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ABSTRACT

The production and properties of nonclassical states continues to be of great interest.
Nonclassical properties like antibunching, sub-Poissonian photon counting statistics and
squeezing have been studied and experimentally observed in many systems. Central to
these concepts is the quantum harmonic oscillator. In the second quantisation formalism
of the electromagnetic field, it is seen that the electromagnetic field is a collection of
harmonic oscillators. The main am of this thesisis to study the generation of nonclassical
states and their properties in the generic system of a quantum harmonic oscillator. A
harmonic oscillator whose frequency is time dependent is considered which is then shown
to manifest nonclassical properties. The results are then applied to specific quantum
systems for which the harmonic oscillator forms a representative. Two specific systems
are studied: (@) the quantised motion of an ion in a Paul trap and (b) production of
photonsin aone-dimensional cavity, one boundary of which executesan "in-out" motion.

Another fundamental system of great current interest and activity is that of a mi-
cromaser. The micromaser field exhibits many novel features which are not seen in
conventional masers and lasers. The micromaser field is dso rich in exhibiting nonclas-
sical features. An extensive study of these properties of the micromaser field is carried
out.

The outline of the thesis is as follows:

To begin with in the first chapter, the meanings of classicality and nonclassicality are
defined, following which an introduction and overview of the nonclassical properties of
radiation like antibunching, sub-Poissonian photon-counting statistics and squeezing is
provided.

In the second chapter, a linear system with externally controllable parameters is
considered. The system consists of a quantum harmonic oscillator Hamiltonian with
its frequency being time dependent. The time dependence of the frequency is achieved
through the restoring force being time dependent. The Helsenberg equations of motion
for the quadrature operators X and P are solved and the exact analytical solutions for the



time dependence of the operators are obtained. The time dependence of the annihilation
and creation operators defined interms of the quadratures X and P is then determined.
It is found that the time dependence of the annihilation and creation operators defines
a Bogoliubov transformation, the co-efficients of which are functions of time. Using this
Bogoliubov transformation, the time evolution operator and the time dependence of the
density matrix are obtained. The probability of the system to make a transition to the
state |n> at timei given that at timet = O the system was in state |m) is caculated from
the time evolution operator.

The quantum statistical characteristics of asystem are dso studied by quasiprobabil-
ity distributions. A very large class of states of the harmonic oscillator have a Gaussian
form for the Wigner function. The timeevolution of the Wigner function of the system is
obtained by using the Bogoliubov transformation. It isfound that the Gaussian nature of
the Wigner function remainsintact even if the frequency of the oscillator is changed. The
major finding of this study is that the system exhibits strong nonclassica nature when
the frequency of the oscillator is changed suddenly, whereas, for adiabatic changes of the
frequency there is no appreciable nonclassical nature. A linear sweep of the restoring
force is considered and is solved as an example.

In the third chapter, as an application of the above generic system to a specific
situation, the quantised motion of an ion in a Paul trap is considered. Paul trap is a
devicetotrap ionsin an effectiveattrative potential that isformed with acombination of
a high frequency rf field and a dc field. The quantised motion of the ion in a Paul trap
is described by an equation that is classcaly a Mathieu equation. By an exact solution
of the Heisenberg equations of motion for the position and momentum of the ion, the
time evolution operator, the density matrix and the Wigner function are determined.
Explict forms of the wave functions for the ground and excited harmonic oscillator states
in the co-ordinate representation are aso obtained. It isfound that various initial states,
as they evolve in time, show nonclassical properties like squeezing of fluctuations in the
quadratures. It is shown that this approach is dso useful in determining the strengths of



the sidebands in thefluorescence spectrum of the trapped ion. They are calculated from
the consideration of Raman transitions in which the centre of mass motion is excited to
a higher level by an externa eectromagnetic field.

Another related problem that is consdered is that of the production of particles in
the vicinity of a moving mirror. This problem has received considerable attention in the
recent past in the context of particle creation. The present aim is to study the quantum
statistical properties of the field so produced due to accelerated mirror motion and to
look for nonclassical nature of the field. Thusin the fourth chapter, assmple mode which
consists of a quantised scalar field in a region bounded by two mirrors, one of which has
an "in-out" motion is considered. Nonclassical properties of the field so produced inside
such a cavity are studied. Thefield so produced shows squeezing and the modes inside
the cavity are found to be correlated.

In thefifth chapter, asimple but extremely important and practically viable quantum
system — amicromaser is considered. The micromaser is a practical realisation of the
simplest model in Quantum Optics, viz., the Jaynes-Cummings Modd (JCM). The field
produced in a micromaser is highly nonclassical. The sub-Poissonian nature of the field
was theoretically predicted and was later experimentally verified. The experimenta ob-
servation of collapse and revival phenomena has aso been reported. The phase sensitive
properties of the micromaser field dso shows very many interesting features. Recently a
proposal has been made regarding the measurement of the linewidth of the micromaser
field. In this chapter the intensity-intensity correlations of the micromaser field are calcu-
lated. Two types of intensity-intensity correlation functions are defined and then using
the steady state photon statistics of the micromaser field and the quantum regression
theorem these funtions are calculated. These functions are aso obtained numerically by
using the standard continued-fraction method and by an equivalent eigenvalue approach.
It is found that the two-photon linewidth increases as a function of the pump parameter
and after a certain value starts decreasing. It dso shows resonances which are associ-

ated with the existence of trapping states for those pump parameter values. From the



elgenvalue approach it isfound that various eigenvalues contribute to the linewidth. In
particular, the multi-exponential character of the correlation function and the antibunch-
liig character of the micromaser field are demonstrated. Finally, a proposa as to how one
can probe such intensity-intensity correlations in a typical micromaser setup is given.

In the sixth and final chapter, a short description of quasiprobability distributions is
given. Quasiprobability distributions, in addition to being computational tools, aso pro-
vide insight into the quantum statistical aspects of a system. Two of the most important
quasiprobability distributions, viz., the Q-function and the Wigner function are calcu-
lated for the micromaser field. Contrary to the equally important Glauber-Sudarshan
P-function, these two distributions always exist as ordinary functions for any state of the
system. Further, the Q-function has the property that it is strictly positive definite for
any state. The Wigner function does not, however, share this property. Since the micro-
maser field density matrix remains diagona the off-diagonal density matrix elements are
zero. Hence the Q- and the Wigner functions are phase independent.

The micromaser has an unique feature unlike conventional masaers and lasers. In
addition to the initial maser transition the micromaser shows many abrupt jumps at
approximately integer multiples of 2p of the pump parameter. The initial maser tran-
sition shows the characteristics of a continuous (second-order) phase transition whereas
the subseguent transitions have the characteristics of a first-order phase transition. In
these regimes the micromaser has very interesting bistable and hysteritic nature. The
quasiprobability distributions are studied for the first order phase transition regimes of
the micromaser. The very low temperature behaviour of the micromaser exhibits very
sharp resonances due to the occurrence of trapping states. Following a brief descrip-
tion on traping states the quasiprobability functions are studied for the pump parameter
values corresponding to these trapping States.



Chapter 1

| ntroduction

The invention of the laser in the early sixties has spawned the birth of new fields such as
nonlinear optics, laser spectroscopy and quantum optics- In a paralel development, the
concept of coherence has evolved quite a bit and considerable effort has been expended
to evolve a complete statistical description of any optical field. The theory of optica
coherence basically deds with the statistical description of fluctuations, which are an
inherent part of any field. Initially by coherence of aradiation only correlations between
the eectric field amplitude at two space-time points was implied. The classca theory
of optical coherence based on the two-point correlations or the correlation measurements
between field quantities which depend linearly on the field was sufficient to explain dl
interference and diffraction phenomenaknown at that time.

The importance of the study of higher-order correlation effects was realised after the
experiments performed by R. Hanbury Brown and R.Q. Twiss [1], Light from anarrow-
band thermal source was split by a beam-splitter and the split beams were made to be
incident on two photomultiplier detectors. The coincidence rate in the detection of light
in the two photomultipliers was then plotted as a function of the time delay introduced
in one of the detector. If the light from the source was a stable wave with no intensity
fluctuations, then one expects the coincidence rate to be independent of the time delay
introduced. But it was found that there was an enhancement of correlated photocounts
around zero time dday. This observation was explained by considering quantities which
depend quadratically on the field variables. A genera theory of coherence was then
developed, applying the theory of stochastic processes and by considering higher-order
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corrdation functions [2-4].

Eventhough the importance of higher-order coherence functions was redlised, the en-
tire theory was done only in the dasscd footing, viz., by giving aclassca description of
the field. In 1963, Glauber introduced the quantum theory of optical coherence [5-7]. In
the quantised picture of the electromagnetic field, the field is no longer a c-number, but
IS an operator satisfying certain commutation relations. In such a system, in addition to
the conventiona sources of noise, thereis the unavoidable quantum noise arising basically
due to the non-commuitativity of thefield operators. Glauber showed that, in addition to
correct description of dl classcd phenomena, like Young's interference experiment and
higher-order effects like the Hanbury Brown-Twiss experiment, new phenomenawhich
cannot be described by classica description of fields can manifest.

In the second quantisation formalism, free electromagnetic field can be represented
as a collection of uncoupled quantum harmonic oscillators, and the field Hamiltonian is

1
H= Y ho(@last 2). (1.2)
Flnlaiinr 5
Here the operatorsfifcand a; are the annihilation and creation operators for the kth
mode of the field. Thus the Hamiltonian for a single mode of angular frequency wis
N P
H = hw(a'a+ ). (1.2

The connection between the annihilation and creation operators and the position and
momentum operators of the oscillator is

— Va&* 'V m? (13)
where the Hamiltonian interms of the ‘position’y, z and 'momentum’, p» operators is

. P, W
H==+ —. (1.4)




Chapter 1. Introduction 3

The mass m of the oscillator is taken to be unity. The operators a and at satisfy the
Bosonic commutation relation

[a,af] = 1. (L5)
From elementary quantum mechanics we know that the operator ara corresponds to the
number operator and the eigen states of which are the number states or the Fock states,
|n). Thus,

Hin) = hw(&t& +i:—)|n) = Eln)
= hw(n 4 %)In)- (1-6)

The Fock states form a complete set of states and any state of the Hilbert space of
states of the oscillator can be represented in terms of the Fock states. The action of the
annihilation (or lowering) operator is to lower the state |») to [n — 1} and that of the
cregtion (or raising) operator is to raise the state |n) to |n + 1). Thus,

an) = Vnn-1) (1.7)
i) = Vatim+1) (1.8)
a0y = o. (1.9)
The states |n) are obtainable from [0) by the action of the creation operator, a':
_ @
|n) = o |0). (1.10)
In the Heisenberg picture the operators a and a* satisfy the equations of motion
P U B PR
. dat(t) b B
=g . @ H, (L12)

which have as solutions
a(t)= e *'a(0)
at(r) = e«tal(0). (1.12)
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Consgder a quantised eectromagnetic field of a single (angular) frequency, w. The
electric field operator, E, can be represented in terms of the pogtive and negative fre-
quency parts as

E(t) = A(ae™™t + ate—r), (1.13)

where A is a constant (containing spatial dependence). We can define quadrature oper-
ators, X and P such that

N

P = ~@al-a). (114)

These operators satisfy the commutation relation

A

(X, P)=2. (115)
In terms of the quadrature operators, (1.13) can be expressed as
E = 2A(X cos(wt)+ P sin(wt)). (1.16)

For a quantised system, the measurable quantities like the eectric field correlation
between two space-time points are averages of relevant operators. This averaging is done
with respect to a particular statistical state of the field. The state of the field is given
by the density operator p and the average of afield quantity represented by the field
operator O is given by

(O(a,ah) = Tr{30}, (117)
where the symbol (e « ) represents the expectation value in the state p and" Tr" represents
the tracing operation. The density operator approach facilitates the cases when the state

is not pure, but is mixed. When thefieldis in a particular state, p, the uncertainty in
the quadrature X is given by the square root of the variance

(AX)) = V(X- (X))3). (118
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Let A andB be twooperators whose commutator is non-zero. Let us define the
deviations AA = A—(A) and AB = B — {B). The product of the uncertainties in the
two operators, according to Heisenberg uncertainty principle is

(BAP)(ABY) > 12((4, B (119

A more general form of this uncertainty product exigts, cdled the Schrodinger uncertainty
relation [89):

(BAPN(ABY) > I5(4BI + (AAAB + ABAAY (120)
> I{I4 BIPQ +5), (121)

where r = ‘9”—?;%]9)%‘;‘1 is cdled the correlation co-efficient. The Schrodinger uncer-
tainty relation (1.20) is more generd in the sense that in addition to non-commuitativity
of the operators it dso takes into consideration the correlations between the two op-
erators. In the classcal limit, when the commutator of the two operators vanishes, the
uncertai nty product corresponds to the definition of covariance. On the other hand, when
the two observables are uncorrelated, then the Schrodinger uncertainty relation reduces
to that of the Heisenberg uncertainty relation.

In 1926, Schrodinger studied the conditions in which a quantum state of a system
most closdly corresponds to a classcal state. In such a state we expect the uncertainties
inz(t) and p(t) to be independent of timeand be equally distributed between the position
and momentum of the oscillator. To determine such astate, let us define operators Aa(t)
and Aat(t) as

Ailt) = a(t) - (a(1))
ail(e) = al(e) - (ale). (1.22)

They satisfy the same commutation relations as a and a'. If we now determine the
variances in the quadratures X and P, and the corrdations between them, then

(AX®P) = {((Aa0))e > + (At (0)))er



Chapter 1. Introduction 6

+(aat(0)aa(0) + Aa(0)aat (o)), (123)
(AP = —2{{(AaO))e + (Adt (@)
—(aat(0)aa(0) + Aa(0)aat (0))) (124)

and
HAXMAP(E) + APOAR®) = (AN ) - (aa))e ), (129

where the solutions (1.12) are used. If the uncertainties are to be time independent, then
we requirethat both ((A&)?) and ((AaT)?) be zero. The requirement that the dispersions
in the two quadratures X and P be minimal then would demand a minimisation of
the quantity (AalAa + AaAal). Since the operators (Aa) and (Aal) have identical
commutation relations as a and a!, the operator (AaT)(Aa) + (Aa)(Aal) is isospectral
to a¥a+aaT, having an eigenvalue proportional to (n+ 1). Thus the quantity (AaTAa+
AaAal) will haveitsminimumyvaluewith » = 0. Inthis state, which givesthe minimum
uncertainty in the quadratures, we thus have

Adl Y= (a—(a)] )=0. (1.26)

If we define the expectation value of the operator a as, (@) = a, then we find that the
state which minimises the quadrature uncertainties is an eigenstate of the annihilation
operator:
& )= ol ). (127)
The eigengtates of the annihilation operator a play avery fundamental role in quan-
tum optics as wdl as in many other fields [10]. They were first introduced and studied
extensively by Glauber [56]. The minimum uncertainty state in (1-27) iswritten as |a)
and is cdled coherent state as the wavepacket corresponding to this state ‘coheres or
maintains its shape [11]. Thus,

ila) = dla) (128

a=a; +ia,, a:,a, €R.
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The coherent states, |a), can be obtained by the action of the displacement operator,
defined as D(a) = exp(aea! — a*a), on the vacuum state, |0)

D(a)|0) = exp(adl — a%a)]0) = |a). (1.29)
Thus, we have
j) = exp(—=la’) 3 i) (1.30)

The coherent states are not orthogonal and they satisfy the completeness relation
1 = [ dala)(al, (131)

where d®a = da,da, and the integration is over the whole of the a-plane.

