-set is G. Here we use Theorem
1 and thefact [V, =) m.

Thirdly, f; : Bi — B is constructed by applying Theorem 2 to the compact space B;
with unique limit point =; [It can proved that x; is the unique limit point of B;] such

that Per(f;)= A,, after noting that 1 6 A,.

Fourthly, we use the above pieces to define / : S; — S;for 1 <« <r. After fixing one
such ¢, letk = ay 4—+F a;-1 + 1. Welet
Tt if x=al and aj +—+ @iy +1<j<ay+—+a
fl@)={ fleh) if a=agt-te
f(z;) ifx e V,\B; (using that / has been already defined on S)
In order to explain this part of the definition of /, one of its orbits is depicted diagra-

matically below, taking a\ =5 and 6 € 4,
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-

Finally, we define f(x) = wx for al x in Sr4;. Thus we have defined [at al points of
X. Since V, and the Si’s arc imutually disjoint, the compatibility of the picces has to be

«<hecked only between S and S;’s. This is done by actual verilication,

It remains to prove that this / has the required properties:
(@) / is continuous

(b) Per(h) = A

To prove the continuity of /, we first make four simple observations:
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(8 Let1l <i < m, Letjbetheuniqueinteger (1 <j < n,)such that f(z;) = X].
Then f(V;) C V.

[Thisisfound to be true from the definition of /] .

(b) f7'(V;) =U{Vilf(z:) = 2;}, for 1 < j < .
[This fallows from (1) after noting that the V;;s are pairwise digoint and that
no element of V, ismapped outside it]

() Since Sis /-invariant, no limit point of X is mapped by / to any isolated

point. Therefore f~!(A)is open whenever A is a finite open set.

(d) Every open subset V of X must be of the form

V=(V,, UV;,, UeessUV,) U(A finite openset)\(some finite open set).
It follows from (2), (3) and (4) that f~'(V) is open for each open subset V of X. Thus
/ is continuous.
Now let us see what the /-periodic points in X are and what their periods are. We make
the following observations:
(8 The limit point z; is a periodic point if and only if 1 <i < a; +e** +a,.
Their periods are precisdy the elements of the given set F.

(b) Every dlement of V, isa periodic point. The set of their periods is precisely
the given set G.

(©) Let p, be thefirst dement of A;\{1}. Then b is equa to m/aifor some m in

A. And X\ is a/-periodic point whose fi-period is b;. Its/-period is however
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more, and its calculation requires some care.
Its fi-orbit js Tl Ty, T} = T
Its [-orbit is 1{71?,--‘,x‘1“,z5,z§,---,z’;’,x};,---,z}

It is noted that for 1 <r < &, f7 (a}) = fi(x\) and that if k is not divisible
by a1, then f¥(z}}s not in B, a dl (and so cannot be x\). It follows that
the /-period of z} is a; times its fi-period; that is a;by;that is the element

m in A that we started with. The same m is the period for X\ etc. also.

The above calculation of the period of z} is a particular case of this general
result:

For pointsin B,U « ¢ « U B,, the periods are precisely those elements of A that
are divisible by ay; for points in B,,+1U * ¢ » U B, 1,the periods are precisely

those elements of A that are divisible by a,; and so on.

There are no other periodic points. All the periodic points of / arein V, or
Sor one of the B;’s. This is because the range of / is itself contained in the
union of these.

[we can aso prove that for /, the periodic points are precisely the elements

in the range].

Now we argue as follows:

Since every element in A\G is divisible by some element of F, it follows from (4) that

every element of A\G is in Per(f). Together with (2), A C Per(f). Because of (5), (1),

(2) and (4) Per(f) C A. Thus we have A = Per(f).

This completes the proof of the theorem.
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Corollary 3: Let |X'| = n. Let B e G,. Then there exists a continuous sgf map f on
X such that

(i) Pe()=8B
@ii) X\ X'"is f-invariant
(iii) Per(flx\x:}= B

@

This short section is devoted to the fourth theorem. This is concerning spaces X with
X'\ =1

Notations 4.1 : In the previous three theorems, we have come across a countably infi-
nite number of families that are of the form PER(X).In the rest of this section, we need
to refer to them often and hence the need for suitable notations. We recall the following

notations from Chapter 0.

For n € IN,
Fo= {1}}
F. = {A CIN|A is nonempty; Eis < n}
Gy — {A CIN | A\s nonempty and finite, or 1 € A}

G. = {A CIN|Ais nonempty; 3 finite subsets F and G of A such
that (i) every element of A\ G is a multiple of some element of F
and (ii) sum of elements of F is < n}

G = {A CIN|Ais nonempty; 3 finite subsets F and G of A such

that every element of A\G is a multiple of some element of F }
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Remark 4.2 : We observe that these families are comparable:

FCHhRCCFRC ClUenFaCGHCGC - CGC - ClUpen=9

Theorem 4: Let X be the well-ordered space [1,w?]. Or more generaly, let X be
a compact Hausdorff space having a unique element z, every neighbourhood of which

contains infinitely many limit points. Then PER(X) = g.

Proof:

First Part: Let/: X — X be a continuous function. Let A — Per(f).We shall prove
that Ae G. Weconsider two cases.

Case 1: Let f(z,)= z,. Then 1 € A. Therefore A € G.

Case 2. Let f(z,) # z,. Then there is a clopen neighbourhood V of y such that V
has a most one limit point. Then f~!(Vis a neighbourhood of z,. Let Y = X\ f~}(V).
Then Y has only finitely many limit points, because otherwise the compactness of Y
ensures that some point in Y must be the limit point of the set of al limit points of
Y, contradicting the uniqueness of z,. Therefore f(Y) has only finitely many limit
points. Now f(X) C f(Y) U V. Therefore f(X) has only finitely many limit points. Let
g = flsx)-Then Per(g) = Per(f)Also applying theorem 3 to the domain of g (that is
same as the range of /), we have Per(g) € G, for some n . Therefore A € G.for some n.
Therefore A€ G.

Second Part: Conversely let A 6 G. We construct a function / : X — X such that
Per(f)= A Choosen € IN such that A 6 G,. Choose any n limit points ), za,* * * , z,0f
X different from x,. Find a clopen neighbourhood V of x,, not containing z,zz2, * ¢, =,

but containing al other limit points. Let W = X\V. Applying Theorem 3 to the space
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W, thereisacontinuousg : W— W such that Per(g) = A (because A € G,,).

. glz) fzeW
Define/: X — Xby f(X) = {
T, otherwise

Then the range of / is contained in W. Therefore Per(f)= Per(g) = A

&

In this long section the ideas of proof are elementary, but lengthy and involved.

Theorem 5: Let X be a compact Hausdorff space such that X" has exactly 2 elements.
(That is, the set X' of dl limit points of X, in its relative topology, has precisely two
elements. For instance, take X as the well-ordered space [1, w?.2]). Then PER(X)= M,
where Hy = GU{ACIN:2¢€ A}

Proof:

First Part: Let X” = {z,,y,}and let / : X — X be continuous.

Case 1: Let the range of / be a compact Hausdorff space Y with at most one point
that is the limit point of the set V of al limit points of Y. Then it follows from the

earlier theorems that Per(f) £ G.

Case 2: Let either =, or y, be a fixed point of /. Then 1 6 Per(f). Therefore
Per(f) €G.

Case 3: Let neither case 1 nor case 2 hold. Then f(z,) has to bey,. Otherwise, some
clopen neighbourhood V of z, will be mapped by / into a clopen set Y for which Y”
is empty. Since the complement of V has a most one eement of that kind (that is in

(X\V)")the continuity of / can be used to prove that f(X\V) is aso so. Thus the
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range of / is contained in the union of two sets, Y and Z, such that. Y" is empty and
Z" is atmost a singleten. It can be proved that the range of / therefore has at most one

second level-limit point. This lands us in Case 1.

Thus we proved that in Case 3, f(z,) = y, and similarly f(y,) = z,. thus 2 € Per(f).
Therefore Per(f) € {ACIN : 2 € A}.

Second Part: Let A C IN be such that either A€ G or 2 € A. we shall now construct

a continuous function / : X — X such that Per(f)= A. For this, we consider two cases.
Case 1: Let A€G.

Take a clopen set V containing z, and not containing y,.

Then V in its relative topology is such that V" is a singleton. therefore by Theorem 3,

there exists a continuous g : V — V such that Per(g) — A. Now define/ : X — X by
gz) if zeV

{y(:ro) if ¢ V.

Then / is continuous, and on the range of / it is same as g.

fle) =

Therefore Per{f) = Per(g) = A

Case 2. Let 2€ A. Noting that ifl e Aweareincase 1, let A= {2 —a, <a, <ay<
e s}, Let V be aclopen neighbourhood of z, not containingy.. Then both X’ N Vand
X\V are infinite sets. Choose a sequence (z,,) in X’ with distinct terms such that z, € V
if nis odd and z, ¢ V if n is even. Choose a clopen neighbourhood V.. of z, such that
for each n, V, is either contained in V or digoint from V, and such that V. NX' = {z,}.

Thisis possible because z, ¢ X". Ineach V. choose a sequence (] )n=1t000 With distinct
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We are going to construct a continuous / : — > A" such that /’cr(

J) — the given A
The definition of this / is carried out in four stages.

Stage 1. A™ = {u,,y,}We define [: X" — X" by

f(il"o) —¥Yo and ./('/0) =

L

Stage 20 Let S = {w,: n € IN} ,where @, ae as chosen above. We define
/[:S— Shy

(£n)= Zo(m) where o isthe permutation QI IN dc lined by

o(l) =3,0(2) = 1,0(3) =1
o(dn+2) =dn+ 1
aldn+3) =4du+4
foral /. ¢ IN
o (dn) =4n+3
o(dn+1) =4'n -2
We pictorially indicate o as follows:

Q9a(—5—22 =]l =324 75—

We note that for any two mu, nin IN, 3k in Z such that o*(m) —n
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Stage 3. Next we define the values at the points zm, first in a simple way (defining a
function g) and then modify the same so as to meet our requirements (defining a function

). Welet g(z7) =zo™ fordl m,nin IN.

Note that the superfix ra is changed to o(m), whereas the suffix n is not changed. Thus
the sequence (Z]*)n=1 to00 CONVErGing to z,,is mapped by g to the sequence (z2™)nso oo

converging to z,(m)- Note that g is a bijection on the set of points where it is defined.

At this stage (unlike in the other stages of definition of /) we provide a role for the given
st A—{2=a,< a; < a; < -e*<}. Foreachj in IN we do the following. We will, by
suitably modifying ¢g(z*) at some places, create an orbit of size a;. We consider two

cases.

Sub Case 1: Let a; be odd, say e; = 2r + 1. Then we make the element z3,,, as a
periodic point with period a;, by defining
g(z) if =€ {a};19(2hi1), (2 s -+ 0" (25000}
fz) = orif € {g7(2};41):97(@3j41)s 507 (2254}

.(]_T('r'}!]-{—l) if z= gr(x;ﬁl]
Now the f-orbit of wéﬁ_l is

1 o(1) _o?(1)  _e™(1) _o7T(1) e7ri1) o e7H1) oTM(1) 1
Tait1> P10 Tojats " Tojin Tt H T4 7 s Taip T2 s T

Subcase 2. Let q; be even. Then we make x5’ al-periodic point with period a;, by
changing the values of g at % points, and creating the /-orbit as

a N
4 o(as) 9 m?(a’) oY 29(81) % ¢
Ty 5 Ly s 4 4 y sy Lgy; k2

This stage of definition of / is completed by declaring f(x) = g(x) for al x that do not
figure in the finite orbits created in the above two subcases, but that are still of the form

z™ for somem,nin IN.
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Stage 4. Now we define / at al points of X where we have not defined g so far. We let
f(x) = °™  for dl those x in V for which f(x) is undefined so far .

Next we let f(x) = y, for al those x in V for which f(x) has not been defined, even in

the last line.

Lastly we let f(x) = z,,for al those x outside V for which f(x)has not been defined

0 far.

Thus we have defined a function / : X — X, provided in Stage 3, while prescribing
certain deviations from g, we have not unknowingly included an element in more than
one orbit. We assure this by proving that the infinite number of finite sets A; are actually
pairwise disjoint, where A;= the unique orbit of size a; that we have created in stage 3.

We note that

= 1 -o(1) a"(1) o~1(1)y . <
Aj = {@g5, Tains = s Taje1 2o "1 Tojpn tifa; =2r 41

a o(a . .
and A; = {z,, 3‘2( J],,--- ,I:J("”} if a; is even.

Let i # j in IN. We claim that the subsets A; and A; of X are disjoint. For this we
consider three cases.

