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Abstract

The tiny particle neutrino has a sizeable amount of idiosyncratic features. Neutri-

nos are neutral particles that possess tiny masses and participate in electroweak

interactions. Although neutrinos are one of the most abundant particles in the

universe, still conceal from the experimental detection due to the unusual be-

haviour. Recent observations from various experiments disclose the property of

flavour changing process from one to another during the propagation of neutrinos,

is known as Neutrino Oscillation. Neutrino oscillation confirmed the non-zero neu-

trino masses and mixing between different flavours and thus, opened up the gate

for physics beyond standard model (BSM). The ceaseless efforts of highly dedi-

cated neutrino experiments provide the results on precise measurement of solar

and atmospheric neutrinos along with neutrino oscillation parameters. However,

there are several unsettled issues like Mass Hierarchy, Octant of θ23, CP violation

in neutrino sector, exact value of CP phase δCP , absolute mass scale of neutrinos,

etc. Additionally many well developed theoretical models illustrate that neutrino

oscillation can be affected by various BSM physics such as existence of sterile

neutrino, CPT violation, Lorentz violation, Non-standard interactions, Neutrino

decay, etc. All these open questions create a boundless scientific interest for neu-

trino enthusiasts.

All the neutrino experiments have the primary objectives of measuring the os-

cillation parameters with great accuracy, studying the unknowns of this sector,

and explaining different BSM scenarios. Long-baseline neutrino oscillation exper-

iments have a crucial role in this regards. There are several currently running

experiment (NOvA and T2K) and future based planned experiments (DUNE,

T2HK, T2HKK, ESSnuSB, P2O). This thesis is based on the study of physics

beyond standard model at long-baseline experiments.

Based on the anomalous results from short-baseline experiments, we have con-

sidered a light sterile neutrino to standard three flavor neutrinos. The impact

of sterile neutrino on neutrino oscillation as well as on the sensitivity of NOvA

and T2K experiments. Implication of light sterile neutrino on Neutrinoless Dou-

ble Beta Decay have been discussed briefly. Further the CPT violation has been

studied for future long-baseline experiments (T2HK, T2HKK, DUNE, ESSnuSB)

in a model independent way. Also, obtained the bounds on the CPT violating pa-

rameters for these experiments. Future experiments will be able to establish CPT
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violating signals if it exist in nature in neutrino sector. Also, we have studied the

CPT violation originating from Lorentz invariance violation at NOvA and T2K

experiments. Found that Lorentz violation can affect the neutrino oscillation both

at probability and sensitivity levels. Furthermore, the sensitivity limits on the

Lorentz violating parameters are obtained for NOvA, T2K and synergy of NOvA

and T2K.
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Chapter 1

Introduction

1.1 Standard Model of particle physics

Efforts of thousands of Physicists brought some remarkable explanations of fun-

damental symmetry and structure of the universe. Our universe is made up of

elementary particles which are inter-connected through four fundamental forces.

Standard Model (SM) is a well established theoretical model narrates the funda-

mental particles and the three fundamental forces (i.e. electromagnetic, weak and

strong forces) out of four. Also, it is a low energy effective field theory emerged

from unified description of gravity and quantum physics at Planck scale. SM is

able to predict various phenomena and explains most of the experimental results

in Particle physics. Hence, it has been established as one of the most successful

theories in physics.

1.1.1 Particle content

SM is a gauge theory, based on the gauge symmetry SU(3)C×SU(2)L×U(1)Y [1–

3], where the subscripts C,L and Y represent the color, left handedness and hyper

charge, respectively. The gauge theory describes the strong, electromagnetic and

weak interactions among the fundamental particles. The particle content of the

SM is given in the Table [1.1]. Elementary particles are categorised into Fermions

and Bosons depending on the spin quantum number. Fundamental particles hav-

ing half-integral spin i.e., Fermions are classified as Quarks and Leptons. These

1



Chapter 1 Introduction 2

particles appear in three families and two particles in each family. Quarks exist

in six flavours namely up (u), down (d), charm (c), strong (s), top (t) and bottom

(b) quarks. Correspondingly there exist six antiquarks for six flavours. Combi-

nation of two or more quarks with the help of strong interaction results to some

subatomic particles called hadrons. Hadrons are grouped into two categories, me-

son and baryon. Mesons are made up of quark and anti-quark pair while Baryons

are constructed from three quarks. According to Pauli-exclusion principle “color”

charge introduced for quarks are Red (R), Green (G) and Blue (B). These colors

are changed to corresponding anti-colors for antiquarks. A combination of the

three colors or a combination of color and anti-color can result in a colorless par-

ticle; hence the observed hadrons are colorless in nature. The other fundamental

spin-half particles in SM are Leptons, classified as charged leptons (electron (e),

muon (µ), tau (τ)) and neutral leptons (electron-neutrino (νe), muon-neutrino

(νµ), tau-neutrino (ντ )).

The gauge group SU(3)C contains both left and right handed quark triplets hav-

ing color charges to participate in strong interactions. Left handed particles are

doublets and right handed particles are singlets under SU(2)L symmetry. Left

handed particles only take part in weak interaction through SU(2)L symmetry.

Both the left and right handed charged particles participate in electromagnetic in-

teraction under U(1)em gauge group. The unification of weak and electromagnetic

interactions is known as electroweak interaction represented as SU(2)L × U(1)Y

gauge group.

In addition to these, there are four types of gauge bosons, which are the force car-

riers. Gluons (g) and photon (γ) mediate strong and electromagnetic interactions,

respectively. Weak force is mediated by the charged gauge bosons W± and neutral

boson Z0. The spin-less particle Higgs boson, which is doublet under the SU(2)L

is responsible for the origin of mass for the fundamental particles.

1.2 Symmetries in gauge theory

Symmetry of a physical system under a continuous transformation leads to a con-

servation law by Noether’s theorem and also implies some unmeasurable quan-

tities. Gauge symmetry is the basic underlying symmetry of SM. Any quantum
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Particles Fields SU(3)C SU(2)L U(1)Y Q

Quarks QL ≡
(
u

d

)

L

(
c

s

)

L

(
t

b

)

L

3 2 1/6

(
2/3

−1/3

)

uR, cR, tR 3 1 2/3 2/3

dR, sR, bR 3 1 −1/3 −1/3

Leptons `L ≡
(
νe

e

)

L

(
νµ

µ

)

L

(
ντ

τ

)

L

1 2 −1/2

(
0

-1

)

`R ≡ eR, µR, τR 1 1 −1 −1

Scalar H 1 2 1/2

(
1

0

)

Table 1.1: Particle content of SM and their quantum numbers.

state ψ(x) can be gauged by some arbitrary phase α:

ψ(x)→ ψ′(x) = ψ(x)eiα , (1.1)

where α is a non-physical and unmeasurable parameter. Invariance of SM inter-

actions in terms of gauge fields is known as global gauge invariance.

Let us first consider the gauge invariance in the fermionic sector. The Dirac

Lagrangian for fermionic field is given as,

L = iψγµ∂µψ −mψψ , (1.2)

which is invariant under global gauge transformation Eqn. (1.1). However, under

U(1) local phase transformation i.e., for a space time dependent arbitrary phase

α(x), the states will transform as

ψ → ψ′ = ψeiα(x)Q, (1.3)

where Q is the generator for the U(1) group. The Dirac Lagrangian Eqn. (1.2)

transforms as

L → L′ = ψ (iγµ∂µ − γµ∂µα(x)Q−m)ψ , (1.4)

and hence, is not invariant under this local gauge transformation. In order to
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preserve its invariance, demands the introduction of a new bosonic gauge field Aµ,

having transformation property

Aµ → A′µ = Aµ +
1

e
∂µα(x) . (1.5)

At the same time, the ordinary derivative has to be replaced by the covariant

derivative, defined as

Dµ = ∂µ − ieAµ . (1.6)

Thus, the U(1) invariant Lagrangian in terms of covariant derivative is expressed

as,

L = ψ(iγµDµ −m)ψ. (1.7)

The new gauge field Aµ can be identified as the massless photon as one can’t write

a gauge invariant mass term 1
2
m2AµA

µ for it. As the Lagrangian in Eqn. (1.7)

represents the interaction between the Dirac and the electromagnetic fields, hence

identified as the Lagrangian for Quantum Electrodynamics (QED),

LQED = ψ(iγµ∂µ −m)ψ − eψγµQψAµ −
1

4
F µνFµν , (1.8)

where Fµν = ∂µAν − ∂νAµ is the field tensor and −1
4
F µνFµν is the kinetic energy

for the photon. The term (e) represents the electric charge.

In a similar manner like U(1), one can do local gauge invariance for SU(N), under

which any fermionic filed ψ(x) can be transformed as

ψ(x)→ eiαa(x)Taψ(x) , (1.9)

where Ta’s are the generators of SU(N) group. These generators satisfy the Lee-

algebra

[Ta, Tb] = ifabcTc , (1.10)

where fabc’s are the structure constants. The covariant derivative for this local

gauge transformation after introducing the gauge fields Ga
µ is given as,

Dµ = ∂µ + igTaG
a
µ , (1.11)
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and the transformation rule for the field Ga
µ is

Ga
µ → Ga

µ −
1

g
∂µαa − fabcαbGc

µ . (1.12)

Thus, the invariant Lagrangian under local gauge transformation SU(N) becomes

LSU(N) = ψ(iγµ∂µ −m)ψ − g
(
ψγµTaψ

)
Ga
µ . (1.13)

Realising Eqn. (1.9) for local gauge transformation in SU(3), the Lagrangian for

strong interaction, referred to as Quantum Chromodynamics (QCD) is given as,

LQCD = ψ(iγµ∂µ −m)ψ − g
(
ψγµTaψ

)
Ga
µ −

1

4
Ga
µνG

µν
a , (1.14)

where Ga
µ fields are representation of massless gluons which interact with quarks

by coupling constant g. There are eight such gluons as a = 1, 2, 3, ..8 and the field

strength tensor Ga
µν for SU(3) is expressed as

Ga
µν = ∂µG

a
ν − ∂νGa

µ − gfabcGb
µG

c
ν . (1.15)

In 1961, Glashow introduced an enlarged symmetry group by including SU(2)L

and U(1)Y as SU(2)L×U(1)Y , prior to the discovery of Electro-Weak interactions

by Weinberg and Salam. This gauge symmetry explains the electromagnetic and

weak interactions in an unified picture, known as the Weinberg-Salam model.

In electromagnetic interaction, under local gauge transformation as described in

Eqn. (1.8), the current element and interaction Lagrangian can be written as

Jemµ = eψγµQψ,

LI = −ieJemµ Aµ = −ie(ψγµQψ)Aµ , (1.16)

where Q is the charge operator for U(1)em group and Q = −1 for electron.

In a similar fashion one can write the interaction term for a weak process in two

ways.

(i) Coupling of weak current Jµ to three vector bosons Wµ for SU(2)L

−igJµ ·W µ = −igψLγµT ·WµψL . (1.17)
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(ii) Coupling of weak hypercharge current JYµ to the vector bosons Bµ for U(1)Y

−ig
′

2
JYµ B

µ = −ig′ψγµ
Y

2
ψBµ , (1.18)

where T and Y are the generators while g and g′ are the coupling strengths for

SU(2)L and U(1)Y groups, respectively. ψL and ψR are the left and right handed

components of the state ψ and their gauge transformations are,

ψL → ψ′L = ψLe
i(αb(x)Tb+β(x)Y ), (1.19)

ψR → ψ′R = ψRe
iβ(x)Y , (1.20)

with Tb (b = 1, 2, 3) represent the different components of the generator T. The

generators satisfy the relation,

Q = T 3 +
Y

2
,

hence, Jemµ = J3
µ +

1

2
JYµ . (1.21)

Equation (1.21) shows that the electromagnetic interaction is combination of the

neutral currents J3
µ and JYµ . The observable neutral gauge fields Aµ and Zµ are

orthogonal combination of the two gauge fields W 3
µ and Bµ.

The corresponding gauge invariant Lagrangian is given as

L = ψLγ
µ

(
i∂µ − gT ·Wµ − g′

(−1

2

)
Bµ

)
ψL + ψRγ

µ (i∂µ − g′(−1)Bµ)ψR

− 1

4
Wµν .W

µν − 1

4
BµνB

µν , (1.22)

where Wµν = ∂µWν − ∂νWµ − gWµ ×Wν and Bµν = ∂µBν − ∂νBµ are the kinetic

energy terms forWµ andBµ fields, respectively. This extended symmetry SU(2)L×
U(1)Y breaks down spontaneously to the symmetry group U(1)em through Higgs

mechanism, generating massive weak gauge bosons W± and Z0.

1.3 Higgs Mechanism

Spontaneous symmetry breaking (SSB) is an ingenious way to get the mass of a

particle, which is also known as Higgs Mechanism [4–7]. Let’s understand the SSB
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 V(φ)

 φ

 µ
2
 > 0

 V(φ)

 φ

 µ
2
 < 0

Figure 1.1: Potential Energy V (φ) = (1
2µ

2φ2 + 1
4λφ

4) as a function of φ with
µ2 > 0 in left panel and µ2 < 0 in the right panel.

by considering a simple scalar field φ having the Lagrangian,

L =
1

2
(∂µφ)2

︸ ︷︷ ︸
Kinetic Energy

−
(

1

2
µ2φ2 +

1

4
λφ4

)

︸ ︷︷ ︸
Potential Energy

. (1.23)

This Lagrangian is invariant under U(1) symmetry and has a reflection symmetry

around the field φ = 0. For a value of µ2 > 0, it will represent the mass of a scalar

particle in potential term. The interaction term φ4 is four particle interaction with

coupling λ. As usual, the minimum point for this particular choice of potential

will be at φ = 0 which will have the reflection symmetry as shown in the left panel

of Fig. 1.1.

However, the choice of µ2 < 0 and λ > 0 will lead to an intriguing feature. The

potential will have the non-zero minima as shown in right panel of Fig.1.1 at

φ = ±
√
−µ2

λ
= ±v . (1.24)

A perturbation around the minimum point v can be induced through a quantum

fluctuation η(x) as

φ = v + η(x) . (1.25)
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Incorporating Eqn. (1.25) into Eqn. (1.23), the Lagrangian can be expressed in

terms of η as

L′ = 1

2
(∂µη)2 − λv2η2 − λvη3 − 1

4
λη4 + const. (1.26)

One can thus obtain the mass of the field η as mη =
√

2λv2 =
√
−2µ2. Other

higher order terms of η correspond to its self interacting terms. Here the reflec-

tion symmetry is broken due to our choice of ground state and as a consequence

generated mass for the field η. This phenomenon is known as the “Spontaneous

Symmetry Breaking”.

In a similar fashion, for a complex field one can perturb the ground state by field

η and ξ to generate the mass, i.e.,

φ(x) =

√
1

2
(v + η + iξ) . (1.27)

As in the previous case, the mass for η can be generated as mη =
√
−2µ2, but the

field ξ will appear as a massless particle, known as Goldstone Boson.

Similarly, considering a complex scalar field φ, doublet under SU(2), one can show

the SSB of SU(2) gauge symmetry. Also, we will get mass for the three gauge

fields.

1.3.1 Gauge Boson mass

Higgs mechanism has been discussed in detail for only U(1) and SU(2) symmetries

in the previous section. Analogously, in SU(2)×U(1) symmetry, we can generate

the masses for W± and Z0 bosons and massless photon by introducing four scalar

fields φi through Higgs mechanism. In order to have gauge invariant Lagrangian

these four fields will be arranged as a doublet under SU(2) having unit hypercharge

quantum number,

φ =




φ+

φ0


 , (1.28)
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where

φ+ = (φ1 + iφ2)/
√

2 , (1.29)

φ0 = (φ3 + iφ4)/
√

2 .

This is one most effective choice of φ made by Weinberg in 1967. The gauge

invariant Lagrangian in SU(2)× U(1) is given as

LI =

∣∣∣∣
(
i∂µ − gT ·Wµ − g′

Y

2
Bµ

)
φ

∣∣∣∣
2

−
(

1

2
µ2φ2 − 1

4
λφ4

)
. (1.30)

With the choice of Higgs potential for µ2 < 0 and λ > 0, one can generate the

masses for the gauge bosons, by choosing the vacuum expectation value of φ as φ0

φ0 =

√
1

2




0

v


 . (1.31)

Under this particular choice of φ0, the SU(2)× U(1) spontaneously breaks down

to U(1)em.

Substituting the vacuum expectation value of φ in Eqn. (1.30), one can generate

masses for the gauge bosons as shown below:

∣∣
(
−gT ·Wµ − g′

Y

2
Bµ

)
φ
∣∣2

=
1

8

∣∣∣∣∣




gW 3
µ + g′Bµ g(W 1

µ − iW 2
µ)

g(W 1
µ + iW 2

µ) −gW 3
µ + g′Bµ







0

v



∣∣∣∣∣

2

=
1

8
v2g2

[
(W 1

µ)2 + (W 2
µ)2
]

+
1

2
v2
(
−gW 3

µ + g′Bµ

) (
−gW 3µ + g′Bµ

)

=
1

4
v2g2W+

µ W
−µ +

1

8
v2
(
gW 3

µ − g′Bµ

)2
+ 0

(
g′W 3

µ + gBµ

)2
, (1.32)

where T = τ/2 and W± = (W 1 ∓ iW 2)/
√

2. The first term in the Eqn. (1.32)

can be identified as the mass term for gauge boson W , with mass

MW =
1

2
vg . (1.33)

In Eqn. (1.32), the second and third terms can be identified as mass terms for

the orthogonal combination of W 3
µ and Bµ fields. The normalised state of these
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combination of fields are

Aµ =
g′W 3

µ + gBµ√
g2 + g′2

and Zµ =
g′W 3

µ − gBµ√
g2 + g′2

. (1.34)

The fields Aµ and Zµ are neutral physical fields and the 2nd and 3rd terms in Eqn.

(1.32) can be identified as their mass terms

1

2
M2

ZZ
2
µ +

1

2
M2

AA
2
µ , (1.35)

with MA = 0 and MZ = 1
2
v
√
g2 + g′2. Using the value of Fermi coupling constant

in weak interaction

G√
2

=
g2

8M2
W

=
1

2v2
, (1.36)

one can calculate the vacuum expectation value for Higgs particle as v/
√

2 = 174

GeV.

Interestingly, in terms of the weak mixing angle (g′/g) = tan θW the physical fields

can be written in terms of gauge boson W 3
µ and Bµ basis,




Aµ

Bµ


 =




cos θW sin θW

− sin θW cos θW







Bµ

W 3
µ


 . (1.37)

In this way, by Higgs mechanism we can get the massive gauge bosons W±
µ and

Zµ and massless photon Aµ.

1.3.2 Fermion mass

Higgs mechanism is well enough to generate the mass for leptons and quarks with

same choice of Higgs field as we choose for generating the gauge boson masses.

Gauge invariant Lagrangian involving the mass terms for leptons and quarks is

LY = −
(
Y`L̄Lφ`R + YdQ̄LφdR + YuQ̄Lφ̃uR + h.c.

)
, (1.38)

where QL and LL are the left-handed quark and lepton doublets, while uR (dR)

and `R are the right handed up (down) type quark and charged-lepton singlets.

The coefficients Y`, Yu and Yd represent the Yukawa couplings. The field φ̃ denotes
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the conjugate Higgs doublet of φ. Both φ and φ̃ can be written as

φ =




φ+

φ0


 , (1.39)

φ̃ = −iτ2φ
∗ =



−φ 0

φ−


 . (1.40)

The symmetry can be broken spontaneously by perturbating our choice of vacuum

expectation value for φ. The ground states for φ and φ̃ are given as

φ =

√
1

2




0

v + h(x)


 and φ̃ =

√
1

2




v + h(x)

0


 , (1.41)

where h(x) is a neutral Higgs field. Neglecting the interaction of h(x) with leptons,

one can generate the masses as

Mass of leptons: Ml =
Y`
2
v , (1.42)

Mass of quarks: Mq =
Yq√

2
v . (1.43)

1.4 Neutrinos in the Standard Model

Neutrinos are one of the most fundamental and mysterious particles found in our

universe. These fermions being chargeless and colourless in nature, participate only

in weak interactions. Although neutrinos are the second most abundant particles

in nature, it is very hard to detect them due to their extremely feeble interaction,

and hence they are the least understood particles of nature due to their perplexing

properties. In the SM of particle physics neutrinos are considered to be massless

unlike other fermions. Neutrinos are considered to be the most fascinating particles

in nature, posses many unique and interesting features in contrast to the other

SM fermions. Indeed, we now know that neutrinos are massive albeit extremely

light, and change their flavour as they propagate. This characteristic is known as

Neutrino Oscillation, the understanding of which requires physics beyond the SM

(BSM). Neutrinos can be used as a tool to probe new physics beyond the SM. Last
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couple of decades have witnessed the emergence of many fascinating properties of

neutrinos by different experiments.

1.5 History of Neutrinos

Although neutrino is a very tiny particle, it has a long history [8]. The idea of

existence of neutrinos proposed by Wolfgang Pauli in 1930 to save the conservation

of energy in Beta decay. He introduced a neutral lightly massive particle, which

he named as “neutron”, to explain the missing energy in the Beta decay process.

This tiny particle carried away the missing energy results to the observation of

continuous energy spectrum of electrons. He made a statement for non-observation

of this particle in any experiment that, “I have done a terrible thing. I have

postulated a particle that can not be detected.”

In the year 1932, James Chadwick discovered a neutral particle named as neutron

very heavy compare to Pauli’s particle. Two years later, Enrico Fermi developed

the theory of weak interaction, where he renamed Pauli’s particle as neutrino

means “little neutral one”. After two decades of Pauli’s prediction in 1956, the

first experimental evidence for neutrino given by Fedrick Reines and Cylde Cowan

at Los Alamos National Laboratory [9]. They discovered electron anti neutrino

(νe) by observing inverse beta decay process (νe+p→ n+e+) using organic liquid

scintillators. This positron (e+) gets annihilated with the electron to produce two

gamma rays. Thereafter, a delayed gamma ray is produced due to the capture of

the neutron by atomic nucleus. Observation of these two signals is the signature of

existence of neutrino. In a telegram to W. Pauli, they mentioned their success as

“We are happy to inform you that we have definitively detected neutrinos”. Later

Fedrick Reines awarded Nobel prize in physics for the year 1995.

In between, the prediction of double beta decay with neutrinos given by Maria

Goeppert Mayer in 1935. Two years later, Ettore Majorana gave the concept of

Majoran nature for neutrinos. Wendell Furry combined the idea of G. Mayer and

E. Majorana to suggest the special decay process Neutrinoless double beta decay

can explain the Majorana nature of neutrinos.

Golden period for neutrino sector started from mid 19th century. Concept of neu-

trino oscillation introduced by Burno Pontecorvo in 1957 before the discovery of
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other flavor of neutrinos. Later in 1962, the second type of neutrino νµ discov-

ered by a group of scientists under the leadership of Lederman, Mel Schwartz and

Jack Steinberger at Brookhaven National Laboratory, and they were awarded with

Nobel Prize in 1988. In 1968, the first ever solar neutrinos observed by the Home-

stake experiment. It observed only one-third of predicted solar neutrinos, and this

anomalous result is known as “solar neutrino anomaly”. Similarly the collabo-

ration of Kamiokande and IMB in 1985 observed the discrepancy in atmospheric

neutrinos. The ratio of νµ to νe is smaller than the predicted ratio, known as

the atmospheric neutrino anomaly. In the year of 1998, the first ever evidence for

neutrino oscillation observed at Super-Kamiokande experiment. DONUT (Direct

observation of Nu Tau) experiment discovered the third type of neutrino, i.e., tau

neutrino (ντ ) in the mid of 2000. Another Nobel Prize to neutrino sector came

in the year 2002 for the detection of cosmic neutrinos at Kamiokande experiment.

Half of the Nobel prize in physics for this year shared by Ray Davis and Masatoshi

Koshiba. In the year 2015, the Nobel Prize has been awarded jointly to Arthur

B. McDonald from SNO experiment and Takaki Kajita from Super-Kamiokande

experiment, for the discovery of Neutrino Oscillation. Nowadays there are several

type of neutrino experiments are there to explore properties of neutrinos.

1.6 Neutrinos Beyond the Standard Model

From different well established experimental observations, it is found that neutri-

nos show flavor transition behaviour during propagation called neutrino oscillation,

suggests that neutrinos do posses small but non-zero mass and mixing. This clearly

indicates that SM is not the complete theory of nature and has to be extended.

Neutrinos can be considered as a gateway to various BSM physics.