One can express these averages of operators in terms of averages of classical functions
by resorting to a particular operator ordering prescription [12,13]. When the operators
are ordered in normal order, all creation operators are arranged to the left of al anni-
hilation operators. Frequently, a set of colons are used to enclose operators to imply
that the enclosed operator should be arranged in normal order. It should be noted that
when this colon symbol is used, creation operators are al arranged to the left of anni-
hilation operators, with complete disregard to the commutation relation between them.
For example,

< (afa)? ) = (at2a?) (1.32)
Anti-normalordering of operators corresponds to arranging al creation operators to the
right of al annihilation operators. Symmetric ordering of operators corresponds to the
average of all possible ways of ordering operators.

Often it is useful to represent states and operators in terms of coherent daes. |If
one represents the density operator of the field, p, in the "diagond" coherent state
representation (Glauber-Sudarshan P-representation) [6,14],

p= [P@a)alLe, (133
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using the "optica equivalence theorem” [14,15] one can then cast the average (1.17) of
an operator O expressed in normal order as

(0) = / &a0(a,a")P(a). (134)
For example,
¢ @lamy = (atmam) (135)
= [ daP(a)a™™a™

Thus, the operator average of normally ordered products of operators is given by smple
moments of the distribution P(a). Equation (1.34) has a formal resemblance to the
evaluation of averages in classica statistics with P(a) taking the role of a phase space
distribution. By definition, a classcal phase space distribution is positive definite and
non-singular. There are fields for which the distribution P(a) is strictly positive and
non-singular. Such fields can be described by aclassca description of the field and noise
properties can be described by the application of classcd statistics over an ensamble
of classcal fields. Such fields are said to have classica analogues. But, for some fields,
the quantity P(a) in the diagonal coherent state representation of the state p, is not
positive or may be highly singular, more singular than a tempered distribution. In such
a situation P(a) will be violating the requirements of classcd statitics that the phase
pace distribution be positive definite and non-singular, and hence cannot be considered
as a classcal phase space distribution. Thus, states of the quantised field for which
P(a) is non-positive or singular, are cdled non-classica states, as they have no cassca
analogues. A host of review articles have appeared on the topics of nonclassica light and
Sueezed states [16-26).
There are three ways in which the nonclassical nature of afield manifests, viz.,

1. photon antibunching

2. sub-Poissonian photon counting statistics, and
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Beam Splitter

O D,

Source

Delay ‘O Correlator

Figure 11 A typical Hanbury Brown-Twiss type setup
3. sgueezing.

Let us now consider them one by one.

11 Photon antibunching

The phenomenon of photon antibunching was the first of the manifestations of the non-
classical nature of radiation to be observed experimentally. Consider an experimental
setup essentially similar to the Hanbury Brown-Twiss setup (see Fig.1.1). Such a setup

measures the quantity

GO+ 1)y = (: I(t+ 7)i(t):) (1.36)

where
I(t) = E-(t)E* (D). (1.37)

Thus,
GO+ 1) = (E-()E(# T)E*(t+ T)E*(1)). (1.38)

If we have classicd fields we can write (1.38) as

GOt + 1) = / dLL(t + 7)j dlL(t)P(L(t+ T)L(1)), (1.39)
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where P(I(t+ 7)Ii(t)) is the probability that a photodetection event for |, occurs at
t + T given that a detection of I; occurs a t. With the agpplication of Cauchy-Schwarz
inequality (J2122] € |a1|z2]), we have

j dl, / dLL(t+ TLEPILE + 7)L(Y) < \/ / dLI2P(Iy(#+ r))\/ / dLI2P(L(t))

(140
where, P(I(t))is the margina distribution. In the steady state, we have
P(1) = lim P(I(t + 7)) = Km_ P(I(t)) (147)
and
G®(r) = lim Gt +1) (1.42)
and hence (1-40) can be written as
G?(r) < G)0), (1.43)

where G@ is the steady state correlation function the dope of which is negative. Thus
the photons tend to arrive in bunches and hence this is caled bunching. All natural
sources (chaotic) satisfy this inequality and any quantum field exhibiting this property
has a classca anaogue.

On the other hand, in the stationary condition if we have afield which violates the
inequality (1-43) and has a positive dope, then

GA(r) > G3(0); (1.44)

such an inequality will not be satisfied by any dassca field and any field which satisfies
(1.44) is genuinely quantum mechanical and does not have a dasscd andogue. From
(1.44) it is evident that the probability of detecting coincident pair of photons is less
than that from a fully coherent light field with Poissonian distribution of photons. In
other words, the photons tend to arrive seperate from one another and hence this effect
is cdled antibunching. Thus any field exhibiting antibunching is a nonclasskd field.
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Antibunching is adso referred to as violations of the Cauchy-Schwarz inequality in the
literature, as the inequality (1.43) basicdly follows from the Cauchy-Schwarz inequality.

As an example of the situation where the nonclassicality of thefield involved manifests
antibunching, consider the phenomenon of resonance flourescence from a single atom,
which gave the first evidence of nonclassical nature of light. It was first pointed out by
H. Carmichad and D.F. Wdlls [27,28] that such afield would exhibit strong antibunching
and it was first experimentally demonstrated by H.J. Kimble et d. [29-31] and later by
Cresser et d. [32).

In single-atom resonance flourescence, radiation from an external source excites a
single atom. When the atom has relaxed back to its ground state radiatively, it can
radiate no further. Hence, if we perform a delayed coincidence experiment we would see
the phenomenon of antibunching.

12 Sub-Poisson photon statistics

Another manifestation of nonclassica character is sub-Poissonian photon counting statis-
tics. As against the situation for antibunching, instead of measuring the time intervals
between the detection of photons, one can aso encounter nonclassica nature in the direct
photon detection experiments.

Consider the probability, p(n), of recording n photocounts in a time interval t and

t+ T with a detector of small area .4, and quantum efficiency h, [33,34,7]

w

p(n) =< %"_/.—e' > (145)
where
t4+r .
W= A /‘ iat (146)
and
I(t) = EQOY @) EW(1), (147)

For very short counting times T such that T is much smdler than the coherence time and
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and for a stationary field, we have
((AR)?) = (R) + 2 A% (: (AD)). (148)
For the case of a classicd field the ordering prescription in the second term is redundant
and hence is aways non-negative. Thus for fields which have classcal anaogues, the
followinginequality holds
((AR)?) > (). (1.49)
Theequality in (1.49) impliesthat the photon number distribution is Poissoniaii. It holds
for a coherent state, and is cdled the shot-noise level. Any field whose photon number
distributionislessthan the shot-noiselevel, then necessarily violatestheinequality (1.49).
This would mean that <: (AT)? :> < 0 which inturn can happen only if P(a) is negative.
Thus any field which exhibits sub-Poissonian photon number statistics is a nonclassica
state.
In order to quantify the amount of deviation from Poissonian distribution, the fol-
lowing quantity, called Mandel's Q-parameter has been introduced [35):
_ {#®) — (R)* — ()
M)
A value of Q = 0 means that the distribution is Poissonian ((7?)— (#)? = {(#}). The

(1.50)

Q-parameter vanishes when evaluated for a coherent state. A thermal state has Q > 0,
and hence its distribution is larger than that of a Poissonian (super-Poissonian). If the
Q-parameter takes negative values, then it is a signature of nonclassical nature and the
width of the distribution is less than that of a Poissonian (sub-Poissonian).

The phenomenon of resonanceflourescencefrom a single atom, in addition to mani-
festing antibunching, aso shows sub-Poissonian statistics. It was first observed by Short
and Mandel [36]. This phenomenon has dso been observed in a space-charge-limited
Franck-Hertz setup by Teich and Sdeh [37]. Constant-current-driven semiconductor
laser [38] and light emitting diodes [39] have dso shown sub-Poissonian datistics. In the
process of parametric downconversion in a KD*P crystal dso sub-Poisson statistics is
observed [4041].
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13 Squeezing

If we calculate the variance in the quadratures of thefield in the vacuum or the coherent
state, we find that the fluctuations in the two quadratures are equa and the Heisenberg
uncertainty product between the quadrature operators is minimal. Thus,

(AX)%)e = VA=(AP)’). (151)

States for which the uncertainty product is minimal:

(AX))((AP)). = 1/16 (152)

are cdled Minimum Uncertainty States (MUS). This minimal fluctuationsin the quadra-
tures is cdled the Standard Quantum Limit (SQL). These quantum fluctuations are
randomly distributed in phase. However, there are states of thefield for which the fluctu-
ationsin one quadrature are less than the SQL and correspondingly the other quadrature
has increased fluctuations than the standard quantum limit. For these states the fluctu-
ations are phase dependent. Such states are caled squeezed states. The requirement for
squeezing in the quadrature X is then

(AX)*), < ((AX)?), (153)

where the subscript V refers to the squeezed state average and the subscript 'c' refers
to either coherent state or vaccum expectation values. Expressed in terms of normalised
variance the sgueezing condition (1.53) becomes

<(AX)?:), <O. (1.54)
Correspondingly, the fluctuations in the other quadrature, P, are larger than the SQL
(AP)%), > ((AP)?).. (135
In terms of the operators a and ar, the variance in the quadrature X is
(AX)) = (X - (X))
= (@@ + @ - @hyp. 056)
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+— Squeezed states

Coherent state
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Figure 1.2: The family of minimum uncertainty states
Using the P-representation for the density operator, (1.56) can be written as
1
(AX)) = { { 1+ [ @aP(c (1.57)

The condition (1.53) or (1.54) for squeezing of fluctuationsin the X-quadrature, would
then requirethat
[ aP@)(e+ a*) - (@) + (")) < O. (1.58)

The quantity in the square brackets of the integrand cannot be negative, which only
leaves the distribution P(a) to be negative. Thus squeezed states are nonclassical states,
having no classical analogues.

If the squeezed states satisfy the condition (1.52) for minimumuncertainty, then such
states are called squeezed coherent states. There exists afamily of such squeezed coherent
states (see Fig. 1.2). Coherent states are a specia case of MUS for which the dispersions
in both the quadratures are equal (phase independent).

Squeezed coherent states are generated by the action of a unitary squeezing operator
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Chapter 2

Gener ation of nonclasscal states by time-dependent

perturbations on oscillator

In this chapter’, the generation and dynamics of nonclassical states in aquantum harmon-
ic oscillator whose frequency is time dependent is studied. The interest in this problem
arises from the fact that many physical systems, especialy electromagnetic radiation, can
be successfully modelled by harmonic oscillators and the results for this generic system
can be Carried over to various specific systems. For example, aswill be shown in the next
chapter, the model can be applied to the motion of a trapped ion in a Paul trap.

The plan of this chapter is as follows. In section 2.1, some general results, which are
independent of the explicit time dependence of the frequency are given. In section 2.2, a
specific time dependence, namely alinear sweep of w’ is considered, and the Heisenberg
eguations of motion for the position and momentum of the quantum oscillator are solved
exactly. In section 2.3 it is then shown that the fluctuations in the quadratures X and
X show sgueezing and the photon number statistics is shown to display sub-Poissoaian
nature. Thus, the quantum harmonic oscillator with a time dependent frequency is
shown to generate nonclassica states. Two limits, sudden and adiabatic, aso manifest.
It is shown that the nonclassical nature is maximal for sudden changes in the frequency,
whereas for adiabatic changes it isminimal.

! Reaults of this chapter were presented at the International Conference on Quantum Optics, Hyder-
abad, January 5-10, 1991, the proceedings of which were published in Recent Developments in Quantum
Optics edited by Ramarao Inguva, (Plenum, New York, 1993); published in Phys. Rev. Lett. 26. 3665
(1991) and presented at LAMP seminar a ICTP, Trieste, Itady in February 1992.
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2.1 Exact analytical approach
Consider a harmonic oscillator Hamiltonian [1]

B =5 4 314 AW 2.1)
where we have st m = 1. The operators x and p satisfy the commutation relation

[Z,p] = ¢ (r=1). (22)

The explicit time dependence of the frequency w appears through the g-term in (2.1). In
what follows, the exact form of the time dependence of the frequency is of ho consequence.
For convenience, let us define dimensionless quadrature operators X and P, as follows:

4 — _%*
4\ - 2
— 2 ) p s

and they satisfy the commutation relation
- ?
[X,P] = 3. (2.4)

It is also convenient to work with adimensionlesstime r = wt. Now, for a given form
of the time dependence, let us assume that the solutions are known for the Heisenberg
eguations of motion for the quadratures X and P, the equations of motion being:

d¥ _
dr ~
dP

T = —U+AnX. (25)

P

Let U(r)and V(7)be two functions which are the independent solutions of (2.5) or
equivalently of the second order differential equation

2é =1 +8m)9. (26)
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Tims U' and V form the fundamental system of solutions. Then, the general solution of
this homogeneous system (2.5) can be written as

(30 [ uveve) N (xE))
\rn )  \on vin ) \ 2 )

From (2.7) it is natural to choose the initial conditions for the functions {7 and V as

(2.7)

U(0)=Vv(0)=1,
U(0) = V(0FO0. (2.8
Let us now consider a matrix Y defined for the functions U, V and their derivatives
( v v\

u VJ
The determinant of this matrix is caled the Wronskian of the functions U and V. A

(2.9)

sufficient condition for the two functions U and V to be linearly independent is that the
Wronskian be non-vanishing. Since U and V are independent, the Wronskian will have
a non-zero value.

To show that the value of the Wronskian isinvariant, we consider the following matrix

differential equation

dY
—— =AY (2.10)

where, the co-efficient matrix is given by (2.5)

A = ° 1) . (211)
\ - +8()) 0)
Using Abd's identity for the Wronskian from the theory of differentia] equations [23],
wehave
detY (r) = detY(O)eprl "Trace A(r;)dn. (2.12)

Since TraceA(7) = 0,
detY (1) = detY (O). (213
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Thus, the Wronskian remains invariant. This implies that

UV-UV = | (2.14)
holds true for al times.
We now define lowering and raising operators as
a=X+iP
a- =X -iP (2.15)
which at t = 0 satisfy the Bosonic commutation relation
[a,af] = | (2.16)
Using the definition (2.15) and the solution (2.7), a(T) and &¥(r) become:
a(r) = u(r)a(0) + v(r)at(0)
fit) = v"(r)a(0) + w(r)al(0) (2.17)
where, u(T) and v ( T) aregiven in terms of the solution (2.7) as
w(r) = % [0+ V)+ i@ - V)]
(2.18)

o(r) = %[(U—V}F W+ v)).

It then follows from the invariance of the Wronskian (condition (2.14)), that
(2.19)

W - M =1
for al times. Condition (2.19) dso follows from requiring that the Bosonic commutation

relation (2.16) holds true for the transformed operators a(7) and a'(r), i.e.,
(2.20)

la(r),al(r)] = L.
This implies that the transformation (2.17) is a canonicd transformation. Thus, we have
a Bogoliubov transformation of the lowering and raising operators as a result of the time
dependent frequency and the co-efficients of the transformation depend explicitly on time.
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Every canonical transformation can be represented as an unitary transformation [4],

and hence we have
a(r) =S-}(na(0)s(t). (2.21)

The explicit form of the time evolution operator S(r) can be obtained as follows. One

can rewrite (2.17) as

a(r) = e [|u(f)|&+ |v(r)|e‘("~—0-)af] | 2.22)

The term in the square brackets can be obtained by the action of a "squeeze' operator
[59. Thus if T =exp(}(zil? -h.c.)), where z = |z|¢®, then

12T = cosh |z|a+ € sinh |z[al (2.23)
where, the operator identity ( [10], p136)
4B ¢4 = B ¢ %[A, B] + 2—?[[1, [A,B]] + - (2.24)
has been used. If one identifies
|2l = cosh™ |u| and 0= 6, - 0., (2.25)

then (2.23) yields,
T1aT= |ula + |v|ei®tu)gt, (2.26)

Again using the identity (2.24), we can show that
exp(—if,ata)aexp(if.ata) = ae. (2.27)

Hence we have,

a(r)

u(r)a + v(r)a!

o [|u('r)|& + |v(‘r)|c"(9-“"‘)&1]

= $7'aS (2.28)
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where S(r)is
S(r) = exp(i0u&f&) exp (% [e'.“"'a")cosh—1 |u|&h— h.c.]) i (229

As a result of the time dependent frequency, one expects transition to occur between
the levels of the oscillator. The probability of finding the oscillator in the state |n) at
timer given that at r = 0 it was in the state |m) is

Pam(7) = [(n|S(7)Im)* (2,30)

The evaluation of these matrix elements can be done if one expresses S in a normally
ordered form. Thisis done using the disentangling theoremfor the SU (1,1) group [11-13].
The transition probability then becomes

(LYt pona 4 Latyat - Zarmione .
Pnm (|ll|2"“3) n!nl!l(Ol(a + ua ) (a u‘(l) lO)l . (2.31)
The actual steps involved obtaining (2.31) are provided in the Appendix 2A. As an

example, lee m=0and n = 2. Then

_ WP

ISP = ZLjo)@ + Zal)2o)?

