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ABSTRACT

In Chapter 1 the background and motivation for studying the various nonlinear pro-

cesses investigated in the thesis is elucidated. An overview of the entire thesis is given

in this chapter. A brief introduction to the semiclassical and quantum treatment of the

interaction of radiation with matter is given.

The second, third and fourth chapters deal with phenomena completely explicable in

the semiclassical treatment while the last two chapters deal with quantum electrodynam-

ical competing processes which come under the purview of the fully quantum mechanical

Jaynes-Cummings model (JCM).

In Chapter 2 the formation of the coherent population trapping (CPT) state at low

light levels is demonstrated. A dynamical analysis of the behavior before the occurrence

of CPT is done by an eigenvalue calculation, which shows that the CPT state takes longer

to form for weak fields. An unusual sharp dip is discovered in the steady state response

of the system for unequal decay rates. The origin of the dip is traced to the trapping

conditions prevalent.

In Chapter 3 the effect of local fields on the CPT state in a dense system is studied.

CPT is shown to persist undestroyed under their presence for all ranges of field strengths.

A novel dispersive behavior is observed near the CPT condition in addition to the Lorentz

shift. The dynamical behavior of the system at times before the occurrence of CPT is in-

vestigated. Local fields are shown to delay the formation of the CPT state. Enhancement

of gain in a popular scheme of lasing without inversion is also demonstrated.

In Chapter 4 a simple analytic framework based on nonlinear response theory that

uses a fluctuating laser source for probing spectroscopic data of the atomic system is

presented. The idea is based on the fact that linear susceptibility has all the information

V l l



about the atomic system. A homodyne detection scheme with a phase shifter in one

of the arms to distinguish between the different orders in the electric field, is suggested

for the examination of the intensity-intensity correlations of the scattered light from the

medium.

In Chapter 5 a numerical study of the dynamics of the atom-field system is done in

the JCM with continuous external pumping. A simple analytical derivation is performed

to support the numerical study. This model is a simple example of the two channel

cavity quantum electrodynamical (QED) model where there is a classical field in one of

the channels. For exact resonance of the atom, the external field and the cavity mode the

dynamical properties of the atomic system are found to be identical to the properties in

the standard JCM where the field enters via the initial conditions. The field properties

in the two models are shown to be simply related. A complex behavior is shown to occur

in the case of finite detunings.

In Chapter 6 the dynamics of a fully quantum mechanical model of the two channel

cavity QED is studied. The competition between a three photon process and a single pho-

ton process occuring simultaneously between the two atomic levels is studied for various

initial conditions. Even the simplest case is shown to exhibit interesting mode mixing and

entanglement properties. The predictions of the quantum theory are compared and con-

trasted with the results obtained from various semiclassical theories. Unlike the quantum

case periodicity is found to be the signature of the semiclassical results. By comparing

this model with the JCM driven by an external pump studied in Chapter 5 the quantum

effects are shown to be rather dominant.

viii



Chapter 1

INTRODUCTION

The study of optics was revolutionized in a major way in two different centuries due to

two fundamental causes. The first was the grand unification of the laws of electricity and

magnetism with the laws of light by Maxwell [1] in the middle of the 19th century. With

this, most optical phenomena like reflection, refraction, dispersion could be explained

using a microscopic theory of interaction of electrons constituting matter and radiation

[2]-

The other cause was the development of the laser in 1960 by Maiman [3]. The

interpretation of experiments using the laser has necessitated extensions of the previously

developed theory in several directions. The comparative simplicity of theoretical tools

required for the treatment of light in the visible region was modified by the invention

of the laser. The high intensity of laser light alongwith spatial and temporal coherence

makes it possible to observe processes which are too weak to be detected with light

from a conventional source. For example several nonlinear optical processes have become

observable.

Laser has initiated a flood of detailed experiments of previously observed processes

with conventional light sources, e.g., scattering of light. The greater detail of experimental

investigation requires a more careful theoretical treatment. Also the understanding of the

inner working of the laser itself requires a careful treatment of the interaction of atoms

with electromagnetic (em) radiation.
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Introduction *

The study of the interaction of radiation with matter in different approximations, in

different situations and at different levels comprises a major part of quantum optics and

non-linear optics. The last two decades have been quite eventful for the quantum optics

community, where theory has tried to keep pace with experiments and experiments were

performed concurrently with the development of theory. The evolution from classical

theories to the fully quantum theories and the experimental verifications performed in

classical as well as most recently in the quantum domains makes an illuminating experi-

ence into the foundations of basic physics.

The interaction of radiation with matter is described in different theoretical frame-

works which are based on historical development and the kind of problems one solves.

In 1880 H. A. Lorentz [2] proposed the earliest theory now called the classical theory

where the constituents of matter follow Newton's laws and the light fields follow Maxwell

equations given by

where E is the electric field, B is the magnetic field, / is the current density, p is the

charge density and c is the velocity of light. These equations of Maxwell [1] unify the laws

of electricity and magnetism with the laws of light which led to the understanding of the

optical phenomena such as reflection etc. Lorentz accounted for these phenomena with

the proposition of a simple model based on the interaction of elementary charges and

dipoles which constitute matter with the classical electric and magnetic fields associated

(la)

(16)

(lc)

(Id)



where m, e and v are the mass, charge and velocity of the electron, and F is the Lorentz

force.

By the turn of the 20th century it had become clear that there were phenomena

in nature which cannot be explained by existing classical theories. While studying the

properties of matter scientists discovered that matter at atomic scales behaved nothing

like that at large scales. The first indication that the laws of classical physics breakdown,

arose with the study of the kinetic theory of gases and the black body spectrum. The

subsequent work of Planck, Bohr and Einstein culminated in the development of quantum

mechanics by Schrodinger, Heisenberg and Dirac. Use of quantum mechanics led to the

formulation of the quantum theories of light and matter. One discovered situations where

it was adequate to treat the electromagnetic field classically whereas situations involving

few photons required quantized theory. These are the semiclassical and the fully quantum

treatments. This thesis mainly deals with phenomena which fit into one or the other of

these frameworks. The first part of the thesis deals with laser phenomena fully describable

in the semiclassical regime. The second part of the thesis concerns phenomena for which

a fully quantum treatment is required for a complete description of the physics. A brief

introduction to the two models supported by important examples of laser phenomena,

understood in these two frameworks, relevant to our thesis study is given in what follows.

3
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Introduction

with the light waves. He assumed that the charges are bound to the neutral atoms and

when interacting with the em field oscillate about their mean positions. Each electron-

ion pair behaves like a simple harmonic oscillator and couples to the em field through its

dipole moment. The motion of such a dipole comprising the dielectric system is governed

by the Lorentz equation



Introduction 4

1.1 First Quantization and the Semiclassical Approximation

The light field is treated classically by Maxwell's equations but matter is quantized

and is treated by Schrodinger equation. The quantum theory predicts that atoms are

in a superposition of energy levels and that they are like electric charges on springs i.e.,

dipole harmonic oscillators, when subject to an em field. The classical oscillator (Lorentz

model) exhibits analog of spontaneous emission, stimulated absorption and emission. Its

processes depend on the oscillator's initial phase. But in the case of the quantum dipole

the incident field induces the right phase for stimulated emission irrespective of the initial

phase. So the quantum dipole oscillator picture of the atom is absolutely necessary for

all laser phenomena studies. The electron's motion is quantized by replacing the classical

variables with operators, i.e.,

p—•_tW, H—>ihd/dt. (1.3)

Here h = h/27r where h is the Planck's constant and p is the momentum of the electron.

The Hamiltonian energy H is replaced by the complex operator ihd/dt. The semiclassical

Schrodinger equation for the wave function ^(r,tf) of the system is

(1.4)

(1.5)

(1.6)

and the interaction Hamiltonian is

where the unperturbed Hamiltonian is



where d = er is the dipole moment operator. This form of interaction Hamiltonian

is widely used in laser theory and nonlinear optical phenomena. However, it is very

difficult to study the interaction of even one atom with light exactly. In laser physics

other simplifications can be made depending on experimental conditions. One of them

is the two-level approximation.

A useful approximation often used in quantum optics at this stage is the dipole

approximation which puts the interaction Hamiltonian in a simpler form.

DIPOLE APPROXIMATION

The wavelength in optical and suboptical regions is very large compared to the size

of the atom. So the field variables like E(r,t), A(r, t) are assumed to have no spatial

variation in the vicinity of the atom and hence they can be replaced by E(t),A(t).

In dipole approximation a transformed Hamiltonian is convenient to use instead of

(1.7). Using the transformation *(f , t ) = e&r'*\l)(r,t) in Eq. (1.7) we get

Here A and $ are the vector and scalar potentials respectively. V(r) is the Coulomb

potential experienced by the electron. If A —> A' = A + V* and V —> V = V + \^

there is no change in E and B. Here \ is an arbitrary scalar function. This allows one

freedom to choose a suitable gauge in different problems. One common gauge is the

Coulomb gauge where V.A = 0 and 3> = 0. In the Coulomb gauge Eq.(1.6) becomes

Introduction 5
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(1.8)

(1.9)

The semiclassical atom and field interaction Hamiltonian is now given by
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TWO LEVEL APPROXIMATION

If the incident radiation field is nearly monochromatic and if it almost coincides in

frequency with one of the transition frequencies of the atom, this atom can be thought of

approximately as a two-level atom. In reality no two-level atom exists, but many coherent

resonant interactions do involve only two levels under suitable conditions. For example

the spectral width of the applied field should just make the central frequency transition

possible. A common mathematical notation for the two level atom is introduced below.

Let the excited and ground levels be denoted by |1) and |2) in the Dirac notation.

Now |1) and |2) are the eigenstates of the unperturbed Hamiltonian, Ho, for the two-level

atom. So

(1.10)

where E\ and E2 are the energies of the levels |1) and |2) respectively.

The dipole operator is written as

where i,j = 1,2 and i ^ j and d{3 is the average of the dipole operator between the

states \i) and |j), i.e. d{3 = (2|djj). <?is a vector operator and has odd parity, hence no

diagonal elements exists.

Let us consider the interaction of the two-level atom with a plane monochromatic em

field. Using the dipole approximation the electric field is evaluated at the position of the

nucleus R and is written as

where £ is a constant (continuous wave). The frequency u; is chosen to be close to the

transition frequency u>0 defined as u>0 = ^j^2-. If the origin of the energy is midway

between E\ and E<i, using Eq.(1.9) and (1.10) the total Hamiltonian of the system is

(1.12)

(1.11)



A two level atom is similar to a spin | particle in a magnetic field. The dynamical

equations for a two-level atom derived from the Schrodinger equation are the same as

those for a spin | particle. In the spin \ notation the following definitions apply:

where S+ and S are the raising and lowering operators and Sz is called the inversion

operator. The nomenclature is appropriate because 5+ acting on ground state |2) gives

the excited state |1) and S~ acting on excited state |1) gives the ground state |2). The

expectation value of Sz is related to the difference of the populations in the excited and

ground states. Hence Sz is called the inversion operator. Also S+ = Sx 4- iSy and

S~ = Sx ~ iSy. From the angular momentum algebra, commutators satisfied by the

atomic operators are [S^S*] = ^S*, [S+,S~] = 2SZ.

Hence in the spin | notation the total Hamiltonian of the interaction of a two level

atom with em field is

The presence of variables changing rapidly at optical frequencies makes it difficult

to understand the dynamics of the situation. To reduce the number of rapidly changing

variables and to simplify the situation using the unitary operator U = e~lu/e5* a canonical

transformation is made to go to a co-ordinate reference frame rotating with the frequency

u> where the effective Hamiltonian is given as

Introduction

written as

7

(1.13)

(1.14)

(1.15)

(1.16)

Taking the interaction part of i/e / / and substituting (1.12) for the electric field, we get

(1.17)
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As is observed above, in the rotating frame, one part of the interaction is static as it

rotates with the reference frame and is thus called the rotating part, while the other part

is oscillatory which is rotating in an opposite direction to the reference frame and hence is

called the counter rotating part. One useful approximation in the optical domain, which

is made at this juncture is the rotating wave approximation (RWA).

ROTATING WAVE APPROXIMATION

In this approximation the counter rotating part which fastly oscillates at twice the

optical frequency is thrown away. Optical frequencies are ~ 1015 Hz. But most optical

detectors have a sensitivity limit of ~ 10~12 sec. Thus the counter rotating effects are

essentially unobservable which justifies the RWA.

In RWA the effective Hamiltonian is given by

where A = a>o — u is the detuning factor between the atomic transition and the electric

field and 2g = 2di2.£/h is called the Rabi frequency, being the optical analogue of the

frequency in magnetic resonance phenomena described by I.I. Rabi [4]. If the system is

initially in the ground state |2), under the action of the effective Hamiltonian the final

state of the system is given by

where \Q\2 = A2+4|<7|2 is the generalized Rabi frequency. Using Eq. (1.19) many dynam-

ical variables can be calculated. For example, inversion (Sz) in the atomic system. It is

the expectation value of the inversion operator S2 in the state \i/>(t)) i.e., (il>(t)\S*\il>(t)).

Inversion is defined in terms of the atomic excitation probability as

(5') = P.(t) - \ (1.20)

(1.18)

(1.19)



This suggests that the atom undergoes sinusoidal oscillations between the ground and

excited states, termed as Rabi oscillations (analogous to the magnetic resonance studies).

Probability oscillates between 0 and 4|#|2/|H|2.

An alternate way of studying the dynamics of the system in the semiclassical picture

is to write the dynamical equations for expectation value of the atomic operators using

the Heisenberg equation of motion ihO = [0, H] for any operator not explicitly time

dependent. At this juncture a simple assumption is made that quantum correlations

between field and atom are unimportant. This is the semiclassical approximation. The

equations thus obtained are called the Bloch equations [5] the solutions of which describe

the dynamics of the system for all times even as the state vector approach does.

All the above description was when only a single monochromatic electric field in-

teracts with an atom. The simultaneous application of two (or more) near resonant

monochromatic radiation fields gives rise to the possibility of studying new features in

nonlinear phenemena that may be shown in configurations with a larger number of levels.

The three-level system interacting with two monochromatic fields is a natural extension

of the two level system and is a configuration where nonlinear phenomena are great-

ly enhanced. The development of tunable, monochromatic dye lasers has produced an

explosion of three-level investigations.

One of the consequences is that researchers working in the investigation of the optical

properties of nonlinear media, have come to recognize that in the quantum mechanical

evolution, coherences between atomic states play a very important role. An atomic

coherence is connected to a well-defined phase relation between the atomic states.

(1.21)

9Introduction

where the probability is given by
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An interesting off-shoot of atomic coherence effects was the observation of non-

absorption resonances. Alzetta et al [6] discovered that the fluorescence intensity of

Na vapour excited by a multimode dye laser when observed as a function of applied

magnetic field decreased, whenever the frequency difference between the two laser modes

coincided with the frequency of a hyperfine transition. Orriols [7] used the semiclassical

density matrix to analyse the steady state behavior of a three-level A system using a

laser constituting of two classical monochromatic fields and to realize conditions under

which the narrow dip in absorption of the medium appears. He found that a transverse

optical pumping aided by spontaneous emission occurs that accumulates all the atoms in

a coherent superposition state of the ground states now called the coherent population

trapping (CPT) state in which they are no longer able to absorb the pumping fields.

He summarized that the CPT phenomenon occurs due to the simultaneous excitation

pathways between the two ground levels and the excited state. Agarwal [8] had actually

demonstrated quite earlier that trapping occurs in spontaneous emission when the fields

are the vacuum radiation fields. The CPT state is found to be stable under the action

of spontaneous decays and the two external fields. However any inclusion of collisional

effects of the medium washes out the narrow coherence minimum.

CPT has been extensively studied using classical fields [7-11]. The conditions for

population trapping have been explicitly derived in N-level atoms [9]. The effect of

various relaxation mechanisms, strength of the laser driving fields [10], bandwidths of

the fields [11] etc., have been analyzed thoroughly.

A lot of experimental work has been done on CPT which has aided in the laser

manipulation of atoms. Very narrow widths of the minimum in the absorption curve of

the medium have been achieved by Thomas et al [12] in atomic sodium with widths less

than the natural line width. Such narrow resonances are used in frequency standards.

CPT has been utilized in the control of atomic level populations. Recently CPT concept
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was utilized in an efficient and selective coherent population transfer in NO molecules

using pulsed laser [13]. Velocity selective CPT [14] is another way to control response of

atoms. The basic idea is to realize pumping of atoms into a state with a given velocity

where atoms are decoupled from the radiation by properly choosing the incident laser

beams.

CPT has also led to the discovery of some novel, fascinating phenomena in laser

physics like electromagnetically induced transparency (EIT) , lasing without inversion

(LWI) and enhancement of index of refraction. EIT [15] is a more general phenomenon

than CPT. It is caused by quantum interferences and unlike CPT can occur without

population moving around the system. LWI utilizes the EIT/CPT. Under optimum

conditions like selection of laser frequency etc., absorption to excited state is reduced to

zero but stimulated emission is not affected. So with null absorption any little emission

from the excited state leads to amplification of radiation without the need for population

inversion at all [16]. One of the schemes for LWI [17] is based on phase dependent

quantum interference arising from the utilization of external coherent fields or in other

words trapping effects. LWI in CPT context is visualized as inversion existing in the

basis of the absorbing (coupled) and non absorbing (uncoupled) superposition states of

the ground states. The population in upper level need not exceed the total population of

lower levels but only the population of the absorbing state. Recently LWI via population

trapping was demonstrated [18] within the sodium D\ line using a cw dye laser. CPT

has also led to the discovery of ultra high index of refraction with a low absorption [19].

In the first part of the thesis we study some of the dynamical and steady state aspects

of the CPT phenomena within the three level lambda (A) configuration for different

conditions.

In Chapter 2 we demonstrate the formation of CPT state even at low light levels which

belies the the perturbation theory which would imply only a small amount of population
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can be transferred for weak fields. A dynamical study of the formation of CPT state

shows that for decreasing fields CPT takes longer and longer to occur. We perform an

eigenvalue analysis to get an idea about the time scales involved. We do a perturbative

calculation in the case of low fields, which shows that the minimum eigenvalue is inversely

related to the sum of the decay rates from the upper level to the two lower levels. This

discovery tallies with the numerically calculated system response where the system takes

a longer time if one of the decay rates is increased. In the case of unequal decays steady

state analysis, an unusually interesting, hitherto unfound sharp dip is discovered in the

behavior of the population of the ground state, at the CPT condition. The origin of the

dip is traced to the trapping conditions prevalent.

In Chapter 2 we study CPT in a dilute medium, where the effect of the neighbouring

atoms could be ignored. However, for a dense medium we have to account for the effect of

the neighbouring atoms (called the near dipole-dipole effect). In most optical studies we

assume that the electric field acting on each atom is the macroscopic field that appears

in Maxwell's equations. This is true only in the case of a medium which is so dilute

that its linear dielectric constant is almost unity. The macroscopic field actually has a

contribution not only from the external source but also due to the dipole moments of the

other dipoles in the material. The effective field that each atom experiences is called the

Lorentz local field [2].

