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Abstract

In this thesis, we study some implications of the non-commutative space-times, by study-
ing certain models in the k-deformed space-time and Doplicher-Fredenhagen-Roberts
(DFR) space-time.

We study the quantisation of scalar field (in x-deformed as well as DFR space-times)
and Dirac field (in k-deformed space-time) using their deformed equations of motion.
We obtain deformed (anti-) commutation relations between non-commutative field and
its adjoint, by considering the usual form of the oscillator algebra. By demanding
this (anti-) commutation relations between non-commutative field and its adjoint to
be undeformed, we get the deformed oscillator algebra, which is a general feature of
the non-commutative field theories. Further we have analysed the consequences of this
deformed oscillator algebra by studying the Unruh effect in x-deformed and DFR space-
times and find that the Unruh profile is modified due to the non-commutativity. Using
the global phase transformation symmetry, we have constructed the number operator
corresponding to the k-deformed Dirac field from its deformed equation of motion and

we show that this number operator has a mass dependent correction term.

We also study the effects of the non-commutativity in the astrophysical objects such
as superdense star. We analyse the superdense star in non-commutative space-time by
generalising the core-envelope model having a perfect fluid distribution to the x-deformed
space-time. We construct the Einstein’s equation in the k-deformed space-time and its
solutions give the expressions for the pressure and density of the superdense star in k-
deformed space-time. We further show that these equations admit physically acceptable

solutions. In this study, we also obtain a bound on the k-deformation parameter.

Finally, we analyse the notion of maximal acceleration in the non-commutative space-
time. We derive the k-deformed corrections associated with the maximal acceleration
from the 8-dimensional k-deformed line element and the k-deformed uncertainty rela-
tions. From this we then obtain the expression for the maximal temperature associated
with thermal radiation in the x-deformed space-time and using this we obtain another
bound on the k-deformation parameter. We also show the emergence of maximal accel-
eration from the 4-dimensional k-Minkowski space-time, which reduces to a finite value

in the classical limit.
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Chapter 1

Introduction

1.1 Motivation and overview

A complete quantum description of gravity is still an unsolved issue in theoretical physics.
The quantum theory of gravity is to be understood as a theory that provides a micro-
scopic description to gravity so that general relativity will become consistent with the
principles of quantum mechanics. The quest for such quantum gravity theories has a long
history; various approaches such as string theory [1], loop quantum gravity [2], causal
dynamical triangulations [3], Horava-Lifschitz gravity [4], asymptotically safe gravity
[5], non-commutative geometry [6], etc., have been developed and studied rigourosly.
Most of these studies predict the existence of a minimal length scale [7-10], below which

quantum gravity effects become important.

The non-commutative geometry [6] provides a geometrical framework to incorporate
this fundamental length scale naturally and thus model quantum gravity effects. In
the framework of non-commutative geometry, to capture the effects of quantum gravity,
spectral action principle was developed [11]. The crucial ingredient in this approach is
the spectral triple (A, H, D), which consists of symmetry algebra A, Dirac operator D,
and a Hilbert space H, on which D has a well defined action. By using this spectral
action, gravity on the non-commutative space-time has been studied [11]. In [12], the

standard model coupled to gravity has been studied in this framework.

Though recent activities on non-commutative geometry and construction and study
of physical models on non-commutative space-time is due to its connection to quan-
tum gravity, non-commutative space-time was originally introduced, way back in 40s.
Heisenberg suggested to use non-commutative space-time as a possible way to remove

the divergences that render quantum field theories ineffective. It was anticipated that
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the fundamental length scale naturally incorporated in the non-commutative space-time
theories would regularise the UV divergences, by providing an upper cut-off in the mo-
mentum integration. This has been a major motivation for Snyder to replace the usual
picture of the space-time continuum with the notion of a quantised space-time having
a Lorentz invariant discrete space-time structure. With this in mind, in [13] a non-
commutative space-time has been introduced and this is known as the Snyder space-time.

The space-time coordinates of Snyder space-time satsify
[i'ua ‘%V] = i)\2MMVa (1.1)

where ) is a real parameter having the dimension of length and M, is the Lorentz

generator.

Following this, the Lorentz invariant equations of motion for the electromagnetic field
and its solutions had also been derived in this quantized space-time [14]. However, it was
shown that algebra associated with the non-commutative space-time in [13] lacked the
translational invariance, and this translational invariance has then been recovered in [15]
by interpreting the coordinate operators as the generators of the Lorenz transformations

in the 5-dimensional de-Sitter space.

Non-commutativity has been found to arise in different string theory models. It has been
shown that certain string theory and the M-theory models lead to non-commutative
gauge theory [16-18]. Under compactification limit of certain string theory models
Moyal space-time, a non-commutative space-time, has been shown to emerge [19-21].

The Moyal space-time coordinates obey
[T, @] = 10,0, (1.2)

where 6,,, is a constant tensor (of length square dimension). Numerous features of the

Moyal space-time has been studied extensively over the past decades [22, 23].

Using Weyl-Moyal correspondence, one can map the functions defined on the non-
commutative space-time with its counterpart in the commutative space-time. As a
result, Weyl-Moyal map induces a new multiplication rule, called the x-star product,
between the functions defined on the commutative space-time. The Moyal star product

between two arbitrary functions f(z) and g(z) is defined as [20, 22-24]

J(@) % g(w) = 2% 0% f(2)g(y))| _ (1.3)

In general one can study physical models on the non-commutative space-time by di-

rectly using the functions defined on-commutative space-times. Alternatively one can
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also analyse the physical models in the non-commutative space-time by working with
the commutative functions, but with the above modified product rule. Different non-
commutative field theories have been constructed and analysed in the Moyal space-time

using this star product formalism.

Moyal star product, given in Eq.(1.3), contains infinite number of higher derivative
terms and these terms result in bringing non-local and non-linear effects into non-
commutative models. Therefore the presence of such non-local and non-linear terms
in the non-commutative field theory models show characteristic features different from
their commutative counter parts. The non-commutative field theory in Moyal space-time
has been shown to exhibit effects such as mixing of ultraviolet and infrared divergences,
known as the UV/IR mixing [22, 23, 25]. This UV/IR mixing in Moyal space-time has
also been found to appear as a quantum anomaly of the twisted-Poincare symmetry [26].
Such UV/IV divergences have also been found to exist in other non-commutative space-
times such as k-deformed space-time and Snyder space-time [27, 28]. These non-local
and non-linear terms has also been shown to introduce novel, stable soliton solutions in

the non-commutative field theory [29].

Seiberg-Witten map [21] is another important result obtained from the studies of string
theory models, which is extensively used for studying the non-commutative field theories.
Seiberg-Witten map shows an equivalence between non-commutative gauge theories and
the gauge theories on commutative space-time. This mapping has been used to analyse
various properties associated with the non-commutative space-times [30-32]. Different
aspects of the Cherns-Simons theories defined in the Moyal non-commutative space-time
have been analysed with the help of Seiberg-Witten map [33-37]. The Seiberg-Witten
map has also been used to study the quantum hall effect in the Moyal plane [38]. This
map has also been used to study the renormalisation of the photon self-energy to all
orders [39].

The algebra of symmetries corresponding to the non-commutative space-times is de-
scribed by deforming the Poincare algebra, such that these deformed algebras reduce to
the usual Poincare algebra in the commutative limit. In [40, 41], Hopf-algebra structure
has been used for analysing the symmetries associated with the non-commutative geom-
etry. Further, it has been shown that the deformed Poincare algebra, which preserves the
Hopf algebra structures, can be obtained by twisting the classical Poincare algebra [42].
The symmetry algebra of the Moyal space-time has been shown to be twisted-Poincare
algebra (which is a Hopf algebra), where the coproduct of the Lorentz generator has
been deformed due to the twist element [43]. The symmetry of the Snyder space-time

has also been described using the deformed Poincare symmetry [44].
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The statistics of the particles lying on non-commutative space-time is connected with
the symmetry algebra of the corresponding space-time. In [45], Weyl-moyal product
has been used to study the spin-statistics and the CPT theorem in Moyal space-time.
Using the deformed coproduct structure associated with the twisted-Poincare algebra,

a twisted statistics has been obtained of the particles in the Moyal space-time [46, 47].

The concept of non-commutativity has been also extended to curved space-times and
this has been used to describe the gravity in non-commutative space-time. Deformed
diffeomorphism invariant Einstein-Hilbert’s action has been constructed in the Moyal
space-time from the twisted diffeomorphism algebra [48, 49]. This twisted diffemor-
phism has been used to show that the solution for two dimensional non-commutative
gravity is the same as that for the commutative theory [50]. In [51], deformed Einstein’s
gravity has been obtained by applying Seiberg-Witten map to certain non-commutative
gauge groups. Another remarkable prediction of the non-commutativity is the emer-
gence of gravity from the non-commutative field theories [52-54]. Such predictions have
been made using the Seiberg-Witten map. Various attempts to construct the non-
commutative gravity theories have also lead to the study of the possibility of having a
complex metric tensor [55-58]. In [59], the deformed gravitational equations have been

derived by generalising the Moyal product to the curved space-time.

The non-commutativity of the space-time allows to model the space-time uncertainity
relations, which is argued to emerge when gravity and quantum mechanics are brought
together. When we probe the structure of the space-time at short distance, using high
energy probes, the gravitational effects become extremely strong, and this results in the
formation of black hole over that region of space-time. The horizon of this black hole
restricts us from probing the space-time below the horizon created. Thus the study
of quantum gravity seems to introduce space-time uncertainty relations. In [60, 61],
a Lorentz invariant non-commutative space-time has been obtained by incorporating

Finstein’s theory of classical gravity into Heisenberg’s uncertainty relation.

The k space-time, a Lie-algebraic type non-commutative space-time, has been shown to
appear in the low energy limit of certain loop quantum gravity models. Loop quantum
gravity theories also use the discretised space-time structure to describe the quantum
geometry of the space-time. Symmetry algebra of the background space-time associated
with the low-energy limit of the loop quantum gravity is shown to be xk-Poincare algebra
[62]. The k-deformed space-time coordinates satisfy

(&0, 2] = i22C,0, (1.4)

where CW)‘ = a,0,) — a,,(SM)‘ and a, has the dimension of length.
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k-Minkowski space-time has also been found to be the space-time corresponding to
the doubly/deformed special relativity (DSR) theories [63, 64]. The special theory of
relativity (STR) cannot accomodate a frame independent description of the minimal
length scale, due to the Lorentz-Fitzgerald contraction. Therefore the STR is modified to
incorporate the minimal length scale as an additional fundamental constant, apart from
the velocity of light ¢ and this modified relativity principle is known as doubly /deformed
special relativity [65]. One of the major consequence of the DSR theory is the modified
dispersion relation. This is known to result in the velocity of the photon acquiring
energy dependent corrections. Different aspects of the DSR theory have been disscussed
in [65-68].

The effective theory that emerges when the gravitational degrees of freedom are removed
from the 2 4+ 1 dimensional gravity coupled to matter fields has been shown to be the
non-commutative field theory on the k-Minkowski space-time [69-71]. Further, the phase
space of a point particle in 2 + 1 dimensional gravity has been shown to be equivalent

to the phase space of DSR anti de Sitter algebra [72]

The symmetry algebra of the k-deformed space-time has been constructed it has been
referred in the literature as (deformed) x-Poincare algebra [63, 73-77]. The symmetry
algebra of the k-Minkowski space-time has also been defined alternatively using the usual
Poincare algebra. This has been achieved by deforming the explicit form of the Poincare
generators in a specific manner. This symmetry algebra is known as the undeformed
k-Poincare algebra [78-80]. Further it has been shown that the co-product sector of this
undeformed k-Poincare algebra is deformed [78-80]. The twisted statistics has also been
obtained in the k-deformed space-time from the twisted flip-operator that commutes

with the deformed coproduct of the symmetry group [81].

Several characteristic features of the k-deformed space-time and its consequences have
been studied over past years. Different field theory models on the k-Minkowski space-
time and their properties have been analysed meticulously in recent times. The k-star
product compatible with the x-Poincare algebra has been used to study the interaction
vertex of the non-commutative scalar ¢* theory [82]. In [83], the quantisation of the
k-deformed scalar theory has been studied and deformed oscillator algebra has been
obtained, using the twisted flip operator. Dirac equation has been constructed in the
k-Minkowski space-time and using this, it has been shown that the charge conjugation
is not the symmetry of the k-deformed Dirac equation [84]. Gauge theory on the k-
Minkowski space-time has been obtained in [85, 86], using the notion of the x-deformed
star product and Seiberg-Witten formalism. s-deformed Maxwell’s equations, which
are invariant under the undeformed k-Poincare algebra, has been derived using the

Feynman’s approach [87, 88|.
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Recently some attempts have been made to understand the x deformation of the curved
space-time and gravity. The x-deformed geodesic equation and its implications have
been studied by extending the Feynman’s approach to k-deformed space-time[89]. In
[90], k-deformed modifications to the metric tensor has been analysed using the non-

commutative version of the co-tetrads and the s differential calculus.

One of the major problems associated with physical models defined on non-commutative
space-times is the violation of Lorentz invariance. The break down of the Lorentz sym-
metry in non-commutative field theory has shown to exhibit certain effects like vacuum
birefringence [91]. Lose of Lorentz/Poincare symmetry also makes the particle inter-
pretation of field quanta ambigous. Hence it is important to construct and study the
Lorentz invariant non-commutative space-time and field theories in such space-times.
Doplicher-Fredenhagen-Roberts (DFR) space-time [60, 61] is one such non-commutative

space-time, whose coordinates obey
[«%uwfiu] - ié,uu; [i;méup] = 07 [é,u)\a éup] =0. (1'5)

The symmetry algebra of the DFR space-time has been described using DFR Poincare
algebra [92]. Various field theory models in DFR space-time have been studied in recent
time [93-95]. Aspects of general relativity has also been analysed in DFR space-time
[96, 97].

Lagrangians associated with non-commutative field theories are constructed by requir-
ing to get well known commutative result in the appropriate limit. But this guiding
principle alone cannot lead to a unique Lagrangian for the non-commutative field the-
ories. Absence of unique Lagrangian render the usual quantisation schemes ineffective
for quantising these non-commutative field theories. But on the other hand one can
direclty obtain the equations of motion corresponding to non-commutative field theories
in an alternate manner. This is obtained from the quadratic Casimir of the correspond-
ing deformed Poincare algebra. These non-commutative field theories can be quantised
using their equations of motion alone by using the Takahashi-Umezawa quantisation
procedure [98-100]. This procedure provide the quantisation rules just from the equa-
tions of motion, without requiring the Lagrangian. In this thesis we use this method
to quantise x-deformed scalar field, x-deformed Dirac field and Doplicher-Fredenhagen-
Roberts-Amorim scalar field and also obtain their deformed oscillator algebras of the

corresponding creation and annihilation operators.

The effects of the non-commutativity are expected to be more strong in an extremely
strong gravitational background. Astrophysical objects such as superdense star [101] is

a suitable candidate for studying the non-commutative effects. In this thesis we study
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the superdense star in non-commutative space-time by generalising the anisotropic core-

envelope model to the x-deformed space-time.

Apart from the dynamical properties, one also need to understand the kinematical
aspects of the non-commutative space-time. Different kinematical properties of non-
commutative space-time can be analysed and in this thesis we study the notion of max-
imal proper acceleration [102, 103] in non-commutative space-time. We derive here
the non-commutative corrections to the maximal acceleration, in k-deformed and DFR

space-times, and further study the implications.

In the next subsection, we will provide a summary of essential definitions and tools

required for the studies taken up in this thesis.

1.2 k-deformed space-time

In this subsection, we summarise essential results concerning the realisation of the k-
deformed space-time and its symmetry algebra [78]. The discussions in this section will

set our notations for the later chapters.

k-deformed space-time is a Lie-algebraic type non-commutative space-time, whose space-

time coordinates satisfy Eq.(1.4). With the choice a, = (a,0), Eq.(1.4) becomes
[.fo,i’i] = iaﬁci, [i’i,i‘j] =0. (1.6)

Here we observe that the spatial coordinates of the k space-time commute among them-
selves, but space coordinates do not commute with time coordinate. Thus one finds
that the x space-time preserves the spatial isotropy. Note that a in Eq.(1.6), has the
dimension of length and é = K - the deformation parameter used in literature, giving

the name x space-time.

Field theory models on the s space-time were constructed using the star product formal-
ism, where the usual notion of the pointwise product, between the coordinates (and their
functions), is replaced with the star product, which is invariant under the x-Poincare
algebra [76, 77]. Alternatively, one can also construct and study the field theory models
using the realisation method, where the non-commutative cvariable is represented in
terms of the functions of commutative coordinates and their derivatives [78, 79]. It has
been shown that the realisation approach is equivalent to the star product formalism in
the x space-time [80]. In this thesis, we will be using the realisation method [78-80] to

study the various aspects of physics on k-deformed space-time.
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The non-commutative coordinate Z,, is written in terms of the commutative coordinate

x, and its derivatives 0, as [7§]

o =xot(A) + iax;0;v(A)

(1.7)
&; =ip(A),
where A = iady and
H(0) =1, 9(0) = 1. (1.8)
Substituting Eq.(1.7) in Eq.(1.6), one gets
¢'(4) _
ZEA) =9 (4) 1. (1.9)

Two possible realisations of )(A) are )(A) =1 and ¥(A) = 1+ 2A [78]. Now onwards
we choose 1(A) = 1. Thus Eq.(1.7) and Eq.(1.9) becomes

To =x9 + ial'jaj’y(A)

) ” (1.10)
Ty =P s
and A
:’;((A)) = (A) - 1. (1.11)

Some of the allowed choices of ¢ are e_A,e_g, 1, ﬁ, etc., [78]. In [78-80], it was

shown that different choices of ¢ corresponds to different realisations.

One can also realise 2, in an alternate way as
Ty = T, (1.12)

We choose a specific realisation for ¢}, (which keeps only the linear terms in the defor-
mation parameter a) as [88, 89,
©), = 6, —iaad, 0y — ia30;0, — iav&ﬁ@”, (1.13)

where «, 3,7 € R are dimensionless parameter. Substituting Eq.(1.13) and Eq.(1.12) in
Eq.(1.6), we get v = a + 1.

We will study both these realisations in latter chapters.

In general, the symmetry algebra of the x-Minkowski space-time is described using the
k-Poincare algebra. As a result, the commutation relations of the Poincare algebra
get deformed due to the a dependent correction terms. However, one can also realise

the symmetry algebra using the usual Poincare algebra, but by deforming the explicit
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form of the generators in a particular way. This algebra is known as the undeformed

k-Poincare algebra [78].

The Lorentz generator of the undeformed k-Poincare algebra satisfies [78]
[M/.LV7 M)\p] = Mp,pnzu\ - Mupnu)\ - Mp)\nup + Ml/)\nup- (114)

By demanding the commutation relation between the Lorentz generator and the -

deformed space-time coordinate to be linear in M, and %, i.e,

[Muw -%)\] = i',unu)\ - i‘unu)\ + ia(MOunyA - MOVHH)\)? (1'15)

and using the Jacobi’s identities, we get the explicit form of the Lorentz generators of

the undeformed rk-Poincare algebra as

Mij ::m-@j — :cj&-
2A

e J—
Mo :xiaOSOT

) ) (1.16)
— x00;— + iaxiﬁi— — iaxkakail.
© 2¢ ®

But the commutative derivative, i.e, d,, do not transform as a 4-vector under the un-
deformed k-Poincare algebra. To rectify this one uses Dirac deivative, D, [78] which

transform as a 4-vector under this algebra. Thus we have

[Muw D/\] :D,unu)\ - Dz/n,u)\

(1.17)
[D#,Dl,] =0,
where the components of the Dirac derivative are defined as

inh A -4
Do =00~ +iad 5

)\ ? (1.18)

e

D; =0;—

2

satisfying

[D,,, &) = (iaDo + /1 4+ a? Do D*) + ianoD,. (1.19)

The Casimir corresponding to the undeformed x-Poincare algebra is defined using the

Dirac derivatives as,

2
D,D" =0 <1 n ZD) (1.20)
where [ represents the x-deformed Laplacian,

A (1 —cosh A)

2€
0= —,

- 832 (1.21)
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satisfying

[0, 4,] =2D,. (22

Note that the quadratic Casimir defined in Eq.(1.20) will be used for constructing the

Klein-Gordon equation in the x space-time, discussed in the later chapters. Further we

use the Casimir, given in Eq.(1.20), to obtain the x-deformed dispersion relation as

4 . LA et ad?s4 A LemAN2 9
gsmh g—piT—i—Z(?smh g—piT) =m°. (1.23)
We find that in the lima — 0, the above expression reduces to the usual dispersion

relation for a massive particle in the flat space-time.

We have seen that the non-commutativity of space-time necessitates the modification
of the generators of the undeformed k-Poincare algebra. Action of the generator of the
symmetry algebra is modified by the non-commutativity of the space-time. We obtain
the deformed Leibnitz rule for the generators of the undeformed k-Poincare algebra by
evaluating [M,,, f(Z)] using Eq.(1.15) [78]. Thus the x-deformed Leibnitz rule for M,

is given as

Mio(F ) =(Miof) 4+ (€F) - (M) + ia (2 F) - (M),

N ~

Mii(f - §) =(My; f) - g+ f - (M),

(1.24)

where f and g are arbitrary functions of Z,,.

Similarly the k-deformed Leibnitz rule for the Dirac derivative is obtained (by evaluating
[D,, f(£)] using Eq.(1.19)) to be

“ o _ 'Do—i-\/l—f-azD D .
Do(f-§) =(Dof) - (=44 (w o ) Do
o(f - §) =(Dof)-(e™"g) + [T a?D.De f) - (Dog)+
iaDg + /1 + a?D,D~
1+ a2D,D>

Di(f-§) =(Dif) - (e7*g) + f - (Dig).

(1.25)

@z f)- (D),

From the modified Leibnitz rule, the coproducts for the generators of the undeformed
k-Poincare algebra is written as
AMiy =Mi @ 1+ e* ® My +iaDje” @ M;;,

(1.26)
AM;; =M;; ® 1 + 1 ® M,



Chapter 1 Introduction 11

iaDg + /1 + a?DyD* . iaDg + /1 + a?2D, D>
D e ©DotiaDi—— @ D,
(0%

1+ a2D,D>
AD; =D; @ e 4 +1® D;.

ADy =Dy ® G_A +

(1.27)

From the above, we observe that the coproduct sector of the undeformed k-Poincare
algebra is deformed. The deformed coproduct can also be obtained from the k-deformed

twist element [104-106], instead of obtaining from the modified Lebinitz rule.

1.3 Doplicher-Fredenhagen-Roberts space-time

In this subsection, we provide a brief discussion of the construction of the Doplicher-
Fredenhagen-Roberts (DFR) space-time [92], which is obtained by extending the Moyal
space-time. We also discuss the symmetry algebra of DFR space-time and the Casimir

operator associated with it.

The NC space-time coordinates satisfying the Moyal space-time algebra (see Eq.(1.2))
violates the Lorentz symmetry due to the presence of the constant 6, tensor. It has been
shown in [60, 61] that one can obtain a Lorentz invariant NC space-time by assigning a
Lorentz transformation for the NC parameter 6,,,,. This NC parameter has further been
promoted to a coordinate operator HAW [107]. The resulting NC space-time is known as

the DFR space-time, whose space-time coordinate operators are &, and HAW respectively.

The DFR space-time algebra is given by

[57#75%1/] = iéuw [;%#,9,,,,] =0, [éuhel/p] = 0. (1.28)

The DFR space-time algebra has further been extended by incorporating the canoni-
cal conjugate momenta operators i“;w corresponding to é;w (apart from the conjugate
momenta operator p, associated with #,). This is called in the literatures as the ex-
tended DFR space-time [92] or DFRA space-time [108]. The DFR space-time coordinate

operators and their conjugate momenta satisfy the following commutation relations,

L . . 3 i .

[muapu] =My, [m;u kz/)\] = _i(nuunp)\ - nuAan)ppa

[ﬁuaﬁu] =0, [éuua l%p)\] = i(nupnl/)\ - 77,LLX’71/p) (1'29)
[ﬁua éV)\] :07 [ﬁua ]%zx)\} = 07 []%uw l%p)\} =0.

Eq.(1.28) and Eq.(1.29) forms the DFRA space-time algebra [108]. We see that the
above algebra is closed (see [92] for the constistency conditions of the above algebra,

using Jacobi identities).
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The Poincare algebra associated with the DFR space-time is given as [92]

(M, M. i(MupMux — Mup My — NuaxMpy + MuaMpp),

Ap
[ n2) p)\ (np)\pu 771/,\11%) ,

] =
| =
R R ) (1.30)
[ s aﬂ] (nuﬁkau nuakyﬂ + makgu - nyﬁkap)a
] =

[puapu 7 [ 2 kp)\] - O [ﬁlm ]Afl/)\] =0.

The explicit form of the Lorentz generator associated with the DFRA-Poincare algebra
is defined as [92]

A A P 1 R P Ae
M, = &upy — Tupy + 0 PPy 29,,ap°‘pu—9#,\k,,’\+«9”kf. (1.31)

The Casimir operator corresponding to the DFRA-Poincare algebra is given as [92]
Ao AL .
P? =p.pt + ?kw]{:“", (1.32)

The dispersion relation in the DFR space-time can be written using the Casimir operator

given in Eq.(1.32), as
AL
Dup" + Kk = m?, (1.33)

where A is the non-commutative parameter having the dimension of length. We see that
in the lim A — 0, the DFR dispersion reduces to the usual dispersion relation in the

Minkowski space-time.

1.4 Organisation of the thesis

This thesis focuses on the study of various aspects of physical models on non-commutative
space-times such as k-deformed space-time and DFR space-time. This thesis is divided

into seven chapters.

In chapter 2, we study the quantisation of the Lorentz non-invariant non-commutative
fields by using the Takahashi-Umezawa quantisation scheme [98-100]. This scheme do
not require the explicit form of the Lagrangian. Instead, it uses the equations of motion
alone for the quantisation. This method is particularly suited for quantisation of non-
commutative field theories as Lagrangian of these theories are not unique while equations

of motion are unique.

Starting from the x-deformed Klein-Gordon equation, valid up to first order in a, we
derive the deformed unequal time commutation relation between deformed field and its

adjoint, using the undeformed oscillator algebra. By demanding an undeformed unequal
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time commutation relation between the deformed field and its adjoint, we obtain a
deformed oscillator algebra (valid up to first order in a). Using the deformed equations
of motion, we derive the energy-momentum tensor and Lorentz generator (corresponding
to the undeformed k-Poincare algebra) of the k-deformed scalar field. The number
operator, corresponding to the deformed scalar field, is also derived from the equations
of motion. Implications of this deformed oscillator algebra to Unruh effect is analysed

using the method of Bogoliubov coefficients [109].

In chapter 3, we study the quantisation of k-deformed Dirac field. Using x-deformed
Dirac equation (valid up to first order in a), we derive the deformed unequal-time anti-
commutation relation between deformed field and its adjoint. In this derivation we
assume that the fermionic oscillator satisfy the usual algebra. Next, by imposing the
unequal time anti-commutation relation between the rk-deformed Dirac field and its
adjoint to be undeformed, we show that the fermionic creation and annihilation operators
obey deformed oscillator algebra. The energy-momentum tensor and Lorentz generator
for the k-Dirac field are derived from the deformed equations of motion. We construct the
conserved currents corresponding to parity and time-reversal symmetries of x-deformed
Dirac equation. Further, we show that it is impossible to construct a conserved current
associated with charge conjugation symmetry, showing that the Dirac particle and its

anti-particle satisfy different equations of motion in x-deformed space-time[110].

In chapter 4, we derive the equal time commutation relation between the DFRA scalar
field and its conjugate, where we assume that the corresponding creation and annihi-
lation operators satisfy the usual oscillator algebra. We then show that imposing the
condition that the commutation relation between the field and its conjugate is the same
as that in the commutative space-time, leads to the deformation of usual oscillator al-
gebra. Unlike the k-deformed fields, here both these deformed commutation relations
derived are valid to all orders in the non-commutative parameter. We also derive the
conserved currents, corresponding to translational and Lorentz symmetry, for the DFRA
scalar field. Further, we analyse the effects of non-commutativity on the Unruh effect
by analysing a monopole detector coupled to the DFRA scalar field, showing that the
Unruh temperature is not modified, but the thermal radiation seen by the accelerated

observer gets correction due to the non-commutativity of space-time [111].

In chapter 5, we study the effects of the non-commutativity in an astrophysical object-
namely superdense star by generalising the anisotropic core-envelope model of a su-
perdense star [101] to k-deformed space-time. The equations of state, connecting the
pressure and density, are obtained by solving the x-deformed Einstein’s field equation,
valid up to first order in a. From the x-deformed law of density variation, we show

that the non-commutativity enhances the density of the superdense star. Using the
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k-deformed law of density variation and the positivity condition on the tangential pres-
sure, we obtain different bounds on the x-deformation parameter. We also show that
the k-defomed strong energy condition takes the same form as that in the commutative
space-time. By showing that the velocity of sound inside the star is less than the velocity
of light, and from the positivity conditions of the pressures and density, we show that

the super dense star model obtained in the x-deformed space-time is stable [112].

In chapter 6, we analyse the maximal acceleration [102, 103] in the non-commutative
space-time. We study the maximal acceleration in k-deformed space-time and anal-
yse its implications using two different approaches. In the first method we derive the
k-deformed corrections to the maximal acceleration, valid up to first order in a, us-
ing the 8-dimensional line element of the x-deformed phase-space. Further we derive
the first order k-deformed corrections to the maximal acceleration from the x-deformed
uncertainty principle. By combining the expressions for the Unruh temperature and
the deformed maximal acceleration, we obtain the maximum attainable temperature
in the x-deformed space-time. We then obtain a bound on the deformation parameter
by comparing the expression of the maximum attainable temperature with the exper-
imental data on the Unruh radiation. In the second method we show the emergence
of maximal acceleration (valid up to first order in a) from the causally connected 4-
dimensional line element in x-Minkowski space-time. We also obtain the maximum
attainable temperature corresponding to this deformed maximal acceleration. We then
derive the k-deformed geodesic equation and obtain its Newtonian limit. We show that
k-deformed Newton’s force equation contains an equivalence principle violating term.
By comparing this term with the experimental result on the violation of equivalence
principle, we obtain a bound on the dimensionless non-commutative parameters present

in the maximal acceleration expression, obtained using the second approach. [114].

In chapter 7, we summarise the results discussed in this thesis. We also present our

concluding remarks and discuss possible future direction of research work in this area.

