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Abstract

We can associate local constant to every continuous finite dimensional complex representa-
tion of the absolute Galois group G of a non-archimedean local field F'/Q, by Deligne and
Langlands. For linear characters of F*, Tate [32] gives an explicit formula for the abelian
local constants, but in general, there is no such explicit formula of local constant for any
arbitrary representation of a local Galois group. To give explicit formula of local constant of
a representation, we need to compute A-functions explicitly. In this thesis we compute \g/p
explicitly, where K/F is a finite degree Galois extension of a non-archimedean local field F
except when K/F is a wildly ramified quadratic extension with F' # Q.

Then by using this A-function computation, in general, we give an invariant formula of
local constant of finite dimensional Heisenberg representations of the absolute Galois group
Gr of a non-archimedean local field F'. But for explicit invariant formula of local constant for
a Heisenberg representation, we should have information about the dimension of a Heisenberg
representation and the arithmetic description of the determinant of a Heisenberg representa-
tion. In this thesis, we give explicit arithmetic description of the determinant of Heisenberg
representation.

We also construct all Heisenberg representations of dimensions prime to p, and study their
various properties. By using A-function computation and arithmetic description of the de-
terminant of Heisenberg representations, we give an invariant formula of local constant for a

Heisenberg representation of dimension prime to p.
Keywords: Local Fields, Extendible functions, Local constants, Lambda functions, Clas-

sical Gauss sums, Heisenberg representations, Transfer map, Determinant, Artin conductors,

Swan conductors.

vil



Notation

By N, Z, Q, R and C we denote the natural numbers, integers, rational numbers, real numbers
and complex numbers respectively.

For two integers m, n, we denote ged(m,n) and lem(m, n) as the greatest common divisor
and least common multiple of m, n respectively.

For two sets A and B, A C B means A is contained in B. The number of elements in a
finite set A will be denoted by |A|.

For any homomorphism (group or ring) ¢, we denote Ker(yp) = kernel of ¢ and Im(p) =
image of the homomorphism ¢.

Representation of a group means complex representation, otherwise it will be stated. For
a group G we denote by G the group of linear characters of G, by Irr(G) the set of irreducible
representations of G, by PI(G) the set of all projective irreducible representation of G, by
Z(G) the center of G and by [G, G] the commutator subgroup of G.

For a group G, H < G, H < G, H <1 GG denotes that H is a subgroup, a proper subgroup,
a normal subgroup of G and for index of H in G, we write [G : H|.

For a representation p of G, if H < G we denote by p|y the restriction of p to H. For
G-set we denote by M the set of G-invariant elements of M. For representation p of a group,
we define dim p = dimension of p.

Throughout this thesis, F' will denote a non-archimedean local field, that is a finite ex-
tension of Q, for some prime p. We write Op for the ring of integers in F', Pr for the prime
ideal in O and v for the valuation of F. The residue field Op/Pr is denoted by k

its number of elements is denoted by ¢r. We write Up for Of, i.e., the group of units of F'

> and
and F for an algebraic closure of F.

The degree of finite fields extension K/F is denoted by [K : FJ; if the extension is Galois,
we write Gal(K/F') for the Galois group of K/F. We denote det(p) for the determinant of the
representation p. We also denote Ag/r for the determinant of the representation Indg p(1).
Nk /r denotes the norm map from K* to F™* and Trg g for the trace map from K to F.

We denote fi, as the group of roots of unity of p-power order, and T,y as the transfer
map from G — H/[H, H].
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Chapter 1

Introduction

Let F be a non-archimedean local field (i.e., finite extension of the p-adic field Q,, for some
prime p). Let F be an algebraic closure of F, and Gy := Gal(F/F) be the absolute Galois
group of F. Let

p: Gp — Aute(V)

be a finite dimensional continuous complex representation of the Galois group G . For this p,
we can associate a constant W (p) with absolute value 1 by Langlands (cf. [41]) and Deligne
(cf. [38]). This constant is called the local constant (also known as local epsilon factor) of
the representation p. Langlands also proves that these local constants are weakly extendible
functions (cf. [32], p. 105, Theorem 1).

The existence of this local constant is proved by Tate for one-dimensional representation
in [34] and the general proof of the existence of the local constants is proved by Langlands
(see [41]). In 1972 Deligne also gave a proof using global methods in [38]. But in Deligne’s
terminology this local constant W(p) is ep(p, ¥r, dx, 1/2), where dx is the Haar measure on
F* (locally compact abelian group) which is self-dual with respect to the canonical additive
character ¢)p of F. Tate in his article [33] denotes this Langlands convention of local constants
as €r(p,1v). According to Tate (cf. [33], p. 17), the Langlands factor e (p, ) is er(p, ) =

1
ED(pW%,l/J,de), where w denotes the normalized absolute value of F', i.e., wi(z) = |z|2 =

1
qFQVF(x) (in Section 2.3 we discuss them in more details) which we may consider as a character

of F*, and where dx, is the self-dual Haar measure corresponding to the additive character
Y and gp is the cardinality of the residue field of F. According to Tate (cf. [32], p. 105) the

relation among three conventions of the local constants is:

W(p) = eL(p,vr) = ep(pwi, vr, dxyy). (1.0.1)

In Chapter 2 we recall almost all necessary ingredients for this thesis, and they will be used
in our next chapters. First we mention the basic properties of local fields and their extensions.
We study the Lemma of J-P. Serre and it will be used in Chapter 3. This result has
great role for the computation of A-functions. The central keywords of this thesis are the local

constants and Heisenberg representations. Therefore in Chapter 2 we spend little more time
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on them. All properties of local constants are well-studied by various people: Langlands [41],
Tate [32], Deligne [38], Bushnell-Henniart [6]. We show the connection between all conventions
of local constants. We also know that there is a connection between the classical Gauss sums
and the local constants of representations of a local Galois group. When the conductor of a
multiplicative character of a local field is one, then by proper choice of additive character we
see that the computation of local constants comes down to the computation of the classical
Gauss sums. Therefore for our lambda-functions computation we need the Theorem [2.4.1
(regarding classical Gauss sum of quadratic character). In Section 2.6 we discuss the group
theoretical structure of Heisenberg representations, and for this we follow the articles [11],
[12], [14].

In Chapter 3 we compute the lambda-functions for finite Galois extensions explicitly,
except wildly ramified quadratic extensions. Let K/F be a finite Galois extension of a non-
archimedean local field F'/Q, and G = Gal(K/F). The lambda function for the extension K/F

is Ag/r(Yr) == W(Indg/pl, ¢ r), where W denotes the local constant and ¢ is the canonical

Wp)
W (det(p))’

additive character of F'. We also can define A-function via Deligne’s constant ¢(p) :=

where p is a representation of G' and
AT =W(p) = c(p) - W(det(p)) = c(p) - W(AT),

where p = Ind¥(1) and A := det(Ind¥(1)).
Firstly, in Section 3.2 we compute the A-function for odd degree Galois extension by using
some functoriality properties of A-functions and the following lemmas (cf. Lemma (3.2.1]

Lemma |3.2.2))

Lemma 1.0.1. Let L/F be a finite Galois extension with H = Gal(L/K) and G = Gal(L/F).
If H < G is normal subgroup and if (G : H] is odd, then Ax/p =1 and A%/F =1

Lemma 1.0.2. 1. If H < G is normal subgroup of odd index |G : H], then \§ = 1.

2. If there exists a normal subgroup N of G such that N < H < G and [G : N| odd, then
NG =1.

we obtain the following result (cf. Theorem [3.2.3)

Theorem 1.0.3. Let F' be a non-archimedean local field and E/F be an odd degree Galois
extension. If L D K D F be any finite extension inside E, then A\p x = 1.

And in Section 3.3 we compute A, where G is a local Galois group for a finite Galois
extension. By using Bruno Kahn’s results (cf. [4], Theorem 1) and Theorem (due to
Deligne) we obtain the following result (cf. Theorem [3.3.10).

Theorem 1.0.4. Let G be a finite local Galois group of a non-archimedean local field F'. Let
S be a Sylow 2-subgroup of G. Denote ¢§ = c¢(Ind$(1)).

1. If S = {1}, then we have \{ = 1.



2. If the Sylow 2-subgroup S C G is nontrivial cyclic (exceptional case), then

W(a) if|S] =2" > 8

A =
1 = a .
cf - Wila) S| <4,

where a is a uniquely determined quadratic character of G.

3. If S is metacyclic but not cyclic (invariant case), then
N if G contains Klein's 4 group V

A =
1 if G does not contain Klein’s 4 group V.

4. If S is nontrivial and not metacyclic, then \§ = 1.

From the above theorem we observe that A\{ = 1, except the exceptional case and
the invariant case with G contains Klein’s 4-group. Moreover, here « is the uniquely
determined quadratic character of G, then W(a) = Ap,/p, where F,/F is the quadratic
extension corresponding to « of G = Gal(K/F). In fact, in the invariant case we need to
compute A}, where V is Klein’s 4-group. If p # 2 then V corresponds to a tame extension
and there we have the explicit computation of \]" in Lemma m

Lemma 1.0.5. Let F/Q, be a local field with p # 2. Let K/F be the uniquely determined
extension with V- = Gal(K/F), Klein’s 4-group. Then

N =Xgp=-11if =1 € F* is a square, i.c., qp =1 (mod 4), and

N = Ax/p =1 if =1 € F* is not a square, i.e., if gp =3 (mod 4),

where qp s the cardinality of the residue field of F'.

In [39] Deligne computes the Deligne’s constant c¢(p), where p is a finite dimensional
orthogonal representation of the absolute Galois group Gz of a non-archimedean local field
F via second Stiefel-Whitney class of p. The computations of these Deligne’s constants are
important to give explicit formulas of lambda functions. But the second Stiefel-Whitney
classes sy(p) are not the same as Deligne’s constants, therefore full information of sy(p) will
not give complete information about Deligne’s constants. Therefore to complete the explicit

computations of A\{' we need to use the definition

A = A/r($) = W(lndg el 1),

where 1) is a nontrivial additive character of . When we take the canonical additive character
Y, we simply write Ag/p = W(Indk rl,¥r), instead of A/ p(¢p).

When p # 2, in Theorem [3.3.10] we notice that to complete the whole computation we
need to compute Ag/p, where K/F is a quadratic tame extension. In general, in Section 3.4
we study the explicit computation for even degree local Galois extension.

Moreover, by using the properties of A\-function and Lemma [3.4.3| we give general formula
of Mg/, where K/F is an even degree unramified extension and the result is (cf. Theorem
3.4.5)):



AK/F("QZJF) = (_1)”(1/1F)_

When K/F is an even degree Galois extension with odd ramification index we have the
following result (cf. Theorem 3.4.7)).

Theorem 1.0.6. Let K be an even degree Galois extension of F' with odd ramification index.
Let ¢ be a nontrivial additive character of F'. Then

Arjr(¥) = (=1)".

When K/F is a tamely ramified quadratic extension, by using classical Gauss sum we
have an explicit formula (cf. Theorem [3.4.10) for Ag/p.

Theorem 1.0.7. Let K be a tamely ramified quadratic extension of F/Q, with qpr = p°.
Let ¢ be the canonical additive character of F. Let ¢ € F* with —1 = vp(c) + dpjqg,, and

m, where Fy/Q, is the mazimal unramified extension in F/Q,. Let 1p_y be an

additive character with conductor —1, of the form ¢_ = ¢ -p. Then

d =

)\K/F(wF) = AK/F(C/) : )\K/F(wfﬁ,

where
(=1)*'  difp=1 (mod 4)

A -1) =
K/F(w ) (_1)5—12'5 pr =3 (mOd 4)

717dF/Qp

If we take c = , where g is a norm for K/F, then

1 if Tresp,(pc) € kp, = kp is a square,

—1 if Trpr,(pc) € kg, = kf is not a square.
Here "overline” stands for modulo Pg,.

By the properties of A\-function and the above theorem, we can give complete computation
of Ak/r, where K/F is a tamely ramified even degree Galois extension. But the computation
of Ax/r, where K/F is a wildly ramified quadratic extension, seems subtle. In Subsection

3.4.2 we give few computation in the wild case, and they are:

Lemma 1.0.8. Let K be the finite abelian extension of Qa for which N g,(K*) = 52

Then Agjg, = 1.

More generally, we show (cf. Theorem that when F/Qq, and K is the abelian
extension of F' for which NK/F(KX) = FXQ, then Ag/p = 1. In Example we compute
AF/Q., Where I is a quadratic extension of Q.

In Chapter 4 we give an invariant formula (group theoretical) of the determinant of a
Heisenberg representation. From Gallagher’s theorem [2.8.2] we know that to compute the
determinant of an induced representation we need to compute the transfer map. Since our

Heisenberg representations of degree > 2 are induced representation, we first need to give
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formula for transfer maps which we give in Lemmas [1.1.1] and By using them in
Proposition 4.2.2|we give an invariant formula of the determinant of Heisenberg representation.

Let G be a finite group and p be a Heisenberg representation of G. Let Z be the scalar
group for p and H be a maximal isotropic subgroup of G for p. Let xy be a linear character
of H which is an extension of the central character yz of p. Then we know that p = Indxp.

The main aim of Chapter 4 is to give an invariant formula for:
det(p) = det(IndSxp).

In other words, we will show that this formula is independent of the choice of the maxi-
mal isotropic subgroup H because the maximal isotropic subgroups are not unique. From
Gallagher’s result (cf. Theorem [2.8.2)) we know that

det(Ind§ ) (g) = AG(g) - xu(Ta/m(g)) for all g € G.

Therefore for explicit computation of determinant of Heisenberg representation p, we first
need to compute the transfer map Tz g. In Lemma we compute T/, when H is an
abelian normal subgroup of a finite group G (of odd index in G) with [G, [G,G]] = {1}, and
(G/H is an abelian quotient group.

Lemma 1.0.9. Assume that G is a finite group and H a normal subgroup of G such that
1. H is abelian,
2. G/H is abelian of odd order d,
3. [G,|G,G]] = {1}.

Then we have Tg u(g) = g% for all g € G.

As a consequence one has [G,G]? = {1}, in other words, G¢ is contained in the center of G.

More generally, combining this above Lemma and the elementary divisor theorem, we
obtain the following result (cf. Lemma [4.1.3]).

Lemma 1.0.10. Assume that G is a finite group and H a normal subgroup of G such that
1. H 1is abelian

2. G/H s abelian of order d, such that (according to the elementary divisor theorem):
G/H =7Z/my X -+ X L/ms

where mq| - - |mg and [ [, m; = d. Moreover, we fix elements ty,ts,--- ,t; € G such that
t;H € G/H generates the cyclic factor = 7Z/m;, hence t]" € H.

3. |G,[G,G]] = {1}. In particular, |G, G] is in the center Z(G) of G.

Then each g € G has a unique decomposition



()
g=t o h, Topmle) = T[ Taym(t)* - Tem(n),
where 0 < a; <m; —1, h € H and
(i)
Ta/u(ti) = t 11 il Ta/u(h) = ht - [h,al,

where a; € G/H s the product over all elements from C; C G/H, the subgroup which
is complementary to the cyclic subgroup < t; > mod H, and where « € G/H ‘s product

over all elements from G/H.

mg
7 0

Here we mean [t", o;] = [tI", ay], [h,a] := [h,Q] for any representatives &;,a € G.

The commutators are independent of the choice of the representatives and are always
elements of order < 2 because @;°, a2 € H, and H is abelian.

As a consequence of (i) and (i1) we can always obtain
(iii)
To/n(9) = 9" vau(9),
where pcu(g) € Z(G) is an element of order < 2.

As a consequence of the second equality in (it) combined with [G,G] € H N Ker(Tg/u), one
has [G,G]% = {1}, in other words, G is contained in the center Z(G) of G.

Now let p = (Z,x,) be a Heisenberg representation of G. Then from the definition of

Heisenberg representation we have
[G, G, G] € Ker(p).
Now let G := G /Ker(p). Then we obtain
G, G] = [G/Kex(p), G/Ker(p)] = [G, G] - Ker(p) /Ker(p) = [G, G]/[G, G] N Ker(p).
Since [[G, G], G] C Ker(p), then [z, g] € Ker(p) for all x € [G,G] and g € G. Hence we obtain

[G.G],G| = G, Gl/[G, G] NKer(p), G/Ker(p)] S Ker(p),

This shows that G is a two-step nilpotent group. Hence for computing determinant of a
Heisenberg representation of a finite group modulo Ker(p) we can use the Lemmas and
and we obtain the following result (cf. Proposition {4.2.2]).

Proposition 1.0.11. Let p = (Z,x,) be a Heisenberg representation of G, of dimension d,
and put X,(g1,92) == X, © g1, 92]. Then we obtain

(det(p))(9) = e(g) - xo(9%), (1.0.3)

where ¢ is a function on G with the following properties:

6



1. ¢ has values in {£1}.

2. e(gx) = ¢e(g) for allw € G*- Z, hence € is a function on the factor group G/G*-Z, and
in particular, e = 1 if [G : Z] = d?* is odd.

3. If d 1s even, then the function € need not be a homomorphism but:

d(d—1)
8(8.9(2)159(5)2) — X/)(gl’ g2) 2 — Xp(g1’ 92) .

[NJisH

Furthermore,

(a) When tko(G/Z) > 4: € is a homomorphism, and exactly ¢ = 1.

(b) When tko(G/Z) = 2: ¢ is not a homomorphism and € is a function on G/G*Z
such that

xp(g%) for g e G*Z
—x,(9%) forg ¢ G*Z.

In Chapter 5, our main aim is to compute local constants for Heisenberg representations

(det p)(g) = €(9) - x,(9%) =

of a local Galois group. We know that Heisenberg representations are monomial (that is,
induced from linear character of a finite-index subgroup), and local constants are weakly
extendible functions. Therefore to compute local constants for Heisenberg representations we
need to compute lambda-functions. In Chapter 3 we compute lambda-functions explicitly for
finite Galois extensions (except wildly ramified quadratic extension), and in Chapter 5 we use
them.

In Section 5.1, we study the arithmetic descriptions of Heisenberg representations. We
define U-isotropic Heisenberg representations and give the following lemma (cf. .

Lemma 1.0.12. Fiz a uniformizer mp and write U .= Ur. Then we obtain an isomorphism
U~FF<JUAU, n— X, nx+ X
between characters of U and U-isotropic alternating characters as follows:
Xy(mger, mpez) = n(e1)” nle2) ™, nx(e) = X(e,7r), (1.0.4)
where a,b € Z, €,e1,e9 € U, and n: U — C*. Then
Rad(X,) =< mt" > xKer(n) =< (mpe)#" > xKer(n),
does not depend on the choice of wr, where #n is the order of the character n, hence
F*/Rad(X,) =< mp > / < 7" > xU/Ker(n) = Zyy X Log.

Therefore all Heisenberg representations of type p = p(X,, x) have dimension dim(p) = #n.



From the above lemma we can construct all Heisenberg representations of dimensions
prime to p (cf. Corollary [5.1.12). And we also have the following explicit lemma (cf. Lemma

FLTd).

Lemma 1.0.13 (Explicit Lemma). Let p = p(X,), xx) be a U-isotropic Heisenberg repre-
sentation of the absolute Galois group Gp of a local field F/Q,. Let K = K,, and let E/F be
the maximal unramified subextension in K/F. Then:

1. The norm map induces an isomorphism:

NK/E . K;/[FKX :> [FEX/IFNK/E
2. Let cxp + F*/Rad(X,)) AF* /Rad(X,,) = Ky /IgK* be the isomorphism which is induced

by the commutator in the relative Weil-group Wi p. Then for units e € Up we explicitly
have:

CK/F(5 A\ 7TF) = NI_(}E(NE_}F(S)l_SOE/F),

where ¢ r is the Frobenius automorphism for E/F and where N~' means to take a

preimage of the norm map.

3. The restriction XK|K; 15 characterized by:

XKk © cx/p(e Nmp) = Xy (e, ) = n(e),
for all e € Up, where cx/p(e AN p) is explicitly given via (2).

After these, in Subsection 5.1.2, we study the Artin conductors, Swan conductors of Heisen-
berg representations, and these results are important for giving explicit invariant formulas of
local constants for Heisenberg representations of dimensions prime to p.

In the following theorem (cf. Theorem we give an invariant formula of W (p) for the
Heisenberg representation p.

Theorem 1.0.14. Let p = p(X, xx) be a Heisenberg representation of the absolute Galois
group G of a local field F/Q, of dimension d. Let p be the canonical additive character of
F and ¢ := ¢p o Trg/p. Denote i, as the group of roots of unity of p-power order and py,
as the group of n-th roots of unity, where n > 1 is an integer.

1. When the dimension d is odd, we have
W(p) = W(x,) mod g,
where W (x,)" is any d-th root of W(xk, Vk).
2. When the dimension d is even, we have
W(p) = W(x,) mod g,
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where d' = lem(4,d).

For giving more explicit invariant formula of local constants for the Heisenberg represen-
tations, we need the following result (cf. Proposition [5.1.7)).

Proposition 1.0.15. Let p = p(Z,x,) = p(Gk,XK) be a Heisenberg representation of the
absolute Galois group Gg. Let E be a base field of a mazximal isotropic for p. Then F* C
Nk/E, and

det(p)(z) = Agsp(z) - XK © NI;/IE(:U) for all x € F*, (1.0.5)

where, for all x € F*,
1 when tky(Gal(E/F)) # 1

N 1.0.6
/() wgr(z)  when rky(Gal(E/F)) = 1, ( |

where E'[F is a uniquely determined quadratic subextension in E/F, and wg/ g is the char-
acter of F* which corresponds to E'/F by class field theory.

By using the above proposition we have the following invariant formula (cf. Theorem |[5.2.7))
of local constant for a minimal conductor U-isotopic Heisenberg representation of dimension

prime to p.

Theorem 1.0.16. Let p = p(X, xx) be a minimal conductor Heisenberg representation of
the absolute Galois group G of a non-archimedean local field F/Q, of dimension m with

ged(m,p) = 1. Let ¢ be a nontrivial additive character of F'. Then

W(p,¥) = R($,¢) - L(¥ c), (1.0.7)

where
R, c) = AE/F(¢)AE/F(C)7

is a fourth root of unity that depends on ¢ € F* with vp(c) =1+ n(v) but not on the totally
ramified cyclic subextension E/F in K/F, and

L(,¢) = det(p)(@)ar® 3 (i o N ) 7 (@) - (¢719) (ma),

xek;
where E1/F is the unramified extension of F' of degree m.

And when p = p(X, xx) is not minimal conductor, we have the following theorem (cf.

Theorem [5.2.9)).

Theorem 1.0.17. Let p = p(X,, xx) be a Heisenberg representation of the absolute Galois
group Gr of a local field F'/Q, of dimension m prime to p. Let ¢ be a nontrivial additive
character of F. Suppose that the conductor of p is not minimal, p = po @ Xr and a(p) =
m - a(xr), where xp : Wrp — C* corresponds to xp : F* — C*, and h = a(xp) > 2.
Case-1: If m is odd, then



1. when 14+ m(h — 1) = 2d is even, we have
W(p,) = det(p)(c)ip(me "),
2. when 1 +m(h —1) =2d+ 1 is odd, we have

W(p7 ¢) = det(p)(c) ’ H(%D’ C),

where

Hpo) =ap* S (xle o Npbe) @)™ 0) (my),

n! jrrh!+1
yeUp /Up

and B’ = [%], where [z] denotes the largest integer < x.

Case-2: If m is even, then

1. when h is odd, we have
Wi(p, ) = R(1, ¢) - det(p)(c) - H(1, ),
where H(1, ¢) is the same as in Case-1(2).

2. when h s even, we have
W(p, ) = R(w,c) - det(p)(c) - g - (e 'm),

where R(Y, ¢) = Ag/p(¥) - Ap/p(c).
Here Fy/F is the mazimal unramified subextension in K/F, and E/F is a totally ramified
cyclic subezstension in K/F and ¢ € F* with ve(c) = h+n(y), and

xr(l+x)=1v(x/c), for all x € Plfl_h//PI}}.

Furthermore, without using A-function computation, by Deligne-Henniart’s result (cf.
Lemma [5.2.10), we also give an invariant formula (cf. Theorem [5.2.11)) of local constant
for a Heisenberg representation of the absolute Galois group G of a local field F/Q, of

dimension prime to p, for sufficiently large conductor characters.

Theorem 1.0.18. Let p = po @ Xr be a Heisenberg representation of Gg of dimension d with
ged(d,p) = 1, where py = po(Xy, Xo) is a minimal conductor Heisenberg representation. If

a(xr) = m, = 2, a sufficiently large number which depends on p, then we have

W(p,v) = W(po @ Xr) = W (xr,¢)* - det(po)(c), (1.0.8)

where V¥ is a nontrivial additive character of F, and ¢ := c¢(xr,) € F'*, satisfies

a(XF)]+1
xr(l+z)=¢(ctz) for allz € Py 2 .
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In Section 5.3 we use the Tate’s root-of-unity criterion (cf. [32], p. 112, Corollary 4) in
our local constant computation. Let p be a Heisenberg representation of the absolute Galois
group Gp. In the following proposition (cf. Proposition [5.3.2]) we show that if W (p) is not a

root of unity, then dim(p)|(qr — 1), and ap(p) is not minimal.

Proposition 1.0.19. Let F'/Q, be a local field and let qr = p® be the order of its finite residue
field. If p = (Z,, x,) = p(X,, XK) is a Heisenberg representation of the absolute Galois group
Gr such that W (p) is not a root of unity, then dim(p)|(qr — 1) and ar(p) is not minimal.
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Chapter 2
Preliminaries

In this chapter, we will recall some background of local constants, classical Gauss sums,
Heisenberg representations that will be relevant to the next chapters. We also state some
known facts which we will use in our next chapters. In this chapter for local constants we
follow [41], [32], [33] and for extendible functions [19]. For classical Gauss sums and Heisenberg

representations we refer [40], [3] and [I1], [12] respectively.

2.1 Local Fields and their finite extensions

Let F' be a non-archimedean local field, i.e., a finite extension of the field Q, (field of p-adic
numbers), where p is a prime. Let K/F be a finite extension of the field F. Let ex/r be the
ramification index for the extension K/F and fx,r be the residue degree of the extension
K/F. The extension K/F is called unramified if ex,p = 1; equivalently fx/p = [K : F|.
The extension K/F is totally ramified if ex/p = [K : F]; equivalently fx/p = 1. Let gp
be the cardinality of the residue field kr of F. If ged(p, [K : F]) = 1, then the extension
K/F is called tamely ramified, otherwise wildly ramified. The extension K/F is totally
tamely ramified if it is both totally ramified and tamely ramified.
For a tower of local fields K/L/F, we have (cf. [21], p. 39, Lemma 2.1)

ex/r(vi) = ex/n(vi) - eryr(vi), (2.1.1)

where v is a valuation on K and v is the induced valuation on L, i.e., v, = vk|r. For the
tower of fields K/L/F we simply write ex/p = ek, - er/p. Let Op be the ring of integers in
the local field F' and Pr = mpOp is the unique prime ideal in O and 7 is a uniformizer,
i.e., an element in Pr whose valuation is one, i.e., vp(rp) = 1. Let Ur = Op — Pg be the
group of units in Op. Let Ph = {z € F : vp(z) > i} and for i > 0 define U, = 1 + Pj (with
proviso U = Up = OF). We also consider that a(x) is the conductor of nontrivial character
X : F* — C*, i.e., a(x) is the smallest integer m > 0 such that x is trivial on UjF. We say
x is unramified if the conductor of y is zero and otherwise ramified. Throughout the thesis

when K /F' is unramified we choose uniformizers m = mr. And when K/F is totally ramified
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(both tame and wild) we choose uniformizers 7p = Nk, p(7k), where Ng,p is the norm map
from K* to F*.

Definition 2.1.1 (Different and Discriminant). Let K/F be a finite separable extension
-1

of non-archimedean local field F'. We define the inverse different (or codifferent) Dy .

of K over F' to be WI_(dK/ Ok, where dg/r is the largest integer (this is the exponent of the
different Dk r) such that

—d
TI'K/F(ﬂ'K K/FOK> Q OF,
where Trg /g is the trace map from K to F'. Then the different is defined by:
DK/F = W?(K/FOK

and the discriminant Dy is

dy/r

DK/F:NK/F(']TK )OF

Thus it is easy to see that Dg/r is an ideal of Op.
We know that if K/F is unramified, then Dg/p is a unit in Op. If K/F is tamely
ramified, then

VK(DK/F) = dK/F = eK/F —1. (212)

(see [27], Chapter III, for details about different and discriminant of the extension K/F.)

We need to mention a very important result of J-P. Serre for our purposes.

Lemma 2.1.2 ([27], p. 50, Proposition 7). Let K/F be a finite separable extension of the
field F. Let Ir (resp. Ik ) be a fractional ideal of F (resp. K ) relative to Op (resp. Ok ).

Then the following two properties are equivalent:

Definition 2.1.3 (Canonical additive character). We define the non trivial additive

character of F', ¢p : F — C* as the composition of the following four maps:
Fl0e o % 0,7, 5 /7 2 Cx,
where
1. Trp)q, is the trace from F' to Q,,

2. « is the canonical surjection map,

3. [ is the canonical injection which maps Q,/Z, onto the p-component of the divisible
group Q/Z and

4. 7 is the exponential map x + €2™® where i = /—1.
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For every x € Q,, there is a rational r, uniquely determined modulo 1, such that x —r € Z,,.
Then vg, (z) = g, (r) = €*™". The nontrivial additive character ¥p = 1g, o Trp/q, of F' is
called the canonical additive character (cf. [32], p. 92).

The conductor of any nontrivial additive character ¢ of the field F' is an integer n(v)) if
o is trivial on P."") but nontrivial on P;"™™". So, from Lemma we can show (cf.

Lemma [3.4.3)) that
n(Yr) = n(ig, o Trr/g,) = vr(Dr/q,),

because dg, /g, = 0, and hence n(¢g,) = 0.

2.2 Extendible functions

Let G be any finite group. We denote R(G) the set of all pairs (H, p), where H is a subgroup
of G and p is a virtual representation of H . The group G acts on R(G) by means of

(H,p)? = (H9,p9), g€,
p!(z) = p(gzg™"), v € H9 := g 'Hg

Furthermore we denote by H the set of all one dimensional representations of H and by R;(G)
the subset of R(G) of pairs (H,x) with Y € H. Here character x of H we mean always a
linear character, i.e., x : H — C*.

Now define a function F : Ry (G) — A, where A is a multiplicative abelian group with

F(H 1) =1 (2.2.1)

and
F(HI, x?) = F(H,x) (2.2.2)

for all (H,x), where 1y denotes the trivial representation of H.
Here a function F on R;(G) means a function which satisfies the equation and (2.2.2).
A function F is said to be extendible if F can be extended to an A-valued function on
R(G) satisfying:
F(H, p1+ p2) = F(H, p1)F(H, p2) (2:2.3)

for all (H,p;) € R(G),i = 1,2, and if (H, p) € R(G) with dim p = 0, and A is a subgroup of
G containing H, then
F(A,Indgp) = F(H, p), (2:2.4)

where Indﬁ,p is the virtual representation of A induced from p. In general, let p be a repre-
sentation of H with dimp # 0. We can define a zero dimensional representation of H by p
and which is: pg := p —dimp - 1. So dim py is zero, then now we use the equation ([2.2.4)

for py and we have,
F(A,Ind po) = F(H, py). (2:2.5)
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Now replace pg by p — dimp - 1 in the above equation (2.2.5)) and we have

F(A, Indf(p — dimp - 1)) = F(H, p — dimp - 1)
F(A,Indgp)  F(H,p)
F(A, Indgly)dme  F(H, 1g)dme

Therefore,
F(A, Ind31,)) ™
A, Ind%p) = — CF(H
= \p(F)™F(H, p), (2.2.6)
where ( A )
AG(F) = — 2.2.7
But by the definition of F, we have F(H,1y) = 1, so we can write
A5 (F) = F(A, Ind51g). (2.2.8)

This A5(F) is called Langlands A-function (or simply A-function) which is independent
of p. A extendible function F is called strongly extendible if it satisfies equation ([2.2.3))
and fulfills equation for all (H,p) € R(G), and if the equation is fulfilled only
when dim p = 0, then F is called weakly extendible function. The extendible functions are
unique, if they exist (cf. [32], p. 103).

Example 2.2.1. Langlands proves the local constants are weakly extendible functions (cf.
[32], p. 105, Theorem 1). The Artin root numbers (also known as global constants) are

strongly extendible functions (for more examples and details about extendible function, see
[32] and [19]).

The next lemma is due to Langlands [41]. This is very important for this thesis. Group
theoretically it is not hard to see its proof. But its number theoretical proof is very very
difficult and long which can be found in [41].

Lemma 2.2.2. Let H be a subgroup of a group G and F an extendible function on Ri(G).
Then we have the following properties of \-factor.