Case 1. Let q; and a; be both even. Then A; C 14, U Vo(ay)
and AJ C ‘/a, U Vo'(a_,)

The four numbers a-, o(a;), a;, o(a;) are distinct, because i # 7, because o is one-one,
and because ¢ is parity-changing [in the sense that a(n)is odd iff n is even] except when

n = 1. Hereq; and q; are even, and therefore o(a;) and o(a;) are odd.

Case 2: Let g; and a; be both odd. Then for every element in A; the suffixis 2i + 1,
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whereas for every element in A;, the suffix is 25 + 1. Therefore A; and A; are disjoint.

Case 3: Let a; beodd a; be even. Then for every element in A4; the suffix is odd, whereas

for every element in Aj, the auffix is even. Therefore A, and A; are disjoint.
Case 4: The case where q; is even and a; is odd, is similar to Case 3.

Our next job is to prove that this / is continuous. We assert that for each n in IN,
there are only finitely many elements of V,, where / and g disagree. This is proved by

observing:

(@ In the finite odd-orbit Aj, the only point where / and g disagreeis ,;;y, and

this element isin V(1) where a; —2r + 1.

(b) If nisof theform o7(1) for somer in IN, (then thisr is unique) and if for that
r, the number 2r + 1 isin the given subset A of IN, then there is one element
of V,, where/ and g disagree; If either such r does not exist or if 2r + 1 is not

in A, then there is no point of odd period in V,, where / and g disagree.

(c) For every n € IN, there is & most onej in IN such that n = a;. If this a; is

even, then there are % points of even period in V., where / and g disagree.
(d) / and g agree a al points of V, except possibly at the % points mentioned

in (3) and at one point mentioned in (2).

As the next step in proving the continuity of /, we now make six more ob-

servations:

(e) Any point where / and g do not agree is an isolated point of X.
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(f) Let x € X. Let m,nin IN be such that f(x) € V,, and g(x) € Vo. Then
\rn-n\ € {0,2,4}.

[Reason: Case 1: x has odd /-orbit and f(X) # g{x). Then for some r in
IN, X € Vory, m = ¢77(1) and n = ¢"t1(1). But, for dl r in IN, |o™!(1) -
c"(1)] =2
Case 2. x has even /-orbit and f(X) #g(x). Then for somerin N, r = V,,
and either n = a(a;) =m or m = o7 Y(a;) and n = o(a;).
But we have |o~!(k) - (k)| = 4 except whenfc= 1.
Case 3: x has infinite /-orbit. Then f(z) = g(x)].

(g The symmetric difference f~!(V,)Ag~(Viip a finite set of isolated points
for each n in IN.

[Reason: This is the set {x 6 X\ exactly one of f(xX) and g(x) belongs to V,,}.
This is contained in the set

{x e X\f(X) #g(z); f(X) € V.. for omem with \m- o(n)| < 4}

C {z € X|f(z) # g(z)} N (U{Vi N F7H(Vo)Im € {o(n),o(n) + 1,0(n)£2,0(n) +.
4 ]

This is because of (6). For each m, the set

{x € Vi.|f(z)e V., , f(X) #£g(X)} is finite, because of (4)]

(n) 1t follows from (7) that f~!(V,)is clopen for each n in IN.

(i) For each x in X"\ X"Jet V. be a clopen neighbourhood, chosen arbitrarily,
and let V,, besameasthealready chosen V... Then thefamily

{{y}, Va\{w} V\V=\{g}, X\V\Ve\{y} : =€ X'\X", y isisolated in X}
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is a subbase for the topology of X.

() For each member W of this subbase, the preimage f~!(W)s clopen in X
[Reason: (8) If x in X'\ X"is different from the z,,’s, then only finitely many
elements of V; arein therange of / and these elements are isolated. Therefore
f~H(Vz)s an open set in X contained in X\X'. (b) Because of (6), if f(x) €
Vm andg(z)€ V., thenm and n are of the sameparity. Therefore f(x) € V
if and only if g(x) € V. Thus f~1(V5 g~!(V). (c) Now combine (a), (b),
(Mand (8) to prove (10)]

Lastly, we prove that Per(f) = A. We note that the points in X are of three types with

regard to their behaiour in the dynamical system (X, f).

First kind: The points explicitly mentioned in the finite f-orbits in the two subcases in
Stage 3 of the definition of f. These are f-periodic points. By construction, for any such
point, the f-period is one of the a’s in A. Conversely for every a; in A thereis one such

point.

Second kind: On al points that are not of the first kind, / and g agree. Among them,
there are some points x such that ¢g™(z)is of the first kind for some m in IN. These points
have finite /-orbits, but are not f-periodic. So, they do not contribute any element to

the st Per(f).
Third kind: Lastly, we have the remaining points of X. For them, the /-orbits are
infinite.

These observations prove that al /-periodic points are of the first kind and Per(f)= A.
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%

In this section,we consider [for a fixed positive integer n,a compact HausdorfF space X
with |X"| = n.We compute PER(X) We sketch a proof,but omit the details,since these
are analogous to the details of the previous section.

Theorem 6: Let X be a compact Hausdorff space such that \X"\ =n. Then PER(X)
={ACINLor2or ---orn GAJUG

Proof: Denote by H. thefamily {AC INJ1 or2or ess0or NG A} UG .Note that when
n =1, H, issameas G, because all subsets containing 1 are already in G. Therefore this
result has been already proved, when n = 1, as Theorem 4. When n = 2;this is same as
Theorem 5.

First Part: Let/: X —> X be continuous. Let Per(f) = A. We shal prove that
A G H, « We prove this by induction on n. As already noted, it is true for n = 1.
Assume as induction hypothesis that PER(Y)C{A CIN| L or2oree* orn-1 e AJUG =
H,.—y for any compact Hausdorff space Y with |Y”| < n~] . Given |X"”| = n . Suppose
X' = {z1,z3,0*¢ z,}. Let / : X— X be a continuous function such that Per(f) — A
. If X" is [-invariant then f(X") C X".

hence by Theorem 1, 1 or 2 or e en € A. Hence A € H,, .If X" is not /-invariant, then
there exists ax; in it such that f(z;) & X", then there exists some clopen neighbourhood
V of z; such that it is mapped into a clopen subset Y for which Y” is empty. Since V¢
has at most n — 1 elements, the continuity of / implies that the image of V¢ has at most
n— 1 elements. Then the range of / (also compact T>-space) is contained in the union
of Y and Z such that Y" is empty and Z" has exactly n — 1 elements. Now let g —f|z
then ¢ is continuous and Per{g) = Per(f|z) = Per(f) = A. As \Z"\ = n- 1, by our
induction hypothesis A € H,_, .But ft, i C Hx, hence, A € H.,.
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Second Part: Converdy, let X beasabovelet A C IN suchthat either 1 or 2ore e+ n ¢ A,

or A€ G. We now construct a continuous sdf map / of X such that Perf = A,

Case (i): Let n be the least element of A. Let z,z,---,€,X"” and let W/s be
pairwise disjoint clopen sets such that z; € W;, i € {1,2,+- - n}.Foreachiin {1,2¢e«e«n}

, choose a sequence i1, Ti2,* »,z;x » ¢« Of distinct elements in X" converging to z; ;let

Vi; Vi, Vangi ¢ o be pairwise digjoint clopen subsets of W; such that Vi N X" = {z4}
let ft = {zu | k= 1,2,--} .

Next step is to define a permutation ¢ on IN.

Firstly let o(rn + /) = (r+ )n+1;0<r<0-1;0 <I<n-1.

Secondly o(k) = min {{sn+/+N\se IN}\S}.

wherek =rn +/;/<n

Thirdly, if / =n, then & = (r +1)n; and a(k) = min {{sn+ 1|s € IN}\ Sk}

where Sk = {o(1),071(1),0(2)07(2)e - - 71 (k- 1)}

and o7 (k) = min{{sn+/- \se IN}\ S } wherek =m+/;/> 1,

Fourthly ,if / = 1; thenfc=rn + 1 and (k)= min {{sn|s€ IN}\S; } .

Next we use this o to define a function g : X — X such that ©  g{Vi) — V,(;if&
m+/; ando(z) —mn+p.

9(21r) = Tpm since zy, and T,, € X', 3 sequences in V; and V) X converging to 2, and
T, respectively, g maps the n-th element of the sequence in V; to the n-th element of

the sequence in V,; and dl the other elements of V; are mapped to Zpm.

00

and al the other points outside U V: are mapped to zn-
and 9(Z) = zi419(22)= z1 Vi € {1,2, « », n—1}. Clearly from the definition of g there
are no finite orbits other than the orbit of length n. Next we perturb g at some points,

to define a new self-map / of X. Look at A = {n < nz, < na,s e} CIN
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Let W = {2,3,4,5,0¢}

Now suppose #; = nl + k k < n;pick the n;-th element of the chosen sequencein Vi call
it z; and look at the path

z,9(z),g*(z3,- - g*(z)s - - g V*(z]the perturbation is ¢g*~D¥(z)—> x] and get an or-
bit of length n+ k. if n;, = nl+ k, I e W, and / isodd, k e IN , fc < n, g is perturbed at
one point to achieve a cycle of length n; ; the peturbation is as follows. Pick the n; th
element of the sequence in V;; cdl it z, follow the path

2,9(2), (2 -~ g¥(2), o - g7 HE(2), g7l HR(z), g lamInHRI(2) e L g2(2), g7 (2), 2

to get an; cyclewhen/isoddand /=2q+ 1

and follow the path z,g(z),g%(2}, - g*(2)s » - g""*(2),

g a0tk () g=la=2mtK)(2) ... g=2(2) g7 1(z), 7, if] is evenand / = 2q.

Note that the above paths are adong the g¢-orbit of z except at one point;

g~ l"+H(2)is not mapped to g~e=1"*+H(gnder g when /is odd and g****(z)is not mapped to
g lle=Dn+K( 2y under g when / is even.

If K =n;i.e n; =rn, for somer; Pick n;-th element of the sequence s, in V;,, cal it §
,map it to the n,-th element of the corresponding sequence S¢-1)n41 iN Vic1)ngnt1- and
continue doing so till the n — 1-th row is reached and the n;-th element of the correspond-
ing sequence in V{,_iyn4n-1 iS Mapped to the (n; + I)-th element of the corresponding
sequencein V,,; andthiselementin V,, ismapped to the (n; +1)-th element of Vir—1)n41
and continued till the (rn + »;)-th element of the corresponding sequence in Va1 is
reached. Call it r; map r to 6 to complete a »; orbit.

Let / be the perturbed form of g .Clearly Per(f) = A

Note the following
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(i) / and g differ at only finitely many points in each of the V}’s.

« (i) For each i in IN there are only finitely many j in IN such that f~1(V;)Nn Vj

is nonempty.

(iii) For every x in X, both f(x) and g(x) belong to the same row ; in fact if

X isin the ¢-th row, and f(z)isin the j-th row, thenj —i + 1 (mod n).

Further details of the proof are omitted. Case (ii): Let case (i) not hold. Then either
ngAorme A for somem < n. Then A € H,_,. Therefore by induction hypothesis,
there is a continuous g : X\W — X\W;such that Per(g) = A. This is because X\W,
is a compact Hausdorff space Y such that |Y”| — n— 1. This g can be extended to a

continuous / : X — X as in proposition 12 so that Per(f) = A.

87

In this section we describe a class of spaces X such that PER(X)={ al nonempty subsets
of IN}.

Lemma 7.1 : Let X be a compact Hausdorff spacelLet x € X. Let V be an open
neighbourhood of x. Let for each y in V\{z} there exist a clopen neighbourhood V,
not containing x. Then there is a clopen neighbourhood of x contained in V. [This
means in an imprecise sense: If dl other points around x have sufficiently small clopen

neighbourhoods, so does X\.

Proof: Choose a neighbourhoodd V. of x whose closure is contained in V. This is

possible because X is regular. Now {V;} U {V, : y € Vz\{z}}is an open cover for the
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compact space Vz- Let Vi, V,,, - -+, V, beafinitesubcover. Then v, VWV, Voo V. 1s
equal to Ve \ V3, \eee\ V. andis therefore aclopen neighbourhood of x.

Lemma 7.2 : Let X be a compact Hausdorff space. Then (i) every element x of X"\ X"
admits a clopen neighbourhood V, such that v, n X'= {x}.

(ii) every element x of X"\X" admits a clopen neighbourhood V, in X such that V, N
X" = {z}

Proof: (i) Since x is in X"\ X" there exists an open neighbourhood V of x such that
VN X = {z} (since otherwise x will be a limit point of X'). Now every y in V other
then x isisolated and hence has {y} as a clopen neighbourhood. Therefore by the lemma

above, there is a clopen neighbourhood V, of x contained in V. This has the required

property.

