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Abstract

This thesis deals with the qualitative behaviour of solutions of a class of nonlinear
neutral delay differential equations with positive and negative coefficients. We have
established some sufficient conditions under which all solutions of a neutral delay dif-
ferential equation either oscillates or converges to zero as t — oco. This thesis consists
of six chapters :

Chapter 1 deals with the Introduction of neutral delay differential equations and
it’s applications in various fields.

In Chapter 2, the oscillatory and asymptotic behaviour of solutions of a second

order nonlinear neutral delay differential equation of the form
(r()(y(@) + p1@)y(7(8)))) + r2()(y () + p2()y (e (1)) + )G (y(a(t)))
—q(t)H (y(6(t))) = 0 (Ev)
and
(r@) () + pr()y(7(1)))) + r2()(y(t) + p2(t)y(o (1)) + p(t)Gy(a(t)))
—q(t)H(y(B(1)) = f(t) (E2)

have been studied for various ranges of p;(t) and py(t).
In Third Chapter, Section 3.1, we have studied the oscillatory and asymptotic
behaviour of solutions of a third order nonlinear neutral delay differential equation of

the form

(a(@)(b()(y(t) +p()y(a(t)))) + a(t)G(y(a(t))) — h(t)H(y(5(1))) = 0, (Es)

by using Riccati Transformation technique. In Section 3.3, we generalize the results

obtained in the Section 3.1 to a higher(n', n is odd, n > 3) order NDDE of the form

(a(t)(b(t) (y(t) +p()y(a())) " + a(t)G(y(a(t))) — Mt H (y(B(t))) = 0. (E4)

In Chapter 4, Section 4.2, the oscillatory and asymptotic behaviour of solutions of

a fourth order homogeneous NDDE of the form

(r()(y(t) +p)y(t —7)")" +q(t)G(y(t — ) — h(t)H(y(t — 5)) = 0 (Es)

vi



and

(r(®)(y(t) + )yt —7))")" +a(O)G(y(t — ) — A H(y(t — B)) = f(1) (Es)

_t

r(t)
tions are obtained for the existence of bounded positive solution of (Es) for the range

have been studied under the assumption fooo dt = oo. Moreover, sufficient condi-
0 < p(t) < p1 < 1 by using Schauder’s fixed point theorem. The Section 4.4 deals with
the oscillatory and asymptotic behaviour of solutions of (Fs5) and (FEs) under the as-
sumption [~ %dt < o0. Further, using Krasnosel’skii fixed point theorem, sufficient
conditions are obtained for the existence of bounded positive solution of (Egs) for the

range 1 < by < p(t) < b < %

In Chapter 5, a fourth order NDDE with quasi-derivative of the form

La(y(t) + p(O)y(t — 7)) + q(1)G(y(t — o)) — h(t)H (y(t — B)) =0 (E7)
and
La(y(@t) +p(t)y(t — 7)) + a()G(y(t — o)) — h() H(y(t — B)) = f(t) (Es)
have been studied under the assumption fooo #(t)dt = oo and fooo #(t)dt < oo for
n=1,2,3.

In Chapter 6, a higher(n®, n is even, n > 4) order NDDE of the form

(r(®)(y(t) + pt)y(t — 7)) + q()G(y(t — @) — h(HH (y(t — B)) = 0 (Ey)
and
(r()(y(t) + p(O)y(t — 7)) " + ()G y(t — @) — h(t)H(y(t - B)) = f(t) (E1o)

have been studied under the assumption fooo %dt = 0o and fooo Tlt)dt < 00.
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Chapter 1

Introduction

1.1 Neutral Differential Equations

Delay differential equations, differential integral equations and functional differential
equations have been studied for at least 200 years. During last 50 years, the theory of
functional differential equations has been developed extensively and applied to many
problems like viscoelasticity, mechanics, nuclear reactors, distributed networks, heat
flows, interaction of species, microbiology, physiology etc.

Delay differential equation is very important because small delays can produce large

effect on a system. Consider the first order differential equation

Y () + 2/ (t) = —y(t).

It can be proved ([43], [53]) that the trivial solution of this equation is asymptotically

stable. However, the trivial solution of
y'(t) +2y/(t —7) = —y(t), 7 >0

is unstable.
A neutral differential equation is a differential equation in which the highest-order

derivative of the unknown function appears with and without deviations. For example,

F(t,yt),y(t = 71)s ooy y(t = 7)Y (6), ' (t — 1), oo, Y (E — O1), -,

y(n)(t)7y(n)(t_Tl)a"'ay(n)(t_rl)) :()7 (11)

1



CHAPTER 1. INTRODUCTION 2

where 71, ..., Ty, 01, ..., Ok, T1, ..., 77 are nonzero real numbers, OF/dy™(t) # 0 and
OF[0y™(t — r;) # 0 for at least one i = {1,...,1}. If (1.1) is solvable for y(™(t),

then it may be written as

y "Mt = fly),yt = 71), eyt — 1) Y (0,4 (E = 01), sy (= 0%,

y ),y =),y ™ (1)), (1.2)

Equation (1.1) is said to be a Neutral Delay Differential Equation (NDDE) if the
deviations 7, ..., Ty, 01, ..., Ok, 1, ...., 77 are positive. If these deviations are negative,
then (1.1) is said to be a Neutral Advanced Differential Equation.

In this work, we deal with the oscillatory and asymptotic behaviour of solutions of
nt" order (n > 2) NDDEs which are particular case of (1.2), where deviations are all
positive. In general, the deviations in (1.1) may be functions of ¢ or even functions of ¢

and the unknown function y(¢). However, such equations are very complex to handle.

Neutral differential equations are encountered in problems dealing with electrical net-
works containing lossless transmission lines. Such network arise, for example, in high
speed computers where lossless transmission lines are used to interconnect switching
circuits [see[20], [79]]. Second order NDDE occur in the study of vibrating masses
attached to an elastic bar and also (as in the Euler equation) in some variational prob-
lems in Calculus of Variations [see [43], pp. 4-7].

The study of oscillatory/nonoscillatory and asymptotic behaviour of solution of first

order NDDE with positive and negative coefficients
(y(t) + p)y(t — 7)) + q()G(y(t — @) = h() H(y(t — B)) = f(1) (1.3)
differes from that of n'* order (n > 2) NDDE
(y(t) +p(t)y(t — 7)™ + ()G (y(t —a)) — RO H(y(t — ) = f(1), (1.4)

where f,p,q,h € C([tg,0),R), tx = 0, G € C(R,R), 7 > 0 and o, > 0. Let
p = max{7,a,8}. By a solution of (1.4) (or (1.3)) on [T,00), for some T > to, we

mean a real valued continuous function y on [T' — p, 00) such that y(t) + p(t)y(t — 7)
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is n-times continuously differentiable on [T, 00) and equation (1.4)(or (1.3)) is satisfied
for t > T. We note that T" depends on the solution y. Let T' > ¢y be a given initial point
and ¢ € C([T — p, T],R) be a given initial function and let z; for k = 0,1,...,n — 1
be given initial constants such that (y(t) + p(t)¢(t — 7)) exists for t > T and for
any continuous function y. By using method of steps it is possible to show that the

equation

(y() +p)y(t — 7)™ +q(t)G(y(t — ) = h(t)H(y(t = B)) = 0

admits a unique solution y € C([T — p, 00),R) such that

y(t) =o(t), te[l—pT]

and

y(t) + pt)o(t — T =2, k=0,1,.,n — 1.

For the study of problem of existence and uniqueness and also continuous depen-
dence of solutions of NDDEs (1.3) and (1.4), one can see [15, 28, 30, 43] and references

cited therein. By a solution we mean a solution which exists in a certain ray [T, 00).

A solution y(t) of (1.3) or (1.4) is said to be oscillatory if it has arbitrary large
zeros, that is, for every ¢y > 0 there exists a t; > to such that y(¢;) = 0; otherwise, it
is called nonoscillatory.

It is well known that behaviour of solutions of NDDEs exibits features which are not
true for nonneutral delay differential equations. There are examples see ([20, 22, 43, 79,
80]) of NDDEs whose characteristic equation have roots which are simple and which
lie on the negative half-plane and yet the equation has unbounded solutions. Such
a behaviour is not possible in the case of corresponding nonneutral delay differential
equations. This fact is clear from the following example: All bounded solutions of

delay-differential equation

Y (t) + 4eM93(t —1) = 0
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are oscillatory (see Theorem 1, [23]) but the corresponding neutral delay differential

equation

[y(t) _ 2672y(t . 1)]// + 46(4t76)y3(t . 1) -0

admits a bounded non-oscillatory solution y(t) = e™?*. For this reason the study of

NDDEs has lot of complications which are unfamilier to non-neutral delay differential
equations. A delay differential equation is a particular case of NDDE.
In [36], [61], [75], [92], Erbe, Lin, Sahiner and Yan studied a second order

neutral equation of the form

y(t) —p)y(t = 7)]" + a()f(y(t —0)) =0, ¢ =0, (1.5)

where p,q € C<(07OO)7 (_007 OO)>7 0< p(t> < 17 q(t) > O, f € C((—OO, 00)7 <_007 OO)),
yf(y) >0,y # 0 and 7, 0 > 0. However, in [82] Tanaka has proved that equation (1.5)

is oscillatory if and only if the second-order delay differential equation

y(t) +q(t)f(S(t = o)yt —0)) = 0,6 >0

is oscillatory, where S(t) is a positive function formulated in terms of p(¢) and 7. For
the case that p(t) > 0, we only find a paper [91], in which the author attempted to
extend the known results in ([7], [16]) of (1.5) with p(t) = 0 to a neutral equation
of the form (1.5) with p(t) = p € (0,1). In [63] Manjojlovi¢, Shoukaku, Tanigawa
and Yoshida have studied the oscillatory behaviour of the differential equations with
positive and negative coefficients of the form

l

o)) £ 3 (ot t—m” +Zpl qu Jt— ) =0. (L6)

i=1
Later on in [50], Karpuz et.al studied the oscillation criteria of a second order NDDE
with variable delay of the form
"
P@ime@®ﬂ+me@w—ZMmmwzm> (1.7)
i€R ieP i€Q
for t > 0, where R, P,() are bounded beginning segments of positive integer, r; €
C([to, ), RT), pi, q; € C([to, 00), RT), o, B, vi € C([to, ), R) are delay functions and
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f is a real valued continuous function. Later in [12], Bai modified equation (1.7) as

)+ 3 aOya®) +ry®) + 3 a®y(a®) + 3 p)y(50)

o . —Z;@yw)) —0 (1
and h
) + Z}; ailt [+ r(®)[y(t) + Z}; ci()y(ai(®)] + Z;pi(t)y(ﬂ (1))
: : —gqxt;;(v )= f0),  (19)
where Ze

(C1) R, P,Q are bounded starting segments of positive integers; that is, R = 1,2, ..., Ry,
P=1,2..PyOQ=12 ..0Qo R PyQo € N:

(Cy) ¢ € C([to,00,RT) for all ¢ € R,p; € C([ty,00),RY) for all i € P and ¢; €
C([ty,00),RT) for all i € Q;

(C3) a; € D([tg,00)) with liminf, o af(t) > 0 for all i € R, 8; € D([ty,0)) for all
i € P and v; € D([ty,0)) for all i € Q;

(Cy) r € CY([tg, 0), RT) and 7/(t) < 0;

(C5) f € CY([ty, ), R) and that there exists a function F' € C?((ty, 00), R™) which sat-
isfies F” = f and lim;_,, F'(t) = 0 with D([to, 00)) equipped with functions satisfying

the following properties;
(i) h € C'([tg,0), R) is strictly increasing and lim;_,., h(t) = oo;
(17) h(t) <t holds for all t > t,.

We may note that in (1.8) and (1.9), first two terms inside the derivatives are same, that
is, [y(t) + > icrci(t)y(ai(t))]. We may also note that, equations (1.7)-(1.9) are linear
neutral delay differential equations with positive and negative coefficients. In ([12, 50,
63]), the authors employed the same technique to study the qualitative behaviour of
solutions of the equations (1.6)-(1.9). In Chapter 2, we investigated the oscillatory
and asymptotic behaviour of solutions of a second order NDDE with positive and

negative coefficients of the form (FE;) and (E;) with a new technique for the ranges
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p1 € C([tg,0),R), pa € C([tg,0), RT).

In recent years, the oscillatory and asymptotic behaviour of solutions of differential
equations of third order and their applications have been receiving intensive attention
till date. In fact, there are several monographs and hundreds of research papers have
been appeared for ordinary and functional differential equations of third order in the
literature (see [4, 8, 10, 11, 25, 33, 39, 38, 44, 77, 85, 84]) and references cited therein.
In [85], Tiryaki and Aktas are concerned with the oscillation of third order nonlinear

delay differential equation of the form

(ra(t)(r1(t)y")') + p()y" + q(t) f(y(g(t))) = 0,

where q € C([a,00),R), ro,p € C'([a,00),R), a > 0 is a constant such that 7y, s, g > 0,
p > 0,9 € C'([a,0),R) satisfies 0 < g(¢t) < t,¢'(t) > 0 and g(t) — o0 as t — oo
and f € C(R,R) satisfies @ > K > 0 for u # 0. By using a generalized Riccati
transformation and integral averaging technique, authors establish some new sufficient
conditions which ensure that any solution of this equation oscillates or converges to zero
as t — oo. In [11], Baculikovd and DZurina have studied the oscillatory and asymptotic

behaviour of solutions of the third order nonlinear delay differential equation

[a(®) (" (1)) + q() f (yr(8)]) = O,

by applying suitable comparison theorems. They obtained new criterion for oscillation
and certain asymptotic behaviours of nonoscillatory solutions of last equation with the
assumptions

(Ce) a(t),q(t) € C([ty,0)), a(t), q(t) are positive, T(t) € C([tg,0)), 7(t) < t, limy o0 7(1)
=00, [ a7 (H)dt = oo;

(C7) v is the quotient of odd positive integers;

(Cs) fly) € C(=00,00),yf(y) > 0,f'(y) > 0 for y # 0 and —f(—zy) > f(xy) >
f(z)f(y) for xzy > 0. In [10], Baculikovd and Dzurina have studied the asymptotic
properties of the third order delay differential equation

[a(®)(ly(t) £ p®)y(GON)) +q()y" (7(t)) =0,
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where a(t), q(t), p(t) are positive function, v > 0 is a quotient of odd positive integers
. . o _1

and 7(t) < t, 6(t) < ¢, limy o0 7(t) = 00, limy 00 0(t) = o0 and [,~ a7 (t)dt = oo.

In this paper, authors established some sufficient conditions which ensure that all

nonoscillatory solutions of the last equation converges to zero. Recently, in [60], Li,

Zhang and Xing have studied the oscillatory and asymptotic behaviour of solutions of

(a(®)(b(@)(y(1) + p(D)y(o(1))))) + a()y(7 (1)) = 0 (1.10)

for 0 < p(t) < p < 1, with the following assumptions

(Cy) /t:o %dt = 00, /t:o %dt = 00,
(Cho) /: %dt < 00, /: %dt = 00,
(Ch1) /tooo %dt < 00, /t:o %dt < 00,

where a, b7 qec O([to, OO)7R+>7 p,0,T € C([tou OO)7R)7 U(t) < 757 T(t) < t7 hmt—>oo U(t) =
00, limy_,, 7(t) = 0o. Moreover, they fails to investigate the oscillatory and asymptotic

behavior of (1.10) under the following assumption

<1 <1
(Ch2) /to %dt—oo, /to @dt<oo,

for the range 0 < p(t) < p < 1. It seems that no work has been done for a third order
neutral delay differential equation with positive and negative coefficients. In Chapter
3, we have established some sufficient conditions which guarantee the oscillatory and
asymptotic behavior of solutions of the functional differential equations (F3) under
the assumption (Cy), (Ch), (C11) and (Ciz) for the ranges 0 < p(t) < p; < 1 and
—1<ps <p(t) <0.

In [83] R. D. Terry and P. K. Wong have studied the oscillatory and nonoscillatory
behaviour of solutions of the nonlinear fourth order delay differential equation of the

form

(r@)y" ()" +y- () f(t,y-(t)) = 0,1 > to,

where y,(t) = y[t — 7(t)] , 0 < 7(t) < T and 0 < m < r(t) < M. The function f(t,u)

is assumed to satisfy the following three hypotheses :
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(C13) f(t,u) is a continuous real-valued function on [0, 00) xR, R = (—o0, 00);

(C14) for each fixed t € [0, 00), f(t,u) < f(t,v) for 0 < u < v;

(Cy5) for each fixed t € [0, 00), f(t,u) > 0 and f(t,u) = f(t,—u) for u # 0. Kusano
and Naito [54, 55] have studied the fourth order nonlinear differential equation of the

form
[r(t)y")" + yF(y*,t) =0,

where the following conditions are always assumed to hold :
(Cig) 7(t) is continuous and positive for ¢ > 0;
(C17) yF(y?,t) is continuous for |y| < oo,t > 0, and F(z,t) is positive for z > 0, > 0

under the assumptions

(C1s) fooo %dt =

and

(019) fooo Ttt)dt < Q.

Later in [68, 69], Parhi and Tripathy have studied the oscillatory behaviour of solutions

of a class of fourth order nonlinear neutral differential equations of the form

(r(®)(y(®) +p()y(t —7))")" + ¢®)G(y(t — o)) =0 (1.11)

and its associated forced equation

(r(®) () + )yt —7)")" +a(O)G(y(t — o)) = (1), (1.12)

where r € C([0,00), (0,00)), p € C([0,00),R), ¢ € C([0,00),[0,00)), G € C(R,R) is
nondecreasing and uG(u) > 0 for u # 0, 7 > 0 and 0 > 0, f € C(]0,00),R) under the
assumption (Cjg) and (Chg). Different ranges of p(t) and different forcing functions are
considered here. In recent papers [72] and [73], Parhi and Rath have discussed oscilla-
tion and asymptotic behaviour of solutions of n'” order neutral differential equations

of the form

[y(t) +p(t)y(t — 7)™ +q(t)G(y(t —0)) =0 (1.13)
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and

[y(t) +p(t)y(t — 7)™ +a(O)Gy(t —0)) = f(1). (1.14)

Equations (1.11) and (1.12) can not be termed as particular case of the (1.13) and
(1.14) in view of (Cig) and (Cig). In Chapter 4, we have obtained some sufficient
conditions under which every solution of the fourth order nonlinear neutral delay dif-
ferential equations with positive and negative coefficients of the form (Es5) and (Es)
either oscillates or tends to zero as t — oo under the assumption fooo %dt = 00 or
I %dt < 00. Moreover, using Schauder’s fixed point theorem and Krasnosel’skii’s

fixed point theorem existence of positive bounded solution of (FEg) has been obtained.
In Chapter 5, we would like to find some sufficient conditions under which every

solution of the fourth order nonlinear neutral delay differential equations with quasi

derivatives of the form (E7) and (Ejs) either oscillates or tends to zero as t — oo with

* 1
/ dt = oo
0 Tn(t)

* 1
dt < oo
/0 rn(t)

for n = 1,2,3. In Chapter 6, we established some sufficient conditions under which

the assumptions

and

every solution of n'* (for n is even; n > 4) order nonlinear neutral delay differential
equations with positive and negative coefficients of the form (Eg) and (Ejg) either

oscillates or tends to zero as t — oo under the assumptions

/Ooo%dt:oo

> 1
/ ——dt < 0.
o 7(t)

Moreover, using Banach fixed point theorem existence of positive bounded solution of

and

(E40) has been obtained. We need the following definitions and well known fixed point
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theorems for our use in the sequel.

Definition 1.1.1. (Superlinear and Sublinear Functions): A real valued function

G € C(R,R) is superlinear if it satisfies one of the following properties:

G(u)

lim inf >a>0 (1.15)
|u]—o0 u
or
+oo du
M, 1.16
.. G (110

for every ¢ > 0
or

G| _ [Glw)]

lur] T fugl

(1.17)

for Jui| < |uz|, ugus >0

or

lim (%) — (1.18)

or there exists a number v > 1 such that

G| _ |G(w)

lur|" T Jug|

(1.19)

for |uy| < |ual, uyug > 0.

A real valued function G € C'(R, R) is sublinear if it satisfies one of the following prop-

erties:
lminf S > 55 0 (1.20)
u—0 u
or
+c dU

; % < 00, (121)
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for every ¢ > 0
or

Gu)| _ |G(ws)

T g

|U1|

for "LL1’ < |’U/2‘, uiug > 0

or

. (%
i () =<

or there exists a number §,0 < § < 1 such that

|G| [G(us)]

(CTE (1

for |uy| < |us|, uyug > 0.

11

(1.22)

(1.23)

(1.24)

Theorem 1.1.2. (Schauder’s fized point theorem) (see [42]) Let M be a closed,

convex and non-empty subset of a Banach space X. Let T : M — M be a continuous

function such that TM is a relatively compact subset of X. Then T has at least one

fixed point in M. That s, there exists an x € M such that Tx = x.

Theorem 1.1.3. (Krasnosel’skii’s fized point theorem) (see [49, Lemma 3]) Let

S be a bounded, convex and closed subset of the Banach space X. Suppose there exists

two operators A, B : S — X such that
(i) Av+ By € S forallz,y € S,
(1) A is a contraction mapping,

(1i1) B is completely continuous.

Then A+ B has a fixed point in S.

Theorem 1.1.4. (Banach fized point theorem) (see [42]) A contraction mapping

on a complete metric space has exactly one fixed point.
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1.2 A Brief Overview of Thesis

In Chapter 2, we have studied the oscillatory and asymptotic behaviour of solu-

tions of a second order homogeneous NDDE (FE;) and associated forced equation (FEs).
This chapter consists of four sections.
The first Section 2.1 deals with the introduction. Section 2.2 deals with the oscillatory
and asymptotic behaviour of solutions of homogeneous equation (F;). We use two
Lemmas namely Lemma 2.2.1 and Lemma 2.2.2 for the purpose of the theorems. Un-
der certain sufficient conditions, in Theorem 2.2.3, we obtain every bounded solution
of (E}) either oscillates or tends to zero as ¢ — oo for the range 0 < py(t) < p; < o0,
0 < po(t) < ps < oo, where p; and ps are real numbers. In Section 2.3, in Theo-
rems 2.3.1 and 2.3.3 we discussed the oscillatory behaviour of bounded solutions of
the forced equation (FEs;) for the ranges 0 < p(t) < p; < 00, 0 < po(t) < py < 0
and —o0o < p3 < pi(t) < py <0, 0 < pa(t) < ps < oo under the assumption
liminf; . F(t) = —o0, limsup,_, ., F(t) = co.

Section 2.4 deals with the conclusion.

In Chapter 3, we have studied the oscillatory and asymptotic behaviour of solu-
tions of a third and odd higher order homogeneous NDDE (Ej5) and (Ej) respectively.
This chapter consists of five sections.

Section 3.1 deals with precise introduction and motivation of the problem.

In Section 3.2, sufficient conditions are obtained for oscillatory and asymptotic behav-
ior of solutions of (F3). In this section we have devoloped four basic lemmas namely
Lemmas 3.2.1, 3.2.2, 3.2.3 and 3.2.4 which will be used to obtain the main results in this
section. In Theorems 3.2.5 and 3.2.13, we have studied the oscillatory and asymptotic
behaviour of solutions of (£j3) for the ranges 0 < p(t) < py < land —1 < py < p(t) <0
under the assumptions ftzo ﬁdt = 00, tzo ﬁdt = 00.

Theorems 3.2.7 and 3.2.15 deal with the oscillatory and asymptotic behaviour of so-
lutions of (FEj3) for the ranges 0 < p(t) < p1 < 1 and —1 < py < p(t) < 0 under the

. oo 1 oo 1 .
assumption [, 2 dt < oo, I s dt = oo
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In Theorems 3.2.9 and 3.2.17, we have studied the oscillatory and asymptotic behaviour

of solutions of (Ej3) for the ranges 0 < p(t) < p1 < 1 and —1 < ps < p(t) < 0 under the

assumption ftzo ﬁdt < 00, ftzo

In Theorems 3.2.11 and 3.2.19, we have studied the oscillatory and asymptotic be-

1

haviour of solutions of (Ej3) for the ranges 0 < p(t) < p1 < 1 and —1 < py < p(t) <0
under the assumption ftzo ﬁdt = 00, ftzo ﬁdt < oo.

In Section 3.3, we are concerned with the qualitative behaviour of solutions of (Ej).
We have used Lemma 3.4.1 for the purpose of the theorems. In Theorem 3.4.2 and
Theorem 3.4.8, we have studied the oscillatory and asymptotic behaviour of solutions
of (Ey) for the ranges 0 < p(t) < p1 < 1 and —1 < po < p(t) < 0 under the assumption
ftzo ﬁdt = 00, ftzo ﬁdt = 0.

In Theorems 3.4.4 and 3.4.10, we have studied the oscillatory and asymptotic behaviour
of solutions of (Ej) for the ranges 0 < p(t) < p1 < 1 and —1 < ps < p(t) < 0 under the
assumption ftzo ﬁdt < 00, ftzo Tlt)dt = 00.

In Theorems 3.4.5 and 3.4.11, we have studied the oscillatory and asymptotic behaviour
of solutions of (E;) for the ranges 0 < p(t) < p1 < 1 and —1 < ps < p(t) < 0 under the
assumption ftzo ﬁdt < 00, ftzo Tlt)dt < 00.

In Theorems 3.4.6 and 3.4.12, we have studied the oscillatory and asymptotic behaviour
of solutions of (Ey) for the ranges 0 < p(t) < p1 < 1 and —1 < py < p(t) < 0 under
the assumption ftzo ﬁdt = 00, ftzo Tlt)dt < 00. The results obtain in all these sections

generalizes the work of [60].

Section 3.5 deals with the conclusion.

Chapter 4 deals with the oscillatory and asymptotic behaviour of solutions of
a fourth order homogeneous NDDE (FEj5) and associated forced equation (Eg). This
chapter mainly consists of seven sections.
Section 4.1 deals with precise introduction and motivation of the problem.
In Section 4.2, sufficient conditions are obtained for oscillatory and asymptotic be-
haviour of all solutions of (E5) under the assumption fooo %dt = oo. We have intro-

duced four lemmas namely Lemmas 4.2.1, 4.2.2, 4.2.3 and 4.2.4 which will be used to



CHAPTER 1. INTRODUCTION 14

obtain the main results in this section. In Theorems 4.2.5, 4.2.8 and 4.2.10, we have
studied the oscillatory and asymptotic behaviour of solutions of the equations (Fs) for
the range 0 < p(t) < p; < lor 1 < py < p(t) < ps < oo whereas in Theorems 4.2.14
and 4.2.16, we discussed the oscillatory and asymptotic behaviour of solutions of the
equations (Ej) for the range —1 < py < p(t) <0 and —oo < ps < p(t) < pg < —1.

In Section 4.3, in Theorems 4.3.1 we have discussed the oscillatory behaviour of solu-
tions of the forced equation (Eg) for the range 0 < p(t) < p; < oo but in Theorem 4.3.3
only bounded solutions of equation (Fg) has been studied for the range —1 < p(t) <0
under the assumptions liminf, ., F(t) = —oo,limsup,_,., F(f) = co. Again in Theo-
rem 4.3.4 the oscillatory behaviour of unbounded solutions of equation (Es) has been
studied for 0 < p(t) < p; < oo under the assumption —oo < liminf; , F(t) < 0
< limsup,_,, F(t) < co. Finally, in the Theorem 4.3.6, existence of positive bounded
solutions of equation (Fj) has been studied using Schauder’s fixed point theorem.

In Section 4.4, we would like to study the oscillatory and asymptotic behaviour of
solutions of (F5)/(FEs) under the assumption f;* %dt < 00. We have devoloped four
lemmas namely Lemmas 4.4.1, 4.4.2, 4.4.3, and 4.4.4 which will be used to obtain the
main results in this section.

In Section 4.5, in Theorems 4.5.3 and 4.5.6, we have studied the oscillatory and asymp-
totic behaviour of solutions of (Ej5) for the range 0 < p(t) < py < lor 1l < py <
p(t) < p3 < oo, whereas in Theorems 4.5.8 and 4.5.9, we discussed the the oscilla-
tory and asymptotic behaviour of solutions of (Es5) range —1 < py < p(t) < 0 and
—oo < p(t) < 0 respectively.

In Section 4.6, in Theorem 4.6.1, we have discussed the oscillatory behaviour of solutions
of equation (Eg) for the range 0 < p(t) < p; < 0o, whereas in Theorem 4.6.3 oscillatory
behaviour of bounded solutions of (Eg) are studied for the range —1 < p(¢) < 0 under
the assumption liminf; ., F(t) = —oo,limsup,_, ., F(t) = co. In Theorem 4.6.4 oscil-
latory behaviour of unbounded solutions of (Ej) are studied for the range —1 < py <
p(t) < 0 under the assumption —oo < liminf; . F(t) < 0 < limsup,_, . F(t) < oc.
Moreover, in Theorem 4.6.5 existence of positive bounded solutions of equation (Ejg)

has been studied using Krasnosel’skii’s fixed point theorem.
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Section 4.7 deals with the conclusion for this chapter.

Chapter 5 deals with the oscillatory and asymptotic behaviour of solutions of
a fourth order homogeneous NDDE with quasi-derivative (F;) and associated forced
equation (Eg). This chapter mainly consists of seven sections.
Section 5.1 deals with precise introduction and motivation of the problem.
In Section 5.2, sufficient conditions are obtained for oscillatory and asymptotic be-
haviour of all solutions of (E7) under the assumption fooo #(t)dt = 00. We have intro-
duced two lemmas namely Lemmas 5.2.1 and 5.2.2 which will be used to obtain the main
results in this section. In Theorems 5.2.3, 5.2.5 and 5.2.7, we have studied the oscilla-
tory and asymptotic behaviour of solutions of (E7) for the range 0 < p(t) < p; < 1 or
1 < p2 <p(t) < p3 < oo, whereas in Theorems 5.2.10 and 5.2.13, we discussed the oscil-
latory and asymptotic behaviour of solutions of (E7) for the ranges —1 < ps < p(t) <0
and —oo < p(t) < —1.
In Section 5.3, in Theorem 5.3.1 we have discussed the oscillatory behaviour of solutions
of the forced equation (Eg) for the range 0 < p(t) < p; < oo but in Theorem 5.3.3 os-
cillatory behaviour of bounded solutions of (Es) have been studied for the range —1 <
p(t) < 0 under the assumption liminf; o F'(t) = —oo, limsup,_, . F'(t) = co. Again in
Theorem 5.3.4 the oscillatory behaviour of unbounded solutions of equation (Eg) has
been studied for 0 < p(t) < p; < oo under the assumption —oco < liminf; ,., F'(t) <0
< limsup,_,., F(t) < oco.
In Section 5.4, we would like to study the oscillatory and asymptotic behaviour of so-
lutions of (E7)/(Fs) under the assumption [~ #(t)dt < 0.
In Section 5.5, in Theorems 5.5.1 we have studied the oscillatory behaviour of bounded
solutions of (E7) for the range 0 < p(f) < p1 < lorl < py < p(t) < p3 <
whereas in Theorems 5.5.3 and 5.5.4, we have discussed the oscillatory and asymptotic
behaviour of bounded solutions of (F;) for the range —oco < py < p(t) < ps < —1 and
—1 < pg < p(t) < 0 respectively.
In Section 5.6, in Theorem 5.6.1 we have discussed the oscillatory behaviour of solu-

tions of equation (Eg) for the range 0 < p(t) < p; < 0.
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Section 5.7 deals with the conclusion.

Chapter 6 deals with the oscillatory and asymptotic behaviour of solutions of a
higher order homogeneous NDDE (Ey) and associated forced equation (Ejg).This chap-
ter mainly consists of seven sections.

Section 6.1 deals with precise introduction.

In Section 6.2, sufficient conditions are obtained for oscillatory and asymptotic be-
haviour of all solutions of (Ey) under the assumption fooo %dt = 00. In Theorem
6.2.2, we have studied the oscillatory and asymptotic behaviour of bounded solutions
of equation (Ey) for the range 0 < p(t) < p1 < 1lor 1l < p, < p(t) < ps < oo and in
Theorems 6.2.4 and 6.2.6 we have discussed the oscillatory and asymptotic behaviour
of the bounded solution of (Ey) for the range —oo < py < p(t) < ps < —1 and
—1 < pg < p(t) < 0 respectively. In Theorem 6.2.7 we have studied the oscillatory and
asymptotic behaviour of all solutions of equation (Ey) for the range 0 < p(t) < p; < 1
or 1 < ps < p(t) < p3 < oo and in Theorem 6.2.8 we have studied the oscillatory and
asymptotic behaviour of all solutions of equation (Ey) for the range —1 < pg < p(t) < 0.
Again in Section 6.3, in Theorems 6.3.3 we have discussed the oscillatory behaviour of
the unbounded solutions of the forced equation (Ejg) for the range 0 < p(t) < p1 < 00
under the assumption —oo < liminf; o F(t) < 0 < limsup,_,., F(t) < co. In Theo-
rem 6.3.1 the oscillatory behaviour of solutions of equation (Ejg) has been studied for
the range 0 < p(t) < p1 < oo and in Theorems 6.3.4 the oscillatory behaviour of the
bounded solution has been studied for the range —oco < py < p(t) < ps < 0 under the
assumption liminf, ,., F'(f) = —oo and limsup,_, ., F'(t) = co. Moreover, in Theorem
6.3.6 the existence of positive bounded solutions of equation (Ejg) has been studied by
using Banach fixed point theorem.

In this Section 6.4, we are concerned with the oscillatory and asymptotic behavior of
solutions of the higher order nonlinear neutral delay differential equations of the form
(Ey) and (Ey9) under the assumption f;° %dt < 00.

In Section 6.5, in Theorems 6.5.1 we have studied the oscillatory and asymptotic be-

havior of bounded solutions of (Eyg) for the range 0 < p(t) < py < lor 1 < py < p(t) <
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p3 < oo and in Theorems 6.5.3 and 6.5.4 we have discussed the behaviour of solutions
of (Fy) for the ranges —oo < py < p(t) < ps < —1 and —1 < pg < p(t) < 0 under the
assumption [ Tlt)dt < 0.

Again in Section 6.6, in Theorem 6.6.1 the oscillatory behaviour of bounded solutions
of equation (Ejg) has been studied for 0 < p(t) < p; < oo and in Theorems 6.6.3 the
oscillatory behaviour of bounded solution are obtained for —co < py < p(t) < ps <0
under the assumption liminf, ., F(t) = —oo, limsup,_,., F(t) = oc.

Section 6.7 deals with the conclusion.

1.3 Applications of Delay Differential Equations

Delay differential equations (DDEs) are important in many areas of engineering and
science. The aim of this section is to bring together contributions from the leading
experts on the theory and applications of functional and delay differential equations.
Calculus on delay differential equations can be applied in a variety of important
fields as in biology (see [31], [47]), in Economy and in general in the field of the inequal-
ities (see [18]), in control theory (see [13]), variational calculus (see [6]), multiobjective
optimization (see[62]) and so on. The theory of delay differential equations give rise to
plenty of applications (see [3], [5], [18], [19], [20], [81]). For example, neutral differen-
tial equations arises many areas of applied mathematics, such as population dynamics
(see[37]), circuit theory (see [14]) and so on. Some more neutral delay differential equa-
tions appear in modelling of the network containing lossless transmission lines ( as in
high-speed computers in which the lossless transmission lines are used to interconnect
switching circuits) (see [21], [79]), in the study of vibrating mass attached to an elastic
bar, as Euler type of equations in some variational problems, in the study of automatic
control and in nueromechanical systems in which inertia plays a major role (see [17],
[30], [43], [74]). In (see [1], [2]), several authors from diverse fields have illustrated the
importance of the qualitative as well as quantitative study of the differential equations,

in applications of the quantum calculus, in physics (see [48], [81]), economics (see [5],
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[62]). Similar examples concerning insect population, where all the adults die before
the babies are born can be found in [18]. Interest in functional differential equations is
growing due to the development in science and technology and the varied applications
in many areas. For examples, equations involving delay and those involving advance
and a combination of both arise in nerve conduction (Life Sciences), organizational
behaviour (Social Sciences), signal processing pantograph equations (Mechanical Engi-
neering), to mention a few (see [17], [30], [43], [74]). Study of such equations has been
an active area of research for many researchers.
Applications of second, third and fourth order delay differential equations:
Second and Third order neutral delay differential equations have application in
many fields. In ([29] p. 234), it has been noticed that any system involving a feedback
control will almost certainly involve delays. Hence the equation of motion governs the

system is of the form
my"(t) + by (t) + qy'(t — ) + ky(t) = 0.

Consider a problem where the interaction of two electrons or charged particles has been

studied by equations of the form

yil(t) = fl(?ﬂ(t) - ?J2(7f - rgl(t)),yi(t),y;(t - 7“21(75)))
Yo (t) = folya(t) — ya(t — r12(t)), y5(2), w1 (t — r12(2))).

Another example encountered by Hale [43] in his study of vibrating massess attached

to a elastic bar is

2" (t) + wiz(t) = efi(x(t), 2 (t), y(t), y'(t) + my"(t —r)

y'(t) +wiy(t) = efa(a(t), 2 (1), y(t), y' (t)) + 722" (t — 7).

Hodgekin and Huxley devoloped a mathematical model for the propagation of electric
pulses in the nerve of a squid. The reduced version of this model was found by Nagumo

[64], he suggested a relatively third-order differential equation of the form

Y(@) — e (2) + F)y (@) — (bfey(x) = 0, f = j—J;



CHAPTER 1. INTRODUCTION 19

as a model exibiting many of the features of Hodgekin-Huxley equations, where f
is a cubic function. Vreeke and Sandquist [90] proposed the systems of differential
equations(equivalent to third order differential equation) to describe two temperature

feedback nuclear reactor problem as

d$$£t> = 21(n(1 = 22) + 72(1 — x3))
d%t(t) = 73(z1 — 22)
dl’;t(t) — 74(%’1 — Ig),

where x; is normalized neutron density, xo and x3 are normalized temperatures,
being associated with fuel and x3 with the moderator or coolant, v3 and ~, are positive
heat transfer coefficients, v, and 5 are normalized effective neutron lifetime parameters
associated with the temprature feedbacks. The expression p = (1 — z2) + 72(1 — x3)
in the first equation is called the reactivity and is a measure of multiplication factor of

the neutrons in the fission reactor.

Fourth order (NDDE) which has application in the study of mathematical models
of deflection of beams. These beams, which appear in many structures, deflect under
their own weight or under the influence of some external forces. In [41], Gupta ex-
plained the bending of an elastic beams with simply-supported ends under an external

force e(x) is described by the boundary-value problem

d4
d—qi:e(:ﬁ), 0<x<l,
x

under the assumption u(0) = u(1) = v”(0) = v”(1) = 0. Moreover, Usami [89] proved

that the linear boundary value problem

d4
d—;—i—g(x)u:e(:z:), 0<x<l1,

under the assumption u(0) = u(1) = v”(0) = u”(1) = 0, g(x), e(z) are given real-valued

continuous function on [0, 1], has exactly one solution.