In this thesis, we work with 7,, = diag(-1,1,1,1).
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Chapter 2

Quantisation of k-deformed
Klein-Gordon field

2.1 Introduction

Several studies have been reported in recent times, investigating field theory models
defined in the k space-time. Most of these studies have used the quadratic Casimir
of the k-deformed algebra [1-5] to derive the equation of motion, invariant under the
symmetry algebra corresponding to the x-deformed space-time. This deformed equa-
tion of motion contain higher-order derivative terms indicating the non-local nature of
non-commutative field theory models. Therefore the Lagrangian associated with these
deformed equations of motion also contain higher-order derivative terms, making it dif-

ficult to quantise the x-deformed field theories using canonical scheme.

The complete information regarding the exact form of Lagrangian is indispensable for
the canonical quantisation of field theories. But there exists another quantisation scheme
which does not use the explicit form of the Lagrangian for quantisation. This method
allows to derive the quantisation rules by starting with the equations of motion [6-8].
In this approach, the equations of motion corresponding to the free field theories are
first transformed into Klein-Gordon equation with the help of an operator known as
Klein-Gordon divisor [6-8]. This Klein-Gordon divisor is further utilised to define an
unequal-time commutation relation between the field and its adjoint, which is compat-
ible with Heisenberg’s equations of motion. In this scheme, the usual commutation
relation between creation and annihilation operators, present in the Fourier decompo-
sition of the field operator is assumed. This method has been used to construct the

covariant commutation relations for the fields with arbitrary spin [8, 9]. It has also been

23
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used to quantise massive spin-1 and massive spin-3 fields [10, 11]. Using this quanti-
sation method one can construct the conserved currents associated with the symmetry
transformations, from the equations of motion alone, without referring its Lagrangian
[8, 12, 13]. The conserved currents associated with the discrete symmetries have also

been constructed using this procedure [12].

The guiding principle used for constructing Lagrangians of say real/complex scalar the-
ories, Dirac theories in non-commutative space-times is that they reduce to the exact
commutative one in the limit where the deformation parameter vanishes. But this re-
quirement alone is not sufficient to obtain unique Lagrangians. Since the equations of
motion are constructed from the quadratic Casimir of the symmetry algebra, they are
unique. The existence of unique equation of motion motivate us to use the approach dis-
cussed above for the quantisation of field theories on k-deformed space-time. Equations
of motion satisfied by different x-deformed fields such as real and complex scalar fields,
Dirac field, have been constructed in the recent times, without using the explicit form of
Lagrangians. The k-deformed Maxwell’s equations and x-deformed geodesic equations
have been obtained in [14, 15] and [16] respectively, by generalising the Feynman’s pro-
cedure to x space-time. In [5] and [17], the x-deformed scalar field equations and the
deformed Dirac field equations are constructed from the deformed quadratic Casimir
and the Dirac derivative, respectively. Duffin-Kemmer-Petiau (DKP) equation has been

constructed in the xk-Minkowski space-time using Dirac derivatives [18].

In this chapter, we quantise the field obeying the x-deformed Klein-Gordon equation, by
generalising the quantisation procedure of [7, 8] to the k-deformed space-time. Here we
begin with x-deformed scalar field equation, constructed from the quadratic Casimir of
the undeformed k-Poincare algebra [19-21]. We then obtain a deformed commutation
relation (valid up to first order in a) between the deformed scalar field and its adjoint,
at unequal times, by assuming that the creation and annihilation operators satisfy the
usual oscillator algebra. We then start with the assumption that the commutator be-
tween the deformed field and its adjoint, at unequal times, to be undeformed and arrive
at a deformed oscillator algebra (valid up to first order in a). These quantisation rules
are different from that obtained in [5], where the twisted flip operator [22] has been used
to derive the deformed commutation relations as well as the deformed oscillator algebra,
with a modified product rule. We also analyse the translation and Lorentz symmetry
in k space-time and derive the energy-momentum tensor and Lorentz generator, corre-
sponding to deformed scalar field. We show that this energy-momentum tensor for the

k-scalar field is no longer symmetric due to the x deformation.

The x-deformed corrections to the Unruh effect has been discussed extensively in the

recent times. In [23] and [24], these corrections have been obtained by calculating the
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response of massless k-deformed Klein-Gordon field coupled to a uniformly accelerat-
ing detector. Such an analysis has also been employed for studying fermionic fields, by
determining the response function of a massless x-Dirac field coupled with a monopole
detector, moving along a uniformly accelerating trajectory [25]. Here we study the mod-
ifications of the Unruh effect due to k-deformation of space-time. Using the Bogoliubov
coefficients we first connect the frequency modes of the deformed massless scalar field
in Rindler basis with that in the Minkowski basis and then calculate the vacuum ex-
pectation value of the number operator corresponding to the Rindler particles in the
Minkowski vacuum. We show that, up to first order in a, the Unruh temperature asso-

ciated with this thermal bath remains unaffected under the x-deformations.

This chapter is organised in the following manner. In sec.2.2, we discuss the Takahashi-
Umezawa quantisation procedure reported in [7, 8]. The subsec.2.2.3 illustrates the
details regarding the construction of conserved currents from the equations of motion.
In sec.2.3, we generalise this quantisation procedure, discussed in sec.2.2, to x-deformed
case and quantise the x-deformed scalar field. We apply this scheme to the k-deformed
scalar field equation, valid up to first order in the deformation parameter a. In sub-
sec.2.3.1, we derive the conserved currents corresponding to the symmetries associated
with the k-deformed Klein-Gordon field. In sec.2.4, we derive the a dependent correc-

tions to Unruh effect. Finally in sec.2.5, we give the concluding remarks.

2.2 Takahashi-Umezawa quantisation procedure

In this section, we summarise the quantisation procedure discussed in [7, 8]. This method
requires only the equations of motion for quantising a field. By using this procedure
one can obtain the commutation relations between the field and its adjoint from its
equations of motion. Further, this method also helps in constructing the conserved
currents corresponding to continuous as well as discrete symmetry transformations from

the respective equations of motion [8, 12].

We begin with the equations of motion satisfied by the field operator ¢(z) and its adjoint

¢(x) given by
A@)(x) =0 (2.1)

and

) =0, (2.2)
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respectively. In the above equation, A(0) is a polynomial in 9, and in general this is
defined as [7, 8]

N
A(a) = ZA,u1,u,2....p,laulau2....aul
1=0
= M) + M@ + AP + Ay 070 + .. T Ay oy OPLOP2OHS L OHN
(2.3)
e Note that for a Klein-Gordon equation, the A(9) operator is defined as
A(9) = 1w, 010" —m?. (2.4)

Comparing this Eq.(2.3), we get the components of A(9) operator for Klein-Gordon
field as
A;w = Nuv, Au =0, A(0) = _m2, (2.5)

and all other terms vanish, i.e., Ay =0,..Ay 4y uy = 0.

e For Dirac equation, the A(0) operator is defined as
A(0) = i, 0" +m. (2.6)

We obtain the non-vanishing components of A(9) operator for Dirac field, by com-

paring this with Eq.(2.3), as

AM = i’yu, A(O) =m. (27)

According to the Takahashi-Umezawa quantisation procedure, every free field equations
of motion (represented as in Eq.(2.1)) can be reduced to the Klein-Gordon equations of
motion, by acting the A(0) operator with another operator called Klein-Gordan divisor,
d(9), such that

d(0)A(8) = O — m? = A(9)d(D). (2.8)

Here it is to be noted that this Klein-Gordon divisor should commute with the Lambda
operator, i.e, [A(9),d(9)] = 0 and Klein-Gordon divisor d(9) should have non-zero eigen
values [7, 8], so that d(9) can be inverted. Using this d(0), one can convert any free field
equations of motion into Klein-Gordon equation. Therefore it is important to obtain

the explicit form of Klein-Gordon divisor. It is easily found that for

e Klein-Gordon field,
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e Dirac field,
d(0) = iy, 0" —m. (2.10)

Klein-Gordon divisor has been constructed for different field theories like Duffin-Kemmer

field, Rarita-Schwinger field, etc. (see [8] for more details).

The field operator satisfying the equations of motion, given in Eq.(2.1), is decomposed

into Fourier modes, using the creation and annihilation operators as

d®p (
2) = | —————(up(x)alp) + u’(x)al ), 2.11
o) = | o (m@a) + w5 0) .11
where u,(x) satisfies the equations of motion given in Eq.(2.1), i.e., A(Q)up(z) = 0.
The creation and annihilation operators present in Eq.(2.11) are assumed to satisfy the

following commutation relations,

[a(p), a(p")] = [a' (p),a’ ()] =0, [a(p),a’(p')] =6*(p - p). (2.12)

According to this quantisation procedure, we write down the (unequal-time) commuta-
tion relation between the field operator and its adjoint, using the Klein-Gordon divisor
d(0) as

[6(2), 6(")] = id(O)A(w — '), (2.13)

where A(z — 2') is defined as

3
A —a)= [ —LL_(omnle—) _ gre—a’) (2.14)
(27m)32E, ' ’

Note that if ¢(x) is a fermionic field then the above commutation relations given in
Eq.(2.12) and Eq.(2.13) are replaced with the corresponding anti-commutation relations

as per the spin-statistics theorem.

From the above relation given in Eq.(2.13), one can get an equal-time commutation
relation between the field, ¢(x) and its time-derivative, d;¢(x). This is obtained by
acting Eq.(2.13) with 9y, and then setting both the times to be equal, i.e, t = t'.

The consistency of this quantisation procedure can be verified using the compatibility

of the field operator ¢(z) with the Heisenberg’s equation of motion, i.e.,

i0r¢(x) = [¢(x), H] (2.15)

where H is the Hamiltonian [7, 8].
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2.2.1 Conserved currents

One of the major feature of this quantisation method is that it provides an alternate way
for constructing the conserved currents (associated with the symmetry transformations)
just from their equations of motion. Note that unlike Noether’s method, here one does
not requires the explicit form of the Lagrangian for constructing the conserved currents
[8, 12, 13]. This method provides a unique way of constructing the conserved currents

for discrete symmetry [12].

%
The conserved currents are constructed using an operator I',,(9, — 0 ), which is defined

as

(=0 . -
1=0 i=0 (2.16)
= Ay M (87— DY)+ A (070 — 9P+ VD) + ...

where A, A,,,...etc.. appear as the coefficients of 0¥, 9"9"...etc in the explicit form of
A(0) operator defined in Eq.(2.3). We obtain these A,, Ayy,...etc.. by comparing the
equations of motion with the definition of A(J) operator given in Eq.(2.3). Here it is to
be noted that A,,, Ayz,...etc... should be symmetric in indices in order to calculate
I'u(o, —%) operator.

<_
e Substituting Eq.(2.5) in Eq.(2.16), we obtain the I',(0,— 0 ) operator for Klein-
Gordon field as
(2.17)

%
e Similarly by using Eq.(2.7) in Eq.(2.16), we get the I',(0, — 0 ) operator for Dirac

field as

(0, 8) = iv,. (2.18)

Using Eq.(2.3) and Eq.(2.16), it has been shown that I',(0, —%) satisfies the identity

(7, 8]
(0" + DM, (0,—8) = A(9) — A(— D). (2.19)

In this formalism, the conserved current associated with a symmetry transformation is

%
defined using this I',(0, — 0 ) operator, as [7, §]

Ju = $(x)T,(8, — 9)de(z), (2.20)

-

where d¢(x) represents the variation of the field under the symmetry transformation.
By using the identity Eq.(2.19) and the equations of motion, i.e., Eq.(2.1) and Eq.(2.2),
it can be shown that the J, defined in Eq.(2.20) is a conserved quantity, i.e., 9,J" = 0.
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Note that this conserved current is used to fix the normalisation of the field (see [7, 8]

for details).

Under the space-time translation, the space-time coordinate varies as dx, = 6, (where
6, is the constant parameter) and the scalar field transforms as d¢(x) = 0#0,¢(x). The
energy-momentum tensor associated with this translational symmetry is written using
Eq.(2.20) as

Ty = ()00, ~ 0)0, () (2:21)

and the generator corresponding to this translational symmetry is written as

P, = / >z Ty, = / d3z ¢(x)To(0, —5)6,@(@ (2.22)

Similarly under the Lorentz transformation, the space-time coordinates transform as

/z, and the scalar field transforms as d¢(z) = 3(2,0,¢(z) — z,0,0(x))w"”.

The conserved quantity corresponding to this Lorentz transformation is given as

0z, = w

M, = / >z Moy (2.23)

where
1-_

My = 5600, 0) (2,0:6(2) = 220,0(x)- (2.24)

The number operator corresponding to a field can be calculated by obtaining the con-
served current corresponding to the global phase transformation symmetry. Under a
global phase transformation, i.e, ¢(x) — ¢'(z) = e~"*®¢(x), the infinitesimal change in
the field and its adjoint are d¢(z) = —iad(r) and d¢(z) = iag(x) respectively. Thus

using Eq.(2.20), we get the number operator corresponding to ¢(z) as

N = —ia / Bz 3()To(0, — 9)o(x). (2.25)

The Noether’s prescription allows us to calculate the conserved currents for continuous
symmetries only. However the above method provides a way for obtaining the conserved
currents associated with the discrete symmetries also. Note that, unlike the Noether’s

method here one uses only the equations of motion to get conserved currents [12].

We now discuss the conserved currents corresponding to parity, charge conjugation and
time reversal symmetry associated with the Dirac field ¢ (x), satisfying Eq.(2.1) for A(9)
given in Eq.(2.6).

Under the parity transformation, the space-time coordinates and the corresponding
derivatives change as z; — —x;, t — t, 9; — —0; and 9y — Jp, so that the Dirac

equation also changes as A(—0;,00)¥(—x;,t) = 0. Now one can find a matrix P
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(P = 4 for Dirac field) such that Piy(—z;,t) = 1,(z;,t) satisfies the Dirac equa-
tion, i.e, A(0;,00)Yp(xi,t) = 0. In order to construct the conserved currents, we take
dY(x) = p(xs,t) [12]. By substituting this in Eq.(2.20), we obtain the expression for

the conserved current corresponding to the parity transformation as
- —
Jy = P(xi, )L, (0, = 0 )y, t). (2.26)

Next we consider the time-reversal transformations. The space-time coordinates and
their derivatives transform as x; — z;, t — —t, 9; — 0; and 0y — —0p under the time-
reversal transformation. Thus the Dirac equation also transform as A(9;, —0) v (x;, —t) =
0. There exist a matrix 7 for which T¢*(z;, —t) = ¢¥r(x;,t) satisfies the Dirac equa-
tion as A(0;, 0o)r(xi,t) = 0. Here we choose 0¢(z) = ¢ (zi,t) [12] and using this in

Eq.(2.20), we get the conserved currents for time-reversal symmetry as
- —
JH = w(xi,t)FM(G,—8)wT(:ri,t). (2.27)

We study the charge conjugation symmetry of the Dirac equation by introducing a min-
imal coupling term, describing the interaction of electron with electromagnetic field A4,
in the equations of motion. This is done by replacing 0, in Eq.(2.6) with i0, +eA, and
we denote this as A.(0,e) = iv*0, + ey* A, + m, satistying A.(0, e)y(x;,t) = 0. Under
the charge conjugation symmetry, e — —e and the complex conjugate of Dirac equation
becomes A%(9, —e)y*(z;,t) = 0. Here we can find a matrix C such that C¢*(x;,t) =
(i, t) satisfies the Dirac equation for the anti-particle (i.e, Aq(9, —e)e(z4,t) = 0).
By choosing 69 (xi,t) = te(zi,t) [12] in Eq.(2.20), we obtain the conserved current

corresponding to the charge conjugation symmetry as

T8 = (s, A0, — 9 el 1). (2.28)

Thus one can construct the conserved currents corresponding to the discrete symmetries

also from their equations of motion alone.

2.3 Quantisation of x-deformed Klein-Gordon field

In this section we generalise the Takahashi-Umezawa quantisation scheme to the x-
deformed space-time. We will then use this method to quantise the field theory satisfying
r-deformed Klein-Gordon equation, valid up to first order in a. Further we derive
the conserved currents corresponding to translational and Lorentz symmetry of the x-
deformed Klein-Gordon field. We also derive the number operator corresponding to
deformed Klein-Gordon field.
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The k-deformed Klein-Gordon equation, invariant under the undeformed k-Poincare

algebra is written using the quadratic Casimir (see Eq.(1.20) of chapter 1), as [5]
a? -
(D (1 + 4D> - m2) d(z) =0, (2.29)

where ¢(z) is the s-deformed Klein-Gordon field and

i 82€_A B 832(1 — cosh A)

k 2902 A2 ’ (230)

where A = ia0p.

For a particular choice of realisation ¢ = ¢4, given in [19-21] we get the x-deformed

Klein-Gordon equation, valid up to first non-vanishing term in a, as
(83 R —m? - maoaf)(z}(x) —0. (2.31)

The above equation reduces to the commutative Klein-Gordon equation in the limit

a — 0. Note that the additional term is a higher derivative term.

Now we generalise Eq.(2.8) to k space-time by replacing Lambda operator A(0) as
well as the Klein-Gordon divisor d(9) with their k-deformed versions A(d) and d(),
respectively. We also re-write the RHS of Eq.(2.8) using the x-deformed Klein-Gordon
equation given in Eq.(2.31). Thus we have

A(D)d(d) = d(8)A(0) = O — m? — iadpd?. (2.32)

Here Eq.(2.32) is the starting equation for the quantisation of k-deformed scalar field
theory using the Takahashi-Umezawa formalism. It is to be noted that Eq.(2.32) reduces

to Eq.(2.8) in the commutative limit a — 0.

From Eq.(2.31), we obtain the A(d) operator corresponding to the r-deformed Klein-

Gordon equation, valid up to first order in a, as

~

A(9) = O —m? — iadyd?, (2.33)

satisfying the equations of motion

AD)o(z) = 0. (2.34)

As in the commutative case (see Eq.(2.9)) here also we take the x-deformed Klein-Gordon

divisor corresponding to the xk-deformed Klein-Gordon field as the identity operator, i.e.,

d(9) =L
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We decompose the k-deformed Klein-Gordon field into positive and negative frequency

modes using the deformed creation and annihilation operators as
5 = [ —Eb((w1a) + 3" ) (23)
)= | ————=\1Up(x)a Uy (x)a ) .
J@n)2E, \ T b
where F,, is the commutative energy which is defined using the usual dispersion relation

as B, = \/p? + m2 1

Note that the @(z) appearing in Eq.(2.35) satisfy the k-deformed Klein-Gordon equation,
ie.,

A(@)a(x) = 0. (2.36)

We solve the above equation perturbatively by expanding u(z) up to first order in the

deformation parameter as
a(z) = u'(z) + aau (). (2.37)

Here « is a real parameter having the dimension of [L]7!. We also note that A(@)
naturally split as
A©@) = A0 + aAD (9). (2.38)

Now we substitute Eq.(2.37) and Eq.(2.38) in Eq.(2.36) and keep the terms valid up
to first order in a. Thus we get two equations corresponding to a independent and a

dependent coefficient terms. They are given by

(2.39)

By solving the first equation of Eq.(2.39), we get u(9)(z) = e~ and this represents
the plane wave solution of the commutative Klein-Gordon equation. Substituting the

commutative solution u(?)(z) = e~ in the second equation of Eq.(2.39), we get

(D - m2)u(1)(:v) _ 1 ppie Pt (2.40)
«

We solve the above inhomogenous differential equation using the Green’s function method

and the solution is defined as

uM(z) = uO(z) + / Gz — 2')j(z")d s, (2.41)

'In general one need to use the x-deformed dispersion relation (i.e., Ej = p*(1+akE,) +m?, valid up
to first order in a). In order to simplify the calculations, we use the commutative dispersion relation.
But here we have included the x-deformed corrections through 4(p) and through deformed creation and
annihilation operators respectively.
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where j(z) = L E,p?e~* and G(z — 2’) is the Green’s function that satisfy the commu-

tative Klein-Gordon equation as
(D - m2>G(x — ) =8z — ). (2.42)

Using the Fourier transformation in the above equation, we obtain the form of the

Green’s function as

d4p 1 —ip(x—2a’
6=~ [ Gl

4
- G
T

Now we solve the pg integral in Eq.(2.43) by shifting the poles, i.e, pg = E, and py = —E,

(2.43)

by ie. Thus we re-express Eq.(2.43) as

3, —ip (T
G(x —2') = lim dip e TET) /dmeipo(t—t') 1 B 1 .
=0 ) (2m)3  2E, 27 (po— Ep) +ie  (po+ Ep) —ie

(2.44)

Using the definition of the step function, i.e,

etz (t=t')
lim [ dz — = —2mif(t —t'), (2.45)

e—0 Z + 1€

in the above equation and after re-arranging the terms we get the explicit form of the

Green’s function as

d3p i —ip(z—a’ ip(x—a’
Gz —2') = —/ @n)? 3E, <9(t —t)e~ @) L g(¢' — 1)l )>. (2.46)

Using this we calculate the second term on the RHS of Eq.(2.41) as
/d4:1;'G(:1: - :c’)j(ac’)
/d4 // d3 /
d3 /
= —27r7j/
pl
/

— |: (tl . t)eip’(m—m’) + H(t N t/)e—ip’(m—z’)] &(er—ipw’
(0%

o(t' — t>eip’:v / d'a’ i)’ 0(t — t’)efip’xefi(pfp’)x’ &(@2
2F (2m)4 o
3 L, " E,
= —omi [ T2 gt — 0)e 5 p + pf) + 6t — ) PTS4(p — )| 22 ()
2Ep’ «

=— {9@ — 1)e” o 5 (py + ply) + Ot — ')€" 5 (py — pé)] PR

(2.47)
Now using the identity d(z — a)f(x) = §(z)f(a) and re-writing the delta and step
functions using their integral representations, we find that the above expression vanishes.

Substituting this and Eq.(2.41) in Eq.(2.37), we get the complete solution 4(p), valid up
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to first order term in a, as
i(z) = (14 aa)e P? (2.48)

We see that this a(z) (valid only up to first order in a) is proportional to the commutative
solution e =%, After substituting Eq.(2.48) in Eq.(2.35), we get the x-deformed Klein-

Gordon field operator, valid up to first order in a, as

A d3p < ) .

z) = | ————=( (14 aa)e Pa(p) + (1 + ac)eP*a] ) 2.49
o) = [ o (1 a0 i) + (L a)eil(p). (249
From the above expression it can easily be seen that in the limit a — 0, we get back the

usual field operator satisfying the Klein-Gordon equation.

For a scalar theory we assume that the deformed creation and annihilation operators

satisfy the usual commutation relations, i.e.,

[a(p),a(p")] =0, [a'(p),a’(p")] =0, [a(p),a’(p))] =6(p—p'). (2.50)

Using Eq.(2.13) we write down the (unequal-time) commutation relations between k-

deformed real scalar field and its adjoint as
[b(x), p(a)] = iA(z — 2'). (2.51)

We now assume A(z — 2’) to have an a dependent correction term f(z — 2’) (whose
explicit form is unknown), so that we express A(z —a') = A(z —2/) +af (xz —z'). Hence
Eq.(2.51) becomes

[b(z), ()] = iA(z — 2') + iaf(z — ). (2.52)

Using the explicit form of the k-deformed field operator quS(x), i.e, Eq.(2.35) in Eq.(2.52),

we get the (unequal-time) commutation relation as

~ ] /@n)2E,2E,

L= 30 434/
[6(), (") ey (O&R@@@uﬂ—u$Ww@%f0mwxﬁ@m+

By using the explicit form of u](go) (x) and u,gl)(:v) from Eq.(2.48), we get

[3(x), p(2")] = i(1 + 2aa) Az — ). (2.54)

We identify f(z — 2’) = 2aA(x — ') by comparing Eq.(2.54) with Eq.(2.52).
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Thus we obtain a deformed (unequal-time) commutation relation between the deformed
scalar field and its adjoint by assuming that the deformed creation and annihilation

operators satisfy the usual oscillator algebra, as given in Eq.(2.50).

Now instead of using Eq.(2.50), let us assume that the oscillator algebra to be deformed

(such that the deformation is valid up to first order in a)
a(k), a(k)] = [a' (k) al (K] = 0, [a(k), &' (k)] = g(a)o” (k — k). (2:55)

where g(a) is an arbitrary linear function in @, and in the limit a — 0, g(a) = 1. Now
we use this deformed commutation relation in Eq.(2.53) and we repeat the above steps
to get the unequal-time commutation relation between x-deformed scalar field and its
adjoint as

(2")] = ig(a)(1 + 2a)A(x — 2). (2.56)

-l

[B(x),

The above commutation relation becomes undeformed (valid up to first order in a) for

a particular choice g(a) = 1 — 2aa. Thus we have
[6(2), d(a")] = iAA(x — 2!). (2.57)

Now we substitute this g(a) = 1 —2aa in Eq.(2.55) and we get the r-deformed oscillator

algebra, valid up to first order in a, as
[a(k),a(k")] = [dT(k),&T(k")] =0, [&(k‘),dT(k')] =(1- 2aa)53(k: — K. (2.58)

Thus here we find that the commutation relation between k-deformed scalar field and

its adjoint becomes undeformed for the deformed oscillator algebra, given in Eq.(2.58).

2.3.1 Conserved currents for k-deformed scalar field

In this subsection, we construct the conserved currents corresponding to translational
and Lorentz symmetries, for the scalar field in the xk-deformed space-time, by reformu-

lating the expression for conserved currents defined in Eq.(2.20) for the x- space-time.

Comparing Eq.(2.3) and Eq.(2.33), we obtain the components Am Auu, ..ete, correspond-

ing to the x-deformed Klein-Gordon equation as

~ ~ ~

Apr = —1a8,00,i0xi, Ay = my, Ay =0, Agy = —m?. (2.59)
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. =
Substituting Eq.(2.59) in Eq.(2.16) we get the expression for the I',(0, — 0 ) operator
for k-deformed Klein-Gordon field as

P.0,-8)=0,- 9,2 (64002 — 600
DI - (2.60)
26,9100 — 8,30; 0 — 5maoai).

From the above, we see that a dependent terms in RHS of the equation are coming from
the first order x-deformation correction terms present in the equations of motion for
. —
scalar field. We find that the I',(0, — 0 ) operator defined above satisfies the identity,
i.e., Eq.(2.19), in k space-time also as
“— \ = — A A

(au +9 M) DH(0,-9) = A®) — A(—9). (2.61)

The general expression for the conserved currents associated with k-deformed scalar field

is obtained by substituting Eq.(2.60) in Eq.(2.20) as
A A — A
= 9() (0 — 9,4)2(x)
%( ) (5002 — 89+ 52) +6,4(20:00 +20; 90 — 850 — ' 05) )56 (a).
(2.62)

The conserved current for the deformed scalar field pick up a dependent correction terms

from fu(a, 75) and ¢(x).

Under the translation, the x-deformed space-time coordinate transform as &, — 5% =
2, +02,. We determine the infinitesimal change in the x-deformed space-time coordinate
02, using the relation 6z, = 6”[D,,Z,], where 6, is the parameter associated with
translational symmetry. Thus by substituting the explict form of D, and %, from

Eq.(1.18) and Eq.(1.12) (of chapter 1), we obtain 62, valid up to first order in a, as
02, = 0, +1ab” (nu + 6,400,). (2.63)

The infinitesimal change associated with the translation is given as d¢(z) = 5:@“(%(25(;17).
By substituting Eq.(2.63) in 5$(m) = 65&“8uq5(x), we obtain the explicit form of 545(@,

valid up to first order in a, as

5 (x) = 0" (0,0 (x) + ia(9ud(x) + D0dud(x))). (2.64)
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By substituting Eq.(2.64) in Eq.(2.62), we obtain the conserved current associated with

the translational symmetry of the deformed scalar field as

Ju = 80) (0 = 0,)00(0)0" — £b00(0) (01— 05+ 570, (a)e"
_ %a@uﬂg(ﬂ?) (2&'&) - (91‘(50 - %180 + 2<5i<50) 0y b(2)0” (2.65)
+iag(w) (9 - %u) (O + 900y) ()0”

From the above equation, we find that the last terms are contributed by the a dependent

terms of 0%,. Similarly the % dependent terms of the conserved current expression are
contributed by the a dependent terms present in I'*, see Eq.(2.62). Using the relation
JAH =T wt”, we write down the expression for the energy-momentum for s-deformed

Klein-Gordon field, valid up to first order in a, as

Ty = 3(0) (0 — 0,)00(0) — 5 0,00(2) (0~ 00+ 92 (a)
— %5qu2§(:13) (281'80 — 8230 — %

+iad(@) (B — 9 ,.) (B, + D) ().

i0o + 25230)81,&(33) (2'66)

It is clear from the above expression that the energy-momentum tensor corresponding
to the k-deformed scalar field is not symmetric due to the a dependent terms of the
k deformation. From Eq.(2.66), we can obtain the momentum corresponding to k-

deformed scalar field as
P, = / d*z To,. (2.67)

The infinitesimal change in the x-deformed space-time coordinate associated with the
Lorentz symmetry is defined as 62, = [M,, & Alw”?. By using the explicit form of M,

and &,, we get d2, corresponding to Lorentz symmetry (valid up to first order in a) as

(5.5i"u = x,,w”u + ia ((5#0%')\81, — (5,,056)\8# + 77“)\56',/80 + 5“0(5)\0.%081, — 50y77u)\x080 ( )
2.68
—00u 0N + 50M:EV8>\>OJ”)‘.

Similarly the infinitesimal change in the deformed scalar field under the Lorentz transfor-
mation is obtained as d¢(z) = (5§:M8“<;3(a:). Substituting Eq.(2.68) in d¢(z) = 5@8%(@«),
we obtain the infinitesimal change in the deformed scalar field, valid up to first order in
a, as
~ 1 ~ ~ ) ~ ~
60(w) = 5 (:L',,(?)\d)(x) - mm(w))w + %( — 8,0220a0°H(x) + 0302, 000 d(x)
500Tadr0YH(x) + Ir0rady®d(x) — 28, d0(x) + myﬁ,\ao(;g(x»w”)‘

(2.69)

After substituting Eq.(2.69) in Eq.(2.62), we get the explicit form of the conserved
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current corresponding to the undeformed k-Lorentz symmetry of k-deformed scalar field

as

Ju= 30(@) (0~ 3,0 (105 — 220,) Bl
—%“5#0@3(35) (0 - 0,9+ 53) (2,05 — 220, ()"
—%“5“@(3;) (20100 — 090 — D200 +29,90) (1205 — 220,) )™ (270)
—%“qé(x) (0, - 9,) (5,,0maaaa Sy 0my D0

0,020 On0™ — GrotaOyO™ + 20,0 — xyaAao) d(x)w

; o “—
In Eq.(2.70), we observe that % dependent correction terms come from the I', (0, — 9 )
operator and % dependent correction terms come from the infinitesimal change in the

deformed scalar field associated with the undeformed x-Lorentz symmetry.
Using the relation J, = MW,\w”’\ in Eq.(2.70), we obtain MWA as

A 1~

i = =
2
M/LV)\ = 0

§¢(x) (O — 5#) (2,0) — 220y) p(z) — %a L00(x) (33 —-0;0;+ 1) (2,00 — l‘/\au)ﬁg(@

] A — — = = i
= 25,0(2) (20100 — 0,90~ 9100+ 29,00 (1,0 — 220,) ()
a4 A7y « « fe% fe%
—50(@) (0~ 9,) (5,,033@3 5307000 + Sp0Tadrd® — Sr0Tadyd
239,00 — :U,,a)ﬁo)d;(m).
(2.71)

We obtain the expression for Lorentz generator (valid up to first order in a) corresponding
to the deformed scalar field from Eq.(2.71) as

M, = /d% Moy (2.72)

2.4 Deformed Unruh effect

In this section we study the effects of the k-deformation (valid up to first order in a) in
the Unruh effect. This is studied using the deformed oscillator algebra corresponding to
the r-deformed scalar field derived in Eq.(2.58).