(ii) Since x is not alimit point of X", there is a neighbourhood V of x such that VNX" =
{x}. If y isany element in this V, other then z, then y is not in X”. Thereforey is either
in X\X" or y is isolated. In either case, y admits a clopen neighbourhood contained
in V\{z}. Here we use the part (i) of this lemma. Next, using the previous lemma, we

obtain aclopen V, contained in V, and containing x. This proves (ii).

Remark 7.3 : The above lemmas are not new. More general results are already known.
For instance it is known that al comapct Hausdorff scattered spaces are zero-dimensional.
Still we have included the proofs of these lemmas here, because, when we do not require

the more general results, these proofs are simpler.
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Example 7.4 :

Let X = {(a1,a2,a3€ R*|each q; is either O or the reciprocal of a positive integer} .
Let X be provided with relative topology from 1R®. Then

X' = {(ao,a1,a3€X | ajazas = 0}

X" — {(ao,a1,a3) €X | a1az + azaz + ayay = 0}

X" ={(0,0,0)} .This is an example of a countable compact metric space X such that

X" is a singleton.

Theorem 7: Let X be a compact Hausdorfl space such that X" is a nonempty finite
set. Then PER(X)=p(IN)\{¢]}.

Proof:

First part: Let / : X — X be continuous. We want to prove that Per(f)is not
empty. Case 1. Suppose there is some x in X" such that f*(z)s in X" for infinitely
many values of n. Since X" is finite, it folows that f™(2)}F f*(z¥or some m < n and
therefore f™(z)s a periodic point. Let X" be finite.Let f : X — X he continuous.
Then either some element of X" is a periodic point of / or there exists n; € IN and a
clopen W, D X" such that if Y - f™(W;) then Y" is finite. Arguing similarly ,either
some element of Y" is a periodic pioint of f™ (and therefore of ) or there exists n, € IN
and aclopen W, D Y” C W, such that if Z= fm"2(W,then Z' is finite. Once again
arguing similarly, either some element of Z' is a periodic point of f™"2 (and therefore of
f) or there exists n, € IN and clopen W3 containing Z' such that ™™™ (Wig a finite
set.

Case 2. If Case 1 does not hold, there is n; in IN such that f™ (X" )is digoint from

X"'. This finite set admits a clopen neighbourhood disoint from the finite X" .
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Let Wi =the preimage of this clopen neighbourhood under fm Then f™ (Wiis a com-
pact subset of X digoint from X" .On the otherhand X\ W, is also a compact subset
of X digoint from X" .Therefore (f™ (X W,))" is finite. Let ¥; = f™(X,Then
Y = (WU (/™ {X\ W) is acompact subset of X such that (¥;)” is finite[ We are
not claiming that ¥ N X" is empty ]. Thus so far we have proved in these two cases the
following : Either there exists a periodic point in X" (in case 1) or there existsra, € IN
such that Y{" is finite , where ¥; = f™(X).

Arguing similarly with f™:Y; — Y] inplaceof/: X - X we conclude:

Either there exists aperiodic point in Y; forf™ (and thereforefor f) or thereexistsn, G IN
such that Y; is finite where Y2 = f™"2(Y;) .Arguing once again with fm"2: Y, — Y,
, we conclude that either there is a periodic point in Y, for fm™ (and therefore for f)
or fmm™(Y,) is finite. In the later case ,obviously there is a periodic point in Yz in
f™m2(Y,) and therefore for f.Thus in al cases , / has a periodic point .

Note: By this method we can prove the more genera result that al compact scat-
tered spaces X have the property that Per(f) is non empty for al continuous functions
f:X—- X

Second Part: Conversely let A be a nonempty subset of IN. We construct a continuous
function / : X — X such that Per(f) = A. Let a, be the least element of A. Choose
from the infinite set X"\ X", any a, elements, say z1x2,¢ * ¢, Za,- By the above lemma,
choose clopen neighbourhoods Wy, W,, ¢« W,, of thesee points respectively such that
W, n X" is a singleton for each i.

LetY=w, UW, Us++UW,, . ThenYisaclopen subset of X, and isacompact Haudorff
space on its own right, satisfying \Y'\ = a,. Therefore by Theorem 6, there exists a

continuous g : Y — Y such that Per(g) = A4, because ¢ G A. Now defining / : X — X
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by the rule,

) glz) fzeY
Hz) =
x, ifzgyY
Then / is continuous (bcause Y is clopen in X), and Per(g) = Per(f) [because g is

nothing but the restriction of / to its range]. Thus Per(f) = A.

88
In this last section, we restrict our attention to metrizable spaces. We prove four theorems
describing spaces X for which PER(X)is either p(IN) or p(IN) \ {¢}.
Theorem 8: Let X be any countable compact Hausdorff space such that X" is infinite.
Then PER(X) consists of all nonempty subsets of IN.
Proof: Let/: X — X be any continuous function. It is known that Per(f) has to be
nonempty. This result has been firgt stated in [33] and see Theorem 1 of Chapter 2 for
a proof.
Conversely let A be any nonempty subset of IN. We want to find a continuous function

/1 X = X such that Per(f) = A. We proceed as follows.

Since X is compact, the infinite set X" must have a limit point in X. That is X"
is nonempty. this X" is a countable compact Hausdorff space on its own right; when
written as the union of its singletons, Baire category theorem implies that at least one of
these singletons must be open in X™. This means that there exists an open set V such
that vV nX"is asingleton, say {z,}.By parts (i) and (ii) of Lemma 7.2, every element of
V\{z,}has a clopen neighbourhood not containing z.. Therefore by Lemma 7.1, there is
a clopen neighbourhood W of z, contained in V. This W is a compact Haudorff space on

its own right, such that W" = {z,}. Therefore by Theorem 7, there exists a continuous
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g : W — W such that Per(g) = A (where A is the given nonempty subset of IN ). Now

define / : X — X by the rule
i glz) fzeW
Hz) =
z, UHezgW
Then / is continuous and Per(f)is aso egual to A.

Theorem 9: Let K be the Cantor set. Then PER (K)=gp(IN).
8.1. Definition: A closed subset Y of atopological space X is caled a retract of X
if there is a continuous function r : X — Y such that the restriction f|yis the identity

function on Y. This r is caled a retraction map.

Example 8.2 : Every clopen subset Y of X is aretract of X. The closed interval [0, 1]

is aretract of R.

Lemma 8.3 : Let Y be aretract of X. Then PER(Y) is contained in PER(X).

Proof: Let A € PERY. then there is a continuous / : Y — Y such that Per(f)= A.
Letr : X — Y bea retraction map. Leti : Y — X be the inclusion map. Then
iofor: X—> Xisa continuous function. Its range is Y. Its restriction to the range

coincides with /. Therefore Per(i o f o r) = Per{f) = A. Thus A € PER(X).

Proof of Theorem 9: Let X be afixed compact metric space with X™ a singleton,
described in Example 7.4. Consider the product space X x K = Y. Then Y is a zero
dimensional compact metric space in which every point is a limit point. Therefore by a

classical theorem of Hausdorfl, Y is homeomorphic to the Cantor set. See [14].

letp:Y 5 X x {0} bethe projection map defined by p(x,y) = x for al (z,y) in X x A".

Then p is aretraction map, exhibiting X x {0} as aretract of Y. Therefore by Lemma
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8.3, PER(Y)> PERX x {0}).

Now X x {0} is homeomorphic to X. By Theorem 7, PER(X)={ nonempty subsets of
IN}. This proves that every nonempty subset of IN belongs to PER(K).

It has been proved in proposition 12 of Chapter 2, that the empty set belongs to PER(K).
Combining these two results, we obtain that PER(K )= p(IN).

Theorem 10: Let X be a zero dimensional metric space.Then the the following are
equivalent:

()X is countable and compact.

(NPER(X) # p(IN).

(i1i)¢ ¢ PER(X).

Proof: (i)=>(iii), has been proved in chapter 2. It aso follows from Theorems 1 to 9
above. (iii)=(i1), is obvious. To prove (ii)=>(i), we take an arbitrary zero- dimensional
metric space X not satisfying(i)and we prove that PER(X)=p(IN).

We consider two cases:

Casel: X is not compact.Then there exists a countably infinite closed subset Y without
any limit pointsin X.Itis possibleto partition X into clopen subsets Wi, W, - - « W, - oo

such that W, N Y is asingleton for each n in IN (see [14]). Defineamapr: X — Y
by the rule r(x)= the unique point of W, N Y where n is the unique element of IN
such that x isin W,.Thenr is continuous(because each W, is clopen),and r is a retrac-
tion. Therefore PER(Y) C PER(X) by lemma 9.3 We claim that PER (Y) =IN.(and s0 is
PER(X) ).To prove this we note that Y is homeomorphic to IN with discrete topology.L et
A = {ny,n,,...} ,beany subset of IN.

Define f :IN — IN by
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m+1 fl<m<m
orif ny + no+ ... +ra* + 1 <ny + ra + ... + nifor some k
f(m) =41 if rn = n,

mAtngt .+ +1 ifm=ng g+

1 if A isfinite and if m > sum of al elements of A
then it is easily verified that Per(f)=A.Thus we have proved that if X is not compact,then
PER(X) =p(IN)

Case2: Let X be com pact. Si nce X does not satisfy (i), X must be uncountable. By a
known classical theorem, X should contain a homeo- morphic copy of the Cantor set K.
By a known property of the cantor set, K is a retract of every zero-dimensional metric
space containing it. [See 14 ] for a proof.Therefore PER(X) D PER(K) by lemma 8.3.
But PER(K)= p(IN) by Theorem 9. Therefore PER{X) = p(IN). These two cases

together prove (ii)= (¢).

Remark 10.1 : The equivalence of (i) and (iii) has been proved in the previous chap-
ter. The equivalence of (ii) and (iii) implies the following surprising result : For zero
dimensional metric spaces X ,if some continuous self-map of X exists without periodic
points,then for every A C IN , there is a continuous self-map of X whose set of periods

is exactly A .

Remark 10.2 : (ii)and(iii) are not eqvivalent for a general metric space (in the absence
of zero-dimensionality). The simplest counter exampleis thereal line R .By aknown the-
orem of Sarkovskii ,PER (IR) # p(IN);for example {1,3} ¢ PER(R).But ¢ G PER(IR)
; this can be proved by considering the function f(x) = x+ 1 for al x in IR .
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Now combining al the results we arrive at the following

THEOREM 11: Let X be a zero dimensional metric space. Then
p(IN) if X is not compact
p(IN) if X is not countable

p(IN)\{2} if X is countable and compact

PER(X) = and if X" is infinite
H, if X is compact and \X"\ = n
G, if X is compact and |X'| = n
F if X is finite and \X\ = n

where for each n in IN,
H,. = {A C IN|A is nonempty; if A is infinite,
some element of A is<n} UG where
G = {A C IN|3 anonempty finite subset F of A
such that every element of A is a multiple of some element of F }
G, = {ACINN|A isnonempty; there exist two finite subsets F and G
of A such that every element of A\G is a multiple of some

element of F', and such that the sum of al elements of F is < n}
and F, - {A CIN[1 < (sum of elements of A) < n}.

Proof: Combine the results of the earlier ten theorems. More specificaly: The first
assertion that PER(X)=p(IN) if the zero-dimensional metric space X is not compact,
has been proved in case 1 of the proof of (2)=(1) of Theorem 10, by exhibiting the
discrete space IN as aretract of X. The second assertion that PER(X)=p(IN) when the
zero-dimensional Metric space X is not countable, has been proved in case 2 of the same,

by exhibiting the Cantor set K as aretract of X and by applying Theorem 9. The third
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assertion that PER(X)=p(IN)\{#} if X is countable and compact and if X" is infinite,
is exactly the statement of Theorem 8. The fourth assertion that if X is compact and
if \X"\ — n, then PER(X)=H,, is proved in Theorem 6 (even without assuming X to
be a metric space). Similarly, the fifth and sixth assertions are proved respectively as

Theorem 4 and Theorem 2.

Remark 11.1 : In the first seven theorems, we have worked among general topological
spaces that need not be metrizable. It is only in the last four theorems, that we confined
our discussion to metric spaces. One can therefore expect to harvest a lot more from
them. For example we can deduce from them compl ete answers to the following questions:
which families arise as PER (X) for compact scattered spaces X ? Which families arise as
PER (X) for well-ordered compact spaces X? But their thorough descriptions require the
knowledge of ordinal arithmatic and derived length (that are not required when we work
among metric spaces) and therefore we defer these answers, even though the complete

machinery for their proofs are already available in this chapter.
Remark 11.2 : Three facts, are worth-noting:

We have described countably many families. The class of zero-dimensional metric spaces
is a proper class, not restricted to any cardinality. Even the compact ones among them
are of uncountably many homeomorphic types. But to describe their period-sets-family,

countably many families suffice.

