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SYNOPSIS



Description of quantum dynamcs of nolecular systens
provides greater i nsi ght into the chemcally interesting
phenonena.! Obtaining the dynamcs of a system require to solve
the tine-dependent Schroedi nger equation (TDSE)

inays/et = Hy. (1)

Here H is the Hamiltonian operator for the systemand ¥ is the
wavefunction. The wavefunction y can be expressed as

v - U9, (2)

where u is the evolution operator and ¢ is the intial state.
The TDSE can then be witten interms of the evolution operator as

inu = HU_. (3)
The evolution operator can be constructed in a nunber of ways.
For exanple in a perturbative®’® fashion where the evolution
operator is expanded as a power series or in a nonperturbative
way as in Lie- algebraic ' or coupled cluster nethod.

In this thesis we present a few approaches devel oped for
determining the quantum dynami cs. Al'l these approaches invoke
exponential form to the evolution operator. In Chapter Il we
devel op degenerate perturbation theories based on an exponenti al
ansatz to obtain the quantum dynamics in finite dinensional
vector spaces. This and the non-pertubative approaches to be
discussed in latter chapters use the framework of effective
Hami | tonian theory.® In this approach a group of strongly
interacting states are identified as a nodel space. The wave
function is paranetrized as

¥ = Uug, (4a)

where <p is the projection of y on to the nodel space and U is the

ti me- dependent anal ogue of the Mller wave operator. These
satisfy

P = 0, (4b)

i¢ = PHP¢, (4c)

H = uT'su - iu™'0. (4d)

Here P and Q are the projection operators onto the nodel space M
and its conplinmentary virtual space V respectively.



W posit the wave operator U in a Wei~Norman® product form
u(t) = Tmexp [g (t)A]. (5)
k
The operator A are the generators of the Lie algebra to which
the Hamiltonian bel ongs. Based on analysis of the structure of

the concerned operator algebra, it is shown that a reduction
principle exists. To exhibit it we classify the operator set as

fol |l ows:

set of excitation operators: E = { Xym= [v><m ; veVv, me M}

set of deexcitation operators: D={Y =|m><v| ; veV, me M}

set of shift operators:S={ 2 = |m <nl, W = |u><v| ; m,n
e Miu,ve V}
It is then denonstrated that when the evolution operator is
parametrized as

Up = exp(X)exp(Y)exp(Z+W, (6)
the equations of motion for the generators are decoupled due to
the subalgebraic structure present in the operator space.
Consequently, the nodel space wave operator U is given by

U = exp(X)exp(Y). (7)

The generators X and Y satisfy
i X =qexp(-X) Hexp(X) P, (8a)
iY =Pexp(-Y) [ exp(-X)Hexp(X)-iX ] exp(Y) Q. (8b)

These equations are decoupled since X does not depend upon Y.

Expandi ng X perturbatively we obtain

X =g a"x, (%)
BA Xy es
¥, = Hopdn1 * Hoo*n-1 T Xn-aFee T Z_ XrMpo¥nop-1r (9P)

where n is the order of perturbation. This approach we term as
the simlarity transformation based perturbation theory (STP),
since in effect, it postulates U= exp(X).

One problemw th this approach is that norm nay be viol ated.
Exploring the origin of these normviolations, we found that when
eq. (4b) is not exactly satisfied, the inverse transform of the



resi dual term R (=H-H oximate’ might not béernmitian and thus

mght give rise to conplex eigenval ues. The conponent of the
wave packet corresponding to such eigenval ues would grow in time
leading to normviolations. By defining an R.. such that R.. =

00 00
rRY and requiring R = Ry,X would guarantee that H=H-URU™ is
hermtian. |In such a case X must satisfy

i X = Hop + (HQQ— RQQ)X - XHpp - XHpoX. (10)

In this case X can not be obtained as a power series. |Instead
approxi mations to X are obtained by defining different R,
matrices. W termthese approaches as the hermitised simlarity
transfornati on based theories (HST).

Anot her approach which avoid norm violations is obtained by

insisting that the full evolution operator wunderlying wave
operator to be unitary. It can be shown by direct substitution
that Upis unitary if Y satisfies the equation

Y = - a+xtx)Tixt. (12)
Thus usage of eq. (8b) with eq. (11) for Y ensures that there is
no norm violation. W term this approach as the wunitary

transfornati on based perturbation theory (UTP).

W have used the three approaches to follow the dynanics of
a harnonically driven Mrse oscillator. It appears from these
studies that the perturbation theory based on simlarity
transformation (STP) is adequate atleast for weak coupling or
short time dynamics while at longer times the norm violation
effects seem to becone significant. The nonperturbative
approxi mation (HST) was guaranteed to conserve the norm The
performance of this approxi mati on was quite good. Approxi mations
based on unitary transformation(UTP) do not suffer from norm
violation; however, this seens to be achieved at the cost of
practically elinmnating some of the states from the nodel space.
Its performance is in general worse than an unconstrai ned
simlarity transformati on based approach.

In chapter 11l we extend the Lie-algebraic approach to the
construction of wave operator in the Fock space. It turns out
that this analysis leads to the tine-dependent generalization of
the multireference coupled cluster nethods using an ordinary

Vi



exponential ansatz developed earlier in the context of electronic
structure theories.’ There are several sub-al gebra sequences
present in the operator space of the Fock space, and these can be
used to decouple the equations of notion for the various
generators. Since the Hamiltonian of a nany particle system
H=g1 <i|hj>ata. +3 <ijlvIkl> atata.a. + ... (12)
i 1J 1k
comutes with the nunber operator, only those operators which
commute with the nunber operator contribute to U W note in
passing that the conplete set of such operators is closed under
commutation and hence forns a Lie algebra L . Fol | owi ng
Kutzelnigg Wwe classify this operator set as: (i) Set of all
G osed operators, C which contain valence operators only. (ii)
Set of all operators closed from Bel ow, B. (iii) Set of all
operators closed from Above, A (iv) Set of Open operators, 0
that do not belong to any of the above sets.

We further classify the non-diagonal operators B and A as
follows. W define B as the set of B type operator that contain
exactly k nunber of valence and arbitrary nunber of hole
anni hilation operators. Simlarly we define A as the set of A
type operators with exactly k nunber of valence and arbitrary

nunber of hole creation operators. It is shown that set of
operators L = L- B are closed under coommutation and thus form
Lie al gebras. Hence the wave operator is witten as
U = U1U2U3. ald (13a)
U, = exp(s"), (13b)
B ek k
8 = LER B eS8 (13c)

The worki ng equations are given (analogous to eq.(4)) by

QHP = 0, (13d)

= _ -1 = K
H = U H_U -iu 0. (13e)

The nodel space effective Hamltonians are just PHP .

It is not convenient to calculate non-energitic properties or
transition matrix elements in the above formulation. Since the
H are simlarity transformations of H it is possible to
calculate such quantities only by obtaining both the left and

vil



ri ght eigenvectors of H. It is desirable to construct H that
is block diagonal such that it satisfies

PHQ = o. (14a)
U: = exp(s") (14b)
™ =73 D':a: : a: €A, (14c)

The final wave operator has the form

o P
U = UUUUUU,....UU (15)

For zero val ence problem, this operator reduces to the form
suggested by Arponen in his devel opment of the extended coupled
cluster method. The final H is of block diagonal form Hence
its left and right eigenvectors are confined to the nodel space.
These can be used along with the effective operators to eval uate
transition matrix el enents.

In  Chapter IV we test the applicability of t he
multireference tine dependent coupled cluster nethod (MRTDCCM)
devel oped in the Chapter |1l for describing the intranolecul ar
vibrational relaxation (IVR) process in two nodel systens. CQur
first systemis a sinple hydrocarbon chain nodel studied earlier
by Hutchinson et al.'' The initial conditions are defined such
that the CH oscillator is in one of its excited eigenstates at t
= 0. The Hamiltonian of the systemis taken to be

H = H +V, (16a)
H = p, /2u, + D (1-exp(-aq,))’
[¢] CH CH CH
+12F (p+0a), (16b)
1=1
2 -1
V.= -imI L PP (16¢)
where i is the harnonic node index. D and a are the Mrse

paraneters for the CH bond. The eigen functions of H are the
oscillator product states |m >n>|n>|n>|n> where m is the
quantum nunber of the Mrse oscillator and n is the quantum
nunber of the ith harnonic oscillator. W have studied dynam cs
for two initial conditions with quantum nunber m = 4 and 5 at
t =0. Several near degeneracies exist anong the zeroth order

viii



states of the systemdue to the CH bond anharnonicity. Our
nodel space consists of all the states { |m,0,0,0,0>;0sm = M }.
The necessary sets of operators for this nodel space are:

c = {1}
= +
C1 = {( a a:‘: 0=m,n=sM )
r 1 % 1 j+ ) o 0= =N 25. . 5
Bo = ( a iac, a IIaoavjao,.... \‘rl,.\l'_1 V! 1,)s5 })
+ +

B. = ( a' a'a'a', ...; O0svs N, 2sis5, Osm,nsM }.

1 m n v (o] 1 i

Here first mode (i=l) is Mdrse oscillator and 2 to 5 are harnonic
oscil l ator nodes.

The closed operators belonging to C and C contribute to
the nodel space effective Hamiltonian. The open from bel ow
operators B and B contribute to the cluster operator that
genrates U~ U can now be witten as

Uu = upy, (17a)

The governing equations for S° are decoupled fromthose of s' due

to subsystem enbeddi ng condition. It can be shown that u=1 for
this Hanmiltonian. Hence

U = . (17b)

1
Wwith our choice of the model space and the operator set, the

cluster operator s' consists of operators that excite the bath
nodes and sinultaneously cause scatterings anmong the Morse
st ates:

s' = s' + s_f,+ (18a)

]nh:»a1 al a®al.
s 2 1 m P, n h:.
W have cal cul ated the survival probability of the initial state
and the energy of the Mdrse node as a function of tinme.

W also studied the utility of a mxed representation in
which we treat all the bath harnonic oscillators in terns of
boson | adder operators and the Mrse oscillator in the basis set
representation. Again only U is required for obtaining the

dynanmics. The cluster operator s' in this representation is

§, = L <mp |S

(18b)



s' = 5 +5; + ... (19a)
+
+

1 1 1 1
s, = ..z.. S 3 3, Py o (19b)
etc. Herem, n are the Morse oscillator basis functions.
In the second application, we consider the haydrocarbon

chain discussed above interacting with the radiation field via
the term V

vi = A q.cos(w t), (20)
where A is the field strength and w is the frequency of the
radiation field. In our calculations we have set equal w such

that the initial state |0,0,0,0,0> is in 4.4 resonance with the
final state |4,0,0,0,0>. The calculations are carried out in the
basis set representation and the cluster expansion is truncated
after S approximation.

For system-I, for the initial conditions that we have
studied, a rapid and irreversible decay is observed due to the
presence of several overlapping non-linear resonances. The
MRTDCCM approach with ordinary exp(S) ansatz is able to provide
an adequate description of IVR at two body level since it
simulates the 3, 4 body excitations as products of s' operator.
Beyond about 4 vibrational periods the inherent weakness of the
method i.e. the developrment of the intruder states with the
conpl ex eigenvalues mars its performance. |f the nodel space is
chosen judiciously so as to include all the strongly interacting
states, its performance is expected to inprove. The normally
ordered exp(S) ansatz does not suffer from the intruder state
problem but it is not converged in the basis and requires the
inclusion of higher rank operators just as in configuration
interaction (cI) method. The boson representation reproduced the
survival probabilities to a better extent for longer tines than
the basis set representation because it effectively includes the
full basis of the harnonic oscillator nodes. In the second
system within the time scale of our study the nmany body
interactions do not play a major role and the ordinary MRTDCCM i s
no better than the normally ordered MRTDCCM

In Chapter V we study the applicability of TDCCM to study



the electronic-vibrational energy transfer in systems containing
nonadiabatically coupl ed potential energy surfaces and devel oped
TDCCM in a dynamical basis generated by the TDSCF aproach for the
probl em W nodel our systens such that only two electronic
states belonging to different irreducible representations and
n-vibrational nodes are relavent for the dynamcs.? The
Hamiltonian for the two state n-node systemis taken to be

H = [ Ie:> (e, + H) <el| * Ny (21a)
Hi = E nln = E (Un (p: + q:)/z + kln qn}' (21b)

v, = ]e1> g‘ (xq.) <ez| + h.c., (21c)
where i is the electronic state and n represents the vibrational
node. In this nonadiabatic problem the coupling node and the
electronic degrees of freedom interact strongly. So we treat

them as a single subsystem®® The resulting Haniltonian for the

system can then be witten as

H = #®¢ + &b, (22)
Here H is the Haniltonian corresponding to coupling node
electronic degree subsystem and H is the Hanmltonian for the
tuni ng nodes. W have taken the single reference CCM reference
function ¢ by

9y = Po (Fgrd) Uﬁm(qt)

Since this two state and n-nobde nonadi abatic system contains zero
val ence and arbitrary nunber of hole creation operators only C
and B type operators sets are necessary for obtaining the

dynamics in this nodel. The evolution operator can then be
witten as
U = U, (24a)
0, ., &0
U, = exp(S); SeBy C,. (24b)

The cluster operator S° is expanded as

s° = 5] +8 +8 + ... (24c)
0 0

;= sl (240)
S? = ¥ s?a; a:) i (24e)



etc. The working equations became stiff in a very short period
of time and we could not get enough information to obtain the
sufficiently resol ved spectra.

In the above static basis set expansion approach the
intruder states with the conplex eigenvalues become inportant
even in short tine dynam cs. This problemcan be circunvented by
using the dynamical basis sets in terms of which reference state
has significant overlap with the exact wavefunction over |onger
periods. W specifically use the basis functions generated by
TpscF'® approach to perform TDCCM cal culation for this problem
The function ¢ in the dynamical basis is witten as

¢ = et anes (rera) (25)
Here the functions ¢t and <p are determined by TDSCF met hod.
W now invoke TDOCM ansatz. W approximate the one body cluster
operator S° to zero because the TDSCF incorporates these effects.

Aut ocorrel ation functions and spectra are
calculated for four nodel systens: (1) 3-node ehtyl ene cation

second band, (2 3-node pyrazine®® S surface, (3) 4- mode

pyrazine® s surface, (4 24-mode pyrazine® S surface and
2 2

are conpared with TDSCF net hod. The equations in this formalism
are not stiff at least over the tine period of our study. In all
the cal cul ations TDOCOM approach has shown significant inprovenent
over TDSCF net hod.
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CHAPTER |
INTRODUCTION



Interpretation of properties of matter is a challenging
field of fundamental interest for scientists. The anal ysis of
nmacroscopi ¢ properties of a bul k systemrequires the understandi ng
dynam cal behaviour of the system at the nolecular level i.e.
mol ecul ar dynanmics of the system! The substantial devel opnent in
instrumentation and spectroscopi c techniques has created a need
for the devel opment of theoretical nethods to provide proper
description of nolecular dynanics. There are many theoretical
nmet hods devel oped till date for molecul ar dynanics studies. The
standard approaches for obtaining such dynamics are (a) classical
trajectory nmethods (b) sem-classical nethods and (c) quantum

mechani cal met hods.

Quantum effects such as the influence of zero point
notion and the tunneling effect etc. are extremely inportant for
certain dynamcal events at the nol ecular |evel. d assical and
semiclassical nethods cannot always provide a proper description
of such processes. In this context, several quantum nechani cal
appr oaches have been devel oped for describing the dynam cs of nany
particle systems.? (ne can obtain the quantum dynamics in two
ways: one is the tine-independent approach and the other
ti me- dependent appr oach. Basically the time-independent or the
ti me-dependent Schroedi nger equation is solved respectively in
the tine-independent and tine-dependent approaches.

The time-independent approaches* require all t he
ei genval ues and eigenstates of the hamiltonian of the system
consi dered and hence involve the construction and diagonalisation
of large matrices. In certain conditions the time-dependent

approaches are conputationally faster. They are initial value



problems and so are often easier to implement. They are beconing
increasingly popular due to their applicability to non-fully
resol ved experinents such as low resolution absorption, Raman
spectroscopy and scattering. The other inportant processes in
which the tine-dependent approaches are applicable in obtaining
the quantum dynam cs are transition state spectroscopy,
i ntranol ecul ar energy transfer and collision dynam cs in nol ecul ar
beans. Noteworthy among the advantages these approaches offer are
the ability to treat high level densities and the intuitive
picture they provide for the physical process under study.
Simlarly description of externally driven systens requires the
solution of time dependent Schroedi nger equation. In relevance to
our work a brief review on time-dependent approaches that are
currently in vogue is presented here.

In the TD approaches the hamltonian H determ nes the
time evolution of the system according to the Tine-Dependent

Schroedi nger Equation (TDSE),

ihay /at = Huy. (1.0.1)

The time evolution of the wave function can also be

represented as

vty = U(t,t) vit), (1.0.2)

Ult,t) = 1, (1.0.3)

where U(t,t) is the evolution operator which describes the



evolution of one vector in the Hlbert space into others.

Substituting these equations in TDSE gives

ih 8 U(t,to) /8t = H U(t,to). (1.0.4)

bt ai ning the dynamics requires the solution of either eq.(1.0.1)
or eq.(1.0.4). Several nethods have been discussed in literature
for the purpose. They can be classified broadly as (1)

perturbative, (2) variational and (3) nonperturbative nethods.

1.1 PERTURBATI VE APPRQOACHES

In the perturbative approaches His generally witten as

H = H + V(t), (1.1.1)

where H is part of the hamiltonian whose sol utions are known and
V(t) is the perturbation.

In the time-dependent perturbative nethods, the
evol ution operator form of TDSE (eq.(1.0.4)) is considered and U
is expanded as a power series in V. Depending on the construction
of Wt,t ) these approaches can be subdivided into: (1) Dyson
perturbation theory,®’ (2) exponential perturbation theory,??®
(3) degenerate perturbation theory.'™® |In addition, it is
possible to use either stationary basis or dynanmical basis®’® to

define the Hlbert space of interest.



1.1.1 Dyson Perturbation Theory:

Using the solutions of H the wave function and the
operators of the Hlbert space can be witten down in a
interaction picture frane. In the interaction picture the wave
function is witten as exp(-iHt) y(t) and the interaction

hamiltonian is witten as

H = exp(iHt) V(t) exp(-iH t). (1.1.2)
In this picture the evolution operator is denoted by U. The TDSE

inthis representation is
ih a U (t,t) /at = H U(t,t). (1.1.3)

U is now expanded as a power series of H

U (t,t) = U (t,t) + i)=:1 ¢ (Bt (1.1. 4a)

(o)
U, o(er) = 1. (1.1.4b)

1
This expansion is termed as Feynman-Dyson expansion.
The second term onwards correspond to first, second and so on

ordered solutions of eq.(1l.1.3). The power series in H(t)
(0)

converge nore rapidly the closer U (t,t ) is to U (t,t) . The
calculation of higher order expansions beconme increasingly
conplicated and so one is constrained to stop at the |ower order

approximations.



This conventi onal perturbation theory has certain
practical di sadvant ages. For exanpl e any truncated expansion to
the evolution operator is not unitary and this nethod is reliable
only for small tines and weak perturbations. Al ternative
expansions to the evolution operator which produce wunitary

approximations to V at the truncated |evels are thus preferable.
1.1.2 Exponential Perturbation Theory:

Exponential form to the evolution operator is very
convenient to define unitary approxi mations. Two such expansi ons

whi ch posit an exponential formto the evolution operator are the

9 16

Magnus® ® and Fer®’'® expansi ons. O these two expansions Magnus
expansi on have been extensively applied.

I'n Magnus expansion®® U (t,t) is expanded as
U (t,t) = exp [ A(t,t) ], (1.1.5a)

A(t,t) = I A" A (t,t), (1.1.5b)
i=1

The operator A is chosen as anti-hermitian to produce unitary

approximation to U. In this expansion Ais an infinite series in

which the n th term is a sum of integrals of n-fold nultiple

comutators of H(t) . For exanple, the first fewterns in A are®
t

A(e,t) = -i ‘uI dt H(t ), (1.1.5c)



t
¢ 2

Az(t,tO) = 1/2 ‘o.]' dtz LDJ‘ dt1[H(t1)'H(tz)]' (1.1.5d)

The Magnus expansion can be reduced to a sinplified form
when the hamiltonian is expressible in terms of the generators

G of a finite dinmensional Lie algebra L.

n
H = L h(t) G, (1.1.6a)

i=1

_ X -
(6, 61 = }EC” G, i Gl,GJ,GkEL. (1.1.6b)

In this case the exponent A nust also be a linear conbination of

the Lie el enents,

n
A(t,to) = I A (t,to)G,. (1.1.7)
1=1

By applying closure property of the generators of Lie algebra and
sinplifying, the Magnus expansion reduces into a set of nonlinear
differential equations in A. In the Fer expansion® ! the

evolution operator is witten in the form
ut,t) = exp(J\S])exp(Azsa)exp(Aasa)... (1.1.8)

The recursive solutions to S are obtained as in Magnus expansi on.
There are several applications of Magnus expansion.
Inportant anmong them are applications to NMR and optical
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spectroscopy.!® scheck et al.'’ and others applied this theory to

hi gh order nolecular multi-photon excitation and noted that Magnus



expansion provides a practical method to go beyond the Rotating
Wave Approximation (RWA). Cross'?> has studied rotationally
inelastic scattering using second order Magnus expansion with a
classical correction to the inelastic part and the results are in
good agreenment with the accurate results.

Several authors have discussed the convergence of Magnus
expansi on. & 13 Pechukas and Light®" di scussed about the
convergence of Mgnus expansion in the inpulse limt. The first
termin the Magnus expansion suffices provided the perturbation is
infinitely brief and infinitely strong. Applications to
harnonically driven two-level system two level system in a

3 showed that

rotating field and a multiple pul se nodel by salzman'
Magnus expansi on in Schroedi nger picture diverges. Several of the
applications in interaction picture faced no divergence
problems.® The main drawbacks of the Magnus expansion are the
equations for the generators A obtained from eg.(1.1.3) are
infinite order polynomials. Under certain exotic conditions, the

exi stence of the solution itself is doubtful.®®

1.1.3 Degenerate Perturbation Theory:

An inherent weakness of any pertubation expansion is
that when two or nore states interact strongly, the pertubation
expansion either diverges or converge very slowy to be of any
practical use. To deal with such situations quasi-degenerate
pertubation theories have been devel oped. In these theories the
interaction in the subspace M spanned by the strongly interacting

states (called the nodel space) is treated exactly. The (weaker)



couplings between the nodel space and its complimentary virtual
space are treated by pertubation theory. To this end a wave

operator Q is defined such that

UP = QU, (1.1.9)
U, = PUP. (1.1.10)

Thus
Q = up (PUP) . (1.1.11)

Here P is the projection operator onto the nodel space M The

wave omerator iS now obtained from vertubation theorv

Q = 1 + [ a"ao™ (1.1.12)

and an effective hamiltonian H ..is posited to generate the nodel

space dynam cs.

ih U, = H_geU,. (1.1.12)
Jolicard and co workers ' discussed an iterative scheme tO
calculatefi and H .. in a self consistent manner. Jolicard® used

this approach to follow the dynam cs of a triatomic nolecule in
intense nonochromatic fields and found that the nethod is
dependabl e.