Chapter 2

Oscillation Results for a Second
Order Nonlinear Neutral Delay

Differential Equations

2.1 Introduction

Recently Lin [61] has studied some sufficient conditions for oscillatory and non-oscillatory
behaviour of solutions of a second order nonlinear neutral differential equation of the

form

y(t) —p@)y(t —7)" +q()f(y(t —0)) =0, ¢ =0,

where D,q € C(<0> OO)? (_007 OO))? 0< p(t) <1, Q(t) 2 07 f € O(<_OO7OO)?
(—00,00)), zf(x) > 0,2 # 0 and 7, 0 > 0. Later, Shi-Wang [78] have studied equations

of the form

(a(@)(y(@) +p)y(t —7))) +at)f(y(@),ylo(t)]) =0, =1ty >0

by using a generalized Riccati transformation, introducing so-called H-Method (i.e; by
using parameter functions and integral averaging technique), where a, p, ¢ € C([tg, 00), R™),

7 > 0. Moreover, Zayed-El-Moneam [93] have studied oscillatory behavior of solutions

20
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of the following functional differential equation

(a()y' (1)) + &1p()y' (1) + 02q(t) f (y(9(1) = 0, t =to >0,

where 6; = +1, 6 = +1, p, q, g : [to,00) = R, f : R — R are continuous and a(t),
p(t), q(t) > 0. But the problem is still left if ¢(¢) changes sign. In particular, if
q(t) = q*(t) — ¢ (t), where ¢*(t) = max{0,¢(t)} and ¢ (t) = max{0, —q(¢)}. Later
Karpuz et. al [50] have studied oscillatory and asymptotic behaviour of all solutions of
a class of neutral delay differential equations of second-order with several positive and
negative coefficients of the form

"

)+ S (e 0)] + X nona) - X auto) = 70
i€R ieP i€Q

for t > 0, where R, P,() are bounded beginning segments of positive integers, r; €
C([to, ), RT), pi, q; € C([to, 00), RT), oy, B, vi € C([to, 0),R) are delay functions and
f is a continuous function.
In this section, oscillatory and asymptotic behavior of solutions of a second order

nonlinear neutral delay differential equations of the form

(re () (y(®) + pr By (7(£))) + r2() (y(1) + p2(t)y(o ()

+p(1)G(y(a(t))) — q(t)H(y(5(t))) =0 (2.1)

and

(re (&) (y (@) + pr By (7)) + r2() (y(1) + p2(t)y(o ()

+p(t)G(y(a(t)) — a(t) H(y(5(1))) = f(1) (2.2)

have been studied with a new technique, where r; € C*([ty, 00), (0,0)), 72 € C([to, 0),
[0,00)), p1,p2, 7,0 € C([tg,0),R), p € C([ty,),(0,0)), ¢ € C([to,0), [0,0)),
a,B € C([tg,),R), tg > 0, 7(t) < t, o(t) < t, alt) < t, B(t) < t, im0 7(t) =
00, limy_y00 0 (t) = 00, limy_, (t) = o0, limy_,o B(t) = 00, G, H € C(R,R) are func-
tions with uG(u) > 0, vH(v) > 0 for u,v # 0 and H is bounded function. The
oscillation criteria obtained in this chapter are essentially new.

The solution of (2.1)/(2.2) means a continuous function y which is defined for
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t > t_y such that (y(t) + p1(t)y(7(t))) is continuously differentiable, (r(t)(y(t) +
p1(t)y(7(t)))") is continuously differentiable, (y(t) 4+ p2(t)y(o(t))) is continuously dif-
ferentiable and (2.1)/(2.2) are satisfied for all ¢t > to, where t_; = min{a(ty), 5(to),
7(to),0(to)}. We restrict our attention to those solutions y(t) of equations (2.1)/(2.2)
which exist on [tg, 00) with sup{|y(¢)|;t > T} > 0 for every T" > to. It has been as-
sumed that equations (2.1) and (2.2) posseses such a solution. A solution of (2.1)/(2.2)
is said to be oscillatory if it has arbitrarily large zeros on [ty, 00); otherwise, it is called

non-oscillatory.

2.2 Oscillation Criteria for Homogeneous Equation

In this section, sufficient conditions are obtained for oscillatory and asymptotic behavior

of the solutions of (2.1). We will need the following lemmas for our use in the sequel.

Lemma 2.2.1. [50] Let ¢; be such that g(t;) > to. Suppose g € D([t;,00)) with
limsup,_, . ¢'(t) < oo and f € C([ty,0),RT), where D([t1,00)) equipped with func-

tions satisfying the following properties;
(i) h € C'([t1,00),R) is strictly increasing and lim; ., h(t) = oo;
(17) h(t) <t holds for all t > t;.

If fog € L*([t1,00)) holds, then f € L([tg,o0)), where L!([ty,0)) = {f € C([to,00), RT);
Jo f(t)dt < oo}

Lemma 2.2.2. [50] Let t; be such that g(¢;) > tyo. Suppose g € D([t1,00)) with
liminf, .o, ¢'(t) > 0, fog € C([t;,00),RT) and f € C([ty,0),RT). If f € L'([ty,0))
holds, then fog € L*([t1,00)).

Theorem 2.2.3. Let 0 < py(t) < p; <00, 0 < py(t) < pe < 00 and
(Hy) ri(t) <0, riy(t) <0 and liminf, o, 7 (t) > 0;

(Hy) G(u) > kyu for some ky > 0, u # 0, G(—u) = —G(u) and H(—u) = —H(u),

u € R;
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(Hj) ftzo [ q(v)dvdt < oo;
(Hy) liminf, . p(t) > 0;

(Hs) there exists Ty > to such that o(Ty) > to, a € D([T1,00)) and limsup,_, ., o/ (t) <

ooy

(Hg) there exists Ty > to such that T(Ty) > to, o(Ta) > to, 7,0 € D([Ty,0)),

liminf, ,o, 7/(t) > 0 and liminf, .., o'(t) > 0
hold, then every bounded solution of (2.1) either oscillates or tends to zero ast — 0.

Proof. Let y(t) be a non-oscillatory bounded solution of (2.1) on [tg, 00), to > 0, say
y(t) is an eventually positive solution. (The proof in the case y(t) < 0 eventually
is similar and will be omitted.) Then there exists t; > ty such that y(«a(t)) > 0,
y(B(t)) >0, y(r(t)) > 0, y(o(t)) > 0 for t > t; > .

Set

wi(t) = y(t) + p1()y(7(t)), (2.3)

wa(t) = y(t) + p2(t)y(a(t)). (2.4)

Note that wy(t) > 0 and wq(t) > 0 for ¢ > ¢;. Define

z(t) zrl(t)wl(t)—/ r;(u)wl(u)du—k/ ro(u)ws(u)du (2.5)

t1 t1

for ¢t > t; and

K(t) = / N / " (o) Hy(B(v)))duds. (2.6)

Note that condition (Hj) and the fact that H is bounded function implies that k()
exists for all t. We may also note that z(¢) > 0 for ¢t > ¢,. Differentiating (2.5) with

respect to 't', we obtain

2(t) = r(Hw) (t) + ra(t)wa(t).
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Further differentiating the preceeding equation and using (H;), we obtain
2(t) = (r(Owi(t)) + ry(t)wa(t) + ra(t)wy(t)
< (m(Bwi(t)" + ra(t)wy(t)
for t > t;. Using (2.6), the last inequality becomes

Z(t) = K'(t) < (re(®)uwn (1)) + ra(t)ws(t) — q(£) H(y(B(1)))-

Further using (2.1) in the last inequality, we obtain
W' (t) < —p()G(y(a(t))) < 0 0) (2.7)
for t > t1, where
w(t) = z(t) — k(t), (2.8)

which implies that w’(¢) and w(t) are monotonic functions and of constant sign for

some t >ty > t1. Therefore w'(t) > 0 or w'(t) < 0 for t > t,.

Case I. Let w'(t) < 0 for t > ty. Integrating (2.7) twice consecutively from ¢ to

t, we obtain
w(t) < w(ty) +w'(tz)(t — ta),

which implies lim;_,o w(t) = —oo. Hence w(t) < 0 for large t. Thus, z(t) < k(t) which

implies z(¢) and hence w(t) is bounded, a contradiction.

Case II. Next assume that w'(t) > 0 for ¢t > t5. Integrating (2.7) from ¢y to ¢ and
using (H,), we obtain

00 > w'(tz) > w'(tz) —w'(t) = / p(0)G(y(a(v)))dv

to

> K / p(v)y(alw))do.

to

By using (Hy), we obtain p(t) > ko > 0 for t > t5 > t. Hence using this in the last

inequality, we obtain

00 > kiko /ty(a(v))dv.

t3
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Choose T > t3 such that o(71) > to. By using (Hj) and Lemma 2.2.1, we have from the
last inequality y € L*([ty,00)). Since y(t) > 0 and y € L*([ty,00)), then by using (Hg)
and Lemma 2.2.2, wy, wy € L'([Ty,00)) for some Ty > T} such that 7(Ty), o (t2) > to.
Moreover, y(t) is bounded, it implies w;(¢) is bounded and hence by (H;) and the fact
that wy € L'([Ty, 00)), 2(t) is bounded. Hence w(t) is bounded. Now w'(¢) > 0 implies
w(t) >0or <0 fort>ty>Ts.

Subcase (i): If w(t) > 0 for ¢t > t4, then using the fact that w(t) is bounded we obtain
limy o, w(t) < co. Hence, lim; o, 2(t) < co. Let us define

o1(t) = —/ i (w)ws (u)du,

t1

Pa(t) :/ ro(u)wy(u)du.

t1
Thus, ¢(t) > 0,¢5(t) > 0. By (H;) and using the fact that wy € L'([T3, 00)), we

obtain

/ (=i (u)wi(w)du < My[ri(t) — ri(t)] < ri(t) M

t1

and

/ () < ol / " ws(w)du,

t1 t1
where M; is the bound of wi(t). Thus, ¢1(t), ¢2(t) are both bounded and mono-
tonic functions. Hence, limy o ¢1(f) < oo and limy_,o ¢o(t) < oo which implies
limy o0 71 (H)wy(t) < oo. Since ryw; € LY([Tz, 00)), then limy o 1 (t)w;i(t) = 0. For

every € > 0, there exists t5 > t4 such that
ri(t)wy(t) < e (2.9)
for t > t5. Since liminf; o 71 (¢) > 0, then there exists k3 > 0 such that
ri(t) > ks (2.10)
for t > tg > t5. Using (2.10) in (2.9), we get

ksw(t) < ri(t)wq(t) < e
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for t > tg. Thus, lim; o wy(t) = 0. Since, y(t) < wy(t), then lim; . y(t) = 0.

Subcase (i1): If w(t) < 0 for t > t4, then lim; o w(t) exists. Thus, lim;, 2(t) exists.
Proceeding same as Subcase (i) we obtain lim; ., y(t) = 0. Hence proof of the theorem

is complete. O]

Example 2.2.4. Consider

(14 e ) t) + ylt — )Y + (1 + e ) (y(t) + 2u(t — 2m)) + 3y (t _ g)

) y(—%”) =0 (2.11)

3

for t > 7. Clearly, all the conditions of Theorem 2.2.3 are satisfied. Hence every

—3e7"(1 4 cos*t

bounded solution of (2.11) either oscillates or tends to zero as t — co. Indeed, y(t) =

sint is an oscillatory solution of (2.11).

2.3 Oscillation Criteria for Non-Homogeneous Equa-
tion

Theorem 2.3.1. Suppose 0 < pi(t) < p1 < 00, 0 < po(t) < pa < o0 holds. If
(Hy) — (H3) and

(H7) 2 € L'([to, 0))

(Hg) there exists F € C*([0,00),R) such that F(t) changes sign with
lim sup,_,, F'(t) = +oo, liminf, ,, F(t) = —oo and F"(t) = f(t)

hold, then every bounded solution of (2.2) oscillates.

Proof. Let y(t) be a bounded non-oscillatory solution of (2.2) on [tg, 00), ty > 0, say
y(t) is an eventually positive solution. (The proof in the case y(t) < 0 eventually

is similar and will be omitted.) Then there exists t; > ty such that y(«a(t)) > 0,
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y(B(t)) > 0, y(r(t)) > 0, y(a(t)) > 0 for t > t; > to. Set wi(t),wq(t), 2(t) and k(t) as
in (2.3), (2.4), (2.5), (2.6) respectively. Differentiating z(¢) twice consecutively and in

view of (H;), we obtain

() = (r(t)un(t)) + ro(t)wa(t) + ra(t)ws(t)

< (n(Owi(t)) + ra(t)wy(t)

for t > t;. Using (2.6) and (Hg), the last inequality implies

2(t) = K(t) = F'(t) < (r(H)wy(8)) + ra(t)wy(t) — q() H(y(B(1))) — f(2)

for t > t;. Further by using (2.2) in the preceeding inequality, we obtain

\
N
~—~
~
SN—
I

—p(t)G(y(a(t))) < 0(# 0) (2.12)
for t > t1, where
v(t) = z(t) — k(t) — F(t), (2.13)

which implies that ¢'(t) and v(t) are monotonic functions and of constant sign for some
t >ty > t1. Therefore, v'(t) > 0 or v/(t) < 0 for ¢ > t5. Since y(t) is bounded, then
wy(t), wy(t) are bounded. Thus, using (H;) and (H;) we obtain that z(¢) is also a
bounded.

Case I. Let v'(t) < 0 for t > ty. Integrating (2.12) twice consecutively from ¢y to

t, we obtain
U(t) S U(tQ) + U/(tg)(t — tg),
which implies
tliglo v(t) = —o0.

Hence v(t) < 0 for large t, which implies z(t) — k(t) < F(t). Thus, (Hg) implies

liminf, , 2(t) = —o0, a contradiction to the fact that z(t) > 0.

Case II. If V'(t) > 0 for t > t,, then either v(t) > 0 or v(t) < 0 for t > t5 > to.
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Subcase (i): If v(t) < 0 for t > t3, then —oo < limy oo v(f) < 0. Hence z2(t) =
v(t) + k(t) + F(t) and (Hg) implies liminf; ,, z(t) = —o0, a contradiction to the fact
that z(t) > 0.

Subcase (ii): If v(t) > 0 for t > t3, then (2.13) implies 0 < v(t) + k(t) = 2(t) — F(¢)

which implies
z(t) > F(t)

for t > t4y > t3. Thus, using (Hs) we get a contradiction due to the boundedness of

z(t). Hence proof of the theorem is complete. O

Example 2.3.2. Consider

<(1 e D (y(t) + y(t — W))’>, + e (y(t) + 2y(t — 2m)) + ey (t - g)

(%)
—3e7(1 + cos? t) = —e'cost (2.14)

fort > 7.

If F(t) = —%, then F"(t) = f(t), limsup,_,. F(t) = oo and liminf; ,, F(t) = —o0.
Moreover, the conditions (Hy)— (Hs), (H7) and (Hg) of the Theorem 2.3.1 are satisfied.
Hence, every bounded solution of (2.14) oscillates. Indeed, y(t) = sint is a bounded

oscillatory solution of (2.14).

Theorem 2.3.3. Suppose —o0o0 < p3 < pi(t) < py <0, 0 < po(t) < py < 00. If
(Hy) — (Hs), (H;) and (Hg) hold, then every bounded solution of (2.2) oscillates.

Proof. Proceeding same as Theorem 2.3.1, we obtain ¢'(¢) and v(t) are monotonic
functions and of constant sign for some t > t5 > t;. Therefore, either v'(t) > 0 or
V'(t) < 0 for t > ts.

Case 1. Let v'(t) < 0 for t > t5. Proceeding same as in Case I of Theorem 2.3.1, we
get liminf, ,, z(t) = —o0, a contradiction to the fact that z(¢) is bounded.

Case II. If v'(t) > 0 for t > to, then either v(t) > 0 or v(t) < 0 for t > t3 > to.
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Subcase (i): If v(t) < 0 for t > t3, then proceeding same as in Subcase (i) of Case 11
of Theorem 2.3.1, we get liminf; ,, z(t) = —o0, a contradiction to the fact that z(t)
is bounded.

Subcase (ii): If v(t) > 0 for t > t3, then proceeding same as in Subcase (i) of Case I
of Theorem 2.3.1, we get a contradiction due to the boundedness of z(¢). Hence proof

of the theorem is complete. O

2.4 Conclusion

This chapter deals with the oscillatory and asymptotic behaviour of bounded solutions
of a second order NDDE with positive and negative coefficients of the form (2.1) and
(2.2). For homogeneous equation (2.1), we established some sufficient conditions under
which every bounded solution of (2.1) either oscillates or tends to zero as t — oo for
the range 0 < p;(t) < p; < 00, 0 < po(t) < py < 0o with a completely new technique.
The oscillatory behaviour of bounded solution of non-homogeneous equation (2.2)
has been studied for p;(t) € (—o00,00), 0 < pao(t) < ps < 0o under the assumption
limsup,_, ., F'(t) = 400, liminf, ,,, F(t) = —o0.
It would be interesting to study the oscillatory and asymptotic behaviour of solu-
tions of (2.1) for the following ranges:
(@) —oo<pi(t) <0and 0 < py(t) < o0
() 0<pit) < o0 and —o0 < pa(t) <0
()  —oo<pi(t) <0 and —oo < pa(t) <O0.
Similarly, the problem concerning nonhomogeneous equation (2.2) is still open for the
range:

(d)  pi(t) € (—o0,00) and —oo < po(t) < 0.



Chapter 3

Oscillation Results for n'"* Order
Nonlinear Neutral Delay

Differential Equations with n > 3, n
is Odd

3.1 Third Order NDDE

We are concerned with the oscillatory and asymptotic behavior of all solutions of the

third order nonlinear neutral delay differential equations of the form

(a()(b(@)(y(1) + p()y(a(1)))) + a(O)G(y(a()) — h(E)H (y(5(1)) =0,  (3.1)

where Cl,b,q S C([to,OO),R+), R™ = (0700)7 h € O([t()?OO),[0,00)), p,o, &, ﬁ S
C([to,00),R), a(t) < t, a(t) < t, B(t) < t, limp,ooo(t) = 00,limy 0o at) = o0,
lim; o 5(t) = 00, G and H € C(R,R) with uG(u) > 0, vH(v) > 0 for u, v # 0, H is

bounded, G is non-decreasing under the assumption

/: Tlt) /too % /:O h(u)dudsdt < oo. (H,)

30
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Hartman and Wintner [45], Hanan [44], and Erbe [35] studied the linear third order

differential equation of the form

y" () + q(t)y(t) = 0.

Dzurina and Kotorova [33|, Tiryaki and Aktas [85] investigated the oscillatory and
asymptotic behavior of the solution of third order trinomial differential equations with

delayed argument of the form

y" () + )y (t) + g(t)y(r (1)) = 0.

Baculikovd and Dzurina [9, 11], Candan and Dahiya [24], Grace et.al [38], Saker and

DZurina [77] examined the oscillatory behavior of

[a()(y" ()] + a(®) f (y([r(®)])) = 0.

Bacultkovd and Dzurina [8, 10], Thandapani and Li [84] investigated the oscillation of

[a(®)(0(1)(y(t) + p()y(o(1))] + a(t)y(r(t)) = 0

under the assumption

bt) = 1, /too %dt ~ o, d(t) > 0.

Graef et. al [39] and Candan and Dahiya [25] considered the oscillation of third order

neutral differential equations with constant delay of the form

[a () (b() (y(t) + py(t — 0)))T + q()y(t —7) =0, 0 <p < 1.

Recently, Li, Zhang and Xing in [60] have studied the oscillatory and asymptotic be-

haviour of solutions of neutral delay differential equation of the form

(a()(b(t)(y(t) + p)y(o())))) + a(t)y(r(t)) = 0 (3.2)

for 0 < p(t) < p < 1, with the following assumptions

/: %dt - /: z;(l—t)dt = oo, (H,)
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/: ﬁdt <0 /: %@dt = oc, (Hy)

<1 <1
—dt < o0, / —dt < 00, (Hy)
/to (l(t) to b(t) !
where a, b7 qec O([to, OO)7R+)7 p,0,T € C([tou OO)7R)7 U(t) < 757 T(t) < t7 hmt—H)O U(t) =
00, limy_,, 7(t) = 0o. Moreover, they did not investigate the oscillatory and asymptotic

behavior of solutions of (3.2) for the case

/t:o %t)dtZOO, /tooo Tlt)dt<oo’ (Hs)

for 0 < p(t) < p < 1. It reveals that, if ¢(¢) < 0, then also we can predict analogous
results for oscillatory and asymptotic behaviour of solutions of (3.2). The problem
is still left if ¢(¢) changes sign. In particular, if ¢(t) = ¢*(¢) — ¢~ (¢), where ¢*(t) =
max{0, ¢(t)} and ¢~ (¢) = max{0, —q(t)}, then equation (3.2) reduces to

(a()(b(E)(y(t) + p(H)y(a(1)))) + ¢ Oy (r(t) —q )y(r(t)) =0, (3.3)

which is a particular case of equation (3.1). Moreover, equation (3.2) is linear whereas
equation (3.1) is highly nonlinear.

For the last decade, the study of the behavior of the solutions of functional differ-

ential /difference equations with positive and negative coefficients of first, second and
higher order are major concerned of area of research. However, much attention has not
given to oscillation results of a third order nonlinear delay differential equation with
positive and negative coefficients. This fact is well understood due to the technical
difficulties arising in the analysis. We refer the reader to some of the recent works in
this direction (see [10, 60, 76]).
Keeping in view of the above fact, the motivation of the present work has come from
the recent work of Li, Zhang and Xing [60]. We may note that a very few work is
available in this direction. The objective of this chapter is to establish some sufficient
conditions which guarantee the oscillatory and asymptotic behavior of solutions of the
functional differential equations (3.1) under the assumptions (H,), (Hs), (H3), (H4) and
(Hj) for the ranges 0 < p(t) < p1 <1 and —1 < ps < p(t) < 0.
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By a solution of (3.1) we understand a function y(t) € C([Ty,0)), T, = to = 0
such that y(t) + p(t)y(o(t)) € CH([T,,00)), b(t)(y(t) + pt)y(o (1)) € C([T},0)),
a(t)(b(t)(y(t)+pt)y(a(t))) € CH([T,, o)) and satisfies (3.1) on [T}, 00). We consider
only those solutions y(t) of (3.1) which satisfies sup{|y(¢)|;t > T} > 0 for every T' > T,,.
We assume that (3.1) has such a solution. A solution of (3.1) is said to be oscillatory

if it has arbitrarily large zeros on [T}, 00); otherwise, it is called nonoscillatory.

3.2 Oscillation Criteria for Homogeneous Equation

In this section, sufficient conditions are obtained for oscillatory and asymptotic behavior

of all solutions of (3.1). We need the following lemmas for our use in the sequel.

Lemma 3.2.1. Let (H;) hold. Let u be a continuously differentiable function on
[to, 00) such that b(t)u'(t) is continuously differentiable, a(t)(b(t)u'(t))" is continuously
differentiable and (a(t)(b(t)u'(t))’) < 0(% 0) for large t. If u(t) > 0, then one of the
cases (a) or (b) holds for large ¢ and if u(t) < 0, then one of the cases (b) or (d) holds

for large t, where

a) u'(t) > 0 and (b(t)u'(t))
b(t)u'(t))
(t)u'(t
()u'(

b(t)u'(t

(a) '(t) (
(b) /() < 0 and (
(c) v/(t) > 0 and (b
(d) ¥/(t) < 0 and (
Proof. Since (a(t)(b(t)u'(t))") < 0 for large ¢, consequently u(t), b(t)u'(t) and
a(t)(b(t)u'(t)) all are monotonic functions and of constant sign for t € [t1,00), t; > to.
Therefore, four cases (a) — (d) are possible. Suppose u(t) > 0 for t > ¢;. As (Hj) holds,
it is enough to show cases (¢) — (d) are not possible. If case (¢) holds, then integrating
(a(t)(b(t)u'(t))") < 0 twice successively from ¢; to ¢, we obtain
b ds
b(t)u'(t) < b(ty)u'(t1) + a(tl)(b(tl)u'(tl))’/ o)
t1
Using (H,) we get b(t)u'(t) — —oo as t — oo, implies v/(t) < 0 for t > t2 > t1, a

contradiction. Further, if case (d) holds, integrating (b(t)u'(t))" < 0 twice successively
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from t¢; to t, we obtain

u(t) < ults) + bt ) (1) /t o

Consequently, u(t) < 0 for large t, a contradiction.

If u(t) < 0 for large t, then it is enough to show cases (a) and (¢) are not possi-
ble. If case (a) holds, integrating (b(t)u’(¢))’ > 0 twice successively from ¢; to ¢, we

obtain

u(t) > ulty) + bt ) (1) / bf—)

consequently, u(t) > 0 for large ¢, a contradiction. Again, if case (c¢) holds, then

integrating (a(t)(b(t)u'(t))") < 0 twice successively from ¢; to ¢, we obtain

b(t)u () < b(t1)u' (t1) + alty) (b(tr)u' (tr)) /t %,

which implies «/(t) < 0 for large ¢, a contradiction. O

Lemma 3.2.2. Let (Hj3) hold. Let u be a continuously differentiable function on
[to, 00) such that b(t)u'(t) is continuously differentiable, a(t)(b(t)u'(t))" is continuously
differentiable and (a(t)(b(t)u/'(t))") < 0(# 0) for large ¢. If u(t) > 0, then one of the
cases (a) — (c¢) holds for large ¢ and if u(t) < 0, then any one of the cases (b) — (d) holds

for large t.

Proof. Since (a(t)(b(t)u'(t))") < 0 for large t, consequently wu(t), b(t)u'(t) and
a(t)(b(t)u'(t))" are monotonic functions and of constant sign for t € [t1,00), t1 = to.
Therefore, four cases (a) — (d) are possible. If u(t) > 0 for t > t;, as (H3) holds,
then it is enough to show case (d) is not possible. If case (d) holds, then integrating
(a(t)(b(t)u'(t))") < 0 twice from t; to ¢, we obtain

MWD < bt () + alt) 0 () [
< bt (t).

Integrating again from t; to t, we get

ult) < ulty) + bt (1) / o
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which implies that u(t) — —oo for large ¢, a contradiction.

If u(t) < 0 for ¢t > t;, depending upon (Hj), it is enough to show case (a) is not
possible. Suppose case (a) holds, integrating (b(t)u’(¢))" > 0 twice successively from t;

to ¢, we obtain

ult) > ulty) + bt (1) / b‘(l—)

implies u(t) > 0 for large t, a contradiction. ]

Lemma 3.2.3. Let (Hjs) hold. Let u be a continuously differentiable function on
[to, 00) such that b(t)u'(t) is continuously differentiable, a(t)(b(t)u'(t))" is continuously
differentiable and (a(t)(b(t)u'(t))") < 0(% 0) for large ¢t. If u(t) > 0 or u(t) < 0, then
one of the cases (a), (b), (d) holds for large ¢.

Proof. Since (a(t)(b(t)u'(t)))" < 0 for large ¢, consequently w(t), b(t)u'(t) and
a(t)(b(t)u'(t))" are monotonic functions and of constant sign for t € [t1,00), t1 = to.
Therefore, four cases (a) — (d) are possible. As (Hjs) holds, case (¢) is not possible
whether u(t) > 0 or < 0. If case (c¢) holds, then integrating (a(t)(b(t)u'(¢))’)" < 0 twice
from t; to ¢, we obtain

/ / / / ! dS
b(t)u'(t) < blta)u'(t1) + a(tr) (b(t)u' (1)) / —

n als)

Since (b(t)u'(t)) < 0 and using (Hs) we can get u/(t) < 0 eventually, a contradiction.
[

Lemma 3.2.4. Let F, G, P € C([tg,>),R) and 7 € C([tg, 00),R) with 7(¢) < t and
lim; o 7(t) = oo be such that F(t) = G(t) + P(t)G(7(t)), for t > t; > ty. Assume
that there exists numbers Py, P», P; and P, € R such that P() is one of the following

ranges:
(1) —o<PAKPH)<0, (O0<PH<PR<], (B)I1<P<Pt)<P<cx.

Suppose that G(t) > 0 for t > ¢y, liminf; .., G(t) = 0 and that lim; ,, F'(t) = L €
R exists. Then L = 0.



CHAPTER 3. OSCILLATION OF ODD HIGHER ORDER NDDE 36
Proof. Given F(t) = G(t) + P(t)G(7(t)), we have

Ft) - F(r(t) = G)+POG(r(t) - G(r(t) — P(r(1))G(7(7(1)))
= G(t)+[P() - 1G(r(t) = P(r(1))G(7(7(1)))- (3-4)

Let 7(t,) be a sequence of points such that

lim 7(t,) = oo, lim G(7(t,)) = 0. (3.5)

n—oo n—oo

We shall prove the result for range (1)(the proofs for the ranges (2), (3) are similar and
will be omitted). Now by replacing ¢ by t, and taking limit as n — oo in (3.4), we

obtain

lim [G(t,) + [P(t,) — 1|G(7(tn)) — P(7(tn))G(7(7(t,)))] = 0.

n—oo

Using (3.5) and considering the fact that P(t) is bounded, we get

lim [G(t,) — P(7(t,))G(7(7(t,)))] = 0.

n—o0

Since G(t,) > 0 and P(7(t,))G(7(7(t,))) < 0, then it implies that

lim P(7(t,))G(r(7(t,))) = 0.

n—o0

Therefore,

L = lim F(7(t,))

n—oo

= lim [G(7(t,)) + P(r(t,))G(r(T(t))]

n—oo

Oscillation results for the range 0 < p(t) < p; < 1.

Theorem 3.2.5. Let 0 < p(t) < p1 < 1. Suppose (Hy) and (Hz) hold. If for some
pe Ol([t[)? OO), (07 OO))7



CHAPTER 3. OSCILLATION OF ODD HIGHER ORDER NDDE 37

w1

o) to a(u)
a(s) du , 9
LT g,

to a(u) 410(8)

(H7) ftzo q(t)dt = oo;

(Hg) G(u)G(v) = G(uwv), H(—u) = —H(u),u,v € R,# > ky for u # 0 and some
k’l >0

also hold, then every solution of (3.1) either oscillates or converges to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [tg,00), to = 0, say y(t) is
an eventually positive solution. Then there exists t; > ¢, such that y(a(t)) > 0,

y(B()) > 0, y(o(t)) > 0 for t > f. Set
z(t) = y(t) + p()y(o(t)), (3.6)

and
k(1) = /t b b(l—s) / h ﬁ /9 " B H (y(B(w)))duddds. (3.7)

Note that condition (H;) and the fact that H is bounded function implies that k()

exists for all . Now let
v(t) = 2(t) + k(1), (3.8)

then
(a(t)(b(t)v'(1)") = —a()G(y(a(t))) < 0( 0) (3.9)

for t > t;. Clearly, v(t), b(t)v'(t), a(t)(b(t)v'(t))" are monotonic functions and of con-
stant sign on [tg, 00), to = t;. If v(t) > 0 for ¢ > t5, in view of Lemma 3.2.1, any one
of the cases (a) or (b) holds. Suppose the case (a) holds.

Define

a() (1) (1)) 510
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Then w(t) > 0 for t > t5. Since ¢'(t) > 0 in case (a) and k'(t) < 0, therefore 2/(t) > 0.
Now, (1 = p1)2(t) < (1= p(t)z(t) < 2(t) = p(t)z(a(t)) < y(t) = p(t)p(a(t))y(o(a(t))),

which implies

(1 =p1)z(t) < y(t). (3.11)

Since (a(t)(b(t)v'(t))’) < 0 and in case (a), v'(t) > 0, (b(t)v'(t)) > 0, then we obtain

by > [ DA g d—) (3.1
implies that
(b(i)v;it)>/ <0. (3.13)
to a(s)

Since Z/(t) > v'(t), then integrating z/(t) > 0 from ¢3(> t2) to t and by using (3.13), we
get

(1) /t (s)ds
/3 fj ° btz oo
t o / ft2 a(u

t2 a(uw)

Since G is nondecreasing, then

fs du
G(z(t)) = G(b(t)V'(t — (3.14)

(g )o(L )

Differentiating (3.10), we obtain

o (@) (0(t)v' (1)) (a(t)(b(@)v'(t))")’ a(t)((b(t)v'(t))')?
B O T ) R (O TI0)

It follows from the equations (3.9), (3.10), (3.11) and (3.14) that

W) < POwt)  pt)e()G(A = p)G(z(at)  w(t)
p(t) b(t)v'(2) p(t)a(t)
Pw(t)  p)gt)G(A = p)Gb(a()v' (@) La(a(t)  w(t)
) b(t)v'(¢) p(t)a(t)
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for t > t4 > t3, where

1 at) ts ng)
L = _— 2 B8 .
1(a(t)) G(J:;(t) %)G</t3 o(s) ds)

Using (Hg) and (3.13), we obtain

0 < PO ) Lalal) Lalt) — 2
w'(t) < Fo) k1p(t)q(t)G(1 = p1) Ly ((t)) La(t) p(t)a(t)’

where

at) du

L2(t) = tQt—CZEU)'

to a(u)

Thus,
/() < =p(B)a(D)G(1 = p1)ki Li(a(t)) La(t) + (ti(pp(t(; .

Integrating from t4 to t, we obtain

/ {k1p<s>q<s>G<l — i La(e(s) La(s) — DD T 4o < uty) — win),

p(s)

taking limsup as t — 0o, we get a contradiction due to condition (Hg).

39

Suppose case (b) holds. We may note that lim;_,, v(t) exists and equal to [ (say).

We claim [ = 0. If not, then for every € > 0, there exists t3 > t5 such that [ < v(t) < [+¢

(1—p1)

for t > t3. Choose 0 < € < =—2. Since limy;_, k(t) = 0, then for the same chosen e,

1+p1
k(t) < e for t >ty > t3. Thus,

> o(t) = p(t)o(a(t) — k(1)
>l—pi(l+e)—e¢

for t > t5 > t4. That is,

y(t) > (I —€) —pi(l+€) > ka(l +€) > kav(t).

(3.15)
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By the choice of € we can show that ky > 0. Using (3.15) in (3.9), we obtain

(a(®)(b@)v'(1))) < —q(t)G(k2)G(v(a(t))) (3.16)

for t > tg > t5. Since limy_, a(t)(b(t)v'(t))" exists, then integrating (3.16) from ¢4 to
t, we get
/ g(t)dt < oo,
te
a contradiction to (H;). Hence [ = 0, which implies lim; . v(t) = 0 and hence

lim; o 2(t) = 0. Since y(t) < 2(t), then, lim; . y(t) = 0.

Finally, we assume that y(t) < 0 for ¢t > to. From (Hg), we note that G(—u) =
—G(u) and H(—u) = —H(u),u € R. Indeed, G(1)G(1) = G(1) and G(—1)G(—1) =
G(1) implies that G(—1) = —1 and G(1) = 1. Hence putting x(t) = —y(t) for t > t,

we obtain z(t) > 0 and

(a(t)(b(t)(x(t) + p(t)x(a(2))))) + a(t)G(z(a(t)) — h(t)H (z(8(t))) = 0.

Proceeding as above, we can show that every solution of (3.1) oscillates or converges
to zero as t — oo. This completes the proof of the theorem.
Example 3.2.6. Consider

(o)) (5250 )
2 (1 + sin? (t — 37%)) 1 jg(t ?’;ZF) =0, (3.17)

2

for t > 12. It is easy to verify that the hypothesis of Theorem 3.2.5 are satisfied. Thus,
every solution of (3.17) either oscillates or tends to zero as t — oco. Indeed, y(t) = sint

is such an oscillatary solution of (3.17).
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Theorem 3.2.7. Let 0 < p(t) < p1 < 1. Suppose that (Hy), (Hs), (He) — (Hg) and

() s [ a6 6 /:(s) ) =t a5 = oo

t—o00

where §(t) = [~ acgi)

hold, then every solution of (3.1) either oscillates or converges to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [ty,00), tg = 0, say y(t) is

an eventually positive solution. (The proof in the case y(t) < 0 eventually is similar

and will be omitted.) Then there exists ¢; > ¢y such that y(«a(t)) > 0,y(5(t)) >

0,y(c(t)) > 0 for t > t;. Setting (3.6), (3.7), (3.8) we get (3.9).

Consequently,

v(t),b(t)v'(t), a(t)(b(t)v'(t))" are monotonic functions and of constant sign on [tg, 00),

ty > t1. Let v(t) > 0 for t > t5. In view of Lemma 3.2.2 any one of the cases (a) — (c)

hold. Suppose case (a) or (b) holds. Then we can get the conclusion of Theorem

3.2.7 by applying the proof of Theorem 3.2.5. Suppose case (¢) holds. By (3.9) we

can say that a(t)(b(t)v’(t))" is monotonic nonincreasing, thus we get a(t)(b(t)v'(t))" <

a(ty)(b(t2)v'(tg))" for t >ty > t1. Dividing by a(t) and further integrating from ¢ to ¢,

we get
0 < bt/ (1) < b(t2)! (£2) + a(ta) (b(t2)v (£2)) /t: %
Taking t — oo, we get
0 < b(ta)!(t2) + alta) (b(t2)v'(t2))’ /: %.

Replacing t5 by ¢, we obtain

Ca() () (1) [ ds
> / a(s)

Define

_a®) b))
0=

Then, ¢(t) < 0 for t > t5. Hence by using (3.18) and (3.19), we obtain

(3.18)

(3.19)

(3.20)
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where 0(t) = [ -9 Differentiating (3.19) and using (3.9) and (3.11), we obtain

a(s)

(3.21)

b(t)v'(t)

5] ) for s < t, then

Since 2'(s) > v'(s) and v'(s) >

(3.22)

Integrating the last inequality from t5(> t5) to t, we get

() > 2(t) — 2(ts) > b(EW (1) /t ds (3.23)

Using (3.23) in (3.21), we get
060 -6 (M) 2 5) ey
T0H0 T

for t > t4 > t3. Since (b(t)v'(t))’ < 0 and then using (Hs) in the last inequality, we get

at) g 2
P'(t) < —q(t)G(1 —pl)le(/t %) _ (Z((;))'

Multiplying both sides by §(¢) and integrating from ¢, to t, we obtain

¢'(t) < —

(3.24)

/ 25 <§fz

t s t a(s) U
S(B6(t) — 5(ta)d(ta) + / %m / 5(5)a(5)G(1 — p1)a G ( d )ds
oals) S

0,

it follows that

/M t [k;lq(s)é(s)Gu - pl)G( /:(S) bC(ZZ)) - 45(3;a(s)]d8 <1+ ¢(ta)d(ts), (3.25)

a contradiction to (Hyg). Hence proof of the Theorem is complete. ]

Example 3.2.8. Consider

(00 2(5)) + 4 (555 h(-3)
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t—m)
TS Gl B 3.26
ity s =0 (3.26)
for t > 4 and some ky; > 0. Conditions (H,), (Hs), (Hs) — (Hs) and (Hy) are satisfied,
so equation (3.26) satisfies the hypothesis of Theorem 3.2.7. Hence, every solution of

(3.26) either oscillates or tends to zero as t — oo.

