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Abstract

The concept of dimension is a fundamental property of space-time. The
study of structure of space-time at quantum gravity level suggest that our
usual notion of dimension, which is the concept of topological dimension,
do not remain valid at the Planck scale. In fact, dimensional flow is an
intriguing feature of most of the quantum gravity models. One of the
natural way to capture the structure of space-time at Planck scale is by
using the idea of non-commutativity.

In this thesis, we study the dimensional flow for a particular example
of non-commutative space-time, known as k-deformed space-time. The
investigation of dimension flow is carried out in k-space-time by consid-
ering two distinct definitions of effective dimension, namely the spectral
dimension and Hausdorff dimension.
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CHAPTER 1

Introduction

A problem of foremost interest in physics is to understand quantum theory
of gravity. Newton’s law of gravitation was successful in explaining plan-
itary motion and many other known features of gravitational force. This
theory, which works well in large length scales has been found to be cor-
rect even upto length of 0.4mm [1]. At large length scale, deviation from
Newton’s law of gravity, such as perihelion of Mercury were known for a
long time and those issues were explained by general theory of relativity.
But the nature of this weakest force among four fundamental force is yet
be understood at microscopic scale, unlike other three fundamental force
of nature.

General relativity describes the structure of space-time at macroscopic
level. It presents a continum space-time on which all dynamics of matter
occur. In contrast, quantum mechanics describes the behaviour of physical
system at very small length scales. These two theories are conceptually
and structurally very different. A theory which reconciles general relativ-
ity with quantum mechanics is known as quantum theory of gravity and
attempts to construct such a consistent quantum theory of gravity, is an
active area of research in theoretical physics. There have been many at-
tempts to study different aspects of quantum gravity such as string theory
[2], loop quantum gravity [3, 4], non-commutative geometry [5, 6], causal
dynamical triangulations [7], Horova-Lifschitz gravity [8], asymptotically
safte gravity [9, 10], etc.

There are many interesting reasons for our quest for a quantum theory
of gravity. First, grand unified theory (GUT) requires a theory of quantum
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gravity. As is well known, we have four fundamental forces of nature. Of
this, all four but gravity have been combined with quantum mechanics to
form a quantum description of these elementary forces. But if we need to
combine all the four forces under same platform, we need to understand
how gravity behaves at microscopic scales. Another reason for the need
to formulate a quantum gravity theory is the prediction of singularities in
general relativity [11]. Einstein’s theory is a classical theory and hence, we
require to incorporate principles of quantum mechanics into the description
of gravity to have a better grasp of black hole solutions. In a similar
manner, the singularity present at the big bang appears to be an artifact
of classical description. In fact, when time scale becomes smaller than
10~*2s, our universe was incredibly small and extremely dense. Such a
situation will have quantum effects in the presence of intense gravitational
force. Thus, we have to conclude that for a proper physical description of
nature, we have to look for a quantum version of gravity.

Einstein’s equation tells us the connection between space-time geome-
try and gravity. Thus in order to understand gravity at short distance (or
very high energy scales), we need to understand the structure of space-time
at short distance. Now, to probe the space-time at such short length scales,
we require the probe to have a comparable wavelength. To be precise, for
looking at length scales where quantum gravity effects are dominant, we
should have probes of wavelength of the order of Planck scale. Then,
from Heisenberg’s uncertainty principle we deduce that the probe’s mo-
mentum and thus the probe’s energy shoot up rapidy and ultimately event
horizons would be formed. This imples the presence of minimum length
beyond which we can not probe the structure of the space-time [12]. It is
an established fact that any attempts to have quantum theory of gravity
implies the existence of minimal length, which is usually expected to be of
the order of Planck length. This has been predicted in various approach
to quantum gravity such as string theory [13, 14], loop quantum gravity
[15], non-commutative space-time [16], etc.

1.1 Non-commutative space-time

Non-commutative geometry provides a possible way to capture the space-
time structure at microscopic level [12, 5]. It is an interesting formulation
of geometry which naturally provides place for a fundamental length scale.
The concept of non-commutativity was introduced by H. S. Snyder in 1940s
to deal with ultraviolet divergence in quantum field theory [17] based on a
proposal by Heisenberg. In [17], he proposed a model of discrete space-time
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in which space-time coordinates are invariant under Lorentz transforma-
tion just as in the Minkowski space-time. There are different models of
non-commutative space-times discussed in literature. One of them is Moyal
space-time [12] whose coordinates satisfy

[jmiu] :ieuua (1.1)

where 0, are real and constant anti-symmetric tensor, having a dimension
of L2

Another space-time that has been studied with interest is the k-deformed
space-time. The coordinates of kappa-deformed space-time obey the com-
mutation relation given by

[i';u CEV] = i<aujjy - ayi‘,u,)' (12)

In this thesis, we discuss certain aspects of the k-space-time. The sig-
nificance of this space-time comes from the fact that it appears naturally in
the low energy limit of loop quantum gravity [18] as well as in the context
of doubly special relativity (DSR) theories [19]. Doubly special relativ-
ity is a modification of special theory of relativity which incorporates two
dimensionfull parameters, which are speed of light, ¢ and another funda-
mental constant having length dimension. According to special theory of
relativity, such a minimum length can not be a fundamental quantity. The
introduction of constant having length dimension, apart from the speed of
light, necessitates the modification of the relativity principle. DSR is such
a relativity principle that introduces a fundamental minimum length scale
without singling out any preferred frame.

1.2 Kappa Euclidean space and its realiza-
tions

Until now, we have discussed various motivations for studying non-commutative
space-time, in particular k-space-time. In this section, we will summarise
various details about the formalism of x-space-time. This will provide the
necessary background for the discussions in the remaining chapters and
also set our notations. For working with a non-commutative space-time
one may use non-commutative variables and the corresponding mathemati-
cal structures such as differential calculus on non-commutative space-time.
Alternatively, it is possible to establish a map from non-commutative vari-
ables to commutative variables and using this, commutative models equiv-
alent to non-commutative models can be constructed and studied. In doing
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this, one works with ordinary calculus. In the works reported in this thesis,

will be following the latter approach. We adopt the approach developed in

[20] and use the realizations of coordinate of k-space-time construced there.
Below we summarise this approach where we closely follow the discussions

of [20].

The n-dimensional kappa-deformed space is an example of non-commutative

space-time, where the coordinates obey Lie algebra type commutation re-
lations, i.e.,

[T, 2] = 1CuAZy

= i(auty — ayy), (1.3)

where a,’s are constant, real parameters, which describe the deformation
of Euclidean space. The structure constant is related to a, through

C,ul//\ = au(su)\ - al/(su)\' (14)

We choose a; = a3 = ...a,_1 = 0 and a,, = a. Thus the algebra of the
non-commutative coordinates becomes

[#:,2;] =0, [0, 2] = iad;, i,j=1,2,...,n—1 (1.5)

Note that the Euclidean time coordinate Z,, do not commute with corre-
sponding space-coordinate ;, where as space coordinates commute among
themselves.

It is possible to find a realization of the non-commutative coordinates
Z, in terms of ordinary commutative coordinates x,, and their derivatives
d, [20]. One such realization which satisfy eqn.(1.5) is

Tn = z0(A) +iax;0v(A), (1.6)

where A = ia0,,. The commutation relations between the non-commutative
coordinates, given in eqn.(1.5) imply the relation

¢'(A)
S =(4) (17)
where ¢ = %ﬁ. The undeformed space appears as a smooth limit when

deformation parameter a goes to zero. This gives condition on ¢, and
as
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and

7(0) = ¢'(0) + L. (1.8)
In the study of physics on k-space-time, two distinct approaches have been
widely used. One is to work with deformed k-Poincare algebra [21, 22, 23|
and other is to work with undeformed k-Poincare algebra [20]. In the
first case, the defining relations of the algebra are modified. But in the
second approach, one modifies the form of genetators of the algebra by
keeping the defining relations exactly same as the usual Poincare algebra.
To distinguish this symmetry algebra from the deformed Poincare algebra,
it is called as undeformed x-Poincare algebra [20, 24, 25].

In this thesis we will be following the second approach. In this ap-
proach, for the kappa-deformed Euclidean space, the symmetry algebra
is the undeformed SO,(n) algebra. The modified generators M, of this
algebra satisfy the relation

(M, My, = 6iaM,, — 6,0M,, — 0y, My + 6, M. (1.9)

We demanded that the extended Lie algebra is linear in the generators,
ie.,

[M,uw jj)\] = -%péuk - i‘l/é‘u)\ - Z‘a'u]\fu/\ + ia/yMuA- (110>
The consistency with the Jacobi identities

(Mo, [, €] + [0, [0, Mag]] + [0, [Mag, 24]] = 0,

[Maﬂv [Mv&fu] + [chsv [fw Maﬁ” + [f;u [Maﬂa M75]] =0, (1~11>

along with the the requirement that generators M, to be linear in z,, and
Oy, set the explicit form of M, to be

Mi' = xiaj—:cj@-,
e?4 —1 1 1 o1
M,, = x;0, — 2,0, — + iax;V?— — iaxi0,0i( = + —).
2;0n 5 x gp—l—zax 2% 1020 (9024'@)
(1.12)

It is easy to see that the usual partial derivative do not transform
like a vector under this M. This necessiates the introduction of a new
definition of derivative, which have the required property and is known in
the literature as Dirac derivatives [20]. In the component form, they are
written as

(1.13)
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where V2 = X192

=1 "

The quadratic Casimir of this algebra, D, D, is given by

2

D,D, = D:D; + D, D, = 0O(1 — “ZD), (1.14)
where N 201 hA
e — COS
0= Vv? — 02 : 1.1

Different realizations of the undeformed k-Poincare algebra are ob-
tained by different, allowed choices of ¢(A) [20, 24, 26, 27]. Different
choices for ¢(A) are equivalent to different choices for the *-products on
deformed space-time [26, 27, 28]. e_g, e 4, 1, ﬁ are some possible
choices for ¢(A) [20].

We can extend these studies to the case of kappa-deformed Minkowski
space-time in a straight forward manner.

Many interesting aspects of kappa-deformed space-time have been stud-
ied in recent times [25, 29, 24, 30, 31, 32, 33, 34, 35, 36, 37]. Using the Dirac
derivatives, the kappa-deformed Klein-Gordon equation was constructed
and studied in [24, 25]. Constuction and analysis of k-deformed Dirac equa-
tion is discussed in [29]. One of the consequences of non-commutativity is
that particles obey twisted statistics [38, 25]. In non-commutative space-
time, the symmetry is implemented by a twisted Hopf algebra [38] and this
leads to twisted statistics in non-commutative space-time.

Another universal feature ( apart from the existence of a length scale
) of almost all quantum gravity models is dimensional flow, i.e., the effec-
tive dimension of the space-time changes with the probe scale [39, 40, 41].
One method to measure the dimensionality of a space is using a diffu-
sion process, which is termed as spectral dimension [42]. The notion of
spectral dimension is used to study the space-time dimension of the quan-
tum gravity models. Another measure of effective dimension is Hausdorff
dimension, which indicate the dimension of in quantum paths [43]. A de-
tailed summary of the dimensional flow and Hausdorff dimension are given
in chapter 2.

1.3 Organization of thesis

This thesis is organized as follows. In chapter 2, We give a brief summary
of the notion of effective dimensions such as spectral dimension and Haus-
dorff dimension. As an illustration of the concept of spectral dimension,
we present the calculation of spectral dimension experienced by a point
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particle in Euclidean space. Then, we review the possible generalizations
of diffusion process in different quantum gravity models. More specifically,
we present alternative choices of Laplacian for kappa-deformed space-time
and analyze the corresponding diffusion equations. After this we introduce
Hausdorff dimension as yet another example of effective dimension. Cal-
culation of Hausdorff dimension for a quantum path is summarized. This
chapter introduce the conventions and notations used in the remaining
chapters.

Spectral dimension for an n-dimensional kappa-deformed Euclidean
space is investigated in chapter 3 [44, 45]. In calculating the spectral
dimension we have chosen a specific realization of k-space-time. That is,
we have used ¢(A) = e~2 in these calculations. We then construct the
deformed diffusion equation for two different choices of Laplacians which
are expressed in terms of variables of commutative space-time. The ob-
tained diffusion equations are solved perturbatively using delta function
initial condition which is valid for a point particle probe. This solution
is then used to calculate the spectral dimensions of k-deformed Euclidean
space. It is shown that the spectral dimension decreases with the probe
scale (o). For the limit 0 — oo, it is observed that the spectral dimension
is same as the topological dimension where as the spectral dimension goes
to —oo for vanishing 0. We have also analyzed the dimensional flow for
the case where the probe has a finite extension, unlike a point particle.
By demanding the positivity of spectral dimension, we have obtained an
upper cut-off for deformation parameter a.

In chapter 4, we analyse the spectral dimension of a Wick-rotated &-
Minkowski space [46]. We begin this chapter by reviewing the relationship
between Schrodinger equation and diffusion equation. These two are in-
terconnected by Wick-rotation (¢ — —it). Next, we derive the deformed
diffusion equations using kappa-deformed Schrodinger equations obtained
from the non-relativistic limits of different choices of Klein-Gordon equa-
tions in the x-deformed space-time. The spectral dimensions are calculated
using these deformed diffusion equations and the dependence on diffusion
parameter of spectral dimension is studied. In the limit of commutative
space-time, we recover the well known equality of spectral dimension and
topological dimension. We showed that the higher derivative terms in
the deformed diffusion equations make the spectral dimension unbounded
(from below) at high energies. We have also analyzed the effect of finite
size of the probe on the spectral dimension.

In chapter 5, we study the dimensional flow of (the Wick-rotated) -
Minkowski space [47], with two different realizations. In the first case, we
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used a realization p(A) = e~4, which is related to bi-cross product ba-
sis of k-space-time. Here, the diffusion equation in the kappa-deformed
space-time is obtained by using the corresponding Beltrami-Laplace op-
erator. The perturbatively obtained heat kernel is then used to calculate
the spectral dimension. Our results indicate that the spectral dimension
varies with the scale of the diffusion and also depend on an integer [. The
analysis also shows that, the spectral dimension diverges to +oo for [ > 0
and to —oo for [ < 0 at high energies. We have also used the («, f3,7)
realization to understand about spectral dimension. In this realization, we
first constructed Klein-Gordon operator and then it was used to obtain the
corresponding diffusion equation. The solution of this equation was then
used to analyze the spectral dimension.

Hausdorff dimension of the path of a quantum particle in non-commutative
space-time is discussed in chapter 6 [48]. By using the definition of Haus-
dorff length, we calculate the Hausdorff dimension for non-relativistic and
relativistic quantum particle in kappa-space-time. In both cases the Haus-
dorff dimension depend on the deformation parameter a and the resolution
Az of the measuring apparatus. For the relativistic case we showed that
non-commutative correction to Dirac equation brings in the spinorial na-
ture of the wave function into play, unlike in the commutative space-time.
We have also derived the generalized uncertainty relations, by imposing
self-similarity condition on quantum path.

In chapter 7, we summarize our results and discuss possible questions
to be taken up in the future.
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CHAPTER 2

Effective dimension of quantum geometry

2.1 Introduction

Many different paradigms have been developed and employed to unravel
the structure of space-time at microscopic scale, in order to obtain a con-
sistent quantum mechanical description of gravity. Change in the space-
time dimension with probe scale [1] is a characterising behaviour that is
common to many approaches towards quantum gravity such as causal dy-
namical triangulation [1], asymptotically safe gravity [2], loop gravity [3],
deformed(or doubly) special relativity [4], non-commutative space-times
[5, 6, 7], Horava-Lifschits gravity [8], and relative-locality [9, 10, 11, 12].
All these approaches show that the effective dimensions felt by a fictitious
test particle reduces at high energies (i.e., when the length scale probed is
very small). This variation of dimensions with the probe scale at high en-
ergies suggest the possibility of a reduction of space-time dimension at ex-
tremely short distances. This reduction of the effective dimensions known
as dimensional flow is of important consequences as gravity is known to be
renormalizable in two dimensions.

The usual notion of the dimension of space is the scale by which the
volume of an object changes with change in its size. Thus one defines the
topological dimension n as

) log V
n = lim —.
size—0 log size

(2.1)

Although our world looks (3+1) dimensional macroscopically, the descrip-
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tion of quantum gravity phenomena may alter the number of dimensions at
microscopic scales. Due to quantum effects, the usual notions of space-time
points get blurred and space-time becomes fuzzy [13]. A particle under-
taking a random walk in such a fuzzy space-time may not be able to access
all the dimensions. Thus, the effective dimensions felt by this test particle
can be different from the usual topological dimensions of the space-time.
In order to study the nature of space-time at extremely short distances one
needs to use new definitions for effective dimension. Two such definition
which are commonly used are spectral and Hausdorff dimensions. We now
give a brief summary of these two notions of dimensions, which are studied
in the context of specific non-commutative space-time in this thesis.

2.2 Spectral Dimension

The concept of spectral dimension is based on the idea of diffusion pro-
cesses. In order to obtain a grasp of this notion of spectral dimension
we will first briefly overview diffusion processes. The idea of diffusion
process was initially introduced to study the transport of fluids through
membranes [14]. In [14], the diffusion equation for the concentration of
diffusing species was derived by combining the relation between diffusion
flux and gradient of concentration with the continuity equation. This same
equation also describes the time evolution of probability distribution of a
position of particle (p(x,t)) and is given by

2
% (x,t) = D%p(z,t), (2.2)
where D is the diffusion coefficient. Transport phenomenon in which the
random motion of atoms and molecules are discussed in [15] by A. Einstein
where a connection between the properties of the system with the diffusion
coefficient were established.

A more general treatment of random motion of particle in presence
of viscous force is given by the Langevin equation [16]. This equation is
written as

e de
e

where m is the particle’s mass, v is the friction coefficient and 7(t) is the
random force. A different model for Brownian motion is give by Fokker-
Planck equation. This treatment takes into account both the drag force
and the random force in the Brownian motion.

+n(t), (2.3)



2.2. SPECTRAL DIMENSION 17

In our study we consider a diffusion process in the absence of a drag
force and thus we restrict our focus to the diffusion process described by
eqn.(2.2).

Now we present essential details of the definition of spectral dimension,
which is used to analyse the dimensional flow in different approaches to
quantum gravity. The basic notion of the spectral dimension is introduced
using a diffusion process. For this, a test particle is allowed to diffuse in
the space under study. By analysing the motion of this particle from one
point to another, one calculates the return probability of the particle to
come back to its starting point. The spectral dimension is then defined as
the scale by which return probability changes with diffusion time. In other
words, spectral dimension corresponds to the dimension that a random
walker experiences in a diffusion process [1, 5, 6]. The motion of a particle
undergoing diffusion on an n-dimensional Euclidean space is described by
the equation

3U(:L‘, y;0) = LU(x,y;0). (2.4)
Oo
Here o is fictitious diffusion time with dimension of length squared (L?), £
is the Laplace operator defined in the space whose metric is g,,. U(x,y;0)
is the probability density of the test particle to diffuse from the initial
position x to another point y, in diffusion time o. One solves the above
equation with initial condition that the particle is localized at a fixed point,
ie.,
0"(z —y)

Vdet g, '

The spectral dimension of this space is related to the trace of the diffusion
probability, known as return probability, which measures the probability
to find the particle returning back to the starting point after a diffusion
time ¢. Thus, using the solution for the diffusion equation, the return
probability is defined as

P () = [ d"xy/detg, Uz, z;0) (2.6)
7 [ drzy/detg,, ’

where g, is the metric of the corresponding space. Spectral dimension
Dy is calculated by taking the logarithmic derivative of return probability
Py(o), ie.,

U(z,y;0) = (2.5)

dln P,(o)
Olno
which shows the way return probability scales with diffusion time.

D, = —2 (2.7)
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To familiarize the notations, concepts and calculational scheme of spec-
tral dimension, we first discuss the diffusion in a flat space. The diffusion
equation associated with an n-dimensional flat space is [1]

2U(vc,y; 0) = V*U(x,y;0), (2.8)
Oo

where V? = Z?:lg—::z is the usual, well defined Laplacian in n-dimensional

Euclidean space. Note the metric here is Guv = 0, We assume that the
particle is initially localized at a point in this n-dimensional space. i.e.,
U(z,y;0) = 0"(z —y). With this boundary condition, the solution for the
diffusion equation is obtained as

1 _le—yl?

Uz, y;0) = T T (2.9)

Return probability, which measures the probability to find the particle
returning back to the starting point after a diffusion time o, associated
with this heat kernel is attained by setting x = y. Thus from eqn.(2.9),
one gets

P,(0) = (4m0)" 2. (2.10)

By taking the logarithmic derivative of this return probability we obtain
the spectral dimension to be

_281nP(J)
Olno

Thus the spectral dimension of n-dimensional Euclidean space is found to
be 'n’. Hence, for the Euclidean space, the spectral dimension is exactly
same as the topological dimension of the space.

There have been attempts to study possible generalizations of the diffu-
sion process described by the eqn.(2.4), in order to capture possible quan-
tum gravity effects. Such generalizations include changes in the Beltrami-
Laplace operator £, modification in the initial conditions as well as the
modification of diffusion operator 2 [17, 18, 19].

