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Chapter 1

The Thermal State and Thermal Operators

1.1 Introduction

The treatment of statistical systems in quantum mechanics is based on the use of density

operator, which is the quantum mechanical counterpart of the classical density func-

tion.For a quantum mechanical treatment of many body systems it proves convenient

to use the method of second quantization. The solutions of single particle Schrodinger

equation are used to construct a classical field.The Schrodinger equation is the equation

of motion of this classical field. When quantised, this gives a quantum field theory for

many body systems. The quantities of interest in these problems are the correlation

functions—which are the ground state expectation values of time ordered operators. The

techniques of quantum field theory like diagrammatic expansions , which were intro-

duced for relativistic fields, become available for Schrodinger fields. But this applies only

to systems at zero temperature, because the field theoretic techniques involved vacuum

expectation values. For systems at finite temperature the relevant quantities are the

thermal averages. The use of field theoretic methods for many body systems at finite

temperature started with the imaginary time formulation [1][2]. This approach was based

on the similarity of the statistical factor e~'3H to the time evolution operator e~tHt.

By treating temperature as an imaginary time argument a perturbation theory is

set up. Use is made of the thennodynamic Wick's theorem. The Green's functions

1



Chapter 1. The Thermal State and Thermal Operators 2

for interacting systems can be calculated perturbatively using diagrammatic techniques.

The complex time path formulations of Mills, Schwinger, Keldysh [3][4][10][28] are the

generalisation of Matsubara's technique. They have the advantage that the results go

over to the ground state results in the zero temperature limit.

An alternate treatment of statistical systems is given by the formalism of thermofield

dynamics developed by Umezawa and others [7][8][62]. The aim of this formalism is

to treat the mixed states of systems at finite temperature on par with the pure states.

The trace operations which occur in thermal averages are replaced by expectation values

with respect to specially constructed states. The analogy with the ground state field is

complete, as the states so constructed have annihilation operators associated with them.

The thermal average of operator A is given as

where p is the density operator characterizing the mixed state.In conventional statistical

mechanics these thermal averages cannot be written as expectation values < (/>|.4 | t' >.

Hence the mixed state averages are on a different footing. But in the formalism of

thermofield dyanamics we can construct state vectors | p > to represent the mixed state.

Such a state | p > can be constructed in a. doubled Hilbert space H (££) H. The second

set of states are refered to as the tildean states. They do not seem to have any physical

significance. All quantities of physical interest are expressed purely in terms of the non-

tildean degrees of freedom. It is possible to have an unsymmetrical representation of

the bra and ket vectors represented by | pa > and < pl~a | , where | < a<[. Strictly

speaking, the states Ip1'0 > are not guaranteed to have a finite norm for all p and are

to be treated as convenient mathematical constructs. The thermal expectation value of

any observable A is given by
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Thermofield dynamics(TFD) is a real time formulation of finite temperature field

theory. It is a canonical formulation in terms of the fields u and the tildean coun-

terpart th. Along with the Lagrangian density C(w(x)^dtlip{x)) we also have a tildean

C(rp(x),dtiip{x)). Similarly, the Hamiltonian densities H(il'{x), T(J')) arid 7i(0(.r), 7r(.r))

.The quantities L = L — L and H — H — H determine the field equations in TFD. With

vacuum expectation values being replaced with expectation values using the states | p° >

and < pl~a | the analogy to ground state field theory is complete. There exist operators

£,£ and and £^.£**. which annihilate | ff > and < /J1"" | respectively. The £s are re-

lated to the operators a,a,aKa^ by a Bogoliubov-like transformation; a,a* etc being the

free field annihilation and creation operators. The existence of £s allows the use of the

ordinary Wick's theorem and diagrammatic methods can be used for interacting fields

The other treatments of finite temperature field theories use complex time arguments.

The time argument of the evolution operator in interaction picture is continued to com-

plex values. The real part of the argument is assumed to give dynamical information.

When only stationary equilibrium quantities are computed, it is set to zero.The imaginary

part is taken to be /?, the inverse temperature (\/kT), The time ordering which appears

in usual field theories is replaced by ordering along a complex contour. The contour can

be of arbitrary shapes except for restrictions placed by the analyticity of the quantities

to be computed. For Green's functons of a Schrodinger field, for example, analyticity

demands that the contour have a non-increasing imaginary part. This general approach

due to Mills contains the Matsubara method as a special case, the contour lying entirely

on the imaginary axis. The other commonly used contours are the Schwinger and the

Keldysh contour.

The exact Green's functions for interacting fields can be calculated for any of these

3
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contours using diagrammatic methods. Use is made of the thermodynamic Wick's the-

orem. These complex time methods are completely equivalent to TFD for systems in

equilibruim [9] [13-15]. Identical expressions are obtained when the fields on the two legs

of the contour are identified with the tilde and the non-tilde fields of TFD.

The treatment of non-equilibrium systems is a more complex problem. One approach

simply extends the linear response theory to finite temperature. In the linear response

theory at zero temperature the linear response of interacting systems to weak external

influence which drives it off equilibrium is studied using a first order perturbation theo-

ry. The pertubation is carried out about the eigenstat.es of the interacting system. The

change in the expectation values of any observable of the interacting system due to the

external influence is proportional to the strength of the external perturbation and the

expectation values of the observable. By using equilibrium thermal expectation values

of the observables this method can be extended to systems slightly out of equilibrium

at finite temperature. In the imaginary time (Matsubara) method time dependent cor-

relation functions are obtained as the analytical continuation of the finite temperature

correlations. The complex time methods do not need analytical continuation, as the time

arguments already have a real part. But as these methods are equivalent to equilibrium

TFD, the mere presence of a real time should not be taken to imply non-equilibrium.

Such treatments of non-equilibruim processes based on complex time path have the draw-

back that all the correlation functions are functions only of the time differences, as in

equilibrium. The time evolution of the density operator is not taken care of. Only in

the presence of external time dependent perturbation do the correlations cease to be

functions of time differences and Boltzmann like equations for their evolution can then

be derived.

In another approach, non-equilibrium systems are studied using the master equation

for the time evolution of the density operator[16-21]. The time dependence of the density
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operator is taken of . But this method is not amenable to field theories, though widely

used for quantum mechanical systems. The master equation for a quantum mechanical

system is derived from the Liouville-Von Neuinan equation for the density operator

(ft = 1) where H is the Hamiltonian of a system with large number of degrees of

freedom and pr is its density operator. The large system contains a few degrees of

freedom whose dynamics are of interest (the system). These few degrees of freedom

are coupled at some instant to the rest of the variables (the bath) and the subsequent

evolution of these few variables is studied.

The coupling is assumed to be linear. The system variables are assumed not to be

coupled to each other. From the time evolution of pj, an equation for the evolution of

p, the density operator of the system is derived by averaging over the bath variables. It

is assumed in this process that the correlation times of the bath variables are very short

compared with the damping time of the system.The master equation obtained in this

manner has the form

It has the formal solution

where Ho is the Hamiltonian for the system alone and L consists of the system variables

and p. The master equation obtained in this way for a damped harmonic oscillator gives

crucial insight in setting up a full-fledged TFD formalism for non-equilibrium.

A master equation of the form given can be converted into an equation for | p >, as

will be shown later. The equation for | p > is a Schrodinger-like equation

(1.1)
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H contains the parameter h which characterises the bath, and 7 the damping constant

which depends on the coupling between the system and the reservoir. Using a disentan-

gling theorem for the operators in H, which happen to be SU(1,1) generators, the formal

solution can be computed algebraically.

For a bosonic oscillator in equilibrium the states | p > has the form of a 'thermal

coherent state':

\p> = (1 - f)exp{fa*a*)\Q,0 >

where f is related to the mean occupation n as

Equation (1.1 ) has the property that it preserves the form of a thermal coherent

state as it evolves. Its solution is a thermal coherent state characterised by n{t) where

n{t) = n(0)e"7< + n(l - e"^) . (1.2)

Although this property of (1.1) has been discussed in quantum optics[18] ,it acquires

a special significance in the context of TFD. In recent years the formalism of TFD has

been extended to non-equilibrium. The aim is to set up a formulation which is similar

to the equilibrium formalism and allows a diagrammatic perturbation theory. This is

done by making suitable assumptions about the form of the state | p(t) > as it evolves

with time. It is assumed that the structure of | p(t) > remains the same as that it has

in equilibrium, but the parameters which characterize it become time dependent. The

bosonic systems, for example, are assumed to have a thermal coherent state for | p(t) >.

This form assures the existence of £{t),Z{t) which annihilate the states | pa{t) >. The £s

are related to the a s through a time dependent Bogoliubov transformation.

Equation (1.1) turns out to be a good starting point for extending TFD to non-

equilibrium in the way outlined above. An important observation is that the equation
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(1.1) preserves the form of a thermal coherent state even when the parameters u,\ /?., 7 are

made arbitrary functions of time [67]. Using the solution for n(t), the bath parameter

n can be expressed in terms of n(t) and h. By doing so we eliminate n and hence the

reference to the bath. When 7 is an unknown function of time it is not possible to solve for

the time dependence of n(t). Although the study of a damped harmonic oscillator brings

out the central features of the TFD scheme for non-equilibrium, it does not complete

it. This happens because the damped oscillator without interactions is unrealistic. It is

the interactions which determine the dynamics, and hence n(t). It becomes necessary to

express 7 in terms of n{t), in order that the Bogoliubov transformation be linear in n.

Then, along with the notion of a bath the notion of external damping is also lost. The

use of the master equation to derive equation (1.1) becomes irrelevant and it becomes

the basic equation consistent with the assumptions made about the nature | p(t) >.

The operator H which governs the time evolution of | p(t) > contains a part IiQ =

Ho — Ho corresponding to the free field and a 'thermal' part Q containing bilinear com-

binations of tildean arid non-tildean operators.

When interactions are piesent we need to have an interaction picture to set up per-

turbation theory. Let the total Hamiltonian consist of the free part Ho and a interaction

Hj. Since equation (1.1) can be interpreted as the Schrodinger equation in the absence

of interactions,it is natural to regard HQ — Q as the 'free' hamiltonian in the interaction

picture. This choice takes care of the assumptions made about the form of | p(t) >.

But such an addition of Q would change the original equations of motion, which is not

allowable. We do not want to change the dynamics in order to deal with non-equilibrium

processes.The Q term is hence added to the interaction as a counter term, as in usual

field theories. Such counter terms enable the equations of motion of the field to be writ-

ten in terms of the physical masses and coupling constants. This is in attempt to retain

the particle picture in presence of interactions, and Q too serves a similar purpose, in
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non-equilibrium . But at finite temperatures we only have quasi-particle picture as the

self energies tend to develelop imaginary parts.

To complete the scheme of non-equilibruim TFD we need to determine the time

dependence of n(t). When this is done, the calculations are the same as in equilibruim.

An equation for n(t) (the Boltzmann-like equation) is obtained by demanding that the

corrected propagator have the form as the free propagator. This requires that the self

energy be diagonal (written as a matrix using the doublet notation). The contributions

to the self energy due to the counter term and the interaction are added, and the off-

diagonal elements are set equal to zero. This gives an equation for ii analogous to the

classical Boltzmann equation. The diagonal elements in general contain both real and

imaginary parts.

These concepts are developed in what follows in this thesis. Chapter 1 presents the

formalism of TFD briefly, starting from the basics. The concepts of the thermal vacuum,

the various a representations , the thermal annihilation operators etc. are developed.

The construction of the thermal vacuum for para-statistical systems is also examined.

Chapter 2 contains a brief summary of the complex time formalism and a comparision

with the TFD formalism. Their equivalence in equilibrium is demonstrated.

Chapter 3 contains applications of TFD to non-equilibruim processes using the master

equation route. The solution of the master equation for a damped harmonic oscillator

leads naturally to concepts like time-dependent Bogoliubov transformations, the thermal

generator etc. which form the basis of non-equilibruim TFD. This study also justifies

the central assumption of non-equilibruim TFD. It also contains some technical results

about the parametrization of the Bogoliubov transformation and the evolution equation

for the thermal state.

Chapter 4 contains a review of the non-equilibrium TFD and applications to some

examples. The diagonalization of the self energy and the derivation of the Boltzmann
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equation are given.

Chapter 5 has some results about generalized bosonic oscillators and generalized co-

herent states. The application of TFD to para and deformed states is based on the

fact that these generalized oscillators are related to bosonic oscillators through a simi-

larity transformation. It is possible to construct canonical conjugates for the para and

deformed commutation relations. Such constructions also are possible for multiphoton

operators — powers of annihilation operators — of both bosonic and generalized oscil-

lators. The canonical conjugates are explicitly constructed. A variety of coherent states

can be constructed using the canonical conjugates, and they occur in closely related pairs.

1.2 The Thermal State

The necessity of doubling the Hilbert space in order to construct a state to represent

a system in a mixed state was pointed out by Takahashi and Umezawa [7][8][62]. The

same conclusions have been drawn from studies in superoperator formalism. The super-

operator formalism makes use of the fact that the linear operators acting on a vector

space themselves form a linear vector space. This vector space formed by the operators

is called the Liouville space. The density operator of a physical system (pure or mixed)

can be represented as a vector in Liouville space. Operators that act on the vectors in

Liouville space are called superoperators [63].

Takahashi and Umezavva set out to construct a temperature dependent state |0(/?) >

to represent a statistical system in equilibrium at finite temperature with a canonical

distribution. The aim was to write the thermal average of observable A which is given

as

(1.3)
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. Thus, the scalar product in the Liouville space is suitably defined in order that the

thermal averages be represented as a scalar product. The orthonormality of the basis

states \m >< n\ of the Liouville space follows from the definition of the scalar product.

When the states \m >< n\ belonging to Iti are identified with the states \mjx > of the

doubled Hilbert space of TFD, the two approaches — Liouville space formalism and TFD

— are essentially the same.

From (1.11) \p > can be written as

we have

for a normalized density operator. Here, p is the diagonal matrix with elements e' 'jEn

representing the density operator in the the basis of the eigenstates of H. The state \I >

is

(1.14)

(1.15)

It is to be noted that it does not have a finite norm. But this vector proves to be useful

in defining most of the states \p > that are dealt with here. It has the property that it

is independent of basis vectors. A change of basis through a unitary transformation U

leaves its form unchanged. In terms of

(1.16)

(1.17)



The use of \pa > and < pl a\ as defined in (1.20) and (1.21) corresponds to use of (1.23).

Using the fact that the vector \I > retains its form under unitary transformations,

the thermal state \pcx > in any basis can be obtained by applying pa to \I >. The

nessecity of constructing the asymmetric states can be understood when we apply TFD

to non-equilibrium systems, where the a = 0 and the a = 1 representations are needed.

The symmetric state which occur for a = ^ is the 'thermal vacuum' \O(0) > mentioned

at the beginning of this section, and which was used in the early TFD works.

Let us now consider the simple example of free oscillators, both bosonic and fermionic.

We first give the "tilde conjugation' rules— a set of axioms relating operators .4 0 1 acting

13Chapter 1. The Thermal State and Thermal Operators

where we have used the unitarity condition

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

This generalization of the thermal state is easily justified by using the cyclic property

of trace operation, since

(1.23)
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on the first entry in H 0 H to the operators i = 1 0 / 1 which act. on the second entry

of 7i(£)7i. These rules are easily justified by looking at the Liouville space operators.

After that, the thermal vacuum for the oscillators is constructed. It is shown that for

the symmetric a — 1/2 case, the thermal vacuum is related to the vacuum at zero

temperature , |0,0 > by a unitary transformation.

