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Preface

The thesis is mainly dedicated to study the BB-mode correlation angular power

spectrum of cosmic microwave background radiation by placing the massless as well

as massive primordial gravitational waves in the squeezed vacuum state and thermal

vacuum state for various slow-roll inflationary models with the recent joint data of

the BICEP2/Keck Array and Planck missions.

Gravitational waves are one of the finest predictions of the theory of general

relativity and finally its first direct detection was made on September 14th, 2015,

thus confirming its existence in the universe. It is believed that gravitational waves

carry vital information about their source and the surrounding dynamics almost

unimpeded, hence they are believed to open up a new window to understand the

universe. Gravitational waves which were generated in the very early universe espe-

cially during inflationary period, known as primordial gravitational waves, are also

expected to help in understanding the dynamics of the very early universe.The exis-

tence of the primordial gravitational waves is still elusive, however its presence can

be realized through its effect on the cosmic microwave background radiation. The

primordial gravitational waves are capable of polarizing the cosmic microwave back-

ground radiation at a small level and thus, left their own signatures called B-modes

with swirling pattern. The density perturbations also left their imprint on the cos-

mic microwave background radiation due to the Thomson scattering of primordial

photons off of free electrons called the E-modes with radial pattern. Further, the

primordial gravitational waves seeded from inflation are believed to be in a spe-

cific quantum state called the squeezed vacuum state. The primordial gravitational

waves are expected to form a stochastic background of standing waves. Hence the

primordial gravitational waves in the squeezed vacuum state form a non-stationary

background. This leads to oscillatory features in the angular spectrum of the cosmic

microwave background anisotropy. Therefore it is expected that the existence of the

primordial gravitational waves in the squeezed vacuum state and existence of the

waves itself and the inflation also can be realized through the study of BB-mode cor-
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relation angular power spectrum of cosmic microwave background radiation. Also,

the primordial gravitational waves after the decoupling may remain in thermal state

after the recombination. Therefore, due to these thermalized gravitons, the gravi-

tational waves generated during inflation are believed to be amplified by stimulated

emission into the existing thermal background of gravitational waves. This thermal

effect is also expected to be reflected on the B-mode angular power spectrum of

cosmic microwave background.

As mentioned, the inflation predicts the presence of primordial gravitational

waves and there are several inflation models which have been proposed. Some of

these models are based on a single scalar field which drove the inflationary pro-

cess while some models are based on multiple scalar fields. Single field models

predict an almost Gaussian distribution of temperature and density perturbations

that are adiabatic while multiple scalar field leads to non-Gaussian distribution of

temperature and density perturbations. Some of the observational results on the

cosmic microwave background radiation anisotropy support the predictions of the

single field models. On the other hand, the recent observations of the cosmic mi-

crowave background anisotropy show hemispherical asymmetry across the cosmic

microwave background radiation sky. This feature attracts several explanations,

one of which is that it could originate from multiple field inflation while this is im-

possible from a single scalar field without violating homogeneity and isotropy. These

results show that discriminating the inflationary models in terms of the Gaussianity

or non-Gaussianity test alone is not sufficient. Hence an alternative mechanism is

also needed to validate these models. Therefore the present study also makes an

attempt to validate the inflationary models with the BB-mode correlation angular

power spectrum of cosmic microwave background radiation along with the recent

joint data of the BICEP2/Keck Array and Planck mission.

The theory of general relativity is a well established theory, however attempts

have been made to modify it. One of these is the theory of massive gravity which

endows a non-zero mass to the graviton which is commonly believed to be massless.

If the graviton indeed has mass, then the corresponding primordial massive grav-

itational waves are expected to have an observable effect on the temperature and

polarization anisotropies of the cosmic microwave background radiation. Thereby

the effect would also be reflected on the BB-mode correlation angular power spec-

trum of cosmic microwave background radiation and can be studied with the recent

joint data of the BICEP2/Keck Array and Planck mission.

x
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Therefore the thesis is to study the effect of primordial gravitational waves on

the BB-mode angular power spectrum of cosmic microwave background for vari-

ous slow-roll inflation models by placing the primordial gravitational waves in the

squeezed vacuum and/or thermal states, and also to explore the existence of massive

primordial gravitational waves for various slow-roll inflation models with the recent

joint analysis data of Planck and BICEP2/Keck Array missions. Further, the study

is also extended to validate and discriminate the various inflationary modes with

the BB-mode angular power spectrum of cosmic microwave background radiation

with the joint data of the BICEP2/Keck Array and Planck missions.

The organization of this thesis is as follows: In the first chapter, the background

of the work is introduced followed by the standard model of cosmology, the infla-

tionary scenario, the cosmological perturbations and gravitational waves are briefly

discussed.

The second chapter contains the discussion on the origin of cosmic microwave

background radiation, its anisotropy and polarizations. Various angular power spec-

tra of cosmic microwave background, especially the BB-mode correlation angular

power spectrum of cosmic microwave background are also presented.

The third chapter is to study the primordial gravitational waves in the squeezed

vacuum state for the expanding Friedmann-Lemaitre-Robertson-Walker universe for

several inflation models. Various slow-roll inflationary models under the present

study are discussed briefly and computations of their tensor spectral index and

initial value of the tensor amplitude are also provided. Also the thermal effect on

the primordial gravitational waves and its effect on the BB-mode angular power

spectrum of cosmic microwave background radiation for various inflation models

are considered. The obtained results are compared with the joint analysis data of

BICEP2/Keck Array and Planck.

The fourth chapter is to study the effect of massive primordial gravitational

waves on the BB-mode correlation angular power spectrum of cosmic microwave

background radiation for several inflation models, then compare them to their mass-

less counterparts as well as with the BICEP2/Keck and Planck joint data thereby

providing constraint on the mass of the graviton from the cosmological consideration.

In the fifth chapter, the BB-mode angular power spectrum of cosmic microwave

background radiation from massive gravitational waves is considered in the squeezed

vacuum and thermal states. The analysis for several inflation models are compared

to see the existence of the primordial massive gravitational waves in the squeezed
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as well as in the thermal states with the joint BICEP2/Keck and Planck data.

Summary and conclusions of the work are presented in chapter 6.
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Notations and Units

Throughout the thesis, we use the following notations and units:

Partial derivative ∂α = ∂
∂xα

.

Covariant derivative ∇α.

Greek indices α, β, γ, ... correspond to 0, 1, 2, 3.

Latin indices i, j, k correspond to 1, 2, 3.

We follow Einstein’s summation convention

Sign convention (-, +, +, +).

We take c = ~ = kB = 1.

We use the following energy equivalence throughout the thesis

1 m−1 = 299792458 Hz.

1 eV = 2.41798826(72)× 1014 Hz.

1 kg = 1.35639140(81)× 1050 Hz.

1 Hz = 1.0293× 1014 Mpc.−1
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Chapter 1

Introduction

Predicted by Albert Einstein in 1916 in his general relativity theory, gravitational

waves are the disturbances in the curvature of spacetime which travel with the

speed of light in the spacetime. According to the theory of general relativity, mat-

ter/energy cause the gravity and can be understood in terms of the curvature of

spacetime [1, 2]. The gravitational waves can carry vital information about their

source and the surrounding dynamics almost impartially, hence they are the new

window to explore the universe. Gravitational waves (GWs) are transverse-traceless

and are quadrupolar in nature. The GWs, as they propagate, stretch and squeeze

the surrounding space in the direction orthogonal to it. Thus, any object or body

in the path of the gravitational waves would experience a tidal force acting perpen-

dicularly to its the direction of propagation; thus such object or body, if placed on a

plane orthogonal to the propagation direction, would oscillate as long as the gravi-

tational waves pass through them. Astrophysical sources like supernova explosions,

neutron star or pulsar binaries, black hole mergers can generate gravitational waves.

Indirect observational evidence of the GWs came from the PSR B1913+16, which

is a pulsar-neutron star binary system, in 1974 [3] and PSR J0737-3039, a binary

system of two pulsars, in 2003 [4], while both the first and second direct detections

of GWs, GW150914 and GW151226 respectively, both in 2015, came from black

hole mergers [5, 6, 7]. The third direct detection of gravitational waves, QW170104

in 2017 also resulted from black hole mergers [8].

Gravitational waves are also believed to have been induced in the very early evo-
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Introduction

lution stage of the universe by the variable and strong gravitational field. These are

called primordial or sometimes, relic gravitational waves. The primordial gravita-

tional waves are believed to be able to provide vital information about their source

almost unimpeded, hence they are very important tool to understand the very early

universe. The primordial GWs have traversed the universe since its generation till

the current time and hence, its wavelength is believed to have increased signifi-

cantly such that it has become extremely weak to the point that its direct detection

would be extremely difficult. However, primordial gravitational waves along with

the primordial density perturbations are believed to have left their signatures known

as the B-mode and E-mode polarizations respectively. These distinct patterns can

be observed on the cosmic microwave background (CMB) radiation. Gravitational

lensing effect on the CMB can also lead to the E-mode pattern being changed to

the B-mode pattern at late times. The Degree Angular Scale Interferometer (DASI)

detected the E-mode polarization in 2002 [9, 10]. Observation of B-modes would

confirm the existence of GWs and also would help test the various models of infla-

tionary scenario. While the B-modes produced from lensing of E-modes have been

detected in 2013 by the South Pole Telescope [11], B-modes from relic gravitational

waves have not yet been observed and probes to detect them are currently going

on actively [12, 13, 14, 15, 16]. Its detection can unravel many mysteries of the

universe.

The primordial gravitational waves produced during the inflationary period are

believed to exist in a specific quantum state, known as squeezed vacuum state. This

is due to the fact that the inflationary quantum vacuum field fluctuations generated

non-zero variance for quantum fluctuations which, due to parametric amplification

by the background curvature, transformed the initial vacuum state with no particle

into a quantum state with multiple particles, a state known as the squeezed vac-

uum state. Due to the parametric amplification of the primordial GWs, the phase

variance of the wave mode is being strongly squeezed while there is strong increase

in the variance of its amplitude at the same time so that the uncertainty product

is being held. The effect of primordial GWs being in the squeezed vacuum state is

expected to be reflected on the BB-mode auto-correlation angular spectrum of the

2
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CMB anisotropy.

There are several inflation models, most of which propose that the inflation is

due to single scalar field while there are some models which assume more than one

scalar field for it. Single scalar field inflation models predict structure formation

from adiabatic fluctuations of density perturbations and hence statistics of CMB

anisotropy is Gaussian in nature. Inflation models with multiple field, on the other

hand, predict structure formation due to isocurvature perturbations and it gives rise

to non-Gaussian nature of the CMB anisotropy. However, observations of the CMB

anisotropy indicate a negligible amount of non-Gaussianity and severe constraints

on the amplitude of the isocurvature perturbations due to the anisotropy level of

the CMB. These results tend to favor single field models. However there is observed

hemispherical asymmetry in the power level of CMB at large angular scales. This

may arise due to multiple scalar fields as a single scalar field cannot produce such

asymmetry without violating the homogeneity and isotropy. There have been several

studies on single and multiple scalar field inflation models and several constraints

have been imposed on them based on theoretical and observational considerations.

These indicate that discriminating and validating the inflationary models require

alternative tests rather than the Gaussianity alone.

In the field theory framework pertaining to gravity, the force of gravity is believed

to be mediated by a particle with spin-2 called graviton which is expected to have

zero mass. However, starting with the idea of a spin-2 particle with non-zero mass,

several approaches have been taken to endow the graviton with mass. There are

also several attempts to estimate the bounds on the mass of graviton both from

theoretical and observational approaches with the help of astrophysical sources. If

the speed of propagation of gravitational waves is found to be slower than that of

light, this would imply that graviton possesses a small but non-zero mass. This small

mass of graviton is also expected to be reflected through the signature of the massive

primordial GWs on the CMB polarization and anisotropy. It is believed that if the

graviton mass is comparable to the Hubble parameter, then it can provide repulsive

effects at cosmological distances thus leading to late time cosmic acceleration in the

universe which provides an alternative theory to explain the accelerating expansion
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of the universe rather than the popular belief that the expansion is due to the dark

energy.

The thesis is written on the aforementioned background and is mainly dedi-

cated to study the BB-mode correlation angular spectrum of the CMB by placing

the massless as well as massive relic GWs in the squeezed as well as thermal vac-

uum states for various slow-roll inflation models and comparing the results with the

analysis data from BICEP2/Keck and Planck mission collaboration.

1.1 The standard model of cosmology

Cosmology involves the scientific study of the origin, evolution and dynamics of the

universe. The most generally accepted model of cosmology is based on both the

general relativity theory and the cosmological principle, which assumes the notion

of isotropy and homogeneity of the universe on large scales, known as the standard

model of cosmology. The standard model has successfully given good accounts on the

origin and abundance of light elements, the expansion of the universe and the origin

of the CMB. At the same time, it has some shortcomings as it fails to explain some

problems like the cosmological singularity, the spatial flatness of the universe and

galaxy formation etc. To attend to some of its shortcomings, the cosmic inflationary

scenario was proposed according to which the universe expanded exponentially in

its early stage for a brief period of time. The inflation also generated metric pertur-

bations known as tensor perturbations or primordial GWs. The standard model is

built on the cosmological principle and the Einstein’s general theory of relativity.

1.1.1 Einstein field equations

The Einstein field equations form the fundamental equation of general theory of

relativity. It describes the gravity in terms of the curvature of spacetime with

appropriate source for it. These equations specify the relation of the spacetime
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curvature to the source of gravity and can be written as

Gαβ = Rαβ −
1

2
gαβR = 8πGTαβ (1.1)

where Gαβ defines the Einstein tensor, Rαβ denotes the Ricci tensor and gαβ denotes

the symmetric metric tensor, R is the Ricci curvature scalar, G is the Newtonian

gravitational constant, Tαβ is the energy-momentum tensor which acts as the source

of gravity.

The Ricci tensor can be obtained as

Rαβ = ∂βΓγαγ − ∂γΓ
γ
αβ + ΓδαγΓ

γ
δβ − ΓδαβΓγδγ (1.2)

where each index Γ is the Christoffel symbol of the second kind related to the

derivative of the covariant fundamental metric tensor gαβ as

Γγ αβ =
1

2
gγδ (∂βgδα + ∂αgδβ − ∂δgαβ) (1.3)

and the Ricci scalar can be described as the trace of the Ricci tensor with respect

to the metric tensor as

R = gαβRαβ. (1.4)

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric describes an isotropic

and homogeneous universe. This metric can be written as

ds2 = −dt2 + a2(t)

(
dr2

1−Kr2
+ r2dθ2 + r2 sin2 θdφ2

)
(1.5)

where a represents the scale factor which characterizes the expansion of the uni-

verse. K = −1, 0,+1 indicates the curvature parameter and correspondingly de-

scribes open, flat and closed universe respectively. Here r, θ, φ represent the comov-

ing spherical coordinates.

The Einstein equations can be solved by choosing perfect fluid as a source for

gravity. The energy-momentum tensor pertaining to a perfect fluid can be repre-

sented as

Tαβ = (p+ ρ)UαUβ + pgαβ, (1.6)
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where p and ρ are the pressure and density of the fluid respectively and Uα =

(1, 0, 0, 0) is the four-velocity of the fluid.

Therefore the non-zero components of the Einstein field equations are:

ȧ2

a2
+
K

a2
=

8πG

3
ρ, (1.7)

and,

2
ä

a
+
ȧ2

a2
+
K

a2
= −8πGp, (1.8)

where dot indicates the time t derivative, eq.(1.7) and eq.(1.8) are called the first

and second Friedmann equations respectively. These equations are not independent

but are related through the continuity equation as,

ρ̇ = −3H(p+ ρ), (1.9)

where H = ȧ
a

represents the Hubble parameter.

The Friedmann equations lead to the following acceleration condition of the

FLRW universe

ä

a
= −4πG

3
(3p+ ρ). (1.10)

The general description for the equation of state can be written in the form of

the equation of state parameter

w =
p

ρ
. (1.11)

The continuity equation eq.(1.9) can be rewritten using the equation of state

parameter

d ln ρ

d ln a
= −3(1 + w), (1.12)

and it leads to,

ρ ∝ a−3(1+w). (1.13)

Using eq.(1.13) with eq.(1.7) gives the evolution of the scale factor as,

a ∝ t
2
3

(1+w). (1.14)
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For radiation, ρ = 3p, hence, w = 1/3 and eq.(1.9) becomes,

ρr = a−4, (1.15)

where ρr represents energy density in radiation. The scale factor corresponding to

radiation dominated flat universe is,

a ∝ t1/2. (1.16)

For dust, pressure is negligible, w = 0, hence eq.(1.9) becomes,

ρm ' a−3, (1.17)

where ρm represents the dust energy density, and the scale factor corresponding to

dust in the flat matter dominated universe is,

a ∝ t2/3. (1.18)

For vacuum energy, ρ = −p, hence the equation of state parameter is w = −1.

From eq.(1.9), we get

ρ ' constant, (1.19)

and the corresponding scale factor is,

a ∝ exp(Ht). (1.20)

Hence, on characterizing the expansion of the universe with the help of the scale

factor, the energy densities of the different stages of the universe scale differently.

During radiation domination, the wavelength of radiation expands with the expan-

sion of the universe and hence, its energy is redshifted, thus causing rapid decrease

in its energy density. For matter domination, pressure is nearly negligible and all

the energy is in the mass. Thus the mass density dilutes with the volume of the

scale factor. For vacuum dominated era, the energy density remains constant.

1.1.2 Successes and shortcomings

The standard model of cosmology is very successful in describing the evolution and

some of the observed features of the universe. It is successful in describing the
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existence and the abundance of light elements like hydrogen, deuterium, helium,

lithium etc., the expansion of the universe and the origin of the cosmic microwave

background which are in turn confirmed by various observations. However, despite

these successes, there are several shortcomings related to the standard model [17].

Some of the major problems are:

Singularity problem: Extrapolating backward the expansion of the universe to

the time t = 0 leads to the cosmological singularity which is a state of infinite

temperature and energy density and the classical general relativity breaks down in

this regime.

Flatness problem: The total energy density in the universe is close to unity which

implies an almost spatially flat universe for which it requires extreme fine tuning of

the energy density initially.

Horizon problem: Why the regions in the CMB sky which are causally discon-

nected look the same in all directions?

Monopole problem: The phase transitions during the early universe were pre-

dicted to give rise to topological defects including magnetic monopole which, once

created, cannot be destroyed and would persist to the present universe as relics.

In order to resolve the problems associated with the standard model of cosmology,

the cosmic inflationary scenario was proposed [18, 19].

1.2 Inflationary scenario

In the first few seconds after the big bang event, the universe briefly underwent a pe-

riod of sudden exponential expansion of space itself, called inflation. In the simplest

and most common inflationary scenario, a homogeneous and canonical scalar field

called inflaton drives the accelerated expansion of very early stage of the universe.

8
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The action for an inflaton φ minimally coupled to gravity can be written as,

Sφ =

∫
d4x
√
−g
(

1

2
gαβ∇αφ∇βφ− V (φ)

)
. (1.21)

The inflaton equation of motion in the FLRW metric is,

φ̈(t) + 3Hφ̇(t) + V ′(φ) = 0, (1.22)

where dot and prime respectively indicate the time and the field derivatives. The

respective energy density and pressure of the scalar field can be written as

ρφ =
φ̇2

2
+ V,

pφ =
φ̇2

2
− V.

Therefore the first Friedmann equation becomes,

H2 =
1

3m2
pl

(
φ̇2

2
+ V (φ)

)
, (1.23)

where mpl = 1
8πG

denotes the reduced Planck mass.

For exponential expansion, the energy density of the scalar field is dominated

by its potential energy, i.e., V � φ̇2/2, known as the slow-roll condition, hence the

energy density becomes ρφ ' V , thus the Friedmann equation in terms of the scalar

field potential becomes,

H2 ≈ V (φ)

3m2
pl

. (1.24)

The slow-roll condition is characterized by a set of parameters called the slow-roll

parameters which are often defined in terms of the scalar potential V along with its

derivatives,

ε ≡
m2
pl

2

(
V ′(φ)

V (φ)

)2

,

η ≡ m2
pl

(
V ′′(φ)

V (φ)

)
, (1.25)

ξ2 ≡ m4
pl

(
V ′(φ)V

′′′
(φ)

V 2(φ)

)
,

σ3 ≡ m6
pl

(
V ′′(φ)V

′′′′
(φ)

V 3(φ)

)
,

9
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and so on. Slow-roll condition demands that ε and the absolute values of the higher

derivatives of these parameters should be less than unity, i.e., ε � 1, |η| � 1,

|ξ2| � 1, etc. The higher order slow-roll parameters ensure a prolonged inflation as

the potential would not be flat enough for the scalar field to roll unless the curvature

of the scalar potential itself is small. Hence the slow-roll conditions ensure that the

scalar potential has a curvature but which is, at the same time, smaller than the

instantaneous value of the Hubble parameter so that the inflaton slowly rolls down

its own potential for a long enough time to allow for sufficient expansion of space

such that the initial problems plaguing the standard model are resolved. Inflation

ends as soon as the slow-roll conditions are violated.

During the period of inflation, the scale factor a increases by a factor Z ≈ 1029.

