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Abstract

This thesis is divided into four chapters.

Chapter-1 is an introduction to the thesis.In this Chapter we have given brief back
ground of zeros of polynomials, some existing generalized results of Enstrom -Kakeya
theorem and definitions.

Chapter-2 we extended the results for location of zeros of polynomials with restricted
complex coefficients where the real and imazinary parts of coefficients are monotoni-
cally increasing, and also we extended the results where the real and imazinary parts
of coefficients of polynomial are increasing(or decreasing) upto certain stage and de-
creasing(or increasing) after that stage.In another section of this chapter we extended
the results for zeros of polynomial whose real and imazinary parts of coefficients are
alternatively increasing and decreasing upto some stage, after that stage increasing (or
decreasing).

Chapter-3 is discussed about few results for zero free regions which are generalizations
of Enstrom-Kakeya theorem.We found zero free regions for polynomials where the co-
efficients satisfy certain conditions.

Chapter-4 deals with the location and zero free region for polar derivative of polyno-
mials.In this chapter we have found location and zero free regions for polar derivative
of polynomial, where the real and imazinary parts of coefficients of the polynomial

satisfies conditions like in Chapter-2 and Chapter-3.
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Chapter 1

Introduction

1.1 Role of zeros of polynomials in extending num-
ber systems

Algebra started mainly for finding zeros of polynomials.To find zeros of algebraic
equations like z +1 = 1, x + 2 = 2, we extended natural number system (N) to
whole number system(W), to solve algebraic equations like z +1 =0, z +2 =1, we
extended whole number system(W) to integers(Z). In the same way to solve equations
like 22 — 1 = 0, 5z = —7, we inroduced rational numbers(Q), to solve equatios like
22 = 2, 2% = 2, 42° = 7 we introduced irrational numbers.At the end we defined
set of real numbers(R) as the union of set of rational numbers and set of irrational
numbers.To find zeros of the polynomial 2% + 1, we introduce complex numbers, now

complex number field is algebraically closed by fundamental theorem of algebra.

1.2 Formula to find zeros of a polynomial

Formula to find zeros of a polynomial means expressing the zeros interms of their
coefficients, we can express zeros interms of their coefficients for 1,5t 2,74 3,7¢ 4" degree
polynomials, but French mathematician Evariste Galois proved that, for the polyno-

mials from 5 degree onwards we cannot express zeros interms of their coefficients.
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1.3 Background of zeros of polynomials

The Fundamental Theorem of Algebra (FTA) states:

Every polynomial equation of degree n with complex coefficients has n roots in the
complex numbers.

In fact there are many equivalent formulations: for example that every real poly-
nomial can be expressed as the product of real linear and real quadratic factors.

Early studies of equations by Al-Khwarizmi(about 780-850 ,Iraq) only allowed pos-
itive real roots and the FTA was not relevant. Girolamo Cardano(1501-1576,Italian)
was the first to realise that one could work with quantities more general than the real
numbers. This discovery was made in the course of studying a formula which gave the
roots of a cubic equation. The formula when applied to the equation 2® = 15z + 4
gave an answer involving v/—121 yet Cardan knew that the equation had x = 4 as a
solution. He was able to manipulate with his ’'complex numbers’ to obtain the right
answer yet he in no way understood his own mathematics. Rafael Bombelli(Italian),
in his Algebra, published in 1572, was to produce a proper set of rules for manipulat-
ing these 'complex numbers’. Descartes in 1637 says that one can ’imagine’ for every
equation of degree n, n roots but these imagined roots do not correspond to any real
quantity.

Frangois Viete(1540-1603,Frech) gave equations of degree n with n roots but the
first claim that there are always n solutions was made by a Flemish mathematician
Albert Girard in 1629 in L’invention en algebre . However he does not assert that
solutions are of the form a + bi, a, b real, so allows the possibility that solutions come
from a larger number field than C. In fact this was to become the whole problem of
the FTA for many years since mathematicians accepted Albert Girard’s assertion as
self-evident. They believed that a polynomial equation of degree n must have n roots,
the problem was, they believed, to show that these roots were of the form a + bi, a, b
real. Now Harriot knew that a polynomial which vanishes at t has a root x - t but this
did not become well known until stated by Descartes in 1637 in La geometrie, so Albert

Girard did not have much of the background to understand the problem properly.
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A ’proof’ that the FTA was false was given by Leibniz in 1702 when he asserted that
x* 4+ t* could never be written as a product of two real quadratic factors. His mistake
came in not realising that v/i could be written in the form a + bi, a, b real. Euler,
in a 1742 correspondence with Nicolaus(IT) Bernoulli and Goldbach, showed that the
Leibniz counterexample was false.

D’Alembert in 1746 made the first serious attempt at a proof of the FTA. For a
polynomial f he takes a real b, ¢ so that f(b) = ¢. Now he shows that there are complex
numbers z; and w; so that
21| < le], [wn] <e].

He then iterates the process to converge on a zeros of f. His proof has several weak-
nesses. Firstly, he uses a lemma without proof which was proved in 1851 by Puiseau,
but whose proof uses the FTA! Secondly, he did not have the necessary knowledge to
use a compactness argument to give the final convergence. Despite this, the ideas in
this proof are important. Euler was soon able to prove that every real polynomial of
degree n, n < 6 had exactly n complex roots. In 1749 he attempted a proof of the
general case, so he tried to proof the FTA for real polynomials:

Every polynomial of the nth degree with real coefficients has precisely n zeros in C.
His proof in Recherches sur les racines imaginaires des equations is based on decom-
posing a monic polynomial of degree 2™ into the product of two monic polynomials
of degree m = 27! Then since an arbitrary polynomial can be converted to a monic
polynomial by multiplying by ax” for some k the theorem would follow by iterating
the decomposition. Now Euler knew a fact which went back to Cardan in Ars Magna,
or earlier, that a transformation could be applied to remove the second largest degree
term of a polynomial. Hence he assumed that

22"+ Ax?™2 + BrP S 4 = (2™ -t g L) (2™ = te™ T 4 ha™ T L)
and then multiplied up and compared coefficients. This Euler claim led to g, h, ...
being rational functions of A, B, ..., t. All this was carried out in detail for n = 4, but
the general case is only a sketch.

In 1772 Lagrange raised objections to Euler’s proof. He objected that Euler’s ra-

tional functions could lead to 0/0. Lagrange used his knowledge of permutations of
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roots to fill all the gaps in Euler’s proof except that he was still assuming that the
polynomial equation of degree n must have n roots of some kind so he could work with
them and deduce properties, like eventually that they had the form a + bi, a, b real.

Laplace, in 1795, tried to prove the FTA using a completely different approach using
the discriminant of a polynomial. His proof was very elegant and its only "problem’
was that again the existence of roots was assumed.

Gauss is usually credited with the first proof of the FTA. In his doctoral thesis of
1799 he presented his first proof and also his objections to the other proofs. He is
undoubtedly the first to spot the fundamental flaw in the earlier proofs, to which we
have referred many times above, namely the fact that they were assuming the existence
of roots and then trying to deduce properties of them. Of Euler’s proof Gauss says

. if one carries out operations with these impossible roots, as though they really
existed, and says for example, the sum of all roots of the equation 2™ 4 az™ ! +
ba™ 2 4+ ... = 0 is equal to -a even though some of them may be impossible (which
really means: even if some are non-existent and therefore missing), then I can only say
that I thoroughly disapprove of this type of argument.

Gauss himself does not claim to give the first proper proof. He merely calls his
proof new but says, for example of d’Alembert’s proof, that despite his objections a
rigorous proof could be constructed on the same basis.

Gauss’s proof of 1799 is topological in nature and has some rather serious gaps. It does
not meet our present day standards required for a rigorous proof.

In 1814 the Swiss accountant Jean Robert Argand published a proof of the FTA
which may be the simplest of all the proofs. His proof is based on d’Alembert’s 1746
idea. Argand had already sketched the idea in a paper published two years earlier
Essai sur une maniere de representer les quantities imaginaires dans les constructions
geometriques. In this paper he interpreted i as a rotation of the plane through 90° so
giving rise to the Argand plane or Argand diagram as a geometrical representation of
complex numbers. Now in the later paper Reflexions sur la nouvelle theorie d’analyse
Argand simplifies d’Alembert’s idea using a general theorem on the existence of a

minimum of a continuous function.



CHAPTER 1. INTRODUCTION 5

In 1820 Cauchy was to devote a whole chapter of Cours d’analyse to Argand’s
proof (although it will come as no surprise to anyone who has studied Cauchy’s work
to learn that he fails to mention Argand !) This proof only fails to be rigorous because
the general concept of a lower bound had not been developed at that time. The Argand
proof was to attain fame when it was given by Chrystal in his Algebra textbook in 1886.
Chrystal’s book was very influential.

Two years after Argand’s proof appeared Gauss published in 1816 a second proof of
the FTA. Gauss uses Euler’s approach but instead of operating with roots which may
not exist, Gauss operates with indeterminates. This proof is complete and correct.

A third proof by Gauss also in 1816 is, like the first, topological in nature. Gauss
introduced in 1831 the term 'complex number’. The term ’conjugate’ had been intro-
duced by Cauchy in 1821.

Gauss’s criticisms of the Lagrange-Laplace proofs did not seem to find immediate
favour in France. Lagrange’s 1808 2nd Edition of his treatise on equations makes no
mention of Gauss’s new proof or criticisms. Even the 1828 Edition, edited by Poinsot,
still expresses complete satisfaction with the Lagrange-Laplace proofs and no mention
of the Gauss criticisms.

In 1849 (on the 50th anniversary of his first proof!) Gauss produced the first proof
that a polynomial equation of degree n with complex coefficients has n complex roots.
The proof is similar to the first proof given by Gauss. However it adds little since it
is straightforward to deduce the result for complex coefficients from the result about
polynomials with real coefficients.

It is worth noting that despite Gauss’s insistence that one could not assume the
existence of roots which were then to be proved reals he did believe, as did everyone
at that time, that there existed a whole hierarchy of imaginary quantities of which
complex numbers were the simplest. Gauss called them a shadow of shadows.

It was in searching for such generalisations of the complex numbers that Hamilton
discovered the quaternions around 1843, but of course the quaternions are not a com-
mutative system. The first proof that the only commutative algebraic field containing

R was given by Weierstrass in his lectures of 1863. It was published in Hankel’s book
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Theorie der complexen Zahlensysteme.

Of course the proofs described above all become valid once one has the modern
result that there is a splitting field for every polynomial. Frobenius, at the celebrations
in Basle for the bicentenary of Euler’s birth said:-

Euler gave the most algebraic of the proofs of the existence of the roots of an
equation, the one which is based on the proposition that every real equation of odd
degree has a real root. I regard it as unjust to ascribe this proof exclusively to Gauss,
who merely added the finishing touches.

The Argand proof is only an existence proof and it does not in any way allow the
roots to be constructed. Weierstrass noted in 1859 made a start towards a constructive
proof but it was not until 1940 that a constructive variant of the Argand proof was given
by Hellmuth Kneser. This proof was further simplified in 1981 by Martin Kneser, Hell-

muth Kneser’s son.One can refere ragarding above histrory [10,15,22,26,27,28,38,41].

1.4 Recalling of existing results

Complex number field(C) is algebraically closed by the following theorem

Theorem 1.4.1. (Fundamental Theorem of Algebra):Given any positive integer n > 1
and any choice of complex numbers ag,ay, ...,a, such that a, # 0, the polynomial
equation ap,z" + a,_12" 1+ ... +az+a9=0 —(1)

has at least one solution z € C.

This is a remarkable statement.No analogous result holds for guaranteeing that a
real solution exists to Equation (1) if we restrict the coefficients ag, a1, ..., a, to be real.
E.g.,there does not exist a real number x satisfying an equation as simple equation
22 + 1 = 0. Similarly,the consideration of polynomial equations having integer (resp.
rational) coefficients quickly forces us to consider solutions that cannot possibly be
integers (resp. rational numbers).Thus,the complex numbers are special in this re-
spect.Now a days we have many proofs for Fundamental Theorem of Algebra-we have

algebraic proof, topological proof, geometric proof etc.
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The study of the zeros of polynomials dates from about the time when the geo-
metric representation of complex numbers was introduced into mathematics. The first
contributions of the subject were Gauss and Cauchy.Cauchy also added much of the
value to the subject and derived for the moduli of the zeros of a polynomial more exact
bounds than those given by Gauss.Since the days of and Cauchy many mathematicians
have contributed to further growth of the subject.Here,we first mention two class result

of Cauchy [4], concerning the bounds for the moduli of the zeros of a polynomial.

Theorem 1.4.2. Let P(z) =37 a;z? be a polynomial of degree n, then all the zeros
of P(2) lie in |z| < r, where r is unique positive root of the equation

lan|2™ — (|an_1]2"t + ..... + |as]z + |ag|) = 0.

Theorem 1.4.3. Let P(z) = Z;l 0 @27 be a polynomial of degree n,
if M = maxi<j<, || then all the zeros of P(2) lie in

|z| <14 M.

There are several developed and gereralized results for above Theorems (for refer-
ence see the results [20,24 and 25]).

The above stated results and the results given under the reference are concerning
the bounds for moduli of the zeros of a polynomial with complex coefficients.Now the
following results are some of the important results on the location of zeros of poly-
nomials in complex plane with restricted coefficients. First,we mention the following
elegant result which is commonly known as Enestrom-Kakeya Theorem in the theory

of location of zeros of polynomials.

Theorem 1.4.4. Let P(z) = Z?:o a;z’ be a polynomial of degree n such that
Ay = Ap1 > .... > a1 > ap>0

then all the zeros of P(z) lie in |z| < 1.

Theorem 1.4.4 was proved by Enestrom [9], independently by Kakeya [21] and
Hurwitz[18]. If we apply Theorem 1.4.4 to the polynomial P(¢z), the following more

general result immediate.
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Theorem 1.4.5. Let P(z) = Z?:o a;z? be a polynomial of degree n such that for t>0,
tan > " tay_ > > tag > ap>0

then all the zeros of P(z) lie in |z| < t.

In the literature ([2,3,7,8,16,17,19]) there exist various generaliztions and refine-
ments of Theorem 1.4.4.Here, we mention a few of them .Joyal, Labelle and Rahman
[20] extended Theorem 1.4.4 to the class of polynomials whose coefficients are mono-

tonic but not necessarily non-negetive by proving following result.

Theorem 1.4.6. Let P(z) = Z?:o a;z’ be a polynomial of degree n such that
Ay = Qp_1 = .... > Q1 = A

then all the zeros of P(z) lie in |z| < ﬁ{an —ap + |agl}.

If a;>0, fori =0,1,..,n then it reduces to Theorem 1.4.4.

Aziz and Zerger[3] relaxed the hypothesis of Enstrom-Kakeya Theorem and proved

the following extention of Theorem 1.4.6.

Theorem 1.4.7. Let P(2) =37, a;z’ be a polynomial of degree n such that
for some k > 1,

kap, > Qp—1 > .... > a1 > ag>0

then all the zeros of P(z) lie in |z +k — 1] < W‘Z—:‘Hao‘

Govil and Rahman[17] generalized Enestrom-Kakeya Theorem to the polynomials
with complex coefficients by considering the moduli of the coefficients to be monoton-

ically increasing and proved the following result.

Theorem 1.4.8. Let P(z) = 2?:0 a;z’ be a polynomial of degree n such that for some
a>0,

lan| > ala, 1| > a?|ay_o| > ... > a"ay| > a™|ao|
then all the zeros of P(z) lie in the disc |z| <%, where ky is the greatest positive root

of the equation X" —2X" +1=0.

In the same research paper they also proved the following result.
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Theorem 1.4.9. Let P(z) = Z?:o a;jz? be a polynomial of degree n with complex
coefficients such that for some real 3,
larg a; — | <a < §, for j=0,1,....,n
and
|an] > |an—1| > ... > |ai] > Jag
then P(z) has all its zeros in the circle

|z| < (cosa + sina) + 2|S;:|a ;L:_g |aj|-

Theorem 1.4.10. Let P(2) =37, ;27 be a polynomial of degree n.If Re a, = oy, ,
Im ap =P for 0 <k <n and

Qp 2 Qp_y > ... > ap > ap>0,
then all the zeros of P(z) has all its zeros in the disc

|2l < 1+ A2 2205 18el + 18al3-

As an extension of Theorem 1.4.5, Dewan and Bidhkam [7] proved the following

result.

Theorem 1.4.11. Let P(z) = > 7, a;z? be a polynomial of degree n such that for
t>0,and0<k<n,

t"a, < t" a,_1 < ... <tFap > tFlap_ > ... > tag > ao,
then all the zeros of P(z) lie in the circle

2] < ol (7% — an) + & (laol — ao)}-

Later Shah and Liman [37] extended Theorem 1.4.7 to the class of polynomials with
complex coefficients and generalized the result of Govil and Rehman[17] by proving the

following two results.

Theorem 1.4.12. Let P(z) = z;‘l:o a;z! be a polynomial of degree n with complex
coefficients.If Re a; = o ,Im a; = B for 7 =0,1,...,n, a, # 0 and for some k > 1,
kay, > ap_1 > ... > a1 > ay,
Bn > P12 ... > B1 2> Bo,

then all the zeros of P(z) lie in |z — %2 (k — 1)| < i{an — ao + |ag| + o}

an
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Theorem 1.4.13. Let P(z) = Y."_,a;27 be a polynomial of degree n with complex
coefficients such that for some real 3,
larga; — | <a <3, j=0,1,2..,n
and for some k > 1,
Klan > [an 1] > oo > Jaol,
then all the zeros of P(z) lie in
lz+k—1] < |a—1n‘{(k|an\ — ap)(sina + cosa) + |ag| + 2sina Z?:_S |aj|}.

There are several extensions and generalizations of Enestrom-Kakeya theorem in

literature in various ways. For reference see [1],[5],[6],[23],[39],[40].

1.5 Regarding the work done

In the first chapter we started with importance of zeros of a polynomial in extending
number systems, expressing zeros of polynomials interms of their coefficients and briefly
explained about theory of location of zeros of polynomials.We stated Enstrom -Kakeya
theorem for restricted positive real coefficients and given that how the result of this
theorem is generalized in locating the zeros of a polynomial with restricted coefficients.
We generalized most of the results for restricted complex coefficients.We have given
some existing results and definitions.

Second chapter is divided into five sections.In section 2.1 an introduction to the
known results and results generalized by A.Joyal, G.Labelle and Q.I.Rehaman were
given. In section 2.2 i.e. On the zeros of polynomials with complex coefficients,we ex-
tended the results for restricted complex coefficients where real and imazinary parts of
coefficients are monotonically increasing .In section 2.3 i.e Location of zeros of polyno-
mials with complex coefficients, we extended the results where real parts of coefficients
of polynomial are increasing(or decreasing) upto certain stage and decreasing(or in-
creasing) after that stage as well as imazinary parts of coefficients of polynomial are
increasing(or decreasing) upto certain stage and decreasing(or increasing) after that
stage. In section 2.4 i.e Location of zeros of polynomials with restricted coefficients,

results for zeros of polynomial whose real parts of coefficients are alternatively increas-
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ing and decreasing upto some stage, after that stage increasing (or decreasing), as well
as imazinary parts of coefficients are alternatively increasing and decreasing upto some
stage,and after that stage increasing (or decreasing). In section 2.5, i.e On the location
of zeros of polynomials with different complex coefficients, we tried to find location
of zeros of polynomials with real parts of coefficients are alternatively increasing and
decreasing as well as imazinary parts of coefficients are alternatively increasing and
decreasing.

Third chapter is divided into three sections,section 3.1 is discussed about few results
for zero free region which are generalizations of Enstrom-Kakeya theorem. In section
3.2 i.e, zero free region for polynomials with restricted real coefficients,we have found a
region where polynomials with real and imazinary parts of coefficients are alternatively
increasing(or decreasing) and decreasing(or increasing) upto certain stage ,after that
stage increasing(or decreasing) do not vanish . In section 3.3 i.e, zero free region for
polynomials with special complex coefficients,we found a zero free region for complex
polynomials with real and imazinary parts of coefficients are increasing(or decreasing)
upto certain stage, after that stage decreasing (or increasing).

Fourth chapter is divided into six sections,in section 4.1 definition of polar derivtive
and already exitsting results which is useful to prove the results on polar derivatives are
given.In section 4.2 i.e,on the zeros of polar derivatives of polynomials,we found loca-
tion of zeros of polar derivative of polynomials with real coefficients, where coefficients
related on certain conditions.In section 4.3 i.e, zero free region for polar derivative of
polynomials with special coefficients, we have found zero free region for polar derivative
of real polynomial where coefficients are related with some condition upto certain stage,
after that stage related with some other condition. In section 4.4 i.e, zero free region for
polar derivative of polynomials ,we have found similar results as we did in section 4.3.
In section 4.5 i.e, zero free region for polar derivative of polynomials with restricted
coefficients,by putting separate conditions on coefficients of polynomials whenever de-
gree is even or odd,we locate the zeros of this restricted polynomials in certain region.
In section 4.6 i.e, On the zero free regions for polar derivative of polynomials with

restricted coefficients,we tried to find zero free region where the coefficients are intially
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decreasing (or increasing) upto certain stage, after that stage alternatively increasing

and decreasing.



Chapter 2

On The Location of Zeros of
Polynomials With Complex

Coeflicients

2.1 Introduction and some known results

The estimation of the location of zeros of a polynomial is a long standing classical
problem. It is an interesting area of research for engineers as well as mathematicians
and many results on the same topic are available in literature. A.Joyal , G. Labelle and
Q. I. Rahman [20] obtained the following generalization, by considering the coefficients

to be real, instead of being only positive.

Theorem 2.1.1. Let P(z) = Y ;2" be a polynomial of degree n such that ay <

a1 < ... < ap_1 < ay. Then all the zeros of P(z) lie in |z| < i[an — ag + |aol].

In the literature some attempts have been made to extend and generalize the En-
estrom-Kakeya theorem. Aziz and Zargar [3] relaxed the hypothesis of Enestrom-

Kakeya theorem in different ways and proved the following results:

13



CHAPTER 2. ON THE LOCATION OF ZEROS OF POLYNOMIALS WITH COMPLEX......14
Theorem 2.1.2. Let P(z) = > ,a;z" be a polynomial of degree n such that for some

E>1, 0<ap<a; <..<a,_1<ka,.
Then all the zeros of P(z) lie in |z + k — 1| < k.

Theorem 2.1.3. Let P(z) = Y1, a;z" be a polynomial of degree n such that for some
k>1, a0 <ay <..<ay1 <ka, Then all the zeros of P(z) lie in
Z4k—1] < %[l{:an—ao—l— lao]-

In this chapter many results, W M Shah and A Liman [37], were proved by weak-
ening the hypotheses of Theorems 1.2.1 and 2.1.2 and by considering a larger class
of polynomials. We have obtained some extensions of the classical results concerning
the Enestrom-Kakeya theorem related to analytic functions. Besides, we considerably

improve the bounds in some cases by relaxing the hypotheses in several ways.

2.2 On the zeros of polynomials with complex co-
efficients

Theorem 2.2.1. Let P(z) = Y1 ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1,k > 1,1 > 1,14
1,6 > 0,0 > 0,a, #0,b, #0,

v

ap—0 < a; < ... <amo1 S kiay < ampr <o Zapg < ka,  and

bO -1 < bl <..< bm—l S llbm < bm—l—l S S bn—l S lbn

then all the zeros of P(z) lie in
|2 < g [R(an + lanl) +1(bn + [bal) + laol + bo] + 2(k1 — 1)]am| + 2(l — 1)[ba
— (a0 + bo + |an| + [bn]) + 20 + 2]

Proof. Let P(2) = ap2™ +p 12" 14 oo+ Q1 2™ 2™ 1 2™ a2+ ag
be a polynomial of degree n.

Then consider the polynomial Q(z) = (1 — z)P(2) so that
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Q(2) = = 2" + (a — Ap1)2™ + oo+ (Qngr — @) 2™ 4 (g — Qg 1)2™ + o+
(o — )z + .

= = 2" (A — 1) 2" A (A1 — W) 2™+ (A — A1) 2™+ 4 (a1 —ag) 2+ ap +
+i{(bn — bu1)2" 4 oo 4 (bng1 — b)) 2™+ (b — bym1) 2™ + oo 4 (b1 — bo) 2 + bo }.Also
if |z|>1 then B |n —=<lfori=0,1,2,....n — 1.

Now |Q(2)] = |a||z["*" = q (Jan = an-1l|2]" +... +]am+1 = aml[2[ " +]am — am-1 ][z +
«tlar = aollz] + ao) + (Ibn = baal[2]* + oo+ baer = bl 2™+ by — b [[2]™ +
.+ by = bo||z| + bo)

lan—1—an—2]| lamt1—am| | |am—am-1| lar—ao|
{(’an_an1’+ = |Z‘ = ++ |;Tn7m771n + m‘nmm + + | |n Ton—1 +

> Jowl[2]"| 2] = E

|O‘n|

%>+(|bn—bn—1|+—|b”71\§|b”72‘ o e el e lblo’l)}]

> ||| 2] |12]— o |{(|kan U1 —kap+an|+|an_—1 — an_o|+...+|@ms1 — k1am + k1am — am|+

|y — k1@ + k1@ — Q1| + o+ a1 + 6 — ag — 8] + |aol) + (JIby — buoy — 1by + by| +
b1 = bn—a| . |bpg1 — [1bp + liby — b |0y — Uiy 4 1Dy — Dyt |4 by 41 — Do — 1|+
|bo|)}]

> |a |2 [|z] - @{ [(kan — an—1) + (k= 1)]an| + (an-1— an-2) + ... + (@1 — k1am) +
(k?l — 1)|am| + (klam — am_l) + (kl — 1)|6Lm| + ..+ ((11 + 0 — CLQ) + ) + |CLOH + [(lbn —
bn—1) + (1= 1)|by| + (bp—1 — bp—2) + ... + (bng1 — liby) + (I — 1) || + (Lib, — bp—1) +

(ll—1)\bm|+..+(bl+n—b0)+77+|b0|}H
= Ja|[2]" [|z| |{ (an + lan) + 1(bn + [bu]) + lao] + [bo| + 2(ks — 1)]ay|

+2(l1 — 1)|bp| — (ag + bo + |an| + [bn]) + 26 + 277”
>0 provided

2> oy | F(an + lan]) + 1w + [ba]) + laol + [bo| + 2(k1 — Dlam| +2(l — 1)[bm| — (a0 +

|an|

bo + |an| + |bn]) + 26 + 217} :
Thish shows that Q(z)>0 provided
21> [k(an + lan]) +1bn + [ba]) + laol + lbo] + 2(ky = D]am| + 2(l = D|bm| — (a0 +

bo + |an| + |bn]) + 26 + 277} :
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Hence all the zeros of Q(z) with |z|>1 lie in
lan |

2] < o {[k(an +lan]) + 1 + [bn]) + laol + [bo] + 2(k1 = D]am| +2(l = 1)[bm| — (a0 +

bo + |an| + |bn]) + 20 + 277] :

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality.

Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle defined by the
above inequality and this completes the proof of the Theorem. O

Corollary 2.2.2. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1,k; > 1,6 > 0,n >

07am7£07bm7£07

ap—0 < a; < .. < apmo1 L kiay < g << apoy < ka,  and
bO —n S bl S S bmfl S klbm S bm+1 S S bnfl S kbn

then all the zeros of P(z) lie in

1
2] < m [k(an—l—bn+ lan| + |bn]) + |aol + |bo| + 2k1 (|am| + |bm]) — (a0 + bo + |an| + |ba])

+2(8 41 — lam| — [bml)]-

Corollary 2.2.3. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =

a; and Im(a;) = b; fori=0,1,2,...,n such that for some k > 1,6 > 0,

ap—0< a1 <. S apo1 Sy < apy1 <o <@y < ka, and
bO -0 < bl <. < bmfl < bm < bm+1 <..< bnfl < k'bn
then all the zeros of P(z) lie in

2] <

o] [k’(an + by + |an| + |bal) + |ao| + [bo] — (o + bo + |an| + |bn|) + 45}.

Corollary 2.2.4. Let P(z) = Y. ;2" be a polynomial of degree n with Re(c;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that for some k > 1,k; > 1,6 > 0,a,, # 0

ap—0< a1 < ... < apmo1 < ki < apyr << apy < ka,  and
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bO S bl S S bm—l S bm S bm—i—l S S bn—l S bn

then all the zeros of P(z) lie in

2] < — [k(an + |an|) + bn + |ao| + [bo| + 2(k1 — 1)|am| — (ao + bo + |an|) + 26].

||
Corollary 2.2.5. Let P(z) = Y. ;2" be a polynomial of degree n with Re(c;) =
a; and Im(a;) = b; for i =0,1,2,...,n such that

Qo S ay S S Am—1 S Am S Am+1 S S ap—1 S Qp, and

bO S bl S e < bm—l S bm S bm+1 S S bn—l S bn

then all the zeros of P(z) lie in

|2l < 7= [an + bu + laol + [bo| = (ao + bo)]-

||
Corollary 2.2.6. Let P(z) = Y ;2" be a polynomial of degree n with Re(c;) =
a;>0 and Im(c;) = b;>0 for i = 0,1,2,...,n such that for some k > 1,k; > 1,0 >

0,720, am # 0,bn # 0,

ag — J S 3] S S Am—1 S klam S Am+1 S S (p—1 S kan and
bo—n < b < ... Kby S kiby <bpgr < S by < kb,

then all the zeros of P(z) lie in

1

2] < [(2k — 1)(an + by) + (2k1 — 1) (am + by) + 20 + 2n].

||
Remark 2.2.7. By taking k = [, k; = [; in Theorem 2.2.1, then it reduces to Corollary
2.2.2

Remark 2.2.8. By taking | = k,l; = k; = 1 and 6 = 7 in Theorem 2.2.1, then it

reduces to Corollary 2.2.3

Remark 2.2.9. By taking [ =[/; =1 and n = 0 in Theorem 2.2.1, then it reduces to
Corollary 2.2.4
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Remark 2.2.10. By takingl =k, =1; =k =1and § =n = 0 in Theorem 2.2.1, then

it reduces to Corollary 2.2.5

Remark 2.2.11. By taking b;>0 and a;>0 for + = 0,1,2,...,n in Corollary 2.2.2, then
it reduces to Corollary 2.2.6

Theorem 2.2.12. Let P(z) = Y ! ;2" be a polynomial of degree n with Re(o)
a; and Im(a;) = b; fori =0,1,2,....n such that for some 0<r < 1,0<s < 1,0<x <

1,0<y <1,6 >0,n>0,a,, # 0,b,, #0,
Tap < p1 < oo < a1 < Sy < 1 < . < a3 <ap+6 and

wbn S bn—l S S bm+1 S ybm S bm—l S S bl S bO +77

then all the zeros of P(z) lie in

|z| < ag + bo + |ao| + |bo| + |an| + |bn| — 7(an + |an|) — x(bn + |bal)

||
+2Uam| + |bm’ - 5|am‘ - ylbm‘ _'_6 +77] .

Proof. Let P(2) = apz"+an 12" 4 1 2™ i 2™ 4 Q1 2™ a2+ ag
be a polynomial of degree n.

Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(2) = =2 + (0 — @p1)2" + oo+ (g1 — @) 2™+ (@ — ap1)2™ + o+
(o1 — ap)z + .

= — 2" (A= 1) 2"+ oA (A1 — W) 2™ (A — A1) 2™+ 4 (a1 —ag) 2 +ap+
+ i{(by — bp1)2" 4 oo+ (g — byn) 2™ 4 (b — by—1)2™ + oo+ (b — bo)z + bo |-
Also if |z|>1 then =<1 fori=0,1,2,....,n — 1.

|Z|n71
Now [Q(2)] > |an[[2"*" =< (Jan = anal[2]" + ..+ [amp1 = aml| 2™+ | — a1 |]2]™ +
o+ |ag — agl|z| + ao) + (|bn — b1 ||2]™ + oo+ Bgr = On||2]™ + o — bt ||2|™ +
..+ |b1 — boHZ’ —+ bo)

> |ozn||z|"{|z|— . {(|an—an_1|+—|a"1|;“"2+...+|T;’[21;“T|+a]r;_f’"m1|+...+—“1_“°'+

lan | i

o) o+ (lb = by | + Lomipemzl o Brmatbyl g Bl 4y il %)H
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> ‘O‘nHZ‘n |:|Z’_ﬁ{ (|ran_an71_7ﬁan+an‘+|an—l - an72|+"'+‘am+1 — Sy, + SAp, — am’+
| — S + Sm — Q1| 4 oo+ a1 + 6 — ag — 8| + |aol) + (Jwby — byt — by + by| +
b1 — bu—a|+-F|bms1 — Ybm + Ybm — |+ — Yo + Ybu — b1 |+ 4|01 + 1 — by — |+

)

> |2 [|z| — ﬁ{ [(an—1 —ray) + (1= 7)|an] 4+ (an-2 — @n_1) + ... + (S — Q1) +
(1= 8)|an| + (m-1 = sam) + (1 = 8)|an| + .. 4+ (a0 + 6 — ar) + 0 + |ao|] + [(bp—1 — xby) +
(1 = 2)|bn| + (bp—2 — bu—1) + oo + (Yby, — bins1) + (1 — Y)|bm| + (b1 — ybm) + (1 —
Yo + -+ (bo + 1 = 1) + 1+ [bol]

= |ay||2|" {|z| — L{ao + Do + |aol + |bo| + |an| + |ba] — r(an + |an]|)

lovn|
—xwmeD+2WmMHMJ—ﬂ%ﬂ—mmJ+5+ﬂ}]
>0

provided |z|>|a—1n‘ {ao+b0+ |ao| + |bo| + |an| + bn| — 7(an + |an|) — 2(by + b)) + 2[| a@m| +

ol = san] = ool + 4 1] |
Thish shows that Q(z)>0 provided
|zt>p$;{ao—%bo—%|ad<+|bd-+|an|+-wnl——r(an—%|anD——a%bn—%|@4>%—2ﬂanA—+I@n|—

ﬂ%A—mwA+6+ﬂ]
Hence all the zeros of Q(z) with |z|>1 lie in

|2l < g [ao+bo +laol + [bo| + |an] + [bn] = 7(@n + |an]) = 2(bn + [bn]) + 2[|am| + [bm] —

Slan] = ol +5+1] |

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(2) lie in the circle

defined by the above inequality and this completes the proof of the Theorem. n

Corollary 2.2.13. Let P(z) = Y I ;2" be a polynomial of degree n with Re(c;) =
a; and Im(«a;) = b; fori=0,1,2,...,n such that for some 0<r <1,0<s <1,§ > 0,7 >
0, ay # 0, by £ 0,

Tap < p1 < oo < a1 < Sy < A1 < . < a3 <ap+6 and
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’rbn S bn—l S S bm+1 S Sbm S bm—l S S bl S bO +77

then all the zeros of P(z) lie in

1
2] < Tl ao+bo+|ao|+[bo|+|an |+ [bn| =1 (an+|an|4+bn+[bn|)+2 [ |am|+ 0w — 5 (|am| +|bm|)+6+n] | -

Corollary 2.2.14. Let P(z) = Y ! a;z" be a polynomial of degree n with Re(o;) =

a; and Im(a;) = b; fori=0,1,2,...,n such that for some 0<r < 1,6 >0,
ran < ap1 < oo S gl Ly L1 <o Zap < ag+ 0 and

7abn S bnfl S S bm+1 S bm S bmfl S S bl S b0+5
then all the zeros of P(z) lie in

2] < ao + bo + laol + [bo| + lan| + [bu| = 7(an + bn + |an| + [ba]) + 40] |.

|
Corollary 2.2.15. Let P(z) = Y ;2" be a polynomial of degree n with Re(c)
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some 0<r < 1,0<s < 1,0 >

0, an # 0,

Tap < p1 < oo < a1 < Sy < A1 < . < a3 <ap+6 and

then all the zeros of P(z) lie in

2| < ao + by + |ao| + [bo| + |an| + |ba] — 7(an + |an]) = by + 2[|am| — s|lam| + 0] |.

™
Corollary 2.2.16. Let P(z) = Y ! a;z" be a polynomial of degree n with Re(o;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that

ap < p1 < oo S g1 L Lo << Zag and
bn S bn—l S S bm—i—l S bm S bm—l S S bl S bO
then all the zeros of P(z) lie in

|Z|§ a0+bo+|a0|+|b0|—an—bn] .

||
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Corollary 2.2.17. Let P(z) = Y. ;2" be a polynomial of degree n with Re(w;) =
a;>0 and Im(c;) = b;>0 for i = 0,1,2,...,n such that for some 0<r < 1,0<s <
1,0<x <1,0<y<1,6 >0,n>0,a,, #0,b,, #0,

Tap < A1 < oo < Apg1 < 8y < A1 < o< a3 < ag+6  and
$bn S bn—l S S bm+1 S ybm S bm—l S S bl S bO +77
then all the zeros of P(z) lie in

2| < ao+bo+|ao|+|bo| + (1 —2r)an+ (1 —22)b, +2[(1 = 8)am+ (1 —y)bym +3+1] |.

||
Remark 2.2.18. By taking r = z,s = y in Theorem 2.2.12, then it reduces to Corol-
lary 2.2.13.

Remark 2.2.19. By taking x = r,s = y = 1 and § = 7 in Theorem 2.2.12, then it

reduces to Corollary 2.2.14.

Remark 2.2.20. By taking z = y = 1 and = 0 in Theorem 2.2.12, then it reduces
to Corollary 2.2.15.

Remark 2.2.21. By takingr =s=x =y =1 and 6 =n = 0 in Theorem 2.2.12, then

it reduces to Corollary 2.2.16.

Remark 2.2.22. By taking b;>0 and a;>0 for i = 0,1, 2,...,n in Theorem 2.2.12, then

it reduces to Corollary 2.2.17.

The results of section 2.2 have appeared in [32]

2.3 Location of zeros of polynomials with complex
coefficients

Theorem 2.3.1. Let P(z) = Y. ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1, 1 > 1, 0< r <

1, 0<s<1,6>0, n>0, a, #0, b, #0,

ap—0<a; < ...<am1 <ka,>an1>..>a,1>ra, and
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bO -7 S bl S S bm—l S lbm Z bm+1 Z Z bn—l Z Sbn

then all the zeros of P(z) lie in

2] <
||

(lan| 4 [bn]) + E(am + lam]) + {(bm + |bm]) + ao| + [bo| + 2(k — 1)|anm|
+ 2(1 = 1)|by| — [ao + bo + 7(an + |an]) + s(by + |ba])] + 26 + 21|

Proof. Let P(2) = a2 +an 12" 4o+ 1 2™ 2™ F 1 2™ a2+ ag

be a polynomial of degree n. Then consider the polynomial

Q) =(1 - 2)P(2)
= — 2" (g — 1) 2" oA (g1 — Q) 2™ (g — Q1) 2™
+ ...+ (1 — ag)z + ap.
= — 2" (ap — A1) 2" o (Agr — @) 2™ A (A — Q1) 2™
+ ...+ (a1 —ag)z + ag
+i{(bp = bu1)2" 4 oo 4 (b1 — i) 2™+ (b — bp1)2™ + oo+ (b — bo)z + o |-

1
Alsoif |z|>1 then ——<1 for i=0,1,2,...,n—1. Now

|Z|n—i
Q(2)| =|an]]2]"* — {(|an — 2] + o A Jamgr — a2+ Jam — a2
+ ..+ ar — aollz] + ao) + (|bn — baa||2]" + - + |1 — b2

+ |bm — bm_1||z|m + ...+ |b1 — bo||Z| + bo)}

1 Ap—1 — Qp— Qm — am
> a2 [yzy ~ m{(!&n — apa| + % 4o+ %
|am — am1] lar —ao|  |aol
4wy
EGD EEERFR
bp—1— b— bt — b
+ (\bn—bn71!+|1—2|+...+%
2| | 2|1
b, — by by —b b
+| n—m 1‘++’ - nflO|+ ‘ O’IL)}:|
2| |2| |2]
1
> |a||2]" [|z] — m{(lmn — Ay — Ty + G| + |ap—1 — apo| + ... + |ami1 — Ky + kay, — ap,

+ |am — kapm + kay, — am_q| + ... +ag + 6 —ag — | + ]a[)])

+ (|8bn — b1 — by + by| + [bao1 — bu—a| + oo 4 b1 — by + Lby, — by
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+|bm — b, + by, — b1 | + .. + |01 + 17 — b — 0| + w)}]

L{ [(an_l —ray) + (1 =7r)|ay] + (a2 — an_1) + ... + (kam — ami1)

> ol 1ol - o
n

+ (k= Dlam| + (kam — am—1) + (k = Dan| + .. + (a1 + 6 — ag) + 6 + |ao|]
+ (b1 = sby) + (1 = 8)|bu] + (bp—2 — bu1) + oo + (I — bypg1) + (1= 1) by

+ (Ibyy = by1) + (I = 1)[byu| 4 .. + (b1 + 17— bo) + 1+ [bo]] H

, 1
= |eml|2| {IZI - |a—|{(|an| +10n]) + K(am + lam|) + L(bm + [bm]) + lao| + [bo| + 2(k — 1) an|

+ 2(L = 1)|bm| — [ao + bo + 7(an + |an|) + s(by + |ba])] + 26 + 277” >0

if |Z|> {(lanl + |bn|) + k(am + |am|) + (b + |bM|) + |a0| + |b0| +2(k — 1)|am|

||

+%F4WM—MMbﬁf@ﬁ@ﬁ+ﬂ%+%M+%+%}

This shows that if |z|> 1, Q(2)>0

provided |2] > @m¢+mm+kmm+may+m%+u%w+ma+wa+mk—nma

|oun|
+ 2(1 = 1)|bm| — [ao + bo + r(an + |an|) + s(by + [bs])] + 26 + 277} :
Hence all the zeros of Q(z) with |z|>1 lie in
1
2] <7 [(\an\ +10n]) + K(am + [aml) + Lbm + [bm]) + [aol + |bo| + 2(k = 1)|an|

+ 2(1 = 1)|bm| — [ao + bo + 7(an + |an]) + s(by + |ba])] + 26 + 27;} .

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(2) lie in the circle

defined by the above inequality and this completes the proof of the Theorem. n

Corollary 2.3.2. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; for i = 0,1,2,...,n such that for some k > 1, 0< r <1, § >

07 a‘m#OJ bm%oi

ag—0<a; <. <ap1<kan>an1>..>a,1>ra, and

23
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bO -0 S bl S S bm—l S kbm 2 bm+1 Z Z bn—l Z Tbn

then all the zeros of P(z) lie in

1
2] < ol (lan| +[bnl) + F(am + bm + [am| + |bm|) + ao| + |bol

+ 2(k = 1)(|am| + [bm]) — [ao + bo + 7(an + by + |an] + [bn])] + 40|

Corollary 2.3.3. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; for i =0,1,2,...,n such that

Qo S a1 S S Am—1 S Am Z Am+1 Z Z (p—1 Z Qp, and

bO S bl S S bm—l S bm Z bm+1 Z Z bn—l Z bn

then all the zeros of P(z) lie in

1
2| < m lag| + [bo| + @m + by + |am| + |bm| — [ao + bo + an + by |-

Corollary 2.3.4. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a;> 0 and Im(c;) = b;> 0 fori=0,1,2,...,n such that for somek > 1, [ > 1, 0<r <

1, 0<s<1,6>0,n>0,
ap—0<a; < ...<am 1 <ka,>an1>..>a,1>ra, and
Bo— 1 < by < oo < by < by > byss > . > byy > sby
then all the zeros of P(z) lie in

1
|z| < —|(2r + 1)a, + (20 + 1)b, + (4k — 1)ay, + (45 — 1)b,, + 26 + 21|

|04n|

Corollary 2.3.5. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1, 1 > 1, 0< r <

1, 0<s<1,6>0, n>0, a, #0, b, #0,
ap—0< a1 < ... <am1 <k, >an1>..>a,1>ra, and

b0_77 S bl S S bm—l S bm S bm—i—l S S bn—l S lbn
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then all the zeros of P(z) lie in

2] <

o] lan| + U(bn + |bn]) + E(am + |am|) + |ao] + |bol

+ 2<k - 1)|am| - [CLO + bO + T(an + |an’)] + 25+ 277 :

Remark 2.3.6. By taking [ = k, s = r and § = n in Theorem 2.3.1, it reduces to
Corollary 2.3.2

Remark 2.3.7. By takingl =k =1, s=r =1and § =n = 0 in Theorem 2.3.1, it

reduces to Corollary 2.3.3

Remark 2.3.8. By taking a;> Oand b;> 0 in Theorem 2.3.1, it reduces to Corollary
2.3.4

Remark 2.3.9. By taking [ =1, s = 1 and n = 0 in Theorem 2.3.1, it reduces to
Corollary 2.3.5

Theorem 2.3.10. Let P(z) = Y . ;2" be a polynomial of degree n with Re(coy;) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1, 1 > 1, 0< r <

1, 0<s<1,6>0, n>0, a, #0, b, #0,
ap+02>a1 > ... 2 Ayt 270y < Qg1 <o < apo < ka,  and
bg+7]2b1 2 me—l ZSbmem—i-l Sgbn—l Slbn

then all the zeros of P(z) lie in

2] < k(an + |an]) + U(by + |bal) + |ao| + |bo| + ao + bo + 2(1 — 7)|am|

[
+2(1 = 8)|bm| = [(lan] + |ba]) + 2ram, + 2sby,] + 26 + 2n|.

Proof. Let P(2) = a2 +ap 12" 4 oo 1 2™ i 2™ A 1 2™ a2+ ag

be a polynomial of degree n. Then consider the polynomial
Q(z) =(1 - 2)P(2)
= — 0, 2" (g — 1) 2" e (g — Q) 2™ (g — Q1) 2™
+ ..+ (a1 — ap)z + .

= — 0, 2" (A — A1) 2" A o A (Agr — ) 2™ (A — Q1) 2™
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+ (a1 — ag)z + ag + i{(by — bp_1)2" + .....
+ (bm-‘rl - bm)2m+1 + (bm — bm_l)Zm + ...+ (bl — bo)Z -+ bg}

Alsoif |z|>1 then ——<1 for i=0,1,2,...,n — 1. Now

1
[E
Q)] = lawl[2[™* — {(Ian — |2 + o amer = aml 2]+ |am — amea|l2]™

+ oot ar — aollz] + ao) + (|bn — baa|]2]" + ..+
|bm+1 — bmHZ|m+1 + |bm — bm_1||2|m + ...+ |b1 — b0||Z’ + bo)}

1 o —an Y
> ‘anylz‘"{’z’ — —{(y@n — ap_y| + [an-1 = ana| | lGmir — am]

|| 2| |z|nmm—l
|am - am71| ’(11 - CL0| ‘CL()’
g Bm = Tmtl
BT ET=RRAFD
b1 — b, boit — by
+ (|bn — bn 1!+|1—2|+--~+%
|2 |2|
by, — by, by —b b
+| n—m 1‘++’ - n710|+ ‘ O?’L)}:|
|2 2| |2|

1

> |ag||z|" [|z[ {(!kan —ap1 — kan, + ap| + |apn—1 — an_o| + ... + |Gmi1 — T + T — ap,

Jeval

+ |am = T + Ty — Qyi] + .. 4 a1 — 6 — ag + 8] + |aol)

+ (|1, = bp—1 — by + by| + |bp—1 = bua| + .. + [brng1 — b, + Sby, — by

+ |bm — by + 8byy — 1| + ...+ b1 — 1 — by + 1| + |bo|)H

> |||z [|z! { [(k’an an—1) + (k= Dlan| + (an-1 — an—2) + ... + (ms1 — Tam)

— )| am| + (@m_1 —ram) + (1 —1)|am| + .. + (ag — a1 +0) + 5 + ]aol]
(Ib, — by1) + (L= D)|bu] + (bpey — bp_2) + .. + (b1 — 8by) + (1 — 5) by

By =)+ (1= )bl =y 50) 0+ o]}

1
= |a||2]" [|z| - ‘ ’{k:(an + |an|) + 1(by + |bpn|) + |ao| + |bo| + ao + bo + 2(1 — 7)|a,]|
+2(1 = 8)|bm| = [(lan] + [ba]) + 2ram + 2sby] + 26 + ZUH >0
1
if |Z\>| ‘ [ (an + lan|) + U(bn + [ba]) + [ao| + [bo| + ao + bo + 2(1 — 7)[an|

+2(1 = 8)|bm| = [(lan] + [ba]) + 2ram + 2sby,] + 26 + 27)}.
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This shows that if |z|> 1, Q(z)>0 provided

1
E >Ton] [’f(an + lan]) + U(bn + [bn]) + laol + [bo] + a0 +bo +2(1 = 7)|am|

+2(1 = 8)|bm| = [(lan] + |ba]) + 2ram + 2sby,] + 26 + 27]}.

Hence all the zeros of Q(z) with |z|>1 lie in

o] < [’“(an+\an\>+z<bn+|bn\>+|ao\+|bo\+ao+bo+2<1—r>\am|

|an|

+2(1 = 8)|bm| = [(lan] + |ba]) + 2ram + 2sby,] + 26 + 27;] :

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(2) lie in the circle

defined by the above inequality and this completes the proof of the Theorem. O

Corollary 2.3.11. Let P(z) = Y I, ;2" be a polynomial of degree n with Re(w;) =
a; and Im(a;) = b; for i = 0,1,2,...,n such that for some k > 1, 0<r <1, § >
0, am #0, bm # 0,

ag+0>a1> . 2 Q1 270y < Oy < oo < a1 < ka, and
bO + 0 2 bl Z Z bmfl 2 rbm S berl S S bnfl S kbn

then all the zeros of P(z) lie in

1
2] < o] k(an + by, + |an| + bn]) + |ao| + |bo] + ao + bo

+2(1 = r)[|am||bm]] — [(|an| + |bn|) + 2r(am + bm)] +46].

Corollary 2.3.12. Let P(z) = Y. ;2" be a polynomial of degree n with Re(w;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that

g = a1 2 .. 2 Qe 2 Ay < g1 < oo Sy <, and

bO 2 bl 2 2 bmfl Z bm S berl S S bnfl § bn

then all the zeros of P(z) lie in

2| <

(an + by) — 2[am + by + |ao] + |bo| + ao + bo | -

||
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Corollary 2.3.13. Let P(z) = Y i, a;2" be a polynomial of degree n with Re(c)
a;> 0, and Im(a;) = b;> 0, fori = 0,1,2,....,n such that for some k > 1, | >

1, 0<r<1,0<s<1,6>0,n>0, a, #0, b, #0,
a0+52a12-~-2am—1Zramgam+1§~-~§an—1Skan and

bO +77 > bl > .2 bmfl > Sbm < bm+1 <..< bnfl < lbn

then all the zeros of P(z) lie in

2] <

o] 2[kay, + lbpap + bo) + 2(1 — 2r)ay, + 2(1 — 25)by, — (an + by) + 25 + 2n|.
an

Corollary 2.3.14. Let P(z) = Y ;' ;2" be a polynomial of degree n with Re(wy

)
a; and Im(a;) = b; fori=0,1,2,...,n such that for somek > 1, 0<r <1, § >0, n >

0, anm #0,
ap+0 2> a1 > ... 2 Ayt 270 < Qg1 <o < apoy < ka,  and

bO Z bl Z Z bmfl Z bm S berl S S bnfl S bn

then all the zeros of P(z) lie in

2| < k(an + |an]) 4 by + |ao| + [bo| + a0 + bo + 2(1 — 7)|am| — [|an| + 2ram, + 2b,] +25|.

||
Remark 2.3.15. By taking [ =k, s =r and 6 =n in Theorem 2.3.10, it reduces to
Corollary 2.3.11

Remark 2.3.16. By takingl =k =1, s=r=1and 6 =n =0 in Theorem 2.3.10, it
reduces to Corollary 2.3.12

Remark 2.3.17. By taking a;> 0 and b;> 0 in Theorem 2.3.10, it reduces to Corollary
2.3.13

Remark 2.3.18. By taking [ =1, s =1 and n = 0 in Theorem 2.3.10, it reduces to
Corollary 2.3.14

By rearranig coefficients in the above Theorem 2.3.1 and Theorem 2.3.10 we get

the follwoing Theorem 2.3.19 and Theorem 2.3.20
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Theorem 2.3.19. Let P(z) = Y. ;2" be a polynomial of degree n with Re(y) =
a; and Im(a;) = b; fori = 0,1,2,...,n such that for some k > 1, 1 > 1, 0< r <

1,0<s<1, 6>0, >0, am#0, by #£0,

ag—0<a1 <. <apm1<kan>an1>..>a,1>ra, and

then all the zeros of P(z) lie in

2| <

o |ao| + [bo| + |an| + k(am + |am|) + 2(k — 1)|am| — [ao + r(an + |aq|) + b,] + 25|,

Theorem 2.3.20. Let P(z) = Y. ;2" be a polynomial of degree n with Re(o;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that for somek > 1, 0<r <1, § >0, n >

0, am #0,
ap+0 2> a1 > ... 2 Ayt 270y < Qg1 <o < apoy < ka,  and

bo <01 < .. Kbyt < by Kb <o < by <0y,

then all the zeros of P(z) lie in

2| <

o] k(a, + |an|) + by + |ag| + |bo| + ao + 2(1 — 7)|am| — [|an] + 27ra., + bo] + 20].