1.6.1 Neutrino Mass

Neutrinos are considered as massless fermions in the SM, and do not have mass

unlike other fermions. For fermions, mass can be realized as the coupling between

right and left handed helicity states through Youkawa coupling as discussed in

section 1.3.2, and the mass term in the Lagrangian is given as

− Lmass = MDψLψR + h.c.. (1.44)
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In order to have mass for neutrinos, we have to look beyond SM, as there are no

right-handed neutrino states in the SM.

In other way Majorana mass for neutrinos can be expressed as

−Lmass = MMψ
T
LC
−1ψL . (1.45)

Right-handed neutrino state can be realised by the same way as the left handed

antineutrino state, but this mass term violates lepton number by two units. In the

SM, lepton number is an exact symmetry, hence neutrinos have no Majorana mass.

Majorana mass cann’t be accommodated through perturbation theory. Hence,

neutrinos are massless in all orders of perturbation theory.

The mass can be obtained through some special mechanism. Before that let’s have

an idea about the Dirac and Majorana mass terms for neutrinos in beyond the SM

framework.

1.6.1.1 Dirac mass for Neutrino

For charged fermions, the mass term is only the Dirac mass as given in Eqn.

(1.44). For neutrinos, the Dirac mass can be obtained by considering a right-

handed neutral lepton field νR, which is singlet under SU(3)C × SU(2)L × U(1)Y

symmetry. The corresponding Lagrangian density is given as

−Lmass =
∑

`,`′

Yll′ψ`Lφν`′R + h.c. (1.46)

After SSB, the mass matrix elements can be obtained as,

M``′ = Y``′
v√
2
. (1.47)

After standard diagonalisation of this 3× 3 mass matrix, neutrino masses can be

obtained. The generation of mass in this mechanism leading to an open question

regarding the extraordinary small mass for neutrinos.



Chapter 1 Introduction 15

1.6.1.2 Majorana mass for Neutrino

Majorana proposed that for neutral particles, the right handed state of the particle

can be identified as the left handed state of anti-particle in a Lorentz invariant

way, i.e.,

νR = (νL)c = Cνl
T = Cγ0ν

∗
L . (1.48)

In order to have mass in a gauge invariant way, we have to consider the coupling

of neutrinos to two Higgs fields as in Fig 1.2. Thus, the two left-handed states

coupled to the two Higgs fields through dimension-five operator given as [10]

−Lmass =
αν
M
LTLCφ̃

T φ̃LL + h.c., (1.49)

where, φ is the Higgs field and αν is the dimensionless coupling constant. For

renormalizable purpose, the factor M is introduced which has dimension of mass.

After SSB, one can get the mass term as,

mν = αν
v2

M
. (1.50)

The smallness of neutrino mass can be explained through this model by con-

φφ

ψψ
L L

c

Figure 1.2: Majorana coupling between neutrinos and Higgs fields.

sidering M as much heavier compared to the scale of vacuum expectation value

v.
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1.6.2 Seesaw Mechanism

In order to generate the masses for neutrinos, the commonly used framework is the

seesaw mechanism [11–13]. In the SM, dimension d = 4 terms in the Lagrangian

are unable to generate the mass terms, so we need an effective Lagrangian which

contains terms of order d > 4. The corresponding effective Lagrangian is expressed

as,

L = LSM + Ld=5
eff + Ld=6

eff + .. ,

L = LSM +
∞∑

n=5

∑

i=1

(
bni

Λn−4
i

On
i + h.c.

)
. (1.51)

Higher order terms are suppressed by a factor
bni

Λn−4 , where Λ is the new physics

scale. The lowest possible dimension term d = 5 will dominate over other higher

order terms. The corresponding dimension five operators are called Weinberg

Operators Od=5 = (L̄cφ̃∗)(φ̃†L). These operators generate Majorana mass for

neutrinos by SSB and can be mediated by singlet fermion or by triplet scalar or

by triplet fermion. In all these processes, light neutrino mass will be generated at

the cost of a heavy particle, hence the mechanism is known as see-saw mechanism.

See-saw mechanism categorised into three types as i) Type-I, ii) Type-II, iii) Type-

III, depending upon the mediated particle in the Weinberg operator.

Figure 1.3: Neutrino masses through i) Type-I, ii) Type-II and iii) Type-III
seesaw model (from left to right).

1.6.2.1 Type-I seesaw

Three singlet right-handed neutrinos (NRi) added to SM to generate tiny masses

for neutrinos. These NRi will mediate the interaction of neutrinos with Higgs as
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shown in the left panel of Fig. 1.3. The effective Lagrangian will be

L = LSM + LNR , (1.52)

where LNR is the Lagrangian term for NR given as

LNR = iN̄R/∂NR − (L̄Lφ̃YνNR + h.c.)− Yν
Λ

(L̄cφ̃∗)(φ̃†L) . (1.53)

Here Yν is the Yukawa coupling. After spontaneous symmetry breaking through

Higgs field, the Yukawa coupling term gives the Dirac mass term and Weinberg

term gives the Majorana mass term as

−Lmass =
1

2

[
MDν̄LNR +MDN̄

c
Rν

c
L +MmN̄

c
RNR + h.c.

]
, (1.54)

where Dirac mass: MD =
Yνv√

2
and Majorana mass: Mm =

Y 2
ν v

2

2Λ
.

Thus, the neutrino mass matrix (Mν) in the basis (νcL, NR) is given as

Mν =




0 MD

MT
D Mm


 . (1.55)

Constraining the number of right handed neutrino to one,

Mν =




0 M

M B


 , (1.56)

where M is the Dirac mass, B is Majorana mass, are simply numbers. After

diagonalising mass matrix, one obtains the neutrino masses as

mν = OMνO
T =



−m1 0

0 m2


 , (1.57)

where O is a 2-dimensional rotational matrix given as,

O =




cos θ − sin θ

sin θ cos θ


 . (1.58)
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Using the condition tan 2θ = 2M/B one can get the eigenvalues of the mass matrix

as,

m1,2 =
1

2
(∓B +

√
B2 + 4M2). (1.59)

Rearranging the mass matrix,



−m1 0

0 m2


 =



m1 0

0 m2






−1 0

0 1


 = mK2. (1.60)

Here the m contains the positive eigenvalues and K2 a simply diagonal matrix

with positive and negative unit eigenvalues. The mass M arises from the coupling

of Higgs field to neutrino, it is of the order of ordinary fermionic mass. Considering

a very heavy Majorana mass (B �M), eigenvalues of the matrix (Eqn. 1.59)

m1 '
M2

B
and m2 ' B , (1.61)

which will result a tiny mass for neutrino compared to other fermions m1 � M ,

by considering the parameter B to be very heavy, roughly O(109) GeV. Thus,

this model can successfully explain the smallness of neutrino families and in order

to have ντ lighter than its present bound, the mass scale of B should be, B &
5 × 109 GeV. To summarize, type-I seesaw mechanism requires the mass scale of

the right-handed fermions to be order of Grand Unified Theory (GUT) scale, for

the explanation of light neutrino mass [14].

1.6.2.2 Type-II seesaw

The other way of creation of smallness of neutrino mass is the addition of Higgs

triplet (∆++,∆+,∆0) which couples to (ν, `)L as shown in Fig 1.3. The relevant

interaction term for mass can be written as [14, 15],

hν
2

[
νν∆0 −

(
νl + lν

2

)
+ ll∆++

]
, (1.62)

where hν is the Yukawa coupling strength. With the consideration of a lighter

VEV for Higgs triplet compared to Higgs doublet 〈∆0〉 � 〈φ0〉, gives the light
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neutrino mass as

mν = hν
〈
∆0
〉
. (1.63)

1.6.2.3 Type-III seesaw

In this framework, a fermion triplet ΣR (Σ+
R,Σ

0
R,Σ

−
R) with hypercharge zero added

as a mediator to Weinberg operator as shown in right panel of Fig. 1.3. This

mechanism is equivalent to Type-I except ΣR in place ofNR. In a compact notation

for an usual fermion triplet

ΣR =




Σ0
R√
2

Σ+
R

Σ−R −Σ0
R√
2


 , (1.64)

the mass term in the Lagrangian is given as

−Lmass =
∑

L

L̄Lφ̄YνΣR + h.c.− Yv
Λ
L̄cφ̄∗φ̄†L . (1.65)

After spontaneous symmetry breaking, choosing VEV for standard Higgs boson

as v√
2
, symmetric mass matrix is




0 Y T
Σ

v
2
√

2

YΣ
v

2
√

2

MΣ

2


 . (1.66)

Diagonalization of mass matrix Eqn. (1.66), Majorana mass for neutrinos can be

obtained as [16],

Mν =
1

2
YΣ
v2

Λ
Y T

Σ . (1.67)

In all the above mentioned seesaw mechanisms, one of the important issue is the

experimental signature of heavy particles. The drawbacks in TeV scale seesaw

mechanism can be avoided by the Inverse See-Saw mechanism (ISS). In this mech-

anism, the light neutrino mass can be explained by considering the new physics

scale at or below TeV scale. ISS requires addition of three right-handed neutrinos

NiR and three extra singlet neutral fermions, SiL for three active neutrinos [17]. In

addition to this, several other models which can generate neutrino mass through
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loop corrections. Such models are Zee model [18], Zee-Babu model [19, 20], Ma

model [21], etc.

1.7 Neutrinoless Double Beta Decay

Confirmation of non zero neutrino mass entails two unknowns: the absolute mass

scale of neutrinos and the nature of neutrinos. Neutrinoless double beta decay

process can answer to these questions, which will be discussed in this section.

Double beta decay (ββ2ν) is a process where two beta particles along with two

neutrinos are emitted from a nucleus as shown in Fig 1.4,

(A,Z)→ (A,Z + 2) + e− + e− + ν̄e + ν̄e . (1.68)

First ever experimental observation of ββ2ν process was done by Elliot, Hahn and

Moe after a century of observation of beta decay process [22]. In general these

processes are very rare, occur only when single beta decay processes are forbidden.

Amplitude of these processes are weak as G2
F with a half-life time of ∼ 1.1× 1020

years [23].

While Neutrinoless double beta decay (ββ0ν) is a lepton number violating process

two beta particles are emitted from the nucleus without any neutrino as shown in

right panel of Fig 1.4,

(A,Z)→ (A,Z + 2) + e− + e− . (1.69)

It violates the lepton number by two units. Observation of such signals can probe

the Majorana nature of neutrino as the mass term mνν
T
LC
−1νL violates lepton

number by two units. Non observation of such signals put some bounds on the

life time of this process. Obtained bounds on the half life time T1/2 ∼ 1025 years

for different nuclei from various experiments: KamLAND-Zen [24], GERDA [25],

EXO-200 [26], CURCINO and CUORE [27]. Half-life time for ββ0ν [28, 29] can

be expressed as

T −1
1/2 = Q

∣∣∣Mν

me

∣∣∣
∣∣Mee

∣∣2 , (1.70)
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Figure 1.4: Feynman diagram for double beta decay (left) and Neutrinoless
double beta decay (right).

where Q represents the phase space factor, Mν is the nuclear matrix element, me

is the electron mass and
∣∣Mee

∣∣ is the effective Majorana mass parameter. The

bounds on life time for ββ0ν can be reflected as limits on the
∣∣Mee

∣∣ as ∼ (0.2−0.4)

eV [30, 31]. Effective Majorana mass depends upon the neutrino mass and mixing

parameters as

∣∣Mee

∣∣ =
∣∣∣U2

e1m1 + U2
e2m2e

iα + U2
e3m3e

iβ
∣∣∣, (1.71)

where Uei are the neutrino mixing matrix elements and α, β are the Majorana

phases. Hence, the study of
∣∣Mee

∣∣ can give idea about the nature and mass of

neutrinos.

1.8 Thesis Overview

Current chapter gives the basic idea of the SM and its particle content. Neutrinos

one of the most puzzling particles show the flavour transition properties called

neutrino oscillation, which demands tiny mass and maxing for neutrinos. Various

neutrino mass mechanism discussed in details. Measurement of neutrino mixing

matrix elements is the primary goal of neutrino experiments. There are some

degeneracies and unknowns among the oscillation parameters, can be answered

by number of well known long baseline experiments T2K, NOvA, DUNE, T2HK,

T2HKK, ESSnuSB, etc.
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In this regard, we have explored neutrino oscillation and implications on various

beyond SM hypothesis at long baseline experiments. Chapter-2, will be focused

on the theory of neutrino oscillation in vacuum and matter, current status of

neutrino oscillation parameters and brief discussion on various neutrino oscilla-

tion experiments. Next in chapter-3, light sterile neutrino and their implications

on currently running long baseline experiments will be discussed. Considering

an eV scale sterile neutrino, impact on parameter degeneracy and sensitivity of

NOvA and T2K have been discussed. Also. its effect on Neutrino less double

beta decay experiment has been investigated. A brief discussion on CPT symme-

try, the fundamental symmetry of nature and violation CPT symmetry at future

based long baseline experiments will be presented in chapter-4. Constraints on

model-independent CPT violating parameters and sensitivities for discovery of

CPT violation are obtained from different long baseline experiments. Chapter-5

is based on study of CPT violation through Lorentz invariance violation. Impli-

cations of Lorentz violation at currently running long baseline experiments NOvA

and T2K have explored in details. Summary and conclusion of the whole thesis

will be discussed in Chapter-6. Current and future scopes in neutrino studies will

also be mentioned in this chapter.



Chapter 2

Theory of Neutrino Oscillation

2.1 Introduction to Neutrino Oscillation

Neutrino oscillation is a phenomenon of transition of neutrino flavors during their

propagation. It is a quantum mechanical process of keen interest both theoretically

and experimentally. In nature, neutrinos are produced in three flavors namely

electron neutrino (νe), muon neutrino (νµ) and tau neutrino (ντ ) in weak processes,

in association with charged leptons. The flavor states are some combination of

neutrino mass states, i.e., states with definite masses. In three flavor framework,

neutrino flavor states (νe, νµ and ντ ) can be related to mass states (ν1, ν2 and ν3 )

through a complex unitary 3× 3 mixing matrix called PMNS (Pontecorvo-Maki-

Nakagwa-Sakata) matrix [32]. PMNS matrix is similar to the CKM (Cabibbo-

Kobayashi-Maskawa) matrix in the quark sector. Neutrino Oscillation confirms

the mixing of neutrinos and tiny mass for neutrinos.

As flavor states are the superposition of mass states of different masses, during

the propagation of a given flavor state, the different components of mass states

evolve differently with time and the combination of these evolved mass states at a

later time, is not necessarily be the original flavor state, but might be some other

flavor of neutrinos. Hence, in order to have neutrino oscillation, neutrinos must

have non-zero mass. In the year 2015, Nobel Prize in Physics awarded jointly to

Takaaki Kajita from Super-Kamiokande Collaboration and Arthur B. McDonald

from Sudbury Neutrino Observatory Collaboration “for the discovery of neutrino

oscillations, which shows that neutrinos have mass”.

23
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Figure 2.1: Feynman diagram for Lepton Mixing.

2.1.1 Neutrino Mixing

Non-zero neutrino mass in other words can be understood as neutrino mixing [33].

Hence, the Yukawa couplings for neutrino masses can be both diagonal and non-

diagonal in flavor basis. Including the right-handed neutrinos, one can write the

Lagrangian for the mass terms as

LDirac = ν̄iL(Yν)ijvν
j
R + h.c.,

LMajorana =
v2

2M
νiL

T
C(αν)ijν

j
L + h.c., (2.1)

where Yν and αν are the couplings. While in mass basis, neutral (charged) weak

couplings are diagonal (non-diagonal) in nature (shown in Fig. 2.1):

LDirac = ¯̀i
Lγ

µW+
µ U

ij
mixν

j
L +

1

2
ν̄iLγ

µZµν
i
L + ν̄iLmiν

i
R + h.c.,

LMajorana = ¯̀i
Lγ

µW+
µ Ũ

ij
mixν

j
L +

1

2
ν̄iLγ

µZµν
i
L +

1

2
νiL

T
Cmiν

i
L + h.c.. (2.2)

The lepton mixing matrix Umix(Ũmix) can be identified as the PMNS matrix for

Dirac (Majorana) case. The number of independent parameters in the mixing

matrix is the sum of independent real and imaginary terms in the matrix. In-

dependent parameters can be obtained by eliminating the dependent parameters

after field redefinition. For a family with n number of leptons, there are n(n−1)/2

number of real and (n−1)(n−2)/2 number of imaginary independent parameters.

For Majorana neutrino, the number of real and imaginary independent parameters

are same and equal to n(n− 1)/2 in the mixing matrix [34].
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2.2 Neutrino Oscillation in Vacuum

Using the relation between flavor and mass states, one can calculate the oscillation

probability in vacuum i.e., in a potential free space. It should be emphasized that

the overall phases of the transition amplitude will not give any contribution to-

wards the probability. Majorana phases appear as overall phases in the oscillation

amplitude and hence, do not contribute to the oscillation probability.

In general for a n family system, the flavor states |να〉 are the superposition of

mass states |νj〉

∣∣να〉 =
n∑

j=1

Uαj
∣∣νj〉. (2.3)

Similarly in a reverse transformation, mass states can be written in terms of flavor

states

∣∣νj〉 =
n∑

α=1

U∗αj
∣∣να〉. (2.4)

The mass states satisfy Schrödinger equation in vacuum

H
∣∣νj〉 =

d

dt

∣∣νj〉 = Ej
∣∣νj〉, (2.5)

where H is the Hamiltonian and Ej =
√
m2
j + ~p 2

j is the energy of a neutrino mass

state with mass mj and momentum ~pj. Matrix representation of Hamiltonian is

H =
1

2E
diag(m2

1,m
2
2,m

2
3, ....,m

2
n). (2.6)

The time evolution of flavor and mass states can be written as

∣∣να, t〉 =
n∑

j=1

Uαj
∣∣νj, t〉 (2.7)

and ∣∣νj, t〉 = e−iEjt
∣∣νj, 0〉, (2.8)

where
∣∣νj, 0〉 is the mass eigenstate at initial time t = 0 and also denoted as

∣∣νj〉.
Similarly

∣∣να, 0〉 =
∣∣να〉 is the initial flavor state. Therefore, flavor states can be
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written as

∣∣να, t〉 =
n∑

j=1

Uαje
−iEjt

∣∣νj, 0〉. (2.9)

Using Eqn. (2.4) in (2.9), one obtains

∣∣να, t〉 =
n∑

β=1

(
n∑

j=1

Uαje
−iEjtU∗βj

)
∣∣νβ〉. (2.10)

Transition amplitude for α type neutrino (να) at an initial time (t = 0) to β type

neutrino (νβ) at a time t is

Aαβ = 〈να, 0
∣∣νβ, t〉 =

n∑

γ=1

(
n∑

j=1

Uβje
−iEjtU∗γj

)
〈να, 0

∣∣νγ, 0〉. (2.11)

The orthogonality condition 〈να, 0
∣∣νγ, 0〉 = δαγ in flavor space implies that

Aαβ =
n∑

j=1

Uβje
−iEjtU∗αj. (2.12)

Probability of oscillation for να → νβ process is

Pνα→νβ =
∣∣Aαβ

∣∣2 =
n∑

j=1

Uβje
−iEjtU∗αj

n∑

k=1

U∗βke
iEktUαk,

=
n∑

j,k=1

UβjU
∗
αjU

∗
βkUαke

−i(Ej−Ek)t. (2.13)

Neutrino energy can be expressed as

Ej =
√
p2
j +m2

j = pj(1 +
m2
j

p2
j

)1/2

' pj

(
1 +

m2
j

2p2
j

)
= pj +

m2
j

2pj
, (2.14)

where pj represents the magnitude of the momentum of the mass state |νj〉. Con-

sidering neutrino as a relativistic particle, time and space can be treated with

equal footing i.e., t = L, where t is the travel time of neutrino between the point

of source to detector and distance between the source and detector point is L. Fur-

ther assuming equal momentum for all the mass states as p, the phase expression
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in Eqn. (2.13) will reduce to

(Ej − Ek)t =

(
p+

m2
j

2p
− p− m2

k

2p

)
L

=
(m2

j −m2
k)

2p
L. (2.15)

Assuming the mass states have same energy as E ' p and denoting the mass

squared difference as ∆m2
jk = m2

j −m2
k, one obtains

(m2
j −m2

k)

2p
L =

∆m2
jkL

2E
. (2.16)

Using the expression of phase from Eqn. (2.16) in Eqn. (2.13), oscillation proba-

bility as a function of E and L is

Pνα→νβ(L,E) =
n∑

j=1

n∑

k=1

UβjU
∗
αjU

∗
βkUαke

−i
∆m2

jkL

2E (2.17)

=
n∑

j=k=1

∣∣Uβj
∣∣2∣∣Uαj

∣∣2 +
n∑

j 6=k
UβjU

∗
αjU

∗
βkUαke

−i
∆m2

jkL

2E . (2.18)

One can find the relation

∣∣
n∑

j=1

UβjU
∗
αj

∣∣2 =
n∑

j=1

UβjU
∗
αj

n∑

k=1

U∗βkUαk

=
∑

j=k

∣∣Uβj
∣∣2∣∣Uαj

∣∣2 +
n∑

j 6=k
UβjU

∗
αjU

∗
βkUαk. (2.19)

Using the unitary relation between the mixing matrix element

n∑

j=1

UβjU
∗
αj = δβα , (2.20)

in Eqn. (2.19), one can obtain

∑

j=k

∣∣Uβj
∣∣2∣∣Uαj

∣∣2 = δβα −
n∑

j 6=k
UβjU

∗
αjU

∗
βkUαk . (2.21)



Chapter 2 Theory of Neutrino Oscillation 28

Using the above relation, Eqn. (2.18) can be rewritten as

Pνα→νβ(L,E) = δβα −
n∑

j 6=k
UβjU

∗
αjU

∗
βkUαk +

n∑

j 6=k
UβjU

∗
αjU

∗
βkUαk exp

(
−i

∆m2
jkL

2E

)

= δβα −
[

n∑

j>k

UβjU
∗
αjU

∗
βkUαk +

n∑

j>k

U∗βjUαjUβkU
∗
αk

]
1

+

[
n∑

j>k

UβjU
∗
αjU

∗
βkUαk exp

(
−i

∆m2
jkL

2E

)
+

n∑

j>k

U∗βjUαjUβkU
∗
αk exp

(
i
∆m2

jkL

2E

)]
.

(2.22)

For a complex number z, we know z + z∗ = 2Re(z) and z − z∗ = 2Im(z). Using

the Euler’s formula eiφ = cosφ+ i sinφ in the above equation, we obtain

Pνα→νβ(L,E) = δβα − 2
n∑

j>k

Re(UβjU
∗
αjU

∗
βkUαk)

[
1− cos

(
∆m2

jkL

2E

)]

+ 2
n∑

j>k

Im(UβjU
∗
αjU

∗
βkUαk) sin

(
∆m2

jkL

2E

)
. (2.23)

Using the trigonometric identity 1− cosφ = 2 sin2 φ
2

in Eqn. (2.23), gives

Pνα→νβ(L,E) = δβα − 4
n∑

j>k

Re(UβjU
∗
αjU

∗
βkUαk) sin2

(
∆m2

jkL

4E

)

+ 2
n∑

j>k

Im(UβjU
∗
αjU

∗
βkUαk) sin

(
∆m2

jkL

2E

)
. (2.24)

Eqn. (2.24) is the expression for oscillation probability in vacuum for three flavor

scenario. Anti neutrino oscillation probability can be obtained by replacing the

matrix element Uαi with U∗αi. The second term in Eqn. (2.24) is CP conserving as

it is same for both neutrino and anti-neutrino while the third term is opposite for

neutrino and anti-neutrino, is a CP violating term.

1

n∑

j 6=k
UβjU

∗
αjU

∗
βkUαk =




n∑

j>k

UβjU
∗
αjU

∗
βkUαk +

n∑

j<k

UβjU
∗
αjU

∗
βkUαk




=




n∑

j>k

UβjU
∗
αjU

∗
βkUαk +

n∑

j<k

U∗βjUαjUβkU
∗
αk


 .
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The survival probability is the probability of getting να at detector from να at

source point. Substituting α = β in Eqn. (2.24), the probability expression

reduces to

Pνα→να(L,E) = δβα − 4
n∑

j>k

∣∣Uαj
∣∣2∣∣Uαk

∣∣2 sin2

(
∆m2

jkL

4E

)
. (2.25)

Oscillation probability depends upon the neutrino mixing matrix elements, neu-

trino mass squared differences ∆m2
jk, distance of propagation L and energy of

neutrinos E.

Phase of oscillation in Eqn. (2.24) in natural unit can be written as

∆m2
jkL

4E
= 1.267

(
∆m2

jk

eV2

)(
L/E

m/MeV

)
. (2.26)

For a distance Losc,

Losc =
4πE

|∆m2
jk|

, (2.27)

probability in Eqn. (2.24) will be simple product of matrix elements. Observation

of a non-trivial value for probability indicates non-zero values for mixing matrix

elements and mass squared differences ∆m2
jk. Consequently, atleast two of the

three neutrinos must have non-zero masses. As mentioned earlier Majorana phases

appear as overall phase and hence, don’t appear in probability expression. This

also indicates that in neutrino oscillation, the total lepton number is conserved.

