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Abstract

Now a days, recommender systems are widely being used by many web-
sites to deal with the information overload problem by helping users in
finding their items of interest. Typically, recommender systems focus on
two main tasks: Prediction and Recommendation. Many algorithms have
been developed to implement the recommender systems. Among them,
collaborative filtering algorithms are very popular and most widely used
techniques both in academic research and commercial applications. Clas-
sic approaches to collaborative filtering methods include neighborhood-
based or memory-based methods and the more recent approaches focus on
model-based methods specifically matrix factorization techniques.

Much research in recommender systems focuses on improving the accu-
racy of the recommendation algorithms. Besides accuracy, several other
evaluation metrics such as coverage, novelty, unexpectedness, serendip-
ity, diversity and confidence measure the performance of recommender
systems from different perspectives. Among them confidence is very im-
portant as it enables the users to make more effective decisions by measur-
ing uncertainty involved in predictions or recommendations. Providing a
confidence display alongside a prediction can also enhance the user inter-
action with the system which further increases user satisfaction. Different
approaches have been proposed to estimate the confidence of predictions
in recommender systems. Some of these approaches are non-personalized
and some of them are applicable only to specific algorithms and are not
generalized. Furthermore, none of the these algorithms provide guaran-
tees on the error rate of the predictions, where error rate is the probability
of excluding the correct class label.
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This dissertation focuses on estimating the confidence of predictions and
recommendation sets generated by various recommendation algorithms
with guaranteed error rate. In our work, we focus on collaborative filter-
ing recommender systems, specifically, neighborhood-based methods and
matrix factorization as they depend only on rating information while ig-
noring the specific information about users and items. The performance of
neighborhood-based algorithms depend on similarity measures employed,
prediction techniques used, data sets and type of feedback used in their
evaluation. Therefore, before discussing the proposed confidence estima-
tion methods for neighborhood-based algorithms, we present an empirical
study on these algorithms with different similarity measures, prediction
techniques and different data sets with different kinds of feedback. We
use appropriate evaluation metrics to measure the performance of these
algorithms and significance tests to determine whether the performance
differences between different algorithms are statistically significant or not.

To estimate the confidence with guaranteed error rate, conformal predic-
tion used in machine learning is introduced to recommender systems. Un-
like the confidence estimation methods in recommender systems, confor-
mal prediction is a generalizable framework which can be applied on top
of any recommendation algorithm and can be used to produce personal-
ized predictions with a bound on the probability of error. As the charac-
teristics of data sets used in machine learning differs a lot from that of
recommender systems, the application of conformal prediction to recom-
mender systems is very different from its application to machine learning
algorithms. As part of this thesis, we discuss the differences between ma-
chine learning algorithms and recommendation algorithms while apply-
ing the conformal prediction framework. We also show how conformal
prediction can be applied to prediction task and recommendation task in
recommender systems. The results are validated on movies data sets and
experimental results show that the conformal prediction is suitable to bi-
nary data sets for prediction task and unary data sets for recommendation
task.
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Chapter 1

Introduction

With the increasing amount of data on the World Wide Web, the problem of finding
useful information has become more and more difficult. To deal with this information
overload problem, recommender systems have been developed. Recommender sys-
tems (RS) help users make more effective decisions by recommending the items of
their interest based on users’ past behavior. Recommender sytems are now being used
by many websites to increase their revenue while maintaining the user satisfaction by
producing more effective recommendations. Collaborative filtering (CF) recommen-
dation algorithms are the most widely adopted and successful techniques used to built
recommender systems both in academic research and commercial applications. Clas-
sic methods of collaborative filtering include neighborhood-based methods and recent
methods are revolving around model-based approaches especially matrix factorization
techniques. In neighborhood-based approaches, prediction and recommendations can
be done either by computing the similarities between users (user-based collaborative
filtering (UBCF) [64]) or similarities between items (item-based collaborative filtering
(IBCF) [66]). User-based approach identifies users whose tastes are similar to that
of the active user and recommends items they have liked. On the other hand, item-
based approach uses item-item similarity to make the predictions. On the other hand,
model-based approaches use mathematical models to make the predictions. Particu-
larly, matrix factorization techniques [34] have recently gained much popularity be-
cause of their scalability, accuracy and also their successful application in the Netflix
Prize competition.
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Over the last two decades, the research in recommender systems has been focusing
on developing new algorithms and enhancing the existing algorithms to improve the
performance. In order to choose the best algorithm among these available algorithms
one needs to evaluate and compare these algorithms. Several measures have been pro-
posed to evaluate recommender systems from different perspectives. Still, evaluating
recommender systems is inherently difficult due to the following reasons [25]:

• Which measure should be used to determine the quality of recommendation al-
gorithms?

Majority of the papers in RS literature focus on accuracy of recommender sys-
tems. But, most accurate predictions are not always the most useful ones to the
users. For example, though RS predicts correct ratings for items, it may not be
useful to the user if the user is not interested in ratings and expects only those
items which he likes. For example, suppose our task is to recommend top 10
items which are liked by the user. In this case, it is not required to predict the
correct ratings for all these 10 items as long as these items are the most relevant
and useful among the available items. Similarly, the recommendations may not
be useful to the user, if the recommender system recommends the most popular
items. Because, the user can find those items by him/herself. Likewise, if the rec-
ommended items are very much similar to those which are already consumed by
the user, the user will get bored of similar recommendations. Similarly, recom-
mending similar items for instance, similar places in tourism recommendation
will not be helpful to the user as the recommendation list should be diverse in
tourism domain. Therefore, the measure that should be used to determine the
quality of a recommender system depends on the users’ task and their require-
ments and the recommendation domain.

• The performance of RS varies depending on the characteristics of the data set.

The performance of RS is effected by many characteristics of the data set like
number of users, number of items and sparsity of the data set. An algorithm
which performs well on a data set with number of users greater than the number
of items may not perform well on a data set with number of items greater than
the number of users. Similarly, an algorithm which performs well on dense data
set may perform worse on sparse data set.

2



• The goal for which the RS is evaluated.

The goal for which the RS is designed will also play a significant role in eval-
uation. For example, improving user satisfaction and increasing revenue are
two important goals of a recommender system. These goals require completely
different approaches and different measures for evaluation as compared to the
traditional ones.

A typical recommender system can perform two tasks: prediction and recommen-

dation. In prediction task, the algorithm predicts how the user will rate a particular
item. In recommendation task, the algorithm presents a list of items that the user likes.
The recommendation can be done in two ways: 1. Prediction-based recommendation:
Here, like in prediction task, the algorithm predicts rating for every unused item and
recommends items with highest ratings. 2. Score-based recommendation: For every
unused item, a score will be calculated which tells the likelihood of this item being
recommended. The higher the score, the better to consider it for recommendation. Fi-
nally, items with high scores will be recommended. Type of feedback in the data set
will also effect the performance of the algorithm. Therefore, choosing the data set with
appropriate feed back for the given task is also very important in evaluation. We have
mainly two types of feedback available: explicit and implicit. Again we can divide
explicit feedback data set into two types: Numerical feedback where the feedback is
in the form of ratings like 1, 2, 3, 4 and 5 and binary feedback which contains in-
formation about whether the user likes or dislikes the item instead of having ratings.
Implicit feedback data sets which are also called unary data sets contain information
about whether the user has used that item or not. But, unary feedback can be explicitly
given by the user and binary feedback can be implicitly derived from user’s behavior.
In this case, unary feedback comes under explicit feedback and binary feedback comes
under implicit feedback. Rating prediction and prediction-based recommendation will
be generally performed on data sets with explicit feedback and score computation and
score-based recommendation on implicit feedback data sets.

Despite having several measures for evaluating RS, accuracy measures are the most
sought after evaluation measures. Several accuracy measures have been adapted from
statistics and information retrieval to measure the accuracy of recommender systems.
Among them, prediction accuracy measures like MAE and RMSE and recommendation
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accuracy measures like precision and recall are very popular. Choosing the appropriate
accuracy measure for the given task as well as the type of feedback in the data set is
one of the crucial aspects involved in developing recommender systems.

Though accuracy is very important, it is not the only measure that determines the
quality of a recommendation algorithm. Several other measures such as coverage, nov-
elty, unexpectedness, serendipity, diversity and confidence were proposed to evaluate
the recommender systems from different perspectives [70]. Among them confidence
is very important as it acts as a reliability measure which measures the uncertainty
associated with the predictions made by the recommendation algorithm. This in turn
enables the users to make more effective decisions about which items to buy, which
books to read, which movies to watch etc. Confidence tells us the system’s trust in its
predictions or recommendations. It helps users to distinguish between confident and
inadequate recommendations thus by enabling them to make intelligent choices.

1.1 Motivation

Evaluation measures are used to find how well a given algorithm performs, to com-
pare different recommendation algorithms along with their variants and to select the
appropriate algorithm in a given context. There is no single measure to determine the
quality of the recommendation algorithms suitable to all contexts. Several evaluation
measures have been proposed in the literature to measure the recommender systems’
performance. All these different measures assess the performance of recommenda-
tion algorithms from different perspectives. We need to choose a suitable evaluation
measure for a given context. In addition to this, some of the measures may not be
generalized and have their own limitations. Therefore, there is a need to improve the
existing measures depending on the user requirements or goals.

Though accuracy measures are the most popular for evaluation in recommender
systems, there are many aspects of the recommender systems which are not taken into
consideration by accuracy measures. For example, accuracy measures do not measure
the percentage of items for which the algorithm can make predictions, how many of
the items in the recommendation list are not known to the users, how many of them
are unexpected and interested items, how similar the items in the recommendation list
are, how much uncertainty is involved in the predictions etc. We can not measure all
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these aspects by a single evaluation measure. We need a different evaluation metric
to measure each of these aspects. Therefore, besides accuracy, several other measure
like coverage, novelty, unexpectedness, serendipity, diversity and confidence were pro-
posed to judge the quality of recommendations from different perspectives [70].

Among them confidence is very important which measures the uncertainty of the
predictions or recommendations made by the algorithm. There are several factors such
as data, algorithmic parameters and model selection that leads to uncertainty in recom-
mender systems.

1. Data: One of the reasons for uncertainty in recommender systems is sparsity
of data. If the data is sparse, we do not have enough information to make predictions
or recommendations. It is difficult to make accurate predictions or recommendations
for users who have rated very few items. Similarly, the predictions made for the items
with many ratings are more accurate than the items with few ratings. Therefore, the
more ratings we have in the data set, the more confident the algorithm is in making
its recommendations or predictions [49]. Second reason is noisy data. Users will
rate same items differently at different times. Therefore user’s given rating can be
considered as the noisy evidence of the user’s true rating [26]. Another reason is data
from untrusted users.

2. Change of user preferences over time: In recommender systems, user prefer-
ences may vary dynamically. As users tend to explore more and more items, their
tastes change over time accordingly [34]. User preferences will also be changed de-
pending on his current situation like mood, location, season, weather condition etc.

3. Algorithmic parameters and Model selection: Choice of different parameter val-
ues in the algorithm, suitability of the algorithm for the given data (for example, if there
are few neighbors for the given active user or the correlation between the neighbors
and the active user is very low), assumptions used in the model and appropriateness of
model to the given data are also the reasons which causes uncertainty.

Several approaches have been proposed to measure the uncertainty involved in pre-
dictions or recommendations made by the recommendation algorithms. One of the
most common methods which can be used to estimate the confidence in machine learn-
ing algorithms is probability. For instance, posterior probabilities produced by naive
bayes algorithm can be used as confidence values. As most of the recommendation
algorithms use machine learning techniques, we can use probability as a confidence
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measure in recommender systems. Besides probability, several other confidence es-
timation approaches based on number of ratings [49], belief distributions [48], rating
variance [4], percentage of correctly classified predictions to compare two confidence
estimation algorithms [70], binary classification problem with full probability distri-
bution [35] and resampling [47] have been proposed in the recommender systems lit-
erature. Some of the them are non-personalized and some of them are applicable only
to specific algorithms and are not generalized. Furthermore, none of the above algo-
rithms provide guarantees on the error rate of the predictions, where error rate is the
probability of excluding the correct class label and there is no possibility of controlling
the erroneous predictions. Conformal prediction (CP) [8, 69, 75] is a framework used
to provide confidence values to individual predictions. CP can be generalized to any
algorithm and can produce personalized recommendations with guaranteed error rate.
Moreover, with CP we can control the number of erroneous predictions by varying the
significance level, thus making it suitable to different kinds of applications.

1.2 Thesis Contributions

This dissertation focuses on conformal prediction based confidence estimation for pre-
diction and recommendation tasks in collaborative filtering algorithms. We compare
the proposed CP algorithms with their underlying algorithms only. We do not compare
our results with other state-of-the-art algorithms, as our aim is not to improve the per-
formance of the algorithm but to associate confidence to the predictions made by the
algorithm without compromising on the performance. A summary of the contributions
is given below:

Confidence Estimation for Prediction Task: We apply conformal prediction to
recommender systems to estimate the confidence of the predictions with an upper
bound on the error rate. Conformal prediction is a framework which can be applied
on top of any recommendation algorithm. Conformal prediction uses two measures
to indicate the quality of predictions: validity and efficiency. Validity refers to the
probability of excluding the correct label from the prediction region. Efficiency refers
to the tightness of the prediction regions it produces. The narrower (small number of
labels) the prediction region the more efficient the conformal predictor is. The regions
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produced by any CP algorithm are automatically valid. Underlying algorithm and non-
conformity measure (NCM) definition do not effect the validity of CP. They only effect
the efficiency of CP. Therefore, producing the tight prediction regions by defining the
efficient nonconformity measure suitable to the underlying algorithm is the primary
goal of CP.

As part of this work, we define different nonconformity measures based on the un-
derlying algorithm and we find the best nonconformity measure in terms of prediction
accuracy and efficiency.

We apply CP on item-based collaborative filtering algorithm and matrix factoriza-
tion. We do not apply CP to user-based collaborative filtering algorithm as it is very
difficult to find the required number of neighbors belonging to each class. This prob-
lem arises in user-based algorithm for both numerical and binary data sets. This same
problem arises when CP is applied on top of item-based collaborative filtering algo-
rithm on numerical data sets. But for binary data sets, it is not a problem to find the
required number of neighbors for each class in item-based algorithm in many cases.
Therefore, we have used binary feedback data sets while applying CP on top of item-
based collaborative filtering algorithm.

We have shown different ways of applying CP to matrix factorization algorithm and
analyzed the results and found that CP algorithm is not producing efficient prediction
regions at higher confidence levels on numerical or rating data sets due to very close
possible rating values. Therefore, to improve the efficiency we applied CP on binary
data sets and got better results compared to the numerical data sets.

Finally, the application of conformal prediction to recommender systems is very
different from its application to machine learning as the characteristics of data sets
used in machine learning and recommender systems are different. Therefore, we also
discussed major differences between machine learning algorithms and recommenda-
tion algorithms, how to adapt conformal prediction to different recommendation algo-
rithms and what constitutes an example, features and labels in recommender systems.
Details of the proposed algorithms and experimental analysis for item-based and ma-
trix factorization algorithms are discussed in chapters 4 and 5 respectively.

Confidence Estimation for Recommendation Task: Conformal prediction is
originally designed to associate confidence values to each prediction. In addition to
prediction task, recommendation task is equally important in recommender systems.
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Attaching confidence values to a set of recommended items gives the relevance of the
recommended items to user tastes. Chapter 6 discusses the following queries regard-
ing the application of conformal prediction in recommender systems: How conformal
prediction can be adapted to recommendation task in neighborhood-based algorithms?
How error rate is redefined in recommendation scenario? How measures of machine
learning can be used to measure validity and efficiency of recommendation lists pro-
duced at the given confidence levels? How to compute confidence values for the top-n

recommendation list for each user? What is the trade-off between precision and num-
ber of recommended items at different significance levels? We have also shown the
performance differences between two neighborhood-based conformal recommenda-
tion algorithms, i.e., user-based and item-based.

1.3 Thesis Outline

The rest of the thesis is organized as follows: Chapter 2 discusses basic concepts of
recommender systems, their tasks and various algorithms used to implement recom-
mender systems. It also presents different types of feedback that users provide to give
their opinion on different items. It also discusses different approaches and measures
used to evaluate recommender systems. In chapter 3, we present an empirical study on
neighborhood-based algorithms along with different prediction techniques and simi-
larity measures for task-based evaluation on multiple feedback types. The applica-
tion of conformal prediction to prediction task in recommender systems is discussed
in chapters 4 and 5. In these chapters we present the major differences between the
recommendation algorithms and machine learning algorithms as well as the different
nonconformity measures suitable to a given recommendation algorithm. Chapter 6
presents the application of conformal prediction to recommendation task and and the
adaptation of suitable measures from machine learning to find validity and efficiency
of the proposed CP algorithms for recommendation task. Chapter 7 summarizes the
contributions and their results along with some directions for future research.
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Chapter 2

Background

This chapter introduces fundamental concepts related to recommender systems and
their evaluation. We first give a brief overview of recommender systems and their
tasks and different kinds of data on which they work. We then introduce the most
popular recommendation algorithms in the literature, namely collaborative filtering
(CF) algorithms which are solely based on the rating information to make predictions
and recommendations. Finally, we discuss different approaches and measures used to
evaluate collaborative filtering recommender systems along with the data sets used in
our experiments throughout this thesis.

2.1 Recommender Systems

From users’ perspective, the main goal of recommender systems is to deal with the
information overload problem by helping users in finding the useful, relevant and in-
teresting items based on their past preferences. Mathematically, we can formulate the
recommendation problem as [5]:

Let U be the set of users and I be the set of items available in the system. Let f be
a utility function such that f(u, i), where u ∈ U and i ∈ I , measures the usefulness of
item i to user u, i.e., f : UX I→ R. For each u ∈ U , the recommender system has to
find the unused item i′u ∈ I that maximizes the utility function:

i′u = argmax
i∈I

f(u, i) (2.1)
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However, f values are available only for a small fraction of user-item pairs and are
not available for all the user-item pairs. The goal of the recommender system is to find
the utility values for all unknown user-item pairs and make recommendations based
on these values. In other words, we can think of utility function as a matrix where
users U form the rows and items I as columns. The utility value for the given user-
item pair f(u, i) represent the preference of user u for the item i. As the preference
of all users for every item is not available, we need to first estimate the preference of
user for every unknown item and then recommend the items based on the estimated
preference values. A number of different algorithms were proposed to estimate these
utility values. We review these methods in section 2.4.

2.2 Types of Feedback

From the recommendation problem discussed in the previous section, it is clear that
users and items are the two basic entity sets in recommender systems. In addition to
users and items, another important aspect that we should consider is the utility value
which is the relationship between user and item. The recommendations are usually
made based on these utility values. The utility value represents the feedback that a
user gives on a specific item. The feedback given by the user can be either explicit or
implicit.

• Explicit Feedback: In explicit feedback data sets, preferences are expressed by
users. This can take many forms:

– Numerical: The feedback is in the form of ratings like 1-5 or 1-10 depend-
ing on the rating scale chosen by the users. On 1-5 rating scale 1 represents
strong dislike and 5 represents strong like towards the item.

– Ordinal: The feedback is in the form of ordinal rating scale such as strongly

disagree, disagree, neutral, agree and strongly agree. This kind of feed-
back is generally collected with questionnaires. We can convert numerical
rating scale to ordinal and vice-versa (1, 2, 3, 4 and 5 on numerical scale is
equivalent to strongly disagree, disagree, neutral, agree and strongly agree
respectively on ordinal rating scale and vice-versa). Therefore, hereafter
we use numerical and ordinal rating scales interchangeably in our thesis.
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– Binary: Users give their preferences in the form of like or dislike, for
example up and down votes in reditt or in Pandora Internet radio.

– Unary: Users would give their preference only when they like the item, for
example like in face book.

• Implicit Feedback: Feedback is generated by the recommender system, through
inferences it makes about the users behavior [27]. This can be either binary or
unary:

– Binary: For example, if a user spends more time on reading a web page
or he/she downloaded the web page or there are more number of views
for that web page then it could be a like. On the other hand, if the user
spent only few seconds on the web page since opening, then it could be a
dislike. Similarly, if a user listens to a song to the end it could be a like
and if he/she skips the song immediately it could be a dislike.

– Unary: If a user buys or consumes an item, then it would be a like. Exam-
ples include user watched a movie, purchased a product, clicked on some
item etc.

Numerical and ordinal feedback is explicit as it is always expressed by a user whereas
binary and unary feedbacks can be either explicit or implicit as they can be explicitly
stated by the users themselves or inferred from the users’ actions. Unary feedback is
often positive-only as it contains only like information (or usage information).

Both explicit and implicit feedback exhibit different characteristics of users’ pref-
erences [27].

• Users in general do not rate every item that they have used. Therefore, it is
difficult to obtain sufficient and representative feedback from a population of
users. On the other hand, implicit feedback is abundant as we can infer the
information from explicit feedback given by the user as well as users’ actions.

• Explicit feedback is more accurate than implicit feedback in representing the
users’ interests. Because in the former case, opinions are expressed by the users
explicitly whereas in the latter case system has to rely on the application of tools
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and methodologies for capturing and observing the user’s actions and interpret-
ing those actions to make inferences about the user’s interests.

• Both suffer from noise and are sensitive to the user’s context. For example,
assume that a customer bought a product from some e-commerce website. Ini-
tially, he is satisfied with that product as it works well for some time. Hence,
he rated it 5 (explicit feedback). After a few days, he found some problem with
that product and as a result he might think not to purchase that product or not
to purchase the items form that e-commerce site in future, but might forget to
update that rating. Other users still think that it is a top rated product [78]. One
more reason is that the user who liked an item in the past may not like it in the
future due to change in his/her tastes. The ratings given by the user in the past
might not reflect his/her present taste. Same kind of problem arises with implicit
feedback. For example, if a user purchases an item, we may think he/she likes
that item which may not always be true. The item may have been purchased for
a friend, or perhaps the user was disappointed with the product.

2.3 Recommender Systems Tasks

As we mentioned in section 2.1, recommender systems are aimed at delivering useful,
relevant and interesting items to the users. This can be done in two steps:

• Prediction: For every item that is not yet rated by the user, predict the preference
of the user for that item. These preferences can be generated in one of the two
ways depending on the type of feedback given by the user.

– Rating Prediction: When the feedback is explicit (except unary), preference
of the user for the given item is predicted as rating. In the case of numerical
data sets, this predicted rating is in the form of 1-5 or 1-10 whereas in the
binary data sets, the prediction just tells whether the user likes the item or
not.

– Score Prediction: Here, the score for each unknown item is calculated
which tells us how much the user prefers that item. Generally used when
the data is implicit, specifically when we have positive-only feedback (unary

13



2.4 Collaborative Filtering Algorithms

ratings) in the data set. Scores for items are also computed in binary feed-
back data sets.

• Recommendation: In this step, items are ordered in descending order based on
the predicted ratings or scores. Then, items with the highest predicted ratings or
scores will be recommended to the user.

Therefore, prediction and recommendation are the two main tasks performed by the
recommender systems in order to recommend useful, relevant and interesting items to
the users.

Most of the papers in recommender systems literature concentrated on rating pre-
diction. The goal here is to accurately predict the ratings that the users would give to
unknown items and recommend those items with the highest predicted ratings. But as
mentioned in [50], the items with the highest ratings are not always the ones which
are useful to the user. For example, recommending the most popular items (items with
many ratings) are not always useful to the users because users can anyway find those
items on their own. Sometimes, an item with the highest predicted rating may not
be useful for the user due to insufficient information available to make the prediction.
This is the case, where an item has limited number of ratings (say, rated by only 2

or 3 users) but all these ratings are high. As we are making prediction based on the
available ratings, in this case, only 2 or 3 ratings, this prediction is not accurate.

Though prediction is important in recommender systems, in general, users expect
a fixed number of useful and relevant items in recommendation list. These items are
ordered in decreasing order of their preference. That means most preferred items are
preceded by less preferred items in the list. In the case of explicit ratings, specifically,
numerical ratings, the items are ordered based on their predicted ratings, whereas in the
case of binary and unary ratings the items are ordered based on the predicted scores. In
the case of binary ratings only the items which are predicted as like are recommended
to the user based on the predicted scores.

2.4 Collaborative Filtering Algorithms

Users and Items are the two basic entity sets in recommender systems where predic-
tions and recommendations will be done based on the information related to these two
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entities. This information can be related to independent entities i.e., either users or
items but not both or it can be related to both entities. The former is known as content
information and the latter is collaborative information.

• Content information: This information is related to a user or an item. e.g. user
attributes like age, gender, qualification, hobbies or item attributes like the price,
quantity purchased, category etc.

• Collaborative information: This information is related to both user and item
which is the feedback given by the user for that item. As discussed in section
2.2, this feedback can be either explicit or implicit. Explicit feedback can be
numerical or binary whereas implicit feedback is positive-only feedback which
does not contain negative preferences.

There are several algorithms in recommender systems literature to recommend
items based on content information or collaborative information or both. In this sec-
tion, we present some popular algorithms based on collaborative information as our
thesis focuses on collaborative filtering algorithms.

2.4.1 Baselines

Baselines are the simple methods used to make predictions and recommendations.
Though, generally these methods are not used in practical sense, they are useful to
compare with new algorithms. The new algorithm should perform much better than
the existing baseline method.

Prediction: Following are the baselines used to make simple predictions:
1. Global Average: Here, the predicted rating for every unknown rating is the

average of all the available ratings. The disadvantage with this approach is that we
cannot separate useful items from other items to make recommendations to the user as
the predicted rating for every unknown item is same.

ˆru,i =
1

|D|
X

∑
v∈D

∑
j∈D

rv,j (2.2)

where D is the set of available ratings in the data set.
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2. User Average: The rating for every unknown item of the given user is the average
of rating given by the user on known items. This method also has the same disadvan-
tage of not being able to recommend useful items to the user as all the predicted ratings
for every unknown item of the given user are same.

ˆru,i =
1

|Du|
X

∑
j∈Du

ru,j (2.3)

where Du is the set of ratings given by user u.
3. Item Average: The rating for every unknown item of the given user is the average

of the ratings given to that item. Item average method is more useful compared to user
average because we can distinguish preferred items from other items and recommend
the preferred items to the given user as the predicted ratings of unknown items for the
given user are different.

ˆru,i =
1

|Di|
X

∑
v∈Di

rv,i (2.4)

where Di is the set of ratings assigned to item i.
Recommendation: Two popular baseline methods for recommending the items

are random and popularity.
1. Random: We randomly pick some unknown items for the given user and rec-

ommend those items. Alternatively, random scores are assigned to the unknown items
for the given user. Recommend the items with highest scores by ordering all the un-
known items in descending order based on the randomly assigned scores. This is very
inaccurate method of recommending the items to users as we are not considering any
information about users, items or ratings in making the recommendations.

2. Popularity: In this approach, every item is assigned a score which is based
on the item’s popularity. Popularity score depends on the type of feedback in the
data set. For example, in implicit feedback data sets where only positive feedback is
available, popularity score of the item refers to the number of users having consumed
this item. The disadvantage of this approach is that it is non-personalized as the items
to be recommended to every user are same unless the most popular items are already
consumed by the user.
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2.4.2 Neighborhood-based Algorithms

Neighborhood-based algorithms are very simple and most popular collaborative fil-
tering algorithms. As the name suggests, these algorithms use preferences of similar
neighbors to make predictions and recommendations [64, 66]. This can be done as
follows: In neighborhood-based algorithms first we need to compute the similarities
between the entities to find similar neighbors for the given entity. Once the neighbors
are found, we use the preferences of these neighbors to predict the ratings or scores of
unknown items of the given user. Then, recommend the items with highest predicted
ratings or scores by ranking the unknown items of the given user in descending order.
Therefore, neighborhood-based algorithms are composed of three steps:

• Similarity Computation

• Rating or Score Prediction

• Top-N Recommendation

As we mentioned in section 2.2, the two basic entities in recommender systems are
users and items. Based on these two entities, two neighborhood-based collaborative
algorithms are proposed: User-based collaborative Filtering and Item-based collabora-
tive filtering.

1. User-based Collaborative Filtering [64]:
The intuition behind user-based collaborative filtering is that users like those items

which are liked by the users having similar taste. Therefore, feedback given by similar
users is used to predict the preferences of the unknown items of the given user. Based
on these predicted preferences, items are recommended to the given user. Three steps
followed in user-based collaborative filtering algorithm are:

• User Similarity Computation: In this step, we need to find the similarities be-
tween given user and all other users. In order to find the similarity between
two users say u and v, we need to consider the items that are consumed by both
users. We have several similarity measures to perform this task and these similar-
ity measures are different for different kinds of feedback. Most popular among
them are Pearson and cosine similarity measures.
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• Rating or Score Prediction: Once the similarities are computed, k most similar
users are extracted and the preference of every unknown item of the given user
is found by aggregating the preferences of similar users. The preference can
be a rating in case of numerical data sets or a score in the case of positive-only

feedback data sets.

• Top-N Recommendation: Finally, rank all unknown items in descending order
based on their predicted rating or score and recommend the topmost N items in
the ranked list.

2. Item-based Collaborative Filtering [66]:
The general idea underlying the item-based collaborative filtering is that a user

will more likely purchase items that are similar to items he/she already purchased.
Therefore, feedback given to the similar items is used to predict the preferences of the
given item. Based on these predicted preferences, items are recommended to the given
user. The three steps in item-based collaborative filtering algorithm are:

• Item Similarity Computation: In this step, we need to find the similarities be-
tween all items available in the system. In order to find the similarity between
two items say i and j, we need to consider the users who consumed both these
items. Several similarity measures were proposed to perform this task and these
similarity measures are different for different kinds of feedback. Most popular
similarity measures used in item-based collaborative filtering are Pearson and
cosine and adjusted cosine.

• Rating or Score Prediction: Once the similarities are computed, k most similar
items for the given unknown item from the set of consumed items of the given
user are extracted and the preference of this item is found by aggregating the
preferences of similar items. Here also, the preference can be a rating in case of
numerical data sets or a score in case of positive-only feedback data sets.

• Top-N Recommendation: Finally, rank all unknown items in descending order
based on their predicted rating or score and recommend the topmost N items in
the ranked list.
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We give detailed explanation of different similarity measures for different neighborhood-
based algorithms and different kinds of feedback data sets in chapter 3. We also explain
different ways of predicting the ratings and scores for each algorithms and for different
feedback data sets.

2.4.3 Model-based Algorithms

Neighborhood-based algorithms perform well when the data set is dense. Their ac-
curacy tends to decrease with the decrease in the amount of information available in
the data set because the similarity computations are not very accurate under sparsity
conditions. Furthermore, neighborhood-based algorithms are not scalable with the in-
crease in number of users and items in the data set. Most of the real world data sets
used in recommender systems are very sparse and have large number of users and
items. Therefore, neighborhood-based algorithms are not scalable, fast and do not pro-
duce accurate results for these data sets. To deal with these problems, model-based
algorithms were proposed. Model-based algorithms first build a model based on the
information available in the data set. This involves capturing hidden information in the
data set and using the built model to make predictions and recommendations. Thus,
model-based algorithms are scalable, fast and accurate compared to neighborhood-
based algorithms when the data set is sparse with large number of users and items.
However, the accuracy of these algorithms depends on how well the model fits the
real data. In this section, we discuss the most popular model-based algorithm, namely,
matrix factorization.

Matrix Factorization [34]:
Matrix Factorization(MF) is a low dimensional factor model which represents both

users and items by a small number of latent factors. The assumption here is that these
small number of factors influence the preferences of the user for an item. For example,
if two users give the same rating, say 5 on the rating sale of 1-5 to the same movie then
it might be the case that both users like the actor of the movie or because it is a comedy
movie which is the genre preferred by both users. So if we can find these latent factors
then we can predict the rating that a particular user might give to a particular item.

Formally, we define the matrix factorization as follows: Given a user-item rating
matrix Y ∈ Rm×n where m is the number of users and n is the number of items.
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Assume that d is the number of latent factors and r is the number of possible ratings.
Now our task is to find two matrices, user latent feature matrix W ∈ Rm×d and item
latent feature matrix V ∈ Rn×d such that their product is approximately equal to Y :

W × V T = Ŷ ≈ Y (2.5)

Here each row of W contains weights which represents how much the user prefers
each latent factor. Similarly, each row of V represents to what extent the movie is
characterized by each latent factor. To get the prediction of a rating that a user will
give to an item, we can calculate the dot product of the two vectors corresponding to
user i and item j:

ŷij = wiv
T
j =

d∑
a=1

wiavaj (2.6)

This is the basic matrix factorization. Several extensions were made to improve the
performance of the basic matrix factorization algorithm such as Regularized Matrix
Factorization (RMF) [20, 34], Non negative Matrix Factorization (NMF) [38] and
Maximum-margin Matrix Factorization (MMMF) [63, 72]. The detailed explanation
of these variants is given in chapter 5.

2.4.4 Memory-based Vs. Model-based Algorithms

• Neighborhood-based algorithms are easy to understand and simple to implement
while achieving reasonably accurate results. Whereas model-based algorithms
are very complex which involves estimation of large number of parameters. Fur-
thermore, they depend on the number of assumptions. If the assumptions of the
model do not hold, it may lead to wrong predictions.

• Neighborhood-based techniques depend on the user similarities (user-based al-
gorithm) and item similarities (item-based algorithm) to make predictions and
recommendations . On the other hand, model-based algorithms use several ma-
chine learning algorithms to train data to build a model which can then be used
to predict the rating for an unknown item of the given user.

• The neighborhood-based algorithms are instance-based learning algorithms or
lazy learners. They use entire data set every time they need to form the neigh-
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borhood (subset of users or items) for the given user or item. Therefore, predic-
tion process is very slow in neighborhood-based algorithms. In contrast, model-
based algorithms are eager learners which build a model to capture the hidden
relationships in the data. Using the built model they make the predictions for
unknown user-item pairs without having to use the entire training data which
speeds up the prediction process. For example, in matrix factorization we first
decompose the user-item matrix into a user feature matrix and item feature ma-
trix. Then we use these matrices to make the predictions instead of using the
ratings in the entire data set.

2.4.5 Limitations of Collaborative Filtering Algorithms

Collaborative filtering algorithms suffer from two main drawbacks:

• Collaborative filtering algorithms rely on the rating information to make accurate
predictions. But, real world data sets used in recommender systems are very
sparse. Due to this fact, they do not perform well for very sparse data sets. A
solution for this problem is to use content information along with collaborative
information.

• When information is not available for an entity, we can not make recommenda-
tions. For example, if the user is new to the system then not even a single rating
is available to the user. In this case, we cannot make recommendations to the
user as the preferences of that user is still unknown. Similarly when a new item
is introduced in the system, we cannot recommend this item to any user as we
cannot predict the preference of that item for the given user unless some ratings
are available for that item. This is called cold-start problem. One solution for
this problem is to include only those users and items for which minimum number
of ratings are available.

2.5 Evaluating Collaborative Filtering Algorithms

In order to measure the performance of the any given collaborative filtering algorithm
and to compare its performance with other algorithms, we need to consider three as-
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pects:

• Data sets on which we test our algorithm

• Evaluation Approaches or Experimental settings

• Evaluation Measures to assess the performance

2.5.1 Data sets

Collaborative filtering algorithms are usually tested by conducting experiments which
require users’ preferences over a set of items. A data set that is suitable for collabora-
tive filtering consists of feedback given by the real users to real items on a real system.
As mentioned in section 2.2, this feedback can be either explicit or implicit. Explicit
feedback data sets may contain numerical or ordinal ratings where the feedback is in
the form of rating scale like 1-5 or binary in which the feedback contains only two
values {+1(like),−1(dislike)} or unary where we have positive-only feedback. Im-
plicit feedback can be either binary or unary but is inferred from users’ actions instead
of explicitly stated by the user. In our experiments, we use four data sets related to
movies: Movielens 100K, Eachmovie, Movielens 1M and Movielens-small-latest. All
these are numerical feedback data sets. To conduct some of our experiments, we need
to convert these data sets into binary and unary. The conversion is done as follows:

• Conversion from numerical feedback to binary feedback: This is done in two
ways [39].

– All the ratings above the midpoint of the rating scale in the corresponding
data set are considered as liked items (+1) and all other ratings are disliked
items (-1). If the midpoint results in a floating point number then round it
to the next integer value.

– For every user, all ratings above the user average are treated as liked (+1)
and all others are considered as disliked (-1).

• Conversion from numerical feedback to unary feedback: consider all ratings as
positive (+1). In other words, we are assuming that users like all the movies they
have watched.
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In what follows, we describe the four data sets mentioned above in detail. Table
2.1 gives the comparison of these four data sets in terms of number of users, movies
and ratings.

• MovieLens 100K [2]: The MovieLens 100k data set consists of 100,000 ratings
on a rating scale of 1-5 given by 943 users to 1682 movies. It also contains
simple demographic information for the users like age, gender, occupation and
zip code and information about movies such as movie title, release date, video
release date, IMDb URL and movie genre. The data was collected through the
MovieLens web site between September 19th, 1997 through April 22nd, 1998.
Each user has atleast 20 ratings.

• Eachmovie [1]: HP/Compaq Research (formerly DEC Research) ran the Each-
Movie recommendation service for 18 months. The original EachMovie dataset
contained 2,811,983 ratings (1-6 stars) entered by 72,916 users for 1628 differ-
ent movies. This sub-dataset which contains only those users who rated more
than atleast 20 movies includes the 2579983 ratings from 36656 users on 1621
movies. Rating values range from 1-6.

• Movielens 1M [2]: Movielens 1M contains 1,000,209 ratings on a rating scale
of 1-5 given by 3,952 users who joined MovieLens in 2000 to 6040 movies.
Like movielens 100K data set, Movielens 1M is also collected from the same
website and also contain users demographic information and movie information.
All selected users had rated at least 20 movies.

• MovieLens-latest-small [2]: Collected from the MovieLens web site Movielens-
latest-small contains 1,00,234 ratings on a rating scale of 1-5 given by 718 users
to 8915 movies. The data was created between March 26, 1996 and August 05,
2015. All selected users had rated at least 20 movies.

2.5.2 Evaluation Approaches

In this section, we describe the most popular evaluation approaches mentioned in rec-
ommender systems literature in detail along with the advantages and disadvantages of
each approach [70].
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Table 2.1: Summary of Data sets

Dataset #Users #Items #Ratings
MovieLens 100K 943 1682 100000

EachMovie 36656 1621 2579983
MovieLens 1M 6040 3952 1000209

MovieLens-latest-small 718 8915 100234

1. Offline Experiments
Offline experiments have been extensively used in the recommender systems lit-

erature to measure the performance of the algorithms and to compare different algo-
rithms. They are very simple and inexpensive and depend only on the pre-collected
data sets which contains user preferences for different items. In offline experiments,
in order to make reliable recommendations, we assume that the user behaviour in the
past reflects the user behaviour in future. Therefore, offline experiments try to simulate
the users’ behaviour based on their preferences in the data set. Further more, offline
experiments provide an objective way of measuring the performance of recommenda-
tion algorithms as they are based on evaluation measures which capture quantitative
dimensions instead of depending on the subjective measures which can be evaluated
only using online evaluation.

Offline evaluation partitions data into two subsets: training and test sets. This
partition can be done in several ways:

• Holdout: A subset of the available ratings are randomly selected for test set in
the whole data set. The remaining ratings form the training set. For example
20% of the randomly selected ratings in the data set constitute test set and the
remaining 80% form the training set.

• User-based holdout: For the given user, randomly select fixed percentage of
ratings as the test set and remaining ratings as the training set. For example, 20%
ratings given by the user is randomly selected as the test set and the remaining
80% of the user’s ratings form the training set.

• Leave-k-out: Instead of selecting a fixed percentage of items for the given user,
here we select a fixed number of items randomly, say k, which may be for ex-
ample 5 or 10.
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• Leave-one-out: Similar to Leave-k-out with k = 1 where for the given user only
one item is held out for the test set and the remaining items form the training set.

• k-fold cross-validation. It divides the data into k folds which are mutually ex-
clusive. The experiment is repeated k times where ith fold, i ∈ {1, 2, ...., k} is
used as the test set in the ith run and remaining folds {1, 2, ..., k} \ i are used as
the training set and finally the results of all folds are averaged.

The advantage of k-fold cross-validation as compared to other methods is that it is
less sensitive to the way in which the data is partitioned. Every rating is there in the
test set exactly once, and is part of the training set k-1 times. Therefore, any variance
in the predictions is reduced as k is increased. Usually k = 5 or k = 10 is a good
choice. But we can also achieve more or less similar performance with other methods
by repeating the experiments k times for example say k = 5.

Once the data is partitioned, data in the training set is used to make predictions
or recommendations. Test set is used as a ground truth to check the accuracy of the
predicted ratings or the relevance of the recommended items generated by the given
algorithm.

Advantages:

• Offline experiments provide a cost-effective way to compare the performance
of several recommendation algorithms as they require no interaction with real
users.

• Offline experiments are well suited to measuring the objective dimensions of
recommendation algorithms like prediction and recommendation accuracy.

Disadvantages:

• As there is no interaction with the users, offline experiments are limited to ob-
jective evaluation of recommendation algorithms like their prediction power and
recommendation ability. They cannot measure subjective dimensions like how
generated recommendations influence the real user, whether the users are satis-
fied with the recommendations etc.
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• Offline experiments assume that past user behaviour reflects his/her future be-
haviour. Therefore, they cannot capture some important aspects like change in
user’s taste over time. As a result, the user may not be satisfied with the recom-
mendations generated by the algorithm.

Therefore, offline experiments are generally used to filter out inappropriate algorithms
and retain only a small set of candidate algorithms which are then tested using more
costly user studies or online experiments. For example, tune the parameters of the
algorithm using an offline experiment, and then the algorithm with the best tuned pa-
rameters is run using online experiment in order to make recommendations to real
users.

2. User Studies
Another way of evaluating the performance of a recommendation algorithm is to

recruit a set of test subjects and ask them to interact with the recommendations gen-
erated by the recommendation algorithm. Many works include the use of user studies
in the evaluation of Recommender Systems [65]. For example, Pu et al. [62] and Kni-
jnenburg et al. [32] proposed different evaluation frameworks for the evaluation with
user studies. While subjects are interacting with the recommender system one can ob-
serve user’s behavior and several subjective aspects such as how much time they are
spending in viewing the item, whether they are interested in the generated recommen-
dations etc. Often several qualitative questions in the form of questionnaire or surveys
are collected throughout this process. Such questions address those aspects such as
whether the user is really satisfied with the recommended items, whether the users feel
surprised and interested in the recommendations etc. which cannot be measured with
quantitative aspects.

Advantages:

• We can directly observe user behavior while he/she is interacting with the sys-
tem in user studies and thus we can observe how generated recommendations
influence the user behaviour.

• User studies allow us to collect qualitative data which can be used to measure the
subjective dimensions of recommender system such as newness, surprise which
cannot be measured with objective measures.
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Disadvantages:

• User studies are very expensive to conduct as it involves recruiting sufficiently
large set of test subjects and measuring their behavior while they are interact-
ing with the recommender systems and repeating this several times in order to
make reliable conclusions. This whole process is time consuming and if the test
subjects are not volunteers, we should have to pay the compensation for partici-
pating in user studies.

• Test subjects should represent the population of users of the real system, other-
wise there is a chance that the results can be biased toward a particular set of
users. Even when the subjects represent the true population of users, the results
can still be biased because they are aware that they are participating in an exper-
iment. This is especially true in case of paid subjects who generally try to satisfy
the company conducting the experiment.

3. Online Experiments
One of the problems with offline experiments is that, they can not correctly judge

the relevance of a recommended item to the given user unless that item is already
consumed by the user. In other words, if a recommender system recommends an item
which is not present in the test set, this item is treated as an irrelevant item in offline
experiments. This may be the relevant item for the user in true sense, but as it is
not consumed by him/her till now because he/she is not ware of that item. And with
offline experiments, there is no way to know whether user likes an item if we would
recommend an unknown item to that user. As discussed above, another problem with
offline experiments is that they can not capture the user’s change in taste over time. To
deal with these problems, online experiments are conducted where real users directly
interact with the system.

The quality of recommender systems depends on a variety of factors other than the
predictive and recommendation ability such as user’s information needs, newness and
diversity in the recommendation list, items they are familiar, amount of trust they have
in their system etc. Online evaluation is the only setting which can measure these as-
pects. With online evaluation we can compare a small set of candidate algorithms and
rank them based on their performance. For example, if users follow the recommenda-
tions of one system more often than the other we can say that one system is superior to
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others. For this reason, many real world systems employ an online testing system [33],
where multiple algorithms can be compared. Generally, these systems measure sys-
tem performance by means of user-centric metrics such as page views, click-through
rate [22] etc. While conducting such experiments it is important to select the users
randomly, so that the comparisons between alternatives are fair.

Advantages:

• Online experiments capture shift in user’s interests with time.

• In order to improve the quality of a recommender system, it is important to
know why users like the recommendations of one system over the other. In other
words, user satisfaction is an important aspect that decides the quality of a rec-
ommender system. Online evaluation is the only setting where we can measure
the user satisfaction as the interaction of real users with the system is direct. With
online evaluation we can also measure overall system goals like long-term profit
or user retention and how these goals are effected by accuracy and diversity of
recommendations.

Disadvantages:

• Comparing many algorithms in online setting is very expensive.

• Online experiments are sometimes risky. For example, if a recommender sys-
tem generates irrelevant recommendations to the real users, the users may not
be interested to use the system in future. This may have negative impact on
recommender system which is not desirable in commercial applications.

For these reasons, it is best to run an online evaluation on a set of very few candidate
recommendation algorithms, after an extensive offline study provides evidence that
the candidate algorithms are reasonable. Perhaps a user study that measures the users
attitude towards the system can be carried out and this gradual process could reduce
the risk in causing significant user dissatisfaction.
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2.5.3 Evaluation Measures

The evaluation of recommender systems is not easy because we cannot judge the qual-
ity of recommendation algorithms based on a single dimension alone. While evaluating
the algorithms we should consider different aspects like the task for which the recom-
mender system is designed, type of data on which it is intended to work etc. Several
evaluation measures were proposed in the literature to measure the performance of the
recommender systems from different perspectives. Evaluation measures are typically
used to assess the performance of the algorithms and to compare the performance of the
newly proposed algorithm with the existing algorithms. These measures are broadly
classified into two categories: Accuracy measures and Beyond accuracy measures.

1. Accuracy Measures:
Among the several measures proposed in recommender systems literature, accu-

racy is the most widely used metric. Most of the researchers in recommender systems
focused on evaluating their algorithms using accuracy evaluation metrics. Two impor-
tant tasks performed by recommendation algorithms are prediction and recommenda-
tion. Therefore, accuracy metrics for recommender systems are mainly classified into
two categories depending on the task for which the algorithms are designed to perform:
Predictive accuracy measures and Classification accuracy measures [25, 70].

• Prediction task:

One of the basic assumptions in recommender systems is that users prefer to
use a recommendation algorithm which produces accurate predictions. Based
on this assumption many recommendation algorithms are designed to produce
the predicted ratings as close as possible to the true ratings. Once the ratings
are predicted by the recommendation algorithm we need to asses the algorithm’s
predictive ability using predictive accuracy measures. These predictive accuracy
measures are different for numerical and binary feedback data sets.