These countably many families form atotally ordered set: 71 C F; Ceee C F,Ceee C
G CGy C--2CGp Co-oCHicHace-scHauc: -« cp(N)\{¢} Cp(N).

Thisis not the case, when we consider one-dimensional spaces also. For instance Sarkovskii’s

period-set-family for IR is not comparable with Gi.
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Open Problem: Find PER (X) for al zero-dimensional Spaces X, without assuming

metrizability.



Chapter 4

Sets of Periods of Compact Subsets of JR

In this Chapter, we calculate PER(X )where X is a general compact subset of R. We
note that this is already accomplished in the previous chapter, when X does not contain
a nontrivial interval. Our answer is that PER(X),in general, has to be a certain kind
of combination of the Sarkovskian family and the families obtained in Chapter 3. The
answer depends not only on the cardinalities of X' and X", but also on the number of
nontrivial components of X, of X' and of X”. The new families no more form a totally

ordered collection.

81.
Theorem 1
Lee n € IN. Let X = LU LU .. .. . I, where each I; is a closed interval in IR.
Let these J;’s be pairwise disoint. Then PER(X) = {A C IN : A is of the form
n A U ny AU o oo UngAwhereeach A;€ $and 1 < ny+ng+ seeni< n}
Proof:
First Part: Let f: X — X be continuous. Let A = Per(f).It is obvious that for
each i ¢ {1,2,*+n} —J, f(I;) is aconnected subset of X and f(I;) C I; for somej € J.
Thus we get a function from J — J induced by /, i.e.$: J — J defined byp(:) = the

85
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unique j such that f(I;) C Ij

(Note: x € I; = f(x) € 1(;)).

Let Per@= {nina, « « « ni}. Then this set belongs to F,. Therefore 1 < ny ++4=—+F
nr < n. Now consider f™ : X — X

As we have a cycle of length n; for , sy 41,02, ® %2, 01, X € [;; = [ (@) € 1,

So I;, isinvariant under f™.

Now restrict /™ to I, and call it as g,;, i.e, ™|, = g;i

since this g;;, is sdf map on I;; its period set is described in S, cal Per(g;:)= Aj;,.
Let A; = U{Aj;: | ¢ € J; -period of % is n;}. Thus/ gives rise to ny,nae - ¢, ng and also
to A1, Az, Are

Claim: Per(f) = n1A1U naA; U e oo Uni Ay

Firstly, let m € Per(f).

Let z bea point of period m in X.

Then thereis aunique: 6 J such that = € I;. Then f™(< Im;y . Therefore 7'(i) =i .
Therefore m is divisble by the -period of i in Per@), say ¢ = n;.

Therefore m = kn; for some £ . Now see the orbit sequence of z,
z, f(z), fH(x), - fM(2)(= 2)
and corresponding intervals in which it is moving,

Ly fiy - 1.‘,E(.)---i'.-“’.-gs)-“i’x

n;steps n,steps n;steps

Thus we observe that I; takes n; steps to come back undergand x in I; , takes k steps

to come back under fhence k € Per(f™)= Aji. SofcG A; hence m € n:A:.

On the other hand,
let m G n AU leAzU s nkAk
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Then m = kn; for some k € 4; for somej ¢ J
but AJ' = UA]",'
whereA = {i € J : -period of i is rc;}

Sincek € A;

choose one such i in A and consider thefunctionon g;; = f™|. on I,. Then (f™)*(z)} x

for some x in I;.

Thus we have a periodic point with period k for f® when it is restricted to I;.
The same x (chosen in [;) is /-periodic point with period n;k(=m).

Hence / has periodic point in I; with period rn.

Hence m € Per(f).

Second Part: Let ny,nq8 - ,nx be given positive integers whose sum is < n. Let
Ay, Age o, Ax be given members of S We now construct a continuous / : X — X such

that F’er(f) = n, AU TL2A2U oo . U niA;.

Step(a): Let J={1,2,*«-,n}. Construct ¢ : J — J with the following properties:

(i) Per(¢) = {nhnz,'“,"k}

(ii) If 1 <i < k, then the ¢-period of i is rc.

Such ¢ exists by Theorem1 of Chapter-3.
Step (b): Foreach 1 <i < k, choose f; : [0,1] — [0,1] be a continuous function such

that Per(f;}= A;. Here we are using the known converse of Sarkovskii’s theorem . See

[121
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Step (c): Letfor 1 < <k, h; : [0,1]] — I; be the canonica homeomorphism, having
a formula of the form hi(t) = Xt + y for dl t in [0,1]. We define / from X to X by the
formula

xI) =

{ ho [ihi'(2) if1<i< kandifx €L
hy@yh7'(z)  otherwise
Clearly / is continuous, since its restriction to each I; is so.

Step (d): Let us now caculate Per(f).

The range of / is contained in U{I; :j isin the range of #}.

If 1 <i < kand x € [, then the /-orbit sequence of x is
T, hrb(")f"hi—](xhcﬁz(")f"hi_l("”)a' o ;

the n;-th term is k; f;h' (z); the next term is hyg;) f2h;* (z¥;o *
The /-period of X is equa to n;(f;-period 0Oi X).
k

If y is any other in /-orbit of some element x of | ]I;, then we have period of y equal to

k
period of x. If y is any other element(i.e if y is not in the orbit of any element in UI,-)

1=1

then y is not a periodic point. Thus

Per(f) = | Jnid;
82

We now describe a functor from the category of al compact subspaces of IR to the
category of all zero dimensional compact metric spaces . Thisis suggested by the methods

of 81. We use this functor to derive the main theorem of Chapter 4 from that of Chapter

3
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Let X be any topological space.
Let X be the set of al connected components of X
Let g : X — X be the natural map. For al x in X, g(x) = the component of x, viewed

as an element of X. Provide X with the quotient topology through g. One can prove:
(a) If Wis a clopen subset, of X then
W = ¢ 1¢(W)= union of components in X of elements in W
(b) g takes clopen subsets of X to clopen subsets of X

(c) If X is connected then X is connected
(hence, X is connected & X is connected)

(d) Ifye X and if Cy isits connected component in X then the restriction

q 1g~HC,) =G,
9=1{Cy)

is also a quotient map. Indeed it is the “¢g-map” for the space ¢7(C,).

Proposition 2.1
A is totally disconnected, i.e., the component of each element is singleton.

Proof: Lety e A. Let C, be the connected component of y in A. To prove: C, = {y};
it is enough to prove that ¢~'(C,)is a connected subset of A.

If possible, let ¢=1(C,) = F; U F, where Fy and F; are two digjoint closed subsets of X
(noting that therefore ¢=*(C,)be closed in A ). If x € F1 and C» is component of x then
C, C F, (otherwise, F; NC, and F, N C, form a separation for C. ; neither of them is

empty, their intersection is empty, and their union is

(FLNC)UFNC)= ¢ '(C)NC= C:  (because C: C ¢7'(Cy))
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Therefore 147 js the union of components of its dements. /) —¢  '(¢{1})) similarly, [, =

Now ¢(£3) and ¢(I%)arc closed in X and ¢(£)Uqg(l) O, and ¢{/) Ng(IL2)F ¢. Thus
contradicts the fact that C, is connected. Therclore ¢='(C',)s connected and therefore
Cy= {y}

Therefore X is totally disconnected.

Definition 2.1 : Let /: X — A’ be continuous niap.

Define /: X = X by f(Cs)= Cy,) for every C,. in A

,1,

Note that this diagram commutes:
-——.) X
& [
—_
=

X
PN
X X
+
This / will be caled the sdf map of A" induced by f.
Theorem 2: Let X be atopological space. Lel / be a continuous sdf map on A" , / be

the continuous sdf map on A, (the space of dl components in A) induced by j and ¢
is the map defined earlier. Then

Per(f) = |J wPer(["Ix.)
neler(f)
where X, = {x G X| /-period of ¢(«x) is n}

Proof: For / : A — X,f X — X, and q : X — X we have qof = foq. Consider
zr €X.
Let x be a/-periodic point with period . The f-orbit of x in -\ is

2, [(£), L2 (@) (@) = =
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The /-orbit sequence of g(e) in X is q(z),q(f(z))(f2(x)},* * g(f™(z)F g¢(z). This is
same as

9(z), foq(z), Pog(z)--- f"og(z¥ (X)

This shows that g{x) is periodic point of /.

Let /-period of q(x) be n. Then we have that n divides m (say m = nk).
Now f(X.) C X,

(Because

y€ X, = f— period of ¢(y)is n

= f— period of flg(y)) is n

= [ — period of ¢(f(y)) is n

= [ly) € Xy)

Therefore f*(X,)C X,.
Let gn = f*|x.: Xn — Xn . Then the g,-orbit of x is

&, fY(@), (@), [ (2)= =
Also note that these nk elements are distinct.

Therefore g,-period of x isk and m =rc&

Therefore m € n.Per(gn) therefore Per(f) C Unep"(j) rc.Per(/U,)Conversely, let
M€ U, ¢ perjy n-Per(f*1x,) then3 nin Per(f) such that ™ = nk for some & s
Per(gn)

Therefore gk(z) — x for some x € X»
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But gi(z) = (/)*(z)= (S*)(a) = f™(z)= x

Thus m € Per(f).(Because, if / is any positive integer such that f'(z) = x then
n divides 1. This is because we have f(q(X)) = g¢(f(z))which implies f'(¢(z))=
g(z)and /-period of q(x) isn.

Therefore/ = nk; for some k € IN . Hence/™:(x) = (f")u(zF x Therefore

ky dividesk . Som divides/ . Hence/ > m.)

)

Hence Per(f) = Upeper(jy n-Per (f i

Note:

(i) Each X, is aunion of components.
If z; and z, belong to the same component of a, and if z; G X, then z,

aso in X,,. This is because,

21 GX, = f—period of g(z1) isn
= f—period of g(z3) is also n (because ¢(z1) = ¢(z2))

= z2€ X,

(i) If x G X, then f*(C:) C C:
x1€ C: = q(z1)=q(X)
f(g(er)) = [(g())
gof™(z1)= gof*(z) = q(x)
= f*(zy)and f*(z)are in the same component namely C.,
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i) Per () = |1 Per(fl,). I z€ X, thenf(g(e)) = o)
0, [*(z1) € C, hence f~(C,)C C,
Proposition 2.2:

Le X be atopologicd space. / be a continuous selp map on X and / be the induced
map on X.
Then Per(f)is of the fom, | ] n.A,wheeeach A,€S.

n€Per(f)

Proof: Let
A, = Per(f"x,)
= U Per(fMle) by (i)
But C, is either a singleton or a closed interval.

hence Per(f"|c.& S Since Sis closed under unions, M Per(f™|c,)is dsoin S

Now by theorem 2, it follows that

Per(f) is of theform (I rcj4, , where each A,isin §
n€Per(f

§3
Heresfter we assume that X is a compact subset of IR.
The symbols ¢, X, C, have the same meanings as in 82.
Proposition 3.1:

X is a zero dimensional metric space.
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Pr oof:

We know that X< is countable union of open intervals. Choosing one element from each

of these open intervals, form a countable set A.

If a, be A,a < bthen (a b) 0 X is clopen.
((ab) N X isopen,
[a 6] N X is closed and these are equal)

Hence ¢((a,b) N X) is a clopen subset of X (by§2, 6)
Let = {g((a, B)NX):a,be Aa<b}

Claim: is a base for X.
let y, € X and let F be aclosed subset in X such that y, € F. Then ¢~ '(y,) is a closed

interval and is digoint from ¢~!(F),say, .
q_l(yo) = [aovbo] (may be ao = bo)

Ja,be Asuchthat a < a, < b, < b and such that ¢~}(#) (a,b) is empty.

then

q((a,0)NX) 6 B

Fng(le,lnX)= ¢
Therefore is a base.
is a clopen base for the space X. X is zerodimensional.

Note: Since is acountable clopen base and since we can prove that it separates points

of X it follows that X is metrizable.
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Let (5, <) be totally ordered set.

We say z,y € S are adjacent if there exists no element strictly between x and .
Proposition 3.2:

Let (5, <) be countable and complete (every nonempty subset which is bounded above
has supremum). Then between any two distinct elements there exists a pair of adjacent

elements.

Proof: Let x < y be ditinct is S

Let SN [x,b] be written as a a sequence of

X = T1,T2=Y,T3, Tqy °

Now define two sequences, with
81 = X ty =y

After defining s1,82,° =, Sn,t1,t2,- - -, tn , SEE Whether sp4+1andt, are adjacent. Ifyes,
we are through. Otherwise, take the least k such that s,4+1 < 2 < t, , and let t, 41 = z4.
proceeding in this way, either we have a pair of adjacent elements between x and y or we
obtain two infinite sequences (s,)and(t.) in SN [x , y] with the following properties:
(sn) isincreasing

(t») is decreasing

Each s,, is less than each t,.