Depending upon the type of neutrino source used for experiments, the ratio of L/E

plays a pivotal role to determine the range of ∆m2 to be within the sensitivity

reach of experiments. In the next sections, we will present a detailed discussion

on two and three flavor neutrino oscillation phenomena.

2.2.1 Two Flavor Oscillation

For a simple calculation for probability, one can consider two neutrino hypothesis.

Here we consider two flavor of neutrinos for example νe and νµ and correspondingly

two mass states ν1 and ν2. Flavor states will be related to mass states through a
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2× 2 unitary matrix as




νe

νµ


 = U




ν1

ν2


 =




cos θ sin θ

− sin θ cos θ







ν1

ν2


 , (2.28)

where U is the unitary matrix, which can rotate the flavor states to mass states

in 2-dimensional space. The parameter θ is known as “mixing angle” whose value

can be determined from experiments.

Oscillation probability for να to νβ transition can be calculated using the Eqn.

(2.23)

Pνα→νβ = sin2 2θ sin2

(
∆m2L

4E

)
= sin2 2θ sin2

(
1.27

∆m2L

E

)
, (2.29)

where the notation ∆m2 = m2
2 −m2

1 and the energy of neutrinos are assumed to

be same E1 = E2 = E. The survival probability i.e., the probability of detecting

να at the detector from a neutrino source of να is given as

P (να → να) = 1− P (να → νβ). (2.30)

In Figs. 2.2 and 2.3, we have shown both appearance and disappearance probabil-

ities as a function of distance of propagation and energy of neutrino, respectively.

Two flavor oscillation is important to explain the hidden facts in the observed neu-

trino oscillation. Using simple two flavor formulation, one can explore the mixing

parameters and mass squared differences.

Mixing angle θ: It is the oscillation parameter, which describes that how much

the flavor states deviate from the mass states. In other words, it describes the

mixing between flavor states and mass states. Depending upon the value of mix-

ing angle probability can change in between maximum and minimum oscillation

probabilities.

Mass squared difference (∆m2): Neutrino oscillation in two flavor implies for a

non-zero ∆m2, which in turn indicates that neutrinos are massive. It is important

to note that the oscillation probability will be same for both positive and negative

values of ∆m2. Therefore, it is difficult to conclude which mass state is the heavier

one.
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Figure 2.2: Appearance (Disappearance) probability as a function of distance
of propagation in dashed red (solid magenta) curve with oscillation parameter

sin2 2θ = 0.8, ∆m2 = 2.51× 10−3 eV2 and E = 1 GeV.

Ratio of L to E (L/E): This ratio determines the oscillation probability for a

given ∆m2. Some experiments are dedicated to explore ∆m2 in some particular

ranges. In that case, the distance of propagation L and energy of neutrino E have

to be chosen to maximize the probability.

2.2.2 Three Flavor Oscillation

In three flavor scenario, mixing angles are real parameters while CP violating

phases are the imaginary parameters. There are three real parameters for both

Dirac and Majorana cases, while only a single CP phase for Dirac neutrinos and

three CP phases in case of Majorana neutrinos [34].

Hence, the PMNS matrix can be parametrized in terms of three mixing angles, i.e.,

solar mixing angle (θ12), reactor mixing angle (θ13) and the atmospheric mixing

angle (θ23), one Dirac-type CP violating phase δCP and two Majorana phases α21

and α31. Thus, one can express the flavour eigenstates in terms of the mass
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Figure 2.3: Appearance (Disappearance) probability as a function of Neutrino
Energy in GeV with a distance of propagation L = 810 km, oscillation parameter

θ = π
4 and ∆m2 = 2.51× 10−3 eV2.

eigenstates as 


νe

νµ

ντ




=




Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3







ν1

ν2

ν3



. (2.31)

Here the mixing matrix U is called the PMNS matrix and it can be written by

combination of three rotation matrices in “12”, “13” and “23” planes

UPMNS =




1 0 0

0 c23 s23

0 −s23 c23







c13 0 s13e
−iδcp

0 1 0

−s13e
iδcp 0 c13







c12 s12 0

−s12 c12 0

0 0 1



K

=




c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδcp c12c23 − s12s13s23e

iδcp c13s23

s12s23 − c12c23s13e
iδcp −c12s23 − s12s13c23e

iδcp c13c23



K ,

(2.32)

with cij = cos θij, sij = sin θij and K = diag(1, eiα21 , eiα31).
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Using similar calculation as we discussed for n flavor scenario, one can get the

oscillation probability for 3 neutrino case as given in Eqn. (2.24). For three flavor

scenario there will be two independent mass squared differences ∆m2
32 and ∆m2

21.

Mass squared difference associated with “23” sector is known as atmospheric mass

squared difference ∆m2
32 ∼ 2.51 × 10−3 eV2 and solar mass squared difference

∆m2
21 ∼ 7.42× 10−5 eV2 is the mass splitting in “12” sector [35].

Let’s assume for the time being that there is no CP violation, i.e., δCP = 0. Hence,

Eqn. (2.24) will reduce to

Pνα→νβ = δαβ − 4
3∑

j>k

UβjU
∗
αjU

∗
βkUαk sin2

(
∆m2

jkL

4E

)
. (2.33)

So the expression for appearance oscillation probability (α 6= β) is

Pνα→νβ = −4
3∑

j>k

UβjU
∗
αjU

∗
βkUαk sin2

(
∆m2

jkL

4E

)
, (2.34)

where j, k = 1, 2, 3. Assuming for an experiment with small L/E, the term

(∆m2
21L)/E will be sufficiently small to write

sin2

(
1.267∆m2

21

L

E

)
→ 0. (2.35)

With the approximation ∆m2
31 ' ∆m2

32, Eqn. (2.34) can be written as

Pνα→νβ = −4 (Uα1Uβ1Uα3Uβ3 + Uα2Uβ2Uα3Uβ3) sin2

(
1.267∆m2

32

L

E

)
. (2.36)

Similarly for large L/E, the phase terms containing ∆m2
31 and ∆m2

32 will average

out to 1/2. Then Eqn. (2.34) will reduce to

Pνα→νβ = − 4

[
Uα1Uβ1Uα2Uβ2 sin2

(
1.267∆m2

21

L

E

)]

+ 4

[
1

2
(Uα1Uβ1Uα3Uβ3 + Uα2Uβ2Uα3Uβ3)

]
. (2.37)

With an assumption θ13 = 0, Eqns. (2.36) and (2.37) can be analysed based on

the value of L/E.
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• For small value of L/E

P (νµ → ντ ) = sin2 2θ23 sin2

(
1.267 ∆m2

23

L

E

)
. (2.38)

• For large value of L/E

P (νe → νµ) = sin2 2θ12 sin2

(
1.267 ∆m2

21

L

E

)
. (2.39)

Depending upon the value of L/E the above equations (2.38), (2.39) can be identi-

fied as the probability expressions for atmospheric and solar neutrino oscillations,

respectively. In this way, one can explore solar and atmospheric neutrinos from

three flavor scenario.

Also information regarding the measurement of θ13 can be extracted. For experi-

ments with shorter baseline about few kilometre and neutrinos with energy of few

MeV, solar oscillations are very slow compared to atmospheric oscillations. Only

atmospheric oscillation terms will be observable at short baseline experiments.

Survival oscillation probability for νe is

Pνe→νe = 1− sin2 2θ13 sin2

(
1.267 ∆m2

32

L

E

)
. (2.40)

This probability is independent of all other mixing angles except θ13. Similarly

disappearance probability for ν̄e can measure the reactor mixing angle θ13.

Neutrino oscillation in presence of earth matter potential is really interesting, and

will be discussed in next section.

2.3 Neutrino Oscillation in Matter

As mentioned earlier, neutrino oscillation is due to the phase difference between

the mass states with evolution of time. The phase difference is due to the different

velocities of mass states having different masses. In vacuum, potential energy is

zero and the total energy decides the phase difference between the states. If there

will be some potential V in the path of neutrinos, some additional phase will be

introduced depending upon the total energy of neutrino E+V . Also the potential

V is flavor dependent, differs from flavor to flavor and also medium dependent.
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Scattering of neutrinos with electrons of earth matter in charge current process is

ν`(p) + e− → ν`(p) + e−. (2.41)

The momentum p of neutrino remains unchanged during this process. Maximum

amplitude for this charge current process will be obtained with l = e. In contrast

to other neutrinos, electron neutrino contributes an additional term to the Hamil-

tonian, which appears as an extra phase in neutrino oscillation. While in neutral

current interaction of neutrinos with earth matter is given as

ν`(p) +X → ν`(p) +X. (2.42)

for any flavor of neutrinos interacting with any of the earth matter particles (e−, p

and n). This additional contribution to Hamiltonian is same for all flavor of

neutrinos and appear as an overall phase, and hence, does not involve in neutrino

oscillation.

The effective low-energy Hamiltonian for interaction of neutrinos with earth matter

at any point x is given as

H =
GF√

2


J (+)

α (x)J (−)α(x)︸ ︷︷ ︸
Charge Current

+
1

4
J (N)
α (x)J (N)α(x)

︸ ︷︷ ︸
Neural Current


 , (2.43)

where J+ and J− are the charge currents and JN is the neutral current of neutrino

interactions. Expression of these currents are

J (+)
α (x) = ν̄e(x)γα(1− γ5)e(x),

J (−)
α (x) = ē(x)γα(1− γ5)νe(x), (2.44)

and

J (N)
α (x) = ν̄e(x)γα(1− γ5)νe(x)− ē(x)

(
γα(1− γ5)− 4 sin2 θWγα

)
e(x) (2.45)

+p̄(x)
(
γα(1− g(p)

A γ5)− 4 sin2 θWγα

)
p(x)− n̄(x)γα(1− g(n)

A γ5)n(x).

Here g
(n)
A and g

(p)
A are the axial couplings for neutron and proton of matter. Effec-

tive Hamiltonian for charge current process after summing over all the electrons
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of the medium is

HCC =
√

2GFneν̄eL(x)γ0νeL(x), (2.46)

where ne is the number density for electrons. From the above expression, the

potential energy for νe can be visualised as,

VCC =
√

2GFne ' 7.5Xe
ρ

1014 (g/cm3)
eV, (2.47)

where relative electron number density

Xe =
ne

np + nn
, (2.48)

with np(nn) is the number density for proton (neutron). For a neutral medium

Xe = 0.5. For antineutrino the potential will change its sign to negative, VCC =

−
√

2GFne. Similarly effective potential for neutral current interaction is

VNC =
1√
2
GF

[
−ne(1− 4 sin2 θW ) + np(1− 4 sin2 θW )− nn

]
. (2.49)

For a charge free medium the number density for electron should be same to proton

i.e. ne = np. Hence the potential is

VNC = − 1√
2
GFnn. (2.50)

However, neutral current potential plays a part of overall phase, so does not appear

in neutrino oscillation. After including the charge current potential the Schrdinger

equation for neutrino is given as

i
d
∣∣ν〉
dt

= H
∣∣ν〉, H = Hm + U †V U, (2.51)

where for a family of n generations of neutrino
∣∣ν〉 =

∣∣ν1, ν2, ν3, ..., νn〉T , Hm is the

effective Hamiltonian and the kinetic energy part isHm = 1
2E

diag(m2
1,m

2
2,m

2
3, ...,m

2
n).

The effective potential is denoted by V . For standard three flavor case the effective

potential is

V = diag(±
√

2GFne, 0, 0). (2.52)

Potential is positive for neutrinos while negative for antineutrinos. For a simple
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understanding of matter effect in neutrino oscillation, we will focus on two flavor

scenario. In two flavor case using the usual 2× 2 mixing matrix Eqn. (2.51) will

reduce to

H =
1

2E







m2
1 0

0 m2
2


+




cos θ sin θ

− sin θ cos θ







Vα − Vβ 0

0 0







cos θ sin θ

− sin θ cos θ





 .

(2.53)

Denoting ∆V = Vα−Vβ = 2
√

2GFneE, as the difference between the earth matter

potential for neutrino flavor α and β, Eqn. (2.53) can be rewritten as,

H =
1

2E




m2
1 0

0 m2
2


+




∆V cos2 θ ∆V cos θ sin θ

∆V cos θ sin θ ∆V sin2 θ


 ,

=
1

2E




m2
1 + ∆V cos2 θ ∆V cos θ sin θ

∆V cos θ sin θ m2
2 + ∆V sin2 θ


 . (2.54)

As noticed from Eqn. (2.54), the mass matrix is not diagonal which implies that

the mass eigenstates of vacuum are not the actual eigenstates in matter. In order

to get the mass of the physical states, the matrix should be diagonalised. The

eigenvalues after diagonalising the matrix are m1m and m2m,

m2
1m,2m =

1

2

[
(m2

1 +m2
2 + ∆V )±

√
(∆V −∆m2 cos 2θ)2 + (∆m2)2 sin2 2θ

]
.

(2.55)

The effective mass squared difference in matter is given as

∆m2
m = m2

1 −m2
2 = ∆m2

√
(∆V/∆m2 − cos 2θ)2 + sin2 2θ. (2.56)

The new mass splitting is different from the vacuum mass squared difference and

depends upon the matter potential. Similarly the effective mixing angle θm can

be written as

sin 2θm =
sin 2θ√

(∆V/∆m2 − cos 2θ)2 + sin2 2θ
. (2.57)
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Oscillation probability in terms of effective oscillation parameters in matter [36–39]

is

Pm(να → νβ) = sin2 2θm sin2

(
1.267 ∆m2

m

L

E

)
. (2.58)

Several important observations can be made from neutrino oscillation in matter.

• If ∆V = 0, i.e., potential free earth matter or vacuum, then the effective

oscillation parameters will be same as the oscillation parameters in vacuum.

• For a medium with very high density (∆V → ∞), then sin 2θm → 0, indi-

cates that no oscillation for very highly dense matter.

• Also, no oscillation is possible if sin 2θ → 0 implies to sin 2θm → 0, that

means neutrinos must have mixing in vacuum to observe neutrino oscillation

in matter.

• If ∆V/∆m2 = cos 2θ implies to sin 2θm → 1, which results maximum oscil-

lation in matter irrespective of neutrino mixing in vacuum. Hence, in some

cases neutrinos have tiny mixing in vacuum, but for a certain electron num-

ber density, neutrino oscillation is possible with maximum probability. This

condition is known as Mikheyev-Smirnov-Wolfenstein (MSW) reso-

nance.

• Matter effect will be different, if the mass splitting changes its sign i.e.,

∆m2 → −∆m2 in Eqn. (2.56). So, if there will be any hierarchy in mass

squared difference, it can be explored using the matter effect which is not

possible in vacuum.

• As mentioned earlier neutrinos and antineutrinos interact differently with

the earth matter. So oscillation probabilities for neutrino and antineutrino

will be differ from each other.

Matter effect in two flavor scenario plays a significant role to explain the solar

neutrino oscillation. A large number of electron neutrinos are produced inside the

core of sun and propagate towards the outer surface of sun. In between core and

the outer surface, some of the νe’s may satisfy the MSW resonance condition due

to the high electron density of sun. These electron neutrinos will oscillate to νµ.

Outside the sun, many solar neutrinos do not oscillate during their journey to
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earth due to the vacuum. So, some of the solar neutrinos born as νe and oscillate

to νµ by the time they leave the sun.

Similar to two flavor one can do the calculation for three flavour neutrino case.

The effective Hamiltonian in the flavor basis using Eqns. (2.51) and (2.52) is

H =
1

2E
diag(0,∆m2

21,∆m
2
31)U † + diag(V, 0, 0). (2.59)

Exact expression of probability can be calculated by taking the square of transition

amplitude and the expression for the transition amplitude is given by

Aαβ =
3∑

j=1

U ′βje
−iEjtU ′

∗
αj, α, β = e, µ, τ , (2.60)

where U ′ is the lepton mixing matrix which can diagonalise the Hamiltonian in

Eqn. (2.59). It is quite tedious to get the exact expression of oscillation proba-

bilities. However, in Ref. [40] exact expressions for oscillation probabilities have

been calculated with the assumption of δCP = 0. For a constant matter density,

analytical expressions for probabilities considering only upto second order terms

of θ13 and α have been calculate as [41–43]

Peµ = sin2 θ23 sin2 2θ13
sin2[(1− Â)∆]

(1− Â)2
+ α2 cos2 θ23 sin2 2θ12

sin2(Â∆)

Â2
(2.61)

∓ α cos θ13 sin 2θ13 cos 2θ12 sin 2θ23 sin(∆)
sin(Â∆)

Â

sin[(1− Â)∆]

(1− Â)
sin δCP

+ α cos θ13 sin 2θ13 sin 2θ12 sin 2θ23 cos(∆)
sin(Â∆)

Â

sin[(1− Â)∆]

(1− Â)
cos δCP ,

Pee = 1− α2 sin2 2θ12
sin2 Â∆

Â2
− 4 sin2 θ13

sin2(1− Â)∆

(1− Â)2
, (2.62)

Peτ = α sin2 2θ12 sin2 θ23
sin2 Â∆

Â2
+ 4 sin2 θ13 cos2 θ23

sin2(1− Â)∆

(1− Â)2
(2.63)

− 2α sin θ13 sin 2θ12 sin 2θ23 cos(∆− δCP )
sin Â∆

Â

sin(1− Â)∆

1− Â
,

where α = ∆m2
21/∆m

2
31, ∆ = ∆m2

31L/4E, Â = A/∆m2
31, with A = ±2

√
2GFneE,

GF being the Fermi coupling constant while ne represents the electron number

density and “ + ” sign refers to neutrinos while “ − ” is for antineutrinos. The

negative (positive) sign in the 3rd term of Pµe is for neutrinos (antineutrinos).
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Neutrino oscillation experiments will have advantages due to the matter effect

and all the major unknowns can be determined by studying different oscillation

channels in presence of earth matter. Appearance channels are important for the

determination of the CP violation in long-baseline experiments. Also, one can

calculate the hierarchy in mass splitting ∆m2
31 and octant of θ23 by focusing on

first two terms in expression (2.62). As matter potential is different for neutrino

and antineutrino, by comparing neutrino and antineutrino results, information

about CP phase (δCP ) can be drawn [44]. Three flavor oscillation in matter can

play decisive part in the determination of unknowns in neutrino sector.

2.4 Experimental Proof of Neutrino Oscillation

Neutrino flavor oscillation measurement has been performed by wide variety of

experiments using different sources and techniques. Experiments require very

intense source of neutrinos and large detectors due to their extremely feeble in-

teraction. Prior to doing the experiment, one should have adequate knowledge

and great measurement accuracy of neutrino flux. Details of neutrino oscillation

experiments will be discussed in the next sections. There are several discrepancies

observed between the experimental and expected results, which give the evidence

for neutrino oscillation. These anomalies will be discussed briefly in the following

subsections.

2.4.1 Solar Neutrino Anomaly

Neutrinos produced inside the sun are known as solar neutrinos. Mainly electron

neutrinos produced inside the sun via two chain processes namely pp chain [45, 46]

and CNO cycle [47]. The pp chain process is shown in the Fig. 2.4. In CNO cycle

several neutrino producing processes are,

13N → 13C + e+ + νe, refereed as (13N), (2.64)

15O → 15N + e+ + νe, refereed as (15O), (2.65)

17F → 17O + e+ + νe, refereed as (17F ). (2.66)
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Figure 2.4: Solar neutrinos produce in pp chain processes. Figure adapted
from Ref. [48, 49].

By calculating the ratio of solar luminosity to energy release for each neutrino,

the total neutrino flux can be determined. The Standard Solar Model (SSM) pre-

dicts the neutrino fluxes at earth surface. In Fig. 2.5, neutrino flux spectra for

different processes predicted by SSM and neutrino energy ranges of various so-

lar experiments have shown. There are several solar experiments, such as Gallium

experiments, Chlorine experiments, Super Kamiokande and Sudbury Neutrino Ob-

servatory (SNO).

Around the mid 90’s, three well established experiments (Gallium, Chlorine and

Kamiokande) reported that the observed solar νe flux is below the predicted data.

Further Super Kamiokande clarified the deficit more precisely. The first ever solar

neutrino experiment, Homestake observed the number of neutrino as 2.56±0.16±
0.16 SNU while the prediction by SSM was 8.46+0.87

−0.88 SNU [51, 52], where SNU

is the unit to measure event rate, 1 SNU= 10−36 interactions/(atoms . second).

Similarly combination of Gallium Experiment (GALLEX) and Gallium Neutrino

Observatory (GNO) experiment observed the event rates as 69.3± 4.1± 3.6 SNU

[53], while Soviet-American Gallium Experiment (SAGE) observed 65.4+3.1+2.6
−3.0−2.8

SNU event rates [54]. At the same time SSM prediction for both experiment

was 127.9+8.1
−8.2 SNU [52]. Super-Kamiokande experiment observed the neutrino

flux as (2.345 ± 0.014 ± 0.036) × 106 cm−2s−1 [55], compared to SSM prediction
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Figure 2.5: Spectrum for neutrino fluxes predicted by SSM and solar neutrino
energy ranges of several experiments [50].

(5.46±0.66)×106 cm−2s−1 [56]. These disparities between observed and predicted

solar data is known as Solar Neutrino Problem.

Three anticipated solutions are there for this problem. Firstly there is something

wrong with the experiments, causing the measurements to be below the predic-

tions. Secondly the SSM might be defective, but the SSM is well enough to explain

the other sectors of physics related to sun. Fortunately, the solution to the anoma-

lous result can be the neutrino oscillation. Electron neutrinos produced inside the

core and during their propagation to the earth might convert to νµ’s and ντ ’s.

This possible explanation widely accepted and latter proved by SNO experiment.

All the experiments except SNO were detecting the neutrinos through charge cur-

rent processes in a flavor dependent way. As a result these experiments observed

only νe’s, no νµ and ντ components of the total flux. SNO experiment detected the

neutrinos via three different interactions namely Elastic Scattering (ES), Charged

Current (CC) and Neutral Current (NC). Total flux measured from NC processes

by SNO experiment was (5.25 ± 0.16+0.11
−0.13) cm−2s−1 [57], which is consistent with

the SSM prediction. SNO measured all the three type of neutrinos in NC processes

while in CC processes only measured the νe’s. In ES interactions, SNO measured
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flux of νe’s along with 15% of the sum of νµ and ντ fluxes. By comparing the

fluxes from the three different processes, SNO confirmed that, initially only νe’s

produced inside the sun and two third of solar νe’s were converting into other

flavor of neutrinos during the propagation to earth.

2.4.2 Atmospheric Neutrino Anomaly

Cosmic rays mainly consisting of protons (∼ 95%), α particles (∼ 5%), electrons

(∼< 1%) and a small contribution from heavier nuclei. These particles continu-

ously interact with the nucleons present in the atmosphere to produce pions and

kaons. These particles decay dominantly in the process of

π+ → µ+νµ, µ+ → e+νeν̄µ ,

and π− → µ−ν̄µ, µ− → e−ν̄eνµ . (2.67)

Decay of these hadrons produce atmospheric neutrinos in wide range of energies

from sub GeV to multi GeV scales and these neutrinos can travel long distances

∼ 10 km to 13000 km before captured at detector.

In order to observe atmospheric neutrinos, large detector should be placed in un-

derground. Kolar Gold Field experiment in India observed atmospheric neutrinos

for the first time [58]. Experiments like Kamiokande [59] and IMB [60] observed

neutrinos using water Cherenkov detectors, while Frejus [61], NUSEX [62] used

iron tracking calorimeters for detection of neutrinos. Based on charge current

interaction the flavor of neutrinos can be identified at the detector.

Observation from atmospheric experiments can be analysed by finding the ratio

of sum neutrinos and antineutrinos of muon flavor to electron flavor. This ratio

can be denoted as R,

R =
νµ + ν̄µ
νe + ν̄e

∼ 2 , (2.68)

and is predicted to be 2 at energy around∼ 1 GeV. At higher energies the ratio may

increase. As neutrinos are produced randomly in atmosphere and can approach

the detector from any direction, one can expect symmetry in number of upward

and downward moving neutrinos. Zenith angle (Θzen) is measure of the travelled
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Experiment Experiment type R

Super-Kamiokande Water Cherenkov 0.675± 0.085

IMB Water Cherenkov 0.54± 0.12

Kamiokande Water Cherenkov 0.60± 0.07

Soudan2 Iron Calorimeter 0.69± 0.13

Frejus Iron Calorimeter 1.0± 0.15

Table 2.1: Different atmospheric neutrino experiments and their measured
double ratio values.

length of atmospheric neutrinos. In other word zenith angle describes the direction

of detected neutrinos at detector.

