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Introduction

In this thesis, we study mainly (i) the algebra of differential operators

on upper triangular algebras and (ii) the algebra of quantum differential

operators on Laurent polynomial ring k[X,X−1], (sometimes we also write

k[X±] for k[X,X−1]), over a field of characteristic zero. This thesis consists

four chapters, Chapter 1, Preliminary. Chapter 2, the algebra of differential

operators on triangular algebras. Chapter 3, quantum differential operators

on k[X±1]. Chapter 4, deals with Jordan problem of α- simple rings, k[X],

k(X)[Y, Z].

In Chapter 1, we give basic definitions and we recall some of the well

known results in the area of Weyl algebras and Quantum Weyl algebras.

In Chapter 2, we describe the algebra Dk(Un) of differential operators on

the algebra Un of upper triangular n×n matrix over a field k of characterestic

zero. We give generators and relations for Dk(Un). We characterise all two-

sided, left, right ideals and the maximal ideals of D(Un).

Chapter 3 has been devoted to the algebra of quantum differential oper-

ators on k[X,X−1]. The algebra of quantum differential operators has been

studied by Uma N. Iyer and David A. Jordan in [UD]. In their work they

gave a basis for Dq(k[X]), generators and relations. We give an another basis

for Dq(k[X]) and we show that Dq(k[X,X−1]) is isomorphic to its opposite

iv
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algebra Dq(k[X,X−1])o by giving an isomorphism.

In Chapter 4, we define α- simple ring and we show that k[X], k(X)[Y, Z]

are α-simple rings by following [S]. We consider the problem of Jordan for

α-simple rings in [J]. We give an elementary proof to this problem for k[X]

and also we have some partial results for the α-simple ring k(X)[Y, Z].



Chapter 1

Preliminaries

In this chapter, we give basic definitions and we recall some of the well

known results. We refer [SC], [LR], [GB], [MR], [J], etc for terminology and

notations.

1.1 Algebra of differential operators

Definition 1.1.1. Let k be a field of characterestic 0 and A be a finitely

generated k-algebra. Let End(A) denote the k-algebra of all k-linear en-

domorphisms on A. For each a ∈ A, we let λa, ρa ∈ End(A) be given by

λa(s) = as and ρa(s) = sa for all s ∈ A. The algebra End(A) is an A-

bimodule with a.ϕ = λaϕ and ϕ.b = ϕρ
b

for a, b ∈ A and ϕ ∈ End(A).

For ϕ ∈ End(A) and a ∈ A, let [ϕ, a] = [ϕ, λa] = ϕλa − λaϕ. Let Z0 =

{ϕ ∈ End(A) | [ϕ, a] = 0, for all a ∈ A}. Then Z0 is an additive subgroup

of End(A). Let D0
k(A) be the A-bimodule generated by Z0 and it is a k-

1



CHAPTER 1. PRELIMINARIES 2

algebra. By induction, for m ∈ Z+, let Dm
k (A) be the A-bimodule generated

by Zm = {ϕ ∈ End(A) | [ϕ, a] ∈ Dm−1
k (A), for all a ∈ A}.

For i, j ∈ Z+, we have Di
k(A).Dj

k(A) ⊂ Di+j
k (A). We see this as follows:

the commutator [ϕ1, ϕ2] = ϕ1ϕ2 − ϕ2ϕ1, for ϕ1, ϕ2 ∈ Endk(A). Let ϕ1 ∈

Di
k(A), ϕ2 ∈ Dj

k(A), then ϕ1ϕ2 ∈ Di+j
k (A). We will prove it by induction on

i+ j. If i+ j = 0, then clearly ϕ1ϕ2 ∈ Di+j
k (A). Assume that for m+ n < l,

ϕ1ϕ2 ∈ Dn+m
k (A). Let m + n = l and a ∈ A, we have that [ϕ1ϕ2, a] =

ϕ1[ϕ2, a] + [ϕ1, a]ϕ2 and [ϕ2, a] ∈ Dm−1
k (A), [ϕ1, a] ∈ Dn−1

k (A). Thus, by

induction ϕ1[ϕ2, a], [ϕ1, a]ϕ2 ∈ Dn+m−1
k (A). Hence [ϕ1ϕ2, a] ∈ Dn+m−1

k (A).

Therefore ϕ1ϕ2 ∈ Dn+m
k (A). Let Dk(A) = ∪i≥0Di

k(A), this is a k-algebra and

is called the algebra of differential operators on A. And we say that elements

of Dm
k (A), for m ≥ 0, are the differential operators of degree ≤ m.

The elements of D0
k(A) are called the inner differential operators on A

and the ring D0
k(A) is called the ring of inner differential operators.

If ϕ is a derivation on A, then ϕ(rs) = rϕ(s)+ϕ(r)s. Thus, [ϕ, r] = λϕ(r)

for r ∈ A. Hence, a derivation is a first order differential operator.

If A is commutative, Zm is already an A-bimodule and hence ϕ ∈ Endk(A)

is a differential operator of order m if and only if [· · · [[ϕ, r0], r1], · · · , rm] = 0

for all ri ∈ A, where [ϕ, r] = (ϕr) − (rϕ) which is the classical definition of

an algebraic differential operator on a commutative k-algebra.

Lemma 1.1.2. The set {λa, ρa | a ∈ A} generates D0
k(A).

Proof. If ϕ ∈ Z0, then ϕλa = λaϕ, for all a ∈ A. Now consider,
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ϕ(a) = ϕ(a.1) = ϕ(λa(1)) = (ϕλa)(1) = (λaϕ)(1) = λa(ϕ(1)) = aϕ(1) =

ρϕ(1)(a). Therefore ϕ = ρϕ(1).

1.2 Weyl algebras

Let A = k[X1, · · · , Xn] be the commutative polynomial ring in n indeter-

minates X1, · · · , Xn over the field k. The set End(A) = Endk(A) of all

linear transformations is a k-algebra with respect to the usual addition and

composition of linear transformations.

For each i, 1 ≤ i ≤ n, let λXi be the operator on A such that λXi(f) =

Xif , for f ∈ A. Similarly, for each i and 1 ≤ i ≤ n, let ∂i be the operator on

A such that ∂i(f) = ∂f/∂Xi, for f ∈ A (formal partial derivative of f with

respect to the variable Xi). Clearly λXi , ∂i ∈ End(A). The subalgebra An of

Endk(A) generated by λXi , ∂i is is called n-th Weyl algebra.

For f ∈ A, we have

∂iλXi(f) = ∂i(λXi(f))

= ∂i(Xif)

= Xi∂if + f∂iXi

= Xi∂if + f

= (λXi∂i + 1)(f)

Therefore, ∂iλXi = λXi∂i + 1, where 1 stands for the identity operator.
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For 1 ≤ i, j ≤ n, we have [∂i, λXj ] = δij1 and [∂i, ∂j] = [λXi , λXj ] = 0 for

i 6= j.

For α = (α1, · · · , αn) ∈ Z+
n, let Xα = Xα1

1 · · ·Xαn
n . Define | α |= α1 +

· · ·+αn and | α | is called the length of α. Similarly we define α! = α1! · · ·αn!

and we call it the factorial of α. By definition, | α | is the degree of Xα.

Lemma 1.2.1. Let α, β ∈ Z+
n and assume that | α |≤| β |. Then

∂β(Xα) = β! if α = β, and zero otherwise .

Proof. Let α = (α1, · · · , αn) and β = (β1, · · · , βn).

Case 1. Suppose that α = β, then αi = βi, for all i. We have, for any r and

1 ≤ r ≤ n,

∂βri =

 0 for i 6= r

βr! for i = r

and for i 6= j, 1 ≤ i, j ≤ n,

∂βii ∂
βj
j = ∂

βj
j ∂

βi
i

Hence ∂β(Xα) = β1! · · · βn!.

Case 2. Suppose α 6= β. Since | α |≤| β |, there exist i such that αi < βi.

Then we have ∂βi(Xαi) = 0, and therefore ∂β(Xα) = 0.
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Proposition 1.2.2. The set B = {Xα∂β | α, β ∈ Z+
n} is a basis of the

vector space An over k.

Proof. We have, for m ∈ Z+,

∂iX
m
j −Xm

j ∂i =


mXm−1

i , if i = j

0, otherwise

Therefore, for any f ∈ A and ∂i, ∂if − f∂i = ∂f/∂Xi. i.e ∂if = f∂i +

∂f/∂Xi. Therefore any monomial of An can be expressed as a finite linear

combination of the elements of B.

Consider a finite linear combination of elements ofB, sayD =
∑
cαβX

α∂β.

It is enough to show that if some cαβ 6= 0 then D 6= 0. For this we show that,

there exist f ∈ A such that D(f) 6= 0.

Let γ ∈ Z+
n such that cαγ 6= 0 for some index α, but cαβ = 0, for all

indices β such that | β |<| γ |. Then D(X
γ
) = γ!

∑
α cαγX

γ 6= 0. Therefore

f = Xγ and D(f) 6= 0.

We call this as the canonical basis. Any element of An is a finite linear

combination of elements of B and this expression is called the canonical form.

Definition 1.2.3. (degree of an operator)

Let D ∈ An. The degree of D is the largest length of the multi-indices

(α, β) ∈ Z+
n × Z+

n for which Xα∂β appears with non-zero coefficient in the

canonical form of D and it is denoted by deg(D). We define the degree of

the zero polynomial as −∞.
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Theorem 1.2.4. For D,D′ ∈ An, we have the following.

1. deg(D +D′) ≤ max{deg(D), deg(D′)}.

2. deg(DD′) = deg(D) + deg(D′).

3. deg[D,D′] ≤ deg(D) + deg(D′)− 2.

Proof. If D,D′ ∈ An are written in canonical form, then D + D′ is also

in the canonical form. Therefore deg(D,D′) ≤ max{deg(D), deg(D′)}. We

prove (2) and (3) at the same time, by induction on deg(D) + deg(D′).

If either deg(D) or deg(D′) is zero, then the result is obvious. Suppose

that deg(D), deg(D′) ≥ 1 and assume that the result is true for deg(D) +

deg(D′) < l, l ∈ N. Let D, D′ ∈ An with deg(D) + deg(D′) = l. From (1),

it is enough to prove the result for D,D′ are monomials. Suppose first that

D = ∂β and D′ = Xα with | α | + | β |= k. If βi 6= 0, then

[∂β, Xα] = ∂i[∂
β−ei , Xα] + [∂i, X

α]∂β−ei

where ei = (0, · · · , 1ith , · · · , 0) ∈ N. By induction, deg[∂β−ei , Xα] ≤| α | +

| β | −3 and [∂i, X
α] ≤| α | −1. Again by induction, deg(∂i[∂

β−ei , Xα]) and

deg([∂i, X
α]∂β−ei) are ≤| α | + | β | −2. Therefore deg[∂β, Xα] ≤| α | + |

β | −2. But ∂βXα = [∂β, Xα] + Xα∂β. Since deg(Xα∂β) =| α | + | β | and

[∂β, Xα] ≤| α | + | β | −2, therefore

deg(∂βXα) = deg(Xα∂β) =| α | + | β | .
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Now let D = Xσ∂β and D′ = Xα∂η.

If | α |=| β |= 0, the result is obvious. Suppose that atleast one among

α, β is not zero. We have ∂βXα = Xα∂β+P , where P = [∂β, Xα] and degree

of P is ≤| α | + | β | −2. Then DD′ = Xσ+α∂β+η + XσP∂η. By induction,

deg(XσP∂η) ≤ deg(D) + deg(D′)− 2. Hence

deg(DD′) = deg(Xσ+α∂β+η) = deg(D) + deg(D′).

By the above, we have

DD′ = Xσ+α∂β+η +Q1,

where deg(Q1) ≤ deg(D) + deg(D′)− 2,

and

D′D = Xσ+α∂β+η +Q2,

where deg(Q2) ≤ deg(D) + deg(D′) − 2. Therefore [D,D′] = Q1 − Q2 and

hence deg[D,D′] ≤ deg(D) + deg(D′)− 2.

Corollary 1.2.5. The algebra An is a domain.

Lemma 1.2.6. Let α, β ∈ Z+
n, | α | + | β |= l > 0 and βi 6= 0. Then

deg[Xi, X
α∂β] = l − 1.

Proof. Let us first find ∂βii Xi. Since ∂βii Xi = ∂βi−1i (∂iXi) and ∂iXi = 1+Xi∂i,

we get ∂βii Xi = ∂βi−1i + ∂βi−1i Xi∂i. By repeating this, we will have

∂βii Xi = (∂βi−1i + ∂βi−2i + · · ·+ 1) +Xi∂
βi
i .
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Now consider,

Xα∂βXi = Xα∂β11 · · · ∂
βi
i Xi · · · ∂βnn

= Xα∂β11 · · · ∂
βi−1

i−1 [(∂βi−1i + ∂βi−2i + · · ·+ 1) +Xi∂
βi
i ]∂

βi+1

i+1 · · · ∂βnn

therefore

[Xi, X
α∂β] = −Xα∂β11 · · · ∂

βi−1

i−1 [(∂βi−1i + ∂βi−2i + · · ·+ 1)]∂
βi+1

i+1 · · · ∂βnn

and hence deg[Xi, X
α∂β] = l − 1.

Theorem 1.2.7. The algebra An is simple.

Proof. Let I be a non-zero two-sided ideal of An and D 6= 0 be an element of

smallest degree in I. If D has degree 0, it is constant, and I = An. Assume

that D has degree l > 0.

Suppose that (α, β) ∈ Z+
n×Z+

n and |α|+ |β| = l. If Xα∂β is a term in D

with non-zero coefficient and βi 6= 0, then [Xi, D] 6= 0 and by lemma, [Xi, D]

has degree l − 1. Since I is two-sided ideal of An, [Xi, D] = XiD − DXi ∈

I, which is a contradiction to the assumption that the degree of D is the

smallest. Thus β = (0, · · · , 0). Since l > 0, we have αi 6= 0, for some

i = 1, 2, · · · , n. Hence [∂i, D] is a non-zero element of I of degree l − 1, and

once again we have a contradiction.

Corollary 1.2.8. Every endomorphism of An is injective.

If D ∈ An has inverse. Then there exists D′ ∈ An such that DD′ = 1. But

we have deg(D) + deg(D′) = 0, which implies that deg(D) = 0. Therefore
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the only elements of An that have an inverse are the constants.

A commutative simple ring must be a field but it is not true of non-

commutative rings. The Weyl algebra is simple ring but it is very far from

being even a division ring. Since the constants only have inverse in An, every

non-constant operator generates a non-trivial left ideal of An. Therefore, An

is not a division ring even though it does not have any non-trivial two-sided

ideal.

1.3 Algebra of quantum differential operators

Let Q be the field of rational numbers. Suppose k is a field extension over Q

and q ∈ k be a transcendental element over Q. Let A be a k-algebra which

is graded by an abelian group G. That is A =
⊕
a∈G

Aa and AaAb ⊆ Aa+b.