This resolves the fine-tuning in the flatness problem by reducing the curvature by a

factor Z2 while the expansion term (Hubble parameter) remains effectively constant;

it also blows up the homogeneous space linearly by a factor Z and smoothens out the

space, thus resolving the horizon problem and leads to a homogeneous and isotropic

universe; and also resolves the monopole problem by separating the monopoles,

thus lowering their density by a factor Z3 and effectively diluting them as the uni-

verse expands. The theory of inflation also gives explanation to the amplification

of primordial quantum fluctuations and the large scale structure formation in the

universe.

The amount of inflation can be characterized by the e-folding number N , which

is simply the logarithm of the amount of expansion given by

N ' 1

m2
pl

∫ φ

φend

V (φ)

V ′(φ)
dφ. (1.26)

At least N = 55 e-folds are required to resolve the horizon problem.

1.2.1 Quantum fluctuations of scalar field

Homogeneous scalar field alone cannot provide perturbation, therefore the pertur-

bation of scalar field is essential to seed the large scale structure formation in the
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universe. The perturbed scalar field in the flat FLRW background can be given as,

φ(τ,x) = φ(τ) + δφ(τ,x), (1.27)

where φ(τ) represents the inflaton field and δφ(τ,x) denotes the scalar field fluctu-

ation, dτ = dt/a defines the conformal time.

The scalar perturbation can be rescaled in terms of the mode function f(τ,x)

as,

δφ(τ,x) =
f(τ,x)

a(τ)
, (1.28)

and its equation of motion in the Fourier space is,

f ′′k +

(
k2 − a′′

a

)
fk = 0, (1.29)

called the Mukhanov-Sasaki equation, here prime indicates conformal time derivative

and k is the wave number. In the subhorizon limit, k2 � a′′

a
, the above equation

becomes

f ′′k + k2fk = 0, (1.30)

which shows that the mode functions satisfy the equation of motion of a simple

harmonic oscillator.

For de-Sitter background, a′′/a ≈ 2/τ 2. For slow-roll inflation, the Mukhanov-

Sasaki equation in the de-Sitter space can be written as,

f ′′k +

(
k2 − 2

τ 2

)
fk = 0. (1.31)

which has the exact solution given by,

fk(τ) = b
e−ikτ√

2k

(
1− i

kτ

)
+ d

eikτ√
2k

(
1 +

i

kτ

)
. (1.32)

The initial condition sets b = 1, and d = 0 which gives the resulting equation of

motion for the mode function,

fk(τ) = b
e−ikτ√

2k

(
1− i

kτ

)
. (1.33)

The scalar field fluctuations are basically the quantum fluctuations, hence in the

quantum language the mode function can be treated as an operator. Therefore the
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operator f̂(τ,x) can be decomposed in the Fourier space,

f̂(τ,x) =

∫
d3k

(2π)3/2

[
fk(τ)âk + f ∗k (τ)â†k

]
eik.x, (1.34)

where â denotes the annihilation operator and â† is the creation operator. The

expectation value of f̂(τ,x) vanishes while its variance is,

〈0|f̂ †(τ,0)f̂(τ,0)|0〉 =

∫
d ln k

k3

2π2
|fk(τ)|2,

=

∫
d ln kPf (k, τ), (1.35)

where Pf (k, τ) ≡ k3

2π2 |fk(τ)|2 is dimensionless and is called the power spectrum.

Therefore the power spectrum for the scalar field fluctuations can be expressed as,

Pδφ(k) ≈
(
H

2π

)2 ∣∣∣
k=aH

, (1.36)

where k = aH indicates that the power spectrum is computed at horizon crossing.

1.3 Cosmological perturbations

The cosmological perturbation theory can relate the inflation to the large scale

structure formation in the universe and the CMB anisotropy [20]. To discuss the

cosmological perturbation, consider the metric perturbation in the following form:

gαβ = ḡαβ + δgαβ, (1.37)

where ḡαβ represents the background metric. The perturbed metric δgαβ is taken to

be the first order fluctuation. It can be decomposed into 10 independent components

which can be parametrized by scalar, vector and tensor functions as:

δg00 = 2a2ϕ,

δg0i = a2(Qi − ∂iB),

δgij = a2[−hij − ∂iFj − ∂jFi + 2(ψδij − ∂i∂jE)], (1.38)

satisfying the conditions,

∂iQ
i = ∂iF

i = 0,

hii = ∂ih
i
j = 0. (1.39)
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The parameters ϕ, ψ, B, E are functions of scalar fluctuations called Bardeen vari-

ables. The parameters Qi and Fi are transverse functions which describe the vector

fluctuations in three dimensions thus leading to 4 independent degrees of freedom.

The parameter hij is the rank-2 transverse-traceless tensor which describes the ten-

sor fluctuations in three dimensions thus leading to 2 independent components.

The scalar perturbations and vector perturbations transform under rotation in

the coordinates of the background spacetime while tensor perturbations behave like

a spin-2 field under rotation and are gauge-invariant; vector perturbations behave

like a spin-1 field under rotation and the scalar perturbations are spin-0 under spatial

rotation. In the linear scale, the evolution of the scalar, vector and tensor perturba-

tions are independent of each other and therefore they do not couple to each other,

hence they can be treated separately. The evolution of the full perturbation is simply

the linear superposition of the independent evolution of these perturbations. The

scalar perturbations couple to pressure and density perturbations which grow and

lead to structure formation via gravitational instability. Vector perturbations tend

to decay as the universe expands. Tensor perturbations are sensitive to the evolution

of spacetime curvature and physically, they represent the primordial gravitational

waves for which the two degrees of freedom correspond to two polarization states.

The Einstein field equations can be perturbed and considered to first order to

acquire the equations of evolution of the tensor, scalar and vector modes:

δ(1)Rβ
α −

1

2
δβαδ

(1)R = 8πGδ(1)T βα , (1.40)

where δ(1) gives the first order perturbation relative to any of the modes. However,

from now on, only the tensor mode perturbation will be discussed. From eq.(1.38),

one gets the two polarizations of the tensor perturbations as,

δgij = −a2hij,

δgij =
hij

a2
(1.41)

13



Introduction

Then the first order Christoffel symbols of the second kind are,

δΓ0
ij =

1

2
(h′ij + 2Hhij),

δΓj i0 =
1

2
hj′i ,

δΓk ij =
1

2
(∂jh

k
i + ∂ih

k
j − ∂khij), (1.42)

where prime (′) indicates conformal time τ derivative. The perturbed Ricci tensors

can then be expressed as,

δRij =
1

2
[h′′ij + 2Hh′ij + 2(H ′ + 2H2)hij −∇2hij],

δRj
i = − 1

2a2
[hj′′i + 2Hhj′i −∇2hji ], (1.43)

where ∇2 = ∂i∂
i is the Laplacian, and the fluctuation of the Ricci tensor with mixed

indices has been obtained using,

δRj
i = δ(gjkRki) = δgjkR̄ki + ḡjkδRij,

the background Ricci tensor being given by,

R̄ij = (H ′ + 2H2)δij.

Since neither the scalar fields nor the fluid sources contribute to the tensor modes,

the evolution of the field hji in the Fourier space becomes,

hj′′i + 2Hh′i + k2hji = 0. (1.44)

Then using the conditions in eq.(1.39), one can obtain the two physical polarizations

of the gravitational waves which are transverse and traceless,

h1
1 = −h2

2 = h+,

h2
1 = h1

2 = h×. (1.45)

These are known as plus polarization and cross polarization respectively and these

two polarization states obey the same evolution equation.
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1.4 Scalar perturbations

During the inflationary expansion, the scalar field perturbations exit the horizon.

On super-horizon scales, these perturbations are frozen and re-enter the horizon at

later times. At horizon re-entry, the scalar field fluctuation changes to the scalar

perturbation also known as density perturbation. Thus one can relate the scalar

field perturbation δφ to the density perturbation R in the spatially flat gauge which

can be written as,

R = −H
φ̇
δφ, (1.46)

and the variance of R is then given by,

〈|R|2〉 =

(
H

φ̇

)2

〈|δφ|2〉, (1.47)

where δφ are the scalar field fluctuations and the two-point correlation functions of

R and δφ give the respective power spectra for the scalar perturbations PS and the

scalar field fluctuations Pδφ.

Then the power spectra for the density perturbations and the scalar field per-

turbations are related in the spatially flat gauge through eq.(1.47) as,

PS =
1

2ε

Pδφ
m2
pl

, (1.48)

where ε is the slow roll parameter expressed here in terms of H as ε = φ̇2

2m2
plH

2 .

Using eq.(1.36), the power spectrum for the scalar perturbations at the horizon

crossing becomes,

PS(k) =
1

8π2ε

(
H

mpl

)2 ∣∣∣
k=aH

. (1.49)

Using eq.(1.24) and eq.(1.25), the power spectrum for the density perturbations

can be expressed with the scalar field potential in the slow-roll approximation as,

PS '
1

12π2m6
pl

V 3(φ)

V ′2(φ)

∣∣∣
k=aH

, (1.50)

k = aH indicates that the perturbations were generated outside the horizon and

hence, both H and V are computed at the horizon-crossing of the wave whose wave
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number is denoted by k. Due to this reason, the power spectrum is a function

of the wave number k. The scalar spectrum depends on both H and ε. If power

spectrum is independent of k, then the spectrum is scale invariant and is called the

Harrison-Zeldovich spectrum. Both H and ε are functions of time which vary slowly

with time, therefore the power spectrum is expected to exhibit slight deviation from

scale invariance. Near a scale of reference, called the scalar pivot wave number k∗,

the scale dependence on k of the scalar power spectrum acquires a power law form

as,

PS ≡ AS

(
k

k∗

)nS−1

, (1.51)

where AS denotes the scalar perturbation amplitude and ns denotes the scalar spec-

tral index and the parametrization nS − 1 is taken to quantify the deviation from

scale invariance, nS = 1 corresponds to a perfectly scale invariant state and a perfect

de-Sitter limit. Hence, the running of the scalar spectral index should be very close

to scale invariance, and can be defined by the slow-roll parameters,

nS − 1 = 2η − 6ε. (1.52)

The scalar perturbations represent the density perturbations which seeded the

large scale structure formation in the universe. The tensor perturbations, on the

other hand, represent the primordial gravitational waves which are so weak that

they travel unimpeded throughout the universe.

1.5 Tensor perturbations

The tensor perturbations are also known as the primordial gravitational waves. The

tensor perturbations for flat FLRW universe can be obtained with the following form

of the perturbed metric

ds2 = a2(τ)[−dτ 2 + (δij + hij)dx
idxj], (1.53)

where δij is the flat space metric and hij is the tensor perturbation with |hij| � δij,

and it satisfies the transverse and traceless conditions respectively

∂ih
ij = 0, δijhij = 0.
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Substituting the tensor perturbation in eq.(1.53) into the Einstein-Hilbert action,

SEH =
m2
pl

2

∫
dτd3x

√
−gR, (1.54)

and expanding the action to second order, one gets

S
(2)
EH =

m2
pl

8

∫
dτd3xa2[(hij)

2 − (∇hij)2]. (1.55)

Expressing the tensor perturbation hij in terms of the tensor mode hk in eq.(1.55),

the action becomes,

S
(2)
EH =

∫
dτd3k

a2m2
pl

4
[h′kh

′
k − k2hkhk]. (1.56)

For normalized fields,

gk =
a

2
mplhk,

thus the action becomes,

S
(2)
EH =

1

2

∫
dτd3k

[
(g′k)

2 −
(
k2 − a′′

a

)
g2
k

]
, (1.57)

where gk is equivalent to fk = aδφ from eq.(1.28). Therefore, each GW polarization

can be considered as a normalized field in the de Sitter space,

hk =
2

mpl

δφ, (1.58)

where δφ = gk/a. The two-point correlation function for each polarization mode is

then given by,

〈|hk|2〉 =

(
2

mpl

)2

〈|δφ|2〉. (1.59)

Then the power spectrum for the GW modes can be defined as the sum of the

power spectra for each polarization mode. Hence, using the previous results for Pδφ

and the two point correlation function for tensor perturbation, the power spectrum

for the primordial GWs can be obtained,

PT ≡ 2

(
2

mpl

)2

Pδφ. (1.60)

Using eq.(1.36), the power spectrum for primordial GWs becomes,

PT =
2

π2

(
H

mpl

)2 ∣∣∣
k=aH

. (1.61)

17



Introduction

Using eq.(1.24), we get the primordial GW power spectrum in the slow-roll ap-

proximation in terms of the inflaton potential as

PT '
2

3π2m4
pl

V (φ)
∣∣∣
k=aH

. (1.62)

The GW power spectrum depends on k, and this scale dependence is defined by,

PT ≡ AT

(
k

k0

)nT
, (1.63)

where k0 is the scale of reference called the tensor pivot wave number, and nT is the

tensor spectral index. In this case, the scale invariance corresponds to nT = 0. The

tensor amplitude provides direct probe to the expansion rate of the universe during

inflation.

The GW power spectrum can be represented as the logarithm of the wave number

k as,

PT (k)

PT (k0)
= exp

[
nT (k0) ln

k

k0

+
1

2!
αT (k0)

(
ln
k

k0

)2

+ . . .

]
, (1.64)

where PT (k0) is power spectrum evaluated at the pivot scale. The coefficients nT ,

αT , . . ., characterize the deviation of the tensor spectrum from the scale invariance

and are called the running of the tensor spectral index. They can be defined by the

slow-roll parameters as,

nT (k) ≡ d lnPT (k)

d ln k
' −2ε,

αT (k) ≡ dnT
d ln k

' −4ε[2ε− η]. (1.65)

These parameters are determined by the equation of state during inflation and hence,

can be very helpful in understanding the dynamics and phase transitions that oc-

curred in the very early universe.

The strength of the tensor perturbation can be measured relative to the scalar

perturbation through a parameter called the tensor-to-scalar ratio,

r ≡ PT (k)

PS(k)
' 16ε ' −8nT . (1.66)

Thus, the tensor-to-scalar ratio is also determined by the equation of state during

inflation. Physically, this parameter measures the slope of the inflaton potential.
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Since inflation predicts a spectrum close to scale invariance, the potential slope is

very small and is nearly flat. Therefore, r is very small and inflation models with

non-zero but small r predict a small amount of primordial gravitational waves.

These primordial perturbations are believed to have left their imprints on the

CMB; hence, they can be realized through their signatures on the CMB anisotropy.
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Chapter 2

The Cosmic Microwave
Background

The cosmic microwave background is the leftover radiation from the early universe

which formed about 380,000 years after the event of the big bang. It is the oldest

perceptible light in the universe. Therefore it is fundamental to the observation

to understand the early universe. Actually, it originated from the recombination

epoch of the early universe and is one of the major predictions of the standard

cosmology [17]. Its prediction came from several studies which aimed to estimate

the temperature of the universe though some of these did not explicitly mention such

background radiation [21, 22, 23, 24, 25]. The first confirmation of its existence was

made via its discovery made by A. Penzias and R. Wilson in 1964 [26] which supports

the big bang theory and cosmological principle.

The CMB is uniform in the observable universe and its thermal variation across

the sky is found to vary by only a small amount. The variation of the CMB tem-

perature is known as the CMB anisotropy. The DMR (Differential Microwave Ra-

diometers) experiment on the COBE (Cosmic Background Explorer) satellite in

1992 confirmed that the spectrum of the CMB has a uniform thermal blackbody

function with temperature T = 2.725 K [27]. It also detected the temperature

anisotropies on large angular scales with the fractional temperature fluctuations at

the level of O(10−5). These features have been measured more precisely by sev-

eral observations with the WMAP (Wilkinson Microwave Anisotropy Probe) (2003)
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[28, 29], CBI (Cosmic Background Imager) (2004) [30, 31], AcBar (Arcminute Cos-

mology Bolometer Array Receiver) (2004) [32, 33], VSA (Very Small Array) (2004)

[34, 35] instruments and BOOMERanG experiment (2005) [36, 37] and an even

more detailed and refined investigation and an all-sky map of the CMB was released

by Planck Cosmology probe (2015) [12, 13]. The CMB anisotropy can provide a

profound information on the physical conditions of early universe [38].

Later, it is noticed that the CMB is polarized due to the Thomson scattering

of photons off of electrons [39, 40]. This polarization can be of two types, known

as the E-mode polarization and the B-mode polarization. The primordial density

perturbations from inflation generated the E-mode polarization while the B-mode

polarization was generated by two mechanisms: the first one by the primordial

gravitational waves from the very early universe and the second one at late times

by the gravitational lensing of E-modes. The CMB polarization has the potential to

probe the surface of last scattering directly. Further, the B mode polarization can

also be used to see the existence of the primordial gravitational waves.

2.1 Origin of CMB

The epoch of cosmic inflation is believed to have occurred between 10−36 to 10−32

seconds after the event of the big bang when the inflaton field decayed into relativis-

tic particles thus releasing the potential energy of the inflaton field and filling the

universe with a quark-gluon plasma [41]. After the inflationary epoch, the strong

nuclear force separated from the electroweak interaction which is a combination of

the electromagnetic and weak interactions. Energetic interactions between particles

during this epoch were able to create exotic particles like Higgs boson, W and Z

bosons. About 10−12 sec after the big bang, creation of W and Z bosons ended as the

expansion and subsequent cooling of the universe lessened the high energy of particle

interactions, and the electroweak interaction separated into electromagnetic inter-

action and weak interaction. During this epoch, fundamental particles like quarks,

leptons and their anti-particles were constantly being created and annihilated. The

temperature of the universe was very high (about 1015 K) which did not allow in-
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stantaneous combination of quarks to form hadrons on collision. Thus the universe

was an extremely hot and dense plasma of matter and energy. The fundamental

interactions of weak interactions, the strong nuclear interactions, electromagnetism

and gravitation interactions had taken their present forms at the end of this epoch.

About 10−6 sec after the event of the big bang, the temperature of the universe had

become sufficiently cold enough so that the quarks were able to combine to form

hadrons, but still hot enough to allow the creation of not only hadron, but also its

anti-particle, thus keeping the matter and anti-matter in equilibrium. However, as

the universe continued to expand and cool down, production of these matter and

anti-matter pairs decreased and eventually ended and were then annihilated, leav-

ing only a small amount of hadrons. Approximately 1 sec after the event of the big

bang, most of the hadrons and their antiparticles had annihilated, the universe still

had a high enough temperature for the formation of leptons and their anti-particles

which then existed in thermal equilibrium. However, about 10 sec later, the universe

temperature became cold enough so that the leptons and their anti-particles were

no longer created, but were starting to annihilate till only a small amount of lep-

tons were left. At this time, free electrons, photons and nuclei of light elements like

hydrogen were created by a process called big bang nucleosynthesis; and the uni-

verse was filled with an extremely dense plasma of these elements (photon-baryon

plasma) and hence, was effectively opaque to light and other radiation. In a process

called the Thomson scattering, the free electrons at that time kept on scattering the

high energy photons and other radiations such that these radiations could not travel

large distance. As such, the universe at that time was in a thermalized state. As the

universe continued to expand, it gradually grew colder and approximately 380,000

years after the event of the big bang, the universe eventually cooled down to about

3000 K, enough for the formation of atoms by the combination of the free electrons

and the nuclei; the universe became quite transparent and light could travel freely

without getting scattered or knocked off course. This time period of the universe

is called the era of recombination. The photons released at this time continued to

travel till today, with their wavelength increasing with the expansion of the universe

while continually losing their energy and hence, are perceived today as radiation

with frequency and wavelength in the microwave range of the electromagnetic spec-

23



The Cosmic Microwave Background

trum. Therefore, these are called the cosmic microwave background radiation. If

one looks up at the sky, the CMB radiation seems to come from the surface of a

spherical shell with the observer at the center such that radiation from all parts

of the spherical surface reaches the observer at the same time. The radius of this

spherical shell can be considered as the distance travelled by each photon since it

was last scattered during the era of recombination, and the spherical surface is aptly

named the surface of last scattering with a redshift of z ' 1100.

Between 150 million years and 1 billion years after the big bang, another phase

transition stage occurred. Matter in the early universe started to condense and

radiated energy strong enough to reionize the neutral hydrogen and intergalactic

gas. As this happened, the universe once again became an ionized plasma, and

Thomson scattering process once again took place wherein the free electrons scat-

tered the CMB photons. At that time, the universe had expanded significantly to

diffuse the matter such that the electron density was lowered and the Thomson

scattering of photons was less frequent than before the recombination. This effect

leaves observable anisotropies as it tries to suppress and erase the original small

scale anisotropies and hence, this causes additional polarization of the CMB and

leaves secondary anisotropies on the CMB anisotropy map. The expectation num-

ber of these scatterings per CMB photons is called the optical depth. Since most

CMB photons did not scatter during reionization, the optical depth is expected to

be ≤ 0.1.

2.2 CMB anisotropy

The intrinsic temperature of the CMB radiation can vary due to increase in radi-

ation density via adiabatic compression, a feature known as the CMB anisotropy

[42, 43]. The radiation temperature can also vary due to gravitational redshifting

when the gravitational potentials between two points in space differ and evolve with

time. The photon density is not uniform on the surface of last scattering, there is

variation in different regions of the surface and this leads to varying intensity with

the direction of observation. Regions with higher density of photons are seen as hot
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spot while those with lower photon density are seen as cold spot. This leads to dif-

ference in gravitational potential across the universe. Radiation gains energy when

it propagates into the gravitational potential well and it blueshifts in the process; on

its quest to leave the potential well at the last scattering, it loses energy in the pro-

cess of climbing out the wall of the well and hence, it redshifts. If the gravitational

potential evolves with time, i.e., if, during the propagation of the radiation through

the potential well, the depth of the well increases, the gravitational blueshift will

be very small compared to its redshift leading to the radiation gaining an overall

redshift. These effects, along with the gravitational redshifting of photons in the ex-

panding universe comprise of the Sachs-Wolfe effect [44]. In the ΛCDM model, when

the universe evolves from radiation dominated to matter dominated, this gravita-

tional redshift during the epoch of radiation-matter equality occurs sufficiently late

such that the evolution of gravitational potentials still takes place when photons

decouple at the time of recombination. The Sachs-Wolfe effect takes place again

when the universe undergoes phase transition from matter domination to vacuum

domination. This effect is imprinted on the CMB anisotropy at the last scattering

surface.

