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SYNOPSI S

In this thesis we discuss the Lie-algebraic construction of
the tine evolution operator [t-11] to study the dynamics on
anharmonic potential energy surfaces. The essential feature of
the al gebraic approaches is that if the hamiltonian is an element
of a Lie-algebra,

H=Zh.1. (1)
i
- T k
[li , IJ.] =z Cily (2)
the time evolution operator can be parametri zed as t he

exponential of an antihermitian elenent of that algebra [1,2].

U = exp(X), (3)
X=-x* =zx 1 . (4)
Here the coefficients C. . are the structure constants of t he
algebra.

The governing -equations for the coefficients of t he

generators of the evolution operator are obtained by substituting
the ansatz (3) into the Schroedinger’s equation for the evolution
oper at or

Ty=vtHu. (5)

i u
Expandi ng both sides of eq.(5) by the Hausdorff expansion [2} and
equating the coefficients of each 1. on either side of the
equation provides the required working equations. The resulting
expressions are conpact and provide a convenient route for
generating the solution to eq.(5) either perturbatively (3} or
non perturbatively [4-81.

The advantages of the algebraic method when the Lie-algebra
is finite dinensional is that the nunber of independent variables



required to define the evolution operator globally is finite

even if the underlying Hilbert space is infinite dimensional. The
most general class of hamil tonians that belong to a finite
dimensional Lie-algebra, ot her than the projection operator
al gebra operative in finite dinensional vector spaces, are the
quadratic hamil tonians. Hence nobst of the studies, involving the
Li e-al gebraic theory have been done usi ng the quadratic
Li e-al gebra [4-10). Since nobst problenms of practical i nterest
require dynam cs on anharnmonic surfaces, the harmonic oscillator
al gebra cannot provide an exact solution for the evolution
operator of such systems.

In this thesis we describe a way to extend the Lie-algebraic
theory to describe the dynamcs generated by the anharnonic
hamiltonians. Al anharnonic hamil tonians with fixed nunber of
degrees of freedom are elements of a single infinite dinensiona
Li e-al gebra. Thus they can all be treated on the same generic
footing trrespective of the specific interaction potential t hat
characterises the system These algebras are introduced in
chapter 2 along with a discussion on the difficulties encountered
when a canoni cal representation of the evolution operator is
invoked. Briefly, these <consist of the follow ng: Since the
algebra is infinite dinensional, the nunmber of i ndependent
vari ables required to parametrize the evolution operator is also
infinity. Consequently, truncations are necessary in any
practical calculation. Even then, the governing equations for the
generators of the evolution operator <contain infinite order
pol ynom al s of the unknown coefficients necessiating further
approximations. |In addition, under sonme exotic conditions, the
exi stence of the solution is also questionable.

These problens can be surmounted by parametrizing the
evolution operator in a non-canonical product of exponenti al
operators. Vie and Norman (1) and WIf and Korsche [11] have
di scussed a reduction principle when t he al gebra under

consideration has an i nvari ant sub- al gebr a. However t he
anharnmonic oscillator algebra does not have any nontrivial
i nvari ant subalgebra. Consequentily, the Vei - Nor man and
Wolf-Korsch procedure cannot be used in this case. A reduction
principle to construct the time evolution operator is reviewed

Vi



which we then use it to construct the tine evolution operator for
a general i-d anharmonic oscillator and later extend it to
multidimensions. The evolution operator gener at ed by t he
al gebrai ¢ approach in the boson operator representation turns out
to be the tinme dependent generalization (13] of the ansatz
postul ated by the coupled cluster Mthod (12} (CCM for the
anharmoni c oscillators [14-17}. The concepts invoked in the CCM
such as the cluster decomposition property [141 and the subsystem
enbedding condition [15] enmerge naturally in the algebraic
approach. It turns out that the usage of the We-Norman product
formin which the operator sequence is chosen by areduction
principle elimnates both the problenms encountered in the
construction of the anharnonic evolution operator by t he
al gebrai ¢ approach.

W now briefly describe the construction of the tine
evolution operator for anharmonic oscillators which we di scuss
in chapter 2 of the thesis. For sinplicity we first discuss the
one di nmensi onal systens and | ater ext end it to t he
multidimensional case. The nost general form of the one
di mensi onal hamiltonian in such a case is
H=p%/2m +F t/nt va" (6)

n=0
Here q and p are the coordinate and the nonentum operators of the

particle, m is the mass and V are the coefficients appearing in
the Taylor series for the potential energy function. Thi s
hanmiltonian is an elenent of the infinite dinmensional Lie-algebra

Lg= €Q,=a"p" 5 0mn< o (7)

Equivalently, in ternms of the harmonic oscill ator | adder
operators a and a, L. nay be represented as

L, = A -a+"an;05u,n5m} (8)

Gven that H is an element of L , we can paranmetrize the
evol ution operator U in the Wei-Norman product as

U = ‘mon
N exp [S.ma a ] (9)

M



Two ways of decomposing the infinite dinensional |ie-algebra are
considered from which the time evolution operators for a general
anharmonic hamiltonian are constructed. To denonstrate this it is
convenient to classify the operators in the infinite dinensional
Li e-al gebra as

a. Sets of creation operators

e, ={ a" ™™ 4% ;1 n 21} oskse (10a)
b. Sets of annihilation operators
a+k al(+n :

A, = { nz 11 05k S o (10b)

c. Sets of diagonal operators

e gk 0sks o (10c)
Two different forns of the time evol ution oper at or are
di scussed corresponding to the time dependent. generalisation Of

the NCCM and ECCM [12] ansatze. These are,

U=n [ exp (V) exp ()] n exp (Y.) ;

k=0 1=0
Vk ‘Ck, chDk, Yl ‘Al (11a)
= +(m+k) _k +k_(m+k) _ +k_k
ilk— }:S'k a a , Yk Eynk 4 a , Zk = Eskk a

wher e s > k > 0 and

[ exp (wk) exp (Yk) exp (Zﬁ,)l:

V., eC., YeA Z D (12b)
The equations of motion for the different cluster anplitudes
Sno are obtained from eq.(5). Wen truncations are made in the
operator =set, those equations also contain finite order
pol ynom als only. The wmultidimensional evolution operator s

Vil



- 13a
U=U,U, U, (13a)
n n
0 1 2 (]
UO =exp [ L[ Sn N (a ) (a.) “. + Sool (13b)
n,n,. 172
12
n n
1 1 2
Ul =exp [ T r Sn Bl o3k (at) (a,) “...al
a n.n,. 172
152
1 +*
exp [L S _,a aﬁ] (13c)

The main advantage of invoking this reduction principle 1is that
decoupl ed equations of notion are obtained. In the later
chapters we study the convergence properties of the tinme
dependent coupled cluster method (TDCCM). In the whole thesis we
have used the names TDCCM and the al gebraic met hod
i nt erchangeably wherever applicable.

Convergence properties of the TDCCM appl i ed to one
di mensi onal potential energy surfaces are studied in chapter 3.
Applications to exponentially repul sive, Mrse and time driven
exponentially perturbed harnonic potentials [1-10] have been
carried out. In all these cases, it was found that t he
Li e-al gebrai c approach converges to the numerically exact result
very quickly.

In chapter 4 the tinme dependent coupled cluster nmethod
(TDCCM has been applied to the photodissociation dynam cs of

linear triatomics using the Beswi ck and Jortner nodel [18] and
the t wo di nensi onal Henon-Heils hamiltonian [19]. The
autocorrelation functions and absorption spectra have been

eval uated and the convergence of the method has been tested by
eval uating the autocorrelation function at different truncations
of the S-matrix elenents for the photodissociation dynam cs. Once
again the Lie-algebraic approach showed a better convergence
pattern than the linear basis set expansion approach. For the
Henon-Heils system we have studied the norm conservation for a
few nodel systenms and obtained the spectra.



The al gebraic approach has been applied to calculate the
dynam cs of a few npdel non-adiabatic single nmpde systenms and
nodel multi node systems in chapter 5. In our applications in
this chapter, we assume that only two electronic states bel onging
to different irreducible representations of the nolecular poi nt
group and n vibrational modes, are relevant to the dynam cs. The
resultant hamiltonian can bo written as [20]

+ +
H=FL |le.> . <e.| + w a a + L[ |e.> [V (a_ +a_ )] <e.|
i 1 i ¢ o e i c c i
+ (i) +
* {:wt a, a, +t:j le;> ( Vi lat b ntl) <e, | (14)

wher e, w and V are the normal node frequency and t he
force constants of the vibrational npdes respectively. c denotes
the coupling node and t denotes the tuning mode. «. is the energy
of the ith electronic state e.. a and a are the boson |adder
operators operative in the vibrational subsystem Defining the
auxillary paraneters,

, " (1) (2)
Vi = BB v w VR (15a)
- (1) _ (2
u, = 0.5 (V, Ve ) (15b)
the resultant hamil tonian turns out to be
ﬁl = E wo n; a +LV, (u: +a,) - s cos(n [ a: a ?
n=t,c L e
- i U € al+ a,) cos ( n ) atad)+ v a" +a) (18)
t t t t c ¢ ¢ ) (o] c

We now use the coherent state operator algebra to calculate
the dynamics of this system [4-11}. We parametrise the evolution
operator as a product of exponentials generated by the elenments
of the n-dimensional harnonic oscillator algebra

L. & {%¥; &8; ; @ ; &, &; , & d, , &; &, ¥ (17)



Since we are particularly interested in the dynamics of the
vacuum state, the evolution operator was paranetrised as

i o+ i o+ o+ i
U = exp [ 25;a1+25aiallexp[—}:Tla
i i<j i is]j

X exp (s, ] (18)

As the annihilation operators are to the extreme right the

equations for the autocorrelation function sinplify. The termU

cos(n acac) U which results from the multicommutator expansion of

U HU can be rearranged as exp(Xa "Ycos(raa yexp(Ya ) or
. . c cc c

exp(Xa ) exp(Ya ) cos(ma a ) where X and Y are tinme dependent
c’ e ccC

vari abl es. Calcul ations have been performed using both the sets
of equations and the results were found to be different in the
two cases. W have applied the formalism to evaluate the
Franck—-Condon spectra of sonme nodel one di mensional syst ens
containing only a coupling node. As the tuning nodes which
modul ate the electronic energy gap in the system are absent, t he
dependence of the coupling energy gap and the coupling constant
on the spectra have been studied. We have also obtained the
photoel ectron spectra of a few multidimensional realistic
systems.

In all our calculations we required about thirteen equations
to be integrated where as the basis set expansion nethods to date
require an order of 20 basis [21-23] in each degree of freedom to
obtain the spectra. This computational sinplicity is the min
attraction of the algebraic theory. The spectra obtained where in
reasonably good agreement with the exact.

Cal cul ati ons have also been perforned wusing TDCCM on the
mapped hamil | oni an using
U expl S, a'™ ] (19)
as the time evolution operator. However the resulting equations
were quite stiff and could not be integrated. As the TDCCM fail ed
to describe the non-adiabatic dynamics of systems described by
the hamiltonian eq. (14), we have applied the multireference TDCCM
( MRTDCCM to include the conplete algebra of the original



unmapped hamiltonian eq. (14). The advantage of MRTDCCM over
single reference TpccM is that all the electronic excitations
are taken into account in MRTDCOM where as in single reference
TDCCM all the electronic excitation operators involving quadratic
and higher order excitations are zero for the tw electronic
state problem Therefore we expect the results to be better than
the single reference TDCCM This difference between the two
met hods hol ds good for any nunber of electronic states in which
case nmany of the electronic excitation operators in the
exponential ansatz do not contribute in the single reference
TDCCM  Two different MRTDCCM fornalisns (MRTDOOML and MRTDCCMR)
have been di scussed. The Lie-algebra associated with this system
is

L=(!i><«!ipga. “a®),ik;0sm, nsw (20)

In the case of MRTDCCML the operators !i> <k | correspond to
the electronic state subsystemand a. and a. correspond to the
boson | adder operators of the vibrational subsystem In MRTDCCM2
the operators !i > <k ! correspond to the combined el ectronic and
coupling node subsystem and the boson |adder oprators correspond
to the tuning nmopde subsystem A decomposition procedure is
di scussed simlar to that discussed in chapter 2 from which the
time evolution operator is constructed. We have applied the above
formalism to obtain the spectra of a few realistic systems. For
short tinme dynam cs MRTDCCM performed well but the 1long tine
dynam cs could not be obtained due to the stiffness of the
equat ions.

X1



REFERENCES

1.

2
3.
4

9.

10.

11.

12.
13.

14.

15.
16.
17.

18.

19

20.

J. Wei and E. Norman, J. Math. Phys., 4, 575(1963)
R.M.Wilcox ,J. Math. Phys.,8, 962(1967).

W. Magnus, Commun. Pure. Appl. Math., 7, 649(1954).

(a) B. Gazdy and DA M cha, J. Chen. Phys. , 82,
4926(1985); (b) E.Vilallonga and D.A.Micha, Int.J.Quantum
Chem. Synp, 15, 853(1981);:(c) J.Chem. Phys.,79, 3794(1983).

J. Kucar and H.D. Meyer, J. Chem. Phys.,90, 5566 (1989).

J. Echave, F.M Fernandez and D. A Mcha, J. Chem  Phys.,

04,, 3537 (1991).

I. Benjamn, J. Chem Phys., 85, 5611(1986).

H.K. Shin, Chem Phys. Lett., 3, 125(1969); idem J. Chem
Phys., 81, 1725 (1984).

Y. Alhassid and R D. Levine, Phys. Rev. A 18, 89 (1978);
idemJ. Chem Phys., 87, 4321 (1977).

Shenglu Lin, Xizhang Yi and Luzhong Cai, Chem Phys., 160,
163 (1992).

F.WIf and H. J. Korsche, Phys. Rev. A 37, 1934 (1988).

J. Arponen, Ann. Phys., 151, 311 (1983).

K. L. Sebastian, Phys. Rev. B, 31, 6976 (1985);

M Durga Prasad, J. Chem Phys.,88, 7005 (1988); Proc. Ind.
Acad. Sci. (Chem Sci.),99, 61(1987) ; Lecture notes in chenmistry
Vol .50 edited by D. Mukherjee p321 (Springer, Berlin, 1989) S.
Guha and D. Mukherjee, Chem Phys. Lett., 186, 84 (1991).

R F. Bishop and H G Kummel, Physics Today, 40, 52(1987);

F. Coester, Nucl. Phys. 7, 421 (1958); F.Coester and H.
Kummel, Nucl. Phys., 17, 477(1960); J . Cizek, J. Chem Phys.,
45, 4256(1966); J. Cizek, Adv. Chem Phys., 14, 35 (1969);

R J. Bartlett, J. Phys. Chem.,93, 1697 (1989).

D. Mukherjee, Int. J. Quant. Chem, sezo, 409 (1986).

R F. Bishop and M F. Flynn, Phys. Rev. A, 38, 2211 (1988).

U.B. Kaulfuss and M Altenbokum, Phys. Rev. D, 33, 3658
(1986) .

Beswick and Jortner, Chem Phys., 24 ,1 (1977).

E. J. Heller, Acc. Chem Res, 14, 386(1981).

H. Koppel , W. Domcke and L. S. Cederbaum, Adv. Chem Phys.,
57, 59 (1984).



21. D. Manthe and H. Koppel, J. Chem. Phys., 83,1858 (1980);
U. Manthe and R. Koppel ,Chem. Phys. Lett., 178, 36 (1991).

22. R. Schneider and W Domcke, Chem. Phys. Lett., 1S9 61.
(1989).

23. R. Schnei der, V. Doncke and II. Koppel , J Chem
Phys,92,1045 (1990). R. Schneider and V. Domcke, Chem Phys.
Lett., 150, 235 (1988).

AV



CHAPTER1
INTRODUCTION



1.1. | NTRODUCTI ON.

Quantum dynanmi cs has developed into an effective tool to
study nol ecul ar dynam cs. Mdern technol ogi cal progress has nade
it possible to study individual nmolecular processes with the use
of nol ecul ar beans and tunable |asers. These experinental studies
necessi ate the devel opment of new theoretical nethods and nodels
to study such processes. This nodelling of nolecular systens
gives a deeper insight into the nechani sm of nolecular phenonena.
Al'so the sinulation of the experinental results is now possible

with the advent of high-tech conputers.

Studyi ng nol ecul ar dynam cs using quantum theory essentially
involves solving the Schroedinger equation either in the time
i ndependent formalism or tinme dependent formalism [1]. Many
problens in molecular dynam cs such as spectroscopy, nolecular
scattering etc. have been traditionally dealt wth wusing the
static theory i.e, solving the tine independent Schroedinger
equati on. Later on the tinme dependent nmethods have gained
a greater inportance due to the inherent advantages these nethods
have to offer. One of the major problens which arises in the
application of the static formalism is in the evaluation of
spectra. |In such an approach all the accessible eigenvalues and
eigenstates have to be evaluated to obtain the spectrum
irrespective of the resolution required. Such ei genstates can
be very large in nunber even for small nolecules and extension to
| arger nol ecul es becones very cunbersone and difficult to deal
with. In nmost of the cases the observed experimental spectra do

not show all the eigenstates, rather the envelope of spectrum



generated by these 3tates is observed. The tinme dependent Methods
are based on the dynamical evolution of an initially prepared

state of the system and do not require evaluating all the eigen

states.
Sever al met hods  exi st in literature to sol ve the
Schroedi nger equation in its time dependent formalism The

sinpl est and accurate method of these is the basis set expansion
approach [2). In this approach, the tinme dependent wave function
is expanded as a linear superposition of the basis vectors of an

appropriate Hilbert space.
w(t) = pC, ¢ (1.1.1)
i

The equations of motion for the coefficients C.obtained from the

tine dependent Schroedi nger equation (TDSE) are

in C P E (1.1.2)

Sever al choices of basis vectors ¢ ranging from descrete
vari abl e repreaentations using coordinate space grids to finite

basis set representations that use the eigenfunctions of

conveni ent zeroeth order hamiltonian, including m xed node
representations have been discussed in literature along wth
strategies to inplement such «calculations [2J. Al t hough the

implementation of this method is very sinple, the computational
etfort required to solve for the properties of a system scales
exponentially with the nunber of degrees of freedom in the

system Consequently, dealin,” wth |arger systenms becomes



impractical. This has prompted several authors to look for
al ternative approaches. The classical trajectory based nethods,
the semiclassical nethods [2-9] and the pure quantum nechanical
nmet hods that use dynamical basis sets are some of them. In the
later sections of this chapter, we will discuss the semiclassical
GWP (gaussian wave packet propagation), the TDSCF (tine dependent
self consistent field), the TDCCM (time dependent coupled cluster
met hod) and the Lie-algebraic nethods, all of which are related
to each other as they involve the usage of the time dependent

basis sets.

1.2. GAUSSI AN WAVE PACKET PROPAGATI ON c¢GwP> TECHNI QUES.

The sem cl assical Gaussian Wave Packet dynamics (GAP) [3] by
Hel l er has received considerable attention in the recent years.
The approach paranetrises the wave packet as a travelling

gaussian
v (q.t) = exp [ (i/h) {ay(a - q,0° + pyla - q+ 7, 1], (1.2.1)

where q, and p. are the expectation values of position and
monentum respectively, a. describes the width of the wave packet
during its evolution and », is the phase factor of the wave
packet. This approach is exact for harmonic potentials. In the
sinpl e gaussi an wave packet dynamics the [{3-6} potential V(q) is
expanded as a Taylor series around the <centroid of the wave

packet and truncated at the quadratic level



+ 1/2100%v/09%)

V@)= Via,) +(av/ea) o q

@-ap?  (1.2.2)
t

*

This approximation is terned the local harnmonic approximation
(LBA). Substituting eq. (1.2. 1) and (1.2.2) in the tine dependent
Schroedi nger equation

ih 8y /8t = H v (1.2.3)

result in the follow ng equations of notion

q, = Py / m, (1.2.4a)

P, = -~ (av (1.2.4b)
t (i q=q;’

N _ 2 2

o = =2 a/m -1/2 ( 8°V/aq Jq = q,’ (1.2.4c)

: - : 2
- thal /m + P a, o

¢ /2m = Vg, (1.2.44d)

This approach works well even for anharmonic systens provided the
imaginary part of the width paraneter is considerably snaller
than the characteristic range over which the potential energy
function changes

Another variant on GWP utilizes the Frenkel - Dirac
variational principle [9] to obtain the working equations
Recently, Coalson and Karplus [91 have recast these equations in
a convenient form for practical calculations and have applied to
the photodissocialion dynamics of ICN using the Beswick and
Jortner model {101. Although this procedure does not invoke the
locally harnonic approximation and gives a better account of the

anharmonicities prevailent in the system it cannot describe the



classically forbidden processes such as tunneling and cannot
account for the non-gaussian distortions the wave packet
eventual | y undergoes

The GWP is subject to two limitations. The first is the
locally harnonic approximation (LHA). As a consequance of this
the wave packet is confined to the classical trajectory. The
second which is also a consequence of the LHA is the restriction
that the wave packet renmains a gaussian throughout the course of
its evolution. In the presence of anharmonic perturbations,
these restrictions can cause inaccuracies in the final spectrum
For exanple, in an early study of the Franck-Condon spectrum of a
Morse osccillator, Warshel and Hwang [4bl found that the GW at
thawed gaussi an appoximation did not produce sharp peaks at the
quanti sed energies. More recently Coalson and KXarplus [9]
observed that the variational GAP i1n the Hartree approximation
gave an artificial negative absorption for a tw dinensiona
di ssoci ative surface. One way of overcoming this drawback is
by expanding the initial wave packet as a linear conbination of

di spl aced gaussians [5].
v =pDe, g (1.2.5)
i

The coefficients c. can either be kept constant or alternatively
can be varied in tine. The individual gaussians g. are propagated
using the GWP prescription. Another way of parametrising the wave

packet is by expanding the wave function as

v = P {(q, qt)g (1.2.6)



where P is a polynonial function of (g - q.) {7,8]. The
parameters in g are obt ai ned either variationally or
non-variationally. The approach has been applied to study the
photodissociation dynamics of CH.I by Lee and Heller [7] and to
study atomdiatom scattering by Coalson and Kar pl us [8}.
Essentially these methods use GWP to generate a set of tinme
dependent functions which are then wused to carry out t he
dynam cal calculations. |nherently it is hoped that since GWP
provides fairly accurate description of the dynamcs, few such
dynani cal basis functions suffice to provide the required
nunerical accuracy [7,8). The mpjor computational advantage is
lost in these approaches however, since the nunber of such basis
functions increases exponentially with the nunber of degrees of

freedom in the system
1.3. QUANTUM MECHANI CAL METHODS.
1.3a. The tinme dependent self consistent field method CTDSCF).

We first discuss the TDSCF approach [11]) which is based on
the tine dependent variational principle [12] and is free from
di vergences. The trial wavefunction in this theory is taken as a
product of wave packets which depend on a single degree of

freedom i.e,

v (r) =1 ¢,
i

i (rl) exp (igt), (1.3.1)



where ¢ (r) are the wave packets dependent on a single degree of
freedomr and 6 is the overal! time dependent phase factor. The

general hamiltonian of a many particle system can be witten as

i

where h correspond to the ith degree of freedom and V is the
interaction potential. We now apply the tine dependent

variational principle according to which

Sy S <y | H - i8/at 1y> dt =0 (1.3.3)

Substituting the equations for the hamiltonian and the wave

function in the above equation gives

6, S <qe (r) L Eh 4V -ig/at e, (r)>dt =0
5 1 1 b

(1.3.4)

From the above integral the follow ng equations energe.

i, (r) = nf°" o (1.3.5)
where,
*
h, = h, + £ JORE 0 I ) )
. = Ly M, ) r Ve (rp ary (1.3.6)

In this approximation, the potential elements are counted twce

f.e, & (r.) interacting with ¢.(r.)> and vice versa. To account



for this error a termis subtracted from the phase factor of the

wave function which is given by

s::n¢: (rp) Ve, (r))ar,. (1.3.7)
The above three equations are the TDSCF equations which are
solved self-consistently to obtain the required properties of a
system This approach is size-consistent and size—extensive and
has been applied to the <calculation of dynamcs of nolecular
col lisions, nol ecul ar  absorption spectra and non-adiabatic
dynamics [12],

The TDSCF is an approximation to the exact dynamcs and its
wave packet deviates from the exact wave function as the tine
progresses. Two approaches, the Configuration Interaction (Cl)
based on TDSCF orbitals [12a} and the MCTDSCF [12b] have been
discussed in literature to go beyond TDSCF. In this sense the
TDSCF provides a recipe to generate the dynami cal basis to carry
out the ClI calculations. It has been shown that the nunmber of
functions required to achieve convergence is quite small in these
approaches. However, these methods also suffer from t he
exponential growth of the basis with the nunmber of degrees of

freedom.

1.3b. The tine dependent coupled cluster method CTDCCM .

Unlike the nmethods described above, the tinme dependent
coupled cluster nethod [13-18] is based on the operator solution

to the time dependent Schroodi nger equation in which the part of



the evolution operator that generates the conmponent of the wave
function outside the chosen nodel space is witten as an

exponential operator.
tw> = exp (S) !0> (1.3.8)

W now summarise sonme of the works that appeared in
literature on TDCCM

The formulation of the TDCCM has appeared in the Ilate
seventi es. Schonhammer and Gunnarson [13] introduced the tine
dependent generalisation of the ~coupled cluster method to
calculate the spectral functions of fermi  systens. They

paranetrise the wave function as

1@(t)>» = N(t) exp (S(t) | ¢D>, (1.3.9)
where N(t) is a normalisation factor and S (t) is a tine
dependent operator creating particle-hole pairs with respect to
the state 1¢.>.

(1)

= (2)
S (t) = E8,,

(t) . w + LS Eb .
“a ¥m L abmv ¥a¥p it T o0 e

@
=g 8 (), (1.3.10)

where w are the annihilators of the singly occupied particle

states 1n :¢O> and ¥ are the creation operators of the

unoccupi ed single particle states in N S(t) satisfy the

condi tion



sT(t) 1gy > = O. (1.3.11)

As the spectral function is determined by <¢, ! #,> which can be

rewitten as

<@g i exp (-i H t) :¢O> = N(t), (1.3.12)

their i nterest is to determine N(t) which they do so by
substituting eq (1.3.9) in the time dependent Schroedl nger

equation given by

ig/at #(t) = H @(t). (1.3.13)
Hence the followi ng equation is obtained

il I:J(L) + é(t) N(t) ] exp (S(t)):aﬁo > = N(t) H exp (S(t) .'¢O>

(1.3.14)

Premultiplying the above equation with exp(-S) amunts to

10 NCE) + SCt) NCE) 1 feg > = NCt) Tt igy (1.3.15)
where
H(t) 1e,> = exp (-S(t)) H exp (S(t)) (1.3.18)

Projecting eq(3) on the left with | %5 gives the equation for
N(t) and s™(t) as

i NCE) = NCt) <@y HHCL) 1y (1.3.17)

10



i - (] [}

i 8§ o ™ < a,m| H(t) | ¢O>, (1.3.18)

where

L} - + r (]

a,m =y L Vo ¥u oo ¥ .¢0) (1.3.19)
1 n 1 n

The above formalism is applied to include only the first term in
S(t) involving ¥ -

Hoodbhoy and Negele (14] have applied the tine dependent
formalism to the CCM and specified the truncations appropriate to
potentials with strongly repul sive cores.