Studies of the diffusion process in different quantum gravity models
show that the effective dimension is different from the usual topological
dimension. It is well known that the spectral dimension of quantum grav-
ity models depend on the diffusion time ¢ and in [1] it was shown to
decrease smoothly to a lower value from four, at small values of o. In
space-time models motivated by different approaches to quantum gravity,
it was shown, by explicit calculation that the space-time dimension re-
duces from the low energy value of four to two at high energies (i.e., when

D, = = n. (2.11)
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probed at extremely short length scales) [1, 2, 3, 8]. In the case of non-
commutative space-times, for certain choices of the Laplacian, the spectral
dimension reduces to a lower value (but not 2) and for other choices, one
gets higher values for spectral dimension, showing super diffusion[4, 5, 6, 7].

A plausible way to capture the nature of quantum space-time is by
incorporating the idea of minimal length, which inturn leads to the loss
of resolution at high energy scale. The blurriness of space-time at Planck
scale is studied by considering a diffusion process in which the initial con-
figuration spread over a small region of space, as opposed to a point like
configuration [6]. Here the initial configuration contains the information
about the minimal length associated with the space-time manifold. It was
shown that for length scales grater than the minimal length, the universe
appears to have a smooth space-time and when the length scale approaches
the minimal length, the fractal nature of space-time begins to emerge [6].
In the limit where the diffusion time (o) is of the same order as the ( square
of ) minimal length (I,,:,), the spectral dimension becomes two. For trans-
Planck regime (where o < l,,,;,,), it was argued that the space-time dissolves
completely, leading the spectral dimension to be zero.

In [4], change in the dimension of space in a model which is compatible
with deformed special relativity principle (DSR) is analyzed. A Laplacian
in momentum space was constructed and using this, scale dependence of
spectral dimension was studied numerically. It was shown that the spectral
dimension increases to six in the high energy scale showing super diffusion
and take the expected value of four in the low energy scale.

Diffusion on a non-commutative space-time with quantum group sym-
metry was studied in [5]. It was shown that dynamical dimensional reduc-
tion appears at short length scale in k-Minkowski space-time. In [7], the
diffusion process on Euclidean kappa-Minkowski space is studied by con-
structing a momentum group manifold. This construction allows different
possible choices for Laplacian. It is found that the behaviour of spectral
dimension at different length scales depends on the choice of Laplacian.

Principal of relative locality postulates phase space as more fundamen-
tal and consider space-time as emergent phenomenon. This approach is
another plaussible way to study quantum theory of gravity. Using prin-
cipal of relative locality, the relevant metric in the momentum space was
obtained in [7]. This metric is then used to construct the Laplace operator
in the momentum space. It was shown that the notion of relative locality
leads to higher powers of momenta in the dispersion relation. Further, it
was shown that the spectral dimension goes to infinity at high energies.
Thus, it is seen that the notion of diffusion completely breaks-down at high
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energies due to the absence of an absolute locality.

We note that the dimensional flow in the non-commutative space-time,
and in particular for the case of xk-deformed space-time, changes its char-
acteristic behaviour with change in the form of Laplacians. Also, all these
studies[5, 6, 7, 4], where the variation of spectral dimension of k-space-
time were analysed, used the Laplacians in the momentum space. Further,
the invariant measure in the momentum space had an important role in
deciding the behaviour of spectral dimension as a function of the probe
scale[5, 7]. In [1, 2, 3|, solutions to diffusion equation were obtained in
the coordinate space and thus it is of interest to analyze the change in
the spectral dimension of k-space-time also using the probability density
of the test particle undergoing diffusion in coordinate space. This issue is
investigated and results are reported in this thesis.

In this thesis, we derive the spectral dimension of the k-space-time, by
setting up various possible kappa-deformed diffusion equations and ana-
lyzing them. All our results are valid upto first non-vanishing order in the
deformation parameter a.

2.3 Hausdorff Dimension

In the context of quantum gravity models the concepts of Hausdorff di-
mension has been analysed to study effective dimension [20]. Hausdorff
dimension indicates the amount of uncertainty in the path for a quantum
particle [20, 21, 22]. The concept of Hausdorff dimension was introduced
by Felix Hausdorff in 1918. It was introduced in the context of measure
theory to generalize the concept of length in metric spaces by taking into
account spaces having fractal dimensions (i.e., metric spaces made out of
cantor sets)[23]. It generalizes the notion of topological dimension of space.
More specifically, using the definition of Hausdorff dimension one is able to
deal with spaces having fractional dimension. We will now briefly discuss
the concepts of the Hausdorff dimension.

In order to understand the notion of Hausdorff dimension, consider
the measurement of length of an arbitrary curve using an apparatus with
resolution Ax. It is reasonable to assume that this measured length will
depend on the resolution of the apparatus. This means that, the change
in resolution will in turn modify the measured length ( See section 3.1 ).
However, it is possible to have a meaning of length which is independent of
resolution and this length will be more useful. Such a definition of length
was proposed by Hausdorff and is given by

Ly = l(Az)Pe—L, (2.12)
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where [ is the length measured when the resolution of the measuring appa-
ratus is Ax. The parameter Dy is chosen so that the Hausdorff length Ly
will be independent of Az and this Dy is known as Hausdorff dimension.

2.3.1 Koch curve as an illustration of Hausdorff di-
mension

In this section, we use Koch curve (see fig.[2.1]) as an example to explain

the concept of Hausdorff dimension. Koch curve is an example of every-

where continuous but nowhere differentiable curve [24]. The construction
of Koch curve is as follows. Consider a straight line with a finite length.

Figure 2.1: Construction of Koch curve

A
s

Divide it into three segments of equal length and replace the middle seg-
ment by the two sides of an equilateral triangle of the same length as the
segment being removed. This procedure is repeated infinitely many times
for each segment such that in each step the length of the curve gets mul-
tiplied by a factor %. That is for a curve with unit length, after the first
step the length will be %. In the second step this become (%)2 and so on.
This results, after infinite iteration process, in a curve of infinite length.
Let us suppose that we find the length of the curve to be [ using an
apparatus of resolution Ax. Now if we refine the apparatus resolution
so that the new resolution is Ax’ = %, the apparatus will be able to

detect wiggles present at smaller scales. Hence the improved resolution
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will led to the measurement of a more accurate length, I’ = %l. Thus the
Hausdorff length corresponding to this new measured length is given by
(see eqn.(2.12))

LIH = l/(A.T/)DHil = § [ <Tx) . (213)

Since Hausdorff length is independent of resolution by very definition, we
demand Ly = LY, ie.,

4 Az Pr !
-1 == = [(Ax)Pr1, 2.14
(5 —uan 214
This sets the condition
In4 —1n3
Dy —1)= 2.15
(D —1) = 22, (215)
which gives
In4
Dy = — =1.2618. 2.16
H= 3 (2.16)

We thus conclude that Koch curve has fractional dimension as opposed to
an integer dimension. Such curves are generally known as fractals.

2.3.2 Dimension of a Quantum path

We know from Heisenberg’s uncertainty principle, the uncertainty in po-
sition, Az and uncertainty in momentum, Ap in a simultaneous measure-
ment of position and momentum are related by

Ax Ap > h. (2.17)

This relation means that, whenever we try to measure the position (or
momentum) of the particle with greater accuracy, we find the error in the
measurement of momentum (or position) becoming high. If we repeat this
process of measurement of position at regular intervals of time say At, we
obtain a path which is erratic as the momentum of the particle increases.
As we reduce the time interval smaller and smaller, we obtain a path which
is more and more irregular. Interestingly such a path can be modeled as a
fractal curve [20].

To study the properties of quantum particle, the notion of quantum
path is introduced as follows. One construct the path of a quantum particle
by measuring the position of the particle with a resolution Az in equal
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intervals of time tg, tog + At, tg + 2At, ... ,to + NAt. By quantum path
we mean the curve obtained by connecting positions at time separated by
At. The average length of the quantum path, as defined above, travelled
by the particle is

(LY = N(Al), (2.18)
where (Al) is the average distance travelled by the particle in time At and
N is the number of measurements of position, made on the particle. The

wave function which embeds the fact that the particle is localized with in
a region of size Az is of the form !

Ax)3 3 Az ipx
vatx0) = S8 [ g;;gf(‘p‘h D e

Note that here we have assumed the average momentum of the particle to
be zero. After time At the above wave function evolves to

Az)? d? Az o2
\IJAJ;(Xy At) — ( h3) /']Rs (271-]))%]0 (‘p‘h ) ezp.x/ﬁ—’dp‘ At/?mh' (220)

Using this wave function, we find the average distance traveled by the
particle in a time At as

(Al) = /R dlx||W s (x, AL (2.21)

Since qualitative features of the results are independent of the specific

n
ized to a region of size Az. Hence we choose a Gaussian distribution and
this has the advantage that the integral can be done exactly.

Using a change of variables, k = pAz/h, z = x/Az and f(|k|) =
(2)3/1e~ I (Al) is obtained as

(Al o P 1 (M)z. (2.22)

form of f ('p‘m), provided f (%) corresponds to a distribution local-

mAzx hAt

When Az < \/hAt/2m, the Hausdorff length (Ly) = N(Al)(Az)Pr1

become

hAt

L N
(L) o< mAzx

(Ax)Pu—t, (2.23)

For example, f(k) = (%)%e_k2, the wave function in 1-dimension takes the form
2

Yaz(z) = meixzw?. The expectation value of x with this wave function is

%2
() = ffooo dzp*z = \/%ﬁ ffooo drxe 282 = Ax.
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From the above expression one sees the Hausdorff dimension of a quantum
particle is two (2).

Now consider the case where the particle has a nonzero average mo-
mentum p,,. Then the corresponding wave function can be written as

_ (Al’)g/ dgp |p|AZL‘ i(P+Pgy)-x/h
Uar(x,0) = I My f — e : (2.24)

The average distance traveled by the particle in time At is

<Al>:/ Pr|x||UaL(x, At)|?, (2.25)
R3
where
(Aas)g/ dp (]p]Ax) . L
Ua,(x, At) = i (P+Pay) X/h o, —i[p+Pq, [*At/2mh
A ( ) hg RS (27‘(‘)%f h
(2.26)
Re-writing the above in terms of new variables k = pAz/h and z =
= — SLp,,, one obtains
At AAt
Al =A d? - F(z. —— V|2 29
(A= 8a [ dslat pu PGP 22)
where A "
t Ath L2
F —_—) = _ - m 12|k| ’lk~Z' 22
o /(2@3“"“‘)6 martile (2.28)

If ﬁ is a constant (say c), then the function F(z,c) will be indepen-

dent of Az. Then

A
<Al>: ‘pav‘ t/ d32’| pav|+
R

m 5 |Paw

hz
2|payl(Az)

Using this in the definition of Hausdorff length, we find

C| | F(z,c) |? (2.29)

(Lu) = N(AD(Az)Pr!

Ip |T/ 3| P hz 2 Dy—1
= d°z| — + F(z, ¢ Ax)~H
m R3 ||pav| 2|pav|(Ax)C| | ( ) | ( )

(2.30)

If the distance being resolved are much larger than the particle’s wave-
length, i.e., Az > h/ | p,, |, then we obtain the Hausdorff dimension to
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be one (1) and when the distances being resolved are much smaller than
the particle’s wavelength (Az < 1/ | p,, |), Hausdorff dimension is two
(2).

In the above discussion, it has been demonstrated that the path of a
particle in quantum mechanics as defined above is a fractal curve with
Hausdorff dimension two [21]. This study has been generalised to the
case of a particle governed by relativistic quantum mechanics in [22]. For
the relativistic particle, the path was defined in [22], in terms of Newton-
Wigner operator [25]. It was shown that the Hausdorff dimension in the
ultra-relativistic limit is one, where as in the non-relativistic limit, this
dimension is two. It is to be noted that the length of the path as well
as the Hausdorff dimension of the path is independent of the spinorial
structure of the relativistic particle [22].

It is conceivable that the structure of space-time do undergo drastic
modification at high energies. Thus it is of interest to investigate the
Hausdorff dimension in the context of quantum gravity models. Motion
of quantum particle in the presence of a minimal length is discussed in
[20]. It is seen that the presence of minimal length modifies the space-
time geometry. Interestingly, using the definition of Hausdorff dimension
one could account for uncertainty due to quantum mechanics as well as
modification of geometry [20].

In this thesis, we extended this idea of Hausdorff dimension to s-
deformed space-time and study the modification in the Hausdorff dimen-
sion of the path of a particle moving in the kappa-space-time. We show
that the Hausdorff dimension depends on the deformation parameter and
the resolution for both non-relativistic and relativistic quantum particle.
Another interesting observation is that the path travelled by a relativistic
quantum particle depends on the spinorial character of the wave function.
This new feature is due to the non-commutative nature of space-time.
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CHAPTER 3

Spectral Dimension of kappa-deformed space-time

3.1 Introduction

The concept of non-commutative space-times emerges naturally in the
study of quantum gravity. In such space-times, usual notion of space-
time points looses their meaning and space-time becomes fuzzy [1]. The
non-commutative space-time introduces a minimal length scale in to the
discussion, which is a common feature of all approaches to quantum grav-
ity. Thus, the effective dimension of the non-commutative space-time can
be different from the usual topological dimension of space-time. Spectral
dimension has been used to study this change in the effective dimension
at high energies [2, 3, 4]. In this chapter, we discuss the geometry of
kappa-deformed Euclidean space by analyzing the corresponding spectral
dimension.

Variation of spectral dimension with the probe scale (o - which is the
diffusion time ) in a non-commutative space-time was analysed in [2]. In
this paper, the entire effect of non-commutativity was introduced through a
modification of the initial condition satisfied by the solution to the diffusion
equation. Since non-commutativity will lead to smearing of point objects,
in this paper the initial condition was taken as a Gaussian (instead of
a Dirac delta function) with width controlled by the minimal length (1)
introduced by the non-commutativity of the space-time. i.e. the form of

31
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initial condition used in [2] is

1 _(@-u)?
U(fL’,y, O) = WG az (3].)

Using this initial condition, one obtain the spectral dimension [2] as

o
= ———n.
o+ 12

Here, the spectral dimension was shown to be a function of diffusion time
(0) and it also depends on the minimal length parameter (I). It is found
that at very high energies, space-time dimension reduces to zero. For
n = 4, spectral dimension becomes two, when o = [2.

In [3], using numerical methods, fractal nature of the x-Minkowski
space-time was studied. Here, the spectral dimension is calculated from
the return probability obtained using a specific form of x-deformed Lapla-
cian, in the momentum space. Also in this study, a modified integration
measure, in the momentum space, which is invariant under the x-deformed
Lorentz algebra was used. After numerically carrying out the integrations,
it was shown that the spectral dimension reduced to three (3) in the limit
of diffusion time going to zero. Further, using a different basis for the
r-deformed Lorentz algebra, same behaviour of spectral dimension was
obtained, but with a different choice for the Laplacian.

In [4], change of spectral dimension of x-Minkowski space-time was
studied. Starting from the Euclidean momentum space associated with the
r-Minkowski space-time, possible Laplacians in the momentum space were
constructed. These Laplacians were constructed by demanding them to
be the Casimir of the k-Poincare algebra in the momentum space. These
Laplacians were constructed as the Casimirs using bi-covariant differen-
tial calculus and bi-crossproduct basis, respectively. A third form for the
Lpalacian was derived as the geodesic distance in the k-momentum space.
These three possible forms of the Laplacians were then used to study the
spectral dimension associated with diffusion process in k-Minkowski space-
time. For the Laplacian written in bi-covariant differential calculus, it was
shown that the spectral dimension flow from four at low energies to three
in the high energies. For the second situation where the Laplacian was
written in bi-crossproduct basis, spectral dimension was shown to increase
from 4 to 6 with energy. In the third case, Laplacian was constructed
using the notion of relative locality, and it was shown that the spectral
dimension goes to infinity (c0) as energy increases.

The studies on spectral dimension gives more inherent characterization
of the properties of space-time at quantum gravity level. Most of the

(3.2)
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above works on spectral dimension in non-commutative space-time were
done in momentum space by using Casimir of the algebra as the generalised
Laplacian [3, 4]. In this chapter we study the effect of non-commutativity
on spectral dimension. Here we have chosen k-deformed space-time as a
platform to study spectral dimension by explicitly constructing and solving
non-commutative diffusion equation.

In this chapter, we derive the spectral dimension of the x-space-time,
by setting up the k-deformed diffusion equation in terms of commutative
co-ordinates. This is achieved by first writing down the x-deformed Lapla-
cian in the Euclidean version of the n-dimensional k-space-time, in terms of
the derivatives with respect to commutative coordinates and deformation
parameter a. We then obtain the solution to this heat equation, perturba-
tively. Using this solution, we calculate the return probability, valid upto
second order in the deformation parameter. We then calculate the spectral
dimension, as a function of diffusion length and the deformation parame-
ter a. We then analyze the variation of the spectral dimension with probe
scale. Since the framework we use here allow us to set up the diffusion
equation valid for the k-deformed space-time, entirely in the commuta-
tive space-time, we can use the well established methods of commutative
space-time to solve this deformed heat equation. Also, we can use the
same initial condition of demanding the test particle to be localized at a
fixed point in space at the initial time, as in the commutative space-time.
We have also investigated the effect of finite extension of the probe on the
spectral dimension, by using a modified initial condition.

This chapter is organised as follows. In the next section, a brief sum-
mary of the r-deformed Euclidean space and its realization is given [5].
In section 3, we set up the heat equation for a fictitious particle in this
k-deformed space-time and obtain its solution. This solution is derived
as a perturbative series in the deformation parameter and we obtain the
solution valid upto first non-vanishing terms in the deformation parame-
ter. Using this solution, we calculate the return probability and spectral
dimension which is valid upto second order in the deformation parameter.
We also discuss various limits of the spectral dimension. Then using a
different initial condition encoding the finite extension of the probe, we
calculate the spectral dimension. We find that the generic feature of the
spectral dimension is not altered by the extended nature of the probe.
In subsection 3.2, we start with a different, possible Laplacian in the x-
deformed space-time and evaluate corresponding spectral dimension and
discuss its limits. Here again, we investigate the effect of a probe with a
finite extension on the spectral dimension. Our concluding remarks are
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given in section 4.

3.2 Kappa-deformed Euclidean space

The n-dimensional kappa-deformed space-time is an example of non-commutative
space-time, where the coordinate commutation relations are of the Lie al-
gebra type.

The algebra of the non-commutative coordinates is of the form

[#:,2;] = 0, [0, 2] = iad;, i,j=1,2,...,n—1. (3.3)

Thus we note that the Euclidean time coordinate z,, do not commute with
corresponding space-coordinate ;, where as space coordinates commute
among themselves.

We can study the non-commutative space-time by re-expressing the
non-commutative coordinates Z, in terms of the commutative coordinates
x, and their derivatives 0, [5, 6]. One such realization which satisfy
eqn.(3.3) is

n
5)

where A = ia0,. By demanding that the deformed Poincare transforma-
tions must be linear in the coordinates and their derivatives, one obtain
the generators of the underlying symmetry algebra. These modified gen-
erators satisfy the same relations as the generators of the usual Poincare
algebra and hence their algebra is known as undeformed x-Poincare alge-
bra. These deformed generators are given in terms of the commutative
coordinates x,, their derivatives 0, and also depend on the deformation
parameter a. In the limit of vanishing a, one recover the Poincare algebra.
The details of this algebra is discussed in Chapter 1.

The derivatives which transform as vector under k-Poincare algebra,
called Dirac derivatives, are given explicitly as

(3.
(3.

e=4 sinhA e 4
. D, — 9.
n = O, I +ia 22 (A)

(3.6)

where V2 = ¥ '92. For different choices of ¢(A) we can construct differ-

S . _A
ent realizations of the undeformed s-Poincare algebra. e™2, e~ are some

possible choices for p(A).
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The quadratic Casimir of this undeformed k-Poincare algebra D, D,
[5, 6] is given by

2

D,D, = D;D; + D, D, = 0(1 — %D), (3.7)
where s [ "
- 21 — cosh
O=Vv>" ___ . .
Vo (3.8)

Note that [J operator is quadratic in space derivatives, thus D, D, has
quartic powers of space derivatives. By expanding e~4, one easily see that
it has higher powers of time derivatives.

Note that [J operator will also be an invariant quantity for x-Poincare
algebra. In the limit of vanishing a, D, D,, and [J reduces to usual Laplace-
Beltrami operator.

3.3 Spectral dimension of kappa-deformed
Euclidean space

In this section, we calculate and analyze the spectral dimension of the
k-deformed space-time, using the kappa-deformed diffusion equation. We
solve this deformed diffusion equation, perturbatively and obtain the so-
lution valid upto second order in the deformation parameter. Using this
deformed probability density, we calculate the deformed return probability
and then spectral dimension of k-space-time.

Let us start with a diffusion process on a n-dimensional k-deformed
Euclidean space. The motion of the diffused particle is governed by the
diffusion equation

9 U, yi0) = LU,y 0), (3.9)
Jo

where L is the generalized Laplacian with respect to the kappa-deformed
Fuclidean space.

