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Chapter 1

Introduction

1.1 Introduction

Microscopic systems consisting of a collection of atoms tend to exhibit a rich

variety of cooperative effects [1–9], which arise due to the interaction between

individual atoms, mediated by the environment. For example, when an atomic

ensemble, confined in a region of space smaller than an optical wavelength, is

irradiated with a single mode radiation field, each atom in the ensemble in-

teracts with the external radiation field as well as with the radiation emitted

from all the other atoms. In this case, the intensity of radiation emitted by

this collection of atoms shows markedly different behaviour from that arising

due to emission from independent atoms. These cooperative effects, which

arise mainly due to the dipole-dipole interaction between the atoms, lead to

interesting modification in the behaviour of the system, starting from forma-

tion of Dicke states, collective emission from the group of atoms which can

show either subradiant or superradiant behaviour, depending on the strength

of the interaction, geometry of the physical system, Rabi field strengths and

the decay rates from different channels. In recent times, several interesting
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manifestations of the cooperative effects among atoms are being studied, from

the view point of practical application in the fields of quantum information,

quantum engineering of states for quantum computing, cryptography etc. A

complete understanding of the behaviour of such a system necessitates a mi-

croscopic formulation of the different interactions between the atoms and the

environment in which they are present.

When treating a system of many atoms, the net force experienced by any

single atom is computed as a collective sum of interactive forces with all the

other atoms. Coherent addition of all these inter-atomic interactions gives rise

to, what is known as, the cooperative phenomena. Therefore, the model for

collective microscopic behaviour of the entire system can be built in terms of a

basic building block involving interaction between a pair of atoms. One of the

most common interactions of this kind is the dipole-dipole (D-D) interaction.

Figure 1-1: Origin of dipole-dipole interaction

Whenever an atom, in its excited state, comes very close (within a wave-

length) to another atom in its ground state, energy is transferred to the second

atom non-radiatively. This non-radiative energy exchange reverses the role of
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the individual atoms participating in this interaction, viz., the second atom

becomes the excited atom and the first one goes to its ground state. This

phenomenon reverses after a while, with the second atom transferring energy

to the first one. This kind of energy exchange leads to an interaction between

the participating atoms. The nature of this interaction is equivalent to the

one derived from the dipole term of the classical electromagnetic interaction,

and hence termed ‘dipole-dipole interaction’ (see figure 1-1).

The static form of long-range interaction between two dipoles ~µ1 and ~µ2

separated by a distance r is given by

Ωst =
1

4πε0

[
(µ̂1.µ̂2)r

2 − 3(µ̂1.r)(µ̂2.r)

r5

]

(1.1)

where µ̂1, µ̂2 are the unit vectors along the two dipole moments, r = |r| and

ε0 is the vacuum permittivity.

Unlike the typical van der Waal’s interaction, one can see that the D-D

interaction has two characteristic features, i.e., long range since it decays as

Ωst ∝ 1/r3, and anisotropic since it depends on the relative angles between

the dipoles [10]. For all identical dipoles aligning in the direction of electric or

magnetic field, the interaction simplifies to

Ωst =
1

4πε0

[
1− 3 cos2 θ

r3

]

, (1.2)

where θ is the angle between the dipole moment ~µ and the inter atomic axis.

For parallel dipoles polarized in a direction perpendicular to the inter atomic

axis, i.e. for θ = π/2, the interaction is repulsive, whereas the interaction is

attractive for θ = 0.
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The D-D interaction at smaller inter atomic distances gives rise to a variety

of phenomena, which have generated considerable interest in the past. Some

of the early reports in this direction include new resonance fluorescence peaks

that arise due to D-D interactions [11], suppression of existing fluorescence

peaks [12], modification of transition rates and level shifts, thus giving rise

to significant changes in the multiple jump dynamics [13] and a host of oth-

ers. In the context of quantum information, entanglement between the atom

pair arising due to dipole-dipole interaction [14], and their subsequent evolu-

tion [15] is another widely studied aspect. Dipole-dipole interaction between

Rydberg atoms, which are stronger due to their large dipole moments [16],

application of this to quantum computation schemes [17], have also generated

a lot of interest. Due to the strong and long-range D-D interactions, Rydberg

atoms offer efficient tools for quantum engineering [18]. This is due to the

fact that, resonant condition can be achieved experimentally in these Ryd-

berg atoms, by tuning the levels with microwave or external electric fields.

The D-D interaction between the atoms creates an energy shift, depending on

the inter-atomic distance, which in turn controls the excitation of the neigh-

bouring atoms around a previously excited atom [17, 22]. In effect, the shift

created by the D-D interaction allows a single Rydberg excitation in a large

atomic sample, inhibiting all other excitations. This is generally referred to as

‘dipole blockade’. The dipole blockade regime for two atoms has been recently

measured experimentally, in the collective excitation of a pair of individually

trapped atoms [20, 21]. Such a result opens up a way to controlling the be-

haviour of a few-atom sample.

There exist several other physical systems, which have the same dynam-

ics as that of two two-level atoms, such as modes in ring cavities, quantum
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dots, excitons in plasmonic waveguides etc. All of them show similar coupling

mechanism, where a resonant energy transfer between any two entities takes

place. Hence, they can be solved with the general mathematical formalism

shown in this work and are most likely to show similar behaviour, under ap-

propriate conditions. Finally, with the great experimental control obtained, a

many atomic sample may be employed as quantum simulator to answer some

challenging open questions of quantum optics/quantum information. Despite

the large amount of work that already exists in literature, it is not an under-

statement to claim that a clear understanding of the D-D interaction effects

is far from complete.

In order to understand these cooperative effects in a sizeable system of

many atoms, it is necessary to have a microscopic formulation of the interaction

between the atoms and the radiation field. A first step in this direction would

be to understand the dynamics of a two atom system interacting with a single

mode radiation field, wherein the cooperative effects among the atoms become

important. Though the system of two atoms interacting with a single mode

radiation field is well studied, we present an overview of the system of two

atoms interacting with a radiation field, for maintaining continuity with the

later work that is reported in this thesis. After gaining understanding of the

behaviour of the two atom system, the next step would be to extend it to

include a third atom, which would bring the study closer to a real system.

Though a fully quantum mechanical picture describes the energy exchange

phenomena more effectively, such an approach becomes cumbersome as the

size of the system increases. With this in mind, we present a detailed study

using the semi classical approach, wherein the atoms are treated quantum

mechanically and the field is treated as a classical variable.
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In case of the many body problem, systems with three correlated atoms

often show qualitatively different features as compared to its two-atom coun-

terpart. For example, it has been shown that the dipole blockade can be

broken by adding a third Rydberg atom [22]. Furthermore, it has been pre-

dicted that systems of more than two D-D interacting atoms exhibit conical

intersections [23, 24], which are relevant for photo-chemical processes. As a

three-body problem, this leads to various effects such as formation of Effimov

states [25] and/or correlation between those atoms that are not directly inter-

acting with each other, mediated by the intermediate atom, are some of the

few phenomena that make the study of these systems worthwhile.

As a first step in this direction, we extended our study to a set of three

atoms, in which pairwise interaction between atoms is considered. The excite-

ment to study dynamics of D-D interaction among three atoms stems from

the fact that, in addition to the already stated interesting features that are

exhibited by the three atom systems, this phenomenon can further be ex-

ploited for several applications. For instance, Deutsch and co-workers, in the

context of quantum information, have exploited the motion of a particle in

a double well to trap alkali atoms in a 1D lattice [26]. They have employed

a photon mediated collision, resulting in an effective D-D interaction, which

provided a handle to control an ensemble of uncoupled atomic systems. They

demonstrated that controlling the strength of the optical field provides a di-

rect control on the strength of the D-D interaction. This is perhaps one of

the many ways of experimentally realizing the schemes that are studied in the

present work.

In this thesis, a system of three atoms, all of them interacting with the

same single mode radiation field, are considered. Inclusion of a third atom



1.1. INTRODUCTION 7

opens up multiple ways of arranging them. However, here we consider two

of the simplest and important configurations - a linear chain where all the

three atoms are on a single line and a closed configuration, where all three

are on the vertices of an equilateral triangle. It is to be noted that any other

arrangement would be a simple variation of these two. In our model, for the

linear arrangement, the interaction between two farthest atoms is neglected

whereas in the closed loop arrangement, all three atoms are assumed to in-

teract with each other with equal strength. Because the atom-atom coupling

manifests in different ways in both these configurations, the results for the two

configurations are markedly different.

Many realistic composite systems are open and sensitive to the surrounding

environment, which usually has the effect to eventually destroy the quantum

features of the system. For example, entanglement is one of the most striking

features of quantum mechanics [11, 12] and is very sensitive to the system-

reservoir interaction, even when this interaction is weak [28]. Due to this

fact, it was thought that entanglement could exist only in systems with small

number of particles, and that too, at very low temperatures. However, recent

experimental observations indicated that entanglement also exists in systems

containing a large number of particles, at finite temperatures [29]. In this

sense, the use of an entanglement witness has helped to demonstrate the ex-

istence of entangled states in thermal systems even at high temperatures [30],

through the measurement of certain thermodynamic observables, such as the

magnetization, magnetic susceptibility, specific heat etc. Some of these studies

in real physical systems include a detailed analysis in spin chains described by

Heisenberg models [31], atom-cavity systems [32] and also in simple molecular

models [33]. In view of the many potential applications, the measurements
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of thermodynamic quantities may provide in the context of quantum infor-

mation theory, it is of interest to study the thermal entanglement measures

in a prototype model. This is the motivation in this thesis, for considering a

three atom system, both in a linear chain as well as in a loop configuration, to

study the temperature dependent entanglement measures, viz., the bipartite

concurrence and quantum discord.

Yet another manifestation of the D-D interaction is that the resulting cor-

relations between the atoms would strongly influence the optical properties of

the atomic system. For example, Dicke [1] predicted that the decay time of an

ensemble of N correlated atoms is proportional to 1

Nγ
and the mean radiated

intensity, which is distributed anisotropically, is proportional to the square

of the number of atoms N2, as opposed to a common exponential decay and

isotropic emission of the radiation (proportional to N), observed for the case

of uncorrelated atoms. This kind of enhanced radiation is known as super-

radiance and is one of the best examples of cooperative effects due to D-D

interactions among the atoms. Here, the D-D interaction between the atoms

plays the role of a phase synchronizing factor, leading to the enhancement of

spontaneous emission, the exact nature of which depends on the spatial dis-

tribution of atoms or the sample geometry [34, 35]. By controlling the dipole

coupling strength, properties of radiation emitted from such a system can be

drastically altered, ranging from superradiant transitions to the generation of

the Fock state of light [36].

Further, it is of particular interest to explore how the super and subradiant

behaviour gets affected for a collection of atoms, when the states are entangled

in different ways. For three particles, from the perspective of teleportation, the

entangled states can be classified into two categories, the GHZ-states [37] and
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the W-states [38]. These states have found lot of practical importance in the

field of quantum information processing [39], teleportation [40, 41] as well as

in super dense coding [42]. Recently, Wiegner et al. [43] have investigated the

super and subradiant characteristics of an N-atom system prepared in gener-

alized W-states of the form
1
√
n
|n− 1, 1 >, with one atom in the ground state

and (n-1) atoms in the excited states. In this thesis, we investigate the super

and subradiant characteristics of the radiation emitted from a system of three

two-level atoms, in the GHZ-states as well as in W-states. We observe that the

radiative properties of these states are quite different from the properties of a

separable state. Finally, in this work, we show how the nature of entangled

state dictates its radiative characteristics, leading to super and/or subradiant

behaviour. This will open up pathways for optical probing of entangled states

and may also throw light on the nature of entanglement.

1.2 Organization of the thesis

The organization of the thesis is as follows:

In chapter 2, the interaction of a pair of two-level atoms interacting with a

single mode radiation field and interacting with each other through the dipole-

dipole interaction is reviewed. In the first section, the model and the mathe-

matical formulation of the problem are presented, for the sake of completeness.

Master equation method [44] for the evolution of the density operator, in the

semi-classical approximation, that is employed in this study is discussed. The

resulting density matrix equations, after the usual rotating wave approxima-

tion, are solved numerically for an extensive parameter regime. In the next

section, transient behaviour of the system is investigated. In particular, the
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role of D-D interaction and Rabi field strength on different level populations

and atomic coherences of the system is examined both for identical as well

as non-identical atoms. The feature of D-D interaction between atoms acting

as dipole blockade is studied. Next, we study the effect of D-D interaction

on the steady state characteristics of the system. We present some of our

numerical results highlighting the influence of the interplay between the Rabi

frequency and the D-D interaction strength on the steady state level popula-

tions, atomic coherences, two photon absorption etc., both for identical as well

as non-identical atoms. The anomalous behaviour of the two photon resonance,

for the case of non-identical atoms is reported. The two photon resonance is

found to increase with an increase in the applied Rabi field strength. In the

last section, we study the effect of D-D interaction on the steady state entan-

glement characteristics of the two atom system. From a detailed analysis of the

two-atom excited state population and the concurrence, a qualitative connec-

tion between the dipole blockade and the entanglement is made. In summary,

in Chapter 2, some of the previous results are reproduced, to maintain conti-

nuity of the discussion, followed by the new results that were obtained in the

current study.

In chapter 3, we extend our work to three coupled two-level atoms, all

interacting with the same monochromatic radiation field. In the first section,

we present the model of the system of three two-level atoms, as an equivalent

eight level system, and study the same using the density matrix formalism. In

the next section, we present our results for the steady state characteristics of

three identical atoms coupled through the D-D interaction. We have studied

two possible scenarios in which the three atoms can be present and observed

that the results for both these show different behaviour. Attempts have been
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made to explain the differences in behaviour of the system for these two cases.

In the last section, studies on the entanglement characteristics of the system,

both in line and loop configurations, are presented. In particular, the bipartite

and tripartite negativities as a function of D-D interaction and Rabi field

strength are discussed. We observe that there is an optimal value of Rabi field

strength for which the tripartite negativity is maximum and this optimal value

increases as a function of the dipole coupling strength. Entanglement sudden

death feature is observed both in line and loop configurations. Our study

reveals that the entanglement between the end atoms persists even though

they are not connected directly through the D-D interaction.

In chapter 4, a study of temperature dependent quantum correlations, for

all possible bipartite subsystems of the three coupled atoms, in both line and

loop configurations, is presented. In particular, we investigate the effects of

temperature, atomic transition frequency and D-D coupling strength, on the

entanglement characteristics and the quantum correlations of three coupled

two-level atoms. In both the line and loop configurations, it is seen that

bipartite quantum correlations increase with an increase in the ratio of dipole

coupling strength to atomic transition frequency and decrease as the ratio

of temperature to atomic transition frequency is increased. From the results

presented in this chapter, it is observed that quantum correlation switches

can be constructed by properly tuning the temperature and dipole coupling

strengths. Further, when the atoms are arranged in loop configuration, certain

interesting and counter-intuitive features are observed, which are in agreement

with the earlier reported studies on similar systems.

In chapter 5, we examine a system of three two-level atoms prepared in

well characterised entangled states, namely GHZ- and W-states, for a wide
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range of dipole coupling strengths and observation angles. For both the geo-

metrical configurations of atoms, the super and subradiant characteristics of

the radiation emitted from different W- and GHZ- states are presented. It is

shown that the nature of the entanglement present in the atomic system is

seen to modify the super/subrradiant behaviour. From the study presented,

it is inferred that the quantum statistical properties of the emitted radiation

show distinctly different characteristics for the GHZ and W-states, making it

possible for optical probing of entangled states. Further, this study reveals

that, in loop configuration, the strong D-D interaction leads to directional

emission of radiation from atoms prepared in symmetric W-state.

Finally, chapter 6 summarizes the results presented in the thesis and sug-

gestions are made on some possible future directions.
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[20] A. Gaëtan, Y. Miroshnychenko, T. Wilk, A. Chotia, M. Viteau, D. Com-

parat, P. Pillet, A. Browaeys and P. Grangier, Nat. Phys. 5, 115 (2009).

[21] L. Isenhower, E. Urban, X. L. Zhang, A. T. Gill, T. Henage, T. A. John-

son, T. G. Walker and M. Saffman, Phys. Rev. Lett. 104, 010503 (2010).

[22] T. Pohl and P. R. Berman, Phys. Rev. Lett. 102, 013004 (2009).



REFERENCES 15
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Chapter 2

Studies on system of two

two-level atoms interacting with

radiation field

Within the many areas of Quantum Optics, one of the simplest non triv-

ial problems involving the atom-field interaction is the coupling of a two-level

atom with a single mode of the radiation field [1,2]. A two-level atom approx-

imation is valid if the two energy levels in an atomic system are resonant or

nearly resonant with the applied field, while all other levels are off resonant.