We say that a k-linear endomorphism ϕ of A is homogeneous of degree

a ∈ G if for every b ∈ G, ϕ(Ab) ⊆ Aa+b. A k-linear homomorphism ϕ is said

to be graded if it is sum of homogeneous endomorphims. The k-vector space

of all graded endomorphisms of A will be denoted by grHomk(A,A).

Let G be an abelian group and k be a field. A bicharacter on a group

G over a field k is a group homomorphism β from G × G to k×. To each

bicharacter β, we will associate a family of automorphisms of grHomk(A,A)

as follows: for each a ∈ G, define σa : grHom(A,A) 7→ grHom(A,A) such that

σa(ϕ) = β(a, b)ϕ for any homogeneous ϕ of degree b. This extends linearly
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to all of grHomk(A,A). Now for a ∈ G, and for any graded endomorphisms

ϕ1, ϕ2, we define a-twisted bracket,

[ϕ1, ϕ2]a = ϕ1ϕ2 − σa(ϕ2)ϕ1

The algebra of quantum differential operators on A:

Let M = grHom(A,A) denote the k-vector space of all G-graded endomor-

phisms on A. For each r ∈ A, we have two endomorphisms λr and ρr of A

given by left multiplication by r and right multiplication by r respectively.

If r is homogeneous of degree a, then λr, ρr are also homogeneous of de-

gree a and hence λr, ρr ∈ grHom(A,A). The k-algebra grHom(A,A) is an

A-bimodule with a.ϕ.b = λaϕρb for a,b ∈ A and ϕ ∈ grHom(A,A). Let

h(A), h(M) denote the set of homogeneous elements of A and M respec-

tively. For each a ∈ A, define σa by σa(m) = β(a, dm)m for m ∈ h(M) of

degree dm, and extend σa linearly from h(M) to M . For ϕ ∈ grHom(A,A)

and r ∈ A, let [ϕ, r]a = [ϕ, λr] = ϕλr − σa(λr)ϕ. Let Zq,0 = spank{ϕ ∈

h(M) | ∃a ∈ G such that [ϕ, r]a = 0, for all r ∈ A}. Then Zq,0 is an additive

subgroup of grHom(A,A). Let D0
q(A) be the A-bimodule generated by Zq,0.

Then D0
q(A) is k-algebra. By induction, for m ∈ Z+, let Dm

q (A) be the A-

bimodule generated by Zq,m = spank{ϕ ∈ h(M) | ∃a ∈ G such that [ϕ, r]a ∈

Dm−1
q (A), for all r ∈ A}. We have Di

q(A)Dj
q(A) ⊆ Di+j

q (A), for i, j ∈ Z+.

Hence each Di
q(A) is a D0

q(A)-module.

Let Dq(A) = ∪i≥0Di
q(A). Then Dq(A) is called the algebra of quantum

differential operators on A.
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Lemma 1.3.1. D0
q(A) is a k-algebra generated by the set

{λrρsσa | a ∈ G and r, s ∈ A}.

Proof. Let ϕ ∈ Z0
q . Then, [ϕ, λr]a = 0 for some a ∈ G and for all r ∈ A.

Therefore, we have ϕλr = σa(λr)ϕ. Now for any s ∈ A,

ϕ(s) = ϕ(s.1) = ϕλs(1) = σa(λs)ϕ(1) = ρϕ(1)σa(s).

Hence, we have ϕ = ρϕ(1)σa.

Let s ∈ h(A) and a ∈ G. Since ρsλr = λrρs for any r, we have

[ρsσa, λr]a = ρs[σa, λr]a. But [σa, λr]a = 0. Hence ρsσa ∈ Z0
q .

Therefore Z0
q is generated as k-module by {ρsσa | s is homogeneous}.

Since D0
q(A) is A-bimodule, D0

q(A) is spanned by {λrρsσaλt}. We have

λtσa(m) = β(a, dm)tm and σaλt = β(a, dtm)tm, so that λtσa = cσaλt for

some scalar c. Also ρsλt = λtρs. Therefore D0
q(A) is generated by {λrρsσa |

a ∈ G and r, s ∈ A}.

Corollary 1.3.2. The module Dn+1
q (A) is generated over D0

q(A) by

Wq,n+1 = {ϕ ∈ h(M) | for any r ∈ A, [ϕ, λr] ∈ Dn
q (A)}.

Proof. Clearly Wq,n+1 ⊂ Zq,n+1. Let ϕ ∈ Zq,n+1. Then [ϕ, λr]a ∈ Dn
q (A) for

some a ∈ G and all r ∈ A. For any b ∈ G, we have

[ϕσb, λr]a+b = ϕσbλr − σa+b(λr)ϕσb

= ϕσb(λr)σb − σa(σb(λr))ϕσb

= [ϕ, σb(λr)]aσb.
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Since [ϕ, σb(λr)]a ∈ Dn
q (A), [ϕσb, λr]a+b ∈ Dn

q (A). Since G is an abelian

group, we may put b = −a. Then [ϕσ−a, λr] ∈ Dn
q (A) for any r ∈ A. Hence

ϕσ−a ∈ Wq,n+1. Therefore every element in Zq,n+1 is in the span of Wq,n+1

over D0
q(A).

Definition 1.3.3. Let k be a field and A be a k-algebra generated by two

elements x and y. Any monomial of the form xj or xjyxtyl, for j, t, l ∈ Z+,

is called a special monomial.

Let k[X,X−1] be the Laurent polynomial ring over k. For any p ∈ k×

and m ∈ Z+, let [m]p =
∑m−1

i=0 pi and [−m]p = −p−m[m]p. For n ∈ Z, define

ϕp(X
n) = [n]pX

n−1. Then ϕp, ϕq ∈ Endk(k[X,X−1]), for p, q ∈ k×. Let Ap,q

be k-subalgebra of Endk(k[X,X−1]) generated by ϕp and ϕq. For n ≥ 0, let

An = {ϕ ∈ Ap,q | ϕ(Xm) ∈ kXm−n for all m ∈ Z}. Then Ap,q = ⊕n≥0An is

N-graded. The degree of ϕp and the degree of ϕq is 1.

Proposition 1.3.4. (See [JA]). The special monomials in ϕp and ϕq form

a basis for Ap,q.

Proposition 1.3.5. Let n ≥ 0, let Fn be the k-subspace spanned by the

monomials ϕipϕ
j
q with i+ j = n. Then XFn+1 ∩ An = 0.
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1.4 Quantum Weyl algebras

Let A = k[X] be the commutative polynomial ring in one variable X over the

field k and q ∈ k×. The set of all linear transformations End(A) is a k-algebra

with respect to the usual addition and composition of linear transformations.

let λX , ∂ be the operators on A such that λX(f) = Xf and ∂(f) = ∂f
∂X

, for

any f ∈ A. Then the algebra Aq1 = A〈λX , ∂ | ∂λX − qλX∂ = 1〉 generated by

λX , ∂ subject to the relation ∂λX − qλX∂ = 1, where 1 stands for the identity

operator, is a subalgebra of Endk(A) and is called the quantum Weyl algebra.

Definition 1.4.1. Let α be an automorphism of a ring R. Then the skew

polynomial ring over R is a ring A = R[X;α] such that

1. R is a subring of A,

2. X is an element of A and Xr = α(r)X for all r ∈ R,

3. A is a free left R-module with basis {1, X,X2, · · · }.

Definition 1.4.2. Let α be an automorphism of a ring R. Then the skew-

Laurent polynomial ring over R is a ring A = R[X±1;α] such that

1. R is a subring of A,

2. X is an invertible of A and Xr = α(r)X for all r ∈ R,

3. A is a free left R-module with basis {1, X±1, X±2, · · · }.
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Definition 1.4.3. Let k be a field and q ∈ k×. Then the quantum torus,

denoted by Oq((k×)2), is a k-algebra generated by X,X−1, Y, Y −1 subject to

the relation XY = qY X.

Let k[Y ±] be a Laurent polynomial ring and α be a k-algebra automor-

phism of k[Y ±] such that α(Y ) = qY . Then Oq((k×)2) = k[Y ±1][X±1;α].

As AX,AX2, · · · are nontrivial ideals of the skew polynomial ring

A = R[X;α], there is no chance for A to be simple. But for a skew-Laurent

polynomial ring B = R[X±1;α] to be simple, it has to satisfy some conditions

as given in the theorem below. We state the theorem here without proof.

For the proof, refer [GB].

Theorem 1.4.4. Let B = R[X±1;α], where α is an automorphism of R.

Then B is a simple ring if and only if R is an α-simple ring and no positive

power of α is an inner automorphism of R.

Corollary 1.4.5. Let k be a field and q ∈ k×. Then Oq((k×)2) is a simple

ring if and only if q is not a root of unity.

Proposition 1.4.6. (See [GB]). Let A = R[X,α, δ] be a skew polynomial

ring. Suppose that T is a ring, φ : R → T is a ring homomorphism and

Y ∈ T is an element such that Y φ(r) = φα(r)Y +φδ(r), for all r ∈ R. Then

there is a unique ring homomorphism ψ : A → T such that ψ |R= φ and

ψ(X) = Y .

Definition 1.4.7. Let R be a ring and S be a multiplicatively closed set in

R with unit element. Then S is said to be a left Ore set if it satisfies the
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conditions:

(i) If rs = ts for r, t ∈ R and s ∈ S, then there exists s′ ∈ S such that

s′r = s′t.

(ii) For any r ∈ R and s ∈ S, there exists r′ ∈ R, s′ ∈ S such that s′r = r′s.

Now we have the following result (see [LR]).

Theorem 1.4.8. Let A be a k-algebra and A′ be the localization of A at a

left Ore set. Then A′ ⊗A Dq(A) ∼= Dq(A
′).

Definition 1.4.9. A normal element of a ring R is any element r ∈ R such

that rR = Rr.

Definition 1.4.10. The opposite of a given ring (R,+, .) is the ring (R,+, ∗)

whose multiplication ∗ is defined by a∗ b = b.a and addition is the same. We

denote the opposite of the ring R by Ro.



Chapter 2

Differential operators on

triangular algebras

2.1 Introduction

Let Un be the algebra of upper triangular n × n matrices over a field k

of characteristic zero. In this chapter, we describe the algebra Dk(Un) of

differential operators on Un. We give generators and relations for Dk(Un).

Also we characterise all two-sided, left, right ideals and the maximal ideals

of D(Un).

16
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2.2 Differential Operators on the triangular

algebra

Let R, S be two k-algebras and B be an (R, S)-bimodule. Let

T (R,B, S) =


r b

0 s

 | r ∈ R, b ∈ B, s ∈ S
 ,

and additions, subtractions, and multiplications in T (R,B, S) are as in the

matrix algebra. Let T = T (R,B, S). By definition, We have

R→

R 0

0 0

 , S →

0 0

0 S

 .

We define the operators λr, ρr, λs, ρs, λb, ρb in D0
k(T ) as follows:

For r ∈ R, λr


x y

0 z


 =

rx ry

0 0

, ρr


x y

0 z


 =

xr 0

0 0

,

for s ∈ S, λs


x y

0 z


 =

0 0

0 sz

, ρs


x y

0 z


 =

0 ys

0 zs

,

and for b ∈ B, λb


x y

0 z


 =

0 bz

0 0

, ρb


x y

0 z


 =

0 xb

0 0

.

Proposition 2.2.1. The algebra D0
k(T ) is generated by the set

{λr, ρr}r∈R ∪ {λs, ρs}s∈S ∪ {λb, ρb}b∈B.

Proof. Follows from Lemma 1.1.2.
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Remark 2.2.2. The following relations hold:

λrρr = ρrλr; λrλs = λsλr = 0;

λrρs = ρsλr on B; λrρs = ρsλr = 0 on R⊕ S;

λrρb = ρbλr on R; λrρb = ρbλr = 0 on B ⊕ S;

λrλb = λrb; ρrλs = 0 = λsρr;

λsρs = ρsλs; λsλb = 0;

ρrρs = ρsρr = 0; ρrλb = λbρr = 0;

ρrρb = ρbρr = 0; λsρs = ρsλs;

λsλb = λbλs = 0; λsρb = 0;

ρsλb = λbρs on S; ρsλb = λbρs = 0 on R⊕B;

ρsρb = ρbs; ρbρs = 0;

λbρb′ = 0 = ρb′λb.

Notations 2.2.1. By t = (r, b, s) ∈ T we mean the element t =

r b

0 s

.

For any k-algebra A, by Derk(A) we mean the k-vector space of derivations

on A.

Lemma 2.2.3. For ϕ ∈ Hom(T, T ), let ϕ(t) = (ϕ1(t), ϕ2(t), ϕ3(t)) where

t = (r, b, s) ∈ T . Then ϕ ∈ Derk(T ) if and only if

ϕ1(t1t2) = ϕ1(t1)r2 + r1ϕ1(t2),

ϕ2(t1t2) = ϕ1(t1)b2 + r1ϕ2(t2) + ϕ2(t1)s2 + b1ϕ3(t2),

ϕ3(t1t2) = ϕ3(t1)s2 + s1ϕ3(t2)

for every t1 = (r1, b1, s1), t2 = (r2, b2, s2) ∈ T .
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Proof.

ϕ(t1t2) =

ϕ1(t1t2) ϕ2(t1t2)

0 ϕ3(t1t2)


and we have, t1ϕ(t2) + ϕ(t1)t2

=

r1 b1

0 s1


ϕ1(t2) ϕ2(t2)

0 ϕ3(t2)

+

ϕ1(t1) ϕ2(t1)

0 ϕ3(t1)


r2 b2

0 s2



=

r1ϕ1(t2) + ϕ1(t1)r2 r1ϕ2(t2) + b1ϕ3(t2) + ϕ1(t1)b2 + ϕ2(t1)s2

0 s1ϕ3(t2) + ϕ3(t1)s2

 .

Hence the lemma.

Remark 2.2.4. • Let ψ ∈ Derk(R) (respectively, ψ ∈ Derk(S)). If the

image of ψ is contained in the annihilator of B as a left R-module

(respectively, as a right S-module), then ψ can be extended to a k-

linear derivation on T denoted by ψ defined as ψ(r, b, s) = (ψ(r), 0, 0)

(respectively, ψ(r, b, s) = (0, 0, ψ(s))) for (r, b, s) ∈ T .

• Let ψ ∈ HomR⊗So(B,B); that is, ψ be (R, S)-linear map on B. Then,

ψ ∈ Derk(T ) where ψ(r, b, s) = (0, ψ(b), 0) for (r, b, s) ∈ T .
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Notations 2.2.2. Any ϕ ∈ Hom(T, T ) can be viewed as a matrix ϕ =

(ϕi,j)1≤i,j≤3 written

ϕ =

R B S

R

B

S


ϕ1,1 ϕ1,2 ϕ1,3

ϕ2,1 ϕ2,2 ϕ2,3

ϕ3,1 ϕ3,2 ϕ3,3


where

ϕ1,1 ∈ Hom(R,R), ϕ1,2 ∈ Hom(B,R), . . . , ϕ3,3 ∈ Hom(S, S).