Generalizing the notion of Laplacian being the Casimir of the Poincare
algebra to the s-deformed space-time, we use D,D, as the s-deformed
Laplacian. In the commutative limit (¢ — 0), we recover the standard
Laplacian in the commutative space-time. But if we relax this condi-
tion that the Laplacian must be the Casimir and require only that the
r-deformed operator should reduce to the usual Laplacian in the commu-
tative space-time, we can use the (J-operator defined in eqn.(3.8) also as
the k-deformed Laplacian.
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Note that both the operators D,D, and [] are written completely in
terms of commutative variables and thus the Laplacian we use are ex-
pressed in the commutative space-time. Thus the x-deformed diffusion
equations we study are written in commutative space-time. This simplifi-
cation is due to the fact that we are using the realization given in eqns.(3.4)
and (3.5) and also use undeformed x-Poincare algebra. This should be con-
trasted with the previous studies [2, 3, 4].

3.3.1 Spectral dimension from D, D, operator

In this section, we construct the diffusion equation using D,D,, (Casimir
of the undeformed k-Poincare algebra) as the Laplace operator. Thus
the kappa-deformed diffusion equation for an n-dimensional x-deformed
Euclidean space will be

0
8—0_U(a:,y;0) = D,D,U(x,y;0)
2
= 00 - SO0 y:0), (3.10)

where the explicit form of [J is given in eqn.(3.8). We obtain different

realizations for x-Poincare algebra with the choice of p(A). Here we choose
A

p(A) =e 2.
Now rewrite the Laplace operator D, D,, using this realization (¢(A) =

e’%) and by taking A = iad,, we find

— V2+3[1—cosh(m8 )] l—a—2 V? + 2[1_ h(iad,)]
_ = X 7 = cosh(iad,
L9 (2 - 91— cosh(iady)] — {1 - cosh(iad, )P
- M e cosh(ia0, " cosh(iad,)|".
(3.12)
We expand eqn.(3.12) in powers of deformation parameter a as
2 9 a’0?  a*0}
D — 2_Tgh_ (L) | % L.
UD:U' V A v (a2 V ) |: 2 24 :|
1 [a'd}  a®0C
- Sl +1 : (3.13)

We restrict our attention to first non-vanishing corrections due to non-
commutativity. Thus we obtain the Laplace operator for s-Euclidean
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space, valid upto the second order in the deformation parameter a as

a? a® a?

Using this in the x-deformed diffusion equation eqn.(3.10), we find

0 DN 2 2 a’? 4 a’? 202
aaU(yc,y,J)— (V + 0, 38n 2V8n

CL2

1 V4) U(z,y;0) (3.15)

Note that all the a dependent terms are of higher derivatives; two of them
having quartic derivatives while another involves product of quadratic
derivatives in space and time.

For convenience we define the Laplacian in the n-dimensional commu-
tative Euclidean space-time as

VU + 9:U = V2U. (3.16)
Using this, eqn.(3.15) is re-written as
ou 9 a_, a’ o a_,
< Sy oL B vty 1
= VAU = SO = SV - VU (3.17)

We use perturbative approach to solve this equation to obtain the heat
kernel U(x,y;0). Thus we start with the probability density, valid upto
second order in the deformation parameter a as

U = U+ aU; + a*Us. (3.18)

Note that we have the following relations between dimensions of terms in
the above perturbative series,

1
L
Using eqn.(3.18) in eqn.(3.17) gives

1

[Ul] = 12

[o],  [Ua] = 5[U0]- (3.19)

o 2
%(Uo + (ZUl + (IZUQ) = VZ(UO + CLUl + QQUQ) — %aﬁ(Uo + CLUl + ang)

a2

- 7W%wmwm+ﬁ%)

a2

- ZV4(U0 + aU1 + CLQUQ). (320)

Equating the zeroth order terms in a on both sides of above equation, we
find that U, satisfy the usual heat equation,

%Uo(x,y;a) = ViUy(z,y;0). (3.21)
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The solution to above equation is

1 _lz—y|?

e (3.22)

UO (.23', Y3 U) =
Next, we equate the first order terms in a in eqn.(3.20) to obtain

%Ul(w,y;a) = VU, (z,y;0) (3.23)

showing that U; also satisfy the same heat equation as Uy. Thus we find
U; to be of the same form as Uy, i.e.,

« lz—y|?
T€ Ao 3.24
(4mo)2 ‘ (3:24)

Ui(x,y;0) =

where « has the dimensions of L=!. Thus, for solving both Uy and Uj,
we have used the usual initial condition, i.e., Up(x,y;0) = 0"(z — y) =
Uy (z,y;0). This is possible because we could write the deformed diffusion
equation in the commutative space-time.

Now we solve for the next term ( order a? ) in eqn.(3.18). For this we
equate the second order terms in a in eqn.(3.20) and obtain

0 1
—Us(z,y;0) = ViUy(x,y;0) — =0iUs(w,y;0)
o 3

1 1
= VU, y;0) = 1V Un(w,y30)  (3.25)

Note that the last three terms on the RHS of above equation show the
change in the diffusion equation due to the k-deformation. Using the
solution for U obtained in eqn.(3.22) in the above, and after straight
forward simplification, we get the equation satisfied by U, as

(n+1)? L0 +2_,
1602 1603 =t

0
—Us(z,y;0) = ViUz(x,y;U)Jr[— (z; — yi)?

do
(2, — yn>2 (2 — yn)4 (2 — yn)2 n—1 2
T 480 G200 it (@~ )
1 1 lz—y|?
- En__l i 7;22:|—n B g . 326
640—4( =1 (.T y ) ) (47_(_0_)5 € 4 ( )

Using Duhamel’s principle [7], we solve the above equation which is of the
generic form

%UQ(X, o) = ViUy(X,0) + f(X,0) (3.27)
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where X = x —y. With the initial condition
Ua(X,0) = g(X), (3.28)

the solution to eqn.(3.27) is given by

Uy(X, 0) = / DX, 0)g (X)X /0 ’ / DX o) (X, )X ds

(3.29)
where (X, o) will satisfy the equation
0 _ e
2 v2) e(X,0) =0. (3.30)
do
So the function ®(X, o) will be of the form
1 |x|?
(X, 0) = _e 3.31
(X.0) = e 3.1

In our case we have the initial condition satisfied by the solution as
Uy(X,0) = g(X) = d"(X). (3.32)

Note that we are using the same boundary condition as in the usual dif-
fusion equation. Since, the x-deformed Laplacian and hence the diffusion
equation are written fully in the commutative space-time and all the ef-
fects of the non-commutativity is included in the modified Laplacian and
thus we are justified in using this initial condition. Using eqn(3.31) and
eqn.(3.32), the first term on RHS of eqn.(3.29), Uy, is calculated as

oo 1 /2
Ui (X,0) = / e (X)dX!

U21($ay;0-) = e 4o ) (333)

where 3 has the dimensions of L=2. The second term on RHS of eqn.(3.29),
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Uss is evaluated as

U22(x7 Y; U)

// (X = X', — 8) f(X, 8)dX"ds

lz—y|? ( yn) (-1711 - yn)2 -1 2
_ 1o - - X (i — v
(47T<7 )2 ‘ { ( 4804 3904 =l (i = vi)

et oo (50 (-
16a2n Ti; 22 D (i — yi)Q) In(o/e)
403 61 5 2ie o (s — yi)® %(% — )2

2mos

16 3) 1:1( ))A_ ! <( — Yn) 20 11( —Yi)

(.]31 — yl)z?;gl (1'1 - yz) + ...+ (xn72 - yn72)(xn71 - yn71)>A

(xn — yn)3 + ('rn — yn) Enfl<x, _ y)2
603\/om 8o3\/omr LV '

(0 =0 %))B

Sa3\/om

(803\/ﬁ i (= y) 20 (25— s )2) b
(2:(;,7; —y)  (n+1) S — ) — 4(n —1) (2, — yn))

o2\/om 4o2\/om

M (—20’111(0’/6) + %2 — e)

- [_1 + % - 1n(a/e)]
(22’:;0’2_77' (@ ) (tcm (Vo/e—1)— \/0‘/6—1)
(%) (tan'(Vo/e=1) = V/a/e = 1) } (3.34)
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where A = oln(o/e) —o+eand B = (ctan™" /2 —1—¢,/Z —1).

Note that Us, treats Euclidean time and space coordinate on a different
footing. This is apparent from the fact that we have terms depending on
(xy, — yn) and (z; — y;), separately. The e appearing in the above is a lower
cut-off introduced in evaluating the integral in eqn.(3.29) and we will set
the limit € — 0 after calculating the spectral dimension.

Using eqn.(3.33) and eqn.(3.34), we get the solution to the second order
correction as Us(x,y;0) = Uy (x,y;0) + Use(z,y;0). Using eqns. (3.22),
(3.24), (3.33) and eqn.(3.34) in eqn.(3.18), we find the heat kernel, valid
upto second order in a.

Now we want to calculate the return probability which measure the
probability to find the particle returning back to the starting point after
a diffusion time 0. In terms of the heat kernel, the return probability is
defined as

[ dhxy/detg, U(x, z;0)
(0) = N (3.35)

where g,,,, is the metric of the underlying space. Here it is g,, = d,,. Using
this definition, we obtain the return probability as
1 a B a@ n+1)? /1 1
Py(o) = = +a = +a’ + [
() (4mo)2 (4mo)2 16

B ()47
)

e

B 1 n+1)%2 (n+1)?
= W{l—l—aa+a25+a2(_ oo T 62 e)].(3.36)

Note that the return probability, calculated above, do have first order as
well as second order corrections due to the non-commutativity.

The spectral dimension Dy is extracted by taking the logarithmic deriva-
tive of return probability P,(o). i.e.,

_,0InPy(o)

o €

p, = —2¢ 19 :
® Olno (837)
=20 0F(0)
~ PyJo) Oo
n + naa +na’f — (n+2)(n + 1)21%-—2(, +(n+4)(n+ 1)218226

1+aa+a26—a2%(1 - 5)

(3.38)
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Keeping upto first non-vanishing terms in a, we obtain the spectral dimen-
sion as Dy = n—(n+1)2g7i+(n+1)2%e. After setting the cut-off parameter
€ to zero, we obtain spectral dimension of the k-deformed space-time as

2
24

Ds=n—(n+1) S

(3.39)

Note that the first non-vanishing correction due to non-commutativity is

second order in a and this correction also depends on the initial topological

dimension n (apart from the diffusion parameter o). Now we will restrict

our attention to the case n = 4, so the spectral dimension will be Dy =
25 a?

4—- 2%,

Figure 3.1: Spectral dimension as a function of ¢ with a = 1 and n = 4

for D, D,, as Laplacian.

f@— —————————————————————,
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2} ]
8 |
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0 20 25

Fig.[3.1] indicate that the spectral dimension is changing from —oo to 4
(n=4) continuously with diffusion parameter o. We see that in the limit of
large diffusion parameter, the spectral dimension is same as the topological
dimension (lim,_,,, Ds = 4), i.e., the space-time behaves like a smooth
differential manifold at large distances. For small o, where o > a?, the
effect of kappa-deformation become significant. This has the consequence
that the spectral dimension D, become less than 4. Also it can be easily
verified from D, = 4 — %% that the effective dimension becomes 2 when
o ~ 1.56a?. Since quantum gravity is renormalizable for n = 2, this
particular value of ¢ is a critical value for understanding the quantum
nature of gravity. We obtain the spectral dimension to be zero for o =
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0.78a2. In the limit of vanishing o, we find that the spectral dimension
goes to —o0.

In general, for n = 4, the spectral dimension becomes negative for
o < 25a?/32. Since the deformation parameter a is related to the mini-
mum length scale associated with the x-space-time, negative spectral di-
mension for ¢ < 25a%/32 seems to indicate that the diffusion equation
and/or spectral dimension looses its meaning below this scale of 25a%/32.

Demanding the spectral dimension to be positive definite (Ds > 0)
we obtain an upper cut-off for deformation parameter a in the form a? <
320/25. Finally, if we let the deformation parameter to go to zero we get
back the usual topological dimension.

Extended probe instead of point probe : We have started with
the diffusion equation in the x-deformed space-time, written in commuta-
tive space-time and effects of non-commutativity was incorporated through
higher derivative terms appearing in the x-deformed Laplacian(see eqn.(3.15)).
Here, since the diffusion equation is written in the commutative space-time
itself, we have used point particle as the probe. But the notion of points
are meaningless in the non-commutaive space-time. So we might improve
the previous result, by considering a probe with extended nature instead of
point probe. The extended nature of probe can be incorporated using an
initial condition which takes into account of this finite length of the probe
particle. One such allowed function for initial condition is Gaussian distri-
bution [2]. i.e., the initial condition for the diffusion equation (eqn.(3.15))
will be modified as

1 _Je—yl?

— 4a? . 340
(4ma?)z ¢ (3.40)

Note that the width of the above Gaussian depends on the deformation
parameter a which has the dimension of length. With this initial condition,
we first solve for Uy satisfying eqn.(3.21) and we get

U(z,y;0) =

1 _le—y|?
Up(x,y;0) = —————€ 4o+a?), 3.41
0( Yy ) (471‘(0‘—’—@2))5 ( )
Since we are interested in the solution valid upto second order in a, keeping
terms only up to second order terms in a we find
1 _la—yl? na®> a®|x—yl?
y Loyl

n “ 1 -
(4mo)z ¢ 20 402

Uo(z,y;0) = (3.42)

Next, we solve eqn.(3.23) using the initial condition given in eqn.(3.40)

and obtain ,
o _ lz—y]
U(2,y,0) = ——— ¢ 4te?) 3.43
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Here we keep terms up to first order in a since the solution U contains al .
Thus Uy, valid up to first order in a is given by
« _ o=y

Uy(x,y;0) = (47m)%€ [ (3.44)

Next we solve for U, satisfying eqn.(3.25). In order to solve this we use
Up obtained in eqn.(3.42). We also use the initial condition give in eqn
(3.40), which incorporate the extended nature of the probe. But in this
case, we need to consider only zeroth order terms in a (since Uy comes
with a coefficient a? in U) and thus the solution for Us, valid up to zeroth
order in a, is same as the one satisfying eqn.(3.25), obtained earlier.

Thus, with the probe having an extension, we find the solution for heat
kernel, valid upto second order in a as

1 jo—yl2 na® a*|z—vy|? ) )
N = m T 4o 1 —_— .
U(z,y;0) (47r0)§6 1 [ 5 + 102 +ac+a"B| +a Uy
(3.45)
Using this solution we obtain the return probability as
1 (n+1)* na?
P(o) = _ |1 28 — a? - . 3.46
(@) (4mo)2 { taatafi-a 160 20 (3.46)
Using this, we evaluate the spectral dimension to be
D n+naa +na®f — (n+2)(n +1)>2 —n(n +2)% (3.47)
’ 1+ aa+ a?p — aQ—(";gi)Q — ”2—“”72 ' '
Keeping upto first non-vanishing terms in a, we find
a’>  na?
D,=n— 12— — — 3.48
(1) - (3.45)

By comparing the above expression for D, with the eqn.(3.39) we see
that the extended probe leads to an additional term —"7“2. This additional
term depends on the topological dimension n. We note that, as for the
particle like probe used earlier, here too, the spectral dimension is same
as the topological dimension in the limit ¢ — oo. Similarly, in the limit
o — 0 we see that Dy — —o0, exactly same as in the case of particle like
probe.

For n = 4, we find the spectral dimension obtained in eqn.(3.48) van-
ishes when o = 1.781a* and it become negative for o < 32a®. Demanding
that the spectral dimension should be positive definite imply a cut-off on
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Figure 3.2: Spectral dimension as a function of ¢ with a = 1 and n = 4
for D, D,, as Laplacian with extended probe.
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the deformation parameter given by a? < ?’;—;’ Thus we see that the effect

of extended nature of the probe is to modify the cut-off values of o and a?,
but do not change the general feature of the dimensional flow and also do
not affect the values of spectral dimension in the limit ¢ — 0 as well as in
the limit o — oo. Variation of Dy with o is plotted in fig.[3.2].

3.3.2 Spectral dimension from [] operator

In this section, we use [J operator as the Laplacian in the x-deformed space-
time, which reduces to the usual Laplacian in the commutative space-time.
Thus we start with the diffusion equation

0
——U(z,y;0) =0U(z,y;0), (3.49)
do
where (J = VQB;—QA — 82%, and A = iad,. Also, we choose ¢ = ¢~ 2.
Now we expand the [J operator in terms of deformation parameter a.
2
_ 2 ;
O = V°+ ﬁ[l — cosh(iad,)]
_ vy % a’d; a'0,  a°0y
a 2! 4! 6!
2 s @, adb g
= V°+0,——=0,+ =0, — ... (3.50)

12" 360 "



46 CHAPTER 3. SPECTRAL DIMENSION

We restrict our attention to first non-vanishing correction due to non-
commutativity. Thus the above diffusion equation becomes

9, , a®_,
—U(z,y;0) = vn—ﬁan Ulx,y;0), (3.51)

0o
where V2 = V2 4 92. Here, we note that the a dependent term involves
quartic time derivative, but there are no terms involving product of deriva-
tives with respect to different coordinates, unlike the k-diffusion equation
obtained in eqn.(3.15). As earlier, we solve the above equation perturba-
tively using eqn.(3.18) for U, i.e.,

a 2
%(UO + alUy + a®Us) = (vi — %aﬁ) (Up + alUy + a®Us)  (3.52)

Collecting the zeroth order terms in a shows that Uy satisfy the usual heat
equation, i.e.,

0
55 Uo(@:y30) = Vilo(z, y; 0) (3.53)
with solution ) ,
lz—y|
Up(x,y;0) = —e 4o 3.54
o(04i0) = e (3:54)
and the first order terms in a leads to the equation
0
55 1@ 430) = ViU (z,y;0) (3.55)

showing that U; also satisfy the usual heat equation and therefore the
solution is

Uiz, y;0) = e (3.56)
where o has the dimensions of L=!. Note that in obtaining the solutions
for Uy and Uy, we have used the initial condition of the test particle being
localized at a given point in the space, as in the commutative space-time.
Next, by equating the second order terms in a, we find that the equation
satisfied by U, as
0 2 [
L Uy(a,y;0) = V2Us(, 5 0) — 0ol yi0).  (3.57)
do 12
Note that the above equation has a quartic term in the Euclidean time
derivative. Now substituting eqn.(3.54) in the above, we obtain
oU,

1 ($n _ yn)2 (xn - yn)4 1 _la—yl?
- = Vil + |- — _e” 1 (3.58
go T 71602 T 1608 1920% | (dno)s ¢ )
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We solve this equation using Duhamel’s principle, which is discussed in
the above section. Then we obtain the solution Us as

L (@) (0 = yn)?
UQ(xa Y; U) = (47_‘_0_)% [ﬁ o 19254 (O - E) + W IH(O/G)
_ )2
+ (6160(:) — (%160_1?1) (cln(o/e) — o +¢)

— % <atan*1\/a/e —1- 6\/0’/6 — 1)

— (6\/0T [20'+E \/U/T—?)atan lm}
1

0% — €
672 (—201n(0/6)+ - )

( yn < 1
+ tan” \/o/e—1— ae—l)
o) (1o fofe =1 - /o]
1
+ o [-1-In(o/e) + a/e]} (3.59)
o
As in eqn.(3.34), we see that the Euclidean time and space coordinate
are treated differently. Here also, the € is the lower cut-off introduced in
evaluating the integral and we will take the limit ¢ — 0 after calculating
the spectral dimension.

Using this in eqn.(3.35), we obtain the return probability

B 1 9 9 1 €
P,(0) = (Imo)? l+aa+af+a < 16_0—'—1602)} (3.60)

and from eqn.(3.37), we find the spectral dimension as

n +naa +na®f — (n+2) L + (n+4)25

D, = 3.61
1+ ao+ a®B + a?(5 + 172) (3.61)
Using binomial expansion, we re-write this expression as
a®*  a’e
Dy=n———— +0(a). 3.62
n= o= e TO0@) (3.62)

We note that all the first order terms in a cancel with each other and thus
the first non-vanishing correction due to the non-commutativity is in the
second order in the deformation parameter a. After setting the cut-off
parameter to zero, we find the spectral dimension to be

a2

Dy=n— — 3.63
n- o (3.63)
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Figure 3.3: Spectral dimension as a function of ¢ with a = 1 and n = 4
for [J as Laplacian.
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We note that the non-commutative correction is independent of the
topological dimension n. Thus the change in the effective dimension is
same irrespective of the topological dimension of the space-time we start
with. This should be contrasted with the spectral dimension we found in
eqn.(3.39).

It is easy to see (Fig.[3.3]) that in the limit ¢ — oo, we find that
spectral dimension and topological dimension to be equal. For o = a?/8n,
the spectral dimension vanishes and for smaller values (0 < a?/8n), the
spectral dimension becomes negative. As in the case of eqn.(3.39), here to,
the the spectral dimension seems to loose its meaning below this scale. Here
again, we can set the bound on the deformation parameter as a? < 8no to
guarantee the positivity of the spectral dimension.

Extended probe instead of point probe : We can also consider a
probe with finite extension in place of probe localized at a single point.
With the initial condition which imply the extended nature of the probe

1 _lz—y|?
Ule.:0) = grayge = (3.64)

we solve eqn.(3.51), then we obtain the solution to Uy satisfying eqn.(3.53)

as )
1 o=yl
Ug(z,y;0) = —————¢ tora?), 3.65




3.3. SPECTRAL DIMENSION OF KAPPA-DEFORMED EUCLIDEAN SPACE49

This can be expanded in terms of deformation parameter a as

1 aw? na® a*|z—vy|?