The results of section 2.3 have appeared in [36].

2.4 Location of zeros of polynomials with restricted
coefficients

Theorem 2.4.1. Let P(z) = Y1 ja;z" be a polynomial of degree n > 2 with real
coefficients such that for some k > 1,0>0, ka, > a1 < Ap_o > Gp_3 < Qg > ... >
pmi1l < Qpy = Qo1 > .. > Qg > a3 > ag > a3 > ag — 0 if both n and (n-m) are
even or odd (OR)

kan Z ap—1 S Qp—2 Z an—3 S Qp—yg Z S Ap—m+1 Z Ap—m Z Ap—m—1 Z Z Q4 Z as Z

as > ay > ag — 0 if n is even and (n-m) is odd (or) if n is odd and (n-m) is even
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then all the zeros of P(z) lie in

24+ k-1 < ﬁ{% + kay, + |ag| — ao + 2([an,2 +apa+ .+ A2 + Ay
—lan—1+ an_s+ ... + aGpn_mis + an_m+1])} if both n and (n-m) are even or odd (OR)
lz4+k—1] < ﬁ{?é + ka, + |ag| — ag + 2([an_2 +an 4+ o+ a3+ Gom]

— a1+ Gpg + ... + Qponga + an—m+2])}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Proof. Let P(2) = an2"+a, 12" '+ an 02" 2+ 0y, 32" 2+ o+ 2"+ az2® +
as2% 4 a1z + ag be a polynomial of degree n > 2.

Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(z) = —a,2"(z + k — 1) + (ka, — an_1)2" + (ap1 — @p_2)2""1 + ... + (Gnmy1 —
) 2" - (i — U 1) 2™ F (G — Qpom2) 2" L (a3 — ag) 23 +
(ag — a1)2? + (a1 — ag)z + ag

Also if |z|>1 then |Z|%<1 fori=1,2,...n—1

Now |Q(2)| = |an||z + k — 1" — {|kan — an—1||2|" + |an—1 — an_o||2]" "+ ... [an—mi1 —
| |2 A g — A1 2] Ot — G| |2 A Jag — a2+
lag — a1||z|_2 + |a; — ao|z + |a0|}

2 |an||z|n |Z“|_ k _ 1| _ ‘a%l{kﬂan _ an_1| + ‘anfl‘_an72| + |an72|2_|2an73‘ + |an73‘z_|§ln74‘ _l_ . +

2

|an7m+1_an7m| + |an7m_an7mfl‘ + ‘anfmfl_anfmfﬂ + _|_ |a3_a2‘ + ‘a2_al| + ‘al_a0| |a0|

E |z |2|m 1 R Eli N

> Jag||2[" | |2+ k=1 = g {klan = an1]+|an-1 — an-o|+|an—2 — an-s|+|an—3 — an_af +
‘“+|an—m-‘;1 - an—m|+|an—m - an—m—1|+|an—m—1 - an—m—2|+--+|a3 - a2|+|a2 - a1|+

lag — 0 —ag+ 0| + |a0|}]

> |an ||z [|z—|—k:—1|—ﬁ{(l{:an—an_l)—i—(an_g —ap_1)+(an_2— an_3)+(an_4 — an_3)+
it (p—m = A1) H (O — A1)+ (@1 — Qp—m—2)+...4+ (a3 — ag)+(az — a;)+
(a1 + 6 —ao) + 6 + |ao| }

if both n and (n-m) are even or odd

= |an||z|" {|z—|—k‘—1|—ﬁ{25+kan+|ao|—a0+2([an_2—|—an_4 + ot a2+ ] —

(@1 + @nog + oo + Gnoprs + Q] }} >0
if |2+ k— 1|>ﬁ{25 + kay, + |ag| — ao + 2([an_2 +an g+ o+ 2+ Gy
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—lan-1+apn_s+ ... + ap_mis+ an_m+1]) }

This shows that for |z|>1, then Q(z)>0
if |2+ k — 1]>ﬁ{25 + kay, + |ag| — ao + 2([an_2 +anag+ ..+ a2+ Gy
—lan1+ans+ ...+ an_mis+ an_m+1]) }

Hence all the zeros of Q(z) with |z|>1 lie in
lz+k—1] < ﬁ{25+ kay, + |ag| — ag+ 2([an,2 +apg+ ..+ a2+ ) = [an_1 +
Gp_3+ ... + AQp_maz + an_mH]) } if both n and (n-m) even or odd

But those zeros of ()(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle
defined by the above inequality and this completes the proof of the Theorem , if both
n and (n-m) even or odd.

Similarly we can also prove for n is even and (n-m) is odd (or) if n is odd and (n-m)
is even degree polynomials.For this we can rearrange the terms.

That is if n is even and (n-m) is odd (or) if n is odd and (n-m) is even then all the
zeros of P(z) lie in
lz+k—1] < ﬁ{% + kay, + |ag| — ao + 2([an,2 +apag+ ..+ a3 + Gy
—lan—1+ an_s+ ... + aGpn_mia + an_m+2]) } O

Corollary 2.4.2. Let P(z) = Y. a;2" be a polynomial of degree n > 2 with real
coefficients such that

Qp, S Ap—1 Z Ap—2 S an—3 Z S Ap—m+1 Z Ap—m Z Apn—m—1 Z Z as Z a2 Z aj Z Qo
if both n and (n-m) are even or odd (OR)
Qp, S An—1 Z Qp—2 S ap—3 Z Z Gp—m+1 S An—m 2 Ap—m—1 Z Z as 2 a2 Z ay Z Qo

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

2| < ﬁ{\a(ﬂ — Qg — Gy + 2([%—1 +an-3+ .. Gpmi3 + G

—lan—24ana+ ...+ an_mia+ an_m+2])} if both n and (n-m) are even or odd (OR)
|z| < la—ln‘{|a0| —ag — Gy + 2([an_1 +an 3+ ..+ amia+ Gy

- [an—Q +apg+ ...+ Ap—m+3 + an—m—i—l])}
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if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Corollary 2.4.3. Let P(z) = Y i ,a;z" be a polynomial of degree n > 2 with positive

real coefficients such that for some 0<r < 1,0>0,

Ty < Opo1 > Apeo < Apeg 2> oo < Qo1 > Apepy = Qa1 > ... > Gg > Gy > Q1 > Ag—0
if both n and (n-m) are even or odd (OR)

T < poq > Apeo < Upog > o 2 1 < Apegy > Qa1 > .o > A3 > Qg > a1 > Ag—0

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

|z| < ﬁ{Q([an,l +an-3+ .. + a3 + Gy

—[an—2+ ang+ ... + anmia + aymaz] — an)} if both n and (n-m) are even or odd
(OR)

2| < ﬁ{2([an_1 + 3+ oot Ui + U]

— an—2 + Gpyg + ... + g3 + Gnepgr] — an)}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Remark 2.4.4. By taking k = 1,0 = 0 in Theoem 2.4.1, then it reduces to Corollary
2.4.2

Remark 2.4.5. By taking a;>0, for i = 0,1,2,...,n in Theorem 2.4.1,then it reduces
to Corollary 2.4.3

Theorem 2.4.6. Let P(z) = > ja;z" be a polynomial of degree n > 2 with real

coefficients such that for some 0<r <1,6>0,
Ty < Q1 2 Apg < U3 > oo < Ayl = Apepy = Qpop—1 = ... = A3 2> A3 > a1 > Ag—0
if both n and (n-m) are even or odd (OR)

Tan < Gp1 2 Ap—g < Upeg > oo 2 Ayl < Apepy = Qo1 = ... = A3 2> Gy > A1 > Ag—0
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if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

|z| < |a_1n\{‘a0| —ap — a + 2([%_1 +an-3+ . + Apomas + Guoma)

— [an—2 + @n_a + . + Qs + Qnomso]) }if both n and (n-m) are even or odd (OR)
2| < ﬁ{\a(ﬂ —ap— ap + 2([@n_1 + Gz + .. + Gyt + i)

— [an—2+ Gpg + ... + Qi3 + an—m+1])}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Proof. Let P(2) = an2"+a, 12" 1+ an 02" 2+ ap 32" 2+ o+ Uy 2" az2® +
as2? + a1z + ag be a polynomial of degree n > 2.

Then consider the polynomial Q(z) = (1 — 2)P(z) so that
Q(2) = —a, 2" + (ay — apn_1)2" + (An1 — @pn2)2" + oo+ (A1 — Q) 2™+
(nem = Cpm1)2" ™ 4+ (A1 — Gpo2)2™ ™ 4+ (a3 — a2)2® + (ag — ay)2? +
(a1 — ag)z + ap.

Also if |z|>1 then W}H<1 fori=0,1,2,....n — 1. Now
Q)] = lanll2"*' = {lan—an-1]l2]" +]an—1 = an—al[2]" "+ |@n—m+1 = Q| [2[*7F +
|n—m — Qe ||2) "+ a1 — Qo |2 4 ag — ag |2+ ag — aq]|2)? +

a1 — aolz + |a0|}

n 1 Ian—l_an—2| |an—2_an—3| Ian—S_an—él‘ |an—m+1_an—m‘

|an—m—0n—m—_1] |an—m—1—Gn_—m—2] laz—az| laz—ai| la1—ao| lao|
R R R P

|2[™

2 |an||z|n |z|_ﬁ{|7’an_an—l_ran+an|+|an—1 - an—2|+|an—2 - CLn—3|—i_|a/n—3 — Op—4

+ Tt |a'n;m+1 - an—m| + |an—m - an—m—1| + |an—m—1 — a'n—m—2|

+...+|a3—a2]+]a2—a1\+|a1+5—a0—6\—|—\a0\}}

> |an||2|"{|2| — (a1 = ran) + (1 = 1)|ag| + (an-1 — an-2) + (@n-3 — an-2) +

(an-3 = an-a)+ A (Cnmi1 = Gnmi2) H(Anmi1 = ) F(nm — 1) (A1 — Gnm—2)
+ oo+ (a3 — ag) + (a2 —ay) + (a1 —ag +0) + 0 + |a0|}] if both n and (n-m) are even

or odd

= |an||z|" []z\—m—lnl{|an|+\a0\—ao—r(\an\—l—an)—i—Zd—i—Q([an_l—i—an_g + oot Q3 + Q)

— [an—Q + Qp_g+ ... + Ap—m+4 + an—m+2]) }:| >0
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if |z|>ﬁ{|an| + |ao| — ag — r(|an| + a,) + 26+2([an_1 +an-3+ .+ Gpomas + Gpomei]
—an—2 + @pyg+ ... + Ay + Gn—m+2]) }

This shows that for |z|>1, then Q(z)>0
if |Z|>ﬁ{|an| +|ao| — ao — r(lan| + an) + 26 + 2([an—1 + an-3 + ... + @Gp_mis + Gpmt1]
— [an—2 4 Gp—g + ... + Qpnga + an—m+2]) }

Hence all the zeros of Q(z) with |z|>1 lie in
2| < |a_1n\{|an| +ao| —ag —r(|a,| + an) +25—|—2([an_1 +an_3+ ...+ Wp_miz + Qi) —

(o + apg+ ... + Qg + an_m+g]) } if both n and (n-m) even or odd

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(2) lie in the circle
defined by the above inequality and this completes the proof of the Theorem , if both
n and (n-m) are even or odd.

Similarly we can also prove for n is even and (n-m) is odd (or) if n is odd and (n-m)
is even degree polynomials.For this we can rearrange the terms. That is if n is even
and (n-m) is odd (or) if n is odd and (n-m) is even then all the zeros P(z) lie in
2] < 2 {\an| + |ag| — ap — r(|an| + an) + 20 + 2([%_1 +an 3+ ...+ a2+ Ay

|an]

- [an—Q +Opg+ ... F Qpopmy3 + an—m-i—l]) } O

Corollary 2.4.7. Let P(z) = > a;2" be a polynomial of degree n > 2 with real
coefficients such that

(07% S Ap—1 2 An—2 S ap—3 2 Ap—4q é S Apn—m+1 2 Apn—m Z Ap—m—1 2 ez ay Z as 2 as
> ap > ag

if both n and (n-m) are even or odd

(OR)
Qn S Apn—1 Z Ap—2 S an—3 Z QAp—4 S Z An—m41 S Ap—m Z Ap—m—1 Z oz Gy Z as Z 45)
> ar 2 ag

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in
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2] < |a—1n‘{|a0| — Qg — ap + 2([%—1 +ap_3 + ... F Qo3 + et

—[an—2+ an-us+ ...+ @p_mia + an,mﬁ])} if both n and (n-m) are even or odd (OR)
2] < |a_1n\{‘a0| —ag — ap + 2([an-1 + Ap_z + . + Gyomt2 + Q)

—[an—2+na+ 4 Gnmis + Onomia]) }

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Corollary 2.4.8. Let P(z) = Y 1 ,a;z" be a polynomial of degree n > 2 with positive

real coefficients such that for some 0<r <1,6>0,
ran S Qp—1 Z (p—2 S (p—3 Z (p—4g S S Ap—m+1 Z Qp—m Z Qp—m—1 2 ----------

>ay>a3>ay>a; > ag—0

if both n and (n-m) are even or odd

(OR)
ran < Ap—1 > Ap—2 < Ap—3 > Qp—4 <. Ap—m+1 < QAp—m, > Ap—m—1 Z s

> a4 > a3 >ay > a; > ag— 0

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

2| < ﬁ{2([an,1 +p_3+ oo F Qs + Q]

—[an—2+ ana+ ...+ anmia + aymaz] — an)} if both n and (n-m) are even or odd
(OR)

2| < ﬁ{2([an_1 + 3+ oot Uy + Qo]

— an—2 + @p_s + ... + g3 + Anepgr] — an)}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Remark 2.4.9. By taking r = 1,0 = 0 in Theoem 2.4.6, then it reduces to Corollary
24.7

Remark 2.4.10. By taking a;>0, for i = 0,1,2,...,n in Theorem 2.4.6,then it reduces
to Corollary 2.4.8
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Theorem 2.4.11. Let P(z) = Y .. a;z" be a polynomial of degree n > 2 with real

coefficients such that for some k > 1,6>0,
k:an Z Ap—1 S Ap—2 Z an—3 S Ap—yg Z Z Qp—m+1 S Ap—m S Ap—m—1 S ---------

<as<az<ay<a; <ag+96

if both n and (n-m) are even or odd

(OR)
kan > Ap—1 < Ap—2 > ap—3 < Ap—4 > ... < Ap—m+1 > Ap—m < Ap—m—1 <

<as<az<ay<a <agp+90

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

lz4+k—1| < |a—1n|{25 + kay, + |ao| + ao + 2([an—2 4 Gn-a + ... + Gnmya + Apomeo]
—[an—1 4+ an-3+ ... + Gp_mis + an_m+1])} if both n and (n-m) are even or odd (OR)
lz+k—1| < |a—1n|{25 + kay, + |aol + ag + 2([an—2 + ana + .. + Gpomis + Gnomr1)

— [an-1+ Gn-3 + .+ Gz + Gnm]) }

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Proof. Let P(2) = an2"+an_ 12" 1+ ap 02" 2+ 0y 32" 2+ o+ Uy 2" az2® +
as2? + a1z + ag be a polynomial of degree n > 2.

Then consider the polynomial Q(z) = (1 — 2)P(2) so that

Q) = —a,2"(z + k= 1) + (kay — ap_1)2" + (@n_1 — @pn2)2""" + . + (Gpomy1 —
)2

(G = 1) 2" ™ + (1 — Anem2)2" ™+ L+ (a3 — a2)2® + (ag — a1)2% +
(a1 — ag)z + ag

Also if |z|>1 then T}H’<1 fort=0,1,2,....,n — 1.

Now |Q(2)] > [anll2 -+ — 1" = {[kan — an_1 |21+ an_1 — nal [2" + oo+ an i1 —
|27 A — Gt |2 @1 — G| 2P L |as —an 2P+

|CL2 — CL1||Z’2 + \al — OJ()’Z —+ |CLO’}

> |an||2]" [Iz +k— 1| — i {klan — an_y| + Bnmtfestl p loncamgncsl 4 Joncagncal 4

||
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|@n—m+1—@n—m) |an—m—0n—m—1| |an—m—1—an—m—2| laz—as)| |ag—a1| la1—ag| lao|
E B + o[ L N P T i e i e W P

> Jag||2[" | |2+ k=1 = g {klan — ana |+ |an—1 — an—o|+|an—2 — an—s|+|an—3 — an_af +

---+|anfm+1 - anfm‘—i_lanfm - an7m71’+|an7mfl - anfmf2‘+--+‘a3 - a2’+|a2 - al‘—i_

|CL1 —5—a0+(5| + |CL0|}:|

> |a,||z|" {lz%—k—l] —ﬁ{(kan—an,l)—l—(anﬁ — 1)+ (a2 — an_3)+(an_4 — a,_3)
+ oot (anma2 — AGpemi1) + (@nem — Gnems1) + (@1 — @) + (Cp2 — Q1)
+ ..+ (ag —a3z) + (a1 —az) + (ap+ 6 —ar1) + 9 + |a0|}}

if both n and (n-m) are even or odd

= |a,||z|" [[z+k—1|—ﬁ{26+kan+|ao|+ao+2([an2+an4 oo g+ Qo]

— a1+ Gpg + ... + Qg3 + an—m+1]) }}

>0

if |2 +k— 1|>ﬁ{25 + kan + lao| + ao + 2([an—2 + ap—a + .. + Gnopra + Qo]
— [an—1 + p—g + ... + Qg3 + an—m—i—l]) }

Thish shows that for |z|>1, then Q(z)>0

if [z 4k — 1|>15{20 + ka, + |ao] — a0 + 2([an-2 + ap-a + . + Gpopia + Aoy
— a1+ ans+ ...+ ap_mis+ an_m+1]) }

Hence all the zeros of Q(z) with |z|>1 lie in

lz+k—1] < |a—1n|{25 + ka, + |ag| + ao + 2([an_2 + Gpg + ... + Gnemga + Qpmso]

— a1+ ans+ ...+ ap_mis+ an_m+1]) } if both n and (n-m) even or odd

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle
defined by the above inequality and this completes the proof of the Theorem, if both

n and (n-m) are even or odd.

Similarly we can also prove for n is even and (n-m) is odd (or) if n is odd and (n-
m) is even degree polynomials.For this we can rearrange the terms. That is if n is even

and (n-m) is odd (or) if n is odd and (n-m) is even then all the zeros P(z) lie in
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lz+k—1] < |a_1n|{25 + kan + |ao| + ao + 2([an—2 + an—a + ... + @Gnemis + Gt
- [anfl +ap3+ ...+ Gp—m+2 + anfm]) }
]

Corollary 2.4.12. Let P(z) = Y i ,a;z" be a polynomial of degree n > 2 with real

coefficients such that
G, > QAp—1 < Ap—2 > Ap—3 < Ap—4 > .2 Ap—m+1 < Ap—m < Ap—m—1 <..< Gy < as

<az <a; <ag
if both n and (n-m) are even or odd
(OR)

Qp, Z An—1 S Apn—2 Z Ap—3 S Ap—4 Z S Ap—m+1 Z Apn—m S Apn—m—1 S . < Gy S as

<ay <a; <a

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

2] < g dlaol + ao + an + 2([an—2 + an-a + . + dnmia + Aol

— a1+ ans+ ...+ ap_mis+ an_m+1])} if both n and (n-m) are even or odd (OR)
2| < ﬁ{\a(ﬂ + ao + an + 2([an-2 + apea + . + Gpomis + G

—lan—1+ an_s+ ... + aGpn_mio + an,m])}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Corollary 2.4.13. Let P(z) = .1 ja;2" be a polynomial of degree n > 2 with positive

real coefficients such that for some k > 1,6>0,
kan Z ap—1 S Ap—2 Z Ap—3 S Qp—4 2 Z Ap—m+41 S Qp—m S Ap—m—1 S ---------

<as<az<ay<a; <ag+9o

if both n and (n-m) are even or odd

(OR)

kan Z Ap—1 S Ap—2 Z ap—3 S Ap—4 Z e < Ap—m41 > Ap—m S An—m—1 S ---------
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<ag<az<ay<a;<ap+0

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

lz+k—1] < ﬁ{% + ka, + Q(ao +[an—2+ ap—g+ ... + Qpmia + Qpm2)

— [an-1 + @nes + . + @noprs + Gnmsr]) }if both noand (n-m) are even or odd (OR)
lz4+k—1] < ﬁ{?é + ka,, + 2(@0 +lano+ana+ ...+ apmis+ anomar1)

—lan-1+ apn-s+ ... + ap_pmio+ an_m])}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Remark 2.4.14. By taking £ = 1,0 = 0 in Theorem 2.4.11, then it reduces to Corol-
lary 2.4.12

Remark 2.4.15. By taking a;>0, fort =0,1,2,...,n in Theorem 2.4.11,then it reduces
to Corollary 2.4.13

Theorem 2.4.16. Let P(z) = Y. ja;z" be a polynomial of degree n > 2 with real

coefficients such that for some 0<r <1,0>0,
ran < Ap—1 > QAp—2 < Ap—3 > Ap—4 <..< Ap—m41 > Qp—m < Ap—m—1 <

<as<az<ay<a; <ay+96

if both n and (n-m) are even or odd

(OR)
ran < ap—1 > Ap—2 < ap—3 > an—4 <.z Ap—m41 < Qp—m < Ap—m—1 <

<as<az<ay<a; <ay+9o

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

2| < |a_1n\{|a”| + aol + ao — r(|an] + an) + 26 + 2([an—1 + an-3 + ... + AGnemts + Gp—m1]
— [an—2+ apn_g+ ... + aGp_mio + an,m])} if both n and (n-m) are even or odd (OR)
2] < |a_1n\{‘a"| +|ao| + ao — (|an| + an) + 26 + 2([an—1 + @ns + ... + Gnmya + Qo]
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- [an—Q +ap—g+ ...+ Apn—m4-3 + an—m—i—l])}

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.

Proof. Let P(2) = ap2" +ap_ 12" +an 02" 24y 32" 2+ ..+ G2 "+ a3z +
as2% 4 a1z + ag be a polynomial of degree n > 2.

Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(2) = —a, 2" + (an — ap_1)2" 4+ (An-1 — Apn2)2" 4+ oo+ (A1 — Up) 2™+
(nem = Qpm1)2"™ 4+ (A1 — Qpm2)2" ™ 4+ (a3 — a2)2® + (ag — ay)2? +
(a1 — ag)z + ag

Also if |2|>1 then |Zl%<1 fori=0,1,2,...n—1

Now [Q(2)] = lanll2|"™" = {lan — anall2]" + lan—1 = an-a|l2["™" + .. + an-ms1 —
o |

+n—m— A || 2] 1 — Qo [2]TT T A |as — ag|2]P + ag — aq || 22+
a1 — ao|z + |ao| }

> ‘anHZ’n {M - ﬁ{mn B an—ll + |[an—1—Gn_2| + Ian_zlz—lgn—g\ + |an—i‘iz_|§fn—4| 4o+

||

|@n—mt1—an—m| + |an—m—0n—m—_1| + |[an—m—1—An—m—2] 4o+ laz—az| + lag—a1] + la1—ao| lag|

EE 2™ 2|+t R |22 2[4 T 2

> |an||z|™ {|z|—lc+n{\mn—an_l—mn—l—an|+|an_1 — po|+|an_2 — an_3|+|an_3 — an_4|+
-'-+|an—m+1 - a'n—m|+|an—m - an—m—1|+|an—m—1 - an—m—2|+--+|a3 - CL2|+|6L2 - (11|+

lay —d — ap + 0| + |a0\}]

> Janll2I" [|z| L (@t = ) + (1= laa] + (@ — ) + (@n s — ana) +

(an-3 = an-a)+ A (Cnmi1 — Gnmr2) H(Anmi1 — Gnem) H(Anm—1 = ) (A2 — Gnm—1)
+ ...+ (ag —a3)+ (ag —ag) + (ap+ 6 —ay) + 5 + |a0\}] if both n and (n-m) are even

or odd

= onlll| 11 om0, 4284 2{[an 10+ o s+ i

— lan—2 + @p-s+ ...+ appia + an—m]) }}

>0

if \zl>ﬁ{\an\ + |ag| + ag — r(|ay| + an) + 26 + 2([an,1 +an_3+ ..+ Aoy + QG
— [an—2 + Qg+ .+ sz + Qo)) }-

This shows that for |z|>1, then Q(z)>0
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if |Z|>ﬁ{|an| +|ao| + a0 — 7(|an| + an) + 26 + 2([an—1 4+ an-3 + ... + @Gpemis + Gpmt1]
—lan—2+ an-ua+ ... + ap_mio + an,m]) }

Hence all the zeros of Q(z) with |z|>1 lie in

2] < ppdlan] +laol + a0 — r(Jan] +an) + 26 + 2([an—1+ an-3+ . + anmis + anomia]

- [an—Q +apg+ ...+ Qp—m+2 + an—m]) }

if both n and (n-m) are even or odd

But those zeros of ()(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle
defined by the above inequality and this completes the proof of the Theorem, if both

n and (n-m) are even or odd.