The algebra D(R) is the algebra of differential operators on R (here R is a

left R-module); the algebra D(S) is the algebra of differential operators on S

where S is a left S-module; the algebra D(B,B) is the algebra of differential

operators on the left R-module B; the left R-module D(R,B) is the left

module of differential operators from R to B both viewed as left R-modules.

Let A be the (R, S) bimodule generated by the set {ηλbξ | η ∈ D(B,B), b ∈

B, ξ ∈ D(S)}.

Proposition 2.2.5. When ϕ ∈ D(T ), ϕ1,2 = ϕ1,3 = ϕ3,1 = ϕ3,2 = 0.

Proof. Let W be the algebra of homomorphisms ϕ ∈ Hom(T, T ) with ϕ1,2

= ϕ1,3 = ϕ3,1 = ϕ3,2 = 0. It is enough to show that if [ϕ, t] ∈ W for all t ∈ T ,

then ϕ ∈ W . If [ϕ, r] ∈ A for every r ∈ R, then ϕ1,3 = ϕ3,1 = ϕ3,2 = 0.

Further, if [ϕ, b] ∈ W , then ϕ1,2λb : S → S is the zero map for every b ∈ B.

Thus, ϕ1,2λb(1) = ϕ1,2(b) = 0 for every b ∈ B. That is, ϕ1,2 = 0.
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Proposition 2.2.6. (1) ϕ =


0 0 0

0 0 ϕ2,3

0 0 0

 ∈ D(T ) if and only if ϕ2,3 ∈ A.

(2) We have the following inclusions:

D(R) ↪→ D(T ) as left R-modules; D(S) ↪→ D(T ) as left S-modules;

ϕ1,1 7→


ϕ1,1 0 0

0 0 0

0 0 0

 ϕ3,3 7→


0 0 0

0 0 0

0 0 ϕ3,3


D(B,B) ↪→ D(T ) as left R-modules; D(R,B) ↪→ D(T ) as left R-modules;

ϕ2,2 7→


0 0 0

0 ϕ2,2 0

0 0 0

 ϕ1,2 7→


0 0 0

ϕ1,2 0 0

0 0 0


where for any b ∈ B, ϕ2,2λb − λbϕ3,3 ∈ A.

Proof. We first note the following commutators for r ∈ R, s ∈ S:

[ϕ, r] =


[ϕ1,1, r] 0 0

[ϕ2,1, r] [ϕ2,2, r] −rϕ2,3

0 0 0

 ; [ϕ, s] =


0 0 0

0 0 ϕ2,3s

0 0 [ϕ3,3, s]

 ;

(2.2.0.1)

[ϕ, b] =


0 0 0

0 0 ϕ2,2λb − λbϕ3,3

0 0 0

 .
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For item (1), note that for ϕ ∈ D0(T ), since D0(T ) is generated by multiplica-

tion morphisms, we have ϕ2,3 =
∑
ηiλbiξi for ηi ∈ D0(R), bi ∈ B, ξi ∈ D0(S).

For general n ≥ 0, we need to see that if ϕ ∈ Dn(T ) then ϕ2,3 ∈ A with

ϕ2,3 =
∑

i ηiλbiξi for ηi ∈ Dp(R), ξi ∈ Dq(S), p + q ≤ n. This follows from

the commutator relations (2.2.0.1).

Theorem 2.2.7. ϕ ∈ Dn(T ) if and only if ϕ1,1 ∈ Dn(R), ϕ2,2 ∈ Dn(B,B),

ϕ3,3 ∈ Dn(S), ϕ2,1 ∈ Dn(R,B), and ϕ2,3 ∈ A such that ϕ2,3 =
∑

i ηiλbiξi for

ηi ∈ Dp(R), ξi ∈ Dq(S), p+ q ≤ n.

Proof. By Proposition 2.2.6 it is enough to show that if ϕ ∈ Dn(T ) then the

ϕi,j have the stated properties. We see this by induction on n ≥ 0, with

n = 0 being the base case and using commutator equations (2.2.0.1). For

general n it is enough to note that if for every s ∈ S, ϕ2,3s =
∑
ηiλbiξi for

some ηi, bi, ξi dependent on s, with ηi ∈ Dn−1(B,B), bi ∈ B, ξi ∈ Dn−1(S)

then for s = 1 we have ϕ2,3 =
∑
ηiλbiξi for some fixed ηi, bi, ξi.
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2.3 Differential Operators on the algebra of

upper triangular matrices

The algebra Un(k) is finite dimensional with basis {Eij}1≤i≤j≤n consisting of

upper elementary matrices. For 1 ≤ i ≤ l ≤ n and 1 ≤ j ≤ m ≤ n, let Ejm
il

be the linear map on Un(k) defined by

Ejm
il (Eef ) =


Eil, if (e, f) = (j,m)

0, if (e, f) 6= (j,m)

where 1 ≤ e ≤ f ≤ n.

That is, Ejm
il is the linear map on Un(k) which takes basis vector Ejm to

Eil and every other basis vector to 0.

Let a = (aef )n×n ∈ Un(k). Then, for e > f , aef = 0. As a=
∑

1≤e≤f≤n
aefEef ,

we have Ejm
il (a) =ajmEil.

Now consider

Ejm
il (a) = ajmEil

= EjmaEil

= λEijρEml(a)

Hence Ejm
il = λEijρEml ∈ D0

k(Un(k)), for 1 ≤ i ≤ j ≤ m ≤ l ≤ n.
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Theorem 2.3.1. Every differential operator on Un(k) is inner and is a linear

combination of {Ejm
il }1≤i≤j≤m≤l. That is,

Dk(Un(k)) = D0
k(Un(k)) = Span{Ejm

il | 1 ≤ i ≤ j ≤ m ≤ l ≤ n}.

Proof. Since D0
k(Un(k)) is generated by left and right multiplication homo-

morphisms, the second equality fallows.

We show that D1
k(Un(k)) ⊂ Span{Ejm

il | 1 ≤ i ≤ j ≤ m ≤ l ≤ n}.

Suppose ϕ ∈ Hom(Un(k), Un(k)) is such that [ϕ,Eij] ∈ D0
k(Un(k)) and

suppose ϕ /∈ Span{Ejm
il | 1 ≤ i ≤ j ≤ m ≤ l ≤ n}. Write ϕ =

∑
αjmil E

jm
il

for αjmil ∈ k.

Case αjmil 6= 0 for some i > j: In this case, [ϕ,Ejj] ∈ D0
k(Un(k)) has a

non-zero summand αjmil E
jm
il with i > j which is a contradiction.

Case αjmil 6= 0 for some l < m: Here, in case i < j, [ϕ,Eii] ∈ D0
k(Un(k))

has a non-zero summand αjmil E
jm
il with l < m. Hence, assume that i = j.

This gives rise to two subcases. When i = l < m, we see that [ϕ,Eij] has a

non-zero summand αimii E
mm
ii . Lastly, if i < l < m, then [ϕ,Eil] has a non-zero

summand αimil E
lm
il .

All these contradictions show that ϕ ∈ D1
k(Un(k)) implies that ϕ ∈

D0
k(Un(k)). We have thus proved the theorem.
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Lemma 2.3.2.

Ejm
il E

j′m′

i′l′ =


Ej′m′

il , if (j,m) = (i′, l′),

0, if (j,m) 6= (i′, l′).

Proof. Let 0 6= a = (aef ) ∈ Un(k), then we have a =
∑

1≤e≤f≤n
aefEef .

If (j,m) = (i′, l′), then

Ejm
il E

j′m′

i′l′ (a) = Ejm
il E

j′m′

jm (a)

= Ejm
il (aj′m′Ejm)

= aj′m′Eil

= Ej′m′

il (a)

Now suppose (j,m) 6= (i′, l′), then

Ejm
il E

j′m′

i′l′ (a) = Ejm
il (aj′m′Ei′l′) = aj′m′E

jm
il (Ei′l′) = 0.

Remark 2.3.3. 1. We have λ2Eij = 0 when i 6= j, it shows that D(U) is

not a domain.

2. Unlike most other finite dimensional cases, the algebra of differential

operators, D(U), is not simple. In fact, we describe all the proper ideals

of D(U) in the following section.
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2.4 Ideals of D(Un)

Lemma 2.4.1. Let I be a two-sided ideal of D(U) and
∑
ajmil E

jm
il ∈ I. If

ajmil 6= 0, then Ejm
il ∈ I.

Proof. Suppose
∑
ajmil E

jm
il ∈ I and aurts 6= 0. Now Ets

ts

∑
ajmil E

jm
il

=
∑
ajmts E

jm
ts ∈ I. Again consider (

∑
ajmts E

jm
ts )Eur

ur = aurtsE
ur
ts ∈ I.

Proposition 2.4.2. The left or right ideal of D(U) generated by the set

{Eij
ij |1 ≤ i ≤ j ≤ n} is D(U).

Proof. For any 1 ≤ i ≤ j ≤ m ≤ l ≤ n, we have Ejm
il = Eil

ilE
jm
il and

Ejm
il = Ejm

il E
jm
jm .

Corollary 2.4.3. Any two sided ideal of D(U) generated by the set {Eij
ij |1 ≤

i ≤ j ≤ n} is D(U).

Proposition 2.4.4. Fix t, u such that 1 ≤ t ≤ u ≤ n and let S be a subset

of {Ejm
il | 1 ≤ i ≤ j ≤ m ≤ l ≤ n} not containing Etu

tu . Then the two sided

ideal generated by S is a proper ideal.

Proof. We have

Ejm
il E

j′m′

i′l′ =


Ej′m′

il , if (j,m) = (i′, l′)

0, otherwise

In other words, Etu
tu = Ej1m1

tu Ej2m2

j1m1
· · ·Etu

jrmr if and only if

(j1,m1) = (j2,m2) = . . . = (jr,mr) = (t, u). That is,
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Ej1m1
tu = Ej2m2

j1m1
= Ej3m3

j2m2
= . . . = Etu

jrmr = Etu
tu . Now, let I be the two-sided

ideal generated by S. Suppose Etu
tu ∈ I, Then

Etu
tu =

∑
1≤i≤j≤m≤l≤n

a(i,j,m,l)E
jm
il

for some Ejm
il expressed as products of elements from S. But the set {Ejm

il |

1 ≤ i ≤ j ≤ m ≤ l ≤ n} is linearly independent. Thus, Etu
tu can be expressed

as a product of elements from S. The only way this can happen is that

Etu
tu ∈ S, which contradicts the hypothesis. Hence I is proper two-sided

ideal.

Now we shall give characterization for left ideals of D(U).

Remark 2.4.5. Suppose I is a left ideal of D(U) and
∑

(i,j,m,l) a
jm
il E

jm
il ∈ I,

then for any fixed (i, l) we see that

∑
(j,m)

ajmil E
jm
il = Eil

il(
∑

(i,j,m,l)

ajmil E
jm
il ) ∈ I.

Lemma 2.4.6. If I is a maximal left ideal of D(U) and
∑

(ijml) a
jm
il E

jm
il ∈ I,

then Ejm
il ∈ I for ajmil 6= 0.

Proof. Let I be a maximal ideal and
∑

(ijml) a
jm
il E

jm
il ∈ I. By Remark 2.4.5

we may assume that ϕ =
∑r

s=1 asE
jsms
il ∈ I for some fixed (i, l) and as 6= 0

for all s and distinct Ejsms
jsms

. We want to prove that every Ejsms
il ∈ I.

If r = 1, then Ej1m1

il ∈ I. So assume that r ≥ 2. If Ejsms
jsms

∈ I for any

s, 1 ≤ s ≤ r, then ϕEjsms
jsms

= asE
jsms
il ∈ I and ϕ − asEjsms

il ∈ I with fewer

terms, and proceed by induction on r.
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Now assume that Ejsms
js,ms

/∈ I for any s, 1 ≤ s ≤ r. Since r ≥ 2, we may

assume that i < j1 or l > m1. Suppose Ej1m1

il /∈ I.

Then by maximality of I, we have D(U) = I + D(U)Ej1m1

il . Therefore,

Ej1m1

j1m1
= η+ψEj1m1

il for some η ∈ I and ψ ∈ D(U). Since i < j1 or m1 < l, we

have Ej1m1

j1m1
/∈ D(U)Ej1m1

il . Thus, (Ej1m1

j1m1
−ψEj1m1

il ) = η ∈ I with η 6= 0. Now

note that Ej1m1

j1m1
= Ej1m1

j1m1
η ∈ I, which contradicts our assumption. Therefore,

Ej1m1

il ∈ I. Thus, ϕ − a1Ej1m1

il has fewer than r terms and now we proceed

by induction on r.

Notations 2.4.1. For 1 ≤ t ≤ u ≤ n, let Stu be the left ideal generated by

the set {Eij
ij , E

tu
(t−1)u, E

tu
t(u+1) | 1 ≤ i ≤ j ≤ n, (i, j) 6= (t, u)}.

Theorem 2.4.7. Fix t, u, where 1 < t ≤ u < n. Then {Stu | 1 ≤ t ≤ u ≤ n}

is the set of all maximal left ideal of D(U). Hence we have n(n+1)
2

distinct

maximal left ideals.

Proof. It is clear that Stu is a proper left ideal of D(U) and we have Etu
tu /∈ Stu.

Now we show that Stu is a maximal left ideal. Consider the pair (j,m)

where (j,m) 6= (t, u). Then Ejm
il = Ejm

il E
jm
jm ∈ Stu for i ≤ j and l ≥ m.

Similar arguments show that Etu
il ∈ Stu for (i, l) 6= (t, u), i ≤ t and l ≥ u.

In other words, Stu is of codimension 1 in D(U). Hence it is a maximal left

ideal.

Now suppose that I is any maximal left ideal. Then by Lemma 2.4.6 we

see that I contains the basic vectors Ejm
il whenever

∑
(ijml),ajmil 6=0 a

jm
il E

jm
il ∈ I.

In other words, I ⊂ Stu for some t, u, 1 ≤ t, u ≤ n. Since I is maximal,
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I = Stu. We have thus proved the theorem.

Let S be the collection of subspaces of D(U). Let Il, Ir and I be the

collection of left, right and two-sided ideals of D(U) respectively.

Theorem 2.4.8. (a) Let Φl : Il −→ S, Φl(I) = I, be the inclusion map.

Then

Φl(I) = {W ∈ S | if Ejm
il ∈ W, then Ejm

i′l′ ∈ W for 1 ≤ i′ ≤ j ≤ m ≤ l′ ≤ n}.