Jul|o]?

(2.32)

Quasiprobability distributions (a resume is given in chapter 6), like the Glauber-
Sudarshan P-function, Q-iunction and Wigner function are very useful in gaining insight
into the quantum statistical aspects of a problem. Many states which are highly nonclas-
sical have ssimple and rather well behaved representations in terms of the Wigner function.
The Wigner function is defined as the Fourier transform of the quantum characteristic
function Xw: [10] and [14] (section 4.4)

o(a) = = [ Peewp(Ea - Lo xwlt.E), (233

where
aw(é, €)= Tr{pexp[ta' - £a]) (2.34)
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and ®(a) satisfies the normalisation condition f d2a®(a) = 1.

What is the effect of the transformation that arises due to the time dependent fre-
guency on the Wigner function? To see that, we substitute the transformation (2.17)
into (2.33) and we have,

B(a, a*,7) = ;12- [ Etexplea - carTe{pexple(uat + v'a) -hcl).  (235)

On changing the integration variable£to A = (§u* — £*v), and noting that the Jacobian
of the transformation is unity, we have

O(a,a*,7) = K%J/dzz\exp {X*(«*a - va*) - Mua® - v*a)} 'I‘r{f)‘exp(Ml't __Xa)}.
(2.36)
Comparing the equation (2.36) and (2.33) we can express the Wigner function at time
T, in terms of the function at t = 0 [1]:

®(a,a*,7) = ® ([u*(r)a - v(1)a*], [u(r)a™ - v*(7)al, 0). (2.37)

The Wigner function thus evolves along the classical trajectories. This is expected
as the Hamiltonian is quadratic in X and P. The time evolution is especialy simple
if the Wigner function associated with the initial state is a Gaussian [15]. According
to the moment theorem for Gaussian processes [16], all moments of order higher than
two are expressible in terms of those of order one and two. Thus, the Gaussian nature
of the Wigner function simplifies the calculation of higher order moments. The Wigner
function for a very large class of harmonic oscillator states has the following genera

Gaussian structure, [15]

_ 2 wf ® _ _*\2 _ 2
®(a) = o — o)’ + 7 (" —ag)’ + 9o ﬂol) 238,

. exp (
/(4% — 4lul?) 72— 4|pu|”

where the parameters in (2.38) have the following meaning in terms of the mean values

and variances

(&) = Q9
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(@®) - (a)> = -2u° (2.40)
(é(afa+a;,1))_(&f)(a) = 7. (2.41)

The function (2.38) corresponds to the Wigner function for (a) coherent states when
p=0andy=5; (b) squeezed states when u #0, a0 #0 and y* —4|x[* = 5; (c) thermal
states when g = 0, ap = 0 and y >1/2 and (d) dso to mixtures of thermal and coherent
states.

As an exampleof the use of the Gaussian nature of Wigner function, let us evaluate the
Mandel's Q-parameter, which involves the evaluation of second moments. The Mandel's
Q-parameter as defined in chapter 1 gives aquantitative measure of how much the photon
number distribution deviates from a Poissonian distribution. In order to determine Q,
we need to evaluate (7?) = ((a'a)?) and () = (aTa). The mean vaue of (aTa)?in terms

of the Wigner function is
(alaata) = 1 @(a)(lal* - |o?)da. (2.42)

According to the moment theorem for Gaussian processes [16], all higher order moments
(> 2) can be expressed in terms of the second and first moments. In particular, if the
first moment is zero, then dl odd order moments are zero and the even order moments
are given by

(2N)!

(X,‘Xij«‘i- . ) = r{"'ijoklc"mn .- -}sym, (2.43)

~ N2V
where the subscript 'sym' means symmetric form of the product of the variance matrices
a and 2N is the order of the moment. Since, in (2.42), (&) = ao # O, in generd, we
can define a such that a= a+ ey, S0 that we can apply the result (2.43) for the barred

variables. Then (2.42) becomes,
(alaata) = [@(a)(la + aol* - & + aol’)da, (2.44)
= (& + aol*) — (la + ao[?). (2.45)
Expanding the quantities |a+ ao}* and |a+ ao|? and noting that for the barred variables

(Ial') = 2(lal’)* + (a*)(a"?), (2.46)
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(&® = (a) =0, (2.47)

wehave

(ata)?) = 2(1a)*+ laol* + dlaolX(lal?) - laol? - (1a]%) + (6%)ag? + (6"2)ad + (a?)(a"?).

(2.48)
Using the definitions (2.39) to (2.41), we have
(@1a)?) = 297 + laol* - laof* - 7 - 2°03? - 2pad + dlul* + dlaol’y  (249)
and (a'a) is given by
. 1
(afa) =7 = 5 + ool (250)

Combining (2.49) and (2.50), we have the final expression for Mandel's Q-parameter

o = G=P-t) @)

(7" + 2aof?y - 1 - AgPp" - 2afp + 4]\
~\ 7 + lao* — )" (2:52)

It isclear from (2.37) and (2.38) that the Wigner function will remain Gaussian with

time dependent parameters ag,y and /z:

ag(r) = u(r)ap + v(7)ag (2.53)
ll(T) - U*2 + U"l“ _ U*V*V (254)
1) = (v'u+ v'v)y - 2uuv - 2p"uv”, (2.55)

where u(7) and v(r) are the time dependent co-efficients of the Bogoliubov transforma-
tion (2.17). Thus, if the initial Wigner function of a state was Gaussian, as a result
of the Bogoliubov transformation (2.17) the Gaussian nature remains intact after the
transformation, but for a redefinition of the parameters.
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B(t)

Region 1 Region 11 Region 111

Figure 2.1: Form of the function §(t). The sudden limit corresponds to lim”™o and the
adiabatic limit to limr_ .

2.2 Linear sweep of w? a specific case

In thissection, we consider asan example, aspecificform of thetimedependent frequency.
Let A(1)in (2.1) be of the following form (see Fig.2.1):

0 for-co<t<O0 (Region 1)
B(t)= { Bok forO<t<T (Region 1) (2.55)
By for T<t < oo. (Region 111)
With this form of the time dependence one has to solve the Heisenberg equations of

motion (2.5) for the dimensionless operators X and P. In region I, we have just an

oscillatory solution at the oscillation frequency ‘w’:

XDy = X(0)cos(r) + P(0)sin(r) (2.56)
PU(r) = —X(0)sin(r) + P(0)cos(r). (2.57)
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To find thesolutionin the region |1, we make the following transformation for the di-

mensionlesstimevariable, T — 71/,

1" =+ — 258
5% (258
and we defineanew variable, z
=2 (B
T 3\wT : (2.59)
Then, the Heisenberg equations of motion (2.5) get transformed to
X .
i =t
dP T s
g - Pogp)X (2.60)
or equivalently, X and P are solutions of the second-order differential equation
¢ Bo
dT_"z + (—,,,)7"¢ =0. (2-61)

The exact solution for the Heisenberg equation of motion for the operators X and P in

theregion Il can be written in terms of Bessdl functions of order %: [17]

XUy = ¢V dy(z) + CoVTYi(2) (2.62)
PUD(') = Cav/T' (2 CaVT'Yy(2). (2.63)

The co-efficients C; to Cy are fixed by requiring XUD (') — X(D(r= 0) = X(0) and
PUIN(s")— PD(r = 0) = P(0). In region I, the solution is again oscillatory, but with
a frequency of oscillation /1+ Bow. Thus,

XUIN(r) = Cs cos(y/1+ Por) + Cesin(y/1 + fot) (2.64)
PUID(r) = Cycos(y/1 + for) + Cssin(y/1 + Bor). (265
As before the constants Cs to Cg are determined by requiring the continuity of X and

P a r = T. Thus the entire solution is obtained. The variances in the quadratures can
then be calculated in a straight forward manner.
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Following our results [1] various authors have extended the results obtained by us’.
Other forms of specific time dependences can dso be consdered. For example, in the
cae of quantised motion of an ion in a Paul trap, the time dependence is sinusoidal.

This case is discussed in detail in the next chapter.

2.3 Numerical approach

In the previous two sections, the exact analytical solution for the Helsenberg equations of
motion (2.5) was considered. The previous section described a specific example where an
analytical solution is possible. But there are problems where such an analytical solution
is not possible. To handle such situations, in this section a numerical approach to the

problemisgiven.
We rewrite (2.5) in terms of the mean values of the operators X and P: [21]

Y1 = P2

p2 = —(1+ fln)» (2.66)
where

1 = (X

Also, let

ne

¥, = (XP+ PX)

vy = (P?). (2.68)

2Janszky et a [18,19], based on [1] have shown that a series of well-timed frequency jumps leads
to more pronounced squeezing. In alater publication [20], Aliaga et a have obtained our results by a
compl etly equivalent method using a maximum entropy principle procedure.
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Then, we have,

\I’l - 2‘1’2
Uy = —(14 BN + ¥s
U = —2(1 + B(T))‘I’z. (269)

The initial conditions for (2.66) and (2.69) are determined from (2.67) and (2.68) evaluat-
edat T =0for agiveninitial state. Systems (2.66) and (2.69) are numerically integrated
using standard Runge-Kutta algorithm and the fluctuations in the quadratures A" and
P at timer are directly obtained as

(AX)Y) = ¥ —¢f
((AP)) = W3-y (2.70)

The time dependence of the Mandel's Q-paremeter is obtained directly from (2.51) sub-
stituting for the time dependent parameters given by (2.52) to (2.54).

2.4 Demonstration of nonclassical properties

In this section, a discussion of the results for the case of g(r), given by (2.55) in sec-
tion 2.2, is given to demonstrate nonclassical effects like, squeezing of fluctuations and
sub-Poissonian statistics. One could use either the exact analytical approach of sec-
tion 2.2 or the numerical approach of section 2.3. We use the exact solutions for the
regions Il and 111 (see Fig.2.1) with proper boundary conditions. One can then use this
solution to evaluate A , P and X'P+PXand evaluate the expectation values for various
initial states. Alternatively, one could determine these quantities by a direct numerical
integration of the equations of motion for the expectation values [21].

We next present the numerical results for the non-classical properties like, squeezing
and sub-Poissonian statistics of the oscillator. In Fg.22 we show the squeezing in the
component X when initially the oscillator is in the ground state. We obsarve that a
linear sweep produces a significant amount of squeezing. The squeezing properties are
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much more prononunced for the case of a sudden jump [22]. As expected the adiabatic
changes [23] do not produce any noticeable squeezing. From the calculation of the phases
0, and 6,, we dso find that the two quadratures X and P areiin generd correlated for
most of the time (see Fig.2.3). Note that for fast sweeping, the variance exhibits periodic
behaviour. For the parameters of the Fig.2.2 this period is found to he £ which follows
from (2.6) and (255) as 1 + fp — 2. In Fig.2.4, we show the squeezing characteristics if
initially the oscillator state is squeezed in the quadrature P. The quadrature X exhibits
quite a significant amount of squeezing which in turn depends on the rate of the frequency
sweep. For the initial vacuum state the Wigner function is Gaussian (2.38) with equal
noise in the two quadratures (¢ = 0 and y = 3). In Fig.25, we show the time evolution
of the Wigner function (2.38). We show the behaviour at a time when the system shows
maximum amount of sgueezing in the X quadrature.

Finally, in Fig.2.6, we show the generation of sub-Poissonian statistics when initially
the state is a coherent state. The time dependent behaviour of the Q parameter was
calculated from (2.51) using (2.52) to (2.54). It is similar to that shown in Fig.2.2. In
general this is not expected, except when the mean value of thefieldis so large, that a
linearisation around the mean value can be done. For Fig.2.2, the mean value is zero,
but this is not so for Fig.2.6. The linear sweep of the restoring force can produce large
amounts of sub-Poissonian statistics. Several possibilities for realising the present model
exist; for example, one can use a cavity with amaterial whose dielectric constant is varied

with time.
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Figure 2.2: The variance of the quadrature X versus time, T for an oscillator initialy in
the ground state. The parameters are: Bg = 1 and wT = (a)1073, (b)1, (c)3 and (d)10°.
The cases (a) and (d) correspond, respectively, to sudden and adiabatic limits.
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Figure 2.3 Same as Fig.2.2, bu.t with the oscillator initially in a squeezed coherent state
la, ¢) with a= 1 and T = 0.5¢~".
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Figure 2.4: The phases of 4 (curve (a)), v (curve (b)) and g (curve (c)) versus time, T
corresponding curve (b) of Fig.2.2. As the phases are non-zero for most of the time, the
guadratures X and P are correlated most of the time.
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Figure 25: Wigner function &(a,a*,7) with a = (X) + #(P)for the system initialy in
vacuum state for 7= 1073, 8, = 1 and T = 11 which corresponds to the minimum in
Fig.2.2. Squeezing in the quadrature X can be seen in the inset which shows contours of
constant values of the Wigner function.
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Figure 2.6: Mandd's Q-parameter as a function of 1 for the case of an oscillator initially

in a coherent state |@),a = 1. The parameter wT has been chosen as (a)1073, (D)1, (c)3
and (d)10°,



Appendix 2A

Calculation of the matrix element (n|S|m)

In this appendix we give the intermediary steps involved in the caculation of the matrix
element in (2.30). In calculating such matrix eements the following operator identities

are useful [12,13):

e 25 LI
eMBme™M = [ n.l Z_{A ,B}] , (2A.1)
MeBeM = exp (Z A—{A" B}) (2A.2)
An=0
eAtB = (ABeCieli | (2A.3)
where

{A% B} = B (2A.49)

{A’H.I’B} = {Av{“inaé}] (2A5)

Equation (2A.3) is caled Zassenhaus formula and is a dual of the BCH formula (Baker-
Campbell-llausdorff formula). The quantities C* are

;= 4B (2A6)

C. = 3B,A Bl 2[4,14,B] &%)

and so on. If C3 commuteswith A and B, then dl higher terms vanish. Equation (2.29)

can be written as
S= \(c &) e)(p(ICI 0~ fz ICI —;0 2) (2A8)
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where
0= 0,-6. (2A.10)
Il = cosh™ [u]. (2A.11)

Recalling that the state In) can be obtained from the vacuum by the action of at (see
1.10), we have

1
(,IIS'I171) = l—m(Ola e\(a a) exp(|CI 0 A 12 Icle—l‘0&2) &"m Io). (2A12)
! 7
The second exponential operator in (2A.12) can then be disentangled using the disentan-

gling theorem for the SU(1,1) group. The SU/(1,1) group generators, A'_A'+ and Kk,
satisfy the following commutation relations

[K.,K4)=2hk3 (2A.13)
and
[K3, Ki] = + Ky, (2A.14)
where the generators are
. al?
1\+ * ? (2A15)
A2
Al = 5 (2A.16)
SR A 1
K = §(a i+ 5). (2A.14)

According to the disentangling theorem [11]
exp (1+ A+ + 1-A"_ +73R3) = exp (T4 A4 )exp (In(T3)A3) exp (T_K_), (2A.18)

where
¢ = %73 - 1+- (2A.19)
r, = 274 sinh(4)
2¢ cosh(¢) — 13 sinh(¢) (2A.20)
s =

(cosh(¢) — B sinh(4))?" (2A.21)
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Tims we gdt,
(n|S|m) = (Ola™e wata) "h aals € t'"IO) (2A.22)
‘/__
where
§ = %u (2A.23)
A = —In(ju]). (2A.24)

Using the operator identities (2A.1) and

(2A.2) we can reorder these terms. After re-
ordering, we get

e Hm-2)A
Vulnlm!