- o 1-— . 3.66
(4%0)56 ) 20 + 402 ( )

Up(w,y;0) =

Similarly, solving eqn.(3.55) with the modified initial condition given above,
we obtain the solution for Uy, valid up to first order in a as

o _ =y
Ui(z,y;0) = (47?0)36 . (3.67)

Since we only need solution of U, valid only up to zeroth order in a, we
find that the solution is same as the one satisfying eqn.(3.57). Thus we
have the solution for heat kernel valid upto second order in a as

1 lo—yl? na® a*|z—y? ) )
; = n B 7 1 - .
U(z,y;0) (4#0)56 T { S + 152 +aa+a“fB| +a Uy
(3.68)
Using this solution we obtain the return probability
1 a? na?
P = — |1 2 — - — 3.69
(0) (4mo)2 [ taataf 160 20 ] ’ (3:69)
and the spectral dimension
n+naa+na?B — (n+2)L —n(n+2)%
D, = Fonr i —nlnt i ()
l+aa+a ﬁ ~ 160 20
Keeping terms valid up to first non-vanishing terms in a, we find
a’>  na?
Dy=n— — — — 3.71
" 8o o ( )

By comparing with the eqn.(3.63) we see an additional term —”7“2 in

the above, which depends on the topological dimension. We also note that
the limiting values of the spectral dimension is same as in that for the
spectral dimension obtained for point probe in eqn.(3.63).

For n = 4, we note that the spectral dimension Dy equal to zero when
o = 1.031¢* and it become negative for o < 23a®. As earlier, the re-
quirement of positivity of the spectral dimension will lead to the condition
a? < %0. We see that the effect of extended nature of the probe only
modify the cut-off values of ¢ and a?, while the general feature of the di-
mensional flow and the values of spectral dimension in the limit ¢ — 0 as
well as in the limit ¢ — oo are unaffected, in the case of Laplacian being

O also. The dimensional flow in this case is plotted in fig.[3.4].
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Figure 3.4: Spectral dimension as a function of ¢ with a = 1 and n = 4
for [ as Laplacian with extended probe.

4 +—

3.4 Conclusion

Table 3.1: Summary of the Results

Laplace Nature of the . . Bound on a
op(Ie)rator Probe D lim; o0 Dy im0 D (for n =4)
DD Point probe Ds=n—(n+ 122%; . n —00 a? < %0
rE Extended probe | Dy =n — (n+1)°% — "o n —00 a* < £o
0 Point probe Dy=n - % ] n —00 a? < 320
Extended probe Ds=n—¢& — "= n —00 a’ < %0

In this chapter we have investigated the spectral dimension of k-space-
time using the kappa-deformed diffusion equation. The deformed diffu-
sion equation is constructed for two different choices of Laplacians in n-
dimensional, k-deformed Euclidean space. We use an approach where the
deformed Laplacians are expressed in the commutative space-time itself. A
distinct feature of this diffusion equation is the presence of higher deriva-
tive terms associated with the non-commutative nature of space-time. The
diffusion equation so obtained is solved perturbatively in order to find the
heat kernel. This is then used to calculate the spectral dimension. Inspect-
ing the expression for spectral dimension in both cases, we notice that the
spectral dimension depends on the combination, % of deformation param-

eter a and probe scale . Also, we see that for large diffusion parameter
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o the spectral dimension is same as the topological dimension n and on
the other hand, the spectral dimension goes to —oo as o vanishes. We
obtained an upper cut-off for deformation parameter a, by demanding the
positivity of spectral dimension.

For our analysis, we have chosen the topological dimension of space-
time to be 4. When the Laplacian is chosen to be D, D,, we find that
spectral dimension becomes zero for o = 0.78a?. Also, we see that spectral
dimension is positive when o > g—gaz. For the choice, £ = [, the spectral

dimension is positive when o > g—; and below which it becomes negative.
Since, spectral dimension should be always positive for having valid physi-
cal interpretation, we can find an upper cut-off for deformation parameter
a. It is found that the positivity condition leads to the cut-off a? < %0
for D,D,, operator and a? < 320 for 0. If we replace a point probe by
an extended probe we get an additional term, —% for both choices of
Laplacian. However, the qualitative behaviour of the spectral dimension
remains the same. These results are given in table [3.1] above.

Vanishing of spectral dimension was argued to be sign of space-time
loosing its meaning at trans-Planckian scales[2]. We note that the defor-
mation parameter a, having length dimension, is related to the minimal
length associated with the x-space-time and expected to be of the order
of Planck length. For both the cases we studied here, we find that the
spectral dimension is positive much below the scale set by the deformation
parameter a and become negative when the probe scale is less than 0.78a?
and 0.031a?, respectively. As discussed in the introduction, some of the
earlier studies on the dimensional flow in x-space-time, using an approach
different from the one used here, showed the growth of spectral dimension
to +00, as the probe scale vanishes[4], indicating super diffusion at small
probe scales. In the present case, we have the opposite situation where the
spectral dimension goes to —oo.

The probability density becoming negative for diffusion equations in-
volving higher derivatives have been noted earlier and a possible re-interpretation
of the spectral dimension in such scenarios was discussed in [8]. It was
noted that at low energies, the spectral dimension matchs the topological
dimension only for certain values of the deformation parameter and it was
argued that there should be a threshold value of deformation parameter
below which the return probability is not a physically acceptable solution.
We can take a similar approach in the cases studied here. We have seen
that for certain values of the diffusion parameter we get the spectral di-
mension to be negative. By inverting this inequality, we can get condition
on the deformation parameter (a? < 320 /25 and a® < 320, respectively for
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the cases we considered here with n = 4) for which the spectral dimension
is positive. This may also be an indication of the existence of multi-scale
structure in the k-space-time[9].
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CHAPTER 4

Dimensional flow in the kappa-deformed space-time

4.1 Introduction

In chapter 3, we constructed diffusion equation in x-space-time by using
the Casimir of the undeformed x-Poincare algebra as the Beltrami-Laplace
operator appearing in the diffusion equation. In this case, we have not
considered possible changes of 8% operator appearing in diffusion equa-
tion. In this chapter we address this issue of modification of diffusion
equation wherein the derivative operator with respect to diffusion time o
also gets kappa-deformed correction. We present such a construction of
diffusion equation in kappa-space-time in this chapter. The relation be-
tween Schrodinger equation and diffusion equation will play a crucial role
in this construction.

It is well known that Schrodinger equation and diffusion equation are
related by a Wick rotation [1]. The time-dependent Schrédinger equation
for a free particle is

0 h?

where p is the particle’s mass, V? is the Laplacian, and v is the wave
function. By replacing t in eqn.(4.1) by —it one obtain

o h
Frie Zv%. (4.2)

25
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Dimension of % is length? /time which is same as the dimension of diffusion

coefficient D. By re-defining % = D, one re-express the above equation
as the standard diffusion equation,

o 2
T DV~=y. (4.3)
That is, one can obtain the diffusion equation (4.3) from the Schrodinger
equation (4.1) by mapping time(t) to imaginary time (—it).

In this chapter, we construct possible modifications to the heat equation
due to k-deformation and study its implication on the scale-dependence of
the space-time dimension. We use the connection between the Schrodinger
equation to diffusion equation in constructing deformed diffusion equation
valid in x-space-time. Thus, we start from well studied x-deformed Klein-
Gordon equations written using Beltrami-Laplace operator and derive its
non-relativistic limit. From thus obtained k-deformed Schrodinger equa-
tion, we construct the deformed heat equation by a Wick rotation ( by
implementing the map ¢ — —it ). Here, we use the k-deformed Klein-
Gordon equation written in commutative space-time [2] as our starting
point. Thus note that the Wick rotation is applied to the theory written
in the commutative space-time and all the effects of non-commutativity are
included through the deformation parameter ‘a’ dependent terms. This al-
lows us to side-step the non-trivial issues associated with the Wick rotation
in non-commutative space-time. The problem associated with the Wick
rotation in non-commutative space-time has been analyzed, particularly
for the case of moyal space-time in [3, 4, 5]. It was shown in [3] that the
naive Wick rotation will lead to the theory being non-unitary and a con-
sistant way to map non-commutative theory from Euclidean to Minkowski
signature was obtained [3, 4, 5, 6]. Note that the deformation parame-
ter ‘a’ is unaffected by the Wick rotation. This allows us to investigate
two related issues namely (i) spectral dimension of x-deformed space and
its scaling with energy (ii) dimensional flow of the full x-deformed space-
time. The first problem is studied by evaluating the spectral dimension of
k-space using the k-deformed heat equation derived from the k-deformed
Schrodinger equation. Here we use the (d-1) dimensional Laplacian con-
structed as the space derivative part of the non-relativistic limit of x-
deformed Klein-Gordon equation. For investigating the second problem,
we take the k-deformed heat equation obtained by the Wick rotation of
the r-deformed Schrodinger equation and replace the Laplacian with the
Euclideanised Beltrami-Laplace operator defined in the d-dimensional s-
deformed space-time. We have carried out this study by different choices
of k-deformed Klein-Gordon equations.
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In the first case, thus, we study the spectral dimension of the spatial
part of the x-deformed space-time. Since the spatial coordinates of the x-
space-time commute among themselves and it is the time coordinate which
does not commute with the space-coordinates, this approach is appropriate
to study how the space dimension of the k-space-time changes as the probe
scale is changed due to the non-commutativity between time and space
coordinates. We see that the effect of non-commutativity is to introduce
higher spatial derivative terms as well as terms involving both spatial and
temporal derivatives in the deformed diffusion equation. The role of these
terms on the spectral dimension is brought out here.

In the second case, we take the k-deformed heat equation as the starting
point of the analysis and replace the Laplacian £ by the Euclideanised x-
deformed Beltrami-Laplace operator. Thus here, the non-commutativity
shows itself in two ways, by introducing the higher derivative terms in the
deformed heat equation and also through the additional terms appearing
in the deformed Baltrami-Laplace operator. Here also we do the analysis
for different choices of Baltrami-Laplace operator.

Organization of this chapter is as follows. In the second section, we
setup the diffusion equation using the deformed Klein-Gordon equation.
We start with the Klein-Gordon equation in k-Minkowski space-time writ-
ten in terms of commuting coordinates and all the effects of non-commutativity
are contained in the ‘a’(deformation parameter) dependent terms. By tak-
ing the non-relativistic limit of this theory written in terms of the com-
mutative variables and applying Wick rotation, we derive the diffusion
equation in the k-deformed Euclidean space, valid upto first non-vanishing
terms in the deformation parameter a. We then solve this diffusion equa-
tion perturbatively and use this solution to calculate the spectral dimen-
sion. We have also analyzed the change in the spectral dimension due
to extended nature of the probe. In the next subsection, we start with
a different choice of generalized x-deformed Klein-Gordon equation and
arrive at the k-deformed diffusion equation. The spectral dimension is
calculated using its solution and dimensional flow is analyzed. In section
3, we replace the Laplacian in the modified diffusion equation with the
two different choices of Beltrami-Laplace operator and use this diffusion
equation to calculate the spectral dimension. The analysis of results and
summary are presented in the last section.
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4.2 k-deformed diffusion equation and spec-
tral dimension

In this section, we derive the k-deformed diffusion equations starting from
two possible choices of k-deformed Klein-Gordon equations. The diffu-
sion equation is related to the Schrodinger equation under the mapping
t — —it and we use this map to derive the deformed diffusion equation.
By replacing ¢ with —it in the k-deformed Schrodinger equations, derived
by taking the non-relativistic limit of k-deformed Klein-Gordon equation,
we obtain the k-deformed diffusion equations. Using perturbative method,
we obtain their solutions valid upto second order in the deformation pa-
rameter. From these solutions, we calculate the return probability which
is a measure of finding a particle back at the starting point after a finite
time gap. Using this, we calculate the spectral dimension.

4.2.1 Diffusion equation from the k-deformed Klein-
Gordon equation (D,D" —m?)¢ =0

Here we derive the deformed diffusion equation from the non-relativistic
limit of k-deformed Klein-Gordon equation (D,D* —m?)¢ = 0. Consider
an n-dimensional k-deformed Minkowski space with signature (-++...+).
The Generalized Klein-Gordon equation on k-deformed space-time[2] is

a’ m?2c?
O+ )¢ =59, (4.4)
where N ( hA)
9 € 92(1 — cos
O=V:_, = + 0 ye . (4.5)
Here V2_| = E?:_faa—;, A = —iady, and we choose ¢ = e=2. We expand

LHS of eqn.(4.4) in terms of the deformation parameter a as

a? 9 2 a’_, 1
O+ 30 = [Vi— (1 —cosh A)][14+ Vi, = 5(1 —cosh A)]

2
= V2., -V2 (1 —-coshA)— E(l — cosh A)
1
?(1 — cosh A)?

A% At 2 (A% A4
_ 2 2 - - i el i
= V2, +VZ, (2! + 7 +) + <2! + 7 +>
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2 2092 44
a o2 9 2 a“d; .~ a0,

2 292 494 2
a®_, 1 a0y = a*0,
+ —V, .+ @ (— +

4 2! 4!
2 2 2 2
= V2, -0+ QZV‘{ — a—v{ 5 + a—84 + azagl
a’ , a 6
— 4.
+ 5 Va0 - 360(9 a +0(d%) + (4.7)

We restrict our attention to first non-vanishing corrections due to non-
commutativity. Thus we obtain the equation valid upto second-order in a
as

22

C 6. (4.8)

(V2 P —a—zv 05+ 84)¢—
n—1 0 4 n—1 2

We next construct x-deformed Schrodinger equation by taking the non-
relativistic limit of the above k-deformed Klein-Gordon equation. Note
that the eqn.(4.8) is written, completely in the commutative space-time.
This allows us to use the well known calculation scheme to obtain the non-
relativistic limit [7]. Thus we start with the ansatz wave function ¢ where
one separates out the rest-mass dependence and further we use the fact
that in the non-relativistic limit, kinetic energy is very small compared to
rest mass energy. So we start with the ansatz

. 2
me®

Oz, t) = p(z,t)e " n (4.9)

in eqn.(4.8). Here z is a point in the (n-1) space. Effectively, this ansatz al-
lows us to extract a term containing the rest mass m. In the non-relativistic
limit, K E << mc? and hence we have

9,
| zha—f |< mc?p. (4.10)

Substituting eqn.(4.9) in eqn.(4.8) and after using the fact that KFE is
much smaller than the rest mass energy (stated in eqn.(4.10)), we get the
r-deformed Schrodinger equation as

2m dyp m o _, LM o
Vn 1o+ i— T + V © + ia’ mtv 2 2 Vi _1p 1
4.4 (4.11)

c@gp ymtc

. 2
T sy T 3




60 CHAPTER 4. DIMENSIONAL FLOW

By changing ¢ to —it in the above, we get the deformed diffusion equation
as

2m O m O a?m?c?
o 2mdy _ aMm Oy
Vi _1p Yot —I— V 1 —a? 5 atv 1+ =

V%_lgo

2 (4.12)
3¢ 8_@ ta ,mict _o

3h3 or " Bp YT

Redefining kt = o with k = % and after some rearrangements, we obtain
r-deformed diffusion equation as

Oy a’c? a? a’ o a’c?dp  a’ct
= V2 —V? — Vi ===V p——— T ——
9o P g VP e T g VP T G o gk
(4.13)
where V2 _| = X1~ 1106 . In the above equation ¢ is a function of x and

o. It is clear from the Zeqn.(4.13) that, in the commutative limit (a — 0),

we obtain the usual diffusion equation. Note that in deriving x-deformed

diffusion equation from x-deformed Schrodinger equation, we only replace t

with -it and absorb % factor into the diffusion scale o. The k-deformation

parameter ‘a’ does not get any modification under this mapping.
Reordering the terms in eqn.(4.13) we get

&p 9 2 a2 9 a204
1 - | == —
(4.14)

In this case, in addition to the modification in the Laplacian we also have a
modification to the diffusion operator (:Z 55)- This result is to be contrasted
with deformed diffusion equation studied in chapter 3, where the modifica-
tion only occurred in the Laplacian. Also note that the deformed diffusion
equation has higher order spatial derivative (V}_;) and term involving
products of temporal and spatial derivatives i.e., -2 Vn ;- But there are
no higher derivative terms with respect to (scaled) tlme (0). These features
would turn out to be significant in the calculation of spectral dimension of
r-deformed space-time.

4.2.2 Spectral dimension

The diffusion equation in x-deformed space-time, constructed in the above
section, is used to calculate the spectral dimension. We solve the diffu-
sion equation by using delta function as the initial condition. To find
the heat kernel ¢(z,y; o) of the k-deformed diffusion equation obtained in
eqn.(4.13), we express the solution as a perturbative series in a as

© = o + apr + a’p,. (4.15)
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We note that the dimension of the terms satisfy the relations, [¢1] = T [¢0]

and [o] = 7z [0]-
Using eqn.(4.15) in eqn.(4.13) gives

0 a2c? a2 a? o
95 (W0 tapi+ a*ps) = [vi—l + in—l + Va1~ E%VEH
a’c? 0 a*ct

682 00 18k

(gpo + ap; + a2<p2) (4.16)

By equating the terms of same order in a, we solve the above equation.
The zeroth order terms in a leads to

0
—o(z,y;0) = Vi_1p0(z,y; 0). (4.17)

oo
The Laplacian V2 _; is with respect to = coordinates and will act on the x
dependence of the heat kernel. The solution to this equation is given by

1 G i
vo(r,y;0) = ————¢€ 1o . (4.18)
(4mo) 2

Next, equating the first order terms in a gives us the equation

0
_()01(37’?% 0) = Vi_lgpl(x,y;a). (419)

oo
Note that here too, V2_, is the Laplacian with respect to x coordinates
(and this notation is used in the remaining part of this chapter) and this
will act on the first argument of ¢;, namely .
The solution ¢ (z,y;0) satisfying the above equation also have the
same form as pg(z,y; o) since both satisfy the same heat equation. Thus
we get

—1 2
« P D)

T, Y,0 :—n_e* 4o . 4.20
e1(z,y;0) e (4.20)

where the constant  has dimension of L=!. Now by equating the second
order terms in a in eqn.(4.13), we find
9 A dpy !

100 .
200 1T 6k2 90 T AEATY
(4.21)

Do 5 A, 1
Bg — V2t g Vet

o n vi—l(po_
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Substituting the solution for ¢y from eqn.(4.18) in the above equation and
after straight forward manipulations, we get

% =V2_ oo+ c! + ¢t (n—1) _ (n* 1) _ ¢ N (- y)?
do 48k*  48k%2 o 1602 96k2 o?
(m+1)n 2 1 -1 2\2 1 _E eiw)?
DIV i —Yi) — i i Ui — 7
160’3 i=1 (SC y) 640'4( i=1 (l’ y) ) ](47TO')nTle *
(4.22)

The above equation is of the generic form

%gpﬂX, o) =V?_ 0:(X,0) + f(X,0). (4.23)

For a given initial condition, (X, 0) = g(X), the solution to above equa-
tion can be written as [8]

po(X,0) = /RMcI)(X—X’,a)g(X’)dX'

! /0 /Rn_l (X — X' 0 —5)f(X',5)dX ds,  (4.24)

where
1 (X%+X§+4.4+X72171)
O(X,0)= — e = . (4.25)

n—1

(dmo) 2

Using the initial condition (X, 0) = 6" (X)), we obtain the first term
21 of the RHS of eqn.(4.24) as

SOQl(Xa 0-) = / CI)(X - X,70->g(X/>dX,
Rn—l

1 (X1 =XD2+(X2=X5) 24+ (Xp_1-X],_1)?
= / We( 1 "5 : )(5”’1(X’)dX’
Rr—t (4O ) 2
1 Spox?
— 4o
(4mo)"T
15} SR (mi—y)
pan(z,y;0) = ————e @ . (4.26)
(4mo) =

where (3 has dimension L™2. The second term on RHS of eqn.(4.24), (99
is calculated as
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(T, y;0 / / QX — X' o—s)f(X', s)dX'ds
Rn—1
D R
G A -1 & (n—-1)
= . + (0 —¢)
(471'0') 2 48]64 1602 48k2 o
? 1

96k202 6404
(n+1)
1603

e >)z¢ s — )0 — €)

Ei: Nz — i) (0 —€)

) 2 (1 — yi) (o ban~ g — eq)

(s
(s

1, >)z?f< (o tan~" g — eq)

. [<x1 — )T (s = ) + (@2 — )T (s — )
+ ...+ (xn—2 - yn—2>(xn—1 - yn—l)} A

2?2_11 (371 - ?/z)

+ 4o02\/om

((5n +2)o tan™" ¢ — (4n + 2)oq — nge)
(4.27)
where ¢ = /2 —1land A=ocln(o/€) — 0 + ¢
Using eqns.(4.18), (4.20), (4.26) and (4.27) in eqn.(4.15), we find the

heat kernel valid upto second order in a. Using the definition of return
probability we obtain P,(c) (in the limit € — 0) as

[ d"xy/detg,o(x, z;0)

(o) =

[ dray/detg,,
1 ct (n?—1) c?
= —— |1 2 — g2 2 _1
=g Bt wE g t e )
(4.28)

The spectral dimension is found by taking the logarithmic derivative
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of the above return probability. Thus we get

D. — —20 0P,(0)
° P,(o) 0o
7’L2— n a“c
_ (L4aa+a?8)(n— 1) — a*(3 — n) g — a? gt 4 426 (n — 1)?
1+ aa+ a2+ a24§z40 — a2—(”126;1) + aQ&(n —1)

(4.29)

Keeping upto first non-vanishing terms in a, we obtain the spectral dimen-
sion as 2t 1)
Di=(n—-1)— — — o
8 o 24k4

From the above expression, we see that apart from the usual (n-1) term,
we have two additional terms and both of them are of second order in a.
They arise due to the non-commutative nature of x-space-time. One term
is dependent on the topological dimension n we started with and the other
term is independent of the initial dimension. Note that the diffusion scale
o appear in the n dependent correction as inverse where as in the second
correction term, it appears linearly. In the commutative limit, we see that

the spectral dimension is same as the topological dimension i.e D, = n—1.