The CMB anisotropies can be described in the context of spherical harmonics

as:

∆T

T
(n̂) =

∑
lm

almYlm(n̂), (2.1)

where Ylm(n̂) are the spherical harmonics, a∗lm = (−1)mal−m are the temperature

multipole coefficients, n̂ is a unit vector with its direction being specified by angles

θ and φ. l is the number of oscillations and can vary from 0 to ∞, m indicates

the direction of oscillation on the sphere and varies from −l to +l. l = 0 indicates

zero oscillation and is considered as the monopole component of the CMB sky map

which sets the overall scale. l = 1 indicates one full oscillation over the sphere and

is considered as the dipole spherical harmonic component of the CMB map with

three possible directions, it also exhibits the largest anisotropy. The higher order

multipoles l ≤ 2 provide more but smaller oscillations with more possible directions

for the oscillations. The reciprocal of the number of oscillations l corresponds to the

angular wavelength of the fluctuations in the CMB sky, hence the spherical harmonic
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decomposition of the angular fluctuations give rise to multipole moments.

The CMB temperature anisotropy has zero parity (spin-0), hence it is invariant

under rotation. The complex temperature multipole coefficients alm have zero mean

value but have non-zero variance. This variance gives the angular power spectrum

Cl:

〈alma∗l′m′〉 = Clδll′δmm′ . (2.2)

The power spectrum can be redefined in order to define the statistics of the CMB

temperature map as well as the polarization map as,

Cl =
1

2l + 1

l∑
m=−l

alma
∗
lm. (2.3)

There is a fundamental statistical uncertainty in estimating Cl which is most promi-

nent at low multipole, called the cosmic variance, and the uncertainty scales as a

sum of (2l + 1) terms which leads to an error of

∆Cl
Cl

=

√
2

2l + 1
. (2.4)

For a given l, all the 2l + 1 coefficients have the same variance, hence the power

spectrum is independent of m for an isotropic sky. Inflation predicts that the scale

invariant perturbations generated by inflation would be nearly constant in the spher-

ical harmonic space and generate anisotropies, hence Cl is multiplied by l(l+ 1)/2π

in order to get a uniform power spectrum per logarithmic interval in l in the tem-

perature anisotropies. Thus the power spectrum in terms of the CMB temperature

anisotropy multipoles can be written with the help of eq.(2.1) as,(
∆T

T

)2

≡ l(l + 1)

2π
Cl. (2.5)

The CMB anisotropy spectrum may be divided into the following parts [43]:

The region with l . 100 corresponds to primary anisotropies. Evolution of large

scale isotropies have not yet occurred significantly, therefore the initial conditions

of the early universe are directly reflected by these primary anisotropies. The first

peak is due to the early Sachs-Wolfe effect. The primordial fluctuations in the form

of scalar and tensor perturbations may also contribute to some fraction of the low

multipole signal.
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Figure 2.1: The CMB angular spectrum with the WMAP, Acbar , Boomerang, CBI
and VSA experimental data. Solid line indicates theoretical prediction. Source:
NASA/WMAP Science Team-lambda.gsfc.nasa.gov.

The region 100 . l . 1000 consists of acoustic peaks and troughs. The structures

arise due to acoustic oscillations of the photon-baryon plasma before the era of

recombination. The high energy photons provide pressure which has the tendency

to wipe out the anisotropies while the baryons tend to collapse to create overdensities

due to inertia provided by the gravitational attraction of the baryons. The combined

effects give rise to acoustic oscillations where the first peak gives the spatial curvature

of the universe and the second peak gives the baryon densities imprinted after the

recombination while the third peak determines the dark matter density.

The region 1000 . l is called the damping tail. The anisotropies at higher

multipoles are damped due to the fact that the recombination process, i.e., the

phase transition from plasma to gas is not instantaneous but happens over time; this

provides thickness to the last scattering surface which also leads to the subsequent

damping of the small angular scale fluctuations.
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2.3 CMB Polarization

The CMB is polarized due to the Thomson scattering of incident primordial pho-

tons off of free electrons. Consider an incoming plane wave traveling along the

x̂-direction towards an electron. The corresponding electric and magnetic fields of

the wave oscillate in the y−z plane. If the intensity of the wave along its transverse

directions ŷ and ẑ is equal, then this wave is unpolarized. The electron scatters

this unpolarized wave in all directions. Incident radiations from the ±x̂-directions

produce an outgoing intensity along the ŷ-direction.

The CMB is linearly polarized as a result of the quadrupole anisotropy on the

surface of last scattering due to the photon flux. This CMB polarization can be

decomposed into two parts which can be represented by Q and U , the Stokes pa-

rameters [45, 46]. Consider an electromagnetic wave incident along the z-direction.

At a given point, the electric field vector for this wave can be written as,

Ex = ax(t) cos[w0t− θx(t)], (2.6)

Ey = ay(t) cos[w0t− θy(t)], (2.7)

where ax and ay represent the wave amplitudes, and θx and θy represent the phases.

Both the amplitudes and the phases are functions of time and vary slowly with it.

The Stokes parameters can then be given as:

I = a2
x + a2

y, (2.8)

Q = a2
x − a2

y, (2.9)

U = 2axay cos(θx − θy), (2.10)

V = 2axay sin(θx − θy), (2.11)

where I represents the radiation intensity which is independent of the coordinate

system and is always positive. Q, U and V represent the polarization states of the

wave and can be either positive or negative. Q and U represent linear polarizations,

both depend on the orientation of the coordinate system, here x and y axes, in

the sky; Q gives polarization on the x− y directions while U gives the polarization
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along the axes rotated by 45◦. V represents circular polarization and is therefore

independent of the coordinate system on the sky and in the case of CMB, it vanishes

since Thomson scattering does not induce circular polarization.

For a wave propagating along the z-axis, if the x − y plane is rotated through

an angle α about the direction of propagation, then the wave can be defined by the

transformed Stokes parameters Q′ and U ′:

Q′ = Q cos 2α + U sin 2α, (2.12)

U ′ = −Q sin 2α + U cos 2α. (2.13)

The parameters Q and U are rotated to Q′ and U ′ by angle 2α when the x−y plane

is rotated through α, i.e., they transform as a spin-2 variable and the polarization

angle α is given in terms of Q and U as,

α =
1

2
arctan

(
U

Q

)
. (2.14)

Both I and V do not transform under rotation of the x − y axes through an angle

α, they are invariant.

Polarization in the direction n̂ can also be represented as a complex quantity,

P (n̂) = (Q± iU)(n̂), (2.15)

with the amplitude of polarization written as,

|P | = (Q2 + U2)
1
2 . (2.16)

Since the Q and U parameters transform like a spin-2 variable, they can be

represented as components of a traceless symmetric 2× 2 tensor,[
Q U
U −Q

]
=

[
cosα sinα
− sinα cosα

] [
Q U
U −Q

] [
cosα − sinα
sinα cosα

]
. (2.17)

The polarization tensor Pµν is then traceless, gµνPµν = 0 and symmetric, Pµν =

Pνµ, and for an orthogonal but not orthonormal coordinate basis (θ, φ),

Pµν(n̂) =
1

2

[
Q(n̂) −U(n̂) sin θ

−U(n̂) sin θ −Q(n̂) sin2 θ

]
. (2.18)
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The parameters Q and U rotate by an angle 2α when the coordinate axes are

rotated in clockwise manner by an angle α around n̂ as,

(Q′ ± iU ′)(n̂) = e∓2iα(Q± iU)(n̂). (2.19)

Hence, polarization is also a spin-2 variable, and the parameters Q and U have

spin weights +2 and −2 respectively. One can decompose the polarization and its

complex conjugate in the spin-weighted basis in terms of the spherical harmonics of

spin-2 ±2Ylm as,

T (n̂) =
∑
lm

aT,lmYlm(n̂),

(Q± iU)(n̂) =
∑
lm

a±2,lm ±2Ylm(n̂), (2.20)

and the expansion coefficients are defined by,

aT,lm =

∫
dn̂Y ∗lm(n̂)T (n̂),

a±2,lm =

∫
dn̂ ±2Y

∗
lm(n̂)(Q± iU)(n̂),

=

[
(l + 2)!

(l − 2)!

]− 1
2
∫
dn̂Y ∗lm(n̂)[(∂∓)2(Q± iU)(n̂)], (2.21)

where the coefficient a±2,lm can be regarded as the expansion of the quantities

(∂−)2(Q + iU) and (∂+)2(Q − iU) in Ylm respectively and (∂−) and (∂+) are the

spin-lowering and spin-raising operators which lower or raise the spin-weight of a

function respectively as,

sY
∗
lm = (−1)m+s

−sYlm,

∂+
sYlm = [(l − s)(l + s+ 1)]

1
2 s+1Ylm,

∂− sYlm = −[(l + s)(l − s+ 1)]
1
2 s−1Ylm,

∂−∂+
sYlm = −(l − s)(l + s+ 1) sYlm. (2.22)

The polarization on the sky can be characterized with the help of the expansion

coefficients a±2,lm whose linear combinations lead to the following components of

polarization:

aE,lm = −1

2
(a2,lm + a−2,lm),

aB,lm =
i

2
(a2,lm − a−2,lm). (2.23)
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Figure 2.2: The E-mode and B-mode polarization patterns of CMB. Source: spie.org.

The E and B variables characterize the real space polarization fields Q and U

respectively and can be expanded in terms of Ylm(n̂) as

E(n̂) =
∑
lm

aE,lmYlm(n̂),

B(n̂) =
∑
lm

aB,lmYlm(n̂). (2.24)

These polarization fields are invariant under rotation but under parity transforma-

tion, E and B behave differently; E-modes possess (−1)l parity while B-modes carry

(−1)l+1 parity (l = 2, m = 0) on the sphere, hence the pattern of E(n̂) remains

invariant while the B(n̂) pattern changes sign. Thus, E and B can be considered

as analogous to the electric and magnetic modes of polarization where E is the

curl-free gradient component with no handedness while B is the divergence-free curl

component with handedness of the CMB polarization.

One can characterize the CMB perturbations with the auto-correlation power

spectra of T , E and B, and the T and E cross-correlation power spectrum as:

CTT
l =

1

2l + 1

∑
m

〈aT,lma∗T,lm〉,

CEE
l =

1

2l + 1

∑
m

〈aE,lma∗E,lm〉,

CBB
l =

1

2l + 1

∑
m

〈aB,lma∗B,lm〉,

CTE
l =

1

2l + 1

∑
m

〈aT,lma∗E,lm〉. (2.25)

The temperature and polarization anisotropies of the CMB are very small and are

also expected to obey the statistics of Gaussianity, and hence the universe is con-

31



The Cosmic Microwave Background

sidered to be statistically isotropic which implies that,

〈aT,lma∗T,l′m′〉 = CTT
l δll′δmm′ ,

〈aE,lma∗E,l′m′〉 = CEE
l δll′δmm′ ,

〈aB,lma∗B,l′m′〉 = CBB
l δll′δmm′ ,

〈aT,lma∗E,l′m′〉 = CTE
l δll′δmm′ ,

〈aT,lma∗B,l′m′〉 = 〈aE,lma∗B,lm〉 = 0. (2.26)

The E-mode polarization spectrum and the temperature anisotropy spectrum are

directly out of phase, hence these spectra are cross-correlated to give TE-modes.

On the other hand, since B possesses parity opposite to both T and E, the cross

correlation between T and B or E and B vanishes unless there exist interactions

with no parity violation. The power spectra CTT
l , CEE

l , CBB
l and CTE

l are specified

by the primordial perturbations. The auto-correlation angular power spectrum of

E-modes of CMB can be given by [47, 48]

CEE
l = (4π)2

∫
k2dkPT (k)

×
∣∣∣ ∫ τ0

0

dτg(τ)hk(τ)

[
−jl(x) + j′′l (x) +

2jl(x)

x2
+

4j′l(x)

x

] ∣∣∣2, (2.27)

and the auto-correlation angular power spectrum B-modes of CMB is [47, 48]

CBB
l = (4π)2

∫
k2dkPT (k)×

∣∣∣ ∫ τ0

0

dτg(τ)hk(τ)

[
2j′l(x) +

4jl(x)

x

] ∣∣∣2, (2.28)

where, x = k(τ0 − τ), the visibility function is represented by g(τ) = κ′(τ)e−κ,its

peak defines the recombination era and denotes the probability of a CMB photon

being last scattered at the redshift z, and κ′ = anexeσT gives the differential optical

depth for the Thomson scattering where ne denotes the electron density, xe gives

the ionization fraction, σT denotes the Thomson cross-section. Integration of the

differential optical depth with respect to the conformal time τ gives the total optical

depth as, κ(τ) =
∫ τ0
τ
κ′(τ)dτ . jl(x) represents the spherical Bessel function of order

l.

The E-modes are believed to be generated from the Thomson scattering in the

matter plasma, and hence they are signatures of primordial density perturbations
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Figure 2.3: The CMB polarization field decomposed into E-modes (left panel) and
B-modes (right panel). Source: astrobites.org.

while the B-modes are believed to be generated by the primordial GWs. The E and

B modes have different patterns in the polarization sky and their anisotropy spectra

are believed to have different shapes and amplitudes. The E-mode polarization is

either orthogonal or parallel to the direction of the plane wave propagation whereas

the B-mode polarization crosses the plane wave at 45◦. The full polarization pattern

of the CMB sky is simply a random superposition of these polarization patterns.

Hence the CMB polarization field can be decomposed into E modes and B modes

which would help in separating the contributions of the primordial gravitational

waves from those of the density perturbations. However, since the generation of

the CMB polarization occurred during the recombination epoch for only a very

short period of time, the polarization anisotropy is expected to be much smaller

than the temperature anisotropy, a case which is not much altered by secondary

anisotropies during reionization epoch. Thus, the primordial density and metric

perturbations can be realized through their imprints on the CMB in the form of

specific polarization.

2.4 BB-mode correlation angular power spectrum

of CMB

The primordial GWs generated during the very early universe are believed to have

left their signatures on the polarization pattern of the CMB sky in the form of

swirling pattern with an odd parity, called the B-mode polarization [48, 49]. The
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Figure 2.4: The CMB angular power spectrum for temperature anisotropy (black),
E-mode polarization (gradient component) (red), B-mode polarization (curl compo-
nent) (blue) and lensing of E-modes (green). Source: bicep.caltech.edu.

B-modes, unlike the E-modes, cannot be created directly by the scattering of pho-

tons off of free electrons during phase transitions as in the recombination epoch. On

the other hand, during such phenomenon which occurred at the last scattering, the

primordial GWs present at that instant would imprint a local quadrupole anisotropy

to the CMB photons, thus providing a linear polarization. The transverse nature

of the GW polarization breaks the symmetry of the plane wave thereby producing

the B-mode polarization. Since density perturbations do not directly give rise to

B-modes, the B-modes directly reflect the existence of primordial gravitational per-

turbations and hence, detection of B-modes would provide excellent insights into

the primordial gravitational waves, their amplitude and spectrum and their contri-

butions. The amplitude of the gravitational waves varies directly as the expansion

rate of the universe during inflation, this in turn varies directly as the square of the

energy scale of inflation. Thus, if the inflationary energy scale is close to 1016 GeV,

then the primordial GWs would provide a potentially detectable signal.

Most of the inflationary models predict a small amount of primordial gravi-

tational waves whose power spectrum is close to scale invariance. The relative
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amplitude of the auto-correlation spectrum of B-modes of the CMB can provide a

constraint on the tensor-to-scalar ratio, which is the strength of the tensor perturba-

tion relative to the scalar perturbation. The BB-mode angular power spectrum has

a large bump around l ≤ 10 due to the re-scattering of the temperature quadrupole

by the reionized plasma during the reionization epoch. The primordial GW signal

peaks around the scale of l ' 100 and then drops rapidly after that in the BB-mode

angular spectrum. This is due to the fact that on small angular scales, the primor-

dial GWs have reentered the horizon and had enough time for their amplitudes to

redshift away by the time recombination takes place.

Gravitational lensing of CMB which is the deflection of CMB photons by the large

scale structure gravitational potential converts some pattern of E-mode polarization

into that of B-mode polarization on small angular scales, i.e., at higher multipole

of the CMB spectrum [50]. This type of B-mode has been observed by the South

Pole Telescope in 2013. This lensed B-mode signal imprints a new observable on the

CMB which provides an important cosmological probe into the large scale structures

which would be very useful in constraining some cosmological parameters like the

neutrino mass.

There are various experiments measuring the CMB anisotropy which include

ground based, balloon and space based missions. The ground based interferometers

include DASI [9, 10], BICEP2 and Keck Array [14], South Pole Telescope [16], CBI

[30, 31], Acbar [32, 33] and VSA [34, 35]. The first detection of the CMB polarization

was made by DASI. The BOOMERanG experiment is a balloon observation which

discovered in 2000 that the universe is close to flat [36, 37]. Space based missions

include COBE [27], WMAP [28, 29] and Planck spacecraft [12, 13] which make

measurements of the large scale CMB anisotropies to high precision. Ambitious

goals of these space based missions in observing CMB include measurements of

gravitational lensing and B-mode polarization.

Observation of primordial GW background or even B-modes would give not only

evidence of inflation, but also the strength of the inflaton potential. This would

provide an excellent probe into the physics of the inflationary epoch.
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Chapter 3

Inflation and BB mode Correlation
Angular Power Spectrum of CMB

Inflation is a widely known scenario introduced to resolve several shortcomings of

the standard model of cosmology [17, 18, 19]. According to inflationary scenario

the early universe expanded exponentially within a brief period of time. There are

many inflationary models introduced to address one or other unresolved questions

plaguing the standard model of cosmology [51]. All the models agree that the

inflation seeded the formation of galaxies in the universe, however recent CMB

anisotropy data constrains several inflation models [52]. The inflation also gave

rise to the induction and evolution of primordial gravitational waves which can

be realized through the CMB polarization. The primordial gravitational waves are

believed to have been generated quantum mechanically through a mechanism known

as parametric amplification, hence they are expected to be in a certain quantum state

called the squeezed vacuum state [53, 54, 55, 56]. Therefore, this feature is also

expected to be reflected on the polarization and anisotropy of the CMB. Therefore

the study of the CMB polarization due to primordial GWs is very crucial for the

confirmation of the inflationary scenario itself and validating models of inflation [57,

58]. Moreover the study of primordial gravitational waves effect on CMB not only

helps to test the existence of primordial gravitational waves but also the potential

existence of these GWs in the squeezed quantum vacuum state.

As discussed, there exist many models of inflation and some models propose that
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the inflationary process was driven by a single scalar field while others suggest more

than one scalar field. Slow-roll inflation models with single scalar field predict an al-

most Gaussian distribution of the density perturbations and scale invariant spectrum

while the models with multiple scalar fields predict non-adiabatic and isocurvature

perturbations and hence non-Gaussian distribution. However, the Planck 2013 re-

sult suggested negligible level of non-Gaussianity which seems to be consistent with

the prediction of single scalar field inflation models [59]. At the same time recent

observations of the CMB indicate large-scale anomalies in the fluctuations of CMB,

wherein a hemispherical asymmetry exists across the CMB sky. This was first hinted

by WMAP and confirmed by Planck. This garnered several explanations, one of the

attempted explanations suggests that single field models are incapable of produc-

ing such asymmetry without violating the homogeneity and isotropy but multi field

inflation models can account for it [60]. These studies indicate that for favoring

single or multi field inflationary models, one needs alternative tests rather than the

Gaussianity test alone.

This chapter is aimed to study whether the primordial GWs exist in the squeezed

quantum vacuum state and thermal state for several slow roll inflation models

through the BB-mode auto-correlation angular power spectrum of the CMB with

the joint analysis data of BICEP2/Keck and Planck missions. Also an attempt is

made to validate the slow-roll single field vs multiple field issue by studying the BB-

mode angular power spectrum of CMB with the joint BICEP2/Keck and Planck

(BKP) analysis data.

3.1 Inflation models

In the simplest inflationary scenario, a scalar field rolls down its potential towards

its true vacuum and encounters friction along its potential. Once it reaches its

true vacuum, it oscillates and decays into relativistic particles and this process is

immediately followed by reheating of the universe. Some important constraints

on the inflation models are: sufficient amount of expansion must take place for

the resolution of the isotropy, homogeneity and flatness problems, the fractional
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energy density of the early universe at that instant should be sufficiently low, the

amplitudes of primordial scalar and tensor perturbations must be (approximately)

consistent with the CMB anisotropies, the spectral index of the scalar perturbations

and the tensor-to-scalar ratio must be very close to scale invariance. The most recent

tensor-to-scalar ratio constraint, r < 0.07 as the upper bound and the lower bound

r ' O(10−3) comes from the analysis of the joint data of BICEP2/Keck Array and

Planck [61]. Next, we briefly discuss several slow-roll inflation models which are

interested in the present study. We also compute the relevant parameters for each

inflation model that are required for the further study and analysis of the present

work.