Substituting the definitions (2A.9) to (2A.11) and (2A.23) and (2A.24), we have

(n|S|m) = (ol(a + 2¢atyr(at - 2¢2aym o). (2A.25)

) e'tnyu 1 . n o1 s - -
i = (lztlm-z\/m) ZamiOl@r L O -, eA)

and hence

pon (I_I”!'"j) ol + Zaty@t _ —ampo)pe (2A.27)
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Chapter 3

Quantised motion of an ion in a Paul trap

In the recent years, rapid progress has been made in the field of high-resolution spec-
troscopy. One of the main concerns of high-resolution spectroscopy is to minimise the
energy of atomic motion and to confine atoms in a very smal volume of phase space
so that line broadening due to the motion of the emitting atoms is reduced consider-
ably. Although one can have good Doppler-free spectroscopy done, say, by detecting
the light emitted by atoms in a direction perpendicular to the motion of the particles,
due to second-order (or transverse) Doppler effect one still has transit-time broadening
(proportional to u®). Therefore one has to resort to "cooling”, which involves reduction
of velocities as well as suppression of spread in the distribution of velocities. In addition
to cooling, one is interested in the trapping of a single atom, ion or a charged particle
in a localised position for a long time so that very accurate measurements can be done.
Thus for example, the g-factor of an electron has been measured in a Penning trap to an
accuracy of +2 parts in 10¥ [1]. There are adso various other ressons for the interest in
trapping — (@) improvement of precision in atomic clocks due to the possibility of long
measurement times and hence less uncertainty in energy measurements [2], (b) obtaining
unigue states of condensed matter, (c) possibility of the observation of Bose condensa
tion, (d) trapsform an ided testing ground for testing quantum mechanics, for example,
experiments have been made to test the predictions made by certain theories of nonlin-
ear quantum mechanics [3], to observe quantum Zeno effect [4], for direct observation of
quantum jumps [57] and a host of other possibilities.
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In this chapter’, the generic model studied in the previous chapter is applied to a
material oscillator, namely a single ion trapped in a Paul trap. A Paul trap is a device
which is used to trap ions and charged particles in a quadrupole confining potentia. To
describe the motion of the trapped ion one has to solve the equations of motion of the
trapped particle. Eventhough the solution to the equations of motion can be obtained
classcdly, if the energy of motion of the ion has to be minimised, one has to resort to a
guantum mechanical treatment. That afully quantum mechanica treatment is necessary
was demonstrated by Diedrich et a. [8] who placed a single ion in the ground state of
its motion. In section 31 of this chapter, following a short description of a Paul trap,
the solution to the egquation of motion of the trapped particle in the classica context
is considered. A description of the secular approximation, first introduced by Kapitza
[9], for the time-dependent potential is given. In section 3.2 and the subsequent sections
the motion is described in a fully quantum mechanica description. Time evolution of
the position and momentum operators for the quantum oscillator are obtained. Explicit
formsof thenon-stationary wavefunctionsinthe Schrodinger picturefor variousoscillator
states and the time evolution of the Wigner distribution are obtained in section 3.3. In the
later part of the section numerical results are presented. A plot showing the uncertainties
in the position of the ion are shown to be squeezed. A plot of the Wigner distribution is
aso provided. In section 3.4, autility of this approach to understand the occurence and
to calculate the strength of sidebands in the flourescence spectrum of an ion in a Paul

trap isdemonstrated.

3.1 Paul trap

A Paul trap is a device usad to confine ions and charged particles into a small region of

space inside a potential well formed due to a combination of  rf and static fields. Due

to Earndiaw's theorem [10-12] it is impossible to have a stable confinement of charged

! Results of this chapter were presented at the National Laser Symposium held at the 1T, Madras,
February 17-19, 1993 and at a workshop titled Coherent States: New Developments and Perspectives
held at the University of Hyderabad, Hyderabad, October 29-31, 1993.
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particlesin an entirely eectrostatic assambly. Hence, the problem is circumvented by
creating adynamic potentia well by the application of arapidly oscillating and astatic

field.

In Fig.3.1, the essentid features of a Paul trap are shown [13,14]. It congds of
two eectrodes — aring dectrode, the radius of which isgiven by  ‘rg’ two endcap

electrodes seperated by a distance of 2z, from each other. The typical dimensions of the
trap are between 1 and 40 mm. The potentia is quadratic in each of the three rectangular

coordinates of theion. Thus,

¢dc + ¢ac COS(Q’)
rd+ 22

¢(T’yv2) = (1.2 +y2—222)7 (31)

where ¢q4. and ¢, are the dc and ac components of the potential and ft is the frequency
of the rf potential. The equation of motion of a charge e of mass m is then given by
three uncoupled equations. So, without loss of generdity, let us consider motion in one

dimension only. The equation of motion is then

— i *\\x —
moz+ 257.2 (bat facog))F =o. (32)
Equation (3.2) can be rewritten in the form
d?
S [Rgcos2r)lr =0, (3.3)
where,
Qt
r - ?’ (3.4)
= 8edac (3.5)
¢ = (sl +2:2) 2
4ega.
% w2 +2:2) (3.6)

The classical equation (3.3) isjust the canonical form of the Mathieu equation whose
solution has been studied in detail [15-19].
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Figure 3.1 A schematic of a Paul trap.



Chapter 3. Quantisedmotion of anion inaPaul trap 48

311 Secular approximation

Let usstudy an approximation to the solution of the equation of motion of a particle under
the influence of a high frequency force, first introduced by Kapitza [9,20-23]. Consider
the motion in one dimension of a particle under the influence of a time independent
potential G(x) and an oscillatory force of high frequency f(x,t) = %g-’)-cos(ﬂt).The
frequency ft is large with respect to the frequency of motion due to the potential G(x).
The equation of motion of the particleis

d’x dG  ov
M = T + (a;)cos(ﬂt). 37)

An approximate solution to (3.7) consgsts in resolving the function x(t) into a dowly
varying part, X (t) and a rapidly varying part, £(¢) oscillating at the same frequency as
the applied force. Thus,

z(t) = X(t) + £(t). (39
It is assumed that the amplitude of ¢ is much smaller than X and its time average over

a period — vanishes.
Substituting (3.8) in (3.7) and expanding in powers of ¢ to first order, we have

&EX  PE A6 3G ) of
@ trgp =g g HX )+

m

Equating the rapidly varying parts seperately, we have

d2§ 7
moy = f(X,1), (3.10)
integrating which, we get
g=--1
mQ? (3.19)

If we take the time average of (3.9), using (3.11) and the fact that average of cos?(Q¢)= 1,

we get -
wEX _ A6 (5)

dt? dX 4mQ?* (312
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Thus, thetimeaveragedmotionof theparticleisunder theinfluenceof Aneffectivetime

independent potential, given by

. ' (8u )2
V= G(ﬂ') + L4’72Q2 . (3 13)

For the case of an ion in a Paul trap, the oscillatory forceis a—z,;glcos(ﬂt) where, v(zx)is

() = 2ep, o1l
vl = o (3.14)

Thus, the time averaged or the secular motion of theion is given by

d*z Q2 1,
a2+ @t g0 =0, (315)

which is a harmonic motion with frequency, w,, given by

Q 1
W, — iJa + qu- (316)

This analysis holds in the limit of small a and g (large ). Fig.3.2 shows the stability
regions for the Mathieu equation (3.3) inthe (a, q) plane. The motion of theion is stable
and thusconfinable only for certain ranges of a and q values [16]. The regions marked |
and 11 in Fig.3.2 represent the stable regions. For most of the experimental arrangements
thea and q values liein thefirst stable region (1) near the origin of the coordinates a and
g. The higher stable regions are difficult to maintain experimentally as they correspond
to few orders of magnitudelarger valuesfor the dc and rf potentials. Moreover, the above
approximation cannot be done and perturbative approaches are no longer valid in these

regions.

3.1.2 Floquet solution

According to Floquet's theorem, the solutions to (3.3) are of the form

z(r) = Q(r)P(), (3.17)
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where Q(7)= ¢""represents the slow motion or secular motion and I(7)is ax— periodic
function representing the micromotion. Any solution which satisfies the condition

X(T+ kx) = Ckz(r) (318)

where
C=e"" (319

is called a Floquet solution. The quantity v is called the characteristic exponent. For the
unstable regions the characteristic exponent, v takes on complex values with a negative
imaginary part, thereby leading to unstable motion of the ion. For rea values of the
exponent, the motion is quasiperiodic and therefore stable.

Let U(r)and V(1) be the two linearly independent solutions to (3.3) satisfying the

initial conditions
Uy =v(O)= 1 and (3.20)
[700 =V(0)= O. (3.20)

Since for stable trapping of ions in a Paul trap, the characteristic exponent should be

real, we have the following genera solution to (3.3) ( [18], pp 64)

x(t) = A i ek cos((2k+ v)T)+ B i cor sin((2k + v)7). (3.22)

k=-o0 fc=—co

Thus we can identify the solutions U and V as

U(r) = i cor cos((2k+ v)T) (3,23
k=-c0

) = 1 3 :

VO = o reit, gy 2 o4 D) (3:24)

where the co-efficients ¢, are normalised such that 372 _. czx = 1 so that the initial
conditions (3.20) and (3.21) are satisfied by U and V. The approximate vaue of the

characteristic exponent v is determined from the conditions

cos(mv) - U(x) =0 (325
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or
cos(xv)- 1 = 2U(x/2)V(x/25= 0 (3.26)

by direct integration of (3.3). More accurate value of v is obtained as follows. Substituting

(3.22) in (3.3), we get the following recursion relation

Varcar = (Cak—2 + Caic42), (3.27)
where )
—(2k
Vo = (q+u) -0 <k< o0 (3.28)
Rearranging (3.27), we have
Vo = S2k=2 | (k42 (3.29)
C2k Cok
Defining the ratios,
e
G = ) 330
— (330)
we have from (3.29)
, 1
Gm = |, . (3.31)
Vm v -
m+$2=..

Similarly, by defining the ratios

H_, = Z=m=2 (332
Com
wehave
1
tf-m = v 1 . (333
-m=2 - Vet =

Using continued fractions, the ratios G, and H_,, can be obtained for some large m.
Once G,, and H_,, are determined, then the res of the terms from G,,—3 to Gy and

H_..42 to Hy are obtained as

G2 = 1 L, m>1>2 (3.34)

and
I{.[+2 = v_ _ H y, m 2 I 2 2. (3.35)
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If the characteristic exponent is correct, then the quantities Go and I/, should verify the

identity
oy = 1. (3.36)

The exact characteristic exponential is then obtained from (3.28), Thus

2
a—v
VO = 9 , (337)

or

v =Ja - Vog, (3.39)
where Vy is obtained from (3.29) using the previously determined ratios G, and Hy. The
definitions (3.30) and (3.32) can then be used to obtain the co-efficientsco'sin terms
Co- The term Cy can then be fixed by requiring that Y32 _. c2x = 1, as demanded by the
initial condition U(0) = 1.

32 Quantum dynamics

The motion described by (3.3) corresponds to the quantum Hamiltonian

H= 24 Lo (339)
C 2m 2 > '

where
Wi(t) = =a - 2¢ cos(Nt)]. (3.40)

Thus, the motion of theion is that of an oscillator whose frequency is time dependent in

a sinusoidal manner. The equations of motion for the position and momentum are given

by

dx P

dt m

dA

T = -mi (). (341)

The Schroclinger equation now involves apotential periodic in time. For large periodicity

one can do atime average to obtain the secular motion.



Chapter 3. Quantised motion of an ion in a Paul trap 53|

In what follows we consider the quantum case And the general solution of the Heisen-
berg equation (3.41). We will aso find the time evolution of the wave function of the
system or equivalently, we will obtain the time dependent density matrix without us-
ing the approximations used in arriving at (3.16). We will further show that the state
corresponding to the centre of mass motion is anonclassicd state.

We redefine the variables # and p so that

. [may - / 1
=/ —T ) P=
X 2h %, and 2mhwop’ (3.42)

where wyq is the intrinsic frequency of the time independent oscillator given by setting

g=0in (3.3). We thus get

, Ya
Wo = —4 (3.43)
Once the parameter a and the frequency fi are chosen, the natural frequency wyp gets fixed.
Thus varying the ratio ¢ for afixed a value corresponds to sweeping of the frequency

of the oscillator, The new position and momentum operators satisfy the commutation

relation
[X,P) =~ (3.44)

In the Heisenberg picture, the equations of motion for the operators X and P are

dX ~ dP 4 5
Fe wo P, @ ——4—(a — 2¢ cos(2)) X (3.45)

or, in terms of the scaed timer — -, we have,

X _ 2,

dr ft

dP Q &

= = —E(a—Qqcos(r)).\. (3.46)

We can also define the lowering and raising operators a and a! by the relations

a = X+iP, (3.47)
b= x—ip (3.48)

KN
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with
[a,al) = 1. (3.49)
The solution of (3.46) can be expressed as
X() = U)X+ CR)V(npo)
C e g n
P(r) = Ul) () 'X(6) V(7)P(0) (3.50)

where U(r)and V(r)are given by (3.23) and (3.24). Note that the solutions {/(r)and
V(r) satisfy the property

U(r)V(r) = V(r)U(r) =1, (351)
so that equal time Heisenberg commutation relations hold, viz.,

[X(r), P(r)] = £ (3,52

The time dependent variances of the operators X and P can be obtained from (3.50) for
variousoscillatorinitial states.

Using (3.50) we obtain the time dependence of the lowering and raising operators as

a(r) = w(r)a(0) +v(r)al(0),

(3.53)
&T(‘r) = v*(r)d(O)+u‘(‘r)&1(0),

(3.54)

where the co-efficients u(r)and v(r) are given in terms of the solutions of (3.3) as

. QU 14
ur) - 5 (0 icgo - E2),

= (3.56)
o(r) = %((U—V)H((%H(2‘“;‘;"’))). (3.56)

We have thus a Bogoliubov transformation of operators with time dependent coefficients.