In dense media the inclusion of near dipole-dipole effects gives rise to corrections

called the the local field corrections (LFC) in the linear (Lorentz law) [2] and non linear

susceptibility [20]. A nonlinear relation between atomic polarization and macroscopic

susceptibility is defined which has enormous implications on the optical properties of the

medium. This relation has led to the discovery of new effects.

Recently the LFC were incorporated into the optical Bloch equations [21] and the

response of the atom to a strong near-resonant pump field was studied. A novel intensity
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dependent spectral shift called the dynamic Lorentz shift that varied throughout the

resonance line shape was found. For weak fields a static Lorentz shift was observed and

for strong fields the response was independent of the LFC. In a recent nice experiment [22]

the optical response of a dense potassium vapour under conditions where local field effects

become important was measured. The results confirmed the predictions of the linear and

nonlinear response theories. It was also demonstrated that the densities required for the

local field effects to be important are not large.

The generalized theory of the processes of LWI and enhancement of index of refraction

in a three level system by inclusion of local fields was studied in Ref.[23]. Their work

predicts a novel enhancement of inversionless gain and absorptionless index of refraction

by more than two orders of magnitude for certain values of atomic density. As was

discussed in the preceding pages CPT is closely associated with LWI and enhancement

of index of refraction. Hence it is important to study the influence of local fields on the

formation of CPT state. It would also be fruitful to get an idea about the effect of LFC

on the dynamics before steady state occurs.

In Chapter 3 we investigate the characteristics of the CPT state in a dense medium.

We incorporate the local field effects into the density matrix equations. We illustrate

how CPT persists undestroyed in the presence of LFC for all ranges of field strengths.

In addition to the Lorentz shift in the steady state response we demonstrate a novel

dispersive behavior near the CPT condition besides important asymmetries and shifts

of the Autler-Townes peaks in absorption spectra for strong fields. For weak fields we

show that the LFC shift the minimum of the sharp dip which was predicted in Chapter

2 for unequal decay rates near the CPT condition, without destroying the CPT itself.

We also study the effect of local fields on the dynamics before CPT occurs and show

that the evolution to the CPT state is delayed due to the local fields. In this chapter we

demonstrate enhancement of gain with the inclusion of LFC in a popular scheme of LWI.
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The absorption minimum occurring due to the CPT is a good pinpointer of the

particular two levels involved in the trapping phenomenon. The minimum gives valuable

spectroscopic information of the atomic system under consideration. However two laser

fields are required for this technique to be used. It would be advantageous to utilize

just a single field to derive atomic level information. Recently, Yabuzaki and coworkers

[24] used diode lasers to demonstrate that field fluctuations can be useful in extracting

atomic spectroscopic information. Diode lasers have a power spectrum that has sufficient

spectral density in the tails to excite an atomic transition and produce a field that has

a stable amplitude with large phase fluctuations. When such a field propagates through

a medium the atomic resonances convert phase fluctuations into amplitude fluctuations

and the transmitted field has excess intensity fluctuations compared to the input field.

The excess fluctuations contain information about the atomic lines.

In Chapter 4 we present a new simple analytical framework based on linear response

theory that uses a fluctuating laser source for probing the properties of the atomic medi-

um. The idea is based on the fact that a fluctuating field would induce a fluctuating

polarization in the medium which in turn would give rise to a fluctuating radiated field.

We exploit the fact that linear suceptibility contains all the atomic structure information

in it. We use a detection scheme where the radiated field is homodyned with the inci-

dent field and examine the power spectrum of the resulting intensity-intensity correlation

function. It is shown that by including a phase shifter in the detection apparatus one can

isolate the contributions to the correlation function that are linear and quadratic in the

radiated field. While the quadratic contribution is shown to lead to Lorentzian shaped

resonances, the linear contribution exhibits dispersive-shaped resonances. A three-level

V-system is used for the atomic model where there are two resonances in the spectrum

corresponding to the two allowed transitions. The analysis we present is very general

and can be applied to a wide variety of atomic and molecular systems.
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1.2 Second Quantization and the Quantum Model

Another level of interaction of radiation and matter is the fully quantum mechanical

model where not only matter but also em radiation is quantized. A brief outline of

quantization of radiation in a cavity is given below using Fermi's simple approach to

electrodynamics.

Working in the coulomb gauge and using the relations

This is the wave equation which determines the propagation of em fields in vacuum. The

total energy H of the field inside the cavity is

in Eq.(lc) gives

(1.22)

(1.23)

(1.24)

(1.25)

where dV is the volume element and the integration is over the entire volume of the

cavity.

It is convenient to represent fields in terms of plane traveling waves. The vector

potential is written as a linear superposition of plane waves in the form

(1.26)

where a = 1,2 are the two directions of polarization, and vector eoa specifies the polar-

ization. The numbers aaa and a\a are constants. We choose ea\ _L ea2- ka is the direction

of propagation of the plane wave and if k\ = w\l<? each term in the series satisfies the

wave equation in (1.24). From the Coulomb gauge condition eaa.ka = 0. Hence E and A

are transverse to the direction of propagation.



Introduction 16

The electric and magnetic fields are determined from the three components of >4,

Ax,Ay and Az at each point (x,y,z) and at time t. Hence an uncountably infinite

number of variables have to be specified. If the cavity boundary conditions are imposed

on the fields the wave equation in (1.24) has infinite, discrete and a complete set of normal

mode solutions orthogonal to one another. The number of variables is countable now.

We now show that A(r,t) and E(r,t) can be expressed in terms of canonically conjugate

variables. We let

The variables aa(T(t) and a\a(t) can be used to describe the field. We introduce the real

variables paa and qaa by

(1.31)

which satisfy the orthonormality conditions

and

(1.27)

(1.28)

(1.29)

From Eqs.(1.25) and (1.29) the Hamiltonian for the cavity is

(1.30)

(1.32)

Using Eqs.(1.22) and (1.26), the electric field is expressed as



where n denotes the number of photons in that particular mode ol radiation held and

runs from 0 to oo. a^a is called the number operator and \n) is called the number state

or Fock state. As observed from Eq. (1.35) \n) is an eigenstate of the Hamiltonian of the

system too. The eigenvalue spectrum of H consists of eigenenergies nhuj where n is the
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But Haa is the energy of a harmonic oscillator of frequency u>a and so the field energy

is equal to an infinite set of uncoupled radiation oscillators. paa and qaer are canonically

conjugate momentum and position variables satisfying the canonical Hamiltonian equa-

tions of motion. The choice of multiplication constant

take care that H would have units of energy, huja.

in Eq.(1.26) was to

To quantize the em field, energy of each of the infinite set of oscillators is quantized.

We associate Hermitian operators with the conjugate variables qaa and pa(r and as it

is experimentally known that photons are bosons they satisfy the bosonic commutation

rules. In terms of the non-Hermitian operators aao and a\a, the commutation relations

are

The Hamiltonian for the field (1.31) with the zero point energy removed reduces to

(1.33)

(1.34)

(1.35)

(1.36)

The operator a*a is Hermitian. Let \n) be the eigenstate of a^a with the eigenvalue n,

i.e.,

In the case of only one mode being present in the cavity H is given by



Introduction 18

number of quanta. From the commutation relations (1.33) and simple algebra, operators

a and a* acting on the Fock state give rise to

a is called the annihilation operator as it destroys a photon and lowers the state of the

radiation field from \n) to \n — 1) and a* is called the creation operator as it creates a

photon in the radiation mode and raises the radiation state from \n) to \n + 1). a,a^ are

also called the ladder operators.

The Fock states are an orthonormal set of vectors i.e., (ni\ri2) = ^m,n2 • The Fock

states form a Complete set of basis states. The completeness relation is given as

Using the non-negative and real nature of n and the property (1.37) it is seen that

a|0) = 0 .

where |0) is the vacuum state of radiation field.

Another category of radiation states is the coherent state which is the eigenstate of

the operator a, i.e.

The coherent state is studied in detail in Ref.[25]. The form of |a) is given in Eq. (6.22)

of Chapter 6.

Using the semiclassical Hamiltonian in Eq.(1.15) and the Hamiltonian for the quan-

tized radiation field in Eq.(1.34) the Hamiltonian for the interaction of a collection of

noninteracting, identical two-level atoms with the quantized radiation field, in dipole

a\a) = a\a). (1.40)

(1.39)

(1.38)

(1.37)
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approximation is given as
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(1.41)

where E{ is the quantized electric field at the point where the 2th atom is located and <?•)

is the dipole moment operator for the ith atom. Substituting for E{ from Eq.(1.31) we

get

(1.42)

(1.43)

where gaa is the coupling coefficient given by

Usually we consider systems confined to a space whose dimensions are smaller than a

wavelength w/c. So the spatial variation of gaa can be ignored In Eq.(1.42) we have

assumed that the dipole matrix element is real i.e., d^ = <4i by making a proper choice

of phase. Also as all the atoms are identical du is independent of the index t.

At this juncture we make the RWA where one ignores the antiresonant terms like

aaa^i" w h i c n corresponds to simultaneous creation of a photon and atomic excitation. In

RWA the quantized Hamiltonian of interaction of radiation with matter is

The major difference between the semiclassical picture and the quantum picture is that

the reaction of the spin 1/2, two-level atom on the radiation which was ignored in semi-

classical picture is included in quantum Hamiltonian by quantizing the radiation field.

The fully quantum Hamiltonian in Eq.(1.44) acts as the starting point for most of the

quantum electrodynamical studies in quantum optics.

(1.44)
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Irrespective of the success of the semiclassical radiation theory, quantum mechanics

provides the best current picture of physical phenomena and a most complete descrip-

tion of the radiation field must be sought in quantum mechanical laws. Quantum theory

provides rigorous expressions for observable parameters which characterize the radiation

field and its interaction with atoms. In many situations classical field fails to give ex-

perimentally observed results whereas quantum field succeeds. Other situations occur

when one discovers an optical problem which even though idealized, but can be solved

explicitly within the framework of a quantized field theory. Such problems are rare -

enough to have an importance of their own, virtually independent of their relevance to

possible experimental work. If such models become realizable by experiments then there

is no limit to the depths of understanding one can go to. A beautiful example of such a

problem is the Jaynes-Cummings Model (JCM).

The JCM consists of the interaction of a single two-level atom with a single quantized

cavity mode of the em radiation. The model is dynamically nonlinear as it signifies the

coupling of a fermion (the two-level atom) with a boson (the quantized field mode). In

1963, Jaynes and Cummings [26] provided an exact solution to it and compared it with

the semiclassical results. They found the stationary states and the exact eigenvalues of

the coupled atom field system. They revealed the existence of Rabi oscillations in atomic

excitation probabilities for fields with sharply defined energy.

Despite its ideal character JCM exhibits a rich variety of quantum phenomena. With

more and more detailed research on the JCM, newer facts of the model are becoming

transparent. After Jaynes and Cummings' paper in 1963 several papers extending their

work appeared. Cummings and others [27] studied the short time atomic dynamics and

field statistics in JCM for an initial coherent state where a dephasing or collapse of the

sinusoidal oscillations appeared in the atomic inversion and the dipole moment in spite

of the model being completely lossless. Eberly and coworkers [28] studied the long time
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behavior where in addition to the collapse a revival or partial recorrelation was observed

during which the initial state is almost recovered. Analytic formulas for the collapse

function, the revival period and the amplitude of the revival envelope were also derived.

The physical reasoning for collapse and revivals has been understood. The collapse is

due to the destructive interference of quantum Rabi oscillations at different frequencies.

Such a collapse occurs even under a classical field with intensity fluctuations. However

the revivals are a purely quantum effect that originate in the discreteness of the quantum

states of the harmonic oscillator, the "granularity of the field" [28].

Even though JCM is too idealized and made simple it provides new insights into some

of the most basic physical properties and gives unexpected results. Much effort has been

directed towards extending the model to more realistic description of experiments. For a

review of the JCM and its numerous extensions see Ref.[29]. JCM remained a theoretical

curiosity till the mid 80's because the matrix elements describing the radiation-atom

interaction are so small that the field of a single photon is not enough to lead to an atom

field evolution time shorter than any other characteristic times of the system such as

natural line-width, the time of flight of the atom through the cavity and cavity mode

damping time.

With the making of frequency tunable lasers it is now possible to excite large popu-

lation of highly excited atomic states characterized by a high principal quantum number

n of the valence electron. These states are called the Rydberg states [30] as their energy

levels are described by the Rydberg formula. These atoms are ideal for observing quan-

tum effects of radiation-atom coupling due to three reasons-(l) The states are strongly

coupled to the radiation field (transition rates scale as n4). (2) Here transitions occur in

mm wave region so that low-order mode cavities can be made large enough to allow long

interaction times. (3) Rydberg states have longer lifetimes.

The idealised case of JCM was realized with the one atom maser recently [31]. In
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the experimental test of the JCM, Walther and co-workers [32] used Rubidium atoms

corresponding to the transition 63p3/2 —> 61J3/2 in a superconducting cavity of very high

quality factor 2.7xlO8 at a temperature of 2.5 K. A clear collapse, the quiescent interval

and the revival of oscillations which now has been recognized as a purely quantum feature

were observed.

Most of the literature on JCM and its generalizations is devoted to a given mode acting

only on one optical transition i.e., the modes do not act simultaneously on one transition.

But in realistic situations several nonlinear processes can go on at the same time if

the atom is interacting with different radiation mode fields. For example pump-probe

processes, quantum beats, and several other nonlinear mixing effects. Such processes

come under the category of 'two-channel' phenomena.

Semi classically it is also known that if an atom interacts with different fields, compet-

ing processes occur in the system leading to interferences [33] which eventually determine

the dynamics of the system. The situation is called the nonlinear optical balance [34].

The standard approach to competing processes is through Maxwell equations for the

two competing fields. The polarization terms in Maxwell equations are derived from

the Maxwell-Bloch equations for the atom. Such a treatment yields the evolution of

mean values of the fields. But it does not lead to any information on the quantum

dynamics of the competing processes. Clearly competing processes warrant a quantified

field treatment and a generalization of JCM to situations where more than one field

acts on the same transition. This would be especially important in understanding the

quantum statistics of the generated fields.

In the second part of the thesis we study situations where the JCM has been extended

and generalized to situations where two radiation fields act simultaneously between the

two-states of an atom. Effectively the atom is coupled to the two-fields via 'two-channels'.
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In Chapter 5 of the thesis we study the JCM where a two-level atom is being continu-

ously pumped by an external laser field in addition to being coupled to a cavity mode. In

this problem the external pump is treated classically while the cavity mode is quantized.

The interaction of the atom with the cavity mode is just the single channel JCM. The

presence of the external pump creates an alternate pathway between the two states of

the atom. We numerically and analytically study the dynamics of the system when the

external field and the cavity mode are on resonance. A one to one correspondence is

established between the results for the JCM with continuous pumping and the standard

JCM where the coherent field enters via the initial conditions. We show that the dynam-

ical properties of the atomic system for the JCM which has the cavity mode in vacuum

state initially but is continuously pumped by an external laser field are identical to the

dynamical properties of the usual JCM with cavity mode prepared in a coherent state.

The dynamics of the cavity mode in both systems is shown to be simply related. The

familiar collapse and revival phenomenon is exhibited by the atomic probability. The

transfer of energy between the coherent laser field and the cavity mode is mediated by

the atom due to simultaneous excitation pathways of the two fields.

The JCM with a two level atom interacting independently and dynamically with

two fully quantum modes via two different nonlinear processes occurring in the two

simultaneous excitation channels now forms an interesting proposition. One previous

work concerns the competition between Stokes and Anti-Stokes processes by Eberly and

co-workers [35].

Unlike the previous chapter where one of the channels had a classical field, in Chapter

6 we present a fully quantum picture of an atomic system interacting with two modes in

a lossless cavity via three photon and one photon absorption processes i.e., we present

a cavity quantum electrodynamical (QED) version of the nonlinear optical balance [34].

Using a state vector approach, we study the evolution of the mean photon number of
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the two modes and the atomic excitation probability for various initial conditions of the

system. The most simple case is where the atom is in the ground state, the fundamental

mode is in a Fock state with three photons and the third harmonic is in the vacuum

state. This case exhibits the quantum Rabi oscillations with a periodic exchange of

energy between the two modes with the atom acting as an intermediary. Even this simple

case exhibits interesting mode mixing and entanglement properties. A comparison of the

dynamical behavior is made between the cases when the system is in the Fock state

and the coherent state with the predictions of the semiclassical theory where the fields

evolve according to classical dynamics. The semiclassical theory predicts a periodicity

reflected in the conservation laws derived, which is in contrast with the quantum results

but which is similar to the semiclassical results of the standard JCM. All our study

emphasizes the presence of strong quantum mechanical interference effects in the cavity

with two simultaneously occurring quantum dynamical processes.
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Chapter 2

COHERENT POPULATION TRAPPING AT LOW LIGHT

LEVELS

Atomic coherence and quantum interference effects have led to many surprising phenom-

ena in optical physics. Use of coherence and related phenomena in the laser manipulation

of atomic media has led to some path-breaking experiments. Atomic coherence is created

using different techniques. For example microwave driving of the levels or Raman driving

via an additional level and pulse induced coherence. With this possible novel concepts

like lasing without inversion [1,2], electromagnetically induced transparency [3], efficient

transfer of population from one state to the other [4] have become realistic notions.

The role that coherence plays in the behavior of a nonlinear medium was first indicated

by an experimental observation in magnetic resonance experiments by Alzetta et al [5]

and others [6]. Some dark resonances were observed when the fluorescence spectrum of

Na atoms was scanned as a function of the applied magnetic field. This phenomenon is

now called coherent population trapping (CPT). CPT is said to have occurred when a

three level system with two closely spaced ground levels optically coupled to a common

excited level by two coherent fields gives rise to trapping of population in a coherent

superposition of the ground levels. The coherent superposition state is termed as the

coherent population trapping state. This occurs under the condition that the frequency

difference between the two fields is equal to the separation between the two ground levels

which is called the two photon resonance (TPR) condition. The CPT state possesses

28
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zero matrix elements of interaction with the common excited level. Thus the system

eventually reaches a state in which the common level is uncoupled from the rest of the

system. Hence the CPT state is the stationary state of the Hamiltonian which remains

nonevolving.

The first theoretical explanation of CPT was given by Orriols [7] who studied the

steady state response of a medium with three-level atoms, by writing the solution of

semiclassical density matrix equations of motion. At the TPR condition a narrow mini-

mum in the absorption spectrum was observed. This is the coherence minimum which is

an indication of CPT.