1. If g € G, then )\f_ng(]:) = M\G(F), where H C G.

2. If H' is a subgroup of H then \S,(F) = NE(F)XG(F)HH] where [H : H'] is index of
H' in H.

8. If H' is a normal subgroup of G contained in H, then \§(F) = Afﬁﬂ (F).
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2.3 Local Constants

Let F' be a non-archimedean local field and x be a character of F*. The L(x)-functions are
defined as follows:
(1 —x(mp))~t if x is unramified,
L(x) = L ,
1 if x is ramified.
We denote by dx a Haar measure on F', by d*x a Haar measure on F'* and the relation

between these two Haar measure is:

for arbitrary Haar measure dx on F. For given additive character ¢ of I’ and Haar measure

dx on F', we have a Fourier transform as:

= /f(x)w(xy)dx. (2.3.1)

where f € L'(FT) (that is, | f| is integrable) and the Haar measure is normalized such that
fy) = f(=y), ie., dz is self-dual with respect to . By Tate (cf., [33], p. 13), for any
character y of F*| there exists a number W (y, v, dx) € C* such that it satisfies the following

local functional equation:

[ F@)ywix " (@)d*x . [ fl@)x(z)d*z
Loy e vda) : (2.3.2)

L(x)

for any such function f for which the both sides make sense. This number W (x, v, dx) is

called the local epsilon factor or local constant of y.
For a nontrivial multiplicative character y of F'* and nontrivial additive character 1 of
F, we have (cf. [41], p. 4)

Jup X @) (/c)dz
W o) = x(e); Jo X"y (z/c)dal

where the Haar measure dx is normalized such that the measure of Op is 1 and where ¢ € F'*

(2.3.3)

with valuation n(¢)) + a(x). The modified formula of epsilon factor (cf. [32], p. 94, for proof
see [40]) is:

W(x,1,¢) = x(c)g @ >~ x Ha)b(x/c). (2.3.4)
wGUiF
U;(x)
where ¢ = W%(X)Jrn(w). Now if w € Uy is unit and replace ¢ = cu, then we have
_ax) _
WX, ¥, cu) = x(c)g 2 Z Xz u)(z/cu) = W(x, ¥, ). (2.3.5)
xe Up
U;(x)

Therefore W (x, 1, c) depends only on the exponent vr(c) = a(x) + n(¢)). Therefore we can
simply write W (x, v, c) = W(x, ), because ¢ is determined by vp(c) = a(x) + n(¢) up to
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a unit v which has no influence on W (x, v, c). If x is unramified, i.e., a(x) = 0, therefore

vr(c) = n(1). Then from the formula of W (x, v, c), we can write

W(x, 1, c) = x(c), (2.3.6)

and therefore W (1,4, ¢) = 1 if x = 1 is the trivial character.

2.3.1 Some properties of W (y, )

1. Let b € F* be the uniquely determined element such that ¢/’ = ). Then
W(X7¢/’C/) = x(b) - W(x, ¢, ¢). (2.3.7)

Proof. Here ¢/'(x) = (bY)(x) := 9(bx) for all z € F. It is an additive character of
F'. The existence and uniqueness of b is clear. From the definition of conductor of an

additive character we have

n(y') = n(by) = n(y) + ve(b).

Here ¢ € F* is of valuation

vr(d) = a(x) +n(¥') = a(x) + vr(b) + n() = vr(b) + vr(c) = vr(be).

Therefore ¢ = beu where uw € Uy 1s some unit. Now

W(x, ', c) =W(x, b, beu)
= W(x, ba, bc)

—xgr Y @) () (b)) ()

U}l?(x)

IS

—x®) - x©@ar Y @)

Ur

S
a(x)
Up

- X(b) ’ W(Xﬂ/% C)‘
O

2. Let F/Q, be a local field inside QTP. Let x and v be a character of F* and F'" re-
spectively, and ¢ € F* with valuation vp(c) = a(x) + n(¢). If ¢ € Gal(Q,/Q,) is an
automorphism, then:

WF(X? 77Z}7 C) = Wafl(F) (XU) ¢J’ 0-71<C))7

where x7(y) := x(0(y)), ¥7(y) == ¥(o(y)), for all y € o~(F).
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Proof. Let L := 0~ (F). Since o is an automorphism of Q,, then we have Op/Pp =
Or/Pr, hence gr = qr. We also can see that a(x?) = a(x) and n(¢?) = n(¢). Then
from the formula of local constant we have

Wo-im) (X7 07,07 (€)) = Wi(x7, 97, 07 (c))
_ax?)

=X D, T Y ) ((07He) ()

= WF(X)¢7C)'

Here we put y = o~ (z) and use (7' (c)) 17 = (c71h)°.
[

Remark 2.3.1. We can simply write as before Wg(x, 1) = Wo-1(p)(x7,%7). Tate in his

paper [32] on local constants defines the local root number as:

We(x) := We(x,¥Yr) = We(x, ¥r, d),

where 9r is the canonical character of F* and d € F* with vp(d) = a(x) + n(¢r).

Therefore after fixing canonical additive character ¢» = ¢, we can rewrite

We(x) = x(d(¢F)), if x is unramified,
We(x) = Wo1m)(X7).

The last equality follows because the canonical character 1,-1(p) is related to the canon-

ical character ¥ as: ¢,-1(p) = ¢F.

So we see that

(F,x) = Wr(x) € C*
is a function with the properties (2.2.1)), (2.2.2)) of extendible functions.

.Ifxe]ﬁandweﬁ,then

Furthermore if the character x : F* — C* is unitary (in particular, if x is of finite
order), then

W e)PP =1
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Proof. We prove this properties by using equation (2.3.4)). We know that the additive
characters are always unitary, hence

Y(—2) = P(z) ™ = P(2).

On the other hand we write ¢(—x) = ((—1)¢)(x), where —1 € F*. Therefore ¢ =
(—1)2. We also have a(x) = a(x~!). Therefore by using equation (2.3.4) we have

Wiw) W) =x(=1)- "% 3 xaxme—Y)

Cc

Up
YE a0
Up

—a _ Ty — Yy .
=x(=1) " D7 x'@)(=—), replacing x by zy

where .
I‘ —
o)=Y vly—). (2.3.8)
y%g&)
Since Ug&) = (P2&> )<= POQ(FX) ~ Pf&), therefore p(x) can be written as the difference
F F F F
r—1
plo)= ) vly——)
yef%&)
r—1 r—1
= D vl——)— Y vl——)
?/GP;&) yepggo
r—1 (x — )mp
= D v——)— D vl——)
yep(;&) ve—ahr
= A - B,

q;(X) when a € PF_RW)

o 0 otherwise

Y€ ao
PR

Therefore A = q;(X) when z € U;(X) and A = 0 otherwise. Similarly B = q%(X)_l when
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z € U™ and B = 0 otherwise. Therefore we have

Wiee) W) =x(=1) "™ {gg¥ — gV Y x @)}

pax)—1

276%

=x(=D) =x(=D-gz" > x'().
Ug(x)*l
ﬂ?ew

Since the conductor of x is a(x), then it can be proved that Y -1 x '(z) = 0.
F

TE— G0
Up

Thus we obtain
W, ¥) - Wx9) = x(=1). (2.3.9)

The right side of equation is a sign, hence we may rewrite as
W ¢) - x(=DW(x ", ¢) = L.
But we also know from our earlier property that
X(DW (o) =W (1)) = W™, ¥)
So the identity rewrites as
Wx, ) W' ¢) =1

Now we assume that y is unitary, hence

W v) =W(x.¢) =W v)

where the last equality is obvious. Now we see that for unitary y the identity ({2.3.9))

rewrites as

Wi ¥)P? =1
0

Remark 2.3.2. From the functional equation ([2.3.2)), we can directly see the first part

of the above property of local constant. Denote

C(fix) = / f@)x(z)d . (2.3.10)

Now replacing f by f in equation (5.2.15)), and we get

¢(f X(=1) - C(£, %), (2.3.11)

Y
I
pas
=
=
—~
2
Q
X
=
I



because dz is self-dual with respect to 1, hence f (x) = f(—xz) for all x € FT.
Again the functional equation (2.3.2]) can be written as follows:

n _ L(wy ™t
() = Wix, v da) - X)) 2.3.12)
L(x)
Now we replace f by f, and x by w;x ! in equation (2.3.12), and we obtain
; L(x)

C(f? X) = W(w1X_17¢a dﬂf) ' ’ C(f? le_l)‘ (2313>

L(wyx™1)
Then by using equations (5.2.16)), (2.3.12)), from the above equation ([2.3.13)) we obtain:

W (x, 1, dz) - W(wyx 1, dz) = x(—1). (2.3.14)

Moreover, the convention W (y,) is actually as follows (cf. [33], p. 17, equation
(3.6.4)):

W(xw, 1,%) = W(xws, v, dr).
By using this relation from equation (|2.3.14)) we can conclude

W(x,¥) - WX~ ¢) = x(-1).
4. Twisting formula of abelian local constants:

(a) If x; and x2 are two unramified characters of F* and 1 is a nontrivial additive

character of F', then from equation (2.3.6)) we have

W(xixz2,¥) = W(x1, )W (x2,%). (2.3.15)
(b) Let x; be ramified and x, unramified then (cf. [33], (3.2.6.3))
W (x1X2, %) = xo(mp) X T (xq, 9). (2.3.16)

Proof. By the given condition a(y1) > a(x2) = 0. Therefore a(xi1x2) = a(x1).
Then we have

W(xix2 ) = xix2(A)gn " 3 (axe) " @)e(a/c)

Ur
a(x)
Up

= (g Y AT @) (@) (/)

Up
a(x)
Up

e

S

= x2(c)x1(e)gp " Z x;H(@)(x/c), since yo unramified

Up

rTE—~
a(x)
Up

= Xa2(c)W(x1,9)
— XZ(ﬂ-F)a(XIH””(‘/’) W (xa, ¥).
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(c) We also have twisting formula of epsilon factor by Deligne (cf. [38], Lemma 4.16)
under some special condition and which is as follows (for proof, see Corollary
6.1.2(3)):

Let a and 8 be two multiplicative characters of a local field F' such that a(a) >
2-a(B). Let ¢ be an additive character of F. Let y,, be an element of F* such
that

a(l+z) = Y(Yau)

for all z € F with valuation vp(z) > “(za) (if a(a@) = 0, Yoy = w;”“”). Then

W(aB,¥) = B (Yau) - Wla,v). (2.3.17)

2.3.2 Connection of different conventions for local constants

Mainly there are two conventions for local constants. They are due to Langlands ([41])
and Deligne ([38]). Recently Bushnell and Henniart ([6]) also give a convention of local
constants. In this subsection we shall show the connection among all three conventions
for local constantsﬂ We denote egy as local constant of Bushnell-Henniart (introduced in
Bushnell-Henniart, [6], Chapter 6).

On page 142 of [6], the authors define a rational function epy(x,®,s) € C(¢z°). From
Theorem 23.5 on p. 144 of [6] for ramified character x € F* and Conducto n(y) = —1 we

have
n+1

esrn(os,0) = a0 3 vlaz) (ax) /| (2.3.18)

Un+1

where n = a(x) — 1, and a € F* with vp(a) = —n.
Also from the Proposition 23.5 of [6] on p. 143 for unramified character y € F* and
n(y) = —1 we have

s—1 _
enn(X: 8 ¥) = qp *x(mr) " (2.3.19)
1. Connection between ey and W(x,v).
W(X7 ¢) - €BH(X7 %7¢)

Proof. From [6], p. 143, Lemma 1 we see:

ez (X, %7 b)) = x(b)epn (X, %7 Y)

!The convention W (y, ) is actually due to Langlands [41], and it is:

6L(X7w7 %) = W(Xﬂ/})

See equation (3.6.4) on p. 17 of [33] for V = x.
2The definition of level of an additive character v € F in [6] on p. 11 is the negative sign with our
conductor n(t), i.e., level of ¢ = —n(v)).
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for any b € F'*. But we have seen already that W (x, b)) = x(b)W(x, 1) has the same
transformation rule. If we fix one nontrivial ¢ then all other nontrivial )" are uniquely
given as ¢’ = by for some b € F*. Because of the parallel transformation rules it is now
enough to verify our assertion for a single 1. Now we take 1 € F* with n(y) = —1,

hence vp(c) = a(x) — 1. Then we obtain

Wlow) = Wio v, = x@ap > x @)l a).

Up
a(x)
Up

S

We compare this to the equation ([2.3.18)). There the notation is n = a(y) — 1 and the

1

assumption is n > 0. This means we have vp(c) = n, hence we may take a = ¢~ and

then comparing our formula with equation (2.3.18)), we see that

W(X> d}) = EBH(Xa %a ¢)

in the case when n(y) = —1.
We are still left to prove our assertion if y is unramified, i.e., a(x) = 0. Again we can
reduce to the case where n(¢)) = —1. Then our assertion follows from equation [2.3.19]

O
Remark 2.3.3. From Corollary 23.4.2 of [6], on p. 142, for s € C, we can write

1 _$n(x, 1
GBH(Xa S, 7/’) = QE?Q o) ' EBH(X> 57 ¢), (2320)

for some n(x,v) € Z. In fact here n(y,v) = a(x) + n(¢). From above connection, we
just see W(x,v¥) = egu(x, 3,%). Thus for arbitrary s € C, we obtain

%—s a n(y
GBH(X; S,¢) _ ql(m Y(a(x)+n(¥)) . W(X’w) (2321)

This equation ([2.3.21)) is very important for us. We shall use this to connect with

Deligne’s convention.

In [33] there is defined a number ep(x, 1, dx) depending on x, ¢ and a Haar measure
dx on F. This notion is due to Deligne [38]. We write ep for Deligne’s convention in

order to distinguish it from the epg(x, 3,%) introduced in Bushnell-Henniart [6].

In the next Lemma we give the connection between Bushnell-Henniart and Deligne

conventions for local constants.
. The connection between ¢p and epy:

Lemma 2.3.4. We have the relation

6BH(X7 S7¢) = 6D(X : w87w7 dxl/))7
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where wy(x) = |z|3% = ¢~*F @) is unramified character of F* corresponding to complex
number s, and where dx, is the self-dual Haar measure corresponding to the additive

character 1.

Proof. From equation equation (3.6.4) of [33], we know that
er(x,s,1) = EL(XwS_%,z/J) = ep(xws, ¥, dzy). (2.3.22)

We prove this connection by using the relations (2.3.21)) and (2.3.22). From equation

(2.3.22)) we can write our W(x,v) = eD(Xw%,w,dsz). Therefore when s = 2

3, we have

the relation: .
EBH<X7 572/}) = €D(XW%,¢,de), (2323)

since W(x, ) = epn(x, %7 V).

We know that wy(z) = ¢ is an unramified character of F*. So when x is also

unramified, we can write

1 _s)n 1
W(st_%,iﬂ) = ws—%(c) ’ X(C) - q;_? : (w)eBH(Xa 57 @D) = EBH(X? S, W (2324)

And when x is ramified character, i.e., conductor a(y) > 0, from Tate’s theorem for

unramified twist (see property 2.3.1(4b)) , we can write

W(xw,_1, 1) = w1 () W (x, 0)
—(s—L)(alx)+n(y
e A R )

L N—_, % o)
= epu(X; $,¢).
Furthermore from equation (2.3.22)), we have
W(xw,—1, ) = ep(xws, ¥, dzy,). (2.3.25)
Therefore finally we can write
epu(X, s, V) = ep(xws, ¥, dzy). (2.3.26)

Corollary 2.3.5. For our W we have :

W(X7 ’l/}) = 6BH(X? %7 "@ = €D<XW%7 wu de/’)
W(st—%vw) = 6B’H(Xv 871/}) = €D(Xw871/}7 dde)

Proof. From the equations (3.6.1) and (3.6.4) of [33] for x and above two connections

the assertions follow. O]
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2.3.3 Local constants for virtual representations

1. To extend the concept of local constant, we need to go from 1-dimensional to other
virtual representations p of the Weil groups W of non-archimedean local field F'. Ac-
cording to Tate [32], the root number W (x) := W (x, ¥r) extensions to W (p), where ¢
is the canonical additive character of F'. More generally, W (x, ®) extends to W (p, ),
and if £//F is a finite separable extension then one has to take ¥y = g o Trg /r for the

extension field F.

According to Bushnell-Henniart [6], Theorem on p. 189, the functions egy(Xx, s, )
extend to egg(p, s, v g), where g = oTrg/p ﬂ According to Tate [33], Theorem (3.4.1)
the functions ep(x, ¥, dx) extends to ep(p, 1, dx). In order to get weak inductivity
we have again to use ¢p = ¢ o Trg/p if we consider extensions. Then according to Tate
[33] (3.6.4) the Corollary turns into

Corollary 2.3.6. For the virtual representations of the Weil groups we have

W(PWE7S_%7 ¢E) = EBH(P; S, ¢E) = ED(PWE,57 ¢E7 dl‘tﬂ};)
W(p,ve) = egulp, 3, VE) = ep(pwp 1, VE, diy,).

Note that on the level of field extension E/F we have to use wg ¢ which is defined as

wes() = |23 = ™.

We also know that gp = q{;E/F and v = ﬁ -vp(Ng/p) (cf. [21], p. 41, Theorem 2.5),

therefore we can easily see that

WE s = WF;s © NE/F-

Since the norm map Ng/p : £* — F* corresponds via class field theory to the injection
map Gg — Gp, Tate [33] beginning from (1.4.6), simply writes ws = ||* and consider
ws as an unramified character of the Galois group (or of the Weil group) instead as a
character on the field. Then Corollary turns into

W(pw87%7 wE) = EBH(pa S, wE> = €D<pws7 wEa d$¢E), (2327)

for all field extensions, where wy is to be considered as 1-dimensional representation of
the Weil group Wy C G if we are on the E-level. The left side equation ([2.3.27)) is the
e-factor of Langlands (see [33], (3.6.4)).

2. The functional equation (2.3.9)) extends to

Wi(p, ) - W(p¥, ) = det,(—1), (2.3.28)

3 Note that they fix a base field F' and a nontrivial ¢ = 1 (which not to be the canonical character used
in Tate [32]) but then if £/F is an extension they always use ¢g = ¢ o Trg/ .
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where p is any virtual representation of the Weil group Wx, p" is the contragredient
and v is any nontrivial additive character of F'. This is formula (3) on p. 190 of [6] for
S = 5-

3. Moreover, the transformation law [33] (3.4.5) can (on the F-level) be written as:

unramified character twist

ep(pws, ¥, dx) = ep(p,,dx) - wps(cpy) (2.3.29)

for any ¢ = ¢, such that vp(c) = a(p) + n(¢)dim(p). It implies that also for the root
number on the F-level we have

W (pwe ) = W(p, §) - wrs(Cp). (2.3.30)

2.4 Classical Gauss sums

Let k, be a finite field. Let p be the characteristic of k,; then the prime field contained in £,
is k,. The structure of the canonical additive character v, of k, is the same as the structure

of the canonical character 1¥r, namely it comes by trace from the canonical character of
the base field, i.e.,

¢q - 77ij © Trkq/kpa

where

2mix

Yp(x) :=e"»  forall x € k.

Gauss sums: Let y be a multiplicative and ¢ an additive character of k,. Then the
Gauss sum G(x, ¢) is define by

GOo ) = > x(@)w(x). (24.1)

xek;

In general, computation of this Gauss is very difficult, but for certain characters, the associated
Gauss sums can be evaluated explicitly. In the following theorem for quadratic characters of

kq, we can give explicit formula of Gauss sums.

Theorem 2.4.1 ([40], p. 199, Theorem 5.15). Let k, be a finite field with g = p*, where p is
an odd prime and s € N. Let x be the quadratic character of k, and let 1 be the canonical
additive character of k,. Then

(-1)*"¢z  ifp=1 (mod4),

G(x,v) =
(X w> (_1>s—1isq% pr =3 (HlOd 4)

(2.4.2)

Let 9 be an additive and x a multiplicative character of k;. Let E be a finite extension
field of k,. Then ¢ and x can be lifted to £ by the setting
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V' (x) = Y(Trgp,(v)) for all x € £ and x'(x) = x(Ng/w,(v)) for all x € E*.

From the additivity of the trace and multiplicativity of the norm it follows that x’ is an
additive character and x’ is a multiplicative character of E. The following theorem gives the

relation between the Gauss sum G(x,¢) in k, and the Gauss sum G(x’,¢') in E.

Theorem 2.4.2 (Davenport-Hasse, [40], p. 197, Theorem 5.14). Let x be a multiplicative
and ¢ an additive character of k,, not both of them trivial. Suppose x and v are lifted to
character x' and ', respectively, of the finite extension field E of k, with [E : k,] = s. Then

GO Y = (1)1 Glx, ¥)". (2.4.3)

2.5 Witt ring and square class group of a local field

Let F' be a field. Let M be any commutative cancellation monoid under addition. We define

a relation ~ on M x M by
(,y) ~ (@y) = a+y =2"+yecM.

The cancellation law in M implies that ~ is an equivalence relation on M x M. We define the
Grothendieck group of M to be Groth(M) = (M x M)/ ~ (the set of equivalence classes)
with addition induced by

(z,y) + (@, y) = (@ +2,y +¢).

We can prove that Groth(M) is the additive group generated by M.

Now let M(F') be the set of all isometry classes of (nonsingular) quadratic forms of F,
and replace M by M(F') in the definition of Grothendieck group. Then we denote W(F ) =
Groth(M(F)) which is called the Witt-Grothendieck ring of quadratic forms over the field
F. Every element of /W(F ) has the formal expression ¢; — g2, where ¢, g2 are nonsingular
quadratic forms, or rather, isometry classes of such forms.

Now, consider the dimension map dim : M(F) — Z, which is a semiring homomorphism
on M(F). This extends uniquely (via the universal property) to a ring homomorphism dim :
W(F) — Z, by

dim(q; — q2) = dim(q;) — dim(q2).

The kernel of this ring homomorphism, denoted by I I, is called the the fundamental ideal
of W(F). We have W(F)/IF = Z.

Let Z - H be the set which consists of all hyperabolic spaces and their additive inverses,
and they form an ideal of /W(F ). The vector ring

W(F)=W(F)/Z H
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is called the Witt ring of F. The image of the ideal IF under the natural projection
/W(F ) — W(F) is denoted by I F'; this is called the fundamental ideal of W (F). It can be
shown that W(F)/IF = Z/2Z (cf. [47], p. 30, Corollary 1.6).

The group FX/FX2 is called the square class group of F, and Q(F) = Zy X FX/FX2 is
called the extended square class group of F. We also have W(F)/I*F = Q(F) (cf. [47], p.
31, Proposition 2.1), where I?F denotes the square of IF. By Pfister’s result (cf. [47], p.
32, Corollary 2.3), we have the square class group FX/FX2 ~ JF/I*F.

Now we come to our local field case. Let F'/Q, be a local field. When F'/Q, is a local field
with p # 2, from Theorem 2.2(1) of [47] we have F*/F** =V where V is Klein’s 4-group.

More generally, we need the following results for computing A-function in the wild case.

Theorem 2.5.1 ([47], p. 162, Theorem 2.22). Let F'/Q, be a local field with qr as the
cardinality of the residue field of F. Let s = vp(2). Then |F*/F**| =4 - ¢}
In particular, if p # 2, i.e., s = vp(2) =0, we have |FX/Fx2| =4.

When p = 2 and F/Q;, is a local field of degree n over Q,, we have s = vp(2) = ep/q,
because 2 is a uniformizer in Qo. We also know that qp = q(g:/ % — 9/F/02 . We also know that
€r/Q, - fr/g, = n. Then from the above Theorem we obtain

|FXJF¥?| = 4. g% = 4. (2Trre)eries — 4. 90 = 2247, (2.5.1)

Theorem 2.5.2 ([47], p. 165, Theorem 2.29). Let F/Qs be a dyadic local field, with |F* /F**| =
2™ (m > 3). Then:

1. Case 1: When —1 € F**, we have W (F) = Z7*? (here ZF denotes the direct product
of k copies of Z,, = Z/nZ).

2. Case 2: When —1 ¢ F**, but —1 is a sum of two squares, we have W(F) =72 x 752,

3. Case 8: When —1 is not a sum of two squares, we have W (F) = Zg x 75" .

2.6 Heisenberg representations

Let p be an irreducible representation of a (pro-)finite group G. Then p is called a Heisen-
berg representation if it represents commutators by scalar matrices. Therefore higher
commutators are represented by 1. We can see that the linear characters of G are Heisenberg
representations as the degenerate special case. To classify Heisenberg representations we need

to mention two invariants of an irreducible representation p € Irr(G):

1. Let Z, be the scalar group of p, i.e., Z, C G and p(z) = scalar matrix for every z € Z,.

If V/C is a representation space of p we get Z, as the kernel of the composite map
G4 GLe(V) D PGLe(V) = GLe(V) /CXE, (2.6.1)

where E is the unit matrix and denote p := 7 o p. Therefore Z, is a normal subgroup
of G.
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2. Let x, be the character of Z, which is given as p(g) = x,(g)-E for all g € Z,. Apparently

X, is a G-invariant character of Z, which we call the central character of p.

Let A be a profinite abelian group. Then we know that (cf. [14], p. 124, Theorem 1 and
Theorem 2) the set of isomorphism classes PI(A) of projective irreducible representations
(for projective representation, see [7], §51) of A is in bijective correspondence with the set of
continuous alternating characters Alt(A). If p € PI(A) corresponds to X € Alt(A) then

Ker(p) = Rad(X) and [A:Rad(X)] = dim(p)?,

where Rad(X) := {a € A| X(a,b) =1, for allb € A}, the radical of X.
Let A := G/[G,G], so A is abelian. We also know from the composite map (2.6.1)) p is a
projective irreducible representation of G and Z,, is the kernel of p. Therefore modulo com-

mutator group [G, G], we can consider that p is in PI(A) which corresponds an alternating
character X of A with kernel of p is Z,/|G, G] = Rad(X). We also know that

[A: Rad(X)] = [G/[G,C] : Z,/[G,G]] = [G : Z,].

dim(p) = dim(p) = 4/[G : Z,].

Let H be a subgroup of A, then we define the orthogonal complement of H in A with

Then we observe that

respect to X
H* ={acA: X(a,H)=1}

An isotropic subgroup H C A is a subgroup such that H C H* (cf. [10], p. 270, Lemma
1(v)). And when isotropic subgroup H is maximal, we call H is a maximal isotropic for
X. Thus when H is maximal isotropic we have H = H*.

We also can show that the Heisenberg representations p are fully characterized by the

corresponding pair (Z,, x,).

Proposition 2.6.1 ([12], Proposition 4.2). The map p — (Z,,x,) is a bijection between

equivalence classes of Heisenberg representations of G and the pairs (Z,, x,) such that
(a) Z, C G is a coabelian normal subgroup,
(b) x, is a G-invariant character of Z,,

(¢) X(d1,G2) == X,(919291 '95 ') is a nondegenerate alternating character on G/Z, where
G1, G2 € G/Z, and their corresponding lifts g1, g2 € G.

For pairs (Z,, x,) with the properties (a)—(c), the corresponding Heisenberg representation

p is determined by the identity:

G:2Z,) p= Indgpxp. (2.6.2)
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Moreover, the character tr, of the Heisenberg representation p is

0 iftgeG -2,

trp(g) = . .
dim(p) - x,(g9) ifg € Z,

Let C'G = G, C""'G = [C'G, G] denote the descending central series of G. Now assume
that every projective representation of A lifts to an ordinary representation of G. Then by I.
Schur’s results (cf. [7], p. 361, Theorem 53.7) we have (cf. [14], p. 124, Theorem 2):

1. Let A Az A denote the alternating square of the Z-module A. The commutator map
AN A2 C*G/CPG, anb— [a,b] (2.6.3)
is an isomorphism.

2. The map p — X, € Alt(A) from Heisenberg representations to alternating characters

on A is surjective.

Proof. (of the equation ([2.6.2)))

Let H be a maximal isotropic subgroup of G for the Heisenberg representation p and
choose a character xgz : H — C* such that xg|z,= x,. Then we have (cf. [12], p. 193,
Proposition 5.3):

p=Ind%yy. (2.6.4)

This induced representation from gy does not depend on the choice of H and the extension

of x, to H. We also know from the transitivity of induction:

Indgpxp = Indglndgpxp. (2.6.5)
Furthermore, we can also write
IndIZ{po =xu ® Indgplzp, where 1z, is the trivial representation of Z,, (2.6.6)

= > X

all X}{ which are extension of x,

Here the total number of x; is exactly equal to [H : Z,|. Putting this above result in the

equation ([2.6.5)), we have:
Ind% x, = Indj(Indy x,,)
= Ind{( > Xer)»

all X, which are extension of X,
= {no. of yy which are extended from x,} x Ind%xY,
— 1 Z,] Tnd§y,
=[H:Z,) p since Ind§xy = p. (2.6.7)
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We also know that
G:H|=[H: Zp] =4/|G: Zp] = dim p. (2.6.8)

From the equations (2.6.7)) and (2.6.8]) we have our desired result which is:

Indgpxp =\/IG:Z,)-p (2.6.9)
=dimp-p
Therefore, the equation (2.6.2)) is proved. O

Remark 2.6.2. Let x, be a character of Z,. All extensions xg D X, are conjugate with respect
to G/H. This can be easily seen, since we know xy D X, and x%(h) = xu(ghg™). If we
take z € Z,, then we obtain

X4 (2) = xu(929™") = xp(9297") = Xp(929 "2 '2)
= X,([9, ] )= X(Q, z) - Xp(2) = x,(2),

since Z, is a normal subgroup of G and the radical of X (i.e., X (g, z) = x,([g, 2]) = 1 for all

2z € Z, and g € G). Therefore, Y, are extensions of y, for all g € G/H. It can also be seen

.‘]2 g1 92

that the conjugates x% are all different, because x%
is enough to see that x4 ' # 1if g# 1 € G/H. But

is the same as x> = xmg. So it

Xi () = x,(ghg™'h™") = X (g, h),

and therefore Xﬁjl = 1 on H implies ¢ € H* = H, where “1” denotes the orthogonal
complement with respect to X. Then for a given one extension xy of x, all other extensions
are of the form x4 for g € G/H.

Remark 2.6.3. Let F' be a non-archimedean local field and G := Gal(F/F) be the absolute
Galois group. The Heisenberg representations of G have arithmetic structure due to E.-W.
Zink [13], [14]. For Chapter 4, we just need its group theoretical structure, that is why here we
discuss this group theoretical definition. But in Chapter 5 we also need to see its arithmetic

structure and we will study them in Chapter 5.

2.7 Some useful results from finite Group Theory

Let G be a finite abelian group and put o = [] gec9- By the following theorem we can
compute «. It is very much essential for our computation. In the Heisenberg setting for
computing transfer map we have to deal with abelian group G/H and [], . 't where H is

a normal subgroup of G.
Theorem 2.7.1 ([37], Theorem 6 (Miller)). Let G be a finite abelian group and o = [ ¢ 9-

1. If G has no element of order 2, then o = e.
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2. If G has a unique element t of order 2, then a = t.
3. If G has at least two elements of order 2, then o = e.

Let G be a two-step nilpotent groupﬁ. For this two-step nilpotent group, we have the

following lemma.

Lemma 2.7.2 ([25], p. 77, Lemma 9). Let G be a two-step nilpotent group and let z,y € G.
Then

1. [z y] = [z,y]", and

n(n—1)

2. 2™y = (xy)"[z,y]” 2,

for any n € N.

We also need the elementary divisor theorem for this article which we take from [§]. Let

G be a finite abelian group. So G is finitely generated.

Theorem 2.7.3 ([§], p. 160, Theorem 3 (Invariant form)). Let G be a finite abelian group.
Then
G=Z/ny X Z/ng X -+ X L/ns. (2.7.1)

for some integers ny,ng, - -+ ,ng satisfying the following conditions:
(a) nj =2 forall j € {1,2,--- s}, and
(b) nii1n; for all1 <i<s—1.

And the expression in is unique: if G = Z/my XZ/maX- - -XZ/m,., where my,mg, -+ ,m,
satisfies conditions (a) and (b), t.e., m; = 2 for all j and m;i1|m; for all1 < i <r—1, then

s =1 and m; =n; for all i.

This theorem is known as the elementary divisor theorem of a finite abelian group.

Moreover, since G is direct product of Z/n;, 1 < i < s, then we can write
|G| = ning - - - ns.

We also need a structure theorem for finite abelian groups which come provided with an

alternating character:

Lemma 2.7.4 ([10], p. 270, Lemma 1(VI)). Let G be a finite abelian group and assume
the existence of an alternating bi-character X : G x G — C* ( X(g,9) = 1 for all g € G,
hence 1 = X (9192, 9192) = X (91, 92) - X (92, 1)) which is nondegenerate. Then there will exist
elements t1,t,,--- ,ts, t. € G such that

Tts derived subgroup, i.e., commutator subgroup [G,G] is contained in its center. In other worlds,
[G,[G,G]] = {1}, i.e., any triple commutator gives identity. If p is a Heisenberg representation of a finite
group G, then G/Ker(p) is a two-step nilpotent group (cf. p. 6).
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1. G=<t1 >x <th>x- X <ty>x<th >
=7Z/my X Z/mq X -+ X L/ms X Z/mg and mq| - - |ms.