The ratio R predicted to be ∼ 2 with uncertainty around < 5%. Further the

uncertainty can be reduced by calculating the double ratio between observed and

expected data. The double ratio of neutrino events is given by

R =
(νµ/νe)obs

(νµ/νe)exp

. (2.69)

The predicted value for R is equal to 1, but Kamiokande experiment reported the

value of R to be less than one [63, 64], also all other atmospheric experiments

except Frejus experiment agree well with Kamiokande. Observed value of R from

different experiments has been shown in Table 2.1. Small value of R indicates that

either the number of νµ’s are less compared to predicted data or νe’s are more in

number than the prediction or both cases are possible. This problem is known as

Atmospheric Neutrino Anomaly.

Observation from Super-Kamiokande could solve the atmospheric anomaly [65].

Observed muon-like neutrino events are far below the predicted events for upward

moving neutrinos. There is no such deficit for electron-like events. At higher

energies, νµ’s have a significant deviation for cos Θzen < 0, i.e., neutrinos coming

from down, while at low energy clear deficit for all values of zenith angle i.e.,

for muon neutrinos coming from both up and down sides. This anomaly can be

explained by neutrino oscillation with oscillation parameter as ∆m2 ∼ 2.5× 10−3

eV2 and θ ∼ 45◦. As mentioned earlier the distance of propagation may vary from

10 km to 13000 km depending upon the direction of neutrinos. For multi-GeV

neutrinos, the probability of oscillation will be zero for neutrinos moving downward

while for neutrinos moving upward can oscillate with probability 1
2

sin2 2θ ∼ 0.5.



Chapter 2 Theory of Neutrino Oscillation 45

This indicates that, νµ’s are oscillating to ντ ’s not to νe’s, because the electron

like events are not increasing and matching with the prediction.

2.5 Neutrino Oscillation Experiments

Detection of neutrinos is extremely challenging due to their weakly interacting

properties. To capture a neutrino, the detector should be large enough and have

to wait for a long period of time. Also to reduce the backgrounds detector should

be placed under ground. For precise measurement of oscillation parameters and

neutrino oscillation, experiments should have extensive knowledge on neutrino

source and flux (both natural and artificial). Neutrino interactions with the de-

tectors play a crucial role in detecting neutrinos. Experiments are categorized

depending upon the source of neutrinos and their energy ranges as shown in Fig.

2.6. This section will be dedicated to various types of oscillation experiments.

Figure 2.6: Various neutrino sources with different energy ranges and neutrino
experiments. Figure used from Ref. [66, 67].
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2.5.1 Solar Neutrino Experiments

In previous section 2.4.1, we have discussed in details about the solar neutrino

flux. This section will be on solar neutrino experiments. In Table 2.2, various

solar neutrino experiments have been shown.

Experiment Detector Threshold Energy Year of data taking

(MeV)

Homestake C2Cl4 0.814 1970-94

SAGE Ga 0.233 1989-

GALLEX GaCl3 0.233 1991-97

GNO GaCl3 0.233 1998-2003

Kamiokane H2O 6.5 1987-95

Super-Kamiokande H2O 3.5 1996-

SNO D2O 3.5 1999-2006

KamLAND Liquid Scintillator 1.8 2001-07

Borexino Liquid Scintillator 0.19 2007-

Table 2.2: Solar neutrino experiment with type of target material and thresh-
old energy.

All the experiment prior to SNO, reported the solar neutrino anomaly. All these

experiments detected neutrinos through charge current interactions. In general

maximum energy for solar neutrinos is around 30 MeV. In charge current processes,

interaction of earth matter with neutrinos should produce the leptons corresponds

flavor of neutrinos (νl +X → l+ Y, l = e, µ and τ). Mass of muon and tauon are

∼ 105 MeV and ∼ 1.78 GeV, respectively. As rest mass energy of muon and tauon

are too large compared to maximum solar energy, it is difficult for solar neutrinos

to produce µ’s or τ ’s in charge current processes. These experiments are capturing

only νe solar neutrinos. In order to observe νµ and ντ , the techniques to detect

neutrino need to be changed. SNO experiment used heavy water (D2O) as the

target. Deuteron can easily break into parts around energy of 3.5 MeV. Hence, all

the solar neutrinos (νe, νµ and ντ ) can easily break the deuteron through neutral

current processes. SNO can detect all the solar neutrinos via three different ways.

• Elastic Scattering : ν + e− → ν + e−,

• Charged Current : νe + d→ p+ p+ e−,
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• Neutral Current : ν + d→ n+ p+ ν.

Neutral current flux measured in SNO agrees well with SSM predicted flux, re-

solved the solar neutrino anomaly.

Borexino used liquid scintillator detector of 300 ton to detect solar neutrino. It

has a very low threshold energy ∼ 0.19 MeV and gave the real time detection of
7Be solar neutrinos [68]. Also measured the pp and pep neutrinos, can explain

the MSW effect in solar neutrinos. KamLAND experiment was νe disappearance

experiment. Synergy of KamLAND and other solar experiments predicted the

oscillation parameter as,

∆m2
21 = 7.9× 10−5 eV2 , sin2 2θ12 = 0.81. (2.70)

2.5.2 Atmospheric Neutrino Experiments

Section 2.4.2 discussed about atmospheric neutrino flux, anomaly and several at-

mospheric neutrino experiments. Most of the atmospheric neutrino experiments

are observing the deficit in νµ flux. This anomalous result is a consequence of

neutrino oscillation in earth matter, already discussed in previous section. Muon

neutrinos are not oscillating to electron neutrinos because the νe like events are not

increasing and remains same as prediction. This indicates oscillation of νµ → ντ .

It is very difficult to observe ντ events in Super-Kamiokande even though it is able

to explain the atmospheric neutrino anomaly. Threshold energy for the charge cur-

rent interaction of ντ is very high (> 3.5 GeV) and also the τ is short lived which

make it hard to observe ντ events. However, appearance of ντ events has been

observed in long-baseline experiment OPERA [69] and in IceCube experiment [70]

for atmospheric neutrinos.

2.5.3 Reactor Experiments

Electron anti-neutrinos are the by-product of nuclear fission process of heavy ele-

ments at nuclear reactor. Reactor neutrino flux depends upon the output thermal

power.

Observation of appearance of ν̄µ and ν̄τ from electron type anti-neutrino is quite

difficult as the energy of ν̄µ (ν̄τ ) is not sufficient to produce the charged µ (τ)
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Experiment Baseline (km) Mass of detector (ton)

KamLAND 180 1000

Double Chooz 1.05 8.3

Daya Bay 1.65 20 × 4

RENO 1.38 16

JUNO 53 20000

Table 2.3: Different reactor experiments with their baselines and detector
masses.

through charged current interaction. The only possibility to observe ν̄e disappear-

ance events is through inverse beta decay processes

ν̄e + p→ e+ + n. (2.71)

The neutron produced in the above process captured by the detector material to

produce a photon. Observation of an instant e+ signal and a delayed γ recognise

the events and effectively reduce the backgrounds. In general, detectors are consist

of a large volume of liquid scintillator material in a reactor neutrino experiment.

Small amount of Gadolinium (Gd) added to liquid scintillator to enhance the

neutron detection capability.

Baseline for neutrino propagation can be set according to the mass squared dif-

ference to be explored in that experiment. As atmospheric and solar neutrino

experiments have already reported two types of mass splittings i.e., solar and at-

mospheric mass splittings. Reactor experiments with baseline about ∼ 100 km

can investigate ∆m2 ∼ (10−4 − 10−5) eV2 range, while an experiment of ∼ 1 km

baseline can explore ∆m2 ∼ (10−2−10−3) eV2 scale. Table 2.3 shows the different

reactor neutrino experiments, their baselines and mass of detectors. Experiment

like Double Chooz [71], Daya Bay [72] and RENO [73] can measure the angle

θ13 precisely by observing ν̄e disappearance channel. NEOS experiment [74] ob-

served excess ν̄e events around 5 MeV energy, hinting towards a new mass splitting

∆m2 ∼ 1 eV2. Other experiments focusing on the new ∆m2 ∼ 1 eV2 are DANSS,

STEREO, PROSPECT, NEUTRINO-4 and SoLid.
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2.5.4 Accelerator Based Experiments

In accelerator based neutrino experiments, the neutrino beam is produced in an

artificial way. Usually high energetic protons collide with the target material to

produce π’s and K’s. Decay of these particles in decay pipe produce neutrinos.

Magnetic horns used to direct the neutrinos in the direction of detector. Direction

of current in magnetic horn current decide the neutrino or anti-neutrino mode

of running. Neutrinos have to propagate a long distance to reach detector and

the distance is known as baseline of the experiment. During the propagation

of neutrinos in the long-baseline, neutrinos interact with the earth’s matter. The

experiments will have advantages due to the matter effect and hence, all the major

unknowns of neutrino sector can be determined by studying different oscillation

channels in presence of earth matter. Matter effect has significant ramification on

appearance channels (νµ → νe and νµ → νe) compared to disappearance channels.

In addition to this, appearance channels have crucial role in determination of

the CP violation, hence all the long-baseline experiments are focussing on the

appearance channels.

The ratio of baseline to energy of neutrino (L/E) should be chosen properly to

observe maximum oscillation. In some of the experiments, detectors are placed

off-axial i.e., detector placed at a small angle to the direction of propagation to get

narrow neutrino flux at the desired energy and to reduce the background events.

One can calculate the neutrino energy from π decay as

Eν =

(
1−

(
mµ
mπ

)2
)
Eπ

1 + γ2θ2
, γ =

Eπ
mπ

, (2.72)

where Eν (Eπ) is the energy of neutrino (pion) and θ is the angle between neutrino

beam direction and pion. In on-axial case where θ = 0 implies that Eν ∝ Eπ, while

in off-axial case (θ 6= 0), Eν depends upon the angle θ. In this way, experiments

can achieve a narrow monochromatic spectrum at a central value of energy [75].

Examples of such experiments are NOvA, T2K, T2HK and T2HKK.

Ratio of baseline to energy decide the range of ∆m2 the experiment will be sen-

sitive. For a ratio of L/E ∼ 500 km/GeV, the experiment can explore a mass

squared difference of ∆m2 ∼ 2.5 × 10−3 eV2 at first oscillation maxima. Experi-

ments with neutrino energy of order of GeV and baseline around ∼ (100− 1000)

km are called long-baseline experiments. Also, some long-baseline experiments
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Experiment Type of Far Detector Baseline (km) Eν (GeV)

K2K Water Cherenkov 250 1.3

MINOS Iron Scintillator 735 3

MINOS+ Iron Scintillator 735 7

OPERA Nuclear Emulsion 730 17

T2K Water Cherenkov 295 0.6

NOvA Liquid Scintillator Tracking Calorimeter 810 2

DUNE Liquid Argon TPC 1300 2.5

ESSnuSB Water Cherenkov 540 or 360 0.25

T2HK Water Cherenkov 295 0.6

T2HKK Water Cherenkov 1100 0.6

P2O Sea Water 2595 3.5

Table 2.4: Several long-baseline experiments with type of detector, baseline
and peak energy of neutrinos for the experiments.

like ESSnuSB and T2HKK focus on the second oscillation maxima. At second

oscillation maxima the δCP dependence is more compared to the first oscillation

maximum, so the experiment will be sensitive towards δCP and can explain CP

violation in neutrino sector. While some experiments can describe oscillation at

mass splitting∼ 1 eV2 with baseline∼ 1 km, are called short-baseline experiments.

2.5.4.1 Long-Baseline Experiments

Long-baseline experiments usually have two detectors one at near and other at far

distances, to decrease the uncertainties in neutrino beam. Near detector observes

the unoscillated beam, can extract information about neutrino flux and spectrum.

Far detector observes the oscillated beam.

First long-baseline experiment was K2K, where neutrinos propagate a distance of

250 km from KEK to Super-Kamiokande. Other long-baseline experiments are

MINOS, MINOS+, OPERA, T2K and NOvA. Some other upcoming experiments

are DUNE, ESSnuSB, T2HK, T2HKK and P2O. Table 2.4 shows several long base-

line experiment with type of far detector, baseline and peak energy for neutrino

beam.
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Experiment Type of Detector Detector Mass (ton) Baseline (m)

LSND Liquid Scintillator 167 30

KARMEN Liquid Scintillator 65 m3 17.7

MiniBooNE+ Mineral and Oil 818 541

MicroBooNE Liquid Argon TPC 85 470

ICARUS Liquid Argon TPC 760 600

JSNS Liquid Scintillator 17 24

Table 2.5: Several short-baseline experiments with types of detectors, fiducial
masses, and baseline lengths.

2.5.4.2 Short-Baseline Experiments

The baseline of these experiments are of few meters with peak energy in the

range of MeV. Such experiments are LSND, KARMEN, MiniBooNE, MicroBooNE

and JSNS. Table 2.5 displays the list of short-baseline experiments with types of

detectors, fiducial masses, and baseline of the experiments. These experiments

can probe the mass splitting of the order of ∼ 1 eV2. Most of the short baseline

experiments show excess νe and ν̄e appearance events. This aberrant result hints

towards existence of sterile neutrinos. However, recently MicroBooNE experiment

reported no such excess of events.

2.6 Current status of neutrino oscillation

This is the precision era for neutrino oscillation parameters. All the parameters

except δCP have been measured with very high accuracy. Current best fit val-

ues and the 3σ uncertainties are shown in Table 2.6. However, the degeneracy in

atmospheric mass square difference (∆m2
31) is not yet resolved, which is known

as Mass Hierarchy (MH) problem. The hierarchy is known as Normal Hierarchy

(NH) for ∆m2
31 > 0 or m1 < m2 � m3, while ∆m2

31 < 0 or m3 � m1 < m2

refers to Inverted Hierarchy (IH) [76] as shown in Fig. 2.7. In addition to this,

the value of the atmospheric mixing angle θ23 is also not known precisely. The

Super-Kamiokande experiment observed the value of θ23 such that the value of

sin2 θ23 will be maximum i.e. θ23 = π/4, while the oscillation result from MINOS

experiment with beam and atmospherics neutrinos prefers non-maximal mixing

[79]. This deviation creates two degenerate solutions; the value of θ23 < 45◦ is
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Parameters Best fit values values 3σ Ranges

sin2 θ12 0.304 0.269→0.343

sin2 θ13 0.02220 0.02034→0.02430

sin2 θ23 0.573 0.405→ 0.620

δCP 194◦ 105◦ → 405◦

∆m2
12 7.42× 10−5 eV2 (6.82→ 8.04)× 10−5 eV2

∆m2
31 2.515× 10−3 eV2 (2.431→ 2.599)× 10−3 eV2

Table 2.6: Values of neutrino oscillation parameters from Ref. [35].

Figure 2.7: Normal and Inverted mass hierarchy in different flavor combina-
tion of mass states. Figure adapted from Ref. [77, 78].

called Lower Octant (LO) while Higher Octant (HO) corresponds to θ23 > 45◦,

known as octant degeneracy. This degeneracy in θ23 consequently affect the mea-

surement of neutrino oscillation parameters [80, 81]. One of the most important

issues in neutrino sector is the measurement of CP violation. CP violation from

neutrino sector can give rise to the phenomenon of leptogenesis which subsequently

can explain the observed baryon asymmetry of the universe through Baryogenesis

[82, 83]. However, we do not have any concrete evidence regarding CP violation

in neutrino sector so far, i.e., the exact value of the Dirac CP phase δCP is still un-

known. The most recent measurements from the currently running long-baseline

experiments NOvA and T2K in the measurement of δCP show some discrepancies.

NOvA experiment prefers the CP conserving value for δCP ∼ π while T2K prefers

maximal CP violation δCP ∼ 3π/2 [84]. Apart from these unknowns, there are
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some open questions like what are the absolute mass scales of neutrinos, the na-

ture of neutrinos, i.e., whether they are Dirac or Majorana particles (Neutrinoless

double beta decay to explain the Majorana nature of neutrinos), why neutrino

mixing differs from quark mixing and so on. Additionally, existence of Sterile

neutrino [85, 86], CPT violation [87, 88], Non-Standard Interaction (NSI) [36, 37],

Lorentz Invariance Violation (LIV) [89], etc., are some of the current open ques-

tions in this sector. All these open questions make Neutrino Physics extensive and

wide area for scientific research. The effort of many dedicated neutrino oscillation

experiments [90–105] over the last two decades, provide us a splendid understand-

ing about the main features of these tiny and elusive particles. Many dedicated

experiments have been planned to shed light on the unknowns of neutrino sector.

2.7 Conclusion

In this chapter, we made an effort to enlighten the concept of neutrino oscillation.

Neutrino oscillation in two and three flavors are discussed in detail. Then we

discussed the oscillation in matter when neutrinos interact with the matter during

their propagation. Later evidences of neutrino oscillation and different neutrino

oscillation experiments discussed thoroughly. At the end of this chapter current

status of neutrino oscillation parameters and unknowns in neutrino sector are

discussed briefly. Experimental study of these unknowns is quite important in

neutrino sector. Next chapters will be on the effect of various BSM physics on the

measurement of oscillation parameters at various long-baseline experiments.



Chapter 3

Implication of sterile neutrino on

currently running long-baseline

and neutrino less double beta

decay experiment

3.1 Introduction

Neutrinos being unique in nature, posses various distinct features. One of the in-

teresting aspects is related to its mass, although it is massless in the SM, neutrino

oscillation demands neutrinos to have tiny but non-zero mass as already discussed

in chapter 1 and 2. In this regard, tremendous attempts are being made to under-

stand the origin of their masses and mixing phenomena, mass scale, whether they

are Dirac or Majorana in nature, neutrino mass orderings, etc.

Besides these, another major unsolved issue in this sector is the possible existence

of additional eV-scale sterile neutrino (νs) species, which has attracted a lot of at-

tention in recent times, following some anomalies reported by various experiments.

Initially such type of peculiar result was report by the LSND experiment [106], in

the measurement of anti-neutrino flux in νµ → νe oscillation. The short-baseline

experiment LSND with a baseline of 30 m was detecting oscillation with a 167 ton

liquid scintillator detector. An excess of 87.9 ± 22.4 ± 6.0 events in the electron

54
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anti-neutrino (νe) appearance data has been observed after extracting the back-

ground. This could be explained by introducing a new mass splitting ∆m2 ∼ 1eV2.

This result was further supported by the ν̄e appearance results at the MiniBooNE

experiment [107]. MiniBooNE experiment detects the neutrinos produced from

decay of Pions and Kaons generated by using 8 GeV protons from the Fermilab

Booster. A detector of 818 tons mineral oil at a distance of 541 m detects νe and ν̄e

through charge current quasi elastic (CCQE) process. The observed 460.5± 99.0

excess events corresponds to 4.7σ significance [108]. Another hint for existence of

a new mass splitting has emerged from the deficit in the estimated anti-neutrino

flux from reactor experiments [109, 110]. Recent measurements of the ratios of

inverse beta-decay energy spectra by the short-baseline experiments NEOS [111]

and DANSS [112], at different distances also appear to exhibit some preference for

new mass splitting, while other recent short-baseline measurements, PROSPECT

[113] and STEREO [114], don’t show any such evidence. Similar anomalies have

also been observed at GALLEX [115–117] and SAGE [118] Gallium experiments

for solar neutrino observation. These experiments detect electron neutrinos pro-

duced through electron capture using radioactive sources 51Cr and 37Ar inside the

detectors. Finally the produced neutrino captured by 71Ga for identification of

solar neutrinos. A deficit of 2.8σ between predicted and observed events, is known

as the Gallium anomaly, which indicates the existence of additional mass squared

difference [116, 119–122]. Recently MiniBooNE collaboration [108], reported their

new analysis with twice the data sample size used earlier, confirming the anomaly

at the level of 4.8σ, which becomes > 6σ, if combined with LSND data.

This distinct mass squared difference is different from the two well-known mass

splittings and it demands the number of neutrino has to be more than three.

CERN based Large Electron Positron (LEP) collider experimental result from

invisible decay of Z boson shows that the number of neutrinos below half of the

mass of Z boson is three, which can couple to Z boson [123]. If the number

of neutrino species increased to four to accommodate the new mass splitting,

the fourth neutrino cannot have gauge interactions with the SM gauge bosons,

thus safeguarding the precision measurement of Z boson decay width by LEP

experiment. Hence, such a neutrino is known as sterile neutrino, while the usual

standard model neutrinos are known as active neutrinos.

However, no evidence of active-sterile neutrino mixing is observed by the MINOS

and MINOS+ collaborations [124], and the joint analysis of these experiments sets
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stringent limits on the active-sterile mixing angles for values ∆m2
41 > 10−2 eV2,

through the study of νµ disappearance. More importantly, the entire MiniBooNE

90% CL allowed region is excluded by MINOS/MINOS+ at 90% CL. This in turn

implies a tension between MiniBooNE and MINOS/MINOS+ results. Recently,

NOνA [125] has also performed the search for active-sterile neutrino mixing using

neutral current interactions, though no evidence of νµ → νs has been found. Also

the MicroBooNE experiment designed to verify the result of MiniBooNE, recently

reported no excess of νe appearance events [126]. Interestingly, in a recent work

by Denton et al. [127], suggested that there will be hints for ∆m2 ∼ 1.42eV2 from

νe disappearance channel of MicroBooNE, which agrees well with the other exper-

imental results for the existence of eV scale sterile neutrino. The long-standing

anomalous results related to sterile neutrinos are expected to be resolved by the

Fermilab’s short-baseline neutrino program, SBND and ICARUS experiments and

also by SoLid experiment.

Though the possible existence of an eV-scale neutrino could explain the above

mentioned reactor as well as the LSND and MiniBooNE anomalies, sterile neutri-

nos are blind to weak interactions. However, they can mix with active neutrinos

and affect the oscillation phenomenology. Therefore, in this work, we explore the

effect of such active-sterile mixing on the determination of neutrino oscillation

parameters by currently running long-baseline neutrino experiments. We, further

investigate its effect on neutrinoless double beta decay process. The implications

of light sterile neutrino on the physics potential of various long-baseline exper-

iments, such as T2K, T2HK, NOνA and DUNE have been explored by several

authors [128–141] for various possible combinations of run-period. However, in

this work we focus our attention on the following aspects. First, we would like

to see whether the determination of mass-ordering by the currently running long-

baseline experiments NOνA and T2K would be affected by the presence of light

sterile neutrinos. Next, as the recent global fit hints towards the possibility of

maximal CP violation in the neutrino sector, i.e., δCP ≈ 3π/2 [142], we therefore,

investigate the sensitivity of these experiments for the exclusion of maximal CP-

violation scenario. We also briefly demonstrate the implications of light sterile

neutrinos on neutrinoless double beta decay.The impact of one sterile neutrino in

the sensitivity studies of these two experiments towards neutrino mass hierarchy

and CP violation discovery has been performed in a recent work [132]. However,

our work differs from their analysis in the following ways. Firstly, we have con-

sidered all the three new mixing angles as well as the additional two CP violating
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phases to be non-zero, whereas they have assumed sin2 θ34 = 0 and δ34 = 0. Sec-

ondly, concerning the CP violation studies, we have performed the analysis for the

exclusion of maximal CP-violation scenario, which has been done for the first time

to the best of our knowledge.

The chapter is organised as follows. In section 3.2, we discuss the theoretical

framework for (3+1) flavor oscillation scheme. Section 3.3 covers the experimen-

tal set-up and details about the analysis adopted in this work. The effect of light

sterile-neutrino on oscillation parameters is discussed in section 3.4. Section 3.5

deals with mass hierarchy (MH) sensitivity, while the maximal CP violation sen-

sitivity is discussed in section 3.6. Section 3.7 focused on the impact of sterile

neutrino on neutrinoless double beta decay, prior to conclusion in section 3.8.