Every element of S is either less than some s,, or greater than some ¢,

[To provethe last of these four properties, let z€ S. If zisnot in [xy] then the result is
obvious because z is either less than s; or greater than t;. If zisin SN[z,y], then there

isaj such that z = z;. Not every s, can belong to the finite set {z1,z2,% **,z;1} .
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Teke least k > | such that z; = s, for some n. If k=j, we have z; = 8, < sn41 and we
are through . If k #j, thisimplies, by our definition of s, that x; does not lie between
Sn+1and ¢,_1. Therefore either ¢; < s, 0z; > t,, and again we are through ]

Now the increasing sequence is bounded above by y. Because of completeness, it should
have a supremum, say zo. Thisisin S Therefore either z, is less than some s, or
greater than some ¢, . The former is not possible because z, is the supremum of al
s, 8.Therefore x, > 1, for some n. This implies that some s,, is greater thant,, contra-
dicting the third property. This contradiction proves that between x and y there should
be a pair of adjacent elements. Let (S, <) be a totally ordered set. Define,

fordl xeS L,={yesy< x} (cdled as left ray)

R, ={y € Sy < x} (caled as right ray)

Now, {L,|lz € S}U {R;|z€ S} is a subbase for some topology on S This is known as

the order topology.

It is easily seen that the following are equivalent for y1, y2 in X

(a) every element of ¢7(y1) < every element of ¢~'(y2)
(b) some element a of ¢~'(y:1)< some element b of ¢~ (y2)
(c) largest element of ¢~'(y1) < smallest element of ¢7(yz)

Definition: If () or (b) holds we say y1 < y2in X
It is easy to see that (X, <) is atotally ordered set.
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Proposition 3.3:

Let X be a compact subset of IR. Let q and X be as before. Then ¢-quotient topology

agrees with order topology on X.

Proof: Let y € X. Then ¢7'(L,F {x € X|q(z) < y}

{x € X\x < the least element of ¢~'(y)}

a left ray in X. therefore L, is open in the quotient topology on X.

Similarly right ray R, ,is open in quotient topology in X . Hence., order topology on
X C g¢-quotient topology on X, This order topology on X is T>. Since X is compact in
the quotient topology, quotient topology agrees with order topology.

[Iftwo compact T,  topologies are comparable, then they are equal].
Lemma 3 :

Let X be a countable compact ordered space. Then there exists a closed subset S of X

such that

(i) S is homeomarphic to X and

(ii) every x in S (except possibly supremum and infimum of S) has an adjacent

dement in S

Proof: By transfinite induction on the derived length of X
(For a space X, we define

X! = the set of al limit points of X

Xeot! = (X*)Yor all limit ordinals «

Xo= ﬂ XPforall limit ordinas o

B <a
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Derived length 6(X) as the infimum of the set {a: X* = ¢})

As an initial step of transfinite inducion, take S(X) = 1 Then X = ¢.

Thus X is finite. ( since X is compact)
Take S— X. X clearly has property (ii) by Proposition 3.2

As induction hypothesis, assume the theorem to be true whenever X) < a. Now to

prove the result, when 6(X)=a+ 1.

For S(X) = a+ 1 we have X #¢, Xeoti= ¢

X“is finite
Let Xo= {y1,y2, ***yn}. ASSUMEy; < y3 < - » » <y,. Takey;. Find an interval around

y1 digoint from an interval around y,. Call it I,.

Let I7 = {y € hly>wn} andlf = {y € hly<wn} sothat /=1 UIj we prove
M) 6(h)=a+1 (i) 6(1) = max(6(}),6(1))

let Jy=either I or /{such that é(J;) = a+1

In I,y is the only point of X*.

Take a monotone sequence (x,) with distinct terms in Iy, converging to y, such that no
z, IS in X°.

In case « is limit ordinal, X* — HX”
BLa

We can choose a sequence («,) such that z, € X*» and («,)is strictly increasing to a
If a = fi +1, then each z,is chosen in X#, Choose V; any compact neighbourhood

axound x;
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such that 6(V4) = a; < «. Then by induction hypothesis 3 aclosed subset S in Vysuch that

S1 homeomorphic to Vi and every clement in S has an adjacent clement.
Similarly for zy,3, « » » we get neighbourhoods V,,, Vi, ¢ and subspac.es.S,, Sy, ¢« » of them.

LetTy = {S1U Sy« US,e*} U {y,]}.
Then 8(T1)= a+lland §(10\ {y})< «

For each n, define 1;, similarly and define S= 7, U1, UeeeU T, Clearly, SC X, S
is closed, and 8(5) =« - 1 and satisfies (i) and (ii) [ence the theorem is proved,
by transfinite induction, after noting that 6(X) cannot be¢ a limit ordinal, because A is

compact.

Now we state a Proposition whose proof follows from corollary '.\.2 of Chapter 2.
Proposition 3.4:

In cvery countable compact space every closed subset is a retract.

Let X be compact subset of JR. .\ is as defined as earlier.

This X is countable compact ordered space. Then by Theorem '+'> 3 a closed subset S of
X. with the properties that (i) S is homeomorphic to X (ii) every element of S has an
adjacent clement. (except possibly the smallest and the largest ¢lement)

Let ¢ be amap from Sto S Let r be aretraction from & to A, then ¢,7,¢9 will give a

lift f from X to X such that following diagram commutes. llence we have o f— goroyg

£
Ho—————Pr K
"’\JJ lq,
P
S —————% S

£}
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Proposition 3.5:

Let X, X, S be as above. Then every continuous selfmap g of S can be "lifted" to a
continuous selfmap f of X.

Proof: Definey :S

) {Ieft end point of q !(y) ify isaléft limit point of S
viy) =

right end point of ¢~'(y) otherwise

Now define / : X — X by f(xX) = «(g(r(¢q(z)))) foreach x inX. We claim that  is
continuous.

Lety € S. Let (y) =2+ Thenx isan end point of C,. Let (a b) be aninterval in R
containing X. Then 3 csuch thata< c< band c & X Let W = g((¢, X] N X). This is
open in S (because, (¢(c),y*)NS is open. )

Let w € W. Then ¢~'(w) C (c,x] ( because, W = ¢((¢,zN X) ) Therefore ¢»(w) G
q~ ' (W)which implies ¥(W) C (a b). Hence ¢ is continuous, hence f is continuous as

others are continuous.

Theorem 3:
For any compact subset X in IR PER{X) D PER(X)

Proof: Let B € PER(X)L,et S C X be as in Lemma 3. Then B € PER(S (
because S is homeomorphic to X). Therefore there exists a a continuous function
g : S— Ssuch that Per(g) = B. Then by above proposition there is a continuous lift

f : X —» X such that qo £ goroqg and such that f is constant on each component of

xy . ’ T . y
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Claim: Per(f) = Per(g)

By Theorem 2, we have Per(f) - U ngPer(f7|c, pince f* is constant on each com-
XEP

ponent of X we have Per(f™*|c,)= {1}, Therefore Per(f) = {n.\ x € P}

But, for x € P n, = /period oig{x) = g- period ofr(q(z))

{nz|z€ P} = {g period of al g-periodic points of S = Per(g)

Hence Per(f) = Per(g)

Thus PER(X) ¢ PER(X)

Corollary 3.6 :

For any X CIR  PER(X)C (X) C PER(X) * S

Proof: Thefirst part is nothing but Theorem 3. To prove the second part, let/ : X — X
be continuous. Then by Proposition 2 of 82,

Per(f) is of the form | J rc4, where each A, € S. Thus Per(f) € PER(X) * 5.
nePer(f)

Theorem-4:

Let X be a compact subset of IR such that every component of X is nontrivial. Then

PER(X) = {U nAn

neB

B € PER(X), eachA, € s}

Proof: By Theorem 2 for any continuous sdf map f on X we have

Per(f) ={ U nA,

n€Per(f)

eachA, € §}

Hence
B € PER(X) eachA, € s}

PER(X) C {U nA,

neB
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We prove the other way as follows:

Step-1: For a given A € S there is a continuous function / : | — | such that /(0) =
0 and f(1) = 1 and Per(f) = A
Step-2: Here X is a countable compact ordered space. Therfore by Lemma-3, there

exists a closed subset S of X such that

(i) Sis homeomorphic to X and

(ii) every x in S (except possibly supremum and infimum of S) has an adjacent

element in S

Step-3 Given X, X,¢,8 in 83. (All components in X are non trivial)
B € PER(S)
A, €8 VYneB

We want to construct a continuous function / : X — X such that Per(f) = | | nA,..

Takeg: S— Ssuch that Per(g) = B. Using Step-1, take for each n in B a continuous
function ¢, : | — [/ such that Per(g.)= An, 9:(0)F Oand ¢n(1) = 1. Then we define a
continuous function / : X — X as follows:

Let x € X. Thenfis so defined as to take C, to ¢~'(r~(g(r(g(z)))so that / agrees with g or
on X

Foreachyin X, let h, : | — C, be the homeomorphism of the fomt — At +4u ,
such that b, (0) = ¥(r(q(v))-

Consider two cases.
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Casel: If g(x) is a g-periodic point of g-period N, and is the least element (in the order

of X) in its g-orbit, then we define

/=h™ 0g, 0k, on C,, wherey = g(rq(x).

Case2: If casel does not hold, we define

f=hT10idoh, on C,, where y = g(rq(x)

where id denotes the identity function on | .

Thus we have defined f on C; for each x in X. We shdl prove in the remaining steps
that this f has the required properties .

Step-4 f is continuous.

Let (z,)— xin X

case(i): All zl s lie in one component.

Since the restriction of f to any component is continuous ,we have f(z,)— f(x). case(ii):
Disctinct «! s liein distinct components .

Then x has to be an end point of its component . From the definition of f, we see that
f(x) is adso an end point of its component. Take an open interval V around f(x). Then
there exists an open interval W C V with f(x) € W, such that one end point of W is
in Cy(;) and other end point of W is not in X.

Now rg(f(z,))= g(rg(z,))butg ,q are continuous g(rq(z.))— g(rq(z)).

gq(x) lies entirely in rq(WNX).Therefore f(z,)should lie eventually in W. Therefore

f(za) —F(X).
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Any (z,)— X contains a subsequence of type either in case(i) or in case(ii).
Therfore f(z,)— f(X) whenever (z,)— x
Thus f is continuous.

Step 5: We claim that Per(f) = (J nA,

First we note that f*|c, = AZ! 0 g, O h,. It follows that Per(f"|c,) = Per(g.)= A

Therefore Per(f*| X, Which is (J Per(f"|c.))is aso equal to An.

T€ETn

Now from Theorem 2, We obtain Per(f)= | ] nA..
n€Per(f)

But Per(f)= Per(g or) = Per(g) = b

Thus Per(f)= (J nA,.
85

Theorem 5A:

104

n

Let X be a compact subset of IR such that (i) X has infinitely many nontrivial

components and (ii) there is only one component of X that is not open. Then
PER(X) =G, * S

where G, = {A C IN[L € A or A is finite}

Remark:

There are many examples of X satisfying (i) and (ii).

Some of them are:

o0, 1
(a) ,X] = {0} u U [‘}%’ 2n — l]

n=1
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(b) X, = X3U{2,3,---,n}
(c) X:y:X;U{“ﬂ%ZHE[N}
(d) X4 = (X1 + HU(=X;)U[0,1]

© Xs = (Xs + U (=X3)U[0,1]

These are mutually nonhomeomorphic.
Proof of theorem 5A:

We note that X has exactly one limit point.

PER(X) = G, (by Theorem 2 of Chapter 3)
Now by corollary to Theorem 2 in 82 , we have PER(X) C PER(XJ S
PER(X) C G, *S . Conversaly, to prove PER(X) C G, * S.

Let B in G; be given and let for each n in B a member A, of S be given.

We have to find a continuous function / : X — X such that Pcr(f) = M nA,.

neB
Write X = X; U X,, where X\ — {x € X\x < some element of C'} X; =
{x € X\x > some element of C} where C' is the non open component.

Atleast one of these two has infinitely many non-trivial components. Without loss of

generality let it be X;. Define
X, = C U union of nontrivial components of X,

then ¢(X,)is a compact space with unique limit point.

Choose / : ¢(X,)— ¢(X,) continuous such that Per(f) = B.
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Define asin 84, / : X, — X, using this/ and the f,’s from / to / for which Per(f,)= As.

Then / is continuous (by theorem 4).