2. Foralli=1,2,---,s we have X (t;,t;) = (n, a primitive m;-th root of unity.

7

3. If we say g1 L go if X(g1,92) = 1, then (< t; > x < t; >)F =[] ,(< t; > x <t >).

2.8 Transfer map

Let H be a subgroup of a finite group G. Let {t1,ts, -+ ,t,} be a left transversal for H in G.
If g € G then for all i =1,2,--- ,n we obtain,

gt; €ty H, (2.8.1)

where the map i — ¢(i) is a well-defined permutation of the set {1,2,--- ,n}. Assume that
f: H — Ais a homomorphism from H to an abelian group A. Then transfer of f, written
Ty, is a mapping

Ty:G—+ A  given by
Ti(9) =111, f(tg_é)gti) for all g € G.

Since A is abelian, the order of the factors in the product is irrelevant. Since f is a homo-
morphism from H to A, from above we can see that T is a homomorphism G with abelian
image, and therefore always: [G,G] C Ker(Ty). Now we take f the canonical homomorphism,

ie.,
f:H — H/[H, H|, where [H, H| is the commutator subgroup of H.

And we denote Ty = Tg/u. Thus by definition of transfer map Ty : G — H/[H, H], given
by

n n

Tem(g) = [T £t 00t = T 1,0 9t:0H, H], (2.8.2)

i=1 i=1
for all g € G.
Moreover, if H is any subgroup of finite index in G, then (cf. [9], Chapter 13, p. 183)

Taygrg-1(9") = 9Taru(g)g ™, (2.8.3)

for all g,¢ € G. Now let H be an abelian normal subgroup of G. Let H/H be the set
consisting the elements which are invariant under conjugation. So it is clear that these
elements are central elements and H¢/# C Z(@), the center of G. When H is abelian normal

subgroup of G, from equation (2.8.3) we can conclude that (cf. [9], Chapter 13, p. 183) that
Im(Te/m) € HEH C 2(G). (2.8.4)
We also need to mention the generalized Furtwangler’s theorem for this thesis.
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Theorem 2.8.1 ([22], p. 320, Theorem 10.25). Let G be a finite group, and let Tg/x : G —
K/|K, K] be the transfer homomorphism, where [G,G] C K C G. Then Tk (g)I1¢C = 1
for all elements g € G.

Now if [K : [G,G]] = 1, ie., K = [G,G], we have Tg/c.q)(g) = 1 for all g € G, ie.,
the transfer homomorphism of a finite group to its commutator is trivial. This is due to
Furtwéngler. This is also known as Principal Ideal Theorem (cf. [9], p. 194).

To compute the determinant of an induced representation of a finite group, we need the

following theorem.

Theorem 2.8.2 (Gallagher, [17], Theorem 30.1.6). Let G be a finite group and H a subgroup
of G. Let p be a representation of H and denote AG = det(Ind$1y). Then

det(Ind%p)(g) = (AG)H™)(g) - (det(p) o Tgu)(g), for all g € G. (2.8.5)

Let T be a left transversal for H in G. Here Ind$p is a block monomial representation (cf.
[1T7], p. 956) with block positions indexed by pairs (¢,s) € T x T. For g € G, the (t, s)-block
of Ind% p is zero unless gt € sH, i.e., s 'gt € H and in which case the block equal to p(s'gt).

Then we can write for g € G
Tomu(g) = [ [ '9tlH, H). (2.8.6)
teT

Thus we can write for all g € G

det(Indf;p)(g) = (AF) ™ (g) - (det(p) o Teyu(g)
= (AF)™@(g) - (det(p)(] [ s gt[H, H])

teT

= (AF) ™ (g) - [ ] det(p) (s~ gt [H, H]), (2.8.7)

teT

where in each factor on the right, s = s(t) is uniquely determined by gt € sH.
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Chapter 3

Computation of A\-functions

In this chapter we give explicit computation of Ag,p, where K/F is a finite local Galois
extension. Two different ways we can define A-functions: One is directly from local constants,
and another one is via Deligne’s constants. We will use both of them according to our
convenience. In Section 3.2 we first compute A-function for odd degree Galois extension. And
in Section 3.4 we compute A-functions for even degree tamely ramified Galois extensions. The

whole computation is based on the article [43].

3.1 Deligne’s Constants

Let K/F be a finite Galois extension of a local field F' of characteristic zero. Let G =
Gal(K/F), and let p : G — Autc(V) be a representation. Then for this representation,
Deligne (cf. [32], p. 119) defines:

_ Wiy
c(p) = W (det(p).0)’ (3.1.1)

where 1) is some additive character of F. If we change the additive character ¢ to ' = by,
where b € F'*| then from [6], p. 190, part (2) of the Proposition, we see:

W (o, ) = elp. 5, b) = det(b) - e(p, 5, ) = det, (B)1V (p, ). (31.2)

Also, from the property of abelian local constants we have W (det(p), byy) = det,(b)-W (det,, 1),

hence

Wo, ) _ W o) _
Wt b0y = Waety, 9 = C(P)-

This shows that the Deligne’s constant ¢(p) does not depend on the choice of the additive

character 10. We also have the following properties of Deligne’s constants:

Proposition 3.1.1 ([32], p. 119, Proposition 2). (i) If dim(p) = 1, then c(p) = 1.

(i)
c(pr+ p2) = c(pr)c(p2) W (det(pr))W (det(ps)) - W (det(pr) - det(p2)) ™" (3.1.3)
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(iii) c(p +7) = det(p)(~1).
(iv) (p) = (p), and |e(p)| = 1.

(v) Suppose p =p. Then c(p) = +1.

Now G be a finite group. Let p be an orthogonal representation of G, i.e., p: G — O(n).
We denote the i-th Stiefel-Whitney class of p by

si(p) € H(G,Z/27).

In low dimensions 7, the Stiefel-Whitney class is given algebraically as follows (cf. [24], [39]):
Under the canonical isomorphism:

HY(G,7Z/27Z) = Hom(G, {£1}),

the image of s1(p) is det,. If s1(p) is trivial, ie., det, = 1, then sy(p) is the element of
H?*(G,{£1}) = H*(G,Z/27) which is inverse image under p : G — SO(n) of the class of the
extension:

1 — {£1} — Spin(n) — SO(n) — 1,

where SO denotes the special orthogonal group and Spin the spinor group.
Now take G = Gal(K/F), for some finite Galois extension of local fields. In the following
theorem due to Deligne for an orthogonal representation p : G — O(n), we know a procedure

how to obtain out of sa(p) the constant ¢(p).

Theorem 3.1.2 (Deligne, [32], p. 129, Theorem 3). Let p be an orthogonal representation
of the finite group G and let sy(p) € H*(G,Z/27Z) be the second Stiefel-Whitney class of p.
The Galois group G = Gal(K/F) is a quotient group of the full Galois group Gr = Gal(F/F)
which induces an inflation map

Inf : H*(G,Z/2Z) — H*(Gp,Z/27) = {&1}. (3.1.4)

Then
c(p) = cl(sa(p)) € {1} (3.1.5)

is the image of the second Stiefel-Whitney class ss(p) under the inflation map .
In particular, we have c(p) = 1 if so(p) =0 € H*(G,Z/27).

3.2 When K/F is an odd degree Galois extension

We know that our local constant satisfies the following functional equation (cf. equation
(2.3.28)))
W (o)W (7) = det, (1), (3.2.1)
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where p is a representation of G and p is the contragredient representation of p. In this
equation (3.2.1)), we plug the orthogonal representation p = Indgl g in the place of p and we
have

W (IndG1,)W (Indg 1) = dety,qe,, (—1) (3.2.2)

Now we have from the definition of A-factor,

AGW)XG(W) = dety,qg,,(—1), since Indf 1y = Indfly

(A7 (W))? = detynggy,, (—1)
AF(W)* = (detlndc L (=1)?
MG = since dety,qc, (—1) is a sign

Therefore, our A-factor A% (W) is always a fourth root of unity.
We also know that

det(Ind%x#)(s) = eq/u(s) - (xm o Tayu(s)),

where T¢/p is the transfer map from G/[G, G| to H/[H, H] and e u(s) is the sign of s € G
understood as permutation of finite set G/H : {gH +— sgH}. If we take xg = 1y the trivial
character of H then in particular see that

A% (s) == det(Ind$15)(s)

is a character of G of order 2. If H C G is a normal subgroup then it is a character of the
factor group G/H and therefore it is trivial if G/H is of odd order.
More generally, from Gallagher’s Theorem [2.8.2] we have:

If p is a (virtual) representation of H, then
det(Ind%p)(s) = A% (s)0) - (detp o Tg u(s)), (3.2.3)

for s € G.

We assume now that the Galois groups H C G have the fields K D F' as their base fields.
Then by class field theory we may interpret det(p) of equation as a character of K*
and det(Ind$p) as a character of F*, and then the equation (3 turns into an equality of

two characters of F'*:
det(Ind% p) = A?;TFp) detp|px, where Ag/p:F* — {£1} (3.2.4)

is the discriminant characterﬂ with respect to the extension K/F. If we consider Z C H C G
corresponding to the base fields £ D K D F' then we have

! From example (III) on p. 104 of [32], if H = Gal(L/K) < G = Gal(L/F) corresponds to an
extension F' C K C L of local fields then

det o Indng = AK/F

can be interpreted by class-field theory as a character of F'*. It is then character of F'* corresponding to the
quadratic extension F'(y/dg,r)/F', which is obtained by adjoining the square root of the discriminant dg,p
of K/F.
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Ag/r = det(Ind%(Indj 1),
and with p = IndJ 1, we conclude from that
Apjr = Agjxlpx - Agf/:fﬁ. (3.2.5)
Moreover, in terms of Deligne’s constant, we can write:
A = W(Ind$%1y) = c¢(Ind§1y) - W(det o Ind%15). (3.2.6)

Replacing Galois groups by the corresponding local fields we may write the lambda func-
tion of finite extension K/F as

)\K/F = C(IDdK/Fl) . W(AK/F), (327)

where c¢(Indg/r1) is Deligne’s sign, and Ag/p is a quadratic character of F'* related to the

discriminant.

Lemma 3.2.1. Let L/F be a finite Galois extension of a non-archimedean local field F' and
G = Gal(L/F), H = Gal(L/K). If H < G is normal subgroup and if |G : H| is odd, then
Ag/p =1 and A%/F =1.

Proof. If H is a normal subgroup, then Indgl H = Ind{G/ H

1) 1 is the regular representation of
G/H, hence detoInd$ 1, = Ak r is the quadratic character of the group G/H. By the given

condition order of G/ H is odd, then Ag,p = 1, hence )\ﬁ(/p = Ag/p(—1). Thus )@(/F =1. O

Note: Since Ag,p = 1, then W(Ag/p) = 1. We also know that c(Indg/r(1)) € {£1}.
Then from equation 1} we can easily see that A3 r =1
In the next lemma we state some important results for our next Theorem [3.2.3] These are

the consequences of Deligne’s formula for the local constant of orthogonal representations.
Lemma 3.2.2. 1. If H < G is normal subgroup of odd index [G : H], then \§ = 1.

2. If there exists a normal subgroup N of G such that N < H < G and |G : N| odd, then
NG =1.

Proof. 1. To prove (1) we use the equation (3.2.6))
A =W (Ind%1y) = c¢(Ind%1y) - W(det o Ind$1y). (3.2.8)

Since p = Indgl g is orthogonal we may compute c¢(p) by using the second Stiefel-
Whitney class s»(p) [l From Proposition [3.1.1[(v) we know that c(p) = W (p)/W (det,)
is a sign. If cl(sa(p)) is the image of s3(p) under inflation map (which is injective), then

according to Deligne’s theorem [3.1.2] we have:

2This Stiefel-Whitney class s2(p) is easy accessible only if det, = 1, and this is in general wrong for
p=Ind§1y. But it is true for p = Ind$ 1y if H < G is normal subgroup and [G : H] is odd (by using Lemma
3.2.1)).
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c(p) = cl(sa(p))

if p is orthogonal. Moreover, we have
so(Ind$ 1) € HX(G/H,Z/27) = {1},

which implies that in equation (3.2.8) both factors are = 1, hence \§ = 1.

2. From N < H < G we obtain
AG = ML (G N (3.2.9)

From (1) we obtain \§ = A = 1 because N is normal and the index [G : N] is odd,
hence (M%) = 1. Finally this implies A& = 1 because \§ is 4th root of unity and
[H : NJ is odd.

O

Note: In the other words we can state this above Lemma as follows:
Let H' = NgearHz~' C A be the largest subgroup of H which is normal in A C G. Then
NS (W) = 1 if the index [A : H'] is odd, in particular if H itself is normal subgroup of A of
odd index.

Now we are in a position to state the main theorem for odd degree Galois extension of a

non-archimedean local field.

Theorem 3.2.3. Let F' be a non-archimedean local field and E/F be an odd degree Galois
extension. If L D K D I be any finite extension inside E, then A\pjx = 1.

Proof. By the given condition |Gal(E/F)| is odd. Then the degree of extension [E : F] of
E over F is odd. Let L be any arbitrary intermediate field of E/F which contains K/F.
Therefore, here we have the tower of fields £ D L D K D F. Here the degree of extensions
are all odd since [E : F] is odd. By assumption E/F' is Galois, then also the extension E/L
and E/K are Galois and H = Gal(E/L) is subgroup of G = Gal(E/K).

By the definition we have A;;x = A%. If H is a normal subgroup of G then \§ = 1
because |G/H| is odd. But H need not be normal subgroup of G therefore L /K need not be
Galois extension. Let NV be the largest normal subgroup of G contained in H and N can be
written as:

N = NgeqgHg™

Therefore, the fixed field £ is the smallest normal extension of K containing L. Now we

have from properties of A-function(cf. 2.2(2)),
AG = ML (AG) 2], (3.2.10)

This implies (A§)#N = 1 since [H : N] and [G : N] are odd and N is normal subgroup of
G contained in H. Therefore A% = 1 because A& is 4th root of unity and [H : N] is odd.
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Moreover, if N = {1}, it is then clear that N is a normal subgroup of G which sits in H and
(G : N] = |G| is odd. Therefore Lemma [3.2.2(2) implies that \F = 1.

Then we may say A/ = 1 all possible cases if [EY : K] is odd. When the big extension
E/F is odd then all intermediate extensions will be odd. Therefore, the theorem is proved
for all possible cases.

O

Remark 3.2.4. (1). If the Galois extension F/F is infinite then we say it is odd if [K : F]
is odd for all sub-extensions of finite degree. This means the pro-finite group Gal(E/F') can
be realized as the projective limit of finite groups which are all odd order. If E/F is Galois
extension of odd order in this more general sense, then again we will have A ,x = 1 in all
cases where A\-function is defined.
(2). When the order of a finite local Galois group is odd, all weak extensions are strong
extensions, because from the above Theorem we have A = 1, where G is the odd order
local Galois group. Let H be a any arbitrary subgroup of G, then from the properties of
A-functions we have

AT = AT ()
This implies A$ = 1, because |H| is odd, hence M7 = 1 and A-functions are fourth roots of
unity.
(3). But this above Theorem is not true if K/F is not Galois. Guy Henniart gives
“An amusing formula” (cf. [16], p. 124, Proposition 2) for Ag/p, when K/F is arbitrary

odd degree extension, and this formula is:

9 a(Ag/F)
Ax/p = W(Ak/p)" - (C]_F) , (3.2.11)

where K/F is an extension in F with finite odd degree n, and (q%) is the Legendre symbol

if p is odd and is 1 if p = 2. Here a denotes the exponent Artin-conductor.

3.3 Computation of \{, where G is a finite local Galois

group

Let G be a finite local Galois group of a non-archimedean local field F'. Now we consider
Langlands’ \-function:
MG = W (Ind§1g) = ¢ - W(AY), (3.3.1)

where
G = c(Ind§1g).

From the equation (3.3.1)) we observe that to compute A we need to compute the Deligne’s
constant ¢% and W(A%). By the following theorem due to Bruno Kahn we will get our

necessary information for our further requirement.
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Theorem 3.3.1 ([4], Série 1-313, Theorem 1). Let G be a finite group, r¢ its reqular repre-
sentation. Let S be any 2-Sylow subgroup of G. Then sa(rg) = 0 in the following cases:

1. S is cyclic group of order > 8;

2. S is generalized quaternion group;
3. S is not metacyclic group.

We also need Gallagher’s result.

Theorem 3.3.2 (Gallagher, [17], Theorem 30.1.8). Assume that H is a normal subgroup of
G, hence A = Af/H, then

1. A% = 1¢, where 1¢ is the trivial representation of G, unless the Sylow 2-subgroups of

G/H are cyclic and nontrivial.

2. If the Sylow 2-subgroups of G/H are cyclic and nontrivial, then A$ is the only linear
character of G of order 2.

Definition 3.3.3 (2-rank of a finite abelian group). Let G be a finite abelian group.

Then from elementary divisor Theorem [2.7.3] we can write
G = Loy X Lipy X =+ X Ly, (3.3.2)
where my|ma| - - - |ms and [];_, m; = |G|. We define
the 2-rank of G :=the number of m;-s which are even
and we set
ko (G) = 2-rank of G.

When the order of an abelian group G is odd, from the structure of G we have rky(G) = 0,

i.e., there is no even m;-s for G. We also denote
G[2] :={x € G| 2z =0}, ie., set of all elements of order at most 2.

If G=Gy x Gy x--- x G, v €N, is an abelian group, then we can show that
G12) = [ [ 1Gi2]] (33.3)
i=1

Remark 3.3.4 (Remark on Theorem [3.3.2)). If G is a finite group with subgroups H' C
H C G then for A = det(Ind$1y) we know from Gallagher’s Theorem

A%, = det(Ind$, 1) = det(Ind$ (IndE, 1g/))
= (A det(Indj] 1g) 0 Teaym
= (AT (AR o Ty mr). (3.3.4)
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Now we use equation (3.3.4) for H' = {1} and H = [G, G| = G'. Then we have
A = (Ag,)IG’I : A?/ oTg/ar = (Ag,)m, (3.3.5)

because by Theorem 2.8.1] T is the trivial map.
We also know that G’ is a normal subgroup of G, then we can write Indg,lgx ~ Indf/ Gll,
hence Ag, = AlG/ <. So we have

AF = (AG)IE = (AZ/Fye, (3.3.6)

From the above equation (3.3.6) we observe that A{ always reduces to the abelian case
because G/G" is abelian. Moreover, we know that:

If G is abelian then Indf’l = rq 18 the sum of all characters of G, hence from Miller’s result
(cf. [37], Theorem 6) for the abelian group G we obtain:

A% = det(Ind®1) = det(z X)
x€G

= ] det(x) = ] x

xeé Xeé

_Ja if tka(G) =1 (33.7)
1 ifrke(G) # 1,

where a is the uniquely determined quadratic character of G.

Lemma 3.3.5. The lambda function for a finite unramified extension of a non-archimedean

local field is always a sign.

Proof. Let K be a finite unramified extension of a non-archimedean local field . We know
that the unramified extensions are Galois, and their corresponding Galois groups are cyclic.
Let G = Gal(K/F), hence G is cyclic.

When the degree of K/F is odd, from Theorem we have A{ = A\g/p = 1 because
K/F is Galois.

When the degree of K/F is even, we have rko(G) = 1 because G is cyclic. So from
equation we can write AY = «, where o corresponds to the quadratic unramified
extension. Then A¢(—1) = a(—1) = 1, because —1 is a norm, hence from the functional
equation ([2.3.28) we have

(X6)2 = 1.

]

Moreover, since G/G" is abelian, by using equation (3.3.7) for G/G’, from equation (i3.3.6))

we obtain:

Lemma 3.3.6. Let G be a finite group and S be a Sylow 2-subgroup of G. Then the following

are equivalent:
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1. S < G 1s nontrivial cyclic;
2. AY £ 1, is the unique quadratic character of G;
3. tko(G/G') =1 and |G'| is odd.

Proof. Take H = {1} in Gallagher’s Theorem and we can see that (1) and (2) are
equivalent. From equation ({3.3.6)) we can see (2) implies the condition (3).

Now we are left to show that (3) implies (1). Let S’ be a Sylow 2-subgroup of G/G’. Since
rky(G/G’) = 1, hence rkyo(S') = 1, and therefore S’ is cyclic. Moreover, |G’| is odd, hence
|S| = |9']. Let f: G — G/G" be the canonical group homomorphism. Since |G’| is odd, and
ko (G/G') = 1, f|s is an isomorphism from S to S’. Hence S is a nontrivial cyclic Sylow
2-subgroup of G.

This completes the proof.

[

Theorem 3.3.7 (Schur-Zassenhaus). If H C G is a normal subgroup such that |H| and
|G : H| are relatively prime, then H will have a complement S that is a subgroup of G such
that

G=HxS
18 a semidirect product.

Let G be a local Galois group. Then it is known that G has Hall-subgroups (because G is
solvable), H C G of all types such that [G : H] and |H| are relatively prime. In particular, G
will have an odd Hall subgroup H C G such that |H| is odd and |G : H] is power of 2. From

this we conclude

Proposition 3.3.8. Let G be a finite local Galois group. Let H C G be an odd order Hall

subgroup of G (which is unique up to conjugation). Then we have
A = (AT (3.3.8)

Hence X =\ if |[H| =1 (mod 4) and \§{ = (\G)~! if |H| =3 (mod 4).

If the local base field F' has residue characteristic p # 2, then the odd order Hall subgroup
H C G is a normal subgroup and therefore N = )\f/H, where G/H = S is isomorphic to a
Sylow 2-subgroup of G. For G = Gal(E/F) this means that we have a unique normal extension

K/F in E such that Gal(K/F) is isomorphic to a Sylow 2-subgroup of G, and we will have

Aszxﬁﬁ.

Proof. We know that our local Galois group G is solvable, then G has an odd order Hall
subgroup H C G. Then the formula (3.3.8)) follows because A7 = 1 (here |H| is odd and H
is a subgroup of the local Galois group G).
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Let now p # 2 and let H be an odd order Hall subgroup of G. The ramification subgroup
(G1 C G is a normal subgroup of order a power of p, hence G; C H, and H/G; C G/G; will
be an odd order Hall subgroup of G/G;. But the group G/G; is supersolvable. It is also
well known that the odd order Hall subgroup of a supersolvable group is normal. Therefore
H/G, is normal in G/G4, and this implies that H is normal in G. Now we can use Theorem
and we obtain G/H = S, where S must be a Sylow 2-subgroup. Therefore when p # 2

we have

G/H E:K
G = Agyp = (AT = AT,

where G = Gal(E/F), H = Gal(E/K) and G/H = Gal(K/F) = S.
0

Let F'/Q, be a local field with p # 2. Let K/F be the extension such that Gal(K/F) =V

Klein’s 4-group. In the following lemma we give explicit formula for A} = A K/F-

Lemma 3.3.9. Let F/Q, be a local field with p # 2. Let K/F be the uniquely determined
extension with V- = Gal(K/F), Klein’s 4-group. Then

N =Xgp=-11if =1 € F* is a square, i.c., qp =1 (mod 4), and

A = Ax/p =1 if =1 € F* is not a square , i.e., if qp = 3 (mod 4),

where qp s the cardinality of the residue field of F'.

Proof. If p # 2 then from Theorem m the square class group F*/F 2 is Klein’s 4-group,
and K/F is the unique abelian extension such that Ny, p(K*) = F % hence

Gal(K/F) 2 F*/F** = V.

Since V' is abelian, we can write V > V. This implies that there are exactly three nontrivial
characters of V' and they are quadratic. By class field theory we can consider them as quadratic
characters of F'*. This each quadratic character determines a quadratic extension of F'. Thus
there are three quadratic subextensions L;/F in K/F, where i = 1,2,3. We denote L;/F the

unramified extension whereas Ly/F and Ls/F are tamely ramified. Then we can write
AK/F = AK/L; * )\2Li/p (3.3.9)

for all ¢ € {1,2,3}. The group V has four characters x;, i = 0,---,3, where yo = 1 and
xi(i = 1,2,3) are three characters of V' such that Gal(K/L;) is the kernel of y;, in other
words, X; is the quadratic character of F* /Ny, /p(L;").

Let ry = Indf{/l}l, then

AV =det(ry) = [Ty xi = 1,
because x3 = X1 - X2. Therefore W(A]) =1 and

>\K/F = C(Tv)
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is Deligne’s constant. More precisely we have

Akr=Wxi) - Wixz) - W(xixe). (3.3.10)

But here x; is unramified and therefore W (x;) = x1(c1) (see equation ([2.3.6])) and by using
unramified character twisting formula, W (x1x2) = x1(c2) - W(x2), where ¢y = mrc; because

a(x2) = 14 a(x1) = 1. Therefore the equation (3.3.10)) implies:

AK/F = X1(01)2 “x1(7F) - W(X2)2 = —x2(—1), (3.3.11)

since x1(mr) = —1. Similarly putting x2 = x7 X3 = x1x3 and X1x2 = X3 in the equation

(13.3.10) we have

Therefore we have Ag/p = —x;(—1) for i = 2, 3.

Moreover, we know that

1) 1 if —1 € F*is asquare, ie,gpr =1 (mod 4)
Xi\—1) =

—1 if =1 € F* is not a square , i.e.,, gp =3 (mod 4)
Thus finally we conclude that

—1 if —1 € F* is a square, i.e., gp =1 (mod 4)
Akp = —xi(=1) = , . .
1 if —1 € F* is not a square, i.e., gr =3 (mod 4)

]

In the following theorem we give a general formula of A, where G is a finite local Galois

group.

Theorem 3.3.10. Let G be a finite local Galois group of a non-archimedean local field F'.
Let S be a Sylow 2-subgroup of G.

1. If S = {1}, then we have \§ = 1.
2. If the Sylow 2-subgroup S C G is nontrivial cyclic (exceptional case), then

W(a) if|S] =2" > 8

A =
o - Wia) if || <4,

(3.3.13)

where a is a uniquely determined quadratic character of G.

3. If S is metacyclic but not cyclic (invariant case), then

NV if G contains Klein's 4 group V
oM grotp (3.3.14)
1 if G does not contain Klein’s 4 group V.
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4. If S is nontrivial and not metacyclic, then \¢ = 1.

Proof. (1). When S = {1}, i.e., |G| is odd, we know from Theorem that \{ = 1.

(2). When S =< ¢ > is a nontrivial cyclic subgroup of G, A{ is nontrivial (because A{(g) =
1l
(—=1)I¥"11 = —1) and by Lemma/[3.3.6, AS = «, where « is a uniquely determined quadratic

character of G. Then we obtain
A = - W(AT) = §F - W(a).

If S is cyclic of order 2™ > 8, then by Theorem m(case 1) and Theorem we have
¢ =1, hence \§ = W (a).

(3). The Sylow 2-subgroup S C G is metacyclic but not cyclic (invariant case):

If G contains Klein’s 4-group V, then V' C S because all Sylow 2-subgroups are conjugate to
each other. Then we have V' < S < G. So from the properties of A\-function we have

A=A - () = Y.

Now assume that GG does not contain Klein’s 4-group. Then by assumption S is metacyclic,
not cyclic and does not contain Klein’s 4-group. We are going to see that this implies: S is
generalized quaternion, and therefore by Theorem , so(Ind§ (1)) = 0, hence & = 1.

We use the following criterion for generalized quaternion groups: A finite p-group in which
there is a unique subgroup of order p is either cyclic or generalized quaternion (cf. [36], p.
189, Theorem 12.5.2).

So it is enough to show: If S does not contain Klein’s 4-group then S has precisely one
subgroup of order 2. Indeed, we consider the center Z(S) which is a nontrivial abelian 2-
group. If it would be non-cyclic then Z(S), hence S would contain Klein’s 4-group. So Z(5)
must be cyclic, hence we have precisely one subgroup Z, of order 2 which sits in the center
of S. Now assume that S has any other subgroup U C S which is of order 2. Then Z; and U
would generate a Klein-4-group in S which by our assumption cannot exist. Therefore Z, C S
is the only subgroup of order 2 in .S. But S is not cyclic, so it is generalized quaternion.
Thus we can write A = ¢ - W(A{) = W(AY). Now to complete the proof we need to show
that W(A$) = 1. This follows from Lemma [3.3.6]

(4). The Sylow 2-subgroup S is nontrivial and not metacyclic.

We know that every cyclic group is also a metacyclic group. Therefore when S is nontrivial
and not metacyclic, we are not in the position: rko(G/G’) = 1 and |G’| is odd. This gives
AY =1, hence W(AY) = 1. Furthermore by using the Theorem and Theorem we
obtain the second Stiefel-Whitney class so(Ind$ (1)) = 0, hence A& = ¢§ - W(A§) = 1.

This completes the proof.

O

In the above Theorem [3.3.10| we observe that if we are in the Case 3, then by using
Lemma we can give complete formula of \{ for p # 2. Moreover, by using Proposition
3.3.8/in case 2, we can come down the computation of A\g/p, where K/F is quadratic.
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Corollary 3.3.11. Let G = Gal(E/F) be a finite local Galois group of a non-archimedean
local field F'/Q, with p # 2. Let S = G/H be a nontrivial Sylow 2-subgroup of G, where H is
a uniquely determined Hall subgroup of odd order. Suppose that we have a tower E/K/F of
fields such that S = Gal(K/F), H = Gal(E/K) and G = Gal(E/F).

1. If S C G is cyclic, then

(a)
Ai/p = W(a) if [E:K]=1 (mod 4)

2= 2\E =
N =Wl B K] =1 (mod 4),
(here o = Agyp corresponds to the unique quadratic subextension in K/F) if

[K : F] =2, hence a = Ag/p.
(b)
W(a) if [E:K]=1 (mod 4)
W)™ f [F:K|=-1 (mod4)
if K/F is cyclic of order 4 with generating character § such that 5> = a = Agp.

(c)

AT = B(=DW(a)*! = B(-1) x

A/ = W(a) if [E:K]=1 (mod 4)
Agp=W(a)™ if[E:K]=-1 (mod 4)
if K/F is cyclic of order 2" > 8.

G +1

And if the 4th roots of unity are in the F, we have the same formulas as above but with

1 instead of £1. Moreover, when p # 2, a precise formula for W («) will be obtained in
Theorem |3.4.10,

2. If S is metacyclic but not cyclic and the 4th roots of unity are in F, then
(a) \¢ =—14ifV CG,
(b) N =1ifV&Ga.

3. The Case 4 of Theorem will not occur in this case.

Proof. (1). In the case when p # 2 we know from Proposition that the odd Hall-
subgroup H < G is actually a normal subgroup with quotient G/H = S. So if G = Gal(E/F)
and K/F is the maximal 2-extension inside F then Gal(K/F) = G/H = S. And we obtain:

Agp i [E:K]=|H|=-1 (mod 4).

|
=
I

A = (AT = (3.3.15)

So it is enough to compute Ak, p for Gal(K/F) = S, i.e., we can reduce the computation to
the case where G = S.
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We know that Ax/p = W(Indk/r(1)) = [[, W(x), where x runs over all characters of
the cyclic group Gal(K/F). If [K : F| = 2 then Indk/p(1) = 1 + a, where « is a quadratic
character of F' associated to K by class field theory, hence a = Ak p. Thus Ag/p = W(a).

If [K : F] =4 then Indg/p(1) = 1+ 3+ %+ (°, where %> = a = Ag/p and ° = 7,

hence by the functional equation of local constant we have:

W)W (5') = B(—1).
We then obtain:

Ay = W(lndgp(1)) = WBW(B)W(5%) = B(—1) x W(a).

If S is cyclic of order 2" > 8, then by Theorem [3.1.2, ¢f = 1. Again from equation (3.3.7)
we have W (A?) = W(a) because 1ky(S) = 1, where « is the uniquely determined quadratic

character of F'. Thus we obtain

Finally by using the equation we obtain our desired results.

Now we denote i = y/—1 and consider it in the algebraic closure of F. If i & F then p # 2
implies that F'(i)/F is unramified extension of degree 2. Then we reach the case ¢ € F' which
we have assumed.

Then first of all we know that A& is always is a sign because
(A)? = Af(-1) = AR () = 1.
Then the formula (3.3.15]) turns into
A = 7= X,
where G/H = Gal(K/F) = S. Therefore in Case 2 of Theorem [3.3.10| we have now same
formulas as above but with 1 instead of +1.

(2). Moreover, when p # 2 we know that always A} = —1if i € F (cf. Lemma [3.3.9)).
Again if V' C S, hence V C @, and we have

A =0 =

Therefore, when S is metacyclic but not cyclic we can simply say:
M=)\ =-1if V CG,
N =1,if V ¢ G.

(3). If the base field F' is p-adic for p # 2 then as a Galois group S corresponds to a
tamely ramified extension (because the degree 2" is prime to p), and therefore S must be
metacyclic. Therefore the Case 4 of Theorem can never occur if p # 2.