(i) Predictive Accuracy measures for numerical feedback data sets:

Predictive accuracy metrics for numerical feedback data sets measure how close
the predicted ratings produced by a recommendation algorithm is to the true
ratings. In other words, they measure how the predicted ratings differ from true
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ratings. These measures are specifically used in recommender systems which
show the predicted ratings alongside the recommended items to the user.

– Mean Absolute Error (MAE): It measures the average absolute deviation
between a predicted rating and the corresponding true rating.

MAE =

∑|t|
i=1 |Ti − Pi|
|t|

(2.7)

where Ti is the true rating

Pi is the predicted rating

t is the set of test ratings

Advantages:

∗ It is very simple to calculate and easy to understand.

∗ It has well studied statistical properties that provide for testing the sig-
nificance of the difference between the mean absolute errors of two
recommendation algorithms.

Disadvantages:

∗ Mean absolute error is not appropriate for top-N recommendation task
where the recommendation algorithm recommends a list of N top ranked
items. Here, users concern is only on the errors in items present in top-

N list. For all other items which we assume as not interested items for
the user, the user does not care about the errors.

∗ It is also not appropriate in situations where only the distinction be-
tween preferred and not preferred items is important. For example in
a data set with a rating scale of 1-5, items with predicted ratings 4
and 5 are considered to be preferred items and remaining items (items
with predicted ratings 1, 2 and 3) are the not preferred items. In this
case, user is not generally interested in absolute errors of not preferred
items.

– Root Mean Square Error (RMSE): It is related to mean absolute error where
the errors are squared before summing to emphasize the large errors.
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RMSE =

√∑|t|
i=1(Ti − Pi)2

|t|
(2.8)

RMSE has the same disadvantages as MAE but when comparing two rec-
ommendation algorithms RMSE prefers the algorithm which makes small
errors over many test items to the algorithm which makes large errors on
few test items.

(ii) Predictive Accuracy measures for binary feedback data sets:

MAE and RMSE are not appropriate for binary feedback data sets where
we have only two preferences: like (+1) and dislike (-1). The reason is
that we cannot measure absolute errors in this case. The appropriate met-
ric to assess the performance in binary feedback data sets is to measure
correctness of the predicted ratings or preferences.

∗ Percentage of Correctly Classified Test Items (PCCTI): Here, we com-
pute how many of the test items’ preferences are correctly classified
and is given by

PCCTI =

∑|t|
i=1 1i

|t|
(2.9)

where 1i =

{
0 if Ti = Pi

1 otherwise

• Recommendation task:

Though prediction is an important task in recommender systems, the ultimate
goal of any recommender systems is to recommend a set of items to the user that
he/she is interested in. Therefore, identifying the truly relevant items is crucial
in recommendation task. Two measures are popularly used for this purpose:
Precision and Recall

– Precision: Precision measures how many of the recommended items are
truly relevant.

precision =
|relevant ∩ recommended|

|recommended|
(2.10)
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– Recall: Recall measures how many of the relevant items are actually being
recommended.

recall =
|relevant ∩ recommended|

|relevant|
(2.11)

Disadvantage:

Precision and recall are sensitive to the number of recommendations (N). If the
number of recommended items is much greater than the number of relevant items
we will get low precision values. Similarly, if the number of relevant items
are greater than the number of recommended items one can easily expect lower
recall values.

2. Measures beyond Accuracy

• Coverage [23, 24, 31]: It is a measure of the percentage of items for which the
recommendation algorithm can make predictions or recommendations. A rec-
ommendation algorithm with high coverage means that the algorithm is able to
make predictions or recommendations for large number of items which indicates
the quality of the recommendation algorithm.

Coverage =
|Ip|
|I|

(2.12)

where Ip is the set of items for which the predictions are made

I is the total number of items

For example, in user-based neighborhood-based algorithm, we can make predic-
tion to a particular item if and only if that item is used by at least one neighbour.
In this case, Ip refers to the number of candidate items which are used by at least
one neighbor.

• Novelty [15, 16, 31, 73, 80]: It is a measure of interestingness of a recommen-
dation to a user and at the same time the novel recommendations are those items
that the user did not know.
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• Unexpectedness [3, 30]: Unexpected items are the items that the user is unaware
of, but the difference between novel and unexpected item is that the user may
find the novel item by him/herself but not the unexpected item. Unexpected
items are not always interesting to the users.

• Serendipity [23, 31, 36]: It is a measure of interestingness and unexpectedness
of a recommendation to a user. So, a serendipitous recommendation is also a
novel recommendation although the reverse may not be true.

Novelty, Unexpectedness and Serendipity are the subjective measures which re-
quire user interaction.

• Diversity [12, 15, 16, 31, 37, 73, 81]: Generally, all the above measures are
applied to a single recommended item. But diversity is a measure applied to
a set of recommended items which gives information about how different the
items are with each other. Intra-List Diversity (ILD) measures diversity as the
average pairwise distance between the items in the recommendation list Ru [81]
and is given by

ILD =

∑
i,j∈Ru

dist(i, j)

|Ru|(|Ru − 1|)
(2.13)

dist(i, j) be the distance between item i and itemj

Ru is the set of items recommended to the user u

• Confidence: Confidence in the recommender systems tells us how certain the
system is in making the predictions or recommendations [70]. In other words,
confidence gives the uncertainty in predictions made by recommendation algo-
rithms. Several factors such as data sparsity, noisy data, choice of different pa-
rameter values, suitability of the algorithm for the given data and assumptions
used in the model lead to uncertainty in recommender systems. As a result, some
of the predictions made by the algorithms are inaccurate. Displaying the wrong
or inaccurate predictions to the users will decrease the trust of the users in rec-
ommendation systems as the users think that the system might be wrong and
possibly refrain from using that recommender system in future. Therefore, mea-
suring the confidence of the predictions and attaching them with the predicted
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value is a good idea in retaining the customer loyalty which in turn increases the
revenue while improving the customer satisfaction.

A confidence measure is important as it can help users decide which movies to
watch, products to buy, and also help an e-commerce site in making a decision
on which recommendations should not be displayed, because an erratic recom-
mendation can diminish the trust of users in the system [4, 5]. Mcnee et al.[6]
studied how does adding a confidence display change users satisfaction and be-
havior and concluded that addition of a confidence display to a recommender
system increases user satisfaction. It also alters users behavior. For user tasks
with varying amounts of risk, users were more likely to seek out or avoid low
confidence recommendations as appropriate.

In addition to the above measures, we can also judge the quality of a recommenda-
tion algorithm by measuring its run time performance. We can do this by measuring the
computation time. We can measure this computation time from a theoretical perspec-
tive, looking at the computational complexity or from a more practical perspective, by
measuring the run time.

2.6 Summary

In this chapter, we have introduced recommender systems and their tasks. We also ex-
plained various collaborative filtering algorithms and different kinds of data on which
these algorithms work. Though, several recommendation algorithms like content-
based algorithms, collaborative filtering algorithms, hybrid algorithms, knowledge-
based algorithms are proposed in the literature, we focus on collaborative filtering algo-
rithms in our research as they depend only on the rating information and do not require
any other external information like user and item attributes. Therefore, we discussed
only collaborative filtering algorithms in this chapter. We described baseline methods,
neighborhood-based algorithms and model based algorithms for collaborative filtering.
Baseline methods discussed in this chapter are based on user average, item average and
global average and are generally used for comparison purposes. Neighborhood-based
algorithms follow a three step process to make recommendations: similarity computa-
tion, rating or score prediction and top-N recommendation. Model-based algorithms
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first build the model based on the training data and use that model to make predic-
tions or recommendations. For example, in matrix factorization, we assume that there
are some hidden factors in items which influence the users to prefer the items. Based
on this assumption, we build a model which contains two components: User feature
matrix and Item feature matrix and we use these matrices for prediction or recommen-
dation.

Finally, we described the evaluation of recommender systems and different aspects
involved in it, i.e., the data sets used in our experiments throughout the thesis and
different evaluation approaches and evaluation measures proposed in the literature. In
our experiments, we use four data sets related to movies: Movielens 100K, Eachmovie,
Movielens 1M and Movielens-latest-small. Three evaluation approaches proposed in
the literature are also discussed each with its advantages and disadvantages: Offline ex-
periments, User studies and Online experiments. Then, different evaluation measures
used to measure the performance of recommendation algorithms are briefly explained.
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Chapter 3

Task-based Evaluation of
Neighbourhood-Based CF Algorithms
with Multiple Feedback Types

In the previous chapter, we discussed different collaborative filtering recommendation
algorithms, specifically neighbourhood-based algorithms and matrix factorization in
detail, and their evaluation. The performance of the neighbourhood-based algorithms
vary depending on the similarity measures used to find the similarity between two en-
tities, prediction techniques used to predict the ratings or scores, data set used in eval-
uation and type of feedback in the data set. Therefore, in this chapter, we present an
empirical analysis on neighbourhood-based algorithms with different similarity mea-
sures, prediction techniques and data sets with different types of feedback.

In this chapter, we evaluate neighbourhood-based recommendation algorithms for
different feedback data sets with suitable offline evaluation measures. For each of these
algorithms and for each type of feedback we discuss the following aspects:

• Similarity measures

• Rating or Score Prediction

• Item Recommendation

We also evaluate these algorithms using appropriate significance tests in order to mea-
sure the statistical significance of the performance differences among the algorithms
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with different similarity measures and between different algorithms for each of the pre-
diction and recommendation tasks. We describe different significance tests used in our
experiments to determine whether the observed differences in results are due to luck
or really significant. In summary, we discuss the following questions in this chapter:

• How does the different neighbourhood-based algorithms proposed in the litera-
ture work for different feedback data sets?

• What similarity measures are available for each of these algorithms and for dif-
ferent feedback data sets?

• How to predict the rating or score for different feedback data sets?

• How the prediction and recommendation ability of the neighborhood-based al-
gorithms are measured for different kinds of feedback?

• What Significance tests are used to determine whether the performance differ-
ences of different algorithms are statistically significant?

• Which algorithm best suits for prediction and recommendation tasks and why?

• Why unary feedback data sets perform better than numerical and binary for rec-
ommendation task?

• Analyze the performance differences between the different prediction techniques
and similarity measures of different algorithms for different tasks, different kinds
of feedback and different data sets.

Finally, we discuss our experimental results along with some important observa-
tions.

3.1 Neighborhood-based CF Algorithms

Neighborhood-based CF algorithms perform prediction and recommendation by com-
puting the similarities between the entities in an entity set. We have two kinds of
entities in recommender systems: Users and Items. If neighborhood-based CF algo-
rithm predicts the ratings or recommends the items based on the similarities between
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the users we call it as the user-based CF algorithm. On the other hand, if it is based
on similarities between items then we call it as the item-based CF algorithm. In what
follows, we discuss different similarity measures used in each of these algorithms for
different feedback data sets and how these similarity values can be used to make pre-
dictions and recommendations to users.

3.1.1 User-based Collaborative Filtering

The intuition behind user-based collaborative filtering algorithm [64] is that user likes
the items that are liked by other similar users. In order to do this, first we need to find
the subset of users similar to the target user or for the given item of the target user.
Then predict the ratings or scores for every unused item of the target user and based
on these predicted ratings/scores, recommend the items to the target user. Here, we
discuss, how this can be done for different feedback data sets.

1. Numerical feedback data sets:
In numerical feedback data sets, user feedback is in the form of ratings like 1-5 or

1-10, where 1 represents user’s strong dislike and 5 or 10 represent strong like towards
the item.

• Similarity Computation: In user-based collaborative filtering, in order to find
the similarity between two users u and v, we need to find the items that are
rated by both users. Pearson and Cosine are the two most widely used similarity
measures to compute the similarity values in user-based collaborative filtering
for numerical feedback data sets.

(i) Pearson Similarity: Pearson correlation coefficient measures linear correla-
tion between two users u and v by computing the covariance between these two
users.

similarity(u, v) =

∑
i∈Iu∩Iv(rui − ru)(rvi − rv)√∑

i∈Iu∩Iv(rui − ru)2
√∑

i∈Iu∩Iv(rvi − rv)2
(3.1)

where Iu is the set of items consumed by user u

Iv is the set of items consumed by user v
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rui is the rating given by user u to item i

ru is the user u’s average rating

rvi is the rating given by user v to item i

rv is the user v’s average rating

The equation given above will give the value between [-1,1].

(ii) Cosine Similarity: Here, the ratings given by each user is viewed as a vector
and the similarity between two users is measured by computing the Cosine of
the angle between them.

similarity(u, v) =
~u.~v

||~u||2 ∗ ||~v||2
(3.2)

where ~u is the ratings vector of user u

~v is the ratings vector of user v

. is the dot product between two vectors

The values produced by this function lies between [0,1].

• Rating Prediction:

Once the similarities are computed using any one of the above similarity mea-
sures, a set of k nearest neighbours for the target user is extracted and the sim-
ilarity values of these nearest neighbours along with their ratings are used to
predict the ratings for the items to be recommended to the target user. In other
words, we are recommending those items to the target user which are liked by
his/her neighbours. The problem with this approach is that small neighbourhood
sizes lead to poor coverage. Coverage here refers to percentage of items for
which the algorithm can produce predictions. To deal with this problem we use
the following approach in selecting the neighbours for unused items: instead of
selecting the neighbours for the target user, here we are assuming that all users
are neighbours for the target user. For each item predicted, the highest ranking
neighbours (they form the user’s neighbourhood for that item) that have rated
the item are used to compute a prediction. This means that a user may have a
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different neighbourhood for each item [24]. Once the neighbourhood is formed
, prediction can be done in two ways:

– Simple Weighted Average (SWA): This is just a simple weighted average
of the ratings given by the neighbours of the target user a to item i and is
given by

prediction(a, i) =

∑k
u=1 similarity(u, a) ∗ rui

k
(3.3)

– Average deviation from mean (ADM): Instead of directly using the ratings
given by the neighbours, if we use average deviation from mean, we can
produce much more accurate predictions.

prediction(a, i) = ra +

∑k
u=1 similarity(u, a) ∗ (rui − ru)

k
(3.4)

• Item Recommendation: After predicting the ratings for every unused item of
the target user a using either simple weighted average or average deviation from
mean, we recommend top-N items with highest ratings.

2. Binary feedback data sets:
In binary feedback data sets we have only two ratings: +1 represents like and −1

represents dislike.

• Similarity Computation: Most popular similarity measures used to compute the
similarity between two users for binary feedback data sets are Phi coefficient,
Cosine and Jaccard.

(i) Phi coefficient (Pearson): This is the binary version of the Pearson coefficient
which is used to measure the association between two binary variables and is
defined as follows:

similarity(u, v) =
nu+1,v+1nu−1,v−1 − nu+1,v−1nu−1,v+1√

nu+1nu−1nv+1nv−1

(3.5)

where nu+1,v+1 is the number of items liked by both users u and v

nu−1,v−1 is the number of items disliked by both users u and v
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nu+1,v−1 is the number of items liked by user u and and disliked by user v

nu−1,v+1 is the number of items disliked by user u and and liked by user v

nu+1 is the number of items liked by user u

nu−1 is the number of items disliked by user u

nv+1 is the number of items liked by user v

nv−1 is the number of items disliked by user v

The above function generates a value between [-1,+1]

(ii) Cosine similarity: Two users are considered to be similar if they both liked
the same movies and disliked the same movies and is defined as

similarity(u, v) =
nu+1,v+1 + nu−1,v−1 − nu+1,v−1 − nu−1,v+1√

nu+1 + nu−1

√
nv+1 + nv−1

(3.6)

This is same as the Cosine similarity defined for numerical data sets. In other
words, this equation is equivalent to Equation (3.2)

The value lies between [-1,+1]

(iii) Jaccard similarity: Jaccard similarity is defined in the same way as Cosine.
The only exception is that in the denominator we consider only those items that
are consumed by at least one user and is given by

similarity(u, v) =
nu+1,v+1 + nu−1,v−1 − nu+1,v−1 − nu−1,v+1

|Iu ∪ Iv|
(3.7)

where Iu is the set of items consumed by user u

Iv is the set of items consumed by user v

This function also produces the values that are between [-1,+1].

• Preference prediction:

Similar to numerical data sets, here also k nearest neighbors are selected based
on the similarity values computed using any of the above similarity measures.
Based on the preferences of the nearest neighbors for the given item i and their
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similarity values to the target user, we can predict preference of the target user a
for item i as follows:

– Based on Majority (BoM): Here we count the number of nearest neighbors
who liked (+1) the item i and the number of nearest neighbors who disliked
(-1) the item i. If the number of users who gave +1 are greater than those of
−1, then we predict that the target user a likes the item i otherwise he/she
dislikes the item i.

preference(a, i) =

{
+1 if n+1 > n−1

−1 otherwise
(3.8)

where n+1 is the number of nearest neighbors who liked (+1) item i

n−1 is the number of nearest neighbors who disliked (-1) item i

– Based on Sum similarities (BoSS): Here we sum up the similarity values
of all the nearest neighbors who rated the item i as +1 and sum up the
similarity values of all the nearest neighbors who rated the item i as -1.
Then we compare these two similarity values and assign the label with the
highest similarity score.

preference(a, i) =

{
+1 if SS+1 > SS−1

−1 otherwise
(3.9)

where SS+1 is the sum of similarity values of all the nearest neighbors who
liked (+1) item i

SS−1 is the sum of similarity values of all the nearest neighbors who dis-
liked (-1) item i

• Item recommendation: Generally, in binary settings we recommend all items
which are predicted as +1 to the target user a. But in top-N setting, we have to
recommend only N items. In this case, in order to distinguish the items which are
predicted as +1, we also associate a score which is the sum of similarity values of
all the neighbors who liked the item i. Based on these scores we can recommend
top-N items with the highest scores among the items which are predicted as liked
(+1).
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3. Unary feedback data sets:
Unary data sets contain information about whether the user liked the item. Gen-

erally, if a user has consumed an item or purchased an item we assume that he liked
that item, though this might not be true in all cases. In unary feedback, we do not have
any information about items that a user has disliked. Therefore, in unary data sets ’1’
indicates user liked that item.

• Similarity Computation: Several similarity measures can be used to compute the
similarities between two users in unary feedback data sets. Among them Phi
coefficient, Cosine, Jaccard and Dice are the popular similarity measures used
for unary feedback data sets.

(i) Phi coefficient (Pearson): This is similar to phi coefficient defined for binary
data sets and is defined as follows:

similarity(u, v) =
nu1,v1nu0,v0 − nu1,v0nu0,v1√

nu1nu0nv1nv0

(3.10)

where nu1,v1 is the number of items consumed by both users u and v

nu0,v0 is the number of items not consumed by both users u and v

nu1,v0 is the number of items consumed by user u and not consumed by user v

nu0,v1 is the number of items not consumed by user u and consumedby user v

nu1 is the number of items consumed by user u

nu0 is the number of items not consumed by user u

nv1 is the number of items consumed by user v

nv0 is the number of items not consumed by user v

The above function generates a values between [-1,+1]

(ii) Cosine Similarity: This similarity measure is based on the number of com-
mon items consumed by both users u and v.

similarity(u, v) =
|Iu ∩ Iv|√
|Iu|

√
|Iv|

(3.11)
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where Iu is the set of items consumed by user u

Iv is the set of items consumed by user v

This equation is similar to the Cosine similarity function defined for ordinal and
binary feedback data sets i.e., Equation (3.2)

This function produces the values that are between [0,1].

(iii) Jaccard Similarity: This is similar to Cosine similarity measure except that
in the denominator we consider all items consumed by at least one user and is
given by

similarity(u, v) =
|Iu ∩ Iv|
|Iu ∪ Iv|

(3.12)

The generated similarity values lies between [0,1].

(iv) Dice coefficient: This is a variant of Jaccard and is defined as

similarity(u, v) =
2 ∗ |Iu ∩ Iv|
|Iu|+ |Iv|

(3.13)

This function also produces the values that are between [0,1].

• Score computation: Once the similarities are computed, we extract the k most
similar users for the given item i of the target user a and score for the item i is
computed by summing up all the similarity values of k nearest neighbors with
that of the target user.

score(a, i) =
k∑

u=1

similarity(a, u) (3.14)

• Item Recommendation:

After computing the score for every unused item of the target user we recom-
mend top-N items with the highest scores to the target user a.
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3.1.2 Item-based Collaborative Filtering

The underlying principle behind item-based collaborative filtering algorithm [66] is
that users like to purchase those items that are similar to the items they have consumed
in the past. In order to do this, first we need to find the subset of items from the set
of items consumed by the target user for the given item. Then predict the ratings or
scores for every unused item of the target user using the ratings and similarity values of
the neighboring items and based on these predicted ratings or scores, recommend the
items to the target user. Here, we discuss, how this can be done for different feedback
data sets.

1. Numerical feedback data sets:

• Similarity Computation: In item-based collaborative filtering, in order to find the
similarity between two items i and j, we need to find the users who consumed
both items. Most popularly used similarity measures to compute the similarity
between the two items in item-based collaborative filtering are Pearson, Cosine
and Adjusted Cosine.

(i) Pearson Similarity: Similar to Pearson correlation coefficient used for user-
based CF except that it measures linear correlation between two items i and j by
computing the covariance between these two items.

similarity(i, j) =

∑
u∈Ui∩Uj

(rui − ri)(ruj − rj)√∑
u∈Ui∩Uj

(rui − ri)2
√∑

u∈Ui∩Uj
(ruj − rj)2

(3.15)

where Ui is the set of users who consumed item i

Uj is the set of users who consumed item j

rui is the rating given by user u to item i

ruj is the rating given by user u to item j

ri is the item i’s average rating

rj is the item j’s average rating

The above equation will give the value between [-1,1].
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(ii) Cosine Similarity: Here, the ratings assigned to each item is viewed as a vec-
tor and the similarity between two items is measured by computing the Cosine
of the angle between them.

similarity(i, j) =
~i.~j

||~i||2 ∗ ||~j||2
(3.16)

where~i is the ratings vector of item i

~j is the ratings vector of item j

. is the dot product between two vectors

The values produced by this function lies between [0,1].

(iii) Adjusted Cosine Similarity: Cosine similarity measure when used in item-
based collaborative filtering does not consider the differences in rating scale used
by different users. This will not be a problem in user-based collaborative filtering
because there the similarity is computed between two users where each user
follows the same rating scale. But in item-based algorithm we are computing
the similarity between the items. Rating information of an item is composed
of ratings given by different users. Therefore, this will be a problem in item-
based algorithm. To deal with this problem, we use Adjusted Cosine similarity
in which we subtract the user’s average rating from the corresponding user rating
for each co-rated pair. This can be defined as follows:

similarity(i, j) =

∑
u∈Ui∩Uj

(rui − ru)(ruj − ru)√∑
u∈Ui∩Uj

(rui − ru)2
√∑

u∈Ui∩Uj
(ruj − ru)2

(3.17)

ru is the user u’s average rating.

• Rating Prediction:

Once the similarities are computed using any one of the above similarity mea-
sures, a set of k nearest neighbors for the given item of the target user a is
extracted and the similarity values of these nearest neighbors along with their
ratings are used to predict the ratings for the items to be recommended to the

46



3.1 Neighborhood-based CF Algorithms

target user. Once the neighborhood is formed, prediction can be done in two
ways:

– Simple Weighted Average (SWA): This is a just a simple weighted average
of the ratings that the target user a has assigned to the nearest neighbors of
item i and is given by

prediction(a, i) =

∑k
j=1 similarity(j, i) ∗ raj

k
(3.18)

– Average Deviation from Mean (ADM): Similar to the user-based collab-
orative filtering, instead of directly using the ratings given to the nearest
neighbors, here we use average deviation from mean.

prediction(a, i) = ri +

∑k
j=1 similarity(j, i) ∗ (raj − rj)

k
(3.19)

• Item Recommendation: After predicting the ratings for every unused item of
the target user a using either simple weighted average or average deviation from
mean, we recommend top-N items with highest ratings.

2. Binary feedback data sets:

• Similarity Computation: The similarity measures used in item-based CF are sim-
ilar to those used in user-based CF. But, here, we use them to compute the simi-
larity between two items.

(i) Phi Coefficient (Pearson): This is the binary version of the Pearson coefficient
which is used to measure the association between two binary variables and is
defined as follows:

similarity(i, j) =
ni+1,j+1ni−1,j−1 − ni+1,j−1ni−1,j+1√

ni+1ni−1nj+1nj−1

(3.20)

where ni+1,j+1 is the number of users who liked both items i and j

ni−1,j−1 is the number of users who disliked both items i and j

ni+1,j−1 is the number of users who liked item i and disliked item j
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ni−1,j+1 is the number of users who disliked item i and liked item j

ni+1 is the number of users who liked item i

ni−1 is the number of users who disliked item i

nj+1 is the number of users who liked item j

nj−1 is the number of users who disliked item i

The above function generates a value between [-1,+1]

(ii) Cosine similarity: Two items are considered to be similar if users who liked
the item i and users who liked the item j are same and similarly users who
disliked the item i and users who disliked the item j are same and is defined as

similarity(i, j) =
ni+1,j+1 + ni−1,j−1 − ni+1,j−1 − ni−1,j+1√

ni+1 + ni−1
√
nj+1nj−1

(3.21)

This is same as the Cosine similarity defined for numerical data sets. In other
words, this equation is equivalent to Equation (3.16)

The value lies between [-1,+1]

(iii) Jaccard similarity: Jaccard similarity is defined in the same way as Cosine.
The only exception is that in the denominator we consider only the users who
consumed items either of i and j or both.

similarity(i, j) =
ni+1,j+1 + ni−1,j−1 − ni+1,j−1 − ni−1,j+1

|Ui ∪ Uj|
(3.22)

where Ui is the set of users who consumed item i

Uj is the set of users who consumed item j

This function also produces the values that are in between [-1,+1].

• Preference prediction:

Similar to ordinal data sets, here also k nearest neighbors are selected based
on the similarity values computed using any of the above similarity measures.
Based on the preferences of the nearest neighbors for the given item i and their
similarity values, we can predict preference of the target user a for item i as
follows:
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– Based on Majority (BoM): Here we count the number of nearest neighbors
of item i for which target user a has assigned +1 and the number of nearest
neighbors of item i for which target user a has assigned -1. If the number
of items with +1 are greater than those of -1, then we predict that the target
user a likes the item i otherwise he/she dislikes the item i.

preference(a, i) =

{
+1 if n+1 > n−1

−1 otherwise
(3.23)

where n+1 is the number of nearest neighbors liked (+1) by the target user
a

n−1 is the number of nearest neighbors disliked (-1) by the target user a

– Based on Sum Similarities (BoSS): Here we sum up the similarity values
of all the nearest neighbors of item i liked (+1) by the target user a and
sum up the similarity values of all the nearest neighbors of item i disliked
(-1) by the target user a. Then we compare these two similarity values and
assign the label with the highest similarity score.

preference(a, i) =

{
+1 if SS+1 > SS−1

−1 otherwise
(3.24)

where SS+1 is the sum of similarity values of all the nearest neighbors
liked (+1) by the target user a

SS−1 is the sum of similarity values of all the nearest neighbors disliked
(-1) by the target user a

• Item recommendation: Generally, in binary settings we recommend all items
which are predicted as +1 to the target user a. But in top-N setting we have to
recommend only N items. In this case, in order to distinguish the items which are
predicted as +1, we also associate a score which is the sum of similarity values
of all the neighbors liked (+1) by the target user a. Based on these scores we
can recommend top-N items with the highest scores among the items which are
predicted as liked (+1).

3. Unary feedback data sets:
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• Similarity Computation: Similar to user-based collaborative filtering here also
we use Phi Coefficient, Cosine, Jaccard and Dice to compute the similarity be-
tween two items in unary feedback data sets.

(i) Phi coefficient (Pearson): This is similar to phi coefficient defined for binary
data sets and is defined as follows:

similarity(i, j) =
ni1,j1ni0,j0 − ni1,j0ni0,j1√

ni1ni0nj1nj0
(3.25)

where ni1,j1 is the number of users who consumes both items i and j

ni0,j0 is the number of users who did not consume both items i and j

ni1,j0 is the number of users who consumed item i and who did not consume
item j

ni0,j1 is the number of users who did not consume item i and who consumed
item j

ni1 is the number of users who consumed item i

ni0 is the number of users who did not consume item i

nj1 is the number of users who consumed item j

nj0 is the number of users who did not consume item j

The above function generates a value in between [-1,+1]

(ii) Cosine Similarity: This similarity measure is based on the number of com-
mon users who consumed both items i and j.

similarity(i, j) =
|Ui ∩ Uj|√
|Ui|

√
|Uj|

(3.26)

where Ui is the set of users who consumed item i

Uj is the set of users who consumed item j

This equation is similar to the Cosine similarity function defined for ordinal and
binary feedback data sets. In other words, this is equivalent to Equation (3.16).

This function produces the values that are in between [0,1].
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(iii) Jaccard Similarity: This is similar to Cosine similarity measure except that
in the denominator we consider all users who consumed atleast one item in {i, j}

similarity(i, j) =
|Ui ∩ Uj|
|Ui ∪ Uj|

(3.27)

The generated similarity values lies in between [0,1].

(iv) Dice coefficient: This is a variant of Jaccard and is defined as

similarity(i, j) =
2 ∗ |Ui ∩ Uj|
|Ui|+ |Uj|

(3.28)

This function also produces the values that are in between [0,1].

• Score computation: Once the similarities are computed, we extract the k most
similar users for the given item i of the target user a and score for the item i is
computed by summing up all the similarity values of k nearest neighbors of the
given item i of target user a.

score(a, i) =
k∑
j=1

similarity(j, i) (3.29)

• Item Recommendation:

After computing the score for every unused item of the target user we recom-
mend top-N items with the highest scores to the target user a.

3.2 Significance Testing

Evaluation measures are important to assess the performance of any recommendation
algorithm as well as to compare different algorithms to find performance differences
between them. But, in order to determine whether these observed differences are due
to luck or really significant we need to perform significance tests. While doing sig-
nificance tests we generally claim something about the the algorithms to be compared
which we call it as the null hypothesis. We assume that what we claim about the al-
gorithm is true but has not been proven yet. Alternative hypothesis is the statement
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that we accept when null hypothesis is rejected. For example, when comparing two
algorithms the null hypothesis is that the performance of these two algorithms is same.
In other words, if there is any performance difference between these two algorithms,
then this difference is due to luck or by chance. Alternative hypothesis is a statement
that believes to be true when the null hypothesis is rejected. That means alternative
hypothesis states that these two algorithms do not perform equally, i.e., if one algo-
rithm is performing better than the other then this difference is due to the superiority of
the best performing algorithm. A statistical significance test usually generates a value
between 0 and 1 and we call it as the p-value. The p-value gives the probability of
getting the results (or more extreme results) given that the null hypothesis is true. In
order to calculate p-value we use test statistic which is a numerical summary of a data
set that reduces the data to one value that can be used to decide whether to reject the
null hypothesis or not.

In our experiments in order to determine whether there is any statistical significance
among the algorithms, we use Neyman-Pearson approach. In this approach we first
specify a significance level α. If the resultant p-value is less than α then our null
hypothesis is rejected. Otherwise, we cannot reject the null hypothesis.

We broadly classify significance tests into two categories: parametric and non-
parametric. Parametric significance tests make assumptions about the distribution of
the measurements. Non-parametric tests make no such assumptions. Significance tests
should be chosen based on the samples we are working on. The samples may be
independent or dependent. Independent samples are collected from two different sets
of items, whereas, dependent samples are paired measurements for one set of items.
For example, consider a scenario where we want to test the effectiveness of a new drug
on a patient’s health condition:

• Independent samples test: Select two groups each with say 100 patients. The first
group of patients are given the new drug and give the conventional treatment to
other group and check whether the patients’ health condition is improved in the
first group compared to the second group.

• Dependent samples test: Here, we have only one group of patients. We check
the patients’ health condition before and after using the drug and check whether
the health condition is improved after taking the drug.
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In our experiments, we compare the variants of a single algorithm with different pre-
diction techniques and with different similarity measures. We also compare different
algorithms which are designed to perform the same task. In all cases, the test set of
items for each target user is same for all algorithms and their variants. Therefore, de-
pendent sample significance tests are the appropriate choice for our experiments. In
this section, we discuss different significance tests that we use to determine the statis-
tical significance in the performance differences of the algorithms that we are going to
compare.

3.2.1 Tests to Compare Means of Dependent Samples

• Comparing two means using paired t-test [43]

Here, we are testing whether the difference in mean errors produced by two al-
gorithms on the same test set is significant or not. The most popular significance
test used for this purpose is paired t-test. The two means are produced by the
same algorithm with different prediction techniques or with different similar-
ity measures or by two different algorithms on the same test set of items. The
Paired t-test is a parametric test. We can also call this test as Dependent t-Test or
Correlated t-test. The Paired t-test can only compare the means for two related
groups on a data that is normally distributed. The Paired t-test is not appropriate
for comparing unpaired data, comparing more than two groups, data that is not
normally distributed and an ordinal/ranked data.

In paired t-test, the null hypothesis is that the mean errors produced by two
algorithms is equal. The alternative hypothesis is that the mean errors produced
by two algorithms is not equal. The test statistic for the paired t-test is given by

t =
xdiff − 0

sx
(3.30)

where
sx =

sdiff√
n

(3.31)

where xdiff is the mean of the differences

sx is the estimated standard error of the mean (s/
√
n)
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sdiff is the standard deviation of the differences in the test set

n is the number of items in the test set

Under the null hypothesis, this statistic follows a t-distribution with n−1 degrees
of freedom. Compare this calculated t value with the critical t value with n− 1

degrees of freedom from the t distribution table for a chosen significance level.
If the calculated t value is greater than the critical t value, then we reject the null
hypothesis and conclude that the mean errors are significantly different.

• Comparing more than two means using One-Way Repeated Measures ANOVA [44,
46]

One-Way Repeated Measures ANOVA is an extension of the paired t-test which
is used to determine whether the performance differences of three or more algo-
rithms is significant. This is a parametric test. We can also call this test as one-
way ANOVA for Dependent samples or one-way ANOVA for Correlated sam-
ples or Within subjects ANOVA. In One-Way Repeated Measures ANOVA, the
null hypothesis is that the mean errors produced by all algorithms is equal.The
alternative hypothesis is that at least one of the mean errors produced by these
algorithms is not equal to the others. The test statistic for the One-Way Repeated
Measures ANOVA is given by

F =
MSbg
MSerror

(3.32)

where

MSbg =
SSbg
dfbg

MSerror =
SSerror
dferror

SSbg = SST − SSwg

SST = n ∗
g∑
i=1

(xi. − x)2

xi. =

∑n
j=1 xij

n
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x =

∑g
i=1

∑n
j=1 xij

g ∗ n

SSwg =
k∑
i=1

SSi (3.33)

SSi =
n∑
j=1

(xij − xi.)2

dfbg = g − 1

SSerror = SSwg − SSsubjects

SSsubjects =

∑n
j=1(

∑k
i=1 xji)

2

g
−

(
∑g

i=1

∑n
j=1 xij)

2

g ∗ n
dferror = dfwg − dfsubjects

dfwg = (g ∗ n)− g

dfsubjects = n− 1

where g is the number of groups

n is the number of subjects

where MSbg is the mean sum of squares between the groups

MSerror mean square of the error

SSbg is the sum of squares for the differences between the groups

dfbg is the degrees of freedom for the group variable

SSerror is the sum of squares for the error

dferror is the degrees of freedom for error

SST is the total sum of squares

xi. mean for group i

x mean for total

SSwg is the sum of squares for the differences within groups

SSi is the sum of squares for group i

SSsubjects is the sum of squares for the differences among n subjects
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dfwg is the degrees of freedom for all the groups

dfsubects is the degrees of freedom for subjects within a group

This F-statistic is a ratio of the variability between groups compared to the vari-
ability within the groups. F value will be close to 1 if these two variances
are equal. In repeated measures ANOVA we need not consider the variability
that exists inside the g groups which reflects pre-existing individual differences
among the subjects. A significant F-ratio tells us only that the aggregate differ-
ence among the means of the several groups is significantly greater than zero.
It does not tell us which group mean is significantly different from which other
group mean. In order to find which group means are different from others we
use Tukey HSD Test.

Tukey HSD (honestly significant difference) Test:

The Tukey test revolves around a measure known as the Studentized range statis-
tic, which we will abbreviate as Q. For any particular pair of means among the g

groups, let us designate the larger and smaller as ML and MS respectively. The
Studentized range statistic can then be calculated for any particular pair as

Q =
ML −MS√
MSerror

n

(3.34)

Then find the critical Q value at the given significance level. This value gives
how large the difference between the means of any two particular groups must
be in order to be regarded as significant. In order to be considered significant at
or beyond the 0.05 level, the difference between any two particular group means
(larger - smaller) must be equal to or greater than HSD0.05.

HSD0.05 = Q0.05 ∗
√
MSerror

n
(3.35)

3.2.2 Tests to Compare Proportions of Dependent Samples

• Comparing two proportions using Mcnemar’s test [45, 77]
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3.2 Significance Testing

Algorithm 2 positive Algorithm 2 negative Row total
Algorithm 1 positive a b a+b
Algorithm 1 negative c d c+d

Column total a+c b+d n

Table 3.1: Contingency Table

McNemar’s test is a statistical test used to determine the significance of the dif-
ference between two correlated proportions. It is a non-parametric test used
on paired nominal data. McNemar’s test is applied to 2X2 contingency tables
where our data is represented as cell frequencies. Each cell frequency value
gives the number of test items satisfying the conditions in the the corresponding
row and column. The 2X2 contingency table, which tabulates the outcomes of
two algorithms on a total of n test items is shown in 3.1.

In McNemar’s test we check whether the row and column marginal frequencies
are equal i.e., we are checking whether there is marginal homogeneity. The null
hypothesis of marginal homogeneity states that the two marginal probabilities
for each outcome are the same, i.e. pa + pb = pa + pc and pc + pd = pb + pd.

Thus the null and alternative hypotheses are

pb = pc and

pb 6= pc

The McNemar test statistic is:

χ2 =
(b− c)2

b+ c
(3.36)

Under the null hypothesis, with a sufficiently large number of discordants (cells
b and c), χ2 has a chi-squared distribution with 1 degree of freedom. If the χ2

result is significant, this provides sufficient evidence to reject the null hypothesis,
in favour of the alternative hypothesis that pb 6= pc. This would mean that the
marginal proportions are significantly different from each other.

• Comparing more than two means using Cochran’s Q test [7, 76]

Cochran’s Q test is an extension to the McNemar’s test for correlated samples
which is used to test whether the differences between three or more propor-
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3.2 Significance Testing

tions is significant. Cochran’s Q test is a non-parametric statistical test to verify
whether g groups have identical effects. In Cochran’s Q test we have only binary
response like success/failure or 1/0. The test assesses whether the proportion
of successes is the same between groups. Thus, the null hypothesis is that the
number of successes in all groups are same and the alternative hypothesis is that
there is a difference in the number of successes between groups.

The test statistic for Cochran’s Q test is

Q = g(g − 1)

∑g
i=1(X.i −

X..

g
)2∑n

j=1Xj.(g −Xj.)
(3.37)

where g is the number of groups

n is the number of subjects

X.i column total for the ith group

X.. grand total

Xj. row total for the jth subject

For large samples, the test statistic, Q is distributed as chi-square with g − 1

degrees of freedom. As in the McNemar’s test, only subjects who do not have
the same response in all categories contribute to the overall Q statistic.

For significance level α, the critical region is

Q > χ2
1−α,g−1

χ2
1−α,g−1 is the (1−α)-quantile of the chi-squared distribution with g−1 degree

of freedom. The null hypothesis is rejected if the test statistic is in the critical
region. If the Cochran’s Q test rejects the null hypothesis, pairwise multiple
comparisons can be made by applying Mcnemar’s test on the two groups of
interest.
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

3.3 Empirical Evaluation of Neighborhood-based Al-
gorithms for Prediction and Recommendation Tasks

3.3.1 Experimental Setup

We tested our algorithms on four data sets: MovieLens 100K, EachMovie, MovieLens
1M and MovieLens-latest-small. We randomly selected 50 users and for each user
60% of the data is considered as training set and remaining 40% is taken as the test set.
The first, third and fourth data sets contain ratings from 1-5 and the second data set
consists of ratings from 1-6. We tested our algorithms for neighbourhood size = 20. In
other words, maximum number of neighbours we considered in our experiments is 20.
We also perform the significance tests to determine the statistical significance between
the performance differences of different algorithms at 0.05 significance level.

The problem with similarity measures in neighbourhood-based algorithms is that
they produce high correlation between two users or items even when they share only
a few number of items or users. As a result such users or items become part of the
neighborhood for the candidate user or item and thus can be used to predict the ratings
or scores for the given item of the target user. But, such predictions are going to be
inaccurate as these predictions are based not on the truly correlated neighbors. In
[24], authors have used significance weighing to improve the accuracy by reducing
the similarity weights that were based on a small number of co-rated items or users.
Similar to [24], we apply significance weight n/50, if two users or items share less
than 50 items or users, where n is the number of corated items or users. A significance
weight of 1 is used if the number of items or users between two users or items is greater
than or equal to 50. In addition to this, we also consider only those users or items as
neighbors whose similarity score is greater than zero.

We tested our algorithms at different top-N values {10, 20, 30, 40, 50} while rec-
ommending a fixed number of items to users and the maximum number of neighbors
is 20. One problem with recommendation task in numerical data sets is selecting the
appropriate test set. We cannot select the test items randomly for every user for recom-
mendation task as we do in the case of prediction task. Because in recommendation
task we generally recommend items with highly predicted ratings like 4 and 5 in a data
set with a rating scale of 1-5. Therefore, our test set in Movielens 100K, Movielens
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure User-based Nearest Neighbors Algorithm

Pearson Cosine
SWA ADM Significant? SWA ADM Significant?

Movielens
100K

MAE 0.7627 0.6918 YES 0.7933 0.7174 YES
RMSE 0.9595 0.8926 0.9908 0.9261

Coverage 0.997 0.997 0.9976 0.9976

Eachmovie
MAE 1.0613 0.9579 YES 1.1116 0.9726 YES

RMSE 1.3584 1.2419 1.3958 1.2344
Coverage 1 1 1 1

Movielens
1M

MAE 0.7289 0.6516 YES 0.7435 0.6666 YES
RMSE 0.9269 0.8768 0.9477 0.8956

Coverage 1 1 1 1

Movielens-
latest-small

MAE 0.6915 0.6432 YES 0.6986 0.6513 YES
RMSE 0.8869 0.8294 0.8948 0.8382

Coverage 0.9789 0.9789 0.9817 0.9817

Table 3.2: Comparison of prediction techniques

1M and Movielens-small-latest should consists of only those items with ratings 4 or
5. In case of Eachmovie where the rating scale is in the range of 1-6, test set contains
the items with ratings 5 and 6. Otherwise we might end up with very low precision
and recall values. Similarly, for binary data sets the test set for a user should consists
of only those items that are liked by the user. To be compatible with the test sets in
numerical data sets we use the following approach to convert our numerical data sets
into binary: All the ratings above the midpoint of the rating scale in the corresponding
data set are considered as liked items (+1) and all other ratings are disliked items (-1).
If the midpoint results in a floating point number then round it to the next integer value.

As a result items with ratings 4 and 5 are considered as liked (+1) items and items
with ratings 1,2 and 3 are treated as disliked (-1) in Movielens 100K, Movielens 1M
and Movielens-latest-small. Where as, in Eachmovie data set we consider the items
with ratings 5 and 6 as liked (+1) and the items with 1, 2, 3 and 4 as disliked (-1).

3.3.2 Experimental Results

1. Prediction Task:

• Numerical Feedback

User-based Algorithm

Table 3.2 compares the predictive performance of different prediction techniques
of user-based algorithm with different similarity measures for numerical data in
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure User-based Nearest Neighbors Algorithm

Pearson Cosine Significant?

Movielens
100K

MAE 0.6918 0.7174 YES
RMSE 0.8926 0.9262

Coverage 0.997 0.997

Eachmovie
MAE 0.9579 0.9726 NO

RMSE 1.2419 1.2344
Coverage 1 1

Movielens
1M

MAE 0.6516 0.6666 YES
RMSE 0.8768 0.8956

Coverage 1 1

Movielens-
latest-small

MAE 0.6432 0.6505 NO
RMSE 0.8294 0.8369

Coverage 0.9789 0.9789

Table 3.3: Comparison of similarity measures

terms of MAE and RMSE for all four data sets. We also perform significance
testing to measure the statistical significance between two prediction techniques
i.e., SWA and ADM for each of the similarity measures. For this, we use paired
t-test. From Table 3.2 we can observe that ADM produces more accurate predic-
tions compared to SWA for all similarity measures and this performance differ-
ence is statistically significant at 0.05 significance level. This is true for all data
sets. Therefore, ADM is the best prediction technique for user-based algorithm
for all data sets.

In Table 3.3 we compare the performance of different similarity measures (Pear-
son and Cosine with ADM as the prediction technique) of user-based algorithm.
Here also, we use paired t-test to perform significance testing. From Table 3.3
we can observe that Pearson clearly outperforms Cosine for all data sets. This
difference is significant only for Movielens 100K and Movielens 1M data sets.
For Eachmovie and Movielens-latest-small the difference between Pearson and
Cosine is not statistically significant. From this discussion, it is clear that the
performance of user-based algorithm with Pearson and Cosine is not same for
all data sets and Pearson is preferable to Cosine for user-based algorithm.

Item-based Algorithm

Table 3.4 compares the performance of SWA and ADM for item-based algorithm
with different similarity measures for all data sets and used paired t-test for sig-
nificance testing. Like in user-based algorithm, here too ADM outperforms SWA
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure Item-based Nearest Neighbors Algorithm

Pearson Cosine Adjusted Cosine
SWA ADM Significant? SWA ADM Significant? SWA ADM Significant?

Movielens
100K

MAE 0.7373 0.6939 YES 0.75 0.7158 YES 0.6958 0.6927 NO
RMSE 0.9337 0.8851 0.9498 0.9006 0.89 0.885

Coverage 0.9953 0.9953 0.9976 0.9976 0.9976 0.9976

Eachmovie
MAE 0.991 0.9365 YES 1.038 0.9596 YES 0.9436 0.9247 YES

RMSE 1.2575 1.2042 1.3259 1.2367 1.2218 1.1977
Coverage 1 1 1 1 1 1

Movielens
1M

MAE 0.7036 0.6407 YES 0.6914 0.6428 YES 0.6604 0.6441 YES
RMSE 0.8968 0.8414 0.8999 0.8388 0.8631 0.8381

Coverage 1 1 1 1 0.9988 0.9988

Movielens-
latest-small

MAE 0.6663 0.6305 YES 0.6622 0.6345 YES 0.6295 0.6346 NO
RMSE 0.8542 0.81 0.853 0.8173 0.8092 0.8149

Coverage 0.9552 0.9552 0.9817 0.9817 0.9817 0.9817

Table 3.4: Comparison of Prediction Techniques

Dataset
Performance

Measure Item-based Nearest Neighbors Algorithm

Pearson Cosine
Adjusted
Cosine Significant?