Gray, Whitley and Stroud [6] discovered a constant of motion which gives rise to two

superposition states which are combinations of the ground levels. One superposition is

the trapping state. It is also called the nonabsorbing, nonevolving or uncoupled state.

The other is the untrapped, absorbing or coupled state. The spontaneous emission in

the system pumps in a few lifetimes all the population from the untrapped state to the

trapped state. In steady state there is no population in the untrapped state. All of it

is in the trapped state. Hioe and Carroll [8] elucidated the conditions under which a

multilevel quantum system irradiated by a laser will possess invariants in the system.

The CPT has been extensively studied using classical fields [7-10] and the conditions

for population trapping have been explicitly derived. The effect of the various relaxation

mechanisms, strength of the laser driving fields [9], bandwidths of the fields [10] etc. have

been analyzed thoroughly. Recently CPT has been dealt with in the context of quantized

fields and some novel properties were discovered [11]. The CPT concept has been utilized

in different situations. Some of the most prominent applications were the demonstration

of lasing without inversion [12] and efficient transfer of population from one state to the

other [4].

The form of the CPT state given in Eq.(2.19) below implies that the laser fields can be
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arbitrarily small and yet the trapping state will be formed. This is sort of against one's

intuition based on the perturbation theory which would imply that only a small amount

of population can be transferred for weak fields. It is clearly important to understand the

dynamics of the system leading to the formation of trapping states at low intensities. In

this chapter we study the dynamics of the formation of CPT state in a three level system

under various conditions of field intensity and spontaneous decay rates. It is found that

as the field gets weaker in comparison to the decays the time taken for CPT to occur

gets lengthened preventing a short-time perturbation calculation.

Another feature we study in this chapter is the effect of unequal decay rates on

the steady state response of the three-level system, especially near the CPT condition.

Unequal decay rates play an important role in the context of LWI [13]. In Harris' paper

a necessary condition for LWI to occur is that the spontaneous emission on the transition

where probe field acts must be less than that on the transition where the pump field acts.

Also in most A-systems such as Cs and Rb one will encounter unequal decays. Here we

demonstrate an interesting, hitlierto undiscovered sharp dip in the steady state response

of the medium for unequal decays.

In Section 2.1 we analytically derive the steady state response of a three-level atomic

model of Lambda (A) configuration at TPR condition using the semiclassical density

matrix formalism. We then numerically demonstrate the steady state behavior of the

populations and coherences (at low intensities of the laser fields) around TPR condition .

We discuss the mechanism of CPT phenomenon in detail. In Section 2.2 we demonstrate

an unusual dip in the ground state population in the case of unequal spontaneous decays.

We give a detailed analysis of the formation of the dip using the closed form expression

for the ground state population. We demonstrate that the origin of the dip is due to the

trapping conditions prevalent at TPR condition. In Section 2.3 we derive the form of

the CPT state and discuss its nonevolving nature. In Section 2.4 we study the effect of
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various factors like field strengths and spontaneous emission rates on the dynamics of the

formation of the CPT state by using a simple eigenvalue calculation and corroborating

its prediction of the time scales involved by numerical integration of the density matrix

equations. Further we perturbatively find an analytic closed form for the minimum

eigenvalue which decides the relevant time scale, in the case of low light levels.

2.1 The Model and the CPT Phenomenon

Consider a three level system consisting of a single resonant excited state |1) optically

coupled with two closely spaced ground sublevels |2) and |3). States |1) and |2) have en-

ergies UUJQ and hujR w.r.t the state |3). Two classical monochromatic fields of frequencies

Qi and Q,2 couple the transitions |1) <-> |3) and |1) <-+ |2) respectively. The states |2) and

|3) are not coupled directly due to parity constraints. Let 271(272) be the spontaneous

emission rate from state |1) to state |3) (|2)), (Figure 2.1).

Extending the semiclassical Hamiltonian for a two-level atomic system interacting

with a monochromatic field given in Eq. (1.13) in the introductory Chapter 1 and using

Ref. [14] the total Hamiltonian for a three-level system interacting with two laser fields

in the RWA is written as

where Axy are the atomic transition operators \x)(y\. Here di3 (d12) is the atomic dipole

interaction term between the states |1) and |3)(|2)) and Eu E2 are the electric field

amplitudes. Defining Gx = ^^ and G2 = iu^z the Hamiltonian in (2.1) is rewritten

(2.1)

H = hu)oAn + ?IURA22 — hGi exp (—iClit)Ai3 - hG2 exp (—iQ2t)A12 + h.c. (2.2)

as



Fig. 2.1: Schematic representation of a three level lambda (A) system.
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The steady state behavior is studied using the density matrix formalism. The density

matrix facilitates the treatment of interacting quantum systems for which the state de-

scription is not very simple and for which only certain statistical properties are known.

These properties are incorporated into the density matrix formulation in a simple way.

The density matrix completely specifies the total system. However, sometimes it is inter-

sting to study properties of the individual interacting systems separately. In such a case,

the density operator which characterizes the system alone must be constructed. This is

done by taking only those matrix elements of the total density matrix which are diagonal

in the unobserved variables and summing over all of them. In other words tracing out the

variables of the unobserved variable. Such a density matrix is called the reduced density

matrix which contains all the information about the observed variable. Here the interest

of study is the atomic system. Hence tracing over the reservoir (radiation) variables

using the Born-Markov approximations, the evolution of the reduced density matrix for

the atomic system is described by the master equation [15]

The diagonal elements of the density matrix are the populations of the corresponding

The equations of motion for the eight components of the density matrix are obtained as

(2.3)

(2.4)
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levels and the off-diagonal elements determine the coherence for the corresponding tran-

sitions. The system is a closed one in the sense no population goes out of the system.

Hence the conservation of population is summarized as pu + P22 + ^33 = 1. As /P33 is

expressible in terms of pu and P22 there are only eight independent components of the

density matrix.

To remove the rapidly oscillating terms in the off-diagonal elements we make the

following transformation in Eq.(2.4).

The equations of motion in the new co-ordinate frame are given as

(2.5)

(2.6)

where Ai and A2 are the detunings defined as A] = Oi - u>0 and A2 = O2 — (^0 — UR).

AI is the frequency by which the field E\ is detuned from the atomic transition frequency

corresponding to |1) <-* |2) and A2 is the frequency by which the field Ei is detuned from

the atomic transition frequency corresponding to |1) <-• |3).

We now study the steady state response of the medium for the case where the fields

are of equal strengths i. e. symmetric fields at TPR condition. The symmetric fields

case eases the analytical difficulties and demonstrates the characteristics of the medium
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in a simple, clear way. The derivative of the density matrix />, in Eq.(2.6) is set equal

to zero (p = 0) and the set of eight simultaneous linear equations thus obtained are

solved analytically. The closed form solutions of the population of the excited state |1),

/>n, the population in one of the ground levels, (say level |2)), p22 and the absorption

characteristic of one of the fields (say G2) i.e., /m/>12 are obtained as follows:

In the exact resonance case Ai = A2 = 0 and when the decays are equal, 71 = 7 2 ,

pn = 0, /m(/9i2) = 0, and /922 *= |. This explicitly demonstrates that there is no

population in the excited state and all the population is trapped and distributed equally

in the ground levels at long times relative to the decays involved in the system. The

absorption of the field G2 is null at TPR.

Next we numerically evaluate the steady state response of the system around TPR

condition for symmetric fields, G\ = G2 when the fields are weak i. e. G\,G2 <i 7i,72-

We present the steady state behavior for the population in level |2), /o22, the absorption

characteristic of the field G2 i.e., /mp1 2 , the ground state coherence behavior, Rep23 and

where

and

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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7m/>23 as a function of the detuning A2 to illustrate CPT in Figure 2.2. We take the case

where G\ = G2 = 0.1, 71 = 72 = 1.0, 71 = 0. There is a narrow absorption minimum

around TPR, Ai = A2 = 0 with Impl2 = 0 exactly at TPR as shown in Figure 2.2a.

The population of level |2), /?22 falls to a minimum value of 1/2 (Figure 2.2b). It is

found that at TPR 3̂3 = 1/2 and pu = 0 which shows that the population is distributed

symmetrically between the ground sub-levels. The whole population gets trapped in the

ground states. This demonstrates that CPT occurs at low light levels too.

The ground state coherence depicted in Figure 2.2c,d shows that though it is zero at

all other detunings A2 but around TPR there is a finite coherence. A finite coherence

indicates that the system is placed in a coherent superposition of the states |2) and |3).

Another peculiar fact is that the imaginary part and real part of />23 have exchanged

roles. Imaginary part is a dispersive curve and the real part is a bell-shaped absorption

curve. Hence at TPR ground state coherence is 180° out of phase with the optical

coherence. It oscillates at the frequency difference of the two laser fields (~ // wave,

GHz). This coherence indirectly couples the optical coherences together through the

terms in the equation for P23 in Eq. (2.6). These couplings show the possibility of

nonlinear interference effects.

The atoms in coherent superposition of ground levels are simultaneously excited on

the two optical transitions and the corresponding transition amplitudes add coherently.

The consequent interference enhances or reduces the transition probability to the excited

state according to the phase between the coherence P23 and the relative phase of the

fields. As the phase difference is 180° at TPR the interference is destructive and the

transition probability vanishes. This explains the absorption minimum in Figure 2.2a.

An important point to note is that CPT starts becoming less and less prominent as

collisional effects become important. Collisions between atoms brings about a population

movement among atoms which destroys any trapping in the ground levels.



Fig. 2.2: Steady state behavior as a function of A2 of a) the absorption charac-
teristic of the medium for the transition |1) +-> |2) w. r. t field G2, Impu,
b) population of the level |2), p22. Parameters are G\ = G2 = 0.1, A1 = 0,
7i = 72-



Fig. 2.2:Steady state behavior as a function of A2 of the real and imaginary
parts of the groundstate coherence c)Rep23 and d)/m/>23- Parameters are
6*1 = C 2 = 0.1, Ai = 0, 71 = 72-
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2.2 Steady State Characteristics with Unequal Decays

We now study the steady state response of the medium for the case where there are

unequal spontaneous emission rates from the upper level to the two ground sublevels.

As in Section 2.1 the derivative of the density matrix />, in Eq.(2.6) is set equal to zero

(p = 0) and the behavior of the population of state |2), />22 is evaluated a function of

the detuning A2. Here an interesting sharp dip is observed. In the case of weak fields

{G\,G2 <C 71,72), for instance, G\ = G2 = 0.1 and for Ai = 0 as 72 is increased from

being equal to 7! a smooth dip arises around the CPT condition (Ai = A2) [Figure 2.3].

As 72 is increased, the height of the dip increases.

To understand the origin of the dip quantitatively a rigorous analysis is done of the

analytical expression for p22 given in Eq. (2.9).

To explicitly evaluate and compare the individual contributions of the terms C\ and

C2, we study these as a function of A2 for the case G\ = G2 = 0.1, 71 = 1.0. As observed

from Eq.(2.11), whenever 71 is equal to 72, C2 disappears. From Eq.(2.10) it is observed

that in the region G\ < |z\2| < 1.0 , as A2 is decreased the term with the fourth power of

A2 in the numerator is responsible for a decrease in Ci, eventhough the denominator, D

in Eq. (2.12) (having a term of the order of A2
4) is also reduced simultaneously. However

in the region |A2 | < G\ the contribution of the fourth power of A2 is negligible compared

to the term with the second power of A2. Hence the term C\ is negative in the vicinity

of the CPT condition. As |A2| —> 0 the term with the second power of A2 becomes more

positive and hence it leads to the small peak with a maximum of zero at Ai = A2. The

term C\ behaves in a similar manner when 72 is unequal to 7] also. This typical behavior

is depicted in the Figure 2.4a for the case 72 = 2.0.

Once 72 is made unequal to 71, for example the case 72 = 2.0, the term C2 starts

contributing. In the region G\ < IA2I < 1.0, as A2 is decreased, due to the presence
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Fig. 2.3: The behavior of the population of level |2), p22 as a function of the
detuning A 2 for varying 72 values. The parameters are G\ = G2 = 0.1, Ai =
0,71 = 1.0. The dotted curve represents 72 = 1.0, the dashed curve 72 = 1.5
and the solid curve, 72 = 2.0



Fig. 2.4: The behavior of the two terms contributing to />22 as a function of the
detuning A2 in the region |A2| < Gi. a) Ci and b) C2. The parameters are
Gt=G2 = 0.1, A2 = 0, 71 = 1.0 and 72 = 2.0.
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of only a second order term in A2 in the numerator, the decrease in the denominator D

in Eq. (2.12) increases the term CV However in the region |A2 | < Gi, the term of the

order of the fourth power of G\ is larger than the term with the fourth power of A2 in

denominator D. Hence any decrease in A2 results in a decrease of the numerator of C2

without affecting the denominator D much. This gives rise to the dip in Figure 2.4b.

The order of magnitude of the term C2 is larger than Ci in the region |A2 | < G\ and

this explains the behavior of p22 for 72 ^ 71 (Figure 2.3).

Physically, as the spontaneous decay rate from state |1) to state |2) increases more

than the spontaneous decay rate from state |1) to state |3), more and more of the pop-

ulation gets settled in state |2). Only at the condition, Aj = A2, the population gets

distributed equally (because of the condition G\ = G2) between the states |2) and |3).

This leads to the increase in sharpness of the dip with the increase in 72. If 72 < 71, a

peak is observed instead of a dip which is predicted from the Eq.(2.11).

For fields as low as 0.001 (scaled w.r.t 71) the term with the second power of G\ in

Eq.(2.10) becomes negligible and hence the peak in C\ disappears. However for strong

fields of the order of 71 this term becomes important and is responsible for the deep

furrows on either side of the two photon resonance condition as depicted in Figure 2.5.

But if the intensities of the fields are increased then the dip occurs only for very large 72

[Figure 2.5]. This is because the spontaneous emission from state |1) to state |2) has to be

more effective than the field G2 on the same transition to accumulate population on the

level |2). The sharpness of the dip at Ai = A2 = 0, indicating a fall in the population in

level |2), is manifested only when more population is there on level |2) for detunings other

than Ai. For smaller 72 the decrease in 2̂2 at Ai = A2 gets smoothened out due to the

overall low population level for the values of detuning, A2 not equal to zero. This dip in

the population of the level |2) can be observed by studying the absorption out of the level

|2) using a weak probe field as for example, has been done in a different context in Ref.[4].



Fig. 2.5: Same as in Figure 2.3 but with parameters d = G2 = 1.0, Ai =
0,7i = 1.0. The dotted curve represents 72 = 1.5, the dashed curve 72 = 2.5
and the solid curve, 72 = 3.5.



38Coherent Population Trapping at Low Light Levels

Bergmann and coworkers demonstrate efficient and selective vibrational excitation of NO

molecule in its electronic ground state using pulsed lasers. The technique depends on

laser coherence. The efficiency relies on a counter intuitive interacting sequence of two

lasers with the medium of NO molecules with a process of stimulated Raman scattering

using adiabatic passage. Optimum use of the coherence of the radiation fields is achieved

by suitably delaying the pulses. This technique can be applied to a large class of atomic

and molecular species such as O2 and #2-

2.3 The C P T State

The nonevolving and noncoupling nature of the CPT phenomenon indicates some internal

symmetry. The source of the symmetry and the CPT effect was demonstrated by Gray,

Whitley and Stroud [6] who discovered a constant of motion at TPR condition. We derive

the constant of motion at TPR here following Agarwal and Jha [14] who reported the

nonabsorption resonances and derived the CPT wavefunction in a very simple manner.

The wave vector at time t corresponding to the Hamiltonian in Eq. (2.1) can be

written in terms of thp basis states as

Using the canonical transformation

The Schrodinger equation for \ip) shows that

M is expressed in the matrix form as

(2.13)

(2.14)

(2.15)
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(2.16)

The eigenvalues and eigenvectors of M will enable to predict the evolution of the system.

The eigenvalues A of M are determined from the cubic equation

(2.17)

For TPR condition, A] = A2, we find from the eigenvalue equation that one of the

eigenvalues A = 0. Corresponding to the zero eigenvalue the eigenfunction is given by

(2.18)

By absorbing the phase factor we get

(2.19)

which is the trapping state. The Hamiltonian M in Eq.(2.16) acting on this state gives

M\%l>) = 0 (2.20)

This implies that \ip) is a constant of motion. Hence the CPT state is stable under the

action of the spontaneous decay rates of the upper levels. Once the system falls into

the CPT state there is no further evolution. The entire population gets trapped in the

ground level.

If G\ = G'2, P22 = P33 = 1/2 irrespective of the values of G\ and GY This implies that

CPT occurs for very weak fields too as pointed out in Section 2.1. It would be interesting

to study how weak fields affect the dynamics of the system and what are the time scales

involved. In the next section we address some of the dynamical questions.
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2.4 Dynamical Evolution to CPT State

Initially, at time t = 0, it is assumed that the atom is in the ground state and that

there are no coherences i.e. 3̂3 = 1, pu = p22 = 0 and pXJ = 0 where i ^ j. To study

the evolution of the system to CPT state from the above initial conditions the set of

density matrix equations in Eq. (2.6) are numerically integrated using a fourth order

Runge-Kutta method. We especially concentrate on the two photon resonance condition

Ai = A2.

Considering Ai = A2 = 0 situation where the two external fields are exactly on

resonance with the respective atomic transitions, we study the dynamical evolution to

the CPT state for various field strengths and spontaneous decay rates. We specifically

present the evolution of the absorption characteristic of one of the fields (say G2) i-e.,

Im(pii) and the population of the level |2), p22- For symmetric fields i.e G\ = G2, the

steady state (relative to the decays involved) would correspond to the trapping condition

if Im(pi2) = 0 and P22 = \- The time is scaled as 7^ .

We first study the dynamics for the strong fields situation i. e. G\, G2 ^> 7i, 72- For a

typical case, Gi = G2 = 10, 71 = 72 = 1.0, Rabi oscillations are exhibited in the evolution

of the coherence lm\pu) and the population p22 [solid curves in Figure 2.6 and its inset].

To get an idea about the time scales involved we numerically perform an eigenvalue

analysis of the 8 x 8 matrix in Eq.(2.6). For the strong fields complex eigenvalues are

obtained. The complete set of eigenvalues is listed here. There are two real eigenvalues

-1.0 and -2.0. The complex ones are -2.5+28.2i, -1.0+14.li, -1.0+14.1i (degeneracy)

and their complex conjugates. These predict the occurrence of Rabi oscillations.This

dynamical behavior shoud be observable by using the setup of Ref. 12. The real part

of the complex eigenvalues is negative indicating that the system will approach steady

state.