When a uniformly accelerating observer (with constant proper acceleration A) measures
the vacuum expectation value of the number operator (corresponding to accelerating
frame) in the Minkowski vacuum, particles are found to be in a thermal bath whose

temperature is 7' = 24, This is known as Unruh effect [26-29).
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First order k-deformed corrections to Unruh effect has been derived in [23], by calculating
the response of uniformly accelerating monopole detector coupled to the massless k-
deformed complex scalar field (invariant under the x-Poincare algebra). Similarly in
[24], a® dependent corrections to the Unruh effect has been obtained from the response

function of uniformly accelerating detector coupled to massless k-deformed scalar field.

Here we derive the first order k-deformed corrections to the Unruh effect corresponding
to the deformed scalar field by using the method of Bogoliubov coefficients. For this,
we first consider a massless k-deformed Klein-Gordon field in the 1 4+ 1 dimensional
Minkowski space-time, such that the corresponding creation and annihilation operators
satisfy deformed oscillator algebra. Next we consider the massless k-deformed Klein-
Gordon field in the 1 4+ 1 dimensional Rindler space-time. We then use the method of
Bogoliubov transformation to connect the frequency modes in the Minkowski basis with
the frequency modes in the Rindler basis. Next we calculate the vacuum expectation
value of the number operator defined in the Rindler basis over the Minkowski vacuum.
In calculating this, we use the deformed oscillator algebra satisfied by the creation and

annihilation operators given in Eq.(2.58).

Let us consider a 1 + 1 dimensional Minkowski space-time? as
ds* = —dt* + dz>. (2.73)

Now we consider a massless k-deformed Klein-Gordon field in this 1 + 1 dimensional
Minkowski space-time. The corresponding equation of motion (valid up to first order in
a) is

(82 — 9% — iad,0%)p(z,t) = 0. (2.74)
The deformed field operator qg(z, t) can be separated into left and right moving sectors

and further by decomposing it into deformed positive and negative frequency modes, we

get

b(z,t) = (1 + aa) / i’;k (B+keik(t+z) n Blke—ik(t—i-z) 4 b_geike—) 4 l;T_keik(z—t))

=
(2.75)

We define the Minkowski vacuum state as |0),,, such that b, and b_j, annihilate the
Minkowski vacuum (i.e., by, ]0),, = 0 and b_, |0),, = 0 respectively). These operators

satisfy the deformed oscillator algebra as (see Eq.(2.58))

[bak, bl ] = (1 = 2a0)d(k — k). (2.76)

2In general one can use the x-deformed metric to study the Unruh effect in & space-time. But here we
focuss on the k-deformed corrections in Unruh effect due to the deformed oscillator algebra alone. Hence
we consider the usual metric in this calculation. See chapter 5 to see the construction of x-deformed
metric.
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Now we define the null coordinates as
U=t—z V=t+z (2.77)

In terms of these null coordinates Eq.(2.75) can be written as

3(t,2) = 6+ (V) + - (U), (2.78)

where gZA)Jr(V) and gfg_(U) represent the left and right moving sectors of the deformed
scalar field in the 1 + 1 dimensional Minkowski space-time. Their explicit forms are

given as

d4(V) = (1 + aa) ikV4+61ke—%V), (2.79)

F

and

$_(U) = (1 + aa) L U 4 I;T_ke_ikU). (2.80)

F

Here ¢_(U) and ¢, (V) are independent solutions of Eq.(2.74). So now onwards we

consider only the left moving sector, i.e., ¢, (V) for the remaining discussions [29].

Now we consider the Rindler space-time which is defined by the regions |t| < z and
|t| < —z. The region |t| < z is known as the Right Rindler Wedge (RRW) and || < —=z
is known as the Left Rindler Wedge (LRW). The coordinates in the RRW and LRW
regions are defined as (7, () and (7, () respectively [29].

The coordinates of RRW are related to Minkowski coordinates by the following coordi-

nate transformation [29]

AC AC

t= %SinhAT, z = 67(:oshA7', (2.81)

where A is the constant proper acceleration. Under the above coordinate transformation

the line element defined in Eq.(2.73) becomes
ds? = —e?AS(dt? — d2?). (2.82)

Similarly the coordinates of LRW are also related to Minkowski coordinates by the

following coordinate transformation
eAC eAC
t= TSiHhA’F, z = —TCOShA’f. (283)

In terms of LRW coordinates, the line element defined in Eq.(2.73) becomes

ds® = —e*A(dt2 — dz?). (2.84)
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Comparing Eq.(2.82) and Eq.(2.84) with Eq.(2.73), we observe that the Rindler metric
is conformally related to the Minkowski metric in 1 + 1 dimensions. Thus the deformed
Klein-Gordon equation in 1 + 1 dimensional Rindler space-time takes the same form as
that in 1 + 1 dimensional Minkowski space-time. Thus deformed scalar field equations
in RRW and LRW are given as

(0F — 92 —ia0,02)p((, 7) = 0, (2.85)

and
(02 — 02 —iad:02)$((,7) = 0, (2.86)

respectively.

Again the solutions can be separated into left and right moving sectors. But here we
consider only the left moving sectors. For the calculational simplications we define the

null coordinates in RRW and LRW and they are given by
u=1—-( v=T1+¢(, (2.87)

and

l
Il
il
|
Al
|
Il
Rl
+
I

(2.88)
respectively.

Substituting Eq.(2.81) in Eq.(2.77) and using Eq.(2.87) we get the relation between the

null coordinates in Minkowski space-time and RRW as

(2.89)

Similarly by Substituting Eq.(2.83) in Eq.(2.77) and using Eq.(2.88) we get the relation
between the null coordinates in Minkowski space-time and LRW as
Aa efAT)

a0 VT

U= (2.90)

Here we consider only the left moving sectors of the field. Thus the solutions in RRW

and LRW are given using the left moving sector alone as

6(0) = (1 +aa) |

d . .
w (dfu)ezwv +&L€U€—zwv) (291)
4w

T

and

T (s dw ~ WD ~ —iwd
¢4+ (V) = (1 + aa) T (aﬁwe + aILLwe ), (2.92)

respectively.
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The vacuum state in the Rindler space-time is defined as |0) . The operators a%,, and

a%,, annihilate the vacuum in RRW and LRW, i.e., aff,, [0), = 0 and a%,,|0), = 0,
respectively. These operators also satisfy the deformed oscillator algebra (in RRW and

LRW separately) as
(@t (), 15, (K)] = (1 — 2a0)3(k — &), (2.93)

and
[ (k) 6%, (k)] = (1 — 2a0)d(k — k). (2.94)

We now use the method of Bogoliubov coefficients to connect the frequency modes of
RRW and LRW with that of the Minkowski space-time. These Bogoliubov coefficients,
olt Bl oL and BL, | are introduced through [29]

e—iwv dk L ;
—= m(a,{jke RV gl RV, (2.95)
—iwv dk ) )

. (alpe™™®V 4 BL V), (2.96)

4w - Vark

In order to obtain af,, we first multiply Eq.(2.95) by ¢

1 . .
= —4/ k /dVe’kVe_“"” (2.97)
TV w

We rewrite e~V using Eq.(2.89) and thus Eq.(2.97) becomes

1 /k
= —1/— / dV (A

™V w
Now we take V = %% and using the integral representation of Gamma function, obtain
R _ [k zdx E

awk - / k,
- ”}A()%( T)

27

i

. . —ikV
we first multiply Eq.(2.95) with

integrating over V, we obtain

(2.98)

(2.99)

For finding B%

expression over V. We then do a change of variable by V' = —%% and using the definition

wk? and then integrate the resulting

of Gamma function, we get

mo= o2t 2 (%)_TF(l - %) (2.100)
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We now multiply Eq.(2.95) with ™ and integrate over V. After doing a change of

2
T

variable V' = 4% and using the definition of Gamma function we get aik as

L ie2A (A)’X ( z’w)

ok, = 77 (2 (14 2, 2.101

wk o ﬁwk: k A ( )

Next we multiply Eq.(2.96) with e;’;‘/ and integrate over V. After doing a change of

variable V = 77” and using the definition of Gamma function we get ﬂﬁk as

; ie 24 (A)ZK“F<1 iw)

= —F— + — . 2.102

Pk 2wk \ k A ( )

From Eq.(2.99), Eq.(2.100), Eq.(2.101) and Eq.(2.102), we find that the Bogoliubov

coefficients obey the following relations

_mw
ik = —e 4 045727
" e (2.103)
wk = T € A Qup

We notice here that the Bogoliubov coeflicients satisfy the same relations as that in the

commutative case [29)].

Now we replace the positive and negative frequency modes of the deformed field (i.e,
e™? and e~"v) in RRW using Eq.(2.95) and the relations given in Eq.(2.103), we get

7I8

~TR dk ( R _—ikV W T sz>>:|
a alle —e Aqaite .
+w < /747'(]{5 wk wk

Similarly by replacing the positive and negative frequency modes of the deformed field

(i.e, e™? and e~™7) in LRW using Eq.(2.96) and using the relations given in Eq.(2.103),

(2.104)

we get

¢4(7) = (1 + aa) /dw [&£w< \/iik (aizeikv _ G—Tagke—ikv>>+
0

~fL dk ( L _—ikV —TW R sz>>:|
a ae —e Aqa)Te .
+w < /747'(]{5 wk wk

(2.105)

The complete solution to deformed field equation in the Rindler space-time is given (in

terms of left moving sector alone) as

0+(v,0) = ¢4 (v) + &+ (0). (2.106)
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By subtituting Eq.(2.104) and Eq.(2.105) in Eq.(2.106) and after some rearrangement,

we obtain

n dk Tw TWw .
¢4 (v,0) = (1 + aa) / T {/dw (aﬁ}z (dfw - edeLLw) + alx (dﬁw — eA&Li))elkV
T

+ /dw <agk (df}u - e_%ﬁerw) +ak, <d1Lw - e_ﬁ;‘ﬂdffw)> e_ikv} .

(2.107)
eV and e~"*V are the positive and negative frequency modes of the deformed scalar field
in 141 dimensional Minkowski space-time. By comparing Eq.(2.105) with Eq.(2.79), we
observe that both represent the deformed scalar field, decomposed in terms of Minkowski
modes in 1 + 1 dimension. Thus from the above we find that the operators (a%, —

677&]&”) and (a%,, — 677&;@;) annihilate the Minkowski vacuum. Thus we have

(., — e Fall, ) 100y =0, (2.108)

(aﬁw - e*%afw) 10),, = 0. (2.109)

Now we multiply Eq.(2.108) and Eq.(2.109) with their hermitian conjugates and by using
Eq.(2.93) and Eq.(2.94) in the resulting expression, get

_ 27w

~ ~ 2nw _ 21w N ~
wr (0] alfalt, 10) = e 3 (1 = 2a0) + e 3y (0l 0k, 10) (2.110)
and
N R _ 27w _ 27w N N
(0@l ak 10),, = e 75 (1 = 2a0) + e~ 727 5 (0] a1 Akt |0),, - (2.111)

By solving the above equations simultaneously we obtain the vacuum expectation value
of the Rindler number operators in Minkowski vacuum, i.e., ys (0| Nz |0),,, where Nz =

AL AL _ ATR AR
al,a%,, =al,a’l,,. Thus we get

~ 1 - 2ac
ea —1

This shows that the Unruh temperature is Ty = %. Due to k-deformation, the vacuum
expectation value of the number operator corresponding to Rindler particle gets mod-
ified by a (1 — 2ac«) factor. This modification has been contributed by the deformed
algebra associated with the creation and annihilation operators of the left and right
Rindler wedges, i.e., Eq.(2.93) and Eq.(2.94). Here we find that the Unruh temperature
associated with vacuum expectation value of the number operator is unaffected by the
k-deformation and this is in contrast with the results obtained in [23, 24]. It is to be

noted that these observations are valid only up to first order in a.
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2.5 Conclusions

In this chapter, we have generalised the quantisation procedure discussed in [7, 8] to
the k-deformed space-time. This method enable us to quantise the x-deformed field
theories from their equations of motion alone, without referring to its Lagrangian. This
is desirable as only the equation of motion of the k-deformed field is uniquely defined, but
not the Lagrangian. The quantisation is achieved by constructing the operators such as
A(0) and d(9) (Klein-Gordon divisor) in the x-space-time. Further, this method is also
used to analyse the symmetries associated with the field theories in the k-space-time.
These deformed conserved currents are constructed form their equations of motion with

the help of f“(ﬁ) operator in the x-deformed space-time.

We have begun the quantisation of xk-deformed scalar field from its deformed equations of
motion (valid up to first order in a) derived from the quadratic Casimir of the undeformed
k-Poincare algebra. From the solutions of the equations of motion and Klein-Gordon
divisor, we have derived the deformed unequal-time commutation relation (valid up to
first order in a) between the deformed field operator and its adjoint, by assuming the
standard commutation relation for the oscillator algebra. By assuming the unequal-
time commutation relation between deformed field and its adjoint to be undeformed,
we obtain a deformed oscillator algebra, valid up to first order in a. This deformed

oscillator algebra is different from the one derived in [22].

We have also constructed the conserved currents (valid up to first order in a) correspond-
ing to the translational as well as the Lorentz symmetry for the x-deformed scalar field.
It has been shown that the energy-momentum tensor of the k-deformed scalar field is
no longer symmetric in its indices (even at the first order in a). Similar non-symmetric
energy momentum tensor has also been obtained for the scalar fields in Moyal space-time
[30].

Here we have studied the effects of the x-deformation in the Unruh effect using the
massless k-deformed Klein-Gordon equation in the 1 + 1 dimension and its associated
deformed oscillator algebra. By using the method of Bogoliubov transformation we have
calculated the expectation value of the (Rindler) number operator in the Minkowski
vacuum and obtained the thermal distribution at Ty = %. This distribution gets an
overall modification and this deformation factor appearing in the modification of Unruh
effect is exactly the same as that appearing in the deformed oscillator algebra (valid
up to first order in a). An another observation is that the Unruh temperature of the
thermal bath remains unaffected under the x deformation (valid up to first order in a).
It will be quite interesting to check whether this Unruh temperature remains the same

even if we consider all the higher order terms in a.
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Chapter 3

Quantisation of k-deformed Dirac

field

3.1 Introduction

Various forms of deformed Dirac equation have been constructed in the k-deformed
space-time and different properties of the k-deformed Dirac field satisfying such mod-
ified equations of motion have been studied extensively in the recent times [1-7]. The
k-deformed Dirac equation has been obtained in [1] such that its square would give
the deformed Klein-Gordon equation. But this deformed Dirac equation is not invari-
ant under the k-Poincare algebra. In [2], k-deformed Dirac equation, invariant under
the k-Poincare algebra has been constructed in such a way that its square gives the
second Casimir of x-Poincare algebra (which is the square of deformed Pauli-Lubanski
vector). A modified Dirac equation consistent with the doubly special theory has been
constructed in [3] and it has further been shown that this modified Dirac equation arises
as the deformed Dirac equation in the xk-Minkowski space-time. In [4], Dirac equations
compatible with doubly special relativity, describing particles and anti-particles, were
constructed and these equations are shown to be different from each other. The -
deformed Dirac equation has been constructed in [5] by replacing the usual derivative
in Dirac equation with the Dirac derivative corresponding to the x-Poincare algebra. In
[6], deformed Dirac equation, invariant under the undeformed k-Poincare algebra has
been constructed using the Dirac derivative of the undeformed x-Poincare algebra. In
[7], k-deformed Dirac equation (invariant under undeformed r-Poincare algebra) has
been constructed from the undeformed k-Lorentz transformation. In all these works,

the deformed Dirac equations have been derived without reference to the Lagrangian.

49
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Therefore it is crucial to study the quantisation of the k-Dirac field using its deformed

equations of motion.

Here we quantise the k-Dirac field from its deformed equation of motion, using the quan-
tisation procedure discussed in the chapter 2 (see [8—11] for more details). We start with
the r-deformed Dirac equation [6], which is invariant under the undeformed x-Poincare
algebra and construct the corresponding Klein-Gordon divisor in the s space-time. By
assuming a usual fermionic oscillator algebra between the creation and annihilation op-
erators, we derive a deformed anti-commutation relation (valid up to first order in the
non-commutative parameter) between the deformed Dirac field and its adjoint, at un-
equal times. We also derive a deformed oscillator algebra (valid up to first order in
a) by assuming the unequal-time anti-commutation relation between the x-Dirac field
and its adjoint to be undeformed. This deformed oscillator algebra differs from the one
derived in [12], where it has been derived using the twisted flip operator compatible with
the undeformed k-Poincare algebra [13, 14]. By analysing the translational and Lorentz
symmetries associated with the x-Dirac field, we derive the energy-momentum tensor
and k-Lorentz generators corresponding to the deformed Dirac field. We also derive the
number operator corresponding to the k-deformed Dirac field and show that it contains

a mass-dependent correction term.

Different aspects of discrete symmetry have been studied in the x-Minkowski space-time.
It has been shown in [6] that k-Dirac field is not symmetric under the charge conjugation.
The k-deformed Dirac equation, obtained from the k-Poincare Hopf algebra has been
shown to break charge conjugation as well as time-reversal symmetry [15]. It has been
shown in [16] that the x-deformed Duffin-Kemmer-Petiau equation also violates the
charge conjugation symmetry. In [17], the discrete symmetries associated with the k-
deformed complex scalar field have been discussed in detail and it has been shown
that under the charge conjugation symmetry, a particle, associated with k-complex
scalar field, transforms into an antiparticle with different momenta. The quantisation
procedure discussed in [11, 18, 19] provides a unique way of constructing the conserved
currents associated with the discrete symmetries, from their equations of motion. We
derive the conserved currents corresponding to the discrete symmetries of the k-deformed
Dirac field using the equations of motion itself. We show that charge conjugation is not
a symmetry of the x-deformed Dirac field, even at the first order in the deformation

factor.

This chapter is organised in the following manner. In sec.3.2, we study the quantisation
of k-Dirac field (valid up to first order in a) using the quantisation procedure discussed
in sec.2.2 (see chapter 2). We then derive the deformed anti-commutation relations

between the x-Dirac field and its adjoint by assuming the usual form of the fermionic
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oscillator algebra. We then obtain the deformed oscillator algebra for the x-Dirac field,
by demanding the anti-commutation relations between the x-Dirac field and its adjoint
to be undeformed. In sec.3.3, we analyse the continuous symmetries and construct the
energy-momentum tensor and Lorentz generator of the x-Dirac field. In subsec.3.3.1, we
study the discrete symmetries associated with the k-deformed Dirac field and obtain the
corresponding conserved currents from the deformed equations of motion. By using the
consistency condition, for the conserved current, of Takahashi-Umezawa formalism, we
show that the deformed Dirac equation is not symmetric under the charge conjugation,
even up to the first order in the deformation parameter. Finally, in sec.3.4, we give the

concluding remarks.

3.2 Quantisation of x-deformed Dirac field

In this section, we present the derivation of the s-deformed Dirac equation, valid up to
first order in the deformation parameter a, from the Dirac derivative defined in Eq.(1.18)
(of chapter 1). We then quantise the deformed Dirac field satisfying the x-deformed Dirac
equation, by applying the Takahashi-Umezawa quantisation procedure, summarised in
chapter 2 [10, 11]. We then demand that the anti-commutator between the field and
its adjoint to be undeformed and show that this leads to a deformed oscillator algebra,

valid up to first order in a.

The k-deformed Dirac equation (invariant under the undeformed x-Poincare algebra)
is constructed by replacing the commutative derivative with Dirac derivative [6] and is
given by

(mwpu+n0¢@):o, (3.1)
where TZJ(IE) is the s-Dirac field. The explicit form of the Dirac derivative D,, is given as
(see chapter 1 for details)
sinh A pe A e~

+iad Dy =0,"—, (3.2)
¥

Dy = 09 1 k92

where A = ia0p.
Similarly, the x-deformed conjugate Dirac equation can be written as
@Z(m) (i%ufy“ - m) = 0. (3.3)

The product of Eq.(3.1) and Eq.(3.3) gives the r-deformed Klein-Gordon equation given
in Eq.(2.29) (see chapter 2).
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From now onwards we choose the realisation ¢ = e~4 [20-22] as in chapter 2. Thus by
substituting the explicit form of Dirac derivative, given above, in Eq.(3.1) and Eq.(3.3)
and expanding it up to the first order in a, we get the k-deformed Dirac equation and

its conjugate equation, valid up to first order in a, as
a ~
(Mau + 57007 + m>¢(x) —0, (3.4)

and

1&(:5) (z’%,ﬁ“ + %70%? - m) =0, (3.5)

respectively. The product of Eq.(3.4) and Eq.(3.5) gives the deformed Klein-Gordon
equation, valid up to first order in a, (see Eq.(2.31) (here we have used [y*,~"]+ =
—2nM"), i.e.,

(i'y“au + gv%? +m) (Way n gryoaf . m) = 9,0" — iadgd? —m?.  (3.6)

In chapter 2, we have generalised the quantisation procedure discussed in [10, 11], to the
r-deformed space-time. Here we will use the same procedure to quantise the deformed

Dirac field. From Eq.(2.32) (of chapter 2), we have

~ ~

A(2)d(9) = 0,0" — iaB6d? — m?. (3.7)

Comparing Eq.(3.6) with Eq.(3.7), we get A(9) and d(d) operators corresponding to

r-deformed Dirac field as

~

A(9) = in 9, + gyoaf +m, (3.8)
and
d(9) = in"8, + gyoaz? —m. (3.9)

Note that in the commutative limit a — 0, Eq.(3.8) and Eq.(3.9) reduce to Eq.(2.6) and
Eq.(2.10), respectively.

Using A((‘?) in Eq.(3.8), the k-deformed Dirac equation can be written as

~

A@)(z) = 0. (3.10)

The r-deformed Dirac field operator and its adjoint are expressed in terms of Fourier

components as

> (as@)is@)e™ + bl (p)os(p)e™) (3.11)

S d3p
vz = / V@m)P2E, =,
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and

e by (PP PT),  (312)

/\/WZ(AT P)is(p

where Eg =p>+m? 1, a,, bs and d;r, d;r are annihilation and creation operators,

respectively. Note that in the above relations, is(p)e™* and 94(p)e™* satisfy the k-
deformed Dirac equation, i.e., A(9) (@is(p)e~P*) = 0 and A(0) (0s(p)e'?*) = 0. We solve
these equations perturbatively by expanding 4(p) and 0(p) keeping terms up to first

order in a, obtaining

a(p) = ul® aauV)
(p) (p) + (p), (3.13)

i(p) = vV (p) + acw(p),

where the parameter o has the dimension of length inverse. Substituting Eq.(3.13) in
the expressions A(9) (@s(p)e™*) = 0 and A(D) (0s(p)eP*) = 0, we get

(z”y“ﬁ“ + gyoa? + m) (u(o) (p) + aau(l)(p))e_ipx =0, (3.14)

and
<z”y“8u + g’yoaf + m) (v(o) (p) + aav(l)(p))eim =0. (3.15)

By separating the a independent and a dependent terms of Eq.(3.14), we get two equa-

tions and they are
(z"y“@u + m)u(o) (p)e” P =0, (3.16)

<z’ory“8u + ozm) uM (p)e™P* = —%voﬁfu(o)e*im. (3.17)

Now we solve Eq.(3.17) using Green’s function method and the solution is given as

u(l)e—im: — U(O)e—ipr + /d4LL‘,G(SL‘ o .’E/)j(ﬂi‘/), (318)

where G(x — ') satisfies (iy“@u + m)G(x — ') = 0*(x — 2') and the source term is
defined as j(x) = iyop?u(o)e_im. The the explict form of the Green’s function is given

as

d4p p_m —ip(x—a’

We now rewrite the above Green’s function using that for the scalar field, Geqqr(x — )
(see Eq.(2.43 of chapter 2), as

G(z — ') = (i — m)Gseatar(x — 7). (3.20)

'Tn general one need to use the x-deformed dispersion relation (i.e., Ef, =p?(1+aFE,) +m?, valid up
to first order in a). In order to simplify the calculations, we use the commutative dispersion relation.
But here we have included the k-deformed corrections through deformed spinors 4(p), 9(p) and through
deformed creation and annihilation operators respectively
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Using Eq.(3.20) in Eq.(3.18), we get the second term on RHS of Eq.(3.18) as
/d%’G(m —a')j(a)

d4l‘/ d?)p/ , ’ -/ ’ s/ ’ p2 S
— oL ol o —ip’ (z—a') r ip' (x—2') |\ i .0, (0) —ipx
z/ o) / 2E, ((za m) [9(75 te o(t" —t)e D 5 U (p)e

7 d4x’ d3 / 3 —in' (z—x' . in' (z—a' —ipx!
=~ % 2n)? / 2Ep/ { —i6(t —t)e P @) _ 5" — )e? ( )}p?u(o)(p)e P
P

) d4$l dgp/ ’ ;1 : AW
N el 0(t — e~ Pz o—ilp—p)z
o0 ) @ / 2, [+ m)6( ) e

+(f —m)o(t —t)e? T it p'):"} 7°p?u® (p)

3./ 3 ! 3./
__ L [dp [e—ip"weiEpt/M6i(p/—p)~r’+6ip’~weiEpt/Me—i(p’+:n)~r/] 2,0 (p)

~ " 2a) 2B, (2r) (2r1) Pt
LI dgp, / ./ d4]:/ . AV
hd O(t — t" e~ W= —i(p—p')x
) 25, W +m)f(t —t)e / (2m)i©

o ot — ip' d433‘, —i(p+p')x’ | 0,2, (0)

(3.21)
ik(t—t)
k—te

and the identity, 6(x — a)f(x) = §(z)f(a), in the last two terms on RHS of Eq.(3.21),

we get,

e

Using the integral representation for step function, i.e., ©(t—t') = lim._q ﬁ [ dk

. 1 p2
4,/ o no_ _ i ,,(0)
/d *'G(x —a')j(z’) 2aEpu (p). (3.22)
Substituting Eq.(3.22) in Eq.(3.18), we obtain
a0 () = u ) — =L (p) (3.23)
20 E, ) ’

Now by substituting Eq.(3.23) in Eq.(3.13), we get u(p) as

a(p) = (1 +ao— ;Zi)u(o) (»). (3.24)

Next we consider Eq.(3.15) and we separate it into a independent and a dependent
coefficient terms, we get
(2‘7“6# + m)v(o) (p)eP* =0, (3.25)

, 1 .
(iory“@u + am)v(l)(p)e’px + 5708?1)(0)6”’” =0. (3.26)

Now we follow the similar steps as we did to find out @(p). Thus following those steps,

we obtain 0(p) as

a 2
b(p) = (1 + aa — 2%>v<o> (p). (3.27)
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We now consider the x-deformed version of the unequal time anti-commutation relation

between k-deformed Dirac field and its adjoint. Thus Eq.(2.13) becomes

[$(2), ¥ ()]s = id(@)A(x — o). (3.28)

We assume that the deformed creation and annihilation operators satisfy the usual anti-

commutation relations,

las(p), a5 (9))5 = [bs(p), by ()] = [al(p), al, 0]+ = [B(p), B, (0)]4 = 0,
las(p), al, ()]« = [bs(p), 0L, (1)) + = 8,8 (p — 1.

Substituting Eq.(3.24) and Eq.(3.27) in Eq.(3.11) and Eq.(3.13) and using this in Eq.(3.28),
we get
d3p d3p/

dla), e = | BRIy 2,

)

~

(62000, 0L (30 0. 2)0 ') (330
+aa (@) (p. )i (¢',2!) + 0 (p, ) (¢, 2")) )
by (0), B, ()] (5 (9, )50
+0{"(p, 2)7; )(p’va'))ﬂ-
(Note that in the above, we have defined @(p, ) = u(p)e”?* and o(p,x) = v(p)eP*).

Substituting the expression for undeformed oscillator algebra, i.e, Eq.(3.29) in Eq.(3.30),

we get,

~ = d3 —ip(z—a’ = ip(z—a’

b6 = [ e 2 (O @)e e 4o ) e
p

+aa (u® (p)al) (p) + u) (p)al”) (p) ) e~

+aa (00 ) + o) ol ) e )

Using Eq.(3.24) and Eq.(3.27), we evaluate e (p)ﬂgl)(p), us ' (p)us

and vV (p)5l” (p) as

p), vs (p)vs’(p)

2

ul? (p)al) (p) = ul® (p)al (p)< - 21(12) (3.32)
2

a0 ) = ) (1- 58, (3.33)

W0) = P00 (1- -2, (334
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1 p?
W (N5 (p) = (0 ()50 _ - h
vs (P);” (p) = v5” (p)vs (p)<1 5 Ep)- (3.35)
Substituting Eq.(3.32), Eq.(3.33), Eq.(3.34) and Eq.(3.35) in Eq.(3.31) and using the

completeness relation as that in the commutative space-time, i.e., > s=1.2 ugo)ﬂgo) =p—m

and > ;o vgo)ﬁgo) = p+ m, we get

<

(), (x")]) 1 =i(1+ 2aa) (id — m)A(z — 2')

. d3p pZQ —ip(x—2a’ ip(z—az’
—2a(z<?—m)/(27r)3 QE,) (e ple—a’) _ gip( )).

(3.36)

We observe that the first terms of Eq.(3.32), Eq.(3.33), Eq.(3.34) and Eq.(3.35) add up
to contribute the i2ac (i —m)A(z — ') term present in the RHS of Eq.(3.36). Similarly
the second terms of the Eq.(3.32), Eq.(3.33), Eq.(3.34) and Eq.(3.35) add up to give the
a independent correction term in Eq.(3.36). The last term in the RHS of Eq.(3.36)

vanishes as the integrand is an odd function in p.