Consider a bosonic system with creation and annihilation operators a* and a which

satisfy

[a,af] = l. (1.24)

The space 7i consists of the number states \n > generated by the cyclic action of a^ as

tn

^ > (1.25)

and form a complete orthonormal set. By looking at the action of the operators a and a*

on states \rn >< n\ of the Liouville space from either side we can identify the operators

which act on the second entry of the doublet \m, h >. We have

a\rn >< n\ = y/m\m - 1 >< n\ (1.26)

and the right hand side corresponds to \fm\m — l , n >. Similarly,

a' rn n\ = \/m + \\m + 1 >< n\ = \/m + 1|?7?, + l,n > (1.27)

\m X n\a = \/n + \\m >< n + 1| = \/n + l|m,(n + 1) > (1.28)

>< n|af = y/n\m >< n - 1| = y/n\m, {h - 1) > . (1.29)\rn

Therefore, the operators a and af acting on \m X n\ from the right correspond to af

and a, the creation and annihilation operators for the tilde mode. We define

a\m,h > = \/n\m,(n — 1) >

a*\m,h > = \ /n + l | m , ( n + 1) > . (1.30)
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The tilde operators a,d^ satisfy the bosonic commutation relations

[a, af] = 1

and commute with the non-tilde operators

[a, a] = 0 [a,a^\ = 0

. The states \h > can be generated from |6 > as in (1.25). The state |/ > for the bosonic

oscillator can be written in terms of the number states as

,77 >

|o,6a t n « t n

111

- exp(a ta t)|0,6 > . (1.31)

From this we have

CO

a\I > = ^ y / n | ( n - l ) , n >
n = l

a f | / > = V " v^T|(n- l) ,n > (1.32)

The identity

a | / > = a t | / > (1-33)

and its hermitian conjugate are important and will be made use of frequently. A similar

result holds for any operator .4 consisting of powers of a and a*. Let

.4(a,a!) = 22

(1.34)

Here apq are complex coeffients. From (1.33) we get

P 9 a"a t P | /> (1.35)
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If we define

pq

then (1.35) becomes

, a t ) | / > (1.36)

This is called the tilde conjugation rule. For arbitrary operators A and B the following

axioms are assumed to hold

(A) = A (1.37)

{AB)~ = .4/? (1.38)

(Ci.4 + C2Br = C A + C^/? (1.39)

where Ci, C2 are complex numbers.

1.3 The Construction of \p > for Bosonic and Fermionic Oscillators

We now construct \p > for the bosonic and fermionic oscillators using the rule

\pa>=pa\I>.

The normalized canonical density operator for a bosonic oscillator with the hamiltonian

is

p = {\- e-/3ta')exp[-/fata] (1.40)

at temperature T. (/3 = 1/kT). The expectation value of the number operator is

n =< a*a > = TrpcJa

= ——r- t
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This can be written in terms of the quantity / = e~3" which was introduced earlier as

n = j—J' (L 4 2)

By inverting it we have
n

and we get

p = (1 - / ) e x p ( - / W a ) . (1.44)

Now, the state ip01 > is given by

\pa > = ff\I >

= (1 -/)a(exp-^Qata)|/ >

= (1 - / ) a exp( / a a t a t ) |0 ,6 > . (1.45)

We can show that the expression (1.45) can be written in the form

where

-iGB = 6(0*0} -ab.) (1.47)

and

tanh 6 = e~0 = f. (1.48)

The equivalence of (1.45) and (1.46) can be shown using the disentangling theorem

for SU(1,1). A realization of SU(1,1) in terms of a, a etc. is given as [19-20]

K+ = afaf K3 = -{a*a + a*a + l)

A'_ = ah A'o = (afa - a}a). (1.49)
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The disentangling theorem enables operators like exp(-/+A'+ + 73A'3 -f 7_A'_) to be

written as products of exponentials as

exp(7+A'+ + 73A'3 + 7_A'_) = exp(r+A'+)exp(ln r3A'3)exp(F_ A'_) (1.50)

where

• r 27±sinh<ft
[± = TI i n • 1 .v (1-51)

2<p cosh <p — 73 sinh 0)

^ = (cosh 0-(73/20) sinh p)2 ( L 5 2 )

02 = j (73 2 -7+7- ) - (1-53)
4

Notice that for a = 1/2 (1.46) becomes

> = \p1/2 >= exp-?;6'B|0,6 > . (1.54)

Since GB is anti-hermitian, the thermal vacuum \p^2 > is related to |0,0 > by a unitary

transformation exp—iGs- We also note that the form of \pa > as given in (1.54) is

similar to a two mode squeezed state- the Caves-Schumaker state of quantum optics.[59]

A similar construction goes through for a fermionic oscillator with the Hamiltonian

H = ua/ua/a

where the creation and annihilation operators obey the anti-commutation relations

{ a V } = l, a2 = 0 at2 = 0. (1.55)

The Fock space consists of states |0 > and |1 >. The normalized canonical density

operator is

n=0
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Writing the number states as |0 > and «f|0 > and identifying the states \n >< n\ with

states in the doubled space we have

\p°> = Pa\l>

—^-\0,6>. (1.56)
n!

n
The tildean operators are also fermionic

{a\af} = I, a2 = o af2 = o

and anti-commute with nontildean operators

{a,a} = {a,a*} — 0 .

Equation (56) can be written

\pa >= (1 + f)-aexp(faa1tf)\Q,Q > . (1.57)

As for the bosonic case, we can rewrite (1.57) as

(1 _L. /•2«)l/2
| ^ >= LJ^_L_exp-zG>|0,0 > (1.58)

where —iGp is a hermitian object

-iGF = f f

where tan^(^) = e~^ = / . This follows again from the use of the disentangling theorem

for SU(1,1). In terms of the fermionic operators we have the realization

K+ = a V A'3 = -(a fa + afa + 1)

A'. = aa A'o = (afa + a^a). (1.59)
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GB is of the form i9(/3)(K+ - A'_) while G> is of the form i,0{3){K+ + A'_). Because of

this, the factor o in (1.53) differs by a factor of i for the bosonic and the fermionic cases

, the latter being imaginary. The a = 1/2 case is special as in the bosonic case,

|0(/?) >= \p1/2 >=exp-*G F | 0 ,0 > . (1.60)

\0{/3) > is again related.to JO,6 > by a unitary transformation.

1.4 The Thermal Operators ( and £t+

In both examples above, the thermal state has the general form

\pa >= (rr/?)-1exp(/aa ta t)|0,6 > .

This form of \pa > ensures the existence of the 'thermal operators' £ and £^ which anni-

hilate \pa > and < p1~a\ acting from the left and the right respectively.ln the symmetric

a = 1/2 case these are hermitian adjoints of each other and are denoted by a((3) and

a(py — the thermal creation and annihilation operators. Though not the adjoints of

each other, £ and £** still obey the canonical commutation relations. We find that the

f s are related to the a's through a Bogoliubov or a Bogoliubov-like transformation (the

difference between the two will be pointed out later). The form of £ and fft are worked

out below [7][67] starting from the fact that a, a annihilate the vacuum |0,0 >.

a |o ,0>=o a | o , a > = o (i.6i)

From this it follows

{exp(/Qatat)aexp-(/aatat)}exp(/aatat)|0,6> = 0

exp(/aatat)aexp-(ratat)|/>a> = 0

(a-faa*)\pa> = 0 (1.62)
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where we have used the operator identity

exp(A)Bexp -(A) = B + [.4, B] + ±[/l, [A, B}} + .... (1.63)

Similarly, starting from the second equation of (1.61) we get

(5-/V)|/>°>=0. (1.64)

Also, starting from the set

< 0,6|ar = 0. < 0,6|at = 0 (1.65)

we get

< A , 1 - « | ( a t - / 1 - a ) = 0

< pl-"\{a* - fl~aa) = 0 . (1.66)

By identifying the operators in (1.62,64,66) with f, £, £tf, and £^ we write

£ K > = o £\p°> = o

< / — 1 ^ = 0 </>1~Of|£tt = 0. (1.67)

These are called the 'thermal state conditions'. These conditions completely char-

acterize the thermal state. When we go from the quantum mechanical systems to field

theories with infinite degrees of freedom, the transformation (1-46) defining \pa > may

not exist in a mathematically rigorous sense. The thermal state is then defined only by

the existence of the £s.

The <fs need to be normalized so that the commutation relations are preserved. We

require
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Let the normalized £s be

t =
ftt / t rl-a~\ ^tt * / - + r l -v ^

r = ^ ( « - / a « ) , r = ^ K - i «)• (1-68)

We can either set A^ = Â 2 = (1 -f)1'2 or Nx = ( 1 - / ) - " , ;V2 = (1 _ / ) - d - « ) . In the a =

1/2 case the transformations are Bogoliubov transformations, that is, transformations of

the type

£ = ua — vat

where (u2 - i;2) = 1. Noting that tanh #(;.?) = / we have

a{/3) = coshO{f3) a-sinh6'(pf)a t

a(/S) = cosh0((3) a. — sinh 9(j3)o) (1.69)

In the case of a ^ 1/2 for either normalization.the condition u2 — v2 = 1 does not

hold and in these cases by a Bogoliubov transformation we mean a transformation which

preserves the commutation relation.

We now introduce what is called the doublet notation for the operators a, a\ a, and

at. It is widely used in TFD literature and allows the Bogoliubov transformations to be

written easily. The column matrix a has elements a1 = a, a2 = at and the row matrix a

has elements a1 = a\ a2 — —a. Similarly for the f s and the fields.

1.5 Thermal State for Para and Deformed Oscillators

The formalism developed in the previous section can be applied to para and deformed

oscillators too.The spectrum in parabose and deformed cases has the same form as that of

a bosonic oscillator, consisting of infinite number of equally spaced states. The parafermi

oscillator has a finite number of equally spaced states. These oscillators differ from
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the bose and fermi oscillators by not having a simple bilinear commutation or anti-

commutation relations between the operators a and af. The occurrence of a parameter

in the commutation relations and the hamiltonian is another feature. The following

commutation relations hold for all oscillators:

= -V.

In case of deformed oscillator the number operator turns out to be a power series in (a^a).

Since the spectrum is similar to that of a harmonic oscillator the density operator has

the same form. But when transcribed in TFD the thermal state cannot be written in the

form of (1.46) or (1.54). This is because the number states are of the form \n > = hji

where [n] is some factorial like function of the integer n which contains the parameters

p or q. Further, there is no realization of SU(1,1) algebra in terms of para or deformed

operators a,a^. There does not seem to be a unitary operator of the form (1.46,54).

Neither can we construct thermal operators related to «,«* as in (1.69). This was the

conclusion drawn by the earlier workers [32]. There does not seem to be any point in

using TFD for the para and deformed systems since none of its useful features remain.

But it is possible to overcome these limitations and obtain a unitary operator and

Bogoliubov transformations for parabose and deformed oscillators. For a parafermi oscil-

lator the unitary operator exists only in the limit p —• oo It is shown below that the use

of a non-linear realization of para and deformed oscillators in terms of bosonic operators

makes this possible. The unitary operator and the Bogoliubov transformation apply to

the bosonic operators in terms of which the para and deformed algebras are realized.

The parabose oscillator is defined by the relations

[a,.V] = a [a\N] = -ai N=]-{a,a^}. (1.70)

It follows that the eigenvalues of N are positive and that the successive eigenvalues differ

by unity. The application of a and af to the eigenstate of N takes the state to a lower
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and a higher state respectively. The vacuum state is assumed to satisfy

a|0 > = 0 aaf = p|0 > (1.71)

where the real parameter p is the order of the parabose oscillator. The higher states are

generated as

\n >= (Norm)(a*)n\n > (1.72)

To find the norm < 0|an(a t)n |0 >, the trilinear commutations

a V - a V = 2a, aaj2 - a*2 a — 2af (1-73)

are used repeatedly along with equation (1.71). The normalized even and odd states are

| 2 U > = [2 a

. . . ( P + 2 n ) ] ^ > <L75»

From this it follows that the action of a* is as

a f | 2 n > = (p + 2n) 1 / 2 |2n+ 1 > (1.76)

a t |2n + l > - [2(n+l)]1 / 2 |2n + 2 > (1.77)

and that of a is

a\2n> = ( 2 n ) 1 / 2 | 2 n - l > (1.78)

a|2n + l > - (p + 2rz)1/2 |2n> (1.79)

or,

a \ n > = n + l [ l - ( - \ ) n ] ( p - l ) (1-80)

The deformation of the Heisenberg algebra aa] - axa = 1 has been drawing a lot of

interest currently [37-43]. One such deformation is of the form

a a t - < / a t a = l (1.81)



Chapter 1. The Thermal State and Thermal Operators 25

The results obtained here also apply to the various other forms of deformation. A number

operator N for this algebra can be constructed [68,69] as a. power series

^ V r « " . (1.82)

It has positive integer eigenvalues. The quantity < 0|a"a^n|0 > which is used to normalize

the number states is found by the repeated application of (1.81).It is found to be

< 0 | a n a t n | 0 > = ( l + , / ) ( l + 7 + r /
2 ) . . . ( i + ( ? + (?

2
 + . . . + </»-1)

{I - qn){\ - qn-' • • • (I - qZ)

(i-q)n

= H,! (1.83)

where we have used the notation

[!},. (1.84)

The normalized number states and the action of a and a* on them is

\n> =

a\n > = yjlnhln - 1 > a f |n > = yj[n + l]7|n + 1 > . (1.85)

We can summarize the results for parabose and deformed oscillators by noting that

the action of the creation and annihilation operators on the number states is as

a\n >= y/J{n)\n - 1 > a f | n > = y/f{n + l)\n + l > . (1.86)

with f(n) being given by (1.80) or (1.85). From these relations it follows that

aaf|n >= f{n + l)|n >, a^a\n >= f{n)\n > (1-87)

and the following operator identity holds on the Fock space

aaf = / ( # + !), a ta = /(iV). (1.88)
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Note that for any operator g{N) which is a function of A\ the operator identities

a#(-v) = g{X + l)a, g{N)a* - o}g{N 4- 1) (1.89)

hold on the Fock space. We now define [69] [37-39]

b =

Li t / N+l / N t
b1 = a\ = . / ar (190)

)lf(N + l) V f(N) [L-JU)

By looking at the action of these operators on the number states we see that

btf = ;V + 1. b j b = N. (1.91)

and hence

[6,61 = 1. (1.92)
We note that the expression for the number operator in of terms of 6 and 6* is

N = bib (1.93)

which is the usual expression for bosons. Also, the vacuum |0 > is annihilated by 6.The

relations (1.90) are invertible

(6t6+l)

This is a realization of para and deformed oscillators as a non-linear function of the

bosonic operators. This will now be used in treating the oscillators at finite temperature

in TFD. The Hamiltonian for these systems is defined as

H =
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(ft = 1) in analogy with the ordinary oscillator. ^ is set equal to unity The normalized

density operator is
e-0H

P = 7^— = (1 - c~0)exp(-3N) (1 95)
J rp

which becomes, on using (1.93)

p = (l - e~/3)exp(-i3tfb). (1.96)

It is now straight forward to double the Hilbert space and construct a thermal state

which has the form of a thermal coherent state of (1.54). We have

= pl/2\l >=(1 - e-/3)1/2exp(-^6t6)|/> (1.97)

= [l-e-l3)1/'2exp(e-hfy)\Q,b> (1.98)

Since the operators 6, 6* are bosonic, there exists a realization of SU( 1,1) as in (1.49) and

(1.98) can be written as

\0{8) >=e.xp-0{{3)[bttf -66J|0,6 > (1.99)

as before. This proves the existence of a unitary operator for the para and deformed

oscillators too. The unitary operator can be written in terms of a,a\a,a\ where a,af

are related to 6, 6f as in (1.94) and the as commute with as.