Movielens
100K

MAE 0.6939 0.7149 0.6922 YES, M1 vs M2, M2 vs M3
RMSE 0.8851 0.8999 0.8846

Coverage 0.9953 0.9953 0.9953

Eachmovie
MAE 0.9365 0.9596 0.9247 YES, M1 vs M2, M2 vs M3

RMSE 1.2042 1.2367 1.1977
Coverage 1 1 1

Movielens
1M

MAE 0.6403 0.6424 0.6441 NO
RMSE 0.8412 0.8385 0.8381

Coverage 0.9988 0.9988 0.9988

Movielens-
latest-small

MAE 0.6305 0.63 0.6282 NO
RMSE 0.81 0.8096 0.8048

Coverage 0.9552 0.9552 0.9552

Table 3.5: Comparison of similarity measures

and this difference is significant for all data sets and for all similarity measures
except Adjusted Cosine. For Adjusted Cosine, ADM shows better performance
than SWA for all data sets except movielens-latest-small for which SWA per-
forms better than ADM. The difference between ADM and SWA is small for
Movielens 100K and Movielens-latest-small data sets and this difference is not
significant. The difference is significant for Eachmovie and Movielens 1M data
sets.

In Table 3.5 we compare the performance of three similarity measures Pearson,
Cosine and Adjusted Cosine (with ADM as the prediction technique) for item-
based algorithm. We use one-way repeated measures ANOVA to determine the
significance between the performance differences of different similarity mea-
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure Algorithm

User-based
Pearson

Item-based
Adjusted
Cosine

Significant?

Movielens
100K

MAE 0.6918 0.693 NO
RMSE 0.8926 0.8852

Coverage 0.997 0.997

Eachmovie
MAE 0.9579 0.9247 YES

RMSE 1.2419 1.1977
Coverage 1 1

Movielens
1M

MAE 0.6506 0.6441 NO
RMSE 0.8756 0.8381

Coverage 0.9988 0.9988

Movielens-
latest-small

MAE 0.6432 0.6334 NO
RMSE 0.8294 0.8126

Coverage 0.9789 0.9789

Table 3.6: Comparison of User-based and Item-based Algorithms

sures. The following observations are made:

– For all data sets, though, Adjusted Cosine outperforms Pearson and Co-
sine similarity measures, the performance difference between Pearson and
Adjusted Cosine is very small and is not statistically significant.

– For Movielens 100K and Eachmovie data sets, both Pearson and Adjusted
Cosine outperform Cosine and this difference is significant.

– For Movielens 1M and Movielens-latest-small data sets, the performance
difference between all three similarity measures is very small and is not
statistically significant.

From this discussion, Pearson and Adjusted Cosine are the appropriate similar-
ity measures for item-based algorithm. The behaviour of these measures is not
same for all data sets. They are showing similar behavior for Movielens 100K
and Eachmovie where they both are significantly outperforming Cosine and for
Movielens 1M and Movielens-latest-small where their performance is very close
to Cosine with no statistical significance.

User-based Algorithm vs Item-based Algorithm

From Tables 3.3 and 3.5 we can see that Pearson is the best similarity mea-
sure for user-based algorithm and both Pearson and Adjusted Cosine are the
best similarity measures for item-based algorithm. In Table 3.6, we compare
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

the performance of user-based algorithm with Pearson and item-based algorithm
with Adjusted Cosine (we can also take Pearson). As can be seen from the ta-
ble, it is clear that the performance of both algorithms is almost similar and the
difference between them is not significant for all data sets except Eachmovie.
For Eachmovie data set, item-based algorithm is clearly outperforming user-
based and this difference is statistically significant. That means for numerical
data sets both user-based and item-based algorithms show almost similar per-
formance with no statistical significance for Movielens 100K, Movielens 1M
and Movielens-latest-small. But for Eachmovie, item-based algorithm gives sig-
nificantly better performance than user-based algorithm and therefore is more
preferable.

In summary, for prediction task in numerical data sets

– Prediction techniques: ADM performs well compared to SWA for both
user-based and item-based algorithms (Tables 3.2 and 3.4).

– Similarity measures: We use ADM to produce predictions in both algo-
rithms as it shows better performance compared to SWA. Pearson gives
better performance compared to Cosine in user-based algorithm (Table 3.3)
and both Pearson and Adjusted Cosine perform well compared to Cosine
in item-based algorithm (Table 3.5).

– User-based vs Item-based: Item-based algorithm with Adjusted Cosine
performs well compared to user-based algorithm with Pearson (Table 3.6).

• Binary Feedback

User-based Algorithm

Table 3.7 compares the predictive ability of the two prediction techniques used
for binary data sets (BoM and BoSS) of user-based algorithm with different sim-
ilarity measures in terms of percentage of correctly classified test items (PCCTI)
for all data sets. To determine the statistical significance between the two tech-
niques we use Mcnemar’s test. From the table, we can see that the performance
difference between the two techniques is very small and is also not statistically
significant for all data sets and for all similarity measures except the Cosine sim-
ilarity measure of Movielens 1M for which this difference is significant.
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure User-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard
BoM BoSS Significant? BoM BoSS Significant? BoM BoSS Significant?

Movielens
100K

PCCTI 0.6522 0.6582 NO 0.6682 0.6742 NO 0.6706 0.6783 NO
Coverage 0.9959 0.9959 0.9959 0.9959 0.9959 0.9959

Eachmovie PCCTI 0.6701 0.6753 NO 0.6798 0.682 NO 0.6857 0.685 NO
Coverage 1 1 1 1 1 1

Movielens
1M

PCCTI 0.6677 0.6689 NO 0.6859 0.6786 YES 0.6911 0.6855 NO
Coverage 1 1 1 1 1 1

Movielens-
latest-small

PCCTI 0.6516 0.6562 NO 0.6596 0.6608 NO 0.6602 0.6634 NO
Coverage 0.9758 0.9758 0.9766 0.9766 0.9766 0.9766

Table 3.7: Comparison of Prediction techniques

Dataset
Performance

Measure User-based Nearest Neighbors Algorithm

Peason Cosine Jaccard Significant?
Movielens

100K
PCCTI 0.6578 0.6744 0.6786 YES, CC1 vs CC2, CC1 vs CC3

Coverage 0.9947 0.9947 0.9947

Eachmovie PCCTI 0.6753 0.682 0.685 NO
Coverage 1 0.9947 0.9947

Movielens
1M

PCCTI 0.6689 0.6786 0.6855 YES, CC1 vs CC3
Coverage 1 0.9947 0.9947

Movielens-
latest-small

PCCTI 0.6589 0.661 0.6636 NO
Coverage 0.9746 0.9947 0.9947

Table 3.8: Comparison of Similarity Measures

In Table 3.8, we show the performance difference between various similarity
measures (with BoSS as the prediction technique (we can also use BoM)) of
user-based algorithm and we use Cochran’s Q test to determine the statistical
significance and the following points are observed:

– Though, the performance difference between Cosine and Jaccard is small-
for all data sets, this difference is significant for Movielens 100K. Both
Cosine and Jaccard outperform Pearson for all data sets. But the difference
between Pearson and Cosine is significant only for Movielens 100K and the
difference between Pearson and Jaccard is significant for both Movielens
100K and Movielens 1M.

– For Eachmovie and Movielens-latest-small, the difference between all three
similarity measures is not significant.

That means, here also, all three measures are not performing in the same way for
all data sets. Cosine and Jaccard are good for Movielens 100K and Movielens
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Dataset
Performance

Measure Item-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard
BoM BoSS Significant? BoM BoSS Significant? BoM BoSS Significant?

Movielens
100K

PCCTI 0.6547 0.6649 NO 0.6736 0.6819 NO 0.6765 0.6813 NO
Coverage 0.9894 0.9894 0.9976 0.9976 0.9976 0.9976

Eachmovie PCCTI 0.6597 0.6761 NO 0.6805 0.682 NO 0.6761 0.6812 NO
Coverage 1 1 1 1 1 1

Movielens
1M

PCCTI 0.6708 0.6821 NO 0.6865 0.6857 NO 0.6865 0.689 NO
Coverage 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996

Movielens-
latest-small

PCCTI 0.652 0.6499 NO 0.6702 0.6728 NO 0.6762 0.6803 NO
Coverage 0.9228 0.9228 0.9814 0.9814 0.9814 0.9814

Table 3.9: Comparison of Prediction Techniques

Dataset
Performance

Measure Item-based Nearest Neighbors Algorithm

Peason Cosine Jaccard Significant?
Movielens

100K
PCCTI 0.6649 0.6816 0.6822 YES

Coverage 0.9894 0.9894 0.9894

Eachmovie PCCTI 0.6761 0.682 0.6812 NO
Coverage 1 1 1

Movielens
1M

PCCTI 0.6824 0.6856 0.6888 NO
Coverage 0.9992 0.9992 0.9992

Movielens-
latest-small

PCCTI 0.6498 0.6708 0.6773 YES, CC1 vs CC2, CC1 vs CC3
Coverage 0.9225 0.9225 0.9225

Table 3.10: Comparison of Similarity Measures

1M, whereas, all three similarity measures perform in the similar fashion for
Eachmovie and Movielens-latest-small.

Item-based Algorithm

Table 3.9 compares the predictive ability of BoM and BoSS of item-based al-
gorithm with different similarity measures for all data sets. To determine the
statistical significance between the two techniques we use Mcnemar’s test. Like
in user-based algorithm, here also, the performance difference between the two
prediction techniques is very small and is also not statistically significant.

In Table 3.10, we show the performance difference between various similarity
measures (with BoSS as the prediction technique (we can also use BoM)) of
item-based algorithm and we use Cochran’s Q test to determine the statistical
significance and we observe the following:

– The performance difference between Cosine and Jaccard is small and is
also not statistically significant. Though, both these measures outperform
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Dataset
Performance

Measure Algorithm

User-based
Jaccard

Item-based
Jaccard Significant?

Movielens
100K

PCCTI 0.6783 0.6825 NO
Coverage 0.9959 0.9959

Eachmovie PCCTI 0.685 0.6812 NO
Coverage 1 1

Movielens
1M

PCCTI 0.6853 0.689 NO
Coverage 0.9996 0.9996

Movielens-
latest-small

PCCTI 0.6633 0.6803 YES
Coverage 0.9763 0.9763

Table 3.11: Comparison of User-based and Item-based Algorithms

Pearson for all data sets, this difference is significant only for Movielens-
latest-small.

Therefore, Cosine and Jaccard are more preferable than Pearson for item-based
algorithm.

User-based Algorithm vs Item-based Algorithm

As we have seen from the Tables 3.8 and 3.10, Cosine and Jaccard are best
measures compared to Pearson for both user-based and item-based algorithms.
Table 3.11 compares the performance of user-based algorithm and item-based
algorithms with Jaccard similarity measure (we can also use Cosine). For all
data sets except Movielens-latest-small, the difference between user-based and
item-based algorithm is very small and this difference is not significant. For
Movielens-latest-small, item-based algorithm is showing better performance than
user-based algorithm and this difference is statistically significant.

In summary, for prediction task in binary data sets

– Prediction techniques: Both BoM and BoSS perform equally for both user-
based and item-based algorithms (Tables 3.7 and 3.9).

– Similarity measures: We use BoSS to produce predictions in both algo-
rithms. Cosine and Jaccard show better performance compared to Pearson
in both user-based algorithm (Table 3.8) and item-based algorithm (Table
3.10).

– User-based vs Item-based: Item-based algorithm with Jaccard performs
well compared to user-based algorithm with Jaccard (Table 3.11).
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Recommendation Tasks

2. Recommendation Task:

• Numerical Feedback

In order to recommend items to users in numerical data sets, we first need to pre-
dict the ratings for each unknown item of the user. Based on the predicted ratings
we recommend top-N items with highest predicted ratings to the user. As dis-
cussed above, two prediction techniques used in neighborhood-based algorithms
are SWA and ADM.

User-based Algorithm

Table 3.12 compares the recommendation accuracy of SWA and ADM for user-
based algorithm with different similarity measures in terms of precision and
recall. We use paired t-test to determine whether the performance differences
between these two techniques is significant.

– For Movielens 100K, though SWA outperforms ADM in most of the cases,
the performance difference between ADM and SWA is small but is signifi-
cant in nearly half of the cases.

– For Eachmovie data set ADM is giving better performance than SWA but
this difference is not significant.

– For Movielens 1M data set ADM is significantly outperforming SWA.

– For Movielens-latest-small, though ADM is performing better than SWA,
the difference between these two prediction techniques is small and is also
not significant.

From this discussion, it is clear that ADM is preferable to SWA.

Table 3.13 compares the performance of various similarity measures (with ADM
as the prediction technique) of user-based algorithm. Here also, we use paired t-
test for significance testing and the following observations are made for different
data sets:

– For Movielens 100K and Movielens 1M, Cosine shows good performance
compared to Pearson. But this difference is not significant for Movielens
100K data set, whereas this difference is significant for Movielens 1M data
set.
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Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Pearson Cosine
SWA ADM Significant? SWA ADM Significant?

Movielens
100K

Precision

10 0 0.006 NO 0.002 0.014 YES
20 0.026 0.028 NO 0.043 0.036 NO
30 0.0553 0.0393 YES 0.074 0.0487 YES
40 0.073 0.0565 YES 0.0855 0.0605 YES
50 0.078 0.0616 YES 0.0932 0.0648 YES

Recall

10 0 0.0016 NO 0.0008 0.0045 NO
20 0.0101 0.0125 NO 0.0272 0.0167 NO
30 0.0419 0.0308 NO 0.0569 0.0433 NO
40 0.0776 0.0642 YES 0.0948 0.0704 YES
50 0.1066 0.089 YES 0.127 0.0929 YES

Coverage 0.962 0.962 0.9976 0.9976

Eachmovie

Precision

10 0.112 0.142 NO 0.136 0.162 NO
20 0.107 0.124 NO 0.124 0.125 NO
30 0.0973 0.1073 NO 0.1073 0.1107 NO
40 0.0915 0.0965 NO 0.0945 0.095 NO
50 0.084 0.0904 NO 0.0848 0.0868 NO

Recall

10 0.0468 0.0604 NO 0.0589 0.0622 NO
20 0.0897 0.1085 NO 0.0992 0.0889 NO
30 0.1219 0.1384 NO 0.1262 0.1256 NO
40 0.1507 0.1649 NO 0.15 0.1412 NO
50 0.1771 0.1884 NO 0.1672 0.159 NO

Coverage 0.9985 0.9985 0.9996 0.9996

Movielens
1M

Precision

10 0.008 0.078 YES 0.002 0.148 YES
20 0.039 0.091 YES 0.067 0.141 YES
30 0.0673 0.1007 YES 0.1027 0.1393 YES
40 0.075 0.0985 YES 0.1135 0.133 YES
50 0.0788 0.1004 YES 0.1124 0.1284 YES

Recall

10 0.0015 0.0151 YES 0.0009 0.0285 YES
20 0.0168 0.0409 YES 0.0347 0.0562 YES
30 0.0441 0.0646 YES 0.0702 0.0874 YES
40 0.0676 0.0846 YES 0.1052 0.1132 NO
50 0.0878 0.1083 YES 0.1286 0.1379 NO

Coverage 0.9214 0.9214 0.9346 0.9346

Movielens-
latest-small

Precision

10 0.002 0.002 NO 0.002 0.002 NO
20 0.001 0.003 NO 0.001 0.003 NO
30 0.0027 0.0033 NO 0.0013 0.004 NO
40 0.0025 0.004 NO 0.0015 0.0035 NO
50 0.002 0.0036 NO 0.0012 0.0036 NO

Recall

10 0.0009 0.0013 NO 0.0009 0.0013 NO
20 0.0009 0.0029 NO 0.0009 0.0045 NO
30 0.0047 0.0051 NO 0.0017 0.0071 NO
40 0.0051 0.0077 NO 0.004 0.0073 NO
50 0.0051 0.008 NO 0.004 0.0077 NO

Coverage 0.8792 0.8792 0.9773 0.9773

Table 3.12: Comparison of Prediction Techniques
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Pearson Cosine Significant?

Movielens
100K

Precision

10 0.006 0.014 NO
20 0.028 0.036 NO
30 0.0393 0.0487 NO
40 0.0565 0.0605 NO
50 0.0616 0.0648 NO

Recall

10 0.0016 0.0045 NO
20 0.0125 0.0167 NO
30 0.0308 0.0433 NO
40 0.0642 0.0704 NO
50 0.089 0.0929 NO

Coverage 0.962 0.9976

Eachmovie

Precision

10 0.142 0.162 NO
20 0.124 0.125 NO
30 0.1073 0.1107 NO
40 0.0965 0.095 NO
50 0.0904 0.0868 NO

Recall

10 0.0604 0.0622 NO
20 0.1085 0.0889 NO
30 0.1384 0.1256 NO
40 0.1649 0.1412 NO
50 0.1884 0.159 NO

Coverage 0.9985 0.9996

Movielens
1M

Precision

10 0.078 0.148 YES
20 0.091 0.141 YES
30 0.1007 0.1393 YES
40 0.0985 0.133 YES
50 0.1004 0.1284 YES

Recall

10 0.0151 0.0285 YES
20 0.0409 0.0562 NO
30 0.0646 0.0874 YES
40 0.0846 0.1132 YES
50 0.1083 0.1379 YES

Coverage 0.9214 0.9346

Movielens-
latest-small

Precision

10 0.002 0.002 NO
20 0.003 0.003 NO
30 0.0033 0.004 NO
40 0.004 0.0035 NO
50 0.0036 0.0036 NO

Recall

10 0.0013 0.0013 NO
20 0.0029 0.0045 NO
30 0.0051 0.0071 NO
40 0.0077 0.0073 NO
50 0.008 0.0077 NO

Coverage 0.8792 0.9773

Table 3.13: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

– For Eachmovie and Movielens-latest-small, the performance difference be-
tween these two similarity measures is small in many cases and is also not
significant in all cases.

Therefore, Cosine is preferable to Pearson for user-based algorithm for recom-
mendation task.

Item-based Algorithm

In Table 3.14, we compare the performance of SWA and ADM for item-based
algorithm with different similarity measures. For all data sets, ADM outper-
forms SWA and this difference is statistically significant in most of the cases
for Movielens 100K and Movielens 1M and in all cases for Eachmovie. It is
significant in very few cases (Pearson) for Movielens-latest-small.

Table 3.15 shows the comparison of performance of different similarity measures
(with ADM as the prediction technique) of item-based algorithm. Here, we use
one way ANOVA for significance testing and we observe the following:

– For Movielens 100K, Pearson is outperforming Cosine and Adjusted Co-
sine and the difference between Pearson and Adjusted Cosine as well as
Pearson and Cosine is significant in most of the cases. But the difference
between Cosine and Adjusted Cosine is not significant.

– For Eachmovie, though Pearson shows good performance compared to Co-
sine and Adjusted Cosine in nearly all cases, this performance difference
is very small and is not significant. In other words, all three similarity
measures are giving similar performance.

– For Movielens 1M, though the performance difference between Pearson
and Cosine is small, this difference is significant in half of the cases. But
the performance difference of Adjusted Cosine with Pearson is significant
in most of the cases and with Cosine is not significant in all cases.

– For Movielens-latest-small, though Pearson is outperforming Cosine and
Adjusted Cosine in all cases, this difference is significant only in very few
cases.
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Pearson Cosine Adjusted Cosine
SWA ADM Significant? SWA ADM Significant? SWA ADM Significant?

Movielens
100K

Precision

10 0.006 0.058 YES 0.002 0.006 NO 0.006 0.006 NO
20 0.008 0.063 YES 0.001 0.031 YES 0.013 0.027 NO
30 0.0107 0.0813 YES 0.0007 0.052 YES 0.0133 0.038 YES
40 0.0095 0.082 YES 0.0015 0.0635 YES 0.0185 0.0495 YES
50 0.0112 0.082 YES 0.002 0.0704 YES 0.02 0.056 YES

Recall

10 0.0005 0.016 YES 0.0002 0.0007 NO 0.0006 0.0011 NO
20 0.0047 0.0302 YES 0.0002 0.0131 YES 0.0055 0.0123 NO
30 0.0076 0.0641 YES 0.0002 0.0433 YES 0.0072 0.0248 YES
40 0.0098 0.0879 YES 0.0008 0.0708 YES 0.015 0.0478 YES
50 0.0139 0.106 YES 0.0012 0.0979 YES 0.0204 0.0688 YES

Coverage 0.8924 0.8924 0.992 0.992 0.9725 0.9725

Eachmovie

Precision

10 0.01 0.082 YES 0.006 0.068 YES 0.016 0.072 YES
20 0.027 0.082 YES 0.017 0.067 YES 0.022 0.076 YES
30 0.0273 0.0727 YES 0.0167 0.0613 YES 0.0247 0.0633 YES
40 0.025 0.068 YES 0.015 0.055 YES 0.0265 0.0595 YES
50 0.0276 0.0624 YES 0.014 0.0528 YES 0.0252 0.0568 YES

Recall

10 0.0024 0.037 YES 0.0035 0.0303 YES 0.0044 0.0323 YES
20 0.0201 0.0658 YES 0.0202 0.0581 YES 0.0137 0.0658 YES
30 0.0311 0.0892 YES 0.0294 0.0831 YES 0.0276 0.0799 YES
40 0.0374 0.1102 YES 0.0334 0.0958 YES 0.0382 0.1015 YES
50 0.0502 0.1272 YES 0.0393 0.1085 YES 0.045 0.1172 YES

Coverage 0.9972 0.9972 0.9995 0.9995 0.9847 0.9847

Movielens
1M

Precision

10 0.006 0.03 YES 0 0.016 NO 0.006 0.022 YES
20 0.004 0.049 YES 0 0.041 YES 0.007 0.024 YES
30 0.0047 0.0587 YES 0 0.0547 YES 0.0093 0.0273 YES
40 0.004 0.057 YES 0.0005 0.0605 YES 0.0115 0.0405 YES
50 0.0036 0.062 YES 0.0004 0.0604 YES 0.0116 0.0392 YES

Recall

10 0.0011 0.0075 YES 0 0.002 NO 0.0009 0.0037 YES
20 0.0012 0.0209 YES 0 0.0184 YES 0.0018 0.0073 YES
30 0.002 0.0351 YES 0 0.0358 YES 0.0033 0.0139 YES
40 0.0022 0.0479 YES 0. 0005 0.0527 YES 0.0051 0.0302 YES
50 0.0026 0.0632 YES 0. 0005 0.0674 YES 0.0059 0.0379 YES

Coverage 0.897 0.897 0.9318 0.9318 0.9171 0.9171

Movielens-
latest-small

Precision

10 0 0.014 YES 0 0.002 NO 0 0.002 NO
20 0 0.008 YES 0 0.003 NO 0.001 0.003 NO
30 0.0013 0.0053 NO 0.0006 0.002 NO 0.002 0.0027 NO
40 0.002 0.004 NO 0.0005 0.002 NO 0.002 0.003 NO
50 0.0024 0.0044 NO 0.0004 0.002 NO 0.0028 0.0032 NO

Recall

10 0 0.0051 YES 0 0.0013 NO 0 0.0002 NO
20 0 0.0053 YES 0 0.0026 NO 0.0001 0.0015 NO
30 0.0026 0.0053 NO 0.0001 0.0026 NO 0.0013 0.0017 NO
40 0.0031 0.0053 NO 0.0001 0.0048 NO 0.0014 0.0021 NO
50 0.0034 0.0066 NO 0.0001 0.005 NO 0.0019 0.0024 NO

Coverage 0.6276 0.6276 0.9672 0.9672 0.9324 0.9324

Table 3.14: Comparison of Prediction Techniques
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Pearson Cosine
Adjusted
Cosine Significant?

Movielens
100K

Precision

10 0.058 0.006 0.006 YES, P1 vs P2, P1 vs P3
20 0.063 0.031 0.027 YES, P1 vs P2, P1 vs P3
30 0.0813 0.052 0.038 YES, P1 vs P3
40 0.082 0.0635 0.0495 YES, P1 vs P3
50 0.082 0.0704 0.056 YES, P1 vs P3

Recall

10 0.016 0.0007 0.0011 YES, R1 vs R2, R1 vs R3
20 0.0302 0.0131 0.0123 YES, R1 vs R2, R1 vs R3
30 0.0641 0.0433 0.0248 YES, R1 vs R2, R1 vs R3
40 0.0879 0.0708 0.0478 YES, R1 vs R3
50 0.106 0.0979 0.0688 YES, R1 vs R2, R1 vs R3

Coverage 0.8924 0.992 0.9725

Eachmovie

Precision

10 0.082 0.068 0.072 NO
20 0.082 0.067 0.076 NO
30 0.0727 0.0613 0.0633 NO
40 0.068 0.055 0.0595 NO
50 0.0624 0.0528 0.0568 NO

Recall

10 0.037 0.0303 0.0323 NO
20 0.0658 0.0581 0.0658 NO
30 0.0892 0.0831 0.0799 NO
40 0.1102 0.0958 0.1015 NO
50 0.1272 0.1085 0.1172 NO

Coverage 0.9972 0.9995 0.9847

Movielens
1M

Precision

10 0.03 0.016 0.022 NO
20 0.049 0.041 0.024 YES, P1 vs P3
30 0.0587 0.0547 0.0273 YES, P1 vs P2, P1 vs P3
40 0.057 0.0605 0.0405 NO
50 0.062 0.0604 0.0392 YES, P1 vs P2, P1 vs P3

Recall

10 0.0075 0.002 0.0037 NO
20 0.0209 0.0184 0.0073 YES, R1 vs R2, R1 vs R3
30 0.0351 0.0358 0.0139 YES, R1 vs R2, R1 vs R3
40 0.0479 0.0527 0.0302 YES
50 0.0632 0.0674 0.0379 YES, R1 vs R2, R1 vs R3

Coverage 0.897 0.9318 0.9171

Movielens-
latest-small

Precision

10 0.014 0.002 0.002 YES, P1 vs P2, P1 vs P3
20 0.008 0.003 0.003 NO
30 0.0053 0.002 0.0027 NO
40 0.004 0.002 0.003 NO
50 0.0044 0.002 0.0032 NO

Recall

10 0.0051 0.0013 0.0002 YES, R1 vs R2, R1 vs R3, R2 vs R3
20 0.0053 0.0026 0.0015 NO
30 0.0053 0.0026 0.0017 NO
40 0.0053 0.0048 0.0021 NO
50 0.0066 0.005 0.0024 NO

Coverage 0.6276 0.9672 0.9324

Table 3.15: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Therefore, Pearson is the best similarity measure compared to all other measures
for item-based algorithm for recommendation task.

User-based Algorithm vs Item-based Algorithm

From the Tables 3.13 and 3.15, we concluded that Cosine and Pearson are the
best similarity measures for user-based and item-based algorithms respectively.
Table 3.16 compares the user-based algorithm with Cosine and item-based algo-
rithm with Pearson.

– For Movielens 100K, item-based algorithm is showing better performance
than user-based algorithm and this difference is significant in more than
half of the cases.

– For Eachmovie and Movielens 1M, user-based algorithm outperforms item-
based algorithm and this difference is significant in most of the cases in
Eachmovie and in all cases in Movielens 1M.

– For Movielens-latest-small, the difference between these two algorithms is
very small and is not statistically significant in nearly all cases.

Therefore, user-based algorithm is best compared to item-based algorithm.

In summary, for recommendation task in numerical data sets

– Prediction techniques: ADM is showing good performance compared to
SWA for both user-based and item-based algorithms (Tables 3.12 and 3.14).

– Similarity measures: We use ADM to produce predictions in both algo-
rithms. Cosine gives better performance compared to Pearson in user-based
algorithm (Table 3.13) and Pearson outperforms Cosine and Adjusted Co-
sine in item-based algorithm (Table 3.15).

– User-based vs Item-based: User-based algorithm with Cosine performs
well compared to item-based algorithm with Pearson (Table 3.16).

• Binary Feedback

In order to recommend items to users in binary data sets, we first need to predict
the ratings for each unknown item of the user and their corresponding scores.
Based on the predicted ratings and their scores we recommend top − N items
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Algorithm

User-based
Cosine

Item-based
Pearson Significant?

Movielens
100K

Precision

10 0.014 0.058 YES
20 0.036 0.063 YES
30 0.0487 0.0813 YES
40 0.0605 0.082 YES
50 0.0648 0.082 NO

Recall

10 0.0045 0.016 YES
20 0.0167 0.0302 NO
30 0.0433 0.0641 NO
40 0.0704 0.0879 NO
50 0.0929 0.106 YES

Coverage 0.9976 0.8924

Eachmovie

Precision

10 0.162 0.082 YES
20 0.125 0.082 YES
30 0.1107 0.0727 YES
40 0.095 0.068 YES
50 0.0868 0.0624 YES

Recall

10 0.0622 0.037 YES
20 0.0889 0.0658 NO
30 0.1256 0.0892 YES
40 0.1412 0.1102 NO
50 0.159 0.1272 YES

Coverage 0.9996 0.9972

Movielens
1M

Precision

10 0.148 0.03 YES
20 0.141 0.049 YES
30 0.1393 0.0587 YES
40 0.133 0.057 YES
50 0.1284 0.062 YES

Recall

10 0.0285 0.0075 YES
20 0.0562 0.0209 YES
30 0.133 0.0351 YES
40 0.1132 0.0479 YES
50 0.1379 0.0632 YES

Coverage 0.9346 0.897

Movielens-
latest-small

Precision

10 0.002 0.014 YES
20 0.003 0.008 NO
30 0.004 0.0053 NO
40 0.0035 0.004 NO
50 0.0036 0.0044 NO

Recall

10 0.0013 0.0051 NO
20 0.0045 0.0053 NO
30 0.0071 0.0053 NO
40 0.0073 0.0053 NO
50 0.0077 0.0066 NO

Coverage 0.9773 0.6276

Table 3.16: Comparison of User-based and Item-based Algorithms
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

(items which are predicted as like with highest predicted scores) to the user. As
discussed above, two prediction techniques used in neighborhood-based algo-
rithms are BoM and BoSS.

User-based Algorithm

In Table 3.17 we compare the recommendation accuracy based on BoM and
BoSS for user-based algorithm with different similarity measures. Though, Boss
is outperforming BoM for all data sets and all similarity measures, this difference
is very small and is not significant in most of the cases for Movielens 100K and
in some cases for Eachmovie and in all cases for Movielens 1M and Movielens-
latest-small. Therefore, BoSS is preferable to BOM.

In Table 3.18, we compare the performance difference between similarity mea-
sures (with BoSS as the prediction technique) of user-based algorithm and we
observe the following:

– For both Movielens 100K and Eachmovie, Pearson outperforms Cosine and
Jaccard and this difference is significant in all cases between Pearson and
Cosine and in less than half of the cases and in nearly all cases between
Pearson and Jaccard for Movielens 100K and Eachmovie respectively. Jac-
card is outperforming Cosine and this difference is significant in less than
half of the cases for Movielens 100K and is not sgnificant in nearly all cases
for Eachmovie.

– For Movielens 1M, Jaccard is outperforming Pearson in many cases and
Cosine in all cases and the difference between Jaccard and Pearson is not
significant in nearly all cases, but the difference between Jaccard and Co-
sine is significant in nearly all cases.

– For Movielens-latest-small, the performance difference between all simi-
larity measures is very small in most of the cases and is not significant in
all cases.

Therefore, Pearson is preferable to other similarity measures for user-based al-
gorithm.

Item-based Algorithm
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard
BoM BoSS Significant? BoM BoSS Significant? BoM BoSS Significant?

Movielens
100K

Precision

10 0.46 0.464 NO 0.41 0.414 NO 0.456 0.46 NO
20 0.376 0.376 NO 0.325 0.327 NO 0.359 0.362 NO
30 0.32 0.3207 NO 0.276 0.2747 NO 0.2967 0.2993 NO
40 0.2845 0.285 NO 0.242 0.2425 NO 0.2565 0.2605 NO
50 0.2544 0.2556 NO 0.2192 0.2208 NO 0.23 0.2336 NO

Recall

10 0.1894 0.1933 NO 0.1574 0.1621 NO 0.1821 0.1869 NO
20 0.2889 0.2896 NO 0.2339 0.2386 NO 0.2692 0.2762 NO
30 0.3446 0.347 NO 0.2927 0.2914 NO 0.3162 0.3207 NO
40 0.3941 0.3972 NO 0.3308 0.3344 NO 0.3479 0.3605 YES
50 0.4322 0.4358 NO 0.3584 0.3634 NO 0.3809 0.3928 YES

Coverage 0.8998 0.8998 0.9454 0.9454 0.9454 0.9454

Eachmovie

Precision

10 0.416 0.418 NO 0.294 0.3 NO 0.352 0.358 NO
20 0.31 0.311 NO 0.207 0.213 YES 0.237 0.242 YES
30 0.25 0.2527 NO 0.1653 0.1727 YES 0.1867 0.1927 YES
40 0.211 0.214 NO 0.139 0.1445 YES 0.1535 0.1595 YES
50 0.1796 0.184 YES 0.1192 0.1248 YES 0.1324 0.1388 YES

Recall

10 0.2293 0.2315 NO 0.15 0.1545 NO 0.1878 0.1932 NO
20 0.3197 0.3221 NO 0.2081 0.2177 YES 0.2472 0.2559 YES
30 0.3663 0.3741 NO 0.2476 0.2655 YES 0.2864 0.2969 YES
40 0.4039 0.4128 NO 0.2666 0.2845 YES 0.3053 0.3182 YES
50 0.4182 0.4316 YES 0.2832 0.3048 YES 0.3232 0.3394 YES

Coverage 0.9534 0.9534 0.9987 0.9987 0.9987 0.9987

Movielens
1M

Precision

10 0.416 0.418 NO 0.34 0.34 NO 0.432 0.432 NO
20 0.335 0.336 NO 0.273 0.273 NO 0.36 0.361 NO
30 0.2993 0.3 NO 0.2447 0.2447 NO 0.3033 0.304 NO
40 0.274 0.275 NO 0.221 0.221 NO 0.267 0.267 NO
50 0.2496 0.2504 NO 0.2072 0.2072 NO 0.2452 0.2452 NO

Recall

10 0.1105 0.1119 NO 0.0882 0.0882 NO 0.124 0.124 NO
20 0.1718 0.1732 NO 0.1327 0.1327 NO 0.1943 0.1953 NO
30 0.2245 0.2259 NO 0.1829 0.1829 NO 0.2396 0.2406 NO
40 0.2726 0.275 NO 0.2154 0.2154 NO 0.2795 0.2795 NO
50 0.3102 0.3126 NO 0.2491 0.2491 NO 0.3147 0.3153 NO

Coverage 0.9113 0.9113 0.9128 0.9128 0.9128 0.9128

Movielens-
latest-small

Precision

10 0.346 0.348 NO 0.348 0.354 NO 0.352 0.354 NO
20 0.277 0.281 NO 0.272 0.276 NO 0.27 0.272 NO
30 0.23 0.2313 NO 0.228 0.2313 NO 0.2287 0.2313 NO
40 0.196 0.1965 NO 0.1965 0.199 NO 0.2035 0.205 NO
50 0.18 0.1804 NO 0.176 0.1788 NO 0.1804 0.1812 NO

Recall

10 0.1334 0.1341 NO 0.1493 0.1524 NO 0.1494 0.1492 NO
20 0.1875 0.1915 NO 0.2177 0.2219 NO 0.2046 0.2048 NO
30 0.2239 0.2258 NO 0.2505 0.256 NO 0.2469 0.2491 NO
40 0.2441 0.2455 NO 0.269 0.2747 NO 0.2752 0.2771 NO
50 0.2645 0.266 NO 0.288 0.2958 NO 0.296 0.2984 NO

Coverage 0.6192 0.6192 0.8141 0.8141 0.8141 0.8141

Table 3.17: Comparison of Prediction Techniques
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard Significant?

Movielens
100K

Precision

10 0.464 0.414 0.46 YES, P1 vs P2
20 0.376 0.327 0.362 YES, P1 vs P2, P2 vs P3
30 0.3207 0.2747 0.2993 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.285 0.2425 0.2605 YES, P1 vs P2, P1 vs P3
50 0.2556 0.2208 0.2336 YES, P1 vs P2, P1 vs P3

Recall

10 0.1933 0.1621 0.1869 YES, R1 vs R2, R2 vs R3
20 0.2896 0.2386 0.2762 YES, R1 vs R2, R2 vs R3
30 0.347 0.2914 0.3207 YES, R1 vs R2
40 0.3972 0.3344 0.3605 YES, R1 vs R2
50 0.4358 0.3634 0.3928 YES, R1 vs R2, R1 vs R3

Coverage 0.8998 0.9454 0.9454

Eachmovie

Precision

10 0.418 0.3 0.358 YES, P1 vs P2, P1 vs P3, P2 vs P3
20 0.311 0.213 0.242 YES, P1 vs P2, P1 vs P3
30 0.2527 0.1727 0.1927 YES, P1 vs P2, P1 vs P3
40 0.214 0.1445 0.1595 YES, P1 vs P2, P1 vs P3
50 0.184 0.1248 0.1388 YES, P1 vs P2, P1 vs P3

Recall

10 0.2315 0.1545 0.1932 YES, R1 vs R2
20 0.3221 0.2177 0.2559 YES, R1 vs R2, R1 vs R3
30 0.3741 0.2655 0.2969 YES, R1 vs R2, R1 vs R3
40 0.4128 0.2845 0.3182 YES, R1 vs R2, R1 vs R3
50 0.4316 0.3048 0.3394 YES, R1 vs R2, R1 vs R3

Coverage 0.9534 0.9987 0.9987

Movielens
1M

Precision

10 0.418 0.34 0.432 YES, P1 vs P2, P2 vs P3
20 0.336 0.273 0.361 YES, P1 vs P2, P2 vs P3
30 0.3 0.2447 0.304 YES, P1 vs P2, P2 vs P3
40 0.275 0.221 0.267 YES, P1 vs P2, P2 vs P3
50 0.2504 0.2072 0.2452 YES, P1 vs P2, P2 vs P3

Recall

10 0.1119 0.0882 0.124 YES, R1 vs R2, R2 vs R3
20 0.1732 0.1327 0.1953 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.2259 0.1829 0.2406 YES, R1 vs R2, R2 vs R3
40 0.275 0.2154 0.2795 YES, R1 vs R2, R2 vs R3
50 0.3126 0.2491 0.3153 YES

Coverage 0.9113 0.9128 0.9128

Movielens-
latest-small

Precision

10 0.348 0.354 0.354 NO
20 0.281 0.276 0.272 NO
30 0.2313 0.2313 0.2313 NO
40 0.1965 0.199 0.205 NO
50 0.1804 0.1788 0.1812 NO

Recall

10 0.1341 0.1524 0.1492 NO
20 0.1915 0.2219 0.2048 NO
30 0.2258 0.256 0.2491 NO
40 0.2455 0.2747 0.2771 NO
50 0.266 0.2958 0.2984 NO

Coverage 0.6192 0.8141 0.8141

Table 3.18: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard
BoM BoSS Significant? BoM BoSS Significant? BoM BoSS Significant?

Movielens
100K

Precision

10 0.156 0.22 YES 0.16 0.248 YES 0.162 0.264 YES
20 0.121 0.175 YES 0.14 0.204 YES 0.14 0.208 YES
30 0.1102 0.1587 YES 0.1267 0.1773 YES 0.128 0.1847 YES
40 0.1029 0.142 YES 0.1175 0.159 YES 0.1185 0.166 YES
50 0.0929 0.1272 YES 0.1112 0.1492 YES 0.1108 0.1513 YES

Recall

10 0.0571 0.0802 YES 0.0535 0.0877 YES 0.0535 0.0957 YES
20 0.0831 0.1195 YES 0.0936 0.1426 YES 0.0901 0.1434 YES
30 0.1095 0.1569 YES 0.1246 0.1832 YES 0.12 0.1883 YES
40 0.1325 0.1864 YES 0.1481 0.211 YES 0.1446 0.222 YES
50 0.1488 0.2076 YES 0.1714 0.2426 YES 0.1686 0.2466 YES

Coverage 0.7879 0.7879 0.9774 0.9774 0.9774 0.9774

Eachmovie

Precision

10 0.126 0.188 YES 0.166 0.2313 YES 0.172 0.247 YES
20 0.086 0.138 YES 0.127 0.1753 YES 0.13 0.1903 YES
30 0.0673 0.1107 YES 0.098 0.1377 YES 0.102 0.1523 YES
40 0.056 0.0915 YES 0.0855 0.1163 YES 0.0885 0.1258 YES
50 0.0484 0.078 YES 0.0721 0.1021 YES 0.0765 0.1076 YES

Recall

10 0.0702 0.1083 YES 0.0933 0.1425 YES 0.0987 0.1541 YES
20 0.0979 0.1481 YES 0.1333 0.1949 YES 0.1405 0.2174 YES
30 0.1171 0.1743 YES 0.1463 0.2217 YES 0.1587 0.2454 YES
40 0.1273 0.1869 YES 0.1665 0.2426 YES 0.1774 0.2598 YES
50 0.1357 0.1932 YES 0.1741 0.2582 YES 0.1887 0.2706 YES

Coverage 0.9733 0.9733 0.9982 0.9982 0.9982 0.9982

Movielens
1M

Precision

10 0.174 0.25 YES 0.236 0.27 YES 0.236 0.278 YES
20 0.141 0.201 YES 0.19 0.218 YES 0.194 0.23 YES
30 0.1253 0.1673 YES 0.1687 0.1933 YES 0.168 0.1973 YES
40 0.113 0.148 YES 0.15 0.1695 YES 0.152 0.1805 YES
50 0.1056 0.1356 YES 0.1376 0.1564 YES 0.1412 0.1668 YES

Recall

10 0.049 0.0713 YES 0.0589 0.0663 YES 0.061 0.0748 YES
20 0.0801 0.1143 YES 0.0903 0.102 YES 0.0931 0.1125 YES
30 0.0987 0.136 YES 0.1154 0.1308 YES 0.1145 0.1377 YES
40 0.1136 0.1554 YES 0.1365 0.1502 YES 0.1379 0.1645 YES
50 0.1315 0.1727 YES 0.1504 0.1685 YES 0.1551 0.1856 YES

Coverage 0.8576 0.8576 0.9244 0.9244 0.9244 0.9244

Movielens-
latest-small

Precision

10 0.12 0.182 YES 0.138 0.182 YES 0.122 0.156 YES
20 0.104 0.139 YES 0.108 0.144 YES 0.108 0.131 YES
30 0.0933 0.1193 YES 0.0993 0.13 YES 0.094 0.122 YES
40 0.0835 0.1065 YES 0.088 0.117 YES 0.085 0.1105 YES
50 0.076 0.096 YES 0.0824 0.108 YES 0.0796 0.1016 YES

Recall

10 0.0515 0.0791 YES 0.0407 0.0589 YES 0.0303 0.0468 YES
20 0.0834 0.1154 YES 0.0657 0.0899 YES 0.0633 0.0797 YES
30 0.103 0.1379 YES 0.086 0.1188 YES 0.0793 0.1101 YES
40 0.1228 0.1577 YES 0.0988 0.1382 YES 0.0926 0.1262 YES
50 0.1333 0.171 YES 0.1163 0.1577 YES 0.1069 0.1421 YES

Coverage 0.3208 0.3208 0.9378 0.9378 0.9378 0.9378

Table 3.19: Comparison of Prediction Techniques
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

In Table 3.19, we compare the performance of BoM and BoSS for item-based
algorithm with different similarity measures. For all data sets, BoSS is clearly
outperforming BoM and this difference is significant for all data sets and for all
similarity measures.

Table 3.20 compares the performance of different similarity measures of (with
BoSS as the prediction technique) item-based algorithm.

– For Movielens 100K, Eachmovie and Movielens 1M, though Jaccard is
outperforming Pearson and Cosine, the performance difference between
Cosine and Jaccard is not significant. They both outperform Pearson. But
the performance difference between Pearson and Cosine is significant in
few cases for Movielens 100K and Movielens 1M and in all cases for Each-
movie. Pearson differs from Jaccard significantly in many cases for Movie-
lens 100K, in all cases for Eachmovie and in very few cases for Movielens
1M.

– For Movielens-latest-small, the performance differences between all three
algorithms are small and are not significant.

Therefore, Jaccard and Cosine are preferable to Pearson for item-based algo-
rithm.

User-based Algorithm vs Item-based Algorithm

As seen from Tables 3.18 and 3.20 Pearson and Jaccard (also Cosine) are the
best similarity measures for user-based and item-based algorithms. Table 3.21
compares the performance of user-based and item-based algorithms with Pear-
son and Jaccard (we can also consider Cosine) similarity measures respectively.
For all data sets, user-based algorithm outperforms item-based algorithm and
this difference is significant in all cases for all data sets.

In summary, for recommendation task in binary data sets

– Prediction techniques: BoSS outperforms BoM for both user-based and
item-based algorithms (Tables 3.17 and 3.19).
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard Significant?

Movielens
100K

Precision

10 0.22 0.248 0.264 YES, P1 vs P3
20 0.175 0.204 0.208 YES, P1 vs P3
30 0.1587 0.1773 0.1847 YES, P1 vs P3
40 0.142 0.159 0.166 YES, P1 vs P3
50 0.1272 0.1492 0.1513 YES, P1 vs P2, P1 vs P3

Recall

10 0.0802 0.0877 0.0957 NO
20 0.1195 0.1426 0.1434 NO
30 0.1569 0.1832 0.1883 YES, R1 vs R3
40 0.1864 0.211 0.222 YES, R1 vs R3
50 0.2076 0.2426 0.2466 YES, R1 vs R2, R1 vs R3

Coverage 0.7879 0.9774 0.9774

Eachmovie

Precision

10 0.188 0.2313 0.247 YES, P1 vs P2, P1 vs P3
20 0.138 0.1753 0.1903 YES, P1 vs P2, P1 vs P3
30 0.1107 0.1377 0.1523 YES, P1 vs P2, P1 vs P3
40 0.0915 0.1163 0.1258 YES, P1 vs P2, P1 vs P3
50 0.078 0.1021 0.1076 YES, P1 vs P2, P1 vs P3

Recall

10 0.1083 0.1425 0.1541 YES, R1 vs R2, R1 vs R3
20 0.1481 0.1949 0.2174 YES, R1 vs R2, R1 vs R3
30 0.1743 0.2217 0.2454 YES, R1 vs R2, R1 vs R3
40 0.1869 0.2426 0.2598 YES, R1 vs R2, R1 vs R3
50 0.1932 0.2582 0.2706 YES, R1 vs R2, R1 vs R3

Coverage 0.9733 0.9982 0.9982

Movielens
1M

Precision

10 0.25 0.27 0.278 NO
20 0.201 0.218 0.23 NO
30 0.1673 0.1933 0.1973 YES
40 0.148 0.1695 0.1805 YES, P1 vs P2, P1 vs P3
50 0.1356 0.1564 0.1668 YES, P1 vs P2, P1 vs P3

Recall

10 0.0713 0.0663 0.0748 NO
20 0.1143 0.102 0.1125 NO
30 0.136 0.1308 0.1377 NO
40 0.1554 0.1502 0.1645 NO
50 0.1727 0.1685 0.1856 NO

Coverage 0.8576 0.9244 0.9244

Movielens-
latest-small

Precision

10 0.182 0.182 0.156 NO
20 0.139 0.144 0.131 NO
30 0.1193 0.13 0.122 NO
40 0.1065 0.117 0.1105 NO
50 0.096 0.108 0.1016 NO

Recall

10 0.0791 0.0589 0.0468 NO
20 0.1154 0.0899 0.0797 NO
30 0.1379 0.1188 0.1101 NO
40 0.1577 0.1382 0.1262 NO
50 0.171 0.1577 0.1421 NO

Coverage 0.3208 0.9378 0.9378

Table 3.20: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Algorithm

User-based
Pearson

Item-based
Jaccard Significant?