Time
Fig. 2.6: Dynamical evolution of the absorption characteristic of the medium for

the transition |1) «-»• |2) w. r. t field G2, Im(pu), and population of the level
|2), P22 (inset). The time is scaled as jit. Parameters are G\ = G2 — 10,
Ai = A2 = 0. The solid curves correspond to the decay rates 72 = 71 = 1.0
and the dashed curves correspond to 72 = 2, 71 = 1.0. The dashed curves
in the main figure and the inset have been to shifted by 0.1 units in the
positive y direction for clarity.
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As the field strength is lowered the eigenvalues become completely real. For the case

G1 = G2 = 0.1,7! = 72 = 1.0, the eigenvalues are -3.96,-2.02,-2., -1.98, -1.98, -0.01, -0.01

(degeneracy) and -0.0099. It is also observed that the lowest eigenvalue which dictates

the time evolution to steady state, is of the order of G\G2. Thus the time scale at which

steady state is reached is ~ G^~- ^ o r i n s t a n c e when G} = G2 = 0.1, the time scales as

1007i<. This is reflected in the dynamical evolution of Im{pi2) and p22 as depicted in

Figure 2.7 and its inset (solid curves). (Rabi oscillations have disappeared as eigenvalues

are real). The steady state as observed, is nothing but as given by Eq.(2.19). This

reconfirms our conclusion that the CPT state is formed even at low light levels. But

as predicted by the analysis above, as the external field strength is reduced the atomic

system takes longer and longer times to reach the CPT state.

The behavior of the A system is also sensitive to the relative rates of spontaneous

emission on the two transitions. Therefore we study the influence of the spontaneous

decay rates on the evolution. We again examine the eigenvalues. For strong fields, as

one of the decay rates (say 72) is increased from unity it is observed that the minimum

eigenvalue becomes larger. In the strong field example studied above when 72 is increased

to 2.0 the minimum eigenvalue increases to -1.48 from -1.0 for the 72 = 1.0 case. In other

words the time taken to reach steady state (CPT state) is relatively less. This is confirmed

by the numerical integration result for the evolution shown in Figure 2.6 (dashed curves).

But for low fields, an opposite effect occurs. As the decay rate is increased the minimum

eigenvalue becomes smaller. In the low field example studied above when 72 is increased

to 2.0 the minimum eigenvalue reduces to -0.0066 as compared to -0.0099 for the 72 = 1.0

case. Hence it takes longer to reach steady state as confirmed from the dashed curves in

Figure 2.7. This is due to the build up of a small amount of coherence p12, which then

slowly decays to zero.

To understand the functional dependence of the minimum eigenvalue on the decay



Fig. 2.7: Same as in Fig 1-6 with parameters Gi = G2 - 0.1, A2 = Aj = 0.
Solid and dashed curves correspond to y2 = 7i = 1.0 and -y2 = 2.0,7! = 1.0
cases respectively.



For large g (strong fields), two complex conjugate roots are obtained (as found in the

numerical analysis). But if g is small (low fields) two real roots occur. The roots in both

these cases are repeated due to the square in the second term in Eq. (2.21).

The third term in Eq.(2.21) gives rise to a cubic equation given by

A3 + 37A
2 + (8g2 + 27

2)A + 4<72
7 = 0. (2.24)

The cubic equation accounts for the remaining three eigenvalues one of which is the

minimum. The expressions for the three eigenvalues are quite involved (not given here)

and do not immediately give a clear functional dependence on the fields and the decay

rates. To understand the behavior of the minimum eigenvalue in the case of low fields,

we perform a perturbation calculation. Introducing the scaled parameters A = A/7 and

g = 0/7, Eq. (2.24) is transformed to
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rates and the fields we solve for the eigenvalues of the 8x8 matrix in Eq. (2.6) analytically

when the fields are symmetric and when Ai = A2 = 0. If A denotes the eigenvalue, then

by setting Det\p - A/| = 0 where I is an identity matrix, an 8th order equation in A is

obtained whose roots are the 8 eigenvalues. The eigenvalue equation is given as

(A + 7)(A2 4- A7 + 2<?2)2(A3 + 37A
2 + (8<?2 + 27

2)A + 4^7) = 0. (2.21)

where 7 = 71 + 72 and g = Cn = G2. The first term in Eq. (2.21) gives

A = - 7 . (2.22)

This term can easily be identified in the numerical listing of the eigenvalues. The second

term in Eq. (2.21) gives rise to a quadratic equation A2 -f A7 + 2g2 = 0 whose solutions

are given by

(2.23)
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Thus for low fields the minimum eigenvalue approximately decreases as - with the

increase in one of the decay rates. In other words the system takes a longer time to reach

a steady state as was discovered in the numerical calculation above.

In conclusion we have summarized the properties of the CPT state. We have demon-

strated a sharp dip in the steady state response of the A system when unequal sponta-

neous decay rates are assumed. The origin of the dip in the behavior of the population

of the ground state is due to the trapping conditions at Ai = A2.

We have also demonstrated that the phenomenon of CPT persists even at low light

levels [16]. Further using a simple eigenvalue calculation and corroborating its prediction

of the time scales involved by numerical integration of the atomic density matrix equations

for a A system, we have demonstrated how the evolution to the CPT state is dependent

on the relative strengths of the fields and the spontaneous decays involved. We have

shown that strong fields lead to CPT state faster. Increasing the decay rates in the case

of strong fields leads to CPT faster while in the case of weak fields it leads to a relatively

slow evolution to CPT.

(2.25)

(2.26)

From the numerical calculation the minimum eigenvalue is found to be of the O(g2).

So, we let A = 0g2 where ft is a unknown parameter which is found approximately from

the perturbation calculation. In Eq. (2.25) the quadratic and cubic terms in A are ~

O(g4) and O(g6) respectively. The term {Sg2 + 2)A is ~ $0{g4) + 20{g2). As g is quite

small, retaining only the first order terms in g2 in Eq.(2.25), we get p % —2. Hence
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Chapter 3

DYNAMICS OF COHERENT POPULATION TRAPPING

STATES IN DENSE SYSTEMS

In the preceding chapter the steady state characteristics and the dynamics before the

formation of the CPT state were studied in a nonlinear medium. An implicit assumption

was that the medium is so dilute that the atoms constituting the medium are spaced

too far apart to influence one another. However recently it has been argued that the

densities which make it imperative to include the effect of neighbouring atoms (called

the near dipole-dipole effect) are not very high. A density around 1014 cm~3 is sufficient

for the near dipole-dipole effects to become important. Many areas in quantum optics

have ignored these effects so far.

The electric field experienced by an atom in a dense medium is not simply the macro-

scopic electric field. It is important to distinguish between the macroscopic electric field

and the actual effective field acting on an atom. The atoms which constitute matter

produce a field which has large local variations. If now an external field is applied the

internal field gets modified. The macroscopic field is obtained by performing a spatial

average of the total microscopic field over a region of space which is larger than the lin-

ear dimensions of the constituting particles. This is the field which appears in Maxwell's

equations. Each particle now behaves as an electric dipole which acts as the source of a

secondary field. The effective field is hence the sum of the external field produced by the

source from outside the medium and the field produced near a dipole by all other dipoles

46
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of the medium. The effective field is called the local field acting on an atom. Lorentz [1]

gave a prescription to calculate the local field, called the Lorentz law given in Eq.(l) of

this chapter.

The local field concept is important because it redefines the relation between macro-

scopic and microscopic properties of the medium. Local field effects become more impor-

tant in nonlinear response with higher-order nonlinear interactions. They play a crucial

role in determining nonlinear response of optical materials and large enhancement in

response of semi-conductor doped glasses [2] and of metal colloids are reported. They

have given rise to a lot of novel phenomena like mirrorless optical bistability [3], novel

spectral shifts [4], and more recently a density dependent (i.e., piezophotonic) switching

between absorption and amplification [5] and enhancement of inversionless gain and the

index of refraction [6]. It has also been possible to obtain much higher atomic densities

in gaseous systems by using heat pipes, atom traps or high temperature ovens so that

effects from near dipole-dipole interactions become important.

At the densities needed for local fields to influence the system the absorption length

of the wave traveling through the medium will be very small. But novel interference

effects like CPT and EIT can substantially reduce absorption. Now EIT has been shown

to enhance nonlinear wave mixing processes. For example Hakuta et al [7] have demon-

strated EIT for the second harmonic 243nm light in H2, using dc laser fields. EIT has

the potential to generate laser-like light at wavelengths where no convenient laser source

exists. For efficiency in such processes laser light must propagate through a long or dense

medium. Here local fields become important.

It would make an interesting study as to whether local fields affect the coherence which

decides the quantum interference effects and if so, to what extent. CPT phenomenon

being an important consequence of coherence and quantum interference effects [8] and

also being involved in leading to LWI [9] and absorptionless index of refraction [10] where
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local fields have created a large increase in gain and the refractive index, it is important

to understand the influence of local fields on the formation of the CPT state.

In Section 3.1 we explicity show the relationship between macroscopic susceptibility

and microscopic polarizability in the cases of linear and nonlinear dielectric media. In

Section 3.2 we incorporate the local field into the semiclassical density matrices for a

three-level A system and examine the nonlinear coupled equations thus obtained. In

Section 3.3 we do a perturbative analysis and derive the closed form for linear and third

order susceptibilities in the presence and absence of local fields. In Section 3.4 we study

the steady state response for various field strengths in the presence of local fields and

compare it with the behavior in the absence of them. In Section 3.5 we study the influence

of local fields on the dynamics before CPT occurs. In Section 3.6 we study the gain in

the presence of local fields for an inversionless gain system.

3.1 Local Field Effect on Linear and Nonlinear Response

The local field is related to the macroscopic field E and the polarization P at frequency

u> in the bulk material via the Lorentz law [1]

The effect of local fields on the microscopic polarizability is demonstrated in the following

exercise.

We first take the case of the linear response. The electric dipole moment d induced

in the atom in a linear dielectric (linear in the sense the properties of the medium are

directly related to the first power of the external field) is proportional to the local field

as

(3.2)

(3.1)



Dynamics of Coherent Population 49

where Qt(uj) is the linear polarizability of the material. If 77 is the number density of the

atoms the polarization of the medium which is the total dipole moment per unit volume

is given by

(3.3)

(3.4)

(3.5)

We now study the effect of local fields on the nonlinear response. When the medi-

um is nonlinear i.e., the material properties vary nonlinearly with the electric field, the

higher order susceptibilities are more complicatedly related to the corresponding polariz-

abilities. The nature of local field corrections (LFC) in nonlinear optics was elaborately

(3.7)

The susceptibility is larger than the value T}Q(UJ) predicted by theories ignoring local

fields. Also the susceptibility increases with density 77, much more rapidly than just

proportionately as in the earlier theories.

Using Eq.(3.5) in Eq.(3.1) the local field is expressed in terms of the first order

susceptibility as

Substituting this expression for polarization P(UJ) into Eq.(3.4) and solving the resulting

equation for x^H^) ^ *s found that

Expressing the polarization in terms of the linear susceptibility \M

Substituting for EL from Eq.(3.1)



(3.9)
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discussed by Bloembergen [11]. We illustrate here the relation between the macroscopic

and microscopic using Mizrahi and Sipe's procedure [12] for the case of the four wave

mixing (FWM) with the assumption that the fields are scalar. In FWM a signal field of

frequency u>i and a probe field of frequency u>2 impinge on a nonlinear medium. Then

a phase conjugate wave of signal frequency, u>i is allowed to pass through the medium.

The medium under appropriate phase matching conditions gives to rise a FWM signal

wave of probe frequency u>2-

Using the standard notation in nonlinear optics the total polarization at the frequency

u>2 is given by

where a(u?2) is the linear polarization for radiation at frequency u>2 and 7(0*1, —OJI,O>2) is

the hyperpolarizability leading to FWM signal at frequency u>2-

We next use Eqs.(3.1) and (3.7) to rewrite Eq. (3.8) as

Identifying the first and second terms as linear and third order polarization which we

represent as

The Eq.(3.9) is now solved algebraically for P(u>2) to obtain

(3.10)

(3.11)

(3.8)
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where in accordance with the Lorentz law and Eq. (3.6), the linear susceptibility is given

as

The local field corrections (LFC) appear to the fourth order in this expression. This

implies that local field effects play a vital role in defining susceptibility of higher order

nonlinear interactions.

Recently Maki et al [13] studied the optical response of a dense atomic potassium

vapour under conditions where LFC strongly influence in the determination of the mag-

nitude of the optical response. Their results were in good agreement with the predictions

of the Lorentz law in the linear case and with Bloembergen's prediction of the LFC to

the third order susceptibility for the nonlinear case. They performed two experiments.

The first experiment studied the resonant structure of the linear dielectric constant of

the atomic potassium vapour [dielectric constant e is related to first order susceptibil-

ity through the relation e = 1 -f 47rx(1*] by measuring the spectrum of the reflectivity

of the interface between the vapour and a sapphire plate that formed the window of

(3.12)

(3.13)

(3.14)

(3.15)

Substituting (3.14) in Eq.(3.13) the susceptibility is given as

We can rewrite Eq.(3.12) as

and where third order susceptibility is given by
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the cell. The properties of the atoms get modified by the sapphire surface. A highly

wavelength dependent reflectivity occurs near the atomic resonance which is known as

selective reflection. When the reflectivity of the interface was plotted as a function of

laser frequency for several values of atomic density, the spectral variation in reflectivity

became more pronounced and also as the number density was increased, a shift to lower

frequencies was observed. The shift was in agreement with the theoretically predicted

Lorentz red shift.

In the second experiment nonlinear response was measured by surface phase conjuga-

tion where a weak signal wave interacts with a pump normally incident on the interface.

The interference of the waves produces a spatially varying intensity pattern on the sur-

face which leads to a spatial variation in the reflection coefficient. The reflection of pump

wave from this pattern creates the phase conjugate wave of the signal wave, whose in-

tensity was ploited as a function of laser frequency for many values of atomic density.

The experimental results were found to agree very well with theory. Spectral shifts of the

order of 1 GHz are observed at density ~ 101' atoms per cubic cm. These results of Maki

and others have led to intensified research in LFC. In the next section we incorporate the

local field in a dense medium of three-level atoms and study the coherence characteristics

of the medium.

3.2 The Model with Local Field Corrections

We consider the same three level Lambda (A) configuration for the atomic medium as

in Chapter 2. The Hamiltonian for the system is given in Eq.(2.1) of Chapter 2. The

system is studied using the density matrix formalism. The semiclassical density matrix

equations before the LFC are incorporated are given in Eq.(2.6) of Chapter 2.

The polarization of the medium is defined as the trace of the product of the density
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(3.16)

A comparison of density matrix equations without LFC (Eq. (2.6) of Chapter 2) and

with LFC (Eq. 3.16) shows that the equations for populations are unaltered. This occurs

because the population equations contain held terms along with their complex conjugate

terms. When the LFC are added to the fields, in the population equations the complex

conjugate terms of the LFC cancel each other . For example in Eq. (2.6) adding LFC

to the field G2 in the equation of motion of the ground state population gives rise to the

terms — i(G2 + hp\2)P2\ H- *(^2 "+" 02p2i)pu which on performing a cancellation gives the

corresponding equation in Eq. (3.16).

However the coherence equations have two new kinds of terms. One term is an

additional detuning term, e.g., h{p22 ~ P11) in t-ne second equation in Eq. (3.16 ) which
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depends on the population inversion in the corresponding transition as was first realized

by Hartmann and coworkers [4] in the context of two level transitions. Hartmann and

coworkers incorporated LFC into optical Bloch equations for a two-level atom and studied

the steady state behavior of the system. They observed that a red shift in the response

was produced which was proportional to the population inversion corresponding to the

two-level transition. This shift was called the dynamic Lorentz shift as it varied along

the resonant line shift. The same group also studied the effect of LFC on FWM [4] in a

two-level system where they found that both line shape and line shift distortions occur at

intermediate intensities of the pump. For weak fields a static Lorentz shift was observed

and for strong fields the response was independent of the LFC.

The second term is a nonlinear coupling between the coherences, e.g. in Eq.(3.16),

the presence of if3ipi3p32 ensures a direct coupling between /?12 and pi3 and not just via

the term containing the ground state coherence, iGipw These cross couplings indicate

a change in the kind of interference between the two pathways to the excited state.

3.3 Perturbation Calculation of Third Order Susceptibility and Polariza-

bility

We now do a perturbation calculation of the steady state polarization corresponding

to the FWM signal at frequency u>2. The relevant density matrix element is pi2 which

consists of two orders of magnitude of the Rabi frequency G\ and one order of magnitude

of the Rabi frequency G2.

Any density matrix element can be expanded in terms of the components of different

orders of magnitude in G\ and G"2 as

(3.17)



The system is now studied at steady state by setting the time derivative of the density

matrix to zero (i.e., p — 0) for each order in G\ and 6*2• The third-order component

corresponding to the FWM signal at u>2 is obtained from the second equation in Eq.(3.16)

( U 0 )

The lower order polarizations p32' and population p\{ are evaluated individually.

Now the polarizability corresponding to the transition |1 ><-+ |3 >, which is first order

in field G\ is related to the corresponding coherence term by

where p£p corresponds to the element pQp of the density matrix which is m t h order in

G\ and n th order in G2-

Any perturbative analysis breaks down for long times (compared to the decays in

the system). To circumvent the problem we introduce the collisional decay parameter, T

between the two ground state levels of the A configuration. The equation for the evolution

of the ground state coherence gets modified with the addition of the term — Tp23 on its

right hand side. The rest of the equation remains unaltered.

Initially at time / = 0, when there are no fields, we assume that all the population is in

the ground state and that there is no polarization in the system. Hence pf*{°^ = p^0^ = 0

and p{£0) = 1. Also the coherence p\f0) = 0 where i =j = 1,2,3.

We first calculate />|2'
 m the absence of LFC. The polarizability corresponding to

the transition |1 ><-• |2 >, which is first order in G\, i.e., p^1^ is zero as observed from

Eq.(2.6). Hence
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(3.18)

(3.19)

as



Dynamics of Coherent Population 56

From Eq.(3.16) the population term p[\'0) is found to be

The coherence term p32^ which is first order in both fields is given by

where A'i = -T + i(Ai - A2). It is clear from Eqs.(3.21) and (3.22) that the first order

coherence term p[^ has to be evaluated. From Eq.(2.6) it is given by

where ki — ~fi + 72 — IAJ . Substituting the complex conjugate of Eq.(3.23) i.e., p^{0^ and

pj3' ' in Eqs.(3.21) and (3.22), the second order contributions are given by

Substituting Eqs.(3.24) and (3.25) in Eq.(3.20) and simplifying the resulting expres-

sion we get

A similar perturbative analysis is done for the case where the LFC are included. The

equations of motion are the modified density matrix equations in Eq.(3.16). The relevant

contributions are given as

(3.26)

(3.27)

(3.28)

(3.24)

(3.25)

(3.22)

(3.21)



(3.33)

(3.34)

Using the expressions for the polarization in the presence of LFC (Eq.(3.32)) and the po-

larization in the absence of LFC (Eq.(3.26)) and substituting for x*3^ and 7 correspond-

ingly it is seen that they satisfy the Eq.(3.34). The results obtained from perturbation

theory satisfy the results of Bloembergen [11] and Mizrahi-Sipe [12].