Define
ff: X — Xby
f(z) if z € X,
ff(z) = left end point of €' if z € X\ X,

right end point of C' if z € X\ X,
then range of /* = range of /

period set off* = period set of/

= Und, (asin 9

Theorem 5B:

Let X have n nontrivial components and only one non open component. Then
PER(X) = (F».* S)V G

Proof: Let /: X — X be continuous, then by theorem 2,

Per(f) = J n-Anwhere A, = Per(f"|x,)
n€Per(f)
whereX,, = {x € XV-period of q(X) is n}

We have to prove
Per(f€ (Foa* 9V ft
let A= {z€ X|f™(z) € nontrivial component Vm =0,1,2,¢¢¢}
Per(fla) 6 Fu.* S,except when A is empty.

Next let B = {x € X|f™(a€ A° Vm =0,1,2---}
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B C X In case the limit component is not invariant under f, then the range of / is
contained in the union of finitdy many components of X. Then

Per(flis)a finite set, hence either bdongs to Gjor is empty

Also, Per(f) can be proved to be equd to Per(f|a)U Per (f|g). Therefore Per(f) € (F *
S V G: In the other case, the limit component is invariant then 1 € Per(f).

PeT(f) € g1
PER(X) C (F+S)VGi

86

In this section we use the fallowing Proposition which is easy to prove.

Proposition-6: Let X be a compact subset of IR. Let X\ and X, be clopen subsets of
X such that X = X; U X, then PER(X;) VPER(X;)C PER(X)

Theorem 6(a):

Let m,n,pe IN. Let X be a compact subset of IR with n non-open trivial components,
m nontrivial open components and p non open non trivial components. Then PER(X)
=G V G V (F+S)VF*S))

where the union is taken over dl triples (r,st) of non-negative integers satisfying the

inequaities s<p, r+s<n+p, s+t<m+p, ad r+s+t<mtn+p

Proof: Let /: X — X be a continuous function. To sow Per(f) = AUBUC U D
where A € G, U {#}, BEG,uU {0}, C€ (F.*5) U{B},De (F*5) U{0

We have n + p non-open components dl together, we daim that in X 3 mutualy digoint
dopen sets {V;}7*? such that each non-open component is contained inside only one of

=0
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the V/is 1 < i < n + pwhich form a base for X.
Let X be the quotient space of X. Let &y, z,,* * -, 7, be the g images of the non-open non
trivial components. and zp11, 42, * ¢, 2,4n b€ the q images of the trivial components.
Seethe map / : X — X Suppose there is a subset, without loss of generality, say
{ #1,%2,-+-£,} which is invariant under f, where 0 < s < p. When s = 0, this set is
empty. Then by a previous theorem 3 mutually disjoint W;, W, ¢« W, open in X such
that V; D Wiand W.* isfinitein Viand 2,6 W;, W, clopenin V.
Let H= |JViu{w; | 1<i<sjUV,
Hisfinite. Let G be the set of al periods of f-periods of f-periodic points in H. (Note:
H ={Jv\Uw
LetsF be thse set of dl periods of f-periodic points in {£iz,, * ¢, Z,}.1f m G Per(f) 3 x
in 9V; \ | ¢7'(4:) such that /(= x
Further if x € H then m is a multiple of some member in F. If x € B then m e G
Thus Per(f) contains asubset A of IN suchthat A€ G, (whens=0, A isempty),where
A is the set of all f-periods of f-periodic points in | j(W,‘ \ ¢! (&) U GUF
Let{ @i,,xi,,*** &, } beinvarintunder f, i; €{ s+1,5+2,¢¢¢, p,p+1,2¢°, n+p},0<
j<r.
Note that there is atleast one ¢~'(&;,which is atrivial non-open component in X. Again
by the same previous arguement IW;,, W,,,» ¢ o, W, mutually digoint sets, each clopen
in Vand (W;)s finitein (V;;)¢ and z;, € Wi, .
Let Z= U Vi, \ [} W;, This Zisfinite

T r
Z = |JV, \ PWZ is dwo finite.

j=1 i=1

Let G' be the set of all periods of f-periodic pointsin Z. and F' be the set of all periods
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0

of f-periodic points in {z;,,z,,***,z;}.If m € Per(f)then thereis = € UW] and
further,ifx € Z then m is a multiple of some number in F' . Thus Per(f)contain a
subset B of IN such that B € G, (when » =0, B isempty) where B is the set of all
periods of f-periodic pointsin U(W,-/ \¢7N(a,) UG UF!

Since {Z1,%2,,%s}is f-invariant , let g = flig-1(5)0-1(@)-q-1()}- Notice that if
m € Per(f) then m € Pcr(g). Now applying Theorem 1 of Chapter 3, we have : if
C C Nand C C Per(f) (when s =0, Cisempty) where C is the set of periods of al

periodic points in | J¢™'(4;)then C € F, * S

There can bet non trivial components that are f-invarint where, s+t <m-+p, and r+
s+t<m4+n+p

If D C Nand D C Per(f) (whent =0, D isempty) where D is the set of periods of
al f-periodic points in the t nontrivial components, then D € F, * Sby Theorem 1 of
Chapter 3.

Conversely, let A UBU CULE|J(G. V G, V (F*5)V (FixS))

where the union is taken over al triples (r,s,t) of non-negative integers satisfying the
inequalities s<p, r+s<n+ps+t< m+p, and r+s+t < m+n+pwhere A €
G, Beg, CeF,xS,DeF xS

Assume A £ G, A¢ G, for k<r,andB¢gx forfc<s . Lt C={aS\a€eAe€
F,,S€5} and D = {bS | 6 € BE F;,S€ S}

Let yi1,y2,- - ym De the open components of X and Z1,%2,e * - Tpinbe the nonopen
components of X, where as ¢~'(#1),¢7*(#2),"* - ¢"(Z;) arenontrivial components of
X, and ¢~ (Zpt1), ¢ (Fp42), * * * ¢ (Zn4p) are trivial components of X.

Let {W;}", be disoint clopen cover of the X suchthat . € W; and 1,2,°*-m € Wi.
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Let =g (UW), i = ¢ '(UW), W =¢((j W), Va=g (U W)

i=1 1=t i=t4s+1 i=t4r420+1
Clearly X=V; UV UV UV, and
Vi contains a retract homeomorphic to / x {1,2, ¢ t}.
V. contains aretract homeomorphic to / x {1,2,¢ ¢+ s}.
V5 contains a retract homeomorphic to a compact zero dimensional space having s limit
points
V. contains aretract homeomorphic to a compact zero dimensional space having r limit
points
Now we can define continuous selp maps ¢;, g2, g3, ga on V1, V2, V3, V4 respectively such that
Per(g1)= D, Per(g,) = C, Per(gs) = B, Per(gs) =
Now define / : X — X such that fly,= ¢; for i — 1,2,3 and 4 Then f is continuous
and Per(f= AUBU CUD.
(Note: If some of A, B, C and D are empty then by making suitable modifications in
the above proof we can construct function / with required conditions.)
It is also clear that

PER(V

Therefore by Proposition-6 , PER(X) O PER(VNY PER(V;) V PER(V3)V PER(V,)

Hence the converse.

Theorem 6(b):
Let X be a compact subset of IR ,such that |X|' = n. Let dl the open components of X
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be nontrivial . Then PER(X) = G, * S.

(Note: Some non-open components may be trivial, some others not)
Proof:We know from Corollary 3.6 PER(X) C G, * S as PER(X) = Gn.
To prove the reverse inequality, let B £ G,, and let for eechm in B , AL,£ S

Consider A = U mA,,. Then by corollary 3 in Chapter 3, there is a continuous
meB

g: X — X such that (¢)Per(g)= B (ii) the set Y of isolated points of X is g-invariant
and (iii) Per(gly)= B

With these data (viz. B,A! s,g), we can construct a / : X — X as in the proof of step
3 of Theorem 4. The proofs of steps 4 and 5 of that theorem yield that f is continuous
and Per(f)— A,(using that for every m in B, we have a nontrivial component in X,
whose g-image in Xis having m as g-period).

Thus PER(X) =G.x*S.

Theorem 6(c):

Let X be a compact subset of IR with n non-open trivial components and infinitely many
open nontrivial components and p nontrivial non open components, and r nontrivial
nonopen components in X such that every open set containing it intersects infinitely

many nontrivial components. Then PER(X) = U ((Gs * %) V Gryp-s)

0<s <r

Proof: Let / : X — X be continuous function. Without loss of generality, let
Z = {&,&,;--%,} be al non-open components of X of the {Zi,&2,¢ ¢ *, Z,4n}total
non open components such that every open set containing ¢~'(;) intersects infinitely
many open trivial components of X.

Again with out loss of generality let {z,22, * * *, Z,} be the maximal / invariant subset
of Z . Let ¢7(1),¢7 (295 -¢7'(;) be digoint clopen subsets of X such that . €; .
Dercte | J 41(Wi)= Yi.

=1
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Then by Theorem 6(b) Per(fly,)€ G,* S.
Similarly denote (3 ¢ (W)= Y, Then Per(fly,) € (Fn*5)V G,
where m+ae+3s =n+p,0<m<p0<a<n
But £, * SCG,* S
Hence PER(X) C | (G2 % S) V Gutp-s)
Conversely,
For given 0 < s < r define X, as a clopen set containing exactly s nonopen components
, such that every open set containing it intersects infinitely many nontrivial components.
Take X, as complement of X; in X.
Then one can notice that PER(X;F G, * S ( by Theorem 6(b))
and PER(X2)D Guyp—s
Hence (G, * 5) V Gnyp—s C PER(X,V PER(X,)C PER(X)
(since X = X; U X; and by Proposition-6) Thisis truefor sin 0 <s < r , therefore
U ((Gs*8)V Gnip-s ) C PER(X)
0<s<r
Theorem 6(d):
For any compact subset X C IR such that |X”| = n, then PER(X) = H,
Proof: For this space X , we know PER (X) = H,. and H, * S = H,, . Hence by
Corallary 3.6, PER(X) = H,.
We close this chapter by stating one more result whose proof follows from the theorems
of Chapter-2 :
Theorem 6(e):
Let X be compact subset of IR . Then
p(IN) \ {C}if boundary of X is countable and |X"| = oo

PER(X) = {
p(IN) if boundary of X is uncountable



Chapter 5

Sets Of Periods Of Convex Subsets Of R"

Introduction and Preliminaries

According to [31], there is a countable family S of subsets of IN such that for every
continuous sdf map f of | (the closed interval) , Per(f)E S Conversely it has been
proved [12] that every member of Sis of the form Per(f) for some continuous f from I to I.
Combining these results, we write PER() = S. It is aso known that PER(IR) = SU{0}.
It is not difficult to deduce a stronger version of Sarkovskii's theorem which is as follows :
If X is anonempty convex subset of IR then PER(X) has to be one of the three families

{1, S or SU{0).

In this chapter we generalise the above result to higher dimensions. We prove that if X
is a nonempty convex subset of IR, then PER(X) should be one of the five families:

{1}, S, SU{B}, Uy, or p(IN).

Summary: First, we calculate PER (IR?) (Theorem 1). Then we use it to prove that
PER (X) = p(IN) for al noncompact convex subsets X of IR? (Theorem 2 ). Thisis done

by proving that every noncompact convex subset of IR® with nonempty interior contains

113
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aretract which is homeomorphic to the quadrant ;. Next we prove that PER(D) = U;
,where D is the closed unit disc (Theorem 3). We use al these togther with Sarkovskii’s
Theorem to prove the main theorem of this chapter (Theorem 5):

Theorem : Let X be a nonempty convex subset of IR*. Then

p(IN) if X is noncompact

U if X is compact and not contained in aline
PERX) = { & if X is infinite, compact and contained in aline

{1} if X is singleton

SU{P} otherwise

Period Sets For The Plane

Now we take up the question: Which subsets of IN arise as Per(f)for some continuous
self-map / of the plane IR? ? Unlike the case of IR, here it turns out that there are no
such conditions of the type: "If 2 is an element, then 1 is also an element"; indeed there
are no conditions at al; we prove that every subset of IN is of the form Per(f).More

concisely, PER(IR?) = p(IN).

Theorem 1: Let A be any given subset of IN. Then thereis a continuous / : IR — IR?
such that Per(f) = A

Proof: If Ais empty, we take / to be a 'translation' by a non-zero vector; for instance,
f(z,y)— (x + 1,y) for al z,y in IR

It is easily seen that / admits no periodic point and therefore Per(f)is empty.
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If Alis anonempty subset of IN, arrange its elementsin the increasingorder ny < ny < e e
Step 1: For each positive integer n we first construct an unbounded convex strip X, in

IR? and a continuous self-map of X,,, whose period set is {n}. We let

X, = A{(z,y)eR?® |1<z<n}
We define
(z+1,y+t -1t fl<x<n-1
flz,y)= . |
(W —n+l+z—nz,y+t—1*) ifn—1l<x<n

where t = x —[z] = fractiona part of x.