(4.30)

Figure 4.1: Spectral dimension as a function of o for n=4, a=1, c=k=1.

40

For n=4 with a=c=k=1, we obtain Dy = 3 — 7 — g. From this, we

see that in the limit ¢ — 0, the spectral dimension Dy, — —oco. As o
increases the spectral dimension also increases and reaches a maximum
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value D, ~ 2.44 for o ~ 6.7. As we go further, the spectral dimension
start decreasing (see fig.[4.1]).
In general, for n=4 and with c=k=1, we get an inequality for o, % —

1296 _ 45 < 0 < 38 4, /1296 _ 45 where the spectral dimension become
a a a

positive and it takes negative value outside this range. The condition on
the deformation parameter, a® < 457_2;,2 , implies that the spectral dimension
is positive.

Extended probe instead of point probe : We now investigate the
effect of the extended nature of the probe on the spectral dimension. For
this purpose, we consider Gaussian distribution as our initial condition in
solving eqn.(4.13), i.e., we take

( 0) 1 72?:_11(%*%)2 (4 31)
T, Yy;V) = — 71, ¢ da? 5 .
oy (4ma?) "z

instead of the delta function condition used to obtain ¢g, 1 and 5. Using
eqn.(4.31) and eqn.(4.15), we solve eqn.(4.13) and obtain the zeroth order
solution as

1 S @i w)?
o) = 4o+a?) 4.32
()00(1;7y70-) (47T<J—|—a2>)(nT_1)e ( 3 )
Keeping terms upto second order in a, we find
1 =P (@) a® a®
o) =—"——¢€ & |[14+——S"Nei—y)-(n-1)—].

@0(1‘,:1/,0') (47‘(’0’)(%71)6 < +4O'2 =1 (.Z' y) (n )20_
(4.33)

Similarly we obtain ¢, from eqn.(4.19), valid up to first order in a as

=P @i—wa)?
p1(z,y;0) = %6_ e (4.34)
(4%0)(7)

For @5 we need to consider only the zeroth order terms in a, since expression
for ¢ contains a®y,, and thus the solution for ¢, will be the same as we
obtained in eqns.(4.26) and (4.27). Thus we get the return probability as

1 a’ct (n?—1)
P, = —|1 2 — 0 —a*—"
(o) (47m)"T_1 +ao+a 6+48k:40 a 6o
a*c? a?
Using this we calculate the spectral dimension as
a’ct a*(n*—-1) a?
D,=(n—-1)— - = —(n-1). 4.
»=(n ) 24k40 8 o o (n ) (4.36)
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Figure 4.2: Spectral dimension as a function of ¢ for n=4, a=1, c=k=1
with extended probe.

4

By comparing with the eqn.(4.30), we note that we have an extra term
—%Q(n — 1), which is due to the extended nature of the probe. Further,
we note that the dimensional flow has the same general behaviour as the
one obtained with point particle probe in eqn.(4.30) (see fig.[4.2]). Here
again, we note that there are terms with o~! dependence and one term
with linear dependence on o, the diffusion scale. The finite size effect of the
test particle introduces a correction which is proportional to the inverse

power of o.

4.2.3 Diffusion equation for ((0—m?)¢ = 0 and spectral
dimension

Eqn.(4.4) and eqn.(4.5) show that both D, D* and O operator have the
same commutative limit. Thus, the requirement of correct commutative
limit allow

O¢ =" . (4.37)
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as a possible x-deformed Klein-Gordon equation. Expand this equation in
terms of deformation parameter a to obtain

2 m2c?
[Vil — E(l — cosh A)} ¢ = 2 )
2 a® at ab m2c2
{vil += (—?83 + ﬁag — ﬁoag + )1 6 = —5¢ (4.38)
Keeping the terms up to first non-vanishing terms in a, we find
a? m2c?
(Vil — 05 + 586‘;) =50 (4.39)

Using eqn.(4.9) and eqn.(4.10) in the above, we obtain the non-relativistic
limit of eqn.(4.39) as
2m Oy  a®?m3c0p  a®mic

2 S - -
Vi$ H i Ty T Y

¢ =0. (4.40)

After mapping ¢ to —it and redefining kt = o (where k = %) Wwe re-express
the above equation as

Dip ) a*c* 0p  ,

K 2 .
90~ V1Y T o ae T 19k

(4.41)

Unlike eqn.(4.13), here we do not have higher derivatives terms. We pertur-
batively solve this deformed diffusion equation using the series expansion
of ¢ given in eqn.(4.15). i.e.,

0 9 9 a’c® 0 , 9
8—0[900 +apr +a*py] = [V, — 2112 9o +a 192/2 [0 + apr + a”ps].
(4.42)
Equating the zeroth order terms in eqn.(4.42) gives
0 2
g P0(@:y:0) = Vi _y0(2, y:0), (4.43)
whose solution is
1 2 i)
eo(®,y;0) = ———=—e : (4.44)
(4mo) 2

Equating the first order terms in a on both sides of eqn.(4.42) gives

0
551 (@ 0) = Vo o1z, y;0). (4.45)
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The solution to this equation is

a P @i
p1(x,y;0) = ———=e do . (4.46)
(4mo) 2

Note « has the dimension of inverse length. Next we collect terms of having
a® from both sides of eqn.(4.42) to get

0pa 9 2 0o A
2 _ . 447
oo V12 202 Do 192kA %0 (4:47)

Substituting for ¢y from eqn.(4.44) in the above, reduces eqn.(4.47) to

Do A (n—1) |

_ 2 n—1 2
9o~ Ve [48k2 i ep R A D
ct 1 R
-l 4.48
192k4] dro) 2 (4.48)

Using eqn.(4.24), we solve this differential equation. Then the first
term of eqn.(4.24) will give yo as

5 _ E?:_ll(xi_yi)2
pan(r,y;0) = ————e€ io (4.49)
(4mo) 2

where (3 has dimension L™2. The second term on RHS of eqn.(4.24), (g9
is evaluated as
1 i ei)? ct c? _

; = — v - SN —y)?
pa2(z,y;0) (471-(7)%16 * [(192k4 06k2o2 =1 (zi — yi)

62

M(n - 1))(0 —€)

62 1 n—1 2 -1 g o
B 24k:2m2z‘:1 (zi — yi) (U tan i 1—¢ P 1) )
(

4.50)

Using eqns.(4.44),(4.46),(4.49) and eqn.(4.50) in eqn.(4.15) we find the
heat kernel valid upto second order in a. From this we calculate the return
probability (in the limit € — 0) as

1 4 2

P)(0) = —— |1 +aa + a*B + a® ¢ + a?

C
—1)|. @51
(dr0) "5 Toakt” T qga D] (451
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Using this we find the Spectral dimension to be

act
96k17

Di=(n—-1)— (4.52)
The correction of the spectral dimension is of second order in a and it
is independent of the initial dimension. Thus we see that the change in
spectral dimension is same for space-times of all dimensions. Here we see
that the a dependent correction to the spectral dimension is linear in the
diffusion scale o. Unlike the spectral dimension obtained in eqn.(4.30),
there is no term involving o~! in eqn.(4.52).

Figure 4.3: Spectral dimension as a function of o for n=4, a=1, c=k=1.
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In the commutative limit we have Dy = n — 1, same as the topological
dimension. For n=4, k=c=1, it is easy to see from the fig.[4.3] that spectral
dimension D, = 3 exactly at 0 = 0, and it start decreasing as ¢ increases.
For 0 = %8 the spectral dimension vanishes and it is negative for higher
values of o.

Extended probe instead of point probe : Now we want to see the
change in spectral dimension due to the extended nature of probe. We use
Gaussian function as initial condition and solve for the heat kernel. The
modified initial condition will be

( 0) 1 _E?:_ll(zi_yi)z (4 53)
x,; = —€ 4a? . .



70 CHAPTER 4. DIMENSIONAL FLOW

Using this initial condition, we solve eqn.(4.41) and obtain the zeroth order

term as
1 e

e Al (4.54)

wo(z,y;0) = -
(4 (o + a2)] )

Since we are interested only upto second order terms in a, we expand this
as

1 =r o wi—vi)? a® a®
)= e (1 oy — ) — (n—1)— )
wo(z,y;0) (47“7)(%1)6 i ( + e (@ —y)” — (n )2(7)
(4.55)
Similarly we obtain ¢ from eqn.(4.45), valid upto first order in a as
20 - u)?
pi(z,y;0) = %6_ Ea (4.56)
(4mo)57)

The equation for o will be same as eqn.(4.48), since we are interested only
in terms of the order a®. The resultant solution will be same as eqns.(4.49)
and (4.50). Using this we obtain the spectral dimension as

2 4 2

o—(n—1L. (4.57)

Figure 4.4: Spectral dimension as a function of ¢ for n=4, a=1, c=k=1
with extended probe.
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By comparing with the eqn.(4.52), here we have an extra term —%j(n—
1) due to the extended nature of the probe. Thus we see that the extended
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nature of the probe introduce a correction to the spectral dimension which
depends on the inverse power of the diffusion scale 0. The presence of this
additional term modifies the behaviour of spectral dimension (see fig.[4.4]).

4.3 Modified x-diffusion equation and spec-
tral dimension

In this section, we study alternative diffusion equations than the ones an-
alyzed in the previous section. Here, we generalise the approach where
one starts from the diffusion equation and replace the Laplacian with
the Beltrami-Laplace operator. Thus, we start with the s-deformed dif-
fusion equation derived in eqn.(4.13), but use the k-deformed Beltrami-
Laplace operator in place of the Laplacian V2 _,, keeping all other terms
of eqn.(4.13) unchanged. Thus in this approach, we include the possible
modification of the diffusion equation in k-space-time coming from two
sources. First due to the additional terms in the diffusion equation involv-
ing the derivative with respect to the diffusion time o, and second due to
the non-local and higher derivatives terms appearing through the deformed
Beltrami-Laplace operator. As earlier, here too we analyze the spectral
dimension using two different choices of k-deformed Beltrami-Laplace op-
erator.

4.3.1 Diffusion equation with Beltrami-Laplace op-
erator and corresponding spectral dimension

In this subsection, we rewrite the diffusion equation eqn.(4.13) using the
Casimir (general form of Laplacian) of the kappa-Euclidean space. The

Casimir of d-dimensional k-deformed Euclidean space is given byl[9, 10,
11, 12]

D,D, =0(1 - <0) (4.58)
0=V3,or — 3=t (4.59)
2 _ yd-19? 2 _ 0° ; ; ;
where Vi | = ¥, 55 and 07 = g—. Here z4 is the Euclidean time

coordinate and x;, © = 1,2, ...,d — 1 are the space coordinates.
Eqn.(4.13), for a generic n-dimensional Euclidean space reads as

2 2 2,2 2.4
a® g4 a® 0 _, a‘c®dp  a‘c

o+ —V,0—==—=V5p

4

9p _ _aede
- 200 "7 6k2 9o ' 48kA 7"

2.2
- V24 LE 2

8k2 "

(4.60)
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Since the above equation is valid for any dimensions, we use D, D, for
V2, which is the general form of the Beltrami-Laplace operator in the
r-deformed Euclidean space.

We expand eqn.(4.58) upto first non-vanishing terms in a,
a2

P S S
501~ 5 Va0 — Vi, (4.61)

DD, = Vi1 +0; -
and use this in eqn.(4.60) and keep terms upto second order in a

9¢

2 2 a? 4 a’ 2 92 a’® 4
oo = Vn—lgp + an('p - Eango - Evn—langp - Zvn—lgp

a’c® 2 @’ oy 4 2 92
+ 8k2 [Vn_lgo + 871(70} + Z [Vn—lSO + 8n90 + 2vn—1an90}
a? 9 a’c?dp  a’ct

- Lo et - 2200y (4.62)

2 0o 6k 9o | 48k1T

By comparing with eqn.(4.60), we see that there are three extra terms

in the above equation and they modify the spectral dimension (obtained

in section 2.2). Note that the extra terms are of higher derivatives in

space and Fuclidean time coordinates. We have a term which is quartic

derivative in Euclidean time, terms involving product of derivatives in

space and Euclidean time and a term having quartic derivatives in space

coordinate. We solve the above diffusion equation perturbatively using
eqn.(4.15) for ¢. By equating the zeroth order terms in a we obtain

0
550 Y3 o) = V2 _1o(z,y;0) + Onpolw,y; 0). (4.63)

This is the usual diffusion equation in n-dimension whose solution is

1 _\x—y\Q
o, y;0) = @i (4.64)
The first order term in a will give
9 2 2
%(,01(1‘, Y; U) = vn_1§01 (l’, Y; U) + an(pl (Ia Y; 0)' (465>

It is clear that o (x,y; o) also satisfy the usual heat equation and thus

o _la—yl?

et ¢ (4.66)

o1(z,y;0) =
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Now equate the second order terms in a in eqn.(4.62) to get

8802 2 1 1 1
92 _ g Doy — ~0pp — V2 gy — -V
oo nfl(p2+ nP2 3 nP0 9 n—19n%0 4 n—1%0

2 1
+ gz (Vaoieo + 9npo) + 7 (Vaoao + 0o + 2V3,100)
1 a C2 aQOO C4
Y (Vi—ﬁ@o + 85800) TR 9o + AR ©o- (4.67)

After substitute for ¢y in the above equation and solving, we find ¢, as

. 1 ShEi-w)? 2n?+4n+1) n
prloyio) = oge 5+ (- 160 182
+ clo > <1 6) (mn - yn>4 (xn - yn>2 + CQE?:l (mz - yi)2
4A8k4 o 19204 1603 96k202
(n+2)

S (z—yi)? +

32104 (B (i — yi)2)2> (0—¢)

(n + 2) n B 1 .
20\/a7r2i:1<xi ~ i) (tan 1 q- q) T 93 <(371 — Y1) X (T — ys)

(02— ) S0 = ) o+ (@1 = yo1) (20— ) ) A
1

2703
+ .+ (xan - yan)(mnfl - ynfl))A

(0 = 9)Zi (@ = ) + (21 = )T (i — )

() L s s ()
2403\/omr 4o\ Jomr T .
62 1 n -1
* 24k2 o Jw2i=1(%’ — i) | (otan™" g —eq)

7(1‘% - yn) (n —+ 1) n .
+ ( 6otJor 202\/%21:1(%’ - %)) ((20 + €)g — 30 tan q)}
(4.68)

where ¢ = \/2 — 1 and A = oIn(o/¢) — o + €. Using this heat kernel, we
obtain the return probability as
1 a? ct
P — _ [1 20 1 2_ 2
o0) = (oyr L Teataf= () g+ g
onn+2) a*c? }
T R TTEA |

(4.69)
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The logarithmic derivative of the above expression give the spectral

dimension as

2 2.4
Ds:n—a—(l—l—4n~|—2n2)— ac
8o

24 k4

0. (4.70)

Figure 4.5: Spectral dimension as a function of ¢ for n=4, a=1, c=k=1.
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In the commutative limit we find Dy = n. Spectral dimension as a
function of o with n=4 and a=k=c=1 is shown in the fig.[4.5]. We see that
in the limit 0 — 0, the spectral dimension Dy, — —o0. As ¢ increases, D
reaches a value close to 3 and thereafter decreases with increase in 0. We
note that one of the correction depend on the diffusion scale linearly while
the other changes as the inverse of o. This feature is same as the spectral
dimension obtained in eqn.(4.30). The requirement of the positivity of

spectral dimension gives a bound on the deformation parameter as a? <
96
Tirro?"
The use of an extended probe would result the spectral dimension given

by

2 2.4 2

Dy=n———(1+4n+2n%) — —— g - 2", (4.71)

8¢ 214k’ T o

By comparing with eqn.(4.70) we find an additional term —“fT” due to
the finite width of the probe. This new term is proportional to the initial
dimension we start with and inversely proportional to o. Note that the

extended probe does not change the generic behaviour of the dimensional
flow (fig.[4.6).
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Figure 4.6: Spectral dimension as a function of o for n=4, a=1, c=k=1
with extended probe.
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4.3.2 Spectral dimension with [ as the Beltrami-
Laplace operator

It is easy to see from eqn.(4.58) and eqn.(4.59) that the O operator has the
same commutative limit as D, D,,. The eqn.(4.41) in generic n-dimension
space-time is of the form

C4

o a’c® Oy
102k47"

_ gp 2
do n¥ 24k280+&

(4.72)

Now we use [J as the general form of Beltrami-Laplace operator in the
above equation, in place of V2. We expand the [J operator and keep terms
upto first non-vanishing terms in a, i.e.,

2

O=V2,+02— %a;*. (4.73)

Now substituting eqn.(4.73) in eqn.(4.72) and keeping terms upto second
order in a, we get

dp 2 2 !
IR AS— 0 —
80' vn—lgp + n¥

a? a’c?® Oy c
—84 - i 2 )
2 a2 e T 192k Y

(4.74)

We note that eqn.(4.74) has one extra term compared to eqn.(4.72) which
is quartic derivative in the Euclidean time. We solve the above diffusion
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equation perturbatively using eqn.(4.15) for ¢, as earlier. By equating the
zeroth order terms in a we obtain

0

550y o) = Vi _1po(z,y;0) + O2po(z, y; 0) (4.75)

and corresponding solution is

1 _le—y)?
QDO(SE’ y’ U) - (47]'0')% € 7 (476)
The first order terms in a give
9 2 2
95710 y:0) = Vi 1p1(,4:0) + 0,y 0) (4.77)
whose solution is given by
(e _\x—y\2
p1(z,y;0) = GEe (4.78)
Second order terms in a will result in
o)) 9 9 1 4 Oy ct
gz - — . 4.
9o Vn1P2 T Oue = 50000 = Sim T T Tggpa o (4.79)

We solve this equation by substituting for ¢y and using eqn.(4.24

)-
1 1 1 (2 —y;) 1
pa(@,y;0) = (47wg v [5+(_160 192k4 48k2)
2

(n B T M S (2 — ))(0—6

1603 19204  06k202

- ngm(zﬁeF_gatan P)
i (WE( \/:‘\/:>

The solutions of eqns.(4.75, 4.77) and eqn.(4.2) are used to obtain the
return probability,

a? a?ct a’c?

160 192627 T 1882

— 1 2p _
P(o) = (1n0) {1—1—&&—1—@ g

n] . (4.81)

. 62 Z:L 1(1‘1 yz t o _1_ _1
2403\/07r 24/€2 o o tan € ¢
(z

(4.80)
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Figure 4.7: Spectral dimension as a function of o for n=4, a=1, c=k=1.
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and using the definition for spectral dimension, we find D, as

a>  a’c

— — ——0.
80  96k*
Note that the spectral dimension has one term which is linear in ¢ and
another which is proportional to o~!. For n=4 and k=c=1, it is easy to
see from the fig.[4.7] that, the spectral dimension increases with o initially

and then decreases as ¢ increases. It is clear that the spectral dimension

ispositivefor%—@/36(;#—12<0<%+ %—12,

Ds=n— (4.82)

Spectral dimension with an extended probe is given by

a’>  a’ct a’n
Dy=n- L _&c¢, on 4,
T TR Tkt T o (4.83)

which has an extra term, —a%” compared to eqn.(4.82). Note that this
additional term depends on the topological dimension n and it is propor-
tional to o~!. This will not change the general feature of the dimensional

flow (fig.[4.8]).
4.4 Conclusion
In this chapter, we have constructed four different, modified diffusion equa-

tions in the k-space-time and using their solutions, analyzed the dimen-
sional flow in the x-space-time. In these studies, we have used probes
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Figure 4.8: Spectral dimension as a function of ¢ for n=4, a=1, c=k=1
with extended probe.