Now we explicitly calculate the RHS of Eq.(3.28) as

A ~

id(@)A(w — o) =i(id + 51°02 = m) (Al — ) +aAW (2 - o))

=i(if) — m)A(z — 2') + ia(id — m)AD (z — ')+ (3.37)
a0 Ep o gty iple—a)
7 / (2m)32E," (e ¢ )

AWM (z—2') in the above equation represents the first order correction to A(:U—x’ ) and by
comparing the RHS of Eq.(3.36) with the RHS of Eq.(3.37) we find that A (z —2/) =
2aA(x — '), for the undeformed oscillator algebra given in Eq.(3.29). Here we find that
the last integral on the RHS of Eq.(3.37) vanishes as the integrand is an odd function in p.
We observe that this A(w —a') obtained is same as that of the k-deformed Klein-Gordon
equation given in Eq.(2.54) (of chapter 2). The anti-commutation relation between k-

deformed Dirac field operator and its adjoint, valid up to first order in a, becomes

<

(), (2] = i(1 + 2aa) (id — m)A(x — 2'). (3.38)

Now let us assume that the anti-commutation relation between creation and annihilation
operators is deformed such that this deformation is valid up to first order in a. Thus we

consider this deformed oscillator algebra as

las(p), s ()]« = [bs(p), by ()] = lal(p), al, ()] = [l (p), BT, (0)]4 = 0,
s(0), B, ()5 = h(a)dss 8 (p — ).

=
»
—~
S
S~—
Q>
o —+
—~
’@\
=
+

I
3

In the above equation note that h(a) is an arbitrary function of a. Using this expression



Chapter 8 Quantisation of k-deformed Dirac field 57

for the deformed oscillator algebra in Eq.(3.30) and repeating the above steps, we get an
unequal time anti-commutation relation between x-deformed Dirac field and its adjoint,

valid up to first order in a, as

SNy

[(2), (x5 = ih(a)(1 + 2aa) (i@ — m)A(z — ). (3.40)

Now we choose an explicit form for h(a), such that the anti-commutation relation be-
tween k-deformed Dirac field and its adjoint becomes undeformed (valid up to first order
in a) and this gives h(a) = 1—2a«a. Therefore the undeformed anti-commutation relation

between x-deformed Dirac field and its adjoint becomes
[W(x), ()] 4 = i(id — m)A(z — 2). (3.41)

Thus the sk-deformed anti-commutation relations between deformed creation and anni-

hilation operators are given by

[as(p), as 1))+ = [bs(p), by (W) = [al(p), al, (¥")]4 = [b(p), B, (0)]4 = 0,
L] = [bs(p), b, (0))5 = (1 = 2a0)8,98%(p — p).

>

We find that the deformation factor (valid up to first order in a) present in the deformed
oscillator algebra of the k-deformed Dirac field is exactly the same as that of the de-
formation factor present in the deformed oscillator algebra of k-deformed Klein-Gordon
field [23].

3.3 Conserved currents for x-deformed Dirac field

In this section, we construct the conserved currents corresponding to translational and
Lorentz symmetry of the x-deformed Dirac field. We also derive the number operator
corresponding to the deformed Dirac field from the global phase transformation symme-
try. Further, we also obtain the conserved currents corresponding to discrete symmetries.
All these conserved currents (valid up to first order in a) are obtained by constructing
the deformed Gamma operator, fu(a, —%) (see Eq.(2.16) of chapter 2) corresponding

to the deformed Dirac equation.

. —
We obtain the I',,(0, — 0 ) operator (valid up to first order in a) corresponding to -
deformed Dirac equation by substituting Eq.(3.8) in Eq.(2.16), as

(9, ~9) = iy* + R D). (3.43)
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From the above equation, we find that the second term in the RHS is contributed by a
dependent term of the k-deformed Dirac equation. The above equation reduces to the

commutative expression (see Eq.(2.18)) in the limit a — 0.

. —
In order to check whether the IT'*#(9, — 0 ) operator defined above satisfies the identity
(see Eq.(2.19))

(0u+9,) T(0,-9) = A(9) - A(- D), (3.44)
we calculate
(0 + 0,) 1(0,~9) =ir" (9u+ 0,) + 5+°0 (9, + 9,) (3= 05) . (3.45)
and
A@) = A(=9) =iy (. + E) + 5700m (0. + R) (0 - %i) . (3.46)

respectively. From Eq.(3.45) and Eq.(3.46) we observe that the identity in Eq.(3.44) is
satisfied.

~ <<
Since T'*(9,— 0 ) corresponding to the deformed Dirac equation satisfies the identity
given in Eq.(3.44), we can now use this for constructing the conserved currents associated
with the deformed Dirac field.

Substituting Eq.(3.43) in Eq.(2.20) (see chapter 2) we obtain the general expression for
the conserved current corresponding to k-deformed Dirac field (valid up to first order in

a) as

>

Tt = §(@)in" (@) + Sb(@)r 65 (9 — 9 ,)60(x). (3.47)

e

The infinitesimal change in the deformed Dirac field under the translational symmetry
is given as dip(z) = 5:@M8“1ﬁ(x), where 02, (see Eq.(2.63 of chapter 2) is

0z, = 0, + iab” (Nu + 0,00,). (3.48)
Thus substituting Eq.(3.48) in 64 (z) = 533“8“772)(@, we get
5h(x) = (89 (x) + ia(Duh(x) + Dot (x))) 0. (3.49)

Using Eq.(3.49) in Eq.(3.47), we get the conserved current (valid up to first order in a)

corresponding to the translational symmetry of the x-deformed Dirac field as

~ ~

Ty = (27,0, (2)0” — arh(x)7,(By + Body ) (x)0” + %5%2(95)70(@ — D)0, (x)6".
(3.50)
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The second term in the RHS of the above equation is contributed by the a dependent
. —

term of 6&,. The third term is contributed by the a dependent term of I',(0, — 9 ) (see

Eq.(3.43)). Using the relation J,, = T},,6" in Eq.(3.50), we obtain the energy-momentum

tensor corresponding to k-deformed Dirac field, valid up to first order in a, as

T = i(2)7,000(x) — ath(@) 7,0, (x) — ath ()7, Dot ()

= - = - (3.51)
+ 50uith (@)1°0:0,10(x) = 58,00 (2)2 "D, ().

2

Here we write down the conserved momenta corresponding to the translational symmetry
of the deformed Dirac field from its energy-momentum tensor (in a similar manner as

done for rk-deformed scalar field, i.e., Eq.(2.67) derived in chapter 2).
P, = /d% Top- (3.52)

Under the Lorentz transformation, the infinitesimal change in the xk-deformed Dirac field
is given as

5 () = 82,0M(x) + %aww%(:ﬂ), (3.53)

where the infinitesimal change in the x-deformed space-time coordinate (62,,) under the

Lorentz transformation is given as (see Eq.(2.68))

556“ = fEVWVH +ia (5#09@8” — (5V0x)\8u + T}MAL,@O + 5M06>\01:08V — (50,,77“)\$an ( )
3.54
—(501,1'“8,\ + 50'“%,/0,\)0)”)\

and oy, is defined as 0, = [y, 7).

Thus by substituting Eq.(3.53) and Eq.(3.54) in Eq.(3.47), we obtain the conserved
current (valid up to first order in a) corresponding to the Lorentz transformation of the

k-deformed Dirac field as

A 7 = o VS N
i = G9(@) (0 — 220 (@)w" + S (@) puouai(@)e ™+
a. = — 5 a. = — .
§5m’¢($)70(51; — 0o (z)w” + Z%W(ffwo(ai — 03)(2y0x — 2A0y) Y (x)w" M+
gi(xm (5y0x 73000% — 6302,000% + 80700\ — 302adyd® + 120,80 — a:l,(%ﬁo)iﬁ(l‘)w”/\
(3.55)
Using the relation J,, = M w?” in Eq.(3.55) we get M, as

1 = o

My = 30 3u(m,05 = 2x0,)5() + T @i @)+

%(5,ui7j)(x)70(8i — gi)%,\l@(fﬁ)ww‘ + Z%lz(xwo(ai — gi)(%@A — 220,) 0 (2)+

qu(xm (5ymaaaa B30Ty DD 4 B 0T a0 — Oxo2a Oy + 130,00 — :Bl,a)\(?())zﬁ(x).
(3.56)
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The Lorentz generator corresponding to the x-deformed Dirac field (valid up to first

order in a) is written as

M,, = / 3z Mo (3.57)

The r-deformed Dirac field transform as ¢(z) — ¢/(z) = e () under the global
phase transformation. Thus the infinitesimal change in the deformed Dirac field in this
case is given as 0¢)(x) = —if)(x). Substituting this in Eq.(3.47) we obtain the conserved
current (valid up to first order in a) corresponding to the global phase transformation

Symmetry as

1 = (@) ()0 — %5%2(90)70(@ — 0@, (3.58)

From the above conserved current, we obtain the number operator corresponding to
the r-deformed Dirac field as N = [ d*z JO(z). Thus the explicit form of the number

operator, valid up to first order in a, is given as

N = / Fi(a) ()
A3z Pp &>p/ (

(277)62Ep2Ep/

Bo Bp By

B m)ﬁsz = (a @al)a (p)al)e " + al ()b ()il (p)o () )
p<Ltop’

joN

(3.59)
Now we substitute the explicit form of 4(p) and o(p) from Eq.(3.24) and Eq.(3.27)
in Eq.(3.59). We then use the relations ugO)T(p)v(fJ)(—p) = vgo)T(p)u([,))(—p) = 0 and

S S

ugO)T(p)ug,)) (p) = vgoﬁ(p)v(?) (p) = 0552E, to get the number operator, valid up to first

s

order in a, as

N = / p (1 + 2a0 — apQ) <dT(p)d(p) + b(p)bT(p)> (3.60)
(2m)3 Ly .

In the above expression, we define N, (p) = a'(p)a(p) and Ny(p) = bf(p)b(p). Thus we

obtain the normal ordered number operator (valid up to first order in a) corresponding

to the x-deformed Dirac field as

N = / (;i};g (1 + 2a0 — \/1;5;72/]02) (Na(p) . Nb(p)). (3.61)

From the above expression, we find that the number operator picks up two a dependent
correction terms. We obtain usual Dirac number operator, : N := [ % (Na (p)—Nb(p)>

in the limit a — 0.

T(p)&(p)eipz + 6(p)5(p)€_ipx>70 (d(p,)’&(p')e_ip/x + ot (p/),[)(p/)eip’x>
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3.3.1 Discrete symmetries

We now analyse the discrete symmetries associated with the xk-deformed Dirac field. We
first check whether parity, time-reversal and charge conjugation are symmetries of the
k-deformed Dirac field or not. We then construct the conserved currents corresponding

to discrete symmetries of k-deformed Dirac equation.

We begin this discussion with the k-deformed Dirac equation, valid up to first order in
a, given by
. R . a ~
(moao +iv'0; + 570812 + m)z/J(:rZ-, t) = 0. (3.62)

We first analyse the parity symmetry associated with the deformed Dirac field. Under
the parity, space-time coordinates and their derivatives transform as x; — —z;, t —

t, 0; - —0; and 9y — Jy. Thus Eq.(3.62) becomes
(woao — i+ gyoaf n m)gzi(—xi, t) = 0. (3.63)
Now we consider a matrix operator P satisfying
P(iyoao iy + %7083 +m) 1Py (—a,t) = 0 (3.64)

such that P(i’yoao — iy + %70812 + m)P‘l represents the A(@) operator given in
Eq.(3.8) and thus Py)(—z;,t) satisfies the s-deformed Dirac equation. We now define
this Py(—z4,t) = Pp(x4,t). By comparing Eq.(3.63) with Eq.(3.64) we obtain the ma-
trix/operator P as P = 4". Note that this parity operator is the same as that in the

commutative case.

Now we obtain the expression for the conserved current corresponding to parity sym-
metry of the deformed Dirac equation by taking 61&(‘%) = ﬂAJp(iL'i, t). Substituting this in

Eq.(3.47) we get the conserved current, valid up to first order in a, as

T, D)y (i, 1)

f ,7 ) (3.65)
=it (i, )7 w(—wi,t)+§5m¢(wi,t)(@— D~ 1).

By substituting the explicit form of the deformed field operator and its adjoint in the
above equation, we get the expression for the conserved charge (valid up to first order

in a) associated with the parity symmetry of the deformed Dirac field as

Q= [ B (1+200- ) (A i) 66
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We observe that the deformed conserved charge associated with the parity symmetry
picks up two a dependent correction terms. Note that the second correction term is a
mass-dependent term. These correction terms are contributed by a dependent terms
of the deformed Dirac field and its adjoint. The conserved charge for parity symmetry
in k space-time gets scaled by (1 + 2a00 — ﬁ) factor. We also note that this
deformation factor is exactly the same as that in the deformed number operator given
in Eq.(3.61). In the limit a — 0, the equation, Eq.(3.65) reduces to Eq.(2.26), which is

the conserved current for the parity symmetry of the commutative Dirac field [18].

Now we analyse the time-reversal symmetry associated with the xk-deformed Dirac field.
Under the time-reversal transformation, space-time coordinates and their derivatives
transform as x; — x;, t — —t, 0; — 0; and 0y — —3Jy respectively. Thus under the

time-reversal transformation the x-deformed Dirac equation given in Eq.(3.62) becomes

( —i7°00 + i7'0; + g’yoaf + m)@b(:ﬂi, —t) =0. (3.67)
By taking the complex conjugate of Eq.(3.67) we obtain
(i’yo*ao — iy 0+ gfyo*af + m>¢(xz —t) = 0. (3.68)

We now consider a matrix/operator T satisfying

a

T<i70*80 — iy + 5

V092 + m) TAT* (5, —t) = 0, (3.69)
such that ’T(ivo*(‘)o — iy + 3702 + m) 71 corresponds to the A(d) operator given
in Eq.(3.8). We find that 7'1/3*(3:2', —t) = I/AJT(.CL'Z', t) obeys the k-deformed Dirac equation,
valid up to first order in a. From the conditions 7T7%*7 ! = A% and TH*T ! = —+¢,
obtained by comparing Eq.(3.62) with Eq.(3.69), we find that 7 = iy'43. Note that

this time-reversal operator is exactly the same as that in the commutative case.

Now we write down the expression for the conserved current associated with the time-
reversal symmetry of the x-deformed Dirac field using Eq.(3.47). By taking (51&(@, t) =
Yp(z;,t) and substituting this in Eq.(3.47), we obtain the conserved current valid up to

first order in a as

J1 =i (i, )P0, — )T (i, 1)
(3.70)

~

~ 3 "% 'ia 3 ~ < c *
= - w@% t),y,u,.)/l,.)/51/} (miv _t) + 5(5“ w@fu t)’YO(az - 8Z)71’73¢ (miv _t)

From the above equation we obtain the expression for the conserved current by substi-
tuting Eq.(3.24) and Eq.(3.27) in Eq.(3.70). Thus we obtain the conserved charge (valid

up to first order in a) corresponding to the time-reversal symmetry of the x-deformed
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Dirac field as

- d’p ( ap P NIT
= 714—2&@—7)(6[[ a*(—p) + b(p)b* (— ) 3.7
- [ 55 =) (W p B ). 7
Here also we observe that the deformed conserved charge for the time-reversal symmetry
possesses a mass-dependent correction term. This deformation factor is exactly the
same as that seen in Eq.(3.61) and Eq.(3.66). In the limit a — 0, Eq.(3.70) reduces to
Eq.(2.27), which represents the conserved current for the time-reversal symmetry of the

commutative Dirac field [18].

Next, we analyse whether the charge conjugation is a symmetry of the x-deformed Dirac
field or not. For this, we first introduce an interaction term in the k-deformed Dirac
equation. This term is introduced as the minimal coupling of electron with electromag-
netic field A,, by replacing i0,, with i0, + eA,, in the x-deformed Dirac equation given
in Eq.(3.62). Thus the A(8) operator in Eq.(3.8) becomes

Ae(@) =7 (10 + eAy) — 59 (10 + eA) +m (3.72)

and the corresponding Dirac equation becomes

Ae(8)0 (4, 1) = 0. (3.73)

Under the charge conjugation, the charge of the electron changes as e — —e and thus we
get the k-deformed equation of motion (valid up to first order in a) for the anti-particle

as
[7“ (iaﬂ - eA#) _ %70 (iai - eAZ.>2 . m] be(i,t) = 0. (3.74)

By taking the complex conjugate of Eq.(3.73) we obtain

[7*#( — 0, + eAM) - %7*0( — 0+ eAi>2 n m] b (zi,1) = 0. (3.75)

The derivative terms in the above equation pick up negative sign after taking the complex

conjugate of A.(d).
Now we consider a matrix C satisfying
2 .
c [ — (10— eAu) = 57 (i0: - edi) + m} C1C0" (i, 1) = 0, (3.76)

such that Eq.(3.76) is equivalent to Eq.(3.74) and thus we have ¥, (z;,t) = C* (x4,1).



Chapter 8 Quantisation of k-deformed Dirac field 64

N — .
Using Eq.(2.16), we construct the I'; (9, — 9 ) corresponding to the A.(d) given in Eq.(3.72).

This I (0, —%) operator, valid up to first order in a, is given as
(8, —%) =i(y* - a’yOeAié“i) + %*y%“i (81' - %Z> : (3.77)

. —
Now we check whether the T'(9,— ) obtained above satisfy the identity given in
<_
Eq.(3.44) or not. By acting Eq.(3.77) with d, + 0 ,, we obtain

(0 + %M) P8, —8) = in (0. + R) — i eA; (0 + R) + 290 (02 - %3) .
2
(3.78)
Similarly from Eq.(3.72) we obtain

Re(0) = Au(=0) = i (0 + D) — i e (01 + ;)

+ 370 (02 - 33) +irVe (EAZ-) — 7% (B Ay). (379)
By comparing Eq.(3.78) with Eq.(3.79) we find that, (8u + %M) I4(0, —%) # Ae(8) —
f\c(—%). Hence % (9, —%) operator does not satisfy the identity given in Eq.(3.44).
Therefore we cannot construct a consistent I'* (0) operator and conserved current cor-
responding to the charge conjugation symmetry of the deformed Dirac field. Thus it is
clear that charge conjugation is not a symmetry for the particles obeying x-deformed
Dirac equation (valid up to first order in a). This result is consistent with that obtained
in [6], where it has been shown that one cannot obtain a unique charge conjugation

matrix C for the k-deformed Dirac equation (to all orders in a).

3.4 Conclusions

In this chapter, we have started with the k-deformed Dirac field, obeying the x-deformed
Dirac equation, valid up to first order in a. This undeformed x-Poincare invariant Dirac
equation has been constructed by replacing the usual derivative in the Dirac equation
with the Dirac derivative [6]. Using the method discussed in chapter 2, we quantised this

deformed Dirac field from its equation of motion alone without referring to Lagrangian.

We solved the equations of motion perturbatively and obtained the explicit form of the
k-Dirac field, valid up to first order in a. From the deformed equations of motion, we
have obtained A(8) operator and Klein-Gordon divisor, d(d), valid up to first order in
a, corresponding to the k-deformed Dirac field. We have derived a deformed unequal-
time anti-commutation relation between the deformed Dirac field and its adjoint (where

(14 2aq) is the deformation factor, valid up to first order in a), by assuming the usual
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form of the oscillator algebra. This (1 4 2a«) factor has also been seen in the unequal-
time deformed commutation relation between k-scalar field and its adjoint (see chapter
2). Thus we observe that the undeformed oscillator algebra gave rise to a deformed

unequal-time (anti-) commutator between the deformed field and its adjoint.

We have obtained a deformed oscillator algebra by demanding that the unequal-time
anti-commutation relation between the deformed Dirac field and its adjoint to be unde-
formed (valid up to first order in a). This lead to a deformed oscillator algebra given in
Eq.(3.42). The factor (1 — 2ac) present in the x-deformed fermionic oscillator algebra
has also been seen to be present in the deformed oscillator algebra of the x-deformed
scalar field [23]. This deformed oscillator algebra is a novel feature of the x-deformed
field theories. Such modified oscillator algebras have shown to modify Unruh effect [23]
and Hawking radiation [24].

We have also studied the symmetries associated with the k-deformed Dirac field and
derived the deformed conserved currents (valid up to first order in a) from the equation
of motion alone by using the f‘“(& —%) operator. We have constructed the energy-
momentum tensor and the Lorentz generator (valid up to first order in a) corresponding
to the k-deformed Dirac field from the translational as well as Lorentz symmetry in
the k-space-time. By deriving the conserved current associated with the global phase
transformation symmetry, we have obtained the number operator (valid up to first order
in a) for the k-Dirac field. We have seen that the number operator of k-Dirac field picks

up a mass-dependent correction term.

We have analysed the discrete symmetries associated with the x-deformed Dirac field
and have shown that parity as well as time-reversal are the symmetries of k-Dirac field.
Further, we have derived the conserved currents (valid up to first order in a) corre-
sponding to parity and time-reversal symmetry from the fu((‘), —%) operator. In the
limit @ — 0, the corresponding conserved charges reduce to those obtained in [18]. We
have also observed that k-deformed Dirac field violates the charge conjugation sym-
metry, by showing that the ' (0, —%) operator (corresponding to the deformed Dirac
equation minimally coupled with electromagnetic field) is not consistent with the re-
quirement [10, 11] imposed by Takahashi-Umezawa formalism. This result agrees with

that obtained in [6].
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Chapter 4

Quantisation of Doplicher-
Fredenhagen-Roberts-Amorim

scalar field

4.1 Introduction

The non-commutative space-times such as Moyal space-time and k-deformed space-time
violate the Lorentz symmetry. However, in [1-3], Lorentz invariant non-commutative
space-time, known as Doplicher-Fredenhagen-Roberts (DFR) space-time, has been con-

structed and its coordinates satisfy

[0 0] = 10, [E,000] = 0, [B,0,5] = 0. (4.1)

This DFR algebra has further been extended by incorporating the canonical conjugate
momenta operators p, (corresponding to &,) and l}:# (corresponding to é;w) and this
forms the Doplicher-Fredenhagen-Roberts-Amorim (DFRA) algebra [4, 5] (see Eq.(1.29)
of chapter 1).

In recent times various features of field theory models on the DFR space-time have
been investigated. The canonical quantisation of the DFRA complex scalar field was
examined and its symmetries were investigated in [6]. In this study, [6] Green’s function
technique was used to obtain the general solution for the DFRA complex scalar field.
It has been demonstrated that UV /IR mixing was absent at the one-loop level of the
DFRA scalar field with the ¢* interaction [7]. The covariant Dirac equation in DFR
space-time has been constructed in[8], such that its square gives the DFR Klein-Gordon

equation. Introduction of a Lorentz invariant weight function W (6) (which depends on

68
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62) in the action was shown to be necessary for consistent perturbative calculation in
DFR theories [3, 9-12]. Different phenomenological aspects have been examined in DFR
space-time [3, 9-12].

The quadratic Casimir of the DFRA algebra (see Eq.(1.32) of chapter 1) was used to
obtain the equations of motion associated with the scalar field in DFR space-time [4, 5].
It was demonstrated that the requirement of obtaining these equations of motion by
variation principle is satisfied by two different scalar field theory actions in DFR space-

time (even when the weight function is fixed to unity); one is a model whose action is
1

1 1
S = / d3x d°0 W (0) <zau¢aﬂ¢ + §m2¢2 — A((‘?Wa“” — u) ¢> (4.2)
where A is a Lagrangian multiplier and the second action is

1 1 A\
S = / d3z d°9 W (9) <2au¢au¢ + §m2¢2 — 48W¢8“”q§>. (4.3)

Note that these two actions are not equal up to total derivative terms. Since the defini-
tion of conjugate momenta of a field depends on the form of the Lagrangian, the canoni-
cal quantisation of the DFRA scalar theory described by the above two Lagrangians are
expected to be different. The actions corresponding to these non-commutative scalar
field theory models are distinct. Therefore these non-commutative generalisations are
not unique. Thus the non-uniqueness of the action/Lagrangian makes it important to

study the quantisation from the equations of motion.

The DFRA scalar field equation constructed in [4] includes contribution from the weight
function. By setting this weight function to be a constant, the equation of motion
becomes exactly the same as the one coming from the quadratic Casimir of the corre-
sponding symmetry algebra. Here we quantise the non-commutative DFRA scalar field
using the quantisation procedure discussed in [13-15]. We obtain the deformed com-
mutation relation between the DFRA scalar field and its conjugate (at equal times) by
considering a conventional form for the DFRA oscillator algebra. By demanding the
commutation relation (at equal times) between the DFRA scalar field and its conjugate
to be undeformed, we then derive the deformed DFRA oscillator algebra. We also show
that the first non-vanishing corrections of the deformed oscillator algebra depend on the
non-commutative length scale as %
try of scalar theory in DFR space-time and then construct the corresponding conserved

currents without any reference to the action of the DFRA scalar field [16, 17]. We also

We analyse the translation and Lorentz symme-

show that the energy-momentum tensor of the DFRA scalar field is asymmetric in its

indices when the weight function is included.

'Here 0, = 54+ and p has the dimension of (mass)*
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The deformed oscillator algebra of the non-commutative field theories play an important
role in constructing Fock space and it is important to study the modifications brought
by the deformed oscillator algebra in different phenomenon such as Hawking radiation,
Unruh effect etc. Non-commutative corrections to the Unruh effect [18-22] have been
studied in different non-commutative space-time models such as Moyal space-time [23]
and k-space-time [24-26]. Here we derive the non-commutative corrections to Unruh ef-
fect in DFR space-time. We study this by examining the response of a monopole detector
coupled with the massless DFRA scalar field in 1 4+ 3 + 3 dimensional DFR space-time.
These three extra spatial dimensions associated with the DFR space-time vanish in the
compactification limit and we obtain the usual result of 14 3 dimensional commutative
space-time. We obtain the response function by evaluating the positive Wightman func-
tion calculated from the vacuum expectation value of the massless DFRA scalar field.
We show that the thermal distribution is either Bose-Einstein or Fermi-Dirac, depending
on the dimension of the DFR space-time. Though the profile of the thermal distribution
is modified by the non-commutativity, we show that the temperature associated with

this thermal distribution is unaffected by the non-commutativity of space-time.

This chapter is organised in the following manner. In sec.4.2, we set up the non-
commutative action corresponding to the DFRA scalar field and get the equations of
motion by fixing the weight function to be Gaussian. In sec.4.3, we obtain the deformed
equal-time commutation relation between the DFRA scalar field and its conjugate by as-
suming corresponding creation and annihilation operators to follow the usual harmonic
oscillator algebra. We then demand the commutation relation between the DFRA scalar
field and its conjugate to be undeformed and this gives a particular form of deformed
DFRA oscillator algebra. In sec.4.4, we construct energy-momentum tensor and Lorentz
generator of the DFRA scalar field from its equation of motion. In sec.4.5, we examine
the Unruh effect in DFR space-time by evaluating the transition probability rate of a
massless DFRA scalar field coupled with a uniformly accelerating detector. Finally, in

sec.4.5, we give our concluding remarks.

4.2 DFRA scalar field theory

In this section, we discuss the construction of action for field theory defined in DFR
space-time using the star product formalism. We obtain the equations of motion corre-
sponding to the scalar field in DFR space-time by varying the action. We also discuss
the importance of introducing the #-dependent weight function [3, 9-12].
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The Moyal-star product [28] associated with the DFR space-time is given as

F(@,0) % g(x,0) = e300 f(2,0)g(«',0)| (4.4)

r=x'

where f and g are functions of the DFR space-time coordinates. The star product
reduces to the usual pointwise multiplication in the limit § — 0. Here we note that the
* product introduces non-local terms, which depend on the derivatives with respect to
the coordinate x,, alone. In [27], it has been shown that the unitarity requirement of
field theories on DFR space-time imposes the condition 6y; = 0. We thus set fy; = 0 in

the remaining part of this chapter.

The action for the scalar field theory in DFR space-time is obtained by replacing the
usual product with the star product (given in Eq.(4.4)) and by introducing a § dependent
weight function in the measure. Thus the action for the scalar field theory in DFR space-

time is given as [6]
S = /d% d20 W (8) (auqs *x ")+ N20p,p * Dg,p + M * ¢). (4.5)

Note in the above expression, 6; is defined as 0; = %eijkﬁjk.

W(#) in the above equation represents the weight function, which depends on the 6
coordinates and not on x,,. This has been introduced in the action to regulate the diver-
gences that appear in the perturbative calculations corresponding to the field theories in
DFR space-time [3, 9-12]. In order to have a Lorentz invariant field theory, the weight
function has to be an even function in 6, i.e., W(—0) = W(0) [3, 9-12]. Hence one
chooses Gaussian form for the weight function, i.e.,

1 )3/2 _ 0%

W (0) = (W eI (4.6)

(ﬁ):)’/ 2 in the above expression corresponds to the normalisation factor. Other choices
for the weight function satisfying the above conditions are considered in [11], showing

that the weight function is not unique.

The Moyal product, defined in Eq.(4.4), satisfies

/d4:c d0 W(8) f(z,0)*g(z,0) = /d4x d30 W(9) f(z,0)g(z,0). (4.7)

By using the above identity, i.e., Eq.(4.7), in Eq.(4.5), the action for scalar field in DFR

space-time becomes

S / d'x %0 W (0) (2,600 + X205,600,6 + m*6?). (4.8)
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The A2 dependent term in the Lagrangian comes from the 6 coordinates of the non-
commutative space-time. We obtain the commutative scalar field action in the limit
o
T at

X — 0 (note limy 0 &5 = 6(6;) [29, 30).

From Eq.(4.8), we obtain equations of motion for the scalar field in DFR space-time as
(D F 20, - m2>¢(:n, 0) + \20,, <1nW(0)>89i¢(:13, 6) =0, (4.9)

where [0 = 9,0" and [y = 891.891'.

The last term on the LHS of Eq.(4.9) depends on the derivative of the weight function
and it vanishes when the weight function becomes a constant, i.e., W(#) = 1 as in [6].
When W (#) = 1, the equation of motion in Eq.(4.9) reduces to the equation of motion
obtained from the quadratic Casimir of DFRA algebra (see Eq.(1.32) of chapter 1) [6],
ie.,

(D 20, — mQ) é(x,8) = 0. (4.10)

Note that in the limit A — 0, Eq.(4.9) and Eq.(4.10) reduce to the well known commu-

tative scalar field equation of motion.

By substituting Eq.(4.6) in Eq.(4.9), we get

(D + 220, — m2)¢(az, 0) — 20—;289@(% 6) = 0. (4.11)

In the limit A — 0 with 8 = 0, the above expression reduces to the commutative scalar
field equation of motion. The first three terms on the LHS of Eq.(4.11) are the equation of
motion associated with the quadratic Casimir of the DFRA algebra [4, 29, 30]. Canonical
quantisation of the non-commutative scalar field obeying the equation of motion coming

Casimir of DFRA algebra has been studied thoroughly in [6], from its Lagrangian.