Anot her perturbation approach which is used in the study
of dynamical evolution is the Generalized Van vVvleck (GVV)
perturbation theory. It is generally used along with the

Many Mode Floquet theory  (MMFT)'®® 7, MVFT converts an



N-level time-dependent system exposed to polychromatic fields into
an infinite dimensional tine-independent eigenvalue problem  Gvv
perturbation theory is then used to Block diagonalise this
ti me-i ndependent hamiltonian'®'9’ such that the coupling between
the nodel space and the renainder of the configuration space is
reduced to a desired order. The nodel space hamiltonian can then
be considered as a total effective hamltonian to approxinmately
solve a set of nearly degenerate states. GWN perturbation nethod
can also be used along with the F oquet Liouville Super MatriXx

(FLSM approach for determ ning the quantum dynanics.

1.1.4. Perturbation theory in dynamcal basis sets:

The studies described above use eigenfunctions of some
suitably chosen operator (the wunperturbed haniltonian) as the
basis of the Hlbert space. The convergence of the pertubation
theory depends critically on the choice of the basis set. Several
authors have considered the use of dynamcal basis functions to
represent the Hlbert space in recent years. These functions
change in time and are tailored to follow (to the extent possible)
the exact wave packet in time. The details of the construction of
such dynanical basis functions is discussed later in the context
of the variational approaches.

Recamier et al.? described the tine evolution of
linearly driven paranetric oscillators using an operator algebra.
They make use of a dynamcal basis set expansion and the
vibration-vibration coupling is treated pertubatively.

In recent years anot her nethod  which enpl oys



perturbative treatment is t he Perturbation Corrected
Time-Dependent Self-Consistent Field (PCTDSCF)?' method. Thi s
met hod when applied to He + H, vibrationally inelastic collisions

produced results in good agreement with the exact results.
1. 2. VARIATIONAL APPROACHES

In the wvariational approaches, the wave packet is

expanded in terms of a set of basis functions

v o= Lc(t) x,. (1.2.1)

The coefficients C are obtained from the Frenkel variational

n
principle and satisfy

i€ = (H-H)C, (1.2.2a)

ix, = Hx,. (1.2.2b)

One can carry out the expansion in eg. (1.2.1) in terns
of either stationary basi s functions whose probability

distribution remains constant in time
*
dsat(x x) = 0 (1.2.3)
or in terms of dynamical basis functions where eq.(1.2.3) does not
hol d. The major questions to be addressed in this approach are

regarding the representation to be used for the basis vectors and

the time propagation. These are discussed bel ow

10



1.2.1. Stationary Basis Set Methods:

In these methods the expansion functions x are assumned
to be either the solutions of tinme-independent hamiltonian or some
functions which do not vary wth tine. One of the general
approaches for the construction of basis is the variational matrix
representati on nethod. In this x are expanded in terms of an
orthonormal basis of N functions and the variational coefficients
are determ ned by diagonalisation. The effort in this Variational
Basis Representation (VBR) depends on the conplexity of the
hamiltonian matrix evaluation and the size of the matrix
representation required for adequate accuracy. In general the
size of the matrix is large demanding high conputational effort
even for slightly larger systens.

Li ght and co wor ker s suggest ed a di fferent
representation known as Discrete Variable Representation (DVR) 2.
In this representation the approximte solutions are expressed at

a well defined set of coordinate points in a grid space:

x (q) = Lagl(qa, (1.2.4)

where g (gq) are chosen from an orthogonal basis. One way is to
n

use Gaussian Quadrature points of orthogonal polynom als:

g,(@) = w,(a)p (), (1.2.5)

where q are quadrature points, w (g) is a weight function and

P (q) is an orthogonal polynonial. The orthogonality and
n

11



completeness relations are given by

N
L 9,(q)vg(@g(a) = 8. (1.2. 6a)
a=1

N
L 9,(9,) (Wwg) P (aqp) = 8., (1.2.6b)
k=1

A special case of orthogonal representation is the
Fourier nmethod.?® In this representation the orthogonal functions

g, (q) are chosen as

g (a) = 1/vL exp(iz2llkg/L), (1.2.7a)
wher e
k = =(N/2 = 1),.:s:0..:eN/2; (1.2.7b)

al so the sanpling points are considered to be equally spaced
q = (i-1)dq (1.2.7c)

and L is the length of a conveniently chosen box. The choice of
g (g0 in eq.(1.2.6) indicates the periodic boundary conditions.
This representation in conjunction with the Fast Fourier Transform
(FFT)®* al gorithm scales the nunerical effort semi-linearly with
the phase space vol une. This is the nmain attraction with the
Fourier method representation.

The next step to representation of the wave function is
the representation of operators. The result of hamltonian
operation on the wave function is the key step for determining the

tinme evolution. Usual |y the hamiltonian is considered as the sum

12



of potential and kinetic energy operators.
H = T+ V (1.2.8)
As the potential energy operator V is local in
coordinate space, its operation is just a nultiplication. But the
kinetic energy operator T is not local in coordinate space. One

way to perform kinetic energy operation on the function x 1is to
n

transform it to momentum space by FFT, multiplying by T and then
transform it back to coordinate space by inverse FFT. Another way
is to apply Finite-Difference (FD nethod.?® By invoking FD
representation to T, operation of T on Xx gives up to second
order,

Ty = =B

FD™'n n+l 1

- zxn)/zmdqz. (1.2.9)

More general expressions for infinite order FD have also been
gi ven. 2® Even if the T operator is represented in other
coordinate representations |ike spherical coordinates, the Iocal
representation is possible for the radial part of the operator by
using the Bessel transform But changing the angular parts into
local representation is very conplicated.

Before tine propagation one has to set the initial
conditions. The choice is specific for a specific problem For
bound degrees of freedom usually an eigenstate of the unperturbed
hamiltonian is set equal to the initial condition. For the

transl ati onal degree of freedom gaussian wave packet form is the
26(a)
comon choi ce.

Mowey et al. in studying the scattering problens used a

nmet hod, which they ternmed as O ose Coupling Wave Packet (CCOWP)

13



method.? In this nethod to describe the translation notion t hey
use wave packet evolution by means of Chebychev expansion and
rotational noti on usi ng ti me-i ndependent coupl ed Channel
methods.?® The conputational effort required for COW nethod is
more than that for Coupled Channel nethods but the results are
accurate at least for the scattering problens.

An approach which converts tinme-dependent periodic
hamiltonians into tine-independent hamltonians is the Floquet
theorem?® |f the hamiltonian is periodic, i.e. H(t+T) « H(t),
according to Floquet theorem there exists a set of Floquet modes
whi ch are particular solutions of the Schroedinger equation with
uni que behaviour that the density matrices are periodic. The tine
evol ution operator U(t+T) is unitary and so in the determ nation
of its eigenstates no spurious effects are encountered. Fl oquet
nethod have been generalized to apply for the nonperiodic
ham | tonians also when the system is considered in the
pol ychromatic fields.®®

One generalization of the Floquet nmethod is the
Quasi vi brat i onal Ener gy (QVE) formalisn™ ‘@  which give
quasi vi brati onal energies. These are useful in determning the
rates of multi-photon dissociation process. Anot her net hod which
provide a tool for determning the QVEs is the Conplex Scaling

Fourier Gid haniltonian (CSFGH method devel oped by chu.®®

1.2.2. Dynanical Basis Set Methods:

In these nethods the basis functions x follow the wave
n

packet ¢ noves through space.

14



Vg, t) = L C(t) x(q,t). (1.2.10)
J=1

The functions x are taken to be the solutions of some reference

time-dependent Schroedi nger equation
ix, = H(t)x,. (1.2.11)

Assuming t hat Xn remai n orthogonal through out their evolution the

c-coefficients are given by
ic, = E<xn| H-H  |xp> C . (1.2.12)

The basic premise in the use of dynamical basis sets is that if H
is judiciously chosen such that HH is snmall then the expansion
(1.2.1) requires very few terns for convergence. This feature is
very advantageous when wave packet travels long distances
especially for many body systens.

The i mport ant met hods whi ch provi de dynami ¢

representation are the Gaussian Wave Packet (GAP) nmethods, time

dependent self consistent field (TDSCF) met hod and the
Li e-al gebraic methods. In the follow ng sections we discuss these
nmet hods.

1.2.2a. Gaussi an Wave packet Propagation methods:>!

GAWP nethods are developed and extensively applied by
Hel ler.%'3 The main feature of GWP is that the wave function is

paraneterized as a complex traveling gaussian of the form

15



v(a,t) = expli/h (a (g-q)” + p (a-q) + 7)1, (1.2.24)

where q, p,_ are the expectation values of the position and
momentum. a is the width parameter and ¥ is the phase of the
wave packet. The potential in the hamiltonian is expanded as a
Taylor's series around g and terms beyond second order are
negl ected. This is known as Locally Harnonic Approximation (LHA).
Substituting ¥(g,t) in TDSE and conparing the coefficients of like

powers of g-q gives the equations of notion

qt = p/m, (1.2.14
B, = (VR (1.2.15)
. 2 2
@ = =-2a/m -1/2(8 V/dq )q=q " (1.2.16)
t
i‘ = iha‘/m + I.JCI,_ = P o= (1.2.17)

The eq. (1.2.14), eq.(1.2.15) are the classical Hamlton
equations of nmotion for the system concerned and hence Heller
referred this nethod as semiclassical GAP nethod. This nethod is
exact only for harnonic potentials. It becomes an approxi mation
for anharmonic potentials as the wave packet form does not renain
as gaussi an during propagation for these potentials. Thi s met hod
is also known as Thawed Gaussi an Approxi mation (TGA).

Hel | er suggested an approxi mati on over GAP whi ch reduces
the conputational effort considerably. This is obtained by

freezing the widths of the wave packet during the propagati on and

1G



is known as Frozen Gaussi an Approxi mation (FGA).

Coal son and Karplus® and Lee and Heller3 extended this
nethod to obtain formally exact solution for multi-dimensional
quant um nechani cal probl ens involving anharmonic potentials. They
invoke a tine-dependent basis set of travelling harnonic
oscillator eigenfunctions, with the width parameter controlled by
local hessian as in GAP. The potential energy is expanded in
Taylor's series and terns up to nth order are retained. The wave

function is parameterized as

¥(q,t) = f£(q,t) explg(g,t)]. (1.2.18)

The gaussian form is assumed for exp[(g(g,t)]. The functions

f(g,t) are expanded as

£(g,t) = L C(t) ¢ (qt)

L c(x) aH [k (a-q), (1.2.19)

]

where n is the nth order Hermite Polynomial H and a and x are
n

n t

the normalization constant and w dth paraneter. Substituting the
eqs. (1.2.18) and (1.2.19) in TDSE results in the equations of

motion for the paraneters 49, P, @ and 7,

t

Anot her extension to GWP is the Ceneralized Gaussian
Wave Packet Dynamics (GGAPD).3* This nmethod is an extension of
GNP into conplex phase space retaining time as real. This method
does not restrict wave packet to be gaussian through out the
propagation unlike GWP. Moreover classically forbidden regions

can be explored wusing GGAPD. By using the symmetrized
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trajectories the norm is conserved even for a superposition of
gaussi ans. The accuracy of the results are inproved over GWP.

GAP has been extensively used in determining variety of
dynamics® such as scattering, photodissociation process, etc..
The qualitative description is good in all the applications. I'n
the application of GAP in conjunction wth tinme-dependent
variational principle ' even quantitative accuracy was obtained
for sone applications.

The errors in these seniclassical GAP nethods increase
faster than linearly wth tine and so the seniclassical
description may not be adequate for the systenms which require the
wave packet to travel |onger distances. To avoid such situations
Huber and Heller proposed Hybrid mechanics.® In this method the
seniclassical description is wused to construct the quantum
mechani cal time propagator for a finite time step, then using this
propagator the evolution of the system is deternm ned quantum

nmechanically for |onger tines.

1.2.2b.  Time-Dependent Sel f-Consistent Field Methods: 40"

TDSCF nmethod is often referred as Tinme-Dependent Hartree
(TDH)  net hod. The conputational effort scales linearly wth
nunber of nodes in the system and so even the nany nopde system
dynami cs can be attenpted to study using this method. It has been
suggested? in the early days of quantum mechanics itself but its
expl oration appeared much latter. The early applications* were
to study the excitation spectra of nulti-electron systens,
dynam cs of nuclear reactions such as fission, fragmentation and

)

conmpound nucl eus formation etc.. Heller*® di scussed TDSCF in
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the context of tinme dependent variational principle. Harri s#2!
di scussed first in the context of vibrational spectroscopy. Quite
a nunber of studies on TDSCF appeared in recent years.

Each node in the system is formally separated in the
TDSCF nethod and is governed by tine-dependent average potential
which, is obtained by averaging the full potential over all the
ot her nodes. To this end the wave function is expanded as a

single Hartree product of each node function

N
v(q,,q,...9,,t) = .U: ¢, (a.,t), (1.2.20)

where N is the nunber of degrees of freedom in the system

concerned. Witing hamiltonian for the systemin sinple form

H = T T, + V(q,,9,-..9,), (1.2.21)
1

with T, the kinetic energy of the ith node and V is the potential
ener gy. By invoking the variational principle <&y |Hid/ dt |[y>=0,

the SCF equations are obtained as
in d¢ (q,t)/dt = h¥T(q,t) ¢ (q,.t). (1.2.22)
The TDSCF ith mode hamiltonian is
R (g, t) = h(q) +V,(q,%), (1.2.23)
wher e

h|(q;) = T, + V(q) (1.2.24)

and
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v (g.t) = IZJ <¢J| V”(ql'q]) too. o> (1.2.25)

The single-node description of TDSCF is represented by eq.
(1.2.23) with each npbde having its own hamiltonian. Here the time
evolution of the system is governed by the tine-dependent SCF
potential (eq. (1.2.25)) and the evolution of the ith nbde depends
indirectly on the other nodes through this average potential.

The TDSCF nethod conserves the total energy of the

system i. e.
alat <y|H|y> = o. (1.2.26)

This property is inmportant for energy transfer studies. The norm
of the wave function is also conserved in this fornulation as the
hermiticity of the hamiltonian is not affected.

From studi es of nuclear dynamics it was found that TDSCF
suffer from  spurious state probl em due to the
restrictions inposed on the wave packet. Methods have proposed to

3

elinminate this problem?* Average properties such as
dissociation life times, single-node energy distribution are
predicted well, where as correlation between states or state to
state transition probabilities are badly reproduced by TDSCF as
expect ed.

Gerber et al.®

devel oped different versions of TDSCF.
In the fully quantum nmechanical version of the nethod the
functions ¢ (q,t) are expanded in terns of eigenstates u (q ) of

the bare node haniltonian h (q)
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¢,(q,t) = Lc (thu(q) exp[-ie,(t)], (1.2.27)

where energies c: are eigenvalues of h (gq) and C_are unknown
coefficients. Substitution of eq.(1.2.27) in the TDSE results in

the standard set of coupled first order differential equations for

C . The TDSCF potentials then appear in the form
v = * 3 A
vl(q‘rt) = 1}:_‘ VFHCJ"C“" <uv|VU(qlan) Iu“>
x exp[-it(c) - €l)/n]. (1.2.28)

Buch et al.** have explored the utility of the classical
limt of TDSCF. In the self-consistent trajectory bundles
approach the average potential may be witten in terns of
trajectories:

- t
IACRORE VN> Wi, a 1610 - (1.2.29)
hil =1

The qf)‘) (t) trajectory is calculated from TDSCF nth nbde
hamiltonian labelled by A and N is the nunber of trajectories
enpl oyed. The trajectory equations for the g (t) in

correspondence with single-node TDSCF Schroedi nger equation

(eq.1.2.22) appear as

q,(t) (an]"/ap,) , (1.2.30)

= [ahf“/aqi(t) T (1.2.31)

P, (t)

21



Here n°" is classical analog of eq.(1.2.23). In this scheme N.N,
equations are needed to solve the system

Application of TDSCF in the classical limt to
di ssoci ation dynam cs of several van der Waals conplexes by Buch
et al.** showed that it works well for both weak and strong
coupling dissociation dynamics in semi-quantitative way in
accordance with the experinental and quantum mechani cal results.

The convergence of the results of TDSCF method depends
on the choice of the coordinates. This generally done by physical
intuition or by looking for the natural separability of the nodes.
It is proved that the optimized coordinates produce better
results. The main draw back of the TDSCF is that important

correl ati ons between various modes are |left out, which describe

many inportant chemi cal processes. Hence TDSCF fails in
determining the long time dynamics, i.e. when the correlations
becone significant. Attenpts have made to correct for these

correl ations at the sane tinme retaining the sinplicity of the
mean-field description.
The  Ti me- Dependent Rotated Hartree ( TDRH) nmet hod

5 . .
.544%5 s one of the extended versions

devel oped by cCederbaum et al
of TDSCF net hod. In this method inclusion of tine-dependent
unitary operators acting on the Hartree product nmade possible the

description of correlations between various degrees of freedom to

a limted form In this approxi mation the exact wave function is
witten as
N
wJ(t) = T Ukﬁjtt). (1.2.32)
k=1
wher e
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U = exp(iak}\u) i (1.2.33)
U, is considered as unitary and so « are real parameters and A
are hermitian operators. The operator U is chosen such that it
invol ve all possible operators which cause the mixing of different
degrees of freedom This nmade possible the inclusion of
correlations to certain extent. The ansatz (1.2.32) is termed as
TDRH wave function as U _describe the generalized rotations.

By enpl oyi ng Lagrange variational principle on TDSE, the

equation to be solved is®

Re <8y|ia/at - H|y> = 0, (1.2.34)

or by enpl oying MLachl an variation principle®

Im <8y|isset - Hly> = 0. (1.2.35)

Substitution of eq.(1.2.32) and eq.(1.2.33) in these equations
yield the equations for ¢ and «. The SCF equations for ¢
obtained by both the variational principles are the sane but for
the paraneters they are different.

The application of the approach to a nodel coupled

: 54,55
oscillators™ '’

showed better converged results than TDSCF
met hod. The conputational effort involved in TDRH is slightly
nmore than that involved in TDSCF nethod but when conpared to basis
set calculation it is very |low

To account for the inportant correlations one can add

configurations to TDSCF as suggested by Makri and Ml er%® which
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is termed as Multi-Configuration Tinme-Dependent Self-consistent
field (MCTDSCF) nethod. This description allow nmore flexibility
in the wave function which makes it possible to incorporate of

the important correlations. Latter on Meyer et al.® '

derived
relatively sinple equations for n degree of freedom systemwith m
configurations. They wite the approximate time-dependent

mul ti-configuration trial wave function in the form

] L]
1 (1) n (n)

V(8dyeeed) = E A, (8) 6, (9,80, T2, (8) 9, (90),
1 n

(1.2.36)

where m are the nunber of single particle functions which build
up the respective nodes, n is the nunber of nodes in the system
To elimnate the redundant configurations the condition m s

n
n D’ is inposed. The single particle functions are assuned to
1=1

be orthogonal at any tine:

(k)
|

e 5 . (1.2.37)

<9 ¢J = iy

The appearance of redundant configurations also require the

condi tion
<¢.*| a;“’:, = o. (1.2.38)
(k) {k)
Defining the matrices A and ¢ to make the equations | ook
si mpl er %)
A = a (1.2.39)
A S T

24



¢;k) - ¢;H-..¢jk-1l ¢(k¢}!.¢;nl' (1 2. 40)
1 k-1 k+1 n

invoking the Dirac-Frenkel variation principle and the conditions

eq. (1.2.37) and eqg. (1.2.38) the working equations |ook as

ia = <™l 0™ |H|y>, (1.2.41)
Jooerd Jl Jn

* +
i = i @AM Py [<¢;H|H|xb> = iF A;‘:'¢f". (1.2.42)
1

The application of MCTDSCF to a nodel coupled oscillators by Myer

57+%8 showed good conver gence.

et al. and other applications

Anot her version to MCTDSCF is TpHG-cI.®® The strategies
in the two theories are simlar but they differ in detail. In
MCTDSCF each basis function in each coordinate for every node is
individually optimzed self-consistently with the evolution of
superposition coefficients. In TDHG Cl, using MLachl an
Variation, a global effective potential is constructed to guide
all the travelling basis functions. Once the basis set is
constructed, the configuration interaction phase is carried out in
the conplete basis. Application of this strategy to collinear

inelastic atom Mrse oscillator scattering® showed that it works

wel | for obtaining the dynamics of nmany body quantum systens.

80 suggest ed

In a very recent article Vekhtar et al.
TDSCF2- CI approach which has the advantages of Pair correlations

and of configuration interaction. They wite y as

waB(TDSCFZ) = waB(a,ﬁ,t) m wi(i,t), (1.2.43)

1 a,B
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where (a,8) is a node pair whose interaction has to be exactly
treated. The equations for other modes are the sane as in the

TDSCF nethod. But the potential for these nethods |ooks as

vffr = V(x,B,t) + l[aB Viopldetls (1.2.44)

The correlated pair is chosen differently in each of the N(N-1)/2

configurations.
1.2.2c. The Lie-Al gebraic construction of dynanmical basis:®

M cha and co workers have applied the Lie algebraic
method to study the atom - diatom and diatom - diatom collisions.
They expand the interaction potential in Taylor series and
truncate at quadratic level so that the finite dinensional
quadratic Lie algebra can be wused to construct a reference
evolution operator to propagate the dynam cal basis functions.
The elenments g, qp+pg, P>, g, p in this order are contained in
the Lie algebraic structure. The interaction picture hamiltonian
is then witten in terns of the elements of the algebra, X which

are cl osed under conmutation:

H (t) = }Efk(t) X, - (1.2.54)

The reference evolution operator is then constructed as

B
Ul(t,tu) = 1 exp[—ia:n(t)an. (1.2.55)

n=1
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Substituting U and H in TDSE and using Hausdorf expansion

results in the governing equations for a (t) . In the case of
n

diatom-diatom col | i sions, part of the interaction potential is not
closed under commutation and so the algebra becomes slightly
conpl i cat ed. To solve this residual coupling they use the
perturbation theory.

Benj ami n% fornulated a semiclassical algebraic theory
in which the vibrational notion is described quantum nmechanically
using an appropriate algebra and the translational motion is
described by classical equations of notion. For the Lie-algebraic
structure when the full quadratic algebra is used he ternmed the
nmethod as Quadratically Driven Paranmetric Oscillator (QDPO)
met hod. In a different approximation the quadratic ternms are
negl ected and the method is termed the Linearly Driven Paranetric
Gscillator (LDPO nethod. In another approximtion a canonical
transformation is performed such that it elimnates the effect of
quadratic elements and the approach is termed as Qudratically
Driven Scaled oscillator (QDSO). Application was nmade to atom -
diatom and diatom - diatom collisions and the values are in good
agr eenent with exact quantum nechani cal results and the
conput ational effort is conparatively |ow

The role of tinme varying frequency in the vibrational
transition of a nonlinearly driven oscillator is studied by Shin®
using Lie algebraic nethod. The Lie algebraic structure contains
the set { a*a, a’ , a, a}. The transition probabilities are
conmputed over wide range of collision energies to study the effect
of time-dependent frequency.