Arponen later introduced a biexponential oper at or to
describe the wave operator [15] leading to tw different ways of
obtaining the CCM equations and then extended it to derive the
time dependent eqgautions. The main attraction of this procedure
is that the expectation value of an operator can be determ ned in
a straight forward manner. We describe the method in the
foll owi ng discussion.

As is known the CCM wave function of the ground state is

gi ven by

ly> = exp (S) ‘¢ >, (1.3.20a)
<vi =<¢ ! exp (S, (1.3.20b)

where !@> is the noninteracting ground state. S is expanded as

S=Ls; ¢} (1.3.21)

S=Ls, ¢, (1.3.22)

11



where c¢. and c¢. are respectively the excitation and deexcitation
operators with respect to ¢ and S and S are the nunerical
amplitudes. The energy eigenvalue equation is given as

Hexp(S) te> = Eexp(S) e (1.3.23)

Left multiplying by exp(-S) gives

exp(-S) H exp(S) | & =E ! & (1.3.24a)
Hi¢> = E i o (1 .3.24b)
The transformation to H is not wunitary and hence it is not

hermitian. The expectation value of an operator can be witten as

<A> = <@ | exp (S) Arexp (S) ¢ >/ <@ ! exp (S)exp (8)ie >

(1.3.25)

Introducing the notation

<w | = <¢ lexp (S Jexp(S)/ <¢ ! exp (S dexp(S)is > (1.3.26)

one obtains

<A> = <w LA g > (1.3.27)

Applying the linked cluster theorem the equation for <w i becones

<w ! = <¢ | exp (S) (1.3.28)

12



wher e

S =ES; ¢ (1.3.29)

Equations (1.3.27) and (1.3.28) inply that <A> is of finite order
if Sand S are truncated at some finite order n. At this stage a
new energy functional is defined in which the simlarity
transformation is performed using a product of two exponentials

exp(S)exp (S ).

T S ,0] =<@ !0 exp(-S) Hexp (S) ‘¢ > (1.3.30)
wher e

0 = exp(S ) (1.3.31)
and

<v i =exp( S exp(S) ! ¢ > (1.3.32)
An alternative way of witing this functional is

TIS, S] =<¢ | exp(S) exp(-S) Hexp(S) ie > (1.3.33)

Two different truncations are obt ai ned by appl yi ng t he

variational principle to the variable paranmeters 0. and S.

aT/ 8.= <« lc. B i¢ > =0, (1.3.34)

a2 T/ asi =<¢ IOl H ,c. ] i® > =0, (1.3.35)
from which the coefficients c¢c. and c. are obtained.
The tine dependence of the cluster anplitudes S and S is

obtained by applying the tine dependent variational principle

13



which is described in the follow ng discussion. Consi der the

functional
At w,w ) =/ dt <v(t) [ ia/at -H(t)Jd ‘w (t)> (1.3.36)

appl yi ng the doubl e exponential form for Iy (t)> we obtain

S(t)

15 () =8(W) ia/at - HC(L)) o é >

ALS, S ] = 5dt <@

5 dt <@ :eS {it.) eS(t)

i@ > = 5 dt T(t) (1.3.37)
The wor ki ng equations of notion are obtained by inmposing that A
is stationary with respect to changes in S and S . Hence, the

equations of notion for the cluster anplitudes are obtained to be

i ? Klj SJ = 8T/ asi. (1.3.38a)
i ? S‘j KJ1 = aT/BSl. (1.3.38b)
where,

7’ o - ] 4 +

RIJ [S§ ] = ¢<¢ | c; exp (S )cj e > (1.3.38¢)

K, Sand T are all time dependent quantities.

In sunmary, two features distinguish Arponen's theory. First
he uses a biexponential ansatz to represent the wave operator.
Second a variational procedure is used to determine the cluster
anmpl i tudes. The approach is restricted to closed shell syst ens
however and extensions to multideterminental reference functions

are not trivial.

14



Ion-neutralisation scattering from surfaces was studied by
Sebastian [16] using the time dependent formalism so that
el ectron correlation 18 explicitly included to describe the

process accurately. The wave function is assuned to have the fore

fw(t)>= exp [T, (L)+ T,(E)+T,(t)+ ... 11g, > (1.3.39)

where #, is a slater determinant and T (t) can create n-particle
hole excitations in it. T (t) contai ns single particle
hole-excitation operators and T,(t) contains those two- particle
hol e- excitation operators which transfer two electrons to the
ion fromthe solid surface. He neglected all the T (t) for n >2.
Substituting for {w (t)> in the time dependent Schroedinger
equation, the equation for T (t) are obtained. The wave function

is approxi mated as

Cwlt)i = exp [ Tp(t) + T, ()] [1 + Ty(t)] i@, > (1.3.40)

It was shown that TDCCM at this |evel of approximation is
adequate to describe the electron transfer processes accurately.

The tine dependent coupled cluster nmet hod for t he
propagati on of harnonic oscillator vacuum states (gaussians) on
multidimensional anharmonic surfaces has been devel oped by Durga
Prasad [17]. Using the exponential of creation operators as the
time evolution operator, the calculation of nolecular absorption
spectra was shown. The nolecular vibrational hamiltonian is taken

to be

15



H(ax) = E  + E wi(a) E!.i B.i + B V!.(EI) ( B.‘+ ai) +

(=3
+ +
1/21 ¢ Vij () (a; + &) (BJ +aj) *: o v (1.3.41)
where a represents the index of the electronic state and E_, is

the vertical excitation energy, w. are the frequencies, V are the
anharnoni ¢ coupling constants and a. and a. are the harmonic
oscillator |adder operators corresponding to the node i. The
ground state is taken to be the vacuum state on the assunption
that the anharnmonic terms do not effect the vibrationless state

of the lower electronic state. Hence,

i » = |0y, (1.3.42)

The time evolution operator is paranetrised in the Wei-Norman

[20) product form and arranging it in normal order as

Uio > = exp [S]i0 > (1.3.43)

wher e

S = S0 + S1 + 52 + S3 #as ¥ il (1.3.44a)
& S

S, =Ls, a, (1.3.44b)

B 2 + o+
S = 1/21 }:SU a; a,

3 (1.3.44c¢)

and so on. The annihilation operators are not included as in the
normal ly ordered form they are to the right and acting on !0>

woul d give zero. The wave function at a given tine t is given by

‘'t > = exp [SI! 0> (1.3.45)

16



The equations for the cluster anplitudes S. are obtai ned by
substituting ea. (1.3.45) in the time dependent Schroedinger
equation given by

id/dt it » = H HE (1.3.46)
Premultiplying by exp (-§ we get

1 exp(-S) d/dt exp(S) i0 > = exp(-S) H exp(S) o0 > (1.3.47)
projecting on to different excited states im > we obtain

i s=«<m ! H '0 >, (1.3.48)

H = exp(-8) H, exp (S), (1.3.49)

which are coupled non-iinear differential equations that are

integrated by using the initial condition
s (0) =0 (1.3.50)
m

The fourier transform of exp(S,.) gives the spectrum Thi s
formalism was applied to evaluate the absorption spectra of the
two di nensional Henon-Heils ham | tonian.

The tine dependent coupled cluster fornmalism with a
multireference model space was presented by Guha and Mukher jee
[18]. Simlar to Arponen's formalism their work is inspired by

the analysis of many body perturbation theory. The time dependent

17



non-stationary functions v (t) at sonme initial time tyare built
as a linear combination of a set of strongly interacting tinme

i ndependent functions belonging to a nodel space M
w(t)=CFe,. ¢ (1.3.51)
k 0 ik i

The tine evolution of w, is given by

0
(t) = U (t.to) v, (t 2 (1.3.52)

Yk 0

where U (t,to) satisfies the equation

18U (t,ty)/at = H(t) UCt,ty). (1.3.53)

A nodel evolution operator VU, and a nodel time dependent

effective ham | tonian He,l,I are dgfined in the nodel space via
WD (1) = Uy (t,t) v (1) (1.3.54)
iGUM(t,tO)/at = He” £ED) UH (t.to) (1.3.55)
The evolution is factorised as

UP = U, U, P (1.3.56)

where P describes the projection on to nodel space and u is the
6 X

evol ution operator defined in t he complementary space.

Substituting eq.(1.3.58) in eq.(1.3.53)

18



1auex/at = Huax = U H (1.3.57)
The PP conmponent is given by

= PPy ¢ (g oFP

. PP
eft ex ey | T iU /ot) (1.3.58)

QP

The evolution of UY where Q defines the projection on to virtual
ex

space is given by

i sat = [ mu 9P - 9P 4
ex ex

o (1. 3.59)

eff

The equation for U and U, are decoupled as H depends only on

ff

GX n © I I
U . Hence, H,, is solved fromeq.(1.3.58) and substituting in
eq. (1.3.55) U, is obtained. The two evolution operators are

n
defined as U.. and U
M ex

Uy = flexp [X} (1.3.60)
9] = {exp [S}} (1.3.61)

X defines closed operators (closed operators whi ch cause
transitions within the nodel space) and indicate normally ordered
products. Although in principle S contains <closed operators as
well as external operators (external operators cause transitions
from the nodel space to the virtual space), it is sufficient to
have only external operators in it. Substituting U in

eq.(1.3.59) and rewiting in nornal order gives

19



. N R~ 1.3.62
ias/at U HU = Ugy Bopyp (1.3.62)

The bar on the top indicates connected diagrans. Considering the

closed part of the above equation S =0 gives

T - 1.3.63)
{ (Uex)cl Herr } t8 Uex ]cl (

Simlarly with the external pair

as/ot x (B Uy, ). ~ Uy, Bl (1.3.64)

The equation for X is

igx/et = { 1 (1.3.85)

HoreUn

The above two equations are the working -equations in this
formalism This formalism was applied to a three dinensional

rotated harnonic oscillator.
1.3c. The Lie~-algbraic approach.

Anot her nethod which received attention in recent years is
the Lie-algebraic nmethod [19-24,26-35). The essential feature of
the algebraic approaches is the realization that i f t he

hamiltonian is an elenent of a lie-algebra,

H=Lh Al ., (1.3.68)
i

20



_ k
(., a_ic,. by (1.3.67)

the time evolution operator can be parametrized as t he

exponential of an antihermitian element of that al gebra.

c
n

exp(X), (1.3.68)

X = ~X =Zx, 1 3 (1.3.89)
i

Here the coefficients C. are called the structure constants of
the al gebra

The governing equations for the coefficients of the
generators of the evolution operator are obtained by substituting

the ansatz into the Schroedinger‘'s equation for the evolution

oper at or
iviv=v'tau. (1.3.70)
Expandi ng both sides of eq.(1.3.70) by the well known Hausdorff

expansion [21] and equating the coefficients of each 1 on either
side of the equation provides the required working equations
The resulting expressions are conpact and provide a convenient
route for generating the time evolution operator ei t her
perturbatively as is done in Magnus expansi on or non
per turbatively.

The advantages of the al gebraic nethod are nost striking
when the Lie-algebra is finite dimensional. |In this case, the
nunber of independent variables required to define the evolution

operator globally is finite, even if the underlying Hilbert space
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is infinite dimensional. The npst general class of hamiltonians
that belong to a finite dimensional Lie-algebra, other than the
projection operator algebra operative in finite dinmensiona
vector spaces, are the quadratic hamiltonians. Consequently, a
|large body of studies have appeared in whi ch guadratic
hamiltonians which belong to the harnonic oscillator algebra
have been studied by the Lie-algebraic nmethod. W now discuss the
application of the Lie-algebreic methods by various authors
Pechukas and Light [22] discuss the Magnus {(19) formula for
the exponential representation of the operator solution to the
Schroedi nger equation for a time dependent hamiltonian to obtain

a unitary time evolution operator. The tinme evolution of a system

at time t = tg described by a wave function w(t.) is given by the
TDSE

ih BU{L.lO)/at = H(t) U(t.to). (1.3.71)
where U(t,t.) is the tine evolution operator. |If the hamltonian

of the system H is described in the Schroedinger picture then H
becomes tine independent and the above equation is easily
integrated. On the contrary if H is time dependent as in the
interaction picture then the above equation which cannot be
wittenas

t
U(t.&o} = exp { -1 & dt’' H(t')/h } (1.3.72)

o
Normally UCt,t,) is obtained by expanding it in a perturbation

series obtained by iteratively integrating eq.(1.3.72)
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t

U(t,t0 ) =1 - l/h{dtl H(tl) U “1"0) (1.3.73)
t 5 L tl

=1 - i/h s dtl H(t}) + {i/R)" & dt] ¥ dt2 H(rl)HH.ZJ +
t0 1,(‘ 1,0

(1.3.74)
UCt,t.) obtained by truncating the above series is not unitary.
The exponential formof U is very appropriate for a wunitary
transformation. One way of constructing U(t,t.) is to define an

operator A given by
exp [ A(t) J = uct,ty) (1.3.75)

such that A is ant i-hermit ian. In that case U becones a. wunitary
operator. Hence, A which 1is a functional of H has to be
determ ned as shown by Magnus [19]. A is expanded as a series in
which the nth termis a sum of integrals of n-fold nultiple
comutators of H(t’). Each term in the series is itself
anti-hermitian and hence one obtains a wunitary representation
irrespective of the point at which the truncation is nuade.
Pechukas and Light applied the Magnus expansion to a harnonic
oscillator With a tine dependent force constant {22} and used the
operators [gq ,p ,gp *+ pq) which forma Lie-algebra to define A(t)

as
2 2 .
ACt) = alt)q”™ + p(t)p” + »(t) (qp + pq) (1.3.78)
Al though the unitarlty of the evolution oper at or is
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mai nt ai ned, t he Magnus expansion is subjected to a few

drawbacks. The theory being based on the perturbation series

expansion of A, the governing equations of A also result in
infinite series. Hence, no non-perturbative solution can be
appl i ed. Also under sone conditions, the solutions to the
equati on nmay not exist. As the existance of a solution is

questionable, Wei and Norman have {20} alternatively paranetrised
the evolution operator in a non-canonical product form of

exponential operators given by
Uw = E exp (Ck lk ) (1.3.77)

They have shown that if the Lie-algebra to which the hamiltonian
bel ongs is a solvable algebra then it is possible to order the
elements of the algebra in such a way that gl obal solutions to
the evolution operator can be obtained. In case the lie-algebra
from which the evolution operator is constructed is not sinple
then the equations of notion for the different sets coefficients
can be decoupled by invoking a reduction principle.

The time evolution operator can also be constructed using
the Levi -Malcev decomposition of a Lie-algebra which states that
every finite dimensional Lie-algebra is the semidirect sum of
its unique radical R and a semisimple subalgebra S. |Invoking the
Wei - Norman form for the time evolution operator U U is witten

as [19]

U= Ug Up. (1.3.79a)
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and the hamiltonian is witten as
H=H_, + H_. (1.3.79b)

Substituting the above two -equations in the TDSE, decoupled

equations of notion are obtained i.e,
i dUS/dt = H, U (1.3.80a)
idUp/dt = (U, H_ U, ) U. (1.3.80b)

The semisimple al gebra can be directly deconposed as a direct sum

of sinple ideals [20b]

S =8, & .......... @ S (1.3.81a)

(1.3.81b)

Equation (1.3.80a) now reduces to solving smaller subordinate

problems

idv, /dt = H_ U (1.3.82)

where Hl & S
Anot her drawback of the Magnus expansion is that the
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perturbation series expansion breaks down in the presence of
degeneracies., To account for this, degenerate perturbation theory
has been invoked.

Sree latha and Durga Prasad [23] have alternatively
parametri sed the evolution operator in the Wei- Norman form using
the projection operator algebra which is a sinple algebra (in
this sense different from the Wei-Norman requirement) by invoking
a reduction principle to obtain decoupled -equations of notion.

The Lie-algebraic structure was classified as follows:

1) Set of excitation operators: E={ X =l v><m]}
vm
2) Set of deexcitation operators: D={ Y =Im> <v | }
mv
3) Set of shift oparators: S ={ Z = Inpp< ni, W =!u><v j}
mn uv

where u,v. &V (virtual space) and mn « M (npdel space).

By invoking the reduction principle they arrived at the following

tinme evolution operator

U = exp(X) exp (Y) exp(Z+W (1.3.78)

The resulting equations of notion are decoupled and contain
finite order polynom als. They solved the equations of motion by
appl ying perturbation theory.

M cha et al [24] have studied atomdiatom and diatom~diatom
collision wusing the Lie-algebraic nethod. The Lie-algebraic

structure they have utilized for their calculations contains the

2 2
elements {q , qp + p@, p , 4, p} in this order. The interaction

potential is expanded as a Taylor series and truncated at t he
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quadratic level. As a consequence at nobst quadratic terms have to

be retained in the hamiltonian H given by

H(t) = H. + V (1.3.83)

The hamiltonian s converted to t he interaction picture

hamiltonian HI(t) gi ven by

H (L)

exp [iHat/h] (EV (t)) exp [-iHyt/t]

nzfn (t) X (1.3.84)

where x are closed wth respect to comutation and form a
Li e-al gebra. The evolution operator in the interaction picture is
constructed as

6

)= qmexp [ =1 a(t) x | (1.3.85)

Up (t,t
n=1 n

0

whi ch satisfies the equation

ih d/dt UI (t,to) = HI (t) UI (t,lU) (1.3.86)
Substituting the equations for U; and H. in the above -equation
results in the working equations for a (t). Making t he
subst i tut ion,

a, (t) = -Pl(t)/ [2C QI(t)l

results in tw first order linear differential equations for Q
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and P which are solved to obtain P and Q, and in turn & (t). As

the equation for a.(t) depends only on a (t) and the equation for
i 1

a.(t) depends only on a.(t), these equations are analytically

sol vabl e. Therefore solving for a , a and a requires solving
1 Z i)

only two differential equations for P. and Q . The rest of the
di fferenti al equations have to be solved numerically. The
attraction this procedure offers is that fewer nunber of

equations need be solved to obtain the paraneters a (t).

Cal cul ations for 1linear and linear + quadratic potentials have
been perfornmed and the results were conpared wth the quantum
nmechani cal results of Secr est and Johnson [25]. Pot ent i al

containing linear + quadratic ternms showed better agreement with
the quantum nechanical results. Later on when they extended [26}
this procedure to a two dinmensional case involving diatom-diatom
collision a conpletely Lie-algebraic theory could not be used.

The hami|ltonian was segregated into

(2)

](!) (12)

H(t) = ¥ (t) + H (t) + V (t) (1.3.88)

where

(i) _ (i) 2

H (t) = HO + Fi(t) q; * 1/2 G“. (t) qj (1.3.89a)

(12) _ ‘

v (t) = Glz % ) a,4q, (1.3.89b)

and

Fi(“ = (aV/aqi)ql=q2=0 (1.3.90a)
2

(L) = (8°V/éaq, ; .3.

Gu( ) ( 74 q oq‘))ql=qz=0 (1.3.90b)
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The time evolution operator is simlarly obtained in the

interaction picture from

(1) (2) (12)
Up Ctatg) = U7 (tatg) U570 (titg) up (ks (1.3.91)

The differential equations for the interaction picture tine

evol ution operator are given by

J) - old) (j)
ihouptisa = 10 o ol ey (1.3.92)
and
(12) (o)t ot Jam (z) (1) (12)
ih au'® b = [ g Uy e ooy BES uEY 1 9k
oLy (12)
= vy (t) U; Ctitg) (1.3.93)

The equations of motion for the system excluding the residual

coupling V (12>

(t) are obtained as in the one-dimensional case.
Because the set of operators occuring in the residual coupling,
after applying the transformations of the above equations, do not
comrute, the algebraic theory cannot be applied here. I nst ead
first order perturbation theory and basis set expansion nethods
were invoked to treat the residual coupl i ng. The advantage of
this procedure is that as the residual coupling contains only
linear and bilinear terms in the interaction picture, the matrix
in the basis set expansion is very sparce than the matrix
obt ai ned from expanding from the very beginning as in that case
the matrix elements obatined from the quadratic ternms also have

to be eval uated. The basis set bottleneck still exists if terns

hi gher than linear and bitinear are included in the residual
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coupling or if more number of degrees of freedom are dealt with.
The di sadvantage of using perturbation theory is that for | arge
residual coupling it fails. Hence, to account for this sequence
of transformations were carried out which reduces the coupling at
each step [27]. When the coupling becomes very small,
perturbation theory is applied. The sequence of transformations

are given by the follow ng equations

(k=1) .+ (k-1)

=y 1 vy, Uy (1.3.94a)

in aulf/ot = v Py vl ¢, (1.3.94b)
38 )

UBL O'to} = 1 (1.3.94¢)

where V is the residual coupling and the subscripts L and BL
denote the linear and bilinear terns of the residual coupl ing
respectively. The tine evol ution oper at or after each

transformation is given by

(k) (k)

- = (k)
UL = exp [ l{l

a, ] exp !-ln] )

(k)

(k
Pl exp [-il,""q,] exp [-in, "p,]

(1.3.95)

where £ and 77 are time dependent coefficients. In general after

the kth transformation the evolution operator U is given by
(O) (1) (22 (k) (k)
Up = U000 770 0% U, Vg (1.3.96)

In their calculations they carried out three transformations
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(k=0,1,2) to reduce the coupling before they applied perturbation
t heory.

Shin [281 studied the coupling of W and VT energy transfer
modes in nolecular collisions using the Lie-algebraic theory. W
and VT intermode coupling in vibrational ener gy transfer
processes involving highly excited diatonmic nolecules wer e
studied. Only the linear terms in the hamiltonian were retained.

The hamiltonian contained the operators,

6 & +a + + + + +

| | 18, 85 .8, B 8, , a, , &, a,, a,a, }

The terns containing a a and a,a, describe the VV energy
exchange and the rest describe the VT energy transfer. The

evolution operator was paranetrised in terms of the operators
contained in the hamltonian. The linear approximation to the
potential was invoked to evaluate the transition probabilities
for the collision of two identical nmolecules which sinplifies the
scattering equations of notion further. They also carried out
calculations including the quadratic terns in the potential but
the dimensionality of the problem reduced as the 1i-dimensional
ham | toni an was consi dered.

Benjamin [29] applied the algebraic approach to the
col linear collision of an atom and a diatom and a diatom and a
diatom 1In the nodel he has treated the translational motion
classically and vibrational notion quantum mechanically. The
interaction potential in the hamltonian is expanded wusing a
Tayl or series expansion wupto the quadratic |evel, about the

classical orbit which is determined by solving the Hamlton's
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equations of motion. He described three nmethods to tackle the
probl em and conpared each of these nethods. The first of these
met hods which he called QDPO (quadratically driven paranetric

oscillator) considers the full algebraic structure of a quadratic
+ + 2 + 2 +

algebra ( a,a ,a a,a ,a ,I> where a and a are the harnonic
oscillator ladder operators. The evolution operator in the

Wi - Norman form is paranetrised as

U(t) = exp fZla+a! exp [Z a+2] exp[23u+] expl24a]

2
X explzsazl exp !283. (1.3.97)

This equation is substituted in the tine dependent Schroedi nger
equation (TDSE) to contain six differential equations. These
equations along with the Hamlton's equati ons of not i on
describing the trans) ational notion are solved together to obtain
the transitional probabilities. The second nethod neglects the
quadratic terms in the evolution operator and the corresponding

evol ution operator is given by
0= exp[Zla+a] exp[22a+] explZ,al explZ,]. (1.3.98)

He calls this apprach as the LDPO (linearly driven paranetric
oscillator). The third approach which he calls t he QDSO

(quadraticallydriven scaled oscillator) nmakes use of a canonical
2 +2

transformation such that the coefficients of a and a are
elimnated from the hamiltonian at any given tine. The
ham ltonian is separated into two parts; one involving the 1inear

and a a terms (H) and the other involving the quadratic terns
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(H,). The unitary operator is chosen such that

2

S =exp | R (a*2 -a" )] (1.3.99)

and a canonical transformation of the hamiltonian is carried out.

s (H, +H) ! = H = A(t)a'a + B(t) (a* + a) + C(t). (1.3.100)
The hamiltonian now consists of only linear terms. Simlarly, the
evolution U is approximated to involve only a ,a and a a terns
and is mathematically identical to the evolution oper at or
corresponding to the LDPO approach. This approximation hol ds good
only when the change in the frequency of the oscillator over one
period of the unperturbed oscillator is very nmuch snmaller than
the frequency of the unperturbed oscillator. The results from all
the three procedures were conpared with the exact results and in
general the QDPO approach performed better than the other two
approaches with the QDSO coming next. The formalism was extended
to the two mode case. One of the drawbacks of the formalism is
that decoupl ed equati ons of motion are not obtained due to which
the formalism cannot be easily extended to using higher algebras
and to systems consisting of several degrees of freedom Al so,
the method is applicable only when the hamiltonian consists of at
nost quadratic terms. As stated above the @QDSO approach is
applicable only for very snall frequencies of the oscillator
al though it offers nnuch si npl er mat hemat i cs and | esser
computational effort than the QDPO approach.

Yuan and Giimore [30] have described the structure of the
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lie-algebra using a root space diagram in which the root of an

operator Op is defined as

[n, Op] =71 Op. (1.3.10D)

The doubl e photon al gebra (quadratic al gebra) is wutilised for
whi ch they construct a matrix representation. The time evolution

operator is constructed as

UCt) = exp Irat+ Ra*Z?1exp Iv (n+ 1/2) + 61 ] exp [la + La ).
(1.3.102)

The ground state expectation value is obtained from

<0 1 UCL) 10 >= exp [n(t)/2 + &(t)] (1.3.103)

and a squeezed state expectation value is obtained from

21 10 > exp (n/2 + &), (1.3.104)

irR > = exp [ ra* + Ra*
From the matri x representation for the tine evolution operator,
they construct a unitary S operator. The unitary requirenent on
U(t) is enforced by placing constraints on the tine dependent
paranmeters that appear in U(t). These constraints are determ ned
by applying the disentangling theorens. The TDSE is then solved
by using the matrix representation for the hamiltonian and the

time evolution operator i.e,

thd/idt M{ UCt,tD)} = M{ B() } M{ U (t,t)} (1.3.105)



where M denotes the matrix representation. This equation is
integrated to obtain a non-unitary representation of the
S-matrix. Using the symmetry properties of the S-natrix elenents,
a unitary representation for the S-matrix is obtained. As the
hamiltonian is restricted to be quadratic, the time evolution
operator as in the previous studies is <constructed from the
quadratic Lie-al gebra.