The single mode parafermi oscillator is denned by the relations

[a,N] = a, [at,vV] = - a t (1.100)

N = ^ [ a y ] (1.101)

along with the assumption

(a)p+l = (af)p+l =0 . (1-102)
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p is the order of the parafermi oscillator. (1.100,101) define the SU(2) algebra. a V and

N correspond to the familiar J_, ,/+, andJ~ operators. The nature of eigenstates is well

known. The eigenstates are of the form

PP pp

2' 2 2 2'

p being an integer. For a given p the representation is (p+ 1) dimensional. The operator

N = N+P (1.103)

has integer eigenvalues 0, \,--p and is used to define the hamiltonian H = A". The

normalized eigenstates of .V are generated from the vacuum satisfying

a | 0 > = 0 , a a t | 0 > = p | 0 > (1.104)

by repeated application of a*. The norm can be found by the repeated application of the

commutation relations (1.93) and the conditions (1.102,104). The eigenstates are

' " > - [ ^ - i ) . ( ° t ( ! , ' - , , - . , ] - / ' " ) > - ( M 0 5 )

The action of a* and a is as

a\n> - [ n ( p - n + l ) ] 1 / 2 | n - l >= y/fW\n + 1 > (1.106)

The non-linear realization of parafermi oscillator in terms of boson like operators is refered

to as the Holstein-Primakoff transformation [35]. The form of the transformation is the

same as in (1.94) with f{N) given by

We have

b = a(p-N+\)-1'2, tf = (p - S + l)-l/2a* (1-107
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The action of 66* and 6*6 on the number states is

66*|n > = (n + l)|n >. 6*6|n, > = n\n >

Eventhough the matrix element < m|[6, 6*]|n > is Sm_n we cannot have the operator

identity [6, 6*] = 1 since the vector space has a limited number of states. Using 6|0 >= 0

we get

(66*^6*6) = ^ P ~ \ n + 1)|/?. > < n|
n=0

In the limit p —>• CXD, the Hilbert space becomes the entire Fock space and we get

[6,6*1 = lim yP~'i» >< n\ = 1
n=0

and in the limit p = 1 we get

{6,6*} = |0 >< 0| + I

We note that eventhough the standard commutation relations do not hold for 6.6* the

number operator can still be written as .<V = 6*6 and the density opertor is e~'jh b. To

construct the thermal state we double the truncated Hilbert space and proceed as usual.

The normalized density operator is

/ I _ r

\ X ' / n=0

The thermal state for a — 1/2 is

( U 1 O )

n=O

The tilde operators are also assumed to satisfy (1.102). We then have

> = ( f 7 ) e x p ( e ^ ) 6 * 6 ) | 0 , 6 > . (1.111)
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As 6, 6t are not true bosons (or fermions) we cannot have a realization of SU(1,1) and

hence the thermal state cannot be written in the form of (1.60). The unitary operator

and the Bogoliubov transformation do not exist.



Chapter 2

TFD for Equilibrium Systems and the Complex Time

Formalisms

2.1 Introduction

The TFD formalism presented in the previous chapter dealt with a single mode. The

extension to a field theory is straight forward. In case of interacting fields which are

not exactly solvable a perturbation theory is set up. This allows the use of Feynman

diagrams. The process is completely analogous to the ground state field theory. A

brief summary of the complex time formulations, which also deal with fields at finite

temperature is given in this chapter. A comparision is made with TFD. The equivalence

of TFD in equilibrium and the complex time methods is proved for any a. So far the

equivalence has been pointed out in literature only for the special case of a = 1/2 [9]

[13-15]. We consider a Schrodinger field in the rest of this chapter. The results also hold

for relativistic fields. As is well known the Schrodinger field is used to describe a system

of identical non-relativistic particles. The identical particles could be bosons or fermions.

The Schrodinger field is described by the classical Lagrangian density

£ = ^ , - 0 _ _ i _ v ^ ' V ^ - V(x)i/>mtj> (2.1)
2m

and the corresponding Hamiltonian density

~~ 2m

31
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The field ip is a function of the variables x and t.V(x) is related to the interaction between

the particles as shown later.

The classical equation of motion is

«>(.?,*) = - — V 2 0( f , / ) + V(x)rj.ixJ). (2.3)

The solutions to this equation are denoted as ut(x)e~lE>t. The field i,h{xj) can be ex-

panded as a linear superposition of these solutions

iUi{x)e-iEtt , (2.4)

Here, a, are complex coefficients. When the field il>(x,t) is quantized, it is treated as

an operator and obeys the Heisenberg equation of motion. The quantization is done by

using the equal time commutation relations

= S(x-x')

£, 0, </'(*', 0 ] - [</>'(-?, 0 , ^ ( ^ 0 ] - 0 (2.5)

for bosons and

{<;>(£, 0 , ^ ( ^ 0 } - S(x-x')

= 0 (2.6)

for fermions.

The equation of motion which results from the Heisenberg equation

i ^ M = [//,</>(£,*)] (2-7)
at

(h = 1) is the quantum mechanical version of equation (2.3), with the c-number fields and

gradients replaced by the appropriate operators. The quantized field has an expansion
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similar to (2.4) with the complex numbers a, replaced by operators a,

Y^luXxW** (2.8)

for a free Schrodinger field, for example, the modes are plane waves and in the infinite

volume limit the modes becomes continuous and we have

From the commutation relations (2.5) and (2.6) it follows that

[«f a]] = StJ [ai,aj\ = [a f.aj] = 0 (2.10)

for bosons and

J I I £ J \ / T t | f\ / O 1 1 \

for fermions. In the continuous limit mentioned above the 6{j are to be replaced by

8(i — j). Using the expansion (2.S) the Hamiltonian can be written as

H = f d3xH{x) = ^2 Eta]a, (2.12)

for both bosons and fermions. The number operator .V, = a\al gives the number of

particles with energy Et. Nt has integer eigenvalues 0 and 1 for fermions. For bosons the

eigenvalues of A", form the set of positive integers. The total number operator N = £ t Ni

can be written as

yV = I ib*(x)ii>{x)d*x . (2.13)

The operators Nt commute with each other. Hence they have simultaneous eigenstates

l"i, n2,... > which are used as basis of the Hilbert space. In terms of creation operators

we have

K n ' ' " - > = [n.1!n2!--f/
2'( l r ( 4 P - - - | 0 > • (2-14)
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The vacuum |0 > satisfies a,|0 >= 0 for all a:.

To make a connection between this second quantized formulation and the usual n

body quantum mechanics we define a configuration space wave function

\xux2,---.xn.t >- -F=ipHx,t)^{x2J)---,^(xnit)\0 > . (2.15)
vn!

It represents n particles localized at positions xux2, • • • xn. The scalar product

<xux2<'--,xn,t\n1,n2,--,nn >= ^ i n 2 ? . . .(f1? .r2, • • • t) , (2.16)

gives the probability amplitude of finding n = nx + n2 • • • + nn particles at positions

x, x, • • • , xn at time /. when /?! of them are in state 1/1, n2 in state u2 and so on. It is this

probability amplitude that obeys the usual n body Schrodinger equation

f) n r i i

>=i •- " m J

It is symmetric under the exchange of x, and Xj for bosons and satisfies the exclusion

principle for fermions.

In case of interacting many body problems which are not exactly solvable it is possible

to have a perturbation theory using interaction picture. Diagrammatic methods can be

then developed. The use of second quantization makes techniques of quantum field theory

available for many body systems of condensed matter.

Since temperature comes in naturally ixi many body systems, the ground state ex-

pectation values have to be replaced by thermal averages. The techniques of quantum

field theory at zero temperature can be extended to systems at finite temperature in

equilibrium. This extension, carried out by Matsubara [2], Umezawa [1], and others [3],

is based on the similarity of the statistical factor e~dH and the evolution operator e~tHt

in quantum mechanics. This suggests that temperature can be treated as an imaginary
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time parameter. The possibility of describing quantum statistical systems by continuing

the time variable to imaginary times was also made obvious by the path integral approach

to quantum mechanics [6].

After a brief survey of TFD applied to free and interacting fields, a review of these

complex time methods is given below.

2.2 Free Fields in TFD:

Consider a free Schrodinger field described by the classical Lagrangian density

TV^V0 . (2.18)

The treatment of a single mode in the previous chapter gives the motivation for

doubling the dynamical variables. The thermal vacuum |0(/i) > is then constructed as

before, in the doubled Hilbert space.

Define

lo = C,{^Vv) = -iip'-d'- —ViLVtl''. (2.19)
2 m

The tildian fields J» are the extra unphysical degrees of freedom required in TFD. Co is

obtained by replacing the field v by v in Co and taking complex conjugates of all the

complex numbers in Co. This follows from the tilde conjugation rules. The Lagrangian

density relevant in TFD is t0 = Co - Co and it generates the equations of motion for

both 0(£,*) and 4>{x,t). Similarly we define Uo - Ho - Ho. The field described by

Ho - J d3xHo is quantized by making the fields 0(f,<) and i{x,t) into operators and

assuming the following equal time commutation relations
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= [rl>\Z,t),ft(x',t)] = [iix1t)Mxl,t)]=O . (2.20)

All the tilde fields are assumed to commute with all non-tilde fields. For fermions the

commutator brackets are replaced by anti-commutator brackets and the tilde and non-

tilde fields are assumed to anti-commute. The quantized free fields are expanded using

plane wave solutions of the Heisenberg equations

(2.21)

as

.x—iujt

j(x,t) = 4= y; e-̂ + âfc . (2.22)

The mode label k stands as usual for the wave vector and the creation and annihilation

operators obey the usual bosonic or fermionic commutation relations. Using (2.22) and

the commutation relations the Hamiltonian H is written as

, l l l . (2.23)
k

The equation of the motion for the creation and annihilation operators and their solutions

are

ak = -iujkak(t) , ak{t) = e - ^ V ^

It is now easy to construct a thermal vacuum |0(/i) > and operators a((3),a(j3) that

annihilate it.
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The thermal state \pa > for a field is constructed by generalizing the construction

given for the single mode. For a = i, |0(/tf) > is constructed from the vacuum as

, 6> (2.24)

where

-iGB =

k

and taring = e~liwk. The vacuum satisfies

a f c |0,0>=a j f c |0,0>=0 (2.25)

for all k. Similarly, the thermal vacuum for ferrnions is given by

\0(3) >= e~lGF|0.6 >

where

k

As in case of a single mode (2.25) and (2.24) lead to the thermal operators satisfying

ak(f3)\0{3) >= , ak(i3)\0{i3) >= 0 . (2.26)

The form of ak(3) and ak(f3) is the same as (1.69), except for the mode label.

The annihilation operators for the asymmetric states \pa > and < p1"01] are respec-

tively &, 6b,and $ , H*. They are related to the operators a, a etc., through the relation

& = Bkak
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using the doublet notation of chapter 1. We notice that Ho as given in (2.23) retains its

form when written in terms of the thermal operators

k

The transformations relating |0(/?) to |0,0 > need further consideration. These transfor-

mations are unitary in the case of quantum mechanical systems. In the continuum limit

the number of degrees of freedom becomes infinite. It can be shown that under these

conditions \0(j3) > and |0,0 > belong to unitarily inequivalent Hilbert spaces [8].

2.3 Interacting Fields:

We now consider the case of interacting fields that cannot be solved exactly. A pertur-

bation theory is set up to calculate quantities like Green's functions. It is necessary as

usual, to define an interacting picture in order to set up a perturbation theory.

Let the Hamiltonian of the interacting system be

Here Ho is as in (2.23) and /// — Hi — Hi.

We define the interaction picture operator 4\p{t) which evolves according to

4iP(t) = -[<M0«tfJ • (2-28)

The interaction picture operators >rip{t) and the Heisenberg picture operators 0(0 are

related through unitary transformation
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= U(t)if>{t)U-l{t) . (2.29)

Similarly

= U(t)ri>{t)U-l(t) . (2.30)

The explicit form of U(t) given in (2.29) and (2.30) holds only for time independent

Hamiltonian. The validity of the perturbation theory on the other hand requires an

adiabatic factor in the interaction which gradually switches the interaction on and oif.

Corresponding to the definition of the operators in (2.29) and (2.30) we also have

interaction picture state \(?ip[t) > defined in terms of the Schrodinger picture states

\<f>a(t) > and the Heisenberg picture states \<p >H as

\<t>tp(t)> = eiH<>t\<t>a(t)>=tiH°te-iHi\<t>>H

= U{t)\9>H . (2.31)

The Schrodinger, Heisenberg and interacting picture coincide at t — t0. which is set to

zero here. Using this fact (2.31) can be written as

\<t>tp> = U(t)\<t>H>=U(t)\<f>ip(O)>

| ^ p > = U(t)\iH>=O{t)\4>ip(Q)> (2.32)

or,

= u(twHt')\<t>ip(tt) >

a n d |0,-p(*) = O(t)Ul(t')\$ip(t')> (2.33)
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where t' is some arbitrary time. The operator U{t)U*{t') is denoted by U{t,t'). This

evolution operator satisfies the equation

.dU{t,t') _ - i p ~r ,

dt

where H\p{t) is the interaction Hamiltonian in the interaction picture. U(tJ') is defined

to be U{t,t')U(t,L') and satisfies

tJ'h (2.34).

The differential equation is converted in to the integral equation

rt

U(tJo) = 1 - i / dtxHYihWiUAo) (2.35)

A,

using the boundary condition U(to,t0) = 1. Some important properties of the operator

U(t,t') are listed below

(i) it is unitary,

(ii) it satisfies the group property U{t,ti)U(ti,t') — U{t,t')

(iii) the inverse of U(t,t') is U(t'J) = U\t,t').

These general properties hold even when the interaction carries the time dependent adi-

abatic factor e€'£', where t is an infinitesimal quantity. For convenience, the interaction

picture operators ipip{t) will henceforth be written without the superscript as 4>{t). The

Heisenberg operators on the other hand will be written with a suffix as 0//(O-

Since i>(x,t) and ?/'//(i\ t) are related through a unitary operator, the equal time

commutation relations hold for 0(f,O and v*(x'J) too. Also, the equation of motion

for the interaction picture operators are the same as those for free fields. This allows an
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expansion for 4*{x,t), 4>[x,t) similar to (2.22). Only, the operators ak,ak etc in (2.22)

are to be taken as the interaction picture operators at t = 0. They obey the same

commutation relations as the free field Heisenberg operators. Hence, for an interacting

field the Bogoliubov transformation is applied only to the interaction picture operators

ap(t) = cosh 9 a{t)-s\nh 9 a\t)

al3{t) = cosh0a(t)-$mh0a*(t) (2.36)

where the mode label k has been left out. In terms of these operators the thermal field

in interaction picture is defined as

k

a3\k) I--1*')

The ippixit) evolve through the equation

x,t) = [ipp(x,t),Ho]

The operators a^t) have the same time dependence as a[t) because Ho retains its form

when written in terms of a${t) i.e.,

k

Hence the total Hamiltonian H in interaction picture when written in terms of the thermal

field has the form

H{t) = H0 + h{t) (2.39)

where
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Thus, corresponding to the field theory described by H we have a corresponding field

theory described by (2.39) whose interaction picture vacuum is |0(,J) >. The Heisenberg

fields 4>0H(x,t) are related to the interaction picture fields 4^{x,t) as

t) = U~\t,to)j>p{x,t)U{t,to) (2.41)

Equation(2.34) can be written as

dint,?) - -
i-~~~- = h(t)U(tJ0). (2.42)

The exact Green's functions G(tJ'), which are the quantities of interest for interacting

fields are of the general form

Tr{e-^TAH(t)BH(t')}

Tre-W l j

where AH and BH stand for either tpu, T/'H or their adjoints and T denotes the familiar

time ordering operator. Taking the trace with respect to the eigenstates of H is equivalent

to taking the expectation value with respect to the exact vacuum of the field described

by (2.39). Let \0(i3) >H denote the exact Heisenberg vacuum. Using a standard result

in field theory due to Gellman and Low [10-12]

the trace in the numerator of (2.43) becomes

H < 0(3\TAH(t)BH(t')\0(3) >„ .