Gilmore and yuan® have st udi ed vi brati onal
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translational interaction and conputed the scattering matrix
el enents using this approach. They use group theoretic root space
diagram to construct the evolution operator, the double photon
al gebra which is the sub algebra of C representation was used.
The evolution operator in terms of a and a is then |ooks as

2
U(t) = exp(ra’ + Ra' ) exp(m (n+l/2)+8I) exp(la + 1a®), (1.2.56)

where r, R, 7,8, 1, L are time-dependent functions. The
convergence of the transition probabilities encouraged the
extension of the method to conplicated systens.

Shi  and Rabitz studied a paranetric anmplifier and

collinear collision of an atom with a Mrse oscillator using a

variational Lie algebraic formalism In the study of paranetric
Lo . + + +_+ + +

amplifier the algebraic set (a,a, a,a,aa,aa, 6 a, a, a, a)

was used to construct the evolution operator. In the relatively

complicated system of collinear collision of an atom with Morse
oscillator only the relative nmotion was treated semiclassically
using the Lie-al gebraic nethod. The Mdrse oscillator part of the
hamiltonian was solved by basis set expansion in Mrse basis.

Kucar and Meyer solve TDSE using the dynam cal basis
set. In determning the tinme dependence of the basis set they
utilize the Lie-algebraic structure to construct the evolution

operator. The time-dependent basis {(x (q,t)} is defined as
x (q,t) = U(t) ¢ (x)

= kg; exp[iak(t)Ak}, (1.2.57)
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where a represents a real paraneter and the generator A is a
hermitian operator. The wave function y(q, t) is then expanded in

this basis as

v(a,t) La(t) k(qt),

u(t) ¢(q,t). (1.2.58)

Keeping in view that the generators A form a Lie algebra, the

evol ution operator is constructed as

U(t) = exp(-igp) exp(ipq) exp(ib g’)

X exp(iaL(qp+pq) exp(irtﬂo) exp(ia‘) . (1.2.59)

where the operator set (1, q, p, g, (gp+pg) , H} forms a Lie
al gebra. The working equations are derived for a multi-
di mensi onal system The system is well represented in the tine-
dependent basis but the problemis that the differential equations
to be solved may become stiff in the course of the tinme
propagati on.

Echave et al.®” have applied the Lie-algebraic theory to
build the interaction potential in the internediate picture and
used it to calculate the physical observables. They wite the
TDSE in terms of H and U as

eff eff

ih au_ (t,t)/at = H_ U (t,t), (1.2.60)

wher e
U (t,t) = 1.0. (1.2.61)
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The wave function is then represented as
Pty = U (t.t) ¢(t). (1.2.62)

They write the equation for the ¢ (t) as
ih dg(t)s/dt = H ¢(t), (1.2.63a)
¢l = BTy (1.2.63b)

where H is defined in terms of H and U

H = U _(H-H_)U_. (1.2.64)
H i s expanded as
n
H, = E‘ hx, (1.2.65)
where {x, x, ... x) is a set of hermitian operators. The

formation of H matrix is facilitated by defining

(1.2.66)

The time-dependent matrix elements G satisfy linear equations of

notion. Another matrix F is defined such that

(%, B,] = L F.x. (1.2.67)
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The matrix G satisfy the equation
ih dGydt = FG, G(t) = 1.0. (1.2.68)

The working equations are eq.(1.2.63), (1.2.64) and eqg.(1.2.68).
An application was made to study the VT transfer in He - H,
col |isions.

An application of algebraic theory to determine the
68

phot odi ssoci ation dynamics of CHI was nade by Someda et al

They define the evolution operator as

u(t) = 1 exp [in‘(t) Xi], (1.2.69)
1=1

where (X, X, ...X} forma Lie algebra. The coefficients 5 are
determ ned by enploying Dirac- Frenckel time-dependent variational
principle.

Recently Lin et al.®

anal yzed the nolecul e-surface
collisions of *He and °Heon the (001) face of LiF crystal using
Li e-al gebrai ¢ net hod. They have used the six dinmensional algebra
which contains the elements I, a, a, aa, a , a to construct

the evol ution operator.

1.2.3 Integration Schenes:

The propagation of wave function in time requires the
construction of evolution operator. The formal solution to U in
eq.(1.0.4 ) is

U = exp(-iHt/h). (1.2.70)
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The construction of evolution operator in this way is generally
impossible as the exponentiation of the hamiltonian is a
conplicated job. To simplify the construction of evolution

operator one can expand the above expression in Taylor's series

and truncate the expansion after few terns. The sinplest is to
wite

U = 1 - iHA4t/h. (1.2.71)

This approximation to the evolution operator in

conjunction wth finite difference fornmula for the second
derivative of the coordinate in the Kkinetic energy operator
provide an explicit integration schene. This scheme is known as
the crude Euler nethod. This explicit scheme is known to be
unstable as it does not conserve the tine reversal symretry of the
Schroedi nger equati on.

MeCul | ough and Wyatt used Cr ank- Ni chol son
approxi mation to the evolution operator. In this approach U is

approxi nated as

U = [ 1+ iHdt/2n ]7' [ 1 - iHdt/2n ]. (1.2.72)

This approxination provides an inplicit integration scheme along
with finite difference fornula for kinetic energy operator. I'n
inmplicit integration scheme a system of equations need to be
sol ved. While stable it requires high conputational effort
because it involves inversion of matrices.

A stable integration schene was devel oped by Askar and
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cakmak’’ in which they use the symmetric relation

Y(t+dt) - yY(t-dt) - [exp(-iHAts/h) - exp(iHdt/h)] tfi(t). (1.2.73)

Expandi ng the above two exponential terms in Taylor's series and
truncating it after two terms results in the explicit second order

di fferencing propagation schene

y(t+dt) = y(t-dt) - (2iHdt/h) y(t). (1.2.74)

This scheme preserves norm and energy if the haniltonian operator
is hermtian. This energy and norm conservati on accunul ates error
in the phase. This beconmes significant after certain steps of
time propagation.5 This is the propagation scheme used in nany
applications of the finite difference and Fourier methods.’
Formulae for higher order schenes were discussed by Manthe and
Koppel . 3

Fiet and Fleck developed a split time propagation
scheme.™ In this the evolution operator in eq. (1.2.70) is split
into two operators in which one consists of potential energy
operator and the other Kkinetic energy operator. These two

operators propagate the wave function separately.

exp(-iHdt/h) = exp(-iTdt/2h) exp(-ivdt/h) X
exp(-iTdt/2h) . (1.2.75)
This nethod is used generally in conjunction with FFT. In this

method norm is conserved as each split time evolution operator is
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unitary, but error accunulates due to non comutability of kinetic
and potential energy operators.

In these short time propagation schenes error
accunul ation is inevitable somewhere in the time propagation. For
the time-independent hamiltonians one can define a global
propagator in which a polynomal expansion is wused for the

evol ution operator.
N
u(t) = L a ¢ (-iHt/h). (1.2.76)

Here ¢ are elenents of sonme orthogonal polynomial set. Chebychev
and Lanczos schenes have been shown to provide good expansions for

these global propagator schemes. In the Chebychev scheme®*! ¢
n

are the conplex Chebychev polynom als. The determination of
propagated wave function in this scheme requires the operation
¢ (-iH), which can be calculated using the Chebychev recursion

n
formula,

¢ = = 2iH ¢n + ¢m1.
The error accumulation is mininal in this scheme and it is
uniformy distributed on all the eigenvalues and so the Chebychev
pol ynonmi al expansion is optimal for the gl obal propagators.

In the Lanczos scheme”™ the recurrence relation for

¢n(-iH) is

B ¢ = [F-a)¢ ~- B ¢ (1.2.78)
wher e
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a = <¢5J |H| ¢J>. (1.2.79)
(3 is obtained fromthe nornalization condition

¢ > = 1. (1.2.80)

J+1| J+1

<¢

The error accunulation is not uniform in this schene and hence
requires the stabilization procedures.®

These two schenes are independent of the representation
of the wave function. In these global evolution methods no
intermediate results are obtained. One can split the propagation
into smaller intervals in order to get the intermediate val ues but
large increase in the nunber of intervals make the approach
inefficient. In many applications, Chebychev ' and Lanczos
recurrence schenes have been used for tine propagation.

To deal with N-level systens a sinple conputational
technique called as time-slicer has been suggested by Hirschfelder

et a1.¥

In this procedure the tine-dependent hamiltonian is
approxi mated by a sequence of tine-independent hamiltonians. At
nth period H(t) is approxinmated by a constant hamltonian (for a

very small tine period) 1™, which can be witten as

B = H{(tet /2], (1.2.81)
Since this technique does not require hamiltonian to be hermtian
the effects of natural lifetimes and the other relaxation

paraneters which we generally encounter in Electron Spin Resonance

(ESR and Nucl ear Magnetic Resonance (NWR) applications can be

35



determined. The time-slicer method is a sinple and efficient
nunerical procedure for the solution of both linear and nonlinear

sets of coupled first and second order differential equations.
1.3. NON-PERTUBATIVE APPROACHES

In this section we discuss three non-pertubative and
non-variational nethods: the ~construction of the evolution
operator by Lie-algebraic nethods, the tine-dependent coupled

cluster method (TDCCM and by the path integral approach.
1.3.1. Lie-algebraic construction of u:*

As noted earlier, the Lie-algebraic methods have been
mostly used to define dynamical basis set representation. However
they can be used to construct the exact tine evolution operator
al so. The al gebraic approaches are devel oped on the realization
that when the hamiltonian is an elenment of a Lie algebra, then the
time evolution operator can be witten as an exponential of a
general linear conbination of the elenments of the algebra. The

ham |l tonian is expressible as
H = YT ha, (1.3.1)

where all the operators A belong to the set L that is closed

under conmutation

[A,A ] = L ClA:A, A, A cL ¥n mk (132
k

36



The time evolution operator can then be witten as an exponenti al
of a general linear conbination of all the operators of the

algebra,’ i.e.

U(t) = exp [Laal, (1.3.3)

alternatively in the Wi-Nornman product form as

U(t) = 11 exp [an}\n]. (1.3.4)

n

The variables a are tinme-dependent coefficients of the generators
of the evolution operator. The governing equations for these
coefficients are obtained by appealing to the TDSE (eq.(1.0.4)).
ne can chose perturbative Magnus expansion® method or any
nonperturbative approach® to construct the evol uti on operator.

The al gebraic approach is practical particularly when
the concerned Lie algebra is finite dinmensional. In that case the
nunber of variables required to define the evolution operator are
finite even if the systemis considered in an infinite dinensional
Hi | bert space. Harmonic oscillator algebra is a finite
di nensional algebra and is commonly used in the construction of
the evolution operator for the quadratic hamiltonians which are
el ements of this algebra. Projection operator algebra is another
algebra which is finite dinensional. The solution for the

coefficients a is not trivial if the algebra is not semisimple.
n

A subset S of a Lie algebra L is called a subalgebra if it is
cl osed under commutation, addition and nultiplication by a scalar.

A subalgebra S is called an ideal if all the commutators [X Y] of
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Xe Sand Ye L is in S The union of all the solvable ideals is
called the radical, where the union of two ideals is again a
sol vabl e ideal. An algebra is said to be semisimple if its
radical is {0}. An algebra is said to be sinple if it has no
ideal other than L and {0}, and if the derived algebra (the set of
the elenents of L which are the result of the comutation of the
two Lie elements) L not equal to (0}.

If the evolution operator is considered in the
Vi - Norman product form™ as in eq.(1.3.4) the global solutions
are possible in a nunber of cases, for exanple when the Lie
algebra to which the hamiltonian belongs is a solvable algebra.
It has also been proved that if the Lie algebra from which the
evolution operator is constructed is not a sinple algebra then the
equations of motion for the different sets of coefficients are
decoupl ed. 8" 8!

Wl f and Korsch® developed a theory wutilizing the
Levi-Malcev deconposition of finite dinensional Lie algebras and
the Wei-Norman representation to the evolution operator for the
application of time-dependent quantum systens. Levi - Mal cev
theorem states that every finite dinensional algebra L is the
sem direct sum of its unique radical (i.e. the maxinal solvable

ideal), R and senisinple algebra S isonmorphic to the factor

al gebra L/R From this theoremthe eq. (1.0.4) can be deconposed

as
idusdt = HU_, (1.3.5)
and
idusat = (UJ'RU) U, (1.3.6)
wher e
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H =H +H , H €Sand H ¢R. (1.3.7)

Uis then witten in a product form

U = U U. (1.3.8)

From the theorem which states that every finite
di mensi onal semisimple Lie algebra S can be uniquely deconposed

into a direct sum of sinple ideals

s = Sl ® ...0 Sk, (1.3.9)

it is found that the effort in finding U can be reduced by

witing U as

U, = U U,...U, (1.3.10)
with
idu /dt = HU, (1.3.11a)
idusdt = HU, (1.3.11b)
idu/at = HU,. (1.3.11c¢)

In this way the problem is reduced to solving the snaller
subordinate problens and U is factored and witten in the Wei-
Norman product form The advantage in witing this formis that

for solvable algebras, there exists an ordering of the basis for

80
whi ch the product form gives the global solution.

Al hassid and Levine®™ devel oped a Lie-algebraic approach
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to solve the dynamics in any general system. In their formalism

for a specific application of linearly displaced harnonic
oscillator the evolution operator is constructed as the
exponential of the linear conbination of the elenents of six

di nensi onal quadratic Lie algebra.
1.3.2 The tinme-dependent coupled cluster method: %

The time dependent coupled cluster nethod is a time
dependent generalization of coupled cluster theory of Coetser and
Kuemmel.®® The feature of OOM is that the evolution operator U is

witten as an exponential of the cluster operator S

U = exp(s), (1.3.12)
S = S + 8.+ ..., (1.3.13)
1 2

and the wave function is given by

y = exp(S) |0>. (1.3.14)
The cluster operator is then expanded in terms of one, two,...
body excitation operators. The equations for S are obtained by
projecting on to the Schroedinger equation. In the TbcecM the
cluster operators S are chosen to be time-dependent

s = ¢ sy, (1.3.15)

The TDCCM equations are obtained from projecting the wave function
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on to the TDSE and left multiplying with exp(-9)
ih exp(-S) (d/dt) exp(S) = exp(-S) Hexp(S). (1.3.16)

The expression exp(-S) (d/dt)exp(S) is usually determ ned by using

Hausdorf expansi on,
exp(-S) (d/dt) exp(S) = d/dt + S+ 1/2! [S S + ... (1.3.17)

This time-dependent generalization to CCM is first

4

suggested by Hoodbhoy and Negele® and by Schoenhammer and

85

Gunner sson. Hoodbhoy and Negel e enpl oyed TDCCM for determ ni ng
the nuclear dynam cs. Specifically truncations appropriate to
strongly repulsive cores were discussed. The system they
consi dered consists of n-particle and n-hole states. The wave

function is witten as

|ly> = exp( L §,) (1.3.18)

Using eq. (1.3.16) the follow ng equations emnerge
<¢| (H - ia/et |¢> = O, (1.3.19a)

(H - isset) |y> = o, (1.3.19b)

3
<¢| a  a

+ _+
<¢| a_a
Ry Py

a a (H- ia/et) |y> = o0, (1.3.19¢c)
1 2
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<¢| a: ...a: a ..a (H - ig/st)|y> = 0, (1.3.19d)
1 n 1 n

where p and h are occupied and unoccupied states. Witing s"(t)

in arbitrary tinme-dependent basis

8t) = L %B,..-B, 8N (€)LD, 0 sat ...a" a ..a  (1.3.20)
Pl-h! - pl pn 1 n
and
asat ay = I <Bla> aE. (1.3.21)

The time derivative terms of eq.(1.3.19) becomres

+ + . .
<g¢| apl...apn ahl...ahn ieset) |w> = 1ia/6t <h1...hn|wn|pl...pn>

_j_<5'3]cx><<::|r:1Jpr .,.a: a, a ..a |¥>. (1.3.22)
1 n 1 n

Schoenhanmer and Gunnerson® applied TDCCM to obtain the
core - level spectra of adsorbed atoms and nol ecul es taking the
coulomb repulsion in the adsorbate valence level into account.
They define |¢(t)> as

|#(t)> = N(t) exp(S(t)|¢,>, (1.3.23)

where N(t) is the normalization factor. The working equations are

obt ai ned by using eq.(1.3.15), eq. (1.3.16) and eq. (1.3.17):

i N(t) = <¢ |H(t)[g>N(t), (1.3.24a)
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& (n) -
is“x"' S il = <a a . ..mn|}{(t) [¢u>, (1. 3. 24b)
wher e
= +
l“:' a Ml = aal. .a naaa- .adn(¢o> (1.3.24c)
Egqs. (1.3.24) are n coupled nonlinear differential equations.

When H contai ns m-body i nteractions,

be truncated after m. For the system of

the equation reduces to single nonlinear differential

it is the exact solution for the problem

the n nunmber of equations can
noni nteracting el ectrons

equation and

Ar ponen introduced a biexponential form to the
evol ution operator in the coupled cluster franework. Expect ati on
values are easily obtained in this formalism The usual exp(S) is

witten as exp(S)exp(S ),

deexcitation operators respectively. | > and <y
defined by
|y> = exp(s) |¢>,
’ ’
<Y | = <¢| exp(S )
and
+
s = ¥ S,,2,8,
h,p
’ +
S = X phapah,
h,p
where a* and a are the creation and annihilation
s and s are the nunerical anplitudes.
ph ph
the cluster operators S and S are established
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where S and S are the excitation and

| are then

(1.3.25a)

(1. 3. 25b)

(1.3.25¢)

(1. 3. 25d)

operators and

The time dependence of

by using



ti me- dependent vari ational principle. A functional A is

constructed such that

Ay, v] = Jat <w'(t)|[ia/at - H(t) |¥(t)>. (1. 3.26)

The TDSE equations for the bra and ket states are obtained by
requiring A to be stationary with respect to arbitrary variations

of y (t) and ¢ (t) respectively. In the exp(S) formof witing

A(S, S'] = [ at <¢|exp(s'(t))exp(—5(t)) [ig/8t-H(t) 1|y (t)>.
(1.3.27)
The normalization is performed by requiring <w'|w> = 1. Thus
A= if dt <¢ |exp(s )§|¢> - ifdt T (t),
= -i Jdt<glexp(s’)s’ 'S|¢> - iratT (t), (1.3.28a)
trr r
T, (5,5 ] = <¢| exp(S )exp(-S) H exp(S)|¢>. (1.3.28b)

The partial integration of eq. (1.3.28a) yields the equations of

motion for the cluster anplitudes S and S :

/3

) i
i § k,§, = @T/8s (1.3.29a)

1% 5J k“ = = aTu/asl. (1. 3.29Db)
Her e
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kK [S 1 = <¢ | Clexp(s”)c’;|¢>. (1.3.29¢)

This approach is restricted to systems represented by single
-reference function at t=0. Extension to nulti-reference systens
is not trivial.

The TDccM has been enployed by Sebastian® to study the
ion neutralization scattering. In this system the ion is such
that it has a closed shell structure with one empty orbital
outside the shell, which can take up at the npst two electrons
from the metal surface. The S operator is defined as a linear
conbination of all possible single particle - hole excitation
operators and S as a linear conbination of all two particle-hole
excitation operators, which transfer two electrons to the orbital
of the ion fromthe solid. The cluster operators S for n > 2 are
neglected. For treating an ion which |eaves the surface the TDCCM
is a better alternative where the tine-dependant Hartree Fock
(TDHF) fails.

88

Durga Prasad has devel oped TDCCM theory to calculate
nmol ecul ar absorption spectra of systenms on multi dimensional
anharmonic surfaces. The calculation involves the evolution of
the door way state | ¢ > under the influence of the vibrational
hami | toni an of the upper surface H. The nolecular hanmiltonian is

represented as
+ +
H(ax) =E  + L w(x)aa + T V() (a +a))
I I
+*
+ 172! TV, (@) (a: +a) (a; +a)+ ..., (1.3.30)
1J
where g is the index of the electronic state, E_ is the vertical

a
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excitation energy. w are the frequencies and V etc. are the
various anharmonicity constants. a and a are the creation and
anni hilation operators of the Ith npde. The doorway state is

approxi mated by

|¢°> = |o> (1.3.31a)

because the anharmonicities rarely effect the vibration |ess

state, where |0>is the vacuumstate for the operator a .

a |o> = o. (1.3.31b)

The Wei - Norman product form is assumed for the evolution

operator. Witing it in the normal order formand elimnating the

operators which give zero acting on }o>, the evolution operator is

gi ven by
U(t) = exp[ S, + [ s;la:r + T staTaj + ool (1.3.32)
wher e
s, = Isal, (1.3. 33a)
2 _+_+
§, = 1/21 F s, 2,2, (1.3.33b)

and etc. The S is a conplex scalar.

The time evolution of the state |o0>is given by

|[t> = exp(—iHet)|0> = exp(S)|0>. (1.3.34)

The equations for the cluster anplitudes s, etc. are obt ai ned by
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appealing to TDSE and by projecting on to the different excited
states.

i5, = <m|H,|0>, (1.3.35a)
wher e

He = exp(-5) He exp(S) . (1.3.35b)
These are a set of coupled nonlinear differential equations to be

integrated by subjecting to the initial conditions
s,(0) = o. (1.3.35c)

The Fourier transform of exp(S,) gives the nolecular absorption
spectra.

89

Very recently Sastry et al. developed a Lie algebraic
approach for the construction of evolution operator on anharmonic
potential energy surfaces wi thout invoking any basis sets at any
stage of its construction. They have constructed the evolution
operator using boson |adder operators. Application to atomdi atom
collisions proved the validity of the theory. Sastry et al.®
have al so studied the photodissociation process using TDCCM in the
boson representation formalism

A multi-reference TDCCM has been enployed by Guha and
Mukherjee.®® They generalize the effective hamiltonian theory to
enconpass the nonstationary situation in the TDCCM formalism A

set of nonstationary states at sone initial tine t are defined by

(t,) = Lc,it)e, (1.3.36)

where are a set of quasi degenerate strongly interacting
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(o]

functions spanning the model space. Y. evolve in time according

to
_ 0
v () = UL, t) v ()
with U satisfying eq.(1.0.4). The evolution operator U is
factorized as
Up = U_UP, (1.3.38)

wher e u, is the nodel space evolution operator and U brings the

adm xture of conplinentary space function. U satisfies the
equation g
h(t) = U (k) Wit (1.3.39)
and
iBU"(t,tD)/at = He”(t)UH(t,to). (1.3.40)
Here H is the nodel space tine-dependent effective haniltonian.

Using the above relations the equation for U is witten as

igu_s8t = HU_ - U H (1.3.41)

ex ex effl

with H defined by

FP

— -1 PP
H - [Uex]

(tnu )7 - iauif/at. (1.3.42)
The evolution u¥ is governed by

isul/er = (HU_1% - UL H_ . (1.3.43)

ex el
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U and U are defined by
z

X ex

U = (exp(X)}, (1.3.44a)

H

u, = (exp(8)). (1. 3. 44b)
Here X is a closed cluster operator witten in the normal order

and S are the external operators U and U are taken to be
M ex

normal ly ordered exponential ansatze (denoted by the braces in

eg.(1.3.54)). The hamiltonian of the systemis considered as

H(t) = L h(t)l,
i

where h (t) are tine-dependent natrix elements and 1 are suitable
creation and annihilation operators defined in the Fock space.