(b) Let Φr : Ir −→ S, Φl(I) = I, be the inclusion map. Then

Φr(I) = {W ∈ S | if Ejm
il ∈ W, then Ej′m′

il ∈ W for 1 ≤ i ≤ j′ ≤ m′ ≤ l ≤ n}.

(c) Let Φl : I −→ S, Φl(I) = I, be the inclusion map. Then Φ(I) = {W ∈

S | if Ejm
il ∈ W, then Ej′m′

il , Ejm
i′l′ ∈ W for 1 ≤ i′ ≤ j ≤ m ≤ l′ ≤ n and

1 ≤ j ≤ j′ ≤ m′ ≤ m ≤ n}.

Proof. Suppose W ∈ Il. Then, for Eil
i′l′ ∈ Dk(U) and Ejm

il ∈ W , Eil
i′l′E

jm
il =

Ejm
i′l′ ∈ W . Hence W ∈ Φl(Il). Conversely, suppose W ∈ S such that,

whenever Ejm
il ∈ W , we have Ejm

i′l′ ∈ W , for all 1 ≤ i′ ≤ j ≤ m ≤ l′ ≤ n.

Then clearly it is a left ideal. Similar arguments hold for Φr and Φ.



Chapter 3

Quantum Differential

Operators on k[X±1]

3.1 Introduction

Let k be a field extension over the field Q of rational numbers and q ∈ k be

a transcendental over Q. In this chapter, we define the algebra of quantum

differential operators Dq(k[X]) on k[X] with respect to q. We follow, [UD],

[JA], [LR], to give generators and relations. Apart from the basis given in

[UD], we give another basis. By [LR], the quantum differential operators on

k[X] can be extended to the quantum differential operators on k[X,X−1]. We

show thatDq(k[X,X−1]) is isomorphic to its opposite algebraDq(k[X,X−1])o

by giving an isomorphism.

30
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3.2 Generators for the algebra of quantum

differential operators on k[X ]

For any n ∈ N and m ∈ k×, we define [n]m = 1 + m + m2 + · · · + mn−1. If

m 6= 1 then [n]m = mn−1
m−1 and if m = 1 then [n]m = n.

Let A = k[X] be the k-algebra of polynomials in the variable X. Then

the algebra A is a Z-graded ring with deg(X) = 1. The map β: Z×Z→ k×

defined by β(n,m) = qnm is a bicharacter. For each i ∈ Z, define ∂β
i

by

∂β
i
(Xn) = [n]qiX

n−1, then ∂β
i

is a graded homomorphism from A to A. For

i ∈ Z, we write ∂i for ∂β
i

and for i = 0, ∂0 = ∂, the usual derivative.

Lemma 3.2.1. Suppose ϕ ∈ Dq(A) is a homogeneous element. If [ϕ,X] ∈

Dn
q (A), then ϕ ∈ Wq,n+1.

Proof. We have [ϕ,Xm] = [ϕ,X]Xm−1 + X[ϕ,Xm−1] for any m > 0. In-

ductively, we have that if [ϕ,X] ∈ Dn
q (A) then [ϕ,Xm−1] ∈ Dn

q (A). Hence

[ϕ,Xm] ∈ Dn
q (A). Therefore for any r ∈ A, [ϕ, r] ∈ Dn

q (A). By Corollary

1.3.2, ϕ ∈ Wq,n+1.

Lemma 3.2.2. For ϕ ∈ Dq(A), ∃ i1, i2, · · · , in ∈ Z, for some n > 0, such

that

[· · · [[ϕ,X]i1 , X]i2 , · · · , X]in = 0.

Proof. If ϕ ∈ Dm
q , then

ϕ = ϕ1 + ϕ2 + · · ·+ ϕl
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for homogeneous ϕj ∈ Zq,m. To each ϕj, there exists bj ∈ Z such that

[ϕj, X]bj ∈ Dm−1
q (A). Hence,

[· · · [[ϕ,X]b1 , X]b2 , · · · , X]bm ∈ Dm−1
q (A)

Therefore by induction, [· · · [[ϕ,X]i1 , X]i2 , · · · , X]in = 0.

Lemma 3.2.3. For any i ∈ Z, the operator ∂i is in D1
q(A).

Proof. To prove this lemma, we shall show that [∂i, X] ∈ D0
q(A). Form ∈ Z+,

consider,

[∂i, X](Xm) = ∂i(X
m+1)−X∂i(Xm)

= [m]qiX
m −X[m− 1]qiX

m−1

= qimXm

= β(i,m)Xm

= σi(X
m)

Therefore, for any r ∈ A, we have [∂i, X](r) = σi(r). Hence

[∂i, X] = σi ∈ D0
q(A).

For m ∈ Z+, consider the free module Zm of rank m. For any

I = (i1, i2, · · · , im) ∈ Zn, we define ∂I = ∂i1∂i2 · · · ∂im . Here we write | I |= m.

Corollary 3.2.4. For any n ≥ m, we have ∂I ∈ Dn
q (A).

Proof. We know that Dr
q(A)Ds

q(A) ⊆ Dr+s
q (A) and ∂ij ∈ D1

q(A), ∀i1, · · · , im.

Hence ∂I ∈ Dn
q (A).
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Lemma 3.2.5. For ϕ1, ϕ2 ∈ Dq(A) and i ∈ Z, We have

[[ϕ1, ϕ2]i, X] = [[ϕ1, X], ϕ2]i + ϕ1[ϕ2, X]− [σi(ϕ2), X]ϕ1.

Proof. Since [[ϕ1, ϕ2]i, X] = (ϕ1ϕ2 − σi(ϕ2)ϕ1)X −X(ϕ1ϕ2 − σi(ϕ2)ϕ1) and

[σi(ϕ2), X]ϕ1 = σi(ϕ2)Xϕ1 −Xσi(ϕ2)ϕ1. Therefore we have,

[[ϕ1, ϕ2]i, X] + [σi(ϕ2), X]ϕ1 = ϕ1ϕ2X − σi(ϕ2)ϕ1X −Xϕ1ϕ2 +Xσi(ϕ2)ϕ1

+σi(ϕ2)Xϕ1 −Xσi(ϕ2)ϕ1

= ϕ1ϕ2X − σi(ϕ2)ϕ1X −Xϕ1ϕ2 + σi(ϕ2)Xϕ1

And as [[ϕ1, X], ϕ2]i = (ϕ1X−Xϕ1)ϕ2−σi(ϕ2)(ϕ1X−Xϕ1), and ϕ1[ϕ2, X] =

ϕ1(ϕ2X −Xϕ2). We have

[[ϕ1, X], ϕ2]i + ϕ1[ϕ2, X] = ϕ1Xϕ2 −Xϕ1ϕ2 − σi(ϕ2)ϕ1X

+σi(ϕ2)Xϕ1 + ϕ1ϕ2X − ϕ1Xϕ2

= −Xϕ1ϕ2 − σi(ϕ2)ϕ1X + σi(ϕ2)Xϕ1 + ϕ1ϕ2X.

Hence [[ϕ1, ϕ2]i, X] + [σi(ϕ2), X]ϕ1 = [[ϕ1, X], ϕ2]i + ϕ1[ϕ2, X].

Lemma 3.2.6. Let P be a quantum differential operator in ∂i’s, i ∈ Z. For

any j ∈ Z, there exists a quantum differential operator Q in ∂i’s, i ∈ Z such

that [Q,X] = Pσj.

Proof. First we prove this lemma when P is a monomial in ∂i’s. Suppose

that
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P = ∂in∂in−1 · · · ∂i2∂i1 . We shall prove the lemma by induction on n.

For n = 1, we have P = 1. Now, take Q = ∂j. Then we have

[Q,X] = σj = Pσj.

Now, let us suppose the statement holds for monomials of degree n− 1.

Let

S1 = ∂in∂in−1 · · · ∂i2 ,

Sr = ∂ir−1∂ir−2 · · · ∂1∂n∂n−1 · · · ∂ir+1 for 2 ≤ r ≤ n− 1,

Sn = ∂in−1∂in−2 · · · ∂i1 .

For any r, 1 ≤ r ≤ n, Sr∂ir is a monomial formed by P with a cyclic per-

mutation of ir’s. We have P = S1∂i1 = ∂inSn, and for 1 < r < n, we have

Sr∂ir = ∂ir−1Sr−1.

For s1, s2, · · · , sn ∈ Z , we have

[S1, ∂i1 ]s1 + q−s1 [S2, ∂i2 ]s2 + q−s1−s2 [S3, ∂i3 ]s3 +

· · ·+ q−s1−···−sn−1 [Sn, ∂in ]sn = S1∂i1 − q−
∑n
i=1 si∂inSn

= (1− q−
∑n
i=1 si)P.

Since each Sr, for 1 ≤ r ≤ n, is of degree n, by the induction hypothesis, there

exists homogeneous monomial Tr in ∂i’s of degree n such that [Tr, X] = Srσj

for some j. Now for r, 1 ≤ r ≤ n, let sr = −nir. Consider Tr[∂ir , X]. We

know that Tr[∂ir , X] = Trσir . Since Trσir = qnirσirTr, we have

Tr[∂ir , X] = [σ−nir(∂ir), X]Tr. That is

Tr[∂ir , X]− [σsr(∂ir), X]Tr = 0.
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From this and from Lemma 3.2.5, we get

[[Tr, ∂ir ]sr , X] = [Srσj, ∂ir ]sr

LetQ′ = [T1, ∂i1 ]s1+q
−s1 [T2, ∂i2 ]s2+q

−s1−s2 [T3, ∂i3 ]s3+· · ·+q−(s1+···+sn−1)[Tn, ∂in ]sn .

Then,

[Q′, X] = [S1σj, ∂i1 ]s1 + q−s1 [S2σj, ∂i2 ]s2 + q−(s1+s2)[S3σj, ∂i3 ]s3 + · · ·

+ q−(s1+···+sn−1)[Snσj, ∂in ]sn .

But [Srσj, ∂ir ]sr = q−j[Sr, ∂ir ]sr−jσj, therefore

[Q′, X] = q−j([S1, ∂i1 ]s1−j + q−s1 [S2, ∂i2 ]s2−j + q−(s1+s2)[S3, ∂i3 ]s3−j + · · ·

+ q−(s1+···+sn−1)[Sn, ∂in ]sn−j)σj,

which is equal to q−j(1− q−
∑

(sr−j))Pσj.

We choose sr so that
∑
sr = −n

∑
ir. So −

∑
(sr − j) = n(j +

∑
ir).

We show that if j = −
∑n

i=1 ir then every ir = 0. Suppose j = −
∑n

r=1 ir

and in 6= 0. Put P ′ = ∂−in∂in−1 · · · ∂i2∂i1 . By (3.2.1), ∂in = σin∂−in . Thus we

have

Pσj = σin∂−in∂in−1 · · · ∂i2∂i1σj = cP ′σin+j

for some non zero constant c. If [Q′, X] = P ′σin+j then [cQ′, X] = Pσj. Since

in > 0, we have −(−in + in−1 + · · ·+ i1) = 2in −
∑
ir 6= in + j.

By assumption on j, either all ir = 0 or c = q−j(1−qn(j+
∑
ir)) is non-zero.

Case(1) If some ir 6= 0, then [c−1Q′, X] = P .
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Case(2) If ir = 0, then P = ∂n. In this case, Q = 1
n+1

∂n+1.

Let P = m1 +m2 + · · ·+ms and, for r, 1 ≤ r ≤ s, mr be a monomial in

{∂i | i ∈ Z}. Then there exists differential operators Mr such that

[Mr, X] = mrσj. Let Q = M1 + M2 + · · · + Ms . Then [Q,X] = Pσj.

Therefore the result holds for n = 0.

Corollary 3.2.7. For any f ∈ A, we have [fQ,X] = fPσj.

Recall that, for I ∈ Zm, we write | I |= m, for m ∈ N.

Theorem 3.2.8. The k-algebra Dq(A) is generated by the set {λX = X, ∂−1, ∂, ∂1}.

Proof. Let R0 be the k-module generated by {σi | i ∈ Z} and, for n ∈ N, Rn

be the k-module generated by {∂Iσi | | I |≤ n and i ∈ Z}. Let R = ∪n≥0Rn.

For 1 ≤ r ≤ m, we have σi∂ir = q−i∂irσi. So that we have σi∂I = q−i|I|∂Iσi.

And also, from Lemma 1.3.2, D0
q(A) is a k-algebra generated by {λrρsσa |

a ∈ Z and r, s ∈ A}. Therefore, we have D0
qRnD

0
q = ARnA.

To prove this theorem, we show that ARnA = Dn
q .

We shall prove this by induction on n. Since R0 = k < σi | i ∈ Z >, we have

AR0A = D0
q . Therefore it is clear for n = 1.

Assume that the induction hypothesis upto n−1, that is ARn−1A = Dn−1
q .

By Corollary 3.2.4, we have ∂I ∈ Dn
q , therefore Rn ⊂ Dn

q . So, we have to

show that Dn
q ⊂ ARnA. From Corollary 1.3.2, we have Dn

q = D0
qWq,nD

0
q .

Since Dn
q = D0

qWq,nD
0
q and ARnA = D0

qRnD
0
q , it is enough to show that
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Wq,n ⊆ ARnA.

Let ϕ ∈ Wq,n. Then [ϕ,X] ∈ Dn−1
q = ARn−1A. Therefore [ϕ,X] =∑

fjPjσbjgj where fj, gj ∈ A,Pj = ∂Ij with | Ij |≤ n− 1, and bj ∈ Z.

From Lemma 3.2.6, there is Qj ∈ Rn such that [Qj, X] = Pjσbj . Put Q =∑
fjQjgj. Then Q ∈ ARnA. Since fjX = Xfj and gjX = Xgj,

[Q,X] = QX −XQ

=
∑

fj[QjX −XQj]gj

=
∑

fj[Qj, X]gj

=
∑

fjPjσbjgj.

Hence [ϕ−Q,X] = [ϕ,X]−[Q,X] = 0, so that ϕ−Q = µ ∈ D0
q ⊂ ARnA.

Hence, ϕ = Q+ µ, and so ϕ ∈ ARnA.

Therefore R = ∪Rn generates Dq(A) over A. By the construction of Rn,

it is clear that R is generated as a k-algebra by {∂i | i ∈ Z} ∪ {σi | i ∈ Z}.

For any positive integer i, we have ∂i(X
n) = [n]qiX

n−1. Therefore,

∂i = (
1− q
1− qi

)∂1[1 + σ1 + · · ·+ σi−1]

∂−i = (
1− q

1− q−i
)∂−1[1 + σ−1 + · · ·+ σ1−i]

Hence, each ∂i ∈ spank ({σi | i ∈ Z} ∪ {∂−1, ∂, ∂1}).

And also σ−1 = ∂−1X −X∂−1, σ0 = 1 = ∂X −X∂ and σ1 = ∂1X −X∂1.