Shi and Rabitz [31] applied the Lie-algebraic formalism to
the paranetric amplifier and the col linear collision of an atom
with a Morse oscillator. The state of the system at tine t is

defined as is normally done in the algebraic theory as

tw(t)> = Le (1) U (1O g > (1.3.106)

where ¢ are the time dependent conplex variables, ¢, are a

finite set of states in the m—dimensional Hilbert space and U is

defined as

Uity =exp [ i 1.C(ty- L. ] (1.3.107)
where 1 (t) are tinme dependent paranmeters associated wth the
elements L. to which the hamiltonian belongs. The time derivative
of the state vector iw(t) > is given by

e () >* g( cn(t) U 11+ ¢ (1) U I(t)d } i#, > (1.3.108)

where U [1(t)) is determined by the Feynman's disentangling
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method,

U T1CE)] = 1,Ct) 8/81, exp [ i1, (XL, ). (1.3.109)
The equations of motion are now obtained by applying the time

dependent variational principle which states that

- :
& 52 dt [ih < w(t)iw(t) > = <@ (X! H (L) | w(t)> ) = 0.

t
(1.3.110)
This leads to a set of classical equations of notion for the
group paraneters |(t) which are <coupled to the equations of
motion for the coefficients ¢ (t). In their application to the

parametric anplifier, they have considered a model! hamiltonian

containing linear, bilinear and diagonal terms

and the evolution operator was approximted accordingly. \Wen
extending it to nore complicated case of the collision of an atom
with a Morse oscillator they do not use a conpletely algebraic
approach . The Mdrse osciliator part of the hamiltonian Wwas
treated by the basis set expansion method using Mrse basis and
the the relative notion is treated semi-classically using the
group transformations. This has a greater advantage over the GwWp
as their formalismhas a greater flexibility as any kind of basis
can be used appropriate to the system under study.

More recently Echave et at  [32] suggested an alternative to

the exponential ansatz of the time evolution operator. These
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aut hors observe that the unitary transformation U acting on the

el enents of the algebra generates elenents of the al gebra again.

Thus,
|
b~ by U W Eyij 1J. (1.3.111)
If the hamltonian is an anal yti cal function of the basis

operators of the algebra, this transformation yields

-1 i

U‘S H(ll)ue =H(Ue IIUB). (1.3.112)

Instead of the coefficients x. in the exponential ansatz, the
m xing coefficients y. . are now to be determined so as to
optim ze the convergence in the above equation.

They construct the hamiltonian in the interaction picture
which is defined by an effective time dependent ham | tonian. The
effective ham ltonian is obtained by expanding the potential
energy function around a reference value of the coordinate. They
go about doing this in the following way. In the first step they

propose an effective ham|tonian
H =L h; x;, (1.3.113)

where x belongs to the lie-algebra L to which the hamltonian

bel ongs. The matrix elements of H are given by
R (1.3.114)

where », are given by
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n
x, (t) =P G, (L) X, (1.3.115)

where Xx. also belong to L and G are the functions of tine
satisfying linear equations of motion. Another matrix Fik is

defined as

n
1 = }_: ij Xy (1.3.118)

Hence the matrix 6 satisfies

ih 8/ 8t = F G, (1.3.117)
x, are related to the tine dependent coefficients by

¢ (t) = Ec (t) x (1.3.118)
where & (t) is related to the state of the systemv(t) by

wit) = U (t,ty) @ (L) (1.3. 119)

efl

Substituing the above equation in the TDSE equations for the

expansion coefficients are obtained,
ih dC/dt = H; C (1.3.120)

These equations together with the equation for G are solved
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together to obtain the dynam cs of the system

Lin et al [331 have applied the six-dinensional quadratic

4

Lie-algebra to study the scattering of *He and Jhe particles fr

om

the (001) face of LiF crystal. They use the time evolution

operator of the form

Ug(t) = exp (T (t)] (1.3.121)
where
= (1) (2) _+ (2)=* (3) =+ (4) +2 (4)* 2
T (t) = -
a.,r:') xlh[UoﬂI+Uqﬁa +Uaﬁa+unﬁaa+uuﬁa +Uaﬁal.
(1.3.122)

Simlar to the other applications of the Lie-algebaric they have

al so applied the formalism by retaining only quadratic terms in
the hamiltonian in which the potential is truncated to second
order.

The use of tine dependent basis sets to solve the TDSE has
been done by Kucar and Meyer [34]. They have defined the tinme
dependent basis sets w (x,t) as
¥n (x,t) = U (t) ¥ (x)

m
= exp liak (t) Ak ] ¢’n(x) (1.3.123)
k=1
where a are real variables and A are hermitian operators. ¢, are
time independent conplete set of functions choaen according to

conveni ence. The wave function is now witten as

v (x,t) = ¢ an( t) ¥ (x,t)
n
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n

UCt) La (t) ¢ (x)

= U(t) f(x,t). (1.3.124)
The effective hamiltonian is defined as
—_ m -
Herr = H +-§ a Ay, (1.3.125)
k=1
where
_ k-1 + k-1
L = llglexp (o) A) 1 A [lg]exp Ciap A1) ] (1.3.128)
and
H=U" EU. (1.3.127)
The coefficients a satisfy the equations of notion
o - ) 1
tn, o F < ¢n : Haff i ¢l > a8, (1.3.128)

a (t) are determ ned so

opti nmal

L (n +
n

where j

from the variational

1723 1 a1 o= <f |
n

is a paraneter

principles. For exanple for

According to the variational

G /8 a

that the convergence of ¥ (x,t)

principle stating

if > = min (1.3.129)

is

defining the famly of wvariational

j=I they define a G such that

oV tw > = < 1] HO if> = G (a ,y) (1.3.130)

principle

(1.3.131)
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from which they determine a . In their calculations, they use the

harnmonic oscillator eigenfunctions for ¢ and A form the
n K

el enents of a Lie- algebra to which the hamiltonian bel ongs. The

Li e- aEgebra whi ch they have chosen spans the operators { 1, x,
-p, x, XP, H} where

XP = 1/2 ( xp + px) (1.3.132)
and
By «avz g P wig? o (1.3.133)

The time evolution operator is chosen as

U (t) = exp ( -1xtp) exp (lptx) exp (1btx2) exp (1atKP) exp (1rtH0)

X exp (16';)) (1.3.134)
hence the time dependent basis becone

¥p (X,t) = exp [ a,/2 + ib, (x-x 32 4 ip (x-x,) + i(n + 1/2)r, +ié, )

n L t

X ¢ [ exp(at) (x—xt) i ¢1.8.135)

from which the equations of notion are obtained. In the limt of
harmoni ¢ potentials, the equations of nmotion are sinmlar to that
obtained by Heller. They have applied the formalism to a quartic
potenti al and a Mirse oscillator in which the exponential
involves six terns. They have derived the above equations for the
multidimensional case also. Although the tine dependent basis can
be represented nore efficiently than the tinme independent basis,

the drawbacks in this formalism are major. This requires solving
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for the coefficients appearing in constructing the time dependent
basis additionally and the hamiltonian matrix has to be
constructed at every iteration. Also in the course of propagation
the differential equations may go stiff.

A different approach to solve for the dynanmics of any system
using the Lie-algebraic approach was devel oped by Alhassid and
Levine [35]. They have discussed the procedure of maxi mal entropy
which requires the initial state to be one of maxinum entropy
among all the states, consistent with a given set of constraints.
These constraints are the expectation values of observables A
which are obtained from the available experinental data. The

average val ue of the operator A is given by

<A>=Tr (pA), (1.3.138)

where p is the density operator. The entropy corresponding to the

state defined by pis S (p) given by

S(p) =-Tr (p 1np). (1.3.137)

The state of naxinmal entropy corresponds to

e =exp | -L )\r AI" ] (1.3.138)
r=0
where A are linearly independent observables and need not

conmut e. A are constants to be det er m ned (Legrange's

paraneters) from the n+t conditions given by
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Tr (p) =1 (normalisationcondition)

and

< A> =Tr ( p Ar ) :r = 1,n. (1.3.139)
Substituting the normalisation condition in the equation for p

exp ( Ay) = Tr [ exp ( - ALA )] (1.3.140)
r=l

only when the sum in the above equation converges does the
nornal i sed density operator of maximal entropy exists. The S |p]

at the maximum is

S [pl = x, + A_ < A . (1.3.141)

If A comute it corresponds to the classical linmt. The initia
state being specified the functional form of the density operator

is now determned from

- ln e (t) = kr (L) Ar. (1.3.142)
r=0

A being known, X are to be determined to obtain p. This is
achieved by considering the time evolution of the density
operat or given by

+
e(t) = U (t,to) P (LO) u {t.tn)- (1.3.143)

The equations of notion are
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i hovu (t,LO)/at = H U(t,t ) (1.3.144a)

0
ih @ p(t)/ét = [ H, p(t) 1. (1.3.144b)

Due to the unitarity of U the above -equation hol ds good

for Iln [p(t)] also.

ih & ln p(t)/a8t = [ H, In po(t) 1. (1.3.145)

The surprisal | which is the negative logarithmof density is now

expanded as a linear combination of the Lie-elements.

I =-1n (p) (1.3.146)
where,
I =§xr Al (1.3.147)

where A are the Lie-elenments and x are constants. The equations

of motion are obtained from

i I=(H, S) (1.3.148)

Substituting the equation for I in the above equation results in
i LA A, =DOH, A A ]

=BA, B . 4] (1.3.149)
Let



Hence,

iLA A =% A G A =LA G A (1.3.150a)
T & rg © 80T L T rs s

1= EGrs Ay (1.3.150b)

As A at the initial tinme are known, starting with this set of
constraints the additional operators are added until the set of
sufficient nunber of constraints are obtained subjected to the
condition that these operators are closed under commutation wth
the hamiltonian H This method is variational and can be taken to
exact limts but for large systens where the constraints are
many, the application of the formalism to get accurate results
becomes difficult. They have applied this formalism to the
linearly displaced harnonic oscillator in which the wuse of the
six di nensi onal quadratic Lie- algebra has been nade and the time
evol ution operator is taken as the exponential of i near

combi nati on of these elements (not the Wei-Norman form.

1.4. The Scope of the present investigation:

As can be seen from the discussion above, nost of the
al gebrai c approaches that have appeared to date utilize the
harmonic oscillator algebra to construct a convenient dynanical
basis in terms of which the dynam cal calculations are carried

out. In <contrast, we attenpt the consgtruction of the tine
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evol ution operator on anharmopic potential energy surfaces by
considering the Lie-algebra of such hamiltonians wi thout invoking
any basis sets at any stage of its construction.

The construction of the time evolution oper at or for
anharmonic oscillators is discussed in chapter 1. For simplicity
we first discuss the one -dinmensional sytem and later extend it
to the multidimensional case. The nost general form of the one
di mensi onal hamittonian in such a case is

H=p2/2m + 1/nl ann. (1.4.1a)

n=0

Here g and p are the coordinate and the momentum operators of the
particle, m is the mass and V are the coefficients appearing in
the Taylor series for the potential energy function. This
hami ltonian is an element of the infinite dimensional Lie-algebra

L= LQ, * q" p" ; 0OS m,n S @} (1 .4.2a)

Transformng to the har moni ¢ oscillator | adder oper at or

representation, Wwe have

H = h a a (1.4.1Db)

Here a and a are the usual harnonic oscillator |adder operators

defined as

at = meq+ i (U/mw) p 1/ V2 h



a =[ (mw)qg-1i (1/mw) p 1/ v2 n

where @ is an arbitrary parameter . In this representation L is
gi ven by

+m _n
L0 = {Amn = a a ; 0 Smn =< o} (1.4.2b)
G ven that H is an elenent of L,, We can parametrize the

evol ution operator U as

c
1

exp [S ] (1.4.3a)

@
S = E S a a ¥ ) == 8. , (1.4.3b)

This representation runs into two difficulties. To begin wth,
even when the sunmation for S operator in eq(l.4.3) is restricted
to some finite values of m and n (m,n 2 2 ), the Hausdorff
expansi on gives a non-terminating series. The second problem
with the representation (1.4.3) is that under sonme conditions the
governing equations are not well defined. Both these problens
ari se because the ansatz (1.4.3) treats stepup and stepdown
operators on equal f oot i ng. As a consequence, the muiti
commut at or expansi on beconmes a non-terminating series. If these
two sets of operators are disentangled and witten as seperate
exponentials these difficulties would not appear. This provides
the notivation for invoking a Wei-Norman product form for the

evol ution operator. In Chapter 2 we discuss a reduction principle
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by which such a disentanglement of operators can be achieved in a
systematic fashion by exploiting the sub-algebra structure of LO‘
Two ways of deconposing the infinite dimensional lie-algebra are
considered from which the tine evolution operators for a general
anharmonic hamiltonian are constructed. It is seen that for the
vacuum state propagation these evolution operators correspond to
the generalisations of the Normal Coupled Cluster nethod (NCCM)

and the Extended Coupled Coupled Cluster nmethod (ECCM formalism

of the coupled cluster theory discussed by Arponen [15]. The
mai n advant age of invoking this reduction principle is that
decoupl ed equations of notion are obtained. Ext ensi ons to
multidimensional anharmonic oscillators AHOs will al so be

presented in chapter 2.

Convergence properties of the TDCCM appl i ed to one
dimensional potential energy surfaces are studied in chapter 3
and conpared with the standard basis set expansion approach and
for a better understanding of the applicability of the theory.
Studi es on exponentially repul sive, Morse petentials as well
as atomdiatom collisions in the classical path approximation
have been carried out for this purpose.

In chapter 4, the tine dependent coupled cluster nethod
(TDCCM) has been applied to the photodissociation dynam cs of
triatomic nol ecules within the framework of the Beswick and
Jortner model [10] and a two di mensional Henon-Heils ham|tonian.
Autocorrelation function and absorption spectra for t he
photodissociation dynam cs have been eval uat ed and the
convergence of the method has been tested by evaluating the

autocorrelation function at different truncations of the S-matrix
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el ements. The norm conservation in the TDCCM applied to the
Henon-Heils system is studied and the Franck-Condon spectra
are obtained for a few npde) systens.

The al gebraic approach has been applied to calculate the
dynam cs of a few npdel non-adiabatic single npde systens and
model multi node systens in chapter 5. To circunvent the problenms
arising in defining the initial conditions and the potential
surface for such systems in this formalism, we have constructed a
new hamiltonian which is derived by mapping the ori gi nal
hamiltonian on to a single electronic surface. Applications to a
few nodel and realistic systems have been discussed. Later we
extend the application of the algebraic approach to the conplete
non-adiabatic hamltonian (w thout mapping) in the open shell
formalism Application to sone realistic systenms have also been

di scussed in this chapter.
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CHAPTER 2
CONSTRUCTION OF THE TIME EVOLUTION OPERATOR FOR ANHARMONIC
SYSTEMS: A LIE - ALGEBRAIC APPROACH.



2.1 | NTRODUCTI ON

Dynam cs of nonsteiionary states on anharmonic potential
surfaces plays a major role in several processes of chemiceal
interest. Mol ecular collision dynam cs. wunimeolecular reactions,
photodissociation reactions arc sonme of the exanples of phenomena
that are control 1ed by dynam cs on such surfaces.

The sinplest approach to calculate such dynamice is to
expand the tine dependent wave function as a linear supcrposition
of the basis vectors of an appropriate Rilbert space. However,
the computationai effort in such an approach scales exponentially
with the nunber of degrees of freedom in the system rendering it
intractable for systems with nmore than three to four degrees of
freedom at present [1l], This basis set bottleneck has prompted
several authors to look for alternative approaches to study
anharnoni ¢ dynam cs [2-15,16].

One such method which received attention in recent years is
the Lie-algebraic method [2-8,i7,48}). The essential feature of
the algebraic approaches is the realization that if the

ham |tonian is an elenment of a Lie-algebra,

H=2%hl , (2.1.1a)
(1., 1.] =zck 1, (2.1.1b)
K 1K

the tinme evolution operator can be paranetrized as the

exponential of an antihermitian element of that algebra (16,17]}.

U = exp(X), (2.1.2a)
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X=-xt* =2zx 1 . (2.1.2b)
i

Here the coefficients C are called the structure constants of
the al gebra

The governing equations for the «coefficients of t he
generators of the evolution operator are obtained by substituting
the ansatz (2.1.2a) into the Schroedingers equation for the

evol uti on operator
i Utu=uU"'HU. (2.1.3)

Expandi ng both sides of eq.(2.1.3) by the well known Hausdorff
expansi on and equating the coefficients of each 1 on either side
of the equation provides the required working equations. The
resulting expressions are conmpact and provide a convenient route
for generating the solution to eq.(2.1.3) either perturbatively
as is done in Magnus expansion [16] or non-perturbatively [2-6].
The advantages of the al gebraic nethod are nost striking
when the Lie-algebra is finite dimensional. In this case, t he
nunmber of independent variables required to define the evolution
operator globally is finite, even if the underlying Hilbert space
is infinite dinmensional. The npbst general class of hamiltonians
that belong to a finite dinmensional Lie-algebra, other than the
projection operator algebra operative in finite dinmensiona
vector spaces, are the quadratic hamiltonians. Consequently, a
large body of studies have appeared in whi ch quadratic
hamiltonians which belong to the harmonic oscillator algebra

have been studied by the Lie-algebraic method t2-6) and the
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closely related gaussian wave packet propagation techniques
[8-12). Since nost problems of practical i nterest require
dynamics on anharmonic #urfaces, the harnonic oscillator algebra
cannot provide an exact solution for the evolution operator of
such systems. |Instead, the algebraic theory is used to devel op an
intermedi ate picture representation [2] in which the convergence
pattern of the time dependent wave function is inproved compared
to that in the conventional basis set expansion approach. To this
end, a nodel wave function ¢ is defined and related to the exact

wave function w by a unitary transformation U_

v=U, ¢ (2.1.4a)

The nodel wave function then satisfies the equation

ig = wlaw- wlu) e (2. 1. 4b)
e © e e
It is now postulated that the U operator is generated by

the el ements of the harnonic oscillator algebra L,
n

_ . _ 2 2
Ug = exp [ Ex;ly 1 5 1 ely= {a,p,q”,p", apr+pq,1] (2.1.5)
Here q and p are the coordinate and nomentum operators. G ven
that 1 belong to an algebra, it is possible to define an

internedi ate reference hanmiltonian H by
iU =H U, (2.1.86)

where H is also an element of L. Consequently, eq(2.1.4b) can
e H
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be rewritten as

i =uUlH-H)U e (2.1.7)

e e e

The nodel wave function @ is now expanded in ternms of the basis

vectors x of the Hilbert space,

$=LC x,. (2.1.8)
n

The (possibly tinme dependent) coefficients appearing in H
e

(eq.(2.1.6)) are now chosen such that the expansion in eq.(2.1.8)
converges rapidly. Several recipes are discussed in literature to

attain this goal. In the sinplest approach, ([2,5,6,8) H is
6

chosen so as to cancel all linear and bilinear terms in H It is
implicitly assunmed in this case that the interaction potential
has fast converging Taylor series and that the first two termns
are the nost inmportant. On the other hand, Shi and Rabitz [4] and
Kucar and Meyer [3] have suggested the usage of time dependent

variational principles to obtain H . Mre recently Echave et al
e

[2f]1 suggested an alternative to the exponential ansatz of
eq(2.1.5). These authors observe that the unitary transformation

U acting on the elenents of the algebra generates elements of

the algebra again. Thus,
Ug 13 Ug = Evyy 1y- (2.1.9)
If the hamltonian is an anal yti cal function of the basis

operators of the algebra, this transformation yields

-1 -1
U B @)U =H U1 U, (2.1.10)
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Instead of the coefficients x. in the exponential ansat z, the
m xi ng coefficients y. . are now to be determined so as to
optim ze the convergence in eq(2.1.10).

A common feature shared by all the above approaches is to
use the harmonic oscillator algebra to define an internediate
hamil |onian which generates the basis functions such that fewest
possible basis functions would provide the converged tinme
dependent wave function. In other words, they wutilize the
harmonic oscillator algebra to construct an explicitly tine
dependent reference ham: 1 tonian which generates a convenient tine
dependent basis set. The dynamical calculations are then carried
out by the conventional linear superposition nethod or the
perturbation theory.

In this chapter, we present a conpletely Lie-algebraic
method for the calculation of dynamcs generated by anharmonic
hamiltonians that bypasses the basis set expansion. All
anharmoni ¢ hamil tonians with fixed nunber of degrees of freedom
are elenments of a single infinite di nensional Li e- al gebra. Thus
they can all be treated on the same generic footing irrespective
of the specific interaction potential that characterises the
system These al gebras are introduced in Sec. 2.2a along with a
di scussion on the difficulties encountered when a canonical
representation Of the evolution operator such as eq.(2.1.2) 18
invoked. Briefly, these consist of the follow ng: Since the
algebra is infinite dinensional, the number of independent
variables required to paranmetrize the evolution operator is also
infinity. Cconsequently, truncations are necessary in any
practical calculation. Even then, the governing equations for the

generators of the evolution operator <contain infinite order
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pol ynom al s of the unknown coefficients necessiating further
approximations. |n addition, under some exotic conditions, t he
exi stence of the solution is also questionable.

These problens can be surmounted by parametrizing the
evolution operator in a non-canonical product  of exponenti a
operators. wie and Norman [18] and Wolf and Korsche [19] have
di scussed a reduction principle when t he al gebra under
consideration has an invariant sub-al gebra. More recently this
reduction principle was extended to algebras which have only
non-invariant subal gebras by Sree tatha and Prasad [20]. Thi s
reduction principle is reviewed in Sec. 2.2b. W then use it to
construct the time evolution operator for a gener al 1-d
anharmonic oscillator in Sect 2.2c.

The al gebra of the anharnonic oscillators can be realized
either in the coordinate space in the form of differential
operators or equivalently, in the boson |adder operator form in
the Hilbert space spanned by the harmonic oscillator eigen
functions. The evolution operator generated by the algebraic
approach in the boson operator representation turns out to be the
time dependent generalization [21] of the ansatz postulated by
the coupled cluster method [22-30] (cem for the anharmonic
oscillators [31-36]. The concepts invoked in the CCM such as the
cluster decomposition property [22] and the subsystem enbedding
condition [25] emerge naturally in the algebraic approach. It
turns out that the usage of the Wie-Norman product form in
whi ch the operator sequence is chosen by the reduction principle
elimnates both the problenms encountered in the construction of
the anharmonic evolution operator by the algebraic approach

Generalizations to multidimensional systenms are di scussed in



Sec. 2.2c. Finally, in the last section, we conclude wth a

general discussion of the nmethod.

2.2. METHODOLOGY

2.2a. The Algebra of the Anharmonic Oscillators.

We now turn to the construction of the time evolution
operator for anharmonic oscillators. For concretcness, we discuss
one di mensi onal systens bel ow. The nost general form of the

hamiltonian in such a case is

H=p2/2a + L t/n! vnq", (2.2.1a)
n=0

Here g and p are the coordinate and the nomentum operators of the
particle, m is the mass and V are the coefficients appearing in
the Taylor series for the potential energy function. Note that we
make no assunptions regarding the potential energy function other
than that it has a well defined Taylor series. This hamiltonian

is an element of the infinite dinensional Lie-algebra LO

o= {9 qa"p" ; o0srans o } (2.2.2a)
0 “mn

(unless the summtion in eq.(2.2.1a) is restricted to at nost
quadratic terns). To see this consider the comutator of the

2
cubic term in the potential with p operator.

[ (‘]3,])2 ]l = B hzq + Bth]HIJ- (2233)
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. . ] 3
The commutator of the second term in this operator with ¢ once

again gives
(a%p.q% 3 = -3ing? | (2.2.3b)

while the commutator of the second termwith p2 operator gives

ta?p,p? 1 = 20n%p + 4ingp® (2.2.3c)

Continuing in this vein, we find that the algebra is not closed
until all the operators of the formqg p are included in it.
Since this result is independent of the particular set of

coefficients appearing in the Taylor series for the interaction

potenti al in eq.(2.2.1a), all one di mensi onal anharmonic
hamiltonians belong to this infinite dinmensional Li e-al gebra
Transforming to the har noni ¢ oscillator | adder oper at or

representation, we have

H = h a a . (2.2.1b)

Here a and a are the usual harnonic oscillator |adder operators

defined as

a’ = [ mwg+ i (1/mw) p )/ ¥ 2h

a =[ (mw)g-1i (U1/m) p 1/ ¥ 2 h
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where to is an arbitrary paraneter. In this representation L. is

given by

+m _n ¥
LO = !Amn = a a ; 0 =mn = o} (2.2.2b)
W shall make use of this representation 1n the followng

di scussion. G ven that H i1s an el enment of L,, we can paranetri ze

the evolution operator U as
Use exp (S]], (2.2.4a)

®
S = E S a a i S IR . (2.2.4b)

This representation runs into tw difficulties. To begin wth,
even when the summtion for S operator in eq.(2.2.4) is
restricted to some finite values of m and n (mn = 2 ), t he
Hausdorff expansion gives a non-terminating aeries. To see this

consider a truncation of S with only two terms in it, S,, a and

S.. a° and one termin H containing only a. Then,

U HU . expl - 8 a + S

30 03 & ] a exp [S a - 8 a" ]

30 03

+2

= a + 3830 a + 35 (8a + Ga+aa)/2! +

30 503

- " " +2 +3 3 4 + +2 /31 +
18530 503 (JSSO a + 6530 a "a + 3503 a 6a )

(2.2.58)

Note that at each alternate order a “ term 1S once again
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generated. Thus, even when the operator set in eq.(2.2.4b) is
restriced to a few terns, the coefficients of all operators in

u HU woul d contain infinite order polynomals in S . Si nce
mn

little is known about the magnitudes of § appriori, it becomes

difficult to evaluate them nunerically without invoking sone
further approximations. The second probl em with the
representation (2.2.4) is that under sone condi tions t he

governi ng equations are not wetl defined. This can be seen by

consider ing

-1 +3 3 +3 3
U d/dt U . exp I Sz02 +503a ] d/dt exp [SSOa - 8pa2 J
= . 3 3
= d/dt + Ssoa Sosa
+2 2 + 2 - S
+ 1/21 [ (9a a” +18a a + 6 ) ( &30503 SHU&’UE y A
: " B +4 +3
+ 54/ [(5305’03 SapSpz 2 L (e a + a )8,4
+ 4 3 +3 3
+(aa+a)503+5305 +Soaa]l+ .........
= d/dt + 54/31 ( S, + 28, S, S, + 28, S2. +....) a*? +
30 30 03 T30 03 30 T
(2.2.6)
+3 *
As can be seen, the coefficient of the a operator is S,,
multiplied by a polynom al function of Sag and Sqa- | f this

function were to become zero at some point of the evolution, then

S,n Would not be defined.

Both these problenms arise because the ansatz (2.2.4) treats

62



stepup and stepdown operators on equal footing. As a consequence,
the multi commutator expansion becomes a non-terminating series.
If these two sets of operators are disentangled and witten as
seperate exponentials these difficulties would not appear. Thi s
provides the notivation for invoking a Wei-Norman product form
for the evolution operator. In Sec. 2.2b we discuss a reduction
principle by which such a disentanglement of operators can be
achieved in a systematic fashion by exploiting the sub-algebra
structure of L. and in Sec.2.2¢c we will use it to construct the
evolution operator for the 1-d enharmcnic oscillators. Extensions

to multidimensional AHOs will be presented in Sec. 2. 2d.

2.2b. Reduction principle and decoupling of the al gebraic

evol uti on operator.

In this sub-section we present the details of the reduction
principle by which the evolution operator can be witten as a
product of exponentials whose equations of notion are decoupled
from each other.