Using (2.44), and the properties of U{t,?) listed above, this becomes

x H < 0{i3)\U{0,oc)U{oo,Q)TU(0,t)A{t)U{t,t')

- (2-45)
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where S = U(oo,—oo) is the S matrix. An iteration of the integral equation which

corresponds to (2.42) gives the solution

ZT~ I dhdt2---dt.nT{h(tl)h(t2)--.h(tn)} (2.46)

The expression in (2.45) becomes, leaving aside the denominator

Y, ™ f ~ I dtx--- dtnT{A(t)B{t')h(t\ ) • • •*(*»)} (2.47)
71 •• J

The time ordered product can be decomposed in to a sum of terms containing the normal

ordered products. It is tackled using Wick's theorem. It, is decomposed into a sum of

terms containing normal ordered fields and contractions. The contractions are expecta-

tion values of operators with respect to the vacuum |0(/J) >. A(t) and B{t') can written

in terms of the t/'̂ , -tpj fields. Then (2.47) contains time ordered products of various ther-

mal fields. Or, the h{t) in (2.47) could be replaced by the equivalent H[(t). In the first

case we have contractions of the form

<0(/?)|T^(O^V)|0(A0> (2.48)

where xj)\ and 0^ stand for either xpp or xh3. The contractions do not contain any tempera-

ture dependent factors. These factors from the Bogoliubov transformation are contained

in h(t). When the h(t) are replaced by Hi{t) in (2.47) the contraction are of the form

< 0(/*)|2>l(W2V)|0(/*) > • (2-49)

The temperature dependent factors are contained in these contractions. It is this ap-

proach which occurs in all the TFD literature. The tildian interaction hamiltonian Hi is

used in perturbation theory and the contractions given in (2.49) are used as propagators.

The doublet notation given in chapter 1 is extended to fields
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The four basic contractions in (2.49) can be written as a 2 x 2 propagation matrix

Go(Ut') =< O(/?)|7V(t)0(O|O(/?) > (2.51)

We note that due to the unphysical nature of the tilde fields, the external lines in all

diagrams can only be non-tilde fields. The denominator in (2.45) serves to cancel out the

disconnected diagrams as in usual field theory.

The perturbation theory could be carried out in any a representation, although the

a = | case has been used above. The Go would then be

G0(t,t
f)=<p1-°\nimtl)\P

a> . (2.52)

Even though some of the propagators depend on a, the results for any computation are

independent of a.

2.4 Complex Time Methods

The complex time methods are procedures for calculating thermal averages for interacting

systems which are not exactly solvable. The interactions are treated as perturbations of

a free, solvable Hamiltonian. Consider the partition function

3H . (2.53)

It can be written as

z = Tr{e-pHoe^H"e-pH} (2.54)

The thermal average of e~3H using the statistical weight e~pHo is
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From (2.54) we have

z = =o < e ^ c " ^ >0 . (2.55)

The quantity inside the angular brackets is the evolution operator of (2.29) with an

imaginery time agreement —i$,

z = z0 < U(-i0) >O • (2.56)

The expression in (2.56) can be generalized to complex arguments of U as follows

z = 2'r{e-3Hoc{p+ir)Hoc-{V+lT)HeirHe-lTH-J} (2.57)

= Z0<['(T-II3)UHT)>0 . (2.58)

Here r is an arbitrary complex number. L^{T) is not the adjoint of U{r). It stands for

the operator eiTHe~lTHo, it satisfies

(2.59)

and is related to U{T) as

r t ( r ) = [(/(r")Jt . (2.60)

U\T) defined this way is used to define an operator f/(r, r') as the analytic continuation

oiU{t,t') as follows

\ ' ) , (2.61)

we then have

Z = =0<U(T-H3,T)>O . (2.62)

The expression for thermal averages of the kind given in (2.43) is , leaving aside the time

ordering for a moment, as follows

< AH(t)BH(t') > = z-xTr{e-
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= z-xTr{e-3H°U{T - H3)AH(t)BH(t')U\r)}

= Z-± < V[T _ ip)U\t)A{t)U(t)U\t')B{t')U(t')U\T) >o

= ^ <U(T-ii3,t)A{t)U{tJ,')B(t')U{t',T)>0 . (2.63)

Here, as in (2.43) A(t) and B(t') stand for field operators </> or xpK The analytical

continuation of U(L,t') defined in (2.61) satisfies a differential equation like (2.34) when

the interaction picture operator HJ(T) is defined to be eiHuTH]e~tH°T, where /// is the

Heisenberg picture operator at r = 0. The group properties of U(tJ') (ii) and (iii)

listed earlier also hold for (<r(r, r'). Hence the iterative solution (2.35) also holds for the

analytically continued operator. But the time integrals are replaced by integrals over a

complex contour. A single complex contour passing through t and t' could be used for

all the time integrals. Time ordering is replaced by ordering along the complex contour.

The external times t and t' could be complex.

Using a single continuous contour to join the points r, (t,tr : interchangeable), T — ij

in the given order the expression for < TAf{{t)BH{t') > becomes

< TAH(t)BH(t') >=< TcAH(t)BH(t') >

[dh • • • dtnTc {

Tc here stands for ordering along the contour C. A similar expression can be written

for the partition function ~. The time arguments t and t' can in general be complex.

In the literature computations done for purely imaginary time arguments t = t' = -i[3

are associated with stationary equilibrium averages, while those done for complex time

arguments t = tx - ifl, t' = t2 - ifl are assumed to give dynamical information for systems

out of equilibrium.

A wide range of contours can be chosen in the above procedure. The analyticity of
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the Green's functions places some restrictions on the shape and domain of the contour.

Consider < rc/i//(£ )/?//(*') > when t occurs later on the contour than t'. Then the

Green's function becomes

G(tj') = G+{t,t') =< AH(t)BH(t') > C2.65)

To find its domain of analyticity we write the operators in terms of time independen-

t Schrodinger operators As and Bs. Extending the relation between Heisenberg and

Schrodinger pictures to complex times we have

G+(t,t') = -Jr {e0HeiHtA.e-iHleim'Bae-iHt'} . (2.66)

Inserting a complete set of eigenstates oi H,

G+(/) m\As\n >< n\B.\m > (2.67)
m,n

Assuming that the convergence of the summations are dominated by the exponentials,

we need to have

- 3 < Im(t -t')<0 (2.68)

for the convergence of G+{t -t'). Similarly when t' lies farther on the contour than t we

have

G(tj') = G-(t,t')=<B(t')A(t)> (2.69)

and it is analytical when

0 < Im{t -t')<ti . (2.70)

Here Im s tands for the imaginary part of the argument.

From the domain of analiticy of G+{t,t') and G~{t,t') and from the definition

Tc{A(t)B(t') = ec(t - t')A(t)B(t') + 0c(t' - t)B(t')A(t) (2.71)
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it can be seen tha t G(t,t') is analytic in the strip -3 < Irn(t - t') < j3 provided 0c has

the following form. If 0c(t - t') is set equal to 0{-Im(t - t1)). then G(t,t') is equal to

G+(t,t') when I?n(t — t') is negetive and G~{t,t') when Im(t - t') is positive. In either

case the functions are in their domains of analyticity.

If we fix a contour and deiine the Green's functions for all points <, t', lying on it, the

contour should be such that Im(t — t') does not change sign along it. For any point /

which precedes t' on the contour Im(t — t') should positive.The negative imaginary part

increases monotonically along the contour.The Tc ordering can be expressed as

Tc{A(t)B(t')} = 6{Im{t' - t)G+ + 0(Im(t - t'))G~ (2.72)

The allowed and the forbidden contours are shown in Figures 1-2. An important period-

icity condition for the propagator can be obtained from the definitions (2.65) and (2.69).

From (2.65) we have

.t') = :-lTr{e-3HAH(t)B{t')}

= z-lTr{e-IJHBH(t'-il3)A(t)}

= G-{Ut'-if3) (2.73)

Similarly it can be proved that

Cr(tj') = G+(t-idj'). (2.74)

These results are used to prove what are known as the KMS conditions. In the range

-/3 < Im(t - t') < 0, we have

') = G+(t,t') = G-(Lt'-ip) (2-75)
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from (2.73).In this range of Im{t - t'), G{t,t' - id) is also equal to G~[tJ' - ij), as

Im(t — t' + ifif) is positive. Hence

G(W) = G(t,t'-if3). (2.76)

Similarly,

in the range 0 < Im(t - t') < f3. The KMS condition for G(t,tf) can be proved in TFD

by using asymptotic fields [7]. For Go(t.t') it follows diectly from the tilde conjugation

rules for the interaction picture operators.

The general contour used by Mills (Fig. 3) has a limb which starts from r and goes

parallel to the real axis to some point r'. It then goes down parallel to the imaginery

axis and returns to r — to parallel to the real axis. Finally it goes down to r — ni In the

Matsubara contour it goes from the origin straight down to —ifi. In the Keldysh contour

T and r' are set to oo and — oo respectively.

The finite length of the Matsubara contour, together with the KMS periodicity leads

to the Matsubara frequencies. When the propagator G{t,t') is Fourier analysed in terms

of imaginery frequencies, only discrete values of the frequencies are used.

The integral in (2.64) can be split in to the four parts of the contour Ci, C2, C:i, C4.

The Tc ordered product are dealt with using a thennodynamic version of Wicks theorem

[2][10] [11]. The integrand in (2.64) boils to Tc ordered product of fields ip and (/>f of the

form

J dk_ dh_ J d t ^ dint±(U)... t^-TAa'iUWih) • • • an(tn)} (2.77)
J (2TT)3 (27r)3 7TC

Here a*(t) etc. stand for either a(t) or a*{t). The exponential time dependence of the

a'(t) can be taken out and we are left to evaluate

0 < T , a V - - - a n > 0 (2.78)
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The thennodynamic Wick's theorem states that (2.78) is given by

< TcUidj >0 (2.79)

The sum is over all possible pairings of the operators among a,- • • • an. We then get a sum

of terms each consisting of products of simple contractions G0(t, t'). From the exponential

time dependence in (2.77) it follows that Go depends only on (t — t'). The factor zo/z

serves to cancel the disconnected diagrams as usual.

Let us now consider the integration of the product in (2.64) over the parts C2 and

C4 of the contour as r and r' tend to 00 and —00. Since these regions have infinite real

parts, the exponential gives a rapidly oscillating contribution. The contributions from

C-2 and C<4 can therefore be dropped. Then the contribution over C\ and C'3 becomes

/ dtx-- I dtnTc{HI(tl)-HI{tl-i*)}---{HI(tn)-Hl(tn-i*)} (2.80)
J—00 J—00

The use of Wick's theorem now gives the four basic contractions which can be written

as a 2 x 2 matrix

2 8 1 )

2.5 Equivalence of TFD and Mills Contour Method

Comparing the expression for

(AH(t)BH(t')) = (2-82)

UIL J^ dU-- Tc{A(t)B{t')[Hi{t) - Hj{t - to)]

E n 4 ^ / dtldt* • • • '
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with that from TFD

dtnTA(t)B(t)[Hr(t) - Hr{t)] • • • [H,(tn) -

\0(3) >

we find that the fields on the return path of C3 of the contour can be identified with the

tilde fields. Note that TFD deals with a pair of commuting fields t> and ib. In the complex

time method even though there are no independent commuting operators, the contour

ordering in effect gives us two distinct fields, the Tc ordered form of i^(ti)ip{t2 - icr) has

ijj(t2 — icr) to the left irrespective of the values of tx and t2-

A comparison of the basic propagators also shows the equivalence of the two ap-

proaches. (V*1 from (2.SI), for example is

H o = O(t-t') f jULe
iU-"t(l+ <n >0)

(2-83)/ 7^./ (2TT)
< n > o

where < n >0= - ^ — . t:sing the Fourier representation for the 9 function the propagator

matrix G(t,t') can be written as

1 k0

( e ^ -
k0 - ui

- 1

-1
1)

k -

-1

+

-it

it

e

t

1

t

e y^k

1

fc

\ (2.84)

A comparison shows that the expression for G0{t-t') from (2.52) and (2.81) are identical

when we identify the quantity a with 3{I-a). Hence the use of a freedom in TFD corre-

sponds to the freedom in choice of the controur. The equivalence of the two approaching

has been pointed out in literature only for the special case of a = \ [9][13-15]. Even-

though Gl2 and Gf contain a (or a) explicitly, no result for physical quantities depend

on it. The arguments for this conclusion, based on conservation of energy at each vertex

[13] hold for both Mills method and TFD.
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2.6 Conclusion

The main features of the two formalisms available for finite temperature field theories

have been compared. The equivalence of equilibrium TFD and complex time formalism

have been shown for a general choice of a. The correspondence between a and the choice

of the contour has been given.



Chapter 3

Time-Dependent Bogoliubov Transformation and

Non-equilibrium TFD

3.1 The Damped Harmonic Oscillator and Non-Equilibrium TFD

In this chapter we start with the study of a damped harmonic oscillator. The damping

mechanism in quantum mechanics is conventionally modelled by the interaction of the

oscillator with a large number of modes of the bath or the reservoir. It is assumed that

the oscillator

H0=uja]a (3.1)

(ft = 1) is coupled to a reservoir with a large number of degrees of freedom

ib\bi (3.2)

through the interaction

(A>< a t + K'bla) • (3-3)

K is a coupling constant. The density operator of the system and reservoir together

53
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evolves according to the equation

d
{t) [H R V,PT(t)} = [H,PT(t)] ( 3 . 4 )

with the formal solution

pr(t) = e-'mp(0)elHt . (3.5)

The expectation value of any variable A consisting of the oscillator (system) operators is

< .4 >= TrTspT{t)A . (3.6)

where the suffix rs indicates that the trace is over both the reservoir and system vari-

ables. The trace over reservoir states is taken first and we deal with the reduced density

operator p(t)

< A >= TrsATrrPT(t) = TrsAp{t) . (3.7)

As we need to deal only with p(t), we seek an equation giving the time evolution of

p(t) from (3.4). This is done by going over to the interaction picture and obtaining

a perturbation expansion for pr{t). If the interaction is switched on at t = 0, it is

assumed that we are dealing with times t much smaller than the damping time and

much larger than the correlation time for the reservoir variables. Physically it means

that the fluctuations of the system are sniootheried out over time periods over which the

reservoir variables are correlated. The system loses its memory over these time scales.
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The equation derived for /?r(0 under this Markovian approximation is referred to as the

master equation [16][17].

For the linear coupling that is assumed in (3.3) the correlation functions for the reser-

voir modes are the thermal averages

TrftC~3R

1

The parameter /?,t- gives the mean occupation of the modes in the reservoir, and is deter-

mined by the temperature of the reservoir. The equation for p{t), which is in Schrodinger

picture is

-—J- = -iu>[a*a.p{t)]+Z[2apa*-a*ap{t)-p{t)a*a]

a*p{t)a + ap{t)a] -a*ap{t) - p{t)aa]] (3.9)

where the damping constant 7 depends on the coupling constant and the density of the

reservoir modes, h is < b]b > for the mode wich u,', = UJ. The ui in (3.9) should actually

read (u> + Au>) where Ato is the small shift in the oscillator frequency because of the

interaction with the reservoir. Equation (3.9) is the master equation for a damped oscil-

lator [16][17j. The use of the coherent state representation [16] for the density operator,

p = J P(a)\a >< a\da converts the operators a and a t in to differentiation with respect
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to a and factors of a respectively. Equation (3.9) is converted in to a partial differen-

tial equation for the distribution function P(a). The master equation has been studied

extensively in this manner [\8\.