Movielens
100K

Precision

10 0.464 0.264 YES
20 0.376 0.208 YES
30 0.3207 0.1847 YES
40 0.285 0.166 YES
50 0.2556 0.1513 YES

Recall

10 0.1933 0.0957 YES
20 0.2896 0.1434 YES
30 0.347 0.1883 YES
40 0.3972 0.222 YES
50 0.4358 0.2466 YES

Coverage 0.8998 0.9774

Eachmovie

Precision

10 0.418 0.247 YES
20 0.311 0.1903 YES
30 0.2527 0.1523 YES
40 0.214 0.1258 YES
50 0.184 0.1076 YES

Recall

10 0.2315 0.1541 YES
20 0.3221 0.2174 YES
30 0.3741 0.2454 YES
40 0.4128 0.2598 YES
50 0.4316 0.2706 YES

Coverage 0.9534 0.9982

Movielens
1M

Precision

10 0.418 0.278 YES
20 0.336 0.23 YES
30 0.3 0.1973 YES
40 0.275 0.1805 YES
50 0.2504 0.1668 YES

Recall

10 0.1119 0.0748 YES
20 0.1732 0.1125 YES
30 0.2259 0.1377 YES
40 0.275 0.1645 YES
50 0.3126 0.1856 YES

Coverage 0.9113 0.9244

Movielens-
latest-small

Precision

10 0.348 0.156 YES
20 0.281 0.131 YES
30 0.2313 0.122 YES
40 0.1965 0.1105 YES
50 0.1804 0.1016 YES

Recall

10 0.1341 0.0468 YES
20 0.1915 0.0797 YES
30 0.2258 0.1101 YES
40 0.2455 0.1262 YES
50 0.266 0.1421 YES

Coverage 0.6192 0.9378

Table 3.21: Comparison of User-based and Item-based Algorithms
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

– Similarity measures: We use BoSS to produce predictions in both algo-
rithms. Pearson gives better performance compared to Cosine and Jaccard
in user-based algorithm (Table 3.18) and Cosine and Jaccard outperform
Pearson in item-based algorithm (Table 3.20).

– User-based vs Item-based: User-based algorithm with Pearson performs
well compared to item-based algorithm with Jaccard (Table 3.21).

• Unary Feedback

User-based Algorithm

Table 3.22 compares the performance difference of different similarity measures
for user-based algorithm in unary data sets.

– For Movielens 100K and Movielens 1M, the performance difference be-
tween Jaccrd and Dice is very small and is not statistically significant. They
both outperform Pearson and Cosine. The performance of Pearson and Co-
sine is very close and is not significant. But both Pearson and Cosine differ
from Jaccard and Dice significantly in very few cases for Movielens 100K
and in many cases for Movielens 1M.

– For Eachmovie and Movielens-latest-small, the performances of all simi-
larity measures are very close to each other and are also not significant in
nearly all cases for Eachmovie and in all cases for Movielens-latest-small.

Therefore, Jaccard and Dice are preferable to other similarity measures for user-
based algorithm.

Item-based Algorithm

Table 3.23 compares the performance of different similarity measures for item-
based algorithm in unary data sets.

– For Movielens 100K, Cosine outperforms all others and significantly dif-
fers from other similarity measures in very few cases. But for all other
similarity measures, their performance differences are very small and also
not significant.
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard Dice Significant?

Movielens
100K

Precision

10 0.484 0.5 0.52 0.52 YES
20 0.415 0.419 0.434 0.434 NO
30 0.3687 0.3693 0.3813 0.378 NO
40 0.3285 0.3295 0.338 0.335 NO
50 0.2992 0.3 0.3064 0.3048 NO

Recall

10 0.2123 0.2165 0.2331 0.2338 YES, R1 vs R3, R1 vs R4
20 0.3402 0.3336 0.3551 0.3547 YES, R2 vs R3, R2 vs R4
30 0.4265 0.4237 0.4473 0.4459 YES, R1 vs R3, R2 vs R3, R2 vs R4
40 0.4906 0.4907 0.5075 0.5024 YES
50 0.5429 0.5458 0.5592 0.5566 NO

Coverage 0.9764 0.9976 0.9976 0.9976

Eachmovie

Precision

10 0.51 0.48 0.53 0.528 YES
20 0.426 0.414 0.439 0.436 YES, P2 vs P3, P2 vs P4
30 0.3507 0.3513 0.36 0.3607 NO
40 0.307 0.3035 0.3095 0.312 NO
50 0.2748 0.272 0.2752 0.2748 NO

Recall

10 0.3134 0.3042 0.3131 0.3096 NO
20 0.4932 0.4815 0.5039 0.5026 NO
30 0.5764 0.5789 0.5898 0.5902 NO
40 0.6503 0.6432 0.6562 0.6597 NO
50 0.7105 0.698 0.7045 0.705 NO

Coverage 0.9991 0.9996 0.9996 0.9996

Movielens
1M

Precision

10 0.506 0.506 0.55 0.542 YES
20 0.417 0.42 0.468 0.47 YES, P1 vs P3, P1 vs P4, P2 vs P3, P2 vs P4
30 0.3793 0.3693 0.4133 0.4133 YES, P1 vs P3, P1 vs P4, P2 vs P3, P2 vs P4
40 0.3425 0.3305 0.363 0.365 YES, P1 vs P3, P1 vs P4, P2 vs P3, P2 vs P4
50 0.3172 0.3092 0.3268 0.33 YES, P1 vs P4, P2 vs P3, P2 vs P4

Recall

10 0.1494 0.1432 0.1596 0.1589 NO
20 0.2386 0.2298 0.2585 0.259 YES, R1 vs R4, R2 vs R3, R2 vs R4
30 0.3023 0.2898 0.3359 0.3342 YES, R1 vs R3, R1 vs R4, R2 vs R3, R2 vs R4
40 0.3531 0.3356 0.378 0.3781 YES, R1 vs R3, R1 vs R4, R2 vs R3, R2 vs R4
50 0.4035 0.3859 0.4192 0.4188 YES, R2 vs R3, R2 vs R4

Coverage 0.9333 0.9346 0.9346 0.9346

Movielens-
latest-small

Precision

10 0.41 0.414 0.422 0.424 NO
20 0.341 0.337 0.344 0.34 NO
30 0.2947 0.2907 0.2973 0.2987 NO
40 0.261 0.261 0.26 0.2635 NO
50 0.2376 0.234 0.2344 0.2356 NO

Recall

10 0.1674 0.1688 0.1779 0.1795 NO
20 0.2596 0.2603 0.2754 0.2701 NO
30 0.3241 0.3265 0.3315 0.3351 NO
40 0.3722 0.3681 0.3752 0.3797 NO
50 0.4152 0.4 0.408 0.4103 NO

Coverage 0.966 0.9773 0.9773 0.9773

Table 3.22: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Pearson Cosine Jaccard Dice Significant?

Movielens
100K

Precision

10 0.422 0.472 0.412 0.404 YES, P1 vs P2, P2 vs P3, P2 vs P4
20 0.341 0.37 0.35 0.345 NO
30 0.2887 0.312 0.2973 0.3007 NO
40 0.2605 0.272 0.2685 0.268 NO
50 0.23 0.2436 0.2464 0.248 NO

Recall

10 0.1835 0.2147 0.1763 0.1699 YES, R1 vs R2, R2 vs R3, R2 vs R4
20 0.2803 0.3031 0.2815 0.2749 NO
30 0.3411 0.3612 0.3407 0.342 NO
40 0.4038 0.4103 0.396 0.3952 NO
50 0.4446 0.4483 0.435 0.434 NO

Coverage 0.9886 0.992 0.992 0.992

Eachmovie

Precision

10 0.414 0.506 0.514 0.514 YES, P1 vs P2, P1 vs P3, P1 vs P4
20 0.334 0.415 0.406 0.403 YES, P1 vs P2, P1 vs P3, P1 vs P4
30 0.2787 0.3407 0.3293 0.3307 YES, P1 vs P2, P1 vs P3, P1 vs P4
40 0.242 0.28 0.2855 0.284 YES, P1 vs P2, P1 vs P3, P1 vs P4
50 0.216 0.2432 0.2488 0.248 YES, P1 vs P2, P1 vs P3, P1 vs P4

Recall

10 0.2712 0.2986 0.3003 0.3007 NO
20 0.4289 0.4745 0.4576 0.4514 YES, R1 vs R2
30 0.5109 0.5683 0.5395 0.5401 YES, R1 vs R2
40 0.5692 0.6099 0.6038 0.599 YES, R1 vs R2, R1 vs R3
50 0.6182 0.6438 0.6505 0.6423 NO

Coverage 0.9812 0.9995 0.9995 0.9995

Movielens
1M

Precision

10 0.362 0.444 0.406 0.398 YES, P1 vs P2
20 0.266 0.351 0.34 0.331 YES, P1 vs P2, P1 vs P3, P1 vs P4
30 0.2373 0.3007 0.2967 0.2967 YES, P1 vs P2, P1 vs P3, P1 vs P4
40 0.2085 0.272 0.2705 0.27 YES, P1 vs P2, P1 vs P3, P1 vs P4
50 0.19 0.252 0.2472 0.248 YES, P1 vs P2, P1 vs P3, P1 vs P4

Recall

10 0.1081 0.121 0.1094 0.1056 NO
20 0.1543 0.1865 0.1786 0.1714 NO
30 0.204 0.2285 0.2207 0.2179 NO
40 0.2364 0.269 0.2633 0.2614 NO
50 0.2596 0.3025 0.2994 0.3014 YES, R1 vs R2, R1 vs R4

Coverage 0.9318 0.9318 0.9318 0.9318

Movielens-
latest-small

Precision

10 0.318 0.336 0.342 0.346 NO
20 0.262 0.277 0.299 0.296 YES, P1 vs P3, P1 vs P4
30 0.226 0.24 0.2447 0.2487 NO
40 0.1975 0.2065 0.213 0.215 YES
50 0.1812 0.184 0.19 0.1912 NO

Recall

10 0.1345 0.1436 0.1486 0.1466 NO
20 0.2126 0.2291 0.2367 0.2311 NO
30 0.2681 0.287 0.2776 0.2794 NO
40 0.3041 0.3154 0.3149 0.3181 NO
50 0.3429 0.3383 0.3431 0.3412 NO

Coverage 0.967 0.9672 0.9672 0.9672

Table 3.23: Comparison of Similarity Measures
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

– For Eachmovie, Movielens 1M and Movielens-latest-small, the performance
differences between Cosine, Jaccard and Dice are very small and are not
significant. All of them outperform Pearson and their differences are sig-
nificant in nearly half of the cases (especially in case of precision) for Each-
movie and Movielens 1M and in very few cases for Movielens-latest-small.

Therefore, Cosine is preferable to other similarity measures for item-based algo-
rithm.

User-based Algorithm vs Item-based Algorithm

From Tables 3.22 and 3.23, we can see that Jaccard and Dice are the similarity
measures which performed well for user-based algorithm and Cosine is the best
similarity measure for item-based algorithm. Table 3.24 compares the user-based
algorithm and item-based algorithm with Jaccard (we can also use Dice) and
Cosine similarity measures respectively. For all data sets, user-based algorithm
outperforms item-based algorithm and this difference is significant in nearly all
cases for Movielens 100K and in nearly half cases for Eachmovie and in all cases
for Movielens 1M and Movielens-latest-small data sets.

In summary, for recommendation task in unary data sets

– Similarity measures: Jaccard and Dice give better performance compared
to Pearson and Cosine in user-based algorithm (Table 3.22) and Cosine out-
performs Pearson, Jaccard and Dice in item-based algorithm (Table 3.23).

– User-based vs Item-based: User-based algorithm with Jaccard performs
well compared to item-based algorithm with Cosine (Table 3.24).

• Numerical vs binary vs Unary Feedback

User-based Algorithm

Table 3.25 compares the recommendation accuracy of user-based algorithm for
different types of feedback i.e., Numerical (Cosine(Table 3.13)), binary (Pear-
son(Table 3.18)) and Unary (Jaccard(Table 3.22)). The performance is better in
unary feedback compared to Numerical and binary for all data sets. Compared
to Numerical feedback, user-based algorithm performs well for binary feedback
data. The performance difference between unary and binary data is significant in
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N Algorithm

User-based
Jaccard

Item-based
Cosine Significant?

Movielens
100K

Precision

10 0.52 0.472 YES
20 0.434 0.37 YES
30 0.3813 0.312 YES
40 0.338 0.272 YES
50 0.3064 0.2436 YES

Recall

10 0.2331 0.2147 NO
20 0.3551 0.3031 YES
30 0.4473 0.3612 YES
40 0.5075 0.4103 YES
50 0.5592 0.4483 YES

Coverage 0.9976 0.992

Eachmovie

Precision

10 0.53 0.506 NO
20 0.439 0.415 NO
30 0.36 0.3407 NO
40 0.3095 0.28 YES
50 0.2752 0.2432 YES

Recall

10 0.3131 0.2986 NO
20 0.5039 0.4745 NO
30 0.5898 0.5683 NO
40 0.6562 0.6099 YES
50 0.7045 0.6438 YES

Coverage 0.9996 0.9995

Movielens
1M

Precision

10 0.55 0.444 YES
20 0.468 0.351 YES
30 0.4133 0.3007 YES
40 0.363 0.272 YES
50 0.3268 0.252 YES

Recall

10 0.1596 0.121 YES
20 0.2585 0.1865 YES
30 0.3359 0.2285 YES
40 0.378 0.269 YES
50 0.4192 0.3025 YES

Coverage 0.9346 0.9318

Movielens-
latest-small

Precision

10 0.422 0.336 YES
20 0.344 0.277 YES
30 0.2973 0.24 YES
40 0.26 0.2065 YES
50 0.2344 0.184 YES

Recall

10 0.1779 0.1436 YES
20 0.2754 0.2291 YES
30 0.3315 0.287 YES
40 0.3752 0.3154 YES
50 0.408 0.3383 YES

Coverage 0.9773 0.9672

Table 3.24: Comparison of User-based vs Item-based Algorithms
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3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

Dataset
Performance

Measure TOP-N User-based Nearest Neighbors Algorithm

Ordinal
Cosine

Binary
Pearson

Unary
Jaccard Significant?

Movielens
100K

Precision

10 0.014 0.464 0.52 YES, P1 vs P2, P1 vs P3
20 0.036 0.376 0.434 YES, P1 vs P2, P1 vs P3
30 0.0487 0.3207 0.3813 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.0605 0.285 0.338 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.0648 0.2556 0.3064 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0045 0.1933 0.2331 YES, R1 vs R2, R1 vs R3
20 0.0167 0.2896 0.3551 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0433 0.347 0.4473 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.0704 0.3972 0.5075 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.0929 0.4358 0.5592 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.9976 0.8998 0.9976

Eachmovie

Precision

10 0.162 0.418 0.53 YES, P1 vs P2, P1 vs P3, P2 vs P3
20 0.125 0.311 0.439 YES, P1 vs P2, P1 vs P3, P2 vs P3
30 0.1107 0.2527 0.36 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.095 0.214 0.3095 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.0868 0.184 0.2752 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0622 0.2315 0.3131 YES, R1 vs R2, R1 vs R3, R2 vs R3
20 0.0889 0.3221 0.5039 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.1256 0.3741 0.5898 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.1412 0.4128 0.6562 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.159 0.4316 0.7045 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.9996 0.9534 0.9996

Movielens
1M

Precision

10 0.148 0.418 0.55 YES, P1 vs P2, P1 vs P3, P2 vs P3
20 0.141 0.336 0.468 YES, P1 vs P2, P1 vs P3, P2 vs P3
30 0.1393 0.3 0.4133 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.133 0.275 0.363 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.1284 0.2504 0.3268 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0285 0.1119 0.1596 YES, R1 vs R2, R1 vs R3, R2 vs R3
20 0.0562 0.1732 0.2585 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0874 0.2259 0.3359 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.1132 0.275 0.378 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.1379 0.3126 0.4192 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.9346 0.9113 0.9346

Movielens-
latest-small

Precision

10 0.002 0.348 0.422 YES, P1 vs P2, P1 vs P3
20 0.003 0.281 0.344 YES, P1 vs P2, P1 vs P3
30 0.004 0.2313 0.2973 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.0035 0.1965 0.26 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.0036 0.1804 0.2344 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0013 0.1341 0.1779 YES, R1 vs R2, R1 vs R3
20 0.0045 0.1915 0.2754 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0071 0.2258 0.3315 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.0073 0.2455 0.3752 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.0077 0.266 0.408 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.9773 0.6192 0.9773

Table 3.25: Performance of User-based Algorithm for different types of Feedback

88



3.3 Empirical Evaluation of Neighborhood-based Algorithms for Prediction and
Recommendation Tasks

many cases for Movielens 100K and Movielens-latest-small data sets and in all
cases for Eachmovie and Movielens 1M data sets. The performance differences
of numerical feedback with binary and unary is significant in all cases for all
data sets.

Item-based Algorithm

In Table 3.26 we compare the the recommendation accuracy of item-based al-
gorithm for different types of feedback i.e., Numerical (Cosine(Table 3.15)),
binary (Pearson(Table 3.20)) and Unary (Jaccard(Table 3.23)). The performance
of the algorithm for unary data is better compared to binary data which in turn
is showing good performance compared to Numerical data. The performance
differences of all three are significant in all cases.

In summary, unary feedback is more appropriate for recommendation task com-
pared to numerical and binary data. This is because in numerical data sets, in
order to recommend items to the users, we first predict the ratings for all un-
known items of the user. It may be possible that many items might share the
same predicted rating value. But, in top-N recommendation task, we are limited
to recommending only the topmost N items to the user. As a result, some good
items may not be recommended to the user, though their predicted ratings are
high which leads to poor recommendation accuracy. Furthermore, in order to
distinguish the items with same predicted ratings we need to extract more in-
formation from the data set. In case of binary data sets, we recommend to the
user only those items with predicted rating like. It is always the case that many
items may be predicted as like in binary data sets as we have only two possible
ratings, like and dislike, and all unknown items have to take one of these two
ratings. In our experiments while recommending the liked items to users, we
distinguished the liked items with the scores based on the neighbors’ similar-
ity values and recommended top-N items with highest scores. Though we get
better recommendation accuracy than numerical data sets, this accuracy is not
comparable with unary data sets. One reason for this may be the following:

We do not exactly know what items are liked and disliked by the users because
our data sets originally contain numerical data values. We converted them into
binary by taking mid point on the rating scale and considered all ratings greater
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Dataset
Performance

Measure TOP-N Item-based Nearest Neighbors Algorithm

Ordinal
Pearson

Binary
Jaccard

Unary
Cosine Significant?

Movielens
100K

Precision

10 0.058 0.264 0.472 YES, P1 vs P2, P1vs P3, P2 vs P3
20 0.063 0.208 0.37 YES, P1 vs P2, P1vs P3, P2 vs P3
30 0.0813 0.1847 0.312 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.082 0.166 0.272 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.082 0.1513 0.2436 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.016 0.0957 0.2147 YES, R1 vs R2, R1vs R3, R2 vs R3
20 0.0302 0.1434 0.3031 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0641 0.1883 0.3612 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.0879 0.222 0.4103 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.106 0.2466 0.4483 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.8924 0.9774 0.992

Eachmovie

Precision

10 0.082 0.247 0.506 YES, P1 vs P2, P1 vs P3, P2 vs P3
20 0.082 0.1903 0.415 YES, P1 vs P2, P1 vs P3, P2 vs P3
30 0.0727 0.1523 0.3407 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.068 0.1258 0.28 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.0624 0.1076 0.2432 YES, P1 vs P3, P2 vs P3

Recall

10 0.037 0.1541 0.2986 YES, R1 vs R2, R1 vs R3, R2 vs R3
20 0.0658 0.2174 0.4745 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0892 0.2454 0.5683 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.1102 0.2598 0.6099 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.1272 0.2706 0.6438 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.9972 0.9982 0.9995

Movielens
1M

Precision

10 0.03 0.278 0.444 YES, P1 vs P2, P1 vs P3, P2 vs P3
20 0.049 0.23 0.351 YES, P1 vs P2, P1 vs P3, P2 vs P3
30 0.0587 0.1973 0.3007 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.057 0.1805 0.272 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.062 0.1668 0.252 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0075 0.0748 0.121 YES, R1 vs R2, R1 vs R3, R2 vs R3
20 0.0209 0.1125 0.1865 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0351 0.1377 0.2285 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.0479 0.1645 0.269 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.0632 0.1856 0.3025 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.897 0.9244 0.9318

Movielens-
latest-small

Precision

10 0.014 0.156 0.336 YES, P1 vs P2, P1vs P3, P2 vs P3
20 0.008 0.131 0.277 YES, P1 vs P2, P1vs P3, P2 vs P3
30 0.0053 0.122 0.24 YES, P1 vs P2, P1 vs P3, P2 vs P3
40 0.004 0.1105 0.2065 YES, P1 vs P2, P1 vs P3, P2 vs P3
50 0.0044 0.1016 0.184 YES, P1 vs P2, P1 vs P3, P2 vs P3

Recall

10 0.0051 0.0468 0.1436 YES, R1 vs R3, R2 vs R3
20 0.0053 0.0797 0.2291 YES, R1 vs R2, R1 vs R3, R2 vs R3
30 0.0053 0.1101 0.287 YES, R1 vs R2, R1 vs R3, R2 vs R3
40 0.0053 0.1262 0.3154 YES, R1 vs R2, R1 vs R3, R2 vs R3
50 0.0066 0.1421 0.3383 YES, R1 vs R2, R1 vs R3, R2 vs R3

Coverage 0.6276 0.9378 0.9672

Table 3.26: Performance of Item-based Algorithm for different types of Feedback
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than the mid point as like and other as dislike. This actually led to imbalanced
data sets as the distribution of ratings in the data sets used in our experiments is
uneven. Probably this approach might be the reason for not getting the results
with binary data sets that are comparable to unary. To deal with imbalanced data
sets, we tried another approach to convert numerical ratings to binary in which
we compute the average rating for every user and all ratings greater than the
average ratings are considered as like and others as dislike. But even with this
approach also we could not get the results comparable to that of unary. Because,
though our resultant data sets are balanced with this approach, the attached sim-
ilarity values are not properly distinguishing the items predicted as like (+1).

If we observe the real-world data sets, specifically data sets related to movies and
books, most of them are biased towards the high ratings. That means, in many
cases, users are interested to rate the item only if they like it. As a result, we do
not have sufficient number of low ratings in numerical data sets and sufficient
number of dislikes in binary data sets which leads to inaccurate ratings which in
turn effect the recommendations made by the algorithm. Whereas, in unary data
sets we only have usage information which tells whether the user has consumed
this item or not and here we assume that if the user purchased some item means
the user has liked that information. In other words, unary data sets contain only
one rating like. Based on this information, we compute the scores which can
then be used to make predictions and recommendations.

3.4 Important Observations

In our work, we evaluated different neighbourhood-based methods with different sim-
ilarity measures and prediction techniques using appropriate evaluation measures for
prediction and recommendation task. We also performed significance testing to de-
termine the performance differences between the algorithms, their similarity measures
and prediction techniques. We evaluated these algorithms for different feedback data
sets for each task: Numerical, Binary and Unary. Through our experiments, we showed
that the performance of the different prediction techniques and similarity measures is
not same for different algorithms, different data sets, different kinds of feedback and
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different tasks. In other words, the prediction technique or similarity measure which
performs best for one algorithm or for one data set may not perform better for other
algorithm or other data set. In the same way, the algorithms with different prediction
techniques and similarity measures behave differently for prediction and recommen-
dation tasks.

Here, we summarize the performance of various prediction techniques, similar-
ity measures for both user-based algorithm and item-based algorithms and the per-
formance of these algorithms on different data sets with numeric, binary and unary
feedback.

1. Prediction task

• Prediction techniques:

– Numerical feedback:

(i) User-based Algorithm: ADM performs better than SWA with significant
performance difference for all similarity measures and for all data sets.

(ii) Item-based Algorithm: ADM performs better than SWA with signifi-
cant performance difference for all similarity measures except for Adjusted
Cosine similarity for Movielens-latest-small where the performance differ-
ence between both prediction techniques is small with no statistical signif-
icance.

– Binary Feedback:

(i) User-based Algorithm: Both prediction techniques BoM and BoSS are
giving similar performance with no statistical significance for all data sets.

(ii) Item-based Algorithm: The performance difference between BOM and
BOSS is very small and this difference is also not significant for all data
sets.

From this, we can conclude that, ADM is the best prediction technique to work
on numerical data for both user-based and item-based algorithms for all data sets.
For binary feedback, we can use either BoM or BoSS for both user-based and
item-based algorithms for all data sets as they both give similar performance.

• Similarity Measures:
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– Numerical Feedback:

(i) User-based Algorithm: Pearson is performing better than Cosine with
significant difference for Movielens 100K and Movielens 1M data sets
and with no statistical significance for other two data sets Eachmovie and
Movielens-latest-small.

(ii) Item-based Algorithm: Pearson and Adjusted Cosine perform similarly
with no significant statistical difference between them and they both out-
perform Cosine. This difference is significant for Movielens 100K and
Eachmovie, whereas, for Movielens 1M and Movielens-latest-small the
performance of all three similarity measures is almost the same and is not
significant.

– Binary Feedback:

(i) User-based Algorithm: Cosine and Jaccard are performing better than
Pearson with significant performance differences for Movielens 100K and
Movielens 1M. For Eachmovie and Movielens-latest-small, the performance
differences between all three similarity measures is small and are not sig-
nificant.

(ii) Item-based Algorithm: Cosine and Jaccard outperform Pearson with
significant difference for Movielens 100K and Movielens-latest-small. For
Eachmovie and Movielens-latest-small, there is a little performance differ-
ence between all three similarity measures with no statistical significant
difference.

From the above discussion, for numerical data sets, we can say that Pearson is
the best similarity measure for user-based algorithm. For item-based algorithm,
Pearson and Adjusted Cosine are best similarity measures. For binary feedback,
both Cosine and Jaccard are the best similarity measures for both user-based and
item-based algorithms

• User-based vs Item-based:

– Numerical Feedback: Item-based algorithm with Adjusted Cosine outper-
forms user-based algorithm with Pearson with significant difference for
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Eachmovie and with no significant difference for Movielens 1M and Movielens-
latest-small. For Movielens 100K, user-based and item-based are showing
similar performance with no statistical difference.

– Binary Feedback: Item-based algorithm with Jaccard is outperforming user-
based algorithm with Jaccard with significant statistical difference in Movielens-
latest-small. For Movielens 100K, Eachmovie and Movielens 1M data sets,
they both perform similarly with no statistical difference between them.

Hence, for numerical feedback data, item-based algorithm is best compared to
user-based algorithm. Similarly, item-based algorithm performs better than user-
based algorithm for binary feedback data sets. Therefore, for prediction task,
item-based algorithm is the best suitable algorithm to work on both numerical
feedback and binary feedback data sets. The reason is, in item-based algorithm,
ratings for unused items for the given target user are predicted based on the
ratings given by the same user for the previously consumed items, whereas, in
user-based algorithm, ratings are predicted based on ratings given by the neigh-
bouring users. Therefore, the ratings predicted by item-based algorithm are more
accurate compared to user-based algorithm.

2. Recommendation task

• Prediction techniques:

– Numerical feedback:

(i) User-based Algorithm: ADM outperforms SWA for all similarity mea-
sures and for all data sets except for Movielens 100K where SWA sig-
nificantly gives better performance than ADM in many cases. For Each-
movie and Movielens-latest-small data sets the difference between ADM
and SWA is not significant, whereas for Movielens 1M data set, this differ-
ence is significant.

(ii) Item-based Algorithm: ADM outperforms SWA with significant per-
formance difference for all similarity measures and for all data sets except
Movielens-latest-small where the difference is not significant in most of
the cases.
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– Binary Feedback:

(i) User-based Algorithm: Both prediction techniques BoM and BoSS give
similar performance with no statistical significance for all similarity mea-
sures and for all data sets except Eachmovie where this difference is sig-
nificant in most of the cases.

(ii) Item-based Algorithm: BoSS significantly outperforms BoM for all
similarity measures and for all data sets.

From this, we can say that ADM is the best prediction technique to work on
numerical data sets for both user-based and item-based algorithms. For binary
feedback, BoSS is the better prediction technique compared to BoM.

• Similarity Measures:

– Numerical Feedback:

(i) User-based Algorithm: Both Pearson and Cosine are showing similar
performance for user-based algorithm with no statistical significance for
all data sets except Movielens 1M where Cosine outperforms Pearson with
statistical significance.

(ii) Item-based Algorithm: Pearson outperforms other two measures and
their differences are statistically significant for Movielens 100K. For Each-
movie and Movelens-latest-small, performance of all three similarity mea-
sures is almost similar and is not significant. For Movielens 1M Pearson
and Cosine outperform Adjusted Cosine with no significant difference be-
tween Pearson and Cosine. But the performance differences between Pear-
son and Cosine with Adjusted Cosine are significant in many cases.

– Binary Feedback:

(i) User-based Algorithm: For Movielens 100K and Eachmovie, Pearson
significantly outperforms Cosine and Jaccard. For Movielens 1M, Jaccard
outperforms all others but this difference with Pearson is not significant and
is significant with Cosine. For Movielens-latest-small, the performance dif-
ference between all similarity measures is very small and is not significant.
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(ii) Item-based Algorithm: For item-based algorithm both Cosine and Jac-
card outperform Pearson for all data sets except Movielens-latest-small and
the difference between Cosine and Jaccard is not significant although they
significantly differ from Pearson in some cases. In Movielens-latest-small
all measures are performing similarly and their differences are also not sta-
tistically significant.

– Unary Feedback:

(i) User-based Algorithm: For Movielens 100K and Movielens 1M, Jaccard
and Dice are showing similar performance with no statistical significance
between them. They both significantly outperform Pearson and Cosine.
For Eachmovie and Movielens-latest-small, the performances of all sim-
ilarity measures are showing similar performance and their performance
differences are also not significant.

(ii) Item-based Algorithm: For Movielens 100K, though Cosine outper-
forms all other similarity measures, it significantly differs from other sim-
ilarity measures in very few cases. Cosine, Jaccard and Dice are showing
similar performance for Eachmovie, Movielens 1M and Movielens-latest-
small data sets. They all significantly outperform Pearson for Eachmovie
and Movielens 1M data sets. But for Movielens-latest-small data set their
differences with Pearson are not significant.

From this discussion, we conclude that Cosine and Pearson are the best simi-
larity measures to work on numerical data sets for user-based and item-based
algorithms respectively. For binary data sets, Pearson is the best performing
similarity measure for user-based algorithm and both Jaccard and Cosine out-
perform Pearson in item-based algorithm. For unary data sets, Jaccard and Dice
are the best similarity measures for user-based algorithm and Cosine is best for
item-based algorithm.

• User-based vs Item-based:

– Numerical Feedback: For Movielens 100K, item-based algorithm is the
best suitable algorithm compared to user-based algorithm. For Eachmovie
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and Movielens 1M data sets, user-based algorithm is showing better perfor-
mance than item-based algorithm. For Movielens-latest-small, both user-
based and item-based algorithms are giving similar performance.

– Binary Feedback: User-based algorithm significantly outperforms item-
based algorithm for all data sets.

– Unary Feedback: User-based algorithm always outperforms item-based al-
gorithm and this difference is significant for all data sets. Therefore, user-
based algorithm is more preferable than item-based algorithm.

From the above discussion, we can say that user-based algorithm is preferable
to item-based algorithm for recommendation task for all feedback data sets. The
reason is that in item-based algorithm, we recommend the items to the target
user which are similar to the items that he has consumed in the past. But, user-
based algorithm recommends the items to the target user which are liked by his
neighbours. As a result, the items recommended by item-based algorithm might
be similar to the items consumed by the user and the items recommended by the
user-based algorithm are diverse compared to the item-based algorithm. Users
generally get bored of similar recommendations and prefer some diversity in
the recommendation list. Therefore, user-based algorithm is preferable to item-
based algorithm for recommendation task.

• Numerical vs Binary vs Unary

The performance of both user-based and item-based algorithms are better for
unary feedback compared to Numerical and binary for all data sets and this per-
formance difference is significant. This difference is mainly due to the ambiguity
(because several items may share the same predicted rating) in recommending
the items for both numerical and binary data sets. Therefore, unary feedback is
more suitable for recommendation task compared to numerical and binary feed-
back.
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Chapter 4

Prediction with Confidence in
Item-based Collaborative Filtering

In the previous chapter, we presented an empirical analysis on evaluation of user-based
and item-based algorithms with different similarity measures, prediction techniques
and data sets with different types of feedback using appropriate evaluation measures.
In this chapter, we are going to propose an algorithm based on conformal prediction
to associate confidence values to the predictions made by the neighborhood-based al-
gorithms. We do not apply CP to user-based collaborative filtering algorithm as it is
very difficult to find the required number of neighbours belonging to each class. This
problem arises in user-based algorithm for both numerical and binary data sets. This
same problem arises when CP is applied on top of item-based collaborative filtering
(IBCF) algorithm on numerical data sets. But for binary data sets, it is not a problem to
find the required number of neighbours for each class in item-based algorithm in many
cases. Therefore, we have used binary feedback data sets while applying CP on top of
item-based collaborative filtering algorithm. Major contributions of this chapter are:

• Adaptation of conformal prediction to Item-based collaborative filtering.

• Define NCMs based on similarity measure used in IBCF and empirically deter-
mine the best NCM.

• Empirically demonstrate validity and efficiency of our conformal prediction al-
gorithm.
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4.1 Importance of Confidence Values in Recommender Systems

The rest of the chapter is organized as follows: First, we explain the importance of
confidence values in recommender systems and how these confidence values will be
practically shown to the users and how the users’ decisions will be affected by that.
We also review different methods proposed in the literature to estimate the confidence
of collaborative filtering algorithms. Then, we introduce conformal prediction which
is a generalized framework used in machine learning to estimate the confidence values
of individual predictions. We also discuss variants of conformal prediction along with
the validity and efficiency measures used to determine the quality of predictions made
by the conformal prediction algorithms. Next, we discuss item-based collaborative
filtering which we have chosen as the underlying algorithm for conformal prediction
in order to associate the confidence values produced by the item-based collaborative
filtering. Later, we describe how to apply conformal prediction to item-based collabo-
rative filtering. Finally, we demonstrate via experiments the validity and efficiency of
the proposed conformal prediction algorithm.

4.1 Importance of Confidence Values in Recommender
Systems

The primary goal of a recommender system is to predict the preferences of the users for
unseen items and recommend the items with highest predicted ratings or scores. But it
is often hard to make the reliable predictions for some users or items due to uncertainty.
Several factors such as sparse data, noisy data, change of user preferences over time,
algorithm parameters and model selection lead to uncertainty in recommender systems.

As a result, some of the predictions made by the algorithms are inaccurate. Dis-
playing the wrong or inaccurate predictions to the users will decrease the trust of the
users in recommendation systems as the users think that the system might be wrong and
possibly refrain from using that recommender system in the future. Therefore, mea-
suring the confidence of the predictions and attaching them with the predicted value is
a good idea in retaining the customer loyalty which in turn increases the revenue while
improving the customer satisfaction.

Next question that should be answered is how these confidence values will be
shown to the users?
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In rating prediction task, we show confidence of each item along with its predicted
rating. For example, i1, i7 and i9 as given below are the items for which we need to
predict the ratings for a particular target user. We show confidence values of these
items along with their predicted values as follows:

item predicted rating confidence
i1 9 90%
i7 5 33%
i9 2 75%

Similarly, if our task is to recommend top 5 items to users u2, u3 and u6, then we
show the confidence values alongside the generated recommendation list of each user.

item Top-5 recommendation List confidence
u2 i2, i3, i7, i14, i18 95%
u3 i6, i9, i12, i15, i18 77%
u6 i3, i6, i7, i8, i11 27%

How the users’ decisions will be affected by the associated confidence values?

• In many cases, the user can benefit from observing these confidence values [49].
When the system reports a low confidence for an item, the user may tend to
further research the item before making a decision. For example, suppose that a
system predicts a rating of ‘5’ for a movie with very high confidence, say 99%,
and another movie with the same rating but a lower confidence, say 30%. Then
the user may add the first movie immediately to the watching queue, but may
further read the plot synopsis for the second movie, and perhaps a few movie
reviews before deciding to watch it [70].

• Providing a display of confidence alongside a prediction can also help the user to
decide on his/her personalized level of comfort with the prediction’s confidence.
This also allows for context-based decisions. For example, when the user truly
cannot find items of interest, he/she may be willing to consider less confident
predictions, whereas when the user has already found some interesting items,
he/she may not be willing to consider such predictions [71].
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• A confidence measure is important as it can help the users decide which movies
to watch, products to buy, and also help an e-commerce site in making a de-
cision on which recommendations should not be displayed, because an erratic
recommendation can diminish the trust of users in the system [4, 25].

• Mcnee et al. [49] studied how adding a confidence display can change users’
satisfaction and behaviour and concluded that addition of a confidence display to
a recommender system increases user satisfaction. It also alters users’ behaviour.
For user tasks with varying amounts of risk, users were more likely to seek out
or avoid low confidence recommendations as appropriate.

4.2 Confidence Estimation Methods in Collaborative Fil-
tering

Very few methods have been proposed in the recommender systems literature to esti-
mate the confidence of collaborative filtering algorithms.

1. McNee et al. [49] proposed a simple confidence metric to be used in recom-
mender systems. They conducted an online study to determine the influence of confi-
dence values on users’ decisions and addressed the following questions:

• How confidence values change users satisfaction with a recommender system?

• How confidence values change users behavior in a recommender system?

• Is there any difference in the perception of novice and experienced users towards
the confidence values?

• How does providing training on confidence display in a recommender system
affect user satisfaction and behaviour?

We have several CF algorithms in recommender systems literature. The intuition
behind each algorithm is different. Therefore separate confidence metrics can be pro-
posed for each of these algorithms. For example, in user-based algorithm, the strength
of the user’s neighbourhood can be used as a base for the confidence metric. Similarly,
in item-based algorithm, item similarity values can be used to define a confidence
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metric. But, in [49] authors proposed a metric which can be applied to all the CF algo-
rithms instead of defining a separate confidence metric for each of these algorithms.

All collaborative filtering algorithms make their predictions and recommendations
based on the rating information. The more number of items the user consumes, the
better the system knows about the user’s interests. As a result, it can make more ac-
curate recommendations. Similarly, if an item is consumed by many users, the system
can make accurate predictions. Therefore, there is a possibility that the recommender
system can make inaccurate predictions when the number of available ratings for an
item or user is very less. Therefore, authors propose a confidence metric for an item
as the number of ratings available for that item. They tested it on Movielens data set
and observed that the predictions for movies with many ratings are more accurate than
those with few ratings.

As a confidence display, the authors have chosen to use dice for risky movies.
For example, movies with fewer than 40 ratings were considered very risky and were
marked with two dice and movies with 41 to 80 ratings were marked with one die.
Clicking on the dice takes users to a page which briefly explains how predictions were
made, why the prediction was risky, and the number of ratings available for that movie.

Finally, the authors concluded the following:

• Associating confidence values to predictions increases user satisfaction.

• Associating confidence values to predictions changes users’ behaviour. For user
tasks with varying amounts of risk, users were more likely to seek out or avoid
low confidence recommendations as appropriate.

• Novice and experienced users perceived the addition of confidence values differ-
ently. Novice users are less likely to notice the attached confidence display, but
will make use of it if they notice it. Experienced users will notice such a display,
but already had opinions of the system, which affected their acceptance and use
of the display.

• Training has a considerable impact on user satisfaction in a recommender sys-
tem. Providing training to new users increased user satisfaction over just adding
the confidence display to the system. Providing training to experienced users
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increased their usage of the system, but decreased their overall satisfaction with
the recommender.

Advantages:

• This is a generalized algorithm and can be applied to any collaborative filtering
algorithm.

• The proposed confidence metric is very simple to calculate and can be easily
implemented in recommender systems.

Disadvantage:

• The produced confidence values are non-personalized.

2. Mclaughlin and Herlocker [48] proposed a Belief Distribution algorithm for
user-based collaborative filtering, which generates belief distributions for each predic-
tion. In their paper, authors observed that neighbourhood-based algorithms failed to
produce useful and interesting items while generating top-N recommendation list. Two
reasons why this flaw has gone unnoticed in neighbourhood-based algorithms by many
researchers are the following:

• Most of the researchers used mean absolute error to determine the accuracy of
neighbourhood-based algorithms and found that these algorithms are good at
predicting the correct ratings for the items. But, good prediction algorithms are
always not necessarily good at recommending the useful items.

• Most of the researchers conducted their experiments using offline data sets. As
there is no interaction with real users in offline experiments, researchers have no
way to detect this kind of problem.

In order to detect this flaw, authors suggested the use of classification accuracy
metrics such as precision and recall along with MAE to evaluate these algorithms.

In particular, the authors identified two cases where user-based collaborative algo-
rithms failed to produce good recommendations: active user having too few neighbours
who has rated an item and movies have been rated by neighbours with very low correla-
tion to the active user. These are the two main sources of error which causes uncertainty
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in predictions and recommendations produced by user-based collaborative algorithm.
Therefore, they proposed a belief distribution algorithm based on user-based collabo-
rative algorithm which not only predicts rating values but also the uncertainty involved
in each prediction.

In [26], authors observed that, users will give different ratings for an item when
asked to rate the same item at different times. This change can be attributed to mood,
change in taste, or a variety of other reasons. There is also the possibility that the user
entered the wrong rating accidentally. Thus in [48], authors consider the user’s rating
as noisy evidence of the user’s true rating. To capture this fact, they represent the
current belief of each user’s rating as a belief distribution across all possible discrete
rating values. For example, if the user rating is 4 on a 1 to 5 rating scale, we might
choose to represent our belief of the true ratings as [.02, .06, .11, .70, 11] with .02
being the our belief that the user’s actual rating is 1 and .7 being our belief that the
user’s actual rating is 4.

Let Y be an m by n rating matrix where m is the number of users and n is the
number of items. ru,i is the rating given by user u to item i which is in the range
[1, rmax], where rmax is the maximum rating on a rating scale, for example 5, on a
rating scale of 1-5.
The belief distribution algorithm generates the top-N recommendations to the target
user a as follows:

For every user u, find the similarity with the target user a using Pearson correla-
tion coefficient which is represented with w(a,u) and identify the N most similar users
and use their ratings to make predictions for the target user. But, instead of using the
neighbours’ true ratings, normalized ratings are used to make the predictions in order
to improve the accuracy. This normalization is done by subtracting the neighbours’
ratings from their respective average ratings which are rounded to the nearest integer.
If the rating scale is from 1 to rmax, then this normalization results in an integer in
the range from −(rmax − 1) to (rmax − 1). Next, map each rating to a discrete belief
distribution, representing our belief of user u’s rating on item i. Thus, the difference
distribution d(u,i) is a vector of size 2(rmax − 1) representing the belief that the user
rated an item certain distances from their average rating. For each item i that is unrated
by the target user a and has been rated by at least one of the user’s neighbours, the dif-
ference in distribution d′(a,i) is calculated by summing over the difference distributions
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of all the neighbours, weighting by the similarity with each neighbour. Then, d′(a,i) is
transformed into a vector of size rmax as follows:

• The target user’s average rating is rounded to the closest integer

• Remap the indices of the predicted belief vector by adding the rounded average
rating to each index.

• Since we cannot have ratings less than 1, sum the belief values for all indexes
less than or equal to 1, to get the belief for rating 1.

• Since we cannot have ratings greater than rmax, sum all belief values for ratings
greater than or equal to rmax and this becomes belief for rmax.

These belief distributions can then be used to make decisions.
Advantage:

• Confidence values are personalized.

Disadvantages:

• This algorithm is not generalized as it is applicable only to user-based algorithm.

• Although their algorithm achieves good classification accuracy in terms of preci-
sion by making sure that more popular items are recommended, their algorithm
is not as accurate as original user-based CF as far as the prediction accuracy
(in terms of MAE) is concerned. Though, they mentioned that with some addi-
tional tuning the performance of their algorithm in terms of MAE is close to the
user-based CF, they did not demonstrate this empirically.

3. Adomavicius et al. [4] observed that the recommendation accuracy monoton-
ically decreases as the rating variance of the user/item increases. Based on this ob-
servation the authors proposed several approaches to improve the accuracy of recom-
mender systems by using rating variance to measure the confidence of recommenda-
tions. Recommender systems typically recommend the most relevant N items to each
user. Therefore, highly-ranked items should be distinguished from others. In [4], au-
thors have done this as follows: On a rating scale of 1-5, all ratings above the threshold
3.5 (i.e., ratings 4 and 5) are considered as highly ranked and ratings less than 3.5
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(i.e., ratings 1, 2, and 3) as non-highly-ranked. Thus, the rating values of all recom-
mended items should be greater than the threshold of 3.5. The proposed approaches
are discussed below:

• Simple Filtering Approach:

Typically, top-N items for each user are obtained in two steps: selecting the
items with predicted ratings greater than the predefined threshold H , say, 3.5, on
a rating scale of 1-5 and then choosing top-N items with the highest predicted
ratings. In simple filtering approach, while selecting the recommended items
we also consider some user-specified ratings’ standard deviation threshold T in
addition to the predefined threshold. That means, for every item for which the
rating is to be predicted, a variance score is assigned in addition to the predicted
rating. The variance score of an item is the standard deviation of all known
ratings for that item. Thereafter, recommend to users only items with variance
less than T and predicted rating greater than H .

• Smart and Safe Approaches:

In smart approach, rating for an item for the given user is predicted by subtracting
one standard deviation of known ratings of that item from the predicted rating
generated by any traditional recommender system. Using this, one can model
the worst case scenario of how low the actual rating could be, if the prediction
by the traditional recommender system is not very accurate. Then, this item
is considered for recommendation to the user only when the newly computed
predicted rating is greater than the predefined threshold. In other words, we are
checking whether this adjusted value can still be considered as highly-ranked.
If so, we recommend N items, according to the order of the original predicted
ratings. The safe approach is a slight variation of smart, where top-N items
are recommended based on the newly adjusted ratings instead of the original
predicted ones.

Finally, authors concluded that the prediction accuracy can be significantly im-
proved using simple filtering approach. However, there was also a corresponding de-
crease in the coverage of recommendations. But, smart and safe approaches generate
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valuable recommendations by providing a good balance of prediction accuracy and
coverage.