We observe that the equations of motion coming from the DFRA scalar field action
(see Eq.(4.9)) and that coming from the quadratic Casimir of the DFRA algebra (see
Eq.(1.32) of chapter 1) are different due to the presence of the weight function in action.
Therefore the equations of motion coming from the action depend on the choice of the
weight function (which is not unique). This results in the non-uniqueness of the equations
of motion associated with the DFRA scalar field (note that all these equations of motion
reduce to the same commutative limit). Thus it is necessary to quantise the field theories
in DFR space-time from their equations of motion itself instead of following the canonical

procedure.
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4.3 Quantisation of DFRA scalar field

We have observed that the Lagrangian associated with the DFRA scalar field is not
unique. Hence it is important to study the quantisation of DFRA field theories from
their equation of motion, instead of starting from the Lagrangian. In this section, we
apply the quantisation method discussed in [13-15] (see chapter 2) to quantise the DFRA

scalar field by starting from its equations of motion, i.e., Eq.(4.11).

We start by generalising the definition for A(J) operator (see Eq.(2.3), chapter 2) to the
DFR space-time as A(0, Jg). Thus A(0, 0y) operator in DFR space-time is defined as

N
A(D,00) = Aaya,..a,0M0% .0
=0

= Ao + A0 + Appd?0® + Aypcd?0P9° + ... + A4y Mgy, Ay O OA2043 AN
(4.12)

where the index A = (u1,60;) and 04 = (O, A0p,)-

In the DFR space-time, the Klein-Gordon divisor is defined as d(9,dy). Thus Eq.(2.8)
(see chapter 2) in the commutative space-time can be extended to the DFR space-time
by replacing A(9) operator, d(9) and Klein-Gordon equation with the corresponding def-
initions in the DFR space-time as A(9, dy), d(0,dp) and the DFRA scalar field equation,
i.e., Eq.(4.11). Thus we have

o

d(0,09)A\(D,0p) = O+ N2y — m? — VG (4.13)
For the DFRA scalar field, we have
A(D,09) = O+ N0y — m? — 2%89 and d(9,0p) = IL. (4.14)

By comparing Eq.(4.14) with Eq.(4.12), we obtain the components of A(9, dp) operator

as
_ 0
N3

The DFRA scalar field, ¢(z,6) is decomposed in terms of creation and annihilation

Ao = —m2, Ay = (0, ) Aup = diag(—1,1,1,1,1,1,1). (4.15)

operators as

By Pk 1
V(@2m)?y/(2m)3 \/zw(p, %)

¢(x,0) = (u(aj, 0)a(p, k) + u*(x,0)a' (p, l%)) (4.16)
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Now we need to obtain the explicit form of u(z,6) satisfying A(9, Op)u(x,0) = 0. We

derive this solution by taking an ansatz for u(zx, ) as
u(z, ) = e PTF(H). (4.17)

Fixing f(0) = 1, we have u(z,0) = u(x) and it satisfies the commutative equation of

motion, i.e., A(Q)u(z) = 0.

Substituting Eq.(4.17) in the equation A(9,0p)u(z, ) = 0, we obtain the equation for
f(0) as
0
2 2 2 _
(ag — 50— P —m >f(9) —0. (4.18)
In the above equation, the second term is contributed by the weight function dependent
term. We solve the above equation using the power series method. Thus f(0) is expanded

as

f(0) = Z ant", (4.19)
n=0
where ag = 1, using the condition f(0) = 1.

Substituting Eq.(4.19) in Eq.(4.18) and re-writing the p? term using the DFRA disper-
sion relation (see Eq.(4.11)), i.e., p> +m? + \2k? + % = 0, we obtain the solution for
f(0) as

7(0) = ap (coskt + - Au(k0)*") + o (sinkf + 3~ B (k0) ). (420
n=1 n=1
where (—1) 1 kO
G L T A
An(\ K, 0) = @n), [HJ:O (1 Mgz T 2>\2> 1]’ (4.21)
_ ﬂ n—1 7% ikOy _ |
B\ k,0) = n T 1] o (1 ong2 T m) 1.

Here (k) and kA? are dimensionless quantities. A, and B, in Eq.(4.20) are contributed
by the weight function dependent terms of Eq.(4.18). Thus A,, and B,, vanish when the
weight function becomes unity. Note that A, and B, vanishes in the limit A — 0 with
6=0.

Using the transformation laws given in [4], it can be shown that the solution given
in Eq.(4.20) is Lorentz invariant. Therefore we can decompose the DFRA scalar field
operator ¢(z, 5) 2 into positive and negative modes using the creation and annihilation
operators. Substituting Eq.(4.17) and Eq.(4.20) in Eq.(4.16), we obtain the DFRA scalar

>We define § = /X and k = Ak. In general we denote DFRA scalar field as ¢(z,6). However when
we decompose the field into momentum space, we use ¢(x, 6)
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field as

~ d? 3k 1 e SR I .
é(x,0) = \/(zi)S V& o) [e <a0(00s<k9>+ZAn()\ k 9)(k9)2)

ay (sin <l§:9~) + i Bn(\ k, é)(l;:é)%“))a(p, k) + h.c|,

n=1

n=1

(4.22)
where k; = %eijkkjk . We now re-express the cosine and sine functions in the above

expression using Euler’s identity and after some re-arrangement, we obtain

(ag — ial)eik9+

[\
N | =

3 3
_ 1 .
o(x,0) = d’p &k [ —ipz ((ao + ial)e_Zke +

V(2m)3 . /(2r)3 \/2(,0

aDZA A EB) (RGP + a zgnu,;;,é)(;;é>2n+1)a(p, B+ he
n=1

(4.23)
By changing k¥ — —k in the second term of the above equation and performing the

integration, we get the solution for the scalar field in DFR space-time as

z o\ dgp d3];7 1 e—ipx a e—ilz‘é a - 7. ON(1.0\2n
o) = \/(277)3 \/(2”)3 \/2w(p, /;:) < < " ! OnzzlAn()\,k’e)(kG)

+aq Z Bn(\ k, 0)( k9)2”+1>a(p, k) + h.c) :
(4.24)
When the weight function becomes unity, the above equation, i.e., Eq.(4.24), reduces to
the 7 dimensional plane wave solution as in [6, 29]. Thus for ap = 1 (see discussion after
Eq.(4.19)), the above expression for the DFRA scalar field becomes

~ [ dp &Pk 1 iprtkd) | —ipr T § -
o(z,0) = N RN \/2w(p,1;)<(e( ) te g(k,9)>a(p,k)+h.c),
(4.25)
where -
Glk,0) =Y (An(/\, k, 0)(k0)2" + ayBn (M, &, é)(z%é)?nﬂ). (4.26)
n=1

When the weight function becomes one and in the limit A — 0 with 6 = 0, the above
equation, i.e, Eq.(4.26), vanishes. Thus we observe that the DFRA scalar field reduces

to the commutative one in the limit A — 0.

The unequal-time commutation relation between the non-commutative field and its ad-
joint in DFR space-time can be obtained by generalising Eq.(2.13) (see chapter 2) to
DFR space-time. This is done by replacing A(x — ') with A(z,2';0,6") as well as d(9)



Chapter 4 Quantisation of DFRA scalar field 76

with d(0, 0g). Thus we get
[¢(m 6), (', 0 )} id (9, 99) A(x, ' 6, 8). (4.27)
For the DFRA scalar field we have seen that d(9, 9y) = I and therefore Eq.(4.27) becomes
[qS(x,é),g?)(f,é')} — iA(z,2';0,0). (4.28)

The unknown function, A(z, z'; 0, é’), in the above equation, Eq.(4.28), can be obtained
by evaluating the LHS of Eq.(4.28). Thus by using Eq.(4.25), we obtain the LHS of
Eq.(4.28) as

Bp Pk d3p' BE
\/(27r)3 \/(27T)3 \/ 27T \/2&) (p, k \/2(,0 / k:’

(1860280, ' 9 9, ) = O g o B ), )
(4.29)

Now we assume the creation and annihilation operators of the DFRA scalar field to obey

the following commutation relation
[a(p, k), a" (0, K)] = 6°(p — p)8°(k — I'). (4.30)

We derive the unequal time commutation relation between the DFRA scalar field and its
adjoint by substituting the above undeformed oscillator algebra, Eq.(4.30), in Eq.(4.29).

Thus we have

~ ~ d3p dSE 1 ; / (00! ; N (D
| — —ip(z—2') —ik(6—0") _ _ip(z—2') ik(6—0")
o(z,0), (<, 0 )} / B B 2 ) <e e e e +

e—ip(x z’ ( —zk@g (k 9/) + ezk:@ g( ) + g(if é)g*<l~§, él)) .
eip(x—x/) <€7j€9~g(7{}7 é/) + e—il;:é’g*(if’ é) + g*(];’ é)g(];’ é/))
(4.31)
We obtain the explicit form of iA(z, 2/; 0, 0') by comparing Eq.(4.31) with Eq.(4.28). We
find that the last six terms on the RHS of Eq.(4.31) are the weight function dependent

terms.
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By taking the time derivative of Eq.(4.31) and setting ¢t = ¢, we obtain the commutation

relation between the DFRA scalar field and its time derivative at equal times as

5 dgb(m’,é’) .3 N Y7 . <3 / >k e—i’;?ég*(]};,éf)
[gf)(x,@),T} =)0 -7 +id (x—:c)/ OO . +
k0 ~(1. 0 kO (T O —ik0' px (7. D 7. 0\ (% /
M GEG) | MGG | MG | Gk OGRT)
} g o 2 2 2
G(k,0)G"(k,0)
2
(4.32)

The above equation gives the deformed (equal-time) commutation relation between the
DFRA scalar field and its (time) derivative, valid to all orders in #/\. Due to the
presence of the weight function dependent term G (iﬂ, GN), the commutation relation given
in Eq.(4.32) is deformed. The last six terms in the RHS of Eq.(4.32) change with the
choice of weight function. It is to be noted that the above expression reduces to the
corresponding commutation relation between the DFRA scalar field and its conjugate

obtained in [6] when the weight function becomes unity.

In order to show the non-commutative corrections more clearly, we write down the
deformed commutation relation given in Eq.(4.32) by keeping the expression valid up to
the first non-vanishing terms in 6. Thus we get
- & (GO (RO
:i53m—x/536’—9’+i53x—x// < = + —= >
( o ) ( ) (2m)3 \12k2)2  12k2)2
(4.33)

Recalling 6=0 /A, k = kX, we find that the first non-vanishing correction terms asso-

0., 0]

t=t’

ciated with the deformed commutation relation depends on #3 terms. Further, we also
observe that the dependency of this correction term on the non-commutative length

scale is of the form 1/\%.

In the above calculations, we have considered an undeformed DFRA oscillator algebra as
given in Eq.(4.30). Now let us consider the DFRA oscillator algebra to be deformed such
that the commutation relation between the DFRA field and its adjoint is undeformed.

Thus we assume the deformed oscillator algebra to be

[a(p, k), at (0, k)] = 6°(p — p')8° (k — K')g(k), (4.34)

where g(k) is an unknown function whose exact form has to be evaluated.

By substituting the above deformed oscillator algebra, i.e., Eq.(4.34), in Eq.(4.29) and

repeating the above steps, we obtain the unequal-time commutation relation between
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DFRA scalar field and its adjoint as

7 7] d3p d3l~€ 1 1 —ip(z—z') —ik(0—6' ip(z—a') Jik(6—0'
(62, 8),6",8)) :/ @2m)? @7 2(p /%)g(k)<e P e O el

e~ e (=G (1,0') + €M G (1, B) + Gk, )" (k. 0')) -

(4.35)
From Eq.(4.35), we get the equal-time commutation relation between the DFRA scalar

field and its time derivative as

5 dgb(l‘l,el) s B 5 e—zk(é—é’) eifc(é—é’) e—il}:ég*(}%’g/)
[QZ)( )~ ”H/ 0@ $)/(27r)3 9(k) y Tt 2 +
k0 o (L. 0 k0o (1. A —ik0 ox(T. A . NC*(L A
GG | MG T) | HGED) | GG )
} g o 2 2 2
G(k,0)G" (k, 0)
2
(4.36)

Now we demand the equal-time commutation relation between the DFRA scalar field

and its time derivative to be undeformed, i.e.,

[62.0). ‘W;’;él)] | =il )5 ), (4.37)

Thus by comparing the RHS of Eq.(4.36) with that RHS of Eq.(4.37), we get

L BE - e—z‘ié(é—é’) eifc(é—é’) e—ifcég* ];797 ez‘léé/g ];79'
(53(0—9'):/(2ﬂ)3g(k)< Tt —— 2( ), (h:6)

FOG(L 5 ek G* (T G L VG T NCH(E §
HohT)  HG D) | GEOGED) | .G D

[\

(4.38)
By utilising the definition for 6%(6 — 0') on the LHS of Eq.(4.38) and after doing some

re-arrangement, we obtain the explicit form of g(k) as

~ 1
k)= _ — — — —
g( ) 1 + eik‘)’g(k,0)+eik9g(k,0')+e*ik9’g*(k,0)+e*ik9g*(k,e/)+g(k,6)g*(k,()')+g(k,9’)g*(k,é))
2 cos k(6—0")
(4.39)
Thus by using the above choice of g(k), i.e., Eq.(4.39), in Eq.(4.34), we get the equal-

time commutation relation between the DFRA scalar field and its time derivative to be

undeformed. For this specific choice of g(k), the deformed oscillator algebra given in
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Eq.(4.34) becomes

; 5 —p)0%(F ~ B

lalp, k), a’(p’, ¥ | O GED e IGET ) e G (B0 e G (8 + G (D) (50) +6 (516" (D)
2 cos k(0—0")

(4.40)
In the above equation, we find that the deformation factor present in the DFRA oscilla-
tor algebra depends on the non-commutative coordinates 6 and ¢’ respectively. This
deformation factor is non-unique due to non-uniqueness associated with the weight
function W(#) and this deformation factor becomes one when the weight function re-
duces to unity. For the particular choice § = 6, the deformation factor becomes,

N 1 .

g(k) = e G (0 F G LG R DIG D) From Eq.(4.40), we obtain the deformed
DFRA oscillator algebra, valid up to first non-vanishing term in 6, as

o - W (k)P
a(p,k),a(p/, k)] = 8%(p — )83 (k — K’ <1—(~ - . 4.41
[a(p, k), a"(p', K')] = 6°(p — p')6"( ) oiEne  12i2n (4.41)
In the above Eq.(4.41), we see that the first non-vanishing correction associated with the
deformed DFRA oscillator algebra depends on 2. This is in contrast with the results
obtained in the x-deformed space-time, where the correction term depends linearly on

the non-commutative parameter [31, 32]. Here the correction terms of the deformed
DFRA oscillator depend on 1/A* also.

We observe the appearance of weight function dependent term in the deformed (equal-
time) commutation relation between the DFRA scalar field and its (time) derivative in
Eq.(4.32). These terms reduce to zero when the weight function becomes one and the

resulting commutation relations are in agreement with that derived in [6].

4.4 Conserved currents

In this section, we use quantisation method discussed in chapter 2 to construct the
conserved currents corresponding to the DFRA scalar field from its equation of motion
alone [16, 17]|. Using this procedure, we obtain the conserved currents associated with

the translation and Lorentz symmetry of the DFRA scalar field.

%
In order to derive the conserved currents, we first generalise the definition of I', (0, — 0)
%
operator to the DFR space-time as I'4 (09, — 0 ). By using Eq.(2.16) (see chapter 2), we
%
obtain the definition for I'4(0,— 0) as

N—-1 1
= =
L4(0,—0) =Y > Aaay..n0a,0a,(= 0 aryy)eenn(— 0 a)
1=0 =0 (4.42)

— Aa+ Aap(@® — 9P) + Aupc(9P0C —089C + 9B9) 1+ ...
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Substituting the components of the A(9,0p) operator, i.e., Eq.(4.15), in Eq.(4.42) we
<_
get the explicit form of T'4 (9, — ) as

— 0; )

— —
LA, —0) = (aﬂ — 9,0\, = 94) ~ 335 (4.43)

Using Eq.(2.20) (of chapter 2), we write down the general expression for conserved

current associated with the DFRA scalar field as
%
Ja = ¢(x,0)T4(0,— 0 )op(x, ). (4.44)
Under the translation symmetry, the DFR space-time coordinates transform as
Ty — Ty + Qu, 92‘ — 92' + bi, (4.45)

where a,, and b; are the translation parameters in the DFR space-time. The correspond-
ing infinitesimal change in the DFRA scalar field under the above transformation is

given as

5p(x,0) = —a"0,p(x,0) — b'0p,d(x,0) = ~CPopp(,0), (4.46)

where CP = (a#,b'/)\). Substituting Eq.(4.46) in Eq.(4.44), the expression for the con-

served current corresponding to the translation symmetry in DFR space-time becomes
B %
Ja=-=CP¢(x,0)T 4(0,— 0 )0pp(x,0). (4.47)

By using Eq.(4.46) and Eq.(4.43) in Eq.(4.47), we obtain the explicit form of the com-
ponents of the conserved current associated with the translation symmetry in DFR

space-time as

Jy =a"0,¢(x,0)0,¢(x,0) — a’ ¢(x,0)0,0,6(x,0) — b'¢(x,0)0,0,6(x,0) + b'0,¢(x,0)Dp,¢(, ),
J9j =a'/30]~ ¢($, 6)8V¢(w? 6) - ay¢(x7 9)89j 8l/¢(x7 9) - bl¢<x7 e)an 89i¢<$7 0) + biaﬁj ¢(IE, 6)8@1¢([IJ, 0)+

0. 6.
5350(2.0)0,6(2.0) + b 350(w,0)00,0(2,0).

aV
(4.48)

The Minkowskian part of the conserved current in the above expression does not have
weight function dependent terms. Whereas the 6; components of the conserved current
possess two weight function dependent terms. Using the relation J4 = T4apC?, we get

the expression for the energy-momentum tensor T4 p of the DFRA scalar field as

Tap = $(x, O)L (0, — 0 )Ipe(x, ). (4.49)
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The explicit form of the components of the energy-momentum tensor for the DFRA

scalar field are given as
T/w :QZ)(fEa ‘9)8uau¢(x7 9) - 8u¢($v 9)81/¢(337 9)5
Tuo, =Ap(%,0)0,0p,0(x,0) — ANOuop(w,0)0p,0(x,0),
0;
To,p =Ap(,0)09,0,0(x,0) — NOg, d(x,0)0u¢(x,0) — ﬁd)(a:, 0)0,p(x,0),

Ty.0, =N¢(x,0)0p,0p,(x,0) — N0y, p(x,0) 0y, d(x,0) — %gﬂ)(x, 0)0p,6(, ).

(4.50)

The last three components of the energy-momentum tensor in the above expression are
contributed by the ¢ coordinate of the DFR space-time. The T},, tensor is symmetric in
its indices, as in the commutative case. Whereas T},9, # Tp,, and T, 9,0, 1s not symmetric.
It is to be noted that the T}, tensor becomes symmetric when the weight function
becomes one. As the weight function reduces to unity, the Tp,, tensor also becomes
symmetric. Thus we observe that the energy-momentum tensor of the DFRA scalar
field is no longer symmetric in its indices due to 6 dependency of the weight function
W(9).

Using the expression for the energy-momentum tensor 745, we define the conserved

momenta associated with the DFRA scalar field as
Pp = / 3z d*0 W(0)Tp. (4.51)
Under the Lorentz transformation, the coordinates of the DFR space-time transform as
Ty = T+ w#”xl,, 0; — 0; + wijﬂj. (4.52)

Using the above given Lorentz transformation rule, the infinitesimal change in the DFRA

scalar field is given as

dp(z,0) = — %w’“’(myau —x,0,)0(z,0) — %wij(ejagi — 0:09,)$(x,0)
2 (4.53)
06(x,0) = = 5CP6(x,0)(Xp0a — Xadp)d(x,0),

where CAP = diag(w",w") and Xp = (z,,0;/)).

Therefore the definition for the conserved current associated with the Lorentz symmetry

of the DFR scalar field is given as

Jau= _%CC%(@«, O (0, — 0)(Xp0c — XcOp)d(@,0) = CB Mape,  (4.54)
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where,

Mapc = %¢($79)FA(37 —%)(XBﬁc — Xc0p)d(z,0). (4.55)

Substituting Eq.(4.53) and Eq.(4.43) in Eq.(4.44), we get the explicit form of the compo-
nents of the conserved currents associated with the Lorentz symmetry of DFRA scalar

field as

F

Ty = 0(0,0) (0~ 0, (w00~ 2202)8(0.0) + 507 0(,0) (9~ 8,0) (6:00, - 0,00,)6(,6)
A 0;

Jo, ziw”‘”gb(m, 9) (0, — <591.) (2,0) — 2,0,) 9(,0) + %OJ'LW(JS(SL', H)E(:UM&, — 2,0,)é(z,0)+
A ; 0;
§w‘7k¢($, 0) (8, — <591-) (0,00, — 0r0p,) (., 0) + %wjk¢($v 9)27/\3(93'39,@ — 009, ) p(,0)

(4.56)
Here also, we notice that only the 8; components of the conserved current contain the

weight function dependent terms.
We write down the Lorentz symmetry generator in DFR space-time, using the tensor

Mapce (given in Eq.(4.55)) as,

Mpe = / d3z d*0 W (0)Mypc
(4.57)

_ / By d*0 W(e)(%m, O)T0(0, ~ 9) (Xpdc — Xcop)o(x.6)).

By substituting Eq.(4.43) in Eq.(4.57), we get the explicit form of the components of
the Lorentz generator associated with the DFRA scalar field as

M, :% / d3z d*0 W (6) <¢(x,9)5uoay¢(x, 0) + ¢(x,0),000,¢(x,0) — dod(z,0)x,0,¢(z,0)—
O, )0.00,0(2.6) = 6. 6)2,000,6(2,6) + 006(a, )2, 0,(2.9) ).
M, :% / d3x d*0 W (6) (Aqﬁ(m,e)aﬂoa&qﬁ(m,e) + Ao (0, 0),0000,(z, 0)—
A, 012,00, 9(0.6) — £ 60, 0)00,(2,0) + D0 (. 6)2,0(2.) ).
Moy, :é / d*x d*0 W(0) ( — A(,0)8,,000,0(,0) — Ap(x, 0)3,000,6(x, 0)+
02,00, 0(0.0) + £ 60, 0)00,(2.) — 00 (2.0)0,0(2.0) ).
My,g, = é / d3x d30 W(6) (qﬁ(a:,&)@iaoﬁgjgb(x,@) — 8o¢(x,0)0;09, ¢ (x, 0)—

qb(l‘, Q)Gjaoagigf)(l‘, (9) + 800j89i¢($7 9)) .
(4.58)
We see that all the components of the Lorentz generator of the DFRA scalar field

depend on the weight function as an overall multiplication factor W (#) coming through
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the measure. In the limit A — 0 with 6§ = 0, the components such as M,,p,, Mop,,,, Mo,0,

vanishes and M,,, becomes the Lorentz generator of the commutative scalar field.

4.5 Response of detector coupled to DFRA scalar field and
Unruh effect

In this section, we analyse the response of a massless DFRA scalar field coupled to a
uniformly accelerating Unruh-DeWitt detector [18-20]. Here we study the Unruh effect
in the presence of extra 6 dimensions associated with the DFR space-time by evaluating

the response function in both even and odd dimensions of DFR space-time.

We consider a monopole detector m(7) whose trajectory is parametrised using the proper
time 7 and this is coupled to the massless DFRA scalar field. We define this interacting
Lagrangian by replacing the usual field in the commutative interaction term with the
massless DFRA scalar field. Thus we have

Lint = m(7)¢(z(7), é(T)) (4.59)

We assume the field to be initially in the vacuum state |0) and the detector to be in
its ground state |Ep). As the detector moves along the uniformly accelerating path, the
detector will make a transition from its ground state |Ep) to its excited state |E), where
E > Fy. As a result, the massless DFRA field makes a transition to its excited state
|1)). By using the time-independent, first-order perturbation theory, we write down the

transition amplitude as

Moy =i (Bl [ dr m(r)o(a(r),8(r) [0, Eo). (4.60)
—00
The monopole moment associated with the detector evolve as m(7) = et07m(0)e =07,
Here Hj represents the Hamiltonian of the monopole detector, satisfying Hy |E) = E |E)
and Hy|Ep) = Ey|Ep), respectively. Using Eq.(4.60), we write down the transition
probability as
M|’ =2 | (B m(0) B | F(aE) (4.61)

where F(AE) corresponds to the response function, which is defined as

F(AE) = / " / Y drdr e DEC G (a(r), 6(7); 2(+), 6(7)). (4.62)
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Here AE = E — Ej and G* (z(7), 0(r); z(7'), é(T’)) is known as the positive Wightman

function which is defined as
GF(z,0;2,0') = (0] ¢(x, 0)¢(a',6") |0) . (4.63)

It is straightforward to calculate the Wightman function from the equation of motion
alone. But here, we use the vacuum expectation value of the quantised massless DFRA
scalar fields to evaluate the Wightman function. We utilise this method as one can easily
see the effects of the quantised massless DFRA fields on the response function in this

approach.

We get the explicit form of the positive Wightman function in (1 + 3 + dy) dimension
3 DFR space-time by calculating the vacuum expectation value of the massless DFRA
scalar field given in Eq.(4.25). Substituting Eq.(4.25) in Eq.(4.63), we evaluate the

Wightman function valid up to first order in 1/\? as

N(do) (@) N(do)(2 + do)
(@—a @ty - -2 P @ o]
0y N(dg) (2 + do) L i (0)* N (dg) (2 + do)
AN [(x )24 07— t')Z} o)z 6N [(a: — )24 07— (- t/)ﬂ “
iay (6)" N (dg)(2 + dy) iay(6)° N (dp)(2+ dg)(4 + dp)
O w8 - @ -vp?] 21230 (=22 +0° — (— 1)2] ©
iay(9)° N(dg)(2 + dg)(4 + dy)
12 [(:c — )2 40" — (- t’)z} ror

G+(a:, 0~; x, 9’) =

+dp)/2

+dg)/2

(4.64)

(2t
where, N(dyg) = m. All the 1/)\? dependent terms in the above expression are due
to the G(k,0), G*(k,0) dependent terms of Eq.(4.25). The last six terms of the above
equation are not unique due to the non-unique nature of the weight function and these
terms are absent when the weight function becomes one. From the above expression, we

get the commutative positive Wightman function in the limit 8 — 0 and dy — 0.

Now we assume the detector to be moving along a uniformly accelerating trajectory,
whose constant proper acceleration is denoted as A. The coordinates in this uniformly

accelerating trajectory are given as

1 1
t(r) = 1 sinh A7, z(71) = 1 cosh A7, y = constant, z = constant, §; = constant (say ),
(4.65)

3Here dp is the number of extra spatial dimension associated with the non-commutativity of DFR
space-time.
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Here we have considered the detector to be accelerating in the commutative ¢ — x plane.
These non-commutative coordinates are just additional spatial coordinates in the extra
dimensions and they act in the same way as y and z coordinates. Therefore the detector
will continue to move along the uniformly accelerating path even in the commutative
limit & — 0. The explicit form of the positive Wightman function in this uniformly

accelerating trajectory (Eq.(4.65)) is given as

AN 2+do N (dp) 6% s A\ 4+do N(dg)(2 + dp)
o7 =(3) () .
2 ( 9 A(r— ))(2+d9)/2 222 ( 2 A(r—11) | a2ge ) (A+de)/2
nh sinh® =2 4+ 4772
2 2 4
(4.66)

In the above expression, i.e., Eq.(4.66), we find that the positive Wightman function in
terms of the uniformly accelerating coordinates contain € dependent correction terms.
These correction terms are not unique, as it changes with the choice of the weight

function. From Eq.(4.66), we get the commutative result in the limit § = 0 and dy — 0.

The transition probability rate is defined using Eq.(4.61) as

d\MHf] 2dF(AE)
AE) (& By | S22 4,
T Z (Blm(0) |Eo) | == (4.67)
By calculating dF(AE) (where 79 = 7 — 7') using the response function defined in

Eq.(4.62) and snnphfylng it, we obtain the rate of transition probability as
2 [ .
T(AE) = Y| (BIm(0) | Ev)| / dr BB (1), (4.68)
E —00

Substituting the explicit form of the positive Wightman function, i.e., Eq.(4.66), in
Eq.(4.68), we get the rate of transition probability in DFR space-time as

2+d9 —iAET
T(AE) Z‘ {E]m(0)|Eo) ( (* / dT . AT)(2+d9)/2_
04 AN A+dy 00 e*iAET
Z‘ (E|m(0) | Eo) 27?(5> N<d0)(2+d9)/—oodT ( 2 Ar |, a2g2\(4Td0)/2
sinh® 5 + &

(4.69)
By solving the integrals (using [33]) and after doing some simplifications, we obtain the

explicit form of the transition probability rate in (1 + 3 4+ dy) DFR space-time as

0 (A0)" 1
T(AE) Z‘ (Elm ) <€0d) 3902 ¢l )6271’AE/A+(_1)d9+17 (4.70)
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where,

dy/2 5
H <k2 + (AAEz) >£E” if dg is even
dot2) p(1+dg) [ F=0

L(
(do) _ 2
50 (AEv A) - 27 (2+de)/2

(de‘””((zk 112 (AE)?

1 + e >, if dy is odd
k=0
(4.71)
and
292 g iAE/A
(ds) 9(4+dg) 7 omAE/A (2 —1+A4¢ 4 1)
glg(AE7A70): A+d 2><
I'(4+dg)A <A2202 1 gy fEE 1)( +dg)/
. (4+dg)/2
2FI<4—;d9;ziE+4—;d9;4+d0;1_ e )X
<A2292 14+ A0 /AZ(;? _ 1)
do 9
AE
11 <k:2 + ( AQ) > if dy is even
k=1
do 2 2
(2k — 1) (AE) . .
kl:[l< 1 + Ve , if dg is odd
(4.72)

In Eq.(4.70), we see that the transition rate has 6 dependent term and the distribution
function, (e?"AF/A 4 (—1)%+1)~1 is same as that in the commutative situation. For

dy = 1, we obtain the explicit form of the transition probability rate as

TAE) =3 | (Blm(©) B |22 (4 + LB
E

Ar\4 T A2
A292 A \/W Bea
AGAr2emAE/A T2 T 1+ A0 7 1
1- 62 52 (4.73)
<A292 11— A8 A102 B 1)
2

5 iAE 5 e?/? 1
Bl —+ 51— .
2 1<2 A 2 (A2292 14 A0 A192 _1) e27AE/A 4

From Eq.(4.73), we see that T (AFE) gets a Fermi-Dirac (FD) distribution factor, for dg =
1 (odd-dimensional DFR space-time, i.e., total space-time dimension is (1+3)+1=5).
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Similarly, for dg = 2, we get the explicit form of the transition probability rate as

iAE/A
20y, a9 /2e 1)
AGrr2emAE/A 2

4
AE —
3012 3
A262 A202
( e | a2 1)
(AE)? ( iAE €3 )] 1

<4+72>2F1 320 1361 o
A A (A2292_1+A9 A2492_1) e2mAE/A _

(4.74)
Here T (AFE) gets a Bose-Einstein (BE) distribution factor for dy = 2 (even-dimensional
DFR space-time, i.e., total space-time dimension is (1+3)+2=6). Thus we conclude that
the transition probability rate has a BE distribution when the DFR space-time is even
dimensional and has a FD distribution when the DFR space-time is odd dimensional.