3.2 Brief Discussion about 3+1 Oscillation Model

In the presence of one sterile neutrino in addition to three light standard neutrino is

referred as 3+1 scenario. There will be mixing between the three active neutrinos

with the sterile one and hence, the neutrino mixing matrix can be represented

by a 4 × 4 unitary matrix. Consequently, the parametrization of the neutrino

mixing matrix requires some additional parameters as mentioned in Chapter 2,

which includes three mixing angles (θ14, θ24, θ34) and two phases (δ14, δ34). Thus,

analogous to the standard PMNS matrix, the four dimensional mixing matrix will

have the form

U3+1 = O(θ34, δ34)R(θ24)O(θ14, δ14)R(θ23)O(θ13, δ13)R(θ12) , (3.1)

where R(θij) (O(θij, δij)) are the real (complex) 4 × 4 rotation matrices in the ij

plane, which contain the 2× 2 sub-matrices

R2×2(θij) =




cos θij sin θij

− sin θij cos θij


 , (3.2)

O2×2(θij, δij) =




cos θij sin θije
−iδij

− sin θije
iδij cos θij


 , (3.3)
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as the ij sub-block. Incorporating the 4 × 4 mixing matrix (3.1), the oscillation

probability for νµ → νe transition in the 3+1 framework can be expressed in terms

of the effective mixing matrix elements (Ũαi) and effective mass square differences

∆m̃2
ij, in presence of matter as [143]

P (νµ → νe) =
∑

i

|Ũµi|2|Ũei|2

+ 2
∑

i<j

[
Re(ŨµiŨejŨ

∗
µjŨ

∗
ei) cos ∆ij − Im(ŨµiŨejŨ

∗
µjŨ

∗
ei) sin ∆ij

]
, (3.4)

where ∆ij = ∆m̃2
ijL/2E, L and E are baseline and energy of neutrino beam,

respectively. The effective mass squared difference ∆m̃2
ij can be written in terms

of two arbitrary mass squared differences as

∆m̃2
ij = ∆̂m2

i1 − ∆̂m2
j1 . (3.5)

The exact analytical expressions for ∆̂m2
i1(i = 1, 2, 3, 4) can be found in [143]. The

effective mixing elements can be related to the 4× 4 mixing matrix elements (Uαi,

α = e, µ, τ, s) as

ŨeiŨ
∗
µj =

1∏
k 6=i

∆m̃2
ik

[∑

j

F ij
eµUejU

∗
µj + Ceµ

]
, (3.6)

where

F ij
eµ = A2∆m2

j1 + A∆m2
j1(∆m2

j1 −
∑

k 6=i
∆̂m2

k1) + (∆m2
j1)3 −

∑

k 6=i
(∆m2

j1)2∆̂m2
k1

+
∑

k,l;k 6=l 6=i
∆m2

j1∆̂m2
k1∆̂m2

l1 ,

Ceµ = A′
∑

kl

∆m2
k1∆m2

l1UekU
∗
µlUskU

∗
sl + A

∑

k,l

∆m2
k1∆m2

l1|Uek|2UelU∗µl , (3.7)

with A = 2
√

2GFNeE, A
′ = −

√
2GFNnE and Ne(Nn) is the electron (neutron)

density. One can get back the oscillation probability for three neutrino scenario

in the presence of matter, from the 3+1 case by assuming Uα4 = 0, Usi = 0, and

A′ = 0.

Now, we would like to see the impact of a sterile neutrino on the physics potentials

of accelerator based long-baseline neutrino oscillation experiments, which are pri-

marily designed to study νµ → νe and νµ → νe oscillation channels. The first and
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Figure 3.1: Graphical representation of ∆Pµe (∆Pµµ) in the L − E plane in
left (right) panel.

foremost implication can be demonstrated by defining a quantity ∆Pαβ, which is

the absolute difference between the oscillation probabilities in the presence of a

sterile neutrino and the standard three flavor interaction (SI) scenario in presence

of matter, i.e.,
(
∆Pαβ = |P sterile

αβ − P SI
αβ|
)
. Analogously, one can also construe the

corresponding parameter for anti-neutrino case as ∆Pαβ. In Fig.3.1, we show the

graphical representation of oscillograms for ∆Pµe (∆Pµµ) in left (right) panel, as

function of baseline (L) and energy (E) for neutrino beam. For obtaining these

oscillograms, we have used the best-fit oscillation parameters as given in the Table

3.1. In the plots 3.1, dark red regions represent large deviation between the oscilla-

tion probabilities. Moreover, it is clear from ∆Pµe plot that, one can probe sterile

neutrino in long-baseline experiments like T2K (L = 295 km, E = 0.6 GeV),

NOνA (L = 810 km, E = 2 GeV) and DUNE (L = 1300 km, E = 2.5 GeV).

Hence, sterile neutrinos may play a crucial role in the determination of the oscil-

lation parameters in long-baseline neutrino oscillation experiments. Similarly, the

sensitivity of ∆Pµµ towards the presence of sterile neutrino for these experiments

is also non-negligible (∼ 1%), as seen from the right panel of Fig.3.1.
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Parameters True values Test value Range

sin2 θ12 0.310 NA

sin2 θ13 0.0224 NA

sin2 θ23 0.58 0.4→ 0.62

(LO 0.42) 0.4→ 0.5

(HO 0.58) 0.5→ 0.62

δCP −90◦ −180◦ → 180◦

∆m2
21 7.39× 10−5 eV2 NA

∆m2
31 +2.525× 10−3 eV2 (NH) +(2.43→ 2.63)× 10−3eV2

−2.512× 10−3 eV2 (IH) (−2.61→ −2.41)× 10−3 eV2

∆m2
14 1 eV2 NA

sin2 θ14 0.0204 (0.0098→ 0.031)

sin2 θ24 0.0163 (0.006→ 0.0268)

sin2 θ34 0.0197 (0→ 0.0413)

δ14 −90◦ −180◦ → 180◦

δ34 −90◦ −180◦ → 180◦

Table 3.1: Values of oscillation parameters considered in our analysis are taken
from the latest NuFIT results [144]. Values for the sterile mixing angles and
their allowed ranges are calculated from the 3σ ranges of the matrix elements

|Uα4| as discussed in [145].

3.3 Simulation details

As we are interested in exploring the impact of an eV-scale sterile neutrino on

currently running long baseline experiments NOνA and T2K, we simulate these

experiments using GLoBES software package [146, 147]. GLoBES “General Long

Baseline Experiment Simulator” is a highly competent software package to study

neutrino oscillation at long baseline and reactor experiments. In GLoBES, infor-

mations of long baseline experiments described in a compact way through “Ab-

stract Experiment Definition Language” (AEDL) and it use a C-library to execute

the long baseline experiments. One can calculate oscillation probabilities, event

rates and ∆χ2 using GLoBES. Additionally we have used snu plugin [148] to in-

corporate sterile neutrino. The auxiliary files and experimental specification of

these experiments that we use in our analysis are taken from [149].

T2K and NOνA are complementary accelerator-based experiments with similar
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capabilities and goals, but differ only on their baselines. NOνA experiment is op-

timised to study the appearance of νe(νe) from a beam of νµ(νµ), consists of two

functionally identical detectors, each located 14.6 mrad off the central-axis of Fer-

milab’s neutrino beam, to receive a narrow band neutrino beam with peak energy

near 2 GeV, corresponding to νµ → νe oscillation maximum. Its near detector

(ND) of mass 280 ton is located about 1 km downstream (100 m underground)

from the source to measure un-oscillated beam of muon-neutrinos and estimate

backgrounds at the far detector (FD). Oscillated neutrino beam is observed by

14 kton far detector, situated in Ash River, 810 km away from Fermilab. In order

to simulate NOνA, we consider 120 GeV proton beam energy with 6×1020 protons

on target (POT) per year. We assume signal efficiencies for both electron (muon)

neutrino and anti-neutrino as 45% (100%). The background efficiencies for mis-

identified muons (anti-muons) at the detector are considered as 0.83% (0.22%).

The neutral current background efficiency for νµ (νµ) is assumed to be 2% (3%).

We further assume the intrinsic beam contamination, i.e., the background contri-

bution coming from the existence of electron neutrino (anti-neutrino) in the beam

to be about 26% (18%). Apart from these, we also consider 5% uncertainty on

signal normalization and 10% on background normalization.

The muon neutrino beam of T2K experiment is produced at Tokai and is directed

towards the water Cherenkov detector of fiducial mass 22.5 kt kept 295 km far

away at Kamioka [150]. The neutrino flux peaks around 0.6 GeV as the detector

is kept 2.5◦ off-axial to the neutrino beam direction. In order to simulate T2K

experiment, we consider a proton beam power of 750 kW and with a proton energy

of 30 GeV which corresponds to a total exposure of 7.8× 1021 POT with 1:1 ratio

of neutrino to anti-neutrino modes. We match the signal and back-ground event

spectra and rates as given in the recent publication of the T2K collaboration

[151]. We consider an uncorrelated 5% normalization error on signal and 10%

normalization error on background for both the appearance and disappearance

channels as given in Ref. [151] to analyse the prospective data from the T2K

experiment. We assume that the set of systematics for both the neutrino and

anti-neutrino channels are uncorrelated.

We simulate the true (N true) and test (N test) event rates and compare them by

using binned χ2 method defined in GLoBES, i.e.,

χ2
stat(~ptrue, ~ptest) =

∑

i∈bins

2

[
N test
i −N true

i −N true
i ln

(
N test
i

N true
i

)]
, (3.8)
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where ~p stands for the array of standard neutrino oscillation parameters. However,

for numerical evaluation of χ2, we also incorporate the systematic errors using pull

method, which is generally done with the help of nuisance parameters as discussed

in the GLoBES manual. Detail calculation of χ2 analysis mentioned in Appendix

A. Suppose ~q denotes the oscillation parameter in presence of sterile neutrino, then

the Mass Hierarchy (MH) sensitivity is given by

χ2
MH(~q) = χ2

IH(~q)− χ2
NH(~q), (for true Normal Hierarchy (NH)),

χ2
MH(~q) = χ2

NH(~q)− χ2
IH(~q), (for true Inverted Hierarchy (IH)). (3.9)

Further, we obtain minimum χ2
min by doing marginalization over all oscillation

parameters. In our analysis, we do not explicitly simulate the near detector for

these experiments which may provide some information about the active-sterile

mixing angles θi4, but certainly, the near detector data is blind to the CP phases,

whose implications are mainly explored in this work.

3.4 Degeneracies among oscillation parameters

In this section, we discuss the degeneracies among the oscillation parameters in

presence of an eV-scale sterile neutrino. Here, we focus only on NOνA experiment.

In order to analyse degeneracies among the oscillation parameters at probabil-

ity level, we show νe (νe) appearance probability as a function of δCP in the left

(right) panel of Fig. 3.2. The upper panel of the figure corresponds to oscilla-

tion probability in standard paradigm and that for 3+1 case is given in lower

panel. The green, orange, blue and red bands in the figure represent the oscil-

lation probabilities for possible hierarchy-octant combinations: NH-HO, NH-LO,

IH-HO and IH-LO, respectively, where HO and LO stand for higher octant and

lower octant of θ23. From the upper panel of the figure, it can be seen that the

bands for NH-HO and IH-LO are very well separated in neutrino channel, whereas

the NH-LO and IH-HO bands are overlapped with each other, which results de-

generacies among the oscillation parameters. Also it should be noted that, in the

anti-neutrino channel, the case is just opposite. Therefore, a combined analysis of

neutrino and anti-neutrino data helps in the resolution of degeneracies and also

improves the sensitivity of long-baseline experiments to precisely determine the
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Figure 3.2: The neutrino (anti-neutrino) oscillation probability as a function
of δCP is shown in the left (right) panel. The upper panel is for 3-flavor case,

while the lower panel is for 3+1 case with δ14 = −90◦ and δ34 = −90◦.

unknowns of standard oscillation paradigm. From the bottom panel of the figure,

it can be seen that new types of degeneracies among the oscillation parameters

have emerged, in the presence of sterile neutrino even for single values of the new

CP phases δ14 (= −90◦) and δ34 (= −90◦), which can worsen the sensitivity of the

unknowns.

Another way of representing these degeneracies among oscillation parameters is

by using the bi-probability plot. In this case, we calculate the oscillation proba-

bilities for neutrino and anti-neutrino for a fixed hierarchy-octant combination for

all possible values of δCP and display them in a neutrino-antineutrino probability

plane in Fig. 3.3. The ellipses in the figure correspond to 3-flavor case, whereas

the bands represent the oscillation probabilities in presence of sterile neutrino with

all possible values of new phases δ14 and δ34. From the figure, it can be seen that

the ellipses for LO and HO are very well separated for both hierarchies, whereas

the ellipses for NH and IH for both LO and HO are overlapped with each other
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Figure 3.3: Bi-probability plots for NOνA in 3 years in neutrino and 3 years
in anti-neutrino mode for different hierarchy and octant combinations.

and give rise to degeneracies. Therefore, NOνA experiment is more sensitive to

octant of θ23 than that of mass hierarchy. While in 3 + 1 paradigm, the bands are

overlapped with each other for all combinations, which gives rise to new degen-

eracies. The additional degeneracies between lower and higher octants along with

the standard ones, indicates that experiment is loosing its sensitivity in presence

of sterile neutrino.

Next, we show the allowed parameter space in θ23 − δCP plane for each hierarchy-

octant combination as given in Fig. 3.4. In order to obtain the allowed parameter

space, we simulate the true event spectrum with oscillation parameters given in

Table 3.1 and compare it with test event spectrum by varying test values of θ23,

δCP in their allowed ranges and doing marginalization over |∆m31|2 for standard

paradigm. In the 3 + 1 case, we also do marginalization over new phases δ14 and

δ34. The solid blue (red) curve in the figure is for standard paradigm (3+1 case) for

NOνA experiment, whereas the dashed curves are for the combined analysis of T2K

and NOνA experiments. The plots in the left (right) panel correspond to lower

(higher) octant. From the top panel of the figure, it can be seen that the allowed

parameter space in the presence of sterile neutrino is enlarged which indicates
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Figure 3.4: The allowed parameter space in θ23 − δCP plane for the long-
baseline experiments T2K and NOνA. Oscillation parameter used for the anal-
ysis are given in Table 3.1. True value for the sin2 θ23 for LO (HO) considered

as 0.42 (0.58). The true point is shown as the black point in each plot.

that the degeneracy resolution capability is deteriorated significantly. However,

the synergy of T2K and NOνA improves the degeneracy resolution capability.

3.5 Mass Hierarchy Sensitivity

In this section, we discuss how mass hierarchy sensitivity of NOνA experiment

gets modified in presence of sterile neutrino. In order to obtain the MH sensitivity,

we simulate the event spectrum by assuming true hierarchy as normal (inverted)

and test hierarchy as inverted (normal). We obtain χ2 by comparing true and

test event spectra as discussed in Eqns.(3.8-3.9). While doing the calculation,

we do marginalisation over δCP, θ23 and |∆m2
31| for standard paradigm, and in
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Figure 3.5: MH sensitivity as a function of true values of δCP. The left (right)
panel is for inverted (normal) hierarchy and the upper (bottom) panel is for LO

(HO).

addition to this, we also do marginalisation over δ14 and δ34 for (3+1) case, in their

corresponding ranges as shown in Table 3.1. In Fig. 3.5, we present the hierarchy

determination sensitivity of NOνA. The left (right) panel corresponds to inverted

(normal) hierarchy as true hierarchy, while lower (upper) panel corresponds to

lower (higher) octant. From the figure, one can see that the wrong mass hierarchy

can be ruled out significantly above 2σ in the favourable regions, i.e., lower half-

plane (upper half-plane) for NH (IH) in the standard paradigm as shown by dotted

blue curves. Whereas, in presence of sterile neutrino the δCP coverage for the mass

hierarchy sensitivity is significantly reduced shown by dotted red curves. At the

same time the combined analysis of T2K with NOνA shows a significant increase

in MH sensitivity due to increase of δCP coverage as shown in Fig. 3.5 by magenta

curves.
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Figure 3.6: Maximal CP-violation exclusion sensitivity as a function of true
value of δCP for NOνA experiment. We assume the true hierarchy as NH and

use the values of the oscillation parameters as given in Table 3.1.

3.6 Effect on maximal CP-violation exclusion sen-

sitivity

One of the main objectives of long-baseline experiments is to look for non-zero

CP-violation in leptonic sector. Further, the recent global-fit data provide us hint

for maximal CP-violation with δCP ≈ −90◦ [142]. Therefore, in this section, we

check the compatibility of observed data with the maximal CP-violation hypothesis

in presence of sterile neutrino. In order to quantify our analysis, we define the

parameter,

∆χ2
MCP = min

δtest
CP ={90◦,−90◦}

[
χ2(δtest

CP )− χ2(δtrue
CP )

]
. (3.10)

We show the sensitivities of excluding the maximal CP-violation (∆χ2
MCP) for

NOνA as a function of true values of δCP for both standard 3 flavor and 3+1

flavor paradigms in Fig. 3.6. In each panel the black solid curve corresponds

to the sensitivity in 3-neutrino scenario, while the black dashed curve is for 3+1

paradigm with the additional new phases (δ14, δ34) set to zero. In the left (middle)

panel, we show the effect of additional phase δ14 (δ34) in 3+1 scenario, whereas

in the right panel, we show the effect of both phases. While doing the analysis,

we use the true values of oscillation parameters as given in the Table I. For each

true choice of δCP (=δ13), we do marginalization over the phases: δ13, δ14, δ34, for

90◦ and −90◦. In addition to this, we do marginalisation over the θ23 and ∆m2
31.

Here, we assume the mass hierarchy to be normal. It can be seen from the figure

that, for 3 flavor scenario the maximal CP violation hypothesis can be excluded
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by > 1σ CL. for values of δCP near to the region of 0, ±π for NOνA experiment.

The dashed black curve corresponds to the 3+1 scenario which is showing an

oscillatory behaviour due to the additional mixing angles (θ14, θ24, θ34). From the

figure, it should be noted that the CP-phase δ14 has large impact on the sensitivity

compared to the δ34.

3.7 Implications on Neutrinoless double beta de-

cay

In this section, we would like to see the implication of the eV scale sterile neutrino

on some low-energy phenomena, like neutrinoless double beta decay (0νββ). One

of the important features of 0νββ process is that it violates the lepton number

by two units and hence, its experimental observation would not only ascertain

the Majorana nature of light neutrinos, but also can provide the absolute scale of

lightest active neutrino mass. Various neutrinoless double beta decay experiments

like KamLAND-Zen [24], GERDA [30], EXO-200 [31] etc., have provided bounds

on the half-life (T1/2) of this process on various isotopes, which can be translated

as a bound on effective Majorana mass parameter |Mee| [28, 29] as in Equation

1.70,

(T1/2)−1 = Q

∣∣∣∣
Mν

me

∣∣∣∣
2

|Mee|2 , (3.11)

where Q is the phase space factor, Mν is the nuclear matrix element (NME) and

me is the electron mass. Recently 0νββ experiments involving 76Ge, GERDA [30],
136Xe EXO-200 [31] provided the upper limit on |Mee| as ∼ (0.2−0.4) eV, using the

available results on nuclear matrix elements (NME) from literature. The current

best upper limit on |Mee| has been reported by KamLAND-Zen Collaboration [24]

as |Mee| < (0.061 − 0.165) eV at 90% CL. The next generation experiments are

planning to probe towards |Mee| < (10−3 − 10−2) eV regime, and hopefully, they

can cover the inverted mass hierarchy region of parameter space. The impact

of an eV-scale sterile neutrino on neutrinoless double-beta decays is studied in

[152] following the Bayesian statistical approach, where it has been shown that a

null signal from the future 0νββ decay experiments with a sensitivity to |Mee| ≈
O(10−2) would be able to set stringent constraints on the mass of the sterile

neutrino as well as the active-sterile mixing angle.
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The effective Majorana mass, which is the key parameter of 0νββ decay process

is defined in the standard three neutrino formalism as in Equation 1.71,

|Mee| =
∣∣∣∣U2

e1m1 + U2
e2m2e

iα + U2
e3m3e

iβ

∣∣∣∣ , (3.12)

where Uei are the PMNS matrix elements and α, β are the Majorana phases. In

terms of the lightest neutrino mass ml and the atmospheric and solar mass-squared

differences, it can be expressed for NH and IH as

|Mee|NH =

∣∣∣∣U2
e1ml + U2

e2

√
∆m2

sol +m2
l e

iα + U2
e3

√
∆m2

atm +m2
l e

iβ

∣∣∣∣, (3.13)

and

|Mee|IH =

∣∣∣∣U2
e1

√
∆m2

atm −∆m2
sol +m2

l + U2
e2

√
∆m2

atm +m2
l e

iα + U2
e3 ml e

iβ

∣∣∣∣. (3.14)

Analogously, one can obtain the expression for |Mee| in the presence of an addi-

tional sterile neutrino as

|Mee| =
∣∣∣∣U2

e1m1 + U2
e2m2e

iα + U2
e3m3e

iβ + U2
e4m4e

iγ

∣∣∣∣. (3.15)

Now varying the PMNS matrix elements as well as the Dirac CP phase within

their 3σ range [142] and the Majorana phases α, β and γ between [0, 2π], we show

the variation of |Mee| for three generation of neutrinos in the top panel of Fig. 3.7.

Including the contributions from the eV scale sterile neutrino the corresponding

plots are shown in the bottom panel, where the left panel is for NH and the

right one for IH. In all these plots, the horizontal regions represent the bounds on

effective Majorana mass from various 0νββ experiments, while the vertical shaded

regions are disfavoured from Planck data on the sum of light neutrinos, where

the current bound is Σimi < 0.12 eV from Planck+WP+highL+BAO data at

95% C.L. [153]. It should be noted that with the inclusion of an eV-scale sterile

neutrino, part of the parameter space of |Mee| (for IH) is within the sensitivity

reach of KamLAND-Zen experiment. Furthermore, there is also some overlap

regions between NH and IH cases. Thus, the future 0νββ decay experiments may

shed light on several issues related the nature of neutrinos.

Comment on sensitivity reach of future experiments:

Here, we present a brief discussion on the sensitivity of eV-scale sterile neutrino
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Figure 3.7: Variation of the effective Majorana mass parameter |Mee| with the
lightest neutrino mass, where the top panel is for the standard three generation
of neutrinos, whereas the bottom panels are due to the presence of an additional

eV scale neutrino.

in the future 136Xe experiment. The discovery sensitivity of an experiment is

characterized by the value of half-life (T1/2) for which it has 50% probability of

measuring a 3σ signal, above the background, defined as [154, 155]

T1/2 =
ln 2NAε

maS3σ(B)
, (3.16)

where NA is the Avogadro’s number, ma denotes the atomic mass of the Xe

isotope, B = βε (β and ε stand for the background and exposure sensitivity),

and S3σ signifies the value for which 50% of the measurements would give a signal

above B, which can be calculated assuming a Poisson distribution

1− CDFPoisson(C3σ|S3σ +B) = 50%. (3.17)

Here C3σ indicates the number of counts for which CDFPoisson(C3σ|B) = 3σ and

the continuous Poisson distribution can be defined in terms of incomplete gamma
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function as

CDFPoisson(C|µ) =
Γ(C + 1, µ)

Γ(C + 1)
. (3.18)

Thus, with Eqns. (3.16) and (3.18), we show in Fig. 3.8, the discovery sensi-

tivity of T1/2 for 136Xe as a function of ε for various values of β. The red band

corresponds to a representative value of |Mee| = 10−2 eV in the presence of a

sterile neutrino (expressed in terms of the half-life T1/2 using Eqn. 3.16), and

varying the parameters in the PMNS matrix within their 3σ allowed ranges and

also taking into account the uncertainty in the nuclear matrix element (Mν). In

Fig. 3.8, the dotted black line represents the future 3σ sensitivity of nEXO [156],

which is T1/2 = 5.7 × 1027 years. The black, blue, red, and magenta lines corre-

spond to different values of the sensitive background levels of 0, 10−5, 10−4 and

10−3 cts/(kgisoyr), respectively. From the figure, we can see that for a sensitive

background level of 10−4 cts/(kgisoyr), the 10−2eV region could be probed with a

sensitive exposure of ∼ 104 kgisoyr.
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0, 10−5, 10−4 and 10−3 cts/(kgisoyr), respectively.



Chapter 3 Implication of sterile neutrino 72

3.8 Conclusion

The various short baseline anomalies hint towards existence of an eV scale sterile

neutrino. If such neutrino exists, it can mix with active neutrinos and affect

the sensitivities of long-baseline experiments. As one of the main objectives of

currently running long-baseline experiments is to determine mass hierarchy of

neutrinos, in this chapter, we discussed the effect of active-sterile mixing on the

degeneracy resolution capability and MH sensitivity of NOνA experiment. We

found that introduction of sterile neutrino gives rise to new kind of degeneracies

among the oscillation parameters which results in reduction of δCP coverage for

MH sensitivity of NOνA experiment. We also found that the addition of T2K data

helps in resolving the degeneracies among the oscillation parameters and for MH

sensitivity analysis, results a significant increase in δCP coverage for one additional

sterile neutrino. We further scrutinized the compatibility of the observed data with

the maximal CP-violation hypothesis in presence of sterile neutrino. We have also

studied the effect sterile neutrino on neutrinoless double beta decay process and

shown that the inclusion of an eV-scale sterile neutrino can enhance the value of

the effective mass parameter |Mee|, and for IH it could be within the sensitivity

reach of KamLAND-Zen experiment. We also comment on the sensitivity reach of

future 136Xe experiments for exploring the presence of eV-scale sterile neutrino and

found that for a sensitive background level of 10−4 cts/(kgisoyr), the 10−2eV region

of effective Majorana mass parameter (|Mee|) could be probed with a sensitive

exposure of ∼ 104 kgisoyr.