Advantage:

• This is a generalized algorithm and can be applied to any collaborative filtering
algorithm.

Disadvantage:

• The produced confidence values are non-personalized.

4. Shani and Gunawardana [70] defines confidence as the system’s trust in
its predictions or recommendations. Confidence values allow to select an algorithm
amongst the several candidate algorithms. For example, given two recommendation
algorithms which perform similarly on other properties such as accuracy, it can be de-
sirable to select the one that can provide valid confidence estimates. This is explained
in detail with the following example:

There are two recommendation algorithms A and B and both report confidence
intervals over possible movie ratings. We train A and B over a confidence threshold,
ranging of 95%. For each trained model, we conduct offline experiments by hiding a
part of the available ratings to test the predictive ability of both algorithms A and B.
Each algorithm produces a confidence interval along with the predicted rating for all
missing ratings . LetA+ andA− denote the number of times that the predicted rating of
algorithm A was within and outside the confidence interval respectively, and similarly,
B+ and B− denote the number of times that the predicted rating of algorithm B was
within and outside the confidence interval respectively. Then, true confidence of the A

andB are calculated as
A+

A+ + A−
and

B+

B+ +B−
respectively. Assume that confidence

values of A and B are 0.97 and 0.94 respectively. From this, we know that A is over
conservative, and computes intervals that are too large, whileB is liberal and computes
intervals that are too small. As we do not require the intervals to be conservative, we
prefer B because its estimated intervals are closer to the required 95% confidence.

Disadvantage:

• They did not propose an algorithm to estimate the confidence values to pre-
dictions. Instead their algorithm is used to compare two confidence estimation
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algorithms and select the best one. No experiments are provided as it is more
like a survey paper on evaluation measures of recommender systems.

5. In [35] Koren and Sill observed that user-dependent metrics for confidence
like number of ratings given by the user and user’s rating variance cannot be used to
rank items for the given user and hence cannot distinguish relevant items from irrel-
evant items which is the primary goal of any recommendation algorithm. Similarly,
item-dependent metrics such as number of ratings assigned to an item, item’s rating
variance are not personalized, and generated confidence values for different items are
same for all users. Furthermore, assessing confidence without regards to the inner
workings of the prediction algorithm is likely to overlook some valuable information.
Certainly, such assessments would not be helpful for combining different recommen-
dation algorithms based on differing confidence values. To deal with these problems,
authors proposed a method called OrdRec to predict full probability distribution over
ratings which in turn helps in estimating the confidence level in the predictions. They
formulate the problem of confidence estimation as a binary classification problem and
find whether the predicted rating is within one rating level of the true rating. Methods
like OrdRec, which predict a full distribution of ratings, allow a more principled ap-
proach to confidence estimation. For each user-item pair, confidence level is associated
with the amount of concentration of the rating probabilities. Metrics like the standard
deviation, entropy, or Gini impurity associated with the predicted rating distribution
of the actual user-item pair are employed to measure the confidence. The resulting
confidence metric is personal, which depends on both user and item, together with a
dependency on the inner workings of the algorithm used.

Advantage:

• The algorithm can produce personalized confidence values.

Disadvantage:

• This is not a generalized algorithm and can be applicable only to their proposed
CF algorithm.

6. Mazurowski [47] introduced three confidence estimation algorithms (based on
IBCF) which are discussed below:
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• Resmaple:

This algorithm is based on statistical concept of resampling where the prediction
process of CF algorithm is repeatedN times. Every time a subset of the available
ratings is selected randomly without replacement. By repeating the CF predic-
tion process N times, we get N predictions for every rating to be predicted. The
variability in those predictions will reflect how using minimally different subsets
of previous ratings will affect the prediction and therefore it reflects the uncer-
tainty of the predictions. The rationale behind this approach is that, if a small
random change in the composition of the set of collected ratings could affect
the prediction drastically, it is expected that the confidence of the prediction is
low. If the prediction is stable regardless of changing the training data, the confi-
dence is expected to be high. The variability is measured simply by the standard
deviation of the predictions. Since a higher standard deviation is expected to
correspond to lower confidence, confidence is simply calculated as one over the
standard deviation.

• Resample Fast:

This algorithm is very similar to the RESAMPLE algorithm. A disadvantage of
the RESAMPLE algorithm is that the entire CF algorithm has to be repeated N
times. This includes calculating similarities between the items as well as biases
and it results in high time complexity of the algorithm. The RESAMPLE FAST
algorithm accounts for this difficulty and repeats only part of the process. This
could be understood as an approximation to the RESAMPLE algorithm which
allows for a dramatic reduction of the computational cost while still keeping
some if its benefits.

• Inject Noise:

The Inject Noise algorithm, similar to the Resmaple and Resample Fast algo-
rithms, repeats the CF prediction N times with a slightly modified training set.
Instead of resampling the ratings, however, the Inject Noise algorithm changes
each rating by adding a number randomly sampled from a Gaussian distribution
with zero mean and standard deviation σ.

Advantage:

109



4.3 Conformal Prediction in Machine Learning

• This algorithm can produce personalized predictions.

• The proposed confidence estimation algorithms are generalized and can be ap-
plied to any collaborative filtering algorithm.

As we have seen, confidence values produced by some of the algorithms are non-
personalized[4, 49], and some of them are applicable only to specific algorithms and
are not generalized [35, 48]. Moreover, none of the above algorithms provide guaran-

tees on the error rate of the predictions, where error rate is the probability of excluding

the correct class label. On the other hand, confidence values generated by conformal
prediction are personalized. Conformal prediction is a generalized framework which
can be applied on top of any algorithm. In addition to that, CP algorithms produce
prediction regions with a bound on the probability of error which means that the prob-
ability of excluding the correct class label is always guaranteed to be smaller than the
specified significance level. When forced to produce point predictions, the confidence
of a prediction is 1- the second largest p-value and this second largest p-value becomes
the upper bound on the probability of error. Moreover, with conformal prediction we
can control the number of erroneous predictions by varying the significance level, thus
making it suitable for different kinds of applications.

4.3 Conformal Prediction in Machine Learning

4.3.1 Conformal Prediction and its Variants

In this section, we will introduce the general idea behind conformal prediction(CP) [8,
69, 75]. We are given a training set of examples Z = {z1, z2, ..., zl}. Each zi ∈ Z

is a pair (xi, yi);xi ∈ Rd is the set of attributes for ith example and yi is the class
label for that example. Our only assumption in conformal prediction is that all zi′s
are independently and identically distributed (i.i.d. assumption but generally a weaker
assumption of exchangeability is sufficient). Our task is, given a new object xl+1 for
which the class label is not known we have to predict the class label yl+1 for this object.
According to our i.i.d. assumption we need to show that how typical the sequence

(z1, z2, ..., zl+1) = ((x1, y1), (x2, y2), ..., (xl+1, yl+1)) (4.1)
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is w.r.t. i.i.d. The idea is to look at all possible class labels yj for the label yl+1

and for each label we have to estimate how typical the sequence (4.1) is under the
i.i.d assumption. The typicalness of a sequence is obtained by using p-value function.
Our prediction for yl+1 is the set of yj for which Equation (4.1) is typical. One way of
obtaining p-value function is by considering how strange each example in our sequence
is from all other examples. To measure these strangeness values we use nonconformity
measure. Nonconformity measure (NCM) A is a family of functions which assigns a
numerical score to each example zi indicating how different it is from the examples in
the multiset {z1, ..., zi−1, zi+1, ..., zn}. We can also compute the nonconformity scores
by including the example zi in the multiset i.e., {z1, ..., zi−1, zi, zi+1, ..., zn}.

Nonconformity measure has to satisfy the following properties [69]:
1. Nonconformity score of an example is invariant w.r.t. permutations. i.e., for any

permutation π of 1, 2..., n

A(z1, z2, ..., zn) = (α1, α2, ..., αn) =⇒

A(zπ(1), zπ(2), ..., zπ(n)) = (απ(1), απ(2), ..., απ(n))
(4.2)

2. A is chosen such that larger the value of αi stranger is zi to other examples.
The nonconformity score αl+1 on its own does not really give us any information

as it is just a numeric value. However, we can find out how untypical the sequence
(4.1) is according to A when given the label yj for yl+1 by comparing αl+1 with all
other nonconformity scores. This can be done using p-value function:

p(yj) =
#{i = 1, 2, ...., l + 1 : αi ≥ αl+1}

l + 1
(4.3)

The output of this function lies between
1

l + 1
and 1. An important property of p-value

is that ∀ε ∈ [0, 1], where ε is the significance level, and for all probability distributions
P on Z,

P{{z1, z2, ..., zl+1} : p(yl+1) ≤ ε} ≤ ε. (4.4)

Proof was given in [52]. This tells that if the p-value of a given label is under some
very low threshold, say 0.05, then this label is highly unlikely, as such sequences will
only be generated at most 5% of the time by any i.i.d. process. Then, we exclude all
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labels whose p-values are under some very low threshold ε. As a result, a conformal
predictor outputs the set

{yj : p(yj) > ε} (4.5)

i.e., the set of all labels that have a p-value greater than ε with confidence 1 − ε. This
original approach to conformal prediction is called Transductive Conformal Prediction
(TCP). The formal procedure was given in [53] and is given below:

• Consider all possible classifications Y1, Y2, ...., Yc for the new object xl+1 for
which we want to predict the label, and apply the underlying algorithm to every
one of the possible completions (where c is the number of possible labels):

(x1, y1), (x2, y2), ...., (xl, yl), (xl+1, Y1)

(x1, y1), (x2, y2), ...., (xl, yl), (xl+1, Y2)

.

.

.

.
(x1, y1), (x2, y2), ...., (xl, yl), (xl+1, Yc)

• For every possible label yi, compute a nonconformity score to each example
in the set (x1, y1), (x2, y2), ..., (xl+1, yi). As a result, we get the following se-
quences of nonconformity scores for each possible label:

α
(Y2)
1 , α

Y2)
2 , ...., α

(Y2)
l , α

(Y1)
l+1

α
(Y2)
1 , α

(Y2)
2 , ...., α

(Y2)
l , α

(Y2)
l+1

.

.

.

.
α

(Yc)
1 , α

(Yc)
2 , ...., α

(Yc)
l , α

(Yc)
l+1

• Compute the p-value for xl+1 being classified as each possible label Yi by using
the following equation:

p(Yi) =
#{i = 1, 2, ...., l + 1 : α

(Yi)
i ≥ α

(Yi)
l+1}

l + 1
(4.6)
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• Predict the classification with the largest p-value.

• Output as confidence to this prediction one minus the second largest p-value, and
as credibility the p-value of the output prediction, i.e. the largest p-value.

Note that for every example in the test set we need to apply the underlying algo-
rithm c times. As a result, the computational complexity of TCP with respect to the
underlying algorithm U with l training examples and t test examples will be

Θ(|t|c(Utrain(l + 1) + (l + 1)Uapply)) (4.7)

Utrain(l + 1) is the time required by U to generate its general rule. Uapply is the time
needed to apply this general rule to a new example. Because of this huge time com-
plexity, TCP cannot be used with an underlying algorithm that requires long training
time, or when the data set is large.

On the other hand, Inductive conformal predictors (ICP) splits the training set Z
into two smaller sets, proper training set with s < l examples and the calibration set
with q = l−s examples. It then applies the underlying algorithm to the proper training
set to generate the prediction rule P[[z1,z2,....,zs]] and it calculates the p-value for each
possible classification of the new example using only the examples in the calibration
set. As a result, it only needs to apply the underlying algorithm once. Formally, the
nonconformity score αs+i of each example zs+i in the calibration set is calculated by
applying the prediction rule P[[z1,z2,....,zs]] to zs+i. Similarly, the nonconformity score
αl+g for each possible classification Yj of the new test example xl+g is calculated by
applying the prediction rule P[[z1,z2,....,zs]] to zl+g. Note that nonconformity scores of
the examples in the calibration set need to be computed only once. Then, compute the
p-value of each possible label Yj of xl+g by comparing the nonconformity score of zl+g
with the nonconformity scores of all examples in the calibration set as follows:

p(yj) =
#{i = s+ 1, ...., s+ q, l + g : αi ≥ αl+g}

q + 1
(4.8)

The computational complexity of ICP will be

Θ(Utrain(l − q) + (q + r)Uapply) (4.9)
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Formally, this procedure is explained with the following steps:

• Split the training set into two smaller sets, the proper training set with s examples
and the calibration set with q = l − s examples.

• Use the proper training set (z1, z2, ...., zs) to generate a general rule P[[z1,z2,....,zs]]

for classifying new examples; this general rule is created by the underlying al-
gorithm.

• Assign a nonconformity score to each one of the examples in the calibration set.
This will result in the sequence αs+1, αs+2, ...., αs+q.

• For each object xl+g, g = 1, 2, ...., |t|

– Consider each possible classification Yi, i = 1,2,....,c and compute the non-
conformity score α(Yi)

l+g .

– Compute the p-value for xl+g being classified as each possible label Yi
using nonconformity scores of the calibration examples and α(Yi)

l+g using the
following equation:

p(Yi) =
#{i = s+ 1, ...., s+ q, l + g : αi ≥ α

(Yi)
l+g }

q + 1
(4.10)

• Predict the classification with the largest p-value.

• Output as confidence to this prediction one minus the second largest p-value, and
as credibility the p-value of the output prediction, i.e. the largest p-value.

Calibration examples should only take up a small portion of the training set, so that
their removal will not dramatically reduce the predictive ability of the underlying al-
gorithm.

The p-values obtained by both TCP and ICP for each possible classification can be
used in two different modes:

• Point prediction: For each test example, predict the classification with the high-
est p-value. The confidence of this prediction is 1 - the second largest p-value
and credibility is the p-value of this prediction for that classification. Confidence
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gives us a measure of how likely our prediction is compared to all other possible
classifications according to the training set. Credibility tells how well the new
item with the assumed label conforms to the training set of items.

• Region prediction: Given the ε > 0, output the prediction as the set of all clas-
sifications whose p-value > ε with 1− ε confidence that the true label will be in
this set.

4.3.2 Validity and Efficiency

Two measures are used in order to indicate the quality of prediction regions produced
by CP:

• Validity: Validity at specified error probability (ε) is satisfied, if at least (1 − ε)
of the prediction regions of test example at that ε contain true label. Note that
the prediction region for a test example at a given ε contains all possible ratings
whose p-values are greater than ε. For example, validity is satisfied at ε = 0.1

if at least 90% of the prediction regions of the test examples contain their true
labels. To check the validity we generally use error percentage which is the
percentage of test examples for which the true label is not inside their prediction
regions and is given by

error percentage =

∑|t|
i=1 ERRORi

|t|
(4.11)

where

ERRORi =

{
1 if Ti is not a member of Γεi
0 otherwise

Γεi is the prediction region for the ith test example at significance level ε

Ti is the true rating of the ith test example

t is the set of test examples

In other words, error percentage refers to the probability of excluding the true
label from the prediction region.

Validity in terms of error percentage is given by
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validity = 1− error percentage (4.12)

• Efficiency of CP is the tightness of prediction regions it produces. The narrower
(small number of labels) the prediction region or prediction set, the more effi-
cient the conformal predictor is.

Criteria to determine the efficiency of conformal predictors [74]:

1. The S (sum) criterion measures efficiency by the average sum of the p-values;
small values are preferable for this criterion. It is ε-free.∑|t|

i=1

∑
y p

y
i

|t|

2. The N (number) criterion uses the average size of a prediction set. Small
values are preferable. It is a function of the significance level ε.∑|t|

i=1 |Γεi |
|t|

3. The U (Unconfidence) criterion uses the average unconfidence over the test
sequence, where the unconfidence for a test object is the second largest p-value.
small values are preferable. It is ε-free.

miny(maxy′ 6=yp
y′

i )

4. The F (Fuzziness) criterion uses the average fuzziness, where the fuzziness
for a test object is the sum of all p-values apart from the largest one. Smaller
values are preferable. It is ε-free.∑

y p
y
i −maxyp

y
i

5. The M (Multiple) criterion uses the percentage of objects in the test sequence
for which the prediction set Γεi at level ε is multiple, i.e., contains more than one
label. Smaller values are preferable. It is ε-dependent.

6. The E (Excess) criterion uses the average amount the size of the prediction
set exceeds 1. It is ε-dependent.
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7. The OU (Observed Unconfidence) criterion uses the average observed un-
confidence over the test sequence, where the observed unconfidence for a test
example is the largest p-value for the false labels. Smaller values are preferable.∑|t|

i=1maxy 6=yip
y
i

|t|

8. The OF (Observed Fuzziness) criterion uses the average sum of the p-values
for the false labels. Smaller values are preferable.∑|t|

i=1

∑
y 6=yi p

y
i

|t|

9. The OM (Observed Multiple) criterion uses the percentage of observed mul-
tiple predictions in the test sequence, where an observed multiple prediction is
defined to be a prediction set including a false label. Smaller values are prefer-
able.

10. The OE (Observed Excess) criterion uses the average number of false labels
included in the prediction set at level ε. Smaller values are preferable.

The regions produced by any CP algorithm are automatically valid. But efficiency
in terms of tightness and usefulness of prediction regions depends on the nonconfor-
mity measure used by the CP algorithm [53]. We can define many different nonconfor-
mity measures for a given underlying algorithm and each of these measures defines a
different CP. Therefore, determining an efficient nonconformity measure based on the
underlying algorithm is one important step in CP. In this work, we define different non-
conformity measures based on the underlying algorithm and empirically demonstrate
the best nonconformity measure.

CP is increasingly becoming popular due to the fact that it can be built on top
of any conventional point prediction algorithms like k-NN [57, 61], SVM [67, 68],
decision trees [28, 29], random forests [11, 18], neural networks [53, 58], ridge re-
gression [51, 56] etc. Furthermore, CP has been successfully applied to life-critical
applications such as diagnosis of acute abdominal pain [54], early detection of ovar-
ian cancer [21], the recognition of hypoxia electroencephalograms (EEGs) [79] and
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classification of leukemia subtypes [9]. CP has also been applied in various other ap-
plications like the prediction of network traffic demand [17] and estimation of effort
for software projects [55]. The confidence measures produced by CPs are not only
useful in practice, but also their accuracy is comparable to, and sometimes even bet-
ter than that of their underlying algorithms. We use conformal prediction to associate
a confidence measure for each individual prediction made by our chosen underlying
algorithm.

4.4 Item-based Collaborative Filtering

In IBCF, prediction and recommendation are based on item to item similarity. The key
motivation behind this scheme is that a user will more likely purchase the items that
are similar to items he already has purchased. This can be done as follows: Assume
that I is the set of all available items. For every target user ut, first the algorithm looks
into the set of items that he has rated (training set Ct) and computes how similar they
are to the target item it ∈ St (St is the set of test items for the target user ut) using
a similarity measure, and then selects k most similar items {i1, i2, ..., ik}. Once the
most similar items are found, the prediction is then computed by taking the weighted
average of the target user’s ratings on these similar items. So, two main tasks in IBCF
are: computing item similarities and rating prediction.

In order to apply CP to IBCF, it is appropriate to convert all ratings to binary i.e.,
like and dislike. The reason for this is twofold: first, uneven distribution of ratings
in the data sets: For instance, more than 80% of all ratings in MovieLens 100K are
greater than 2 and nearly 70% of all ratings in Eachmovie are greater than 3. As a
result, it becomes very difficult to identify k most similar items consumed by the target
user which are rated as 1 when the target item rating is assumed as 1. Second, in
[26], authors have shown that user’s rating as the noisy evidence of user’s true rating.
Therefore identifying k most similar items which are rated as 1 when the new item
rating is assumed as 1 does not make sense.

The simple way to convert all ratings to binary is as follows: take the middle of
the rating scale as the threshold (for instance, 3 in the rating scale of 1-6) and assume
all ratings greater than the threshold as liked and all other ratings as disliked. But
this approach works fine when the distribution of all ratings is even which is not the
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4.4 Item-based Collaborative Filtering

case in most of the data sets. Other approach to convert the ratings into binary is
to compute the average rating for every user and consider all ratings whose rating is
greater than the average as liked and the all ratings below this average as disliked. This
is the best approach to deal with all types of users including pessimistic, optimistic
and strict users. For example, for pessimistic (optimistic) users who usually give low
(high) rating to every item they consume, we assume that they like items rated above
their average rating and dislike items rated below the average. Similarly, in the case of
strict users who rate every item correctly according to whether they like that item or
not (gives high rating when they like and low rating when they do not like) in which
case we assume all ratings above the average (approximately equal to the middle of the
rating scale) as like and other ratings as dislike [39]. This ensures that our CP algorithm
has reasonable number of liked and disliked items in the data set which makes it easier
to find k similar items when the target item is assumed as like or dislike. Item similarity
computation and prediction are done as follows:

• Item Similarity Computation: In our IBCF, we have chosen cosine based simi-
larity measure to compute similarities among the items. Since, we have only two
rating values (+1, -1), our algorithm uses a variant of the binary cosine similarity
measure defined in Equation (3.21). The similarity measure defined in Equation
(3.21) produces values in between [+1, -1]. But the similarity measures produc-
ing the negative values are not suitable to the proposed nonconformity measures
defined in section 4.5. Therefore, we modified the similarity measure defined in
Equation (3.21) so as to produce the similarity values in between [0, 1] and is
defined as follows:

similarity(i, j) =
ni+1,j+1 + ni−1,j−1√

ni+1 + ni−1
√
nj+1 + nj−1

(4.13)

Equation (4.13) is same as Equation (3.21) except that the last two terms ni+1,j−1

(number of users who liked item i and disliked item j) and ni−1,j+1 (number of
users who disliked item i and liked item j) are removed from the numerator. In
other words, we are using only the common items liked and disliked by both
users for computing the similarity values. Similarity(i, j) = 1 when these two
items are rated by exactly same set of users with same preferences. We chose
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4.5 Prediction with Confidence in IBCF

cosine similarity measure in our work because of its popularity. But we can
use any similarity measure which is suitable to binary data and produces the
similarity values in between [0, 1]. Our aim in this paper is not to improve the
accuracy of the algorithm, but to provide confidence to the predictions generated
by the algorithm.

• Predicting the label (like or dislike): Once the similarities are computed, find
the k most similar items (k nearest neighbors) of the target item among the con-
sumed items of the target user. Then predict the label for the target item as the
most common label among its k nearest neighbors.

Algorithm 1 describes the item-based collaborative filtering algorithm.

Algorithm 1: : Item-based Collaborative Filtering
Input: k,ut,Ct,St,I
Output: labeli
for all i ∈ I do

for all j ∈ I do
Compute the similarity between i and j using Equation (4.13)

end for
end for
for all i ∈ St do

Find k most similar items from Ct
Find the most common label, labeli (= like or dislike) among these k most
similar items
Predict labeli as the label for the item i

end for

4.5 Prediction with Confidence in IBCF

We propose a conformal prediction algorithm with item-based collaborative filtering as
the underlying algorithm which is a simple and widely used algorithm in commercial
applications. We propose different nonconformity measures and empirically determine
the best nonconformity measure. We empirically prove validity and efficiency of the
proposed algorithm. Experimental results demonstrate that the predictive performance
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4.5 Prediction with Confidence in IBCF

of conformal prediction algorithm is very close to its underlying algorithm with little
uncertainty along with the measures of confidence and credibility.

4.5.1 Problem Formulation

In order to apply CP, we need a training set of examples {z1, z2, ..., zl} and a test
example zl+1 for which we want to make the prediction. Here we discuss how this is
formulated in the context of IBCF. For every target user ut, there is a set of items Wt

rated by this user and we consider a part of Wt as the training set Ct. For every item
i ∈ Ct, user has assigned a label which tells whether the user liked (+1) or disliked
(-1) the item i. Therefore, the possible labels are {+1, -1}. We also have a test set of
items St (Wt − Ct) for which we hide the actual labels assigned by the user. Now, our
task is to assign a label (which makes the current test item conforms to the training
set) to each of the test set items with an associated confidence measure which is valid
according to Equation (4.4).

4.5.2 Nonconformity Measures (NCMs)

We propose different NCMs based on IBCF. First we introduce the terminology to
define NCMs. Since we are having only two labels, (= {+1,-1}), we are assuming that
if y = 1 then ȳ = −1 and vice-versa. Assume that similarityyi is vector which is a
sorted sequence (in descending order) of similarity of an item i with items in Ct with
the same label y. In the same manner, similarityȳi , is a sorted sequence (in descending
order) of similarity of an item i with items in Ct with the label ȳ. The weight for the
item iwith label y, wyi is defined as the sum of similarity values of k most similar items
with the label y among the set of rated items Ct of the target user ut. Similarly wȳi is
defined as the sum of similarity values of k most similar items with the label ȳ among
the items in Ct of the target user ut.

wyi =
k∑
j=1

similarity(i, j)y. (4.14)

wȳi =
k∑
j=1

similarity(i, j)ȳ. (4.15)
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where k is the number of most similar items. similarity(i, j)y is jth most similar item
in similarityyi , y is the label of the item i, similarity(i, j)ȳ is jth most similar item
in similarityȳi and ȳ is the label other than the label of item i.

In what follows we define NCMs based on IBCF:

NCM1 = k − wyi . (4.16)

NCM2 =
1

wyi
. (4.17)

NCM3 =
wȳi
wyi
. (4.18)

1. NCM1 & NCM2: The simple NCMs for an item i are as follows: The maxi-
mum value of the similarity function defined in Equation (4.13) is 1. As a result, the
maximum value of wyi becomes k. The higher the value of wyi , the more conforming
the item i is with respect to the other items. NCM1 will be high when wyi is small and
smaller value of wyi indicates that the item with label y is nonconforming with other
items of the same label. As a consequence, the higher the value of NCM1, the stranger
the item i is with respect to the other examples with the same label according to the
second property of NCM. Similarly, smaller the value of wyi the higher the value of
NCM2. The higher the value of NCM2, the more nonconforming the item i is with
respect to the other examples.

2. NCM3: A more efficient and a variant of NCM proposed in [61] can be defined
by taking into consideration wȳi along with wyi in computing the nonconformity score.
According to NCM3, example i with label y is nonconforming when it is very similar
to the items with label ȳ (high value of wȳi ) and dissimilar to the items with label y
(low value of wyi ).

4.5.3 Proposed Algorithm

Algorithm 2 (IBCFTCP) is a variant of the algorithm proposed in [61] and describes
the application of TCP to IBCF in detail. For every item i in St of the target user ut,
try all possible labels in Y . For each label y in Y ,
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4.5 Prediction with Confidence in IBCF

• Assume that y is the label for the current test item i.

• Append the test item i with the assumed label y to the set of consumed items Ct
and call this set E.

• Compute the nonconformity scores of all items in E using any of the NCMs
discussed in the previous subsection.

• Compute the typicalness of the sequence E using p-value function.

• For region predictions, output the prediction as the set of all labels whose p-
values are > ε with confidence 1 − ε. In the case of point predictions, output
the label with the highest p-value with confidence 1− the second highest p-value
and credibility as the highest p-value.

4.5.4 Time Complexity

In this section, we compare the time complexity of the proposed CP algorithm (IBCFTCP)
with the underlying algorithm (IBCF). The time complexity of IBCF can be divided
into two parts: (i) time required to compute the similarities between all items (sim-
ilarity computation) and (ii) time required to make predictions for test items (rating
prediction). Let m be the number of users and n be the number of items.

• Similarity computation: We need to compute n(n − 1) similarities to compute
the similarity between all n items. Each similarity computation requires m oper-
ations. Therefore, the time complexity for similarity computation is n(n− 1)m

operations which is Θ(n2m).

• Rating prediction: For each test item of the target user ut, we need to find k
similar items from Ct which requires |Ct|k time and then find the most com-
mon label among these k neighbors which needs k operations. Therefore, the
time complexity of predicting the rating for each test item is |Ct|k + k which is
Θ(|Ct|k). The time it takes for predicting the ratings for all test items in |St| is
Θ(|St||Ct|k). If the number of target users are nt, then the time complexity to
predict the ratings for test items of all target users is Θ(nt|St||Ct|k).
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Algorithm 2: : Item-based Collaborative Filtering with TCP (IBCFTCP)
Input: k,ut,Ct,St,I ,Y ,ε
Output: Prediction Region, labeli, Confidence, Credibility
for all i ∈ I do

for all j ∈ I do
Compute the similarity between i and j using Equation (4.13)

end for
end for
for all i ∈ Ct do

Compute wyi and wȳi
Compute nonconformity scores using any of the NCMs discussed above.

end for
for all i ∈ St do

for all y ∈ Y do
Update the similarity values of item i with other items in Ct
Compute wyi and wȳi
Compute nonconformity score of i using any of the NCMs discussed above.
for all j ∈ Ct do

if labelj = y then
if similarity(i, j)y > similarity(j, k)y then

Recompute the nonconformity score of item j
end if

else if labelj = ȳ then
if similarity(i, j)ȳ > similarity(j, k)ȳ then

Recompute the nonconformity score of item j
end if

end if
end for
Compute the p-value(p(y)) of item i with label y using Equation (4.3)

end for
Prediction Region = {y|p(y) > ε} with confidence 1-ε
OR
labeli = y such that max{p(+1),p(-1)} = p(y)
Confidence = 1 - second highest p-value
Credibility = highest p-value

end for
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The time complexity for IBCF is Θ(n2m+ nt|St||Ct|k)

For IBCFTCP, the time required or similarity computation is the same as that of
IBCF which is Θ(n2m). Time complexity for rating prediction is computed as follows:

• Compute the nonconformity scores for all consumed items Ct of the target user
ut: In order to compute the nonconformity score of for each consumed item i in
Ct, we need to find the most similar items from Ct other than i which requires
k(|Ct|−1) time. We need to do this for both labels +1 and -1. Using these values,
computing the nonconformity score of each item takes 1 operation. Therefore
the time complexity of this step is |Ct|(2 ∗ k(|Ct| − 1) + 1) which is Θ(|Ct|2k).

• Predict the rating for the test item: For each test item i in St, we assume that the
test item is consumed by the user. Therefore, we need to update the similarity
values of the test item i with all the consumed items of the target user which
takes |Ct|m time. Then in order to compute the nonconformity score of the test
item i, we have to find the k similar items from the set Ct for both positive and
negative ratings. This takes 2 ∗ |Ct|k. Computing the nonconformity score takes
1 operation. Then we need to update the nonconformity scores of all items in
Ct, if required, which takes |Ct| time. Finally computing the p-value takes |Ct|
time. This step should be repeated for both positive and negative ratings (that is
2 times as we have 2 labels {+1, -1}).

Therefore, the number of operations required to make the prediction for all test items
in |St| of one target user is |Ct|(2 ∗ k(|Ct| − 1) + 1) + |St| ∗ 2 ∗ (|Ct|m+ 2 ∗ |Ct|k +

1 + |Ct|+ |Ct|), which is Θ(|Ct|2k + St ∗ 2 ∗ (|Ct|m+ |Ct|k)). For nt target users the
time complexity is Θ(nt(|Ct|2k + St ∗ 2 ∗ (|Ct|m+ |Ct|k))).

Finally, the time complexity of IBCFTCP is Θ(n2m+nt(|Ct|2k+|St|∗2∗(|Ct|m+

|Ct|k))). Generally, the time complexity for the TCP is based on the number of test ex-
amples times number of labels times the underlying algorithm time complexity. But, in
our case, it is very less compared to original TCP. This is because, we can pre-compute
the nonconformity scores of the consumed items for all target users and recompute
them if and only if the similarity value of newly appended test item is greater than the
similarity value of kth most similar item of the consumed item. Furthermore, in our
case, the number of possible ratings are only 2. Therefore, even with large data sets
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like Eachmovie and Movielens 1M, it is practical to implement TCP on item-based
collaborative filtering.

4.6 Experiments and Results

4.6.1 Experimental Setup

We tested our algorithm on four data sets: MovieLens 100K, MovieLens 1M, MovieLens-
latest-small and EachMovie. We randomly selected 50 users and for each user 60% of
the data is considered as training set and remaining 40% is taken as the test set. We
have chosen the users in such away that each user has at least 21 items with +1 and
21 items with -1 (after removing the test items) so that we get required number of
neighbors (5-20) for each class to compute the NCMs.

4.6.2 Results and Discussion

Here we compare performance of CP with the underlying algorithm (IBCF) in terms
of percentage of correct classifications (%CC) for different data sets and for different
k values. In our experiments, we considered 4 different k values: 5, 10, 15 and 20. In
order to do this comparison, we have to make single point predictions, since the un-
derlying algorithm makes only single point predictions. In single point predictions, we
output a label with the highest p-value. In case, if both labels share this p-value then
we can take any one of these labels randomly. In our experiments we take both labels:
one that is same as the true label (conforming one) and other one which is other than
the true label (nonconforming one) and compute the performance of CP algorithm sep-
arately for both cases. In this way we can measure the certainty in predictions. In Table
4.1 we compare the performance in terms of %CC of IBCFTCP with that of IBCF with
both conforming labels (CL) and nonconforming labels (NL). We got same results for
both NCMs1&2 in terms of %CC, validity and efficiency. Therefore, we do not show
their results separately. We also calculate the uncertainty (this uncertainty is w.r.t. the
ability of the algorithm in producing a single label while making point predictions) in
the predictions as the percentage of items having more than one label (in our case both
labels) shares the highest p-value. As the percentage of uncertainty is increased the
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Data set
Number of

Nearest
Neighbors

Algorithm

IBCF IBCFTCP
NCMs1&2 NCM3

%CC
Uncer-
tainty %CC

Uncer-
tainty %CC

Uncer-
tainty

CL NL CL NL CL NL

Movieens
100K

5 0.6917 0.6917 0 0.7164 0.684 0.0324 0.7053 0.6985 0.0068
10 0.7492 0.6408 0.1085 0.7185 0.6823 0.0362 0.7046 0.6955 0.0092
15 0.6919 0.6919 0 0.7126 0.6797 0.0329 0.703 0.6915 0.0115
20 0.7131 0.6593 0.0538 0.7084 0.6783 0.0301 0.6988 0.6889 0.0099

Eachmovie

5 0.7268 0.7268 0 0.7495 0.6913 0.0581 0.7258 0.7162 0.0096
10 0.774 0.6702 0.1038 0.7457 0.6994 0.0463 0.7293 0.7224 0.0068
15 0.7202 0.7202 0 0.7451 0.7041 0.041 0.7317 0.7249 0.0068
20 0.7442 0.6901 0.0541 0.7439 0.6991 0.0448 0.7296 0.723 0.0065

Movielens
1M

5 0.7132 0.7132 0 0.7409 0.6938 0.047 0.7224 0.7147 0.0077
10 0.7717 0.6613 0.1105 0.7465 0.7025 0.044 0.7313 0.7239 0.0073
15 0.7234 0.7234 0 0.746 0.7044 0.0416 0.7317 0.7256 0.006
20 0.7508 0.6912 0.0597 0.7405 0.7044 0.0361 0.7279 0.7234 0.0045

Movielens-
latest-small

5 0.6327 0.6327 0 0.6545 0.6133 0.0413 0.652 0.6205 0.0314
10 0.7114 0.5666 0.1448 0.6593 0.622 0.0372 0.6627 0.6289 0.0338
15 0.6426 0.6426 0 0.659 0.6293 0.0297 0.6655 0.6334 0.0321
20 0.6806 0.5884 0.0922 0.6565 0.6295 0.027 0.6648 0.6327 0.0321

Table 4.1: Performance comparison of IBCF with IBCFTCP with CLs and NLs

deviation between performance of CP with conforming label and nonconforming label
will also be increased as shown in Table 4.1.

From Table 4.1 when CLs are considered, the CP algorithm (for all NCMs) is out-
performing IBCF for odd k values (5 & 15) due to its slightly higher uncertainty values
compared to IBCF, whereas IBCF is performing better for even k values (10 & 20) be-
cause of its significantly higher uncertainty values. In case of NLs, CP with NCMs1&2
is showing performance improvement for even k values and lower performance for odd
k values (5 & 15) compared to IBCF. On the other hand, CP with NCM3 is outperform-
ing IBCF for all k values when NLs are taken into account except for odd values of
K for movielens-latest-small data set. From Table 4.1, we can say that NCM3 is the
best NCM (shown in bold numbers) as it is showing good performance with less un-
certainty compared to NCMs1&2. Although NCMs1&2 are outperforming NCM3 in
terms of %CC when CLs are taken into consideration, these are not good NCMs, as this
improvement is due to uncertain predictions produced by these NCMs. Though IBCF
with CLs is performing well for even values of k compared to CP with NCM3, this
performance improvement is also because of high uncertainty involved in predictions
made by IBCF. Uncertainty of IBCF for odd k values is 0 (because in this case there
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Figure 4.1: Validity of IBCFTCP for different data sets (left to right: Movielens 100K,
Eachmovie, Movielens 1M and Movielens-latest-small)

is no possibility of obtaining equal number of +1s and −1s) and for even k values its
uncertainty is greater than IBCFTCP with NCMs1&2.

All CPs are automatically valid. Notice that in IBCFTCP the training set and test
set of items differ from user to user in contrast to CP in ML where the training set and
test sets are fixed for the whole algorithm. So, it is necessary to show that the validity
is satisfied for each user. The validity of CP with NCM3 for each user for different
data sets and for k = 20 is shown in Figure 4.1 (We got similar results for validity
and efficiency for other k values). Although validity for each user is also satisfied for
NCMs1&2 we did not show the results here because NCM3 is the best NCM in terms
of prediction accuracy as shown in Table 4.1 and efficiency (which will be discussed
in the following paragraphs). From Fig. 4.1 we can see that the error values for most
of the users are within the bounds of ε.

Fig. 4.2 shows average validity of IBCFTCP for different data sets and for different
NCMs for k = 20. From Fig. 4.2, it is clear that prediction regions produced by CP
with all NCMs are valid and follows a straight line as required.

Usefulness of CPs depend on its efficiency. We use three criteria to compute the
efficiency of CP [58]:

1. % of test elements having prediction regions with single label.
2. % of test elements having prediction regions with more than one label.
3. % of test elements having empty prediction region.
A CP is said to be efficient when the % of second and third criteria are relatively

small whereas the % of first should be high especially at higher confidence levels (60-
99% (Though these are not the high confidence levels in true sense, these are the ac-
ceptable confidence levels as far as the movies domain is concerned)). Our algorithm
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Figure 4.2: Validity

is optimal in the sense that it produces 0% empty prediction regions from 70-99%
confidence levels and < 20% from 60-70% confidence levels, while showing reason-
ably acceptable performance (in movies domain) in minimizing the second one and
maximizing the first one at these confidence levels. The % of test elements having pre-
diction regions producing single labels at different confidence levels for different data
sets, different NCMs and for k = 20 is shown in Figure 4.3. From Figure 4.3, we can
observe that NCM3 is outperforming NCMs1&2, in producing the higher number of
prediction regions with single labels. The % of single labels produced by NCMs1&2
never exceed 30% at any confidence level, whereas NCM3 is producing sufficiently
large % of single labels especially from 60%-90% confidence levels. Figure 4.4 shows
the % of correct predictions among the % of single labels produced by NCM3 at each
confidence level. From Figure 4.4 we can see that the % of correct predictions at any
confidence level is > 65%.

The % of test elements having prediction regions with more than one rating at dif-
ferent confidence levels is shown in Figure 4.5. In this case also NCM3 is performing
better than NCM1&2 as NCM3 is producing less number of prediction regions with
multiple labels compared to NCMs1&2 at all confidence levels and in case of NCM3
this number is zero from 0-60% confidence levels. The % of test elements having
empty prediction regions at different confidence levels is shown in Figure 4.6. In this
case also NCM3 is giving good results compared to NCMs1&2 by producing less num-
ber of empty prediction regions compared to NCMs1&2 and this number is zero from
80-99% confidence levels.
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Figure 4.3: % of single labels Figure 4.4: % of correct predictions

Figure 4.5: % of multiple labels Figure 4.6: % of empty labels

The mean confidence and mean credibility of single point predictions produced by
IBCFTCP is shown in Table 4.2. We also calculated mean difference between highest
p-value and lowest p-value for all test ratings. We will get confidence predictions when
this difference is high. From Table 4.2, we can observe that this difference for NCM3
is around 50% (except for movielens-latest-smallfor which it is around 35%), whereas
it is only around 20% with NCMs1&2. Also, the mean confidence and mean credibility
values produced by CP with NCM3 (shown in bold numbers) are better than that of
NCMs1&2.

From these results, we can observe that the performance of the underlying al-
gorithm (IBCF) and CP algorithm in terms of producing the percentage of correct
classifications (%CC) and uncertain predictions when making the point predictions
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Number of
Nearest

Neighbors

Performance
Measure Dataset

Movielens 100K Eachmovie Movielens 1M
Movielens-
latest-small

NCMs
1&2 NCM3

NCMs
1&2 NCM3

NCMs
1&2 NCM3

NCMs
1&2 NCM3

5
mean confidence 0.6327 0.8652 0.63 0.8874 0.6228 0.8842 0.6231 0.7567

mean p1 - p2 0.1721 0.4751 0.1693 0.4934 0.1535 0.4874 0.1816 0.3625
mean credibility 0.5397 0.61 0.5399 0.6061 0.5312 0.6032 0.5589 0.606

10
mean confidence 0.6407 0.8684 0.6455 0.891 0.6304 0.8889 0.6293 0.7572

mean p1 - p2 0.1796 0.4725 0.1884 0.4929 0.1624 0.4877 0.1867 0.3574
mean credibility 0.5392 0.6042 0.5434 0.602 0.5324 0.5989 0.5578 0.6005

15
mean confidence 0.6495 0.8688 0.6558 0.8908 0.6376 0.89 0.6375 0.7585

mean p1 - p2 0.19 0.4707 0.2029 0.4921 0.1719 0.4881 0.1949 0.3574
mean credibility 0.5408 0.602 0.5475 0.6014 0.5347 0.5981 0.5577 0.5991

20
mean confidence 0.6579 0.8688 0.6653 0.8895 0.6447 0.8903 0.6456 0.7598

mean p1 - p2 0.2011 0.4711 0.2164 0.4911 0.1814 0.4879 0.2043 0.359
mean credibility 0.5435 0.6024 0.5515 0.6017 0.537 0.5976 0.559 0.5996

Table 4.2: Mean confidence and Mean credibility of IBCFTCP

for movielens-latest-small is less compared to all other data sets as shown in Table
4.1. Similarly, CP algorithm produces less efficient prediction regions for movielens-
latest-small data set compared to all data sets as shown in Figures 4.3 to 4.5. From
these figures, we can see that CP algorithm for movielens-latest-small data set is pro-
ducing less number of single labels and correct predictions compared to all other data
sets while producing large number of multiple labels. In addition to this, mean confi-
dence and credibility values produced by CP algorithm for movielens-latest-small data
set is small compared to all other data sets. The reason for this is the sparsity of the
movielens-latest-small data set compared to other data sets. We can calculate the spar-
sity of the data sets using the information provided in the Table 2.1. The sparsity of
Movielens 100K, Eachmovie, Movielens 1M and Movielens-latest-small are 93.7%,
95.66%, 95.81% and 98.43% respectively. One reason for this sparsity is as follows:
Users generally rate only a small percentage of items as it is not possible for a user to
explore all items especially when there are large number of items. In our Movielens-
latest-small data set, the number of items (8915) are very much larger than number of
users (718). According to Equation (4.13) similarity value between two items is greater
than 0 when the two items are consumed by at least one user with same preference (like
or dislike). But due to the sparsity of the movielens-latest-small data set, the similarity
values between many pairs of items are zero compared to other data sets which leads
to poor performance (as both the underlying algorithm and CP algorithm (specifically

131



4.7 Summary

nonconformity measures) depend on similarity values to make the predictions).
In summary, NCM3 is the best NCM compared to NCMs1&2 in terms of prediction

accuracy and efficiency. Moreover, when restricted to make single point predictions,
mean confidence and credibility values produced by CP with NCM3 are higher than
that of NCMs1&2. Both the underlying algorithm and CP show less performance for
Movielens-latest-small data set compared to other data sets due to sparsity.

4.7 Summary

In this work, we show the adaptation of conformal prediction to item-based collabora-
tive filtering and proposed different nonconformity measures for conformal prediction
based on the underlying algorithm. Using our conformal prediction algorithm we are
associating confidence values to each prediction along with the guaranteed error rate
unlike the underlying algorithm which produces only bare predictions. Our algorithm
is tested on different data sets and we experimentally proved that NCM3 is the best
NCM compared to NCMs1&2 in achieving the prediction accuracy as good as the
underlying algorithm with little uncertainty and also in producing efficient prediction
regions. When making single point predictions, the mean confidence and credibility
values produced by the proposed algorithm is reasonably high. Although our algo-
rithm failed in producing large percentage of single labels at 90-99% confidence levels
(desirable confidence levels in medical applications) we can use this algorithm to make
predictions in certain recommendation domains such as movies, books, news articles,
restaurants, music and tourism where the confidence level of 60%-90% is acceptable.
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Chapter 5

Prediction with Confidence in Matrix
Factorization Algorithm

In the previous chapter, we discussed the application of conformal prediction to Neighborhood-
based algorithm specifically, item-based collaborative filtering algorithm. In this chap-
ter, we apply conformal prediction to matrix factorization which is a model-based al-
gorithm. Major contributions of this chapter are:

• We describe application of conformal prediction to matrix factorization on nu-
merical or ordinal data sets to provide confidence values to each of the predic-
tions made by the matrix factorization algorithm.

• We propose four different ways of applying conformal prediction to matrix fac-
torization.

• We define different nonconformity measures suitable to matrix factorization.

• We experimentally prove the best nonconformity measure among the proposed
nonconformity measures.

• We empirically demonstrate validity and efficiency of our CP algorithm.

• We experimentally demonstrate the best approach between TCP and ICP for
matrix factorization problem.
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5.1 Matrix Factorization

• We show experimentally why the proposed CP algorithms for numerical data
sets failed in producing the efficient prediction regions at high confidence levels
and how can we improve the efficiency by converting the data sets to binary.

We first discuss matrix factorization in recommender systems and its variants.
Thereafter, we discuss different ways of applying conformal prediction to matrix fac-
torization algorithm. We also mention the important differences between machine
learning algorithms and recommender systems, specifically, matrix factorization while
applying conformal prediction. Our experimental results also demonstrate the valid-
ity and efficiency of the proposed conformal prediction algorithm. Finally, we discuss
why the proposed conformal prediction algorithm is not efficient in terms of producing
efficient prediction regions with numerical feedback data sets and how converting the
data set into binary can improve the efficiency.

5.1 Matrix Factorization

The idea behind the matrix factorization and how can we predict the ratings for the un-
known items of the user is described in detail in Chapter 2 (Section 2.4.3). Therefore,
in this section, we discuss the variants of basic matrix factorization such as Regularized
Matrix Factorization (RMF) [20, 34], Non negative Matrix Factorization (NMF) [38]
and Maximum-margin Matrix Factorization (MMMF) [63, 72].