Similarly we can also prove for n is even and (n-m) is odd (or) if n is odd and (n-
m) is even degree polynomials.For this we can rearrange the terms. That is if n is even
and (n-m) is odd (or) if n is odd and (n-m) is even then all the zeros P(z) lie in
2| < ﬁ{\an\ +|ao| + ao — (|an| + an) + 26 + 2([an—1 + Gns + ... + Gnmya + Qo]
— [an—2+ pa + ... + Qi3 + an—m—l—l]) }

[

Corollary 2.4.17. Let P(z) = Y. a;z" be a polynomial of degree n > 2 with real
coefficients such that

G, < Ap—1 > ap—2 < Ap—3 > Ap—4 <..< Ap—m+1 > Ap—m < Ap—m—1 <..< Gy < as
Sa<a < a

if both n and (n-m) are even or odd

(OR)
G, S Ap—1 2 an—2 S Ap—3 Z Ap—4 S 2 Apn—m+1 S Ap—m S Apn—m—1 S S Gy S as
Sar < a1 < a

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in
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2] < |a—1n‘{|a0| +ag—ap,+ 2([%—1 + @z + oo F Qi3 + Qo]

—lan—2+ an_ug+ ... + ap_mio + an,m])} if both n and (n-m) are even or odd (OR)
|z| < |a_1n\{‘a0| +ag — a, + 2([an_1 +ap-3+ oo + Apmaa + Gymaa)
—[an—2+na+ 4 Gnmis + Onomia]) }

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.
Corollary 2.4.18. Let P(z) = Y. ja;z" be a polynomial of degree n > 2 with positive
real coefficients such that for some 0<r < 1,6>0,

ray S Ap—1 2 Apn—2 S Ap—3 2 Qp—4 S S Gp—m+1 2 An—m S Ap—m—1 S ----------

<as<az<az<a; <ag+96

if both n and (n-m) are even or odd

(OR)
ran S an—1 Z Ap—2 S an—3 2 Qp—4 S Z Ap—m41 S Ap—m S Ap—m—1 S -------------

<as<az<ay<a;<agp+96

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even

then all the zeros of P(z) lie in

|z| < |a_1n\{(1 —2r)a, + 20 + 2(@0 + [an_1+ an-3+ .. + Qa3 + Gp_mi1]

— lan—2+ an-g+ ... + ap_mio + an,m])} if both n and (n-m) are even or odd (OR)
2] < {1 = 2r)an + 20 +2(ao + [an—1 + an-g + . + Gpomia + Anomro]
—[tn—2+na+ . 4 Gnmis + Onomia]) }

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.

Remark 2.4.19. By taking r = 1,0 = 0 in Theorem 2.4.16, then it reduces to Corollary
2.4.17

Remark 2.4.20. By taking a;>0, fort =0, 1,2, ...,n in Theorem 2.4.16,then it reduces
to Corollary 2.4.18

The results of section 2.4 have appeared in [29].
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2.5 On the location of zeros of polynomials with

different complex coefficients

Theorem 2.5.1. Let P(z) = 3 7, ;27 be a polynomial with complex coefficients of
degree n > 2 with Re(c;) = aj and Im(o;) = b; for j =0,1,2,...,n such that
Up 2 Gp1 < O3 2 Qp-3 < Qpog = ... S A4 203 < a2 > a1 < ag and
by >b, 1 <b,o>b, 3<b, 4>..<by>b3<by>b <byifniseven
OR
Ay > Ape1 < A 2> Ap3 < Apyg > .. > ag < az > as < ap > ag and
by > by <bpo>bpg <byoy > ... > by < b3 < by < by > by if nis odd
then all the zeros of P(z) lie in
|z| < Ia_ln\ [|a0| +agtan+2([an ot an g+ ... +as+as] — a1+ a3+ ....a3+a1]) +

lbo| + b0 + by, + 2([bp—2 + by—g + ... +bg + 2] — [b—1 + bp—s... + b3 + bl])} if nis even
OR
2| < & [|a0] —ap+an+2([an—2+an-—a+ ... Faz+ay] = [apn_1+ ap_3+ ...ays + az]) +

Joun |

|b0| - b() -+ bn + 2([bn—2 + bn—4 + ...+ b3 + bl] - [bn—l + bn_g... + b4 + bg]):| Zf?’L 18 odd

Proof. Let P(2) = a2+ 12" 1+ ...+ a32® + @92® + a12 + o be a polynomial with
complex coefficients of degree n> 2 with o; = a; +1b;for j =0,1,2,...,n

Then consider the polynomial

Q(z) =(1 — 2)P(z)
=— 2" 4 (0 — pe1)2" F (o1 — an2)2" T (s — ang) 2" L
+ (a1 — ag)z + ay.
= — 0, 2" 4 (A — A1) 2" F (G — Ap2) 2"+ (G — Ap3) 2" 2+
+ (a1 — ag)z + ag +i{ by — bp-1)2" + (ba1 = bu2)2" ™ 4 (b — bay) 2" > + ...

+ (bl - bg)Z -+ bo}

If |z|>1 then <1 fori=20,1,2,.....,n — 1.

|Z|n—i
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Now [Q(2)] > || 2] — {|an — @n_1||2]" + |an-1 — @n_a||z|" " + |an_2 — @n_s||z]" > +.....
+ |az — a2|\z|3 + |ag — (JL1||z]2 + |ay — aol|z| + |ao| + |bn — bn_1]]2]"
+ |bn—1 - bn—2||Z|n_1

+ |bn_2 — bn_3||Z|n72 4+ ...+ |b3 — bQHZ|3 + ’bg — b1||Z|2 -+ |b1 — b0||2’ + |b0|}

|an—1 - an—2| |Gn—2 - an—3| |Cl3 - a2|
> iyl = —A{la, —a,_q| + =t T2l Pem2 7 Tedl 78 2l
2 ol [1e = e = i + 22212 E e
lag —ai| | |ax — ao |aol b1 = bna| | b2 — bn_3]
b, —b,,_
E R F TR P O T BE
b3 —ba| | |ba — 1| | b1 — bol 1501}
| 2|3 |2’|”’2 El E
> a2 [|z[ o ’{|an Ap-1| + |apn—1 — apo| + |apn_o — an_s| + ..... + |az — as

+ lag — a1] + |ay — ao| + |ao| + |bn — bp—1| + |bu—1 — by—a| + [bp—2 — bp—3| + ...

+ ‘bg — bg’ + ’bz — bl‘ + ‘bl - b0| + ’b0|}:|

1
> |ag|2]" [|z! — —{(an — an_1) + (an—1 — apn—2) + (Gpn_9 — ap_3) + ..... + (a2 — a3)

||

+ (ag — a1) + (ag — a1) + |ao| + (b — bu—1) + (bno1 — bp—2) + (bp—2 — by—3) + ...

+ (by — b3) + (g — b1) + (bg — by) + ]bol}l if nis even ,by hypothesis

_ ran||zr"[|z|

|{]ag|+a0+an—|—2([an 2+ apg+ ... + ag + as)

|

— [CLn_l +a,_3+....a3 + al]) + |b0| + bo + bn + 2([()”_2 + bn_4 + ...+ b4 + bg]

— [bn—l + by—_3... + b3 + bl])} >0

Zf |Z|>{‘(I0| +ag + a, + 2([6Ln_2 +Qp_g+ ... +aq4 + (12] — [an_l + Qp—3 + ....a3 + al]) + |b(]|
+bo+ by + 2([br—2 + bp_a+ ... + by +bo] — [br_1 + by_3... + b3+ b1])}
This shows that if |z|>1 then |Q(2)|>0 whenever

1
|z|>a—{]a0| +ag+ an + 2([an_2+ ana+ ... + ay + as] — [apn_1 + ay_3+ ....a3 + a1])

|

+ |bo| + bo + bp, + 2([br—2 + bp—a + ... +bg + ba] — [b—1 + bp—3... + b3+ b1]) }.

Hence all the zeros of Q(z) with |z|>1 lie in

1
{lao] + ao + an + 2([an—2 + Gpnyg + .... + a4 + a2] — [apn_1 + @n_3 + ....a3 + a1]) + |bo|

||

+bo+ by + 2([bro+bya+ ... +by+bo] — [by1+by_3... Fbs+b1])} if nis even

|2]<
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But the zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the above
inequality.Since all the zeros of Q(z) lie in the circle defined by the above inequality ,
we conclude that the proof of the Theorem is complete if n is even.

Similarly we can also prove for odd degree polynomials.For this we can rearrange the
terms of the given polynomial and compute as above. That is if n is odd the all then
zeros of P(z) lie in

2] < |a—1n‘ [|a0| —ap+an+2([an2+ana+ ... +az+ai] —[an1+ a3+ ....as+as])+

|bo| — bo + by, + 2([br—2 + by—g + ... + b3+ b1] — [br_1 + by_3... + by + b2))
This completes the proof of the Theorem. O

Corollary 2.5.2. Let P(z) = Z;;O ;27 be a polynomial with complex coefficients of
degree n > 2 with Re(a;) = a; > 0 and Im(a;) =b; >0 for j =0,1,2,...,n such that
Up 2 Ape1 < Ay 2> A3 < Apyg > ... < ag > a3 < ag > ap < ag and
by > by 1 <bp9>b,3<b,_4>..<by>b3<by>b <byifn iseven
OR
Up 2 Ape1 < Ay > A3 < Apyg > ... 2> Ay < az > as < ap > ag and
by > by <bpo>bpg<byy> ... >by < b3 < by < by > by if nis odd
then all the zeros of P(z) lie in
2] < gl an + 2([an—2 + @pea + oo+ ag + a2+ ao] = [ap—1 + @ps + oz + ar]) + by, +

2([br—2 + byp—g + ... + by + by +bo] — [b—1 + bp_3... + b3+ bl])l if n is even
OR

n

2] < |a_1\ {an+2([an_2+an_4+.... taz+a] —[an_1+an_3+....as+as]) + by +2([bp_s+

bn_4 + ...+ b3 + bl] - [bn—l + bn_g... + b4 + b2]>:| an 18 odd

Remark 2.5.3. By taking a; > 0,b; > 0 for j = 0,1,2,...,n in Theorem 2.5.1, it
reduces to Corollary 2.5.2.

Theorem 2.5.4. Let P(z) = Y i ;2" be a polynomial with complex coefficients of
degree n > 2 with Re(a;) = a; and Im(a;) = b; fori = 0,1,2,3,...,n such that for
some k >1,6 >0,
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kan > apn_1 < ap—g > p—3 < Apyg.... <ag > a3 < az > a; < ag+0 and
kb, > b1 <bp_o>by_3<by_yg....< by >b3<by>by <by+0 if niseven

OR
ka, > ap1 < Qp_9 > Qp-3 < Qps.... > ag < a3z > as < a; > ag— 0 and
kb, > bp_1 <bpo>by3<bypyg... >0y <b3>by <by >byg—0 if nisodd
then all the zeros of the polynomial P(z) lie in
2tk —1] < J{kan+laol +ao+20+2[(an—2+ap—ss +... +as+as) = (@p1+ap_z+...+
as+ay)|+kbp 4 |bo| +b0+20+2[(bp—2+bp—at +... +bs+bs) — (bp—1+by—3+...+b3+b1)] }
if nis even

OR
2tk —1] < S{kan+lao] — ao+20+2[(an—2+ap-as +... tag+ar) = (an1+ap_z+...+
ay+ag)]+ kb, +|bo| —bo+20+2[(by—2+bp—ar+ ... +b3+b1) — (b1 +by_s+...+bs+b2)] }
if nis odd.

Proof. Let P(2) = a2+ 12" 1+ ...+ a32® + az2? + a1 2 + ag be a polynomial with
complex coefficients of degree n> 2 with a; = a; +ib;for j =0,1,2,...,n

Then consider the polynomial

Q(z) = (1 - 2)P(2)
= —an2"(z+k— 1)+ (kay, — ap_1)2" (1 — Qp_2)2" 7t + (g — p_3)2" 2 + ...
+ (a1 — ap)z + ap.
= —ap2"(z+ k= 1)+ (kan — @p_1)2"+(an_1 — Ap_2)2""" + (Gn_g — Ap_3)2" > + ....
+(a1 — ag)z + ap + i{(k:bn—bn_l)zn + (bpe1 — bp2)2™ 1 4 (bp_g — by_3)2" 2
+...+ (b1 — bo)z + bo }.

1
If |z|>1 then H—1< fori=0,1,2,...n—1
z|"~

Now |Q(2)] > |an||2["|2 + & — 1] = {|kan—an_1||2]" + [an-1 — ano|[2["""
Han—s — an-al[2]"7* + .. H|ar = aol|2| + |ao| + [kbn — b |2]"

Hlbn1 = bno| |27+ [buo — bugl2]" 7 4 o A [br = bol2] + [bol }

’anfl - anf2’ ’an72 - an73’

> Janl 27112 4 & — 1] = {kan—an 1] +
{ B BE

+ ..
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a, — a a bp—1— by— byp—o — by
plozaol ool gy g, ) Lot = bael P = bl
I || ||
b1 — by |bo|}
A F

+ |b1 — & — by + 8| + |bo| }
> || 2]™ [|z +k—1] - {(k:an —ap_1) + (an—1 — ap_o)+(an_o — an_3) + ....

+(0,0 + 0 — ) + ) + ‘ao‘ + (k’bn — bn—l) + (bn—l — bn_2)+(bn_2 — bn_g) + ...

+(bo+0—b1)+6+ |bol}} if nis even, (by hypothesis)

1

o ’{kan + |ao| + ap + 20 4 2[(an—9 + Gp_yg + ...

= |ay||z|" [[z +k—1]—
+ag + ag) — (@p_1 + ap_3 + .... + az + a1)|+kb, + |bo| + bo + 20

+2[(bp—g + bp—g + ... + by +b2) — (bp—1+by_3+ ... + b3+ b1)]} | >0
1

if lz+k—1]> {ka, + |ao| + ao + 20+2[(an—2 + @p_yg + ... + a4 + as)

||
—(ap-1 + @p_3+ ... + az + a1)]+kb, + |bo| + bo

+26 + 2[(bp—2 + bp—a + ... +bs +b2) — (bp—1 + b3+ ... + b3+ b1)|}

This shows that if |z|>1 then |Q(z)|>0

1

provided |z + k — 1|>——{ka, + |ao| + ao+20 + 2[(an—2 + @p-s + ... + a1 + a2)

|an

—(ap-1+ apn_3+ .... + a3 + ay)] + kb,+|bo| + bo + 20
+2[(bp—2+bpa+ ... +bs+b2) — (b1 + bpg + ... + b3+ 0b1)]}

Hence all the zeros of Q(z) with |z|>1 lie in

1
|z +k — 1|<m{kan + |ao| + ao+28 + 2[(an—2 + ap_yg + ... + as + az)

—(Gp—1 + p_3 + ... + az + a1)|+kb, + |bo| + bo + 20
+2[(bp—o +bp—g+ ... +bg+by) — (by_14+bp_3+ ... + b3+ b1)]|}

if nis even
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But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle
defined by the above inequality, we conclude that the proof of the Theorem is complete,
if n is even.

Similarly we can also prove for odd degree polynomials. For this we can rearrange the
terms of the given polynomial and compute as above.That is if n is odd then all the
zeros of P(z) lie in

2tk —1| < {kan +laol —ao+20+2[(an-2+ap—as +... Fag+ar) = (an1+ap_g+...+
ag+as)|+kbp+|bo| —bo+20 +2[(bp—o+bp—sr+... +b3+b1) — (bp—1+bp_3+...+bs+b2)]}
This completes the proof of the Theorem. n

Corollary 2.5.5. Let P(z) = Y i, a;z" be a polynomial with complex coefficients of
degree n > 2 with Re(a;) = a; and Im(a;) = b; fori = 0,1,2,3,...,n such that for
some k > 1,
kap, > an—1 < ap—o > ap—3 < apy.... <ag > az < ay > ay < ag and
kb, > b, 1 < by, 9>0b, 3<0byp_4.... < by >0b3 < by >by < by if niseven

OR
kap 2 an1 < Gpog 2 Gp3 < Gpog... > ag S a3 > a2 < a1 > ag and
kb, > by 1 <by9>by3<bp_yg...>by <b3>by < by >y if nisodd
then all the zeros of the polynomial P(z) lie in
lz+k—1| < ‘a%l{k:an + |aog| + ao+ 2[(an—2+ ap—sy + ... Fas+as) — (@p—1 + ap_3+...+
as+ aq)] + kb, + |bo| +bo +2[(bn—2+ bp—gs + ... +bs+ o) — (b1 + b3+ ... + b3+ b1)]}
if m s even

OR
lz+k—1| < |O%l'{kan + |ag| —ao+2[(an—2+ap_ay +... +as+ay) — (a1 +ap_3+...+
as + az)] + kby, + [bo| — bo + 2[(b—2 4+ bp—at + ... + b3+ b1) — (b1 + g+ ...+ bs + b2)]}
if n s odd.

Remark 2.5.6. By taking 0 = 0 in Theorem 2.5.4, it reduces to Corollary 2.5.5.

Theorem 2.5.7. Let P(z) = Y I ;2" be a polynomial with complex coefficients of
degree n > 2 with Re(a;) = a; and Im(a;) = b; fori=0,1,2,...,n such that
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p < Ap1 2 Q2 < Ap3 2 Apg < ... 2 ag < a3 2 ag < ay > ag,
by < by 1>2by9<b,3>b,4<..2by<b3>by<by>byifniseven
OR
p < Ap1 2 02 < Ap3 2 Apg < ... < ag 2 a3 < ag > ap < ag,
by <bp1 >bpo <bpg>byy < ... < by >b3 < by>by < by if nis odd
then all the zeros of P(z) lie in
2] < |a—1n‘[|a0| —ag— ap + 2([ap1 + aps3+ ... Faz+a1] — [an2+ an g+ ... +as+
as]) +|bo| —bo — b+ 2([bp—1 +bp—s+ ...+ b3+ b1] = [bp_a+bp_s+ ... +-bs+bs]) | if n is even

OR
|z| < laL[|a0| +ap—an+2([ano+a,a+...+az+a]—[an1+a,3+...+as+as])+

nl

|b0| + bo — bn + 2([bn_2 + bn_4 + ...+ b3 + bl] — [bn—l +bn—3 + ...+ b4 + bQ])} an s odd.

Proof.

Let P(2) =an2" + Q12" Va3 4 sz + aqz + ag be a polynomial of degree n > 2
with oj = a; +1b; for j=0,1,2,...,n.Then consider the polynomial
Q(z) =(1 —2)P(2)

= — 2" (= )2 F (@t = )2 (e — )" T
+ (a1 — ag)z + ay.

= — 2"+ (A — ap1)2" + (ane1 — Ap2)2" 7 F (ap_2 — an-3)2" % + ...
+ (a1 — ag)z +ao + Z{(b” —bn1)2" A+ (bno1 = bn2)2" 7+ (a2 — b3)2" T 4
+ (b1 — o)z + bo}.

1
If |z|<1 then ——>1 fori=0,1,2,....,mn — 1.

2|
Now |Q(2)] > fewm|2"* = {lan — ana||2]" + |an—1 = an ol |2[" " + |an—o — an_s||z["7> + ...
+ lag — as||z* + az — ar[|2[* + |ar — aol|z] + [ao| + [bn — bn1]|2["
F (b1 = baa[2]" 7 [bae = bos 2" A e [bs = bol[2] - [by — b ]2

+ b1 — bol|2] + [bol }
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1 1 — Qe —9 — Uy
> |anuz|”{lz\— (= | - ot = Ozl Jonmz ool
|| 2] ]
Jr|a3—a2| |a2—a1| |a1—a0| |ao|
|2[=3 |2[n—2 1 e P
|bn—1 - bn—2| |bn—2 - bn—3| |b3 - b2| |b2 - b1| |b1 - b0|
b, — b,,_
Flon b ¥ T A T Pt s e e
|bo|
e
1
Z Q|2 2 Ap — Ap—1 Ap—1 — Ap—2 ap—2 — Gp_3 a3z — ag
> Jan|2]" ||2] Ia\{‘ |+ |+ |+t |
n

+ |ag — a1| + |a1 — ao| + |ao| + [br — bu—1| + |bn1 — bp—2| + |by—2 — bp—3| + ...

b — bl by — Bu] - 1By — bo| + \bor}}

1
> |a|2]" [Iz\ - m{(anq — @p) + (-1 — @n-g) + (-3 — an2) + ...

+ (ag — az) + (a1 — a2) + (a1 — ag) + |ao| + (bn—1 — b)) + (bp—1 — by—2) + (bn—3 — bp—2)

+ ooeo + (bg — b)) + (by — bo) + (b1 — bo) + \bof}]

if nis even ,(by hypothesis)
1

o |{]a0| —ay — Ay + 2([ap—1 + @p-3 + ... + az + a1

=lan||z|" ||2] =
—lan_o+ an_yg+ ... +aq+ as)) + |bo| —bo — by + 2([br—1 + b3 + ... + b3 + 1]

— [bn_Q +bp_sa+...+bs+ bg])} >0
1

||

if|z]>—A{lao| — ap — an + 2([an—1 + an—3 + ... + a3 + a1] — [an—2 + ap_g + ... + a4 + a))

+ |bo| = bo = br 4 2([bp—1 + bz + ... +bg 4 b1] — [y 4 bp_g + ... + by + b2])}
This shows that if |z|>1 then |Q(z)|>0

1
{lag| = ap — an + 2([ap_1 + an_3+ ... +as + a1] — [an—2+ @pn_yg + ... + ag + as))

||

+ |bo| — bo — bp + 2([brn—1 + b3 + ... + b3+ 1] — [by—2+ bpg + ... + by +b2])}

iflz[>

Hence all the zeros of Q(z) with |z|>1 lie in
1
™

+ |b0| — bo — bn + 2([bn_1 + bn_g —+ ...+ bg + bl] — [bn_g + bn_4 + ...+ b4 + bQ])}

|z|< {lao] — ao — an + 2([an_1 + apn_3+ ... + a3+ a1] — [an_2+ apn_g + ... + a4 + as))

1f nis even.
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But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the circle
defined by the above inquality, we conclude that the proof of the Theorem is complete,
if n is even.

Similarly we can also prove for odd degree polynomials. For this we can rearrange the
terms of the given polynomial and compute as above.That is if n is odd then all the
zeros of P(z) lie in

|z| < |a—1n‘{|a0| +ag—an+2([apno+ans+...+az+ar] —[ap1+an_s+...+as+as])+
lbo| + b0 — by, + 2([bn—2 + by—a + ... + b3+ b1] — [bp—1 + bpg + ... + b4+ b)) }

This completes the proof of the Theorem. n

Corollary 2.5.8. Let P(z) = Y i a;z" be a polynomial with complex coefficients of
degree n > 2 with Re(a;) = a; > 0 and Im(o;) =b; > 0 fori=0,1,2,...,n such that
Up < Op1 2 G2 < Q3 2 Apg < .. 2 a4 S az 2 az < ap 2> ao,
by <b, 1>by0<b, 3>b, 4<..>by<b3>by<by>byif niseven

OR
Up < Op1 2 Op2 < Gp3 2 Gpg < ... < ag 2 a3 < az 2> a; < ag,
by <bp1 2> by <bpg>byy < ... <by>b3 < by>by <byif nisodd
then all the zeros of P(z) lie in
2| < |a_1n\ 2(Jan—1+an-3+ ...+ az+a1] = [an—2+ ap_a+ ...+ as +as]) — an + +2([bp1 +
b3+ ..+b3+b] = [bpo+bya+...+by+ b)) — bn} if n is even

OR
12| < 5 [2(Jan—2 + @nea + ... + a3 + a1 + ao) = [@n-1 + apoz + . + as + a2]) — an +

|an|

—|—2([bn,2 -+ bn,4 + ...+ bg —+ b1 + bo} — [bn,1 + bnfg + ...+ b4 + bg]) - bn] Zf n 18 odd.

Remark 2.5.9. By taking Re(a;) = a; > 0,Im(a;) = b; > 0 for i =0,1,2,..,n in
Theorem 2.5.7, it reduces to Corollary 2.5.8

Theorem 2.5.10. Let P(z) = Y . ;2" be a polynomial with complex coefficients of
degree n > 2 with Re(wo;) = a; and Im(o;) = b; for i = 0,1,2,...,n such that for

0<r,s<1,0>0,n>0
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Ty < Apeq > Qp2 < pg > Qg < .. > ag < a3 > az < ap 2> ag — 0,
by <bp12by0<b, 3>b, 4 <...2by<b3>by<by>by—nif niseven

OR
T < Op1 > Apg < Apeg > Qg < ... <ag > a3 < ag > a; < ag+ 90,
Sby <bp12b, 2<b, 3>b, 4<...<by>b3<by>0b <by+nifnisodd
then all the zeros of the polynomial P(z) lie in
2| < Ia_ln\{26+ lan| + |ao| — ao — r(Jan] + an) + 2[(an-1+ an-3 + .... + az + a1) — (ap—2 +
Up_g + .. +ag + as)] + 20+ |ba| + |bo| — bo — s(|bn| + bn) + 2[(bp—1 + b3 + .... + b3 +
by) — (bn—2 + bp—s + ... + by + b2)|} if n is even

OR
|z| < Ia_ln\{25+ lan| + |ao| + ao — r(|an| + an) + 2[(an_1 + an_3+ ... + ag + az) — (a2 +
Ap—g + ... +asz +ay)] + 20+ |bu| + |bo| + bo — s(|bn| 4+ bn) + 2[(br—1 + b3 + ... + by +
by) — (bn—2 + by—a + ... + b3+ b1)|} if n is odd.

Proof. Let P(2) = a2+ 12" 1+ ...+ a32® + az2? + a1 2 + ag be a polynomial with

complex coefficients of degree n> 2 with a; = a; +ib;for j =0,1,2,...,n

Then consider the polynomial

Q) = (1 - 9)P(2)
= —a, 2"+ (ay — 1) 2" F (et — )2 (g — )2
+aQp.
= — 2" (@ — A 1)2" F (A1 — Ap2)2" A (G — Gp3)2" TR
+(a; —ap)z + ag + z{(bn —bp1) 2"+ (b1 — bp2)2" 4 (bp—g — bp3)2™ % 4 ...
+(by — bo)z + bo }.

If |z|>1 then

B <1 fort=0,1,2,.....n — 1.
anz

Now |Q(2)] > |aw|2|" = {lan — an-1]|z|"+|an-1 — an—a||z|" " + |@n-2 — an_s||2[" > + ...
+lag — az||z|* + |ag — ay||z[*+|ar — aol|z] + |ao| + [bn — bui|2]"
Hbn_1 = bp_al||2|" 7+ |br2—bn_s||2]" % + ... + |bs — bo||2)?

+ba = bu[2]* + b1 — bol|z| + [bo|}
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1 Ay 1 — Qyp Ay — Gy
2 oo |J2 = 1 pllan = a4 et temtl St mpenl
n
Jr|a3—a2| |a2—a1\ |a1—a0| |a0|
2|3 | 2|2 | 2|1 |z|™
|bn—1 - bn—2| |bn—2 - bn—3| |b3 - b2| |b2 - bl|
b, —b,_
o =bua [ F T T e g T e
by —bo| | |bol
e !