Chapter 4

Study of CPT Violation with

Hyper-Kamiokande and ESSnuSB

4.1 Introduction

Understanding the physics beyond Standard Model (BSM) is one of the prime

objectives of present-day particle physics research. With the non-observation of

any new heavy BSM particle through direct detection at LHC, the focus has been

shifted to other frontiers, e.g., Intensity and Cosmic. In the Intensity frontier,

neutrinos provide a promising avenue for revealing new physics. The compelling

evidence of neutrino oscillations from various experiments already indicates that

the minimal SM of particle physics is not exhaustive and requires modification.

In general, SM is considered as a low-energy effective theory originating from the

unified theory of Quantum Gravity at the Planck scale. Hence, understanding the

true nature of the Planck scale physics through experimental signatures is of great

importance, albeit extremely challenging to identify. It is expected that the long-

baseline experiments will provide the ideal platform to look for tiny violations of

Lorentz invariance or CPT symmetry that may exist as the low-energy remnants

of Planck scale physics.

It is well-established that local relativistic quantum field theories, including the

Standard Model, are invariant under Lorentz and CPT transformations. CPT

theorem [157] states that “Any quantum theory formulated on flat space time is

symmetric under the combined action of CPT transformations, provided the the-

ory respects (i) Locality (ii) Unitarity and (iii) Lorentz invariance”. One of the

73



Chapter 4 Study of CPT Violation 74

phenomenological consequences of CPT symmetry is that particles and antiparti-

cles will have the same masses and lifetimes. If any discrepancy is found either in

their masses or lifetimes, it would be a clear sign of CPT violation. The results

from numerous experiments are consistent with the predictions of this symmetry.

Although no conclusive evidence of CPT violation has been observed so far, there

are many reasons to perform a careful investigation of possible mechanisms and

descriptions of Lorentz and CPT violations. One of the ambitious motivations is

that the Lorentz and CPT violations might arise from a fundamental theory at

the Planck scale, but nonetheless may leave their footprints in some low-energy

observables which can be detected in the current or upcoming experiments of

exceptional sensitivity.

Studies related to CPT violation are not new, see e.g., Refs. [87–89, 158–170].

There are several theories by which Quantum Gravity induced CPT violation can

occur. Especially neutrinos, in addition to neutral kaons [171], make potential

candidates to provide good insight into CPT violation, if it exists. For instance,

some interesting aspects of Quantum gravity decoherence (non-local) in neutrinos

introduce CPT violation and account for the smallness of neutrino mass [172].

There exist experimental limits on CPT violating parameters from kaon and the

lepton sectors. However, the current neutrino oscillation data provides the most

stringent constraints on various oscillation parameters [88]:

|∆m2
21 −∆m2

21| < 4.7× 10−5 eV2,

|∆m2
31 −∆m2

31| < 2.5× 10−4 eV2,

| sin2 θ12 − sin2 θ12| < 0.14, (4.1)

| sin2 θ13 − sin2 θ13| < 0.029,

| sin2 θ23 − sin2 θ23| < 0.19.

Further, in Ref. [87] it has been shown that DUNE will test the CPT violation

in atmospheric mass difference to an unprecedented level and provide the most

stringent limit as
∣∣∆m2

31 −∆m2
31

∣∣ < 8.1× 10−5 eV2 at 3σ C.L.

Without delving into the specifications of any model, in this work we would like to

test the predictions of CPT conservation in the light of future neutrino oscillation

experiments Hyper-Kamiokande (T2HK and T2HKK), the European Spallation

Source ν-Beam (ESSnuSB) project and Deep Underground Neutrino Experiment
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(DUNE). Since neutrino oscillation experiments are only sensitive to mass-squared

differences and mixing angles, one can test the CPT symmetry by measuring the

differences in the oscillation parameters of neutrinos and antineutrinos. If the

fundamental CPT invariance is not assumed, neutrinos and anti-neutrinos need

to be parametrized by different 3 × 3 unitary mixing matrices. In the case of

neutrinos, the flavor eigenstates |να〉 and the mass eigenstates |νi〉 are related by

a 3× 3 unitary leptonic mixing matrix [173],

|να〉 =
3∑

i=1

Uαi(θ12, θ13, θ23, δCP )|νi〉 . (4.2)

Analogously, the corresponding states for the antineutrinos are related as

|να〉 =
3∑

i=1

U∗αi(θ12, θ13, θ23, δCP )|νi〉 . (4.3)

Denoting the neutrino and antineutrino masses by mi and mi (i = 1, 2, 3), the

mass-squared differences of neutrinos are represented as ∆m2
ij ≡ m2

i − m2
j and

that of anti-neutrinos as ∆m2
ij ≡ m2

i −m2
j . Consequently the oscillation probabil-

ities of neutrinos and antineutrinos are functions of the oscillation parameters

(θ12, θ13, θ23,∆m
2
21,∆m

2
31, δCP ) and (θ12, θ13, θ23,∆m

2
21,∆m

2
31, δCP ), respectively.

In principle, neutrino oscillation experiments will be able to place bounds on the

predictions of CPT symmetry violation. In this work, we investigate the ability

of the future long-baseline experiments: T2HK, T2HKK, ESSnuSB and DUNE to

constrain the CPT violating parameters, such as
∣∣δCP − δCP

∣∣, |∆m2
31 −∆m2

31| and∣∣sin2 θ23 − sin2 θ23

∣∣. We further, analyse neutrino and antineutrino data indepen-

dently and constrain the oscillation parameters by considering the combination of

the experiments DUNE+T2HKK and DUNE+ESSnuSB. In addition, assuming

CPT symmetry is violated in nature, we study the individual ability of T2HK,

T2HKK, DUNE and ESSnuSB experiments to establish CPT violation.

The outline of the chapter is as follows. In section 4.2, we give a brief overview of

the experimental and simulation details of T2HK, T2HKK, ESSnuSB and DUNE.

In section 4.3, we determine the bounds placed by these experiments on the pa-

rameters ∆(δCP ), ∆(∆m2
31) and ∆(sin2 θ23) by assuming CPT symmetry exists in

nature. Further, in section 4.3.1 we analyse the combined data of DUNE+T2HKK,

DUNE+ESSnuSB and how well they can measure neutrino and antineutrino oscil-

lation parameters independently. Additionally, in section 4.4 we assume that CPT



Chapter 4 Study of CPT Violation 76

symmetry is violated in nature and estimate the sensitivity of T2HK, T2HKK,

ESSnuSB and DUNE to establish CPT invariance violation individually. Finally,

our results are summarized in section 4.5.

4.2 Experimental and Simulation Details

In this section, we discuss the detailed experimental features of the long-baseline

experiments T2HK, T2HKK, ESSnuSB and DUNE.

T2HK : Tokai to Hyper Kamiokande (T2HK) is an up-gradation proposed to the

existing T2K facility in Japan. In this plan, the JPARC beam will produce a

1.3 MW powered beam and the far detector (FD) will have two identical water

Cherenkov detectors of 187 kt (2× 187 = 374 kt) fiducial volume to be placed at

295 km baseline, 2.5◦ off from the beam axis.

T2HKK : T2HKK is an alternative choice to T2HK, where the proposed FD is

placed in Korea, which is 1100 km away from the JPARC facility. One of the

two tanks (187 kt) proposed in the T2HK experiment will be placed at 1100

km with an off-axis angle (OAA) of 1.5◦ or 2◦ or 2.5◦. Basing on the study in

[174, 175], we consider the OAA 1.5◦ as it provides maximum sensitivity to the

oscillation parameters. We consider the proposed run time ratio of (1ν : 3ν̄) years

corresponding to a total exposure of 27 × 1021 protons on target (POT). The

detector systematics are taken as per the [174–176].

ESSnuSB : The major objective of the European Spallation Source ν-Beam (ESS-

nuSB) project [177] is to measure the leptonic CP violation. A neutrino beam

with a peak energy of 0.25 GeV is produced at the ESS facility in Lund, Sweden.

This beam is made to travel 540 km to encounter a water Cherenkov detector of

500 kt to be placed at a mine in Garpenberg. The proposed runtime is (2ν + 8ν̄)

years with a total POT of 27× 1022 corresponding to a 5 MW proton beam.

DUNE : The Deep Underground Neutrino Experiment (DUNE) [178] comprises of

a broad band neutrino beam of 0.5-8 GeV energy, a near detector (ND) at Fermilab

and a liquid argon time projection chamber (LArTPC) of fiducial volume 40 kt

located at 1300 km in South Dakota. We have considered (5ν+5ν̄) year run-time,

beam power of 1.2 MW corresponding to 10× 1021 POT.
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We have performed the numerical analysis using the GLoBES package [146, 147].

The experimental specifications along with the signal and background normalisa-

tion errors, are listed in Table 4.1.

The statistical χ2 is obtained using

χ2
stat = 2

∑

i

{
N test
i −N true

i +N true
i ln

N true
i

N test
i

}
, (4.4)

where N test
i corresponds to the number of events predicted by the model while

N true
i denotes the total number of simulated events (signal and background) in

ith bin. Details can be found in Appendix A. The systematic uncertainties are

incorporated into the simulation using the Pull method. The pull variables being

the signal and background normalisation uncertainties of νe, ν̄e appearance and

νµ, ν̄µ disappearance channels. The values of the normalisation errors on signals

and backgrounds (bkg) corresponding to different channels of the experiments are

listed in Table 4.1. Here, χ2
pull accounts for these errors and acts as a penalty term

to the total χ2 (χ2
tot).

Experiment T2HK T2HKK ESSnuSB DUNE

Baseline 295 km 295 km; 1100 km 540 km 1300 km

Fiducial Volume 374 kt 187 kt (@ 295 km)

+ 187 kt (@ 1100 km) 500 kt 40 kt

Normalisation

Uncertainty

νe signal (bkg) 3.2% (5%) 3.8% (5%) 3.2% (5%) 2% (5%)

ν̄e signal (bkg) 3.9% (5%) 4.1% (5%) 3.9% (5%) 2% (5%)

νµ signal (bkg) 3.6% (5%) 3.8% (5%) 3.6% (5%) 5% (5%)

ν̄µ signal (bkg) 3.6% (5%) 3.8% (5%) 3.6% (5%) 5% (5%)

Table 4.1: The experimental specifications and systematic uncertainties of
T2HK, T2HKK, ESSnuSB and DUNE.
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Parameters True values Test value Range

sin2 θ12 0.304 NA

sin2 θ13 0.02221 0.02034 → 0.02430

sin2 θ23 0.57 0.4→ 0.62

δCP 195◦ 0◦ → 360◦

∆m2
12 7.42× 10−5 eV2 NA

∆m2
31 2.514× 10−3 eV2 (NH) (2.431→ 2.598)× 10−3 eV2

Table 4.2: The values of oscillation parameters that we considered in our
analysis are taken from Ref. [35].

4.3 Sensitivity of the experiments T2HK, T2HKK,

ESSnuSB to CPT violation

In this section, we calculate the CPT violation sensitivity of the long-baseline ex-

periments T2HK, T2HKK, ESSnuSB and DUNE. At first, we assume that there is

no intrinsic CPT violation in nature i.e., both neutrino and antineutrino parame-

ters are equal. That is for a given oscillation parameter, we simulate the data for

each of these experiments with ∆x = |x − x̄| = 0, where x (x̄) is the oscillation

parameter for neutrinos (antineutrinos). Then we evaluate the sensitivity of each

of the experiments to non-zero ∆x. The true values for oscillation parameters used

are given in Table 4.2. In each case, we choose three values for θ23: lower octant

(sin2 θ23 = 0.43), maximal (sin2 θ23 = 0.5) and higher octant (sin2 θ23 = 0.57) to

study the correlation between the CPT sensitivity and the octant of θ23. In the

test values, we marginalize over all the oscillation parameters for both neutrinos

and antineutrinos except x, x̄ and the solar parameters (since T2HK, T2HKK,

ESSnuSB and DUNE have no sensitivity to these parameters). After marginal-

ization, we calculate the χ2 value for the CPT violating observable through the

relation

χ2(∆x) = χ2(|x− x̄|) = χ2(x) + χ2(x̄) , (4.5)

and the minimum χ2(∆x) has been calculated over all possible combinations of

|x− x̄|.

In Figs. 4.1, 4.2 and 4.3, we show the CPT violation sensitivity of these experiments

to oscillation parameters ∆(∆m2
31) ≡ ∆m2

31−∆m2
31, ∆(sin2 θ23) ≡ sin2 θ23−sin2 θ23

and ∆(δCP ) ≡ δCP − δ̄CP , respectively. The results in left, middle and right
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Figure 4.1: The sensitivity of the experiments T2HK (blue curve), T2HKK
(red curve), ESSnuSB (green curve) and DUNE (magenta curve) to ∆(∆m2

31).

columns of these figures are obtained by assuming the octant of θ23 as low, maximal

and high, respectively. The coloured curves blue, red, green and magenta show

the sensitivities of T2HK, T2HKK, ESSnuSB and DUNE, respectively. The black

dash-dot line represents 3σ confidence limit. The sensitivity for ∆(sin2 θ13) is not

very significant, for which we have not shown the corresponding result here.

From Fig. 4.1, one can estimate the best bound on the parameter ∆(∆m2
31) at 3σ

C.L. by T2HK experiment (blue curve) as ∆(∆m2
31) < 3.32× 10−5 eV2. It can be

seen from all the columns of Fig. 4.1 that T2HK provides a better bound compared

to T2HKK, ESSnuSB and DUNE, for all the three values of θ23 considered. The

alternative choice of the Hyper-Kamiokande experiment, i.e., T2HKK (red curve)

provides better bound on ∆(∆m2
31) < 3.62× 10−5 eV2 at 3σ C.L. than the bound

from DUNE (magenta curve) experiment obtained in Ref.[87] and ESSnuSB. The

list of the bounds at 3σ C.L. on ∆(∆m2
31) for θ23 < 45◦, θ23 = 45◦ and θ23 > 45◦

are given in the first column of Table-4.3. Here it is important to note that these

experiments will highly improve upon the existing bounds posed by neutral kaon

system.

It can be noted from the three plots of Fig. 4.2 that different sensitivities to

∆(sin2 θ23) are obtained for different true values of θ23. Firstly, when the true

value of θ23 is in higher and lower octants, degenerate solutions are obtained

for ∆(sin2 θ23) at 3σ C.L. in the complementary octant for all the four experi-

ments. However, for lower octant of θ23, this degeneracy doesn’t exist in the case

of T2HKK (red) and DUNE (magenta) at 2σ C.L.. For true maximal θ23, the

sensitivity of the experiments increase with the increasing values of ∆(sin2 θ23).
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Figure 4.2: The sensitivity of the experiments T2HK (blue curve), T2HKK
(red curve), ESSnuSB (green curve) and DUNE (magenta curve) to ∆(sin2 θ23).
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Figure 4.3: The sensitivity of the experiments T2HK (blue curve), T2HKK
(red curve), ESSnuSB (green curve) and DUNE (magenta curve) to ∆(δCP ).

Furthermore, ESSnuSB provides comparatively very low CPT violation sensitiv-

ity to ∆(sin2 θ23) for all values of true θ23. The list of the bounds at 3σ C.L. on

∆(sin2 θ23) are given in second column of Table-4.3.

From Fig. 4.3, the best ever bounds on ∆(δCP ) can be extracted from T2HKK (red

curve) for CPT violation which is ∆(δCP ) < 1000 at 3σ confidence level. The next

best bound on ∆(δCP ) is obtained by ESSnuSB experiments. This is because both

T2HKK and ESSnuSB experiments are planned at the second oscillation maxima

to meet their primary goal of measuring the CP phase δCP . The list of the bounds

at 3σ C.L. on ∆(δCP ) are given in the third column of Table-4.3.
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Bounds on CPT Violating Parameters

Experiment ∆(∆m2
31) [10−5 eV2] ∆(sin2 θ23) ∆(δCP )

T2HK [3.32, 3.45, 3.4] [0.180, 0.075, 0.139] −

T2HKK [3.62, 3.62, 3.59] [0.167, 0.08, 0.135] [90, 100, 100]◦

ESSnuSB [8.43, 8.18, 8.14] − [173, 168, 170]◦

DUNE [5.2, 4.77, 4.96] [0.173, 0.102, 0.155] −

Table 4.3: Bounds on the CPT violating parameters at 3σ C.L. from T2HK,
T2HKK, ESSnuSB and DUNE experiments. The set of three values in the
brackets correspond to the results for θ23 value as θ23 < 45◦, θ23 = 45◦ and

θ23 > 45◦.

4.3.1 Constraining CPT violation with combination of

DUNE+T2HKK and DUNE+ESSnuSB

In this subsection, we continue to assume that CPT is a conserved symmetry in

nature. We analyse the neutrino and antineutrino data independently and deter-

mine whether the corresponding oscillation parameters in both cases are the same

as predicted by CPT symmetry. The true oscillation parameters are considered

in the analysis are provided in Table-4.2 and for the test scenario, we take the

six oscillation parameters for both neutrino (∆m2
31, θ23 ,δCP ) and antineutrino

(∆m2
31, θ23, δCP ) in their allowed ranges as given in Table 4.2. Marginalisation is

done over the remaining four parameters while showing the effect of the rest two

oscillation parameters. The results are shown in Fig. 4.4, where the axes can be

visualised for both neutrino and antineutrino parameters. It is shown in Ref. [179]

that, while DUNE and T2HK can resolve the octant degeneracy assuming CPT

conservation, the combination of DUNE+T2HK cannot resolve this degeneracy

while treating neutrino and antineutrino parameters individually. In this sub-

section, we explore the same by considering the combination of DUNE+T2HKK

and DUNE+ESSnuSB experiments. The blue and red contours in all the plots in

Fig. 4.4 represent the allowed contours with 99% C.L. for neutrino and antineutrino

data, respectively. The left (right) panel shows the allowed regions of the neutrino

and antineutrino oscillation parameters of DUNE+T2HKK (DUNE+ESSnuSB)

experiments. From all the left panel plots, it can be seen that DUNE+T2HKK
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resolve octant degeneracy in θ23, and θ̄23 at 99% C.L. when CPT conservation

is assumed in nature. Besides, when we combined the simulated data from the

antineutrino beams of DUNE and ESSnuSB (red curves of right side panel) degen-

erate solutions to δCP and θ23 are obtained. However, this degeneracy disappears

when we considered the neutrino beams of DUNE and ESSnuSB. Overall, from all

the plots of Fig. 4.4, we can observe that neutrino oscillation data constrains the

parameters better than the antineutrino data.

4.4 Discovering CPT violation

In this section, we assume that CPT is violated in nature. We generate the simu-

lated data for the experiments T2HK, T2HKK, ESSnuSB and DUNE by assuming

different neutrino and antineutrino oscillation parameters. In particular, we only

consider the case where the CP-violating phases δCP and δ̄CP are not equal1. We

further consider θ23 = θ23, ∆m2
31 = ∆m2

31, θ13 = θ13 and their true values are

taken from Table-4.2. In Fig. 4.5, we plot the allowed regions of δCP (test) and

δ̄CP (test) as obtained from the experiments T2HK (blue), T2HKK (red), ESSnuSB

(green) and DUNE (magenta). The solid and dotted contours in all the figures

correspond to 68% and 99% C.L. and the dashed black lines correspond to CPT

conserving values. Top panel of Figure 4.5 shows that both the configurations of

Hyper-Kamiokande experiment - T2HK (blue) and T2HKK (red) will be able to

establish CPT violation with 99% C.L. by showing that δCP 6= δ̄CP in their pro-

posed run-time. This can be inferred from the fact that there are no degenerate

solutions obtained in the figure. However, T2HKK provides tighter constraints

on the parameter space of δCP -δ̄CP , compared with T2HK, as seen from the red

and blue contours of the top panel. This can be attributed to the higher sen-

sitivity of T2HKK experiment to the CP violating phase δCP as its far detector

(Korea) is going to be placed at second oscillation maxima (νµ → νe channel)

unlike in the case of T2HK experiment which focuses on first oscillation maxima.

The bottom panel of Fig. 4.5 shows that ESSnuSB and DUNE can establish CPT

violation with 99% C.L. on their own. Additionally, since ESSnuSB experiment

has higher sensitivity to CP phase when compared to DUNE, it can be seen that

the green contours (ESSnuSB) in the bottom left panel are tighter than the ma-

genta contours (DUNE) of the bottom right panel. In conclusion, if nature has

1We consider the variation in δCP and δ̄CP as these parameters are poorly constrained.
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Figure 4.4: Allowed parameter space between different neutrino and antineu-
trino oscillation parameters at 99% C.L. for combination of DUNE and T2HKK
as well as DUNE and ESSnuSB experiments. In each plot, the blue (red) curve
is for neutrino (antineutrino) parameters and the black curve is the combined

result of neutrino and antineutrino parameters.
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Figure 4.5: Allowed regions between δCP and δCP in the CPT violating sce-
nario. Solid (Dotted) curve shows the parameter space at 68% and 99% C.L..

CPT violation, then the forthcoming experiments Hyper-K, ESSnuSB and DUNE

will be able to establish CPT violation individually in their proposed run-times.

4.5 Summary

CPT symmetry is one of the fundamental symmetries of nature and its breaking

is related to Planck scale physics. However, CPT violation has not been observed

unambiguously so far, and it is an exciting challenge to search for its implications.

It is expected that some of the CPT violating observables might be observed at

low-energy scales. So far, the most stringent bound on CPT violation comes from

the neutral kaon sector. Remarkably, the current evidence for neutrino oscillations
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lies at levels where Planck-suppressed effects might be expected to appear. Hence,

the neutrino sector can provide a better opportunity to explore CPT violation.

In this paper, we have studied the sensitivity reach of the upcoming long-baseline

experiments, T2HK, T2HKK, ESSnuSB and DUNE to explore the CPT violation

in the neutrino sector. Our findings are summarized below:

• We obtained the sensitivity limits on the CPT violating parameters ∆(∆m2
31),

∆(sin2 θ23) and ∆(δCP ). We found that the T2HKK and ESSnuSB experiments

are quite sensitive to the CP violating phase δCP , whereas T2HK, T2HKK and

DUNE are sensitive to the atmospheric mixing parameters. The most stringent

limits on ∆(∆m2
31) and ∆(sin2 θ23) come from T2HK experiment whereas T2HKK

will provide the best bound on ∆(δCP ).

• Next, we obtained the constraint on CPT violation with the combination

DUNE+T2HKK and DUNE+ESSnuSB experiments. Assuming that nature is in-

variant under CPT, we analysed the neutrino and antineutrino data independently

for these combinations of experiments and scrutinized whether they provide the

same oscillation parameters as predicted by CPT symmetry. We found that these

experiments are sensitive to CPT violation and DUNE+T2HKK can even resolve

the octant degeneracy in θ23 and θ̄23 at 99% C.L..

• Finally, we have shown that if CPT violation exists in nature, the upcoming

long-baseline experiments T2HK, T2HKK, ESSnuSB and DUNE will be able to

establish CPT violation individually at 99% C.L. in their proposed run-times by

demonstrating δCP 6= δ̄CP .

In conclusion, we found that the upcoming experiments T2HK, T2HKK, ESSnuSB

and DUNE have great potential to establish CPT violation in neutrino oscilla-

tion and provide stringent limits on the CPT violating parameters ∆(∆m2
31) and

∆(sin2 θ23).



Chapter 5

Exploring the effect of Lorentz

invariance violation with the

currently running long-baseline

experiments

5.1 Introduction

Neutrino oscillation, bestows the first experimental evidence of physics beyond the

SM. Without the loss of generality, SM is considered as a low-energy effective the-

ory, emanating from a fundamental unified picture of gravity and quantum physics

at the Planck scale. To understand the nature of the Plank scale physics through

experimental signatures is therefore of great importance, though extremely chal-

lenging to identify. Lorentz symmetry violation constitutes one of such signals,

basically associated with tiny deviation from relativity. In recent times, the search

for Lorentz violating and related CPT violating signals have been explored over a

wide range of systems and at remarkable sensitivities [159, 180–190]. One of the

phenomenological consequences of CPT invariance is that a particle and its anti-

particle will have exactly the same mass and lifetime and if any difference observed

either in their mass or lifetime, would be a clear hint for CPT violation. There ex-

ists stringent experimental bounds on Lorentz and CPT violating parameters from

kaon and the lepton sectors. For the kaon system, the observed mass difference

provides the upper limit on CPT violation as
∣∣mK0 −mK0

∣∣/mK < 6× 10−18 [191],

86
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which is quite stringent. However, parametrizing in terms of m2
K rather than mK ,

as kaon is a boson and the natural mass parameter appears in the Lagrangian is

the squared mass, the kaon constraint turns out to be
∣∣m2

K0 −m2
K0

∣∣ < 0.25 eV2,

which is comparable to the bounds obtained from neutrino sector, though relatively

weak. Furthermore, neutrinos are fundamental particles, unlike the kaons hence,

the neutrino system can be regarded as a better probe to search for CPT viola-

tion. For example, the current neutrino oscillation data provides the most stringent

bounds:
∣∣∆m2

21 −∆m2
21

∣∣ < 5.9× 10−5 eV2 and
∣∣∆m2

31 −∆m2
31

∣∣ < 1.1× 10−3 eV2

[192]. Recently, MINOS experiment [79] has also provided the bound on the at-

mospheric mass splitting for the neutrino and antineutrino modes at 3σ C.L. as

|∆m2
31 −∆m̄2

31| < 0.8 × 10−3 eV2. If these differences are due to the interplay of

some kind of CPT violating new physics effects, they would influence the oscillation

phenomena for neutrinos and antineutrinos as well as have other phenomenological

consequences, such as neutrino-antineutrino oscillation, baryogenesis [193] etc.