• RMF: In RMF [20], the objective is to find out latent feature matrices W and
V such that the sum-squared error between the observed ratings in the original
ratings matrix Y and the corresponding entries in the predicted matrix Ŷ (Ŷ =

WV T ) is minimized. In order to deal with the problem of overfitting regular-

ization is introduced in the objective function. So the optimization problem of
RMF is the following:

J =
∑

(i,j)∈O

(yij − wivTj )2 +
λ

2
(||W ||2F + ||V ||2F ) (5.1)

where O is the set of observed ratings, λ is a regularization parameter. The

regularization term
λ

2
(||W ||2F + ||V ||2F ) controls the magnitudes of W and V

which makes the model generalize well to test data.
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5.1 Matrix Factorization

• NMF: In RMF and MMMF (which will be discussed in the next subsection) we
do not have any constraints on the values contained in W and V . These matrices
can contain either positive or negative values. But in NMF [38], we restrict the
values in W and V such that all the values should be positive. Therefore, the
objective function becomes

J =
∑

(i,j)∈O

(yij − wivTj )2 +
λ

2
(||W ||2F + ||V ||2F ) such that W,V ≥ 0 (5.2)

• MMMF: In both RMF and NMF, our aim is to minimize the sum-squared error
between observed ratings of original matrix Y and their corresponding entries
in the predicted matrix Ŷ . When predicting discrete values such as ratings in
recommender systems, using a loss function other than the sum-squared error
is more appropriate. In MMMF [63, 72] sum-squared error function is replaced
with hinge loss function. MMMF constraints the norms ofW and V (trace norm)
instead of their dimensionality. Unlike RMF and NMF, the predicted matrix Ŷ
in MMMF contains only discrete values in the set R (the set of possible ratings)
where R = {1, 2, ...r}. In order to output only the discrete values in MMMF we
have to learn r − 1 thresholds {θi1, θi2...θi(r−1)} for every user i in addition to
the latent feature matrices W and V . If we wish to predict how user i will rate
an item j, first we need to compute wivTj and compare this value against r − 1

threshold values of user i which will give us a discrete rating value in {1, 2, ...r}.
In MMMF, we need to minimize the following objective function:

J(W,V, θ) =
∑

(i,j)∈O

r−1∑
a=1

h(Taij(θia − wivTj )) +
λ

2
(||W ||2F + ||V ||2F ) (5.3)

where

Taij =

{
+1 if a ≥ yij

−1 if a < yij
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5.2 Conformal Matrix Factorization

and h(.) is a smoothed hinge loss function:

h(z) =


0.5− z if z ≤ 0

0.5(1− z)2 if 0 < z < 1

0 if z > 1

(5.4)

In our paper, we use MMMF as the underlying algorithm for CP because of its
ability to produce accurate predictions. Furthermore, unlike RMF and NMF where the
predicted ratings are floating point values (We need to round these values while coom-
puting the nonconformity scores), MMMF produces discrete rating values as output
which makes it suitable to conformal prediction algorithm.

5.2 Conformal Matrix Factorization

In this section, we propose Conformal Matrix Factorization (CMF) by examining the
applicability of conformal prediction to matrix factorization framework. Application
of conformal prediction to matrix factorization is thoughtful and non-trivial due to the
fact that matrix factorization problems are different from the general conformal predic-
tion problems. The challenge is to analyze and design a matrix factorization problem
suitable to the conformal prediction framework. We formulate the problem in the next
subsection. Then we propose different nonconformity measures for matrix factoriza-
tion. Finally, we describe the proposed algorithms for Conformal Matrix Factorization.

5.2.1 Algorithm Setup

As discussed in Chapter 2, Users and Items are the two basic entity sets in recom-
mender systems and any prediction or recommendation is done based on the informa-
tion related to these two entities. Classic recommendation approaches, as mentioned
in the Chapter 1 are based on user-to-user (user-based) and item-to-item (item-based)
similarities. In user-based approach we need to find a set of similar users for the target
user to make predictions whereas in item-based approach we have to find a set of items
similar to the given item for the target user. The only one assumption in conformal
prediction is that all examples are independently and identically distributed. When
conformal prediction is applied to machine learning problems, each of these examples
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5.2 Conformal Matrix Factorization

constitute a set of features and a label. In the case of recommender systems most of
the data sets contain only rating values. Therefore, before applying conformal predic-
tion to any recommendation algorithm, specifically for matrix factorization, we need
to formulate our data suitable to CP. In other words, we need to decide what consti-
tutes an example, features and label in matrix factorization. In this work we treat each
user and item as independent and identically distributed (i.i.d.). Therefore, there is an
equal probability of considering user/item as an example in our proposed conformal
prediction algorithms. When conformal prediction is applied with users as examples,
we are finding the conformity of the test user with training set of users. Similarly,
when items are treated as examples, we find the conformity of the test item with train-
ing set of items. For each possibility, the number of training examples, the calculated
nonconformity scores and the resultant p-values are different and as a consequence we
get different results for user-based and item-based approaches in terms of validity and
efficiency along with confidence and credibility values.

Given a partially filled user-item rating matrix Y ∈ Rm×n, where m is the number
of users and n is the number of items, the task is to predict the missing ratings in the
matrix with a confidence link to it using matrix factorization. Conformal prediction
when applied to machine learning problems, each example in the training set consti-
tutes a feature vector and a label. In the case of recommender systems, most of the
data sets encompass only rating information. Moreover, matrix factorization problem
assume that features are not given. Hence, we need to formulate our data suitable to
conformal prediction before applying conformal prediction to matrix factorization. As
mentioned earlier, in a matrix factorization setting, we are given a matrix Y in which
rows represent users, columns represent items and entry Yij denote the rating given by
user i for an item j. Each row in a matrix corresponds to one user and each column
corresponds to one item. We propose two alternatives to represent an example.

• Each row (user) in the matrix as one example. We refer this as user-based rep-

resentation in the subsequent discussion.

• Each column (item) in the matrix as one example. We refer this as item-based

representation in the following discussion.

In both cases, target entry (where we need to make a prediction) is considered as a
label and the remaining observed entries of a row/column are taken as a feature vector.
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5.2 Conformal Matrix Factorization

For example, let there be 10 users and 15 items and let Y6,7 be the entry to be predicted.
As specified above, in both cases, an entry Y6,7 becomes a label for the test example.
In the case of user-based representation rest of the observed entries in row 6 forms
a feature vector (ratings given by user 6) i.e. {Y6,1, Y6,2, . . . , Y6,6, Y6,8, . . . , Y6,15}.
Similarly, in item-based representation the feature vector would be (ratings given to
item 7) {Y1,7, Y2,7, . . . , Y5,7, Y7,7, . . . , Y10,7}. Let us generalize this setting. Let Yij
be the entry to be predicted. User-based representation forms a set of m exam-
ples Z = {z1, z2, . . . , zm}, where each zk is a pair (xk, yk). It defines yk as Ykj
and xk as {Yk1, Yk2, . . . , Ykn} \ {Ykj}. In this case, training set Zt = Z \ {zi}
and zi is the test example. Item-based representation forms a set of n examples
Z = {z1, z2, . . . , zn}, where each zk is a pair (xk, yk). It defines yk as Yik and xk

as {Y1k, Y2k, . . . , Ymk} \ {Yik}. It is to be recorded that the set Z \ {zj} = Zt is the
training set and zj is the test example.

In this work, we propose to investigate two variants of conformal framework,
namely Transductive Conformal Prediction (TCP) and Inductive Conformal Predic-

tion (ICP) , in the context of matrix factorization using the above two representations.
The proposal of investigating the two variants (TCP/ICP) in the context of two differ-
ent representations (User-based/Item-based) gives rise to four novel conformal matrix
factorization methods as highlighted below.

1. User-based Transductive Conformal Matrix Factorization (UBTCMF).

2. Item-based Transductive Conformal Matrix Factorization (IBTCMF).

3. User-based Inductive Conformal Matrix Factorization (UBICMF).

4. Item-based Inductive Conformal Matrix Factorization (IBICMF).

The difference between the User-based and the Item-based variants is only in the way
they represent the examples. The basic algorithmic steps are common for both.

5.2.2 Machine Learning Vs Matrix Factorization

• In machine learning algorithms there is a distinction between features and la-
bels. But in the matrix factorization problem formulated above, there is no such
distinction. Features and labels both represent ratings. Therefore, rating which
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5.2 Conformal Matrix Factorization

is to be predicted can be treated as label for the given user or item and remaining
observed ratings for that user or item act as features.

• In traditional machine learning algorithms, one cannot use the features of a test
example to predict the label for another test example. This is because, unless the
label is available, we cannot use that example in training. On the other hand, in
matrix factorization even if some of the ya’s (labels of the training examples) are
not available we can use them to train the model.

Defining (non)conformity measure is a crucial part of the conformal prediction
framework. It has to be defined by carefully examining the inner workings of the
underlying algorithm. In the next subsection, we propose different nonconformity
measures for the matrix factorization problem.

5.2.3 Nonconformity Measures

As mentioned in the previous chapter, nonconformity measure is a measurable func-
tion A that assigns to every set {z1, . . . , zn} of n examples, a set {α1, . . . , αn} of n
real numbers that is invariant with respect to permutations [69]. We define different
nonconformity measures and show that they are invariant to permutation of examples.

Nonconformity Measure 1 (NCM1): The most apparent nonconformity measure is to
quantify the mismatch between the original and predicted labels. Since in our case
every observed entry of an example is a meaningful rating given by the user for an item,
we compute the sum of all mismatches (between the original and predicted rating) of
all the observed entries of an example zk as the nonconforming measure of zk.

NCM1(zk) =
∑

Ya∈Ω(zk)

I(Ya) (5.5)

where I(Ya) = 0 if Ya = Ŷa, 1 otherwise. Ω(zk) indicates the set of observed ratings in
the example zk and Ŷa is the predicted rating. This first nonconformity measure gives
the number of the observed ratings in the example that are incorrectly predicted. A
problem that could arise with NCM1 is as follows: Suppose there are two examples
wherein the number of observed ratings are 15 and 20 respectively. Assume that for
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the first example, NCM1 is 10 and for the second example, it is 11. In this case, the
second example is more nonconforming compared to the first one according to the
second property of nonconformity measure (i.e., larger the value of αi stranger is zi to
other examples). In fact, the first one is more nonconforming because the percentage
of incorrect classifications in the first example is 66.67 and for the second one it is
55. This same problem arises when both nonconformity scores are equal, for instance,
10. This is because for the first example the number of correctly classified examples
remains 66.67 whereas for the second one it is 50.
Nonconformity Measure 2 (NCM2): In order to deal with the above problem, we nor-
malize the above nonconformity scores with the number of observed ratings.

NCM2(zk) =

∑
Ya∈Ω(zk) I(Ya)

|Ω(zk)|
(5.6)

The Zero-one error will be a good choice if there is no relation among the possible
labels because any misclassification is a misclassification. But in our case prediction
of 4 is better than predicting 1 if the true rating is 5. Therefore, considering the abso-
lute error between true rating and the predicted one instead of zero-one error is a good
option here.

Nonconformity Measure 3 (NCM3): It is the sum of absolute differences between true
rating and the predicted rating for all the observed ratings in the example.

NCM3(zk) =
∑

Ya∈Ω(zk)

|Ya − Ŷa| (5.7)

But NCM3 suffers from the same problem as NCM1. Assume that, here also we
have two examples with the number of observed ratings as 15 and 20 respectively.
Also suppose that all the predicted ratings corresponding to the observed ratings are
deviating by 2 from their true ratings. Then their nonconformity scores are 30 and 40

respectively. But in fact, their predicted ratings are deviating from their true ones in
the same way and therefore their nonconformity scores should be the same.
Nonconformity Measure 4 (NCM4): To deal with the above problem we normalize
NCM3 with the number of observed ratings. In other words, it is just a mean absolute
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error of the example.

NCM4(zk) =

∑
Ya∈Ω(zk) |Ya − Ŷa|
|Ω(zk)|

(5.8)

However, this may not be a good nonconformity measure because it will give equal
weight to all observed ratings (features) and labels. In the case of Transductive Confor-

mal Matrix Factorization (TCMF), we repeat the matrix factorization process for every
possible label and in our case we also have very close possible ratings (1, 2, . . . , 5 or
1, 2, . . . , 6). Due to the close vicinity of ratings, the resultant predicted matrices do
not differ significantly from each other. As a result, the nonconformity scores of all
examples for the possible ratings are also more or less the same which finally leads to
very close p values. In the case of Inductive Conformal Matrix Factorization (ICMF),
the nonconformity scores of the new example for all possible ratings will differ by
1/|Ω(zk)| (nonconformity scores of calibration examples will not be changed) which
again leads to very close p-values. Ideally, the p-value of the correct label should be
1 and for all other labels it should be very low (in practice it is enough that if we get
higher p-values for the correct label and sufficiently lower p values for all other la-
bels). Moreover, in the case of TCMF, if we change a single rating in a matrix and if
it is conforming with the other observed entries, there is a possibility that the corre-
sponding entry in the predicted matrix will be changed. This is because we are trying
to approximate the predicted matrix with the original matrix with respect to the ob-
served ratings. As a result, if we take the difference between the true rating and the
predicted rating as the nonconformity score, we can get better results compared to the
previous nonconformity measures. This nonconformity measure is also a good choice
for ICMF because now the nonconformity scores of new example for all the possible
ratings will differ by 1 instead of 1/|Ω(zk)|. This is the simple nonconformity score
used in regression [75] and we use this as our next nonconformity measure.
Nonconformity Measure 5 (NCM5): Nonconformity score here is the difference be-
tween the true rating and the corresponding predicted rating of the label entry. Suppose
if Yij be the entry to be predicted then Nonconformity of an example zk is defined as
follows in the case of user-based representation.

NCM5(zk) = |Ykj − Ŷkj|, 1 ≤ k ≤ m. (5.9)
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Similarly, in the case of item-based representation it is defined as

NCM5(zk) = |Yik − Ŷik|, 1 ≤ k ≤ n. (5.10)

A problem that could crop up here is while calculating the nonconformity scores
for those examples for which the true rating is not known (because not all ratings are
available due to the the sparsity of data sets). One option here is to assign the number of
ratings (r) which is greater than the highest nonconformity score as the nonconformity
score to all those examples. Because the highest nonconformity score that we get is
|r − p|, where p is the the predicted rating. Obviously, p should be greater than zero
and so the highest nonconformity score is less than r. That means we are assuming
that all these examples are highly nonconforming. But this assumption might lead to
over conservative prediction regions when we have more number of such examples as
all these examples are having the same nonconformity scores.
Nonconformity Measure 6 (NCM6): To deal with the above problem we need to dis-
tinguish the nonconformity scores of all examples more precisely. We achieve this by
adding the average deviation of the predicted ratings from their true ratings for all the
observed ratings in that example (other than the label) to NCM5. Again, we take Yij
as the target entry. We define nonconformity measure for user-based representation as

NCM6(zk) = |Ykj − Ŷkj|+
1

|Ω(zk)| − 1

∑
Ya∈Ω(zk)\{Ykj}

|Ya − Ŷa|, 1 ≤ k ≤ m. (5.11)

Nonconformity measure for item-based representation is defined as follows.

NCM6(zk) = |Yik − Ŷik|+
1

|Ω(zk)| − 1

∑
Ya∈Ω(zk)\{Yik}

|Ya − Ŷa|, 1 ≤ k ≤ n. (5.12)

If two examples are having the same nonconformity scores and if the average de-
viation of the predicted ratings from their true ratings for all observed ratings in the
first example is less than that of the second example then the second example is more
nonconforming compared to the first one.

Lemma 1. The proposed nonconformity measures are invariant of the permutation of
the training set. For any permutation π of {1, . . . , n} it should satisfy the Equation
(4.2)
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Proof. In matrix factorization, permutation of rows (users) in Y will not change item
feature matrix V as only the corresponding user feature vectors in W will be permuted
accordingly. Similarly, permuting the columns (items) in Y will not cause any changes
in the user feature matrix W. Only the corresponding item feature vectors in V will be
permuted accordingly. Hence, it is evident that examples are distributed in i.i.d. fashion
and that the computed nonconformity scores are invariant with respect to permutations.

5.2.4 Proposed Algorithms

In this subsection, we describe the proposed algorithms. As we mentioned earlier user-
based and item based transductive CMF (or, inductive CMF) differ among themselves
only in the way the examples are represented. Hence, we provide a common algorithm
for both user-based and item-based representations. As mentioned in chapter 4, we
can compute nonconformity scores either by excluding the user in user-based approach
(item in item-based approach) for which we are computing the nonconformity score or
by including the item (user) for which we are computing the nonconformity score. We
have chosen the second option over the first one in our proposed CP algorithms as the
first option is more time consuming than the second one.

5.2.4.1 Transductive Conformal Matrix Factorization

The only assumption in conformal prediction is that all examples are independently
and identically distributed (i.i.d. assumption but generally a weaker assumption of
exchangeability is sufficient). If we want to predict the rating for a test rating (ui, ij),
then user ui (item ij) becomes the test example and remaining users (items) form the
training set in UBTCMF (IBTCMF) . In order to predict the rating, we have to try all
possible ratings, for example, 1, 2, 3, 4 and 5, for (ui, ij) to see how well each of these
ratings conforms to the training set. This can be done as follows:

• Append the test example with the assumed rating to the training set and call it as
the appended training set and check how typical the appended sequence is with
respect to i.i.d.

• Apply matrix factorization to the appended training set.
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• Compute the nonconformity score for every example in the extended training set
using any of the nonconformity measures discussed in the previous subsection.
This Nonconformity measure tells us how different the test example with the
assumed rating is from the other examples in the appended training set.

• The nonconformity score on its own does not really give us any information, it
is just a numeric value. However, we can find out how untypical the appended
training set is by comparing the nonconformity score of the test example with
that of those examples in the training set. This can be done by using the p-value
function. We compute p-value for each possible rating.

The p-values obtained for each possible rating can be used in two different modes:

• Point prediction: predict the rating with the highest p-value. The confidence of
this prediction is 1 - the second largest p-value and credibility is the p-value of
this prediction for that rating.

• Region prediction: Given the ε (error probability), output the prediction as the
set of all ratings whose p-value greater than ε with 1− ε confidence.

Repeat this procedure for every test rating (ui, ij) in the test set t.
Algorithm 3 gives a more formal description on transductive conformal matrix

factorization.

5.2.4.2 Inductive Conformal Matrix Factorization

In addition to test set, we have a set of calibration ratings which we call calibration
set q in ICP. We remove both calibration and test examples from the data set and the
remaining examples constitute the proper training set. In other words, all users (items)
in UBICMF (IBICMF) except calibration and test examples form the proper training
set in ICP. But, in fact, we can use the calibration and test examples without the cali-
bration and test ratings for training along with the examples in proper training set. In
other words, all ratings in the data set except the calibration and test ratings can be used
to build matrix factorization model. Now, we apply matrix factorization on the resul-
tant training set. Then, we compute nonconformity scores for all calibration ratings in
the calibration set using any of the nonconformity measures discussed in the previous
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Algorithm 3: Transductive Conformal Matrix Factorization (UBTCMF and
IBTCMF).

Input: t, Y , R
Output: Prediction Region, (ui, ij), Confidence, Credibility
Set all (ui, ij) ∈ t to unknown
for all (ui, ij) ∈ t do

training set Z = {{U1, U2, ..., Um} \ Ui} in UBTCMF or
Z = {{I1, I2, ..., In} \ Ij} in IBTCMF
for all a ∈ R do

(ui, ij) = a
EZ = Z ∪ Ui in UBTCMF or EZ = Z ∪ Ij in IBTCMF
Apply MF to EZ and Calculate Ŷ .
Compute nonconformity score for Ij using any of the proposed NCMS.
for all z ∈ Z do

Calculate nonconformity scores using any of the NCMs discussed above.
end for
Compute p-value p(a) using Equation (4.3)

end for
Prediction Region = {a|p(a) > ε} with confidence 1-ε
OR
(ui, ij) = a such that max{p(1),p(2),...,p(r)} = p(a)
Confidence = 1 - second highest p-value
Credibility = highest p-value

end for

subsection. Similarly, for each possible rating of the test rating (ui, ij), compute its
nonconformity score and compare it with the nonconformity scores of calibration rat-
ings using p-value function. As discussed above, these p-values can be used to make
point predictions and to produce region predictions. Detailed description can be found
in Algorithm 4.

5.2.5 Time Complexity

In this section, we compare the time complexity of the proposed CP algorithms UBTCMF,
IBTCMF, UBICMF and IBICMF with the underlying algorithm MMMF. The time re-
quired for MMMF (both UBMMMF (i.e. MMMF with the test set same as UBTCMF
and UBICMF) and IBMMMF (i.e. MMMF with the test set same as IBTCMF and
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Algorithm 4: Inductive Conformal Matrix Factorization (IBICMF and
UBICMF).

Input: q, t, Y , R
Output: Prediction Region, (ui, ij), Confidence, Credibility
proper training set Z = {U1, U2, ..., Um} in UBICMF or Z = {I1, I2, ..., In} in
IBICMF
Apply MF to Z and Calculate Ŷ .
for all each (ui, ij) ∈ q do

Compute nonconformity score using any of the NCMs discussed above.
end for
for all each (ui, ij) ∈ t do

for all each a ∈ R do
Calculate nonconformity score using any of the NCMs discussed above.

end for
Compute p-value p(a) using Equation (4.10).
Prediction Region = {a|p(a) > ε} with confidence 1-ε
OR
(ui, ij) = a such that max{p(1),p(2),...,p(r)} = p(a)
Confidence = 1 - second highest p-value
Credibility = highest p-value

end for

IBICMF)) is z|O|(r − 1)d operations, where z is the number of iterations, because
optimizing the equation (5.3) involves calculating the objective function and partial
derivatives of the variables involved in it. Therefore, the time complexity of MMMF
is Θ(z|O|rd).

For UBTCMF and IBTCMF, we need to repeat MMMF |t|r times, where t is the set
of test ratings. Because, for every test rating we need to find the p-value (conformity
level) of all possible rating values to find the conforming label. In order to compute
p-values, we have to compute nonconformity score of all examples (users in UBTCMF
and items in IBTCMF). This will require m operations for UBTCMF and n operations
for IBTCMF. From this, the time required for UBTCMF is |t|r(z|O|(r − 1)d + m),
whereas the time required for IBTCMF is |t|r(z|O|(r − 1)d + n). Therefore the time
complexities of UBTCMF and IBTCMF are Θ(|t|rz|O|rd). In other words, the time
complexity of TCP is |t|r times the time required for MMMF. This is a computationally
expensive process especially, for matrix factorization which has long training times.
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For UBICMF and IBICMF, we need to execute MMMF only one time. Comput-
ing the nonconformity scores of calibration ratings take |q| time. And computing the
nonconformity scores for all test items and for all possible labels require |t|r time.
The time required for UBICMF and IBICMF is z|O|(r − 1)d+ |q|+ |t|r and the time
complexity is Θ(z|O|rd) which is the same as the underlying algorithm MMMF.

5.3 Experiments and Results

We tested our algorithms on four data sets: Movielens100K, Eachmovie, Movielens
1M and Movielens-small-latest. First, third and fourth data set contains ratings from
1 to 5, second data set from 1 to 6. From each data set, we took a subset consisting
of 100 users and 100 items which had the highest number of ratings. This is because
of the computational complexity of TCP. In our case, we have r ratings and number
of ratings to be predicted is |t|. So, we need to apply matrix factorization r|t| times.
This is computationally very expensive. For instance, the smallest data set among the
bench mark data sets in recommender systems is Movielens100K. For this data set if
we consider 20% of ratings (20000) as the test ratings then we need to perform matrix
factorization 20000X5 =100000 times (where 5 is the number of possible ratings). If
we assume that time required to do the matrix factorization once is 60 seconds then
TCP algorithm will take approximately 70 days to predict the ratings. This is even
higher for large data sets such as Eachmovie and Movielens 1M, where the number
of available ratings or the number of possible ratings (r) is more compared to Movie-
lens100K. Therefore, TCP is not a practical approach for matrix factorization problem.
But we applied this to a small data set just to demonstrate the applicability of TCP and
compare its performance with ICP. We performed our experiments using MMMF as
the underlying algorithm. The main reason for selection of MMMF is its ability to
produce discrete rating values as output. So measuring the nonconformity becomes an
easy task. As mentioned above, we do not have any bound on d (number of latent fea-
tures (rank)) in MMMF. But there is no need to consider the the rank > max(m,n).
Here we use a value of d = 100, λ = 4.5 and z = 100.

We first discuss experimental setup and then we compare the performance of MMMF
with CP in terms of MAE and RMSE. Next, we show the validity and efficiency of our
proposed conformal prediction algorithms. Finally, we present the mean confidence
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and mean credibility values produced by our proposed CP algorithms when forced to
make point predictions.

1. Experimental Setup
For TCP, each data set is divided into 5 equal parts wherein each part consists of 20

examples. We repeat our algorithm 5 times, each time using 20% of the ratings in each
example in one of the 5 parts (the examples in this part becomes the test examples) as
the test set and the remaining parts as the training set. Note that here we consider only
20% of ratings in each example in one of the parts as the test set. This is because if we
set all entries in the example to zero then that example becomes new user in UBTCMF
or new item in IBTCMF (cold-start problem). Then we cannot predict a rating without
using any information (previous ratings) about that user or item, especially in collabo-
rative filtering, without using any method to deal with this cold-start problem. To make
our TCP to be compatible with the original TCP where the training and test examples
are distinct, we restricted test ratings to some examples only. But, we can also select
the test ratings randomly.

Similarly, for ICP, 20% of the ratings in each example in one of the 5 parts is
considered as the calibration set (the examples in this part become the calibration ex-
amples). 20% of the ratings in each example in one of the other 4 parts is considered
as the test set (the examples in this part becomes the test examples). The ratings in
the examples of the remaining 3 parts is considered as the proper training set and the
process is repeated 5 times. Here also, in order to be compatible with the standard
ICP, we took calibration and test ratings from some examples only and we call those
examples as calibration and test examples. We also restricted that the calibration and
test examples are distinct. But, in general, we can take calibration and test ratings from
any example. For example, we can take 5% of ratings from all examples as calibration
ratings and another 5% as test ratings. In this case, all examples are considered as
calibration and test examples and proper training set constitutes all examples without
calibration and test ratings. Here, notice the difference between calibration examples
and calibration ratings and between test examples and test ratings. In case of ICP, the
calibration examples and test examples (unlike CP in machine learning) may overlap
but not calibration ratings and test ratings.
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2. Comparative Analysis
In order to compare conformal matrix factorization (CMF) with Maximum Margin

Matrix Factorization (MMMF), we have to make single point predictions. In single
point predictions, we output a rating with the highest p-value. If more than one rating
shares this p-value then we can take any one of those ratings. In our experiments, we
take two ratings: one that is closer to the true rating (most conforming rating(MCR))
and another one which is far away from the true rating (most nonconforming rating
(MNR)). In this way, we can measure the certainty in predictions. If the performance
of the algorithm with MCR is close to the one with MNR, then we can say that the
certainty of the algorithm is high. To make things clear suppose that the p-values for
the possible rating values of 1, 2, 3, 4, 5 are as given below:

Possible rating: 1 2 3 4 5
p-value: 0.2 0.56 0.85 0.85 0.44

Here, we do not refer the item for which we want to predict the rating as the test
item. Test items (or test examples) in our case refers to the set of ratings given to
an item from which we are choosing some percentage of ratings as the test set (in
UBTCMF/UBICMF). We refer each such rating in the test set as the test rating. In
other words, test rating is some entry in the test item for which we want to predict the
rating. In the example given above, both ratings ’3’ and ’4’ share the highest p-value
and therefore, both 3 and 4 are the predicted labels for the test rating. Suppose that
the true rating for the test rating is ’5’. Then ’4’ is the most conforming rating (MCR)
(or closest rating) for the test rating and ’3’ is the most nonconforming rating (MNR)
(rating with the maximum deviation from true rating). The absolute error value with
MCR is ’1’ (abs(5-4)) and that with MNR is ’2’ (abs(5-3)). The absolute error with
MCR is the minimum error and the absolute error with MNR is the maximum error.
In the example given above, MCR and MNR are very close to each other and as a
result the error value we get with MCR is also close to what we get with MNR. The
performance of the algorithm is measured with MAE in our paper and it can be seen
that the performance of the algorithm with MCR (closest rating) is very close to the
performance with MNR (rating with maximum deviation). On the other hand suppose
that the p-values for the possible rating values are taken as given below: Here, ’1’ and
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Possible rating: 1 2 3 4 5
p-value: 0.85 0.56 0.2 0.85 0.44

’4’ share the highest p-value. Therefore, ’1’ and ’4’ are the predicted ratings for the
given test rating and ’4’ becomes the MCR and ’1’ becomes the MNR. In this case,
absolute error values with MCR and MNR are ’1’ and ’4’ respectively. Therefore,
the performance of the algorithm with MCR (closest rating) is very far from MNR
(rating with maximum deviation). Consider a third scenario as given below: In this

Possible rating: 1 2 3 4 5
p-value: 0.66 0.56 0.2 0.85 0.44

case, only one rating (’4’) shares the highest p-value and MCR/MNR are the same as
well as their absolute error values are also the same. Therefore, the performance of the
algorithm with MCR (closest rating) is the same as with MNR (rating with maximum
deviation). In other words, the performance difference is zero. Among these three
cases, the certainty of the algorithm in the third case is high (In other words, there is
no ambiguity in choosing a single rating when making point predictions and therefore,
there is no uncertainty in the prediction) and is therefore more preferable.

In Table 5.1 we compare the performance of UBTCMF and IBTCMF algorithms
with that of MMMF in terms of MAE and RMSE with most conforming ratings (MCR)
and most nonconforming ratings (MNR). Table 5.2 compares the prediction accuracy
of MMMF with that of UBICMF and IBICMF. In Tables 5.1 and 5.2 UBMMMF and
IBMMMF are user-based MMMF and Item-based MMMF respectively. They are sim-
ilar to the original MMMF where the test ratings of UBMMMF are the same as the
test ratings used in UBTCMF or UBICMF and test ratings of IBMMMF are same as
the test ratings used in IBTCMF or IBICMF. As discussed above, if only one rating is
having the highest p-value then, there will be no uncertainty in that prediction. Instead,
if more than one rating shares the highest p-value, all such rating values becomes the
candidate predicted ratings for the test rating. This is not acceptable while making
point predictions. Therefore, we calculate the uncertainty in the predictions as the per-
centage of test ratings having more than one rating sharing the highest p-value. As the
percentage of uncertainty is increased the deviation between minimum and maximum
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errors will also be increased as shown in Tables 5.1 and 5.2. Therefore, along with the
performance comparison, we also show the uncertainty involved in the predictions for
all NCMs for each data set in Table Tables 5.1c and 5.2c.

Dataset
Performance

Measure Algorithm

UBMMMF Odinal UBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K
MAE 0.672 0.932 1.4486 0.9595 1.3931 0.7964 1.1672 0.7975 1.1484 0.5267 0.871 0.6454 0.7344

RMSE 0.9705 1.3672 1.8592 1.3858 1.7942 1.1833 1.5167 1.1572 1.5021 0.8403 1.1561 0.9456 1.04

Eachmovie
MAE 0.951 1.5803 2.2017 1.5854 2.1033 1.4249 1.8977 1.486 1.8812 0.5055 1.6221 0.9733 1.2006

RMSE 1.3572 2.1389 2.6777 2.1336 2.5957 1.971 2.3827 2.0283 2.3752 0.9366 2.059 1.4764 1.7043

Movielens 1M
MAE 0.644 0.9724 1.5898 1.0341 1.5328 0.8294 1.2392 0.8248 1.2366 0.5155 0.8226 0.6403 0.7078

RMSE 0.9515 1.4389 1.9995 1.5027 1.9529 1.2271 1.6005 1.2254 1.5988 0.8462 1.1184 0.9642 1.0219
Movielens-
small-latest

MAE 0.6155 0.8641 1.3958 0.8911 1.3484 0.7087 1.0691 0.7372 1.0112 0.4891 0.682 0.5638 0.6072
RMSE 0.8727 1.3462 1.868 1.3709 1.8355 1.1177 1.4647 1.1384 1.4012 0.8027 0.9759 0.8687 0.9117

(a) UBMMMF with UBTCMF
Dataset

Performance
Measure Algorithm

IBMMMF Odinal IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K
MAE 0.6682 0.9174 1.5432 0.9619 1.4605 0.7275 1.2084 0.7454 1.1284 0.5378 0.8275 0.6539 0.7274

RMSE 0.9616 1.3919 1.9624 1.4459 1.9047 1.1451 1.5777 1.1433 1.5214 0.8543 1.0948 0.9571 1.0222

Eachmovie
MAE 0.8416 1.5781 2.0938 1.6719 2.1025 1.2671 1.6858 1.2672 1.6389 0.4848 1.3169 0.8494 0.9744

RMSE 1.1653 2.172 2.6117 2.2539 2.6172 1.8085 2.1956 1.7802 2.1502 0.8532 1.6684 1.2579 1.3705

Movielens 1M
MAE 0.5916 0.9755 1.5617 1.0174 1.4737 0.7163 1.1242 0.7063 1.0945 0.4602 0.7379 0.566 0.621

RMSE 0.893 1.4997 2.0388 1.5322 1.9521 1.128 1.5219 1.1205 1.503 0.7811 1.0256 0.8902 0.9377
Movielens-
small-latest

MAE 0.6716 0.854 1.4549 0.9084 1.3601 0.629 1.0129 0.6264 1.0066 0.5398 0.7317 0.6098 0.6631
RMSE 0.9444 1.3319 1.909 1.3815 1.8195 0.984 1.3552 0.9819 1.3648 0.8461 1.0137 0.918 0.9635

(b) IBMMMF with IBTCMF
Dataset Algorithm

Odinal UBTCMF Ordinal IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K 0.297 0.2475 0.2551 0.2268 0.3177 0.0720 0.3367 0.2713 0.3033 0.2444 0.2851 0.0729
Eachmovie 0.2732 0.2393 0.241 0.1995 0.6583 0.0434 0.2515 0.214 0.2249 0.1982 0.6263 0.1124

Movielens 1M 0.3153 0.259 0.2701 0.2667 0.2878 0.1246 0.292 0.2476 0.2549 0.2353 0.27 0.0523
Movielens-
small-latest 0.3217 0.2425 0.2208 0.1836 0.1907 0.0664 0.3675 0.2508 0.272 0.2622 0.1878 0.0516

(c) Uncertainty in predictions of UBTCMF & IBTCMF

Table 5.1: Performance comparison of MMMF with UBTCMF and IBTCMF with
MCR and MNR and Uncertainty in UBTCMF & IBTCMF

It is clear from Tables 5.1 and 5.2 that except with NCM5 and NCM6, confor-
mal prediction algorithm is having the worst performance when compared to that of
MMMF with all other nonconformity measures. This performance deterioration is
expected because of the reasons mentioned above. Although our TCP algorithm with
NCM5 when most conforming ratings are taken into account is outperforming the orig-
inal MMMF, we cannot say that this is a good nonconformity measure. Because this
performance improvement is due to the high uncertainty compared to NCM6 involved
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Dataset
Performance

Measure Algorithm

UBMMMF Odinal UBICMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K
MAE 0.672 0.5118 1.2755 0.5385 1.1526 0.5737 0.8893 0.5646 0.989 0.6718 0.6718 0.6718 0.6718

RMSE 0.9705 0.8364 1.7463 0.8657 1.6335 0.8884 1.2757 0.885 1.3765 0.9708 0.9708 0.9708 0.9708

Eachmovie
MAE 0.951 0.8434 1.4314 0.7926 1.5077 0.9097 1.0619 0.8867 1.0941 0.9591 0.9591 0.9591 0.9591

RMSE 1.3572 1.289 1.9908 1.2362 2.1043 1.3168 1.5096 1.3044 1.5447 1.3699 1.3699 1.3699 1.3699

Movielens 1M
MAE 0.644 0.4889 1.2118 0.4751 1.2891 0.5259 1.0091 0.5145 1.0325 0.6458 0.6458 0.6458 0.6458

RMSE 0.9515 0.8317 1.7075 0.8212 1.8012 0.8553 1.4234 0.8478 1.4501 0.9551 0.9551 0.9551 0.9551
Movielens-
small-latest

MAE 0.6155 0.4551 1.1391 0.4529 1.1086 0.4516 1.0127 0.426 1.0425 0.5705 0.5705 0.5705 0.5705
RMSE 0.8727 0.7863 1.6987 0.7724 1.6381 0.7773 1.477 0.7524 1.4665 0.8732 0.8732 0.8732 0.8732

(a) UBMMMF with UBICMF
Dataset

Performance
Measure Algorithm

IBMMMF Odinal IBICMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K
MAE 0.6682 0.607 0.8982 0.5587 1.0583 0.6241 0.7818 0.5835 0.8615 0.6772 0.6772 0.6772 0.6772

RMSE 0.9616 0.9192 1.2863 0.8759 1.5267 0.928 1.148 0.8983 1.2408 0.9743 0.9743 0.9743 0.9743

Eachmovie
MAE 0.8416 0.7386 1.2731 0.747 1.2406 0.7895 0.992 0.8235 0.898 0.8432 0.8432 0.8432 0.8432

RMSE 1.1653 1.093 1.8326 1.0966 1.7633 1.1345 1.3954 1.1558 1.2582 1.1696 1.1696 1.1696 1.1696

Movielens 1M
MAE 0.5916 0.5226 0.9055 0.4591 1.197 0.5355 0.8267 0.5121 0.8736 0.6 0.6 0.6 0.6

RMSE 0.893 0.8467 1.3942 0.7881 1.7342 0.8588 1.238 0.8289 1.3063 0.9078 0.9078 0.9078 0.9078
Movielens-
small-latest

MAE 0.6716 0.5489 0.9779 0.5287 1.1084 0.5975 0.7478 0.5282 0.9546 0.6454 0.6454 0.6454 0.6454
RMSE 0.9444 0.8702 1.4311 0.8452 1.597 0.8986 1.0841 0.8416 1.3708 0.937 0.937 0.937 0.937

(b) IBMMMF with IBICMF
Dataset Algorithm

Odinal UBICMF Ordinal IBICMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K 0.2493 0.2038 0.1408 0.1774 0 0 0.0951 0.1641 0.0595 0.12 0 0
Eachmovie 0.1494 0.179 0.0603 0.0909 0 0 0.1335 0.1276 0.0754 0.0266 0 0

Movielens 1M 0.2408 0.2721 0.1991 0.2293 0 0 0.1208 0.2287 0.1184 0.1378 0 0
Movielens-
small-latest 0.2127 0.2094 0.2303 0.2741 0 0 0.223 0.1845 0.0718 0.1794 0 0

(c) Uncertainty in predictions of UBICMF & IBICMF

Table 5.2: Performance comparison of MMMF with UBICMF and IBICMF with MCR
and MNR and Uncertainty in UBICMF & IBICMF

in predictions and this fact is clear from Table 5.1c. The reason for this is the unavail-
ability of true ratings for some of the examples in the training set. What we actually
need is a nonconformity measure which gives the performance as close as possible to
MMMF and is able to produce the predictions with utmost certainty. Table 5.1 shows
that the performance of TCP algorithm with NCM6 is very close to MMMF algorithm
and it is producing certain predictions as shown in Table 5.1c compared to the other
NCMs. This reduction in uncertainty for NCM6 is obtained by distinguishing noncon-
formity scores of all training examples more precisely by adding the average deviation
of the predicted ratings from their true ratings for all other observed ratings in that
example. In case of ICP the uncertainty is zero for both NCM5 and NCM6 as shown
in Table 5.2c, because the true rating is always available for calibration examples. As

152



5.3 Experiments and Results

a result, these two NCMs are giving the same predictive accuracy for both MCR and
MNR as shown in 5.2.

3. Validity and Efficiency of CP Algorithms
Validity at specified error probability (ε) is satisfied, if at least (1 − ε) of the pre-

diction regions of test ratings at that ε contain true ratings. For example, validity of
prediction regions produced at 95% confidence level (where ε = 0.05) are said to be
valid if at least 95% of the prediction regions contain true label. In other words, pre-
diction regions are said to be valid, if error percentage is always bounded by ε. All
conformal predictors are automatically valid. Figure 5.1 shows validity (in terms of
error percentage) of TCP and ICP for different data sets respectively (for NCM5 and
NCM6). From Figures 5.1a and 5.1b it is clear that prediction regions produced by
TCP are somewhat conservative at higher confidence levels i.e., prediction regions at
these confidence levels include almost all possible ratings and NCM5 is over conser-
vative compared to NCM6. In case of ICP, validity with respect to NCM6 follows
a straight line as required, whereas with NCM5 it is like a step graph as shown in
Figures 5.1c and 5.1d.

As discussed in the previous chapter, usefulness of conformal predictors depend on
its efficiency. Vovk et al.[74] proposed ten different ways of measuring the efficiency
of CPs. In our experiments we use Observed Excess criterion which gives the average
number of false labels (ANFL) included in the prediction set at significance level ε.
The formula to calculate ANFL is:

ANFL =

∑|t|
i=1 |Γεi \ Ti|
|t|

. (5.13)

where Γεi is the prediction region for the ith test item at significance level ε
Ti is the true label of the ith test element
|t| is the total number of test items.
The efficiency of our algorithm in terms of ANFL for different data sets is shown

in 5.2 for TCP and ICP (NCM5 and NCM6). From these graphs, it is clear that predic-
tion regions produced by our algorithm are too wide at higher confidence levels i.e.,
prediction regions at these confidence levels include almost all possible ratings. This
is also the reason why our prediction regions are too conservative (Figure 5.1). From
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.1: Validity (in terms of error percentage) of UBTCMF & IBTCMF and
UBICMF & IBICMF for different data sets

Figure 5.2 we can observe that compared to NCM5, NCM6 is producing less number
of false labels for both TCP and ICP.

In addition to ANFL, we use three other criteria to compute the efficiency of con-
formal predictors [58, 74]:

1. Percentage of test elements having prediction regions with single rating.
2. Percentage of test elements having prediction regions with more than one rating.
3. Percentage of test elements having empty prediction region.
A conformal predictor is said to be efficient when the percentage of second and

third criteria are relatively small whereas the percentage of first should be high es-
pecially at 99%, 95% and 90% confidence levels. Although our algorithm is able to
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.2: ANFL of UBTCMF & IBTCMF and UBICMF & IBICMF for different
data sets

generate empty prediction sets at these confidence levels, it failed in minimizing the
second one and maximizing the first one at these confidence levels. The percentage of
test ratings having prediction regions producing single rating at different confidence
levels for different data sets is shown in Figure 5.3 for both TCP and ICP (NCM5 and
NCM6). From Figure 5.3, it is clear that NCM6 is outperforming NCM5 in producing
the single labels at high confidence levels, as NCM6 starts producing larger number of
single labels at higher confidence levels compared to NCM5 if we go from higher to
lower confidence levels.

Figure 5.4 shows the percentage of correct predictions among the percentage of
single labels produced by NCM6 at each confidence level. We can see that the per-
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.3: %of single labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

centage of correct predictions at any confidence level is not exceeding 60% at all con-
fidence levels. This percentage of correct predictions is not high, as in [61] the authors
showed that their algorithm produced 97.9% - 100% correct predictions even at very
high confidence levels. Their algorithm was also able to produce large number of sin-
gle prediction regions at very high confidence levels 99% and 95%. But in our results,
we are not able to produce good number of single prediction regions at high confidence
levels due to very close possible rating values like 1-5 or 1-10 and the percentage of
correct predictions is also moderate.

The percentage of test ratings having prediction regions with more than one rating
at different confidence levels for different data sets is shown in Figure 5.5 for both TCP
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.4: %of correct predictions made by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

and ICP (NCM5 and NCM6). In this case also NCM6 is performing better than NCM5
as the reduction in number of labels starts earlier in NCM6 compared to NCM5 when
we consider confidence levels from higher to lower.

The percentage of test ratings having empty prediction regions at different confi-
dence levels for different data sets is shown in Figure 5.6 for both TCP and ICP (NCM5
and NCM6). Here, in contrast to earlier results, NCM5 is outperforming NCM6, as the
percentage of empty labels is zero at all confidence levels in case of NCM5, whereas
NCM6 is producing empty labels at lower confidence levels.

From the above figures, it is clear that ICP produces more efficient predictions
than TCP. This might not be true in all cases. For instance, when we apply CP to
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.5: %of multiple labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

machine learning algorithm, TCP usually outperforms ICP. Because the number of
training examples is more in TCP compared to ICP. This performance gap becomes
negligible as the training set size increases. In addition to number of training examples,
the performance of CP also depends on the nonconformity measure defined for the
algorithm. As an example, in [59], the authors proposed six nonconformity measures.
Among them, TCP is limited to using only the first two nonconformity measures. They
compared the widths of the regions produced by the TCP and ICP approaches for
different nonconformity measures (for regression task but not for classification task).
From their experiments, they concluded the following:

• For the standard regression nonconformity measure TCP produces tight predic-
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.6: %of empty labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

tion regions compared to ICP due to the much richer set of examples it uses for
calculating its predictive regions. The difference in predictive region tightness is
much bigger in the results where the number of calibration examples are less.

• The region widths of the two approaches with the first two nonconformity mea-
sures are in most cases very similar in terms of distribution. This shows that
these measures are not so dependent on the composition of the examples used
for producing the predictive regions.

• Furthermore, when the region widths of the TCP with the first two nonconfor-
mity measures are compared with those of the ICP with the last two noncon-
formity measures, in many cases the regions of the ICP are somewhat tighter,
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despite the much smaller set of examples it uses to compute them. This is due to
the superiority of the last two nonconformity measures.

From this, we can see that the efficiency of the prediction regions not only depends
on the number of examples used for producing the prediction regions but also on the
efficiency of nonconformity measures.

But in our case, there are three reasons why our ICP produces more efficient pre-
diction regions than TCP:

• Uncertainty is one of the reasons for not getting the tight prediction regions in
TCP. As we see from 5.2c, uncertainty in predictions made by ICP for both
NCM5 and NCM6 is zero in matrix factorization. For example, the predicted
value for a test rating is 2. Then nonconformity scores of NCM5 for possible
ratings 1, 2, 3, 4 and 5 are 1, 0, 1, 2 and 3. Therefore, only one rating will get
highest p-value (in this example ‘2’). But, in case of TCP, we have to apply
matrix factorization for every possible rating of a test rating by substituting that
corresponding rating in place of the test rating. As we know, matrix factorization
tries to approximate predicted matrix with the original matrix with respect to the
observed ratings. So there is a possibility that if we put ‘1’ for a test rating
and if that is conforming with other observed entries in the matrix, it will be
predicted as ‘1’. Same is the case for other possible ratings. Because of this,
it is possible that two or more ratings can share the highest possible ratings as
these ratings share same nonconformity scores. Due to this reason, in contrast to
ICP, uncertainty in TCP is not zero. Clearly, this uncertainty is one of the main
reasons for getting wider prediction regions in TCP. For example, two ratings
3 and 4 share the highest p-value which is, say, ‘0.98’, then we cannot get the
prediction region of single rating even at 5% confidence level as this prediction
region contains both values 3 and 4.