> |anllz" 2] — {|ran — an—1 —ray + ap| + |an—1 — an_a| + |an_2 — a,_3|

||
—|—|Cl,n,3 — an,4| 4+ ...+ ’CLg — CL2| + |CL2 — CLI‘ + ‘al + (5 — ag — 5| + |CLO’

_HSbn - bn—l - Sbn + bn| + ’bn—l - bn—2| + |bn—2 - bn—S‘ + ‘bn—?) - bn—4’ + ...

+]bg — ba| + |by — by| + [b1 +1 — b — 0| + |bo|}
> |a|[2]"™ |]2] — m{(anfl —ran) — (1 =7)|a,| + (an1 — an_2) + (a3 — an_2)

—|—(an,3 — an,4) + ...+ (a3 — 0/2) + (Cll — ag) -+ (a1 —ag + (S) -+ ) —+ |&0’+(bn,1 - bn)
—(1 = 8)[b| + (b1 — bp—2) + (b3 — b2 + (b3 — by—a) + ... + (b3 — b2)

+(by — b2) + (b —bo +n) + 1+ |bo|}|if nis nis even ,(by hypothesis)
1

= |a||z|" = |]7] —
e

{20 + |an| = lao] — ag — r(Jan| + an) + 2([an—1 + an_s+... + a3 + a1
—lan—9 + @pn_y + ... + ag + az)) + 219 + |by| — |bo| — bo — r(|bn| + bp)

+2([bp—1 + bp—g+ ... + b3+ b1 — [bp—o +bpg + ... + by + b))} | >0, if n is even.
1

|O‘n‘

if |z]>——{20 + |an| — |ao] — a0 — r(|an| + an) + 2([an—1 + @p_3 + ... + az + a1]

—lan—2 + an-a+ ... + as + az]) + 20 + |bn| — [bo] — bo — 7([bn| + bn)
+2([bp—1 + bpg+ ... + b3+ b1 — [bp—o + bpg + ... + bs + b2))}
This shows that for |z|>1 ,then |Q(z)|>0

if |z]>

1
a ‘{25 + |ay| — |ao] —ao — r(|an| + an) + 2([an—1 + apn_3 + ... + az + a1

—[an—24 @y + ... + ag + as]) + 21 + |by| — |bo| — bo — 7(|bn| + bn)
+2([bp—1 +bpg+ ... +b3+b1] — [bno+byag+ ... +bs+ b))}
Hence all the zeros of Q(z) with |z|>1 lie in

|2[<

1
o |{25 + |an| — |ao] — ap — r(|an| + an) + 2([an—1 + @n_s + ... + a3 + a4]

—[an_g + Qp_y + ... F a4 + ag]) + 277 —+ |bn| — ’b0| — bo — T(‘bn‘ + bn)
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+2([bn—1 + bp—g + ... + b3+ b1] — [bp_o + by_a+ ... + by + bo]) } if n is even.

But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy
the above ineauality. Since all the zeros of P(z) are also the zeros of Q(z) lie in the
circle defined by the above inequality, we conclude that the proof of the Theorem is
complete, if n is even.

Similarly we can also prove for odd degree polynomials. For this we can rearrange the
terms of the given polynomial and compute as above.That is if n is odd then all the
zeros of P(z) lie in

|z| < |a_1n\{26 + |an| + |ao| + ag — r(|an| + an) + 2[(an_1+ apn_s+ ... + a4+ az) — (an_o +
Un_g+ ... +ag+ a1)] + 20+ |ba] + [bo| + bo — s(|bn] + bp + 2[(by—1 + bp3 + ... + b4+
by) — (bn—2 + by—g + ... + b3 + b1)]} This completes the proof of the Theorem. O

Corollary 2.5.11. Let P(z) = )", o;2" be a polynomial of degreen > 2 with Re(c;) =
a; and Im(a;) = b; for i =0,1,2,....n such that for 0 <r,;s <1
TOp < Op1 2 Ap2 < Up3 2 Apg < ... 2 a4 < a3 2 A3 < a1 2 Ao,
Sby < b1 2by 90<b, 3>b, 4<..2>2by<b3>by<by>byifniseven
OR
TOp < Op1 2 Ap2 < Ap3 2> Ay g < .o < ag 2> a3 < ag 2 ay < Ao,
Sby <bp1>b, 0<b,3>b, 4 <..<by>b3<by>by <bgifnisodd

then all the zeros of the polynomial P(z) lie in

2] < mpdlan] + laol — a0 = r(lan] +an) +2[(an-1 + an—3+ ... + az +a1) — (@n-2 + an—s +
o Fag+ az)] + |ba] + 60| — bo — s(|bn] +bn) +2[(by—1 + bp—3+ ... +b3+b1) — (bp_o+
bp—a + ... + by + o)} if nis even

OR
|z| < ﬁ{\a“ +|ao| +ao —r(|an| + an) + 2[(@n-1 + apn_s+.... +ag+az) — (ap_2+an_sa+
o as 4 a)] + [ba] + [bo] + bo — 5(|bn] + br) + 2[(bney + bu—g + ... + by + by) — (s +

bn—4 + —I— b3 —f- bl)]} zfn iS Odd

Corollary 2.5.12. Let P(z) = )", o;z" be a polynomial of degreen > 2 with Re(cy;) =

a; > 0 and Im(a;) =b; >0 fori=0,1,2,...,n such that for 0 <r,s<1
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TOp < Ap1 2 Gp2 S Ap3 2 g < oo 2 ag < a3z 2> az < ap 2> ao,
$by <bp12byo0<b, 3>b,_4<..2>2by<b3>by<by>byifniseven
OR
TOp < Qp1 2 Ap2 < Ap_3 2 Apg < ... < ag 2 a3 < ag 2 ay < ag,
Sby <bp12by 90<b, 3>b, 4<..<by>b3<by>b <byifn isodd
then all the zeros of the polynomial P(z) lie in
2] < |a—1n|{an +2[(ap1+an3+ ... +az+ay) — (ray, +apno+ ay_ g+ ... +aq4+as)| +
by + +2[(bp—1 + bpg+ ... +b3+b1) — (b +bp_o+byg+ ... + by + )|} if n is even
OR
|z| < |a_1n\{an +2[(an—1+ an_3+ ... +ag+as+ag) — (2ra, + apn_o+ apn_yg + ... + azg +
ar)] +bp +2[(bp-1+ b3+ ... +by+ba+bo) — (28by +by2 +bp_g+ ... + bs + b1)]} if

n 1s odd

Remark 2.5.13. By taking 6 = 0 and n = 0 in Theorem 2.5.10, it reduces to Corollary
2.5.11.

Remark 2.5.14. By taking 6 = 0,7 = 0 and a;b; > 0 for j=0,1,..n. in Theorem 2.5.10,

it reduces to Corollary 2.5.12.



Chapter 3

Zero-free regions for complex

polynomials

3.1 Introduction to the chapter

In second chapter we have found Locaton of Zeros of polynomials by restricting the
coefficients. But we do not have a general formula for locating zeros of polynomials.For
some of the polynomials by restricting the coefficients we can find a region where zeros
are not contained in, by using the same idea that we used for locating the zeros of
polynomial in perticular region.There are many results on zero free regions.In Enstrom-

Kakeya theorem,by replacing polynomial z”P(%), the following result is immediate

Theorem 3.1.1. Let P(z) =Y, bxz" be a polynomial of degree n such that

bp > by > ... > b1 > b, >0, then P(z) does not vanish in |z| < 1.
Later B.A.Zargar [42] generalized the above and proved the following resuls.

Theorem 3.1.2. Let P(z) = Z?:o b;z7 be a polynomial of degree n such that for some
kE>1, kby>b > ... > bp_1 > by, >0, then P(z) does not vanish in the disk

2] < 5.

56
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Theorem 3.1.3. Let P(z) = Z?:o b;z7 be a polynomial of degree n such that for some
real number p, 0 < p<b,,0<b, —p < b1 < .... < by < by, then P(z) does not vanish
in the disc

|2l <

1+
Theorem 3.1.4. Let P(z) = Z?:o bjz! be a polynomial of degree n such that for some

k>1,0<by <b <. <b, 1 <kb,, then P(z) does not vanish in the disc

b
2] < DT

Theorem 3.1.5. Let P(z) = Z?:o b;z? be a polynomial of degree n such that for some
p, 0<by < by < ... < b,_1 < b, + p, then P(z) does not vanish in the disc
b
2| < Sontp)ho

Here we prove the following results on zero free region for polynomials with re-

stricted coeflicients.

3.2 Zero free region for polynomials with restricted
real coefficients

Theorem 3.2.1. Let P(z) = Y . ,a;z" be a polynomial of degee n > m > 2 with real
coefficients such that p > 0,k > 1 and

kag > a1 < ay 2 a3 < ag 2 ... 2 Gpom-1 < Qpem 2 Qpemg1 = oon = Qg = Apoy =
a, — p if both n and (n-m) are even or odd

(or)
kaO Z 451 S a2 2 as S Q4 Z S Ap—m—1 Z Ap—m Z Apn—m+41 Z 2 Ap—2 Z Ap—1 Z

a, — p if one of the n, (n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

|ao|
(lao| + ao) + lan]) — (laol + an) +2p + s1

4l <
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if both n and (n-m) are even or odd
where s1 = 2[(ag+as+as+ ...+ ap_m-o+an_m)— (a1 +as+as+ ...+ ap_m-3+@pn_m_1)]
(11)P(z) does not vanish in the disk

|ao|
(laol + ao) + [an]) — (lao| 4 an) +2p + s2
if one of n and (n-m) is even and other one is odd,

<
4l <

where sg = 2[(ag+as+ag+...+apn_m_3+an_m-1)—(a1+as+as+...+a,_m_a+an,_m_2)]|

Proof. LetP(2) = ap,2" + an_12""' + .... + a1z + ag be a polynomial of degee n.

Let us consider the polynomials J(z) = 2" P(1) and R(z) = (z — 1).J(z) so that

R(z) = (2= 1)(apz"+a12" '+ .4 @1 2" 4 0 2T A 2T a1 2 ay,)
= R(2) = agz"™ — {(ap — a1)2" + (a1 — a2)2" ' + ... + (@1 — @) 2" + (g, —
U-1)2""" + o+ (a1 — an)z +a,}

Also if |z| > 1 then M% <1 fori=0,1,2,...n—1

Now

IR(2)| > [aol 2™ = {Jao — arl["] + Jas — |2 + .+ a1 — Gl |27 + fa —
Q1 ||2"7 4 oo+ a1 — anl| + |an|}

S S ey g e O g S g et

2™

o lnzecdponl | [ncacdamal 4 Becgogn] 4l

— |R(z)| > |a0||z|"[|z|—|a—10|{|k:a0—a1—ka0+a0|+|a1—a2|+|a2—a3|+|a3—a4|—|— ...... +
@1 = Q| + | — A |+ o+ a3 — @ o]+ |an—2 — an1 |+ a1 +p—an — p| +|an|}]
— |R(2)| > \a0||z|"[|z]—|a—10‘{(ka0—a1)+(k—1)|a0|+(a—2—a1)+(a2—a3)—i—...+(an_m—
A1)+ (@n—m—nmy1) o (An3—n2) +(an2—an 1) +(an1+p—an)+p+|a,l}]
if both n and n-m are even or odd

= [R(2)] = |ao||2]"[|2] = i {(k(lao] + ao) + |an| — (lao| + an) + 2p + 51}]

where s1 = 2[(ag+as+as+...+an_mota, m)—(a1+az+as+...+apn_m3+an_m_1)]
= |R(2)| 2 0if |2| > o {(k(Jao| + ao) + |an| — (|lao] + an) + 2p + s1}.

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed
disk

2] < ol (k(laol + ao) + lan| = (lao| + an) +2p + s1}.

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the
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above disk.Therefore, it follow that all the zeros of R(z) and hence J(z) lie in
2] < por{(k(laol + ao) + lan| — (laol + an) +2p + 51}
Since P(z) = z"J(2) it follows by replacing z by 1, all the zeros of P(z) lie in

lao]

2| > FlasTTan Tar—(asrat2prer i both n and n-m are even or odd.
o : lao| :
Hence P(z) does not vanish in the disk |z| < Fao T e (e t2orer i both n and

(n-m) are even or odd,

where s1 = 2[(ag+as+as+...+ap_mo+an_m)—(a1+az+as+...+ap_m_3+an_m_1)].
Similarly we can also prove if one of n, n-m is odd and other is even.For this we can
rearrange the terms of the given polynomial and compute as above .That is P(z) does

not vanish in the disk

|ao]
laol+ao)+lan])—(laol+an)+2p+s2

2| < T if one of n and (n-m) is even and other one is odd,
where so = 2[(ag+as+ag+...+p—m—3+an—m-1)— (a1 +as+as+...+0p—m_s+an_m_2)|.

This completes the proof of the Theorem . n

Corollary 3.2.2. Let P(z) = Y.; ,a;z" be a polynomial of degee n > m > 2 with
positive real coefficients such that p > 0,k > 1 and

kag > ay < ay > a3 < ag 2 ... 2 Qo1 < Qe 2 Gpomyl = oon

v
v

(p—2 = Qp_1

a, — p if both n and (n-m) are even or odd

(o)

kag > ay < ay > a3 < ag > ... < Gpom-1 2 Anem 2 Qpomy1 = oo

\Y
<
3
&
\Y
S
3
L
\Y

a, — p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

Qo

z| <
12 (2k — 1)ag + 2p + 1

if both n and (n-m) are even or odd
where s1 = 2[(ag+as+as+...+ap_mo+an_m)— (a1 +as+as+ ...+ ap_m—3+an_m_1)]
(11)P(z) does not vanish in the disk

o
(2k — 1)ag + 2p + s9

2| <
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if one of n and (m-m) is even and other one is odd

where so = 2[(ag+as+ag+...+ap_m_3+an_m-1)—(a1+as+as+...+ap—m_a+an_m_2)]|.

Remark 3.2.3. By taking a; > 0 for « = 0,1,2,...n in the Theorem 3.2.1 , then it

reduces to Corollary 3.2.2.

Theorem 3.2.4. Let P(z) =Y ., a;z" be a polynomial of degee n > m > 2 with real

coefficients such that p > 0,0 <r <0 and

rag < ayp 2 Gy < a3 2 A4 S s S Apome1 2 Apem 2 Qpemtl 2 e 2 Ao 2 Qpo1 2
a, — p if both n and (n-m) are even or odd

(or)
rag < ap 2 a2 < a3 2 a4 < ool 2 Apem-1 S Qpem 2 Gpogpgl 2 e 2 A2 2 Gy 2

a, — p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

|aol
(lan| + ao) = |an| = r(Jao| + ao) + 2p + Ty

if both n and (n-m) are even or odd

2] <
where Ty = 2[(a1 +ag+ ... + Gpm-3+ Gn_m-1) — (a2 + a4+ ag+ ... + Gp—ma+ Gp_m_2)]
(11)P(z) does not vanish in the disk

|ao|
(lan| + ao) = lan| — r(lao| + ao) +2p + T

2| <

if one of n and (n-m) is even and other one is odd

where Ty = 2[(a1 +as+ ... + apm2+ apm) — (a2 + arag+ ... + a3 + @pm-1)]-

Proof. LetP(2) = ap2™ + ap_12""' + .... + a1z + ag be a polynomial of degee n.

Let us consider the polynomials J(z) = 2"P(L) and R(z) = (= — 1)J(z) so that

R(2) = (z—1)(apz"+a12" 4.4 am 12" " a2 1 27 a1 2t ay)
= R(2) = apz"™ — {(ap — a1)2" + (a1 — a2) 2" + ... + (@1 — ) 2" + (A, —
Up1)2" ™+ (a1 — an)z + an}

Also if |z| > 1 then —= <1 fori=0,1,2,...,n—1

|2~
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Now
|R(2)| > laol|2|"*" = {lao — ar[|z"| + |ar — ag[2" 7| + ..+ |am—1 — am|[2" 7" + |y, —
Q1 |[2"7 4 oo+ a1 — anl| + |an|}

=5 [R()| 2 laoll2l"llz] — iy {lao — ay| + 1050 4 lmgsl |y Jomcttnl  lomcemail |

+ |an—3—an_2| + |an—2—an_1] + lan—1—an| + lan] ]

o> o= L

— |R(2)| > \a0|\z|”[|zl—ﬁﬂrao—al—mo—i—ao]ﬂal—a2|+]a2—a3\+|a3—a4|+ ...... +
|1 — Q| @ — Qi1 |+ o F Q=3 — Q|+ |@n—2 — Q1|+ |@n—1 4+ p— ay, — p| +|an| }]
— [R(=)] 2 laol 21" ]J2]— - {(a1 —rao)+ (1=r)[aol + (a1~ )+ (a5—2) .+ (1~
Anm) + (Cnm = Cpmy1+ o+ (A3 = an2) + (An—2—an-1) + (an-1+p—an) + p+|an|}]
if both n and n-m are even or odd

= [R(2)] = laoll2"[|2] = g{lan] + laol — an — r(ao + |aol) + 2p + T1}]

where T} = 2[(a; + a3 + ... + Gp-m-3 + @Gpm-1) — (a2 + ag + ... + g+ Ap_pm—2)]
= |R(2)| > 0if |z| > |a—10|{]an| + |ag| — an — r(ap + |ao|) + 2p + T1).

This shows that all the zeros of R(z) whose modulus is greater than one lie in the
closed disk

|2 < per{lan| + laol = an = r(ao + lao|) + 2p + T

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the
above disk.Therefore , it follows that all the zeros of R(z) and hence J(z) lie in

|2 < pei{lanl + laol — an — r(ao + lao|) + 2p + 1]

Since P(z) = z"J(2) it follows by replacing z by L, all the zeros of P(z) lie in

> lao|
|Z| = lan|+|ao|—an—r(ao+|ao|)+2p+T1

if both n and n-m are even of odd.

Hence P(z) does not vanish in the disk

< [aol i )
2| < e eo Tz it poth n and n-m are even or odd

where T} = 2[(a1 + ag+ ... + Gpm-3+ @pm-1) — (s +as+ ... + g+ aym_2)]
Similarly we can also prove if one of n, n-m is even and other one is odd.For this we

can rearrange the terms of the given polynomial and compute as above .That is P(z)

does not vanish in the disk

|ao|
(lan|+ao)—|an|=r(lao|+ao)+20+T%

|z| < if one of n and (n-m) is even and other one is odd

where Ty = 2[(a; + ag + ... + Gp-m—2 + Gp_m) — (a2 + ayas + ... + a3+ aGpym1)]
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This completes the proof of the Theorem.
O

Corollary 3.2.5. Let P(z) = Y.; ,a;z" be a polynomial of degee n > m > 2 with

positive real coefficients such that p > 0,0 <r <0 and

IV
A%

rag < a1 > a2 < as > Qay < ... < Ap—m—1 > Ap—m > An—m41 Z Ap—2 > ap—1

a, — p if both n and (n-m) are even or odd

(o)

rag < a1 > a2 < as > Gy < 2 Ap—m—1 < Qp—m > Ap—m+1 Z

IV
IV

Ap—2 Z Ap—1
a, — p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

)
(1=2rag+2p+ T}

if both n and (n-m) are even or odd

2| <

where Ty = 2[(a1 +ag+ ... + Gpm-3+ Gn_m-1) — (a2 + a4+ ag+ ... + s+ Gp_m_2)]
(11)P(z) does not vanish in the disk

)
(1 —=2r)ag+2p + T

2] <
if one of n and (n-m) is even and other one is odd

where Ty = 2[(a1 +az+ ... + apm2+ aym) — (a2 + a4+ .. + Gpm—3+ Gpm_1)].

Remark 3.2.6. By taking a; > 0 fori=0,1,2,....,n in Theorem 3.2.4 ,then it reduces
to Corollary 3.2.5.

Theorem 3.2.7. Let P(z) = Y i a;z" be a polynomial of degee n > m > 2 with real
coefficients such that p > 0,k > 1 and
kap > a1 < az > a3 S as 2 . 2 Gpope1 S Ao S Apemat < v < G S Aoy <

an + p if both n and (n-m) are even or odd

(or)
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kag > a1 < ay > a3 < ags > ... < pome1 2 pem < Qpemg1 < o Lo < Aoy <
an, + p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

|ao|
kag + |a,| + an, +2p+ Uy

z4+ k-1 <

if both n and (n-m) are even or odd
where Uy = 2[(ag+as+ag+...+apom-a+an—m—2)—(a1+a3+as+...+apm-3+an_m-1)]
(i1)P(z) does not vanish in the disk

|ao]
kao + |an| + an + 2p + Uy

z+k—1| <

if one of n and (n-m) is even and other one is odd

where Uy = 2[(as+ag+as+ ...+ pn-m-3+an_m—1)— (a1 +as+as+...+p_m_o+an_m)].

Proof. -

LetP(2) = ap2" + an_12""' + ... + a1z + ag be a polynomial of degee n.

Let us consider the polynomials J(z) = 2"P(L) and R(z) = (2 — 1)J(z) so that

R(z) = (z—1)(apz"+a12" '+ .41 2" " 40,2 g 1 2V a2t ay)
R(2) = apz(z + k — 1) — {(kag — a1)z" + (a1 — a2)2""1 + ... + (@1 — ap) 2" ™ +
(@ — A1) 2" ™+ oo+ (A1 — an)2 + ap -

Also if |z| > 1 then M% <1 fori=0,1,2,...,n—1

Now

|R(2)] = laol|2]" |2+ k — 1] = {[kao — ar||]" + |ar — az|[2]" " + ... + |am—y — @ [2]" 7 +

| — @ ||2]"™ + o+ |an—1 — anlz] + |an|}

= R 2 laollel"lle + b — 1] = hillhay — o] + 2l 4 sl el

gl gl L mecdponl | [ncacdpna] 4 Becaoial 4 o]
— |R(2)| > |aol|z|"[|z + k— 1| — @{\kao —a1| + a1 — ag| + |ag — as| + |az — ayl... +
|m—1 = Q| + | — Q1|+ oo F [@n—3 — Qo] + Qp—2 — Q1| + |@n—1 — p— @y + p| + |an|}
= |R(2)| > |ao||z|"[|z+k—1]| — ﬁ{(kao —ay)+ (az—a1)+ (az —az) + ... + (@n_m —
n-m-1)+(@n-mt+1= @n-m) +...+(n-2—ap—3) +(@n-1—an-2)+(an+p—an_1)+p+|an|}]

if both n and n-m are even or odd
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— IR = Jaol 2112 + k — 1] = & {kao + [an] + @ + 20+ U}

where Uy = 2[(ag+as+a+...+p—ma+ap_m—2)—(a1+az+as+...4+0p_m—3+an_m-1)]
— |R(2)|>0if |z+k—1] > ﬁ{kao—i- lan| + an +2p + Ur }

This shows that all the zeros of R(z) whose modulus is greater than one lie in the disk
lz4+k—1] < ﬁ{k‘ao + |an| + a, +2p + Uy }.

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the
above disk.Therefore , it follows that all the zeros of R(z) and hence J(z) lie in
lz+k—1] < ﬁ{kao + |ay| + an +2p+ Ui}

Since P(z) = z"J(2) it followed by replacing z by 1, all the zeros of P(z) lie in

|z +k—1] > Jao| if both n and (n-m) are even odd.

kao+|an|+an+2p+U1
Hence P(z) does not vanish in the disk

lz+k—1] < kao+|an||+(f2L+2p+U1 if both n and (n-m) are even odd
where Uy = 2[(as+ag+as+...+ap—m-a+an_m—o)—(a1+az+as+...4ap_pm_3+an_m_1)].
Similarly we can also prove if one of n, n-m is even and other one is odd.For this we
can rearrange the terms of the given polynomial and compute as above .That is P(z)
does not vanish in the disk

z+k—1| < kao+|an||+LLgL+2p+U2 if one of n and (n-m) is even and other one is odd
where Uy = 2[(ag+as+ag+ ...+ apn_m3+anm-1)— (a1 +az+as+...+ap_m2+an_m)]

This completes the proof of the Theorem.
O

Corollary 3.2.8. Let P(z) = Y.i ,a;z" be a polynomial of degee n > m > 2 with

positive real coefficients such that p > 0,k > 1 and

kag > a1 < az > a3 < ag > ... 2 o1 < e < Qpemg1 < Lo <Ay <
an + p if both n and (n-m) are even or odd

(or)
kag > a1 <ay > a3 < as > .. < Apome1 2 Gnem < eyt < o K Apeo <Ay <

a, + p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk
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Qo

z+k—1| <
| | kag + 2a,| +2p + Uy

if both n and (n-m) are even or odd
where Uy = 2[(ag+as+ag+ ...+ ap—m—o+an_m)—(a1+az+as+...+ap—m—3+an_m-1)]
(i1)P(z) does not vanish in the disk

Qo
kag + 2a, + 2p + U,

if one of n and (n-m) is even and other one is odd

lz+k—1| <

where Uy = 2[(az+as+ag+...+anm—3+an_m-1) — (a1 +ag+as+... +@pm—2+an_m)].

Remark 3.2.9. By taking a; > 0 fori=0,1,2,....,n in Theorem 3.2.7 ;then it reduces
to Corollary 3.2.8.

Theorem 3.2.10. Let P(z) = Y 1" ja;z" be a polynomial of degee n > m > 2 with real

coefficients such that p > 0,0 <r <1 and

rag < a1 2 Gy S a3 2 A4 2 oo S Apome1 2 Apem S Gpomtl S e S Ao S Aoy S
an + p if both n and (n-m) are even or odd

(or)
rag < ap 2 Gy S A3 2 A4 S 2 Aol S G S Gl S s S Qg S Ao S

a, + p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

|ao|
|ao| + [an| = r(laol + ao) + V4

if both n and (n-m) are even or odd

2| <

where Vi =2[(a1 +az+ ... + apm-3+ apm1) — (a2 + a4+ ... + @G0+ Gpn_m)]
(1i)P(z) does not vanish in the disk

|ao|
|ao| + lan| — r(lao| + ao) + V2

if one of n and (n-m) is even and other one is odd

2| <

where Vo = 2[(ay +az + ... + apm-a+ ap—m—2) — (a2 + a4 + ... + Q-3 + Gpm—1)].
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Proof. LetP(2) = a,2" + ap_12""' + .... + a1z + ag be a polynomial of degee n.