4

which are point-like as well as probes with finite extension. For all these
cases, we get the correct commutative limit, where the spectral dimension
match with the topological dimension. In all the four cases studied, the
spectral dimension changes with the probe scale. We note that for the
three cases studied, (see eqns.(4.30, 4.70, 4.82)), in the high energy limit
where 0 — 0, the spectral dimension become infinitely negative (—o0).
Thus for these three cases spectral dimension looses its meaning at high
energies. By demanding that the spectral dimension should be positive
definite we obtain bounds on the deformation parameter in terms of diffu-
sion time in these three cases. In the case of spectral dimension obtained
in the eqn.(4.52), we note that as ¢ — 0 spectral dimension becomes equal
to topological dimension. In all the four cases, we see a novel feature of
spectral dimension of non-commutative space-time in comparison with the
result obtained in chapter 3 as well as in[13, 14, 15, 16]. The new fact
emerged here is that the spectral dimension goes to —oo at low energies
(i.e.,0 — 00). We want to emphasis that this feature is absent in the
commutative limit and in the commutative limit we get back the equal-
ity between the spectral dimension and the topological dimension at low
energies. From eqns.(4.30),(4.70) and (4.82), we see that the spectral di-
mension increases from —oo as o rises from zero, reaches a maximum value
and then decreases to —oo. The maximum value of spectral dimension in
all the three cases is less than the topological dimension.
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We note that the major difference in the present analysis from the
earlier ones is the use of a modified diffusion equation(s). In our case,
we have not just used Beltrami-Laplace operator in the usual diffusion
equation, but derived the modified diffusion equation in the k-deformed
space-time. This is done by applying the Wick rotation to the x-deformed
Schrodinger equation, obtained by taking the non-relativistic limit of well
studied x-deformed Klein-Gordon equation. This approach, explicitly in-
troduces finite mass for the particle undertaking diffusion on the deformed
space-time. We see from the spectral dimension obtained in eqns.(4.30,
4.52,4.70) and eqn.(4.82) that in the limit of a massless probe, the spectral
dimension and topological dimension coincides at low energies. We note
here that the probes used in earlier studies[13, 14, 15, 16] were massless
ones. The spectral dimension obtained in eqn.(4.52) shows the interesting
property that in the limit of probe mass set to zero, there are no correc-
tion to spectral dimension due to the non-commutativity. This feature is
unique as the spectral dimension calculated for other three cases, do have
a dependent term, even in the limit of vanishing probe mass.

The diffusion equation constructed and analyzed in section 2.3 (see
eqn.(4.41)) do not have any higher derivative terms unlike the other three
cases studied here (see eqns.(4.13), (4.62) and (4.74)). The deformed dif-
fusion equation given in eqn.(4.41) is obtained from a specific choice of
Laplacian (equivalently Klein-Gordon operator in the x-deformed space-
time). The fact that in the massless limit of the probe, the spectral di-
mension is exactly same as the topological dimension for all probe scales
show that the non-commutativity between time and space coordinate do
not affect the spectral dimension of space-part of k-space-time at all.

The eqn.(4.13) and eqn.(4.41) are derived from the Wick rotated non-
relativistic limit of two different choices of the k-deformed Klein-Gordon
equation. In the non-relativistic limit, one neglects higher time derivative
terms and thus keeps only higher space derivative terms (if any) appearing
in the deformed diffusion equation. Thus we do not have any higher time
derivatives (equivalently, higher derivatives with respect to o) in these
two equations. Further, for the specific choice of deformed Klein-Gordon
equation used in section 2.3, there are no higher order spatial derivatives
(upto second order in a). This is why the spectral dimension obtained in
eqn.(4.52) has a completely different behaviour at high energies. For both
the choice of Beltrami-Laplace operator considered in section 3, higher
derivatives with respect to spatial as well as Euclidean time coordinates
are present and they do appear in the corresponding diffusion equations
(see eqn.(4.62)) and (4.74).
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It is interesting to note that the three diffusion equations leading to
negative spectral dimension of high energies all have the higher deriva-
tive terms. It has been known that such equations result in negative re-
turn probabilities [17]. In our formulation, x-deformed diffusion equations
are written down in the commutative space-time. All the effects of non-
locality inherent in the non-commutative space-time are contained in the
a-dependent terms of the deformed diffusion equation. As it is clear, these
terms are all higher order derivatives and thus non-local (except for the
case studied in section 2.3). As discussed above, the higher time derivative
terms drops out in the non-relativistic limit and this explain why non-
commutativity do not play any role in the limit of vanishing mass of the
probe for the spectral dimension obtained in eqn.(4.52). The k-deformed
Laplacian we used do have higher derivative terms. These terms sum-
marise the non-local effects of the non-commutativity of the space-time.
In the momentum space representation of Laplacian, this non-locality ap-
pear as higher power terms of momentum([13, 14, 16]. Laplacians with
higher derivatives were also analyzed in[17, 18, 19, 20].

The negative value of spectral dimension we see in our analysis might
be a reflection of the higher derivative terms (and thus related to the in-
built non-locality of non-commutative space-time). But the higher deriva-
tive terms in the Laplacian (equivalently, Beltrami-Laplace operator) is
a characteristic feature of k-deformed space-time. Here we have taken
a perturbative approach in the analysis of spectral dimension. A de-
tailed analysis of the issue of higher derivatives require a field theoretic re-
interpretation going beyond the usual diffusion equation[17, 18]. The issues
related to higher derivative terms and that of the negative return proba-
bility have been analyzed in[17] and, field theoretical re-interpretation of
spectral dimension as a possible way to avoid the negative return proba-
bility was introduced. For the spectral dimension calculated in eqn.(4.30),
eqn.(4.70) and eqn.(4.82), imposing the requirement that the spectral di-
mension should be positive definite at high energies translate in to the
conditions a® < 2%, a? < 755 ,0> < 2% respectively. This feature
suggest the possibility of multiscale structure of the space-time at high
energies and such possibilities have been pointed out in [18].
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CHAPTER b

Diffusion in k-deformed space and Spectral Dimension

5.1 Introduction

In this chapter we study spectral dimension in x-space-time using different
choices of realization. The reason for this analysis is to see whether the
spectral dimension and dimensional flow depend on the realizations or not.
It is known that description of physics depend on the choice of realization.
This is evident from construction of k-deformed Dirac equations [1, 2,
3] where different generalisation of Dirac equation to k-space-time were
obtained leading to different conclusions. Unruh effect in x-space-time
also analysed using different realizations [4, 5]. Different realization can
lead to completely contrasting predication and we want to see what is the
status of spectral dimension as we use different realizations.

In the present chapter, we choose to work with two different realiza-
tions. One choice is the realization used in [6] with ¢(A) = e~4. For
different choices of ¢(A) we can construct different realizations of the un-
deformed kappa-Poincare algebra [6, 7, 8]. The advantage of our particular
choice of ¢ is its connection with the bi-crossproduct basis [9, 10] and is
used in analysing the modification of central potential in the x-space-time
[11].

Another realization that we work with in this chapter uses a realiza-
tion of phase space variables associated with k-space-time to that of phase
space variables corresponding to commutative case [12]. This should be
contrasted with all other realizations studied in this thesis. We will re-
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86 CHAPTER 5. DIFFUSION IN k SPACE

fer to this realization as («a, 3,7) realization in the rest of this chapter.
The («, 3, 7) realization was used in literature, to study various physical
problems such as the formulation of electrodynamics in k-space-time [12],
study of kappa-deformed geodesic equation [13], corrections to black hole
entropy due to k-deformation [14], investigation of classical aspects of cen-
tral potential problems in kappa-space-time [15, 16, 17]. In chapter 3 and
chapter 4, we have analyzed the spectral dimension and dimensional flow
using the realization ¢(A) = e~ 2

2,

5.2 Spectral Dimension with e 4 realization

In this section, we derive the x-deformed diffusion equation, using the
r-deformed Beltrami-Laplace operator, which is expressed in terms of or-
dinary commutative coordinates and their derivatives using the realization
©(A) = e, The heat kernel is obtained using a perturbative method as
in the earlier chapters and using this we calculate the spectral dimension
of (the Wick-rotated) k-Minkowski space-time, valid up to first order in a.

Consider a n-dimensional wick-rotated k-deformed Minkowski space-
time. The motion of a diffused particle in this space will be governed by
the equation

U, y:0) = DuDU (), 6.)
o

where D, D, is the Beltrami-Laplace operator in the s-Euclidean space.
We re-express this Laplacian in terms of commutative coordinates and
their derivatives, but now in the realization ¢(A) = e=4.

For the kappa-Minkowski space-time, we have the generalized Laplacian

2

D,D" = D;D; — DyDy = O(1 + CLZD), (5.2)
where [ = Vi_lwe;(z) + 03 2(1_Z%ShA). For the realization p(A) = e=4, the

[] operator is explicitly given as

(1 —cosh A)

0=V et + 20— 57—

(5.3)

Using this in eqn.(5.2) we find

(1 — cosh A) a? (1 — cosh A)
D,D' = |V2_je? + zagT L+ VE et + zagT .

(5.4)
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With A = —iady, D,,D" can be expressed as

1 2 oA 2 Ay 4 2
D,D" = |V, _je" — g(l — cosh A) (1 + vV, _ e’ — ﬁ(l — cosh A) )
2
= V2 et~ ;(1 —cosh A) — V2_,e?(1 — cosh A)
1 A @’ 1 2a
+ e —(1 — cosh A)? + Zvn_le (5.5)

We expand this in terms of deformation parameter a as
por = 2 (1= iaty— T+ AP
g 2 % = 2477

(12
- V <1—w80—§3§+ ) ( 84 )

1 (a2 2
= (%83 64 ) < V L (1= 2iady — a®05 + ...)
D,D* = V? . —09?—iaV? 0y — a®’V?_|O? a—284 a—2V4 O(a®
i = Va1 =0y —waV, 10— a"V, 4 0"'3 0+4 a1 +0(a’) +
(5.6)

Now by setting 2° = —iz", we obtain the Beltrami-Laplace operator in the
n-dimensional k-Euclidean space, i.e.,

2 2
D,D, = V2 | + 0% +aV2_,0, + a®V2_ 3 + %aﬁ + “va;_l to (5.7)

Note that the [-operator also reduces to the usual Laplacian in the com-
mutative limit. Expansion of (0 with ¢(A) = e=4 is given by

2
O = V2 et - ﬁ(l — cosh A)

2 2
= V2, -0 —iaV2_ 9y — %vi_lag + %ag .. (58)
This in the Euclidean space is
2
O=V2 ,+0>+aV:_ 0, + %V 102 + 1283 (5.9)

Note that, upto first order correction in a, the Casimir and the [J-operator
are identical ( see eqn.(5.7) and eqn.(5.9) ).

By restricting our attention to first non-vanishing corrections due to
non-commutativity, we rewrite the diffusion equation in the s-deformed
Euclidean space as
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%U(l’, y;0) = Vi Ulx,y;0) + 32U (x,y;0) + aV;,_10,U(2,y;0)
= V2U(z,y;0) +aV2_,0,U(z,y;0). (5.10)

Here V2 = V2_, + 92 is the Laplacian in n-dimensional space. It is easy to
see that if we are considering the first order correction terms only, the
C-operator also leads to the same diffusion equation as in eqn.(5.10).
This should be contrasted with the results obtained in the realization
p(A) = e‘g, studied in earlier chapters. By comparing the above de-
formed diffusion equation with the usual diffusion equation in Euclidean
space, we note that the above equation has an extra term, involving prod-
uct of temporal and spacial derivatives i.e., V2_d,.

The heat kernel U(z,y; o) is obtained by solving this equation pertur-
batively, i.e., we start with the ansatz solution as a perturbative series in
a (note that the deformation parameter is expected to be of the order of
Planck length), given by

U="U+al + ... (5.11)

Using eqn.(5.11) in eqn.(5.10) and equating the terms of same order in a,
we solve equation for U perturbatively. Zeroth order terms in a gives usual
heat equation,

0
a—Uo(x, y;0) = VU (z,y;0). (5.12)
o
The solution of the above equation is
U,y 0) = —— =5 (5.13)
o\ZT, Y, (47_‘_0_)% . .

By equating the first order terms in a, we obtain

0
55 V1@ yi0) = VaUi(z,y;0) + Vi _10,Uo(z,y;0). (5.14)

Substituting the solution for Uy from eqn.(5.13) in the above, we get

V = (n 1) El_ll(xi yi)2 1 _lz—y?

y U ) - - - n g 515
-l ;) [ 20 4o? (4mo)2 © (5.15)
2 (Tn —yn) [(n—=1) S0P — )2 1 ay?

Ve 0,Up(z,y; = _ ] o

n—1 O(x Yy 0) 9% { 99 152 (47m)§e

(5.16)
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Substituting eqn.(5.16) in eqn.(5.14), and after a straight forward simpli-
fication we end up with the equation for U; as

0 ' 9 ' (n—1) 1 _lz—yf?
a_O_Ul(x7y70-> - anl(I7y70) + [ 42 (‘rn - yn> (47_(_0_)%6 4o
(Tn = Yn) «n1 2 1 _le—yl®
— |2y — - o 5.17
e | e 6an
It is known that for a differential equation which has the general form
9 2
a—Ul(X,O') :anl(XaU)+f(X7a)a (518>
o

the solution satisfying the initial condition
U1(X,0) = g(X), (5.19)
is given by [18§]

Uy(X, o) = / S(X—X", ) g(XNdx'+ | / B(X X', 0—s)f(X', 5)dX"ds,
(5.20)

where
O(X,0) = e o, (5.21)

Using this, we solve the equation for U; (eqn.(5.17)). The initial condition
satisfied by the solution of eqn.(5.17) is

Ui(X,0) = g(X) = 6"(X), (5.22)

where X = x — y. With this initial condition, we calculate the first term
on RHS of eqn.(5.20) (defined as Uy;). Thus we get

Un(X,o0) = /H(I)(X—X',U)g(X’)dX'

1 12
- / e (X)X
g (4m0)2
o _le—y?
Un(l',y;(f) = (47_(_0_)%6 oy (523)

where « has the dimensions of L™!. The second term on RHS of eqn.(5.20),
will diverges for the lower limit of the s integral. We avoid this by inserting
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a lower cutoff € and after the calculations, take the limit ¢ — 0. Performing
X' integration in the second term on the RHS of eqn.(5.20), we obtain

Ulg(X, 0') =

Uo(z,y;0) =

// (X = X' 0 — ) f(X', 5)dX'ds

_le=y? € 1 N
(47_(_0_)%6 4o / { - @( yn)zz 11( yl)

————— (S0 (i — )® + 2(z — yn) S0 (i — i) {U - S} 5

4o02\/om S
3 1
1) [o—s]? ~D1fo—s]? n—1 1
(n—1)[o—s n mn—11fo—s L0 (2 — ) >
20+ /0T S 2\/om s S 4o S

(LE?:_ll(xi — i) + (”4;21) (z, — yn)) {U ; 3} }ds (5.24)

Integration over s will result in the following expression for Uys.

UlZ(xv Y; U) =

+

1 _ew?](n—1) . €
o {m/ﬁ [5tan q—(4+;)q}

1 2 ~1
402% Ny — ) [atan q—eq]

20_2\/%( yn)E? 11( yz) [0- tan_l q— EQ}

1

EE? 11( yz) [(7 111(0’/6) — 0+ E]

<_—(x"8;3yn) E?;f (x; — Z/z‘)2 + (n4;21) (zn — yn)) [0 — 6]}
(5.25)

where ¢ = /2 — 1. Note that the arctan terms in the above equation arise

from integrations of the type [ dz, /% — 1. These arctan factors will turn

out to be crucial in our calculation of spectral dimension.

Using eqns.(5.13), (5.23) and eqn.(5.25) we find the heat kernel valid
upto first order in a. Using this, we obtain the return probability

[ dray/detg,U(x, z;0)
a(0) = [ Jaei, (5.26)
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P,(0) = (4;0)3 1+aoz+a(;\/_%) <5tan_1 \/?— (4+ 9\/?” :

(5.27)
By taking the logarithmic derivative of P,(c), we evaluate the spectral
dimension

9]
D, = —20% In P, (o) (5.28)

and obtain

5 n+nao+ay 2 [5(n+ 1) tan~t /T =1~ [4n+ (n+3)] /T — 1
T L+ aa+ a2 [stan /21— [4+ £\/Z 1]
(5.29)

Keeping upto first non-vanishing terms in a, we obtain the spectral dimen-

sion as
(n—1) o e [o
D, = ot ——1-=3—/——-1]. 5.30
n+a2\/ﬁ o € o\ e (5:30)

After taking the limit € to zero, we obtain spectral dimension of the k-
deformed space-time as

) a
Di=n+-(n—1)2l+1)ym—, [ eZ. 5.31
c= =D )V (531)
Note that, we have an extra term in the expression for spectral dimension
due to non-commutative nature of the space-time. The correction term
a

is proportional to 7 and is also dependent on the initial topological di-

mension n. In the commutative limit (a — 0) the spectral dimension is
same as the topological dimension ‘n’. Here the integer [ arises due to
the term tan~" /2 — 1 in eqn.(5.30) ( This tan™" term is due to the mixed
derivative term V2 _, 3, in the diffusion equation (5.14)). Limit ¢ — 0 gives
tan~' +00 which is (2l + 1)Z. From the expression for spectral dimension
(eqn.(5.31)), we see that the behaviour of spectral dimension depends on
a as well as on [.

The behaviour of the spectral dimension for n=4, 1=0 and a=1 is shown
in fig.[5.1].

From this it is easy to see that

lim Dy =~ +00, lim D, ~ 4.

o—0 o—00
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Figure 5.1: spectral dimension as a function of ¢ with a = 1, n = 4 and
1=0.
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Thus we observe that the dimensions of the space-time increases from
the usual topological dimension as ¢ — 0 and at high energies D, — oo
showing super-diffusion. For all values of [ > 0, the behaviour of spectral
dimension will be same as that of [ = 0 case.

For negative values of [, the behaviour of spectral dimension is differ-
ent from what we observed above. The plot for spectral dimension with
[ = —1 is given in fig.[5.2] and we see that the spectral dimension flows
to —oo at high energies. In the limit of large diffusion parameter, the
spectral dimension is same as the topological dimension. For [ < 0, the
spectral dimension become negative for /o < —12(2l + 1)y/ma and van-
ishes for \/o = —12(2l 4+ 1)y/ma. By demanding the spectral dimension
to be positive we obtain a lower cutoff for the deformation parameter as

—12 (2l+1) Vi <a

Extended probe : Now we want to analyze the change in spectral
dimension due to the extended nature of the probe. The use of an extended
probe would result in modification of initial condition as

1 la—y|?

Ulz,y;0) = —— ¢ s 5.32
(#.5:0) = e (5.32)
With this we obtain the solution for eqn.(5.12) as
1 |z~ y|2
Usl(z,y;0) = —————— ¢ ilorad). (5.33)

(4n(c + )}
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Figure 5.2: spectral dimension as a function of ¢ with a = 1, n = 4 and
1=-1.
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Now expand this in powers of a results

1 |z—y|2 na®? a*lz—vyl?
BT | y| T

Us(z,y;0) = e
0(maya0) (47_[_0_)56 20 + 40_2

(5.34)

Here the modification in Uy(z, y; o) is second order in deformation parame-
ter a. Since the diffusion equation we are considering is first order in a, we
are interested in the solution valid up to first order in a. So by neglecting
the terms which are higher powers in a gives

1 _lz—yl?

et ¢ (5.35)

UO<:U7 Y; U) =

NE

which is same as the one obtained with point probe. Thus the spectral
dimension will not have any correction up to first order in a due to the
finite width in the probe in the present case, unlike the results obtained
for the realization p(A) = e~ 2 (see chapter 3 and chapter 4).

5.3 Spectral dimension with («, 3, ) realiza-
tion

We here present an alternative derivation for spectral dimension using the
realization introduced in [12]. The usefulness of this realization comes
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from the fact that the non-commutative variables are expressed in terms
of commutative phase space variables. This enables us to describe phase
space dynamics more easily.

Realization of non-commutative variables z# and p* can be expressed
in terms of commutative variables x* and p* as

= 2"+ axt(a.p)+ Bla.x)p” + va" (x.p), (5.36)
o= p" (o B)(a.p)p +va(p-p), (5.37)

where «, 5, v € R and p takes values 0,1,2,3. These ## and p* satisfy
the following relations.