Under certain realistic circumstances, it is possible to reduce this problem

to a simple form which can be solved exactly. In the dipole approximation,

when the the size of the atom is much smaller than the optical wavelength,

the atom-field interaction problem is mathematically equivalent to a spin-half

particle interacting with an external magnetic field [3]. The basic dynamical

equations governing the evolution of two-level atom variables, are practically

same as those appropriate to spins. An understanding of this simple model of

the atom-field interaction enables one to consider more complicated problems
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involving an ensemble of atoms interacting with the field. One of the most

important examples of such a problem is the interaction of two two-level atoms

with a monochromatic radiation field, some aspects of which will be discussed

in this chapter.

In this chapter, we begin with the theoretical formulation of the system

of two two-level atoms mutually coupled through D-D interaction and both

the atoms interacting with a single mode radiation field. Several aspects of

this problem have been the subject of extensive studies [4]. For the sake of

completeness we review some of the already studied aspects and present the

new results we have obtained for this system. The justification for a study

of this problem comes from the following considerations. The D-D interac-

tion between two two-level atoms has given rise to a myriad of fascinating

phenomena [5–7]. Especially in the field of quantum information [8–11], the

D-D interaction plays an important role in the creation of maximally entan-

gled single excitation states and the shift of the states from the single-atom

energy [12]. The strong D-D interaction between two highly excited Rydberg

atoms act as a Rydberg blockade [13], which can be used as a mechanism for

implementing two-qubit quantum logic gates [14]. In order to achieve a robust

entangled state, many researchers have made efforts to stabilize the atomic

entanglement via the D-D interaction in different engineering scenarios, such

as a squeezed vacuum field [15, 16], an electro-magnetic bath [17], a classical

driving field [18] etc. Therefore, it is of utmost importance to have a clear

understanding of the effect of D-D interaction on quantum entanglement. We

address this problem in the second part of this chapter where the effects of

D-D interaction on entanglement characteristics of the system are studied in

detail.
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Density operator

In practice we often come across situations involving statistical ensembles

of states, where it is impossible to specify the state of the systems completely.

A simplest example is that of a two-level atom, driven by a resonant laser field,

which emits photons at random times. In order to be able to describe the sys-

tem by a pure state, we need to have information on the exact emission times

of all the randomly emitted photons, which is not possible. If the concrete

history of the system is not known, by which we imply that the system is not

in a pure state, the density matrix ρ formalism is a more convenient approach,

which enables one to obtain all the physical predictions about the system. The

density operator enable us to calculate the probability density of the atom be-

ing in a particular state, which is of interest to us in this study. Suppose, a

system is prepared with probability Pi of being in a state |ψi〉, where i runs

over all possible realizations of the system, then the density operator ρ of this

statistical mixture is given by

ρ =
∑

i

Pi|ψi〉〈ψi|, (2.1)

where the probability Pi lies between 0 and 1 and further
∑

i Pi = 1. The

action of the density operator on a member of the ensemble |ψi〉, which can

be expressed as

ρ|ψi〉 =
∑

i

Pi|ψi〉〈ψi|ψi〉 = Pi|ψi〉, (2.2)

enables one to determine the probability Pi of finding the system in state |ψi〉.

If all the members of the ensemble are in the same state, say |ψk〉, then the

density operator reduces to ρ = |ψk〉〈ψk| and the system is said to be in a pure
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state |ψk〉, with probability Pk = 1. From equation 2.2, the diagonal matrix

elements of the density operator give the probability of finding the system in

state |ψi〉, 〈ψi|ρ|ψi〉 = Pii, which are referred to as the population in the state

|ψi〉. The off-diagonal density matrix elements are referred to as coherences.

2.1 The model

We consider two isolated two-level atoms fixed in position with a separation

r, driven by a single mode resonant laser field, of frequency ωL (wavelength

λ), which is nearly resonant with the transition frequency of one of the atoms,

in the region r � λ. Here |gi〉 and |ei〉 are respectively the ground and

excited states of the ith atom (i = 1, 2). The interaction with the field induces

dipole moment in the atoms, which in turn interact with each other via photon

exchange. In our model it is assumed that the external field is propagating

perpendicular to the inter-atomic axis, which renders the interaction of the

field with the atoms to be purely symmetric. The density operator of the

two-atom system can be represented in a complete set of basis states spanned

by four product states, which is usually referred to as the standard basis, the

elements of which are defined as

|1〉 = |g1〉 ⊗ |g2〉 |2〉 = |e1〉 ⊗ |g2〉

|3〉 = |g1〉 ⊗ |e2〉 |4〉 = |e1〉 ⊗ |e2〉 (2.3)

A schematic of this level scheme is shown in figure 2-1. However, since the

D-D interaction couples the two atoms, when describing the evolution of such

a system, the standard basis is usually not the most convenient basis to work
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Figure 2-1: Schematic energy level diagram of two identical two-level atoms
as an equivalent four-level system in product basis

with. In this case, it is more convenient to include the D-D interaction into the

Hamiltonian and re-diagonalize it, giving rise to a different set of basis states,

which are termed as the collective or Dicke states of the two-atom system,

defined by

|g〉 = |g1〉 ⊗ |g2〉; Eg = 0

|s〉 =
1
√
2
(|e1〉 ⊗ |g2〉+ |g1〉 ⊗ |e2〉); Es = h̄(ω0 + Ω12)

|a〉 =
1
√
2
(|e1〉 ⊗ |g2〉 − |g1〉 ⊗ |e2〉); Ea = h̄(ω0 − Ω12)

|e〉 = |e1〉 ⊗ |e2〉; Ee = 2h̄ω0 (2.4)

where Ω12 is the D-D interaction between two atoms and ω0 = (ω1 + ω2)/2,

ω1 and ω2 are the energy level separations of atoms 1 and 2 respectively and

the wave number k = ω0/c.

Unlike the standard basis states, the collective basis contains two interme-

diate states, |s〉 and |a〉 that are linear, symmetric and antisymmetric super

positions of the product states respectively, as shown in figure 2-2. Their ener-

gies depend on the D-D interaction and these states go through a large energy



2.2. FORMULATION 22

Figure 2-2: Schematic energy level diagram of two identical two-level atoms
as an equivalent four-level system in collective basis

shift even for a small inter-atomic separation.

2.2 Formulation

In this section, we develop a mathematical framework to treat the atom-

field interaction semi-classically where the atoms are treated quantum me-

chanically and the field is treated classically. In this study we assume, with no

loss of generality, that the atomic dipole moments are parallel to each other

and are polarized in a direction perpendicular to the inter-atomic axis, i.e.,

~µ1 = ~µ2 = ~µ and ~µ ⊥ ~r. For the atoms in a running-wave laser field, the Rabi

frequency is a complex parameter which may be written as

Ωi = Ω0exp(−ikL.ri) (2.5)

where Ω0 = |µ.
−→
E

(+)

L (ri)| is the Rabi frequency, ri is the position vector of the

ith atom, and kL is the wave vector of the driving field. For the direction of

propagation of the driving field perpendicular to the atomic axis, kL.r = 0,
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both the atoms experience the same driving field strength (Ω1 = Ω2 = Ω0).

This case has been extensively studied in the literature [19,20]. When kL.r 6= 0

the atoms are subject to different driving fields (Ω1 6= Ω2).

Several theoretical approaches can be used to treat the system of two atoms

interacting with the radiation field. One of the more preferred among these is

the master equation approach [21], which enables one to treat the evolution of

the atom-field system completely in terms of the atomic operators.

The master equation which governs the dynamical evolution of the density

operator ρ of the two-atom system is given by

∂ρ

∂t
= −i

2∑

i=1

∆i[S
z
i , ρ]−i

2∑

i 6=j=1

Ωij [S
+

i S
−
j , ρ]+i

Ω0

2

[
(S+

1 + S+

2 )e
−iω

L
t +H.C, ρ

]
−Lρ

where the last term Lρ = 1

2

∑
2

i,j=1
Γij(ρS

+

i S
−
j + S+

i S
−
j ρ− 2S−

j ρS
+

i ) represents

the decay of the atomic system. Here, S+

i = |ei〉〈gi| and S−
i = |gi〉〈ei| are

the raising and lowering operators respectively, Sz
i = 1

2
[|ei〉〈ei| − |gi〉〈gi|] is the

energy operator of the ith atom and ωL is the driving field frequency and Ω0

is the Rabi frequency. The parameters Ωij and Γij(i 6= j) which describe the

D-D interaction and the collective damping respectively, are both functions of

the inter atomic distance, given by

Ωij =
3Γ

4

[

−(1− cos2 θ)
cos(krij)

krij
+ (1− 3 cos2 θ)

(
sin(krij)

(krij)2
+

cos(krij)

(krij)3

)]

(2.6)

and

Γij =
3Γ

2

[

(1− cos2 θ)
sin(krij)

krij
+ (1− 3 cos2 θ)

(
cos(krij)

(krij)2
−

sin(krij)

(krij)3

)]

(2.7)
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where θ is the angle between the dipole moment ~µ and the inter atomic separa-

tion ~rij. From the above equations 2.6 and 2.7, it is clearly seen that for small

inter-atomic distances (krij � 1), the collective parameters Γij and Ωij reduce

to Γ and the quasi-static D-D interaction potential respectively, the latter of

which is given by Ωij =
3Γ

2(kr
ij
)3
(1−3 cos2 θ). For large inter-atomic separations

(krij � 1), the corresponding Ωij = Γij = 0, i.e., there is no coupling between

the atoms. In this case, the master equation reduces to algebraic sum of the

master equation of the single atoms.

We now remove the fast time dependence from ρ(t) and the corresponding

slowly varying quantities ρ̃(t) are obtained (where tilde denotes a quantity

in a frame rotating with the frequency of the driving field) and the terms

oscillating at twice the optical frequency are neglected. This transformation

is known as the rotating wave approximation (RWA). The relation between

different elements of the density operator in the rotating frame and the initial

frame are given by

ρgg = ρ̃gg; ρga = ρ̃gae
iω

L
t; ρgs = ρ̃gse

iω
L
t; ρge = ρ̃gee

2iω
L
t

ρag = ρ̃age
−iω

L
t; ρaa = ρ̃aa; ρas = ρ̃as; ρae = ρ̃aee

iω
L
t

ρsg = ρ̃sge
−iω

L
t; ρsa = ρ̃sa; ρss = ρ̃ss; ρse = ρ̃see

iω
L
t

ρeg = ρ̃ege
−2iω

L
t; ρea = ρ̃eae

−iω
L
t; ρes = ρ̃ese

−iω
L
t; ρee = ρ̃ee

The master equation for the evolution of atomic density operator ρ, after the
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RWA has been made, is given by

∂ρ̃

∂t
= −i

2∑

i=1

∆i[S
z
i , ρ̃]− i

2∑

i 6=j=1

Ωij [S
+

i S
−
j , ρ̃] + i

Ω0

2

2∑

i=1

[S+

i + S−
i , ρ̃]− Lρ̃ (2.8)

The equations of motion for different density matrix elements can be obtained

from equation(2.8) which then can be solved both in steady state as well as in

the transient regime.

2.3 Dynamical evolution of two two-level atoms

In this section, we study the interaction of two two-level atoms with each

other through D-D coupling and solve the equations of motion for the system

in the presence of external field. The sixteen first order differential equations

of motion for the density matrix elements after RWA are obtained as follows:

∂tρ̃ee = iΩ̃(ρ̃se − ρ̃es)− 2Γρ̃ee

∂tρ̃ss = iΩ̃(ρ̃es + ρ̃gs − ρ̃se − ρ̃sg) +
i(∆2 −∆1)

2
(ρ̃as − ρ̃sa)− (Γ + Γ12)(ρ̃ss − ρ̃ee)

∂tρ̃aa =
i(∆1 −∆2)

2
(ρ̃as − ρ̃sa)− (Γ− Γ12)(ρ̃aa − ρ̃ee)

∂tρ̃gs = −iΩ̃ +

[
i(∆1 +∆2)

2
−

(Γ + Γ12)

2
+ iΩ12

]

ρ̃gs +
i(∆1 −∆2)

2
ρ̃ga + 2(Γ + Γ12)ρ̃se +

iΩ̃(2ρ̃ss + ρ̃aa + ρ̃ee − ρ̃ge)

∂tρ̃ga =

[
i(∆1 +∆2)

2
−

(Γ− Γ12)

2
− iΩ12

]

ρ̃ga +
i(∆1 −∆2)

2
ρ̃gs − 2(Γ− Γ12)ρ̃ae + iΩ̃ρ̃sa

∂tρ̃ge = [i(∆1 +∆2)− Γ] ρ̃ge + iΩ̃(ρ̃se − ρ̃gs) (2.9)

∂tρ̃se =

[
i(∆1 +∆2)

2
−

(3Γ + Γ12)

2
− iΩ12

]

ρ̃se +
i(∆2 −∆1)

2
ρ̃ae − iΩ̃(ρ̃ss − ρ̃ee − ρ̃ge)

∂tρ̃ae =

[
i(∆1 +∆2)

2
−

(3Γ− Γ12)

2
+ iΩ12

]

ρ̃ae +
i(∆2 −∆1)

2
ρ̃se − iΩ̃ρ̃as

∂tρ̃as =
i(∆2 −∆1)

2
(ρ̃ss − ρ̃aa)− (Γ− 2iΩ12)ρ̃as − iΩ̃(ρ̃ae + ρ̃ag)

∂tρ̃gg = −∂tρ̃aa − ∂tρ̃ss − ∂tρ̃ee
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The remaining equations can be obtained from the Hermitian properties of

the density matrix elements, viz.,

ρ̃ij = ρ̃∗ji.

In the above equations the atomic detuning ∆i = ωi − ωL, i = 1, 2, where ωi

is the frequency of ith atom, ωL is the frequency of applied field and the total

two-atom detuning ∆ = ∆1+∆2. Here Γ1 = Γ2 = Γ is the spontaneous decay

rate of each atom and Ω̃ = Ω0√
2
is the modified Rabi frequency.

The decay from a state is referred to as super(sub)radiant, if its decay rate

is larger(smaller) than the radiative decay rate Γ. A detailed inspection of the

equations of motion reveals that the symmetric state is superradiant with rate

Γ+Γ12, whereas the antisymmetric state is subradiant with rate Γ−Γ12. The

slowly decaying state |a〉 can be populated through two different channels, viz.,

the spontaneous emission from the state |e〉 and the coherent interaction with

the state |s〉. By using the completeness condition of the level populations

ρ̃gg + ρ̃aa + ρ̃ss + ρ̃ee = 1, the 16 equations can be reduced to 15 equations,

which can be cast in the form

∂Ψ

∂t
=MΨ+ Φ (2.10)

where M is a 15× 15 coefficient matrix and Ψ and Φ are column vectors each

of length 15 which are defined in the following.

Ψ = [ρ̃ga ρ̃gs ρ̃ge ρ̃ag ρ̃aa ρ̃as ρ̃ae ρ̃sg ρ̃sa ρ̃ss ρ̃se ρ̃eg ρ̃ea ρ̃esρ̃ee]
T (2.11)

Φ = [0 − iΩ̃ 0 0 0 0 0 iΩ̃ 0 0 0 0 0 0 0]T (2.12)
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In the equations of the density matrix elements the ‘ ˜ ’ above each of the

elements corresponds to the density matrix elements in the rotating frame.

From here on, for brevity of notation, the tilde ‘˜’ above each of the elements

is removed, with the understanding that all the elements are defined in the

rotating frame. Depending on the nature of information that is being sought,

the equations can be solved either as a function of time, which will necessitate

solution of 16 first order coupled differential equations, or in steady state. In

the next section we present some of the results of level populations and various

atomic coherences in time domain, both for identical and non-identical atoms.

2.3.1 Results and Discussion

In this section, we study the effect of D-D interaction on level populations

(ρii, for i = g, a, s, e) and various atomic coherences (ρij , for i 6= j = g, a, s, e)

in time domain both for identical and non-identical atoms. Some preliminary

results for typical values of the parameters are presented. Throughout the

results presented here, all the parameters, namely the atomic detunings, the

Rabi frequencies, the D-D interaction strength are all normalized with respect

to the population decay rate Γ.

2.3.1.1 Identical atoms

Here, we present the results for three typical values of inter-atomic separa-

tions (r = λ
10
, λ
14

and λ
18
) corresponding to large, moderate and small distances

respectively. The D-D interaction, which scales as r−3, corresponding to these

three distances can be categorized as weak, moderate and strong respectively.

It is of interest to study the evolution of these density matrix elements, for
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certain specific choice of initial conditions on the atoms. We start with the

situation of both atoms being in the ground state initially, and for moderate

value of Rabi field strength Ω0 = 2 and for the total detuning ∆ = 0. In

Figure 2-3, the blue line in each of the sub-figures shows the time evolution

of the corresponding population for weak interaction (Ω12 = 2.6), while the

green line corresponds to a moderate interaction strength (Ω12 = 7.6) and the

red line pertains to a strong interaction strength (Ω12 = 16.6).
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Figure 2-3: The time evolution of level populations of two identical atoms 2-
3(a) ρgg, 2-3(b) ρaa, 2-3(c) ρss and 2-3(d) ρee, corresponding to inter-atomic
distance r = λ

10
(blue line), λ

14
(green line) and λ

18
(red line) respectively.

