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Introduction

In this thesis, we study mainly (i) the algebra of differential operators
on upper triangular algebras and (ii) the algebra of quantum differential
operators on Laurent polynomial ring k[X, X '], (sometimes we also write
k[X*] for k[X, X~1), over a field of characteristic zero. This thesis consists
four chapters, Chapter 1, Preliminary. Chapter 2, the algebra of differential
operators on triangular algebras. Chapter 3, quantum differential operators
on k[X*!]. Chapter 4, deals with Jordan problem of a- simple rings, k[X],

KXY, Z).

In Chapter 1, we give basic definitions and we recall some of the well

known results in the area of Weyl algebras and Quantum Weyl algebras.

In Chapter 2, we describe the algebra Dy (U,) of differential operators on
the algebra U, of upper triangular n x n matrix over a field k of characterestic
zero. We give generators and relations for D (U, ). We characterise all two-

sided, left, right ideals and the maximal ideals of D(U,).

Chapter 3 has been devoted to the algebra of quantum differential oper-
ators on k[X, X!]. The algebra of quantum differential operators has been
studied by Uma N. Iyer and David A. Jordan in [UD]. In their work they
gave a basis for D, (k[X]), generators and relations. We give an another basis

for D,(k[X]) and we show that D,(k[X, X ']) is isomorphic to its opposite

v



algebra D,(k[X, X~')° by giving an isomorphism.

In Chapter 4, we define a- simple ring and we show that k[X], k(X)[Y, Z]
are a-simple rings by following [S]. We consider the problem of Jordan for
a-simple rings in [J]. We give an elementary proof to this problem for k[X]

and also we have some partial results for the a-simple ring k(X)[Y, Z].



Chapter 1

Preliminaries

In this chapter, we give basic definitions and we recall some of the well
known results. We refer [SC|, [LR], [GB], [MR], [J], etc for terminology and

notations.

1.1 Algebra of differential operators

Definition 1.1.1. Let k be a field of characterestic 0 and A be a finitely
generated k-algebra. Let End(A) denote the k-algebra of all k-linear en-
domorphisms on A. For each a € A, we let A\,,p, € End(A) be given by
Ao(s) = as and p,(s) = sa for all s € A. The algebra End(A) is an A-
bimodule with a.p = A\,p and ¢.b = pp, for a,b € A and ¢ € End(A).
For ¢ € End(A) and a € A, let [p,a] = [p, Aa] = Ao — Aap. Let Zy =
{¢ € End(A) | [p,a] = 0,for all a € A}. Then Z, is an additive subgroup

of End(A). Let DY(A) be the A-bimodule generated by Zy and it is a k-
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algebra. By induction, for m € Z., let D};*(A) be the A-bimodule generated

by Zm = {p € End(A) | [p,a] € D1 (A),for all a € A}.

For i,j € 7., we have Di(A).Dl(A) € D.7(A). We see this as follows:
the commutator [p1, ps] = @102 — a1, for @1,y € Endg(A). Let ¢ €
Di(A), ps € Di(A), then @19, € D;(A). We will prove it by induction on
i+j. If i+ j =0, then clearly ¢1p5 € DZ”(A). Assume that for m +n <,
o109 € DPT™M(A). Let m+n = [ and a € A, we have that [p1¢2,a] =
©1lpa, a) + [p1,a]pe and [pq,a] € D" 1(A), [p1,a] € D '(A). Thus, by
induction ¢ [, a], [¢1,alps € D™ 1(A). Hence [p1p9,a] € DT 1H(A).
Therefore p1p2 € D™ (A). Let Di(A) = Ui»oD5(A), this is a k-algebra and
is called the algebra of differential operators on A. And we say that elements

of Di*(A), for m > 0, are the differential operators of degree < m.

The elements of DY(A) are called the inner differential operators on A

and the ring DY(A) is called the ring of inner differential operators.

If p is a derivation on A, then p(rs) = r¢(s) +¢(r)s. Thus, [, r] = Ay
for r € A. Hence, a derivation is a first order differential operator.
If A is commutative, Z,, is already an A-bimodule and hence ¢ € End(A)
is a differential operator of order m if and only if [- - - [[¢, ro],71], -+ ,7m] =0
for all r; € A, where [p,r] = (¢r) — (r¢) which is the classical definition of

an algebraic differential operator on a commutative k-algebra.
Lemma 1.1.2. The set {\,, p. | @ € A} generates D{(A).

Proof. If ¢ € Zy, then p\, = A\, for all a € A. Now consider,
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pla) = ¢la1) = e(Aa(1)) = (PAd)(1) = (Aap)(1) = Aa(0(1)) = ap(1) =

p,)(a). Therefore ¢ = p_ ). O

1.2 Weyl algebras

Let A = k[Xy, -+, X,] be the commutative polynomial ring in n indeter-
minates Xi,---,X, over the field k. The set End(A) = Endy(A) of all
linear transformations is a k-algebra with respect to the usual addition and

composition of linear transformations.

For each 7, 1 < i < n, let Ax, be the operator on A such that A\x,(f) =
X, f, for f € A. Similarly, for each i and 1 < i < n, let 0; be the operator on
A such that 0;(f) = 0f/0X;, for f € A (formal partial derivative of f with
respect to the variable X;). Clearly \x,,0; € End(A). The subalgebra A,, of

Endy(A) generated by Ax,,0; is is called n-th Weyl algebra.

For f € A, we have

Oirx,(f) = 9:(Ax.(f))
= 0i(Xif)
= X0 f + [0, X;
— X0f+f

= (0 + 1)

Therefore, 9;A\x, = Ax,0; + 1, where 1 stands for the identity operator.
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For 1 <i,j < n, we have [0;, \x,] = &;;1 and [0;,0;] = [Ax,, Ax,] = 0 for
i .

For a = (ay, -+ ,ap) € Z", let X* = X' --- X% Define | a |= a; +
-4y and | a | is called the length of . Similarly we define a! = a;!- - - ay,!

and we call it the factorial of a. By definition, | « | is the degree of X“.

Lemma 1.2.1. Let o, f € Z," and assume that | « |[<| 8 |. Then

0P (X®) = B!if a = B, and zero otherwise .

Proof. Let o = (a1, -+ ,cv,) and 5= (B, -+, Bn).

Case 1. Suppose that a = 3, then a; = (;, for all .. We have, for any r and

1<r<n

— - Y

o 0 for i1#r

B! for i=r
and for i # 7, 1 <4,j <n,
Bi aBi __ aBi qbi
0,107 = 0,79,
Hence 0°(X®) = B!+ B,

Case 2. Suppose a # 5. Since | a |[<| (|, there exist ¢ such that a; < f;.

Then we have 9% (X*) = 0, and therefore 9°(X®) = 0.
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Proposition 1.2.2. The set B = {X%0° | a, 8 € Z,"} is a basis of the

vector space A, over k.

Proof. We have, for m € Z,,

mX" 1t ifi=j

OXI" — X710, =

0, otherwise
Therefore, for any f € A and 0;, 0;f — f0; = 0f/0X;. i.e O;f = fO; +
O0f/0X;. Therefore any monomial of A, can be expressed as a finite linear

combination of the elements of B.

Consider a finite linear combination of elements of B, say D = Y ¢, X *0°.
It is enough to show that if some c,g # 0 then D # 0. For this we show that,

there exist f € A such that D(f) # 0.

Let v € Z," such that c¢,, # 0 for some index «, but c,g = 0, for all
indices 3 such that | 8 |<| v |. Then D(X") = !>, can X # 0. Therefore

f=X7and D(f) # 0. O

We call this as the canonical basis. Any element of A, is a finite linear

combination of elements of B and this expression is called the canonical form.

Definition 1.2.3. (degree of an operator)

Let D € A,. The degree of D is the largest length of the multi-indices
(o, B) € Z,™ x Z," for which X“0# appears with non-zero coefficient in the
canonical form of D and it is denoted by deg(D). We define the degree of

the zero polynomial as —oc.
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Theorem 1.2.4. For D, D' € A,,, we have the following.
1. deg(D + D') < max{deg(D),deg(D’)}.
2. deg(DD'") = deg(D) + deg(D").
3. deg[D, D'] < deg(D) + deg(D’) — 2.

Proof. If D, D’ € A, are written in canonical form, then D + D’ is also
in the canonical form. Therefore deg(D, D’) < max{deg(D),deg(D")}. We
prove (2) and (3) at the same time, by induction on deg(D) + deg(D’).
If either deg(D) or deg(D’) is zero, then the result is obvious. Suppose
that deg(D),deg(D’) > 1 and assume that the result is true for deg(D) +
deg(D’) < I, l € N. Let D, D" € A,, with deg(D) + deg(D’) = 1. From (1),
it is enough to prove the result for D, D’ are monomials. Suppose first that

D=38%and D' = X® with | a | + | B |= k. If 3; # 0, then

(0%, X = 9,]0° %, X*] + [0, X*]0°

th

where ¢; = (0,--- ,1%" ... |0) € N. By induction, deg[0°~%, X <| a | +

| B] =3 and [0;, X°] <| a | —1. Again by induction, deg(d;[0"~¢, X*]) and
deg([0;, X*)0°~¢) are <| a | + | B | —2. Therefore deg[0®, X*] <| a | + |
B —2. But 0°X = [0°, X*] + X?0P. Since deg(X?0°) =| a | + | B | and

0°, X <| a|+| B8] —2, therefore

deg(9”X*) = deg(X0") =| | + ] B |
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Now let D = X°9% and D' = X",

If | @ |=] B |= 0, the result is obvious. Suppose that atleast one among
@, Bis not zero. We have 0°X® = X°0° + P, where P = [0°, X°] and degree
of Pis <|a |+ |fB]—2. Then DD’ = X°t*9+1 4+ X Pa". By induction,

deg(X7P0") < deg(D) + deg(D’) — 2. Hence
deg(DD') = deg(X°T0°™) = deg(D) + deg(D’).
By the above, we have
DD’ = X9t 4 @,

where deg(Q)1) < deg(D) + deg(D’) — 2,
and

D'D = X7t 0Pt 4 Q,,

where deg(Q2) < deg(D) + deg(D’) — 2. Therefore [D,D'] = @1 — Q2 and

hence deg[D, D'] < deg(D) + deg(D’) — 2. O
Corollary 1.2.5. The algebra A, is a domain.

Lemma 1.2.6. Let o, €Z.", |a|+ |5 |=1>0and §; # 0. Then
deg[X;, X°0°] =1 — 1.

Proof. Let us first find aiﬁiXi. Since 8?"Xi = 8fi_1(8iXi) and 0;X; = 1+X,0;,

we get 8?1')(@- = 82-52'71 + (91-&71)(@1. By repeating this, we will have

0/ X = (0] + 0P+ + )+ X0
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Now consider,

X0sX; = X000/ X, 0

= X000l OF T 07 1)+ X0 o

2

therefore

(X0, X00%) = — X0 - P [(O2 T+ OF 4 D)0l o

and hence deg[X;, X*0°] =1 — 1. O
Theorem 1.2.7. The algebra A,, is simple.

Proof. Let I be a non-zero two-sided ideal of A,, and D # 0 be an element of
smallest degree in I. If D has degree 0, it is constant, and I = A,,. Assume

that D has degree [ > 0.

Suppose that (a, 8) € Z," xZ," and |a|+|8| = I. If X*0” is a term in D
with non-zero coefficient and 5; # 0, then [X;, D] # 0 and by lemma, [X;, D]
has degree [ — 1. Since [ is two-sided ideal of A,, [X;, D] = X;D — DX, €
I, which is a contradiction to the assumption that the degree of D is the
smallest. Thus f = (0,---,0). Since [ > 0, we have «; # 0, for some
i=1,2,--- n. Hence [0;, D] is a non-zero element of I of degree [ — 1, and

once again we have a contradiction. O]

Corollary 1.2.8. Every endomorphism of A,, is injective.

If D € A, has inverse. Then there exists D’ € A,, such that DD’ = 1. But

we have deg(D) + deg(D’) = 0, which implies that deg(D) = 0. Therefore
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the only elements of A,, that have an inverse are the constants.