[##,2"] = i(a"d” — a’3"), (5.38)
p*,p"] = 0 (5.39)
[P, 2" = " (14 s(a.p)) +i(s +2)a"p” +i(s + 1)a"p", (5.40)

where s = 2a+ § and a* is the deformation parameter. The commutation
relation between coordinates (eqn.(5.38)) gives the constraint on «, 8 and

7
y—a=1, a,B,v€E€R (5.41)

In this realization the Klein-Gordon equation in the x-Minkowski space-
time takes the form [14]

0y (0770, @) = 0y05(A?7°0,05®) + 0,05(A7°0,059)

1 aayd oz Ye el <542>
— 5 BaBaDa( A0, 05 + A0, 5,

where
AP = inf(10%a7 + Blac ™ + aa’a?) (5.43)

Expanding this with metric (-,+,...,4) and choose a* = (a,0...0), we
obtain Klein-Gordon equation, up to first order in a, as

0?® 5 , 0 3 .0 PP
- o + Vi @+ iala+ B +]x 50 +m§[a + 7]z 92 907
Pd 0?
4 dal(n+ 1)+ ) + 26 0 —dal2(a+ ) + 180200 (V2 4)
0 3 ; 0
— dadla+ B+ v]a—(Vi D) — mi[oz + 9]z o @(Vi_fb)

+ iapz’Vi @ =0 (5.44)
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where V2_, = E?:_f%. Now by setting z° — —iz" in the above expres-
sion, we get the Wick rotated Klein-Gordon equation (i.e. Klein-Gordon
equation in Euclidean space-time) as

0*® 0P 3 .0 0D
52 + V2@ +ala+ B+ 42" — + a=[a + 9]z’

Oxnt 2 oxt Oxn3
FoRL . 0 5
+ a[(n+1)(a+7) + 20] o3 T al2(a 4 ) + 4w (Voi®)

2
81‘”2

) 3 00

+ adla+ 8 +17] e (V2 @)+ a§[a + 7]z 5 g (V:_,®)

+ afz"Vi & =0 (5.45)

Q

From this expression, we write the Klein-Gordon operator (g in the form

Ok = V2, +02+ala+ B+79]2"0 + ga[a +7]2'0;02
+ a[(n+1)(a+7)+ 2810 + al2(a +v) + 48]2"92V5_,
+ dala+ B+1]0,.V2_, + ;a[a +7]2'9:0, V2 _| + afx"V]5,46)

The above obtained Klein-Gordon operator replaces Laplacian £ in the
expression for diffusion equation (see eqn.(4) in chapter 2). This results in
the diffusion equation

0

—U(z,y;0) = OgcU(z,y;0) (5.47)

do
3 .
= V2 U+ 0 +ala+ B +7]2"0U + 5@[04 + 7]z 0;(92U)

3 .
dalor+ B +4]0,(Vi_U) + §a[a +1]2'0:0,(V._,U)

+ o+t

For convenience, we define V2_, + 92 = V2. We now solve this diffusion
equation perturbatively by taking

U= U() + (ZUl. (549)

The resulting equation is solved by equating the expression of same powers
of a. The zeroth order terms in a gives

%Uo(x,y;a) = ViUy(z,y;0). (5.50)

al(n + 1D (a+7) + 28030 + al2(a +7) + 4B]2"0%(V2_,U)

aBx"Vi U (5.48)
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This leads to the solution

1 lz—yl|?

Up(z,y;0) = (4no) e Ao (5.51)

3

Since, the knowledge of the U(x, z; o) enables us to find the expression for
return probability, in the present calculation we first find the expression
for Up(z,z;0) as
1
Up(r,x;0) = ———. 5.52

o(0430) = T (552)
In order to find the leading order correction to the return probability, due
to k-deformation, we equate the first order terms in a to obtain

0 3 ,
—Ul(:L‘, Y3 O') = ViUl + [Oé + B + v]x”c?f;Uo + E[Oé + 7]m181(8731U0)

do
+ [(n+ D(a+7) + 280U + [2(a +7) + 48]0, (V5 _,Up)
- At B+ 7] (Vi U0) + 5[0+ 212'0.0,(V3 )
+ Ba"Vi_, (5.53)

Plugging the expression for Uy, as given in eqn.(5.51), to the above equation
reduces to

3U1<x,y; o) = ViU(z,y;0)+ ([9n<oz+v> + (n? + 8n)g) T

do 402

- [(3”+5)(Oé+7)+4(n+1)5]($%‘§4n)3
[ 3n

+12)(a+7v)+ (2n+ 10)5] 553

3
+ ;(a +79) + 45} (o) st (0, — g

I 1604
[3 — Yn
+ _é(a—i-’y)-l-ﬁ] 1604 (Ei: (@i yz) )
= Un)® 1 _la—y?
+ (a+8+7) @ 16021 : ) (4m)%e " (5:54)

By considering the initial condition U;(z,y;0) = §"(x — y), the solution
to above equation is given by eqn.(5.20). We obtain the first term in the
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RHS of eqn.(5.20), Uy, as

Un(a,y;0) = / B(X — X', 0)g(X")dX’
Rn

— q 6_% (5 55)
(4mo) ’ '

SE

where the constant ¢ has the dimensions of L™!. Note that Uy;(z, z; o) has

the form,
q

(4mo)2
The second term on RHS of eqn.(5.20), Uj is evaluated as

U12(x,x;0):m{\/%tan_1,/ 1—1—\/?’/——15—% M= N),

(5. 57)

Un(z,x;0) = (5.56)

where,

K=(—%n*+1n—3)(a+7)+ (Xn* +1Tn - 3)B

L= (—%n+2 )(04+7) (2n? + 16n —1)8

M= (2n?—3n+ L) (a+7)+ (1nj +n—3)B

N = (=302 =Tt Hfa+9) + (-2 — 20+ 1)3.

With the above calculations, we find the return probability as

€ €2
1+aq+a(\/_ ——1(£+;M+;N)

+ \/IE_Wtan_l %-1)]. (5.58)

The above obtained return probability is then used to derive the expression
for the spectral dimension. This results in the expression

(4mo)2

1 1 L o o
D, = %W{rrl—naq—l—a\/ﬁ z—l((n%—l)—m)

o= %—1((n+5)5—2—ﬁ) } (5.59)



98 CHAPTER 5. DIFFUSION IN k SPACE

Keeping first non-vanishing terms in a, we obtain Dy (in the limit € — 0)
as
a\/T
Ds=n+_—7=2p+1)K 5.60
s 2ﬁ( p+1) (5.60)
where p is an arbitrary integer. The presence of this integer is due to the
term tan™' /2 — 1.

Note that the first non-vanishing correction due to non-commutativity
is first order in deformation parameter a. This new term is proportional
to 072 and it also depends on the initial topological dimension n.

For the choice n = 4 and recalling that, v — a = 1, we find

1143 807
Dy=4+2 /T 2p+1) | =22a+ 1)+ 215]. (5.61)
2\ & 16 8

We have illustrated the behavior of spectral dimension with probe scale
for different values of p,a and [ with the choices a = 1 and n = 4 in
fig.[5.3], fig.[5.4], fig.[5.5], fig.[5.6], fig.[5.7], fig.[5.8], fig.[5.9], fig.[5.10] and
fig.[5.11].

Figure 5.3: spectral dimension as a function of o with a = 1, n = 4 and

0 2000 4000 6000 8000 10000

By analyzing the plots, we observe that for o , = 0, the generic
behaviour of spectral dimension changes with the integer p. For p > 0
(with & = 8 = 0), we note that the spectral dimension increases from 4 as
the probe scale decreases and diverges to infinity as o — 0 (see fig.[5.3 and
fig.[5.5). For p < 0, the dimensional flow shows that Dy — —oo at high
energies (see fig.[5.4]). Note that we had a similar behaviour for different
values of [ in the previous section (see fig.[5.1] and [5.2]).
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Figure 5.4: spectral dimension as a function of o witha =1,n =4, p = —1
and o = 5 = 0.

0 2000 4000 6000 8000 10000

Figure 5.5: spectral dimension as a function of o witha=1,n=4,p=1
and a = =0.
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Inspection of spectral dimension for various values of p, a, and /3 indi-
cates that, in general, there are two characteristic behaviour for the plots.
One class of figures shows super-diffusion where the spectral dimension
goes to 400 (see figures [5.3], [5.5], [5.7], 5.8] and [5.11]) and another class
of figures in which spectral dimension goes to —oo (see figures [5.4], [5.6],
[5.9], and [5.10]), at high energies. In all the cases, it is observed that
lim, o Dy = 4.

Extended probe : Instead of point particle as probe, one can also
use a probe with finite width. The extended nature of the probe can be
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Figure 5.6: spectral dimension as a function of ¢ with a = 1, n = 4,
p=a=0and §=—1.

Figure 5.7: spectral dimension as a function of o with a = 1, n = 4 and

I . . . . .
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incorporated as earlier, using the initial condition

1 _lz—y?
Ulz,y;0) = mazt (5.62)
With this initial condition we get
Uo(z,y;0) . ~H52 (5.63)
T,Y,0) = n€ arety, .
oLy (dn(o + a2))3
which is rewritten in terms of a as
1 jo—yl2 na® a*|z—vy|?
U 10) = e 4o |1 — o 5.64
o(x,y;0) (47ra)§6 5 + 152 + ( )
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Figure 5.8: spectral dimension as a function of o witha=1,n=4,p =1,
o= % and 8 = —1.
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Figure 5.9: spectral dimension as a function of ¢ witha=1,n=4,p =1,
a=—1and g =0.
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Note that the first non-vanishing correction due to non-commutativity is
second order in deformation parameter. The diffusion equation that we
are considering contains only first order terms in a. Thus, up to first order
in a, extended nature of the probe does not affect the result observed in
eqn.(5.61).

5.4 Conclusion

In this chapter, we have constructed the modified diffusion equation for
two different realizations of k-deformed space-time and calculated the cor-
responding spectral dimension. In the first case we used a specific choice
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Figure 5.10: spectral dimension as a function of ¢ with a = 1, n = 4,
p=—-1,a=0and §=1.
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Figure 5.11: spectral dimension as a function of ¢ with a = 1, n = 4,
p=—-1,a=0and §=1.
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for ¢(A) which is related to bi-crossproduct basis (p(A) = e=4). The de-
formed diffusion equation is derived using the modified Beltrami-Laplace
operator which is written in terms of commutative coordinates and their
derivatives. The effects of non-commutativity are included through the
a-dependent terms. Here, the first nonvanishing corrections due to k-
deformation are in the first order in deformation parameter. From the
analysis, we found that the spectral dimension is changing with the probe
scale and it is inversely proportional to y/o. It also depends on an inte-
ger [, which appear due to the third order derivative term appearing in
eqn.(5.14). For [ < 0, the spectral dimension decreases from 4 and reduces
to —oo as o goes to zero and for [ > 0, the spectral dimension increases to
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a value higher than the topological dimension in the small probe scale re-
gion and in the limit o — 0, D goes to infinity for [ > 0. But for the large
o values the spectral dimension approaches to the topological dimension
in both the cases. For [ < 0 case, note that the spectral dimension become
negative for \/o < —12(21+1)y/ma which indicate that the spectral dimen-
sion loses its meaning below this scale. We have obtained a lower cutoft
for the deformation parameter —%ﬁ\/; < a, by demanding spectral
dimension to be positive.

We have also constructed diffusion equation, valid up to first order in
a, using («, 3,7) realization. This diffusion equation is then solved and
the solution is used to calculate the spectral dimension. It is found that,
generically we have two characteristic types of plots, when we examine
the spectral dimension for various values of o, 5 and p. There are graphs
which goes to positive infinity (+o00) at high energies exhibiting a super
diffusion and another type of graphs which approaches negative infinity
(-00) for small o (high energy). It is to be emphasized that, in all these
cases, the spectral dimension approaches topological dimension for large
probe scale value.

It is interesting to note that, the analysis of the diffusion equation,
constructed using the Klein-Gordon operator in («, /3, ) realization, shows
that the generic behaviour of spectral dimension is comparable with the
one obtained using the realization p(A) = e~4.
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CHAPTER 6

Non-Commutative space-time and Hausdorff dimension

6.1 Introduction

In previous chapters, we have studied spectral dimension of k-space-time
using different choices of Laplace-Beltrami operator and analyzed the change
in spectral dimension with the probe scale.

Another interesting definition for effective dimension is Hausdorff di-
mension and it indicates the amount of uncertainty in the path for a quan-
tum particle [1, 2, 3]. In this chapter, we study the Hausdorff dimension of
the path of a particle moving in the k-deformed space-time. The parame-
ter ‘a’, which describe the deformation in space, has length dimension, and
this sets a minimum length scale below which one cannot probe or localise
the particle. This length scale should also restrict the minimum value of
the resolution of the measurement of position of the particle. The effects
of deformation are incorporated in our analysis through the parameter ‘a’
appearing in the most general xk-deformed wave function in calculating the
position expectation value of the particle moving in k-space-time. We then
generalize this method to study the Hausdorff dimension of path of a rela-
tivistic particle, governed by k-deformed Dirac equation [4]. Applying the
self-similarity criterion on the path of non-relativistic and relativistic parti-
cle on non-commutative space-time, we then derive generalized uncertainty
relation valid up to first order in the deformation parameter.

In [1], dimension of path of particle obeying Schrodinger equation was
analyzed. This is done by first defining the path of a non-relativistic quan-

107
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tum mechanical particle as follows; the expectation value of the position
operator is measured at equal intervals of time At. Now joining the neigh-
bouring points where the particle is localised at times nAt and (n + 1)At
(where n is an integer) and repeating this for all the intervals (i.e., for n
=1, 2,3, .. ), one gets a curve made up of (n — 1) line segments. This
curve is defined as the path followed by the quantum mechanical particle.
This definition, naturally leads to dependence of the length of the path to
the resolution of the measuring instrument. But one would like to have a
definition of length of the path which is independent of the resolution of in-
strument. The path of quantum mechanical particle as defined above [1] is
clearly an everywhere continuous but nowhere differentiable curve which is
known as Koch curve, in the study of fractals [5, 6]. Length of such fractal
curves which is independent of the resolution of the measuring instrument
has been introduced by Hausdorff and using this, dimension of quantum
mechanical particle was shown to be 2 in [1]. For a curve whose length is
[ as measured by an instrument of resolution Az, Hausdorff introduced a
new notion of length, Ly as [1]

Ly = l(Az)Prt (6.1)

Here, Ly is required to be independent of Az. This fixes the parameter Dy
uniquely. This value of Dy is called the Hausdorff dimension of the fractal
curve or path of the quantum particle. This study has been generalized
to the case of a particle governed by relativistic quantum mechanics in
[3]. For the relativistic particle, the path was defined in [3], in terms of
Newton-Wigner operator [7]. It was shown that the Hausdorff dimension
in the ultra-relativistic limit is 1, where as in the non-relativistic limit,
this dimension is 2, as obtained by [1]. It was further shown in [3] that
the length of the path as well as the Hausdorff dimension of the path is
independent of the spinorial structure of the relativistic particle. In [3],
the Hausdorff dimension for a relativistic particle is shown to be 1. Thus
we see that the Hausdorff dimension in non-relativistic regime (which is 2)
is reduced to one by relativistic effects, in the commutative space-time.
In [2], the approach of [1] has been adapted for calculating the Haus-
dorff dimension of a quantum space-time. The quantum nature of space-
time was brought in by the introduction of a minimal length, which pre-
vents localisation of particles below this length. The introduction of this
minimal length changes the measure of integration in a non-commutative
space-time. This change does modify the expectation value of the position
operator calculated on such quantum space-time. It was shown in [2] that
the Hausdorff dimension of the path is 2 as long as the resolution Az of the
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measurement is much above the intrinsic minimum length associated with
the quantum space-time. But if the resolution is much below this minimal
length, the Hausdorff dimension Dy is 1 — d, where ‘d’ is the topological
dimension of the space-time. It was shown that the quantum nature of the
space-time reduces the Hausdorff dimension from 2, it can be zero or even
negative [2].

In this chapter, we analyze the Hausdorff dimension of the path of
the quantum particle in k-deformed space-time. We study this for non-
relativistic as well as relativistic quantum particle.

This chapter is organized as follows. In the next section, the path of a
non-relativistic particle moving in kappa-deformed space-time is analyzed.
Path of the quantum particle is constructed by measuring the position
expectation values at different times separated by an interval At. We cal-
culate the Hausdorff dimension by measuring the distance travelled by the
particle and find that it depends on the deformation parameter. In section
3, we investigate the dimension of relativistic quantum path and find that
the spinor nature of the wave function plays a crucial role in calculating
the Hausdorff dimension. In section 4, by imposing self-similarity condi-
tion on the path of non-relativistic and relativistic quantum particle in
non-commutative space-time, we derive the generalized uncertainty rela-
tion valid for x-space-time. Our concluding remarks are given in section

D.

6.2 Dimension of non-relativistic quantum
paths

Consider a particle moving in the s-spacetime. Its path is constructed by
measuring the position expectation value of the particle, with resolution
Az, at different times to, t; = to+ At, ..., ty = to+ NAtL, and joining these
points by straight lines. The average distance travelled by the particle in
time At is (Al), and the total distance travelled in time T'= NAt is

(1) = N(AD), (6.2)

where N is the number of intervals. It should be noted that, this measure-
ment of length will depend on the spatial resolution Az of the measuring
instrument and also on the deformation of spacetime characterized by the
deformation parameter ‘a’.

We start with the wave function of a quantum particle in k-spacetime
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which is of the form

Az +a)? d3 Azr +a i

In writing this wave function, we have used the fact that position of the
particle is localized within a region of size Az and in addition there is a
modification due to the deformation of space-time which is incorporated
through ‘a’ dependence of the wave function. Note that in the limit a — 0,
we get back the wave function in the commutative space [1]. After time
At the above wave function evolves to

(Az + a)? / d*p pl(Ax +a)\ i, _;lplac

Waralx, At) = PXeo ™ 9mn |
Aaa(X, A1) h? R3 (Qﬂ)%f h o

(6.4)

Here m is the modified mass of the particle due to k-deformation [4, 8,
9] and depends on the realization of k-space-time coordinate. We next
calculate the average distance travelled by the particle Al in time At and
using this find the total distance travelled in finite time 7" = NAt. For
this, we first restrict our attention to path of particle with zero average
momentum (i.e.,in the classical limit, the particle is at rest ).

Using the redefinition k = w, the above wave function in eqn.(6.4)
is re-written as

1 d3k . x — _ hAt
Uppa(x, At) = : / - Ik e s (6.5)
(Az +a)z Jrs (27m)2

Now we calculate average distance travelled by the particle in time At as

(Al) = /RS P |x| |V agq(x, At)]2 (6.6)
Substituting (6.5) in (6.6) and letting y = 52—, one obtains
2
A3k . _ilk|2—_hAt
a0 = @) [ dyyl [ CSree S o)
R3 )2
a2
With f(k|) = Ae” 2K e get
2
A3k _jye® i nar .
(Al) = (Az +a) /R3 cyly] / (27r)% o Mt A tigmaa a2 K iky (6.8)
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Performing k integration in the above equation, we find

A? 1 __aly®
(Al) = (Az +a) /RB d3y\ylgme 2(a2+57) | (6.9)

where A is the normalisation constant of the function f(|k|), « = (1+ A“;)

and § = %. This choice of f(|k|) incooperates the modification
of the integration measure [2] to take into account the feature of mini-
mal length associated with quantum space-time. Re-expressing the above

equation in polar coordinate, we obtain

A? 1 o0 %
(Al) = (A$+a)§m/o dranr’re 2@+67)

= Ar(Az +a) —VO‘Z;@ (6.10)
1 (

2

2m(Az+a)? a2 12

TA2  Ath At ) [1+ 2]

= _ ; . (6.11)
2 m(Az +a) [14 252

Following the definition (Lg) = N(Al)AzP#~1 we find the Hausdorff
length for the quantum path as

2
2m(Az+a)? a2 12
nyut_Th \/1+( o ) [1+ 2]
x Az .

L _ K 6.12
(L) m(Az + a) 14 25)2 (6.12)
When (Azx + a) < /hAt/2m the above equation reduces to
Th 1
(L) o AxPrn—2_ - ; (6.13)
m(l+ x5) [1+ 2]
Since Hausdorff length is independent of Az, we demand
I(Lu)
0. 6.14
0Ax (6.14)

This condition gives

AgPr=3 2 172 a 40>
ZL'—|:1+CL_2:| <DH_2+ Az + Ax2 —0

1+ 27) Az I+25) 1+45

_a_ 49
Dy —2+—%e__ 4 A —( (6.15)
(1 + E) 1+ Aa$2
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which implies

a 4a?

S a+ Az Az +a?’

Dy =2 (6.16)
which in the commutative limit (a — 0) reduces to 2 [1]. Note that Haus-
dorff dimension Dy is independent of the mass of the particle m. For a <
Ax, we obtain Dy ~ 2, which coincides with the result in the commutative
space. But for Az < a, Dy =2— (1+42)7' —4(1+ (82)?) 7! ~ -3+ 82,
i.e., below the minimal length a, we obtain Hausdorff dimension of the
path of the quantum particle as approximately -3. For the specific case in
which the resolution coincides with the deformation in space i.e. a = Az,
we discover that the Hausdorff dimension is —%.

Taking Az to be the Compton wavelength of electron, i.e., Ax =
2.426 x 10~?m; we plot Hausdorff dimension as a function of a in fig.[6.1].
From this figure, we see that in non-commutative space-time the Hausdorff
dimension is always smaller than 2 and decreases with increasing deforma-
tion parameter a. The Hausdorff dimension attains negative value after a
certain point.

Figure 6.1: Hausdorff dimension as a function of a for a non-relativistic
quantum path.
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We know that in classical physics the Hausdorff dimension is always one
and for a non-relativistic quatum particle it is greater than one [1, 3]. By
requiring Dy > 0, we naturally obtain an upper bound on the deformation
parameter which is of the order of 107'?m (i.e., a < 107'?m). For the case
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when a < Az, we find that the Hausdorff dimension is less than 2 and for
a > Ax it is found that Dy is -3. If the deformation is of the order of
resolution (i.e., a ~ Ax), we obtain Dy as -0.5 (see enq.6.16). Hausdorff
dimension attaining zero or negative values, signals lose of meaning of
space-time. This feature was also noted in [2] for a quantum space-time.