When the atoms are far apart (r = λ
10
), the ground state population ρgg

starts from its initial value of 1 and decreases rapidly and reaches a value of
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0.57 within two lifetimes and stabilizes and approaches steady state. The sym-

metric state population ρss very rapidly reaches a maximum value of 0.25 and

exhibits oscillatory behaviour and with further increase in time approaches

steady state. As both atoms are assumed to be in the ground state initially,

as expected, due to the action of the external radiation field, the population

ρee increases upto certain time and then approaches steady state. From the

equations of motion of the density matrix elements, we know that the anti-

symmetric state |a〉 is subradiant with a decay rate of Γ − Γ12 and further

it can be populated by the spontaneous emission from the state |e〉 (since

ρas = 0 for identical atoms). The antisymmetric state population ρaa shows a

slow increase and attains a steady state value at a much larger Γt (due to its

long-lived nature), as is illustrated quantitatively in figure 2-3(b).

It is obvious from the Eqs. 2.6 and 2.7 that the strength of D-D interaction

and collective decay rate increase as the inter-atomic distance r decreases.

For an intermediate value of inter-atomic distance r = λ
14

(Ω12 = 7.6), it is

observed that the ground state population ρgg exhibits oscillatory behaviour

at initial times and attains a higher steady state value of 0.91, as compared

to the case of weak coupling (blue line). Consequently the excited states are

poorly populated. The oscillations in populations can be attributed to photon

exchange interaction.

As the inter atomic distance is decreased further (r = λ
18
), the dipole

interaction becomes stronger (Ω12 = 16.6) blocking the excitation of atoms as

observed from the decreased excited state populations (fig. 2-3). The reason

for the small population, is easily understood through the level shift of the

symmetric and antisymmetric states, due to the D-D interaction, as shown in

figure 2-2. These level shifts can have strong influence on the laser excitation of
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adjacent atoms, rendering it nearly impossible to simultaneously excite both

the atoms. This is a clear signature of a dipole blockade wherein the first

excited atom prevents any further excitation, by shifting the resonance for its

non excited neighbours, resulting in the production of singly excited collective

states [22].
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Figure 2-4: The dynamical evolution of level populations of identical atoms
for different Rabi field strengths Ω0= 2 (black line), 5 (magenta line), 10 (cyan
line) when the inter-atomic distance r = λ

14
.

To see the competition between the D-D strength and the Rabi frequency,

fixing the inter-atomic distance at a particular value of r = λ
14
, which cor-

responds to the moderate D-D strength of figure 2-3, we have studied the

populations for different values of the Rabi field strengths. From figure 2-4,

we clearly see that as the Rabi field strength is increased, the dipole blockade

is lifted and the separable doubly excited state |e〉 is substantially populated.
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This clearly shows how the stronger radiation field counteracts the effect of

D-D interactions. In addition, the population of the antisymmetric state is

relatively small for all times. This is due to the fact that the laser field couples

to the symmetric state leaving the antisymmetric state nearly decoupled from

the driven states.
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Figure 2-5: Two photon coherence ρeg for identical atoms 2-5(a) Re(ρeg) and
2-5(b) Im(ρeg) corresponding to inter-atomic distances of r = λ

10
, λ
14

and λ
18

.

Next, in order to see the effect of the D-D coupling and the Rabi frequency

on the atomic coherences, the real and imaginary parts of two photon coherence

ρeg are plotted for identical atoms in two adjacent frames in figure 2-5. The

real part of (ρeg) increases with increase in Ω12. The number of oscillations

increase in time with increase in Ω12 and the amplitude of the oscillations

decreases slowly as the time progresses. On the other hand, the imaginary

part of the coherence (ρeg) decreases monotonically with increase in Ω12.

From the above analysis, it can be understood that the population distri-

bution strongly depends on the D-D coupling strength. As the dipole coupling
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strength is increased, the number of oscillations (before steady state is at-

tained) are increasing in all of the populations. For a fixed Rabi field strength,

an increase in the dipole coupling gives rise to inhibition of the excited state

populations, showing clearly that increase in the D-D coupling is giving rise

to an increase in the probability for both atoms to be trapped in their ground

states. In the next section, we study these features for the case of non-identical

atoms.

2.3.1.2 Non-identical atoms

For the case of non-identical atoms, we assume different energy level sepa-

ration between ground and excited states of the two atoms and hence ∆1 6= ∆2.

We also assume that the two decay constants Γ1 and Γ2 are close enough, that

they can be effectively considered equal, denoted by Γ. This is physically con-

sistent, since in comparison to values of Rabi frequencies and detunings, the

value of decay constants of different atoms are much closer. For example, 7Li

and 85Rb have decay rates 5.92 MHz and 5.98 MHz respectively while their

resonant wavelengths are 670 nm and 780 nm. In such case, without any loss

of generality, the decay constants of both species can be replaced by an identi-

cal value of 5.9 MHz. However, when excited by a single mode radiation field,

the detunings of each of these atoms would be markedly different from each

other. Without a need to choose specific atomic species, we assume a situation

of ∆2 = ∆1 + 10Γ, where ∆1 = −5Γ,∆2 = +5Γ such that the total detuning

∆ = 0.

The time evolution of the level populations of non-identical atoms for

r = λ
10

(corresponding Ω12 = 2.6) is shown in figure 2-6. From the figure

we observe that the collective states are unequally populated. The ground
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Figure 2-6: Level populations for non-identical atoms 2-10(a) ρgg, 2-10(b) ρaa,
2-10(c) ρss and 2-10(d) ρee corresponding to inter-atomic distances of r = λ

10
, λ
14

and λ
18
.

state population ρgg, starting from its initial value of 1, exhibits rapid oscilla-

tions, the frequency of oscillations increasing with increased D-D interaction

strength. With increase in D-D coupling strength, the steady state value also

increases, which is a clear manifestation of dipole blockade. As time pro-

gresses, the population ρaa reaches a steady state. Unlike the case of identical

atoms, in this case, the symmetric state is poorly populated. A careful look

at the equations of motion (2.9) shows that for the non-identical atoms, there

is a non-vanishing coupling between the symmetric and antisymmetric states

(ρas) which is absent for the identical atoms, resulting in decoupling of the
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Figure 2-7: The dynamical evolution of level populations of non-identical
atoms for different Rabi frequency strengths Ω0= 2 (black line), 5 (magenta
line), 10 (cyan line) when r = λ

14
.

antisymmetric state and the triplet state. The changes in behaviour of the

different populations can be largely attributed to this feature.

In the limit of small inter-atomic separation r = λ
18
, the ground state is

most populated, as a consequence of which the populations of excited states

are close to zero. The number of oscillations increase with increase of Ω12.

However, for a strong driving field (Ω0 > 2), the effect of Ω12 on populations

is almost insignificant and the excited states get more populated (shown in

the figure 2-7). This clearly shows that there is a competing effect between

the Rabi field strength and the D-D coupling. From the above analysis, one

clearly sees that for a given value of D-D coupling strength, there is a cross-

over value of the Rabi frequency on either side of which the system shows
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markedly different behaviour.
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Figure 2-8: Two photon coherence ρeg for non-identical atoms 2-8(a) Re(ρeg)
and 2-8(b) Im(ρeg) corresponding to inter-atomic distances of r = λ

10
, λ
14

and
λ
18

.

The real and imaginary parts of two photon coherence ρeg are plotted

for non-identical atoms in two adjacent frames in figure 2-8. The real part

of (ρeg) increases with increase in Ω12. The number of oscillations increase in

time with increase in Ω12 and the amplitude of the oscillations decreases as the

time elapses. Unlike in the case of identical atoms, the imaginary(ρeg) of non-

identical atoms first increases and then decreases with increase in Ω12. This

again demonstrates clearly the competing interplay of the Rabi field and the

D-D interaction strength. In other words, fixing the dipole coupling strength,

the two-photon absorption can be tuned by varying the Rabi field strength.

The above detailed analysis clearly shows that D-D coupling strongly in-

fluences the behaviour of population of both the single atom excited states as

well as two-atom excited state. Further, it is seen that the modification in the
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populations is quite different depending on whether the atoms are identical

or otherwise. Another noteworthy feature is the decrease in the two atom ex-

citation probability, associated with increase in the dipole coupling strength,

common to both identical as well as non-identical atoms. This is due to the

inhibition of simultaneous excitation of two atoms due to the D-D coupling

which is also referred to as ‘dipole blockade’. This feature is further studied in

the next section, in the context of the steady state behaviour of the system.

2.4 Steady state analysis: Two two-level atoms

Taking the Laplace transform of the equation (2.10) in the limit t → ∞,

the steady state solution of the density matrix elements is obtained as

Ψ(t→ ∞) = lim
z→0

zΨ̂(z) = −M−1Φ (2.13)

As the focus here is on the steady state behaviour of the two-atom system,

we present numerical results of different quantities, both for identical as well

as non-identical atoms, in the next section.

2.4.1 Results and Discussion

2.4.1.1 Identical atoms

For the case of identical atoms, it is found that the singlet antisymmetric

state |a〉 acts as a dark state or a trapping state. This is so because the atomic

coherences between this state and the rest of the triplet states are always found

to be equal to zero. In this case, it is observed that the height of the central

peak steadily decreases with an increase in the dipole coupling strength. Some
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representative values of the parameters are chosen to demonstrate this feature

in figure 2-9, in which each of the sub-figures corresponds to a different value

of the inter atomic spacing which in turn defines the dipole coupling strength.

For example, the steady state level populations which are plotted in figure

2-9(a)-2-9(d), show the behaviour for three values of r = λ
10
, λ
14
, λ
18
.
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Figure 2-9: Steady state level populations for identical atoms 2-9(a) ρgg, 2-
9(b) ρaa, 2-9(c) ρss and 2-9(d) ρee corresponding to inter-atomic distances of
r = λ

10
, λ
14

and λ
18

.

For a non zero D-D interaction, the two-atom system has resonances at

∆ = 0 and −2Ω12 (here the peak position depends on the choice of detuning,

for example we define detuning as ∆i = ωL − ωi, i = 1, 2 then the two peaks

occur at ∆ = 0 and 2Ω12). At ∆ = −2Ω12, only the ground and symmetric

states [cf. Figures 2-9(a), 2-9(c)] are significantly populated. With the increase

of Ω12 the side peaks of ρgg and ρss are saturated. Lack of a corresponding side
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peak in ρee, shown in Figure 2-9(d), can be understood from the fact that the

alternate pathways for stepwise excitation |g〉 → |s〉 → |e〉 and |g〉 → |a〉 → |e〉

are both inhibited. The central resonance peak at ∆ = 0 in ρee results from a

simultaneous excitation of both atoms (|g〉 → |e〉) which is termed as the two-

photon resonance [12]. The resonances in other intermediate state populations

at ∆ = 0 can be interpreted as arising from subsequent decay from |e〉 to

these states. With increasing Ω12, the value of the resonant peak at ∆ = 0

identically decreases for all the excited states, i.e., inhibition of two photon

resonance due to the D-D interaction. A careful inspection of the behaviour

of populations reveals that the step-wise excitation is more inhibited than the

direct excitation.

2.4.1.2 Non-identical atoms

The steady state level populations for the case of non-identical atoms,

as a function of the total detuning ∆, are presented in figure 2-10. When

there is no interaction between the atoms (Ω12 = 0), the level populations

of two non-identical atoms show two peaks of equal amplitude and the peak

positions are symmetric about ∆ = 0 (not shown in figure 2-10). In this

case, the two two-level systems act as two independent two-level atoms. For

Ω12 6= 0, there are three resonance dips in ρgg for this condition, each dip

mirrored by a corresponding peak in ρss and ρaa. The level population ρee

also shows this mirroring with two side peaks of small amplitude, indicating

a step wise excitation of both the atoms, which was very strongly blocked

for the case of identical atoms. As the Ω12 increases, the height of the right

dip/peak of ρgg/ρss decreases and the dip/peak width becomes sharper, where

as the height of the left dip/peak of ρgg/ρss is greatly increased. Moreover, the
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Figure 2-10: Steady state level populations for non-identical atoms 2-10(a) ρgg,
2-10(b) ρaa, 2-10(c) ρss and 2-10(d) ρee corresponding to inter-atomic distances
of r = λ
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positions of side peaks/dips depend upon the eigenvalues of the Hamiltonian

H. From the eigenvalue analysis (shown in figure 2-11), the positions of the

side bands are given as ∆ = 2
√
|Ω12|2 + δ2/4 and −2

√
|Ω12|2 + δ2/4, where

δ = ∆2 −∆1. The eigenvalues respectively are ∆

2
,−∆

2
,±
√
|Ω12|2 + δ2/4. The

positions of the side peaks can be ascertained from the difference between the

Ω12 dependent eigenvalues.

Unlike the behaviour exhibited in the case of identical atoms, for the non-

identical atoms, one observes the presence of side bands in ρss, ρgg as well as

in ρaa. The corresponding side bands in ρee are of small amplitude, indicating

a reduced degree of inhibition of stepwise excitation in this case.

The central peak at ∆ = 0, which corresponds to simultaneous two-atom
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Figure 2-11: Eigenvalue spectrum for 2-11(a) identical atoms 2-11(b) non-
identical atoms.

excitation, shows very interesting behaviour. As Ω12 is increased, the height of

the peak initially increases and further increase in Ω12 gives rise to a decrease

in the peak height. Varada and Agarwal [12] have calculated the probability

for direct two-photon resonance, for non-identical atoms, and have shown that

this resonance is not present when Ω12 = 0. It has to be noted that in our

case the central peak in ρee is a result of the combined effect of the population

that can reach the state |e〉 through a stepwise excitation as well as direct

excitation of the two atoms, which is obtained from a full density matrix

calculation. Hence in our case, we notice the presence of the central peak even

in the absence of Ω12.

The reasons for the increase and subsequent decrease in the peak height, as

the D-D interaction strength is continuously increased, are not obvious from

the above analysis. However, looking at the eigenvalue evolution [cf. Figure

2-11], one can say that Ω12 causes a shift of the energies of the levels |s〉 and

|a〉. A critical value of Ω12, say Ω12(c), exists such that, at this D-D coupling

strength, the shifted energies of |s〉 and |a〉 become equal to that as seen in the
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case of identical atoms. In other words, the non-identical nature of the atoms

is compensated by the energy shifts due to this Ω12(c). Further increase in

the value of Ω12 beyond this critical value, will show a decrease in the central

peak height of ρee, same as the feature seen in the case of identical atoms.

In order to obtain a parametric relation for this critical value Ω12(c), com-

putations were carried out for a wide range of parameters. From a careful

analysis of the data thus obtained, it is inferred that Ω12(c) is given by ∆2−∆1

2
.

The choice of the values of Ω12 in the figure is made such that this effect can

be clearly demonstrated for the chosen values of the other parameters, in par-

ticular ∆2 − ∆1 = 10Γ. For example, one can clearly see the increase in the

central peak height of ρee [cf. Figure 2-10(d)], as Ω12 is increased from 2.6

(blue online) to 7.6 (green online) (corresponding to the range below Ω12(c)).

The third value 16.6 (red online) is chosen to be greater than Ω12(c), where

the decrease in the central peak height is clearly seen.
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Figure 2-12: The atomic coherence Im (ρeg) on resonance for 2-12(a) identical
atoms 2-12(b) non-identical atoms.

Further insight into the behaviour of this central peak can be obtained by
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looking at the atomic coherence ρeg. In the next figure 2-12 the imaginary part

of the atomic coherence ρeg at the line centre (∆ = 0) is plotted, as a function

of kr, for three values of Rabi field strength Ω0. From the figure it is observed

that the parameters Ω0 and Ω12 seem to have competing effect on the behavior

of the atomic coherence ρeg. The behaviour of ρeg is suggesting that there is

an optimal combination of Ω0 and Ω12 for which the function is attaining its

maximum value. For higher values of the Rabi field strength one notices that

the pattern of increase, decrease and a second increase, as evident from the

two peaks in Im(ρeg) is similar to the behaviour exhibited by the central peak

of ρee. The small differences in the detail here can be attributed to the fact

that the central peak in ρee is a result of all the pathways of excitation put

together whereas the atomic coherence ρeg is a two-photon coherence.

2.5 Steady state entanglement in two two-level

atoms

Entanglement is a property of atomic ensembles, which is to exhibit correla-

tions, that cannot be accounted for classically. Entangled state of a composite

quantum system, which cannot be written as a product of the states of the in-

dividual subsystems [23], are of fundamental interest in quantum mechanics. It

has been realized that the quantum entanglement can have many practical ap-

plications, ranging from quantum information processing [24], teleportation,

cryptography [25], quantum computing [26] and to other tasks in quantum

technology [27–30]. Two-level system, which is a prototype qubit system, is

the smallest and simplest composite system that can display entanglement. It
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is, therefore, the most suitable model to investigate the entanglement charac-

teristics as well as how these properties are influenced by external field and

spontaneous decay [31], which is a key point for quantum applications. In the

next subsection, we investigate the entanglement characteristics of two two-

level atoms interacting with a monochromatic radiation field, in the presence

of D-D interaction.