3.4 Local Field Effect on the Steady State Response

To gauge the effect of local fields on the steady state response of the system the nonlinear

coupled equations in Eq.(3.16) are solved numerically by setting the derivative of the
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(3.29)

(3.30)

(3.31)

(3.32)

We now check whether the polarization in the presence and absence of LFC satisfy the

Bloembergen's result for nonlinear response [11]. Using the Eqs. (3.18), (3.12) along

with Eqs.(3.19) and (3.14) in Eq.(3.13)

Using the definition of LFC, &, it is found that

Substituting Eqs.(3.29) and (3.30) in Eq.(3.31) gives

where k[ = ki — ifc.

The third order polarization with the inclusion of LFC is given by
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density matrix, p equal to zero (i.e., p = 0). The response of the system is studied

for various intensities of the external field and a comparison with the behavior in the

absence of LFC is done. We specifically present the absorption characteristic of the

optical coherence on the transition from |1 ><-• |2 >, i.e. 7m(y>12), the ground state

coherence 7ra(/?23) and the behavior of the population of level |2 >, p<n as a function of

the detuning A2, for the cases with and without LFC.

We first consider the situation where the fields are weak (G\,Gi « 71,72)- For a

typical case 6\ = G2 = 0.1, 72 = 71 = 1.0, Ai = 0, the behavior of Im(p12), 7ra(/>23)

and P22 is depicted in Figure 3.1 for the case without LFC (curve with closed circles)

along with the case with LFC for two different sets of local field parameters, namely

fa = (32 = 0-9 (dashed curve) and 1.5 (solid curve).

It is observed that at two photon resonance condition. Ai = A2, the coherent dip

or electromagnetically induced transparency persists in the absorption characteristic of

the fields, /m(/?i2) shown in Figure 3.1. The inclusion of local field effect does not

destroy the trapping condition and inspite of LFC the system evolves to a nonevolving

eigenstate of the Hamiltonian. The effect of LFC is prominent for Ai ^ A2. The Lorentz

red shift predicted by Hartmann and coworkers [4], is manifested as an overall shift of

the absorption curve. Only at Aj = A2 there is the status quo of the zero absorption

minimum.

The ground state coherence behavior represented by 7m(^23) corroborates the opti-

cal resonance character as shown in the inset of Figure 3.1. LFC do not produce any

discernible change. For both the sets of LFC parameters 7ra(/?23) almost falls on the

curve without LFC. As expected the coherence between the states |2 > and |3 > is out

of phase with the optical coherences [8]. The imaginary part of /?23 shows dispersive

behavior, whereas the real part of /923 would show absorptive behavior.

The Lorentz shift is demonstrated in the behavior of population of level |2 > in the



Fig. 3.1: Im(p\2)<> absorption characteristic of the medium for the transition
|1 ><-• |2 > as a function of the detuning A2; the inset shows the ground
state coherence, /m(/>23). The parameters are G\ = G2 = 0.1, Ax = 0,72 =
71 = 1.0. The curve with closed circles corresponds to the case without
LFC. The dashed and solid curves correspond to LFC parameter sets pi =
/?2 = 0.9 and 1.5.
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Figure 3.2. But at Ai = A2 the curves corresponding to the two cases of LFC (dashed and

solid curves) intersect with the curve in the absence of LFC (curve with closed circles).

The population of level |2 > at Ai = A2 is \ (CPT condition for symmetric fields).

However near the CPT condition a narrow dispersive-like behavior is observed. This

unusual phenomenon arises because of the behavior of p22 very close to the two photon

resonance condition in the absence of LFC. Far from A2 = 0, the population of level |2 >

decreases as A2 -> 0 and it falls below i. But close to the CPT condition, as A2 —» 0,

P22 starts increasing till it reaches | at A2 = 0. This is shown magnified in inset (i) of

Figure 3.2, where there is a peak in p22 near CPT condition. With the inclusion of LFC

this behavior near CPT is affected asymmetrically on either side of zero detuning. This

gives rise to the dispersive behavior, shown clearly in inset (ii) of Figure 3.2. Another

observation which is clear is that LFC bring about a redistribution of population between

the three levels at all Ai ^ A2. This is responsible for the decrease in absorption with

the increase in LFC as depicted in Figure 3.1.

In the previous chapter the occurrence of a sharp dip around the CPT condition in

the ground state populations for unequal decay rates was demonstrated. It would be

interesting to see how LFC affect the dip. We present the behavior of the population

of state |2 >, P22 as a function of A2 for the same case as above but with 72 = 2.0 in

Figure 3.3. The LFC parameters are also the same as before. As in the previous case

at the CPT condition the curves in the presence and absence of LFC intersect. This

intersection confirms the independence of CPT on LFC. The dip which arises due to the

trapping conditions prevalent persists. But close to the CPT condition the asymmetric

effect of LFC on either side of zero detuning leads to the shifting of the minimum of the

dip as shown clearly in the inset of Figure 3.3. This behavior is similar to the dispersive

effect observed in Figure 3.2.

For the case where the external fields are quite strong ( d , G2 >> 71,72) it is observed



Fig. 3.2: Population of the level |2 >, />22 as a function of detuning A2 for same
paprameters as in Fig 3.1. Inset(i) [(ii)] gives the behavior of p22 near CPT
condition in the absence [presence] of LFC.



Fig. 3.3: Same as in Fig. 3.2 but with 72 = 2.0 with inset giving the behavior
near CPT condition with and without LFC.
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that the LFC have to be pretty large for any effect on the medium response. We present

the results for lm(p12) for a typical case when G\ = 1.0, G2 = 5.0, 72 = 7! = 1.0, A! = 0

in Figure 3.4. Two different sets of LFC parameters are used, namely & = 02 - 1.5

(dashed curve) and 4.0 (solid curve). In the absence of LFC the Autler-Townes splitting

[14] is seen.

The Autler-Townes doublet is a result of AC stark splitting. It arises in the response

of an atomic system when a weak probe field acts on a transition sharing one common

level with a strong field driven transition. The intense pump splits the common level

into a closely spaced doublet and the weak field probes the two closely lying levels (also

called the dressed states in the dressed atom picture [15] and gives rise to the two peaks

in the absorption spectrum.

With the introduction of LFC however, an asymmetric change in the behavior of the

absorption is observed on either side of the zero detuning. Along with an overall shift of

the absorption curve, on the negative side there is an increase in the maximum absorption

while on the positive side there is a. reduction. The CPT persists unhindered. Due to G\

being smaller than G2, LFC on G] affect the response of the system more. It is observed

that whether fi2 = 0 or 4 the response hv(pn) is almost the same as in the solid curve.

Only /?i affects the response in a marked manner.

Hence, one can conclude that the additional field experienced by the atoms does not

change the steady state behavior at exactly the two photon resonance condition. The

destructive interference between the two paths to the excited state completely nullifies

any possibility of absorption from the field in spite of the LFC. It would now be interesting

to study the role of LFC in the dynamical evolution to CPT.



Fig. 3.4: Same as Fig. 3.1 but for strong fields. Parameters are G\ = 1.0, (?2 =
5.0, Ai = 0,72 = 71 = 1.0. The curve with closed circles represents the
case without LFC. The dashed and solid curves correspond respectively to
fc = p2 = 1.5 and 4.0.
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3.5 Effect of Local Fields on the Dynamical Evolution to CPT State

Initially, at time t = 0, the atom is assumed to be in the ground state. Hence />33 = 1,

pu = P22 = 0. It is also assumed that there are no coherences i.e., pi3 = 0 where i ^ j.

To study the evolution of the system to CPT state from the above initial conditions

the density matrix equations linear in the absence of LFC (Eq.2.6) and nonlinear in the

presence of LFC (Eq.3.16) are numerically integrated using the fourth order Runge-Kutta

method at the two photon resonance condition Ai = A2.

We present the results for the evolution of the optical and ground state coherences,

Jm(pi2) and Im.(p23) as a function of time for a. typical case in Figure 3.5. We consider

G\ = 6*2 = 0.1,72 = 7i = 1.0, Ai = A2 = 0 and the two sets of LFC parameters used in

Section 3.4. The steady state (trapping state) corresponds to the condition Im(pi2) = 0

and Irn(p22,) = 0. The time is scaled as 7^. As illustrated in Figure 3.5a, LFC delay the

approach to the steady state (CPT) where lm(p\2) = 0. This delay is reflected in the

evolution of Im(p2z) which gets modified by the presence of LFC in the initial times as

depicted in Figure 3.5b. The population of level |2 >, p22 is not much affected by LFC

(figure not shown) and almost exactly follows the same curve as without LFC. For strong

fields, LFC have to be quite large to affect the dynamics of the system.

Another observation from Figure 3.5 is that larger the LFC parameters, the longer it

takes to reach steady state. This is justified because with the local fields present it takes

time for complete destructive interference between the two pathways to the excited state

to occur. The direct coupling terms between the coherences, (e.g., in the last equation in

Eq.(3.16) the term ifiipizpm) are finite at times before steady state (p32 / 0) as depicted

in Figure 3.5b and delay the evolution to steady state.



Fig. 3.5: Dynamical evolution of a) /m(/912) b) Im(p23) in the presence of LFC.
The parameters are G\ = G2 = 0.1, Ai = A2 = 0,72 = 71 = 1.0. The curve
with closed circles corresponds to the case without LFC; the dashed and
solid curves correspond to fa = fa = 0.9 and 1.5.
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3.6 Lasing Without Inversion in a Dense Medium

The formalism of this chapter is also directly applicable to study the effect of LFC

on the models of lasing without inversion. Bowden and coworkers have extended the

calculations of gain in models of lasing without inversion by including LFC [6]. For

certain values of atomic density they predict an enhancement of inversionless gain and

also the absorptionless index of refraction by more than two orders of magnitude.

In this section we introduce the LFC in the lambda system exhibiting gain without

population inversion. In this model first proposed by Imamoglu et al [16] there is a strong

pump field, G'2 coupling the state |2 > to state |1 > and a weak probe field, G\ coupling

the state |3 > to |1 > (i. e. for the case G2 > G\ with reference to previous sections). An

incoherent pumping rate, 2A, is taken between the states |1 > and |3 > in addition to the

spontaneous decay rate, 2-71. Gain in the probe field is indicated by /ra(/913) becoming

less than zero. The condition for gain in such a system is -y2 > 7i-

With the presence of A, equations of motion for the density matrix including the LFC

equations in (3.16) are modified to

The equations of motion for the density matrix without LFC are obtained by setting

P's zero. The modified equations are solved as in the previous sections and the steady

(3.35)
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state response of the medium is studied. We take the case Gt — 0.05, G2 = 5.0, 7! =

1.0,72 = 5.0, A2 = 0. We first assume that the incoherent pumping A is absent (i.e.A =

0). We study the absorptive characteristic of the probe held acting on the transition

|1 >+-* |3 >, Irn(pi3) as a function of the detuning Aj in the presence of LFC and

compare it with the case without LFC [Figure 3.6]. We use two different sets of the local

field parameters, namely, /?j = (32 — 6 and 10. (All quantities are scaled relative to the

spontaneous decay rate 7J ) . In the absence of LFC the usual Autler Townes splitting

[14] in the absorption curve is observed. With LFC included asymmetric behavior of

the Autler Townes doublet is seen. There is an overall shift, of the two peaks along with

the narrowing of the peak on the positive side of the zero detuning and broadening of

the peak on the negative side. The maximum value of the absorption on either side is

however unaltered. This is in contrast to the behavior of the absorption characteristic of

the pump field in Figure 3.4.

We next take the pumping parameter A = 0.15. The behavior of lrn{p\^) as a function

of the detuning Ai for the case above in the absence of LFC (curve with closed circles)

and in the presence of LFC (dashed and solid curves correspond to f3\ = 02 — 6 and 10

respectively) is depicted in Figure 3.7. As predicted in Ref. [16] with incoherent pumping

present there is gain observed in the probe field. At Ai = 0, Im(pi3) is -7.07xl0~4. With

LFC present however there is an enhancement of gain. For the (3's value 10, maximum

gain in the system is -8.58xlO~4. With larger values of LFC. more enhancement of gain

is observed. For a value of fii = (32 = 40 enhancement factor of ~ 10 has been noted.

These observations are in correspondence with the results in a recent computation [17]

where gain of the order of 100 times that of the case without LFC has been observed for

very large fi's. However it is not evident how to realize such large local field corrections.

The question which one might ask is whether the same sort of enhancement can be

obtained by detuning the field G2 on the transition |1 >«-+ |2 > by the same amount as



Fig. 3.6: The absorption /m(/913), of a weak probe in a dense medium as a
function of the detuning Ai for parameters Gx = 0.05, G2 = 5.0, 71 = 1.0,
72 = 5.0, A2 = 0 and A = 0. The curve with closed circles corresponds to the
case without LFC; the dashed and solid curves correspond to (3\ = fa = 6.0
and 10.0.

Fig. 3.7: The possibility of lasing without population inversion in a dense
medium for parameters same as in Fig3'6 but with A = 0.15.
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the detuning on the probe field at maximum gain point. For the above case when fi's are

equal to 10 maximum gain occurs at Ai = 0.61. By setting A2 = 0.61 the response of the

medium was studied but other than a shift in the gain profile there is no enhancement

of gain in this situation.

These results indicate that the local field effect is not just a detuning effect but a

more complex phenomenon. The complexity seems to arise from the nonlinear couplings

involved. More detailed quantitative studies have to be performed to understand the

phenomenon underlying the large enhancement of gain.

In conclusion in this chapter we have demonstrated how LFC affect the linear and

nonlinear responses of the medium. We calculated the linear and third order susceptibil-

ities of the medium. We have then illustrated how CPT persists undestroyed when local

field effects are taken into account in the case of a dense medium of A systems. This

behavior is consistent for all ranges of field strengths. In addition to the Lorentz shift

in the steady state response we have demonstrated a novel dispersive behavior near the

CPT condition for weak fields. A more complex behavior occurs for strong fields which

need very large LFC to be present for any discernible change in the response of the medi-

um. We also show that LFC shift the minimum of the sharp dip which was predicted in

the previous chapter for unequal decay rates near the CPT condition, without destroying

the CPT itself. We have also demonstrated that LFC lengthen the time scale over which

evolution to CPT takes place. This is explained by the finiteness of the ground state

coherence at times before the steady state. Larger LFC delay the formation of CPT

more. Finally, we have demonstrated the enhancement in gain with the inclusion of LFC

in a dense medium which exhibits lasing without inversion. We have also shown that

the local field effect is not equivalent to a simple detuning effect. A microscopic study of

the nonlinear phenomena involved is required to understand the origin of the large gain

which should be the aim of future research work.
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Chapter 4

PROBING ATOMIC STRUCTURE USING LASER

TEMPORAL FLUCTUATIONS

The coherence minimum which occurs when the CPT conditions are satisfied can be

utilized in spectroscopic studies. The absorption minimum or the dark resonance is a

good indicator of the occurrence of a particular transition and hence a pinpointer to the

presence of an atomic level. However CPT needs two laser fields to act simultaneously on

adjacent transitions. One is the pump laser run at a fixed detuning from precise resonance

and the other is the probe laser which is scanned across the transition. Keeping in view

the experimental conditions, it would be advantageous to have a single field which can

provide complete information of the atomic system under consideration. One such recent

idea in which researchers have evinced interest is the use of laser temporal fluctuations

in other words, noise, to probe atomic structure.

A lot of study of atomic interactions with noisy fields has been done in the past [1-5].

Renewed interest in noise spectroscopy has been stimulated by some recent work. Most

of the earlier works dealt with stochastic (noisy) processes to either compare the behavior

of atoms in fluctuating fields with that in monochromatic fields or to use the sensitivity

of atomic response to fields with different statistics as an indicator of the field statistics

itself as done by Zoller, Cooper and coworkers [3]. However in a recent paper Yabuzaki,

Mitsui and Tanaka [6] demonstrated that stochastic fluctuations in the radiation from

a diode laser can be used to derive spectroscopic data on an atom. These authors used
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the technique on Cs transitions, where the intensity fluctuations on a diode laser beam

transmitted through an atomic sample were spectrally analyzed to reveal the atomic

level structure information. The method used appears to be an important spectroscopic

technique, where the fluctuations in the radiation from a laser are utilized to get useful

information. Related experiments have also been performed by McLean, Hannaford and

Fairchild [7] to probe atmospheric oxygen, and by Mclntyre, et. al. [8], where the diode

laser field, modeled as a phase-diffusing field, was used to probe rubidium. Diode lasers

have large phase fluctuations but a stable amplitude. Hence the frequency fluctuates

at random i. e. with a very short correlation time which results in a broad spectral

line. The half - width being in tens of MHz but the wing extending upto several Ghz

from the line center. There is sufficient spectral density in the tails of the spectrum to

resonantly excite an atomic transition if the laser is tuned approximately in the vicinity

of the atomic transition.

The fact that laser field fluctuations can be used for spectroscopy is quite contrary

to the rather accepted notion that fluctuations should be avoided. Previous theoretical

studies [4,5] to understand the issue of laser noise in spectroscopy have usually relied on

the solution of some form of the optical Bloch equations with the noise incorporated into

the equations. In this chapter we present a very simple but general theoretical framework

for extracting spectroscopic data on an atom via stochastic probing with a fluctuating

laser source.

Generally in light scattering experiments [9] the medium is fluctuating with the inci-

dent field being a coherent one. The output field is fluctuating as the medium is char-

acterized by a fluctuating response. However in our case the incident field is fluctuating

and the medium is characterized by the average response. In Section 4.1 we describe

briefly the optical mixing techniques with an introduction to correlation functions. In

Section 4.2 we introduce the general technique of extracting spectroscopic information
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applicable to any atomic system and calculate the intensity-intensity correlation func-

tion and the power spectrum of the intensity-intensity correlations. In Section 4.3 we use

the three-level V-system to demonstrate how the spectroscopic information about atom-

ic transition frequencies is deduced from the power spectrum of the intensity-intensity

correlations.