A commutative simple ring must be a field but it is not true of non-
commutative rings. The Weyl algebra is simple ring but it is very far from
being even a division ring. Since the constants only have inverse in A,,, every
non-constant operator generates a non-trivial left ideal of A,,. Therefore, A,
is not a division ring even though it does not have any non-trivial two-sided

ideal.

1.3 Algebra of quantum differential operators

Let Q be the field of rational numbers. Suppose k is a field extension over
and g € k be a transcendental element over Q. Let A be a k-algebra which

is graded by an abelian group G. That is A = @ A, and A, A, C Agye.

a€eG

We say that a k-linear endomorphism ¢ of A is homogeneous of degree
a € G if for every b € G, p(Ap) C Agyp. A k-linear homomorphism ¢ is said
to be graded if it is sum of homogeneous endomorphims. The k-vector space

of all graded endomorphisms of A will be denoted by grHom, (A, A).

Let G be an abelian group and k be a field. A bicharacter on a group
G over a field k£ is a group homomorphism S from G x G to k*. To each
bicharacter (3, we will associate a family of automorphisms of grHom, (A, A)
as follows: for each a € G, define o, : grHom(A, A) — grHom(A, A) such that

o.(¢) = B(a,b)p for any homogeneous ¢ of degree b. This extends linearly
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to all of grHom, (A, A). Now for a € GG, and for any graded endomorphisms

©1, P2, we define a-twisted bracket,

(1, P2)a = P1p2 — Ta(P2) 1

The algebra of quantum differential operators on A:

Let M = grHom(A, A) denote the k-vector space of all G-graded endomor-
phisms on A. For each r € A, we have two endomorphisms A, and p, of A
given by left multiplication by r and right multiplication by r respectively.
If r is homogeneous of degree a, then )., p, are also homogeneous of de-
gree a and hence A, p. € grHom(A, A). The k-algebra grHom(A, A) is an
A-bimodule with a.p.b = A\ppp for a,b € A and ¢ € grHom(A, A). Let
h(A), h(M) denote the set of homogeneous elements of A and M respec-
tively. For each a € A, define o, by o,(m) = B(a,d,,)m for m € h(M) of
degree d,,, and extend o, linearly from h(M) to M. For ¢ € grHom(A, A)
and r € A, let [, 7] = [0, \] = oA — (M), Let Z,0 = span, {p €
h(M) | 3a € G such that [p,r], = 0,for all » € A}. Then Z,, is an additive
subgroup of grHom(A, A). Let DS(A) be the A-bimodule generated by Z, .
Then DJ(A) is k-algebra. By induction, for m € Z,, let D}*(A) be the A-
bimodule generated by Z, ,, = span,{¢ € h(M) | Ja € G such that [p, 7], €
D=1(A), for all 7 € A}. We have D;(A)Di(A) C Di(A), for i,j € Zy.

Hence each D}(A) is a DJ(A)-module.

Let Dy(A) = Ui»oD}(A). Then Dy(A) is called the algebra of quantum

differential operators on A.
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Lemma 1.3.1. DS(A) is a k-algebra generated by the set
{\psoq | a € Gand r,s € A}.

Proof. Let ¢ € Zg. Then, [¢, ;] = 0 for some a € G and for all r € A.

Therefore, we have A, = g,(A.)¢. Now for any s € A,

p(s) = @(s.1) = eAs(1) = 0a(Xs) (1) = pp(1)0als).
Hence, we have ¢ = p,1)0,.

Let s € h(A) and @ € G. Since ps\, = \.ps for any r, we have
(050> Mrla = pslOa, Mr]a- But [0, \i]a = 0. Hence p,o, € Zg.

Therefore Z) is generated as k-module by {p,0, | s is homogeneous}.

Since DJ(A) is A-bimodule, D(A) is spanned by {A.psoaAi}. We have
MNog(m) = Bla,dy,)tm and o, A\, = B(a,dyy,)tm, so that Mo, = co,\ for
some scalar c¢. Also psA; = A\ips. Therefore DS(A) is generated by {\.ps0, |

a€Gandrse A} O
Corollary 1.3.2. The module D} (A) is generated over D)(A) by
WQ,n-H = {90 € h(M) | Jor any r € A, [907 )‘7"] S DZ;(A)}

Proof. Clearly Wy i1 C Zgpni1- Let 0 € Zy 1. Then [p, ], € D7(A) for

some a € G and all r € A. For any b € GG, we have

[900'[,, )\r]a+b = (100-17)\7" — O'a-s-b()\r)gpo-b
- 90017()‘7“)05 - Ua(ab(/\r))@ab

= [, 0(A)]a00.
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Since [p,05(A\r)]a € Dy (A), [pop, Arlars € Dy (A). Since G is an abelian
group, we may put b = —a. Then [po_4, \,] € D7(A) for any r € A. Hence
wo_q € Wypny1. Therefore every element in 7,1 is in the span of W, 1

over D)(A). O

Definition 1.3.3. Let k£ be a field and A be a k-algebra generated by two
elements z and y. Any monomial of the form 7 or a/yzty!, for j,t,1 € Z+,

is called a special monomial.

Let k[X, X~!] be the Laurent polynomial ring over k. For any p € k*
and m € Z7F, let [m], = .7, p* and [~m], = —p~™[m],. For n € Z, define
0p(X™) = [n], X" 1. Then ¢, ¢, € Endy(k[X, X)), for p,q € k™. Let A,,
be k-subalgebra of Endy(k[X, X !]) generated by ¢, and ¢,. For n > 0, let
Ay, ={p € Ay, | p(X™) € kX™ ™ for all m € Z}. Then A,, = ®p>0A, is

N-graded. The degree of ¢, and the degree of ¢, is 1.

Proposition 1.3.4. (See [JA]). The special monomials in ¢, and @, form

a basis for A, ,.

Proposition 1.3.5. Let n > 0, let F,, be the k-subspace spanned by the

monomials @l with i + j =n. Then X F,4q N A, = 0.
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1.4 Quantum Weyl algebras

Let A = k[X] be the commutative polynomial ring in one variable X over the
field k and ¢ € k*. The set of all linear transformations End(A) is a k-algebra

with respect to the usual addition and composition of linear transformations.

let Ax, O be the operators on A such that Ax(f) = X f and O(f) = g—)fz, for

any f € A. Then the algebra Al = A{(\x,0 | O Ax — gA\x0 = 1) generated by
Ax, 0 subject to the relation ONx — gAx0 = 1, where 1 stands for the identity

operator, is a subalgebra of Endy(A) and is called the quantum Weyl algebra.

Definition 1.4.1. Let a be an automorphism of a ring R. Then the skew

polynomial ring over R is a ring A = R[X; o] such that
1. R is a subring of A,
2. X is an element of A and Xr = «o(r)X for all r € R,
3. Ais a free left R-module with basis {1, X, X2 --- 1.

Definition 1.4.2. Let a be an automorphism of a ring R. Then the skew-

Laurent polynomial ring over R is a ring A = R[X*!; a] such that
1. R is a subring of A,
2. X is an invertible of A and Xr = a(r)X for all r € R,

3. Ais a free left R-module with basis {1, X*! X*2 ...},
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Definition 1.4.3. Let k be a field and ¢ € £*. Then the quantum torus,
denoted by O,((k*)?), is a k-algebra generated by X, X 1Y, Y ! subject to

the relation XY = ¢qY X.

Let k[Y*] be a Laurent polynomial ring and « be a k-algebra automor-
phism of k[Y*] such that a(Y) = ¢Y. Then O,((k*)?) = k[Y'|[X*; a).
As AX,AX? ... are nontrivial ideals of the skew polynomial ring
A = R[X; a], there is no chance for A to be simple. But for a skew-Laurent
polynomial ring B = R[X*!; a] to be simple, it has to satisfy some conditions
as given in the theorem below. We state the theorem here without proof.

For the proof, refer [GB].

Theorem 1.4.4. Let B = R[X*';q], where o is an automorphism of R.
Then B is a simple ring if and only if R is an a-simple ring and no positive

power of « is an inner automorphism of R.

Corollary 1.4.5. Let k be a field and g € k*. Then Oy((k*)?) is a simple

ring if and only if q is not a root of unity.

Proposition 1.4.6. (See [GB]). Let A = R[X,a, 0] be a skew polynomial
ring. Suppose that T is a ring, ¢ : R — T is a ring homomorphism and
Y € T is an element such that Y ¢(r) = ¢a(r)Y + ¢d(r), for allr € R. Then

there is a unique ring homomorphism 1 : A — T such that ¢ |g= ¢ and

W(X)=Y.

Definition 1.4.7. Let R be a ring and S be a multiplicatively closed set in

R with unit element. Then S is said to be a left Ore set if it satisfies the
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conditions:
(i) If rs = ts for r;t € R and s € S, then there exists s’ € S such that
/ /

s'r=s't.

(ii) For any r € R and s € S, there exists ' € R, s’ € S such that s'r =r's.
Now we have the following result (see [LR]).

Theorem 1.4.8. Let A be a k-algebra and A’ be the localization of A at a

left Ore set. Then A’ @4 D,(A) =2 D,(A').

Definition 1.4.9. A normal element of a ring R is any element r € R such

that rR = Rr.

Definition 1.4.10. The opposite of a given ring (R, +, .) is the ring (R, +, *)
whose multiplication * is defined by a *b = b.a and addition is the same. We

denote the opposite of the ring R by R°.



Chapter 2

Differential operators on

triangular algebras

2.1 Introduction

Let U, be the algebra of upper triangular n x n matrices over a field k
of characteristic zero. In this chapter, we describe the algebra Dy (U,) of
differential operators on U,. We give generators and relations for Dy (U,).
Also we characterise all two-sided, left, right ideals and the maximal ideals

of D(U,).

16
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2.2 Differential Operators on the triangular

algebra

Let R, S be two k-algebras and B be an (R, S)-bimodule. Let

r b
T(R,B,S) = |re R,be B,se S p,
0 s

and additions, subtractions, and multiplications in T'(R, B, S) are as in the

matrix algebra. Let T'=T(R, B, S). By definition, We have

R 0 00
R — , S =

0 0 0 S

We define the operators A, p, As, ps, Ap, pp in DY(T') as follows:

Ty rT TY Ty xr 0
Forr € R, Ar = . pr — ’

0 =z 0 0 0 z 0 O

Ty 0 O Ty 0 ys
for s € S, s = . s — ’

0 =z 0 sz 0 z 0 zs

Ty 0 bz x Yy 0 zb
and for b € B, X\ = ) Pb =

0 =z 0 0 0 =z 0 0

Proposition 2.2.1. The algebra DY(T) is generated by the set

{/\7‘7 pr}rER U {/\sa ps}ses U {)\ba Pb}beB-

Proof. Follows from Lemma 1.1.2. O]
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Remark 2.2.2. The following relations hold:
)\rpr = pr/\r; ArAs = AsAp = 07
Arps = psAron By Apg = p A =0on R® S

Arpb = poAy On I Aoy = ppAr =0 0on B® S;

Ar Ay = Arp; Prds = 0= Agpy;
AsPs = PsAs; AsAp = 0;

prps = pspr = 0; prdo = Appr = 0;
prpy = popr = 0; AsPs = PsAs;
AsAp = ApAs = 0; Aspp = 0;

PsAy = A\pps on S} PsAp = \pps = 0 on R P B;
PsPb = Pbs; pups = 0;

)\bpb’ =0= ,Ob’/\b~

r b
Notations 2.2.1. By t = (r,b,s) € T" we mean the element t =

0 s

For any k-algebra A, by Dery(A) we mean the k-vector space of derivations

on A.