Theorem 3.2.9. Let 0 < p(t) < p1 < 1. Suppose that (Hy), (Hy), (Hg) — (Hg) and

(H1o) ftd 0] ft3 ) ft3 (u)))dudsdt =

hold, then every solution of (3.1) either oscillates or tends to zero as t — oc.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [tg,00), to = 0, say y(t) is
an eventually positive solution. (The proof in the case y(t) < 0 eventually is similar
and will be omitted.) Then there exists t; > to such that y(a(t)) > 0,y(5(¢)) >
0,y(c(t)) > 0 for t > t;. Setting (3.6), (3.7), (3.8) we get (3.9). Consequently,
v(t),b(t)v’(t) a(t)(b(t)v'(t)) are monotonic functions and of constant sign on [t2, 00),
where, ty > t1. Let (Hy) holds. If v(t) > 0 for ¢ > ¢5, then any one of (a) — (d) holds.
The proof of the cases (a) and (b) follows from Theorem 3.2.5 and case (¢) follows from
Theorem 3.2.7.

Suppose case (d) holds. Since (b(t)v'(t))" < 0 in case (d), then b(s)v'(s) < b(t)v'(t) for
s >t > ty. Integrating from ¢ to s, we obtain

—o(t) < v(s) — v(t) < bEW (L) /t %.

Since limg_, o, v(s) exists and assume it is positive, then for s — oo, we get
v(t) = =E@)b(t)v'(t) > LE(1),

where £(t) = [, % and L = —(b(t2)v'(t2)). From (3.15) we can show that y(t) >

kov(t), therefore y(t) > ko LE(t). From (3.9) it is evident that
0> (a(t)(b(t)v' (1)) + a(t)G(k2) G(L)G(E((2)))
for t > t3 > ty. Integrating from t3 to t, we get

0> a(t)(b(t)v’(t))’+/ q(s)G (k) G(L)G(E((s)))ds.

t3
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Further integrating the above inequality from t3 to t, we get

0> b(#) (1) + / = / WGk G(L)G (€ (alu)))duds.

t3 CL(S) t3

Again integrating from t3 to t, we get

0> v(t) — v(ts) + Gks)C(L) /t Tls) /t S - (1u) /t " ()G (a(v)))dvduds.

Since lim; . v(t) exists, then we obtain

/t m% /jﬁ gq(u)e(g(a(u)))dudsdt < o0,

3

which is a contradiction to (Hip).
If limy o v(¢) = 0, which implies lim;_,, 2(¢) = 0. Since y(t) < 2(t), so also limy_,o, y(t) =

0. This complete the proof of the theorem. n

Example 3.2.10. Consider

(e e 3re=m) ) )+ (o 5 o(3)

-t y(t_ %)
L+y2(t—3)

for t > 4 and for some k; > 0. It is easy to verify that the conditions (Hy), (Hy), (Hg) —

o

=0, (3.27)

(Hy) and (Hyp) are satisfied, so equation (3.27) satisfies the hypothesis of Theorem

3.2.9. Thus, every solution of (3.27) either oscillates or tends to zero as t — oc.

Theorem 3.2.11. Let 0 < p(t) < py < 1. Suppose that (Hy), (H;), (Hg) — (Hs)
and (Hyo) hold. Then every solution of (3.1) either oscillates or converges to zero as

t — oo.

Proof. Assume that (3.1) has a nonoscillatory solution on [tg,00), ty > 0 and let it be
y(t). Hence, y(t) > 0 or < 0 for t > t5. Suppose that y(t) > 0 for t > ty. Let there
exists t; > to such that y(«(t)) > 0,y(5(t)) > 0,y(o(t)) > 0 for t > t;. Setting (3.6),
(3.7), (3.8) we get (3.9). Consequently, v(t),b(t)v'(t),a(t)(b(t)v'(t)) are monotonic
functions on [ta, 00),ty = t1. If v(t) > 0 for t > ¢, by Lemma 3.2.3 any one of the cases
(a), (b), (d) holds. Proofs for cases (a) and (b) follows from Theorem 3.2.5 and for case
(d) follows from Theorem 3.2.9. Thus proof of the theorem is complete. O
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Example 3.2.12. Consider

(oo o)) o)

(-3)
2 =0, (3.28)
1+ y? (t - g)

for t > 4. Tt is easy to verify that the conditions (H,), (Hs), (Hg) — (Hg) and (Hyp)

PSS

—€

are satisfied, so equation (3.28) satisfies the hypothesis of Theorem 3.2.11. Thus, every

solution of (3.28) either oscillates or tends to zero as t — oc.
Oscillation results for the range —1 < py < p(t) < 0.

Theorem 3.2.13. Let —1 < py < p(t) < 0. Suppose (Hy), (Hs), (H;) and (Hs) hold.
If for some p € C*([to, 00), (0, 00)),
du

; als) [ —Ldf | o) du
(Hi1) 1imsup/ {IﬁQ(S)P(S)G(/ Mdu)G( (s) ) t28 dg;(m
t—o0 ta ts b(u) fa ° ty a(u)

et }ds _

4p(s)

also hold, then every solution of (3.1) either oscillates or converges to zero as t — co.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [ty,00), to = 0, say y(t) is an
eventually positive solution. (The proof in the case y(t) < 0 eventually is similar and
will be omitted.) Suppose that y(t) > 0 for ¢t > t5. Proceeding as in Theorem 3.2.5
we obtain (3.9). Consequently, v(t), b(t)v'(t), a(t)(b(t)v'(t))" are monotonic functions
on [ty,00), ty = t;. If v(t) > 0 for t > t5, then by Lemma 3.2.1 any one of the cases
(a) or (b) holds. Suppose case (a) holds. Defining w(t) as in (3.10) we obtain w(t) > 0
for t > ty. Since v'(t) > 0, it implies that z/(t) > 0 due to k'(t) < 0. Therefore, either

2(t) > or < 0 for t > t3 > ty. Suppose z(t) > 0 for t > t3. Thus,

y(t) = 2(t). (3.29)
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Proceeding as in Theorem 3.2.5, from (3.12), (3.13) we obtain (3.14). Differentiating

w(t), we obtain

i @) (b)Y (2) (a(®)(b()v'(2))")’ a(t)((b()v'(1)")?
Y= e TP e T e
It follows from (3.9), (3.10), (3.14) and (3.29) that
) pPw(t)  p)g)G(z(aft)  w(t)
v <= U el
c POw)  p)a)GOa)v' (@) La(alt) — w(D)
() b(t)v'(1) p(t)a(t)

where,

Using (Hg) and (3.13), we obtain

' P (t)w(t) B N - w?(t)
w (t) < p(t) p(t)Q<t)k1L1( (t))LQ(t) —p t)a(t)’
where,
at) du
LQ(t) j;zt :;EU)
t2 a(u)
Hence,
w/(6) < ~pl)a(t Lafae) ) + 21

Integrating from t4(> t3) to ¢, we obtain

a(s)(¢/(5))?
1) |

taking limsup as ¢t — 0o, we get a contradiction due to condition (Hyy).

s < w(ty) —w(t),

/t: [p(S)Q(S)lel(a(S))L2(S) _

Next, if z(t) < 0 for t > t3, then lim;_, 2(¢) exists as 2/(t) > 0. Let it be [;. Hence

—o00 < I3 < 0. Note that z(f) < 0 implies

y(t) < —pt)ylo(t)) <ylo(t)).
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Hence, y(t) is bounded function. Therefore,

0 > limsup z(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

> limsupy(t) + li{fl inf(pay(o(t)))
—00

t—o00

= limsupy(t) + pe limsupy(o(t))

t—00 t—00
= (1+po)limsupy(t).
t—o0
Since (1 + p2) > 0 then limsup, , . y(¢) = 0. So also lim;, y(t) = 0.
Suppose case (b) holds. Now lim;, v(t) exists implies lim;, 2(¢) exists. Hence
z(t) is bounded. Claim that y(t) is bounded. If this is not the case, then there is
an increasing sequence {n,}>; such that n, — oo and y(n,) — oo as n — oo and

y(nn) = max{y(t) : t2 <t <mn,}. We may choose n large enough such that o(n,) > ts.

Hence,

2(n) = y(n) + p2y(o(nn)) = (14 p2)y(nn),

a contradiction to the boundedness of z(t). We will claim, liminf, ,,, y(t) = 0. Let
liminf; .o y(t) = lo > 0. Then for some € > 0, there exists t3 > t such that y(¢) >

lo —e >0 for t > t3. Hence from (3.9), we get

(a(®)(b@)' (1)) < —q(t)G(l2 — €)

for t > t4 > t3. Since limy_,, a(t)(b(t)v'(t))" exists, then

[ atar <o

tq

a contradiction to (H7). Hence, by Lemma 3.2.4, lim;_,, 2(¢f) = 0. Thus,

0=limsupz(t) > limsup(y(t) + pay(o(t)))

t—00 t—o0
> limsupy(t) + liminf(pey(o(t)))
t—o00 t—00

= limsupy(t) + p2 limsup y(o(t))

t—o00 t—o00

= (1+ps)limsupy(t).

t—o00

Since (14 ps) > 0, then it implies lim sup,_, . y(¢t) = 0. So also lim;_, y(t) = 0.
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Next, suppose v(t) < 0 for £ > to. In view of Lemma 3.2.1 any one of the case (b)
or (d) holds. In both the cases (b) and (d) v'(t) < 0. Thus —oo < limy_, v(t) < 0.

Claim y(t) is bounded. If this is not the case, then there is an increasing sequence
{nn}22, such that n, — oo and y(n,) — 0o as n — oo and y(n,) = maz{y(t) : ty <

t <n,}. We may choose n large enough such that o(,) > t2. Hence

v(Nn) 2 Y(n) + p2y(e(n)) + k(nn) > (1 + p2)y(nn) + k().

Since (1 + py) > 0, then v(n,) > 0 for large n which is a contradiction. Hence v(t) is

bounded. If —oco < limy_,» v(t) = (I3) < 0, then —oo < limy_, 2(t) < 0. Thus,

0> limsupz(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

WV

lim sup y(t) + ligigf(pzy(a(t)))

t—o0

= limsupy(t) + p limsup y(o(t))

t—o00 t—o00

(1+p2) limsup y(t).

t—o00

Since (1+ py) > 0, then it implies lim sup,_, . y(t) < 0, a contradiction to the fact that
y(t) > 0. Hence the theorem is proved. O

Example 3.2.14. Consider

(- (3513

3¢
_9 .9 37T y( 2)
—t72(1+sin t—;

1+y2<t—3§>

for t > 12. It is easy to verify that the conditions (H;), (Hz), (H7),(Hs) and (Hy;) are

=0, (3.30)

satisfied, so equation (3.30) satisfies the hypothesis of Theorem 3.2.13. Thus, every
solution of (3.30) either oscillates or tends to zero as t — oco. Indeed, y(t) = sint is

such a solution of (3.30).

Theorem 3.2.15. Let —1 < py < p(t) < 0. Suppose that (Hy), (Hs), (H7), (Hs),
(Hyp) and
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. t a(s) du )
(Hi2) 111]r5115>1.}p/754 [l{:lq(s)é(s)G(/t3 b(u)) —45(S)a(s)]ds = 00

where 6(t) = [~ %

hold, then every solution of (3.1) either oscillates or converges to zero as t — oc.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [ty, 00), to = 0, say y(t) is an
eventually positive solution. (The proof in the case y(t) < 0 eventually is similar and
will be omitted.) Suppose that y(¢) > 0 for ¢t > t5. Proceeding as Theorem 3.2.5 we
obtain (3.9). Consequently, v(t),b(t)v'(t), a(t)(b(t)v'(t))" are monotonic functions on
[ta,00), to = t1. If v(t) > 0 for t > t5, by Lemma 3.2.2 any one of the cases (a)-(c)
holds. Suppose case (a) or (b) holds. Then proceeding same as in Theorem 3.2.13 we
obtained our desired results. Let case (¢) holds. As in case (c), v/(t) > 0, it implies
that 2/(t) > 0 for ¢ > t5 due to k'(t) < 0. Suppose z(t) > 0 for t > t3 > to. Proceeding
as in the proof of Theorem 3.2.7, we obtain (3.19) and (3.20). Differentiating (3.19),

we obtain

S(l) = (a@)G@)'@))" (t)((b(t)/v’t

b(t)v'(t) (b(t)v
From (3.29) we obtain y(¢) > z(¢). Using (3.9), (3.19) and (3.29) in (3.31), we obtain

S < _q<t)b((;t<)i(’(();()t)>> ((tf)) (3.32)

Using (3.22) and (3.23) in (3.32), we obtain

)2) r (3.31)

q(t)G(b(a(t))v’(Oz(t)> tj(t) %) @2(t)
b6 (1) a®)’

Since (b(t)v'(t))" < 0, then using (Hg) in the last inequality, we get

¢'(t) < —q(t)le( /:(t) %) _ f((;))

for t > t4, > t3. Multiplying both sides by 0(¢) and integrating from ¢4 to ¢, we obtain

(s t sy
5(t) (1) _6(t4)¢(t4)+/t %ds—i—/t 6(s)q(8)k1G(/t b(?u))ds
s _

a(s)

§(t) < — (3.33)
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It follows from (3.20) that

/t: [kch(S)d(S)G(/tj(S) bc(iz)) B 45(8;(8)]615 <1+ ¢(t)d(ty), (3.34)

a contradiction to (Hiz).

If z(t) < 0 for t > t3, then y(¢) is bounded. Since 2’(t) > 0, then lim;_,, 2(¢) exists.

Now —oo < limy_,o 2(t) = 4 < 0. Thus,

0> limsupz(t) = limsup(y(t) + p(t)y(o(t)))

t—00 t—o00

> limsupy(t) + 1itHl inf(pay(o(t)))
—00

t—o00

= limsupy(t) + p2 limsup y(o(t))

t—o00 t—o00

= (14 po)limsupy(t).

t—o00

Since (1 4 pg) > 0, we obtain lim sup,_, . y(t) = 0. Hence, lim;_,, y(t) = 0.

If v(t) < 0 fort > t9, by Lemma 3.2.2 any one of the cases (b), (¢), (d) holds. For the
cases (b) and (d) we may proceed as Theorem 3.2.13 to obtain the desired results. Sup-
pose case (c) is true. Now v(t) < 0 and v/(¢) > 0 for ¢ > t5 implies lim; . v(¢) exists.
let it be l5. Now —oo < I5 < 0 implies lim; o, 2(¢) < 0, as limy_, 2(t) = limy_,0o v(2).
Note that v(t) < 0 implies y(¢) is bounded. Hence,

0> limsupz(t) > limsup(y(t) + py(o(t)))

t—o00 t—o00

> limsupy(t) + 1itm inf(pay(o(t)))
—00

t—o00

= limsupy(t) + p2 limsupy(o(t))

t—o00 t—o0
= (14 ps)limsupy(t)
t—o0

as (1 + py) > 0, we obtain lim;_,, y(¢) = 0. Hence the theorem is proved. O

Example 3.2.16. Consider

P S | Gl B (3.35)
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fort > 4 and for some k; > 0. It is easy to verify that the conditions (H,), (H3), (H7), (Hs),
(Hy1) and (Hyp) are satisfied, so equation (3.35) satisfies the hypothesis of Theorem

3.2.15. Thus, every solution of (3.35) either oscillates or tends to zero as t — oco.

Theorem 3.2.17. Let —1 < py < p(t) < 0. Suppose (Hl), (H4), (H7), (Hg), (HH), (ng)

and

o] t s
(Hi3) N ﬁ ft4 ﬁ ft4 q(u)dudsdt = oo

hold, then every solution of (3.1) either oscillates or converges to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (3.1) on [ty, 00), to = 0, say y(t) is an
eventually positive solution. (The proof in the case y(t) < 0 eventually is similar and
will be omitted.) Suppose that y(t) > 0 for ¢t > t5. Proceeding as in Theorem 3.2.5
we obtain (3.9). Consequently, v(t),b(t)v'(t), a(t)(b(t)v'(t)) are monotonic functions
on [tg,00), to = t1. If v(t) > 0 for ¢ > ty, then any one of the cases (a)-(d) holds.
For the cases (a) and (b) the proofs follows from Theorem 3.2.13 and for case (c) it
follows from Theorem 3.2.15. If case (d) holds, now as lim;_,., v(t) exists in case (d),
it implies that lim; ., z(¢) exists. Claim liminf, ,, y(t) = 0. If not, let it be lg, where
l¢ > 0(#£ 0). For some € > 0, there exists t3 > 5 such that y(t) > lg —e > 0 for ¢t > ts.
From (3.9) it follows that

(a(®)(b@)' (1)) < —q(t)G(ls — €)

for t >ty > t5. As in case (d), (b(t)v'(t)) < 0 and v'(t) < 0, integrating from ¢, to ¢,
we obtain
t
0 > a(ty)(b(ts)v'(ts)) = a(t)(b(t)V' (1)) + G(lg — 6)/ q(s)ds.
tq
Further integrating from ¢4 to ¢, we obtain
t 1 s
0 > b(ty)v' (ts) = b(t)V' (t) + G(lg — e)/ @/ q(u)duds.
tg tg

Again integrating from t4 to ¢, we obtain

0=v(t) —v(ty) + G(lg — €) /t % /t; a(lu) /u q(v)dvduds.

ta tq
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Since limy; ., v(t) exists, then it implies that

/t;o % /t: % /t; q(uw)dudsdt < oo,

a contradiction to (Hy3). Hence, lg = 0. By Lemma 3.2.4 it follows that lim; ,. 2(t) =
0. Thus, 2(¢) is bounded. We can prove that y(¢) is also bounded. Thus,

0 =limsupz(t) > limsup(y(t) + p2y(o(t)))

t—o00 t—o00

WV

lim sup y(t) + ligiﬁlf(PQZJ(U(t)))

t—o00

= limsupy(t) + pe limsup y(o(t))

t—o0 t—o00

= (1+po)limsupy(t).

t—o00

Since (1 4 pg) > 0, then it follows that lim; ., y(¢) = 0.

Next suppose that v(t) < 0 for ¢ > to, then y(¢) is also bounded. Note that
limy o0 v(t) = limy_y00 2(t). Let limy o 2(t) = I7. In case (a) and (c) v/(t) > 0. Hence,

—o0 < limy o v(t) < 0. Thus,

0> limsupz(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o0

> limsupy(t) + 1itm inf(pay(o(t)))
—00

t—o00

= limsupy(t) + p2 limsup y(o(t))

t—o00 t—o00

= (1+p2)limsupy(t).

t—o00

Since (1 + p2) > 0, then it implies limsup,_, . y(t) = 0. So also lim; - y(t) = 0.

In case (b) and (d) v'(t) < 0, thus —oo < limy,v(f) < 0. Note that l; = —oo
case is not possible due to boundedness of y(t).

If —oo < l7 <0, then

0> limsupz(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

> limsupy(t) + lim inf(pay(o(t)))
— 00

t—o00

= limsupy(t) + pe limsup y(o(t))

t—o00 t—o0

= (14 p2)limsupy(t).

t—o0
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Since (1+ py) > 0, then it implies lim sup,_, . y(¢) < 0, a contradiction to the fact that
y(t) > 0. This completes the proof of the theorem. ]

Example 3.2.18. Consider

(0= 3o(e=m) ) )+ (2 + )

f_x
et W) (3.36)
T+ 2t 1)

fort > 4 and for some k; > 0. It is easy to verify that the conditions (H;), (Hy), (H7), (Hs)

ok
|+

and (Hi1) — (Hy3) are satisfied, so equation (3.36) satisfies the hypothesis of Theorem
3.2.17. Thus, every solution of (3.36) oscillates or tends to zero as t — oo.

Theorem 3.2.19. Let —1 < ps < p(t) < 0. If (Hy),(Hs), (Hr), (Hs), (H11) and (His)
hold, then every solution of (3.1) either oscillates or converges to zero as t — oc.
Proof. Assume that (3.1) has a nonoscillatory solution on [ty, 00), ty > 0 and let it be
y(t). Hence, y(t) > 0 or < 0 for ¢t > t,. Suppose that y(t) > 0 for ¢t > to. Proceeding as
Theorem 3.2.5 we obtain (3.9). Consequently, v(t),b(t)v'(t), a(t)(b(t)v'(t))" are mono-
tonic functions on [ty,00), to = t;. Suppose v(t) > 0 for ¢ > t5. Then from Lemma
3.2.3 any one of the cases (a), (b), (d) holds. Suppose case (a) or (b) holds. The proof
for these cases follows from the proof of Theorem 3.2.13. If case (d) holds, then the
proof for this case follows from Theorem 3.2.17.

If v(t) < 0 for t > ty, then also from Lemma 3.2.3 any one of (a), (b) or (d) holds. The

proofs for these cases follows from Theorem 3.2.17. O

Example 3.2.20. Consider
. 1 NN\ o= [t
(=) ) ) +e(3)
(-3)
-2 =0, (3.37)

1+y2(t—§)

for t > 4. It is easy to verify that the conditions (H,),(Hs), (H7), (Hs), (H11) and

—€

(H,3) are satisfied, so equation (3.37) satisfies the hypothesis of Theorem 3.2.19. Thus,

every solution of (3.37) either oscillates or tends to zero as t — oo.
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3.3 0Odd Higher Order NDDE; n > 3

In this section, we are concerned with the oscillatory and asymptotic behavior of all

solutions of the higher order nonlinear neutral delay differential equations of the form

(a() () (y(t) + p(t)y(a())) " + a(t)G (y(a(1)))

—h(t)H(y(B(t))) = 0, (3.38)

where a,b,q € C([ty,0), (0,00)), h € C([ty,0),[0,00)), p, 0, a, 5 € C([ty,0),R),
o(t) <t, at) <t, B(t) < t, limy_,o o(t) = 00, limy_,o a(t) = 00, limy_,, 5(t) = 00, G
and H € C(R,R) with uG(u) > 0, vH(v) > 0 for u, v # 0, n(> 3) is odd number, H
is bounded, G is non-decreasing under the assumptions (Hs), (Hs), (H4), (Hs) and

/: % /too % /:O u" 3 h(u)dudsdt < oo, (Hya)

for 0 < p(t) < p1 <1land —1 < py < p(t) <O0.
Clearly, equations (3.1) and (3.2) are particular cases of equations (3.38).

By a solution of (3.38) we understand a function y(t) € C([T,,00)),T, = to = 0
such that y(t) + p(H)y(o(t) € C(T,00)), () + pt)y(a®)) € CH(T,,00)),
a(t)(b(t)(y(t) + p(t)y(a(t))) € C"=2([T,,o0)) and satisfies (3.38) on [T,,00). We
consider only those solutions y(¢) of (3.38) which satisfies sup{|y(¢)|;¢ = T} > 0 for
every T' > T,. We assume that (3.38) has such a solution. A solution of (3.38) is
said to be oscillatory if it has arbitrarily large zeros on [T}, 00); otherwise, it is called

nonoscillatory.

3.4 Oscillation Criteria for Odd Higher Order Ho-
mogeneous Equation

In this section, sufficient conditions are obtained for oscillatory and asymptotic behavior
of all solutions of (3.38). We need the following conditions and lemma for our use in

the sequel.
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(Hi5) G(—u) = —G(u),H(—u) = —H(u) for u € R;

(Hig) [ 2 J2 (1 — o) q(s)dsdi =

(Hi7) [ b(t) ft ft v — 8)"3q(s)dsdvdt = oo; t* > t.

Lemma 3.4.1. [51], ([56], p. 193) Let y € C™([0,00),R) be of constant sign. Let
y™(t) be of constant sign and # 0 in any interval [T, 00), T > 0, and y™ (t)y(t) < 0.
Then there exists a number t, > 0 such that the functions yV)(t), j = 1,2,...n — 1
are of constant sign on [tp, c0) and there exists a number k € {1,3,...,n — 1} when n

is even or k € {0,2,..,n — 1} when n is odd such that
yy (1) >0 for j=0,1,2.k t=t
(=) y()yD(t) >0 for j=k+1,k+2,...n—1, t>t,.

Oscillation results for the range 0 < p(t) < p; < 1.

Theorem 3.4.2. Let 0 < p(t) < p1 < 1. Suppose (Hsy), (H7), (H14) and (Hys) hold,

then every solution of (3.38) either oscillates or converges to zero as t — 0o.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [tg,00), to = 0, say y(t)
is an eventually positive solution. Then there exists t; > ty such that y(a(t)) > 0,
y(B(t)) >0, y(a(t)) > 0 for t > t1. Set z(t) as in (3.6) and

1 1 [ 1 [ s
k(t):m /t e / o) /0 (u— 0)"*h(u)H (y(8(u)))dudfds. (3.39)

Note that condition (Hy4) and the fact that H is bounded function implies that k(t)

exists for all ¢. Let us define
v(t) = 2(t) + k(t), (3.40)
where k(t) is defined as in (3.39), then
w2 (t) = —q(t)G(y(a(t)) < O(# 0), (3.41)

where

w(t) = a(t)(b(t)'(1)) (3.42)
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for t > t;, here w2 (t) represents the (n — 2) derivative of ‘w’ w.r.t 't. Clearly,
w3 (t), w=(t),...,w'(t), w(t) are monotonic functions and of constant sign for

te [tg,OO), t2 2 tl.

If w(t) > 0 for t > t,, then in view of Lemma 3.4.1, w3 (¢) > 0 for ¢ > t,.
Now w(t) > 0 implies (b(¢)v'(t)) > 0 for ¢ > ty, which in turn implies b(¢)v'(t)
is eventually monotonic function. Since b(t) > 0, then either v'(t) > 0 or < 0 for

t > t3 > 1o,

Case I. If v/(t) > 0 for t > t3, then 2/(t) > 0 eventually. Therefore, (1 — p1)z(t) <
(1= p()=(t) < 2(8) — p(t)2(o (1)) < y(t) — p(p(o(2)y(o(o(1))), which implies
(1 =p1)z(t) <y(t)
for t > t4 > t3. From (3.41), 2’(t) > 0 and by using the last inequality, we obtain
w2 () < —q(t)G((1 — p1)2(ta))
for t > t5 > t4. Then integrating the preceeding inequality from 'tf to 't we obtain

00 > w" I (t5) > —w™ V() + w"I(t5) = G((1 — p1)z(ts)) /tQ(S)dS'

Since limy_,o w3 (t) < 0o, then taking t — oo in the last inequality we have ftzo q(t)dt <

00, a contradiction to (Hz).

Case II. If v/(t) < 0 for ¢ > t3, we may note that lim;_,, v(t) exists and equal to [
(say). We will claim [ = 0. If it is not true, then for every € > 0, there exists ty > t3
such that [ < v(t) <+ e for t > t4. Choose 0 < € < %. Since limy o, k(t) = 0,

then for the same chosen €, k(t) < € for ¢t > t5 > t4. Thus,

> v(t) — p(t)o(a(t) — k(1)

>l—pi(l+e) —e¢
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for t > tg > t5. Now,
y(t) > (l—€) —pi(l +€) > kao(l+€) > l{:ﬂ)(?ﬁ)( > k2l>. (3.43)
By the choice of €, we can show that ky > 0. Using (3.43) in (3.41), we obtain
w2 (1) < —q(t)G(kol) (3.44)
for t > t; > tg. Integrating (3.44) from t7 to 't’, we obtain

t
0o > w" A (tr) > —w () + w" I (t7) > G(kQZ)/ q(s)ds.

tr

Since limy_, o w3 () < oo, then taking ¢t — oo in the last inequality we obtain

[ q(t)dt < oo, a contradiction to (Hz). Therefore, limy o v(t) = 0 and hence

7

limy 00 2(£) = 0. Since y(t) < 2(t), then lim; o y(t) = 0.

If w(t) < 0 for t > tq, then (b(¢)v'(t)) < 0 for t > t5. Thus, v'(t) > 0 or v'(t) < 0

fOI't}tg >t2.

Case III. Suppose v'(t) > 0 for t > t5. Since w™ () < 0 eventually, then

w3 (t) > 0 or < 0 eventually.

Subcase (i): Suppose w™ 3 (t) > 0 eventually. Now v'(t) > 0 and k'(t) < 0
implies 2/(t) > 0. Therefore, (1 — p1)z(t) < (1 — p(¥))z(t) < z(t) — p(t)z(c(t)) <

y(t) — p(t)p(a(t))y(o(a(t))), which implies
(1 =p1)z(t) <ylt) (3.45)
for ¢t > t3. From (3.41) and 2'(¢) > 0, we obtain
w2 () < —q(t)G((1 — p1)=(ts))
for t > t4 > t3. Then integrating the last inequality from ¢} to 't’; we obtain

0o > w3 (ty) > —w™ () + w3 (1) = G((1 — p1)z(ts)) /t q(s)ds.

tq
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Since limy_,o w3 (t) < 0o, then taking t — oo in the last inequality we have ftzo q(t)dt <

00, a contradiction to (Hzy).

Subcase (ii): If w3 (t) < 0 eventually, then from (3.41) we can conclude that
w™ () < 0,..,w'(t) < 0 for large t. Since w'(t) < 0 for t > t4(> t3), then
w(t) < w(ty), that is,

a(t)(b(t)v' (1)) < a(ta)(b(ta)v'(t4))"

Integrating the preceeding inequality from ‘'t to 't’, we obtain
/ / / / ! ds
b(1)v'(t) < b(ta)v'(ta) + alta) (b(ta)v'(ta))" [ —-
ta G(S)
Using (H2) in the preceeding inequality, we obtain b(t)v'(t) — —oo as t — oo, a con-

tradiction to the fact that v'(¢) > 0.

Case IV. Suppose v'(t) < 0 for t > t3. Then, integrating (b(t)v'(t))" < 0 twice from 't}

to 't’, we obtain

v(t) < v(ts) +b(t3)v’(t3)/t %.

Using (H») in the preceeding inequality, we obtain v(t) — —oo as t — 00, a contradic-
tion to the fact that v(t) > 0.

Finally, we suppose that y(¢) < 0 for ¢ > t,. From (H;5), we note that G(—u) =
—G(u) and H(—u) = —H(u),u € R. Hence putting z(t) = —y(t) for t > ¢y, we obtain
x(t) > 0 and

(a(t)(b(t)(x(t) + p(t)a(a(1))))) " +q(t)G (x(a(t))) — h(t)H (z(5(t))) = 0.

Proceeding as above, we can show that every solution of (3.38) either oscillates or

converges to zero as t — co. This completes the proof of the theorem.

Example 3.4.3. Consider the fifth order differential equation

=) -3



CHAPTER 3. OSCILLATION OF ODD HIGHER ORDER NDDE 59

=0, t>4. (3.46)

ot (i y(t_%)
ol

It is easy to verify that the hypothesis of Theorem 3.4.2 are satisfied. Thus, every
solution of (3.46) either oscillates or tends to zero as t — oo. Indeed, y(t) = sint is

such an oscillatary solution of (3.46).

Theorem 3.4.4. Let 0 < p(t) < p1 < 1. Suppose that (Hs), (H7),(Hi4), (Hy5) and

(Hig) hold, then every solution of (3.38) either oscillates or converges to zero ast — oo.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [tg, 00), to = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(«a(t)) > 0,y(5(t)) > 0,y(co(t)) >0
for t > t;. Setting z(t),k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for ¢ > t;. Clearly, w™ 3 (t),w™ 9 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), ta > t;.

If w(t) > 0 for t > t, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(¢)v'(t))" > 0 for t > t5, which in turn implies b(¢)v’(¢) is monotonic

=
function. Thus, v'(t) > 0 or < 0 for ¢ > t3 > t.

Case L. If v/(t) > 0 for t > t3, proceeding same as in Case I of Theorem 3.4.2, we

obtain a contradiction due to (H7).

Case II. If v/(t) < 0 for ¢t > t3, proceeding same as in Case II of Theorem 3.4.2,

we obtain limy ., y(t) = 0.

If w(t) < 0 for t > ty, then (b(t)v'(t)) < 0 for t > t5. Thus v'(¢) > 0 or v'(t) < 0 for

t>ts > to.

Case III. Suppose v'(t) > 0 for t > t3. Since w™ 2 (t) < 0 eventually, then either



CHAPTER 3. OSCILLATION OF ODD HIGHER ORDER NDDE 60
w3 (t) > 0 or < 0 eventually.

Subcase (i): If w3 (t) > 0 eventually, proceeding same as in Subcase (i) of Case

IIT of Theorem 3.4.2, we obtain a contradiction due to (H7).

Subcase (ii): If w3 (t) < 0 eventually, then from (3.41) it implies that w4 (t) <
0,...,w'(t) < 0 for large t. Now v'(t) > 0 implies 2’(¢) > 0 eventually. Therefore from
(3.41) and (3.45), we obtain

0= w2 (1) +q(t)G((1 — p1)2(t3))

for t > t4 > t3. Integrating the last inequality consecutively (n — 2) times from 't} to

't', we obtain

1 ! n—3
0> w(ty) > w(t) + gy [ (0= G - )zl
Hence,
! I 1 1 ! n—3
0> MOV O) + (5770 L G = p)<te)ds

Further integrating the preceeding inequality from 't} to 't’, we obtain

/ / 1 ' 1 ! n—3
b(tg)v' (tg) = b(E)V'(t) + =31 /t4 e /t4 (v —35)""q(s)G((1 — p1)z(t3))dsdv.

Since limy_, b(t)v'(t) < 0o, then from the last inequality for large ¢, we obtain

(n—13>!/too : /(t_s)"_3q<$>G<<1—m)z{ts))dsdt<oo,

Loat) Ju,

a contradiction to (Hyg).

Case IV. Since v/(t) < 0 and (b(t)v'(¢)) < 0 for ¢ > t3, then using (Hj3) and pro-
ceeding same as in Case IV of Theorem 3.4.2, we obtain a contradiction to the fact

that v(t) > 0. Hence the proof of the theorem is complete. O

Theorem 3.4.5. Let 0 < p(t) < p1 < 1. Suppose that (Hy), (Hr) and (Hy4) — (Hi7)

hold, then every solution of (3.38) either oscillates or tends to zero as t — oo.
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Proof. Let y(t) be a non-oscillatory solution of (3.38) on [tg, 00), tg = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(«(t)) > 0,y(5(t)) > 0,y(c(t)) >0
for t > t1. Setting z(t), k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for ¢t > t;. Clearly, w™ 3 (t),w™ Y (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), ta > t5.

If w(t) > 0 for t > t, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(¢)v'(¢))" > 0 for t > t5, which in turn implies b(¢)v’(¢) is monotonic

function. Thus, v'(t) > 0 or < 0 for ¢ > t3 > t.

Case I. If v'(t) > 0 for t > t3 then 2/(t) > 0 eventually. Therefore, (1 — p;)z(t) <
(1 =p@))z(t) < 2(t) = p(t)z(o(t)) < y(t) — p(t)p(a(t))y(o(o(t))), which implies
(1 —p1)z(t) <y(t)
for t >ty > t3. From (3.41), Z/(t) > 0 and by using the last inequality, we obtain
w (1) < —q(t)G((1 = p1)z(ta))
for t > t5 > t4. Then integrating the preceeding inequality from 't} to 't’, we obtain

00 > w(n—3)<t5) > _w(n—3)(t) + w("_3)(t5) > G((l —pl)z(t4)) /t q(s)ds-

ts
Since limy o, w3 (t) < 0o, then taking t — oo in the last inequality we have ft:O q(t)dt <

00, a contradiction to (Hz).

Case IL. If v'(t) < 0 for ¢t > t3, then proceeding same as in Case II of Theorem 3.4.2,

we obtain lim,_,, y(t) = 0.
If w(t) <0, then (b(t)v'(t)) < 0 for t > ty. Thus, v'(t) > 0 or v'(t) < 0 for t > t3 > to.

Case III. Suppose v'(t) > 0 for t > t3. Since w™ 2 (t) < 0 eventually, then either
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w3 (t) > 0 or < 0 eventually.

Subcase (i): If w3 (t) > 0 eventually, then proceeding same as in Subcase (i)
of Case III of Theorem 3.4.2, we obtain a contradiction due to (Hy).

Subcase (ii): If w3 (t) < 0 eventually, then proceeding same as in Subcase (ii) of

Case IIT of Theorem 3.4.4, we obtain a contradiction (Hig).

Case IV. Suppose v/(t) < 0 for t > t3. Since, w™ 2 (¢) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (ii): If w3 (t) < 0 eventually, then, w9 (¢) < 0,...,w'(t) < 0,w(t) <0
eventually. Since lim,_,, v(t) exists, let 0 < lim,;_,o v(t) < co. Hence, from (3.41) and

(3.43), we obtain
0> w2 (t) 4 q(t)G (ko) (3.47)
for t >ty > t3. Integrating (3.47) consecutively (n — 2) times from 't to 't’, we obtain

l/ (t = 5)"*q(s)G (kal)ds.

0> w(ty) > w(t)+ o3l 5

Hence,
/ / 1 1 ' n—3
0> (b(t)v'(t))" + IR /M(t — )" q(s)G(kal)ds.

/

Further integrating the preceeding inequality from 't} to 't’ and considering the fact

that ¢'(t) < 0, we obtain

/ / 1 b g -
0> bt/ (1) > B+ g /t 0 /t (0 — $)"3q(s) Gkl )dsdb.

Again integrating the last inequality from 't to 't’, we get

1 t 1 uoq 0 s
u(ts) = o(t) + =3 !/t4 o) /t a(g)/m(f)—s) q(s)G(kyl)dsdfdu.

Since lim;_,, v(t) < oo, then it implies for large ¢

G(k?gl) >~ 1 v 0 L
(n—3)! /t b(u) /t4 () /t4 (0 —s)""q(s)dsdfdu < oo,

4
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a contradiction to (Hyy).

If limy o v(t) = 0, then lim; . z(¢) = 0. Thus, lim;_,. y(t) = 0 as y(t) < z(t).

Subcase (iv): Suppose w3 (t) > 0 for t > t4 > t3. If 0 < lim;_o v(t) < o0,
then from (3.41) and (3.43), we have
/ q(t)dt < oo,
tq
a contradiction to (H7). Hence lim;_,o, v(t) = 0. Thus, lim; - y(t) = 0. Hence proof

of the theorem is complete. n

Theorem 3.4.6. Let 0 < p(t) < p1 < 1. Suppose that (Hs), (H;), (Hi4), (Hys) and
(Hy7) hold. Then every solution of (3.38) either oscillates or converges to zero as

t — oo.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [ty, 00), ty = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > ¢y such that y(«a(t)) > 0,y(5(t)) > 0,y(o(t)) > 0
for t > t;. Setting z(¢), k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for t > t;. Clearly, w™ 3 (t),w™ 4 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), to > ;.

If w(t) > 0 for t > t, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(t)v'(t))’ > 0 for ¢ > 5, which in turn implies b(t)v'(t) is monotonic

=
function. Thus, v'(t) > 0 or <0 for ¢ > t3 > 1.

Case L. If v/(¢) > 0 for t > t3, then proceeding same as in Case I of Theorem 3.4.5, we

obtain a contradiction due to (Hr).

Case IL. If v'(t) < 0 for ¢t > t3, then proceeding same as in Case II of Theorem 3.4.2,

we obtain lim;_,, y(t) = 0.
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If w(t) <0, for t > to, then (b(¢)v'(t))" < 0 for t > t5. Thus, v/(t) > 0 or v'(t) < 0 for

t =t > to.

Case II1. Suppose v'(t) > 0 for t > t3. Since w™ 2 (t) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (i): If w3 (t) > 0 eventually, then proceeding same as in Subcase (i)

of Case III of Theorem 3.4.2, we obtain a contradiction due to (H7).