2.5.1 Concurrence

For many problems in quantum information theory it is necessary to know

whether a state of a quantum system is entangled or separable. To assess how

much entanglement is stored in a given quantum system and how this entan-

glement changes with environmental effects, it is essential to have a knowledge

of proper measures of entanglement. Several different measures of entangle-

ment have been proposed to identify entanglement between two atoms. These

include the entanglement of formation, the entanglement of distillation [32],

relative entropy [33], negativity [34] and the concurrence [35, 36], an entan-

glement measure defined by Wootters, which is studied in the current work.

Concurrence has been defined originally for a system of two qubits, represented

in a standard basis (2.3), described by the density matrix of the form,

ρX =












ρ11 0 0 ρ14

0 ρ22 ρ23 0

0 ρ32 ρ33 0

ρ41 0 0 ρ44












(2.14)
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For such a composite system, the concurrence C is defined as

C = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4} (2.15)

where {
√
λi}, i = 1, 2, 3, 4, are the square roots of the eigenvalues, in decreasing

order, of the non-Hermitian matrix R = ρρ̃ with

ρ̃ = σy ⊗ σyρ
∗σy ⊗ σy (2.16)

where σy is the Pauli matrix. The range of concurrence is from 0 to 1, 0

corresponding to the unentangled (separated) atoms, while 1 refers to the

maximally entangled atoms.

The matrix needed for calculation of the concurrence has the form

ρ̃ =












ρ44 0 0 ρ14

0 ρ33 ρ23 0

0 ρ32 ρ22 0

ρ41 0 0 ρ11












and the square roots of the eigenvalues of the matrix R (= ρρ̃) are given by

{
√
λi} = {

√
ρ11ρ44 − |ρ14|,

√
ρ11ρ44 + |ρ14|,

√
ρ22ρ33 − |ρ23|,

√
ρ22ρ33 + |ρ23|}.

The concurrence is thus given by

C = max{0, C1, C2} (2.17)
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with

C1 = 2(|ρ14| −
√
ρ22ρ33); C2 = 2(|ρ23| −

√
ρ11ρ44). (2.18)

We have two alternative expressions for the concurrence and the convention

is to choose the one which is positive. In this study, we wish to examine the

steady state properties of the concurrence in the presence of D-D coupling

and driving field. In this case a general state of the system is a mixed state,

described by the density operator

ρAB =












ρgg ρga ρgs ρge

ρag ρaa ρas ρae

ρsg ρsa ρss ρse

ρeg ρea ρes ρee












(2.19)

As the equations of motion for the density matrix elements (2.19) are too

cumbersome for an analytical solution, due to the coupling between the pop-

ulations and coherences, we study numerically the evolution of the density

matrix elements, from which we compute the concurrence in the steady state,

both for identical and non-identical atoms.

2.5.2 Results and Discussion

In this sub-section, we present numerical results for the concurrence of a

system of two two-level atoms, for various values of kr and Ω0 in the region

of validity of dipole approximation (kr < 1). Three dimensional plots of the

two-photon excited state population ρee are presented in figure 2-13 and the

corresponding concurrences are presented in figure 2-14. In the case of identical

atoms, for a given value of Ω0, the concurrence peaks at a specific value of kr.
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Figure 2-13: Steady State ρee for the case of (a) identical atoms (b) non-
identical atoms

For all other values of kr, concurrence is minimum, and, in addition, is equal

to zero whenever Ω12 <
Ω2

0

2
. For non-identical atoms, the concurrence shows a

more complex behaviour as is clear from figure 2-14(b).
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Figure 2-14: Steady State concurrence for the case of (a) identical atoms (b)
non-identical atoms

For moderate values of Ω0, as kr is increased from 0 to 1, concurrence

gradually increases. For higher values of Ω0 (4 and above), there is a region

of kr in which the concurrence goes to zero and remains zero, which can be
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interpreted as entanglement sudden death (ESD). Further increase of kr for

the same range of Ω0 exhibits non zero concurrence, which on the same token

can be understood as entanglement re-birth (ERB).

In summary, a careful inspection of figures 2-13 and 2-14 clearly shows that

the parameter zones where dipole-blockade is maximized, which is same as de-

crease in the line-center population ρee, are the same regions where concurrence

is maximum. This is understandable because presence of dipole blockade is

also an indicator of entanglement. From the results of figure 2-13, we can infer

that the two-atom excitation depends upon two parameters, the Rabi coupling

strength Ω0 and the D-D interaction Ω12. There is a competing effect with

respect to how these two parameters affect simultaneous excitation of both

atoms. The eigenvalue evolution with respect to Ω12 is linear in case of identi-

cal atoms and non-linear in case of non-identical atoms [cf: figure 2-11]. This

appears surprising at first since for this particular case, we assume the same Ω0

for both atoms even when they are non-identical. But the fact is that resonant

two-atom excitation happens at ∆ = 0 = ∆1 +∆2. This implies that effective

coupling ratio Ω0/∆1 for one atom differs from the Ω0/∆2 for the other, which

leads to different couplings. This strongly suggests that each atom has a set of

values for Ω0, Ω12 and ∆ at which the probability of excitation is maximum.

However, this is different from the value at which probability for both atoms

getting excited together is maximum.

The study presented here quantifies the relationship between dipole block-

ade and entanglement. These quantitative connections between different atomic

properties, presented here from a detailed analysis of the entanglement char-

acteristics of the system, provide a possible estimate of the combinations of

parameters where the system can be exploited.
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2.6 Conclusion

In summary, we have explored the behaviour of two two-level atoms, both

identical and non-identical in the context of interactions between atoms and

the electromagnetic field. We have studied the effect of D-D coupling on level

populations and various coherences both in transient and steady state case.

The D-D coupling introduces modifications in the populations of single atom

excited states as well as two-atom excited state. This modification is different

depending on whether the atoms are identical or otherwise. With an increase

in the dipole coupling strength, the frequency of oscillations of each of the

populations shows an increase, which can be attributed to the change in the

photon exchange rate resulting due to the stronger dipolar coupling. Increase

in dipole coupling strength is resulting in a decrease in the excited state pop-

ulations, thus suggesting that D-D coupling is inducing both the atoms to be

trapped in the ground state. This is a clear manifestation of dipole blockade,

which is nothing but inhibition of simultaneous excitation of two atoms due to

increased dipolar coupling. The two photon resonance, which appears in the

presence of the dipole coupling strength shows an increase upto certain val-

ues of the coupling strength and beyond this critical value, it decreases, thus

exhibiting an anomalous behaviour, only for the case of non-identical atoms.

However, this anomalous behaviour is observed in the coherence ρeg both for

identical as well as non-identical atoms. This feature can be explained in a

simple sense, as being due to different set of parameters Ω0, Ω12 and ∆ at which

each atom individually has maximum excitation probability, which in turn is

different from the probability for simultaneous excitation. Varying any of the

parameter will traverse over the probability curve showing a non-monotonic
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behaviour. From a detailed analysis of the two-atom excited state population

and the concurrence, a qualitative connection between the dipole-blockade and

the entanglement is made. To summarise, an attempt has been made, from

an extensive analysis of the behaviour of the system, to provide a range of

parameter values within which the properties of the atomic system can be

manipulated/tuned for applications in say, quantum information processing.
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Chapter 3

Studies on a system of three

two-level atoms interacting with

a single mode radiation field

In the previous chapter we have studied the effect of D-D interaction on

a pair of two-level atoms interacting with a laser field. In the present chap-

ter, we extend our study to a set of three two-level atoms interacting through

D-D coupling. When there are more than two atoms, wherein some of them

are excited while the others are in their ground states, the D-D interaction

acts between the nearest ground-excited atom pairs. Many of the cooperative

phenomena that are exhibited by a collection of atoms are manifestations of

a coherent sum of these interactions. As a three-body problem, this leads to

various effects such as formation of Effimov states [1–3] and/or correlation be-

tween those atoms that are not directly interacting with each other mediated

by the intermediate atom are some of the phenomena that make the study

of these systems worthwhile. Some of the recent works involve trapping of

three atoms in microscopic optical tweezers [4–6] and the study of three atoms
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in a cavity [7, 8], and of three fermionic atoms which form bipartite Cooper

pairs [9]. Results of collisional interaction between three atoms are also exper-

imentally studied [10]. This provides motivation to extend these interactions

to many-atom systems.

In recent years, entanglement in multi-atom systems has been studied ex-

tensively from the perspective of quantum information processing as well as

quantum communication [2, 12]. Two-level atoms, essentially equivalent to

qubits or spin-1/2 particles, are ideal candidates for quantum computing and

information storage. For the purpose of teleportation [23] and other quan-

tum protocols, maximally entangled three qubit states such as the W-states

and the GHZ-states are found to provide information transfer with very high

fidelity. This necessitates a detailed study to characterize and quantify the

entanglement of a given system or state [14].

In the current work, three coupled two-level atoms, all interacting with

the same field, are considered. Inclusion of a third atom opens up multiple

ways of arranging them. But we consider two of the simplest and important

configurations - a linear chain where all the three atoms are on a single line

and a closed configuration, where all three are on the vertices of an equilateral

triangle [15]. Any other arrangement would be a simple variation of these two.

In the linear (open loop) arrangement, the interaction between two farthest

atoms can be neglected whereas in the closed loop arrangement, all three

atoms interact with each other with equal strength. Because the atom-atom

coupling manifests in different ways in both these configurations, the results

for the two configurations are different as discussed in sections 3.3.1 and 3.3.2.

We have also investigated the effects of D-D interaction and Rabi field strength

on entanglement characteristics of the tripartite system in section 3.4.
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3.1 The model

We consider a system of three identical two-level atoms (A, B, C) inter-

acting through bipartite D-D interactions. We will assume in our calculations

that these three atoms are coupled to a single mode of the driving field and

experience the same phase. There are two configurations in which the three

atoms may be arranged. In the first case, the atoms are arranged in a linear

array, in which case D-D interactions exist between atoms A and B (ΩAB),

between atoms B and C (ΩBC), but no interaction exists between atoms C

and A (ΩCA). The second arrangement is in the form of a closed loop, where

each of the three atoms interacts with its neighbours. The behaviour of the

open-loop (line configuration) case is different from that of the closed loop.

The two configurations are shown in figure 3-1(a).

(a) (b)

Figure 3-1: (a) Schematic representation of Line and Loop configurations for
three two-level atoms coupled via D-D interaction. (b) The eight energy levels
in the combined space. See text for definition of levels |1〉 - |8〉.

The energies in the combined space will form a system of eight energy
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levels, as shown in figure 3-1(b). Energy level labelled |1〉 corresponds to

|ggg〉 where all three atoms are in ground state. The three levels wherein any

one of the three atoms are excited are |egg〉, |geg〉 and |gge〉, which are all

degenerate and are denoted respectively as |2〉, |3〉 and |4〉. The three levels

with two atoms in excited state and one in ground state are |eeg〉, |ege〉 and

|gee〉 and are denoted |5〉, |6〉 and |7〉. Finally the state with all three atoms

excited is |eee〉 is denoted |8〉. Figure 3-1(b) also indicates the relevant laser

couplings (blue arrows online) between the levels. This energy level scheme

is same for both line (open loop) and closed loop arrangements, except that

for the line configuration ΩCA = 0, indicating that there is no dipole dipole

interaction between atom C and atom A.

3.2 Formulation

In the dipole approximation, the Hamiltonian for three identical atoms

(∆1 = ∆2 = ∆3 = ∆), including both laser coupling Ω0 as well as the D-D

coupling between different levels is given by

H =







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









(3.1)

in units of h̄, with the usual notations. For the line (open-loop) configuration,

the dipole coupling parameter ΩCA = 0 and for the closed loop configuration,
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all the Ωijs are non zero, where i, j= A, B, C. As a simplest case scenario,

all the non zero D-D coupling factors Ωij and atom-field coupling strength

Ω0, both for the line and closed loop configurations are taken to be equal for

computing the dynamics of the system. The master equation for the density

operator (2.8), governing the dynamics of the tri-atom system, will give rise to

sixty four coupled first order differential equations. As is the usual practice,

introducing the completeness condition
∑

8

i=1
ρii = 1 and eliminating one of

the populations, say ρ88 in this study, results in a set of sixty three coupled

equations, which are solved in steady state, using same idea as outlined in the

two-atom case.

Intuitively, it can be noticed that the D-D interaction in case of closed loop

configuration is identical among all the atom pairs (ΩAB = ΩBC = ΩCA = Ω).

Whereas, in the line configuration, the atom in the middle (atom B) is interact-

ing with two neighbours (A and C) whereas atoms A and C are interacting with

only one neighbour(atom B). This lack of equivalence introduces difference in

the behaviour of this system as compared to the closed loop system. The

results presented in the next section are clearly indicative of this behaviour.

3.3 Numerical Results

3.3.1 Closed Loop configuration

The figure 3-2 shows the steady state populations ρ11 to ρ88 for the case of

three identical atoms arranged in a loop configuration, as a function of total

detuning. From this figure, it is observed that the level populations of the

three atom system exhibit three peaked structure, with the peaks located at
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∆ ≡ 0,−(ΩAB + ΩBC + ΩCA),−2(ΩAB + ΩBC + ΩCA).

When Ω = 0, ρ11 shows a single dip at ∆ = 0. However, the single

excited atom case ρ22 = ρ33 = ρ44 show two small peaks, instead of a single

corresponding peak. The dip at the center can not be attributed to dipole

blockade since at this point Ω = 0. Instead, it has to be attributed to a loss

of population to higher states, where more than one atom is excited. This is

evident by the single peak structure seen in the populations ρ55 = ρ66 = ρ88.

Unlike the two atom case, it can be noticed that the system of three identical

atoms shows different behaviour. Individual probabilities for getting any one

of the atoms in the excited state (i.e., ρ22 = ρ33 = ρ44) is equal to 0.14, which

adds up to nearly a half of the probability for the three one-atom excited states.

On the other hand, the case of any two of the atoms excited is much lower,

adding upto 0.24 for all the three states ρ55 = ρ66 = ρ77 combined together.

Probability for having all three atoms excited together is even smaller, which

is about 0.08 approximately.

Presence of Ω affects the above situation in an interesting way. The dip

for ρ11 splits into two, with both the lobes shifted to red side of the resonance.

This indicates that Ω causes a mixing of the energy levels in such a way as to

create two super positions, both shifted closer to each other. The two lobes

also have asymmetric widths, with the extreme one becoming broader and

stronger as Ω increases. This behaviour is exactly mirrored by the two peaks

for one-atom excited state ρ22 = ρ33 = ρ44.

On the other hand, the two-atoms excited state does not exhibit a clear

two-lobed structure. It shows a dominant single peak, which is matched at the

resonance to the narrower peak of the one-atom excited case. For moderate

Ω’s, a small bump can be seen at ∆ = 0. This is most likely the population
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Figure 3-2: Populations for levels |1〉 to |8〉 for the loop configuration, for
values of Ω = 0 (blue curve), Ω = 5 (green curve) and Ω = 10 (red curve). All
curves for Rabi frequency Ω0 = 2

that has decayed from level |8〉, which has a peak at ∆ = 0. Level |8〉, which

corresponds to all three atoms in excited state has only a sharp peak at the

center, with no side bands. The central peak too decreases drastically in height

with increasing Ω. This can be interpreted as the presence of dipole blockade

in the case of three atoms, wherein the excited atoms prevent other atoms

from getting excited. Presence of the third atom indicates that the two-atom

dipole blockade is not very effective: one of the atoms is excited once at least.

Intuitively, one can then explain the two peaks of ρ22, ρ33 and ρ44, and a single

side band of ρ55, ρ66 and ρ77 as follows - the energy shift due to Ω causes two

resonances for atomic excitation leading to any one of the three atoms to

reach their respective excited states. Once excited, the atom prevents one of
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Figure 3-3: Real (row above) and imaginary (row below) part of coherences
ρ21, ρ52 and ρ85 as labelled. For the loop configuration, ρ21 = ρ31 = ρ41.
Coherence ρ52 = ρ62 = ρ53 = ρ73 = ρ64 = ρ74 and ρ85 = ρ86 = ρ87.

its neighbours from getting excited, which can be attributed to the absence of

broad peak in populations. However, the third atom is not affected drastically

by this blockade and gets excited. In other words, the standard dipole blockade

prevents only one of the two atoms from getting excited, resulting in two atoms

which can get excited.