The working equations are

iss/at = (EG“; - (U _H ), (1. 3. 46a)

ex effl

igxs8t = ( H _ U }. (1.3.46b)
Here the notation bar on the expression indicates that they are
connected and curly bracket normal ordering of the operators.
Application to 3 dinensional rotated Harnonic oscillator was
pr esent ed.

1.3.3 Path integral based approaches:

In this class of methods the tine evolution operator is
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witten as the product of several short tine propagators.

<i|U(nt) lj> = [<i|U(t)|n1><n1\U(t)>|n2><nz>...<nr|U(t)lj>.
(1.3.47)

For certain classes of systens in which the irrelevant degrees of
freedom can be treated as harmonic bath variables and for certain
types interaction potentials the propagators in eq. (1.3.47) can
be factorised and averaging over the bath variables can be carried
out . Consequently the nunerical effort does not scal e
exponentially with the nunber of degrees of freedom. On the
negati ve side the nunber of paths increases exponentially with the
number of internmediate states included. However, under sone

conditions this approach is nore attractive than traditional basis
92

set approach. Makri and co workers used it extensively to study
several nodel problens. Mre recently Domcke and co workers®
used a simlar approach to study nonadiabatic dynamcs in sone

nodel systens.

1.4. SCOPE OF THE PRESENT WORK

As can be seen from the discussion above the various
met hods available to date, while being powerful, suffer from some
lacuna or the other. The Dyson perturbation theory for exanple
generates nonunitary approximation to the evolution operator and
thus mght lead to norm violation. The exponential perturbation
theories such as Magnus expansion are subject to questions

regarding the existence of solutions to the working equations. It
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is thus desirable to develop alternative pertubation theories.

The variational methods based on |linear basis set
expansions are capable of providing any desired accuracy and are
easy to implement. However, the expansions are slow to converge
and for systens with several degrees of freedomthe basis set size
increases exponentially with the nunber of degrees of freedom in
the system. In addition these approaches do not provide any
intuitive picture of the physical process under study. For
exanmple it is known that the IVR is dom nated by the sequence of
overl appi ng nonlinear resonances. Energy transfer through such
resonances is essentially a two body process. A straight forward
l'inear basis set expansion does not reflect, or make use of, this
information. It is thus desirable to devel op approaches in which
the dynamics of the system can be viewed in terms of the
subsystens in a transparent manner. Devel opment  of such
approaches forns the subject natter of our thesis.

The Lie-algebraic construction of the tine evolution
operator provides the formal franework for our discussion. Ve
develop in Chapter |l a reduction principle by which the evolution
operator can be witten in a non-canonical product form based on
the sub-algebraic structure present in the operator space. The
working equations for the coefficients of different groups of
generators are decoupled in this approach even when the spectrum
generating algebra is sinple. This result goes beyond an earlier
principle discussed by Wi and Norman and Wl f and Korsch.® W
then wuse this principle to develop a form of degenerate
pertubation theory. The origin of normviolating intruder states

is analyzed. W then present sone nodel studies on an
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harmonically driven Myrse oscillator to assess the convergence
properties of this perturbation theory.

We next explore the sub-algebraic structure present in
the operator set present in the Fock space in Chapter I11. The
evolution operator constructed in the Fock space is essentially
the one obtained by the TDCCM using an ordinary exponential
ansat z. It turns out that different sub-al gebraic sequences |ead
to different versions of CCM  Some of these are explicitly shown.

The CCM is a very popular approach in the electronic
structure theories.”® It is known that the CCM provi des highly
accurate approximations even at a low truncations due to its
exponential structure. In Chapter IV we study the dynamcs of IVR
in a nodel hydrocarbon chain to see if the simlar many body
structure exists that can be exploited in this class of problens.
It turns out that the TDCCM with a two body cluster operator is
quite accurate up to about four vibrational periods indicating the
utility of TDCCM

In the next chapter we use TDCCM to follow the dynamics
of an initially prepared state in a coupled two state many nobde
system The hamiltonian is taken from a linear coupling nodel. %
Unlike the IVR problem studied in Chapter |V this system is not
dom nated by resonances. It is known from the earlier studies
that TDSCF provides a good zeroth order description for this
system W formulate TDCCM in a dynamical basis generated by
TDSCF. The TDCCM at two body |evel inproves upon the TDSCF within
the tinme period of our study. The last chapter summarizes the

concl usi ons of our studies.
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CHAPTER I
DEVELOPMENT OF EXPONENTIAL PERTURBATION THEORIES



2. 1. I NTRCDUCTI ON

Time-dependent appr oaches for descri bi ng quant um
dynamical processes have been growing rapidly over the past decade
due to the conputational advantages these nethods offer conpared
to the tinme-independent methods. Ootaining the information of a
nmol ecular process in time donmin requires integrating the
Schroedi nger equation in a large Hilbert space.! Exact methods
require large basis sets which grow exponentially with the size of
the system and hence it is desirable to develop and test
approxi mat e met hods. Several such methods have been discussed in
literature.?” Among  the avail abl e approxi nat e nmet hods
perturbation theory enjoys a pre-eninent position.

In the conventional approach to the perturbation theory,
the tinme evolution operator is expanded as power series in terns
of the interaction hamltonian. In such an expansion, the
approxi mate evolution operator obtained by truncating the series
is not always unitary. For developing unitary approximtions to
the evolution operator the exponential ansatz is very appropriate.

In this approach the evol ution operator u, is parametrized as

u.(t) - exp [A()]. (2.1.1)
Here A is evaluated perturbatively instead of U. In addition, A
is constrained to remain antihermitian at each order, thus

guaranteeing an unitary evolution operator irrespective of the
order of truncation in A A perturbation theory based on the
above prescription is termed as the Magnus expansion. %°

Sever al authors discussed the validity of Magnus
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expansi on. 101 The Magnus expansion is subject to two major
limtations. First, the theory is essentially perturbative, since
the governing equation for the generator A obtained from the

Schr oedi nger equati on

iv™' = uT'Hu (2.1.2)

contains infinite order polynomals in A Consequently no
non-perturbative solution is possible in practice. Second, under
certain exotic conditions, even the existence of the solution to
that equation is questionable. ' In addition to these fornal
probl ens, the Magnus expansion breaks down (as does any
perturbative expansion) when sone of the unperturbed wave
functions are degenerate. To avoid this, degenerate perturbation
theories have been developed.‘“ In these approaches a set of
quasi -degenerate states is defined as a nodel space and an
effective hamltonian is posited that generates the dynamics of
the projection of the exact wave function in the nodel space. A
wave operator is invoked to map the nodel space conponent to the
exact wave function. Perturbation theory is now applied to the
wave operator, while the couplings within the npdel space are
treated exactly. It is possible to nodify the Magnus expansion to
provide such an effective hamiltonian. The resulting theory has
an appearance very simlar to canonical van Vleck perturbation

5 However, it is also subject to the same deficiencies of

theory.?
the original formnulation.
In view of the above considerations it is desirable to

devel op alternate perturbation theories for nodel space effective
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ham | toni ans based on exponential ansatze. Such a theory should
be free from any questions regarding the existence of solution.
In addition, the equations for the generators of such a theory
should be finite order polynomials, so that a non-perturbative
solution is possible (if necessary). The earliest attempts to
elimnate the existence problens are due to Wei and Norman.

These authors paranetrized the time evolution operator in a

non- canoni cal product of exponential operators:

U =1 exp(gKAx) . (2.1.3)

The tine-dependent conplex functions g are deternmined by
a set of nonlinear differential equations obtained by substituting
ansatz (2.1.3) into eq. (2.1.2). The operators A are the
generators of the Lie algebra to which the hamiltonian bel ongs.
Wei and Norman have shown that when the Lie-algebra to which the
ham |l tonian belongs is a solvable algebra, it is possible to
choose the sequence of operators in eqg.(2.1.3) such that a gl obal
solution to U can be obtained.'® In addition, they have
devel oped a reduction principle to disentangle the equations of
notion of different sets of coefficients when the Lie algebra in
question is not simple.’® The projection operator algebra that
we use is a sinple algebra and hence cannot be subjected to their
anal ysi s. Not withstanding this, it is possible to paranetrize
the evolution operator in a product form such that a limted
version of reduction principle is available in that the equation
of motion of different groups of coefficients are decoupled from
each other and contain finite order polynom als only. In addition

the existence of the solution to these equations can be proved
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ri gorously. This part of the theory is presented in sec. 2.2.2
in the context of quasi-degenerate perturbation theory after a
review of the elements of the requisite effective hamiltonian
theory for nodel spaces in sec. 2.2.1 W then consider three
different nmethods to generate approximations to these equations in
sec. 2.2.1 and assesstheir relative nerits. We have applied our
net hodol ogy to a harnonically driven Mrse oscillator with a view
to wunderstand the characteristic convergence pattern of these
net hods and the results obtained are discussed in sec.2.3. Ve

have presented our conclusions in sec. 2.4.

2.2. METHODOLOGY

2.2.1. Effective hanmiltonian and nodel space dynami cs:

We assune that the state of the system whose dynanics are
to be described is an elenent of a finite dimensional vector space
spanned by the basis functions { |[n> 1 = n = N }. The dynamcs
of a system are often confined to a small subspace and the states
involved in this space require exact treatment while the rest of
the states mx only weakly with the manifold of the strongly
interacting states. Accordingly we partition the Hilbert space
into two orthogonal subspaces: Mdel space M consisting of the
strongly interacting states characterized by the projection
operator P and the remaining states spanning the virtual space V,
(projection operator Q).

We now focus our attention on a nonstationary state y

that was constructed as a superposition of the nodel space
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functions alone at sone initial tine,

w(o) = £ ¢ In>, (2.2.1a)
neM

and evolves in time according to the Schroedi nger equation

iy = Hy. (2.2.1b)

Qur desire is to define a nodel space effective

hamiltonian Hy such that the evolution of the model space

conponent ¢(t) of wy(t) is described via an equation of motion of
the form

i¢ = Hy ¢. (2.2.2a)

¢(t) = P y(t) =E Cn(t)ln>, (2.2.2b)
neM

Wth this goal in mind, we define a commn wave operator® u for

all the states in M Thus,

p(t) = U(t)e(t). (2.2.2c)

Fromeqg. (2.2.1b) and (2.2.2c) it follows that ¢ satisfies

ip = Hg, (2.2.3a)

i = v s - ivTto. (2.2.3Db)

Conparing eq. (2.2.2a) and (2.2.3a) we find
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H, = PHP (2.2.30

The function <p evolve within the npodel space as |long as

OHP=0 (2.2.3d)

is satisfied and the initial conditions are specified by eq.

(2.2.1a). Consequently, the governing equation for U is given by

1

e (utwu - iulo) P=o0. (2.2.3€)

Note that eq. (2.2.3d) serves to define the coefficients
of only such operators in U which induce transitions from the
nmodel space to virtual space. The coefficients of the rest of the
operators are indeterminate, and as it turns out, irrelevant.
Additional conditions can be inposed on H to determine U nore

fully such as, for exanple

PHQ = o0, (2.2.3f)

which then allows the determination of coefficients of operators
which induce transitions from the virtual space to the nodel
space. However, as long as eq. (2.2.3e) is exactly satisfied,
these additional conditions have no influence on H,, as we shall
denponstrate in sec. 2.2.3.

In nost practical calculations one is nore interested in
the full wave function or expectation values of the dynanical
variables rather than the projection of the wave function onto the

nodel space. The full wave function is obtained by operating on ¢
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by U W now turn to the calculation of physically relevant
expectation values. The expectation value of a dynam cal variable

0 is given by
<0> = <y W0 \y > = <plutou I¢>. (2.2.4a)

Wth ¢ and U obtained from eq. (2.2.2a) and eq. (2.2.3e)
respectively, this provides a straight forward procedure. An
alternative procedure, nore in the spirit of the effective
operators in the nodel space is the follow ng. We define an

auxiliary bra function < ¢ | by

< ¢l = < tfri U (2.2.4b)
Fromt he Schroedi nger equation for < y|

-i <yl = < ylH. (2.2.4c)

We get the working equation for < ¢| as

- < ¢l = < ¢|H, (2.2.4d)

where H is defined as before. The expectation value of 0 is now

given by

<0> = <y lotl ¥y > = < ¢ |0 l¢ >, (2.2.4¢)

where
0O = U o U (2.2.4f1)

Here ¢ is the nodel space effective operator corresponding to 0 in

the full Hilbert space. This result holds irrespective of whether
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U is unitary or not. (One noteworthy point here is that <@l s

not the conplex conjugate of 19>, but nust be evolved
i ndependently according to eq. (2.2.4d). In general, <¢l| is not
confined to the nobdel space. However, if eq. (2.2.3f) is inposed

in addition to eq. (2.2.3d) while deternining U, <¢| would also

be confined to the nodel space.

2.2.2. (Qperator algebra and the evol ution operator:

W now turn to the construction of the model space wave
operator U. The set of operators that act on the vector space of
functions is a conplete set and is spanned by the basis set of the
generators of the unitary group, L= {|i> <jl,1 s i,j s N}. This
operator set is closed under commutation, thus formng a Lie

al gebra. The hamiltonian, given by

H = .‘»l: : hiju) <jl (2.2.5)

is an element of this Lie algebra. Gven that the haniltonian is
an elenent of the algebra, the fu]l evolution operator U, can be

paranetrized, at least locally, as
Up =exp [ £ f..(t) li> <jl ], (2.2.6a)
and satisfies the Schroedi nger equation

ig., = HU . (2. 2. 6b)
eq. (2.2.6a) is the starting point for the Mgnus expansion
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appr oach. & An alternative formis to wite U as a product of
exponentials (the so called wei-Norman fornm) rather than a single

. 18,2
exponential, !

U, = U.UU,..., (2.2.7)

where each U is an exponential operator. Wei and Norman and
nmore recently WIf and Korsch® have discussed a reduction
principle to obtain a convenient sequence of U when the al gebra
is semisimple. In addition Wi and Norman has shown that for
sol vabl e Lie algebras there exists a basis and an ordering of the
basis for which the product form is global. Since the only
i nvariant subal gebras of the projection operator algebra are the
null set and itself, the algebra is simple and hence this
procedure cannot be used here. However, it turns out that a
limted form of a reduction principle is possible in this case
al so due to the special structure of the algebra. To exhibit this

structure we classify the operator set as follows:

set of excitation operators: E={ X = |v><ml ; veV, me M}
set of deexcitation operators: D={Y = Im><v| ; veV, me M}
set of shift operators:S ={ Z = |m <nl, W = |u><v|] ; m,n

e M; u, ve V).

These operators satisfy the following comutation

rel ations:
[ XX] =[Y,y ] =0, (2.2.8a)
[ XY] =2 +w, (2.2.8b)
[ XZ2] =X=[ XW], (2.2.8c)
[ 2] =Y=[ Y,W]. (2.2.8d)
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Note that each of these sets defines a subalgebra of L. I'n
addition S v E and S v D are also closed under commutation. W
now note that (a) the excitation operators in H can be elimnated
by a similarity transformation generated by X alone: Consider the

parametrization
U, =U,U (2.2.9a)
1§} = exp(X). (2.2.9b)

X

The equation of motion for U is given by

iUy = B U, (2.2.9c)
H, = UJYHU, - ivllo (2.2.94d)
R ¥ Ry X X re
In other words, Ug is generated by the effective
hamiltonian operator H_-. It is possible to elimnate all X

operators in Hy by requiring

- ivulto

-1
Q ( Uy HU, 2 Uy 3

= P =0, (2.2.9€)

whi ch provides the working equation for u,. (b) If the effective
A

hani | toni an operator H, does not contain X operators then U, can

be paranetrized as

Up = exp [Y+Z+W], (2.2.9f)

since S v D is a Lie algebra and H, belongs to it. Conbi ni ng

R
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these two statenents, and invoking simlar arguments W th respect

to the deexcitation operators, we arrive at

Up = exp(X)exp(Y)exp(Z+W). (2.2.10)

Thus the nodel space wave operator U is given by

U = exp(X)exp(Y), (2.2.11)

since the effect of Z can be absorbed into ¢ and Wacting on the

nmodel space gives zero. The generators X and Y satisfy

iX = Qexp(-X) Hexp(X P, (2.2.12a)

iY = Pexp(-Y) [ exp(-X)Hexp(X)-i X ] exp(Y) Q. (2.2.12b)

These equations are decoupled since the governing equation for X
does not depend wupon Y. In this sense we have obtained a
reduction of the operator set. Let us note that any other
ordering of operators (e.g. exp(Z)exp(X)exp(Y)exp(W)) does not

lead to decoupled sets of equations.

2.2.3. Perturbation theory:

W now turn to the explicit solution of eq.(2.2.12). From

eq. (2.2.12a) we obtain by Hausdorff expansion

iX = Q (H + [H,X] + 1/2! [[H,X],X]) P,

1|

H, * H X - XH, - XH_ X. (2.2.13a)
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This equation is a matrix Ricatti equation and is the
result of a multistate generalization of the nonlinear quotient
approach discussed by Dion and Hirschfelder.” The existence
theorem proved in that context (theorem 9 of ref. 29) holds here
al so. Since X is a vxm matrix operator where v and m are the

di mensions of the V and M respectively, paranetrizing X formally

as

X = FG" (2.2.13b)

where F is a vxm matrix and g is a mxm nmatrix and substituting it

into eq. (2.2.13a) we obtain

: b=l e VP g ) (SRS | -1
iIFG = 1FG GG = HQP + HWFG FG pr FG HPQFG . (2.2.13c)

This equation can now be decoupled into two sets by witing

iG = H G + H_F, (2.2.13d)
PP PQ

iF =H G+ H F. (2.2.13e)
QP Q
Note that eq. (2.2.13d) and eq.(2.2.13e) recover the original
Schroedi nger equation. The initial condition
X(0) =0 (2.2.13f)

is satisfied by requiring

F(0) (2.2.13q)

1
o

(2.2.13h)

1
=

X 0)

wi thout |oss of generality. The solution to X exists as long as G
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i's non-singular. Note that from eq. (2.2.13) G represents the
matrix of the projections of all linearly independent states that
were started at t = 0 in the nodel space. Thus G beconing
singular inplies that two or nore such states have evolved in such
a way that their projections in the nodel space at this point of
time are linearly dependent. |In such a situation X does not have
any meani ngful solution. Except in such pathol ogical cases, X has
a global solution. In a simlar fashion, it can be shown that eq.
(2.2.12b) for Y also has a global solution under the sane
condi tions.

Since the multicommutator expansion in eq. (2.2.13a) is
finite, a nonperturbative solution for X is possible in contrast
to Magnus expansion. In addition, a perturbative expansion for X
by this approach has far fewer terms at any order conpared to its

counterpart by Magnus expansion.

Expandi ng X perturbatively we obtain

(2.2.14a)

- X

ix n-1pp X HpoXn reqr (2.2.14b)

"I"GM:!
=

n = Hoplni * Hoo¥n-1

where n is the order of perturbation. The nodel space effective
hamiltonian (eq. (2.2.2b)) becones

Hy = Hpg¥ HpoX = ¥(Hy# H

L s B X = XHpo= XHo X = iX). (2.2.15a)

Q0 FQ

If X satisfies eq. (2.2.13a) exactly, this reduces to

Hy = Hpp + HpoX. (2.2.15b)
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This is expected since the action of Y on the model space gives
zero. Consequently these operators should have no influence on
the nodel space dynamics. Thus a sinple ninded perturbation
theory consists of two steps: (1) Solve eq.(2.2.14b) to sone
finite order. (2) Construct Hy, according to eq.(2.2.15b) and
integrate eq. (2.2.2a) for ¢. We shall refer to this approach as
the simlarity transformation based perturbation theory (STP),
since in effect, it postulates U= exp(X).

One possible problem with STP is that, in the strong
coupling regine the perturbative dynamcs may not conserve the
norm of the wave function. This is the well known problem of

intruder states.?

When eq. (2.2.3d) is satisfied, these states
have no influence on the nodel space dynami cs because, any vector
from the nodel space would evolve within the nodel space as |ong
as Hy, =0. If X is obtained from perturbation theory, eq.
(2.2.3d) is violated. |In such a case, invocation of eq. (2.2.15b)

is equivalent to replacing H in eq. (2.2.3b) with H. such that

H, = H - R (2.2.16a)
wher e
QRP=QHP (2. 2. 16b)

The hamiltonian corresponding to H. in the full Hilbert space is

A
H=H- vru™L. (2.2.17)
If the H operator is non-hermitian, it could, in the
course of its evolution, develop conplex eigenval ues. The

ei genvectors associated with these eigenvalues are the intruder

states. When the intruder states develop a large conponent in the
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model space at sonme stage, the npdel space states would grow
exponential ly. Such a situation can be expected when the states
in the nmodel space interact strongly with the virtual space.

There are two ways to elimnate the influence of the
intruder states. The first approach is to expand the nodel space
to incorporate all the strongly interacting states as advocated by
Jolicard and Grosjean.?* This forns the basis of the internediate
hami | toni an approach discussed in the context of the usage of
inconpl ete nodel spaces along with the coupled cluster nethod for
stationary states.?® A second approach is to ensure that H is
herm tian through out the course of the evolution. Note that only
the QP block of the R operator is specified by eqg.(2.2.16b). It
is possible to use this flexibility to ensure a hermtian H
Essentially H is hernitian if R = URU is hermitian. Thus, in
terns of the sub-blocks of the R operator the follow ng equations

nmust be satisfied to guarantee the hermiticity of H

- , =+

Roo = Rog + XRpy = Roos (2.2.18a)

o _ B _ i

Ryp = Rpp = Ryok = Ry, (2.2.18b)
f em. =it 2.2.18
po = Rpg = Rgp - (2.2.18c)

Since R, Rpg and R are not defined by eq. (2.2.16b)

addi tional conditions can be inposed. For exanple setting

Rpo = Rpg = Rpp = 0, (2.2.19)

we arrive at
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Rpp = 0, (2.2.20a)

RQP = (RQP - RQQX) = 0, (2.2.20Db)

Thus choosing an Roq such that R = Ry and requiring

Rop = RyoX woul d guarantee that H is hermitian. In such a case X

must satisfy

iX = H._ +

gp + (Hgg™ Rgg)X = XHpy = RHp X, (2.2.21)

Q

In this case X can not be obtained as a power series. Instead
approximations to X are obtained by defining different Ryo
matrices. W term approaches based on eq. (2.2.21) as the
hermitised simlarity transformation (HST) based theories.

An alternative approach to avoid norm violations is to
insist that the full evolution operator of eq. (2.2.10) underlying
the nodel space evolution operator to be unitary. It can be shown
by direct substitution that U is unitary if Y,Z and Wsatisfy the
foll owi ng equations:

Y = - (1extx)"rxt, (2.2.22a)
Z=- U2 1n (1+x7x), (2.2.22b)
W- - 1/2 1n (1+XY). (2.2.220

Thus, usage of eq. (2.2.15a) with eq. (2.2.22a) for Y ensures that
there is no norm violation. This approach will be called as the
unitary transformation based perturbation theory (UTP) in the
foll ow ng. In the next section we study the nunerical

performances of these three methods.
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2. 3. MODEL APPLI CATI ONS

To exanmine the relative performances of the three
approaches described in the previous section and also to gain an
understanding of their convergence properties we have used the
three approaches to follow the dynanmics of a harnonically driven

Morse oscillator. The hamiltonian of the systemis given by

H=H, +V, (2.3.1)
H, = p°/2m + D(1-e™%%)2, (2.3. 2a)
V = A xcos (wt) . (2.3.2b)

The paraneters D, «, and m were chosen to correspond to that of HF
molecule and are collected in Tab. 2.1.** A was chosen such that
the intensity of the external field was in the range of 1 to 2
TW cnf. 2

Table 2.1 Mrse paraneters for HF.