Lemma 2.2.3. For ¢ € Hom(7,T), let p(t) = (p1(t), v2(t), ps(t)) where
t=(r,b,s) € T. Then ¢ € Dery(T) if and only if

e1(titz) = 1(t)r2 + ripa(ta),

Pa(titz) = ©1(t1)ba + r1pa(ta) + @a(ti)s2 + bips(ta),

3(tita) = p3(t1)s2 + s1p3(t2)

fOI‘ every tl = (7’1, bl,Sl),tQ = (Tg,bg, SQ) € T.
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Proof.
©1(tita)  pa(tats)

0 p3(tita)

p(titz) =
and we have, t;0(t2) + o(t1)ta

rr b ©1(t2)  pa(t2) N 01(t1) @a(th) r2 b

0 s 0 ©3(t2) 0 ©s(t1) 0 s

r11(ta) + p1(t1)re ripse(te) 4+ bips(ta) + @1(t1)by + pa(t1)se

0 s1p3(te) + @3(t1)sa

Hence the lemma. O

Remark 2.2.4. e Let ¢ € Derg(R) (respectively, ¢ € Derg(S)). If the
image of ¢ is contained in the annihilator of B as a left R-module
(respectively, as a right S-module), then 1) can be extended to a k-
linear derivation on 7" denoted by v defined as 9(r, b, s) = (¢(r),0,0)

(respectively, ¥(r, b, s) = (0,0,(s))) for (r,b,s) € T.

e Let ¢ € Hompgggo(B, B); that is, ¢ be (R, S)-linear map on B. Then,

1 € Dery(T) where ¥(r,b, s) = (0,%(b),0) for (r,b,s) € T.
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Notations 2.2.2. Any ¢ € Hom(7,7) can be viewed as a matrix ¢ =

((Pi,j)lgi,jgg written

R B S

Y11 P12 P13

Y= where
B P21 P22 P23
S ©31 P32 ¥33

11 € Hom(R, R), 12 € Hom(B, R), ..., 33 € Hom(S, S).

The algebra D(R) is the algebra of differential operators on R (here R is a
left R-module); the algebra D(S) is the algebra of differential operators on S
where S is a left S-module; the algebra D(B, B) is the algebra of differential
operators on the left R-module B; the left R-module D(R, B) is the left
module of differential operators from R to B both viewed as left R-modules.
Let A be the (R, S) bimodule generated by the set {n\,¢ | n € D(B, B),b €

B,£ € D(S)}.
Proposition 2.2.5. When ¢ € D(T), ¢12 = p13 = @31 = P32 = 0.

Proof. Let W be the algebra of homomorphisms ¢ € Hom(7,T") with ¢ 5

= 13 = @31 = w32 = 0. It is enough to show that if [p,t] € W for all t € T,
then ¢ € W. If [p,r] € A for every r € R, then v13 = w31 = 32 = 0.
Further, if [¢,b] € W, then ;2\, : S — S is the zero map for every b € B.

Thus, ¢12M(1) = p12(b) = 0 for every b € B. That is, ¢; 5 = 0. O
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00 O
Proposition 2.2.6. (1) o= |0 0 ¢y5 | € D(T) if and only if pa3 € A.

00 O
(2) We have the following inclusions:

D(R) — D(T) as left R-modules; D(S) — D(T) as left S-modules;
P11 00 00 0
Yra= | 0 0 0 w33 10 0 O
0 00 00 ¢33

D(B,B) <= D(T) as left R-modules;  D(R,B) < D(T) as left R-modules;

0O 0 0 0O 00
P22 [0 2 O Pr2= 12 0 0
0O 0 O 0O 0 0

where for any b € B, paaXy — Apip33 € A.

Proof. We first note the following commutators for r € R, s € S:

[90171, 7"] 0 0 0 0 0
[QO, T] = [(,0271, T] [(,02727 T] e AZE! ) [QO, 8] =10 O ©2.35 )
0 0 0 0 0 [@373, S]
(2.2.0.1)
0 0 0

[, 0]=10 0 P22\ — ApP3.3

0 0 0
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For item (1), note that for o € D°(T), since D°(T) is generated by multiplica-
tion morphisms, we have o3 = > m;\,&; for n; € DY(R),b; € B, & € D°(S).
For general n > 0, we need to see that if ¢ € D™(T) then o3 € A with
o3 = Y. MM, & for n; € DP(R), & € DY(S),p+ g < n. This follows from

the commutator relations (2.2.0.1). O

Theorem 2.2.7. ¢ € D™(T) if and only if p11 € D*(R), @22 € D"(B, B),
33 € D"(S), w21 € D"(R,B), and py3 € A such that a3 =Y. ni & for

n; € DP(R),& € DI(S),p+q < n.

Proof. By Proposition 2.2.6 it is enough to show that if ¢ € D"(T') then the
@i ; have the stated properties. We see this by induction on n > 0, with
n = 0 being the base case and using commutator equations (2.2.0.1). For
general n it is enough to note that if for every s € S, pa3s = > A\, & for
some 1;, b;, & dependent on s, with n; € D" Y(B, B),b; € B,& € D"71(S)

then for s = 1 we have @o35 = > m;\,&; for some fixed n;, b;, &;. O
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2.3 Differential Operators on the algebra of
upper triangular matrices

The algebra U, (k) is finite dimensional with basis {E;; }1<i<j<n consisting of
upper elementary matrices. For 1 < <[ <nand1<j7<m<n,let Eflm

be the linear map on U, (k) defined by

i Eil; Zf (e7f) = (]7m)
Ez?l (Ee )Z

where 1 <e < f < n.
That is, EJ™ is the linear map on U, (k) which takes basis vector Ej,, to

E;; and every other basis vector to 0.

Let a = (acf)nxn € Un(k). Then, fore > f.a.p =0. Asa= > a.rE.y,

1<e<f<n

we have Eflm(a) = Ey.
Now consider
E"(a) = ajmFE;
= Ejmaky

- AEijpEml (a)

Hence Eflm = Ag,,PE,, € DY(Un(k)), for 1 <i<j<m<1<n.
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Theorem 2.3.1. Every differential operator on U, (k) is inner and is a linear

combination of {Eijlm}lgigjgmgl. That 1s,
Di(Un(k)) = DY(U,(k)) = Span{EJ" |1 <i<j<m<I<n}

Proof. Since DY(U,(k)) is generated by left and right multiplication homo-
morphisms, the second equality fallows.
We show that D} (U, (k)) C Span{Eijlm |1<i<j<m<I<n}.
Suppose ¢ € Hom(U,(k),U,(k)) is such that [p, E;;] € DY(U,(k)) and
suppose p ¢ Span{Eijlm |1 <i<j<m<I<n} Write = ZaflmEflm
for ol € k.

Case o))" # 0 for some i > j: In this case, [p, E;;] € DYU,(k)) has a

I™EI™ with i > j which is a contradiction.

non-zero summand c;

Case o/" # 0 for some [ < m: Here, in case i < j, [, Ei] € DY(U,(k))
has a non-zero summand o/ E)™ with | < m. Hence, assume that i = j.
This gives rise to two subcases. When i = [ < m, we see that [¢, E;;| has a
non-zero summand o/ E"™. Lastly, if i < [ < m, then [¢, E;] has a non-zero
summand o E4™,

All these contradictions show that ¢ € D;(U,(k)) implies that ¢ €

DY(U,.(k)). We have thus proved the theorem. O
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Lemma 2.3.2.
. if (4,m) = (¢, 1),
0, if (7,m) # (i',0).

Proof. Let 0 # a = (aef) € Up(k), then we have a = > acsEes.

1<e<f<n

If (j,m) = (¢,1'), then

Ef"EL (a) = Ef"EL(a)

Now suppose (j,m) # (¢',1'), then
EflmE,Lj,lltn/ (CI,) = Egém(aj/m/Ei/l/) = aj’m’Eglm(Ei’l’) = 0
]

Remark 2.3.3. 1. We have A}, = 0 when i # j, it shows that D(U) is

not a domain.

2. Unlike most other finite dimensional cases, the algebra of differential
operators, D(U), is not simple. In fact, we describe all the proper ideals

of D(U) in the following section.
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2.4 Ideals of D(U,)

Lemma 2.4.1. Let I be a two-sided ideal of D(U) and . a?"E)"™ € I. 1f
al™ # 0, then B/ € 1.

Proof. Suppose > aglm Eflm € I and a7 #0. Now Eff > al" Eflm

=S a™EI™ e I. Again consider (Y. @l EI™EY = o E¥ € 1. O

Proposition 2.4.2. The left or right ideal of D(U) generated by the set

{EJ[1<i<j<n}isD(U).

Proof. For any 1 < i < 7 < m <[ < n, we have Ez]zm = EzlllEz]lm and

Jjm __ paim pjm
Ey" = B E;. ]

Corollary 2.4.3. Any two sided ideal of D(U) generated by the set {E,fj]|1 <

i<j<n}is D).

Proposition 2.4.4. Fix t,u such that 1 <t <wu <n and let S be a subset
of {Eflm | 1 <i<j<m<Il<n} not containing E. Then the two sided

ideal generated by S is a proper ideal.

Proof. We have
Jgm rg'm’ Ez]lm , it (17 m) = (ilﬂ l,)
By By =

0, otherwise

tu __ ppjimi ppjame tu i ;
In other words, Ey,; = Ey, " E7” -+ EjY it and only if

(jl,m1> = (jQ,TTLQ) =...= (jmm?«) = (t,u) That iS,
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Bl = plme — pisms . pie — [ Now, let I be the two-sided

Jimai J2ms2 Jrmy

ideal generated by S. Suppose E!* € I, Then
Eff= > agimpB"
1<i<j<m<i<n
for some FJ™ expressed as products of elements from S. But the set { EJ™ |
1<i<j<m<I<n}islinearly independent. Thus, E* can be expressed
as a product of elements from S. The only way this can happen is that
El* € S, which contradicts the hypothesis. Hence I is proper two-sided

ideal. O
Now we shall give characterization for left ideals of D(U).

Remark 2.4.5. Suppose [ is a left ideal of D(U) and 3, ;. al"ET" e,
then for any fixed (i,1) we see that

> al'B"=Ei( Y a"E")

(4:m) (3,5,m,l)
Lemma 2.4.6. If ] is a maximal left ideal of D(U) and >_ ;.. al"ET" e,

then EJ™ € I for al]" # 0.

Proof. Let I be a maximal ideal and } al"EJ™ € 1. By Remark 2.4.5

(ijml)
we may assume that ¢ = 327 a,E»™ € I for some fixed (i,1) and a, # 0
for all s and distinct Eg;:ﬁ: We want to prove that every E%™ € I.

If 7 = 1, then Ej/™ € I. So assume that r > 2. If B2 € I for any
5,1 < s < r, then @Ejj;@j = asEffmS € I and p — asEfésms € [ with fewer

terms, and proceed by induction on r.
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Now assume that Ejsms ¢ I for any s, 1 < s <r. Since r > 2, we may
assume that i < j; or [ > m;. Suppose E}"™ ¢ I.

Then by maximality of I, we have D(U) = I + D(U)E}™. Therefore,
Ejllzll = 17+1/1E]1m1 for somen € I and ¢» € D(U). Since i < j; or my < [, we

have BV ¢ D(U)E}™. Thus, (B —E}™) = n € I with n # 0. Now

Jimy Jimq

note that Ejjlln":fll Ejllzlln € I, which contradicts our assumption. Therefore,

Efllml € I. Thus, ¢ — alEfllml has fewer than r terms and now we proceed

by induction on 7. O

Notations 2.4.1. For 1 <t < u < n, let Sy, be the left ideal generated by

the set {E, Et*

ij0 (t—1)w’

Et“u+1 | 1<i<j<n,(i,7) # (tu)}.

Theorem 2.4.7. Fixt,u, where 1l <t <wu<n. Then {Sy, |1 <t <u<n}
is the set of all maximal left ideal of D(U). Hence we have ”(”+ distinct

mazimal left ideals.

Proof. Tt is clear that Sy, is a proper left ideal of D(U) and we have Ef ¢ S,,,.
Now we show that Sy, is a maximal left ideal. Consider the pair (j,m)
where (j,m) # (t,u). Then E}" = E{"El" € Sy, for i < j and | > m.
Similar arguments show that E4* € Sy, for (i,1) # (t,u), i <t and [ > u.
In other words, Sy, is of codimension 1 in D(U). Hence it is a maximal left
ideal.
Now suppose that I is any maximal left ideal. Then by Lemma 2.4.6 we
see that T contains the basic vectors E/" whenever 2 (ijml),ad 0 a"E" e 1.

In other words, I C S, for some t,u,1 < t,u < n. Since [ is maximal,
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I = S;,. We have thus proved the theorem. O

Let S be the collection of subspaces of D(U). Let I;, I, and I be the

collection of left, right and two-sided ideals of D(U) respectively.

Theorem 2.4.8. (a) Let &, : I, — S, &)(I) = I, be the inclusion map.