3.1.1 Quadratic chaotic inflation model

The quadratic chaotic inflation model is a simple power law type model with a

single massive inflaton field [19]. In this model, the scalar field after rolling down its

potential, rests at its vacuum but then gets displaced to higher state due to quantum

or perhaps, thermal fluctuations, and then it rolls back to its true vacuum. This

mechanism repeats itself and whenever this event happens, cosmic inflation occurs,

blowing up the region in which the scalar field gets displaced out of its vacuum

state. When the scalar field finally rests at its true vacuum, it decays and causes

the universe to reheat. The scalar field of the quadratic chaotic inflation model has

an effective potential,

V (φ) =
1

2
m2φ2, (3.1)

where m = 1.53× 1013 GeV represents the inflaton mass.

Using eqs.(1.25) and (3.1), the slow-roll parameters for the quadratic chaotic

inflation model are calculated as,

ε = 8.26× 10−3,

η = 8.26× 10−3. (3.2)

Using eq.(1.62) and the potential eq.(3.1), the initial value of the power spectrum

for the tensor perturbations is calculated for the quadratic chaotic inflation model

39



Inflation and BB mode Correlation Angular Power Spectrum of CMB

and is calculated as PT = 3.21 × 10−10. By taking the power spectrum value for

the scalar perturbations to be PS = 2.43 ×10−9 and using eq.(1.66), the estimated

tensor-to-scalar ratio for the quadratic chaotic inflation model is r = 0.132 and

tensor spectral index is found by using eq.(1.65) as nT = −1.65× 10−2.

3.1.2 Quartic chaotic inflation model

The quartic chaotic inflation model is also a simple power law inflation with a scalar

field which has a self-interacting term [62]. This model suggests the existence of not

only the inflaton but also a curvaton scalar field at late times and the primordial

perturbations come from both their contributions. The curvaton itself does not drive

the inflation but generates curvature fluctuations after the decay of the inflaton field.

The potential of the scalar field for the quartic chaotic inflation model is,

V (φ) =
1

4
λφ4, (3.3)

where λ = 5.94× 10−14 GeV indicates the scalar self-coupling.

Using the potential eq.(3.3) and eq.(1.25), the slow-roll parameters for the quartic

chaotic inflation model are found as,

ε = 1.626× 10−2,

η = 2.439× 10−2. (3.4)

Using eq.(1.62) and the potential, eq.(3.3), for the scalar field of the quartic chaotic

inflation model, the calculated initial value of tensor power spectrum is PT = 2.426×

10−10. Using the above potential with the power spectrum of the scalar perturbations

PS = 2.43 ×10−9 and eq.(1.66), the tensor-to-scalar ratio is calculated to be r =

0.26 and the spectral index for tensor perturbations is found using eq.(1.65) as

nT = −3.25× 10−2.

3.1.3 Coleman-Weinberg inflation model

The potential for Coleman-Weinberg inflation model is studied in the context of

spontaneous symmetry breaking which is induced by radiative corrections giving
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rise to logarithmic function [63, 64, 65]. The Coleman-Weinberg inflation model is

based on single scalar field which has the following normalized effective potential as,

V (φ) = M4

[
1 + α

(
φ

σ

)4

ln

(
φ

σ

)]
, (3.5)

where α = 4e, M = 1016 GeV, σ = 10mpl sets the typical vacuum expectation value

at which inflation takes place.

By substituting the potential eq.(3.5) in eq.(1.25), the obtained slow-roll param-

eters for the Coleman-Weinberg inflation model are

ε = 4.86× 10−4, (3.6)

η = −4.42× 10−2. (3.7)

For the Coleman-Weinberg inflation model, the initial value of the tensor power

spectrum is calculated with the help of eq.(3.5) and eq.(1.62), and the obtained

value is PT = 1.89× 10−11. Tensor-to-scalar ratio for this model, by using eq.(1.66)

with the scalar power spectrum value PS = 2.43×10−9, is obtained as r = 7.77×10−3

and the tensor spectral index is found using eq.(1.65) as nT = −9.72× 10−4.

3.1.4 New inflation model

In the new inflation model, it is assumed that the scalar field has a flat plateau but

no barrier so that it slowly rolls down towards its vacuum. When it reaches its true

vacuum, it oscillates and decays. Inflation at the last stage is not driven by the

scalar energy density but by the energy density of the vacuum state. The potential

of the scalar field for this model is based on that of the Coleman-Weinberg model

with a quartic interacting scalar field [63, 66],

V (φ) =
1

4
λφ4

(
ln
φ

σ
− 1

4

)
+
λσ4

16
, (3.8)

where λ = 2.36 × 10−14 GeV indicates the quartic self-coupling of the field and

σ = 10mpl is the vacuum expectation value of the scalar field at minimum.

Using eq.(1.25) and the potential (3.8), the obtained slow-roll parameters for the
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new inflation model are

ε = 1.16× 10−2,

η = 1.86× 10−3. (3.9)

Using the potential (3.8) and eq.(1.62), initial value of the power spectrum of pri-

mordial GWs for the new inflation model is calculated as PT = 4.52 × 10−10. By

using eq.(1.65), the tensor spectral index for the new inflation model is found as

nT = −2.32× 10−2. Using the power spectrum of density perturbations, PS = 2.43

×10−9 and eq.(1.66), the calculated tensor-to-scalar ratio value for the new inflation

model is r = 0.186.

3.1.5 Inverse monomial inflation model

The inverse monomial inflation model is a single scalar field slow-roll inflationary

model and is studied here in the context of quintessential inflation [67, 68, 69]. The

potential of the scalar field is initially flat to ensure enough time for resolution of the

horizon problem, then it becomes steep so that part of the scalar field energy density

gets converted to entropy, then this is followed by gradual decrease in the potential

slope. The kinetic energy dominates the scalar field after the end of inflation and

radiation dominates the universe at later time. The scalar field need not necessarily

decay and reheating tends to occur naturally even when the potential has no global

minimum, gravitational particle production leads to radiation during the exponential

expansion. The effective potential of the inverse monomial inflation model can be

expressed as,

V (φ) = M4

(
φ

mpl

)−p
, (3.10)

where p = 3 is a positive parameter and the ratio M/mpl = 10−1.

Using eq.(1.25) and eq.(3.10), the slow-roll parameters are calculated for the

inverse monomial inflation model and are obtained as,

ε = 1.25× 10−4, (3.11)

η = 3.33× 10−4. (3.12)
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Therefore the calculated initial value of tensor power spectrum by using eq.(1.62)

and the potential eq.(3.10) for inverse monomial inflation model is PT = 4.86 ×

10−12. Using eq.(1.66) with the scalar power spectrum value PS = 2.43 ×10−9, the

calculated tensor-to-scalar ratio for this inflation model can be obtained, r = 2.0×

10−3 and the tensor spectral index is found by using eq.(1.65) as nT = −2.50×10−4.

3.1.6 Higgs inflation model

The Higgs inflation model is based on the single Higgs field, which is considered to

non-minimally couple with gravity and is considered to play the role of the scalar

field [70]. When the field φ� mpl, the associated potential is flat enough for the slow

roll inflation process to take place. The field can be described using the following

effective potential,

V (φ) = M4(1 + e−
√

2/3φ/mpl)−2. (3.13)

For the Higgs inflation model, the corresponding slow-roll parameters are calcu-

lated with eq.(1.25) and eq.(3.13), and the results are

ε = 1.77× 10−4,

η = −1.48× 10−2. (3.14)

Using eqs.(1.62) and (3.13), the initial value of the tensor power spectrum for the

Higgs inflation model is obtained as, PT = 6.87×10−12. By using the power spectrum

for the scalar perturbation PS = 2.43 ×10−9 and eq.(1.66), the tensor-to-scalar ratio

for the Higgs inflation model is calculated as r = 2.83 × 10−3 with tensor spectral

index found using eq.(1.65) as nT = −3.53× 10−4.

3.1.7 R2 inflation model

The R2 inflation model is also known as the Starobinsky inflation model and here

R2 means the square of Ricci scalar. This model is based on the higher order

gravitational terms as quantum corrections to general relativity with the assumption

that the early universe underwent an inflationary de Sitter period [18]. The scalar
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field degree of freedom comes from the higher order gravitation term itself. The R2

inflation model can be expressed in the form of Einstein gravity with a normalized

inflaton field which has the effective potential,

V (φ) = M4(1− e−
√

2/3φ/mpl)2. (3.15)

The slow-roll parameters for the R2 inflation model are calculated with effective

potential eq.(3.15) and eq.(1.25), the obtained values for the parameters are

ε = 2.03× 10−4,

η = −1.63× 10−2. (3.16)

Using eqs.(1.62) and eq.(3.15), the initial value of the primordial GW power spec-

trum for the Starobinsky inflation model is, PT = 7.9× 10−12. Using eq.(1.66) with

the scalar power spectrum value PS = 2.43 ×10−9, the tensor-to-scalar ratio for the

R2 model is calculated to be r = 3.25× 10−3, and the tensor spectral index is found

using eq.(1.65) as nT = −4.06× 10−4.

3.1.8 Arctan inflation model

The arctan inflation model is a single scalar field model and often studied as a toy

model [71, 72]. It is a large field model which starts at a large value and then evolves

to a minimum at the origin. The inflation process ends when the slow-roll condition

is violated. The potential for the scalar field can be expressed by,

V (φ) = M4

[
1− arctan

(
φ

µ

)]
, (3.17)

where µ/mpl = 10−2 is a free parameter which characterizes the typical vacuum

expectation value at which inflation takes place and the ratio M/mpl = 10−3.

Using eq.(1.25) with the potential eq.(3.17), the parameters of the slow-roll con-

dition for the arctan inflation model are found as,

ε = 8.62× 10−4, (3.18)

η = 3.0× 10−2. (3.19)
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Using eqs.(1.62) and (3.17), the estimated initial value of the tensor power spectrum

for the arctan inflation model is PT = 3.35 × 10−11. Using the power spectrum of

the scalar perturbation PS = 2.43 ×10−9 and eq.(1.66), the tensor-to-scalar ratio for

this inflation model is calculated as, r = 1.38 × 10−2 and the tensor spectral index

is found using eq.(1.65) as nT = −1.72× 10−3.

3.1.9 Natural inflation model

In the natural inflation model, the role of the scalar field is considered to be played

by the Nambu-Goldstone boson which arises whenever global symmetry is sponta-

neously broken and can give rise to an epoch of inflation naturally [73, 74]. The

scenario for the natural inflation model is very close to the chaotic inflationary sce-

nario. The scalar field in the natural inflation model has an associated effective

potential,

V (φ) = M4

[
1 + cos

(
φ

f

)]
, (3.20)

where f/mpl = 102, this corresponds to the symmetry breaking energy scale and

M/mpl = 10−2.

The slow-roll parameters for the natural inflation model are calculated by using

the potential eq.(3.20) and eq.(1.25), and the obtained values are

ε = 1.29× 10−3, (3.21)

η = 1.24× 10−3. (3.22)

Using eq.(1.62) and eq.(3.1), the initial power spectrum of the tensor perturbation

for the natural inflation model is calculated as PT = 5.027× 10−11. Using eq.(1.66)

with the scalar power spectrum value PS = 2.43 ×10−9, the tensor-to-scalar ratio

for this inflation model is, r = 2.06 × 10−2 and the tensor spectral index is found

using eq.(1.65) as nT = −2.58× 10−3.
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3.1.10 Radiatively corrected quadratic chaotic inflation model

The radiatively corrected quadratic chaotic inflation is a simple quadratic chaotic

inflation model studied under the assumption that the scalar field interacts with the

fermion field thus leading to the quantum radiative correction which takes the form

of a logarithmic function [19, 75]. The scalar field potential for radiatively corrected

quadratic chaotic inflation model can be written as,

V (φ) =
1

2
m2φ2 − g4

16π2
φ4 ln

(
φ

mpl

)
, (3.23)

where g is the Yukawa coupling and mass of the scalar field m = 3.44× 1012 GeV.

For the radiatively corrected quadratic chaotic inflation model, the associated

slow-roll parameters are calculated by using eqs.(1.25) and (3.23) and are found as

ε = 1.86× 10−3,

η = 1.86× 10−3. (3.24)

Using eq.(1.62) and eq.(3.23), the calculated initial value of the GW power spectrum

for the radiatively corrected quadratic chaotic inflation model is PT = 7.25× 10−11.

With the power spectrum of the density perturbation PS = 2.43 ×10−9 and by using

eq.(1.66), the tensor-to-scalar ratio is calculated as r = 2.98 × 10−2 and the tensor

spectral index is found using eq.(1.65) as nT = −3.72× 10−3.

3.1.11 Loop inflation model

In the loop inflation scenario, the flatness of the scalar field potential is altered by

symmetry breaking which produces quantum radiative corrections in which one loop

order correction takes the form of a logarithmic function [76, 77, 78]. The phase

transition with symmetry breaking occurs only after the scalar field drops to its

critical value below which all the vacuum expectation values adjust rapidly to their

supersymmetric values. The scalar field associated with the loop inflation model

has an effective potential given by,

V (φ) = M4

[
1 + α ln

(
φ

mpl

)]
, (3.25)
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where α = g2/16π2 tunes the strength of radiative effects and M = 1016 GeV.

Using the potential eq.(3.25) and eq.(1.25), the obtained slow-roll parameters for

the loop inflation model are

ε = 3.09× 10−3, (3.26)

η = −2.06× 10−2. (3.27)

Using eq.(1.62) and eq.(3.25), the estimated initial value of the GW power spectrum

for the loop inflation model is PT = 1.2 × 10−10. Using eq.(1.66) with the scalar

power spectrum value PS = 2.43 ×10−9, the tensor-to-scalar ratio for this inflation

model is found to be, r = 4.34 × 10−2 and the tensor spectral index is found using

eq.(1.65) as nT = −6.18× 10−3.

3.1.12 Hybrid inflation model

The hybrid inflation model is a multi-scalar field slow-roll inflation model and it has

the effective potential [79, 80],

V =
1

4λ
(M2 − λσ2)2 +

1

2
m2φ2 +

1

2
g2φ2σ2, (3.28)

where M = 1.21× 1016 GeV and m = 3.65× 1011 GeV are the masses of the φ field

and σ field respectively, and λ = 1 and g = 8× 10−4 are the respective self-coupling

terms. The φ field provides the initial inflationary mechanism and thus it determines

the inflationary period while the σ field both determines the rate and triggers the

end of inflation. When the φ field rolls down to the minimum of its potential after

the slow-roll, it displaces the σ field from its minimum potential. This action leads

to fast roll and then symmetry breaking of the σ field, thus abruptly ending the

inflation.

The parameters of slow-roll for the hybrid inflation model are found by using

eq.(1.25) and the potential eq.(3.28) and are

ε = 2.65× 10−4,

η = 1.47× 10−4. (3.29)
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Using the eq.(3.28) and eq.(1.62), the initial value of tensor power spectrum with

the hybrid inflation model is obtained as PT = 1.03 × 10−11. Using eq.(1.66) with

the scalar power spectrum value PS = 2.43 ×10−9, the calculated tensor-to-scalar

ratio is r = 4.24 × 10−3 and the tensor spectral index is found using eq.(1.65) as

nT = −5.3× 10−4.

3.2 Gravitational waves in expanding universe

The primordial gravitational waves are basically seeded from the cosmic inflation of

the early universe. The tensor perturbation for the perturbed flat FLRW metric is

given in eq.(1.53) and its properties are discussed in Chapter 1. In quantum theory,

the tensor perturbation or the primordial gravitational wave field can be expressed

as a collection of the wave modes in the Fourier space as,

hij(x, τ) =
D

(2π)
3
2

∫ +∞

−∞

d3k√
2k

2∑
p=+,×

[h
(p)
k (τ)c

(p)
k ε

(p)
ij (k)eik.x + h

(p)∗
k (τ)c

(p)†
k ε

(p)∗
ij (k)e−ik.x],

(3.30)

where D =
√

16πlpl is the constant of normalization, lpl =
√
G represents the Planck

length and k denotes the wave number; ε
(p)
ij , p = +,× are the linear, symmetric and

transverse-traceless polarizations which satisfy the conditions,

ε
(p)
ij δ

ij = 0, ε
(p)
ij k

i = 0, ε
(p)
ij ε

(p′)ij = 2δpp′ , ε
(p)
ij (-k) = ε

(p)
ij (k).

The creation and annihilation operators c
(p)†
k and c

(p)
k satisfy the following commu-

tation relations,

[c
(p)
k , c

(p′)†
k′ ] = δpp′δ

3(k − k′),

[c
(p)
k , c

(p′)
k′ ] = [c

(p)†
k , c

(p′)†
k′ ] = 0.

The Heisenberg equations of motion govern the evolution of the creation and anni-

hilation operators,1

d

dτ
c†k(τ) = −i[c†k(τ),Hgw], (3.31)

d

dτ
ck(τ) = −i[ck(τ),Hgw], (3.32)

1From here onwards, the index (p) is dropped for notational convenience.

48



Inflation and BB mode Correlation Angular Power Spectrum of CMB

where Hgw is the Hamiltonian for the primordial gravitational waves.

The initial vacuum state can be defined as,

ck|0〉 = 0.

The Bogoliubov transformations for the annihilation and creation operators are

ck(τ) = uk(τ)ck(0) + vk(τ)c†k(0), (3.33)

c†k(τ) = u∗k(τ)c†k(0) + v∗k(τ)ck(0), (3.34)

where ck(0) and c†k(0) indicate the initial values of the annihilation and creation

operators respectively, uk(τ) and vk(τ) are complex functions which satisfy the con-

dition

|uk|2 − |vk|2 = 1.

The evolution equation of the primordial GWs in the flat FLRW universe can

be expressed in the Fourier space as,

h′′k(τ) + 2Hh′k(τ) + k2hk(τ) = 0, (3.35)

here H denotes the Hubble parameter in the conformal time. The gravitational

wave mode can be rescaled with the help of the mode function as,

hk(τ)a(τ) = µk(τ). (3.36)

where the mode functions can have the following form

µk(τ) = uk(τ) + v∗k(τ). (3.37)

Using eq.(3.36) in eq.(3.35), the equation of motion in terms of the mode function

becomes,

µ′′k(τ) +

(
k2 − a′′

a

)
µk(τ) = 0. (3.38)

When k2 � a′′/a, the mode is inside the Hubble radius, which corresponds to the

short wavelength limit and the solution to the eq.(3.38) gives simple plane wave

solution as,

µk(τ) ' C±(k)e±ikτ , (3.39)
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which indicates that,

hk(τ) ' C±(k)e±ikτ

a(τ)
. (3.40)

In this case, the tensor mode is over the potential barrier and the wave does not

interact with the potential barrier and hence propagates with an amplitude which

decreases with time.

For the long wavelength limit, k2 � a′′/a, the mode is under the potential barrier

and eq.(3.38) has the solution

µk(τ) ' Aka(τ) +Bka(τ)

∫ τ dτ

a2(τ)
, (3.41)

which implies that,

hk(τ) ' Ak +Bk

∫ τ dτ

a2(τ)
, (3.42)

which exhibits presence of both constant mode and decaying mode; the wave in-

teracts with the barrier and gets amplified above hk(η) ∝ 1/a(η) in the adiabatic

regime. Since this is the case, the constant mode implies an adiabatic growth, and

the mode is frozen outside the Hubble radius.

3.3 Tensor power spectrum in squeezed vacuum

state

The primordial gravitational waves are believed to have been generated quantum

mechanically in the very early universe. It is believed that the strong and variable

gravitational field during inflation induced the generation of the primordial GWs

through the parametric amplification mechanism of the zero-point quantum fluctu-

ations. Due to the parametric amplification, the initial quantum vacuum state with

no graviton evolves into a quantum state with multiple particles called the squeezed

vacuum state. The squeezed quantum vacuum state can be defined as [81],

|ξ〉 = S(ξ)|0〉, (3.43)

where S(ξ) is the single mode squeezing operator, ξ = rse
iγ is a complex variable

with rs being the squeezing parameter and γ represents squeezing angle and are
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respectively ranged as 0 ≤ rs < ∞ and 0 ≤ γ ≤ 2π. The single mode squeezing

operator is defined as,

S(ξ) = exp

[
1

2
ξ∗c2 − 1

2
ξc†2

]
. (3.44)

The unitary transformations on the creation and annihilation operators induced by

the squeezing operator S lead to,

c†k = S†(ξ)c†S(ξ) = c† cosh rs − ce−iγ sinh rs,

ck = S†(ξ)cS(ξ) = c cosh rs − c†eiγ sinh rs, (3.45)

and the creation and annihilation operators have the following mean values in vac-

uum state:

〈0|c†k(τ)|0〉 = 〈0|ck(τ)|0〉 = 0,

〈0|c†k(τ)c†
k′(τ)|0〉 = u∗k(τ)v∗k′δ

3(k + k′),

〈0|ck(τ)ck′(τ)|0〉 = uk(τ)vk′δ
3(k + k′), (3.46)

〈0|c†k(τ)ck′(τ)|0〉 = v∗k(τ)vk′δ
3(k− k′),

〈0|ck(τ)c†
k′(τ)|0〉 = uk(τ)u∗k′δ

3(k− k′).