For any positive integer i, σ−i = (σ−1)
i and σi = (σ1)

i. Hence, each σi is

generated by X, ∂−1, ∂, ∂1 over k.
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3.3 Relations

In this section we give full set of defining relations for Dq(A), for A = k[X].

For a ∈ {−1, 0, 1}, we have

∂aX − qaX∂a = 1 (3.3.0.1)

and for any a, b ∈ {−1, 0, 1}, a 6= b, we have

∂aX∂b = ∂bX∂a, (3.3.0.2)

∂−1∂1 = q∂1∂−1. (3.3.0.3)

We shall show that these relations form a full set of defining relations for

Dq(A). Let E be the k-algebra generated by {λX = X, ∂1, ∂, ∂−1} and I be

the two sided ideal generated by {∂aX−qaX∂a−1, ∂aX∂b−∂bX∂a, ∂−1∂1−

q∂1∂−1 | a, b ∈ {−1, 0, 1}}. Let Ē be the quotient E/I. Then there exists

a surjective homomorphism θ : Ē → Dq(A). We shall show that this θ is an

isomorphism.

Lemma 3.3.1. For a, b ∈ {1, 0, − 1}, we have the following relations in

Dq(A) as well as in Ē.

X(qa∂a∂b − qb∂b∂a) = ∂a − ∂b. (3.3.0.4)

(qa∂a∂b − qb∂b∂a)X = qa∂a − qb∂b. (3.3.0.5)

∂aX
n − qanXn∂a = [n]qaX

n−1. (3.3.0.6)

∂aX − qanX∂na = [n]qa∂
n−1. (3.3.0.7)
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(q − 1)X∂1∂−1 = ∂1 − ∂−1. (3.3.0.8)

q∂1 − ∂−1 = (q − 1)∂1X∂−1. (3.3.0.9)

(q − 1)∂1∂−1X = q∂1 − q−1∂−1. (3.3.0.10)

Proof. We will prove (3.3.0.4), (3.3.0.5) by using (3.3.0.2) and (3.3.0.1). To

prove (3.3.0.4), consider

X(qa∂a∂b − qb∂b∂a) = (qaX∂a)∂b − (qbX∂b)∂a

= (∂aX − 1)∂b − (∂bX − 1)∂a

= ∂aX∂b − ∂b − ∂bX∂a + ∂a

= ∂a − ∂b.

To prove (3.3.0.5), consider

(qa∂a∂b − qb∂b∂a)X = qa∂a(∂bX)− qb∂b(∂aX)

= qa∂a(1 + qbX∂b)− qb∂b(1 + qaX∂a)

= qa∂a − qb∂b.

We prove (3.3.0.6) by induction on n. From (3.3.0.1), we have ∂aX = 1 +

qaX∂a, therefore it is true for n = 1. Suppose that this is true for r, 1 ≤ r ≤

n− 1. Therefore, for r = n− 1, we have ∂aX
n−1 − qa(n−1)Xn−1∂a

= [n− 1]qaX
n−2. Now we will prove it for r = n. We have

∂aX
n−1 − qa(n−1)Xn−1∂a = [n− 1]qaX

n−2.
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Multiplying the above equation with X from the right side,

∂aX
n − qa(n−1)Xn−1∂aX = [n− 1]qaX

n−1.

Since ∂aX = 1 + qaX∂a, ∂aX
n − qa(n−1)Xn−1(1 + qaX∂a) = [n − 1]qaX

n−1.

which implies, ∂aX
n − qanXn∂a = qa(n−1)Xn−1 + [n− 1]qaX

n−1.

Therefore,

∂aX
n − qanXn∂a = [n]qaX

n−1.

Similarly, (3.3.0.7).

From (3.3.0.4), for a = 1, b = −1, X(q∂1∂−1 − q−1∂−1∂1) = ∂1 − ∂−1 and

from (3.3.0.3), ∂−1∂1 = q∂1∂−1. Therefore we have

(q − 1)X∂1∂−1 = ∂1∂−1, which is (3.3.0.8).

To prove (3.3.0.9), consider (q−1)∂1X∂−1. But ∂1X = 1+qX∂1 from (3.3.0.1)

for a = 1, therefore (q − 1)∂1X∂−1 = (q − 1)(1 + qX∂1)∂−1 = (q − 1)∂−1 +

q(q − 1)X∂1∂−1. And from (3.3.0.8), we have (q − 1)X∂1∂−1 = ∂1 − ∂−1,

hence q∂1 − ∂−1 = (q − 1)∂1X∂−1.

From (3.3.0.5), for a = 1, b = −1, (q∂1∂−1 − q−1∂−1∂1)X = q∂1 − q−1∂−1

and from (3.3.0.3), ∂−1∂1 = q∂1∂−1. Hence (q − 1)∂1∂−1X = q∂1 − q−1∂−1,

which is (3.3.0.10).

Proposition 3.3.2. If ∂aX − qaX∂a = 1, ∂aX∂b = ∂bX∂a,

q∂1 − ∂−1 = (q − 1)∂1X∂−1, for a, b ∈ {−1, 0, 1}, then ∂−1∂1 = q∂1∂−1.

Proof. From (3.3.0.9), ∂−1 = q∂1−(q−1)∂1X∂−1 and from (3.3.0.2), ∂−1X∂1 =

∂1X∂−1 for a = −1, b = 1. Therefore ∂−1 = q∂1 − (q − 1)∂−1X∂1. From
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(3.3.0.1), for a = −1, we have ∂−1X = 1 + q−1X∂−1. And by substituting

this in ∂−1 = q∂1 − (q − 1)∂−1X∂1, we get

∂−1 = (1 + (q−1 − 1)X∂−1)∂1 (3.3.0.11)

Then, multiplying with ∂1 from left side and applying (3.3.0.2), with a = 1

and b = −1,

∂1∂−1 = (∂1 + (q−1 − 1)∂1X∂−1)∂1 = (1 + (q−1 − 1)∂−1X)∂21 . (3.3.0.12)

Now apply (3.3.0.1) with a = −1 and (3.3.0.11), to get (3.3.0.3).

In this proposition, we derived the relation (3.3.0.3) by using the rela-

tions (3.3.0.1), (3.3.0.2) and (3.3.0.9). Therefore we can replace (3.3.0.3) by

(3.3.0.9).

Let χa = 1 + (qa − 1)X∂a for a = 1, − 1.

χa = 1 + (qa − 1)X∂a

= ∂aX −X∂a (by (3.3.0.1))

= ∂aX + q−a(1− ∂aX) (by (3.3.0.1))

= q−a(1 + (qa − 1)∂aX).
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Lemma 3.3.3. (i) χ1, χ−1 are inverses of each other in Dq(A) and in Ē.

(ii) We have the following relations:

∂−1 = χ−1∂1, (3.3.0.13)

∂aχb = qbχb∂a a = −1, 0, 1, b = 1, − 1. (3.3.0.14)

Proof. (i) We know that χ1 = 1 + (q− 1)X∂1 and χ−1 = 1 + (q−1− 1)X∂−1.

χ1χ−1 = (1 + (q − 1)X∂1)(1 + (q−1 − 1)X∂−1)

= 1 + (q−1 − 1)X∂−1 + (q − 1)X∂1 + (q − 1)(q−1 − 1)X∂1X∂−1.

From (3.3.0.1), ∂1X = 1 + qX∂1,

χ1χ−1 = 1 + (q−1 − 1)X∂−1 + (q − 1)X∂1 + (q − 1)(q−1 − 1)X∂−1

+ q(q − 1)(q−1 − 1)X(X∂1∂−1).

From (3.3.0.8), (q − 1)X(∂1∂−1) = ∂1 − ∂−1, we have

χ1χ−1 = 1 + (q−1 − 1)X∂−1 + (q − 1)X∂1 + (q − 1)(q−1 − 1)X∂−1

+ q(q−1 − 1)X(∂1 − ∂−1) = 1.

Similarly, χ−1χ1 = 1.

(ii) From (3.3.0.8), ∂−1 = ∂1 − (q − 1)X∂1∂−1 and from (3.3.0.3),

∂1∂−1 = q−1∂−1∂1.

Therefore, we have ∂−1 = ∂1 − q−1(q − 1)X∂−1∂1 = χ−1∂1.
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We know that ∂aχb = ∂a + (qb − 1)∂aX∂b and, from (3.3.0.1), ∂aX∂b =

∂bX∂a. Therefore

∂aχb = (1 + (qb − 1)∂bX)∂a

= [1 + (qb − 1)(1 + qbX∂b)]∂a from (3.3.0.1)

= qb[1 + (qb − 1)X∂b]∂a

= qbχb∂a.

Lemma 3.3.4. For a = 1,−1, the following homogeneous relations hold in

Dq(A) and in Ē.

q2a∂2a∂ + ∂2∂a − (qa + 1)∂∂a∂ + ∂∂2a − 2qa∂a∂∂a = 0 (3.3.0.15)

Proof. By (3.3.0.4), we have

(∂∂a − qa∂a∂)X(∂∂a − qa∂a∂) = (∂∂a − qa∂a∂)(∂ − ∂a)

= ∂∂a∂ − qa∂a∂2 − ∂∂2a + qa∂a∂∂a.

And, by (3.3.0.5),

(∂∂a − qa∂a∂)X(∂∂a − qa∂a∂) = (∂ − qa∂a)(∂∂a − qa∂a∂)

= ∂2∂a − qa∂∂a∂ − qa∂a∂∂a + q2a∂a∂.

Therefore, we will have

q2a∂2a∂ + ∂2∂a − (qa + 1)∂∂a∂ + ∂∂2a − 2qa∂a∂∂a = 0
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As χ1 = 1 + (q − 1)X∂1, it is clear that

χ1X = qXχ1. (3.3.0.16)

Definition 3.3.5. Any monomial in ∂1 and ∂ of the form ∂j1 or ∂j1∂∂
t
1∂

l

where j, t, l ∈ Z+, is called a special monomial.

Thus the special monomial is either a standard monomial ∂d1∂
e, d, e ≥ 0,

or can be obtained from such a monomial by moving one occurence of ∂

to the left of a power of ∂1. By Proposition 1.3.4, this special monomials

in ∂ and ∂1 form a basis for the subalgebra of Dq(A) generated by ∂ and

∂1. Hence the number of special monomials of total degree n in ∂ and ∂1 is

1
2
(n2 + n+ 2), and n+ 1 of these are standard.

Lemma 3.3.6. χ−1∂
n = qn∂nχ−1.

Proof. We prove the lemma by induction on n. From (3.3.0.14), ∂χ−1 =

q−1χ−1∂. Therefore it is true for n = 1. Suppose that it is true for all r,

1 ≤ r ≤ n− 1. Then, for r = n− 1, we have

χ−1∂
n−1 = qn−1∂n−1χ−1.

Multiplying with ∂ from right side,

χ−1∂
n = qn−1∂n−1(χ−1∂).

From (3.3.0.14), for a = 0 and b = −1,

χ−1∂
n = qn∂nχ−1.
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Lemma 3.3.7. We have the following relations in both Dq(A) and Ē:

∂−1∂∂1 = q2∂1∂∂−1 (3.3.0.17)

∂−1∂
n∂1 = qn+1∂1∂

n∂−1 for n ≥ 0 (3.3.0.18)

∂∂−1 = ∂∂1 − q∂1∂ + (q − 1)∂1∂−1 + q−1∂−1∂ (3.3.0.19)

∂∂1∂−1 = q−1∂1∂−1∂ + q−1∂∂21 − q∂21∂ − 2(1− q)∂21∂−1 (3.3.0.20)

Proof. By multiplying (3.3.0.13) with ∂∂1, ∂−1∂∂1 = χ−1∂1∂∂1. Applying

(3.3.0.14) for a = 1 and b = −1, and again for a = 0 and b = −1, ∂−1∂∂1 =

q2∂1∂χ−1∂1. Now from (3.3.0.13), ∂−1 = χ−1∂1, we have ∂−1∂∂1 = q2∂1∂∂−1

which is (3.3.0.17).

(3.3.0.18) is generalization of (3.3.0.17). Consider

∂−1∂
n∂1 = χ−1∂1∂

n∂1 (from (3.3.0.13))

= q∂1χ−1∂
n∂1 ((3.3.0.14) for a = 1 and b = −1)

= qn+1∂1∂
nχ−1∂1 (from Lemma 3.3.6)

= qn+1∂1∂
n∂−1. (from (3.3.0.13))

By multiplying from left side (3.3.0.8) with ∂ and then applying (3.3.0.3)

and (3.3.0.2),

(1− q−1)∂−1X∂∂1 = ∂∂1 − ∂∂−1. (3.3.0.21)

By multiplying from right side (3.3.0.10) with ∂ and applying (3.3.0.3) and

(3.3.0.2),

(1− q−1)∂−1∂X∂1 = q∂1∂ − q−1∂−1∂. (3.3.0.22)
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By subtracting (3.3.0.21) from (3.3.0.22), we have

∂∂−1 = ∂∂1 − q∂1∂ + q−1∂−1∂ + (1− q−1)∂−1(∂X −X∂)∂1.

But ∂X−X∂ = 1 and, from (3.3.0.3), ∂−1∂1 = ∂1∂−1, which yields (3.3.0.19).

From (3.3.0.3), we have ∂1∂−1 = q−1∂−1∂1. By multiplying this with ∂

from left side, ∂∂1∂−1 = q−1∂∂−1∂1. But, from (3.3.0.19), ∂∂−1 = ∂∂1 −

q∂1∂ + (q − 1)∂1∂−1 + q−1∂−1∂. Therefore,

∂∂1∂−1 = q−1[∂∂1 − q∂1∂ + (q − 1)∂1∂−1 + q−1∂−1∂]∂1

= q−1∂∂21 − ∂1∂∂1 + (1− q−1)∂1∂−1∂1 + q−2∂−1∂∂1.

From (3.3.0.19), we have ∂∂1 = ∂∂−1 + q∂1∂ − (q − 1)∂1∂−1 − q−1∂−1∂1.

Therefore

∂∂1∂−1 = q−1∂∂21 − ∂1[∂∂−1 + q∂1∂ − (q − 1)∂1∂−1 − q−1∂−1∂1]

+(1− q−1)∂1∂−1∂1 + q−2∂−1∂∂1

= q−1∂∂21 − ∂1∂∂−1 − q∂21∂ + (q − 1)∂21∂−1 + q−1∂1∂−1∂1

+(1− q−1)∂1∂−1∂1 + q−2∂−1∂∂1

= q−1∂∂21 − q∂21∂ − 2(1− q)∂21∂−1 + q−1∂1∂−1∂

(from, (3.3.0.3) and (3.3.0.17)),

which is Equation (3.3.0.20).