Parameter Value

D 6.125 ev
a 1.1741 a;’
MH 1.00797 amu
M 18.9984 amu

In all the calculations presented bel ow the frequency of
the radiation field was set to be in 1:1 resonance between ground
and the first excited states. Consequently, these two states are

degenerate and interact strongly, while the coupling to the rest
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of the states is taken to be weak enough to be subjected to a
perturbative treatment. Thus all the perturbative calculations
were carried out in the interaction picture with a npdel space
spanning the ground and first excited states and the |owest ten
eigenstates of the Mrse oscillator were used to define the
conpl ete vector space.

In the Figure 2.1 we plot the expectation value of the
unperturbed Mrse oscillator calculated by STP as a function of
time when the intensity of the driving field is 1 TW/em (A =
0.04503 eV/ia ). Since the Y operators are not evaluated in STP
the expectation values were obtained by eq. (2.2.4a). It appears
that the first order theory fails to inprove upon the zeroth order
descri ption but 3rd and 5th orders are practical ly
i ndi stingui shable and quite close to the exact results indicating
that the perturbation series seenms to be convergent at this
intensity at |least over the time period that has been studied.

In Fig.2.2 we plot the -expectation value of the
unperturbed hamiltonian of the Mrse oscillator calculated by STP
as a function of time when the intensity of the driving field is 2
TWcm . Upto about 15 optical cycles (o.c.) the perturbation
theory provides an inprovenent over the zeroth order description
with the accuracy of the perturbation solution inmproving with
i ncreasing order. Beyond that the energy calculated by all the
orders blows up indicating the divergent nature of the
perturbation series.

In Fig.2.3 we plot the expectation value of position as a
function of time by STP at the field intensity of 2TW/cm®. Beyond

10 optical cycles first order result starts deviating from the
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Fig.2.1 Energy of the Mrse oscillator as a function of time
with the field intensity | = 1.0 TWw/cm by STP. Conti nuous |ine
with circles: Converged basis set calculation. Dash and doubl e
dotted line: Basis set restricted to two functions. Dash and
dotted line: First order. Dashed line: third order. Cont i nuous
line: Fifth order.
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Fig.2.3 Position expectation values as a function of tine at the
field intensity sane as Fig. (2.2) by STP. Conti nuous i ne:
Converged basis set cal cul ation. Long dahes: First order. Dash
and dotted line: Third order.
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exact val ues. The third order calculation is an inprovenent over
the first order result. In the case of position expectation
values also the accuracy is improving with the increase in the
perturbation order.

The divergent nature of the perturbation theory indicated
by Fig.2.2 and 2.3 is reinforced by Fig. 2.4 in which norm of the

perturbed wave function defined by

N = < ¢;exp(x+)exp(XJl¢ P (2.3.3)

is plotted as a function of tine. It appears from this that the
higher the order of the perturbation theory the later is the
occurrence of the norm violation. But once the norm violation
begins it appears to grow faster in higher order approxi mations.
In Fig.2.5 we present a simlar calculation to Fig.2.2
but based on HST in which we have set R = H... This is

00
equi valent to solving the equation

iX = HQP - XHpg - XHPQX (2.3.4)
for X This is a nonperturbative approxinmation and as may be
expected performs quite satisfactorily.

In Fig. 2.6 the energy expectation value calculated by
the UTP approximations is plotted as a function of time at the
same intensity as Fig.2.2. Here the expectation values were
obtained by using eq. (2.2.4f) . In the early phase of the tinme
devel opment (upto about 20 o.c.) the approximation based on the

unitary transformation is far worse than the corresponding STP
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Fig. 2.6 Energy of the Mrse oscillator as a function of time
with the field intensity I = 20 TWcnf by UTP. Fi gure

conventions are the sane as in Fig. (2.1).
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Fig.2.7 The position expectation value as a function of tjime by
UTP at the field intensity I = 2.0 TWw/cm®. Figure conventions
are the same as in Fig.(2.3).
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version. However, since there is no norm violation in this
approach its wvalidity inproves at longer times when the
approxi mati ons based on the STP breakdown due to norm viol ations.
However these approxinmations seemto be worse than the hermitised
version. Simlar trends are observed even in the case of position
expectation values as a function of time by UTP which are plotted
inFig 27

Conparing the energy expectation values obtained from STP
and UTP approaches (Fig. 2.8), it appears that the result of STP
version is close to exact result up to about 20 o.c.. Beyond that
it diverges. The UTP version underestimates the energy at |east
in the initial phase. The explanation for this can be given as
foll ows: Substituting for Y in eq. (2.2.15a) results in the

equation

1 + H X+ X'H _+ x"H_x - ix*x). (2.3.5)

(Hpp + Hpg QP Q0

Hy, = (1+x™x) "
It can be seen from this equation that when a particular X value
turns out to be large, the corresponding value of the factor
(1+X X) will be very small, consequently the matrix elenents in
the corresponding row of Hy, beconme negligible. This means, the
nodel space state which is strongly interacting with the virtual
space is being elinmnated from the nodel space for all practical
pur poses. In effect then the nodel space is reduced to one

function and the wave packet is unable to gain energy.

2.4. CONCLUDI NG REMARKS

Degenerate perturbation theory is a convenient tool for

90



the description of dynamics of systens with a |arge number of
strongly interacting states. Any approach to such a perturbation
theory defines a common wave operator for all the states in the
model space. ** In this work we have studied the devel opnent of
three such approaches based on exponential ansatze. W have opted
for Wei-Norman type of product form for the tine evolution
operator rather than a single exponential type nornally invoked in
the Magnus expansion. Based on the structural properties of the
Li e al gebra under consideration we have shown that the evolution
operator is partially reducible in the sense that the conputation
of the tine-dependent coefficients associated with the excitation
operators is decoupled from the conputation of the rest of the
operators. More generally, if the algebra L wunderlying the
dynani cs can be deconposed into a sequence of subal gebras L. such
t hat

L=r,21,20L,2 ..., (2.4.1)

then, parametrization of u as
U = exp(Xg)exp(X,)exp(X,)... | X € Ly - Ly, (2.4.2)

leads to decoupling of the equations of notion for different X .
A perturbation theory based on such decouplings has the advantage
that it requires less conputational effort than the Magnus
expansi on. First, the equations for different generators are
decoupl ed, and consequently the original problem is broken down
into several subproblems which can be solved sequentially.
Second, since the equations for the generators contain finite
order polynomials, the nunber of terns at each order of

perturbation theory are fewer than in the corresponding Magnus
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expansi on. Lastly, the resulting equations provide a global
solution to the wave operator. W note in passing that algebraic
net hods have been used in the past to provide approximte
solutions to the Schroedinger equation. *" In all these
approaches the hamiltonian is not in general an element of the
al gebra used. Consequently, the algebraic approach does not
provi de the conplete solution. Instead it is used to construct a
conveni ent tinme dependent coordinate system in which a basis set
is defined to carry out the dynami cal calculations. The nost
commonly used algebras in this context are the harnonic oscillator
algebra and its nultidinmensional extensions. Because of the
nonlinearities in the equations of motion for the generators,
these approaches are also subject to the question of the existence
of the solution depending on the order of the operators used.
However, the harnonic oscillator algebra is a semisimple al gebra
and can be treated on the lines discussed by Wlf and Korsch.® A
particularly well devel oped approxinmation nethod based on this
approach is the tine-dependent rotated Hatree method di scussed by
Kucar et al,® who also prove the existence of a global solution
when a particular ordering of the operators is chosen. However
all these approaches differ from ours because we work with the
al gebra that contains the haniltonian. The work of Mukherjee®® is
closest in spirit to ours, in that he uses an exponential ansatz
for the full evolution operator which he then factorises into the
nodel space wave operator and the closed part containing the norm
and the phase corrections. However, his ansatz is notivated by
the requirements of the asynptotic separability. In our case the

factorisation of the excitation and shift operators (open and
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closed operators in the terminology of Mukherjee) is a consequence
of the structure present in the al gebra.

Wiile the decoupling of equations of notion provide
significant  formal advantages as discussed above, in an
approxi mate calculation they could lead to normviol ati ons because
the effective hamiltonian underlying specific approximtions in
the full Hlbert space could becone nonhermitian. Analyzing the
source of such nonhermticity we found criteria by which an
approximation could be tested a priori as to whether it would |ead
to norm violation or not. Alternatively, the npdel space wave
operator could also be designed such that the full evolution
operator fromwhich it is generated is unitary.

We have studied the performances of these three nethods
in a model system It appears from these studies that the
perturbation theory based on simlarity transformati on seens to be
adequate at least for weak coupling or short time dynamcs while
at longer tines the normviolation effects seemto be predom nant.
W have also tested a nonperturbative approximtion which was
guaranteed to conserve the norm The performance of this
approximation was quite good. Approxi mati ons based on unitary
transformation do not suffer from norm violation; however, this
seens to be achieved at the cost of practically elinmnating some
of the states fromthe nodel space. |Its performance is in general
worse than an unconstrained simlarity transfornation based
appr oach. These conclusions are, ofcourse, tentative and woul d
have to be backed up by nore extensive studies on these

appr oaches.
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CHAPTER 111
LIE-ALGEBRAIC STRUCTURE
AND
COUPLED CLUSTER METHOD



3.1. | NTRODUCTI ON

In the previous chapter, we were concerned about the
devel opnent of quasi-degenerate perturbation theory for the
calculation of quantum dynamics in the Hilbert spaces. The
calculation of time evolution is carried out in two parts in this
approach. A group of strongly interacting states is identified as
the model space. The dynanmics of the wave packet in the nodel
space is treated exactly. The effect of the virtual space is then
treated perturbatively. To this end, the evolution operator U is

factorised as
u. = Uu,. (3.1.1)
Here the nodel space evolution operator U describes the dynanics

of the projection of the wave packet in the nodel space

(eq.(2.2.2b))

¢ (t) = P y(r)
= U, (t) ¢(0).
It is generated by nodel space effective hamiltonian H
(eq.(2.2.3a))
i v, = HU,

where the effective hamltonian is defined as (eq.(2.2.3c))

H = P (uU'HU - iuT'0)P.
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To ensure that ¢ is confined to the nodel space (eq. (2.2.3d))
Q (U'HU - ivT'O)P = o

must be satisfied. Q and P are the projection operators onto the
virtual and nodel spaces respectively.

An exponential ansatz is posited for the wave operator
U. Based on the Lie-algebraic structure present in the operator

set, we have showed that the wave operator could be factorised as
U = U U, (3.1.2)

where U is generated by the excitation operators alone and the Uy

is generated by the deexcitation operators. The equation of

motion for U does not depend upon the U operator. Thi s
X y

procedure is essentially equivalent to putting the wave operator
in the normally ordered form with respect to the npdel space,
since the deexcitation operators give zero acting on the nodel
space.

In this chapter, we extend the approach to the Fock
space. Since Fock space is the union of all the Hilbert spaces
with varying nunber of particles, this provides a convenient
approach for analyzing the dynamics of a many body systemin terms
of the dynamics of the constituent subsystems. This is useful at
two levels. At a conceptual level it provides a pictorial view of
the dynamics in terms of the subsystems. At a computational
level, it allows the definition of conputationally tractable
nonperturbative approximations in terms of subsystem anplitudes
when the actual nunber of degrees of freedom is |Iarge. The
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guiding principle for constructing the wave operator, once again
is the sub-algebraic structure present in the set of operators
active in the Fock space. It turns out that this analysis |eads
to the tine-dependent generalization of the multireference coupl ed
cluster methods developed earlier in the context of electronic
structure theories.

The coupled cluster nethod (GO is currently one of the
nost popular conputational tools for performng size extensive
energy calculations for many electron systems. ~ This met hod
uses exponential ansatze to generate the correlated N-electron
wave function with the reference wave function taken nost often in
the form of a single Slater determinant. GCeneralization of the
single reference CCM nethods consider a manifold of states
(spanning the nodel space) and posit an effective hamiltonian H..
in that space whose eigenvalues correspond to some of the
(desi red) ei genvalues of the original ham | t oni an. These
multireference coupled cluster nmethods (MRccM) can be classified
into two classes® : (a) the Fock space MRCCM and (b) the Hil bert
space MRCCM The Fock space MRCCM postul ates a val ence-universal
wave operator fi to map the reference states to the corresponding
correlated states in that it requires that the same wave operator
should correlate the reference states of Ntl, Nt2 particle systems
generated by deleting or adding the appropriate nunber of
particles fromthe states in the N-particle npdel space. \Various
Fock space nethods have been discussed in literature.® These
differ principally in their choice of the actual form of the wave
operator.

An inmportant ingradient of the Fock space MRCCM is the

subsystem enbeddi ng condition. According to it, the «cluster
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operators corresponding to an m-valence system do not influence
the cluster operators corresponding to an n (<m) particle system
This leads to a significant reduction in the computational effort.
This was originally postulated as an additional condition along
with a multiple cluster ansatz for the wave operator.'* Later
Hague and Muikherjee* have shown that this holds rigorously when
the wave operator is taken to be a normally ordered exponential
ansatz.

Once the form of the wave operator is chosen, there are
two possible ways to generate the CcCM equations. In the first
approach, termed the similarity transformation based approach, the

ef fective hamiltonian is defined as

Hogr = Q" 'Ha. (3.1.3)

The cluster matrix elenments are chosen such that the functions in

the model space are decoupled fromthe rest of the Hilbert space.

P = 0. (3.1.4)

The nodel space effective hamiltonian is then sinply PH £¢P-

In the second approach, the Bloch equation is invoked

to determine both Q@ and H ...

HQP = QPH_¢P. (3.1.5)
Several ansatze have been posited for Q. Not ewor t hy
anong these are:
(a) The nultiple exponential ansatze!
2 = QQQ..., (3.1.6a)
Q= exp(s). (3.1.6b)

i
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(b) The unitary ansatz®

Q = exp(oc ), (3.1.7a)
c = -o* (3.1.7b)
¢ = 0 (Kemble condition). (3.1.7C)

(c) The nornmally ordered exponential ansatz®

Q@ = N [exp(S)]. (3.1.8)

(d) The bi exponential ansatz®®

Q = exp(S) exp(oc ). (3.1.9)

The biexponential ansatz of Arponen®™ is termed the extended
coupl ed cluster nethod. In its original formit is restricted to
single reference states. Its extensions to quasi-degenerate many
folds has not been discussed in the literature. As can be seen
the wave operator fi of OCM corresponds to the tinme-dependent wave
operator U of eq.(3.1.1). To avoid any mixing up, we continue to
use U for the tine-dependent wave operator and reserve fi for the
tine-independent case.

A few authors have discussed the tine-dependent
generalization of the coupled cluster method'®"%, Most of these
studies considered only systens with single reference state.
Arponen®® also has analyzed the time-dependent version of his
extended coupled cluster nethod. More recently @uha and
Mukherjee® considered the multireference time-dependent coupl ed

cluster nethod wusing the normally ordered exponential ansatz.
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In the next section we analyze the subal gebra structure
in the Fock space and construct the time-dependent wave operator.
It turns out that there are several subalgebra sequences in the
Fock space that can be used to decouple the equations of notion
for the various generators. W discuss two of them one of them
corresponds to the wave operator advocated in ref.14, while the
other gives a multi-reference generalization of the biexponenti al
ansatz originally proposed by Arponen.?'® For simplicity, we
assune that the physical system consists of only one type of
i ndi stingui shable particles. Extensions to systenms containing
several types of particles is straight forward. In sec. 3.2 we
present the details of the Lie-algebraic structure and the
construction of the wave operator and sec.3.3 contains sone

general remarks.

3.2 LIE ALGEBRAI C STRUCTURE AND THE WAVE CPERATOR

We begin our construction by specifying the nodel space.
To this end, we classify the single particle states in the usual
fashion as hole, valence and particle states. W assume that the
hole orbitals are occupied in all the nodel space determ nants and
the particle states are always enpty while the valence orbitals
are occupied in some of the nodel space determ nants. Not e t hat
this procedure would generate a sequence of npdel spaces M

characterized by the projection operator P, where n is the nunber
n

of valence particles. In the termnology currently in vogue, all
these are conplete nbdel spaces. The correspondi ng conpl enentary
spaces are represented by Vi (projection operator Q).

We next turn to the analysis of the operator set that

102



generates u. Since the hamltonian of a many particle system

s ¢ + L +_+
H=7Y <ilhl|j> aiaj + ¥ <ijlvikl> aiajalak + ess (3.2.1)

commutes With the nunber operator, only those operators which

commute with the nunber operator contribute to U W note in

passing that the conplete set of such operators is closed under

commutation and hence forms a Lie algebra L. Fol | owi ng

Kut zel ni gg® we classify this operator set as

(i) C : Set of all O osed operators. These contain val ence
operators only and thus can not induce transitions

fromM to V or vice versa. These corresponds to
n n

the shift operators of Chapter I1I.

(ii) B : Set of all operators closed from Bel ow The ani -
ani hilation operators here are all either the Val ence
or hole type. Diagrammatically all the incomng |ines
are valence lines in these operators. Thus they
can cause transition fromM to Vv  but not vice
versa. These are analogous to the excitation
operators of Chapter II.

(iii) A Set of all operators closed from Above. These
operators are adjoint to B type operators. These can

only cause transitions from V to M. These
n n

correspond to the deexcitaton operators.

(iv) 0 : Set of Open operators that do not belong to any of
the above sets. They contain active and inactive
lines on both sides of the vertex and they have
zero matrix elenents between functions of the nodel
spaces.
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We further classify the non-diagonal operators B and A
as follows. W define B as the set of B type operators that
contain exactly k nunmber of valence and arbitrary nunber of hole

anni hil ation operators. Thus

B = UBR' (3.2.2a)
BN B = 0. (3.2.2b)

Simlarly we define A as the set of A type operators with exactly

k nunber of valence and arbitrary nunmber of hole creation

operators and

A=URn. (3.2.3)

Qur goal is to construct U such that the effective

hamiltonian H £F defined by eq.(3.1.3) does not couple functions

belonging to M and V spaces. This is equivalent to the
statenent that H £f does not contain any B type operators. e
carry out this construction in a hierarchical manner. In the

first step we define

U = exp (59, (3. 2. 4a)

s =Is b b eB. (3.2.4b)

We now construct an intermediate operator H, via

H = U 'HU -i u’'m (3. 2. 4c)
1 ] Q 4] (+]

and determ ne the unknown coefficients s requiring
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QHP, = O. (3. 2. 4d)

This essentially requires that the coefficients of B, type
operators in H are set equal to zero. Since the number of
operators in B equals the nunber of equations in eq.(3.2.4d)
these equations can be sol ved.

Ve now note that H belongs to the set of operators L
= L,- BO. It is easy to show that E is closed under conmmutation
and hence is a Lie algebra. Al the operations in L contain at
least one valence annihilation operator. Consequent |y, the
commutator of any pair of them would also have at [|east one
val ence anni hilation operator in it. Thus it cannot belong to the
B, set.

In the second step we set out to elimnate the B type

operators in H. To this end we use another operator U, :

U = exp(sh, (3.2.5a)

s’ = ZsV; b eB (3. 2.5h)

1

and construct a second internediate operator
-1 L1
H = U HU -1iUTW. (3.2.50)

Note that since both H  and s' bel ong to the Lie algebra L, H
contains operators belonging to L only, since the Hausdorff
multi- commutator expansion to H, generates only those operators
of L. In other words B/ type operators do not appear in H as
long as s' is defined by eq.(3.2.5b). The unknown paraneters s'

are determ ned by requiring

QHP = o0. (3. 2.5d)
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By this, all the operators belonging to B are elininated from H,
and it is nowrestricted to the algebra L, =1L - B,. The proof
of the closure of L is analogous to the proof that L is a closed

al gebra. Proceeding in this fashion we define

u = exp(s‘), (3.2.6a)
s = Lsibl: b eB, (3.2.6b)
™ U:’ H U, -ius'o (3.2.6¢)
and determine s from
QH P = O. (3.2.6d)
Each H and s* bel ong to a closed algebra L = L - B and
thus H . does not contain any operators B which have been

elimnated in the earlier steps.

Carrying this procedure up to n-valence systens we

finally obtain

U = UUU,...U, (3.2.7a)
U, = exp(sk), (3.2.7b)
s =rsi: bles, (3.2.7c)

where the governing equation for the generators s* of each U are
given without any reference to later operators U etc.. These
remain frozen in the calculation for the states wth nore
particles. Note that this decoupling of the equations and the

consequent freezing of the s* matrix elements in | ater
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cal culations follows from the existence of the sequence of sub

algebras L to L. Since each s* corresponds to k valence
particles, we essentially recover the subsystem enbedding
condi tion.

The wave operator constructed via eg.(3.2.7) converts
the hamltonian into a block triangular form VWile this is
sufficient to obtain its eigenvalues, it is not convenient to
cal cul ate non-energetic properties or transition matrix elenents.
Since the H are simlarity transformations of H it is possible
to calculate such quantities only by obtaining both the left and

right eigenvectors of H.'®

while the right eigenvectors are
confined to the P space, the left eigenvectors span the full
Hi | bert space. As a consequence, their calculation requires as
much effort as the corresponding full ¢I. For such calculations
it is desirable to construct H, that are block diagonal i.e., it

satisfies
PHQ = 0 (3.2.8)
in addition to eq.(3.1.4). W now turn to the construction of a

wave operator that satisfies such a requirenent while retaining

the sub-system enbeddi ng condition. As before we define

Uo = exp(su),
0 0,0 0
5 = T S:b: i b e By,
-1 o
H = U 'HU = iU U
1 o o 0o o

[¢]

and we require that eq.(3.2.4d) be satisfied to determne s”. W

next define
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U; = exp(z”), (3.2.9a)
0
® =7 a']a': ! a? €A, (3.2.9b)
’ ’_q ’ oyl
H u,” BU -iu) O (3.2.9¢)

PHQ = 0. (3.2.9d)

/ /
H belongs to the set of operators L = L - A. As before, it
can be shown that L is closed under commutation and hence forms a
Lie al gebra.

In the second step we elininate B and A operators we

define as before

U, = exp(s),
151 |
S = Z slhl . bl € Bl,
H = U'Hu - ivT'0
2 1 11 1 1
and determine s coefficients by eq.(3.2.5d). We then postul ate
u. by
U, = exp(Z), (3.2.10a)
2 =7 a‘ia; H a: €A, (3.2.10b)
 J r
o= utHp -iut i 3.2.10c)
H, u HU -iU - U, (3.2.