O
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Remark 3.3.12. If S is cyclic of order 2™ > 8, then we have two formulas:

A\ = W (a) as obtained in Theorem [3.3.10(2), and \{ = W (a)** in Corollary [3.3.11, So we
observe that for |S| = 2" > 8 and |H| = —1 (mod 4) the value of W («a) must be a sign for

p# 2

In Case 3 of Theorem we notice that AY =1, hence \¢ = ¢¢. We know also that
this Deligne’s constant c{’ takes values £1 (cf. Proposition[3.1.1v)). Moreover, we also notice
that the Deligne’s constant of a representation is independent of the choice of the additive
character. Therefore in Case 3 of Theorem [3.3.10) \{ = ¢f € {£1} will not depend on the
choice of the additive character. Since in Case 3 the computation of A\{ does not depend on
the choice of the additive characters, hence we call this case as invariant case.

Furthermore, Bruno Kahn in his second paper (cf. [4]) deals with sy(rg), where rq is a
regular representation of G in the invariant case. For metacyclic S of order > 4, we have the

presentation

S 2 G(n,m,r,1) =< a,b: 0 = 1,07 = a® bab~! = a' >
with n,m > 1,0 <7 < n, [ an integer = 1 (mod 2"77), I*" =1 (mod 2").

When S is metacyclic but not cyclic with n > 2, then s3(rg) = 0 if and only if m = 1 and
[ =—1 (mod 4) (cf. [4], on p. 575 of the second paper). In this case our \¢ = ¢{ = 1.

Corollary 3.3.13. Let G be a finite abelian local Galois group of F'/Q,, where p # 2. Let S
be a Sylow 2-subgroup of G.

1. Ifky(S) = 0, we have \§ = 1.

2. If rko(S) = 1, then
W f15) =2m > 8
ao = QWi s (3.3.16)
of - Wi(a) if|S] <4,

where a is a uniquely determined quadratic character of G.

3. If rko(S) = 2, we have

—1 if =1 € F* is a square element
AG = / 1 (3.3.17)
1 if =1 € F* is not a square element.

Proof. This proof is straightforward from Theorem and Corollary 3.3.11] Here S is
abelian and normal because G is abelian. When rko(S) = 0, G is of odd order, hence \{ = 1.
When rks(S) = 1, S is a cyclic group because S = Zsn for some n > 1. Then we are in the
Case 2 of Theorem [3.3.10f From the Case 4 of Corollary [3.3.11] we can say that the case
rka(S) > 3 will not occur here because p # 2 and G tame Galois groupf]

3Here tame Galois group means a Galois group of a tamely ramified extension.
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So we are left to check the case rko(S) = 2. In this case S is metacyclic and contains
Klein’s 4-group, i.e., V. C S C G. Then we have from the properties of A-functions and
Lemma [3.3.9 we obtain

—1 if —1 € F* is a square element
NG — AV L (MG =\ = E (3.3.18)

1 if —1 € F'* is not a square element.
O

Remark 3.3.14. In Corollary [3.3.13| we observe that except the case rko(S) = 1, the computa-
tion of \{’ is explicit. Now let G = Gal(L/F), where L/F is a finite abelian Galois extension,
and K/F be a subextension in L/F for which Gal(L/K) = S. Since S is normal, K/F is

Galois extension of odd degree. Then when 1ko(S) = 1 we have
AF =X\ (A9 (3.3.19)

Again S is normal subgroup of G, hence G/S = Gal(K/F). Hence

D e R e

Moreover, A} = A k. Then when rks(S) = 1 we have
AP =M = Ak,

where [L: K] =2" (n > 1).
From Theorem [3.3.10| and Corollaries [3.3.11], [3.3.13| for the case p # 2 we realize that the

explicit computation of W (a) gives a complete computation of \§ in the case p # 2. In the
following section we give explicit computation of Mg r, when K/F is an even degree Galois

extension.

3.4 Explicit computation of \g/r, where K /F is an even

degree Galois extension

Let K/F be a quadratic extension of the field F//Q,. Let G = Gal(K/F) be the Galois group
of the extension K/F. Let t be the ramification break or jump (cf. [27]) of the Galois
group G (or of the extension K/F). Then it can be proved that the conductor of wk/r (a
quadratic character of F'* associated to K by class field theory) is t 41 (cf. [42], Lemma 3.1).
When K/F' is unramified we have t = —1, therefore the conductor of a quadratic character
wi/p of F* is zero, i.e., wi/p is unramified. And when K/F is tamely ramified we have ¢ = 0,
then a(wg/p) = 1. In the wildly ramified case (which occurs if p = 2) it can be proved that
a(wg/r) = t+ 1 is, up to the exceptional case t = 2 - ep/q,, always an even number

which can be seen by the following filtration of F'*.
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Let K/F be a quadratic wild ramified extension, hence p = 2. In F', we have the sequence
F* > Up D Up D UE D --- of higher principal unit subgroups. Since wg/p is a quadratic

character, it will be trivial on F ** therefore we need to consider the induced sequence

F* D UpF* D ULF S URF* 5 ... D F*. (S2)
In general, for any prime p, for F'//Q, we have the following series

F* > UpF DU DURF D - D F*. (Sp)

Now we use Corollary 5.8 of [2I] on p. 16, for the following: Let e = vp(p) = ep/q, be the

absolute ramification exponent of F. Then

(i) If i > 25 then UL C F*, hence ULF*" = F*".

p—1
(ii) Ifi < I% and 7 is prime to p, then in

1> ULn P uitin e O puint B i prjpist pet 1 (34.0)

the arrow (1) is trivial and (2) is an isomorphism.

(i) If ¢ < 25 and p divides 4, then arrow (1) is an isomorphism and (2) is trivial

Therefore the jumps in (Sp) occur at ULF*", where i is prime to p and i < z%'
(If 25 is an integer, then ¢ = -25 is an exceptional case.)

We now take p = 2, hence ppfl = 2e. Then the sequence (Sp) turns into (S2) for all odd
numbers t < 2e or for ¢t = 2e (the exceptional case). This means that in the wild ramified

case the conductor a(wk/p) =t + 1 will always be an even number (except when ¢ = 2e).

From the following lemma we can see that A-function can change by a sign if we change

the additive character.
Lemma 3.4.1. The A-function can change by sign if we change the additive character.

Proof. Let K/F be a finite separable extension of the field ' and 1 be a nontrivial additive
character of F'. We know that the local constant W (p, 1) is well defined for all pairs consisting
of a virtual representation p of the Weil group Wr and a nontrivial additive character ¢ of

F. If we change the additive character ¥ to by, where b € F'* is a unique element for which
bi(z) := (bx) for all x € F, then from equation (3.1.2]), we have

W (p, bib) = det,(B) - W (p, ). (3.4.2)

In the definition of A-function p = Indg,r1, therefore by using equation (3.4.2)), we have

where Ay p = det(Indg/r(1)) is a quadratic character (a sign function), i.e., Ag/p(b) € {£1}.
[
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In the following lemma we compute an explicit formula for A, p(1r), where K/F is a
quadratic unramified extension of F'. In general for any quadratic extension K/F', we can
write Indg/rl = 1p @ wk/r, where wg/r is a quadratic character of F™* associated to K by
class field theory and 1 is the trivial character of F*. Now by the definition of A-function
we have:

A/p = W(Indg/pl) = W(wk/r). (3.4.4)

So, Ak/r is the local constant of the quadratic character wg/r corresponding to K /F.

Lemma 3.4.2. Let K be the quadratic unramified extension of F/Q, and let ¥p be the

canonical additive character of F' with conductor n(vg). Then
Ae/p(Yr) = (—1)"(¢F)- (3.4.5)

Proof. When K/F is quadratic unramified extension, it is easy to see that in equation ((3.4.4])

wg/r is an unramified character because here the ramification break ¢ is —1. Then from

equation (2.3.6) have:
W(WK/F) = WK/F(C).

Here vp(c) = n(1r). Therefore from equation (3.4.4)) we obtain:

AK/F = WK/F(WF)n(wF)- (3.4.6)

We also know that 7p ¢ Ng,p(K*), and hence wg/p(mp) = —1. Therefore from equation
(13.4.6)), we have

Aig/p = (—1)"wr), (3.4.7)

]

For giving the generalized formula for Ag/p, where K/F is an even degree unramified
extension, we need the following lemma, and here we give an alternative proof by using
Lemma 2.1.2

Lemma 3.4.3 ([2], p. 142, Corollary 3). Let K/F be a finite extension and let Dy p be the
different of this extension K/F. Let 1 be an additive character of F. Then

n( o Trg/r) = ex/p - n(Y) + v (Dir/r). (3.4.8)

Proof. Let the conductor of the character 1 o Trg,r be m. This means from the definition of

conductor of additive character we have

Q/J o TrK/F|PI;m =1 but 1/} @) TrK/FlPI;m*1 7é 17
ie., (Trg/p(Pe™)) = 1 but (Trg p(Pg™ ) # 1.
This implies

Trg/r(Pg™) C PFn(w)a
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since n(1)) is the conductor of ¢». Then by Lemma we have
Pe™ - Dyyp C PR e PO € P, (3.4.9)
since D /p = W?{K/ "Og. From the definition of ramification index we know that
W;(K/FOK = 71rO0k.
Therefore from the equation ((3.4.9) we obtain:
potE g, poee

This implies

m < n(Y) - ex/p +digr =n() - ex/p + vk (Dryr), (3.4.10)

since dK/F = VK<DK/F)'
Now we have to prove that the equality m = n(y) - ex/r + vk (Di/r).
Let m = n(v¢) - ex/p + vk (Dkp) — 7, where r > 0. Then we have

TrK/F(PI;”(¢)'€K/F—dK/F+dK/F+T) C PI;”("Z))"EK/F.

This implies r < 0. Therefore » must be r = 0, because by assumption » > 0. This proves
that

m = n(w o TI'K/F) = €K/F * n(w) + VK(DK/F)
[

Remark 3.4.4. If K/F is unramified, then ex/p = 1 and Dg/p = Ok, hence vg(Dg/r) =

vk (Ok) = 0, therefore from the above Lemma we have n(y o Trg /) = n(¢). Moreover,
if 1p = 1bg, 0 Trp/q,, is the canonical additive character of F', then n(ig,) = 0 and therefore

n(¢r) = vr(Drsg,)
is the exponent of the absolute different.

Theorem 3.4.5. Let K/F be a finite unramified extension with even degree and let {p be

the canonical additive character of F' with conductor n(vr). Then
Aig/p = (—1)"wr), (3.4.11)

Proof. When K/F is a quadratic unramified extension, by Lemma [3.4.2) we have Ag/p =
(—1)"¥F) We also know that if K/F is unramified of even degree then we have precisely one
subextension K'/F in K/F such that [K : K'| = 2. Then

Ak/p = Mgjir - (Aieryp)? = Aigyrer = (=1)"0x) = (=1)mvr),

because in the unramified case A-function is always a sign (cf. Lemma|3.3.5)), and from Lemma

B3 n(u) = nliir).

This completes the proof.
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In the following corollary, we show that the above Theorem is true for any nontrivial

arbitrary additive character.

Corollary 3.4.6. Let K/F be a finite unramified extension of even degree and let 1p be any

nontrivial additive character of F with conductor n(y). Then

Agyp() = (=1)"). (3.4.12)

Proof. We know that any nontrivial additive character ¢ is of the form, for some unique
be F*, Y(x) = bp(x), for all z € F. By the definition of conductor of additive character
of F', we obtain:

n(Y) = n(br) = vp(b) + n(vr).

Now let G = Gal(K/F) be the Galois group of the extension K/F. Since K/F is unramified,
then G is cyclic. Let S be a Sylow 2-subgroup of G. Here S is nontrivial cyclic because the
degree of K/F is even and G is cyclic. Then from Lemma we have A§ = Agip # 1.
Therefore A/p(b) = (—1)7® is the uniquely determined unramified quadratic character of

F*. Now from equation (3.4.3) we have:

A/p(¥) = Ag/p(b - Yp)
= Ax/r(0)Ak/r(VF)
= (—=1)"F® x (=1)"®¥r) from Theorem B.4.5
_ (_1>VF(b)+n(wF)

— (_1>n(w).
Therefore when K/F is an unramified extension of even degree, we have

Aie/p() = (=1)"%) (3.4.13)

where ¢ is any nontrivial additive character of F'.
O

In the following theorem we give an explicit formula of Ag/r, when K/F' is an even degree

Galois extension with odd ramification index.

Theorem 3.4.7. Let K be an even degree Galois extension of a non-archimedean local field
F of odd ramification index. Let ¢ be a nontrivial additive character of F'. Then

Ap(¥) = (=1)"). (3.4.14)

Proof. In general, any extension K/F of local fields has a uniquely determined maximal
subextension F’/F in K/F which is unramified. If the degree of K/F is even, then certainly
we have ex/p = [K : F'| because ex/p = epyp - ex/pr = ex/p and K/F' is a totally
ramified extension. By the given condition, here K /F is an even degree Galois extension with
odd ramification index eg/r, hence K /F" is an odd degree Galois extension. Now from the

properties of A-function and Theorem [3.2.3| we have

54



Ai/p = Aypr - (Apryp) K0P = (=1)ex/mmWr) = (—1)nr)

because K/F” is an odd degree Galois extension and F’/F' is an unramified extension.
O

3.4.1 Computation of \g/r, where K/F is a tamely ramified quadratic

extension

The existence of a tamely ramified quadratic character (which is not unramified) of a local
field F implies p # 2 for the residue characteristic. But then by Theorem [2.5.]]

F*/F** =V

is isomorphic to Klein’s 4-group. So we have only 3 nontrivial quadratic characters in that
case, corresponding to 3 quadratic extensions K/F. One is unramified and other two are
ramified. The unramified case is already settled (cf. Lemma [3.4.2). Now we have to address
the quadratic ramified characters. These two ramified quadratic characters determine two
different quadratic ramified extensions of F.

In the ramified case we have a(x) = 1 because it is tame, and we take 1) of conductor —1.
Then we have a(x)+n(1) = 0 and therefore in the definition of W (x, 1) (cf. equation ([2.3.4))

we can take ¢ = 1. So we obtain:

Woow) = S X @) = apt S X (@) i(a), (3.4.15)

zeUrp /U z€ky

where Y is the quadratic character of the residue field k5, and v is an additive character of

kp. When n(y) = —1, we observe that both the ramified characters y give the same
X, hence the same W(x, 1), because one is different from other by a quadratic unramified
character twist. To compute an explicit formula for Ag/p(—1), where K/F is a tamely
ramified quadratic extension and ¢ _; is an additive character of ' with conductor —1, we
need to use classical quadratic Gauss sums.

Now let F' be a non-archimedean local field. Let ¢_; be an additive character of I’ of
conductor —1, i.e., 11 : F//Pr — C*. Now restrict ¢)_; to Op, it will be one of the characters
a - Y, for some a € k; and usually it will not be 1, itself. Therefore choosing ¢_; is very
important and we have to choose ¥_; such a way that its restriction to O is exactly 1.
Then we will be able to use the quadratic classical Gauss sum in our A-function computation.

We also know that there exists an element ¢ € F'* such that

Y1 =cYr (3.4.16)

induces the canonical character v, on the residue field kp.
Now question is: Finding proper ¢ € F'* for which ¢_1|o, = ¢ ¢r|o, = Vg, i.€., the

canonical character of the residue field kp.
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From the definition of conductor of the additive character 1)_; of F', we obtain from the

construction (3.4.16))
—1=vp(c) +n(Yr) = vp(c) + drg,. (3.4.17)

In the next two lemmas we choose the proper c¢ for our requirement.

Lemma 3.4.8. Let F'/Q, be a local field and let )_y be an additive character of F' of conductor
—1. Let ¥p be the canonical character of F. Let ¢ € F* be any element such that —1 =
ve(c) + drpjq,, and
1
TrF/FO (C) = 5, (3418)
where Fy/Q, is the mazimal unramified subextension in F/Q,. Then the restriction of Y_; =
c-Yp to Op is the canonical character 1y, of the residue field kp of F'.

Proof. Since F,/Q, is the maximal unramified subextension in F/Q,, we have mp = p,
and the residue fields of F' and Fj are isomorphic, i.e., kg, = kg, because F/Fj is totally
ramified extension. Then every element of Op /P can be considered as an element of O, / P, .
Moreover, since Fy/Q, is the maximal unramified extension, then from Proposition 2 of [2]

on p. 140, for z € Op, we have

Po(Trr, /g, (%)) = Trig /i, (P0(X)),

where pg, p, are the canonical homomorphisms of Op, onto kp,, and of Og, onto kg,, respec-

tively. Then for x € kp, we can write

Trry/q, (%) = Trig, /g, (X)- (3.4.19)

Furthermore, since F'/Fy is totally ramified, we have kp = kg, then the trace map for the
tower of the residue fields kp/kp,/kqg, is:

T kg, (%) = T kg, © Trie /i, (%) = Ty i, (%), (3.4.20)
for all x € kp. Then from the equations (3.4.19) and (3.4.20)) we obtain
Trry /g, (%) = Trig /i, (X) (3.4.21)

for all z € kp.
Since the conductor of ¢_y is —1, for + € Op/Pr(= Op,/Pr, because F/Fjy is totally
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ramified) we have

Y_i(z) = c- Yr(z)
= Yr(cz)
= g, (Try/q, (cx))
= g, (Trr, /@, © Trr/p, (cx))

(
(

= g, (Trry /g, (x - Trr/r,(¢)))

1 ) 1
= g, TrFO/Qp(EX)), since € Op/Pp = Og,/Pp, and Trp/p,(c) = 5

1 1
- ¢Qp(§TrFO /0,(x)), because 1_7 €Q,

2miTrp (x)
" Fo/Gp ™ 2mix
=e » ., because Vg, () = e

27riTrkF /ka (x)

=e P , using equation (3.4.21])
= Yy (7).

This competes the lemma.
O

The next step is to produce good elements ¢ more explicitly. By using Lemma [3.4.8] in

the next lemma we see more general choices of c.

Lemma 3.4.9. Let F'/Q, be a tamely ramified local field and let 1_y be an additive character
of F' of conductor —1. Let 1y be the canonical character of F. Let Fy/Q, be the mazimal
unramified subextension in F/Q,. Let c € F* be any element such that —1 = vp(c) + dp/q,,
then

r_ c
Trg/r, (pc)’

fulfills conditions (3.4.17), (3-4.18), and hence Y_1|o, = ¢ - Yr|o, = Vyp-

C

Proof. By the given condition we have vp(c) = —1 — dpjg, = —1 — (eryg, — 1) = —ep/q,
Then we can write ¢ = 7, “u(c) = p~tu(c) for some u(c) € Up because F/Q, is tamely

ramified, hence p = 7T;F/ % Then we can write
Trp/r, (pc) = p - Trp/py(c) = p - p ug(c) = ug(c) € Up, C Uy,

where ug(c) = Trp/p,(u(c)), hence vp(Trp/p,(pc)) = 0. Then the valuation of ¢’ is:

C

vr(¢) = vr(g ) = ve(€) = ve(Tre/m, (pC))
=vp(c) =0 =vp(c) = =1 — dp/q,-

Since Trp/p,(pc) = ug(c) € Ug,, we have

Trr/p, (¢') = Tre/p, ( Treymy(€) = s - Traymg (0) = L.

c _ 1
TFF/FO(PC)) © Trr/r, (Po) p-Trp/p ()
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Thus we observe that here ¢ € F* satisfies equations (3.4.17)) and (3.4.18). Therefore
from Lemma we can see that ¥_1|o, = ¢ - ¥r|o, is the canonical additive character of
kp. O

By Lemmas [3.4.8 and [3.4.9| we get many good (in the sense that ¢¥_;|o, = ¢-¥r|o, = Vyp)

elements ¢ which we will use in our next theorem to calculate Ak, p, where K /F' is a tamely

ramified quadratic extension.

Theorem 3.4.10. Let K be a tamely ramified quadratic extension of F/Q, with qr = p®.
Let p be the canonical additive character of F. Let ¢ € F* with —1 = vp(c) + dpjqg,, and
/ C

¢ = e where Fy/Q, is the mazimal unramified extension in F/Q,. Let 1p_y be an
0
additive character of F' with conductor —1, of the form ¢_1 = -1p. Then

Ag/r(Vr) = Arye(c) - Axyr(-1),
where
(=11 difp=1 (mod 4)
i\ )=
WD et ifp=3 (mod 4)

1_dF/Qp

If we take c = W; , where mp is a norm for K/F, then

1 if Tre/p,(pe) € kg, = ki is a square,

Agp(d) = (3.4.22)
—1 if Trpr,(pc) € kg, = kg is not a square.
Here "overline” stands for modulo Pg,.
Proof. From equation (3.4.3]) we have
>\K/F(¢—1) = /\K/F<C/¢F) = AK/F<C/) : >\K/F<¢F)-
Since Ag/p is quadratic, we can write Ay p = A;(}F. So we obtain
)\K/F(l/JF) = AK/F<CI) : )\K/F(w—l).

Now we have to compute Ag/r(¢)_1), and which we do in the following:
Since [K : F] = 2, we have Indk/p(1) = 1p ® wk/r. The conductor of wg/p is 1 because

K/F is a tamely ramified quadratic extension, and hence t = 0, so a(wg/p) =t +1 = 1.
Therefore we can consider wg,p as a character of F*/U L. So the restriction of wi/r to
Up, res(wk/r) = Wk/r|lup, We may consider as the uniquely determined character of kj
of order 2. Since ¢ satisfies equations (3.4.17)), (3.4.18]), then from Lemma we have

Y_1lop = ¢ - Yrlo, = Yy, and this is the canonical character of kp. Then from equation

(3.4.15) we can write

Awyr(-1) = q;% > res(wi ) () e ()
$€k§

= qp° - G(res(wk/r), Vgp )-

D=
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Moreover, by Theorem we have

—1)s1 3 : —
G(res(wk/r), Ygp) = (=1) i gp ifp=1 (mod4)

1 (3.4.23)
—1)¥Y%q2 ifp=3 (mod 4).
By using the classical quadratic Gauss sum we obtain

Ai/r(V1) = (—=1)°~ ifp=1 (mod 4)

(3.4.24)
if p=3 (mod 4).
We also can write Ag/p = det(Indk/p(1)) = det(lp ® wk/r) = wk/r. S0 we have

AK/F(7TF) = wK/F(WF) =1,
because mp € Ng/p(K*)

/

Under the assumption of the Theorem |3.4.10, we have 7p € NK/F(KX), Ag/p = wg/r and
= - ¢

= T (00)” where ¢ € F* with vp(c) = =1 — dp/g,. Then we can write
AK/F(C/) = CUK/F(C,)
(.0
= W _—
B\ Trpyp, (po)
—EF/Qp .
= WK/F T _"ule) . where ¢ = 1, " u(c), Tre/r, (pc) = up(c) € Ug,
uo(c)
—er/q, u(c)
= wi/p(Tp Jwi/p(v), where v = e Ur
uo(c)
= (JJK/F(.QY)

1 when z is a square element in kj

—1 when z is not a square element in kj,
where v = zy, with z = 2(wg/p,c) € Up/Uf, and y € U}.

—1-d
In particular, if we choose ¢ such a way that u(c) =1, ie., ¢ = mp /% then we have
Ag/p(c) = Agyp(Tre/p,(pc)). Since Trp/py(pc) € Or, is a unit and Ag/p = wg/p induces
the quadratic character of ki = kj, , then for this particular choice of ¢ we obtain

1 if Tr ¢) is a square in k3
Agp(d) = e/ro (P) a o

—1 if Trg/p,(pc) is not a square in Ky, .

m
Note: When we are in the Case 1 of Corollary [3.3.11} by using this above Theorem |3.4.10

we can give explicit formula for Ag/p, because here the quadratic extensions are tamely
ramified (since p # 2).
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Remark 3.4.11. When p # 2, for any non-archimedean local field F'/Q, we know that the
square class group F*/F x2 o 1/ Klein’s 4-group. If K is the abelian extension of F' with
Ngp(K*) = FXZ, then from Lemmawe can see that A\g/p depends on the choice of the
base field F. Now we put \; = Az, p, where L;/F are quadratic extension of F, i = 1,2,3.

Let ¢ be an additive character of F'. From a direct computation we can write

Ag/p(¥) = W(Indg/pl, ) = W(x1, ¥)W(x2, )W (xs,¥) = M(¥) X (¥)As(2p).  (3.4.25)

On the other hand from Lemma [3.3.9 we see:
A/r(Y) = —Ao(¥)? = —A3(v)>. (3.4.26)
Comparing these two expressions we obtain:

A (P)As(¥) = =2 (¥), and M (¥)Aa(¢0) = =As(¥).

Moreover, since Li/F is unramified, therefore from Lemma we have A\ () = (—1)"¥),

So we observe:
(a) The three conditions: n(¢) odd, A;(¢) = —1, and Ay(v)) = A3(1)) are equivalent.

(b) In the same way, the conditions: n(v¢) even, A\(v)) = 1 and Ay(¢0) = —A3() are

equivalent.
Let 4 denote the group generated by a fourth root of unity. Then we have more equivalences:
(c) qr. =1 (mod 4), uy C F* and \y(¥))? = A\3(x)? = 1 are three equivalent conditions.

(d) gr =3 (mod 4), g ¢ F* and My(¢))? = A3(¢))? = —1 are also three equivalent condi-

tions.

This gives us four disjoint cases: We can have (a) and (c¢) or (a) and (d) or (b) and (c)

or (b) and (d).

We can put all these four disjoint cases into the following table:

ar n(@) | Axse [ M| A2 | As
gr =1 (mod 4) |odd | -1 |—1|+£1|=*1
gr =1 (mod 4) |even | -1 |1 |1 |-1
gr =3 (mod 4) | odd |1 ===
gr =3 (mod 4) | even | 1 I |40 | —1

For the two cases where Ao, A3 have different sign, and we take (up to permutation) Ay with

positive sign.
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3.4.2 Computation of \g/r, where K/F is a wildly ramified quadratic
extension

In the case p = 2, the square class group of F, i.e., FX/FX2 can be large, so we can have

many quadratic characters but they are wildly ramified, not tame. Let F' = Q,, then we have

Q5 JQF? 2 Zy X Ly X Ly. 1f K/Qy is the abelian extension for which N /g, (K*) = Q5 then

we have the following lemma.

Lemma 3.4.12. Let K be the finite abelian extension of Qo for which N g, (K*) = ;2.

Then )\K/Qz =1.

Proof. Let G = Gal(K/Qy). We know that QQ/QQXQ > 7o X Ly X Zs. Therefore from class
field theory G = Zy X Zy X Zs. So the 2-rank of G is 3, i.e., rko(G) = 3, and hence from the
equation we have AY = 1. Moreover, it is easy to see that G is not metacyclic, because
Zo X Zso is not cyclic. So from Theorems , and we have ¢ = 1. Then finally we

obtain
Ay, = A = - W(AF) = 1.
O

Moreover, from Theorem [2.5.2] if F/Q,, we have |F*/F**| = 2™ (m > 3), therefore more

generally we obtain the following result.

Theorem 3.4.13. Let F' be an extension of Qq. Let K be the abelian extension for which
Nigyp(K*) = F**. Then Agjp = 1.

Proof. This proof is same as the above Lemma [3.4.12] Let G = Gal(K/F). From Theorem
we have rky(G) # 1 and G is not metacyclic. Therefore by using Theorems and
we can conclude that Ag/p = )\lG =1. O

Example 3.4.14 (Computation of \;,qg,, where L/Q, is a quadratic extension). Let
F' = Q. For the principal unit filtration we write U* := U},. Then we have

QyoU=U'>U? D> U3
and U3 C Qzﬂ, therefore we can write
QO U'Qy* =U'Q;" D UQ; D UPQy = Q5.

Now take modulo Q;Q we have

QX /Qx° > U'Qy*/Qx* > UQx*/Qx* > {1},

and the index is always 2. So we have

2 — 1 =1 character y; with a(x1) =0, x1 # Xo, the trivial character,
22 — 2 = 2 characters Ya, Y3 With a(x;) =2, i = 2,3,
23 — 22 = 4 characters x4, -+, x7 with a(y;) =3,1=4,---, 7.
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The last case is the exceptional case (cf. p. 50) because p = 2, e = 1 gives i = ]% = 2.

Here we will have odd conductor. We can simplify as follows:

X1s X2> X3 = X1X2> X4: X5 = X1X4> X6 = X2X4, and X7 = X1X2X4-

We denote G = Gal(K/F) = Q/QF’. Since @ is abelian, then G = @, namely G = {1 =

X0, X1, X2, "+, X7}, where x? =1,i=1,2,--- ,7. So we can write

7
i=1

Again from Lemma [3.4.12) we have Ag/r = 1. Thus we can write

A = Ay = W(Indg/e (1) = [ [ W)

i=1

where \; = Mg,/ and K;/F is the corresponding quadratic extension of character y; for i =
1,2,---,7. Moreover, there is an unramified quadratic extension of Q, namely K;/Qs which
corresponds 1. Then A\; = A\g, /g, = (—1)"“2) = 1, because the conductor n(yg,) = 0. We

also have
Ao = W(X2)7 A3 = W(Xs), A= W(X?)-

Then we obtain

A/, (Va,) = | | A

—

s
Il
—

X)W (x2)W (xa)W (xa) W (xs)W (xe)W (x7)

XOW (x2)W (xax2) W (xa)W (xaxa) W (xaxa) W (x1x2X4)

=))W (xa) - xa ()W (x2) - W (xa) - xa ()W (xa) - W (x2xa) - X1 (0)* W (xaxa)
(x2)? - W(xa)* - W(xaxa)?

[ [ | |
- =7 =3

Y

since n(1g,) = 0 and Ak g, = 1.

Now we have to give explicit computation of \;, where i = 1,--- ,7. For this particular
example directly we can give explicit computation of \; by using the modified formula
of abelian local constant. Before going to our explicit computation we need to recall few
facts. Suppose that x is a multiplicative character of a non-archimedean local field F'/Q, of

conductor n. Then we can write

Wxwr) = x(m ") g ST T @ (), (3.4.27)



where 7y is a uniformizer of F. By definition we have 95 (z) = e*™1'F/2 ) and any element

x € Up/U} can be written as

T =ag+aTF+ agwfp +tapaTE L where a; € kr and ag # 0.

Then we can consider the following set

{ag + aymp + agme + -+ ap_17n * | where a; € kr and ag # 0}

is a representative of Up/Up.
When F' = Qq, we have a(xz2) = a(xs) = 2 and a(x;) =3, (i =4,---,7). Therefore we

can write
Ug, /U3, = {1,142} = {1,3}, Ug, /U, ={1,14+2,1+2* 1+2+2°} ={1,3,5,7}.

We also know that any square element z in Q3 is of the form z = 4™(1 + 8n), where m € Z
and n is a 2-adic integer. This tells us +2, —1 and £5 are not square in Q. Again, if we fix

mr = 2 as a uniformizer, then we can write
X 1 _ 2 _ _ 2
QF =<2>xUp, =<2>x<n>xUg, =<2>x<-1>xUg,,

where n? = 1. Then we have the following list of seven quadratic extensions of Q, (cf. [30],
p. 18, Corollary of Theorem 4 and [I5], pp. 83-84):

Q2(V5), Q2(v=1), Qa(v/=5), Qa(v2), Qa(V=2), Q2(v/10), Qs (v/—10).

Now our next job is to see the norm groups of the above quadratic extensions of Q;. For any
finite extension K/F, we denote N p := N p(/K*), the norm group of the extension K/F.

So we can write:
Nowway, =< 2° > xUg, =< 2* > x < =1 > xUg,,

N@

N@

N@QM)/@Q =<2>x < —1> xUg,

2

V=1)/Q2 =<2 > XU@Q,

Ve =< =2 > xUg,,

2

3
N@Q( /=2)/Qs =< 2> XUQ27
3
N@Z(\/ﬁ)/@2 =< 2 X 5 > X < _]. > XUQQ,

3
Noy(v=10)/0, =< =2 > xUg,.

From the above norm groups, we can conclude that:
1. the extension Q,(1/5) is unramified, hence it corresponds the character ;.

2. the extensions Qy(v/—1),Q2(1/—5) are two wild quadratic extensions which correspond

the characters o, x3 respectively.
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3. and the extensions Q(v/2), Q2(v/10), Q2(v/—2), and Qz(v/—10) correspond the charac-
ters x4, X5, X6 and x7 respectively.

Now we have all necessary informations for giving explicit formula of A-functions, and they

are:

L Agyvay/ae = Wxis tg,) = (—1)"0e) = 1.

2.

DN =

x
/\@2(\/?1)/@2 = WX, ¥g,) = X2(22) 5 Z X2($)@/}Q2(Z)
z€Uqp, /

=5 (el val))

) 3mi LT
: <62 —e2 ) ,  since 3 & Ny, (y=1)/q, and Yo, (7) = ¢’

[\DIP—*[\')I»—* L\DI»—k

(i 41) =

3. Agav=5)0, = W X3, %0,) = W(xixe, ¥o,) = x1(2%) - W(xa, thg,) =1

4.