Then

O;(T) = {W €S |if B €W, then B} € W for 1 <’ < j<m <1l <n}.
(b) Let @, : 1, — S, &y(I) = I, be the inclusion map. Then

O,(I) = {W €S |if ES" € W, then /™ e Wior1 <i<j <m' <l<n}.

(c) Let &, : 1 — S, (1) = I, be the inclusion map. Then ®(I) = {W €
S | if Eflm € W, then Efl/ml,E%'f eWior1 < <j<m<l!lU <n and

1<y < <m <m<n}.

Proof. Suppose W € T,. Then, for E¥, € D,(U) and EJ" € W, B}, E)" =
E%'? € W. Hence W € ®(I;). Conversely, suppose W € S such that,
whenever EJ™ € W, we have F)) € W, forall 1 < <j<m <l <n.

Then clearly it is a left ideal. Similar arguments hold for ®, and ®. O



Chapter 3

Quantum Differential

Operators on k[X*!]

3.1 Introduction

Let k be a field extension over the field Q of rational numbers and ¢ € k be
a transcendental over Q. In this chapter, we define the algebra of quantum
differential operators D,(k[X]) on k[X] with respect to g. We follow, [UD],
[JA], [LR], to give generators and relations. Apart from the basis given in
[UD], we give another basis. By [LR], the quantum differential operators on
k[X] can be extended to the quantum differential operators on k[ X, X ~'|. We
show that D, (k[X, X ~!]) is isomorphic to its opposite algebra D, (k[ X, X ~'])°

by giving an isomorphism.

30
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3.2 Generators for the algebra of quantum
differential operators on k| X]

For any n € N and m € k*, we define [n],, = 1 +m +m? +--- + m" 1. If

m # 1 then [n],, = =L and if m = 1 then [n],, = n.

Let A = k[X] be the k-algebra of polynomials in the variable X. Then
the algebra A is a Z-graded ring with deg(X) = 1. The map 8: Z X Z — k*
defined by {(n,m) = ¢"™ is a bicharacter. For each i € Z, define 9% by
9% (X™) = [n]a X" !, then 9% is a graded homomorphism from A to A. For

i € Z, we write 8; for & and for i = 0, d, = 9, the usual derivative.

Lemma 3.2.1. Suppose ¢ € D,(A) is a homogeneous element. If [p, X] €

D7 (A), then p € Wy i1

Proof. We have [p, X™] = [p, X]X™ ! + X[p, X" ] for any m > 0. In-
ductively, we have that if [p, X] € D?(A) then [p, X™ '] € D7(A). Hence

[p, X™] € D}(A). Therefore for any r € A, [p,r] € D7(A). By Corollary

1.3.2, ¢ € Wypi1. O
Lemma 3.2.2. For ¢ € D,(A), 3 i1,is, -+ ,i, € Z, for some n > 0, such
that

[l Xy Xigs s XTi = 0.

Proof. 1t ¢ € Dy, then

=1+ P2+ + @
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for homogeneous ¢; € Z,,,. To each ¢;, there exists b; € Z such that

[pj, X1, € D" '(A). Hence,

[' o ngaX]ble]bz’ T 7X}bm S Dm_l(A)

q

Therefore by induction, [-- - [[¢, X]i,, X]i,, -+, X]i, = 0. O

n

Lemma 3.2.3. For any i € Z, the operator 9; is in Dj(A).

Proof. To prove this lemma, we shall show that [0;, X] € DJ(A). Form € Z,

consider,

[0, XJ(X™) = 0,(X™"T) — X0;(X™)
= [m]pX™ — X[m — 1] X"
_ gmx™
= B(,m)X™
= oi(X™)
Therefore, for any r € A, we have [0;, X](r) = 0;(r). Hence

For m € Z., consider the free module Z™ of rank m. For any

I = (iy,i9,- -+ ,ipy) € Z", we define 0; = 0,,0;, - - - 0;,,. Here we write | I |= m.
Corollary 3.2.4. For any n > m, we have 0y € D} (A).

Proof. We know that D} (A)Ds(A) C D;*5(A) and 9;, € Dy(A), Vit -, im.

Hence 0; € D (A). O
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Lemma 3.2.5. For ¢, ¢, € D,(A) and i € Z, We have

[[9017902]1'7)(] = HSOMX]?SD?]Z' + (701[9027X] - [O—i(QOQ)’X]SOl'

Proof. Since [[p1, p2]i, X] = (102 — 0i(02) 1) X — X (0102 — 0i(02)p1) and

[0:i(p2), X]p1 = 0i(p2) X1 — X0;(p2)p1. Therefore we have,

[[o1, @2)is X] 4 [0i(02), X]o1 = 192X — 0i(02)1 X — X192 + X0i(02)e1
+0i(p2) X1 — Xoi(p2) 1

= 12X — 0i(p2) 1 X — X103 + 05(p2) X1

And as [[p1, X], pai = (01X =X 1) 02 —0i(02) (01 X —X 1), and @1 [z, X] =

01(p2X — X(s). We have

o1, X1, 02)i + 012, X] = o1 X2 — X102 — 0i(p2) 1 X
+0i(p2) X1 + 192X — 01 X0y

= —Xp1p2 — 0i(p2) 01X + 0i(02) X o1 + 102X

Hence [[¢1, w2i, X] + [0i(02), X]w1 = [[¢1, X], ali + @102, X]. L

Lemma 3.2.6. Let P be a quantum differential operator in 0;’s, i € Z. For
any j € Z, there exists a quantum differential operator ) in 9;’s, i € Z such

that [Q,X] = PO']

Proof. First we prove this lemma when P is a monomial in d;’s. Suppose

that
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P=20,0

Z-'n,—l

-+ 0;,0;,. We shall prove the lemma by induction on n.

For n =1, we have P = 1. Now, take () = 0;. Then we have

[QaX] =0; = PO_J"

Now, let us suppose the statement holds for monomials of degree n — 1.

Let
S1 =00, , 0,
Sy =05,_,0;,_y - 010,0,_1---0;,, for2<r<n-—1,
Sp =05, ,0i, , 0.

For any r,1 < r < n, S,0; is a monomial formed by P with a cyclic per-
mutation of i,’'s. We have P = 510;, = 0;,5,, and for 1 < r < n, we have

S,@T = 81 Srfl.

r—1

For si,89, - ,s, € Z , we have

[S1,0i s, + @ °*[S2, Oiy)sy + @1 °2[S3, Oiy)ss +
g TS, 0 ], = S10;, — ¢ =140, S,
= (1—q Z=%)P.
Since each S, for 1 < r < n, is of degree n, by the induction hypothesis, there
exists homogeneous monomial 7, in 0;’s of degree n such that [T}, X] = S, 0,
for some j. Now for r, 1 < r < mn, let s, = —ni,. Consider T,[0; , X]. We
know that T,[d;,, X] = T,0,,. Since Tyo;, = ¢"r0; T,, we have

1.0, X]| = [0-0:,.(0;,), X]T,. That is

L[0s,, X] = [04,(8;,), X]T,, = 0.
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From this and from Lemma 3.2.5, we get
[[TT? air]sr’ X] - [STO-]" air]s'r

Let Ql = [Tla 81'1]81 +q_51 [T2> ai2]82+q_$1_82 [T3? 8i3]53+' ' .+q—(s1+-~~+sn,1) [Tna 8%]87»'

Then,

[Q/> X] = [Slaj7 ail]sl + qisl [S20j7 aiQ]SQ + q7(51+52)[530—j7 81'3]83 T+

+ q_(81+..‘+8n_1) [Snaj’ ain]sn-
But [S,0;,0;]s, = ¢77[Sr, 0i.]s,—;0;, therefore

[Ql7 X] = q_j([Sl) ai1]81—j + q_51[52’ ai2]82—j + q_(81+82)[53’ ai3]$3-j +e

+ q_(81+m+8n71) [Sm ain]sn—j)gja
which is equal to ¢7(1 — ¢~ =779)) Po;.

We choose s, so that > s, = —n> i, So =Y (s, —7) = n(j + > i)
We show that if j = — )" |4, then every ¢, = 0. Suppose j = —> " i,

and Zn 7é 0. Put P' = 8,1-"81- e @Qal. By (321), aln = aina,in. Thus we

n—1

have

_ /
PO'j = Uin(?_in@i tee &-2&»1@ = CP Uin+j

for some non zero constant c. If [, X| = P'o;, 1 then [cQ’, X] = Po;. Since

in >0, we have —(—i, +lp1 + -+ 01) = 20 — Y4 F# i+ J.

By assumption on j, either all i, = 0 or ¢ = ¢~/ (1 —¢"U*+2%)) is non-zero.

Case(1) If some i, # 0, then [¢'Q’, X] = P.
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Case(2) If 4, = 0, then P = 0". In this case, Q) = HLH(?”“.

Let P=mqy+mo+ - -+ mg and, for r,1 <r <s, m, be a monomial in
{0; | i € Z}. Then there exists differential operators M, such that
[MT,X] = M;0j. Let Q = M1+M2++Ms . Then [Q,X] = PO']

Therefore the result holds for n = 0. [
Corollary 3.2.7. For any f € A, we have [fQ,X] = fPo;.

Recall that, for I € Z™, we write | I |= m, for m € N.
Theorem 3.2.8. The k-algebra D,(A) is generated by the set {\x = X, 0_1, 0, O1}.

Proof. Let Ry be the k-module generated by {o; | i € Z} and, for n € N, R,
be the k-module generated by {0;0; | | I [<nandi e Z}. Let R = U,>oR,.
For 1 < r < m, we have 0,0;, = ¢"'0;,0,. So that we have 0;,0; = ¢~110;0;.
And also, from Lemma 1.3.2, DS(A) is a k-algebra generated by {\,.ps0, |
a € Z and r,s € A}. Therefore, we have D)R,D) = AR, A.

To prove this theorem, we show that AR, A = Dj.
We shall prove this by induction on n. Since Ry =k < 0; | i € Z >, we have

ARyA = D). Therefore it is clear for n = 1.

Assume that the induction hypothesis upto n—1, that is AR,, 1A = D;‘_l.
By Corollary 3.2.4, we have 0; € Dy, therefore R, C Dy. So, we have to
show that Dy C AR,A. From Corollary 1.3.2, we have Dy = Dquyan.

Since D} = DoW,,DY and AR,A = DJR, Dy, it is enough to show that
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W,m C AR, A.

Let ¢ € Wyn. Then [p,X] € D" = AR, 1A. Therefore [p, X] =
> fiPjoy,g; where f;,9; € A, P; = 0, with | I; |[< n—1, and b; € Z.
From Lemma 3.2.6, there is Q; € R, such that [Q;, X] = Pjo;,. Put Q =

S £,Q,9;- Then Q € AR, A. Since f,X = X f; and ¢;X = Xg;,
Q. X] = QX -XQ
= > [Q;X — XQjly;
= > £lQ5, X]g;
= Y _fiPo,g;
Hence [p— Q. X] = [p. X]—[Q. X] = 0, 50 that p—Q = u € D? C AR, A.

Hence, ¢ = @ + pu, and so ¢ € AR, A.

Therefore R = UR,, generates D,(A) over A. By the construction of R,

it is clear that R is generated as a k-algebra by {0; | i € Z} U {o; | i € Z}.

For any positive integer i, we have 9;(X") = [n], X" !. Therefore,

1—
81-:(1_;)31[1+01+---+ai_1]

1_
o= (—1L
1—q

Hence, each 0; € span, ({o; |i € Z}U{0_1,0,0:}).

JO_1[l+0_1+ -+ 014

And alsoo_1 =01 X —X0_1,00=1=0X — X0 and 0y = 0, X — X0,.

For any positive integer i, 0_; = (6_;)" and o; = (07)". Hence, each o; is

generated by X, 0_1,0, 0, over k. O]
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3.3 Relations

In this section we give full set of defining relations for D,(A), for A = k[X].

For a € {—1, 0, 1}, we have
0.X — ¢°X0, = 1 (3.3.0.1)
and for any a, b € {—1, 0, 1}, a # b, we have
0a X 0p = 0,X 0y, (3.3.0.2)

8_101 = q@la_l. (3303)

We shall show that these relations form a full set of defining relations for
D,(A). Let E be the k-algebra generated by {A\x = X, 0, 0, 0_1} and I be
the two sided ideal generated by {0, X —¢* X9, —1, 0,X0 — 0, X0,, 0_101 —
q010_1 | a, b € {—1, 0, 1}}. Let E be the quotient E/I. Then there exists
a surjective homomorphism 6 : £ — D,(A). We shall show that this 6 is an

isomorphism.