From (3.3.0.19) and (3.3.0.3), we will have

∂∂1 − q∂1∂ + q∂1∂−1 − q−1∂−1∂1 + q−1∂−1∂ − ∂∂−1 = 0. (3.3.0.23)
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3.4 An isomorphism of Dq(k[X
±1]), Dq(k[X

±1])o

Let H be the subalgebra of Dq(A), where A = k[X], generated by ∂, ∂1

and ∂−1. The operators ∂, ∂1 and ∂−1 as on k[X] each reduce degree in

X by one, H is graded with ∂, ∂1 and ∂−1 having degree 1. By defining

∂a(X
−n) = [−n]qaX

−n−1 = −q−na[n]qaX
−n−1, for a ∈ {−1, 0, 1}, the actions

of ∂, ∂1 and ∂−1 on k[X] can be extended to actions on k[X,X−1]. Let S be

the subalgebra of Endk(k[X, X−1]) generated by ∂, ∂1, ∂−1 and X−1. Then

H ↪→ S. And let T be the subalgebra of S generated by ∂1, ∂−1 and X−1.

By DX , we denote the subalgebra of Endk(k[X,X−1]) generated by ∂,

∂1, ∂−1, X and X−1. As χa = 1 + (qa− 1)X∂a, a = 1, − 1, DX is generated

by X, X−1, ∂, χ1 and χ−1. By (3.3.0.14), we have χ1∂ = q−1∂χ1 and, from

(3.3.0.16), χ1X = qXχ1. Therefore, DX is a homomorphic image of the

skew polynomial ring (A1)X [Y ±1, α], with Y 7→ χ1, where A1 is the first Weyl

algebra generated by ∂ andX, (A1)X is its localization at the powers ofX and

α is the k-automorphism of (A1)X such that α(X) = qX and α(∂) = q−1∂.

Here (A1)X is simple with group of units {λX i : i ∈ Z, λ ∈ k×} and α

is not inner. From Theorem 1.4.4, (A1)X [Y ±1, α] is simple. And whence

DX ' (A1)X [Y ±, α]. Therefore DX and its subalgebras Dq(A), H, S and T ,

are domains and that DX is simple.

DX is the localization of Dq(A) at powers of X which, as a consequence

of (3.3.0.1), form an ore set in Dq(A). Also DX is the localization of S at
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the powers of X−1.

Let B1 = {∂j1∂t−1∂l : j, t, l ≥ 0} ∪ {∂j1∂∂t1∂l : j, l ≥ 0, t > 0}. Thus

B1 consists of the standard monomials ∂j1∂
t
−1∂

l in ∂1, ∂−1 and ∂ and the

non-standard special monomials in ∂1 and ∂.

Let B2 = B1 ∪ {Xj∂t1∂
l : j > 0, t, l ≥ 0} ∪ {Xj∂t−1∂

l : j > 0, t, l ≥ 0}

and let B3 be the corresponding set of monomials in Ē. Thus in addition to

the monomials in B1, B2 contains those standard monomials in X, ∂1 and ∂

or in X, ∂−1 and ∂ having a positive power of X.

Let δ0 = −∂, δ1 = −q−1∂−1, δ−1 = −q∂1. Let B′1 = {δj1δt−1δl0 | j, t, l ≥

0}∪{δj1δ0δt1δl0 | j, l ≥ 0, t > 0}. Then we have B′1 = {(−1)j+t+lq−j+t∂j−1∂
t
1∂

l
0 |

j, t, l ≥ 0} ∪ {(−1)j+t+2q−j−t∂j−1∂0∂
t
−1∂

l
0 | j, l ≥ 0, t > 0}. Let B′2 =

B′1 ∪ {Xjδt1δ
l
0 | j > 0, t, l ≥ 0} ∪ {Xjδt−1δ

l
0 | j > 0, t, l ≥ 0}, then B′2 =

B′1∪{(−1)t+lq−tXj∂t−1∂
l | j > 0, t, l ≥ 0}∪{(−1)t+lqtXj∂t1∂

l | j > 0, t, l ≥

0}. Let H ′ be a subalgebra of Dq(A) generated by the set {δ0, δ1, δ−1}. Let

S ′ be the subalgebra Endk(k[X, X−1]) generated by {δ0, δ1, δ−1, X−1} and

T ′ be the subalgebra of S ′ generated by {δ1, δ−1, X−1}.

Let χ′a = 1 + (qa − 1)Xδa, for a = 1, − 1. Then we have

χ′1 = 1 + (q − 1)Xδ1 = 1 + (q − 1)X(−q−1∂−1) = 1 + (q−1 − 1)X∂−1 = χ−1,

χ′−1 = 1 + (q−1 − 1)Xδ−1 = 1 + (q − 1)X(−q∂1) = 1 + (q − 1)X∂1 = χ1.
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Definition 3.4.1. Let h = f1f2 · · · fr be a monomial of degree r in ∂a and

∂b. The complexity of h, comp(h), with respect to ∂a and ∂b is the number

of pairs (i, j) with 1 ≤ i < j ≤ r such that fi = ∂b and fj = ∂a.

The complexity of stardard monomials is 0.

Lemma 3.4.2. Let M be the graded subalgebra generated by any two op-

erators ∂a and ∂b, for a, b ∈ {1, 0, − 1}. And let N be the subspace

of M spanned by the standard monomials in ∂a and ∂b, then XMn+1 ⊆

XNn+1 ⊕Mn, for n ≥ 0.

Proof. Suppose M is the graded subalgebra generated by ∂a, ∂b and N be

the subspace of M spanned by the standard monomials in ∂a and ∂b. By

Proposition 1.3.5, XNn+1 ∩Mn = 0.

Now we have to show that XMn+1 ⊆ XNn+1 ⊕Mn,for n ≥ 0. We will

prove it by induction on n. This is clear for n = 0 and from the identity

(3.3.0.4), it is also true for n = 1.

Now we will prove it for the general case. Let h be a monomial of degree

n + 1 with comp(h) > 0. So h = ∂ia∂
j
b∂

l
ah
′ for some i ≥ 0, j > 0 and l > 0,

and for some monomial h′. Then,
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Xh = X∂ia∂
j
b∂

l
ah
′

= q−aiq−bj∂ia∂
j
bX∂

l
ah
′ − q−aiq−bj[j]qb∂ia∂

j−1
b ∂lah

′ − q−ai[i]qa∂i−1a ∂jb∂
l
ah
′

by (3.3.0.7)

≡ q−aiq−bj∂ia∂
j
bX∂

l
ah
′( mod Mn)

≡ q−aiq−bj∂ia∂
j−1
b ∂aX∂b∂

l−1
a h′( mod Mn) by (3.3.0.2))

≡ qaq−bX∂ia∂
j−1
b ∂a∂b∂

l−1
a h′( mod Mn) by (3.3.0.7))

so that, comp(h) > comp(∂ia∂
j−1
b ∂a∂b∂

l−1
a ). Therefore, by induction on comp(h),

XMn+1 ⊆ XNn+1 ⊕Mn.

Note that if Un = XMn+1 ∩Mn, then XMn+1 = XNn+1 ⊕ Un.

Lemma 3.4.3. H, Dq(A), Ē are spanned by B1, B2, B3 respectively.

Proof. (i) Let Fn, n ≥ 0, be the subspace of Hn spanned by Hn∩B1. Now we

show that Hn = Fn by induction on n. Certainly it is true for n = 0, 1. Let

n > 1 and suppose that Hn−1 = Fn−1. We have to show that gHn−1 ⊆ Fn, for

all g ∈ {∂−1, ∂, ∂1}. It is enough to show that gh ∈ Fn if h = ∂j1∂
t
−1∂

l ∈ Hn−1

is standard or if h = ∂j1∂∂
t
1∂

l ∈ Hn−1 is special but not standard (t 6= 0).

Clearly it is true for g = ∂1.

Consider the case, g = ∂−1. Suppose h = ∂j1∂
t
−1∂

l. If j = 0, then

∂−1h = ∂t+1
−1 ∂

l is standard and otherwise, by (3.3.0.3),

∂−1h = ∂−1∂
j
1∂

t
−1∂

l = qj∂1(∂
j−1
1 ∂t+1

−1 ∂
l) ∈ Gn−1 ⊆ Fn.
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Let h = ∂j1∂∂
t
1∂

l, t 6= 0, be special but not standard. If j = 0 then, by

(3.3.0.17), ∂−1h = ∂−1(∂∂
t
1∂

l) = q2∂1(∂∂−1∂
t−1
1 ∂l) ∈ ∂1Hn−1 ⊆ Fn, since

∂∂−1∂
t−1
1 ∂l is a monomial in ∂, ∂−1, ∂1 of degree (n − 1). If j 6= 0 then, by

(3.3.0.3), ∂−1h = q∂1(∂−1∂
j−1
1 ∂∂t1∂

l) ∈ ∂1Hn−1 ⊆ Fn.

Finally consider the case, where g = ∂. By Proposition 1.3.4, the special

monomials in ∂, ∂1 form a k-basis for the k-algebra generated by ∂, ∂1. If

h is special then ∂h is a linear combination of special monomials. Now we

have to show that ∂∂j1∂
t
−1∂

l ∈ Fn, for j, t, l ≥ 0. If t = 0, ∂∂j1∂
l is special.

Let t > 0 and suppose, inductively, that ∂∂j1∂
d
−1∂

l ∈ Fn whenever d < t.

If j = 0 then, by (3.3.0.19),

∂∂t−1∂
l = (∂∂1 − q∂1∂ + (q − 1)∂1∂−1 + q−1∂−1∂)∂t−1−1 ∂

l

∈ ∂−1Hn−1 + ∂1Hn−1 + t∂∂1∂
t−1
−1 ∂

l ⊆ Fn.

If j 6= 0 then, by (3.3.0.3) and (3.3.0.20),

∂∂j1∂
t
−1∂

l = ∂∂1(∂
j−1
1 ∂−1)∂

t−1
−1 ∂

l

= ∂∂1(q
−(j−1)∂−1∂

j−1
1 )∂t−1−1 ∂

l

= q−(j−1)(q−1∂1∂−1∂ + q−1∂∂21 − q∂21∂ − 2(1− q)∂21∂−1)∂
j−1
1 ∂t−1−1 ∂

l

∈ ∂1Hn−1 + t∂∂j+1
1 ∂t−1−1 ∂

l ⊆ Fn.

Therefore Hn = Fn, and hence B1 spans H.

(ii) Let Dn, n ≥ 0, be the subspace of Dq(A) spanned by the monomi-

als of degree ≤ n in X, ∂, ∂1, ∂−1. Thus {Dn : n ≥ 0} is a filtration of

Dq(A) and Dn = D1Dn−1. Let W be the subspace spanned by the standard
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monomials ∂t1∂
l in ∂1, ∂ and the standard monomials ∂t−1∂

l in ∂−1, ∂. Let

K =
∑∞

n≥1X
nW +H. We will show that Dq(A) = K. It is enough to show

that mK ⊆ K for all m ∈ {X, ∂, ∂1, ∂−1}, then it will follow, inductively,

that Dn ⊆ K for all n.

First consider the case where h = X. It is clear that X(
∑∞

n≥1X
nW ) ⊆ K,

so it suffices to show that XH ⊆ XW +H. Let M be the graded subalgebra

generated by ∂1, ∂ and let N be the subspace of M spanned by the standard

monomials in ∂1 and ∂. Then, for n ≥ 0, XMn+1 ⊆ XNn+1 ⊕Mn, whence

XM ⊆ XN ⊕ M . If m is a special in ∂1 and ∂ then m ∈ M , and also

we have N ⊆ W , so Xm ∈ XN ⊕M ⊆ XW + H. Now let m = ∂j1∂
t
−1∂

l

be a standard monomial. If t = 0 then m is special and Xm ∈ XW + H.

Replacing q by q−1, the same is true if j = 0. Now assume that j 6= 0 and

t 6= 0. By (3.3.0.3) and (3.3.0.8),

Xm = X∂j1∂
t
−1∂

l

= q−(j−1)X∂1∂−1∂
j−1
1 ∂t−1−1 ∂

l

=
q1−j

q − 1
(∂1 − ∂−1)∂j−11 ∂t−1−1 ∂

l ∈ H ⊆ K.

Thus XH ⊆ XW +H, from which it follows that XK ⊆ K +XH ⊆ K and

XnK ⊆ K for all n ≥ 1.

If h ∈ {∂, ∂1, ∂−1}, it is enough to show that hXnW ⊆ K for all n. By
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(3.3.0.6),

hXnW = ∂aX
nW, for a ∈ {−1, 0, 1}

= (qanXn∂a + [n]qaX
n−1)W

⊆ XnhW +Xn−1W

⊆ XnH +Xn−1H ⊆ XnK +Xn−1K ⊆ K.

Therefore Dq(A) =
∑∞

n≥1X
nW +H and from (1), the result follows.

(iii) In proof (ii) we used only the relation derived from (3.3.0.1), (3.3.0.2)

and (3.3.0.3). So it is valid for Ē also.

The next step is to show that the elements of B1 are linearly independent.

Lemma 3.4.4. Let Vn = XHn+1 ∩Hn. Then, for a ∈ {1, − 1},

n∂n−1∂a ≡ [n]qa∂
n mod Vn.

Proof. We prove it by induction on n. From (3.3.0.4), we have X(∂∂a −

qt∂a∂) = ∂ − ∂a, therefore it is true for n = 1. Let n > 1 and suppose

that (n − 1)∂n−2∂a ≡ [n − 1]qa∂
n−1 mod Vn−1. For ′n′ case, premultiplying

throughout (3.3.0.14) by ∂n−1, we have ∂n − ∂n−1∂a = ∂n−1X(∂∂a − qa∂a∂),

and by (3.3.0.7), ∂n−∂n−1∂a = (X∂n−1+(n−1)∂n−2)(∂∂a−qa∂a∂) which gives

(∂n−∂n−1∂a)− ((n−1)∂n−1∂a− (n−1)qa∂n−2∂a∂) = X∂n−1(∂∂a− qa∂a∂) ∈

(XHn+1 ∩Hn). Therefore,

∂n − ∂n−1∂a ≡ (n− 1)∂n−1∂a − (n− 1)qa∂n−2∂a∂ mod Vn
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And by induction hypothesis for n− 1,

∂n − ∂n−1∂a ≡ (n− 1)∂n−1∂a − qa[n− 1]qa∂
n mod Vn

Hence n∂n−1∂a ≡ (1 + qa[n− 1]qa)∂
n mod Vn, which implies,

n∂n−1∂a ≡ [n]qa∂
n mod Vn.

Lemma 3.4.5. Let Vn = XHn+1 ∩ Hn and [n]qa ! = [n]qa [n − 1]qa · · · [1]qa .

Then, for a ∈ {1,−1}, n!∂na ≡ [n]qa !∂
n mod Vn.

Proof. We prove it by induction on n. From (3.3.0.4), it is true for n = 1.