Mastvayyas = Wk ¥Ya.) = xa(2%) '\/— Z Xa () g, ( )

U@Q /

= = (Ve 1 b)) v+ 1D D))
o ]_ 3mi 5mi 7
_m<e4 —e 4 —e 4 —|-€4)

27 (2v2+0-19)
—1,

SIHCGS 5¢NQ )/Q but?EN@2 \[)/QQ

5. )\@2(\@)/@2 = W(xs, ¥0,) = Wxix4, ¥q,) = X1(23) Wixatbg,) = (1) - 1= -1

6. Again 2,3 € Ng,(/=2)/0, but 5,7 & Ng,(/=2)/0,, 50 similarly we can write

Ags(v=3)/0: = W (X6, ¥0,)
1 37 5mi Tmi
= 23-—<e4—|—e4—e4—@4)
xs(2) 2/2

:F W2 = i.

7. Ago(v=10)/0: = W (X7, ¥0.) = Wxixe, Y0,) = (=1) - W(xe, ¥q,) = —
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Remark 3.4.15. Finally we observe that Theorem [3.3.10| and Corollary [3.3.11] are the general
results on \Y = A\p/r, where E/F is a Galois extension with Galois group G = Gal(E/F).
And the general results leave open the computation of W («), where « is a quadratic

character of GG. For such a quadratic character we can have three cases:
1. unramified, this is the Theorem [3.4.5
2. tamely ramified, this is the Theorem [3.4.10],
3. wildly ramified, its explicit computation is still open.

We also observe from the above example that giving explicit formula for Ak, p, where
K/F is a wildly ramified quadratic extension, is very subtle. In particular, when F' = Qs, in
the above Example (3.4.14)) we have the explicit computation of Ag/q,.
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Chapter 4

Determinant of Heisenberg

representations

In this chapter we give an invariant formula of determinant of a Heisenberg representation p
of a finite group G modulo Ker(p). The group G need not be a two-step nilpotent group, but
under modulo Ker(p), G is a two-step nilpotent group. In this chapter firstly we compute
transfer map for two-step nilpotent group. Then we compute det(p) modulo Ker(p), because
G is always a two-step nilpotent group under modulo Ker(p). This chapter is based on the
article [45].

4.1 Explicit computation of the transfer map for two-
step nilpotent group

Let G be a finite group with [G,[G,G]] = {1}. Let H be a normal subgroup of G, with
abelian quotient group G/H of order d. If d is odd, then in the following lemma we compute
Ta/u(g) forall g € G.

Lemma 4.1.1. Assume that G is a finite group and H a normal subgroup such that
1. H is abelian,
2. G/H is abelian of odd order d,
3. |G,|G,G]] = {1}.

Then we have Tg u(g) = g% for all g € G.
As a consequence one has [G,G]? = {1}, in other words, G¢ is contained in the center of G.

Proof. In general, we know that transfer map is independent of the choice of the left transver-
sal for H in G. So we take T as a transversall] for H in G such that 7' forms a subgroup

1Since H is normal, left cosets and right cosets are the same, so we can simply call transversal instead of
specifying left or right transversal. Again here H is abelian normal subgroup of G, hence G splits over H (cf.
[18], p. 103, Theorem 22 (Artin)).

66



of G. By the given condition H is normal, we have T" = G/H and G = TH, where
TH = {th |t € T,h € H}. This shows that every element ¢ € G can uniquely be writ-
ten as g = th, where t € T'and h € H.

First assume g = h € H. Then we have

ht=t-t"'ht € tH,

because H is a normal subgroup of G. Hence s = ¢, where s = s(¢) is a function of ¢ which is

uniquely determined by gt € sH, for some g € G. Therefore:

Toy(h) = [[s 't =[]t 'ht = [[ b "t 0t = ] (- (71, 71))

tel teT teT teT
=h T e =t T (4.1.1)
teT teT

We have used the condition (3) in the last two equalities which means that commutators are
in the center. Now we use that G/H is of odd order, hence z = 1 if € G/H is an element
such that x = 27!, i.e., G/H has no self-inverse element. Therefore from Theorem we
have [],cpt™ = [l,ept =1 € G/H, hence Tg u(h) = h®. Proceeding with the proof of the

Lemma we have now

Te/u(th) =Tau(t) - Tau(h) = To/u(t) - B (4.1.2)

Moreover, from Lemma we can write
t'ht = (th)[t" =, h] = (th)[e, h] = (th)",
since [G,G] C Z(G) and d is od. So we are left to show that Ty (t) =t for all t € T.

Since G/H is an abelian group of odd order, hence we may write

G/H=CxU,

d(d 1)

where C'is cyclic group of odd order m|d, and we assume ¢ € T such that tH is a generator

of C'. Then our transversal system can be chosen as
T = {t'uli=0,1,--- ,m—1,uH € U}.
Now if i < m —2 we have t-t‘u = t'*!.u = s, hence s7!-t-t'u = 1. But i = m — 1 we obtain

ttm ) =t"mu e uH, uw (™ ) = u i,

hence
Tom(t) = [[u ' tmu= ]t =t/ ]I u"]
uelU uelU uelU
=t/ [ u ) =t e =t (4.1.3)
uelU
2Here d divides M and the order of group G/H is d. So for any t € G/H, T = = e, the identity in
G/H.
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since d is odd, then the order of U is also odd and by Theorem we have [[,,u™! =

[[epu=ecU.
We also know that any g € G can uniquely be written as g = th, wheret € T'and h € H.

Then finally we obtain:

d(d—1)

Ten(9) = Tau(th) = Tayu(t) - To/u(h) = t* - h* = (th)[t =, h] = ¢, (4.1.4)

Moreover, by our assumption (2), we have G/ H is an abelian group, therefore [G, G| C H,

in particular, T g (h) = h? for h € [G,G] C H. On the other hand, from Theorem m

Tq/i6,c is trivial. So under the above Lemma’s conditions we conclude [G, G]¢ =1, in other
words, G? is in the center because due to condition (3) the commutator is bilinear.

O

Remark 4.1.2. From Lemma we have Tg/n(g) = g for all ¢ € G. This implies for
91,92 € G

Te/n(g9192) = (9192)%, on the other hand,
Taiu(9192) = Teyu(g) - Tayu(g2) = 97 - 93,

because T/ is a homomorphism. Hence for all g1, g» € G we have
(9192)" = g g5.

This implies G¢ is actually a subgroup of G not only a subset.

By combining Lemma and the elementary divisor theorem, we have the following
result.

Lemma 4.1.3. Assume that G is a finite group and H a normal subgroup such that

1. H s abelian
2. G/H s abelian of order d, such that (according to the elementary divisor theorem):
G/H =7Z/my X -+ X L/ms

where my| - - - |mg and [, m; = d. Moreover, we fix elements ti,ts,- - ,ts € G such that
t;H € G/H generates the cyclic factor = 7Z/m;, hence t]" € H.

3. |G,[G,G]] = {1}. In particular, |G, G] is in the center Z(G) of G.
Then each g € G has a unique decomposition
(1)
g=1"-t3-h, Tom(g) = f[TG/H(ti)‘” “Toyu(h),
where 0 < a; <m;—1, he H, and
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(i)

Tg/H(tZ> = tgl . [tml OziL Tg/H(h) = hd . [h,oz],

7

where o; € G/H s the product over all elements from C; C G/H, the subgroup which
is complementary to the cyclic subgroup < t; > mod H, and where o € G/H ‘s product
over all elements from G/H.

Here we mean [t!", o] == [t]", &], [h,a] := [h,Q] for any representatives &y, & € G.
The commutators are independent of the choice of the representatives and are always
elements of order < 2 because @;°,a% € H, and H is abelian. As a consequence of (7)

and (i1) we always obtain
(iii)
Te/n(9) = 9* - wam(9),
where pc/u(g) € Z(G) is an element of order < 2.

As a consequence of the second equality in (it) combined with [G,G| € H N Ker(Tg i), one
has |G, G]¢ = {1}, in other words, G¢ is contained in the center Z(G) of G.

Proof. By the given conditions, we have the abelian group G/H of order d with
G/H 2 Z/my X -+ X Z/m,

where mq|---|m, and [[,m; = d. Moreover, we fix elements t1,ts,--- ,t, € G such that
t;H € G/H generates the cyclic factor = Z/m;, hence /" € H. Therefore for a fixed
i€ {1,2,---,s} we can define a subgroup C; C G/H such that C; is complementary to the
cyclic subgroup < t; > of order m; mod H, i.e., G/H =< t;H > xC;.

Then for a fixed i € {1,2,--- s}, we can choose a transversal system for H in G and

which is:
T={tl 0<j<m—1cHEeC]}.
Therefore from equation (4.1.3)) we can write
Tom(t) =t!- [t [[ d =4[t i, (4.1.5)
ceC;

where a; = [[.c¢. c
For h € H, from equation (4.1.1)) we have

Ta/u(h) =h*- L7 ql, (4.1.6)
where o = [, t.
We also have a%,&@;°> € H, and the commutator [.,.] is bilinear by assumption (3), hence
1 = [h,a?] = [h,a]? and therefore
[h,a) = [h,a] "t = [p7Y, Q).

69



Similarly, we have
[, & = [t q] = = [, dl.
Thus we can rewrite the equations (4.1.5)) and ( - as:

Toym(t) =t [t [ d = - 167, i, (4.1.7)
ceC;
and
Tayu(h) = h*- [h,a. (4.1.8)
Here [t]", oi] := [t;", &;] and [h, o := [h, @] for any representatives @;, @ € G.

We also know that every g € G can be uniquely written as th, where t € G/H and h € H.
Again, since G/H is abelian, therefore by using elementary divisor decomposition of G/H,
we can also uniquely express t as t = t7'5% - - - t%, where 0 < a; < m; — 1. Thus each ¢ has a

unique decomposition
g =th =192 ... 1% . .

Then we have

Ta/u(9) = Tayu(th) = Te/u(t) - Ta/ua(h)
= Ta/u(ti'ty? - 15°) - Ta/u(h)

= T Zopu )™ - Toyu(h).
=1

By the assumption (2), G/H is an abelian group, hence [G,G] € H. And from equation
(4.1.8) we have Ty (h) = h%h,a]. This implies for [G,G] C Ker(Tg/n), hence [G,G] C
HnNKer(Tg i) On the other hand in general T/ : G — H/[H, H] is a homomorphism with
values in an abelian group, hence it is trivial on commutators. So under the assumptions we
can say [G, G]? = {1}, in other words, G¢ is in the center Z(G) because due to assumption
(3) the commutator is bilinear. Let Zy be the set of all elements of Z(G) of order < 2. Since
G? C Z(@G), then by using Lemma (2) with n = d, we obtain

ITe =t (mod Zo) =t*  (mod Z,) (4.1.9)
=1 =1

because combining G¢ C Z(G) and Lemma [2.7.2(2) we can write

d(d—1)

iyt = (xy)?- [x,y]" 2 = (2y)? (mod Z,) for all z,y € G.

2

Moreover, since a7 = 1 and a® = 1, therefore we have [t o;]% € Z, for all i €

{1,2,---,s} and [h, o] € Z;. Again by using Lemma [2.7.2(2) we can write

Ht“l [t )% - Wi, o] = g% (mod Zs). (4.1.10)
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Now by using equations (4.1.7) and (4.1.8)), we obtain:
To/n(g) = [ Teyn(t)™ - Teyu(h)
i=1

= [Tt 1 o nh ol

i=1
=¢? (mod Z,) by equation (4.1.10)
= gd : SOG/H(9>7

where ¢g/p is a correcting function with values in Z,.
O

Remark 4.1.4 (Properties of the correcting function y¢/y). (i) The correcting function

¢c/u 1s a function on G/G?[G, G| with values in Zs.

Proof. From Lemma we have

Teu(9) = 9%0cm(9), (4.1.11)

where ¢/ r(g) is the correcting function.
We have here [G, |G, G]] = {1}. This implies [g,z] =1 for all g € G and z € |G, G]. Since
|G, G] € Ker(Tg/u), then for all z € [G, G] we have

Tayu(9r) = Ta/u(9)Ta/u(v) = Tgyu(g) forallg € G.
Also here we have [G, G]¢ = {1}, then by using Lemma [2.7.2(2) for z € [G, G] we can write

_ d(d—1)

(g2)? = glal[g,2]7" 2 =g forallgeG.

From Lemma we also have Tg i ((92)%) = (92)%pc/u(gr). By comparing these above
equations for z € [G, G| we obtain
va/u(gz) = pgulg) forall g € G.
Moreover, if z € G2, from Lemma we have
To/n(x) = 2%0q/u(z) = 2% since pg u(z) =1 € Zy
So Ta/u(gr) = Ta/u(g) - Tayu(x) = T u(g) - ¢ forall g € G.
Again from Lemma [2.7.2{2) we have for z € G*

_d(d—1)

(g2)? = g%alg,2]" "7 = gla? forall g € G.

By comparing we can see that ¢g/n(gz) = vg/u(g) for all g € G and x € G
Thus we can conclude that the correcting function ¢g, g is a function on G/G?*[G, G] with

values in Z5. O

(if) G C Z(G) if and only if Im(pg/m) C Z(G).
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Proof. From Lemma m(iii) we have T n(9) = 9% pc/u(g). From relation (2.8.4) we also
know that Im(Tq/u) € HE" C Z(G), hence ¢¢ - vq/u(g) € Z(G). Now if G C Z(G), then
va/u(9) € Z(G) for all g € G. Hence Im(pg/m) C Z(G).

Conversely, if Im(pq/u) C Z(G), then from ¢%pq/u(9) € Z(G) we can conclude that G* C
Z(@G). O

(iii) When d is odd (resp. even), ¢q g is a homomorphism (resp. not a homomorphism).

Proof. Since Ty is a homomorphism we obtain the identity:

(9192)d80G/H(9192) = gilggSOG/H(gl)SOG/H(gz)- (4.1.12)
This implies
d . d d d(d—1)
SOG/JLI(QLQQ) 59 (9192) [91792] 2 d(d—1)
- i~ d =[91,92) = . (4.1.13)
vou(g)ean(g2)  (9192) (9192)

We also have here [G,G]? = 1. When d is odd, then d divides @, hence the right side
of equation (4.1.13)) is equal to 1. Thus when d is odd, ¢ is a homomorphism, and exactly
¢ = 1. This follows from Lemma [4.1.1]

But when d is even d does not divide d(dQ_ 1), hence the right side of equation (4.1.13)) is not
equal to 1. This shows that ¢,y is not a homomorphism when d is even. O]

(iv) If H' C G is another normal subgroup such that H' is abelian and G/H’ is abelian
of order d, then ¢, p is again a function on G/G?|G, G] with values in Z, which satisfies the

same identity (4.1.13)), hence we will have
Ya/H = YPG/H * Jr.m

for some homomorphism fy g € Hom(G/G?|G, G, Zs).

4.2 Invariant formula of determinant for Heisenberg

representations

In general, for the Heisenberg setting G' need not be two-step nilpotent group. But G =

G /Ker(p) is always a two-step nilpotent group, where p is a Heisenberg representation of

G. The Lemmas [4.1.1] and 4.1.3| hold for two-step nilpotent groups. Therefore to use them

in our Heisenberg setting, we have to do our computation under modulo Ker(p). Our
determinant computation is under modulo Ker(p). And we drop modulo Ker(p) from
our remaining part of this chapter.

Before going to our next proposition we need this following result.

Proposition 4.2.1. Let G be an abelian group of tko(G) = n. Then G has 2™ — 1 nontrivial

elements of order 2.

72



Proof. We know that (Z,,+) is a cyclic group, where n € N. If n is odd, Z,, does not have
any nontrivial element of order 2. But when n is even, it is clear that § € Z, is the only
one nontrivial element of order 2. So this tells us when n is even, Z, has a unique element of
order 2.

Any given abelian group G of rky(G) = n can be written as
G = Ly X Lipy X -+ X Loy,

where my|ma| - |ms and ms_pi1, Ms_pya, -+ ,ms are n even, and rest of the m;-s are odd.

Therefore from equation (3.3.3)) we conclude that

’G[2H = |Zm1 X oo X Loy, [2“ = H?:l |stfn+i|:2j|| — 2XX2 _ 9n

n-times

Hence we can conclude that when G is abelian with rko(G) = n, it has 2" — 1 nontrivial

elements of order 2.

[]

Proposition 4.2.2. Let p = (Z,x,) be a Heisenberg representation of G, of dimension d,
and put X,(g1,92) == X, © [91, g2). Then we obtain

(det(p))(9) = (g) - xo(9%), (4.2.1)

where € is a function on G with the following properties:
1. € has values in {£1}.

2. e(gx) = e(g) for all x € G*- Z, hence € is a function on the factor group G/G? - Z, and
in particular, e =1 if |G : Z] = d* is odd.

3. If d is even, then the function € need not be a homomorphism but:

d(d—1)

=oueloa) — (g gy) "

e(g192)

[NJisH

= Xp(91,92) .

Furthermore,

(a) When 1ko(G/Z) > 4: € is a homomorphism, and exactly e = 1.

(b) When tko(G/Z) = 2: ¢ is not a homomorphism and € is a function on G/G*Z
such that

Xolg?)  forgeG*Z

det = " Xp ) =
(det p)(g) = £(9) - x,(9%) (g JorgdG2Z.

Proof. By the given condition, p = (Z,x,) is a Heisenberg representation of G. Let H be a

maximal isotopic subgroup for X, then we have p = Indg (x#), where g is a linear character
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of H which extends x,. Then modulo Ker(y,) = Ker(p) C Z the assumptions of the Lemma
are fulfilled, and therefore:

(det p)(9) = A% (9) - xu(Teyu(g))
= A%(9) - x,(Ta/u(g)) because the values of Tg/y are in Z

= A5(9) - xo(9)xo(¢c/m(g)) from Lemma 13
=e(9) - x,(9),
where

e(g) == A5(9) - xo(ec/u(9))- (4.2.2)

Since A% is the quadratic determinant character of G, hence for every g € G, we have
A% (g) € {£1}. And pg/u(g) € Zs, then X,(pc/u(g)) € {£1}. Therefore for every g € G,

e(9) = A%(9) - xolparnlg)) € {£1},
which does not depend on H because A¢ = Af/ H, and x, does not depend on H.
Here Z is the scalar group of the irreducible representation p of dimension d, then by

definition of scalar group, elements z € Z are represented by scalar matrices, i.e.,
p(2) = x,(2) - 1s, where I is the d x d identity matrix.

This implies
(det p)(2) = x,(2)? = x,(29).
We also know that Z is the radical of X,, therefore
X,(2,9) =x,([z,g9]) =1forall z€ Z and g € G.

Moreover, we can consider det p as a linear character of GG, therefore

(det p)(gz) = (det p)(g) - (det p)(z) = e(g)x,(9%)xp(27). (4.2.3)

On the other hand

_ d(d—1)

(det p)(92) = e(92)x,((92)") = e(92)x, (97279, 2] 7 ) = e(g2)x,p (g )xp(29).  (4.2.4)

On comparing equations (4.2.3]) and (4.2.4) we get

e(gz) =¢(g) for all g € G and z € Z.

Moreover, since €(g) is a sign, we have

(det p)(g°) = (det p)(9)* = £(9)*X,(97)* = xo(g°%).

Therefore
(det p)(gz*) = (det p)(g) - (det p)(2®) = e(g)x,(9")x,p (™). (4.2.5)
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On the other hand
(det p)(ga®) = e(gz®)x,((97°)?) = e(g2%)x,(9%) X0 (). (4.2.6)

So we see from equations and e(gx?) = e(g), hence ¢ is a function on G/G*Z.
In particular, when [G : Z] = d? is odd, i.e., |G/H| = d is odd, we have pg/u(g) = 1 as
well A% (g) = 1 because H is normal subgroup of odd index in G. This shows that ¢ = 1
when [G : Z] = d? is odd.
For checking property (iii), we use equation and [G, G]¢ = {1}. Since [G,G]? = {1},
we have for gi1,¢90, € G

d(d—1)

) d(d—1)
([g91,92] = )2 =1,ie,[g1,02] 2 = % Also,
., (91,92] 2 .
[91, 2] = g1, 92] " and [g1, go]2 = [91, g2] 2.

From equation (4.2.1) we obtain

(det p)(g1) - (det p)(g2) _ e(g1)Xp(91) - £(92)Xp(92)

(det p)(g192)  2(9192)x((9192))
This implies
e(gelge) _ xollg192)") d(d-1)
£(g192) - xp(g‘fgg) = X,(lg1, 92])
= X,(01,02)" 7 = X, (g1, 00)°. (4.2.7)

This shows that ¢ need not be a homomorphism when d is even.

But when |G/Z| = d* and d is even we can write

G/Z = (Z)my X Z]my) X --- X (Z/ms x L] my)

H(<tp>x<tp>) Lo L (<ts>x <t >),

such that mq|---|ms and [[;_, m? = d*, X, (t;,t;) = x,([ti»t}]) = (s, a primitive m;-th root
of unity because [t;,t}]™ = 1. If ms_q, m, are both evenEL which means 2-rank of G/Z is > 4

(2

then mi is even and therefore X ,,(x,y)g = 1, hence from equation (4.2.7)) we see that ¢ is a

homomorphism.

Moreover, from the above we see that
H|Z =<t; > x-- X <t; > H |7 =<t]>x--- <t >

are two maximal isotropic which are isomorphic. We have H N H' = Z, hence G is not the
direct product of H and H but nevertheless G = H - H'. So for any g € GG there must exist a
decomposition g = h - h', where h € H and b/ € H'.

Now we assume rko(G/Z) # 2, hence rko(H/Z) = rko(H'/Z) # 1. And since G/H = H/Z
and G/H" = H'/Z, then rko(G/H) = rko(G/H') # 1. Then from Proposition we can

3Here d = my - - - ms_1ms, if both m,_1, ms are even, then % =my - (5

for all i € {1,---,s}. Therefore, Xp(ti,t;)% =((m,)2 =1forallie{l,---,s}.

) - m. This shows that m;|4
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say both G/H and G/H’ have at least 3 elements of order 2. Then from Theorem we
have ag/g = 1 and ag/p = 1. Furthermore from formula (4.1.8)) we obtain

Te/u(h) = b [h,agu) = h%, and Tgu(K')=hn" [N agmw] ="
So we can write

(det p)(g) = (det p)(h) - (det p)(h'), here g = h-h'is a decomposition of ¢ with h € H, h’ € H',
= x,(h") - x, (W), because rky(G/H') = rko(G/H') # 1,

(
=\, ((h- BY[h, K)F")  using Lemma 27.2(2)
= xo(9") - Xp(h, )75
= x,(9%),
because all m; %l, i€ {l,2,--- s}, and then
d(d—1) d(d—1) dd-1)

Xolh, )2 = xo(( P]) 27 =G =1,

where (,, is a primitive m-th root of unity and m is some positive integer (which is the order
of [h, #']) which divides 4. This shows that when rky(G/Z) # 2 we have £ = 1.

If on the other hand only my is even, i.e., G/Z has 2 rank= 2, then mis is odd. Therefore
X, (ts, )2 = ((m.)?2 = —1, since my does not divide ¢ and (CW%S)Q = 1. Therefore ¢ cannot be
a homomorphism when rky(G/Z) = 2.

But since € is a function on G/G?Z, hence ¢|g2; = 1. Therefore when g € G*Z we
have (det p)(g) = X,(9%). So now we are left to show that for g ¢ G*Z, e(g9) = —1, ie.,
(det p)(g) = —x,(g9%). Also, for tko(G/Z) = 2, G/G?Z is Klein’s 4—grou and € is a sign
function on that group. So up to permutation the possibilities are

Lo+ +++
2. 4+ +—
3. 4+ ——
4. +———

The cases (1), (3) can be excluded because we know that € is not a homomorphism. So we

7

have to exclude the case (2) and for this it is enough to see that we must have ”—" more than

once.

4Since G/Z is an abelian group, we have G/Z = G//\Z When 1k2(G/Z) = 2, by Proposition there
are exactly three elements of order 2 in G/Z, and this each element (i.e., self-inverse element) corresponds a
quadratic character of G/Z. Hence the group G/G?Z has exactly three quadratic characters. Furthermore,
G/G?Z is a quotient group of the abelian group G/Z, hence G/G?Z is abelian. Therefore G /G?Z is isomorphic
to the Klein’s 4-group.
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If we restrict € to a maximal isotropic subgroup H, then from equation (4.2.7) we can
say ¢ is a homomorphism on H, because X,|pxy = 1. We also have from equation (4.1.8))
Te/u(h) = h* - [h,ag/u) = h'%pg/u(h). This implies pg/u(h) = [h,ag/py] for all h € H.

Moreover, since A% |y = 1, then for h € H we obtain:

e(h) = Af(h) - Xo(ec/m(h) = Xp([h; agyu)).

If there exists a maximal isotropic subgroup H of rke(H/Z) = 1, then from the Proposition
can say that H/Z has a unique element of order 2. We also know G/H = H/Z because
G/H and H/Z are both finite abelian groups of same order d, hence rko(H/Z) = rko(G/H) =
1. Then from the Proposition G/H has a unique element of order 2, and therefore by
Miller’s theorem we have ag/y # 1. Thus for the case rko(H/Z) = 1 we have

e(h) = A% (h) - xp([h, acyu]) = x,([h; agym]) = —1 (4.2.8)

for all nontrivial h € H.
Moreover, if rko(G/Z) = 2, then from the Lemma there exists subgroups H, H' with

the following properties
1. tko(H/Z) =1ko(H'/Z) =1
2. G=H-H
3. Z=HnH

Then H/G*Z and H'/G?Z are two different subgroups of order 2 in Klein’s 4-group. Now
take the nontrivial elements of these subgroups are h and h' respectively. Then by using
equation (4.2.8) we have

e(h) =¢e(h') = -1,
i.e., the nontrivial elements of H/G*Z and H'/G*Z give the two ”—" signs for .

Therefore the only possibility is + — ——, i.e., ¢ takes 1 on the trivial coset and —1 on the
three other cosets.

This completes the proof. O

Corollary 4.2.3. 1. Let p = (Z,x,) € Irt(G) be a Heisenberg representation of odd di-
mension d. Then G¢ C Z and

det(p)(g) = xo(9"),  forall g € G.

In particular, det(p) = 1 if and only if x, is a character of Z/G?. This is only possible
if [G,G] € G* and if X, is a nontrivial character on G*G,G]/G* C Z/G“.

2. Let w be a linear character of G, then p @ w = (Z, X pzw), where:
Xpow = Xp Wz,  det(p®@w) = det(p) - w,
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where wy = w|z. Therefore it is possible to find w such that det(p@w) = 1, equivalently
X, =wy, on G if and only if x, is trivial on GYN[G, G].

Proof. (1). We consider H such that Z C H C G and H is maximal isotropic with respect
to

X(91,92) = Xp© g1, go].

By definition, Z/[G,G] is radical of X, hence Ker(p) = Ker(y,) C Z, and factorizing by
Ker(y,) we obtain a group G = G/Ker(y,) which satisfies the assumptions of the Lemma

. Moreover, p = Indgx m for any extension xg of x,, hence
det(p) = AG - (xuw o Teyn) = xu o Taym,

because H C G is a normal subgroup of odd index d. Applying the Lemma 4.1.1] we obtain
for all g € G-

det(9) = xu o Teyu(g) = XH(gd) = Xp(gd), since ¢¢ € Z, (4.2.9)

here we have used ¢¢ = Ta/u(g) € Im(Tq/u) C HE/M C Z because our computation is
modulo Ker(x,).

If det(p) = 1, then from equation (4.2.9), we have y,(¢?) = 1, i.e., g? € Ker(x,) for all
g € G. This shows G¢ C Ker(y,). Again if G¢ C Ker(y,), then it is easy to see det p = 1.

Now if x, : Z/G? — C* is a character, then we see that G C Ker(x,), i.e., g € Ker(x,).
Thus from equation (4.2.9), we conclude det(p) = 1.

If [G,G] € G? this would imply [G,G] C Ker(x,) which means Z = G, hence p is of
dimension 1. Also, if x, is trivial on GG, G]/G, i.e., [G,G] C Ker(p), hence dimension
of p is 1. Therefore when detp = 1 and [G,G] € G? and x, is a nontrivial character
on GYG,G]/G? C Z/G?, then we can extend x, to Z/G? because x, is G-invariant and
GG, G]/GY is a normal subgroup of Z/G¢.

(2). Let w be a linear character of G and wz = w|z. Then we can write (cf. [28], p. 57,
Remark (3))

w® IndZx, = IndZ (x, ® wz) = MdZ xe0 = d- pOw,

where X,gw—y,w, and d = dim(p). Moreover, it is easy to see x, ® wz is a G-invariant.
Therefore we can write p @ w = (Z, xpew). Now we are left to compute determinant of p ® w,
which follows from the properties of determinant function (cf. [17], p. 955, Lemma 30.1.3).

Since dim(p) = d and w is linear, we have
det(p ® w) = det(p)“Y - det(w)?M = det(p) - w?.
Here d is odd and we know ¢? € Z, then for every g € G, we have

det(p @ w)(g) = x,(97) - w(9) = X, - wz(g"). (4.2.10)

1

Now if det(p ® w) = 1, then we have y, = w," on G%. This implies, it is possible to find a

linear character w such that det(p ® w) = 1.
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Now let x, = w,' on G%. Since GN[G,G] C G%, x,-wz(g) =1 for g € GIN[G, G]. Then
X, is trivial on GYN[G, G].

Conversely, if x,, is trivial on G? N [G, G], then we are left to show that we can find an w
such that G* C Ker(x, - wz).

Put Z, = G*- [G,G], and Zy = G4 N [G,G]. Then we have Z D Z; D Zy, and Z,/Zy =
G/ Zy x |G, G]/Zy is a direct product. Now assume that x, is a character of Z/Z,. Then the
restriction xz, = X1 - x2 comes as the product of two characters of Z;, where x; is trivial on
|G, G] and s is trivial on G¢. But then we can find w of G/[G,G] such that wz, = x1, hence
w1y, restricted to Z is equal yo. In particular, w™'x,, is trivial on G¢ and therefore w™' ® p
has det(w™! ® p) = 1. O

Corollary 4.2.4. If p = (Z,x,) is a Heisenberg representation (of dimension > 1) for a
nonabelian group of order p*, (p # 2,) then Z = |G, G] is cyclic group of order p, and GP = Z
or GP = {1} depending on the isomorphism type of G. So we have det(p) Z 1 and det(p) =1
depending on the isomorphism type of G.

Proof. In this particular case for Heisenberg setting we have |Z| = p and G/Z is abelian.
This implies [G,G] C Z. Here G is nonabelian and p is prime, therefore |G, G] = Z is a cyclic
group of order p. Let ¥ : G — GG be a p-power map, i.e., g — ¢P. It can be proved that this
map V is a surjective group homomorphism (by using Lemma [2.7.2)) and the image is in Z
(because from Lemma and relation ([2.8.4) we have g? = T u(g) € Z), hence from the
first isomorphism theorem we have
G/Ker(¥) = Im(V) = GP.
Thus we can write
p’ = [Ker(¥)]-|G?|.
So we have the possibility
|Ker(¥)| = p? or p* corresponding to G? =1 or GP = Z.

Both the cases are possible depending on the isomorphism type of G. So we can conclude
that det(p) #Z 1 and det(p) = 1 depending on the isomorphism type of G.
m

Remark 4.2.5. We know that there are two non-abelian group of order p3, up to isomorphism
(for details see [35]). Now put

b
G, = c|:abceZ/pZ
1

o O =
O~ 2

We observe that this G, is a non-abelian group under matrix multiplication with order p*.
We also see that G? = {I3}, the identity in G,. Now if p is a Heisenberg representation of
group Gy, then we will have det(p) = 1.
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And when G is extraspecial group of order p3, where p # 2 with G? = Z, we will have
Ker(V) = C, x C,, where C, is the cyclic group of order p. Therefore det(p)(g) = xz(g").
This shows that det(p) # 1.

From Corollary , we observe that for non-abelian group of order p*, where p is prime,
the determinant of Heisenberg representation of G' gives the information about the isomor-
phism type of G.

Remark 4.2.6. When the dimension d of p is odd, the 2-rank of G/Z is 0, and we notice that

in this case ¢ = 1. Therefore we could rephrase our above Proposition as follows:

1. If the 2-rank of G/Z is different from 2, we have

(det p)(9) = x,(g%).

2. If the 2-rank of G//Z is equal to 2, then G/G?Z is Klein’s 4-group, and we have a sign
function € on G/G?Z such that

(det p)(g) = €(9) - x,(9?)-

Moreover, the function € is not a homomorphism and it takes 1 on the trivial coset and

—1 on the three other cosets. Thus when rmy(G/Z) = 2, we can write

xp(9%) for g € G*°Z

det =
(det p)(g) g for g ¢ G2

Example 4.2.7. Let G be a dihedral group of order 8 and we write
G = {e,b,a,a’ a® ab,a®b,a®b | a*=0*=e,bab™! = a1}
It is easy to see that [G, G| = {e,a*} = Z = Z(G) = G*. Thus G*Z = {e,a?}. We also have

G/G*Z 2 {G*Z,aG*Z,abG?Z,bG*Z}, and the subgroups of order 4 are:
H, = {e,b,a? a®b}, Hy = {e,ab,a? a*b} and Hz = {e, a,a?, a®}.
And the factor groups are: G/H, = {Hy,aH,}, G/Hy = {Hs,aHs} and G/Hs = {H3,bH3}.