PHOQ = O. (3.2.104)
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/ /
Again it can be shown that H belongs to the closed algebra L =
2 2

L, - A. This process can be continued until all the n-valence A
and B type operators are elimnated from the final effective

hamiltonian. The final mave operator has the form
o

U = UUUUUUU

LU, (3.2.11)

Note that for zero valence problem this operator reduces to the
form suggested by Arponen in his developrment of the extended
coupl ed cluster nethod.*® The final H is of block diagonal form
Hence its left and right eigenvectors are confined to the model

space. These can be used along with the effective operators

& = ulou (3.2.12)

to evaluate expectation values and transition matrix el enents.
Once the U is constructed and hence the various H are

defined, the dynamcs within the nodel space are obtained from

eq.(2.2.2b). For k-particle subspace, this is given by

4 (k)

i _ (k)
ig = pHP ¢"“. (3.2.13)

3.3. CONCLUDI NG REMARKS

In this chapter we have set out to develop the wave
operator based on the sub-algebraic structure present in the
operator set acting on the Fock space. Essentially we have argued
t hat each simlarity transformation shoul d restrict t he
ham ltonian to snaller subal gebra. As a consequence, the

exponential simlarity transformation generated by the el enents of
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the smaller subal gebra does not regenerate the operators already

el i m nat ed. This follows from the multi-commutator expansion of
the exponential simlarity transfornation. We have specifically
derived two forms of the wave operator. The first of them is

essentially the wave operator defined by Mikhopadhyay et al,.'
The second one is a multi-determinental reference function
general i zation of the extended coupled cluster method devel oped by
Ar ponen. However on an operational |evel our approach differs
from Arponen’s work. We require that the effective hamiltonian
have no A and B type operators while Arponen advocates the use of
a bivariational principle. As a consequence, the calculation of s
and o variables is coupled in his approach. In contrast, the
calculation of s variables in our approach is decoupled from the

calcul ation of o vari ables.

Extensions of this approach to systems containing
several groups of distinguishable particles is trivially nmade.
The Fock space of such a super system is formed by taking the

direct product of the Fock spaces of the subsystens

F°F = F o Fe ... (3.3.1)

Simlarly the vari ous model spaces are formed by taking the direct

products of the individual subsystem nbdel spaces

(3.3.2)

The operator space active on the larger Fock space can be
decomposed along the same lines as discussed in the previous

section. We discuss such a deconposition for a specific exanple
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in the next chapter and study the performance of various |evels of

approximation with a view to understand the convergence properties

of TDCCM

A few comments on the conputational aspects of the
present approach are in order. The working equations of the
MRTDCCM devel oped above are nonlinear. As such an exact

calculation by this approach is prohibitively costlier than a
straight forward linear basis set expansion calculations in the
same single particle basis. The mgjor attraction that the MRTDCCM
holds is in the hierarchy of nonperturbative approximations that
can be defined. In electron correlation theories for exanple, it
is well known that a two-body approximation to the cluster
operator provides highly accurate results.® However, very little
computational evi dence is avai l abl e in t he cont ext of
ti ne-dependent studies. Not ewort hy anmong them are the works of
Sebastian!® who used TDCCM approach to study electron transfer
reactions at the electrode surfaces, Durga Prasad?® and Guha and
Mukherjee® who studied dynanics of coupled oscillators. Wile
these studies denonstrated the potentiality of the TDCCM approach
they are not adequate to draw definite conclusions regarding the
utility of the approach. W undertake sone prelimnary studies in
that direction in the next two chapters on the other classes of

systems.

W note in passing that our approach is dependent upon
the choice of the single particle basis that is used to construct
the Fock space. W term this approach as the basis set
representation of the tine evolution operator. It is possible to
construct the operator set directly in terms of the coordinates

and the nonentum operators of all the particles in the system
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For a one dinmensional anharmonic oscillator the Lie al gebra of the

ham | tonian in such a representation is

where b and b are the usual harmonic oscillator |adder operators.

" = (vEw(g-gq) + i V{I/mW)p-p)/V7E, (3.3.3)
b = [v/mw(q-qo) - i V(1/mw p-po}]/m/m (3.3.4)

The tinme evolution operator can be constructed using this algebra
and its nulti-dinmensional generalizations. Such a study has been

carried out by Madhavi Sastry et al..*

The evolution operator in
terms of the harnobnic oscillator |adder operators has the same
form as the present version in that it is normally ordered with
respect to the harnonic oscillator eigenfunctions. W termthis
approach as the boson representation of the evolution operator.
Notwi thstanding the simlarities, the two approaches have several
differences. The hamiltonian in the boson |adder operator formin
general does not commute with the nunber operator, while the
ham ltonian in the basis set representation comutes. As a
consequence, the generators in the boson representati on can go up
to infinite boson creation, where as in the  basis set
representation N-particle excitation is the nmaximum possible.
Irrespective of the truncations inposed, the boson representation
incorporates contributions from all the infinite basis functions

in the Hilbert space of harnonic oscillators due to exponential
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ansatz. On the other hand, the truncations in the single particle
basis set define the limt of basis set contributions in the
present approach. However, it is possible to chose the single
particle basis set to suit the problem at hand in the present
approach, while in the boson representation the flexibility is
limted to only three variables P,y 9 and w, which serve to
define the harnonic oscillator algebra.

It is also possible to develop a nixed representation in
whi ch sonme degrees of freedom are described in terns of the boson
| adder operators while others are represented by an explicit
basi s. Again the time-dependant wave operator can be witten in
normally ordered form by analyzing the sub-algebraic structure.
W would make use of this representation also to study the
intranol ecul ar vibrational energy relaxation (IVR) dynamics in the
next chapter and conpare its performance with that of a pure basis

set representation.
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CHAPTER IV
A MULTI-REFERENCE TIME-DEPENDENT COUPLED CLUSTER STUDY OF
INTRAMOLECULAR VIBRATIONAL RELAXATION PROCESS



4.1. | NTRODUCTI ON

The previous chapter was concerned about the
derivation of the MRTDCcM approach from the Lie-algebraic
perspective. As we noted there, very few studies have been nade
to assess the validity of the approxinmations suggested by the
TDCCM approach in terns of the subsystem anplitudes. In this
chapter we study the validity of such approximations to Intra-
nol ecul ar vi brational energy relaxation (IVR) process.

Dynamics of a localized vibrational excitation in a
nol ecule when collisional and radiative interaction with the
environment are negligible can be defined as intranolecular
vi brati onal rel axation.? It provi des i nsi ght into many
experimental studies of unimolecular reactions and spectroscopic
observati ons. Classical and quantum mnechani cal perspectives of
such dynamics have attracted the attention of several authors
recently.'” Theories of |IVR developed up to 1990 were reviewed
by vzer.'®

During the overtone excitation, a large anount of energy
is trapped in one nbde. This initially excited node relaxes into
the renmaining vibrational nodes of the nolecule. In the
polyatom c nolecules there is a possibility that the energy of
this excited nobde matches with nany other states and so the
oscillator strength of the overtone excitation is distributed
among the many nol ecul ar eigenstates resulting in broad spectral
bands.

In anharmonic oscillators the oscillator frequency is a
function of |level of vibrational excitation and generally
decreases with increasing energy content of the oscillator

Irreversible IVR is a consequence of sequential overlapping
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nonl i near resonances between the initially excited anharmonic node
and the rest of vibrational nodes during the course of its time
evol ution. The scenario for such IVR is as follows. The active
mode is initially in resonance with one bath node and continuously
exchanges energy with it with a Rabi frequency equal to the
coupling between the two npdes. During this period its
vibrational frequency would also oscillate. When the energy
content in the active node is lowest in this exchange its
frequency is highest and at this stage of its evolution were it to
becone resonant with a third npde, it can exchange energy wth
that al so. As a consequence, its energy content would fall
further and its frequency increases to a larger value. A crucial
requirement for the irreversible IVR is that the secondary
increment of the active node frequency destroys resonance between
the active node and the first bath node. A sequence of such
nonl i near resonances would further increase the tine period over
which no recurrence would occur. In the quantum nechani cal
picture the scenario continues with thes nodification that the
vibrational frequencies are replaced with zero order transition
energi es between successive levels of the various npdes. A
noteworthy feature of the scenario is that the resonant transfer
of energy from the active npde to bath npdes at each stage is

generally a two body process.

The quantum dynami cal study of |VR requires nunerical

solution of the tine dependent Schroedi nger equation (TDSE)
ihd vy /8t = Huy. (4.1)

The brute-force nethod to solve TDSE is to expand the tine

dependent wave function as a linear superposition of the basis
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vectors of an appropriate Hilbert space and integrating the
corresponding  hamiltonian matrix. * 8% The  conputati onal
resources required to solve such configuration interaction (CI)
approach increase exponentially with the nunmber of degrees of
freedomin the system

Recently significant progress has been made in handling
large basis sets for such calculations.*® Watt and co workers®
publ i shed a series of papers on the studies of quantum dynamics of
overtone relaxation in benzene considering various nodel benzene
systens. They contract the ultra large direct product primtive
spaces to smaller active spaces nmaking use of either an artificial
intelligence (AI) tree pruning algorithm or an iterative wave
operator (WD) sorting algorithm. The exact dynamics within this
active space are then determined wusing recursive residue
generation method (RRGM) . Through the usage of | anczos
tridiagonalization algorithnms the conputation and storage of all
the eigenvectors can be avoided. Marcus and co workers® employed
a nodified RRGM in which even the tridiagonalization procedure is
suppressed so that the dynamcs of huge systens can be handl ed.
Even though these Al and WO algorithms reduce the dimension of the
basis set to be handled, that reduced dinmension itself is in the
order of a few thousands, which require quite high conputational
resources.

Makri et al.® devel oped a procedure based on path
integral fornulation for the propagator when the coupling between
the active (initially excited) node and the bath nodes is |inear
in the bath coordinates and bath nopdes are subject to harnonic
potentials.

Alternative nethods which are useful in the description

118



of IVR are dynamical basis set methods based either on the
semiclassical gaussi an wave packet propagati on (GNWP)
technique'®™® or the tine dependent self consistent field (TDSCF)
approximation.? In the GAP nethod the wave packet is expanded
interms of travelling gaussians®® as described in Chapter |. The
TDSE is propagated by integrating each gaussian independently.
The resulting equations for position and nonentum are classical
Hamilton's equations. This gives a convenient picture to describe
the process in terns of classical trajectories. To the best of
our know edge this nethod has not been used so far to describe the
I VR process. In TDSCF nethod each npde in the systemis formally
separated and is governed by tinme-dependent average potential
obtai ned by averaging the full potential over all other degrees of
freedom As each node is treated individually in this approach
the correlations anobng the nodes are not accounted for. So in
this approach the irreversible energy decay and the resonant
energy transfer can not be described properly as these phenonena
involve resonant interaction of two or nobre nodes. To explain
these phenonena, a many body treatnent is necessary. The TDSCF
has recently been extended to include such higher body effects
wherein the required configurations are added. These MCTDSCF?*
versions also face the problem of exponential growh of basis for
the configuration interaction part.

The  MRTDCCM® accounts  for the  higher body
correlations in ternms of corresponding cluster operators and is
expected to provide a good description of the IVR dynamcs. I'n
this approach a group of strongly interacting states are
identified as nopdel space. The full time evolution operator is

split into two parts. The first part describes the evolution of
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the projection of wave packet in the nodel space. The second part
which is analogous to the Mller wave operator in the stationary

state theories, ?°

maps the nodel space conponent to the full wave
function. An exponential ansatz is posited for the tine-dependent
wave operator. The dynamics within the nodel space are treated
exactly and the approximations are confined to the construction of
wave operator which accounts for the weaker interaction between
the nmodel space and the virtual space. As a consequence of the
exponential form the generators of the wave operator are
additively separable. This allows one to deconpose the dynamcs
in terms of subsystem dynani cs. To this end we study two nodel
systens using the MRTDCCM formalism

In sec.4.2 we present the details of our first system a
model hydrocarbon chain, construction of the evolution operator,
and dynam cs and convergence properties using two representations:
One is the basis set representation and the other nixed
representation (discussed in Chapter 111). In sec.4.3 we study
anot her system which is derived by sinply considering the first
systemin a radiation field of particular field strength. In the
| ast section (sec.4.4) we present the concl usions we have drawn on
t he applicability of MRTDCCM approach for determning the IVR

dynani cs.

4.2. IVR DYNAM CS IN A MODEL HYDROCARBON CHAI N

4.2.1. The System:

In this section we introduce our first system and review

its features. W study |IVR dynanmics in a sinple hydrocarbon chain
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nodel devel oped earlier by Hutchinson et al.®?®

that consists of
11 carbon atons with a hydrogen atom attached to one of the
term nal carbons. The CC bonds are taken to be harnonic and the
CH oscillator is taken to be a Mrse oscillator. The initial
conditions are defined such that the CH oscillator is in one of
its excited eigenstates at t = 0. Hut chi nson et al. found that
only four of the highest frequency normal nodes of the CC chain
receive energy in the dynamical flow due to nonlinear resonances
present in the system.® So, only these four nodes (M) are
r et ai ned. In terns of these coordinates q, and nmomentum p the

ham | tonian is given by

H = H +V, (4.2.1a)
H = p° /2pu. + D(1=-exp(-aqg))?
4] CH CH CH
e 2 2 2
+1/2F (p, + 0 qa ), (4.2.1b)
1=1
3 -1
v o= - 1/m :E=1L“ Py P, + (4.2.1c)
where i is the harnonic node index. D and a are the Mrse

parameters for the CH bond. D = 3.647 eV and « = 1.0688 a'' and
u is the reduced mass of CH oscillator. The remaining

paraneters were taken fromref. 8 and are collected in Tab.4.1.
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Table 4.1 Oscillator paranmeters for C H

Mode a, (em™ 1) L: (amu™ ')
M‘ 2200 -0.80
M, 2380 0.61
M, 2509 0.42
: 2590 0.21
CH bond 2950

We next specify the basis set. The eigen functions of H,
are the oscillator product states |[nm» [n>|n>\n> |n>, wheremis
the quantum nunber of the Mrse oscillator and n is the quantum
nunber of the i th harnonic oscillator. W have studied dynam cs
for two initial conditions, wth quantum nunbers m= 4 and 5 at
t=0. W have taken M= max(m = 4 and 5, for these two initial

® found that each chain mode

condi tions. Hut chinson et al.
receives only a small anmpunt of energy, so we take N ¢ max(n) = 1
for each normal node harnonic oscillator. The resultant basis
sets are N =80 for the dynamics of |[4,0,0,0,0> state and Noo=
96 for the |5,0,0,0,0> state

The MRrTDCCM is a Fock space theory. It is thus
convenient to rewite the hamiltonian in the second quantized form

in terms of the single particle basis functions used to construct

the ham ltonian. This gives

H = T c a a ' (4.2.1d)
o



o B a _B
v = T <emBm vl angfn>a a a a- . (4.2.1e)
o, 8,m, o B ] @ Mg NN

MgMy Ng

Here a, B8 denote vibrational npde and m, n denote the basis

+

functions of these nodes. a® (af) are the usual creation and

anni hil ation operators associated with these functions. Fig.4.1a
depicts the ternms diagrammatically.

Two features of the hamiltonian are worth noting. First,
since the perturbation term V contains only nomentum coupling
operators, the TDSCF would predict only trivial dynamcs for this
system in which only the phase of the wave function would change
in time. Second, as noted by Hutchinson et al., several near
degeneraci es exist among the zeroth order states of the system due
to the CH bond anharnmonicity. For exanple, the |5,0,0,0,0> is
nearly degenerate with |4,1,0,0,0> and |4,0,1,0,0> states. These
states are coupled to the initial state by two body operators.
Hut chi nson et al. have shown that these near degenerate states can
be put into different tiers and only states in the neighbouring
tiers (which differ in the occupation numbers of two npdes) are
coupled by the perturbation (eg.(4.2.1c)). Thus an approxi mation
to the time evolution operator containing only two body operators

shoul d provide a good description.
4.2.2. The MRTDCCM ansatz
We now turn to the paranetrization of the time dependent

wave function in the MRTDCCM frane work. In this approach, the

wave packet ¢ at t = 0 is taken to be an elenent of a small



subset of strongly interacting states { ¢S } of the full Hilbert
space. This subspace is called as nodel space. This state
evolves in time under the influence of the time evol ution operator

U that satisfies the TDSE

(4.2.2a)

i = HU . (4.2.2b)

Wthin the frane work of the time dependent effective

281 30

hamiltonian theory, as described in Chapter 11, u is

partitioned as

U = uu, (4.2.3)

wher e U, is the nodel space evolution operator that describes the
dynanmi cs of component of the wave function in the nodel space and
U brings out admi xture of nodel space and the virtual space.

The time dependent coupled cluster method®® posits an
exponential ansatz for the time dependent analog of the Moller
wave operator? that maps the model space projection <p onto the

full wave function ¢

v o= U ¢, (4.2. 4a)

U = exp(S). (4. 2. 4b)

Here S is an operator that induces transitions from the nodel

space to the virtual space. W note in passing that our ansatz
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(4.2.4b) for U is somewhat different from the choice of Guha and

Mukherjee®®, who prefer a normally ordered exponential ansatz

U = N [exp(9)]. (4.2.5)

The nunber of terms in the working equations are fewer if a

normal |y ordered ansatz is used for U.

4.2.3. The Model space definition and the evolution operator:

4.2.3a. Basis set representation:

We begin our analysis by classifying single particle
states as envisaged in Chapter IIl. As an illustrative exanple to
nmotivate the choice of our nodel space we have considered the
evolution of initially prepared |5,0,0,0,0>. Hut chi nson et al.
found that this state is in near resonance with |4,1,0,0,0> and
|4,0,1,0,0> states. |4,0,1,0,0> state in turn interacts strongly
with [3,0,1,1,0> state and so on. A common feature of all these
states is that the Mrse oscillator quantum nunber changes in all
of them Thus we classify all the Mrse oscillator states as
val ence states, the ground states of all the harnmonic oscillators
as hole states and excited states as particle states. Thus our
nodel space consists of all the states { |m,0,0,0,0>;0s ms M ).
Al't hough these states do not interact strongly we were notivated
to choose this nmpdel space because, first this npdel space
provides a one to one correspondence with the Moyrse oscillator
states. Thus it can be used to construct an effective hamiltonian

for the active npde alone. Second, all the states that are
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degenerate with the intial state can be reached via the action of
two body operators on the model space. For exanpl e, t he
|4,1,0,0,0> state can be reached by the action of the operator
a:+a;af+az on |5,0,0,0, 0> (Here the superscripts indicate the
node number, where 1 is the Mrse node and 2 to 5 are harnonic
modes. The subscripts indicate the state number). This provides
a natural cut off for making approximations to the cluster
operators at the two body operator |evel. Third this choice
provides a stringent test for the effective hamiltonian theory
when the wave packet makes significant excursions outside the

nodel space.

Following the analysis of operator nanifold present in

the Chapter IlIl we now classify the operator set for the system

&

R
- H = t

C: { a a; 0=m,nsM )}

T 1+ 1 J+ ]
: = H =i,9s

Bo = avlao, avlaoavjau,..., 0 vl,v] NI, 251,735 }
1+ 1 l+ 1

}31 = | am atha‘r a, «eed Osvls Nl, 2sis=5, Osm,nsM ).

The closed operators belonging to C and C contribute to
the nodel space effective hamiltonian H, and thus to U,. The open
from bel ow operators B and B contribute to the cluster operator

that generates U Followi ng eg.(3.2.7) U can now be witten as

u = Uvu, (4.2.6a)
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u = exp(s’); s% B, (4.2.6b)

u = exp(s'); s'e B. (4.2.6c)
The governing equations for S are decoupled from those of S due
to subsystem embedding condition. These equations are given by
-1 PR I -
(U HU = iU Uo)Bn = 0. (4.2.6d)
It can be verified by direct substitution that U;‘HUO does not
have any B type operators. Consequently U= 0 and U, = 1 for all
tines. Thus

Uu = Uu. (4.2. 6d)

Wth our choice of the nodel space and the operator set,
the cluster operator s' consists of operators that excite the bath

nodes and sinultaneously cause scatterings among the Mrse states:

§ = 85, + 5, + ..., (4.2.73a)
wher e
1 l+ l+ 1 1
g, = 12,, <m p, |52| nhe>ay apl a_ ah1' (4.2.7b)
iy
etc.. Sone of these are depicted diagrammatically in Fig.4.1b.

Derivation of the working equations for the cluster matrix
elenents (eq.(4.2.7)) is conveniently carried out in diagramatic
not ati on. The diagrammatic equation for is' is presented in Fig.

4.2a and ié; in Fig.4.2b. The equation for H is presented in
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<<o<< <0< i

YT
Ty

Fig. 41 Dagramatic representation of (a) the hamltonian of
system-I, (b) S, and S, operators in basis set representation.
Doubl e arrows represent the Mirse states of the CH oscillator and
the single arrows represent the particle and hole lines of the

a)

har noni ¢ bat h nodes.
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Fig.4.2a The diagrammatic representation of the equations of is
in the basis set representation of system~-I. The notations are
the sane as in Fig. 4.1.
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Fig.4.2b The diagrammatic representation of the equations of is!
in the basis set representation of system~I. The notations are
the same as in Fig. 4.1.

Fig. 4. : ) _
#9- 4.2¢  qpe diagrammatic representation of H of

. . system-I in
basi s set representation.
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Fig.4.2c where
I = -1 R e
H P (U 'HU, iv'v)e,. (4.2.7¢c)

The npdel space component of the wave function ¢ = Py is

determ ned from the equation

i¢ = Hep, (4.2.7d)

¢ = )Ech(t)qpk: ¢, < M. (4.2.7e)
W solve the differential equations for ¢ and s' and s' usi ng
fourth order Runge-Kutta scheme. The survival probability of the
initial state is calculated as | CH| where M is the quantum nunmber
of the Morse vibrational state to which it is initially excited.
The expectation values of the energy in each mode are calcul ated

by constructing the total wave function.
4.2.3b. M xed representation:

In this representation we treat all the bath harnonic
oscillators in terms of boson |adder operators and the Morse
oscillator in the basis set representation. The hamiltonian in

this representation is witten as

+ +

H = rea a + £ 8, (% % + 1/2), (4. 2. 8a)
L]
1 1+ 1 [+ 4 C(+
v = [L,<mlp|n>a a (b" -Db" )/V2, (4.2.8b)
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Fig. 4.3b Continued
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—-|—_i/2 '+1/.;

—i-:l./2

Fig.4.3 The diagrammtic representation of the equations (a) is
and (b) is' in the mixed representation of system-I. The circle
represents the hamiltonian vertex and dot represents the cluster
operator vertex. Wggly line represents a bosonic propagator and
the straight line represents the norse propagator. Since all the
lines nove to the left no arrows have been used.
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where @ is the bath node. W continue to use the sane nodel space
as in the previous study. The operator analysis holds here also,
and only U is required for obtaining the dynamics. The cluster

oper at or s' of eqg.(4.2.6¢c) in this representation is

s' = s: + s; R — (4.2.8¢)
where

1 1 +
s, = L s , aanb, (4.2.8d)

etc. Here m, n are the Mrse oscillator basis functions. The
governing equations for é: and &' are presented in the
di agrammatic notation in Fig.4.3. The survival probability of the
initial state is calculated in a simlar manner as in the basis

set representation.
4.2.4. Dynanics and Convergence:

Wwe first present the results of the dynani cal
calcul ations for survival probability of the initial state in the
basis set representation. The survival probability when the
initial wave packet is [4,0,0,0,0> is presented in Fig.4.4. The

1 1

MRTDCCM cal cul ations were carried out at s'= s' and s'= s!