As was done in chapter 2 the equation (3.53) can be expressed as a unitary transfor-
mation. We rewrite (353) as

a(r) = exp(iﬂ,,&t&)(lulé(O) + |v|exp(i[8, — 6.])a(0)). (3.57)
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and therefore,
a(r) = 8§~Y(r)ad(r), (358)

where

S(r)= exp(: fata)exp (-!—ei(a"")cosh(|ttl)&f - h.c.\ . (359

The equation (3.58) relates the Heisenberg operator at time r to the operator at time

T = 0. It should be borne in mind that dl the parameters 8.,8,, Ju| and Jv] depend on

time . The Fourier series decomposition of the functions u(7) and () can be obtained

by using the definition of the functions U and V from (3.23) and (3.24). We thus have
u(l) P II cor cos((k + )Qi) + —_— Z Cok k+ )cos((l + )Qt)

k.-—oo k-——oo

te-oo

7| £ oulke 2)sin((k + 7))+

U— }: coesin((k + = )Qt)] (3.60)

k=—oc J

[ = 11 N1 &
v(t) = ; |_ _E_ car cos((k + - )Qf) - ;;0;,;} Z ca(k+ g-)(‘os((k+ g)Qtz_J
k=—oc0

k=—co

_— l(—) £ ca(k —) sin((k + —)Qt)—

te-oo
DS casin((k+ D)), (361)
vz 2 ]
where D isgiven by
D=2 fj ca(k + g). (3.62)

3.3 Dynamicsin the Schrodinger picture

Explicit wavefunctions corresponding to different states of the time dependent oscillator
can be obtained by going into the Schrodinger picture. The timeevolution of the density
matrix can be obtained from the evolution operator, S(r)

p(r) = S(1)p(0)87 (7). (3.63)
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Therefore, if |(0)) is theinitial state, then the state of the oscillator at time r will be
(r)) - S(r)l(0)- (364)

Let the initial state be the ground state, |t), of the oscillator. Thus,
alyo) = 0. (3.65)

In the Schrodinger picture, after atimer, the ground state evolves to |¢(7)). Since the
evolution operator, 5, is unitary,

§718=88"=1, (3.66)

introducing S~1S between a and [i») in (3.65) and multiplying by S from the left, we
are left with

SaS™'S|ye) = 0. (3.67)

But,
S|10(0)) = l3ho(7)) (369)

and
$a81 = w*(r)a(0) - v(r)at(0) = fe(r). (3.69)

This state [¢(7)) would then be the ground state with respect to the transformed oper-
ator b(r):

[w(7)a(0) - v(r)at (O)]lo(r)) = 0. (3.70)

Let us now determine the coordinate representation of this ground state. So we have
to determine the quantity

(2|5 |40)- (3.71)
Using the definition of the unitary evolution operator 'S and the disentangling theorem

for the SU(1,1) group (cf. Appendix 2A) we arrive at the following expression

o, 7 - DI ol o n ]
(«l3to) = 7 \/,72(22"(21:))' G;l) Ot H () exp (- 7] 7).

" (3.72)
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The aboveinfinite series can be summed by considering arguments concerning scaling of
Gaussians (see Appendix 3A) and thus determining the wave function with correct phase

factor and the result is

Sy = TE L oy ()
(x|S[so) = Tth vu“ —v exl)(—(u‘ — v) ( 2h }3-2)_ (3.73)

At timet = 0, (3.73) isjust the wave function for a ssmple harmonic oscillator, as
expected.
The transformation (3.53) and (3.54) can be used to investigate the time evolution of

the Wigner function which is defined by
®(a,0”) = % / d?;m(,s exp(Bal - ﬂ-a)) exp(—fa® +°a). (3.74)

We showed in the previous chapter ((2.33) to (2.55)) that whatever be the time depen-
dence of the frequency of the oscillator, a Gaussian Wigner function retainsits Gaussian
nature and that the Wigner function evolves along the classica orbits.

For numerical purposes, in order to obtain the variances in X and P, the Floquet
solutions were determined as described in section 3.1.2. First by a direct numerical
integration of (3.3), the characteristic exponent was obtained. Then using continued
fractions the co-efficients cy's were obtained. The variances were then directly obtained
for specific initial states of the oscillator. Alternatively, one could dso calculate the
variances by a direct integration of the egquations for the meanvalues as given in the
previous chapter. In Fig.3.3 the uncertainty in the position the ion for various values
of wp/N2 is plotted against time. We see that there is strong squeezing in the position
uncertainty. Similar results were dso reported in [24-28]. In Fig.3.4 we plot the Wigner
function at atimewhen thevariance in the position goes to aminimum. It isa Gaussian

with the width aong A" squeezed.
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3.4 External perturbations and the transitions caused by the electromag-
neticfield

Consider atwo-level optical transitioninanelectromagneticfield. Thetotal Hamiltonian

describing a particlein atrap in the presence of electromagneticfieldis

- . <
H = hw,S* + \( 2—:;—1 +2;1;1m.:2(t);it/2 | - (d iE) (8* exp(ik# - iwit) + h.c.) (3.75)

"

where the internal degrees of freedom are described by the spin operators. The centre of
mass motion in the trap is described by the time dependent oscillator. Both ground and
excited electronic states have a periodic potential associated with them. Theions initial
state is | —,0), where | —) labels the ground state of the electronic state and | O} labels
the ground state of the motion of the centre of mass of theion. Thefina stateis | —,1)
i.e., we are basically considering Raman transitions in which the centre of mass motion
is excited to the state | 1). In the interaction picture (3.75) becomes
d-E

H(t)= —( 7 ) (S+ expli(w, - wi)t + tka(t)]+ h.c.) (3.76)

where #(t) denotes the quantised motion of the centre of mass. Let usfirst calculate the
excitation probability i.e., we calculate the probability of findingtheion in the state | +)
and we sum over all states associated with the centre of mass motion. Using (3.76) the
state at timet is

7 t
9(0) = [¥(0)) - + [ Ha(tr)dts [¥(0)) (377)
and hence the probability of finding the ion in the excited state | +} is

P = e [ /(:(+|H1(rl)I‘I'(O))(\I’(O)lﬂx(ﬁ)lﬂdﬁdﬁ

(l E t ' N
= l ﬁ_"_lz (’T] \[6 (sz(OleXp (—-z(wa _w’),’.1 _1kil'(T1))

exp (+1(w, —wy)ry + 1ki(72)]0), (3.78)

where |0) is the ground state of the centre of motion of the ion. The transition rate is

then

(d- E) .
%13 === 2;..3,{,“0'{'_{][ drb f dry(0] exp (—#(we - wy)Ty - th(m1))
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exp (+i(wa - wi)7a + iki(my)) |O). (3.79)
B iy [ 401+ AA N exp il - )t - 1)
+ec.c.}. (3.80)

Note that the operator « can be written as

#(t) = A(t)a(0)+ A(t)at(0) (381)

where the amplitude A(t) is given by

Al) =a £ e 48 3 e T (3.82)
k=-00 fc=—o0
with a and g as given by
h 2w

@\ ST DO (3.83)

| h —u
P Smwo( DN} ) (3.84)

and D as defined in (3.62). On substituting (3.82) in (3.80) and retaining only the time
independent contributions, we get

il

R = 27r|££—};§l|26(wa—w,)+ 2ra’k?|—= (d E |2Z| 2n?
uQ
§(wa - Wi - - - nfl) (3.85
anprir D) (" b PS fer P8 = 1+ 25 +n) (386

Here the quantity ak is roughly the ratio of the ion's excursion to optical wavelength.

Thus, the excitation probability shows resonances at
W = wy, W = wg+ VQ—nf). (3.87)
V4

For n = 0, we get the familiar side bands obtained from the secular motion of the ion.
The strength of these side bands is proportiona to |cof°. The following is a table of the
co-efficients |c2,]|? obtained with a = 0.04 and q = 0.2 corresponding to the Ref. [31]
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2n ‘(‘2" |2

-4 | 7.214 x10°7

-2 | 3.556 x10~3

0 0.816

2 |1.300 x10~3

4 |1.606 x10~7

In conclusion, in this chapter, we have considered a material oscillator (quantised
motion of the centre of mass of the ion) and applied the results of the previous chapter to
show that an even more restriction of the motion of the ion in the confined environment
of a Paul trap is possible. We have obtained explicit form of the ground state wave
function in coordinate space. Further, by considerations of transitions induced by the
interaction between the ion and external electromagnetic fields, we have adso studied the

occurance and strength of the side-bands in the fluorescence spectrum of the ion in a
Paul trap.
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Figure 3.2. Stability regions for the Mathieu equation.
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Figure 33: The uncertainty in the position of the ion as a function of time. The corre-
sponding parameters are a = 0.04,9 = 0.2and22 = (a) 1, (b) 05, (c) 0.1, (d) 0.01. The
initial state is the vacuum.
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Appendix 3A

Scaling of Gaussians

In this appendix, the steps involved in obtaining (3.73) from (3.72) are given. We notice
that in obtaining (3.73) from (3.72), thereis a scae transformation involved in changing
the Gaussian e~ to e~**, where p = (%2x) and e, in generd, is complex. So, we are
interested in expanding a scaled Gaussian in terms of unsedled functions. First, we note
the fact that the scaled exponential that we are interested in is an even function and
hence we infer that the expansion should not contain any odd valued terms. Moreover,
(3.72) dready has only eventermsin it. Let
2

exp(—ep?) = idngzk(p)e'” (3A.1)

fc=0

where e € C'. Wewill show that if the co-efficients dy; are determined, then essentially we
would have determined the scaled Gaussian in terms of unsealed functions and thereby

aso sum the infinite series (3.72). Multiplying by H,,(p)from both the sides of (3A.1)
and integrating over the whole real line, we have
00 co roc
[ f‘XP("fP2)H2fn(é’)dF 2 da | Halp)Han(pexp(—p*)dp. (3A.2)
Using the orthogonality relation for Hermite polynomias /=% Hi(p)H.(p)ds=
2*(n)/Tbkn, we have

d2n e~ Hayn(p)dp.

- 2 / >

—222(2a) /7 Jo (3A.3)
Now one has to determine the integral ill the above equation to determine J,,. From [32]
(87.376, Eqn(2), p838) we have the following relation

r=oc 2 —_ LIENT(n + 1) v+11 1
—207° v } non—2-% A .
/;:o € 2V Han(x)dr — (—1)"27""272 \;;a wED 2 F(—","Tﬁz—uFa—) (3A.4)
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With Re(er) > O and Re(v) > =1. In the integral w (3A.3), Re(¢) > 0 and Relv) = 0

Therefore,
= —tﬂ H (p)(lp_ (- ])"22"-% 1 ( T'(n + = )F(""g] l l) (3A.5)
./:;:o n \/;_—2 2 . .
Noting that ( [32], §9.121(1), p1040)
F(-n,B;B8,~z)= (1 + z)" (3A.6)
and
Pnt 4y = G=DY ~ (3A.

2n
for arbitrary values of ft and substituting (3A.7) and (3A.6) into (3A.5), we have

1 (2n—1N 1 \" 2
2"._(2—77)__\/2 (1——) Hy(p)e™” .

€
Thus,(3A.1)canbewrittenas(3A.8)

d'ln = ( l)n

(2n -1 1 1\" —p?
al—) = -G (12 1) o™ (@

n=0

Now, let

e=n+1, (3A.10)

- (_"-) _ (M) (illuttn)
n+1)  \lul (3A.11)

Then (3A.9) can be written as

\/n+1eXp(-(1z+l)p2)=i(—l)"(zn_l-)“( ; ) Hu(p)e™.  (3A.12)

with

= anon)t \p1
On comparing the corresponding terms in (3.72) and (3A.12), we finaly have
1
(1SI10) = o =y + Texp(=tr 1)), (3A.13)
vian, flul !

Substituting the value for 5 in the above equation yields the desired result:
(a| qu Jw 1 \/

rh\/—

exp( ( i )(%) (3A.14)
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Chapter 4

Nonclassical light generation in a cavity of variable length

In this chapter!, a simple model consisting of a cavity with a movable mirror in one
dimension is considered. This problem has received considerable attention in the recent
past in the context of particle creation [1-5]. The radiation that is produced due to the
mirror motionisapurely quantum mechanical effect having no classical analogues. Hence
we expect nonclassical featuresto manifest in thefieldsso produced. Thisradiation arises
due to the interaction of the mirror with the vacuum fluctuations of a quantised field.
The mirror need not be a physical one but a sudden change in the refractive index of
medium can also produce real photons from an initial vacuum state [6-8]. In this chapter,
we study the quantum statistical properties of the field so produced due to accelerated
mirror motion and study the nonclassica nature of the field. We restrict to only one
dimension. In four dimensions the problem was studied by Candelas et a [9]. The
problem of a spherical mirror expanding with uniform acceleration was considered by
Frolov et a [10]. By making a conformal transformation, the nonstationary problem is
mapped onto that of a stationary one and the field solution inside the cavity is obtained.
Then by the application of acanonical quantisation procedure [1,3/11], aquantised version
of the solution is derived. It then follows 4hat the "in-out" mirror motion corresponds
to a Rogolhibov transformation of the annihilation and creation operators. Then, by
a calculation of the variances in the field quadratures, it is shown that ifinitiallly,the

! Results of this chapter were presented as invited talk at the "Discusson Meeting on Non-classical
Aspects of Radiation”, held at the Indian Institute of Science, Bangalore, 10-12 January, 1994 and at
the "National Workshop on Recent Advances in Quantum Optics', held at the Centre for Advanced
Technology, Indore, 7-10, March, 1994.
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state of the field is vacuum or a coherent state, then, the motion of the mirror produces
squeezing of fluctuationsin thefield quadratures. It isdso shown that the various modes
of the cavity get correlated as a result of the mirror motion.

41 The model

Consider a scalar electromagnetic field within a region bounded by two mirrors, one of
which executes an "in-out” motion. The requirement that the motion g(ct) of the mirror
starts at some finite past and stops at some finite future, at least asymptotically, is what
is classified as an “in-out" motion (see Fig.4.1). We restrict the mirror motion to only
onedimension.

Let us consider the wave equation for an electromagnetic field in the region bounded

by the two mirrors
P(x,ct) _ 0*¢(ayct)
px2 T Bty (4.1)
where, ¢(x,ct) isthe scalar electromagnetic field and c is the velocity of light in vacuum.
The usual boundary conditions demand that the field vanishes at the boundaries x = 0

and x = q(ct). So we have the boundary condition,
#lz= 0,cet) = ¢(z = q(ct),ct) = 0 Vet. (4.2)

The solution of (4.1) with boundary condition (4.2) is simple for the case of stationary
mirrors:
nxuct

Up ~ sfn(E?) exp(—z—i——), (4.3)

when the mirrors are located at + = 0 and « = L. The basic idea in solving the non-
stationary problem isto do aconformal transformation [1,3,11], such that it, reduces to
that of a stationary problem in the transformed coordinates.

To that end we make the following transformation [1,11]

w+s = R(ct+ X)
w—s = R(cd-—1) (4.9)
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Figure 4.1: An "in-out" motion.

where R is a function that has to be determined. The function R can be determined
by requiring that the transformation (4.4), map the boundary at x = 0 to s = 0 and
X =g(ct)to s = 1. Thus from the transformation (4.4) it immediately follows that, R

must satisfy
R(ct + q(ct)) - R(ct - g(ct)) = 2 (4.5)

Furthermore, there is another condition on the function R arising due to a physical
restriction on the mirror motion — that its velocity should be strictly less than that of
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light:
lg(ct)| < 1. (4.6)

Differentiating (4.5) with respect to time, we have,
R(¢)(1+a) = R(()(1-9) “A4.7)

where € = ct + ¢(ct) and £ = ¢t — g(ct). Solving for ¢(ct), we have

oy Rt = q(et)) = R(ety _g(ct))
YT = glet) + Rictr glet)) (4.8)

On comparing (4.6) and (4.8), we find that

|R'(ct~ q(ct))- R(ct + q(ct)| < |R(ct-g(ct)) + R(ct + qg(cb))|. (4.9)

It thus follows that, R should be such that R' should not change its sign if condition
(4.6) isto be satisfied.

As a result of the transformation (4.4), the wave equation gets transplanted to

S Y 2 8 )
R(R™ (1 + )RR (w0 —s) (az‘f;(t;,;") -2 ‘iﬁs;“)) =0,  (4.9)

and the boundary condition becomes
#s=0,w)=¢(s=1Lw)=0 Yuw. (4.11)

The solution for (4.10) with initial conditions (4.11) is, in the transformed (s,w) co-
ordinate system

u, ~ Ne '"™sin(nxs)

p—ina(w—s) _ —inx(w+s)

~ — —_—

- ' 12
% 4.12)

where N is a normalisation constant.
The basis of solutions {u,,u}} is orthogonal in the inner product defined as

-
ou;, . Oug

: 1
(up,up) = z/'__.o[u;r T un-—a—l;]ds. (4.13)
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Since (un, un) = — nrtthe normalisation constant is y/ax. The inner product has the

following properties.