To see that / is a self-map of X,, we observe:

(i) 1 <x+1 <nholdswhenever 1 <x<n—1

(i) 1<n®*—n+ 1 +x—nz <nholdswhenevern — 1 <x < n.

Of these (i) is obvious. (ii) is easy on noting that
P-n+l+4+z—nz= (n-X)(N-1+1

and thesameisdso = n—(n—N)XxX—(n—1)

To see that / is continuous, we have only to note that the two pieces of definition agree
on the ‘boundary line' x=n— 1.

Now we calculate the periods of the periodic points of /. We claim that

(A) Every point of the form (m,y) where m is an integer between 1 and n, is a

periodic point of period exactly n.

(B) No other point is a periodic point.
To prove (A), we have only to note that
i (m+k,y) ifm+k<n
fi(m,y) = .
(n—m—k,y) fm+k>n
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and therefore f*(m,y¥ (m,y)for al 1 < m < n and n is the least such

positive integer. To prove (B), we first prove that

(C) for each (z,y)in X, where x is not a positive integer, the second coordinate

of f(x,y)is strictly greater than vy.

To prove (C), we note that the y-coordinate of f(z,y) iSy+t — t> wheret = x — [X]. When
X is not an integer, i is strictly between 0 and 1; so ¢t — #2 is positive; so the y-coordinate
of f(z,y) is greater than y .

Now to prove (B) from (C) we consider two cases.

In the first case, the first coordinate of f*(x,yls an integer for some k in IN. Then for
all higher values of k, the first coordinate of f*(z,y)emains an integer (as can be seen
from the definition of /) and therefore (z, y)cannot be a periodic point, since x is not an
integer. In the second case, the abscissa of f*(z,3is an integer for no value of k in IN.
Therefore by (C) above, the ordinates of the points y, f(zy), f*(z,y),- * » form a strictly

increasing sequence of numbers and therefore it is not possible for f*(zy) to be same as
(z,y)for any kin IN.
Now that we have proved both (A) and (B), we conclude that Per(f) = {n}.
[ Remark: When n = 1, the strip X,, reduces to aline
Xo = A{(z,y)le =1}

and the function / reduces to the identity function on X.,.]

Step 2: Asinstep 1, let n be afixed positive integer. In this step, we construct a bigger
strip ¥, strictly containing X,, and a continuous extension / of / (as a self-map of Yz)

that C e - - . . .. -
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(i) The property that the period-set is {n} is not lost while extending, and

(i) anew property is gained, namely that each of the two boundary lines of Y,
is invariant under /; indeed f(x,y) = (z,y+ 1) holds for al points on these

lines.

For this purpose, we proceed as follows:
Let ¥, — {(z,y)[0<z <ntl}. Thus Y, isastrip whose width is greater than that of

X, by one unit on each side. Next we define, if n > 2,
2z,y —x+1) fo<x< 1
fle,y)={ (nz—n*+l,z24+y—n) fn<z<n+ |
flz,y) ifl<x<n
when n = 1, we define
f(z,y) ife=1
fxy) = (z,y—z+1) f0<z <]
(z,y+z—1) ifl<z<?2
We first note that f(x,y)always belongs to Y,. [the numbers 2x and nx — n® + 1 are
between 0 and n + 1, respectively when 0 <x < 1 and n<x< n+1]
Next, we note that when x — I,the point (2z,y — x + 1) is same as the point f(z,y)}F
(z+1,y). Similarly, when x = n, the point (nz —rc®+ 1,x +y — n) is same as the point
f(z,y) = (P —n+1+ x—nz,y+ s— ) with s = x—n + 1, because both simplify to
(Ly).

These observations prove that / is continuous.
Next, we note that if (z,y)€ Y,\ X, (that isif 0 <x< 1 orn—1 < x < n), then the
y-coordinate Of f(z,y)is strictly greater than y. Therefore, similar to the argument in

step 1 in two cases, we argue that none of these points can be periodic points of f.
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Step 3: Now let n; < ny < o« bethe elements of the given set A in the increasing order.
A may befinite or infinite. Let for each k in IN, the strip Zi be {(or, y) € R?jn; +nz+- -+
ne-1tk—1 <z<ny4--+ne+k},ifk>1;and 2y = { (¢,y) GIR?2|0 < £ < ny+1}.
Defineg : IR — IR? by

(z,y+1) ifz <0
Juilz:9) if (z,y) € Zy
g(x,y) = f"k(-r —n =Ny — - —npy—k+Ly)+(ng 4+ + gy + £,0)
if (z,y) € Z
(z,y+1)if 2 > every element of A (if A is finite)

T'o prove that g is continuous, we note:

(i) Onthelinex = 0, the two pieces in the definition of g(z,y) hamely (z,y +1)

and f,, (z,y)coincide (see step 2).

(ii) On the common boundary of 2\ and Z,,that is, on the line x — n; + 1, the
two pieces in the definition of g(x, ¥), namely fa, (z,y) and fo,(2—n1 —1,y) +

(n1 + 1,0) coincide because both are equal to (n; +1,y+ 1)

And so on. In fact, on each of the boundary lines of each of the Z's, g(x,y)is nothing
but (z,y+ ]). Therefore the severd pieces in the definition of g(z,y)agree on dl the

common portions and therefore g is continuous.

Next, we calculate the periods of the periodic points of g. For this purpose, we note the

following:
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(1) Each Z; isinvariant under g. That is g(Z;)C Z.
(2 If & - Yy, — Zjs the translation map
Sk(z,y) =(z+ni+ns+—Fnpa+k —12)
then ®k-fu, -85 = glz,.
It follows from (2) that

Per(glz,) = Per(fu)= {ni}.

Now because of (1),

Per(g) = |J Perlglz) ={J {ne} = A.

nx€A

This proves the theorem, g being the function / required in the statement.

Remark 1. The result can be extended to higher dimensions without difficulty, as

follows:

Let n> 2. Let A C IN. Then thereis a continuous / : R" — IR™ such that Per(f) = A.
For the proof, we either define

f(-T']’IZv"'vmﬂ_') (9(551,12)75037"‘,-7& dl (x171721' e 7In) II"I u{n
where g(z, z,)is defined as in the proof of the above theorem, or use the following result:

Proposition-1 : Let X be atopological space, Y be asubset of X and let <j>: X — Y
be a continuous map such that ¢(y) = yforalyinY. (i.e. ¢isaretraction). Then the
family PER(X) contains the family PER(Y). In particular, if PER(Y) = gp(IN), then
PER(X) = gp(IN).
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The same proposition can be used to prove that every normed linear space X of dimension

> 2 has the property PER(X)= p(IN).

Remark 2: In order to facilitate a better understanding of the function g constructed

in Theorem 1, we provide the geometric ideas behind its definition.

First, the elements n; < n; < ¢+« in A are used to consider the partition of IN consisting
of {first n; elements of IN}, { next one element of IN}, {next n, elements of IN}, {next one
element of IN}, {next rc; elements of IN}, {next one element of IN}, and so on. We take
afunction ¢ : IN —e IN that is a permutation, keeping each of these 'blocks' (partition

classes) invariant, and acting as a cyclic permutation on each block. In other words

o(1) = 2;6(2)=3;5-- ;¢ — 1) =n1; ¢(n1)=1;
dni+1) = ny+1;

é(n1 +2) n, +3; ¢(n1+3)=ny+4;5---; (ny + ny) =ny +na+ 1,3

dny +ny+1) = ny+2;¢(ny +ny+2)=ny+ny+3 and soon

Wetake ¢(n) =n for al integers not covered by the above.
As one can guess, this is meant for defining g at integer points on the z-axis by the rule
(¢(n),0) if n belongs to the blocks of ny,n; etc..
g(n,0) = ,
(#(n),1) otherwise

We observe that thus we have provided periodic points of periods rci,ny, « ¢ * etc., for g.

In the second stage, we define the first component ¢g; of g. To make matters simpler, we
extend thefunction ¢ : Z — Z toafunctioné : IR — IR by merelinear interpolation.
Thismeans: ForeachO<t< nandforeachn € Z,¢(n +1t) = ¢(n) +t[p(n +1)- ¢(n)].

We also make our job easy by stipulating to ourselves that every line parallel to y-axis,

will be mapped by f (bijectively) to some line of the same kind. This essentially means
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that the abscissa (2-coordinate) of g(z,y)is determined by x (without any role for y). In
other wordsg(x,y) = (¢(z), ¥(z,y)),forsomefunctions¢ ands of oneandtwovariables
respectively. Thefunction ¢  here, is same as what we defined above.

In the third stage, we fix our attention on the second component of g. That is, we want
to describe the ordinate of ¢g(z,y). The simplest method is to take it as a function of
only x or of only y. But unfortunately, this kind of g admits extraneous periodic points
whose periods may not be in the given set A. Indeed, if g(z,y)is independent of y,
then g behaves like a function from IR to IR, and therefore its set of periods should obey
Sarkovski'stheorem. Also, if g(x, y) isof theform (¢(z), (y)), thesituationisnobetter.
[eg. if (zo4.) is apoint of period 3 for g, then ¢3(x,) = z0,%3(¥s) = Yo,and one of them
fails to be afixed point, say ¢(z,) #z,. Then by Sarkovski's theorem, there is a point
z; of period 5 for ¢.  Then the point (z;,y,)is a periodic point of g with period 5 or
15 (depending on whether y, is afixed point of ¢» or not), but it is possible that neither
5nor 15 isin A]. So fa we have explained why we are compelled to complicate the

definition of the second component of g. We have the following constraints on ¥(z,y):

(@) It has to depend on both x and y genuinely,

(b) Whenever x is an integer and y — 0, we have already specified ¢(z,y).1t is

either 1 or 0.

(¢) In order to avoid extra periodic points, we now willingly impose the condition

. that ¢(z,y)> vy at al other points

(d) To make matters simple, we take ¥ (z, y) to be of the form y + p(X) where

p(x) >0V .
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This leads us to the search of a continuous function h from [0,1] to itself with the prop-
erties A(0) =0 = h(l) and h(t) > 0 for dl 0 <t < 1. We have chosen the function
h(t) =t - £

[If some one else thinks of such other functions as h(t) = \ — |2~ |, there is no objection.
The same purpose will be served by any such function]. What al remains to be done
is to choose p(x) as a suitable amendment of this k, through suitable magnifying and
translating by amounts varying in different intervals, so that the pre-specified values of

¥ (x,y) arenot changed. Thisleads us to the function g that we have constructed.

We observe that on each strip of the form {(z,y)|n< X < n 4+ 1}, both the components

of g are polynomials of low degrees in one or two variables.

Remark 3: Let C; bethefirgt quadrant, i.e. {(z,y)€ R*|z > 0,y > 0} . The function
/ constructed in the proof of the theorem 1 has the property that f(C;) C C\ and that
al the periodic points of / are in C\. Therefore we deduce that PER(C\) =gp(IN) .
Similarly, PER( H, ) = p(IN) ,whereH, ={ (x,y) € R*\y > 0}.

7

Period Sets For The Convex Subsets Of The Plane

In this sect ion,first we use the result of the previous section 81 to improve the same by
showing that if S is any noncompact convex subset of IR? then PER(S) = p(IN). We
also find PER(S) where S is a closed disc.

First we recall some well-known definitions mainly for the purpose of fixing our notations
and terminology. e; = (1,0) and ez = (0,1) . If x and y are two vectors in IR? |, then

[,y = {tx+ (1 — 1ty : 0 <t < 1}. A subset Sis convex if [z,y] C S whenever



Chapter 5. Sets Of Periods Of Convex Subsets Of IR™ 123

x and y arein S If x and y are two fixed vectors in R?, and if y #0 , then {x +
tyltf € IR, > 0} is the closed ray a x in the direction of y. Such sets will be called
simply as rays. A strip is a closed region in IR? whose boundary consists of two parallel
lines. It is of the form {(z;, ;)¢ IR | ¢ < azy+bzy < ¢} where a, b, c;and c;
are fixed real numbers such that c\ < ¢, .A haf plane is a closed region in IR? whose
boundary consists of one line. It is a set of the form {(z1,z# IR? | azy + bz, + ¢ > 0)
where a, b, c are three fixed real numbers. The intersection of a half plane and a strip,
except when it happens to be aline or a strip, is caled a half-strip. It is a set of the form
{ax+ by +cz | a,6,c > 0,a+b =1} where x,y,z are three distinct vectors and z 0 .
It is the closed convex hull of aray and a point not collinear with it. A cone is a closed
convex region whose boundary consists of two rays at a point. The cone at x determined
by the two independent vectorsy and z isthe set C — {x+ay + bz | a,b > 0}. The
bisector ray of this cone is the set of al points in C that are equidistant from the two
boundary rays of C. Equivalently, it is the ray a x in the direction of - ( == + & )
. This ray divides the cone into two closed regions. We call them the two half-subcones
of C. The cone at the origin determined by e; and e; is caled the first quadrant. Three
other quadrants are defined similarly, in terms of the four vectors e;, e;,—e; and — e, .