Consi der now the situation where the Lie-algebra L
containing the hamiltonian H has a sub-algebra L, spanned by the

oper at or set {1% } and define C, as the difference of L, and L1

c.=¢{19y =L.-1,. =L,. (2.2.7a)

U = u. U (2.2.7b)
[§] = exp (xo), (2 2. 7C)
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X, = }i'_‘x?t? : 1%acC (2.2.7(2)

i o’

the governing equation for U, is obtained by substituting

n

eq.(2.2.7b) in the TDSE and is given by

(2.2.8a)

H, = U HU - iu U, . (2.2.8b)

Note that by eq. (2.2.8), U, is generated by the effective

r
hamiltonian H,. Thus an exponential representation of U is
generated by the operator basis of the algebra to which H,
bel ongs. In general, Hp belongs to Ly since by Hausdorff
expansion eq. (2.2.8b) gives

o T D _ .0 0
HR = ? hi(x ) l1 i F %5 [ i (x) lJ 1, (2.2.8c)
where h. functions are t ransf or med hamtitonian nmatrix

el enents. These and t are functions of the structure constants

of the algebra. However it is possible to restrict H. to L,, by
requiring that a1l the coefficients of the 1: operators in H,
1 n

vanish. Wth this it would now be possible to parametrize U,
n

strictly in terns of the operators of L. alone. Since Co does not
contain any of the operators belonging to L , this leads to a

product form of U in which the governing equations for the
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coefficients of the operators in c, are decoupled from the

coefficients of the operators in L.. Since the nunmber of x
variables is equal to the nunber of operators 1 in ¢, by
definition (eq.(2.2.7d), these equations can al ways be satisfied.

Formal ly this can be witten as,

U, ) 0=0 (2. 2. 8d)
1

whi ch becones the working equation for U Wth eq. (2.2.8d)

a

satisfied and consequently H_ restricted to L., U, can now be
R 1" K

parametrized as

(=
n

exp (Xl) (2.2.8e)

X, = £ %, l:i LY (2.2.81)

Note that to solve eq(2.2.8d) for x. coefficients, no know edge
of the x! coefficients 1s needed. Thus, the two sets of
equations for x. and x coefficients are decoupled from each
other. The result of eq (2.2.7) - (2.2.8) can easily be
generalized to a situation when Ly has a sequence of sub al gebras
L. such that L 2L =20L, . The evol ution operator can be

factorized as

U=nu,, (2.2.9a)
k
Uk = exp ( Xk ) (2 2. gb)
k .k k & =
X, = Ex Mg a [ c, = L Loy - (2.2.9c)
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The decoupl ed equations of notion for the coefficients of the

generators are given by
. E = 8, (2.2.108)

H =u' H® U - i ut

K k-1 k-1 k-1 k-1 Yg-1- (2.2.10b)

k-1
As a concrete exanpl e, consider the dynam cs generated by a

quadratic hamiltonian:

H=wa'a+f(a' +a)+gaa’ +an). (2.2.11)

This hamiltonian is an elenent of the harnmonic oscillator al gebra
L= { a,a ,aa,a a ,aa,! }. This algebra has several sequences of

sub-al gebras. W di scuss one of them here

g =L, =2 ....... (2.2.12a)
W th
L, ={ a’a, aa,a ,1 }. (2.2.12b)

1

It can readily be verified that L. is closed under commutation.

The difference of L, and L. is given by

C,=L,-L, =1{ 8, ata ). (2.2.12¢)

Thus in the first step we wite U as the product of two

exponential operators U and u where U is generated by the
1] R 0



operators in C, alone and Up is generated by the operators in L

alone.

(2.2.13a)

(2.2.13b)

(2.2.13c)

According to eq.(2.2.8a), the governing equation for U, is given

by

i UR = HR UR

where,
B, =uvlmu. -ty
R 0 0 0o o

=
=]
n

exp( —-S) H exp (8S)

(2.2.14a)

(2.2.14b)

0 (8]
=H+ (H,S] + ({H,8], S]/2! +...
=wa'a + f(a” +a ) + g(a+a+ +aa ) +w S at+ 20 5, .a%a’
10 20
+ +
* 18,4 ¢+ 21S,, a + 2gSlo 8 + 4gS,.a a + 2g5,, +
2 + 2 + +
+ ( 288], + 485,558 + BgS,y Spo @ @ ) /21 (2.2.15a)
and
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ata’. (2.2.15b)
To achieve the decoupling of the equations of nmotion of U.
and u, we need to set the coefficients of the operators bel onging

to Cin Hp as zero (. eq.(2.2.8)). This is achieved by setting

is

n
.
+

10 w SlO + 2f520 + 4gS,45 8,9 (2.2.15¢)

I 2
iS50 = 8 + 2w Sy, + 485,,. (2.2.15d)
With these equat ions sat isfied, H, takes the form

H, = ( w+ 4gS,_ ) a'a + (f +2¢S. . da + ¢ aa

20 10

2
+ (rS10 +2g520 +gs10 g (2.2.15e)

Note that this operator contains the operators belonging to L =

{a a,a,aa,1} only. To continue further we note that L

{a a,a,aa} is a sub-algebra of L.. The difference of L. and L, is

the identity operator. Thus, the tine dependent C-function in H,

H
can be factorized in u, to give

n
Up = U, Uy, (2.2.18a)
U, = exp (Sy, ), (2.2.16b)
is = fS, _ + 2gS._ + gS° (2.2.16¢)
00 10 20 T :
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Further, L, = { &, aa } is a sub-algebra of Lz. Thus U1 can be

parametrized as

Ul = UD Ux (2.2.17a)
U, = (s, a'a) )
p = exp 1y 28 (2.2.17b)
| o= \ w

U exp ( SOI a + S02 ag ). (2.2.17¢)

The governing equations for these are obtained similarly and give

iS;, =+ 48 S, (2.2.18a)
185, = f + 28 S, (2.2.18b)
189 = €. (2.2.18c)

The full evolution operator is thus given by
_ + + + +
U = exp( SlD a + S20 aa ) exptSDD) exp(S”a a)

exp(SO!a + Sozaa). (2.2.19)
Note that the equations of motion for S and 8,, are decoupl ed
from the rest of the coefficient set. Similarly while S,, depends
parametrically on Smand So0° it is decoupled from Si10 Soy and
S as was desired. Note that the operator sequence in
eq.(2.2.19) is different from that used by earlier authors [2-81.

For exanple, Benjamin [5] uses the operator ordering
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+ P . + .
u = exp(Zla a) exp(Z2 aa ) axp(zaa 3 exp(z4n) exp(25 aa) exp(ZB).

As a consequence, his equations of motion for the coefficients of
a and a a depend explicityly on the coefficient of a a. This is
in contrast to our approach where the equation for the
coefficients of a a and a are decoupled from the coefficient of

a a.

2.2c. Evolution operator for one di mensional AHO.

We now turn to the construction of the evolution operator of
a one di nensional anharmonic oscillator. As nmentioned earlier
the hamiltonian of such a system in its nobat gencral form is

given in the harnonic oscillator |adder operator representation

by
+m _n
H=Zh =& a . (2.2.20)
m,n
There are several ways in which L. can be deconposed as
envisaged in the previous sub-section. These correspond to

different variants of the CCM ansatz [29]. W discuss tw
versions here. It is convenient for this purpose to classify the

operators in L. as follows

a. Sets of creation operators

C. = a+(k+n) ak

. ;. nz1}l 035ks=wo, (2.2.21a)
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b. Sets of annihilation operators

A, =ta™®a" s n2 ) 0sksa (2.2.21b)

c. Sets of diagonal operators

p, = ( a'¥ &¥) 0SkSw- (2.2.21¢)
Consi der now the set of operators L = Ly - Cphe O her than

the identity operator in D, all other operators in this set

contain at least one anni hilation operator. Consequently, their
commutators also contain at |east one annihilation operator. To

see this we evaluate the comutator of two typical el enents of

L]'
(a*™ of ' at™P a9 = 2" (2" a'P 149 + 2a*P[ ™™ a9 1"
(2.2.22a)
Min(n,p) _ _
s > ﬂ+(m+p r) a(n-n.] r) ncr pcr _
r=0
Min(m,q) -’ L
T at(Wtp-rd Jieqor) B Qg (2.2.22b)
r=0

Since n and q are at least 1, and r is at nobst either q or n, the
terms with non-zero coefficients contain at least one a on the
right. Thus L. is closed wunder commutation and hence is a
Li e-al gebra. consequently, the time evolution operator can be

factorized as
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U =uU, U, (2.2.23a)

wher e Yo and u, are exponential operators generated by the

operators in ¢ and L respectively.

Uy = exp I ESDO a1 (2.2.23Db)
Up = exp I E B Xg 1% Xp & L, [2.2.23c)
Further, the set of operators L; = Ll_ D0 is also olosed under
commutation. Thus, UR can be further factorized as

UH = UDO UR (2.2.23d)
where UDO and Ufli are exponential operators generated by the
operators in DO and L; respectively.

Upp = exp C Sy, ) (2.2.23e)
Up =exp [ Ery X, ] 1 Xy e L. (2.2.23f)

As per the discussion in Sec.2.2b, the working equations for
the coefficient set S - would be decoupled fromthe rest of the

variables s..and r . Sinmlarly, equation for s depends upon

00
S . parametrically, but does not depend upon r . Thus at the

first stage u is factorized into three terms as foll ows,

U=y, U (2.2.230)
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Continuing in the same vein, it can be verified that the sets of

.

operators L = Lk- C, and L

k+1 D are sub-algebras of L

= 1 =
k k+1 Tk+l Tk k

= Lk for all k.
The last set in this sequence of sub algebras is

L= U AL (2.2.24a)

This can be further deconposed as follows

L, =L, 4, (2.2.24b)

Lypor™ Ly = Ay (2.2.24¢)

Thus the evolution operator after conplete factorization reads as

U=n |[| exp ( Hk) exp (Zk) ] I exp (Yi)
k=0 1=0
Ve = Cpe 2 & Dy Y, €4 (2.2.25a)
_ +(m+k) _k _ +k_(m+k) - +k_k
Hk = F Smk a a~, Yk E ik a , Zk E Skk a
m m
(2.2.25b)

wher e m > k 2 0.

In the ccM parlance, this ansatz corresponds to the norm
coupled cluster method (NCCM [29}.

Returning to the equation of motion for U,
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(u,” HU - iUy Ug 20 = 0 (2. 2. 26a)

we [find

1y = ie!p[E—Sm0n+m]d/dtexp[ESmOaHnI
m

= id/dt + i LSy, T, (2.2.26b)

since the remaining terns in the Hausdorff expansion are zero.

Not e that Smlj‘ terms are not nultiplied by any function which can
go to zero. Hence these equations are free from questions
regarding the existence of solutions. Turning now to the second
term,

+m

+ +
[ H, a™ 1 + 1/21 1 SmoSno [ [ H, a™" 1,8 n

]
e (2. 2.26c)

we note that the creation operators in H can be taken out as they
commute with a operators of S. If the hamiltonian term contains
k anni hilation operators, t he multicommutator expansi on
term nates after Kk nested commutators since no annihilation
operators would be left to give a non-zero commutator. Thus the
wor ki ng equations would contain polynom al terms in S ., no
hi gher than k power. Suppose now that the truncation index on
N W

the cluster operator S is set equal to N (i.e, Esno a Y. Then
n=0

the mul t icommutator expansion gives atmost an operator of the

+k(N-1) _. o .
form a . Since the approximation requires operators only



upto a+N, we woul d need to consider only a subset of these terns.
These argunments are easily generalized to show that the rest of
the terms in U such as U, U, etc., are also free from these two
defects unlike the canonical representation eq. (2.1.2).

The advantages of the ansatz (2.2.24) are best denpnstrated
in the context of the evolution of har noni c oscillator
eigenstates. Consider as a first exanple, the evolution of the

vacuum state.

_ +m
Ujo» = exp [E Spo & * Sgp 1 102 (2.2.27a)

since all other generators acting on the vacuum state give zero.
Thus, to obtain the dynanmics of the vacuum state, only the S .
matrix el ements are needed. Simlarly, for the first excited
state we f ind,

+m +m

< 4 +
Ull» = exp [T Smo a + SOo ] explL Sap & a J expl&-“a al] |1»

m= m=2

(2.2.27h)

Here the SmO’ matrix elenents remain frozen from the previous

calculation for the evaluation of the vacuum state by eq
(2.2.26). Thus depending upon the state to be propagated VU is
automatically restricted.

A second sequence of sub algebras to L, which yield the

evolution operator corresponding to the so called extended

coupl ed cluster method (ECCM) (29) is obtained as follows
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L, =Ly - Cp (2.2.28a)
L, =L, - A (2. 2.28b)
L, = L, - D, (2. 2. 28¢)
o ® By ™ By (2.2.29a)
L= L- A, (2.2.29b)
L, ® L= B - (2.2.29c)
The evol uti on operator-is given by
4] =k20 [exp (Hk) exp (Yk) exp (Zk)];

W, sC., YyaA , Z «D . (2.2.30)

The effect of U on the vacuum state is determined by three sets

of paraneters since

uio> = exp [T S, a’™) exp I L Yom a”] exp(5,,) 10> (2.2.31)
m m

The equations of notion for the different cluster anplitudes
S . are obtained from eq.(2.2.10). Wen truncations are made in
the operator set, these equations also contain finite order
polynomials only.

Not e that while the coefficients of the annihilation
operator have no role to play in the NCCM approach, they

influence the diagonal and higher rank cluster operators in the
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ECCM. Thus the computational effort in the NCCM is roughly half
of that required by ECCM In general. if one is interested only
in the calculaticn of correlation functions or scattering
anpl i tudes, the NCCM is preferable. On the other hand if
expectation values are desired, the ECCM beconmes the preferred
met hod. This can be seen from the expressions for expectation
val ues by both approaches over an arbitrary initial state lm>.

Since ' = U-l. we get from eq(2.2.25) for NCCM

0
amiut 0 Ulmd ooy = <l M exp (-Y))

(exp (-Z,.} exp (-Uk)) 6]
l=m k

“k
©

nao

exp (Yl) lm>»- (2.2.32)

nas

m
[exp (Hk) exp (Zk)l E

k=0 1=0

The correspondi ng expression for ECCM is given by

0
+
<m{U O U|m>ECCH = <m|k2mlexp (—Zk) exp (-Yk) exp ( Hk)l o X

m
kfolexp (Hk) exp (Yk) exp (Zk)] fm> .

(2.2.33)

In the NCCM approach the know edge of creation operators to
all orders is required even if the expectation value 1is to be
evaluated over a few boson states. This is in contrast to the
situation in the ECCM where the cluster anplitudes of t he
creation operators corresponding to the larger boson state are

not required.
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2. 2d. Generalizations to nultidi mensional systens.

The analysis presented above in the context of a one
di mensi onal anharmonic oscillator is generalized to
multidimensional systens alnobst trivially. The npbst general form

of the hamiltonian for a D-dimensional AHO is given by

D D 9 (2)
B f o, fom, +BVM g, 10218 ¥
< =1 i =1

(2.2.34a)

It can be shown by argunents simlar to those for the one

di mensional AHO, that this hamiltonian 1is an el enent of t he

algebra,

D n, m,
LO = (i]=11 a;" p; ; 0 s n;, ,m, <1} (2.2.35a)
irrespective of the particulars of the interaction potential. )]

note in passing that the Lie-algebra of 1-d AHGs is a subal gebra
of this. In the boson operator representation the hamiltonian

and the al gebra take the form

)na, ® a (2. 2. 34b)
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D
L0= { !;] a a 3 OSma,naSm}. (2.2.35b)

A sequence of subal gebras similar to the 1-d AHO al gebra can
be found here also and can be wused to factorise the tine
evol ution operator. For exanple, the multidimensional anal ogues

of €y Py and L1 are given by

n

Co=fime, * : 0sn_ swl. (2. 2. 36a)
Dy = {1} (2. 2. 36b)
) D + N

L1=Iar:1!n By 0=n, s} (2.2.36¢c)

Wth this, U can be parametrized as

U = U0 U1 U2... (2.2.37a)
n n
- 0 A1 2 .0
U0 =exp |l I Sn - (al) La,z) ; + 500}
nn,. 172
172
n n
1 ) | 2
U1 =exp [ T y W Sn s v T Lal) (Ba.) = i8]
- TR oY) + S 172
172
xp (L S'_ a' a_l (2.2.37c)
exp [T 3 By Bp . 2.

etc. The only complication that arises is that the operators in
the diagonal seta lead to non-terminating serieses and unlike in

the one dinensional problem where each D. contains only one
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el ement, these serieses cannot be analytically summed. Since each

D is a closed algebra, the exponentials involving t hese

k
operators can be replaced with linear expansi ons, t hus
elimnating the infinite serieses. Thus U of eq(2.2.37c) for

exanpl e, would be given by

n n t
+ .2 . +
U, = explf N S veg CBed KAaZ) T8 0 0 WU a,).
1 == nlnz" nlnz.. 1 2 a o aﬁau rn

(2.2.37d)

2.3. CONCLUDING REMARKS

Dynam cs of initially prepared states on anharmonic surfaces
play a fundanmental role in many processes of chenmical interest.
Exponentially repul sive potentials are used to npdel the dynanics
of photodissociation processes and inelastic nmol ecul ar
collisions. Mrse functions are used to nodel hi ghly anhar monic
bond stretch motions. Double well functions are wuaed to nodel
potential surfaces on which reactive collisions take place. Al
these are exanples of anharmonic potential energy surfaces [(37].

Lie-algebraic approaches to quantum dynam cs have attracted
considerable attention in recent years primarily because of the
advant ages such a description has to offer in terms of the
conpact expressions it provides for the generators of the tine
evolution operators and the hierarchy of convenient and highly
accurate approxiation it allows.

In this work, we have constructed the exact tinme evolution
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operator for anharmonic oscillators by the Lie-al gebraic nethod.
The hamiltonians of all such systems irrespective of the
particular interaction that characterises the system belong to an
infinite dinensional algebra. This poses two problens in addition
to the number of operators when a canonical representation of a
single exponenti al is used to paraneterize t he evol ution
operator. First, the expressions in the equations for the
generators contain infinite order polynomals even whhen the
operator set is restricted, necessitating further (and perhaps
uncontrolled) approximations. Second, the derivative terns, in
the nost general case, are nultiplied by polynomal functions of
the coefficients appearing in the generator of the evolution
operator. No unique solution to the corresponding equation is
possible if any of these functions were to become zero at sonme
stage of the evolution. W have circunvented these two problens
by parameterizing the evolution operator in a Wei-Norman product
form |In addition, the equations of motion for different groups
of generators were decoupled by invoking a reduction principle.
The al gebra of anharnmonic oscillators can be realized in two
di fferent forms. Adopti ng the boson | adder oper at or
representation, we found that the resulting algebraic evolution
operator is just the time dependent generalization [21] of the
CCM wave operator. Realizing that the logarithm of the wave
operator is an additively separable operator asymptotically, the
CCM postul ates an exponential wave operator for the vacuum states

(28]

UC = exp (8) (2.4.1)
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and deconposes the cluster oper at or into one, t wo,
three,...N-body excitation operators. Generali zing to t he

open-shell systems, the CCM posits [27]

u=uU u (2.4.2)
cC Vv

where U is expected to account for core-val ence and

val ence-val ence interactions. At  this stage, an oper at or

redundancy is found, since the equations corresponding to
+ +
a 2

different operators (for exanple a and a) cannot be
separated. To avoid this, the ‘*subsystem enbedding condition’ s
i mposed [ 27]. Accor di ng to it, t he cluster anpl i tudes

corresponding to the fewer particle sub-system remain unchanged
when it is enbedded in a larger system Wthin the framework of
the al gebraic theory, the subsystem enbedding condition energes
naturally, since it is a consequence of the decoupling of the
equations of motion of the relevant operators. W have discussed
two different orderings of the operators which correspond to the
NCCM and ECCM, in this context. Each has its own advantages and
dependi ng upon the quantity of computational interest, one or the
ot her becomes the preferred nethod.

The Lie-al gebraic approach offers several fornal advant ages
over the basis set expansion aproach. W recall in this context
that the fornmal solutions to the Schroedi nger equation is of

the exponential form

U _exp ( -iHt), (2.4.3)

when the hamiltonian is tinme independent. Even if the hamiltonian
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is explicitly time dependent eq. (2.4.3) holds in the [linit of
infinitesimal tinme displacement. Thus, an exponential ansatz for
U provides a better formal framework for approximate calcul ations
than an ansatz that depends linearly on its paranmeters. I'n
addition, the asynptotic separability properties of the time
evol ution operator are built into it. For exanpl e, consider a
system which separates into two non-interacting subsystens
asymptotically. The ham |ltonian of such a system can be written

symbolically as

Lt H = HMN + H_. (2.4.4)
£ -=30 = £

Here, H, and H. are the hamiltonians of the two subsystems and s
is a measure of the coupling between them In this 1limit, the

evol ution operator factorizes as

Lt u = U
&£ -=20

(2.4.5)

Since the sets of operators which act on the Hilbert spaces of

the two subsystems commute with each other, and each is closed

under commutation separately, they form closed subal gebras of the
conpl ete operator set acting on the direct product space of these
two Hilbert spaces. Thus, they are decoupl ed from each
other. Parametrizing U 1n a Wei-Norman product form as suggested
in Sec.2.2b is equivalent to disentangling the excitation and
deexcitation operators such that i1t s 1n a normalty ordered form

with respect to the harnmonic oscillator basis set



Lastly, we return to the choice of the basis vectors to the
operator space. As mentioned earlier, the AHO operator space can
be realized in the coordinate space as L0 = {qp ; 0Sm,n<w }
where q and p are the coordinate and nmonentum operators
respeclively. The decoupling procedure discussed in Sec.2.2¢c is
operative here also and L, can be factorised as

0

a. Sets of coordinate operators

c, = (g™ X . h21) O0sksaw (2. 4. 6a)
b. Sets of nonmentum operators

Ak=[qk ptk*m} . 21 0<k <o (2. 4. 6b)
c. Sets of diagonal operators

D, = { g° p*) 0SSk S o (2.4.6c)

Continuing further, simlar to the decompositions discussed in

Sec. 2.2c, the time evolution operator can now be parametrised in

two ways
1) U=n [ exp ( h’k) exp (Zk) 1 1 exp (YI) !
k=0 1=0
Wk - Ck’ Zk = Dk' Yl = Al (2.2.8)
- (m+k) k - k (m+k) _
wk = E Sllk q P Yk = ymk’ q P 1 Zk E Skk q P
where m > k 2 0.
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2) U = l;i {exp (Hk) exp (Yk) exp (Zk)]:

k=0

Z eD . (2.2.9)

It is more convenient to keep the momentum operator p to the
right of the coordinate q as the nunber of derivatives that
result as a consequence of p would be comparitively |ess.

An approach based on such a representation would be nore
convenient if the calculations were being carried out in the
coordinate space (such as the grid techniques [1] ). The
di sadvantage of this representation over the boson representation
1s that there are no natural "annihilation operators" in this
case. Thus one is obliged to carry out the calculation by
including both g and p operators to the same order and accepting
non-terminating serieses.

The application of the formalism devel oped in section 2.2 to

a few nodel systens will be studied in this thesis in the next

three chapters. In the third chapter, we wll apply the algebraic
theory to nodel one-dinensional systems. In the fourth chapter,
application to nodel two dinmensional systens wll be presented.

Application to the non-adiabatic dynamics for a few realistic
systems will be discussed in chapter 5.

W would like to nake a note that we will wuse the words
Lie-algebraic method and the tine dependent coupled cluster

net hod interchangeably wherever applicable.
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CHAPTER 3
APPLICATIONS TO ONE-DIMENSIONAL SYSTEMS: CONVERGENCE STUDIES



3-1. INTRODUCTION

To test the validity of the algebraic formal ism presented in
chapter 2. we will discuss a few modet applications in this
chapter. The stiffness of the non-linear equations, which are
obtained in this formalism has to be tested and simultaneously
one would like to know how well the S-matrix elenments converge
with respect to the truncation index N. W study the application
of this formalism to vacuum State propagation on one-dimensional
potentials so that the results can be conpared with the converged
results from the linear basis set expansion nethod to test its
accuracy. The hamiltonian for any one-dimensional system 1n

general can be witten as

H = po/2m + V (3.1.1)

where p 1s the momentum operator and V describes the potential
energy surface. Obviously all the systems differ only in the form
of the potential energy surface. The potentials we have chosen to

study are

1) The exponentially repul sive potential,

2) The Morse potential,

3) Harmonic oscillator + time driven exponentially repulsive

potent ial.

We will discuss the dynamics of these three systems in the



next section and discuss the —convergence of the S-matrix

elements.

3.2. DYNAM CS ON THE EXPONENTIALLY REPULSI VE SURFACE

The hamiltonian consisting of an exponentially repulsive
potential and the kinetic energy operator is

H=p2/2m+F exp [-a (g )] (3.2.1)

where, F and a are constants. This hamltonian nodels various
processes of physical significance involving molecular collisions
photofragnentat i on processes, etc, and has been studied in great
detail for these processes. Being a sinple system we want to teat
our methodology on this system and then go to the nore conplicated
ones. Converting this hamltonian in ternms of the harnonic

oscillator |adder operators, we get

H=tos4 [ 2% + 1 -a*?% - %)+ F exp [ Z(a® +a) ] (3.2.2)
where,
Z = —a ¥(h /2mne ) (3.2.3)

As the potentials used in this <chapter are transcendenta
functions, we explicitly derive the working equations in detail to

show that the derivation of these equations though tedious is
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relatively straightforward and involves no further approximations.

3. 2a. Working Equati ons.

The equations of notion are obtained by solving the time dependent

Schroedi nger equation given by

i U=HU. (3.2.4)

As we are interested in calculating the autocorrelation and the
transition probabilities from the ground to the higher eigenstates
of the harnmonic osciltator nunmber operator which require only the
ground state propagation, the evolution operator given by eq.
(2.2.25) in chapter 2, reduces to

] — +m 1]
Uy 10 > = exp ER6 3 Sp & ] o > (3.2.5)

premultiplying eq. (3.2.5 ) with U we obtain

iviv=vtay (3.2.6)

which we solve to obtain the desired properties. Substituting eq

(3.2.5) in the above equation we obtain

+m

+m
1 exp [ -E S a 1 d/dt exp [ E S o ]

I=exp[—ESma

+m

Hexp [ L Sm a }e (3.2.7)
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We will first consider the left hand side (L.H. S.) of the above

equat ion
+n
L.BS. =i exp [ - Sn a’h ] d/dt exp (L Sn a ]
n n
=1 ( d/dt + [ d/dt, £ S a'" |
n
+1/21 (ld/dt, £ S, a'™ 1, Be, A ] e )
n m
y i +n
=i { d/dt + ¢ S, & + 04+0 %+ cow0 ) (3.2.8)
n
Here the second line follows from the well known Hausdorff
expansion [t] and the observation that all creation operators

commute with each other

We next turn to the right hand side (R.H.S.) of eq(3.2.7)

+n +n
a ]

R.H.S. = exp I[-L Sn

] Hexp (T Sn a
n n

+2 2 +n

M) qhesa (2278 + 1 -a"%-a®) exp (TS a
n

=exp [-L S, & 13

n

vexp [-L S, a'™ ] F(t) explz(a®+a)) exp (xS a*™). (3.2.9)
n n

Consider the first termin eq. (3.2.9). This gives by Hausdorff

expansi on
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exp [-L Sn a™ ) /2 (aa ) exp (L s, 5T 3

n n

+n

hm/Zla+a+Ia+a.}'_‘Snn
n

i

+n +m

+1/21 [[a+a.§ 8,8 " 1, L8 1 +o...

= tw /2 { a'a + L0 s, a’" 1. (3.2.10)
n

Here again, the last line follows because the «creation
operators conmute with each other.