It is well known that the local relativistic quantum field theories are based on three

main ingredients: Lorentz invariance, locality and hermiticity. The CPT violation

is intimately related to Lorentz violation, as possible CPT violation can arise

from Lorentz violation, non-locality, non-commutative geometry etc. So if CPT

violation exists in nature and is related to quantum gravity, which is supposedly

non-local and expected to be highly suppressed, long-baseline experiments have

the capability to probe such effects. Here, we present a brief illustration about,

how the violation of Lorentz symmetry can affect the neutrino propagation. In

general, Lorentz symmetry breaking and quantum gravity are interrelated, which

requires the existence of an universal length scale for all frames. However, such

universal scale is in conflict with general relativity, as length contraction is one of

the consequences of Lorentz transformation. Such contradiction can be avoided by

the modification of Lorentz transformations (or in other words modifying disper-

sion relations). The effects of perturbative Lorentz and CPT violation on neutrino

oscillations has been studied in [89]. Moreover, it has been shown explicitly in Ref.

[194], how the oscillation probability gets affected by the modified dispersion rela-

tion, however, for the sake of completeness we will present a brief discussion about

it. The modified energy-momentum relation for the neutrinos can be expressed as

E2
i = p2

i +
1

2
m2
i

(
1 + e2AiEi/m

2
i

)
, (5.1)

where mi, Ei and pi are the mass, energy and momentum of the ith neutrino in the
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mass basis, and Ai is the dimensionful and Lorentz symmetry breaking parameter.

Assuming that all the neutrinos have the same energy (E), the probability of

transition from a given flavour α to another flavour β for two neutrino case is

given as

P (να → νβ) = 1− sin2 2θ sin2

(
∆pL

2

)
, (5.2)

where θ represents the mixing angle and

∆p ≈ ∆m2

2E
+

1

2
(Ai − Aj), (5.3)

with ∆m2 = m2
i −m2

j . Hence, the neutrino oscillation experiments might provide

the opportunity to test this kind of new physics. The limits on Lorentz and CPT

violating parameters from MINOS experiment are presented in [195]. The possible

effect of Lorentz violation in neutrino oscillation phenomena has been intensely

investigated in recent years [87, 89, 162, 183, 194, 196–213].

In this chapter, we are interested to study the phenomenological consequences in-

troduced in the neutrino sector due to the presence of Lorentz invariance violation

terms. In particular, we investigate the impact of such new contributions on the

neutrino oscillation probabilities for NOνA experiment. Further, we obtain the

sensitivity limits on the LIV parameters from the currently running long-baseline

experiments T2K and NOνA. We also investigate the implications of LIV effects on

the determination of mass ordering as well as the CP violation discovery potential

of NOνA experiment.

5.2 Theoretical Framework

The Lorentz invariance violation effect can be introduced as a small perturbation

to the standard physics descriptions of neutrino oscillations. Thus, the effective

Lagrangian that describes Lorentz violating neutrinos and anti-neutrinos [159, 163]

is given as

L =
1

2
Ψ̄A(iγµ∂µδAB −MAB + Q̂AB)ΨB + h.c. , (5.4)
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where ΨA(B) is a 2N dimensional spinor containing the spinor field ψα(β) with

α(β) ranges over N spinor flavours and their charge conjugates ψCα(β) = Cψ̄Tα(β),

expressed as ΨA(B) = (ψα(β), ψ
C
α(β))

T and the Lorentz violating operator is charac-

terized by Q̂. Restricting ourselves to only a renormalizable theory (incorporating

terms with mass dimension≤4), one can symbolically write the Lagrangian density

for neutrinos as [163]

LLIV = −1

2

[
pµαβψ̄αγµψβ + qµαβψ̄αγ5γµψβ − irµναβψ̄αγµ∂νψβ − isµναβψ̄αγ5γµ∂νψβ

]
+ h.c. ,

(5.5)

where pµαβ, qµαβ, rµναβ and sµναβ are the Lorentz violating parameters, in the flavor

basis. More about the LIV parameters can be found in Appendix B. Since, only

left-handed neutrinos are present in the SM, the observable effects which can be

explored in the neutrino oscillation experiments can be parametrized as

(aL)µαβ = (p+ q)µαβ , (cL)µναβ = (r + s)µναβ . (5.6)

These parameters are hermitian matrices in the flavour space and can affect the

standard vacuum Hamiltonian. The parameter (aL)µαβ is related to CPT violating

neutrinos and (cL)µναβ is associated with CPT-even, Lorentz violating neutrinos.

Here, we consider the isotropic model (direction-independent) for simplicity, which

appears when only the time-components of the coefficients are non-zero i.e., terms

with µ = ν = 0 [159]. The sun-centred isotropic model is a popular choice and

in this frame, the Lorentz-violating isotropic terms are considered as (a)0
αβ and

(c)00
αβ. Here onwards we change the notation (aL)0

αβ to aαβ and (cL)00
αβ to cαβ for

convenience. Taking into account only these isotropic terms of Lorentz violation

parameters, the Hamiltonian for neutrinos, including LIV contributions becomes

H = Hvac +Hmat +HLIV , (5.7)

where Hvac and Hmat correspond to the Hamiltonians in vacuum and in the pres-

ence of matter effects and HLIV refers to the LIV Hamiltonian. These are expressed
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as

Hvac =
1

2E
U




m2
1 0 0

0 m2
2 0

0 0 m2
3



U †, Hmat =

√
2GFNe




1 0 0

0 0 0

0 0 0



, (5.8)

HLIV =




aee aeµ aeτ

a∗eµ aµµ aµτ

a∗eτ a∗µτ aττ



− 4

3
E




cee ceµ ceτ

c∗eµ cµµ cµτ

c∗eτ c∗µτ cττ



, (5.9)

where U is the neutrino mixing matrix, GF is the Fermi constant and Ne is

the number density of electrons. The factor −4/3 in HLIV arises from the non-

observability of the Minkowski trace of the CPT-even LIV parameter cL, which

forces the xx, yy, and zz components to be related to the 00 component [159].

Since the mass dimensions of aαβ and cαβ LIV parameters are different, the effect

of aαβ is proportional to the baseline L, whereas cαβ is proportional to LE and in

this work we focus only on the impact of aαβ parameters on the physics potential

of currently running long-baseline experiments NOνA and T2K. Another possible

way to introduce an isotropic Lorentz invariance violation is by considering the

modified dispersion relation (MDR) preserving rotational symmetry [197], which

can be expressed as

E2 −
(

1− f
( |~p|
E

))
|~p|2 = m2, (5.10)

where the perturbative function f preserves the rotational invariance. However,

this approach is not adopted in this work.

It should be noted that, the Hamiltonian in the presence of LIV (5.7), is analogous

to that in the presence of NSI in propagation, which is expressed as [214]

H = Hvac +Hmat +HNSI , (5.11)

with

HNSI =
√

2GFNe




εmee εmeµ εmeτ

εmµe εmµµ εmµτ

εmτe εmτµ εmττ




, (5.12)
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where εmαβ characterizes the relative strength between the matter effect due to NSI

and the standard scenario. Thus, one obtains a correlation between the NSI and

CPT violating scenarios through

aαβ =
√

2GFNeε
m
αβ ≡ VCCε

m
αβ , (5.13)

where VCC =
√

2GFNe. The off-diagonal elements of the CPT violating LIV

Hamiltonian (aeµ, aeτ and aµτ ) are the lepton flavor violating LIV parameters,

which can affect the neutrino flavour transition, are our subject of interest. These

parameters are expected to be highly suppressed and the current limits on their

values (in GeV), which are constrained by Super-Kamiokande atmospheric neutri-

nos data at 95% C.L. [204] as

|aeµ| < 2.5× 10−23 , |aeτ | < 5× 10−23 , |aµτ | < 8.3× 10−24 . (5.14)

5.3 Simulation Details

We have consider the experimental features of T2K and NOνA experiments as

discussed in Sec. 3.3 of chapter-3, for our analysis.

We use the Preliminary Earth Reference Matter (PREM) profile to calculate line-

averaged constant Earth matter density (ρavg=2.8 g/cm3) for both NOνA and

T2K experiments.

GLoBES software package along with snu plugin [146, 147]are used to simulate

the experiments. The implementation of LIV in neutrino oscillation scenario has

been done by modifying the snu code [148] in accordance with the Lorentz vio-

lating Hamiltonian (5.7). We use the values of standard three flavor oscillation

parameters as given in Table 5.1 and consider one LIV parameter at a time, while

setting all other parameters to zero unless otherwise mentioned. As mentioned

before, we have considered only the isotropic CPT violating parameters (aαβ) for

our analysis. The values of the LIV parameters considered in our analysis are:

|aeµ| = |aµτ | = |aeτ | = 2× 10−23 GeV and |aee| = |aµµ| = |aττ | = 1× 10−22 GeV.
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Parameter True value Marginalization Range

sin2 θ12 0.310 Not marginalized

sin2 θ13 0.0224 Not marginalized

sin2 θ23 0.5 [0.4, 0.6]

δCP −π/2 [−π, π]

∆m2
21 7.39× 10−5eV2 Not marginalized

∆m2
31 2.5× 10−3eV2 [2.36, 2.64]× 10−3eV2

Table 5.1: The values of oscillation parameters that we consider in our analysis
[144].

5.4 Effect of Lorentz Invariance Violating pa-

rameters on νµ → νe and νµ → νµ Oscillation

Channels

In this section, we discuss the effect of LIV parameters aαβ = |aαβ|eiφαβ , (φαβ = 0,

for α = β), on νµ → νe oscillation channel, as the long-baseline experiments are

mainly looking at this oscillation channel. The evolution equation for a neutrino

state |ν〉 = (|νe〉, |νµ〉, |ντ 〉)T , travelling a distance x, can be expressed as

i
d

dx
|ν〉 = H|ν〉, (5.15)

where H is the effective Hamiltonian given in Eq. (5.7). Then the oscillation

probability for the transition να → νβ, after travelling a distance L can be obtained

as

Pαβ = |〈νβ|να(L)〉|2 =
∣∣〈νβ|e−iHL|να〉

∣∣2 . (5.16)

Neglecting higher order terms, the oscillation probability for νµ → νe channel in

the presence of LIV for NH can be expressed, which is analogous to the NSI case

as [215–225],
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P LIV
µe ' x2f 2 + 2xyfg cos(∆ + δCP ) + y2g2 + 4rA|aeµ|

{
xf
[
fs2

23 cos(φeµ + δCP )

+ gc2
23 cos(∆ + δCP + φeµ)

]
+ yg

[
gc2

23 cosφeµ + fs2
23 cos(∆− φeµ)

]}

+ 4rA|aeτ |s23c23

{
xf
[
f cos(φeτ + δCP )− g cos(∆ + δCP + φeτ )

]

− yg[g cosφeτ − f cos(∆− φeτ )
]}

+ 4r2
Ag

2c2
23

∣∣∣c23|aeµ| − s23|aeτ |
∣∣∣
2

+ 4r2
Af

2s2
23

∣∣∣s23|aeµ|+ c23|aeτ |
∣∣∣
2

+ 8r2
Afgs23c23

{
c23 cos ∆

[
s23(|aeµ|2 − |aeτ |2)

+ 2c23|aeµ||aeτ | cos(φeµ − φeτ )
]
− |aeµ||aeτ | cos(∆− φeµ + φeτ )

}

+ O(s2
13a, s13a

2, a3) ,

(5.17)

where

x = 2s13s23 , y = 2rs12c12c23 , r = |∆m2
21/∆m

2
31| ,

∆ =
∆m2

31L

4E
, VCC =

√
2GFNe, rA =

2E

∆m2
31

f =
sin
[
∆(1− rA(VCC + aee))

]

1− rA(VCC + aee)
, g =

sin
[
∆rA(VCC + aee)

]

rA(VCC + aee)
(5.18)

and sij = sin θij, cij = cos θij. The antineutrino probability P LIV
µ̄ē can be obtained

from Eq. (5.17) by replacing VCC → −VCC , δCP → −δCP and aαβ → −a∗αβ.

Similar expression for inverse hierarchy can be obtained by substituting ∆m2
31 →

−∆m2
31, i,e., ∆ → −∆ and rA → −rA. One can notice from Eq. (5.17), that

only the LIV parameters aee, aeµ and aeτ contribute to appearance probability

expression at leading order and the rest of the parameters appear only on sub-

leading terms. Since Eq. (5.17) is valid only for small non-diagonal LIV parameter

aαβ, in our simulations the oscillation probabilities are evaluated using Eq. (5.16)

without any such approximation, by modifying the neutrino oscillation probability

function inside snu.c implementing the Lorentz violating Hamiltonian (5.7).

The expression for the survival probability for the transition νµ → νµ, up to

O(r, s13, aαβ) is [217],

P LIV
µµ ' 1− sin2 2θ23 sin2 ∆

− |aµτ | cosφµτ sin 2θ23

[
(2rA∆) sin2 2θ23 sin 2∆ + 4 cos2 2θ23rA sin2 ∆

]

+ (|aµµ| − |aττ |) sin2 2θ23 cos 2θ23

[
(rA∆) sin 2∆− 2rA sin2 ∆

]
. (5.19)
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Figure 5.1: The νe appearance oscillation probabilities as a function of neu-
trino energy in presence of Lorentz violating parameters aeµ, aeτ and aee in the
left panel. The difference in the oscillation probability (in %) with and without
LIV is shown in the middle panel whereas the relative change in probability is

in the right panel.

It is important to observe from the survival probability expression (5.19) that,

the LIV parameters involved in νµ → νe transitions do not take part in νµ → νµ

channel. This probability depends only on the new parameters aµµ, |aµτ |, φµτ and

aττ .

The effect of LIV parameters on νµ → νe channel for NOνA experiment is dis-

played in Fig. 5.1. The left panel of the figure shows how the oscillation probabil-

ity gets modified in presence of LIV, the absolute difference of standard case from

Lorentz violating case (in %) is shown in the middle panel and the relative change

of the probability
|PLIV
αβ −PSM

αβ |
PSM
αβ

is shown in the right panel of the figure. In each

plot, the black curve corresponds to oscillation probability in the standard three
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Figure 5.2: Same as Fig.1 for the νµ survival probability as a function of
neutrino energy in presence of aµµ, aµτ , and aττ LIV parameters.

flavor oscillation paradigm and red (blue) dotted curve corresponds to the oscil-

lation probability in presence of LIV parameters with positive (negative) value.

From Fig. 5.1, it is clear that all the three aeµ, aeτ and aee LIV parameters have

significant impact on the oscillation probability. It should be further noted that

the parameters aeτ and aeµ have impact on the amplitude of oscillation and aee

is affecting to phase of the oscillation, which can be seen from the Eq. (5.17). It

should be noted from the figure that positive and negative values for LIV param-

eter aeτ , shift the probabilities in opposite direction of the standard probability

curve, while the case of aeµ is just opposite to that of aeτ and it also creates a

distortion on the probability. Also as seen from the right panel of the Fig.5.1, the

relative change of the probability for LIV case with respect to the standard case,

becomes significant towards lower energy. Furthermore, it should be inferred from

the left panel of the figure that the positive and negative values of LIV parameters
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Figure 5.3: Representation of ∆Pµe and ∆Pµµ in aαβ − φαβ LIV parameter
space for NOνA experiment. The left (middle) panel is for the sensitivities of
∆Pµe in aeµ−φeµ (aeτ −φeτ ) plane and right panel is for ∆Pµµ in the aµτ −φµτ
plane. The color bars in right side of each plot represent the relative change of

the ∆Pαβ in the corresponding plane.

affect the oscillation probabilities differently. However, the result is qualitatively

independent of the actual sign of LIV parameters, i.e., the spectral form of the

probability is same as the standard case both for positive and negative values of

LIV parameters, either it is enhanced or reduced with respect to the standard

oscillation probability. Hence, one can take the |aαβ| for sensitivity study of the

experiment in presence of LIV parameters. In Fig. 5.2, the effect of LIV param-

eters aµµ, aµτ , and aττ on νµ survival probability is displayed. Analogous to the

previous case, here also the effects of the parameters are noticeable; the param-

eter |aµτ | significantly modifies the probability, whereas the changes due to aµµ

and aττ are negligibly small. In all cases, the positive or negative values of the

LIV parameters are responsible for the decrease or enhancement of the oscillation

probabilities. In the middle (right) panel of Fig. 5.2, we show the change (relative

change) in oscillation probability due to the effect of LIV parameters.

5.5 Sensitivity limits on the Lorentz Invariance

Violating parameters

In this section, we analyse the potential of T2K, NOνA, and the synergy of T2K

and NOνA to constrain the LIV parameters. From Eqns. (16) and (18) or from

Fig. 5.1 and Fig. 5.2, it can be seen that the LIV parameters |aeµ| and |aeτ | along
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Figure 5.4: The sensitivities on LIV parameters from NOνA and T2K exper-
iments.

with LIV phases φeµ and φeτ play major role in appearance channel (νµ → νe),

whereas |aµτ | and φµτ influence the survival channel (νµ → νµ). In order to see

their sensitivities at probability level, we define two quantities, ∆Pµe =
|PLIV
µe −PSM

µe |
PSM
µe

and ∆Pµµ =
|PLIV
µµ −PSM

µµ |
PSM
µµ

, which provide the information about the relative change

in probability due to the presence of LIV term from the standard case. We evaluate

their values for various LIV parameters and display them in aαβ − φαβ plane in

Fig. 5.3. From the left panel of the figure, one can see that the observable ∆Pµe

has maximum value at the yellow region, for φeµ ≈ 45◦, if aeµ is positive, whereas

for negative value of aeµ, ∆Pµe is maximum for φeµ ≈ −135◦. This nature of ∆Pµe

can be easily understood from Eqn. (5.17), as the appearance probability depends

on sine and cosine functions of φeµ. However, the nature of ∆Pµe for eτ sector

is quite different from that of eµ sector, even-though the appearance probability

depends upon sine and cosine functions of φeτ . This is due to the opposite sign on

|aeµ| and |aeτ | dependent terms in oscillation probability. As the LIV parameter

|aµτ | mainly appears on the survival channel, we calculate ∆Pµµ which has cosine

dependence on φµτ and display it in the right panel of the figure.

Next, we analyse the potential of T2K, NOνA, and the synergy of T2K and NOνA

to constrain the various LIV parameters, which are shown in Fig. 5.4. In order to
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LIV parameter
Sensitivity limits on LIV parameters

T2K [×10−22] NOνA [×10−22] T2K+NOνA [×10−22]

|aeµ| < 1.02 < 0.46 < 0.36

|aeτ | < 2.82 < 1.71 < 1.08

|aµτ | < 2.28 < 0.93 < 0.8

aee [−12.62 : 10.47] [−5.97 : 3.82] [−5.52 : 3.29]

aµµ [−4.09 : 4.24] [−1.09 : 1.19] [−1.07 : 1.18]

aττ [−4.33 : 4.3] [−1.22 : 0.96] [−1.12 : 0.93]

Table 5.2: The sensitivity limits on each LIV parameters (in GeV) at 2σ C.L.
from T2K, NOνA, and synergy between T2K and NOνA.

obtain these values, we compare the true event spectra which are generated in the

standard three flavor oscillation paradigm with the test event spectra which are

simulated by including one LIV parameter at a time and show the marginalized

sensitivities as a function of the LIV parameters, |aαβ|. The values of ∆χ2
αβ are

evaluated using the standard rules as described in GLoBES and the details are

presented in the Appendix A. From the figure, we can see that the sensitivities on

LIV parameters obtained from T2K are much weaker than NOνA and the synergy

of T2K and NOνA can improve the sensitivities on these parameters. For a direct

comparison, we give the sensitivity limits on each LIV parameter (in GeV) at 2σ

C.L. in Table 5.2. All these limits are slightly weaker than the bounds obtained

from Super-Kamiokande Collaboration (5.14).

5.6 Effect of Lorentz Invariance Violation on var-

ious sensitivities of NOνA

In this section, we discuss the effect of LIV on the sensitivities of long-baseline

experiment to determine neutrino mass ordering and CP-violation by taking NOνA

as a case of study. In addition to this, we also present the correlations between

the LIV parameters and the standard oscillation parameters θ23 and δCP .
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Figure 5.5: CP Violation sensitivity as a function of true values of δCP for
NOνA experiment. Standard case is represented by black curve in each plot.
The top-left panel is for diagonal Lorentz violating parameters and non-diagonal
LIV parameters in eµ, eτ and µτ sectors shown in top-right, bottom-left and

bottom-right panels, respectively.

5.6.1 CP violation discovery potential

It is well known that the determination of the CP violating phase δCP is one of

the most challenging issues in neutrino physics today. CP violation in the leptonic

sector may provide the key ingredient to explain the observed baryon asymmetry of

the Universe through leptogenesis. In this section, we discuss how the CP violation

sensitivity of NOνA experiment gets affected due to impact of LIV parameters.

Fig. 5.5 shows the significance with which CP violation, i.e. δCP 6= 0,±π can

be determined for different true values of δCP . For the calculation of sensitivities,

we have used the oscillation parameters as mentioned in Table 5.1. Also, the

amplitude of all the diagonal LIV parameters considered as 1 × 10−22 GeV and

non-diagonal elements as 2 × 10−23 GeV. The expression for the test statistics

∆χ2
CPV , which quantifies the CP violation sensitivity is provided in the Appendix

A. We consider here the true hierarchy as normal, true parameters as given in
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Table 5.1, and vary the true value for δCP in the allowed range [−π, π]. Also

the possibility of exclusion of CP conserving phases has been shown by taking

the test spectrum δCP value as 0, ±π. This exclusion sensitivity is obtained by

calculating the minimum ∆χ2
min after doing marginalization over both hierarchies

NH and IH, as well as ∆m2
31 and sin2 θ23 in their 3σ ranges. The CPV sensitivity

for standard case and in presence of diagonal LIV parameters is shown in the top

left panel of Fig. 5.5. The black curve depicts the standard case, and for diagonal

elements aee, aµµ and aττ , the corresponding plots are displayed by blue, green and

red, respectively. Further, we show the sensitivity in presence of non-diagonal LIV

parameters in eµ, eτ , and µτ sectors respectively in the top right, bottom left, and

bottom right panels of the same figure. As the extra phases of the non-diagonal

parameters can affect the CPV sensitivity, we calculate the value of ∆χ2
min for

a particular value of δCP by varying the phase φαβ in its allowed range [−π, π],

which results in a band structure. It can be seen from the figure that LIV can

significantly affect the CPV discovery potential of the NOνA experiment. All the

three non-diagonal LIV parameters have significant impact on CPV sensitivity. It

can be seen from the figure that CPV sensitivity spans on both sides of standard

case in presence of non-diagonal LIV parameters. Although there is a possibility

that the sensitivity can be deteriorated in presence of LIV for some particular

true value of the phase of the non-diagonal parameter (φαβ), for most of the

case the CP violation sensitivity is significantly get enhanced. Moreover, one can

expect some sensitivity where there is less or no such significance for δCP regions

in standard case. Further, the parameters aeµ and aeτ have comparatively large

effect on the sensitivity with respect to aµτ . Similar observation can also be found

by considering inverted hierarchy.