Lemma 3.3.1. For a, b € {1, 0, — 1}, we have the following relations in

D,(A) as well as in E.

X(q%0,00 — ¢°040,) = 0y — Op. (3.3.0.4)
(q°0a0p — ¢°040.) X = q“0y — ¢"0p. (3.3.0.5)
0uX™ — ¢ X"0, = [n]ge X" . (3.3.0.6)

0. X — ¢ X" = [0 (3.3.0.7)
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((] — 1)X818_1 = 81 — 8_1. (3308)
q@l — (9,1 = (q — 1)81X(‘9,1. (3309)
(q — 1)818_1)( = q@l — q_18_1. (33010)

Proof. We will prove (3.3.0.4), (3.3.0.5) by using (3.3.0.2) and (3.3.0.1). To

prove (3.3.0.4), consider

X(q“@aéb — qb&,@a) = (anaa)ab — (qbXab)ﬁa
= (0.X — 1)3, — (0,X — 1),
= 0, X0 — 0y — X0, + 0,

- 8a - ab.
To prove (3.3.0.5), consider

(qaaaab - qbabaa)X - qaaa(abX> - qbab<aaX)
= ¢“0,(1+ ¢"X ) — ¢°0(1 + ¢"X0,)
= "0~ 0,
We prove (3.3.0.6) by induction on n. From (3.3.0.1), we have 0,X =1+
q*X 0,, therefore it is true for n = 1. Suppose that this is true for r, 1 < r <

n — 1. Therefore, for 7 =n — 1, we have 9,X"! — g®(»~D X719,

= [n — 1], X" 2. Now we will prove it for r = n. We have

Do X"t — VXY, = [n — 1] X2
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Multiplying the above equation with X from the right side,
0 X" — " VX" 9, X = [n — 1] X"

Since 9,X = 1+ ¢*X0,, 0, X" — ¢ VX" (1 +¢*°X0,) = [n — 1] X",
which implies, 9, X" — ¢*"X"0, = ¢ VX" + [n — 1] X" L.
Therefore,

OuX™ — X8, = [n] e X"

Similarly, (3.3.0.7).

From (3.3.04), fora=1,b= —1, X(¢010_1 — ¢ '0_10,) = 8; — J_; and
from (3.3.0.3), 0_10; = q010_1. Therefore we have
(g — 1)X10_1 = 010_1, which is (3.3.0.8).
To prove (3.3.0.9), consider (¢—1)0; X0_;. But 0, X = 1+¢X0, from (3.3.0.1)
for a = 1, therefore (¢ —1)01 X0-1 = (¢ — 1)(1 + ¢X01)0-1 = (¢ — 1)0_1 +
q(¢ — 1)X0,0_;. And from (3.3.0.8), we have (¢ — 1)X0,0_1 = 01 — 01,

hence g0y — 0_1 = (¢ — 1)01 X 0_;.

From (3.3.0.5), fora=1,b= —1, (¢q0,0_1 — ¢ '0_101)X = q01 — ¢ '0_,
and from (3.3.0.3), _10, = q010_,. Hence (¢ — 1)010_1X = ¢0y — ¢ 10_1,

which is (3.3.0.10). 0

Proposition 3.3.2. If 0,X — ¢*X0, =1, 0,X0, = 0,X0,,

qal — 871 = (q — 1)81X8,1, fOT’ a, be {—1, O, 1}, then 87181 = qalﬁ,l.

Proof. From (3.3.0.9), 0_1 = q01—(q—1)0, X0_1 and from (3.3.0.2), 0_1 X0, =

01 X0_q for a = —1, b = 1. Therefore 0_1 = qoy — (¢ — 1)0_1X9;. From
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(3.3.0.1), for a = —1, we have 9_1X =1+ ¢ 'X0_;. And by substituting

this in 0_1 = q0y — (¢ — 1)0_1 X0y, we get
O1=01+(¢"—1)X0-1)0 (3.3.0.11)

Then, multiplying with 0; from left side and applying (3.3.0.2), with a = 1

and b= —1,
001 =0+ (' —=1)0,X0_1)0, = (1 + (¢t —1)0_1X)d7. (3.3.0.12)

Now apply (3.3.0.1) with a = —1 and (3.3.0.11), to get (3.3.0.3). O

In this proposition, we derived the relation (3.3.0.3) by using the rela-
tions (3.3.0.1), (3.3.0.2) and (3.3.0.9). Therefore we can replace (3.3.0.3) by

(3.3.0.9).

Let xo =14+ (¢* —1)X0, fora=1, —1.

Xa = 1+(¢*"—1)X0,
— 9,X — X0, (by (3.3.0.1))
= 0, X+ ¢ *(1—-09,X) (by (3.3.0.1))

- q_a(l + (qa - 1)aaX)
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Lemma 3.3.3. (i) x1, x_1 are inverses of each other in D,(A) and in E.

(ii) We have the following relations:
0_1 = x_101, (3.3.0.13)
Oaxo = ("xp0s a=—1,0,1,b=1, —1. (3.3.0.14)
Proof. (i) We know that y; =1+ (¢—1)X0; and x 1 =1+ (¢7' —1)X39_;.

Xix-1 = (14 (g=1DX0)(1+ (¢ —1)X0_y)

= 14+ (' =DX0 1+ (q— DX+ (¢g— (g = 1)XX0_,.

From (3.3.0.1), 0, X =1+ ¢X0,,

Xix—1 =14 (¢ " =1)X0_1+(¢—1)X0 + (¢—1)(¢" — 1) X0,

+qlg—1)(¢ " = 1)X(X010-1).

From (3.3.0.8), (¢ — 1) X (0,0-1) = 0, — 0_1, we have

XiXar=1+(@ ' =1)X0 1+ (¢g— )X+ (¢g—1)(¢ ' —1)X0 4

+alg™' = DX(01 —0-4) = 1.

Similarly, x_1x1 = 1.
(ii) From (3.3.0.8), 01 = 01 — (¢ — 1) X 0,0-; and from (3.3.0.3),
818,1 = q_la,lal.

Therefore, we have 0_1 = 0y — ¢ (¢ — 1) X9_10, = x_10:.
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We know that d,x, = 0, + (¢® — 1)9, X9, and, from (3.3.0.1), 9, X0, =

0, X 0,. Therefore

duxp = (1+(¢" —1)8X)d,
= [1+(¢" = 1)1+ ¢"X5,)]0, from (3.3.0.1)
= ¢"[1+ (¢® = 1)X )0,
= qbXbaa‘

]

Lemma 3.3.4. For a = 1, —1, the following homogeneous relations hold in

D,(A) and in E.
0?0 + 0°0, — (¢ +1)00,0 + 00 — 2¢"0,00, = 0 (3.3.0.15)
Proof. By (3.3.0.4), we have

(00, — q°0,0) X (00, — q“0,0) = (00, — q"0,0)(0 — 0y)

= 00,0 — q°0,0% — 002 + ¢°8,00,.
And, by (3.3.0.5),

(00, — q“0,0)X (00, — ¢"0,0) = (0 — q"0,)(00, — q“0,0)

= 00, — ¢°00,0 — ¢“0,00, + ¢**0,0.
Therefore, we will have

2020 + 920, — (¢° + 1)90,0 + 992 — 2¢°0,09, = 0
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As x1 =1+ (¢ —1)X0, it is clear that
x1X = ¢Xx1. (3.3.0.16)

Definition 3.3.5. Any monomial in d; and 9 of the form & or &09:d"

where j, ¢, | € Z", is called a special monomial.

Thus the special monomial is either a standard monomial 9{9¢, d, e > 0,
or can be obtained from such a monomial by moving one occurence of 0
to the left of a power of ;. By Proposition 1.3.4, this special monomials
in 0 and 0, form a basis for the subalgebra of D,(A) generated by 0 and
01. Hence the number of special monomials of total degree n in 9 and 0 is

$(n* +n+2), and n+ 1 of these are standard.
Lemma 3.3.6. y_10" = ¢"0"x_1.

Proof. We prove the lemma by induction on n. From (3.3.0.14), Ox_1 =
¢ 'x_10. Therefore it is true for n = 1. Suppose that it is true for all r,

1 <r <n-—1. Then, for r =n — 1, we have
X-10" ="
Multiplying with 0 from right side,
X_10" = ¢" 0" (x_10).
From (3.3.0.14), for a = 0 and b = —1,

X-10" = ¢"0"x 1.
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Lemma 3.3.7. We have the following relations in both D,(A) and E:

8_1881 = q2818c9_1 (33017)
0_10"0, = ¢"T10,0"0_; for n >0 (3.3.0.18)
(98_1 = 8(91 — q@la + (q - 1)818_1 + q_18_18 (33019)

0010_1 = ¢ 101010 + ¢ 100? — q070 — 2(1 — q)070_, (3.3.0.20)

Proof. By multiplying (3.3.0.13) with 00y, 0_100; = x_10,00,. Applying
(3.3.0.14) for a = 1 and b = —1, and again for a = 0 and b = —1, 0_,00, =
q?0,0x_10;. Now from (3.3.0.13), d_; = x_101, we have d_100, = ¢*0,00_,

which is (3.3.0.17).

(3.3.0.18) is generalization of (3.3.0.17). Consider

D10"0 = Y 100"D (from (3.3.0.13))
= qOx_10"D, ((3.3.0.14) for a = 1 and b = —1)
= ¢"90"x_ 10, (from Lemma 3.3.6)
= ¢"00"0_,. (from (3.3.0.13))

By multiplying from left side (3.3.0.8) with 9 and then applying (3.3.0.3)
and (3.3.0.2),

1-— q_ _1X 1 = 1 — —1- 3.3.0.21
0.1 X009, = 90, — 00

By multiplying from right side (3.3.0.10) with 0 and applying (3.3.0.3) and
(3.3.0.2),

(1—q 1H0_10X0, = q010 — q '0_,0. (3.3.0.22)
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By subtracting (3.3.0.21) from (3.3.0.22), we have
8871 = 881 — q81(9 -+ q*18,1(9 -+ (1 — qil)a,l(aX — X@)@l

But 0X — X0 =1 and, from (3.3.0.3), 0_10; = 010—1, which yields (3.3.0.19).

From (3.3.0.3), we have 9,0_; = ¢ '0_10,. By multiplying this with 9
from left side, 90,0_1 = ¢~'00_,0,. But, from (3.3.0.19), 90_, = 09, —
q010 + (¢ — 1)0,0_1 + q~10_10. Therefore,

6818_1 = q_l[aal — qc?l@ + (q - 1)81(9_1 + q_18_18]81
= qilﬁﬁf — 81881 + (1 — q’l)ﬁla,lal + q*28,1881.
From (3.3.0.19), we have 99, = 90_; + q0,0 — (¢ — 1)0,0_1 — ¢~ 10_10;.
Therefore
8810_1 = q_lc?af — 81 [08_1 + q@lf) — (q — 1)818_1 — q_18_181]
+(1 - q_l)f)l@_l@l + q_28_1881
= qilﬁﬁf — 816871 — q@%@ + (q — 1)6%871 + qil(?la,lal
+(1 — q_l)alﬁ,lal + (]—2871061
= ¢ '90? — q0?0 — 2(1 — q)0*0_, + ¢ 1D,0_,0

(from, (3.3.0.3) and (3.3.0.17)),
which is Equation (3.3.0.20). O
From (3.3.0.19) and (3.3.0.3), we will have

881 — q@la + q@la_l - q_18_181 + q_la_lﬁ — 88_1 =0. (33023)
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3.4 An isomorphism of D (k[X*!]), D,(k[X*!])°

Let H be the subalgebra of D,(A), where A = k[X], generated by 0, 0
and 0_1. The operators 0, d; and J_; as on k[X] each reduce degree in
X by one, H is graded with 0, 9; and J_; having degree 1. By defining
0o(X™") = [-n]poe Xt = —¢7[n]« X! fora € {—1, 0, 1}, the actions
of 9, &) and d_; on k[X] can be extended to actions on k[X, X !|. Let S be
the subalgebra of End(k[X, X'|) generated by 9, 9y, 0_; and X~!. Then

H < S. And let T be the subalgebra of S generated by 9, _; and X 1.