An important feature of (3.9) is that the density operator for the harmonic oscillator

in equilibrium at the inverse temperature /?,

p =

retains its form as it evolves. It goes over to

where

f{t)

3.12)

n(0) is the initial distribution (corresponding to J) and n the final distribution determined

by the temperature of the bath. [18] [20]

The equation (3.9) for p(t) can be easily converted into an equation for the state

\p(t) > of TFD. The prescription given in Chapter 1,
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is

in

used for this purpose. For dissipative systems, however it is possible to work only

a = 1 representation. This can be seen as follows. For non-dissipative systems the

equation for p(t) is of the form

(t) [H(t)} (3.13)

A formal solution

p(t) = c-lHtp(Q)e'Ht

can be written. It follows from it that p°{t) = e~'Htpa(O)e-iHt and \pa{t) >= p°(t)\I >.

For dissipative systems, however, the equation for p{t) has the general form

i ( t ) [H(t)] + L . (3.14)

as in (3.9). A formal solution cannot be written. We cannot write an expression for p°{t).

and hence, for \p*(t) > . Even though the total density operator pT(t) satisfies (3.13).

and a formal solution can be written for it, the expression for p°{t) = {Trrp$(t)} does

not follow from pj{t) by taking a trace as

Trr{p$(t)} ? {TrrPr(t)}* .

Hence we use the a = 1 represen ta t ion . To convert (3.9) for p(t) in to an equat ion for

\p{t) > we apply \I > on t h e right side of equat ion (3.9). p{t)\I > is replaced by \p{t) > .
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For terms like alpa\I > we use the rule a\I >= a1]/ > given in Chapter 1. We then

get a^p(t)a^\J >. The tildian operator is commuted past p(t) giving a^a^\p{t) >. In this

manner we get

d t - t - l - . - t
dt 2

+ —7n(2a'a — acv — acr)

= -iH\p{t)> (3.15)

The formal solution is exp —iHt\p(0) > and the explicit form of the solution can be al-

gebraically computed. Using the realization of SU(i, 1) given in (1.49) of Chapter 1, the

solution can be written as

exp(-iHt)\p(0) > = exp{-iutK0 + 7 , )exp( 7 + A + + 7_A'_ + l3K3)\p{0) > (3.16)

where

7+ = -int

7_ =

7 3 = - 7 ( 2 7
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To = - ( 7 - - 7 + ) (3.17)

Using the disentangling theorem of (1.50)[19][20], the exponent exp(7+A'++7- A_ +73A'3)

can be written as the product

exp(r+A'+)exp(lnr3tf3)exp(r-A'_) .

The F's are calculated from 7's using (1.51-53). The initial state |/?(0) > which is a.

'thermal coherent state' has the form

|p(0)>=exp{/(0)a t a t } |0 ,6>.

It is written as exp[/(0)A'+]|0,0 >. Then we need to compute

o + 70}exp(r+A'+)exp(lnr3A'3)

exp(r_A'_)exp(/(0)A'+)|0,6 > (3.18)

To evaluate it a factor exp(-T_A'_) is inserted to the left of the state |0,6 >= 0. The

operator identity

exp{£.4}Bexp -{£.4} = B + £[.4, B) + ^-[.4, [.4, B})
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and the disentangling theorem are used repeatedly along with the SC'(I, 1) algebra. The

result of the computat ion is

\p(t)>= { 1 - / ( 0 } exp[/(<)atdt]|0,0> (3.19)

where

; < o = n(t)

and

n{t) = n(0)e~'yt + n{[ - e"7 ') (3.20)

Hence evolution according to (3.9) preserves the form of a thermal coherent state.

We next prove that this property of (3.9) holds even when JJ and the parameters 7

and n are made arbitrary functions of time [67]. With the time dependent parameters

the solution of

l\p{t)>=-lH\p(t)>

is no longer exp{-iHt\p{Q) >, but is given by

\p(t) >= S(t)\p{0) > (3.21)
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In order to prove that \p[t) > has the form of a thermal coherent state we prove that

there exist operators which annihilate \p(t) > as follows

{a - f{t)a*}\p{t) > = 0

{a - f{t)a*}\p(t) > = 0. (3.22)

Assuming that (22) is true it follows that

S-l{t){a-f(t)ai}S(t)\p(Q)>=0

i .e. ,

S - \ t ) { a - f ( l ) a i } S ( t ) \ p ( 0 ) > = {a(t) - f ( t ) c t \ t ) } \ p ( O ) > = 0

and a corresponding equation for {a - f{t)a^}. Here a{t) = S~l(t)aS(t) etc. When we

look at the evolution of the operator {a(t) - f{t)a*(t)} we find that it is proportional

to {a(0) - f(0)a^}. Hence (22) holds true and \p(t) > does have the form of a thermal

coherent s ta te .

The evolution of {a{t) - f{tW(t)} is given by

{(t) f(t)Ht)} -i[HMt) ~ f(t)a\t)) - jtf{t)a\t) (3.23)
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Using H from (3.15) and computing commutators like

we get

x . {a(t)-f(t)a*(t)} . (3.24)

It follows from this that

{a(t)-f(t)aHt)}x{a-f(Q)af} .

The proportionality constant is an exponential of some time dependent function. Hence,

equation (22) holds true.

3.2 Non-Equilibrium TFD using Time-Dependent Bogoliubov Transforma-

tions

The two results given above make contact with the non-equilibrium TFD formalism

which uses time dependent Bogoliubov transformations. The result that the form of the

state \p(0) > remains unchanged as it evolves according to (3.15) (and its generalized

version with time dependent parameters) corresponds to the basic assumption about
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the form of p(t) in non-equilibrium TFD [22-27]. The existence of a time dependent

Bogoliubov transformation is based on this assumption about the form of \p(t) >. The

result about the operator {ci(t) — f(t)a^} evolving according to a simple exponential time

dependence anticipates the addition of the thermal generator to the equation of motion

in non-equilibrium TFD. We now review the time dependent Bogoliubov transformations

which are the basis of non-equilibrium TFD. The derivation of the equations of motion

for the state \p{t) > and the operators £(t) is studied closely. The equation of motion

for \p(t) > is compared with (3.15) and the parameter of the Bogoliubov transformation

which corresponds to the damping constant 7 is identified.

3.3 Tyne-Dependent Bogoliubov Transformation and the Thermal Genera-

tor:

Consider a single mode described by Ho = u;{a^a — a)a). In non-equilibrium TFD it is

assumed that the state \p(t) > has same form as it does for the mode in equilibrium, but

with a time dependent parameter f(t)

\ p a ( t ) > = [1 - f { t ) ] a e x p ( a \ n f(t)a<a)\I >

and that the thermal state conditions

£(t)\p«(t)>=0

< pl~a(t)\Z"(t) = 0 < pl-a(t)\£"(t) = 0. (3.25)
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The £'s are related to the operators a,a^ etc., as follows.

-fit)

[3.26)

Note that the definition of the thermal operators given in (3.26) is made more general

by the presence of the exponential factors. Using the doublet notation (f1 = £, <f2 = ^^,

<!p = (f ,̂ ^2 = —£, the relations (3.25) can be written as

> - l

where the Bogoliubov matrix is

The £(t)fs obey the same commutation relations,

(3.27)

as
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Here fi,v = 1,2. Also, Ho is invariant under the transformation, as in equilibrium. B(t)

is characterized by three parameters n(t), s(t) and a. The Heiseiiberg equations of mo-

tion for the operators £(/) and £(£) are (h = 1)

( 3 , 2 8 )

where

KJ L

-I
a" = [B{t)B(t)YLJC(t) (3.29)

and B{t) = §-tB{t).

Defining the quantity

Q(a) =

= ia»(t)[B-\t)B(t)}^au{t) (3.30)

we can write (3.29) as

at
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The Heisenberg equation now reads as

.d
(3.32)

Note that the second term on the right arises due to the time dependence of the Bogoli-

ubov transformation. The quantity Q[a) which occurs in addition to Ho in the evolution

of the system away from equilibrium is called the thermal generator.

3.4 T h e Evolut ion E q u a t i o n for \p{t) >:

The state \pa > in equilibrium in the Schrodinger picture is time-independent since

\pa >=

and the time dependence of the tilde and non-tilde states have positive and negative

exponents, respectively. But the \pa{t) > of non-equilibrium TFD has an explicit time

dependence. We now derive an evolution equation for \p*{t) > in Schrodinger picture in

terms of Q(a).

By differentiating

<pl~"{t)\?\t) = 0 (3.33)
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with respect to t we have

(3.34)

and similarly

< P1~a{t) rQia) + i-r f £ = 0 (3.35)

where we used (3.30) and (3.31). The quantity in curly brackets in (3.34) acting on

\pa{t) > should be proportional to \pa{t) > since the action of £(t) annihilates it. We set

it equal to ifi(a)\pl*(t) > where ft {a) is a constant to be determined below [22]. Earlier

works in TFD [24-26] set the action of the expression in the curly brackets on | / / ' (0 >

directly equal to zero giving the evolution equation

y\p"(t) = -Q{a)\p»(t)> . (3.36)
at

As we shall see below this reduces the number of independent parameters and leads to a

trivial solution for \pa(t) > [22]. With the introduction of the constant fi(a), the equa-

tions of motion which follows from (3.33) become

at
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1 " ° | l S = < / j l " ° ( ' ) | { C ? ( a ) - i A ( Q ) } (3.37

By requiring that

d d
— {Trp(t)} = —
ai at

we have fi(a) = \{a). Also, (.i(a) rrmst ^e r e a l H1 order that the equations (3.35) remain

invariant under tilde conjugation.

The equations of motion then become

Yf\p
a(t)> = -lQ(ct)-ifi[a)]\pa(t)>

at

d
•— = < p a ( / ) | [Q(a) — ^//(a)] (3.38)

To evaluate / / ( Q I we compare equation (3.37) with those obtained by differentiating the

defining expressions for |/?L>(0 > and < pl'L"(t)\. The following expressions which can be

derived from the defining expressions for the £(/) and £ t f ( 0 are used in the process

= f-*(tWa\p*(t)>

aa\pa(t)> =
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aa*\pa(t)> =

</-ar(O|atat =

pl~a\aa =

3.39)

Using the defining expression for Q{ot) we have

where the matrix A(a) is given by

2 a - - 2 Q ( 1 + i ) 1

+ i

x - 2 ( l - a ) ( l + i)* -(2a - 1)

( l+2;i -2'/ri(l + n)1-*

\ - '

n is a function of time, though , for convenience it is not written as n(t). Using the
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conditions (3.39), the equations (3.38) can be written as

>

By differentiating the defining expression for \pa{t) > and < /?1~a(0| given above (3.25).

on the other hand, we get

A comparision gives

with this value for /i(a), we obtain consistency between the second of equations (3.38)

and the Hermitian adjoint of the first, with a replaced by (1 - a) , i.e., the second should

be equivalent to

< P
l-Q(t)\ijt =< pl-a(t)\ [QHl - a ) + i / i( l - a)} . (3.44)

This consistency is necessary for the following reason [22]. Let ax and a2 be two choices
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of a such that cvi = 1 — Q2.Then the equation for |/)CM > is given by the first equation in

(3.38) and that for < pl~a2\ is given by the second. Since < pY~ J2 | is the usual ket state

corresponding to \pc"1 > , the equations for these states should be related by hermitian

conjugation. This happens when the consistency condition given above is satisfied.

By using the relations (3.39), the right hand side of (3.44) is written as

/ i-*mi- " ( 1 ~ ~ a ) t • h

<P { m n(l + n)aa 3 2 ( 1 + <

Comparing it with the second of equations (3.38), or equivalently (3.40), we find (3.44)

is identical to them as

ft(l - a) - s = s - n(a)

when fJ-(ct) is given as in (3.43).

The necessity of the constant f.i{a) can be seen as follows. In the absence of ft(a) the

equations (3.38) read

^-\pa(t)> = -Q(a)\p'(t)> (3.45)
at

(3-46)

Comparing (3.45) with (3.41) we have

h{'2n - 1)

2(1 +n)
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Further, demanding the consistency of (3.46) with the Hermitian conjugate of (3.45) with

a replaced by (1 - a) gives i = 0 implying h = 0 and hence a. trivial solution.

The correct evolution equations for the states \pa{t) > and < pl~a{t)\ which follow

from the time dependent Bogoliubov transformation are of the form

i±p»(t)> = -G(a)\pa(t)>

where

1*{)\Gi() (3.47

G(a) =
2(1

The generator G(a) consists of a part Q{a) which follows directly from the Bogoliubov

transformation and the additional part fi[t). We have retained all the three independent

parameters a,s(t) and n(t) which characterise B(t). Let us now consider some special

choices for the parameters. The choice a = 1 gives us the master equation (3.15). when

we make the identification

(3.48)
2(1

Further, by choosing s to be equal to j ^ - } we get 7 = 0. We shall see in the next

chapter that this is the choice of a and i used for non-equilibrium computations. Thus,
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eventhough the non-equilibrium TFD appears to be equivalent to using a bath, it actually

uses zero coupling to bath. Hence it can be said that TFD generates dissipation without

external damping.

For the a = ^ case we have the equation

(3-49)

Since

a*a\p1/2> = (l+n){l-f)aia\pl'2>

= (1 +n)/1 / 2(a td t-aa) | />1 / 2 >

using relations (3.39), we have

4 l / > 1 / 2 ( < ) > = i , " (aW-aa)\p1'2(t)> . (3.50)

This is identical to the equation derived by Celeghini et al [21].

at

where sinh2 Tt = n. In their work on quantum dissipation they use two coupled modes,

one a system of interest and the other an effective single mode bath.

It is to be noted that a special choice of .s(f), in terms of n(t) and a makes f.i(a) zero:
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Then the evolution is governed purely by Q{a) for all a.

3.5 Reparametrization of B(t):

It is seen that the following reparametrization of B(t) has some desirable features. The

reparametrization follows from a. slightly modified definition

an =
[1-/(0]"

**-p-a{t))
[1-/(0] 1 - a

(3.51)

a n d s imi lar ly for £(t) a n d £ t + ( 0 -

The expression for Q(cv) is now Q(a) = dA(a)a with

.4 (a) = n

/ • > „ _

\ ~

-u \

2nl-a(\ - ( l + 2 n ) /

(3.52)
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It is useful to examine the properties of this mat r ix under "a-conjugation'. An a-

Hermi t ian ma t r ix 0(0-) satisfies

(3.53)

For a = 1/2 , a-Hermiticity coincides with usual Hermiticity. The matrix A(a) above

can be rewritten as

A(a) = hN{a) + \X{a)

where N(a) and A'(a) are the matrices in (3.52) which go with h and \ . We can check

that N(a) is anti-a-Hermitian while X{a) is Q-Hermitian,

i V f ( l - Q ) = - A ' ( a )

A ' f ( l - a ) = X{a) .

The equations of motion are now obtained as follows. We have from (3.52) and (3.39)

Q(a)\pa(t)> = {aA(a)a}\pa{t)>

an .[a^a-n)- y \f/'(t) > (3.54)
n)

and
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(3.55)

Looking at (3.41) and (3.42) we can rewrite (3.54) and (3.55) as

jt\p
a(t)> = -lQ(<*)-'\]\p*(t)>

1 a ( ) I K ? t ) / ] (3.56)

As x is r e a l w e c a n g° from one equation to the other by a-conjugation. thus the

reparametrization gives a pair of a-conjugate equations. There is no need to add the

extra term fi(a).