Imaginary part of coherences, for case of dipole coupled transition, indicate

absorption of light. Figure 3-3 shows these coherences for ρ21, ρ52 and ρ85. The

coherence ρ21, which is also same as ρ31 and ρ41 for the loop configuration case

shows absorption of one photon by one of the atoms to get excited. The

populations ρ22, ρ33 and ρ44 mirror this absorption profile exactly. Similarly,

population of two-atom excited states ρ55 − ρ77 and coherences ρ52 (which is

also equal to ρ53, ρ62, ρ64, ρ73 and ρ74) mirror each other perfectly. Similarly,
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Figure 3-4: Real part of coherences : ρ32 = ρ43 = ρ42 and ρ65 = ρ76 = ρ75 for
loop configuration

ρ85 (=ρ86 = ρ87) and the population term ρ88 mirror each other. Real parts of

coherences ρ32 and ρ65 are shown in figure 3-4.

3.3.2 Line (Open Loop) Configuration

Line configuration (figure 3-1(a)), shows drastically different results. In

this configuration, we label the state which corresponds to the middle, as

|3〉. This means that the D-D interaction couples states |2〉 to |3〉 and |3〉

and |4〉, but there is no coupling between |2〉 and |4〉. Similarly, there is no

D-D interaction between states |5〉 and |7〉. Obviously, one expects that the

populations ρ22 and ρ44, which are both coupled to the state |3〉 through the

dipole interaction, show identical behaviour while that of ρ33 differs from these

two. For similar reasons one expects that ρ55 and ρ77 would be identical with

each other, but different from that of ρ66. The graphs shown in figure 3-5 and

3-6 clearly indicate this expected behaviour.

There are four resonance peaks in one atom excitation, as opposed to two

that were present in the loop configuration. A small bump at the line centre
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Figure 3-5: Populations for levels |1〉 to |4〉 for the line configuration

(∆ = 0) can be noticed in all the populations, indicating a three photon

resonance. The population ρ88, on the other hand, starts with a single peak

for Ω = 0, which splits into three as Ω is increased. The absorption is also

strongly suppressed, indicating the presence of dipole blockade. From the

above figure, it is observed that the sidebands are located symmetrically on

either side of the central line (∆ = 0), the locations of which are given by ∆ ≡

±(ΩAB + ΩBC),±2(ΩAB + ΩBC). Figures 3-7, and 3-9 show the corresponding

coherences.



3.3. NUMERICAL RESULTS 64

−60 −30 0 30 60
0

0.05

0.1

0.12

∆

ρ
55

 

 

−60 −30 0 30 60
0

0.05

0.1

0.12

∆

ρ
66

−60 −30 0 30 60
0

0.05

0.1

0.12

∆

ρ
77

−60 −30 0 30 60
0

0.05

0.1

0.12

∆

ρ
88

Ω=0
Ω=5
Ω=10

Figure 3-6: Populations for levels |5〉 to |8〉 for the line configuration

−50 0 50
−0.2

−0.1

0

0.1

0.3

∆

ρR21

 

 

−50 0 50
−0.05

0

0.02

0.05

∆

ρR52

−50 0 50
−0.04

−0.02

0

0.02

0.05

∆

ρR85

−50 0 50
0

0.05

0.1

0.2

∆

ρI21

−50 0 50
−0.01

0

0.01

0.03

∆

ρI52

−50 0 50
−0.01

0

0.01

0.03

∆

ρI85

Figure 3-8: The atomic coherences : ρ21, ρ52 and ρ85 for the line configuration



3.3. NUMERICAL RESULTS 65

−80 −40 0 40 80
−0.2

−0.1

0

0.1

0.2

0.3

∆

ρR
21

 

 

−80 −40 0 40 80
−0.4

−0.2

0

0.2

0.4

∆

ρR
31

−80 −40 0 40 80
−0.2

−0.1

0

0.1

0.2

0.3

∆

ρR
41

−80 −40 0 40 80
0

0.05

0.1

0.15

0.2

∆

ρI
21

−80 −40 0 40 80
−0.3

−0.2

−0.1

0

0.1

∆

ρI
31

−80 −40 0 40 80
0

0.05

0.1

0.15

0.2

∆

ρI
41

Ω=0

Ω=5

Ω=10

Figure 3-7: One-atom excited state coherences : ρ21, ρ31 and ρ41 for the line
configuration
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Figure 3-9: Real parts of atomic coherences between one atom excited states

ρ32 = ρ43, ρ42 (above) and two atom excited states ρ65 = ρ76, ρ75.
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3.4 Entanglement characteristics of three atoms

In this section, we begin our discussion by considering pure tri-partite

states. One can divide the separability/entanglement criterion into three cat-

egories, namely fully separable, biseparable or genuine entangled. For instance,

a pure state |ψ〉 is said to be fully separable if it can be written as a tensor

product of three pure states, |ψ〉 = |φA〉 ⊗ |φB〉 ⊗ |φC〉, biseparable if it is not

fully separable but can be written as |ψ〉 = |φA〉⊗ |φBC〉 with |φBC〉 entangled

(the index ‘A’ can denote any of the three subsystems), and fully inseparable

(genuine entangled) otherwise.

For the case of mixed states, the classification criterion for separabil-

ity/entanglement is same as that stated above for the pure tri-partite states.

Any three-qubit mixed state ρ is fully separable if it is a convex combination

of fully separable pure states. However, biseparable states have three different

kinds of bipartite entanglements depending on the partitions. For a system of

three qubits, the density operator ρ is separable under partition, of first qubit

(say A) from the remaining two qubits (B and C), then it has the form ρ =

|A〉 ⊗ |BC〉, with |BC〉, an entangled state of the second (B) and the third

(C) qubits. This form of biseparable state is denoted as A|BC separable state.

Other possible biseparable states are B|AC and AB|C. This enables one to

define a general biseparable stsate. To summarize this classification criterion,

a general biseparable state ρ is also a convex combinations of separable mixed

states. On the other, ρ is genuine entangled if it is neither fully separable nor

biseparable.

In this study, we investigate steady state entanglement characteristics of

three two-level atoms interacting with a single mode radiation field. For this
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purpose, we explore a valid measure of tripartite entanglement for a mixed

state ρ through a study of negativity [16, 17] defined as

NABC(ρ) = (NA−BCNB−ACNC−AB)
1/3. (3.2)

The tripartite negativity NABC is the geometric mean of the bipartite neg-

ativities, where the bipartite negativities [18–20] are defined as NI−JK =

−2
∑

i λi(ρ
T
I ). Here λi(ρ

T
I ) are the negative eigenvalues of partially trans-

posed density matrix ρ with respect to subsystem I, denoted by ρTI . The

relation between elements of ρTI and ρ is given by 〈iI , jJK |ρ
T
I |kI , lJK〉 =

〈kI , jJK |ρ|iI , lJK〉 with I = A,B,C and JK = BC,CA,AB respectively. Here,

NA−BC represents the entanglement between the subsystems B and C and are

product with respect to subsystem A. Note that the value NABC = 0 corre-

sponds to separable states and NABC = 1 corresponds to maximally entangled

states.

Numerical Results

In this section, we start with a discussion of the results of the entanglement

properties of three atoms arranged in a line, as a function of Rabi field strength.

In figure 3-10, results are presented for bipartite negativities NA−BC , NB−AC

for three different values of D-D coupling strength Ω = 1, 5 and 10. From

the figure, it is clearly evident that NA−BC(= NC−AB) > NB−AC and these

negativities increase as the dipole coupling strength Ω is increased. Here, one

observes that NB−AC (where A and C are the atoms arranged at the two ends

of the linear chain), is non zero which implies that quantum entanglement

between the end atoms A and C is still present even though they are not
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coupled by the dipole interaction. As the strength of the Rabi field increases,

the magnitude of NA−BC(NB−AC) increases upto its maximum value (less than

0.25) and then starts decreasing and drops to zero, which is referred to as

entanglement sudden death (ESD). Thus, there is an optimal value of the

Rabi field strength for obtaining maximum bipartite entanglement for a given

D-D coupling Ω and this optimal value of the field strength is seen to increase

with an increase in Ω.
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Figure 3-10: Bi-separable negativities for line configuration NA−BC(= NC−AB)
and NB−AC as a function of applied Rabi field strength Ω0 for different values
of Ω.

For the case of atoms arranged in loop configuration, the overall behaviour

of bipartite entanglement, namely the variation as a function of the Rabi field

strength for a range of values of the dipole coupling strength, is similar to that

observed in the line configuration. Figure 3-11 shows the bipartite negativities

for the same parameters as in figure 3-10. It can be observed from figure 3-11

that the bipartite negativity NA−BC(= NB−AC = NC−AB) is zero at Ω0 = 0
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and builds up as Ω0 increases and then decreases to zero showing entanglement

sudden death. In addition, with the increase of D-D coupling Ω the bipartite

negativityNA−BC(NB−AC) shows an increase as a function of the applied field

strength.
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Figure 3-11: Bi-separable negativity for loop configuration NA−BC(=
NC−AB = NB−AC) as a function of applied Rabi field strength Ω0 for different
values of Ω.

Next, we compare the total entanglement of the system both for line and

loop configurations in figures 3-12 and 3-13. As shown in the figure 3-12, the

tripartite entanglement NABC as a function of Rabi field strength for three

different values of Ω = 1, 5 and 10 are presented. For weak dipole coupling

strength Ω = 1, NABC for line configuration is more when compared to its

counterpart for the loop configuration, while for strong D-D coupling NABC

for the loop configuration is slightly larger than that of the line configuration.
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Figure 3-12: Tripartite negativity NABC as a function of applied Rabi field

strength Ω0 for different values of Ω.
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Figure 3-13: Tripartite negativity NABC as a function of Ω for different values

of applied Rabi field strength Ω0.

Finally in fig 3-13, we compare tripartite negativity for both the line and

loop configurations as a function of Ω. It is observed that entanglement birth

is delayed for both line and loop configurations. That is, upto a certain value

of the dipole coupling strength, the tripartite negativity remains zero and it

suddenly attains a non zero value which rises sharply and this phenomenon
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also is known by the name entanglement sudden birth. It is clearly seen

that the tripartite negativity NABC can be enhanced by increasing the Rabi

frequency and this enhancement is slightly more in case of the loop configu-

ration. A remarkable feature that is observed is that the tripartite negativity

NABC completely vanishes only in the asymptotic limit of large D-D coupling

strength.

3.5 Conclusion

In this chapter, we have presented our results for the steady state char-

acteristics of three identical atoms interacting with one another through D-D

coupling under an external electromagnetic field. The D-D interaction is rep-

resented by a coupling factor Ω between an excited atom and an atom in the

ground state. Considering only the nearest-neighbour interaction, we found

that the interaction suppresses one of the neighbouring atoms from getting ex-

cited but not both. We have studied two possible scenarios in which the three

atoms can be present and the results for both these scenarios show different

behaviour. Attempts have been made to explain the differences in behaviour

of the system under the two cases. Our results on level populations of the

three atoms system, both in line and closed loop configurations, are in good

agreement with the experimental findings of Barredo et al. [4].

We have also studied the entanglement characteristics of the system both

in line and loop configurations. In particular, the bipartite and tripartite neg-

ativities as a function of Ω and Ω0 are discussed. We observe that there is

an optimal value of Ω0 for which the tripartite negativity is maximum and

this optimal value increases as a function of the dipole coupling strength. En-
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tanglement sudden death is observed both in line and loop configurations. It

is shown that the entanglement between the end atoms is still present even

though they are not connected directly. For weak interaction strength, tripar-

tite negativity in line configuration is slightly more when compared with loop

configuration. But for strong interaction strength, tripartite negativity in loop

configuration is slightly higher as compared to line configuration. This study

throws light on the entanglement behaviour of the coupled three atom system

but further insight can be obtained by refining the study.
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Chapter 4

Temperature dependent

quantum correlations in three

two-level atoms

In this chapter, we study the effects of temperature and D-D coupling

strength on the entanglement characteristics and quantum correlations of three

coupled two-level atoms. It is well known that a knowledge of different mea-

sures of entanglement and its distribution over each of the constituent atoms

is crucial for tasks such as quantum teleportation [1] and super dense cod-

ing [2–4]. Here, the entanglement property of the system is characterized by

concurrence [5,6] and the quantum correlations are characterized by quantum

discord [7–10]. We investigate the entanglement characteristics of three atoms,

considering the two configurations that were proposed in chapter 3, namely

in the line as well as loop configurations. It is observed that the entangle-

ment measures exhibit an unexpected, qualitative change when the atoms are

arranged in loop configuration, which feature is markedly absent in the line

configuration. In particular, we observe an interesting result that any one of
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the qubits is indeed entangled with the other two qubits in the system, which

are not mutually entangled, for arbitrary values of dipole coupling strengths.

We also show that the quantum correlations may be enhanced, upon decreas-

ing the temperature and increasing the dipole coupling strength, both in line

and loop configurations.

4.1 Formulation

The Hamiltonian for the system of three atoms (A, B, C) coupled through

dipole-dipole interaction is given by

H = ω
∑

i=A,B,C

Sz
i +

∑

i 6=j=A,B,C

Ωij(S
+

i S
−
j +H.C)

The first term describes the unperturbed energy of the system while the second

term represents the dipole-dipole interaction between the atoms, where Ωij , the

dipole dipole interaction strength, is a function of the inter-atomic separation

‘d’. In the above, ω is the atomic transition frequency, S+

i = |1〉i〈0| and

S−
i = |0〉i〈1| are the raising and lowering operators of the ith atom. Here, we

assume that all the three atoms are identical, i.e., ωA = ωB = ωC = ω and

D-D strength Ωij = Ω for i 6= j = A,B,C. For the three atom system, in

thermal equilibrium at temperature T, the density matrix can be expressed as

ρABC =
1

Z

8∑

i=1

|ψi〉〈ψi|e
−βε

i, (4.1)

where Z = Tr(e−βε
i) is the partition function and β = 1

k
B
T
(kB is Boltzmann

constant). Given how crucial the measure of entanglement and its distribution
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over different atoms is, for tasks such as quantum teleportation [1] and super

dense coding [2–4], in this work we investigate the entanglement properties of

the three atoms system.

The focus here is on the pairwise entanglement associated with any two

atoms in terms of concurrence C(ρij) and quantum discord D(ρij). For pair-

wise thermal entanglement, one can obtain the reduced density matrices ρij

by taking partial transpose of ρijk with respect to k, given by

ρij = Trk(ρijk) (4.2)

where i, j, k = A,B,C. A detailed description of concurrence is already pro-

vided in chapter 2. In the following, we give a brief description of the quantum

discord.

4.2 Quantum discord

Entanglement, well-known for many decades [11, 12], is an important fea-

ture of quantum mechanics and also plays a very important part in the context

of quantum information science where the quantum mechanical features of the

states of the system are exploited [13–15]. This is also largely dependent on

the initial state of the system and has a sensitive dependence on the inter-

action between the system and its surrounding environment. A composite

system is defined as being separable, if it is not entangled. However, this

statement has to be taken with caution as certain classically separable com-

posite systems may contain different types of correlations, which are referred

to as nonclassical correlations. Among such nonclassical correlations, one of
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the well investigated measure is the ”quantum discord”. The quantum discord

was first introduced and studied by Zurek et al. [7–10].

This measure of nonclassical correlation, the quantum discord, for two

correlated subsystems A and B, is given by the difference between the total

correlation and the corresponding classical correlation, and is expressed as

D = I −Q. In a bipartite quantum system, designated by ρAB, the quantum

mutual information I [16, 17] quantifies the total correlation between its two

subsystems A and B. The relation for this quantum mutual information is

given as

I(ρAB) = S(ρA) + S(ρB)− S(ρAB). (4.3)

In the above, the subsystems A and B are denoted by their respective reduced

density matrices ρA and ρB. The von Neumann entropy denoted by S(ρ) is

defined by the relation

S(ρ) = −Trρ log ρ. (4.4)

It is to be noted that Iρ
AB

= 0 is a necessary and sufficient condition for the

factorizability of ρAB, namely ρAB = ρA⊗ρB , which implies the absolute non-

correlativity of A and B in the product state. In view of the above, in quantum

information theory, one considers the mutual information to quantify the to-

tal (both classical and quantum) correlations between the two subsystems of

bipartite quantum system. On the other hand, measurements performed on

one system, in general, influence the state of the other system, even if the two

systems are far away from each other and do not directly interact [18]. Pos-

tulating that the total classical part of correlations is the maximal amount of

information about one subsystem, say A, that can be extracted by performing
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a measurement on the other subsystem B, Henderson and Vedral [9] suggested

taking, as a measure of classical correlation, the quantity

C(ρAB) = max{B
i
}{S(ρA)−

∑

i

piS(ρ
i
A)}. (4.5)

Here {Bi} is a complete set of measurements on the subsystem B and

ρiA =
TrB(BiρABB

†
i )

TrAB(BiρABB
+

i )
(4.6)

is the remaining state of A after obtaining the outcome i on B, and

pi = TrAB(BiρABB
†
i ) (4.7)

is the probability to detect the result i. Now, we have two quantum analogs

of the classical mutual information - the original quantum mutual information

I(ρAB), and the measurement-induced quantum mutual information C(ρAB).