By Dy, we denote the subalgebra of Endy(k[X, X !]) generated by 0,
1,01, X and X' As x, =1+ (¢°—1)X9,, a=1, —1, Dx is generated
by X, X719, x1 and x_;. By (3.3.0.14), we have x;0 = ¢ 'dx; and, from
(3.3.0.16), x1X = ¢Xxi1. Therefore, Dx is a homomorphic image of the
skew polynomial ring (A4;)x[Y*!, a], with Y — x4, where A; is the first Weyl
algebra generated by 0 and X, (A;)x is its localization at the powers of X and
 is the k-automorphism of (A;)x such that a(X) = ¢X and «(9) = ¢10.
Here (A;)x is simple with group of units {A\X" : i € Z, A € k*} and «
is not inner. From Theorem 1.4.4, (A;)x[Y*!,a] is simple. And whence
Dx =~ (A})x[Y*,a]. Therefore Dy and its subalgebras D,(A), H, S and T,

are domains and that Dy is simple.

Dy is the localization of D,(A) at powers of X which, as a consequence

of (3.3.0.1), form an ore set in D (A). Also Dy is the localization of S at
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the powers of X1

Let By = {&/0L,0" : j, t, 1 > 0yU{8/008" : j, | >0, t > 0}. Thus
B, consists of the standard monomials &% 8" in 8y, d_; and 0 and the

non-standard special monomials in 9; and 0.

Let By = By U{X79!0': 5 >0, t, | >0y U{X79",0':j>0,¢t | >0}
and let Bs be the corresponding set of monomials in E. Thus in addition to
the monomials in By, B, contains those standard monomials in X, 9; and 0

or in X, 0_; and 0 having a positive power of X.

Let 6g = —0, 01 = —q'0_1, 6_1 = —qd. Let B'y = {8604 | j, t, 1 >
0}U{07600%8% | 4, 1 >0, t > 0}. Then we have By = {(—1)7 g +td7 010} |
Gyt 1> 0} U{(=1)7H+2q 1 908 0k | j, 1 > 0, t > 0}. Let By =
BU{X6t6h |5 >0, t, 1 >0 U{X§" 6, |j>0,¢t [ >0} then By =
B U{(—=1)"gt X9 0" | >0, t, 1 > 0}U{(—=1)"¢' X701 | j >0, t, | >
0}. Let H' be a subalgebra of D,(A) generated by the set {dp, d1, d_1}. Let
S’ be the subalgebra Endy,(k[X, X~']) generated by {d, 1, 6_;, X'} and
T’ be the subalgebra of S” generated by {d;, 6_1, X '}.

Let X, =1+ (¢* — 1)X4,, for a =1, — 1. Then we have
Xi=1+(g= DX =1+ (¢ - 1DX(~¢7'0-1) =1+ (¢ = )Xy = x—1,

X =14+ (" =1)X0_1 =14 (¢—1)X(—¢d) =14 (¢—1)X = x1.
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Definition 3.4.1. Let h = fif5--- f, be a monomial of degree r in 9, and
Op. The complexity of h, comp(h), with respect to d, and 9, is the number

of pairs (7, j) with 1 <4 < j <r such that f; = 0, and f; = 0,.
The complexity of stardard monomials is 0.

Lemma 3.4.2. Let M be the graded subalgebra generated by any two op-
erators d, and 0, for a, b € {1, 0, — 1}. And let N be the subspace
of M spanned by the standard monomials in 9, and 0d,, then XM, ., C

XNy ® M, forn > 0.

Proof. Suppose M is the graded subalgebra generated by 0,, 0, and N be
the subspace of M spanned by the standard monomials in 0, and 0,. By
Proposition 1.3.5, XN, N M, = 0.

Now we have to show that XM, ;1 C XN, & M, for n > 0. We will
prove it by induction on n. This is clear for n = 0 and from the identity
(3.3.0.4), it is also true for n = 1.

Now we will prove it for the general case. Let h be a monomial of degree
n + 1 with comp(h) > 0. So h = 9.9]0.h’ for some i > 0, j > 0 and [ > 0,

and for some monomial A’. Then,
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Xh = X0.9/0'W

= RO — R O — D N

by (3.3.0.7)
= ¢ Y90l X0 N ( mod M,)
= ¢ g Y9070, X007 W (- mod M,,) by (3.3.0.2))
= ¢“¢'X0:0!70,0,0 W ( mod M,,) by (3.3.0.7))

so that, comp(h) > comp(8.9! " 9,0,05"). Therefore, by induction on comp(h),

XMyy1 € XNyy1 & My, O
Note that if Uy, = X M,y 0 M, then X M,.; — XNyoy & U,.
Lemma 3.4.3. H, D,(A), E are spanned by By, By, B3 respectively.

Proof. (i) Let F,, n > 0, be the subspace of H,, spanned by H,, N;. Now we
show that H, = F, by induction on n. Certainly it is true for n = 0,1. Let
n > 1 and suppose that H,,_1; = F,,_1. We have to show that ¢H,,_, C F,,, for
allg € {0_1, 9, &1}. It is enough to show that gh € F, if h = 319" ,0' € H,_,
is standard or if h = #/09'9' € H,_; is special but not standard (¢ # 0).

Clearly it is true for g = 0.

Consider the case, g = 0d_;. Suppose h = 8{8&181. If j = 0, then

O_1h = 9"'0" is standard and otherwise, by (3.3.0.3),

O_1h = 0_,0{0",0" = ¢°0,(0]'0"19") € G,,_1 C F,.
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Let h = 8{88561, t # 0, be special but not standard. If j = 0 then, by
(3.3.0.17), 0_1h = 0_,(00:0") = ¢*0,(00_,0'9") € 0,H,_ C F,, since
00_10119" is a monomial in 9, 0_1, 0, of degree (n — 1). If j # 0 then, by

(3.3.0.3), O_1h = qd,(0_1& '90!0") € O H,_y C F,.

Finally consider the case, where g = 0. By Proposition 1.3.4, the special
monomials in 0, J; form a k-basis for the k-algebra generated by 0, 0. If
h is special then Oh is a linear combination of special monomials. Now we
have to show that 83{3&1& e F,, for j,t,1 > 0. If t =0, 88{81 is special.
Let ¢t > 0 and suppose, inductively, that 0070%,0" € F, whenever d < t.

If j = 0 then, by (3.3.0.19),

00°,0" = (901 — DD+ (q— 1)hd_1 + ¢ 19_,9)0

€ O0.1H, 1+ O H, | +190,07'6" C F,.
If j # 0 then, by (3.3.0.3) and (3.3.0.20),

QN9 = 00,(0) 1 0_1)971d
= 90y(¢ U Vo_10I oo
= ¢ UD(g10,0_,0 4 ¢ 00? — q0%0 — 2(1 — q)d%0_1)0) 0L

€ 0.H, |+t C F,.

Therefore H,, = F,,, and hence B; spans H.
(i) Let D", n > 0, be the subspace of D,(A) spanned by the monomi-
als of degree < n in X,0,0,,0_;. Thus {D" : n > 0} is a filtration of

D,(A) and D" = D*D"~*. Let W be the subspace spanned by the standard
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monomials 99" in 9;, d and the standard monomials 9* ;&' in d_;, 9. Let
K =3 X"W + H. We will show that D,(A) = K. It is enough to show
that mK C K for all m € {X, 0, 01, 0_1}, then it will follow, inductively,
that D™ C K for all n.

First consider the case where h = X. It is clear that X (3%, X"W) C K,
so it suffices to show that XH C XW + H. Let M be the graded subalgebra
generated by d;, 0 and let N be the subspace of M spanned by the standard
monomials in 9; and 9. Then, for n > 0, XM,,,;1 C XN,.1 & M,, whence
XM C XN @& M. If mis a special in 0; and 0 then m € M, and also
we have N C W, s0 Xm € XN® M C XW + H. Now let m = 8{8:0’
be a standard monomial. If ¢ = 0 then m is special and Xm € XW + H.
Replacing ¢ by ¢!, the same is true if j = 0. Now assume that j # 0 and

t + 0. By (3.3.0.3) and (3.3.0.8),

Xm = X900

= ¢ U VX900 01

1-j .
_ q‘-’_ (01~ 0.)0 199" € H C K.

Thus XH C XW + H, from which it follows that XK C K + XH C K and
X"K C K for alln > 1.

If h € {0, 01, 0_1}, it is enough to show that hX"W C K for all n. By
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(3.3.0.6),

RX"W = 0, X"W, fora € {—1,0,1}
= (¢"X"0, + [n]E X" W
C X"hW 4+ X" W

C X"H+X""THCX"K+X"'KCK.

Therefore Dy(A) = > %, X"W + H and from (1), the result follows.
(iii) In proof (ii) we used only the relation derived from (3.3.0.1), (3.3.0.2)

and (3.3.0.3). So it is valid for E also. O
The next step is to show that the elements of B; are linearly independent.

Lemma 3.4.4. Let V;, = XH,,.1 N H,. Then, for a € {1, — 1},
nd" 19, = [n].0" mod V.

Proof. We prove it by induction on n. From (3.3.0.4), we have X (99, —
q'0,0) = 0 — O,, therefore it is true for n = 1. Let n > 1 and suppose
that (n — 1)0" 20, = [n — 1]4,0" ! mod V,,_y. For 'n’ case, premultiplying
throughout (3.3.0.14) by 9", we have 9" — 9"~19, = 9" X (99, — ¢*0,0),
and by (3.3.0.7), 9"—0""10, = (X" ' +(n—1)0""%)(89,—q"0,0) which gives
(0" —=0"719,) — ((n—1)0" 19, — (n—1)q*0"29,0) = X" (90, — ¢°9,0) €

(XH,11 N H,). Therefore,

"= 9" 19, = (n—1)9""19, — (n —1)¢"9"%9,0 mod V,
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And by induction hypothesis for n — 1,

" — 0" 10, = (n—1)0"""'0, — ¢“[n — 1].«0" mod V,,
Hence nd" 19, = (14 ¢“[n — 1]4)0" mod V,,, which implies,

nd" 19, = [n]E0" mod V.

Lemma 3.4.5. Let V,, = XH, ;1 N H, and [n]g@! = [n]ge[n — 1z - [1]ga.
Then, for a € {1, -1}, nl0! = [n].!0" mod V,,.

Proof. We prove it by induction on n. From (3.3.0.4), it is true for n = 1.
Now let n > 1 and suppose that (n — 1)!1077! = [n — 1],!0"" mod V,.
Then by post multiplying throughout this with nd,, we have n!0” = nln —
1]410"719, mod V,,. But by Lemma 3.4.4, we have nd" !9, = [n],0"
mod V,,. Hence n!0? = [n],!0" mod V,, , for a € {1, —1}. O
Lemma 3.4.6. Let V,, = XH,,,; N H,. Then dimV,, =dim H, — 1.

Proof. Let f = 0%9%9% ... be any monomial of degree n in 9, &, and 0_;.
By Lemma 3.4.5, for each positive integer d;, we have 9% — %8‘& eV (C
V,) for a € {—1, 1}. So that f = A\0" mod V,, for some A\ € k*. Hence,
dimV,, > H, — 1. By the action of 0" on k[X], 0"X"™ = n! # 0, where as

XH, 1 X" =0. Therefore 0" ¢ V,,, hence dimV,, = dim H,, — 1. O

Lemma 3.4.7. Let B be the k-algebra generated by X;, X5 and X3 subject

to the relations

XoX1 = ¢* X1 Xo, X3 X1 = ¢X1 X5 and X3X5 = ¢ ' X0 X;.
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Then ¢ := X?? — ¢X1 X5 and d := X; X5 are normal in B.
P’FOOf. Since X2X1 = q2X1X2 and X3X1 = qX1X3,

X, = (X;—-q¢X1X9)X,
= ¢*X1(XF - ¢X1Xy)

= ¢Xec.
And also we have X3X, = ¢ ' X0 X5 and X, X, = ¢ 2 X0 X,
cXy = (X3 — qX1 X)Xy = ¢ 2 Xo(X3 — ¢X1X3) = ¢ *Xac.
Now as X9 X35 = ¢X3X5 and ¢X; X35 = X3X, we get
cX3 = (X2 — qX1X2) X3 = X3(XZ — ¢X1X5) = Xsc.