The above decomposition of Q(a) into a-Hermitian and Q-anti-Hermitian parts shows

that for Q(a) to be a-Hermitian we need to set the coefficient \ of the a-anti-Hermitian

part zero. Then, according to (3.54) and (3.55) the evolution is governed only by the

parameter h{t).

We shall see in the next chapter that we do not deal with the constant n(a), even-

though we use B{t) as in (3.27). This comes about from the choice of a and s(t). In

order to have B[t) linear in n(t) we set

2(1 + »)

This corresponds to using 7 = 0 in the master equation. This choice of i and a makes

zero.
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3.6 Conclusion

The master equation for the damped harmonic oscillator can be converted into a Schrodinger

like equation for |/>a > when transcribed in TFD. This equation retains the form of a

thermal coherent state as it evolves. Non-equilibrium TFD is based on the use of time

dependent Bogoliubov transformations and also assumes that the state \pa > retains its

form as the system evolves. The two approaches have been compared in this chapter.

It is shown that the evolution equation for \p > must contain the constant fi(a) apart

from the thermal generator. The constant is necessary to ensure consistence between the

equations for \pa > and < pl~'Jl\- In its absence, the parameters s(t) and n(t) would have

to be set to zero in order to have consistency.

The equation obtained this way is shown to yield the master equation. A relation

between the damping constant and the parameters s{t) and n(t) oi the Bogoliubov trans-

formation is found. The transformation is reparametrized in a way that the evolution

equations for \p° > and < pl~a\ are consistent without having to add the constant /i(a).
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Non-Equlibrium TFD and Boltzmann Equation

4.1 The Thermal Generator in Non-Equilibrium TFD

The t ime dependent Bogoliubnov transformations considered in the previous chapter

are between the interaction picture operators a{t) and £{t) of a particular mode when

interacting fields are considered. The evolution equation of £(t) contains a term that

arises from the time dependence of the Bogoliubov transformation.

(t) (4.1)

leads to

G(a)] . (4.2)

Q(a) is defined as

Q(a) = i J tPkak(t)Pk(t)a(t)

for a field. Pk = B~l{t)B{t). The momentum subscript k off, B and Q has been dropped

for convenience. The thermal operators f [t) are the relevant ones for the physical particle

(quasi particle) picture at finite temperature. Hence it is desirable that £(t) have the

simple time dependence f(0)e~lu/'. In that case £(t) also annihilates the thermal state

annihilated by £(0). In analogy with the usual ground state field theory, the vacuum

of the interacting field determines the physical particles. In order that f(<) evolve as a

7 8 . • • . -
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free particle operator, we have to use [Ho - Q{Q)} as the free Hamiltonian . Then the

Heisenberg equation is

W] • (4.3)

The extra term which arises on using [Ho - Q{a)] for free evolution cancels the term

arising out of the explicit time dependence of B(t). We have £(t) = £(0)e~lu!t. The

equations ot motion for the a(t), a(t) operators now becomes

-a(t) = [-iu - P]a{t)jta{t) = a[w + P] .

It can be pointed out here that the same result was seen in Chapter 3, when the evolution

of £(t) with the evolution operator 5 (0 was studied.

Such an arbitrary subtraction of Q[a) from the free Hamiltonian would change the

dynamics. For an interacting field Q{a) is added to the interaction /// and so the total

Hamiltonian remains unchanged. Hence Q{a) acts as a counter term of the usual field

theories when we use [Ho — Q{a)] as the free Hamiltonian [23-27]. And this choice is

necessary to retain a quasiparticle picture of the interacting field, where the thermal

quasiparticles are annihilated by the thermal operators £(0->£(0-

In the last chapter we saw that when evolution is governed by the thermal generator

the basic assumption about the form of the thermal vacuum \p(t) > is satisfied. But

when the bath parameter n in the master equation is eliminated in favour of h{t), the

functional dependence of n(t) is not determined. It is not surprizing that when the

concept of external damping is removed the evolution ot n(t) cannot be determined for

a free field. When interactions are introduced it is expected that they determine the

evolution of n(t).

A systematic procedure for determining n(t) is outlined here. The procedure has been
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developed by Urnezawa, H a r d m a n , Evans and others over a period of few years [23-27].

A few calculat ions are given as examples. A per turbat ion theory is given for computing

Green 's functions in non-equi l ibr ium. The total self energy including the contribution

from the counter t e rm is required to be diagonal. This ensures tha t the corrected Green's

functions have the same form as the free ones. This diagonalization gives an equation for

n(t). In equi l ibr ium when there is no Q(a) counter te rm to enforce the diagonalization,

the Greens functions can be shown to be naturally diagonal [23].

4.2 Perturbation Theory

The interaction picture operators A(t) evolve as

?£ (4.4)i g [A(t),H0Q(a)] + i£ .
at at

The operator U(t) connects the interaction picture operators and the Heisenberg picture

operators as usual

AH(t) = U-l(t)A(t)U(t) (4.5)

where

U{t) = expi f{H0 - Q)dt exp-iHt ( 4 .6 )

a n d U{t,t') is d e f i n e d t o b e U[t)U'l[t') as u s u a l . U(t.t') o b e y s t h e d i f f e r e n t i a l e q u a t i o n

l
d-^l = H,{tmW) (4.7)

at

where Hi(t) is the interaction Hamiltonian in the interaction picture. We note here that

U{t) as denned in (4.7) does not satisfy U\t) = U'l(t), as Q{a) = iaB-l{t)B{t)a is not

hermitian. But U(tJ') does satisfy the group properties:

U{t,t')U{t',t) = 1 (4.9)
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The interaction and Heisenberg pictures are assumed to coincide at t = t0. From the

differential equation and the properties listed above, it follows that U{t, V) satisfies the

integral equation '2.35) and its iteration gives the usual solution

n. j
(4.10)

It is to be noted that the operators Hi{t) given here are in the interaction picture as

defined in (4.6).

4.3 Exact Green's Functions

The two point functions to be evaluated are of the form

where the doublet notation for the field is used. G[t,t') is a 2x2 matrix. The diagram-

matic expansion for this exact propagator uses the following free propagators.

= f cfkerk{r-j:l){Ta>{t)aJ{t/)) (4.12)

= f^keil{x-x')G^k(t-t') (4.13)

where GOk{t,t') is the Fourier component

GOk{W) = (Tak(t)dk{t')) .

In terms of the f operators this can be written as

B(t') (4.14)
-t') 0

0 _e-M*-<')0(£' _ t)

= B"l{t)e{t-t')B{tf) (4-15)
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where 0 (t - t') is the matrix < TZ{t)£{t') >. Note that it depends only on {t - t')

unlike GOk(tJ'), which depends on both t and V. It is convenient to define the quantity

Ak(t,t') = (Tak(t.)a,(t')T3) (4.16)

where r3 is the Pauli matrix
1 0

0 - 1
. All the elements of Ajt are positive, unlike Go.

which has negetive (12) and (22) elements. This is useful in writing the expression for

self energy. From their definitions and from the equations of motion of a(t) and £(£), we

find that GOk{tJ') and 0 (t — t') satisfy the equations

Id .

d

at

GOk(t,t') = S(t-t')

Q(t-t') = b(t-t')

(4.17)

(4.18)

T h e expres s ion for t h e e x a c t p r o p a g a t o r G(tJ.') = < Ti'[{{t)irH{t') > is now o b t a i n e d .

T h e d e r i v a t i o n is for t h e spec ia l case of a — 1 and s(t) = 7(1+
n ,?)) is d e a l t w i th . It follows

t h a t s(t) = \ l n ( l + n(t). O n l y t h i s choice of s{t) and t h e cases a = 0, 1 a r e found in t he

T F D l i t e r a t u r e . F r o m expre s s ion (3.27) for B[n[t.)) . we find t h a t for t h i s choice of s[t)

a n d a = 1 we have

n(t)
B[n{t)] =

f » ( 0 -n{t)

- 1 1

1
(4.19)

and

with

Q(t) = id(t)P(t)a{t) (4.20)

P(t) - ii
1 - 1

1 - 1

where the momentum k has been dropped from a(/) , a(*), ^ ( 0 etc. The form of the

thermal state conditions for this choice of a is given below. It is to be noted that
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for interacting fields they conditions are to be written in terms of interaction picture

operators .

[a{t)-f(t)o1{t)]\p> = 0

<I\[a\t)-a(t)] = 0 (4.21)

and similarly for the tilde operators. From the second condition it follows , for any Hi

such that H] — / / / , that

<J\Hf(t)=<I\H,(t) (4.22)

and hence

<I\{HI{t)-H1{t))=<l\H(t) = 0 (4.23)

<J\{U(t,t')=<I\TexpHI(t) = < / | . (4.24)

In the expression for < Tipf{{t)ijjH{t') >

= < I\TU-l{W0)tl;{t)U{Lt')V(t')U{tl,t0)\p>
<I\p>

the denominator

(4.25)

\ =\ . (4.26)

The numerator

< I\U(tQ,oc)U(ooJ0){TU(t0J.)Ht)U(tj/)4it')U(t\t0)} x

V(to,-O0)U(-0G,t0)\p> =

< I\U(t0, oo) {TU(oo, -oo)^(t)t(t')} U(to, -oo)\p > (4.27)

where the sequence of time variables allows the factors U(ocJo) and U(t0, -oo) to be

absorbed in to the time ordering. Using the thermal state conditions, the factor U(t0, DO)

on the left disappears. The choice t0 = -oo gets rid of the factor on the right, giving

H(t')) = (I\T {t^(x, -oo)0(O0(«')} \P > (4-28)
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This is the derivation given in all the TFD works. The choice a = 0 is also considered [25].

Even there the thermal state conditions reduce the denominator in (4.26) to unity. In the

a = 0 and 1 cases, the disconnected diagrams do not arise. And an expression like (4.29)

can be obtained for time ordered and antitime ordered products. In the case of any other

a, the denominator does not reduce to unity. We have to deal with a time dependent

norm in such a case. The presence of two time arguments t and t' would cause an

ambiguity about evaluating this time dependent norm. Even if the denominator is taken

care of by ignoring the disconnected diagrams in the numerator, the factors (/(oo, to) and

U(t0, — oo) outside the time ordered product in (4.28) have to be dealt with. The choice

of t0 alone,along with the thermal state conditions does not get rid of both of them. It

would require the use of a Cell-Mann-Low like result. It is desirable to avoid the use of

such a result in the time-dependent formalism. Also, the choice of s{t) for a ^ 0,1 and

the procedure for diagonalizing the self energy are not clear. There is no way of relating

the parameter $(t) to any physical variable, like the external damping in case of a = I.

The use of a = 0 has also been ruled out [25] on grounds that the Boltzmann equation

so derived has an unphysical exponentially growing solution.

4.4 The Self Energy

In what follows we set a = 1 and use the Schrodinger field with \ip\4 interaction as an

example. We also study the Friedrich model which models a bath interacting with a

single oscillator, but without the usual seperation in to the bath and system variables

coupled to each other.

Consider the second order correction to G{tJ') due to

£/(*) = A |/.r{c' t2(x)^(.r)-0 t2(.r)02(x))} . (4.29)
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The correction is

-A2 J d3x1d
3x2dtldt2^Tc(t)ip(t')HI{tl)ffI(t2)^ . (4.30)

where the negative sign comes from ( — i)2 of U. The corrected propagator can be written

as

G(t,t') = G0(t,t') + iX2 I'dUdtiGoiU^XituWGoit^t') (4.31)

W h e n t h e fields in (4.31) a re w r i t t e n in te rms of t h e Four ier c o m p o n e n t s and the inte-

g ra t ion wi th respec t t o xx and x2 is carried ou t , we have t h e correc t ion to G11(t, t') given

by

-A 2 / d t y d t i I d3kd3k'd3pcPqdirfi(p + q - r - k)6{ k' - p - q + r

x e x p { i ( k . x — k ' . x ' ) }

- A2 I d3k<Ppd3qd3r 6{k-p- q + f) exp{ik.{x - x')}

(4.32)

(4.33)

Similarly, the corrections to the other elements of G(tJ') can be computed. Taking the

Fourier transform of (4.34), and of the other corrections we get the matrix E/t(^i, as

2i /, t2) = 2i / d3pd3qd\6(k - p - q + r) .

(tut2)A
22(t2,h)

(4-34)

where

ut2) = (Ta(U)d(t2)) = G0(tut2)r3

has already been introduced in (4.17). The Fourier transform of (4.32) can be written as

(4.35)
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using It<?i.<2)- ^ ' e s q u i r e that Gk{t,t') have the same form as GOk(t,t'), as given in

(4.16) i.e.. Blnkit^GkitJ^B-^iikit')] should be diagonal. It follows that Zk(txJ2) is

required to diagonal under the same matrix transformation.

For a general interaction, T,^(ti,t2) has the general form

2?:
A 1 1 m{tut2)A

u n(t2,U) A 1 2 m(tut2)A
21 n(t2,U)

A2lm(tut2)A
2ln(t2,n) A2-"M^i,/2)A22"l(^^i)

X (4.36)

For the L*J4 interaction we have m = 2 and n = 1. Consider now the explicit form of

Ak{ti,t2<- From (-1.16)

Ak(tut2

-t2)
+ n{t2)} n(t2)

n(U) 11(
(4.37

which can be rewritten as

e-i«k(tl-'2) {Bfr-ti)
1 1

1 1 0 0 0 0

1 I

1 1

(4.38)

Then the expression for S"(<i,<2) from (4.35) is as follows, apart from the integration

and the delta function

nq{t2)}nr{t2)

(4.39)
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w h e r e t e r m s c o n t a i n i n g 0 ( t x - t 2 ) 0 { t 2 - * i ) a r e d r o p p e d

- t2)
nq}nr npnq{\ + nr}

nq}nr np7iq{l + nr}

O ( t 2 - t x )
n r}

(4.40)
nr}

h nq}nr

where the suffixes tx and t2 for the matrices indicate that all the functions n(t) in the

matr ix are to be evaluated for / = ^i and t2 respectively. Defining the quantities

F(t)
= fp{t)fq(t)frit) a n d J V ( < ) = — ^

fP{t) = l n {t)

the matrix in (4.41) becomes

0{U-t2) np(t2)nq(t2){l +nAt2)}

where

The coefficient of the first matrix can be written as

np(t2)n<,(t2){l + nr{t2)} = S(t2)N{t2)

where

And the coefficient of second matrix is

{ ! + * ( < ) }
-V(0

i l

1,11)

(4.42)

(4.43)

(4.44)

(4.45)



Chapter 4. Non-EquUbrium TFD and Boltzmann Equation 88

Hence the matrix in (4.43) becomes

F-X(t2

1 1

1 1

F(U) F(«0

1 1

F-l(t2) 0

0 0

(4.46)

and the second matrix is also similar to that in (4.39). Hence ^k{ti,h)T3 has the same

matrix form as A^(/1,^2), i.e.,

(4.47)
S(t2) 0

0 S(U)

where the exponential factor of Q(ti — t2) is e~iW(tl~t2K T,k{t\,t2) is obtained by multi-

plying on the right with r3. Expression (4.48) with the r3 dropped, is the expression for

4.5 The On-Mass-Shell Condition

0 (tl

is written as

— /dae" a {

2x1 J

0

I
VV'-a-

0

• t 2 )

it

0

- 0 (t2 -

0

1

a-.W-ii J

(4.48)

using the standard representation for theta function, t is a infinitesimal quantity. The

Fourier transforms 1/(Q - W - it) and \/{W - a - it) are expanded in a Taylor series

around a = ujk and only the first term is retained. This constitutes the on-shell condition

[23]. When this is done we get

2iti

1
W-Mk-it

0
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4.49)

4.6 Diagonalization and Boltzmann Equation

Putting this expression for 0 (tx — t2) into (4.48) we get

« )
l-Kl

1 r-u>k)TAB[N(U)] (4.50)

The total self energy ^2k{tiJ2) is E / ^ i ^ ) plus the contribution from the counter term

Q. £'fc(£i,£2) is required to diagonalizable i.e.. B[nk{ti)]^k(ti,t2{B~l[nk(ti)] is required

to be diagonal. Considering only E^ for the time being, we see that the first term in

(4.51) is diagonal, as the B's and /?-11s cancel each other across the diagonal matrix .