The complex functions uk(τ) and vk(τ) can be represented in terms of the squeezing

parameter rs, squeezing angle γ and the rotation angle θs as,

uk = eiθs cosh rs,

vk = e−i(θs−2γ) sinh rs. (3.47)

and their equations of motion in the FLRW universe become

i
duk
dτ

= kuk + i
a′

a
v∗k,

i
dvk
dτ

= kvk + i
a′

a
u∗k. (3.48)

The squeezing parameter, squeezing angle and rotation angle are then governed by

the following equations of motion [82],

r′s =
a′

a
cos 2γ,

γ′ = −k − a′

a
sin 2γ coth 2rs, (3.49)

θ′s = −k − a′

a
sin 2γ tanh rs.
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To study the effect of primordial GWs in the squeezed vacuum state on the

CMB spectrum in the form of the B-mode polarization for various inflation models

requires the computation of tensor power spectrum in the squeezed vacuum state.

The power spectrum for the primordial GWs can be obtained with the two-point

correlation function of the GW mode, hk as,

〈hkh∗k′〉 =
2π2

k3
PT (k)δ3(k− k′), (3.50)

where the angle bracket indicates the variance of the GW field and PT is the power

spectrum of the primordial GW.

Using eq.(3.30) and eq.(3.37), the gravitational wave field can be written as a

combination of the mode function and the annihilation and creation operators as,

hk(x, τ) =
D

a(τ)(2π)
3
2

∫ +∞

−∞
d3k[µk(τ)ck + µ∗k(τ)c†k]e

ik.x. (3.51)

Using eq.(3.45) and eq.(3.46), the mean square value of the gravitational wave,

eq.(3.51), can be computed in the squeezed vacuum state and the obtained result is,

〈hkh∗k′〉 =
D2

a2
[(|uk|2 + |vk|2)|µk|2 + ukvkµ

2
k + u∗kv

∗
kµ
∗2
k ]δ3(k− k′), (3.52)

which can be written explicitly in terms of the squeezing parameter and squeezing

angle as,

〈hkh∗k′〉 =
D2

a2

[
(1 + 2 sinh2 rs)|µk|2 +

1

2
sinh 2rs(µ

2
ke
iγ + µ∗2k e

−iγ)

]
δ3(k−k′). (3.53)

Therefore comparing the standard two point correlation eq.(3.50) with the two point

correlation of the GW modes in the squeezed quantum vacuum state, eq.(3.53), gives

the power spectrum of the primordial GWs in the squeezed vacuum state as,

PT (k) =
k3

2π2

D2

a2

[
(1 + 2 sinh2 rs)|µk|2 +

1

2
sinh 2rs(µ

2
ke
iγ + µ∗2k e

−iγ)

]
. (3.54)

During inflation, considering the quasi de Sitter universe, the scale factor and the

conformal time are related as a(τ) = −1
Hτ(1−ε) .

For constant slow roll parameter ε value, the equation of motion can be expressed

as [83],

µ′′k +

[
k2 − 1

τ 2

(
ϑ2 − 1

4

)]
µk = 0, (3.55)
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where ϑ = 3
2

+ ε for small value of ε which leads to the tensor spectral index

nT = −2ε = 3− 2ϑ. which has the general solution:

µk(τ) =
√
−τ [C1(k)H(1)

ϑ (−kτ) + C2(k)H(2)
ϑ (−kτ)], (3.56)

where H(1)
ϑ and H(2)

ϑ represent the Hankel functions of the first and second kinds,

and C1 and C2 denote the integration constants.

For short wavelength limit (k >> aH), the modes can be approximated using

the flat spacetime solutions as,

µ0
k(τ) =

1√
2k
e−ikτ . (3.57)

Using eq.(3.57), the integration constants become,

C1(k) =

√
π

2
exp

[
i

(
ϑ+

1

2

)(π
2

)]
,

C2(k) = 0. (3.58)

For long wavelength limit (k << aH), eq.(3.56) gives

µk(τ) = ei(ϑ−
1
2)(π2 )2ϑ−

3
2

Γ(ϑ)

Γ
(

3
2
)
) 1√

2k
(−kτ)

1
2
−ϑ. (3.59)

Using eq.(3.59) in eq.(3.54), the power spectrum for the long wavelength limit (k <<

aH) becomes,

PT (k) = D2

(
H

2π

)2(
k

aH

)3−2ϑ [
1 + 2 sinh2 rs + sinh 2rs cos

(
γ +

(
ϑ− 1

2

)
π

)]
.

(3.60)

The power spectrum for the primordial gravitational waves can then be written in

terms of the tensor spectral index nT as

PT (k) = AT (k0)

(
k

k0

)nT [
1 + 2 sinh2 rs + sinh 2rs cos

(
γ + (2− nT )

π

2

)]
, (3.61)

where AT (k0) = D2
(
Hk0
2π

)2
is the constant of normalization, Hk0 indicates that the

Hubble parameter is computed at aH = k0, and k0 is the pivot wave number. It is

clear from the above equation that in the absence of the squeezing effect, the tensor

power spectrum recovers to that of ordinary vacuum case.

Eq.(3.61) gives the power spectrum for primordial GWs in the squeezed quantum

vacuum state. If the primordial GWs indeed exist in such state, then the squeezing
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effect is also expected to have some signature in the B-mode polarization of the CMB

anisotropy spectrum. The variance of the GW field is an explicit oscillatory function

of time, hence leading to non-stationary background. Hence, the squeezing effect

implies that the resulting state can be treated as a background of stochastic standing

waves thus leaving oscillatory characteristics in the CMB angular power spectrum.

Thus, the primordial GWs in the squeezed vacuum state form a non-stationary

background which can provide a unique signature essential in distinguishing it from

a background created from a stochastic stationary background by other sources or

processes which could not produce oscillatory features in the CMB angular power

spectrum.

3.4 BB-mode angular power spectrum of CMB in

squeezed vacuum state

In this section, we study the BB-mode angular power spectrum by placing the pri-

mordial GWs in the squeezed vacuum state for various slow-roll inflation models. For

each inflation model, the BB-mode angular power spectrum of CMB is implemented

with the expression (2.28) given by,

CBB
l = (4π)2

∫
k2dk PT (k)

∣∣∣ ∫ τ0

0

dτg(τ)hk(τ)

[
2j′l(x) +

4jl(x)

x

] ∣∣∣2, (3.62)

where, x = k(τ0 − τ), g(τ) = κ′(τ)e−κ is the visibility function whose peak defines

the recombination era and denotes the probability of the CMB photon being last

scattered at the redshift z, and κ′ denotes the differential optical depth for the

surface of last scattering and jl(x) denotes the spherical Bessel function of order l.

By using eq.(3.62), the BB-mode spectrum of CMB for the primordial GWs in

the squeezed vacuum state for the various slow-roll inflation models are computed by

taking the calculated initial value of the power spectrum of the GWs corresponding

to each inflation model as well as the tensor spectral index. The BB-mode spectrum

for each slow-roll inflation model is generated with the help of CAMB code. For this,

the optical depth value is taken to be κ = 0.08, and the tensor and scalar pivot wave

numbers are respectively taken to be 0.002 Mpc−1 and 0.05 Mpc−1. The BB-mode
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Figure 3.1: The BB-mode angular spectrum of CMB for the quadratic chaotic infla-
tion model with unlensed (upper panel) and lensed (lower panel) effects for various
values of squeezing parameters with the joint BKP data.
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Figure 3.2: The BB-mode angular spectrum of CMB for the quartic chaotic inflation
model with unlensed (upper panel) and lensed (lower panel) effects for various values
of squeezing parameters with the joint BKP data.
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Figure 3.3: The BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model with unlensed (upper panel) and lensed (lower panel) effects for
various values of squeezing parameters with the joint BKP data.
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Figure 3.4: The BB-mode angular spectrum of CMB for the new inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.
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Figure 3.5: The BB-mode angular spectrum of CMB for the inverse monomial infla-
tion model with unlensed (upper panel) and lensed (lower panel) effects for various
values of squeezing parameters with the joint BKP data.
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Figure 3.6: The BB-mode angular spectrum of CMB for the Higgs inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.
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Figure 3.7: The BB-mode angular spectrum of CMB for the Starobinsky (R2) infla-
tion model with unlensed (upper panel) and lensed (lower panel) effects for various
values of squeezing parameters with the joint BKP data.
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Figure 3.8: The BB-mode angular spectrum of CMB for the arctan inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.

62



Inflation and BB mode Correlation Angular Power Spectrum of CMB

0 50 100 150 200 250 300 350
0

1

2

3

4

5

6
x 10

−3

Multipole (l)

l(l
+

1)
C

lB
B
/2

π 
[µ

K
2 ]

Natural Inflation model

 

 

r
s
 = 0

r
s
 = 0.1, γ = π/2

r
s
 = 0.6, γ = π/2

r
s
 = 0.95, γ = π/2

0 50 100 150 200 250 300 350
−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Multipole (l)

l(l
+

1)
C

lB
B
/2

π 
[µ

K
2 ]

Natural Inflation model

 

 

r
s
 = 0

r
s
 = 0.1, γ = π/2

r
s
 = 0.6, γ = π/2

r
s
 = 0.95, γ = π/2

(BKxBK−αBKxP)/(1−α)

Figure 3.9: The BB-mode angular spectrum of CMB for the natural inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.
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Figure 3.10: The BB-mode angular spectrum of CMB for the radiatively corrected
quadratic chaotic inflation model with unlensed (upper panel) and lensed (lower
panel) effects for various values of squeezing parameters with the joint BKP data.
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Figure 3.11: The BB-mode angular spectrum of CMB for the loop inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.
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Figure 3.12: The BB-mode angular spectrum of CMB for the hybrid inflation model
with unlensed (upper panel) and lensed (lower panel) effects for various values of
squeezing parameters with the joint BKP data.
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correlation spectra are obtained for several values of the squeezing parameter and

squeezing angle. The estimated BB-mode spectrum of CMB for all the inflationa

models are compared with the analysis data of the BICEP2/Keck Array at 150 GHz

and Planck at 353 GHz collaboration where the limit is (BK x BK - α BK x P)/(1

- α) at the fiducial value α = αfid = 0.04, taken after the elimination of the dust

contribution in the BICEP2 band which is 0.04 times more than that in the Planck

band.

The obtained CMB spectrum for B-mode auto-correlation by placing the pri-

mordial GWs in the squeezed vacuum state with various squeezing parameter values

for unlensed and lensed cases are presented with the BKP collaboration data, for

the quadratic chaotic inflation model in Fig.(3.1), for the quartic chaotic inflation

model in Fig.(3.2), for the general Coleman-Weinberg inflation model in Fig.(3.3),

for the new inflation model in Fig.(3.4), for the inverse monomial inflation model

in Fig.(3.5), for the Higgs inflation model in Fig.(3.6), for the R2 inflation model in

Fig.(3.7), for the arctan inflation model in Fig.(3.8), for the natural inflation model

in Fig.(3.9), for the quadratic chaotic inflation model with radiative corrections in

Fig.(3.10), for the loop inflation model in Fig.(3.11), and for the hybrid inflation

model in Fig.(3.12).

The analysis of the results shows that the B-mode auto-correlation power spec-

trum of CMB with the primordial GWs in the squeezed vacuum state for the slow-roll

inflation models like the Coleman-Weinberg, the R2, the Higgs, the inverse mono-

mial and the hybrid inflation models are found to highly agree with the joint BKP

data. On the other hand, the B-mode auto-correlation angular power spectrum of

CMB corresponding to the natural inflation model, the loop, the arctan and the

radiatively corrected quadratic chaotic inflation models are marginally favored by

the BKP data with the squeezing effect on the primordial gravitational waves, hence

these inflationary models are not ruled out. Further, it can be seen that in absence

of the squeezing effect on the primordial gravitational waves, the BB-mode angu-

lar spectrum for these inflation models recover the power spectrum of the ordinary

vacuum case.
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Thus the study of the BB-mode angular power spectrum of CMB for various

inflation models with the joint BKP data shows that the existence of the primordial

GWs in the squeezed vacuum state cannot be ruled out with the current data.

3.5 BB-mode angular power spectrum of CMB in

thermal vacuum state

Before the era of recombination, the universe was in a very hot and dense state

filled with nuclei and a large number of free electrons in which no atom could form

due to the extreme high temperature. In such a state, Thomson scattering occurred

where the free electrons scattered the high energy photons, making the universe at

that epoch effectively opaque to radiations and hence, thermalized. As the universe

expanded, it eventually cooled down to a point where the nuclei and free electrons

could combine to form a neutral hydrogen atom; the universe became transparent

and the photons and other particles and radiation could travel long distances freely

without getting obstructed. The light released at this time is what we perceive

today and are called the cosmic microwave background. Among the thermalized

particles which decoupled after the recombination were the gravitons. It is believed

that due to these thermalized gravitons, there would occur stimulated emission pro-

cess into the thermal background of gravitational waves which would amplify the

tensor perturbations generated during inflation thus bringing about some change

in the B-mode angular spectrum of the CMB by a temperature dependent factor

[83]. Therefore, the thermal effect of the primordial gravitational waves can also be

expected to reflect on the BB-mode correlation power spectrum of the CMB. More-

over, if the primordial GWs exist in the squeezed vacuum state, then the thermal

and squeezing effects are expected to be reflected on the B-mode correlation angular

spectrum of the CMB. Therefore it is interesting to study the combined effects of the

thermal and squeezing of primordial gravitational waves on the B-mode correlation

power spectrum for various slow-roll inflation models with the joint BKP data.

To study the thermal effect on the BB-mode correlation spectrum of the CMB, it

is necessary to compute the angular spectrum in the thermal state. Time-dependent
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thermal state can be described as [84, 85],

|0(β), τ〉 = T̃(θk)|0, τ〉, (3.63)

where T̃(θk) = exp[−θk(β){c̃k(τ)ck(τ) − c†k(τ)c̃†k(τ)}] is the thermal operator. The

parameter θ(β) is temperature-dependent and can be defined through the following

relations,

cosh θk(β) = (1− e−βk)−
1
2 ,

sinh θk(β) = e−
βk
2 (1− e−βk)−

1
2 , (3.64)

where β = 1
T

and T is the associated temperature parameter.

Then according to the Bogoliubov transformation the annihilation operator in

the Hilbert space and tilde space respectively becomes,

ck(β, τ) = T(θ)ckT†(θ)

= ck(τ) cosh θk(β) + c̃†k(τ) sinh θk(β), (3.65)

c̃k(β, τ) = T(θ)c̃kT†(θ)

= c̃k(τ) cosh θk(β) + c†k(τ) sinh θk(β). (3.66)

The Hermitian conjugate of the above equations lead to the following equations

for the creation operator in the Hilbert space and tilde space c†k(β, τ) and c̃†k(β, τ)

respectively,

c†k(β, τ) = T(θ)c†kT†(θ)

= c†k(τ) cosh θk(β) + c̃k(τ) sinh θk(β), (3.67)

c̃†k(β, τ) = T(θ)c̃†kT†(θ)

= c̃†k(τ) cosh θk(β) + ck(τ) sinh θk(β). (3.68)

Consider the vacuum state, then the annihilation and creation operators in

eq.(3.30) satisfy the following relations,

〈c†kck′〉 = δ3(k− k′), (3.69)

〈ckck′〉 = 〈c†kc
†
k′〉 = 0. (3.70)
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Thereby using the above equations, eq.(3.69) modifies to [86],

〈c†kck′〉 =

(
1 +

2

e
k
T − 1

)
δ3(k− k′). (3.71)

Hence using eqs.(3.30) and (3.71), the two point correlation for the primordial

gravitational waves in thermal state is computed and hence comparing with the

standard two point correlation (3.50), the power spectrum for primordial GWs in

the thermal state can be written as,

PT (k) = AT (k0)

(
k

k0

)nT
coth

[
k

2T

]
, (3.72)

where AT is the normalization constant and k0 is the tensor pivot wave number.

Hence the power spectrum of primordial GWs in the combined squeezed and thermal

states can be written as,

PT (k) = AT (k0)

(
k

k0

)nT [
1 + 2 sinh2 rs + sinh 2rs cos

(
γ + (2− nT )

π

2

)]
coth

[
k

2T

]
.

(3.73)

Note that when thermal effect is absent (T = 0), the power spectrum takes its form

in the squeezed vacuum state. Further, the tensor power spectrum in the ordinary

vacuum state can be recovered in absence of the thermal and squeezing effects.

By substituting the expression for the tensor power spectrum in the combined

thermal and squeezing states, eq.(3.73) in eq.(3.62), the B-mode correlation spec-

trum for various values of the squeezing parameters and temperature parameter

with various slow-roll inflation models can be computed. The BB-mode angular

spectrum for various inflationary models are obtained with the CAMB code with

corresponding initial value of the tensor power spectrum and tensor spectral index.

The optical depth value is taken to be κ = 0.08, and the tensor and scalar pivot

wave numbers are respectively taken to be 0.002 Mpc−1 and 0.05 Mpc−1.

The obtained lensed BB-mode correlation power spectrum of CMB by consid-

ering the primordial GWs in the combined thermal and squeezed states for all the

slow-roll inflationary models are analyzed and compared with the collaboration data

of BICEP2/Keck Array at 150 GHz and Planck at 353 GHz where the limit is (BK

x BK - α BK x P)/(1 - α) at the fiducial value α = αfid = 0.04, evaluated by elim-
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Figure 3.13: The BB-mode angular spectrum of CMB for the quadratic chaotic
inflation model with lensing effect for the various values of squeezing parameters
and thermal effect with the joint BKP data.

inating the dust contribution in the BICEP2 band which is 0.04 times more than

that in the Planck band.

The resulting BB-mode spectrum of CMB with various values of the squeez-

ing parameters with lensing effects are presented with the BKP joint data, for the

quadratic chaotic inflation model in Fig.(3.13), for the quartic chaotic inflation model

in Fig.(3.14), for the general Coleman-Weinberg inflation model in Fig.(3.15), for

the new inflation model in Fig.(3.16), for the inverse monomial inflation model in

Fig.(3.17), for the Higgs inflation model in Fig.(3.18), for the R2 inflation model

in Fig.(3.19), for the arctan inflation model in Fig.(3.20), for the natural inflation

model in Fig.(3.21), for the quadratic chaotic inflation model with radiative cor-

rections in Fig.(3.22), for the loop inflation model in Fig.(3.23) and for the hybrid

inflation model in Fig.(3.24).

The study of the BB-mode correlation spectrum of CMB by considering the

primordial GWs in the thermal and squeezed vacuum states for various slow-roll

inflation models with the joint BKP data shows that the power level of the BB-mode

angular power spectrum increases due to the quantum and thermal effects. Note that

from the initial vacuum state upto the end of the inflationary period, the squeezing
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Figure 3.14: The BB-mode angular spectrum of CMB for the quartic chaotic infla-
tion model with lensing effect for various values of squeezing parameter and thermal
effect with the joint BKP data.
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Figure 3.15: The BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model with lensing effect for various values of squeezing parameter and
thermal effect with the joint BKP data.
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Figure 3.16: The BB-mode angular spectrum of CMB for the new inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.
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Figure 3.17: The BB-mode angular spectrum of CMB for the inverse monomial
inflation model with lensing effect for various values of squeezing parameter and
thermal effect with the joint BKP data.
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Figure 3.18: The BB-mode angular spectrum of CMB for the Higgs inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.
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Figure 3.19: The BB-mode angular spectrum of CMB for the R2 inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.
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Figure 3.20: The BB-mode angular spectrum of CMB for the arctan inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.

0 50 100 150 200 250 300 350
−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Multipole (l)

l(l
+

1)
C

l/2
π 

[µ
K

2 ]

Natural Inflation model

 

 

r
s
 = 0, T = 0

r
s
 = 0, T = 0.0001 Mpc−1

r
s
 = 0.1, γ = π/2, T = 0.0001 Mpc−1

r
s
 = 0.6, γ = π/2, T = 0.0001 Mpc−1

r
s
 = 0.95, γ = π/2, T = 0.0001 Mpc−1

(BKxBK−αBKxP)/(1−α)

Figure 3.21: The BB-mode angular spectrum of CMB for the natural inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.
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Figure 3.22: The BB-mode angular spectrum of CMB for the radiatively corrected
quadratic chaotic inflation model with lensing effect for various values of squeezing
parameter and thermal effect with the joint BKP data.
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Figure 3.23: The BB-mode angular spectrum of CMB for the loop inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.
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Figure 3.24: The BB-mode angular spectrum of CMB for the hybrid inflation model
with lensing effect for various values of squeezing parameter and thermal effect with
the joint BKP data.

parameter has gone from rs = 0 to rs = 1 [56], hence the squeezing parameters

have been chosen to reflect this increase during this period. It can be seen that for

the chosen squeezing parameters, the BB-mode correlation angular spectrum for the

quadratic chaotic inflation model, the quartic chaotic inflation model and the new

inflation model with the thermal and squeezing effects are out of the limit of the

joint BKP data, hence these models are not favorable while the angular spectrum

of CMB for various values of squeezing parameters and with thermal effect for the

hybrid inflation model, which is a multi-field inflation model is found within the

limit. The rest of the models with the combined thermal and squeezing effects are

also found to be within the limit and are either highly or moderately favored by the

current data.