Subcase (ii): If w3 (t) < 0 eventually, then using (Hs) and proceeding same
as in Subcase (ii) of Case III of Theorem 3.4.2; we obtain a contradiction to the fact

that v/(t) > 0.

Case IV. Suppose v/(t) < 0 for t > t3. Since, w™ 2 (¢) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (iii): Suppose w3 (t) < 0 eventually. If 0 < lim; o v(t) < oo, then
proceeding same as in Subcase (iii) of Case IV of Theorem 3.4.5, we obtain a contra-
diction due to (Hi7).

If limy o v(t) = 0, then we obtain lim; ., y(t) = 0.

Subcase (iv): If w3 (t) > 0 eventually, then proceeding same as in Subcase (iv)
of Case IV of Theorem 3.4.5, we obtain lim;_,», y(t) = 0. Hence proof of the theorem

is complete. O

Example 3.4.7. Consider the equation
. 1 Y & (63 n 5t t
(e_ (64 (y(t) + gy(t — ’/T)) ) ) + <6—4678 + e_4>y7 (Z)

f_ =
~2t(q —ottmy Y ( 2 )
et e 0, t>4. (3.48)

00|+
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It is easy to verify that the conditions (Hs), (H7), (H14), (Hy5) and (H;7) are satisfied,
so equation (3.48) satisfies the hypothesis of Theorem 3.4.6. Thus, every solution of

(3.48) either oscillates or tends to zero as t — oo. Indeed, y(t) = e~ is such a solution

of (3.48).
Oscillation results for the range —1 < ps < p(t) < 0.

Theorem 3.4.8. Let —1 < py < p(t) < 0. Suppose that (Hz), (Hz), (Hi4) and (His)

hold. Then every solution of (3.38) either oscillates or converges to zero ast — oc.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [ty, 00), ty = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(«a(t)) > 0,y(5(t)) > 0,y(o(t)) > 0
for t > t;. Setting z(¢), k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for ¢t > t;. Clearly, w™ 3 (t),w™ 4 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), to > ;.

If w(t) > 0 for t > t, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(t)v'(t))" > 0 for ¢ > 5, which in turn implies b(t)v'(¢) is monotonic

=
function. Thus, v'(t) > 0 or <0 for ¢ > t3 > 1.

Case 1. Suppose v/'(t) > 0 for t > t3. Now ¢'(t) > 0 and k'(f) < O implies that
2'(t) > 0 eventually. Hence, z(t) > 0 or < 0 for t > t4 > t3.
Subcase (i): If z(t) > 0 for t > t4, then

y(t) > =()

for t > t, > t3. Using the last inequality in (3.41), we obtain
wA(t) < —g()G(z(t)).

Thus integrating this from "t{(> t4) to 't’, we obtain

00 > wI(t5) > —w I (1) + w I (t5) > G(a(t)) / als)ds.

5
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Since limy_,o w"3(t) < oo, then taking limit as ¢ — oo in the last inequality we obtain
/ g(t)dt < oo,
ts
a contradiction to (Hr).
Subcase (i1): 1f z(t) < 0 for t > t4 > t3, then lim;_,, z(t) exists. Note that y(t) is

bounded. Hence,

0 > limsup z(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

> limsupy(t) + li{n inf(pay(o(t)))
— 00

t—o00

= limsupy(t) + pe limsupy(o(t))

t—o00 t—o00

= (14 p2)limsupy(t).

t—o00

Since (1 + p) > 0, then it implies lim sup,_,.. y(¢) = 0. So also lim;_,, y(t) = 0.

Case II. If v'(t) < 0 for t > t3, then two cases are possible: v(t) > 0 or < 0 for

t >ty > 3.

Subcase (i1): If v(t) > 0 for t > t4, then lim; . v(t) exists and equal to [; (say).
We will claim [; = 0. If it is not true, then for every ¢ > 0, there exists t5 > t4 such
that [ < v(t) <y + € for t > t5. Choose 0 < € < [y. Since lim;_, k() = 0, then for

the same chosen ¢, k(t) < e for t > tg > t5. Thus,
for t > t; > tg. Hence,

From (3.41), we obtain
w2 (t) < —q(H)G(ly — €)
for t > ts > t;. Thus integrating the last inequality from t§ to 't/, we obtain

t
00 > w" N (tg) > —w" I (t) + w" P (ts) > Gl — 6)/ q(s)ds.

tg
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Since limy_,o, w"3(t) < oo, then taking limit as ¢ — oo in the preceeding inequality we
get a contradiction to (Hy). Hence, lim; o, v(t) = 0 and lim;_,, 2(¢) = 0. Hence z(t)
is bounded function. We can show that y(¢) is also bounded function. Thus,

0 =limsupz(t) > limsup(y(t) + pay(co(t)))

t—00 t—00

lim sup y(t) + ligci)glf(pr(U(t)))

t—o00

WV

= limsupy(t) + p limsup y(o(t))

t—o00 t—o00

(1+ p2) limsup y(t).

t—o00

Since (1 4 ps) > 0, then it implies lim sup,_, . y(¢) = 0. Hence, lim;_,», y(t) = 0.

Subcase (1v): Suppose v(t) < 0 for ¢ > t4, as v'(t) < 0 so —oo < limy, v(t) < 0.
Thus, —oo < limy o 2(t)(= l2) < 0. If Iy = —o0, then we get a contradiction due to
the boundedness of y(t).

If —oo <y <0, then

0> limsupz(t) > limsup(y(t) + pay(o(t)))

t—o0 t—o0

> limsupy(t) + li{n inf(pay(o(t)))
—00

t—o00

= limsupy(t) + po limsupy(o(t))

t—o00 t—o00
= (1+po)limsupy(t).

t—o00

Since (1 + py) > 0, then it implies lim sup,_, . y(t) < 0, a contradiction to the fact that
y(t) > 0.

If w(t) < 0 for t > to, then (b(¢)v'(t))" < 0 for ¢t > t5. Thus, v'(t) > 0 or v/'(t) < 0 for

t > t3 > 1o,

Case III. Suppose v'(t) > 0 for t > t3. Since w2 (t) < 0 eventually, then w3 (¢) > 0

or < 0 eventually.

Subcase (v): Suppose w3 (t) > 0 eventually. Now v'(t) > 0 and k'(t) < 0
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implies that 2/(t) > 0 eventually. Hence, z(¢) > 0 or < 0 eventually.

If z(t) > 0 eventually, then
y(t) = 2(t) (3.49)
for t > t, > t3. Using (3.49) in (3.41), we obtain
wA(t) < —g()G(2(t)).
Thus integrating this from "t{(> t4) to 't’, we obtain
t
0o > w3 (t5) > —w" I (t) 4wV (t5) > G(z(t4))/ q(s)ds.
ts
Since limy_,o, w"3(t) < oo, then taking limit as t — oo in the last inequality we obtain
/ q(t)dt < oo,
ts
a contradiction to (Hy).
If z(t) < 0 for t >ty > t3, then lim;_,, z(t) exists. Let it be l3. So —oo < I3 < 0. We
may note that y(¢) is bounded. Hence,

0> limsupz(t) > limsup(y(t) + poy(o(t)))

t—00 t—00

> limsupy(t) +liminf(pyy(o(1)))
—00

t—o0

= limsupy(t) + p2 limsup y(o(t))

t—00 t—00
= (1+po)limsupy(t).

t—o00

Since (14 ps) > 0, then it implies lim sup,_, . y(¢t) = 0. So also lim;_, y(t) = 0.

Subcase (vi): If w3 (t) < 0 eventually, then proceeding same as in Subcase (ii)

of Case III of Theorem 3.4.2, we obtain a contradiction due to v'(t) > 0.

Case IV. Suppose v'(t) < 0 and (b(¢)v'(t))" < 0 for t > t3, then integrating (b(t)v'(t)) <

0 twice consecutively from t3 to ¢, we obtain

o(t) < vlts) + blts) (£) /t %.
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Using (H3) in the last inequality, we obtain v(t) — —oo as t — co. Hence v(t) < 0 for
large t. It is easy to show that y(t) is bounded, hence v(t) is bounded, a contradiction.

Hence proof of the theorem is complete. n

Example 3.4.9. Consider the fifth order equation

(y(t) — %y(t - QW))(U) n (% n 6_t>y(t B g)

T y<t_§)
ol L

for t > 4. Tt is easy to verify that the conditions (Hs), (H7),(H4) and (Hys) are

=0, (3.50)

satisfied. So equation (3.50) satisfies the hypothesis of Theorem 3.4.8. Thus, every
solution of (3.50) either oscillates or tends to zero as t — co. Indeed, y(t) = sint is an

oscillatory solution of (3.50).

Theorem 3.4.10. Let —1 < py < p(t) < 0. Suppose that (Hs), (H7) and (Hy4) — (Hig)

hold. Then every solution of (3.38) either oscillates or converges to zero as t — oc.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [ty, 00), ty = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(«a(t)) > 0,y(5(t)) > 0,y(o(t)) > 0
for t > t;. Setting z(¢), k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for ¢t > t;. Clearly, w™ ) (¢),w™ 4 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), ta > ;.

If w(t) > 0 for t > t5, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(¢)v'(t)) > 0 for t > t5, which in turn implies b(¢)v’(¢) is monotonic

=
function. Thus, v'(t) > 0 or <0 for ¢ > t3 > 1.

Case I. If ¢'(t) > 0 for t > t3, then 2/(¢) > 0 and hence two cases are possible:

z(t) >0or <0 fort >ty >ts.
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Subcase (i): If z(t) > 0 for t > t4, then proceeding same as in Subcase (i) of

Case I of Theorem 3.4.8, we obtain a contradiction due to (H7).

Subcase (i1): If z(t) < 0 for t > t4, then proceeding same as in Subcase (ii) of

Case I of Theorem 3.4.8, we obtain lim; ., y(t) = 0.

Case II. If v/(t) < 0 for t > t3, we have two cases; v(t) > 0 or v(t) < 0 for t >t > t3.

Subcase (iii): If v(t) > 0 for t > t4, then lim; . v(t) < oco. Proceeding same

as in Subcase (iii) of Case II of Theorem 3.4.8, we get lim; o, y(t) = 0.

Subcase (iv): If v(t) < 0 for t > t4, then proceeding same as in Subcase (iv) of

Case II of Theorem 3.4.8, we get a contradiction due to y(t) > 0.

If w(t) < 0 for t > ty, then (b(¢)v'(t))" < 0 for ¢ > t5. Thus, v'(¢) > 0 or v'(t) < 0 for

t > 1t3 > 1o.

Case III. Suppose v/(t) > 0 for t > t3. Since w™ 2 (t) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (v): Suppose w3 (t) > 0 eventually. Now v'(t) > 0 and k'(t) < 0

implies that 2/(t) > 0. Hence z(t) > 0 or < 0 eventually.

If z(t) > 0 eventually, then proceeding same as in Subcase (v) of Case III of Theo-

rem 3.4.8, we obtain a contradiction due to (H7).

If z(t) < 0 eventually, then proceeding same as in Subcase (v) of Case III of Theo-

rem 3.4.8, we get limy_,, y(t) = 0.
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Subcase (vi): Suppose w3 (t) < 0 eventually. Since z/(t) > 0 eventually, then

z(t) > or < 0 eventually.

If z(t) > 0 eventually, then proceeding same as in Subcase (ii) of Case III of The-

orem 3.4.4, we get a contradiction due to (Hig).

If z(t) < 0 eventually, then lim;_, 2z(¢) exists. Note that y(¢) is bounded. Hence,

0> limsupz(t) > limsup(y(t) + poy(o(t)))

t—o00 t—o0

> limsupy(t) + litm inf(pay(o(t)))
—00

t—o00

= limsupy(t) + p: limsup y(o(t))

t—o00 t—o00

= (1 +p2) limsupy(t),

t—00

which implies lim; o, y(t) = 0.

Case IV. If v/(t) < 0 for ¢ > t3, then using (Hj3) and proceeding same as in Case IV
of Theorem 3.4.8, we get a contradiction to the fact that y(¢) is bounded. Hence proof

of the theorem is complete. O

Theorem 3.4.11. Let —1 < py < p(t) < 0. Suppose that (Hy), (H7) and (Hy4) — (Hi7)

hold. Then every solution of (3.38) either oscillates or converges to zero as t — oc.

Proof. Let y(t) be a nonoscillatory solution of (3.38) on [tg, 00), to = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(a(t)) > 0,y(5(t)) > 0,y(o(t)) > 0
for t > t1. Setting z(t), k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for t > t;. Clearly, w™ = (¢),w™ 4 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for ¢ € [ty, 00), ty > t1.

If w(t) > 0 for t > ty, in view of Lemma 3.4.1, w3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(t)v'(t))’ > 0 for ¢ > 5, which in turn implies b(t)v’'(¢) is monotonic

=
function. Thus, v/(t) > 0 or <0 for ¢t > t3 > to.
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Case L. If v/(t) > 0 for t > t3, then 2/(t) > 0 eventually, thus we have two cases;

z(t) > 0 or z(t) <0 for t >ty > t3.

Subcase (i): If z(t) > 0 for t > t4, then proceeding same as in Subcase (i) of

Case I of Theorem 3.4.8, we obtain a contradiction due to (Hr).

Subcase (ii): If z(t) < 0 for t > t4, then lim; o 2(¢) exists. Let it be ly. Now
—00 < Iy < 0. Note that y(t) is bounded. Hence,

0> limsup z(t) > limsup(y(t) + pay(co(t)))

t—00 t—00

> limsupy(t) +lim inf(poy(o(1)))
—00

t—o00

= limsupy(t) + p2 limsup y(o(t))

t—»00 t—o00
= (1+po)limsupy(t).

t—o00

Since (14 ps) > 0, then it implies lim sup,_, . y(¢) = 0. So also lim;_, y(t) = 0.

Case II. If V/(t) < 0 for t > t3, then we have two cases: v(t) > 0 or v(t) < 0 for

t >ty > 13.

Subcase (1) If v(t) > 0 for t > t4, then proceeding same as in Subcase (iii)
of Case II of Theorem 3.4.8, we get lim, ., y(t) = 0.

Subcase (iv): If v(t) < 0 for t > t4, then proceeding same as in Subcase (iv) of

Case II of Theorem 3.4.8, we get a contradiction due to y(t) > 0.

If w(t) < 0 for t > ty, then (b(t)v'(t)) < 0 for t > t5. Thus, v/'(t) > 0 or v'(¢) < 0 for

t =t > to.

Case III. Suppose v/(t) > 0 for t > t3. Since w™ 2 (t) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.
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Subcase (v): Suppose w3 (t) > 0 eventually. Since v'(t) > 0 for t > ts, then

Z'(t) > 0 eventually. Thus we have two cases: z(t) > 0 or z(t) < 0 for t > t4 > t3.

If z(t) > 0 for t > t4, then proceeding same as in Subcase (v) of Case III of Theo-

rem 3.4.8, we get a contradiction to (Hy).

If 2(t) < 0 for t > t4, then proceeding same as in Subcase (v) of Case III of Theo-

rem 3.4.8, we get lim;_,, y(t) = 0.

Subcase (vi): Suppose w3 (t) < 0 eventually. Since v'(t) > 0 for ¢ > t3, then

Z'(t) > 0 eventually. Thus we have two cases; z(t) > 0 or z(t) < 0 for t > t4 > t3.

If z(t) > 0 for ¢t > t4, then proceeding same as in Subcase (i) of Case III of The-

orem 3.4.4, we get a contradiction due to (Hig).

If 2(t) < 0 for ¢ > t4, then lim;,, 2(t) exists. Note that y(t) is bounded. Hence,

0 > limsup z(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

> limsupy(t) + lign inf(pay(o(t)))
— 00

t—00

= limsupy(t) + p; limsupy(o(t))

t—o0 t—o0
= (1 +p2)limsupy(t),

t—o00

which implies lim;_, y(t) = 0.

Case IV. Suppose v/(t) < 0 for t > t3. Since w(" 2 (¢) < 0 eventually, then we have

two cases w3 () > 0 or w3 (t) < 0 eventually.

Subcase (vii): Suppose w™?)(t) > 0 eventually. Since v'(t) < 0, thus v(t) > 0

or v(t) <0 fort >ty >ts.
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If v(t) > 0 for t > t4, then lim,_,, v(t) exists and equal to l5 (say). We will claim 5 = 0.
If it is not true, then for every € > 0, there exists t5 > t4 such that 5 < v(t) < l5+ € for
t > t5. Choose 0 < € < l5. Since limy_, k() = 0, then for the same chosen €, k(t) < €

for t > tg > t5. Thus,
for t > t7 > tg. Hence,

From (3.41), we obtain
w2 (t) < —q(H)G(l5 — €)
for t > tg > t;. Thus integrating the last inequality from "t to 't/, we obtain
t
0o > w" I (tg) > —w" (1) + w VD (ts) = G(l5 — e)/ q(s)ds.

tg
Since lim;_,o, w™3(t) < 0o, then taking limit as ¢ — oo in the preceeding inequality we
get a contradiction to (Hy). Hence, lim; o, v(t) = 0 and limy;_, 2(¢) = 0. Hence z(%)
is also bounded. We can show that y(t) is bounded. Thus,

0=Ilimsupz(t) > limsup(y(t) + p2y(o(t)))

t—o00 t—o00

> limsupy(t) + li{H inf(pay(o(t)))
—00

t—o00

= limsupy(t) + pe limsup y(o(t))

t—o00 t—o0

= (14 p2)limsupy(t).

t—o0

Since (1 + p2) > 0, then limsup, . y(t) = 0. Hence lim; , y(t) = 0.

Suppose v(t) < 0 for t > t4, as v'(t) < 0, thus, —oco < limy_,o v(t) < 0. Hence,
—00 < limy o0 2(t) (= lg) < 0. If I = —o0, then we get a contradiction due to bound-

edness of y(t).
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If —oco < lg < 0, then

0> limsupz(t) > limsup(y(t) + pay(co(t)))

t—o00 t—o0
> limsupy(t) + lim inf(poy(o(t)))
t—s00 t—o00

= limsupy(t) + pe limsup y(o(t))

t—o0 t—o00

= (1+ po)limsupy(t).

t—o00

Since (14 py) > 0, then limsup,_,  y(t) < 0, a contradiction to the fact that y(t) > 0.

Subcase (viii): Suppose w™ 3 (t) < 0 eventually, then from (3.41) we can con-
clude that w™ 4 (t) < 0,...,w'(t) < 0 for large t.
If v(t) > 0 eventually, then lim; . v(t) < 0o and equal to l7 (say). We will claim I; = 0.
If it is not true, then for every € > 0, there exists ¢, > t3 such that I; < v(t) < l; +¢€ for
t > t4. Choose 0 < € < l7. Since lim;_,o, k(t) = 0, then for the same chosen €, k(t) < €

for t > t5 > t4. Thus,

for t > tg > t5. Hence,
lr —e<w(t) — k(t) <y(t).
Therefore using the last inequality in (3.41), we obtain
0> w2 (1) + g(O)G(lr — ¢)

for t > t; > t¢. Integrating the last inequality consecutively (n — 2) times from "t/ to

't’, we obtain

1 ' n—3
0> U)(t7) = U)(t) + m /t; (t - S) q(s)G(l7 — G)dS.
Hence,
/ / 1 1 ' n—3
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Further integrating the preceeding inequality from ‘t7 to ‘t' and considering the fact

that ¢'(f) < 0, we obtain

/ / 1 to1 0 L
0> b(t:)v'(tz) = b(t)V'(t) + n—3)1 /t7 2(0) /t7 (0 —35)""q(s)G(lz — €)dsdb.

Again integrating the last inequality from t7 to 't’, we get

1 L Y - B
o) > o)+ o= !/t7 Tt /t 0 /t (0 — $)"34(5)G(ls — )dsdbdu.

Since limy; o v(t) < 00, then it implies that

1 > 1 1 3
WG(Z7—5)/t M/t7 m/ﬁ (0 —s)"°q(s)dsdfdu < oo,

7

a contradiction to (Hi7). Hence lim; o v(t) = 0 and lim,;_,, 2(¢) = 0. Hence,

0=limsupz(t) > limsup(y(?) + p2y(o(t)))

t—o00 t—o00

> limsupy(t) + litm inf(pay(o(t)))
—00

t—o00

= limsupy(t) + p: limsup y(o(t))

t—o0 t—o00

= (14 po)limsupy(t).

t—o00

Since (1 4 pg) > 0, then limsup,_, . y(t) = 0 and hence lim;_,, y(t) = 0.

If v(t) < 0 eventually, then —oo < limy oo v(t) < 0. If —oo < limy oo v(t) < 0,

then —oo < limy_, 2(t) < 0. Hence,

0> limsupz(t) > limsup(y(t) + pay(o(t)))

t—o00 t—o00

> limsupy(t) + litm inf(pay(o(t)))
— 00

t—o00

= limsupy(t) + pe limsup y(o(t))

t—o00 t—o0

= (L +py) limsupy(t),

t—o00

which implies lim sup,_, . y(t) < 0, a contradiction to the fact that y(¢) > 0.
lim;_,, v(t) = —o0, then we obtain a contradiction to the boundedness of y(t). Hence

the proof of the theorem is complete. ]
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Theorem 3.4.12. Let —1 < py < p(t) < 0. Suppose that (Hs), (H7), (Hi4), (His)
and (Hyz7) hold. Then every solution of (3.38) either oscillates or converges to zero as

t — oo.

Proof. Let y(t) be a non-oscillatory solution of (3.38) on [ty, 00), ty = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Then there exists t; > to such that y(«a(t)) > 0,y(5(t)) > 0,y(o(t)) > 0
for t > t;. Setting z(¢),k(t), v(t) as in (3.6), (3.39) and (3.40) respectively, we get
(3.41) and (3.42) for t > t;. Clearly, w™ 3 (¢),w™ 4 (t),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [ta, 00), ta > ;.
If w(t) > 0 for t > t, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t,. Now
w(t) > 0 implies (b(t)v'(t))’ > 0 for t > 5, which in turn implies b(t)v'(t) is monotonic

=
function. Thus, v'(t) > 0 or <0 for ¢ > t3 > 1.

Case L. If v'(t) > 0 for t > t3, then 2/(¢) > 0 eventually, thus we have two cases:

z(t) > 0or 2(t) <0 fort >ty > t5.

Subcase (i): If z(t) > 0 for ¢t > t4, then proceeding same as in Subcase (i) of

Case I of Theorem 3.4.8, we get a contradiction due to (H7).

Subcase (ii): If z(t) < 0 for t > t4, then proceeding same as in Subcase (i) of

Case I of Theorem 3.4.8, we get lim;_,, y(t) = 0.

Case II. If v'(t) < 0 for t > t3, then we have two cases; v(t) > 0 or v(t) < 0 for

t >ty > 13.

Subcase (1) If v(t) > 0 for t > t4, then proceeding same as in Subcase (iii)
of Case II of Theorem 3.4.8, lim; ,, y(t) = 0.

Subcase (iv): If v(t) < 0 for t > t4, then proceeding same as in Subcase (iv) of
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Case II of Theorem 3.4.8, we get a contradiction due to y(t) > 0.

If w(t) < 0 for t > to, then (b(¢)v'(t))" < 0 for t > t5. Thus, v'(t) > 0 or v/(t) < 0 for

t > t3 > 1.

Case III. Suppose v'(t) > 0 for t > ts. Since, w™ 2 (t) < 0 eventually, then either

w3 (¢) > 0 or < 0 eventually.

Subcase (v): Suppose w3 (t) > 0 eventually. Now v'(t) > 0 and k'(t) < 0

implies that 2’(¢) > 0 eventually. Hence, z(t) > 0 or < 0 eventually.

If z(t) > 0 eventually, then proceeding same as in Subcase (v) of Case III of Theo-

rem 3.4.8, we get a contradiction to (H7).

If 2(t) < 0 for t > ty > t3, then proceeding same as in Subcase (v) of Case III of

Theorem 3.4.8, we get lim; . y(t) = 0.

Subcase (vi): If w3 (t) < 0 eventually, then using (Hs) and proceeding same

as in Subcase (i) of Case III of Theorem 3.4.2, we get a contradiction due to v'(t) > 0.

Case IV. Suppose v'(t) < 0 eventually. Since w™=2(t) < 0 eventually, we have two

cases; w3 () > 0 or w3 (t) < 0 eventually.

Subcase (vii): If w3 (t) > 0 eventually, then proceeding same as in Subcase
(vii) of Case IV of Theorem 3.4.11 for v(t) > 0 part, we get lim; - y(t) = 0 and for

v(t) < 0 part we get a contradiction due to y(t) > 0.

Subcase (viii): If w3 (t) < 0 eventually, then first consider If v(t) > 0 even-

tually, then lim; ., v(t) < oo.
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If 0 < limy,oov(t) < o0, then proceeding same as in Subcase (viii) of Case IV of
Theorem 3.4.11, we get a contradiction due to (Hy7).

If lim; o v(t) = 0, then lim; ,, y(t) = 0.

If v(t) < 0 eventually, then proceeding same as in Subcase (viii) of Case IV of The-
orem 3.4.11, we get a contradiction due to y(¢) > 0. Hence proof of the theorem is

complete. O

Example 3.4.13. Consider the differential equation
. 1 Y /21 @ . t
({0 ) )+ (Gt ¥)r(5)

.
~2t(] 4 p-2htw y( 2)
_ A+ e 0, t>4. (3.51)

ez i

It is easy to verify that the conditions (Hs), (H7), (Hy4), (His) and (Hi;) are satisfied,

00|+

so equation (3.51) satisfies the hypothesis of Theorem 3.4.12. Thus, every solution of
(3.51) either oscillates or tends to zero as t — oo. Indeed, y(t) = e~* is such a solution

of (3.51).

3.5 Conclusion

Note that by putting G(u) = u and k; = 1 condition (Hg) of Theorem 3.2.5, condition
(Hyg) of Theorem 3.2.7 reduces to the condition (2.1) of Theorem 2.1 and the condition

(2.14) of Theorem 2.2 of Li, Zhang and Xing [60] respectively.
Glu)
G(u) = u(l +v?) and G(u) = u(k; + €*) for k; > 0.

In Theorem 3.2.17, we may note that (H;3) together with (H,) imply (H7). But

The prototype of G satisfying > ki > 0 for u # 0 and some k; > 0 may take

the converse need not be true.

In Theorem 3.4.5 and Theorem 3.4.11, we may note that (Hy7) together with (Hy)
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imply (Hi6). But the converse need not be true.

In this chapter we have studied the oscillatory and asymptotic nature of the solu-
tions of equations (3.1) and (3.38) respectively for the ranges 0 < p(f) < p; < 1 and
—1 < py < p(t) < 0 with Riccati Transformation technique. One can investigate the
behaviour of solutions of equations (3.1) and (3.38) for the ranges 1 < p(t) < oo and
—oo < p(t) < -1



Chapter 4

Oscillatory and Asymptotic
Behavior of Solutions of Fourth
Order Nonlinear Neutral Delay

Differential Equations

4.1 Fourth Order NDDE with fooo %)dt = 00.

In this chapter, we consider fourth order nonlinear neutral delay differential equations

with positive and negative coefficients of the form
(r(®) () + )yt —7))")" +q(OG(y(t — @) = h(H)H (y(t — B)) =0 (4.1)
and its associated forced equations
(r(®) () + )yt —7))")" +q(OG(y(t — @) = A H(y(t = B)) = f(1),  (42)

where ¢ € C([0,00), (0,00)), p € C([0, 5), R), h € C([0, 50), [0, 50)), f € C([0,00), R),
G and H € C(R,R) with uG(u) > 0, vH(v) > 0 for u, v # 0, H is bounded, G is
non-decreasing, 7 > 0, a« > 0 and 3 > 0.

The objective of this work is to study oscillatory and asymptotic behavior of the func-

81
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tional differential equations (4.1) and (4.2) under the assumption
(Hy) /oo g =
o r(t)
Because (4.1) and (4.2) are highly nonlinear, it is interesting to study both the equations
under (Hyp). If h(t) = 0, then (4.1) and (4.2) reduce to

(r(®) () + )yt —7))")" +a()G(y(t — @) =0 (4.3)

and

(r(®)(y(t) + )yt —7))")" + q(O)G(y(t — ) = f(t) (4.4)

respectively.

In [69], Parhi and Tripathy have studied the oscillatory and asymptotic behaviour
of solutions of (4.3) and (4.4) under the assumption (Hp). Their work showed that
if g(t) < 0, then it would be possible to obtain analogous results for oscillatory and
asymptotic behaviour of solutions of (4.3) and (4.4). The problem remains open as
to what happens if ¢(¢) changes sign. In particular, if ¢(t) = ¢*(t) — ¢~ (), where
gt (t) = max{0,q(t)} and ¢~ (t) = max{0, —q(t)}, then (4.3) and (4.4) can be viewed

as

(r(®) (@) +p()y(t —7))")" + " (OG(Y(t — @) — ¢ O)GyY(t —a)) =0 (4.5)

and

(r(®) (@) + p(t)y(t —7))")" + " (G (Yt — a)) — ¢ O)Gy(t — o)) = f(t)  (4.6)

respectively. Clearly, (4.5) and (4.6) are particular case of (4.1) and (4.2) respectively.
Hence to enclose our prediction, the present work is devoted to study the more general
equations of the type (4.1) and (4.2) rather than (4.5) and (4.6). On the other hand,
(4.3) and (4.4) are special cases of (4.1) and (4.2) respectively and hence study of (4.1)
and (4.2) are more illustrative in view of (Hp). The results in this section are new and
generalize the earlier work of [69].

Keeping in view of the above fact, the motivation of the present work has come from
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the work of Parhi and Tripathy [69]. Since last decade, the study of the behaviour
of the solutions of functional differential and difference equations with positive and
negative coefficients of first, second and higher order is a major concerned of area
of research. Most of the work dealt with the existence of positive solutions of the
functional equations. However, much attention has not given to oscillation results
during this period. To the best of our knowledge there are no results till date on forth
order nonlinear neutral differential equations with positive and negative coefficients.
By a solution of (4.1) (or (4.2)) we understand a function y € C([—p, o), R) such
that (y(t) 4+ p(t)y(t — 7)) is twice continuously differentiable, (r(¢)(y(t) + p(t)y(t — 7)))
is twice continuously differentiable and (4.1)( or (4.2)) is satisfied for ¢ > 0, where
p = maz{r,a, 5} and sup{|y(t)|;t > to} > 0 for every t > t5. A solution of (4.1) (
or (4.2)) is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is called

nonoscillatory.

4.2 Oscillation Criteria for Homogeneous Equation
with fooo 7nét—t)alt = 0.

In this section, sufficient conditions are obtained for oscillatory and asymptotic be-
haviour of all solutions of (4.1) under the assumption (Hp). We need the following

lemmas for our use in the sequel.

Lemma 4.2.1. ([69, Lemma 2.1]) Let (Hp) hold. Let u be a twice continuously differ-
entiable function on [0, c0) such that r(¢)u”(t) is twice continuously differentiable and
(r(t)u”(t))” < 0(z 0) for large t. If u(t) > 0 ultimately, then one of the cases (a) or
(b) holds for large ¢, and if u(¢) < 0 ultimately, then one of the cases (b), (c), (d) or
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(e) holds for large ¢, where

(a) u/'(t) >0, u"(t) > 0 and (r(t)u”(t)) > 0,
(b) u'(t) > 0, u"(t) <0 and (r(t)u"(t)) >0,
(c) W'(t) <0, u"(t) <0 and (r(t)u"(t)) >0,
(d) u/(t) <0, u"(t) <0 and (r(t)u"(t)) <0,

Lemma 4.2.2. ([69, Lemma 2.2]) Let the conditions of Lemma 4.2.1 hold. If u(t) > 0

ultimately, then u(t) > Rp(t)(r(t)u”(t)) for t > T > 0, where Ry(t) = th %ds.

Remark 4.2.3. Notice that Rp(t) is increasing function.

Lemma 4.2.4. [42] Let F, G, P : [tp,00) — R and ¢ € R be such that F(t) =
G(t)+ P(t)G(t—c), for t > ty+max{0,c}. Assume that there exists numbers Py, Ps, Ps
and P, € R such that P(t) is in one of the following ranges:

(1) —co<PL<Pt)<0, (2) 0SPH<P<1, 3) 1<P3<P(t)< P < oo

Suppose that G(t) > 0 for t > t¢, liminf, ,,, G(¢) = 0 and that lim; ,, F'(t) = L €
R exists. Then L = 0.

The results in this section will make use of the following conditions on the functions
in equations (4.1) and (4.2):
(Hy) [° = f th(t)dtds < oo;
(Hg) there exists A > 0 such that G(u) + G(v) > AG(u+v),u > 0,v > 0;
(Hs) G(u)G(v) = G(uv) for u,v € R and H(—u) = —H(u) for u € R;
(H4) G is sublinear and fo j < oo forall ¢ > 0;
(Hs)

Hy) [ Q(t) ,Q<>:mm{q<t>,q<t—r>}fortzf.

Theorem 4.2.5. Assume that conditions (Hy) — (Hs) hold, T < «, p1,p2 and ps are
positive real numbers. If (i) 0 < p(t) < p; <1 orl < py < p(t) < ps < oo holds, then

every solution of (4.1) either oscillatory or converges to zero as t — 0.
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Proof. Assume that (4.1) has a nonoscillatory solution on [tg, 00), ty > 0 and let it be
y(t). Hence, y(t) > 0 or < 0 for t > ty. Suppose that y(t) > 0 for ¢t > ;. Define the

functions
z(t) = y(t) + pt)y(t —7), (4.7)
K(t) = /too i(_s)t /Oo(e — S)h(6) H(y(6 — B))d6ds. (4.8)

Note that condition (H;) and the fact that H is bounded function implies that K (t)

exists for all ¢t. Now if

w(t) = z(t) = K(t) = y(t) + p(t)y(t — 7) = K(t), (4.9)

then from (4.1), we obtain

(r(t)w"(t))" = —q()G(y(t — a)) < 0(Z 0), (4.10)

for t > to + p. Clearly, w(t),w'(t), r(t)w"(t), (r(t)w”(t))" are monotonic functions on
[t1,00),t1 > to + p. In view of Lemma 4.2.1, we have to consider two cases, viz.,
w(t) > 0 or w(t) < 0 for t > ¢;. Suppose the former holds. By the Lemma 4.2.1, any
one of the cases (a) or (b) holds. Using (H) and (Hj), we obtain

0 = (r@w"®)" +¢O)Gy(t — ) + Gpy) (r(t = T)u"(t = 7))"
( )

+ Glp)g(t —=7)Gy(t =7 —a)
> (rw"(1))" + Gpa)(r(t = T)w"(t = 7))" + AQHG(y(t — a) + pry(t — o — 7))
> (r(w"(t)" + Gp)(r(t = T)w"(t = 7))" + AQ(H) G (2(t — a)) (4.11)

for t >ty > t1. From (4.8), it follows that K(¢) > 0 and K'(t) < 0, and so w(t) > 0
implies w(t) < z(t) for t > to. Therefore, (4.11) yields

(r®)w" ()" + G(p)(r(t — T)w"(t — 7)) + AQ(t)G(w(t — a)) <0, (4.12)
for t > tq, that is

0 > () + Clp)r(t — Py — 7))
+ AQ(t)G(Rp(t — a)(r(t — a)w”(t — a))’)
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due to Lemma 4.2.2, for t > T + p > t5. Hence
0 > (r®w" ()" +Gp)(r(t — m)w"(t —7))"
+ AQH)G(Rr(t — a))G((r(t — a)uw"(t — a))"),
that is,
AQG(Rr(t — ) < —[G((r(t — a)w"(t —a)))] " (r(t)w"(t))"

— G(p)[G((r(t = e)w"(t — ) ) (r(t = T)w"(t — 7))
=[G ((r)w" (1)) (r(t)w" ()"
— Gp)[G((r(t = m)w"(t — 7)) (r(t = 7" (t = 7))".

IN

Since limy_,oo (r(t)w”(t)) < oo, then using (Hy) the above inequality becomes

T QWG(Re(t — a))d < oo,

T+p
which contradicts (Hs) since Ry (t) is monotonic increasing function.

Next, we assume that w(t) < 0 for ¢ > ¢;. Then 2(t) — K(t) < 0 implies y(t) <
z(t) = y(t) + p(t)y(t — 7) < K(t). Thus, y(¢) is bounded since K(t) is bounded and
monotonic. By the Lemma 4.2.1, any one of the cases (b), (c), (d) or (e) holds.

Consider the case (b). Since lim; o, K(t) exists, lim; o w(t) exists, and so
limy_, o 2(t) exists. Furthermore, lim;_, . (r(¢)w”(t))" exists, and an integration of (4.10)
implies

/OO Q)G (y(t — a))dt < oo.
t
Hence, it is easy to verify that liminf, ,,, y(¢) = 0 due to (Hs). It then follows from
Lemma 4.2.4 that lim; . 2(¢t) = 0. Thus, lim;_,., y(t) = 0 since z(t) > y(t).

To see that cases (c¢) and (d) are not possible, first note that w(t) < 0, y(t) is
bounded, lim; ., K (t) exists and hence lim; ., w(t) exists. On the otherhand, inte-
grating successively, w”(t) < 0 from t; to t(> t1), yields lim; o w(t) = —oo, which is
a contradiction.

Consider the case (e). In this case r(t)w”(t) is nondecreasing on [t;, 00). Hence

for t > tq, r(t)w”(t) > r(t1)w"(t1), that is,

tw(t) > ——r(t)w" (). (4.13)

o,
r(t)
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Integrating (4.13) from ¢; to t, we obtain

S

tw'(t) > w(t) —w(ty) + tw'(ty) + r(tl)w”(tl)/ ds,

0 7(s)
that is, tw'(t) > 0 for large ¢t due to (Hy), a contradiction.
Finally, we assume that y(¢) < 0 for ¢ > ¢y. From (Hs), we note that G(—u) =
—G(u) and H(—u) = —H(u),u € R. Indeed, G(1)G(1) = G(1) and G(—1)G(—1) =
G(1) implies that G(—1) = —1 and G(1) = 1. Hence putting x(t) = —y(t) for t > t,

we obtain z(t) > 0 and

(r(®)(z(t) + p(H)z(t — 7))")" + q()G(2(t — ) — h(t)H(x(t — §)) = 0.

Proceeding as above, we can show that every solution of (4.1) either oscillates or

converges to zero as t — co. This completes the proof of the theorem. O

Example 4.2.6. Consider

(y(t) + e >y(t — 3))) + e 2y3(t — 6)

1
5(t—1
—6_%(26_% tei 4 2% + 626_312;)% =0, (4.14)

for t > 7. It is easy to verify that the hypothesis of Theorem 4.2.5 are satisfied. Thus,
—t

every solution of (4.14) either oscillates or tends to zero as t — oco. Indeed, y(t) = e

is such a solution of (4.14).
The following corollary is immediate.

Corollary 4.2.7. Under the conditions of Theorem 4.2.5, every unbounded solution of
(4.1) oscillates.

Theorem 4.2.8. Assume that conditions (Hy) — (Hs), (Hs), 7 < a and
(Hg) %2% for x1>x9 >0 and o > 1 hold.