Therefore the left ideal generated by c is the same as the right ideal generated

by c. Hence c is a normal element in B. Similarly, for d, we have
dX; = (X1 X9)X; = X1<q2X1X2) = 92X1d
dXs = (X1X2)Xo = (¢ X0 X1) X = ¢ *Xod
dX3 = X1(XoX3) = X1(gX3Xs) = q¢ ' X3 X1 Xy = X3d
Hence d is a normal element in B. O
Recall that S is the subalgebra of Endy,(k[X, X~!]) genereted by 0, 01,

0_1 and X!, and T is the subalgebra of S generated by 0, 0_; and X .

And also S’ is the subalgebra of Endg(k[X, X~'|) generated by dg, 61, §_4
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and X!, and 7" is the subalgebra of S’ generated by 6, 6_; and X 1. Note

that X! is normal in S, S'.

Theorem 3.4.8. If B, ¢ and d are as in the above lemma. Then

(i) T ~ B/cB.

(1) there exists a k-automorphism o of B/cB and an a-derivation 6 of A/cA
such that S ~ (B/cB)|Z,a, 6] and S/X~'S ~ B/dB.

And also

(1) T ~ B/cB, S' ~ (B/cB)|Z,,d] and S'/X~1S' ~ B/dB.

Proof. We prove this theorem by following [UD] closely.

(i) Let C be the subalgebra of B generated by X; and, X5, and let C; be the
localization of C' at the powers of X; and X,. By Corollary 1.4.5, C} is simple.
Let 5 be the k-automorphism of C' (resp. Cj) such that 5(X;) = ¢X; and
B(X5) = ¢7' Xy. Then the algebra B is the skew polynomial ring C[X3, 3.
Similarly the localization B, at the powers of X;, X5 and X3 is the skew

Laurent polynomial ring Cy[X3", A].

Let B = B/cB and B, = By/cB,. Every element of B is of the form
aXs +b, where a, b € Cy, X5 is the image of X3 in By, and this expression is
unique. Let I be a non-zero ideal of By and let 7(I) = {f € Cy | fX3+g €I
for some g € Cy}. Then 7([) is a non-zero ideal of C}. Since C; is simple, we
have 7(I) = Cy. Now 1 € Oy, X3 + g € I for some g € Cy. Again we have,
INCy=(0)or INCy, = Cy. If suppose, I N Cy = (0). Let r = ¢ X1 X5 € C,.

Then we have (X3 +¢)Xs =7r+gX3 €I and g(X5+9g) = gX3+g> € 1. By
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uniqueness, we have r — g € N Cy = (0). So either r = ¢% or I = B;. But
it is clear, by degree argument, that r has no square root in C,. Therefore

I N Cy = Cy, which implies that I = B;. And hence B; is simple.

Now let ¥ = X 'yy = X1+ (¢g—1)0 and 91 = X1y, = X1 +
(¢! —1)0_1. Then ¥y, ¥_; and X! generate T while 9,,9_;, 0 and X!

generate S. The actions of ¥; and ¥_; on k[X] are given by
P X " X9 X s g X
And also we have,
D91 = 9191, X Wy = qh X7,

X = q_119_1X_1 and quv_, = X2
Therefore we have a surjective k-homomorphism 6 : B — T such that
0(X,) = ¥, 0(Xy) = 9_; and O(X3) = X1, so that T ~ B/ker. By
the simplcity of By, either ker§ = 0 or X]X5X. € ker6 for some j,k,1 > 0.
But 7 is a domain. Clearly X; ¢ ker @, for i = 1,2, 3, so ker § = 0 and hence
T~ B.
(ii) From (3.3.0.1),(3.3.0.14) and (3.3.0.16) or by actions on k[X], we have

the following relations between 0 and the generators of T :
oy = q10 — Xy, (3.4.0.24)

001 =q 910 — X 1W_q, (3.4.0.25)

OX'=-X"19-X2 (3.4.0.26)
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There is a k-automorphism o of B such that o(X;) = ¢X1, 0(X3) = ¢ 1 X,
and o(X3) = X3. And also there is a left o-derivation 7 such that n(X;) =
—X3X1, n(Xs) = —X3X, and n(X3) = —X?, and that o(c) = ¢ and n(c) =
—2X3c € ¢B. Consequently ¢ and n induce, respectively, a k-automorphism
a of B and an a-derivation § of B. By (3.4.0.24), (3.4.0.25) and (3.4.0.26)
and by Proposition 1.4.6, there is a k-homomorphism ¢ : B[Z; «, 6] — S

such that ¢(X;) = Y1, ¢(Xa) =91, ¢(X3) = X! and ¢(Z) = 0.

The element X3 is normal in the domain B[Z;«,d]. Let L be the local-
ization of B[Z; «, d] at the powers of X3. As X2 = ¢X;X,, X; and X,
are invertible in L and it is generated by Z, X5, YV = X; ', V] = X;' X,
Yy = X' X5 =Y. Since Y — Y0 =1, 0 and Y generates the first Weyl
algebra A;. Also Y10 = ¢~ '19Y; and V1Y = ¢YY] so L is isomorphic to the
simple ring A;[Y™; 1] where ¢(9) = ¢7'0 and ¥(Y) = qY. Consequently
either ker ¢ = 0 or, as B[Z; «, ] is a domain, X3 € ker ¢. But, by the action
of X~ on k[X], we have ¢(X3) # 0. So X3 ¢ ker ¢, which gives ker ¢ = 0.

Therefore, ¢ : B[Z;a, 6] — S is an isomorphism. Note that L ~ Dy.

The algebra B[Z;a, 0]/ X3B[Z; a,d] is generated by (the image of) X,

X5 and Z subject to the relations
ZX1=q¢X 1Z, ZXy=q ' XoZ and X; X, = 0.

So B|Z;a,8]/X3B[Z;a, 0] ~ B/dB. Also S/X'S ~ B[Z;«a, 6]/ X3B[Z; a, ]
B/dB.

For Proof of (iii), let ¥} = X~'x} and ¢, = X~'x’' ;. Since x} = x_1 and
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X" 1 = x1, we have V| = 9_; and ¢ ; = ¥4, so that here 0, ¢ will change as
follows:

0 : B — T’ such that (X,) =9 =9_1, §(Xy) =19, =¥, and

0(X3) = X' And ¢ : A[Z; «a, 6] — S’ such that ¢(X,) = V¥ = J_4,

¢(X2) = 19L1 = 191, ¢<X3) = X_l and (b(Z) = —0. ]

Theorem 3.4.9. (i) Forn > 1, dim H,, = n®> + n+ 1 and B, is a basis for
H.

(i1) By is a basis for D,(A).

Proof. (i) The number of monomials of degree n in the spanning set B; for
Hisn*+n+1=3[(n+2)(n+1)+n(n+1)]. The number of standard
monomials in 8y, d_; and 9 of degree n is 3(n + 2)(n + 1). The number of
non-standard monomials in 8, d_; and 9 of degree n is $n(n — 1). To prove

the theorem, it is enough to show that dim; H,, = n? +n + 1.

Let W be the k-subspace of H spanned by the standard monomials in 0,
0 and the standard monomials in 0y, 0. Let W,, = W N H,,. Let ¢ be the

composition of the homomorphisms
H< S S/X 'S~ B/dB

where B and d as in Lemma 3.4.8. Thus () = X;, ¥(0_;) = X, and
1(0) = X3. Also we have ¥(0;0_1) = 0. The standard monomials in (9;)
and ¢(0), and the standard monomials in ¥(0-;) and (9) form a basis

for B/dB. Hence the standard monomials in 0; and 0, and the standard
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monomials in d_;, 0 are linearly independent. Therfore dim W,, = 2n + 1,
for n > 0. And also that the restriction of ¢ to W is injective. As ker(¢)) =
Y(H N X718) = (0), we have W N X715 = (0), whence W N X'H = (0)
and XW NS = (0). Therefore the sum J = > 7%, X"W + H is direct sum.
To see this, let J,, = > 7% X"W + H for m > 1. Since XW N S = (0),
the sum J; = XW + H is direct. Suppose that m > 1 and the sum J,,_1
is direct. Let X"w € X"™W N J,,_1, then X™w € J,,_1 € S. Therefore
weWNX1S = (0), and the sum for J is direct. Hence the sum for J is

a direct sum.

From Lemma 3.4.2, XH,,; = XW, 1 &V, where V,, = XH,,1NH,. Let
d, = dim H,,. Then, by Lemma 3.4.6, dimy(V},) = d,, — 1. As X is invertible
in End k[X*], dim, XH,y1 = dpy1 and dimp XW, 1y = W,y = 2n + 3.
Therefore d,, 1 = d,, + 2n + 2, with dy = 1. Hence we have d,, = n%> +n + 1.
Thus dimy H, =n?> +n + 1.
(if) We have Dy(A) = J =372, X"W + H and B, is a basis for H. And W
has a basis W consisting of the monomials that are standard in 0; and 0 or
in 0_; and 0. As X is regular element in End(k[X]), each X"W, n > 1, has
a basis X"W. And the sum J =Y 2 X"W + H is a direct sum. Therefore

n>1

B, is a basis for D,(A). O
Similarly B'5 is also basis for D,(A).

Corollary 3.4.10. The surjective homomorphism 0 : E — Dy(A) is an

1somorphism.
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Proof. Since B, is linearly independent, the spanning set Bs of E is linearly
independent. Therefore, 6 is an isomorphism. m
By Theorem 1.4.8, we have D, (k[X,X']) = k[X, X' ® D, (k[X]).
Therefore the set {\x, Ax-1, 9, 01, _1} will be a generating set for
D,(k[X,X"!) and for a, b € {—1, 0, 1}, the relations 9,X — ¢°X9, = 1,
0, X0y = 0, X0y, 0101 = q010_1, AxAx—1 = Ax-1Ax = 1 form a full set of

defining relations. An alternative set of generatorsis {\x, Ax-1, 9, x1, X_1}-

Theorem 3.4.11. The algebra D,(k[X, X)) is isomorphic to its opposite

algebra D, (k[ X, X 1])°.

Proof. Define ® : D, (k[X, X !]) — D,(k[X, X~!)°, by using generators, as

follows:

®(Ax) = (Ax), ®(Ax-1) = (Ax-1), @(9) = —(9),
() = —q ' (9-1), ®(9-1) = —q(dh).
Then this ® gives an isomorphism. In terms of the alternative set of gener-

ators, we can define ® as,
P(Ax) = (Ax), ®(Ax-1) = (Ax—1), ©(0) = —(9),

D(x1) = q '(x-1), ®(x-1) = q(xa).

And it is clear that, for a, b = {-1, 0, 1}, ®(9,X — ¢°X9, — 1) = 0,

@(&IX&, — &,X@a) =0 and @(3,181 — qalﬁ,l) = 0. ]



Chapter 4

Jordan problem of a-simple

rings

4.1 Introduction

Let A be a commutative ring with unity and o be an automorphism of A,
or more generally an injective endomorphism of A. We say that the ring A
is an « -simple ring if for any ideal I of A, if a([) C I, then either I = 0 or
I =A.

Suppose A is a a-simple ring. In [J], Jordan posed a problem, for a
maximal ideal M of A and for 0 # u € A, whether |{n € N|a™(u) € M}|
is finite. It has been proved in [S], (a) k[X] with X — X + 1 and (b)
E(X)Y,Zl with X — X+1,Y — XY +1, Z— XZ+Y are a- simple. For

completeness, we show (a), (b) are a-simple by following [S]. In this chapter,

62
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we give an elementary proof for the a-simple ring k[X] and also we have a

partial result for the a-simple ring k(X)[Y, Z].

4.2 The a-simple ring A = k[ X]

Lemma 4.2.1. Let D be an a-simple domain. Then S = {a € D | a(a) = a}

is a subfield of D.

Proof. Let 0 # a € S. Then a(a) = a and 0 €< a >C D. Since D is
a-simple, < a >= D. 1 €< a >, implies 1 = ab for some b € D. Now
a(ab) = a(l) = 1 = ab, implies a(a)a(b) = ab. As D is domain, a(b) = b.