Let p be a Heisenberg representation of G. The dimension of p is 2. In this case the 2-rank
of G/Z is 2, then G/Z = G/G*Z is Klein’s 4-group.
For this group we can see that ¢ is a function on G/Z = {Z,aZ,bZ,abZ}. When g =a € G

, we have H; for which ¢ = a € Hy, then we have

e(a) = Af, (a) - X,([a, ag/m]) = x,((a, agym]) = 1.

Similarly, we can see when g € bZ and g € abZ we have (g) = —1. Thus we can conclude
for dihedral group of order 8, that
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Xp(gQ) forge Z

det =
et p)to) —Xo(g%) forg ¢ Z.

For our next remark we need the following lemma.

Lemma 4.2.8. Let p = (Z,x,) be a Heisenberg representation of G and put X,(¢1,g2) =
Xo([91,92]). Then for every element g € G, there exists a mazimal isotropic subgroup H for
X, such that g € H.

Proof. Let g be a nontrivial element in G. Now we take a cyclic subgroup H, generated by
g, ie., Hy =< g >. Then X,(g,9) = 1 implies Hy C Hg". If Hy is not maximal isotropic,
then the inclusion is proper and Hy together with some h € Hg- \ Hy generates some larger
isotropic subgroup H; D Hy. Again we have H; C Hi, and if H; is not maximal then
the inclusion is proper, then again we proceed same method and will have another isotopic
subgroup and we continue this process step by step come to maximal isotropic subgroup H.

Therefore for every element g € G, we would have a maximal subgroup H such that
ge H. [

Remark 4.2.9. From equation (4.2.7) we can say that ¢ is a homomorphism when it restricts
to H because X,|gxy = 1. Also from Lemma m, if ¢ € G, then there always exists a
G/H .
7

maximal isotropic subgroup H such that g = h € H. Since H is normal, then A% = A s

trivial on H and we see in particular for h € H

(detp)(h) = xu(h)"xu(ec/u(h)) = xo(h?) - x,([h, ac/u)), (4.2.11)

since [h, ag/u] € Z.

The formula (4.2.11]) reformulates as:
(det p)(h) = x,(h) - X (s ) = o (h) - X, (B, @y, (12.12)

if g = h sits in some maximal isotropic H, and aq/m € G/H is as above (the product over all
elements from G/H). Of course some g € G can sit in several different maximal isotropic H.
So it is a little mysterious that the result (=left side of the formula (4.2.12))) is independent

from that H. Moreover, if H is maximal isotropic then
GIH=H[Z,  gr {hw X(h,g)}.

Now ag g # 1 means that G/H has precisely one element of order 2, equivalently H/Z has
precisely one character of order 2, equivalently H/H?Z is of order 2. Therefore equation
(4.2.12) can be reformulated as to say that in the critical case:

(det p)(h) = x,(h?) or = —x,(h?) depending on h € H>Z or h & H*Z.
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Chapter 5

The local constants for Heisenberg

representations

In this chapter we give an invariant formula of local constant for a Heisenberg representation
p of the absolute Galois group G of a non-archimedean local field F//Q,, (cf. Theorem [5.2.4)).
But for giving more explicit invariant formula for W (p), we need to know the full information
about the dimension of a Heisenberg representation. In Theorem [5.1.28] we compute the
dimension of a Heisenberg representation p of G.

In Section 5.1, we define U-isotopic Heisenberg representations and study their properties
(e.g., dimensions, Artin conductors, Swan conductors). In Theorem , we give an invariant
formula of local constant of a minimal conductor Heisenberg representation p of dimension
prime to p. And when p is not minimal conductor but dimension is prime to p, we have
Theorems [5.2.9} [5.2.11]

In Section 5.3, we also discuss Tate’s root-of-unity criterion, and by applying this Tate’s
criterion we give the information when W (p) will be a root of unity or not. This chapter is
based on the article [44].

5.1 Arithmetic description of Heisenberg representa-

tions

In Section 2.6 of Chapter 2, we became familiar with the notion of Heisenberg representations
of a (pro-)finite group. These Heisenberg representations have arithmetic structure due to
E.-W. Zink (cf. [I1], [I3], [14]). For this chapter we need to describe the arithmetic structure
of Heisenberg representations.

Let F/Q, be a local field, and F' be an algebraic closure of F. Denote G = Gal(F/F) the
absolute Galois group for F//F. We know that (cf. [20], p. 197) each representation p : G —
GL(n,C) corresponds to a projective representation p : Gp — GL(n,C) — PGL(n,C).
On the other hand, each projective representation p : Gp — PGL(n,C) can be lifted to a
representation p : Gp — GL(n,C). Let Ap = G% be the factor commutator group of Gp.
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Define
FF* = @(FX/N N F*/N)

where N runs over all open subgroups of finite index in F'*. Denote by Alt(F*) as the set of
all alternating characters X : F* x F* — C* such that [F* : Rad(X)] < co. Then the local
reciprocity map gives an isomorphism between Ap and the profinite completion of F*, and
induces a natural bijection

PI(Ap) = Alt(F*), (5.1.1)

where PI(Ar) is the set of isomorphism classes of projective irreducible representations of Ag.
By using class field theory from the commutator map (2.6.3)) (cf. p. 125 of [14]) we obtain

Let K/F be an abelian extension corresponding to the norm subgroup N C F* and if
Wk r denotes the relative Weil group, the commutator map for Wy, induces an isomorphism
(cf. p. 128 of [14]):

c: F*/NNF*/N — Kj/IprK*, (5.1.3)

where

Ky ={x € K*| Ng/p(x) =1}, ie., the norm-1-subgroup of K*,
IpK* = {277 x € K* o€ Gal(K/F)} < Kj, the augmentation with respect to K/F.

Taking the projective limit over all abelian extensions K/F' the isomorphisms (5.1.3)) induce:
c:FFxglgr_nK;/IFKX, (5.1.4)

where the limit on the right side refers to norm maps. This gives an arithmetic description

of Heisenberg representations of the group Gp.

Theorem 5.1.1 (Zink, [I1], p. 301, Corollary 1.2). The set of Heisenberg representations p

of G is in bijective correspondence with the set of all pairs (X,, x,) such that:
1. X, is a character of FF'™*,

2. X, is a character of K*/IpK*, where the abelian extension K/F corresponds to the
radical N C F* of X,, and

3. via the alternating character X, corresponds to the restriction of x, to K.

Given a pair (X, x), we can construct the Heisenberg representation p by induction from

GK = Gal(F/K) to GFI
VIF* : NJ-p=Indg/r(x), (5.1.5)
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where N and K are as in (2) of the above Theorem and where the induction of y (to
be considered as a character of Gk by class field theory) produces a multiple of p. From
[F* : N] = [K : F] we obtain the dimension formula:

dim(p) = /[F* : N], (5.1.6)

where N is the radical of X.
Let K/E be an extension of E, and xx : K* — C* be a character of K*. In the
following lemma, we give the conditions of the existence of characters yg € E* such that

XEe © Nkg/E = Xk, and the solutions set of this xg.
Lemma 5.1.2. Let K/FE be a finite extension of a field E, and xg : K* — C*.

1) The existence of characters xg : E* — C* such that xg o Nx/g = Xk s equivalent to
/
K[ C Ker(xk)-

(i) In case (i) is fulfilled, we have a well defined character

XK/E ‘= XK © K/E NK/E_>(C (517)

on the subgroup of norms NK/E = Ng/e(K*) C E*, and the solutions xg such that

Xe © Nk/g = Xk are precisely the extensions of Xk/g from NK/E to a character of E*.

Proof. (i) Suppose that an equation xx = xgoNg/g holds. Let x € K, hence Nk p(x) = 1.
Then

Xk (%) = xpo Nk/p(x) = xe(l) = 1.
So x € Ker(yk), and hence K C Ker(xk).

Conversely assume that K, C Ker(xk). Then n Xk is actually a character of K*/Kj,.
Again we have K*/K}; = Ng/g C E*, hence KX/KX = NK/E Now suppose that g
corresponds to the character x /g of NK/E. Hence we can write x g oNK/F XK/ Thus the
character xx/g : Ng/g — C* is well defined. Since E* is an abelian group and Ng,p C E*
is a subgroup of finite index (by class field theory) [K : E], we can extend xx/g to E*, and
Xk is of the form xx = xg o Ng/p with XE|NK/E = XK/E-

(ii) If condition (i) is satisfied, then this part is obvious. If x g is a solution of xx = X0 Nk/E,

with xgx/p == XK © NK/E : NK/E — C*, then certainly yg is an extension of the character

XK/E-
Conversely, if xg extends x /g, then it is a solution of xx = xgo Ng/r with xx oNK}E
xk/e : Nkjg — C*. O

Remark 5.1.3. Now take Heisenberg representation p = p(X, xx) of Gg. Let E/F be any
extension corresponding to a maximal isotropic for X. In this Heisenberg setting, from
Theorem [5.1.1(2), we know X is a character of K*/IrK*, and from the first commutative
diagram on p. 302 of [1I] we have Nk g : K /IpK* — Ey /IpNg/g. Thus in the Heisenberg

setting, we have more information than Lemma m(l), that xx is a character of

K/E
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and therefore yx/p is actually a character of N, K/E/I FNK/E, or in other words, it is a
Gal(E/F)-invariant character of the Gal(E/F)-module Nyx/r C E*. And if xg is one of
the solution of Lemma [5.1.2[(ii), then the complete solutions is the set {x%|o € Gal(E/F)}.
We know that W (xg,1 o Trk/z) has the same value for all solutions yp of xp o
Nk/E = Xk, which means for all xyz which extend the character xx/g.
Moreover, from the above Lemma , we also can see that XE‘NK/E = XK © NI_(}E.

Let p = p(X,xk) be a Heisenberg representation of Gg. Let E/F be any extension
corresponding to a maximal isotropic for X. Then by using the above Lemma [5.1.2] we have

the following lemma.

Lemma 5.1.4. Let p = p(Z,x,) = p(Gal(L/K), xk) be a Heisenberg representation of a
finite local Galois group G = Gal(L/F), where F' is a non-archimedean local field. Let H =
Gal(L/E) be a mazimal isotropic for p. Then we obtain

p=Indg/p(xg) for all o € Gal(E/F), (5.1.9)

where xg : E* /IpNk/5 — C* with xx = x5 © Nk/E.
Moreover, for a fixed base field E of a mazimal isotropic for p, this construction of p is

independent of the choice of this character xg.

Proof. From the group theoretical construction of Heisenberg representation (cf. see Section
2.6), we can write
p=1Ind§(x%), forallgeG/H, (5.1.10)

where xg : H — C* is an extension of x,. From Remark we know that all extensions of
character y, are conjugate with respect to G/H, and they are different. If we fix H, then p
is independent of the choice of character xg. For every extension of x, we will have same p.
The assertion of the lemma is the arithmetic expression of this group theoretical facts, and
which we will prove in the following.

By the given conditions, L/F is a finite Galois extension of the local field F' and G =
Gal(L/F), and H = Gal(L/FE), Z = Gal(L/K) and {1} = Gal(L/L). Then by class field
theory, equation , and the condition X := xk o [—, —], x, identifies with a character

Xi : KX/IpK* — C*.

Moreover, for the Heisenberg representations we also have the following commutative diagram

KE/IEKX inclusion, K;/IFKX
Tc T (5.1.11)
y « Ng/pANEg/F % %

where Ng/p ANg/r(aAb) = Ng/p(a)ANg/p(b) for all a,b € E*, and the vertical isomorphisms
in upward direction are given as the commutator maps (cf. equation (5.1.3)) in the Weil

groups Wg/g/IgK* and Wi p/Ip K> respectively. Under the right vertical xx corresponds
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(cf. Theorem M(?))) to the alternating character X which is trivial on Ng/p ANg/p, because
H corresponding to E* is isotropic. The commutative diagram now shows that yx must be
trivial on the image of the upper horizontal, i.e., xx is trivial on the subgroups K for all
maximal isotropic E. Hence xx is actually a character of K*/KJ;.

Then from Lemma we can say that there exists a character xg : E*/IpN, x/E — C~
such that xx = xg o Ng/g. And this xg is determined by the character xp. Since xg is
trivial on IpNg g, for 0 € G/H = Gal(E/F) we have X% o Ng/g = xg© Nx/5 = Xk because
X%_l oNgg =1

Therefore instead of p = Ind% (%) for all g € G/H, we obtain

p = Indg/p(x%), for all 0 € Gal(E/F),

independently of the choice of yg.

O
Remark 5.1.5. Moreover, we have the exact sequence
KX I K% 25 B/ ToNiys —25 F* [N, (5.1.12)
which is only exact in the middle term. For the dual groups this gives
K LK% 5 B [ToN s <25 F5 [ Nig (5.1.13)

But N;}/E(X"E_l) =x%'o Ng/g = 1, and therefore the exactness of sequence (5.1.13)) yields
X% "= xXroNgr, forsomexp€ F*/Ng/r, (5.1.14)

For our (arithmetic) determinant computation of Heisenberg representation p of Gp, we

need the following lemma regarding transfer map.

Lemma 5.1.6. Let p = p(Z,x,) be a Heisenberg representation of a group G and assume
that H/Z C G/Z is a mazimal isotropic for p. Then transfer map Tia/zy)H12) = 1 s the

trivial map.

Proof. In general, if H is a central subgroupﬂ of finite index n = [G : H] of a group G, then by
Theorem 5.6 on p. 154 of [22] we have T/ (g) = ¢g". If G is abelian, then center Z(G) = G.
Hence every subgroup of G is central subgroup. Now if we take GG as an abelian group and
H is a subgroup of finite index, then we can write Tg,r(g) = g/¢#.

Now we come to the Heisenberg setting. We know that G/Z is abelian, hence H/Z C
G/Z is a central subgroup. Then we have T(g/z)/1/2)(9) = gl¢/% /7 = g% where d is the
dimension of p. For the Heisenberg setting, we also know (cf. Lemma that G4 C Z,

hence ¢¢ € Z. This implies
Tz 2 (9) = g* =1,  the identity in H/Z,

for all g € G, hence T(/z)/(r/z) = 1 is a trivial map. O

LA subgroup of a group which lies inside the center of the group, i.e., a subgroup H of G is central if
HC Z(G).
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By using the above Lemma and Lemma [5.1.6], in the following, we give the arithmetic

description of Proposition [4.2.2

Proposition 5.1.7. Let p = p(Z,x,) = p(Gk,XxK) be a Heisenberg representation of the
absolute Galois group Gr. Let E be a base field of a maximal isotropic for p. Then F* C
NK/E, and

det(p)(z) = Agsp(z) - XK © NI;/IE(x) for all x € F*, (5.1.15)

where, for all x € F*,

1 when rko(Gal(E/F)) # 1

wep(r)  when tky(Gal(E/F)) =1,
where E'[F is a uniquely determined quadratic subextension in E/F, and wg/p is the char-
acter of F* which corresponds to E'/F by class field theory.

Proof. From the given condition, we can write G/Z = Gal(K/F) D H/Z = Gal(K/E). Here
both G/Z and H/Z are abelian, then from class field theory we have the following commuta-

tive diagram

P Niggp o e
lam lem (5.1.17)

Gal(K/F) —92/8, Gal(K/E)
Here Ok /p, Ok r are the isomorphism (Artin reciprocity) maps and T(g,z)/(m/z) is transfer
map. From Lemma , we have T(q/z)/H/zy = 1. Therefore from the above diagram
(5.1.17) we can say F* C Ng/p, i.e., all elements E| from the base field F' are norms with
respect to the extension K/F.
Now identify x, = xx : K*/IpK* — C*. Then the map

r e F* HXKONI;/IE(:U)

is well-defined character of F'*.
Now by Gallagher’s Theorem (arithmetic side) (cf. equation (3.2.4))) we can write
for all x € F'*,

det(p)(z) = Apyr(2) - xp(r) = Ag/p(@) - X (Ng)p(2), (5.1.18)

since F* C N/, and XE|NK/E = XK © NI;}E'

Furthermore, since E//F is an abelian extension, Gal(E/F) = Gal(E/F), and from Miller’s
Theorem [2.7.1, we can write (cf. equation (3.3.7))

1 when rko(Gal(E/F)) # 1

App =
wgryp(z)  when rky(Gal(E/F)) = 1,

2This condition F* C N, ke implies that for every x € F* must have a preimage under the Ng g, but

the preimage is not unique.
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where E'/F is a uniquely determined quadratic subextension in £/F, and wgp is the char-
acter of F* which corresponds to E’/F by class field theory.
O

5.1.1 Heisenberg representations of GG of dimensions prime to p

Let F'/Q, be a non-archimedean local field, and G be the absolute Galois group of F. In
this subsection we construct all Heisenberg representations of G of dimensions prime to p.
Studying the construction of this type (i.e., dimension prime to p) Heisenberg representations

are important for our next section.

Definition 5.1.8 (U-isotropic). Let F' be a non-archimedean local field. Let X : FF* —

C* be an alternating character with the property
X(€1,€2) :1, for all €1,&2 GUF.

In other words, X is a character of FF'”*/Upr A Up. Then X is said to be the U-isotropic.

These X are easy to classify:
Lemma 5.1.9. Fix a uniformizer mr and write U := Up. Then we obtain an isomorphism
U= FFJUAU, n— X, nx X
between characters of U and U -isotropic alternating characters as follows:
X, (nher, mhey) == n(e1)’ - n(e2) ™ nx(e) := X(e,7r), (5.1.19)
where a,b € Z, ¢,e1,e0 € U, andn : U — C*. Then
Rad(X,) =< mt" > xKer(n) =< (mpe)®" > xKer(n),
does not depend on the choice of wr, where #n is the order of the character n, hence
F*/Rad(X,) =< mp > / < 7" > xU/Ker(n) = Zyy X Loyy.
Therefore all Heisenberg representations of type p = p(Xy,, x) have dimension dim(p) = #n.

Proof. To prove U = FF>*/U AU, we have to show that nx, =7 and X, = X,,, and that
the inverse map X +— 7nx does not depend on the choice of 7p.

From the above definition of nx, we can write:

nx,(€) = Xy(e,mp) =n(e)' - n(1)" = ne),

for all € € U, hence nx, = 7.

Similarly, from the above definition of X, we have:

Xy (mher, mhe) = nx(e1)”  nx(e2) ™ = X(e1,7p)" - X (2, 7p)
= X(€1,7TF>b . X(7TF,€2)CL = X(&l,’ﬂ'fp> . X(TF%,EQ)

= X(n%e1, me).
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This shows that X, = X.

Now we choose a uniformizer wpe, where ¢ € U, instead of choosing 7p.

write

Xy ((mre)ter, (mre)’es) = Xy (nh(ee1), mh(e2))

(1) - n(e’ea) ™"

(1) me2) ™ - (™)

(€1)" - n(e2) ™ = X (wher, mpes).

Il
s 3 3

Then we can

This shows that X, does not depend on the choice of the uniformizer 7. Similarly since

nx(e) := X (e, 7Fp), it is clear that nx is also does not depend on the choice of the uniformizer

TE.
By the definition of the radical of X,, we have:

Rad(X,) = {mje € F* | X, (mhe, mpe’) = 1(e)” - n(e") ™ = 1},

forallbe Z, and ¢’ € U.

Now if we fix a uniformizer mpe”, where ¢” € U instead of 7, we can write:

Rad(X,) = {(mpe")"e € F* | X, ((mpe")"e, (mpe")e’) = n("e)"n(e"e) ™ =

This gives Rad(X,) =< 7" > xKer(n) =< (mpe)# > xKer(n), hence

F*/Rad(X,) =< mp > / < 7" > xU/Ker(n) = Zyy X Log.

Then all Heisenberg representations of type p = p(X,, x) have dimension

dim(p) = \/[F* : Rad(X,)] = #n.

O

From the above Lemma [5.1.9] we know that the dimension of a U-isotropic Heisenberg
representation p = p(X,, x) of Gp is dim(p) = #n, and F*/Rad(X,)) = Z4, X Zy,, a direct
product of two cyclic (bicyclic) groups of the same order #n. In general, if A = Z,, X Z,,

is a bicyclic group of order m?, then by the following lemma we can compute total number

of elements of order m in A, and number of cyclic complementary subgroup of a fixed cyclic

subgroup of order m.

Lemma 5.1.10. Let A & Z,, X Z,, be a bicyclic abelian group of order m?

. Then:

1. Then number ¥ (m) of cyclic subgroups B C A of order m is a multiplicative arithmetic

function (i.e., ¥(mn) = (m)(n) if ged(m,n) = 1).

2. Fxplicitly we have

mH1+

plm
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And the number of elements of order m in A is:

p(m) - (m) = m? - T[(1 - 1%). (5.1.21)

plm

Here p is a prime divisor of m and @(n) is the Euler’s totient function of n.

3. Let B C A be cyclic of order m. Then B has always a complementary subgroup B' C A
such that A = B x B', and B’ is again cyclic of order m. And for B fized, the number

of all different complementary subgroups B’ is = m.

Proof. To prove these assertions we need to recall the fact: If G is a finite cyclic group of

- _ 1
order m, then number of generators of G is p(m) = m][],,,(1 - 7).

(1). By the given condition A = Z,, X Z,, and 1(m) is the number of cyclic subgroup of A
of order m. Then it is clear that v is an arithmetic function with ¥ (1) = 1 # 0, hence 1) is

aq

;. To prove

not additive. Now take m > 2, and the prime factorization of m is: m = Hle P
this, first we should start with m = p", hence A = Z,n X Z,». Then number of subgroup of
A of order p" is:

20(0")P" — 00" _ 5w o gy 1 A g b
D) =2p" —p(p") =p"(2 1+p) p(1+p)-

Y(p") =

Now take m = p"q", where p,q are both prime with ged(p,q) = 1. We also know that
Lingr X Lngr = Lign X L X Lgr X Lgr. This gives ¢(p"q") = (p") - ¥ (¢"). By the similar
method we can show that )(m) = Hf:l Y(p"), where m = Hle pi*. This condition implies

that 1 is a multiplicative arithmetic function.

(2). Since v is multiplicative arithmetic function, we have

i R 1
Y(m) = JJves) =[] e+ —) since (") =p"(1+2),
i=1 . i=1 1 1
=pit-- it i:1(1+17i) :m‘}g(l—i-}—?).

We also know that number of generator of a finite cyclic group of order m is ¢(m), hence

number of elements of order m is ¢(m). Then the number of elements of order m in A is:

plm) - () =m-T[ =) m [+ ) = [T - ).
plm plm plm
(3). Let B C A be a cyclic subgroup of order m. Since A is abelian and bicyclic of order
m?, B has always a complementary subgroup B’ C A such that A = B x B’, and B’ is again
cyclic (because A is cyclic, hence A/B and |A/B| = m) of order m.
To prove the last part of (3), we start with m = p™. Here B is a cyclic subgroup of A
of order p", hence B =< (a,e) >, where #a = p", and e is the identity of B’. Since B has
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complementary cyclic subgroup, namely B’, of order p". we can choose B’ =< (b, ¢) >, where
BN B = (e,e). This gives that c is a generator of B’, and b could be any element in Zn.
Thus total number g/ (p™) of all different complementary subgroups B’ is:

_ ") _ .

Yr(p") o) =p =m

Now if we take m = p™q", where q is a different prime from p. Then by same method we can
see that ¥p/(p"q") = Y (p") - ¥p(¢") = p"¢" = m. Thus for arbitrary m we can conclude
that ¥pg/(m) = m.

O

In the following lemma, we give an equivalent condition for U-isotropic Heisenberg repre-

sentation.

Lemma 5.1.11. Let G be the absolute Galois group of a non-archimedean local field F'. For
a Heisenberg representation p = p(Z, x,) = p(X, xx) the following are equivalent:

1. The alternating character X s U-isotropic.

2. Let E/F be the maximal unramified subextension in K/F. Then Gal(K/E) is mazimal

isotropic for X.
3. p=1Indg/r(xe) can be induced from a character xg of E* (where E is as in (2)).

Proof. This proof follows from the above Lemma [5.1.9,

First, assume that X is U-isotropic, i.e., X € F FX//U\/\ U. We also know that U =
F FX//U\/\ U. Then X corresponds a character of U, namely X — nx. Then from Lemma
we have F* /Rad(X) = Zyyy X Ly, i-e., product of two cyclic groups of same order.

Since K/F is the abelian bicyclic extension which corresponds to Rad(X), we can write:
Ni/r = Rad(X), Gal(K/F) = F* /Rad(X).

Let E/F be the maximal unramified subextension in K/F. Then [E : F] = #ny because
the order of maximal cyclic subgroup of Gal(K/F) is #nx. Then fp/p = #nx, hence fx/r =
ex/r = #nx because fx/r - exp = [K : F] = #n% and Gal(K/F) is not cyclic group.

Now we have to prove that the extension F/F corresponds to a maximal isotropic for X.
Let H/Z be a maximal isotropic for X, hence [Gr/Z : H/Z] = #nx, hence H/Z = Gal(K/E),
i.e., the maximal unramified subextension £/F in K/F corresponds to a maximal isotropic

subgroup, hence

p(X, xx) = Indg/r(xE), for X o Nk/p = Xk

Finally, since F/F' is unramified and the extension E corresponds a maximal isotropic sub-
group for X, we have Up C Ng/p, hence Up C Nk /r and X|yxy = 1 because Up C F* C
Nk/g. This shows that X is U-isotropic. O
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Corollary 5.1.12. The U-isotropic Heisenberg representation p = p(X,, x) can never be wild
because it is induced from an unramified extension E/F, but the dimension dim(p(X,,x)) =
#n can be a power of p.

The representations p of dimension prime to p are precisely given as p = p(X,, x) for char-

acters m of U/U?.
Proof. This is clear from the above lemma and the fact |U/UY| = qr — 1. O
Remark 5.1.13 (Arithmetic description of representations p(X,, x):). We let K, |F be
the abelian bicyclic extension which corresponds to Rad(X,,) :

Nk, r = Rad(X,), Gal(K,/F) = F*/Rad(X,).

Then we have fKn\ F = e, |r = #1 and the maximal unramified subextension E/F C K, /F

corresponds to a maximal isotropic subgroup, hence
p(Xy, x) = Indgp(xe), for xgoNk, /m =X
We recall here that x : K/Ip K — C* is a character such that (cf. Theorem M(?)))
Xl () ¢ Xy, with respect to (K")p/IpK," = F* /Rad(X,) A F*/Rad(X,).

In particular, we see that (K)r/IrK, is cyclic of order #n and x|x), must be a faithful
character of that cyclic group.

In the following lemma we see the explicit description of the representation p = p(X,, x).
Lemma 5.1.14 (Explicit Lemma). Let p = p(X,), xx) be a U-isotropic Heisenberg repre-
sentation of the absolute Galois group Gp of a local field F/Q,. Let K = K, and let E/F be

the mazimal unramified subextension in K/F. Then:

1. The norm map induces an isomorphism:

~

NK/E : K;;/IFKX — IFEX/IFNK/E

2. Let ck)p : F* /Rad(X,) A\F* /Rad(X,,) = K /IgK* be the isomorphism which is induced
by the commutator in the relative Weil-group Wi p. Then for units e € Up we explicitly
have:

ci/r(e Ar) = Nigjp(Ng)p(e)7977),

where @ p is the Frobenius automorphism for E/F and where N~' means to take a

preimage of the norm map.
3. The restriction x| K 15 characterized by:
XK © cx/r(e Amr) = X, (e,mr) = n(e),
for all € € Up, where cx/p(e N p) is explicitly given via (2).
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Proof. (1). By the given conditions we have: K = K,, and K/F is the bicyclic extension
with Rad(X;) = Nkr, and E/F is the maximal unramified subextension in K/F. So K/E
and F/F both are cyclic, hence

E}=1IpE*,  Kp=IgK*

From the diagram (3.6.1) on p. 41 of [13], we have

~

We also know that £ = IpE*. Thus the norm map N, k/E induces an isomorphism:

(2). By the given conditions, ck/r is the isomorphism which is induced by the commutator
in the relative Weil-group Wy r (cf. the map (5.1.3). Here Rad(X,) = Nk/r =: N. Then
from Proposition 1(iii) of [14] on p. 128, we have

ck/p: NANFX/NANN S IpK* [ Ip K}
as an isomorphism by the map:

CK/F(:E A\ y) — N;{}F(x)l—¢F(y)’

where ¢p(y) € Gal(K/F) for y € F* by class field theory. If y = 7, then by class field
theory (cf. [31], p. 20, Theorem 1.1(a)), we can write ¢p(7p)|p = @r/r, Where @/ p is the
Frobenius automorphism for £/F.

Now we come to our special case. Since E/F' is unramified, we have Up C Ng/p, and we
obtain (cf. [13], pp. 46-47 of Section 4.4 and the diagram on p. 302 of [11]):

NK/E o) CK/F<5 A\ 7TF) = NEi/lF(E)lﬂpE/F. (5122)

We also know (see the first two lines under the upper diagram on p. 302 of [II]) that
Ejy C Nk/g. Here

NE}F(g)l—SDE/F € IFEX/IFNK/E = E;/]FNK/E’
because E/F is cyclic, hence E = IpE*. Therefore from equation ([5.1.22)) we can conclude:
cip(e Nmp) = Nl_(}E(NE/lF@)l_@E/F)-
(3.) We know that the cx/p(e A7p) € K and xg : K*/IpK* — C*. Then we can write
XK © cix/p(e NTp) = XK(N[;}E(NE?}F(g)l—wE/F)

= XE© NK/E(NQ}E(NE}F(E)IWE/F)a since Xk = Xg © Nk/E

= XE(NE/IF(@I—(PE/F) = X, (&, mp)

=1(e).

This is true for all € € Up. Therefore we can conclude that y | Kx =1 m
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Example 5.1.15 (Explicit description of Heisenberg representations of dimension
prime to p). Let F/Q, be a local field, and G be the absolute Galois group of F. Let
p = p(X, xx) be a Heisenberg representation of G of dimension m prime to p. Then from
Corollary the alternating character X = X, is U-isotropic for a character n : Up/Up —
C*. Here from Lemma we can say m = \/[F* : Rad(X,,)] = #n divides ¢p — 1.

Since U} is a pro-p-group and ged(m, p) = 1, we have (UL)™ = UL C F*™ and therefore

F*JF*™ 2 70 X Do,

is a bicyclic group of order m?. So by class field theory there is precisely one extension K/F
such that Gal(K/F) = Z,, X Z,, and the norm group Nx p := Ng/p(K*) = F*"™.

We know that Ur/UL is a cyclic group of order ¢ — 1, hence U?/F}m ~ Up/U}. By the
given condition m|(gr — 1), hence Ur/U} has exactly one subgroup of order m. Then number
of elements of order m in Up/U} is ¢(m), the Euler’s ¢-function of m. In this setting, we
have n € U?—/F » = FF X//(}1%\/\ UL with #n = m. This implies that up to 1-dimensional
character twist there are p(m) representations corresponding to X, where n : Up/U} — C*
is of order m. According to Corollary 1.2 of [11], all dimension-m-Heisenberg representations
of Gy = Gal(F/F) are given as

p = p(Xy: XK), (1H)

where yi : K*/IpK* — C* is a character such that the restriction of yx to the subgroup
K corresponds to X,, under the map (5.1.3)), and

FX P AR )P~ KX Tp K™ (2H)

which is given via the commutator in the relative Weil-group Wi, (for details arithmetic

description of Heisenberg representations of a Galois group, see [I1], pp. 301-304). The

condition (2H) corresponds to (5.1.3). Here the above Explicit Lemma comes in.
Here due to our assumption both sides of (2H) are groups of order m. And if one choice

XK = Xo has been fixed, then all other yx are given as

xx = (xr © Nk/r) * Xo, (5.1.23)

for arbitrary characters of F'*. For an optimal choice xx = X0, and order of x, we need the

following lemma.

Lemma 5.1.16. Let K/F be the extension of F/Q, for which Gal(K/F) = Zy, X Zy,. The

K} and IpK* are as above. Then the sequence
N m
1= ULKSJULIRK* — U JULIp K* =5 Up UL — Up/Up N FX™ 1 (5.1.24)

18 exact, and the outer terms are both of order m, hence inner terms are both cyclic of order

qr — 1.
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Proof. The sequence is exact because F*" = Ny (K *) is the group of norms, and F* /F*™ =
Loy X Loy, implies that the right hand termﬂ is of order m. By our assumption the order of

K5 /IpK* is m. Now we consider the exact sequence
1> U NKS U NIpK* — K JIpK* — ULKS U I K™ — 1. (5.1.25)

Since the middle term has order m, the left term must have order 1, because U} is a pro-
p-group and ged(m,p) = 1. Hence the right term is also of order m. So the outer terms of
the sequence have both order m, hence the inner terms must have the same order
qr — 1 = [Up : U}], and they are cyclic, because the groups Ur/Uf and Uy /U, are both
cyclic. [

We now are in a position to choose yx = x( as follows:
1. we take Yo as a character of K*/ULIpK*,

2. we take it on Uj K} JUiIpK* as it is prescribed by the above Explicit Lemma [5.1.14]
in particular, xo restricted to that subgroup (which is cyclic of order m) will be faithful.