We consider the second term and compute

S(t)B[nk(t)}B-xlX(t)}T3B[N(t)]B-llnk(t)}

_j_ 2N -2A'

+ 2/V -1-'2N
B[nk(t)]

[nk(t)]
1 0

2 - 1
2N(t)B[nk(t)]

1 - 1

1 - 1
B-l[nk(t)]

1 2nk(t)

0 - 1
'2N(t)

0 - 1

0 0
(4.51

We now compute the contribution E" from

Q{t) = i Idikak(t)Pk{t)ak(t) .

The correction to GOk{tJ') in first order due to this interaction is

-i.i f dti



Chapter 4. Non-Equlibnum IFD and Boltzmann Equation 90

The factor ~i comes from the expression for t'(oo. - c o ) . When this correction is written

in form of equation(4.32), we find the self energy

1 - 1

1 - l

(4.52)

(4.53)

Computing

We get

0 -1

0 0
(4.54)

Finally requiring B[nk{t)]^kf{t)D x[nk{t)] to be diagonal, we set the (12) component to

zero,

iw / dipd3qd3r8{k - p - q-\

x {2nk{t)S(t) - 2N(t)S(t)} + ihk{t) = 0 (4.55)

hk(t) = 2TT /\dp]6(W-u,k){N(t)S(t)-nk(t)S(t)} (4.56)

where the notation [dp] is self explanatory.

This equation is the analogue of the classical Boltzmann equation and is referred to as

the Boltzmann equation in non-equilibrium TFD literature. Its solution completes the

non-equilibrium TFD scheme.

Going back to the expression for B[nk(t)]Hk(t)B~l[iik{t)] (this will be referred to as

£.-. ) we find that its diagonal elements are complex. The imaginery parts are

f 1 0

0 - 1
(4.57)

The factor outside the matrix above in denoted K ( ^ ) , the damping constant. Note that
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in terms of this damping constant, the Boltzmann equantion can be written as

hk(t) = -2irK(t)nk{t) + 2xJ[dq]6(W-u;k)S{t)N(t) (4.58)

The diagonal )2^k gives the correction to u?k due to the interaction, in non-equilibrium.

The imaginary part of the renormalized jjk i.e.. K.{t) gives the life time of the quasi-

particles. The hamiltonian of the interacting system can be diagonalized in terms of the

time dependent operators

k

where 8uk is the complex correction.

The procedure worked out above applies to other interactions too. The general form

of E(i!,i2) shows that the correction in general can be diagrammatically given as in Fig.

4 where there are m lines directed from t\ to t2 and n from t2 to ti. The definition of

), N(t) and S(t) can be generalized to

F(t) = f P i ( t ) f P 2 ( t ) - - - f P m ( t ) f ^ ( t ) - - - f ; n
l ( t )

S ( t ) = - J 7 T 7 n P l ( t ) - - - n p J t ) { l + n l l l [ t ) } - - - { l + n q n ( t ) } (4.59)

4.7 The Thermal Reservoir Model in TFD

As another example we consider the thermal reservoir model, which led to the master

equation in Chapter 3. The reservoir model led us to the master equation and made

contact with non-equilibrium TFD. Here we shall reverse the process, starting with a

TFD model and show it reproduces the reservoir model [70].

Consider a single mode with hamiltonian u;06
f6 interacting with a field with Hamilto-

nian / d?xxj>*Vil> where the total H is

H = H, + Hi = ob
]b~[- / d W U
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J ii>\x)b) 4.60)

The corrections to Gb[t, t') =< Tb(t)b(t') > and Gk{t, t') =< Ta(t)a{t') > are determined

by the self energy matrices Do and E&. Note that there are two parameters na(t) and

nb(t). We set

Al.l(U.t>) A12(t,.U)
•3 (4.61)

and a similar expression for E a ( / i ,£ 2 ) , where the A a ' s are replaced by A(/s.

•- " - . The delta function S(W — u:k) which occurs in the

earlier example is replaced by 6(ujp — ujo). Requiring that B[ni>(t)]Hb(t)B~l[ni}(t)] be

diagonal gi\'es the equation for hb{t)

hb{t) = -2vnb(t)\
2 [

+ 2A2TT - ko)S(t)N(t) (4.62)

where k0 is the momentum corresponding to uj0. The diagonalization of Sa(<) similarly

leads to the equation for ha(t)

I 4 \ >, . / 4 \

(4.63)

It is reasonable to assume that the parameter na(t) characterizing the field does not

change with time. In this case the equation for h(t) becomes

Mi) ~ n*P ]

/
p- k0)

- • > \
2

n,lk
{nb(t)-nko} (4.64)

with the solution
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Where 7 is the factor outside the brackets in (1.65). The oscillator attains a time inde-

pendent na as t —> 00, the equilibrium value being given by the field distribution nko.

The result mimicks the solution of the master equation. This example has been treat-

ed in [70], where the field is treated as a collection of large number of modes, but not

continuous.

Equations (63) and (64) need a very careful study in order to show that the assumption

about the na being stationary actually comes out from their solutions.

4.8 The Diagonal Nature of Hik in Equilibrium

In section 6 we saw that the diagonal self energy I ^ , which gives the correction to

the energies cjk of the quasi-particles can be obtained by diagonalizing ^,'k through the

similarity transformation B[nk(t)]. In equilibrium we do not have the thermal generator

Q, and hence there is no contribution T,". to S'A.. There is no way of enforcing the

diagonalization condition. But it turns out that the off-diagonal terms are automatically

zero in equilibrium [23]. The proof of this is based on the fact that in equilibrium the

two time correlation functions are functions of time differences (t — t'). The Bogoliubov

transformation B[nk] is independent of time. They do not depend on t and t' explicitly,

as in non-equilibrium.

That the 21 component of B[nk{t)]Z'kB-l[nk{t)] is zero, for the form of B\nk{t)\ we

have chosen, can be shown by using only one of the thermal state conditions:

< I\ak =< l\a\ (4.65)

and its tildean

< l\ak =< I\a\ .

More generally,

< /|.4 =< I\A*.
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for any operator .4 consisting of ak.ak,a\ and a\. The general form of the correlation

function is < TA{t)B{t') >, where the doublet notation is used for the operators A

and B i.e., Al{t) = A(t),A2{t) = A^{t) is the column matrix, and B'(t') = B\f),

B2(t') = -B(t') is a row matrix. The self energy in (4.62) for example, can be written

in this form

= / cPpd3'3qd3rS(k -p- q + r)
A l l 2 ( U ' ) A n ( O ) -A122(U')A21(*',/.;

t'.t) - A 2 2 {t.t')A22{t'J

We have for

B[nk(t)] <TA{t)B(t')>[B-l[nk(t)]

<T{A(t)B\t')}

<T{AHt)BHt')}

<TA[t)B<{t')>

< TA(t)BHt') >

= B[nk(t)]

= B[nk(t)]

~ < TA{t)B{t')

< Bi{t')A{t.) >

< TBHt')A(t) >
B-l[nk(t)] (4.66)

where T denotes the antitime ordering operator. The time ordering in 12 and 21 elements

has been removed as the tilde and non-tilde operators commute. And condition (4.66)

has also been used here. Writing the time ordered products using theta functions and

carrying out the matrix multiplication we get

-${t - t') < A{t)B\t') - B\t/)A(t) > {1 + nk] < B\t')A{t) > -nk < A(t)BHt') >

0 0{t'-t)< A(t)B\t')~BHt')A(t) >

It can be shown now that for equilibrium Greens functions, which are functions only

of (t - t'), the 12 element vanishes. The other thermal state condition is used for this
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purpose

«k\p > = fk-a^p >

The 12 element of the self energy S a . , using expression (4.35) for L* and the general

expression in (4.67) is

*pd\d\ S(k-p- q + ^-.-K+^m-t

- < a4a t, >p< atat, >q< a]at> >,• > n-k

Here < aja t/ >p etc., denote < ajpa«'p > . Taking the Fourier transform of Yltk(t - t').

6[u>k — u?p — ujq + u;r) / d:ipd3qd3rS(k — p — q + r)

\fk\fpfifr1 < atal >p< a - ta\, >r

ata\, >/,< attt\,

Since

/ T f j f

the Fourier transform of ^]
k and hence E|\. itself vanishes.

4.9 Complex Time Formalism and Non-equilibrium

Various articles in the complex time literature use the formalism for non-equilibrium

processes [28-29]. The matrix propagators are defined, as in Chapter 2, to be the thermal
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averages of the contour ordered fields lying on either leg of the contour. As already seen

such propagators are functions only of (/ - t') and do not depend on both t and /'. We

have already seen the complete equivalence of the complex time method and equilibrium

TFD. When the correlations are evaluated for complex time arguments, it is not right to

associate the real part of the time argument with a non-equilibrium evolution.The lack of

time translation symmetry and hence the lack of the energy conserving 6 function at each

vertex is a necessary feature of non-equilibrium. These features are not incorporated in

the complex time methods at a microscopic level. But in systems where external fields

are present these features occur because of the explicit time dependence of these fields.

The propagators become functions of i\ xf and /, /'. In the presence of an external field

a Boltzmann like equation is derived in the following way. The Dyson equation

G'(M') = G0{tj') + /A2 / Go{t.tx)^{UA2)Go{t2,t')dtxdt2 (4.67)

is written. The self energy can be perturbatively evaluated using a diagrammatic expan-

sion and the Keldysh propagators. The Keldysh propagators are constructed from the

solutions of the free Schrodinger fields in presence of an external field.This equation is

converted in to an integro-differential equation by applying the operator G~l{t) to (4.68)

from the left, where

G~\t)G0{t-t') = 6{t-t')

and G~x(t) = [- - e(-iV - -A)] where .4 is the external vector potential and e(k)

is the dispersion law for the Schrodinger field in presence of the external field. The

reason for replacing equation (4.68) this way is that it contains Go. And the free Greens

function in this formalism is associated with thermal averaging with respect to the initial,

equilibrium, canonical distribution. The new equation is

t')dti + 6(t - t'). (4.68)
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It leads to a Boltzmann equation in the complex time method in the following way.

A linear transformation is applied to the matrix

G(tA') = (Tc

i\t)
H>(t')i>\t' - i<

where ir2 is the Pauli matrix

v/2

0 1

- 1 0
. The field operators 0 consist of the solutions in

the presence of the external field, they are not the plane wave solutions of free Schrodinger

fields. The transformed Greens function is

G'(t,t') =
0 Ga

GT F

where Ga is the advanced Greens function 0(t - t') < ^(t)i^(t') + v*{t')ip[t) > , GT the

retarded function ${t'-t) < il<{t)^(t') + i^(t')ip{t) > and F has the form < ij>[t)ipi{t') -

t^\t')^(t) >. Equation (4.69) is a matrix equation. After the transformation is applied,

the 22 element of this equation is used to derive a Boltzmann equation. This involves

a change of variables from .?, .?', t, t' to (x + .?'), {x - f ) , (t + t'), and (t - t'). A

fourier transform is taken with respect to the variables (x — x' and (t — t').The transforms

are functions of the variables (x + x' , t + t' and also the momentum p and energy u.

Equation when applied to such a transform of F{t, t') gives the Boltzmann like equation

for the transform when averaged over u.The transform of F is considered the distribution

function and its evolution with (t + t') is given.

In some other works [30-31], the possibility that the initial distribution differs from

the canonical distribution is addressed. This is referred to as the problem of initial cor-

relations. The complex time method is used to the extent of getting the Tc ordered

product of operators. But the Tc ordered product is not written in terms of contractions
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< Tcak(t)ak{t') etc.. making use of the thennodynamic Wicks theorem, which holds only

for canonical distributions. Instead, these higher order correlation functions are related

to the lower order correlations using physical considerations. Some cluster approximation

are used at this stage. The lowest order correlation < Tcak(t)al{t') > etc., are undeter-

mined, as no assumptions are made about the ensemble. But a diagrammatic expansion

is possible.

As was already shown in Chapter 3, the complex time method is equivalent to equi-

librium TFD. In order to have the non-equilibrium feature of lack of time translation

symmetry the Q term is necessary. A Q term could be added to the complex time

formalism too, by rewritting Q in terms of the fields on the two legs of contour. The

correspondence between these fields and the doublet fields has already been pointed out.

But such an addition of Q does come about naturally in complex time methods. It follows

naturally in TFD from the time dependent Bogoliubov transformation.

4.10 Conclusion

In conclusion, it can be said that thermofield dynamics treats systems at zero temprature.

those at finite temperature and at equilibrium, and those at finite temperature and

out of equilibrium in essentially the same way. Once the Hilbert space is doubled, the

difference between the three is only in the choice of the vacuum. The zero temperature

system has a vacuum which is annihilated by the annihilation operator a. The physical

particles are generated by the corresponding creation operator. The finite temperature

system is characterized by the thermal vacuum , which is not unitarily equivalent to the

previous vacuum. It is annihilated by the thermal annihilation operators £. The fs are

related to the as by a Bogoliubov transformation. The Hamiltonian of the system can be

diagonalized in terms of the physical particles generated by the corresponding creation
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operators.

It is necessary to have a time dependent vacuum to describe non-equilibrium. In TFD

it is assumed that this time dependent vacuum is characterized by the time dependent

annihilation operators £(t) which are related to the a by a time dependent Bogoliubov

transformation. But in order that these time dependent operators be the physical particle

operators, it is necessary to add the thermal generator Q to the Hamiltonian. Due to

this, a counter term arises. The counter term, together with the self energy due to the

interaction , determines the evolution of the time dependent vacuum.



Chapter 5

Generalized Bosonic Oscillators and their Coherent States

5.1 A Deformed Jaynes-Cummings Model

In Chapter 1 a non-linear realization of the deformed and para oscillators in terms of

the bosonic operator was used. That construction made it possible to get the thermal

vacuum for these systems through a. unitary transformation.

A pair of bosonic operators [69] [37-39]

can be constructed from the generalized bosonic operator

[a.:V] = a [a\N] = -a f

k a ' ] = g(N) (5.2)

where g(N) = f{N + 1) - /(.V) and

a\n >= v7(A') |» - 1 > ^W > = V7(-V + [ ) \ n

The operators 6 and a are related by a similarity transformation

b= SaS^ ,

as the relation (1) can be written in this form with

100
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The form of f(N) for the (/-deformed and the para oscillator have already been given.

Such a realization is used to study the deformed version of the Jaynes-Cunimings

model [43]. The Jaynes-Cummings (JC) model [44-45] describes the interaction of a two

level atom with a single cavity mode. The Hamiltonian of the model is

H = ucN + »aS; + g(S+b + 5_6f)

where LJC is the energy of the mode and uja the energy gap of the two level atom, g is

a coupling constant, 5, , S+ and 5_ are the operators of the atom. S\ gives the atomic

inversion and S+ and ,S'_ are the raising and lowering operators. They obey the algebra

[5+ .5_] = 25-

[S±.SZ] = ±S± (5.4)

The model is exactly solvable and the solution shows interesting quantum mechanical

effects like the collapse and revival of atomic inversion, the inhibition of decay of excited

states in a cavity and Rabi oscillations [46-48]. Another model for the interaction of a

two level atom with cavity mode is due to Buck and Sukumar (BS) [49-51]. It is also

exactly solvable and its solutions can be given in closed form and are more tractable

analytically. The model has the Hamiltonian

H = u>cN + u:aSs+g[S+(l + A')I/26 + 5_6f(l + N)1'2] (5.5)

It is an effective model for a non-linearly coupled system.