(un,ur) = —bup
(ua,up) = O
(un,up) = bnp- (4.14)
Thus,
tn(s,0) = = \:ﬁ;[e-i"(w-’) - ginn(wts)], (4.15)

To get the solution in the original (X, ct) co-ordinate system, we use the transformation
(4.4) in (4.15):

Un(z,ct) = [eminrRict=2) _ g-innRictis)] (4.16)

Thus, for a given trajectory, g(ct) of the mirror, the solution to the wave function (4.1)
with boundary condition (4.2) is obtained when the function R is determined. Alter-
natively, one could specify the function R subject to the condition (4.9), so that g(ct)
satisfies (4.6). Solving (4.5) the trajectory corresponding to the function R can be ob-
tained.

Let us now quantise the field inside the resonator [1,11]. The field inside the cavity
is now an operator. Consider a time in the remote past, when the movable mirror was
stationary at g(ct) = D. The field inside the cavity can then be written in terms of the

complete st {u, U*.} of solutions as
$z,ct) = 3 un(z, ct)int ul(z, ct)if. (4.17)
n
The lowering and raising operators a, and @2 satisfy the bosonic commutation relation
[ins @] = 60y [, a5]= [a].al] = 0. (4.18)
After the mirror starts moving, the field inside the cavity is

da,ct) = 3 vale, el)ig+ vi(r,ct) (4.19)
k
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whore, { Uy, u*} are (he solutions (4.15) and fa and”?),', are the raising and lowering oper-
ators for the non-stationary problem. Since the set{ vy, v*} forms an orthonormal bass,

wecan express(un, V* ) intermsof (ug, u*y)

un(x,ct) = ;an”k(‘rad)"' Brivi(z,ct), (4.20)

where the expansion coefficients a,k and Bpk are determined from the definition of the
inner product (4.13)

= —(un, v,

Brk = (ta,vp). (4.21)

Substituting (4.20) in (4.17), we have

ola,ct)= Y LZ ank vk, ct) + ﬁnkl’Z(l‘,Ct)) Ay + \fee& rjtod) . + ﬂ;kvk("'-d)) “I

n fc
(4.22)
Rearranging the order of summation,
q@(;r, ct) = ¥vk(m,ct)i)k+ v:(m,ct)?)}:, (4.23)
where
i’k = Zank&n +ﬁ;k&1,
?)I = Za:kél + Bukéin (4.24)
and the operators b, and i;i satisfy the commutation relations
be, b1 = 6u;. [besb] = (b, B =
bk, b]] = ;. [be; b;] = [by, 5] = 0. (4.25)

Thus the mirror motion corresponds to a Bogoliubov transformation of the annihilation
and creation operators.
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Let us now assume that before the mirror motion starts, the state of thefieldinside
the cavity was the vacuum field. Thus, to begin with there are no photons in any of the
modes of the cavity

ak|0x;n) = 0, (4.26)

where Ok in |04;in) refers to the vacuum of the k-th mode and 'in' refers to the remote
past. After the mirror starts moving, the operators e; and &I get transformed to new
operators b, and fcj. With respect to these new operators, the state [0x;7n) will no longer
be avacuum state, but will be asqueezed vacuum state. Similarly, if the initial state was
a coherent state, with respect to the new operators, it will no longer be coherent state,

but will be a squeezed state.

4.2 Specific case: demonstration of squeezing

Let us consider a specific example. There are two approaches. (1) either one can specify
a specific trajectory q(ct) of the mirror and from that determine the function 7? or (2)
one can specify afunction R and then work out atrgjectory corresponding to it. Herewe
choose the second approach. In [11], it was shown that the criterion for particle (photon)
creation in the infinite future, due to the mirror motion is that if R;.(€)satisfies

Ru(6) 7 4 + constant, (4.27)
then, R;,(£) should not satisfy,
R, (¢) oty §+ constant’ (4.28)

On the contrary, if it satisfies (4.28), then there is no particle creation and the states
|0x; i) are the same as |0x; out). SO, based on this criterion, consider the function R of

the following form [11] (see Fig.4.2):

£ if€<0
D e < (4.29)
£+ 2sin(%) if€>0.
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where

a=2 1, (4.30)

D
The requirement demanded by the condition (4.6) or (4.9) is guaranteed by

Al <1 (4.31)
For this functional form of R,
Ok = v;Jn_k(—’nA)
k
fa = —\/;Jn+k(—1l~/\), (4.32)

where J, is a Bessd function of order n. The steps involved in the evaluation of g, and
fink are provided in the Appendix 4A.

Now, the number of photons created in the mode 'k’ which had no photons to begin
with (i.e, the mode is in the state |0x;in)), as a result of the mirror motion is [5]

(O inblbilosin) = 3 18wl (4.33)
n=1

where, Bnx is given by (4.21) and (4.32) corresponding to R given in (4.29). In Fig.4.3
we plot the number of photons created in each mode of the cavity. It shows that only
low frequency modes get any excitation as q(ct) has only low frequency components in
it. Since the frequency w is given by

nmc
=7 4..31)

where L is the cavity dimension, the frequency of light corresponding to the low-order

modes (n) would then correspond to optical frequencies (w ~ 10")if L is of the order

of a micrometer. Thus, in a micron-sized cavity, one can hope to detect photons in the

optical domain.
We can now calculate the variance S(0) in the field quadrature defined as

S(8) = (X2(0)) - (Xa())% (4.35)
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where
Xa(0) = e~ %b, + ?B}. (4.36)

To determineif there is squeezing, we differentiate S(q) with respect to 0 to obtain Sy;in.
If Smin < 1 for a particular mode, then it implies that the state of the radiation in that
mode is squeezed. In Fig.4.4 weplot Sy, versus A for various modes of the cavity. Curves
4.4(a) through (d) correspond to the modes k = 1,5,10 and 20 respectively. We see that
there is considerable amount of squeezing of fluctuations in all the modes of the cavity.
From (4.24), if we calculate the expectation vaue of’(t,',:b,. taken with respect to the

initial vacuum state, wehave
(0; infbl,Bnl0sin) = 3= Bum B (4.37)
K
We thus see that the correlation between the nth and the mth mode is nonzero
(b5, — (B} (Ba) # 0 . (4.38)

as (b,) = 0 for initial vacuum state. Thus, in addition to squeezing, the mirror motion
also introduces correlations between the various modes of the cavity.

In this chapter, we have shown that an "in-out" motion of a mirror satisfying con-
ditions for particle creation, i.e., satisfying (4.27) and not (4.28), in a one dimensional
cavity creates particles (photons) and that the state of this field is nonclassical as it
manifests squeezing of fluctuations in one of its quadratures. We have dso shown that
the mirror motion aso introduces correlations between the various modes of the cavity.
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Figure 4.2: Trajectory of the mirror corresponding to Rin(£) given by (4.29).
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Appendix 4A

Derivation of a,x and Bk

In this appendix the quantities a,, and b, corresponding to the function R, given by
(4.29) are derived. From (4.21), o and B are defined as

Qpp = —<Un’vk)s

Buk = (un,vp). (4A.1)

Let us consider the evaluation of By We need to evaluate

Bk = (u,,,v;), (4A.2)
ra(et) Our o}
i da - kY.
= 1./0 i o~ ot )
Since the inner product (4.13) is independent of time [11], let us choose t = 2d. Then,
A T
* — -
ft 2“/”?7({ d:rsm( [m7r( +écos( y ) p )

(4A.4)

On substituting the functional form of Rin(£), we have

-1 kxe i(n— k)xr 1nm)
d
2r vk J{) v sin ( y d d

Bk = COS( ) —21) sin (“L + nA ?m(—))

(4A.5)

Upon redefining ZF as x, we have

Bk = m/ﬁFJol drsin(kz)[(n- k) + n) cos(x)]sin (nx 4nA sin(%)). {4A.6)

Using the properties of trignometric identities, we then obtain

Brik === [ da3l(n — k)+ nAcos(a)}{cosl(n ~
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- cos|[(n + k) + nl sin(r)), (4A.7)

27r;n—k_—.l£r de{(n— k +nAcos(x))cos((n— fr)?+ ttAsin(?))

—(n + k + nhcos(x))cos((n + k)r+ nAsin(r))

+2k cos|[(n + k)x + nAsin(z)]}. (4A.8)

Defining & = (n - K)x + nAsin(z)and 6 = (n - k)z + nlsin(z)

Bk = ! (F—n dr cos[(n+ k)x+ nlsin(x)]
TV 720
i (G0 Vi r-nmt
. - dé 6 :
- \/n_k[Jlu décos(8) - cos(8)] (4A.9)
= —l\/-’i J[ox dr[cos((n + k)x) + nAsin(z)]. (4A.10)
Tvn

Using the integral representation of Bessdl functions ( [13], 88411, Eqgn (1), p 952), we

thus have
By % —\/EJM(—M), (4A.11)
where J, is Bessdl function of the first kind of order v. Along similar lines, we obtain for

Ok

ke - déJn_k(—nA). (4A.12)
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Chapter 5

I ntensity-Intensity Correations for Micromaser

In this and the next chapter, the nonclassical properties of the field generated in a
micromaser are discussed. A micromaser is a device which is a practical realisation of
the Jaynes-Cummings Model (JCM) [1] in Quantum Optics. The JCM consists of a
single two-level atom in interaction with a single mode of a quantised radiation field.

The intensity-intensity correlation functions of light beams have occupied a promi-
nent place in physics since the discovery of the Hanbury Brown-Twiss effect [2,3]. Such
correlations not only provide information on the photon statistical aspects but aso pro-
vide lot of information on the dynamical processes leading to the production of light
beams. The intensity-intensity correlations of thermal light beams, a single mode laser
oscillating near threshold [4,5], radiation produced by a coherently driven atom [6,7],
optical parametric oscillators [9,10] have been extensively studied. In some cases such as
resonance fluorescence these type of correlations exhibit strong non-classical properties,
like antibunching and squeezing [6-§]. In this chapter’, results on astudy of the intensity-
intensity correlations, which is a higher-order correlation effect, of the field produced by
a micromaser are given.

Micromaser is known to exhibit very unusual non-classica properties [11,12]. The
field generated in amicromaser has many features which are niarkedly different from the
fields generated in conventional masers and lasers [13,14]. In conventional lasers, because
of the random Poissonian pumping process, whatever nonclassica effects that could have
been there, get masked and we get a purely Poissonian photocount. On the other hand

! Results of this chapter are published in Phys. Rev. A 50, (1994).
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in a micromaser, essentially there is a single atom interacting with thecavityfield and
its nonclassical effects are not lost as in usual lasers. But in a micromaser, since the
frequency of thefield is in the microwave region and since there are no sensitive photon
detectors in the microwave region, one is forced to infer about the field only through
a study of the emerging atomic beam. For example, the sub-Poissonian character of
the field in the micromaser has been established by studies involving the dtatistics of
the atoms leaving the cavity [11,12]. Calculations have been done to measure the field
amplitude correlation functions and thus obtain the spectrum of thefield [15-20]. In this
chapter, we calculate the two-photon intensity-intensity correlations for the micromaser
field and study its spectral properties [21].

The outline of this chapter is as follows. In Sec. 51 the construction of a micromaser
is described and a discussion of the salient features of the micromaser field are given. In
Sec. 5.2 the procedure for the calculation of different types of two-photon correlations is
outlined. These two-time correlations are calculated using the master equation for the
micromaser field. Detailed results on the behaviour of the eigenvalues of the Liouville op-
erator for a range of excitation conditions and cavity parameters are presented. From the
intensity-intensity correlations the antibunching property and the multiple-exponential
decay of the micromaser field are demonstrated. In Sec. 5.3 results of a detailed numerical
study pertaining to these correlation functions are given. In Sec. 5.4 proposas as to how
these two-photon correlations for the micromaser field can be probed in experimental

setups are presented.

51 Micromaser

Themost fundamental probleminQuantum Opticsistheproblemof describingradiation-
matter interaction between a two-level atom and a single-mode of quantised el ectromag-
netic radiation. This is the famous Jaynes-Cummings Model after it was first studied
by Jaynes and Cummings [1]. Lot of subsequent work has been done on this problem,
like the discovery of collapse [22] and revival phenomena [23]. Initially, this was just a
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toy model as it was very difficult to detect and isolate a single atom and the atom-field
coupling co-efficient was extremely small to be measured. But with the recent studies on
the Rydberg atoms, it is now possible to excite atoms to very high principal quantum
number states (Rydberg states). The Rydberg states are very strongly coupled to the
fields in the microwave region of the electromagnetic spectrum. Since microwaves have
wavelengths of the order of millimeter, it is possible to construct cavities which are rexo-
nant, to very low order modes. These states have an additional advantage that they have
very long life-times (from 102 to 1 second). In any cavity used to contain radiation,
there is an unavoidable loss of radiation due to leakage from the cavity. A quantitative
measure of how good a cavity can hold radiation without much losses is given by its
quality factor or Q-value, a low-value corresponding to aleaky cavity and a high one to
a good cavity. The micromaser device consists of a high-Q microwave cavity made of
superconducting Niobium and cooled to sub-Kelvin temperatures. Q-values as high as
10° have been achieved in such cavities. These tecnological advances have made possible
the development of the micromaser [24,25].

A typical micromaser setup consists of the following. A low-velocity beam of atoms
prepared by an atomic beam oven and velocity sdected by a Fizeau velocity sdector is
madeto enter the high-Q maser cavity (seefigure5.1). Prior to their entry into the cavity
they are excited to the maser transition by a properly tuned laser. They are injected into
the cavity at such alow rate that at most only one atom is present inside the cavity at any
given time. Moreover, the velocity of the atoms in the beam is such that the interaction
time 1 of the atom with the cavity field is much smaler than the cavity field damping
time y*. Thus, while an atom is inside the cavity, neglecting the cavity field damping
rate, the coupled atom-field system is described by the Jaynes-Cummings Hamiltonian

Hycm= ";"5; + faah +22(S*a+ $-ah (5.1)

where hwyp is the atomic level seperation, w is the frequency of the cavity mode, g is the
dipole coupling constant and S,, S* are the atomic spin operators. If initially the density
operator of the cavity field is ps(¢:), the moment an atom enters the cavity the density
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Figure 51: A typica micromaser setup.
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operator fj(f;) of the combined atom-field system is given by
p(t:) = ps(ti) © pal(ti)- (5.2)
After the JC interaction, thefield density matrix is given by
prltir 1) = Truew (00)p0N(D)),
= F(r)p(t:). (53

whereU (1) is the time-evolution operator corresponding to the Jaynes-Cummings Hamil-

tonian, o \
U(r)= exp (~illiemT (5.4)

Between the time the ith atom exits the cavity and the (i + |)th one enters, the evolution
of thefieldis governed by the master equation of an harmonic oscillator interacting with
a thermal bath

Pl = Z(n ' 1)(2apsal —@Vaps ~ pya'a) + Imy(2a' s —ad' py ~ praa'),
where n, is the mean thermal photon number in the cavity, L isthe Liouvillian operator
describing the coupling between an oscillator and the thermal bath. Thus, the field
density matrix at time ti,, iS given by

ps(tisr) = exp(Lty)F(1)py(ts), (5.6)

wheret, (= i+l —t —r ~ ;33 —t;) isthetimeinterval between the ith atom leaving the
cavity and the (i + 1)th one entering it. After many interactions with successive atoms
injected into the cavity, thefield density operator reaches a stedy state. Thus, at steady
State

Pi(tiy1)= ps(ti) = pus- (5.7)

Now, we rewrite (5.6) as follows

piltinn) = (1 + fexp(Et,)- 11+ [F(r)- s, (5.8)
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Sincethe cavity decay timeis very large, the decrease in photon number in time interval

t, is very small. Thus , we can make the approximation
Vs e (5.9
where e is a smallness parameter. We can further approximate that
gr ~V € (5.10

since the interaction time T is very small compared to the cavity damping time. This
impliesthat thereis only avery small amount of Rabi oscillation during the timeinterval

7. Therefore, in these limits we can make the following approximations

exp(Lty)- 1~ 7y, (5.11)
F(r) - 1 ~ (g7)% (5.12)

We thus have, from (5.6)
p(tiv1) ~ {1 + Lt, + (F(r)- 1)}p(t:) (5.13)

Using the steady state condition (5.7), we have
(A - Lty)pe = F(7)ps. (5.14)

Thus before this steady state is reached, the change in field density operator in the time
interval between the injection of the ith atom and the (i + I)th atom is

p(lip1) — p(ts) _ .