• In case of TCP, the problem with NCMs 5 and 6 is that calculating nonconfor-
mity scores for those examples for which the true rating is not known. In our
algorithm, we assigned the number of ratings as the nonconformity score to all
such examples. That means we are assuming that all these examples are highly
nonconforming. But this might lead to moderately high p-values even for the
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wrongly predicted ratings which in turn leads to over conservative prediction
regions, especially, when we have more number of such examples, because all
these examples are having the same nonconformity scores in NCM5. Though
this problem to some extent will be reduced for point predictions in case of
NCM6 as shown in 5.1c where uncertainty is less than that of NCM5, it will still
be a problem for region predictions.

• To compute the p-values:

– In TCP, we compare nonconformity score of the test example with that of
nonconformity scores of other training examples. In our case, we have
only 99 training examples (in all data sets, we have only 100 users and 100
items).

– In ICP, we compare nonconformity score of the test example with that of
nonconformity scores of calibration ratings. The number of calibration
ratings are very high compared to the number of training examples.

This is entirely different from standard TCP and ICP where in standard TCP
more number of examples are available for computing the predictive regions
compared to ICP.

4. Confidence and Credibility
Tables 5.3 and 5.4 give mean confidence and mean credibility values for TCP and

ICP respectively. We also calculated mean difference between highest p-value and
the second highest p value for all test ratings. We will get confidence predictions
when this difference is high. From Table 5.3, we can observe that this difference is
small in TCP which results in less confidence predictions which in turn will end up in
producing multiple labels at higher confidence levels. In this aspect, ICP is showing
better results in producing large percentage of single labels at high confidence levels
compared to TCP as shown in Table 5.4. As mentioned above, the reasons might be
zero uncertainty in predictions and unlike TCP, the true ratings are always available
to compute nonconformity scores in case of ICP. One more reason is that in our ICP,
we are comparing the nonconformity score of the test example with more number of
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Dataset
Performance

Measure Algorithm

Ordinal UBTCMF Ordinal IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K
mean confidence 0.3523 0.5139 0.3491 0.5226 0.3449 0.3939 0.2747 0.5051 0.2908 0.5117 0.3238 0.3814
mean credibility 0.6812 0.5327 0.6841 0.5259 1 0.8037 0.7581 0.5397 0.7436 0.5322 1 0.827

mean p1-p2 0.0264 0.0382 0.0264 0.0407 0.2391 0.1804 0.0239 0.0354 0.0258 0.0347 0.2317 0.1894

Eachmovie
mean confidence 0.2905 0.5056 0.3115 0.5186 0.4473 0.398 0.2777 0.5124 0.2985 0.5429 0.4737 0.4457
mean credibility 0.7422 0.5388 0.7221 0.5248 1 0.747 0.7554 0.5341 0.7363 0.5005 1 0.7265

mean p1-p2 0.0264 0.0379 0.0282 0.0375 0.1525 0.1184 0.0266 0.0386 0.0284 0.0372 0.1785 0.1403

Movielens 1M
mean confidence 0.2829 0.4901 0.2945 0.5016 0.4172 0.4685 0.2763 0.5175 0.3064 0.5336 0.4704 0.5389
mean credibility 0.7502 0.5513 0.7404 0.5448 1 0.7821 0.7555 0.5241 0.7276 0.5073 1 0.7408

mean p1-p2 0.0257 0.0338 0.0273 0.0373 0.2966 0.2303 0.0249 0.0341 0.0264 0.0338 0.3455 0.2616

Movielens-
small-latest

mean confidence 0.3528 0.4812 0.3586 0.4821 0.3024 0.3555 0.3083 0.4921 0.3222 0.5 0.3285 0.4048
mean credibility 0.6835 0.5655 0.6773 0.5611 1 0.8459 0.7277 0.5517 0.7142 0.5401 1 0.8257

mean p1-p2 0.0295 0.0393 0.03 0.037 0.2452 0.1919 0.0276 0.0346 0.027 0.0312 0.2641 0.2168

Table 5.3: Mean confidence and Mean credibility of UBTCMF and IBTCMF

Dataset
Performance

Measure Algorithm

Ordinal UBICMF Ordinal IBICMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K
mean confidence 0.4899 0.5154 0.4904 0.5175 0.4307 0.6529 0.5043 0.5328 0.5035 0.522 0.4498 0.6682
mean credibility 0.5511 0.5402 0.5566 0.5353 1 0.7633 0.5489 0.5297 0.5495 0.5372 1 0.7636

mean p1-p2 0.0407 0.0554 0.0439 0.0502 0.4307 0.4162 0.0531 0.0623 0.0523 0.0562 0.4498 0.4317

Eachmovie
mean confidence 0.4908 0.5144 0.4767 0.4935 0.3668 0.558 0.4895 0.5085 0.4817 0.4984 0.3714 0.5954
mean credibility 0.5517 0.533 0.5662 0.5481 1 0.8147 0.5701 0.5531 0.5685 0.5535 1 0.8117

mean p1-p2 0.0423 0.0472 0.0418 0.04 0.3668 0.3726 0.0595 0.0615 0.049 0.0514 0.3714 0.4071

Movielens 1M
mean confidence 0.4994 0.5158 0.4961 0.5109 0.4644 0.6704 0.5042 0.5143 0.5001 0.5164 0.4837 0.7023
mean credibility 0.5469 0.5307 0.5548 0.5365 1 0.763 0.5538 0.5386 0.5515 0.5357 1 0.7522

mean p1-p2 0.0461 0.0462 0.0482 0.0448 0.4644 0.4334 0.0579 0.0527 0.0501 0.0511 0.4837 0.4545

Movielens-
small-latest

mean confidence 0.5018 0.5214 0.5064 0.5262 0.5095 0.7201 0.4965 0.5316 0.4869 0.5171 0.4601 0.6796
mean credibility 0.5423 0.5217 0.532 0.5185 1 0.7344 0.5615 0.5299 0.5645 0.5347 1 0.7596

mean p1-p2 0.0438 0.0429 0.0347 0.039 0.5095 0.4546 0.0578 0.0613 0.0503 0.0459 0.4601 0.4392

Table 5.4: Mean confidence and Mean credibility of UBICMF and IBICMF

calibration ratings to produce prediction regions as compared to the number of training
examples in ICP.

We did not show the validity and efficiency of CP with NCMs 1 to 4, as the effi-
ciency of CP with these NCMs is very less compared to NCM5 and NCM6, although
their validity property is satisfied.

In summary,

• NCM6 is the best nonconformity measure compared to all other nonconformity
measures in terms of prediction accuracy and efficiency for both TCP and ICP.

• As far as the prediction accuracy is concerned, TCP is outperforming ICP (with
MCR), because of the more number of ratings used for training and the higher
uncertainty values in TCP compared to ICP. But from efficiency perspective, ICP
is showing better results compared to TCP as there is no uncertainty involved in
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predictions produced by ICP and also the mean confidence and credibility values
are higher for predictions made by ICP than that of TCP.

• Though, validity is satisfied for both TCP and ICP, prediction regions produced
by TCP are too wide at higher confidence levels i.e., prediction regions at these
confidence levels include almost all possible ratings and NCM5 is over conserva-
tive compared to NCM6. In case of ICP, validity with respect to NCM6 follows
a straight line as required, whereas with NCM5 it is like a step graph.

• The time required for TCP is many times greater than ICP. As mentioned above,
TCP cannot be used in this context as the matrix factorization requires long
training time and most of the data sets in recommender systems contain more
number of ratings.

• Although our algorithms failed in producing single labels at higher confidence
levels due to very close possible rating values, we can use this algorithm to make
single point predictions with associated confidence and credibility.

5.4 Summary

In this work, we have given different ways of applying conformal prediction to Matrix
Factorization and proposed different nonconformity measures based on matrix factor-
ization. Unlike MMMF which produces only bare predictions, using our proposed
conformal prediction algorithm we are associating confidence to each prediction along
with the guaranteed error rate. Our algorithm is tested on different data sets and we
experimentally proved that NCM6 is the best nonconformity measure among the pro-
posed nonconformity measures in achieving the prediction accuracy as good as the
underlying algorithm with little uncertainty in TCP and zero uncertainty in ICP. From
efficiency perspective also, it is the good measure compared to other Nonconformity
measures. ICP is the better option for matrix factorization problem as it is giving good
results from efficiency perspective and also the mean confidence and credibility values
of ICP are higher than that of TCP when restricted to make point predictions. Further-
more, the time required for ICP is very less compared to TCP. Though our conformal
prediction algorithms failed in producing large percentage of single labels at higher
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confidence levels and good percentage of correct predictions due to very close possi-
ble ratings, we can use this algorithm to make single point predictions with associated
confidence and credibility values. We can improve efficiency of our conformal predic-
tors by converting all ratings to binary which tells whether the user likes or dislikes the
item, instead of using the rating scale of 1-5.

5.5 Conformal Matrix Factorization with Binary Feed-
back

The proposed matrix factorization based conformal prediction algorithms with numer-
ical feedback failed in producing efficient prediction regions due to very close possible
ratings such as 1, 2, 3, 4 and 5. To improve the efficiency of conformal predictors
we convert numerical rating data sets which contain ratings such as 1-5 or 1-6 or 1-10
into binary feedback data sets which contain only two ratings {+1,-1} which represent
like and dislike respectively. Binary ratings are the most natural form of the feedback
which is desirable in recommender systems because users generally expect the recom-
mender system to distinguish liked items from unliked items instead of predicting the
ratings for every item. This was done using the same procedure that we explained in
the previous chapter which involves calculating the average rating for every user and
considering all ratings whose rating is greater than the average as liked and all the rat-
ings below this average as disliked. This is the best approach to deal with all types
of users including pessimistic, optimistic and strict users. This procedure also ensures
that the resultant binary data sets are balanced.

5.5.1 Binary MMMF and its Nonconformity Measures

• Binary MMMF:

This is a variant of the objective function (5.3) and is defined as

J(W,V, θ) =
∑

(i,j)∈O

h(YijXij)) +
λ

2
(||W ||2F + ||V ||2F ) (5.14)
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where X is the predicted matrix
h(.) is hinge loss function:

h(z) = max(0, 1− z) =

{
0 if z >= 1

1− z if z < 1
(5.15)

• Nonconformity Measures: NCM1, NCM2, NCM5 and NCM6 in binary feed-
back data sets are similar to NCM1, NCM2, NCM5 and NCM6 defined for nu-
merical feedback data sets. We define two new nonconformity measures NCM3
and NCM4 suitable to binary feedback:

NCM3: It is defined as follows:

NCM3 = −(Te ∗ Pe) (5.16)

If the true rating and predicted rating are the same, the resultant nonconformity
score is -1 otherwise it is 1.

NCM4: It is just a modified version of NCM4 and is defined as follows:

NCM4 = 1 +NCM5 (5.17)

If the true rating and predicted rating are the same, the resultant nonconformity
score is 0 otherwise it is 2.

5.5.2 Time Complexity

In this section, we compare the time complexity of proposed CP algorithms UBTCMF,
IBTCMF, UBICMF and IBICMF with the underlying algorithm MMMF. The time
complexity of MMMF (both UBMMMF and IBMMMF) is z|O|d operations which is
Θ(z|O|d) because optimizing equation (5.14) involves calculating the objective func-
tion and partial derivatives of the variables involved in it.

For UBTCMF and IBTCMF, we need to repeat MMMF |t|r times because for every
test rating we need to find the p-value of all possible rating values to find the conform-
ing label. In order to compute p-values, we have to compute nonconformity score of all
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examples which requires m operations for UBTCMF and n operations for IBTCMF.
From this, the time required for UBTCMF is |t|r(z|O|(r− 1)d+m), whereas the time
required for IBTCMF is |t|r(z|O|d+N). But, in binary MMMF r = 2. Therefore the
time complexities of UBTCMF and IBTCMF are Θ(2 ∗ |t|z|O|d). In other words, the
time complexity of TCP is 2∗ |t| times the time required for MMMF. This is somewhat
computationally expensive process but better than the ordinal MMMF.

For UBICMF and IBICMF, we need to execute MMMF only one time. Computing
the nonconformity scores of calibration ratings and test ratings for all possible labels
take |q| and |t|r operations. Therefore, the time required for UBICMF and IBICMF
is z|O|d + |q| + |t|r and the time complexity is Θ(z|O|d) which is the same as the
underlying algorithm MMMF.

5.5.3 Experiments and Results

The experimental setup for binary feedback data sets is the same as that of numerical
feedback data sets.

1. Comparative Analysis
In Table 5.5 we compare the performance in terms of percentage of correctly clas-

sified test items of UBTCMF and IBTCMF algorithms with that of MMMF with most
conforming ratings (MCR) and most nonconforming ratings (MNR). Similarly, Table
5.6 compares the prediction accuracy of MMMF with that of UBICMF and IBICMF.
In Tables 5.5 and 5.6 UBMMMF and IBMMMF are User-based MMMF and Item-
based MMMF respectively. They are similar to the original MMMF where the test
ratings of UBMMMF are same as the test ratings used in UBTCMF or UBICMF and
test ratings of IBMMMF are same as the test ratings used in IBTCMF or IBICMF.
We also calculate the uncertainty in the predictions as the percentage of items having
more than one rating sharing the highest p-value. As the percentage of uncertainty is
increased the deviation between minimum and maximum errors will also be increased
as shown in Tables 5.5 and 5.6. Therefore, along with the performance comparison,
we also show uncertainty involved in predictions for all NCMs for each data set in
Tables 5.5c and 5.6c.
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Dataset Algorithm
Binary

UBMMMF Binary UBTCMF

NCM1 NCM2 NCM3 NCM4 NCM5 NCM6
MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K 0.6854 0.6571 0.5377 0.6471 0.537 0.7549 0.6094 0.7549 0.6094 0.7549 0.6094 0.703 0.6748
Eachmovie 0.6844 0.6899 0.5364 0.6633 0.5539 0.7454 0.6099 0.7454 0.6099 0.7454 0.6099 0.6915 0.6686

Movielens 1M 0.6968 0.6872 0.5277 0.6734 0.5492 0.756 0.6289 0.756 0.6289 0.756 0.6289 0.709 0.6836
Movielens-
latest-small 0.5918 0.6285 0.4902 0.6224 0.4998 0.6672 0.5324 0.6672 0.5324 0.6672 0.5324 0.6165 0.583

(a) UBMMMF with UBTCMF
Dataset Algorithm

Binary
IBMMMF Binary IBTCMF

NCM1 NCM2 NCM3 NCM4 NCM5 NCM6
MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K 0.6671 0.6936 0.544 0.6929 0.5824 0.7244 0.5861 0.7244 0.5861 0.7244 0.5861 0.6755 0.6497
Eachmovie 0.6817 0.6882 0.5211 0.6729 0.5617 0.7402 0.624 0.7402 0.624 0.7402 0.624 0.6962 0.6747

Movielens 1M 0.7004 0.6727 0.5445 0.6755 0.551 0.7662 0.6283 0.7662 0.6283 0.7662 0.6283 0.7069 0.6872
Movielens-
latest-small 0.6653 0.6836 0.544 0.6628 0.5909 0.7192 0.614 0.7192 0.614 0.7192 0.614 0.6848 0.6652

(b) IBMMMF with IBTCMF
Dataset Algorithm

Binary UBTCMF Binary IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K 0.1195 0.1101 0.1455 0.1455 0.1455 0.0281 0.1496 0.1105 0.1383 0.1383 0.1383 0.0258
Eachmovie 0.1535 0.1093 0.1355 0.1355 0.1355 0.0228 0.1671 0.1112 0.1162 0.1162 0.1162 0.0214

Movielens 1M 0.1595 0.1242 0.1271 0.1271 0.1271 0.0254 0.1282 0.1245 0.1379 0.1379 0.1379 0.0197
Movielens-
small-latest 0.1383 0.1226 0.1349 0.1349 0.1349 0.0336 0.1396 0.072 0.1052 0.1052 0.1052 0.0197

(c) Uncertainty in predictions of UBTCMF & IBTCMF

Table 5.5: Performance comparison of MMMF with UBTCMF and IBTCMF with
MCR and MNR and Uncertainty in UBTCMF & IBTCMF

It is clear from Tables 5.5 and 5.6 that the CP algorithm with NCM6 is achieving
good performance compared to all other NCMs in case of TCP. The performance of
CP algorithm with NCM3, NCM4 and NCM5 is same in all cases. Results of NCM1
and NCM2 are approximately similar with that of NCM3, NCM4 and NCM5 as far as
the TCP is concerned. But in case of ICP, NCMs 3-6 are performing equally well with
zero uncertainty.

2. Validity and Efficiency
Figure 5.7 shows validity (in terms of error percentage) of TCP and ICP for dif-

ferent data sets respectively (for NCM5 and NCM6). The validity results of NCM3
and NCM4 are same as that of NCM5. From Figures 5.7a and 5.7b it is clear that the
prediction regions produced by NCM5 are over conservative compared to NCM6. In
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Dataset Algorithm
Binary

UBMMMF Binary UBICMF

NCM1 NCM2 NCM3 NCM4 NCM5 NCM6
MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K 0.6854 0.7252 0.5744 0.7044 0.6215 0.6798 0.6798 0.6798 0.6798 0.6798 0.6798 0.6798 0.6798
Eachmovie 0.6844 0.7024 0.6225 0.6996 0.6296 0.6758 0.6758 0.6758 0.6758 0.6758 0.6758 0.6758 0.6758

Movielens 1M 0.6968 0.734 0.6011 0.7317 0.5987 0.6924 0.6924 0.6924 0.6924 0.6924 0.6924 0.6924 0.6924
Movielens-
latest-small 0.5918 0.6645 0.5027 0.6275 0.5265 0.5906 0.5906 0.5906 0.5906 0.5906 0.5906 0.5906 0.5906

(a) UBMMMF with UBICMF
Dataset Algorithm

Binary
IBMMMF Binary IBICMF

NCM1 NCM2 NCM3 NCM4 NCM5 NCM6
MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR MCR MNR

Movielens 100K 0.6671 0.6963 0.584 0.6829 0.6024 0.6534 0.6534 0.6534 0.6534 0.6534 0.6534 0.6534 0.6534
Eachmovie 0.6817 0.7161 0.5875 0.7169 0.5961 0.6834 0.6834 0.6834 0.6834 0.6834 0.6834 0.6834 0.6834

Movielens 1M 0.7004 0.7337 0.5835 0.7405 0.5704 0.6921 0.6921 0.6921 0.6921 0.6921 0.6921 0.6921 0.6921
Movielens-
latest-small 0.6653 0.6839 0.5927 0.6971 0.581 0.6543 0.6543 0.6543 0.6543 0.6543 0.6543 0.6543 0.6543

(b) IBMMMF with IBICMF
Dataset Algorithm

Binary UBTCMF Binary IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K 0.1508 0.0828 0 0 0 0 0.1124 0.0805 0 0 0 0
Eachmovie 0.0799 0.07 0 0 0 0 0.1286 0.1208 0 0 0 0

Movielens 1M 0.1328 0.133 0 0 0 0 0.1502 0.1701 0 0 0 0
Movielens-
small-latest 0.1618 0.101 0 0 0 0 0.0912 0.1161 0 0 0 0

(c) Uncertainty in predictions of UBICMF & IBICMF

Table 5.6: Performance comparison of MMMF with UBICMF and IBICMF with MCR
and MNR and Uncertainty in UBICMF & IBICMF

case of ICP, validity with respect to NCM6 follows a straight line as required, whereas
with NCM5 it is like a step graph as shown in Figures 5.7c and 5.7d.

Like in numerical data sets, the efficiency of prediction regions produced by the
CP algorithm for binary feedback is measured using percentage of single labels, per-
centage of correct predictions among the percentage of single labels, percentage of
multiple labels and percentage of empty labels.

Figure 5.8 shows the efficiency of the prediction regions in terms of percentage of
single labels produced by TCP and ICP. As can be seen from the Figure 5.8, NCM6 is
the best nonconformity measure compared to NCM5, as it produces more number of
single labels compared to NCM5 especially at high confidence levels. Like in numer-
ical data sets, ICP is preferable to TCP, because it produces large percentage of single
labels than TCP as we go from lower to high confidence levels.
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.7: Validity (in terms of error percentage) of UBTCMF & IBTCMF and
UBICMF & IBICMF for different data sets

(a) UBTCMF (b) IBTCMF
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(c) UBICMF (d) IBICMF

Figure 5.8: %of single labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

Figure 5.9 shows the percentage of correct predictions produced by TCP and ICP
with NCM6. From the Figure 5.9 we can observe that, the percentage of correct pre-
dictions produced by TCP and ICP at all confidence levels is greater than or equal to
60%.

Figure 5.10 shows the percentage of multiple labels produced by TCP and ICP with
NCM5 and NCM6. From the Figure 5.10, it is clear that NCM6 produces less number
of multiple labels compared to NCM5 at all confidence levels. Therefore, here also,
NCM6 is more preferable compared to NCM5.

Figure 5.11 shows the percentage of empty labels produced by TCP and ICP with
NCM5 and NCM6. In contrast to Figures 5.8 and 5.10 where NCM6 outperforms
NCM5, in Figure 5.11, NCM5 is showing better performance than NCM6 as the num-
ber of empty labels produced by NCM5 is zero at all confidence levels.

From these figures it is clear that NCM6 is performing better than NCM5. The
results of NCM3 and NCM4 are the same as that of NCM5. Therefore we are not
showing their results separately.

3. Confidence and Credibility
Tables 5.7 and 5.8 give mean confidence and mean credibility values along with

mean difference between highest p-value(p1) and the second highest p-value(p2) for
TCP and ICP respectively. Here also, NCM6 is outperforming all other NCMs in
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.9: %of correct predictions made by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

(a) UBTCMF (b) IBTCMF
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(c) UBICMF (d) IBICMF

Figure 5.10: %of multiple labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

producing high confidence values. Furthermore, compared to the confidence values
produced by CP algorithm for numerical feedback, CP algorithm for binary feedback
produces better confidence values for both TCP and ICP.

Dataset
Performance

Measure Algorithm

Binary UBICMF Binary IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K
mean confidence 0.3763 0.5474 0.3878 0.3878 0.3878 0.6398 0.3835 0.5616 0.3701 0.3701 0.3701 0.6405
mean credibility 0.6927 0.5403 1 1 1 0.7725 0.6837 0.5153 1 1 1 0.7722

mean p1-p2 0.0678 0.0866 0.3864 0.3864 0.3864 0.412 0.0657 0.0758 0.3687 0.3687 0.3687 0.4125

Eachmovie
mean confidence 0.3418 0.5772 0.4698 0.4698 0.4698 0.7051 0.341 0.5193 0.5015 0.5015 0.5015 0.7033
mean credibility 0.725 0.505 1 1 1 0.7078 0.7093 0.5437 1 1 1 0.7139

mean p1-p2 0.0653 0.0812 0.4685 0.4685 0.4685 0.4127 0.0487 0.0619 0.5003 0.5003 0.5003 0.417

Movielens 1M
mean confidence 0.3434 0.5547 0.4657 0.4657 0.4657 0.6956 0.3429 0.5594 0.4986 0.4986 0.4986 0.7162
mean credibility 0.7191 0.5212 1 1 1 0.7215 0.7242 0.5224 1 1 1 0.6993

mean p1-p2 0.0609 0.0747 0.4644 0.4644 0.4644 0.4168 0.0659 0.0805 0.4972 0.4972 0.4972 0.4153

Movielens-
lateset-small

mean confidence 0.3524 0.4905 0.3116 0.3116 0.3116 0.5706 0.3925 0.5443 0.3791 0.3791 0.3791 0.6428
mean credibility 0.7063 0.5868 1 1 1 0.839 0.6748 0.5391 1 1 1 0.7818

mean p1-p2 0.0572 0.0761 0.3102 0.3102 0.3102 0.4093 0.0659 0.0827 0.378 0.378 0.378 0.4244

Table 5.7: Mean confidence and Mean credibility of UBTCMF and IBTCMF

We did not show the validity and efficiency of CP with NCMs 1 to 2, as the effi-
ciency of CP with these NCMs is very less compared to other NCMs, although their
validity property is satisfied.

From Figures 5.7 to 5.11, it is clear that NCM6 is preferable to NCM5. Because,
the prediction regions produced by NCM5 are more conservative compared to NCM6.
Furthermore, though NCM5 outperforms NCM6 by producing 0% of empty labels at
all confidence levels, its performance in producing the percentage of multiple labels

172



5.5 Conformal Matrix Factorization with Binary Feedback

(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.11: %of empty labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

Dataset
Performance

Measure Algorithm

Binary UBICMF Binary IBTCMF
NCM1 NCM2 NCM3 NCM4 NCM5 NCM6 NCM1 NCM2 NCM3 NCM4 NCM5 NCM6

Movielens 100K
mean confidence 0.5183 0.548 0.663 0.663 0.663 0.8126 0.511 0.5418 0.6537 0.6537 0.6537 0.8097
mean credibility 0.5543 0.5279 1 1 1 0.656 0.5498 0.5244 1 1 1 0.656

mean p1-p2 0.0711 0.0751 0.663 0.663 0.663 0.4686 0.0597 0.0654 0.6537 0.6537 0.6537 0.4657

Eachmovie
mean confidence 0.5154 0.5522 0.6766 0.6766 0.6766 0.821 0.5038 0.5249 0.6831 0.6831 0.6831 0.8109
mean credibility 0.5566 0.5375 1 1 1 0.6467 0.5608 0.5336 1 1 1 0.6526

mean p1-p2 0.0754 0.0851 0.6766 0.6766 0.6766 0.4736 0.0591 0.0611 0.6831 0.6831 0.6831 0.4576

Movielens 1M
mean confidence 0.5225 0.546 0.6866 0.6866 0.6866 0.8307 0.5208 0.5546 0.6933 0.6933 0.6933 0.8368
mean credibility 0.5371 0.5124 1 1 1 0.6361 0.5408 0.5149 1 1 1 0.6385

mean p1-p2 0.0583 0.0571 0.6866 0.6866 0.6866 0.4668 0.0601 0.0678 0.6933 0.6933 0.6933 0.4753

Movielens-
lateset-small

mean confidence 0.5068 0.5389 0.5984 0.5984 0.5984 0.7891 0.513 0.5445 0.6658 0.6658 0.6658 0.8151
mean credibility 0.5561 0.5349 1 1 1 0.6994 0.5398 0.5211 1 1 1 0.6513

mean p1-p2 0.0613 0.0728 0.5984 0.5984 0.5984 0.4885 0.0518 0.0644 0.6658 0.6658 0.6658 0.4663

Table 5.8: Mean confidence and Mean credibility of UBICMF and IBICMF
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5.6 Conformal Matrix Factorization with Ordinal vs Binary Feedback Data

and single labels is not better than that of NCM6 for both TCP and ICP. In the same
way, the confidence values produced by NCM6 are better than NCM5. Between TCP
and ICP, ICP outperforms TCP in producing the efficient and more confident prediction
regions.

5.6 Conformal Matrix Factorization with Ordinal vs
Binary Feedback Data

As we discussed above, due to close possible rating values like 1, 2, 3, 4 and 5 in
numerical data sets, the proposed conformal prediction algorithms were not able to
produce efficient prediction regions. In order to improve the efficiency of the predic-
tion regions we converted numerical feedback to binary feedback. In this section we
compare the efficiency of proposed conformal prediction algorithms for both numeri-
cal and binary feedback data sets and analyze the results.

Figure 5.12 shows the comparison of percentage of single labels produced by the
proposed CP algorithms for both numerical and binary data sets. As can be seen from
the figure, CP with binary feedback is producing large percentage of single labels
compared to CP with numerical feedback.

Figure 5.13 compares the percentage of correct predictions among the percentage
of single labels produced by CP algorithm with numerical and binary feedback. From
the figure, we can observe that CP algorithm with binary feedback is making more
number of correct predictions compared to CP with numerical feedback. For numerical
feedback this percentage is around 60%, whereas for binary feedback it is around 80%.

Figure 5.14 compares the percentage of multiple labels produced by CP algorithm
with numerical and binary feedback. From the figure, it is clear that CP algorithm
with binary feedback is producing less number of multiple labels compared to CP with
numerical feedback.

Figure 5.15 compares the percentage of empty labels produced by CP algorithm
with numerical and binary feedback. From the figure, we can observe that CP with
numerical feedback is producing less number of empty labels compared to CP with
numerical feedback in contrast to Figures 5.12 to 5.14, where CP with binary feedback
is outperforming CP with numerical feedback.
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.12: %of single labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

(a) UBTCMF (b) IBTCMF
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(c) UBICMF (d) IBICMF

Figure 5.13: %of correct predictions made by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

From these figures it is clear that CP algorithms for binary feedback data sets are
outperforming their counterparts in numerical data sets. Only in the case of percentage
of empty labels, numerical data sets are showing slightly better performance compared
to binary data sets.

5.7 Summary

The proposed conformal prediction algorithms failed in producing large percentage of
single labels and good percentage of correct predictions at higher confidence levels for
numerical feedback data sets due to very close possible ratings. To improve the effi-
ciency of the proposed conformal prediction algorithms, we first converted the numeric
feedback data to binary, and the algorithms are applied on the resultant data sets. Sim-
ilar to numerical feedback data we proposed six nonconformity measures suitable to
binary data and compared the accuracy of the CP algorithm with the proposed NCMs
with the binary MMMF. Like in numeric feedback data, here also, NCM6 shows better
accuracy with less uncertainty compared to all other NCMs in case of TCP. But for ICP,
NCMs 3-6 are performing equally well with zero certainty. Then we compared the va-
lidity and efficiency of NCMs 3-5 with NCM6. As the performance of all three NCMs
i.e., NCM3, NCM4 and NCM6 is same for validity and efficiency we have shown only
NCM5 result when comparing the validity and efficiency with NCM6. Though validity
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(a) UBTCMF (b) IBTCMF

(c) UBICMF (d) IBICMF

Figure 5.14: %of multiple labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

(a) UBTCMF (b) IBTCMF
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(c) UBICMF (d) IBICMF

Figure 5.15: %of empty labels produced by UBTCMF & IBTCMF and UBICMF &
IBICMF for different data sets

is satisfied by both NCMS, NCM6 is producing more efficient predictions compared
to NCM5. To check whether we improved the efficiency of the prediction regions with
binary data over numeric data we compared the efficiency of prediction regions of both
data sets. From the experiments, we show that CP algorithms for binary feedback data
sets are outperforming their performance in numerical data sets. Only in case of per-
centage of empty labels numerical data sets are showing slightly better performance.
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Chapter 6

Recommendation with Confidence in
Neighbourhood-based Algorithms

In the previous two chapters, we have shown the application of conformal prediction
to prediction algorithms in recommender systems. When applied for prediction task,
conformal prediction attaches confidence values to each of the predictions made by the
algorithm. Though conformal prediction algorithm is designed to associate confidence
values to individual predictions, in this work, we use conformal prediction to associate
confidence values to a set of recommended items L produced by neighborhood-based
algorithms. Attaching the confidence values to a set of recommended items give the
relevance of these items to the user tastes. Unlike the confidence estimation methods in
recommender systems (all are limited to assigning the confidence values to predictions)
which do not provide any guarantee on the error rate, conformal prediction makes it
possible by allowing the users to select the appropriate significance level depending on
the application. In recommendation scenario, error rate refers to the probability of ex-
cluding the relevant items form the set of recommended items at the given significance
level.

As discussed above, the regions produced by any CP algorithm are automatically
valid. The recommendation region is said to be valid if the error rate is bounded by
the chosen significance level. But efficiency in terms of minimizing the number of ir-
relevant items in the recommendation regions depends on the nonconformity measure
used by the CP algorithm [53]. In conformal prediction, nonconformity measure tells
how strange the new item is with respect to the set of items in the training set. Instead
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of using the nonconformity measure, it is appropriate to use conformity measure as
our goal is to recommend the items amongst all the unused items that can conform to
the training set. But in practice it is more common to use nonconformity instead of
conformity. For example, when we compare a new example with an average of old
examples we will usually first define a distance between the two rather than devising
a way to measure their closeness. Doing so is consistent with the tradition in mathe-
matical statistics and machine learning. In statistics, test statistics are usually defined
so as to measure discrepancy rather than agreement and in machine learning, distance
measures are used to find the nearest neighbours in K-NN instead of using proximity
measures [75]. In our work, we used a simple conformity measure which is the score
of the item. Major contributions of this chapter are:

• We describe application of conformal prediction (TCP) to recommendation task
to provide confidence values to the set of recommended items produced by
neighborhood-based collaborative filtering algorithms.

• We adopted false negative rate and false positive rate from statistics and machine
learning to define validity and efficiency of proposed conformal recommendation
algorithms.

• We empirically demonstrate validity and efficiency of our conformal recommen-
dation algorithms.

• We experimentally show that though at 60-90% confidence levels the algorithms
are producing low precision values, the recall values are sufficiently high while
producing less number of recommended items (NRI) as compared to the total
number of items in the data sets.

• We experimentally show that the performance of user-based conformal recom-
mendation is better than that of item-based conformal recommendation.

In this chapter, we first discuss why we chose unary feedback for TOP-N rec-
ommendation task. Then, we present neighbourhood-based recommendation algo-
rithms. Next, we describe application of conformal prediction to recommendation
task to provide confidence values to the set of recommended items produced by the
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6.1 Motivation to Use Unary Feedback for Top-N Recommendation Task

neighbourhood-based algorithms. We also show how to adopt false negative rate and
false positive rate from statistics and machine learning to define validity and efficiency
of proposed conformal recommendation algorithms. Finally, we demonstrate the va-
lidity and efficiency of our conformal recommendation algorithms.

6.1 Motivation to Use Unary Feedback for Top-N Rec-
ommendation Task

For recommendation task, we use unary data (1 or 0) instead of using ratings (1-5 or
1-10) or binary data (+1 or -1). The reasons are

• [26, 48] considered user’s rating as the noisy evidence of user’s true rating.
Users give different ratings at different times when asked to rate the same movie.
Therefore, identifying k most similar items which are rated as 1 when the new
item rating is assumed as 1 does not make sense. Moreover, the given ratings are
not accurate enough to produce the correct predictions or recommendations.

• Users in general do not rate every item that they have used. Therefore, some of
the ratings are missing in rating data sets [78].

• Users do not update their ratings. For example, assume that a customer bought
a product from some e-commerce website. Initially, he is satisfied with that
product as it works well for some time. Hence, he rated it 5. After a few days,
he found some problem with that product and as a result he might think not to
purchase that product or not to purchase the items form that e-commerce site in
future, but might forget to update that rating. Other users still think that it is a
top rated product [78]. One more reason is that the user who liked the item in
the past may not like it in future. The ratings given by the user in the past might
not reflect his/her present taste.

• When CP is applied on rating data sets, we need to find k neighbors belonging
to each rating to compute the nonconformity score of each unused item. But
the distribution of ratings in these data sets is uneven. For example, more than
80% of all ratings in MovieLens 100K are greater than 2 and nearly 70% of
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6.2 Neighborhood-based CF Algorithms for Top-N Recommendation

all ratings in Eachmovie are greater than 3 [39]. As a result, it becomes very
difficult to identify k most similar items for each rating. In case of User-based
collaborative filtering, even with binary ratings (+1 or -1), it is very difficult to
find the required number of neighbors belonging to both positive and negative
ratings for each item in the training set and test item.

• In this work, our focus is not on predicting a rating for the item but on producing
a fixed length of recommended items and the confidence of this recommendation
list. Therefore, rating prediction is not mandatory for this task. We predict a
score (instead of rating) for each unused item which tells the likelihood of this
item being recommended.

6.2 Neighborhood-based CF Algorithms for Top-N Rec-
ommendation

Algorithms 5 and 6 describes User-based and Item-based collaborative filtering algo-
rithms for recommending a fixed length of items which we call them as User-based
Recommendation (UBR) and Item-based Recommendation (IBR) algorithms. There
are a number of different ways to compute the similarity in neighborhood-based rec-
ommendation algorithms. Among them the most commonly used are Pearson, Cosine,
Jaccard and Dice. In our work, we have chosen cosine similarity measure defined
in Equation (3.11) to compute the similarities between users in UBCF and Equation
(3.26) between items in IBCF as it is a very popular measure for top-N recommenda-
tion task. Both equations will give the value between [0,1]. Two users u and v are con-
sidered to be similar (i.e.,similarity(u, v) = 1) when these two users rated the same set
of items. Similarly, two items i and j are considered to be similar (i.e.,similarity(i, j)

= 1) when these two items are rated by same set of users.
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Algorithm 5: : User-based Recommendation Algorithm
Input: U ,I ,k,ut,Ct
Output: L
for all ui ∈ U \ ut do

Compute the similarity between ui and ut using Equation (3.11)
end for
for all i ∈ I \ Ct do

Find the set of users S who consumed item i
Compute the score of i by adding the similarity scores of k most similar users
from S.

end for
Recommend a set of Top-N items L with highest scores.

Algorithm 6: : Item-based Recommendation Algorithm
Input: I ,k,Ct
Output: L
for all i ∈ I do

for all j ∈ I do
Compute the similarity between i and j using Equation (3.26)

end for
end for
for all i ∈ I \ Ct do

Find k most similar items from Ct
Compute the score of i by adding the similarity scores of these k items.

end for
Recommend a set of Top-N items L with highest scores.

6.3 Neighborhood-based Conformal Recommendation
Algorithms

In this section, we discuss how to build Conformal Prediction on top of User-based
and Item-based Recommendation Algorithms. We first discuss the algorithm setup and
then the conformity measures for both algorithms. Finally, we present our proposed
algorithms, User-based conformal recommendation (UBCR) and Item-based Confor-
mal Recommendation (IBCR) along with the measures of validity and efficiency that
are suitable for the recommendation task.
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6.3 Neighborhood-based Conformal Recommendation Algorithms

6.3.1 Problem Formulation

Conformal prediction is originally designed for prediction task where we have a train-
ing set of examples, a set of possible labels and a test example for which a set of labels
(region prediction) or a single label (point prediction) is assigned along with a confi-
dence value. In our work, we are adapting conformal prediction to recommendation
task where the algorithm recommends a fixed number of items to the user instead of
predicting a rating for an item. In order to make recommendations, first we need to
select the neighbors (users in UBCR and items in IBCR) for every target item it of the
target user ut. This can be done based on the set of items consumed by the target user
ut which we denote with Ct. In other words, neighbors for it are selected based on the
past history of the target user ut. Therefore, the training set for user ut is Ct i.e., each
item in Ct constitutes an example in the training set. This means that the training set
is different for different users and as a result we need to apply conformal prediction
process for every user separately. Test examples are the unused items of the target user
ut which is I \Ct. As ours is not the prediction task, we do not have labels for the test
example. Instead every test example is a candidate item for recommendation. Our task
is to find those test examples, in our case unused items, which conforms to the set of
items in the training set and recommend them to the user with an associated confidence
measure.

6.3.2 Conformity Measure (CM)

In this work, we have used a simple conformity measure which is the score of the
item. As discussed above, score of the target item it for the target user ut is the sum of
similarities of k most similar users who have used this item in UBCR and sum of the
similarities of k most similar items that are consumed by ut in IBCR. Formally, this
can be expressed as follows:

• UBCR: Let the k most similar users for ut for it are {ut1 , ut2 , ...., utk} and their
corresponding similarity scores with ut are {sut1 , sut2 , ...., sutk}. Then confor-
mity measure (CM) for the item it is calculated as
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CMUBCR =
k∑
j=1

sutj (6.1)

where CMUBCR is the conformity measure for User-based conformal recom-
mendation.

• IBCR: Let the k most similar items for it are {it1 , it2 , ...., itk} and their cor-
responding similarity scores with it are {sit1 , sit2 , ...., sitk}. Then conformity
measure (CM) for the item it is calculated as

CMIBCR =
k∑
j=1

sitj (6.2)

whereCMIBCR is the conformity measure for Item-based conformal recommen-
dation.

6.3.3 Proposed Algorithms

In this subsection, we discuss how conformal prediction can be applied to User-based
recommendation and Item-based recommendation algorithms. In order to find whether
the new item conforms to the training set Ct, we need to append the item i to Ct to
form extended training set E. Then, we compute the conformity scores of each item
in E in order to find p-value for item i. As mentioned in Chapter 4, we can compute
conformity scores in two ways:

• By excluding the item for which we are computing the conformity score from
E.

• By including the item for which we are computing the conformity score from E.

First option is time consuming as it requires modification of similarity values of
user in UBCR or item in IBCR |Ct|+1 number of times for each rating to be predicted.
This is because in UBCR, in order to compute conformity score for jth item, first
we need to remove that item from E and then update the similarity values of target
user ut with other users. Similarly, to compute conformity score for the jth item, we
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have to remove that item from E and update the similarity values of the jth item with
other items in IBCR. Whereas in the second approach, we need to update similarity
values of ut with other users only once after appending the new item i to Ct in UBCR.
Similarly, in IBCR, we update the similarity values of i with other items only once
after appending the new item i to Ct . That means, in the first approach, we need to
update for every item in E whereas in the second approach, we need to update the
similarity values only once that is after appending i to Ct. Therefore, we have chosen
the second option in our work.

• User-based Conformal Recommendation Algorithm:

Algorithm 7 describes the application of CP to UBR in detail. First, compute the
similarity between the target user ut and all other users. For every unused item
i in I \ Ct of the target user ut, append this item to the set of consumed items
Ct to form the appended training set E. Then update the similarity values of ut
using the training set asE. For every item inE compute the conformity score by
adding the similarity scores of k most similar users from U \ ut who consumed
that item. These conformity scores are then used to calculate the p-value for i
which gives the typicalness of this sequence E. Finally, output all the items in
I \ Ct whose p-values are > ε in order to produce the recommendation region
at the given confidence level 1− ε or select top N items with highest p-values in
order to produce a Top-N recommendation list L with confidence 1 - p(N + 1).

• Item-based Conformal Recommendation Algorithm:

Algorithm 8 describes the application of CP to IBR in detail. First, compute
the similarity between all items. Unlike in User-based conformal recommenda-
tion where the conformity scores of items in the training set are computed after
appending every unused item to the training set, conformity scores of items in
the training set are precomputed in Item-based conformal recommendation. For
every unused item i in I \ Ct of the target user ut, append this item to the set
of consumed items Ct to form the appended training set E. Next, update the
similarity values of i with other items in Ct. Compute the conformity score of
i by adding the similarity scores of k most similar items from Ct. Then, update
the conformity scores of those items in the training set for which i is in their
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Algorithm 7: : User-based Conformal Recommendation Algorithm
Input: U ,I ,k,ut,Ct,ε
Output: Recommendation Region, L
for all ui ∈ U \ ut do

Compute the similarity between ui and ut using Equation (3.11)
end for
for all i ∈ I \ Ct do
E = Ct ∪ i
Update the similarity scores of ut after appending i to Ct
for all j ∈ E do

Find the set of users S from U \ ut who consumed item j
Compute the conformity score of j using Equation (6.1)

end for
Compute the p-value p(i) using Equation (4.3)

end for
Recommendation Region = {i|p(i) > ε} with confidence 1-ε
OR
Recommend a set of Top-N items L with highest p-values with confidence 1 -
p(N + 1)

neighborhood. These conformity scores are then used to calculate the p-value
for i which gives the typicalness of this sequence E. Finally, output all the items
in I \ Ct whose p-values are > ε in order to produce the recommendation region
at the given confidence level 1− ε or select top N items with highest p-values in
order to produce a Top-N recommendation list L with confidence 1 - p(N + 1).

6.3.4 Validity and Efficiency for Recommendation Task

Validity and Efficiency are used to measure the quality of prediction regions produced
by CP. Error refers to the probability of excluding the true label from the prediction
region and Validity refers to probability of including true label in the prediction re-
gion. In other words, validity = 1 - Error. Efficiency is the tightness of the prediction
regions. The narrower the prediction region the more efficient the conformal predictor
is. Efficiency can be measured in different ways for prediction task. Some of them are
listed below:

• Observed Excess criterion which gives the the average number of false labels
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Algorithm 8: : Item-based Conformal Recommendation Algorithm
Input: I ,k,Ct,ε
Output: Recommendation Region, L
for all i ∈ I do

for all j ∈ I do
Compute the similarity between i and j using Equation (3.26)

end for
end for
for all i ∈ Ct do

Find k most similar items from Ct \ i
Compute the conformity score of i using Equation (6.2)

end for
for all i ∈ I \ Ct do
E = Ct ∪ i
Update the similarity scores of i after appending i to Ct
Find k most similar items from Ct
Compute the conformity score of i using Equation (6.2)
for all j ∈ Ct do

if similarity(i, j) > similarity(j, k) then
Recompute the conformity score of item j

end if
end for
Compute the p-value p(i) using Equation (4.3)

end for
Recommendation Region = {i|p(i) > ε} with confidence 1-ε
OR
Recommend a set of Top-N items L with highest p-values with confidence 1 -
p(N + 1)

(ANFL) included in the prediction region at significance level ε.

• Percentage of test examples having prediction regions with single label.

• Percentage of test examples having prediction regions with more than one label.

• Percentage of test examples having empty prediction region.

In this Chapter, our focus is on recommendation task instead of prediction task.
Therefore, we need to find suitable metrics for recommendation task. We adopted
false negative rate (FNR) or miss rate and false positive rate (FPR) or fall out from
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statistics and machine learning to define validity and efficiency of the recommendation
regions respectively in recommendation task. Here relevant items are the items which
are already used by the user (test set items denoted with St).

• Error Percentage (False Negative Rate) gives the probability that a relevant item
is not present in the recommendation region at the given significance level ε. In
other words, how many of the relevant items are missing in the recommendation
region. Small values are preferable.

ErrorPercentage =
|Relevant \Recommended|

|Relevant|
(6.3)

where Recommended is the recommendation region produced at a given signif-
icance level ε and relevant is the set of test items St.

Validity in terms of error percentage is given by

V alidity = 1− ErrorPercentage (6.4)

• Efficiency (False Positive Rate) which is also a variant of Observed Excess cri-
terion gives the probability that an irrelevant item is recommended at the given
ε. In other words, how many of the recommended items are not relevant. Here
also, small values are preferable.

Efficiency =
|Recommended \Relevant|

|Irrelevant|
(6.5)

6.3.5 Time Complexity

In this section, we compare the time complexity of the proposed CP algorithms (UBCR
& IBCR) with their respective underlying algorithms (UBR & IBR). Let m be the
number of users and n be the number of items.

• Time complexity comparison between UBR and UBCR:

The time complexity of UBR can be divided into two parts: (i) time required
to compute the similarities between target user and all other users (similarity

189



6.3 Neighborhood-based Conformal Recommendation Algorithms

computation) and (ii) time required to predict scores for all candidate items and
make Top−N recommendations (score prediction and recommendation).

– Similarity computation: For every target user ut, we need to compute sim-
ilarities between target user ut and all other users. This requires (m − 1)

computations and each requires n operations. If the number of target users
are nt, then the time complexity to compute the similarities for nt target
users is nt(m− 1)n which is Θ(ntmn).

– Score prediction: To reduce the complexity, we precomputed the users of
all items which requires Θ(nm) time. The number of candidate recom-
mended items for ut is n−|Ct| and for every candidate recommended item
of the target user ut, score computation takes Θ(1). For nt target users,
time complexity for this step is Θ(nm+ nt(n− |Ct|)).