3.6 Discussions

We have studied the BB-mode correlation angular power spectrum of CMB for

several slow-roll inflation models by placing the primordial GWs in the thermal and

squeezed vacuum states and the resulting angular power spectra are compared with

the recent joint analysis result from BICEP2/Keck Array at 150 GHz and Planck
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at 353 GHz data. Note that in this study, the anisotropy due to lensing (which

smooths out the acoustic peaks at intermediate to smaller angular scales of the

power spectrum) is included in correspondence with the data given by the used

analysis data. The estimate limit on the B-mode auto-correlation spectrum of CMB

data has been calculated from the power spectra of the TT and TE cross-correlations

of the CMB. From the analysis of the present study, the potential existence of the

primordial gravitational waves in the thermal and/or squeezed vacuum states is not

ruled out. Further, it has been observed that there is increase in power level due to

both thermal and squeezing effects. It can also be seen that squeezing effect would

provide a helpful platform in constraining the inflation models. Note that at smaller

angular scale, i.e., at higher multipoles, angular power spectrum is contaminated due

to the lensing effect where the E-mode is converted into B-mode, hence the angular

power spectrum at higher multipoles is ignored for the analysis. It can be observed

that for each inflation model, with increase in squeezing parameter, power level of

the angular power spectrum also increases. It can also be observed that larger the

deviation from scale invariance, stronger is the squeezing effect, i.e., squeezing effect

is more prominent in inflation models with larger values of tensor-to-scalar ratio

and smaller values of tensor spectral index. The squeezing parameters used in the

present study and analysis are the expected values during the inflationary period.

Hence, the effect of squeezing offers a useful constraint on inflation models using the

limit from the recent data.

In the present BB-mode angular power spectrum of CMB study, we considered

single as well as multiple field slow-roll inflationary models. From the analysis of the

results of the work for various inflation models with B-mode auto correlation angular

spectrum of CMB with joint data of the BICEP2/Keck Array and Planck mission,

neither single nor multi-field inflation models are ruled out completely. Thus the

issue of single field inflation model vs multiple field inflation model is found unsolved

with the present study of the BB-mode auto-correlation power spectrum of CMB.
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Chapter 4

Primordial Massive Gravitational
Waves and BB mode of CMB

According to the general theory of relativity, gravitational waves propagate with

the speed of light in the free space, hence a quanta of gravitational field called

the graviton, a spin-2 particle which mediates the force of gravitation is expected

to be massless. However, starting from the idea of an arbitrary spin-2 field with

non-zero mass in a flat spacetime proposed by Fierz and Pauli in the 1930s [87],

the theory of massive gravity has gained a lot of interest and has been studied

enormously, and a consistent theory involving graviton with non-zero mass could be

a viable alternative theory to the general relativity theory as introduction of mass

term produces modification to the latter. It has been suggested that if graviton

does have mass and if the mass is comparable to the Hubble parameter, then at

cosmological distances, it would provide repulsive effect which could lead to late

time cosmic acceleration, thereby suggesting that instead of the dark energy being

responsible for the accelerating expansion of the universe, massive gravity might be

responsible for the current accelerating stage of the universe [88, 89]. The theory

of general relativity is an established one with countless successes and finding a

consistent theory which could stand as an alternative or modification to it poses a

big challenge, and the theory of massive gravity is no exception.

The graviton, when massless, has two tensor modes (spin-2). However, when

endowed with mass, it acquires five polarization modes with two additional vector
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modes (spin-1) and a scalar mode (spin-0) apart from the already present two tensor

modes. For the general graviton mass parameters, the theory possesses a negative

kinetic energy called ghost mode which leads to instabilities [90]. The mass param-

eters were then carefully tuned such that the ghost mode no longer appears in the

theory and were then called the Fierz-Pauli mass terms. However, on switching from

the massive to massless limit, the vector modes are separated from the tensor modes

but the scalar mode retains a strong coupling to the trace of energy-momentum ten-

sor which causes a discontinuity called the van Dam-Veltman-Zakharov (vDVZ)

discontinuity which prevents reproduction of general relativity theory [91, 92]. A

non-linear treatment of these degrees of freedom to free the massive gravity theory of

the vDVZ discontinuity was developed by Vainshtein [93], but it was later shown by

Boulware and Deser (BD) that this non-linear treatment of the Fierz-Pauli theory

reintroduces the ghost mode, called the BD ghost [90]. Since then, several theories

have been proposed to acquire a consistent theory of massive gravity free from all

these pathologies. One of these theories is the de Rham-Gabadadze-Tolley (dRGT)

theory which is fully non-linear and has the capability of completely eliminating

the ghost mode in the decoupling limit using higher order corrections [94, 95]. This

theory has been proved and improved by Hassan and Rosen [96]. However, in this

theory, neither flat nor closed FLRW cosmological solutions do not exist unless one

violates the cosmological principle, i.e., the notion of a homogeneous and isotropic

universe on large scales. To avoid this, more theories which could accommodate the

notion of open universes with self-acceleration and one which allows closed/flat/open

FLRW universes, both proposed by Gumrukcuoglu, Lin and Mukohyama [97, 98, 99]

and the minimal theory of massive gravity proposed by De Felice and Mukohyama

[100, 101] have been put forward to provide a non-linear completion of dRGT the-

ory which, at the same time accommodates the cosmological principle. Another

potentially consistent theory involves the spontaneous breaking of Lorentz invari-

ance which results in the graviton acquiring mass. The Lorentz violating massive

gravity admits the FLRW cosmological solution and has been studied extensively

and shown to be free of pathologies like ghosts, instabilities and the vDVZ discon-

tinuity [102, 103, 104].
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While attempts have been made to construct a consistent theory of massive

gravity which can evade all pathologies, several attempts have also been made to

constrain the mass of graviton. Most of these bounds on the mass of graviton come

from astrophysical observations while a couple are from theoretical and phenomeno-

logical studies. The estimate bounds on the mass of graviton vary widely. From the

analysis of coupling between bound galaxy clusters, the upper bound for the gravi-

ton mass has been estimated to be 2× 10−62 g (mgw < 10−29 eV) at the graviton’s

Compton wavelength λg > 1019 km [105] and from the analysis of the dynamics

of the solar system, the estimated upper limit for graviton mass is 7.68 × 10−55 g

(mgw < 7.2×10−23 eV) at λg > 2.8×1012 km [106]. The observations of stellar-mass

compact inspiral using ground based interferometers and that of supermassive black

hole binary inspiral using space based interferometer bounded the upper limit for

graviton mass to be 3.678 × 10−62 g and 3.678 × 10−65 g respectively [107]. From

the parameters of expansion of the universe, the upper limit on the mass of the

graviton has been calculated to be 4.5 × 10−66 g [108]. The observations of the

orbital decay of the binary systems of pulsars PSR B1913+16 and PSR B1534+12,

bounded the upper limit for graviton mass to be 1.4 × 10−52 g (mgw < 7.6 × 10−20

eV) at λg > 6.6 × 108 km [109]. From the comparison of the times of arrival of

gravitational waves and optical light from white dwarf binaries, graviton mass has

been estimated to be less than 10−56 g (mgw < 6× 10−24 eV) [110]. Phenomenolog-

ical approach estimates the mass of graviton to be approximately 2.0432× 10−72 g

by using fundamental constants [111]. From the first direct observation of gravita-

tional waves GW150914 originating from black hole mergers, assuming a modified

dispersion relation for these waves, calculation for the bound on the mass of graviton

yields mgw < 1.2 × 10−22 eV at the graviton Compton wavelength λg > 4.2 × 1011

km [112]. In the de Sitter background, provided that the kinetic term for the scalar

cosmological perturbations is positive definite, the Higuchi bound sets an absolute

lower bound on the graviton mass as m2
gw ≥ 2H2 [113]. Massive graviton is also

expected to affect the primordial gravitational waves and the bound for the mass of

primordial graviton has been estimated from the exponential decay of the Yukawa

potential which puts the mass to be mgw < 10−30 eV at λg > 1020 km [104, 114].

The lower bound for primordial graviton mass has also been calculated to be about
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10−32 eV [115, 116]. If the graviton indeed has mass, then this mass, however small

it may be, is expected to have an observable effect on the B-mode polarization of

the CMB anisotropy spectrum [114, 117].

The present work is based on the Lorentz violating massive gravity theory to

study the effect of massive primordial gravitational waves on the BB-mode correla-

tion angular power spectrum of CMB with the recent analysis data of Planck and

BICEP2/Keck Array collaboration for several slow-roll inflation models. The work

also aims to constrain the mass of the primordial GWs from the BB-mode spectrum

of CMB with the joint data of Planck and BICEP2/Keck Array.

4.1 Lorentz violating massive gravity

The Lorentz violating massive gravity theory considers the modification of general

relativity by graviton mass terms which break the Lorentz invariance about the flat

spacetime. These mass terms are different from both the general graviton mass

terms for which the theory possesses ghosts and the Fierz-Pauli mass terms for

which the theory is free of ghost mode but suffer from vDVZ discontinuity. For the

Lorentz-violating massive gravity, the ghost instability and the vDVZ discontinuity

can be evaded such that the theory can switch from massive to massless limit without

discontinuity.

The action for the Lorentz violating massive gravity model is given by [103, 104],

S =

∫
d4x
√
−g[−m2

plR + Λ4F (Zij)], (4.1)

which is a linear combination of the Einstein-Hilbert action and the Goldstone ac-

tion respectively, F is a function of the Goldstone field, metric components and its

derivatives, the parameter Λ characterizes the cutoff energy scale for low energy

effective theory. The Goldstone field leads to spontaneous breaking of the Lorentz

symmetry. Ordinary matter field is assumed to have minimal coupling with gravity.

The action depends on the Goldstone field derivatives through an argument Zij,
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which can be obtained with the help of the following expressions,

Zij = XqW ij,

X = Λ−4gαβ∂αζ
0∂βΦ0,

W ij = Λ−4gαβ∂αΦi∂βΦj − V iV j

X
,

V i = Λ−4gαβ∂αΦ0∂βΦi, (4.2)

which ensures the non-pathological behavior (absence of rapid instabilities and

ghosts) of the perturbations about the vacuum solutions; Φ0(x), Φi(x), (i = 1, 2, 3)

are the four scalar fields and q is considered as a constant free parameter.

After setting the Goldstone fields to their vacuum values, the vacuum solutions

corresponding to the flat FLRW metric can be written as

gαβ = a2ηαβ,

Φ0 = Λ2t, (4.3)

Φi = Λ2xi.

where ηαβ is the flat space metric.

The metric gαβ with perturbations can be written as

gαβ = a2ηαβ + δgαβ, (4.4)

where the metric perturbations δgαβ are considered as perturbations about the

Minkowski background metric and are taken after the spontaneous Lorentz symme-

try breaking, and they can be separated into the components of the scalar, vector

and tensor fields as given in eq.(1.38).

On substituting the vacuum solutions in eq.(4.3) and the decomposition of per-

turbation metric in eq.(1.38) into the action eq.(4.1), the Lagrangian becomes [118],

Lm =
m2
pl

2
(m2

0h00h00 + 2m2
1h0ih0i −m2

2hijhij +m2
3hiihjj − 2m2

4h00hii), (4.5)

where hαβ correspond to perturbations about the Minkowski spacetime; the mass

83



Primordial Massive Gravitational Waves and BB mode of CMB

parameters can be expressed in terms of the function F and its derivatives as,

m2
0 =

Λ4

m2
pl

[XFX + 2X2FXX ],

m2
1 =

2Λ4

m2
pl

[−XFX −WFW +
1

2
XWFV V ],

m2
2 =

2Λ4

m2
pl

[WFW − 2W 2FWW2], (4.6)

m2
3 =

Λ4

m2
pl

[WFW + 2W 2FWW1],

m2
4 = − Λ4

m2
pl

[XFX + 2XWFXW ],

where

W = −1/3δijW
ij,

∂F

∂X
= FX ,

∂2F

∂X2
= FXX ,

∂F

∂W ij
= FW δij, (4.7)

∂2F

∂V i∂V j
= FV V δij,

∂2F

∂W ij∂W kl
= FWW1δijδkl + FWW2(δikδjl + δijδjk),

∂2F

∂X∂W ij
= FXW δij.

Using the decomposition of the perturbed metric given in eq.(1.38) into the mass

Lagrangian in eq.(4.5), where a2hαβ = δgαβ, and in the Einstein-Hilbert Lagrangian

and adding them, one gets for tensor field,

(∂α∂α +m2
2)hij = 0, (4.8)

which is the Klein-Gordon equation for a massive plane wave propagating in the

ẑ = k̂ direction. In the massless limit, m2 = 0, the above equation recovers the

massless general relativity case. The mass parameter m2 represents the graviton

mass, a mass of helicity-2 mode. From now on, the graviton mass will be denoted

by mgw instead of m2.
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4.2 Primordial massive gravitational waves

The evolution of the primordial massive GW field h
(m)
ij in the Fourier space is given

by,

h
(m)′′
ij (τ) + 2Hh

(m)′
ij (τ) + k2h

(m)
ij (τ) + a2m2

gwh
(m)
ij (τ) = 0, (4.9)

where the field in quantum language can be written in the Fourier space as,

h
(m)
ij (x, τ) =

D

(2π)
3
2

∫ ∞
−∞

d3k√
2Ek

[h
(m)(p)
ij (τ)c

(m)(p)
ij ε

(m)(p)
ij (k)eik.x

+h
(m)(p)∗
ij (τ)c

(m)(p)†
ij ε

(m)(p)∗
ij (k)e−ik.x], (4.10)

where the normalization constant D =
√

16πlpl, Ek is the energy of the mode, (p) is

the polarization index and the superscript (m) stands for the massive gravitational

waves.

The dynamical equation of motion for primordial massive GWs can then be

written as,

h
(m)′′
k (τ) + 2Hh

(m)′
k (τ) + (k2 + a2m2

gw)h
(m)
k (τ) = 0. (4.11)

From here onwards, the polarization index (p) and the mass index (m) are dropped

for notational convenience. Using the expression of the mode function in eq.(3.36),

the equation of motion of the GWs in the FLRW universe can be described as,

µ′′k(τ) +

(
k2 + a2m2

gw −
a′′

a

)
µk(τ) = 0, (4.12)

where the dispersion relation can be written as

k2

a2
+m2

gw = w2, (4.13)

and w is known as the effective frequency.

For the adiabatic vacuum, eq.(4.11) has the solution [119],

hk(η) ∝ e−iwaτ . (4.14)

For super-horizon mode, w2 � H2, the mode stays outside the horizon and the

tensor amplitudes are frozen; the mode remains constant and therefore its magnitude

is,

|hk| = A(k), τ < τk, (4.15)
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where A(k) = Hex
mplk3/2

is the tensor mode amplitude which is evaluated at the time

of its generation, Hex is the rate of expansion during horizon exit and τk is the time

of horizon re-entry.

Assume that the horizon re-entry takes place sufficiently rapidly at horizon cross-

ing time τ ' τk, that is, when the effective frequency of the mode is comparable

to the rate of cosmic expansion, w2 ' H2, the mode with comoving momentum k

re-enters the horizon, then eq.(4.14) can be rewritten as

hk(τ) =
C(k)√
wka3

k

e−iwaτ , τ ' τk, (4.16)

where wk ≡ w(τk) = Hk indicates horizon re-entry.

With the expansion of the universe, the modes re-enter the horizon and are then

called sub-horizon modes with w2 � H2. Once they enter the horizon, they oscillate

and their amplitudes are no longer constant. Its solution can then be expressed with

eq.(4.14):

hk(τ) =
C(k)√

w(τ)a3(τ)
e−iwaτ , τ > τk, (4.17)

where C(k) is a constant of integration.

Using eq.(4.15), eq.(4.16) and eq.(4.17), we get

|hk(τ)|
A(k)

=

√
wk
w(τ)

a3
k

a3(τ)
, τ > τk. (4.18)

Replacing w by k/a and τk by τGRk , the superscript GR indicating the massless GR

case, we get the corresponding solution in the massless case as

|hGRk (τ)|
A(k)

=
aGRk
a(τ)

, τ > τGRk . (4.19)

The power spectrum for massive GWs is defined by the two-point correlation func-

tion which can be expressed in terms of effective frequency as

P (w0) ≡ d

d lnw0

〈0|hij(x, τ)hij(x, τ)|0〉, (4.20)

where

〈0|hij(x, τ)hij(x, τ)|0〉 =
D2

2π2

∫ ∞
0

k2|hk(τ)|2dk
k
. (4.21)
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Therefore one gets

P (w0) =
w2

0

w2
0 −m2

gw,0

2k3

π2
|hk(τ0)|2, (4.22)

where

k = a0

√
w2

0 −m2
gw,0,

d

d lnw0

(
dk

k

)
=

w2
0

w2
0 −m2

gw,0

.

Using eq.(4.18), the power spectrum for the massive GWs is obtained as

P (w0) =
2k3

π2
A2(k)

(
k′ak
ka0

)2
wkak
w0a0

=

(
k′ak
ka0

)2
wkak
w0a0

P (k), (4.23)

where k′ = a0w0 and P (k) = 2k3

π2 A2(k) represents the initial power spectrum of the

primordial GWs.

Using eq.(4.19), the power spectrum for the massless GW case can also be written

as

PGR(w0) =

(
aGRk′

a0

)2

P (k′). (4.24)

By taking the ratio of eq.(4.23) to eq.(4.24), we obtain

P (w0)

PGR(w0)
=

P (k)

P (k′)

(
k′ak
kaGRk′

)2
wkak
w0a0

=
P (k)

P (k′)
S2(w0), (4.25)

where the enhancement factor S(w0) can be written as

S(w0) =
k′ak
kaGRk′

√
wkak
w0a0

. (4.26)

During horizon re-entry, the mass term has become dominant, hence the correspond-

ing dispersion relation can be written as,

wk ' mgw(τk). (4.27)

Horizon re-entry takes place simultaneously for all long wavelength modes pro-

vided the rate of cosmic expansion is comparable to the effective mass of the GWs,,

H(τk) ' mgw(τk).
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Therefore, we have τk ' τhc, ak ' ahc, Hk ' H and whc ' mgw(τhc) = khc
ahc

. Hence, it

can be assumed that the mass is a growing function of time, and further considering

that the mass term dominates the effective frequency till present time,

w0 ' mgw,0 ≡ mgw =
k0

a0

,

k′ ' k0.

For long wavelength modes, the enhancement factor becomes

S(w0) ' ahc
aGRk0

√
khc
k0

(
w2

0

m2
gw

− 1

)− 1
2

. (4.28)

The short wavelength modes with non-zero mass have enhancement factor close

to unity and hence their behavior is almost indistinguishable from their massless

counterparts and therefore, they are not considered in the present study.

4.3 BB-mode spectrum of CMB and mass con-

straint of primordial GWs

This section is to study the B-mode auto-correlation power spectrum of the CMB

for the massive primordial GWs for several slow-roll inflation models namely the R2

inflation model, the arctan inflation model, the Higgs inflation model, the inverse

monomial inflation model, the loop inflation model and the hybrid inflation model

with the joint analysis data BICEP2/Keck Array and Planck mission and hence to

get bound on the primordial graviton mass. The power spectrum for the massive

primordial GWs can be written as

PT (k) = AT (k0)

(
k

k0

)nT
S2(wo). (4.29)

where AT (k0) is the normalization constant, S(wo) is the enhancement factor given

by eq.(4.28), k0 denotes the tensor pivot wave number and nT denotes the tensor

spectral index, which depends on the effective potential of each inflation model. It

can be noted that the tensor power spectrum for the massive primordial GWs differ

from the massless case only by the enhancement factor.
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Figure 4.1: The BB-mode correlation angular spectrum of CMB for the Starobinsky
(R2) inflation model (nT = −4.06× 10−4) for various values of graviton mass with
the joint BKP data.

Using eq.(4.29) and eq.(3.62), the BB-mode correlation power spectrum can be

computed and generated for the inflation models under the present study. The B-

mode auto-correlation spectrum of CMB is generated for each inflation model with

the help of CAMB code by taking the initial value of the tensor power spectrum,

tensor spectral index and the tensor-to-scalar ratio corresponding to each model

computed in Chapter 3 and also by using the value of the tensor pivot scale as

k0 = 0.002 Mpc−1 and the scalar pivot wave number as k∗ = 0.05 Mpc−1.

The obtained lensed BB-mode power spectrum of CMB for the primordial mas-

sive GWs with the aforementioned slow-roll inflationary models are compared with

the joint data of BICEP2/Keck Array at 150 GHz and Planck at 353 GHz, where

the limit is (BK x BK - α BK x P)/(1 - α) at the fiducial value α = αfid = 0.04,

evaluated after the elimination of the dust contribution in the BICEP2 band which

is 0.04 times more than that in the Planck band.