Lastly if SC IR? and if x G IR? , then S+ x = {y+ Xy G S}and S- x = S+ (—z).

Lemma 1. Every unbounded closed convex subset S of R? contains a ray at each of

its points.

Proof: Let x € Sbe fixed. There is at least one quadrant C such that (C+ x) N Sis
unbounded. Without loss of generality ,let C be the first quadrant C\. There is at least
one half-subcone C; of C; such that (Cz + z) N Sis unbounded. Thus proceeding, we get

a decreasing sequence C; 2 C, "2 's- 2, « «« of cones such that for every n, (¢)Cry1
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is a half-subcone of C, and  (4)(C,*+ X) N Sis unbounded. By applying the nested
intervals theorem to the sequence of sets (C,, N [ey,e;]), We can prove that (e, Ca is
aray. Cdl it A. Then A+ xisaray a x and we clamthat A+x C S. To prove
this, let y(#0) G A and let ¢ > 0 . Then there is a positive integer nq such that C,, is
contained in the smallest cone at O that contains the ball B(y,t) with center y and radius
€. Because (Chn, +X) N Sis unbounded, there is some z in it such that \\z—x\\ > \WA\\ .
Then the segment [0,2 — z], on one hand meets the ball B(y,¢), and on the other hand,
is contained in S—x by the convexity of S Thus B(y + z, €) N Sis nonempty. Since this
is true for every ¢ > 0 and since Sis closed, we conclude that y +x £ S. Since this is

true for every y G A, we conclude that S contains the ray A + z.
Lemma 2: Every unbounded convex subset S of IR? contins a ray.

Proof: The closure Sof Sis aso a convex set, by a known result. Now by Lemmal , 5
contains a ray A. Consider two cases:

Case-1: If Sis contained in aline, then Sis an unbounded convex subset of aline. It is
easy to prove that such a set contains aray ( a each of its points).

Case-2: If case-1 does not hold, take a vector x in Soutside A not collinear with it. Let r
be the distance between x and A. Let a€ A . Then the ball B(a,%) contains an element
yof S becausea G S. Then [z,y] C 5 because Sis convex. Take an element z in this
segment such that Z < ||z — X\ < % . Consider theray B at z parallel to A. We
clamthat BC S. Forevery S > \\A\ take a5 in A such that ||as]] > 6. Since as is
in S, thereis somexs in SO B(as, § ). If ys is the unique element of [z, zs] N B, then
Ws\ > , llz—asll >, (llasl| —|z]l) » Here we use theelementary theorem that any

line parallel to the base of a triangle divides the other two sides in the same ratio. Thus

we have proved that BN Sis unbounded. Therefore S contains B, because of convexity,
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and because z € S

Theorem 2. Let X be a non-compact convex subset of IR?, with nonempty interior.

Then PER(X) =

Proof: First we prove that X contains a retract horneomorphic to C;.

Case (i) Let X be unbounded.

By lemma 2, X contains aray A. Because X° #§,3x € X such that x is not collinear
with elements of A. Therefore the convex hull of AU {x} contains a haf strip H .This
H is retract of X; if the map r : X — H is such that r(y) = the unique element of H
nearest to y, then r is aretraction map.

But it can be proved that H is horneomorphic to the quardrant C,.

Case(ii): Let X be bounded. Then X is contained in some bal B(z,,r);z, € X°,the
interior of X. Consider X. Then there exists a homeomorphism h : X — B(z,,r)

satisfying

(i) h(zo)==z,

(ii) h "blows up”all the other points of Xin such a way that h takes boundary to
boundary. Let h(X) = Y. Then B(z,,7)C Y C B(z,,r)( because Y is not

compact).

It is known from complex analysis that there is a fractiona linear transformation from
B(z, ,r)\{apoint on the boundary } onto the upper half-plane H, = { (z,y) \y> 0} .
This yields a homeomorphism from Y to H; where H, = H, \ some subset of the x-axis.
Now C = {(z,y)|z > 0,y > 1} isaclosed convex subset of H;, and is therefore a retract

of H,. Also it is easily seen that C is homeomorphic to the first quadrant C, .
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Thus in both cases we have proved that X contains a retract homeomorphic to C; and
therefore PER(X) O PER(C;). But PER(C;)= p(IN) by Remark 3 of §1. Therefore
PER(X) = p(IN).

Theorem 3: Let S be aclosed disc. Then PER(S) = U, .

Proof: Without loss of generality, let S be the closed unit disc with centre as the origin

0. Let S be the boundary of S. Let S,, be the circle with origin O as centre and radius
o

Let A= {1 <ny<ny<nz< .} CIN. Now to exhibit a continuous functionf: S— S

with Per(f) = A, we proceed in the following way :

First let g : [0,1] — [0,1] be a strictly increasing continuous function such that {t €

[0 |gt) =i} = {0} U{ 1:ne IN} and such that t < g(t) for al t € [0,1].

Secondly h: [0,1] — [0,2x] is the unique function satisfying

(i) h( L)=2for al k in IN.

Nk

(i) on each subinterval [ 5y . 7 ], his linear.

Lastly, we use the above g and h to define f(pe®) = g(p)e’®*+HAdr al pe in S.

We observe the following:

(a) ftakes origin to origin.
(b) For each k in IN, f takes Sk to itself.

() On S, fis nothing but rotation by the angle of —.
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(d) fis continuous.
(6 Per(fls, = {ni},this follows from (c).

(f) {periodic points of f} = {0} U (U=,S,).

(@ A C Per(f)fdlows from (a8) and (¢) and Per(f) C A follows from (a),(e),

and (f).

These together prove that ¢4, C PER(S). The reverse inclusion follows from Brouwer’s

fixed point theorem .

83

Period Sets For Convex Subsets Of ET

Lemma 3: Let S be an unbounded closed convex subset of R", where n > 2. Let

z, € S Then there exists a hyperspace H such that SN (H + z,)is unbounded.

Proof: Let# : R* — IR? bethe projection map defined by #(z;, 3, * », .z,) = (z1,2).
Let Q1,Q2, Q3,Q4,be the four quadrants of IR%. Then because

4
S=J S n =7(@Qu
n=l

It follows that S N 7~!(Q,) is unbounded for some n in {1,2,3,4} . Without loss
of generality assume that it is the first quadrant C\ for which we have S N #~!(C;)
is unbounded.Similarly ,let C, be a hdf- subcone of C; such that S N =~1(C;) is un-
bounded. Proceeding in the same way,we get a decreasing sequence C; 2 ft 2 ft D

eee D (, D... of cones such that each Cr41 is a hdf- subcone of C, and such that S
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N 7~(Cy) is unbounded for al n.As seen in the proof of lemmal, 2SN 7~'(C,)is
same as S N 7 (N, E.$ Nnna~(aray a 0). Now »~! (aray at 0 ) is contained
in #=1 (aline through 0) which is a hyperspace H of IR™. If 0 € 5,then we can imitate
the arguments in the proof of lemmal to conclude that S N H is unbounded : however
some modifications are required in the proof.

Givenr > 0 and a positive integer k choose n large enough such that every element of C,
whose norm is less than 2r is a a distance less than 1/k from =(H).Choosez; in S
N 7~ 1(Cyn)such that || zx || > 2r . Since the segment [0, z, ] has to be a subset of S
, there is someyx in S such that r < WK\ < 2r and thereforey, is at a distance less
than Lk from =(H) . The sequence ( yx )in the compact bal B ( 0, 2r ) has to admit
a subsequence converging to somey, . Thisy, hastobein H . Also || yo || > r since for
each k, ||ykll >r. Alsoy, € Sbecause Sisclosed . Thus there are elementsin SN H
with arbitararily large norm . Therefore SN H is unbounded .

Thus we have proved the result if 2 = 0. For a general zp in S we apply this to the
convex set S - zo and get a hyperspace H such that ( S- zg) N H is unbounded . Now
it follows that S N (H + xo ) is aso unbounded.

Theorem 4: Let S be a bounded noncompact convex subset of R". Then PER(S =
p(IN).

Proof: It is known that every convex subset of IR™ is homeomorphic to some
p = B™\ { A subset of the boundary}, where B™is the closed m-dimensional unit
ball for some m < n. Without loss of genarality let (0,0, 0, e, 1) not bein
P. Consider the sphere S, with centre( 0, 0, 0, e++ , 1/2 ) and radius 1/2 . Then
S: \ {y} isaretract of P by the nearest-point map . Thisis because , for each x in Sy

, the segment [ x, y ] meets the smaller sphere S, at a point other than y , and therefore
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y cannot be the nearest point to x among the elements of S, .
Next let D ={ al x € S; such that al but the last two co-ordinates of x are 0 } .
Then D is homeomorphic to the 2-dimensional unit disc { (z,y)€ R? | ¥ + y* < 1}

The projection map P: S1\ {y} = D\{ylgivenby P(z;, z2, z3,°°°, 2, ) = (
0,0,0,¢¢ 2, 1,z,)iseasly seento bearetraction. We have already proved that ( in
the proof of theorem 2 ) D \ { ¥ } ishomeomorphic to the half plane H, of 1R%. Therefore
PER{S) = PER(P) D PER(S\{y}) D PER(D\{y}) = PER(H,) = p(N)
, by remark 3 .

Theorem 5: Let X be a nonempty convex subset of R". Then PER(X) has to be one
of the following:

@ {1}, © S, ( SU{B}, (d) Uy, or (¢) p(IN) according as

(@) X isasingleton,

(b) X is an infinite compact set in which al points are collinear,

(c) X is anoncompact set in which all points are collinear,

(d) X is acompact set in which there exist 3 points that are not collinear, or

(e) X is anoncompact set having 3 noncollinear points.

Pr oof:

(@) obvious
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Sarkovskii's theorem, together with its converse, proves (b) because X is

homeomorphic to I.

There are only two subsets of IR™ upto homeomorphism, that satisfy the con-
ditionin (c). They arealineL and aray A (A is homeomorphic to [0, 00)) |
= [0]] is aretract of [0, 00) which is aretract of 1R

Hence PER(I) C PER(A) C PER(RR). Therefore PER(A) is either Sor SU
{0}.

The map x — X + 1 is a continuous sdf map of [ 0, 00) to [0, 00) without
periodic points. Therefore PER(A) = SU {0}. ( in both the cases, whether

A isaline or aray)

In this case the set X is homeomorphic to the m-dimensional closed ball B™
for some m < n with 2 < m < n . It contains a retract homeomorphic to the
closed unit disc. Therefore by theorem 3 and Brouwer’s fixed point theorem

PER(X) = U, .

X is noncompact. Consider two cases . Case(l): If X is bounded then by
theorem 4, PER(X) = p(IN).

Case(2): If X is unbounded then by applying lemma-3 to X and using induc-
tion aong with lemma-1 we can prove that X contains a ray. Since X has
atleast 3 non-collinear points , thereis a point y in X outside the line of this
ray . Then Xn M = X N M. Applying lemma-2 to the unbounded convex
set X n M, and noting that we have case 2 of its proof , we conclude that
X n M contains a haf strip . This hdf strip , being a closed convex set |, is
aretract of X . It follows that PER(X) = p (IN) .
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Concluding Remarks

Some further results:

Some examples of non-convex subsets of IR? are

(a). The punctured plane IR? \ {0} .

(b). The compact annul us { (z,y ) €IR |1 <X +y <2},

©. {(z,9)€ R |e0,y>,a+y < 1, (z-12+(y-1)> > 1}
If X is any one of the these, we can find PER(X) ,by using the methods of
proofs of this chapter. We note that there are compact subsets Sof J? such
that PER(S) = p (IN).

Some limitations:

If we consider the larger class of connected sets , instead of convex sets then
the answer cannot be elegant . There are infinite number of families that arise
in the form of PER(X) . The n-ods studied in [3] are not only connected but
also star-convex .

An open question :

We know that every convex subset S of IR™ has the property that there is
an open connected subset V of R™with 0 < m < n and a subset T with

V CTC Vsuchthat S and T are homeomorphic . Therefore our main theo-
rem naturally leads us to the question : If T is as above , should PER(T) be

one of the 5 families listed in theorem 5 ? The answer seems to be affirmative.
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