3. we take it trivial on all primary components of the cyclic group Uy /UL IrK* which are

not p;-primary, where m =[]}, pi".
4. we take it trivial for a fixed prime element .
Under the above optimal choice of g, we have

Lemma 5.1.17. Denote v,(n) := as the highest power of p for which p*»™|n. The character

Xo must be a character of order
Mgp_1 = HZVZ(CIF*D’
llm

which we will call the m-primary part of qp — 1, so it determines a cyclic extension L/K
of degree mgy,_1 which is totally tamely ramified, and we can consider the Heisenberg repre-
sentation p = (X, xo) of Gr = Gal(F/F) is a representation of Gal(L/F), which is of order

2
m=-Mgp—1-

Proof. By the given conditions, m|qr — 1. Therefore we can write

gr—1= HZVZ(CIF*U . H pl’p(QFfl) = Mgp_1 - H pr(qFfl)’

ljm plgr—1, ptm plgr—1, ptm

3Since ged(m,p) = 1, we have
Up - F*X™ = (< (> xUL)(< 7P > x < (™ > xUL) =< 7% > x < (> xUp,
where ¢ is a (¢gr — 1)-st root of unity. Then
Up/Up NFX™ = Up - FX" X" =<1 > x < (> xUL/ <70 > x < (" > xUL = L.

Hence |Up/Up N F*™| = m.
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where [, p are prime, and mg,_; = Hl|m [nlar=1),

From the construction of xo, mx € Ker(xo), hence the order of yo comes from the re-
striction to Ug. Then the order of xq is mg,—1, because from Lemma [5.1.16] the order of
Uk /ULIFK is qr — 1. Since order of xq is mg,—1, by class field theory xo determines a cyclic
extension L/K of degree m,,_1, hence

Np/k (L) = Ker(xo) = Ker(p).

This means G, is the kernel of p(X, xo), hence p(X,xo) is actually a representation of
Gr/Gp = Gal(L/F).
Since G, is normal subgroup of G, hence L/F is a normal extension of degree [L : F] =
[L: K] [K:F]=mg._1-m? Thus Gal(L/F) is of order m? - mg,_;.
Moreover, since [L : K| = mg,—; and ged(m,p) = 1, L/K is tame. By construction we
have a prime g € Ker(xo) = Np/k(L*), hence L/K is totally ramified extension.
]

Lemma 5.1.18. (Here L, K, and F are the same as in Lemma Let F/F be the
maximal abelian extension. Then we have

LOLNF*>K>F, {l}cG cZ(G)cG=GalL/F),
where [L: LN FY®] = |G| =m and [L: K] = |Z(G)| = mg, 1.
Proof. Let F%/F be the maximal abelian extension. Then we have
LOLNF*>KDOF
Here L N F/F is the maximal abelian in L/F. Then from Galois theory we can conclude
Gal(L/L N F*) = [Gal(L/F), Gal(L/F)] =: G’
Since Gal(L/F) = Gg/Ker(p), and [[Gr, GF|, Gr| C Ker(p), from relation (5.1.3) we have
G' = [Gr,Gr|/Ker(p) N [Gr, G| = [Gr, Gr]/[[Gr, Gr|, Gr] = K /IpK*.

Again from sequencewe have U)K JUL TR K*| = |K} /IpK*| = m. Hence |G'| = m.

From the Heisenberg property of p, we have [[Gr, Gr|, Gr| C Ker(p), hence Gal(L/F) =
Gr/Ker(p) is a two-step nilpotent group. This gives [G', G| = 1, hence G’ C Z := Z(G).
Thus G/Z is abelian.

Moreover, here Z is the scalar group of p, hence the dimension of p is:

dim(p) = /|G :Z] =m

Therefore the order of Z is my,—1 and Z = Gal(L/K).

96



Remark 5.1.19 (Special case: m = 2, hence p # 2). Now if we take m = 2, hence p # 2,
and choose xo as the above optimal choice, then we will have my,_1 = 2,,_; = 2-primary
factor of the number gr — 1, and Gal(L/F) is a 2-group of order 4 - 2,,_;.

When ¢gr = —1 (mod 4), gr is of the form ¢r = 41 — 1, where [ > 1. So we can write
gr — 1 =2(2l — 1). Since 2] — 1 is always odd, therefore when ¢gr = —1 (mod 4), the order
of xo is 2,—1 = 2. Then Gal(L/F) will be of order 8 if and only if g = —1 (mod 4), i.e., if
and only if i ¢ F. And if ¢gp =1 (mod 4), then similarly, we can write gp — 1 = 4m for some
integer m > 1, hence 2,,_1 > 4. Therefore when gr =1 (mod 4), the order of Gal(L/F) will
be at least 16.

5.1.2 Artin conductors, Swan conductors, and the dimensions of
Heisenberg representations
Definition 5.1.20 (Artin and Swan conductor). Let G be a finite group and R(G) be the

complex representation ring of G. For any two representations py, p2 € R(G) with characters

X1, X2 respectively, we have the Schur’s inner product:

1
< p1,P2 >a=< X1, X2 Z>Ga'= | |

=1 2_x(9) xa(g).

geG
Let K/F be a finite Galois group with Galois group G := Gal(K/F). For an element g € G
different from identity 1, we define the positive integer (cf. [27], Chapter IV, p. 62)

ig(g) == inf{vk(x — g(x))| x € Ok}

By using this non-negative (when g # 1) integer ig(g) we define a function ag : G — Z as
follows:
ac(9) = —fx/r -ic(g) when g # 1, and ac(1) = fx/r Y, ic(9)-

Thus from this definition we can see that >, ac(g) = 0, hence < ag,1lg >= 0. It can be
proved (cf. [27], p. 99, Theorem 1) that the function ag is the character of a linear represen-

tation of (G, and that corresponding linear representation is called the Artin representation

Ag of G.
Similarly, for a nontrivial g # 1 € G, we define (cf. [48], p. 247)

salg) = inf{uc(1 —g()x I x € K*}, sa(1) = =) sale).
g#1

And we can define a function swg : G — Z as follows:

swa(g) = —fk/r - sa(g)

It can also be shown that swg is a character of a linear representation of GG, and that corre-

sponding representation is called the Swan representation SW¢ of G.
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From [2§], p. 160 , we have the relation between the Artin and Swan representations (cf.
[48], p. 248, equation (6.1.9))

SWe = Ag + Indg (1) — Indfiy (1), (5.1.26)

G is the 0-th ramification group (i.e., inertia group) of G.
Now we are in a position to define the Artin and Swan conductor of a representation
p € R(G). The Artin conductor of a representation p € R(G) is defined by

CLF(P) =< AGap >e=<ag, X >a,

where  is the character of the representation p. Similarly, for the representation p, the Swan
conductor is:

swr(p) :=< SWg, p >a=< swg, X >¢ -

For more details about Artin and Swan conductor, see Chapter 6 of [48] and Chapter VI of
[217].

From equation (|5.1.26]) we obtain
ar(p) =swr(p) +dim(p)— < 1,p >¢, - (5.1.27)

Moreover, from Corollary of Proposition 4 on p. 101 of [27], for an induced representation

p = Indgiggg (pr) = Indg/r(pr), we have

We apply this formula ((5.1.28]) for pgr = xg of dimension 1 and then conversely

So if we know ar(p) then we can compute a(xg).

Let {G'}, where ¢ > 0, € Q be the ramification subgroups (in the upper numbering) of a
local Galois group GG. Now let p be an irreducible representation of G. For this irreducible p
we define

Gi ¢ 1}.

Now if p is an irreducible representation of G, then p|; # 1, where I = G° = G is the inertia

j(p) = max{i | p

subgroup of G. Thus from the definition of j(p) we can say, if p is irreducible, then we always
have j(p) > 0, i.e., p is nontrivial on the inertia group Gy. Then from the definitions of Swan
and Artin conductors, and equation ([5.1.27)), when p is irreducible, we have the following

relations

swe(p) = dim(p) - (o), an(p) = dim(p) - (i(p) + 1) (5.1.20)
From the Theorem of Hasse-Arf (cf. [27], p. 76), if dim(p) = 1, i.e., p is a character of
G/|G,G], we can say that j(p) must be an integer, then swr(p) = j(p),ar(p) = j(p) + 1.
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Moreover, by class field theory, p corresponds to a linear character yg, hence for linear

character yp, we can write

Ui, # 1},

because under class field theory (under Artin isomorphism) the upper numbering in the

J(xr) = max{i | xr

filtration of Gal(F,,/F) is compatible with the filtration (descending chain) of the group of
units Up.

From equation ([5.1.29)), it is easy to see that for higher dimensional p, we have swg(p), ar(p)
multiples of dim(p) if and only if j(p) is an integer.

Now we come to our Heisenberg representations. For each X € FF* we define

, 0 when X is trivial
J(X) = (5.1.30)
max{i | X|ypi Z 1} when X is nontrivial,

where UU* C FF* is a subgroup which under (5.1.2) corresponds
G N [Gr, Grl /G N ([Gr, Grl, Gr] C [Gr, GFl/[[Gr, GFl, Gr.

Let p = p(X,, xx) be the minimal conductor (i.e., a representation with the smallest Artin
conductor) Heisenberg representation for X, of the absolute Galois group G'». From Theorem
3 on p. 125 of [14], we have

swe(p) = dim(p) - (X,) = /[P : Rad(X,)] - §(X,.). (5.1.31)

Let po = po(X, xo) be a minimal representation corresponding X, then all other Heisenberg
representations of dimension dim(p) are of the form p = xp® po = (X, (xr o Nk/r)Xo0), where
xr : F* — C*. Then we have (cf. [11], p. 305, equation (5))

swr(p) = swr(xr ® po) = v/[F* : Rad(X)] - max{j(xr),j(X)}. (5.1.32)

For minimal conductor U-isotopic Heisenberg representation we have the following propo-

sition.

Proposition 5.1.21. Let p = p(X,), xx) be a U-isotropic Heisenberg representation of Gg of

minimal conductor. Then we have the following conductor relation

J(Xy) = 3(n), swe(p) = dim(p) - j(X,) = #n - j(n),
ar(p) = swr(p) +dim(p) = #n(j(n) + 1) = #n - ar(n).

Proof. From [14], on p. 126, Proposition 4(i) and Proposition 5(ii), and U AU = U AU?, we

see the injection U A F* C UU® induces a natural isomorphism
U'N<mp >2UU/UUN(UAU)

for all 7 > 0.
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Now let j(X,) =n — 1, hence X,|yy» = 1 but X, |yyn-1 # 1. This gives X, |pnprcrp> =1
but X,|pn-1r<rp> # 1. Now from equation (5.1.19) we can conclude that n(z) = 1 for all
x € U but n(x) # 1 for z € U1, Hence

Again from the definition of j (), where x is a character of F'*| we can see that j(y) = a(x)—1,
Le., a(x) =j(x) + 1.
From equation ([5.1.31f) we obtain:

swr(p) = dim(p) - j(Xy) = #n - j(n),

since dim(p) = #n and j(X,) = j(n). Finally, from equation (5.1.27) for p (here < 1,p >¢,=
0), we have

ap(p) = swr(p) + dim(p) = #n - j(n) + #n = #n - (j(n) + 1) = #n - ar(n). (5.1.33)
O
By using the equation (5.1.28]) in our Heisenberg setting, we have the following proposition.

Proposition 5.1.22. Let p = p(Z,x,) = p(X,xk) be a Heisenberg representation of the
absolute Galois group G of a field F/Q, of dimension m. Let E/F be any subextension in

K/F corresponding to a maximal isotropic subgroup for X. Then

ar(p) = GF(IHdE/F(XE))a m - ap(p) = aF(IndK/F(XK)).

As a consequence we have

a(Xx) = ex/e - a(Xe) — dx/E-

Proof. We know that p = Indg/r(xg) and m - p = Indk/r(xk). By the definition of Artin

conductor we can write

ar(dim(p) - p) = dim(p) - ap(p) = m - ap(Indg,r(xE))-

Since K/E/F is a tower of Galois extensions with [K : E] = m = eg/pfx/p, we have the

transitivity relation of different (cf. [27], p. 51, Proposition 8)
Dk/r = Dk/e - Dg/r.
Now from the definition of different of a Galois extension, and taking K-valuation we obtain:
di/r = dg/s + ex/p - dg)p- (5.1.34)
Now by using equation we have:
m - ap(Indg/p(xe)) = m - fg/r (dE/F + a(XE)) =m - fg/p - dgr +ex/p - fxyr - alxe), (5.1.35)
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and
By using equation ((5.1.34)), from equations ([5.1.35)), (5.1.36)), we have

a(xx) = ex/e - a(XE) — di/E
m
Now by combining Proposition [5.1.22| with Proposition [5.1.21], we get the following result.

Lemma 5.1.23. Let p = p(X,), xx) be a U-isotopic Heisenberg representation of the absolute
Galois group G of a non-archimedean local field F'. Let K = K,, correspond to the radical of
X, and let Ey/F be the mazimal unramified subextension, and E/F be any mazimal cyclic
and totally ramified subextension in K/F. Let m denote the order of n. Then p is induced by

XE, or by xg respectively, and we have
1. ag(xe) =m-a(n) —dg/r,

2. ap, (XEI) = a(ﬁ);

3. and for the character xx € f(?,
ax(xx) =m-a(n) —dg/r.

Moreover, ap(xz) = ax(xx)-

Proof. Proof of these assertions follows from equation (5.1.28) and Proposition [5.1.21, When
p = Indg/r(xE), where E/F is a maximal cyclic and totally ramified subextension in K/F,
from equation (5.1.28]) we have

ar(p) =m-a(n) using Proposition [5.1.21]
= fe/F - (dE/F 14 CLE(XE)) ., since p = Indg/r(xE)

because £/ F is totally ramified, hence fg/p = 1. This implies ag(xg) = m - a(n) — dg/r.
Similarly, when p = Indg, /r(XE, ), where £, /F is the maximal unramified subextension in

K/F, hence fg,/p =m and dg,,r = 0, by using equation (5.1.28)) we obtain ag, (xg,) = a(n).
Again from Proposition [5.1.22] we have

ag(xx) =m-a(xg,) — dx/e, = m-a(n) — dg/r.

Finally, since E/F is a maximal cyclic totally ramified implies K/FE is unramified and
therefore

dg/r = dg/r, and hence ap(Xe) = ax(XK)-
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Remark 5.1.24. Assume that we are in the dimension m = #n prime to p case. Then from
Corollary [5.1.12] n must be a character of U/U! (for U = Up), hence

a(n) =1 ar(po) = m.

Therefore in this case the minimal conductor of p is m, hence it is equal to the dimension of

p.
From the above Lemma |5.1.23] in this case we have

ag, (XE1) = a(n) =1

And K/F,E/F are tamely ramified of ramification exponent ex,/r = m, hence
ap(xp) = ax(xx) =m-a(n) —dxgp =m— (exyp — 1) =m — (m—1) = 1.

Thus we can conclude that in this case all three characters (i.e., xg,, xg, and xx) are of
conductor 1.

In the general case ag, (xg,) = a(n) and

ap(Xe) = ax(Xx) =m-a(n) —d,

where d = dg/r = dg/r, conductors will be different.

In general, if p = py®@xF, Where pq is a finite dimensional minimal conductor representation

of Gp, and xp € ﬁ, then we have the following result.

Lemma 5.1.25. Let pg be a finite dimensional representation of Gg of minimal conductor.

Then we have
ap(p) = dim(po) - ar(xr), (5.1.37)

where p = py @ xXr = p(Xy, (xr © Nx/p)Xo) and xp € F* with a(xr) > dai%p)).

Proof. From equation ({5.1.29) we have ar(pg) = dim(po) - (1+j(po)). By the given condition

po is of minimal conductor. So for representation p = pg ® xr, we have

ar(p) = ar(po @ xr) = dim(po) - (1 + max{j(po),i(xr)})
= dim(po) - max{1 +j(xr), 1+ j(po)}
= dim(po) - max{a(xr), 1 +j(po)}
= dim(po) - ar (xr),

because by the given condition

a(xr) > diiﬂ(op)o) _ dim(ﬂtzfir'n((lp;;j(ﬂo)) — 14 j(po).
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Proposition 5.1.26. Let p = p(X, xx) be a Heisenberg representation dimension m of the
absolute Galois group Gg of a non-archimedean local field F. Then ml|ag(p) if and only if:
X is U-isotropic, or (if X is not U-isotropic) ap(p) is with respect to X not the minimal

conductor.

Proof. From the above Lemma we know that if p is not minimal, then ar(p) is always
a multiple of the dimension m. So now we just have to check for minimal conductors. In the
U-isotropic case the minimal conductor is multiple of the dimension (cf. Proposition [5.1.21)).

Finally, suppose that X is not U-isotropic, i.e., X|pav = X|piagr Z 1, because U AU =
U'AU! (see the Remark on p. 126 of [14]). We also know that UU* = (UU'NUAUY) x (U'A <
mp >) (cf. [14], p. 126, Proposition 5(ii)). In Proposition 5 of [14], we observe that all the
jumps v in the filtration {UU*N(U' AU')},i € R, are not integers with v > 1. This shows
that j(X) is also not an integer, hence ar(pg) is not multiple of the dimension. This implies

the conductor ar(p) is not minimal.
O

Let p = p(X, xx) be a Heisenberg representation of the absolute Galois group Gr. Then
from equation (5.1.6)), we have

dim(p) = /[K: F] = {/[F* : Nk/r),
when Ny, p = Rad(X).

Lemma 5.1.27. Let p = (Z,,x) = p(X,, Xx) be a Heisenberg representation of the absolute
Galois group Gr of a non-archimedean local field F/Q,. Then following are equivalent:

1. dim(p) is prime to p.
2. dim(p) is a divisor of qr — 1.

3. The alternating character X, is U-isotropic and X, = X, for a character n of Up/Uf..

Proof. From Corollary[5.1.12] we know that all Heisenberg representations of dimensions prime
to p, are U-isotropic representations of the form p = p(X,, x), where 1 : Ur/U}. — C*, and
the dimensions dim(p) = #n.

Thus if dim(p) is prime to p, then dim(p) = #n is a divisor of g — 1. And if dim(p)
is a divisor of gp — 1, then gcd(p,dim(p)) = 1. Then from Corollary , the alternating
character X, is U-isotropic and X, = X, for a character n € m L.

Finally, if p = p(X,, xx) = p(X,, Xk ) be a Heisenberg representation of G for a character
n of Up/Uf, then from Corollary [5.1.12] we know that dim(p) is prime to p. O

For giving invariant formula of W (p), we need to know the explicit dimension formula of p.

In the following theorem we give the general dimension formula of a Heisenberg representation.

Theorem 5.1.28 (Dimension). Let F'/Q, be a local field and Gp be the absolute Galois
group of F. If p is a Heisenberg representation of Gp, then dim(p) = p" - d’, where n > 0 is

an integer and where the prime to p factor d must divide qr — 1.
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Proof. By the definition of Heisenberg representation p we have the relation
[[Gr,Gr],Gr] € Ker(p).

Then we can consider p as a representation of G := Gpg/|[Gr,GFr|,Gr|. Since [z,g] €
[[GFr,Gr],Gp] for all z € [Gp,GF] and g € Gp, we have |G, G| = [Gp, GF|/[|GF, GF|, Gr] C
Z(@), hence G is a two-step nilpotent group.
We know that each nilpotent group is isomorphic to the direct product of its Sylow sub-
groups. Therefore we can write
G =G, x Gy,

where G, is the Sylow p-subgroup, and Gy is the direct product of all other Sylow subgroups.
Therefore each irreducible representation p has the form p = p, ® p,, where p, and p,, are
irreducible representations of GG, and G, respectively.

We also know that finite p-groups are nilpotent groups, and direct product of a finite
number of nilpotent groups is again a nilpotent group. So G, and G, are both two-step
nilpotent group because G is a two-step nilpotent group. Therefore the representations p,
and p,y are both Heisenberg representations of GG, and G}y respectively.

Now to prove our assertion, we have to show that dim(p,) can be an arbitrary power of
p, whereas dim(p,/) must divide gr — 1. Since p, is an irreducible representation of p-group
G/p, so the dimension of p, is some p-power.

Again from the construction of p, we can say that dim(p,/) is prime to p. Then from
Lemma dim(p,) is a divisor of gp — 1.

This completes the proof.

O

Remark 5.1.29. (1). Let Vg be the wild ramification subgroup of Gr. We can show that ply..
is irreducible if and only if Z, = G C G corresponds to an abelian extension K/F which
is totally ramified and wildly ramiﬁedﬂ (cf. [II], p. 305). If N := Ng,p(K*) is the subgroup

of norms, then this means that N - U} = F*, in other words,
F*/N =N Up/N =U;/NNU},

where N can be also considered as the radical of X,. So we can consider the alternating

character X, on the principal units Uy C F*. Then
dim(p) = /[F* : N] = /[U} : NN U],

is a power of p, because U} is a pro-p-group.

4Group theoretically, if ply, = IndS* (xu)|ve is irreducible, then from Section 7.4 of [28], we can say
Grp = H - Vp. Here H = Gy, where L is a certain extension of F, and Vp = Gp,, where F,,;/F is the
maximal tame extension of F. Therefore Gp = H - Vp is equivalent to F' = LN F},,; that means the extension
L/F must be totally ramified and wildly ramified, and [Gp : H| = [L : F] = |Vr|. We know that the wild
ramification subgroup Vg is a pro-p-group (cf. [2I], p. 106). Then dim(p) is a power of p.
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Here we observe: If p = p(X, xx) with p|y, stays irreducible, then dim(p) = p", n > 1 and
K/F is a totally and wildly ramified. But there is a big class of Heisenberg representations p

such that dim(p) = p" is a p-power, but which are not wild representations (see the Definition
P

of U-isotropic).

(2). Let p = p(X, xx) be a Heisenberg representation of the absolute Galois group G of
dimension d > 1 which is prime to p. Then from above Lemma [5.1.27, we have d|qr — 1. For
this representation p, here K/F must be tame if Rad(X) = Ng/r (cf. [21], p. 115).

5.2 Invariant formula for W (p)

Lemma 5.2.1. Let p = p(Z,xz) be a Heisenberg representation of the local Galois group
G = Gal(L/F) of odd dimension. Let H be a mazimal isotropic subgroup for p and xgy € H
with xg|z = xz then:

W(p) =W(xu), W)™ =W(xz), (5.2.1)

and

W (xm)" 2 = W(xz). (5.2.2)
Proof. From the construction of Heisenberg representation p of G we have

p=1Indg(xu), dim(p)-p = Indz(xz).
This implies that W (p) = AG - W (xg) and W (p)3me) = XE . W (y2).

Since dim(p) is odd we may apply now Lemma and we obtain
NG =)\§ =1.

So, we have W (p) = MG (W) - W (xg) = W(xz). Similarly, we have W (p)3m) = W (x,).
Moreover, it is easy to se that W(Ind (xz)) = W(xu)™4. By the given condition,
[H : Z] = dim(p) is odd, hence A = 1, then we have

W (xa)" 2 = W (Indy (x2)) = W(xz). (5.2.3)

]

SWe have
d-p=Indfxz = Indf(Ind} xz),
and Ind% x z of dimension d = [H : Z]. Therefore:
W(p)* = (AH)* - W(Indz xz).
On the other hand W (p) = A - W (xp) implies
W(p)* = (A5 W (xu)".
Now comparing these two expressions for W (p)? we see that

W(xu)?=W(Ind} xz).
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Remark 5.2.2. Related to G D H D Z we have the base fields FF C E C K, and xyz is the

restriction of yg. In arithmetic terms this means:

XK = XE © Nk/E-

So in arithmetic terms of W (Indy (xz)) = W(Ind$ (xu))I¢™ is as follows:

W (Indkr (xx), ¢) = W(Indg,r(xe), )",

Then we can conclude that

Ae/e - WXk, ¥i) = W(xe, )

If the dimension dim(p) = [K : E] is odd, we have Ax,p = 1, because K/FE is Galois. Then

we obtain
W(xe, @Z}E)[K:E} = W(xe © Nk/g, VE o Tri/p). (5.2.4)

The formula ([5.2.4]) is known as a Davenport-Hasse relation.

Corollary 5.2.3. Let p = p(Z, xz) be a Heisenberg representation of a local Galois group G.
Let dim(p) = d be odd. Let the order of W(xz) ben (i.e., W(xz)" =1). If d is prime to n,
then d*™ =1 mod n, and

w(n)—1
= W(xz)" ,

=

W(p) = W(xz)
where p(n) is the Euler’s totient function of n.

Proof. By our assumption, here d and n are coprime. Therefore from Euler’s theorem we
can write

d?™ =1 mod n.

This implies d?™ — 1 is a multiple of n.

Here d is odd, then from the above Lemma we have W (p)? = W(xz). So we obtain

(n)—1
= W(XZ)d(P )

=

W(p) = Wixz)

since d?™ — 1 is a multiple of n, and by assumption W (yz)" = 1. O

We observe that when dim(p) = d is odd, if we take second part of the equation (5.2.1)),
we have W (p) = W(xz)4, but it is not well-defined in general. Here we have to make precise
which root W(Xz)i really occurs. That is why, giving invariant formula of W (p) using A-
functions computation is difficult. In the following theorem we give an invariant formula of

local constant for Heisenberg representation.

Theorem 5.2.4. Let p = p(X,xk) be a Heisenberg representation of the absolute Galois
group G of a local field F/Q, of dimension d. Let {p be the canonical additive character of
F and ¢ := g o Trg p. Denote py~ as the group of roots of unity of p-power order and pi,

as the group of n-th roots of unity, where n > 1 is an integer.
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1. When the dimension d is odd, we have
W(p) = W(x,)" mod pq,

where W (x,)" is any d-th root of W(xr,Vk).

2. When the dimension d is even, we have
W(p) = W(x,)" mod pa,

where d = lem(4,d).

Proof. (1). We know that the lambda functions are always fourth roots of unity. In particular,
when degree of the Galois extension K/F is odd, from Theorem we have Ag/p = 1. For
proving our assertions we will use these facts about A-functions.

We know that dim(p) - p = Indk/r(xk), where by class field theory xx < X, is a character
of K*. When d is odd, we can write

W(p)" = Axsr - WX, ¥x) = WX, Y)-
Now let W (x,)" be any d-th root of W(xr, k). Then we have
W(p)"=W(x,)",

hence V‘[//V(;”Z) is a d-th root of unity. Therefore we have

W(p) =W(x,)" mod g

(2). Similarly, we can give invariant formula for even degree Heisenberg representations.

When the dimension d of p is even, we have

W(p)" = Axr - Wxe, ¥x) = WXk, vx) mod py, (5.2.5)

because Ak, is a fourth root of unity. Now let W (x,)" be any d-th root of W (xx, k), hence
W(xx,¥r) = W(x,)". Then from equation (5.2.5) we have

(i

d
) =1 mod uy.
Therefore we can conclude that
W(p) = W(x,) mod ua, (5.2.6)

where d' = lem(4, d).
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When dimension of a Heisenberg representation p = p(X, xx) of G is prime to p, then
from Lemmawe can say that X = X, is U-isotropic with n : Up/U}. — C*. Again from
Remark we observe that a(xx) = 1 when p is of minimal conductor. In the following
lemma for minimal conductor p with dimension prime to p, we show that W (p) is a root of

unity.

Lemma 5.2.5. Let p = p(X, xk) be a minimal conductor Heisenberg representation with
respect to X of the absolute Galois group Gp of a non-archimedean local field F/Q,. If di-

mension dim(p) is prime to p, then W(p) is always a root of unity.

Proof. Assume that dim(p) = d and gcd(g,p) = 1. Then from Lemma [5.1.27] we can say that
p = p(X,xr) = p(X,, xx) is a U-isotropic with a(n) = 1. Since p is of minimal conductor,

from Remark |[5.1.24] we have a(xx) = 1.

From equation ([5.1.5)) we also know that:

Then we can write
W(P)d = )‘K/F : W(XK)

=k Y, Xk (@/pr(a/e)

€Uk /UL
= Aisr - 4t T(XK), (5.2.7)
where ¢ = 7?”(% ), Yk = Yp o Trg/p, the canonical character of K and
T(xk) = Y, xp'(@/cjvx(z/c). (5.2.8)
z€Ux JUL
Since U /Uj = kj, a(xx) = 1, and n(% k) = —1, we can consider T(xx) as a classical

1
Gauss sum of yx. We also know that |7(xx)| = ¢} (cf. [26], p. 30, Proposition 2.2(i)).
Moreover, here we have fr/r = ex/p = d, hence fr/p, = d. So here we have qx =

p'®/% > p?. Then from Theorem 1.6.2 on p. 33 of [3], we can write

1

T(xx) = i * 7,
where v is a certain root of unity.
We also know that A} /p = 1, then from the equation 1| we obtain:

W(p)tin = 44" =1, (5.2.9)

where n is the order of ~.

This completes the proof. [
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Remark 5.2.6. As to the computation of W(p) = W (p(X, xx)) we also can precisely say what
an unramified twist will do by the formula of local constant of unramified character twist (cf.
[33], p. 15, (3.4.5)). Let wk s be an unramified character of K* such that wg s|px = wps,

then we have

wrs @ p(X, XK) = p(X,wis - XK), W(p(X, Wk XK)) = wrs(cpw) - W(p(X, xx)). (5.2.10)

Therefore the question: Is W(p) a root of unity or not?, is completely under control if we do

unramified twists. In particular, unramified twists of finite order cannot change the answer.

In the following theorem we give an invariant formula for W(p, 1), where p = p(X, xk)
is a minimal conductor Heisenberg representation of the absolute Galois group G of a local

field F'/Q, of dimension m which is prime to p.

Theorem 5.2.7. Let p = p(X, xkx) be a minimal conductor Heisenberg representation of
the absolute Galois group G of a non-archimedean local field F/Q, of dimension m with

ged(m,p) = 1. Let ¢ be a nontrivial additive character of F. Then

where
R, ¢) == Ag/p(¥)Ag/p(c),

is a fourth root of unity that depends on ¢ € F* with vp(c) = 1+ n(¢) but not on the totally
ramified cyclic subextension E/F in K/F, and

LW, ¢) = det(p)(@ap® S (xic 0 Nl ) ™A (@) - (¢ ) (ma),

zek;
where E1/F is the unramified extension of F' of degree m.
Before proving this Theorem [5.2.7| we need to prove the following lemma.

Lemma 5.2.8. (With the notation of the above theorem)

1. Let E/F be any totally ramified cyclic extension of degree m inside K/F. Then:
Agr(e) = Ale), for all e € Up,
does not depend on E if we restrict to units of F.

2. We have L(¢,ec) = A(e)L(), ¢), and therefore changing ¢ by unit we see that
Apyr(ec) - L, ec) = Ae)*Agsr(c) - LY, ¢) = Agyr(e)L(1, ¢).

3. We also have the transformation rule R(i, ec) = A(e) - R(1, ¢).
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Proof. (1). Denote G := Gal(E/F). From equation (3 and by class field theory we know
that

WE'/F when rkg(G)

(5.2.12)
1 when rkq(G)

1
Ag/p = .

where E'/F is a uniquely determined quadratic extension inside E/F, and wg//p is the
quadratic character of F* which corresponds to the extension E’/F by class field theory.
When m is odd, i.e., 1ko(G) = 0, hence Ag/p = 1. So for odd case, the assertion (1) is
obvious.
When m is even, we choose two different totally ramified cyclic subextensions, namely
Ly/F, Ly/F,in K/F of degree m. Then we can write for all € € Up,

Ar,/r(€) = wpr(e) = n(e) - wpr(e) = wpyr(e) = A, r(e),

where 7 is the unramified quadratic character of F'*. This proves that Ag,r does not depend
on F if we restrict to Up.
(2). From Proposition [5.1.7|we know that det(p)(x) = Ag/p(z) 'XKONK/E( x) for all z € F*.

Let E,/F be the unramified subextension in K/F of degree m. Then we have EE; = K and

Nk/elg, = Ng,r, (Ef)r C K C Ker(xk).

Moreover, Ur C N, /r and therefore we may write NK/E( €) = N]z?ll/F(e) for all € € Up. Now

we can write:

L(, ec) = det(p)(ec)gy." Y (xw o Nglp) (@) - (¢ ') (ma/e)

z€k)
:Amﬂommwmﬂ>mﬂm@@ﬁ§£wKomww1@@«cwwm@
= A(e)x o Ny plee wmﬂm@%ﬁ§;uKomwm o) - () (ma)
—NddMM@%5%¥w0Mwﬁ<@%c%WM)
@z

This implies that
Apr(ec) - LW, ec) = A(e)* Apyr(c) - L, ) = Apyp(c) L(¥, 0).
(3). By the definition of R(v,¢) we can write:

R(¥, ec) = )\E/FW)AE/F(C‘C) = >\E/F<¢)AE/F(€)AE/F(C>
= ANy () Apsr(c) = Ale) - R(w,¢).
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Now we are in a position to give a proof of Theorem by using Lemma [5.2.8]

Proof of Theorem [5.2.71 By the given conditions: p = p(X, xx) is a minimal conductor
Heisenberg representation of the absolute Galois group G of a local field F'/Q, of dimension
m which is prime to p. This means we are in the situation: p = p(X, xx) = p(X,, Xk ), where
n is a character of Up/U}, and dim(p) = #n =m

Since p is of minimal conductor, we have a(py) = m. Then from Remark we have
a(xr) = 1.