Therefore there is b in S such that ab = 1. O

Lemma 4.2.2. Let D be a commutative domain of characteristic zero and
a be an injective ring endomorphism on R = D[X] such that a(D) C D,
and assume that D is a-simple. Suppose that a(X) =aX +b; a, b€ D, a
invertible in D. Then R is a-simple if and only if the equation a(7) = ar+b

has no solution, 7 € D.

Proof. Let I be a non-zero proper ideal of R with a(I) = I. And let C
denote the ideal of D consisting of all leading coefficients of all polynomials
in I with minimum degree n together with 0. Since I # D, there exists
f € I such that deg(f) > 0. Let deg(f) = k and by, be the leading coefficient
in f. If & > n, then b, € C. Otherwise X"f € I, b, € C. Therefore C'

m

is non-zero ideal of D. Suppose 0 # b,, € C, there is g = > b X" € I.
i=0
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a(g) = i)a(bi)(aX +0)" = a(b,)a™X™+ terms with X of degree less than
m. Sin(;e a(l) = I,a(g) € I. Since a is invertible, a " «(f) € I. Hence
a(by) € C. Therefore o(C) C C. Since D is a-simple, C' = D. Hence
there is h = éciXi €1, ¢, €D, ¢, =1. Then a(h) — a"h € I and

deg(a(h) — a™h) < n. If a(h) — a"h # 0, which is a contradiction. Hence

a(h) = a™h.

a(h) = Za(ci)(aX—l—b)i

= D ala)) C) alb I X!

i=0 §=0

We will have,

Z(a(cl))(l) bl =a"c;, 0<j<n. (4.2.0.1)
i=j J
We have charD = 0, and by Lemma 4.2.1, + € D. Substitute j = n —1 in
(4.2.0.1), we will get oo(7) = a7 + b where 7 = —1¢, 4.

Conversely, if a(7) = a7 + b for some 7 € D. Then I = R(X — 7) such

that o(I) = I. O

Theorem 4.2.3. Let k be a field of characteristic zero and let o be the k-
automorphism on k[X] given by a(X) = X +b, b # 0 € k. Then k[X] is

a-simple.
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Proof. Clearly k is a-simple. If k£[X] is not a-simple. Then there is ¢ € k

such that a(c) = ¢+ b which implies that b = 0, a contradiction. ]

Theorem 4.2.4. Let k be the field of characteristic zero and let a be the
k-automorphism on k(X)[Y,Z] given by a(X) = X +1, oY) = XY +

1, a(Z2)=XZ+Y. Then k(X)[Y, Z] is a-simple.

Proof. First, we will prove that k(X)[Y] is a-simple. It is enough, by Lemma
(4.2.2), to show that there is no f(X) € k(X) such that
f(X+1) = Xf(X)+ 1. Suppose f(X) = % where p(X), ¢(X) € k(X)

are relatively prime and ¢(X) is a monic polynomial. Then f(X) satisfies

f(X+1)=Xf(X)+1if and only if
g X)p(X +1) —q(X +1)] = Xp(X)g(X +1). (4.2.0.2)

Hence ¢(X) | Xq(X+1). If X {¢(X), then ¢(X) | ¢(X+1) which implies that
¢(X) €k Ifq(X) = Xaq(X) then ¢1(X) | (X+1)q(X+1),if (X+1) 1t ¢1(X)
then ¢; € k. If we continue like this, we will get ¢(X) = X (X +1)--- (X +n).
From (4.2.0.2), (X+n+1) | p(X+1) or (X+n) | p(X) which is contradiction
to p(X), q(X) are coprime. Therefore k(X)[Y] is a-simple.

Now suppose that there is a polynomial g(X,Y) € k(X)[Y] and that satisfies

a(g(X,Y)) = Xg(X,Y) + Y. (4.2.0.3)

Let g(X,Y) = > a;(X)Y", a;(X) € k(X), where a,(X) # 0. If n > 1 then

i=0
by comparing the leading coefficients of the polynomials in (4.2.0.3), we get

an(X +1)X™ = Xa,, but it is not possible in k(X). Since n # 0, n = 1 and
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we have Xa1(X+1) = Xa;(X)+1. By using similar argument, which is used
to prove that there is no f(X) € k(X) such that f(X +1) = Xf(X)+1in
the above paragraph, shows that Xa;(X + 1) = Xay(X) + 1 is not possible.

Therefore, by Theorem (4.2.2), k(X)[Y, Z] is a-simple. O

Lemma 4.2.5. Suppose D is a commutative integral domain with unity and
be D and b#0. Let o : D[X] — D[X], a(X) = X + b . Then, for any
non-zero polynomial f(X) = ag + a1 X + aeX? + -+ + a, X™ € D[X] and

n € N, we have a"(f(X)) = f(nb) + Lo X 4 L0 2 oo S nt) .

Proof. We observe that for r € N, o/ (X) = X +rband o"(X™) = (X +7rb)™

for any m € N. We will prove it by induction on n. For n = 1, we have

a(f(X)) = alag+a X +asX?+ -+ a, X™)
= ag+aa(X) + aa(X?) + -+ apa(X™)

= apt+ a1 (X +b) +ax(X +0)>+ -+ an(X +b)"

190 SO0 o, S0

1! 2l ' o

= )+

Now assume the induction hypothesis up to n + 1, n > 2, i.e. for any r < n,

we have

(1) (2) (m)
FOEE) SO )
1 9! ml

a’(f(X)) = f(rb) +

We prove the result for n + 1:
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(X)) = ala™(f(X)))

W m) (1
= aff(ndb) + / 1(! b)X ot fT(!b)Xm)
= f(nb) + f(1)1<|”b> (X +b) 4+ %(X AL
f((n+1)b) fr(n+1)b)
= f((n+1)b) + T X+ + p— XM
0

Now let us assume that k is an algebraically closed field of characteristic
zero and A = k[X]. Then A is a-simple ring with a(X) = X + b for b # 0

from Theorem 4.2.3.
Theorem 4.2.6. For 0 #£u € A, |[{n € N|a™(u) € M}| is finite.

Proof. We know that for any maximal ideal M of k[X] there exist an a € k
such that M =< X —a >. Letu = f(X)#0and A={n e N|a"(u) € M}.
Ifn € A, then o (f(X)) €< X—a >. Hence a" f(X) = (X —a)g(X) for some

g(X) € k[X]. But we know that o”(f(X)) = f(nb) + f(l)l(!nb)X + f@;(!nb)X2 +

coo g L) xm g a"(f(X)) e< X —a >, then a"(f(a)) = 0. This implies

m!

that f(nb) + [Ob) ) 4 SBb) g2y 4 S0 gm () which is a polynomial

1! 2! m!

of degree m in nb. Now since a™(f(X) is a polynomial of degree m, it
cannot have more that m distinct roots. Therefore [{n € N | a”(f) € M}|

is finite. O]
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4.3 The a-simple ring k(X)[Y, Z]

We know that, from Theorem 4.2.4, k(X)[Y, Z] is a-simple ring with a(X) =
X+1, aY)=XY +1, a(Z2) = XZ+ Y. In this section, we give a proof
for the result that the cardinality [{n € N | a*(u) € M}| is finite, when the

maximal ideal M is (Y, Z) and 0 # u € k(X)[Y, Z].

Lemma 4.3.1. For n € N, we have o*(X) = X +n and o™(Y) = f,(X)Y +

gn(X), where f,(X), g.(X) are given as follows,

LX) =X+n—-1)(X+n—-2)--- (X +1)X
gn(X) = 1+(X+n—1)+(X+n—1)(X+n—2)+- - -+(X+n—1)(X4+n—2) - - - (X +1).

By definition, we have the following recurrence relations,
(X)) =(X+n—-1)f1(X) and ¢,(X) = (X +n—1)g,—1(X) + L.

Proof. We will prove it by induction on n. Since a(Y) = XY + 1, therefore
we are through for n = 1 and f1(X) = X, ¢1(X) = 1. Let us assume that
the induction hypothesis holds up ton — 1, n > 2, ie. for 1 <r <n —1,
o’ (V) = f(X)Y 4 g.(X) where f(X) = (X +r—1)(X+r—2)--- (X +1)X,
GX)=1+X+r—1)+X+r—-1)X+r—2)+- -+ (X +r—-1)(X +

r—2) - (X +1).
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For r =n,

a"(Y) = " oY)

= "M X)) Y) + 1
= (X +n—1)(fi1(X)Y + g,1(X)) + 1
= X+n—1)fa(X)Y+[(X+n—1)g,1(X)+1]

= [o(X)Y + gn(X).
[l

Lemma 4.3.2. For n € N, o"(Z) = po(X)Z + ¢(X)Y + r,(X), where

Pn(X), ¢u(X), ro(X) are given by the following recurrence relations,

po(X) = (X +n—1)po
qn(X) = fnfl(X) + (X +n— 1)anl(X>

and

(X)) = g1 (X)+ (X +n—1)r,_1(X)

fa(X), gn(X) are as in the above lemma.

Proof. We will prove it by induction on n. Since a(Z) =Y + X Z, therefore
we are through for n = 1 and P (X) = X, ¢1(X) = 1, m(X) = 0. Let
us assume that the induction hypothesis holds up to n, n > 2, i.e., for

L<m <n, a™(Z) = pn(X)Z+ qu(X)Y + 7 (X) where pp(X) = (X +m—
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DX+m—-2)---(X+1)Xand g, =(X+m-1)(X+m-=2)---(X+1)+
(X+m-—1DX+m—-2)- - (X+3)p(X)+--+(X+m—1)(X+m—

2)pm—3(X) + (X +m — 1)ppm—2(X) + pm-1(X)]. For m =n+1,
a"NZ) = a™(a(Z))
= oY +XZ)
= a"(Y)+a"(X)a"(Z)
= (/a(X)Y +g.(X)) + (X +0)(pu(X)Z + gu(X)Y + 70 (X))
= (X +n)pn(X)Z + (fa(X) + (X +n)ga(X))Y
+(gn(X) + (X + n)ra (X))

= Pni1(X)Z + @i (X)Y + 7 (X).

]

Lemma 4.3.3. The constant terms of a"(Y?Z7), a®(Y?Z%) are not equal,

for all (i,7) # (p,q), n € Nand n > max{i +j, p+q} (or n>1+1j —1]).

Proof. By Lemma 4.3.1 and Lemma 4.3.2, we have the following,

a™(Y) = fu(X)y + gu(X)
a™(Z) = pp(X)Z 4+ ¢ (X)Y + r,(X).

Therefore, it is clear that the degrees of ¢,(X), m,(X) are n — 1, n — 2

respectively. We have o"(YZ7) = o"(Y)'a™(Z)?, the constant terms of



CHAPTER 4. JORDAN PROBLEM OF «-SIMPLE RINGS 71

a™(YiZ7), a™(YPZ%) are ¢,(X)'r,(X), gu(X)Pr,(X)? and their degrees are
i(n—1)+j(n—2), p(n — 1) + q(n — 2) respectively. Now we have two cases

i+j=p+qgandi+j#p+q.

Case 1. Let i+j=p+q.

If deg(gn(X)r,(X)7) = deg(gn(X)Pr,(Y)9), then i(n — 1)+ j(n —2) = p(n —
1) + q(n — 2), which gives that j = p. As i+ j = p+ ¢, we will have (i,7) =
(p, q), which is contradiction to (4, j) # (p, q) and hence deg(g,,(X)'r, (X)) #
deg(gn (X)Prn(Y)?).

Case 2. Let i+j#p+qandlet n>14|j—q|.

If deg (g, (X)ir,(X)?) = deg(gn(X)Pr,(Y)9), then i(n — 1)+ j(n—2) = p(n —
1) + q(n — 2), which implies that, n = 1 + [(ng:ﬁ <1+1j—q|, again it

is a contradiction and hence deg(g, (X)"r,(X)’) # deg(g,(X)Pr,(Y)9).

]

Theorem 4.3.4. Let R = k(X)[Y, Z] be the a-simple ring and 0 # u € R.
Then, for the mazimal ideal M = (Y, Z), the cardinality [{n € N | a"(u) €

M} is finite.

Proof. Follows from Lemma above. O]
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