If (i) 0 <p(t) <p1 <1or(ii)l <ps <p(t) <ps < oo holds, then every solution of

(4.1) is either oscillatory or tends to zero as t — oo.
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Proof. Proceeding as in the proof of Theorem 4.2.5, we obtain

(r(®)w"(t))" + Gp)(r(t = T)w"(t = 7))" + AQH)G(2(t — @) <0

88

(4.15)

for t > to. In view of (4.10) and Lemma 4.2.1, w(¢) is nondecreasing, there exists k > 0

and t3 > ty such that w(t) > k for ¢ > t3. Hence use of (Hg) along with Lemma 4.2.2,

we obtain

Gt —a)) = (Gt —a))/w(t —a))w(t - o)

= (GR)/R7)(w”(t — )
> (G(R)/E7)RL(t = a)((r(t — )u"(t — @)))?

fort > T+ a > t3+ «a. Using (4.16) in (4.15), we obtain

MG(R)/E7)R7(t — a)Q(6)((r(t — a)w"(t — @)))”

that is,

<

IN

IN

AQM)G(w(t — )
AQ)G(2(t — a))

—(r(Hw" ()"

—G(py)(r(t = m)w"(t = 7))",

MG(R)/R)Rp(t —a)Q(t) < —[(r(t = )w"(t = a)) T [(r(B)w"(1))"

(4.16)

for t > T + «. Since limy_,o (r(t)w”(t))" exists and Rr(t) is nondecreasing, then pro-

ceeding as in the proof of Theorem 4.2.5, we obtain

+a

/00 R7.(t — a)Q(t)dt < o0,

which contradict (Hs). The proof in case w(t) < 0 is same as in Theorem 4.2.5. Thus

the theorem is proved.

]
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Corollary 4.2.9. Under the conditions of Theorem 4.2.8, every unbounded solution of
(4.1) oscillates.

In our next theorem we are able to replace conditions (H3) and (H,) in Theorem

4.2.5 with conditions (H;) and (Hg) below.

Theorem 4.2.10. Assume that conditions (Hy)-(Hs), (Hs), 7 < a and

(H7) G(u)G(v) > G(uv) foru > 0,v > 0;

(Hs) G(—u) = —G(u),H(—u) = —H(u),u € R hold.

If (i) 0 <p(t) <p1 <1or (i)l <py <p(t) <ps < oo holds, then every solution of

(4.1) either oscillates or converges to zero as t — oo.

Proof. Proceeding as in the proof of the Theorem 4.2.8, in case w(t) > 0 we have (4.15)
for ¢ > t5. Since w(t) is nondecreasing, then there exist & > 0 and t3 > t5 such that
w(t) > k for t > t3, that is, z(t) > w(t) > k for t > t3. Consequently, inequality (4.15)

yields

AG(k) /OO Q(t)dt < oo,

a contradiction to (H;). The rest of the proof is similar to the Theorem 4.2.5. This

completes the proof of the theorem. n

Example 4.2.11. Consider

(y(t) +e 2y (t — 27T))(i”) + (4 +Te He Ty (t — 47)

&
—24e772 (1 + e 21 cos? t) =0, (4.17)

1+y2(t—§>

for ¢t > 13. Clearly, (Hy) — (Hz), (Hs), (H7) and (Hy) are satisfied. Hence by Theorem

4.2.10 every solution of (4.17) either oscillates or converges to zero as t — oo. In

particular, y(t) = e *sint is such a solution of (4.17).

Corollary 4.2.12. Under the conditions of Theorem 4.2.10, every unbounded solutions
of (4.1) oscillates.
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Remark 4.2.13. In Theorems 4.2.5 and Corollary 4.2.7, G is sublinear only, whereas
in Theorem 4.2.8 and Corollary 4.2.9, G is superlinear. But in Theorem 4.2.10, G could

be linear, sublinear or superlinear.

Next, we consider the case where p(t) is negative. Here p4, ps and pg are negative

and real numbers.

Theorem 4.2.14. Let —1 < p, <p(t) <0, (Ho), (H1), (Hs), (Hy) and
(Ho) Jy a(t)dt = oo

hold, then every solution of (4.1) either oscillates or tends to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (4.1). Because of (H3), without loss of
generality we may suppose that y(¢) > 0 for t > ¢y > 0. Setting as in (4.7), (4.8) and
(4.9) we obtain (4.10) for t > to + p. By Lemma 4.2.1, w(t) is monotonic on [t1,00),
ty > to+ p. If w(t) > 0 for t > t;, then any one of the cases (a) or (b) of Lemma
4.2.1 holds. Consequently, w(t) > Rp(t)(r(t)w”(t)) for t > t5 > t; by Lemma 4.2.2.
Moreover, w(t) < y(t) since p(t) < 0 implies that y(t) > Ry(t)(r(t)w"(t))" for t > ty
and hence (4.10) becomes
/OO q(t)G(Rr(t — a))dt < oo,
tota

which contradict (Hy) since G, and Ry are increasing functions. Hence, w(t) < 0 for
t > t1, and so any one of the cases (b), (c), (d) or (e) of Lemma 4.2.1 holds.

We claim that y(t) is bounded. If this is not the case, then there is an increasing
sequence {1, }°°; such that 7, — oo and y(n,) — oo asn — oo and y(n,) = max{y(t) :

t1 <t <m,}. We may choose n large enough such that n, — 7 > ¢;. Hence

0 > wn) 2 y®) + pay(nn —7) — K(n) = (14 pa)y(na) — K (1)

Since K (7,) is bounded and (1 + ps) > 0, then w(n,) > 0 for large n which is a
contradiction.
The proof of the cases (c), (d) and (e) cannot hold are similar to the correspond-

ing cases in the proof of Theorem 4.2.5. If (b) holds, then as in proof of Theorem 4.2.5
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we obtain liminf, ,., y(t) = 0. Hence, lim; ., 2(t) = 0 by Lemma 4.2.4. Consequently,

0 =limsupz(t) > limsup(y(t) + psy(t — 7))

t—o0 t—o0

> limsupy(t) + li{n inf(pay(t — 7))
—00

t—o00

= limsupy(t) + pslimsupy(t — 7)

t—o0 t—o0
= (14 p4)limsupy(t).
t—00

Since (1 + p4) > 0, limsup,_, . y(t) = 0. Hence, lim;_,o, y(t) = 0. This completes the
proof of the theorem. O

Corollary 4.2.15. Under the conditions of Theorem 4.2.14, every unbounded solution
of (4.1) oscillates.

Theorem 4.2.16. Assume that conditions (Hy), (Hy), (Hs), (Hy) and (Hg) hold. If
—00 < ps < p(t) < ps < —1, then every bounded solution of (4.1) either oscillates or

tends to zero as t — 00.

Proof. Let y(t) be bounded nonoscillatory solution of (4.1), on [tg, 00),tg > 0. With
(4.7), (4.8) and (4.9) as above, we obtain (4.10) for ¢ > ty+ p. Hence from Lemma 4.2.1,
w(t) is monotonic on [t1,00),t; > to+ p. If w(t) > 0 for ¢ > 1, then one of the cases
(a) or (b) of Lemma 4.2.1 holds. Consequently, w(t) > Rr(r(t)w”(t)) for t > T > t;
by Lemma 4.2.2. Moreover, w(t) < y(t). Choose ty € [T, 00) such that t —« > T for
all t € [ta,00). Then, y(t — a) > Rr(t — a)(r(t — o)w”(t — «))’ for t > ty and (4.10)
becomes
/ " OG(R(t - a))dt < oo,
t2

which contradicts (Hyg) since G, Ry are inceasing. Hence, w(t) < 0 for ¢t > 1, so one of
the cases (b), (¢), (d) or (e) of Lemma 4.2.1 holds.

In case (b), since w(t) < 0,w'(t) > 0, and lim;_,, K () exists, we have lim;_,, z(t)

!/

exists. Furthermore, limy; o (r(t)w”(t))" exists. Integrating (4.10) from ¢y to ¢, we

obtain

/ T (OGy(t — a))dt < oo,

t2
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which implies that liminf, .., y(¢) = 0 = liminf, ,, y(t — a) due to (Hy). Hence,
lim; o 2(t) = 0 by Lemma 4.2.4. Therefore,

0 =liminf z(¢) = litrgglf(y(t) +pt)y(t — a))

t—o00

< limsupy(t) + li%n inf(pey(t — )
—00

t—o00

= limsupy(t) + pglimsup y(t — «)

t—00 t—o00

= (14 pe)limsupy(t).

t—o0

Since (1 + pg) < 0, we have limsup,_, . y(t) <0, so lim;_, y(t) = 0.
Cases (c¢) and (d) are not possible since w(t) < 0 for t > t;, y(t) is bounded and
lim;_, o, K (t) exists.
If Case(e) holds, we have r(t)w”(t) is nondecreasing on [t1,00). Hence ¢t > t5 >
t1, r(t)w"(t) > r(ta)w”((t2) > 0, so
(1) > r(t)w () ——.
r(t)
Integrating the above inequality from %, to ¢, we obtain

bl (1) = w(t) — w(ts) + taw!(t) + F(t2)u” (1) / 5 s,

t2 T(S)
that is, tw'(t) > 0 for large t due to (Hy), is a contradiction. This completes the proof

of theorem. O]

4.3 Oscillation Criteria for Non-Homogeneous Equa-

tion with fooo %)dt = 00.

This section is devoted to study the oscillatory and asymptotic behavior of solutions of
forced equations (4.2) with suitable forcing functions. Our attention is restricted to the
forcing functions which are eventually change sign. we have the following hypotheses
regarding f(t).

(H1o) There exists F € C?([0, 00), R) such that —oco < liminf; o, F/(t) < 0 < limsup,_, .,
F(t) < oo, rF" € C?*([0,00),R) and (rF")" = f.
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(H11) There exists F € C?([0, 00), R) such that liminf, ., F(t) = —oo, limsup,_,,, F(t) =
oo, rF”" € C?([0,00),R) and (rF")" = f.

Theorem 4.3.1. Let 0 < p(t) < p1 < oo. Assume that (Hy)-(Hz), (Hz), (Hs) and
(H11) hold. If

(Hy2) lim sup/ Q(s)G(F(s — a))ds = +oo and

t—o00

t—o00

t
lim inf/ Q(s)G(F(s — a))ds = —o0
hold, then every solution of equation (4.2) is oscillatory.

Proof. Let y(t) be a non oscillatory solution of (4.2) such that y(t) > 0 for t > ¢, > 0.
Defining z(t), K (t), w(t) as in (4.7), (4.8) and (4.9), respectively, equation (4.2) becomes

(r(w"(t)" + a(t)G(y(t — o)) = f(1). (4.18)
Let
v(t) = w(t) — F(t) = 2(t) — K(t) — F(t). (4.19)
Then, for t > to + p, equation (4.2) becomes
(r@v"(t))" = —q()G(y(t — a)) < 0( 0). (4.20)

Thus, v(t) is monotonic on [t;,00), t; > to + p. Suppose v(t) > 0 for ¢ > ¢; so that
Case (a) or (b) of Lemma 4.2.1 holds. Then z(t) > K(t) + F(t) > F(t) for t > t;.
Applying (Hs) and (H7) yields
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for t >ty > t1. Integrating the inequality (4.21) from ¢, + « to ¢ and taking lim sup as
t — o0, we get
¢
lim sup Q(s)G(F(s — a))ds < o0,
t=oo  Jtyta
which is a contradiction to (Hs).
Therefore, v(t) < 0 for ¢ > ¢;. Thus any one of the cases (b), (c), (d) or (e) of
Lemma 4.2.1 holds. Since v(t) < 0, then for each these cases z(t) — K(t) < F(t). Thus,
(Hyp) implies liminf; ., z(t) = —o0o, a contradiction to the fact that z(¢) > 0. This

completes the proof of the theorem. n

Example 4.3.2. Consider

(y(t) + (e + 1)y(t — 27r))<i”) + 4e*™y(t — 47)

y(t —61)

—100e 72T (1 4+ 7 sin®(t — 0y)) ——5 ———
( ( 1))1+yQ(1t—01)

= —4e""Fsint,  (4.22)

for ¢ > 74, where tan §; = 2. Indeed, if we choose F(t) = e'~*" sint, then (r(t)F"(t))" =
7).

Clearly, (Hy) — (Ha),(H7), (Hg), (H11) and (Hja) are satisfied. Hence Theorem
4.3.1 can be applied to (4.22), that is, every solution of (4.22) oscillates. Indeed,

y(t) = e'sint is such a solution of (4.22).

Theorem 4.3.3. Let —1 < p(t) < 0. Suppose that (Hy), (Hy), (Hs) and (Hyy) hold.
If

(Hi3) lim sup/ q(s)G(F(s — a))ds = 400 and

t—o00

lim inf/ q(s)G(F(s — a))ds = —c0

t—o0
also hold, then every bounded solution of (4.2) oscillates.
Proof. Proceeding as in the proof of the Theorem 4.3.1, we obtain (4.20) for ¢ > ¢, >

to + p. Thus, v(t) is monotonic, so v(t) > 0 or v(t) < 0 for large ¢t. If v(t) > 0 for

t > t1, then either case (a) or case (b) of Lemma 4.2.1 holds for ¢ > ¢;. Since v(?) is
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monotonic, z(t) > z(t) — K(t) > F(t) implies that z(t) > F(t), so y(t) > z(t) > F(t)
for t > t;. Choose ty € [t1,00) such that ¢t —a >t for all t € [ta, 00). Hence, for t > ¢,

y(t —a) > z(t — a) > F(t — ). From (4.20), we have

q(O)G(F(t — a)) < q(t)G(y(t — a)) = = (r(H)v"(1))"

for t > t5. An integration yields a contradiction to (Hi3).
Now assume v(t) < 0 for ¢t > t;. Thus, 2(t) — K(t) < F(t) and condition (Hy;)
implies that lim inf, ,,, 2(t) = —oo. This contradicts the fact that y(¢) is bounded. This

completes the proof of the theorem. O

Theorem 4.3.4. Assume that (Hy)-(H2), (H7), (Hg), (Hi) and (Hia) hold. If 0 <

p(t) < p1 < oo holds, then every unbounded solution of (4.2) oscillates.

Proof. Let y(t) be an unbounded nonoscillatory solution of (4.2) such that y(t) > 0
for t > tg. Using (4.7)-(4.9) and (4.18), we obtain, inequality (4.20) for t > ¢y + p.
Thus, v(t) is monotonic on [t1,00), t1 > ty + p. First assume v(t) > 0 for all ¢t > ¢;.
Proceeding as in the proof of the Theorem 4.3.1, we obtain contradiction. Hence,
v(t) < 0 for t > t;. From Lemma 4.2.1, it follows that any one of the cases (b), (c),
(d) or (e) holds. In case (b), lim; . v(t) exists and hence z(t) = v(t) + K(t) + F(t),
implies that

y(t) <o(t) + K(t)+ F(t). (4.23)

That is, y(t) is bounded, which is a contradiction. For each of the cases (c), (d) or
(e), v(t) is a nonincreasing function on [t1,00), so let limy o, v(t) =1, | € [—00,0). If

[ = —o0, then (4.23) yields

liminfy(t) < limsupo(t)+ li%n inf(K(t) + F(t))
—00

t—o0 t—00
< limsupv(t) 4+ lim sup K (¢) + lim inf F(¢)
t—00 t—00 t—o0

lim v(t) + lim K(t) 4 liminf F(¢)
t—o0 t—o0 t—o0

that is, liminf, ,, y(t) = —oo, which is a contradiction.
If —oo < I < 0, then in cases (c¢) and (d), v/(t) is decreasing. Successive

integrations of v”(t) again show that lim; ., v(tf) = —o0, a contradiction. If Case (e)
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holds, y(t) < v(t) + K(t) + F(t) < K(t) + F(t), which contradicts the unboundedness
of y(t). This completes the proof of the theorem. ]

Example 4.3.5. Consider
(y(t) + (et 4+ Dy(t — 21)) ) + ely(t — 27)

—4
—e ylt —4m) = sint (4.24)
1+ y2(t — 4m)

for t > 13. It is easy to verify that the hypothesis of Theorem 4.3.4 are satisfied. Thus,

every solution of (4.24) either oscillates or tends to zero as t — oo.

Our final theorem in this section gives sufficient conditions for equation (4.2) to

have a bounded positive solution.

Theorem 4.3.6. Let 0 < p(t) < p; <1, (Hy) and (Hyp) hold with
1 1
——(1—py) <liminf F(t) < 0 < limsup F(¢) < =(1 — py).
8 t—o0 t—00 4

Furthermore, assume that G and H are Lipschitzian on the intervals of the form [b, ],

/Ooo % /:o tq(t)dtds < oo

holds, then (4.2) admits a positive bounded solution.

O<b<c<oo. If

Proof. 1t is possible to choose t; > 0 large enough such that for ¢ > ¢, > 0,

/to Tt)/t sh(s)dsdt < 1

— sq(s)dsdt < ,
/to r(t) J, () 4L

where L = maxz{Ly, Lo, G(1), H(1)} and L, Ly are Lipschitz constants of G and H on
[3(1 — p1), 1] respectively. Let X = BC([ty,o0),R). Then X is a Banach Space with

8

and

respect to supremum norm defined by

[|z]| = sup{[z(t)[}-

t>tg
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Let
1
S:{xEng(l—pl) <z(t) < 1,t >t}

Hence S is a complete metric space. For y € S, we define
Ty(to + p),t € [to, to + p]
Ty(t) = —p)y(t —7) + 3(1+p1) + F(t) + K(t)

— G T (= 8)q(w)Gy(u — a))du)ds,t > to + p
Indeed,

K(t) :/t ) / (u—s)h(u)H (y(u — B))duds

§H<1)/toor

‘ C’J ’

> 1
/ uh(u)duds < Z<1 — 1)

—~

s)

implies that

I+pr 1=p1 1-—p
2 + 4 + 4

Ty(t) < = 1.

On the other hand,

/too i(—s)t /:O(u — $)q(u)G(y(u — a))duds < 1 —4p1

implies that

Ty(t) > 1+ 51+ p1) = (=) = (1= ) = <(1 = o).

Hence Ty € S, that is, T': S — S.
Next, we show that T is continuous. Let yx(t) € S such that limy_, [|yx(t) —y(¢)|| =0
for all t > to. Because S is closed, y(t) € S. Indeed,

(Ty) = (Ty)| < p(O)]yr(t = 7) —y(t = 7]

+ /too i(_S; /:o(“ —38)q(u)[-G(yr(u — a)) + G(y(u — «))]duds
0 o ¢ 00
H T2 [ - sttt 5) - o - 8)duds
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< prlyr(t = 7) —y(t = 7)]

[o¢] S_t o0
+/t T(S)/S (u — 8)q(w)|G(yx(u — @) — G(y(u — a))|duds

[e e} s—1 o]
+/t (s) / (u— s)h(u)|H(yp(u — 8)) — H(y(u — B))|duds

o0 S o
< —yll + Lulye — = dud
<l =l + Dl =l [ [ watuyduds
o0 s o0
+Lally —y/ —/ uh(u)duds,
QHk H \ 7’(8) \ ()

implies that

I—-pr 1-p
—0
1 1 ]

rufyw-—<Tyﬂ|s|wk—-yH@n4- i

as k — co. Hence T is continuous.
In order to apply Schauder’s fixed point theorem [42] we need to show that Ty

is precompact. Let y € S. For t5 > ty,

|(Ty)(t2) — (Ty)(t1)] < |p(t2)y(ta — 7) — p(t1)y(ts — 7)| 4+ |F(t2) — F(t1)]
/t o / (u— s)h(u)H (y(u — B))duds

_lﬁs_hlww—@MWHQW—ﬁmmw
/MS_QZWW—ﬁamawm-a»mw
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= Ip( 1;2 y(tz — T) p(t)y(ts — 7)| + [F(t2) — F(t1)]
’ o t (u— s)h(u)H (y(u — B))duds

‘ /t2 w0 t (u = s)q(u)G(y(u — o))duds

as ty — t;.

Thus, Ty is precompact. By Schauder’s fixed point theorem T has a fixed point, that
is, Ty = y. Consequently, y(t) is a solution of (4.2) on [§(1 — p1),1]. This completes
the proof of the theorem. O

Remark 4.3.7. Theorems similar to Theorem 4.3.6 can be proved in other ranges of
p(t). Moreover, using other fixed point theorems such as Banach Fixed Point Theorem
or Krasnosel’skii’s Fixed Point Theorem etc. one can establish the existence of bounded

positive solution of (4.2).

4.4 Fourth Order NDDE with fo Tt dt < o0.

In this section, we would like to study the oscillatory and asymptotic behaviour of the

solutions of (4.1)/(4.2), under the assumption

(H1) I %dt < 00.

If h(t) = 0, then (4.1) and (4.2) reduce to (4.3) and (4.4) respectively. In [68], Parhi
and Tripathy have studied (4.3) and (4.4), under the assumption (Hy,). If h(t) # 0,
then nothing is known about the behaviour of solutions of (4.1)/(4.2). Therefore, an
attempt has been made to study the qualitative behaviour of the solutions of (4.1) and
(4.2) under the assumption (H;) and (Hy4). We need the following lemms for our use
in the sequel.

Lemma 4.4.1.[68] Let (Hy4) hold. If w(t) is an eventually positive twice continu-

ously differentiable function such that r(¢)u”(t) is twice continuously differentiable and
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(r(t)u"(t))” <0 (£ 0) for large ¢, then one of the following cases holds for large t:

(@) W'(t) >0,u"(t) >0 and (r(t)u"(t)) >0,
(b) W'(t) >0,u"(t) <0 and (r(t)u"(t)) >0,
() W'(t)>0,u"(t) <0 and (r(t)u"(t)) <0,
(d) u'(t)<0,u"(t)>0 and (r(t)u"(t)) >0

Lemma 4.4.2.[68] Suppose that the conditions of Lemma 4.4.1 hold. Then

() the following inequalities hold for large ¢ in the case (c¢) of Lemma 4.4.1:

d() > — (0 ()R, (1) > —r(t)u (1) / S

o or(s)]

u(t) > ktd'(t) and  u(t) > —k(r(t)u”"(t))tR(t),

where k > 0 is a constant and R(t) = [

s—t
" @ds

and

(@) u(t) = r(t)u"(t)R(t)
for large ¢ in case (d) of Lemma 4.4.1.
Lemma 4.4.3.[68] If the conditions of Lemma 4.4.1 hold, then there exist constants
k1 > 0 and ke > 0 such that k1 R(t) < u(t) < kot for large t.
Lemma 4.4.4.[68] Let (Hy4) hold. Suppose that z(t) be a real valued twice con-
tinuously differentiable function on [0, 00), such that r(t)z”(t) is twice continuously
differentiable with (r(¢)z"(t))” < 0 (£ 0) for large ¢. If z(¢) > 0 eventually, then one of

the following cases holds for large ¢:

(@) 2'(t)>0,2"(t) >0 and (r(t)z"(t)) >0,
(b) 2'(t) >0,2"(t) <0 and (r(t)z"(t)) >0,
(¢) 2'(t)>0,2"(t) <0 and (r(t)z"(t)) <0,

If z(t) < 0 for large t, then either one of the cases (b) - (d) holds or one of the following
cases holds for large t:
(e) 2'(t)<0,2"(t) <0 and (r(t)z"(t)) >0,

(f) 2'(t) <0,2"(t) <0 and (r(t)z"(t)) <O.
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4.5 Oscillation Criteria for Homogeneous Equation
. 00 ¢
with |, Hpdt < oo.

In this section, sufficient conditions are established for oscillation and asymptotic
behaviour of solutions of (4.1) under the assumption (Hy4). For our purpose, we need
the following assumptions:

(His) [ b(6)Q(H)G(R(t — a))dt = oo, where b(t) = min{R(t), R'(t — 1)}, v > 1,
to=>p>0,

(Hie) [, R ()G (R(t — @))gq(t)dt = o0, v > 1, tg > p > 0.

Remark 4.5.1. Since R(t) < [~ ~(5yds, then R(t) — 0 as t — oo in view of (Hyy4).
Remark 4.5.2. The prototype of G satisfying (Hs), (H;) and (Hg) is

G(u) = (a + blu|")|ul*sgnu, where a > 1,0 > 1,7 > 0 and p > 0. However
the prototype of G satisfying (Hy) and (Hs) is G(u) = |u|[*sgnu, A > 0. This G also
satisfies the assumption (Hs), (H7) and (Hg).

Theorem 4.5.3. Let 0 < p(t) < p; < lor 1l < py < p(t) < ps < co. Suppose that
(Hy) - (H3), (Hs), (Hy4) and (H;5) hold. Then every solution of (4.1) either oscillates
or tends to zero as t — 00.

Proof. Due to Remark 4.5.1, b(t) — 0 as t — oo. Hence (H;5) implies that

/t T OWG(R(t — )t = oo (4.25)

Assume that y(t) is a nonoscillatory solution of (4.1). Then y(¢) > 0 or y(t) < 0 for
t >ty > p. Let y(t) > 0 for t > ty. Setting z(¢), K(t),w(t) as in (4.7), (4.8), (4.9)
respectively, we obtain (4.10) for ¢t > t, + p. Consequently, w(t), w'(t), (r(t)w”(t)),
(r(t)w"(t))" are monotonic on [t;,00),t; > to + p. It follows that, either w(t) > 0 or
<0 fort >t. Let w(t) > 0 for t > t;. By the Lemma 4.4.1, any one of the cases (a),
(b), (c) or (d) holds. Suppose that any one of the cases (a), (b) or (d) holds. Using
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(Hs), (H3) and (Hj), equation (4.1) becomes
0 = (r@uw"®))" +q()Gy(t — a)) + G(p)(r(t — T)w"(t —7))"
+G(p1)g(t = 7)G(y(t — 7 — @)
> (r(w" ()" + Gpy)(r(t = T)w"(t = 7))" + AQ(HG(y(t — a)

+p1y(t - — 7'))
> (r(t)w"(1))" + Gp)(r(t — T)w"(t = 7))" + AQ()G(2(t — a))

for t >ty > t1, where we have used the fact that z(¢) < y(t) +p1y(t — 7). From (4.8), it
follows that K(t) > 0, K’'(t) < 0, and hence lim;_,,, K(t) exists due to (H;). Further,
w(t) > 0 for t > t; implies that w(t) < z(t) for t > to and thus the last inequality

yields
(r(Ow"(1))" + G(p1)(r(t — T)w"(t = 7))" + AQH)G(w(t — @) < 0,
for ¢ > t,, that is,
(r(®)w" ()" + G(p)(r(t — T)w"(t = 7))" + AG(k) Q)G (R(t — @) <0

due to (H3) and Lemma 4.4.3, for ¢t > t3 > t5. Integrating the above inequality from

ts to oo, we get

G (k) / T OMG(R( — a))di < oo,

a contradiction to (4.25). Next, we assume that the case (c¢) holds. Upon using Lemmas

4.4.2 and 4.4.3, we have
k(—r(t)w”(£))tR(t) < w(t) < kot
for t > t4 > t3. Hence,

—[((=r@®w"®)) ] = (v = D((=rOw"(®)) 7 (=rt)w" ()"

> (v = DLTR (t)q(t)G(y(t — a)), (4.26)
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where L = % > (0. Therefore,

—[((=r@w"®)) 1 = Gl)[(=r(t = r)u"(t = 7))

=z (v =DLR()q(t)CG(y(t — a))

+ Gp) R (t—=7)q(t —7)Gy(t — 7 — a))]
> Ay = DLDHQ)G(2(t — o))

> Ay = DLBH)Q)G(w(t — a))

> Ay = DLG(R)bH)QH)G(R(E — a))

implies that
A = DG(LT [ BORG(R(E— )it < .
tq
which contradicts (His). Let w(t) < 0 for t > ¢;. Since z(t) < K(t) and K(t)
is bounded, then y(t) is bounded. From Lemma 4.4.4, it follows that any one of
the cases (b) - (f) holds for ¢ > t5 > ¢;. In the cases (e) and (f) of Lemma 4.4.4,
limy_,, w(t) = —oo which contradicts the fact that y(t) is bounded and w(t) is bounded.

Consider the case (b) or (c), where —oo < lim;_,», w(t) < 0. Consequently,

0> limw(t) = limsup[z(t) — K(t)]
t—o0 t—r00

> limsuply(t) — K(2)]
t—o0

> limsupy(t) — lim K(t)
t—00 t—o0

= limsupy(t)
t—r00

implies that lim; . y(¢) = 0. We may note that lim;_,,, K (¢) = 0. Finally, let the case
(d) of Lemma 4.4.4 hold. Then lim; . (r(t)w”(t))" exists. Hence integrating (4.10)

from ¢, to oo, we obtain

/ Gt — a))dt < oo,

t2

that is,

/too Qt)G(y(t — a))dt < oo. (4.27)
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If liminf; . y(t) > 0, then (4.27) yields,

/t T Ot <

which contradicts (Hs) due to Remark 4.5.1. Hence liminf, ,,, y(t) = 0. Since
lim; o, w(t) exists, using Lemma 4.2.4, we obtain lim; ,., w(t) = 0 = limy_, 2(¢).
Moreover, z(t) > y(t) implies that lim; ., y(t) = 0.

If y(t) < 0 for t > ty, then we set x(t) = —y(t) for t > ¢y and

(r(®)(x(t) + p(t)z(t — 7))")" + q(t)G(x(t — @) — h(t)H (z(t — B)) = 0.

Proceeding as above, we obtain similar conclusion. This completes the proof of the
theorem.

Example 4.5.4. Consider

(4.28)

for t > 4. Clearly (Hy) - (Hs), (Hs), (H14) hold. Moreover,

(Hys) /Oo b(H)Q(H)G(R(t — o))dt = /Oo e re T e Bt = /Oo dt = o0

to to to
is satisfied, hence by Theorem 4.5.3, every solution of (4.28) either oscillates or tends
to zero as t — 00.
Remark 4.5.5. From Theorem 4.5.3, it revels that y(¢) is bounded in the case w(t) < 0
for t > t1, which further converges to zero as t — oo. However, this fact has not been
observed in the other case. Hence we have proved the following theorem.
Theorem 4.5.6. Let 0 < p(t) < p; < co. Suppose that (Hy) - (Hs), (Hs), (H14) and
(Hy5) hold, then every unbounded solution of (4.1) oscillates.
Remark 4.5.7. Since R(t) — 0 as t — oo, then (Hig) implies that

/00 G(R(t — a))q(t)dt = oc. (4.29)
to

Hence,

/ " gt)dt = oo, (4.30)

to
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Theorem 4.5.8. Let —1 < ps < p(t) < 0. If (Hy), (Hs), (H14) and (Hy6) hold, then
every solution of (4.1) either oscillates or tends to zero as t — co.

Proof. Let y(t) be a nonoscillatory solution of (4.1) such that y(t) > 0 for ¢ > ¢y > 0.
Setting z(t), K(t) and w(t) as in (4.7), (4.8) and (4.9) we obtain (4.10) for t > ¢, + p.
Hence w(t) is monotonic on [t1,00),t; >ty + p. Let w(t) > 0 for t > t;. Suppose that
one of the cases (a), (b) or (d) of Lemma 4.4.1 holds for ¢ > ¢;. From Lemma 4.4.3,
we have y(t) > w(t) > kyR(t) for t >ty > t; and hence (4.10) yields

/OO q(t)G(R(t — a))dt < o0, ts >t + «,

t3

a contradiction to (4.29). Next we consider the case (c). Proceeding as in the proof of
Theorem 4.5.3, we obtain (4.26). Further, y(t) > w(t) > ki R(t) for t > t5 by Lemma
4.4.3. Consequently, for t > t3 > t5 + «,

~[((=r(w"(®))' ) = (v = LG (k) R (H)q(t) G (R(t — a)). (4.31)
Integrating (4.31) from 3 to oo, we get

/OO qt)R"(t)G(R(t — a))dt < o0,

t3

a contradiction to (Hig).

If w(t) <0 for t > ty, then y(t) is bounded ultimately. Hence z(t) is bounded and
so also w(t). In what follows, none of the cases (e) and (f) of Lemma 4.4.4 arises. In
the case (b) or (¢), —oo < limy, w(t) < 0. Using the fact that lim;_, K(t) = 0, we

have limy_,o w(t) = limy_, 2(). Hence

0> limw(t) = lim 2(¢)
t—o00 t—00

= limsuply(t) + p(t)y(t — 7)]
— 00

> limsupy(t) + liminf(psy(t — 7))
t—00 t—o0

= limsupy(t) + pslimsup y(t — 7)
t—00 t—o0

= (14 ps)limsupy(t)

t—00

implies that limsup, . y(t) = 0, that is, lim; ., y(¢) = 0. Let the case (d) hold. Since
limy oo (r(t)w” ()" exists, then (4.10) yields that

/OO qt)G(y(t — a))dt < oo. (4.32)

t2
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If liminf; , y(t) > 0, then it follows from (4.32) that

/oo q(t)dt < oo

[2)

which contradicts (4.30). Hence liminf, ;o y(f) = 0. Using Lemma 4.2.4, we as-
sert that lim; . w(t) = 0 = lim;_, 2(¢). Proceeding as above, we may show that
lim sup,_, . y(t) = 0 and hence lim;_,, y(t) = 0.

If y(t) < 0 for t > ¢y, then one may proceed as above to obtain liminf, , y(t) = 0,

that is lim; ., y(t) = 0. This completes the proof of the theorem.

Theorem 4.5.9. Let —oo < p(t) < 0. If (Hy),(Hs),(H14) and (Hig) hold, then
every unbounded solution of (4.1) is oscillatory.
The proof of the theorem follows from the proof of Theorem 4.5.8. Hence the details

are omitted.

4.6 Oscillation Criteria for Non-Homogeneous Equa-

tion with [™ ;5dt < cc.

This section is concerned for the oscillation and asymptotic behavior of solutions
of (4.2) with suitable forcing functions. We restrict our forcing functions which are

allowed to change the sign eventually.

Theorem 4.6.1. Let 0 < p(t) < p; < oo holds. Assume that (H,), (Hz), (Hs), (H11), (H4),

(H) fimsup | B)Q(G(F(s - a))ds = +00

and li%n inf [ b(s)Q(s)G(F (s —a))ds = —o0
—00
hold, then every solution of (4.2) oscillates.
Proof. Note that condition (H;7) implies (Hjz). Suppose on the contrary that y(t) is
a non-oscillatory solution of (4.2) such that y(t) > 0 for t > ¢y > p. Setting as in (4.7),
(4.8), (4.9) and (4.19), equation (4.2) becomes (4.20) for ¢ > ¢y + p. Consequently, v(?)

is monotonic on [ty,00),t; >ty + p. Let v(t) > 0 for t > ¢;. Then

z(t) > K(t)+ F(t) > F(t). (4.33)
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In view of equation (4.2), it is easy to verify that

o
I

(r(®v"(1)" + q¢(O)G(y(t — a)) + G(p1)(r(t — 7)o" (t — 7))"
+ Glp)g(t = 7)Gy(t — o = 7))
> (" (@) + Gp)(r(t — 7)o" (t = 7))" + AQM)G(2(t — )
due to (Hy) and (Hjz). Using (4.33), the last inequality yields,
0= (r(®)v"(t)" + G(pi)(r(t — 7)o" (t = 7))" + AQ)G(F (t — ), (4.34)

for t > ty > t;. Assume that one of the cases (a), (b) and (d) of Lemma 4.4.1 holds.

Then integrating (4.34), we obtain

lim sup /ttQ(s)G(F(s —a))ds < o0,

t—o0

a contradiction to (Hiy2). Consider the case (c¢) of Lemma 4.4.1. From Lemma 4.4.3 it

follows that
k(—r(t)v"())tR(t) < v(t) < kat, t >ty > to.
Hence in view of (4.26), we have

~[((=r@v" @) = Gp)l((=r(t = 70"t = 7))
A(y = DL QH)G(2(t — a))
> Ay = DLBOQM)G(F(t = a)),

v

for t > t3. Integrating the last inequality, we obtain
lim sup /t b(s)Q(s)G(F(s — a))ds < o0,
t—oo  Jig
which contradicts (Hy7). Consequently, v(t) < 0 for ¢ > ¢;. Thus any one of the
cases (b) - (f) of Lemma 4.4.4 holds. If v(t) < 0, then 2(t) — K(t) < F(t). Hence,
liminf; . z(t) < 0, a contradiction to the fact that z(¢) > 0.
If y(t) < 0 for t > g, we set z(t) = —y(t) to obtain x(t) > 0 for t > to and

(r(t)(x(t) + p(t)a(t —7))")" + ()G (2(t — @) = () H (z(t = B)) = f(t)
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due to (Hj), where f(t) = —f(t). If we set F(t) = —F(t), then F(t) changes sign

and (r(t)F"(t))" = f(t). Proceeding as above we obtain a contradiction. Hence the
theorem is proved.

Example 4.6.2. Consider

(" (y(t) + e~ my(t — 2m))")" + 8"y (t — 27)
y(t — %)

1+ y2(t —2F)

—50e ¥ (1 + 2757 cos? t) = 6e* cost (4.35)

for t > 9. Indeed, if we choose F(t) = (;—)(9 sint — 12 cost), then it is easy to verify
that (r(t)F")" = f(t) = 6e* cost. Also

lim sup /; b(s)Q(s)F (s — 2m)ds = oo,

t—o00 T

where F(t) = 2¢'sin (t — 6;) and tan 6, = 3.

Clearly, (Hy) — (Hs), (Hiy1),(Hy4) and (Hy;) are satisfied. Hence by Theorem 4.6.1,
every solution of (4.35) is oscillatory. In particular, y(¢) = e'sint is such an oscillatory
solution of (4.35).

Theorem 4.6.3. Let —1 < p(t) < 0 holds. Suppose that (Hy), (Hs), (H11) and (Hi4)
hold, then every bounded solution of (4.2) is oscillatory.

Proof. For the sake of contradiction, let y(¢) be a nonoscillatory bounded solution of
(4.2) such that y(t) > 0 for t >ty > p. The case y(t) < 0 can be similarly dealt with.
Let us set v(t) as in (4.19), so that we get (4.20). Consequently, v(¢) is monotonic on
[t1,00). Let v(t) > 0 for t > ¢;. Then one of the cases (a) - (d) of Lemma 4.4.1 holds.
Indeed, v(t) > 0 implies 0 < v(t) + K(t) = 2(t) — F(t). Hence,

z(t) > F(t).

Thus, using (Hi;) we get a contradiction due to the boundedness of z(t).

Next, we assume that v(¢) < 0 for ¢ > ¢;. Then one of the cases (b) - (f) of
Lemma 4.4.4 holds. Indeed, z(t) — K(t) < F(t). Therefore, z(t) < K(t)+ F(t) implies
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that
liminf z(¢) < liminf(K(t) + F(t))
t—r00 t—o00
< limsup K(t) + liminf F'(¢)
t—o00 t—o0
= tliglo K(t) + 11%1_1>C1>£1f F(t)
)

a contradiction to the fact that z(¢) is bounded. This completes the proof of the theo-
rem.

Theorem 4.6.4. Let —1 < py < p(t) < 0. Suppose that (Hy), (Hs), (Hio), (H14) and

(Hyg) lim sup/ RY(s)q(s)G(F (s — a))ds = 400

t—o00

lim inf / R(8)q(s)G(F (s — a))ds = —oo

t—o00

hold, then every unbounded solution of (4.2) is oscillatory.