It can now be shown [43] that the deformed version of this model,

H = u>cN+u>aS: + g [5+(l + N)l/2a + 5 .^(1 + .V)l/2] (5.6)

interpolates between the two models given above as the deformation parameter goes from

0 to 1. Here, N is the number operator for the deformed oscillator. It has the form of
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an infinite series [68] in terms of «,at. In terms of the corresponding bosons it is simply

6f6. Earlier studies of deformed JC model simply replaced A' by aja [52-54].

The interpolation is shown below. For the deformation [37-42]

aa — qa a = 1

that is considered f{N) = ^ - , when q = 0, f(N) = 1 and b = (.V + l)1/2a. Then (5.6)

is just the JC model in terms of 6 and 61 when q = 1, /(iV) = Ar and 6 = a. Hence (5.6)

in this case is the BS model in terms of b and tf. For intermediate values of q it is a

deformed model.

The expressions for the evolution of the atomic inversion < S:(t) > for this deformed

model have been obtained for various initial states of the atom and the radiation mode

[43]. When the radiation is in the usual coherent state, the evolution of < Sz{t) > has

the same features as in JC or BS models. The evolution has also been studied when the

radiation is in the (/-coherent state, the eigenstate of operator a. The collapse and revival

features are blurred in this case.

The eigenstates of the generalized annihilation operators can be constructed easily

when a canonical conjugate .4f is available, such that [a, ,4f] = 1 [37-39][69].

The operator A* conjugate to a is

It satisfies the canonical commutation relation on the Fock space. We also have [.4,af] =

1. In terms of A\ the expression for the number operator is Afa. The eigenstate of a is

> and that of ,4 is exp<W|0 >.
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5.2 A Unified Approach to Multiphoton Coherent States

Such a construction of a canonical conjugate can be also carried out for the powers of

the bosonic annihilation operator [61]. These operators denoted by F have the general

form F — (j)(N)bm and are called multiphoton annihilation operators in quantum optics

literature. <j)(x) is some function of x which does not have zeros for positive integral

values of x including zero. F could also be a multimode annihilation operator.

As in the case of deformed and para oscillators it is possible to construct Gft satisfying

o.i

Note that G'1" / F r in general. The operator G* can be used to construct the eigenstates

of F starting from the slates annihilated by F. Since F contains b"\ there are (m — 1)

states that are annihilated by it. Denoting them by |r,- >, J = 1, • • • m — 1,

from which it follows 1 liat

F \ f i > = f \ f i > (5-8)

where |/, > = exp( fGj)\v, >. The use of canonical conjugate allows the construction of

the eigenstates of F in a manner analogous to the construction of the eigenstate of b ,

the coherent state. Since G'f ^ FK we have another distinct relation

From the explicit construction of G(t given below it can be seen that \vt > are the vacuua

of G also.
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Hence, the commutation relation (5.7) is two faced and it generates two sets of eigen-

states.

When the operator G* is constructed below we find it has a different form in each

sector. A sector is the set of number states \mn -f / >. n — 0, 1, • • • "enerated from the

vacuum Vi > by the application of

The operator

Nc = ~[a*a + a constant] (5 9)
ra

which satisfies

[F..\c] = F (5.10)

is used in the construction of GK The constant, c. is any real number. Now. let G\ be

an operator consisting of a*m and some function of S such that

FG\ = A', .

Then, from [F, JVI;] = [F, FG'J] = F it follows that [F. G'J] = 1 + A'. The operator X

satisfies FA" = 0. Such an operator can be constructed from the states annihilated by F

as
w - l

1=0

Only diagonal operators are chosen because [F. Gj) is diagonal for the general form of F

and Gj. Using the orthogonality of the states \i >. we get the coefficients fa.

But since FG'J = Nc,

< i\NAi > = - ( ' ' + '» - c ) = (1 +/ ' . )
/n

„. - - ( / - c ) . (5.11)
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We have
r n - l

and the action of the commutator on all number states is a unit operator except for |i >.

The freedom to choose c is now made use of to ensure that [F, Gj] = 1 hold on all states

of a sector. If we set c = i. then the operator obtained from

FG] = N{

is the canonical conjugate of F in the whole of the sector generated from \i >. Explicity,

when F — 62, for example.

0 2 1 + .V

in the even number sector generated from |0 > and

c?1 " 2 F+"2

in the odd number sector generated from |1 >.

The eigenstates of a2 generated from the vacuua |0 > and |1 > are exp/G*|0 > and

exp /G ' | | l >. They are known as the cat states in literature. They can be expressed as

the linear combinations of coherent states which are macroscopic states.

The second set of coherent states are the eigenstates of Go and G\ — exp#a t2 |0 >

and exp#a t 2 | l >. The former when normalized is the well known squeezed state [60] and

the latter have also been studied recently [65). The operator G\ of which the squeezed

state is an eigenstate was also constructed earlier.

The same procedure holds for multimode operators. The operator Nc is of the form

la^a + tfb + c\ where a, 6,.. are the modes.a here stands for one of the bosonic modes,
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not the generalized oscillator of the previous section. For F = ab, for example, there are

three vacua of F. They are |0,/> >, |p, 0 > and |0.0 > where p is a positive integer. The

canonical conjugates are

The eigenstates of ab, exp(/Gf{)|p,0 >, exp(/G$)|0,p >, and exp(/G$)|00 > are the pair

coherent states [55-57]. These states are also the eigenstates of the opera to r^a — 6*6),

as can be easily seen. The eigenstates of G'i, G2, and G3 are the second set, of special

states associated with the operator ab. The eigenstate of Gj, , exp/a*6*|0,0 > is the well

known Caves-Schumaker state [57-59].

Pairs of canonical conjugate operators were earlier constructed by Brandt and Green-

berg [64]. Both operators of the kind G* — F^ and G* / F* were constructed. They

have the form

F = am0(N)(1"1\ Gf = Q(N)nau

where <p(N) has the form {[N/m]{N - /n)!/.V!)1/2 with [x] denoting the largest integer

smaller than or equal to x. They can be made symmetric by choosing TJ appropriately.

But these constructions do not include pairs like

The Brandt-Greenberg states were subsequently studied for non-classical properties

like squeezing [64]. The canonical conjugates of F = a'" in the sector generated from

|0 > were constructed by Buzek, Jex and Quang [66].

This construction of the canonical conjugates can also be extended to the generalized

operators am [71]. The operator .4f constructed in section is used for this purpose.
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The pairs of operators (a, ,4f) and (A. a*) satisfy the same commutation relations as the

bosonic operators. As shown earlier, a set of bosonic operators (6,6*) can be constructed

corresponding to every pair (.4, a*).

The action of any expression consisting of the operators (6,6t,:V) on any number

state is the same when the set is replaced by (a,.4 t , Ar) or by ( / l , ^ , ,V). The canonical

conjugates of F = <j>(N)am are obtained from the corresponding bosonic operator by

replacing (6, 6f. N) by (a, Af, :V). For F = a2, for example,

2 .V + 1

G'< - ^

The conjugate of Go and G\ is a*2.

When the bosonic operators are replaced by (.4,a^,.V), we have F' — c>(.V).4ni and

its conjugates G'} , G'{ are

2 .V + 1

and

l .B '
2 N + 2

respectively. The eigenstates of F, G. F', G" can be constructed as before

In conclusion, we have put to use the fact that the various generalized bosonic oscil-

lators are related to the bosonic oscillator and a canonical conjugate and be constructed

for any of them. This was applied to study a deformed version of the Jaynes-Cummings

model.

Canonical conjugates have been constructed for operators of the form <p(N)bm. A

systematic procedure has been given for the construction of these operators in the various

sectors. A variety of eigenstates which can be called generalized coherent states, as they
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are the eigenstates of annihilation operators, are constructed easily. The relation between

the closely related states occuring in pairs like the squeezed states and the cat states is

explained.

These results have been easily extended to the generalized bosonic oscillators using

the operator .4*.
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Abstract. A model is proposed which continuously interpolates between the
Jaynes—Cummings model and the Buck—Sukumar model. This is achieved by
replacing the Bosonic algebra by a ^-deformed algebra. The deformation
parameter q is shown to provide the desired interpolation. The atomic inversion
in this model is investigated for various deformed coherent states as the initial
states for the field.

1. Introduction
The Jaynes-Cummings model (JCM) [1-6]

bi), (1)

describes the interaction of a two-level atom with a single cavity mode. Here b and 6*
are the Bosonic operators of the field, N = b^b is the number operator for the Bosonic
mode and S + , 5_ and S3 are the operators of the two level atom. These operators
obey the algebra

[S+,S.] = 2S3, [S±,S3]=±S±, [b,tf] = i. (2)

This remarkably simple and exactly soluble model shows several interesting
quantum-mechanical effects, such as the collapse and revivals of atomic inversion,
the inhibition of decay of excited states in a cavity and Rabi oscillations and has been
the subject of numerous investigations [7-12]. Recent technological advances have
made it possible to experimentally realize this rather idealized model [13-16] and to
verify some of the theoretical predictions.

An alternative model which retains all the gross features of the JCM and has the
added virtue of yielding expressions for the physical quantities of interest which are
analytically more tractable than those in the JCM was proposed by Buck and
Sukumar [17]. The Hamiltonian for the Buck-Sukumar model (BSM) is

H = a)cN + ajaS3+g[S+(N+\)ll2b + S_b\N+\)112]. (3)

Buck and Sukumar [18] and Sukumar [19] have also considered a class of revival
Hamiltonians of which (1) and (3) are particular cases. Of course, these Hamiltonians
in which the field-atom interaction involves m-photon transitions and/or intensity
dependent couplings should be regarded as 'effective' Hamiltonians in contrast to
the JCM which follows from the fundamental principles.

The purpose of this work is to propose a model which provides a continuous
interpolation between the JCM and the BSM. This is achieved by deforming the

0950-0340/92 J3-00 © 1992 Taylor & Francis Ltd.
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algebra obeyed by b and tf [19]. The deformation parameter q then provides the
desired interpolation between (1) and (3). For the model thus obtained, we calculate
the atomic inversion for various deformed coherent states.

2. The model
We consider the following Hamiltonian

H=o)c.AT + a)aSi+g[S+{jr+ l)1/2a + S.a\JT + 1)1/2], (4)

having the same structure as the BSM and assume that the operators a and a^ satisfy
the (/-commutation relations [20-26]

aa* — qa^a=\. (5)

The operator JT in (4) is the number operator for the algebra (5) satisfying

[atJT[ = a, [a\.r]=-a\ (6)

and is explicitly given as an infinite series in a and a* as

We now show that (4) does indeed interpolate between JCM and BSM with q as
the interpolation parameter. This is most easily seen by using the nonlinear
realization of the q algebra, in terms of a single Boson, given by [24-27]

r.
where b and fet obey the Bosonic commutation relations and

N=tfb, (9)

is the corresponding number operator and (x)q denotes

Further, it can be shown that

N=JV, (11)

and we may invert (8) to obtain

Now, for 9= 1, (4) is clearly the Buck-Sukumar model (3), For <? = 0, since (x)q= 1, it
follows from (12) that

2. (13)

Using (13) and (11) the Hamiltonian (4) can be written in terms of b and b* as

H=o)cN + a)aS3+g(S+b + S^). (14)

which is evidently the Jaynes-Commings model.
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Effects of g-deformed algebras on the BSM and the JCM have also been
discussed by Chaichian et al. [28] and by Buzek [29] respectively. The Hamiltonian
considered by Chaichian et al. is

cic)1i2S], (15)

and that considered by Buzek [29] is

H=o)c(c^c + ccf) + a)aS3 +g(S + c + S^S). (16)

The operators c and c^ are taken to obey the following algebra

ccr-Qc1c = Q~2Jf. (17)

For Q—\, the two models reduce to the BSM and to the JCM respectively.
These models evidently differ from the one considered here in both the structure

of the free part as well as the interaction part of the Hamiltonian. They are obtained
respectively by writing the BSM (JCM) in terms of b and 6t alone and then replacing
b and tf by c and c* which are assumed to obey (17). Our model, on the other hand is
obtained by writing the BSM in terms of b, tf and N and then replacing them by a, at

and JT obeying (5) and (6). It may be noted here that, for q^O, one can go from (5) to
(17) by defining

c = q-*>*a, ci = aiq-"4, (18)
if Q = qm.

Further, if the algebra (17) is taken as the starting point, instead oi{x)q defined in
(10), one has

_Q*-Q~X

occurring naturally [23-25].

3. Expressions for inversion with deformed coherent states as the initial
states

For simplicity we consider the case coc = coa. We assume that the initial state of the
atom-field system is given by

where

and

00 00

n = 0 71 = 0

With this initial condition the expression for the inversion at time t is found to be

n = 0

<r + |/?|2) , (22)
)

where x = 2gt.
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Figure 1. The number distribution for the deformed coherent state for k = 09 and g' =
(a), 0-9 (b), 075 (c), 0-5 (d) and 0-1 (e).

Hereafter we restrict ourselves to the case in which the initial state of the field is a
deformed coherent state [23-27]

l<Af> = |A,<?'>. (23)

The deformed coherent states \k, q') are defined to be the eigenstates (corresponding
to the eigenvalue A) of the annihilation operator a obeying the algebra aa1—q'a^a — 1
and are explicitly given by

(24)

where the q exponential expq (x) is defined as

S, x"
e\pq(x)=

with

(25)

(26)

For g' = 1 these states reduce to the well known Bosonic coherent states. The number
distribution for these states—the ^-Poisson distribution— is shown in figure 1.

We have numerically computed <5>
3(/)> for some representative values of a, /?, X,

q and q'. We consider three situations.

(1) We first consider the case a = 0 and q' — \ corresponding to the atom being
initially in the ground state and the field in a Bosonic coherent state. The
atomic inversion as a function of T for X = 3 is shown in figure 2 (a, b, c) which
respectively correspond to <z = 0 (JCM), <7=1 (BSM) and g = 0-5.
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Figure 2. (a) <53(T)> versus x for q'=\ (Bosonic coherent state), A = 3 and q — 0
(Jaynes—Cummings model).
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Figure 2. {b) Same as figure 2(a) but for q= 1 (Buck-Sukumar model).



1306 P. Shanta et al.

0.50

-0.75
0.00 10.00 20.00 30.00

Figure 2. (c) Same as figure 2(o) but for </ = 0-5.
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Figure 3. (a) <S3(T)> versus T for q' = 0 (coherent phase state), /l = ()-5 and g =
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Figure 3. (b) Same as figure 3 (a) but for q= 10.

40.00

(2) Next we consider the case a = 0 and q' = 0 corresponding to the atom being in
the ground state and the field in a 'coherent phase state' [23, 25]. For A = ()-5,
(S3(t)) is displayed in figure 3 (a, b) for q = 05 and </=10 (BSM) respec-
tively. Note that for q=\ and g' = 0 the infinite series in (22) can be easily
summed to obtain an analytic expression for (S3(t)~) for all values of a, /J and
X(\X\<\).

(3) Finally, we consider the case a, (1^0 and q' = 0. This corresponds to the
situation in which the initial state of the atom is a coherent mixture of the
ground and excited states and the field is in a 'coherent phase state'
characterized by the parameter X. If one further chooses a ~ X* and /i = 1 then
it follows from (22) that the atomic inversion, for all q, does not change with
time as was first noted by Ciriac and Sanchez-Soto [30] in the context of the
JCM.
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