+ st
appr oxi mati ons. W have also carried out a MRTDCCM cal cul ation
with nornmally ordered exponential wave operator® at s'= s' |evel
for conparison. The working equations for this calculation are
obtained by dropping the SS contraction terns in the ordinary

1

exp(S) theory. As can be seen from Fig.4.4 the MRTDCCM at S°= s!

level provides a very good description of the irreversible decay
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of the initial state, and the inclusion of the three body operator
improves the result. In contrast, the normally ordered ansatz
shows artificial recurrences as early as 4 vibrational periods.
As is well known, the usage of normally ordered exp(S) ansatz with
the two body approximation is equivalent to carrying out the
dynamical calculations in a linited basis consisting the nodel
space and all the singly excited states generated from it for the
one val ence problem.”® This linited basis set is the origin of
these recurrences. In the ordinary exp(S) theory on the other
hand 2, 3 and 4 body excitations also influence the dynami cs due
to SS contractions, t hough t he coefficients of such
configurations are paranetrized as products of the |ower rank
excitation operators.

Survival probability corresponding to the initial state
|5,0,0,0,0>is presented in Fig.4.5 . The trends in this case are
simlar to those in Fig.4.4. However, after about 5 vibrational
periods the survival probability starts increasing when ordinary
exp(S) ansatz is used. We traced this artificial rise to the
violation of norm in the MRTDCCM approach. The MRTDCCM uses a
simlarity transformation to map the nodel space conmponent of the
wave function to the exact wave function. As noted in the ref. 30
and in Chapter |1, the sinmlarity transformation based nethods are
prone to norm violations due to intruder states that develop
conpl ex eigenval ues when the approxinations invoked violate the
hermiticity of the hamltonian.

The energy in the Mrse oscillator with the initial state
|14,0,0,0,0> is plotted in Fig. 4.6. As may be seen the trends are
simlar to Fig. 4.4 in that the ordinary exp(S) theory perforns

better than the normally ordered exp(S) theory and the inclusion
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Fig. 4.4 The survival probability of the initial state
|4,0,0,0,0> in system-I jn the basis set representation.
Conti nuous |ine: the basis set exact results. Dashed
line:normally ordered MRTDCCM cal cul ation at s' level. Dash and
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Fig. 4.5 The survival probability of initial state |5,0,0,0,0>
in system-I in the basis set representation. The figure
conventions are the same as in Fig.4.4.
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Fig. 4.6 The energy of the CH node when' the initial state is
|4,0,0,0,0> in system-I in the basis set representation. The
figure conventions are the same as in Fig. 4.4
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Fig. 4.7 The energy of the Mrse npde when the initial state is
|5,0,0,0,0> in system~I in the basis set representation. The
figure conventions are the sane as in Fig.4.4.
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Fig. 4.8 The survival probability of the initial state
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Fig.4.10 The  survival probability of the initial state
|5,0,0,0,0> in system-I. Conti nuous line: Exact calculation.
Dashed |i ne: MRTDCCM at S level in the mixed representation.

Dash and Dotted |ine: MRTDCCM calculation at s' level in the basis
set representation.

146



0 .80t [‘J

0 .60+ [\/
po- .
FS)
-~
— 0.40+
o \
o g
® /
0
o 0.20y /
¢ 2
£L
30.0 60. 0 90.0
Time (fs)
Fig.4.11 The  survival probability of the initial state
}5,0,0,0,0> in system-I. Conti nuous |ine: Exact cal cul ati on.
Dashed line: s' approximation in mxed representation. Dash and

dotted line: S approximation in the basis set representation.

147



of the three body operator inproves the agreenent with the exact
result in the correct direction, extending the range over which
the ordinary MRTDCCM is accurate. However, after about four
vibrational periods the energy content in the Mrse oscillator
starts increasing, again due to norm violations. Similar trends
are also seen in the energy of the Mrse oscillator when the
initial stateis |5,0,0,0,0> (Fig. 4.7).

The survival probability when the initial wave packet is
|4,0,0,0,0> calculated using mxed representation of MRTDCCM
formalismis presented in Fig.4.8. These calculations are carried
out at s'= s and s' = s + s approximations and are conpared
agai nst exact calculation. The result of S' approximation itself
is in very good agreement with the exact calculation and with the
i ncl usi on of s‘2 operators the result is exactly coincident wth
the exact calculation within the drawi ng accuracy. The survival
probability when the initial state is |5,0,0,0,0> presented in
Fig.4.9. Again s' approximation is quite good and the s'
approximation, while not exactly coincident wth the exact
calculation, is very close to it.

A conparative study of the convergence of the basis set
representation and the mxed representation are made in the
Figs.4.10 and 4.11. Fig.4.10 conpares the plots of survival
probability when the initial state is ]5,0,0,0,0> of exact

cal cul ati on, s; approximation of the basis set representation and

1 1

s* approximation of the mxed representation. After 60 fs s
approxi mation of basis set representation calculation blows up due
to the normviolation effects, whereas the s' approximation of the
boson representation is closer to the exact calculation for a nmuch

longer tine. Similar trends are seen in the Fig.4.11, which
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notations are the sane as in Fig.4.1.
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conpares the calculations of exact, s' approximation in the basis
set representation and s! appr oxi mati on in t he m xed

representation.

4.3. IVR DYNAM CS IN MODEL SYSTEM-II
4.3.1. The System:

This nodel system is obtained by assuming that GH
oscillator of system-I is driven by an external radiation field.
The hamiltonian of this system consists of one additional termV

to the hamiltonian of the first systemH
V =Aq cos(wt) , (4.3.1)

where A is the field strength and w is the frequency of the
radiation field. Fig4.12a depicts V diagrammatically. I'n our
calculations we have set equal w such that the initial state
|0,0,0,0,0>is in 4:4 resonance with the final state |4,0,0,0,0>.
The calculations are carried out in the basis set representation
and the cluster expansion is truncated after s, appr oxi mation.
The additional diagrams that come for iS2 for this system are

shown in Fig.4.12b and additional H diagramin Fig.4.1l2c.
4.3.2. Dynamics and Convergence:

We have conputed the survival probability of the initial
state, the probability in the final state and the energy of the
Morse node using MRTDCCM at S = S; appr oxi mati on. In Fig.4.13 we

have plotted the survival probability of the initial state as a
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Fig.4.13 The survival probability of the inital state in system-
Il with the basis set representation. Continuous line: Exact
cal cul ati on. Dashed line: Normally ordered MRTDCCM at g' level.
Dash and dotted line: Odinary MRTDCCM with g' approxi mation.
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function of tine obtained using ordinary MRTDCCM and the normally
ordered MRTDCCM for this system Both the cal cul ations provide a
very good description of the decay of the probability and are in
good agreenent with the exact calculation up to about 100 fs. I'n
contrast to the results of system-I the normally ordered version
provided equally good convergence for this system The
probability of the final state plotted in the Fig.4.14 also showed
simlar trends.

In Fig. 4.15 we plot the energy of the Mirse nmbde as a
function of tinme for this system conputed in the ordinary and the
normal |y ordered versions of MRTDOCM at S = s' approximation.
Both the cal cul ations provided converged val ues of energy up to 40
fs. After 40 fs both the calculations deviate from the exact
cal culation but the ordinary MRTDCCM devi ates nore because of the

normviolation effects which are inherent for this fornalism

4.4. Concl udi ng Remar ks

In the application of MRTDCCM approach where the basis
set representation is used for the systeml, for the initial
conditions that we have studied, only a very small part of the
wave packet resides within the nodel space by about 3 to 4
vibrational periods and there are no significant recurrences up to
about 10 vibrational periods. This rapid and irreversible decay
is due to the presence of several overlapping nonlinear
resonances. Al these resonances involve only two nodes at a tinme
i.e., the CH nbde and one of the bath nbdes. Wth respect to the
model space however, they appear as nulti-npde resonances. Thus a

c1 based approach requires the inclusion of multi node excitation
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operators in U for converged results. The MRTDCCM approach with
ordinary exp(S) ansatz is able to provide an adequate description
of IVR at two body level even in this case since it simulates the
3, 4 body excitations as products of s' operator. Beyond about 4
vibrational periods the inherent weakness of the method i.e. the
devel opment of the intruder states with the conplex eigenval ues
mars its performance. |If the nodel space is chosen judiciously so
as to include all the strongly interacting states, its performance
is expected to improve. The ideal nodel space should contain all
the degenerate and quasi-degenerate nodes. For exanple, in a
recent study of IVR in CDH it was found that the initially
excited CH stretch correlates strongly with doubly degenerate v
node due to 2:1 Ferm resonance. We have carried out a TDSCF
study of the chromophore population for this system (Fig.4.16).
The chronophore popul ation decays slowy during the first few
hundreds of femto seconds for this system while TDSCF does not
show any such decay, because of its inability to handl e nonlinear
resonances. Iung and Leforestier found that major contribution
to this cones fromonly first and fifth nodes. Thus if the nodel
space is chosen to contain all possible configurations of these
two nodes we expect an MRTDCCM approach would provide a good
description of over all dynamcs of the system Simlarly, in a
recent study Watt and coworkers® found that the dynamics of 21
node benzene model system is well reproduced by reduced node ( 4
or 5 active nodes) quantum nodels, with the rest of the npdes
interacting weakly. Again a nodel space chosen to span all the
active nodes and the effect of the rest of nodes being accounted
by the wave operator should provide a quantitative description of

the system
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The normally ordered exp(S) ansatz does not suffer from
the intruder state problem However, since it is equivalent to a
limited basis set theory, it is clearly not converged in the basis
and would require the inclusion of higher rank operators just as
in cI. The mixed representation reproduced the survival
probabilities very well for longer tinmes than the basis set
representati on, because it effectively includes the full basis of
the harnonic oscillator nodes.

In the second systemwthin the tinme scale of our study
the many body interactions are not playing major role and so the
ordinary MRTDCCM is not producing inproved results over the

normal |y ordered MRTDCCM
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CHAPTER V
A TIME-DEPENDENT COUPLED CLUSTER METHOD
STUDY OF NONADIABATIC DYNAMICS



5.1. | NTRODUCTI ON

In the previous chapter we have studied the intra-
nol ecul ar vibrational energy transfer in sonme nodel systens using
MRTDCCM formalism. In this chapter we study the applicability of
TDCCM to study the electronic-vibrational energy transfer in
systens containing nonadiabatically coupled potential ener gy
sur f aces. The nonadiabatic dynamics on coupled electronic
surfaces have attracted much interest recently. "' This is due
to the fact that these nonadiabatic effects are associated with
many chemcally interesting phenonena such as the nonradiative
decay of excited electronic states, chemiluminescence in atom -
atom and atom - nolecule inelastic collision processes etc. The
nonadi abatic effects arise when the adiabatic approxination is

vi ol at ed.

In the adiabatic or Born-Qppenheiner approximation the
nuclei are considered to be stationary when solving the electronic
problem  The electronic wave functions and state energies depend
paranetrically on the nuclear coordinates. The dynanics of the
nuclei are generated by a matrix hamiltonian in which the
electronic state energies appear in the diagonal elenents and act
as the potential energy for the nuclei while the matrix elenents
of the nuclear kinetic energy operator between different
el ectronic states provide the off diagonal couplings. It is
commonly assurmed that dynamics of nuclei are confined to a single
el ectronic potential energy surface. This is the crux of the

adi abati c approxi mation. This adiabatic approximation is valid
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only when the electronic states are well separated in energy
compared to the spacings associated with nuclear energy |evels.
When the potential energy surfaces of different electronic states
are close in energy the residual coupling of the nuclear kinetic
energy operator between such states becones significant. The
effects associated with this situation are called as nonadi abatic
effects. It is convenient to treat the nonadiabatic effects in
diabatic basis.? In this basis a conplete set of electronic
wave functions are defined such that the nuclear kinetic energy
operator is diagonal in them however, the electronic hamiltonian
is not diagonal in this basis, and thus provides both di agonal and
of f-diagonal coupling matrix elements to the nuclear matrix
hamni | t oni an. In this basis the matrix hamiltonian for the nuclear

notion is witten as

H = T1 +W(WQ), (5.1.1)

where T is the diagonal kinetic energy operator and W(Q) matrix

el ements are defined as
W_(Q) = [dr ¢ (r,Q) H (rQ). (5.1.2)

Here ¢ (r,Q) are diabatic wave functions.
n

The hamiltonian H in eq.(5. 1.1) is an infinite
di rensional matrix operator. In most situations only a few
electronic states interact strongly. Consequently only such

states are included and a finite dimensional matrix operator is

used to approximte H For studies of spectroscopic interest,
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further approxi mations are made. For exanple expanding WQ as a
Tayl or series around the ground surface equilibrium geonmetry and

truncating after linear termin @, results in the linear coupling

nmodel. In this nmodel the terms in the hamiltonian matrix el enents
are
H = T ++E + )53 k;“’qs + 1/2 Es v...0., (5.1.3a)
H = A;"r“" E J\;"'""Qs. (5.1.3b)
Here the energies En are constants and are given by W nn(Q). k;"’

are intrastate electronic-vibrational energy coupling constants
and X ™' are interstate coupling constants. In general these
coupling constants are determined by ab initio methods. Generally
totally symmetric normal npdes give rise to nonzero intrastate
coupling constants and the nontotally symretric npdes to nonzero
interstate coupling constants. The totally symetric nodes
modul ate the energy separation between the electronic states and
are termed as tuning nodes and the nontotally symetric npdes are
termed as coupling nodes.

The use of diabatic basis is particularly
advant ageous when the potential energy surfaces of the concerned
el ectronic states beconme degenerate in the n-dimensional nornal

‘2 The min

coordinate space forming a conical intersection.!
reason for this is the conplicated behaviour of the matrix
el ements of nonadiabatic coupling operators in the vicinity of

avoi ded crossings. These elements are principally singular at the
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point of intersection and show rapid oscillations near it and thus
are difficult to handle nunmerically.?®? (n the other hand the
coupling matrix elements are well behaved in the diabatic basis
and can often be npdeled in terms of sinple functions of nuclear
coordi nat es. The linear coupling nodel defined above is an
exanpl e of such sinple paranetrization and is quite successful in
providing interpretation for several spectroscopic studies.

The standard theoretical nethod to obtain the
nonadi abatic dynamics is the time-independent approach based on
the Ritz-variational principle. In this nmethod one constructs the
hamiltonian matrix in a basis formed by the product functions of
electronic and vibrational states of the uncoupled system Thi s
hamiltonian matrix is then diagonalised to give the eigen values
and eigenvectors. The required physical quantities are then
determned from these. The conputational requirenent for the
di agonal i zati on procedure goes as N, where N is the dinension of
the hamiltonian matrix. Moreover the nunmber of basis functions
needed to treat a coupled d degree of freedom problem is
proportional to M, where Mis the nunber of basis functions for a
typi cal one degree of freedomproblem A nore efficient procedure
is to directly integrate the TDSE in the zeroth order basis
wi t hout prediagonalising the hamltonian. Since this involve
mul tiplication of the wave function with the hamltonian matrix at
each step, the computational effort scale proportional to N°. |In
addition the hamltonian matrix of the nonadi abatic problens are
often quite sparse. Utilizing this the matrix multiplication can

be reduced to O(N) process. Several authors have reported such
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dynamical calculations.™’ Though these nethods are dependable
the basic problem is that the size of the Hilbert space scales
exponentially as M* thus making it difficult to study systems with
more than four degrees of freedom Al ternative met hods

developed for the problem are tinme-dependent perturbative

approach, ® ° seniclassical nethods, the time-dependent self
consistent field (TDSCF) method'™ and the path integral
met hods'® *°  etc.. The tine-dependent perturbation theory

separates the electronic hamiltonian into an uncoupl ed hamiltonian
H and the perturbation V and devel ops power series expansion for
the evolution operator in terms of the nonadiabatic coupling
constant. Coal son and Kinsey® have applied this nethod to a two
state one vibrational node nodel system and concluded that it
breaks down in the strong coupling limt and for the long tine
dynami cs.

Meyer and M| ler'® have devel oped a classical analog for
el ectronic degrees of freedom In this nethod one constructs the
electronic hamiltonian matrix formed by the electronic states
whose el enments depend on the nuclear coordinates. The equations
for the electronic motion are obtained by solving the TDSE where
the nuclear coordinates are taken to be tinme-dependent and the
nuclear nmotion is treated classically. This nmethod is
conputationally sinple to inplement. Meyer'® used it to calculate
the nonradiative decay rates in c,H, cation. Zwanzi ger et al.'
perforned a sem classical quantization of classical analog model.
Application of this method to E®R Jahn-Teller problem in the

region of linear coupling provided results in good agreement with
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exact quantum mechanical sol ution. Recently Stock and Miller'?

developed a classical nodel based on the Meyer and Mller?®
framework of the classical el ectron analog nodel for the
determ nati on of nonadiabatic excited state dynam cs. The met hod
is tested for the four-node nodel of the S-S intersection in
pyrazine and on 3 state, 5-nmode and 5-state, 16-mode npdels of
benzene cati on. This nethod reproduces the qualitative features
of time and frequency resolved absorption spectra as in the exact
quant um nechani cal cal cul ati on.

The TDSCF method'®™ ' has been used by few authors to
study the nonadi abatic dynam cs. The conputational effort in this
approach scales linearly with the number of vibrational npdes. As
the TDSCF met hod does not account for the correlations between the
modes it is not dependable in the long time linmt and is reliable
only for the short time dynam cs where the correlation effects are
negl i gi bl e.

Anot her approach which is wused in determning the
nonadi abatic dynamcs is the path-integral fornulation. Coal son
used the path-integral framework for spin-boson nodel problem and
found that the spectroscopic observations can be obtained even in
the strong coupling regines using this fornulation. A rigorous
path-integral approach for determining the nonadiabatic dynam cs
of the linear coupling nodel was recently devel oped by Domcke and
co workers. The time-dependent correlation functions are
expressed as suns over all possible paths and for each electronic
path the nmulti-mde vibrational propagator factorizes into a

product of single-node propagators. The sunmation over paths is
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repl aced by summation over classes as a practical approximation.
The propagator averages are calculated by recursive scheme. The
calculations they have presented are for four-nbde and twenty
four-mode pyrazi ne nodels. In this nmethod the nunerical effort
rises only noderately with the nunber of npbdes and so is useful
for studying the many-npde systens.

These studies provided sone qualitative aspects of the
results of the nonadiabatic effects in the systems having
conically intersecting potential energy surfaces. In these
systems the electronic dynamics in a fentosecond time scale are
driven by the velocity of the coherent notion in the tuning npdes.
This dependence induces a slower vibrational dephasing process
whi ch destroys the coherence of vibrational notion. When this
dephasing is conpleted the electronic populations are trapped on
the lower surface and the el ectronic decay becones irreversible.

20

Recently Sastry et al studied the dynamics of the
l'i near coupling nodel using time-dependent coupled cluster method.
In this study, a nixed representation was used in which all the
normal nodes were represented by boson | adder operators, while the
el ectronic degree of freedom subsystem was represented in a basis
set in a manner very simlar to the mxed representation we used
for the IVR of system-I in Chapter |V All states in which the
vibrational node states were v=0 states were included in the nodel
space. The method is quite good for short time dynamics and
yields qualitatively correct spectra even when the cluster

operator is restricted to have no nore than one boson creation

oper at or. At longer tines however, the working equations becane
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stiff and can not be integrated.

since the MRTDccM approach in the boson operator
representation is not able to provide long time dynamcs, we
wished to see if TDCCM in a basis set representation is able to
provide a better representation. It turn out that TDCCM using
stationary basis functions also suffers from the sanme problens
that MRTDCCM approach of Sastry. However doing TDCCM in dynam cal
basis generated by TDSCF procedure elimnates the stiffness of the
equations and we could carry out the calculation for |ong periods.
To test the potentiality of the nethod we have done sone nodel
calculations. W present the working equations in sec.5.2 and the
nodel calculations in sec.5.3. In sec.5.4 we have drawn sone
conclusions on the validity of the approach for the present

probl em

5.2. THEORETI CAL FRANMEWORK
5.2.1 Model hamltonian

W nodel our systems such that only two electronic

states belonging to different irreducible representations and

n-vibrational npdes are relevant for the dynanmics. W& i npose
following simplifications on our nodel. The npodel hanmiltonian is
constructed in the diabatic electronic basis. The harnonic

approxinmation is invoked for the diabatic potential ener gy
surfaces and the vibrational frequencies in all the unperturbed
surfaces are assuned to be equal. The interstate and the

intrastate coupling constants are approximated by linear terms in

168



the normal coordinates. After these simplifications the nodel

hamiltonian for the two state n-nbde system can be witten as

H = ¥ |e‘> (e, + H) <el| + V. (5.2.1a)
H = Lh = L (o (85+d)/2+%k, q) (5. 2. 1b)
n n
Vi = |e1>§ (A.q.) <e2| + h,e., (5.2.1c)
where i is the electronic state and n represents the vibrational

mode. Here p, q are the momentum and position operators of the
n

n
nth vibrational node, w are the associated frequencies, kx and

n in
A are the intrastate and interstate coupling constants
respectively. The nodes which contribute to A are called as

coupling nodes and the nobdes which contribute to k are tuning
nodes.

In this nonadiabatic problem the coupling node and the
el ectronic degrees of freedom interact strongly so we treat them
as a single subsystem The resulting hamiltonian for the system

can then be witten as

B o= #* + #H (5.2.2a)
"¢ - le>e,<e,| + |e>A.q e, ]
|}
+ w/(pi+q)/2 + h.c., (5.2.2b)
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2
HY = (g le,>k q,<e | + L w (P} + q)/2. (5.2.2¢)

1 t
Here K®® is the hamiltonian corresponding to coupling node
el ectronic degree subsystem and H is the hamltonian for the
tuni ng nodes. W now define the basis functions required. For
the tuning modes we utilize the harnmonic oscillator eigen-
functions centered at the origin and their width paraneters were
chosen to match the frequencies of the ground surface. For the
coupling node el ectronic degrees subsystemthe basis functions are
{|e>[¢f>: i=1,2;0=n = « ). As long as the two electronic states
concerned belong to two different irreducible representations,
this space can be separated into different symretry spaces.
Depending on the initial conditions (i.e. the electronic surface
on which the wave packet starts at t=0) the dynamics would be
confined to one or the other subspace. Thus it is sufficient to
consider any one of the two subspaces. Note that the harnonic
oscillator eigenfunctions with even quantum nunber are always
totally symmetric, while those of the odd quantum nunmber belong to
the same irreducible representation as the normal coordinate
concer ned. Since the coupling coordinate belongs to the direct
product symmetry of the two electronic states, the two subspaces
have exactly the same nunber of functions as the harnonic
oscillator Hlbert space and thus are labeled by harmonic
oscillator quantum nunbers al one. The initial conditions then
uniquely determine the electronic state associated with each
vi brati onal state. W have wused these subspaces in our

conput ati ons. The diagrammatic notations for the hanmiltonian
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terns in this basis are presented in Fig.5.1la.
5.2.2. TDCCM ansat z:

We now turn to the paranetrization of the tine-dependent
wave function in the TDCCM franmework. The wave function y is

witten as
v = Ug,. (5.2.3)

Since we are interested prinmarily in the spectroscopic properties
of the upper surface of the two interacting electronic states, the
initial state is the vibration less state of the electronic ground
state transported vertically on to the upper surface. Thus we

take the CCM reference wave function ¢ to be
9, = 9eo (Tgid) T 6" (q,) - (5.2.4)
t

Based on the operator nanifold analysis of Chapter 111
the operator sets for the nodel problemare identified. Since the
nmodel space contains zero valence particles, only ¢ and B type
operators sets are necessary for obtaining the dynamics in this
model.

o 1y j+ )
B = | am ao, am aoan ao,...; i,Jeecort).