The second termin eq. (3.2.9) is given by
U™ [tw/4 1 U = tw /4 (3.2.11)

Simlarly, the third termin eq. (3.2.9) is given by
TR g I P (3.2.12)

W now evaluate the fourth termin the expansion given by
eq. (3.2.9)

07! [ -tw 74 a2 1 U = exp [-E s, atn
n
= —tw /4 (8% + (2% ps o™
n
+1721 t1a? ,ps a™ 1, £’
n m
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2

= -hw/4 a” - hw/4 £ S | T J

-2
“hw/4 T S_n (n-1) PRt

+ (n+m-2)

- hw/8 T Sn Sn 2nm a (3.2.13)

n,m

Turning to the renmaining termin eq.(3.2.9) we first express

exp [Z (a + a)] in nornal order [1]

exp [Z (at + a)) = exp (za®) exp(Za) exp (22/2). (3.2.14)

Wth this and using the resolution of identity in the form

exp (-Za) exp (Za) = 1, we obtain

exp [-E S a'" 1 F exp [z(a'+a)] exp [T s, a™™

nn n

=F exp (2%/2) exp (-L s, a*™ 1 exp (za') exp(za)
X exp{E Sn ath ) exp(-Za) exp(Za)
=F exp (22/2) exp(2a+) exp I*E S, a™® 1 exp(Za)
X exp[E s, a™ 1 exp(-za) } exp (za). (3.2.15)

Here the second line follows because Za and S commute with
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each ot her.

To continue further we expand the term in the braces

by Hausdorff expansion and obtain

=F exp (22/2)

=F exp (Z2/2)

=F exp (ZAIZJ

X exp |

=F exp (22/2)

X exp { E 8,
n

=F exp (22/2)

Xexp [ LTS | a™™ + znat

=F exp (22/2)

+ +n
exp(Za ) exp (=L Sn a 1 (L 1/k! exp(Za)

n k=0

§ Sn a ]k exp(-Za)} exp (Za)

n

exp(2a+) exp (-L 8 at™ )
n

+n

(£ 1/ki [ exp(za) £ S, a*" exp(-za))¥ Jexp(Za)

k=0 n

exp(2a+} exp [=L Sn a™® i
n

exp(Za) [ [ Sn at™ exp(-Za)} exp(Za)
n

exp(Za®) exp [-E 8, at™ )

n

+n

{ a™ + (za,a™] +1/21 (Za, (Za,a™™1]1+...)) exp(Za)

+n

Bxp(Za+) exp [~ Sn a 1
n

n-1 2 _+n-2

+1/2! n(n-1) Z° a +..}) exp(Za)
n
exp(2a+) exp [-§ Sn a’™ )
n
T 2™ 3] exp(za). (3.2.18)

n
n
X exp [ ES (£ C Z
n * r=0 r

95



+n +r r

t he

Gven that a*, a™", a all commute, we can conbine
first three exponential operators in the above expression and
wite

2 + +n & n r +n-r
=F exp (Z2°/2) exp [ Za - S _a + 58 (% C._ Z 1]
n n r
n n r=0
X exp(Za). (3.2.17)
Further, separating r=0 term
n
=F exp (22/2) exp [ za® =EiS. N *T 8, at® a £Es, 1 L I LS
n n n r=1
X exp(Za)
.y + LI r _+4n-r
=F exp (Z°/2) exp [ Za +LDs (L C. Z 11
n r=i
X exp(Za)
- 2 + n BSE o r _+n-r
=F exp (Z°/2) exp [ Za + s Z * B g C Z =a 1]
A n n r
n=1 n r=1
X exp(Za)
- 2 n + n-1 n r +n-r
=F exp (27/2 + ¢ SnZ expl[ Za + LS (L C 2 =a }1]
n=1 n 0 r=1 F
X exp(Za). (3.2.18)

9
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Defining a new index s via a = n-r and eliminating r in eq.

(3.2.18) gives us

n-1

=Fexp (zZ/2+f s z")ewpl za' +rs (f Mc,_, 2" % a0
n=1 n " e=1
X exp( Za)
<Fexp (z2/2+F S ®)exwptza* +g o (g s "c __ z"%)
n=1 8=1 n=g+l1
X exp(Za). (3.2.19)

We now define the followi ng internediate variables

Yo = F exp(z?/2 + g5 2") (3.2.20a)
n
Y, =2+ g T, 2 (3.2.20D)
n=2

T s p e Mo, 2t (3. 2. 20c)
n=3

Y. s ¢ s Pc - 2" s 2 3. (3.2.20d)
n=s+1 n n—s

In terms of these equations, eq. (3.2.20) becones

= ¥, expl Y, et sy, a ey, " 4 ) exp( Za). (3.2.21)
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Conbi ning the expressions (3.2.21) and (3.2.13) for the right
hand side of the Schroedingers equation along wth eq.(3.2.8)
for the left hand side we obtain,

2 +(n-2)

i ~tw/4 L S, n (n~1) a

N +
izsna = hw/4 - hw/4 a

+ (n+m-2) +8
- hw/8 [ Sn Sn 2nm a + Ypexp i 54 YB a 1.

n,m
(3.2.22)

We now note that since the operator a acting on vacuum state
gives zero, a a operator does not contribute to the tine evolution
of that state. Simlarly, exp(Za) on the right would not have any
effect. To obtain explicit equations for S we have to expand the

exponential in eq.(3.2.22). Thus,

+n 2 +(n-2)

i g én a*P= rw/4 - tw/4 2% -hw/a £S5 no(n-1) a

_ + (n+m-2)
hw/8 L Sn Sn 2nm a

n,m

(3.2.23)
Conparing the coefficients of a*™ on either side, we obtain
the working equations of notion. W& note that this requires no
approximations or special mathematical techniques other than the

Hausdorff expansi on. The working equations of notion are given by
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iSy = - tw/4 - tw/2 S, - tw/4 §2 4 Y

. ; 5 (3.2.24a)
1S, = - 3tw/2 S, + tw/2 S, - fw 8,8, + Y ¥, (3.2.24D)
= = _ _ 2
182 3hw S4 + hw/2 Sl 3hw/2 Sls3 2hw 52 + he 52
Y, (Y2721 + Y, ) (3. 2. 24c)
0 i 2 T

and the rest of the equations can be obtained simlarly. The auto

- correlation function A(t) is given by

ACt)

n
~
o

uloo (3.2.25a)

"
(0]
l
k=
2]

(3.2.25h)

3.2b. Nunerical Studies:

We have carried out calculations for three different values
of a= 0.025, 0.05, 0.1 and F= t. In our calculations we have wused
the units in which % = 1. Tables 3.2.1a, 3.2.1tb, 3.2.1c show the
convergence of the S-matrix elements wth respect to the
truncation index N for the three different values of « after
propagating the wave packet for ten tine units. The values of the
S-matrix elenments converged very well. Although the values of the
S-matrix elements at higher truncation indices are not i dentical,

they are extremely small and do not contribute nuch in evaluating
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the dynam cs of the systems. Convergence is good for a = 0.025 and
0.05, but not so good for a= 0.1. For large values of a, the
potential becomes steeper resulting in greater anharmonic effects
in the system These effects cause the wave packet to dephase at a
faster rate. Consequently, the convergence pattern seen for |large
values of a is slower than for snaller values of a.

The transition probabilities P for the transition from the
ground to the nth eigenstate of the hamiltonian as a function of
time are plotted in Fig. 3.2.1a, 3.2.1b and 3.2.1c for different
val ues of a and conpared with the basis set expansion method. The
equation to obtain the transition probabilities in the algabraic

formalism is given by

P = l<| Uy |0:|2_ (3.2.26)

These are evaluated by substituting for uU. fromeq. (3.2.5)

P, = lnlexp [ £ a'® s+ 5,1 1017 (3.2.27)

k

M=

1

For exanple the values of P for the first three transitions are

eval uated to be

s .
P, =le°1s1]°? (3.2.28a)
SU 2 2
P, = |e [ s/2! + 8,1} (3.2.28b)
2 \ 2
o | 3 4 (3.2.28¢)
P3 = |e | SI/EI + 3152 + S3 | i .2.28c
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Fig. 3-2.la: The transition probabilities P for n « 8,5 3and 4
whi ch are marked above each curve, as a function of time fOr & =
0.025 for the exponentially repulsive surface. Dash and double
dot - basis set expansion and solid line - TbcCcM at the

truncation index N = 7.
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Fig. 3.2.1b: The transition probabilities Pn for n = 8,5, 3 and 1
which are marked above each curve, as a function of time for a =
0.05 for the exponentially repulsive surface. Dash and doubl e dot
- basis set expansion and solid line - TDCCM at the truncation

index N = 7.
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Fig. 3.2.1ec: The transition probabilities P for n e+« 8,8,3and 1

whi ch are Marked above each curve, as a function of time for a =

0.1 for the exponentially repul sive surface. Dash and double dot

- basis set expansion and solid line - TDCCM at the truncation

index N = 7.
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Good agreenent between the values obtained by the two
approaches is seen. Nearing ten time units both the approaches do
not tally as is seen fromthe figures. W attribute this to the
nonconvergence of the basis set expansion approach which required
| arge basis of about 120 functions. Due to lack of computational
power we could not carry out the basis set calculations wuntill
convergence.

Figures 3.2.2a , 3.2.2b and 3.2.2c show the conparison of the
nodul us of the autocorretation function plotted against tinme
obtained from the algebraic theory at N = 7 with the linear basis
set expansion nethod for different values of «. For carrying out
calculations for longer tines, the basis set expansion approach
requires a still larger basis for convergence. Good agreement with
the exact results is seen.

The nmodulus of the converged autocorrelation function
obtained f{rom the algebraic theory for longer times is shown in
Fig. 3.2.%a, 3.2.3b and 3.2.3c for a = 0.025 ,0.05 and 0.1
respectively with the truncation index N=7. This is to show that
the converged al gebraic calculations could be easily carried out
for longer times with as few as 7 equations in contrast to the
basis set expansion nethod.

In all these calculations the algebraic approach 1led to a
faster convergence pattern than the basis set expansion approach.
Al so the working equations of motion 1n the algebraic approach

were no nore stiffer than the exact approach.
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Fig. 3.2.2: Plots of the nodulus of the autocorrelation function

vs. time for the exponentially repulsive surface for different

values of &«. a) a = 0.025,

b) @=0.05and c) a= 0.1. Solid line

- basis set expansion and dash and double dot - TDCCM at the

truncation index N = 7.
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autocorrelation function vs. tine obtained from TDCCH at the
truncation index N =7 for different values of «. a) a = 0.025,

b) «= 0.05 and ¢) a = 0.1.
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3.3. DYNAM CS ON THE MORSE POTENTI AL ENERGY SURFACE.

As a second exanple, we studied the dynamcs of gaussian
states on a displaced Mrse potential (2-8). The Mrse potential
is a good approximation to the potential of diatomc nol ecul es and
has been the standard test potential for several dynam cal studies
[2]. The hamiltonian of this systemis given by

- 2 i 2
H = (p- pOJ /2m + D [ 1 - exp (-a (q—qo))] (3.3.1)
where D is the depth of the potential energy mninum and hence
represents the dissociation energy of the system P and q are
the initial nmomentum and initial position of the wave packet
respectively. a is given by the equation
a = sqrt ( p /2D) @ (3.3.2)
u is the reduced nmass of the system and « is the harnonic
frequency. The spectroscopist’s anharmonic constant x is related
to the parameters occuring in eq. (3.3.1) by
x = w / 4D . (3.3.3)

The nunber of bound states n is given by

n = 2D/t - 1/2. (3.3.4)
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3. 3a. Working Equations.

Qur next attenpt is to perform convergence studies on the
system The equations of motion are obtained by solving the time
dependent  Schroedi nger equation given by eq. (3.2.4). The
correspondi ng evolution operator 1s given by eq. (3.2.5). The
met hodol ogy is identical to the one decribed for the exponentiatlly
repul sive potenti al surface described in Sec. 3. 2a. Converting
the hamiltonian in terns of the harnonic oscillator |adder
operators and substituting the expression for the time evolution

operator in the TDSE for the R.H.S. we obtain

T HU = U heo /4 ( 2a*a + 1- a+2—a2] + Z (at - a) +
pg /2u + D exp [Zl(a++ a)l- 2D exp 122(a+ + a)l
(3.3.5)

where,
Z = —2pO ¥ ( pw/h)i (3.3.6)
Zl = - 2a V(h/2uw) (3.3.7)
and

= 3.3.8
Z; 2 By ( )
The evaluation of the first term in the -equation (3.3.5) is

simlar to that discussed in Sec. 3.2a. The second terra in the
hamiltonian contains linear terns in a and a . As a comutes with

U the multicommutator Hausdorff expansion gives only Za t he



rest being equal to zero. The operator a gives

=1

u alU=a+ES n a+(nh1)- (3.3.9)

The third term being a constant again comutes with S to give
vt pirzu v = pZ/2u, (3.3.10)

The fourth term can be split into three terms as

1

U D (1 - exp (-a (qmag 1% U =UT'D U + UT! D exp 1z, (a%+ &)1 U

|

- u™! 2D exp [22(a++ a)] U.(3.3.11)

Each term in the above equation is expanded as the Hausdorff

expansion. From the first term we obtain
u DU-=D- (3.3.12)

The second term in eq. (3.3.11) can be obtained simlar to the

derivation for the exponentially repul sive surface

-1 + _ + +2 +3
U D exp [Zl(a + a)l U = RO [1 + Hla +R2a +R3a +
+R%a*?/21 +m R 4oL # FIRTE M s v s I

(3.3.13)

The expressions for R (r 2 1) are identical to those of Y in Sec.
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3.2a given by the eq. (3.2.20), except that F and Z are replaced
by D and Z respectively. The third term in eq. (3.3.11) s

expanded using the Hausdorff expansion as

U (-2D exp [22(a++ a1} W = X 01 4 XA Ax.a +X,.8 C .

+Xfa+2/21 +x1x ik + X

(3.3.14)
Here the equations for X are again identical to the equations for
Y. given by equations (3.2 20) except that F and Z are replaced by
-2D and Z. respectively. The L.H S of the TDSE is given by eq.
(3.2.8). The conplete equation after all the expansions are done

is now given by

+n 2 +(n-2)

i zén a™= hw/4 - tw/a 2*? -hw/a £S_n (n-1) a

+ (n+m-2)
- hw/8 [ Sn S, 2nm a + ES;n

n,m

+2a" 4+ p§/2y + RG

(3.3.15)
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Conparing the coefficients of a on either side of the equation
we obtain the working equations of notion. The equations of notion

for the first three S (n =1,2,3) are given by

ko 2 . 2 .
lS0 = /4 - hw/2 52 - hw/4 Sl + po /2 + RO + X.O (3.3.16a)
isl = - 3fw/2 53 + hw/2 51 - hw SISZ + Z + ROR1+ XO)(I (3.3.16b)
: - _ = 2
iS, = - 3Mw S, + hw/2 S, - 3mw/2 S5, - 2hw S2 + hw S, + S,

+ R, (RZ 21 + R, J + X, [ X%/21 + X, ] (3.3.16c)
0 1 2 0 1 2 i T

3. 3b. Numerical Studies.

We have studied the convergence of the S-matrix elenents
which is shown in the Tables 3.3.1a, 3.3.1b and 3.3.1c for three
sets of paraneters corresponding to the values of a, = -13. 45,
-5.56 and -20.0. h, « and ¢ were taken to be equal to 1. p, for
the first two cases was taken to be zero and for the third case it
was taken to be -6.0 [61. The three values correspond to the
position of the wave packet being close to the dissociation limt,
half way to the dissociation |limt and above the dissociation
linmt respectively. The convergence behaviour 1s seen to be good
for ¢ = -13.45 and -20.0. But for q = -5.56, the S-matrix
el ements appear to be oscillating around a mean value. This may be
attributed to the fact that when the initia wave packet is at

-5.56 it is in the nore anharmonic region of the potential
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Fig. 3.3.1a: The transition probabilities P for n

which are marked above each curve, as a function of time for x. =

-13.45 and Py = 0.0 for the Morse potential. Solid line - basis

set expansion and dash and double dot TpCccM at  the truncation

index N = 7.
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Fig. 3.3.1b: The transition probabilities Pn for n = 8,6,4 and 2

whi ch are narked above each curve, as a function of tinme for x.

-5.56 and p. = 0.0 for the Mdrse potential. Solid line - basis sat
expansi on and dash and double dot - TDCCM at the truncation index
N=7.
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Fig. 3.3.1c: The transition probabilities P for n « 86,4 and 2

whi ch are marked above each curve, as a function of time for x. -

-20.0 and py = -6.0 for the Mrse potential. Solid 1ine -  basis
set expansion and dash and double dot - TDCCM at the truncation
index N = 7.

120



conpared to the other two cases. Hence, t he wave packet

experienoes greater anharmonicities due to which the S-natrix

convergence is slightly oscillatory. Like in the <case of the
single exponentially repulsive surface, the higher S-matrix
el ements are very snall in mgnitude, leading to negligible

contribution to the dynam cs of the system

The transition probabilities P from the ground to the nth
eigenstate of the hamiltonian for n = 2,4,6,8 obtained from the
al gebraic and the basis set expansion nethods are shown in Fig
3.3.1a, 3.3.1b and 3.3.1c where P are plotted against time for
the three sets of parameters. Both the approaches are conparable.
The deviation of the basis set expansion nethod from the
al gebraic method is due to insufficient basis.

In Fig.3.3.2a, 3.3.2b and 3.3.2c, we have plotted t he
nmodul us of the auto-correlation function obtained from both the
nmet hods, against tine. Good agreenment is seen except that the
basis set expansion approach requires even higher basis to
approach convergence.

The plot of the modul us of the autocorreiation function
obtained from the algebraic nmethod at N=7 vs.time is shown in Fig.
3.3.3a, b and ¢ for the three sets of parameters. This is to show
that the converged calculations from the algebraic nethod could be
carried out for longer tinmes with only 7 equations of notion.

Simlar to the case of the exponentially repulsive surface
di scussed in Sec. 3.2, the algebraic results show a faster

convergence pattern than the basis set expansion nethod.
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3.4. DYNAM CS OF ATOM - DI ATOM COLLISION IN THE CLASSI CAL PATH

APPROXIMATION.

In this section we study the dynamics of a col linear
collision between an atom A and a diatonmic nolecule BC. This
system has been studied by several authors [7-23]. The collision

can be described by the equation

A+ BC (v > A+ BC (v"). (3.4.1)

The diatom is approximated as a harnonic oscillator. The
interaction potential between A and BC is described by an

exponential potential given by

Vilr,g) = B axp ( =r;+/a) (3.4.2)

AB

where r is the distance between A and B and D and a are
constants. Let the distance between A and the centre of nass of BC
be R, then R can be witten as

R=r,p-7v(r, - q (3.4.3)

where g is the deviation of the bond distances of BC from the

equi libriumposition r and » is given by

¥ =m_ / (m +mb)- (3.4.4)
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The potential now has the form

V ( R, g = Eexp (-R(t)/a) exp (rq/a) (3.4.5)

wher e, E is the initial collision energy and is a system
constant. Treating the translational notion classically, the
classical trajectory R(t) is obtained by neglecting BC vibrations
during collision and is given by [22,23]

/2

exp (-R(t)/a) = sech? ((E/2w)'’? t/a) (3.4.6)

where ~ is the collision mass. The hamiltonian of the system is

w i tten as,

H = hwa'a + F(t) expiZ(a‘+a)) (3.4.7a)
where

F(t) = E Sech’((E/2m)'’? t/a) (3. 4. 7b)
and

Z = (y/a) /(2 M @)). (3.4.7c)

Mbst of the Lie-algebraic studies to date have been tested on
this hamii tonian which have invoked either a iinear or a quadratic
approximation to the potential [7-12,15-21]. Since mcroscopic
reversibility is lost in the classical path approximation, it is

customary to define the total energy of the system E as {7].

E = (1/8) m (vf+vi)2 (3.4.8)
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Here v. and v. are the initial and final velocities appropriate to
the transition under consideration, m and M are the reduced mass
and the mass of the diatom respectively, and <« is the angular
frequency of the diatom. y and a characterize the interaction
strength. The collision energy for the systems under study was
varied in the range 2 S E £ 20 hw. The wor ki ng equations of notion

are obtained in the next subsection

3.4a. Working Equations

Since we are interested in the dynam cs of the vacuum state,

the evolution operator takes the form

N
= +,n
U0 = exp LElSn(n ) +Sol. (3.4.9)

In all the calculations, the truncation index N was varied between
2 and 7. These were integrated from -T to +T ensuring that t he
appropriate transition probabilities wer e conver ged. The

propagation of the vacuum state requires solving

iU u, = U H U.. (3.4.10)

For the exponentially perturbed harnmonic oscillator, we get

" Jica*a + 1/2)tw +F(t)expl(Z(a*+a)})

) 5 +m _ - +
15 Sma = expl Esma

+m
X exp(zs a'"]. (3.4.11)

Using the BCH [1] fornula we obtain the working equations for the
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cluster anplitudes Sm

= +
i T8 a'® = (a'a + 1/2)h0 + EmS a™ nw + Y explZa® +
- n n-m_+m
nEZSn m§1 sz a 1 exp(Za) (3.4.12)
wher e
- 2 n
Y, = F(t)exp(z“/2)exp( LS Z ) (3.4.13)

Conparing the coefficients of a we obtain the followng

equations for the coefficients S .
m

ISy = 1/2 tw + Y, (3.4.14a)
IS, = S, hw + Y.Y, (3.4.14b)
" - 2
1S, = 25, tw + Y,lY]/21 + ¥, ] (3.4.14c)
s 3
iS, = 35, o + Yy [ Y7/31 + Y, ¥, + ¥,) (3.4.14d)
iS, =45, tw + Y. [ Yiza1 + v v, + Y3721 + ¥, + Y3v_/21)
4 4 0 1 1¥3 2 4 1¥2
(3.4.14e)
iS. = 5S, tw + Y. [ YO/501 + YOIV, /31 + Y2Y_/21+ Y Y,+ Y. Y.+ Y
5 5 0 1 1Y2 1¥3 1Ya* Ya¥3* Y5
2
+Y2Y, /211 (3.4.141)
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2 . 4 3 2
i8 = BSG how + YO [ YI/Sl + YIY2/41 + YlYafﬂi + Y1Y4/2!

3 2,2 2
¥ Y ¥ # YZ/SE + Y2Y1/212! * Y.Y. *+ Y3/21 * YB * Y1Y2Y3] (3.88)

1¥s 2¥4
(3.4.14g)
iS. = 75, tw +Y. [ Y7771+ Y2y /51 + Yiy, 740 + Y3y, /00 + Y3y /21
7 = 75 0 1 192 1¥3 174 Y5
+ Y. Y, o+ YOy /31 + Y2Y_ /21 + Y. Y.+ YOY /21 + Y. X
g ¥ Rg¥y 2¥3 2¥s a¥, 3¥y4
Y Y, + Y, Y. Y, + YOV Y./21 + YOY2/3121) (3.4.14h)
s¥p *+ Y ¥, Y, 1Y2Y5 Y2 4.
Here, the Y are as defined in eq. (3.2.20) except t hat i nst ead

of the time independent constant F we now have a time dependent
function F(t) and the expressions for the constant Z differ. t hey
are given by equations (3.4.7b) and (3.4.7c) for the two cases
respect ively.

The transition probabilities P. _ are given by

l<n| U. 10»12 (3.4.15)

P0——>n 0

where the evaluation for the first three probabilities is shown in

section 3.2a which correspond to the coefficients P

3. 4b. Nurrerical Studies.
As an initial step we studied the sensitivity of S-matri x

el ements on the truncation index N in eq(3.4.12) for the collision

between He + H. and C + D.. The results of the two systenms are
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presented in Tables 3.4.1a and 3.4.1b (for E = T7hw and 20hw)
respectively From the tables, it is apparent that the cluster
anplitudes are fairly insensitive to the truncation index after
about N > 4.

The transition probabilities from 0->0,1,2,3 for sone
representative energies as a function of N are presented in tables
3.4.2a, and 3.4.2b for He + H. and C + D, systems respectrively.

As can be seen, these are also insensitive to the truncation index

for N > 4, It is seen that for hi gher energies S is
i nadequate, indicating the importance of higher S-natrix elenents.
Lastly, in Tables 3.4.3a and 3.4.3b, we present 0->n

transition probabilities for several energies with N=7 for both
the systens. We have also calculated the transition probabilities
by expanding the wave function as a linear superposition of
harmoni ¢ oscillator basis functions which are also shown in the
sanme Tabl es. Good agreement of the algebraic nethod is seen wth

the basis set expansion approach.

3.5. CONCLUSI ONS.

All the three systens studied in this chapter differ in the
final state interactions. The final state interactions in the
hamiltonian described by the exponentially repulsive potential are
purely kinetic. The Mrse potential has anharmonic final state
interactions. In contrast, the system described by the time driven
harnmoni c oscillator has purely harnmonic final state interactions.

In spite of having different final state interactions the
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al gebraic nethod shows a good convergence pattern of the S-mmtrix
el ements for all the three systens.

In all the systems, the algebraic results converge to the
exact value by about S. while the calcul ations based on basis set
expansi on required functions between 40 to 120 for convergence
These results indicate that the Lie-algebraic approach has a far
better convergence pattern than a linear basis set expansion. A
few comments on the computational resources required for the
Lie-algebraic approach are in order. In general, we found that the
wor ki ng equations by the Lie-algebraic nethod were no stiffer than
the corresponding basis set expansion approach. Thus, step lengths
of the same magnitude were required in both cases. Though the
Li e-al gebraic approach requires the integration of nonlinear
equations, these require much less time than the basis set
expansion since the nunber of variables required to achieve
convergence is nmuch less in this case. Also the converged
al gebraic calculations could be carried out for longer tines wth
very few variables contrary to the basis set expansion nethod.

We now conment on the accuracy of the al gebraic approach. The
correlation functions were found to be very <close to the exact

which we have shown in sections 3.2 and 3.3. The P coefficients
n

obtained from the linear basis set expansi on approach and the
corresponding coefficients obtained from the algebraic approoh
were also in close agreement. These results have been presented in
sections 3.2 and 3.3. The transition probabilities <calculated in
the atomdiatom collisions from the algebraic method for all

numerical purposes were found to be exact
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CHAPTER 4.
APPLICATION TO MODEL TWO-DIMENSIONAL SYSTEMS



4.1. | NTRODUCTI ON

In this chapter, we study the applicability of the tine
dependent coupled cluster method to two-dimensional potentials
nodel ling realistic systems and obtain the absorption spectra. W
have applied the formalism to the photodissociation dynam cs of
linear triatomics in the Beswi ck and Jortner nodel 1] and to
the two dinensional Henon-Heils potential energy surface [2].