Proof. Note that condition (Hig) implies (Hi3). For the sake of contradiction, let y(t)
be a nonoscillatory unbounded solution of (4.2) such that y(t) > 0 for ¢t > t, > p. The
case y(t) < 0 can be similarly dealt with. Let’s set v(¢) as in (4.19), so that we get
(4.20). Consequently, v(t) is monotonic on [ty,00). Let v(t) > 0 for ¢ > ¢;. Then one
of the cases (a) - (d) of Lemma 4.4.1 holds. Suppose case (a), (b), (d) hold. Indeed,
v(t) > 0 implies y(t) > z(t) > K(t) + F(t) > F(t). Hence, from (4.20) we get

lim sup /tq(s)G(F(s —a))ds < oo.

t—o00

Thus, we get a contradiction due to (Hi3).

If case (c) holds, then from (4.26), we obtain

—[((=rv"®)) ] = (v = VLR (H)q(t) G (y(t — )

for t > t4, > t3. Hence integrating we get a contradiction due to (His).
Next, we assume that v(¢) < 0 for ¢ > ¢;. Then one of the cases (b) - (f) of Lemma

4.4.4 holds. Since y(t) is unbounded, then there is an increasing sequence {1, }>° ; such
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that 1, — oo and y(n,) — oo as n — oo and y(n,) = maz{y(t) : t1 <t < n,}. We

may choose n large enough such that n, — 7 > t;. Hence

2(Mn) > Y1) + Pay (e — 7) > (14 pa)y(m).

Indeed, v(t) < 0 implies z(t) — K(t) < F(t). Therefore, z(t) < K(t)+ F(t) implies that

oo = lim sup Z(nn) < lim SUP(K(%) + F(nn))
t—00 t—00
< limsup K(n,) + limsup F(n,)
t—00 t—o0
= lim K(n,) + limsup F(,)
t—00 t—o0
< 00,

a contradiction. This completes the proof of the theorem.

Theorem 4.6.5. Let 1 < by < p(t) < by < 1b,* and (H,) hold. Suppose that (Hg)
holds with

by —1 -
(1662 ) <li%gci>£1fF(t) <0<lifg§3pp(t> < ( 1852 )

Furthermore, assume that G and H are Lipschitzian on the intervals of the form [b, c|,

/OOO %/:O tq(t)dtds < oo

holds, then (4.2) admits a positive bounded solution.

O<b<e<oo. If

Proof. It is possible to choose T > 0 large enough such that

* s o bl —1
— tq(t)dtd —_—
/TO r(s)/s a()dids < 16b,G(1)

and

* s o b1 —1
— th(t)dtds < )
/To T(S)/S *) 4bH (1)

Let X = BC([Ty,00),R). Then X is a Banach Space with respect to supremum norm
defined by

|||| = sup{|(t)[}.

t>To
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Let
by —1
S={reX: <zx(t) < 1,t > To}.
8b1bsy
Hence S is a closed bounded convex subset of X. Define two maps (2; and €2, on S as
follows;
My(Th),To <t <Ty
Qly(t) =
(t4+7) | 2b1%+b—1
_z(t—i-T) + 4()11p(tj-7') ’t Z T1
and )
Qoy(Th),To <t <Th
sz(t) =

F(itr) | K(ttr)
p(t+7) © p(t+7)

1 00 s—(t+7)
|~ oSy .
where K (t) is defined in (4.8). Indeed,

s (u—=s)q(u)G(y(u— a))du)ds,t > T,

oo g 00 1—1
< H(1 h(uw)dud
< ()/t T(S)/su(u)u8< 4b,
implies that
20" +b—1  by—1 b —1
Qy(t) + Qay(t
1y(t) 2y(t) < b, 8b, by 4h,?
_b12+b1_1 bl_l
N 20,2 8b1by
bi2+b—1 b —1 402 +5b -5
< + = <1
- 2b12 8bl2 8b12
and
1 2% +b—1 b—1 b—1
Qy(t) + Qy(t) > —— - -
1y(t) + Qay(t) = b, + 4b1by 16b1by  16b1by
L 2+ —1 b -1
o b1 4b1b2 8b1b2
L AP b1 (1)
bl 8b1b2 - 8b1b2 ’
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that is, 1y + Qoy € S. 1t is easy to verify that €2y is a contraction mapping.

To show €2, is completely continuous on S, we need to show that {25 is continuous
and maps bounded set into relatively compact sets. Next, we show that {2, is con-
tinuous. Let {y;(t)} be the sequence of continuous functions defined on S such that

lly; — y|| = 0 for all j — oco. Because S is closed and bounded, (y; —y) € S and

Qy5(8) — Qu(t)] < — [ws‘t‘T/mw—@mwuﬂ%W—ﬁ»—

P41 S )
1 Cs—t—1 [
H<y(u_ﬁ))‘dUd8+ p(t+7') [+T 7"(8) /s (u - S)

q(u)|G(y;(u — a)) = Gy(u — a))|duds.

Because G and H are Lipschitz functions, then it follows that ||Qay; — Qoy|| — 0 as
7 — 00. To show 2,5 is relatively compact, it is sufficient to show that the family of
functions {Qz : € S} is uniformly bounded and equicontinuous on [T}, 00). It is
clear that €25 is uniformly bounded. Suppose y € S and let there exist t1, to > 0 such
that for t; >ty > T,

L e .

+’K(t1+7’) _K(tQ—{—T)
pti+7)  plt2+7)

1 s —tyo—1 [T
*‘m /tw s / (u = 8)q(u)G(y(u — a))duds
1  s—t—1 [
T Sy e, (0 G
— 0

as ty — t1. It implies that 2,5 is relatively compact. Hence verifying all the required
conditions of Krasnoselskii’s fixed point theorem [49, Lemma 3] it yields that Q; + €

has a fixed point in S, that is ,
_y(t+7—) + 217124’171*1 + K(t+7)

y(t) = p(t+7) © Abip(t+T) p(t+T)
o0 /85— T o] F T
— o [ (S [ (0 — 8)q(u)Gly(u — a))du)ds + TET.

bi1—1
8b1ba?

Clearly, y(t) is a solution of (4.2) on | ]. This completes the proof of the theorem.

Remark 4.6.6. Theorems similar to Theorem 4.6.5 can be proved in the other ranges
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of p(t).

4.7 Conclusion

In Section 4.2, the oscillatory and asymptotic behaviour of solutions of equations (4.1)
has been studied for the ranges 0 < p(t) < p1 < lor 1l < ps < p(t) < p3 < o0,
—1 < ps < p(t) < 0 with the assumption [~ Tf—t)dt = 0o. However, in Section 4.5,
we can observe that if fooo %dt < 00, then some different conditions has been used in
each theorem to obtain similar kind of results as obtained in the Section 4.2. We may
observe that in Theorem 4.2.16 for the range —oo < p5 < p(t) < pg < —1, we have
obtained similar kind of results for bounded solutions.

In Theorem 4.3.1 when fooo %dt = 00, we used condition (Hi2) but in Theorem
4.6.1 when [J° %dt < 00, we used the condition (H7). Note that condition (Hi;)
implies (Hy3) but converse need not be true. For example, if b(t) = e Q(t) =
e', G(F(t — «)) = e'sint, then (His) holds but (Hy;) is not true. Similarly condition
(Hyg) implies (Hi3).

Note that in this chapter linear, sub-linear and super-linear aspects of the function
G has been used to study the behaviour of solutions of the homogeneous NDDE (4.1).
We fail to answer the behaviour of solutions of equation (4.1) under the assumption
I wsdt = oo (fy° ~mdt < o00) for p(t) = £1. This needs further investigation by

r(t)
using some new technique.



Chapter 5

Oscillation Results for Fourth
Order Nonlinear Neutral Delay
Differential Equations with

Quasi-derivatives

5.1 Quasi-derivative with [~ 7"711( pdt = 0.

In this chapter, we consider the fourth order nonlinear neutral equations with quasi-

derivatives of the form

La(y(t) + p(t)y(t — 7)) + ()G (y(t — o)) = h(t)H(y(t — 3)) = 0 (5.1)

and

La(y(t) + p)y(t — 7)) + ¢()Gy(t — @) = MO H(y(t = 5)) = f(1)  (5.2)
for various ranges of p(t), where p € C([0,0),R), ¢ € C([0,0), (0,00)), h € C([0, 0)
,[0,00)), f € C([0,0),R), G € C(R,R) and H € C(R,R), G is nondecreasing and
H is bounded with uG(u) > 0,vH(v) > 0 for u,v # 0, 7 > 0 and «, 5 > 0. In this
chapter, an attempt is made to study (5.1) and (5.2) under the assumption

>~ 1
(Hyp) / ——dt=00, n=1,2,3,
’ o Tn(t)
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where r,, € C([0,00), (0,00)) for various ranges of p(t). For equations (5.1) and (5.2)
we define quasi-derivative as follows:

Let z(t) = y(t)+p(t)y(t—7), Loz(t) = z(t), L12(t) = r1(t) %L Loz(t), Laz(t) = ra(t) L Ly 2(t),
Lsz(t) = r3(t) L Lyz(t), Laz(t) = L Lyz(t).

By a solution of (5.1)/(5.2) we understand a function y € C'([—p, ), R) such that
(y(t) + p(t)y(t — 7)) is continuously differentiable, Ly, Lo, L3 are differentiable operator
and (5.1)/(5.2) is satisfied for ¢ > 0, where p = maz{r, a, B} and sup{|y(t)| : t > to} >
0 for every t > ty. A solution of (5.1)/(5.2) is said to be oscillatory if it has arbitrarily

large zeros; otherwise, it is called nonoscillatory.

5.2 Oscillation Criteria for Homogeneous Equation

with fo rl dt = 0o

n

In this section, sufficient conditions are obtained for oscillatory and asymptotic be-
haviour of all solutions of (5.1) under the assumption (Hp). We need the following

lemmas for our use in the sequel.

Lemma 5.2.1. [87] Let (Hy) hold. Let u be a continuously differentiable function on
[0, 00) such that Lyu, Lou, Lyu are continuously differentiable functions and Lyu < 0(%
0) for large t. If u(t) > 0 ultimately, then one of the cases (a) or (b) holds for large t,
and if u(t) < 0 ultimately, then one of the cases (b), (c), (d) or (e) holds for large ¢,

where

(a) Lyu(t) > 0, Lou(t) > 0 and Lsu(t) >0
( ) )

> 0, Lou(t) < 0 and Lsu(t) > 0

( (t)

( (t) >0,
) <0, Lyu(t) < 0 and Lzu(t) >0
) <0, Lou(t) < 0 and Lau(t) < 0,
<0, Lou(t) > 0 and Lsu(t) >0
)

) (t) (
) <0, Lyu(t) > 0 and Lsu(t) <0
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—~

g) Lyu(t) > 0, Lou(t) > 0 and Lsu(t) < 0,
h) Lyu(t) > 0, Lou(t) < 0 and Lsu(t) < 0.

—~

Proof. The proof of lemma follows from [52] for n = 4. Hence the details are omitted.

]

Lemma 5.2.2. [87] Let the conditions of Lemma 5.2.1 hold. Assume that 7{(¢) > 0
and 74(t) > 0. If u(t) > 0 ultimately, then for ¢ > T > 0, u(t) > R(t,T)Lsu(t), where,

1) = [ ([ )

Theorem 5.2.3. Let 0 < p(t) < pp < lorl < py < p(t) < p3 < o0, 7 < q,
ri(t),r5(t) > 0 and (Hy) hold. If
fo L fszo T2(181) fs1 - 8) f h(0)dfdsds,dsy < 00,

(H)

(Hz) there exists A > 0 such that G(u) + G(v) > AG(u +v),u > 0,v > 0,
(H3) G(u)G(v) = G(uwv) and H(—u) = —H(u) for u,v € R,
(Ha)
(Hs)

Hy) G is sublinear and fo G(u < oo for all ¢ > 0,

Hs) [ Q(t)dt = oo, Q(t) = min{q(t),q(t — )} fort > 7

also hold, then every solution of (5.1) either oscillates or converges to zero as t — oc.

Proof. Assume that (5.1) has a non-oscillatory solution on [ty, 00), ty > 0 and let it be
y(t). Hence y(t) > 0 or < 0 for ¢t > ty. Suppose that y(t) > 0 for t > ;. Setting

z(t) = y(t) + p()y(t — 7), (5.3)
K(t) = /t - (152> / OO 5 (181> / OO T;S) / T WO H(0 - B)dbdsdsids,  (5.4)
and
w(t) = 2(t) — K(t) = y(t) + p(t)y(t — 7) — K (1), (5.5)
we obtain
Lyw(t) = —q(t)G(y(t — o)) < 0(# 0), (5.6)

for t >ty + p. Consequently, w(t), Lyw(t), Low(t), Lsw(t) are monotonic functions on

[t1,00),t1 > to + p. In what follows, we have two cases, viz. w(t) > 0 or w(t) < 0 for
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t > t;. Suppose the former holds. By the Lemma 5.2.1, any one of the cases (a) or (b)
holds. Using (Hz) and (H3), equation (5.1) can viewed as

0 = Lyw(t) +q()G(y(t — a)) + G(p1) Law(t — 7) + G(p1)q(t — 7)G(y(t — 7 — a))
> Lyw(t) + G(p1) Law(t — 7) + AQ(1)G(y(t — o) + pry(t — o — 7))
> Lyw(t) + G(p1) Lyw(t — 7) + AQ(1)G(2(t — a))

for t >ty > t1. From (5.4), it follows that K(¢) > 0 and K'(t) < 0 and hence w(t) > 0
for t > ¢, implies that w(t) < z(t) for t > t5. Therefore, the last inequality yields that

Lyw(t) + G(pr) Law(t — 7) + AQ()G(w(t — a)) <0,
for t > t,, that is,
0 > Lyw(t)+ G(p1)Lyw(t — 7) + AQ(t)G(R(t — o, T) Lsw(t — «v))
due to Lemma 5.2.2, for t > T + p > t5. Hence,
0 > Lyw(t) + G(p1)Law(t — 7) + AQ(t)G(R(t — o, T))G(Lsw(t — «)),
that is,

AQMG(R(t—a,T)) < —[G(Lsw(t — )]  Lyw(t)
— G(p)G(Lyw(t — )] Lyw(t — 7)

IN

—[G(Lsw(t))] ™" Lyw(t)
— G(p)|[G(Lsw(t — 7)) ' Lyw(t — 7).

Because lim;_,o, Lzw(t) < 0o, then using (Hy), the above inequality becomes

T OWGR(E — 0, T))dE < oo,

T+p

which contradicts (Hs), where we have used the fact that R(¢,7") is monotonic increas-
ing function.

Next, we suppose that the later holds. Then

y(t) < 2(t) = y(t) +p(H)y(t — ) < K(1),
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that is, y(¢) is bounded since K(t) is bounded and monotonic. By the Lemma 5.2.1,
any one of the cases (b), (c¢), (d) or (e) hold.

Consider the case (b).
Since limy_, K (t) exists and lim,_,o, w(t) exists, then lim; . 2(t) exists. Further,

lim;_, o, Lzw(t) exists implies that

[ T QUG Wt — a))dt < oo

and hence it is easy to verify that liminf;, .. y(¢) = 0 due to (H;). Consequently, it fol-
lows from Lemma 4.2.4 that lim; ,, 2(¢) = 0. Since z(¢) > y(t), then lim; , y(¢) = 0.

Consider the case (c) and (d).
These two cases are not possible due to the fact that w(t) < 0, y(¢) is bounded,
lim;_,, K (t) exists and hence lim;_,,, w(t) exists. On the otherhand, integrating suc-

cessively Low(t) < 0 from ¢; to ¢, we get lim; ., w(t) = —o0, a contradiction.

Consider the case (e).

Low(t) is nondecreasing on [t1,00). Hence for ¢ > t1, Low(t) > Low(t1), that is,

Tz(t)%LllU(t) > Low(ty). (5.7)

Integrating (5.7) from ¢; to ¢, we obtain

t
1
LﬂU(t) Z L1w<t1) + ng(tl)/ T—d87
2

t (S>

that is, Lyw(t) > 0 for large t due to (Hy), a contradiction.

Finally, we suppose that y(t) < 0 for ¢t > ¢y. From (Hj), we note that G(—u) =
—G(u) and H(—u) = —H(u), u € R. Hence putting, z(t) = —y(t) for t > t(, we obtain
x(t) > 0 and

La(z(t) + p(t)x(t — 7)) + q(O)G(2(t — @) = h(t)H (x(t — B)) = 0.
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Proceeding as above, we can show that every solution of (5.1) oscillates or converges

to zero as t — oo. This completes the proof of the theorem. O

Theorem 5.2.4. If all the conditions of Theorem 5.2.3 are satisfied, then every un-

bounded solution of (5.1) oscillates.

The proof of the theorem follows from the proof of the Theorem 5.2.3 and hence

the details are omitted.

Theorem 5.2.5. Let 0 < p(t) < p1 < 1lorl < py <p(t) <ps < oo, 7 < a and
(Ho) — (Hs), (Hs) hold. Assume that

(Ha)&iilb%ﬂ forxy > x>0 and o > 1.

Ty

Then every solution of (5.1) either oscillates or tends to zero as t — 0o.

Proof. Proceeding as in the proof of Theorem 5.2.3, we obtain
Lyw(t) + G(p1) Lyw(t — 1) + AQ(t)G(2(t — a)) <0, (5.8)

for t > t5. Using the fact that w(t) is nondecreasing, there exists k > 0 and t3 > o
such that w(t) > k for t > t3. Hence use of (Hg) along with Lemma 5.2.2 we obtain

fort >T+a>t3+q,
Glw(t —a)) = (Glwl —a))/w(t—a)w’(t —a)

(G(R) /R )w”(t — )
> (G(k)/k)R(t — o, T)(Lyw(t — ))°. (5.9)

v

Thus using (5.9) in (5.8), we get

MG(R)/ET) R (= o, T)Q(t) (Lsw(t — av))° AQ)G(w(t — a))
AQ)G(2(t — a))

—Lyw(t) — G(p1) Lyw(t — 7),

ININ A
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that is,

MGR)E2)R (= a, T)Q(H) < —(Lsw(t — @) [Law(t)

(

+ G(p1)Law(t — 7))

< —(Lsw(t))”° Lyw(t)
(

— G(p1)(Lsw(t — 7)) Lyw(t — 1)

fort > T'+a. Since lim;_,, Lyw(t) exists and R(t,T") is nondecreasing, then proceeding
as in the proof of Theorem 5.2.3, we obtain

/00 Ro(t — o, T)Q(t)dt < oo,
T

+a

a contradiction due to (Hs). The rest of the proof follows from Theorem 5.2.3. Thus

proof of the theorem is complete. m

Theorem 5.2.6. Let 0 < p(t) < p; < o0 and 7 < « hold. If (Hy) - (Hs), (Hs) and
(Hg) hold, then every unbounded solution of (5.1) oscillates.

The proof of the theorem follows from the Theorem 5.2.5. Hence the details

are omitted.

Theorem 5.2.7. Let 0 < p(t) < p1 <1 orl <ps <p(t) <ps <oo, 7 < a. Suppose
that (Hy), (Hy), (Hs), (Hs) and

(H7) G(u)G(v) > G(uv) foru > 0,v >0,

(Hs) G(—u) = —G(u), H(—u) = —H(u), u € R

hold. Then every solution of (5.1) either oscillates or converges to zero as t — 0o.

Proof. Proceeding as in the proof of the Theorem 5.2.5 we have (5.8) for ¢ > 5. Since
w(t) is nondecreasing, then there exist k£ > 0 and t3 > ¢ such that w(t) > k for t > t3,

that is, z(t) > w(t) > k for t > t3. Consequently, (5.8) yields

el /oo Q(t)dt < oo,

a contradiction to (H;). The rest of the proof follows from Theorem 5.2.3. This

completes the proof of the theorem. n
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Remark 5.2.8. In Theorems 5.2.3 - 5.2.4, G is sublinear only, whereas in Theorems
5.2.5 and 5.2.6, G is superlinear. But in Theorem 5.2.7, G could be linear, sublinear

or superlinear.

Theorem 5.2.9. Let 0 < p(t) < py < oo. If (Hy), (Hy), (H2), (Hs), (H7) and (Hg)

hold, then every unbounded solution of (5.1) is oscillatory.

Theorem 5.2.10. Let —1 < py < p(t) <0. If (Hy), (H1), (H3), (Hy) and
(Ho) [3~ a(t)dt = oo

hold, then every solution of (5.1) either oscillates or tends to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (5.1). Because of (H3), without loss of
generality we may assume that y(t) > 0 for ¢t > t; > 0. Setting as in (5.3), (5.4) and
(5.5) we obtain (5.6) for t > tg + p. Hence w(t) is monotonic on [t1, 00), t1 > to + p.
If w(t) > 0 for t > t;, then any one of the cases (a) or (b) of Lemma 5.2.1 holds.
Consequently, w(t) > R(t,T)Lsw(t) for t > t5 > t; due to Lemma 5.2.2. Moreover,
w(t) < y(t) implies that y(t) > R(t,T")Lsw(t) for t > t5 and hence (5.6) becomes
/OO qt)G(R(t — a,T))dt < o0,
tota

a contradiction to (Hg). Hence w(t) < 0 for ¢ > ¢;. Then any one of the cases (b),
(c), (d) or (e) of Lemma 5.2.1 holds. We claim that y(t) is bounded. If not, let there
be an increasing sequence {7n,}>° ; such that 1, — oo and y(n,) — 00 as n — oo and
y(nn) = max{y(t) : t; <t <n,}. We may choose n large enough such that 7, — 7 > t;.

Hence,

w(nn) > y() + pay(mm — 1) — K (1)

> (14 pa)y(nm) — K(nn).

Since K(n,) is bounded and (1 4 py) > 0, then w(n,) > 0 for large n which is a
contradiction. Thus our claim holds and the cases (c), (d) and (e) are easy to verify
following to Theorem 5.2.3. Using same type of reasoning as in the case (b) of Theorem

5.2.3, we obtain liminf, ,,, y(¢) = 0 and hence lim; ,, z(t) = 0 due to Lemma 4.2.4.
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Consequently,

0 =limsupz(t) > limsup(y(t)+ pay(t — 7))

t—»00 t—00

> limsupy(t) + litm inf(ps(y(t — 7))
—00

B t—o00

limsup y(t) + py limsup y(t — 7)

t—o00 t—o00

= (1+py)limsupy(t)

t—o00

implies that limsup,_, . y(t) = 0. Hence, lim;_,, y(t) = 0. This completes the proof of
the theorem. O

Example 5.2.11. Consider the differential equation

arnlaeo(un- L)) ) +2550 -2
2

B 1 y(t —4) B
T+t 142t —4)
for t > 5. Clearly (Hy), (H1),(Hs),(Hs) and (Hg) of Theorem 5.2.10 are satisfied.

(5.10)

Hence every solution of Theorem (5.10) either oscillates or tends to zero as t — oo.

Theorem 5.2.12. Let —1 < py < p(t) <0. [f (H()), (Hl), <H3), (H4) and (Hg) hold,

then every unbounded solution of (5.1) is oscillatory.

Theorem 5.2.13. Let —oo < p(t) < —1. Assume that (Hy), (Hy), (Hs), (Hy) and
(Hyg) hold. Then the following statements are hold:

(i) if —o0o < ps < p(t) < pg < —1, then every bounded solution of (5.1) either oscillates
or tends to zero ast — oo.

(1) if —oo < ps < p(t) < —1, then unbounded solutions of (5.1) oscillate.

The proof of the theorem follows from the proofs of the Theorems 5.2.10 and 5.2.12.

Hence the details are omitted.

5.3 Oscillation Criteria for Non-Homogeneous Equa-

tion with fo - 1 dt =

7’L

This section is devoted to study the oscillatory and asymptotic behavior of solutions of

forced equations (5.2) with suitable forcing function. Our attention is restricted to the
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forcing functions which are changing sign eventually. We have the following hypotheses
regarding f(t):

(Hyo) There exists F', a real-valued continuously differentiable function on [0, co) such
that F(t) changes sign, ri ', ro(riF"), r3(ro(r F’)") are all real-valued continuously
differentiable functions on [0, 00) consecutively and (rs(r2(ri F”)")) = f and —oo <
liminf, ,o F(t) < 0 < limsup,_, . F(t) < oo.

(Hyp) All conditions are same as (Hpg), only difference is liminf, .o, F(t) = —o0,

limsup,_, . F(t) = co.

Theorem 5.3.1. Let 0 < p(t) < p; < oo. Assume that (Hy), (Hy), (H2), (H7), (Hs)
and (Hy1) hold. If

(Hi2) lim sup /t Q(s)G(F(s — a))ds = +o0o0 and

t—o00
t
1i{n inf/ Q(s)G(F(s — a))ds = —o0
—oo J,
hold, then every solution of (5.2) is oscillatory.

Proof. Let y(t) be a non oscillatory solution of (5.2) such that y(t) > 0 for ¢t > t5 > 0.
Setting as in (5.3), (5.4) and (5.5), let

V(t) =w(t) — F(t) = 2(t) — K(t) — F(t). (5.11)
Hence for t > to + p, (5.2) becomes
LyV (t) = =q(t)G(y(t — a)) < O(Z 0). (5.12)

Thus, V(t) is monotonic on [t;,00), t; > to + p. Suppose V(t) > 0 for t > t; so that
Case (a) or (b) of Lemma 5.2.1 holds. Then z(t) > K(t) + F(t) > F(t) for t > t;.
Applying (Hs) and (H7) yields

0 = LiV({t) +qt)G(y(t — ) + G(p) LVt = 7)
+ Gp)g(t = 7)G(y(t —a—7))
> LaV(t) + Gp) LaV(t = 7) + AQ)G(y(t — @) + pry(t — o = 7))
> LV () + Gp) LaV(t = 7) + AQ(0)G(o(t — )
> LiV(t)+Gp) LV (t—7) + A\Q()G(F(t — ) (5.13)
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for t >ty > t1. Integrating the inequality (5.13) from ¢, + « to ¢ and taking limsup as

t — 00, we get
t
lim sup Q(s)G(F(s — a))ds < o0,
t—o00 to+o

which is a contradiction to (Hjz). Consequently, V' (t) < 0 for ¢ > t;. Thus any one of
the cases (b), (c), (d) or (e) of Lemma 5.2.1 holds. Hence, z(t) < K(t) + F(t) and

liminf z(t) < liminf[K(¢) 4+ F(t)]

t—o00 t—o00

< limsup K(t) + li{n inf F'(¢)
—00

t—o00

= lim K(t) 4 liminf F(t) — —oo0,
t—ro0 t—ro0

a contradiction to the fact that z(t) > 0.
If y(t) < 0 for t > tg, we set x(t) = —y(t) to obtain x(t) > 0 for t > ¢, and

Ly(a(t) +p(H)z(t — 7)) + q(t)G(a(t — ) = h(t) H (x(t — 8)) = f(1),

where f(t) = —f(t). If F(t) = —F(t), then F(t) changes sign and (rs(ro(ri F"))") =

f(t). Proceeding as above we obtain a contradiction. This completes the proof of the

theorem. O

Example 5.3.2. Consider the differential equation

Ly(y(t) + e %y (t — m)) + 2" y(t — 27)
y(t =0 —m)
1+y%(t—0—m)

for t > 49, where tanf = %. Indeed, if we choose F(t) = %, then

—676e" 75 (1 + 2™ D sin?(t — 0 — 7)) = —2¢'sint (5.14)

Q(t)F(t — 27r) = €' sint.
Hence,

t
limsup [ Q(s)F(s—2m) = limsup {

t—o0 2 t—o0

—  OQ.
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Thus (His) holds. Clearly (Hy) — (H2), (H7),(Hs) and (Hyp) of Theorem 5.3.1 are
satisfied. Hence every solution of (5.14) either oscillates or tends to zero as t — 0.

Thus, y(t) = e'sint is such a solution of (5.14).

Theorem 5.3.3. Let —1 < p(t) < 0. If (Hy), (H1), (Hs) and (Hy1) hold, then every

bounded solution of (5.2) oscillates.

Proof. Proceeding as in the proof of the Theorem 5.3.1, we obtain V() > 0 or < 0
when y(t) > 0 for t > t; >ty + p. If V(¢) > 0, then any one of the cases (a) or (b) of
Lemma 5.2.1 holds for ¢ > t;. Indeed, V' (t) > 0, that is, 0 < V(¢) + K(t) = 2(t) — F(t).

Hence,

limsupz(t) > limsup F(t)

t—o00 t—o00

— 00,

a contradiction to the fact that z(¢) is bounded. Ultimately, V(t) < 0 for ¢ > ¢;.
Indeed, z(t) — K(t) < F(t). Therefore, z(t) < K(t) + F(t) implies that

liminf z(¢) < liminf(K(t) + F(t))
t—o00 t—o0
< limsup K(t) + liminf F'(t)
t—00 t—o0
= tli>rcr>10 K(t) + hggf F(t)
—  —o0,
a contradiction to the fact that z(¢) is bounded. Hence the theorem is proved. O

Theorem 5.3.4. Let 0 < p(t) < p; < oo. Assume that (Hy), (Hy), (Ha), (H7), (Hs),
(Hyo) and (Hy2) hold. Then every unbounded solution of (5.2) oscillates.

Proof. Suppose on the contrary that y(¢) is an unbounded nonoscillatory solution of
(5.2) such that y(t) > 0 for t > . Setting as in (5.3)-(5.5) and (5.11) we obtain (5.12)
for t >ty + p. Hence V (t) is monotonic on [t1,00), t; > to + p. Proceeding as in the
proof of the Theorem 5.3.1, we obtain contradiction when V' (t) > 0 for ¢ > ¢;. Hence
V(t) < 0 for t > t;. From Lemma 5.2.1, it follows that any one of the cases (b), (c),
(d) or (e) holds. In case (b), lim;_,, V (¢) exists. Hence,

2(t) =V(t) + K(t) + F(t),
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implies that
y(t) < V(t)+ K(t) + F(t), (5.15)

that is, y(¢) is bounded, which is absurd. For each of the cases (c), (d) and (e), V (¢)
is a nonincreasing on [t;,00). Let lim;_,, V() = C, C € [—00,0). If C = —o0, then
(5.15) yields

li{n infy(t) < limsupV(¢)+ litm inf(K(t) + F(t))
—00 —00

t—o00

< li?if;lp V(t) + lirtriigp K(t) + lim inf F(t)
= lim V(t)+ Jim K(t) + liging(t),

that is, liminf; .. y(t) = —oo, which is absurd. The contradiction is obvious when

—00 < C <0as0<y(t) <z(t)=V(t)+K(t)+F(t) implies that y(¢) is bounded, since

V(t), K(t), F(t) all are bounded, a contradiction to the fact that y(¢) is unbounded.

The case y(t) < 0 for t > t is similar. This completes the proof of the theorem. [

5.4 Quasi-derivative with [~ - 1 ot < oo

Tl

In this section, we consider the nonlinear neutral equations with quasi-derivatives of

the form (5.1) and (5.2) under the assumption

< 1
(Hy3) / ——dt < oo,n=1,2,3,
v o Ta(t)

for various ranges of p(t).

5.5 Oscillation Criteria for Homogeneous Equation

with fo Tl dt < o0.

n
In this section, sufficient conditions are obtained for oscillatory and asymptotic be-

haviour of bounded solutions of (5.1) under the assumption (His).

Theorem 5.5.1. Let 0 < p(t) < p1 <1 orl < py < p(t) < ps < oo holds. If (Hy),
(Hs), (Hy), (Hi3) and
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(Hi4) ftzo Tll(t) fttg 7«2%3) ftz T3%u) ft: q(0)dfdudsdt = oo,

(His) ftjo #(t) fti q(s)dsdt = oo,

(Hig) ftzo rl(t) J;tg #(5) LZ q(u)dudsdt = oo

also hold, then every bounded solution of (5.1) either oscillates or converges to zero as

t — oo.

Proof. Suppose on the contrary that y(t) is a non-oscillatory bounded solution of (5.1)
such that y(t) > 0 for ¢t > ;. The case y(t) < 0 for ¢t > ¢, is similar hence omit-
ted. Using (5.3), (5.4) and (5.5), we obtain (5.6) for ¢ > ¢y + p. Consequently,
w(t), Lyw(t), Law(t), Lyw(t) are monotonic functions on [t,00),t;1 > to + p. Then
any one of (a) — (h) hold.

Suppose cases (a) or (b) holds. In both the cases Lyw(t) > 0. Hence w'(t) > 0 for
t > t1. Thus, either w(t) > 0 or < 0 for t >ty > t;.

Case 1. If w(t) > 0 for t > t5, then 0 < limy;,o w(t) < 0.

Subcase (i): 1f0 < im0 w(t) < 0o, then 0 < limy;_, 2(t) < co. Claim liminf, . y(t) =
0. If not, let it be [; > 0. For some € > 0, there exists t3 > to such that y(t) > l;—€ > 0

for ¢t > t3. Hence (5.6) implies
Lan(t) < —q()G(l — ).

Since limy, Lzw(t) < oo, then we obtain j;zo q(t)dt < oo, a contradiction to (Hy).
Hence, Lemma 4.2.4 implies lim;_,, 2(f) = 0. Hence y(t) < z(t), so also, lim;_,o y(t) =

0.

Subcase (i1): If lim; o w(t) = oo, then we obtain a contradiction to the fact that

y(t) and hence w(t) is bounded.
Case I1. If w(t) < 0 for t > t9, then 0 < lim; o w(t) < oco.

Subcase (111): 1f 0 < limy_, w(t) < 0o, then 0 < lim; o 2(t) < 0co. We can show that
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liminf, ,, y(t) = 0. Hence by Lemma 4.2.4, lim; ,, 2(t) = 0. Thus, lim; . y(t) = 0.
Subcase (iv): 1f limy_,o w(t) = 0, then lim;_,, 2(¢) = 0. Hence lim;_,,, y(t) = 0.

If case (¢) or (e) hold, then Lyw(t) < 0, hence w'(t) < 0 for t > ¢;. Thus, 2/(t) <
K'(t) < 0 for t > t;, which implies lim; ,, 2(t) < co. As before, we can show that

liminf; ;o y(t) = 0. By Lemma 4.2.4 lim; ,, 2(t) = 0. Thus, lim; ., y(t) = 0.

Suppose case (d) holds. Since Lyw(t) < 0, then w'(t) < 0 for ¢ > ¢;. Hence,
2'(t) < K'(t) < 0 for t >ty > t;. Hence, lim; . 2(t) < oco. Thus, lim; . w(t) < oo.
Claim liminf, ,,, y(t) = 0. If it is not possible, let it be Iy > 0. For some € > 0, there

exists ty > t; such that y(t) >l — e > 0 for ¢ > t5. Hence (5.6) implies
Lyw(t) < —q(t)G(ly — €).
Integrating the last inequality from t3(> t2) to ¢, we obtain

t
0 > Lyw(ts) > Lsw(t) + G(ly — e)/ q(s)ds.
t3
Again integrating the last inequality from t3 to ¢, we get
t 1 s
0 > Low(ts) > Low(t) + G(ly — e)/ —/ q(u)duds.
t3 T3(S) t3

Further integrating the preceeding inequality from 3 to t, we obtain

0> Lyw(ts) > Lyw(t) + G(lx — e)/t 7’218) /ts ngu) /uq(v)dvduds.

t3

Since lim;_, o, w(t) < oo, integrating the last inequality from ¢3 to ¢, we obtain

wits) > w(t) + Gy — ¢ /t: Tjs) /t T;u) /t riv) /t:q(e)dedvduds,

a contradiction to (Hy4). Hence, by Lemma 4.2.4, lim;_,, 2(t) = 0, thus lim,_,., y(t) =
0.
If case (f) or (g) hold, then lim; , Low(t) < oo. Since y(t), z(t) and w(t) are all

bounded. Since w(t) is monotonic, then lim; . w(t) < co. Hence lim;_, 2(t) < oo.
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Claim liminf, ,, y(t) = 0. If not, let it be I3 > 0. For some € > 0, there exists to > t;

such that y(t) > I3 — e > 0 for ¢ > t5. Hence (5.6) implies
Lyw(t) < —q(t)G(l3 — ).
Integrating the last inequality from t3(> t2) to t, we obtain

0 > Law(ts) > Lw(t) + G(I3 —€) /t q(s)ds.

t3

Again integrating the preceeding inequality from t¢3 to ¢, we get

Low(ts3) > Low(t) + G(l3 — ¢) /t ! /S q(u)duds.

t5 73(8) Ji
Since limy_, Low(t) < 0o, we get a contradiction due to (Hi5). Thus by Lemma 4.2.4,
lim; o 2(t) = 0. So also lim;_,, y(t) = 0.
Suppose case (h) hold, then lim; ., Liw(t) < oo. Since y(t), z(t) and w(t) are all
bounded and w(t) is monotonic, then lim; ., w(t) < oco. Hence lim; o 2(t) < oo.
Claim liminf, ,, y(t) = 0. If not, let it be I, > 0. For some € > 0, there exists to > t;
such that y(t) > Iy — e > 0 for t > t5. Integrating the last inequality from t3(> t) to
t, we obtain
t
0 > Law(ts) > Law(t) + G(ly —€) /ts q(s)ds.
Again integrating the last inequality from t¢3 to ¢, we get
toq s
0 > Low(ts) > Low(t) + G(l4 — e)/ —/ q(u)duds.
t5 73(8) Ji

Further integrating the preceeding inequality from t¢3 to t, we obtain

Lyw(ts) > Luw(t) + Gls — ¢ /t: Tis) /t TSEU) /t:q(v)dvduds.

Since limy o, L1w(t) < oo, we get a contradiction due to (Hyg). Thus by Lemma 4.2.4,

limy_, 2(t) = 0, so also lim;_,, y(t) = 0.

Example 5.5.2.
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_6(—2—2t)(1 + e(4—2t)) y(t B 2) =0 (5 16)

1+ y%(t—2) '
for t > 4. Clearly (H,), (Hs),(Hy), (Hi3), (H14)-(H1) of Theorem 5.5.1 are satisfied.
Hence every solution of (5.16) either oscillates or tends to zero as t — oo. Thus,

y(t) = e~" is such a solution of (5.16).

Theorem 5.5.3. Let —oo < py < p(t) < ps < —1 holds. If (Hy), (H3), (Hy) and (Hi3)-
(Hy6) also hold, then every bounded solution of (5.1) either oscillates or converges to

zero as t — oo.

Proof. Suppose on the contrary that y(¢) is a bounded non-oscillatory solution of
(5.1) such that y(t) > 0 for t > ;. Using (5.3), (5.4) and (5.5) we obtain (5.6)
for t > ty + p. Consequently, w(t), Lyw(t), Low(t), Lyw(t) are monotonic functions on
[t1,00),t1 > to + p. Then any one of the cases (a) — (h) hold.

Suppose cases (a) or (b) holds. In both the cases Lyw(t) > 0 and hence w'(t) > 0
for t > t1. Thus, either w(t) > 0 or < 0 for ¢ >ty > t;.

Case 1. If w(t) > 0 for t > t5, then 0 < limy; o w(t) < 0.