Thus these results are in terms with the results in the commutative space-time [21, 22].

The non-commutative correction terms of the transition probability rate depend on the
choice of the weight function. We get the commutative results from Eq.(4.70), by setting
# =0 and dy =0.

From Eq.(4.70), we see that the temperature, T' = 27“ (Unruh temperature) associated
with the thermal distribution of the transition probability rate is exactly the same as
that in the commutative case. Similar results were also obtained in the xk-Minkowski

space-time [24, 25].

4.6 Conclusion

The Lagrangian for the scalar theory in non-commutative space-time (particularly DFR
space-time) is not unique. But the equation of motion constructed from the quadratic
Casimir is unique. Thus it is imperative to study the quantisation of field theory in non-
commutative space-time from its equation of motion rather than Lagrangian. In this

chapter, we have quantised the DFRA scalar field from its equation of motion alone.

We have generalised the quantisation procedure [14, 15], discussed in chapter 2, to DFR
space-time and derived the deformed commutation relation between the DFRA scalar
field and its time-derivative (at equal-times), valid to all orders in the non-commutative
parameter, by considering the usual form for the DFRA oscillator algebra. We have
shown that the requirement of the commutation relation between the DFRA scalar

field and its time derivative being undeformed gives rise to a deformed DFRA oscillator
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algebra. Furthermore, the first non-vanishing correction terms of this deformed oscillator
algebra depends on the non-commutative parameter as 1/A*. It is shown that our results
are in agreement with that obtained in [6] when the weight function reduces to unity,
where the commutation relation between the DFRA scalar field and its conjugate is
undeformed. Deformed oscillator algebras have also been shown to occur in the x-
deformed space-time by quantising the s-scalar field [31] and k-Dirac field [32], from
their equations of motion. Therefore we find that the deformed oscillator is a generic

feature associated with the non-commutative field theories.

We have obtained the energy-momentum tensor as well as the Lorentz generator of the
DFRA scalar field, by deriving the conserved currents associated with the translation
and Lorentz symmetry of the scalar field, in DFR space-time. We observe that Tp,,
components of the energy-momentum tensor are asymmetric, in its indices, due to the 6
dependent weight function. Similar asymmetric energy-momentum tensor for the scalar

field has also been obtained in Moyal [34] and x-Minkowski (see chapter 2) space-times.

We have derived the non-commutative correction to the Unruh effect by examining
the interaction between the uniformly accelerating monopole detector and the massless
DFRA scalar field. We find that the transition probability rate picks up an extra non-
commutative parameter dependent multiplication factor. The thermal distribution fac-
tor in the transition probability rate is found to be either Bose-Einstein or Fermi-Dirac,
depending on whether the dimension of the (extra spatial non-commutative coordinate
0 of the) DFR space-time is even or odd. We also show that the non-commutativity of

the DFR space-time does not modify the temperature of the thermal distribution.
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Chapter 5

Superdense star in k-space-time

5.1 Introduction

Superdense stars contain tightly bound matter concentrated over a small region of space.
It has a central density of about ~ 106 kg/ m?® and radius of about ~ 10*m [1, 2]. The
gravitational force near the superdense star is very high, but it does not create an event
horizon. Thus it provides an ideal laboratory to test models to study the effects of
high gravitational field. The non-commutativity is expected to modify the space-time
structure when the gravitational field is very strong and thus it is natural to study effects
of non-commutativity on superdense star. In this chapter, we analyse superdense star

in k-deformed space-time.

For a stable star, the attractive gravitational pull towards its massive core is balanced
by the outward pressure produced by nuclear fusion. When this fusion ceases, the
outward pressure drops and the massive star undergo a gravitational collapse, producing
a supernova explosion. The remnants of this supernova explosion contain superdense
matter whose matter density is comparable to the nuclear density. This superdense
matter then gets cooled and finally attain a neutron rich equilibrium state and this
results in the formation of a superdense star [1, 2]. White dwarfs [3] and neutron stars

[4] are some typical examples for the superdense stars.

The physical structure of these compact stars is studied using their equations of state.
These equations of state are obtained by solving Finstein’s equation, which is constructed
from the spherically symmetric metric and the energy-momentum tensor of the matter
content shich is modelled as that of the perfect fluid distribution. When the matter
density of the compact star is greater than or comparable to the nuclear density, it

becomes difficult to describe the dynamics of such compact stars from a single equation
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of state. In such situations, one studies compact stars using an approach known as
the core-envelope model [5, 6]. The core-envelope model assumes a compact star to be

composed of two regions - a central core and a surrounding envelope.

It has been shown in [7, 8] that the superdense stars have an anisotropic fluid distribu-
tion; as a result, the pressure exerted by the fluid in the radial and tangential directions
is not uniform. This anisotropy in the pressure can happen due to various reasons like
the presence of superfluids [9], phase transition [10], pion condensation [11], etc. Differ-
ent implications of the anisotropy associated with compact stars have been studied in
recent times. The anisotropic pressure has been shown to have significant effects on the
mass to radius ratio and surface redshift of the relativistic, spherically symmetric stars
[12-14]. Studies on the influence of anisotropy on the adiabatic contraction of certain
spherically symmetric, non-static compact stars has been shown that the anisotropic
compact stars are more stable than the isotropic ones [15]. Variety of relativistic stars

have been studied using the anisotropic core-envelope model [16-24].

The density (p) and pressures (core pressure p, radial pressure p, and tangential pressure
pt), obtained from the solutions of the Einstein’s equation, of the core-envelope models,

are physically acceptable if they satisfy the following requirements [5, 6]

(i) The density and (isotropic or anisotropic) pressures should be positive quantities

throughout the star, i.e., p >0, p> 0, p, >0, p > 0.

(ii) The density and pressures should decrease monotonically from a maximum value
at the centre to a minimum value on the outer boundary of the star, i.e., % <
dp dpr dp
0, 4 <0, ZF <0, 3+ <0.
(iii) The speed of the sound! inside the superdense star should be less than the speed

of light, ie., & <1, %= <1, & <1,

We will generalise the above three conditions to the x space-time and check whether the
solutions to the superdense star in k-deformed space-time are physically acceptable or

not.

Recently, several studies to analyse the effects of the k-deformed non-commutativity in
cosmological objects have been reported. In [25], k-deformed Schwarzschild metric has
been constructed and this has further been used to derive x-deformed corrections to
the Hawking radiation, using the method of Bogoliubov coefficients. Compact stars in

r-deformed space-time have been investigated by deriving the x-deformed degenerate

IThe speed of sound associated with a medium is defined as the variation of pressure with respect to
the variation of density in that medium
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pressure from the partition function and also from the generalised uncertainty principle
[26]. k-deformed corrections to the entropy of the BTZ black hole have been calculated
using the brick wall method as well as using the quasinormal mode frequency of the
r-scalar field (in the background of BTZ black hole) [27, 28].

In this chapter, we consider a superdense star in the k-deformed space-time whose inner
core is assumed to have an isotropic pressure distribution and an anisotropic pressure
distribution in the outer envelope. We construct the xk-deformed Einstein’s equation by
replacing the quantities in the commutative Einstein’s equation with the x-deformed
ones. We then derive the k-deformed equations of state for the superdense star by
solving deformed Einstein’s equation, valid up to first order in a. We show that the x-
deformation enhances the density of the superdense star in k-background. The core and
envelope pressures also pick k-deformed correction terms. We also show that deformed
density and pressures satisfy the (above three) requirements of the physically acceptable
solutions. We also obtain a bound on the k-deformation parameter from the x-deformed
law of density variation and from the positivity condition on the deformed tangential
pressure. We also calculate the k-deformed redshift by using the compactness factor,

which is defined as the ratio of the mass to the radius.

The organisation of this chapter is as follows. In section 5.2, we give a brief summary
of superdense star. One starts with the 4-dimensional flat space metric to which a
3-spheroid space is embedded. This metric is parameterised by defining two geometric
parameters, which play a crucial role in developing the core-envelope model for the super-
dense star and obtain the static, spherically symmetric metric. Then one constructs the
energy-momentum tensor for superdense matter distribution by considering it as a per-
fect fluid with an additional anisotropic term. Using this metric and energy-momentum
tensor, the Einstein’s field equation describing superdense stars is derived. In section
5.3, we derive the x-deformed metric corresponding to the superdense star, from the gen-
eralised commutation relation between the k-deformed phase-space coordinates. Next,
we construct the k-deformed energy-momentum tensor. Using this and the deformed
metric, we formulate the x-deformed Einstein’s field equation. In subsection 5.3.1, we
derive the k-deformed law of density variation, valid up to first order in a, by solving the
temporal component of the deformed Einstein’s equation. From this k-deformed law of
density variation, we also obtain a bound on the k-deformation parameter. In section
5.4, we solve the deformed Einstein’s field equation, explicitly in the isotropic core and
the anisotropic envelope, separately, valid up to first order in a. In subsection 5.4.1, we
derive the x-deformed isotropic pressure in the core. In subsection 5.4.2, we derive the
expression for the k-deformed radial as well as tangential pressures in the envelope. We
also derive a bound on the deformation parameter from the positivity condition on the

deformed tangential pressure. In subsection 5.4.3, we discuss the boundary conditions
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associated with the k-deformed metric and calculate the surface redshift by using the
expression for compactness factor. Finally, in section 5.5, we present our results and

concluding remarks.

5.2 Static spherically symmetric metric

In this subsection, we briefly summarise the derivation of the metric appropriate for
representing superdense stars. We also discuss the construction of energy-momentum
tensor for the same. This will enable one to write down Einstein’s field equations for

the superdense star, which is used for obtaining the equations of state.

We begin the discussion with the expression for the line element in the 4-dimensional
Euclidean flat space.
do? = da? + dy? + d2* + dw®. (5.1)

Now we consider a 3-spheroid whose equation is given in terms of the coordinates
(z,y,z,w) as [29, 30]

2?2 +y?+ 22 w?

R? b2

where R and b are the semi-major and semi-minor axes associated with the 3-spheroid.

=1, (5.2)

The coordinates of this 3-spheroid are parametrised as [29, 30]

x = Rsinsin 0 cos ¢,
y = Rsiny sin #sin ¢,
z = Rsincosf,

w = bcosy,

where 0 < ¢ < 7 and 0 < ¢ < 27. Substituting this parametrisation, i.e., Eq.(5.3), in
Eq.(5.1), the line element becomes

do? = (R?cos® 1 + b*sin® ¢) dyp® + R?sin® 1) (d6? + sin® 0d¢?) . (5.4)
It is to be noted that R and b are geometric parameters having the dimension of length.

We re-express Eq.(5.4) using the transformation given by [21]

2

b
r = Rsin andKzl—i—ﬁ. (5.5)

Here K represents another geometric parameter, which is dimensionless, such that K >

1. Using the transformation in Eq.(5.5), we re-write the line element given in Eq.(5.4),
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as
(1 + K;—i)

i+ #)

From Eq.(5.6), we find that K = 1 corresponds to the case of 3-dim spherically symmetric

do? = dr24—r2(d024—$n20d¢2>. (5.6)

metric. After obtaining this metric, we next define the 4-dimensional space-time metric
as,

ds? = e’ dt? — do?, (5.7)

The function f(r) in the above is a spherically symmetric function that depends only on
the radial distance r. We use the spherical coordinates to write the spatial components
of the 4-dimensional space-time metric. Substituting Eq.(5.6) in Eq.(5.7), we get the

4-dimension space-time line element as [21]

ds? = efM a2 — AN ar? — 12(d6? + sin® 0dp?), (5.8)
where e*") is defined as )
1+ K+
AN = B (5.9)
1+

From the line element given in Eq.(5.8), we obtain the non-vanishing components of

corresponding metric, g,,,,, as

1+ Ko
7752, gaa(x) = =17, gaz(x) = —r
14 =

goo(z) = /), g1 (2) = - 2¢in20.  (5.10)
We will use Eq.(5.10) to construct the non-commutative metric for studying the super-

dense star in x-space-time.

The superdense matter distribution can be modelled in different ways [16-24]. Here
we study the superdense matter distribution using the core-envelope model. Many
compact objects, like neutron stars, white dwarfs etc, have been studied extensively
using the core-envelope model [5, 6]. In this study, we assume the inner core to have an
isotropic fluid distribution and the outer envelope to have anisotropic fluid distribution.
Thus we express the energy-momentum tensor for the superdense star, using the energy-

momentum tensor corresponding to the perfect fluid distribution, as [21, 29, 30]
Ty = (p+ p)uuuu — PG + . (5.11)

Here p is the density, u, is the unit 4-velocity of fluid distribution and p is the pressure
of superdense matter and II,,, characterises the anisotropy. We assume that superdense
stars possess spherical symmetry and therefore, the dynamical quantities have an explicit

dependence on the radial distance r alone.
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The anisotropy of the perfect fluid distribution is represented using the tensor II,,, (note
that I, = 0 for isotropic fluid distribution and therefore II,,, = 0 inside the core). II,,
is defined as
\f 1
I, =Vv3S(r)|C.C, — g(uuuy — ) (5.12)

In the above definition, S(r) denotes the magnitude of the anisotropic stress parameter
(which vanishes for an isotropic fluid distribution) and C}, denotes the unit radial vector.
We choose u, = (ef("/2.0,0,0) and C, = (0, er/2.0,0), satisfying the conditions
uu, gt =1, C,Crg"” = —1 and u,C,g"" = 0.

The superdense matter has uniform pressure (due to isotropy) throughout the core.
However the situation inside the envelope is different. Inside the envelope, radial and
tangential pressures are different due to the anisotropy. The anisotropic stress parameter

S is defined using the radial pressure p, and tangential pressure p; as

S(r) = ]W)_\/gptm. (5.13)

Thus now we define the radial as well as tangential pressures in terms of the core pressure

p(r) and anisotropic stress parameter S(r) as

B 25(r)
pr(r) =p(r) + 7 (5.14)
and S
pe(r) =p(r) — ) (5.15)

respectively. From above relation we clearly see that for an isotropic fluid distribution

(note S(r) = 0 inside the core), radial and tangential pressures are equal, i.e., p, = p;.

Einstein’s equation is given (in natural units) as
G = 87T, (5.16)
where G, is Einstein’s tensor and it is defined as
1
Guu =R, — QRg,uz/- (5.17)

In the above expression, 17, and R represent Ricci tensor and Ricci scalar, respectively.
Thus by evaluating Ry, as well as R from the metric given in Eq.(5.8) and using the
energy-momentum tensor given in Eq.(5.11), one writes down the Einstein’s equations
explicitly. The solution to these equations give the relation between various quantities

of interest relevant for the superdense star.



Chapter 5 Superdense star in k space-time 98

5.3 k-deformed Einstein field equations

In this section, we first construct the metric in the x-deformed space-time using the
generalised commutation relation between the k-deformed phase-space coordinates [25].
We then formulate the x-deformed version of the energy-momentum tensor, defined in
Eq.(5.11), suitable for studying the non-commutative superdense star. Einstein’s field
equation is generalised to the x-deformed space-time by promoting the commutative
quantities (such as energy-momentum tensor, space-time metric, Ricci tensor and Ricci
scalar) to the corresponding k-deformed quantities. We then obtain the solution cor-
responding to the x-deformed Einstein’s equations, valid up to the first order in the
deformation parameter a. Following this, we derive the k-deformed law of density vari-
ation for the superdense star and obtain a bound on the xk deformation parameter from

this.

The generalised commutation relation for the k-deformed phase space coordinates is
[25, 31],

[i'm pu] = igum (5.18)
where g, is the sx-deformed metric and it is a function of the x-deformed space-time

coordinate .

We choose a specific realisation for the x-deformed phase-space coordinates as [25],

«%u = Jfasf’ﬁ, pu = gaﬂ(g)kﬂsoz? (519)

where ]5“ is the s-deformed generalised momenta and k, is the conjugate momenta
corresponding to the commutative coordinate x,. In the commutative limit, i.e., a — 0,

we obtain 7, — z, and P, — k.

Note that we have introduced another set of k-deformed space-time coordinates g, in
Eq.(5.19). This g, is assumed to commute with Z,, i.e., [§,,Z,] = 0. These new coor-
dinates are introduced only for calculational simplification [25]. The g,s(y) appearing
in Eq.(5.19) has same functional form as the metric in the commutative coordinate, but

z,, replaced with non-commutative coordinate .

Substituting Eq.(5.19) in the x-deformed space-time commutation relation, i.e., [Zg, Z;] =

iat;, [i,25] = 0, we find a particular realisation for ¢f as
. ; o
00 =1,¢) =0, ) =0, g5 =de . (5.20)

The coordinates §,, are also assumed to satisfy the x-deformed space-time commutation

relation as [9o, ;) = tayi, [U:,7;] = 0. We now express ¢, in terms of the commutative
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coordinate and its conjugate momenta as
Uu = Ta ). (5.21)

Using [0, 9:] = iafi, [9i,9;] = 0 and [2,,9,] = 0, one obtains ¢ as (see [25, 31] for
details)
) =1, ¢) = —ak’, ¢y =0, ¢} = 6. (5.22)

Thus the explicit form of ¢, are
?QO =Xy — a:cjkj, @]z = Tj. (5.23)

Using the above in Eq.(5.19) and substituting &, and Pu in Eq.(5.18), the x-deformed

metric is obtained as [25]

. (5090
[ Pl = 9 = ig05 (3) (K520 + 0l (5.24)

Note that g, () in the above can be obtained by replacing the commutative coordinates

with the x-deformed coordinates in the commutative metric given in Eq.(5.10).

Substituting Eq.(5.20) in Eq.(5.24), we find the RHS of Eq.(5.24), valid up to first order

in a as

[#0, Po] = igoo(d),
[0, Pi] = igoi(§) (1 — 2ak°) — ag(§)K", (5.25)
(25, Po] = 0( )(1 - ak?),
&1, Pj] = igi;(9) (1 — 2ak°).
Thus we get the explicit form of the components of g, as
goo = goo(9),
1 — 2ak®) — agim(§)k™,
) @) (5.26)

Jio = gio (

)
gOz - gOz( )(

)(1 — ako),

)(

gij = g”( 1-— 2ak0).

The line element in x-deformed space-time is now defined by replacing the commutative
metric as well as the differential of the space-time coordinates with their k-deformed
versions [25], i.e

ds? = g, ditdi". (5.27)
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Thus the explicit form of the k-deformed line element, valid up to first order in a, is
given by
4% = goo(§)da’dz’ + (90i(§) (1 = 3ak°) = agim (§)K™ ) da"d’
' e (5.28)
+ gi0(9) (1 — 2ak°)da*da® + gi;() (1 — 4ak®)da’da’.
From Eq.(5.23), we see that g,.,(9;) = gu(x;). Since the cross terms involving time
and space indices of the metric tensor given in Eq.(5.8) are zero (i.e., go; = 0), the

r-deformed metric given in Eq.(5.28) becomes 2

ds* = goo(9)daz’dz® + g;;(9) (1 — 4ak®)da'dz’. (5.29)

From Eq.(5.8) and Eq.(5.23), we read off the metric components goo(y) and g;;(9),
respectively. Using this in Eq.(5.29), we obtain k-deformed space-time metric corre-

sponding to the superdense star as
dg? = e/ a? — (e’\(’")dTQ +r2(d§? + sin? 9d¢52)) (1 - 4ak). (5.30)

From the above equation, we note that the x-deformed metric continues to be spherically
symmetric. Here we observe that only the spatial components of the space-time metric
get modified under the k-deformation and this change is through an overall multiplica-
tion factor of (1 — 4ak). In the limit a — 0, we recover the commutative line element

given in Eq.(5.8).

Now we write the expression for the x-deformed energy-momentum tensor, by promoting
the commutative quantities, present in Eq.(5.11), to their k-deformed versions. Thus we
get

Tyw = (P + D)yt = pijur + M, (5.31)
where the k-deformed unit 4-velocity is defined as @, = uq )}, and the r-deformed unit
radial vector is defined as C), = Cayj; (see Eq.(5.12)). Using the realisation given in
Eq.(5.20), we get 1, = (e7(M/2.0,0,0) and C’# = (0,eM)/2(1 — ak),0,0). Substituting
these quantities, Ou and 4, in Eq.(5.31), we find the components of the s-deformed

2Since k-deformed space-time is rotational invariant, the x-deformed metric is taken to be symmetric
in its indices.
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energy-momentum tensor, valid up to first order in a, as

Too = pe! ™,

T = ((1 - 20k0) + 22 (1 - ak?) )0,

V3
. g (5.32)
Ty = (p _ ﬁ)ﬁ(l — 2ak?),
T33 = (;ﬁ — jg)rz sin? 0(1 - 2ak0).

Next, we write down the k-deformed Einstein’s tensor by replacing the commutative
quantities present in Eq.(5.17) with their x-deformed counterparts. Therefore the ex-

plicit form of the k-deformed Einstein’s tensor is given as

~

. 1.
G,uzz =R, — §Rg/,w- (5.33)

Note that in the above equation, Ruv and R represent the k-deformed Ricci tensor and
Ricci scalar, respectively. The non-vanishing components of the k-deformed Ricci tensor
and k-deformed Ricci scalar are calculated explicitly using the k-deformed metric given
in Eq.(5.30) and they are

(5R2F2() + 2820 1(r) + K £2(r) + 13 £2()) RS0 (1 + 20k0)
4r(R* + 2R2Kr? + K?r4)
(6R22f/(r) + Kr® (1) + 2R2Kr3 [ (r) 4+ 2R205 (7)) /) (1 4 20°)

Rgo = +

L (5.34)
4r(R* 4+ 2R2Kr? + K?2r%)
(26721 (r) + 2R2Kr2 () + 4K (1) ) e/ 1) (1 4 20R0)
4r(RY + 2R2Kr?2 + K2r?)
B 2R?r(R? + %) (K — 1) f'(r) — (R? + Kr?)(R* + 2R*r? + 1*) f"*(r) N
e A(R? + Kr2)(R% + 2R%r2 + r4) (5.35)

SREZ(R2+ 1) (K — 1) — 2(R%2 + Kr?)(R* + 2R%>r? + %) £ (r)
4(R? + Kr?)(R* + 2R2r2 + r4) ’

—rR? <R2f(r) + Kr2f(r) —4Kr + 7’2f'(r)> —r? (4R2 —2K2%r2 + K3 f'(r) + 2Kr2)

Roo =
= ORY T AR2K 12 + 2K 2p4 ’

ﬁgg = RQQ SiIl2 9,
(5.36)
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(5R2f’2(r) +2R%r f(r) + Kr3 f2(r) + r3 f2(r) + 1002 f'(r) + 2Kr3f”(r)>R2(1 + 2ak?)

4r(R* 4+ 2R2Kr? + K?r4)
K70 f2(r) + 2R () + 2K7° (r) + 2R2K72 £ (1) + 12K /(7)) (1 + 2ak°)
4r(R* 4+ 2R2Kr? + K?2r%)

2R2r(R2 4+ r22(K = 1) /() — (R? + Kr2)(R? 4 r2)(R* 4+ 2R%r2 + 1) f2(r) ) (1 + 20k0)

4(R2 + Kr?)2(R* 4+ 2R%r? + r4)
SR2(R? +12)2(K — 1) — 2(R? + Kr2)(R? + r2)(R* + 2R%* + r4)f”(r)) (1+ 2ak?)

— N |/~ |/~ |/

1(R? + Kr2)2(R1 1 2R* 2 4 1) *
R2f(R? + Kr?) — 2r%(K — 1)(4R? + K)) (1+ 2ak?)
r(2RY + 4R2EKr2 4 2611
(5.37)

In above equations, K is a dimensionless parameter whose values are bounded as K > 1
(see Eq.(5.5)).

Next, we determine the components of k-deformed Einstein’s tensor using above RW
and R in Eq.(5.33) and obtain

<3KR2 —3R? 4+ K*r% — Kr2> ef (1 - 2ak0)

Gon =
00 RY 1 2K R%r2 + K2r4 :

N (MR = Kr+r2f'(r) +r

G = r(R? +1r2) ’
) r <R4rf’2(r) + 27t f(r) + 2R f' (1) + RPK 73 f2(r) + R2r3 72 (r) + 2R2r3f”(r)>
G = 4R+ 2RPK 2 1 K2r4) M
r <4R2r2f’(7“) +4AR*P2R2 K3 f"(r) — 4AR?Kr + Kr® f2(r) + 2Kr4f’(r)>
4(R* + 2R2Kr? + K2?r4) ’
G5 = sin? 0Gas.
(5.38)

From the above equation, we find that only the temporal component of Einstein’s ten-
sor gets modified under the k-deformation, whereas the spatial components remain un-

changed. Also, the modification of Goo is by an overall multiplication factor of (1—2ak®).

In the k-space-time, the Einstein field equation, given in Eq.(5.16) takes the form
Gy = 8T, (5.39)

The explicit form of the x-deformed Einstein’s field equations are obtained by substi-
tuting the components of the deformed Einstein’s tensor, i.e., Eq.(5.38) and deformed

energy-momentum tensor, i.e., Eq.(5.32) in Eq.(5.39). From this, we obtain the three

+
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k-deformed equations, valid up to first order in a, as

(K — 1)(3 +KR—22>

87rf3<1 - Qako) = e (1 N K%) ; (5.40)
A 2\ fir) _ (K-1)
SW(ﬁr — 2ak° — ?gako) = (1 ’ Ri Ki L : (5.41)

(i
1" ! ! h
B (f2(r) N f24(r) B fQ(:)><1+;;> <1+K17j2> ' (5.42)

Note that all these equations given above are modified under the xk-deformation. These

8w$x/§(1 —ako) _rE-1) <1+ ') <1+Kr2>_2 _ M(HKTQ)_I

correction terms appear due to the contributions from Gy and 7}, components, respec-

tively.

5.3.1 ~k-deformed law of density variation

In this subsection, we derive the law of density variation for the superdense star in s-
deformed space-time, valid up to first order in a, from the x-deformed Einstein’s equation
given in Eq.(5.40).

According to the law of density variation [30], the density of the superdense star should
be a positive quantity and its value should decrease monotonically from a maximum
value at the centre to a minimum value on the outer boundary. We will check the

validity of this condition in the x-deformed space-time.

We obtain the expression for the density of superdense star in x-space-time, by bringing
the (1 — 2ak®) term of Eq.(5.40) to the right-hand side and keeping the terms valid up

to first order in a. Thus the density of the superdense star in s space-time becomes

p= Koy <3 i K;;z) (1 + 2ak0>. (5.43)
8mR2(1+ K )

Under the x-deformation, density (of the super-dense star) gets modified by an over-
all multiplication factor (1 + 2ak"). The K in the above equation is a dimensionless
parameter. Thus we find that the non-commutative correction enhances the density of
the super-dense star (if a > 0, K > 1). The commutative expression for the density is

recovered in the limit a — 0.
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The density of the superdense star has to be a positive quantity. In the x-deformed
setting, we need to choose K > 1 and ak® > —0.50 for the p to be a positive quantity.
If we choose k” as Planck energy (i.e, k* ~ 10!? GeV), we obtain a lower bound on the

deformation parameter (in SI units) as |a| > 10730m.

From the expression for the density of the superdense star in k-deformed space-time given
in Eq.(5.43), we obtain the explicit form of the central density (denoted by pg = p(r = 0))

of the superdense star in k-deformed space-time to be

3K -1 0
= A2 () 4 oak ) 5.44

po 8T R2 ( +a (5-44)
Similarly we obtain the expression for the density (of super-dense star in x-deformed

space-time) at the boundary, » = ry (i.e., at outer boundary of the envelope) as,

prs) = -y (3 i KQ’%Q) (1 + 2al<:0>. (5.45)
srR2(1+ K 75)

The expression for the k-deformed density gradient is calculated from Eq.(5.43), by

taking the derivative of p(r) with respect to r and we get

dp —2K(K —1)r (5+KZ) .
£ = 1+ 2ak°). 5.46
dr 8m R4 (1+ K%)S ( “ ) (5.46)

By inspecting the above equation, we find that the density gradient in the x space-time
decreases monotonically throughout the super-dense star if the conditions K > 1 and
ak® > —0.50 are maintained. Thus we observe that as r increases, p decreases from a
maximum value pg at the centre to a minimum value p(r2) on the boundary and this has
been shown graphically in Fig.(5.1). This behaviour is exactly similar to the behaviour
of the density in the commutative case and therefore, we can say that the general form

of the law of density variation is preserved in the k-deformed space-time.

Note that from now onwards, we will use a particular choice of the geometric parameter
K = 2 for the simplification in the remaining calculations. For K = 2, Eq.(5.43),
Eq.(5.44) and Eq.(5.46) become

(3+2%)

H = 1+ 2ak°), 5.47
g 87TR2(1+21T;2)( ¢ ) (547)
.3 0
fo= 5 (1 + 2ak ) (5.48)
~ ’,"2
dp _ —r (5+25) (1 + Qako). (5.49)

dr  2mR* (1+ 2]%22)3
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FIGURE 5.1: Variation of p against E—Z throughout the star (0 < 2—22 <3.8)

5.4 Superdense star

In this section, we analyse the superdense star in a space-time with a minimal length
(introduced through non-commutativity). We use the results of previous sections in
setting up the equations of state relevant to handle this scenario. We use the core-
envelope model, generalised to x-deformed space-time to study the superdense star in the
non-commutative setting. Thus we first set up the x-deformed Einstein field equations

for the isotropic core. This is followed by the same analysis for the anisotropic envelope.

5.4.1 Isotropic Core

In this subsection, we begin our analysis with x-deformed Einstein’s field equations for
the isotropic core and then solve these equations, valid up to first order in a. These
solutions will give the expression for the r-deformed pressure (valid up to first order
in a) inside the isotropic core of the super-dense star. We then derive the x-deformed
strong energy condition inside the isotropic core using the expression for the density and

isotropic core pressure in k space-time.

The isotropic core of the super-dense star is in the region 0 < r < r;. This core possess
an isotropic fluid distribution and hence the anisotropic stress parameter in Eq.(5.31)
vanishes, i.e., S(r) = 0. As a result, the radial as well as tangential pressures become
equal inside the core. For the choice K = 2, k-deformed Einstein’s equation given in
Eq.(5.42) becomes

7"<1 N f'(r)) (1 N 27"2> R <f”(7”) L1200 f/(r)) —0.  (550)

R2\r 2 R? R? 2 4 2r
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Now we re-express the above equation in a simpler form by choosing z = /1 + 2—22 and
F(r) = e/(0/2, Using these Eq.(5.50) becomes

d*F dF
222 —1)——= + 22— —2F = 51
(22° = )5 + 25— 0. (5.51)

Solution to the above second-order differential equation is given as [21]

F(r) = A\/1+RZ+B<\/ +R22L() = 1+2T2>. (5.52)

Here A and B in the above expression represent the constants of integration (whose
values will be determined later using the boundary conditions) and L(r) is a function

(that depends on 7 alone) whose explicit form is

L(r):ln(\/i\/1+;z+\/1+2;2) (5.53)

Using the definition F(r) = e/(")/2 in the expression for the r-deformed metric of the

superdense star, given in Eq.(5.30), we get the explicit form of the k-deformed metric

inside the isotropic core as

a1+ 2 BFI \/5\/1 r \/1 D 1\/7 2d2
B A (s e i R R e o
2
1422
- (f)drz (1 - 4ak0> e (d92 + sin? 9d¢2) (1 - 4ak0).
1+ 5
(5.54)

Using f(r) = 2In F in the k-deformed Einstein’s equation, given in Eq.(5.41), we find

ds® =

the expression for the isotropic core pressure, in k-deformed space-time, valid up to first

order in a to be

plr) = A [ D ] <1+2ak0>.