The resulting lensed BB-mode angular spectrum of CMB for the primordial mas-

sive GWs are presented for the R2 inflation model shown in Fig.(4.1), the arctan

inflation model in Fig.(4.2), the Higgs inflation model in Fig.(4.3), the inverse mono-

mial inflation model in Fig.(4.4), the loop inflation model shown in Fig.(4.5) and the
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Figure 4.2: The lensed BB-mode correlation angular spectrum of CMB for the arctan
inflation model (nT = −1.72 × 10−3) for various values of graviton mass with the
joint BKP data.
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Figure 4.3: The lensed BB-mode correlation angular spectrum of CMB for the Higgs
inflation model (nT = −3.53 × 10−4) for various values of graviton mass with the
joint BKP data.
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Figure 4.4: The lensed BB-mode correlation angular spectrum of CMB for the
inverse monomial inflation model (nT = −2.50×10−4) for various values of graviton
mass with the joint BKP data.
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Figure 4.5: The lensed BB-mode correlation angular spectrum of CMB for the loop
inflation model (nT = −6.18 × 10−3) for various values of graviton mass with the
joint BKP data.
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Figure 4.6: The lensed BB-mode correlation angular spectrum of CMB for the hybrid
inflation model (nT = −6.18 × 10−3) for various values of graviton mass with the
joint BKP data.

hybrid inflation model in Fig.(4.6). It can be seen that for each inflation model, for

the primordial gravitational waves with mass mgw & 1.4× 10−16 Hz (≡ 5.79× 10−31

eV), there is enhancement in the power level of the power spectrum compared with

its massless counterpart while there is decrease in the power level in the case of

mgw < 1.4 × 10−16 Hz. Therefore, the BB-mode correlation spectrum of CMB for

gravitational waves with mass mgw ' 1.4 × 10−16 Hz is found almost comparable

to its massless counterpart. The increase/decrease in the power level of BB-mode

power spectrum of CMB for the massive GWs is greater for inflation models with

larger deviation (nT ) from scale invariance. For each slow-roll inflation model, the

angular power spectrum for the gravitational waves with masses mgw = 2.418×10−17

Hz (≡ 10−31 eV) and mgw = 2.418 × 10−18 Hz (≡ 10−32 eV) are found marginally

within the limit of the joint BICEP2/Keck Array and Planck data at higher multi-

poles, which indicates that the lower limit for the graviton mass may be higher than

these masses. At the same time, it can be seen from the figures that the upper limit

for the primordial graviton mass may also be higher than mgw = 10−30 eV.
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4.4 Discussions

In the massive gravity theory involving Lorentz violation, spontaneous breaking of

the Lorentz invariance is induced by a convenient choice of the vacuum for the

Goldstone fields. There are several mass parameters which are carefully fine-tuned

relative to each other. These mass parameters are chosen in such a way that they

satisfy some constraints so that the pathologies are absent. The fine-tuning rela-

tions between the mass parameters characterize certain regions in the mass param-

eter space so that in these regions, the Lorentz-violating gravity theory is free of

pathologies like rapid instabilities and ghost modes. Hence the mass parameters

cannot be chosen arbitrarily, and in these regions, the theory is described by a con-

sistent low-energy effective theory with strong coupling scale Λ ∼ (mmpl)
1/2 which

implies a ghost-free scenario. In the vector sector, provided m2 6= 0, the vector field

behaves similarly as in the general relativity case; hence they decay quickly after the

inflationary phase and there is no propagating perturbation and no modification of

gravity in this sector unless one considers the non-linear effects. In the scalar sector,

the scalar field has massless limit which coincides with the GR expression; hence

there is no vDVZ discontinuity. Thus, there is no modification in the vector and

scalar sectors. In the tensor sector, there are perturbations hij which are transverse-

traceless and consist of two components. The field equation of these perturbations

is that of a spin-2 massive field, the mass being represented by the parameter m2;

hence in the tensor sector, there are two propagating degrees of freedom. The only

modification therefore comes from the tensor sector in which the dispersion relation

acquires a non-zero mass.

If primordial gravitons have mass, the superhorizon modes would oscillate when

the mass becomes larger than the Hubble parameter, this behavior would leave ob-

servable signatures on the CMB anisotropy spectrum. For primordial gravitational

waves, the upper bound on the mass of the graviton is estimated from the exponen-

tial decay of the Yukawa potential which yields mgw < 10−30 eV (≡ 2.418 × 10−16

Hz) at the Compton wavelength λg > 1020 km of the graviton [104, 114]. The lower

bound has been proposed to be mgw > 10−29 cm−1 (≡ 10−19 Hz) [115]. Hence, for
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our study, we analyzed the graviton mass ranging from mgw = 2.418× 10−18 Hz to

mgw = 2.418 × 10−16 Hz. The comparative study of the BB-mode power spectrum

is carried out for these masses with the massless cases for the selected slow-roll in-

flation models with the joint analysis data of the BICEP2/Keck Array and Planck

mission to put bounds on the potential mass. Thus it can be observed from the

results that on comparison with the joint data, both the lower and upper bounds on

the primordial graviton mass may be actually higher than earlier proposals. Assum-

ing a dispersion relation for the primordial massive GWs, the mass of the primordial

graviton is estimated to be mgw ≈ 1.4×10−16 Hz (≡ 5.79×10−31 eV). Repetition of

the present work with other inflation models do not alter the results and conclusions

of the present study.
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Chapter 5

Quantum and Thermal effects on
Primordial Massive Gravitational
Waves and BB-mode spectrum of
CMB

It is assumed that the massless primordial GWs were generated due to the para-

metric amplification of the zero-point fluctuations in the early universe [53, 54].

Therefore, if the primordial massive gravitational waves exist, it is reasonable to

believe that the primordial massive gravitational waves were also created due to the

parametric amplification of the quantum fluctuations. Hence, the massive gravita-

tional waves can also be placed in the squeezed vacuum state and the subsequent

effect is also expected to reflect on the CMB anisotropy.

If the primordial gravitational waves have non-zero mass, then their small mass

is expected to have observable effect on the B-mode auto-correlation spectrum of

the CMB. It has been shown that gravitons with mass range 10−27 cm−1 and 10−26

cm−1 (10−17Hz ≤ mgw ≤ 10−16Hz) can have signature on the lower multipoles

of the CMB anisotropy [115]. The goal of this study is to explore the potential

existence of primordial massive GWs in the squeezed vacuum state through the BB-

mode correlation spectrum of the CMB for various slow-roll inflation models with

the joint analysis data of the BICEP2/Keck Array and Planck missions.
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5.1 BB-mode of CMB for massive GWs in squeezed

vacuum state

To obtain the BB-mode angular power spectrum of the CMB for the massive pri-

mordial GWs in the squeezed vacuum state requires the computation of the tensor

power spectrum for the massive GWs in the squeezed vacuum state. The tensor

power spectrum for the primordial massive GWs is introduced in the previous chap-

ter and is given by

PT (k) = AT (k0)

(
k

k0

)nT
S2(wo). (5.1)

where AT (k0) is the normalization constant, S(wo) is the enhancement factor given

by eq.(4.28), k0 is the pivot wave number for the tensor spectrum and nT is the tensor

spectral index, which depends on the effective potential of each inflation model.

The primordial massive GWs are assumed to have originated during the in-

flationary period due to the parametric amplification of the zero-point quantum

fluctuations [55]. Hence, these waves can also be placed in the squeezed vacuum

state. The power spectrum for the massive GWs in the squeezed vacuum state is

obtained with the help of the result given in Chapter 3 and eq.(4.29). As mentioned,

the power spectrum for the primordial massive gravitational waves differ from its

massless counterpart only by the enhancement factor, thus the tensor power spec-

trum for the massive GWs in the squeezed vacuum state is obtained by eqs.(3.61)

and (5.1) as

PT (k) = AT

(
k

k0

)nT [
1 + 2 sinh2 rs + sinh 2rs cos

(
γ + (2− nT )

π

2

)]
S2(wo). (5.2)

Using eq.(5.2) in eq.(3.62), the BB-mode spectrum of CMB for primordial massive

GWs in the squeezed vacuum state can be obtained for various inflation models.

The present study is restricted to four slow-roll inflation models only, namely the

Starobinsky inflation model, the Higgs inflation model, the natural inflation model

and the Coleman-Weinberg inflation model. These models are selected for the study

because they are found either highly or marginally favoured by the joint analysis data

of BICEP2/Keck Array at 150 GHz and Planck mission at 353 GHz. The lensed BB

mode angular power spectrum of CMB for each inflation model is generated using
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the CAMB code with its corresponding r, nT and PT values which are computed in

the Chapter 3. For all the cases, the pivot wave number for tensor mode is taken as

k0 = 0.002 Mpc−1, for scalar mode it is k∗ = 0.05 Mpc−1 and the optical depth is

taken as κ = 0.08.

The BB-mode power spectrum of CMB is recomputed for the massive GWs for

the aforementioned slow-roll inflationary models for various values of the squeezing

parameter and angle. The values of the squeezing parameter rs = 0.1, 0.6 and 0.95

are used to reflect the growth in the parameter from the initial vacuum state (rs = 0)

upto the inflationary period (rs = 1). For each inflation model, BB-mode spectrum

is studied with the primordial massive GW mass ranging from 2.418 × 10−18 ≤

mgw ≤ 2.418× 10−16 Hz.

The obtained BB-mode spectrum for various inflationary models for the lensed

effect are compared with the joint analysis data of the BICEP2/Keck Array and

Planck mission as well as their massless counterparts. Note that implemented limit

here is taken from Ref.[15], that is (BK x BK - α BK x P)/(1 - α) at α = αfid = 0.04

is computed from the cross-spectra and auto-spectra of the combined BICEP2/Keck

150 GHz and Planck 353 GHz maps to remove the dust contribution. And BK x P

indicates the cross-spectra of BICEP2/Keck maps at 150 GHz and Planck maps at

353 GHz and BK x BK indicates the BICEP2/Keck auto-spectra at 150 GHz.

On comparing results for each inflation model, it can be seen that there is os-

cillation in the amplitude and hence in angular power spectrum due to squeezing

effect and power level increases with increase in the squeezing parameter. For mod-

els which are highly favored by the BKP data like the R2 inflation model, the Higgs

inflation model and the Coleman-Weinberg inflation model, the generated spectra

for the massive GWs are also found to be still well within the limit of the joint

data even in the presence of squeezing effect. For the natural inflation model which

is found to be marginally within the BKP data, the spectra for higher mass value

(mgw > 2 × 10−16 Hz) are found to be within the limit only at higher multipoles

(l > 100), while the lower mass value (mgw ≤ 2.418 × 10−17 Hz) are found within

the limit at l > 160. This matter can be explained away as due to this particular
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Figure 5.1: Lensed BB-mode angular spectrum of CMB for the Starobinsky inflation
model (nT = −4.06 × 10−4) for squeezing parameter rs = 0.1 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.2: Lensed BB-mode angular spectrum of CMB for the Starobinsky inflation
model (nT = −4.06 × 10−4) for squeezing parameter rs = 0.6 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.3: Lensed BB-mode angular spectrum of CMB for the Starobinsky (R2)
inflation model (nT = −4.06 × 10−4) for squeezing parameter rs = 0.95 for various
values of the primordial gravitational wave mass with the joint BKP data.
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Figure 5.4: Lensed BB-mode angular spectrum of CMB for the Higgs inflation
model (nT = −3.53 × 10−4) for squeezing parameter rs = 0.1 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.5: Lensed BB-mode angular spectrum of CMB for the Higgs inflation
model (nT = −3.53 × 10−4) for squeezing parameter rs = 0.6 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.6: Lensed BB-mode angular spectrum of CMB for the Higgs inflation model
(nT = −3.53 × 10−4) for squeezing parameter rs = 0.95 for various values of the
primordial gravitational wave mass with the joint BKP data.
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Figure 5.7: Lensed BB-mode angular spectrum of CMB for the natural inflation
model (nT = −2.58 × 10−3) for squeezing parameter rs = 0.1 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.8: Lensed BB-mode angular spectrum of CMB for the natural inflation
model (nT = −2.58 × 10−3) for squeezing parameter rs = 0.6 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.9: Lensed BB-mode angular spectrum of CMB for the natural inflation
model(nT = −2.58 × 10−3) for squeezing parameter rs = 0.95 for various values of
the primordial gravitational wave mass with the joint BKP data.
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Figure 5.10: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model (nT = −9.72 × 10−4) for squeezing parameter rs = 0.1 for various
values of the primordial gravitational wave mass with the joint BKP data.
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Figure 5.11: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model (nT = −9.72 × 10−4) for squeezing parameter rs = 0.6 for various
values of the primordial gravitational wave mass with the joint BKP data.
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Figure 5.12: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model (nT = −9.72 × 10−4) for squeezing parameter rs = 0.95 for various
values of the primordial gravitational wave mass with the joint BKP data.
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model being only marginally within the BKP limit. This implies that the existence

of primordial massive gravitational waves in the squeezed vacuum state is not ruled

out; in fact, squeezing effect may also be very helpful in constraining the mass of

the primordial gravitational waves.

5.2 BB-mode of CMB for massive GWs in ther-

mal vacuum state

The gravitons are believed to be among the thermalized particles which decoupled

after the recombination and if they are indeed in the thermal state, then this feature

would have some effect on B-mode spectrum of the CMB. Due to these thermal-

ized gravitons, there would occur a process of stimulated emission into the thermal

background of GWs which would amplify the tensor perturbations generated during

inflation thus leading to some change in the B-mode angular spectrum of the CMB

by a temperature dependent factor. Therefore, the thermal effect of the primordial

massive gravitational waves can also be expected to reflect on the BB-mode power

spectrum of the CMB. Moreover, if the primordial GWs exist in the squeezed vac-

uum state, then the thermal and squeezing effects are expected to be reflected on

the BB-mode power spectrum of the CMB. Therefore it is interesting to study the

combined effects of the thermal and squeezing of primordial massive gravitational

waves on the BB-mode power spectrum for various slow-roll inflation models with

the joint analysis data of BICEP2/Keck and Planck missions.

Since tensor power spectrum for the primordial massive GWs differ from its

massless counterpart only by the enhancement factor, the power spectrum for the

massive GWs in thermal state is obtained from eqs.(3.72) and (5.1) as

PT (k) = AT

(
k

k0

)nT
× coth

[
k

2T

]
S2(wo),

where AT (k0) is the normalization constant, S(wo) is the enhancement factor given

by eq.(4.28), k0 is the pivot wave number of the tensor perturbation and nT is

the tensor spectral index, which depends on the effective potential of each inflation

model.
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In earlier chapter the combined effect of the squeezed vacuum and thermal states

on primordial massless GWs has been studied. Therefore it is interesting to study

such combined effect for primordial massive GWs and its effect on the BB-mode

angular spectrum of CMB. For this, the tensor power spectrum for the primordial

massive GWs in the squeezed vacuum state as well as the thermal state can be

written by using eqs.(3.61) and (5.3) as follows

PT (k) = AT

(
k

k0

)nT [
1 + 2 sinh2 rs + sinh 2rs cos

(
γ + (2− nT )

π

2

)]
× coth

[
k

2T

]
S2(wo). (5.3)

Using eq.(5.3) and eq.(3.62), the BB-mode correlation spectrum can be computed

for the primordial GWs in the squeezed vacuum state as well as the thermal state

for various inflation models. As mentioned the study is again restricted to three

slow-roll inflation models only, namely the Starobinsky inflation model, the Higgs

inflation model and the Coleman-Weinberg inflation model which are found to be

highly favored by the joint analysis data of BICEP2/Keck Array at 150 GHz and

Planck at 353 GHz. The lensed BB mode angular power spectrum of CMB for

each inflation model is generated using the CAMB code with the corresponding r,

nT and PT values which are computed in the Chapter 3. For all the cases, the

pivot wave number for tensor perturbation is taken as k0 = 0.002 Mpc−1, for scalar

perturbation, it is k∗ = 0.05 Mpc−1 and the optical depth is taken as κ = 0.08.

The BB-mode power spectrum of CMB is studied for the massive GWs for the

aforementioned slow-roll inflationary models for several values of the squeezing pa-

rameters and temperature parameter. The obtained BB-mode spectrum of CMB

are compared with the joint BKP data. Note that implemented limit here is taken

from Ref.[15], that is (BK x BK - α BK x P)/(1 - α) at α = αfid = 0.04 is computed

from the cross-spectra and auto-spectra of the combined BICEP2/Keck 150 GHz

and Planck 353 GHz maps to remove the dust contribution. And BK x P indicates

the cross-spectra of BICEP2/Keck maps at 150 GHz and Planck maps at 353 GHz

and BK x BK indicates the auto-spectra from BICEP2/Keck band at 150 GHz.

The obtained results of the BB-mode power spectrum of CMB for the primordial

massive GWs in the squeezed vacuum state as well as in thermal state for the

105



Quantum and Thermal effects on Primordial Massive Gravitational Waves
and BB-mode spectrum of CMB

0 20 40 60 80 100 120 140 160
−4

−2

0

2

4

6

8

10

12
x 10

−3

Multipole (l)

l(l
+

1)
C

lB
B
/2

π 
[µ

K
2 ]

R2 Inflation model, r
s
 = 0.1, T = 0.0001 Mpc−1

 

 

m
gw

 = 0, r
s
 = 0, T = 0

m
gw

 = 0, r
s
 = 0

m
gw

 = 0

m
gw

 = 2.418 × 10−16 Hz

m
gw

 = 2.418 × 10−17 Hz

m
gw

 = 2.418 × 10−18 Hz

(BKxBK−αBKxP)/(1−α)

Figure 5.13: Lensed BB-mode angular spectrum of CMB for the Starobinsky infla-
tion model with nT = −4.06× 10−4, for the squeezing parameter rs = 0.1, tempera-
ture T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave
mass with the joint BKP data.
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Figure 5.14: Lensed BB-mode angular spectrum of CMB for the Starobinsky infla-
tion model with nT = −4.06×10−4), for squeezing parameter rs = 0.6, temperature
T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave mass
with the joint BKP data.
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Figure 5.15: Lensed BB-mode angular spectrum of CMB for the Starobinsky infla-
tion model with nT = −4.06× 10−4 for squeezing parameter rs = 0.95, temperature
T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave mass
with the joint BKP data.
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Figure 5.16: Lensed BB-mode angular spectrum of CMB for the Higgs inflation
model with nT = −3.53 × 10−4 for squeezing parameter rs = 0.1, temperature
T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave mass
with the joint BKP data.
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Figure 5.17: Lensed BB-mode angular spectrum of CMB for the Higgs inflation
model with nT = −3.53×10−4 for squeezing parameter rs = 0.6, T = 0.0001 Mpc−1

and for various values of the primordial gravitational wave mass with the joint BKP
data.
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Figure 5.18: Lensed BB-mode angular spectrum of CMB for the Higgs inflation
model with nT = −3.53 × 10−4 for squeezing parameter rs = 0.95, T = 0.0001
Mpc−1 and for various values of the primordial gravitational wave mass with the
joint BKP data.
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Figure 5.19: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model with nT = −9.72× 10−4 for squeezing parameter rs = 0.1, tempera-
ture T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave
mass with the joint BKP data.
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Figure 5.20: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model with nT = −9.72× 10−4 for squeezing parameter rs = 0.6, tempera-
ture T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave
mass with the joint BKP data.
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Figure 5.21: Lensed BB-mode angular spectrum of CMB for the Coleman-Weinberg
inflation model with nT = −9.72× 10−4 for squeezing parameter rs = 0.95, temper-
ature T = 0.0001 Mpc−1 and for various values of the primordial gravitational wave
mass with the joint BKP data.

selected slow-roll inflation models with several values of the squeezing parameter,

temperature parameter and mass parameter with the joint BKP data are given in

Figs.(5.13)-(5.21). The BB-mode angular power spectrum of CMB for each inflation

model comprises the study for the three values of the squeezing parameter, rs = 0.1,

0.6 and 0.95 and temperature parameter with various values of the mass parameter

for the primordial GWs. Also the comparative study is carried out for the massless,

non-thermal case and zero squeezing effect as well as the massless case with thermal

effect but without squeezing with its counterparts. Note that the display unit for

mass of the primordial gravitational waves mgw is Hz while for temperature the unit

is given as Mpc−1 while in the actual calculations, each mass is calculated in terms

of Mpc−1 so that there is no conflict in the energy unit.

It is observed that there is increase in power level of the BB-mode spectrum

of CMB which is more prominent for inflation models with larger tensor-to-scalar

values and smaller tensor spectral index. There is further enhancement in the power

spectrum due to thermal effect. However, the enhancement is very small for smaller

mass values mgw = 2.418× 10−17 Hz and mgw = 2.418× 10−18 Hz. For the analysis

only the large angular scales, l ≤ 160 are considered also due to the fact that
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there is contamination in the smaller angular scales of B-modes due to gravitational

lensing which deflects the E-mode pattern to form the B-mode pattern. All sets of

the BB-mode spectrum for each case are expected to converge at higher multipoles,

enhancement due to squeezing and thermal effects are negligible at higher multipoles.

The analysis of the results of study shows that the Starobinsky inflation model

(r = 3.25 × 10−3), the Higgs inflation model (r = 2.83 × 10−3) and the Coleman-

Weinberg inflation model(r = 7.77×10−3) are in good agreement with the joint BKP

data. It has been concluded that the possibility of primordial massive gravitational

waves existing in the thermal as well as squeezed vacuum states is not ruled out.