Let us consider the polynomials J(z) = z"P(1) and R(z) = (z — 1)J(z) so that

R(2) = (2= 1)(apz"+a1 2"+ .o @1 2" 0 2T A 2T a1 2 ay,)
= R(2) = apz"™ — {(ap —a1)2" + (a1 — a2)2"  + ...+ (o1 — @) 2" ™ + (4, —
A1) 2"+ (A1 — an)z + an}

Also if |z| > 1 then |2\+ <1 fori=0,1,2,...n—1

Now

IR(2)] > [aol 2™ = {Jao — arl[2"] + Jar — |2 + -+ a1 — Gyl |27] + fa —

Q1 |[[2"7 4 oo+ a1 — anl| + |an|}

— (R 2 Jaolle]"[J2] — - {lao — a| + =l o bl el sl

2| |z |z

T e == o = ]
— |R(2)| > |ao||z|"[|z] — ﬁﬂmo —ay —rag — ao| + |ar — as| +|az — as| + |az — as| +
ot |ama1 — am| + |am — @G| + o F g — an_a| + |an—2 — apn_1| + |an_1 — an| + |an|}]
= |R(2)| > |a0||z|"[|z|—ﬁ{(al—rao)—i-(l—r)|ag|+(a1—a2)+(a3—a2)+...+(an_m_1—
Un—m)  (n—mi1 — Qnem) + oo+ (@p2 — an_3) + (an_1 — @n_2) + (an — an_1 + |a,|)}] if
both n and (n-m) are even or odd

= [R(2)] = laoll2]"[|2] = g{lao + llan] + an — r(Ja — 0] + ao) + V1}

where Vi =2[(a1 + ag+ ... + dn-m-3+ @pnm-1) — (a2 + as+ ... + a2+ anm)]
= |R(2)| > 0if |2| > po{laol + lan] + an — r(Jao| + ao) + V1 }

This shows that all the zeros of R(z) whose modulus is greater than one lie in the
closed disk

|2 < ollaol + lan| + an — r(Jao| + ao) + Vi}

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the
above disk.Therefore , it follows that all the zeros of R(z) and hence J(z) lie in

2] < prflaol + lan| + an — r(Jaol + ao) + V1 }.

Since P(z) = z"J(2) it follows by replacing z by 1, all the zeros of P(z) lie in

|z| > |a—10‘{\a0\ + |an| + an — r(Jao] + ao) + V1} if both n and (n-m) are even or odd.

Hence P(z) does not vanish in the disk

lao]
lao|+lan|=7(lao|+ao

where Vi = 2[(a; + a3+ ... + Gn-m-3 + @Gpn-m-1) — (a2 + ag + ... + @Gp_mm—2 + apn_m)].

2] <

7777 if both n and (n-m) are even or odd,
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Similarly we can also prove if one of n, n-m is even and other one is odd.For this we
can rearrange the terms of the given polynomial and compute as above. That is P(z)

does not vanish in the disk

lao]
lao|+lan|=7(lao|+a0)+V2

where Vo = 2[(a; + a3 + ... + Gp-m-a + Gn-m—2) — (a2 + ag+ ... + ap—m—3 + ap—m—1)]

2| < if one of n and (n-m) is even and other one is odd

This completes the proof of the Theorem. n

Corollary 3.2.11. Let P(z) = > ja;z" be a polynomial of degee n > m > 2 with

positive real coefficients such that p > 0,0 <r <1 and

rag < ayp 2 Gy S A3 2 A4 2 e S Apome1 2 Qe S Gpemtl S e S Ao S Gpop S
an + p if both n and (n-m) are even or odd

(or)
rag < a1 2 Gy S a3 2 A4 S e 2 Apem1 S Qe S Gpemtl S e S e S Gpop S

a, + p if one of the n ,(n-m) is even and other is odd then

(i) P(z) does not vanish in the disk

Qo
2a, + (1 = 2r)ag + V4

2| <

if both n and (n-m) are even or odd

where Vi = 2[(a1 +az+ ... + apm-3+ apm-1) — (a2 + a4 + ... + G2 + Gpn_m)]
(11)P(z) does not vanish in the disk

Qo
2a, + (1 —2r)ag + Vs

2| <
if one of n and (n-m) is even and other one is odd

where Vo = 2[(a1 +as+ ... + apma+ anm2) — (a2 +as+ ... + @3+ aGpnm-1)]

Remark 3.2.12. By taking a; > 0 for i = 0,1,2,....,n in Theorem 3.2.10, then it

reduces to Corollary 3.2.11.

The results of this section appeared in [30].
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3.3 Zero free region for polynomials with special
complex coeflicients

Theorem 3.3.1. Let P(z) = Y. ;2" be a polynomial of degree n with Re(c;) =
a; and Im(a;) = b; for i =0,1,2,...,n such that for some k> 1, £ >0, a,, # 0,

ap — &< ap1 < ... <apm <kap > apq > ... > a1 > ag and for somet > 1,

N >0,bp, #0b, =1 < b1 <, oo, < bpgr < by > by > oo > b1 > by

then P(z) does not vanish in the disk

|040’
(E(|am| + am) + t(|bm] + bm) = |am| = |bm] + &+ 1] + |an] + |0n] — (ag + bo + an + by)

Proof. Let P(2) = a2™ + iy 12" 1 o+ Q1 2™+ 2™+ 1 2™ a2+ ag

<
1<

be a polynomial of degree n and consider the polynomials J(z) = z"P(%) and R(z) =
(z —1)J(z) so that

R(z) = (z — D(apz" + a12" 4 oo 4 12" ™Y 400, 2" 4 g 27D 4
12 + ap)

= R(2) = apz"™ — {(ag — a1)2" + (a1 — a@2) 2"+ oo+ (A — @) 2" 4 (g —
Qy1) 2™+ + (apo1 — )z + ay}

= R(2) = apz" — {(ap — a1)2™ + (a1 — a2)2" ' + ... + (a1 — a) 2" ™ + (@, —
Umi1)2" ™™ + oo+ (@1 — an)z + an} — i{(bo — b1)2" + (by — b2)2"" + ..+ (b1 —
b)) 2" 4 (b = Dy 1) 2™ + o+ (byy — b))z + by}

Also if |z|>1then M% fori=0,1,2,...n—1. Now |R(2)|>|ao||z|"™ — {|ao — ai||2|" +
lar — aol|2]" 7t + oo am1 — am|2]TT @ — a2 4 a1 — anl]2]
lanl} + {100 = bul[2[" + b1 = baf[2[" ™" + ..+ b1 = b [2[" 7 + b — b2 +
oo F b1 — bo||2| + |bn] }

— |R(Z)|>|Oz0||z‘”[|z| _ @{qao _ a1| + |a1|;‘a2| + |a2|;|;zsl 4o + ‘amfrlnf_(fm| + am;r£m+1 +

|z

lan—2—an—1| | lan—1—an| | |an| . |b1—ba| | |b2—b3| [br—1—bm| | bm—bm+1
et P e ) (1o — b | T A T e P T
bn—2_bn—1 bn—l_bn bn
oot Bopactpml | Beoioinl 4 By

= |R(2)|>|aol|z|™[|z] — ﬁ{ﬂao — 1|+ |ar — as| + ... + |am-1 — kam + kapm — an| +
|, — kay + kap — a1+ ...+ |2 — an_ 1|+ oo + a1 — E+E— an| + |an|) + (|bo —
bl + |1 — ba| 4 oos + [t — by -+ Kb — bya] & [ — Kb + kb — bt | + oos + [bos —
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bo—1| + oo 4+ |bpm1 =+ — by| + |by]) }]
= |R(2)|>|ao||2|™]|2] — ﬁ{((% —a1) + (a2 —ar) + (a3 — az) + ... + (kay, — @p1 +
2(k = 1)|am| + (kam — ms1 + .. + (a2 — @p1) + (@n1 + & — an) + £+ |an])) + (bo —
br) + (by — b1) + (b3 — b2) + ... + (tby — b1+ 2(t — 1)[brn| + (b — byg1) + o+ (b2 —
bn1) + (b1 + 1 = bn) + 1+ [bal) }]
= |R(2)|>aol|2["[|2] = g {20k (lam| + am) + £ (|bm| + bm) = lam| = [bm| + € + 1] + |an] +
0| — (a0 + bo + an + by)}]>0
Lf|2]> o 2[R (Jam +am) ([0 |+0m) —|am| = ba|+E+0]+|an |+ ]ba| — (a0+bo+an+b,) }].
This shows that all the zeros of R(z) whose modulus is greater tha 1 lie in the disk
|21 < s {20k am|+am) +E(1bm] +0m) —lam| = b +E+1]+|an]+[b] — (a0+bo+an+n) ]
But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the
above disk.
Therefore,it follows that all the zeros of R(z) and hence J(z) lie in
|21 < {2k am|+am) +E([bo|+bm) = [@m| = [ba|+E+1] +|an| +[bn| — (a0 +bo+an+by)}]
Since P(z) = 2"J (%) it fallows, by replacing z by %, we get
that all the zeros of P(z) lie in

|Oéo|
(k(|am| + am) + t(|bm] + bm) = |am| — |bm] + & + 1] + |an] + |[ba] — (ag + bo + an + by)

>
21>

Hence P(z) does not vanish in the disk

|l
[k<|am| + am) + t(|bm| + bm) - |am| - |bm| +&+ 77] + |an| + |bn| - (aO +bo + a, + bn)'

<
1<
This completes the proof of the Theorem. O

Corollary 3.3.2. Let P(z) = Y. ;2" be a polynomial of degree n with Re(c;) =
a; and Im(a;) = b; for i =0,1,2,...,n such that for some k > 1, £ >0, a,, # 0,

O<an,—¢<apq1 < .. <an1 <ktan>an1>..>a >ay>0 and for some
t>1,n>0,0,#00<b, =10 <bp1 <,.c0, < bpy1 <tby > b1 > ... >by > by >0

then P(z) does not vanish in the disk

||
(K — D)am, + (2t — Dby + €+ 1] — (ag + bo)

<
1<
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Corollary 3.3.3. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that for some k > 1, £ > 0,a,, # 0,

apn — &< a1 < ... <apmy1 < kap > apoq > ... > a1 > ag and for some b, # 0

b < bt ooy < byt < by > bt > o > by > by

then P(z) does not vanish in the disk

|
[k(|am| + (lm) + bm - |am| + g] + |an| + |bn| - (aO + bO + (7% + bn)
Corollary 3.3.4. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =

<
1<

a; and Im(a;) = b; fori=0,1,2,...,n such that for some a,, # 0,

Ay < p1 < oo S i1 Ay > A1 > ... > aq > ag and for some t > 1,1 > 0,b, #
0

by =1 < bt <, ooy < byt < by, > byt > .o > by > b

then P(z) does not vanish in the disk

|l
<
Bl 4 #0T5) — ol 7+l + Tl — (G b 0 5,)
Corollary 3.3.5. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =

a; and Im(a;) = b; for i =0,1,2,...,n such that for some k> 1, £ >0, a,, # 0,

Qn _5 < an—1 S e S Am+1 S kam 2 Am—1 > 2 a1 Z Qo andfor bm 7é 0
bn _£ S bnfl S; sy S bm+1 S kbm 2 bmfl Z Z bl 2 bO

then P(z) does not vanish in the disk

|l
[E(lam| + am + [bm] + bm) = |am| — [bm| + 28] + [an| + [bn] — (a0 + bo + an + by)
Corollary 3.3.6. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =

<
2l<

a; and Im(a;) = b; for i =0,1,2,....n such that for some a,, # 0,
Ay < p1 < oo < ppy1 < Ay > Ay > ... > ag > ag and for some by, # 0
by < b1 <,y S bpgr S by 2 b1 > 2> b1 > by

then P(z) does not vanish in the disk

|040|

<
2] 2[(am + bm)] + |an| + |ba| — (ag + by + a, + by)
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Corollary 3.3.7. Let P(z) = Y i ;2" be a polynomial of degree n with Re(a;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that for some a,, # 0,
0<a,<an1<...<ny1 <y > ap_1>...> a1 > ag >0 and for some b, # 0

0 < by < byt <yoeey < byt < by > bt > e > by > by > 0

then P(z) does not vanish in the disk

1< ol
2[(am + bm)] — (ao + bo)
Remark 3.3.8. By taking a;,>0 and b;>0 for i = 0,2, ...n in Theorem 3.3.1, it reduces

to Corollary3.3.2.

Remark 3.3.9. By taking n = 0 and t = 1 in Theorem 3.3.1, it reduces to Corollary
3.3.3.

Remark 3.3.10. By taking £ = 0 and k = lin Theorem 3.3.1, it reduces to Corollary
3.3.4.

Remark 3.3.11. By taking £ =n and t = k in Theorem 3.3.1, it reduces to Corollary
3.3.5.

Remark 3.3.12. By taking ¢ =n=0and t =k =1 in Theorem 3.3.1, it reduces to
Corollary 3.3.6.

Remark 3.3.13. By takingé =n=0andt =k =1and a; > 0,b; > 0 for i=0,1,2,...n

in Theorem 3.3.1, it reduces to Corollary 3.3.7.

Theorem 3.3.14. Let P(z) = Y ! ;2" be a polynomial of degree n with Re(cy) =
a; and Im(a;) = b; fori =0,1,2,....,n such that for some 0<T < 1,k > 1,£ > 0,a,, # 0
U + €2 Q1> oo 2 U1 2 Ty < A1 <oy < ag < kag and for some 0<p <
16> 1,0 0,0 £0, by+ 10> byt >y > byit > fb < byt < oo < b, < th

then P(z) does not vanish in the disk

Qo
(laol 4 ao) + t(|bo| + o) + X + |an| + [bn| + an + bn — (Jao] + [bol),

o<

where X = 2[|am| + |bm| + &+ 1 — 7(|am| + am) — 1(|bm| + bm)]
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Proof. Proof of the Theorem is similar to the proof of Theorem 3.3.1. O

Corollary 3.3.15. Let P(z) = Y . ;2" be a polynomial of degree n with Re(o;) =

a; and Im(a;) = b; for i = 0,1,2,...,n such that for some O0<r < 1,k > 1,£ >

Oaam 7é Oa O<an +£ Z Ap—1 Z D Am+1 Z TOm S Am—1 Sv""vé ai S ka0>0

and for some O0<pu <1 ,t>1n>0,b,, #0, 0<b, +17 > b, 1 >,.....; > b1 > ub,, <

b1 < oo < by < thy>0 then P(z) does not vanish in the disk
1< o
2[kag + tbg — Ty, — by + an + by + £ + 1] + [ay, + by — ag — bo)

Corollary 3.3.16. Let P(z) = Y. ;2" be a polynomial of degree n with Re(w;) =
a; and Im(a;) = b; fori =0,1,2,....,n such that for some 0<T < 1,k > 1,£ > 0,a,, # 0

Ap + &2 g1 2 i 2 Ay = Ty < o1 <, ...., < ay < kag and for some b, #

0, by > by 1>,y > b1 > by < b1 < o < by < by then P(z) does not vanish
in the disk
21< o
k(laol + ao) + bo + 2[|am| + & — 7(lam| + am) — bin] + |an] + [bn| + an + by — [ao

Corollary 3.3.17. Let P(z) = Y_I" , ;2" be a polynomial of degree n with Re(c;) =
a; and Im(c;) = b; fori =0,1,2,...,n such that for some a,, # 0 ap, > ap_q > ... >
a1 = Uy < A1 <,...., < a1 < ag and for some O<p < 1 ,t > 1,n > 0,b,, #
0, by +n>bp1 >0, > b1 > by, < bppq < e < by < tby then P(z) does not

vanish in the disk

|l
([bo| + bo) + 2[|bn| + 1 — am — p1([b| + bin)] + [@n| 4 [bn] + an + bp — [bo|

|2]<
t

Corollary 3.3.18. Let P(z) = Y i ;2" be a polynomial of degree n with Re(o;) =
a; and Im(a;) = b; fori =0,1,2,...,n such that for some 0<t < 1,k >1,£ > 0,a,, # 0

Ap + &> A1 > coon 2 Ayl 2 Ty < U1 <, ey, < ay < kag and for someb,, #



CHAPTER 3. ZERO-FREE REGIONS FOR COMPLEX POLYNOMIALS.... 73

0, by +&>bp1 >,y > b1 = 7hyy < b1 < ol < by < kby then P(z) does not

vanish in the disk

Qg
(laol 4 ao + [bo| + bo) + X + [an| 4 |bn| + an + bn — (ao| + [bo]),

<

where X = 2[|am| + |bm| + 26 — 7(|am| + am + |bm] + bm)].

Corollary 3.3.19. Let P(z) = Y_I" , ;2" be a polynomial of degree n with Re(c;) =

a; and Im(c;) = b; fori =0,1,2,...,n such that for some a,, # 0 ap, > ap_q > ... >
Am+1 Z Am S Am—1 Sa seeey S ay S Qo and fO?" bm 7é 07 bn 2 bn—l Z) seeey 2 bm+1 Z bm S
b1 < e < by < by then P(z) does not vanish in the disk

2l o

(Jao] + |bo| + a0 + bo) — (am + bm) + |an| + [ba] + an + b, — (lao| + [bol)
Corollary 3.3.20. Let P(z) = Y I ;2" be a polynomial of degree n with Re(c;) =
a; and Im(a;) = b; fori=0,1,2,...,n such that for some a,, # 0 0<a, > a,_1 > .... >
U1 2 O < Q1 <, ..., < ay < ag and for b, #0, 0<b,+ > b, 1 >,..... > bypy1 >
by < by < oo < by < by>0 then P(z) does not vanish in the disk
EE &

(ap + bo) — (am + b)) + |an| + |bn| + 2(an + by)

Remark 3.3.21. By taking a;>0 and b;>0 for i« = 0,1,2,..,n in Theorem 3.3.14, it

reduces to Corollary 3.3.15.

Remark 3.3.22. By taking n = 0 and t = ;¢ = 1 in Theorem 3.3.14, it reduces to
Corollary 3.3.16.

Remark 3.3.23. By taking £ = 0 and k = 7 = 1 in Theorem 3.3.14, it reduces to
Corollary 3.3.17.
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Remark 3.3.24. By taking n = &, 4 = 7 and t = k in Theorem 3.3.14, it reduces to
Corollary 3.3.18.

Remark 3.3.25. By takingn =¢ =0and p =7 =1t =k = 1 in Theorem 3.3.14, it

reduces to Corollary 3.3.19.

Remark 3.3.26. By takingn=¢(=0and p=7=k=t=1and a;>0,b;>0 for 1 =
0,1,2,..,n in Theorem 3.3.14, it reduces to Corollary 3.3.20.

Theorem 3.3.27. Let P(z) = Y . ;2" be a polynomial of degree n with Re(cy) =
a; and Im(o;) = b; fori = 0,1,2,...,n such that for some k > 0,§£ > 0,a,, # 0
ap — & < ap1 < oo < e < kay, > a1 > ... > ay > ag and for some O<p <
1> 1,0 0,0 20, by 1> byy >,y > s > fibyy < byt < e < by < th

then all the zeros of P(z) lie in the disk

|
(|b0| + bo) + (CLO + ’b0| + Xl) + |an| + |bn| —a, + bn

|2l<
t

Where X1 = 2[k(|am| + am) — |am| + |bm] — #(|om| + bm) + € + 7).
Proof. Proof of the Theorem is similar to the proof of Theorem 3.3.1. O

Theorem 3.3.28. Let P(z) = Y . a;z" be a polynomial of degree n with Re(oy;) =
a; and Im(ay) = b; fori =0,1,2,...,n such that for some 0<7 < 1,k > 1,£ > 0,a,, # 0
Ap +& > Auo1 2 e 2 Upr1 2 T < A1 <, < ay; < kagand for some
t>1,n2>20by, #0b, —n < b1 <0y, < b1 < thyy > by > oo > by >

by then P(z) does not vanish in the disk

\040|
(lao| + ao) — (Jao| + bo) + Xo + an, — by, + |an| + |by]

<
jel<~

Where Xo = 2[|am| — |bm| — p(|am| + am) + t(|bn| + b)) + &+ 7).
Proof. Proof of the Theorem is similar to the proof of Theorem 3.3.1 m

The results of this section appeared in [33].



Chapter 4

Zero-free regions for the derivatives

of complex polynomials

4.1 Introduction of results

If P(z) is polynomial of degree n then the Polar derivative of P(z) with respect to «
is defined by D,P(z) = nP(2) 4+ (o — 2)P'(2),  is a complex number.There are many
results on zeros of polar derivatives of polynomial.

The following Results are due to P.Ramulu and G.L.Reddy[34].

Theorem 4.1.1. Let P(z) =Y " a;z" be polynomial of degree n with real coefficients
and D, P(z) be the polar derivative of P(z) with respect to a real number a such that
nag < (n—1)a; < (n—2)ay < ... < 3a,-3 < 2a,-2 < ay_1, if a =0 then all the zeros

of DoP(z) lie in |z| < ﬁ[an,l — nag + |naol].

Theorem 4.1.2. Let P(z) =Y. a;z" be polynomial of degree n with real coefficients
and D, P(z) be the polar derivative of P(z) with respect to a real number a such that
nag > (n—1)ay > (n—2)ag > .... > 3a,_3 > 2a,_9 > a1, if a =0 then all the zeros

of DoP(2) lie in |z| < ——/[|nao| + nag — an_1].

lan—1]

75
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4.2 On the zeros of polar derivatives of polynomials

Theorem 4.2.1. Let P(z) = Y i a;z" be a polynomial of degree n and D,P(z) be the
polar derivative of P(z) with respect to a real number o such that [i +2)aa; o+ [n— (i+
D]ai1 > (i + Vaagr + (n—i)a; fori=0,1,2,....n — 2 then all the zeros of D,P(z)
lie in

1

2| < e
|naa, + a,_1]

[naay, + an—1 — (vay + nag) + |agnagl].

Proof. Let P(2) = ap2™ + ap_12""' + ... + a22* + a1z + ag be a polynomial of degree n,
then
D, P(2) = [naa,+a,1]2" ' +[(n—1)aa,_1+2a, 2)2" 2 +[(n—2)aa, o+ 3a,_3]2" >+
ot [Baaz + (n — 2)as]2? + [2aas + (n — 1)ai]z + [aar + nag).
Let us consider the polynomial Q(z) = (1 — 2)D,P(z) so that
Q(z) = (1 = 2)([naa, + ap_1]2" + [(n — Daa,_1 + 2a,_2]2""2 + [(n — 2)aa,_» +
3an_3]2" 2 4+ ... + [Baaz + (n — 2)as]z? + [2aas + (n — 1)ay]z + [aar + nag))
— Q(z2) = —[naa, + an_1]2" + {[naa, + (1 + a — na)a,—1 — 2a,_2]2""* + [(n —
Daa, 1+ (24 2a — na)a,_o — 3a,_3]2"2...... + [Baaz + (n — 2 — 2a)az(n — 1)ay]2* +
2cas + (n — 1 — a)a; — naglz + [a; + nagl}-
Also if |z|>1 then M%<1 fori=0,1,2,..,n — 2. Now
1Q(2)| > |naay,+an_1||z]" ' —{|naa,+ (1+a—na)a, 1 —2a, o||z|" " +|(n—1)aa, 1+
(2420 —na)a, o —3a,_3||z|" 2+ ...+ |3aaz + (n — 2 — 2a)ay — (n — 1)ay||z|* + [2aas +
(n —1— a)a; — naogl|z| + |aa; + nagl}

= Q(2)] = [naa, + ana||2" 2] = paae s linaan + (1+a —naja, 1 —2a,| +

|(n—1)aan—1+(2+2a—na—3an—3)| [3aaz+(n—2—2a)as—(n—1)ai| | |2aaz+(n—1—a)ai—nao| | |aai+nag|
E ot EE * =2 e ]

= |Q(2)| > |naa, +an_1||2|"7|2] - ———{|naa, + (1 +a—na)a, 1 — 2a, o]+

[naan+an—1]
|(n — Daay,—1 + (2+ 2a — na — 3a,—3)| + ... + [3aas + (n — 2 — 2a)ay — (n — 1)ay| +
2cay + (n — 1 — a)ay — nag| + |ag + nagl}]

= |Q(2)| > |naa, + a,_1||z|"Y|2| - m=—t—{(naa, + (1 +a—na)a, 1 —2a, >+

ravan Fan_1]

((n—Daa,_1+ (24 2a — na — 3a,-3) + .... + (Baaz + (n — 2 — 2a)ay — (n — 1)ay) +
(2aas + (n — 1 — a)ay — nag) + |ag + nagl }]

= Q(2)] = Inaa, + an_||z["|2] -

\naan}ran,ﬂ {TZO./(ln +ap—1 — (C\fal + TL(I())
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+ |aay + nag|}|>0
Zf \z]>m%—}M{naan + Ap_1 — (aa1 + nao) + ’CkCLl + TLCL()’}
This shows that |Q(z)|>0,

provided |z|> : " {naa, + a,—1 — (cay + nag) + |aa; + nagl}.

Inaan+an—
Hence all the zeros of Q(2) with |z|>1 lie in
2| < m[naan + an—1 — (aay + nag) + |agnagl].
But those zeros of @(z) whose modulus is less than or equal to 1 already satisfy
above inequality.Since all the zeros of D, P(z) are also the zeros of Q(z) which lie in
the circle defined by the above inequality and this completes the proof of the Theorem.

]

Corollary 4.2.2. Let P(z) = Y i a;z" be a polynomial of degree n with positive real
coefficients and D,P(z) be a polar derivative of P(z) with respect to a real number «
such that

i + 2)aa;io + [0 — (0 + 1)]ais1 > (i + 1)aaiy + (n —i)a; fori=0,1,2,...,n — 2 then
all the zeros of Do P(2) lie in |z| < 1.

Remark 4.2.3. By taking a;>0 for i =0,1,2,...,n — 1 in the Theorem 4.2.1, then it

reduces to Corollary 4.2.2.

Theorem 4.2.4. Let P(z) = Y i a;z" be a polynomial of degree n and D,P(z) be the
polar derivative of P(z) with respect to a real number « such that

[i + 2aaire + [0 — (i 4+ 1)]ais < (0 + Daai + (n—id)a; fori=0,1,2,...,n — 2 then
all the zeros of Do P(2) lie in

|z| < mﬂaal + nag| + (aay + nag) — naa, — a,_1].

Proof. Let P(2) = ap2™ + ap_12""' + ... + a22* + a1z + a¢ be a polynomial of degree n,
then
D,P(2) = [naa,+a,1]2" " +[(n—1)aa,_1+2a, 2)2" 2 +[(n—2)aa, o+ 3a,_3]2" >+
ot [Baas + (n — 2)as]2? + [2aay + (n — 1)ay]z + [aar + nag).