Now let n > 1 and suppose that (n − 1)!∂n−1a ≡ [n − 1]qa !∂
n−1 mod Vn.

Then by post multiplying throughout this with n∂a, we have n!∂na ≡ n[n −

1]qa !∂
n−1∂a mod Vn. But by Lemma 3.4.4, we have n∂n−1∂a ≡ [n]qa∂

n

mod Vn. Hence n!∂na ≡ [n]qa !∂
n mod Vn , for a ∈ {1, − 1}.

Lemma 3.4.6. Let Vn = XHn+1 ∩Hn. Then dimVn = dimHn − 1.

Proof. Let f = ∂d1∂d21 ∂
d3
−1 · · · be any monomial of degree n in ∂, ∂1 and ∂−1.

By Lemma 3.4.5, for each positive integer di, we have ∂dia −
[di]qa !

qi!
∂di ∈ Vdi(⊆

Vn) for a ∈ {−1, 1}. So that f ≡ λ∂n mod Vn for some λ ∈ k×. Hence,

dimVn ≥ Hn − 1. By the action of ∂n on k[X], ∂nXn = n! 6= 0, where as

XHn+1X
n = 0. Therefore ∂n /∈ Vn, hence dimVn = dimHn − 1.

Lemma 3.4.7. Let B be the k-algebra generated by X1, X2 and X3 subject

to the relations

X2X1 = q2X1X2, X3X1 = qX1X3 and X3X2 = q−1X2X3.
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Then c := X2
3 − qX1X2 and d := X1X2 are normal in B.

Proof. Since X2X1 = q2X1X2 and X3X1 = qX1X3,

cX1 = (X2
3 − qX1X2)X1

= q2X1(X
2
3 − qX1X2)

= q2X1c.

And also we have X3X2 = q−1X2X3 and X1X2 = q−2X2X1,

cX2 = (X2
3 − qX1X2)X2 = q−2X2(X

2
3 − qX1X2) = q−2X2c.

Now as X2X3 = qX3X2 and qX1X3 = X3X1, we get

cX3 = (X2
3 − qX1X2)X3 = X3(X

2
3 − qX1X2) = X3c.

Therefore the left ideal generated by c is the same as the right ideal generated

by c. Hence c is a normal element in B. Similarly, for d, we have

dX1 = (X1X2)X1 = X1(q
2X1X2) = q2X1d

dX2 = (X1X2)X2 = (q−2X2X1)X2 = q−2X2d

dX3 = X1(X2X3) = X1(qX3X2) = qq−1X3X1X2 = X3d

Hence d is a normal element in B.

Recall that S is the subalgebra of Endk(k[X, X−1]) genereted by ∂, ∂1,

∂−1 and X−1, and T is the subalgebra of S generated by ∂1, ∂−1 and X−1.

And also S ′ is the subalgebra of Endk(k[X, X−1]) generated by δ0, δ1, δ−1



CHAPTER 3. QUANTUM DIFFERENTIAL OPERATORS ON K[X±1]56

and X−1, and T ′ is the subalgebra of S ′ generated by δ1, δ−1 and X−1. Note

that X−1 is normal in S, S ′.

Theorem 3.4.8. If B, c and d are as in the above lemma. Then

(i) T ' B/cB.

(ii) there exists a k-automorphism α of B/cB and an α-derivation δ of A/cA

such that S ' (B/cB)[Z, α, δ] and S/X−1S ' B/dB.

And also

(iii) T ' B/cB, S ′ ' (B/cB)[Z, α, δ] and S ′/X−1S ′ ' B/dB.

Proof. We prove this theorem by following [UD] closely.

(i) Let C be the subalgebra of B generated by X1 and, X2, and let C` be the

localization of C at the powers of X1 and X2. By Corollary 1.4.5, C` is simple.

Let β be the k-automorphism of C (resp. C`) such that β(X1) = qX1 and

β(X2) = q−1X2. Then the algebra B is the skew polynomial ring C[X3, β].

Similarly the localization B` at the powers of X1, X2 and X3 is the skew

Laurent polynomial ring C`[X
±1
3 , β].

Let B̄ = B/cB and B̄` = B`/cB`. Every element of B̄ is of the form

aX̄3 + b, where a, b ∈ C`, X̄3 is the image of X3 in B̄`, and this expression is

unique. Let I be a non-zero ideal of B̄` and let τ(I) = {f ∈ C` | fX̄3 + g ∈ I

for some g ∈ C`}. Then τ(I) is a non-zero ideal of C`. Since C` is simple, we

have τ(I) = C`. Now 1 ∈ C`, X̄3 + g ∈ I for some g ∈ C`. Again we have,

I ∩ C` = (0) or I ∩ C` = C`. If suppose, I ∩ C` = (0). Let r = qX1X2 ∈ C`.

Then we have (X̄3 + g)X̄3 = r+ gX̄3 ∈ I and g(X̄3 + g) = gX̄3 + g2 ∈ I. By
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uniqueness, we have r − g2 ∈ I ∩ C` = (0). So either r = g2 or I = B̄l. But

it is clear, by degree argument, that r has no square root in C`. Therefore

I ∩ C` = C`, which implies that I = B̄l. And hence B̄l is simple.

Now let ϑ1 = X−1χ1 = X−1 + (q − 1)∂1 and ϑ−1 = X−1χ−1 = X−1 +

(q−1 − 1)∂−1. Then ϑ1, ϑ−1 and X−1 generate T while ϑ1,ϑ−1, ∂ and X−1

generate S. The actions of ϑ1 and ϑ−1 on k[X] are given by

ϑ1 : Xn 7→ qnXn−1, ϑ−1 : Xn 7→ q−nXn−1.

And also we have,

ϑ1ϑ−1 = q2ϑ−1ϑ1, X
−1ϑ1 = qϑ1X

−1,

X−1ϑ−1 = q−1ϑ−1X
−1 and qϑ1ϑ−1 = X−2.

Therefore we have a surjective k-homomorphism θ : B̄ → T such that

θ(X1) = ϑ1, θ(X2) = ϑ−1 and θ(X̄3) = X−1, so that T ' B̄/ ker θ. By

the simplcity of B̄l, either ker θ = 0 or Xj
1X

k
2X

l
3 ∈ ker θ for some j, k, l ≥ 0.

But T is a domain. Clearly Xi /∈ ker θ, for i = 1, 2, 3, so ker θ = 0 and hence

T ' B̄.

(ii) From (3.3.0.1),(3.3.0.14) and (3.3.0.16) or by actions on k[X], we have

the following relations between ∂ and the generators of T :

∂ϑ1 = qϑ1∂ −X−1ϑ1, (3.4.0.24)

∂ϑ−1 = q−1ϑ−1∂ −X−1ϑ−1, (3.4.0.25)

∂X−1 = −X−1∂ −X−2. (3.4.0.26)
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There is a k-automorphism σ of B such that σ(X1) = qX1, σ(X2) = q−1X2

and σ(X3) = X3. And also there is a left σ-derivation η such that η(X1) =

−X3X1, η(X2) = −X3X2 and η(X3) = −X2, and that σ(c) = c and η(c) =

−2X3c ∈ cB. Consequently σ and η induce, respectively, a k-automorphism

α of B̄ and an α-derivation δ of B̄. By (3.4.0.24), (3.4.0.25) and (3.4.0.26)

and by Proposition 1.4.6, there is a k-homomorphism φ : B̄[Z; α, δ] � S

such that φ(X1) = ϑ1, φ(X2) = ϑ−1, φ(X̄3) = X−1 and φ(Z) = ∂.

The element X̄3 is normal in the domain B̄[Z;α, δ]. Let L be the local-

ization of B̄[Z; α, δ] at the powers of X̄3. As X̄2
3 = qX1X2, X1 and X2

are invertible in L and it is generated by Z, X̄3, Y := X̄−13 , Y1 = X̄−13 X1,

Y2 := X̄−13 X2 = Y −11 . Since ∂Y − Y ∂ = 1, ∂ and Y generates the first Weyl

algebra A1. Also Y1∂ = q−1∂Y1 and Y1Y = qY Y1 so L is isomorphic to the

simple ring A1[Y
±1
1 ; ψ] where ψ(∂) = q−1∂ and ψ(Y ) = qY . Consequently

either kerφ = 0 or, as B̄[Z; α, δ] is a domain, X̄3 ∈ kerφ. But, by the action

of X−1 on k[X], we have φ(X̄3) 6= 0. So X̄3 /∈ kerφ, which gives kerφ = 0.

Therefore, φ : B̄[Z;α, δ]→ S is an isomorphism. Note that L ' DX .

The algebra B̄[Z;α, δ]/X̄3B̄[Z;α, δ] is generated by (the image of) X1,

X2 and Z subject to the relations

ZX1 = qX1Z, ZX2 = q−1X2Z and X1X2 = 0.

So B̄[Z;α, δ]/X̄3B̄[Z;α, δ] ' B/dB. Also S/X−1S ' B̄[Z;α, δ]/X̄3B̄[Z;α, δ] '

B/dB.

For Proof of (iii), let ϑ′1 = X−1χ′1 and ϑ′−1 = X−1χ′−1. Since χ′1 = χ−1 and



CHAPTER 3. QUANTUM DIFFERENTIAL OPERATORS ON K[X±1]59

χ′−1 = χ1, we have ϑ′1 = ϑ−1 and ϑ′−1 = ϑ1, so that here θ, φ will change as

follows:

θ : B̄ → T ′ such that θ(X1) = ϑ′1 = ϑ−1, θ(X2) = ϑ′−1 = ϑ1 and

θ(X̄3) = X−1. And φ : Ā[Z; α, δ] � S ′ such that φ(X1) = ϑ′1 = ϑ−1,

φ(X2) = ϑ′−1 = ϑ1, φ(X̄3) = X−1 and φ(Z) = −∂.

Theorem 3.4.9. (i) For n ≥ 1, dimHn = n2 + n + 1 and B1 is a basis for

H.

(ii) B2 is a basis for Dq(A).

Proof. (i) The number of monomials of degree n in the spanning set B1 for

H is n2 + n + 1 = 1
2
[(n + 2)(n + 1) + n(n + 1)]. The number of standard

monomials in ∂1, ∂−1 and ∂ of degree n is 1
2
(n + 2)(n + 1). The number of

non-standard monomials in ∂1, ∂−1 and ∂ of degree n is 1
2
n(n− 1). To prove

the theorem, it is enough to show that dimkHn = n2 + n+ 1.

Let W be the k-subspace of H spanned by the standard monomials in ∂1,

∂ and the standard monomials in ∂1, ∂. Let Wn = W ∩ Hn. Let ψ be the

composition of the homomorphisms

H ↪→ S � S/X−1S ' B/dB

where B and d as in Lemma 3.4.8. Thus ψ(∂1) = X1, ψ(∂−1) = X2 and

ψ(∂) = X3. Also we have ψ(∂1∂−1) = 0. The standard monomials in ψ(∂1)

and ψ(∂), and the standard monomials in ψ(∂−1) and ψ(∂) form a basis

for B/dB. Hence the standard monomials in ∂1 and ∂, and the standard
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monomials in ∂−1, ∂ are linearly independent. Therfore dimWn = 2n + 1,

for n ≥ 0. And also that the restriction of ψ to W is injective. As ker(ψ) =

ψ(H ∩ X−1S) = (0), we have W ∩ X−1S = (0), whence W ∩ X−1H = (0)

and XW ∩ S = (0). Therefore the sum J =
∑∞

n≥1X
nW + H is direct sum.

To see this, let Jm =
∑m

n≥1X
nW + H for m ≥ 1. Since XW ∩ S = (0),

the sum J1 = XW + H is direct. Suppose that m > 1 and the sum Jm−1

is direct. Let Xmw ∈ XmW ∩ Jm−1, then Xmw ∈ Jm−1 ⊆ S. Therefore

w ∈ W ∩X−1S = (0), and the sum for Jk is direct. Hence the sum for J is

a direct sum.

From Lemma 3.4.2, XHn+1 = XWn+1⊕Vn, where Vn = XHn+1∩Hn. Let

dn = dimHn. Then, by Lemma 3.4.6, dimk(Vn) = dn − 1. As X is invertible

in End k[X±1], dimkXHn+1 = dn+1 and dimkXWn+1 = Wn+1 = 2n + 3.

Therefore dn+1 = dn + 2n+ 2, with d0 = 1. Hence we have dn = n2 + n+ 1.

Thus dimkHn = n2 + n+ 1.

(ii) We have Dq(A) = J =
∑∞

n≥1X
nW +H and B1 is a basis for H. And W

has a basis W consisting of the monomials that are standard in ∂1 and ∂ or

in ∂−1 and ∂. As X is regular element in Endk(k[X]), each XnW , n ≥ 1, has

a basis XnW . And the sum J =
∑∞

n≥1X
nW +H is a direct sum. Therefore

B2 is a basis for Dq(A).

Similarly B′2 is also basis for Dq(A).

Corollary 3.4.10. The surjective homomorphism θ : Ē → Dq(A) is an

isomorphism.
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Proof. Since B2 is linearly independent, the spanning set B3 of Ē is linearly

independent. Therefore, θ is an isomorphism.

By Theorem 1.4.8, we have Dq(k[X,X−1]) ∼= k[X,X−1] ⊗ Dq(k[X]).

Therefore the set {λX , λX−1 , ∂, ∂1, ∂−1} will be a generating set for

Dq(k[X,X−1]) and for a, b ∈ {−1, 0, 1}, the relations ∂aX − qaX∂a = 1,

∂aX∂b = ∂bX∂a, ∂−1∂1 = q∂1∂−1, λXλX−1 = λX−1λX = 1 form a full set of

defining relations. An alternative set of generators is {λX , λX−1 , ∂, χ1, χ−1}.

Theorem 3.4.11. The algebra Dq(k[X,X−1]) is isomorphic to its opposite

algebra Dq(k[X,X−1])o.

Proof. Define Φ : Dq(k[X,X−1]) → Dq(k[X,X−1])o, by using generators, as

follows:

Φ(λX) = (λX), Φ(λX−1) = (λX−1), Φ(∂) = −(∂),

Φ(∂1) = −q−1(∂−1), Φ(∂−1) = −q(∂1).

Then this Φ gives an isomorphism. In terms of the alternative set of gener-

ators, we can define Φ as,

Φ(λX) = (λX), Φ(λX−1) = (λX−1), Φ(∂) = −(∂),

Φ(χ1) = q−1(χ−1), Φ(χ−1) = q(χ1).

And it is clear that, for a, b = {−1, 0, 1}, Φ(∂aX − qaX∂a − 1) = 0,

Φ(∂aX∂b − ∂bX∂a) = 0 and Φ(∂−1∂1 − q∂1∂−1) = 0.



Chapter 4

Jordan problem of α-simple

rings

4.1 Introduction

Let A be a commutative ring with unity and α be an automorphism of A,

or more generally an injective endomorphism of A. We say that the ring A

is an α -simple ring if for any ideal I of A, if α(I) ⊂ I, then either I = 0 or

I = A.