4.1 Time Correlation Functions and Optical Mixing Techniques

Time correlation functions express the degree to which two dynamical properties are cor-

related over a period of time. If a property A(t) fluctuates in time then the measurement

of the bulk property of the system is just the time average of the property given as

where to is the initial time of measurement and T is the interval over which the property

is averaged. A must be averaged over an infinite time T and if it is independent of the

initial time tfo, A is said to be a stationary property. Hence it can be expressed as

The property A at two times t and / + r can have different values so that A(t + r) ^

A(t). However if r is small compared to the fluctuation period then A(t + r) deviates from

A(t). Then A(t -f r) can be said to be correlated to A(t) when r is small. A measure of

the correlation of the property of a medium at two different times is the auto-correlation

function of the property A defined as

For time-invariant random processes the correlation function (4.d) is independent of time

(4.2)

(4.1)

(4.3)
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In most scattering experiments what is measured usually is the spectral density or

power spectrum of the correlation function defined as

(4.4

(4.5)

where A is the complex conjugate of A. The power spectrum and auto-correlation

function are Fourier transforms of one another and experimental determination of one as

a function of its arguments is sufficient for the determination of the other. The quantity

PA(U))CLJ is the amount of \A\2 in the frequency interval (u>,u> -f- du>).

The optical mixing techniques are the most common ways of study of correlation

functions. Here the scattered light impinges directly on the photomultiplier tube. One of

the methods is the heterodyne where the scattered light is mixed with a local oscillator

and then impinged on the photomultipler. Another way is the homodyne method where

the local oscillator is of the same frequency as the scattered beam (i.e. it is a small

portion of the incident electric field). A schematic of the homodyne technique is shown

in Figure 4.1.

In general homodyne and heterodyne experiments yield different information about

the system. However under the Gaussian assumption where the property is a stochastic

variable same information is found to be contained in both the experiments. A Gaussian

stochastic variable is distributed according to a Gaussian distribution which is completely

characterized by its first and second moments. All higher order moments of this distri-

bution are factorizable into the first two moments. The Gaussian moment theorem is

a consequence of this property. If E(t) is a Gaussian variable then an example of the

factorizabilty is



Fig . 4 . 1 : The Homodyne method of optical mixing. IL0C and IR are the local
oscillator and the radiated beam intensities.
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4.2 The Spectroscopic Technique

Consider a sample of an atomic medium irradiated by a field whose amplitude, phase,

frequency or some combination of these fluctuate. Here we present a very simple and

yet general enough argument to decode the spectroscopic information contained in the

intensity-intensity correlations of the laser beam transmitted through the atomic sample.

The fluctuating laser field produces a fluctuating polarization in the medium which we

denote by P(r,a;). This induced polarization can be written as

where x(< )̂ is the linear response of the medium at the applied frequency. We will assume

that the incident field is weak so that it is sufficient to work with the results of the linear

response theory. The induced polarization radiates a field which can be obtained from

Maxwell's equations. In the far zone, this radiated field [10] is given by

(4.6)

(4.7)

where n is the unit vector in the direction of observation, and the integral in Eq. (4.7)

extends over the volume of the medium. On combining Eq. (4.6) and Eq. (4.7) we get,

(4.8)

(4.9)

(4.10)

(4.11)

which for a plane wave in the direction q

becomes

where
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Thus, the positive frequency part of the radiated field at the frequency u> can be

written in the form

where for simplicity we have dropped the tensor and vector character of X(UJ) and E.

The field E(t) is centered around the frequency ui with a slowly varying envelope e(t).

The radiated field is also expected to be a slowly varying function around the central

frequency ui. We thus approximate Eq. (4,12) by

We rewrite Eq. (4.13) in terms of the Fourier transforms e(iv) of the envelopes e(t)

which when transformed to the time domain reads as

Here X(t) is the Fourier transform of

We next consider the detection of the radiated field by homodyning it with the incident

field. The instantaneous intensity at the detector will be

(4.14)

(4.15)

(4.16)

(4.13)

(4.12)
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Here we have included an extra phase factor in the homodyning process. That is, a

phase-shifter is introduced in one of the arms of the detection apparatus. This would

enable us to discriminate between different contributions to the observed signal. Since

the field e(t) is fluctuating, the intensity becomes a stochastic variable. As discussed in

Section 4.1 the quantity of interest is the intensity-intensity correlation which is obtained

from the definition of correlation function as

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Here CL and CQ are respectively linear and quadratic in the scattered field. The dots in

Eq. (4.19) give terms of higher order in the scattered field. We will ignore such higher

order contributions. Note that by choosing 0 = 0 and x [relative to the phase of /]

and by adding or subtracting the two measurements, we can study separately the linear

and quadratic terms. This is reminiscent of what one does in the context of balanced

detection [11]. Thus in what follows we will study the behavior of linear and quadratic

terms separately. Since the two contributions are studied separately we drop the scale

factor.

The power spectrum of the intensity-intensity correlations is defined from Eq.(4.4) as

To simplify Eq. (4.19) we adopt a simple model for the amplitude e(t) and assume that

it is a Gaussian stochastic process. Needless to say, other models of stochastic noise can

also be dealt with, within the framework described here. In what follows we will drop

from the spectrum the dc terms along with the peak at u = 0. We first analyze the linear

terms CL(T)- Using the moment theorem for Gaussian random processes Explained by

Eq.(4.5), Eq.(4.20) reduces to

(4.24)

(4.25)

(4.23)

Replacing r by — r in Eq. (4.23) and using the evenness of CJ(T) we get

From Eq. (4.23) and Eq. (4.24), it's evident that



Note that the first term in Eq. (4.26) corresponds to the dc term[12] and can be dropped.

We next introduce the second order correlation function F(r) for the field and its fourier

transform,

On substituting Eq.(4.29) in Eq. (4.30) and using Eqs. (4.25) and (4.28), algebraic

calculations lead to the following contribution to the spectrum

(4.27)

(4.28)

(4.29)

(4.30)

4.31)

(4.32)

(4.26)



The complete quadratic contribution is obtained by adding (4.35) and (4.36). The infor-

mation coded in Eqs. (4.31), (4.35) and (4.36) has to be understood next.
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which on using Eqs. (4.28) and (4.29) simplifies to

Assuming that T(LJ) is real and using the real nature of C/(r) we can write Eq. (4.33) as

(4.36)

(4.35)

(4.33)
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4.3 Derivation of Spectroscopic Information of a V-System

We consider the simple V-system shown in Figure 4.2, i.e. a three-level atom with ground

state |3) and two closely spaced excited levels |1) and |2). The spontaneous decay rates

from |1) —• |3) and |2) -+ |3) are denoted by 2713 and 2723 respectively. A fluctuating

driving field centered at frequency U>L drives the atom and couples the two transitions

|1) •-• |3) and |2) <-+ |3). The total Hamiltonian of the system is written as

The linear susceptibility is obtained from optical coherence contributions which are

first order in the field. The first order contribution to the coherence /)13 is given by

The linear susceptibility is found using the density matrix formalism. As elucidated

in Chapter 2 the evolution of the reduced density matrix, p for the atomic system is

governed by the Liouville equation, modified to include the spontaneous decays. The

equations of motion for the components of the density matrix in a frame rotating at the

fast optical frequency wi can be written as

(4.37)

(4.38)



Fig. 4.2: Schematic representation of a three level V-system with ground state
|3) and two excited states |1) and |2). The spontaneous decay rates from |1)
to |3) and |2) to |3) are 2713 and 2723 respectively. The transition from |1)
to 12) is not allowed. U>L is the central frequency of the exciting field.



Now p£ = 1. The total linear suceptibility is the sum of the susceptibilties corresponding

to the two transitions. Hence using the relation in Eq. (4.16) the linear susceptibility of

the atomic medium is found to be

The constants x» are related to the densities and oscillator strengths of the transitions.

A Lorentzian profile centered at zero is chosen for the spectrum of the envelope, £(£), of

the exciting field, and is given by

(4.42)

(4.41)

(4.39)

(4.40)
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Similarly

where 7C is the spectral width of the incident beam.

Substituting from Eq. (4.41) and Eq. (4.42) into Eqs (4.31),(4.35) and (4.36), P(u)

is calculated analytically. A typical term involves calculation of an integral of the type

which is evaluated using contour integration. The resulting analytical expressions repre-

senting various contributions to the power spectrum are

(4.43)
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can be dropped. The terms with difference of decays can be shown to cancel out in each

contribution.

The numerical behavior of P(u>) is studied as a function of frequency for different

values of 7C as shown in Figures 4.3 and 4.4. There are two peaks in the susceptibility

behavior corresponding to the two transitions from |1) <-> |3) and |2) <-• |3) in the atom.



Fig. 4.3: The quadratic contribution PQ(UJ) (in arbitrary units) to the power
spectrum of the intensity - intensity correlations is plotted as a function of
frequency, u>, for values of yc of 0.5, 0.7, 1 and 1.5. The other parameters
are xi = X2, ^13 - ^L = 30 and u>23 — <*>L = 20. All frequencies and widths
are in units of 713 = 723.



Fig. 4.4: The linear contribution PL{U) to the power spectrum of the intensity
- intensity correlations for the same parameters as in Fig.4.3.
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Both these resonances are observed in P(u>), at u> = U>\3-U>L and U>23-WL. It should be

noted that the resonances in the linear term PL(U) have dispersive character.

Hence, the intensity fluctuations provide spectroscopic information of the atomic sys-

tem. We emphasize here that the merits of the arguments presented here are the simplic-

ity of the approach and its general applicability. Our scheme exploits the fact that the

linear susceptibility has all the atomic level information built into it, and that a single

fluctuating laser source can be used to extract that information. The analysis presented

here is extendable to other complicated atomic/molecular systems and shows that con-

trary to the usual belief, laser noise can be used for doing spectroscopy. Also related,

earlier works [13] have utilized laser noise to determine atomic dephasing times in the

context of four-wave mixing schemes.

Recently this work was extended to include additional aspects of diode laser based

fluctuation spectroscopy. Vasavada, Vemuri and Agarwal [14] presented a general model

where the diode laser radiation was treated as a phase - diffusing field and used Monte-

Carlo methods in density matrix formalism for a wide range of field strengths and band

widths. In addition to contributions to the signal that are linear and quadratic in the

electric field the fourth order contribution was also analyzed. The homodyne method

used in the work in this chapter could identify only the dipole-allowed transitions but

not the dipole-forbidden. In this recent work a direct detection scheme was also adopted

which displayed the crossover transitions too. The fourth order contributions are the

ones measured in this direct detection.

As a conclusion, it should be emphasized that contrary to traditional belief that noise

should be avoided, the present trend of research seems to pave the way to a novel way

of utilizing noise for useful ends.
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Chapter 5

THE JAYNES-CUMMINGS MODEL WITH CONTINUOUS

EXTERNAL PUMPING

In the standard JCM [1] the atom and the field in the cavity get so entangled as to form

a single entity. This is revealed in the vacuum field Rabi splitting [2] which has been

observed by Thompson et al [3]. An external probe is necessary to get information about

the system in the cavity. One of the ways would be to use a strong laser pump externally

which would drive the atom in the cavity. Alsing et al [4] studied the driven JCM and

obtained the steady state solution of it where they investigate the effect of field strengths

on the dynamic Stark splitting induced. They solved the eigenvalue problem and found

the dressed states of the driven system. They studied two situations. In the first one, the

external field pumps the cavity mode which corresponds to the experiment of Thompson

et al. In the second situation the field drives the atom directly. In this chapter we study

the dynamics of the latter system numerically and analytically illustrate the model's

correspondence with the standard JCM where the coherent field enters via the initial

conditions. Our model is a simple example of the two-channel JCM [5] with the external

laser making the second channel between the two states of the atom.

In Section 5.1 we present a brief mathematical review of the standard JCM demon-

strating the sinusoidal Rabi oscillations and the periodic collapse and revivals for different

initial field states. In Section 5.2 we present the state vector approach to the JCM with

84
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continuous pumping. Numerical results for various coherent field amplitudes are pre-

sented. Large coherent amplitudes are shown to demonstrate collapse and revivals as

in the standard JCM. In Section 5.3 the origin of this phenomenon is understood using

a simple analytic technique making use of unitary transformations. In Section 5.4 the

continuously pumped JCM is studied when the external field is detuned from the atom

and the cavity.

5.1 The Standard Jaynes - Cummings Model

The fully quantized model of a single atom interacting with a single cavity mode con-

stitutes the standard JCM. A lot of study has been done on this fundamental model in

radiation-matter interaction. For a detailed description of the JCM and its numerous

extensions see the reviews by Haroche and Raimond [6], Yoo and Eberly [7], Barnett et

al [8], Meystre and Sargent [9], Meystre [10] and Shore and Knight [11].

The interaction of a single atom of transition frequency uo with a single mode of the

radiation field of frequency a; in a cavity in the dipole and rotating wave approximations

is described by the Jaynes-Cummings Model Hamiltonian [1]

which is derived from the general Hamiltonian in Eq.(1.44) in the introductory Chapter

1. Here g is the strength of the coupling between the radiation mode and the atom,

which contains the transition dipole moment matrix element. Now S*, S* are the atomic

spin | operators and 6,6* are the bosonic ladder operators.

The interaction part of the Hamiltonian indicates the single photon processes that

the atom undergoes. The S+b term describes the excitation of the atom from the ground

state to the excited state with the absorption of a photon from the cavity mode. The

(5.1)
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In Eqs.(5.4), (5.5) and (5.6) C's are the complex amplitudes.

Due to the conservation laws (5.2) and (5.3) the JCM which is infinite dimensional

reduces to a two dimensional problem. The Hamiltonian matrix has a block diagonal

form consisting of many (2 x 2) matrices along the main diagonal. Hence there are an

86

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

The state vector for the system of atom and the field mode is a direct product of the

atom and field state vectors and is given by

The field state vector at time t is expressed in terms of the complete set of Fock states

as

The atomic state vector at time t is

and another which conserves total excitation in the field-atom system

S"b term describes the de-excitation of the atom from excited state to the ground state

with the emission of a photon into the cavity mode.
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infinite set of uncoupled two state Schrodinger equations, each pair identified by the

number of photons in the ground state. For a fixed n the state vector is given by

At exact resonance, when the transition frequency is equal to the frequency of the

radiation mode, i.e., A = 0 and at n = 0, HnA = 2g, the Rabi splitting frequency. Here

2g is called the single photon Rabi frequency and Qn& is called the generalized Rabi

frequency. The evolution operator is found to be

(5-13)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

The eigenvalues
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If the atom is initially in the excited state and the radiation field is in the Fock state,

with n photons then the state of the system at any time t is given by

Numerical evaluation of the infinite sum leads to the collapse and revival phenomena. If

the atom is in the ground state and the field is coherent initially, then the expectation

value of the energy of the atom oscillates sinusoidally initially and then decays rapidly

to a constant value even though the Hamiltonian describing the system is Hermitian

(no damping). Following the decay are periodic revivals to large amplitudes on a much

Eq.(5.16) predicts sinusoidal Rabi oscillations much like the classical case. However,

even when the field is initially in vacuum state, i.e., n = 0, the probability exists. This

is a purely quantum feature of periodic reversible spontaneous emission. (Probability

would be zero for zero classical field amplitude). The vacuum fluctuations stimulate

spontaneous emission from the atom which is followed by reabsorption and so on.

If the radiation mode is intially in a coherent state the inversion of the atom is given

by

The probability that the atom emits a photon into the cavity mode and goes to the

ground state is

where

(5.15)

(5.14)

(5.17)
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larger time scale. On a still larger time scale neighbouring revivals begin to overlap

and the regions of overlap gradually include more distant revivals causing the envelope

of atomic inversion signal to appear irregular and noisy. Narozhny et al [12,13] gave

analytic formulas for the collapse function, the revival period and the amplitude of the

revival envelope. Recently with the success of the one-atom maser the collapse and revival

phenomenon has been observed [14].

5.2 The Jaynes - Cummings Model with Continuous Pumping

In this model in addition to the atom interacting with a single cavity mode, it is driven

continuously by an external field of frequency U>L as shown in Figure 5.1. There are

two processes connecting the two states of the atom. One is the single photon process

occurring due to the interaction with the cavity mode. The other is the direct coherent

excitation by the external field. The total Hamiltonian for this system can be written as

H = hu>oS
z -f hutfb + hg(S+b + S~tf) + ha(S+ exp (-iu>Lt) -f S~ exp (iu>Lt)) . (5.18)

where a is the Rabi frequency of the external pumping field and g is the single photon

Rabi frequency.

Let \<t>) be the state of the system at time t. The dynamics of the system is governed

(5.19)

(5.20)

(5.21)

where

To get rid of the optical frequency in the Hamiltonian in Eq.(5.18) we go to a frame

rotating with the frequency U>L by the unitary transformation.

by the Schrodinger equation

89



Fig. 5.1: A two-level atom in a cavity which supports a quantized mode 6, as
welj as being pumped by an external field a.
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Differentiating Eq.(5.20) w.r.t. time we get

Using Eqs. (5.19) and (5.21) in above equation

Using the unitarity property UW = 1 in Eq. (5.23),

The second term in Eq.(5.24) is evaluated as follows.

Using the bosonic and atomic commutation relations Eq.(5.25) reduces to

Substituting (5.26) in Eq.(5.24) Schrodinger equation in the rotating frame is obtained

as

where the effective Hamiltonian in the rotating frame is given by

In order to understand the basic features of the JCM with continuous pumping, we

first consider the case of exact resonance uo = u>i = u. The Hamiltonian (5.28) reduces

to

(5.29)

(5.28)

(5.27)

(5.26)

(5.25)

(5.24)

(5.23)

(5.22)
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Because of the structure of the term corresponding to the coherent pump it is useful to

work in a representation in which Sx is diagonal. Let | ±) be the eigenstates of the Sx

operator with eigenvalues ±\ . The two sets of eigenstates are related by

The state vector at time t can be expressed in terms of the complete set of states as

where C's are the complex amplitudes. Using the Schrodinger equation in (5.27),

Taking the scalar product with (—,p| and (+,p| on both sides Eq. (5.32), the equation

of motion for the coefficients C's are found to be

Unlike the standard JCM where the cavity mode is prepared in a coherent state

initially, in our model we assume the cavity field to be in vacuum. The atom is assumed

to be in the ground state |2). The initial values of the C's are deduced as follows:

Initially, at time t = 0 the state of the system is

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

where p = 0,1,2, • • • oo.
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The probability of the system to be in the ground state |2,0) initially is equal to 1.

Taking scalar product (2,0| on both sides of Eq.(5.34),

Ct - C; = \/2 . (5.35)

Similarly from the stipulation that probability of the system to be in the excited state

initially is zero, we get

C+ + C; = 0 . (5.36)

Solving the simultaneous equations (5.35) and (5.36) the initial conditions on C's are

found to be C* = 4-, C~ — —A^ with all other C's zero. The coupled equations are

solved using the Fehlberg's Runge Kutta method [15] for various values of the external

field amplitudes, a, relative to the atom-field mode coupling.

The infinite number of photons present in the sum in Eq.(5.31) indicates that the

convergence of the equations in (5.33) has to be tested for each a. Convergence is

indicated by stable, unchanging values of the coefficients C's. The number of photons

needed in the infinite sum in Eq.(5.31) for convergence is roughly estimated from the

photon number distribution of the coherent external held. The coherent state has a

Poissonian distribution with Poisson coefficients ^—. For small n values an dominates

over \/n!, till the mean photon number n = |a|2, where the distribution increases to a

maximum. After the mean photon number is reached, the factorial in the denominator

starts influencing the coefficient -j~ and the distribution falls off till any increase in n

does not influence it. The photon number n around this point is the convergency limit.