Subcase (i): If 0 < limy_,o w(t) < oo, then proceeding same as in Subcase (i) of

Case I of Theorem 5.5.1, we obtain lim;_,, 2(¢) = 0. Hence,

0 =liminfz(¢) < liminf(y(t) + psy(t — 7))

t—o00 t—00
< limsupy(t) + liminf(ps(y(t — 7))
t—00 t—00

= limsupy(t) + ps limsup y(t — 7)

t—o00 t—o00

(14 ps) limsup y(¢). (5.17)

t—o00

Since (1 + ps) < 0, then lim;, y(t) = 0.

Subcase (i1): If limy_,o w(t) = oo, then we obtain a contradiction to the fact that

y(t) and hence w(t) is bounded.
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Case II. If w(t) < 0 for t > t5, then 0 < limy_, o w(t) < o0.

Subcase (i3i): If 0 < limy_,oo w(t) < oo, then 0 < limy . 2(f) < co. We can show

that liminf, ,,, y(¢) = 0. Hence by Lemma 4.2.4, lim; ., 2(t) = 0. Thus, by (5.17)

lim; o y(t) = 0.

Subcase (iv): If lim; o w(t) = 0, then lim;_,o 2(¢) = 0. Hence by (5.17) lim; . y(t) =
0.

Suppose case (¢) or (e) hold, then Lyw(t) < 0, so also w'(t) < 0 for t > ¢;. Thus
2'(t) < K'(t) <0 for t > t;, which implies z(t) > 0 or <0 for t >ty > t;.

If z(t) > 0 for t > to, then lim; , 2(t) < co. Proceeding same as in Case (c) and (e) of
Theorem 5.5.1, we can show that liminf, ,, y(¢) = 0. By Lemma 4.2.4 lim;_,., z(¢) = 0.
Thus by (5.17), lim; . y(t) = 0.

If 2(t) < 0 for t > t9, then —oco < limy o 2(t) < 0. If —o0 < lim o 2(t) < O,
we can show that liminf, ., y(¢) = 0. By Lemma 4.2.4, lim; ., 2(t) = 0. Thus,
limy o0 y(t) = 0. If limy 00 2(t) = —00, then we get a contradiction due to the bound-

edness of y(t).

Suppose case (d) holds. Then Lyw(t) < 0, so also w'(t) < 0 for ¢ > t;. Thus,
2'(t) < K'(t) < 0 for t > t;, which implies z(¢) > 0 or < 0 for t >t > t;.

If z2(t) > 0 for t > to, then lim; , 2(t) < 0o. Proceeding same as in case (d) of

Theorem 5.5.1 and using (5.17), we obtain lim,_,,, y(t) = 0.

If 2(t) < 0 for t > tg, then —oo < limy 0 2(t) < 0. If —o0 < lim o 2(t) < O,

then using (Hy4) and (5.17), we get limy_, y(t) = 0.
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If limy o 2(t) = —00, then we get a contradiction due to the boundedness of y(t).

Suppose case (f) or (g) holds. Now y(t) bounded implies z(t) and w(t) are bounded.
Since w(t) is monotonic function, then lim; . w(t) < oco. Hence, limy; o 2(t) < oo.
Proceeding same as cases (f) and (g) of theorem 5.5.1 and using (His), (5.17), we get
lim; o y(t) = 0.

Suppose case (h) holds. Now y(¢) is bounded implies z(¢) and w(t) are bounded. Since
w(t) is monotonic function, then lim; ., w(t) < co. Hence, lim;_,, 2(t) < co. Proceed-
ing same as in case (h) of Theorem 5.5.1 and using (Hys), (5.17), we get lim; o y(t) = 0.
This completes the proof of the theorem. O

Theorem 5.5.4. Let —1 < pe < p(t) < O, (Hl); (Hg), (Hg) and (ng)-(Hlﬁ) hOld,

then every bounded solution of (5.1) either oscillates or converges to zero ast — 0.

Proof. Suppose on the contrary that y(¢) is a bounded non-oscillatory solution of
(5.1) such that y(t) > 0 for ¢t > to. Using (5.3), (5.4) and (5.5) we obtain (5.6)
for t > ty + p. Consequently, w(t), Lyw(t), Low(t), Lsw(t) are monotonic functions on
[t1,00),t1 > to + p. Then any one of the cases (a) — (h) hold.

Suppose case (a) or (b) holds. In both the cases Ljw(t) > 0, hence w'(t) > 0 for
t > t;. Thus, w(t) > 0 or <0 for t >ty > ;.

Case I. If w(t) > 0 for t > t5, then 0 < limy_,o w(t) < 0.

Subcase (i): If 0 < limy,oo w(t) < o0, then proceeding same as in Subcase (i) of

Case I of Theorem 5.5.1, we obtain lim;_,, 2(¢) = 0. Hence,

0 =limsupz(t) > limsup(y(t) + pey(t — 7))

t—o00 t—o00

> limsupy(t) + li{n inf(pe(y(t — 7))
—00

t—o00

= limsupy(t) + pglimsup y(t — 7)

t—o00 t—o00

(1 + pg) limsup y(¢). (5.18)

t—o00
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Since (14 pg) > 0, then lim; o, y(t) = 0.
Subcase (i1): If limy_,o w(t) = 0o, then we obtain a contradiction to the fact that y(t)

and hence w(t) is bounded.

Case 11. If w(t) < 0 for t > to, then 0 < lim;_,, w(t) < oco.

Subcase (iii): If 0 < limy o w(t) < 0o, then 0 < lim; o 2(t) < co. We can show

that liminf, ., y(f) = 0. Hence by Lemma 4.2.4 lim; ., 2(t) = 0. Thus, by (5.18)

lim; o y(t) = 0.

Subcase (iv): If limy_,o w(t) = 0, then lim;_, z(t) = 0. Hence by (5.18) lim; . y(t) =
0.

Suppose case (¢) or (e) hold, then Lyw(t) < 0, so also w'(t) < 0 for t > ;. Thus,
2'(t) < K'(t) < 0 for t > t;, which implies z(t) > 0 or <0 for t >t > t;.

If z(t) > 0 for t > to, then lim; . 2(t) < oo. Proceeding same as in Case (c)
and (e) of Theorem 5.5.1, we can show that liminf, ,, y(t) = 0. By Lemma 4.2.4,
limy o, 2(t) = 0, thus, lim; . y(t) = 0.

If 2(t) < 0 for t > ty, then —oo < limy oo 2(t) < 0. If —oo < limy,o 2(8) < 0,
then we can show that liminf, .., y(¢) = 0. By Lemma 4.2.4, lim; ,, z(t) = 0. Thus,
limy o0 y(t) = 0. If limy 00 2(t) = —o00, then we get a contradiction due to the bound-

edness of y(t).

Suppose case (d) holds. then Lyw(t) < 0, so also w'(t) < 0 for t > ¢;. Thus
Z'(t) < K'(t) < 0 for t > t1, which implies z(t) > 0 or < 0 for t >ty > t;.

If z2(t) > 0 for t > to, then lim; , 2(t) < oco. Proceeding same as in case (d) in

Theorem 5.5.1 and using (5.18), we obtain lim,_,, y(t) = 0.
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If 2(t) < 0 for t > tg, then —oco < limy o 2(t) < 0. If —o0 < limyo 2(t) < O,
then using (Hy4) and (5.18), we get lim; . y(t) = 0.

If limy_,, 2(t) = —o0, then we obtain a contradiction due to the boundedness of y(t).

Suppose case (f) or (g) holds. Now y(t) is bounded implies z(¢) and w(t) are bounded.
Since w(t) is monotonic function, then lim; ., w(t) < co. Hence lim; o 2(t) < oo.

Proceeding same as case (f) and (g) of Theorem 5.5.1 and using (H5), (5.18), we get

lim; o y(t) = 0.

Suppose case (h) holds. Now y(¢) is bounded implies z(¢) and w(t) are bounded. Since
w(t) is monotonic function, then lim; ., w(t) < co. Hence lim;_,, 2(t) < 0o. Proceed-
ing same as case (h) of theorem 5.5.1 and using (Hig), (5.18), we get lim;_,o, y(t) = 0.
This completes the proof of the theorem. O

5.6 Oscillation Criteria for Non-Homogeneous Equa-

tion with fo - 1 dt < 0.

n

This section is devoted to study the oscillatory and asymptotic behavior of solutions

of forced equations (5.2) with suitable forcing function.

Theorem 5.6.1. Let 0 < p(t) < p; < oo holds. Assume that (Hy), (Hs), (Hy1) and
(Hy3) hold, then bounded solution of (5.2) is oscillatory.

Proof. Proceeding same as Theorem 5.3.1 we obtain (5.11) and (5.12). Thus V/(¢) is
monotonic on [t;,00), t; > to+ p. Suppose V (t) > 0 for ¢t > ¢4, then 0 < V(t) + K(t) =
z(t) — F(t). Hence,
limsup z(t) > limsup F(t) — oo,
t—00 t—00

a contradiction to the fact that y(¢) and hence z(¢) is bounded.
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If V(t) < 0 for t > t;, then 2(t) < K(t) + F(t), so also liminf, ;. 2(f) = —o0, a
contradiction to the fact that z(¢) > 0. This completes the proof of the theorem. [

Theorem 5.6.2. Let —oco < py < p(t) < ps < 0 holds. Assume that (Hy), (Hs), (Hyp)
and (Hi3) hold, then bounded solution of (5.2) is oscillatory.

The proof of the Theorem 5.6.2 is similar to that of Theorem 5.6.1. Hence the

details are omitted.

5.7 Conclusion

We may observe that if ro(t) = r(t) and r1(¢) = r3(t) = 1, the equation (5.1) and (5.2)
reduces to (4.1) and (4.2) respectively.
The results obtained for the equations (5.1) and (5.2) under the assumption

fooo Tnl(t) dt = oo; n = 1,2,3 are similar to the results obtained for the equations (4.1)
and (4.2) under the assumption [;° %dt = 00. Whereas the results obtained for the
equations (5.1) and (5.2) under the assumption fooo Tl(t)dt < oo; n = 1,2,3 are not
similar to the results obtained for the equations (4.1) and (4.2) under the assumption
I S dt < oo.

We may note that the study of the oscillatory and asymptotic behaviour of solutions
(5.1) and (5.2) under the assumption f;~ Tl(t)dt < oo includes all the cases (a)-(h).

Moreover, (Hy4) together with (Hi3) implies (Hig). Again, (Hyg) together with
(Hy3) implies (Hy5). Further, (His) together with (Hy3) implies (Hg). But converse

need not be true.



Chapter 6

Oscillation Results for n!" Order
Nonlinear Neutral Delay
Differential Equations with n > 4, n

i1s Even

6.1 Even Higher Order NDDE with [~ %)dt = 00.

In the Chapter 4, Section 4.1, we have studied fourth order neutral delay differential

equations (4.1) and (4.2) under the assumption

for various ranges of p(t).
In this section, we are concerned with the oscillatory and asymptotic behavior of so-
lutions of the higher order nonlinear neutral delay differential equations with positive

and negative coefficients of the form

(r®®) +p)y(t = 1)) + q(B)Gy(t - a))

—h()H(y(t — B)) =0 (6.1)

136
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and

(r®) () + Oyt — 7)) +a()G(y(t - a))

—h(@)H(y(t = B)) = f(t) (6.2)

under the assumption

<1

for various ranges of p(t), where r,q¢ € C(]0,00),(0,00)), p € C([0,00),R) and h €
C(]0,00),[0,00)), f € C([0,00),R), G and H € C(R,R) with uG(u) > 0, vH(v) > 0
for u, v # 0, H is bounded, G is non-decreasing, 7 > 0, a > 0, > 0, n > 4 and n is
even. Clearly, equations (6.1) and (6.2) generalizes the results obtained by Tripathy,
Panigrahi and Basu [88].

By a solution of (6.1)/(6.2) we understand a function y € C([—p, c0), R) such
that (y(t) + p(t)y(t — 7)) is twice continuously differentiable, (r(¢)(y(t) + p(t)y(t —
7))") is (n — 2) times continuously differentiable, where p = max{r, o, 5} and satisfies
(6.1)/(6.2) on [0, 00). We consider only those solutions y(t) of (6.1)/(6.2) which satisfies
sup{|y(t)|;t = to} > 0 for every t > t;. We assume that (6.1)/(6.2) has such a
solution. A solution of (6.1)/(6.2) is said to be oscillatory if it has arbitrarily large

zeros; otherwise, it is called nonoscillatory.

6.2 Oscillation Criteria for Homogeneous Equation
with [[7 5dt =

In this section, sufficient conditions are obtained for oscillatory and asymptotic behavior

of solutions of (6.1).

Remark 6.2.1. Note that (H) implies

/Ooo%dt



CHAPTER 6. OSCILLATION OF EVEN HIGHER ORDER NDDE 138

but converse need not be true. For example if r(t) = 1 + ¢?, then (Hy) does not hold,
whereas [ ~ydt = oo holds true.

Theorem 6.2.2. Let 0 < p(t) < p1 <1 orl <ps <p(t) < ps < oo. Suppose

(Hy) [5° % [ w3 h(uw)dudt < oo;

r

(Hy) there exists A > 0 such that G(u) + G(v) > AG(u + v) for u > 0,v > 0;
(H;) G(u)G(v) = G(uv), H(—u) = —H(u), u,v € R;

(Hy) [ Q(t)dt = oo, where Q(t) = min{q(t),q(t — 7);t > 7}

hold, then every bounded solution of (6.1) either oscillates or converges to zero as

t — oo.
Proof. Note that (H4) implies (Hs), where
(Hs) [7q(t)dt = oo.

Let y(t) be a non-oscillatory bounded solution of (6.1) on [tg, 00), to = 0, say y(t) is

an eventually positive solution. Set

2(8) = y(t) + p(O)y(t — 7). (6.3)
and
1 X g—t [ ne3 B uds
k) = 7 / = / (u— )" h(w) H(y(u — B))duds. (6.4)

Note that condition (H;) and the fact that H is bounded function implies that k()

exists for all £. Now if we let
u(t) = =(t) — k), (6.5)
then
w2 (t) = —g()G(y(t — ) < O(F0), (6.6)
where

w(t) =r(t)v"(t) (6.7)
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for t > to + p, w2 (t) represents the (n — 2)! derivative of ‘w’ w.r.t 't’. Clearly,
w3 (t), w=(t), .., w'(t),w(t) are monotonic functions and of constant sign for ¢ €

[t1,00), t1 = to + p.

If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t;. Now
w(t) > 0 implies v”(t) > 0 for t > ¢;, which in turn implies ¢'(¢) is monotonic function.

Thus, v'(t) > 0 or <0 for t >ty > 1.

Case 1. If v/(¢) > 0 for ¢t > to, then integrating v”(¢) > 0 twice consecutively from

ty to t, we obtain
v(t) = v(ta) + V' (L) (t — t2)

which implies v(t) — oo as t — oo. Since y(t) is bounded, so also z(t) is bounded.

Hence v(t) is bounded, a contradiction.

Case II. If v/(t) < 0 for t > to, then 2/(t) < 0 eventually. Hence, lim; o, 2(t) < o0o.
Claim liminf, ,, y(t) = 0. If it is not true, let liminf;, . y(t) = [; > 0, then for some

€ > 0, there exists t3 > t5 such that
y(t) > (l1 —e) >0 (6.8)
for t > t3. Using (6.8) in (6.6), we obtain
w2 () < —q(t)G(ly — €) (6.9)

for t > t, > t3. Hence, integrating (6.9) from ¢4 to ¢, we obtain
t
0o > w" I (ty) > —w" I (1) + w I (ty) = Gl - 6)/ q(s)ds.

tq
Since lim;_,.o w™ 3 (t) < oo, then taking limit as ¢ — oo we obtain LZO q(t)dt < oo,
a contradiction to (Hs). Hence by Lemma 4.2.4, we get lim; o 2(f) = 0. Thus

lim; o0 y(t) =0, as y(t) < 2(¢).
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Ifw(t) < O0fort > ty, thenv”(t) < 0fort > t;. Thus, v'(t) > 0or < 0fort >ty > t;.

Case II1. Suppose v/(t) > 0 for t > t5. Since w2 (¢) < 0 eventually, then w3 (¢) > 0

or < 0 eventually.

Subcase (i): Suppose w3 (t) > 0 eventually. Since v'(t) > 0, then either v(t) > 0
or <0 fort >ty >ty If w(t) > 0 fort > t3, then using (H2) and (Hj) in (6.6), we

obtain

0 = w"2(t) +q()G(y(t — a)) + Gp)w" 2 (t — 1)

Gpr)g(t —7)Gy(t — 7 — a))

w2 (t) + Gp) w2 (t — ) + AQ(H) G (y(t — a) + pry(t — a = 7))
WA (t) + Gp w2 (t - 7) + AQ(H)G(2(t — a))

w B (t) + Gp )w" D (t = 7) + AQH)G(v(t — )

VooV +

WV

fort >ty > t3. Now ¢/(t) > 0 and v(t) > 0 imply v(t) > ky for t > t5 > t4. Hence from

last inequality, we obtain
0 > w"2()+ Gp)w" 2 (t —7) + AQ(t)G (k1)
for t > tg > t5. Integrating the preceeding inequality from ¢4 to ¢, we obtain

oo > w" (L) + G(p)w™ D (ts — 1) > —w I (t) + w3 (1)
t
— Gp)w" V(= 7) + G(p)w™ I (ts — 7) = AG(ky) / Q(s)ds.
te
Since lim;_,o w™ 3 (t) < oo, then taking ¢ — oo in the last inequality we obtain

Jo Q(t)dt < oo, a contradiction to (Hy).

If v(t) < 0 for ¢t > t3, then lim; ., v(t) exists, which implies lim;_,., z(¢) exists. Claim
liminf; o y(t) = 0. If not, liminf; , y(t) = Iy > 0, then for some ¢ > 0, there exists

t4 > t3 such that

y(t) > (la—e€) >0
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for t > t4. Using the last inequality in (6.6), we obtain

w2 (1) < —q()G(l —¢)
for t > t5 > t4. Hence integrating the last inequality from t¢5 to ¢, we obtain

t
0o > w" I (t5) > —w™ (1) + w I (t5) = G(ly — e)/ q(s)ds.
ts
Since limy o w3 () < oo, then taking limit as ¢t — co we have ftzo q(t)dt < oo,

a contradiction to (Hs). Hence by Lemma 4.2.4, we obtain lim; ,,, 2(t) = 0. Thus

limy 0o y(t) = 0, as y(t) < 2(¢).

Subcase (ii): If w3 (t) < 0 eventually, then from (6.6) we obtain w™ 4 (t) <
0,...,w(t) <0 for large t. Since w'(t) < 0 for t > t3 > t5, then w(t) < w(t3), that is,

r(t)v"(t) < r(t3)v”(t3).
Integrating the last inequality from 't} to 't/, we obtain

V(1) < v/ (ts) + r(ts)0" (1) / %

which implies v/(t) — —oo as t — 0o, a contradiction to the fact that v'(¢) > 0 even-

tually.

Case IV. If v/(t) < 0 for ¢ > t5, then integrating v”(¢) < 0 twice consecutively from ¢,

to t, we obtain
v(t) < v(ta) + V(L) (t — t2),

which implies lim; ., v(t) = —oo. Since z(t) is bounded, then v(t) is bounded, a
contradiction.

Finally, we suppose that y(t) < 0 for ¢t > ¢y. From (Hj), we note that G(—u) =
—G(u) and H(—u) = —H(u),u € R. Hence putting z(t) = —y(t) for t > ty, we obtain
x(t) > 0 and

(r(®)(a(t) + pt)a(t — 7)) + q(t)G(2(t — a)) = h(t)H (x(t — ) = 0.
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Proceeding as above, we can show that every bounded solution of (6.1) oscillates or

converges to zero as t — 0o. This completes the proof of the theorem.

O
Example 6.2.3. Consider the sixth order differential equation
(s 4 3ute=m) o+ (G4 Jote—2m
t — 2m)
et (1 + sin? )2 —0 6.10
e (1 +sin )1_1_3/2(75_27T> , (6.10)

for t > 7. Clearly, (Hy) — (H,) are satisfied. Hence by Theorem 6.2.2 every bounded
solution of (6.10) either oscillates or converges to zero as t — oo. In particular, y(t) =

sint is such a bounded oscillatory solution of (6.10).

Theorem 6.2.4. Let —oco < py < p(t) < ps < —1. Suppose that (Hy), (Hs) and
(Hs) hold, then every bounded solution of (6.1) either oscillates or converges to zero

ast — oo.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.1) on [ty, 00), ty = 0, say
y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is similar
and will be omitted.) Setting z(t), k(t), v(t) as in (6.3), (6.4) and (6.5) respectively,
we obtain (6.6) and (6.7) for t >ty + p. Clearly, w™ =3 (t), w9 (1), .., w'(t),w(t) are

monotonic functions and of constant sign for ¢ € [t1,00), t1 = to + p.
If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t;. Now
w(t) > 0 implies v”(¢) > 0 for ¢ > ¢;, which in turn implies ¢'(¢) is monotonic function.

Thus, v'(t) > 0 or < 0 for t > t5 > t;.

Case L. If v/(t) > 0 for t > t5, then proceeding same as in Case I of Theorem 6.2.2, we

obtain v(t) — 0o, a contradiction due to the fact that y(¢) is bounded.

Case IL. If v/(t) < 0 for t > to, then v'(t) < 0 implies 2/(t) < 0 eventually. Hence,
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z(t) > 0 or < 0 eventually.

Subcase (1): If z(t) > 0 eventually, then lim; , 2(f) < oco. Proceeding same as
in Case II of Theorem 6.2.2, we obtain lim;_,, z(¢) = 0.
Thus,
0 = liminf, . 2(%)
< liminfy oo [y(t) + psy(t — 7)]

h (6.11)
< limsup,_, o y(t) + liminf; o [psy(t — 7)]

= (14 ps) limsup,_, . y(t).
Since (1 4 ps) < 0, which implies lim; ., y(t) = 0.

Subcase (i1): If z(t) < 0 eventually, then —oo < limy_,o 2(t) < 0 due to 2/(t) < 0.
Let —oo < limy_,00 2(f) < 0. Claim liminf, ,o y(¢t) = 0. If not, let liminf, ,., y(t) =

[3 > 0, then for some € > 0, there exists t3 > t5 such that
y(t) > (I3 —€) >0
for t > t3. Using the last inequality in (6.6), we obtain
w" (1) < —q(t)G(ls —€)

for t > t4 > t3. Hence, integrating the preceeding inequality from ¢4 to t, we obtain
b b > t
0o > w" I (ty) > —w" I (1) + w" I (ty) = G(ls - 6)/ q(s)ds.
tq
Since lim; o, w3 (t) < oo, then taking limit as t — oo we obtain [~ ¢(t)dt < oo, a
contradiction to (Hs). Hence by Lemma 4.2.4, we obtain lim;_,., 2(¢) = 0. Thus, from

(6.11), we obtain lim;_,, y(t) = 0.
If limy o 2(t) = —o0, then we get a contradiction due to the fact that y(¢) is bounded.

If w(t) <0 for t > ty, then v"(¢) < 0 for t > t;. Thus, v/(t) > 0 or <0 for t >t > t;.

Case II1. Suppose v/(t) > 0 for t > t5. Since w2 (¢) < 0 eventually, then w3 (¢) > 0
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or < 0 eventually.

Subcase (ii): Suppose w3 (t) > 0 eventually. Since v'(t) > 0, then v(t) > 0
or < 0fort >ty >ty If (t) >0 fort > t5, then 2(t) > 0 eventually. Hence from
(6.6), we obtain

0 = w" (1) + )Gyt - a))
w2 () + q(t) G (2(t - @)

w2(t) + ()G (t - a))

WV

WV

for t > t4 > t3. Now v/(t) > 0 and v(t) > 0 imply v(t) > ky for t > t5 > t4. Hence from

the last inequality, we obtain
0 > w2(0) +g(t)G (k)
for t > tg > t5. Integrating the preceeding inequality from t4 to ¢, we obtain
oo > w" I (tg) > —w () + w I (t5) > G(ky) /tq(s)ds.

te
Since limy_. w™ 3 () < oo, then taking ¢ — oo in the last inequality we obtain
i a(t)dt < oo, a contradiction to (Hs).
If v(t) < 0 for t > t3, then lim,;_,,, v(t) exists. Hence lim;_,, z(t) exists. Proceeding
same as in Subcase (i) of Case III of Theorem 6.2.2 for the v(t) < 0 part, we obtain

limy o0 2(£) = 0. Thus, from (6.11) we obtain lim; ., y(t) = 0.

Subcase (iv): If w3 (t) < 0 eventually, then proceeding same as in Subcase (ii)

of Case III of Theorem 6.2.2 we obtain a contradiction to the fact that v'(¢) > 0.

Case IV. If v'(t) < 0 for ¢ > t5, then integrating v”(t) < 0 twice consecutively we
obtain lim;_,,, v(t) = —00, a contradiction due to the fact that v(t) is bounded. This

completes the proof of the theorem. n
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Example 6.2.5. Consider the differential equation

2e — 1

(iv)
(0 + e —2u =)+ 2502

t—3)
C1Ge- B[] 4 gm20-3) _yt=3) 0 6.12
¢ (1+e T3 =" (6.12)

for t > 4. Clearly, (Hy),(Hs) and (H;) are satisfied. Hence by Theorem 6.2.4 every

bounded solution of (6.12) either oscillates or converges to zero as t — oo. In particular,

y(t) = e~ is such a solution of (6.12).

Theorem 6.2.6. Let —1 < pg < p(t) < 0. Suppose that (Hy), (Hs) and (Hs) hold,

then every bounded solution of (6.1) either oscillates or converges to zero as t — 0.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.1) on [tg, 00), to = 0, say
y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is similar
and will be omitted.) Setting z(¢), k(t), v(t) as in (6.3), (6.4) and (6.5) respectively,
we obtain (6.6) and (6.7) for t >ty + p. Clearly, w3 (t), w9 (t), .., w'(t),w(t) are

monotonic functions and of constant sign for ¢ € [t1,00), t1 = to + p.

If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t;. Now
w(t) > 0 implies v”(¢) > 0 for ¢ > ¢;, which in turn implies ¢'(¢) is monotonic function.

Thus, v'(t) > 0 or <0 for t >ty > 1.

Case L. If v/(t) > 0 for t > t,, then proceeding same as in Case I of Theorem 6.2.2, we

obtain v(t) — 00, a contradiction due to the fact that y(¢) is bounded.

Case II. If v/(t) < 0 for t > ty, then 2/(t) < 0 eventually. Thus z(¢) > 0 or < 0

eventually.

Subcase (i): If z(t) > 0 eventually, then lim; . 2(f) < oco. Proceeding same as
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in Case II of Theorem 6.2.2, we obtain lim;_,, z(¢) = 0. Thus,

0 = lim SUP; 00 Z(t) lim SUDP; 00 (y(t) + pﬁy(t - T))

>
> limsup,_, .. y(t) + liminf, , o (psy(t — 7)) (6.13)

= lim SUP¢ 00 y(t> + Pe lim SUP¢ 00 y<t o T)

= (1 + pg) limsup,_, . y(t).

Since (1 + pg) > 0, then lim,; ., y(¢) = 0.
Subcase (ii): If z(t) < 0 eventually, then —oo < limy . 2(t) < 0. If —o0 <
lim; o 2(t) < 0, then proceeding same as in Subcase (ii) of Case II of Theorem 6.2.4,

we obtain lim;_, () = 0. Hence by (6.13), we obtain lim; . y(¢) = 0.

If lim; o 2(t) = —o0, then we get a contradiction due to the fact that y(¢) and hence

z(t) is bounded.

If w(t) <0 fort > ty, then v"(¢) < 0 for t > t;. Thus, v'(t) > 0 or <0 for t >ty > t;.

Case III. Suppose v'(t) > 0 for t > t5. Since w2 () < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (iii): Suppose w™ 3 () > 0 eventually. Since v/(t) > 0, then v(t) > 0

OI'<OfOI't>t3>t2.

If v(t) > 0 for t > t3, then z(t) > 0 eventually. Proceeding same as in Subcase

(i17) of Case III of Theorem 6.2.4 we obtain a contradiction due to (Hj).
If v(t) < 0 for t > t3, then lim; ., v(t) exists. Hence, lim;_,, z(t) exists. Proceeding
same as in Subcase (i) of Case III of Theorem 6.2.2 for the v(t) < 0 part we obtain

limy 00 2(£) = 0. Thus from (6.13) we obtain lim; . y(¢) = 0.

Subcase (iv): If w3 (t) < 0 eventually, then proceeding same as in Subcase (ii)
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of Case III of Theorem 6.2.2 we obtain a contradiction to the fact that v'(¢) > 0.

Case IV. If v'(t) < 0 for ¢ > t5, then integrating v”(t) < 0 twice consecutively we
obtain lim; ,,, v(t) = —o0, a contradiction due to the fact that v(¢) is bounded. This

completes the proof of the theorem. O

Theorem 6.2.7. Let 0 < p(t) < p1 < 1 orl < py < p(t) < ps < 0o. Suppose
(Hy) — (Hy) hold, then every solution of (6.1) either oscillates or converges to zero as

t — o0.

Proof. Suppose y(t) be a nonoscillatory solution of (6.1) on [tg, 00) to = 0, say y(t) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will be
omitted.) Proceeding same as in Theorem 6.2.2, we obtain w3 (¢), w4 (t), .., w'(t),

w(t) are monotonic functions and of constant sign for ¢ € [t1,00), t1 =ty + p.

If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t;. Now
w(t) > 0 implies v"(t) > 0 for ¢ > t;, which in turn implies v/(¢) is monotonic function.

Thus, v'(t) > 0 or <0 for t >ty > 1.

Case L. If v/(t) > 0 for ¢t > to, then integrating v”(¢) > 0 twice consecutively from

ty to t, we obtain
v(t) = v(ta) + 0 (L2)(t — ta)

which implies v(t) — oo as t — co. Thus, v(t) > 0 for t > t3 > to, then using (H») and
(H3) in (6.6), we obtain

0 = w"2(t) +q()G(y(t — a)) + Glpr)w" 2 (t — 7)

Gpr)g(t = 7)Gy(t — 7 — a))

w2 (t) + G(p) w2 (t — ) + AQM) G (y(t — a) + pry(t — a = 7))
w2 () + Gp) w2 (t = 7) + AQ(DG(2(t - )

WA (t) + Gp )w" D (t = 7) + AQH)G(v(t — )

VoWV +

WV
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fort >ty > t3. Now ¢/(t) > 0 and v(t) > 0 imply v(t) > ki for t > t5 > t4. Hence from

last inequality, we obtain
0 > w" D)+ Gp)w" 2 (t —7) + AQ)G (k1)
for t > tg > t5. Integrating the preceeding inequality from tg to t, we obtain

oo > w" N (te) + Gp)w" P (tg — 1) > w0 (t) + w" P (tg)

— G)w" I (t = 7) + Gp)w" P (te — 7) = AG(k1) /tt Q(s)ds.

Since lim;_,0 w™ 3 (t) < oo, then taking ¢ — oo in the last inequality we obtain

Jo Q(t)dt < oo, a contradiction to (Hy).

Case II. If v/(t) < 0 for t > to, then proceeding same as in Case II of Theorem 6.2.2,

we obtain limy .. y(t) = 0.
Ifw(t) < 0fort > ty, thenv”(t) < 0fort > t;. Thus, v'(t) > 0or < 0fort >ty > t;.

Case II1. Suppose v/(t) > 0 for t > t5. Since w2 (¢) < 0 eventually, then w3 (¢) > 0

or < 0 eventually.

Subcase (i): Suppose w3 (t) > 0 eventually. Since v/(¢) > 0, then either v(¢) > 0
or <0 fort>t3>ty. If v(t) > 0 for t > t3, then proceeding same as in Subcase (i) of

Case I1II of Theorem 6.2.2 for v(t) > 0 part, we obtain a contradiction due to (Hy).

If v(t) < 0 for t > t3, then proceeding same as in Subcase (i) of Case III of Theorem

6.2.2 for v(t) < 0 part, we obtain lim; . y(t) = 0.

Subcase (i): If w3 (t) < 0 eventually, then proceeding same as in Subcase (i) of
Case III of Theorem 6.2.2, we obtain a contradiction to the fact that v’(¢) > 0 eventu-

ally.
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Case IV. If v/(t) < 0 for ¢t > t,, then integrating v”(t) < 0 twice consecutively from t,

to t, we obtain
v(t) < v(t) +0'(t2)(t — ta),

which implies lim; ., v(t) = —oo. Hence, v(t) < 0 for ¢t > t3 > t5. Thus, 0 < z(t) <
k(t), which implies z(t) is bounded, so also v(t), a contradiction. This completes the

proof of the theorem.

[]

Theorem 6.2.8. Let —1 < pg < p(t) < 0. Suppose that (Hy), (Hs) and (Hs) hold,

then every solution of (6.1) either oscillates or converges to zero ast — 00.

Proof. Let y(t) be a non-oscillatory solution of (6.1) on [t, 00), ty = 0, say y(¢) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will
be omitted.) Setting z(t), k(t), v(t) as in (6.3), (6.4) and (6.5) respectively, we obtain
(6.6) and (6.7) for t >ty + p. Clearly, w3 (¢), w9 (¢),..,w'(t), w(t) are monotonic

functions and of constant sign for t € [t1,00), t; > to + p.

If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w3 (¢t) > 0 for t > t;. Now
w(t) > 0 implies v”(t) > 0 for ¢ > ¢;, which in turn implies v/(¢) is monotonic function.

Thus, v/'(t) > 0 or < 0 for t >ty > t;.

Case L. If v/(t) > 0 for t > t5, then proceeding same as in Case I of Theorem 6.2.2, we
obtain v(t) — co. Thus, v(t) > 0 for t > t3 > t5. Note that if v(t) > 0 for ¢t > t3, then

z(t) > 0 eventually. Hence from (6.6), we obtain
0 = w"2(t) +qt)G(y(t - a))

w2 () + q(t)G(2(t ~ @)

> WD) + ()Gt - @)

V

fort >ty > t3. Now v/(t) > 0 and v(t) > 0 imply v(t) > ky for t > t5 > t4. Hence from
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the last inequality, we obtain
0 > w"(t) +q(t)G (k)
for t > tg > t5. Integrating the preceeding inequality from tg to ¢, we obtain

t
oo > w I (tg) > —w" () + w I (tg) > G(kl)/ q(s)ds.

te

Since limy_, o w3 (t) < oo, then taking ¢ — oo in the last inequality we obtain

ftzo q(t)dt < oo, a contradiction to (Hs).

Case II. If v'(t) < O for t > t9, then 2/(t) < 0 eventually. Thus z(¢) > 0 or < 0

eventually.

Subcase (i): If z(t) > 0 eventually, then lim; ., 2(t) < co. Proceeding same as

in Subcase (i) of Case II of Theorem 6.2.6, we obtain lim; ., y(t) = 0.

Subcase (ii): If z(t) < 0 eventually, then —oo < limy,o 2(f) < 0. If —oc0 <
limy 0 2(t) < 0, then proceeding same as in Subcase (ii) of Case II of Theorem 6.2.4,

we obtain lim;_,, 2(¢) = 0. Hence by (6.13), we obtain lim;_,~, y(¢) = 0.

If lim; o0 2(t) = —o0, then z(t) < 0 for t > t3 > to. Thus, y(t) < y(t — 7) for

t > t3. Hence y(t) and z(t) are bounded, a contradiction.
If w(t) <0 for t > ty, then v”(t) < 0 for t > t;. Thus, v/(t) > 0 or <0 for t >t > t;.

Case II1. Suppose v/(t) > 0 for t > t,. Since w2 (t) < 0 eventually, w3 (¢) > 0 or

< 0 eventually.

Subcase (ii): Suppose w3 (t) > 0 eventually. Since v'(t) > 0, then v(t) > 0

or <0 for t > t3 > ts.
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If v(t) > 0 for t > t3, then z(t) > 0 eventually. Proceeding same as in Subcase

(#ii) of Case III of Theorem 6.2.4 we obtain a contradiction due to (Hj).

If v(t) < 0 fort > t3, then lim; ., v(t) exists. Hence, lim;_,, z(t) exists. Proceeding
same as in Subcase (i) of Case III of Theorem 6.2.2 for the v(t) < 0 part we obtain

limg o 2(t) = 0. Thus from (6.13) we obtain lim;_,, y(t) = 0.

Subcase (iv): If w3 (t) < 0 eventually, then proceeding same as in Subcase (ii)

of Case III of Theorem 6.2.2 we obtain a contradiction to the fact that v'(¢) > 0.

Case IV. If v/(t) < 0 for t > to, then integrating v”(t) < 0 twice consecutively we
obtain lim;,o, v(t) = —oo. Thus, v(t) < 0 for t > t3 > t5. We claim that y(t) is
bounded. If this is not the case, then there is an increasing sequence {n, }22 ; such that
N, — oo and y(n,) — oo as n — oo and y(n,) = mazx{y(t) : t3 <t < n,}. We may

choose n large enough such that n, — 7 > t3. Hence,

v(n) 2 Yn) + ey — 7) — k(n) = (1 + p6)y(10n) — k().

Since k(n,) is bounded and (1 + pg) > 0, then v(n,) > 0 for large n which is a
contradiction. Hence y(t) is bounded, which implies v(t) is bounded, a contradiction.

This completes the proof of the theorem. O

6.3 Oscillation Criteria for Non-Homogeneous Equa-
tion with [~ %)dt = 00.

This section is devoted to study the oscillatory and asymptotic behavior of solutions of
forced equations (6.2) with suitable forcing functions. Our attention is restricted to the
forcing functions which are eventually change sign. We have the following hypotheses

regarding f(t):
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(Hg) There exists F € C?%(]0, 00), R) such that —oo < liminf .o, F(t) < 0 < limsup,_, . F(t)
< oo, TF" € C™2(]0,00),R) and (rF")"=2 = f.

(H7) There exists F € C*([0,00), R) such that liminf, .., F(t) = —oo, limsup,_, .,
F<t> = OO,’I"F” € C(n_2)([07 OO>7R) and (TF”)(n_Q) = f

Theorem 6.3.1. Let 0 < p(t) < p1 < oo. Suppose that (H,) — (Hs), (H;) and
(Hs) limsup,_,, [. Q(s)G(F(s—a))ds = +oo, liminf, o [ Q(s)G(F(s—a))ds = —c0
hold. Then every solution of (6.2) oscillates.