8TR2(1+22%) [ [\/T};L()—% 1+2;§2H
(5.55)

From the above expression, we observe that the pressure inside the isotropic core gets

scaled by a (1 + 2ak) factor. This suggests that under the k-deformation, the isotropic
core pressure of the superdense star scales in the same manner as the density gets scaled
(for a > 0). From Fig.(5.2), we observe that the core pressure decreases monotonically
from a maximum central pressure value (i.e., p(0)) to a minimum value. This suggests

that the gradient of the core pressure is negative, i.e., % <0in0<r<r.
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FIGURE 5.2: Variation of p against }%Z in the core (0 < Lz < 2) and variation of p,
and p; against %22 in the envelope (2 < ’"—22 < 3.8).

In the commutative space-time, the speed of sound v, associated with the fluid is defined
in terms of the variation of pressure with respect to that of density, as
dp
2
vi=— 5.56

= (5.56)
This speed of sound should be less than the speed of light 3, i.e., v2 < 1 (note that from
above definition, % will be a positive quantity). We obtain the expression for the speed

of sound in k-space-time, by replacing the pressure and density in Eq.(5.56) with their

r-deformed versions.

The speed of the sound inside the isotropic core is estimated by taking the derivative of
core pressure with respect to the density. By exploiting the same definition, we calculate
the speed of sound inside the isotropic core by taking the derivative of x-deformed core
pressure (given in Eq.(5.55)) with respect to x-deformed density (given in Eq.(5.43)).

Thus we have

,,,.2 ,’,.2 5/2
i (1+25) VIBRF/(r)(1+24) X VEB(1+223)Y"?

W (5+25) M (5+2%) F(r)(5+24) (557

In Fig.(5.3), we have plotted % against 2—22, using the above expression. From this graph

we observe that Z—f; < 1 (inside the core). Thus we find that the speed of the sound inside
the isotropic core of the k-deformed super-dense star is less than the speed of light (which
is in agreement with the commutative result of [30]). Thus the causality condition is

satisfied inside the core of super-dense star in x-deformed space-time. From Fig(5.2), we

3In natural units, we choose ¢ = 1, whereas in SI units, this inequality becomes v2 < ¢2
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also found that p > 0 and % < 0. Therefore the superdense matter distribution inside
the core is physically acceptable model under k-deformation, as in the commutative

space-time [33].

5.4.2 Anisotropic Envelope

In this subsection, we analyse the k-deformed Einstein’s equation defined in the envelope
region of the superdense star. The solutions to these equations yield the expression for
the quantities such as k-deformed anisotropic parameter, xk-deformed radial as well as

tangential pressures, valid up to first order in a, in the envelope region.

The anisotropic envelope of the superdense star, in x-deformed space-time, is defined as
the region 1 < r < rg. Due to the anisotropy (i.e., S # 0), the r-deformed envelope

pressure splits into radial as well as tangential components.

We re-express the k-deformed Einstein’s field equation given in Eq.(5.41) by using the

transformation (see [21]),

()2 2
as d2 ( 2 ) 2 \/’ 25( kO)( 2 )
P 32z —1) — 5z 8v3rR*S(1 —a 227 —1 B
a2t < (222 — 1)2 + 22 -1 >Q’Z) =0 (5:59)

Now we solve the above second-order differential equation to get the explicit form of
¥(r). In order to simplify the calculation, we demand the terms in the bracket to be
zero as in the commutative space-time [21]. This gives expression for the x-deformed

anisotropic stress parameter, valid up to first order in a, as

S = %<2_%> (Hak:). (5.60)
8mv/3R2 (1 + 1%)

From the above equation, we observe that the anisotropic parameter gets scaled by
(1 + ak) factor under the k-deformation. Thus we find that the anisotropy associated
with super-dense matter increases by non-commutativity (for ak® > 0). This increase
depends on the fundamental length scale (i.e., a) and the deformation energy (k°) en-
tering through the non-commutative metric. We recover the commutative anisotropic
stress parameter in the limit a — 0. Note that, unlike the x-deformed density and core

pressure, the anisotropic stress parameter gets modified by a factor 1 + ak®.
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After substituting Eq.(5.60) in Eq.(5.59) we get

d*y
— =0. 5.61

The solution to the above ODE is given by
Y(z) =Cz+ D. (5.62)

Here C and D are the constants of integration (whose explicit values will be determined
later using boundary conditions). From Eq.(5.58) and Eq.(5.62), we get the explicit

form of f(r) in the envelope as

£r) = 21n<<1 + 2;22)1/4 (C\/E+ D)). (5.63)

Using this explicit form of f(r) given above in Eq(5.63), we obtain the expression for

r-deformed metric in the envelope of the superdense star as

2 2 2 1429212
5e \/1+2T2(C\/1 + o+ D) d? - (ff)dr?@ ~ dak”)
R R L+ 72 (5.64)

2

2 (d02 + sin? ed¢2) (1 — 4ak:0).

Now we obtain the expression for the k-deformed radial pressure (valid up to first order in
a) by substituting the expression for the deformed anisotropic parameter (i.e., Eq.(5.60)

in the k-deformed Einstein’s equation Eq.(5.41))

2 2 0
C\1+ 4 (3+ 4% ) + D| (1+208°) 2o

Py = - . (5.65)

2 3
seR2(1+25) (C\1+ +D) 82 (1+25)

Thus from the above equation, we find that the radial pressure picks up two correction

terms under the k-deformation. Here the first correction term, i.e., the 2ak® dependent
one is contributed by the k-deformed core pressure and the second correction term,
i.e., ak® dependent one is contributed by the k-deformed anisotropic parameter (see the
definition given in Eq.(5.14) for clarity). Note that the x-deformed radial pressure has
to be a positive quantity throughout the core, i.e., p, > 0, and this happens when the
conditions r > V2R and ak® > 0 are satisfied.

The expression for the k-deformed tangential pressure (valid up to first order in a) is

obtained by substituting the equations for k-deformed radial pressure, i.e., Eq.(5.65)
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and anisotropic parameter, i.e., Eq.(5.60) in Eq.(5.15). Thus we have

(3 g 0
Cy\1+ 3 (3+ 45 ) + D| (1+208°) (2 ) (1 2a80)

b= - . (5.66)

2 3
s7R2(1+24) (C\/1+ & + D) srR2(1+25)

We find that the tangential pressure also gets modified by the factor 1 + 2ak? under

the xk-deformation. This modification factor is exactly the same as the modification
factor present in the density expression (see Eq.(5.47)). In order to have a physically
acceptable model, the k-deformed tangential pressure has to a positive quantity, i.e.,

p¢ > 0 and this happens when the conditions 7 > v2R and 1 + 2ak" > 0 are obeyed.

Now we consider a typical superdense neutron star whose central density, core radius
and outer radius are given as pg = 11.1145 X 1017kg/m3, ry = 11.330 x 10>°m and
ry = 12.527 x 10%m, respectively [32]. Using the relation r2 > 2R? (obtained from
the positivity condition of p;) and the expression for the k-deformed central density,

8mpo(1 — 4ak®) = %, we get a bound on the deformation parameter a as |a|] > 10~ 1%m.

From Eq.(5.65) and Eq.(5.66) and using the condition r > v/2R, we see that x-deformed
tangential pressure is greater than the k-deformed radial pressure (as in the commutative
case) throughout the envelope. From Fig.(5.2), we observe that both the radial and
tangential pressures decrease monotonically from the core-envelope boundary to the

outer boundary of the star. Hence we can infer that the pressure (both radial and

tangential) gradients are negative throughout the envelope of star, i.e, dg <0, % <0

for ri <r <.

The speed (both radial and tangential parts) of the sound inside the anisotropic envelope
of the k-deformed superdense star is estimated by taking the derivative of k-deformed
radial pressure (given in Eq.(5.55)) as well as that of the tangential pressure (given in

Eq.(5.66)) with respect to k-deformed density (given in Eq.(5.47)) as
2
ap 2(1+25) +2(1- 55 + B )ak? c(1+25)
T 2 2 -
dp (1+25) (5+25) 201+ 5 (54 24 )0()
CR2\/1+ 55 (1 + 2;722) [(1 + 2;%%)&(7«) + 4;22@&(7«)}
_|_

2r (5 + 2%)1/}’(7“)

(5.67)

)
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2 r2 r2 2

W prem)(irem) 21+ (5 2)e0)
032@(1 + 2Ri;) [(1 + 25 ) (1) + 4;;2@@(7«)}

2r (5 + 2%)1&’(7“)

(5.68)

From Eq.(5.67), we find that the speed of the sound associated with the radial pressure
inside the envelope of k-deformed superdense star picks up an ak® dependent correction
term under the r-deformation. Similarly, from Eq.(5.68), we find that the speed of
the sound associated with the tangential pressure inside the envelope of x-deformed
superdense star remains unchanged under the k-deformation. In Fig.(5.3), we have
plotted C%" as well as Cﬁ% against % using the above expressions. From this graph, we

find that Cilﬁ/; < 1and Cgﬁﬁt < 1. Thus we infer that the speed of sound (due to radial and

tangential pressures) inside the anisotropic envelope of the x-deformed superdense star
is less than the speed of light (which is in agreement with the commutative case [30, 33]).
Therefore we find that the causality condition is followed in the envelope region of the

superdense star in the k-space-time. From Fig(5.2), we also find that p; > 0, p, > 0

and % <0, dg < 0. Hence we say that the superdense matter distribution inside the

envelope is a physically acceptable model [33] under x-deformation.

0.25¢ P,

0.20¢

d s Radial Sound Speed (Envelope)
— Sound Speed (Core)

| — Tangential Sound Speed (Envelope)

FIGURE 5.3: Variation of g—g against ;—22 in the core (0 < ”—22 < 2) and variation of %
and C% against 1’%—22 in the envelope (2 < ITTQZ < 3.8)

5.4.3 Matching conditions

In the commutative case, the constants A, B, C and D appearing in Eq.(5.55), Eq.(5.65),

Eq.(5.66) are determined using the four matching conditions. Here we generalise these
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four matching conditions to the k-deformed space-time. The following are the four

matching conditions.

(i) We match the k-deformed metric of the superdense star with x-deformed Schwarzschild
metric at the outer boundary of the envelope. The x-deformed Schwarzschild met-

ric is given as [25]

3> (1 — 2L”)dﬂ b (- dak®) dr 02 (1 4ak®) Q2. (5.69)
r (1 Qm)

r

Now we equate the coefficients of the metric in Eq.(5.64) with that in Eq.(5.69) at
r =19 and we get

(5.70)

C\/H—QJFD_—34 (5.71)
R 1+2 )/

(ii) The (k-deformed) radial pressure vanishes at the outer boundary (at r = rz) of

superdense star, i.e., p.(r2) = 0 [30]. Thus we have

C\/1+ 35 (3+43%) + D | (1+2a8") LICEEAWE

87T]5T(7’2) = — =0.

r(1+254) (ey1+ 5 + D) r(1+27)"
(5.72)

We obtain C' and D, by solving the linear equations in Eq.(5.71) and Eq.(5.72), as

- ((1 +255 ) (1+2ak0) — 23 (2 - R22>ako>

T e () (ieeg)”

7,2 ,,,2 7,2 7,2
- ((3 + 4}722) (1 + 21%2) (1 + 2ak0> - 2}722( - %)ak())
2
R? 2\ 2 3/4 :
2(1+27%) (1+2a0) (14 27%)
Thus we find that the sk-deformation modifies the constants C' and D. Note that

even though C and D get modified, the quantity (C v/ 1+ ;—% + D) remains un-

changed and therefore ggy component of the metric on the boundary of superdense

D= (5.74)

star remains unchanged under the x-deformation (see Eq.(5.25)).

(iii) The metric is continuous throughout the superdense star in the x-deformed space-

time. Hence the metric coefficients in the core and that in the envelope are equal
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at the core-envelope boundary (at r = 7). Therefore we get from Eq.(5.54) and
Eq.(5.64)

V3A+ B[V3L(r1) —V2.5] = */‘5’;/1‘17. (5.75)

(iv) The (deformed) pressures are continuous throughout the superdense star. At the
core-envelope boundary (i.e., at r = 71), the anisotropy vanishes and all these

pressures become equal. Hence we have
p(r1) = pr(r1) = pe(ra). (5.76)

The above condition gives us another equation involving A, B, C' and D as

a5 - LV3C+ D

V3A + B[V3L(r) + ] =3/ (5.77)

Now we obtain A as well as B in terms of C' and D by solving the above linear equations

Eq.(5.75) and Eq.(5.77) simultaneously. Thus we get

55 - 3V3(V3L() — VEBIC + L [5V5 + 2v2(V3L(r1) — VEB)|D
53/4 " (5.78)

V2[3V/3C - 2D)]

B= 53/4

By substituting Eq.(5.73) and Eq.(5.74) in Eq.(5.78), we obtain A and B.

An observer at infinity finds the wavelength of light coming out of the gravitational
field (at 72) to be shifted and this is known as gravitational redshift. We calculate the

gravitational redshift using the gravitational redshift parameter, Z, which is defined as

goo(o0)

Zp =
r goo(72)

~ 1. (5.79)

Z plays an important role in the study of astrophysical objects. Therefore it is important
to understand the influence of minimal length in the gravitational redshift for the analysis
of the effects of non-commutativity on superdense star. In our case, we look for the
effect on the k-deformation on the redshift. We obtain this expression by replacing
the commutative metric (in redshift expression i.e., Eq.(5.79)) with the corresponding

k-deformed metric and therefore we get

j 1
Zpo 0> 1 (5.80)
goo(72) 1 2m
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Now we define the compactness factor, u, which gives the mass-to-radius ratio of the

superdense star. It is defined as [34, 35]

m(rz)
9 '

(5.81)

u =

From the matching condition, i.e, Eq.(5.70), the expression for compactness factor is

found to be )
w2 2 (5.82)

ry 2R2(1 + 2%)

Substituting the expression for compactness factor, i.e., Eq.(5.82) in Eq.(5.80), we obtain

the expression for surface redshift [36] in x-deformed space-time as

SITR g (5.83)

From the above expression, we notice that the surface redshift (associated with the
super-dense star) does not get modified under the k-deformation. This is because of
the fact that the ggo component of k-deformed metric remains unchanged under -
deformation, up to first order in a. Therefore, in this choice of realisation, we see that
the gravitational redshift does not pick up a non-commutative correction term. This
result is in contrast to that in [37]. There the authors have obtained a non-commutative
correction to gravitational redshift by using a modified metric whose temporal part

contains minimal length parameters (obtained from the GUP).

5.5 Conclusions

In this chapter, we have studied the effects on the non-commutativity in the superdense
star, by generalising the anisotropic core-envelope model to the x-deformed space-time.
We have derived the k-deformed energy-momentum tensor as well as the deformed metric
(valid up to first order in a) for the superdense star. Using this, we have constructed
k-deformed Einstein’s equation for the superdense star. These deformed field equations
are solved separately inside the core and the envelope of the superdense star (valid up

to first order approximation in a).

We observe that the density for the super-dense star in the k-deformed space-time,
Eq.(5.43), gets scaled by a (1 + 2ak”) factor. Here it is to be emphasised that the
non-commutativity enhances the density of the star. Eq.(5.43) and Eq.(5.46) give the
expressions for k-deformed law of density variation, which is similar to the law of density

variation in the commutative space. From the conditions p > 0 and % < 0 (obtained
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from the x-deformed law of density variation), we have obtained a bound on the deforma-
tion parameter given by |a| > 10730m. In the Fig.(5.1), we see that the deformed density
decreases from a maximum value at centre (pp) to a minimum value on the boundary
of star and this is similar to the behaviour of the density in commutative case [21].
This similarity in the behaviour of density is due to the fact that the non-commutative

correction is encoded only through scaling by the (1 + 2ak®) factor.

The isotropic core pressure, Eq.(5.55), of the superdense star also gets scaled by the
factor (1 + 2ak®). Similarly, the anisotropic parameter also gets modified by a (1 + ak?)
factor under the x-deformation. The x-deformed radial pressure inside the anisotropic
envelope of the superdense star possesses two correction terms; 2ak® dependent term
(which is contributed by the deformed isotropic core pressure) and an ak” dependent
term (which is contributed by the deformed anisotropic parameter). Similarly, we ob-
serve that the tangential pressure, Eq.(5.66), inside the anisotropic envelope, gets scaled
by the (1 + 2ak®) factor. The positivity condition on the tangential pressure yields an-
other limit on the deformation parameter given by |a| > 1071®m. It is to be noted that
this bound is in agreement with that obtained in [26]. It has been seen in Fig.(5.2) that
the deformed pressure (inside the core as well as in the envelope) is positive through-
out the star, i.e., p > 0, p, > 0, p > 0 throughout the star. From the Fig.(5.2),
we observe that the deformed tangential pressure is greater than the deformed radial
pressure throughout the envelope, i.e, py > p, for r1 < r < ro. Thus we observe that
the tangential pressure is greater than radial pressure even under the x-deformation
and this is in agreement with the behaviour of radial and tangential pressures in the

commutative case [21]. From the Fig.(5.3), we observe that g—g < 1 (speed of sound due

to core pressure), ‘Z;’" < 1 (speed of sound due to radial pressure) and Cﬁ% < 1 (speed of

sound due to tangential pressure) are satisfied throughout the k-deformed superdense
star. Therefore we conclude that the speed of sound does not exceed the speed of light
inside the k-deformed superdense star (as that in commutative case [30]). We also find

that p > 0, p > 0, p > 0, py > O and ¥ < 1, % < 1 % 1 Thus we find

that the solutions obtained satisfy the physical requirements and hence the xk-deformed

superdense star model is physically acceptable (up to first order in a).

We have further observed that the surface gravitational redshift for superdense star does
not get modified under the x-deformation. This is due to the fact that the gog component

of the deformed metric does not pick a k-deformation factor (valid up to first order in

a).
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Chapter 6

Maximal acceleration in

non-commutative space-time

6.1 Introduction

The presence of minimal length scale in certain quantum gravity models have been
shown to be related to the occurrence of an upper bound on the proper acceleration [1],
known as maximal acceleration. The existence of a critical acceleration associated with
the string length has been shown in [2]. Covariant loop quantum gravity models have
also been shown to have maximal acceleration, which is consistent with the local Lorentz
symmetry [3]. The maximal acceleration relative to the vacuum has been defined using

the fundamental constants ¢, & and G as [4]

7
Ap = ‘/%G ~ 5.6 x 10°% ms~2 (6.1)

In [1-3], the maximal acceleration has been studied using the notion of minimal length
scale associated with the quantum gravity models. But the concept of maximal accel-
eration has been introduced and analysed much earlier in [4-11]. The maximal accel-
eration, corresponding to a massive particle, has been derived from the line element
on 8-dimensional phase-space, which is constructed from the 4-dimensional Minkowski
space-time and the energy-momentum dispersion relation by geometrising the quantum
mechanics [5, 6]. Similar expression for the maximal acceleration has also been derived
using Heisenberg’s uncertainty relation [7-11]. Maximal acceleration has been obtained
in [4], by comparing the Sakharov’s absolute maximum temperature [12] with the Unruh

temperature [13] of a thermal radiation. In [14], the invariance of the 8-dimensional line

119
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element under the reciprocity transformation has been discussed and the existence of

maximal acceleration has been shown using the reciprocity principle [15].

In order to analyse the relativistic kinematics of a particle having maximal acceleration,
the usual 4-dimensional Minkowski space-time has been extended to 8-dimensional space,
whose extra four coordinates are the 4-momenta [16]. Further a new transformation law
which leaves this 8-dimensional line element invariant has been constructed in [16]. This
8-dimensional space has been shown to induce a mass-dependent curvature, leading
to the violation of equivalence principle [17]. The appearance of scalar curvature has
also been obtained while extending the usual 4-dimensional Rindler metric to the 8-
dimensional Rindler metric in phase space, which contains the maximal acceleration
term [18]. This modified Rindler metric has further been used to obtain modified Unruh
temperature, having maximal acceleration dependent correction term [19]. Modified
expressions for the Unruh temperature as well as Hawking temperature, containing
maximal acceleration dependent correction term has also been derived heuristically in
[20]. The dynamics of particles (with maximal acceleration) has been analysed in the

curved space-times such as Schwarzschild [21], Reissner-Nordstrom [22] and Kerr [23].

These line elements constructed in the above works were not general covariant. As a
result different line elements were constructed to cure the problem of general covariance.
One way of constructing the covariant line element is by introducing a non-linear connec-
tion in the velocity dependent terms of the line element. In [24], Christoffel symbol has
been choosen as the non-linear connection, whereas in [25-28], the non-linear connection
has been obtained as a combination of Christoffel symbol and Cartan tensor. The co-
variant line element associated with the maximal acceleration has also been constructed

by the pseudo-complexification of Minkowski space [29].

The implications of the maximal acceleration has been studied in various contexts. The
maximal acceleration has been shown to regularise the UV divergences of the quantum
field theories [30]. It has been shown that the initial singularity associated with standard
model of cosmology can be avoided using the maximal acceleration [31]. The maximal
acceleration has also been used to obtain a finite entropy for a black hole [32]. In [33, 34],
the maximal acceleration has been used to estimate the upper bound on the mass of
the Higgs boson. The expression for maximal acceleration has been used to obtain
Sakharov’s absolute maximum temperature [35]. The maximal acceleration also helps

in determining the parameters present in the generalised uncertainty principle [36].

It must be clear from the above summary that the analysis of maximal acceleration
and its implications in models of quantum gravity and quantum geometry of intrinsic
interest. Thus it is of importance to study how the non-commutativity of the space-

time, which is expected at minimum length scales, affects the maximal acceleration and
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its consequences. We derive the first order corrections to the maximal acceleration in
the k-deformed space-time. This is derived from the x-deformed 8-dimensional phase-
space metric, which is constructed from the 4-dimensional k-Minkowski space and the
r-deformed dispersion relation. We also obtain the first order corrections of maximal
acceleration using the x-deformed uncertainty principle. Further we show that the first
order correction obtained in these two methods depend on the rest mass of the particle,

but they differ by a numerical factor.

Apart from this, we also show that the non-commutative geometry associated with
the k-Minkowski space-time induces an upper limit on the proper acceleration of the
massive particle. We then show the emergence of this maximal acceleration from the
4-dimensional k-Minkowski space-time itself, instead of using the 8-dimensional phase-
space metric. Unlike the former expression of the maximal acceleration, the maximal
acceleration obtained here is found to depend on the metric deformation energy. In
addition to this, it also depends on the dimensionless non-commutative parameters «
and 3, coming from the realisation (see Eq.(1.13) of chapter 1) associated with the
k-deformed space-time coordinate. We further derive the Newtonian force equation
in the k-deformed space-time, valid up to first order in a. This correction term is
shown to violate the equivalence principle and by comparing this with the experimental
results on the violation of equivalence principle, we set bounds on the dimensionless

non-commutative parameters « and .

This chapter is organised in the following way. In sec.6.2, we construct the 8-dimensional
k-deformed phase-space metric, valid up to first order in a, from 4-dimensional -
Minkowski metric and x-dispersion relation (which is obtained from the Casimir of the
undeformed x-Poincare algebra). We then derive the expression for maximal accelera-
tion, valid up to first order in a, from the 8-dimensional k-deformed space-time. We then
use the Unruh temperature, which is the temperature of the thermal radiation seen by
a uniformly accelerating observer. By relating this with the maximal acceleration of the
observer, we set an upper cut off on the Unruh temperature. Further, by matching the
first order correction term of the deformed maximal temperature with the experimental
results on the Unruh radiation, we get a bound on the k-deformation parameter a. In
sec.6.3, we construct the maximal acceleration in x space-time using the x-deformed un-
certainty relation. In sec.6.4, we construct 4-dimensional k-Minkowski space-time using
the «, [ realisation (see Eq.(1.13) of chapter 1). We then show the emergence of maximal
acceleration from this 4-dimensional x-Minkowski space-time. Further, we also obtain
the corresponding maximal temperature. In subsec.6.4.1, we derive the x-geodesic equa-
tion and obtain the corresponding Newtonian limit, valid up to first order in a. We show

that this k-deformed Newton’s force equation contains an equivalence principle violating
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term and by comparing this with the experimental data, we get bounds on « and 3.

Finally in sec.6.5, we summarise our results and give the concluding remarks.

6.2 k-deformed maximal acceleration

In this section we first construct the 8-dimensional x-deformed line element using the
4-dim k-deformed Minkowski metric and the k-deformed dispersion relation, valid up to
first order in a. We then obtain the k-deformed corrections to the maximal acceleration

of a massive particle and analyse its implications.

In [5, 6], the maximal acceleration of a massive particle has been derived from the
causally connected events in the 8-dimensional phase-space. The line element associated
with this 8-dim phase-space has been constructed from the 4-dimensional Minkowski
space-time and the energy-momentum dispersion relation. Here we follow the same

approach for calculating the x-deformed correction to the maximal acceleration.

The k-deformed dispersion relation is given as (see Eq.(1.23) of chapter 1) [37]

— sinh® — —»p

4 5 ap® 26*“1”0 a (4 o ap’ ze“p())? o
a? 2 Loy 4 '

We now choose a realisation ¢ = ¢~%" [38-40] and using this realisation in Eq.(6.2), we
get the r-deformed dispersion relation, valid up to first order in a, as (with p° = E)
E? —p*(1 +aE) —m?=0. (6.3)
By denoting p = pv/1 + aE, we re-write the above dispersion relation as
E? —p* —m? =0. (6.4)
The line element in the x-deformed space-time is defined as [41]
ds? = g, ditdz". (6.5)

Up to first order in a, the above line element takes the form (see Eq.(5.28) of chapter 5
for details)

ds? = goo(9)dx dx® + gio(§) (1 — 3ak®)dz’dz® — agip (9)k™ dx"da’

A o (6.6)
+ gio(9)(1 — 2ak°)dz'dx® + g:;(9)(1 — 4ak®)dx'da?.
where D9, (0)
N i 0guv T N
gw/(yo) = gMV($O) - a:zjk]léT()()a guu(yi) = g,ul/(xi)7 (67)
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and 9, is the auxiliary s-deformed space-time coordinate (see Eq.(5.23) of chapter 5).
Note that in the above equation k" represents the k-deformation energy scale [41] asso-

ciated with the non-commutative metric.

From Eq.(6.6), we obtain the 4-dimensional x-deformed Minkowski line element, valid
up to first order in a, as
ds® = —dt* + (1 — 4ak®)dz?. (6.8)

From the k-deformed dispersion relation given in Eq.(6.4) and the 4-dimensonal k-
deformed Minkowski line element given in Eq.(6.8), we construct the 8-dimensional
k-deformed flat phase-space metric, valid up to first order in a, as (see [5] for the con-

struction of 8-dimensional phase-space in commutative case)
. 1 .
ds® = —dt® + (1 — 4ak®)dz? + F( — dE? + dp?), (6.9)

where the parameter p has the dimension of mass.

The k-deformed dispersion relation, in Eq.(6.2), has been constructed from the quadratic
Casimir of the undeformed x-Poincare algebra. Therefore the x-deformed 8-dimensional
line element is invariant under the undeformed k-Poincare algebra (valid up to first order
in a). Note that line element given in Eq.(6.9) reduces to the commutative line element

given in [5] in the limit a — 0.

Re-writing p = pv/1 + aF in Eq.(6.9), we get the 8-dimensional metric valid up to first

order in a, as
R 1 .
ds® = —dt* + (1 — 4ak®)dz® + E( —dE* + dp*(1 + aE) + apjdp]dE). (6.10)

We know that line element of the time-like event obeys d3? < 0 '. We now implement

this to the k-deformed case, i.e.,
1 ,
— dt® + (1 — 4ak®)da® — — (dE2 — (1 + aE)dp? — apjdp7dE> <0. (6.11)
7

Let us divide the above inequality throughout by dt?> and we denote v = %, as the

velocity of the particle. Thus we get

1 [/dEN2 dp\ 2 dp’ dE
L= (1= ak”? + — | (52) = (1 +aB) (5) —ap 52| 20 6.12
(a4 | () = v am () - a0 2 (6.12)
Using the k-deformed dispersion relation, Eq.(6.3), we get % =(1+4+aFE+ %)%%.
Denoting the proper acceleration of the particle as A, where fl—f = #, Eq.(6.12)

!Note that for a metric with signature Nuv = diag(1l,—1,—1, —1), the time-like events follow ds? >0,
e, ds®=dt> —dz? >0
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becomes

4 k,O 2 1 2A2 2 2 2
(1—0?) 14 1&_ 52 +E(1m_ g <§2(1+2aE+“§)—(1+aE)—“§> > 0. (6.13)

As in the commutative flat space-time [5] here also the velocity obeys the condition
v < ¢ and thus the acceleration becomes maximum when v << ¢. In order to obtain
the maximal acceleration, we consider the k-deformed instantaneous rest frame of the
particle where the velocity of the particle vanishes, i.e., v = 0 and hence its momentum

also reduce to zero, i.e., p = 0. Hence Eq.(6.13) becomes

2 12
m Amaz

1—
[

(14+am) >0 (6.14)
By simplifying Eq.(6.14), we get the explicit form of the maximal acceleration in the

k-deformed space-time, valid up to first order in a, as
Amaz < m(l - %) (6.15)

Now we have choosen p = m, where m is the rest mass of the particle. In the SI units

Eq.(6.15) takes the form
me3

Amaz < = (1 - %) (6.16)

We find that the maximal acceleration given in Eq.(6.16) is independent of the k-
deformation energy k° appearing in Eq.(6.12) to Eq.(6.13). Note that the first order
correction term in the k-deformed maximal acceleration depends on the rest mass of

the particle. Here A,nq. is the magnitude of the maximal acceleration and thus A,

amc
2h

positive). When we go to the commutative limit, i.e., a — 0, the maximal acceleration

should be a positive quantity and this happens when

< 1 (this is true when a is

in Eq.(6.16) becomes Apax = ’"TCS, as in [5, 6]. In the classical limit, i.e., A — 0, the
maximal acceleration, in Eq.(6.16), becomes infinity, as in [5, 6]. We also observe that

the k-deformed correction to the maximal acceleration reduces to zero for a massless

particle.
By substituting the definition of the reduced Compton wavelength, i.e., A, = % in
Eq.(6.16), we obtain the expression for the A, as
A <'32(1— “) (6.17)
mar Xc 2),\6 . .