For example for a = 3.0, n is taken from 0 to ~ 12 — 15 for convergence.

We study the dynamics of the photon statistics of the cavity mode and the atomic

excitation as in the standard JCM. We specifically present results for the evolution of the

photon number (6t&) and the atomic population Pc(t), (the probability that the atom is
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in the excited state). In terms of the complex C's defined in Eq.(5.31) these are
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(5.37)

(5.38)

(5.39)

The initial conditions are now different. The atom may be in any state but the field is

say in a coherent state | /?). Thus the initial state for the atom-field system is

The behavior of (bH) and Pe(t) for the values a = 1.0 and a = 3.0 when g = 1.0 (this

implies that time is scaled as gt) is shown in Figures. 5.2(a), (b) and 5.3(a), (b). For

a = 1.0, there are no pronounced collapse and revivals. There are modulated sinusoidal

oscillations. For the larger value of a = 3.0, P€(t) exhibits collapses and revivals like in

the standard JCM where for increasing a the Rabi oscillations are affected by the Poisson

distribution of photon numbers. Eventhough the cavity mode was initially in vacuum

state, the atomic excitation probability exhibits the collapse and revival phenomena.

The field mode initially with zero photons gains energy, becomes finite and oscillates

with time even as the atom also exhibits modulated Rabi oscillations. The transfer of

energy between the coherent laser field and the cavity mode is mediated by the atom

due to simultaneous excitation pathways of the two fields. A pictorial comparison of the

standard JCM with the JCM with external pumping is given in Figure 5.4. In the next

section we explain the origin of such collapses and revivals in the continuously pumped

model. Another interesting feature is that the number of photons in the cavity increases

as the intensity of the pump increases.

Note that the usual JCM is characterized by the Hamiltonian H obtained from (5.29)

by setting a = 0



Fig. 5.2: Dynamical results for the JCM with continuous pumping for a = 1.0
a) Mean number of photons in the cavity mode, (bh) as a function of time
b) Pe(t) (Probability that the atom is in the excited state) as a function of
a time.



Fig. 5.3: Dynamical results for the JCM with continuous pumping for a
3.0a)Same as in Fig. 5.2(a). b) Same as in Fig. 5.2(b).



b)

Fig. 5.4: The eigenstates of the standard JCM and the JCM with external pump-
ing are depicted in a) and b) respectively
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(5.40)

(5.41)

(5.42)

(5.43)
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and the time dependent wave function is

5.3 Analytical Results

In this section we use unitary transformations to obtain some analytical results. We

rewrite the Hamiltonian (5.29) in the form

Introducing the displacement operator D(0) defined by D{0) = exp (/96f - /3*b), D\/3)bD(j3)

= 6 -|- /?, the Hamiltonian (5.41) reduces to

The time evolution of the wave function is then given by

where we have used (5.38).

Expanding the exponential in (5.43) gives



To understand the dynamics of the system we use the density operator formalism. The

state vector in Eq.(5.49) completely describes the state of the system of the interacting

atom and cavity mode. Such a state is called a pure state. The density operator, p, for

such a pure state is defined as

/ » = W ) ) W ) I • - (5-50)

Substituting the state vector from Eq.(5.49) the density operator of the coupled sys-

tem of the atom and the radiation field is given by

In obtaining Eq.(5.52) we used the cyclic property of the trace which states that

Tr[ABC] = Tr[BCA] where A, B, C are represented as matrices in matrix notation and

The J&ynes-Cummings Model

We write the initial condition in the form
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(5.47)

(5.48)

(5.49)

Thus (5.46) becomes

Here |0) is the vacuum state of the field and |I/M(0)) is the initial state of the atom. Note

that the displacement operator acting on the vacuum yields the coherent state |/?) of the

field i.e.,

(5.51)

(5.52)

The reduced density matrix DA for the atom is obtained by taking a trace over the

field variables as



The Jaynes-Cummings Model 96

the unitary property of displacement operator. Note that the right hand side of (5.52) is

nothing but the solution (5.40) for the standard JCM. Thus we have shown that

pA(t) = PA(t) . (5.53)

i.e., the dynamical properties of the atomic system for a continuously pumped JCM are

identical to the dynamical properties of the atomic system for the standard JCM in which

the coherent field appears in the initial conditions. This explicit connection explains the

existence of the collapse and revival of the Rabi oscillations in Figure 5.3.

We next examine the reduced density matrix pr for the field mode which is obtained

by tracing over the atomic variables in Eq.(5.51) as

Note further that the term in the square bracket in (5.54) is just the field density matrix

for the standard JCM and hence

5.55)

This relation indicates that the moments of the field variables are very simply related.

For example the mean photon number of the cavity mode is calculated. In the density

matrix formalism the expectation value of an operator is defined as (A) = TrpA . Using

Eq.(5.55) the mean number of photons in cavity mode is found to be

(5.56)

(5.54)
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The results obtained by using the solution of the standard JCM model and the equations

(5.53) and (5.56) agree with the ones calculated in Section 5.2 from the direct numerical

integration of the Schrodinger equation.

Hence results in Eq. (5.53) and Eq.(5.56) indicate that in the cavity QED experiments

which need the cavity mode to be in the coherent state initially, could use an external

coherent laser field to prepare the cavity mode which initially is in a vacuum state, to be

in a coherent state. The situation would be not very different from the case where the

cavity mode was initially in a coherent state which is a difficult proposition. The atomic

properties will be identical at all times whereas field properties will be related in a simple

manner. Our model can also be viewed as an exactly soluble example of the two-channel

JCM.

5.4 Non-zero Detuning

In this section we consider the effect of detuning the cavity and the external field from

the atomic resonance i.e., U?L ^ u>o / v • We find that the results proved in the Section

5.3 also hold if the external field is on resonance with the cavity field i.e., when LJ = u^.

We define Ai as the detuning between the atom and the external pump i.e., Ai = u>o —

LJL and A2 as the detuning between the cavity and the external pump i.e. A2 = w — UJI.

The general Hamiltonian (5.28) is thus rewritten as

Working in the Sx basis as before, the state vector at time t can be expressed in terms

of the complete set of states as

(5.58)

where the complex coefficients D's are determined from the Schrodinger equation (5.19).

(5.57)



(5.59)

where p = 0,1,2 . . . oo.

As before assuming the atom to be in the ground state |2) and the cavity field to be

in vacuum, the initial conditions on Vs are D+ = 4^, D~ = — 4- with all other D's zero.

The coupled equations are solved using Fehlberg's Runge Kutta method. The dynamics

of the system is studied for different values of the external field and different detunings

relative to the atom field coupling (g = 1.0). As before we present the results for the

evolution of the photon number (b*b) and Pe(t)(the probability that the atom is in the

excited state).

It is observed that A2, the detuning between the cavity and the external field alone

affects the behavior of (6f6) and Pe(t). For instance, for A2 = 0.2,(6+6) and Pe(t) be-

have identically for any value of Ai like 0.1, 0.2, 0.3 etc. For the case where a = 3.0

the behavior of (6*6) and Pe(t) is shown in Figure 5.5 for the representative set of the

detunings i.e., Ai= 0.0, A2 = 0.2. The mean photon number (6*6) reaches a maximum

18.63 which is very much less than the maximum of the exact resonance case. Thus the

amount by which the field is detuned from the cavity affects the dynamics of the system

in a quantitative way. In Figure 5.6 we give the dynamical behavior of the field and

the atom when both the external field and the cavity field are detuned from the atomic

transition.

In conclusion we have studied the dynamical properties of an example of the two-

channel JCM where the atom is driven continuously by an external laser field in addition

The Jaynes-Cummings Model

The equations of motion for the coefficients D's are found to be
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5.5: Dynamical results for the JCM with continuous pumping for a = 3.0.
Now the the external field is detuned A2 = u - u>i = 0.2, Ai = uo — UJI =
0.0 a) Mean number of photons in the cavity mode, (6^6) as a function of
time 6)Pe(<)(Probability that the atom is in the excited state) as a function
of time.

Fig.



Fig. 5.6: Same as in Fig. 5.5 but now all transition frequencies are different i.e.
UL ^ u>o £ w. Aj = 1.0, A2 = 1.0
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to being coupled to a cavity mode. We compare the standard JCM with our model in

the resonance case and establish a one to one correspondence between the results for

the JCM with continuous pumping and the standard JCM where the field enters via the

initial conditions. The situation however becomes more complex if the external field is

detuned from the cavity field.

In a recent work P. L. Knight and coworkers [16] discussed the dynamics of the JCM

with external pumping but with the cavity mode initially in a coherent state and the

atom in the excited state. They discover collapse and revivals ("super revivals") which

appear at time scales larger than their counterparts in the standard JCM. They also

report sub-Poissonian statistics for certain interaction times of the external field and the

atoms.

Our model dispels the difficulty of the micromaser experiments involved in studying

the fundamental atom and field interaction. There need be no ambiguity in the photon

statistics of the cavity mode. In the way suggested by our model the external pump

can prepare the cavity mode initially in vacuum state, to be in the coherent state. The

complexity of the external field entering into the cavity can be dealt with as in Kimble's

experiment [3] which uses an extra field to study the JCM.
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Chapter 6

COMPETING THREE PHOTON AND ONE PHOTON

TRANSITIONS IN CAVITY QUANTUM

ELECTRODYNAMICS

The experimental realization of the ideal JCM [1] has been made possible by the one-

atom maser [2]. The purely quantum mechanical phenomenon of collapse and revivals

of the atomic inversion predicted by JCM [3] has been demonstrated for the first time

[4]. Nonclassical effects like sub-Poissonian photon statistics [5] and antibunching [6]

predicted in the JCM have been observed in the microwave cavities. Recently the direct

spectroscopic measurement of vacuum field Rabi-splitting [7] has been observed in the

optical domain [8].

All these experimental successes in realizing ideal simplified, purely quantum systems

has led to a surge of interest in the study of a little more complicated, generalized systems

in the purview of JCM in cavity QED. Several reviews of cavity QED [9] and JCM [10]

have appeared which give a summary of the recent developments in the generalization of

JCM. One of the natural extensions is the two channel fully quantized cavity QED model.

Here a two-level atom couples to a multimode quantized field with two channels that

independently connect the two states of the atom. This leads to interesting competing

effects. In Chapter 5 we had considered a very simplified version of the two channel

model where one of the channels has a classical field.
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In nonlinear optics, competing nonlinear processes have attracted considerable atten-

tion due to the novel interference effects which came to be discovered. One such discovery

was by Aron and Johnson [11] of the absence of an expected three photon resonance en-

hancement of a five photon multiphoton ionization process in Xenon at vapour pressures

greater than 1 Torr. Miller et al [12] subsequently discovered that the disappearance of

the resonantly enhanced signal was proportional to the appearance of a generated signal

at third harmonic frequency. Many other examples are known in nonlinear optics. In

amplified spontaneous emission it was experimentally discovered that the absorption of

two photons at a fundamental frequency is cancelled in the presence of generated pho-

tons at intermediate frequencies [13]. Another such an example of competing effects

is the competition between Stokes and anti-Stokes processes [14]. The cause of such

competitive effects has been shown to be due to the destructive interference between

simultaneously present pathways of multiphoton excitation of resonance media. Multi-

photon excitation induces nonlinear polarization and generates new fields which create

the second excitation pathway to a resonant intermediate level. A simple illustration is

given here. Consider a system interacting with an electromagnetic field of frequency u.

The system can generate radiation of frequency 3u>. Once the radiation at 3u> is gener-

ated, the system interacts with both fields at u and at ZUJ. The generation of radiation

at 3a; is a coherent process and carries information on the phase of the radiation at u>.

Consider now the three photon excitation of this system. The effective field leading to

three photon excitation turns out to be zero [15] in the steady state and in the limit of

long sample lengths. Thus there is a type of destructive interference which originates be-

tween the two pathways and prohibits the excitation itself. That two processes interfere

destructively follows from the principle of nonlinear optical balance (NLOB) proposed

by Wynne [15] which actually originates from Maxwell's theory of minimum dissipation

[16]. The mechanism underlying is that the amplitudes and phases of waves propagating



Competing Three Photon and 104

through a nonlinear medium are developed in such a way as to minimize the dissipative

losses or absorption. However, the semiclassical approach followed by Wynne and other

does not give any information on the quantum dynamics of the competing processes. It

would be desirable to examine how the fields build up and how these finally lead to de-

structive interference. One should thus consider not only steady state dynamics but also

transient dynamics. In addition one should also consider fields quantum mechanically.

This would be important in understanding -

i) the build up of the field at 3a;,

ii) the coherence characteristics of the field at 3a; and consequently the competition

between one photon and three photon processes at QED level,

iii) the quantum correlation between two modes and the possibility of the entangled

states of fields at u and 3a;.

The nonlinear optical balance has been studied in the quantum mechanical context by

Agarwal [17], Baker [18] and others who studied the general structure of quantum field

states and discovered a new class of coherent states which show rich quantum features.

Recently an exactly soluble coupled channel cavity QED model in the Stokes and anti-

Stokes case was studied by Eberly et al [19]. They use a Raman like configuration to

include three cavity modes and two independent channels and give a closed form solution

to the eigenvalues and eigenstates. The eigenstates have a 'chain' character of being

linked together by the interaction Hamiltonian. The dimension of the chain is limited

only by the initial choice.

In this chapter we examine a model of two channel cavity QED consisting of three

photon and one photon transitions i.e., we present a lossless cavity QED version of a

nonlinear optical balance. The alternate pathways which exist between the two levels
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of the atom create quantum interferences which are studied in detail. We study the

competition between the two processes by introducing different initial conditions for the

system. In Section 6.1 we study the simplest case of competition in which the fundamental

mode is assumed to have three photons, the minimum number to trigger a three photon

process. A detailed study of mode mixing and entanglement of states is made. In Section

6.2 we study the dynamics when the fundamental field is in an arbitrary Fock state. We

present details of field and atomic dynamics. In Section 6.3 we take the coherent state

as the initial state for the fundamental mode. We compare the results obtained with

the corresponding results when the fundamental mode was in the Fock state. In Section

6.4 we study the two channel model in the semiclassica:l domain. It is observed that

the variables execute a periodic behavior. We derive the conservation laws existing in

the two channel model which clarify the periodicity. We also demonstrate the steady

state NLOB condition when decays are taken into account for the atomic system. We

also compare these results with the corresponding ones obtained in the quantum domain.

Finally we study the case when one of the modes is prescribed i.e., when the field in one

of the channels is treated classically, similar to the problem studied in Chapter 5 and

compare the results with the fully quantum two-channel model.

6.1 The Model Hamiltonian and Exchange of Energy between Atom and

Fields

Consider the interaction of a two-level atom with states | e) and | g) separated by the

frequency u>o, with two modes of the cavity radiation field of frequencies, ua and av We

assume that one of the modes, a interacts with the atom through a three photon process

and the other mode, b interacts via a single photon process. For simplicity we further

assume that the two cavity modes are in perfect resonance with the atomic transition
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i.e. u)o = Suja = Wfc. a is the fundamental mode and b is the third harmonic of it. [Figure

6.1].

As in the previous chapter the two-level atom is characterized by the spin — ~ angular

momentum operators 5 ± , Sz. In the rotating wave approximation the interaction Hamil-

tonian for the two-level system interacting with two fields via two competing processes

is given by

Hef[ = k(KS+a3 + KmS~a^3) + h(9S
+b + gmS~tf) . (6.1)

The field modes a and 6 are described by the annihilation and creation operators a ,a '

and 6,6' respectively. Furthermore K is the coupling strength containing the transition

element for the three photon process; g is the coupling strength containing the transition

dipole moment matrix element for the single photon process. These are evaluated using

perturbation theory to the first arid third order in the field amplitude [20]. The single

photon Rabi frequency is given by

( 6-2 )

where g and c are the relevant levels separated by frequency ua. From the third order

perturbation theory the three photon Rabi frequency is given by

(6 3)

where g is the initial state, e is the final state and l,j are the intermediate states. Here

g, l,j, e are equally spaced with frequency difference u>a. The levels have energies as tuvj

corresponding to the j t h level etc. Here V is the cavity volume. The d's are the dipole

matrix elements corresponding to the respective transitions.

The S+a3 term in Eq. (6.1) describes the excitation of the atom from the ground state

by absorbing three photons from the a-mode while the 5+6 term leads to the excitation



Fig. 6.1: Schematic illustration of the three photon and one photon processes in
a two-level atom.
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of the atom by absorbing one photon from the 6-mode.

In order to understand the basic behavior of the system we first consider a simple

case. We assume that initially, at time t = 0, only the fundamental mode, a- mode exists

and it is in a Fock state with just three photons which is the minimum number of photons

required for the three photon absorption. We also assume that the third harmonic mode,

6-mode is not yet generated and hence is in the vacuum state and the atom is in the

ground state \g). Thus the initial state of the system is the direct product of the states

of the two modes and the atom and is given by |3,0, ̂ ).

| </-(<)> = Ci(t) I 0,0, e) + C,(t) | 0,1,g) + C3(t) | 3,0,*), (6-4)

where the Cs are the complex probability amplitudes determined using the Schrodinger

equation. The equations of motion of the complex amplitudes are

(6.5a)

(6.56)

(6.5c)

(6.6)

(6.7)

(6.8)

Differentiating the equation (6.5a) we get

Substituting equations (6.5b) and (6.5c) in (6.6),

where
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The second order differential equation in Eq. (6.7) is the simple harmonic oscillator

equation of motion and gives a hint about the periodicity to be expected in the observed

variables. At time t = 0, the complex amplitudes are given by C\ = 0, C2 = 0, C3 = 1.

Using these initial conditions solution of the differential equation is found to be

We now study the dynamical behavior of the atom and the field variables which can

be described in terms of the complex amplitudes. Here we specifically present the results

for the evolution of the atomic population Pe(t), (the probability that the atom is in the

excited state) and the average number of photons in the a-mode and the fr-mode, (a'a)

and (6 • 6) respectively. These quantities are expressed in terms of the complex amplitudes

as Pe(t) = | d{t) |2,(<*M = 3 I C3(t) |2 and (bH) =| C2(t) |2. Substituting for the C's

given in Eqs. (6.9),(6.10) and (6.11)

The dynamics of the system can be studied for different values of the coupling con-

stants. The three photon coupling is usually much weaker in comparison with the one

(6.12)

(6.13)

(6.14)

(6.9)

(6.10)

(6.11)

Using Eq.(6.9) the solutions of Eq.(6.5b) and Eq.(6.5c) are found to be

and
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photon coupling. However Rydberg atoms can be used for multiphoton transition stud-

ies. The Rydberg atoms have a very large dipole moment which is proportional to the

square of the principal quantum number, n, of the spectroscopic states. Using spectro-

scopic states of sufficiently high principal quantum number n so that the dipole matrix

elements are very high and also adjusting the detuning appearing in the denominator

of Eq. (6.3) suitably the three photon Rabi frequency can be made sufficiently high

enough to be comparable to the single photon Rabi frequency. In the case of two-photon

micromaser Haroche and Raimond [21] showed that the two-photon Rabi frequency can

be quite large for Rydberg states of principal quantum number n of the order of 40.