The standard approach for the ~calculation of absorption
spectrum is via basis set expansion. In this approach, t he

Franck- Condon spectrum of the electronic state e is given by

& (w - w, - w. (4.1.1)

Here, x 1is the vibrational ground state of the lower electronic
surface and x are the vibrational wave functions associated with
the upper surface. and are the respective vibrational
frequencies. The Condon approximation that the dipole nmatrix
element is weakly dependent on the nuclear coordinates and hence
can be approximated as a constant is invoked. Know edge of x and
w s required to obtain the spectrum These are obtained by
diagonalising the vibrational hamiltonian of the upper surface H
in an appropriate Hilbert space [3}. The computational resources
required for such a calculation scales exponentially wth the
number of degrees of freedom in the system This provides the
notivation for the devel opment of alternate nethods. One way of
obtaining a spectrum is the time dependent fornulation of
eq.(4.1.1) 1n which the absorption spectrum is given by the

fourier transform of the autocorrelation function A(t) of x
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propagat ed on the upper electronic surface [4].
The expression for the absorption spectrum is obtained by

nmaki ng the substitution

6 (0 -w ) = 1/(2n) S e 1wy " gp (4.1.2)

Substituting the above equation in the eq. (4.1.1) for P(w) we

obtain

@ :

ey - I -i(w —-w)t

P(w) = “eg h; e n T (xg | X > < ®, | xg >dt

@ . =1 H T

== & iwt e

= Heg _f e <xg | e 1y ?* Xy | xg >dt.
@ n

(4.1.3)

Elx, »cx, | =1 . (4.1.4)
n
we obtain
© ' -1 H_ t
iwt e
P(w) = _; e xg | e I Xg >dt. (4.1.5)
-iH_t
The term <x, { e I x > in the above equation is the

probability anplitude that the +ibrational wave function x
-1

remains in the ground state and is called thec auto-correlation

function A(t). Hence,
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A(t) = <x |e | % > (4. 1.8)

The equation for the absorption spectrum is now rewitten as

P(w) = “gg J A(t) exp (iwt) dt. (4.1.7)

The propagation of x on the upper electronic surface is carried

out by solving the time dependent Schroedi nger equati on. Because
of the large density of states, it 1s often not possible to
resol ve the individual vi brational levels in the spectra of

di ssociative surfaces and only the homogenously br oadened
envel ope of the spectrum is observed. The tinme dependent approach
18 particularly suited for the calculations of such spectra since
one needs only short time dynam cs for evaluating such envel opes.

In Sec. 4.2 we apply the TDCCM to the photodissociation

dynam cs of a few dissociative surfaces in the Besw ck and
Jortner model [1}. TDCCM converges faster than a I'i near
superposition of basis functions since the evolution operator is

taken to be an exponential ansatz. To test the validity of this,
we calculate the autocorrelation functions and spectra and
conpare with the basis set expansion approach. The nmethodology is
presented in Sec.4.2a and the results along with our conclusions
are presented 1n Sec. 4. 2b. In Sec.4.3a we di scuss t he
application of the TDCCM to the Henon-Heils potential and study
the norm conservation in Sec. 4.3b. In Sec.4.4 we present a few

concl udi ng remarks.
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4. 2. Application to photodissociation dynamcs in the Beswick

and Jortner nodel.

Study of photodissociation dynam cs has been one of the main
attractions for chemsts for | ong [5]. As consi derabl e
experimental data is available, t heoreti cal chem sts find
photodissociation dynam cs, a valuable tool for the devel opment
of theory. For exanpl e, using the avail abl e experimental
absorption spectra,” we can deduce the approximte potential
energy surfaces. The absorption spectra which arise due to the
excitation from the ground to a repulsive state are of prine
importance in understanding the photofragmentation dynamcs of

the polyatom c nol ecul es.

4.2a. The Mbdel Hamiltonian.

The Beswick and Jortner nodel [1 descri bing the
photodissociation of a triatomic nolecule ABC into A and BC in
col linear geonetry assumes that the potential surface from which
excitation takes place is a harmonic surface. The ground state

hamiltonian of the system is given by

e _ g2
H, = -h%/2u, po = p%/2up, + v, (4.2. 1)
where Hy BC and Hpe are the reduced masses.
Hy . Be = mA( mp+ mc)/ “nA + mpt mc) (4.2.2)
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LI /(mB +m, ). (4.2.3)

The ground state potential is given by

Vg = 1/2 kég) Ry - -;g) 2 4 172 k;;) ¢ B~ E;g) 2 (4.2.4)
wher e RAB and R correspond to AB and BC stretch respectively.
RAE and §gg are the bond lengths of AB and BC respectively.
kpc and k,p are the force constants corresponding to the BC and
AB bonds in the ground state respectively and are evaluated from
the experinmental normal node frequencies w and o from the

2
relations

(s),, (s) 5 e il 2
(kyg'fiyg )+ (kg fup ) = &) + o) (4.2.5a)
(s) ,(8) _ 22
kAB kBC = [ mympm, /o (mytmptm O 1wl e (4.2.5b)
Converting the ground state hamiltonian in terms of norma
coordi nates
_ G 2 2 2 i . 2 2 2
Hg = h @, [-1/2 & .faqI + q ]+ h w, [-1/2 @& /dqz w* a, 1

where q and a, are the normal coordinates of the bound system
and g denotes the ground state. The excited state hamiltonian s

taken to be [t]

2
B 2 2 _ 2 B e @) .o _p€d),2
He E o=y /£“A‘BC a”/aR h IZHBC a /GRBC *1./2 Hpe “pe (1ﬂC RBC )
+ A exp (-a R) exp (amcl(mB + mc)) RBC (4.2.8b)
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wher e

R =R+ [ m/ (mg+me) J Ry (4.2.7)
A is the pre-exponéntial factor and a gives the AB poential
range. W now rewite the hamillonian of the dissociative
surface in terns of the ground state normal coordi nat es. The
advantage of using this coordinate representation is that the
equation for the autocorrelation fuaction turns out to be
particularly sinple. Converting the excited state hamiltonian in

terms of the harnmonic oscillator |adder operators a and a gi ven

by
a, = (a, + 8/8q,) / ¥2, (4.2.8a)
a: = (q; - 0/2q,) / vz, (4. 2. 8b)

we obtain the following hamiltonian equation for the dissociati

surface.
- + + +2 2 +2 2
!-le = 20 + Z1 a, a, + 22 a, a, *+ 23 ( a,” + a; ) o+ Z4 (a2 + e, )
+ _+ + +
+ 25 ( e, &, ta a4+ a, a, + aa, ) + ZB ( a, +a,
+ + +
+ Z7 ( a, + a, ) + Z exp [ Z8 ( a, + al) + 29 ( a, + &, 3
(4.2.9)

where, Z. and Z are the coefficients of the operators which arise
when converting the excited state hamil tonian in terns of the

| adder operators. These coefficients are given by the equations
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-hw, /4 [k(c /(c

8 = 1 * 21 12°21 7 13
Zy = ~bw, /4 + [k(ey, /(012C21 - ey
Z1 = hul + 2 23
22 = huz + 2 Z4
= - ~ - 2
Zs ko Cyy /12005751 = €405 )
28 = -k R C5 /1 2 (c|2°2[ = €11%29 )
2, = -k R 4y f 12 (012021 - €y,C5, )
28 = -a ¢y, /L2 (c“c22 = €50 )Y ]
Z = - -
9 & c, /E 2 (c“c22 €512 b}
_ 2
20 = hml /2 + e,y 12 + 23 + 24 + k R
and
- n ke _ = .(d)
R = Ryo Rpe
- - 5 (8
Z = A exp( -a Hab )
= (d) 2
k = 1/2 Hpe (:..JBC p ="
The coefficients cll' 012’021 and Cogr the
Rgg). the force constant k corresponding
excited state, the exponential constants A
coordinates q; are as given in o b G 5
operator in the TDCCM [6-9] is given by,
U = exp [SO 1
o _ +m _+n
5 = Zz Sen 21 89 -
m,n
The autocorrelation function s given by
A(t) = <0,0 ! U 10,0 > ¢+ exp(s,,)
The equations of motion for the cluster
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2

Cp ) )1/4
2
Cop )5 01/4
]
]
1
/2 + VO

distances

(4.2.10a)
(4.

(4.

2.10b)
2.10¢)

(4.2.104)

(4.2.10e)

(4.2.101)

(4.2.10g8)

(4.2.10h)

(4.2.101)

(4.2. 10))

(4.2.11a)

(4.2.11b)

(4.2.11c¢)

(d)

Hbc

and

to the BC stretch in the

and a and the normal
The time evolution
(4.2.12a)
(4.2.13)
anplitudes s are



obtained by substituting eq (4.2.12a) and eq.(4.2.12b) in the
TDSE and premultiplying both sides of the equation by U and
projecting on the eigenstates of the nunber operators:

<m,n (it U -vutEUW 10,00 = 0. (4.2.14)
The resulting expression is evaluated by the Hausdorff expansion
[10) which is shown in detail in Appendix 4.2. Explicitly the

wor ki ng equations are given by
+m _+n

b, q i i LS a"a” 10,05
m,n
+m _+n +m _+n
=<p,qi { 8 Z, m a it s Z, na, a
oot mn “1 1 2 6,5 mn 2 1 2
¥Zs8 % D8 (m+2)(m+1) at™ a0
3 "1 m+2,n 1 2
m,n
+m +n
+ Z E 8. _ o B - (m=x+2) (x-m+2) a a
3 @, n,X,y m-x+2,n-y “x-m+2,y-n 1 2
+2 +m _+n
+ 2,8, + 2, L Sn,m+2 (m+1)(m+2) a,” a,
m,n
+2, 1 § s . S, (n-y+2) (x-n+2) a'® alf)
4 m,0,X,y m-X,n-y+2 “x-m,y-n+2 1 2
+ 4+ +m _+n
+ 2,8, 8, +Z, [ Sm_l,n+l(n+t) a,  a,
m,n
+m _+n +m _+n
+2Z; E Sm+1.n41 (m+1) a,= a, + Z; [ Smn (m+1) (n-1) a," a,
m,n m,n
+ 7 b 14 s _ _ S.. - [(n-y+1)(x-m+1) +
B0, X,y n=x+1,n=y+l “x-m+l,y—-n+l
_ ¥ +m _+n +
(m—x+1)(y-n+1) ] a, a, + 26 a,
+m _+n + +m
+ Zg mI;sm+l.n (m+1) a, &, + 2,8, +Z, L Sm,n+l (n+1) a,
. m,n
? +m _+n + +
+ A exp(mzhsmn a, a, ) exp(ZBal) exp(Zsaz)
1
1 l-m +m _+n
X E Y T c.Z a a ) 1} 10,0 > (4.2.15)
I o In neh m 8 1 2
=0
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wher e

Y,. = s c. Zz (4.2.186)

2
8

0. The rest of the operators do not contribute as they have the

Here A = Z exp(Z,/2 + 23/2) The initial conditions are s (0) =
anni hilation operators a and a. to the right which give zero

when actiag on vacuum stale.

4. 2b. Results and Discussion.

We have calcul ated the autocorrelation functions and spectra
for the photodissociation of ICN, BrCN and CICN. The values of
the paraneters appearing in the hamiltonian are taken from the
work of Beswick and Jortner [1] and are ~collected in Table
4.2.1. System | corresponds to I CN under goi ng di rect
photodissociation. In addition we have also studied another
system corresponding to ICN in the predissociation linmt in which
the parameter A is reduced to 0.2 X 10 eV (System 11). This
system was studied earlier by Coal son and Karplus [11]. System
Il corresponds to BrCN and System IV corresponds to CICN The
TDCCM cal cul ati ons wer e carried at various I evel s of
approximation to the <cluster operator S to understand its
covergence pattern. Truncations were nmade such that all s ,0 =

mn < N were included for a given value of N where N is the
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TABLE 4.2.1

Spectroscopic paranmeters for ABC used in the calculations.

—(8) =(s) (d) =(d)
Wy wy Ren” Bic “on Ron
-1 1 -1

tem™ 1) (em™!) a) ) (em™h) ) (ev) ™h
System | - 499 2207 1.15 2.12 1763 1.2327 0.64(6) 6.68
System Il - 499 2207 1.15 2.12 1763 1.2327 0.20(6) 6.68
System I11- 580 2187 1.15 1.93 1763 1.2327 0.40(6) 6.68
System |V - 729 2201 1.15 1.76 1763 1.2327 0.15(6) 6.68

[c: The nunber n in the brackets correspond to multiplication

with 10 . The variables are as defined by Beswick and Jortner.]

truncation index. Tables 4. 2. 2a, 4.2.2b and 4.2.2c show the
convergence pattern of a few Snatrix elements for various
truncation indices for the four different systens. A good
convergence pattern is seen.

The nodulus of the autocorrelation functions for different
N are plotted in Fig. 4.2.1a, b, ¢ and d. As can be geen. the
S

autocorrelation functions obtai ned by TDOOM are practically

indistinguishable from the exact one by about N = 3 for the
s

direct dissociation. The convergence of the autocorrelation
function for ICN is slower in the predissociative System ||

(Fig. 4.2.1b), but even here, by N =4, the TDOCOM converges to
s
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A (L)

0.0 -

\

+ +
0 10 Time 20
Fig. 4.2.1a: Mdulus of the autocorrelation function for ICN
(System | -photodissociation limit) for various truncation
indices. Solid line - basis set expansion, dash and doubl e dot
TDCCM at N=7, dash and dot - TPCCM at N=5, long dashes - TDCCM at

N=3 and short dashes - TDCCM at N=1.

155



I A(t)]

0.2 + N

0.0

\ 7

—+ t
0 10 Time 20
Fig. 4.2.1b: Modulus of the autocorrelation function for ICN
(System Il -predissociation 1limit) for vari ous truncation
indices. Solid line - basis set expansion, dash and doubl e dot
TDCCM at N=7, dash and dot - TDCCM at N=5, long dashes - TDCCM at
N=3 and short dashes - TDCCM at N=1.
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[ A(t)]

0.8 +

0.6 +

0.4 +

0.2 +

0.0 + + =
0 10 Time 20

Fig. 4.2.1c: Mdulus of the autocorretation function for BrCN
(System 11l for various truncation indices. Solid line -  basis
set expansion, dash and double dot - TDCCM at N=7, dash and dot -
TDCCM at N = 5, long dashes - TDCCM at N=3 and short dashes - TDCCM
at N=I.
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TAI

0.80

0 .40

0.20

0 .00 - —
0 10 Time 20

Fig. 4.2.1d: Mdulus of the autocorrelation function for C1CN
(System 1V) for various truncation indices. dash and double dot -
TDCCM at N=7, dash and dot - TDCCM at N=5, long dashes - TDCCM at

N=3 and short dashes - TDCCM at N=I.
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Fig. 4.2.2a: Photodissociation spectrum of ICN (System |) obtained

from TDCCM at the truncation index N=7.
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wavel ength (nm)
Fig. 4.2.2b: Photodissociation

spectrum of ICN (System 1)

obtained from TDCCM at the truncation index N=7.
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Fig. 4.2. 2c: Photodissociation

spectrum of BrCN

obtained from TDCCM at the truncation index N=7.
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Fig. 4.2.2d: Photodissociation spectrum of CICN (System 1V)

obtained from TDCCM at the truncation index N=7.
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the exact value. The TDCCM requires 25 variables ( [N +1] ) at N
= 4. On the other hand, the basis set calculations required about
900 functions (30 along each coordinate) for covergence in this
coordiate frame. Though non-linear, the TDCCM equati ons were not
stiff and required very little CPU tine. The spectra for the

systens at N = 7 are presented 1n Fig. 4.2.2a, b, ¢ and d.
s

More recently Coelson and Xarplus (11} observed that the
variational GWP in the Hartree approximation gave an artificial
negati ve absorption for a two dinensional di ssoci ative surface.
VWhile this can be corrected by using dynani cal basis sets that
nmove al ong the classical trajectories {12], the computational
requirements once again scale exponentially with the nunber of

degrees of freedom
4.3. APPLI CATI ON TO HENON - HEILS SYSTEM
In this section we test the applicability of TDCCMto a two

di mensi onal Henon-Heils system [2]}. The conservation of the norm

of the wave function is studied.
4, 3a. The Mdel Hamiltonian.

The hamiltonian corresponding to the Henon-Heils potential energy

surface is given by

H = h(1) + h(2) + X (a5 a, + na} ) (4.3. 1)

h(i) = -1/2 8% /ea® + 172 ¥ % Q=12 (4.3.2)
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The equations of notion for the ground state propagation of the
system are obtained simlar to the previous section i.e, by
sol ving the TDSE. Converting the hamiltonian in terns of boson

creation and anni hilation operators we obtain

+ + + 2 +
H = (a1 a, + 1/2) tw, + (az a, + 1/2) hw, + A [ (a2 + az) (a1+ al)

1. (4.3.3a)

- = - 4+ + + + _+
H = wea, a, + ”y“y ay + Ax(ax+ax) * Ay(ny +ay) + Bx(ax a, +axax)
+B_(a a +aa )+C  a+a’a +a a‘+aa )+
Y Y X X Yy ¥
+2 5 2 +2 + A
D ( a ay + 2a a, v +oa, ay +oa, ay + 2a_ a ay + a8 ay) +
(4.3.3b)
where,
Wy = o+ (h/mex) 2ky0 (4.3.3c)
we = Wy (4.3.3d)
2 —_—
Ax = (xomx + kaoyo) v h/(2mwx) (4.3.3¢e)
- 2 T T
Ay = (ygw, + Axq) v h/(mey) + AT B”x“y (4.3.3f)
B! = ZAyOh/ (4mwx) (4.3.39)
By =0 (4.3.3h)
ny = Axgh/ (m v WL, ) (4.3.3i)
D =[xh/ (mex)] v h/(2nwy) (4.3.3))
F = AXg¥g * 1/2 w Xy * 1/2 wny. (4.3.3k)
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The equations of notion are obtained by truncating at N = 1 such

that mtn =1 of Smn‘ This sinplifies the evaluation of the norm

The derivation is fairly straightforward and the final equations

are
|é = A_ 8 + A =8 + B 92+B 32+2C s s
00 x 10 y 0l x 10 y 01 Xy 10 T01
2 ;
t D8y By *F
1§.=A ¥ G +:s +I_)s2
01 ¥ xy 10 vy 01 10
1810 = Ay * 9y 819 * C5y Sp1 * 2D 8y 8y,

The norm of the wave function is given by

* *
+ 8 + 8 1.

*
Norm = exp [ 3,,8,5 *+ 84,80, 00 00

4.3b. Numerical studios.

W have tested the norm of the wave function for two model
systens [2]. The paranmeters are given in Table 4.3.1. The plots
of the negative logarithm of the norm vs. time for the two
systenms are presented in Fig. 4.3.1a and 4.3.1b. For System |
(Fig. 4.3.1a), the normis seen to be conserved for all practical
purposes as the values at different times vary by an order of
10 . System || (Fig. 4.3.tb) shows an altogether different

behaviour. The normin this case is seen to be lost. This loss of
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(norm)

-log

0. 00
-1. 00 + t } t
2 Y 102 152 202
Time

Fig. 4.3.1a: Pot of the logarithwm of the norm vs. time for

Henon-Heils Systea |.
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Fig. 4.3.1b: Plot of the logarithm of the norm vys

Henon-Heils System ||
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norm occurs because the TDCCM approximations can Jlead to the
violation of the hermiticity of the hamiltonian {13]. From
chapter 2, the governing equations in the TDCCM approach for the

vacuum state propagation is

¢n ! H-iu"' v 10> =0 4n. (2.2.26a)
where
H=ulmu (4.3.6)

in any practical calculation, the cluster operator S is truncated
to some finite rank. Consequently, all the equations (2.2.26a)
are not satisfied. This is equivalent to replacing Hwith sone H

in (2.2.26a) such that

H, =H-R (4.3.7a)
<n | R10> =0, if <n | H - it v t0» =0 (4.3.7p)
¢<n ! R 10> =c«<n ! HI!0>, if <n | H - iU U 10> # 0 (4.3.7c)

If H is the hamltonian from H which is generated by the
A A

simlarity transformation (i.e, H = U HU ), then the TDCCM

solution follows the dynam cs generated by H,. H, is related to
A A
the original hamltonian through the relation

-1 -1 = =1

HA = U HAU =UHU - UR U

=H-URU! (4.3.8)
If URU is not hermitian then H would be non-hermitian. In
such a case it could have conplex eigenvalues, and, if the wave
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Franck-Condon spectrum Of Henon-Heils System I

169




intensity

Fig. 4.3.2b:

ener gy

Franck-Condon spectrum of Henon-Heils Systea ||
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packet at some stage of its evolution develops a significant
overlap with an eigenvector with a conplex eigenvalue, it's norm
woul d change. The stronger the anharmonic coupling, the greater
is the effect of the R operator since the inportance of the
hi gher rank operators increases with the perturbation. This is at
the origin of the normviolation, seen oin this case.

The Franck- Condon spectra obtained for the two systens are

presented in Fig. 4.3.2a and b. The exact spectra are given in Ref.

[2] .

TABLE 4.3.1
System wy w, X X Yo
System | 1.1 1.0 -0.11 0.0 4.0
System I1 1.1 1.0 -0.11 3.2 3.2

4. 4. CONCLUSI ONS.

In this chapter we have performed convergence studies of
TDCCM by applying it to the two dinmensional photodissociation of
a few molecules in the Beswick and Jortner model [1]. W have
al so studied the conservation of norm in TDCCM by applying it to
the two di mensional Henon-Heils hamltonian.

Good convergence pattern of the S-matrix elements is seen in
the TDCCM applied to the Beswick and Jortner model hamltonian.

The photodissciation spectra obtained from TDCCM are seen to be
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in good agreement with the exact spectra. The agreement is not so
good in the case of Henon-Heils hamiltonian at S. |evel of
approximation. Here, we also found norm violation. I nclusion of
hi gher rank <cluster operators s expected to inprove t he
performance of TDCCM.

On the whole it appears that the TDCCM requires few
variables to obtain converged autocorrelation functions. This s
to be expected since the approximations in the TDCCM are nade to
the cluster operator S rather than to the evolution operator U
This effects the convergence of the TDCCM at two |evels. For one
di mensi onal systems, the wave function generated by the TDCCM

ansatz receives contributions from all the harnmonic oscillator

eigenstates, even when N is finite. This is a consequence of the
s
exponential ansatz. O course the coefficients of the states

whose quantum numbers are larger than N would not be independent
vari abl es, but would be polynom al funztions of the first N

s
functions. However, even this inproves the flexibility built into
the wave function. Thus, fewer number of variables are required
to paranetrize the TDCCM ansatz than a corresponding basis set
expansion. For systems with several degrees of freedom the TDCCM
is particularly attractive since the cluster oper at or is
additively seperabl e. Thus, if t he system cont ai ns
non-interacting subsystens [13], the dynamics of the subgroups
can be seperately evaluated and conbined additively at the
cluster operator level. We believe that our results, though on

sinpl e nmodel systens, indicate that this potential of the method

realizable.
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APPENDI X 4. 2.

We describe the procedure to obtain the working equations of
motion for the Beswick and Jortner model descri bing the
photodissociation dynamics of nolecules in this section, as the
potential in this system is a transcendental function. The tine

dependent Schroedi nger equation is given as

iviv=vtav (A4.1)

it™l U = exp(-8) H exp(s) (A4.2)
wher e
U = explSL (A4.3)

We will first consider the right hand side of the equation. Each
term in the hamiltonian has to be pre and post nultiplied by U

and U respectively. The sinmilarity transformation is carried out
with help of the BCH expansion [10]. W now eval uate the expression

term by term

I1st term :
+m _+n + +m _+n
exp(- ¥ Smn a, a, Yy i Zl a, all exp( [ Smn a = a, b
m,n m,n
_ + +m +n
= 11 a, B, * ( Zla| 2, exp( ¥ Smn a, a, b
m,n
+ +m *n +m +n
1721 11 7.la1 8. exp( T mn 21 22 )), exp( E Smn a = a, )1+
m,n m,n
. +m _+n
= Z1 a, a + mznsmn Z, a, " (A4.4)
2nd Term :
+m _+n + 55 ] +m o +tn
exp(—m}:nsmn a, . a, > L Z,a, d2| cxp(m}"_nsmn a, - a, )
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This is expanded simlar to the 1st term to obtain

+ +m +n
= 22 a, a, + T Smn 22 na - a, (A4.5)
m,n
3rd Term
+m _+n +2 +m _+n
= exp(m[;— Syn 2y 27 Y0 Z5a "] exp(mznsmn 8, a, ) (A4.6)

1™ commutes with exp( E S a:m a;“) all the commutators in
m,n

the Hausdorff expansion becone zero and hence the above expression

becones
+2
= 23 a, (A4.7)
4th Term
= _ +m _+n 2 +m _+n
- exp(m znsmn a, a, ) [Z3 a) ] exp(ngsmn a - a, ) (A4.8)

Applying the BCH expansion simlar to the previous terms we obtain

the first commutator as

+(m-1) +n +m-2 _+n
=Zy [ DS, 2 ma, a, a, + DS ,m (m=1) a, a, |
m,n ; m,n
(A4.9)
The second comutator gives
_ +(m+x-2) _+(y+n)
= 23 [ ¥ Smn ) 34 Sxy m x a a, (A4.10)
m,n X,y
S5th Term
=exp(- LS, al™a;" )12z, 8,21 exp( [ Spn 81" 2,0 ) (A1)
m,n m,n

On the basis of simlar arguments as in the 3rd term eval uati on we

obtain

= 2 (A4.12)
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6th Term
+m _+n 2 +m +n
expl{ — [ '8S.__ & a > (2, a, ] exp( L S a a )
m non 1 2 4 "2 Bon mn 1 2
- +(m=1) +n B +m—-2 _+n
=z, L E Spn 2 M 2, a, a, * LSy, @ (m 1) a, ! ]
m,n m,n
+(m+x-2) +(y+n)
#* Z; [ LS LS m X a a ] (A4.13)
4 B,n mn X,y Xy 2 1
This is simlar to the 4th term
7th Term
+m _+n +m _+n
exp( m[;smn a,  a, PN | 1, 8, a, 1 exp( ¢ San 21 %2 )
+ o+
= 25 a, a, (A4.14)
The rest of the terms follow in asimilar fashion and only the
expressions obtained after BCH expansion will be given.
8th Term
- +m +n + +m +n
exp(- E SIlm a, 8, ) [Z5 a, all exp( [ Smn a, a, )
m ,n m,n
_ +(m+1) _+(n-1) 15
= 25 b Smn 2, 2 (A4.15)
m,n
9th Term
+m _+n + +m _+n
exp(- L Smn a, a, ) [25 a, a, 1 exp( L Smn a, a, )
m,n m,n
= +(m=1) +(n+1) (A4.18)
= 25 > 34 Smn mooa, a,
m,n
10th Term:
+m _+n +m +n
exp(- L S a a ) iZ2. a,a, | exp( £ S a a )
B mn 1 2 8 12 s.n mn 1 2
+(m=1) _+(n+1)
= By BiSy, ™ 8 & 8y *
m,n
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+lu-1+1)  +(n=1ty) (A4.1T)

Zg 54 San Sx,y (nx+my) a, 2
m,n,x,y
11th Term
+m +n + +m +n
exp(- L S a a YL 2, a;, 1 exp( LS a a )
P mn 1 2 8 1 ) mn 1 2
+
- (A4.18)
Zg 2
l2th Term:
exp(- L Smn aIm azn ) IZB all exp( L Smn arm a.%n )
m,n m,n
_ +(m-1) _+n
=Zg LISy, ma, a, (A4.19)
m,n
13th Term:
exp(- L Smn a: a;n oI | Zg a; 1 exp( Son aIm a;n )
m,n m,n
+
=12, a, (A4. 20)
14th Term
exp(- ¢ Smn arm a;n DA | Z'T a, ] exp( [ Srlm a';m a;n )
m,n m,n
- +m _+(n-1)
=Z, LSy, na a, (A4.21)
m,n
VW now consider the last term of the hamiltonian 1i.e€, t he

exponential part of the potential energy surface which is given by

) 1. (A4, 22)