Let us consider the polynomial Q(z) = (1 — 2)D,P(z) so that
Q(z) = (1 = 2)([naa, + ap_1]2"1 + [(n — Daa,_1 + 2a,_2]2"2 + [(n — 2)aa, o +
3an_3]2" 2 4+ ... + [Baaz + (n — 2)as]z? + [2aas + (n — 1)ay]z + [aar + nag))
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= Q(z2) = —[naa, + a,_1]z" + {[naa, + (1 + a — na)a,_1 — 2a, 2)z""' + [(n —
Daa, 1+ (2+ 2a — na)a,_o — 3a,_3]2"2...... + [Baasz + (n — 2 — 2a)asz(n — 1)ay]2? +
[2cas + (n — 1 — a)a; — naglz + [aay + nagl}

Also if |z|>1 then |n =<l fori=0,1,2,..,n — 2. Now

1Q(2)] > |naay,+an—1||z|" = {|naa,+ (1+a—na)a,—1 —2a,s||z["*+|(n—1)aa,—1 +
(2420 —na)a, o —3a, 3||2|" 2+ ...+ |3aaz + (n — 2 — 2a)az — (n — 1)aq||z|* + [2aas +

(n — 1 —a)a; — napl|z| + |aay + nagl}

= Q)] = Inaay +au-llz"|2] = praay{Inaa, + (1 o —na)a, 1 —2a,-o| +

[(n—1)aan—1+(24+2a—na—3an—_3)| |3aaz+(n—2—2a)as—(n—1)a1| | |2aaz+(n—1—a)ai—nag| | |aai+nag|
E o EE * =2 e ]

— |Q(2)| > |naa, + an_1||z|"|z] — ﬁ{\naan—l— (1+a—na)a,_1 —2a, o]+

[naan+a

|(n — Daa,—1 + (2+ 2a — na — 3a,_3)| + ... + [Baaz + (n — 2 — 2a)ay — (n — 1)ay| +
2caz + (n — 1 — a)a; — nag| + |1 + nagl}]
= |Q(2)| > |naa, + an_1]|z|" 7 |z| — m{[%n,z — (1+a—na)a,—1 —naa,) +
[Ban—3 — (24 20 — na)ay,—9 — (n — Daay—1] + ....[(n — 1)a; — (n — 2 — 2a)as — 3aas] +
nag — (n — 1 — a)ay; — 2aas] + |aay + nagl|}
= [Q(2)| = [naan + an||2" 2] = aa— {laar + naol + (aar + nao) — naa, —
an_1}]>0
if |z|>m{|aa1 + nag| + (aay + nag) — naa, — a,—1}.
This shows that |Q(z)|>0
provided [2]>————{l|aa, + nao| + (aa; + nag) — naa, — a1}
Hence all the zeros of Q(z) with |z|>1 lie in

|z| < |aay + nag| + (ay + nag) — naa, — a,_1).

é[
[naan+an—1|
But those zeros of Q(z) whose modulus is less than or equal to 1 already satisfy
above inequality.Since all the zeros of polar derivative D, P(z) are also in the zeros of
Q(2) lie in the circle defined by the above inequality and this completes the proof of

the Theorem. ]

Corollary 4.2.5. Let P(z) =Y 1" ,a;2" be a polynomial of degree n such that
0<[i+2]aa; o+ [n— (14 1)]air < (i+1)aai+ (n—1i)a; fori=0,1,2,....,n—2, then
all the zeros of D, P(2) lie in

2| <

— naan+an 1 [2((){@1 + naO) — noy, — an_l].
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Remark 4.2.6. By taking a; > 0 for j = 0,1,2,3,....,n — 1 in the Theorem 4.2.4,

then it reduces to Corollary 4.2.5

4.3 Zero free region for polar derivative of polyno-
mials with special coefficients

Theorem 4.3.1. Let P(z) = > 1" a;z" be a polynomial of degree n with real coefficients
and let D,P(z) be the polar derivative of P(z) with respect to a real number o such

that naay, + a,_1 # 0,
(i + Daair + (n —i)a; > [i + 2]aaio + [n— (i + 1)]ai41 fori=0,1,....,m—1

and [i+2]aa; o+ [n—(i+1)]ai1 > (i+1aai+(n—1i)a; fori=m,m+1,...,n—2.

Then D, P(z) does not vanish in the disk

2] < (nag+aar)—2[(n—m)ay,+(m+1)aam 1]+ (naa,+a,—1)+|naa, +an,_1|| .

|nag + o |

Proof.

Let P(2) = ap2™ + p12" P 4 oA @1 2™ A @ 2™+ Q1 2™ A ayz + ag be
a polynomial of degree n with real coef ficients. Then the polar derivative
D, P(2) = [naa, + ap,_1]2" " + [(n — Daa,_1 + 2a,_2]2" > + [(n — 2)aa,_o + 3a,_3]2" >
+ o [(Mm 4 2)amgs + (0 —m — Dapmg1] 2™ + [(m + Dty + (n—m)a,]z™
+ [maa, + (n—m+ Day,_1]2™ " + ... + [3aaz + (n — 2)ay)z?
+ [2aas + (n — 1)ay]z + [aa; + nag).

1
Now consider the polynomials J(z) = 2" ' D,P(~) and R(z) = (2 — 1).J(z) so that
2
R(z) =(z — 1) ([naan + an_1] +[(n — Daa,_1 + 2a, 9]z + [(n — 2)aa,_o + 3a,_3)2* + ...

+[(m 4 2)aamy2 + (0 —m — Dapa]2" "2+ [(m + 1)t + (n —m)a,)z"" 1

+ [maay, + (n—m+ Day,_1]2"™ + [(m — Daa,_1 + (n — m + 2)a,,_o)z""""

+ o4 [Baas + (n — 2)ax)2" " + [2aas + (n — 1)ay]2" % + [aa; + nao]z”_1>.



CHAPTER 4. ZERO-FREE REGIONS FOR THE DERIVATIVES OF....... 80

=[nay + aa;]z" — ([nao +{a—(n—1)}a; — 2aaz] 2"
+ [(n = Day + {2 — (n — 2)}as — 3aas] 2"~
+ .+ [(n=m)ap + {(m+Da— (n —m — 1)}ami1 — (M + 2)aama] 2" """
+ [(n = m+ Dap_1 + {ma — (n —m)}a, — (m+ 1)aam | 2"
+ [(n—m+2)an_s+{(m—1Da—(n—m+1)}am1 — maa,]z"""""
+ ..+ [Ban_s + {(n — 2)a — 2}a,_» — (n — aa,_1]2°

+ [2an,2 +{(n—1)a—1}a,1 — naan}z + [naan + anl])

Alsoif |z| > 1 then <1 fori=20,1,2,....,.n—2. Now

2|
IR(=)| =[nap + aar||2]" (;nao o (0 - D}ar — 202"
+ |(n = Day + {20 — (0 = 2)}as — 3aas| |2
ot [0 = m)am + {(m + Do — (0= m = D}amar — (m+2)aan o[z
+|(n—=m+ Dam_1 + {ma — (n —m)}ay, — (m+ Daanq||[z]""
+[(n = m 4 2an-s + {(m—Da — (n—m + 1)}ay-1 —maay||s["""
+ ot [3an-s + {(n — 2)a — 2}an_s — (n — Vaa,_||2|"

+ ‘26Ln_2 +{(n—1a—1}a,_1 — naan|‘z| + ‘naan + an_1|>

1
>[nag + aay||z]" 2] - m{|nao +{a—(n—1)}ar — 2aa,|
n |(n —1)a; + {2a — (n — 2)}as — 3aas|
2|
- (n—m —1an +{(m+2)a—(n—m—2)}ano — (M + 3)aa,, s

’Z‘mfl

N |(n —m)a, +{(m+1Da—(n—m—1)}am1 — (M + 2)at, o

2|
[(n—m+ Day,_1+ {ma—(n—m)}a, — (m+ 1)ada,|
|Z|m+1
- 13a,—3 +{(n —2)a — 2}a,—2 — (n — 1)a, 1|
o3

N 12a,,—2 + {(n — 1)ao — 1}a,,—1 — naay,| N |naay, + an_1]
B B
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1

|n71
|nag + o |

>|nag + aaq ||z 2| — {\na0+{a— (n —1)}a; — 2cvay|

+(n—Day + {2a — (n — 2) }as — 3aas|

+ot|(n=m—=1Dap1 +{(m+2)a—(n—m—2)}anio — (M + 3)aa,, 3|
+|(n—m)ay, +{(m+ 1a—(n—m—1)}am — (M + 2)ad,, o
+|(n—=m+1)ay_1+{ma—(n—m)}ta, — (m+ 1)aa,.|

+ oo+ Bap—3 + {(n —2)a — 2}a,,—2 — (n — 1)a, 1|

+ 2,2+ {(n — )a — 1}a,_1 — naa,| + |naa, + anll}]

1

|nag + aay|

{[nao +{a—(n—1)}a; — 2aas]

>Inag + aa||z]" 7 ||z| —

+[(n = 1)a; + {2a — (n — 2)}ay — 3aas)
+[(n=m+1ay_1+{ma—(n—m)}ta, — (m+ 1)aa, 1]
+[(m +2)aamyz —{(m+ Do = (n—m = 1)}am1 — (0 — m)an]
+ o4 [(n—Daay,1 —{(n —2)a — 2}a,_2 — 3a,_3]

+ [naa, — {(n — a — 1}a,_1 — 2a,_o] + |naa, + an_1|}]

1

nay + aar| {(”“O +am) = 2(n = m)an + (m + 1ot

= |nag +aa1|]2|"_1 |z| —

+ (naay, + an_1) + |naa, + anll} >0

if |z| > [(nag + aar) — 2[(n — m)ay, + (m + 1)aam, 1] + (naa, + a,_1)

Inag + aa |

+ [naa, + a,—1|].

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the

closed disk

2] < [(nag+aa)—2[(n—m)am+(m+1)atm1]+(naa,+a,1)+naa, +a,_1|].

Inag + aa |

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the

above disk.
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Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

2| < [(nag+aar)—2[(n—m)am+(m+1)aam1]+(naa, +a,_1)+naa, +a,_1|].

[nag + aa |
Since D, P(z) = 2"J(1) it follows, by replacing z by 1,
we get that all the zeros of D,P(z) lie in

1
|z] > T + o] [(nao+aar)—2[(n—m)am+(m+1)aam1]+(naa, +a,_1)+naa, +a,_1|].

Hence D, P(z) does not vanish in the disk

2| < [(nag+aar)—2[(n—m)am+(m+1)aam1]+(naa, +a,_1)+naa, +a,_1|].

|nag + aa |

This completes the proof of the Theorem.
O

Corollary 4.3.2. Let P(z) = Y, a;2" be a polynomial of degree n with real coefficients
such that a,—1 # 0, (n —i)a; > [n — (i + D]aj41 for i =0,1,...m —1 and [n — (i +
Dlaiy1 > (n—1d)a; for i =m,m+1,....,n—2. Then D,P(z) does not vanish in the
disk

1
2] < ——|nag — 2(n — m)ay, + an—1 + |an_1||.

|naol

Corollary 4.3.3. Let P(z) = Y1 ,a;2" be a polynomial of degree n with positive real
coefficients and D, P(z) be the polar derivative of P(z) with respect to a real number o

such that naa, + a,_1 # 0,

(1 + Daajrr + (n —i)a; > [i + 2]aaire + [n— (i + 1)]airy fori=0,1,....,m— 1.
and [i+2]aa; 2+ [n—(i+1)]ai1 > (i+1aai+(n—i)a; fori=m,m+1,..,n—2.
Then D,P(z) does not vanish in the disk

|z| < ———— | (nag + aar) — 2[(n — m)am, + (M + 1)aam 1] + 2(naa, + an—1)|.
Remark 4.3.4. By taking o = 0 in Theorem 4.3.1, it reduces to Corollary 4.3.2

Remark 4.3.5. By taking (i+1)aa;+1 + (n—1i)a;>0 for i =0, 1,2, ...,n—2 in Theorem
4.3.1, it reduces to Corollary 4.3.3
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Theorem 4.3.6. Let P(z) = > 1" a;2" be a polynomial of degree n with real coefficients
and let D, P(z) be the polar derivative of P(z) with respect to a real number o such

that naay, + a,_1 # 0,
(0 + Daair + (n—i)a; < [i + 2aaio + [n— (i + 1)]ai41 fori=0,1,...,m—1

and [i+2]aa; 2+ [n—(i+1)]ai1 < (i+1)aai+(n—i)a; fori=m,m+1,..,n—2.
Then D, P(z) does not vanish in the disk

1

T T oar] Inaa,+a,_1|+2[(n—m)ay,+(m+1)aam, 1] —(nag+aa +naa,+a, 1) | -

2| <
Proof of the Theorem is similar to proof of Theorem 4.3.1

Corollary 4.3.7. Let P(z) = Y, a;2" be a polynomial of degree n with real coefficients
such that ap—1 # 0, (n —i)a; < [n— (i + 1)]ajsr for i=0,1,...,m—1 and [n — (i +
Dl]aiyr < (n—1d)a; for i =m,m+1,....,n—2. Then D,P(z) does not vanish in the
disk

1
2] < Tnao] |an—1] +2(n — m)a, — (nag + an—1)|.

Corollary 4.3.8. Let P(z) = Y i a;z" be a polynomial of degree n with positive real
coefficients and D, P(z) be the polar derivative of P(z) with respect to a real number «

such that naa, + a,_1 # 0,
(i + Daaiyr + (n —i)a; < i+ 2Jaaiis + [0 — (1 + 1)]aipq for i =0,1,...,m—1

and [i+2]aa o+ [n—(i+1)]a; < (i4+1)aa+(n—i)a; fori=m,m+1,...,n—2.
Then D, P(z) does not vanish in the disk

1
< —— 2[(n—ma, 1)y, 1] — .
|| Y [(n —m)am, + (m+ 1aan,1] — (nag + aay)

Remark 4.3.9. By taking a = 0 in Theorem 4.3.6, it reduces to Corollary 4.3.7.

Remark 4.3.10. By taking (i + 1)aa;1; + (n — ¢)a;>0 for ¢ = 0,1,2,....,n — 2, in
Theorem 4.3.6, it reduces to Corollary 4.3.8.
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4.4 Zero free region for polar derivative of polyno-

mials

Theorem 4.4.1. Let P(z) = Y1 a;z" be a polynomial of degree n with real coefficients
and let D, P(z) be the polar derivative of P(z) with respect to a real number a such

that naay, + a,—1 # 0,
and (i + V)aa;1 + (n —i)a; > [i + 2)aao + [n— (i 4+ 1)]a;41 fori=0,1,...,n— 2.

Then D,P(z) does not vanish in the disk

[nag + aa |

|z| < .
(nap + aay) — (naay, + ap—1) + |naa, + an_1|

Proof.

Let P(2) =a,2" 4 ap_12"" ' 4+ ... + a12 + ag be a polynomial of degree n with real
coef ficients. Then the polar derivative
Do P(2) =[naa, + an,1]z""" + [(n — Daa,_; + 2a,_2]2" "> + [(n — 2)aa,_o + 3a,_3]z" >
+ ..+ [Baas + (n — 2)as)2® + [2aay + (n — 1)ay)z + [aa; + nag).
1
Now consider the polynomials J(z) = 2" ' D,P(~) and R(z) = (2 — 1).J(2) so that
2
R(z) =(z—1) ([naan + ap_1] + [(n — Daa,_1 + 2a,_2]z + [(n — 2)an,_o + 3a,_3]2>
+ oo+ [Baas + (n — 2)ag)2" 7 + [2aas + (n — 1)ay]z" 2 + [aa; + nao]z"_l).
=[nay + aa]z" — ([nao +{a—(n—1}a; — 2aay)z"*
+ [(n — 1)ay + {2a — (n — 2)}ay — 3aas)z"?
+ oot Ban_s+{(n —2)a — 2}a,_o — (n — Daa,_]z*
+ [2ap—2 + {(n — 1)a — 1}a,—1 — naay)z + [naa, + an_l])
1
Alsoif |z| > 1 then T<1 fori=0,1,2,....,n —2. Now
z n—

|R(2)| >|nap + aay||z|" — (|na0 +{a— (n—1}a; — 2aay||z|"*

+|(n—1)a; + {2a — (n —2)}as — 3046L3||z|”_2
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+ o+ Ban—s + {(n — 2)a — 2}a,_2 — (n — 1)aa,_1||z|?

+ [2an,_2 + {(n — Da — 1}a,-1 — naay,||z| + |naa, + an1|)

_ 1
>[nag + aa |27 ||2] — m{WLO +{a—(n—1)}ar — 2aa,|
N |(n — 1)a; + {2a — (n — 2) }ay — 3aas| N
B
N 13a,—3 +{(n —2)a — 2}a,—o — (n — 1)aa, 1|
|z|n—3

N 12a,,_2 + {(n — 1)ae — 1}a,,_1 — naay,| N \naan, + an_1]
‘Z|n72 |Z’n71
1

|n71
[nag + aa |

>|nag + aa ||z |z| — {]nao—i-{oz— (n—1)}ar — 2aas

+|(n —1ay + {20 — (n — 2) }as — 3aag| + ...
+ [3an_3+ {(n —2)a — 2}a,—2 — (n — 1)aa,_1]
+ [2an—2 + {(n — Do — 1}a,-1 — naa,| + |naa, + an_l\H

1

2]nao +OZG1HZ|”71 ‘Z’ — m

{[nao +{a—(n—1)}a; — 2cas]
+[(n — Day + {20 — (n — 2)}ay — 3aas] + ...
+ [Ban—s +{(n —2)a — 2}a,—2 — (n — 1)aa,_1]

+ [2ap—2 + {(n — Do — 1}a,—1 — naa,] + |naa, + an_1|}]

1
:’nao + 01(11H2|n_1 ‘Z’ — m{(nao + O./Cll) — (naan + (anl) + ]naan + anl\H
>01f |z| > —— |(nag + aay) — (naa, + a,—1) + |naa,, + a,_11|.
f 2| |na0+aa1|[( 0 1) = ( 1)+ | 1]

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the

closed disk

|z < [(nao + aa) — (naa, + an—1) + [naa, + a,_1].

Inag + oy |
But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the

above disk.

Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

2] < [(nag + car) — (naa, + ap_1) + [naa, + a,_1l].

|nag + aay|
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Since D, P(z) = 2"J(1) it follows, by replacing z by 1,
we get that all the zeros of D,P(z) lie in

[nag + aa |

|z| > )
(nap + aay) — (naay, + ap—1) + |naa, + a,_1|

Hence D, P(z) does not vanish in the disk

2] <

This completes the proof of the Theorem .

Inap + aa |

(nag + aar) — (naa, + a,_1) + |naa, + a,_1|

[]

Corollary 4.4.2. Let P(z) = Y1, a;z" be a polynomial of degree n with real coefficients
such that a,—1 # 0, and (n—i)a; > [n— (i+1)]a;41 fori=0,1,....,n—2. Then DyP(z)
does not vanish in the disk

|nag|

nag — ap-1 + |ap-1|

2| <

Corollary 4.4.3. Let P(z) = Y, a;2" be a polynomial of degree n with real coefficients
such that
naa, + a,_1 # 0,

and (i +1)aa;1 + (n—i)a; > [i+2)aaio+ [n— (i+1)]a;y1 >0 fori=0,1,....,n—2.
Then D,P(z) does not vanish in the disk |z| < 1.
Remark 4.4.4. By taking o = 0 in Theorem 4.4.1, it reduces to Corollary 4.4.2.

Remark 4.4.5. By taking (i+1)aa; 1+ (n—1)a;>0 fori =0, 1,2, ...,n—2, in Theorem
4.4.1, it reduces to Corollary 4.4.3.

Theorem 4.4.6. Let P(z) = 1" ;2" be a polynomial of degree n with real coefficients
such that
naa, + a,_1 # 0,

and (i + a1 + (n —i)a; < [i + 2)aaio + [n— (i + 1)]ags fori=0,1,....,n— 2.
Then D, P(z) does not vanish in the disk

2| <

|nag + aay |

Inaa, + a,_1| + (naa, + a,_1) — (nag + aay)
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Proof.

Let P(z) =a,z" + Un12""V+ ...+ a1z + ag be a polynomial of degree n with real
coef ficients. Then the polar derivative
D, P(2) =[naa, + a,1]z""" + [(n — Daa,_1 + 2a,_2]2" > + [(n — 2)aa, o + 3a,_3]z" >
+ o+ [Baas + (n — 2)ag)2* + [2aas + (n — 1)ay]z + [ca; + nag).
Now consider the polynomials J(z) = z"_lDaP(é) and R(z) = (z — 1)J(z) so that
R(z) =(z — 1)([naa, + ap_1] + [(n — Daan,_1 + 2a,-3]z + [(n — 2)aa,—s + 3a,_3]2>
+ ..+ [Baas + (n — 2)az)2" % + [20as + (n — 1)ay]2" % + [aay + nag)z").

=[nay + aa|z" — ([nao +{a—(n—1)}a; — 2cay]2" 1
+[(n — Day + {2a — (n — 2)}ay — 3aas)z" 2
+ o4 Ban_s +{(n —2)a — 2}a,_2 — (n — Vaa, ]2

+ [2an—2 + {(n — D)o — 1}a,_1 — naay)z + [naa, + anl])

Alsoif |z| > 1 then <1 fori=0,1,2,....,.n—2. Now

|Z|n7i

|R(2)| >|nap + aaq]|z|" — (]nao +{a—(n—-1)}a; — 2aa2]|z\”’1
+|(n — Da; + {2a — (n — 2)Yay — 3aas||z|" 2

+ o+ |3an_3 +{(n — 2)a — 2Ya,_o — (n — 1aa,_1||2|?

+2a,—2+ {(n — 1)a — 1}a,—1 — naay||z| + |naa, + an_l\)

_ 1
>[nag + aa|]z["7H| |2] — m{\mo +{a—(n—1)}ar — 2aa,|
|(n — 1)a; + {2a — (n — 2)}ay — 3avas|
+ 2| + ...
N 13a,—3 + {(n —2)a — 2}a,,—o — (n — 1)aa, 1|
|Z|n—3

N 12a,_2 + {(n — 1) — 1}a,_1 — naay,| N |naay, + an_1]
’Z‘n72 ‘z’nfl
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1

|n71
[nag + aa |

>|nag + aa ||z |z] — {|na0+{a— (n—1)}ar — 2aas

+(n —1Das + {2a — (n — 2) }ag — 3aas| + ...
+ [3an-3+ {(n —2)a — 2}a,_2 — (n — 1aa,_1]

+ [2an—2 + {(n — Do — 1}a,—1 — naa,| + |naa, + an_l\H

1

>|nag + aa||z|" | |z| — Tndo + o]

{[2aa2 —{a—(n—1)}a, — na

+ [Baas + {2a — (n —2)}as — (n — D)aq] + ...
+[(n—Daa,—1 — {(n —2)a — 2}a,_2 — 3a,_3]

+ [naa, — {(n — Va — 1}a,—1 — 2a,_2] + |naa, + an_llH

1

Tnao + aar| {(nao + aay) — (naay, + an—1) + |naa, + anl\H

=|nag + aa1|]z|"’1 |z| —

>0if |z] > [Inaa, + ap_1| + (naa, + ay—1) — (nag + aay)].

[nag + aa |
This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the

closed disk

|z| < Tnao + o] [Inaa, + ap_1| + (naa, + ay—1) — (nag + aay)].

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the

above disk.

Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

‘Z’ < M Unaan + an,l\ + (naan + an,l) — (nao + aal)} .

Since D, P(z) = z"J(1) it follows, by replacing z by 1,
we get that all the zeros of D, P(2) lie in

2] > [nag + aa |
~ |naa, + an_1| + (naay, + a,_1) — (nag + aay)

Hence D, P(z) does not vanish in the disk

[nap + aa |

Inaa, + an_1| + (naa, + a,_1) — (nag + aay)’

2| <

This completes the proof of the Theorem. n



CHAPTER 4. ZERO-FREE REGIONS FOR THE DERIVATIVES OF....... 89

Corollary 4.4.7. Let P(z) = Y , a;2" be a polynomial of degree n with real coefficients
such that a,—1 # 0, and (n—i)a; < [n— (i+1)]a;41 fori =0,1,...,n—2. Then DyP(z)
does not vanish in the disk

|nag|

|z| < :
|an_1] + an_1 — nag

Corollary 4.4.8. Let P(z) = Y_" , a;2" be a polynomial of degree n with real coefficients
such that naa, + a,_1 # 0,

and 0 < (i+1)aai +(n—1i)a; < [i+2aai2+ [n—(i+1)]aiq fori=0,1,...,n—2.

Then Do P(2) does not vanish in the disk

nag + aa
2(naay, + an_1) — (nag + aay)’

Remark 4.4.9. By taking o = 0 in Theorem 4.4.6, it reduces to Corollary 4.4.7.

2| <

Remark 4.4.10. By taking (i + 1)aa;11 + (n — 9)a;>0 for ¢ = 0,1,2,....,n — 2, in
Theorem 4.4.6, it reduces to Corollary 4.4.8.

4.5 Zero free regions for polar derivative of polyno-
mials with restricted coefficients

Theorem 4.5.1. Let P(z) = .1  a;z" be a polynomial of degree n > 3 with real

coefficients and let D, P(2) be the polar derivative of P(z) with respect to a real number

a such that naa, + a,_1 # 0,

noaa, + a,—1 > (n— Daa, 1+ 26,2 < (n — 2)aa, 2+ 3a,-3 > ... < daay + (n — 3)as
> 3aas + (n — 2)az < 2aas + (n — 1)ay > aay + nag if nis even, (OR)

naa, + ap_1 > (n— Daa,_1 + 26,9 < (n — 2)aa,—s + 3a,-3 > ... > daay + (n — 3)as
< 3aasz + (n —2)as > 2aas + (n — 1)ay < aay +nag if nis odd, then

(1) Do P(z) does not vanish in the disk

_ [|naan + a,_1| + (naa, + a,_1) + X1 — (nag + aal)] if n is even,
nag + aa

where X, =2 l{[(n — 2)ay—2 + 3ay_3] + ... + [Adaas + (n — 3)as] + [2aas + (n — 1)ai]}
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—{l(n = Daa,_1 + 2a,-2] + [(n — 3)aa,_3 + 4an_a] + ... + [Baas + (n — 2)as] } |.
(1) Do P(2) does not vanish in the disk
2| < ——— {|naan + ap_1| + Xo + (nap + ozal)} if nis odd,
1
where Xy =2 {{[(n — 2)ap—3 + 3an_3] + ... + [baas + (n — 4)aq] + [Baas + (n — 2)as]}
— {[(n — Daa,_1 + 2a, o] + [(n — 3)aa,_3 + 4a, 4] + ... + [daay + (n — 3)as]
+ [2aas + (n — 1)a1]}} :
Proof.
Let P(z) = a,2" + 12" P ot a2 2™ F A1 2™ a2+ ag
be a polynomial of degree n with real coef ficients. Then the polar derivative
D, P(2) = [naay, + ap,_1]2" " + [(n — Daa,_1 + 2a,_2]2" > + [(n — 2)aa,_o + 3a,_3]2" >
+ oo+ [daag + (n = 3)az)2® + [Baas + (n — 2)as)2® + [2aas + (n — 1)a1]z
+ [aay + nag).