In this simplest case we choose n/g = 0.1. As observed from the form of the above

solutions the system executes sinusoidal oscillations as shown in Figure 6.2. There is a

periodic exchange of energy between the two modes with the atom acting as an interme-

diary. The oscillation frequency of Pe(t) is twice that of the field modes. This is because

the atom goes to the ground state twice. Once when the atom emits three photons into

the a-mode i.e. (a^a) reaches the maximum value of 3.0 and again when the atom emits

one photon into the b-mode i.e. (6*6) reaches the maximum value of 0.21.

If the single photon process were non-existent [g = 0; this is the analog of vacuum

field Rabi-oscillations for the usual Jaynes-Cummings model], we find that

Pe(t) = sin2 |n|* (6.15)

(a^a) = 3cos2|0|tf. (6.16)

The oscillation frequency of Pe(t) is the same as the oscillation frequency of (a^a). This

is because the atom comes back to the ground state only when it emits three photons to

the a-mode. Clearly the interference between the two pathways | 0,0, e) —>\ 3,0,g) and

| 0,0, e) —•I 0,1,<7) leads to this difference (as also n <C g) in the dynamical behavior. It

is a manifestation of the mode-mixing property of the model where the atom acts as a



Fig. 6.2: The time dependence of (a) the number of photons in mode a (solid
curve) and mode b (dashed curve), (b) the probability Pe(t), that the atom
is in the excited state (solid curve) and the entanglement | C2C3 | of the two
field modes a and 6(dashed curve). The time is in units of g and K / J = 0 . 1
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catalyst and brings about a redistribution of photons among the two modes a and b of

the cavity.

Another consequence of the two competing processes in a cavity is the appearance of

strong entanglement between the two modes. To see this we calculate the density matrix,

p. As the state vector in Eq.(6.4) completely describes the system of atom and two field

modes, \tp(t)) is a pure state. The density matrix, corresponding to the pure state |V>(0)

is given by the bilinear product of the state as

The quantity | C2C3 | is a measure of the entanglement of the field modes and is shown

in Figure 6.2b. Initially at time t = 0 the two modes are disentangled. However the in-

teraction with the atom produces correlation between the two modes. The entanglement

vanishes whenever either Cv or C3 is zero. Even this simplest case of simultaneously

present pathways exhibits interference consequences.

We get an idea about the entanglement between the modes by studying the density

matrix corresponding to just the field variables. The reduced density matrix of the field

is obtained by taking a trace over the atomic variables. It is given by

(6.17)

(6.18)
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6.2 Numerical Results for Dynamics of the Fundamental Field in a Fock

State

We next consider the more general case with 3n photons in the a-mode where n can take

any value greater than one. As before we assume that at time t = 0, the 6-mode is in

vacuum state and the atom is in the ground state, | g). Thus the initial state of the

atom-field system is given by | 0(0)) =| 3n,0,p). The state vector for each value of n

is a linear combination of all the possible states the system can exist in. For the case

n — 1, there are the three states mentioned in Section 6.1. For the case n = 2, there

are five possible states the system can exist in by virtue of the two channel interaction

Hamiltonian(6.1). These are |6,0,p), |3,0,e), |3,1,#), |0,l,e) and |0,2,#). By induction

we find that the number of such states for a particular n value is 2n + 1. These are akin

to the 'chain' of states linked by the two processes occurring in the medium mentioned

in Ref. [19]. To write the state vector of the system for a general 'n' value, we observe

that there is a chain of states as depicted below:

Here the chain ends whenever the number of photons in 6-mode is equal to n. Denoting

the number of photons in &-mode by m and summing over the complete set of states the

state vector of the system at time t for a particular n is given by

(6.19)



Competing Three Photon and 112

where the complex amplitudes are determined from the Schrodinger equation. The equa-

tions of motion for the complex amplitudes are

The dynamics of the system is studied for j = 0.01, which appears to be reasonable for

Rydberg atoms. A representative value of n — 33 is taken so that the initial state is

|99,0,</). The number of basis states involved is 2n -f 1 = 67. The number of coupled

complex equations is 67. By converting the equations into equations for all real quantities

there are 2x67=134 coupled equations. The fourth order Runge Kutta method solves the

134 coupled differential equations and the behavior of the above variables in Eq.(6.21) is

shown in Figure 6.3. In the absence of mode competition (g = 0) the atomic and field

where p varies from 0 to n. At time t — 0, corresponding to the initial state |3,O,<7),

the complex amplitude Ao = 1 and Bo = 0. Other amplitudes for p > 0 are all zeros

i.e., Ap = 0 and Bp = 0, where p = 1,2,... n. Using the initial conditions the coupled

equations (6.20) are solved using Fehlberg's Fourth order Runge-Kutta method [22]. The

dynamical behavior of the atom and the field variables is studied. We calculate <PC(<),

(a^a) and (6*6) in terms of the complex coefficients as

(6.20)

(6.21)



Fig. 6.3: Same as in Fig. 6.2 but now the fundamental field is in a Fock state
| 99) and n/g = 0.01.
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variables would exhibit simple sinusoidal behavior characteristic of Rabi oscillations.

There are only two states of consequence in this case, |99,0,p) and |96,0, e) as the

single photon absorption and emission processes no longer exist. The state vector of

the system oscillates sinusoidally between these two states and consequently the system

variables perform Rabi oscillations. The mode competition changes the almost sinusoidal

behavior of say (a'a) to quite a complex behavior (Figure 6.3a) exhibiting different scales

of oscillations. The mode competition leads to coupling between 67 states instead of just

two states in the absence of mode coupling. The presence of a large number of photons

in the Fock state of the a-mode leads to an interference of a number of sinusoidally

oscillating contributions and hence the complex collapse and revivals arise. Also the

mean photon number of generated third harmonic field 6-mode photon number, (6» 6)

which is zero initially, oscillates to a maximum of about 6.8.

One should bear in mind that the initial choice 3rc, of the number of photons in the

a-mode is not necessary. Initial states having the structure | 3n + l,0,g) and | 3n-f2,0,#)

would each belong to its own complete set of basis states. But, qualitatively they will

exhibit the same kind of dynamics as described earlier.

6.3 Mode Competi t ion with the Fundamental Mode Initially in a Coherent

State

In this section we take the a-mode in a coherent state | a) at t = 0

where a is the complex amplitude of the coherent state. As in the previous cases, t = 0

the atom is assumed to be in the ground state and the 6-mode to be in the vacuum state.

The coherent state has a Poissonian distribution over an infinite number of photons. The

(6.22)
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infinite number of photons can be divided into three parts with 3n, 3n 4- 1 and 3n -f 2

photons respectively with n varying from 0 to oc, in each part. At time t = 0, the initial

state is hence written as

(6.23)

Within each of the three parts, corresponding to each n there is a chain of basis states

linked together by the interaction Hamiltonian and the state vector corresponding to that

particular n in each of these parts with (3n, 3n + 1,3n -f 2) photons would be represented

by a combination like Eq.(6.19). The state vector at time / is thus a linear combination

of the basis vectors for the 3n, 3n + 1 and 3n -f 2 photon states. Corresponding to each n

would be the coherent state Poissonian weightage factor for the state vector. The state

vector is written as

where A,B, F are the complex amplitudes. Here the evolution of 3n + 1 and Sn + 2

states is similar to the 3n case.

(6.24)



Corresponding to the total state vector basis there are 3(N -f I)2 complex coupled equa-

tions to be solved. For the representative value a = 10, convergence is found to occur

at n = 62, or the actual number of photons taken is 3 x 62 = 186. The number of

equations involved is 3(62 -f I)2 = 11,907 complex coupled differential equations. When

converted into real equations there are 23,814 coupled real differential equations which

are solved efficiently using the Fehlberg's Runge Kutta method. We specifically present

the results for the evolution of Pe(t), (a*a) and (b*b) for the coherent amplitude a — 10.0

and - = 0.01 in Figure 6.4. The atomic excitation probability shows the familiar collapse

and revival and the photon statistics show modulated Rabi oscillations. These must be

compared with the corresponding results in Figure 6.3 for the case when the a-mode

is initially in a Fock state with the same number of photons. Clearly the photon dis-

tribution of the input field changes the dynamics considerably. The symmetric Poisson

distribution of photons in the coherent state leads to the dephasing of oscillations and

the collapse and then due to the quantum nature of the field the oscillations reconstruct.

to give the revival. In the Fock state case, incomplete collapse and revivals occur due to

the absence of any symmetry in the photon distribution.
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As in the previous section equations of motion for the complex coefficients axe derived

using the Schrodinger equation. At time t = 0,v4" = 1,E% = l,Fo
n = 1 and the rest

of the coefficients are zero. As discussed in Chapter 5 the convergence of the equations

has to be tested. In the two channel model, if convergence occurs for n ~ N the total

number of photons actually taken into account in the coherent state is ~ 37V. Now in

each of the three sums in Eq.(6.23) n runs from 0 to N. Corresponding to each n there

are (2n -f 1) complex coupled equations in each part. For one part of the state vector

basis the total number of equations is given by

(6.25)



Fig. 6.4: Dynamical results for the fundamental field initially in a coherent state,
a = 10.; */g = 0.01.
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In Figure 6.5 we show the results for the atomic population and the mean number of

photons in a-mode by ignoring the mode competition i.e. by setting <7=0. A comparison

of the two Figures 6.4 and 6.5 is quite revealing. For example in Figure (6.4a) (a*a)

oscillates around 90 whereas in Figure (6.5a) it oscillates around 98.6. Also the qualitative

behavior of the curves in the two cases is different. The collapse and revival phenomenon

observed in the time scales shown for (a^a) in the case of no mode competition is absent

in Figure 6.4 where there is mode competition.

6.4 Comparison of Quantum Treatment with Semiclassical Trea tment

It would be interesting to compare and contrast the predictions of the quantum theo-

ry with the results obtained using semiclassical approximation, where the fields evolve

according to classical dynamics. In general,the Heisenberg equation of motion gives the

equations for the mean values of the operators:

(6.27a)

(6.276)

(6.27c)

(6.27a1)

(6.26)

Using the interaction Hamiltonian (6.1) the equations of motion for the atom and field

operators are obtained. In the semiclassical approximation one ignores the quantum cor-

relations between the field and atomic variables. The average of the product of operators

is written as the products of their averages. For example (S~a^3) = (S~)(a*)3. Using

this procedure we obtain



Fig. 6.5: Dynamical results in the absence of mode competition (g = 0) for the
fundamental field initially in a coherent state a = 10.0. The scale on the
x-axis corresponds to 100 nt.
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Initially the atom is in the ground state, 6-mode is in vacuum and a-mode is in a coherent

state, a = 10. (Sz) is the energy of the atom. If the atom is in the ground (excited) state

(S2) = -5(5) . Hence using the initial conditions \(a)\ = 10,|(6)| = 0 and (Sz) = -\

the equations (6.27) are solved numerically using the Fehlberg's Runge-Kutta method.

The dynamical behavior of Pe{t) which is equal to (Sz) -f | and the average number

of photons in the a and 6 modes | (a) |2 and | (6) |2 is observed (inset of Figure 6.6)

to be periodic which is in complete contrast with the predictions of quantum theory

(Figure 6.4). The sinusoidal oscillations are the semiclassical Rabi oscillations of the

atom which get modulated once the quantum nature of the field modes is taken into

account. Semiclassical results are similar to the semiclassical results for the case of the

single photon JCM [1].

To understand the periodicity in the semiclassical model a simple exercise is now

performed. Rewriting the complex quantites in Eqs. (6.27) as follows:

Substituting these into Eqs.(6.27) gives

where <f>a — X ~~ 3#0 and <j>b = \~ ̂ 6- If t ne phases are chosen as <j>a = fo = | Eqs. (6.29)

(6.29)

(6.28)

(6.30a)

reduce to



Fig. 6.6: Power spectral density (PSD) corresponding to the dynamical behavior
of number of photons in a-mode in the semiclassical case. The inset shows
the behavior in time domain. Frequency is in units of the time interval
between consecutive points in time domain.



In the light of the conservation laws (6.31, 6.33, 6.35) and the phase relations we effec-

tively have two independent variables coupled nonlinearly. This would lead to some kind

of elliptic integrals whose solutions are periodic. This property along with the fact that

the system is described by a Hamiltonian enables us to understand the periodicity of the

dynamical behavior.

The periodicity is demonstrated rather clearly by numerically estimating the power

spectral density (PSD) corresponding to the dynamical behavior of the number of photons

in a-mode. PSD indicates the dominant frequencies present in a frequency interval and
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(6.306)

(6.30c)

(6.30J)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

One obvious conservation law is the conservation of the energy of the system given as

By inspection of Eqs.(6.30c) and (6.30d) we find that

which implies that

Dividing Eq.(6.30a) by 3Ac|(a)|2 and multiplying it with g we find that

Integrating w.r.t. time on both sides the third conservation law is obtained as
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gives a relative estimate of their power in the frequency spectrum. It has finite values at

all frequencies except where the function in the time domain has a sine wave component

of finite amplitude. At these frequencies PSD becomes a delta function i. e. a sharp

spike. The PSD is shown in Figure 6.6 as a function of frequency which is scaled in

units of the interval between consecutive points in time domain. There are harmonics

of decreasing intensity with the odd harmonics being less prominent than the even ones.

The separation between two neighbouring harmonics is 0.03 which is in agreement with

the time period of the inset in Figure 6.6. The dynamics of | (a) |2 is hence governed by

a series of sinusoids of frequencies which are multiples of the fundamental.

For systems with small life time of the excited state the steady state characteristics

are important. We now demonstrate the formation of the nonlinear optical balance as

first conceived by Wynne [15]. Decays are introduced into the atomic equations. The

dipole moment can always decay separately from the population inversion in the atomic

system due to the elastic collisions which may disturb the dipole oscillation of the atom

without disturbing its energy. We introduce the longitudinal decay 7|| in the inversion

equation and the transverse decay 7X in the dipole moment equations in the nomenclature

of magnetic resonance. In laser physics the longitudinal decay rate is twice the transverse

decay i.e., 7|| = 2y±,

The atomic equations in (6.27c,d) get modified when the decays are added phe-

nomenologically as

(6.36)

where rj is the equilibrium value. When the laser fields are switched off the inversion

(Sz) can relax to an equilibrium value, r) = ~\ which corresponds to the atom being in
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the ground state.

Considering the case with the initial condition \{a)\ = 3, |(6)| = 0, (Sz) = — \

the Eqs.(6.36) along with field equations in (6.27) are integrated using the Runge-kutta

method. With these parameters the dynamics of the system is easier to study than the

previous values where the coherent field had a larger field strength (~ 10) and hence

needs very large decay rates to reach steady state in an observable manner. In this case

we take 71 = 0.1. The dynamical behavior of Pe(t) and average number of photons in a

and b modes |(a)|2 and \(b)\2 is depicted in Figure 6.7, where each of the variables decays

to a steady state value. At long enough time (scaled as gt) the system reaches a steady

state where the atom is in the ground state, Pe(t) = 0 and \(a)\2 = 3.5, |(6)|2 = 0.44.

The steady state corresponds to the NLOB condition [15] satisfying the relation

K(a)3 + g(b) = 0 . (6.37)

It has been shown by Wynne that NLOB occurs whenever there is multiphoton excitation

in a system. This excitation induces a nonlinear polarization and generates new fields

which create a second excitation pathway between the atomic levels. The three photon

process in our system generates the third harmonic field which initiates a single photon

process in the system. The two processes interfere destructively according to the NLOB

condition which stipulates that the amplitudes and phases of waves propagating through

the medium develop in such a way as to minimize the dissipation. Then there is no further

change in the intensities of the generated signal nor the fundamental input frequency

signal as depicted in Figure 6.7.

We now deal with one more case which would explicitly underline the differences of

the semiclassical and quantum theories. The mode a is treated as prescribed i. e. the

operator a is replaced with a complex number a in the Hamiltonian (6.1) which gives

(6.38)



Fig. 6.7: Dynamical results in the semiclassical case with the decays included.
Parameters used are \(a)\ = 3.0, |(6)| = 0, and (Sz) = -\ and 7X = 0.1.
The mean number of photons in a) a mode and b) b mode.



Fig. 6.7: Dynamical results in the semiclassical case with the decays included.
Parameters used are \(a)\ = 3.0, |(6)| = 0, and (Sz) = -\ and -)± = 0.1. c)
Probability of the atom being in the excited state.
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Taking /c,p and a to be real by choosing the phase relations appropriately Eq.(6.38)

reduces to

Heff = 2hna3Sx + hg(S+b + 5"6f) (6.39)

which is equivalent to the Hamiltonian for the JCM with an external pump (Eq. 5.29)

dealt with in Chapter 5 where KQ3 is equal to the coherent amplitude a of the external

pump. In this case 6-mode evolves quantum mechanically but the a-mode remains fixed.

Choosing a = 10 and n/g — 0.01, gives \/na3 = 10 which is consistent with the mean

number of photons chosen in the a -mode throughout the chapter. We depict Pe(t) and

(tfb) in Figure 6.8. On comparison with Figure 6.4 we see the significant differences

between the full quantum calculation and the approach in which a-mode is treated as a

prescribed field. The mean number of photons going into the 6-mode from the coherent

a-mode field is very much higher (~400) than the quantum case where (tfb) goes to a

maximum of ~6 photons. The behavior in Figure 6.8 is also quite unlike the periodicity

predicted by the semiclassical approach above. The collapse and revivals in Figure 6.8

arise from the discrete nature of the levels associated with the 6-mode.

In conclusion we have demonstrated the presence of strong quantum mechanical inter-

ference effects in a cavity QED model involving three photon and one photon absorption

processes. We have also shown how the quantum results differ from the different types of

semiclassical theories. The two channel cavity QED model exhibits rich quantum features

like mode mixing, and mode entanglement even in simplest cases. Having a classical field

in one of the channels differs considerably from having two fully quantized fields in the

two channels. The periodic behavior in the semiclassical approximation is radically dif-

ferent from the fully quantized two channel model as well as the single quantized channel

model both of which show collapse and revivals indicating that the quantum effects are

rather dominant.



Fig. 6.8: Dynamics in the case where the mode a is prescribed. Parameters used
are a = 10.0, AC/#=0.01.
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