S R GORRI Y 515)

P

wherer = 17! isthe injection rate of the atoms into the cavity. This equation givesthe
"coarse-grained” rate of change of the density operator. Replacing the left hand side by
the derivative p and in the photon number representation, we have the master equation

for the micromaser field

Pnm = T {1 - [cos(y\/n + 11')] [cos(g\/r_ﬁ+ 1_1')] } Pam
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+r [sin(ys/ﬁr)] [sin(y\/rTzr)] Pr-1,m-1
—=(ny + 1) [(u +M)pam — 2\/(11. +1)(m + ﬁp,ﬂ,,.,,,.n]

_%nb [(u +1+m+1)pam— 2\/nmp,,_1,,,._1] . (5.16)

Due to the nonavailability of good detectors in the microwave regime, one is forced
to infer about the micromaser field only by probing the atoms which exit from the cavity
after interacting with the cavity field. At some distance from the exit point of the cavity,
field ionisation detectors detect the excited Rydberg atoms. If the atoms are detected to
be in the excited state, it implies that energy was not transfered to the cavity field. But
on the other hand, if they are not in the excited state, then it implies that an energy
transfer has taken place inside the cavity (assuming no energy loss in-between the exit

point and the detectors).

5.2 Two-photon intensity-intensity correlations for the micromaser field

We now start from the standard master equation describing the dynamical evolution of
the micromaser field. Let p{¥)(t)oe the off-diagonal element of the density matrix of the
radiationfield

D) = (nlp(t)ln+ k). (517)

The dynamics for thefield is given by [1314]

A1) = AR o0 4 BEY o) 4 otk o8 | (5.18)
where
A® = rsin(gry/n)sin(grvn + K) + ‘7nb\/1l(n~+ k), (519
B}"‘) = -l - cos(grvn + 1)cos(grvn+ 1+ k)]
k
=1(m + 1) (n+ 5) -y {»+ 1+ g) , (5.20)

CH = ylm+ 1)y/(n+ 1)(n+ 1+ k). (5.21)
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It is to be noticed that in the dynamics of the micromaser field, the index k is
consented. The steady state solution of Eq. (5.18) is

PRE) — bkopn;

n
- —m]l
j:l

+ —
ny+1 J(np+1)

( n Nsinz(gr\/f))
HerePois determined from normalisation and N(= r/y) is equa to the number of Atoms
passing through the cavity in time interval 4=, The properties of the distribution (5.22)
are well documented [13,14].

We now examinethe following steady state two-photon correlations of the micromaser

field

Gl) = toli}g(&h(to+t)&2(to))§ (523
) = Km (@ (to)al (to+ t)a(to+ t)a(to)). (5.24)
Note that
lim I(t) = (afa)’ (5.25)
and
Z(0) = 6(0). (5.26)

The above correlations carry useful information on thefield and both can be probed by
suitable methods as discussed in Sec. 5.4. We will compute these correlations from the
solution of Eg. (5.18) and the quantum regression theorem.
521 Cadculation of G
We write {(al?(to+ /)) in terms of the mean values at time t = ¢, as follows:
@t 1)) = T+ 1)n+2)pPt+1)
n

= Y \(n+1)(n+2)G2 (1) (to)

SV + D+ G0 ( fm+ m] ), (527)
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where we have defined the Green's function G3) from the time dependent solution of
Eq. (5.18)
P(to +1) = £ GEL(0)p¥(t0)- (5.28)

Using the quantum regresson theorem, we get from Eq. (5.27)
(@P2(to + 0)8%(t0)) = T /(n+Dn+2)GA) ( Im+2)(mla?)

=Y \/(n +1)(n+2)m+1)(m+2) G3(1)

Pm+2,m42(l0) (5.29)
and hence in the dteady state
g(t) = £/(n + 1)(n + 2)(m + 1)(m + 2)GEN()pms2 (530)
Note that
G2 (0) = bpm. (5.31)

For certain applications one needs the Fourier transform of G(t)

j e G(t)e " weligy, (5.32)

which can be expressed as
Gw—w) = 2Re fo  G(1)e ity (5.33)
= 2Re G(s = +i(w — we)). (5.34)

Here G(s)is the Laplace transform of G(t).

There are two approaches to solving for the spectrum — (@) an eigenvalue approach
and (b) Green'sfunction approach. In the eigenvalue method we note that for a fixed k,
p¥)’s form an infinite dimensional column vector and Eq. (5.18) can be solved by finding
the eigenvalues A*) and the eigenfunctions ®{*) of the corresponding matrix defined by
the right hand side of Eq. (5.18). Then G'2)(t)can be expressed as

nm

(@
Gsﬁl(t) = Ze Aa tgnma- (535)
a
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In Appendix 5A, the details regarding the eigenvalue method are given.
In the Green's function approach we note that the Laplace transform of the Green's

function obeys the equation
G2 _ b = ADGCD, | +fINGg, + CAGCE, .. (5.36)

The G2 can be computed by using the standard continued fraction methods [26,27].
The steps involved in solving (5.36) are provided in Appendix 5B.

5.2.2 Cadculation of J

Using the same procedure which led to Eq. (5.30) we can show that

I(t) = ¥ GO (On(m + Vpnsa- (5.37)

n,m

In view of the property Eq. (5.25) it is expected that

GO (t) =3 pa. (5.38)

nm

Clearly the matrix in EQ. (5.18) for k = 0 must have a zero eigenvalue and thus we can

consider the fluctuation from the mean value
| = Z(1)- a) = ZG(O)(t)n m+ 1)pmsr, (5,39

where G{9 (t)is obtained from G0 (t)by dropping the term corresponding to the zero

eigenvalue.

53 Numerical results for different types of two-photon correlations

We first present results for the correlation function G(t)and its Fourier transform (5.32).
The normalised spectrum is shown in Fig.5.2 for different values of the transit times.
This has been calculated using the continued fraction method [26,27]. For small transit
times the spectrum is very narrow. The spectrum broadens with increase 111 the transit
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Figure 5.2: Normalised spectrum G(w —w,)/G(0)as afunction of (w—w.)/y for N = 20,
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time. In figure 5.3 we show the behaviour of the linewidth of the spectrum G(w— ) as
a function of the pump parameter 0 = +/Ngr. The linewidth increases with increase in
0 over avery wide range. For large O, it exhibits oscillatory character which is associated
with the existence of the trapping states [28]. The behaviour of the spectrum and the
linewidth is determined by the eigenvalues A (Eq. (5.35)) and their weight factors. In
Fig.54 we show the behaviour of some of the eigenvalues as a function of the transit
time and the excitation rate. For the chosen parameters, the eigenvaues are red in the
range of 6 values displayed in Fig.5.4. In Fig.5.5 we show the weight factors contributing
to the spectrum for different values of gr. Clearly, the intensity-intensity correlation, in
genera], has contributions from many different eigenvalues depending on the magnitude
of gr. For small gr only the lowest eigenvalue contributes [29]. In Fg.5.6 we show the
time domain behaviour of the intensity correlation G(t). The time dependent behaviour
is determined from (5.35) directly. Multi-exponential character of such correlations is
evident which may be compared with the corresponding behaviour reported in Ref. [4,9].
Following the method of Ref. [16,17], we can derive an approximate expression for the

linewidth D for large mean photon numbers:
D = (-4 -BY -G
. 2 1
~ (4rsin? (29—\;7_1)) + Q(M_I-—)) (540

In Fig.5.7 we give acomparison of approximate and exact linewidths. Thegenera features

are the same.
We next examine the correlation Z(¢). A typical behaviour is shown in Fg.5.8. This

figure shows that for gr = 1, there are intervals such that 2(t) —2(0) > 0, i.e,
@hatmanio) > @*(0)a(0)). (5.41)
Thus the intensity correlation Z(t) for the micromaser field exhibits antibunching prop-

erty. This is because for a classcd system the Cauchy-Schwarz inequality would imply

that
[(I(8)1(0))] < {I*(0))- (5.42)
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For long times, I(1) — (&f&)’and hence (Z(t)/Z(0)) - 1 will be positive if the 8 value
were to correspond to sub-Poissonian stetistics of the micromaser field. For complete-
ness the inset in figure 5.8 shows the sub-Poissonian property of the field for the same
parameters. In Fig.5.9 we dso display the behaviour of the eigenvalues which determine
the correlation Z(t); the eigenvalues are red in the range shown. On a comparison of the
figures 54 and 59 it is clear that the eigenvalues that determine the dynamical behaviour

of Z(t)are different from the ones which determine G(#).

5.4 Probe of the intensity correlations for the microniaser field

We next consider the question of how the correlations like G(t)and Z(¢) for the micro-
maser field can be probed. As mentioned before the field characteristics can only be
probed by examining the dynamical properties of the atoms [11,12]. The correlation
function T(i) can be, in principle, probed by examining the probability of finding two
consecutive atoms in excited state in an interval t.

To probe G(t)we consider thefollowing situation—we use a probe beam of atoms such
that the frequency of the micromaser field can cause a resonant two-photon transition.
We will now show how the two-photon absorption rate of the probe atoms is related
to G(t). Consider the interaction Hamiltonian for a two-level atom interacting with a
quantised radiation field in the dipole approximation (neglecting the term proportional
to A?),

Hiu(t) = —p(t)A(t), (5.43)
where p(t) is the momentum of the atom and A(t) is the vector potential of the field at

the location of the atom. The modal expansion of the vector potential A is given by

- h 2 1 . - . .
A(t)= ‘\! ‘Z—SI.—' zk: ‘/—w:kek(ake"“’*' + GIC_W“‘), (5.44)

where e, wi and a; are the polarisation vector, frequency and the annihilation operator
corresponding to the k-th mode of the field. The time evolution operator in the interaction
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pictureis given by

A ' ~
Ult) = a 42"454 di’' Hi (') ﬁ"J 5 0(ty — t2) Hine (11 ) Him (12)d11 d1 2. (5.45)
where the definition of the theta function
[1 ifr>0
o(r)= (5.46)
0 ifr<oO

has been used. Let initially the atom be in the ground state |g) and the field be in an
arbitrary pure state ly). The probability at time t, of the atom to be excited as result

of the interaction is

P(t) = ; (Ul ()]g)l ), (547)

where the summation runs over al possible field states |¢). We are interested only in
transitions caused by two-photon processes. We assume that the transition frequencies
of the probe atoms are far detuned from the frequency of the micromaser field so that
the probe atoms do not perturb the micromaser field appreciably. The analysis gets
complicated if the probe atoms have a resonance with some other mode of the cavity. In
this case one has the possibility of transfer of energy through probe atoms to another
mode of the cavity. Such a situation should ideally be avoided. We now alow the
summation to extend over al the field states and retain only terms which are to second
order in the expansion (5.45). Introducing afunction £, which is entirely dependent on

the probe atoms and not the field

Lltnsta) = 8ty — )= (elpltr)p(ta)lg) (5.48)
- 0('1_t2)(ﬁ lc) 2:1’6.11’.1.;1“.’(“)"‘M"’t2 (5.49)

the probability of two-photon absorption, P2(1) becomes

Py(1) =  FFFf didtydiydt, L7(8, 15)G (8, 1 1y, 12)L(1h, 1), (5.50)
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where G(1].1,: 11,12)8 the second-order field correlation function. Expressing the prob-

ability in termsof the Fourier components, we have

nw = [f (La'thvg'(w'){ (21 E [ ][ [ttt

e " we—w')t) —i ty Fi(we —w (5.51)

where
1

w—wj + 1€

(5.52)

y(w)=( ) Zpe,p,g

The probability of two photon absorption by the atom can be expressed in terms of the

hme

second-order spectral correlation function

G(fwiwnwr) = [[[[rinm, dueitizittintirins
Gt 15 11, 12) (553)

[f du'dwg* (WG (we ' W' iwe - w,w)g(w). (5.54)

The steady state field in a micromaser is a stationary field. A stationary field is
one whose statistical properties are independent of the choice of the origin of time. The

second-order field correlation function thus satisfies
G(ty, 15 t1,82) = Gty + Tty + T3ty t2),  Vr (5.55)

For a stationary field, the two photon transition rate has been derived by Mollow [30] to
be

] .
R = 2w [ dte " r2wdt-Tllg(, ) (5.56)
— , r g(t)e—iwpt+2iw¢t—rlt|dt’ (5.57)

wherew, and I' are respectively the frequency and linewidth of the two-photon transition.

We can write (5.57) as
R =2Re G(I' + 1wy — Zu)). (558
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Thus the spectrum calculated in Sec. 5.2 can be studied by examining two-photon ab-
sorption by a probe atomic beam.

In conclusion, we have shown the unusual properties of the micromaser field as reflect-
ed in higher-order correlation functions of the field. We have provided evidence for the
antibunching characteristics of such afield. We have further shown how the two-photon

correlations can be probed by using atomic characteristics.
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Eigenvalue method

In this appendix the eigenvalue method is described. The equation of motion of the

off-diagonal density matrix elements p,..+2 Can be written in matrix form

p=Ap, (5A.1)
where the column vector p is
( Po2 \
P13
o=| ™ | (5A.2)
Pnn+2
v
The matrix A is of tridiagonal form, given by
(AW Aun \
A An Ajp
A‘Zl A22 A23

A= , (5A.3)

An.n—l Aﬂ,ﬂ An.r1+l

where the non-zero matrix elements are

Apnoi = rsin(gry/n)sin(grvn +2)+npy/n(n + 2) (5A.49)
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Ann = —rfcos(grvn + I)cos(grvn+ 3)),
=7(ne + 1)(n+ 1) - yme(n + 2), (5A.5)
Anntr = Y+ 1y/(n + 1)(n + 3) (5A.6)

The solution to (5A.1) can be formally written down as

Pransa(to +1) = i (eAt)numvm-l-?(tO)- (5A.7)

m=0

The matrix A can be diagondised as

A =PAP, (5A.8)

where A (= diag(XAo, A1,...)) is adiagonal matrix of eigenvalues of the matrix A and P

is the matrix of eigenvectors of the matrix A. Thus, (¢  )n.m Can be written as

(€AY = (PedtP),. (5A.9)
= Y Pue™pPgl. (5A.10)
k=0

On comparing (5.29), (5A.7) and (5A.10), we have

(@f2(to + t)a?(to)) = Y- \/(E +1)(n+2)(m + 1)(m+ 2) gpnkef‘~'P;;) Pamsa(lo).