Suppose A is a α-simple ring. In [J], Jordan posed a problem, for a

maximal ideal M of A and for 0 6= u ∈ A, whether |{n ∈ N|αn(u) ∈ M}|

is finite. It has been proved in [S], (a) k[X] with X 7→ X + 1 and (b)

k(X)[Y, Z] with X 7→ X + 1, Y 7→ XY + 1, Z 7→ XZ +Y are α- simple. For

completeness, we show (a), (b) are α-simple by following [S]. In this chapter,

62
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we give an elementary proof for the α-simple ring k[X] and also we have a

partial result for the α-simple ring k(X)[Y, Z].

4.2 The α-simple ring A = k[X ]

Lemma 4.2.1. Let D be an α-simple domain. Then S = {a ∈ D | α(a) = a}

is a subfield of D.

Proof. Let 0 6= a ∈ S. Then α(a) = a and 0 (< a >⊆ D. Since D is

α-simple, < a >= D. 1 ∈< a >, implies 1 = ab for some b ∈ D. Now

α(ab) = α(1) = 1 = ab, implies α(a)α(b) = ab. As D is domain, α(b) = b.

Therefore there is b in S such that ab = 1.

Lemma 4.2.2. Let D be a commutative domain of characteristic zero and

α be an injective ring endomorphism on R = D[X] such that α(D) ⊆ D,

and assume that D is α-simple. Suppose that α(X) = aX + b; a, b ∈ D, a

invertible in D. Then R is α-simple if and only if the equation α(τ) = aτ + b

has no solution, τ ∈ D.

Proof. Let I be a non-zero proper ideal of R with α(I) = I. And let C

denote the ideal of D consisting of all leading coefficients of all polynomials

in I with minimum degree n together with 0. Since I 6= D, there exists

f ∈ I such that deg(f) > 0. Let deg(f) = k and bk be the leading coefficient

in f . If k ≥ n, then bk ∈ C. Otherwise Xnf ∈ I, bk ∈ C. Therefore C

is non-zero ideal of D. Suppose 0 6= bm ∈ C, there is g =
m∑
i=0

biX
i ∈ I.
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α(g) =
m∑
i=0

α(bi)(aX + b)i = α(bm)amXm+ terms with X of degree less than

m. Since α(I) = I, α(g) ∈ I. Since a is invertible, a−mα(f) ∈ I. Hence

α(bm) ∈ C. Therefore α(C) ⊆ C. Since D is α-simple, C = D. Hence

there is h =
n∑
i=0

ciX
i ∈ I, ci ∈ D, cn = 1. Then α(h) − anh ∈ I and

deg(α(h) − anh) < n. If α(h) − anh 6= 0, which is a contradiction. Hence

α(h) = anh.

α(h) =
n∑
i=0

α(ci)(aX + b)i

=
n∑
i=0

α(ci)
i∑

j=0

(
i

j

)
ajbi−jX i

=
n∑
j=0

[
n∑
i=j

aj(α(ci))

(
i

j

)
bi−j]Xj

=
n∑
j=0

ancjX
j.

We will have,
n∑
i=j

(α(ci))

(
i

j

)
bi−j = an−jcj, 0 ≤ j ≤ n. (4.2.0.1)

We have charD = 0, and by Lemma 4.2.1, 1
n
∈ D. Substitute j = n − 1 in

(4.2.0.1), we will get α(τ) = aτ + b where τ = − 1
n
cn−1.

Conversely, if α(τ) = aτ + b for some τ ∈ D. Then I = R(X − τ) such

that α(I) = I.

Theorem 4.2.3. Let k be a field of characteristic zero and let α be the k-

automorphism on k[X] given by α(X) = X + b, b 6= 0 ∈ k. Then k[X] is

α-simple.
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Proof. Clearly k is α-simple. If k[X] is not α-simple. Then there is c ∈ k

such that α(c) = c+ b which implies that b = 0, a contradiction.

Theorem 4.2.4. Let k be the field of characteristic zero and let α be the

k-automorphism on k(X)[Y, Z] given by α(X) = X + 1, α(Y ) = XY +

1, α(Z) = XZ + Y . Then k(X)[Y, Z] is α-simple.

Proof. First, we will prove that k(X)[Y ] is α-simple. It is enough, by Lemma

(4.2.2), to show that there is no f(X) ∈ k(X) such that

f(X + 1) = Xf(X) + 1. Suppose f(X) = p(X)
q(X)

where p(X), q(X) ∈ k(X)

are relatively prime and q(X) is a monic polynomial. Then f(X) satisfies

f(X + 1) = Xf(X) + 1 if and only if

q(X)[p(X + 1)− q(X + 1)] = Xp(X)q(X + 1). (4.2.0.2)

Hence q(X) | Xq(X+1). If X - q(X), then q(X) | q(X+1) which implies that

q(X) ∈ k. If q(X) = Xq1(X) then q1(X) | (X+1)q1(X+1), if (X+1) - q1(X)

then q1 ∈ k. If we continue like this, we will get q(X) = X(X+1) · · · (X+n).

From (4.2.0.2), (X+n+1) | p(X+1) or (X+n) | p(X) which is contradiction

to p(X), q(X) are coprime. Therefore k(X)[Y ] is α-simple.

Now suppose that there is a polynomial g(X, Y ) ∈ k(X)[Y ] and that satisfies

α(g(X, Y )) = Xg(X, Y ) + Y. (4.2.0.3)

Let g(X, Y ) =
n∑
i=0

ai(X)Y i, ai(X) ∈ k(X), where an(X) 6= 0. If n > 1 then

by comparing the leading coefficients of the polynomials in (4.2.0.3), we get

an(X + 1)Xn = Xan, but it is not possible in k(X). Since n 6= 0, n = 1 and
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we have Xa1(X+1) = Xa1(X)+1. By using similar argument, which is used

to prove that there is no f(X) ∈ k(X) such that f(X + 1) = Xf(X) + 1 in

the above paragraph, shows that Xa1(X + 1) = Xa1(X) + 1 is not possible.

Therefore, by Theorem (4.2.2), k(X)[Y, Z] is α-simple.

Lemma 4.2.5. Suppose D is a commutative integral domain with unity and

b ∈ D and b 6= 0. Let α : D[X] −→ D[X], α(X) = X + b . Then, for any

non-zero polynomial f(X) = a0 + a1X + a2X
2 + · · · + amX

m ∈ D[X] and

n ∈ N, we have αn(f(X)) = f(nb) + f (1)(nb)
1!

X + f (2)(nb)
2!

X2 + · · ·+ f (m)(nb)
m!

Xm.

Proof. We observe that for r ∈ N, αr(X) = X+ rb and αr(Xm) = (X+ rb)m

for any m ∈ N. We will prove it by induction on n. For n = 1, we have

α(f(X)) = α(a0 + a1X + a2X
2 + · · ·+ amX

m)

= a0 + a1α(X) + a2α(X2) + · · ·+ amα(Xm)

= a0 + a1(X + b) + a2(X + b)2 + · · ·+ am(X + b)m

= f(b) +
f (1)(b)

1!
X +

f (2)(b)

2!
X2 + · · ·+ f (m)(b)

m!
Xm.

Now assume the induction hypothesis up to n+ 1, n ≥ 2, i.e. for any r ≤ n,

we have

αr(f(X)) = f(rb) +
f (1)(rb)

1!
X +

f (2)(rb)

2!
X2 + · · ·+ f (m)(rb)

m!
Xm.

We prove the result for n+ 1:
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αn+1(f(X)) = α(αn(f(X)))

= α(f(nb) +
f (1)(nb)

1!
X + · · ·+ f (m)(nb)

m!
Xm)

= f(nb) +
f (1)(nb)

1!
(X + b) + · · ·+ f (m)(nb)

m!
(X + b)m

= f((n+ 1)b) +
f (1)((n+ 1)b)

1!
X + · · ·+ f (m)((n+ 1)b)

m!
Xm.

Now let us assume that k is an algebraically closed field of characteristic

zero and A = k[X]. Then A is α-simple ring with α(X) = X + b for b 6= 0

from Theorem 4.2.3.

Theorem 4.2.6. For 0 6= u ∈ A, |{n ∈ N | αn(u) ∈M}| is finite.

Proof. We know that for any maximal ideal M of k[X] there exist an a ∈ k

such that M =< X−a >. Let u = f(X) 6= 0 and A = {n ∈ N | αn(u) ∈M}.

If n ∈ A, then αn(f(X)) ∈< X−a >. Hence αnf(X) = (X−a)g(X) for some

g(X) ∈ k[X]. But we know that αn(f(X)) = f(nb) + f (1)(nb)
1!

X + f (2)(nb)
2!

X2 +

· · ·+ f (m)(nb)
m!

Xm. If αn(f(X)) ∈< X − a >, then αn(f(a)) = 0. This implies

that f(nb) + f (1)(nb)
1!

a+ f (2)(nb)
2!

a2 + · · ·+ f (m)(nb)
m!

am = 0, which is a polynomial

of degree m in nb. Now since αn(f(X) is a polynomial of degree m, it

cannot have more that m distinct roots. Therefore |{n ∈ N | αn(f) ∈ M}|

is finite.
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4.3 The α-simple ring k(X)[Y, Z]

We know that, from Theorem 4.2.4, k(X)[Y, Z] is α-simple ring with α(X) =

X + 1, α(Y ) = XY + 1, α(Z) = XZ + Y . In this section, we give a proof

for the result that the cardinality |{n ∈ N | αn(u) ∈ M}| is finite, when the

maximal ideal M is (Y, Z) and 0 6= u ∈ k(X)[Y, Z].

Lemma 4.3.1. For n ∈ N, we have αn(X) = X +n and αn(Y ) = fn(X)Y +

gn(X), where fn(X), gn(X) are given as follows,

fn(X) = (X + n− 1)(X + n− 2) · · · (X + 1)X

gn(X) = 1+(X+n−1)+(X+n−1)(X+n−2)+· · ·+(X+n−1)(X+n−2) · · · (X+1).

By definition, we have the following recurrence relations,

fn(X) = (X + n− 1)fn−1(X) and gn(X) = (X + n− 1)gn−1(X) + 1.

Proof. We will prove it by induction on n. Since α(Y ) = XY + 1, therefore

we are through for n = 1 and f1(X) = X, g1(X) = 1. Let us assume that

the induction hypothesis holds up to n − 1, n ≥ 2, i.e. for 1 ≤ r ≤ n − 1,

αr(Y ) = fr(X)Y +gr(X) where fr(X) = (X+r−1)(X+r−2) · · · (X+1)X,

gr(X) = 1 + (X + r − 1) + (X + r − 1)(X + r − 2) + · · ·+ (X + r − 1)(X +

r − 2) · · · (X + 1).
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For r = n,

αn(Y ) = αn−1(α(Y ))

= αn−1(XY + 1)

= αn−1(X)αn−1(Y ) + 1

= (X + n− 1)(fn−1(X)Y + gn−1(X)) + 1

= (X + n− 1)fn−1(X)Y + [(X + n− 1)gn−1(X) + 1]

= fn(X)Y + gn(X).

Lemma 4.3.2. For n ∈ N, αn(Z) = pn(X)Z + qn(X)Y + rn(X), where

pn(X), qn(X), rn(X) are given by the following recurrence relations,

pn(X) = (X + n− 1)pn−1

qn(X) = fn−1(X) + (X + n− 1)qn−1(X)

and

rn(X) = gn−1(X) + (X + n− 1)rn−1(X)

fn(X), gn(X) are as in the above lemma.

Proof. We will prove it by induction on n. Since α(Z) = Y +XZ, therefore

we are through for n = 1 and P1(X) = X, q1(X) = 1, r1(X) = 0. Let

us assume that the induction hypothesis holds up to n, n ≥ 2, i.e., for

1 ≤ m ≤ n, αm(Z) = pm(X)Z+ qm(X)Y + rm(X) where pm(X) = (X+m−
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1)(X +m− 2) · · · (X + 1)X and qm = (X +m− 1)(X +m− 2) · · · (X + 1) +

[(X + m − 1)(X + m − 2) · · · (X + 3)p2(X) + · · · + (X + m − 1)(X + m −

2)pm−3(X) + (X +m− 1)pm−2(X) + pm−1(X)]. For m = n+ 1,

αn+1(Z) = αn(α(Z))

= αn(Y +XZ)

= αn(Y ) + αn(X)αn(Z)

= (fn(X)Y + gn(X)) + (X + n)(pn(X)Z + qn(X)Y + rn(X))

= (X + n)pn(X)Z + (fn(X) + (X + n)qn(X))Y

+(gn(X) + (X + n)rn(X))

= pn+1(X)Z + qn+1(X)Y + rn+1(X).

Lemma 4.3.3. The constant terms of αn(Y iZj), αn(Y pZq) are not equal,

for all (i, j) 6= (p, q), n ∈ N and n > max{i+ j, p+ q} (or n > 1 + |j − l|).

Proof. By Lemma 4.3.1 and Lemma 4.3.2, we have the following,

αn(Y ) = fn(X)y + gn(X)

αn(Z) = pn(X)Z + qn(X)Y + rn(X).

Therefore, it is clear that the degrees of gn(X), rn(X) are n − 1, n − 2

respectively. We have αn(Y iZj) = αn(Y )iαn(Z)j, the constant terms of
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αn(Y iZj), αn(Y pZq) are gn(X)irn(X)j, gn(X)prn(X)q and their degrees are

i(n− 1) + j(n− 2), p(n− 1) + q(n− 2) respectively. Now we have two cases

i+ j = p+ q and i+ j 6= p+ q.

Case 1. Let i+ j = p+ q.

If deg(gn(X)irn(X)j) = deg(gn(X)prn(Y )q), then i(n−1) + j(n−2) = p(n−

1) + q(n− 2), which gives that j = p. As i+ j = p+ q, we will have (i, j) =

(p, q), which is contradiction to (i, j) 6= (p, q) and hence deg(gn(X)irn(X)j) 6=

deg(gn(X)prn(Y )q).

Case 2. Let i+ j 6= p+ q and let n > 1 + |j − q|.

If deg(gn(X)irn(X)j) = deg(gn(X)prn(Y )q), then i(n−1) + j(n−2) = p(n−

1) + q(n− 2), which implies that, n = 1 + j−q
[(i+j)−(p+q)] ≤ 1 + |j − q|, again it

is a contradiction and hence deg(gn(X)irn(X)j) 6= deg(gn(X)prn(Y )q).

Theorem 4.3.4. Let R = k(X)[Y, Z] be the α-simple ring and 0 6= u ∈ R.

Then, for the maximal ideal M = (Y, Z), the cardinality |{n ∈ N | αn(u) ∈

M}| is finite.

Proof. Follows from Lemma above.
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