– Recommendation: Finally, recommending the Top−N items with highest
scores require (n− |Ct|)N operations. Therefore, the time complexity for
this step for nt target users is Θ(nt(n− |Ct|)N))

The time complexity for UBR is Θ((ntmn) + (nm + nt((n − |Ct|) + (n −
|Ct|)N))).

For UBCR, the time required for similarity computation is same as that of IBCF
which is Θ(ntmn). Time complexity for score prediction and recommendation
is computed as follows:

– Compute the conformity scores and Score prediction: Similar to UBR, here
also, we precomputed the users of all items which requires Θ(nm) time.
The number of candidate recommended items for ut is n− |Ct|. For every
candidate recommended item i of the target user ut, we need to update
the similarity scores of ut with other users after appending i to Ct. This
requires Θ(mn) operations. Computing the conformity scores of all items
in the setCt∩i takes |Ct|+1 operations and computing the p-value for each
candidate recommended item i takes another |Ct| operations. So, the time
complexity of this step for nt target users is Θ(nm+ nt((n− |Ct|)(mn)))
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– Recommendation: Recommending the Top−N items with highest scores
require (n− |Ct|)N operations and for nt target users, the time complexity
is Θ(nt(n− |Ct|)N)).

The time complexity of UBCR is Θ(ntmn+ (nm+ nt((n− |Ct|)(mn) + ((n−
|Ct|)N))). Generally, the time complexity for the TCP is calculated as the num-
ber of test examples times the number of labels times the underlying algorithm
time complexity. Here, we do not have labels and therefore, we are repeating the
underlying UBR (n − |Ct|) times for each target user. Although this is compu-
tationally expensive process, it is still practical to implement even for large data
sets like Eachmovie and Movielens 1M.

• Time complexity comparison between IBR and IBCR:

Similar to UBR, the time complexity of IBR can be divided into two parts: (i)
time required to compute the similarities between all items (similarity computa-
tion) (ii) time required to predict scores for all candidate items and make top−N
recommendations (score prediction and recommendation).

– Similarity computation: We need to compute n(n− 1) similarities to com-
pute similarity between all n items. Each similarity computation requires
m operations. Therefore, the time complexity for similarity computation is
n(n− 1)m which is Θ(n2m).

– Score prediction: For every candidate recommended item of the target user
ut, we need to find k similar items from |Ct| which requires |Ct|k time and
score computation takes Θ(1) time. Therefore, the time complexity for this
step for nt target users is Θ(nt((n− |Ct|)|Ct|k)).

– Recommendation: Finally, recommending the Top−N items with highest
scores require (n−|Ct|)N operations which for nt target users is Θ(nt(n−
|Ct|)N)

The time complexity for IBR is Θ(n2m+ nt((n− |Ct|)|Ct|k + (n− |Ct|)N)).

For IBCR, the time required for similarity computation is the same as that of IBR
which is Θ(n2m). Time complexity for score prediction and recommendation is
computed as follows:
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– Compute the conformity scores for all consumed items |Ct| of the target
user ut: In order to compute the conformity score for each consumed item
i in |Ct|, we need to find the most similar items from |Ct| other than iwhich
requires (|Ct| − 1)k operations and computing the conformity score takes
Θ(1) time. Therefore the time complexity of this step is |Ct|((|Ct|−1)k+1)

operations which for nt target users is Θ(nt(|Ct|2k)).

– Score prediction: For each test item i in the set of candidate recommended
items, we assume that the test item is consumed by the user. Therefore, we
need to update the similarity values of the test item i with all the consumed
items of the target user which takes |Ct|m operations. In order to compute
the conformity score of the test item i, we have to find the k similar items
from the set Ct. This takes |Ct|k operations. Computing the conformity
score takes 1 operation. Then, we need to update the conformity scores of
all items in Ct, if required, which takes |Ct| time. Computing the p-value
requires Θ(|Ct|) operations. The time required for this step for nt target
users is Θ(nt((n− |Ct|)(|Ct|m+ |Ct|k)))

– Recommendation: Recommending the Top−N items with highest scores
require (n − |Ct|)N operations which for nt target users is Θ(nt(n −
|Ct|)N).

Finally, the time complexity of IBCR is Θ(n2m+nt(|Ct|2k+(n−|Ct|)(|Ct|m+

|Ct|k) + (n− |Ct|)N). Generally, the time complexity for the TCP is calculated
as the number of test examples times the number of labels times the underlying
algorithm time complexity. But, in our case, it is very less. Because, we do
not have labels and also we can pre-compute the conformity scores of the con-
sumed items for all target users and recompute them if and only if the similarity
value of newly appended test item is greater than the similarity value of kth most
similar item of the consumed item. Therefore, even with large data sets like
Eachmovie and Movielens 1M, it is practical to implement TCP on item-based
Recommendation algorithm.
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6.4 Experimental Results

6.4 Experimental Results

6.4.1 Experimental Setup

We tested our algorithm on four data sets: MovieLens 100K, EachMovie, MovieLens
1M, MovieLens-latest-small. In order to convert these rating data sets to unary data
sets, we converted all rating values to 1. We randomly selected 50 users and for each
user 60% of the data is randomly selected for training set and remaining 40% is taken
as the test set.

6.4.2 Results and Discussion

We compared the performance of our proposed algorithms UBCR and IBCR with their
underlying algorithms UBR and IBR respectively in terms of precision and recall. In
our experiments, we take k = 20 (maximum number of nearest neighbors). In order
to compare with the underlying algorithms, our proposed algorithms should produce
fixed length recommendation lists at different Top-N values instead of producing the
recommendation lists at the specified confidence level. Tables 6.1 and 6.2 show the per-
formance comparison between UBR and UBCR and IBR and IBCR respectively. From
these tables, we can observe that, though in some cases, UBR and IBR are showing
better performance than their corresponding conformal recommendation algorithms,
in most of the cases, the performance of our proposed conformal recommendation al-
gorithms are very close to their underlying algorithms.

As mentioned above, we measure the quality of our conformal recommendation
algorithms using two metrics: Validity and Efficiency. When CP is applied for recom-
mendation task, training set and test set of items differ from user to user in contrast to
CP in ML where the training set and test sets are fixed for the whole algorithm. So,
it is necessary to show that the validity is satisfied for each user. Figures 6.1 and 6.2
show the validity of UBCR and IBCR of each target user for all data sets. We can see
that the error values (validity) of most of the users are with in the bounds of ε.

Figures 6.3 and 6.4 show the average validity of UBCR and IBCR respectively for
different data sets. From these figures, we can see that error values are always bounded
by ε. Recommendation regions produced by our conformal recommenders are exactly
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6.4 Experimental Results

Dataset Algorithm Top-N
10 20 30 40 50 60 70 80 90 100

Movielens
100K

UBR 0.542 0.454 0.4067 0.37 0.34 0.3137 0.2966 0.2793 0.2627 0.2496
UBCR 0.538 0.448 0.4 0.3655 0.3392 0.3123 0.294 0.2755 0.2604 0.2474

Eachmovie
UBR 0.6600 0.5090 0.4367 0.3830 0.3412 0.3077 0.2800 0.2552 0.2364 0.2198

UBCR 0.6320 0.5100 0.4313 0.3820 0.3372 0.3037 0.2794 0.2537 0.2331 0.2172
Movielens

1M
UBR 0.5080 0.4390 0.3953 0.3690 0.3396 0.3200 0.2994 0.2862 0.2756 0.2668

UBCR 0.5020 0.4370 0.3947 0.3670 0.3348 0.3117 0.2949 0.2797 0.2738 0.2648
MovieLens-
latest-small

UBR 0.3780 0.3310 0.2847 0.2580 0.2380 0.2163 0.2023 0.1920 0.1820 0.1726
UBCR 0.3680 0.3280 0.2807 0.2585 0.2380 0.2190 0.2031 0.1952 0.1822 0.1724

(a) Precision comparison of UBR with UBCR
Dataset Algorithm Top-N

10 20 30 40 50 60 70 80 90 100
Movielens

100K
UBR 0.1836 0.2891 0.3713 0.4313 0.4823 0.5183 0.5695 0.5948 0.6186 0.6424

UBCR 0.1862 0.2879 0.3698 0.4259 0.4754 0.511 0.551 0.5793 0.6041 0.623

Eachmovie
UBR 0.3239 0.4716 0.5856 0.6646 0.7206 0.7625 0.7949 0.8147 0.8380 0.8562

UBCR 0.3073 0.4679 0.5769 0.6628 0.7065 0.7457 0.7812 0.8021 0.8179 0.8391
Movielens

1M
UBR 0.1282 0.2030 0.2538 0.3010 0.3416 0.3787 0.4034 0.4323 0.4606 0.4864

UBCR 0.1223 0.2038 0.2557 0.2985 0.3337 0.3633 0.3896 0.4113 0.4469 0.4753
MovieLens-
latest-small

UBR 0.1239 0.2060 0.2547 0.2927 0.3277 0.3529 0.3789 0.4028 0.4254 0.4503
UBCR 0.1211 0.2008 0.2440 0.2911 0.3278 0.3617 0.3832 0.4143 0.4293 0.4496

(b) Recall comparison of UBR with UBCR

Table 6.1: Performance comparison of UBR with UBCR

Figure 6.1: Validity of UBCR of individual users for different data sets (left to right:
Movielens 100K, Eachmovie, Movielens 1M and Movielens-latest-small)

valid as they follow a straight line. This is true for both UBCR and IBCR and for all
data sets. In other words, the percentage of relevant items not being recommended is
same for both UBCR and IBCR in almost all cases. In Figures 6.5 and 6.6 we show
the efficiency of our conformal recommendation algorithms. As can be seen from
these figures, our proposed algorithms produce very efficient recommendation regions
in such a way that the percentage of irrelevant items present in the recommendation
regions is less than or around 20% at 80% confidence level (which is sufficiently high
confidence level for movies domain). From Figures 6.5 and 6.6, we can say that UBCR
is performing better than IBCR as it is producing more efficient recommendation re-
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6.4 Experimental Results

Dataset Algorithm Top-N
10 20 30 40 50 60 70 80 90 100

Movielens
100K

IBR 0.4580 0.3900 0.3327 0.2995 0.2752 0.2550 0.2386 0.2273 0.2169 0.2058
IBCR 0.4700 0.3760 0.3380 0.3055 0.2800 0.2633 0.2463 0.2332 0.2171 0.2066

Eachmovie
IBR 0.5720 0.4620 0.3880 0.3430 0.2992 0.2730 0.2474 0.2260 0.2078 0.1936

IBCR 0.5660 0.4630 0.3980 0.3475 0.3048 0.2770 0.2537 0.2353 0.2187 0.2032
Movielens

1M
IBR 0.4340 0.3650 0.3240 0.2930 0.2716 0.2553 0.2417 0.2295 0.2198 0.2128

IBCR 0.4120 0.3640 0.3140 0.2950 0.2748 0.2617 0.2463 0.2345 0.2256 0.2178
MovieLens-
latest-small

IBR 0.2960 0.2560 0.2300 0.2040 0.1868 0.1713 0.1626 0.1550 0.1482 0.1426
IBCR 0.2840 0.2450 0.2227 0.1985 0.1812 0.1650 0.1514 0.1377 0.1298 0.1212

(a) Precision comparison of IBR with IBCR
Dataset Algorithm Top-N

10 20 30 40 50 60 70 80 90 100
Movielens

100K
IBR 0.1613 0.2535 0.3033 0.3522 0.3905 0.4189 0.4432 0.4761 0.5066 0.5289

IBCR 0.1639 0.2429 0.3053 0.3554 0.3882 0.4287 0.4590 0.4855 0.4966 0.5189

Eachmovie
IBR 0.2834 0.4350 0.5314 0.6026 0.6464 0.6932 0.7253 0.7488 0.7685 0.7930

IBCR 0.2835 0.4418 0.5420 0.6101 0.6485 0.6917 0.7262 0.7589 0.7845 0.8039
Movielens

1M
IBR 0.0980 0.1539 0.1915 0.2202 0.2499 0.2754 0.2988 0.3157 0.3353 0.3543

IBCR 0.0900 0.1423 0.1788 0.2234 0.2494 0.2778 0.2986 0.3210 0.3433 0.3624
MovieLens-
latest-small

IBR 0.0934 0.1613 0.2104 0.2437 0.2741 0.3014 0.3262 0.3496 0.3716 0.3953
IBCR 0.0909 0.1516 0.2053 0.2356 0.2607 0.2847 0.3051 0.3174 0.3380 0.3483

(b) Recall comparison of IBR with IBCR

Table 6.2: Performance comparison of IBR with IBCR

Figure 6.2: Validity of IBCR of individual users for different data sets (left to right:
Movielens 100K, Eachmovie, Movielens 1M and Movielens-latest-small)

gions compared to IBCR.
In Figures 6.7 and 6.8, we show the precision and recall values of UBCR and IBCR

at different confidence levels. We know that precision and recall are sensitive to the
number of recommendations. If the number of recommended items is much greater
than the number of relevant (used) items we will get low precision values. Similarly,
if number of relevant (used) items are greater than the number of recommended items
the resultant recall values are low. From Figures 6.7 and 6.8, we can observe that pre-
cision values are decreasing as we go from lower to higher confidence levels whereas
the reverse is true for recall where the values are increasing as we go from lower to
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6.4 Experimental Results

Figure 6.3: Validity of UBCR for different data sets (left to right: Movielens 100K,
Eachmovie, Movielens 1M and Movielens-latest-small)

Figure 6.4: Validity of IBCR for different data sets (left to right: Movielens 100K,
Eachmovie, Movielens 1M and Movielens-latest-small)

higher confidence levels. The reason is that the proposed algorithms are recommend-
ing more number of items at higher confidence levels (> 50%) compared to the number
of recommended items at lower confidence levels (≤ 50%). As a result, the number
of recommended items at higher confidence levels are much more than the number of
test (relevant or used) items for every target user which leads to a larger number in the
denominator (number of recommended items) while calculating the precision which
in turn leads to small values of precision at higher confidence levels. Similarly, large
number of recommended items at higher confidence levels means that there is a high

Figure 6.5: Efficiency of UBCR for different data sets (left to right: Movielens 100K,
Eachmovie, Movielens 1M and Movielens-latest-small)
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6.4 Experimental Results

Figure 6.6: Efficiency of IBCR for different data sets (left to right: Movielens 100K,
Eachmovie, Movielens 1M and Movielens-latest-small)

probability that many of the relevant items are being recommended which leads to high
recall values at higher confidence levels. To support this, we also show the number of
recommended items at each confidence level along with precision and recall in Fig-
ures 6.7 and 6.8. Though the algorithms are producing large number of recommended
items at higher confidence levels, this number is small compared to total number of
items in the data sets. From Figures 6.7 and 6.8, we can observe that UBCR is per-
forming better than IBCR in terms of precision and recall at different confidence levels
while at the same time producing less number of recommended items especially at
higher confidence levels.

To clearly show the superiority of UBCR over IBCR especially at 60-90% confi-
dence levels, in Table 6.3 we give the precision, recall and percentage of recommended
items (%RI) along with the irrelevant items present in the recommendation regions (in
our case, efficiency in terms of false positive rate (FPR)) of UBCR and IBCR (in %) at
confidence levels 60,70,80 and 90 (from Figures 6.5 to 6.8). From this table, we can
clearly observe that though, recall values of IBCR are very close to UBCR, UBCR is
producing efficient recommendation regions and giving better precision values com-
pared to IBCR while producing less number of recommended items.

We also measured confidence values for recommendation lists at different Top-
N values. Tables 6.4 and 6.5 gives the confidence values for recommendation lists
produced by UBCR and IBCR respectively at different Top-N values and for different
data sets. Here also, the confidence values produced by UBCR are greater than those
produced by IBCR.

In summary, though IBCF shows better performance compared to UBCF for pre-
diction task in rating data sets [66], the performance of UBCF for recommendation
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6.4 Experimental Results

(a) UBML100KP (b) UBML100KR (c) UBML100KNRI

(d) UBEMP (e) UBEMR (f) UBEMNRI

(g) UBML1MP (h) UBML1MR (i) UBML1MNRI

(j) UBMLSMALLP (k) UBMLSMALLR (l) UBMLSMALLNRI

Figure 6.7: Precision,Recall and Number of Recommended Items of UBCR at different
confidence levels for different data sets (top to bottom: Movielens 100K, Eachmovie,
Movielens 1M and Movielens-latest-small)

task in unary data sets is better than that of IBCF as shown in Tables 6.1 and 6.2. We
have also shown that UBR is better than IBR in terms of producing efficient recom-
mendation regions as shown in 6.4 and also in terms of precision and recall at different
confidence levels while producing less number of recommended items especially at
higher confidence levels as shown in Figures 6.5 and 6.6. Moreover, the mean confi-
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6.4 Experimental Results

(a) IBML100KP (b) IBML100KR (c) IBML100KNRI

(d) IBEMP (e) IBEMR (f) IBEMNRI

(g) IBML1MP (h) IBML1MR (i) IBML1MNRI

(j) IBMLSMALLP (k) IBMLSMALLR (l) IBMLSMALLNRI

Figure 6.8: Precision,Recall and Number of Recommended Items of IBCR at different
confidence levels for different data sets (top to bottom: Movielens 100K, Eachmovie,
Movielens 1M and Movielens-latest-small)

dence values produced by UBCR are greater than that of IBCR as shown in Tables 6.4
and 6.5. From this, we can conclude that UBCR is performing better than IBCR for
recommendation task.
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6.5 Conclusions

Confidence
Level Algorithm Movielens 100K Eachmovie

FPR Precision Recall RI FPR Precision Recall RI

90%
UBCR 26.69 10.96 91.69 27.17 9.77 22.39 91.84 10.73
IBCR 31.92 8.67 91.39 32.04 13.93 17.20 92.40 14.68

80%
UBCR 12.64 16.94 80.43 13.73 5.26 29.25 81.71 6.29
IBCR 18.35 12.53 82.20 19.14 7.15 24.37 81‘.47 8.08

70%
UBCR 7.51 22.44 70.05 8.74 3.06 36.66 72.14 4.07
IBCR 11.10 16.55 69.41 12.07 4.45 29.97 70.90 5.37

60%
UBCR 4.71 28.15 58,29 5.88 1.87 42.19 62.78 2.78
IBCR 7.59 20.72 59.22 8.56 2.73 35.93 62.96 3.58

(a) Movielens 100K and Eachmovie
Confidence

Level Algorithm Movielens 1M Movielens-latest-small

FPR Precision Recall RI FPR Precision Recall RI

90%
UBCR 23.34 7.80 90.98 23.91 22.47 5.50 91.92 22.59
IBCR 30.52 6.14 90.27 30.79 46.96 2.53 90.95 46.65

80%
UBCR 13.00 11.86 80.70 13.84 12.91 8.31 83.94 13.12
IBCR 19.52 8.56 79.78 20.12 32.44 4.44 82.87 32.26

70%
UBCR 7.80 16.59 70.35 8.68 7.53 11.63 73.51 7.78
IBCR 12.86 11.42 69.31 13.56 24.84 6.67 74.98 24.72

60%
UBCR 5.20 20.63 59.98 6.05 4.51 14.85 62.93 4.76
IBCR 8.94 13.89 60.21 9.66 19.57 9.28 65.39 19.48

(b) Movielens 1M and Movielens-latest-small

Table 6.3: Comparison between UBCR and IBCR

Dataset Top-N
10 20 30 40 50 60 70 80 90 100

Movielens 100K 0.1985 0.2903 0.3617 0.4225 0.4633 0.5093 0.5456 0.5813 0.6155 0.6422
Eachmovie 0.2793 0.4572 0.5514 0.6259 0.6770 0.7131 0.7536 0.7816 0.7998 0.8164

Movielens 1M 0.1333 0.2077 0.2743 0.3084 0.3445 0.3743 0.4057 0.4317 0.4506 0.4706
Movielens-latest-small 0.1186 0.1787 0.2339 0.2715 0.3062 0.3314 0.3566 0.3768 0.3979 0.4143

Table 6.4: Mean confidence values produced by UBCR for fixed length recommenda-
tion lists

6.5 Conclusions

In this chapter, we show the adaptation of CP to recommendation task. We applied
CP on top of UBCR and IBCR in order to associate confidence values to a set of rec-
ommended items. We tested our proposed algorithms on different data sets and we
experimentally proved that our algorithms produce efficient recommendation regions
at different confidence levels while satisfying the validity property which guarantees
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6.5 Conclusions

Dataset Top-N
10 20 30 40 50 60 70 80 90 100

Movielens 100K 0.1488 0.2407 0.2943 0.3454 0.3844 0.4145 0.4453 0.4764 0.5053 0.5262
Eachmovie 0.2462 0.4150 0.5193 0.5893 0.6307 0.6693 0.7020 0.7324 0.7495 0.7645

Movielens 1M 0.0914 0.1509 0.1904 0.2225 0.2492 0.2728 0.2935 0.3161 0.3316 0.3514
Movielens-latest-small 0.0731 0.1323 0.1802 0.2057 0.2262 0.2498 0.2650 0.2806 0.2990 0.3141

Table 6.5: Mean confidence values produced by IBCR for fixed length recommenda-
tion lists

that the percentage of relevant items not being recommended will not exceed the spec-
ified significance level. We also calculate the precision and recall values at different
confidence levels. Though at higher confidence levels the algorithms are producing
low precision values, the recall values are sufficiently high while producing less num-
ber of recommended items compared to the total number of items in the data sets. We
also associated confidence values to individual fixed length recommendation lists at
different Top-N values. Through our experiments we have shown that UBCR is per-
forming better than IBCR in terms of precision and recall while producing less number
of recommended items especially at higher confidence values and also in producing ef-
ficient recommendation regions. Moreover, the mean confidence values produced by
UBCR is greater than that of IBCR. Though, the recommendation regions produced
by our algorithms at very high confidence levels are somewhat less efficient especially
at 90-99% confidence levels (desired confidence levels in life-critical applications) we
can use this algorithm to make predictions in certain recommendation domains such as
movies, books, news articles, restaurants, music and in tourism where the confidence
level of 60%-90% is also acceptable.
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Chapter 7

Conclusions and Future Work

In this thesis, we focus on estimating the confidence of predictions and recommenda-
tions with guaranteed error rate in collaborative filtering recommendation algorithms.
We start this thesis with a brief introduction of recommender systems and their tasks.
We also discussed different kinds of data, algorithms, specifically collaborative fil-
tering algorithms, evaluation approaches and evaluation measures relevant to recom-
mender systems. Neighborhood-based algorithms are the collaborative filtering algo-
rithms which are very simple and easy to understand and at the same time they gen-
erate reasonably accurate results. But their performance depends on different aspects
such as similarity measures, prediction techniques, data sets and the type of feedback.
Therefore, before discussing the confidence estimation we conducted an experimental
study on the performance of neighborhood-based algorithms with different similarity
measures, prediction techniques and data sets with different types of feedback. We
also conducted significance tests to measure the statistical significance of the perfor-
mance differences between algorithms with different similarity measures, prediction
techniques and data sets with different kinds of feedback.

Performance of collaborative filtering algorithms depends on the number of avail-
able ratings in the data set as they make predictions and recommendation based only
on the available rating information. But most of the real-world data sets used in rec-
ommender systems literature tend to be sparse. In addition to sparseness of data sets,
factors such as noisy data, untrusted users, change of user preferences over time, choice
of different parameter values in the algorithm and suitability of the algorithm for the
given data also contribute uncertainty in predictions and recommendations. As a result,
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the predictions and recommendations produced by collaborative filtering algorithms
are not reliable. Therefore, measuring the reliability of predictions and recommenda-
tions generated by collaborative filtering algorithms is a crucial aspect in evaluating
those algorithms. In chapters 4, 5 and 6 we adopted conformal prediction framework
to different collaborative filtering algorithms for prediction and recommendation tasks
in order to measure the confidence of predictions and recommendations generated by
the algorithms.

In Chapters 4, 5 and 6 we have shown how conformal prediction provides a stan-
dard and reliable way to measure the confidence values for various collaborative fil-
tering algorithms for both prediction and recommendation tasks. We discussed how
application of conformal prediction to recommender systems, specifically collabora-
tive filtering algorithms, is different from its application to machine learning and pro-
posed different nonconformity measures or conformity measures suitable to the given
underlying algorithm. This is only a first step towards the adaptation of conformal
prediction to recommender systems. We can extend this work by proposing new and
more efficient nonconformity or conformity measures for the algorithms proposed in
Chapters 4, 5 and 6 in order to improve the efficiency of the prediction and recom-
mendation regions. For conformal recommendation algorithms proposed in Chapter 6,
we have adapted False Positive Rate to measure the efficiency of recommendation re-
gions. We can also define more efficiency measures based on the ranking ability of the
recommendation algorithms. Furthermore, we apply both TCP and ICP to only matrix
factorization algorithm in Chapter 5. But in Chapters 4 and 6, we have shown only the
application of TCP to the underlying algorithms (IBCF in Chapter 4 and UBR and IBR
in Chapter 6). We can also apply ICP for the underlying algorithms in Chapters 4 and 6
and compare its results with that of TCP. Other extensions are adapting the conformal
prediction to the recommendation algorithms other than collaborative filtering algo-
rithms such as content-based and context-aware recommendation algorithms. and also
investigating the application of conformal prediction to cross-domain recommendation
algorithms. These extensions are briefly described below:

1. Improving the efficiency of conformal predictors or recommenders by defin-
ing more efficient nonconformity measures

In chapters 4 and 5 we tried to improve the efficiency of the prediction regions
produced by the proposed conformal prediction algorithms by defining a number of
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nonconformity measures based on the underlying algorithm. Though, the proposed
algorithms are producing sufficiently enough number of single labels and correct pre-
dictions at 60%-90% confidence levels which can be acceptable in some recommen-
dation domains such as movies, books, news articles, restaurants, music, but they are
not acceptable when used in medical applications where the desirable confidence level
is 90-99%. Therefore, in order to produce large number of single labels and large
percentage of correct predictions at higher confidence levels i.e., 90-99% in medical
recommender systems, we need to define more efficient nonconformity measures.

In chapter 6, our main aim is to show the applicability of conformal prediction to
recommendation task rather than the prediction task for which the conformal prediction
algorithms are originally designed for. Therefore, we define only a simple conformity
score based on the underlying algorithm. Though, our proposed algorithms are pro-
ducing sufficiently high recall values and moderate values of precision at 60%-90%
confidence levels , we can improve this by defining more efficient conformity mea-
sures. Furthermore, we can also define efficiency measures for recommendation task
based on the ranking ability of the recommendation algorithm.

2. Application of ICP to IBCF for prediction task and UBR and IBR for rec-
ommendation task

In chapters 4 and 6 we have shown only the applicability of TCP to IBCF for
prediction task and UBR and IBR for recommendation task. But we can also apply
ICP to these algorithms and analyze the performance difference between TCP and
ICP. We can check whether the results are consistent with the results that we got for
matrix factorization. Unlike, in matrix factorization, where we got good results for
ICP compared to TCP, in neighborhood-based algorithms, there may be a chance that
we get exactly opposite results for both prediction and recommendation tasks due to
the following reasons:

• In matrix factorization the labels of many training examples are zero in TCP
(main problem while computing NCM5 and NCM6). But this problem is not
present in neighbourhood-based algorithms because ground truth is always avail-
able to compute the nonconformity or conformity scores of training examples.

• In neighborhood-based algorithms, the number of neighbours to compute the
nonconformity or conformity scores will be decreased in ICP compared to TCP.
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Because we need to take out some items from the training set to form the cal-
ibration set. Alternatively, we can select only those users having at least the
minimum number of neighbours for each item as we did in Chapter 4.

• In neighborhood-based algorithms, the number of training examples in ICP with
which we are comparing the nonconformity or conformity score of a test exam-
ple is less compared to TCP. But this is not the case in matrix factorization as
discussed in Chapter 5.

3. Application of conformal prediction to content-based [60] and context-
aware [6] recommendation algorithms

In our thesis, we have limited our attention to collaborative filtering algorithms.
But, there are several algorithms other than the collaborative filtering algorithms to
make recommendations such as content-based and context-based algorithms. Content-
based algorithms recommend items based on the similarity between the items’ at-
tributes and user profiles. To do this similarity computation they make use of additional
information other than the rating information. The additional information used here is
item attributes such as genre, date, price etc. and user profile is generated from usage
history of the user and item attributes. Context-aware recommender systems generate
recommendations by incorporating the contextual information of the user in the recom-
mendation algorithms. Context in recommender systems generally refers several fac-
tors such as time, location, companion (for watching the movies, going to restaurants
etc.), purpose etc. By incorporating the additional information such as item attributes
in content-based recommender systems and contextual information in context-aware
recommender systems we can provide more relevant recommendations to the users.
But, missing and erroneous item attributes and contextual factors along with the sparse
data might lead to uncertainty. Therefore, adapting the conformal prediction to these
algorithms along with the appropriate and more efficient nonconformity measures to
determine the reliability of the predictions and recommendations produced by the al-
gorithms is very useful.

4. Conformal prediction in cross-domain recommendation [10, 13, 14, 19, 40]
Most of the recommender systems based on collaborative filtering recommend

items to the users using only the information that is limited to single domain. But,
in general users can rate only a limited number of items which leads to extremely
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sparse rating matrices. This prevents the system from generating accurate recommen-
dations. To address this data sparsity problem cross domain recommender systems
transfer knowledge from source domain to target domain by using some machine learn-
ing techniques or they extract information from both domains to improve the accuracy
of recommendations produced by both domains and to make joint recommendations.
Cross-domain recommender systems are also used to improve the diversity in recom-
mendations. The assumption in cross domain recommender systems is there exists
relationship between users and items in source and target domains.

We can use conformal prediction to transfer learning recommendation algorithms
in order to improve the accuracy of predictions and recommendations made in the
target domain. Accuracy of the transfer learning recommender systems depends on the
information that is extracted from the source domain which is then transferred to the
target domain. In other words, the more relevant the extracted information from source
domain is to the target domain, the more accurate the predictions and recommendations
are. For this reason, we use conformal prediction in transfer learning recommender
systems to extract the information from source domain that is relevant to target domain.

Several cross-domain recommendation approaches are proposed in recommender
systems literature. Among them Codebook transfer (CBT) [41] and Rating-matrix
generative model (RMGM) [42] are the popular algorithms used to make comparisons
with the other cross-domain algorithms. Therefore, we give some brief ideas on how
to apply conformal prediction to these algorithms.

• Conformal prediction in CBT:

The assumption in CBT is that source domain and target domain share a com-
mon cluster level rating pattern which we call it as the codebook. This pattern
should be extracted from the source domain and the users and items from the
target domain should be mapped to the corresponding user and item clusters in
the source domain in order to make accurate predictions. The disadvantage of
this approach is that the source domain should be dense which is not the case in
real world scenarios. We can use CP to extract a set of users and items from the
source domain which are relevant to the target domain. But as most of the real
world data sets are sparse, the matrix formed by a selected subset of users and
items is also sparse. As a result, most of the entries in the resulting codebook
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are zeros. The remaining nonzero entries contain very small numbers (approxi-
mately equal to zero) like 0.0001, 0.0004, 0.0052 and so on. As a result, all the
predicted rating values are also approximately equal to zero. Therefore, it is not
the appropriate way to apply conformal prediction to CBT.

Another way to use conformal prediction in CBT is to map users and items of the
target domain to the corresponding user and item clusters in the target domain.

• Conformal prediction in RMGM:

Here also, the assumption is that source and target domains share a common
cluster level rating pattern. But, unlike in CBT, where the cluster level rating
pattern is extracted form the source domain, in RMGM, this pattern is extracted
from both domains and use this pattern to improve the accuracy in both do-
mains. Here both domains are assumed to be sparse. In this paper, authors have
selected subset of matrices from the source domain and target domain by ran-
domly choosing the 500 users with more than 20 ratings and 1000 items from
each domain. Though the main goal in this paper is to improve the accuracy in
both domains, in transfer learning, we focus only on improvement of accuracy
in target domain. Therefore, instead of selecting source domain users and items
randomly, we can use conformal prediction to choose the users and items from
source domain which are relevant to the target domain.

We can extend this work to other cross-domain collaborative algorithms to improve
the accuracy of predictions or recommendations or to improve the diversity in recom-
mendations in target domain and also to make joint recommendations.
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1 Introduction

With the increasing amount of data on the World Wide Web, the problem of finding

useful information has become more and more difficult. To deal with this informa-

tion overload problem, recommender systems have been developed. Recommender

systems (RS) help users make more effective decisions by recommending the items

of their interest based on users’ past behavior. Recommender sytems are now being

used by many websites to increase their revenue while maintaining the user satisfaction

by producing more effective recommendations. Collaborative filtering recommenda-

tion algorithms are the most widely adopted and successful techniques used to build

recommender systems both in academic research and commercial applications. Clas-

sic methods of collaborative filtering include neighborhood-based methods and recent

methods are revolving around model-based approaches especially matrix factorization

techniques. In neighborhood-based approaches, prediction and recommendations can

be done either by computing the similarities between users (user-based collaborative

filtering [10]) or similarities between items (item-based collaborative filtering [11]).

User-based approach identifies users whose tastes are similar to those of the active user

and recommends items they have liked. Item-based approach uses item-item similarity

to make the predictions. On the other hand, model-based approaches use mathematical

models to make the predictions. Particularly, matrix factorization techniques [5] have

recently gained much popularity because of their scalability, accuracy and also their

successful application in the Netflix Prize competition.

Over the last two decades, the research in recommender systems has been focus-

ing on developing new algorithms and enhancing the existing algorithms to improve

the performance. In order to measure the performance of an algorithm and to choose

the best algorithm among the available algorithms one needs to evaluate and compare

these algorithms. Several measures have been proposed to evaluate recommender sys-

tems from different perspectives. Still, evaluating recommender systems is inherently

difficult due to the following reasons [3]:

1. Which measure should be used to determine the quality of recommendation

algorithms?

Majority of the papers in RS literature focus on accuracy of recommender systems.

1



But, most accurate predictions are not always the most useful ones to the users. For ex-

ample, though RS predicts correct ratings for items, it may not be useful to the user if the

user is not interested in ratings and expects only those items which he likes. Similarly,

the recommendations may not be useful to the user, if the recommender system recom-

mends the most popular items. Because, the user can find those items by him/herself.

Likewise, if the recommended items are very much similar to those which are already

consumed by the user, the user will get bored of similar recommendations. Similarly,

recommending similar items for instance, similar places in tourism recommendation

will not be helpful to the user as the recommendation list should be diverse in tourism

domain. Therefore, the measure that should be used to determine the quality of RS

depends on the users’ task and their requirements and the recommendation domain.

2. The performance of RS varies depending on the characteristics of the data set.

The performance of RS is effected by many characteristics of the data set like num-

ber of users, number of items and sparsity of the data set. An algorithm which performs

well on a data set with number of users greater than the number of items may not per-

form well on a data set with number of items greater than the number of users. Similarly,

an algorithm which performs well on dense data set may perform worse on sparse data

set.

3. The goal for which the RS is evaluated.

The goal for which the RS is designed will also play a significant role in evalua-

tion. For example, improving user satisfaction and increasing revenue are two important

goals of a recommender system. These goals require completely different approaches

and different measures for evaluation as compared to the traditional ones.

A typical recommender system can perform two tasks: prediction and recommen-

dation. In prediction task, the algorithm predicts how the user will rate a particular

item. In recommendation task, the algorithm presents a list of items that the user likes.

The recommendation can be done in two ways: 1. Prediction-based recommendation:

Here, like in prediction task, the algorithm predicts rating for every unused item and

recommends items with highest ratings. 2. Score-based recommendation: For every

unused item, a score will be calculated which tells the likelihood of this item being

recommended. The higher the score, the better to consider it for recommendation. Fi-
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nally, items with high scores will be recommended. Type of feedback in the data set

will also effect the performance of the algorithm. Therefore, choosing the data set with

appropriate feed back for the given task is also very important in evaluation. We have

mainly two types of feedback available: explicit and implicit. Explicit feedback is the

feedback given by the users explicitly, whereas implicit feedback is derived from the

users’ behavior. We can divide explicit feedback data set into two types: Numerical

feedback where the feedback is in the form of ratings like 1, 2, 3, 4 and 5 and binary

feedback which contains information about whether the user likes or dislikes the item

instead of having ratings. Implicit feedback data sets which are also called unary data

sets contain information about whether the user has used that item or not. But, unary

feedback can be explicitly given by the user and binary feedback can be implicitly de-

rived from user’s behavior. In this case, unary feedback comes under explicit feedback

and binary feedback comes under implicit feedback. Rating prediction and prediction-

based recommendation will be generally performed on data sets with explicit feedback

and score computation and score-based recommendation on implicit feedback data sets.

Despite having several measures for evaluating the RS, accuracy measures are the

most sought after evaluation measures. Several accuracy measures have been adapted

from statistics and information retrieval to measure the accuracy of recommender sys-

tems. Among them, prediction accuracy measures like Mean Absolute Error (MAE)

and Root Mean Squared Error (RMSE) and recommendation accuracy measures like

precision and recall are very popular. Choosing the appropriate accuracy measure for

the given task as well as the type of feedback in the data set is one of the crucial aspects

involved in developing recommender systems.

Though accuracy is very important, it is not the only measure that determines the

quality of a recommendation algorithm. Several other measures such as coverage, nov-

elty, unexpectedness, serendipity, diversity and confidence were proposed to evaluate

the recommender systems from different perspectives [13]. Among them confidence

is very important as it acts as a reliability measure which measures the uncertainty

associated with the predictions made by the recommendation algorithm. This in turn

enables the users to make more effective decisions about which items to buy, which

books to read, which movies to watch etc. Confidence tells us the system’s trust in its

predictions or recommendations. It helps users to distinguish between confident and

inadequate recommendations thus by enabling them to make intelligent choices.
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2 Motivation

Evaluation measures are used to find how well a given algorithm performs, to com-

pare different recommendation algorithms along with their variants and to select the

appropriate algorithm in a given context. There is no single measure to determine the

quality of the recommendation algorithms suitable to all contexts. Several evaluation

measures have been proposed in the literature to measure the recommender systems’

performance. All these different measures assess the performance of recommendation

algorithms from different perspectives. We need to choose a suitable evaluation mea-

sure for a given context.

Though accuracy measures are the most popular for evaluation in recommender

systems, there are many aspects of the recommender systems which are not taken into

consideration by accuracy measures. For example, accuracy measures do not measure

the percentage of items for which the algorithm can make predictions, how many of the

items in the recommendation list are not known to the users, how many of them are

unexpected and interested items, diversity of the items in the recommendation list, how

much uncertainty is involved in the predictions etc. We can not measure all these aspects

by a single evaluation measure. We need a different evaluation metric to measure each

of these aspects. Therefore, besides accuracy, several other measure like coverage,

novelty, unexpectedness, serendipity, diversity and confidence were proposed to judge

the quality of recommendations from different perspectives [13].

Among them confidence is very important which measures the uncertainty of the

predictions or recommendations made by the algorithm. There are several factors that

leads to uncertainty in recommender systems:

1. Data: The first and foremost reason is sparse data. If the data is sparse, we do

not have enough information to make predictions or recommendations. It is difficult to

make accurate predictions or recommendations for users who have rated very few items.

Similarly, the predictions made for the items with many ratings are more accurate than

the items with few ratings. Therefore, the more ratings we have in the data set, the more

confident the algorithm is in making its recommendations or predictions [9]. Second

reason is noisy data. Users will rate same items differently at different times. Therefore

user’s given rating can be considered as the noisy evidence of the user’s true rating [4].
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Another reason is data from untrusted users.

2. Change of user preferences over time: In recommender systems, user preferences

may vary dynamically. As users tend to explore more and more items, their tastes

change over time accordingly [5]. User preferences will also be changed depending on

his current situation like mood, location, season, weather condition etc.

3. Algorithmic parameters and Model selection: Choice of different parameter val-

ues in the algorithm, suitability of the algorithm for the given data, assumptions used

in the model and appropriateness of model to the given data are also the reasons which

causes uncertainty.

Several approaches have been proposed to measure the uncertainty involved in pre-

dictions or recommendations made by the recommendation algorithms. One of the

most common methods which can be used to estimate the confidence in machine learn-

ing algorithms is probability. As most of the recommendation algorithms use machine

learning techniques, we can use probability as a confidence measure in recommender

systems. Besides probability, several other confidence estimation approaches based on

number of ratings [9], belief distributions [8], rating variance [1], percentage of correct

predictions to compare two confidence estimation algorithms [13], binary classification

problem with full probability distribution [6] and resampling [7] have been proposed in

the recommender systems literature. Some of the them are non-personalized [9; 1] and

some of them are applicable only to specific algorithms and are not generalized [8; 6].

Furthermore, none of the above algorithms provide guarantees on the error rate of the

predictions, where error rate is the probability of excluding the correct class label and

there is no possibility of controlling the erroneous predictions.

Conformal prediction (CP) [12; 14; 2] is a framework used to provide confidence

values to individual predictions made by the machine learning algorithms. CP can be

generalized to any algorithm and can produce personalized recommendations with guar-

anteed error rate. Furthermore, with CP we can control the number of erroneous pre-

dictions by varying the significance level, thus making it suitable to different kinds

of applications. This motivated us to develop conformal prediction based confidence

estimation algorithms for making the reliable predictions and recommendations in rec-

ommender systems.
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3 Thesis Contributions and Chapter Organization

This dissertation focuses on developing the collaborative filtering recommendation al-

gorithms based on conformal prediction to associate confidence values to predictions

and recommendations produced by the collaborative filtering algorithms.

Chapter 1 is the Introduction, where we give a brief introduction of recommender

systems and their tasks and discuss the reasons that motivated us to develop conformal

prediction based recommendation algorithms to estimate the confidence of predictions

and recommendations. We end up this chapter with contributions and an outline of the

thesis.

Chapter 2 introduces fundamental concepts related to recommender systems and

their evaluation. We first give a brief overview of recommender systems and their tasks

and different kinds of data on which they work. We then review the most popular

recommendation algorithms in the literature, namely collaborative filtering algorithms

(especially, neighborhood-based algorithms and matrix factorization algorithm) which

are solely based on the rating information to make predictions and recommendations.

Finally, we discuss different approaches and measures used to evaluate collaborative

filtering based recommender systems along with the data sets used in our experiments

throughout this thesis.

Chapter 3 Task-based Evaluation of Neighborhood-Based collaborative filter-

ing Algorithms with Multiple Feedback Types The performance of the neighborhood-

based algorithms vary depending on the similarity measures used to find the similarity

between two entities, prediction techniques used to predict the ratings or scores, data

set used in evaluation and type of feedback in the data set. Therefore, we present an em-

pirical analysis on neighborhood-based algorithms with different similarity measures,

prediction techniques and data sets with different types of feedback. In this chapter, we

discuss the following points:

• How does the different neighborhood-based algorithms proposed in the literature
work for different feedback data sets?

• What similarity measures are available for each of these algorithms and for dif-
ferent feedback data sets?

• How to predict the rating or score for different feedback data sets?
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• How the prediction and recommendation ability of the neighborhood-based algo-
rithms are measured for different kinds of feedback?

• What Significance tests are used to determine whether the performance differ-
ences of different algorithms are statistically significant?

• Which algorithm best suits for prediction and recommendation tasks and why?

• Why unary feedback data sets perform better than numerical and binary for rec-
ommendation task?

• Analyze the performance differences between the different prediction techniques
and similarity measures of different algorithms for different tasks, different kinds
of feedback and different data sets.

Chapter 4 Prediction with confidence in Item-based Collaborative Filtering In

this chapter, first, we explain the importance of confidence values in recommender sys-

tems, how these confidence values will be practically shown to the users and how the

users’ decisions will be affected by that. We also review different methods proposed

in the literature to estimate the confidence of collaborative filtering algorithms. Then,

we introduce conformal prediction which is a generalized framework used in machine

learning to estimate the confidence values of individual predictions produced by any

machine learning algorithm. We also discuss variants of CP along with the validity

and efficiency measures used to determine the quality of predictions made by the CP

algorithms. Then, we propose an algorithm based on CP to associate confidence values

to the predictions made by the neighborhood-based algorithms. We do not apply CP

to user-based collaborative filtering algorithm as it is very difficult to find the required

number of neighbors belonging to each class. This problem arises in user-based algo-

rithm for both numerical and binary data sets. This same problem arises when CP is

applied on top of item-based collaborative filtering algorithm on numerical data sets.

But for binary data sets, it is not a problem to find the required number of neighbors

for each class in item-based algorithm in many cases. Therefore, we have used binary

feedback data sets while applying CP on top of item-based collaborative filtering algo-

rithm. We define different nonconformity measures based on similarity values between

the items and then we empirically determine the best nonconformity measure.

Chapter 5 Prediction with confidence in Matrix factorization Algorithm In this

chapter, we have shown different ways of applying conformal prediction to matrix fac-

torization algorithm. We also define various nonconformity measures based on the
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deviation between true and predicted values and analyzed the results and found that

even the CP algorithm with the best nonconformity measure among the proposed non-

conformity measures is not producing efficient prediction regions at higher confidence

levels due to very close possible rating values in numerical or rating data sets. There-

fore, to improve the efficiency we applied CP on binary data sets and got better results

compared to the numerical data sets.

The application of conformal prediction to recommender systems is very differ-

ent from its application to machine learning as the characteristics of data sets used

in machine learning and recommender systems are different. Therefore, we also dis-

cussed major differences between machine learning algorithms and recommendation

algorithms, how to adapt CP to different recommendation algorithms and what consti-

tutes an example, features and labels in recommender systems in chapters 4 and 5.

Chapter 6 Recommendation with confidence in Neighbourhood-based Algo-

rithms Conformal prediction is originally designed to associate confidence values to

each prediction. In addition to prediction task, recommendation task is equally impor-

tant in recommender systems. Attaching confidence values to a set of recommended

items gives the relevance of the recommended items to user tastes. In this chapter,

we discuss the following queries regarding the application of conformal prediction for

recommendation task:

• How conformal prediction can be adapted to recommendation task in neighborhood-
based algorithms?

• How error rate is redefined in recommendation scenario?

• How measures of machine learning can be used to measure validity and efficiency
of recommendation lists produced at the given confidence levels?

• How to find confidence values for the top-n recommendation list for each user?

• What is the trade-off between precision and number of recommended items at
different significance levels?

• We have also shown the performance differences between two neighborhood-
based conformal recommendation algorithms, i.e., user-based and item-based.

Chapter 7 concludes our thesis by summarizing the contributions along with some

directions for future work.
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4 Publications of the Thesis

1. Tadiparthi V.R. Himabindu and Vineet Padmanabhan and Arun K. Pujari. "Esti-
mating Confidence for Top-N Recommendations in Neighbourhood-based Algo-
rithms". Yet to be submitted.

2. Tadiparthi V.R. Himabindu, Vineet Padmanabhan and Arun K. Pujari. "Confor-
mal matrix factorization based recommender system", Information Sciences, pp.
1-23, 2018. In Press.

3. Tadiparthi V. R. Himabindu, Vineet Padmanabhan, Arun K. Pujari, and Abdul
Sattar. "Prediction with Confidence in Item Based Collaborative Filtering". Pa-
cific Rim International Conference on Artificial Intelligence, pp. 125-138. Springer,
2016.
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