5.3 Discussions

The BB-mode angular spectrum of the CMB is studied for several slow-roll inflation

models for massive GWs in the squeezed vacuum state and in the thermal vacuum

state. There is oscillation in the amplitude due to the squeezing effect which leads

to enhancement in the power spectrum. For models which are already in good

agreement with the joint data of the BICEP2/Keck Array and Planck missions,

the angular power spectrum for the squeezed vacuum state lie well within the BKP

limit. Hence squeezing effect would be able to provide a good platform to further

constrain the mass of the graviton. There is further enhancement in the power level

of the B-mode spectrum for each inflation model for massive GWs in the thermal

state for T = 0.0001 Mpc−1, though the enhancement is very small. Thermal effect

with smaller T values are negligible while larger T values like T = 0.001 Mpc−1

tend to provide over-enhancement in the B-mode spectrum thus overshooting them

out of limit. This implies that if the primordial GWs indeed exist in the thermal

state, with the squeezing parameters being 0 < rs ≤ 1 in the early universe, then

the temperature must be tuned to T = 0.0001 Mpc−1 to be within the BKP joint

limit. The overall analysis supports the possibility of the primordial massive GWs

being in the combined thermal and squeezed vacuum states. Repeating the analysis

for other inflation models does not alter the results.
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Chapter 6

Discussions and Conclusions

The theory of general relativity is a highly successful theory for gravity and it is

important in understanding astrophysical systems and the universe. This theory

relates spacetime curvature to the matter or energy which is the source for gravity

through the Einstein field equations. The general theory of relativity made several

predictions and are confirmed by various observational and experimental tests. An

important prediction of this theory is the existence of gravitational waves. Gravi-

tational waves can be generated by various astrophysical systems and also by the

dynamics of very early universe. Gravitational wave astronomy is a developing

and promising branch of observational astronomy and has the potential to unveil

information on many astrophysical systems and very early universe which other ob-

servations and probes cannot yield. Gravitational waves from astrophysical sources

have been detected both indirectly and directly. The gravitational waves induced by

quantum fluctuations during the inflationary period are called the primordial gravi-

tational waves. The primordial GWs have traversed the various evolutionary stages

of the universe and its direct detection would be extremely difficult. However, these

waves can also be realized through their imprints on the cosmic microwave back-

ground anisotropy in the form of B-mode polarization. At the same time, probes to

detect the cosmologically originated gravitational waves have been going on actively

and hopefully they may be detected in the near future.

The primordial GWs were generated during the inflation by a mechanism known

as parametric amplification of zero point quantum fluctuations. Therefore the pri-
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mordial GWs can be placed in the squeezed vacuum state, a well known state in

the quantum optics. Also, the primordial GWs after the decoupling may remain in

a thermal state after the recombination. Therefore, it is believed that due to these

thermalized gravitons, there would occur a process of stimulated emission into the

thermal background of GWs which would amplify the primordial tensor perturba-

tions. Both these features are expected to have observable effects on the BB-mode

angular spectrum of the CMB.

The inflationary scenario is introduced to resolve several problems associated

with the standard model of cosmology according to which the universe expanded

exponentially in its very early stage of evolution. There are many inflationary models

proposed and all these models agree that inflation seeded the structure formation in

the universe that we observe today. There are inflationary models based on single

scalar field as well as multiple scalar fields. Almost all inflation models with single

scalar field predict Gaussian distribution of density perturbations observable in the

CMB anisotropy while multiple scalar field inflation models predict a detectable

amount of non-Gaussianity in the distribution of the CMB anisotropy. The recent

measurement results of Planck mission found that primordial non-Gaussianity is

small and negligible which tends to favor single field inflation models. However, the

recent observations of the CMB indicate large-scale anomalies in the fluctuations of

CMB wherein a hemispherical asymmetry exists across the CMB sky. This was first

hinted by WMAP and confirmed by Planck. It is suggested that multiple scalar

field inflation could lead to such results while single field inflation models cannot do

so without violating the homogeneity and isotropy of the universe on large scales.

Therefore these results indicate that the issue of validating the single or multi field

inflation models needs an alternative study rather than the Gaussianity test alone.

The general relativity theory predicts that the GWs travel with the speed of

light which implies that graviton is massless. However, there are several theories

concerning massive gravity aimed to endow the graviton with non-zero mass, which

aim to explain the current acceleration of the universe rather than invoking the dark

energy. There are also several attempts to constrain the graviton mass from obser-

vational and theoretical approaches. If the gravitons do have mass, correspondingly
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the massive primordial gravitational waves are expected to have an observable effect

on the B-mode spectrum of CMB. Hence the mass of the primordial gravitational

waves can have bounds coming from the cosmological consideration.

Therefore the present thesis studies the aforementioned issues with BB-mode

correlation spectrum of CMB by considering the primordial massless as well as

massive GWs in the squeezed vacuum state and thermal vacuum state for several

slow-roll inflation models with the joint analysis data of the BICEP2/Keck Array

and Planck collaborations.

It is observed that there is enhancement in the power spectrum due to the squeez-

ing effect for each inflation model. This effect increases with increase in the squeez-

ing parameter. It is observed that the enhancement is greater for inflation models

with larger tensor-to-scalar-ratio. This would also provide a platform to constrain

the inflation models. The results are compared with the joint data from the BI-

CEP2/Keck and Planck collaboration. It is found that of the models analyzed in

the present study, the hybrid inflation model, the general Coleman-Weinberg infla-

tion model, the inverse monomial inflation model, the Higgs inflation model and

the R2 inflation model are highly favorable while the natural inflation model, the

radiatively corrected quadratic chaotic inflation model and the loop inflation model

are marginally within the data limit and are marginally favorable. The quadratic

chaotic inflation model, the quartic chaotic inflation model and the new inflation

model are out of limit and hence, they are ruled out at present.

There are many models of massive gravity; the primordial massive gravitational

waves studied in this thesis is based on the Lorentz-violating massive gravity theory

where the graviton acquires mass when the Lorentz invariance is spontaneously

broken around a flat spacetime. This theory is free of pathologies which usually

plaque the massive gravity theories. The analysis of the BB-mode spectrum for

the primordial massive GWs is carried out for the R2 inflation model, the arctan

inflation model, the Higgs inflation model, inverse monomial inflation model, the

loop inflation model and the hybrid inflation model. The results of the BB-mode

angular spectrum for these models and also their massless counterparts are compared
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with the joint BICEP2/Keck and Planck data. From the analysis of the results with

the current BICEP2/Keck and Planck limit for B-modes, it is found that the upper

and lower graviton mass bounds tend to be higher than the current proposals.

The potential existence of massive primordial GWs in the squeezed vacuum state

and in the thermal state or the combined thermal-squeezed vacuum state is explored

with several slow-roll inflation models. The resulting BB-mode spectrum for these

models with the corresponding effects are compared with the BICEP2/Keck and

Planck collaboration data. Among the studied four inflation models, the R2 infla-

tion model, the Higgs inflation model, the natural inflation model and the Coleman-

Weinberg inflation model, only the R2 inflation model, the Higgs inflation model

and the Coleman-Weinberg inflation model are highly favored by the current data.

It can be observed that the oscillation due to the squeezing effect enhances the power

level of the B-mode angular power spectrum of CMB. This implies the prospect of

primordial massive GWs existing in the squeezed vacuum state and that the squeez-

ing effect can help in further constraining the graviton mass. It is also observed that

there is small increase in power level when the primordial massive GWs are placed in

the thermal-squeezed vacuum state when the temperature is T = 0.0001 Mpc−1 such

that the B-mode spectrum for each model still lies well within the BICEP2/Keck

and Planck limit. This concludes that the potential existence of primordial massive

GWs in the squeezed vacuum state or thermal state or their combined state is not

ruled out completely.

We conclude our current work with the prospect of primordial gravitational

waves, both massless and massive, existing in the squeezed vacuum state and also

in the thermal state or its combined feature. The primordial GWs being in the

squeezed vacuum state can help in constraining the inflation models and also the

mass of the primordial graviton. The direct detection of GWs from black hole

mergers by LIGO in 2015 indicates only the classical nature of gravitational waves.

Further, this experiment is unable to detect individual gravitons. However, further

studies are going on currently and more insights and results are expected to come

in the near future. Since primordial gravitational waves were generated quantum

mechanically, they are strongly expected to have quantum nature. However, further
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discussions on this prospect is beyond the scope of the present work and hopefully,

future detection of primordial gravitational waves or their signature would verify

these claims.
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Appendix A

Linearized Einstein field equations

The gravitational wave equation can be obtained from the linearized Einstein field

equations where the metric is assumed to differ slightly from the Minkowski metric

and can be written as,

gαβ = ηαβ + hαβ, (A.1)

where ηαβ is the Minkowski metric and |hαβ| � 1 is the perturbation.

In the linearized limit, the Einstein tensor becomes,

Gαβ =
1

2
(h γ

β ,αγ + h ,γ
αγ β −�hαβ − h,αβ − h

γδ
,γδηαβ + ηαβ�h), (A.2)

where h ≡ hαα, and � = ∂α∂α = −∂2
t +∇2 is the d’Alembertian operator, and the

linearized gravity is described by the linearized Einstein equation,

h γ
β ,αγ + h ,γ

αγ β −�hαβ − h,αβ − h
γδ

,γδηαβ + ηαβ�h = 16πTαβ. (A.3)

The metric perturbation in eq.(A.3) can be written in terms of trace-reversed per-

turbation variable as,

h̄αβ = hαβ −
1

2
hηαβ, (A.4)

where hαβ and h̄αβ contain the same information. Using eq.(A.4) in eq.(A.3) leads

to,

h̄ γ
β ,αγ + h̄ ,γ

αγ β −�h̄αβ − h̄
γδ

,γδηαβ = 16πTαβ. (A.5)

Under the Lorentz gauge,

h̄αγ,γ = 0, (A.6)
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the linearized Einstein field equation becomes,

�h̄αβ = −16πTαβ. (A.7)

In the free space, the linearized Einstein equation takes the form,

�h̄αβ = 0. (A.8)

Thus the metric perturbations travel in free space with the speed of light.

In the free space, the linearized Einstein equation is a system of 10 scalar wave

equations and has plane wave solution of the form,

h̄αβ = Aαβe
ikγxγ = Aαβe

ikix
i

e−iwt, (A.9)

where Aαβ is a constant rank-2 symmetric tensor which represents the amplitude of

the wave, kα denotes the wave vector and the dispersion relation is w = k0 = −k0,

and � = ∂γ∂
γ = (ikγ)(ik

γ) = −kγkγ.

Hence, one has a solution if kγk
γ = 0 or if w2 = (k1)2 + (k2)2 + (k3)2. Thus,

from the dispersion relation, all perturbations are expected to have both phase and

group velocities equal to the speed of light. The Lorentz gauge condition eq.(A.6)

leads to the transverse condition,

Aαγkγ = 0. (A.10)

This condition removes 4 degrees of freedom in Aαβ, leaving only 6 degrees of free-

dom. One may introduce a gauge transformation ξ = iBαeikγx
γ

and for transverse

Lorentz gauge condition to be conserved, �ξ = 0. Thus, the metric perturbation

transforms as,

h̄αβ → h̄αβ − ξα,β − ξβ,α + ξγ,γηαβ, (A.11)

such that one gets the transformation in the polarization tensor,

Aαβ → Aαβ + kαBβ + kβBα − kγζγηαβ, (A.12)

which has an invertible 4 × 4 matrix which fixes the gauge such that the gauge

transformation cannot eliminate the waves, hence these waves are real. One has
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the freedom to choose the coordinate system such that the polarization tensor is

traceless,

Aγ γ = 0,

A0i = Ai0 = 0. (A.13)

The choice of the gauge in eq.(A.10) and eq.(A.13) is called the transverse-traceless

gauge. Due to this gauge freedom, the number of the independent components of

Aαβ is reduced to 2 in the transverse-traceless gauge. Expanding eq.(A.10), the

α = 0 component yields,

−wA00 + kiw
0i = 0, (A.14)

and the spatial components of the same equation give

εijkj = 0. (A.15)

Thus, from eq.(A.13), for w 6= 0, we get A00 = 0 and Aii = Aγ γ + ε00 = 0. This

implies that the polarization tensor Aαβ is purely spatial and transverse-traceless.

Consider a wave propagating in a direction, then using the transverse traceless

conditions, the metric perturbation can be written in terms of the polarization tensor

using eq.(A.9) as,

hαβ =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 ei(kixi−wt), (A.16)

where the gravitational wave amplitude can be written as,

Aαβ = ε+
αβh+ + ε×αβh×, (A.17)

and the two polarization states can be expressed using eq.(1.45) and eq.(A.16) as,

ε+
αβ =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , (A.18)

ε×αβ =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (A.19)

Due to the gravitational wave being a rank-2 tensor, the rotation angle between the

two independent states of polarization is 45◦.
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Graviton mass parameter

Action for the Lorentz-violating massive gravity about a flat FLRW spacetime is

given by eq.(4.1) where the mass term originates from the second term. In terms

of the tensor, scalar and vector fields, the quadratic Lagrangian in eq.(4.5) can be

written as,

Lm = m2
pl

[
− 1

4
m2

2h
2
ij −

1

2
m2

2(∂iFj)
2 +m2

0ϕ
2 +

1

2
m2

1(∂iB)2

+(m2
3 −m2

2)(∂2
iE)2 − 2(3m2

3 −m2
2)ψ∂2

iE + 3(3m2
3 −m2

2)ψ2

+2m2
4ϕ∂

2
iE − 6m2

4ϕψ
]
. (B.1)

Considering the eq.(4.2) and eq.(4.6), for a particular case where the equation of

state parameter w = −(3γ)−1 so that ρφ = −3γpφ, the mass parameters follow the

relations,

m2
0 = 3γ

(
m2

4 −
m2

1

2

)
,

m2
1 = 2(3γ − 1)pφ, (B.2)

m2
4 = γ(3m2

3 −m2
2).

For the cases m0 6= 0 and m1 6= 0 and m4 6= 0, there are two scalar degrees of

freedom at the linear level about the flat spacetime, one of these degrees of freedom

introduces a ghost mode. Hence absence of ghost demands either m0 = 0 or m1 = 0

or both m2 = m3 and m4 = 0.
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When m0 = 0, the scalar field ϕ acts as the Lagrangian multiplier which leads

to the constraint,

2∂iψ = m2
4(3ψ − ∂iE).

Thus ψ remains as the only remaining dynamical scalar field and the tensor pertur-

bation h00 enters the action linearly. This property sufficiently ensures the ghost-free

scenario.

The parameter m1 is responsible for turning on a kinetic term for the scalar

modes. When m1 = 0, the scalar field B acts as Lagrangian multiplier leading to

the constraint for propagating modes as ψ = 0. Applying this into the action, it can

be obtained that there are no propagating modes in the scalar sector. This property

is same in the vector sector. Thus the only propagating modes under this condition

are the tensor modes. Thus, the model is free of scalar degrees of freedom about

the Minkowski at the linear level, thus there is no vDVZ discontinuity.

In the last condition, m2 = m3 and m4 = 0, the field E enters the action linearly

leading to the corresponding field equation,

2ψ̈ + (3m2
3 −m2

2)ψ) = 0.

This implies the absence of high frequency propagating modes.

When the parameter m2
2 ≥ 0, there is no rapid instabilities in the model. This

mass parameter represents the mass of the graviton and is represented in the main

body of the thesis as mgw.

Hence there are some regions in the mass parameter space where the Lorentz-

violating theory of massive gravity is free of ghosts and other pathologies in the

linearized theory about the Minkowski spacetime.
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Cosmological Perturbations for
Massive gravitational waves

The massive gravity action on a flat FLRW background is given by eq.(4.1). Parametriza-

tion of cosmological perturbations to the metric is given in eq.(1.38). The Goldstone

fields are set to their vacuum values given in eq.(4.3) and their perturbations can

be parametrized as,

Φ̃0 = Φ0 + Λ2λ0,

Φ̃i = Φi + Λ2(λi +∇iλ), (C.1)

where λ0 is scalar field and λi is the vector field.

Ordinary matter perturbation can be parametrized as,

δTmαβ = (δρm + δpm)UαUβ − gαβδpm − pmδgαβ + (ρmpm)(UβδUα + UαδUβ), (C.2)

where ρm and pm are related by the equation of state of matter, and the perturbation

for the 4-velocity can be given in terms of the scalar and vector fields by,

δU0 = aϕ,

δUi = a(%i + ∂i%). (C.3)

In the tensor sector, only the transverse-traceless perturbations hij consisting of

two components are present. The equation for the massive tensor perturbations can

be given by,

h
(m)′′
ij (τ) + 2Hh

(m)′
ij (τ) + k2h

(m)
ij (τ) + a2m2

2h
(m)
ij (τ) = 0. (C.4)
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Under infinitesimal coordinate transformation x̃i = xi +$i, the vector fields are

invariant, i.e.,

ϑi = Qi + F ′i , (C.5)

σi = λi − Fi. (C.6)

The gauge-invariant vector fields are then described by,

∇2ϑi − 2a2ρmm
−2
pl (1 + w)%i = 0, (C.7)

ϑ′i + 2Hϑi − a2m2
2σi = 0, (C.8)

m2
2∇2σi = 0, (C.9)

where w is the equation of state parameter which appears in the ordinary matter

state as pm = wρm. eq.(C.7) allows for %i to be described in terms of ϑi, while

eq.(C.9) implies σi = 0. This leaves eq.(C.8) as the only non-trivial equation thus, ϑ

remains the only relevant vector whose amplitude decays as a−2. These are evaluated

under the condition that m2 6= 0. Thus vector perturbations behave as in the general

relativity case, the decay process after the inflationary process is too fast so that

they do not leave any signature on the CMB anisotropy spectrum.

In the scalar sector, the only trace of the Goldstone field are the two energy

densities: ρΛ = −Λ4F/2 which behaves like a cosmological constant and ρφ =

−3γΛ4ZFZ which corresponds to matter with the equation of state parameter w =

−(3γ)−1, where γ is a constant free parameter, and ∂F
∂Zij

= FZδij.

Considering a homogeneous and isotropic ordinary matter, the Friedmann equa-

tion and the field equation for the Goldstone scalar φ0 can be written as,

H2 =
a2

3m2
pl

(ρm + ρφ + ρΛ), (C.10)

0 = ∂0(a3−1/γZ1−1/2γFZ). (C.11)

From the given energy densities, the Friedmann equation reduces to the standard

one. Thus the only trace of the Goldstone scalars are the contributions from the

energy densities.
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The growth of the perturbations in the scalar sector depends on γ. When −1 ≤

γ < 0, the growth of the perturbations is slower than that of the ordinary GR ones,

hence the latter dominates. For γ = 1, the contributions to the perturbations cancel

out so that only the perturbations in the GR case remain. For γ ≥ 1, the normal

perturbations (GR case) dominate at matter dominated epoch. Hence in these cases,

the scalar perturbations behave as in the GR case and the model remains consistent

with the structure formation.
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Abstract The BB-mode correlation angular power spec-
trum of CMB is obtained by considering the primordial gravi-
tational waves in the squeezed vacuum state for various infla-
tionary models and results are compared with the joint anal-
ysis of the BICEP2/Keck Array and Planck 353 GHz data.
The present results may constrain several models of inflation.

1 Introduction

Cosmic inflation is the most widely known scenario proposed
for resolving several problems associated with the standard
model of cosmology [1,2]. A number of inflationary models
have been proposed over several decades [1–8]. The recent
observations on the cosmic microwave background (CMB)
anisotropy data may constrain many of the inflationary mod-
els [9–13]. It is believed that inflation seeded the formation
of the large scale structures in the universe. Inflation also
predicts a nearly scale invariant spectrum for the scalar and
tensor perturbations which occurred in the early universe.
The tensor perturbations of cosmological origin are known
as primordial gravitational waves (GWs).

It is believed that the primordial gravitational waves have
left an imprint on the cosmic microwave background. The pri-
mordial GWs can be studied with the aid of CMB anisotropy
and polarization. The CMB is polarized in the early universe
due to the Thomson scattering. The density (scalar) fluctua-
tions generate the E-mode polarization of the CMB, while
the gravitational waves generate both E-mode and B-mode
polarizations [14–17]. The primordial gravitational waves
are a unique source of B-mode of CMB and its detection
will help in understanding the inflation as well as the primor-
dial gravitational waves itself.

The gravitational waves were generated during the infla-
tion period due to the zero-point quantum oscillations [18].

a e-mail: tei.naulak@uohyd.ac.in
b e-mail: pkssp@uohyd.ernet.in

An initial vacuum state (no graviton) can evolve into a multi-
particle quantum state known as the squeezed vacuum state
[19], which is a well-known state in the context of quan-
tum optics [20–22]. The primordial gravitational waves are
believed to exist in the squeezed vacuum state [23–25]. The
primordial gravitational waves are placed in the squeezed
vacuum state and its effect on the BB-mode correlation angu-
lar power spectrum of CMB is studied with WMAP data
[26]. Recently, it is shown that the BB-mode angular power
spectrum gets enhanced at its lower multipoles by consider-
ing the primordial gravitational waves in thermal state [27].
These studies show that the primordial gravitational waves
may exhibit both the squeezing and the thermal features and
hence it is worthwhile to examine their combined effects on
the BB-mode correlation angular power spectrum in light of
the recent joint BICEP2/Keck Array and Planck data.

The aim of the present work is to study effect of primor-
dial gravitational waves in the squeezed vacuum state on
the BB-mode correlation angular power spectrum of CMB
for various slow-roll inflationary models. Thus the obtained
BB-mode correlation angular power spectrum of CMB for
the squeezed vacuum as well as the joint effect of squeezing
and thermal cases are compared with the joint BICEP2/Keck
Array and Planck data.

2 Tensor power spectrum in squeezed state

The perturbed metric for a flat Friedmann–Lemaître–
Robertson–Walker universe can be written as

ds2 = R2(τ )[−dτ 2 + (δi j + hi j )dx
idx j ], (1)

where δi j is the flat space metric and hi j is the tensor pertur-
bation, |hi j | � δi j , ∂i hi j = 0, δi j hi j = 0, and dτ = dt

R is
the conformal time.

In quantum theory, the field hi j (x, τ ) can be written in the
Fourier mode as
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