+
(a, +a

Zexp |l 2 g 2

+ .
8 ( a, + al) + Z 2
In general, an exponential of the linear combination of any two
el ements whose commut ator commutes with each of these el ements can

be written as {10}

exp [ T ( a* + a )] = exp(T?/2) exp(Ta’) exp(Ta) (Ad. 23)
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where T is a constant. Hence the last term in the hamiltonian can

be witten as

»

+ o+
= A exp(Zga ) exp(Zga ) exp(Zgn,) exp(Zga,) (A4. 24)

1 922

where,

A=z exp (22 /2) exp(Zg /2) (A4. 25)

We now perform simlarity transformation on this part of the

hamiltonian.

s # +
exp(-8) [ A exp(Zaal) exp(ZBal) exp(Zgnz) exp(Zgaz)] exp(S)

= exp(- L Smn arm a;n ) [ A'exp(ZBaI) exp(zsal) exp(Zga;) exp(zgaz)]
m,n
X exp( L Snn aIm a;n )
m,n

+m _+n + +
A expcmznsmn a, a, ) exp(zaal) exp(Zaal} exp(ZQaZJ axp(zgaz)

X exp( L S, aTm alh y
m,n

exp(-Z4 a,) exp(Zg a,) (A4.26)

2

The BCH expansion is applied to the following part of the above

equation,

+m _+n
exp(Z9 az) exp(mxnsmn a, a, ) exp(—Z9 az)

We now obtain the follow ng equation
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exp(Z9 az) exp( T Smn a;m a;n ) exp(-Z9 az)
m,n
n -
= £8, L "Cuzg" aft al® (A4. 27)
l,n m=0
=0

Substituting the above expression in eq. (A4.26 ) we obtain

+m

’ +
A exp( L Smn a, azn
m,n

) exp(ZSaT) exp(ZQa;) exp(ZBal)

n
n n-m _+1 _+m -
X LS5, ; Cp Zg a; a, ) exp( Zga,). (A4.28)
1,n m=0
=0
This equation can be rewitten as
' +m _+n + +
A exp(m;LSmn a," a, ) exp(ZBal) exp(zgaz) exp(ZaaI)
n
n n-m _+l1 _+m
X E Sln g Cm Z9 B, a, ) exp(—ZEal) exp(Zaal) exp( ZgaZL
l,n m=0
=0
(A4. 29)
Consi der the followi ng part of the above equation -«
exp(Z;a,) L S E Bo R 31 u¥B o eXB{=Z.A, )
871" & I % Tm %9 1 %2 8™ 1
=0
Subst i tut ing
£s E Bp  ghW okl 4m , = Yy, a'! al® (A4. 30)
oo n th m “9 1 2 P Im 1 2
=0
we obtain
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n
n n-m _+1 _+m

exp(ZBa[) I Sln ; Cm 29 a  a, ) exp(—ZBal)

I,n m=0

=0
& +1 _+m
2 exp(zaal) [ © Yim 21 85 1 exp(—zaal). (A4. 31)

1,m

Applying the BCH expansion again on the RHS of the above equation

we obtain,

exp(ZBal} [ Ylm a, &, ] exp(-28a1)
l,m
|
1 I-m _+m _+1
& E X £ . 2 a, &a ). (A4. 32)
™ In =0 m "B 1 2

Substituting the above equation in eq.(A4.29) we obtain

A exp( ¢ Smn a;m a;n ) exp(ZBa:) exp(Zgﬂ;)
m,n
1
1 l=m _+m _+1
X r Yln p Cm 28 a, a, ) exp(ZBal) exp( Zgazy

(A4.33)
This expression being in the nornal order can be easily applied to
the ground state propagation. The RHS of the TDSE is now

conpletely witten for the ground state propagation as

=1 _ +m _+n m n
U HU = b Spn Zl moa - a,+ T Smu 22 na:- a,
m,n m,n
+2 - +m—-2 _+n
+ 23 a "+ LN Smn m (m—1) 8, a, |
m,n

+(m+x-2) _+{(y+n) +2

+Z, 0 DS, L Sxy m X a, a, t 7,8,
m,n X,Y
+m—-2 _+n
* 2 s m (m-1) a a ) 2, [ EB8 LS m X
4 w.n ™0 2 1 4 a.p R E XY
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l!l+(m-rx--2) aL:(ym)] 4 25 at ot g B T Smn % a+(+1) a+(n—1)

2 1 2 5 a 1 2
+(m-1) _+(n+1) +(m=-1) _+(n+1)
+ Z S m a a + 2. LS mna a +
5 m},:n mn 1 2 5m,n mn 1 2
+(m=1+x) _+{(n-1+y) +
Zg p B - Sxy (nx+my) a, a, + Zg 8y
m,n,Xx,y
+(m=-1) _+n + B +m _+(n-1)
+26 :Smn'ul 8, +2732 + i? }:;Smnna1 a,
m,n m,n
' + +
+ A e:p(mznslm a;'m azn ) exp(ZBaI) exp(zgnz)
1
1 1-m _+m _+]
X > W Yln g Cn ZE B, &, ) exp(ZBal) exp( 29‘2)
l,n m=0
=0
(A4. 34)
Considering the LHS of the TDSE we obtain,
i S . +m _+n +m _+n
iv U =1 exp( LSy, 2 8, ) ta/at] exp( L Spn 2y 89 )
m,n m,n
T : +m _+n
=i DS, a a8y, CA4. 35)

Equating the identical powers of a and a. we obtain the equations
of motion which are integrated to obtain the S 's (structure

constants).
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CHAPTERS
LIE-ALGEBERAIC STUDIES OF NON-ADIABATIC DYNAMICS



S.1. | NTRODUCTI ON

In this chapter, we specifically study the applicability of
the quadratic Lie-algebraic approach (1,2) and the time dependent
coupled cluster method (TDCCM) (3-5} to non-adiabatic dynamcs
within the framework of the linear coupling nodel [6J.

Chemical phenonmena such as the wunimolecular and electron
transfer reactions, non-radiative transitions, etc. are
influenced by the non-adiabatic dynamics of the system [6-9].
Various methods have been applied to obtain the non-adiabatic
dynam cs of a system These nethods can be catogorised as the
time independent and the tine dependent nethods. The tine
i ndependent approach is based on the Ritz variational principle
in which the haml | tonian matrix is constructed in a basis forned
by the product functions of the electronic and vibrational states
of the uncoupled system [10-20}. This hemiltonian matrix is
diagonalised to obtain the eigenvalues and eigenvectors. The
maj or drawback of these nmethods is that the nunber of Dbasis
functions required for a system consisting of d degrees of
freedom is proportional to N where N is the typical nunber of
the basis functions for a one degree freedom problem leading to
an exponenti al increase in the computational effort. Hence,
alternative nethods are desirable to calculate the dynamcs of
these systenms. The time dependent nethods involve the application
of time dependent perturbation theory (in which the non-adiabatic
coupling is treated as the perturbation ) [211] or t he
semiclassical methods such as the gaussian wave packet approach
(GWP) [22-26] (in which the wave packet is a travelling gaussian

and the potential is expanded at the ~centroid of the wave



packet),and the time dependent self consistent field nethod
(TDSCF) [27-291. The time dependent perturbation theory breaks
down for strong coupling strengths and for long time dynam cs.
The GWP cannot account for the anharmonicities prevailent in the
system and ultimately it has to be inmproved further by using the
conventi onal basis set expansion or perturbation t heory.
Simlarly the TDSCF deviates from the exact dynamics at long
times and requires CI for numerical convergence. It is against
this background that we undertake our studies of the algebraic
approaches to non-adiabatic dynam cs.

In all our applications in this chapter, we assume that only
two electronic states belonging to di fferent irreducible
representations of the nolecular point group and n vibrational
modes, are relevant to the dynam cs. W assune that the relevant
hamiltonian can be witten as [6]

(a:1 ta, )] <e

gt

(5.1.1)

Here |e,>s are the electronic states and a, and a are the usual

boson |adder operators of the nth vibrational mode. Thi s
ham | toni an has been extensively studied in the past and is found
to be adequate for a large nunmber of systens [6J. The wave

function for such systems is given by

=L 1 ep> ¢ (R, t) (5.1.2)
i

where @ are the vibrational wave functions associated wth the

184



ith electronic state.
In the matri x representation the vibrational wave function

can be witten as

@ = 5. 1.3)

The #,(R) are vibrational wave packets nmoving on different
surfaces. They have different nomenta and centroids. To obtain
the equations of notion by the gaussian wave packet propagation
approach (GWP) [22-28] in which the potential is expanded as a
Tayl or series at the centroid of the wave packet, chosing the
point around which the potential is to be expanded becones a
problem as both the nuclear wave functions ¢, and ¢,

corresponding to the tw electronic states have di fferent

centroids in general, Second, if any one of the @. are equal to
zero, the exponent » in the gaussian ansatz for ¢, should be
equal to -co. Representing this logarithmic singularity is

difficult in practice. We have circunvented this problem by
mappi ng the hamltonian (eq.(5.1.1)) on to a purely vibrational
hamiltonian confined to a single electronic surface. The details
of the mapping for the one-dimensional case are presented in Sec.
5.2a. In Sec. 5.2b we extend it to the multidimensional case. The
application of the quadratic Lie-algebraic approach to this
ham [ tonian is described in Sec. 5. 2c. I'n section 5.2d, we
present the nunerical calculations for sone one and t wo
di mrensi onal nodel systens. Application of TDCCM to obtain the
dynam cs of the mapped hamiltonian is dicussed in Sec. 5.2e. In

Sec. 5.3 and 54 we apply the multireference TDCCM to the
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origi nal unmapped hamiltonian (eq. 5.1.1) i nvol vi ng t he

el ectronic degree of freedom explicitly.

5.2. MAPPED HAM LTONI AN APPROACH.

In this section, we discuss the mapping of the multisurface
ham | tonian (eq. (5.1.1)) of a system specifically consisting of
two electronic surfaces belonging to different irreducible
representations of the nolecular point group, on to a single
surface hamltonian. We first consider a situation where only
one vibrational nmode (the coupling node) is relevant to the
dynam cs and describe the mapping. W then extend it to the n

vi brational node problem
5.2a. The Mapped Hamiltonian for single node systemns.
The hamiltonian for the single node case is given by

H lz {e].> £, <e.| + w_a_ a_ =+ 15‘]‘ lei> [ vc (ac +a.c )] CeJI

(5.2.1)

The subscript ¢ indicates here and in the follow ng, that the
normal coordinate is a coupling npode. Because the two states
belong to different irreducible representations, the coupling
coordinate is always non-totally symetric and hence cannot have
intrastate coupling. W take the zero of energy to be the
m dpoint of the two electronic states such that, « = -c and r
= g where 2 g is the energy gap between the two states at the

equilibrium geometry of the ground state.
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Let us now anal yse the structure of the Hilbert space H
s

relevant to the dynamics of this system This Hilbert space is
formed by the direct product of the Hilbert spaces of the

el ectronic and vibrational sub-systens.

Hy = H, & M (5.2.2a)
Hy = (le> , ley» ) (5.2.2b)
H, = {¢, (@ ;0= n 5 ol (5.2.2¢c)

Here ¢ are the harnonic oscillator eigenfunctions. Let |e.> and
le,> belong to the irreducible representations T and r.
respectively. Since the hamiltonian nust always transformas the

totally symetric representation, the coupling mode belongs to I’
c

=r. T Consequently, all the elements in H belong to either
the totally symetric representation (when n is even ) or to the
r representation (when n is odd). Thus, the elements in ™
belong either to r (when the electronic state is le,> and the
vi brational quantum nunmber is even or when the electronic state
is je,>and the vibrational quantum number is odd since r &I =
r ) or tor (in the opposite cases). Symbolically, this can be

wittenas

M, = M U H, (5.2.3a)
M o= {lep> g i 151 and n even Or i=2 and n odd) (5.2.3b)
My = { le» ¢ i 1=l and n odd or i=2 and n even). (5.2.3c)
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Since the hamltonian cannot couple elements bel onging to
different symmetries, a wave packet initially started in one of
the two subspaces (M, or M.) would continue to evolve within that
subspace. Thus, for such initial conditions it is sufficient to
expand the wave packet in terns of the basis functions of either
H, @. H.,. W now note that the number of elements in D-& (or H,)

is identical to the number of elements in H and hence it is

possible to define a one-to-one correspondence between these two

subspaces.
Bl tmser > M, (5.2.4a)
¢n (=== * ¢n lei>‘ (5.2.4b)

The correspondence is conpletely defined when the electronic
state index i is uniquely defined for a given n. In case of H
the electronic state is e. (i=l) whenever n is even and e
whenever n is odd. The opposite holds in case of M Wth this
identification, the mapping between H and H is conplete.

In the next step, we construct a nodel hamltonian H whose

matri x elements in H are identical to the matrix of H in IH For

the first termin H ( w a a),the matrix elenments in H are

<e. ¢ |waa |ed>=mw<5 & The corresponding termin H, is
1 m < ¢« ¢« g1 i (. mn 1 J 1

then simply wcacac. For the second term ( T?c. lle,,z(le.l_1 ) the

matrix elenments are

<e; ¢,| L ey legr<epl lej ¢ = & éu Snn (5.2.5)

Recalling that s. are + s depending upon whether m is even or
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odd we find that the termin H, is -=cos( n a:ac) since

.l cos (ma_a) (&> = <l cos (nmn) @2 (5.2.6a)

= (=1 & - (5.2.6b)

mn

: i +
Finally, the last term in the hamiltonian ( [ Iej>VéJ(&c+ a.)
fejl) maps on to VC {a; + ac). With this, the model hamiltonian

H can be written as

- + " +
H =w a a -fcos (nma_a_ )+ V (a, +a, ). (5.2.7a)

Simlarly, for HH one can show that

= + + +

H, =w a & +ccos (na _a )+ V (a +a) (5.2.7b)
sinul ates the dynamics in ™

5.2b. Extensions to multimode Systens.

We now turn to the nultinode problem The nost generat

ham ltonian in this case is

H=Y |e.>»=c, <e,|] + w a a + T fle.>» I V (a_ +a_ )] <e.|
: 1 i e c ¢ 154 1 c c J
+ A4 +
+ F w, 8, B, +t1:i |e1> ( vt lat + at}) <e[|. (5.2.8)

Note that, the coupling modes cannot tune the electronic state
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energy and the tuning nmodes cannot cause coupling between the
states due to symetry constraints. Defining the auxiliary

parameters

B (1) (2)

Vt = 0.5 ( Vt + \.rt ) (5.2.9a)
_ (1) _ 442}

Ut = 0.5 ( Vi Vt ) (5.2.9b)

it can be shown that the nodel hamil tonian

H, = L w a_a + LV (a: +a,) - &cos( n[ a; a_ )
t t c

+ + +
- F UyjCa+a,)cos (mnpa,a)+V (a +a) (52.10

(]
c
sinulates the dynamics of Hin ® in ™ Change of sign in front
of «and U. generates H, which sinulates the dynanics in ®,.
Equation (5.2.10) defines the desired single surface hamiltonian

that mimcs the dynamics of the multisurface hamiltonian (5.2.8).

5. 2c. Quadratic Lie-algebraic Approach.

W& now use the coherent state operator algebra to calculate
the dynanmics of this system [(1,2]. In this method, we paranetrize
the evolution operator as a product of exponentials generated by

the elenents of the n-dimensional harnonic oscillator algebra

L = {1, & ; &€, , B, &, , & &, , &, @&, 1} (5.2.11)
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Since we are particularly interested in the dynanmics of the
vacuum state, it is convenient to parametrize the evolution

operator as

1

4 . .
U=exp [ [ S; a. + L S;J al a’ ) exp [- ¥ Ti a;, - L T;J a; a
1 15 J i 15] J

X exp ISO ). (5.2.12)

The expression for the autocorrelation turns out to be very
sinple as discussed in chapters 2 and 3. For computational
simplicity, we have included only diagonal terns in S. and T.and
dropped the shift operators ata from the ansatz (5.2.12). Thi s
amounts to the Hartree approximation [26]. Substituting the above
ansatz 1n the TDSE, we obtain the follow ng equations of notion
for the case of one coupling and n tuning mobdes. The equations of
motion for the case of only the coupling nbde are obtained by
putting V. = U =« = 0. The termU cos(n ata ) U which results
from the multicommutator expansion of U HU 18 rearranged as
exp(Xac)cos(nacac)exp(Yac) where X and Y are constants. The

detailed derivation is given in Appendix 5.2

is® = 20_ 8 - 2¢ (e-u) §5% (5.2.13a)
2 ¢ 2 1
o - c2 ¢ +0 (5] _ . aC

1 §1 = 4¢ (&-u) S] T: + @, bl + Vc ¥ 2VCS2 + 2(g-u) ¢ Sl

(5.2.13b)

T, R 0 - c2 _ c (+} c

i [2 = 'z“clz + 2¢ (&£-u) ( S1 4 S1 T2 T1 ) (5.2.13¢)

i TS = = TC = v_ + 2eTC (~e+u ) - 8¢ ( —e+u) SC T (5.2.13d)
1 c 1 e 1 | 2
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i st = 20, st (5.2.13e)

i 8% BBl + W, o+ AV, st o+ ou, (v 285 ) (5.2.131)

i TS = -20, TS (5.2.13g)

i Th o= cw T] -V, -0 U, (5.2.13h)

18y =V, 85 +v, 8f « ¢ —eru) o 12852 152 -4s(? T3 28§ 1 )
+cl -s+U, 8] (5.2.131)

where,

c = exp 415 852 ) exp [ -2 1§ 87 | (5.2.14a)

and

us LU, 8k » M) 285 I 9 (5.2.14b)

Here the subscripts ¢ and t refer to the coupling and the tuning
modes respectively. The values of the constants for the systems

we have studied are given in Table 5.2.1

s.2d. Results and D scussion.

W have applied the formalismto evaluate the Franck-Condon
spectra of some nodel one dimensional systems containing only a

coupling node. As the tuning nodes which nodul ate the el ectronic
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INTENSITY

-1.0-0.6-0.2 0.2 0.5

Q
Fig. 5.2.1: Franck-Condon spectra of wodel one' dinensional
systens for different values of &£ at V + 0.318 and @« = 0.091
c c
a) £« - 0.5 b) £=0.4andc) £+ 0.2. All the values are in
eclectron vol ts. The solid line indicates t he exact
spectrum and t he dashed line i ndi cat es the spectrum

obtained from algebraic calculations.
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energy gap in the system are absent, the dependence of the
el ectronic energy gap and the coupling constant on the spectra
have been studied. We have also obtained the Franck-Condon
spectra of a few wmultidimensional realistic systens. The
absorption spectrum is obtained by fourier transforming the

autocorrelation function A(t) which is given by

A(t) = <0] U |0> (5.2.15a)

exp (SO) (5.2.15b)

We first discuss the application to nodel single node

systems. The spectra for & - 0.2, 0.4, 0.5 eV and V = 0.318 eV
c

are shown in Fig. 5.2.1a, b and c. For & = 0.2, the spectrum
corresponding to the lower surface has been reproduced fairly

well conpared to the exact one. In contrast, the upper surface 1s

not well reproduced. Instead of a single peak as seen in the
exact spectrum the al gebraic approach produces a harmonic |Iike
progressi on. As the energy gap « is increased to 0.4 and 0.5 eV,

the agreenent between the algebraic approach and the exact
spectrum increases. This inplies that as the ener gy gap
increases, the validity of algebraic approach i mproves. The
reason for this behaviour can be explained as follows. Consi der
the case when ¢ is equal to zero. The adiabatic hamiltonians
associated with the hamiltonian (eq.5.1.1) on both surfaces are
essentially that of a displaced harnonic oscillator. Thi s
property is retained for small & values and hence a harnonic
progression for the upper surface for £ = 0.2 eV is seen (the
|l ower surface anyway shows a harnonic |ike progression). For

|large energy gaps i.e, £ - 0.4 and 0.5 eV this progression is not
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INTENSITY

~41.0-0.6-0.2 0.2 0.6
(9%

Fig. 5.2.2: Franck-Condon spectra of model

systems for different values of V at £ = 0.5

one dimensional

and to = 0.091:

c c
a) Vé = 0.718 and b) V_= 0.318. Al the values are in el ectron

c
vol ts. Fi gure conventions are as in Fig.5.1.1.
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seen since the deformation from the harnmonic behaviour s nore.
In these cases the spectra by the al gebraic approach are in good
agreement with the exact spectra

Increasing the coupling constant has the effect equi val ent
to decreasing the energy gap since the stabilization energy goes
proportional to the square of the coupling constant. As can be
seen in Fig. 5.2.2, the quality of the spectrum deteriorates when
V = 0.718 eV even for ¢ = 0.5 eV.

We have next calculated the photoeiectron spectrum of a
nodel system that is identical to butatriene cation in al
aspects except that the energy gap at the origin is taken as 0.8
eV (double the value of butatriene), and allene which is an
exanpl e where both the electronic surfaces under consideration
are degenerate [61. Both are exanples of two mpde systems. These
systens consist of one coupling nopde and one tuning node.

Cal cul ations have been also been performed by rearranging the

+
-1 + -1 Xa Ya

. 1 Cc +
term [ U cos (ma_ a Ul inU "HUas fe e cos(na a.)]
where X and Y are C-number functions of time. All the equations

are identical except eq (5.2.13d) which is replaced by

i TS = —wy TS -V, - 20T (-svu ). (5.2.18)
We call these set of equations aa the second set (eq.5.2.13d
replaced by eq. 5.2.18 ) and the equations (5.2.13) as the first
set in our discussion. Unless specifically nmentioned, we inply
that the spectra have been obtained from the first set  of
equations. In both the cases the equation for iT® differs and the
equations for the rest of the operators are identical. The

spectra obtained in both the cases differ from each other as can
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Fig. §.2.3a: Photoelectron spectrum of energy gap doubl ed 90 as 100
ENERGY {ev}
butatriene by the quadratic Lie-algebraic approach. The band at
0.15 eV is the mystery band obtained using the first set of
equations. The inserts a.b and c are the Franck-Condon, adiabatic

and theoretically exact spectra respectively (8).
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Fig. 5.2.3b: Photoelectron spectrum of energy gap doubled

butatriene py the quadratic Lie-algebraic approach. The band at

9.5 eV is the nystery band obtained using the second set of

equat ions.
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Fig . 5.2.3c: Photoelectron spectrum of butatriene by t he
quadratic Lie-algebraic approach. The inserts a,b and ¢ are the

Franck-Condon, adiabatic and theoretically exact spectra

respect ively [B1.
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be seen from Fig. 5.2.3a and 5.2.3b. This inplies that t he
spectra depend on the manner in which the operators are arranged
in the effective hamiltonian. An interesting feature of the
energy gap doubled butatriene system and the original but atriene
(Fig. 5.2.3c) system is that the spectrum shows three distinct
bands while there are only tw electronic states. The m ddl e band
in the PES of butatriene was naned the mystery band by Brogli et
at [301 for this reason. That this band appears due to vibronic
coupling was shown by Cederbaum and co-workers ({6]. As can be

seen, the spectrum obtained from the algebraic approach is in

good agreenent except for a few mnor shifts, with the exact
spectrum and even the nystery band is generated in it. The
spectra obtained from the algebraic approach 1is in better

agreement with the exact than the correspondi ng Franck-Condon and
adi abatic spectra shown in the inserts. Allene showed a better
agreenent with the exact spectrum than the Franck Condon spectrum
(Fig. 5.2.4), but the density of states in the high energy part
of the spectrum is less than that seen in the exact. Allene gave
identical spectra with both sets of equations.

We further carried out calculations on pyrazine which is an
exanple of a three npbde system Again both the sets of equations
have been used to obtain the spectra. The equations of nmotion
were rather stiff in the second case due to which they could not
be integrated sufficiently long to obtain reasonable spectra. The
|l ower surface shows descrete bands (Fig. 5.2.5a) as seen in the
exact spectrum but the bands have not been sufficiently resolved
though the sparse vibronic structure associated with the S state
of rotationally and vibrationally cold aromatic nolecules is well

reproduced. The band corresponding to the upper surface s
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narrower than the exact spectrum Fig.(5.2.5b).

In all our calculations we required about thirteen equations
to be integrated where as the basis set expansion nethods to date
require an order of 20 basis [10-20] in each degree of freedom to
obtain the spectra. This computational sinplicity is the nmin

attraction of the algebraic theory.

TABLE S.2.1

System ) g Il b
c
E 9.450 9.850
Butatriene Vt/wg -0.212/0.258 0.255/0.258
Vc/uu 0.318/0.091
E° 10.15 10.15
Allene ‘\«'t/m2 0.216/0.248 ~-0.216/0.246
Vc/“’l 0.338/0.107
E d 3.94 4.84
Pyrazine Vi/m 0.037/0.126 -0.254/0.074
vi/e -0.105/0.126 0.149/0.074
Aw 0.282/0.118
a Lower electronic surface.
b Upper electronic surface.
E Energy of the electronic surface.
\, Force constants of the tuning modes.
w Frequencies of the vibrational npdes.
¥ Coupling constant.
c Ref. [6J.
d Ref. [(13].
Al the quantities are in eV
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S.2e. Application of TDCCM to the non~adiabatic dynanics.

We next applied the TDCCM to obtain the dynamics of the
system described by the hamiltonian in eq. (5.2.7a, b). Since we
desire the evolution of the vacuum state only the time evolution

operator U is given by

n

u exp [S ] (5.2.17a)

S=gxs, a™ (5.2.17b)

Substituting the equation for U in the TDSE given by

iu Uu=u HU (5.2.18)

we obtain the working equations of motion given by

+ L V,m set®-1 va'

+ £ exp(-2 L s a*™) cos(na’a).
m=even

(5.2.19)
The equations obtained were very stiff and we could not
integrate them for long enough times to obtain sufficiently

resol ved spectra

S. 3. MULTIREFERENCE TDCCMC1) CMRTDCCM1 ) : APPLI CABI LI TY TO

NON-ADI ABATIC DYNAM CS.

As the TDCCM failed to describe the non-adiabatic dynam cs

of systens described by he hamltonian eq.(5.1.1), we extend the

205



formalism to include the conplete algebra of the origina
unmapped hamiltonian. The advantage of MRTDCCM over single
reference TDCCM di scussed in section 5.2e is as follows. Let the
ground state in the single reference TDCCM be ie > 10> where ie >
and (0 > are the initial el ectronic and vibrational states
respectively. As we consider only two electronic states in our
applications to non-adiabatic dynamics the quadratic and the
hi gher order electronic excitation operators generated by the
exponential structure of the evolution operator give zero as
only one electronic excitation is possible i.e, fromthe initial
el ectronic state (le.> ) to the remmining state (:e2>). I'n
principle the attraction of TDCCM is that the higher order
excitations are also taken into account by the virtue of t he
exponential ansatz for the evolution operator. The MRTDCCM on the
other hand generates all the higher order electronic excitations
as the multireference initial state is given by l!e>l0> for
i=1,2. Hence excitations from any one state leads to the other
leading to the retainment of the higher order excitation
operators. Therefore we expect the results to be better than the
single reference TDCCM This difference between the two nethods
hol ds good for any number of electronic states in which case many
of the operators in the exponential ansatz do not <contribute in
the single reference TDCCM

In this section, we discuss the application of MTDCCM to
the non adiabatic dynam cs of systems described by the conplete
non-adiabatic unmapped hamiltonian in the linear coupling nodel
We show how the Lie-algebra to which the hamiltonian bel ongs can
be deconposed to obtain decoupled equations of notion simlar to

the discussion in chapter 2.
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S.3a. The Evolution Operator.