The difference between these two quantities

D(ρAB) = I(ρAB)− C(ρAB), (4.8)

is the so-called quantum discord, and is interpreted as a measure of quantum

correlations by Olliver and Zurek [7]. In what follows, we present details of

the quantum correlations in both line and loop configurations.
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4.3 Quantum correlations in line configuration

At thermal equilibrium, the quantum state of a three atom system is a

weighted superposition of all the eigenstates. By diagonalizing the Hamilto-

nian H (Eq.5.1), we can obtain all the eigenvalues εi and their corresponding

eigenstates |ψi〉. The eigenvalues εi, in the line configuration, are

ε1 =
−3ω

2
; ε2 = −

√
2Ω−

ω

2
; ε3 = −

ω

2
; ε4 =

√
2Ω−

ω

2

ε5 = −
√
2Ω +

ω

2
; ε6 =

ω

2
; ε7 =

√
2Ω +

ω

2
; ε8 =

3ω

2
(4.9)

and the corresponding eigenstates |ψi〉 of the system, are given by

|ψ1〉 = |g1g2g3〉; |ψ2〉 =
1

2

[

|e1g2g3〉 −
√
2|g1e2g3〉+ |g1g2e3〉

]

|ψ3〉 =
1
√
2

[

|g1g2e3〉 − |e1g2g3〉
]

; |ψ4〉 =
1

2

[

|e1g2g3〉+
√
2|g1e2g3〉+ |g1g2e3〉

]

|ψ5〉 =
1

2

[

|e1e2g3〉 −
√
2|e1g2e3〉+ |g1e2e3〉

]

; |ψ6〉 =
1
√
2

[

|g1e2e3〉 − |e1e2g3〉
]

|ψ7〉 =
1

2

[

|e1e2g3〉+
√
2|e1g2e3〉+ |g1e2e3〉

]

; |ψ8〉 = |e1e2e3〉.

(4.10)

Considering the standard basis {|g1g2g3〉, |e1g2g3〉, |g1e2g3〉, |g1g2e3〉, |e1e2g3〉,

|e1g2e3〉, |e1e2g3〉 , |e1e2e3〉} of the system, one can obtain the thermal density
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matrix of the form

ρABC(T ) =
1

Z


























ρ11 0 0 0 0 0 0 0

0 ρ22 ρ23 ρ24 0 0 0 0

0 ρ32 ρ33 ρ34 0 0 0 0

0 ρ42 ρ43 ρ44 0 0 0 0

0 0 0 0 ρ55 ρ56 ρ57 0

0 0 0 0 ρ65 ρ66 ρ67 0

0 0 0 0 ρ75 ρ76 ρ77 0

0 0 0 0 0 0 0 ρ88


























(4.11)

where the partition function Z is given by

Z = e
3ω

2k
B

T +e
−3ω

2k
B

T +e
(
ω

2
−
√

2Ω)

k

B

T +e
−

(
ω

2
+
√

2Ω)

k

B

T +e
(
ω

2
+
√
2Ω)

k

B

T +e
−

(
ω

2
−
√

2Ω)

k

B

T +e
ω

2k
B

T +e
−ω

2k
B

T .

The non-vanishing density matrix elements of ρABC(T ) are given by

ρ11 = e
3ω

2kBT ; ρ88 = e
−3ω
2kBT

ρ22 = ρ44 =
1

4

[

e
(ω
2

−
√

2Ω)

kBT + e
(ω
2

+
√

2Ω)

kBT + 2e
ω

2kBT

]

; ρ33 =
1

2

[

e
(ω
2

−
√

2Ω)

kBT + e
(ω
2

+
√

2Ω)

kBT

]

ρ55 = ρ77 =
1

4

[

e−(ω
2 −

√
2Ω)kBT

+ e
− (ω

2
+

√
2Ω)

kBT + 2e
− ω

2kBT

]

; ρ66 =
1

2

[

e
− ( ω

2
−

√
2Ω)

kBT + e
− (ω

2
+

√
2Ω)

kBT

]

ρ23 = ρ34 =
1

2
√
2

[

e
(ω
2

−
√

2Ω)

kBT − e
(ω
2

+
√

2Ω)

kBT

]

; ρ24 =
1

4

[

e
(ω
2

−
√

2Ω)

kBT + e
(ω
2

+
√

2Ω)

kBT − 2e
ω

2kBT

]

ρ56 = ρ67 =
1

2
√
2

[

e
− (ω

2
+

√
2Ω)

kBT − e
− ( ω

2
−

√
2Ω)

kBT

]

; ρ57 =
1

4

[

e
− (ω

2
+

√
2Ω)

kBT + e
− ( ω

2
−

√
2Ω)

kBT − 2e
− ω

2kBT

]

.

(4.12)

It is well known that a mixed state ρ is separable if it can be expressed as

a convex sum of three pure states, |ψ〉 = |φA〉 ⊗ |φB〉 ⊗ |φC〉, otherwise it is

called an entangled state. In this case, in the high temperature limit (β → 0),
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the density matrix ρABC of the system simplifies to,

ρ =
1

8


























1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


























(4.13)

which can further be expressed as a convex combination of three pure states,

ρ =
1

8




1 0

0 0



⊗




1 0

0 0



⊗




1 0

0 0



 + ....+
1

8




0 0

0 1



⊗




0 0

0 1



⊗




0 0

0 1



 . (4.14)

From the above description, one observes that the system at high temperature

is perfectly separable. However, for intermediate temperatures, the system is

in a mixed state and we investigate the entanglement properties of such a

system, from a study of its pairwise concurrence C(ρij) and quantum discord

D(ρij).

4.3.1 Numerical results

In this section, we study the pairwise concurrence C(ρij) and discordD(ρij)

as functions of the ratio of D-D coupling strength Ω to atomic transition

frequency. In addition, the influence of atomic transition frequency ω and

the temperature kBT , on the discord and concurrence of the system are also

discussed.
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Figure 4-1: Line configuration: Pairwise C(ρij) and D(ρij) as a function of

Ω/ω for kBT/ω = 1.
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Figure 4-2: Line configuration: Pairwise C(ρij) and D(ρij) as a function of

Ω/ω for kBT/ω = 0.1.

Figure 4-1 shows the variation of the pairwise concurrence C(ρij) and dis-

cord D(ρij) as a function of Ω/ω for the temperature kBT/ω = 1. From the fig-

ure, it is clearly seen that C(ρij) and D(ρij) are zero when there is no coupling



4.3. QUANTUM CORRELATIONS IN LINE.. 84

between the atoms. With increasing Ω/ω, it is observed that C(ρAB) = C(ρBC)

and D(ρAB) = D(ρBC) where as C(ρAC) = 0. But D(ρAC) is non zero which

implies that quantum correlations are still present even though end atoms

A and C are not directly dipole coupled. We also note that the pairwise

concurrence C(ρAB), C(ρBC) has non zero values only when Ω ≥ kBT . In

addition, it is observed that the quantum discord D(ρAB)(D(ρBC)) dominates

over the concurrence C(ρAB)(C(ρBC)) when the condition Ω/ω ≤ 1.5 is met.

In the other regime, i.e., for Ω/ω > 1.5, concurrence dominates over the corre-

sponding discord. This clearly shows that one can not write a simple relation

between the concurrence and the discord for any subsystem comprising of one

pair of qubits. This result is in agreement with that of [19], where they have

considered a system of two qubits.
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Figure 4-3: Line configuration: Pairwise C(ρij) and D(ρij) as a function of

Ω/ω for kBT/ω = 0.01.

In the lower temperature regime, the concurrence C(ρij) and the quantum
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discord D(ρij) are greatly enhanced as shown in figures 4-2 and 4-3. Here the

figures 4-2 and 4-3 show the variation of C(ρij) and D(ρij) as a function of ω/Ω

for kBT/ω = 0.1 and kBT/ω = 0.01, respectively. For kBT/ω = 0.1, it is ob-

served that the pairwise concurrence C(ρAB) = C(ρBC) andD(ρAB) = D(ρBC)

whereas C(ρAC) attains a non zero value. We can thus deduce from a care-

ful inspection of Figs. 4-2 and 4-3 that the quantum correlations D(ρij) and

pairwise entanglement C(ρij) tend to increase with increasing D-D coupling

strength, and reach a maximum/saturation value. Further decrease in tem-

perature shows a very interesting feature in both these quantities. It is clearly

seen that with a decrease of temperature, the curves of C(ρij) and D(ρij) plot-

ted as a function of Ω/ω attain sharper edges, with all the kinks removed, thus

resembling the shape of a switch, which in this context is referred to as a cor-

relation /quantum switch [20]. This behaviour is much better elucidated when

the quantities C(ρij) and D(ρij) are plotted as functions of atomic transition

frequency ω in the lower temperature regime (kBT = 0.01), which are shown

in figure 4-4. From the results presented here for different temperatures and

dipole coupling strengths, it is clear that these quantum correlation switches

can be constructed by properly tuning the temperature and dipole coupling

strengths.
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Figure 4-4: Line configuration: Pairwise C(ρij) and D(ρij) as a function of ω

for kBT = 0.01 and Ω = 1.

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

kBT/ω

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

kBT/ω

 

 

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

kBT/ω

 

 
C(ρAB);Ω/ω = 1
D(ρAB);Ω/ω = 1
C(ρAB);Ω/ω = 0.5
D(ρAB);Ω/ω = 0.5

C(ρBC);Ω/ω = 1
D(ρBC);Ω/ω = 1
C(ρBC);Ω/ω = 0.5
D(ρBC);Ω/ω = 0.5

C(ρAC);Ω/ω = 1
D(ρAC);Ω/ω = 1
C(ρAC);Ω/ω = 0.5
D(ρAC);Ω/ω = 0.5

Figure 4-5: Line configuration: Pairwise C(ρij) and D(ρij) as a function of
kBT/ω for Ω/ω = 1 and 0.5.

In figure 4-5, we study the pairwise C(ρij) and D(ρij) as a function of

kBT/ω for different values of D-D coupling strength (Ω/ω = 1, 0.5). It is

clearly seen that the pairwise quantum discord D(ρij) has non zero values at

kBT = 0. This is in contrast to the property of pairwise entanglement C(ρij).
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The concurrence C(ρij) vanishes at kBT = 0, and then attains non-zero values

as the temperature is raised and reaches a maximum value after which it falls

to zero very rapidly at a specific temperature, namely when kBT = Ω. But

the discord D(ρij) continues to remain non-zero and vanishes at much higher

temperatures. This indicates the robustness of quantum discordD(ρij) against

the concurrence, as the temperature is increased. For higher values of dipole

coupling strengths (Ω/ω) also, similar features are observed. To conclude,

quantum correlations may be enhanced by lowering the temperature and/or

by increasing the dipole-dipole coupling strength, when the atoms are arranged

on a line.

4.4 Quantum correlations in loop configura-

tion

In this section, we investigate the thermal entanglement properties of a

triangular system of dipole coupled two-level atoms, placed at the vertices of

the triangle. The eigenvalues of the Hamiltonian are

ε1 =
−3ω

2
; ε2 = −Ω−

ω

2
; ε3 = −Ω−

ω

2
; ε4 = 2Ω−

ω

2

ε5 =
ω

2
− Ω; ε6 =

ω

2
− Ω; ε7 =

ω

2
+ 2Ω; ε8 =

3ω

2
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and the corresponding eigenstates |φi〉 of the system are given by

|φ1〉 = |g1g2g3〉; |φ2〉 =
1
√
2

[

|g1e2g3〉 − |e1g2g3〉
]

|φ3〉 =
1
√
2

[

|g1g2e3〉 − |e1g2g3〉
]

; |φ4〉 =
1
√
3

[

|e1g2g3〉+ |g1e2g3〉+ |g1g2e3〉
]

|φ5〉 =
1
√
2

[

|e1g2e3〉 − |e1e2g3〉
]

; |φ6〉 =
1
√
2

[

|g1e2e3〉 − |e1e2g3〉
]

|φ7〉 =
1
√
3

[

|e1e2g3〉+ |e1g2e3〉+ |g1e2e3〉
]

; |φ8〉 = |e1e2e3〉.

By substituting the above eigenvalues and eigenvectors in Eq.(4.1), one can ob-

tain the temperature dependent density matrix elements and the non-vanishing

density matrix elements thus obtained are listed below.

ρ11 = e
3ω

2k
B

T ; ρ88 = e
−3ω

2k
B

T

ρ22 =
1

3
e

(
ω

2
−2Ω)

k

B

T + e
(
ω

2
+Ω)

k

B

T ; ρ33 = ρ44 =
1

3
e

(
ω

2
−2Ω)

k

B

T +
1

2
e

(
ω

2
+Ω)

k

B

T

ρ55 =
1

3
e
−

(
ω

2
+2Ω)

k

B

T + e
−

(
ω

2
−Ω)

k

B

T ; ρ66 = ρ77 =
1

3
e
−

(
ω

2
+2Ω)

k

B

T +
1

2
e
−

(
ω

2
−Ω)

k

B

T

ρ23 = ρ24 =
1

3
e

(
ω

2
−2Ω)

k

B

T −
1

2
e

(
ω

2
+Ω)

k

B

T ; ρ34 =
1

3
e

(
ω

2
−2Ω)

k

B

T

ρ56 = ρ57 =
1

3
e
−

(
ω

2
+2Ω)

k

B

T −
1

2
e
−

(
ω

2
−Ω)

k

B

T ; ρ67 =
1

3
e
−

(
ω

2
+2Ω)

k

B

T

(4.15)

The partition function for this system is given by

Z = e
3ω

2k
B

T + e
−3ω

2k
B

T + e
(
ω

2
−2Ω)

k

B

T + e
−

(
ω

2
+2Ω)

k

B

T + 2e
(
ω

2
+Ω)

k

B

T + 2e
−(

ω

2
−Ω)

k

B

T .

At high temperature, the density matrix reduces to a mixed state, which can

not be written in terms of product states. For three atoms in loop configura-

tion, certain interesting features are observed, which will be discussed in detail
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in the next section. For instance, some simply bi-separable mixed states have

shown no reduced entanglement, when the separable qubit is traced over. This

is in confirmation with the earlier reports [21,22] which state that generalized

bi-separable states contain bipartite entanglement in more than one pair of

qubits and that they have distributed bipartite entanglement.

For atoms in the loop configuration, the reduced density matrix ρAB for the

two atoms A and B, obtained by tracing over atom C from the state ρABC(T ),

can be written as

ρAB(T ) =
1

Z












ρ
′

11 0 0 0

0 ρ
′

22 ρ
′

23 0

0 ρ
′

32 ρ
′

33 0

0 0 0 ρ
′

44












(4.16)

with

ρ
′

11 = e
3ω

2kBT +
1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT ; ρ
′

22 = e
(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT +
1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′

33 =
1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT +
1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′

44 = e
−3ω
2kBT + e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′

23 =
1

3
e

(ω
2

−2Ω)

kBT −
1

2
e

(ω
2

+Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′

32 = (ρ
′

23)
∗

(4.17)

Similarly, we can obtain the reduced density matrix ρBC for the two atoms

B and C by tracing over atom A from the state ρABC(T ). The corresponding
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density matrix elements of ρBC are given by

ρ
′′

11 = e
3ω

2kBT + e
(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT ; ρ
′′
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1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT + e
−(ω

2
−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′′
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1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT +
1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′′

44 = e
−3ω
2kBT +

1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′′

23 =
1

3
e

(ω
2

−2Ω)

kBT −
1

2
e
− ( ω

2
+Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′′

32 = (ρ
′′

23)
∗

(4.18)

We can also write the density matrix elements for the reduced density matrix

ρAC(T ) as follows:

ρ
′′′

11 = e
3ω

2kBT +
1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT ; ρ
′′′

22 = e
(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT + e
−(ω

2
−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′′′

33 =
1

2
e

(ω
2

+Ω)

kBT +
1

3
e

(ω
2

−2Ω)

kBT +
1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′′′

44 = e
−3ω
2kBT +

1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT

ρ
′′′

23 =
1

3
e

(ω
2

−2Ω)

kBT −
1

2
e

(ω
2

+Ω)

kBT −
1

2
e

−(ω
2

−Ω)

kBT +
1

3
e

−(ω
2

+2Ω)

kBT ; ρ
′′′

32 = (ρ
′′′

23)
∗

(4.19)

Due to the structure symmetry of the equilateral triangle and the exchange

invariability of the three dipoles A, B and C, which comes from the assumption

that all atoms are assumed to be identical, it seems to be a trivial observation

that the three reduced density matrices ρAB, ρBC , and ρAC have the identical

X state form. However, a careful inspection of different density matrix ele-

ments, on which the different entanglement measures depend, suggests that

their entanglement properties might be different. As numerical results will

provide more insight into this feature, the same are presented for a range of

parameter values in the next section.
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4.4.1 Numerical results

In this section, we present a discussion on the results that are obtained

on the thermal entanglement properties of three atoms arranged in a loop

configuration. In this case, we observe that the reduced density matrices ρAB,

ρBC and ρAC have different entanglement characteristics, though all of them

have identical X-state form.
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Figure 4-6: Loop configuration: Pairwise C(ρij) and D(ρij) as a function of

Ω/ω for kBT/ω = 1.