5.6.2 MH Sensitivity

Mass hierarchy determination is one of the main objectives of the long baseline

experiments. It is determined by considering true hierarchy as NH (IH) and com-

paring it with the test hierarchy, assumed to be opposite to the true case, i.e., IH

(NH). Fig. 5.6 shows the effect of LIV parameters on MH sensitivity at oscillation

probability level. We obtain the bands by varying the δCP within its allowed range

[−π, π] and considering the other parameters as given in the Table 5.1, and the
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Figure 5.6: The oscillation probability for NOνA experiment as a function
of energy in presence of non-diagonal LIV parameters |aeµ|, |aeτ | and |aµτ | are
shown in top-let, top-right and bottom-left panels, respectively. The effect of

diagonal LIV parameter aee shown in bottom-right panel.

amplitude of all the non-diagonal LIV elements as 2 × 10−23 GeV and diagonal

LIV elements as 1× 10−22 GeV. The red (green) band in the figure is for NH (IH)

case with standard matter effect. There is some overlapped region between the

two bands for some values of δCP , where determination of neutrino mass ordering

is difficult. The blue and orange bands represent the NH and IH case in presence

of the LIV parameters, respectively. It can be seen that the parameter aeµ and aee

have significant effect on the appearance probability energy spectrum compared

to other two parameters. The two bands NH and IH shifted to higher values of

probability and have more overlapped regions in presence of aeµ. The presence of

aee shifted the NH band to higher values and IH band shifted to lower values of

probabilities compared to standard case. Whereas the effects of aeτ and aµτ are

negligibly small.
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Next, we calculate the ∆χ2
MH by comparing true event and test event spectra which

are generated for the oscillation parameters in the Table 5.1 for each true value

of δCP . In order to get the minimum deviation or ∆χ2
min, we do marginalization

over δCP , θ23 and ∆m2
31 in their allowed regions. In Fig. 5.7, we show the mass

hierarchy sensitivity of NOνA experiment for standard paradigm and in presence

of diagonal LIV parameter. The left (right) panel of the figure corresponds to the

MH sensitivity for true NH (IH). It can be seen from the figure that for standard

matter effect case (black curve), the test hierarchy can be ruled out in upper half

plane (UHP) (0 < δCP < π) and lower half plane (LHP) (−π < δCP < 0) for

true NH and IH, respectively above 2σ C.L.. The other half plane is unfavourable

for mass hierarchy determination. The parameter aee is found to give significant

enhancement from the standard case compared to aµµ.

It should also be emphasized that mass hierarchy can be measured precisely above

3σ C.L. for most of the δCP region in presence of aee for true value in both NH

and IH.
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Figure 5.7: Mass hierarchy sensitivity as function of δCP for NOνA experi-
ment. Left (right) panel is for NH (IH) as true value. Black curve represents the
standard matter effect case without any LIV parameter. Red and blue dotted
curves represent the sensitivity in the presence of diagonal parameters aee, and

aµµ, respectively.

The MH sensitivity in presence non-diagonal Lorentz violating parameters aαβ is

shown in Fig. 5.8. As the non-diagonal LIV parameters introduce new phases,

we do marginalization over new phases in their allowed range, i.e., [−π, π] while

obtaining the MH sensitivity. In all the three cases, the MH sensitivity expands

around the MH sensitivity in the standard three flavor framework. From the
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figure, it can be seen that the non-diagonal LIV parameters significantly affect the

sensitivity which crucially depends on the value of new phase. Similar analysis

can be studied considering IH as the true hierarchy.
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Figure 5.8: Mass hierarchy sensitivity as a function of δCP for NOνA exper-
iment in presence of aαβ. Black curve represents the standard matter effect
case without any LIV parameter. Left, middle and right panels represent the
sensitivity in presence of non-diagonal parameters aeµ, aeτ and aµτ , respectively.

5.6.3 Correlations between Lorentz Invariance Violating

parameters with δCP and θ23

In this section, we show the correlation between the LIV parameters and the

standard oscillation parameters θ23 and δCP in |aαβ| − θ23 and |aαβ| − δCP planes.

Fig. 5.9 (5.10) shows the correlation for aee, aµµ, aττ , |aeµ|, |aeτ |, |aµτ | and θ23

(δCP ), at 1σ, 2σ, 3σ C.L. in two dimensional plane. In both figures upper (lower)

panel is for aee, aµµ and aττ (|aeµ|, |aeτ |, |aµτ |). In order to obtain these correlations,

we set the true value of LIV parameters to zero and the standard oscillation

parameters as given in Table 5.1. Further, we do marginalization over sin2 θ23, δCP ,

and ∆m2
31 for both hierarchies. In the case of non-diagonal LIV parameters,

|aeµ|, |aeτ |, |aµτ |, we also do marginalization over the additional phase φαβ. From

the plots it can be noticed that precise determination of θ23 will provide useful

information about the possible interplay of LIV physics.
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Figure 5.9: Correlation between LIV parameters and θ23 in |aαβ| − sin2 θ23

plane at 1σ, 2σ and 3σ C.L. for NOνA experiment.
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Figure 5.10: Correlation between LIV parameters and δCP in |aαβ| − δCP
plane at 1σ, 2σ and 3σ C.L. for NOνA experiment.
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5.7 Summary and Conclusion

It is well known that, neutrino oscillation physics has entered a precision era,

and the currently running accelerator based long-baseline experiment NOνA is

expected to shed light on the current unknown parameters in the standard os-

cillation framework, such as the mass ordering as well as the leptonic CP phase

δCP . However, the possible interplay of potential new physics scenarios can hin-

der the clean determination of these parameters. Lorentz invariance is one of the

fundamental properties of space time in the standard version of relativity. Never-

theless, the possibility of small violation of this fundamental symmetry has been

explored in various extensions of the SM in recent times and a variety of possible

experiments for the search of such signals have been proposed over the years. In

this context, the study of neutrino properties can also provide a suitable testing

ground to look for the effects of LIV parameters as neutrino phenomenology is

extremely rich and spans over a very wide range of energies. In this work, we

have studied in detail the impact of Lorentz Invariance violating parameters on

the currently running long-baseline experiments T2K and NOνA and our findings

are summarized below.

• Considering the effect of only one LIV parameter at a time, we have obtained

the sensitivity limits on these parameters for the currently running long

baseline experiments T2K and NOνA. We found that the limits obtained

from T2K are much weaker than that of NOνA and the synergy of T2K and

NOνA can significantly improve the sensitivities.

• We have also explored the phenomenological consequences introduced in the

neutrino oscillation physics due to the presence of Lorentz-Invariance vio-

lation on the sensitivity studies of long-baseline experiments by considering

NOνA as a case study. We mainly focused on how the oscillation probabil-

ities, which govern the neutrino flavor transitions, get modified in presence

of different LIV parameters. In particular, we have considered the impact

of the LIV parameters |aeµ|, |aeτ |, |aµτ |, aee, aµµ and aττ . We found that

the parameters |aeµ|, |aeτ | and aee significantly affect the νµ → νe transition

probability Pµe, while the effect of |aµτ |, aµµ, aττ on the survival probabil-

ity Pµµ is minimal. We also found that |aeµ| creates a distortion on the

appearance probability.
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• We further investigated the impact of LIV parameters on the determination

of mass hierarchy and CP violation discovery potential and found that the

presence of LIV parameters significantly affect these sensitivities. In fact, the

mass hierarchy sensitivity and CPV sensitivity are enhanced or deteriorated

significantly in presence of LIV parameters as these sensitivities crucially

depend on the new CP-violating phase of these parameters.

• We also obtained the correlation plots between sin2 θ23 and |aαβ| as well as

between δCP and |aαβ|. From these confidence regions, it can be ascertained

that it is possible to obtain the limits on the LIV parameters once sin2 θ23 is

precisely determined.

In conclusion, we found that T2K and NOνA have the potential to explore the new

physics associated with Lorentz invariance violation and can provide constraints

on these parameters.



Chapter 6

Summary and Conclusion

Neutrinos inspire the scientific community to do fundamental research to explore

their distinctive features. Since several decades varieties of neutrino experiments

putting tremendous efforts to unravel the nature of neutrinos. So far, we have

convincing evidence for neutrino oscillation from various well established experi-

ments. Neutrino oscillation stipulates non-zero masses and mixing for neutrinos,

which gives a clear indication of Physics beyond the SM. Many pragmatic theo-

retical frameworks have been developed to explain the origin of neutrino masses

and mixing phenomena. Data collected by different neutrino experiment over

the last couple of decades meticulously measured the oscillation parameters with

great precision, except a few. The current sensitivity for δCP measurement is

not significant enough. Also, there are several other unknowns in the neutrino

sector, like the mass ordering, octant of θ23 and CP violation, which are yet to

be established. Answers to all these unrevealed questions can be extracted from

long-baseline experiments by focusing on the νµ to νe oscillation channel in both

neutrino and anti-neutrino mode. In addition to this, long-baseline experiments

can provide the information on impact of various BSM physics, such as existence

of sterile neutrinos, non-standard interactions (NSI), CPT violation, Lorentz in-

variance violation, neutrino decay, etc. This thesis discusses the effects of many

interesting BSM physics on the measurement of neutrino oscillation parameters

at the currently running as well as future long-baseline experiments. This chapter

summarises the research work that has been carried out in this thesis.

In order to simulate these long-baseline experiments, we use General Long Baseline

Experiment Simulator (GLoBES), which is a C library based software package.
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Additionally, snu file has been used to study sterile neutrinos and NSI effects.

We have proceeded with the primary motivation to explore the implications of

various BSM effects at probability as well as event levels. In our works, we have

explicitly studied various oscillation probabilities in standard case and in presence

of BSM physics. Event level studies show the effects of BSM physics on oscillation

parameters and on current unknowns in neutrino sector. In order to illustrate this,

we have obtained Mass Hierarchy (MH) and CP Violation (CPV) sensitivities by

calculating χ2 by pull method as mentioned in GLoBES.

Chapter-1 contains a brief introduction to the particle content of the standard

model and the associated gauge symmetries. After that, the historical development

of neutrino is discussed briefly. Also, an introduction to neutrinos in and beyond

the SM is discussed in detail. Before concluding the chapter, a brief discussion

about neutrinoless double beta decay is presented and concluded with a quick

overview of the thesis.

Second chapter of thesis describes the neutrino oscillation. It started with neu-

trino mixing and then discusses oscillation in vacuum both in two and three flavor

scenarios. Further the oscillation in matter is also presented. Evidence of neutrino

oscillation is discussed briefly from solar and atmospheric neutrino anomalies. Var-

ious neutrino oscillation experiments such as solar, atmospheric, and accelerator-

based, are discussed comprehensively. Prior to conclusion of this chapter, current

status of neutrino oscillation has been described.

Chapter-3 is dedicated to impact of sterile neutrino on long-baseline experiment

and on neutrinoless double beta decay. It started with the basic introduction

to sterile neutrino from the anomalous results reported by short-baseline, reactor

and Gallium experiments. Including one eV-scale sterile neutrino to the standard

active neutrinos, the scenario became 3+1. Extensive discussion on 3+1 scenario

and the new oscillation framework have been manifested. It has been shown

that, at probability level the impact of sterile neutrino can be observable for the

currently running long-baseline experiments NOvA and T2K. Presence of sterile

neutrino consequences new kind of degeneracies between the oscillation parameters

which can hamper the precise measurement of standard three flavor oscillation

parameters. In this regard, degeneracies among the oscillation parameters have

been shown for NOvA experiment in biprobability and probability as a function

of δCP . Effects of sterile neutrinos are not only observable at probability but also

at event level. For that, we have shown the allowed regions between θ23 and δCP
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in standard case and in presence of sterile neutrino for NOvA and combination

of NOvA and T2K, for different octant and hierarchy combinations. Effect of

sterile neutrino is clearly visible and results deterioration of degeneracy resolution

capability of the experiment. Combination of the two experiments can probe

the degeneracies in a better way. Further the MH sensitivities have been shown

in standard three flavor case and in presence of sterile for NOvA and synergy of

NOvA and T2K. From standard case the wrong mass hierarchy can be ruled out at

2σ C.L. in the favourable region of δCP i.e., lower (upper) half plane of δCP for NH

(IH). The active-sterile neutrino mixing generates new kind of degeneracies among

the oscillation parameters causing a notable decline in the favourable region of CP

phase for NOvA experiment. However, NOvA and T2K experiments together can

enhance the MH sensitivity in presence of sterile neutrino. Combination of both

experiments can also increase the δCP coverage. Further we have investigated

the hypothesis of maximum CP violation with the true δCP . Addition of sterile

neutrino brings two more CP phases, can cause CP violation. The two new CP

phases δ14 and δ34 have large impact on maximum CP violation. The eV-scale

sterile neutrino can have visible footprint on the rare process neutrinoless double

beta decay resulting a significant increase in the effective mass parameter |Mee|
for IH case in presence of sterile neutrino. This increment in |Mee| can be within

the sensitivity reach of KamLAND-Zen experiment. Also a discussion on the

sensitivity reach of future 136Xe experiments for exploring the presence of eV-scale

sterile neutrino is presented. The Majorana nature of neutrino can be revealed

with a sensitive exposure of ∼ 104 kgisoyr.

Chapter-4 of the thesis is based on the study of CPT violation in neutrino oscil-

lation experiments. SM is an effective field theory at low energy, originated from

the unified picture of gravity and quantum physics at Planck scale. Experimental

observations of Planck scale physics are important to understand its correlation

with the SM. Violation of CPT symmetry can be one of such type of signals. CPT

symmetry being a fundamental symmetry of nature demands the particles and

anti-particles to have same mass and lifetime. No such strong evidence for CPT

violation from experimental observation has been observed so far. Though, from

Kaon and lepton sectors, constraints are there on the CPT violation, but they are

not very stringent. The bounds from Kaon sector are relatively weak compared

to the bounds from neutrino sector. In addition, neutrinos are more fundamen-

tal particles than Kaons, so they provide a better platform to investigate CPT

symmetry.
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The long-baseline neutrino oscillation experiments can be an efficient tool to probe

the CPT symmetry violation. As neutrinos have to propagate a very long dis-

tance, any tiny deviation due to the CPT violation during their propagation can

be observable. In this context, we have done a model independent study on CPT

violation for future long-baseline experiments: T2HK, T2HKK, ESSnuSB and

DUNE. We have obtained bounds on the CPT violating parameters, i.e., the dif-

ference between neutrino and antineutrino parameters, which are parametrized as

|δCP−δCP | = ∆(δCP ), |∆m2
31−∆m2

31| = ∆(∆m2
31) and | sin2 θ23−sin2 θ23| = ∆(θ23).

T2HK, T2HKK and DUNE experiments are more sensitive to the CPT violating

parameters ∆(∆m2
31) and ∆(θ23). These experiments will highly improvise existing

bounds on CPT violation from Kaon sector. While ESSnuSB and T2HKK have

significant CPT violating sensitivities for ∆(δCP ) as both of these experiments are

tuned to search for neutrino oscillation at second maxima, and hence can explore

δCP better than other experiments. Further, discovery of CPT violation sensitiv-

ities and sensitivities to constrain CPT violation parameters are obtained for the

T2HK, T2HKK, ESSnuSB and DUNE experiments individually and combination

of experiments such as DUNE+T2HKK and DUNE+ESSnuSB for neutrino and

antineutrino cases separately. One of the important observation is that the pro-

posed long-baseline experiments within their run time can probe CPT violation,

if it exists in nature. In conclusion, the future long-baseline experiments have

potential to explore the CPT violation to a great extent.

Chapter-5 discusses the CPT violation through violation of Lorentz invariance at

currently running long-baseline experiment. As we know CPT violation is one of

the ways to study Planck scale physics, experimental observation of such signals is

quite important. As we know, CPT symmetry is based on the Hermiticity, Locality

and Lorentz invariance of the theory. Lorentz violation can be a consequence of

CPT violation and can be delved by long-baseline experiments. In this study,

we have added the simplest dimension-four CPT and Lorentz violating terms to

the SM Lagrangian. The newly added parameters can be real and complex. The

expression of Hamiltonian for LIV parameters is analogous to the Hamiltonian

of Neutral Current NSI and hence, there are correlations between the NSI and

LIV parameters. So, the implementation of LIV is quiet similar to NSI using

snu file with GLoBES. These LIV parameters significantly affect the oscillation

probabilities of NOvA experiment. Also for the first time, we have obtained the

sensitivity limits on the LIV parameters from currently running long baseline

experiment NOvA and T2K. Combined results of NOvA and T2K experiments
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can improve the sensitivity limits of LIV parameters. In addition to this, the

effect of LIV parameters on mass hierarchy and CP violating sensitivities have been

investigated for NOvA experiment. LIV parameters can enhance or deteriorate the

sensitivities depending upon the new complex CP phases of LIV parameters. Also

the correlations of the LIV parameters with sin2 θ23 and δCP have been obtained.

In conclusion, both NOvA and T2K can explore Lorentz violation effect and can

obtain stringent constraints on these parameters.

Presence of various new physics can hamper the landmark achievement regarding

the measurement of neutrino oscillation. Hence, BSM physics like sterile neutrino,

scalar and vector NSI, LIV, decoherence, long range force, etc. can be studied

in numerous way at several long baseline experiments. Considering some physics

beyond SM, current tension between NOvA and T2K for δCP can be solved. Even-

tually, with clear-cut idea about neutrino flux, huge neutrino detector and having

large statistics long baseline experiments can explain the unknowns of neutrino

sector. Many more discoveries of new physics will appear in the future from the

neutrino sector.



Appendix A

Details of χ2 analysis

A.1 Calculation of χ2

In our analysis, we have performed the χ2 analysis by comparing true (observed)

event spectra N true
i with test (predicted) event spectra N test

i , and its general form

is given by

χ2
stat(~ptrue, ~ptest) = −

∑

i∈bins

2
[
N test
i −N true

i −N true
i ln

(
N test
i

N true
i

)]
, (A.1)

where ~p is the array of standard neutrino oscillation parameters. However, for nu-

merical calculation of χ2, we also include the systematic errors using pull method.

This is usually done with the help of nuisance systematic parameters as discussed

in the GLoBES manual. In presence of systematics, the predicted event spectra

modify as N test
i → N

′ test
i = N test

i (1 +
∑n

j=1 π
j
i ξ

2
j ), where πji is the systematic

error associated with signals and backgrounds and ξj is the pull. Therefore, the

Poissonian χ2 becomes

χ2(~ptrue, ~ptest, ~ξ) = −min
~ξj

∑

i∈bins

2
[
N
′ test
i −N true

i −N true
i ln

(
N
′ test
i

N true
i

)]
+

n∑

j=1

ξ2
j .

(A.2)

Suppose ~q is the oscillation parameter in presence of Lorentz invariance violating

parameters. Then the sensitivity of LIV parameter aαβ can be evaluated as

∆χ2(atest
αβ ) = χ2

SO − χ2
LIV , (A.3)
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where χ2
SO = χ2(~ptrue, ~ptest), χ

2
LIV = χ2(~ptrue, ~qtest). We obtain minimum ∆χ2(atest

αβ )

by doing marginalization over sin2 θ23, δm2
31, and δCP. Further, the sensitivities of

current unknowns in neutrino oscillation is discussed in following section.

A.2 CP violation sensitivity

∆χ2
CPV(δtrue

CP ) = min[χ2(δtrue
CP , δ

test
CP = 0), χ2(δtrue

CP , δ
test
CP = π)]. (A.4)

For obtaining minimum χ2
CPV marginalization is done over the oscillation param-

eters sin2 θ23 and ∆m2
31. While including the non-diagonal Lorentz violating pa-

rameters aαβ, we also marginalize over its corresponding phase φαβ.

A.3 Mass Hierarchy sensitivity

∆χ2
MH = χ2

NH − χ2
IH (for true normal ordering), (A.5)

∆χ2
MH = χ2

IH − χ2
NH (for true inverted ordering). (A.6)

We obtain minimum χ2
MH by doing marginalization over the oscillation param-

eters sin2 θ23, ∆m2
31, and δCP in the range [0.4:0.6], [2.36:2.64]×10−3 eV2 and

[−180◦,180◦], respectively.



Appendix B

Detail discussion of Lorentz

Invariance Violation

Observation of violation or Lorentz symmetry can change the year long well devel-

oped notation of space and time. Non-observation of Lorentz violation restrict the

asymmetry to be very small. Lorentz transformation can be categorised as par-

ticle Lorentz transformation and observer Lorentz transformation. The Lorentz

invariance is the consistency of the theory under particle Lorentz transformation,

where Lorentz transformation applied on the fields of the theory. While in ob-

server Lorentz transformation implies the laws of Physics are independent of the

co-ordinate system. It can be understood by inserting some tensors which will

couple to the SM operators. For a particular frame of reference these tensors are

treated as some function and treated as backgrounds for the rest of the reference

frame. When Lorentz transformation is applied on the particle, i.e., the properties

of particles such as spin and magnetic moment are boosted or rotated, the cou-

pling of backgrounds to particles changes without affecting the background. As a

result, Lorentz symmetry breaks under particle Lorentz transformation. But un-

der observer Lorentz transformation, both backgrounds and the properties of the

considered particles change as a consequence of Lorentz invariance of the theory.

Lorentz invariance violation can happen in a spontaneous way when the tensor

field in vacuum gets some non-zero vacuum expectation values [121].

However, Lorentz violation can happen in an explicit breaking process. Sponta-

neous breaking of Lorentz symmetry believed to be suppressed by a Planck mass

scale. Standard model extension (SME) is a broad theory includes the Lorentz
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violation of all particles. It includes all possible terms for CPT violation and LIV.

Possible re-normalizable LIV terms in Lagrangian can be written as [226]

L′ ⊇ η

(mp)k
〈T 〉Γψ̄(i∂)kψ + h.c., (B.1)

where η is the dimensionless coupling constant, mp is the Planck mass, 〈T 〉 is

the VEV for the tensors, Γ is the notation for the tensors and k is an integral

power term which defines the re-normalizable condition. Considering only re-

normalizable gauge invariant terms for the value of K 6 1, effective Lagrangian

can be written as the combination of CPT violating and conserving terms [227]

L′ =
1

2

(
L′CPT violating + L′CPT conserving

)
, (B.2)

L′CPT violating = pµψ̄γ
µψ + qµψ̄γ5γ

µψ + h.c., (B.3)

L′CPT conserving = irµνψ̄γ
µ∂νψ + isµνψ̄γ5γ

µ∂νψ + h.c., (B.4)

=
1

4
rµνψ̄γ

µγν(i/∂)ψ +
1

4
sµνψ̄γ5γ

µγν(i/∂)ψ + h.c., (B.5)

where pµ and qµ are CPT violating and Lorentz violating parameters while rµν

and sµν are CPT conserving Lorentz violating parameters. CPT conserving La-

grangian demands the tensors rµν and sµν are to be antisymmetric. For weak

interactions of neutrinos, charge conjugation of Lagrangian should be invariant

which consequences,

pµ = −CpTµC−1, (B.6)

qµ = CqTµC
−1, (B.7)

rµν = CrTµνC
−1, (B.8)

sµν = −CsTµνC−1. (B.9)

These LIV parameters are very insignificant for experimental observation. Needs

redefinition of LIV parameters as left and right handed parameters similar to

existence of left handed neutrino and right handed anti-neutrino,

aL = p+ q, (B.10)

aR = p− q, (B.11)

cL = r + s, (B.12)

cR = r − s. (B.13)
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Using the Equation B.6 and B.7, one can calculate the relation between the left

and right handed parameters as

〈aL〉 =
〈

Ψ
∣∣∣aL
∣∣∣Ψ
〉

=
〈∣∣∣ΨCaTLC−1

∣∣∣Ψ
〉
, (B.14)

〈aL〉 =
〈

Ψ
∣∣∣CpTC−1 + CqTC−1

∣∣∣Ψ
〉

=
〈

Ψ
∣∣∣− p+ q

∣∣∣Ψ
〉
, (B.15)

= −
〈

Ψ
∣∣∣p− q

∣∣∣Ψ
〉

= −
〈

Ψc
∣∣∣CaRC

∣∣∣Ψc
〉
, (B.16)

= −〈aR〉 . (B.17)

Similarly for the cL and cR using Equation B.8 and B.9 ,

〈cL〉 =
〈

Ψ
∣∣∣cL
∣∣∣Ψ
〉

=
〈∣∣∣ΨCcTLC−1

∣∣∣Ψ
〉
, (B.18)

〈cL〉 =
〈

Ψ
∣∣∣CrTC−1 + CsTC−1

∣∣∣Ψ
〉

=
〈

Ψ
∣∣∣r − s

∣∣∣Ψ
〉
, (B.19)

=
〈

Ψ
∣∣∣r − s

∣∣∣Ψ
〉

=
〈

Ψc
∣∣∣CcRC

∣∣∣Ψc
〉
, (B.20)

= −〈cR〉 . (B.21)

From Equation B.17 and B.21, it is clear that under charge conjugation if we

are transforming neutrino to anti-neutrino, the CPT conserving LIV parameters

(c) do not change the sign while CPT violating parameters (a) change their sign.

This property is useful during calculation of neutrino oscillation for neutrino and

anti-neutrino cases.
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