Now we choose E/F C K/F a totally ramified cyclic subextension of degree [E : F] =m
hence kg = kp the same residue fields, and K/F is unramified of degree m. Then we can

write p = Indg/r(xg), and a(xg) = 1. Again, from Proposition we have
det(p)(z) = Ag/p(x) - X NK/E(J:) for all z € F*.
Then for all x € F*, we can write

Xx © Ny (@) = x5 (7) = Ap/rp(z) - det(p)(2).

This is true for all subextensiond!| E/F in K/F which are cyclic of degree m.
Now we come to in our particular choice: p = Indg/r(xg), with a(xg) = 1 and E/F is

totally ramified. We can write

W(p,¢) = W(Indg/r(xe), V) = Ag/e(¥) - W(xg, ¥ o Trg/p)
= Aeyp(0) - apixeles) Y XgM@) (e o Trym)(x),

:L‘GUE/UE

where vg(cg) = 1+ n(¢ o Trg/p) = eg/p(1 +n(¢)). This implies that we can choose cp € F*
such that vp(cp = cg) = 1+ n(v). Let Ey/F be the unramified subextension in K/F, then
for each € € Up, we have NK/E( €) = ]\/Ell/F(e) where Ng, /p := Ng/p|p,. Since E/F is totally
ramified, we have ¢g = gp. And when x € F'*, we have Trg/p(x) = mx.

Then the above formula rewrites:
W(p, 1/]) = AE/F(@Z}) : qI;§XK o NK/E< ) Z (XK o NK/E) (x>(01;1¢)<mx)
xek;

= Apyr(8) - gt Agyrer) det(p) (er) Y (xx 0 N, L) (@) (e ) (ma)

reké

= A/p(V)Agyp(cr) - det(p)(CF)QE%Z( o Nplyp) (@) (cp ) (ma)

z€k
= Ry, ¢)- L(¥,¢),

SIn K/F of type Zy, X Z, any cyclic subextension E/F in K/F of degree m will correspond to a maximal

isotropic subgroup. But we restrict to choosing F totally ramified or unramified.
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where cp = ¢ € F* with vp(c) =1 +n(y), R(¢,c) = Ag/r(¢)Ag/p(c), and

L(,¢) = det(p)(cr)qr > (xx o Nglyp) ™ (@) (e ) (ma).

zek;

Now it is clear that L(1, ¢) depends on ¢ but not on the totally ramified cyclic extension E/F'
which we have chosen.
Again we know that A\g p(1)) is a fourth root of unity and Ag/p(c) € {£1}. Therefore it

is easy to see that R(1,c) is a fourth root of unity. So to call our expression

<M/(p7¢0 ::}%0¢7C)"L(wac)

is invariant, we are left to show R(w),c) does not depend on the the totally ramified cyclic
subextension E/F in K/F.
From equation (3.4.3) we can write here

R(,c) = )\E/F(w)AE/F<C) = /\E/F(C?/J) = >\E/F(¢/)7

where ¢' = ¢, hence n(¢') = ve(c) + n(v) = 1+ n(Y) + n(v) = 2n(y) + 1.

When m(= [E : F]) is odd, we have Ag/p(¢)') = 1, hence R(1,c) = Ag/r(cp) = 1. Thus
in the odd case R(¢,c) is independent of the choice of the totally ramified subextension E/F
in K/F.

When m is even, we have

R(,¢) = Apyr(¥') = Agypr (") - Ny e
= Apyr(¥)*,

where [E’| F| is the 2-primary part of m, hence [E : E'] is odd. Here the sign only depends
on m but not on £. So we can restrict to the case where m = [E : F| is a power of 2. Let

E5/F be the unique quadratic subextension in E/F. Since E/F is a cyclic tame extension,

from Corollary [3.3.11{(1), we obtain:

A/ (Y) if [E:F]#4

Apr(Y) = .
B(=1) - Apyr(¥) I [E: F] =4,

(5.2.13)

where (3 is the character of F* /N g/r of order 4.

Since here n(¢') = 2n(¢))+1 is odd} from Remark (see the table of Remark [3.4.11])
we can tell that Ag,/p(1)') is invariant.
Finally, we have to see that 5(—1) does not depend on E if [E : F| = 4.

Since E/F is totally ramified of degree 4, we have F* = Ug- N, hence F*/N = UrN/N =
Ur/UpNN = Zy, where N = Ng/p(E*). Again U C Up, and Uf C N, hence U C NNUp C

If n(¢") is even, then from the table of the Remark [3.4.11 gy (V') = =Agy r(Y'), where E/F be the
totally ramified quadratic extension different from Fy/F. Therefore Ap,r(¢)") depends on '
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Ur. We know that Ur/U}L is a cyclic group. Therefore N N Ur is determined by its index in
Ur, which does not depend on E. Hence, Ur N N does not depend on FE.

We also know that there are two characters of Up/Ur N N of order 4, and they are inverse
to each other. Then

B(=1)=B(-1)~" = 7(-1)

is the same in both cases. Since § is the character which corresponds to E/F by class field
theory, we can say 3 is a character of F* /UL, hence a(f) = 1. It clearly shows that 3(—1)
does not depend on E. So we can conclude that R(1),c) does not depend on E.

Thus our expression W(p,v) = R(¢,c) - L(¢, ¢) does not depend on the choice of the
totally ramified cyclic subextension E/F in K/F. Moreover, we notice that we have the

transformation rules
R(Y,ec) = A(e)R(Y,¢),  L(1,ec) = Ale) L(¢, c),

for all € € Up. Again A(e)? = 1, hence the product R(¢),ec) - L(v,ec) = R(w,c) - L(¥,c) =
W (p, 1) does not depend on the choice of c.
Therefore, finally, we can conclude our formula W(p,v) = R(¢, c)L(1, c) is an invariant

expression.

]

Now let p = p(X, xx) be a Heisenberg representation of dimension prime to p but the

conductor of p is not minimal. In the following theorem we give an invariant formula of

W(p, ).

Theorem 5.2.9. Let p = p(X,, xk) be a Heisenberg representation of the absolute Galois
group G of a local field F'/Q, of dimension m prime to p. Let ¢ be a nontrivial additive
character of F. Suppose that the conductor of p is not minimal, p = po ® Xr and a(p) =
m - a(xr), where Xp : Wr — C* corresponds to xg : F* — C*, and h = a(xr) = 2.
Case-1: If m is odd, then

1. when 14+ m(h — 1) = 2d is even, we have
W(p,v) = det(p)(c)o(mc™"),
2. when 1+m(h —1) =2d + 1 is odd, we have

W(p7 ¢) = det(p)(c) ’ H(¢7 0)7

where
H(¢7C) = Q;E Z (XK|E1 ONE_ll/F)_l(y)(C_ldj)(my%
yeU}E’/U;}/+1
and B’ = (%], where [z] denotes the largest integer < x.

Case-2: If m is even, then
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1. when h s odd, we have

W(p,¥) = R(1,c) - det(p)(c) - H(¢, c),
where H (1, c) is the same as in Case-1(2).

2. when h 1is even, we have
W(p,¥) = R(t,c) - det(p)(c) - g} (e 'm),

where Ry, ¢) = Ag/p(¢) - Ap/r(c).
Here E1/F is the maximal unramified subextension in K/F, and E/F is a totally ramified
cyclic subeztension in K/F and ¢ € F* with ve(c) = h+n(y), and

xr(l+2z)=1v(z/c), for all x € PR /PR,

Proof. Step-1: Since by the given condition p is not minimal conductor, we can write

p=Po® XF; (5.2.14)

where pg = po(X, xo) is a minimal conductor Heisenberg representation of dimension m, and
X7 : Wr — C* corresponds to xr : F* — C* by class field theory.
Then we have X, = X,, for n: Up/U} — C*, #n = m and:

po = Indg/r(xE,0) p = Indg/r(xE),

where E/F is a cyclic totally ramified extension of degree m.
Again by the given condition, dim(p) = m prime to p, and the Artin conductor ar(p) = mh
where h > 2, then from Lemma , we have a(xg) = mh —dg/p = mh —m+1 =
1+m(h—1).

Because of we may assume now that

Xe = Xeo- (xroNgr), alxeo) =1 alxeg)=alxroNgr)=1+m(h—1). (5.2.15)
From the first and second of the equalities ([5.2.15)) we deduce

xely = (xr o Ng/p)lvy,  Npp(Ug) = Ug, (5.2.16)
where the second equality holds because E/F is totally ramified, and it implies that conversely
Xeluy determines Xr|y1.

Step-2: Now for d > 1 we put:
Ap = Ug U,
which we consider as a Gal(E/F)-module. We also kno that Ag/Ip/rAp = AEal(E/F), where

Ig/rpAg is the augmentation with respect to the extension F /F.

8Here Gal(E/F) is a cyclic group, and A is finite. Then the Herbrand quotient of Ag is 1 (cf. [27], p.
134, Proposition 8). This implies (cf. [27], §4 of Chapter VIII)
|HO(Gal(E/F), Ag) = Ag™ /™| = [H'(Gal(E/F), Ag) = Ag/IgrAz|.
We also have the following exact sequence
Gal(E/F)

1— AL —>AEU—71>IE/FAE—>1.

Thus Agal(E/F) =~ AE/IE/FAE, and |Aga1(E/F)| . |IE/FAE| = |AE| =dqE-
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We also know that for any finite extension £ /F, we have

_d
€E/F

if e divides d
vhnp =30, (5.2.17)
U.='" if ep/r does not divide d.

Again we also have
AGER) = gr Ut 0 X = U0 FXJUS 0 FX.

Step-3: If 1 + m(h — 1) = 2d + 1, then £ = 221 Let i/ := [2]. If Ap = Ug/Ugt", and h
is odd, then we have:

UL A XU A FX = Ur JUeE T = gl o,
and if A is even, hence 2 does not divide h — 1, then we can write
h=1 h=1
U N F*JUE N F* =Up? o e 1)

Since Agal(E/F) ~ Ap/Ip/pAp, we can uniquely write any element x € U /Ust! as z = yz
where y € Agal(E/F) and z € Ig/pAg. We also know that Ug/Ufé+1 =~ kg, hence |Ag| =
\Agal(E/F) |'|1g/rAB| = g = qr. We also observe that when h is even, we have Agal(E/F) = {1},
hence |Ag| = |Ig/rAr| = qp. And when h is odd, we have AEal(E/F) = U /UM, and hence
|ASHEE)) = g So this implies \Ig/pAp| = 1.

K/E; is totally ramified. Then we have the following commutative diagram
UL NES U N B = AGP) 2y A [T ym, Ak
lNE‘l/F lNK/E (5.2.18)
Ug N FX/Ungl N Fx = Agal(E/F) ;> AE/]E/FAE
Since XE’IFNK/E =1, XK\KX = 1, and Ix/p, Ax C Kp, the characters xyx and xp are

trivial on Ix/p, Ax and I E/FAE respectively (cf. Lemma [5.1.4] - Remark ( - Therefore

Xe © Nk/e = xk induces xg|r o Ng,/r = Xk |E,, hence xglr = xk|g, © NEI/F
Now set:

= X ) (Tre/r(x)).

T€EAR
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Then we can write

S, c) = > Xz (y2) - (¢7')(Tr/r(yz))

yeAGM P ey pAp

= > > X WA ) (Treyr(v2)

yeAgal(E/F> ZEIE/FAE

= Ig/rAel- D X&' W) (') (my)

Gal(E/F
ye ACaIE/P)

= |Ig/rAg| - Z (Xl 0 Ngyp) " (w)(c ') (my)

Gal(E/F
ye AGaIE/F)

ZyeUg//UII;’-A—l(XK‘El e Nbill/F)—l(y)(c_lw)(my) when A is odd
qr - (0_1¢)(m) =dqr- ¢(m0_1) when h is even,

since xp(y2) = xp(y) and Trg/r(yz) = yTre/p(z) = ym.
Step-4: Again, we have p = Indg/r(xg). Then

W{(p,) = W(Indg/r(xe),¥) = Ag/r(¥) - W(xe, ¥ o Trg/r).

Case-1: Suppose that m is odd:
(1) When a(xg) = 1+m(h—1) = 2d: In this situation, h must be even and we take h = 21/,
hence d = mh' — ™=, Since m(h' — 1) < d < mh/, we have P4 N F = PX. Now we choose
c € I’ such that

xr(1+y) =¢(cty), forallye Pt /ph (5.2.19)
hence vr(c) = a(xr) + n(v)) = h+ n(y). Now if we take an element yp € PE(XE)_d = P,
then Trg/r(ye) € PE = PhY because m(h' —1) < d < mh' = m(h—h'). Since E/F is cyclic,
from Proposition 1.1 on p. 68 of [21], we have:

Ng/pr(1+yg) =14 Trgp(ye) + Ne/p(ye) + Tre/e(0),

where v(0) > 2d = a(xg). Then for all yp € PEX?) ™4/ PoXe) we can write

Xe(1+yr) =xr o Ng/p(l+yr) = xr(1 + Trg/r(ye))
= (¢ Trg/p(ye)) = (¢ '¥8)(YE), (5.2.20)

because Ng/r(yp) + Trp/r(d) € P This verifies that our choice of ¢ is right for applying
Lamprecht-Tate formula for W(xg, ¥g).
Now we apply Lamprecht-Tate formula (cf. Theorem and its Corollary) and we

obtain:

W(xe,ve) = xp(c) - (¢"'p)(1) = Ap/p(c) det(p)(c)(me ™).
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Therefore

= )\E/F

V) W(XE, ¥r)

V) - Apgyr(c) det(p)(c)p(me™)
R(¢,c) - det(p)(c) - o(me™")

= det(p)(c) - ¥(mc™),

where R(¢,c) = Ag/p(V)Ap/r(c) = Ag/p(cy) = 1 because E/F is an odd degree Galois
extension.

(2). When a(xg) = 1+ m(h —1) = 2d + 1: Since m is odd, here h must be odd. Let
W := [4]. Then from Step-3 we have ASHER) — ! ik +1 - Now if we choose ¢ € F* such
that

o~ o~

xr(l+y) =9 ty),  forallye P /Pp.

Then this ¢ also satisfies the following relation

xe(1+ye) = ve(c 'yp), for all yp € Pex»)~4)polxe)

m(};_l), and hence m(h' —1) < d < mh'. Then by Lamprecht-Tate (cf. Corollary

6.1.2(2)) formula we have

W(xe ve) = xe@vec Na® S x5 (1 +2)- (¢ p) (@)

d d+1
z€PL /Py

=xp()-ar® Y Xp'(@) - (¢7'0)(Trg/e(x))

zeUL /UEH

= Ap(Q)det(P)(@Dap® S (xlm o N ) " (w) (e ) (my),

n! jprh/+1
yeUpy /Up

because d =

because h is odd, and we use Step-3. Thus we obtain

W(/?a w) = W(IHdE/F(XE)a¢) = )\E/F<¢) ) W(XE, wE)
— A/ () - Apyr(c) det(p) () > (xxle o Nglp) ) (e ) (my).

/ !
yeUp jup =t

= R(¢,c) - det(p)(c)q;% Z (XK|E, © Ng, /p) Yy)(c M) (my).

yEUg//UhlJrl

—det(p)()ar’ Y. Ouelm o Npbp) () 1) (my),

’ h!/+1
yeUr jur+

because m is odd, hence R(v, c) = Ag/p(cy) = 1.

Case-2: Suppose that m is even. If m is even, then 1 +m(h — 1) = 2d + 1 is always
m(};l). But here h could be any number > 2, i.e., h is not fixed,

B). This implies m(h’' — 1) < d < mh’ and P¢ N F = P{. Now we take

an odd number and d =

and we put h' = |
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¢ € F* such that (5.2.19)) holds, and this again satisfies equation ([5.2.20)). Therefore we can
use Lamprecht-Tate formula and we have two cases:

1. When h is odd, we are in the same situation of Case-1(2), and we have
W(p7 2/j) = R(wa C) ’ det(p)(c) ) HW, C)‘
2. When h is even, from Step-3 we know that AS™"® ™) =~ {1} and

> ) (Trgsp(x)) = gr - Y(me™t).

r€EAER

Therefore in this situation we have

Wip,v) = R(¢,c) - det(p)(c)qp” -

[N

> xg V) (Tre/r(x))

T€EAR
g d(me™)
p(me™).

R(1), c) - det(p)(c)gp*®
R(1, ¢) - det(p)(c) - ¢p

N|=

Furthermore, in the proof of Theorem [5.2.7, we observe that R(1),¢) does not depend on E.
Hence our above computations are invariant.

This completes the proof.
O

By using following lemma, without using A-function we also can give invariant formula for

W (p), when dim(p) is prime to p, for sufficiently large conductor character yp.

Lemma 5.2.10 (Deligne-Henniart, [6], p. 190, Proposition 29.4(4)). Let F be a
non-archimedean local field and v be a nontrivial additive character of F. Let p be a finite

dimensional representation of Gp. There is a sufficiently large integer m, such that if xr s

a character of F* of conductor a(xr) = m, , then

W(p® xr, ) = W(xp, )™ - det(p)(c), (5.2.21)

a(xF)
for any ¢ .= c(xp, ) € F* such that xp(1+x) =(c'z), v € Pl[w S

By using the above Lemma [5.2.10] we obtain the following theorem.

Theorem 5.2.11. Let p = py @ Xr be a Heisenberg representation of Gr of dimension d with
ged(d,p) = 1, where py = po(Xy), x0) s a minimal conductor Heisenberg representation. If
a(xr) = m, = 2, a sufficiently large number which depends on p, then we have

W(p,v) = W(po @ Xr) = W (xr,9)* - det(po)(c), (5.2.22)

where 1 is a nontrivial additive character of F, and ¢ := c(xr,) € F*, satisfies

118



a(éF) ]+1

Xr(l+ ) =¢(c ) for all x € PIL

Proof. From Corollary [5.1.12) we know that all Heisenberg representation p of G of dimension
prime to p are precisely given as p = p(X,,, x) for characters n of Up/Up. Then from Remark
we have here ax(xo) = 1. This implies that we always can choose a character xo of
K* with a(xo) = 1 such that all other xx are given as

Xk = (xr o Nk/F) - Xo,

for arbitrary characters yr of F*. Therefore the whole set of Heisenberg (U-isotopic) repre-

sentations of G of dimension prime to p is:

po = po(Gx, xo0) and p = p(Gk, xx), where xx = (xr © NK/F) “Xo, and xr € F™* .
We also know that there are d? characters of FX/FXd such that py ® X = po (cf. [11], p. 303,

Proposition 1.4). So we always have:

P =po®Xr = pPo® XXF,

where y € F*/F*? and 7 : W — C* corresponds to xp by class field theory.
Let ¢ be a (g — 1)-st root of unity. Since U} is a pro-p-group and ged(p,d) = 1, we have

F*JF* =< 71p > x < (> xUL) < 7% > x < ( > xUL 2 Zy x Zy, (5.2.23)

that is, a direct product of two cyclic group of same order. Hence F*/F xd o px JFx4. Since
=< 7d > x < ¢ >4 xUL, and F*/F*? 2 7, x 7, we have a(x) < 1 and #y is a divisor

of d for all xy € FX/de. Now if we take a character xr of F'* conductor > m, > 2, hence

a(xr) = 2a(x) for all x € F*/F*® Then by using Deligne’s formula (2.3.17) we have

W(XFXJ w)d = X(C)d ’ W(XF7 w)d = W(XF7 ,(/})du
where ¢ € F* with vp(c) = a(xr) + n(v), satisfies
xr(1+2z)=v(c'x), forallz € F* with 2vp(x) > a(y).

Finally, by using Lemma [5.2.10| we can write

W(p,¥) = W(po ® Xrx, ) = W(xrx, ¥) ™) - det(po) (c(xr, ¥))
= W(xr, ¥)* det(po)(c).
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5.3 Applications of Tate’s root-of-unity criterion

Let K/ F be a finite Galois extension of the non-archimedean local field F', and p : Gal(K/F) —
Autc(V) a representation of Gal(K/F) on a complex vector space V. Let P(K/F) denote
the first wild ramification group of K/F. Let V¥ be the subspace of all elements of V' fixed
by p(P(K/F)). Then p induces a representation:

pP : Gal(K/F)/P(K/F) — Aute(VF).

Let F be an algebraic closure of the local field F, and G = Gal(F/F) be the absolute Galois
group for F'/F. Let p be a representation of G .

Then by Tate, W(p)/W (p") is a root of a unity (cf. [32], p. 112, Corollary 4).
Now let p be an irreducible representation G, then either p¥’ = p, in which case W‘i[/((p’;)) =1,
or else p = 0, in this case from Tate’s result we can say W (p) is a root of unity. Equivalently:

If W (p) is not a root of unity then p” # 0, hence p*’ = p because p is irreducible. This means
that all vectors v € V' of the representation space are fixed under P action on V.
In other words, if we consider p as a homomorphism p : Gp — Autc(V) then the elements

from P are mapped to the identity, hence
p” = p means P C Ker(p).
Therefore we can state the following lemma.

Lemma 5.3.1. If p is an irreducible representation of Gg, such that the subgroup P C G,
of wild ramification does not trivially act on the representation space V (this gives p # p,

i.e., p¥ =0), then W(p) is a root of unity.

Before going to our next results we need to recall some facts from class field theory. Let
F be a non-archimedean local field. Let F be the maximal abelian extension of F and F,,,
be the maximal unramified extension of F'. Then by local class field theory there is a unique

homomorphism
Op : F* — Gal(F**/F)
having certain properties (cf. [31], p. 20, Theorem 1.1). This local reciprocity map 0 is

continuous and injective with dense image. From class field theory we have the following

commutative diagram

U
0 — Up — F* -  Z — 0

L Op } Op lid
0 - Ir — GaF**/F) - Z — 0,

where I := Gal(F®*/F,,) is the inertia subgroup of Gal(F#*/F), and Gal(F,,/F) is identified
with Z (cf. [29], p. 144). We also know that 6z : Up — Ip is an isomorphism. Moreover, the

descending chain
UprDURDUR---
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is mapped isomorphically by 6 to the descending chain of ramification subgroups of Gal(F#" /F)
in the upper numbering.

Now let I be the inertia subgroup of Gg. Let P be the wild ramification subgroup of Gp.
Then we have Gp D I D P. Parallel with this we have F* D Ur D Uj. Then we have

and parallel
1= Up/Up — F*JUp — F*JUp — 1. (5.3.2)

Now by class field theory the left terms of sequences and are isomorphic, but
for the right terms we have Gg/I is isomorphic to the total completion of Z (because here
Gr/I is profinite group, hence compact). We also have F'*/Up =< 7p > xXUp/Up = Z.
Therefore sequence is dense in because Z is dense in the total completion Z.
But Z and Z have the same finite factor groups. As a consequence F*/U} is also dense
in Gp/P - [Gp,Gp|.

Let p be a Heisenberg representation of the absolute Galois group Gr. In the following
proposition we show that if W (p) is not a root of unity, then dim(p)|(qr — 1), and ar(p) is

not minimal.

Proposition 5.3.2. Let F'/Q, be a local field and let qr = p® be the order of its finite residue
field. If p = (Z,, x,) = p(X,, XK) is a Heisenberg representation of the absolute Galois group
Gr such that W (p) is not a root of unity, then dim(p)|(qr — 1) and ar(p) is not minimal.

Proof. Let P denote the wild ramification subgroup of Gr. By Tate’s root-of-unity criterion,

we know that v := m‘ﬁf((p’})) is a root of unity. If W(p) is not a root of unity, then p = p,

otherwise W (p) must be a root of unity. Again p” = p implies P C Ker(p) C Z, C Gg. So
Gr/Z, is a quotient of Gg/P, hence F*/Uf.
Moreover, from the dimension formula ([5.1.6|), we have

dim(p) = /[Gr : Z,] = V[K : F] = /[F* : Ngr],

where Z, = G and Rad(X) = Nk/r, hence F* /N is a quotient group of F*/Uy. Therefore
the alternating character X, induces an alternating character X on F*/U}. We also know
that F* =< 7p > x < ¢ > xU}, where ( is a root of unity of order gz — 1. This implies
F* /UL =< 7mp > x < ( >. So each element x € F* /UL can be written as x = 7% - ¢*, where
a,b € Z. We now take z; = m3 (", 2y = 132¢" € F* /UL, where a;,b; € Z(i = 1,2), then

X (21, 22) = X(m (", m52¢™)
X(mg,¢") - X(¢" 7F)
= xp([m, ¢"]) - xo([C™ 7))

But this implies X9 ~! = 1 because (9%*~! = 1, which means that X is actually an al-

ternating character on F*/(F*“ Y1) and therefore Gp/Gx is actually a quotient of
F*J(F*9~DyLy. We also know that UL is a pro-p-group and therefore

Up = (Up)r1 c F~.
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Thus the cardinality of F* /(F*“"YUL) is (¢r — 1) because
FX (P9 DU 2 7 (qp — 1)Zx < ¢ > Ty X Ly 1.

Therefore dim(p) divides gp — 1.

Since dim(p)|qr — 1, from Lemma the alternating character X, is U-isotropic and
X, = X, for a character n : Up/Up — C*. Since p = p(X,, xx) is U-isotropic, from
Proposition [p.1.21] ar(p) is a multiple of dim(p). Moreover, by the given condition, W (p)
is not a root of unity, hence ap(p) is not minimal, otherwise if ar(p) is minimal, then from

Lemma W (p) is a root of unity.
[
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Chapter 6

Appendix

6.1 Lamprecht-Tate formula for W (y)

Theorem 6.1.1 (Lamprecht-Tate formula). Let F' be a non-archimedean local field. Let
X be a character of F* of exponential Artin-conductor a(x) = ar(x) and let m be a natural
number such that 2m < a(x). Let ¢g be the canonical additive character of F. Then there
exists ¢ € F*, vp(c) = a(x) + dpjq, such that

YA +y) =vp(cly)  forallye PEO™™ (6.1.1)
and this will imply:
_ (a()—2m)
W(x)=W(x,c)=x(c) g > X H@)vp(c ). (6.1.2)
ze(1+PR)/(1+PEO ™)

Remark: Note that the assumption is obviously fulfilled for m = 0 because then both
sides are = 1, and the resulting formula for m = 0 is the original formula for abelian
local constant W (x).

Proof. We have seen already that for m = 0 everything is correct. In general, the assumption

2m < a(x) implies 2(a(x) —m) = a(x) and therefore

X(L+y)x(L+y) =xA+y+y)
for y,y € P;(X)_m. That is, y — x(1 + y) is a character of the additive group P;(X)_m. This
character extends to a character of F'* and, by local additive duality, there is some ¢ € F'*
such that
X(1+1y) = vp(cy) = (¢ Wr)(y), forally e PpY™™,
Now comparing the conductors of both sides we must have:

a(x) = —n(c "r) = vr(c) — n(yr),

hence vp(c) = a(x) + n(vYr) = a(x) + dr/q, is the right assumption for our formula.
Now we assume m > 1 (the case m = 0 we have checked already) and consider the filtration

O3 D21+ PrI™ 14 pe,
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Then we may represent # € O5/(1 + Pi®) as z = (1 + y), where y € PL®™™ and z runs

(x)—m

over the system of representatives for O /(1 + Py ). Now computing W (x) we have to

consider the sum

> xHar(cr) = > > X+ y)er(c 2 (14 y).
2€0} /(14+PEX)) 2€0% /(14 PRI ™) ye PO~ pax)

(6.1.3)
Now using (/6.1.1)) we obtain

XL +y) =xEx T +y) = x @)X —y) = x T (=) Yr(—cy)

and therefore our double sum (6.1.3)) rewrites as

> X (2)p(c ') - > te(ely(z-1)

ZEO;/(1+P;.(X)77,L) yepg(x)*m/Pg(w

But the inner sum is the sum on the additive group PeX) ™" /PeX) and (¢c=1(z — 1))p is a

character of that group. Hence this sum is equal to [PEX) ™™ : PeX)] = gm if the character is

= 1 and otherwise the sum will be zero. But:

(e (z = Dvop) = vr(c™ (2 = 1)) + n(yr) = —a(x) + vr(z = 1).

So the character (¢™!(z — 1))up is trivial on P;(X)_VF(Z_I), and therefore it will be = 1 on
P;(X)_m if and only if vp(z — 1) > m, ie., 2z =1+ 1y € 14+ Pp. Therefore our sum (6.1.3)

rewrites as
S e te) = g 3 v )p(e2), (6.1.4)
z€0y /(1+PEX)) 2€(14P) /(14 P~y

And substituting this result into our original formula (2.3.4)) we get

W) =x@ag S X ewe(c )

20 /(14 PEX))

Q) g 3 v @)r (e ).

2€(14+Pp)/(14PEX) ™)

O
Corollary 6.1.2. Let x be a character of F*. Let 1 be a nontrivial additive character of F.

1. When a(x) = 2d(d > 1), we have



3. Deligne’s twisting formula (2.3.17): If a, 3 € FX with a(a) = 2-a(p), then
W(apB,¢) = B(c) - W(a,1).

Here ¢ € F* with F-valuation vp(c) = a(x) + n(¢¥r), and in Case (1) and Case (2), ¢ also

satisfies
X(I+2)=9(%) for all x € F* with 2 - vp(x) = a(x).

And in case (3), we have a(1 + x) = ¥ (z/c) for all vp(z) > aTO‘)

Proof. From the above formula (6.1.2), the assertions are followed.
(1). When a(x) = 2d, where d > 1. In this case, we take m = d, and from equation ([6.1.2))

we obtain

Wx, ) = x(c) - > X @) e) = x(e) (). (6.1.5)

ze(1+P)/(1+Pg)
(2). When a(x) = 2d + 1, where d > 1. In this case, we also take m = d, and then from

equation ([6.1.2) we obtain
1
Wx. ) =x(c) - qp® - > X H@)p(c )

z€(1+PL)/(14+PLTY)
1y 3% —1 -1
=x(0) - v qp D XTI+ ).
zePd /P!
Here ¢ € F* with vp(c) = a(x) + n(v), satisfies
X(1+z) =¢(c ) for all z € F* with 2vp(z) > a(y).
(3) Proof of Deligne’s twisting formula ([2.3.17)): By the given condition, a(a) > 2a(3),

hence we have a(af) = a(a). Now take m = a(f), then from equation ([6.1.2)) we can write:

_ (a(e)=2m) _ T

W(aBv)=ab(e)a¢p = - > (aB) M@)o (2)
2€(14+P2)/(14+PpX) ™™

(a(a)=2m)

= B(e) - alc)gp 2 > o () (=)

c
z€(14+P2)/(1+PA ™)
= B(C) : W(a7 w)a

since a(B8) = m, hence B(z) =1 for all z € (1+ P2)/(1 + PXY™™),
O

Remark 6.1.3. Let p, denote as the group of roots of unity of p-power order. Let F' be a
non-archimedean local field. Let 1r be an additive character of F'. Since ¢ is additive, its

image lies in piyo. We also know that U} is a pro-p-group, hence x(Uf) C pipec.
1. When a(x) is even, we have
W(x,¥r) = x(c) - r(c). (6.1.6)
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2. When a(y) = 2d + 1 is odd, we have

Wowr) = x(@) - rle™) a3 N1+ @)(a/e). (6.1.7)

d ) pd+1
z€EPL/ PR

Now we give explicit formula for W (x,¢¥r) modulo p,. For this it is sufficient to know
c € F*mod1 + Pg.

As for the correcting term it is = 1 mod g, in case p = 2. If p # 2 we compare the
function Q(z) := x, (1 + z) - p(z/c) and H(z) := ¢F(‘§—i) on Pg. Tt is easy to see (see the

review of Henniart’s artile [16] by E.-W. Zink) that (1 +2)(1+y) = (1 +z+y)(1 + 725)

Then we have

Qlz+y) xy _ zy
Q@) Q) ~ Mt Ty T v (6.1.8)
Similarly, ( |
Mty 2y
H) Hy) ) (6.1.9)
Then
Ql+y)  H(z+y) _¢F(%) (61.10)

Q(z)-Qy) H(x) - H(y) " c
Therefore Q and H differ only by an additive character on PZ and then we can write:

1. W(x,vr) = x(c) mod pye if a(x) is even,

2. W(x,vr) = x(c)G(c) mod ppe if a(x) = 2d + 1, where

G(c) := q}é Yy T/JF(g—Z)

zEPE /P!

depends only on ¢ € F’* mod 1+ Pp.
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