A comparison between the quantum discord D(ρij) and the concurrence

C(ρij) for kBT/ω = 1.0 is displayed in figure4-6. From the figure, it is

clearly seen that reduced density matrix ρBC is separable and contains zero

entanglement for all values of D-D coupling Ω, whereas the other reduced

density matrices (C(ρAB) 6= C(ρAC)) have non-zero entanglement. This sur-

prising yet remarkable feature has been discussed in the literature [21, 22]

for certain pure states. Similarly, one notes that the quantum correlations

D(ρAB) 6= D(ρAC) 6= D(ρBC).
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The same quantities as shown in figure 4-6, for lower temperatures, viz.,

kBT/ω = 0.1 and kBT/ω = 0.01 are illustrated in figures 4-7 and 4-8 respec-

tively. As the temperature is lowered from kBT/ω = 1 to 0.1 and 0.01, there

is a significant increase in the quantum discord D(ρAB), D(ρAC) as well as

the concurrence C(ρAB), C(ρAC). However, the discord D(ρBC), which had a

non-zero value at a higher temperature shows a monotonic decrease with low-

ered temperatures and further, when the temperature is sufficiently lowered,

it approaches zero.
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Figure 4-7: Loop configuration: Pairwise C(ρij) and D(ρij) as a function of
Ω/ω for kBT/ω = 0.1.

The interesting feature of switch-like behaviour at lower temperatures, ex-

hibited by the atoms arranged in line configuration is also seen when they are

arranged in a loop [cf fig.4-9]. However, unlike in the line configuration, in

the case of the loop configuration, only two of the correlations corresponding

to ρAB and ρAC , show this switch-type feature, while the third correlation

(involving ρBC) is nearly zero, with only the discord having a small nonzero

value at very small values of ω, and quickly becoming zero with further in-

crease in ω, with clear absence of the ‘switch’ feature. It is believed that these



4.4. QUANTUM CORRELATIONS IN LOOP.. 93

0 1 2

0

0.1

0.2

0.3

0.4

0.5

0.6

Ω/ω

 

 

0 1 2

0

0.1

0.2

0.3

0.4

0.5

0.6

Ω/ω

 

 

0 1 2
−0.001

0

0.002

0.004

0.006

0.008

Ω/ω

 

 
C(ρAB)

D(ρAB)

C(ρAC)

D(ρAC)

C(ρBC)

D(ρBC)

Figure 4-8: Loop configuration: Pairwise C(ρij) and D(ρij) as a function of
Ω/ω for kBT/ω = 0.01.

quantum switches have important consequences in quantum computing, in the

implementation of quantum gates.
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Figure 4-9: Loop configuration: for Pairwise C(ρij) and D(ρij) as a function

of ω for kBT = 0.01 and Ω = 1.

In figure 4-10, all the pairs of quantum correlations are plotted for typical

values of dipole coupling strength Ω as a function of the ratio of temperature

to atomic transition frequency. As seen from figure 4-10, the two concurrences
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C(ρAB) and C(ρAC) start from 0 at zero temperature, attain a maximum value

at certain temperature and then decrease to zero with further increase in the

temperature, while the corresponding discords D(ρAB) and D(ρAC) both peak

at zero temperature and decrease as the temperature is increased, for all values

of the coupling strength Ω that are considered here. Further, the concurrences

are observed to rapidly diminish while the quantum discords persist longer,

with a much slower decay. In general, both types of quantum correlations are

seen to decay with increase in temperature due to thermal relaxation effects.

To summarize, it is seen that the quantum correlations increase with increase

in the dipole coupling strength associated with a corresponding decrease as

the temperature is increased. As has already been discussed, this feature is

attributed to have resulted from the thermal relaxation effects.
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4.5 Conclusion

The temperature dependent behaviour of two quantum correlations, con-

currence and discord, for all possible bipartite subsystems of the three coupled

atoms in both line and loop configuration is studied in detail. In both the line

and loop configurations, it is seen that the quantum correlations increase with

increase in the ratio of dipole coupling strength to atomic transition frequency

and decrease as the ratio of temperature to atomic transition frequency is

increased, the latter of which is attributed to thermal relaxation. In particu-

lar when the atoms are in loop configuration, certain interesting features are

observed which are in agreement with the earlier reported studies on similar

systems. It is worth mentioning here that Dür [23] has shown that the entan-

glement properties of a qubit with its neighbours are not simply determined

by the mere number of its entangled neighbours but also by the properties of

these entangled neighbours. In other words, the presence of entanglement or

classical correlations on certain pairs of qubits may imply correlations on other

pairs, if these are in any way connected to the qubits. These features very well

substantiate our results on the entanglement properties, inferred from a study

of the quantum correlations, of atoms arranged in a loop configuration.
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Chapter 5

Intensity and radiation statistics

of three two-level atoms

Superradiance, is the coherent spontaneous emission of radiation generated

due to the cooperative effects among atoms [1], whereas spontaneous emission

is a random process, in which the emitted radiation obeys an exponential

law, with the natural radiative lifetime 1/γ. In 1954, Dicke [2] theoretically

predicted that when the number of atoms N, in a given volume, becomes

sufficiently large, the collection of atoms starts to radiate spontaneously much

faster, with decay time proportional to 1/Nγ, with an emission stronger than

that arising from N independent atoms. Further, the enhanced mean radiated

intensity is scattered anisotropically, i. e., radiation is emitted in a well defined

direction. Depending upon the geometry of the sample, the emission could be

proportional to the square of the number of atoms (N2) in the ensemble,

instead of N , as is the case for independent atoms. The emission from a

system is defined to be superradiant if its radiative decay rate is greater than

the single atom decay rate and it is said to be subradiant if it is the other way

round.



99

Superradiance has been extensively studied in the literature, with the iden-

tification of a phase transition, separating the coherent phase of radiation from

the incoherent part [3–5]. It has attracted significant interest due to its wide

range of possible applications, ranging from generation of X-ray lasers with

high powers [6], short pulse generation [7] and self-phasing in a system of clas-

sical oscillators [8], to name a few. It has also been studied experimentally

in many physical systems [9–11]. It can provide insight into various appli-

cations of the entangled atomic ensembles and generated quantum states of

light for quantum memories [12, 13], quantum communication [14], quantum

cryptography [15, 16] and quantum information [17]. In the context of quan-

tum information, it is of particular interest to explore how the super radiant

behaviour gets affected for a collection of atoms, when the states are entangled

in different ways. This will allow optical probing of entangled states and may

also provide insight into the nature of entanglement.

In this chapter, we examine the characteristics of the emission from a sys-

tem of three two-level atoms, in its two possible configurations (line and closed

loop) as described in chapter 3. For each of these configurations, one can gener-

ate two different types of entangled states which exhibit different quantum cor-

relations, known as the W-state and the Greenberger-Horne-Zeilinger (GHZ)

state respectively. One can generate two distinct types of W-states, which

carry a nonzero bipartite entanglement, formed from linear combinations of

the three atom product states. The first type corresponds to the combination

where one atom is in the excited state and the remaining two atoms are in the

ground state and the second type is constructed from states where two atoms

are excited and the third atom is in ground state. Likewise, one can also realize

the GHZ-state under suitable parametric conditions. Unlike the W-state, the
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GHZ-state does not show bipartite entanglement, but has a nonzero tripartite

entanglement. The specific superpositions underlying these different tripartite

states are responsible for their different entanglement properties, which will

influence the resulting radiation pattern. Therefore, a systematic investigation

of the emitted radiation characteristics is expected to carry signature of the

nature of entanglement. In the following, we carry out such a systematic study

of the emitted radiation field in the far field zone and specifically investigate

its super and subradiant properties, in different parameter regimes.

5.1 Formulation

Let us consider a system of three dipolar coupled identical atoms, where

the excited state |ei〉 and the ground state |gi〉 (i=1, 2, 3) are separated by an

energy interval h̄ω. The corresponding Hamiltonian for the system is given by

H = ω

3∑

i=1

Sz
i +

3∑

i 6=j=1

Ωij(S
+

i S
−
j +H.C), (5.1)

As the atom-atom couplings are in different in both line and loop config-

urations, the results for field intensities and radiation statistics for the two

configurations are found to be markedly different. In the absence of applied

radiation field, the Hamiltonian (5.1) can be expanded in the standard basis,

|ijk〉, with i, j, k = 0, 1. The presence of dipole coupling Ω between the atoms

causes a mixing of the energy levels leading to creation of entangled states.

Depending on the number of atoms that are in the excited state, two different

type of entangled states manifest. In the first case, only one atom is in the

excited state and in the second, two atoms are in the excited state generating
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different types of W-states. The GHZ - state is also generated in both the

configurations.

5.2 The intensity characteristics of light emit-

ted by three atoms in a line configuration

As mentioned earlier, in the line configuration, we consider a system of

three identical dipole coupled two-level atoms placed symmetrically along a

line. The positions of these atoms are given by R1, R2 and R3, and further we

consider the case where interatomic spacing d between each adjacent pair is

taken to be equal as depicted in Fig. 5-1, with Ω12 = Ω23.

Figure 5-1: Schematic diagram of the system of 3 two-level atoms located at
positions ~R1 to ~R3 with the detector placed at position ~r, recording photons
in the far field regime.

In this section, the intensity emitted by this three atom system in the far

field zone is investigated. For this purpose, we consider a detector placed at
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position ~r and the positive frequency component of the electric-field operator

[37] is considered,

Ê(+) = −
eikr

r

∑

j

~n× (~n× ~pge)e
−iφ

j Ŝ−
j (5.2)

where the unit vector ~n = ~r
r
and ~pge is the dipole moment of the transition

|e〉 ↔ |g〉. Here φj is the relative phase of the emitted photon at position ~Rj

and detected at ~r

φj(~r) ≡ φj = k~n. ~Rj = jkd sin θ. (5.3)

Here, the dipole moment ~pge is assumed to be oriented along y direction and

the unit normal ~n in the x-z plane, resulting in a vanishing ~pge.~n. These as-

sumptions give rise to dimensionless expressions for the amplitudes and hence

intensities, resulting in the following expression for the radiated intensity at ~r:

I(~r) =
∑

i,j

〈Ŝ+

i Ŝ
−
j 〉e

i(φ
i
−φ

j
)

=
∑

i

〈Ŝ+

i Ŝ
−
i 〉+

(
∑

i 6=j

〈Ŝ+

i 〉〈Ŝ
−
j 〉+

∑

i 6=j

(〈Ŝ+

i Ŝ
−
j 〉 − 〈Ŝ+

i 〉〈Ŝ
−
j 〉)

)

ei(φi
−φ

j
)

(5.4)

The characteristics of the intensity would depend on the incoherent terms

〈Ŝ+

i Ŝ
−
i 〉, the non-vanishing of the dipole moments 〈Ŝ+

i 〉 and the quantum cor-

relations like 〈Ŝ+

i Ŝ
−
j 〉 − 〈Ŝ+

i 〉〈Ŝ
−
j 〉.

It has been observed earlier, the presence of dipole coupling between the

atoms causes a mixing of the energy levels and creates different entangled W

states. The one-atom excited states give rise to one class of W states while

the two-atom excited states lead to a second class of W states. One of the
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possible W state for the two-atom excitation is given by,

|W2,1〉 =
1

2

[

|110〉+ |011〉+
√
2|101〉

]

, λ1 =
√
2g +

ω

2
(5.5)

where λ1 is the corresponding eigenvalue. The resulting intensity pattern can

be exactly calculated:

I|W2,1〉 = 2 +
1

2

[

cos(φ1 − φ3) +

√
2{cos(φ1 − φ2) + cos (φ2 − φ3)}

]

(5.6)

From the above equation, it is clearly seen that the radiation intensity I|W2,1〉

can be greater or less than 2. Note that for three uncorrelated atoms with two

atoms in excited state, the total radiation intensity is equal to 2. However, the

intensity I|W2,1〉 > 2 can be regarded as a signature for superradiance where as

I|W2,1〉 < 2 represents subradiance for the three correlated atoms. Moreover,

the intensity I|W2,1〉, depicted in fig 5-2, shows angular dependence and exhibits

a maximum value,

[I|W2,1〉]
Max = 3.914,

for θ = 0, π. The maximum intensity is higher than the corresponding intensity

of the separable state, arising from the non-zero quantum correlations in case

of W-state. Comparing with the results of [35, 38–40], the presence of dipole

coupling does not have appreciable effect on the maxima and minima of the

intensity. However, the behaviour in the regions between the maxima and

minima has significant difference in the presence and absence of the interaction,

as is evident from fig 5-2.

Another type of anti-symmetric W state for the two atom in the excited
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Figure 5-2: Line configuration: Intensity of the initial state |W2,1〉(dot-dashed
line), anti-symmetric state |W 2,1〉 (dashed line) and GHZ state |W̃2,1〉(solid
line) as a function of the observation angle θ for (a) weak D-D interaction
strength (Ω12 = Ω23 = 0.29γ, for d = λ

3
) and (b) strong D-D interaction

strength (Ω12 = Ω23 = 2.6γ, for d = λ
10

).

state is obtained as,

|W 2,1〉 =
1

2

[

|110〉+ |011〉 −
√
2|101〉

]

, λ2 =
ω

2
−

√
2g, (5.7)

and the corresponding intensity is given by

I|W 2,1〉 = 2 +
1

2

[

cos(φ1 − φ3)−
√
2{cos(φ1 − φ2) + cos (φ2 − φ3)}

]

(5.8)

The intensity minima occurs at

[I|W 2,1〉
]Min = 1.086,

when θ = 0, π.

A second type of anti-symmetric state, of the GHZ type, with two atoms
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in excited state,

|W̃2,1〉 =
1
√
2
[|011〉 − |110〉] (5.9)

with λ3 =
ω

2
, has the intensity form,

|I|W̃2,1〉
= 2− cos(φ1 − φ3). (5.10)

As is evident from figure 5-2, the angular intensity distribution of different

W states for increase in the dipole-dipole coupling strengths show distinctly

different behaviour. Similarly, the intensities from each member of the states

Figure 5-3: (Color online) Line configuration: Surface plot of intensity I|W2,1〉

as a function of observation angle θ and inter atomic distance kd

(|W21 >, |W 2,1〉 and |W̃2,1〉) are markedly different from one other. The in-

tensities from the anti-symmetric |W 2,1〉 state and the GHZ-state |W̃2,1〉 are

showing a clear complementary behaviour at certain observation angles, for

example at θ = 0,±π /2. It is worth noting that inclusion of the dipole-dipole

interaction leads to significantly different behaviour from that of ref [?].
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Figure 5-4: Line configuration: Surface plot of intensity I|W 2,1〉
as a function

of observation angle θ and inter atomic distance kd

For a clearer visual understanding of this feature, three-dimensional plots

of the intensities for both the state |W2,1〉 as well as the anti - symmetric

state |W 2,1〉 are presented in figures 5-3 and 5-4, for a range of inter atomic

distances and as a function of the observation angle. The three - dimensional

view clearly shows the separated subradiant (blue) and superradiant (red)

regions. We also observe that, as the inter atomic distance is decreased, the

superradiant behaviour becomes more pronounced for the state |W2,1〉, where

as, the subradiant behaviour becomes stronger for the anti - symmetric state

|W 2,1〉. In addition, one clearly sees the complementary behaviour of the

intensities for these two states.
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5.2.1 Photon Statistics

In addition to the intensities, study of photon statistics, inferred from the

second order intensity - intensity correlation function, enables one to gain in-

sight into the characteristics of the emitted radiation field. In this section, such

a study for the emitted photons is carried out. In particular, we concentrate

on the super/subradiant behaviour of the emitted radiation. The second-order
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Figure 5-5: Line configuration: The intensity (dot-dashed line) and the sec-
ond order correlation function of radiation field (solid line), emitted by two
atoms which are initially in (a) the |W2,1〉 state and (b)|W 2,1〉 as a function of

observation angle θ, for kd =
2π

10
.