The general hamiltoman describing the nonadi abatic dynanmcs

in the linear coupling nodel {8} is given by

H = F e, > (EZi - Hi) (ei S Vc (56.3.1)
wher e
By Biby (5.3.2a)
n
hln = 6 (a; &, * 1/2) + V:_ll (a:-_l + an}/ ‘r"—'.!..:n (5.3.2b)
v =tle, > Wi s/ vae ) (et + a) <o, ! (5.3.2¢)
¢ B | c n n n 2! e

where w are the frequencies of the nth vibrational mode, V and

vid oare the intrastate and interstate coupling constants
c

respectively.
W now anal yse the Hibert space H relevent to the dynamcs of

this system Let IH, |IH correspond to the Hilbert spaces of t he
e Vv

electronic subsystem IH and the vibrational subsystems ©
respectively. Then,

H=MH &M (5.3.3)
e v

where
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H o= {le, > }. (5.3.4a)

Ay = L 11> < }
and
M, = {in ). (5. 3. 4b)

The operator set corresponding to this Hlbert space is A .

m m
m

_ a
A = E a, a, . (5.3.5)

W do not consider the direct product representation between the
H | bert spaces corresponding to the vibrational sub-spaces as the
hamiltonian does not contain such terns. M now consists of the

elements
H=le> in>" (5.3.6)

The operator space corresponding |H to which the hamltonian of

the system bel ongs has the follow ng el enents,

m m
L= { i <k | g aaa naa }) i,k and 0 = m,, n,6 £ (6.3.7)

These elements form a Lie-algebra. We now show the construction
of the time evolution operator which is essential to obtain the
dynam cs of the system The Lie-algebra to which the hamltonian

bel ongs can now be deconposed in the follow ng way.
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Co=1{ ik> ¢<i ipal @ ; k,i=1,2and 1 sn_Sw]. (53.8)
o

Dy ® kD < 1 (5.3.9)
' D n, "p

3 i i ! . - *

L= tik > <i | 2 ugl a_ & g k, i=1,2 ; 0 S n 3 =

and Ln,>0 1} (5.3.10)
g B

Wth this, U can be paranetrized sinmlar to the tine dependent

generalisation of the NCCM ansatz discussed in chapter 2.

U = U0 U1 ..... (5.3.11a)
i n n
' s o ik 1 +,2 0
Uy = exp [E 11> <k | b sy - (a, ) (ay) + Spp!
i,k nn,. 172
(5.3.11b)
. n n
; k 1 T
U =exp [ L i > <k ! L 5 @ " Eay “oak)
1 ik a n.n nan e : 2 &

(5.3.11C)

We now study the ground state propagation of the system and
obtain the autocorrelation function to obtain the spectra. The
time evolution operator <corresponding to the ground state

propagation is given by

U2 =4, 10 2 (5.3.12a)
’ ik +21 e T2 0
Uy =exp | § 1> <k S M i 2 (a,) (az) “....+ S5l
1,k 3 T T L2
1 2
(5.3.12b)
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Fig. 5.3.1b: Photoelectron spectrum of butatriene obtained fronm

MRTDCCM1 .
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Fig. 5.3.1a: Photoelectron spectrum of the upper surface of

but at ri ene obtained from MRTDCCM1.
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The equations of notion are obtained by solving the TDSE which we
do so by the conventional diagrammatic approach [31]. The

diagrans obtained in this case are shown in appendi x 5.3.

5. 3b. Numerical studies.

VW have applied the above formalism to obtain the spectra of
a fewrealistic systens. In all the cases, we have truncated the
cluster operator such that no nore than one boson operator was
included due to |lack of computational resources, no convergence
studi es were undertaken. The spectrum of butatriene upper surface
is presented in Fig. 5.3.1a. The lower surface could not be
integrated for sufficiently long to obtain a reasonably resolved
spectrumat this level of approximation. The total spectrum of
butatriene is presented in Fig. 5.3.1b. The spectrum is not in
good agreenent with the exact as the integration of the equations
of notion could not be perfornmed for sufficiently long. In spite
of this, the three bands seen in the exact butatriene spectrum
are seen in this cace al so.

V% next present the sS. surface of pyrazine in Fig. 5.3 2
Good agreement with the exact spectrum is seen. In this
system the density of states is so high that only a homogenously
br oadened envel ope is seen which does not require integration for
long tines to obtain a reasonably good spectrum The spectrum for
all ene could not be obtained as the equations were too stiff to

be integrated for long times.
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5. 4. . MRTDCCM2.

As we could not integrate the equations of notion for
sufficiently long by applying the methodol ogy discussed in Sec
5.3, we tried an alternative procedure which we discuss in this

sect ion.
S.4a. The evol ution operator.

The hamltonian is as given by eq.(5.3.1) and (5.3.2). In
these equations, the electronic degrees of freedom and the
coupling mode interact strongly. Keeping this in mnd we conbine
them together and rewite the hamltonian as

= i i + s ii, + e i
H L i1 > E <¢j i+ F wt(ata + 1/2) + ¢ 1i» b= (at+al)/f2wt<1.

. ¥ it
(5.4.1)
where,
= R . 4
Eij =t > [ Ei 611 + wc(ac a, +1/2) +
c1-6.0 & /92 ) catead Gy 5.4.2
ij o c ¢ 8q Jo (5.4.2)

where the subscripts t and c denote the tuning and coupling nodes
respectively. {Jj > <k ! represent the projection operators in
the Hilbert space of the conbined electronic subsystem and a
and a. are the boson annilhilation and creation operators of the
ith vibrational node.

We now anal yse the Hilbert space ™ relevent to the dynam cs

of this system Let ™ , H correspond to the Hilbert spaces of
ec v
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the conbined electronic and coupling nbde subsystems ™ and the

€c
tuni ng node subsystem IH respectively. Then,
H =[He‘,__@ﬂ“iv (5.4.3)
wher e
H, ., = {:ej )}nc > 1} (5.4. 4a)

The operator set corresponding to this Hilbert space is A.

AO--[ L < 4 ) (5.4.4b)

H = {in >}. (5. 4. 5a)

The operator set corresponding to this Hlbert space is given by

(5. 4. 5b)

where a corresponds to the tuning node subsystem The Lie algebra
corresponding to this hamillonian 1is identical in structure to
eq.(5.3.7) except that !i> <k ! now correspond to the conbined
electronic and vibrational subsystens. The sane is the case for
the evolution operator given by equations 5.3.11 and 5.3.12. The

diagrans are identical to those obtained in the previous section.
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Fig. 5.4.1: Phot oel ectron spectrum of allene obtained froa
MRTDCCMZ2.
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S.4b. Nunerical Studies.

We have applied the formalism discussed in Sec.5.4a again in
the one boson approximation to obtain the photoelectron spectra
of al |l ene (Fig. 5.4.1), and butatriene (Fig. 5.4. 2a
corresponding to the upper surface and Fig. 5.4.2b corresponding
to the total spectrum. The spectrum for allene does not show
the large density of states seen i1n the latter part of the exact
spectrum. This result is simlar to that obtained in the case of
the surface mapped hamiltonian di scussed in Sec. 5.2 wusing the
quadratic Lie-algebraic approach. The first part of the spectrum
obtained for butatriene 1s in good agreement wth the exact
spectrum al though the intensity seen in the latter part of the
spectrum is overestimated which we attribute to the fact that the
lower surface could not be integrated for sufficiently |ong
times. In this formalism the spectrum for pyrazine could not be

obtained.

S.5. CONCLUSIONS.

In this work we have applied the coherent state algebraic
formalism [1,21, which corresponds to the GW [22-26] in the
coordi nate space, to calculate the dynamcs of non-adiabatic

syst ens, specifically consisting of two electronic states

belonging to different symetries. In GWP, the potential is
expanded as a Taylor series around the centroid of t he
wavepacket. The difficulty in chosing the centroid of the
wavepacket which comprises of two nuclear wave functions

corresponding to the tw electronic functions having two
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different centroids and nonenta, has ted us to construct a new
ham ltonian which is explicitly independent of the involved
el ectronic states. This has been done by mapping the original
ham ltonian on to a hamltonian associated with a singl e
el ectronic surface.

Using the new ham | tonian we have cal culated the spectra for
a few npdel systens conprising of tw electronic states and one
vi brational (coupling) npde to study the sensitivity of the
coupling constants and the energy gap between the two electronic
states on the spectrum It has been found that for the single
vi brational nmpde (having no tuning nodes which nodulate the
el ectronic energy gap) case the accuracy of the Lie-algebraic
approach increases as the energy gap between the two surfaces
increases. For a small £, the spectrum associated with the |ower
surface is well reproduced, but the upper surface dynanmics are
quite inaccurate.

For the multimode case, two sets of ansatz have been used to
obtain the spectra differing only in the equation for T¢
corresponding to the single boson annihilation operator of t he
coupling node. Except for energy gap doubled butatriene, t he
equations of notion obtained by using the second set of equations
were too stiff to be integrated upto sufficiently long times to
obtain the spectra. This shows that the calculated spectra are
dependent on the manner in which the operators in the effective
ham | toni an are chosen. The photoel ectron spectra of allene,
butatriene and pyrazine obtained from the first set of equations
of notion given by eq.(5.2.14) gave a good overall spectra.

We have also tried to evaluate the spectra using the TDCCM

approach, but the equations were found to be too stiff to be
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integrated for sufficiently long tines to obtain spectra. e
observed however that till the tine period we could integrate,
the TDCCM val ues of the autocorrelation function tallied very

well with the exact val ues.

As the TDCCM failed to account for the dynamics of the
system decribed by the wmapped hamiltonian, we tested t he
applicability of the multireference TDCCM (MRTDCCM) to the
unmapped hami ! tonian involving explicitly the electronic degrees
of freedom Two different evolution operators were considered. 1In
one the electronic and the coupling node subsystens were conbined
as the interaction between them is strong and in the other the
el ctronic subsystem is decoupled from the vibrational subsystem
totally. We found that the equations are quite stiff in both the
cases, but were nore flexible than the single reference TDCCM In
all the cases the short time dynamics is well reproduced at one
boson approximation |evel. But the long tinme dynamics (even
beyond 50 fs.) could not be obtained. Note that all the multimode
systens studied here contain conical intersections close to the.
Franck- Condon zone and consequently accessible to the wave
packets started at the origin. As we found in Sec. 5.2, the wave
packet approaches breakdown when the energy gap between the two
surfaces is small. Thus, it is not surprising that the TDCCM

approaches breakdown for these systens.
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APPENDI X s.2

W solve the TDSE to obtain the working equations of notion by
the quadratic Lie-algebraic approach applied to the non-adiabatic
dynamcs corresponding to the surface nmapped hamiltonian

di scussed in Sec. 5.2. The tine evolution operator is given by

U=exp [ E S} a: + B S; a. a: l] exp | - Ti a, + r- T; a, a, ]
i i€j i is]

X exp ESO 1 (A5.1)
Substituting the above equation in the TDSE we obtain
iwwvlv=uvtau (A5.2)

Considering the R.H.S. of the above equation we obtain by

subbstituting eq.(5.2.10) for the hamltonian

-1 - =1 + + +
U HU=1U lan . w, 8, a, +nEt CVn (en + an) € cos( n E a. ac)
- +
- E U,(a,+a,)cos ( n Epcac) ] u (A5. 3)

where the superscript and the subscript n denotes commonly the

tuning and the coupling nmodes. The subscripts ¢ and t denote the
coupling and the tuning nodes respectively.
The first termin the above equation is obtained by applying

the Hausdorff expansion [32].
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\d ( wn an Bn 1us= wn an an i wn T1 a, +2 Tg @n anan
a4, T w oar +25) Ty o +2580 T w, (da) & + 2)
+88) T) T, wa+8Sy)Ty @ a & (A5.4)

The second tern in eq. (A5.3) after the Hausdorff expansion is

gi ven by

+ _ + n n
[V (an + an)l U = v a, + T, Vn +2T, V, a,

n
2

n

n ¥ n
Vn a, + 2 8S Vn a, + 2 52 T1 Vn

(A5.5)
Considering the third term we obtain

|

+
U [ - £ coa( n } a, ac)] u =

(o]

- c C _aC _+ _g t .t
exp [ SO] exp | Tl a, ] exp | T2 a, a, 1 exp | S1 ncl exp [ 32 a, a, 1
+
X [ - & cos( n a, ac)l
G = c _+* c G
exp | S2 a_ a_ ] exp | Sl a_ 1 exp I‘Tl acl exp | T2 a_ a, 1
X exp ISQ ] (A5. 6)
W now put the above equation in nornal order i.e, all the

anni hilation operators are arranged to be to the extreme right so
that the equations obtained for the vacuum state propagation
sinplify as these operators give zero acting on the vacuum

state. By doing this rearrangenent the -equation for the auto
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correlation function also sinplifies.
Cos(n a::ac) can be witten as exp ( i = a: a ). Hence, the

above equation can be rewitten as

o]
1

o el
a_, a_ ] exp [ Sl ncl

] exp [ T 2 B¢

= exp [-S a, l exp [ T

0
[+ . A + c _+ _+
X exp I—S2 a, a, ] exp (im a, ac) exp [ 52 a_a, ]
C
1

a’ ) exp {—Tf ac] exp E-Tg B, a

Xexp [ 8 .

& 1 X exp IS0 ] C(A5.7)

_ - c c _eC ¥ Ll
= exp [ S0 ] exp [ T1 ac] exp | T2 a. ac] exp [ S1 aC] exp | 52 a,
; + c _+ _+ + +
X exp (i n a. ac) exp | 82 a, a, lexp (- 1 = 8. ac) exp ( 1 m a,
] 1]
1 L}
X exp [ 8% at exp -1 a1 exp (-t 2a_a_ 1 X exp [S, ] (A5.8)
T 1 @ 2 ¢ ¢ 0 '

The part of the equation underlined in the above equation can be

expanded using the BCH expansion to obtain

X +
& lexp (- i n a_ a )

+ c _+ _+
exp ( I n a, ac) exp | 52 a, a

= exp | Sg a; a; exp (2 in) ] (A5.9)
= exp [ S5 a_ a; | (A5.10)

This follows from exp(2in) being equal to 1. Substituting the

above equation in eq. (A5.8) we obtain,
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= ) c c
exp [ S0 1 exp | Tl a, 1 exp [ T2 a e, ]

X exp [—S? n;] exp (i m a; a.) exp [ S? a: ] exp {—T? a.l
c
X
exp [ T2 a_ 8, 1 exp [S0 | (A5.11)

Again the above equation can be rewitten simlar to the previous
manipulation as in eq. (A5.8) as
c

c c _+
! B 1 exp | T2 a &, ] exp [—Sl acl

exp [—SO lexp [ T

+ c _+ . + . +

X exp (i n a, ac) exp | Sl a, ] exp (=i n a, ac) exp (i n 8, ac)
H 1

c

2 % B¢ ]

X exp I—TT acl exp [ T exp [S0 ] (A5.12)

The underlined part of the above equation is witten as

= + C + _ + _
exp (i = a, ac) exp | Sl a, ] exp (-1 n a. ac) =

X exp (s} a; exp(in) 1 = exp [~ S{ a; ] (A5.13)

Substituting back in eq. (A5.12) we obtain

_ c c el ¥
exp [-S_ ] exp [ T a, ] exp [ T, a a, 1 exp | 28] ac]

0 1 c

: + c c
X exp (i n a, ac) exp [—Tl nc] exp | T, a_ a, ] exp {SO ]

= = c (2] .
= exp [ SO ] exp [ Tl a, ] exp [ T2 a_ a, ] exp [ 2Sl aci
H
e c
exp [ —r2 a_  a, ] exp [ T2 a8, ]
'

X exp (i =m at a) exp [=T% #.] exp | ™ a a 1 exp (S, 1

c © 1 "¢ 2 ¢ ¢ 0
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c _+ C 0
1 exp [ —25l a8, 4 S1 T2 a, 1

= exp [--S0 ] exp | Tf 8,

c ; + c c
X exp [ T2 a, a, ) exp (i m a, ac) exp [ Tl ac] exp [ T2 a_ a, ]

X exp [S0 ] (A5.14)

Using the relation

exp | Zja+ * 22a ] = exp [Zla+ 1 exp Ezza] exp [2122] (A5.15)

? Ca )

-28° - c a _nqC . * _ =]
exp [ 25[ a. 4 S T2 a_ ] exp | ZSl a, lJexp [- 4 Sl T2 &

(o]

c2
X exp [4 S1 T2

] (A5. 16)

Substituting this in eq. (A5.14) we obtain

= - c —2gC . * _ C o
exp [ SO ] exp [ T1 a, ] exp [ ZS1 a_ exp [-4 S1 T2 e, 1
c2 ..c c ‘
X exp [4 Sl T2 ] exp [ T2 a, a, ) exp (i = a; ac) exp [-Tf aC]
c
X exp [ T, a_ a, 1 exp ISo | (A5.17)

Continuing in the same vein we finally obtain for the third term

in eq. (A5.3)

=1

+
U [ —~scosCnpa aldlUs=

[+

+
c exp [-2 Sf a, ] exp [in a;ac] exp [—ZST( 1+ ZTS )ac I

(A5.18)

Simlarly the last term in eq. (A5.3) can be evaluated to give
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+ +

1] [- F Ut(at+at)com (n Ehcac) o =

v'i-gucatvari v U fcos ¢ ‘a) 11U (A5.19)
E t(at+at) cos n Epcac .

i [ ]
i P i

The above equation is a product of two Hausdorff expansi ons shown
by underlining both the parts. The evaluation of the two parts is
simlar to the way in which the second term and the third term of

eq. (A5.3) have been eval uated. The resultant equation is

U_! [~ F Ut(at+at)cos (n Eﬁ;ac) 11U =
[ U a  + T U +2THU a +U a +U S} +48)Tu a
+ 2 Sg U: a; + 2 Sg T? Un ] ¢ exp [-2 ST a; ] exp lin a:acl
X exp [-25(( 1+ 2T Ja_ | (A5.20)

Conbi ni ng equations (A5.4), (A5.5), (A5.18) and (A5.20) we obtain
the equation for the rR.a.s. of the TDSE. The L.H S. 1s obtained

similarly as

— | _'++ z “+ il z +
iU d/dt U = Szanan + ZSlean + Sle + 32T2 (4anan+2)

. . oo = .
+ 48,T,T\a, + 45,T a8, + S, + §|T) + 25, T a,*

- T,a s - Ta + S (A5.21)
Conbining the RHS and the L. HS. and conparing the
coefficients of S, S., Tand T we obtain the working equations
of motion given b;-éq} (5.2.13)‘in the text.

The second set of equations can be obtained in an identical

fashion.
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APPENDI X 5.3

In this appendix we give the diagrans which result from the
application of the MRTDCCM evolution operator to obtain the
equations of motion. In these diagrans 0O represents the
hamiltonian vertex and dot represents the evolution operator

vertex. These diagrans are  obtained using  conventi onal

di agranmati c techni ques [31].

ST A T
TV T KO
AP AT
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CHAPTER6
CONCLUDING REMARKS



In this thesis, we have discussed the application of the
infinite dinmensional Lie-algebra to obtain the dynamics on
anharmonic potential energy surfaces. Wile all the Lie-algebraic
applications to date have used the finite di mensi onal
Li e-al gebras leading to a truncation in the potential ener gy
surface in the hamiltonian, our nethodol ogy does not require a
truncation in the hamiltonian [1-5]. The nethodol ogy is discussed
in detail in chapter 2. Two ways of deconposing the al gebra have
been discussed leading to tw different forns of the tine
evol ution operator giving decoupled equations of notion. These
two forms of the time evolution operator are found to be the tine
dependent generalisations of the CCM wave operators correspondi ng
to the NCCM and the ECCM ansatz derived by Arponen [6]. The NCCM
and ECCM versions developed by Arponen were tailored for the
dynam cs of states represented by a single reference state
(treated as vacuum at t=0. Although the extentions of NCCM to
multireference states has been discussed by several authors [71,
no extensions of the ECCM fornalism to open shell systems have
appeared to dateThe subsystem enbedding condition has al ways been
added as an additional sufficient condition to elimnate the

operator redundancy in the open shell CCM theories. Qur results

on the other hand are different in the sense, the subsystem
enmbedding condition enmerges naturally in t he al gebraic
theory. Secondly, it provides a natural extension of the ECCM

theory to muitireference states al so.

We have made a limted study of the convergence properties
of the TDCCM approach. Specifically, we studied the propagation
of the harnonic oscillator ground state on several anhar noni ¢

potential energy surfaces and conpared the results with the
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nunerically converged basis set results. The applicability of the
CCM for evaluating the ground state energy of the AHOs has been
studied quite extensively over the past few years [8-13]. One of
the major findings of these studies is that the CCM provides a
rapid convergence (relative to a linear basis set expansion) upto
a point [8)]. W find a simlar situation in the present tinme
dependent context al so. Second, Kaulfuss and Altenbokum {10])
showed that the CCM wave functions in the boson representation
are not always normalizable thus may not form part of any L2
discretizable Hil bert space. While this aspect of the CCM is not
satisfactory, it does not hi nder the calculations of any
physically relevant quantities such as expectation values since
U can be replaced with U and Hausdorff expansion [14] provides
a sinmple recipe to evaluate the resulting expression. Third,
several authors noted the existence of nultiple solutions for
the CCM equations for the ground states {11,12}. In the cont ext
of the time dependent Schroedinger equation these additional
roots have no direct role to play, since one integrates first
order differential equations in time as an initial value problem
However, since the solution oscillates around the roots of the
stationary state equations, these spurious roots mght affect the
stability of numerical integration. This could have been the case
for our inability to integrate for long enough times for a few
non-adiabatic systens discussed in chapter 5. Further work on the
nature of such spurious roots nmight throw nore light on their

influence on the dynam cs.

The advant ages of t he exponenti al ansat z from a
computational point of view appear at two |evels. Since the
quantity of primary interest is cluster operator S = In(U), we
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can expect a better convergence pattern because the logarithmc
function changes nore slowy than the linear function. W stress
that the formalism developed in chapter 2 and the conclusions
drawn here are general and are valid for any anharmonic System
because, as we have shown in chapter 2, all anharnonic systens
with a given nunber of degrees of freedom belong to the same
Li e-al gebra. W also note that the wave function in the al gebraic
aproach receives contributions from att the basis functions in
the Hilbert space because of its exponential structure. For

example,

Uy 10> = exp I E s, a’® 10]

= exp(Sy ) { 10> + 8, [1> + (S, + S2/21 ) (2>

1

+ (8, +8, 8, +8

3
3 1 "2 1

F34 ) 18> + ... }. (6.1)

Even when S is approxinmated by a finite nunber of operators, the
series in (6.1) contains all the basis functions in the Hilbert

space, though the coefficients of sone of these basis functions
are dependent on the coefficients of the Ilower functions. This
greater flexibility in the definition of the wunderlying wave
function enconpassing the entire Hilbert space of the wave
functions is at the origin of the faster convergence pattern
exhibited by the algebraic approach. The al gebraic approach
required very few variables to describe the dynamcs of the
exponentially repul sive potential, the Mrse potential and the
atomdiatom collision in the classical path approximation [1-5]

whil ethe basis set approach requires (in principle) infinite
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nunber of variables (the coefficients of the basis functions in
t he Hilbert space such as t he har noni c oscillator
eigen-functions). All these coefficients of the basis functions
are polynomial functions of the six Lie-algebraic paraneters.
These arguments carry over to anharmonic systems al so. Second,
for multidimensional systems, the size of the basis set required
increases exponentially with the nunber of degrees of freedom in
the system even when finite basis sets are used. On the other
hand, nunber  of cluster operators required to provide a
nunerically converged U increases only linearly wth the nunber
of degrees of freedom since S is the logarithm of U. These
features make the al gebraic approach particularly well suited for
the description of dynamics on multidimensional anhar noni c
surfaces.

We have applied the TDCCM formalism to a few one and
multidimensional systens to study its convergence properties in
chapters 3,4 and 5. The calculations on the one dinensional
systems, were carried out so that the results can be conpared
with those obtained from the basis set expansi on approach. The
one di mensi onal exponentially repul sive potential showed a faster
convergence pattern than the basis set expansion method and the
transition probabilities from the ground state to the higher
eigenstates of the hamiltonian tallied well wth the exact
results. The calculations on the Morse potential energy surface
showed simlar trends. Vibrational transition probabilities were
evaluated for the collision between an atom and a diatom and the
results were found to very close to the exact even in the high
energy region where the anharmonicities in the systems increase.

Also, simlar to the previous two applications the convergence
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obatined is faster than the basis set expansion approach. In the
two di mensional systens discussed in chapter 4, the exponentially
repul sive surface describing the photodissociation dynamics in
the Beswi ck and Jortner nodel [16] showed a very good convergence
pattern and a good agreement with the basis set expansion
approach. While we were unable to carry out convergence studies
on the Henon-Heils system we found that for the nore anharmonic
system | |, one of the problems of TDCCM, nanely the norm
vi ol ati on, appearing.

In chapter 5 we have applied the coherent state algebra and
TDCCM whi ch corresponds to the GAP {14] in the coordinate space
representation to study the non-adiabatic dynam cs of a few nodel
systens. Two different approaches were nade. In the first of
them we have mapped the two state, n nmode hamiltonian to a one
state, n node hamltonian. We then used the GAP in the coherent
state algebraic formalism to evaluate the dynanm cs. In systens
with only one coupling node, the GW results were in good
agreement with the converged basis set results when the coupling
was weak. Simlar trends were found for systems wth several
vi brational npdes though the agreement was not good. Hoping to
better the results we have carried out the calculations using
TDCCM The equations obtained were very stiff and we could not
integrate the equations for sufficiently long tines to obtain
reasonabl e spectra. W then extended the TDCCM approach to
multireference state situations (MRTDCCM) and used it to obtain
the dynam cs of the full two state, n nopde hamiltonian. Wile we
were unable to carry out convergence studies, the results at S,

level of approximation did inprove the results to some extent.

The stiffness of the equations and the norm violation
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encountered in certain systens can probably be overcone by
shifting the coordinate system to a tine dependent frame [17]. In
this frame the new operators b and b* are related to the old

creation and annihilation operators a. and a. transformation
+
b, =a; + CI(L) (6.2)

b, =a, +Cj(t) (6.3)

The working equations of motion for corresponding to the old set

of operators given by
iS(m) = «<m {H 10> (6. 4)

are now nodified to
i(S, +CS_, )=<ntHto> (6.5)

where H is the effective hamil tonian and S are the cluster
n

anplitudes in the time dependent franme. The additional equation
on C can be wused to decouple S from S leading to the
classical equations of motion for the C coefficients. In this
time dependent coordinate frame, the wave packet noves along its
centroid in tine. The potential is now expanded locally which
reduces the effect of the gl obal anharmonicities on the wave
packet. Therefore, we expect the distortions in the wave packet
to be less. In the absence of these distortions, the stiffness of

the working equations may minimise.
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