Here m and n are the basis function indices.
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(b)

(a) The diagranmmatic representation of hamiltonian terns.

Fig.5.1
In the diagrams fromiv to vi
node and it is diagonal. (b)
cluster operators s7, s;.

—= g

(a)

the top line is always ec subsystem
The diagrammatic notations for the
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The nodel space evolution operator can then be witten

as

U = U. (5.2.5a)

TDCCM* posits an exponential form to the evolution

operator. U can then be witten as

o = exp(s®); s’ Cv By (5.2.5b)

The cluster operator S° is expanded as

s = s +8 +8+ ... (5.2.5¢)
s, = s,.1, (5. 2. 5d)
0 1 1+
s = L sa a, (5.2.5¢€)
i,m
o] 1 1 *
s, = b)) sm{ a a;ar" a;... (5.2.5€)
1),mn
where i,j,mn are defined as earlier and the subscript 0 indicates

the hole state. Sonme of these are depicted in the Fig.5.1b. The

wor ki ng equations are then derived from the equations

]
(=]

p(uT'HU -ivT'D)p (5.2.6a)

for Sg and

]
o

Q(utHU -iuT'gyp (5.2.6b)

173



for S°. Derivation of the working equations is once again carried
out in the diagrammtic notation and the resulting equations for
is%, is® and is° are presented in Fig.5.2a, Fig.5.2b and Fig.5.2c
respectively. These differential equations are integrated using
fourth order Runge-Kutta schene. The equations became stiff in a
very short period of time and we could not get enough information
to obtain the sufficiently resolved spectra. In view of the
failure of this single reference TDccM the other alternative that
strikes is the MRTDCCM fornalism

As discussed in the previous chapter the MRTDCCM*® 126
generates all the higher body excitations fromthe multi-reference

20+ on the sane

initial state. From the work of Madhavi Sastry
nonadi abatic nodel problem it was known that the MRTDCCM equati ons
are nore flexible than the single reference TDCCM equations but
the long time dynanics (beyond 50 fs) can not be obtained even in
this formalism

In these two formalisms the dynanics are obtained by
following the evolution of initial state within the TDCCM or
MRTDCCM framework but using static basis functions. One problem
in using the static basis functions is that the wave packet |eaves
the nodel space in exceedingly short time and the nonadiabatic
coupling terns are quite |arge. As a consequence the intruder
states with conplex eigenvalues become inportant even in short
time dynam cs. This problem can be circunvented by using the
dynami cal basis sets in ternms of which the reference state used in
TDCCM has significant overlap with the exact wave function over

long periods. Over the last few years several authors have
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Fig.5.2 The diagrammatic representation of the equations for (a)
i8° (pb) i8° and (c) ig°.



di scussed the advantages of these dynam cal basis functions.

We specifically use the basis functions generated by TDSCF
approach for this system The TDSCF cal cul ations for this
problem are already done in our group and from these cal cul ations
we knew that it perfornms quite well up to about 100fs. Wth this
background we have considered the TDSCF cal culation to generate a
dynani cal basis to perform TbccM cal cul ation. In the follow ng

section we obtain the working equations in this formalism

5.2.3. TDCCM in dynam cal basis generated by TDSCF met hod:

W continue to consider the coupling node and the
electronic degree freedom as a single subsystem The TDSCF

function ¢ iswittenas

¢ = meta el (ra.q) - (5.2.7)
L

Here the functions ¢, and ¢ are determ ned by TDSCF method. The

working equations for this part are obtained by considering the

trial wave function as in eq.(5.2.7) and by enploying the Frenkel

variational principle <s¢|H - ia/st|¢> = 0. The equations for ¢

and <p are
ig, = h> ¢, (5.2.8a)

(5.2.8b)
wher e
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2
R = w e+ Q)2 + | <Ggcle>|” K, (5.2.8¢)
1
2 2
h = w(p, + q)/2 + ][ |e]>El<el| + Ve, (5.2.8d)

E, =c¢ + I <¢l(w(p +q)/2+ agle>- (5. 2. 8e)

1 1
3
The TDSCF hamiltonians are then used to generate the dynanical

basi s functions

hSCF¢ln] i iétn: . (5 2. 9)

The initial conditions for eq.(5.2.9) are chosen such that all
(n)

.

Consequently they are orthogonal at t=0 and continue to be

are the eigenfunctions of the decoupled oscillators at t=0.

orthogonal through out their evolution since h®* are hernitian
operators.

W now invoke the TDCCM ansatz. The SCF solution for
the vacuum state is taken to be the reference state for the CCM
cal cul ati ons. As a consequence, the operator space analysis of
the previous section is valid here also. However, the single
particle creation/annihilation operators are now explicitly
ti me- dependent and obey
SCF l+

ia' = n*fa' (5. 2. 10a)

m i m

SCF_1

ia! = -n*Fa’', (5.2.10b)

This introduces an additional term in the working equations.
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.
=
§,

Fig.5.3 The diagrammatic representation of the equations for (a)
i8° (b)  18%n the DyTDccM formalism  Note that the two body
vertex is not necessarily diagonal in ec subsystem in the
dynani cal basis unlike in the stationary basis.
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We approxi mate the one body cluster operator S to zero
because the TDSCF method effectively accounts for the one body
part of the hamiltonian. Now for the operators S and S we solve

the eq. (5.2.6). The diagranmatic representati on of the equations

0 0

for is” and is” are presented in Fig.5.3. W have cal cul ated
modulus of auto correlation function and the spectra of few nodel
systens. The nodulus of auto correlation function represents the
probability anplitude that the systemafter tinme t is still in the
initial state. The spectrum is obtained by Fourier transforming

the respective auto correlation functions.

The autocorrelation function is defined as

[p]
]

<9 l¢(t)>

<¢,|exp(so+sy) [ > (5.2.9a)
I'n our conputations we have approximted this to
c = <¢ o >exp(Sy) (5.2.9b)

0 SCF

to avoid the construction of the full wave function exp(S) I¢ >.
The nodel applications and the results are presented in the next
section.
5.3. MODEL APPL| CATI ONS AND RESULTS

Cal cul ations were carried out on four npdel systens:

(1) 3-node ethylene cation, (2) s, surface of 3-node nodel

180



pyrazi ne, (3) S surface of 4-node nodel pyrazine , (4) s,
surface of 24-mode nodel pyrazine by TbccM frame work using the
dynamical basis generated by TDSCF and conpared with the  TDSCF
results. We refer our former approach as DYTDCCM from now
onwards. The energies of the electronic states, the frequencies
and the coupling constants of the vibrational npdes we have taken
fromthe literature and are collected in Tab. 5.1.

The paraneters k are the intrastate coupling constants
and A is the interstate coupling constant and w are the
corresponding frequencies. <c are the energies of |ower and upper
el ectronic states.

The results of «calculations on the 3-node ethylene
cation are presented in Figs.5.4 and 5.5. In the TDSCF
calculations 22 functions were used to represent the coupling node
and the tuning nodes were propagated by GWP. As noted in ref.17
the tuning nodes experience harnmonic potentials in the SCF
approximation and so GAP is exact for these. For the coupled
cluster calculations 5 of the lowest energy functions were used
for each node.

I'n Fig.5.4 we have plotted the nodul us of
autocorrelation function (ACF) against tine for the 3-node
ethylene cation calculated in the two fornalisns DYTDCCM and

TDSCF.  For conparison the results of the exact cal cul ations taken

from ref.2 are inserted. The initial very fast decay is
reproduced by the two fornmalisns to a very good extent. The
anplitude is very small through out its evolution which is

general |y associated with nonradiative decay process.® The ACF
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by DYTDCCM is generally smaller than by the TDSCF cal cul ation

Table 5.1 Paraneters used in the nodel systens:

(Al quanitities are in eV.)

el. or vib. mode lower upper w

ethylene cation (ref.2)

[ 10.75 12.65
kl 0.024 -0.362 0.360
kz -0.236 0.330 0.205
}\C 0.402 0.110
3-mode pyrazine (ref.5)
€ 3.94 4.84
k1 0.037 =0.254 0.126
kz -0.105 0.149 0.074
Ac 0.262 0.118
4-mode pyrazine (ref.19)
€ 3.94 4.84
k1 -0.0964 0.11%4 0.0740
kz 0.0470 0.2012 0.1273
k3 0.1594 0.0484 0.1568
A 0.1825 0.0936

conti nued
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24-mode pyrazine (19)

€ 3.94 4.84

kl =-0.0964 0.1194 0.0740
kz 0.0470 0.2012 0.1273
ka 0.1594 0.0484 0.1568
k‘ 0.0069 -0.0069 0.0400
k5 0.0112 -0.0112 0.0589
k5 0.0102 =0.0102 0.0778
kT 0.0188 -0.0188 0.0968
ka 0.0261 =0.0261 0.1157
k9 0.0308 -0.0308 0.1347
k10 0.0210 -0.0210 0.1536
k“ 0.0265 -0.0265 0.1726
k12 0.0196 -0.0196 0.1915
klj 0.0281 =-0.0281 0.2105
km 0.0284 =0.0284 0.2294
k15 0.0361 =0.0361 0.2484
kw 0.0560 =-0.0560 0.2673
k” 0.0433 =0.0433 0.2863
kw 0.0625 -0.0625 0.3052
kw 0.0717 -0.0717 0.3242
k20 0.0782 -0.0782 0.3431
km 0.0780 -0.0780 0.3621
kaa 0.0269 -0.0269 0.3810
k23 0.0306 -0.0306 0.4000
A 0.1825 0.0936
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and is closer to the exact calculation of ref.2 (insert a in the
Fig.5.4).

Fig.5.5 s the photoel ectron spectrum of the ethylene
cation second band. The inserts are again fromref.2. Due to the
large energy gap of 1.9 eV of the two interacting states the
spectral bands are well separated. The gualitative spectrum is
reproduced by these two formalisns, but the gross structure of the
band is missing in the two formalisns.

In Figs. 5.6 and 57 we present the results of the
cal culations carried out on 3-node pyrazine. The basis is simlar
to that used for the ethylene cation. In Fig.5.6 we have plotted
the modulus of ACF verses tine calculated for S state by DYTDCCM
and TDSCF formalisms. The insert is fromref.36. The nodul us of
ACF is correctly reproduced upto 60 fs by the two formalismns.
Beyond this DYTDCCM fails to gain any value and continues to be
al most negligible. The underestimation of the nodulus of ACF by
DYTDCCM is probably due to the term we have neglected in the
conput ation of autocorrelation function. The TDSCF al so devi ates
from the exact calculation, for exanple around 100 fs the exact
calculation fluctuates with the value of 0.1 but the TDSCF shows a
sudden rise up to 0.3.

Fig.5.7 is the corresponding absorption spectrum of
3-node pyrazine upper surface. The inserts are from the

5w can clearly see that the

calcul ation of Schneider et al.
TDSCF spectrum is diffuse and structurel ess, whereas the DYTDCCM
shows the hunps which appear in the nodel exact spectrum (insert

b) indicating that DYTDCCM at s, level is a better approximation
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Fig.5.4 The modulus of ACF in 3-mode ethyl ene cation. Continuous
l'ine: DYTDCCM cal cul ati on. Dashed |ine: TDSCF cal cul ation. The
insert (a) is the exact calculation and (b) in the absence of
vibronic coupling. The inserts are from ref.2.
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Fig.5.5 The photoel ectron spectrum of ethylene cation second
band. The figure conventions are the same as in Fig.5.4. The
inserts are the corresponding calculations of inserts of Fig.5.4

taken fromref. 2.
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Fig.5.6 The modulus of ACF of s, state of 3-mode pyrazine.

Conti nuous line: DYTDOCCM  cal cul ati on. Dashed line: TDSCF
calculation. The insert is formref.36. O the two lines of the
insert continuous Iine: the exact calculation and the dashed

line: when a=0.
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Fig.5.7 The absorption spectrum of S state of

3-mode pyrazine.
The figure conventions are the same as in Fig.5.6.

The inserts a,
b, are the experinmental, exact quantum nechanical calculations and
c is in the absence of vibronic coupling,a=0. The

inserts are
from ref.5.
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t han TDSCF.

In Fig.s5.8 we plot the nmodulus of ACF for S state of
the 4-mode pyrazine® calculated by pyTbccM and TDSCF formalisms
in the sane basis as above. Both DYTDCCM and the TDSCF
cal culations show initial very fast decay and continues to
fluctuate with a variable small value through out the evolution.
Fig.5.9 is the corresponding absorption spectrum by the two
formalisns. The inserts a and b are the exact and the path
integral results adapted from ref.19. The TDSCF spectrum is just
a broad band while the DYTDCCM calculation produces the
qualitative features of the spectrumcorrectly.

In Figs. 5.10 and 5.11 we present the results of the
cal cul ations done for 24-node pyrazine. The SCF cal cul ati on was
simlar to those reported above. In the TDCCM cal cul ati on we have
used a smaller basis. The first four nodes were represented by 5
SCF functions each as in the previous case and the remaining
twenty nodes were represented by 2 functions each. In Fig.5.10 we
plot the nodulus of ACF for S state of 24-node pyrazine by
DYTDCCM and TDSCF cal cul ati ons. The insert is the path integral
cal cul ations taken from ref. 19. The initial very fast decay is
simlar to that in the 4-node pyrazine in both the calcul ations.
In the long time linit the DYTDCCM result is strongly danped
similar to the path-integral calculation.'® The TDSCF cal cul ation
does not show this strong danping. In addition, TDSCF shows
strong recurrences at earlier times that are absent in the exact
result. The DYTDCCM formalism corrects these anonal ous

recurrences. Fig.5.11 is the correspondi ng absorption spectrum of
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Fig.5.8 The nmodulus of ACF of S state of 4-mode pyrazine.
Conti nuous line: DYTDCCM cal cul ati on. Dashed i ne: TDSCF
cal cul ati on.
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Fig.5.9 The absorption spectrum of S state of 4-node pyrazine.
The figure conventions are the same as in Fig.5.8. The insert a
is the exact spectrum and b is the path integral calculation.

These are taken from ref.19.
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The nodulus of ACF of S state of 24~-mode pyrazine.
line: DY Tbcem cal cul ati on. Dashed Iine: TDSCF

calculation. The insert is path-integral calculation (ref.19).
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Fig.5.11 The absorption spectrumof s, state of 24-mode pyrazine.
The insert is

The figure conventions are the same as in Fig.5.10.
again path-integral calculation (ref.19).
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S state of 24-mode pyrazine obtained by DYTDCCM and TDSCF
formalisms. Insert a is again the path integral calculation®® and
insert b is the spectrum calculated with X=0 by path integral
calculation. The DYTDCCM qualitatively reproduced the spectrum as
in the path integral calculation but it differs in the sense that
the sharp hunps in the path integral calculation are slightly

broadened in our calcul ations.

5. 4. CONCLUSI ONS

In this chapter we have studied the applicability of
TDCCM approach for the description of nonadi abatic dynam cs. Qur
goal was to see whether the TDCCM can provide a qualitatively and
gquantitatively correct description of the dynamics for this class
of systems even with low order truncations. If it can provide
such a description, what would be the best basis in which such
cal cul ations can be carried out, at what order should the cluster
operator be truncated and which configurations should be included
in the nodel space. These systens differ from the system studied
in Chapter IV, in that it is known'” that TDSCF provides a good
description for these systens unlike the IVR problem studied
there, for which TDSCF gives trivial dynam cs. Secondly, there
are no doni nating resonance sequences in these systens.

To find answers to the questions posed above, we have
made two sets of calculations. Since no degeneracies exist in the

system we have assumed that a single reference state would
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provide an adequate starting point. In the first approach, we
carried out TDOCM calculations in a stationary basis with the
initially prepared state as the reference state. The working
equations in this approach became stiff very soon and could not be
i nt egr at ed. As noted in Chapter Il the working equations becamne
stiff when the overlap of the wave packet with the nodel space
(the reference state in this case) approaches zero. Since the
autocorrelation function is practically zero for most of the time
in our calculations, this nust the reason for the stiffness of the
equati ons. To circunvent this one nust choose the nbdel space
(the reference function) such that its overlap with the exact wave
packet is significant through out the course of its time
evolution. Since the TDSCF solution to this class of problenms is
known to have such acceptable overlap for noderately long times'’,
we carried out TDCCM cal culation in the dynanical basis generated
by TDSCF, i. e. using the TDSCF state of the initial (t=0) state
as a reference state. The resulting equations were not stiff
indicating that TDSCF does indeed provide a good reference state

for the TDCCM cal cul ati ons.

W next turn to the approximation of the cluster
oper at or . Due to the constraints on conputational resources, we
could only study one approximation 5~S,. The conput ati onal
studi es showed that this approxi mation considerably inproved upon
the TDSCF results and often is quite close to the exact result.

Wth these we draw the follow ng tentative concl usions:
(1) The TDSCF provides a good reference state for the dynam cal

calculations, (2) A single reference TDCCM at s=8, I evel over this
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reference state is adequate to provide a good description for this
class of systems. More studies are required to confirm these

concl usi ons.
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CHAPTER VI

SUMMARY



In this thesis we were concerned about the devel oprent
of exponential ansatze for the construction of tinme evolution
operator in the franmework of effective hamiltonian theory. Ve
have shown that based on the subalgebraic structure of the
spectrum generating al gebra under consideration the equations of
the time-dependent coefficients belonging to different groups of
the generators of the evolution operator are decoupled from each
other if a Wi-Norman product formt is used wth particular
groupings of the operators. W then used it to construct
perturbation expansions to the wave operator. Three different
perturbation schenes are developed: a simlarity transformation
based perturbation theory (STP), hermitised simlarity
transformati on based theory (HST) and the unitary transformation
based perturbation theory (UTP). The HST provides a
nonperturbative sol ution.

The advantage of these perturbation theories is that the
working equations for the generators ~contain finite order
pol ynomials unlike in Magnus expansion.? The number of ternms at
each order of perturbation theory are fewer conpared to Magnus
expansi on. Moreover the conditions under which the solution
exists can be laid down. The origin of norm violating intruder
states was al so anal yzed. Sone nodel studies were nade to assess
the convergence properties of the perturbation theory. In both
STP and UTP fornalisns the higher order approxinations inproved
upon the lower order perturbation theory. However in STP in the
long time limt normviolations are seen due to the intruder state
probl em The HST ensures the hermiticity of the underlying

effective hamltonian through out the time evolution and so norm
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violations are elimnated in this approach. Unitarised theory
(UTP) al so eliminate normviolations but this is achieved at the
cost of practically elimnating sonme states from the nodel space
In general HST perforned better. Fromthese conclusions it can be
seen that these approaches are useful for the description of
dynamics with a large nunber of strongly interacting states

We next explored the sub-al gebraic structure present in
the operator set of the Fock space. There are two reasons for
motivating this analysis. This approach provides a pictoria
representation of the dynamics of systens in terms of the dynamics
of conponent subsystens. This is because the operators in the
Fock space can be classified as one-body, two-body, etc. n-body
operators and hence can be identified with the corresponding
one- body, two-body, etc. n-body subsystens. In addition, this
approach can be used to construct a sequence of nonperturbative
approxi mations in terns of such subsystem anplitudes. W note
that in recent years TDSCF approximation had been wused wth
varyi ng degrees of success. The approxi mations to the evolution
operator with one-body operators included in the wave operator is
similar (but not identical ) to the TDSCF approxinmation. Thus
this approach provides a generalization of TDSCF approach
Inclusion of higher body operators leads to the tine-dependent
generalization of the multi-reference coupled cluster method
(MRTDCCM) .

Use of different subal gebra sequences leads to different
forms of the wave operator. W have analyzed two such sequences
The first one 1is essentially the wave operator defined by

Mikhopadhyay et al. The other one is the nmulti-reference
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time-dependent generalization of the extended coupled cluster

met hod devel oped by Arponen.* The MRTDCCM approach can be
constructed in several representations. W have considered the
basis set representation specifically. It is also possible to

construct the wave operator in terms of the coordinates and
nonentum operators of all the particles. This approach was
studied by Madhavi Sastry.® It is also possible to devel op mixed
representations in which some degrees of freedom are represented
in basis sets while others are represented in terns of their
coordi nates and nonent a.

G ven the TbccM framework the next question we addressed
is the utility of such an approximation in dynamcs. Specifically

we tried to see whether a low body (two body) expansion to the

cluster oper at or is capable of providing a quantitative
description of the over all dynamcs of various classes of
chemically interesting systens. Such studies have been carried

out in the electronic structure theories.® The two-body nature of
the Coul onb interaction and the Pauli’s exclusion principle assure
us that the two-body expansion of the cluster operator is adequate
there. Very few such studies have appeared to date for

nonstationary systens.

The first exanple we have studied is the intranolecul ar
vibrational energy relaxation process in a npdel hydrocarbon
chai n. This system consists of several overlapping nonlinear
resonances which involve the interaction of many nodes. W have
taken our nodel space such that the quantum nunber of the bath
degrees of freedomremain the same in all the states of the nodel

space. This nodel space has the advantage that it provides a one
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to one correspondance with the Morse oscillator states. Mor eover
all the states that are nearly degenerate with the initial state
can be reached by the action of two-body operators on the model
space functions. The convergence studies with two-body and
three-body cluster approximtions have proved that the two-body
operators provide adequate description of the dynamcs.

The dynamcs are studied both in the basis set
representation and in the mxed representation in which CH Morse
mode is treated in the basis set representation and the CC
harmoni ¢ bath modes are represented by boson |adder operators. I'n
the basis set representation the ordinary exp(S) results are
compared with the normally ordered exp(S) results. The ordinary
exp(S) at two body Ilevel produced converged results up to 4
vibrational periods whereas the normally ordered results are not
converged up to this point. Beyond 4 vibrational periods due to

the devel opment of intruder states the performance is effected in

the ordinary exp(S) ansatz. If the model space is chosen so as to
include all the strongly interacting states the results are
expected to inmprove. The mxed representation reproduced the

results for longer times than the basis set representation method.

The Next problem we have studied is the nonadiabatic
dynamics in the framework of linear coupling model.® The initial
state was used as the reference for a single reference TDCCM
cal cul ation. The working equations for the cluster operators in
this approach became stiff within a very short period of time.
This is because the ACF becomes practically zero by this stage.
One way of overcomng this would be to use a dynam cal basis set

such that the reference function used for TDCCM in that basis has
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a large overlap with the exact wave packet. We used the TDSCF
solution to the problem as the reference function as TDSCF is
known to provide reasonably good description upto about 100fs.°
The nodulus of autocorrelation function and the spectra are
computed for four nopdel systems and conpared with the TDSCF
cal cul ati on. In all these cases we found that TDCCM performed
better than the TDSCF.

On the whole we believe that the conputational evidence
provided here is indicative of the potential of the TDCCM
appr oach. If the nodel space is judiciously chosen we believe it
can offer quantitative description even at two-body approxinmation
to the cluster operator. These conclusions are ofcourse tentative
and would have to be tested on w der range of problens and nore

realistic potential energy surfaces.
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