Particle with non-zero average momentum : Next we consider
particle with non-zero average momentum (i.e., in the classical limit, the
particle is moving) and calculate the Hausdorff dimension of its path. The
wave function of a quantum particle with average momentum p,, in the
deformed space-time is given by

W a(,0) = (Az +a)2 / (27T)3f (!p!(Ax—l—a)) PILETAES (6.17)

h3 h
The average distance traveled by the particle in time At is
(Al) = / P |x| |V agq(x, At)]2. (6.18)
R3
where
(Az +a)? / IPI(AZ + a)\ ;eiowx _ lprpg.lar
\If z.a ,At = ¢ h 2mh .
aral, A1) = 200 (%)Sf L
(6.19)
Proceeding as in the previous section with y = 2= — i AA; +oPav & and
f(k|) = - 2kl , we find the length of the quantum path in time
At as
At
Aly = A d® _—
@) = @ an) [y s — S,
2
3 . t . a2 .
x / TR A M mitsm iaal | (6.20)
(2m)2
Using the redefinition
hAt 2
L, (6.21)

2m(a+ Az)? "Ax?

where b is demanded to be a constant, eqn.(6.20) takes the form
A

d*k k2 —iblkl? i
Ae k| e iblk| ezky

Puv hy
Y Pad 2!pw!(a + Ar)]

>
Aa:z:Q]

(6.22)
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From this, using the definition of Hausdorff length ((Ly)), we find
(L) = N{AD(Az)Pn!

— ( DH 1 |pav|/

3k K12 —iblkI2 i
e k| e iblk| 67,ky

Puv hy
Ipw mpWWr+A@w+4ﬁ@

X

(6.23)

For the case, Az >

ticle’s wavelength), the Hausdorff length (Ly) is proportional to (Az)
which sets Hausdorff dimension to be 1, as in the classical case. In this
limit, Dy is independent of deformation parameter a.

When Az < Do av‘, we can neglect the term g”” in comparison with
the other terms in eqn.(6.23). With b = by + iby, we obtain

IPaol
(Az)Pr—2 1
T2 5+ (0 + 2002

which gives the Hausdorff dimension

. a A:Ez(b2+A2>
a+Ar 02 +(b2+m2> |

Note that, in the commutative limit we get Dy = 2. From the above
discussion, for path of a non-relativistic quantum particle, one can see that
Hausdorff dimension is not an integer, and also it depends on deformation
parameter a as well as on resolution Az. There are two ‘a’ dependent
correction terms in eqn.(6.24). For a < Az we find Dy = 2, which

(i.e., the resolution is much greater than the par-
Dp—1

| G,'UI

(L) o

Dy =

(6.24)

coincides with the commutative result. For a > Ax, we obtain Dy = —1
and for a« = Ax the Hausdorff dimension become Dy = g bQJr((bZ—;ll We

also note that, Dy for a particle with non-vanishing average momentum
depends on the mass of the particle through b (see eqn.(6.21)).

6.3 Dimension of relativistic quantum paths

We will next calculate the effect of non-commutativity in Hausdorff di-
mension for relativistic Dirac particle in k-space-time. x-Dirac equation in
terms of Dirac derivatives is studied in [10] and is given as

; mc
(+°Do + 7' Di + =

. ) T =0, (6.25)
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where
sinhA . _, e
DO = QOT —aV W (626)
. (6.27)
©(A)
P =—if 4 =—iBa’ (6.28)

With A = iady, p(A) = e~ and 1, = diag(—1,+1,+1,+1), the Dirac
equation can be rewritten as
a’d?  a*o} a a0,
N R B P R B
280< 5 + 120 + 2V + a0y 5

a9+ /3%@ —0 (6.29)

We restrict our attention to first non-vanishing correction due to non-
commutativity. Thus we obtain the kappa-Dirac equation, valid up to first
order in a as

oV :

ih = —iha'd¥ + Bmc¥ — ghv%p. (6.30)

This gives the form of k-deformed Dirac Hamiltonian, valid up to first
order in a as

ac o

th7

where Hp = cp.a + Bmc?. In the Dirac representation o and 3 are given

as
-(25) -(1h)

where o; are the Pauli matrices.

Since we want to restrict our calculation to deal with only observables,
we will be working in Foldy-Wouthuysen representation(FW-representation)
[11]. The change from the Dirac representation to FW-representation is
achieved by a unitary transformation implemented by

B BHp + Ep
V2E,(mc + E)
where E, = (p?c? + m?2c¢*)Y/2. The Hamiltonian in Foldy-Wouthuysen rep-
resentation obtained by applying the above unitary transformation is

HDNC - HD‘I‘ (631)

(6.33)

Hrwne = UHpycoU? (6.34)
ac
— U (Hp+50*) U
D+ 2hP
BB+ —p2, (6.35)

2h
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where Hpyce is given in eqn.(6.31). The modified position operator, X
compatible with the Foldy-Wouthuysen representation, known as Newton-
Wigner operator [11] is

X = UxU". (6.36)

Note that X and p satisfy the same commutation relation as x and p, and
thus we find AX > i/Ap. This X satisfies the Ehrenfest equation

d*X*?
dt?

which governs its time evolution.
Using (6.35) and (6.36) in (6.37), we obtain the equation for X? as

= —h?[Hpyc, [Hpne, X7 (6.37)

d’X?  2c*p?  dacBp?
= + ——Hp. (6.38)
dt? E2 h E?

By solving the above equation, we obtain the average value of X? at time
t as
2 2ac? | p? dx?
X2y, = Mo+ 2 gy + ()t + (X0, (639
()= e Ghat® + = (ot + (T ot + (X0, (630
where subscript 0 on terms in RHS stands for values at t=0. The aver-
age length (Al) travelled by the particle during the time interval At >

(422)0 /(42 )o) will be

2
dt 5

2 ﬁH) 2

pel 2a<E2 D/o

(ADpar = (XP)ar— (XD)V? = AAt(E)2 |1+ = —2—[6.40)
E? 0 he (),

P

Note that eqn.(6.40) involves expectation value of Hp. Thus above expres-
sion for (Al) shows that the distance travelled by the relativistic quantum
particle depends on the spinorial character of the wave function. This
should be contrasted with the commutative space-time result [3], where
the spinorial structure of the relativistic wave function does not play any
role in the calculation of Hausdorff dimension. This is due to the fact
that, in the commutative space (Al)a; does not involve expectation value
of Hp and thus the result is independent of the spinorial nature of the
wave function [3]. But here, we see that the spinorial nature of wave func-
tion comes into effect in the non-commutative space-time. Note that in
the commutative limit, i.e., a — 0, the (Al)a; is independent of Hp and
thus all dependence of spinorial wave function drops out. In the momen-
tum representation, the wave function of positive energy, spin up particle,
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compatible with non-commutative space-time (with minimal length given
by a) is of the form

1

E, 4+ mc? 0 3 1 a\*?
T _  [Eptme . J2 (e

m (pz + ipy)

hAp
— 6.41
for | p—po |< m( )

Using this wave function we obtain the average length (Al) travelled
by the particle as

2 2 b
p 20, p :
<Al>At = C2At |:<ﬁ>0+%<ﬁHD>O:|
p p

Ap\® 1
= cAts1— 3 1+ R O P 2n — 2z [arctan n
4 h xy

2

e (ny ) 1) ] +3 [3/ (7 +a?) - ﬂ log (<1 +ny)? +x2y2> )

Y

- - | == log(— 2 2,2
+ h(Ap)3p0<8p0mc og(—po + 1/ p§ + m2c?)

1
+ log(po+\/p3+m202)}+E[\/(po—Ap)2+m202

X (210‘0l — 11pam?2c® 4 32m*c* + 2p3 Ap — 13pem?c2Ap

— 18pR AP 4 24mPE Ap* + 22Ap*p, — 8Ap4>

(1 —ny)? + x%y?

+ V(po + Ap)? + m2c2(—2pp + 11pEm?*c® — 32m*c* — 13pym?c2Ap

9
+ 200 Ap + 18p5 Ap? — 24m*cF Ap® + 22Ap°py + 8Ap4)} + —pom*ct

8
X [log(—(po — Ap) + v/ (po — Ap)? + m2c2) + log((po + Ap)

1/2
+ V(po+ Ap)? + m202)]> }

h

where x = mc/Ap , y = Ap/po and 1 = aAp+h°

(6.42)
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From eqn.(6.42), in the commutative limit (e — 0), we obtain

(ADar = cAt{l — §x2 (2 —2x {aretan <y — 1) + arctan <y + 1)}
4 Yy xy
1 2 -1 (y + 1)* + 2%y :
+ Sly(l+2%) -y~ ]log <<y Tt ) (6.43)

which is same as result obtained in [3].
For Ap < py, i.e., in the classical limit, eqn.(6.42) reduces to

1
2

2 2
(AN, = eAt | L0 20 ] | (6.44)

R — _|_ N
(g +m?c) b /(g + m?)

This quantity is independent of AX. So the Hausdorff dimension Dy
is one as in the commutative case [3].
For the case when py < Ap, we consider two regimes, i.e.,

e when Ap < mc (non-relativistic limit of quantum regime), eqn.(6.42)

reduces to
1/2
3 (Ap 2 h > 3a [(6m3c
ADGNE — At |2 (22 _ ) = —+2 )
(Al ¢ 5 (mc> (aAp—i—h) 8h <(Ap)2 + mc>

(6.45)
From this expression, we find the Hausdorff dimension to be
§(L)2A_X + Qa(m—c)3(AX)2
5 (me) " araxr — 1a(5°)°(AX)? — z%]

We note that Hausdorff dimension depends on the mass of the par-
ticle, unlike the non-relativistic case (with p,, = 0) or the commu-
tative case. Setting AX = A\, (Compton wavelength of electron %),
we plot Dy against a in fig.[6.2].

From the figure, we see that the Hausdorff dimension increases rapidly
until @ approaches value of the order of 1071¥m (for A\, = 2.426 x
107'2m). At this point, the Hausdorff dimension blows up by ap-
proaching positive infinity and abruptly moves to negative infinity
such that it becomes lesser negative for higher values of deformation
parameter.
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Figure 6.2: Hausdorff dimension as a function of a for a particle in non-
relativistic quantum regime.
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e Ap > mc (Ultrarelativistic case). In this case, eqn.(6.42) become

3 aAp] Y2
(ADRE = cAt {1 + 5%} (6.47)
and the corresponding Dy is
1 3a
Dg=14—-——+——. 4
H= T 5 BAX 1 30) (6.48)

In the commutative space, the length travelled by the relativistic particle
is independent of the resolution AX. So the Hausdorff dimension is al-
ways one for the case of relativistic particle[3]. In our case, we see that
the Hausdorff dimension depends on deformation parameter a as well as
resolution AX, and it is always greater than one. This modification is
due to the non-commutative nature of space-time. Also, note that Hp is
independent of the mass of the particle.

In the commutative limit, one can see that the distance travelled by the
ultrarelativistic particle is independent of Ap (or AX). Hence Hausdorff
dimension is always one in this limit.

Hausdorff dimension given in eqn.(6.48) as a function of deformation
parameter is plotted in fig.[6.3]. Here, we can see that the Hausdorff di-
mension increases with increase in deformation parameter and its value is
always greater than one.
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Figure 6.3: Hausdorff dimension as a function of a for a relativistic quan-
tum path.
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In contrast to commutative case [3], we see that the non-commutative
nature of space-time results in an increase in the Hausdorff dimension.
In the ultra-relativistic limit, Hausdorff dimension increases with a while
in the non-relativistic limit Dy increases as a increases and diverges to
infinity. Beyond this critical value of a, Hausdorff dimension is negative as
shown in fig.[6.2].

6.4 Modified Uncertainty Relation

In [1, 3], it was shown that the self-similarity condition when applied to
the path of the quantum particle, naturally leads to Heisenberg’s uncer-
tainty relation. Thus it is natural to anticipate that the requirement of
self-similarity applied to path of a particle on non-commutative space-
time would lead to modified uncertainty relation compatible with non-
commutative space-time. The path of a quantum-mechanical particle will
be self similar if (Al) oc Az.

For the path of a non-relativistic quantum particle (see eqn.(6.10)),

along with the condition (Az + a) < /22t we get

2m

hAt 1

2m(Az +a) [1 + 25]2

(Al) o (6.49)
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By demanding self-similarity condition, we get the uncertainty in time as

2

%(A:v) (1+ A—x)(l + A_:c2)2' (6.50)

Using this along with AE ~ % in AE At > h, we obtain the deformed
uncertainty relation as

At ~

(Ap)* m 2 a @
= il 22>
m h(AI) (1+A:U)(1+Aa:2) 2 h
2
a
€. — > .
ie, Az Ap(l+ A:p2> 1+ Ax hi. (6.51)

Keeping terms upto first order in a, we write the modified uncertainty
relation in the form

Ax Ap(

2A ) > h. (6.52)

For the specific case where the resolution is comparable with the deforma-
tion in space, we have %Ax Ap > h.

Following a similar procedure, using eqn.(6.45), for a spin half particle
in the non-relativistic limit, we arrive at a modified uncertainty relation

5 9 (TNC mc 9
. oA > :
AX Ap (1.136) 1+2AX+16aAX<h> (1+3<h>AX>}_h

(6.53)

The corresponding uncertainty relation for a spin half particle in the rela-
tivistic regime (AE = c¢Ap), derived from eqn.(6.47) is

3 a
AX Ap(l — ———) > 54
( AX) h. (6.54)

When a = AX, the modified uncertainty relation becomes
1
ZLAX Ap > h. (6.55)

Note that eqn.(6.52) and eqn.(6.54) show the generalized uncertainty re-
lation, valid upto first order in a is of the form AX Ap f ( ) > h. The
modified uncertainty relation obtained for non-relativistic hrmt of relativis-
tic particle have other a dependent terms apart from the z% term. All
these modified relations, in the commutative limit reduce to Well known
Heisenberg’s uncertainty relation. Since the non-relativistic limit of rela-
tivistic path retains the information about the spinorial nature of the par-
ticle, it is natural that the result derived from this limit given in eqn.(6.45)
is different from the result obtained by analyzing the eqn.(6.10) for non-
relativistic particle directly.



122 CHAPTER 6. HAUSDORFF DIMENSION

6.5 Conclusion

In this chapter, we have calculated the Hausdorff dimension for a quantum
particle moving in a non-commutative space-time. For a non-relativistic
quantum particle, we found that the Hausdorff dimension is decreasing
with deformation parameter a for a fixed resolution Az. We have obtained
an upper cutoff for the deformation parameter (a < 107'?m) by demanding
Dy > 0. An interesting result we obtained is that the path travelled by
a relativistic quantum particle depends on the spinorial character of the
wave function, unlike in the commutative space-time. It also depends on
the mass of the particle for the relativistic case as well as for the non-
relativistic case with p,, # 0. We also note that the Hausdorff dimension
of path of a relativistic particle is larger than one in the x-deformed space-
time which should be contrasted with the value of Dy in the commutative
space where it is always one.

We have derived generalized uncertainty relation, by imposing self-
similarity condition on the path of the quantum particle. We found that
due to kappa-deformation the uncertainty relation is modified and the mod-
ification depends on a factor of the form <-. Generalized uncertainty rela-
tions and their implications have been studied in [12, 13, 14]. Generalized
uncertainty relation for a specific realisation of x-deformed space-time has
been discussed in [15], where the modified uncertainty relation was found
to have a mass dependence. We have shown that the self-similarity con-
dition imposed on path of particle on non-commutative space-time leads
to modified uncertainty relation. All the obtained modified uncertainty
relations, in the commutative limit reduce to well known Heisenberg’s un-
certainty relation.
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CHAPTER [/

Conclusion

In this thesis, we have studied effective dimensions of kappa-deformed
space-time. The investigations reported here use two notions of dimen-
sions, namely spectral dimension and Hausdorff dimension in analyzing
the effect of non-commutativity on the changes in space-time dimension
with the probe scale. Spectral dimension has been studied by construct-
ing different possible generalizations of diffusion equation in k-space-time.
These studies are intended to provide better insight into the nature of
space-time at Planck scale.

In chapter 1, we motivate the study of kappa-space-time. We have
chosen to work directly with realizations of non-commutative coordinates
in terms of their commutative counter part and their derivative. We have
mainly concentrated on three different realizations in which the first two
corresponds to different choices of ¢(A) and the remaining one is the
(o, B, 7y)-realization.

In chapter 2, we have summarize two different definitions of effective di-
mensions, namely spectral dimension and Hausdorff dimension. We started
with the concept of spectral dimension and the basic idea of spectral di-
mension is explained. Since spectral dimension is related to diffusion equa-
tion, a modification to diffusion equation in a given space-time leads to the
change of behaviour of spectral dimension. In general, there are three types
modifications possible for diffusion equation in x-space-time. More specifi-
cally, these are, changes in Laplace operator(V?) appearing in the diffusion
equation, modification in the initial condition(U(z, y;0)) and possibility of
modification in diffusion operator(d,).

125
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Chapter 2 also discuss the notion of Hausdorff dimension. Hausdorff
length is introduced as a definition of length which is independent of the
resolution of measuring apparatus and used widely in the study of fractals.
The dimension that arising in this context is known as Hausdorff dimen-
sion. Hausdorff dimension has been discussed in the context of quantum
path.

In chapter 3, the spectral dimension of kappa-deformed Euclidean space,
for a specific choice of realization (¢(A) = e~ 2) is studied. Here the
diffusion equations are constructed using the Casimir of the undeformed
k-Poincare algebra (D, D,) and O operator which also has the correct
commutative limit. We keep terms up to first non-vanishing corrections
in the deformation parameter a, which were found to be second order in
a. It was shown that the modified diffusion equations have higher order
derivative terms. We have solved these diffusion equations perturbatively.
The spectral dimensions calculated from these solutions showed a length
scale dependence and they take negative values at high energies (o — 0).
It was observed that, in the limit 0 — oo, the spectral dimension and the
topological dimension are same. By introducing a cut-off on the deforma-
tion parameter, spectral dimension is guaranteed to be positive definite.
We have also analyzed the dimensional flow for the case where the probe
particle has an extension, in contrast to point particle. It was found that,
the extended nature of the probe will not alter the generic features of the
spectral dimension.

In chapter 4, we have used the relation between Schrodinger equation
and diffusion equation to study the scale dependence on effective dimen-
sion. We have constructed four different modified diffusion equations in
kappa-space-time for p(A) = e~2 and found that, Laplace operator(V?) as
well as the diffusion operator(d,) get modification due to non-commutative
nature of space-time. The analysis of spectral dimension showed that in
high energy limit, the spectral dimension become infinitely negative. We
have also analyzed the effect of finite width of the probe and found that
the generic behaviour of dimensional flow is not changing.

In chapter 5, we have addressed the question, whether different choice
of realization of the x-space-time will affect the dimensional flow. We have
constructed modified diffusion equations for two different realizations of
kappa-space-time (¢(A) = e and («, 3,7) realizations) and calculated
the corresponding spectral dimensions. In both the cases, the leading
order correction term due to k-deformation is first order in deformation
parameter a. Our results indicated that the spectral dimension varies with
the scale of diffusion and also depends on an integer (I for e~ realization
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and p for (a, 3, ) realizations).

With ¢(A) = e~ realization, we showed that, for large diffusion times
(0 — o0) the spectral dimension approaches the usual topological dimen-
sion where as diverges to positive infinity (+o00) for [ > 0 and —oo for [ < 0
at high energies. Inspection of spectral dimension in the («, 3, ) realiza-
tions showed that the characteristic behaviour of Dy depends on various
values of p, o and S.

In chapter 6, we have studied the Hausdorff dimension of the path
of a quantum particle in non-commutative space-time. We showed that
the Hausdorff dimension depends on the deformation parameter a and the
resolution Az for both non-relativistic and relativistic quantum particle
moving on k-space-time. For the non-relativistic case, it was shown that
Hausdorff dimension is always less than two in the non-commutative space-
time. For relativistic quantum particle, we found the Hausdorff dimension
increases with the non-commutative parameter, in contrast to the commu-
tative space-time. We showed that non-commutative correction to Dirac
equation brings in the spinorial nature of the relativistic wave function into
play, unlike in the commutative space-time. By imposing self-similarity
condition on the path of non-relativistic and relativistic quantum particle
in non-commutative space-time, we derived the corresponding generalized
uncertainty relation.

In conclusion, our study of effective dimensions of k-space-time indi-
cates that the structure of space-time significantly changes at high energies.
The analysis of the pattern of dimensional flow at these energies show that
the spectral dimension become negative, indicating a lose of meaning of
space-time itself [1]. This has also lead to the discussion of multiscale
structure of spacetime [1]. In order to understand about these new fea-
tures at the Planck scale physics, we plan to study the following issues in
recent future.

A re-interpretation of the spectral dimension was discussed in [2], which
avoids the negative probability associated with the higher order, and non-
local dispersion relations. Since in our case, the Laplacians do have higher
derivatives, it will be interesting to use the approach developed in [2] and
analyse the spectral dimension. We plan to take up this issue. Our studies
on spectral dimension showed that it becomes negative for high energies.
One needs to find possible ways to avoid the negative values of the spectral
dimension. This will lead us to study the multiscale structure of the space-
time, which has been pointed out earlier in [1]. Another important problem
we plan to study is the effect of curvature on the spectral dimension of k-
deformed space-time [3].
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