(5A.11)
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Green's function approach

In this appendix the steps involved in the computation of G(5) (equation (5.34)) are
given. We have to evaluate the quantity G(s), defined as

G(s) = £ £/(n + D+ 2)(m + 1)(m + 2)GE(5)Prmys. (5B.1)

n=0 m=0

The problem is to obtain the elements of the matrix G?) (s):
(62 ¢ 6 ...)
Gio G G ...
G Gy G

- : T My )
Eventhough the dimension of this matrix is infinite, for numerical purposes we restrict

its dimension to be decided by the distribution p, It istypically around 250 to 300.
Let us now makethefollowing definitions

(Gin(s) = (58.2)

¥n = GP(s) (5B.3)
Yuor = G o(s) (5B.4)
Y = GO (s) (5B.5)

Equation (5.36) can then be written as
(3 - An)'/'u - Bn'/’u-l - cn'/‘u-&l = 6nm- (5B.C)
In the above equation, we have usad the fact that

G (t=0) = bum- (5B.7)
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For rotational simplicity the superscript (2) is not written for A,,B, and C,. For n > m

let us define the following ratios

s =

¥n
!{'n—l ;

Sn

and forn <m,

%f’n+1
Yn
AN

‘}'n-l )

Let us consider the first column in the matrix (5B.5), i.e,

Tu+1

T =

have
B

8 s il i B Sy =0
S na'nd1

Solving for S,, we have

B,
5 = T
s— A, —CoSnn
Similarly, wehave
q | = Bﬂ+l
¥ 88— Au-l-l - Cn-l-l Su+2
BI'I 1
Sn-l-f = L

88— Au+l - Cn+lSn+1+l

(5B.8)

(5B.9)

(5B.10)

(5B.11)

m = 0. Then for n > m, we

(5B.12)

(5B.13)

(5B.14)

(5B.15)

Combining the above equations, we thus have a continued fraction for the quantity S,

Sn = £

s— A, —
! t—&n-;ﬂ:—;ﬁl

Congder the following continued fraction

VPP
! ht e

n
?‘Bl 1 2

(5B.16)

(5B.17)
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The n-th convergent of this continued fraction is given by the ratio pa/g.. Where the
numerator and denominator are obtained from the recurson formula

Pn = bapa1 +azpa-a (5B.18)

ga = bu‘]n—-l + a2 (5819)

with p-1 = I,po = bo, g-1 =0and qo = 1. Thus given the dimengon, n, of the matrix
(5B.2), one can determine the ratio S, by evauating the continued fraction (5B.1G) to
the required accuracy. From the knowledge of S, the ladder of ratios S,; to S can be
obtained using the relation

Bn—l
Sa-t= . 5B.20
! S_An—l _C —]Sn ( )

Now consider the lement m = O,n = 0. Equation (5B.6) then yields

1

All the other terms in the column can then be obtained by using the definitions of the

ratios S, (5B.8) or (5B.9).
Consider the second column, i.e, m = 1. For n =0, we have

_s—A(0)
I = c0) (5B.22)
where
T, = ﬁ. (5B.23)
Yo

Forn = m = 1, equation (5B.6) then yields,

1
Yy = : 5B.21
" s— A1) -5 —c)s, (5821

Using (5B.10) or (5B.11) one can then determine ¢4 and using (5B.8) or (5B.9) one can
determine ¥ to #,. This procedure can now be generdised to any column. First we
must determine both the ratios S, and T;.. Then, from the diagond dement we must
determine ¥». Once ¥4 is obtained we can use one of the equations from ((5B.8) to
(5B.11)) to obtain the remaining matrix dements
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Chapter 6

Quadsiprobability distributions for the micromaser field

In this chapter, we continue the study of nonclassica features of the micromaser field. In
section 6.1 a general introduction to quasi-probability distributionsis given. In section
6.2, adiscussion about the trapping states, which characterise the very low temperature
behaviour of a micromaser and results on the study of quasiprobability distributions for

the micromaser field are presented.

6.1 Quasiprobability distributions

Quasiprobability distributions were the result of an effort to obtain distributions anal-
ogous to classica phase space distributions. They are useful for evaluating expectation
values of operators in a form similar to classical averages over a phase space [1]. In ad-
dition to being useful as computational tools they also provide insightsinto therelation
between quantum and classica physics. But unlike classca probability distributions,
these may not be positive definite or may not exist as ssmplefunctions. Many quasiprob-
ability distributions have been described and used in the literature [1]. Each of these
different types of quasiprobability functions map averages of operators ordered according
to specific prescriptions to classica-like averages over phase space. The most common
ones among these distributions are the Q-function [2-4], the Wigner function [5] and the

Glauber-Sudarshan P-function [6,7].
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611 Q-function

TheQ-functionis defined as the diagona coherent state expectation value of the density
operator [2-4],

Q)= (alsla) 6.1)
where |a) represents a coherent state and p the density operator. It satisfies the property
that

/ LaQ(a,a”) =1, (6.2)
This is so since the density operator is normalised:
Te{p} = 1 (6.3
= Tr {%/dzakt)(alﬁ} (6.4)
-1 / Palalpla). (6.5)

Alternatively, it is ds0 defined as the Fourier transform of the quantum characteristic
function as [89
Qa)= % [ Catr X explar = a"), (6.6)

where
ColAN) = Tr{ ,35*'%“*1. (6.7)

Here a and a' are the annihilation and creation operators of thefield, respectively. The
quantum characteristic function Cgq(A,A*) has the property that the normal ordered

moments of operators are obtained from its derivatives evaluated at A = 0. Thus,

stmamy = 7 .
(i) = (1) 5o oA A" o (68

The Q-function is used to caculate expectation values of anti-normally ordered operators.
It is unique among the quasi-probability distributionsin that it lways exists for any state
of the field and is gtrictly positive definite and hence is truly a probability distribution.
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612 Wigner function

Wigner first introduced the idea of gnasiprobability distributions by constructing afunc-
tion which is now cdled the Wigner distribution function [5]. He constructed ajoint
distribution which would resemble adasscd probability for the two conjugate variables

x and p. He had origindly devedoped it to study quantum corrections to dasscd ddtis
tica mechanics. In the quantum domain the Wigner function plays the role of a phase

goace distribution and hence serves as a bridge between classcd and quantum physics.
Theonly way it differsfrom classica phase space distribution isthat it can assume neg-
ative values for some states. In terms of the quantum characteristic function Cy-(A, A7),

it is defined as [89]

Wia)= — [ Cwr 2 explart — a0, (6.9)

where
Cw(AA") = Tr {,sexp(,\af i ,\'a)}. (6.10)
The Wigner

The following is a summary of the properties of the Wigner function.

function always exists for any given state. Its value is restricted to between —2 and

+2. The averages of symmetrically ordered products of a and fit are calculated from
the momentsof theWigner function. Symmetrical ordering (or Weyl order) of operators

conssts of the average of dl possble ways of arranging the operators involved. Thus,
{@%al?),m = % [&f’a’ +ataata + ataat

+aal?a + aataat + a’af=] . 6.11)

6.13 Glauber-Sudarshan P-function

In chapter 1 the Glauber-Sudarshan P-function was introduced. The moments of this
function are related to normally ordered combinations of a and af. These normally
ordered operator averages are the ones which are measured in photodetectors. For non-
cdasscd dates this function may become highly singular and it can be understood only



Chapter 6.Quasi probabilitydistributionsforthemicromaser field

in the sense of generdised functions. Bnt precisaly this property is used as an indicator
of purely nonclassicd dates (cf. chapter 1). Various other types of distributions, like
the Drummond-Gardiner poditive-P distribution, have dso been defined over the years
in order to overcome the non-pogtive nature of the P-function [10]. A unified approach
to quasi-probability distributions corresponding to various operator orderings was given
by Agarwa and Walf [11-13] and by Cahill and Glauber [14,15).

6.2 Trapping states and quasiprobability distributions for the micromaser
field

Consider a single-mode cavity through which an atomic beam passes such that at the
most only one atom exists within the cavity a a given time. The very low temperature
behaviour of the micromaser field shows numerous resonances which are a signature of
trapping states [16,17]. The trapping condition is achieved whenever /n+ lgr = g¢r,
for some integer q. These are the states of the micromaser field for which the atoms
execute 2¢x Rabi oscillations during their interaction with the cavity field. At higher
temperatures, these resonances get washed out due to thermal fluctuations.

In this section we present the results of a numerical study of quasiprobability distri-
butions for the micromaser field. In particular, we concentrate on the first order phase
transition and the very low temperature trapping regimes of the micromaser field. The
Wigner function becomes negative and shows oscillations for a wide range of the pump
parameter.

Thefield associated with the micromaser is known to manifest important nouclassical
properties. Severd manifestations of these strictly quantum properties have been studied
both theoretically [18,19] and experimentally [20-22]. The most important among these
characteristics is the prediction and verification of the sub-Poissonian nature of the field
[21,22]. The antibunchiug property of the field has dso been studied [23]. Asdiscussed in

chapter 1, these properties refer to expectation vaues of the two-time correlation function
involving the number operator of the field [24]. Even the phase sensitive correlation
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properties are very different compared to the usud laser systems [2529).
It is then clear that one should examine the nonclassca properties in their totdity.

As mentioned in section 6.1 the quasiprobability distributions like the Wigner function
and the Q-function can provide quite useful information on the dtatistical character of

thequantumfield.
The standard model of the micromaser has shown that in the steady state the off-

diagona elements of the density matrix of the field are zero [18). The diagona dements

are given by

ool m N sin{gr /7)) .
Pa=pm]] (an 1) ) 5.12)

=1
where ny is the mean thermal photon number in the cavity, N is the average number of
Rydberg atoms passing through the cavity during the cavity lifetime, r istheinteraction
time (time of flight) of the Rydberg atoms with the cavity field and g is the coupling
strength of the atoms with the cavity field. The quantity po is fixed by normalisation
requirements. Since the steady state micromaser field density matrix is diagonal, (6.1)

yields,

2n
Q@) = LT exp(-la) 2T, (613)

where p,isgiven by (6.12).
A micromaser field does not evolve into a coherent state, unlike conventional masers

and lasars. Moreover, for increasing values of the pump parameter (0 = vNgr)the
micromaser shows many abrupt transitions in addition to the initial maser transition
[18] (see Fig.6.1). Around @ = 1, there is the first maser transition and there is a sharp
rise in the mean photon number. Following this transition, the mean photon number
falls gradually and reaches a minimum around O = 2x. At approximately 0 = 2x and
multiples thereof, the field shows further abrupt rise in the mean photon number. These
transitions, unlike the one occuring a 0 = 1 which has the characteristics of a continuous
phase transition, are first order phase transitions [18. The photon number distribution
splits and shows a double pegked structure in the first order phase transition regions (see
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Figure 6.1: Mean photon number (n) versus the pump parameter 6 in units of p for
ny - 0.1 and N = 200. Inset shows the photon number distribution, p, for values of the
pump parameter corresponding to the labelsa (6 = 2.14) and b (6 = 3.88) in the main

figure.
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theinset in Fg.6.1). This isdoeto thefact that theexcited atoms after executing integer
number of Rabi oscillations may or may not get de-excited as they leave the cavity.
Filipowicz et d [18] and Guzman et d [30] have congtructed a semi-dassicd theory
of the micromaser. For large values of N and n, not too smdl, this approach reproduces
amost al the results provided by the exact microscopic theory. They introduced a

Fokker-Planck equation for the photon stetistics

T 2 4Pl 7))+ 535 gl PO, ) (614)
where
v = % (6.15)
q(v) ~ —v+sin®(Byfv+ }i—,) (6.16)
9(v) ~ v+ 2 +sin’(0\/v+ }Vl—). (6.17)

Here, the terms’ have been dropped, for if this approximation is to be valid, N — oo.

Under steady state conditions, we have

a——-P-'O 6.18
or (6.18)

The semi-classical rate equation is given by

W~ g (619)

= —((v) - %”) + sin’(0y/(v) + %). (6.20)
For steady state conditions, we have
(v) = ?N& + sin?(0y/(v) + F;—) = sin’(0y/(v) + }IV) (6.21)

Solving for the roots of this equation we obtain the semiclassica steady state mean

photon number.
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In the Fokker-Planck approach the abrupt rise in the mean photon number in the
cavity at multiples of 2p for the value of the pump parameter can be understood as due
to the occurance of two attractive minima for the effective potential V(v), where

i v q(v) v sin?(Vv'8) — v
1'(:/):—/ df/—=—-/'(b‘_2 :
0 g(v') 0 sin?(Vi'0) + v/ + 2v'n,

The photon number distribution tends to accumulate near the minima of the effective

(6.22)

potential V (Vv) . In these transition regions the global minimum of the effective potential
gets replaced by the next minimum. Because of this increased number fluctuations the
statistics is super-Poissonian as is shown by the Maudel's Q-parameter, defined as (cf
chapter 1) . -
n — AT
o=t >(ﬁ>< )

(see Fig.6.2, solid curve). Eventhough the Mandel's Q-parameter is positive for those

ill (6.23)

values of the pump parameter q, it does not imply that the field is not nonclassical.

Agarwal and Tara [27,28] havegeneralised thecriterion for nonclassicality by constructing

the matrix
( 1 m; Mg ... My \
M D) Ma o my
().
m = M2 M3 My s Mhakl (6-24)
\ My My, Mpyyp ... Map-2, )

where m, = ((af)"a"). For n = 2, the determinant of m® isjust (af2a2) — (aTa)?, which
by dividing with (a'a) one gets the definition of Mandel's Q-parameter. Note that for
aclassical state, the determinant of the matrix m™ is positive definite. If for any state
the determinant is negative, then the state is a nonclassical state. In particular, for a
coherent state, det m™ = 0, whereas for a Fock state, which is a highly nonclassica
state, it is negative. By defining a matrix m® with the terms s = {(ata)")replacing
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Figure 6.2 Mandel's Q-parameter (solid curve) and the A; parameter (dashed curve) as
functions of the pump parameter 0 with n® = 1 and N = 100,
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the terms m, in (6.21) and defining a parameter A,

detm™)
" detu!™ — detm!™’

we have a general criterion for nonclassicality — a state is nonclassical if A, < 0 for

(6.25)

some n. The nonclassicality of the micromaser field is shown by the parameter A; (see
Fig.6.2, dashed curve) in the regions where the Mandel's Q-parameter fails to show any.
In the regions following the first order transitions the photon number distribution is
single-peaked, narrow and shows sub-Poissonian statistics.

The time development of the field in the first-order transition regions also shows many
interesting features. In arecent work [29], it has been experimentally shown that in these
regions spontaneous jumps or slow transitions between the two metastable states occur
depending on the parameter values. Hysteretic behaviour of the field was also observed.
In Fig.6.3 we plot the normalised mean photon number (v) versus the pump parameter
6 (the pump parameter is varied, with N,g and T remaining fixed) corresponding to the
experiment [29]. The solid curve corresponds to the micromaser theory and the dashed
one to semi-classical theory. In Fig.6.4, the Q and the Wigner functions for the second
first-order transition regime for the points marked in Fig.6.3 are plotted. The Wigner
function, besides being a doublet, exhibits oscillations quite characteristic of states like
Fock states.

In Fig.6.5 we plot mean value of the photon number versus the pump parameter for
a range which shows the trapping states. Asin [17], the resonances have been labeled
as (n + |, g), where n indicates the trapping state and q represents the number of 2p
oscillations that the atoms execute in the cavity. In Fig.6.6, we show the photon number
distribution, the Q-function and the Wigner function for the various points indicated by
the labels in Fig.6.5. Corresponding to the points b, d. f and h of Fig.6.5, the number
distribution is bistable and it is reflected in the Q- and the Wigner functions. The points
a C, e gand i correspond to the trapping states. The distributions are narrow and
single peaked with the exception of a and i. This is due to the fact that there are two
trapping states corresponding to g = 1 and q = 2 for these pump parameter vaues. It
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is seen from Fig.6.6. that the average behaviour of the Wigner function is very similar 1
Pn.

In conclusion, we have studied the quasiprobability distributions of the micromaser
field which manifests many nonclassical features. The Q- and the Wigner functioi
show a double peaked structure for the phase transition regimes of the micromaser. The
Q-functionis much broader than the Wigner function and the Wigner function take
on negative values for certain ranges of the argument and has oscillatory behaviour for
lower values of 6. For the low-temperature trapping regime also the Q- and the Wigne
functions show double peaked structures.
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theory and the solid curve is from the micromaser theory cdculated for g == 18 KHz and
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