(intensity-intensity) correlation function of the radiation field, with zero time

lag, is defined as,

g(2)(0) =
〈E−E−E+E+〉

〈E−E+〉〈E−E+〉
(5.11)

Violation of classical inequalities of this second-order correlation function points

to non-classical character. In particular, g(2)(0) < 1, a non-classical sig-
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nature, refers to the sub-Poissonian photon statistics of the radiation field,

while g(2)(0) > 1 corresponds to the super-Poissonian. The reference value of

g(2)(0) = 1 is a characteristic of the Poissonian photon statistics, as exhibited

by the laser field. After a lengthy calculation, the second-order correlation

function of the radiation field, emitted from the |W21 > state is obtained as

g(2)(0) =
4 + 2[cos(φ3 − φ1) +

√
2(cos(φ1 − φ2) + cos(φ2 − φ3))]

[

2 +
1

2
{cos(φ3 − φ1) +

√
2[cos(φ1 − φ2) + cos(φ2 − φ3)]}

]2 (5.12)

The corresponding expression for the intensity correlation, when the two

atoms are initially in |W 2,1〉, denoted here by ḡ(2)(0), is given as,

ḡ(2)(0) =
4 + 2[cos(φ3 − φ1)−

√
2(cos(φ1 − φ2) + cos(φ2 − φ3))]

[

2 +
1

2
{cos(φ3 − φ1)−

√
2(cos(φ1 − φ2) + cos(φ2 − φ3))}

]2 (5.13)

In figure 5-5, the results corresponding to the intensity, as well as the second

order correlation function are presented for the |W2,1〉 and the anti - symmetric

|W 2,1〉 states, for an inter-atomic distance kd =
2π

10
. It is observed that for

both the states, the correlation function exhibits non classical nature for most

of the angular region, except at four different observation angles in each case.

In this case it attains the value of 1 pointing to the Poissonian character. For

the range of observation angles, corresponding to relatively smaller values of

the correlation functions, one finds stronger non classical character and the

corresponding intensity shows subradiant behaviour. Whereas for the range

of observation angles for relatively larger values of the correlation function,

which can be interpreted as weak nonclassicality, the intensity is super-radiant.
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Similar association between the strong/weak non-classicality and sub/super

radiant intensity is seen for the anti-symmetric |W 2,1〉 states. In figure 5-5, a

careful examination of (a) and (b) shows that, wherever the intensity of one

of the W - states is subradiant, that of the other state is superradiant and

vice-versa. In summary, both the W - states reveal strong non-classicality,

with their intensities showing complementary behaviour.

5.3 The intensity characteristics of light emit-

ted by three atoms in a loop configuration

Figure 5-6: Schematic diagram of the system: where three identical and
equidistant two-level atoms are localized at the vertices of an equilateral tri-
angle. A detector at position r̄ records the photon scattered by the atoms, in
the far field regime.

The far-field intensities from different GHZ-states and the symmetric W-
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state |W2,1〉, corresponding to the loop configuration shows entirely different

behaviour from that of the line-configuration. In the loop configuration, the

schematic of which is shown in Fig. 5-6, the relative optical phase accumulated

by a photon emitted at ~Rj and detected at ~r is given by

φ1(~r) ≡ φ1 = k~n. ~R1 = kd sin θ (5.14)

φ2(~r) ≡ φ2 = k~n. ~R2 = 2kd sin θ (5.15)

φ3(~r) ≡ φ3 = k~n. ~R3 =
3kd sin θ +

√
3kd cos θ

2
(5.16)
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Figure 5-7: Loop configuration: Intensity of the initial symmetric state |W2,1〉
(dot-dashed line), GHZ state|GHZ2,1〉 (dashed line) and second type GHZ

state |G̃HZ2,1〉 (solid line) as a function of the observation angle θ for the
inter atomic distance (a) d = λ

3
(corresponding Ω12 = Ω23 = 0.29γ) and (b)

d = λ
10

(Ω12 = Ω23 = 2.6γ).

For this configuration, the resulting symmetric W - state is given by

|W2,1〉 =
1
√
3
[|110〉+ |011〉+ |101〉] , λ4 = 2Ω +

ω

2
(5.17)
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Figure 5-8: Surface plot of I|W2,1〉 as a function of θ and kd

and the corresponding intensity is found to be,

I|W2,1〉 = 2 +
2

3
[cos(φ1 − φ3) + cos(φ1 − φ2) + cos(φ2 − φ3)] . (5.18)

Similarly, one can construct two types of GHZ states, when two atoms are

present in the excited state:

|GHZ2,1〉 =
1
√
2
[|101〉 − |110〉] , λ5 =

ω

2
− Ω, (5.19)

with the intensity,

I|GHZ2,1〉
= 2− cos(φ2 − φ3), (5.20)

and

|G̃HZ2,1〉 =
1
√
2
[|011〉 − |110〉] , λ6 =

ω

2
− Ω, (5.21)
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with the intensity,

I|G̃HZ2,1〉
= 2− cos(φ1 − φ3). (5.22)

Figure 5-9: Loop configuration: Surface plot of I|GHZ2,1〉
, as a function of

observation angle θ and inter atomic distance kd.

The intensity profiles of these different GHZ-states |GHZ2,1〉, |G̃HZ2,1〉

and the symmetric W-state |W2,1〉 as defined above, for the loop configuration,

are shown in Fig.5-7 for two different values of the dipole coupling strength.

The intensity in case of the symmetric |W2,1〉 state is super-radiant for the cho-

sen dipole coupling strength and nearly independent of the observation angle,

indicating that the emitted radiation is nearly isotropic. Another interesting

feature about the behaviour of the radiation from this |W2,1〉 state is that for

stronger dipole coupling strength, which results in stronger superradiant char-

acter, the small fluctuations about a base-line value, in the emitted radiation

disappear and the emitted radiation is indeed isotropic. As for the two GHZ-

states, that we have defined for the case of two atoms initially in the excited

states, the intensity is periodically varying from superradiant to subradiant
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values, as the observation angle is changed for a relatively larger inter atomic

distance (kd = 2π
3
). For a smaller inter atomic distance (kd = 2π

10
), the inten-

sity remains subradiant for all observation angles. In addition, the radiation

from these two states is out of phase, the phase difference being a function

of the inter atomic distance, as is clearly be seen from parts (a) and (b) of

Fig.5-7. Three dimensional plots of the radiated intensity of the symmetric

|W2,1〉 state and the |GHZ2,1〉 state of Fig. reffig:Loop 2 are shown in Fig.

5-8 and Fig. 5-9 respectively. In case of the W-state, one can clearly see how

the intensity changes from subradiant to superradiant, with gradual decrease

in the inter atomic distance. The vanishing of the fluctuations of the intensity

is also clearly visible. Comparing the figures 5-8 and 5-9, one can observe the

sensitive dependence of the intensity pattern of the GHZ-state on both the

observation angle, as well as the inter atomic distance and near-absence of the

same for the W - state. One further observes that the intensity can be tuned

by changing the inter atomic distances, which in turn results in the change of

the dipole coupling strengths. This suggests the exciting possibility of optical

probing of the entanglement characteristics.

5.3.1 Photon statistics

In this section, numerical results of the photon statistics of the radiation

field, when two of the three atoms in the loop configuration are in the excited

state, are presented . The second-order equal-time correlation function, when

the system is initially in the |W21 > state is given by,

g(2)(0) =
4 + 8

3
[cos(φ1 − φ2) + cos(φ2 − φ3) + cos(φ3 − φ1)]

[

2 +
2

3
{cos(φ1 − φ2) + cos(φ2 − φ3) + cos(φ3 − φ1)}

]2 . (5.23)
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Figure 5-10: Loop configuration: The intensity (magenta line) and the second
order correlation function (red line) of radiation field for (a) the symmetric
|W21 > state and (b) |GHZ2,1〉 state, as a function of observation angle θ for

kd =
5π

6
.

In case of the symmetric |W21 > state, a careful observation of Fig.5-10(a)

and Fig.5-11 (a) shows that the photon statistics remains sub-Poissonian for

both the weak and strong coupling strengths, whereas the intensity changes

from subradiant to super radiant. In the GHZ-state ( Fig.5-10(b) and Fig.5-

11(b)), it is however quite different in the sense that for weak coupling strengths,

the radiation emitted is showing periodic variations between subradiant and

super radiant regimes and with increased coupling strength these oscillations

are confined to subradiant regime alone. The corresponding photon statistics

is similar to that of the W - state, viz., the non-classicality as seen from the

behaviour of correlation function, is getting stronger with increase in coupling

strength.
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Figure 5-11: Loop configuration: The intensity (magenta line) and the second
order correlation function (red line) of radiation field for (a) the symmetric
|W21 > state and (b) |GHZ2,1〉 state, as a function of observation angle θ for

kd =
2π

10
.

In summary, for the case of GHZ - state, the photon statistics is varying

from sub-Poissonian to Poissonian with clear dependence on the angle of ob-

servation, whereas in the case of |W21 > state, it is remaining sub-Poissonian

throughout and is essentially independent of the observation angle. Hence, the

entanglement property of the three atom dipolar coupled system is found to

yield characteristically distinct far-field radiation pattern, as also the photon

statistics, in different configurations. It is also observed, this behaviour can

be tuned by appropriate change of the atomic distances as also the dipolar

couplings.
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5.4 Conclusion

In this work, we have investigated intensity and radiation characteristics

of three correlated atoms arranged in both line and loop configurations. We

have observed that the nature of initial entangled states influences its radiative

characteristics leading to superradiant/subradiant emission of photons. The

effect of dipole-dipole coupling and the angular distribution of the emission

of photons by entangled atoms from different entangled states is examined.

For the case of loop configuration, it is interesting to note that the intensity

emitted from the symmetric |W2,1〉 state exhibits non classical nature for the

chosen dipole coupling strength and nearly independent of the observation

angle, meaning thereby that the emitted radiation is nearly isotropic. In con-

clusion, the fact that entanglement arises due to superposition of states, with

the degree of entanglement being controlled by the nature of superposition, of-

fers the possibility of its signature on the radiation pattern. It is interesting to

note that distinct entangled configurations, in a tripartite system studied here,

indeed revealed distinct radiation pattern as also intensity-intensity correla-

tion. This opens a way for optical probing of the entanglement characteristics.
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Chapter 6

Conclusions and outlook

This thesis focuses on the role played by the dipole-dipole (D-D) inter-

action on a collection of two-level atoms. For example, the D-D interaction

modifies the behaviour of the system resulting in creation of entangled states,

enhanced multi photon absorption, suppression of excitation probabilities and

a host of other interesting features. We narrow down our study to analyse, in

particular, the effect of D-D coupling on the entanglement characteristics of

two and three atom systems, which offer attractive possibilities for quantum

information processing. The first chapter of this thesis provides an introduc-

tion and overview of previous work and the justification for carrying out the

work presented in this dissertation.

In chapter 2, the influence of the dipole interaction on a system of two two-

level atoms, interacting with a single mode radiation field, is investigated, in

order to understand the various manifestations of the dipole coupling, viz., the

role of dipole blockade, the modifications in the two photon absorption, level

populations and other effects. In this chapter, some of the previous results are

reproduced in order to maintain continuity of discussion and some of the new

results that are obtained in our current study are discussed. The transient
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(cf. section 2.3) and steady state (cf. section 2.4 ) solutions of different level

populations and atomic coherences are presented for a wide range of param-

eters to gain insight into the role played by different competing interactions

that can influence the behaviour of the system. In the time dependent study

of level populations, the number of oscillations, which arise due to the photon

exchange interaction, is seen to increase as the dipole coupling strength Ω is

increased, for all the populations. This is indicative of the fact that the rate

of photon exchange increases with increase in the dipole coupling strength.

Increase in dipole coupling strength also gives rise to a decrease in the ex-

cited state populations, showing that D-D coupling enhances the probability

for both the atoms to be trapped in the ground state. In the steady state,

results for an extensive range of parameters are presented, with particular

emphasis on highlighting the competing effects of D-D coupling vs. the Rabi

field strength (Ω0). It is observed that, for the case of two identical atoms,

the simultaneous excitation of both the atoms (which corresponds to the cen-

tral peak in ρ44) decreases with increasing dipole coupling strength, which is

known popularly as the dipole blockade. Moreover, the dipole blockade in the

laser excitation, which offers attractive possibilities for quantum engineering,

is seen to be optimized for the case of non-identical atoms. This study on

two two-level atoms is continued further with an investigation of the role of

D-D interaction on concurrence, which is one of the measures of entanglement,

in section 2.5. The effect of Rabi field strength Ω0 on the sudden death and

sudden birth of entanglement is studied. From a detailed analysis of the two-

atom excited state population and the concurrence, a qualitative connection

between the dipole blockade and the entanglement is made.

In chapter 3, the study is extended to a set of three dipole-coupled two-level
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atoms arranged in two different configurations: in a line with nearest neigh-

bour coupling and in a closed loop with each atom interacting with both its

neighbours. When the system of three atoms is irradiated with a single mode

radiation field, it is observed that the interaction suppresses one of the neigh-

bouring atoms from getting excited but not both. This can be attributed to

the role played by the dipole blockade in the case of three atoms, wherein the

excited atoms prevent other atoms from reaching their excited states. Presence

of the third atom indicates that the two-atom dipole blockade is not very effec-

tive, meaning thereby that one of the atoms is excited once at least. In other

words, the standard dipole blockade prevents only one of the remaining two

atoms from getting excited, resulting in possibility of simultaneous excitation

of two atoms. We have also explored the entanglement properties of the system

both in line and loop configurations, from a study of the negativity. In partic-

ular, the bipartite and tripartite negativities as a function of the D-D coupling

and the Rabi field strength are discussed. We observe that there is an optimal

value of Ω0 for which the tripartite negativity is maximum and this optimal

value increases as the dipole coupling strength is increased. Entanglement

sudden death is also observed both in line and loop configurations. It is shown

that the entanglement between the end atoms is still present even though they

are not coupled directly. For weak interaction strength, tripartite negativity

in line configuration is slightly more when compared to its counterpart in the

loop configuration. However, as the interaction strength is increased, tripartite

negativity in loop configuration is slightly higher as compared to that in the

line configuration. This study throws light on the entanglement behaviour of

the coupled three atom system but further insight can be obtained by refining

the study. A further study of the other entanglement measures of this system



124

in different environment is presented in the next chapter.

In chapter 4, we have investigated the effect of D-D coupling on the entan-

glement characteristics of three atoms system under a dissipative environment.

We studied the entanglement characteristics of three atoms (cf. sections 4.2

and 4.3) and show that they undergo an unexpected, qualitative change when

the atoms are arranged in loop configuration. In particular, we observe an

interesting result that any one of the qubits is indeed entangled with the other

qubits in the system, for arbitrary values of D-D coupling strength, eventhough

the other qubits are not mutually entangled. We also demonstrated that the

quantum correlations may be enhanced as the temperature is lowered and that

they are also increased by increasing the D-D coupling strength both in line

and loop configurations.

Finally, in chapter 5, we have investigated the super and sub-radiance char-

acteristics of the radiation emitted from a system of three two-level atoms,

in the GHZ-and W-states. We have observed that the nature of initial en-

tangled states influences its radiative characteristics leading to superradi-

ant/subradiant emission of photons. The effect of D-D coupling and the an-

gular distribution of the photon emission process by entangled atoms, from

different possible entangled states is examined. For the case of loop configu-

ration, it is interesting to note that the intensity emitted from the symmet-

ric |W2,1 > state exhibits non classical nature for the chosen dipole coupling

strength and nearly independent of the observation angle, meaning thereby

that the emitted radiation is nearly isotropic. In conclusion, the fact that

entanglement arises due to superposition of states, with the degree of entan-

glement being controlled by the nature of superposition, offers the possibility

of its signature on the radiation pattern in the present case of coupled dipolar
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system. It is interesting to note that distinct entangled configurations, in a tri-

partite system studied here, indeed revealed distinct radiation pattern as also

intensity-intensity correlation. This study shows that by studying the emitted

radiation characteristics, one can gain insight into the nature of entanglement

that is present in the states from which it has originated. This opens a way

for optical probing of the entanglement characteristics.

Outlook

There exist a lot of studies on real physical systems which exhibit features

that have been observed from our theoretical analysis of the two and three

atoms systems, under different environments. A deeper understanding is re-

quired to connect the dots and make a correspondence between these two in

order to be able to apply our results to real physical systems. In particu-

lar, even though the investigations of the intensity correlation measurements

presented in this thesis provide an insight into the physics of multi-photon

interferences, there remain a number of open questions. An extensive study

of various atomic properties in different parameter regimes is required, for

exploring the suitability of this system for storage of quantum information.

Recently there has been a report on the modification in the performance of

the photonic Carnot engine powered by a quantum spin-star network which,

we strongly believe, is connected to the work presented in Chapter 4 on ther-

mal entanglement characteristics. A more careful and deeper understanding

would certainly provide the clear connection between our theoretical analysis

and the experimental reports.

So far, all investigations of intensity, intensity-intensity correlation func-



tions, various measures of entanglement, that are discussed in this dissertation,

have been limited to three identical atoms. Extending the study from two to

three atoms itself has opened up a host of exciting newer possibilities, as

demonstrated in this thesis. It would be exciting to explore further extension

of this analysis to include other interactions, say, spin-spin interaction, that

could lead to variations in the behaviour of this system to bring it closer to

the real physical systems.
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