Proof. Let y(t) be a non-oscillatory solution of (6.2) on [tg, 00), ty = 0, say y(¢) is an
eventually positive solution. (The proof in case y(t) < 0 eventually is similar and will

be omitted.) Setting z(t), k(t), v(t) as in (6.3), (6.4) and (6.5) respectively, from (6.2)

we obtain
w" (1) = —g()G(y(t — @) < O( 0), (6.14)
where
wi(t) = r(t)u"(t) (6.15)
and
u(t) = v(t) — F(t) (6.16)

for t > to + p, where p = maz{r,a, 8}. Clearly, w\" ™2 (t), w" (1), .., w|(t), w(t) are

monotonic functions and of constant sign for ¢ € [t1,00), t1 = to + p.
If wi(t) > 0 for t > t;, in view of Lemma 3.4.1, winig)(t) > 0 for t > t;. Now
wi(t) > 0 implies w”(t) > 0 for ¢

t1, which in turn implies «'(¢) is monotonic func-

>
tion. Thus, «/(¢) > 0 or < 0 for t >ty > t;.
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Case L. If w/(t) > 0 for ¢ > t5, then integrating u”(t) > 0 twice consecutively from

ty to t, we obtain
u(t) = u(ty) + u'(t2)(t — t2),

which implies u(t) — oo as t — oo. Thus, u(t) > 0 for large t. Hence, z(t) > k(t) +
F(t) > F(t) for t > t3 > ty. Using (H3) and (Hj), we obtain from (6.14)

0 = w7 +q)Gy(t — ) + Gp)wi" > (t - 7)
Gp)a(t —7)G(y(t — 7 — a))

w2 () + Glpo)w" (¢ = 7) + AQOG(y(t — @) + pry(t — a — 7))
w2 () + Gp)w" ™ (t - 1) + AQG(x(t - )
w"2(8) + Glp)w" ™ (t - 7) + AQG(F(t — o))

VoWV +

WV

for t > t4 > t3. Integrating the preceeding inequality from ¢, to ¢, we obtain

0o > w"(ty) + Glp)wi"” Ru—7>> —w{" (1) + wi" Mu)
_ G(pl)wgn—3)(t—7)+G(p1)w1 t4—7' > / Q(s)G(F (s — a))ds.

Taking limsup as t — oo in the last inequality we obtain lim sup,_, fti Q(s)G(F(s—

a))ds < oo, a contradiction to (Hg).
Case II. If u/(t) < 0 for t > to, then u(t) > 0 or u(t) < 0 for t > t3 > t.

Subcase (i): If u(t) > 0 for t > t3, then proceeding same as in Case I we ob-
tain a contradiction due to (Hg).
Subcase (11): If u(t) < 0 for t > t3, then
2(t) — k(t) < F(t).

Thus liminf, . 2(f) = —oo, a contradiction to the fact that z(¢) > 0.
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If wi(t) < 0 for ¢t > ¢y, then u”(t) < 0 for t > ¢;. Thus, ¥/(t) > 0 or /(t) < 0

fOYt}tg >t1.

Case III. Suppose v'(t) > 0 for t > t5. Since w§”‘2)(t) < 0 eventually, then w%n_?’)(t) >0

or < 0 eventually.

Subcase (iii): Suppose wgn_?’)(t) > 0 eventually. Since u/(t) > 0, then u(t) > 0

or u(t) <0 for t > t3 > to.

Suppose u(t) > 0 for t > t3. Hence, z(t) > k(t) + F(t) > F(t) for t > t3 > to.
Using (H2) and (Hs), from (6.14) we obtain

0 = w"?(t) +q)Gy(t — @) + Glp)w{" (t — 7)

Gp)g(t — T)G(y(t — 7 — a))

w2 (1) + Glpn)wi" ™ (t — 7) + AQMG(y(t — o) + pry(t — a — 7))
w2 () + Glp)w{" ™ (t — 7) + AQ(H)G(=(t — a))

w2 () + Glp)w{" ™ (t = 7) + ANQH)G(F(t — a))

VoWV +

WV

for t > t4 > t3. Integrating the preceeding inequality from ¢, to ¢, we obtain

0o > w" V() + GV (ty — 1) > —w" V() + " ><t4>

= G (1) + Gt — 1) > / Q(s)G(F(s — a))ds.

Taking limsup as ¢ — oo in the last inequality, we obtain limsup,_, ., j;i Q(s)G(F(s —

a))ds < oo, a contradiction to (Hg).

If w(t) < 0 for t > t3, then we get liminf; . 2(t) — —oo, a contradiction to the

fact that z(t) > 0.

Subcase (iv): 1f w%"_g’) (t) < 0 eventually, then from (6.14) we can conclude that
w" V() < 0,..,w,(t) < 0 for large t. Since w|(t) < 0 for t > t3 > t5, then
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wy(t) < wy(ts), that is,

r(t)u” (t) < r(ts)u”(t3).
Integrating the last inequality from 't to 't’, we obtain

u'(t) < u'(t3) + r(tg)u"(t3)/t %,

which implies /() — —o0 as t — 00, a contradiction to the fact that u/(t) > 0 even-

tually.

Case IV. If v/(t) < 0 for t > t5, then integrating u”(t) < 0 from ¢, to ¢, we obtain
u(t) < ultz) +u'(t2)(t — ta),

therefore, lim; o u(t) = —oo. Thus, u(t) < 0 for t > t3 > to. Hence, liminf; ., 2(t) =
—00, a contradiction due to the fact that z(¢) > 0. Hence proof of the theorem is

complete. O

Example 6.3.2. Consider
(y(t) +ey(t —2m))") 4 26*y(t — 2m)

y(t —0)

_289 —5t+6—27 1 2t—260 - 2 t — 0
e (I+e sin®( ))—1+y2(t—0)

= —2¢'sint, (6.17)

for ¢ > 57, where tan§ = 22, Indeed, if we choose F(t) = % sint, then (r(t)F"(t))" =

f(t). Clearly, (H,) — (H3), (H7) and (Hs) are satisfied. Hence, by Theorem 6.3.1 every
solution of (6.17) oscillates. Indeed, y(t) = e'sint is such a solution of (6.17).

Theorem 6.3.3. Let 0 < p(t) < p1 < oo. Suppose that (Hy) — (Hs), (Hg) and (Hg)
hold. Then every unbounded solution of (6.2) oscillates.

Proof. Let y(t) be an unbounded non-oscillatory solution of (6.2) on [ty,0), tg = 0,
say y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is
similar and will be omitted.) Setting z(t), k(¢), v(t) as in (6.3), (6.4) and (6.5) re-
spectively, we obtain (6.14), (6.15) and (6.16) for ¢t > ¢y + p, where p = maz{r, a, B}.
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Clearly, w§”‘3) (1), wi"_zl) (1), .., w)(t), w;(t) are monotonic functions and of constant sign

for t € [t1,00), t1 > to + p.

If wy () > 0 for t > t;, in view of Lemma 3.4.1, w\" ™ (t) > 0 for t > ;. Now

wi(t) > 0 implies u”(t) > 0 for ¢t > ¢;, which in turn implies «'(¢) is monotonic func-

=
tion. Thus, «/(t) > 0 or < 0 for t >ty > t;.

Case L. If ¥/(t) > 0 for ¢ > to, then proceeding same as in Case I of Theorem 6.3.1, we

obtain a contradiction due to (Hg).
Case II. If w/(t) < 0 for t > to, then u(t) > 0 or u(t) < 0 for t > t3 > t,.

Subcase (i): If u(t) > 0 for t > t3, then proceeding same as in Case I of The-

orem 6.3.1, we obtain a contradiction due to (Hg).

Subcase (i1): If u(t) < 0 for t > t3, then y(t) < z(t) < k(t) + F(t). Hence,

y(t) is bounded, a contradiction to our assumption.

Case ITL. Suppose u/(¢) > 0 for t > t,. Since w{" > (¢) < 0 eventually, then w"™(t) > 0

or < 0 eventually.

Subcase (iii): Suppose w§”‘3) (t) > 0 eventually. Since v'(t) > 0, then either u(t) > 0

or u(t) <0 for t > t3 > to.

If u(t) > 0 for ¢t > t3, then proceeding same as in Subcase (iii) of Case III of The-

orem 6.3.1, we obtain a contradiction due to (Hg).
If u(t) < 0 for t > t3, then y(t) is bounded, a contradiction to our assumption.

Subcase (wv): If w%n_g) (t) < 0 eventually, then proceeding same as in Subcase (iv)
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of Case III of Theorem 6.3.1, we obtain a contradiction due to '(t) > 0.

Case IV. If v/(t) < 0 for t > t,, then we get u(t) - —oo as t — oo. Thus, u(t) < 0
for t > t4 > t3, a contradiction due to the unboundedness of y(t). This completes the

proof of the theorem. O

Theorem 6.3.4. Let —0o < py < p(t) < ps < 0. Suppose that (Hy), (Hs) and (H7)

hold, then every bounded solution of (6.2) oscillates.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.2) on [ty,00), to = 0,
say y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is
similar and will be omitted.) Setting z(t), k(t), v(t) as in (6.3), (6.4) and (6.5) re-
spectively, we obtain (6.14), (6.15) and (6.16) for ¢t > ty + p, where p = maz{r, a, B}.
Clearly, w§n73) (1), wi”*‘*) (1), .., w)(t), w;(t) are monotonic functions and of constant sign
for t € [t1,00), t1 =ty + p.

If wi(t) > 0 for t > ¢y, in view of Lemma 3.4.1, win_g)(t) > 0 for t > t;. Now
wy(t) > 0 implies w”’(t) > 0 for ¢ > ¢;, which in turn implies «'(t) is eventually mono-

tonic function. Thus, «/(t) > 0 or < 0 for t > to > t;.

Case L. If w/(t) > 0 for ¢ > t5, then integrating u”(t) > 0 twice consecutively from

ty to t, we obtain
u(t) = ultz) +u'(t2)(t — t2),

which implies u(t) — oo as t — oo. Hence u(t) > 0 for ¢ > t3 > to. Thus, z(t) > F(t).

Using (H7), we get a contradiction due to the boundedness of z(?).

Case II. If v/(t) < 0 for t > ty, then we have two cases: u(t) > 0 or u(t) < 0 for

t = ts3 > to.

Subcase (i): If u(t) > 0 for t > t3, then we obtain a contradiction to the bounded-

ness of z(t).
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Subcase (ii): If u(t) < 0 for t > t3, then we get liminf, ,,, 2(t) = —o0, a con-

tradiction to the boundedness of z(t).

If wi(t) < 0 for ¢t > ¢y, then u”(t) < 0 for t > ¢;. Thus, ¥/(t) > 0 or ¥/(t) < 0

fOI't}tz >t1.

Case III. If «/(t) > 0 for t > t,, then we have two cases: wu(t) > 0 or u(t) < 0 for

t = ts3 > to.

Subcase (11): If u(t) > 0 for t > t3, then z(t) > F(t). Thus by using (H7) we

obtain a contradiction due to the boundedness of z(t).

Subcase (w): If u(t) < 0fort > t3, then z(t) < k(t)+F(t). Hence liminf, ., 2(t) =

—00, a contradiction due to the boundedness of z(t).

Case IV. If «/(t) < 0 for t > to, we may note that u”(t) < 0, then integrating from ¢,

to t, we obtain
u(t) < u(tz) + o' (t2)(t — 1),

therefore, lim;_, o u(t) = —oo. Hence, u(t) < 0 fort > t3 > to. Thus, z(t) < k(t)+F(t).
Hence, liminf, ,,, z(t) = —oo, a contradiction due to the boundedness of z(t). This

completes the proof of the theorem. n

Example 6.3.5. Consider

ot (i)
(y(t) — 7y(t — 2#)) + (1+ et)y(t — 4m)

= e'sint, (6.18)
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for t > 13. Indeed, if we choose F'(t) = %, then F)(t) = f(t). Clearly, (H;) — (Hs)
and (Hr) are satisfied. Hence by Theorem 6.3.4 every bounded solution of (6.18)

oscillates. Indeed, y(t) = sint is such a solution of (6.18).

Theorem 6.3.6. Let 0 < p(t) < p; <1, (Hy) and (Hg) hold with
1 o . 1
——(1=p) <liminf F(t) < 0 < limsup F(t) < =(1 — py). (6.19)
8 t—o0 t—00 4

Furthermore, assume that G and H are Lipschitzian on the intervals of the form [b, ],

[o¢] s (o]
— t"3q(t)dtds < oo,
[, ) e

then (6.2) admits a positive bounded solution.

0<b<c<oo. If

Proof. 1t is possible to choose t; > t; large enough such that for ¢ > ¢,

(n_lg) ! /t h T(tt) /t " o h(s)dsdt < inl (6.20)

1

and

e A AR CCEE (6.:21)

1

where L = maz{Ly, Lo,G(1), H(1)} and Ly, Ly are Lipschitz constants of G and H on
[£(1 — p1), 1] respectively. Let X = BC([to,o0),R). Then X is a Banach Space with

respect to supremum norm defined by
||| = sup{|=(¢)|}.
t>tg
Let
1
S:{:EEng(l—pl) <z(t) < 1,t >t}

Hence S is a complete metric space. For y € S, we define

Ty(to + p),t € [to, to + p]

Tyt) =\ —p@®y(t =)+ 3(1+p1) + F(t) + k(t)
—ﬁ ft (—t f u—5)"3q(u)G(y(u — a))du)ds, t > tg+ p.
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Using (6.20), we obtain
k(t) = L /Oo st /Oo(u —8)"3h(u)H (y(u — B))duds
T =31, () !
H' 1 o o0
< () i / u" 3 h(u)duds
(n=3)1J, r(s) /s
1
< Z<1 —p1)- (6.22)

Note that H (1) denotes the bound for H on [§(1 —p;),1]. Hence by using (6.19),

(6.22), we obtain

I+p1 1—p1  1-—p
Ty(t =1.

On the other hand, from (6.21), we get

r(s)
Further using (6.19), (6.23), it follows that

(n —

) S0 p) (1) = (1),

Ty(t) > —p1 + 5

Hence Ty € S, that is, T': S — S.

Further for z,y € S, we have

| Ty(t) — Tx(t)]

< | p@NMK —7) =t —7)|

mu—s”WlMH@w—ﬁD—H@w—

A
)

< ply(t—7 —x(t—T

13) ! /too st /soo(u —8)"3q(u)G(y(u — a))duds < ! —4p1.

- t
(n— 'Lm S;/m = 8)""q(W)[G(a(u ~ @) = G(y(u — @))]duds
]

(6.23)

B)))duds

+ 1 /t S_t/ (u—5)""qu)|G(z(u—a)) — Gy(u — a))|duds

(n —3) r(s)
1 Cs—t [~ n—3 _ _ x(u —
N m—m!lir@>[ (1 = 5)" 3 h(u)| H (y(u — B)) — H (a(

S

1 o0 (o0} .
< P1|’Z/—:UH+L1H9—$H(n_3)'/ 7’(5)/ u" 3 q(u)duds
T Jt s

1 s [T
+ L2Hy_£”(n—3)!/t T(S)/S u" 3 h(u)duds,

8)lduds
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implies that

l-pi 1=—p| _ (+p)
Ty — Tl < [ly — «l[|pr + -+ = ~lly -z
4 4 2
for every x,y € S. Thus, T is a contraction. By Banach fixed point theorem [42] T" has
a fixed point, that is, Ty = y. Consequently, y(t) is a solution of (6.2) on [§(1—p1),1].

This completes the proof of the theorem. O

Remark 6.3.7. The results similar to that of Theorem 6.3.6 can be obtained for all
ranges of p(t). Moreover, one can establish the existence of bounded positive solution

by using various fixed point theorems.

6.4 Higher Order NDDE with fo Tl dt < o0.

In the Chapter 4, Section 4.4, we have studied the oscillatory and asymptotic behaviour
of solutions of the fourth order neutral delay differential equations (4.1) and (4.2) under

the assumption

R
——dt < oo.
/0 r(t)

In this section, we are concerned with the oscillatory and asymptotic behavior of solu-
tions of the higher order nonlinear neutral delay differential equations of the form (6.1)

and (6.2) under the assumption

<1

for various ranges of p(t).

6.5 Oscillation Criteria for Homogeneous Equation

with fo Tl dt < oo.

In this section, sufficient conditions are obtained for oscillatory and asymptotic behavior

of all solutions of (6.1).
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Theorem 6.5.1. Let 0 < p(t) < p1 < 1 orl < py < p(t) < ps < 0o. Suppose
(Hy)-(Hy) and

(Hio) [ 5 Ji(t = 5" Pq(s)dsdt = oo

ts 7

hold, then every bounded solution of (6.1) either oscillates or tends to zero ast — 0.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.1) on [tg, 00), to = 0, say
y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is similar
and will be omitted.) Set z(t),k(t),v(t) as in (6.3), (6.4), (6.5), we obtain (6.6) and
(6.7) for t > to+p, where p = max{r, o, B}, w2 (t) represents the (n—2)*" derivative
of 'w’ w.r.t 't'. Clearly, w™ % (t), w9 (t),..,w'(t),w(t) are monotonic functions and

of constant sign for ¢t € [t;,00), t; > to + p.

If w(t) > 0 for t > ¢, in view of Lemma 3.4.1, w3 (¢t) > 0 for t > #;. Now
w(t) > 0 implies v”(t) > 0 for ¢ > ¢, which in turn implies v/(¢) is monotonic function.

Thus, v'(t) > 0 or <0 for t >ty > t;.

Case L. If v/(t) > 0 for t > t,, then proceeding same as in Case I of Theorem 6.2.2, we

obtain a contradiction due to the boundedness of y/(t).

Case II. If v/(t) < 0 for t > t5, we may note that v'(tf) < 0 implies 2/(t) < 0 even-
tually. Hence, lim;, 2(t) < co. Proceeding same as in Case II of Theorem 6.2.2, we

obtain a contradiction due to lim;_,, y(t) = 0.
If w(t) <0 for t > ty, then v”(t) < 0 for t > t;. Thus, v/(t) > 0 or <0 for t >t > t;.

Case I1L. Suppose v/(t) > 0 for t > t,. Since w2 (t) < 0 eventually, then w3 (¢) > 0

or < 0 eventually.

Subcase (i): Suppose w™ 3 (t) > 0 eventually. Since v'(t) > 0, then v(t) > 0

or < 0 fort > tg > ta.
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If v(t) > 0 for t > t3, then proceeding same as in Subcase (i) of Case III of Theo-

rem 6.2.2 for v(t) > 0 part, we obtain a contradiction due to (Hy).

If v(t) < 0 for t > t3, then proceeding same as in Subcase (i) of Case III of Theo-

rem 6.2.2 for v(t) < 0 part, we obtain lim; . y(t) = 0.

Subcase (ii): If w™3)(t) < 0 eventually, then from (6.6) we can conclude that
w™ (1) < 0,...,w'(t) < 0 for large t. Now, v'(t) > 0 implies v(t) > 0 or < 0 for

t = 1t3 > 1o.

If v(t) > 0 for t > t3, then 0 < lim; o v(t) < oo due to the fact that v/'(t) > 0
eventually. If 0 < lim;_,, v(t) < 0o, then lim; ,, 2(t) < oo. Claim liminf, ., y(t) = 0.

If not, let it be [4 > 0. Then for some ¢ > 0 there exists t, > t3 such that
y(t) > (ly—e€) >0
for t > t,. Therefore using the last inequality in (6.6), we obtain

0

V

w2 (1) + q(t)G(ly — €)

for t > t5; > t,. Integrating the last inequality consecutively (n — 2) times from 't} to

't', we obtain

0> w(ts) = w(t) + ﬁ /t5 (t —8)"3q(s)G(ly — €)ds.
Hence,
" 1 1 ! n—3 —€)ds
O0>wv (t)—f-mﬁ/ts(t—t?) (](S)G(l4 )d .

Further integrating the preceeding inequality from 't to 't’, we obtain

! ! ! L 3 — €)dsdv
V' (ts) = V' (t) + (n—3)!/ts T(U)L(v—s) q(s)G(ly — €)dsdv.

Since limy_,o v'(t) < 00, then integrating the last inequality from tf to 't and taking

t — 00, we obtain

(n —1 3) ! /:’ r(lt) /t (t = )" *q(s)G(la — €)dsdt < oo,
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a contradiction to (Hyp). Hence by Lemma 4.2.4 lim; . 2(¢t) = 0. Thus lim;_,, y(t) =
0, as y(t) < z(t).

If lim; o, v(t) = oo, then we obtain a contradiction due to the fact that y(¢) is bounded.

If v(t) < 0 for t > t3, then —co < limy_,o v(t) < 0 due to the fact that v'(t) > 0
eventually. If —oo < lim;, v(t) < 0, then —oo < limy_, 2(t) < 0, a contradiction to
the fact that z(¢) > 0.

If lim; o v(t) = 0, then limy;_, 2z(¢) = 0. Hence, lim;_,, y(t) = 0, since y(t) < z(t).

Case IV. If v/(t) < 0, then integrating v"(t) < 0 twice consecutively from ¢, to ¢,
we obtain lim; ., v(t) = —oo, a contradiction due to the fact that v(¢) is bounded.

Hence proof of the theorem is complete. n

Example 6.5.2. Consider the differential equation

(e (y(t) + e *y(t —2m)")" + (3€t " et)y <t B %W)

—8e7H(1 + sin®(t — W))% =0 (6.24)

for t > 7. Clearly, (H,) — (H4) and (Hy) are satisfied. Hence by Theorem 6.5.1 every
bounded solution of (6.24) either oscillates or converges to zero as t — co. In particular,

y(t) = sint is such a bounded oscillatory solution of (6.24).

Theorem 6.5.3. Let —oo < py < p(t) < ps < —1. Suppose that (Hy), (Hs), (Hs) and
(Hyo) hold, then every bounded solution of (6.1) either oscillates or converges to zero

ast — oo.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.1) on [ty,00), to = 0, say
y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is similar
and will be omitted.) Setting z(¢),k(t) and v(¢) as in (6.3), (6.4), (6.5) we obtain
(6.6) and (6.7) respectively for t > to+ p. Clearly, w™=3(t), w9 (t), .., w'(t), w(t) are

monotonic functions and of constant sign for ¢ € [t1,00), t1 = to + p.
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If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (t) > 0 for t > t;. Now
w(t) > 0 implies v”(t) > 0 for ¢ > ¢;, which in turn implies v/(¢) is monotonic function.

Thus, v'(t) > 0 or <0 for t >ty > t;.

Case L. If v/(t) > 0 for t > t5, then proceeding same as in Case I of Theorem 6.2.2, we

obtain a contradiction due to the fact that y(¢) is bounded.

Case II. If v/(t) < 0 for t > t3, we may note that v'(t) < 0 implies 2/(t) < 0 even-

tually. Hence, z(t) > 0 or < 0 for t > t3 > ts.

Subcase (i): If z(t) > 0 for t > t3. Hence, lim; ,, 2(t) < oo. Proceeding same

as in Subcase (i) of Case II of Theorem 6.2.4, we obtain lim;_,, y(t) = 0.

Subcase (i1): If z(t) < 0 for t > t3, then —oo < limy; o 2(t) < 0 due to 2/(t) < 0.
If —oo < limy_, 2(t) < 0, then proceeding same as in Subcase (ii) of Case II of Theo-
rem 6.2.4, we obtain lim;_,, y(t) = 0.

If limy_,, 2(t) = —o0, we get a contradiction due to the fact that y(¢) and z(t) are
bounded.

If w(t) <0 for t > ty, then v"(t) <0 for ¢ > ¢;. Thus, v'(t) > 0 or <0 for t >ty > t;.

Case III. Suppose v'(t) > 0 for t > t,. Since w™ 2 (t) < 0 eventually, then either

w3 (t) > 0 or < 0 eventually.

Subcase (iii): Suppose w3 (t) > 0 eventually. Since v'(t) > 0, then we have

two cases: v(t) > 0 or <0 for t > t3 > ts.

If v(t) > 0 for ¢ > t3, then proceeding same as in Subcase (iii) of Case III of The-

orem 6.2.4 for v(t) > 0 part, we obtain a contradiction due to (Hs).
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If v(t) < 0 for t > t3, then proceeding same as in Subcase (iii) of Case III of The-

orem 6.2.4 for v(t) < 0 part, we obtain lim;, y(t) = 0.

Subcase (iv): If w™3)(t) < 0 eventually, then from (6.6) we can conclude that
w(t) < 0,..,w'(t) < 0 for large t. Since v'(t) > 0, then v(t) > 0 or < 0 for

t =13 > to.

If v(t) > 0 for t > t3, then z(t) > 0 eventually. Now 0 < limy_, v(t) < oo due to the
fact that ¢'(¢f) > 0 eventually. If 0 < lim; o v(t) < oo, then 0 < lim; . 2(t) < oo.

Suppose limy_,, z(t) =I5 > 0, then for some € > 0 there exists ¢, > t3 such that
2(t) > (ls —€) >0
for t > t4. Since y(t) > z(t), using this fact in the last inequality, from (6.6) we obtain
0> w3 (t) + g(H)G(l5 — )

for t > t5 > t4. Integrating the last inequality consecutively (n — 2) times from 't to

't', we obtain

0> w(ts) > w(t) +

i L a0 s

Hence,

I J, (et - s

Further integrating the preceeding inequality from "tf to 't’, we obtain

0>"(t)+

' ' ! L 3 — €)dsdv
V' (ts) = V'(t) + (n—3)!/ts T(U)L(v—s) q(s)G(l5 — €)dsdv.

Since limy_,o v'(t) < 00, then integrating the last inequality from 't to 't and taking

t — 00, we obtain

(n —13) ! /too r(lt) /t (t=5)""a(s)G(ls — €)dsdt < oo,
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a contradiction to (Hyp).
If lim; o v(t) = oo, then we get a contradiction due to the fact that y(¢) and v(t) are
bounded.

If v(t) < 0 for t > t3, then —oco < limy,o v(t) < 0 due to the fact that v'(t) > 0

eventually. If —oo < limy_,o, v(t) < 0, then —oco < limy_,+, 2(t) < 0. Hence,
2(t) <lg <0 (6.25)

for t > t4 > t3. Further z(t) > p(t)y(t — 7) > pay(t — 1) for t > t4. From (6.25), we
obtain y(t — a) > (p4) e for t > t5 > t4. From (6.6) we obtain

0> w2 (t) + q(t)G((pa) 'lo)

for t > t; > t,. Integrating the last inequality consecutively (n — 2) times from "t} to

't', we obtain

0> w(ts) = w(t) + ﬁ /ts (t —8)"3q(s)G((ps) lg)ds.
Hence,
" 1 1 ! n—3 -1
0>+ gy [ G s

Further integrating the preceeding inequality from "¢, to 't', we obtain

/ / 1 ! 1 ! n—3 —1
v'(ts) = 0'(t) + =31 /t5 ) /t5 (v—29)""q(s)G((ps) "lg)dsdv.

Since limy,o v'(t) < 00, then integrating the last inequality from ’tf to 't and taking

t — 00, we obtain

(n —1 3) !/:O r(lt) /t (t — $)"3q(s)G((ps) " 'g)dsdt < oo,

a contradiction to (Hip).

Case IV. If ¢/(t) < 0, then integrating v”(t) < 0 twice consecutively we obtain
limy o, v(t) = —00, a contradiction due to the fact that y(¢) is bounded. Hence proof

of the theorem is complete. O



CHAPTER 6. OSCILLATION OF EVEN HIGHER ORDER NDDE 168

Theorem 6.5.4. Let —1 < pg < p(t) < 0. Suppose that (Hy), (Hs), (Hs) and (Hio)
hold, then every bounded solution of (6.1) either oscillates or converges to zero as

t — o0.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.1) on [tg, 00), ty = 0, say
y(t) is an eventually positive solution. (The proof in case y(¢) < 0 eventually is similar
and will be omitted.) Setting z(t),k(t) and v(t) as in (6.3), (6.4), (6.5) we obtain
(6.6) and (6.7) respectively for t > to+ p. Clearly, w™=3(t), w9 (t), .., w'(t), w(t) are

monotonic functions and of constant sign for ¢ € [t1,00), t1 = to + p.

If w(t) > 0 for t > t;, in view of Lemma 3.4.1, w™ 3 (¢t) > 0 for t > t;. Now
w(t) > 0 implies v”(t) > 0 for ¢ > ¢;, which in turn implies v/(¢) is monotonic function.

Thus, v'(t) > 0 or < 0 for t >ty > t;.

Case L. If v/(t) > 0 for t > to, then proceeding same as in Case I of Theorem 6.2.2, we

obtain a contradiction due to the fact that y(¢) is bounded.

Case II. Suppose v'(t) < 0 for t > t,. we may note that v'(t) < 0 implies 2/(t) < 0

eventually. Hence, z(t) > 0 or < 0 eventually.

Subcase (i): If z(t) > 0 eventually, then proceeding same as in Subcase (i) of

Case IT of Theorem 6.2.6, we obtain lim; ., y(t) = 0.

Subcase (i1): If z(t) < 0 eventually, then proceeding same as in Subcase (ii) of

Case II of Theorem 6.2.6, we obtain lim; ., y(t) = 0.

If limy_,o 2(t) = —o0, we get a contradiction due to the fact that y(¢) and z(t) are

bounded.

If w(t) <0 fort > ty, then v"(¢) < 0 for t > t;. Thus, v'(t) > 0 or <0 for t >ty > t;.
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Case II1. Suppose v/(t) > 0 for t > t5. Since w2 (¢) < 0 eventually, then w3 (¢) > 0

or < 0 eventually.

Subcase (iii): Suppose w™ 3 (t) > 0 eventually. Since v'(t) > 0, then we have
two cases: v(t) > 0 or <0 for t > t3 > to.

If v(t) > 0 for t > t3, then z(t) > 0 eventually. Proceeding same as in Subcase (iii)
of Case III of Theorem 6.2.4 for v(t) > 0 part, we obtain a contradiction due to (Hs).

If v(t) < 0fort > t3, then lim;_,,, v(t) exists. Hence, lim;_,, 2(t) exists. Proceeding
same as in Subcase (iii) of Case III of Theorem 6.2.4 for the v(t) < 0 part and using
(6.13), we obtain limy_,, y(t) = 0.

Subcase (iv): If w™ 3 (t) < 0 eventually, then from (6.6) we can conclude that
w(t) < 0,...,w'(t) < 0 for large t. Now, v'(t) > 0 implies v(t) > 0 or < 0 for

t > t3 > 1.

If v(t) > 0 fort > t3, 0 < limy,v(t) < oo due to the fact that v'(¢) > 0 even-
tually. If 0 < lim; o v(t) < 00, then proceeding same as in Subcase (iv) of Case III of

Theorem 6.5.3 we obtain a contradiction due to (Hip).

If limy,o v(t) = o0, then we obtain a contradiction due to the fact that y(t) and

v(t) are bounded.

If v(t) < 0 for t > t3, then —oco < limy,o v(t) < 0 due to the fact that v'(t) > 0

eventually. If —oo < limy_,o v(t) < 0, then —oco < limy_,, 2(t) < 0. Hence
2(t) <1y <0 (6.26)

for t > t4 > t3. Further 2(t) > p(t)y(t — 7) > pey(t — 7) for t > t4,. From (6.26), we
obtain y(t — a) > (pg)~'l; for t > t5 > t4. From (6.6) we get

0> w™2(t) + q(t)G((ps) " 7)

for t > t5 > t4. Integrating the last inequality consecutively (n — 2) times from 't to
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't', we obtain

0> w(ts) > w(t) + ﬁ /t5 (t —8)"3q(s)G((ps) *l7)ds.
Hence
" 1 1 ! n—3 -1
0> v"(t) + RO /t5 (t —s)"q(s)G((ps) 'l7)ds.

Further integrating the preceeding inequality from "¢, to 't', we obtain

/ ! 1 ! 1 ! n—3 -1
Vi) 20 + gy [ @ a6 ) s

Since limy_,o v'(t) < 00, then integrating the last inequality from ’tf to ‘¢’ and taking

t — 00, we obtain

(n —13) ! /too 7»(115) /t (t = )" q(s)G ((pe) "' lr)dsdt < oo,

a contradiction to (Hip).

Case IV. If v/(t) < 0, then integrating v”(t) < 0 twice consecutively we obtain

limy_,, v(t) = —o0, a contradiction due to the fact that y(¢) is bounded. O

Example 6.5.5. Consider the differential equation

(ot~ 3ttt -y + () (e )

et y(t—2)
— =0 6.27
8e 1+ y%(t —2) (6:27)

for t > 4. Clearly, (Hy), (Hs), (Hs) and (Hyg) are satisfied. Hence by Theorem 6.5.4
every bounded solution of (6.27) either oscillates or converges to zero as t — oo. In

particular, y(t) = e is such a solution of (6.27).
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6.6 Oscillation Criteria for Non-Homogeneous Equa-
. . oo 1
tion with |, mndt < oo.

This section is devoted to study the oscillatory and asymptotic behavior of solutions

of forced equations (6.2) with suitable forcing functions.

Theorem 6.6.1. Let 0 < p(t) < p1 < oo. Suppose that (Hy), (Hs) and (Hy) hold.

Then every bounded solution of (6.2) oscillates.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.2) on [ty,00), to = 0,

say y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is

similar and will be omitted.) Setting z(t), k(t) and v(t) as in (6.3), (6.4), (6.5) re-

spectively, we obtain (6.14), (6.15) and (6.16) for t > ty + p, where p = max{r, o, §}.
(n—3)

Clearly, wy (1), w§n74) (1), .., w)(t), w;(t) are monotonic functions and of constant sign

for t € [tl,OO), t1 =ty + pP.

Suppose wy(t) > 0 for ¢ > t;. Now wi(t) > 0 implies u”(t) > 0 for ¢ > t;, which
in turn implies «'(¢) is eventually monotonic function. Thus, /() > 0 or < 0 for

t >ty > 1.

Case L. If u/(t) > 0 for t > to, then proceeding same as in Case I of Theorem 6.3.1, we
obtain u(t) > 0. Hence z(t) > F(t), using (H7) we obtain a contradiction due to the
fact that y(¢) is bounded.

Case II. If W/(t) < 0 for t > ty, then we have two cases: u(t) > 0 or u(t) < 0 for

t =13 > to.

Subcase (i): If u(t) > 0 for t > t3, then we obtain a contradiction due to the

boundedness of z(t).
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Subcase (ii): If u(t) < 0 for ¢ > t3, then we get liminf, , 2(t) = —o0, a con-

tradiction due to the boundedness of z(t).

If wi(t) < 0 for ¢ > 1, then u”(t) < 0 for ¢ > ¢;. Thus, «'(t) > 0 or ¥/(t) < 0

fOI'tZtQ > 1.

Case IIL. If w/(t) > 0 for t > ty, then we have two cases: u(t) > 0 or u(t) < 0 for

t > t3 > 1o,

Subcase (i11): If u(t) > 0 for ¢t > t3, then z(t) > F(t). Hence by using (H;) we

obtain a contradiction due to the boundedness of z(t).

Subcase (iv): If u(t) < 0 for ¢t > t3, then z(t) < k(t) + F(t), then we obtain

liminf;, ., z(t) = —00, a contradiction due to the boundedness of z(t).

Case IV. If w/(t) < 0 for t > t5, we may note that u”(t) < 0, then integrating from ¢,

to t, we obtain
u(t) < U(tg) + Ul(t2>(t - tg),

therefore, lim;_,o u(t) = —oo. Hence, u(t) < 0fort > t3 > to, so also z(t) < k(t)+F(t).
Thus we obtain lim inf,_,,, z(t) = —o0, a contradiction due to the boundedness of z(t).

This completes the proof of the theorem. n

Example 6.6.2. Consider

(e (y(t) + ey (t —2m))")" + (e* + 2¢')y (t - 3;)

y(t —0)

—442674%1 + sinZ(t — 0))1—0—2—(750)
Y _

= e* cost (6.28)

for ¢ > 51, where tanf = 322. Indeed, if we choose F(t) = %(9 sint — 12 cost), then

(r(t)F"(t))" = f(t). Clearly, (Hy), (Hs) and (H7) are satisfied. Hence by Theorem
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6.6.1 every bounded solution of (6.28) oscillates. Indeed, y(t) = sint is such a solution
of (6.28).

Theorem 6.6.3. Let —oco < py < p(t) < ps < 0. Suppose that (Hy), (Hs) and (Hy)

hold, then every bounded solution of (6.2) oscillates.

Proof. Let y(t) be a non-oscillatory bounded solution of (6.2) on [ty,00), to = 0,
say y(t) is an eventually positive solution. (The proof in case y(t) < 0 eventually is
similar and will be omitted.) Setting z(t), k(t) and v(t) as in (6.3), (6.4), (6.5) re-
spectively, we obtain (6.14), (6.15) and (6.16) for ¢t > ¢y + p, where p = maz{r, a, B}.
Clearly, w§”*3) (1), wgn%) (1), .., w)(t), w;(t) are monotonic functions and of constant sign
for t € [ty1,00), t1 =ty + p.

If wi(t) > 0 for ¢t > t;, in view of Lemma 3.4.1, winig)(t) > 0 for t > t;. Now
wy(t) > 0 implies w”(t) > 0 for ¢ > ¢;, which in turn implies «'(t) is eventually mono-

tonic function. Thus, «/(t) > 0 or < 0 for t > t5 > t;.
Case L. If v/(t) > 0 for t > to, then proceeding same as in Case I in Theorem 6.3.1, we
obtain u(t) > 0, so also z(t) > F(t). Using (H7) we obtain a contradiction due to the

fact that y(¢) is bounded.

Case II. If «/(t) < 0 for t > ty, then we have two cases: u(t) > 0 or u(t) < 0 for

t > t3 > 1.

Subcase (i): If u(t) > 0 for t > t3, then we obtain a contradiction due to the

boundedness of z(t).

Subcase (ii): If u(t) < 0 for ¢ > t3, then we get liminf, ,,, 2(t) = —o0, a con-

tradiction due to the boundedness of z(t).

If wi(t) < 0 for ¢t > ¢y, then u”(t) < 0 for t > ¢;. Thus, ¥/(t) > 0 or «/(t) < 0
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fOI‘t}tQ > 1.

Case IIL. If w/(t) > 0 for ¢t > ty, then we have two cases: u(t) > 0 or u(t) < 0 for

t > t3 > 1.

Subcase (iit): If u(t) > 0 for t > t3, then z(t) > F(t). Hence by using (H7) we

obtain a contradiction due to the boundedness of z(¢).

Subcase (iv): If u(t) < 0fort > t3, then 2(t) < k(t)+F(t). Hence, liminf, , 2(t) =

—00, a contradiction due to the boundedness of z(t).

Case IV. If w/(t) < 0 for t > t5, we may note that u”(t) < 0, then integrating from ¢,

to t, we obtain
u(t) < ulty) + u'(t2)(t — ta).

Thus, limy_,o u(t) = —oo. Hence, u(t) < 0 for t > t3 > t9, so also z(t) < k(t) + F(t).
Thus we obtain lim inf,_,, z(t) = —oo, a contradiction due to the boundedness of z(t).

This completes the proof of the theorem. n

6.7 Conclusion

In Section 6.2, the oscillatory and asymptotic behaviour of the bounded solutions of
equations (6.1) has been studied for the ranges 0 < p(t) < p; < lor 1l < ps <p(t) <

p3 < 00, —00 < py < p(t) < ps < —1 and —1 < pg < p(t) < 0 under the assumption

I Tlt)dt = 00. In Section 6.5, we can observe that if [

(Hyp) is required to obtain similar kind of results as obtained in the Section 6.2.

Tlt)dt < 00, an extra condition

In Theorem 6.2.7 and 6.2.8 we have proved that every solution of (6.1) either
oscillates or converges to zero as t — oc.
Moreover, in Theorem 6.3.1, every solution of (6.2) oscillates under the assumption

liminf, o F(t) = —o0, limsup,_,,, F(t) = oo, [;° Tlt)dt = oo whereas in Theorem



CHAPTER 6. OSCILLATION OF EVEN HIGHER ORDER NDDE 175

6.6.1 when lim infy_,. F(t) = —o0, limsup,_,, F(t) = oo, [~ %dt < 00, only bounded

solutions of (6.2) are oscillatory.
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