Now consider the polynomials J(z) = z"lDaP(é) and R(z) = (z — 1)J(z) so that
R(z) =(z—1) ([n&an + ap_ 1]+ [(n — Daay_1 + 2a,_9]z + [(n — 2)a,_s + 3a,_3]2>
+ ..+ [Baaz + (n — 2)ag)z" " + [2aas + (n — 1)ay]2" % + [aar + nag]z"1>.
R(z) =[nag + aa|2" — ([nag +{a— (n—1)}a; — 2aas] 2"

+ [(n = Day + {2a — (n — 2)}as — 3aas] "2
+ oo+ [dap_g + {(n = 3)a — 3}a,_3 — (n — 2)aa, 5]z’
+ [Ban—3 + {(n — 2)a — 2}a,_2 — (n — Daa, 4] 2*

+ [Qan_z +{(n—1)a—1}ay,_1 — naan} Z+ [naan + an_l])

Alsoif |z| > 1 then

<1 fort1=0,1,2,....n — 2.

|Z|n—i

Now |R(z)| >|nag + aa||z|" - (|na0 +{a = (n—1)}ar — 20a,| ’z‘n_l
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+|(n = Vay + {2a — (n — 2)}as — 3aas||2|" " + [(n — 2)as + {3a — (n — 3)}ag — daay||2[""
Foe ot [dap g+ {(n —3)a — 3}an_s — (n — 2)aa, |||’

+ |3an_s + {(n — 2)a = 2}an_5 — (n — Daa, 4||z|”

T |2 + {(n — Do — Ban_s — naay||2| + |naa, + ;)

1
m{hum + {Oé — (TL — 1)}&1 — 20éCLQ|

N |(n — 1)a; + {2a — (n — 2)}as — 3avas| N |(n —2)as + {3a — (n — 3) }ag — daay|

>|nag + oza1||z|"_1 || —

2| |22
I |4an—4 + {(n —3)a — 3}a,—3 — (n — 2)aa,_o|
i
N 13a,—3 + {(n —2)a — 2}a,,—o — (n — 1)a, |
2|3

N 12a,—2 + {(n — 1)av — 1}a,,—1 — naay,| N |naan, + an_1] H

2|2 2|7t

>Inag + aay||z]" 7 |z] — W{Mao +{a—(n—1)}a; — 2aas

+|(n—1)ay + {2a — (n — 2) }as — 3aas| + |[(n — 2)as + {3a — (n — 3) }as — dovay|
+ ..+ |dap—g +{(n —3)a — 3}a,—3 — (n — 2)aa, 9|
+13a,_ 3+ {(n —2)a —2}a, 2 — (n — 1)aa,_1|

+ [2ap—2 + {(n — 1)a — 1}a,—1 — naa,| + |naa, + an_1|}}
1

|n—1
|nag + aa |

>|nag + aaql|z |z| — {[2aa2+{(n— 1) — ata; — nag]

+[(n = Das + {20 — (n — 2)}ay — 3aas] + [4aay + {(n — 3) — 3a}as — (n — 2)as)]
F ot [(n = 2)aan_s + {3 — (n — 3)a}an_3 — 4a,_4)

+ [Ban_s + {(n — 2)a — 2}ap_s — (n — Daay_1]

+ [naa, + {1 — (n — ata,—1 — 2a,_2] + |naa, + an1|H if nis even,

1

EE— >0
[nag + aa |

{|naan + an_1| + X1 — (nag + ozal)}

=|nagy + oza1||z]”’1 {\z| —

if |z| > [Inaa, + an_1| + (naa, + an—1) + X1 — (nag + aay)]

|nag + oy |
where X, = 2 {{[(n — 2)ay—2 + 3ay_3] + ... + [Adaas + (n — 3)as] + [2aas + (n — 1)ai]}

—{l(n — Daa,_1 4 2a,-2] + [(n — 3)aa,_3 + 4a,_4] + ... + [Baas + (n — 2)@]}]

if nis even.
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This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed

disk

1
< - n + n— + X - .
2l < nag + aa [|naa | 1 = (nag + aay)]

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the

above disk.

Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

2] < Inaay, + an_1| + X1 — (nag + aay)].

nay + aay [

Since D, P(z) = z"J(2) it follows, by replacing z by 1,

we get that all the zeros of D, P(2) lie in

|z| > lnaa, + an_1| + X7 — (na0+aa1)}.

nag + aay [

Hence D, P(z) does not vanish in the disk

2| <

- n n— n n— X - )
T o {|naa + an-1| + (naa, + an—1) + X1 — (nag + aas)]

where Xy =2 {{[(n — 2)ay—2 + 3ap_3] + ... + [doas + (n — 3)as] + [2aas + (n — 1)ai]}

—{[(n = Daa,_1 + 2an_s] + [(n — 3)aa,_3 + 4a,_4] + ... + [Baas + (n — 2)as]}

if nis even.

Similarly we can also prove for odd degree polynomials. For this we can rearrange

the terms of the given polynomial and compute as above. That is if n is odd then

D, P(z) does not vanish in the disk

2| <

nag + aaq

1
{|no¢an + ap_1| + (naay + an—1) + Xo + (nag + aay)],

where Xo =2 {{[(n — 2)ap—3 + 3an_3] + ... + [baas + (n — 4)aq] + [Baas + (n — 2)as]}

tf n s odd.

—{[(n — Daa,_1 + 2a,_s] + [(n — 3)aa,_3 + 4an_4] + ... + 2aas + (n — 1)ai]}

This completes the proof of the Theorem . n
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Corollary 4.5.2. Let P(z) = > ja;z" be a polynomial of degree n > 3 with real
coefficients and let DyP(z) be the polar derivative of P(z) such that a,—y # 0,

Ap_1 > 20p_9 < 3ap-3 > ... < (n—3)ag > (n—2)ay < (n— 1)a; > nag if n is even,
(OR)

Ap_1 > 20p9 <3a,-3>..>n—3)az < (n—2)ay > (n—1)a; < nap if nis odd.
then (i) DoP(z) does not vanish in the disk

1 ) )
|z| < - [|an_1| + Gp_1+ X3 — nao} if nis even,
0

where X5 =2 [{3%_3 +..+(n—3)as+ (n— 1)a1} — {2%_2 +4ap_ 4+ ...+ (n— 2)a2} )
(1) DoP(z) does not vanish in the disk
1
2| < —[lan-1] + an-1 + X4 + nag] if n is odd,
nao
where X, = 2 [{3%_3 + ..+ (n—4as+ (n —2)as }—
{2a,_2 +4ay_s+ ...+ (n— 3)az + (n — L)a }|.
Remark 4.5.3. By taking o = 0 in Theorem 4.5.1, it reduces to Corollary 4.5.2.

Theorem 4.5.4. Let P(z) = > ja;z" be a polynomial of degree n > 3 with real
coefficients and let D, P(z) be the polar derivative of P(z) with respect to a real number

a such that naay, + a,—1 # 0,

naa, + ap—1 < (n—Daa,_1 + 26,9 > (n — 2)aa, 2 + 3a,-3 < ... > daay + (n — 3)as
< 3aaz + (n —2)as > 2aas + (n — 1)a; < aay +nag if nis even,

(OR)

naa, + a,—1 < (n—Daa, 1+ 2a,_2 > (n — 2)aa, 2 + 3a,-3 < ... < daay + (n — 3)as
> 3aas + (n — 2)as < 2cas + (n — 1)ay > aay + nag if nis odd.
then (i) DoP(2) does not vanish in the disk

2| < —————[|naa, + an—1| — (naa, + an_1) — X1 + (nag + aar)] if n is even,
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where X1 =2|{[(n — 2)aa,_2 + 3an_s] + ... + [daas + (n — 3)az] + [2aas + (n — 1)a;]}
—{l(n = Daa,_1 + 2a,_s] + [(n — 3)aa,_3 + 4an_a] + ... + [Baas + (n — 2)as] } |.

(1) Do P(2) does not vanish in the disk

1
<t + aay n T On-1] = ntan1) =Xy — i nis odd,
2| nag + aay [|noza + ap_1| — (naa, + a,—1) 9 (naojuaal)} if niso

where Xo =2|{[(n — 2)aa,_2 + 3an_s] + ... + [Baas + (n — 4)as] + [3aaz + (n — 2)as] }
—{l(n — Daa,_1 + 2a,_s] + [(n — 3)aa,_3 + 4an_4] + ... + [4aas + (n — 3)as)]
+ [20as + (n — 1)aq] }|.

Proof. Proof of the Theorem is similar to proof of the Theorem 4.5.1 m

Corollary 4.5.5. Let P(z) = > ja;z" be a polynomial of degree n > 3 with real
coefficients and let DyP(z) be the polar derivative of P(z) such that a,—1 # 0,

ap_1 <259 > 30,3 < ...> (n—3)ag < (n—2)ag > (n— 1)a; < nag if nis even,
(OR)
ap-1 >20p_9 < 3ap_3> ... < (n—3)ag > (n —2)ay < (n— 1)a; > nag if n is odd.
then (i) DoP(z) does not vanish in the disk

1
|z|< — Uan,ll — Ap_1 — X3+ nao} if nis even,
nagp
where X3 =2|{3a,_3 + ...+ (n — 3)as + (n — 1)a1 }

—{2a,_2 +4a,_ s+ ...+ (n—2)as }|.

(11) DoP(z) does not vanish in the disk

1
2| <—[lan—1| — an—1 — X4 — nao| if n is odd,
nao

where Xy =2|{3an_3+ ... + (n — 4)as + (n — 2)as}
— {2an,2 +4ap_4+ ...+ (n—3)as+ (n — 1)a1} )

Remark 4.5.6. By taking (i+1)aa; 1+ (n—i)a;>0 for i = 0,1,2,...,n—2, in Theorem
4.5.4, it reduces to Corollary 4.5.5.
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4.6 On the zero free regions for polar derivative of
polynomials with restricted coefficients

Theorem 4.6.1. Let P(z) = > ja;z" be a polynomial of degree n > 3 with real
coefficients and let D, P(z) be the polar derivative of P(z) with respect to a real number

a such that naa, + a,_1 # 0, and

naay, + an—1 > (n— Daa,_1 + 26,9 > (n — 2)aa,_o + 3a,_3 > ... > (m + 1)aa,11
+(n—m)a, > maa, +(n—m+1ay_—1 < (m—1Daa,1+nNn—m+2)a,o>..<
daay+(n — 3)ag > 3aaz + (n — 2)ag < 2cas + (n — 1)ay > aay + nay,
then D,P(z) does not vanish in the disk

1
<— n n— n n— B, —
|| oy [Inaa, + an_1] + (naa, + ay—1) + B1 — (nag + aay)]

where By = 2|{[(m — 1)aay,_1 + (n — m+ 2)apy_s] + ... + [4aas + (n — 3)as]

+ [20as + (n — Da1]} — {[maan, + (n — m + 1)am,_1]

+ [(m = 2)at,—2 + (n — m + 3)an_3] + ... + [B3aaz + (n — 2)as] }|.

Proof.

Let P(2) = ap2™ + p12" ' 4 o @1 2™ A 2™ A+ Q1 2™ L ayz +ag
be a polynomial of degree n with real coef ficients. Then the polar derivative
D, P(z) = [naa, + a,1]2" " + [(n — Daa,_1 + 2a,_2]2" "% + [(n — 2)aa, o + 3a,_3)z" >
+ oA [(m+ Daamer + (0 — m)ap] 2™ + [maa, + (n —m + 1)a,_1]2"
+[(m — Daa,_1 + (n —m+ 2)am_o]z™ ' + ... + [daas + (n — 3)ag)z*
+ [Baas + (n — 2)ay)2* + [2aag + (n — 1)ay]z + [aar + nag).

1
Now consider the polynomials, J(z) = z"_lDaP(;) and R(z) = (z — 1)J(2) so that
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R(z) =(z — 1) |[naa, + an_1] + [(n — Daa,_1 + 2a,_2]z + [(n — 2)aa, o + 3a,_3]2*
+ oo+ [(m + Daamer + (0 —m)ayg]2" ™72 + [maay, + (0 —m + 1)a,_1]z""™!
+[(m — Va1 + (n—m+2)am_2]z" " + ... + [3aas + (n — 2)ag]z" >

+ [2aay + (n — 1)ay)2" 2 + [aa; + naglz" !
R(z) =[nag + aa)z" — | [nag + {a — (n — 1) }a; — 20as] 2"

+ [(n — Das + {2a — (n — 2)}as — 3aaz) 2"

+ .o+ [(n=m=+2)am_—2+ {(m—1)a—(n—m+1)}ay,_1 — maa,| """
+ [(n = m+ Dap—1 + {ma — (n —m)}a, — (m + 1)aam | 2"™"

+ [(n = m)am + {(m+ 1)a — (n —m — 1)} a1 — (m+ 2)aa,o] 2"

+ oo+ [ap_g + {(n — 3)a — 3}a,_3 — (n — 2)aa, 5] 2°

+ [3an-3 + {(n = 2)a — 2}a,—2 — (n — V)aa, 4] 2*

+ [Qan_g +{(n—1)a—1}ap,_1 — naan}z + [nozan + an_l}

Alsoif |z| > 1 then <1 fori=0,1,2,....,n — 2.

|Z|n—i

Now|R(z)| >|nao + aai||z|" = ||nao + {a = (n — 1)}as — 204a2|‘z|n_1

+ ’(n —Da; +{2a— (n—2)}as — 304(13‘!2‘”_2
+ ’(n - 2)(12 + {30& — (n — 3)}&3 _ 404(14“2"1173

+ ’(TL — 3)&3 + {4a — (n — 4)}&4 _ 5Oéa5HZ‘n74

+ ...+ |(n —m+2)aym o+ {(m—1a—(n—m+1)}a,_1— mOéCLmH,z‘”—m-H

+|(n=m+ Dam_1 + {ma — (n —m)}ay, — (m+ Daanq||z]""
+|(n = m)am + {(m+ Da — (0 —m = 1)}apmi — (m + 2)amps |2
F ot [day g+ {(n = 3)a — 3}a,_5 — (n — 2)aa, ,||2[

+ |3an_s + {(n — 2)a — 2}an_5 — (n — Daa, ||z|”

+ ‘2an,2 +{(n—1)a—1}a,1 — naan} ‘z| + ‘naan + an,1|

1
m{hla() + {Oé - (TL - 1)}@1 - 2aa2|

N |(n — 1)a; + {2« —|Z(|n —2)}as — 3aag| N |(n — 2)as + {3« |—Z|(2n —3) }asz — daay|

>|nag + aa1||z|"_1 |z| —
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|(n — 3)as + {4a — (n — 4) }ay — Saas|

= + ..+
[(n—m+2)a, 2+ {(m—1a—(n—m+1)}a,_1 — maay,|
|Z|n—m+1
(n —m+ 1)ay,—1 +{ma—(n—m)}ta, — (m+ 1)aa,1|
|Z|n—m
n—m)a, +{m+1a—(n—m-—1)tam+1 — (Mm+ 2)aa,,
Lo (o o o= o= Dot
|4a, -4+ {(n — 3)a — 3}a,—3 — (n — 2)aa, s
EEE
n 13a,—3+{(n —2)a —2}a,—2 — (n — 1)aa, |
|Z|n—3

N 24,2 + {(n — 1)a — 1}a,_1 — naay,| N |naa, + an_1]
’Z|n72 |Z‘n71
1

‘nfl
|nag + oy |

2] =

>|nag + aas ||z {\na0+{a—(n—1)}a1—2aa2\

+|(n = Day + {20 — (n — 2)}ay — 3aas| + |(n — 2)as + {3a — (n — 3)}as — daay]
+|(n—3)az + {4a — (n — 4)}as — baas| + ..+

(n—m+2)ay, o+ {(m—1)a—(n—m+1)}a, 1 —maa,|

+(n—m+1)ap—1+ {ma—(n—m)}a, — (m+ 1)aa,|

+(n—m)am +{(m+1)a—(n—m—1)}tan1 — (Mm+2)aamio| + ...+

4y 4+ {(n = 3)a = 3Yan_3 — (n — 2)aa, | + [3a,_5 + {(n — 2)a — 2}an_5 — (n — 1)aa, 1|
+ [2an_s + {(n — Da — 1}au_1 — naa,| + |naa, + an_1|}]

1

>|nao + aaq||2|" 7" ||2] — [nag + aa;|

{[Qaag +{(n—1) — a}a; — nao|

+[(n = Day + {20 — (n — 2)}ay — 30as] + [4aay + {(n — 3) — 3atas — (n — 2)ay]
Fot [(m = Daam — {(n—m=+1) = (m — Datam_i + (n — m + 2)am_s]

+ [(m + Daamy1 + {(n —m) —mata, — (n —m+ 1)a,, 1]

t ot [(n = 2)aan_s + {3— (n— 3)a}an_3 — 4a,_4]

+(n—Daant + {2 — (n—2)atan_s — 3a,_s]

+ [naa, + {1 — (n — Datan_1 — 2an_s] + |naa, + an_l\H

1

m{\naan + (ln71| + (naan + an,l)

=|nay + oza1|\z|"’1 []z| -

+ By — (nag + aal)H > 0
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if |z| > [lnaa, + ap_1| + (naa, + ay—1) + By — (nag + aay)],

[nap + aa |

where By =2|{[(m — 1)aam_1 + (n — m + 2)am_o] + ... + [4daas + (n — 3)a]
+ [20as + (n — Dat] } — {[maay, + (n — m + 1)ay,_1]
+ [(m = 2)aty—2 + (n — m + 3)an_3) + ... + [3aaz + (n — 2)as] }|.

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the

closed disk

1
< — n n— n n— By — .
2| < o o [[naa, + an—1| + (naa, + an—1) + By — (nag + aa,)]

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the

above disk.
Therefore, it follows that all the zeros of R(z) and hence J(z) lie in

1
< — n n— n n— B, — .
2| < o [[naay, + an—1| + (naa, + an—1) + By — (nag + aa,)]

Since D, P(z) = z"J(2) it follows, by replacing z by 1,
we get that all the zeros of D, P(2) lie in

1

2] 2 ———
nag + aaq

[[naa, + an_1| + (naa, + an—1) + By — (nag + aay)].
Hence D, P(z) does not vanish in the disk

2| < —————[|naa, + an-_1| + (naa, + an—1) + By — (nag + aay)],
where By =2|{[(m — 1)aam_1 + (n — m + 2)am_o] + ... + [daas + (n — 3)as)]

+ [2aas + (n — Dai]} — {[maan, + (n — m + 1)am,_1]

+ [(m = 2)aty,—2 + (n — m + 3)an_3] + ... + [B3aaz + (n — 2)as] }|.

This completes the proof of the Theorem . O
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Corollary 4.6.2. Let P(z) = Y. ja;z" be a polynomial of degree n > 3 with real
coefficients and let D,P(z) be the polar derivative of P(z) such that for a,—, # 0,

Up1 > 20p_9>30,-3> ... > (n—m—1Day > (n—m)ay, > (n—m-+1)a,_1
<(n—m+2)am—o>...<(n—=>5)as > (n—4)ay < (n—3)ag > (n—2)ay < (n— 1)a; > nay,

1
then Do P(z) does not vanish in the disk |z| < —[|an—1| + an—1 + Ba — nag]
nao
where By =2{(n —m+2)ap_s+ (n—m+4)an_s+ ...+ (n— 3)az + (n — 1)a; }

—{(n—=m+Dap_1+n—m+3)an_s+..+(n—4)as+ (n—2)as }|.
Remark 4.6.3. By taking o = 0 in Theorem 4.6.1, it reduces to Corollary 4.6.2.

Theorem 4.6.4. Let P(z) = Y7 ja;z" be a polynomial of degree n > 3 with real
coefficients and let D, P(2) be the polar derivative of P(z) with respect to a real number

a such that naa, + a,_1 # 0,

naa, + a1 > (n— Daa,—1 +2a,_9 > (n — 2)aa,—2 + 3a,_3 > ... > (m+ a1 + (n —m)ay,
<maay, +(n—m-+ a1 > (m—1)aa, 1+ n—m+2)a, 2 <..>4daas+ (n — 3)as

< 3aaz + (n —2)as > 2aas + (n — 1)a; < aay + nay,

then D,P(z) does not vanish in the disk
2| < ————[|naa, + an—1| + (naa, + an—1) + Bz + (nag + aar)],
where By =2|{[maa,, + (n —m+ 1)an_1] + [(m — 2)aamn_s + (n — m + 3)ap_3] + ..+
[Baas + (n — 2)as]} — {[(m + 1)aami1 + (n — m)ay] + ... + [daas + (n — 3)as)]
+ [2aas + (n = Dag] }|.
Proof of the Theorem is similar to the proof of Theorem 4.6.1.

Corollary 4.6.5. Let P(z) = > a;2" be a polynomial of degree n > 3 with real
coefficients and let D,P(z) be the polar derivative of P(z) such that for a,—, # 0,

Un-1 > 20p 9> 30,-3> ... > (n—m—1)an1 > n—m)a, <(n—m+1)an_1 >

(n—m+2)am2<..>nm—=>5)as < (n—4)ay > (n—3)ag < (n—2)az > (n — 1)a; < nay,
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then D,P(z) does not vanish in the disk |z| < niao [lan-1] + @n—1 + Ba + nay),
where By =2|{(n —m+ 1)am—1 + (n —m + 3)am—3 + ... + (n — 4)as + (n — 2)as}
—{(n—=m)ay, + (n—m+2)ayu_—2+ ..+ (n—3)az+ (n — )a]}|.
Remark 4.6.6. By taking o = 0 in Theorem 4.6.4, it reduces to Corollary 4.6.5.

Theorem 4.6.7. Let P(z) = > ja;z" be a polynomial of degree n > 3 with real
coefficients and let Do P(2) be the polar derivative of P(z) with respect to a real number

a such that naa, + a,_1 # 0, and

naa, + a,—1 < (n—Daa,_1 + 26,2 < (n—2)aa, 2+ 3a,-3 < ... < (m+ Daay,1 + (n —m)a,
<maay, +(n—m+1)a,_1 > (m—1aa,_1 + (n—m+2)a,_o < ... >4daas + (n — 3)as
< 3aaz + (n — 2)ag > 2aas + (n — 1)a; < aay + nao,
then D,P(z) does not vanish in the disk
2| < —————[|naa, + an-—1| — (naa, + a,_1) + Bs + (nag + aay)],
where Bs =2|{[maa,, + (n —m+ 1)an_1] + [(m — 2)aam_s + (n — m + 3)an_3] + ...+
[Baaz + (n — 2)as]} — {[(m — Daam_1 + (n — m+ 2)am_] + ... + [daas + (n — 3)as]
+ [2aas + (n = Dag] }|.
Proof of the Theorem is similar to the proof of Theorem 4.6.1.

Corollary 4.6.8. Let P(z) = > a;2" be a polynomial of degree n > 3 with real
coefficients and let D,P(z) be the polar derivative of P(z) such that for a,_1 # 0,

An—1 S 2an—2 S 3an—3 S

IN

m—m-—1an1 < (n—m)a, < (n—m+1)a, 1
>(n—m+2)a,2<..>n-=>5a < (n—4)as > (n—3)az < (n—2)ay > (n — 1)ay < nay,

1
then D,P(z) does not vanish in the disk |z| < — Uan,ll — p_1+ Bg + nao}
nag

where Bg =2|{(n —m+ 1)am—1 + (n —m + 3)am—3 + ... + (n — 4)as + (n — 2)as}

—{(n—m+2)ap2+n—m+4)au_a+..+(n—3az+ (n—1L)a]}|.
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Remark 4.6.9. By taking o = 0 in Theorem 4.6.7, it reduces to Corollary 4.6.8.

Theorem 4.6.10. Let P(z) = Y " a;z" be a polynomial of degree n > 3 with real
coefficients and let D, P(z) be the polar derivative of P(z) with respect to a real number

a such that naa, + a,—1 # 0, and

naa,+a, 1 < (n—Daa,—1 +2a, 2 < (n—2)aa, 2+ 3a,-3 < ... < (m+ 1)aan
+(n—m)am, > maa, + (n—m+ Dap_1 < (m—1)aan_1+ (n—m+2)a,_—o> ...
<daay + (n — 3)az > 3aaz + (n — 2)ay < 2aas + (n — 1)a; > aay + nay,
then D,P(z) does not vanish in the disk

1
< n n—1| — n n— Br —
|2| . [|[naa, + an—1| — (naa, + a,—1) + By — (nag + aay))

where By = 2[{[(m + 1)aaus1 + (n — m)ay] + [(m — Daam_1 + (n — m + 2)am_o] + ...
+[20as + (n — Dat]} — {[maan + (n —m + D)amn_1] + [(m — 2)aa,_»
+(n—m+ 3)an_3] + ... + [Baas + (n — 2)as] }|.

Proof of the Theorem is similar to the proof of Theorem 4.6.1.

Corollary 4.6.11. Let P(z) = Y ! a;z" be a polynomial of degree n > 3 with real
coefficients and let D,P(z) be the polar derivative of P(z) such that for a,—, # 0,

ap1 <20, 9<3a, 3<..<(n—m-—1ap1 < (n—m)a, > n—m+ a,_
<(n—m+2)ayo>...<(n—>5)as > (n—4)ay < (n—3)ag > (n—2)ay < (n— 1)a; > nay,
1
then D,P(z) does not vanish in the disk |z| < — Uan_ll + ay_1+ Bg — nao}
nagp

where By =2|{(n — m)am, + (n —m+ 2)am_s + ... + (n — 3)as + (n — a1 }
—{(n—=m+Dap_1+n—m+3)an_3+..+(n—4)as+ (n—2)as }|.
Remark 4.6.12. By taking a = 0 in Theorem 4.6.10, it reduces to Corollary 4.6.11

The results ragarding sections 4.2, 4.3, 4.4, 4.5 and 4.6 have appeared in [35],[31],[12],[11]

and [13] respectively.
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