The magnitude of the maximal acceleration should be a positive quantity and this gives

bound on the x-deformation parameter as a < 2A..
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The temperature of thermal radiation, seen by an observer with uniform acceleration

hA

Srkpe: Therefore the maximum

A, is given using the Unruh temperature [13], i.e., T =

temperature associated with a thermal radiation can also be expressed using the Unruh

hAmaz
2rkpe *

temperature as Tyar = Substituting Eq.(6.16) in the expression for T}, we

get the maximum temperature as

2

mc amc
T w = (1 _ ) 6.18
2rkp 2h ( )

In the limit a — 0, the above expression reduces to that obtained in [4, 35]. In [42] it is
reported that the experimentally measured value of the Unruh temperature associated
with positron radiation as 7' = 1.80 £ 0.51 PeV. By matching the error bar of T', i.e.,
AT = 0.51 PeV with the a dependent correction term of T},4., we find the bound on

the k-deformation parameter as a < 10726m.

6.3 Maximal acceleration from x«-deformed uncertainty prin-

ciple

In this section we derive the k-deformed correction (valid up to first order in a) to the

maximal acceleration using the xk-deformed uncertainty relation.

The uncertainty relation between energy and an arbitrary function of time [7—11] is given
as
1dg
AFEAg(t) > = —. 6.19
9(t) = 5 (6.19)
Let us choose g(t) = v, where v is the velocity of the particle. Using this in Eq.(6.19),

we obtain the uncertainty relation between energy and velocity as

1dv
AFEAv(t) > —— .2
o(t) 2 5 (6:20)

Next let us choose ¢(t) = =, where z is the position coordinate. Using this in Eq.(6.19),

we get the uncertainty relation between energy and position coordinate as

AEAx(t) > %% (6.21)
Multiplying Eq.(6.20) and Eq.(6.21), we get
(AEAz) (AEAV) > %;A (6.22)
where we define % = v and % = A
(AE)Aar2 > 14 (6.23)

v 4
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Using the relation AE = vAp, we re-write AFE in the above equation as

(Ap)*Az(Av)v > —A. (6.24)

| =

We know that the uncertainty in the velocity of the particle should be less than the
maximum attainable velocity and according to the special theory of relativity this
maximum attainable velocity should be less than the velocity of light, i.e., (Av) =
V<2 > — <0 >2 < e < 1 (note that here we take ¢ = 1). Thus we have Av < 1
and v < 1. So we take (Av)v < 1 and hence Eq.(6.24) becomes

(ApAz)? > —AAz (6.25)

e

Since the r-deformed uncertainty relation (valid up to first order in a) between Az and
Ap has been shown to be [49]

a 1
— ) > = .
AxAp(l—i— 5 x) = (6.26)

we find AzAp > %(1 — ﬁ) Substituting this in Eq.(6.25), we obtain

a
Az < (1 - 7) 6.27
AAz < Ao (6.27)
Now we choose Az as the reduced Compton’s wavelength, i.e., Az = A. and it is

defined as A\, = % Using this in above equation, we obtain the k-deformed maximal

acceleration, valid up to first order in a, as
Aoz < m(l — am) (6.28)

In the SI units, the expression for the x-deformed maximal acceleration becomes

3

Amar < - (1= 25) (6.29)

By comparing Eq.(6.16) and Eq.(6.29), we find that the first order x-deformed correction
terms of the maximal acceleration differs only by a numerical factor 1/2. Thus the

commutative limit and classical limit of both these expressions are same as in [5-7].
6.4 Emergence of maximal acceleration from x-deformed
space-time

In this section, we first construct the line element in the 4-dimensional k-Minkowski

space-time (valid up to first order in a) by considering the realisation given in Eq.(1.13)
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(of chapter 1). We then show the emergence of the maximal acceleration from this

deformed line element.

The x-deformed space-time coordinate is realised in terms of the commutative coordinate

and momenta as

&, = xagoo‘ﬂ(p). (6.30)

Here we choose the realisation (see Eq.(1.13) of chapter 1) [43] where

B a-p a®py phay
w%(p)—é‘i(ﬂra = )+B o (6.31)
a, 3,7 € R in the above expression are dimensionless parameters. Using Eq.(6.30) and
Eq.(6.31) in [29,2;] = daZ; and [2;,2;] = 0, we get v = o+ 1 [43]. We see that in
the limit a — 0, ¢9%,(p) reduces to §9,. But ¢, (p) diverges in limit i — 0. Thus we
obtain the commutative result in the limit « — 0 (when there is no & dependence).
From Eq.(6.31), we see that limit § — 0 is well defined and we obtain the commutative
coordinates. Substituting Eq.(6.31) in Eq.(6.30), we get

a

b=t a%i2) -2

. )pu—i— (a + 1)(;::-;;)%‘. (6.32)

We obtain the commutative coordinate, from the above expression, in the limit a — 0.
Also, #, = 0, when x, = 0. But the non-commutativity associated with the space-
time restrict us from localising a particle below the minimal length scale set by the
non-commutative parameter. Therefore taking the limit z, — 0, when a # 0 is not

valid.

Using Eq.(5.18) (of chapter 5), we write the x-deformed generalised commutation rela-
tion as

[, B)] = ihiu- (6.33)

N

P, is expressed in terms of the commutative coordinate and momenta as

N

Py = gas(0)p"¢°, (). (6.34)

Here ¢, introduced for simplifying the calculations [43] is another x-deformed space-time
coordinate obeying [¢,,£,] = 0 and therefore &, commutes with any function of g, i.e.,
[Z, f(9)] = 0 [43]. Thus using Eq.(6.31), we write g, and f(y) as

T - pay,
h

T - apy
h

Q- p
ﬁ, )

+ 06 + (a+1)

Y = Tp + (6.35)

1@ = 1@+ ot e +o(E2) (L p) +@rn(e- 2 (4 p). 630
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Substituting Eq.(6.32) and Eq.(6.34) in Eq.(6.33), we get

(e
14

R X 00y & | a
nggaﬁ(y)(pﬂ souﬂo#«pf)- (6.37)

op°®

Replacing f in Eq.(6.36) with g,,, we obtain the expression for g,,(y) in terms of the

commutative coordinate and its conjugate momenta as

) = g2 b (529 (o) () (222 ) () (220 (). (6.38)

Substituting Eq.(6.31) and Eq.(6.38) in Eq.(6.37), we obtain the explict form of the
r-deformed metric (valid up to first order in a) in terms of the commutative coordinate
and momenta as

a/ﬁ

G = 9w+ (P gp 7+ 20 (5 0) + (5 2% )ap) + 8 P Gas + e pugus
224 224 vB A [ A h Oz A By A v9uB
aﬁ

o (50) (e 0) ) 00 (20 4 S (o 5 ) )
(6.39)

From the above, we obtain the commutative metric in the limit @ — 0 (also in the limit

2 —0). We also find that the metric g,, diverges in the limit i — 0 with a # 0.

The k-deformed metric constructed in Eq.(6.39) depends on the commutative coordi-
nate, momenta and the deformation parameter (This should be contrasted with the
k-deformed metric derived in Eq.(5.26) (of chapter 5) which depends on the commuta-
tive coordinate, deformation parameter as well as the deformation energy scale as the

realisation (¢ = e*“ko)

depends on the deformation parameter and deformation energy
scale). In Eq.(6.10), the momentum dependent terms are all due to the k-deformed
dispersion relation whereas in this case, i.e., Eq.(6.39) the momentum dependent term

comes from the realisation given in Eq.(6.31).

Now we write down the definition for line element in the 4-dimensional s-Minkowski

space-time as
d§? = 1y, ditdz". (6.40)

After replacing g,,, in Eq.(6.39) with 7, and substituting this and also using Eq.(6.30)
and Eq.(6.31) in Eq.(6.40), we get the explicit form of the 4-dimensional x-Minkowskian

line element, valid up to first order in a, as
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0 0
. y a ap ay , a dp y
ds? = N dat dz” + a<<2pyig + 417,“,%— + 2puf)dx”dx + %nwjdx“x +
a d p ,u 1
(z- da:)%— + 2hcdt(dx p)+2(x - dp)cdt + 8 (77;w + = Pv + . pﬂ> dxtdz’ +

3 ay ay paw , 20
h (d:c p)cdt+ - (dﬂs dp)ct) + <(puﬁ +p,,?>da: dx” + hcdt(daz P+ dp)))

2
(6.41)

Using 1, = (1,—1,—1,—1), above line element becomes,

A2 232 5.2 a 07, . a 0o ... a 070 ..
ds® = cdt* — dx +5ﬁcdt<p dt —p dm)—i—Qﬁcdt(tdp T dp>+a<6ﬁcdt(p dt —p dm)
0 0
v (242 g.2) 4 0000
+43 <c dt dx>+2ﬁ

C &

(C2tdt —x- dx) + 2%cdt (tdpo —x- dp>>

+8 <ch0 (CthZ — de) + 4%cdt (podt _p. d:c) + 2%@5 (dpodt —dp- d:c)).

(6.42)
We now see that for a time-like event the corresponding line element satisfy ds? > 0.
We then divide Eq.(6.42) throughout by dt? and denote Cfi—f = v, where v is the velocity
dp = mA_ 73, where A is the proper acceleration of a particle of rest mass m.

o (1-v?/c?)
Thus the above expression becomes

0 dp 1
cz—vz—l—oz(ﬁ;c(po—p-v) +4%p?< 2 v2) +2%%E(62t_9€ U)-i—

et o map)) (e () e )

a /dp° mA a [, a / dp° mA

2 e — z —p. 29 e T ) ) >

wetCar = (1—v2/c2>3/2>)+<5ﬁc(p pv) 2oty o T a) ) 20
(6.43)

The = - A and v - A dependent terms in the above expression depends on A. These

and

terms are contributed by the z - dz = |Z||dz|cost and dx - dp = |dx||dp| cosf terms of
the x-Minkowski line element given in Eq.(6.41). In order to evaluate the maximum

acceleration we take cos# = 1 and we also write |z| in place of z in the below equations.

By dividing Eq.(6.43) throughout by ¢ — v? and using the commutative dispersion

relation (because we are considering only the first order terms in a. So we need to use

e dicnera] - e A0 oo AP’ _ pcPdp _ pc® _ mA
only commutative dispersion relation), we re-write - as T = DU T P (22

Thus we obtain

6ac(p® — pv)  4ap° 2apc (c3t ]a:|v) pc? mA

1 —_—mm

* a( h(c? — v?) Tt < hp® 2 — 02 (t 0 \x!)) (1 — v2/c2)3/2 +

0 0 2
ap’ | 4ac(p’ — pv) 2act pct A

ﬁ( hic h(c? —v?) * h(c? — 1)2) ( 0 v) (1 — v2/c2)3/2 T

5a(p’ — pv) 2ac mA

—_—— | =

( h(c? —v?) * h(c? —v?) < —l= |) (1—2/c2)3/2) = 0,

(6.44)
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As in the commutative flat space-time here also the maximum allowed velocity is ¢ and
thus the acceleration becomes maximum when v << ¢. In order to obtain the maximal
acceleration, we consider the k-deformed instantaneous rest frame of the particle where
the velocity of the particle vanishes, i.e., v = 0 and hence its momentum also reduce
to zero, i.e., p = 0. As a result all the ¢ dependent terms of Eq.(6.44) also vanishes.
Therefore we get the expression for the maximal acceleration A4, valid up to first

order in a, as

c 1 5ap”
maxé ]- 1 2 . .4
Amar < sy Ty oy |V e (A H20) (6:45)

The p° in Eq.(6.45) is interpreted as the deformation energy associated with the metric.
The above expression contains /i dependent as well as h independent terms, unlike the
maximal acceleration obtained in Eq.(6.16). We observe that in the limit A — 0 with
a# 0, Anaz < %, which in contrast with (the 7 — 0 limit of the) Eq.(6.16),
where the maximal acceleration becomes infinity in the classical limit, i.e., A — O.
Further we also see that in the limit a — 0, A4z — 00 as seen in the commutative

case.

Here A4 represents the magnitude of the maximal acceleration and therefore it is

ch
5apY

when a < =1, f < —(1 4+ 2a + 5220)' As stated above, with a # 0, in the limit

h — 0, we find A < %. In limit A — 0, the bounds on « and [ are either

a>-1, > —(142a)or a < -1, f < —(1+2a). The parameters « and 5 come

a positive quantity. This happens either when o > —1, > —(1 4+ 2a + ) or

from the realisation given in Eq.(6.31). Their numerical values can be fixed only from

experimental data.

From Eq.(6.45) we see that the maximal accleration induced by the k-deformed space-
time depends on the inverse of magnitude of the spatial coordinate. This |z| term in
the Ajq. expression is contributed by the z, dependent term of the realisation given
in Eq.(6.31). Due to the non-commutativity we can not localise a particle below the
minimal length scale, i.e., |z| < a is not allowed. Therefore one cannot take the limit
x — 0 with a # 0 in the above expression. Note that this |z| becomes the minimum
distance of separation between the particles which moves under the influence of a force

exerted between them.

Using Eq.(6.45) and expression for the Unruh temperature, here also we can calculate
the maximum temperature as in sec.6.2. Thus by choosing 2|z| = A., we obtain the

expression for the maximum temperature as

hc 1 5ap”
Tz = 1 1 2 . 4
21ka (1 + ) ( T e (L+6+ a)> (6.46)
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Unlike Eq.(6.18), here we find that the maximal temperature diverges in the commu-

5p° (1+5+2a)
2rk(14+a)

non-commutative parameters o and [ obey either « > —1, § > —(1 + 2a + %) or

a< -1, B<—(1+2a+ ).

tative limit, a — 0. In the classical limit A — 0, Tyue — , where the

6.4.1 Bounds on « and ( using xk-deformed Newtonian limit

Here we first derive the x-deformed geodesic equation, valid up to first order in a and
then obtain the corresponding Newtonian limit. We use this Newtonian limit to compute

the bound on « and S.

The x-deformed Christoffel symbol is defined as

f‘lul)\ = gup (al/gp)\ + 6/\gup - apgw\) (6.47)

N | —

Substituting Eq.(6.39) in Eq.(6.47), we obtain the Christoffel symbol in k-deformed

space-time, valid up to first order in a, as

. la dz® pY
i s (m235m? + ?C,‘,‘A), (6.48)

where,

0gpr Tor OGup o
B, = ag"’ (2@90[/3%0 + 20795150010 — 209000 + Oy (—” 7) + aA( T 7) - a,,(

ot

3 3
+ igup <6u.go[p5)\]0 + 3>\ga[p5u]0 - apga[V(SA]O) + 5 (81/9;))\ + a)\gup - apgu)\>g<[7u5p]0

1 Ogtr
+ a((?ugm + Ogup — pgl/>\> (250[”9”]" + E%w") + Bg"* (npp@u]goo — Mr0pgos

+ (50[)\81/}ng - 8ng[)\5y]o + 5p06[1/g)\]0 + 8cr.g,z)[>\51/]() - 5p08091/)\ + $08p8[ug)\}p - x(]apacrgu/\)

+ 8 (go(m“p + ol 96” + 200,9"" ) <8V9p)\ + OrGvp — 8pgm)7

(6.49)
chy = <4agup + (a + 1) (g; . agf)) (&,gp,\ + O\Gup — 8pgl,,\>
Dgon 99, Dgon (6.50)
(ot 1)9’”(3”(” o ) +os(e- ag;p) =0y B ))
The geodesic equation in the x-deformed space-time is defined as
d;g + A;‘AC?:C?: =0. (6.51)

Ogux Lo

ot

C

)
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Now we calculate % and L2 (valid up to first order in a) from Eq.(6.30) and Eq.(6.51)

dr?
becomes
o +p/&@@ +2 uAﬁdiA +2en dz" dz* dz? +2 MA@@ =0, (6.52)
dr? VAdr dr  h Y“dr dr  h Y dr dr dr h YMdr? dr
where,
0 0
q 1p
Dy =2a- T + 57 -Cpy,
1
&g =m(a+ 1T, (5{;570 + 6;5”0> Mox + imgBl'lf)\U +mpBosol",, (6.53)

ffA :Sm(a + 1)771,)\6“0 + m(a + 1)35” (5/p\570 + 5}5”0)F%+
Bm <5)\065 + 61/05§f) + ﬁméﬂorﬁ)\
In the above expressions m and ¢ are the mass and energy coming from the a dependent

realisation of the r-deformed coordinate #,,. Similarly mo and p° are the mass and energy

coming from realisation associated with the metric g, .

Now we obtain the Newtonian limit of the k-deformed geodesic equation given in Eq.(6.52),

using the following conditions

e particles are moving slowly, i.e.,

d(]?i dl‘o
<< =, 6.54
dr dr ( )
e gravitational field is static, i.e., 5
Gy
=0 6.55
8t Y ( )
e gravitational field is weak and we linearise the metric as
Juv = M + h/j,y, |h,w| << 1. (6.56)
Thus using these condition we get from Eq.(6.52)
d?a° a dx® la RE
— 1+ -m(3 3)— | — ==pm0Oihoop—— —— = 0. 6.57
dr2<+hm<o‘+’8+ )dT) 2 RPN G (657)

Multiplying Eq.(6.57) throughout by <1 —¢m(3a+p —|—3)‘%0> and considering the terms
valid up to first order in a, we get
>z 1la d?x' da”

2 Bmdhe o = 0. 6.58
a2 oo gy (6.58)
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. . 0 : . . .
In the commutative space-time, %% can be written in terms of the linearised met-

ric hgo as %% =1- %hoo- By substituting ld:” =1- %hoo in Eq.(6.58), we get
fﬁﬁmxoahoo%(l — lh00> = 0. This is posmble only when, ﬁ“; =0 or hgg =2 or
B = 0. But for an accelerating partlcle ;E 0. Similarly hgg defines the commutative
Newton’s potential and hence hgg # 2. Thus in order to obtain a consistent result we
have to choose 5 = 0. Thus now onwards we do the remaining calculations by choosing

B = 0. Thus Eq.(6.58) becomes
d?z®

From the deformed geodesic equation, we also get another equation for the spatial com-

ponents as
d?x7 da? 1 dzdz®  1la Qo Po
6% 1)x,;0;h = &h - —= 2= +4—)0;h
& < + e+ Dadihon - > gy m(a( o A ) dihoot

dz0 dx0 dxP
dr dr dr -’
(6.60)

Now we multiply Eq.(6.60) throughout by (5’7 — gm(a + 1)z;0;hoo %) and by keeping

Pog (. ar- 1a
(a—l—l);&(m e (2m(a—|—1)—i—m2 (4a+3))8h00

8h00> dfxoda: la
dr dr 2h

the first order terms in a and hgg, we get

d’z’ 1 dz®dz®  1la q° P° p° Ohoo\ \ dz® dx®
— = Bh — == 2— +4—)0;h 1)=—0;(z-
dr? dr dr 2ﬁ<a< ¢t ) o0 + @+ >c (x Ox )) dr dr
la dz® dz® da
- 5%(2m(a+ 1) +mo (4a+3)>8h00 g g
(6.61)

In order to get the Newtonian limit we use 1 dde =1- %hoo in the above equation and

keep the terms valid up to hgg. We also take gg = m and py = msg as the particle is

moving very slowly. Using these arguments and the commutative expression for Newton’s

potential, i.e., hgg = —QSTy, we get expression for the Newton’s force equation, in the
k-deformed space-time as
F'=F' 1+ 7 —(Ta+2) + me(4a+2) | ), (6.62)
c
where F' = —mMGz'  Iyom the above we observe that the first order s-deformed

3

correction of the Newton’s force equation, contains two a dependent terms. The first
correction term of Eq.(6.62) depends on the deformation energy scale of the metric p°
and the second correction of Eq.(6.62) depends on the rest mass of the particle. Here
the mass dependent term in the s-deformed Newton’s force equation is contributed by

the momentum dependent term of the realisation given in Eq.(6.31).

We observe that the mass dependent term present in the first order correction term

of the k-deformed Newton’s force equation violates the principle of equivalence. The
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change in the ratio of gravitational mass to the inertial mass is obtained as (5(%’) =
%{YH). The violation of equivalence principle has been constrained experimentally
as 5(%) < 1071 [50] and thus we have %ﬁm < 10713, Therefore we get the bound
on a as a < —0.5, for a unit massive test particle and the deformation parameter within
the range a = 107%m to a = 1072'm. From the positivity condition on the magnitude
of the maximal acceleration we get o > —1. By combining these two bounds on «a, we

obtain the range of allowed values for a as —1 < a < —0.5 for 8 = 0.

6.5 Conclusions

In this chapter we have studied the maximal acceleration in the xk-deformed space-time
and analysed its implications. We have evaluated the corrections to the maximal accel-
eration of a massive particle, valid up to the first order in the deformation parameter.

This is derived using two different approaches.

This is first derived from the time-like events in 8-dimensional k-deformed phase-space,
which is constructed using the 4-dimensional x-Minkowski line element and the k-
deformed dispersion relation. It was found that the first order correction to the maximal
acceleration (see Eq.(6.16)) depends on the rest mass of particle and the maximal ac-
celeration vanishes for a massless particle. But this correction does not depends on the
metric deformation energy k, even though the realisation ¢ = e~k depends on the
deformation energy. In the commutative limit a — 0, we recover the Caianiello’s maxi-
mal acceleration [5, 6]. As in the commutative case here also the maximal acceleration
diverges in the classical limit & — 0. We have also calculated the maximal temperature
associated with thermal radiation in k-deformed space-time, by using the expression
for maximal acceleration in Unruh temperature. In the commutative limit a — 0, this
reduces to one obtained in [35]. Further by comparing this deformed maximal temper-
ature with the experimental data on the Unruh temperature, we obtain a bound on the
length scale associated with the x-deformed space-time as a < 10726 m. The first order
r-deformed corrections of the maximal acceleration has also been derived in an alter-
nate way by using the x-deformed uncertainty principle between the spatial coordinate
and its conjugate momenta. The first order correction terms of these expressions (i.e.,
Eq.(6.17) and Eq.(6.29)) differ only by a numerical factor 1/2.

We then show that k-deformed space-time geometry induces an upper bound on the
acceleration of a massive particle. This maximal acceleration (see Eq.(6.45)), valid
up to first order in a, has been obtained from the time-like events associated with
4-dimensional k-Minkowski space-time. This maximal acceleration has emerged soley

due to the non-commutative geometry of the k-Minkowski space-time. The maximal
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acceleration derived in Eq.(6.17) and Eq.(6.45) different as the first one is derived using
the generalisation of Caianiello’s approach to non-commutative space-time whereas the
second one is derived by considering the line element in the 4-dimensional xk-Minkowski

space-time.

The maximal acceleration (see Eq.(6.45)) in the x-Minkowski space-time contains two
terms. Both these terms depend on the rest mass of the particle, minimum distance of
approach and the (dimensionless) non-commutative parameter «. In addition to this the
first term also depends on k-deformed length scale a. Note that the second term depends
on metric deformation energy p® and the (dimensionless) non-commutative parameter
3. Here these parameters «, 3 and the deformation energy p° come from the realisation
given in Eq.(6.31)). By imposing the positivity condition on the magnitude of the
maximal acceleration we get the bounds on « and 3 as either a > —1, § > —(1+2a+%)
ora< -1, B<—(1+2a+ %) respectively.

The maximal acceleration approaches infinity when we take the commutative limit a —
0. Another novel feature associated with this maximal acceleration (see Eq.(6.45)) is
the existence of an A independent term. Therefore in the classical limit A — 0, the
maximal acceleration (induced by the 4-dimensional xk-Minkowski space-time) attains a
finite value unlike the maximal acceleration in Eq.(6.17) (where it becomes infinity in

the classical limit).

We also show that the consistent Newtonian limit of the k-geodesic equation (corre-
sponding to realisation given in Eq.(6.31)) can be obtained only when 8 = 0. Further
we construct the xk-deformed Newton’s force equation, valid up to first order in a. Here
the first order correction term contains deformation energy p’ dependent term as well
as the mass dependent term. This mass dependent term violates the principle of equiva-
lence. The violation of equivalence principle in the k-deformed space-time has also been
reported in [48], while studying the Kepler problem in k space-time. By comparing this
equivalence principle violating term with the experimental result, we find a bound on
non-commutative parameter as a < —0.5. Thus by combining this with earlier bounds

we get possible allowed range of values for @ as —1 < o < —0.5 with g = 0.
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Chapter 7

Conclusions

In this thesis, we have investigated some implications of two non-commutative space-
times, viz; k-deformed and DFR space-times. We have analysed issues such as quan-
tisation of certain non-commutative fields (such as k-scalar, k-Dirac and DFRA-scalar
fields), core envelope model of k-deformed superdense star and the maximal acceleration

in k-deformed space-time.

In chapter 1, we have presented motivations for studying non-commutative space-times.
We have also given a brief summary of the non-commutative space-times such as &

space-time and DFR space-time in this introductory chapter.

The non-uniqueness associated with the Lagrangians of non-commutative fields makes
the usual quantisation schemes ambiguous. To overcome this difficulty, we have studied
the quantisation of non-commutative field theory using only their equation of motions,
which are uniquely given by the quadratic Casimir of the symmetry algebra. This is
done by generalising the Takahashi-Umezawa approach to non-commutative space-time.
We have applied this approach and quantised the k-scalar field (in chapter 2), x-Dirac
field (in chapter 3) and DFRA-scalar field (in chapter 4).

In chapter 2, we have derived the deformed unequal time commutation relation between
the deformed scalar field and its adjoint by assuming the usual form of the oscillator
algebra. Further, we obtained a deformed oscillator algebra (valid up to first order in a)
by demanding the unequal time commutation relation between the deformed scalar field
and its adjoint to be undeformed. We have constructed the energy-momentum tensor
and the Lorentz generator (valid up to first order in a) for the x-deformed scalar field.
We have also studied the implications of the deformed oscillator algebra to Unruh effect
using the method of Bogoliubov coefficients. We showed that the vacuum expectation

value of the (Rindler) number operator (associated with the r-deformed scalar field)
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in Minkowski vacuum is modified and this modification is caused due to the deformed

oscillator algebra.

In chapter 3, we have derived the deformed unequal-time anti-commutation relation be-
tween the deformed Dirac field and its adjoint by using the usual form for the fermionic
oscillator algebra. Next, by imposing the unequal time anti-commutation relation be-
tween the Dirac field and its adjoint to be undeformed, we show that the fermionic
creation and annihilation operators obey deformed oscillator algebra (valid up to first
order in a). This deformation factor is exactly the same as the deformation factor
appearing in the deformed oscillator of the x-scalar field. The number operator, energy-
momentum tensor and Lorentz generator for the x-Dirac field are also derived without
referring to its Lagrangian. The a dependent term of the deformed number operator has
a mass-dependence. Such mass-dependent term is expected to have phenomenological
implications and this has to be studied separately. We have also studied the discrete
symmetries associated with the k-Dirac field and have constructed the conserved cur-
rents corresponding to parity and time-reversal symmetries of the k-deformed Dirac
equation. Further, by generalising the consistency condition (of the conserved quanti-
ties constructed in the Takahashi-Umezawa scheme) to the k-deformed space-time, we
have shown that charge conjugation is not symmetry for the x-deformed Dirac equation

(even up to first order in a).

In chapter 4, we have studied the quantisation of the DFRA scalar field. The action
associated with the DFRA scalar field is not unique due to the non-uniqueness in the
choice of weight function, which is introduced in action to control the divergences associ-
ated with the 6 integration. We have obtained the deformed (equal-time) commutation
relation between the DFRA scalar field and its conjugate by assuming the creation and
annihilation operators to satisfy the usual oscillator algebra. We then showed that im-
posing the commutation relation between the DFRA scalar field and its conjugate to be
undeformed, leads to a deformed oscillator algebra. We find that this deformation factor
depends on the choice of the weight function and this is coming from the equation of
motion, which has the weight function dependent term. We have also constructed the
energy-momentum tensor and Lorentz generator for the DFRA scalar field. Further, we
have studied the Unruh effect in DFR space-time by analysing a uniformly accelerating
monopole detector coupled to a massless DFRA scalar field. We showed that this ther-
mal distribution is either Bose-Einstein or Fermi-Dirac, depending upon the dimension
of DFR space-time. As in the case of k-deformed scalar field, here also we showed that

the Unruh temperature is unaffected by the non-commutativity of space-time.

In chapter 5, we have studied the effects of the non-commutativity on superdense



star by generalising the anisotropic core-envelope model of the superdense star to s-
deformed space-time. We have constructed the x-deformed Einstein’s equation by re-
placing the commutative quantities with the k-deformed ones. We then solved this
deformed Einstein’s equation (valid up to first order in a) in the core and envelope
separately. We observe that density is scaled under the r-deformation. The deformed
density decreases from a maximum value at the centre to a minimum value on the
outer boundary and thus, we showed that the law of density variation is preserved un-
der the x-deformation. We also obtained the expressions for the deformed isotropic
core pressure, deformed radial pressure and deformed tangential pressure (valid up
to first order in a). Further, we showed that their values are positive and these val-
ues decrease monotonically as we move from the central core to the outer envelope of
the superdense star. We observe that the speed of sound inside the superdense star
is less than the speed of light. The density and pressures of the k-deformed super-
dense star is found to satisfy the conditions for a physically acceptable model, i.e.,

~ A ~ ~ dp dp dp dpr dp dp dpr
p>0,p>0,p >0, pr >0, £ <0, <0, Tt <0, T <0, F&<1, T, T <L

In chapter 6, we have studied the maximal acceleration in the x-deformed space-time
using two different approaches. In the first method, we have derived the x-deformed
corrections to the maximal acceleration, valid up to the first order in a, using the 8-
dimensional line element defined on the k-deformed phase-space. Further, we derived
the first order k-deformed corrections to the maximal acceleration from the x-deformed
uncertainty principle. In the second method, we have shown the emergence of maximal
acceleration (valid up to first order in a) using the 4-dimensional line element on k-
Minkowski space-time. We then derived the x-deformed geodesic equation and obtained
its Newtonian limit. We showed that k-deformed Newton’s force equation contains an
equivalence principle violating term. By comparing this violation with the experimental
result on the violation of the equivalence principle, we obtain a bound on the dimen-
sionless non-commutative parameters present in the non-commutative correction to the

maximal acceleration obtained using the second approach.

It will be quite interesting to use the Takahashi-Umezawa quantisation procedure to
study the quantisation of x-deformed gauge fields and see the implications of the de-
formed oscillator algebra. Further, we plan to study the quantisation of DFRA-Dirac
field and obtain its deformed oscillator algebra. We also plan to apply this method
to study the quantisation of high spin fields. We are also interested in studying the

behaviour of quark star in non-commutative space-time.
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